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PREFACE

GENETICS is a young subject in the history of science but is already pervading
the whole of biological science in a similar way to the pervasion of physics
through physical science. The reasons for this are many, but probably one
should pick out two: on the one hand, it is a beautiful subject from a purely
aesthetic viewpoint and on the other hand it has impact on the whole range
of human activity from the study of what is life itself to the utilization of
economic plants and animals. Itis a branch of science which must be con-
sulted whenever any problem of living matter is under investigation.

The rapid growth of genetics is undoubtedly in part attributable to the
growing use of stochastic representations of phenomena and to the develop-
ment in the past 60 years of procedures for drawing uncertain inferences.
No doubt is possible concerning the role of the growth of statistical inference
on the growth of genetics, and this is particularly so because the basic genetic
mechanism is probabilistic.

It would be rash to attempt a definitive partition of the subject matter of
genetics, but it has become apparent in the last 30 or 40 years that there are
complementary areas each of which has status in its own right, even though
all stem back to classical Mendelian genetics. Perhaps a good way of repre-
senting what is happening is to distinguish two approaches requiring some-
what different talents. One approach is the biological one including chemical
and physical aspects, and the other is mathematical, including ordinary
mathematics, probability and statistics.

One can also make a partition of the subject matter of genetics on the basis
of whether it is directed to the identification and understanding of genotypes
or whether it is directed to the situation in which genotypes are not identifiable.
Text books of genetics abound in examples of the former and text books on
animal or plant breeding abound in examples of the latter. It is the latter
which is the subject of this volume.

If we consider attributes like milk production of a cow, growth rates of
swine, yield of grain of a cereal, or endocrine activity of mice, we can cer-
tainly envisage the possibility of identifying genetic factors which are in-
fluential and should always be aware of this possibility, but we should also
be aware of the fact that there are undoubtedly many different genotypes
which give essentially the same value of the attribute. Also we must take
account of the fact that such attributes are affected to varying degrees by
variations in the environment, in contrast to (say) wrinkled peas which are
wrinkled providing one has any reasonable environment.

vii



viii Preface

These two facts, non-identifiability of genotypes and dependence on
environment even within a restricted class of environments such as the soil
and climatic conditions of the Corn Belt of the United States 0f America,or
South-East England or what you will, have led to the development of a branch
of genetics to which the name biometrical genetics is frequently applied. The
branch is also referred to sometimes as population genetics, though this is
hardly appropriate because population genetics also includes the mathematical
theory of population dynamics with specified Mendelian systems and the
purely biological examination of natural populations. It is also veferred to
sometimes as the theory of quantitative inheritance. It seems rather likely
that the term ° biometrical genetics’, which is due, it is believed, to K.
Mather, will emerge as the generally accepted name for the area.

That there should be deep general interest in biometrical genetics is not
surprising because the two main tools for genetic improvement of economic
species are the identification of genotypes and what methodology we have for
unidentifiable genotypes. It is also not surprising that the interest in bio-
metrical genetics among biometricians is both widespread and deep, because
the tools of biometrical genetics are mathematics and biometry.

It was with this background that the organizers of the Third International
Biometrics Congress decided to open the congress with an International
Symposium on Biometrical Genetics.

The program of the symposium was arranged by a committee consisting
of R. E. Comstock, J. F. Crow, C. R. Henderson, O. Kempthorne (Chair-
man), J. L. Lush and K. Mather. The general arrangements were under the
supervision of the secretary of the Biometrics Society, M. J. R. Healy.
Excellent local arrangements at Ottawa were made by Canadian groups
specifically those associated with G. B. Oakland and J. W. Hopkins. The
International Union of Biological Sciences made a grant towards the pub-
lication of the proceedings of the Symposium. The great bulk of editorial
work and the preparation of the index have been done by Mr. Neeti Ranjan
Bohidar, to whom considerable gratitude is due. The cooperation of the
Pergamon Press is most gratefully acknowledged.

It only remains to hope that this volume of papers presented at the Sym-
posium will be useful to workers in the field and will stimulate further develop-
ment in the area of biometrical genetics.

OsCAR KEMPTHORNE
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DOMINANCE, GENOTYPE-ENVIRONMENT
INTERACTION, AND HOMEOSTASIS

By R. E. CoMsTOCK
University of Minnesota

A FORMIDABLE operational problem in the study of variance patterns of
quantitative characters arises because the environments pertinent to a genetic
population are not distributed randomly in time and space. Instead, the
environments associated with a specific point or region in the time-space
habitat of a population comprise a unique stratum or sub-set that can never
be fully representative of the totality of environments that have had to do with
the evolution of the population or will have to do with its future.

Because genotype and environment have interacting (not independent)
effects on phenotype, the data from any finite experiment pertain un-
ambiguously to the genetic variance of the population with reference only to
the sub-set(s) of environment actually sampled by the experiment. In theory,
and to a degree in practice, the difficulty can be overcome by replication of
the experiment at different points within the pertinent regions of time
and space. However, this is expensive business, subject ordinarily to severe
restriction.

For the sake of a specific point of reference and to remain on ground
familiar to me, what follows will be related to work with corn. During my
association with the quantitative genetics research program at North Carolina
State College, a major objective was estimation of the total and relative
magnitudes of components of the total variance in grain yield of corn
populations. By now, the procedures used can be referred to as routine.
They consisted of replicated comparisons of random families from popula-
tions being studied. Inclusion of two types of families (full-sib and half-sib)
in the same experiment allowed estimation of two components of the genetic
variance. At North Carolina such experiments were designed to yield
simultaneous estimates of the additive and dominance portions of the genetic
variance (see Robinson et al, 1955). Primary interests were (1) magnitude of
the additive component and (2) the relative magnitudes of the additive and
dominance components.

The problems involved in getting estimates (unbiased by variance of
genotype-environment interaction effects) of variance in genetic effects de-
fined as averages for the totality of environments pertinent to the destiny of a
genetic population have become familiar to workers in the field. They were
noted by Comstock and Robinson (1952) and reviewed in greater detail by
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4 R. E. CoMsTOoCK

Comstock (1955). Attention here will be confined to relative magnitudes of
estimates of different sorts of genetic variance.

From the beginning of the North Carolina work, we recogmzed that, to
avoid bias in estimates of the absolute size of genetic variances in which we
were interested, contributing data would need to be collected in two or more
years and two or more locations. At the same time I argued (wishfully,
perhaps) that estimates from experiments not meeting this requirement would
be satisfactory for evaluating relative magnitudes, e.g. that

Yo _ 5
Va By

where V, = additive genetic variance
V, = dominance variance
B, = bias in the estimate of V,, and
B, = bias in the estimate of V.

The reasoning behind this argument was that the definition of genetic variance
components is not related to the physiology of gene action, that the various
kinds of genetic effects (statistically defined) involve comparable sorts of
physiological pathways and hence should not differ in sensitivity to varying
environment.

Lerner (1954) proposed that greater developmental homeostasis is
associated with more heterozygous genotypes; that, on the average, pheno-
types associated with a heterozygous genotype vary less as a consequence of
environment than those associated with a more homozygous genotype. He
reviewed pertinent evidence and other evidence has since been reported (e.g.
Dobzhansky and Levene, 1955). There is no need here to review all that has
been written concerning Lerner’s proposal or to debate its merits. More
pertinent is examination of what ¢ homeostasis of heterozygotes * could mean
with respect to biases of variance component estimates.

For illustration, let us consider what happens if one or the other homo-
zygote (at any locus) is superior to the heterozygote in almost all sub-sets of
environments but the heterozygote, on the average for all pertinent sub-sets
of environments, is superior to both homozygotes. (For simplicity two
alleles are assumed per locus.) In such a situation, it is obvious that the
ratio of expectations of additive genetic and dominance variance estimates
from experiments confined to one sub-set of environments would be charac-
teristic of partial to complete dominance, while the same ratio in an adequate
experiment would be characteristic of overdominance. Symbolically this
can be stated as follows:

Vot By _Va
VB, ¥,
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which means that

B, Vi

=< and 134’<Ii‘.
B

9 g V;‘ VF
Bias in experiments that fail to sample the whole of the pertinent environ-
ment distribution arise from genotype-environment interaction, i.e.

Bd= VdE and I/ﬂ= VEE'

Here V,; and V,; are portions of the genotype-environment interaction
variance that get confounded with ¥, and V,, respectively, in results from
experiments conducted within one stratum (sub-set) of environments.

Now let us look at the problem in terms of a simple genetic model, which
will not serve for comprehensive analysis, but will provide enough insight for
present purposes. Consider one locus with segregation of two alleles. In
any sub-set of environments (the i) let the average phenotypic difference
between A4 and aahomozygotes be Y, ,— Y, ;= 2x, which may be positive or
negative. Let the deviation of the average for heterozygotes from the mean
of homozygote averages be

_ Yt Yo

Yy, 5

hy.

Then expectations of contributions of this locus to estimates from an experi-
ment confined to one sub-set of environments will be

Vo= 2P‘1[xi" (r— q)hi]2
and Vy = 4p*q*h?

where p=1—g=frequency of allele, 4.
Corresponding averages over all possible sub-sets of environments are

V, = 2pq[(2*+02)—2(p—q)(Fh+0,) +(p—)*(h*+0})]
V,=4p’q*(h*+ o).

Here % and / represent means over all environment sub-sets; 62, 62 and o,,,
the variances and covariance of x and A.

Contributions to the variances (for genetic effects defined as averages over
the totality of environments) which were the real objects of interest in the
North Carolina studies would in this case be

V, =2pq[#*~2(p— @)k +(p—q)*h*]
I/:’:-': 4p2q252
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V, and V, are ¥, and V, plus genotype-environment interaction components,
ie.

VJ= Vot Vee Vo= Vit Vis.

Hence
Ve =Vy—V, = 2pg[o2—2(p— q)o.4+(p—9)*07]
Ve = V,—V, = 4p*q*c2.

The ratios of bias to variance are

Vee _02=2(p—9)0u+(p—9)’°a}

vV, x*-2(p—q)xh+(p—q)*h*
| % ]

and ZdE =__.'_'_.
vV, h?

Of concern to us are conditions that lead to equality or inequality of the two
ratios.

Consider, first, a special case. Given h>X, i.e. over dominance in average
effects of the genotypes, and p = (X+ /)/2h, the denominator of ¥,z/V, would
be zero. The ratio itself would go to infinity and would obviously exceed
Vie/Va

For more general treatment let

a=h/x and b= g,/o,.

Then KLE%Y@ when
g d

(a>=b*)E2(p—q)ab(ar—b)

where r is the correlation between x and 4. There is no loss of generality if
X is limited to positive values. This amounts only to deciding that the allele
which in homozygous state has the higher average phenotype shall be
designated as A. It is reasonable also to consider only positive values of 4;
because in characters related to fitness the regression of phenotype on
heterozygosity is ordinarily positive. Under these conditions, a will always
be positive; as will b, since standard deviations are always positive. Then

Vor . Vae
Vo Vi
when (1) a>b,p=qorr=bla

(2) a>b, p>q and r<bfa
(3) a>b p<qand r>bla.
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The reverse will be true when

(4) a<b and p<q
(5) 1—a?/b*>2(p—q)a and a<b.

These sets of conditions are, of course, sufficient rather than necessary. The
intent is merely to demonstrate that inequality of V,g/V, and V,./V,, in either
direction, is possible.

It is proper to inquire next whether any of the conditions that make
V,elVy> Vae/ Vs and vice-versa, are, on biological grounds, at all probable.
First, consider case (2). Given overdominance a is greater than 1.0 and
might easily be greater than b. The frequency, p, of the more favorable
allele would often be larger than ¢, frequency of the less favorable allele.
Finally, r might easily be smaller than b/a. This situation is of special
interest in connection with inference concerning level of dominance from the
ratio of estimates of dominance and additive genetic variance. It is easily
seen that upward bias in the estimate of dominance variance could be less
than in the estimate of additive genetic variance when estimates are based on
data from a single sub-set of environments. Then interpretation assuming
equal bias would under-evaluate the true level of dominance.

On the other side of the picture, consider case (5). Given a character for
which affecting genes exhibit little dominance, a rather small and considerably
less than b is not improbable. In this case condition (5) could easily be met.
However, the chance of critical misinterpretation as a consequence of dis-
proportion in biases appears less likely here than in case (2).

The prime issue is that for biases under discussion the ratio,

Bias

Variance estimated

is not necessarily the same for all kinds of genetic variance. Hence ratios of
genelic variance components cannot be inferred with complete assurance
from data collected in one sub-set of environments, say, in one year at one
location.

Experimental evidence on biases actually encountered is scanty. Rojas and
Sprague (1952) estimated V,, ¥, and components of genotype-environment
interaction variance in corn yield. They reported that interaction variance
associated with dominance effects was larger relative to dominance variance
than interaction variance associated with additive effects relative to additive
genetic variance. Somewhat different results were reported by Comstock
et al. (1957) in a summary of data then available from the North Carolina
studies. Their data were also on corn yield but did not allow complete
separation of genotype-environment interaction variances from genetic
variances. In one series of experiments, replicated over years but not over
places, V,+V,,, V,,+V,,, Vi+V,;, and V;+V,,, could be estimated. In
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another series, replicated in some instances over years but not over places
and in other instances over places but not over years, the quantities listed
above or the quantities, V,+ Vg, Vypt+ Vypy Vat+Vay and Vyp+ ¥y, could be
estimated. Here

V is variance due to interaction of additive genetic effects with year,
V is variance due to interaction of additive effects with places,

V;,,, is variance due to second order interaction of additive effects with year

and place,

and V,,, V,, and V,,, have analogous meaning in terms of dominance effects.
Averaging over experiments the ratios of the purely interaction variance
estimate to the estimate of the quantity including V, or V,, e.g. estimate of
Viy+ Vypy divided by estimate of V,+V,,, were as follows

Estimates involving Estimates involving

additive effects dominance effects
Series 1 0.73 0.50
Series 2 0.73 0.16

In contrast to results reported by Rojas and Sprague, the North Carolina data
suggested greatest bias from genotype-environment interaction variance in
estimates of V,. This contrast could be interpreted in two ways: (1) as
indicating that the ratio of interaction to genetic variance is sometimes higher
for one kind of genetic effects and in other cases higher for another kind, or
(2) as the result of high sampling error of the estimates involved. The nature
of the sampling errors is such that their magnitude can only be approximated
in terms of the observed variation of a series of estimates of the quantities
(ratios) in question. In this respect the evidence cited does not suffice for
confident interpretation.
The foregoing and its implications may be summarized as follows:

1. If estimates of genetic variances and ratios among them are to be
useful in analysis of forces responsible for the present status of
populations and in prediction of future changes, they must pertain to
genetic effects defined meaningfully in terms of the totality of en-
vironments having to do with the history and destiny of the population.

2. At best such variances are elusive quantities. A reasonable approach
to unbiased estimates of their absolute magnitudes requires data from
experiments replicated in both time and space. Places employed
should of course be properly related to the normal ‘ habitat > of the
population.

3. Inferences from relative magnitudes of estimates of different kinds of
genetic variances could be based on biased estimates if it were safe to
assume, for all genetic variances, a constant ratio of bias to variance
estimated.

4. The notion that developmental homeostasis is a function of hetero-



Dominance, Genotype~Environment Interaction and Homeostasis 9

zygosity suggests that this is not a safe assumption. The analysis
presented here demonstrates, if that were necessary, that the ratio of
bias to variance estimated may conceivably be either higher or lower
for dominance variance than for additive genetic variance. Of
special interest is the fact that inequality of this ratio might have a
critical bearing on inference concerning level of dominance based on
the relative magnitude of estimates of dominance and additive
genetic variance.

5. The prime implication is that information about the relative magni-
tude of different sorts of genetic variance obtained from an experiment
confined to one stratum of the totality of pertinent environments needs
to be supplemented by at least some information on magnitude of
bias from genotype-environment interaction variance.

6. Replication (of the whole experiment providing estimates of two or
more genetic variances) in time and place is desirable but often im-
possible due to cost considerations. A supplementary experiment
providing information on magnitude of bias in estimation of only one
genetic variance will sometimes suffice. For example, in the work of
Robinson et al. (1955) the smallness of the ratio of the estimate of
dominance variance to that of additive genetic variance was the critical
finding. The critical feature of the result could have been the result
of estimation bias only through greater upward bias in additive
genetic variance than in dominance variance. Adjusting the original
estimate of additive genetic variance downward in accord with later
information on bias in the estimate of that component and accepting
the original estimate of dominance variance as unbiased provides a
severe test of the original interpretation. When this is done, the ratio
of the estimate of dominance variance to the estimate of additive
genetic variance is still small enough so that interpretation of the
finding is unchanged, though the force of the evidence is a little less.

REFERENCES

Comsrock, R. E. (1955) Theory of quantitative genetics: synthesis, Cold Spring Harbor
Symposia on Quant. Biol. 20, 93-102.

Comsrtock, R. E. & ROBINSON, H. F. (1952) Genetic parameters, their estimation and
significance. Proc. 6th International Grasslands Congress, 1, 284-291.

Comsrock, R. E., RoBiNsoN, H. F. & CockerHAM, C. C. (1957) Quantitative Genetics
Project Report (mimeo.), 98 pp.

DoBzHANSKY, TH. & LEVENE, HOWARD (1955) Genetics of natural populations. XXIV.
Developmental homeostasis in natural populations of Drosophila pseudoobscura,
Genetics 40, 797-808.

LERNER, I. MICHAEL (1954) Genetic Homeostasis, 134 pp., Wiley, New York.

RosinsoN, H. F., ComsTock, R. E. & HARVEY, P. H. (1955) Genetic variances in open-
pollinated varieties of corn, Genetics 40, 45-60.

Roias, BAsILIO A. & SPRAGUE, G. F. (1952) A comparison of variance components in corn
yield trials. III. General and specific combining ability and their interaction with
locations and years, Agronomy J. 44, 462466,

B B.G.



THE BALANCE-SHEET OF VARIABILITY

By K. MATHER
University of Birmingham

PROVIDED that there has been no selection and in the absence of interactions
between non-allelic genes, the genetic variability in the segregating generations
descended from a cross between two homozygous lines appears in three
components. First, there is the D component, depending on differences
between individuals homozygous for allelic genes, and second, there is the H
component, depending on departures of heterozygotes from the average
of the two corresponding homozygotes. Both of these contribute to
the variation within each generation, measured round its own mean.
Thirdly, there is the departure of the generation mean from the mid-parent
value, found as the average of the two parental homozygous lines, and
this is a function of S(h), the notation being that of Mather (1949a). Since
genetic variation measured round the mid-parent value is the sum of the
variance round the generation mean and the squared deviation of this mean
from the mid-parent, it may be written in terms of D, H and S?(k) each com-
ponent taking a coefficient appropriate to the generation. These coefficients
must sum to unity (Mather, 1949b). Thus if we write the variation of any
generation as xD+yH+zS2(h), then x+y+z=1. For example in the
F,, x=y=0 and z=1, while in the F, generation x=1% y=1% and
z=142=4. In F,, we must add V5, = $D+&H and Ve = 3D +3H,
these being the genetic variances between and within families, to obtain the
genetic variance round the generation mean, which is itself 1S(4). Then
x=3+i=3% y=>L+i=7%5 and z=12 =Z. Similarly for the S3
generation obtained by sibmating in F,, x=4+4}=14,y=%+:% =14, and
z=32=1.

The total variability as measured from the phenotypes will vary with the
generation according to the relative magnitudes of D, H and S2(h). Butina
deeper sense the differences are no more than a redistribution among the
components. Genetically the total variability is constant, as is indeed required
by the permanence of genetic differences. A similar relation holds for the
components of variation depending on genotype-environment interactions,
and a similar balance sheet may be struck for them (Mather and Morley
Jones, 1958).

The situation is changed in detail, though not in principle, if selection is
practised. Some of the gene differences will then be lost because certain
alleles will be fixed in the sense that every member of the population will
become homozygous for them. This will be reflected in a corresponding and

10



The Balance-sheet of Variability 11

permanent departure of the mean from the mid-parent, and this departure
will thus come to contain a further component depending on the 4 increments
of the fixed genes as well as the 4 increments of those still unfixed.

Returning, however, to the case where selection is absent, the visible
variability as measured by x D+ yH + 252 (k) is not the total of the variability
contained in the cross. Indeed it may be only a small part of it. Let us con-
sider a very simple example where the two parent lines differ in & unlinked
genes, each contributing the same dincrement and all with # = 0. The maxi-
mum difference obtainable is where all the increasing alleles are associated
in one line and all the decreasing alleles in another. Each line then departs
by S(d) from the mid-parent so that the total variation is S2(d) = (kd)? =kD.
Now in the F, from crossing two such lines, half the variation is present in the
heterozygous state and will be reflected in the H and S2(4) components.
The other half is present in differences between homozygotes and is measured
by the D component. But half the total variability is }kD of which 1D
constitutes only the fraction 1/k. The fraction (k— 1)/k of the variability is
concealed, obviously as a result of balancing combinations of homozygous
genes of the type AA4bb etc. The more genes there are the greater will be this
concealed fraction (k—1)/k. This concealed fraction is the homozygotic
potential variability of Mather (1943). With linkage the concealed fraction
is increased where the repulsion phase is preponderant and decreased where
coupling relations preponderate. It is not difficult to accommodate inequality
of the k values of d in the calculation, but the simple case outlined will serve
to illustrate the point.

Two balance sheets of variability may thus be struck. The first relates to
the immediately measureable variability which may be redistributed among
the three components and this may be represented by the relation x+y+z = 1
in the expression xD+ yH+zS2(h). The second balance sheet goes deeper,
for it covers all the variability, potential as well as free, in the cross and it
depends on the additional parameter k. In principle, k can be estimated in
various ways by quantities generally denotable as K, the number of effective
factors (Mather, 1949a). Such estimates are, however, difficult to arrive at
reliably, and little attention has so far been paid to their calculation. Never-
theless without reliable estimation of the number of effective factors the
balance of potential and free variability cannot be struck and the magnitude
of ultimate response to selection cannot be calculated. The derivation of
reliable methods of estimation is long overdue.
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BIOMETRICAL RELATIONS BETWEEN RELATIVES
AND SELECTION THEORY*

By OscarR KEMPTHORNE
Statistical Laboratory, Iowa State College

INTRODUCTION

FoR SEVERAL years I have been concerned about the status of the theory of
genetic selection in the case of polygenic inheritance. I take the book by
Lush (1937) and the recent book by Lerner (1958) to be definitive accounts of
our present knowledge, and it appears to me that what mathematical or
statistical theory we have is based on the assumption that the genes act
additively. It would be comforting if we could assume, without proof, that
the theory based on additive gene action would predict what would happen
to the additive genetic values. It is obvious, however, that no such result can
be proved because the additive genetic value of a genotype is a statistical
abstraction and is not a biological fact peculiar to the genotype and the
environment or population of environments, but is a property of a genotype,
which may well not change, but also of all other genotypes and the genotypic
frequencies in a population which certainly do change. The additive genetic
values of genotypes will change as the population structure changes and we
do not even have a theory to the effect that they change less slowly under
selection than does the population structure. It is for reasons such as these
that the theory initiated by Fisher, Immer and Tedin (1932) and carried
forward so effectively by Mather and his co-workers has appeal. For this is
based on a model for genotypic values remain unchanged. This theory,
however, is restricted largely to populations derived from homozygous lines.

We have fairly extensive results on what may perhaps be termed the
economic efficiency of various combined testing and selection schemes taking
into account generation interval and breeding and testing facilities available
(e.g. Lush, 1937; Lerner, 1958). This line of work is exemplified in Robert-
son’s (1957) paper on the optimum number of progeny. As far as I know all
this work is based on a model in which these gene effects are additive. Just
how useful such selection theory is, in my opinion, is a moot point with any
of our economic animals.

In the present state of development of genetic selection for economic
plants and animals it seems that we must make a partition of situations into
at least two classes. With many plants the situation is that we may be able

* Journal Paper No. J-3579 of the Iowa Agricultural and Home Economics Experiment

Station, Ames, Iowa. Project No. 890.
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to develop stocks which breed true and which may be mated to give material
of superior merit. In other cases, and this appears to be very much the case
with animals, we have to select parents from each generation of a continuing
population to provide the individuals of the next generation. It is this
situation that I am concerned with. For here the problem is quite unam-
biguously to predict which matings in a particular generation will give off-
spring of superior merit. Indeed, it is appropriate to ask whether there are
matings which throw superior offspring. The amount of theory available
on this question is pathetically little.

The aim of the present paper is to attempt a review of our present know-
ledge of the biometrical relationships among relatives and to discuss the
relevance of these to what may be termed the purely statistical theory of mass
genetic selection. The main idea is to consider the accuracy with which we
can predict the phenotypes of individuals from knowledge of their relatives.
I call this the purely statistical theory to distinguish it from the economic
theory in which the cost of obtaining observations and the amount of re-
sources available must also be taken into account. In other words the statis-
tical theory plus cost and time considerations lead to measures of economic
efficiency of procedures. It seems that a useful economic theory must be
preceded by what I call the statistical theory.

INGREDIENTS OF A THEORY OF QUANTITATIVE INHERITANCE

Development of a theory of quantitative inheritance and application of the
theory to real problems requires unambiguous statement of the assumptions
of the theory. This corresponds rather closely to the accepted view that
exact descriptions of experimental technique are necessary for assessment of
experimental evidence. But in the field of mass selection no such standards
seem to be general.

The ingredients which I regard as essential for a theory of quantitative
inheritance applicable say to farm animals are:

1. That there is an arbitrary number of loci for each of which there is
an arbitrary number of alleles.

2. That there are no assumptions with regard to the magnitude of gene
effects, such as for instance that individual gene substitutions have
small effects. Such a theory I have termed an infinitesimal theory,
the most complete, even to the present time, being that of Fisher
(1918). It seems to me that the theory should envisage a full spec-
trum of gene effects from small to large, possibly with greater fre-
quency of small effects, though assumptions as to these frequencies
should be avoided.

3. That there should be no assumptions as regards the nature of gene
effects, with regard to the non-existence of dominance or epistacy of
any form.
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If the theory is to be applicable to selection in a dairy herd for example, it
should take some account of':

4. Non-random mating.
5. Differential viabilities and fecundities.

Here the difficulty is that a formal statement requires the specification of a
large number of parameters and no one has yet discovered a useful way of
doing this. The absence of a theory of some generality with regard to linkage
is a deficiency which should be susceptible to correction because the problem
can be specified fairly precisely on the basis of formal genetic knowledge and
can be set up, using for example Kosambi’s formula (1943) without the
requirement of specifying a large number of parameters. Even in this case,
however, 1 suppose one should visualize tight linkage of genetic factors
with complementary roles, and any such model presents considerable
difficulties.
In addition to the above ingredients, one can also list the following:

6. Sex-linked factors.
7. Maternal effects either genetic or non-genetic.
and 8. Genotype environmental interactions.

The difficulty with these is not at all conceptual, but merely that they increase
the size of the problem, particularly with regard to the number of symbols
that must be carried along.

I deemed it worth while to set the above views down, because I am sure
there is a considerable lack of appreciation of what one means by  a theory
of quantitative inheritance ’ or * a theory of mass selection’, to the extent
that considerable effort is being put into large breeding projects on the basis
of inadequate if not fallacious theory, with at the same time no appreciation
of the complementary roles of theoretical and experimental research.

As an example of what I mean, theoretical workers, including myself, have
examined the mathematical nature of additive genetic variance in non-
random mating populations which does no harm because theoretical people
will devote some of their activities to purely intellectual problems. At the
same time experimental people talk about the additive genetic variance in
non-random mating populations. But has anyone considered how one
obtains from observations on unidentified genotypes an estimate of the
additive genetic variance of a non-random mating population? As far as I
know no one has, and I know of no procedure of taking observations and
making computations from them which will give an estimate of the mathe-
matically defined additive genetic variance of the non-random mating
population. Even the calculation of inbreeding coefficients may be mislead-
ing in a population under selection.
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THE GENERAL BASIS FOR PREDICTING AN INDIVIDUAL’S
PERFORMANCE FROM THOSE OF RELATIVES

The ensuing section contains a formulation first put in the literature by
Czekanowski (1933), though it is felt that another presentation may be
helpful to students. If we consider predictors which are linear, then the
formula for predicting an individual X from relatives R,, R,, ... R, is,
ignoring population mean,

X =0 Ry+o;,R;+... + Ry
where o, a5, ... a; are given by the equations
o, V(Ry)+a, Cov (Ry, Ry)+...+a, Cov (Ry, Ry = Cov (X, R,)
o; Cov(Ry, Ry))+a,V(R)+...+ o, Cov (R,, R,) = Cov (X, R,)

oy Cov (Ry, Ry)+a; Cov (Ry, RY+...+4V(R) =Cov(X,R) (1)

I shall assume that there is additivity of genotypic and environmental forces
and that the environmental variance is constant. I shall also deal with the
case in which the individuals X, R, ... R, are random members of the popu-
lation subject only to the particular relationships among them, and corre-
lated only because of the genetic relationship. The prediction equation is of
course easily modified to take care of environmental correlations but to
include these would take me away from my present point of interest. All
populations will be taken to be in equilibrium under random mating.

The attributes may be standardized so that the variances are all unity and
the covariances become correlations. The equations determining the o’s
then become

o+ oaprat . F Pk = Prt

Ay PraF o+ F WGP = Py

APt UaPot .+ = Py @)

and the variability in X removed by the predictor is

Z OiPxi
13
The residual variability is
1- Z 0P xi

There are no hard and fast rules by which one should compare predictors.
From the point of view of assessing the gain in information on an individual
arising from knowledge of relatives, we could consider the amount of
variance accounted for by the prediction or the amount of variance around
the predicted value.
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In considering the use of possible biometric relations among relatives in
selection the appropriate basis for comparison is as follows. This is developed
by considering the predictor as an index I for selecting individuals. The
expected gain from truncation selection of X on the basis of Iis

Al
Pxt1—>
o
where p,, is the correlation of X and 1, Al is the selection differential in I and
o, is the standard deviation of 7. With a particular amount of selection the
gain is proportional to p,,.

Also
Cov (X, I)=Cov (X, Y oR)
=Y ; Cov (X, R)

= Sum of squares removed by regression of X on Ry, R,, ...
V(X)=1
ij

=Y o, Cov (X, R;) from the normal equations.
i
Hence

p%r = Sum of squares removed by regression.

Therefore in comparing predictors for mass selection purposes, the appro-
priate measure is the square root of the sum of squares removed by the
predictor evaluated in standardized variables, or the square root of the pro-
portion of the sum of squares removed by the predictor. This will be called
the efficiency of the predictor.

In what follows we need various correlations among relatives. In view of
the general formula which takes account of dominance and epistacy (which
can be modified to take care of an inbred parental generation with random
mating)

02p,, = 21,05+ 1,05+ (2r,) 654+ Qo )uoip+uiodp+...
where a: is the phenotypic variance

6% is the additive variance
o3 is the dominance variance
o%4 is the additive x additive variance

etc.,
we may designate a correlation by

p(s, 1)
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where s = 2r,, = twice the coefficient of parentage of the two relatives
= twice the probability that two genes at a locus, one from
each of the two related individuals, are identical by
descent.

and t =u,, = the probability that the two genes at a locus of one in-
dividual are identical by descent to the two genes at the
same locus of the related individual.

PREDICTION FROM ONE PARENT
If we are predicting an offspring (O) of a parent (P) by the use of a linear
predictor
0 =oaP,
then the normal equation is

o= p(%’ 0)’

the variability removed is p?(4, 0) and the efficiency is p(4, 0).

We could consider the use of various other relatives on one side of the
lineage but before doing so it is worth noting that if we have a predictor
which includes Z, say, where Z is the mean of an infinite array of offspring of
the parent, which will in a large population be half sibs, then the predictor
will be Z. This fact, which is rather obvious intuitively, can be seen from the
normal equations (1) by letting X equal O, R, equal Z, and R,, ... R, equal
phenotypic values for other relatives, and noting that

V(Z) = Cov (HS) = Cov (X, Z)
and Cov (Z, R) = Cov (X, R)
so that «; = 1. The amount of variability removed is p(}, 0).

The maximum possible efficiency is therefore \/ [p(, 0)]. It seems rather
pointless to assess any predictor by its overall efficiency and more appropriate
to assess it relative to the best predictor we can find with infinite data. It
seems appropriate therefore to introduce a concept of relative efficiency

exemplified as follows.
The overall relative efficiency of predicting from one parent alone is

03, 0)
Jir& 0]

If the only variability were genotypic and this were additive in gene effects
this ratio would be unity. In general the ratio is

2NGD-JE)
20} 40} o?

and if we denote 63/a} by h?, the relative efficiency is h.
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I have been interested in the extent to which utilization of information on
the one parent and his relatives of the same or previous generations can
approach the maximal possible efficiency. This is equivalent to posing the
question: knowing a parent in one generation and any relatives of that
parent, how well can one predict an offspring of the parent? Rather as one
might imagine 1.Q. scores on all humans and then wish to predict the 1.Q. of
an offspring of a particular individual (though of course with a human
population we would not be able to do so because of homogamy and associa-
tion of environmental and genotypic effects). It is easily seen that the best
predictor X from the phenotypic value of a parent and of its two parents
GP,, and GP, is by the equation

_ ’ r_ a2
1-2p? 1-2p
where pis p(4, 0) and p’ is p(3, 0). The variability removed by this predictor
is

pi2p" —4pp),
1-2p?

If p is } and p’ is 4, this works out to be 1/14 as opposed to a maximum
amount possible with one side of the lineage equal to 1/8 and to 1/16 with a
predictor utilizing only the parental value. The relative efficiency using the
parent only is for this case 0.5 with parental value only and 0.536 with parent
and grandparental values.

As another example I considered the prediction of an individual from
knowledge of one parent, the two parents of that parent and the average of an
infinite array of full sibs of the parent. There is no point in cluttering up this
paper with formulae but some computations I performed are relevant to the
type of problem I am considering. For the case 63 =1, g2 = 1, epistatic
variance = 0, 62 =1, I found that the predictor was

2 11 5
—-(parent) + -— (total of 2 grandparents) +-— (mean of full sibs of parent
11(p ) 264( grandp ) 33( ull sibs of parent)

and that this prediction equation accounted for 79/1056 of the variability.
This is to be compared with the predictor based on parent alone accounting
for 66/1056 and the optimal predictor based on the mean of an infinite array
of half-sibs of the individual to be predicted accounting for 132/1056 of the
variability. The gain over the use of the parent alone is sizeable and I wonder
what is the best possible predictor assuming information on the parent and
infinite arrays of all possible collateral or ancestral relatives. The question
is academic to be sure (it is interesting that the same question was posed but
not solved by Czekanowski, 1933), but I think it is relevant to our under-
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standing of selection formulae. 1 do not have the answer to the question or
I would give it here.

LINEARITY OF BIOMETRIC RELATIONSHIPS

It is a common pedagogic example of linear regression to present the case
when a dependent variable y, say, is exactly a quadratic function of x but the
range of x is such that the linear regression of y on xis zecro. This * horrible ’
example is completely relevant to the use of biometric relationships as
formulae for selection. The regression of offspring on parent which seems to
be one of the main tools of selection theory is nothing more or less than a
mean square linear regression. At risk of repeating knowledge well known
in statistical literaturc, but because, despite the existence of this knowledge
in the statistical literature, the concepts appear not to be fully understood
by applied geneticists, the mcan square linear regression of y on x is defined
to be the function o+ fix such that

E(y—a—px)?,

where E denotes averaging over the population, is a minimum (sce for
example Cramecr 1945). The regression of y on x however is the relationship
of the expected value of y given x to x, and tells us the mean v in any x-array.
These two regressions are by no means the same as in the * horrible ’ example
quoted above. They are the same if regression of y on x is lincar and this
will happen, for example, if the joint distribution of y and x is bivariate normal.
In general, however, a mean square regression tells us what lincar function of
x is the best predictor of y averaging over the whole population of y and x
values. We are not entitled to use this regression to obtain an indication of
the phenotypic value of offspring arising from a selected parent unless we
have some evidence that the regression is linear throughout its range. This
prompts immediately three questions:

(@) Is the regression of offspring on parent linear or cssentially linear?
(b) Does the curvature of the regression of offspring on parent have any
significance with regard to biometrical genetics?
and (¢) How much would we gain by using a predictor of offspring which is
quadratic in the parental value?

Perhaps some workers have thought and written about these questions, but
I am aware of no published theoretical consideration of the questions. One
observation to be made in connection with these questions is that if we desig-
nate the parental value by P, then P log P, . /P and indeed any function of
P which can be defined (and is not necessarily continuous) are also attributes
which can be considered as being determined by polygenic inheritance. This
suggests immediately that the questions posed above are intimately related to
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the use of correlations within and between different animals of different
attributes in selection for one attribute. This point, however, is offhand
confusing also because, in selecting for P for instance, we are also selecting
for P2 or log P or against 1/P and so on.

On the question of linearity of regression of offspring on parent, my de-
liberations lead me to two conclusions:

1. That if there are no environmental effects and the genes are additive
in their effects there will be linearity of regression (a well-known
conclusion of little value because the premises hold so rarely).

2. That even if the genes are additive in their effects but there is environ-
mental variability the regression of offspring on parent will be non-
linear in general.

The second remark is to be modified if one can assume a very large number
of loci with infinitesimal effects, when normality of joint distributions of
offspring and parent may well obtain. This serves, I think, to lead us to the
view that normality of the joint distribution is a property to be sought after
by transformation if the selection theory is to be appropriate.

On the question of whether the curvature of regression of offspring on
parent has any biometrical genetic significance I have no answer after con-
siderable deliberation. I am impressed however by the fact that even if we
exclude epistacy, our currently popular description of the situation is given
by the representation

phenotype deviation = A+ D+E
in which A4 is the additive (or breeding value)
D is the sum of dominance deviations
and E is the environmental contribution

and that we estimate only (denoting average over the population by  ave )
ave (4%), ave (D?), ave(E?)

assuming ave (AE), ave (DE), to be zero and with ave (4 D) equal to zero by
definition. This impresses me as a most primitive description which we can
surely improve on. I have examined ways of estimating

ave (4%), ave(4?D), ave (4D?) and ave (D)
as well as fourth moments of the quantities 4 and D. I find for instance that
Cov (P, 0%) = Cov (P?, 0) = 4 ave (4%)+ave (42D)+4 ave (4D?)

There is therefore the possibility of exploring the relationship of 4 to D. It
could happen for instance that individuals with large positive or negative
values of A4 have D values which are large in absolute magnitude. The occur-
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rence of large positive D values in superior animals could explain difficulty
in making genetic advance. In the case of F, populations there appears to
be the possibility of constructing and evaluating several measures of degree
of dominance. This is of course possible also using the methods of Fisher,
Immer and Tedin (1932).

On the question of how much we would gain by in predicting an offspring
using the square of the parental value as well as the parental value, I have only
been able to get messy formulae, and wonder what examination of real data
would show. One study I know of (Beardsley et al., 1950) is somewhat
inconclusive. A question I have not been able to get a neat answer for is
the extent to which one can approach the maximal efficiency of predicting an
offspring which uses the mean of an infinite array of half-sibs by using a
polynomial in the parental value.

PREDICTION OF THE OFFSPRING OF A MATING

It is easily seen that if we have random mating the predictor of offspring
from the two parents is

0 = a(Pl +P2)
where a=p(3$,0)

and the amount of variability removed is 2p2(4, 0). Also the best possible
predictor of the offspring of a mating is the mean of an infinite array of
offspring of the mating, which accounts for a proportion p(}, 1) of the
variability. If the only genetic variability were additive and it comprised 507,
of the total the relative efficiency of prediction by the two parental values

would be about 71%,.
The best predictor using the two parental values and the four grand-

parental values is

(p—4pp") (20'—p?)
0=+""""(p,+P)+"“—" (GPy+GP,+GP;+GP
(a—dp?) 't 2) 2—4p? (GP, 2 3 +)

where p = p(3,0) and p’ = p(}, 0). The amount of variability removed is
equal to

(p—4pp) 5 20" =P)) 4.
2p+ 4
@—4pD T =4 "
=p2__8p2pr+4p:2
(1-2p%)
I next considered the extent to which non-linear predictors from the two

parental values could be useful and felt optimistic about the use of a predictor
based on the parental values Py and P, and the product of the two P,P,.
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It is not to be surprised at that this sort of regression was used by Fisher
(Fisher, 1930, and Fisher, Immer and Tedin, 1932). It is related also to the
constant parent regression technique of Hull (1952 ; see also Griffing, 1950).
Under random mating P, and P, are independent and the predictor
O =oaPy+BP,+yP, P,
has coefficients o, 8, y which are given by the equations
aV(P1)+ 0 +‘y COV (Pl, P1P2) = COV (0, Pl)
0 +ﬂV(P2)+? COV (Pz, Ple) =COV (0, Pz)
a Cov (Py, P Py)+B Cov (P;, P1Py)+yV (P P;) = Cov (O, P P,)
Also using standardized variables
V(Py) =1=V(P;) =V(PPp)
COV(P],Ple)=COV(P2,P1P2)=0
Cov (0, Py) = Cov (0, Py) = p(4,0)
so that we need to find Cov (O, P, P,). This is easily obtained for the case

of one segregating locus (or many independently segregating loci among
which there is no epistacy). With one locus it is

Cov [{$(o;+a;+ o +a,) +3(dy+di+dj+djn)}
{(o 4 0;+ d ) (0 + 0t + i)}
= E(udy)

This can also be written as E[4(o;+ 0)?dy ] or as $E(A2D).
We have therefore in the case of independently segregating loci with no
epistacy

o= f=4E(4?)

v = $E(A4*D)
and the total variability removed by the predictor is

o+ B2 +y2

This line of argument indicates that the expectations of powers of 4 and D,
the additive value and the dominance deviation respectively play a role which
may of course be slight above that of E(42) and E(D?) in determining re-

gressions among relatives. In the case of the F, population with the follow-
ing structure at the i'™® locus

1(44);+3(4a); + 1 (aa);

with genotypic values for (44);, (Aa); and (aa); equal respectively to u;, a;u,
and —u;,, it is seen that

F—3(P +P,y) = zi: a;u;
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AA—2—aa — Zl u;

E@4) =0} =313 u}
E(D) =0 =1%Y aju}

_% Z a,-u?.
i

i

E(A2D)

With these and other relationships that can be developed it is possible to
examine the relationship of a; to u;. For instance, even without looking
into quantities like E(4?D), the mean square regression of a; on u; is given by

Fi—3(Pi+P,)
202

a quantity which could be revealing.

CONCLUDING REMARKS

In this paper I have endeavored to give an account of the status and de-
ficiencies of our present knowledge of the theory of mass selection. I have
raised questions which strike me as being relevant and needing solution, on
the theory that unless we know where we are now we do not know where we
want to go. I have mentioned a few lines of investigation which seem to me
to merit attack, and shall be happy if they interest others to the point of
working on them. I shall have succeeded in my endeavor if I have convinced
the reader that our present knowledge is very limited. I think that some
highly original and novel approach to the whole problem is in order, of dimen-
sions like the break-through of Fisher’s (1918) paper.
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In view of the particulate nature of the units of heredity, the effects of system-
atic inbreeding invite mathematical analysis, and this led to the early
studies of Robbins (1917) and others, to the classical path-coefficient analysis
of all the main systems of inbreeding by Sewall Wright (1921), and to the later
more detailed analyses of these systems by Haldane (1937) and Fisher (1949),
using matrix methods.

In all this work it was tacitly assumed that ¢ all genetic particles are equal °,
in the sense that all alleles at each locus, in all combinations, give genotypes
with equal survival value—an assumption which is mathematically very
convenient and is, in fact, essential for applying the elegant method of path
coefficients. But such an assumption seems a little unrealistic, in view of the
general tendency for inbreeding of a normally outbred species to lead to a
marked decline in vigour, fertility, etc., and there is little doubt that selection
against homozygosis occurs at certain loci during inbreeding. It has, in fact,
been suggested that selection of this kind will tend to increase in severity as
inbreeding progresses, and there is some indirect evidence in support of this
conclusion (Reeve, 1955; Tantawy and Reeve, 1956).

To approach a more realistic inbreeding theory, we must explore the effects
of selection against homozygosis. There are, in fact, a bewildering variety
of situations to be examined, since selection may act with different intensities
on the homozygotes of different alleles, while there may be selection within
lines only, or also selection between lines (i.e. the more homozygous lines
may tend to be discarded because of their lower fertility). Moreover, selection
at one locus will have both direct effects on that locus and also indirect
effects on neighbouring loci through linkage, and both types of effect must be
taken into account. Finally, apart from the probability that selection
intensities will change as inbreeding progresses, there is likely to be selection
against homozygosity at several points on the same chromosome.

Unfortunately, mathematical results obtained from analysing these situa-
tions cannot be checked experimentally, since we cannot determine what

24
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selection is acting on the different loci while a population is being inbred.
(The experimental studies relevant to this problem are discussed by Tantawy
and Reeve, 1956). But it is still worth while to examine those cases whose
analysis is mathematically feasible, and from these to attempt to draw a
rough general picture.

The mathematical difficulties are well illustrated in Table 1, which shows
the size of the generation matrix for the simplest one-lcous and two-locus
cases in which selection acts at one locus.

TABLE 1. SIZE OF GENERATION MATRIX UNDER DIFFERENT CONDITIONS

Conditions (2 alleles per locus) Selfing Sib- 4-sib- D.F.C.
mating mating mating
One locus: equal selection*® 2x2 4 x4 9x9 13 x13
One locus: unequal selection 3x3 6x6 15x15 21 x21
Unselected locus linked to:
(a) one pair of lethal alleles 2x2 5x5 13x13 22 x22
(b) two pairs,, ,, . 2x2 10 x 10 46 x 46 118 x118
(¢) one selected locus wit!
(i) equal selection* 4 x4 19 x19 156 x 156 424 x 424
(ii) unequal ,, 6x6 29 x29 ? ?

* Both alternative homozygotes have equal survival rates.

Selfing, full-sib mating, half-sib mating (a male mated to two of his half-
sisters who are full sisters of each other) and double-first-cousin (D.F.C.)
mating are compared; and the top line shows the case of a single two-allele
locus (4, B) with equal selection against A4 and BB. This matrix is the same
size as when selection is absent, but it has to be expanded appreciably to take
account of different survival values for 44 and BB, as shown in the second
line of the table, and when a second locus is introduced the matrix soon looks
unmanageable (last two rows).

Hayman and Mather (1953), who were the first to examine the effects of
selection against homozygosity, studied the equilibrium conditions at a
single locus when there is equal selection within and between lines, and found
that more than 50% loss of both homozygotes under selfing, 23.7% loss
under sib-mating, or 14.59% under double-first-cousin mating, completely
prevents fixation of the locus during the inbreeding of a large population of
lines. This indicates the power of moderate selection against homozygosity
to combat the effects of inbreeding, provided that selection between lines is
allowed.

In species producing large numbers of progeny, most of the between-line
selection can be eliminated, and Reeve (1955) has examined the effects of
within-line selection on a single locus in the four inbreeding systems. Here

c B.G.
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we always reach full homozygosity in the end, with finite selection pressures,
but the different inbreeding systems make an interesting comparison, as we
see from Fig. 1, taken from Reeve (1955). This shows the rate of inbreeding
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progress, on a logarithmic scale, plotted against the reciprocal of the survival
value (s) of the homozygotes (solid lines), or of one homozygote when the
other is lethal (dashed lines).

As selection intensifies, the reduction in relative speed of inbreeding
is much greater in the milder than in the more intense inbreeding systems.
Thus, with equal survival of the two homozygotes, when s changes from 1.0
to 0.2, we multiply the number of generations necessary to halve the level
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of heterozygosity by 3.8 for selfing, 14 for sib-mating, 30 for half-sib mating
and 142 for double-first-cousin mating. Some cases of differential survival
are also discussed in this paper.

Selection at one point will slow down inbreeding progress at neighbouring
points on the chromosome, through linkage, and this problem has been
ignored until recently, apart from a study of the effects of enforced hetero-
zygosity at one locus by Bartlett and Haldane (1935). It is clearly important,
particularly if appreciable selection may act at several points on the same
chromosome, as seems likely. Reeve (1957) has given a general solution for
unequal selection pressures both within and between lines and against the
two alleles at one locus, and its effects through linkage on another locus (not
itself under direct selection) for the case of selfing. This leads to a 6x 6
matrix which is easily solved. (See also Haldane, 1956, and Hayman and
Mather, 1956, for discussions of the one-locus case under selfing).

But to go further than this soon leads to difficulties, as Table 1 makes clear.
Taking the general case of the effects of selection at one locus (4, B) on a
linked locus (@, b) not under direct selection, when the survival of 44 and
BB is equal sib-mating requires a generation matrix of 19x 19, half-sib
mating of 156 x 156 and double-first-cousin mating of 424 x 424. On giving
unequal survival values to 44 and BB the sib-mating matrix rises to 29 x 29,
and the other matrices doubtless increase correspondingly. Clearly the even
more interesting case of the effects which selection acting at loci on each side
of (a, b) has on progress at this locus, with the milder inbreeding systems,
would defy analysis.

With the help of a desk calculator and Aitken’s ingenious methods of
analysis (Aitken, 1937), it is just about possible to tackle a 13 x 13 matrix, but
digital computers enable us to analyse much larger matrices. With really
large matrices it becomes very tedious even to work out the details of the
matrix itself, let alone to build it into a programme for the computer. It
should be possible, however, for a digital computer to be programmed so
that it receives the basic structure of the inbreeding process and then cal-
culates the elements of the corresponding generation matrix, as functions of
the variables (recombination frequencies and survival values) involved.
This possibility is being examined.

Looking forward, one might even imagine the time when a general pro-
gramme can be fed into a large digital computer which enables it first to
calculate the generation matrix and then to analyse it for sets of values of the
variables.

Meanwhile, we have been analysing the modest 19 x 19 matrix for sib-
mating on the Elliott 401 digital computer at Rothamsted Experimental
Station, and propose to summarise some of the results here and to compare
them with the same situation under selfing. A detailed study of the 19 x 19
matrix is in the press (Reeve and Gower, 1958).
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To recapitulate, we are interested in the rate of progress towards homo-
zygosity of a locus (@, b) not itself under selection, which is linked with re-
combination frequency y to a locus (4, B) under selection such that fractions
x of AA and BB survive.

The full matrix and its derivation are given in the paper referred to above,
and need not be repeated here. But Table 2 shows the different mating types
(i.e., phases of the two alleles in a pair of mates) for each locus, and the
corresponding distinct mating types for the two loci combined, which may
be encountered. By distinct mating types we mean, of course, that each leads
to a different array of mating types in the next generation of sib-mating.
Two mating types are identical, from this point of view, if one is converted
into the other by interchange of a with b, of 4 with B, or of both, throughout.

TABLE 2. SIB-MATING WITH TWO LINKED LOCI: MATING TYPES

Unselected locus (a, b) Selected locus (4, B)

a a A A

'=a%a T=3"4

_a,a A Ay AB o A A

“=2"% Ui=3>p V24372 UVs=B*2
a a 4.4 _AB

"=5%p V'=p*p> V274
a b A B

W-—Ex—b' W—ZXE

Distinct combinations of both loci

(1), U, tV, tW), (uT, T, wT),
@U,, uU,, uU,, uV, uW, vU, vV,, vV,, vW, wU, wV, wW)

A fraction x of A4 and BB survive.

The full 19 x 19 generation matrix, when written out in the order of Table 2
so that a parent mating type heads each column and a progeny type each row,
contains the four sub-matrices indicated by brackets in the table, situated
along the leading diagonal, with only zeros below, so that the roots of the
full matrix are the roots of these sub-matrices. The four sub-matrices
represent the following situations:

Ay = (tT) : both loci fixed

A, = (U, tV, tW) : (a, b) but not (4, B) fixed
Az = uT, vT, wT) : (4, B) but not (a, b) fixed
A, = remaining 12 x 12 : neither locus fixed.
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It turns out that the rate of change in heterozygosity at the (a, b) locus,
once the system has settled down to a steady state, is a function of the largest
latent roots (which we will call u,, u,, u; and p,) of these four sub-matrices.

The two cases we shall consider are

Case I: selection acts within lines only, so that all columns of the genera-
tion matrix add to unity;

Case II: selection acts equally within and between lines. This requires
that all T columns should add to x, all U and ¥ columns to %(1+x), and all
W columns to unity.

The first three sub-matrices are all in effect single-locus cases and their
largest roots are known. In fact, u, and uy are 1.0 and 0.809017 in case I,
and x and 0.809017x in case II, while u, is the largest root of a cubic in u:

A+x) " -+ x)* (1 +2x)p% = 3x*(1 +x)*pu+x> = 0 in case I,
414+ x> = 2(1+x) (1 +2x)p® = x*(1 + x)u+ x> = 0 in case II.

The largest root of A, is a function of x and y, the survival and recom-
bination values, and has to be determined by computation for different
(x, »)

Let &, be the proportion of heterozygotes at the (@, b) locus after n genera-
tions of sib-mating, starting say with a population of double heterozygotes
aA|bB.

Let A= lim (h,/h,-,).
Then (1—4) is the eventual rate of loss of heterozygosity and A is equivalent
to the maximum latent root (less than unity) of an inbreeding matrix referring
to a single locus.

It may be shown (Reeve and Gower, 1958) that A has the following values
in cases I and II, (it should be remembered that the roots of the four sub-
matrices are generally different in the two cases):

Case I: = largest of u, and p,
Case II: = (largest of u; and p,)/(largest of p, and u,).

In interpreting these results it is easiest to think in terms of speed of in-
breeding (—log, 4), which may be converted into a percentage of the speed
when selection is absent by multiplying by 100/(—log, 0.809017). Then a
speed of 50% means that two generations are needed to make as much
progress as one generation in the absence of selection.

Fig. 2 gives the final speed of inbreeding measured in this way, in cases I
and II, for various recombination frequencies (») plotted against survival x
of homozygotes at the (4, B) locus.

The solid lines (case I) generally reach 1009 (i.e. p,> p,) for values of x
well below unity, so that a combination of fairly strong selection and close
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linkage is necessary before the final speed of inbreeding is reduced below
100%. This is an unexpected result, but it should be noted that the speed is
at first always less than normal for x and y<1, so that the total amount of
heterozygosity remaining at any stage is always less than in the absence of
selection. Another surprising point is that the minimum final speed for
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constant y (y>0) evidently occurs with x slightly greater than 0 instead of at
x = 0, as one might have expected. p, in case I must have a maximum with
x>0 for constant y.

In case II the picture is rather different. As x declines below unity with
y constant, the speed at first remains at 1009, then declines sharply to a
minimum at x = 0.7633, and afterwards rises slowly until it reaches the
same value as in case I (and in fact touches the case I curve) at x = 0.
x = 0.7633 is the value of x below which fixation at the (4, B) locus never
occurs, and this gives the minimum final speed for a point situated on the
same chromosome at any distance from (4, B). More intense selection
speeds up the rate of inbreeding progress a little at the linked locus, instead
of further reducing it. Again, we should point out that during the earlier
generations of selection the picture is a little different, the curves falling



Inbreeding when Selection Acts Against Homozygosis at One or More Loci 31

smoothly to a minimum with x in the neighbourhood of 0.6. This is illus-
trated in some detail by Reeve and Gower (1958).

A graph of the four latent roots for constant y against x, in case II (Fig. 3),
helps to make the nature of the two discontinuities in Fig. 2 clearer. Here
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we have plotted 1;, u, and u; (which are all independent of y) against x, and
also y, for several values of y. The dashed line labelled u,,, gives the largest
of y; and u,, the former being the largest when x>0.7633. The dotted line
labelled p, gives the largest of u; and p, for y = 0.15. Our measure of in-
breeding progress is 4 = /., and, on plotting this against x, we obtain
two discontinuities, since its numerator and denominator have discon-
tinuities at different values of x.

In these graphs we have held the recombination frequency y constant and
considered the effect of varying the selection intensity x. It is perhaps of
even more interest to consider the effects of a given selection intensity at one
locus on points at different distances from it along the chromosome, since
this shows what selection against homozygosity at one point will actually
achieve, and to compare the results in different inbreeding systems.



32 E. C. R. Reeve and J. C. Gower

Fig. 4 compares the effects of different selection pressures at the (4, B)
locus on the rest of the chromosome, under selfing and sib-mating, when
selection acts within lines only. The abscissa shows the number of cross-over
units distant from (4, B), and the ordinate gives the relative speed compared
with the absence of selection under the same inbreeding system. The absolute
speeds are, of course, very different for the two systems, since normal pro-
gress under selfing is about 3} times as fast as under sib-mating.

EFFECTS OF SELECTION AND LINKAGE ON SPEED OF INBREEDING.
SELECTION WITHIN LINES.
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This graph brings out an interesting contrast between the two systems. A
given selection pressure causes substantially less reduction in speed under
selfing than under sib-mating, at the locus directly affected (i.e. at abscissa 0),
but as we move away along the chromosome the effect of selection is dissi-
pated much more slowly under selfing. Thus 409 survival of homozygotes
gives a relative speed of 44 % under selfing compared with only 24 %, under
sib-mating at the locus selected. But at a point 6 cross-over units away the
relative speeds are the same (about 63 %) with both systems, and for points
further away the relative speed is greater under sib-mating. In other words,
while the local effects of selection against homozygosity are relatively greater
under sib-mating, they are also more localized in terms of the length of
chromosome affected.

One might guess that the same trend would be continued in the milder
inbreeding systems—half-sib mating and double-first-cousin mating. We
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know that selection at one locus causes a relatively greater delay in progress
at this locus with the milder systems (Fig. 1), and one can be almost certain
that the localization of the effect will be correspondingly greater. Thus, one
generalization we can make is that the pattern of effects of selection against
homozygosity at one point on the whole chromosome is different under the
different standard inbreeding systems—the milder the inbreeding system, the
sharper and more localized will be the effect.

The next stage in the analysis is to consider the effects of selection against
homozygosity, acting at two loci on the same chromosome, on points in
between them. The general statement of this situation requires very large
matrices, but they become quite manageable for the more rapid inbreeding
systems in the special case where all homozygotes at the two loci under
selection are lethal (see Table 1); and this at least gives us limiting values for
the effects of selection at two points. Reeve (1957) gave the formula for
selfing, and we have analysed the 10 x 10 matrix for sib-mating with the help
of the Rothamsted digital computer.

Some typical cases under selfing and sib-mating, when only within-line
selection occurs, are given in Fig. 5. Here the abscissa measures the distance
from the mid-point between the two loci under selection, and the ordinate
gives the relative speed as a percentage of the normal speed for the same
inbreeding system. Curves which start and end at 20 cross-over units refer
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to the effects of two selected loci 40 units apart, and so on. There is assumed
to be no chiasma interference throughout the region.

These graphs, then, show the relative speed of inbreeding throughout a
whole region of the chromosome bounded by the two loci carrying only
recessive lethals. We see at once that there is a very great difference between
selfing and sib-mating. When the two pairs of lethals are 20 units apart,
selfing gives a maximum speed of only about 8%, compared with 329 for
sib-mating; and when the two points are 40 units apart the speed at the half-
way mark is still under 309 for selfing but over 80 9 for sib-mating. Thus
the whole region of the chromosome is affected much more dramatically
under selfing than under sib-mating—though, of course, it must be empha-
sised that the absolute speed of inbreeding is always greater under selfing.

The same kind of difference doubtless occurs when the selection against
homozygosity at the two ends of the region is not so extreme, although we
then have the complication that the speed of inbreeding will be reduced more,
near these end-points, under sib-mating.

Combining the information provided by Figs. 1, 4 and 5, we may conclude
that selection against homozygosity acting at several points on a single
chromosome will tend to sharpen the differences in speed between different
inbreeding systems in the neighbourhood of these points and to lessen the
differences in speed at loci in intermediate regions.
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HIGH SPEED SELECTION STUDIES*

By FRANK G. MARTIN, JR."‘ and C. CLARK COCKERHAM
North Carolina State College, Raleigh, North Carolina

AN EMPIRICAL approach, making use of high speed computers, to problems
in population genetics is being explored. A program mimicking a population
evolving under mass selection has been written for the IBM 650. Results
have been obtained for various situations, and primarily directed at the
effects of linkage on the progress from mass selection in small populations.

The program and the results represent the efforts of the senior author in
partial preparation of a doctoral thesis. The results and their interpretation
must be regarded at this stage as preliminary.

THE PROGRAM

It is not the purpose here to describe in detail the method of programming
a genetic system and its modification for various electronic computers.
Each machine has its own special operations. In any case, a detail set of
rules of operation must be translated into machine language and checked.
This particular program is determined by eight parameters:

1. The number of loci for a single chromosome, m =1, 2, ..., 25.
2. The number of individuals (offspring) of each sex available for selec-
tion, N=1,2,3....
. The number of individuals of each sex selected, n =1, 2, ..., 47.
4. Arbitrary scores for each of the three genotypes of a locus which are
constant for all loci and additive between loci.
. The number of generations of selection, g =1, 2, 3, ....
6. The initial gene frequency for the unfavorable one of two alleles
which is the same for all loci, p = 0.00, 0.01, ..., 1.00.
7. The recombination fraction which is the same between every pair of
consecutive loci, a = 0.00, 0.01, ..., 0.50.
8. An environmental variate with variance ¢2 = 0.00, 0.01, 0.02, ... .

w

Wi

Parameters 6, 7 and 8 are expected values of variates which are stochastically
determined while the other parameters are constants. Selection intensity is
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Contribution from the Departments of Experimental Statistics and Genetics, North
Carolina Agricultural Experiment Station, Raleigh, N. C. Published with the approval
of the Director of Research as Paper No. 996 of the Journal Series.
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given by the fraction n/N. The expected value of the initial heritability is
given by the joint consideration of parameters 1, 4, 6 and 8.

The procedure is best understood in two parts, the initial generation and
one of the successive generations. For the initial generation the genotypes
for N individuals of each sex are generated by a random process such that at
each locus the expected frequency of the unfavorable allele is p. The alleles
are represented by one of two symbols. Each genotype consists of two
sequences of m symbols. These two sequences represent the homologous
chromosome pair, and the position of the symbols in the sequence specifies
the locus. For each individual three scores or values are calculated. The
genotypic score is computed by employing the scoring rule for each locus and
summing all the values for the loci. Another score, called the environmental
variate, is really a binomial variate but generated in such a manner that for
all practical purposes it may be considered a normal variate with variance o2.
The genotypic and environmental scores are added to form the phenotypic
score of the individual. From each of these two groups of N phenotypic
scores, one group for each sex, the top » is selected to be parents of the next
generation. Thus, selection is by truncation.

The procedure is modified only slightly for all generations after the initial
generation in order to include the phenomena of segregation and recom-
bination. For each progeny to be generated a male and a female parent are
chosen at random from the individuals just previously selected. From each
parent a modified sequence is formed by first selecting one of the original
sequences at random. Beginning with the first position of the chosen sequence
the new sequence is formed so that the allele (symbol) at the j'* position has
the probability 1 —a of being chosen from the same sequence as the allele
(symbol) in the (j— 1) position and probability o of being chosen from the
other sequence. The two modified sequences, one from each parent, form
the offspring. The genotypic and environmental scores are calculated in the
same way as in the initial generation to form the phenotypic score. As before
the top n of each sex are selected as parents of the next generation. This
process is repeated until either (1) all selected individuals have the same
homozygous genotype, or (2) there have been a predetermined number of
generations of selection.

The output from this process is of two forms. One output is of the 2N
initial or offspring individuals which contain each individual’s genotype, its
genotypic and environmental scores and identification numbers. The second
output is of the 2n selected individuals and contains the same information as
for the offspring.

It is possible to by-pass the initial generation and selection step and to load
the machine with an initial set of parents. This gives additional flexibility in
that any type of initial population can be studied.

The generation of genotypes, pairing of mates, segregation and recom-
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bination, and the environmental variate employ random numbers. The
generation of these numbers is accomplished by a method described by

Moshman (1954). His method is based upon taking successive powers of the
number

S = 74k+1

and reducing its modulus 10°, where k is a positive integer less than five and s
is the number length. Hence the i random number is obtained by using

6; = 5(_1.5 (mOd 10‘)
with 8o = 6.

The values of k and s used in this program are 4 and 15, respectively. This
results in the generation of a repeating sequence of fifteen uniformly distri-
buted random numbers with a period of 5x 1012, No more than the first ten
digits are ever used from any generated number.

To summarize, the genetic situation that is being mimicked should be
apparent at this point. Selection is based on the individual’s phenotype and
is of the truncation type. Selected parents are mated at random with replace-
ment. Such a scheme for a long time has been called mass selection. Any
degree of dominance with two alleles may be called upon, but there is no
epistasis and the loci all have equal effects. The results of segregation and
recombination of diploids is truly mimicked except that the recombination
fraction is the same between all adjacent loci and no interference is allowed
for. Equal effects of loci and equal recombination are not considered to be
drawbacks for any useful purposes of the program. The genotypic values
and environmental values are additive and uncorrelated.

RESULTS

The choice of values for the parameters was somewhat arbitrary. Results
of some of the initial runs influenced later choices. The results are best
visualized by means of graphs and reference is made to Fig. 1 for format.
Each line in the graph is a plot of the genotypic mean of the offspring against
time in generations. Each line represents the average of all the runs for that
combination of parameters and is designated by n/N, «. Hence, 2/20, 0.01
denotes the selection of 2 out of 20 for each sex with the recombination value
of 0.01. The other parameters common to all lines in the graph are given in
the legend for the figure, as also are the number of runs that are averaged.
No line is carried beyond the generation in which the longest individual run
reached fixation.

All runs were started by generating the initial individuals with expected
gene frequencies of 0.5 and in linkage equilibrium except when distinguished
as loaded repulsion. 1In the case of loaded repulsion the initial individuals were
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loaded into the machine and all had the genotype AbCdE/aBcDe, or were in
maximum repulsion.

For an additive model the genotypes A4, Aa and aa were scored as 2, 1
and O respectively. For dominance the corresponding scores were 2, 2 and
). The environmental variance, when other than zero, was made equal to
the expected additive genetic variance in the initial generation.

Generation zero corresponds to the initial population of 2N individuals
generated by the machine, or when the parents were loaded, to the 2N off-
spring derived from random mating the loaded parents.

Initial Population in Linkage Equilibrium with Five Loci

The results for the additive model are presented in Figs. 1 and 2. In the
first figure with no environmental variance progress is more rapid with the
more intense selection, 2/20, and there is a suggestion of an effect of linkage.
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Inclusion of an environmental variate, Fig. 2, slowed down the rate of pro-
gress. No linkage effects were suggested, otherwise the results were the same.

For the dominance model, Figs. 3 and 4, no effect of linkage is apparent.
Even the environment and selection intensity had only small effects and these
only in the early generations. The alternative number of parents showed no
appreciable differences in the results. None of the parameter sets reached
fixation.
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Initial Population in Repulsion with Five Loci

The primary difference between these results, Figs. 5 through 8, from
corresponding results for an initial population in linkage equilibrium, given
just previously, is the very large and apparent effect of linkage when the
initial parents are in repulsion. As before, more intense selection gave more
rapid progress and environmental variance slowed down the rate of progress
for the additive model but not appreciably for the dominance model.

Additional results were obtained for five loci by substituting 5/50 for 2/20
and 25/50 for 10/20. Thus the number of offspring of each sex was increased
to 50 and selection intensities were maintained the same. With these sub-
stitutions all the combinations of parameters in Figs. 1 through 8 were run.
The results were almost duplicates of those for twenty offspring of each sex
and will not be presented. Progress was some faster in the larger population
for the additive model, and fixation at the best genotype was reached on the
average one generation sooner.
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Initial Population in Linkage Equilibrium with Twenty Loci

While there was little suggestion of an effect of linkage for five loci, such an
effect, if any, should be magnified by the inclusion of more loci. Thus, the
number of loci was increased to twenty and the additive and dominance
models were first run without environmental variance with the results given
in Figs. 9 and 10. For the additive model (Fig. 9) and free recombination
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there was an effect of selection intensities as there was for five loci. With
tight linkage the whole complex changed. The more intensely selected
populations progressed more rapidly at first but were passed by the less
intensely selected populations. Tight linkage slowed down the progress in
all populations, and in the intensely selected populations all three runs were
fixed for less than the maximum genotype. Thus, lack of enough recom-
bination caused the intense selection to drag some poor alleles into fixation.

Essentially the same effect of tight linkage, except manifested earlier, was
found for the dominance model and no environmental variance in Fig. 10.
The intensely selected populations had not become fixed after 28 generations,
however. With free recombination the advantage of the intensely selected
populations disappeared by the 14" generation.

Environmental variance (Figs. 11 and 12) generally slowed down the pro-
gress from selection and reduced some of the effects of selection intensities as
expected, but qualitatively the effects of linkage were the same as those
without environmental variance.

A notion of how progress from selection varies with the recombination
fraction can be obtained from Fig. 13 where runs for recombination fractions
of 0.3 and 0.1 were included with those of 0.5 and 0.01 for the additive model
and no environmental variance. The decrease in linkage effect is suggested
to be quadric. Progress is slowed down only slightly by the recombination
fraction of 0.3.

It should be apparent at this point, however, that the availability of better
genotypes, necessary for progress from selection, is a joint function of
selection intensity, population size and the recombination fraction. By
increasing the number of offspring of each sex to 100 and selecting the top
tenth, i.e. 10/100, 0.01, progress is much more rapid with tight linkage than
with 2/20, 0.01 as shown in Fig. 14. With free recombination the larger
number of offspring gave only slightly more rapid progress.
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DISCUSSION

The deductive treatment of the theory of natural selection has been largely
developed by Fisher, Wright and Haldane. Population size, linkage, muta-
tion, selection intensity, gene action and others have received attention but in
limitated combinations and in restricted situations. Recent interest in the use
of stochastic processes may lead to the solution of some of the problems in-

volved in finding distributions in more complex situations.

However, the

joint consideration of selection and linkage in small populations so far has

defied elucidation.

This study represents another method of attacking some of the complicated
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problems with which the population geneticist is faced. While the complexity
of the genetic situation incorporated into the program is very modest com-
pared to that probably prevalent in biological material, much more complex
situations can be handled with the large machines now available.

A program similar in objective to the one of this study, but different in
many details and procedures, was reported by Fraser (1957, 1), and in a sub-
sequent paper Fraser (1957, II) gave some results. He found that tight link-
ages slowed down the progress from selection in populations which were in
maximum repulsion initially with gene frequencies of 1/3 in one case and 2/3
in another case. He also found the effect to be much greater in small popula-
tions with intense selection, 4/40, than in larger populations with less intense
selection, 50/100. When translated into n and N of this study the correspond-
ing values are 2/20 and 25/50, respectively.

The results of this study show that tight linkages can also slow down
progress from selection when the populations are initially in linkage equili-
brium. The results also show that the effect is a joint function of n, N, m and
«. Insome cases less intense selection can lead to more progress (Figs. 9-12).
While many results have been obtained, they still leave a vacancy as to exactly
how these various parameters are interacting. It does not seem likely that this
vacancy will be filled by the wholesale accumulation of additional results on
other variations of the parameters.

It is worth while then to reflect on the utility of empirical machine studies.
The authors have come to view the procedure as one of detection and sugges-
tion. It is an excellent method of detecting where present theory breaks
down or of detecting effects of variations in parameters, providing of course
that one has some luck and judgement in the proper choice of values of the
parameters. It can also suggest how the parameters operate. However, a
thorough understanding requires a formulated theory. It is believed that the
empirical procedure is properly a tool to this end and is not to be used to
generate the end product or total response surface.

It is tempting to extrapolate from the present results that the animal and
plant breeders should either use larger populations or select less intensely
than is often found in practice. However, it is probably advisable to await a
better understanding of the situation. Efforts are now being directed not just
on a summarization of the results but on the formulation of a quantitative
theory which will encompass the results.
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GENETIC AND STATISTICAL THEORY
FOR QUANTITATIVE INHERITANCE STUDIES
OF HAPLOIDS*

By D. S. RoBsoN }
Cornell University

INTRODUCTION

HarLoID organisms, which have been acclaimed as nearly ideal subjects for
genetic study, offer very real advantages for the study of quantitative in-
heritance. Neurospora, in particular, may be grown in large numbers under
well controlled laboratory conditions, and individuals may be replicated by
asexual means to permit the direct measurement of interaction between
genetic and environmental factors. The recent developments in the statistical
theory of quantitative inheritance, however, have not explicitly covered the
haploid case and are therefore not immediately available to Neurospora
geneticists. An earlier paper (Robson, 1957) described the partitioning
method of quantitative inheritance analysis of haploid systems derived from
two parents, and the present paper discusses the genetic variance component
method as applied to haploids.

A RANDOM-EFFECTS MODEL FOR HAPLOID POPULATIONS AT
EQUILIBRIUM UNDER RANDOM MATING

The quantitative phenotypes generated by a haploid system at equilibrium
under random mating form a population which is identical in concept to the
population structure underlying the ordinary random-effects, N-factor linear
statistical model. In the usual statistical case, the ¢ yield > of an individual
unit randomly selected from the population is a function of N independent
chance variables X7, ..., Xy representing the levels of the N different factors
controlling yield ; in the present case, ‘ yield’ is phenotype and the N factors
are the N segregating genetic factors controlling phenotype, with the ¢ levels *
of each factor represented by the different alleles of each gene present in the
system. Ifalleles are considered countable then X is a discrete chance variable
which indexes the alleles at the i™ locus, and because of the equilibrium
assumption,

Pr{X,, ... Xy} =Pr{X,}...Pr{Xy}; 1)

* Paper number 364 of the Department of Plant Breeding, Cornell University, and paper
number SS489 of Colorado A and M College.

t This paper was prepared. in part, while the author was serving as Visiting Professor at
Colorado A and M College.
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i.e. the frequency of any given genotype is equal to the product of the corre-
sponding gene frequencies.

The population average ‘yield ’ associated with any given combination
Xy, ..., Xy Of levels of the N factors becomes, in the present case, the average
phenotype, called the genotypic value g(x,, ..., xy) of the genotype indexed
by xy, ..., xy. The usual linear model for yield then becomes

g(xl’ E] xN) ut+ Z“xz“l‘ Z (xxi » X1 +.. +axb X2, veey XN

i #iz

where u is the population mean,

n=28lg(Xy, ..., X)),
Oy -ovs %y, are the © main effects °, or additive effects,

axi=éa[g(X1, ...,XN) | Xl‘—:x,-]-[l,

are the ‘first order interaction effects’, or additive x

ax., X2y see ? axNul, XN

additive effects,
®Xx;, x; a[g(xls LEXE XN) l )(i = X Xj = xj]—ax;"ax,'l'”’

and so on in the usual manner.

The chance variables ay,, ..., ax,  x, defined in this way are known to
be uncorrelated under the assumption (1), so the total genetic variance 62 may
be expressed as

én[g(xls tee XN) ﬂ]z Z g(ax‘)'l' Z ‘g(o‘x, ,X,)+ +€(d‘n .xN)

iy #iy
or
6t =01+0i+.. 40}
where

2 2
ak = Z g(az\" 5 e X )'
i #...Fig 1 k

RELATION OF THE HAPLOID RANDOM-EFFECTS MODEL TO THE
KEMPTHORNE MODEL FOR AUTOPOLYPLOIDS

The random-effects model described here for haploids represents a direct
application of the well known N-factor variance component Model 11, so no
mathematical proofs were required. The Kempthorne (1955) variance
component model for simple autopolyploid populations at equilibrium under
random mating may also be regarded mathematically as a special case of
Model II, the haploid model. For the haploid case, the chance variables
X\, ..., Xy indexing the alleles at the N loci are independently distributed ; the
additional restrictions which characterize a simple auto-r-ploid population at
equilibrium are N = rM, where r and M are integers, and the chance variables
X Xm+ 1 s X(,—1)m +1 indexing the alleles at the i " locus in the first, second,
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., and r'® set of chromosomes, respectively, are identically distributed for
eachi, 1 <i<M. The genotypic value g(x;, ..., Xy—,) must also be assumed
invariant under permutations of the arguments Xis Xp+1> -+ X, —1ym+; for all
i; thatis, the genotypic value depends only upon the unordered set of alleles
present at each locus. Since assumption (1) is fulfilled it follows that

=i§ S+ Y ECR, x )+ + 8@, 5

iy #iz
however, under these additional restrictions the collection of independent
chance variables «,  , becomes partitioned into subsets of identically
1 [

distributed chance variables. For example, the collection of additive effects
(x5 -+, 2x,) becomes partitioned into the subsets

{(0txys Oxpgs is -5 Uxerrymras)s o Oxas Oxyngs +ovs Oxp)}

where the r chance variables within each subset are identically distributed ;

N=rM
consequently, PEACED)
i=1
N M
may be written Y S@z)=ry E@i).
=1 =1

The set of first order interaction effects, (ax,, x,, --» Oxy_, x5) becomes
partitioned into two kinds of subsets, one kind typified by the subset

(axh X2 XXy, Xpgags +os EX (e tyr41? X(r-n)mn)

containing the r? chance variables having the same distribution as the additive
x additive effect ay, x,, and the other kind typified by the subset

(af\'l. Xye Xy, Xages oo XX (rm2y0 41 X(r—nun)

containing the r(r—1)/2 chance variables having the same distribution as
the dominance effect ay, x,,,. Thus, the first order interaction component
of genetic variance may be wrilten as the sum of an additive x additive
component and a dominance component,

NS r(r 1 &
Z J(ax‘ X( )—r z (S,(axj .Xj)+ Z 8( XJ,Xu+J)'
i1#13 J1#]2 Jj=

In general, if an equivalence relation is defined among the subsets
Iu=(i1, ooy iu), 1§i1<i2<...<iD§N,

with I, . . denoting an equivalence class of subsets I, for which there
exist k,, integers i, 1<i<M, such that i+ nM belongs to I, for exactly m
values of n, 0sn=r—1, m=1,2,...,r, Ymk, =v, then the number of
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r km
subsets (iy, ..., i,) contained in the class I, is [] (:r") . The (v—1)-
m=1

order interaction component of genetic variance may therefore be written

r r km
Z J(d(zx' | ic'u)) = Z I_I (m> I Z J(a(zx,liuh ....k,.\)
ke - akp '

I,CIn kiy oo ke | Trtkm=v m=1

where the genetic variance component

2 r r km 5
Okyy ok = H m !k,;,k,g(aul“u“" ....n,))

represents the sum of all (ka,,,—l)—order interactions between additive
effects at k, loci, dominance effects at k, loci, etc. The total genetic variance
then becomes

2 _ 2
0 = Z Oy, o\ ke
0<ky, ., ke SM

15 Y mkp, <M

A FIXED-EFFECTS MODEL FOR RESTRICTED RANDOM MATING SYSTEMS
INVOLVING TWO PARENTS

Mating systems which place some restrictions on the selection of a mate
generally, though not always, result in a generation to generation change in
the expected genotypic frequency distribution. The utility of variance com-
ponent analysis as a method of studying quantitative inheritance is consider-
ably reduced when applied to a changing population; however, situations
arise, as in many studies of naturally self-fertilized plants, where the cross-
breeding necessary to maintain an unchanging population is not practicable,
and the variance component method is applied in spite of its drawbacks.
An alternative method of analysis particularly suited to these situations does
exist, but requires realistically large sample sizes and has been widely shunned.

The linecar models which have been constructed to accommodate diploid
inbreeding systems such as selfing and backcrossing series have been confined
almost exclusively to the case where each genetic factor is represented by
exactly two alleles, as in systems arising from an initial cross between two
inbred, homozygous lines. One such diploid model described by Ander on
and Kempthorne (1954) uses the device, commonly employed in the analysis
of variance, of defining fixed effects in the same manner as random effects
would be defined if the levels of each factor were equally likely. This is
equivalent to using as fixed effects the definitions given by the random-effects
model applied to a diploid F, population where gene frequencies are all
equal to 1/2. This same device applied to a haploid F; population generated
by the cross of two parents gives a reasonable and natural definition of effects
for the haploid two-allele case.
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For a single factor difference the F; population is comprised of two equally
frequent genotypes or genotypic values, say A and a, and the effects are then
defined by

p=13A4A+1a
a=A-p
_A-a
2
o, =a—u
_a-4
2
= —0,
so that
A=p+oa,
a =,u--0(4

Similarly, for two independently segregating factors, say 4-a and B-b, the F;
population is comprised of the four equally frequent genotypes AB, 4b, aB
and ab, and the random-effects model yields the following definitions of gene
effects which will be adopted as the fixed effects:

_ AB+Ab+aB+ab
4
_AB+Ab—aB—ab _
A= T T = T4,
4
AB—Ab+aB—ab
pg= ————————————— = — )
4
AB—Ab—aB+ab
Xyp =" 4 T = Oy = g = Uy

In this case, then,
AB = p+oa,+og+o,p
Ab = pto—oag—oyp
aB=yu—a,tag—oy,p

ab=p—o,—og+o,pg
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The device used in genetics of expressing genotype as the symbolic product
of the individual genes may be exploited here to obtain a simple rule for
obtaining the above two-factor fixed effects. To emphasize the fact that a
genotype such as 4B denotes a symbolic product, a symbolic multiplication
sign ¢ o> will be inserted, )

AB=AoB.

The two-factor array of genotypes (4B, Ab, aB, ab) may then be obtained as
the Kronecker product of the two one-factor arrays; thus if ‘*’ denotes
Kronecker multiplication, then

(A,a)*x(B,b)=(A0B,Aob,ao0B,aob)
= (AB, Ab, aB, ab).

Similarly, the transformation of these four genotypes into the four effects,
11, 0.4, g, %45 May be obtained as the Kronecker product of the two trans-
formations

(, ocA)-——;(A, a)(i _i) and  (u, aa)=-§(3’ ”)G —i)

Thus,
1 I 1\ 1 1 1
(#a aA) * (l‘l’ aB) _E(Aa a)(l _ l) * E(Ba b)(l _ ])
or
(Lo p, poag a,0p,a oa)=-1- (A4, a) = (B, b) EOOL(
» 1O g, Oy Oy o O i) =73 (A, ’ 1 —1)*\1 —1
11 1 1
1 1 -t 1 -1
=, (B AbaBab){ | Ty |
1 -1 -1 1

By previous convention, p serves as the unit element under the induced * o ’
multiplication of effects, and the product a, o ap is written a,p. These
relations result in a simple rule for constructing effects, illustrated for the
three-factor case by

X4pc = %4 0 0dp 0 &

A-—a B-b C-c¢
= o o
2 2 2

(ABC—AbC—aBC+abC— ABc+ Abc+aBc—abc)

o0 | =

Oyc =0y 0 lig 0%
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A—a B+b C-c
= o o
2 2 2

= %(ABC+AbC—aBC-abC—ABc—Abc+ch+abc)

and, similarly,
ABC=AoBoC
= (u+a,) o (u+ag) o (u+ac)
=UOUOU+A OUOU+UOURO U+UO U O+
+a, 000 u+a,0pOU+UOUO U0y 0050 A
=pu+a+toagtoactopg+octope+0o pc
AbC = (u+ay) o (u—ap) 0 (u+oc)

=pta—og+oc—0o p+0c—%gc—0ypc
and so on.

APPLICATION OF THE FIXED-EFFECTS MODEL TO A FULL-SIB
MATING SYSTEM DERIVED FROM TWO HAPLOID PARENTS
Full-sib mating starting from a cross of two haploid parents is an experi-

mental breeding procedure particularly suited for the application of variance

component analysis. In the absence of linkage and other complicating factors,
the expected genotypic frequency distribution assigns equal probability to
all of the 2V different genotypes in this system, and remains constant from
generation to generation. This stability of the population stems from the
stability of the individual families; random mating among the full sibs within

a family of this system reproduces the genotypic distribution of that family.

As a consequence, the expected total genetic variance remains constant from

generation to generation and a nested family structure is built up in which the

family means of one generation are perfectly correlated with the family
progeny means of the next generation. This structure is illustrated below
for the case of a single-factor difference between the two original parents:

1A+1a

I\

(A +1(34+1a)+1(a)

I\

(D] +1[3(4) +134+1a) +1(a)] +1[(@)]

N

HIAOTHEA] A T334+ 1) +1 @] + @} +H@T)
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When random mating is practised in the first generation, each cross pro-
duces a family in the second generation which will be referred to as a (/; 2)-
family ; a (Z; 2)-family is a collection of all individuals in generation 2 having
common parents in generation 1. If random mating occurs among full sibs
only in the second generation then each (/; 2)-family produces a collection of
(2; 3)-families which collectively form a (1 ; 3)-family; i.e., a (2; 3)-family is
a collection of all individuals in generation 3 having common parents in
generation 2, and a (I ; 3)-family is a collection of all individuals in generation
3 having common grandparents in generation 1. In general, under successive
random mating of full sibs, the individuals of the k™ generation may be
grouped into (I ; k)-families, each (I; k)-family may be further subdivided
into (2; k)-families, and so on to the final subdivision into (k — I ; k)-families.
For consistency, the entire population of generation k¥ would be referred to
as the (0; k)-family, and an individual in generation k would be called a
(k ; k)-family.

Since each generation of this system satisfies the assumption (1) underlying
the random effects model, the expected total genetic variance in each genera-
tion may be expressed as

N
2 _ 2
0g = Z Ok
k=1
furthermore, in the present system, these variance components may be inter-
preted in terms of fixed effects as
o2=a%+ajtoai+...
03 = aip+oict+apct...
2 2 2 2
03 = Wypc+Uyppt+oycpt---

and so on. The expected genetic variance among (k ; n)-family means is (see
Appendix I)

Vk sn)= g: (1-—51;)”03

v=1

Consequently, in generation n, the variance among (k+1; n)-family means
within (k; n)-families is

V(k,k+1: ny=V(k+1;n)—=V(k;n)
N 1 v 1 v 2
- [(- (D]
and the average variance V (k; n) among individuals within (k ; n)-families is

V(k;n=0:-V(k;n)

= .,21 [1—-(1—-51;)0]03
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The fact that each family is at equilibrium under random mating is re-
flected in the above calculations in that V(k; n) is constant for all n>k. A
further consequence of this within family equilibrium is that the covariance
Cov (k; m, n) between the (k; m)-family means in generation m and the
(k; n)-family means in generation » is independent of m and n. In fact,

Cov(k;mn=Vk;n=Vk;m)y=V(k; k+1I).

The covariance Cov (k, k+1; m, n) of (k+1; m) and (k+ I; n)-family means
within (k ; —)-families is, likewise, equal to V(k, k+1; k+2).

An experimental population where these results might be applied could be
constructed in various ways. One scheme is illustrated below, where P; and
P, denote the two original parents, S; = Py x P, S, ., is a (/; 2)-family,
Sy 2,3 is a(2; 3)-family within a (/; 3)-family, and so on:

P,xP,—-ny ,; randomly chosen spores are set aside for the experiment

(S; xSy)" 'i2>n, ,,, randomly chosen spores from each of the ng {.,
crosses are set aside

[(So,1:2%So,1:2)"" 23] ":*>ny 5,3 spores from each of the ng ;.3
ny ,,3 crosses are set aside

([(S1.2,3%XSy,2.3)™> 2 4" 2:4}" 1i4ny 4., spores from each cross are
set aside.

The experiment then consists of growing out these ny 1,1 +no, 1,211, 2,2+ ..
spores in a completely randomized design and measuring the phenotype, Y,
of each individual.

The phenotype Y of an individual in this experiment is determined in part
by the genotype of the individual and in part by the particular environmental
niche to which it was randomly assigned. If the genotypic value of a given
genotype is defined to be the conceptual average phenotype of that genotype,
where the average is taken over all stages of randomization in the experi-
mental procedure, then the environmental effects

e = phenotype — genotypic value
are independent chance variables with mean zero. The total variance of Y is
then expressible as
V(Y) = 62+5%
where g2 is the average of the 2V environmental variances associated with the
2 different genotypes of the system. A different set of environmental con-

ditions may be expected to produce a different set of values for these para-
meters.
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The observed mean squares (MS) from an analysis of variance of the nested
classification within each generation are related to the genetic variances
V(k, k+1; n) in the manner indicated in Table 1; because V(k, k+1;n) is
constant for all n>k+1, the n is dropped in the notation of Table I, and
V(k, k+1; k+1)is written V(k, k+1).

Thus,

N
VO, 1) = kzla,f

_ N ] k
vi.2= % [1-(5)]03

N
VO, 1) =}

N [ 3\*
Ve y= 3 1—(-~)]az
k=1 4
_ s I3V (Y],
w3 [0
N [ T\¥
V3,49= ) 1—<—>]a,f
K=1 | 8

-5 (-0

Additional information concerning the variances V(k, k+ I) is contained
in the observed covariances between family means in the successive genera-
tions. When the procedure outlined earlier is used to construct the experi-
mental populations, the mean cross product MCP(k, k+1; m, n) is an un-
biased estimate of V(k, k+1); thus, V(0, 1) may be estimated by

no, 1; 3 no, 1 ;3
Z 1z;zynl,z;snz,s;;_yno,1;301.2;3nz,3;3 ZJ ni,2;2
1

Ro, 1+ 3‘1

where y, , ,is an observed (/ ; 2)-family mean, based on n, , ., individuals,
Pnr.s,n2 5,5 I8 the observed mean of the corresponding (I;3)-family in
the third generation and is based on n, ,,3n, 3,3 individuals, and
Pro, 1,31, 2, 3m, 3,3 = V3 is the mean of the entire third generation, consisting
of ny, 1,3My, 2,307, 3,3 individuals. The sum in this expression is taken over
the n,, ¢, families common to both generations (ng, 1,310, 1,2)- cher
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estimates of V(0, 1) are available in MCP(0, 1 ; 2, 4) and MCP(0, 1; 3, 4).
Similarly, an unbiased estimate of V(1, 2) is

MCP(1,2; 3, 4) = 1

No,1:4(ny1,2,4—1)

no,1;4

n 2;4 ny,2;
X Zl [21 J-)"I.S:SP'IZ,S;4"3,4;4—}7"1,2;4"1,3;4"3,4;l 2 y"l,SxJ]'
Estimation of the genetic variance components o7, 03, etc., would ordinarily
proceed from the above results by the method of least squares. Since the
various mean squares and cross products are correlated and heteroskedastic
a weighted least squares procedure should be used, with the weights deter-
mined from the inverse of the estimated variance-covariance matrix of these
mean squares and mean cross products. The method for computing unbiased
estimates of this dispersion matrix has been described by Robson (1958).

APPLICATION OF THE FIXED-EFFECTS MODEL TO A RECURRENT
BACKCROSSING SYSTEM DERIVED FROM TWO HAPLOID PARENTS

Recurrent backcrossing is taken as an example of a breeding system poorly
suited to the variance component method of quantitative genetic analysis.
Such a procedure is a form of inbreeding, and in the limit the genotypic
frequency distribution in each of the two backcrossed populations assigns
probability 1 to the genotype of the recurring parent. Estimation of the
genetic variance components

ol =af+ad+oi+...

0'% = aiB"i‘ajc‘i'a%c‘l"”.

presents a very awkward problem in this case; a redeeming feature of in-
breeding systems, however, is that they render the corresponding first degree
parameters estimable. The parameters

A1 = OCA+otB+otC+...

Az = aAB+aAc+ch+...

which cannot be estimated from a system in which expected genotypic
frequencies remain constant through successive generations, become estimable
in systems with a changing distribution. The two types of systems, therefore,
complement one another in providing information in a quantitative inheri-
tance study.

B B;G.
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If the genotypes of the two parents P; and P, are denoted by

P, = abcd...
P, =ABCD...

then in the absence of linkage and other complicating factors the mean of the
n'® recurrent backcross population to P, is expressible as (see Appendix II)

_ N 1\k
B= e B 115 )
k=1 2"
and

m2 N _l
By =pu+ Y (1-= 4w
k=1 2

Thus, the backcross series yield the equations

Pi=u—A,+A4;,—A3;+... P,=u+A,+A,+A4;+
Fi=u

Bl =pu— ; iAz %A3+... Bl = +;A‘+411A2+113A3

Bé:u—3A1+%A2—§—ZA3+... B=pu+t A1+196A2+§—}A3+

B},—-u——gA1+:—Z 2—2%A3+... B = ;AI ‘—;%Az 3‘3

An experimental population can easily be constructed in such a manner that
the corresponding array of sample means are mutually statistically inde-
pendent, so the least squares estimation problem is relatively simple.

The expected total genetic variance in the B} population may be written
(see Appendix II)

T R

e w**( —) e

j=0 k=0 T3, ICIn
I;#1I

The corresponding expression V,(n) is obtained by deleting the factor (— 1)/ +¥
under the second sum. The presence of cross product terms makes these
expressions unmanageable in any practical sense, showing the futility of the
variance component approach in this case. An additional complication
arises in practice because the environmental component of variance changes
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from generation to generation along with the change in gene frequencies,
and would need to be estimated separately for each generation by asexual
replication.

This restricted applicability of the variance component method holds also
for diploid and higher polyploid systems, and in no case can a breeding system
be found which will yield estimates of both the first and second degree genetic
parameters. In diploids, as in haploids, however, pairs of breeding systems
stemming from two parents may be easily devised to accomplish this. An
example of such complementary systems in the diploid case is the selfing
series, derived from two homozygous parents, paired with recurrent back-
crossing to the F, genotype. Anderson and Kempthorne (1954) discuss the
estimation of first degree parameters from a selfing series, and van der Veen
(1957) briefly describes the variance component analysis of the backcross to
the F,. This latter system exhibits a (k ; n)-family structure analogous to that
of the full sib mating system described here, and the total genetic variance in
each of the recurrent backcross generations,

N
2 2
oG = Ohr ky
¢ o;o oékgczsn bz
ki+2kz=0
may easily be partitioned into its hierarchal components by means of the
following formula for the covariance of (k; m)- and (k; n)-family means,

N v
Cov(k;m,n)=Y <i’"_+1—_"’2“) oo

v=1

Other pairs of systems exist for this diploid case, of course; arandom mating
derived from the F, population, for example, may substitute for the backcross
to the F,, and virtually any inbreeding system will serve instead of the selfing
series. The experimental use of pairs of breeding systems in a quantitative
inheritance study has not been practised extensively with diploids, and it is
to be hoped that Neurospora geneticists, with their more nearly ideal genetic
material, will be able to exploit this concept.
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APPENDIX I
Random Mating Among Full Sibs Derived From Two Haploid Parents

We may represent the (k; m)-family structure by means of moment
generating functions, and at the.same time show that gene frequencies remain
constant from generation to generation under this breeding plan. Since there
are but two alleles, x; = 1, 2, at the i'" locus then with respect to a single locus
there are but three genetically distinct matings possible; namely, 1x1, 1x2,
and 2x2. For N = 1, then, there are but three genetically different (k ; k + I)-
families. If we let ¢;;(f) denote the generating function within the family
produced by the cross ixj then

$u(D =1t ¢()= 12t 41282, $y0(8) = 12

Under random mating within families, each of these three families reproduces
its own generating function in the next generation. The family with ¢, ,(?) = ¢,
called the ¢, family, consists entirely of individuals carrying allele 1; hence,
random mating within this family produces only individuals carrying allele 1.
Likewise, the ¢,, family consists entirely of individuals carrying allele 2 and
hence reproduces itself under random mating. The ¢,, family consists of
individuals carrying allele 1 and those carrying allele 2, in equal frequency.
Under random mating the crosses 1x1, 1x2, 2x2 therefore occur with
frequencies 1/4, 1/2, 1/4, respectively; the generating function for the
progeny of this family is then

1/4¢,,(1)+1/2¢15(8)+1/4d,2(1) = 1264 1/26 = ¢4,(0).

If we let P,(¢;;) denote the frequency of the family ¢,; in generation k then
we may write the generating function ®, . ((¢) for generation k41 as

Oy 4 1() = ¢ 11 (N[PP11)+ 1/4P(¢12)]+ ¢ 12(0[1/2P($12)] +
+ @22 Pi($22) + 1/4P($12)]

Since P,(¢,,) = 1, this recursion has the solution

@, 1 (1) = 1/2(1=275) ¢11(N+27*¢12(0)+1/2(1=27%) 55(1)
=1/2(1 =291+ 27 [1/2¢+ 1/22] +1/2(1 - 27 5[]
=1/2t+1/2

Thus, in generation k+ 1 the frequency of each allele is still 1/2 ; furthermore,
since the generating functions ¢,,(f) reproduce themselves under full sib
random mating we have, for m2k+1, @,(t) = @, ,(1). With respect to a
single locus, then, the three genetically distinct (k ; m)-families are ¢y, @2,
$-. with frequencies 1/2(1—27%), 27, 1/2(1—27%), respectively.
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The corresponding generating function ®,(t;, ..., ty) for the N inde-
pendent chance variables X, ..., Xy is then, letting 6, = 27", '

N
d)m(tlo srey tN) = il:[lq)m(ti)

= ﬁ{l/z(l—ok)[n]+0k[1/2t,~+1/2t?]+1/2<1—0h)[r%]}

i=

—

X000
x'}C:’ IZC:I []'[t, T ary+1/2¢8) ]’[ ]

ielg iel,—1Ip ieIn—1I

?IMZ

Thus, each pair of subsets I, I, I;CI, Cly, determines a (k ; m)-family con-
sisting of 2°~# equally frequent genotypes which show genetic variation at
the v— f loci indexed by the set I,—I,.

The average genotypic value for the (k; m)-family given by the subsets
I, 1, is most conveniently computed through the use of symbolic o-multi-
pllcanon We may write the population mean, y, for generation m as

7 =‘Ho{1/2(1 —0)[F (x; = D]+0[1/2g (x; = D) +1/2g (x; = 2)]
+1/2(1-09[g (x; = 2)]}

N

‘1;110{1/2(1 —0)[n—o]+ 0[]+ 1/2(1 =) [u+ “i]}

I

-3 Sounn-oayr T s [nom—a,)
=0 I,CIN IgCl, | icly
xITo » Ilo (ﬂ+ai):|

iely—Ig leIn—1Iy

so the mean of the (k ; m)-family determined by I,, I is

Ho(# %) [1o Ho (uta)= 2( 1)"2 Y Y an,

iely—1g leln— y=0 IsClg I,CIN—1,

The genetic variance V (k ; m) among (k ; m)-family means,

Vk;m)= Z 293"’(1/2[1 —6,p" "

I, CNn IgCly| o y=0 IsClpg I,CIN-1I,

S ST i I B0
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may be shown to reduce to
N
Vk;m)y= Y (1-0)°02 @)
v=1

To obtain this result we compute the coefficient of «;, . ;, in (1). Letting
I, = I,n1, we get, by straightforward counting, the coefficient

N-p—q+r v—a—b+c N _ —a—b»b N—p—g+r
v—pB _ N-p+p[ V—0a +c rPp—q
a.;.c v=a;b—c B=az+:b—c 0P /21 =0.]) (,B—a—b+c>(v—a—b+c>

NN

omitting the factor 2 which appears when 1,1,. This reduces to

_ _ (1—-6,)” when p=gq=r
T ap —ok])m—r(g_;)(Z_ZXZ)(_ 1+ — {

0 otherwise

a

except for the case p=q = r = 0; the coefficient of u? in (1) is (1 —6,)°—1
= 0. Thus,

N
Vik;my= Y (1-0)°" ) of,
v=1 1,CIN
and (2) is established.

APPENDIX II
Recurrent Backcrossing Series Derived From Two Haploid Parents

Again, we may exhibit the (k; m)-family structure by means of moment
generating functions. With respect to a single locus, the generating functions
in generation Bj,, and B, may be written respectively, as

Dy (1) = ¢4 (D[ Pi-1(D11) +1/2Pi_1(d12)]+ b1 2(D[1/2P_ 1 (¢12)]
Di(t) = G22()[Pi- 1($22)+ 1/2PF_ ($12)]+ b12(D[1/2PF_ (42)].
Since
Pi(¢u) = P}(¢12) =1/2
Pi(¢2,) = Pi(¢1y) = 1/2
then

@, ()= (1 —%>¢1 1(‘)“‘%‘]512(‘)

oF (1) = (1 "%)‘ﬁzz(‘)'*’%d’u(‘)-
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With respect to a single locus, then, the (k; m)-family structure is exhibited
by writing

@,(1) = (1 _%‘>[¢22(t)] + %[( = k>¢1 10+ = kd’xz( )]

(1) = (1 —%)[4):2( Nl +%‘[( = k)¢zz(l)+ e k¢12(t)]

This gives, for an arbitrary number N of independently segregating loci,

O, (ty, ..r ty) = H{(l = 0[]+ 0 [(1 = 0p—ss )t + 0, k+1ti2]}

N
= ZOZ(I‘ok)N_u Y [n[(l—om—k+1)tl’+0m—k+lti]
v=0 I,CIN| iely
x I (’i):l.

ieIn—=1I,

and a similar expression for ®2(ty, ..., ty).
The mean value Bl of generation B) is obtained by o-multiplication as

N N
By =I1lu-(1-000] = X (=1"1=0n" T 2,
i=1 v=

’vc'N

or, to exhibit the (k ; m)-family means, as
B, = I_Ig{(l —0)[p—e]+0,[p—(1— em—k)ai]}

= 200;:(1—0,‘)” 3 [Z Z (= 1)**¥(1—0,,_ o y ¥ a,a“,,]

1,CIn} a=0 b=0 1.CI, IsCIN-1T,

The corresponding expression for B% is obtained by deleting the factor
(=1)**® from the coefficient of a;,,, in By,

The covariance of (k ; m)- and (k ; n)- famnly means for the [B}] series is
then

Cov, (k; m, n)

N v —v
- faa-or- 2 [£F coma-or 3 8 o]

b=0 IaCI., IZCiIn-1,

v N-—-v
x [ ’Z g - 1)a1+b'(1 —ell"k)a’ Z Z ala'+’bl]

=0 1,/ CI, Iy'CIN—-1,

N
—[ 5 (-1°(1-6)" ¥ a:u] [ T (=D"1-60" X om'].
[}

I.Cly v'=0 Iy Cln
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By direct counting we obtain the coefficient of of, in Covy (k; m, n) as
(1= 0= 0,40 4p-)"— (1= 0,)°(1=0,)"
and the coefficient of a;, . 0y,, 1,0, = I;# @, as
(= D"(1= 0,1 =6, ° = (1= 0,) (1= 0,)""]
X [(1=0p= 0y + O -0’ — (1= 0,)°(1 = 6,)°]

Again, the factor (—1)**® gets deleted to give the corresponding term in
Cov, (k ; n, m).



THE PROBLEMS OF MULTIFACTORIAL
GENETIC IN MAN

By F. KEITER
University of Wiirzburg, Hamburg, Germany

THIs paper tries to survey the possibilities of applying biometric principles
to the study of inheritance in so difficult but important a subject as man.
The paper contains no new mathematical considerations.

In Jean Sutter’s article on the Copenhagen congress (1956) in Eugen. Quart.,
vol. 2, we find the following statement: ‘In general little pioneering was
observed in acute problems such as . . . polygenic heredity, biometric and
statistic analysis and others . . . Polygenic heredity was the subject of only one
paper . . .” Such a relative lag in the acceptance of modern problems in
anthropological genetics is to be regretted, the more because classical
Mendelian hypotheses were of little success in this field. The criteria for
monogeny as stated by Penrose and Keiter (e.g. bimodal distribution) are
fulfilled in anthropological traits only in some very rare exceptions, as for
example in some particulars of finger prints, which still have to be studied and
explained much more carefully. It is true that some months ago F. Lenz
published the hypothesis that the more extreme morphological differences
might be the outcome of major genes with incomplete dominance. Without
doubt, it is worth while to consider the possibility that with very different
major genes running through different family strains but causing the same
forms of the nose, lips, ears, etc., in other words with a high degree of hetero-
genism, statistical superposition of many families could produce the normal
distributions and correlations usually found in multifactorial heredity. But
major genes with supernormal efficiency in the midst of minor polygenes
responsible for the more medium expression of the traits would necessarily
cause too many extreme phenotypes. Such an excess against the rules of
normal distribution and normal correlation is never found in our anthro-
pological traits. That is reason enough to reject the new hypothesis of F.
Lenz, which really never was more than a personal assumption without
empiric and systematic proof.

For the dermatoglyphs of the feet and their patterning Wichmann has
proved very exactly, by statistical means, that no monogenic hypothesis is
able to suit the facts.

The prevalence of clearly symmetric normal distributions in our anthro-
pological traits means of course, that dominance and interactions cannot be
supposed to be of great importance in our data. Certain deviations from

65
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normality, however, have been shown already by Fisher and Gray and
repeatedly further on, but only by sophisticated methods and hardly ever big
enough to reach the level of clear significance.

Whereas some important problems of multifactorial and biometric genetic
cannot well be studied in man, two contributions of anthropology have a
specific value for that research. We know more on the variations in man than
in any other species, Drosophila included. Twin research in man also outruns
widely all twin research in animals. The questions of genotype/environment-
interactions of course can be handled by twins much more clearly than by other
means. Butstill ¢ environment * in anthropological twin research is too much
taken as a fixed unity, not as a variable in itself. The distinction between
twins reared in the same family and twins reared apart is of course much too
rough to be sufficient.

The anthropology of morphological variations was furthered to a maximum
in Central Europe firstly by Rudolf Martin, then by the Vienna school of
estimating non-metrical traits (‘ Morphognostik °) founded by R. Poch and
J. Weninger, of which school I am a pupil myself. The amount of specific
knowledge accumulated in that field was one of the reasons why morpho-
logical paternity testing also was developed mainly in Central Europe. We
have about fifty experts now for that task in applied anthropology. In my
own Hamburg laboratory we have up to now more than half a million data
on anthropological traits in parents and children, all writtenin a numerical code
and waiting to a great part still for the workers—and the funds—to exploit them.

In non-metric characters, biometrical genetics must be grounded on
auxiliary scales. So far as possible with that technique the impression
prevails that the phenomena are the same as in the more exact work with
metrical data: unimodal distribution, normal mathematical correlations,
very low frequency of extreme values. The differences in the heritabilities of
these more than hundred physiognomic or habitus-traits investigated by us
are great, as already reported in Copenhagen.

It is an old myth still current, that there is some kind of  family type’
reproducing the same face, the same nose, the same body form again and
again within the sibship. I must declare, with some emphasis, that there is
no statistical proof for such popular current opinions. If we estimate the
different degrees of similarity in related and unrelated people, then we see
quite clearly that every degree of resemblance regarding either the face as a
whole or single physiognomic traits and complexes of such traits can be found
here and there. There is only a higher chance for similarity in related persons.
Really high degrees of similarity are exceptional even in the most nearly
related persons, in sibs or in parent and child. The theory of multifactorial
combinations as the basis for these findings holds very well.

Now I should like to say something on the problem of different mani-
festation of the same genes in different areas providing unequal conditions
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for their manifestation. This kind of phenomenon comes under the general
heading of ‘ epistasy-hypostasy ’, or better perhaps under the heading of
¢ interactions between the phenogenetic milieu with the factors causing the
trait’. I must, unfortunately, omit further considerations on conceptual
frames and terminology. An extreme case of what I refer to here is the
impossibility for manifestation of hypospadia in females without a penis.
In the earlier days of Mendelism too many differences between the sexes
were regarded as the direct outcome of a gene mechanism, mostly of sex
linkage. By now, we know that the male body as a phenogenetic milieu
shows some differences from the female body in nearly every trait. The traits
are not directly sex-linked, only indirectly sex-influenced or sex-controlled.

But there is no reason why sex should be the only factor with a general
controlling power on gene manifestation. For example, we know very well
that we can compare successfully the anthropological traits already in three
years old children with their parents if we use very simple transformations.
The most general rule is that the manifestation of an hereditary trait in dif-
ferent ages and different sexes is constant if we use the position within the
appropriate distribution curve as scale. The principle that we have to make
transformations if we wish to get the best information on the genotype by
observing the phenotype seems to me important enough to name some newer
examples for it.

If we investigate hair-colors using the Fischer-Saller ¢ Haarfarbentafel ’
as a scale running from A to X, we find an inverse skewness in the distribution
of this trait in children and in grown-ups. Of course, growing-up does not
alter the genes, and it is probably nonsense to consider changing
dominance relations or other far-fetched direct gene mechanisms. First we
have to consider that fair hair is differentiated by visual observation on a
finer scale than dark hair. As most children have fair hair and most adults
dark hair, the skewness caused by this fact is inverted during the time of
growth. Symmetrical normal distributions can be an indicator of ¢ free’
manifestation. Percentages, which by definition are restricted between 0 and
100, easily cause an artificial skewness, particularly if the amounts average
too near the 0 or the 1009 level. Skewness is to be expected in any case
where further variation in one direction is less easy going, more hindered
than in the opposite direction. That hindrance may be a mathematical one,
as in the case of percentages (or in a case of the impossibility of negative
terms as in the number of children and so on). The fact that our traits in
anthropology prove always symmetrically distributed if judged on proper
scales means that the variational possibilities in both directions are usually
free enough. Also incorrelation tables between sibs or between parents and
children, we find thoroughly symmetrical distributions.

But if we calculate in the same metrical trait the variance of the children
of tall and short parents, then we find that tallness of the parents means also
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more variable children. I suspect that some findings of dominance in bio-
metric traits are biased by too quickly taking such differentials in manifesta-
tion for indicators of special gene mechanisms. It is possible perhaps to
change over to some sort of relative variability scale for getting free of this sort
of ‘interaction ’ between the children’s variance and absolute size of the traits.

Another until now unexplained empiric regularity in my opinion also
pertains to the same problem. In fifty anthropometric traits we have found a
strong and clear connexion between the absolute size of the trait and its
variation-coefficient. The smaller the trait, the bigger the variation com-
pared to the corresponding mean. The thickness of the lips as a small trait
is much more variable than the face height, the face height more variable than
the body size. It is unthinkable that a direct connexion between this pheno-
menon and the number or kind of genes involved could be a useful explanation
thereof. Perhaps we must think in terms of the organism as a whole allowing
its smallest peculiarities as e.g. the thickness of the lips much freer and wider
manifestation than the general structure has. That cannot be more than a
hint, or the beginning of a hypothesis. The connexion between absolute size
and variability of traits certainly deserves further consideration.

In my intention shortly to review some of the problems and results of
biometric genetics in man, the next topic is a question of race mixture. As
Trevor and others have shown, race mixture in man does not increase the
variance in the offspring. That is a somewhat unexpected basic fact, which
takes away much of the speculation on the biological dysharmonies of
¢ bastards > running through the millenia. In 54 metrical traits, we calculate
from the work of Sieg in Negro-German crossed children after the last war a
general mean standard deviation, which is the same as in purebred German
children: 3.74 against 3.81. Another question is: what happens within a
population with the children of parents which are far distant or rather similar
in metrical traits? In that case also the distance between the parents does
not influence the sigma of the offspring so long as that distance between
parents is not extreme. With extremely distant parents there is in fact a
slightly higher variability in the children.

The driving out of the eastern half of the German population to the
western parts of Germany did not produce heterosis in body size. Coupling
eastern with western German parents gives no taller children than are born
in couples of common origin.

In the anthropology of behavioral traits we have reliable genetic data
mostly from twin research. But by inference we must deem human behaviour
an appropriate field for multifactorial genetics, for in animals the good fit of
multifactorial hypotheses to the data on behaviour differences in different
breeds and their crosses (e.g., in dogs) had already been established by the
work of Fuller and others. Still another question is, to what extent medical
genetics has to add more multifactorial thinking to its theoretical inventory.
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Kallmann has expressed such a view in the Turin symposium 1957 for tuber-
culosis. I myself on the same occasion faced the more general implications of
that question.

We by no means intend to make all human genetics multifactorial and
biometric. But it seems as if classical Mendelism was a special and rather
rare case in the broad area of gene interactions and gene efficiency: the
special case of multifactorial genetics with only one pair of genes involved in
the causing of a trait. If that is so then of course it is no longer justified to
look on multifactorial heredity as a rare and rather inconvenient speciality,
getting in textbooks and congresses of human geneticists only a minimum
breathing room in a far off corner of their theoretical thinking.
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SIMULATION OF GENETIC SYSTEMS BY
AUTOMATIC DIGITAL COMPUTERS.
5-LINKAGE, DOMINANCE AND EPISTASIS

By A. S. FRASER
CSIRO, Animal Genetics Section, Zoology Department, University of Sydney

INTRODUCTION

IN RECENT years a new field of mathematics has become of importance in
many branches of experimental science. This is the Monte Carlo method, so
called because it is based on the simulation of stochastic processes. Although
there are many different types of Monte Carlo (M.C.) analyses they all have,
as a common feature, the use of sets of random or pseudo-random numbers.
Few of these M.C. analyses were practicable before the advent of high speed
electronic computers since several hundreds of thousands of separate arith-
metic steps are necessary for each analysis, and even the high speeds of such
computers are useless unless the analyses are predominantly repetitive cycles of
computation. Since the solution of the majority of genetic problems requires
the resolution of repetitive sequences, it is easy and practical to apply M.C.
methods to them (see Fraser 19574 and b). In this paper the problems in-
volved in such analyses are discussed with particular reference to the siLLIAC
electronic computer.

METHODS
Segregation
All genetic problems are based on segregation, and simulation of segrega-
tion must arrange that the two types of gamete are formed with equal
probability. This can be done by generating a set of random numbers such
that,

0<r,=1

If these are tested against 0.5, then, in a set of unbiased random numbers,
the occurrence of tests which exceed 0.5 will have the same probability as
those which are less than 0.5 (dependent on the lack of bias in the set of
random numbers) so that by making lower numbers represent one type of
gamete and higher numbers the other, gametes can be chosen at random with
equal probability.

Alternatively, where computers use a binary scale individual digits of a
random number are 0 or 1 with equal probability, and segregation can be
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simulated by using the individual digits of a random number sequence to
indicate the nature of the gametes.

The method most applicable depends to a large extent on the type of com-
puter which is being used, since these differ both in their arithmetic speeds
and in the size of their memories.

Identification of Genetic Structure

Given a means of simulating segregation the next requirement is for
methods of identifying the genetic constitution of any particular genotype.
In models based on two alternative alleles per locus, these can be represented
by 0 and 1, and a specific genotype can be represented by a number written
in the binary scale. In the SILLIAC a single register has forty binary digits and
in this machine it is most efficient to use the individual digit method of repre-
senting genotypes for problems where the number of loci is forty or less.
Further, it will be seen below that there are particular advantages in the
¢ digital * method, but in machines where the speed of access to the memory
is fast and the size of this memory is not limiting, it can be more efficient to
use whole registers to represent single genes. Here only the sign of the
number is used, i.e. + for one allele, — for the other.

Logical Operations

The representation of genetic structure by individual digits of a number
allows use to be made of the ‘ logical * operations which are available in most
¢ parallel arithmetic’ machines. Three types of logical operations are of
particular interest to geneticists. These are the ¢ logical product’, ¢ equiva-
lent’ and ‘ not-sum ’. They are illustrated below for two three-digit binary
numbers

001 and 011

which can be regarded as a single diploid genotype of
three loci,

011
in which the first locus is homozygous for the 0 allele, the

second locus is heterozygous, and the third locus is homo-
zygous for the 1 allele.

The logical product of the two haploid components of this genotype is
001,

which identifies the loci homozygous for the 1 alleles.
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The logical equivalent is
010,
which identifies the heterozygous loci.

The logical not-sum is

100,
which identifies the loci homozygous for the 0 alleles.

These logical operations allow the identification of the genetic constitution
of a genotype of many loci when this is represented digitally.

The identification of a genotype can be combined with the simulation of
segregation to simulate a wide range of breeding systems including many
loci. The only important restriction is the time necessary for the solution
of a problem; considering the many unexamined problems of quantitative
genetics, this restriction is unlikely to be important for several years, since
the more complex problems, requiring long periods of machine time, cannot
be approached until the simpler problems have been examined to supply the
necessary background of information.

Formation of Gametes

The simulation of formation of ¢ gametes by a diploid organism charac-
terized at n loci involves (a) identification of its genetic constitution. This is
accomplished by forming the three logical combinations of the two haploid
genotypes (4 and B signify these two genotypes), and (b) by forming a matrix
of order nq in which the rows represent individual gametes and the columns
represent individual loci. The matrix is formed by placing a column of 1®
wherever the LP contains a 1, a row of 0° wherever the LNS contains a 1, and
a row of 0° and 1° at random w} .rever the LE contains a 1.

Determination of Phenotype

The simplest relation of genotype to phenotype is that of complete linearity,
i.e. a completely additive system. Computation of the phenotypic value of a
specific genotype then consists of adding all the digits and multiplying the
result by the required constant (a). The relationship of the genotype to its
phenotype on this basis is shown in Table 1. A common deviation from
linearity is due to dominance. If we express the degree of dominance by a
term d, then the genotype/phenotype relationship where there is dominance
is also shown in Table 1.

TABLE 1. RELATIONSHIP OF GENOTYPE TO PHENOTYPE

Genotype Additive Dominance
1/1 2a 2a
1/0 a ad

0/0 0 0




Simulation of Genetic Systems by Automatic Digital Computers 73

In the general case loci may differ in both their additive and their domi-
nance components, and consequently the terms a and d must be replaced by
vectors {a;} and {d;}. If these be regarded as diagonal matrices then the
phenotype of an individual genotype is given by,

diag [A&B] . diag [a,]+diag [A=B] . diag [a;] . diag [d,] = diag [p|]
and ZP: = Pyp.

Another cause of deviations from linearity are non-allelic interactions, i.e.
epistasis. This can be considered in terms of a non-linear transformation of
the ¢ additive + dominance phenotype *. In a M.C. analysis of the importance
of epistasis which is discussed below, such a method of expressing epistasis
has been used. It is, however, more generally valid to base any analysis of
epistasis on the interactions of individual genes. The difficulty in such an
approach lies in the size of the matrix necessary to define the interactions.
Where # is the number of loci, the size of the complete interaction matrix is
22n and, consequently, in problems where n is large, it is necessary to com-
promise by specifying (1) a set of m partial interaction matrices of size 22".
where ' is small, and (2) a matrix of order n . (' + 1) where the elements of
each row specify (i) the interacting loci, and (ii) the specific partial interaction
matrix which is operative. This method allows complex locus x locus inter-
actions to be investigated for systems of large numbers of loci.

Environmental Effects

The majority of unsolved problems of mathematical genetics occur in
systems with environmental modification of the phenotype. This can be
simulated by specifying a function, r = f(x) such that if r is a random number
in the range 0-1, then x is a random normal deviate in the range —1 to +1.
Hastings (1955) has devised several functions which, using linear combinations
of r, produce values closely corresponding to random normal deviates. It is
possible by specifying different forms of the r = f(x) function to simulate any
degree or type of environmental modification of the * potential * or * genetic’
phenotype. It is also possible to simulate genetic control of environmental
stability and genotype-environment interactions. Such variations do not
present any arithmetic difficulty; in these more complex problems the main
difficulties lie in devising methods which lead to general answers rather than
specific solutions.

Recombination
A wide variety of procedures will simulate linkage, but digital representa-
tion of genotypes considerably reduces both the required memory space and

the time needed to simulate the formation of gametes.
F B.G.
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The first step is to list the vector of frequencies of recombinant and non-
recombinant classes. Below is the vector for the gametes produced by an
individual heterozygous at three loci, where r, is the recombination between
the 1%t and 2™ loci, and 7, is the recombination between the 2°¢ and 3¢ loci.

Types of gametes
000 (1 -r))(1-ry)=fo00
001 F(1-rr, =foo1
010 iryry =fo10
i produces 011 at frequencies. ir (1-ry) =fo11
000 100 iry(1-rp) =f100
101 Ty =f101
110 1 -rpr, =fi10
111 T -rp-r))=f11y

This illustration is of a triple heterozygote in coupling, but the vector of
frequencies of recombination f; is the same no matter how the 0° and 1° are
arranged ; the vector of types of gametes depends on the nature of the parent
chromosome. This is illustrated below for two genotypes.

101 110
100 111
111 100
110 101
101 produces 001 110 produces 110
010 000 100 111
011 100
010 101

For machine operation the vector of recombinant frequencies (f}), is
initially transformed to give,

(fooo 3 fooo+Soo1 3 fooo+Soo1+So103 - 2.f)

It is convenient to set this vector such that ) f= 1. This vector is termed
{Fi}.

A random number, r, is then generated in the range 0-1.

This number is then tested across (¥;) until,

Fisr<F;,

Then the i*" term in the vector of types of gametes is taken as the gamete
produced. Repetition of this sequence will produce a sample of gametes in
which the various types occur with probabilities corresponding to the
frequencies of recombinants and non-recombinants.

Since the size of the {F} vector is 2" it is not possible to simulate recom-
bination by this method for values of n greater than 6-7; at least in com-
puters with memories of the order of one to two thousand registers. Where
linkage of greater numbers of loci is followed it is necessary to use ¢ random
walk ’ methods. The formation of each gamete is simulated by choosing
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one or other of the pair of homologous chromosomes as a starting point at
random, then setting a random walk down the length of the chromosome,
and deciding which way to go between each locus by testing a random num-
ber against two choices, i.e. continuing the walk along the same chromosome,
or crossing over to the other chromosome. This method requires the genera-
tion of n—1 random numbers per gamete but less testing and less storage
space. Again the most efficient method of simulating recombination must
depend on the type of machine being used.

Selection

Simulation of selection requires identification of the frequency distribution
of phenotypes.  Given this distribution it is possible to set limit values against
which the individual phenotypes can be tested. The simplest way is to re-
order the individual phenotypes in ascending or descending sequence; limit
values can then be set, taking a constant proportion of the total. This method
has two marked disadvantages. Re-ordering in arithmetic sequence is a
very long process, and the number of registers required is set by the number
of progeny per generation, not by the number of parents.

Random numbers are usually generated within the machine by some cycle
of orders which takes an initial constant, transforms this and then replaces
the initial constant by its transform, e.g. the initial number is replaced by the
central digits of its square. This means that a particular sequence of random
numbers is fully determined given (i) the particular set of orders, i.e. the
random number generator, and (ii) the 1** random number. Consequently a
particular series of computations will be reproduced exactly, if the random
number is re-set to the value which occurred at the beginning of the calcula-
tion. This can be used to simulate selection. At the beginning of a cycle of
generation of progeny, and calculating their phenotypes, the value of the
random number is stored. The various operations then proceed, but none of
the individual genotypes or phenotypes are stored. Instead the phenotypes
are used to calculate the constants of the frequency distribution of phenotype,
i.e. the mean and variance. These constants are then used to calculate limit
values for the selection of progeny, e.g. in selection against extremes the
constant are used to calculate the maximum and minimum phenotypes of the
progeny which are acceptable as parents in the subsequent generation.
Then, by re-setting the random number to the value it had at the beginning
of the cycle, it is possible to repeat the whole series of computations exactly
except that on this run the individual genotypes which have phenotypes
within the specified limits are retained as parents.

Constant versus Variable Parameters

A particular genetic problem can be examined by the M.C. method in two
markedly different ways. The first can be termed the  fixed * parameter
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method since it depends on each run of the machine being based on fixed
parameters (i.e. linkage, degree of dominance) which do not vary during the
run. Different values of these genetic parameters are compared between
different runs. The second method is termed the ° variable’ parameter
method because the values of the parameters are not fixed for a particular
run, but can vary within prescribed limits. Each method has its particular
applications and they are illustrated below for analyses of (i) the role of
linkage in determining the patterns of response to selection (fixed parameters),
and (ii) the effects of selection against extremes on dominance and epistasis
(variable parameters).

Effects of Linkage

A Monte Carlo analysis of the effects of linkage on rates of advance under
selection which was made by Fraser (1957b) provides a good example of the
fixed parameter type of model.

In this analysis the programme simulated the effects of selection in a
population of cross-breeding organisms in which there was no overlap of
generations. A genotype of six loci was specified with two alternative alleles
at each locus (1 and O respectively). The 1 type alleles were set as completely
dominant to the O type alleles. These constants were not varied for any of the
runs of the model.

The intensity of selection, size of population and degree of recombination
could be varied for different runs, but were maintained at their specified
values throughout each run, i.e. these parameters, although fixed for a specific
run, could be varied between runs. Runs made for different values of these
parameters therefore provide ‘ data’ on the effects of size of population,
intensity of selection and degree of recombination.

Since Cockerham and Martin (1958) have recently completed a Monte
Carlo analysis of the effects of linkage which is similar to but far more com-
prehensive than that of Fraser (1957b), only a few of the results will be pre-
sented and discussed below.

Mather (1941, 1943), in his initial construction of the ‘ polygene * concept,
deduced that the separate loci of a quantitative genetic system were linked
in groups from the extent to which selection caused a characteristic to
transgress the limits of variability of the initial population, and from the
occurrence of sudden responses to selection following periods of little if any
response to selection. There has been considerable discussion whether the
second type of data could be said to demonstrate the occurrence of linkage.
Further, no estimate could be placed on the tightness of linkage necessary
to cause such phenomena, and therefore the primary aims of Fraser’s
Monte Carlo analysis were to determine whether similar sudden responses
to selection would occur in simulated populations, and if so, at what values
of recombination.
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The first sets of runs are shown in Figs. 1 and 2. A population size of 100,
from which 50 parents were selected, was set for all the runs and the six loci
were specified as being in two linkage groups; each of three loci. Ten runs
were made, two at each of five values of recombination, ranging from 0.5
(no linkage) to 0.005 (tight linkage). Although thereis aclear relation between
tightness of linkage and the rate of response to selection, none of these runs
showed any periods of slow response followed by periods of sudden response.
This would seem to throw doubt on Mather’s conclusions. However, a
second set of runs were made in which the size of the population and intensity
of selection were set to approximate the same values which occurred in
Mather’s experiments. These runs are shown in Figs. 3 and 4. It is clear
that in smaller populations with more intense selection the response to
selection is more variable, particularly at the tighter intensities of linkage.
This is very evident for one run at a recombination of 0.005 which closely
resembles the results shown by Mather (1943).

FiG. 1

F I I |
(o} 5 10 15 20
FiG. 4

FiGc. 3 Generations of selection

FiGs. 1-4. Advance under selection in populations where recombination varies from

50% (A), 25% (B), 5% (C), 2.5% (D) to 0.5% (E). Figs. 1-2 are for populations of

40 individuals with 4 selected as parents; Figs. 3—4 are for populations of 100 in-
dividuals with 50 selected as parents.
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Although this finding cannot be regarded as conclusive, nevertheless the
resemblance between the effect of tight linkage and the actual experimental
data adds weight to Mather’s conclusions. It is interesting that the types of
selection response found by Mather, and regarded by him as proof of the
importance of linkage in quantitative inheritance, would not have been
found except at a narrow range of population size. This illustrates a major
function of Monte Carlo analyses, namely, to determine the conditions in
which an experiment has the maximum probability of producing definite
results.

Dominance and Epistasis

The results of the ‘linkage’ analysis, although they strongly support
Mather’s hypothesis, do not provide any information on the evolution of
such systems. It is basic to this concept that the individual genes of polygenic
units occur in balanced combinations. It seems unlikely that such combina-
tions will be favoured by selection to any marked extent unless some epistasis
occurs. A second Monte Carlo programme was therefore written which was
designed to investigate the roles of dominance and epistasis in the evolution
of polygenic systems. Although incomplete the results obtained with this
programme are of sufficient interest to justify their being used to illustrate
the ¢ variable > parameter method.

The programme was constructed in such a way that the degrees of domi-
nance and epistasis, and the tightness of linkage were under genetic control.
Consequently if selection against phenotypic extremes was simulated then
response to such selection could be measured by the reduction of phenotypic
variability that occurred. This reduction could then be analysed into com-
ponents due to homozygosity, dominance, epistasis, and linkage.

In this programme (i) the intensity of selection, (ii) the size of the popula-
tion, and (iii) the ranges within which dominance, epistasis and linkage can
vary are fixed for each run. With the first two parameters maintained con-
stant, each run of the programme produces a genetic solution to the problem
of reducing phenotypic variability insofar as this can be arrived at by choosing
a value for dominance, epistasis and linkage. It is necessary to make a
number of runs to determine whether more than one solution is probable,
and if so, what the relative probabilities are of such solutions.

The initial runs of this programme were made in the absence of linkage.
The number of loci per individual was 20. This value was selected for con-
venience (a SILLIAC register contains 40 binary digits and therefore each
diploid genotype could be stored in a single register). The twenty loci were
divided into four sub-genotypes, each of five loci. These are termed the 4,
D, E and F genotypes respectively. The A4 genotype is the basic genotype,
which in the absence of the other genotypes, determines a purely additive
phenotype. The dominance of the A4 loci is decided by the genetic structure
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of the D genotype; their epistasis is determined by the E and F genotypes
respectively (the E genotype determines the first order deviations from
linearity, and the F genotype determines the second order deviations). The
determination of the phenotype of an individual therefore follows the
sequence shown below.

A genotype

Additive component D genotype
d (degree of dominance)

v
Additive +dominance
components. E genotype

/ e (coefficient of Ist order epistasis)

Additive + dominance + 1st order epistatic
components.

F genotype
f (coefficient of 2nd order epistasis)

Additive +dominance + 1st and 2nd order
epistatic components.

The relation of the D, E and F genotypes to the d, e and f coefficients of
dominance and epistasis is determined on the basis of an additive action of
the constituent loci. Consequently there are eleven possible values for d, e
and f. These values are specified at the beginning of a run, i.e. they are
‘fixed > parameters. However, the specific values appropriate to an in-
dividual are determined by that individual’s genotype, which is not fixed.

Computing the phenotype appropriate to a specific genotype is accom-
plished by,

(1) determining the genetic structure of the 4 sub-genotype, i.c. deter-
mining the number of loci which are homozygous for the 1 type allele, and the
number which are heterozygous. These numbers are termed x and y re-
spectively. The additive component of the phenotype is then,

2x+y;

(2) determining the number of 1 alleles in the D sub-genotype. This
ranges from 0-10 and is used to derive the appropriate value of d. The
additive + dominance components of the phenotype are then,

2x+dy =X ;

(3) similarly determining the appropriate coefficients of 1% and 2°¢ order
components of epistasis: e and f. The total phenotype is then

X+e.X*+f.X*=P
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Although there are disadvantages inherent in this method of computing
the phenotype, it has the marked advantages of being easy to programme and
fast to compute.

The first runs of the programme were made at small population sizes (50
progeny and 10 parents). Each generation all of the progeny were ordered
in arithmetic sequence of their phenotypes and the specified fractions of
extremes were then discarded. Selection being against extremes, the pheno-
type limits varied from generation to generation. In these runs selection
was restricted by a high degree of genetic fixation. However, it appeared
that selection against extremes in this model caused (i) a shift of the D sub-
genotype towards the d coefficient having a value of 1.0, i.e. towards no
dominance, and (ii) shifts of the E and F sub-genotypes towards the e co-
efficient having a large positive and the f coefficient having a small negative
value.

A second set of runs was made at a larger size of population and a lower
intensity of selection (see Fig. 5). The number of progeny was 250, and of

Basic genotype

....... -,

Epistasls genotype: 1st.order (E)

-05
0-05

Epistasis genotype: 2nd. order (F)

-0-05

Generations of selection

F1G. 5. Effects of selection in populations of size 250, with selection intensity set at
0.2 (50 parents selected per generation). The four sub-genotypes are plotted
separately to show their relationships. Two runs were made.
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parents 50. In these runs the amount of genetic fixation was much lower,
only becoming important if the gene frequency of a specific sub-genotype
exceeded 0.9-0.95. A very marked feature of the runs was the shift of the
D sub-genotype such that the d coefficient approximated to a value of 1.0,
i.e. selection against phenotypic extremes acted primarily against dominance.
This effect took very few generations.

The effects of selection on the E and F sub-genotypes can be summarised
by stating that there was a rapid initial increase of the e coefficient. This was
followed by a slower increase until a final value of +0.3-0.4 was reached.
No change occurred in the F sub-genotype until the e coefficient had exceeded
+0.250.35. There was then a slow change in the F sub-genotype con-
comitant with the slow change occurring in the E sub-genotype. This re-
sulted in the f coefficient becoming negative. The result at the end of the
runs was a sigmoid relationship of genotype to phenotype.

As a check on the above results, a set of runs were made in which the
ranges of the d and e coefficients were fixed at 2.0-0.0 and +0.9~—0.1.
These ranges were selected because their mid points correspond to the values
of d and e produced by selection in the previous runs. Consequently, these
runs start at the point reached after 20-40 generations of selection in the other
runs. If the results of these runs are generally valid then we would expect
that in the final set of runs no consistent changes should occur in the D and E
sub-genotypes. As can be seen from Fig. 6 this is what did happen. The
only consistent change was of the F sub-genotype which changed such that
the final value corresponded to that found in the previous runs.

It would be presumptuous to claim that the above results are a compre-
hensive study of dominance and epistasis. However, they do demonstrate
the power of the ¢ variable > parameter method. Although many more runs
are necessary, it appears from the available data that selection for decreased
variability will strongly favour epistasis if this can be varied to a form that
relates genotype/phenotype by a sigmoid function. (The existence of such
functions is the basis of Waddington’s concept of developmental canalisation,
and Dun and Fraser (1958), have data which strongly indicate the genetic
control of such functions.)

Conclusions

Although the M.C. method has only just begun to be applied to biometrical
genetic problems, it is clearly an important tool, but should be regarded as no
more than that. A major deficiency of ‘ mathematical genetics * has been the
schism between the theoretician working with extremely simple genetic
models, and the experimentalist working with actual genetic systems of high
orders of complexity. The reason for this schism lies firstly in the high order
of mathematical ability required for solution of problems based on even the
simplest genetic models, and secondly, the inadequacy of classical methods
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FI1G. 6. As for Fig. 5, with ranges of D and C as discussed in the text.

for solution of the problems involved in actual genetic systems. The M.C.
method solves both these difficulties, since a high degree of mathematical
ability is not required to construct the necessary programmes, and the degree
of complexity which can be simulated is limited only by the time necessary
for the long sequences of computation, and if the problems are sufficiently
important, then this is not an important limitation. It is, therefore, possible
for any experimenter to parallel his experiments with theoretical analyses
aimed at either elaboration of the concepts which he has evolved from con-
sideration of the ‘ real ’ data, or examination of the parameters to define the
values which will give an optimum chance of success.

So far we have only considered the application of M.C. analyses to prob-
lems of selection. This is not their only or even their most efficient field of
application. Two problems, not involving selection, are suitable for M.C.,
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analyses. These are (1) the validity of Mather’s * di-allele * analyses of the
components of hereditary variations, and (2) Waddington’s concept of
canalisation of development. The application of M.C. analyses to these
problems does not contain any inherent difficulties, and will be certain to
allow definition of the range of their applicability. One could go on listing
fruitful fields for applying M.C. methods to biological problems. This would
be redundant since the strength of this method lies in its basic simplicity and
extreme applicability.
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A MODEL OF A HOST-PATHOGEN SYSTEM
WITH PARTICULAR REFERENCE TO THE RUSTS
OF CEREALS

By CHARLES J. MODE
Department of Mathematics, Montana State College

INTRODUCTION

THE RUST fungi are living plants which live and reproduce on the stems and
leaves of their hosts, the higher plants. Many kinds of rust exist in nature,
but in this paper we will be concerned with the rusts of cereals. Moreover,
we shall further restrict our considerations to the summer or red stage of the
rusts. The rusts are a major hazard in the production of cereals, one of man’s
most important sources of food, and are particularly damaging to wheat and
oats. Some species of rust which cause the greatest amount of damage to
the cereals are stem rust of wheat, Puccinia graminis tritici, leaf rust of wheat,
Puccinia rubigo-vera tritici, and crown rust of oats, Puccinia cornata. In
seasons favorable for the development of the rusts, the number of pustules
on the stems and leaves become excessive and cause considerable damage to
the host by depriving it of water and nutrients necessary for the production
of high yields and grain of good quality. Although the rust fungi are co-
existent with the cereals throughout the world, they are most damaging in
moderately moist and semi-arid regions. In the United States the losses from
the rusts are the greatest in the great plains and middle western states.

All species of rust which have been studied have been found to consist of
numerous, highly specialized races which differ in their ability to live and
reproduce on a series of host varieties or strains called differentials. The
ability of a particular race of rust to grow on a certain differential variety is
usually classified in one of five ways—0, 1, 2, 3, or 4. If the reaction of a
differential to a certain race of rust is in the 0, 1, or 2 class, the variety is said
to be resistant; while if it is in the 3 or 4 class the variety is said to be
susceptible.

A particular race of rust is distinguished from another by its reaction or its
ability to grow on a set of differentials. As an illustration suppose three
differential varieties are being used. The reaction of race of rust on the set
of three differentials may be O on the first variety, 1 on the second, and 2 on
the third; whereas the reaction of another race of rust on the same set of
differentials may be 3 on the first variety, 1 on the second, and 0 on the third.
A third race of rust would differ further in its reaction on the set of three
differentials.

84
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Now if a set of n differential varieties is genetically distinct, i.e. possesses
different genes for rust reaction, each variety may react to a particular race
of rust in one of five ways. Hence, if n differential varieties are used, it should
be possible theoretically to distinguish 5” races of rust relative to the set of n
differentials. In practice 8-10 differentials are frequently used, but only
200 to 300 races of rust are actually found which is far short of the 390,625
to 9,965,625 races theoretically possible. The fact that the number of races
actually found in nature is far short of the number theoretically possible
suggests that the rust organism displays only a fraction of its potential
variability, the differential varieties are not genetically distinct, or a combina-
tion of both.

In passing it should be mentioned that the class of reaction of a variety
to a particular race of rust is under genetic control and is usually inherited
in a simple Mendelian fashion. The degree of resistance or susceptibility,
however, as measured by reproductive rate, may vary considerably within
each class.

The rusts are most effectively controlled by the development of resistant
varieties through plant breeding. The usual procedure is to find varieties
which are resistant to the prevalent races of rust and then introduce this
resistance into commercial strains by any one of a number of plant breeding
techniques. After their development, the rust resistant varieties are released
for production. All too frequently, however, these newly developed varieties
succumb to the rust shortly after their release due to the emergence of new
races or to changes in the prevalence of the old races. The efforts of the
plant breeder to maintain resistance to the rust is repeatedly frustrated by
these changes in the pathogen population, for he is unable to predict just
what races will become prevalent and therefore is in no position to transfer
the necessary resistance into the commercial strains until after the shifts in
the pathogen population have occurred. As a result, the grower of cereals
has little or no protection from the rusts during the time the new commercial
strains are being developed.

To meet the challenge presented by these shifts in the pathogen population,
it has been suggested that commercial varieties should consist of a mixture
or a composite of strains differing in their capacity to resist different races of
rust instead of the pure lines now in common usage. It is hoped that such a
host population will have a stabilizing effect on the rust population, thus
making it easier to maintain resistance to the rusts and lessen the damage
sustained by the host during seasons of severe epiphytotics. The purpose of
this paper is to construct a mathematical model of a host-pathogen system
consisting of a mixture of host varieties and races of the pathogen. To
simplify the mathematical arguments it will be assumed that both the host
and the pathogen reproduce continuously in time, although the generations
of the hosts in question are in fact discrete. Providing selection is slow, i.e.
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the changes produced by selection in any given generation are small, we may
approximate the situation by assuming continuous generation time.

The way in which the term variety is used also needs a word of explanation.
Throughout the remainder of this paper variety will be taken to mean a
particular strain or genotype which may be produced by a plant breeder.
Since neither the host nor the pathogen reproduce by outbreeding, there will
be no shuffling of genetic material as there is in an outbreeding system. Our
units in the host-pathogen system we are about to consider are, therefore,
not genes but varieties of the host and races of the pathogen.

A MODEL OF A HOST-PATHOGEN SYSTEM

We shall consider a host-pathogen system in which at time ¢ there exists
H members of the host population and P members of the pathogen popula-
tion. Let 4, members of the host population be of the i'® variety and p ;
members of the pathogen population be of the j* race so that

H=
i

M=

k
h; and P= Y p,
1 i=1

1]

Such a system would contain k host varieties and k races of the pathogen
relative to the set of k£ host varieties. Then at time ¢, x; = h; | H is the pro-
portion of the /' variety in the host population and y; = p; | P is the propor-
tion of the j™ race in the pathogen population. Clearly

M=

k
X; = Zyi:l'
1 ji=1

It is further assumed that the i*" variety and the j™ race occur at random in
the sense that the probability of finding the i™ variety and the j® race in
combination is x;y;. This assumption seems reasonable since the spores of
the pathogen are distributed over the host population by air currents.

In such a host-pathogen system two types of selection pressure should be
considered. Firstly, the selection pressure exerted on the host by the patho-
gen, and secondly the selection pressure exerted on the pathogen by the host.
Both these types of selection pressure will be measured by sets of constants
designated by Fisher (1930) as the Malthusian parameters. These constants
are measures of fitness or the ability of an organism to reproduce.

The Malthusian parameters are defined in such a way that the rate of
increase or decrease in population number at some time ¢ is proportional to
the number existing at that time. In the system under consideration this
rate of increase or decrease in number of a host variety or race of pathogen
will depend on the particular combination of the host and pathogen. Con-
sequently, two parameters must be specified for each combination; one
representing the host population, the other the pathogen population.
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Then under the assumptions

dh,
= .h
dt U
becomes the rate of change in 4, in the presence of the j* race of the pathogen,
and
dp;
de

becomes the rate of change in p; in the presence of the i variety of the host.

Here 1;; and p;; are the Malthusian parameters which are measures of the
fitness of the host and parasite in the ij combination. From biological
considerations it is known that the p’s and A’s are inversely related. For
when the i host variety is resistant to the j*" race, 4;; will be positive and p;;
will be negative. Conversely, if the i variety is susceptible to the j' race,
A;; will be negative and p;; will be posmve

To obtain the total change in the j racial frequency, dy;/ds, that is the
change over the whole population, it will be assumed dy;/dt is the sum of k
components, namely a component due to the first host variety, a component
due to the second host variety and so on, each component being appro-
priately weighted by the corresponding host frequency. Then if dy,;/dt
represents the rate of change of y; in the presence of the i host variety, the
total change in y; becomes

= Wi;P;

2": dyll (]—-1 2,. k)

Proceeding in the same way for the host population, the total change in
x;, the frequency of the i" variety in the host population, is found to be

dx, k dxu' .
dx; _ A =1,2, .. k).
at ;;y’ ar )

Under the assumptions we find the rate of change in x; in the presence of
the j* race of the pathogen becomes

By assumption

S
a
so that
1 dhn,
— —=x,A
Hd i ]
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The total change in H effected by the j* race may then be written

Hence,
d
—ﬁ = xi(lu"'l . ,I)

The total change in x; then becomes

dx k

ped = x, z yj(lu"‘l . J)'
dt j=1

To simplify the notation set

k

k
2.1.= Zyllu and A"‘=Zyjj"j'
=1

J j=1

The total change in x; may then be expressed more simply as

B xd—2.) (=1,2,..,k).
de

Proceeding in the same way for the pathogen population, we find the total
change in y;, the frequency of the j™ race of the pathogen, becomes

d ,

Vs yu=r) (=120

dt

k k l:
where  p. ;= Y X o=, Yy and p.o= Y xpy.

i=1 j=1 i=1

We are thus led to a set of differential equations describing rate of change in
varietal and racial frequencies with respect to time.

At this point it is instructive to find the rate of change in mean fitness with
respect to time in both the host and pathogen populations. Toward this end
we shall partition the variation and covariation in fitness at any time ¢. To
accomplish this partition three distinct cases must be considered, (1) the
variation in fitness from the standpoint of the host population, (2) the varia-
tion in fitness from the standpoint of the pathogen population, and (3) the
covariation in fitness when the host and pathogen populations are considered
jointly. In what follows it will be shown that the total variance or covariance
may be partitioned into components attributable to the host varieties, the
races pathogen, and the interaction of the varieties and races.
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Now the total variance in fitness from the standpoint of the host population
may be partitioned as shown below:

k k k k
Z ngyj(lu_)u..)2= in(li.—'}.--)z"‘l" Zy,(ﬂ..j—)...)2+
i=1 j=1 i=1 j=1

k
x;yj(l;_,-—)l, —A. j+2. . .)2

M=

i=1j

]
[

To simplify notation set

k k
Var (H) = Y _le,-y,(lu—/l L)% Var (H; V) = i;x,(li —1.)%

i=1 ]

Var (H; R) = Zk:}’ja c=A )

j=1
k k
and Var(H; RV)= Z inyj(ﬂ.ij—ﬂi.—l.j-l-l..)z.
i=1 j=1
The above expression may be written more simply as

Var (H) = Var (H; V)+Var (H; R)+Var (H; VR)

where Var (H) is the total variance in fitness in the host population while
Var (H; V), Var (H; R), and Var (H; VR) stand for the variance in fitness
attributable to the host varieties, the races of the pathogen, and the inter-
action of the varieties and races respectively.

The total variance in fitness from the standpoint of the pathogen population
as well as the covariance in fitness may be partitioned in the same way.
Continuing as before, the total variance in fitness in the pathogen population
may be expressed as

Var (P) = Var (P; V)+ Var (P; R)+ Var (P; VR)

where

Kk k
Var (P) = Z _lxi.)’j(ﬂij—ll )% Var (P V) = Z Xy —p. )%

i=1j i=1

k
Var (P; R) = jZI.V.i(Il D

k k
and Var (P; VR) = ‘Zl j;xsyj(uu-m —n gt )?

and are designated as the total variance in fitness in the pathogen population
and the variance in fitness attributable to the host varieties, the races of the
pathogen, and the interaction of the varieties and races respectively.

G B.G.
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Following the same procedure, the total covariance in fitness of the host
" and pathogen population may be partitioned as follows:

Cov (H, P) = Cov (H, P; V)+Cov (H, P; R)+Cov (H, P; VR)

k

k
where Cov(H, P) = i_zl ; 1x‘yj(}.u—,l B [ (T Eny TR N

k
COV (H, P; V)=‘;lxi(li. “'l. .)(ﬂ‘ Bl 7 200 .),

k
COV(H, P; R) = Zl))j(l . I_l' .)(ﬂ.j—/.l. .),
j=
and
k k
COV (H, P; VR) = iZI jzlxl-yj(/’i,”_‘)»i .—l .J+l . .)(I.lij'—'ﬂi .—'H . J+” . .).

Just as in the host and pathogen populations we shall call Cov (H, P) the
total covariation in fitness and Cov (H, P; V), Cov(H, P; R), and
Cov (H, P; VR) the covariation in fitness attributable to the varieties, the
races, and the interaction of the races and varieties respectively.

Returning to the immediate problem, from the calculus we find the rate of
change in mean fitness with respect to time in the host population is

d/l..= L 81..<_i_x_,+ i 04 ..dy,,
dt =1 ox, dt =1 dy; dt’
and the time rate of change in mean fitness in the pathogen population is

dp.. _ k au..gi,.+ k ou..dy,
dt & ox, dt 519y, dr
But
k k
}» oo = 'Zl 'leiyjlij;
i=1 j=
therefore,
dA .. k
L= Ay =24 .,
ax, j;lyj Y ¥
and
0A.. k
_— = x,—l == }» . .
3y, :; ij J
Similarly,
on.. &
= 2 Vilij=Hi >
6x, igl T i
and

..
——'=[l.].
dy;
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Substituting cciit and ” i into the above expressions, the rate of change in

mean fitness with respect to time in the host and pathogen populations
respectively becomes

%~=Var (H; V)+Cov (H, P; R),

and

d‘(;t = Var (P; R)+Cov (H, P; V).

We are thus led to a result analogous to Fisher’s fundamental theorem of
natural selection. Fisher’s fundamental theorem, which is applicable to
random mating diploid populations, states that the rate of change in mean
fitness at any time is proportional to the additive genetic variance present.
In the host-pathogen system under consideration, we see the time rate of
change in mean fitness in the host population is proportional to the variance
in the host population attributable to host varieties plus the covariance
attributable to the races of the pathogen. The rate of change in mean fitness
in the pathogen population, on the other hand, is proportional to the variance
in pathogen population attributable to the races plus the covariance in fitness
attributable to the host varieties. Unlike a random mating diploid popula-
tion in which the mean fitness always increases with time, in the present host-
pathogen system the mean fitness in both the host and pathogen populations
may either increase or decrease with time depending on the sign and magni-
tude of the covariance components.

AN EQUILIBRIUM POPULATION
At equilibrium the frequencies of the host varieties and races of the
pathogen cease to change and dx;/dt=dy;dt=0 (i,j=1,2,..,k), or
equivalently 4;.=4.. and u.; = p.. which implies 4;. = 4;. (i#i’) and
p.jy=p.;(j#j). Setting i'=j' = k, we obtain two sets of k—1 equations
each which, when subjected to the conditions,

k k
Xxi= 2 y=1,
i=1 j=1

can be solved to obtain the frequencies of the host varieties and races of the
pathogen at equilibrium. After a little manipulation we get the equilibrium
equations in the form

k-1

Z agy;=¢ (i=12,..,k=-1)

j=1
-1

buxi—dj (]—1 2 o k—
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where a;; = (Aj— A=A+ )y €= A~y byj = tiy— pye— iy + e and
d = Mk — Hgje

A solution of the equilibrum equations are, by Cramér’s rule,

~ _Cj

Yi A
G,j=1,2,....k—1)

%i=P‘i

B

where 4 and B are the determinants of the coefficients of the x’s and y’s and
C; and D; are the determinants obtained by substituting the terms on the right
for the unknown in question. It should be noted that these solutions exist if
and only if the determinants A and B do not vanish. We further require that
x;20 and y;20.

From the solution of the equilibrium equations it will be noted that the
frequencies of the races of the pathogen of equilibrium is a function of the
fitness of the host. Likewise, the equilibrium frequencies of the host varieties
is a function of the fitness of the pathogen. This result clearly expresses the
interlocking nature of the host-pathogen system at equilibrium.

The next question that arises is that of stability of this equilibrium.
Accordingly we shall find the necessary and sufficient conditions for stability.
To find these conditions it is convenient to introduce vector-matrix notation.
Let Z be a column vector whose components are the x’s and y’s so that

Zl = (xl e xk, yl se yk)’ Then

dx;
dt xl(ll .—A . .)
ka .
dz _ dt _ X (A . —4. ) = F(Z) sa
dr dyy yi(p.—p.) @ y
dt .
4y i ox—p.)

dt
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Now let Zg = (X, ... %i J1 ... i) be a point which satisfies the equations
F(Z,) =0 and let §Z' = (6xy ... 0%;, Oy, ... 6y,) be the variations from the
point of equilibrium. The variational equations may then be written as

d02) _ 45z+562)
dt
when A is the Jacobian matrix evaluated at equilibrium, i.e. 4 = (a;) =
(0FloZ, | z,), and f(5Z) represents terms whose degree is greater than one.

Provndmg the variations are conservative in the sense that the terms
represented by f(3Z) are negligible, the necessary and sufficient conditions
that Z, be a point of stable equilibrium are that all solutions of the variational
equations tend to zero as f—«. These conditions are met if all the charac-
teristic roots of the 4 matrix are negative and real. Lastly the characteristic
roots of 4 will have the desired properties if A4 is real and if a matrix B is
negative definite where B is obtained from A by defining b;; = a;; and
by =bji=1(a;+a;) (,j=1,2,..,k).

For the present system, the variational equations for the x’s can be shown
to be

d(éx,)

=[A.—4..—xi;. ]5x,—x,2/1 LOxp+ 2 x(Ay=A. )8y,
(i=1,2,..,k).
But
x k-1
Y 6x;=0, sothat x,=—3 dx
=1 =1
and similarly
k=1
Sye=— ), 9y;
i=1
Hence
d(jtxa) = (A=A x( =2 D] xRy o= A ) Sxp+
il

k=1
"ijgl('zwu—}~ = At )0y,

But from the conditions for equilibrium 4, .—4, . =0=4.—41...
Therefore the variational equations become

d(ex) _
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Proceeding as above, the variational equations for the y’s can be shown
to be

d 6 k-1 N
(dtyj) - yjiz_‘:l(ﬂli—”l o= My b - ) 5}’,‘ (j=1,2,..,k=1).

Letting 6Z'* = (6x4 ... 6x4_1, 0¥y ... 6yx_ ), the variational equation may
be written as d(6Z*)/dt = A*6Z"* where

« (0 M
“=(x %)
and

M = (m;;) = X,(A;— 2. = At 2. s N = (n;) = (Wi — A - — taj+ iy

(,j=1,2,...,k—1), and O is the zero matrix and ~ means evaluated at
equilibrium. Now all the characteristic roots of 4* cannot be negative and
real since the matrix B* where b*;=a*; and b;;=b; =1(a";+a"})
(,j=12,...,k—1) cannot be negative definite. We are then led to the
conclusion that the equilibrium is unstable so that any variations will cause
the system to drift away from the point of equilibrium.

It is interesting to note that at equilibrium

Var (H) =2 Var (H; R)
Var (P) =2 Var (P; V)
Cov (H, P) = Cov (H, P; VR).

In words, the total variance in the host population is equal to twice the
variance attributable to races, the total variance in the pathogen population
is equal to twice the variance attributable to the varieties, and the total
covariance is equal to the covariance attributable to the interaction of the
varieties and races.

THE PROPERTIES OF AN EQUILIBRIUM POPULATION

An equilibrium population may have certain desirable properties from the
standpoint of the plant breeder. In the first place if the equilibrium were
stable, the races of the pathogen relative to a set of host varieties would tend
to remain in constant proportions; consequently the plant breeder would
no longer have to cope with rapid shifts in the racial frequencies of the
pathogen population as he does in a system consisting of a single host
variety. In our model of a system consisting of a mixture of host varieties a
stable equilibrium could not be realized. This does not mean, however, that
a stable equilibrium could not exist in nature. A model is at best only an
approximation and may not be a true representation of reality.
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On the other hand, if the equilibrium were unstable but if the drift away
tom the point of equilibrium were very slow, the system may remain in
.quilibrium for sufficiently long periods of time to solve the problem of
:onstantly shifting racial frequencies from the practical point of view. Pro-
iiding the mixture of host varieties were to act in such a way as to slow down
he changes in racial frequencies, the plant breeder may be in a position to
‘heck the drift toward ascendency of a new race by inserting a resistant
rariety into the system thus establishing a new equilibrium. By repeating
his process indefinitely, it may be possible to keep the pathogen population
n control. It should be emphasized, however, that a host population con-
isting of a mixture of varieties would be superior to a population consisting
)f a single variety only if the mixture tended to slow down the rise to ascen-
lency of new races. Actually, the mixture may act in just this way, for it
ieems quite likely that some varieties in the system may be partially resistant
‘o the new race and thus show its rise to ascendency, giving the plant breeder
nore time to cope with the situation.

In addition to the constant proportions property, an equilibrium popula-
ion must have other properties in order to be of use to the plant breeder.
For the host-pathogen system under consideration, the amount of damage
sustained by the host in a given season or time interval is dependent upon two
factors, firstly the initial numbers in the pathogen population, and secondly
the rate at which these numbers increase. At equilibrium it may be shown
that the rate of change in number in the pathogen population is given by
dP/dt = PR .., where fi .. is the mean fitness of the pathogen population at
equilibrium. Solving the above differential equation, we find P = Pge? -,
where P, is the initial number in the pathogen population or the number
present at time ¢ =0. Upon inspection of the above two equations, the
beginning statement becomes evident.

Further consideration of an equilibrium population leads to the conclusion
that 1 .. should be close to zero if the system containing a mixture of host
varieties is to be of use to the plant breeder. For under such circumstances,
the number of individuals in the pathogen population would tend to remain
constant or would slowly increase or decrease with time depending on the
sign of f ... Iffi .. were negative, the number of individuals in the patho-
gen population would slowly decrease with time; if i .. were positive, the
number would slowly increase. Since the damage sustained by the host is
dependent at least in part upon the total number of individuals reached by
the pathogen population in a given season, the damage to the host may not be
great if this number could be kept sufficiently small, or were not given the
opportunity to build up. Tt should be pointed out, however, that if the
number of individuals in the pathogen population are very large at the time
the system reaches equilibrium, the pathogen could still cause considerable
damage to the host even if the races remained in constant proportion. In
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conclusion then, not only must the races remain in relatively constant pro-
portion but the numbers in the pathogen population must be kept at such a
level as to cause a small amount of damage to the host in order for a mixture
of host varieties to be of use to the plant breeder.

DISCUSSION

It seems plausible that knowing the fitness of the races of the pathogen on
a set of host varieties and the frequency of the races in the pathogen popula-
tion, the plant breeder could construct a host-pathogen system such that an
equilibrium was established and the mean fitness of the pathogen population
was near zero. This could be accomplished by requiring that fi.; and
A;.(G,j=1,2,..., k) be approximately zero, since

k k
.= ijﬂ~j= Zi\ihi-
j=1

These conditions would also guarantee that the pathogen population would
be in equilibrium, for if x4 . ;=0,dy/dt=0(j =1, 2, ..., k).

A question which naturally arises is whether or not the fitness of the
pathogen or a set of host varieties could be measured. Aside from technical
difficulties, the problem seems solvable at least theoretically. We know from
the definition of fitness that dp;/df = p;u;;. Integrating we have log pj=
Mt + C where p; is the number of the j*" race, p;; is the Malthusian parameter
for the ijt" combination of race and variety, ¢ is time, and C is a constant.
Hence, if a race were propagated on a variety and if the numbers in the
pathogen population could be determined at time intervals, the y,; could be
estimated by least squares. So far as the author knows no attempt has been
made to measure the fitness of races of rust on cereal varieties. If reliable
estimates of fitness could be obtained, the plant breeder may be in a position
to take more decisive steps toward the solution of his problem. What is
needed is some research to obtain estimates of fitness.

SUMMARY

In breeding for resistance to rusts in cereals, and indeed plant pathogens in
general, the efforts of the plant breeder are frequently nullified by shifts in the
racial frequencies of the pathogen population. It has been suggested that the
plant breeder could cope with the situation more effectively if the commercial
varieties consisted of a mixture or composite of strains rather than the single
strains now in common usage. A model of a host-pathogen system con-
sisting of a mixture of host varieties or strains and races of the pathogen
was constructed and analyzed. Under the conditions of the model, an
equilibrium in which the frequencies of the host varieties and races of the
pathogen remained constant could be reached. This equilibrium was un-
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stable, however. That is any variations in the varietal and racial frequencies
would cause the system to drift away from the point of equilibrium.

It was suggested that even if the equilibrium were unstable, the system may
remain at the point of equilibrium for sufficiently long periods of time to solve
the problem of constantly shifting racial frequencies from the practical point
of view. If a population in equilibrium is to be of use to the plant breeder,
however, the number of individuals in the pathogen population at the time
the equilibrium is established must be relatively small so that the host is not
damaged excessively. Furthermore, the number must be kept small. It was
further suggested that the number of individuals in pathogen population may
be kept small if the plant breeder constructed a system in which 7 .., the
mean fitness of the pathogen population at equilibrium, was zero.
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EXPERIMENTAL DESIGN ON THE MEASUREMENT
OF HERITABILITIES AND GENETIC CORRELATIONS

By ALAN ROBERTSON
Institute of Animal Genetics, Edinburgh

INTRODUCTION

IN THIS short summary of the paper given, I propose to discuss in general
terms the conclusions reached in two papers now in the press on the estima-
tion of heritabilities and genetic correlations by the analysis of variance
method. The problem then centres around the group size at the point of
minimum sampling variance of the estimates.

SINGLE CLASSIFICATION

This would be illustrated by the half-sib analysis in which no two half-sibs
had the same dam. I will assume throughout that non-genetic contributions
to half-sib similarities have been effectively excluded by an adequate experi-
mental design. I shall also be concerned throughout solely with sampling
variances and not with the sampling distributions. I shall use the following
nomenclature

t intra-class correlation
o, total variance

N number of groups

n group size
T(= Nn) total population size.

The analysis of variance then reads

df. Exp. M.S.
Between groups N-1 oi(1+(n—-1))
Within groups N(n-1) oi(1-1)

The two mean squares are then independent and, as ¢ can be expressed as a
function of them, its sampling variance can be easily worked out. The
formula has been known for a long time and is

2(1—9)*(1+(n—1)1)?

(N—=Dn(n—-1)
101

V(1) =
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If we then apply the condition that Nn is constant, we can find the optimum
structure. Putting Nn = K/t, we find that at the minimum,

N=K+2
1 K
n==-—
t K+2

Thus if the population size is large, the optimum group size is 1/z. At
population sizes in which there would be only a few groups at the optimum,
the optimum size is reduced somewhat, the rule being to take 2 more groups
than the simple formula would indicate, i.e., N = Tt+2.

Examination of the expression away from the optimum reveals that it is
extremely inefficient to take small values of n. If ¢ and n are small, it will be
obvious that V(¢) is roughly proportional to 1/(n—1). Small values of n
should be avoided at all costs.

If we are in a position to obtain optimum values of » (this will of course
depend very much on the animal concerned), we have then roughly

V(?)z—
Substituting t =4h?,

~ 2
we have V(hz)z?%

In the case of estimates from parent-offspring correlations with n pairs of
animals, we have

V(i) =2
n

8
T

It then follows that, if we can get group sizes close to the optimum for the
character concerned, for the same total number of animals measured the half-
sib method will be more accurate than the parent-offspring method if 42 <}
and vice-versa.

DOUBLE CLASSIFICATION

We do in fact often have to deal with a double nested classification of
sires and dams within sires. Writing ¢,, ¢, for the sire and dam intra-class
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correlation coefficients, the analysis of variance reads—with S sires, d dams
per sire, and »n offspring per dam.

df. Exp. M.S.
Between sires S—1 1—t;—t,+nt,+ndt,
Between dams
Within sires S@-1 I=ti=ty+nt,
Within dams Sd(n—1) 1—t,—t,.

We can then express ¢, and ¢, in terms of these mean squares and so obtain
variance estimates. Without going into tedious algebra, the conclusions are
as follows, if we assume that #; = ¢,.

(1) the best estimate of ¢, is obtained when each dam has one offspring,
i.e., all the sire progeny are half-sibs.

(2) in joint estimation of ¢, and ¢,, the optimum structures are incom-
patible, i.e., for t; when ndt~1 and for ¢, when dt~1.

(3) if we then impose the condition that V(f;) = V(£,), which might apply
if we wish to compare the two, we find that, irrespective of ¢, the
optimum number of dams per sire should be between 4 and 10 (3 being
perhaps acceptable but 2 most inefficient) and that » is given roughly by

1 1
t d+1F
We thus have to accept a dam family size below that optimum for the

estimation of 7, at the expense of a sire family size above that optimum
for ¢,.

If we accept a priori that t,>t,, and therefore are in the main interested
in the estimate of A2 from ¢,, the optimum value of n will be somewhat
reduced and that of d increased.

THE ESTIMATION OF GENETIC CORRELATIONS

Before discussing design in the estimation of genetic correlations from the
analysis of variance and covariance, we must first discuss the general formula
for the sampling variance of genetic correlations. The discussion will be
confined to a single classification. If we partition the variance and covariance
in the two characters 1, 2 into terms like ¢2; and Cov (1, 2),—w and b
referring to within and between groups, the correlations can be expressed as
- Cov(l,2),

w
Oy Ow,

- Cov (1, 2),

and r,
a'h o',,z
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Assuming the design to have been efficient in removing non-genetic variation
between groups, we can then call the between group correlation, r,, the
¢ genetic correlation’ between the two characters. No estimates of the
sampling variance of this estimate have so far been obtained, except in the
case of parent-offspring correlations.

In the case of two characters with the same heritability, an expression can
be obtained by throwing the analysis into the form of a group by character
interaction and making use of the fact that correlation between pairs of
points with identical variance can be expressed as an analysis of variance
within and between pairs. A proportion 1+4r of the total variance then
appears in the between pairs term and 1—r in the within pairs term. Ex-
pressing both characters in standard measure, the joint analysis of variance
then reads

d.f. Exp. M.S.
Between groups N-1 (=0 +r)+nt(l1+r,) A
Group x characters N—-1 (-0 -r)+nt(l~r) B
Within groups
Between individuals N(n-1) (1=H(1+r,) C
Residual Nn-1) a-5(1-r,) D
and 3= A—C—(B-D)
A—-C+B-D

We have thus expressed r, in terms of four independent mean squares and
can thus obtain an expression for V(7).
The expression is fairly complex but when r, = r,, it simplifies to

oy (=) (A+(n=1?  (1-1)?
V) n2:2( N-1 +N(n—1))

(=1 [(1 +(n—2)t)2 +(n— 1):2]
N-1 n(n—1)t?

This formula is extremely similar to that for the sampling variance of # on
a single character from the same data

21— 21 +(n—1))?

M e T—

except for the term in ¢ in the bottom line. In fact, it turns out that we can,
in general, state that the standard error of r, is given by

2
1-15 ¢ vy

se. (T~
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if the two characters have the same heritability and if r, = r,, and the sampling
variances refer to the same set of data. This applies to the analysis of variance
method, irrespective of the degree of relationship, and also to the parent-
offspring regression method. In this latter case, it agrees with the formulae
derived by Reeve (1955). It follows further from the similarity of the formulae
that the optimum structures for both heritability and genetic correlation are
the same.

GENOTYPE-ENVIRONMENT INTERACTION

A genetic correlation may also be obtained by measuring the two charac-
ters on different set of relatives. In this, it exactly parallels an experiment on
genotype-environment interaction. In fact, considerable light can be thrown
on problems of genotype-environment interactions by expressing them in
terms of the genetic correlation between the same character on the two
environments, as Falconer (1952) has pointed out. No interaction then gives
a genetic correlation of unity and, what is most important, the degree of
departure of the correlation from unity measures the biological importance
of the interaction. v

The sampling variance of r, in this case is given by

o (A+nt(L=rH)2+rs
VXN 2

where n is the group size in each environment. If nt>1, then the sampling
variance increases as r, decreases. It follows that any errors we are likely to
make in the simple detection of statistical interaction will be more frequently
in the denial of interaction when one exists than in the reverse direction.
We should therefore calculate our optimum structure for an intermediate
value of r,. I have for convenience taken r2=0.5. Then the optimum
group size in each environment is given by

Ja+rd)

nt=>yY-___ 9%

2
1—r;

which, for rZ = 0.5, equals 2.4. Thus at the optimum, we require groups,
in each environment, about twice as large as required for the determination
of the heritability in that environment alone. If we take as an example,
t = 0.05 and require a standard error of r, of 0.2, we require 23 groups each
with 48 animals in each environment.

The groups that we are using may be in fact different strains rather than
groups of relatives, in which case ¢ is the observed intra-class correlation
which may be much higher than we would expect for groups of relatives

H B.G.
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within a population. If the strains in each environment are split into repli-
cates, then n would refer to the number of replicates and ¢ to the observed
correlation between replicates.
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THE INTERPRETATION OF CALCULATED
HERITABILITY COEFFICIENTS WITH REGARD TO
GENE AND ENVIRONMENTAL EFFECTS AS WELL
AS TO GENOTYPE-ENVIRONMENT INTERACTIONS

By Henri L. LE Roy

Animal Breeding Institute, Swiss Federal Institute of Technology, Zurich,
Switzerland

THE PURPOSE of this paper is:

I. To give general solutions for analysis of variance and regression
analysis applied to problems dealing with quantitative inheritance,
where all components are random, except the general mean.

II. To show the effects of gene, environment, and in particular the role
played by genotype-environment interactions with regard to the struc-
ture of heritability estimates.

I. GENERAL FORMULAE FOR INTERPRETING ANALYSES OF
VARIANCE

Two-way-classification
This kind of analysis can be used, for example, for uncovering interactions
between genotypes and environments and to construct heritability estimates.
Let us suppose that there are two factors 4 and B with a and b levels.
Each of the a.b combinations (subgroups) contains ¢ observations. The
statistical model is

i=1,...a
Xijp=p+a+bj+(ab);+dyp, j=1,...b
k=1,..c
E(Xijk) = ﬂ, E(a, . b.l) = ...= E[(ab)u . dijk] = 0,
and 0% (x;j3) = 64+ o5 +0ipt+0}

Therefore the analysis of variance is that displayed in Table 1:

TABLE 1 _
Source of
variation d.f. (i) 1 M.S. (i) E[M.S.(i)]
A-groups a-1 MS.(4) | [eg ~(D]+cl(D) -2 - B) +@D] +bcl(2) - D]
B-groups b-1 M.S.(B) [a} ~(D]+c[()-Q2)-B) +@]+acl(3) -4)]
A.B (@a-1DbB-1) | MS.(4B) [o} ~(DI+cf(D) -2 -3)+@D]
Deviations ab(c-1) M.S.(D) | [ox ~(D)]

107
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where o} = [(2)-(4)],

2
0z =[3)-@], (see Anderson and Bancroft 1952)
a3 =[(H-@-B3)+@4],
and o =[c3-(1)].
(1) = Cov (x;ji . Xij k2w = Cov. between observations within the
ij™ subgroup,
(2) = Cov (xyjx - Xijx)j2j = Cov. between obs. in the i™ A-group but
in different B-groups,
(3) = Cov (x;jx . Xpjx)izir = Cov. between obs. in the j™ B-group but
in different A-groups,
and  (4) = Cov (x;j - X;-jw) iz = Cov. between obs. in different 4- and
J#J" " B-groups.

Hierarchical Classification

Many practical calculations on heritability coefficients and intra-class
correlations are based on this analysis. We are discussing the two-fold
hierarchical classification, which can be expanded very easily to more-fold
classifications. The model should be written

i=1,...a
Xijg=p+a;+b;+dy, j=1,...b
k=1,...c
E(Xijk) = u, E(a;. bij) =..=E(b;. dijk) =0,
and 0% (xi) = 05 +0}+0}

Hence we can set up the analysis of variance displayed in Table 2:

TABLE 2
Source of
variation d.f.() M.S. (i) E[M.S. ()]
A-groups a-1 M.S.(4) [0,2( =M1+l -@1+bc[(@ -(3)]
B-groups in A ab-1) MS.(B/A) | [0 -(D)]+cl() - (@)]
Deviations ab(c-1) M.S.(D) [ox - (D]

where 62 =[(2)—(3)],
a3 =[(D-2)],
and o3 =[ci-(1)]
(1) = Cov (X% . X;jp)k#xr = Cov. between observations within the
Jj® B-group in the i A-group,
(2) = CoV (X% - X;jx);+; = Cov. between obs. within the i™ A-group,
but not belonging to the same B-group,
and  (3) = Cov (xx . Xypx)izrr = Cov. between obs. not belonging to the
same A-group.
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Regression Analysis Combined with Analysis of Variance

The analysis is used for calculating heritability coefficients on the basis of
half-sib-correlation and parent-offspring-regression (intra sire dam-daughter-
regression).

If we assume that there are b paired observations, x and y in a groups, and
that y depends partly on x, we obtain the following three analyses (the first
two are identical and simplifications of the two-fold hierarchical classifica-
tions, mentioned in the section on Hierarchical classification.):

The assumptions are:

Xij=upt+a+dy, Yy =ptaitdi,
E(Xu) =E(Y;)=upn
E(a;.d;;)=E(a;.dj) =0

o (x,) =0i+oh  o’(y;) = ok +ob

The analysis of variance for the x- and y-values is given in Table 3:

TABLE 3
Source of
variation d.f.(i) M.S. (i) E[M.S. ()]
] _ xM5.4) [o§ - (D1 +bI(1) - ()]
A groups a-1 yM.S.(A) [a;’ _ (l’)] + b[(l N - (2/)]
Deviations XM.5.(D) [of -]
(within A) a(b-1) yM.S(D) o -(1"]

where of =[(D-(2)], of =[(1)-2)],

o =[o3~(], and o} =[o7—(1)].

(1) = Cov (x;; . x;j);4 = Cov. between x-values within the i™ A-
group

(1) = Cov (yy; . ¥ij);+; = Cov. between y-values within the i 4-
group

(2) = Cov (x;; . X j)izy = Cov. between x-values belonging to dif-
ferent A-groups

(2)) = Cov (yy; . yrjdizr = Cov. between y-values belonging to dif-
ferent A-groups

The analysis for the products x.y is given in Table 4

TABLE 4
Source of
variation d.f. (i) M.P.(i) E[M.P.(i)]
A-groups -1 Xy M.P.(4) [(1*) - 291 +b2") - (3%]
Deviations a(b-1) Xy M.P.(D) (1" -2
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where Cov, =[(2")—(3")] and Cov, =[(1")—-(2%].
1% =Cov (xi;. i) = Cov. for the x- and y-values which belong
together within the i™ A-group,
(2) = Cov (x;; . yij)j#j = Cov. for x- and y-values which do not
belong together in the i"™ 4-group,
and (3*) = Cov(x;;.yij)izir = Cov.for x- and y-values, when the x- and
y-values are in different A-groups.

II. PRACTICAL APPLICATIONS OF GENERAL FORMULAE OF
SECTION I

I1A. Two-way-classification

(@) Suppose that the A-groups represent different individual groups which
are unrelated to each other, but with equally related individuals within the
same groups, and that the B-groups correspond to different environments
(levels of different climate, feeding, etc.).

Therefore the terms (1), (2), (3), and (4) are identical with [see TA]:

(1) = Cov (genet. related individuals within the same environment),

(2) = Cov (genet. related individuals in different environments),

(3) = Cov (genet. unrelated individuals within the same environment), and

(4) = Cov (genet. unrelated individuals in different environments).

A practical example of this kind of analysis is the experiment with identical
twins.

Under the assumption that the observed phenotype (P;j) is the result of
genotype (ge) and environmental (ep+e?) actions, then the structure of the
linear statistical model can be written as

Pij = utge;+ep;+(ge . ep);j+et
where
u = general mean,
ge; = effect of the ith genotype,
ep; = effect of the jth environment,

(ge . ep),; = effect of the interaction between ge; and ep;, and
et;;, = environmental effects which acts at random.

E(P;) =, E(ge) = E(ep;) = El(ge . ep);;] = E(et;) = 0,
E(ge;.ep) = ... =E[(ge.ep);.et;3] =0

oz(Plj) = 0(2;e+0%p+o'ée. Ep+agt

6%(ge) = 63 +03+0%,+0%p+0kp+... (see Kempthorne 1954a)

and 0% = 0},+ 0k,
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Furthermore, if we distinguish (for completeness only) sex-linked and
maternal effects (other than sex-linked), we can split up the phenotypic
covariances between individuals into different parts which are

1. genetical part : geCov (P, P) (see Kempthorne 1954a)
2. environmental part: g,Cov (P, P') (see Le Roy 1959)
3. interactional part : ¢, g,Cov (P, P (see Le Roy 1959)
[4. sex-linked and maternal effects: g ,Cov (P, P’), will not be explained
further (see Kempthorne 1957, Le Roy 1959)].

Applied to the analysis on identical twins, the interpretations of the co-
variance terms are:

E[,Cov(P, P")] = E[¢.Cov(P, P)]+ E[g,Cov(P, P)]+E[¢..5,Cov(P, P")]

E(l) = oée + alzz‘p + aée .Ep
EQ2) = o2, + 0 + 0
E(3) = 0 + 012,-,, + 0
E@4) = 0 + 0 + 0

Using identical twins, b is equal to 2 and ¢ is equal to 1. Therefore, there is
no M.S.(D) (see 1a). The expectations of the mean squares M.S.(i) are:

E[M.S.(AB)] = 6%+03,
where 0l =0k [=0i—E(1)]
0% = [o3u oFy + 0o sy~ [2—[o2,1+[0] = 0% 5,
E[M.S.(AB)] then is equal to o}, +06%. £,
E[M.S.(B)] =o}+oi+a.o3, where 0} =E(2) =02,
E[M.S.(A)] =o2+02+2.0%, where o?=E(3) =0},
From the above analysis, the heritability has to be constructed as follows:

2 2
P OGe OGe

2., .2 2 2 2
ot+oltoi+oi 0%.+0i, 405 gtk OF

h? =
IT  constructed =

(b) In poultry it is possible to use full-sibs (or half-sibs), e.g. 4 or 6 or more
full-sibs in 2 or more environments. Hence we obtain (e.g. for egg production):

E[,Cov (P, P')] = E[.Cov (P, P"Y]+E[£,Cov(P, P)]+E[s. . 5;Cov(P, P"]

E() = w + 0%, +  kps.0%e.kp
E(2) = w + 0 + 0
EQ3) = 0 + ok, + 0
E@4) = 0

1, 1, 1, 1, 1, ..
where w = ;.Cov(FS) = 50'4+ZO'D+ZO' 4 ‘+§° AD+I¢—56DD (2-loci epistasy).
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The factor kg allows for the part of 63, s, Which acts as a correlation effect
between related animals. For a schematic numerical example, Le Roy (1959)
found the following structures of the phenotypic covariations for related
individuals exposed to the same permanent environment (only additive gene
actions were considered):

pCov (identical twins)  — o.i + aIZZp + a.ée .Ep

. 12, 20 ,
pCov(full-mbs) —GA ‘75 + UG E
2 Paq 7P
. 1 2 9
pCov(half-slbs) iy A+GE + = GG E
4 P 11 e.Lp
1, 18 ,
pCov(parent-oﬁ‘spnng) '"GA+GE + G Epe
2 Pag "

Then we have
2 _ 2 _ 2 2 _ 2
01 = .Cov (FS), 03=05, 03=Kps.0Ge pps
2 2 2 2
and 04 = aGe_W+0'Et+(1"kFS)°'Ge.Ep-

The constructed heritability coefficient is given by

2,1, 1, L, 2
2 04+ -0p+_044+-04p+ 0D
2 2.0% 2 2 4 8
Fsh constructed = ) 3 2 2 = 2 2 > 2
oi+o5+0o3+0; 0GetOEpt0Ge £pt+ Okt

(¢) Using half-sibs, the hZnstructeacan be found in analogy to the coefficients
found in (a) and (b), and is equal to

1
, o%+-0%,
h2 4 .07 4
HSs"lconstructed = =
of+03+03+0%  0&et+0k,t0Ge. £t Ok
2 _ 2 __ 2 2 _ 2
where o1 = ¢.Cov (HS), 03 =0k, 03=Kus.0Ge. 5p
2 _ 2 2 2
and 05 = 0%.— 6.CoV (HS)+ 0%+ (1 — kys)6%e . £pr

(d) Assuming that a sires are mated to a different sets of 4 dams in a
seasons, and that during the experiment (polyallel crossing) every sire is once
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mated to each dam, with ¢ offspring from each mating, we get the following

results:

o} =[(d-1D)3)+d@-1)@—-d(S)]/(b-1)
d
o]

[(1)-(2)—5%1{@— D) +d(a— 1)(4)—d(5)}},

o3

a3

and o2=03—(1),

where (1) = Cov (FS, all within the same season),
(2) = Cov (maternal HS in different seasons),
(3) = Cov (paternal HS in the same season),
(4) = Cov (paternal HS in different seasons), and
(5) = Cov (genet. unrelated individuals in the same season).

Furthermore the expectations for the covariances are:

E(1) = g.Cov (FS) +0%,+kps . 0ge. kp
EQ2) = ¢.Cov (HS),+ 0 + 0
E(3) = g.Cov (HS), +6%,+knus - 6%c.
E(4) = . Cov (HS),+ 0 + 0
E(S) = 0 +0f,+ 0

If there are no seasonal effects, we may put (3) = (4), and (5) = 0, and the

analysis becomes identical with that in section IA.

If real seasonal effects and genotype-environment interactions exist, then

the covariance components a2, 62, 63, and o3 are expected to be (2 loci):
1, 1, d-1

o} =i ,i+'1_6044—'l:0'5p+3:*1 ki - e Eps

o3 =tot+ Lat—-Lot,

03 = iazz)‘*'%aiA'*‘%"iD'l‘1%5‘712)D+%0125p+(krs—k11s . g—:—_i)a(z;e.b'p’
ot =103 204 202 4ot bt (1 —kesdode. sy ok

d
and o2 = af+a§+0'§+0'2+b—-i(5) =062, 4+0%,+0% £p+0k.
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Since 4{01 +— (5) ————[(3) - (5)]} oi+ 0' A%
and 4{02 + ———(5)} oi+ ZGAA’

there are two values for hZpsuuctea With the same structure but different
errors, which are not easy to find.

2 2
o4+340 2 2
h2sstracted = A_%_Aé (based on o7 or g3)

Op

IIB. Hierarchical Classification

Taking the M.S.(4) as M.S.(between 33), and the M.S.(B/A4) as M.S.(be-
tween QQ within 33), the M.S.(D) becomes identical with M.S.(between
full-sibs).

We shall discuss two extreme cases:

1. The half-sibs are kept within a certain region (r), the full-sibs are
managed within subregions (sr) within the region for half-sibs. We
assume furthermore that between regions (r) and between subregions
(sr) there exist environmental effects, symbolised by (Er) and (Esr).

2. All a.b.c offsprings are randomly distributed over the whole
environmental region in discussion.

For the case (1) we find
E(1) = g.Cov (FS) 4+ 0%, +6F,+kps . 08 g+ Kis - OGe . Eors
E(2) = .Cov (HS)+0%,+kys - 6% . £r

and E3)=0

2,2 _ 2 2 2 _ 2
where  0g,+0g;, = 0y OGe. £+ 0Ge . Esr = OGe . Epr

Hence
g’ = 1a”+ 10 +0k +kys. o2
1= 4 A 16 AA Er HS Ge . Er
1 1, 3 1
2 2
0} =-0%i+-03+—0i 4+ —0ip+—0clp+0i,+
2 = 4 A 4 D 16 AA 16 AD 16 DD Es
(kps—kus)0e . gt Kis - O%e . Esrs
1 3 3, 7., 15 ,
and 03 ==0i+>03+>0% +-0%p+—0bp+0%. 5,—krs .0k g
3 2 A 4 4 AA 8 AD 16 DD Ge.Ep— "Fs Ge . Ei

’ 2 2
- kFS + OGe. Ese T OEs
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Furthermore the phenotypic variation is equal to
0k =o0l+a}+a3.

The three constructed heritability values available are:

z 1
ghéonser. = 2 [0,244'10,2144‘4(012:,’1' kHS'a(z'ie.Er)]/ o3

4.0 3 1 1
thzonstr. = 2= 0',24+0'12)+*‘0',244+—0"249+—0'12)D
o} 2 4

+4(0§sr+ {kFS'—kHS}aée . Er+ k;‘s . aée . Esr. ]/ 0}7;

2(af+a§)_[ 1, 1 1, 1,
2

2 2 2
@‘thcons"': T, T O-A+—JD+~GAA +ZO’AD+“’0DD
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+2(0%,+ ks Ole. ket kis. 0ge. Esr)]/ﬂzv
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For case (2), the following terms in the nominator of hZng.. are omitted:
2 2 2 2
OErs OEsrs OGe.Er and OGe . Esr

It must be mentioned that random distribution over all regions and sub-
regions is not identical with ¢, = o%,, =0, owing to the assumptions that
Ers£0, and Esr#0. These two components are included in the phenotypic
variance. The same is true for 63, g,

In case (1), the numerator of the heritability constructed contains certain
parts of environmental and genotype-environment interaction terms.
Corrections for environmental effects can be made, if there are genetically
unrelated individuals in regions and subregions available for estimating
o2, and oZ, by intraclass correlations. In the cases where the interactions
are negligible and corrections are made for ¢, and oZ,, we arrive at the
same h2-value as in case (2). but the estimates in case (1) have larger errors
(caused by corrections).

IIc. Combined Regression Analysis and Analysis of Variance

If the M.S.(4) for x and y are identical with the M.S.(between 3 J), the
M.S.(D) for x and y is equal to M.S.(within 33). Under the assumption
that b different dams (x) with one offspring (y) for each sire are included, we
get the following results:

CASE 1: there are environmental effects between sire groups (Er) and
between dam-offspring groups (Esr) within sire.
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Forx: E(1) =o%, and E(2)=0.

For y: E(l) = ¢.Cov(HS)+0} +kys.0%. g and E(2)=0
0}+0% =0l +03 =0} =0} +0},+0% £, 0k

For x.y: E(1°) = ,COVidam-oftspring)+ 02, + 0Fsr+ Kp 0 - OGe . £r+Kp .0 - OGe. Esr
E2)=0%, and E(3")=0.

The constructed heritability values are:

(a) based on HS-correlation

2
4.0%

Hshgonstr -
: 2
ot +al

1
[ bttt s ot | o

(b) based on dam-offspring regression (see page 110)

B2 _2.Cov,
P .0 constr. — "_—’-'2
Op

1 , /
= [6424+56124A+2(a%sr+k1’.0'aée.Er+kP.0'UCZFe.Esr)]/ alz’

CASe 2: The a.b offsprings are randomly distributed over the whole
discussed environmental region.

The resuits are obtained by omitting the terms 62, 02, 62.. g and

62, s in the numerator of the constructed heritabilities for the
case (1).

Corrections for o2, (in gshZnst.) are possible:
Hshczonstr. corrected = 4[0'5' - (2‘)]/0'}23 or 4[05' - (l)]./olz’-

Corrections for ¢}, are only possible if there are genetically unrelated
individuals in the same subregion available for estimating o,
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AN EXPERIMENTAL DESIGN FOR SEPARATING
GENETIC AND ENVIRONMENTAL CHANGES IN
ANIMAL POPULATIONS UNDER SELECTION

By KENNETH GOODWIN, G. E. DICKERSON, and W. F. LAMOREUX
Kimber Farms, Inc., Niles, California

INTRODUCTION

DURING recent years, animal geneticists have become increasingly aware of
the need for techniques which will accurately measure genetic response to
selection in their experimental populations. Among the factors which have
led to this heightened interest in controls for selection experiments, the fol-
lowing may be cited :

1. Breeders are now commonly confronted with the need for making
genetic improvement in species (e.g., poultry) which have been subjected to
many generations of selection, and in which multiple objectives must be
considered. The response under these conditions is not expected to be so
apparent as when improvement is sought for a single trait in a population
previously unselected for that trait, and very precise methods are necessary
to determine the extent to which selection alters performance.

2. New techniques, notably those designed to utilize heterosis (such as
strain-crossing, recurrent selection, and inbreeding and hybridization), have
been suggested as desirable replacements for long-established breeding
practices. Thus faced with a choice of several programs, breeders will wish
to determine as accurately and economically as possible which of these sys-
tems yields the greatest genetic gains.

3. In animal breeding, the greatest usefulness of quantitative genetic theory
is its accuracy in predicting selection response, and the investigator’s responsi-
bility in this area has not been discharged until the adequacy of the theory
has been measured by appropriate experiments. By way of example, the
heritability of a trait, when defined as the proportion of the phenotypic
variance due to the average effects of genes, is commonly combined with the
selection differential to provide an estimate of the permanent genetic improve-
ment to be expected among the progeny. This predictive function of the
estimate of heritability is currently in need of evaluation, because its optimum
application is limited by the extent to which it reveals the real or effective
progress to be expected following selection. Obviously, a valid test of this
must rest upon experiments which accurately separate the environmental
from the genetic changes during several generations of selection.

117
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The nature of the problem in poultry flocks is indicated in a recent analysis
of a closed flock of White Leghorns (Dickerson, 1955). In comparing time
trends with expected response for several traits, he concluded that the
population was at a ‘ fluctuating plateau ’, even though heritability estimates
for individual traits remained high. To the apparent failure of expected
genetic gains to be realized, the term © genetic slippage > was given. Similarly,
the study by Lerner and Dempster (1951) of two populations of chickens led
them to conclude that there was a cessation of genetic progress after several
years of selection.

Kyle and Chapman (1953), working with rats, measured the response of
ovarian weight to injections of gonadotrophic hormones and found that
selection for high response agreed fairly well with predictions, but selection
for low response was less than expected. Recent papers by Clayton, Morris
and Robertson (1957) and Clayton and Robertson (1957) have shown that
in their populations of Drosophila, selected for number of abdominal sternital
bristles, selection ‘ upward’ gave fair agreement with expectation during
early generations, but selection ‘ downward * during this time responded less
than expected. However, after 20 to 30 generations selection response had
largely ceased in all lines, although genetic variation was still present.

The problem of devising adequate controls for selection experiments has
not been ignored. In general, three similar methods have been used to
measure the efficiency of selection by making comparisons among contem-
porary populations maintained under conditions that remove systematic
environmental bias and minimize error from the uncontrolled random en-
vironmental influences.

(1) A procedure which has been used in some instances is to select in
opposite directions for the same trait in two strains of common genetic
origin, as was done by MacArthur (1949) in his studies of body size in mice.
While this technique conclusively demonstrates the effectiveness of selection
in creating changes in the two segments of the population, its usefulness in
revealing the relative efficiencies of selection in the two directions is limited by
the extent to which changes in the environment during the experiment remain
unknown. The latter point is of paramount interest in breeding work with
domestic animals, where the environment is commonly less subject to control
than in laboratory experiments.

(2) Another commonly used procedure is to make parallel comparisons
of results from several different systems of breeding, beginning with a common
foundation stock (e.g. Bell, Moore and Warren, 1955). When the divergence
created between alternative breeding systems is the only information desired,
separation of environmental from genetic trends is unnecessary. However,
the absolute response obtained from any one breeding system cannot be
measured by contemporary comparison with another strain which is itself

subject to genetic change.
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(3) Maintenance by random selection or by ‘ relaxed selection ’ of a con-
trol strain for comparison with one or more other strains under selection has
been used in chickens (Skaller, 1956; Gowe, 1956, and King, 1958), and in
other species as, for example, Drosophila (Robertson, 1955). Such a control
strain is subject to limitations arising from (a) changes in gene frequency due
to natural selection or chance fluctuations, (b) inbreeding effects, and (c) the
wider range of gene recombinations permitted in the absence of selection
which may increase the mean deviation from optimum genetic balance and
thus depress performance, particularly in the early generations. The latter
limitation would apply even though the breeding animals used to perpetuate
the control strain were systematically selected to represent all strata of the
population. The likelihood of change in performance resulting solely from
altered recombinations of genes perhaps would be lessened if the control
population were formed by crossing several strains, and if several generations
of relaxed selection were allowed to elapse before using it as a control strain,
but it would be desirable to avoid the necessity of such assumptions.

While the researcher must always make assumptions regarding the behavior
of his control animals, it is desirable in genetic selection experiments to keep
these assumptions as few as possible. It is the purpose of this paper to
describe a critical experimental procedure for measuring genetic trends in
animal populations subjected to selection during several generations, and to
present examples of its application in a closed flock of White Leghorn
chickens.

EXPERIMENTAL METHOD

The procedure to be described depends essentially upon the use of matings
which are repeated identically during two successive breeding seasons. From
this basic idea, a breeding scheme can be developed which: (4) measures
environmental changes by means of inter-year comparisons of progeny
groups of the same generation, (b) measures genetic changes by means of
intra-year comparisons of progeny groups of two successive generations, and
(c) measures changes in maternal effects associated with aging of the dam.

Description of Matings and Progeny

The mating scheme used for isolating the desired comparisons is illustrated
in Fig. 1 and described in the following section. The terminology used is
that appropriate to poultry breeding, but can be given general application if it
be remembered that cockerels and pullets are young males and females in
their first breeding season (i.e. approximately one year old), while yearlings
are adult birds in their second breeding season (i.e., approximately two years
old).

The A4 matings, set up in year 1, consist of cockerels mated with pullets.
Selection of these cockerels and pullets takes place in the fall of the year in
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SELECTED REPEATED
MATINGS MATINGS
YEAR .
Cockerels Second»year sires
X .
Second-year  Full-sister
Pullets dams pullets
| Mating 1\
Offspring 8,
5'5
Mating ? 71
2 -
| !
Offspring Cq B,
Sy Sais
v , .,
Moting C|', 8 + \lB
3
| ! !
Offspring D, Cy Cg.

Fig. 1. Diagram of the general mating scheme described in the text.

which they are hatched, and is based upon the part-year performance of the
individual, the full-sibs and the half-sibs. In addition to the daughters
obtained from these matings (offspring B,), enough cockerel chicks are saved
so that males from each full-sib family are available for selection as breeders
during the following breeding season (year 2). Previous to housing the
daughters for the measurement of egg production and egg quality, their parents
may be re-evaluated on the basis of a longer period of performance including
their own fertility and hatchability records. Any desired proportion of the
families originally hatched may be discarded at this time, although such
culling is based entirely upon the performance of the parents without any
consideration of information (e.g., livability) available for the progeny them-
selves. Full performance records thus can be obtained for a sample of
progeny tested in each full-sib family from the parents chosen in the final
evaluation based solely on performance of the parental generation.

In year 2 the B matings are made, using cockerels and pullets selected from
the progeny (B,) of the 4 matings. The point at which selection is practised
between years 1 and 2 is shown as S,.

In addition, in year 2, the matings of the previous year are repeated so that
identical matings (less those removed by death of either parent) are made in
two successive years (matings 4 and A4’). The progeny of the two series of
matings made in year 2 are identified in Fig. 1 as Cy (from selected cockerel x
pullet breeders) and B,. (from matings repeated a second year). This latter
group of progeny (B,.) is made up of full sisters of many of the birds used in
the B matings. If one could assume that direct maternal influences are un-
important or that they do not change with age of dam, the comparison
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between progeny in B,. with their full sibs in B, would provide an unbiased
estimate of environmental change from year 1 to year 2, and a similar com-
parison of Cy with B,. would estimate genetic change from generation B to
generation C. Since such an assumption is not warranted, further matings
(B’") are necessary.

In year 3 the procedure for selecting cockerels and pullets for breeding
from among progeny Cj is carried out as for years 1 and 2, to set up a new
series of cockerel x pullet matings (C matings). Also the cockerel x pullet
matings of the previous year (B matings) are repeated (B’ matings). To these
B’ mating pens are added the females shown as the B” matings. These B’
females are obtained from progeny B,. and are full sisters of the hens in
mating B, in so far as available. In setting up mating B’+ B’’ in year 3, full
sisters of the two ages are paired, each pair consisting of a yearling hen in B’
and her pullet full sister in B”, both mated to the same male. When a B
mating is broken up by the death of a female parent after the Cy progeny
have been produced, a sister of the dead parent is added to the sire’s pen in
the repeated B’ mating. This increases the data available for a comparison
of Cy. with Cj.

This general procedure, outlined in Fig. 1 for three generations, is con-
tinued in subsequent generations with a new set of cockerel x pullet matings
selected each year and the matings of survivors repeated the following year,
after which they are discarded. The breeding population for any one year
consists then of cockerel x pullet matings (e.g. C), second-year male x second-
year female matings repeated identically from the previous year (e.g. B’) and
second year male x pullet matings (e.g. B”'). In the B” matings and in similar
subsequent matings the sires are those used for the repeated matings, and the
pullets are full sisters of the pullet breeders mated with these sires in the
preceding year.

The progeny groups D, and Cjy. differ systematically only in that one
generation of selection (S, in Fig. 1) has intervened between them. Selection
of the dams to be used in the B’ matings (S;) is identical to that used in
setting up mating B the previous year (S;) with respect to families used.
Variation which may occur between years in the selection of individual birds
within families introduces no systematic bias if (a) size of family is, on the
average, comparable in the progeny groups B, and B,, (b) a similar pro-
portion of birds is selected from a given family in each case, (¢) a similar
weighting is assigned to each trait in the selection practised at S; and S5, and
(d) genetic environmental interactions are of small magnitude or vary ran-
domly from year to year. Of course the experimental errors of these differ-
ences include random effects of environment and of genetic segregation.
The fact that grand dams of D, were full-sisters of, rather than the same,
dams that produced the Cy. progeny will increase error from genetic sampling
somewhat.

I B.G.
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Comparisons to be Made

From the groups of progeny available one may measure directly the en-
vironmental and genetic trends, and estimate the extent to which maternal
effects change with aging of dams.

Since each of the pairs of repeated matings (4, A'; B, B, etc.), is identical
except for natural selection due to mortality, any difference between the
progeny from the initial matings and those from the repeated matings is due
to: (a) environmental differences between years, (b) any change in maternal
effects associated with aging, and (c) experimental error from random varia-
tion in the sample of parental genes and in environmental influences received
by the progeny. On the other hand, differences between the progeny from
selected cockerel x pullet matings and from the yearling repeated matings, all
hatched in the same year, are of a genetic nature except for any age difference
in maternal influence and random error. The addition of the third type of
mating (B"), utilizing pullet breeders selected from among the progeny of a
repeated mating, makes possible the isolation of the genetic and environ-
mental trends without confusion with change in maternal effects resulting
from differences in age of dams.

In the comparisons outlined below, the following assumptions are made:

(1) In determining the environmental trend (Cp.—Cp) and the effect of
aging upon maternal effects (Cy.— Cp)) comparisons are limited to pairs of
progenies produced by full sisters mated to the same males, eliminating from
the comparison Cp. birds without an aunt in the corresponding set of matings.
This introduces no bias, because such eliminations are based on the survival
of the parent rather than on performance of the progeny themselves.

(2) In determining the genetic trend (D¢— Cp») groups of progeny are
used in the comparison only if the grand dam in mating B has a full sister in
mating B”.

(3) All groups to be compared within a year are hatched, reared and housed
in such a manner that pen and individual environmental effects are randomly
distributed among birds of the different groups.

Isolation of Environmental Trends (Cg.— Cp)
The procedure for isolating the environmental trend from year 2 to year 3
is described by the following relationships :

Cpyn = u+gc+yst+m+mggt+my,
Cs = p+gcty,+m;+mgpgtmy,
Cp—Cp= (y3=y2) +(my,—my,).

In this model, deviations of either record (Cj.. or Cp) from the general
mean (u) would depend upon several factors. First, the deviation in genotype
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peculiar to generation Cis described as gc. The expected means for genotypes
of the two groups of progeny are the same, except for genetic sampling error,
since they are from the same sires and from full-sister dams.

There is also a year effect, shown as y; and y,. Here is the critical differ-
ence in the two records, since they were made by progeny raised in different
years.

Three types of maternal influences are recognized. These are a general
maternal effect of pullet breeders (m,) as compared with older breeders, any
genetic effect upon maternal influence peculiar to a given generation (mgy),
and any maternal influence resulting from an environmental effect on the
dams reared in a given year (my, and my,). Only the latter would be in-
cluded in the difference, Cp.—Cg. This is properly included as an environ-
mental effect upon the records of Cg. and Cp so that the difference between
the two records is a direct estimate of the environmental change from year
2 to year 3.

Isolation of Genetic Trends D.— Cg,
The genetic trend may be estimated in a similar manner, the proper com-
parison being D — Cy., where:
D¢ =p+gptys+tm+mget+my,
Cg- =p+gct+yst+tmi+mggt+my,

Dc—Cp. = (9p—9go) + (mgc—mgp).

In this comparison, birds differing by one generation of selection (that
used in setting up mating C) are compared. The average environmental
effect upon D and Cp. can be the same, since they are each hatched in year
3. Similarly, any non-maternal environmental effect upon the maternal
influence of their dams is identical (my,) since their dams were all hatched in
year 2. Any maternal effect which changes with selection (i.e., an effect of
the dam’s genotype upon direct maternal influence) is properly included in
the genetic trend (mg.—mgg). Thus D;— Cg. provides a direct estimate of
the genetic trend from generation C to generation D.

Isolation of Maternal Effects (Cy,— Cpg.)

The maternal effect associated with aging may be estimated in a like man-
ner, by comparing Cy. with Cy.:

Cy =U+gec+yst+tmy+mgg+my,

Cp—Cp = (my—m3)+(my;—my,).
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Here the maternal effects associated with aging (m, —m,) are confounded
with any effect upon maternal influence which the particular environment in
which the parents were grown may have had (my, —my,).

Providing the samples of progeny raised are adequate, the sampling error
of the progeny means arising from genetic segregation and random environ-
mental effects can be minimized, so that the principal non-random sources
of variation for each record would be as indicated in the models given above.

Within-Strain and Between-Strain Comparisons

The series of matings described can be used either for measuring environ-
mental and genetic changes in a population which is itself subjected to selec-
tion procedures (within-strain comparisons), or as a control for other strains
for which a measure of selection response is desired (between-strain compari-
sons). We have used it in both ways in our flocks.

For making within-strain comparisons the procedure followed has been
exactly as described above.

For making between-strain comparisons, a slight variation in procedure
is desirable in order to obtain samples of the basic strain which can be kept
with the strain to be controlled (the ‘ unknown’). This has been done by
mating an unselected group of daughters of the cockerel x pullet matings
(e.g. Cp) with unselected sons of the same matings, and placing a sample of
the chicks thus obtained with the ‘ unknown’. In the following year, un-
selected matings of daughters of the repeated matings (e.g. Cp.) with un-
selected sons of the same matings are made and a sample of chicks placed
with the next generation of the ‘ unknown’. Comparison of the successive
generations of the unknown with control strain progeny from the same
generations of control strain parents (i.e., Cy and Cp., respectively) estimates
genetic change in the unknown. This procedure allows one generation of
relaxed selection to intervene before the critical comparisons are made, and
requires that two samples of chicks from the basic strain (e.g., the progeny
of random matings in group D¢ and in group Cp.) be placed with each
generation of the ‘ unknown ’. Any effect of relaxed selection is not expected
to introduce bias providing the procedure is carried out in a similar fashion
during successive years. Unselected samples of the basic strain, when placed
with an ‘ unknown’ for making between-strain comparisons, also provide
supplementary estimates of genetic and environmental changes in the control
strain itself.

In our material, flock matings (in contrast to single male matings) are used
to provide the samples of chicks for between-strain comparisons, and the only
restriction imposed on setting up these matings (aside from the fact that they
are made at random) is one designed to offset the effect of mortality among
the breeders. It is evident that some progeny groups originally available for
the unselected matings at Cg will not be represented again among the progeny
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groups at Cp., because some matings will have been eliminated due to the death
of one or the other parent. To circumvent this in so far as possible, it has
been our practice, in setting up the unselected matings at Cj, to use only
those progeny groups whose parents are still surviving and either have pro-
duced chicks, or very likely will produce chicks, in the repeated matings.

Paternal Effects and Second-year Maternal Effects

Since the progeny of two-year old males are compared with those of one-
year old males in making the critical comparisons for genetic and environ-
mental changes, an implicit assumption made in this procedure is that non-
genetic effects of the male (paternal effects) do not change with aging. This
would seem acceptable for most traits, although direct evidence for its support
is not now available. It should be borne in mind that cockerels and yearling
males are both relatively young in a male’s potential reproductive life, and
males of an advanced age are not used. An exception occurs in measuring
fertility, for which trait a known reduction takes place in yearling males
below their performance as cockerels, and the procedure is not useful for
measuring this on a within-strain basis. This does not apply for between-
strain comparisons, where all males used are cockerels.

Another assumption made is that any maternal effects carried over from a
breeding female to her granddaughters (second-year maternal effects as, for
example, a maternal effect upon 4’ breeders which might influence the records
of progeny group Cjp.) are of little consequence. This would again seem to be
a reasonable assumption in chickens, although in applying the procedure to
mammalian species where nursing effects on the young enter the picture, it
would be desirable to have more information regarding their possible im-
portance. Obtaining such information would necessitate further special
tests, but it could be done by using both the Cy. and Cy. progeny groups as
breeders and comparing performance among their progeny. The Cp. female
breeders would be pullets from pullet dams, whereas the Cy. breeders would
be pullets from two-year old dams.

Effect of Mortality and Size of Populations

Since it is evident that some matings cannot be repeated because one or the
other, or both, of the parents have died after their use in the cockerel x pullet
matings, it is necessary to consider the effect of this upon the procedure, and
the extent to which such eliminations by death may be expected to occur.

When it has been impossible to repeat a mating because of the death of
either parent, the progeny produced in the cockerel x pullet matings by the
dead parent are removed from all later comparisons. This procedure has
been stated in more detail above, under the section dealing with assumptions
necessary in making the comparisons. No bias is introduced due to this,
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because full-sister families are eliminated only on the basis of the performance
of the parent, and not on the basis of their own performance.

The only important effect of mortality of either parent is to reduce the
numbers of birds available for the critical comparisons. This could be a
serious objection to the procedure, especially if mortality among males were
excessive. In our experience this has not been a problem, and in Table 1 is
presented the size of the populations with which we have worked. In general
15 to 17 cockerels, mated to seven or eight dams each, are started each year,
and an average of 61.09, of all matings has been repeated the following year.

One way to correct for unavoidable mortality would be to keep in reserve
a suitable number of brothers of the cockerels to be tested, substituting a
brother in the event of the death of a male in the experiment. Since the
original selection of cockerels to be tested can be based only on the part-year
performance of their sibs and half-sibs, or the performance of their parents
and aunts, and not on information available concerning the young male
himself (except his apparent state of health) the brother substituted should
be no better or worse, on the average, than the original male used. Such
substitutions would, of course, increase experimental error but should not
introduce bias. Any increase of experimental error from this source may be
more than offset by a corresponding reduction of experimental error from
increasing the number of comparisons possible, especially if mortality among
males is high.

Traits and Selection Procedures

In our flocks, multiple traits representing an array of economically im-
portant characteristics, are measured and considered in the selection of the
young cockerels and pullets. They fall in four general categories:

(a) Fertility and hatchability, measured as a percentage.
(b) Viability, measured as a percentage.

(c) Egg production, including age at sexual maturity measured as age
in weeks at the time the first egg is laid, and rate of lay measured as a
percentage during a given period of time after the first egg is laid.

(d) Various egg quality traits such as egg weight, albumen quality, and
other factors of interior and exterior quality.

Selection has been based primarily upon an index weighting which takes
into account the heritability of the trait, its genetic correlation with other
traits, and its economic importance, relative to other traits. In our poultry
flock, selection of the cockerels and pullets is made during the fall of the year
in which they are hatched, and is thus based upon a part-year record. The
parents’ records are re-evaluated at approximately 60 weeks of age, before
their daughters are housed to obtain individual records of egg production and
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egg quality. Approximately 309, of the families originally hatched are
normally discarded at this time. The choice of families to keep or discard is
based solely on the lengthened record now available for the parents, including
their fertility and hatchability as well as egg production, egg quality and
livability. No culling is done on the basis of any information known about
the progeny themselves.

Selection of the pullets to be added to the repeated matings (S; in Fig. 1)
is done at the same time and on the same basis as selection at S,, and, in so
far as possible, is kept identical to the selection made the previous year at S,.

SAMPLING ERRORS OF ESTIMATES

The experimental design described herein provides three methods for
estimating the rate of genetic change in any population. These differ in
application and in sampling variation as follows:

Repeated Intra-year Comparisons of Successive Generations

This estimate of genetic change is available only within the repeated mating
control strain itself. The rate of genetic change (AG,) over a period of k
years is the mean of k independent intra-year differences between the means
of the current (X) and the repeated (X"') preceding generation (e.g., Dc— Cp-
in Fig. 1).

The X and X" populations are from parents of two different generations.
Each year provides an independent estimate of response to selection. Hence,
the error variance appropriate for assessing reality of response is the one for
variation in response between years. It contains contributions from intra-
year variation among full-sibs (E), among dams (D), among sires (S), and
from real fluctuations in response between years (GY), the standard error

being
S \/Kﬁ.,‘fxz: \/2- E DS gy (1)
k k\nds ds s

with (k —1) degrees of freedom, where :

n= number of progeny in a full-sib family

d= number of dams in a sire-progeny

s= number of sires in a generation-year,

and assuming that n, d, and s are alike for X and X"".
Supplementary estimates of Z{;l can be obtained from samples of X and

X" produced from flock matings and housed with any ‘ unknown ’ population
in a series of hatch-location replications within each year.



Separating Genetic and Environmental Changes in Animal Populations 129

Comparison of Gross and Environmental Change in the Same Population

Linear regression of generation means on time measures rate of genetic
plus environmental change (i.e., byy, using means corresponding to B,, Cg,
and D in Fig. 1). All progeny of the current generation can be included in
computing byy, whereas only progeny of repeated grandparents are usable in
computing AG, from intra-year comparisons of generations.

Rate of environmental change (AE) is simply the mean of k differences
between years for the paired samples of the same generation (e.g., Cp-—Cyp
in Fig. 1).

Rate of genetic change is estimated by subtracting the environmental from
the gross regression on time:

AG, = byy—AE.

Its standard error is:

Sie.= \/ Vaer+Viz—2 Cov = \/ 2 e @)

2y?
where:

degrees of freedom are (k—1),

Ty k24 (k—2)2+ ...+ (k+1~—

2
5 k) for the (k+ 1) points of byy,

E . . . .
Vy = <7+d2+ G Y) , because there is no sire variance in the measure
nds ds

of environmental change, Cg.. — Cjp.

Vx = —E—+2+§+GY) , and may be estimated from the variance
nds ds s

between years in the intra-year estimates of response (AG, = X —X")
adjusting for differences in d and s;

r<0.5 since between any two years error variation in X for the first
year bears a correlation of —0.7 with error variation in both gross and
the environmental estimates of change, and the sample included in the
first year is not identical for computation of byxy and AE.

__Main effects of environmental changes between years influence byy and
AE alike (i.e., rg = 1), and thus are not represented in sampling error of AG,.
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Comparison of Gross and Environmental Change of Independent Populations

When samples of the repeated mating control strain are maintained in the
same series of environments with another  unknown ’ population for which
estimation of genetic change is desired

s — __ 2(AE)
AG; = by y—AE, where AE = L_k_-_
In this case, estimates of by, y and AE are independent. Hence, the standard
error is:
V; 2V,
S_ = \/ Xv + _ﬁ 3
46 Sy k 3)

recognizing that n, d, and s may be quite different for the samples of the con-
trol strain than for the ¢ unknown’ population sharing the same environ-
ments. Also, if the samples of current and repeated generations of the control
housed with the ‘ unknown > are produced from unselected * flock > matings,
the variance of the estimated environmental change between years will include
sampling variation in sire effects (), so that

Comparison of Gross Change in Two Independent Populations

For purposes of comparison, it is of interest to note that if genetic con-
stancy of the control strain over k years could be assumed, the estimate of
genetic rate of change would be:

E4 = b(xu—xc)y

and its standard error would be:

Sic. = | V& u=X) 4

with (k—1) degrees of freedom.

If neither population is assumed to be genetically constant, by, _x)y
estimates the differential rate of genetic change (AGy —AGy), but the standard
error remains the same.

As before, expected composition of

Veoze=2(L+2+34 6y
nds ds s

and the actual magnitude of Szg, would be computed from the deviations of
successive (X, — X) values from linear regression on time.
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Relative Precision of Alternative Estimates

Some idea of the standard errors to be expected for the several methods
may be obtained by substituting appropriate constants in the formulas for
Suxg- Of course, no useful estimates of the magnitude of variance in response
between years (GY) are available as yet. For purposes of comparison, if we
assume that

n=7 g*>=0.5and 0.2

d=3 E =1-0.5¢2

s=16 D = 0.25g2

k=41t025 S = 0.25¢2
GY =0

the expected standard errors in standard deviation units each with (k—1)
degrees of freedom, are

g2 k G, G, G,

Gy

0.50 4 0.080 0.044 0.087 0.050
9 0.053 0.029 0.054 0.018

16 0.040 0.022 0.040 0.008

25 0.032 0.018 0.032 0.004

0.20 4 0.058 0.038 0.064 0.037
9 0.039 0.025 0.040 0.013

16 0.029 0.020 0.030 0.006

25 0.023 0.016 0.024 0.003

S35 for other values of g? for all but AG, are proportional to
Virglnd+ -2}
Sz for other numbers of sires (s) are proportional to 1 /{/s. Contribution

of GY to Szg, although not included in the table above, will be approximately
proportional to /[(GY)/k] except for AG, where the proportion is

JIGYIZyH]

These standard errors may be compared with yearly genetic responses
expected from selection of any given intensity. For example, if truncation
selection of the best 40%, for some total performance score is practised,
response expected on simplest assumptions is approximately

AG = 0.5¢ when heritability is 0.5
AG = 0.26 when heritability is 0.2.

In as short a period as 4 years of selection for g2 = 0.5, AG, = 0.55 +0.08
would have P<0.01. Of course a longer period would be required for highly
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significant results for lower heritability or for less intense selection (e.g.,
about six years for g> = 0.2).

The AG, estimates of response in the control strain itself appear to be
more efficient than the AG, estimates for reasons explained earlier.

The AG, estimates for response in an independent population using the
repeated mating control are nearly as efficient as those in the control strain
itself.

The AG, estimates are much more efficient, but require the assumption
of negligible genetic change in the control strain over an indefinite number of
years, whereas the other three estimates of AG do not.

EXAMPLES
Long-term trends, while most useful for genetic interpretations, are not
yet available; however, a sample of results from three generations is pre-
sented as an illustration of the use of the technique. These are given in Figs.
2 and 3.
Three traits are summarized :
(1) Per cent rate of lay computed for individuals from the time the first
egg was laid until October 31st of the pullet year.
(2) Per cent mortality in full-sib families from 11 weeks of age until
October 31st of the pullet year.
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FiG. 2. Phenotypic (solid lines), genetic (dotted lines), and environmental (dashed lines)

changes in rate of lay to October 31st of the pullet year for three pairs of generations

or years when maternal changes ignored and for two pairs of generations or years

when maternal changes considered. Solid dots show phenotypic changes in all

progeny of selected matings; open circles indicate superiority of selected breeders

over population average. In computing population means, equal weighting was
given to full-sib averages.
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(3) Egg weight (grams) obtained for individuals by averaging weights
from a sample of approximately three eggs from each pullet at
approximately 31 weeks of age.

In Fig. 2, phenotypic changes in per cent production (rate of lay) between
generations and years are segregated into genetic and environmental com-
ponents. Comparisons may be made ignoring the possible effects of changes
in maternal effects by utilizing only the cockerel x pullet matings and the
repeated matings (lower graph), or by taking changes in maternal effects into
account (upper graph). Three pairs of comparisons are available for the
former, and two for the latter. Phenotypic changes for all progeny of the
young selected population are shown by the black dots in the chart, the
actual changes being —4.3, +7.8, and —1.29, for the three pairs of years.
Phenotypic changes for the * restricted > population (i.e., when the number of
families available for comparisons has been reduced by removing those in
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Fi16. 3. Environmental and genetic changes for three traits. Comparisons 1, 2 and 3

correspond to the three pairs of years shown in Fig. 2. Environmental changes con-

nected by solid line, genetic changes by dashed line. Intended direction of selection

shown by arrows; actual superiority of selected breeders over population mean
shown by open circles.
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which the parents were not repeated) are shown by the solid lines and would
be an unbiased estimate of changes in the entire young selected population.
The environmental changes between years are shown by the dashed lines,
and the genetic changes by the dotted lines. In four of the five comparisons,
a genetic gain is indicated even though in two of the three years studied the
environment worsened between years and the phenotypic level dropped.

In Fig. 3 are presented the environmental (solid lines) and genetic (dashed
lines) changes observed thus far for the three traits sampled. Each change for
a given pair of comparisons is expressed as a deviation from zero. Thus, if
changes in maternal effects are ignored, and comparison 1 (the change from
1954 to 1955) is considered for per cent mortality, the environmental change
showed an increase of 3.6%,, while the genetic change was zero. In the next
pair of years (comparison 2, 1955 to 1956), the environmental change was
—8.19%,, while the genetic change was —2.1%,, and so on.

It may be seen that, for environmental changes, when the environment
worsened (i.e., per cent mortality increased over the previous year), there was
a corresponding decrease in rate of lay and an increase in egg size. When the
environment improved (as in comparison 2, where a decrease in mortality
occurred) rate of lay also improved, but egg size became smaller.

Some genetic improvement in rate of lay and in viability and a loss in egg
size is suggested if age-change in maternal effects is ignored, but not when
possible age-change in maternal effects is removed. These tentative results
are in harmony with the expected negative relationship of rate of lay with
weight of egg (Hutt, 1949; Schultz, 1953).

Results with two traits not shown in the graph are also worthy of mention.
In one of these, adult body weight, the environmental changes for the three
pairs of years were —0.09, +1.10, and —0.27 Ib respectively, while the
genetic changes for the three corresponding generations were —0.06, —0.19,
and —0.11 Ib. The large environmental change of +1.10 1b in comparison
2 is presumably due to a change in the age at which the birds were weighed,
since this was done at 18 weeks of age in 1955 and at 31 weeks of age in 1956.
Measurements of genetic changes were relatively unaffected, however, since
estimates of genetic changes are all done on a within-year basis. This illus-
trates that with this procedure estimates of the genetic trend over a period of
years are influenced only indirectly (through altered mean and variability)
by changes between generations in the time or method of measurement,
should these occur by accident or be deliberately introduced in the selection
program for extraneous reasons.

The other trait, hatchability of fertile eggs, illustrates the manner in which
large genetic and environmental differences found when changes in maternal
effects are ignored, are largely removed by the comparisons taking aging
effects into account. The differences between percentage figures for the
comparisons available are:
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Maternal effects ignored Maternal effects considered

Envir. Genetic Envir. Genetic

change change change change
Comparison 1 -5.0 +6.4 — -
Comparison 2 -4.3 +6.1 -0.1 -0.1
Comparison 3 -2.6 +1.5 -24 +1.0

Even after accounting for changes due to aging of the dam, some dis-
crepancies may remain in the measurement of hatchability, due to inconsis-
tencies between years in classifying eggs as fertile or infertile by the  candling ’
method.

DISCUSSION AND SUMMARY

More general application of techniques which will measure absolute
genetic change in animal selection experiments is imperative, if investigators
and breeders are to provide critical interpretations which will advance our
knowledge in this area. While at first thought the cost of such measurements
may seem prohibitive, a more careful appraisal suggests that selection experi-
ments without such measurements, and thus not susceptible to critical
analysis, may be even more costly.

The repeated mating technique as here described can be applied within any
strain in which it may be desirable to maintain continuous selection and at the
same time measure the effects of such selection. This may be an important
consideration in commercial breeding programs, where it is desirable to keep
the control strain competitive and thus minimize the costs of the measure-
ments obtained.

In adapting this procedure for use solely as a control strain, it should be
recognized that elimination of some objectives will permit a reduction in the
size of the population and in the amount of facilities needed.

Where a measure of the environmental trend is the only objective, breeding
facilities will be used most efficiently if the pullet and cockerel breeders are
selected each year only from full-sib families whose parents are alive at the
time the repeated matings are set up. Since the same males are to be used in
the repeated matings, the loss of males between their first and second breeding
season would, however, limit the proportion of Cp families usable for
measuring the environmental trend.

A reduction in facilities needed could be realized by re-using each sire only
if: (a) young breeders have been chosen from among his progeny, or (b) one
or more pullet full sisters of a female to which he was mated the previous
year are available for use with him in mating B”. Similarly, the dam should
be used in the repeated matings only if young breeders have been chosen from
among her first-year progeny. This would eliminate all B’ matings without
further usefulness, as well as any dams whose progeny would be useful only
for comparing Cy. with Cg.. While this would preclude a direct measure of
the change in maternal effects with aging of the dam, it would not affect the
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two critical comparisons, Cz.—Cp (environmental trend) and Dg— Cpg-
(genetic trend).

Under such a scheme, the strain might or might not be maintained in
numbers great enough to allow selection pressure to be applied in choosing
the young breeders. In the latter case (i.e., no selection) it is only necessary
to set up enough matings each year so that the offspring of those capable of
being repeated (possibly one-half of the original matings) will provide a
reasonably broad base for continuing the strain.

Use of a minimum-sized population would have the disadvantage that
effective selection in the strain would cease, and the amount of inbreeding
might increase. Where these limitations are more important than are the
limitations in facilities available, maintenance of the strain on a larger base
would permit some selection to be practiced even though the young breeders
were chosen only from full-sib groups whose parents have survived between
the first and second breeding seasons. This would place an important re-
striction upon the selection procedure used, but the environmental and genetic
changes could be measured accurately.

If experiments demonstrate that the average change in maternal effects
between the first and second breeding seasons is negligible and random, it will
be unnecessary to include the matings of pullet full-sisters of dams used the
previous year (B"). This would permit direct comparisons between progeny
from new and repeated matings and would greatly simplify the problem. It
must be emphasized, however, that if this alternative is adopted it is essential
that a representative sample (usually all) of the pullet-cockerel matings,
except those eliminated by natural mortality, be repeated. If any matings
are eliminated selectively on the basis of progeny performance the com-
parisons provide biased (and therefore invalid) estimates of genetic and
environmental tiends.

It is in this respect that the technique descnbed in this paper differs from
the principle of continuing a few selected matings (e.g., chosen on the basis
of first year progeny performance) for two or more generations, as has been
carried out in the past by many chicken and turkey breeders, and possibly
others.

Although the control-strain procedures outlined here apply specifically to
the domestic fowl, the same principles can be adapted for measurement of
genetic and environmental trends in selection experiments with other species.
The procedures outlined for poultry could be adapted with little change to
litter-bearing mammals. For example, in swine there is an important age-
change in direct maternal influence and numbers are apt to be an important
limiting factor. Hence, the critical comparisons (e.g., Cg-— Cg and D¢c— Cp-,
Fig. 1) could be obtained with maximum efficiency by (1) selecting boar and
gilt breeders only from gilt litters whose parents are available to produce a
full-sib litter at 2 years of age and by (2) using for the litters at 2 years of age
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only those sows from whose gilt litters the boar or gilt breeders were chosen.
These restrictions would insure that most of the matings of gilts (e.g., B,
Fig. 1) in one year could be duplicated one year later with full-sister gilts
mated to the same boar or to a full-brother.

In selection experiments with cattle and sheep, use of control strain matings
of the type outlined would be difficult, if not entirely impractical. Perhaps
those conducting selection experiments with these species must be content to
compare alternative breeding methods rather than to measure absolute
genetic and environmental trends. Also, more precise work with poultry,
swine or laboratory animals may show that control strains maintained by
‘ relaxed ’ selection remain sufficiently constant to make them useful in con-
junction with selection experiments in large animals.

Comparison of contemporary progenies by sires of two different generations
is an alternative technique for measuring response from selection that may be
more feasible in experiments with large animals than replication of generations.
Dams of each age and generation would need to be assigned equally to sires
of the two groups. The selected young sires used in a given year (or their
brothers, or their frozen semen) would simply be retained for use one, two,
three or even four years later in comparison with the current selected young
sires. This approach is being used in sheep breeding work in Australia*.

For maximum usefulness it is hoped that investigators will test the value
of the procedure described here under a variety of conditions. Four im-
portant conditions which could vary from one experiment to another are:
(a) the particular environmental circumstances encountered, such as diet,
housing, and exposure to disease, (b) the level of improvement of the flock
at the time the experiment is initiated, (¢) the numbers and kinds of traits for
which selection is practised, and (d) the method of selection used. To be of
maximum usefulness in the interpretation of current poultry breeding prob-
lems, and to avoid a pitfall common to many selection experiments, it would
be desirable to start with a highly improved strain and to practice simul-
taneous selection for all traits commonly considered important in poultry
breeding operations (egg production, egg size, mortality, egg quality, etc.).
This would avoid the criticism that genetic improvement in relatively un-
improved stock may not be comparable with that to be expected in improved
strains, or the suspicion that improvement in one trait was realized at the
expense of another.

Note: Since the preparation of this manuscript, Dr. R. S. Gowe and his associate have
published two papers in Poultry Science (March, 1959) discussing in detail their use of a

random bred control stain in chickens, and the theoretical consequences of gene drift in
such a population.

* Personal communication from Helen N. Turner, Research Officer, CSIRO, Sidney
Australia.
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THE ESTIMATION OF VARIANCE COMPONENTS
IN CERTAIN TYPES OF EXPERIMENT ON
QUANTITATIVE GENETICS

By J. A. NELDER
National Vegetable Research Station, Wellesbourne, Warwick, England

INTRODUCTION

THE TYPE of experiment considered in this paper is one fully developed by
Mather (1949) and concerns the generations derived from the crossing of two
breeding lines of self-compatible diploid plants. The generations may be
obtained from selfing (the F generations) or by back-crossing to the parents
(the B generations), or by other means. The analysis is primarily concerned
with first and second-order statistics (means, variances and covariances)
derived from the various generations. The model used implies that the ex-
pectations of the second-order statistics can be written as linear functions
(with known coefficients) of certain unknown variance components which it
is desired to estimate. The variance components may include the environ-
mental variance, the additive genetic variance (Mather’s D), the non-additive
genetic variance due to dominance (Mather’s H), and also, if required, com-
ponents representing the interaction of alleles at different loci (Hayman and
Mather’s I, J and L).

The analysis used by Mather for the second-degree statistics is that of
unweighted least squares. This will be fully efficient only when all the statis-
tics are independent and have the same variance. In practice neither of these
provisos holds and in this paper we consider how the analysis may be modified
to allow for unequal variances of the statistics and the presence of correlation
between them. The paper falls into two parts. In the first we evaluate, for
the additive system, the actual variances and covariances of the second-order
statistics for the F; and F, generations and compare them with the values
obtained from a simplified model. In the second part we consider the appli-
cation of these results to the analysis of some data of Mather and Vines given
in Mather and Vines (1952).

THE DISPERSION MATRIX OF SOME SECOND-ORDER STATISTICS

We now proceed to evaluate the variances and covariances of all the Fy

second-order statistics and some of those for F, expressing them in terms of

compound cumulants which we define below. These expressions are quite
139



140 J. A. NELDER

general and can be applied to any genetic system. Examples are then given
of the values they take for the general additive system, assuming independent
segregation of factors. Family size is assumed constant throughout; this
assumption considerably simplifies the algebra and is close enough to the
truth in well carried out experiments for the results to be generally applicable.

The general statistical situation can be summed up as follows: we have
in some generation (say F,) a number of genotypes each with a certain
expected frequency. A plant of this generation is a sample of 1 from this
population of genotypes, and on being, say, selfed gives rise to a population
whose cumulants are functions of the parental genotype. Thus if we denote
the measurement of the F, plant by Y}, the cumulants of the F; family derived
from it may be written «,;. These k,, have themselves a joint distribution
over the F, genotypes. Cumulants of this distribution of within-family
cumulants I call compound cumulants of the 2nd degree.t The notation will be
clear from the following examples:

Ky.2 =K1 (K1), Kz 1 =kKa(Kyp), K(f); = K1 (Kyi> K31)

and so on. The order of a compound cumulant corresponding to the orders
of ordinary cumulants is obtained by multiplying suffices separated by a dot,
and adding at any stage where a bracket occurs, thus writing O for ‘ order of

we have
OKZ.I =0 Kaxg =2+1=3
l) 1 (l x 1)
For the cumulants of the covariances between, for example, F, parents and
F; means, we need compound cumulants of the joint distribution of x,, and
A,; where 4, is the r'" cumulant of the distribution of genotype i. These we

write with a horizontal bar separating the suffices referring to 4 ; from those
referring to «x,,, thus kq4, (,,, &, 4,;) is written as

ri®
K (1) .2
1)1
1 1
The main usefulness of the compound cumulants to us is that independently
segregating factors contribute additively to them, in the same way that
independent random variates contribute additively to the cumulants of their
sum. This may be proved quite simply by considering the moment generating
function of the x,; and 4, noting each can be expressed as the sum of cumu-
lants due to the individual factors. Thus to obtain the results for the general
additive system we evaluate the «’s for one factor and sum.

1 Robson in a paper on the estimation of these quantities has named them ¢ cumulant
components’, on the analogy of *variance components’. ‘Compound cumulants’
seems etymologically more satisfactory for quantities which are cumulants of a distribution
of cumulants.
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Table 1 gives the results for the F; generation where n, F, plants each give
families of size ny in the F5. Ordinary k-statistic formulae may be used to go
part of the way, as Robson (1956) has pomted out. Thus Vip; =k, (x;.)
where x;; denotes the j* " member of the i " family, so that

Vaf(V )_K4(x ) 2K2(x )

2 n,—1

The derivation of the formula

1 4 3 6
K4(xi-)—n Ky, 4+ (1) 3+ Kz 2+— KG).%‘*‘M.:
3

may be made quite easily algebraically, though it is tempting to speculate
whether some extension of Fisher’s combinatorial rules for k-statistics might
be found for this case, particularly when we notice that Vg5 etc. are com-
pound k-statistics, so that with an obvious notation we may write V,p; = k, 4,
Vars = kq. 2 Cov (Vips, Vaps) = k(1.2,2. 1), etc.

In the F, generation compound cumulants of the third degree, and of the
second and fourth orders are required. One of the more complicated-
looking fourth-order cumulants is

( ) ( ) 1 = COV [iCOV (Kz_,, Kl})v 1K1(Klj)]
where «,; is the r* cumulant in F, arising from an F; plant of genotype j, and
the prefix i denotes that the mean or covariance following is taken over the
population generated by an F, plant of genotype i. Finally the covariance is
taken over all F, genotypes. Tables 2a and 2b give the complete dispersion
matrix of the variance statistics Vi rs, V,p4, and Vip, together with the
important terms involving the covariances.

Robson (1956 and 1957), has considered how to evaluate unbiased estimates
of some of these 4th-order quantities, using generalized 4th-order k-statistics.
For the purposes of estimation of D and H etc. it may not be necessary, for
practical purposes, to have unbiased estimates of the weights in the least-
square equations, provided that we can use estimates not differing too
greatly from the real values. The most obvious way of deriving simplified
weights is to approximate the true weights by using a model in which, for
example in F;, we write

Xy = u+nt gy

where #; has mean zero and cumulants 4,, ¢; has mean zero and cumulants
ks and #; and ¢;; are independent. This model differs from the correct
genetic model in that the cumulants of ¢; are independent of i, the F,
genotype, instead of being a function of it. If n; and ;; are further taken as
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normally distributed (i.e. 4, = 0 r>2, k, = 0 s>2) then the dispersion matrix
of the F, second-order statistics will be

212 0 2V, W
nz—l nz-l
2
_2V; 0 m
ny(n;—1)
M _,L. WZ V. V'
nz—l nz__l( + 171 )

where V) = E(Vi53), Vi = E(Vir2), Vo = E(Vy53)s W = E(W;g3).

Comparisons of the values given by (1) with the true values obtained from
the formulae of Table 1 have been made for two models. Each model
assumes 100 families of 5 members each in the F;, a number m of equal
genetic factors having Y d?=1 and an environmental variance ¢2 super-
imposed. The two models are (i) no dominance and (ii) complete dominance
(note that the direction of dominance is irrelevant, i.e. only 42 enters into the
calculations); for each model all combinations of m=1, 4, 16, 64 and
0% = 0.1 and 0.4 were used. The complete tables of results will not be repro-
duced here but Table 3 gives a portion of them. In all cases model (i) gives
smaller differences between the true and approximate formulae than model
(ii), and of course the larger o2 is the better (1) is as an approximation.
Table 3 shows the results for model (ii), with 2= 0.1 (i.e. environmental
variance about 129, of the F, variance) and m= 1, 4, and 16.

It will be seen that when m = 16, the true values are trivially different from
those given by the simplified model, and that the latter would be quite
adequate for use in estimation procedures. When m = 4, differences of 15,
may occur in the dispersion matrix for case (i) with 2= 0.1, and rather
larger differences for case (ii), the principal culprit being var (¥,r;) where
the ignoring of the term in k,_, is responsible for the low value given by the
approximate normal term. On the other hand var (¥,z3) and var (W;g,3)
are over-estimated by the normal term so that the biases in the weights are
not all in one direction. With m= 1, the errors become substantial, but this
situation is barely relevant to quantitative genetics since the genotypes are
almost identifiable. Various complications may now be considered; if
factors are unequal in effects the mean number of factors as far as biases in
these variances and covariances are concerned will be less than the nominal
m by an amount depending on the amount of inequality. The effects of
linkage are exceedingly complex in detail since 4'® order cumulants for linked
factors depend on the recombination fractions of all the linked loci in sets of
4. The simple case of linkage of two equal factors with p=} gives values
intermediate between two independent factors and a single factor of twice the
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effect, and one may expect in general that linkage will reduce the effective
number of factors.

A similar investigation on the normal approximation has been made for
the F, statistics using the formulae of Table 2. The results, which will not be
given here, are essentially similar to those for the F, statistics.

It seems reasonable to assume from these results that provided the effective
number of factors is not very small (and such cases may be detectable
by examination of frequency curves of the F, etc.), approximations based on
the normal model may be used to provide weights for the second-order
statistics for estimation purposes. One further point needs to be made,
however. If the environmental component is markedly non-normal then a
term in its fourth cumulant enters into the variances of the variances. Its
effect will be most marked in terms like Var (V,z3) and Var (V3,), but slight
in terms like Var V,p; where the taking of a mean involves the division of
y, = K4/k3 by n, which in general will reduce it to insignificance. Where
data from parents and F, s are substantial enough, k, can be estimated from
them, then in terms like Var V,;, k3 can be replaced by x2(1+4y,) to allow
for the kurtosis, where 7, is estimated as the mean k, for parents and F,
divided by the square of the second-order statistic in question.

Possible Methods of Estimation of Variance Components

Consider first the situation where we have a number of sample variances
v; based on n; degrees of freedom and that

E)=V,= ;éijgj

where &;; are known and 0; require to be estimated. Assuming the I'-type of
distribution for v, gives maximum likelihood equations of the form

n;c;
ZT,&T](”‘_ V=0 @
with information matrix Iij= Z%;,i—fg

In the type of genetic experiment we are considering the assumption of the
I'-type distribution is not exactly true and it is a difficulty that the true
likelihood function depends on the genetic structure which we do not know.
In addition we also have to deal with covariances, and the joint likelihood
of a covariance and one of its corresponding variances is not, even in the
normal case, expressible in terms of simple functions. In this situation it
seems best to resort to a least-squares approach and to consider minimizing
Yw, (= V) (v;— V) where w,; is the inverse of the variance matrix of the v;.
When all the y; are sample variances (i.e. sample covariances are omitted)
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TABLE 2B. OTHER IMPORTANT TERMS IN THE DISPERSION MATRIX OF F4 SECOND-ORDER STATISTICS

1 ’
Var Wipas = 'r‘l—'i{[E(qu)]2+E(V1F4)E(V1F3)}
,—

1 1 1
+ {(;) I R e R }

Var Wy, = T" 1){[E(W2F34)] 2+ E(Vara) E(Vipa)} +———

1 K
nanang L (2)

+ 1 —Kj . 1+ 1
n2n3 (2)

"2("3"1)"4 (1 H

1 1
* n2(713 ——I)K(f) 2.1 +l:1+n2(n3— 1)] 2. 6) %

Cov (Wirsa Vira) =

{E(W1F34)E(V1F4)} + 1 1. 3
n,— (1)

1

1y.2

Ky (1) T+ Koiy. 3.
nynn, (1) 5 nzng ()24

3
+ Kz 1. 2+ 1+ K3
hahzhy (}) 1.1 Nhjyng ( ) 1 (1)

1

nyni  ning,

2
nz(”n )[n RO ]

{E( W2F34)E(V2F4)}

Ky
Cov (War34,Vara) = nz{*~v—(m)—l+—3—-—l€1 () 2+ "1 (31 }

+ —
ny(ns—1)

Notation: primes (as in V{;) refer to the fact that Vg, is measured in the
previous generation. Genotype x ‘year’ interaction is ignored.

this leads to the same equations as (2) provided that the v, are all independent
and come from normal populations. That this is approximately true in many
cases is shown by the investigations above. At this stage we are faced with
the familiar difficulty that the w,; depend on the unknown ¥;; thus we can
either resort to iterative methods of solution or use empirical weights in place
of fitted weights. The use of empirical weights may be expected to lead to
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TaBLE 3. COMPARISON OF THE EXACT VARIANCE MATRIX OF F; STATISTICS WITH THE APPROXI-
MATION (I) FOR A NUMBER OF EQUAL FACTORS WITH COMPLETE DOMINANCE, Zd? =1, o? =o.1,
AND 100 FAMILIES OF 5 MEMBERS EACH

1 factor
Vir3 Vars Wiras
approximate 0.873 0 0.830
exact 0.391 -0.261 0.445
0.113 0
0.286 -0.225
0.959
0.640
4 factors
approximate 0.873 0 0.830
exact 0.753 -0.065 0.734
0.113 0
0.156 -0.056
0.959
0.879
16 factors
approximate 0.873 0 0.830
exact 0.843 -0.016 0.806
0.113 0
0.124 -0.014
0.959
0.939

some loss of efficiency in estimation, though Berkson’s work (1955) on
estimating the parameters of the logistic function appears to indicate that this
need not always be so. In the present situation, where 6 or more non-
orthogonal parameters may need to be fitted, the iterative method would be
exceedingly tedious and it is somewhat doubtful whether the results would be
worth while except where the data gave an initially good fit and further refine-
ment was thought necessary. If the model used is clearly inappropriate, as
shown by the fitting using empirical weights, further cycles are unlikely to
be worth doing. Further information on the efficiency of using empirical
weights in this situation would be valuable.

Application to Actual Data

Professor Mather has kindly allowed me access to the data on Nicotiana
rustica which were presented in Mather and Vines (1952), and I have re-
analysed some of these making use of the results discussed above.

For full details the reader is referred to Mather and Vines’ paper, but
briefly the experiment consisted of two blocks each containing plots of both
parents, Fy’s, F,’s, F3’s, F’s, and first backcrosses. Each plot held 5 plants,
and 5 was the family size in the F; and F,. The layout was in randomized
blocks and height and flowering time were recorded and used for analysis.
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We have two checks on the applicability of the simplified model. One
depends on the fact that Var (Vig,), Var (V,rs), and Var (Vrs) can be
estimated from the data and these estimates compared with those obtained
from the simplified model. The other arises from the differences of the
duplicates in the two blocks which may be compared with their theoretical
variance by an approximate y? test. Thus if x, and x, are values in the two
blocks of a variance estimate based on v d.f. we put y = v(x; — x,)%/(x; +x,)*.
The assumption made here is that the variance in the two blocks differs by no
more than might be expected on the normal model. This assumption needs
empirical verification, and indeed may well not always be true. Thus if one
block is on more homogeneous land than another, or if one block is planted
by a more careful person than another, real differences in error variance may
occur, and these might lead to differences in genetic variance as well. Suitable
models for this situation (which is best avoided experimentally if at all
possible) cannot be conjured a priori, but must depend to some extent on the
information given by the data themselves.

We discuss in detail the analysis for flowering time in the 1947 experiment
and then present the results for 1948 in shortened form.

The Analysis for Flowering Time in 1947
The steps in the analysis may be set out as follows:

(i) Preliminary checks on adequacy of weights and kurtosis in parents
and F,’s.

(ii) Construction of the approximate variance matrix of the statistics.

(iii) Inversion of the variance matrix to give the weighting matrix.

(iv) Solution of the weighted least square equations in the form
® =(a'wa)! a’'wx, where 0 is the vector of unknowns, x the
vector of 2nd order statistics and a is the matrix of coefficients
given by E(x) =a#, linkage assumed absent. This solution involves
the successive calculation of a’w, a’w a and (a’w a)™1.

(v) Repetition of (iv) using the new a given by assuming linkage present.

(vi) Construction of the analysis of variation and tests of linkage and
residual heterogeneity.

(vii) Calculation of increase in efficiency over the unweighted analysis.

STEP (i)
The mean value within plots of g,, the sample estimate of
K4
Y =
27 2

was 0.88 for the parent and F, generation, with a standard error of +0.312.
It is, therefore, significantly positive and hence we must adjust the weights
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for V,r3, Viras Virz, and V,p by a factor [1+(4/2)g,] where 4 is the square
of the ratio of E; to the variance in question. The data themselves give a
sample estimate of the variances of V3, ¥V;p4 and V3p,. These are compared
in Table 4 below with the values given by the approximate model considered
above, (all values are on a per-family basis). .

TABLE 4
Var (V,p3) Var (Vyr,) Var (V354
Sample 2P’i-%:dicted Sample Pﬁ%dicted Sample 3P‘;%dicted
Block 1 84.7 65.8 65.1 532 78.0 529
1I 123.1 78.0 48.0 44.5 166.9 96.6
Mean 103.9 71.7 56.6 48.8 122.4 73.1

While all the predicted values are less than the sample values, weights based
on the former will clearly be a good approximation to the relative weights
which are all that are required for efficient estimation. When all the sample
variances are underestimated by the predicted values, it might be necessary
to introduce a © heterogeneity factor °, similar to that used in probit analysis
(6), for adjusting the variances of the final estimates, although in this case this
is not found to be necessary.

STEP (ii)

The variance matrix, using the approximate model, is diagonal except for
3 non-zero covariances, namely those of Vir3, Wiry3; Vips, Wipss; and
Vars and Wypsy. For Ey, Vi, By, Vaps, Vars the “ normal * variance 2m?2/v
must be multiplied by (1+%1g,). In the formula m isthe expected value of the
variance and v the degrees of freedom on which the sample value is based.
In this particular experiment the same families of F5 and F, were used in each
block, so that the sampling variance due to choice of parents and grand-
parents is not divided by 2 in taking the mean of the two blocks. Since this
is the major part of the sampling variance, the degrees of freedom are taken
as those of one block instead of two, though this procedure admittedly makes
the estimated variance rather too high. For the variance of the covariances
we use the normal formula Var ky; =v 71 (x}; +K¢,k,,) With the usual notation
and for the non-zero covariances

2
Cov (ki1 ko2) = ;Ku"oz-

Another slight complication arises from losses in F; and F, families; these
were small in number and no adjustments have been made to the d.f. for
Virs and Vgs. For V,g, the appropriate harmonic mean of family size has
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been used and for ¥V, the exact total number of d.f. Following these rules
we get the following approximate variance matrix for the statistics.

APPROXIMATE VARIANCE MATRIX OF 2ND-ORDER STATISTICS (V)

E, 1.09020

E, 0.2281

Vira 5.6145

B, 24.4983

Virs 26714 22631

V. 1.9050

Wiy 2.2631 4.5924

Vira 5.3940 3.4214
Vara 0.4874 0.2462
Vira 0.1556

Wirsa 3.4214 7.1024
Wirsa 0.2462 0.8093

The blank spaces are to be read as zero; the wide range of the variances, the
extremes differing by a factor of more than 100, should be noted.
STEP (iii)

The inverse of the variance matrix V may easily be obtained since V itself

is nearly diagonal and contains non-diagonal sub-matrices of order 2 only.
The inverse of the variance matrix is given below.

INVERSE OF VARIANCE MATRIX (W)
0.5258

4.3840
0.1781
0.0408
0.6426 -0.3167
0.5249
-0.3167 0.3738
0.2670 -0.1286
2.4242 -0.7375
6.4278
-0.1286 0.2027
-0.7375 1.4600
STEP (iv)

For the additive model with linkage assumed absent we have 4 unknowns
to estimate, D, H, E; and E,. The matrix of coefficients a is given below. It
should be noted that when the family size is small we cannot safely ignore in
the expectation of a quantity such as ¥, g, the contribution from the variance
within groups, so that we must put

1 1 1/1 1
E(Vyre) =|-D+—H |+~ -D+—H | +E,.
(Vare) (4 32 ) n<8 16 )+ 2
Thus when n= 5 as is here the case, the contribution to the coefficient of H

from the second term is 1/80 and from the first 1/32 so that the two contribu-
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tions are of comparable size. The matrix a is given below and from a and w,
we calculate successively by standard methods, a'w, a’'wa and (a’'wa)™L
We omit the intermediate steps and give only (a'w a)™.

Matrix of coefficients (a) Matrix
Linkage assumed absent (a’'wa)™!

D H E E.
t 2 ,j 7.423389 -20.692205 0.451865 -0.476047
97.345864 -4.063111 0.918110

2 o o Mo 0.353532 -0.000082
Vir2 0.5000 0.2500 1.0000 0 | 0.168763
Vas + Vgz | 0.5000 0.5000 20000 0

Vies | 05500 0.0875 0  1.0000

Vara | 02500 0.1250 1.0000 0

Wirzs | 0.5000 0250 0 0

Virs | 0.5550 00244 0 02000

Vaps | 02750 00438 0 10000

Vars | 01250 0.0625 10000 0

Wirss | 05500 00438 0 0

Warss | 02500 00625 0 0

Finally using the values given by Mather and Vines (Table 8) for the
statistics, we calculate a’w X, and then (a’'wa)~! a’'w x to give the estimates
themselves. These turn out to be

D=1795
A=—-14.04
E =866
E,=2.58.

We defer for the moment the allocation of standard errors to these
estimates.

STEP (V)

The inclusion of linkage results in new parameters being introduced;
these are fully described by Mather (1949) and will not be elaborated here.
We need two D’s and two H’s to describe the components of additive and
dominance variance occurring in quantities V,p,, Vips, Wipss, Vira and
Wir3s on the one hand, and V,p3, V,5s, Wirss on the other, and a fifth
parameter we call G to describe the genetic part of the variance Vyp,. The
backcross generation variance has yet another parameter in its expectation
but since this occurs nowhere else, it is omitted from the analysis. The analysis
now proceeds as before, though with a 7x7 matrix to invert it is now
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more tedious to perform. The relevant matrices and estimates are given
below.

MATRIX &, LINKAGE ASSUMED PRESENT

D, H, D, H, G E, E,
E, 0 0 0 0 0 1.0000 0
E, 0 0 0 0 0 0 1.0000
Virs 0.5000  0.2500 0 0 0 1.0000 0
Virs 0.5000 0.0625 0.0500 0.0250 0 0 1.0000
Vars 0 0 02500 0.1250 0 1.0000 0
Wiras 0.5000  0.1250 0 0 0 0 0
Vira 0.5000 0.0156 0.0500 0.0062 0.0400 0 0.2000
Vars 0 0 0.2500 00312  0.2000 0 1.0000
Virs 0 0 0 1.0000  1.0000  1.0000 0
Wirsa 0.5000 00312 00500 0.0125 0 0 0
2F34 0 0 02500 0.0625 0 0 0
(a’'wa)"1
12176440  — 34.927677 4716345 — 21.813154 — 1.063218 1.060171  —0.370645
—34.927677 182.782792 — 24.504484 115.885613 7.847350 — 7.817727 1.087004
4716346 — 24.504492 32.205494 —112.577552 — 4.205204 4.030722 —1.111762
—21.813154  115.885613 —112.577552  494.438570  20.121214 —19.619783  3.039267
— 1.063218 7.847349 — 4.205204 20.121214 1.842598 — 1.680504 0.037825
1.060172 — 7.817729 4.030721 — 19.619780 — 1.680504 1.673588 0.040755
— 0.370645 1.087004 — 1.111762 3.039269 0.037825 — 0.040755  0.189489
aAVwx Estimates
3.188984 D= 1226
0.741365 Hy=-15.10
6.393704 Dy= 4406
1.334292 H,=-98.50
67.843697 G = 104
77.843697 E.= 1098
30.624449 B= 180
STEP (Vi)

The total sum of squares is x'w x, obtained by multiplying the vector x by
columns of the weighting matrix and then multiplying the resulting vector
by X’. The sum of squares due to fitting constants is obtained by multiplying
the vector a’w x by the vector of estimates in the usual way. In the analysis
where linkage is assumed present we must add to the S.S. for constants wx?
for the term due to fitting ¥, + V5, where w is the appropriate weight and x
is the mean value of the variance. As usual the term for linkage is obtained
as the difference between the S.S. for constants when it is assumed present
and when it is assumed absent. If the model is adequate the residual S.S.
should be a x2 with 4 d.f. (12 statistics—8 constants fitted). Further evidence
on homogeneity is obtained by considering block differences. By analysing
half the block difference as we have analysed the mean we obtain S.S. for
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blocks x components, linkage, and remainder. In this way we obtain the
following analysis of variation for flowering time in 1947:

S.S. D.F.
Components 1001.749 4
Linkage 31.547 4
Remainder 5.428 4
Components x blocks 19.096 4
Linkage x blocks 2.120 4
Remainder x blocks 0.398 4

The remainder S.S. is not different from its expectation as a x2 so that the
model including the terms for linkage may be said to fit well enough. The
linkage S.S. is significantly too large for a 2, but there are difficulties, dis-
cussed below, in regarding this as definite evidence for linkage. The analysis
of block differences presents rather a puzzle, in that the components S.S. is
significantly large but the other two are not; this heterogeneity makes the
allocation of standard errors to the variance components somewhat hazardous.
Evidence for this heterogeneity can be seen in the block differences for the
original statistics x; thus if we list their contributions individually we get the
following values.

Statistic(s) S.S. D.F.
E, 0.90 1
E, 2.64 1
Vir2 0.32 1
VB1 + Va2 0.09 1
VIFS and W1F23 0.04 2
2F3 0.07 1
Vira and Wigs, 0.12 2
V2F4 and W2F34 0.36 2
V3ra 17.08 1

Virs4 is clearly different from the remainder. Its block difference is far
greater than the model predicts. On the other hand the remainder have
rather smaller x2 than the model would suggest and this may indicate sub-
normal variation between blocks.t No explanation is offered for the high
x% for Vg4, the presence of which must cast some doubt on the validity of
estimates of variance components obtained from the inclusion of V,p,. In
the absence of heterogeneity between blocks and with a non-significant
remainder S.S., variances and covariances for the estimates of components
can be obtained from the matrix (a’'wa)~!. Thus for instance we have that
the standard error of D, is \/(12.1764) = + 3.49.

1 Professor Mather has pointed out to me that this sub-normal variation between blocks
may have resulted from the use of a common seedbox for the propagation of all the plants
in any one family.

L " B.G.
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STEP (vii)

The efficiency of an unweighted analysis as regards the estimates of
variance components can be evaluated by standard least-squares. Using the
notation established previously, and denoting the unweighted estimates by
g, we have §= (a’a)’! a'x, and var §=(a'a)'a'va(a'a)! where v is the
variance matrix of X. As an example we consider the fitting of D, H, E; and
E, only, ignoring for the moment the inadequacies of the model. The actual
computation of var involve the successive calculation of a’a, (a'a)™l, va,
a’'va, (a'va)(aa)!, and finally the complete expression. We omit the inter-
mediate stages and give the result for flowering time in 1947 in Table 5.

TABLE 5. THE ESTIMATED VARIANCE MATRIX OF THE UNWEIGHTED ESTIMATES

D rmz -3431 097 ~1.70
H 158.23 -7.28 3.26
E 0.90 ~0.12
E, 0.53

The main quantities of interest here are the variances of the estimates of
D and H. In Table 6 below we compare for 1947 and 1948 the estimates for
the unweighted analysis as obtained by Mather with those in Table 5 and also
with the estimates for the weighted analysis. The table shows that weighting
has appreciably improved the efficiency of estimation and also that the values
for the variance derived from the unweighted analysis are considerably too
low. A similar situation was noted by Nelder (1953) in his reanalysis of
Mather and Philip’s barley experiment, though the method of analysis was
somewhat different. More data are needed to show whether this effect is a
general one.

The Analysis for 1948 and Methods of Combined Analysis

The data for 1948 have also been analysed by the methods given above and
the relevant results are as follows:

MATRIX a
D, H, D, H, G E, E,
E, 1.0000
E 1.0000
Virs 05000 02500 1.0000
ViFs 0.5000 00625 0.0500  0.0250 1.0000
VF3 02500  0.1250 1.0000
Wirs 0.5000  0.1250
\Fé 05000 00156 00125 00012  0.0100 0.0500
2F4 02500 0.0312  0.2000 1.0000
\F4 1.0000  1.0000
Wirsa 0.5000 0.0312 00500 0.0125
2F34 0.2500  0.0625
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(a’w a)~1

8.160420 — 22.037012 0.597144 — 2951284 —0.182307 —0.181530 —0.032595
—22.037012 145278489  — 6.302661 29.600134 2.645978  —2.636021  —0.145043
0.597144 —  6.302663 10.208018  — 39.779980  —1.492714 1.430632  —0.448090
— 2.951284 29.6000138  —39.779980 191.443467 6.898588  —6.693458 1.467685
— 0.182306 2645077 — 1.492713 16.898585 0713218 —0.663811 0.015383
— 0.181530 — 2.636021 1430631 — 6.693455  —0.663811 0.661513  —0.016148
— 0.032595 0.145043  — 0.448090 1.467685 0015384  —0.016148 0.063167

a'wx Estimates

2.831577 Di= 167

0.718674 Hy= 14386

16.751295 Dy= 24.02

2.670249 Hy=-2804

171.479661 8= 106

176.610765 Ei= 646

77.248772 E= 10

ANALYSIS OF VARIATION

S.S. D.F.
Components 1778.929 4
Linkage 16.373 4
Remainder 2.228 4
Comp. x blocks 16.892 4
Linkage x blocks 3.098 4
Rem. x blocks 1.388 4

TABLE 6. ESTIMATED VARIANCES OF D AND H

Component Apparent variance as Variance of un- Variance of weighted
given by unweighted  weighted estimates estimates as obtained
analysis (from Mather  as obtained from from weighted

and Vines (1952)) weighted analysis analysis

1947 D 1.3 134 1.5

H 13.5 168.1 102.3

1948 D 4.5 8.9 3.6

H 49.8 114.5 61.0

Kurtosis in parent and F; distributions was very similar to that in 1947
giving an average g, of 0.82 as compared with 0.88. The agreement of sample
variances with estimated weights for V,z3, V,rs and Vg, was good, and
better than in 1947. The analysis of variation is remarkably similar
to that for 1947, and again block differences are heterogeneous. This time
E, and Vg, account for 15.33 out of the total S.S. of 20.17. The apparent
differences in E; is unlikely to be a real block difference since ¥y, and
Vg1 + Vg, show a trend in the opposite direction while V;r, has a much
smaller fall than E;. No obvious explanation of these results suggests itself.

Before making a combined analysis of the two years some test of homo-
geneity is needed. This is best carried out on the original variance statistics;
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if x;; and x;, are values taken by the statistics in year i, with weight w;, then
2
(X11%%15 = X21 = %29) (between years) and 2w, (X;q —X;2)% +2w(X2; —X5,)?
2(wi+2/w,
(within years) are approximately x} and 3 variates respectively. Where the
within-years S.S. is significantly large for a x5 we may use the F-ratio with 1
and 2 d.f. The results of this applied to the 194748 flowering time data are
shown in Table 7.

TABLE 7. TEST OF HOMOGENEITY BETWEEN YEARS

Statistics Between years Within years
S.S. S.S.
()] (V8]
E; 6.411 9.034
E, 0.304 2.639
Vira 0.253 2.136
Vg1 + Va2 0.012 0.905
ViF3 0.781 0.441
2F3 0.591 0.067
\F4 9.947 0.160
2F4 18.575 2.471
Vira 28.775 24.891

Among the variances with genetic components none of those for the B,
F, and F; generations shows any significant deviation from homogeneity.
In F, however the difference between years for V', and V,r, are large and
highly significant for a y? whereas the within years differences are not
significantly above expectation. The position with regard to Vg, is less
clear, both between- and within-years sums of squares being greater than
expected, while the F ratio though greater than unity is not significantly so.
In this situation a combined analysis seems barely justified, but had all the
genetic variances shown no departure from homogeneity, a combined
analysis could be carried out using common weights for the two years, and
leading to an analysis similar to that shown in Mather and Vines’ Table 14.

DISCUSSION

The introduction of weights into the analysis undoubtedly increases the
amount of computing necessary in analysing the type of experiment we have
been considering. 1Its justification must therefore lie in the increased  sharp-
ness ’ it brings to the analysis. Mather and Vines, in their original analysis,
concluded that there was no detectable heterogeneity within and between
years, and no mean residual deviation from additivity after allowing for
linkage. On the other hand the linkage term was significant. The analysis
presented in this paper gives strong indication of heterogeneity between
years in some of the statistics, and also pinpoints anomalies like the large
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block-to-block variation of Vg, in both years. In particular the data in
Table 7 suggest quite strongly that the F, generation is in some way different
from the others; perhaps some form of selection is acting here, a possibility
which Mather and Vines themselves discuss in their paper when dealing with
the scaling tests on the means. Evidence that the apparent significance of the
linkage term does not necessarily mean what it at first appears to mean is
provided by the values of H,. In 1947 this was —98.5+22.2 and in 1948
—28.0%13.8. Thus the good fit with 8 constants has been obtained by giving
H, a significantly negative value in both years. Since H, is essentially
positive in the model used, it cannot be taken as certain that the better fit
using 8 constants is a positive indication of the existence of linkage.

The increase in efficiency brought about by the use of weights has been
mentioned. The possibility arises of designing the experiment in such a way
that weighting would be unnecessary, thus allowing the ordinary least-
squares technique to be used without appreciably losing efficiency. Before
this could be done rough estimates of the various variances would have to be
available, and even if these were available some situations might arise in
which it would be impossible to equalize the weights. Thus if V,5; were less
than V,p; equalization of weights would imply that V,5; must be based on
fewer degrees of freedom than V4, but this is impossible since even with
families of 2, ¥, has one more d.f. than V5. Since, whenever E and H are
small compared with D, we shall have (in the absence of linkage at least)
inequalities like ¥ ps> V,54> Vipa it is obvious that often even the smallest
of families will leave V3, more accurately estimated than V,p,, and Vg,
than Vg4 Inthis situation the most we can do is to keep family size as small
as possible and attempt at least to keep the weights attached to the overall
variances of generations as nearly equal as other considerations (such as time
spent in making crosses etc.) allow. Some compromise may also have to be
made between the not necessarily consonant requirements of having the means
of such accuracy that scaling tests are as sensitive as possible, and having the
variances with equal weights. It would seem, then, that difficulties would often
arise in attempts to adjust family size in this type of experiment in order to
eliminate weighting in the analysis and that such adjustment might be im-
possible.

A more general, and more important, problem concerns the allocation of
material from the various generations in experiments of this kind. The
difficulty lies in deciding on the priorities to be given to the various pre-
liminary tests to be made and parameters to be estimated. Thus we want
simultaneously accurate scaling tests on the means, sensitive tests of linkage
and interaction in the variances and accurate estimates of whatever parameters
the preliminary tests indicate as being required. The approximate weights
used in this paper would probably suffice in practice to work out the statistical
characteristics of different allocations of material as they affect the variances



158 J. A. NELDER

(the means present no new problem), but application of these results to the
problem of experimental design must await further investigation.

To sum up, the chief advantages of weighting are the increase in efficiency
in estimation, and the possibilities it gives of detailed tests of homogeneity
between and within years. These tests are very necessary because of the
rather long chain of assumptions implicit in the analysis and the consequent
importance of designing as many checks as possible on their validity. A
disadvantage is the increase in computing time necessary, though this increase
is likely to be a small part of the total time spent on an experiment of this kind.

SUMMARY

1. In genetical experiments dealing with the generations derived from the
cross of two true-breeding lines, the possibility of analysing the second order
statistics by weighted instead of unweighted least squares is considered.

2. The exact dispersion matrices for F; second order statistics and F,
variances are obtained in a general form using compound cumulants.

3. Values of these matrices for a general additive system are obtained and
compared with an approximation based on a simplified normal model. It is
concluded that the approximation will usually provide sufficiently accurate
weights.

4. A weighted analysis is made of data on flowering time in Nicotiana
rustica obtained by Mather and Vines, and the results compared with the
original (unweighted) analysis. It is concluded that the weighted analysis
gives more sensitive tests of homogeneity of the data between and within
years, and an improvement in the efficiency of estimation.

5. The interpretation of the results given by the analysis is considered and
the possibility of designing experiments of this kind to avoid weighting is
discussed, also whether ‘ optimum ’ designs in any sense exist.

Acknowledgement: 1 am most grateful to M. J. R. Healy of Rothamsted
Experimental Station for programming the weighted least-squares analysis
on the Rothamsted electronic computer.
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IMPORTANCE OF GENOTYPE-ENVIRONMENT
INTERACTIONS IN RANDOM SAMPLE
POULTRY TESTSY

By A. W. Norpsk0G and O. KEMPTHORNE
Iowa State College, Ames

So-cALLED random sample poultry tests are popular in the U.S. as a means of
demonstrating the productive performance of various strains and varieties of
poultry offered for sale by commercial breeders. The test is not unlike a corn
yield test. Currently there are in operation some eighteen random sample
performance tests for chickens in the United States and one here in Ottawa.
Eleven of these, including the one in Canada, are tests of egg laying strains
and eight are tests of broiler or meat-type chickens. In addition, five random
sample turkey performance tests are being conducted in the United States.

All of these tests have in common the principle that a random sample of
chicks is obtained from each of the commercial strains which are then tested
under a similar set of conditions. The typical sample consists of fifty pullet
chicks selected from a hatchery or breeder. Randomization if properly done
ensures that no bias due to sample selection enters into comparisons between
entries. Entries are tested for approximately a 16 month period starting with
the baby chicks. During this time records are kept on each entry as to egg
production, mortality, feed consumption, etc., and at the end of the test
entries are ranked on the basis of net income.

Most of the random sample tests are conducted at a single location or test
farm in single or duplicate pens. If genotype x environment, i.e. strain x farm
interactions, are important the average genetic differences between strains
would be over-estimated. At the same time duplicate pen differences would
not be a valid estimate of experimental error. Inconsistent rankings of the
same strains entering a single test location from year to year is a possible
consequence of real genotype x environment interactions.

Very little experimental work has been undertaken for the purpose of
obtaining information which might be used to design valid and efficient tests
of genetic differences between strains of poultry. Local poultry geneticists
with the Dominion Experiment Station in Ottawa have recognized the
importance of this problem. Experiments conducted by Dr. R. S. Gowe and
co-workers utilizing branch experiment stations have led them to conclude
that genotype x environment interactions are probably not important and

1 Journal Paper No. J-3574 of the Iowa Agriculture and Home Economncs Experiment
Station, Ames, Iowa. Projects 1385 and 890.
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accordingly that comparisons of different varieties of poultry at a single
location are entirely adequate. On the other hand, the results we have
obtained in Iowa would seem to indicate that strain x farm interactions may
be important.

In January of 1957 a random sample poultry test set up on a multiple farm
basis was started in Iowa under the supervision of the Iowa Poultry Improve-
ment Supervisory Board. Although the primary purpose of the Iowa test is
to compare commercial strains of egg-laying chickens, an equally important
purpose at the moment is to provide for adequate research data which will
allow evaluation of factors influencing the reliability of test results.

The Towa test is conducted on typical midwest farms. For this reason it is
felt that results should more truly reflect what poultry raisers can expect from
a strain.

In the first lowa Multiple Unit Poultry Test just completed, an entry con-
sisted of a total of 625 to 1200 pullet chicks divided over 5 farms. Chicks
were produced in 5 hatches. Hatch effects were confounded with farm effects.
Similar brooding, feeding, housing, disease control and management con-
ditions were the same for all entries at any one farm. No attempt was made
to control conditions between farms, with the exception that all farms were
required to feed an all-mash diet. Farms used both floor-type (pens) and
cage management. At housing time, entries on floor-type management were
placed in duplicate pens at random. In the case of a cage farm operation, the
cages were arranged in rows and tiers. Entries were assigned to duplicate
cage rows at random. Each farm was provided with a control strain entry to
permit between farm comparisons.

Twelve entries plus controls were placed on eleven farms involving more
than 14,000 pullet chicks in the first test. The farms were set up as farm
units. The latter consisted of ten pens which accommodated five entries
including the control in duplicate pens or the equivalent number of pullets in
cages. Nine farms had single units. One farm had four units and one had two.

The Model

The interpretation of the results of the Iowa Multiple Unit Poultry Test is
based on the following linear model, in which Y represents the mean per-
formance of a single pen:

Y = p+si+f4+(5)ij+ Pige
where: 1 = an over-all mean
s; = average effect of the i" strain
f; = average effect of the j™ farm
(sf);j = interaction effect of the i'" strain on the j™ farm

pijx = an effect of the k™ pen (or cage row) at the i
farm where the i strain is tested.
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We impose the restriction that Ys, =) f;=Y(sf);;=0. Further, we
assume that p;; is a random variable with mean zero and variance o2.
It follows that the variance among pen means is,

07 =02+0}+ek+al
In the first JTowa Test the twelve entries were divided into three groups of
four each. Each group plus a control entry was placed on m = 5 farm test
units. A farm test unit consists of mn = 10 pens. For each group of s -1

entries plus the control placed on m farms, the following analysis of variance
was used :

d.f. Expectation of mean squares.
Strains s—1 02+ nol+ma?
Farms m—1 oi+nol +so%
Strains x farms (s—1D)(m-1) oi+nel
Pens sm(n—1) ol

Possible Comparisons

The design of the test permits an evaluation of the validity and accuracy
of four possible kinds of comparisons:

(a) Between pen means of two entries tested at the same farm. This
corresponds to a typical single-location random sample test.
(b) Between two entries each of which are tested on m different farms.

(c) Between two entries each of which are tested on m different farms
but having a control entry in common.

(d) Between two entries each tested on the same m farms.

The experimental errors for the different comparisons are as follows:

Element in the Experimental
model tested error
2
(a) Entries on one farm {s;+(s) Z':_:_
o2 ol g2
(b) Entries on different farms  (s) 2y IS 2L
mn m m
(c) Same as (b) with common ) 5 o} +oif
control entry i mn m
2 2
(d) Entries on the same farms (s;) 9o It
mn m

A single location test is valid only if strain x farm interaction effects are
negligible, because in this case the elements of the model actually tested are
the {s,+(sf),;} effects.
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Comparisons between entries under (d) are, of course, most efficient. The
experimental error for comparisons under (c) is just twice as large as that
under (d).

An alternative procedure for evaluating different methods of comparison is
to use estimates of so-called repeatabilities of entries. These are simply intra-
class correlations. We may, therefore, consider four kinds of intra-class
correlations which parallel the four methods of making comparisons:

Intra-class

correlation
2 2
. . os +a0
(a) Between means of entries at a single '—"’—4'%2
test farm oi+ol+ -2
n
. a?
(b) Between means of entries each tested — 3
on m different farms o2+ % 105 %
m mn
0,2
(c) Same as (b) but with control entry asz 3
in common o2+2 %L 4 %
m  mn
s 2
. S
(d) Between means of entries all tested —7
on the same farms o2+ 2 4 Ip
m mn

RESULTS AND DISCUSSION
Variance Component Estimates
Table 1 shows the percentage variance components for a number of per-
formance characteristics from pooled analyses of variance.

TABLE 1. PERCENTAGE VARIANCE COMPONENTS

Maturity Egg Mortality Egg weight Egg qualit;
d.f. (Ageat50% production to May Ist at355days (Haugh Y

production) to May 1st units)
Entries 12 35t 22t 0 30t 321
Fam_xs 11 47t 611 15* 34t 387
Entries x Farms 44 9t 9t 31t 10t 4
Pens 70 9 8 53 9t 26
Pen samples 140 — — — 17 —_

* P<0.05. 1 P<0.01.

Of particular interest are the interaction effects which proved to be highly
significant for maturity, egg production and egg weight, but not for mortality
nor for the egg quality measure.
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We are now in a position to consider the accuracy of some of the possible
comparisons. First, it should be pointed out that comparisons of entries at
the same farm (Method (a@)) are not strictly valid for characteristics which
show interaction effects. Hence, this method will not be considered here.

Table 2 shows the expected size of the experimental error as a ratio of the
variance of a single pen (62+0%) for different testing situations with
respect to the variance estimates obtained for egg production.

TABLE 2. EXPERIMENTAL ERRORS AS A PERCENTAGE OF THE VARIANCE (0’2 +0: f)
FOR DIFFERENT TESTING SITUATIONS IN THE CASE OF EGG PRODUCTION TO MAY IST.

Number Pen Methods of
farms replications comparing entries
(m) )
B C D
2 1 225%, 100 50
5 1 90 40 _--20"
10 1 45 _.=20""" 10
22.5 1 _20.--"7
2 2 213 76 38
5 2 86 30 15
10 2 43 15 7.5

The results show that for egg production testing birds on different sets of
farms (Method (b)) is rather inaccurate, except where fairly large numbers of
farms are used. In such a case, however, it is shown that using more than
one pen per entry adds very little to the precision of the test. When controls
are used (Method (c)) then testing entries on five farms is about equal in
accuracy to testing without controls on ten farms. If entries are all tested
on the same farms (d) then, of course, controls are no longer needed. The
dotted line indicates the cases of equal accuracy for n = 1. Thus, when entries
are all tested on the same five farms, the precision of the test is equal to
Method (b) using ten farms or Method (a) using 22 or 23 farms.

Repeatability

Table 3 gives the expected repeatabilities for the four methods of com-
parison.

The repeatability of means of replicate pens of the same entry at a single
test (@) approaches one as a limit as the number of pens per entry is increased.
If genetic-environmental interactions are at all important, repeatabilities
obtained from data at a single location can be quite misleading.

As pointed out Method (a) shows that the repeatability of replicate pens of
the same entry at a single location is rather substantial for egg rate, egg num-
ber and age at maturity. The repeatability of strain means tested at the same
five farms (d) shows that this method of testing should lead to reasonably
consistent results from the three traits considered. The intraclass-correlations
range from 0.89 to 0.93. However, when strain means are tested at each of
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TABLE 3. REPEATABILITIES (INTRA-CLASS CORRELATIONS)

Maturity Egg Egg
production size

(a) Replicate pens of same entry at
one test 0.83 0.79 0.66

(b) Between strain means each tested
on five different farms 0.74 0.60 0.81

(¢) Same as (b) but with control entry
in common 0.87 0.81 0.82

(d) Between strain means all tested
at five farms 0.93 0.89 0.90

five different farms (b) we find that the repeatabilities now range from 0.60 to
0.81. Method (c) shows that when a control entry is included with the various
farms on which the strains are being tested under (c) that the repeatability of
hypothetical sets of the same entry are made considerably larger.

Source of Interaction Variance

The farm test units were operated under two general types of environment
or management, namely floor pens and cages. If this management difference
is incorporated into our linear model, then the farm effect (/) may be separated
into a management effect (m) and an effect associated with farm differences
of the same management (f/m), or f= m+( f/m), and the farm variance may
be partitioned into two parts, 6}= 62 +0%,,.

The question may be raised, therefore, whether the interaction effects pre-
sented arise from cage versus pen management or from farm differences of
the same type of management. Since the interaction effects (sf) can be
partitioned likewise into sf= sm+(sf/m) the interaction variance may be
partitioned into ¢2,= 02, +02,,.

Analysis of our data with regard to these two sources of interaction effects
yields the following percentage variance components:

2 2
%sm %sfim
Maturity age - 1. 10.*
Egg production 5.% 4.*
Adult mortality -16. 47.*
Egg weight - 6. 12.*
Egg quality (Haugh Units) 0.3 3.

* P<0.01.

The results show that only in the case of egg production did we find a
statistically significant interaction involving strains and cage versus pen
management. This is in agreement with Gowe (1956) who reported a similar
highly significant interaction for survivor’s egg production but not for
mortality, egg weight or sexual maturity.



Genotype-Environment Interactions in Random Sample Poultry Tests 165

The results show that the interaction of strains with farm differences in-
dependent of cage or pen management is highly significant statistically for
each of the performance factors except the egg quality measure. Hill and
Nordskog (1956) also found significant interaction effects for strains x farms
for adult mortality and for strains x farms and strains x years for both adult
mortality and rate of egg production. On the other hand, Gowe (1954)
found little evidence for genotype-environment interaction with respect to
egg production and only a slight indication of interaction for laying house
mortality from laying tests on five widely scattered farms in Canada. Gowe’s
experiment was based on considerably less data than that involved in the
present study; and furthermore, he imposed standard management and
feeding procedures between his test farms. This would tend to minimize
possible strain x farm interaction effects.

Fixable and Non-fixable Environmental Factors

In any consideration of genotype~environment interactions it is useful to
distinguish two types of environmental factors, namely those which are
fixable and those which are non-fixable. A fixable factor of environmental
classification is one in which the levels can be controlled or can be recreated
at will. For example, in testing the performance of genotypes, the geographi-
cal area may be controllable by the worker; he can decide whether the geno-
types are to be used in the state of Iowa or the state of Minnesota. Again,
the poultryman can decide whether to use cages or floor pens. He must
decide what sort of feeding program he shall provide. Non-fixable factors of
classification are ones which cannot be repeated at will. For example, any
set of data will contain year effects, but the poultryman will not know the
year effect which will occur next year. Year effects are entirely out of his
control. Again, a poultry breeder who produces stock for a particular
geographical area will not be able to produce stock ideally suited to each
particular farm. For his purposes, he may regard farms within a geographical
area as a source of random variation which will render his tests less precise
than if there were no farm differences.

The breeder may choose to regard what we have termed fixable factors as
non-fixable in that he may produce stocks which are to perform in a popula-
tion of farms some of which have one level of a fixable factor, and others
another level. It has not been the practice for instance to produce strains
specifically bred for one type of management, though one can imagine a large
breeding enterprise which produces a stock which performs at an optimum
for one particular set of management procedures, and a different stock for
another set of management procedures.

As regards non-fixable factors, however, the breeder has no alternative but
to treat them as random factors.

It was with this background of reasoning that the small investigation of
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cage versus floor pens was made. If we suppose there are two factors of
classification of environment, say 4 and B, and the environmental contribu-
tion from the i™ level of 4 and the j™ level of Bis E, , then we can write for the
genotype-environment interaction contribution

GE,; = constant+ GA;+ GB;+ G(A4B),;
and
0%g =044+ 055+ 0%up

If the factor of classification A is fixable and is fixed, the new environ-

mental variance would be
0GE = 0G5+ 054

The gain from fixing a particular aspect of the environment associated with

factor A is, therefore, indicated by the ratio

O

0k4+0kp+0tn

If this ratio is ‘ large > one would be obliged to consider the possibility of
selecting stocks for particular A4 levels, e.g. for particular geographical regions.

An Alternative Design

The design system by which entries were assigned to the farms in the above
study has some shortcomings. Most important is the fact that the difference
of a pair of entries not on the same farm has twice the variance of two entries
on the same farm. For this reason and because it was thought desirable to
examine other aspects of field testing, an alternative design has been selected
for the second year’s test. This design is represented as follows:

Farm
Block unit Entry and flock number Hatch
w 1 Q1,1 Al,l B1, 2 C1,2 D2,2
Cage 2 Q1,1 El,2 F2,2 Gl 1 HI,2 1
3 QL1 12,2 J1,2 K1, 2 L1,1
4 QI 1 M1,2 NI, 1 02,2 P1,2
X 5 QL1 Al,2 E2,2 11,1 M1, 2
Floor 6 Q1,1 B1,2 Fl, 1 J2,2 N1, 2 2
7 Q1,1 C2,2 Gl1,2 K1,2 o1, 1
8 Q1,1 D1, 1 H1,2 L1,2 P2,2
Y 9 Q1,1 Al 2 F1,2 K2, 2 Pi, 1
Floor 10 Q1,1 B2,2 El, 1 L1,2 01,2 3
11 Q1,1 C1, 1 H2,2 11,2 N1, 2
12 Q1,1 Dl1,2 Gl1,2 I, M2,2
Z 13 Q1,1 A2,2 Hl, 1 J1,2 01,2
Floor 14 QL1 Bi, 1 G2,2 11,2 P1,2 4
15 Q11 Cl1,2 Fl, 2 L2,2 M1, 1
16 Q1,1 D1,2 El, 2 K1, 1 N2,2
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in which Q is the control and A, B, C, D, ... O, P represent 16 entries. On
each farm there are 10 pens in all. Each entry including the control is
represented twice. An additional factor examined by having two pens for
each entry is its origin or source as to parent breeding flock. Al, 1 designates
two pens with entry A both produced at source 1 for that entry. CI,2
indicates that the two pens for entry C originated from two sources or parent
flocks of that entry denoted by 1 and 2.

The structure of the design is that of a quadruple lattice (cf. Cochran and
Cox, 1957; or Kempthorne, 1952), in which the four replicates are four
groups of farms. Of the four groups of farms, one group has cages and the
other three have pens. This asymmetry is a property of the farms which were
available. The confounding of hatch effects with groups or blocks of farms
was intentional, there appearing to be no easy way to incorporate this factor
in any other way.

This design will permit better comparison of all entries, it will permit
examination for effects of the source of the entries, and will permit rather
precise comparison of all entries with the control which will be maintained
over the years. It will allow evaluation of the magnitude of interactions with
farm over and above interactions with pen which would certainly be regarded
as non-fixable. Also, since the control population is ‘random bred’, it
should make possible the estimation of yearly effects. The design is not
necessarily optimal, but is included here to give an idea on how aspects
subsidiary to the purely testing aspects may be examined in a testing program
with very little extra effort.

SUMMARY

The results obtained from the first JTowa Multiple Unit Poultry Test
indicate that strain-farm interactions, hence genotype-environmental effects,
are of importance and need to be taken into account in order to make un-
biased comparisons between strains of egg laying chickens. Interactions for
age, at sexual maturity, rate of egg production, mortality and egg weight were
all highly significant, statistically. The fraction of total variance among pen
means due to such interactions amounted to 9, 9, 31 and 10%,, respectively,
for these various traits.

Comparisons were made between the efficiency of testing strains on the
same farms with testing strains on different farms when a common control
entry was used and was not used.

The nature of the genotype-environment interaction is discussed. A
portion of this due to fixable environmental effects such as geographical
differences and management differences, can be controlled by the breeder.
The other portion, due to non-fixable environmental factors such as that
associated with years, cannot be controlled by the breeder. This must be
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regarded purely as a stochastic process, and its magnitude can be controlled
only by increasing the number of testing units.
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STUDIES ON ESTIMATION OF DOMINANCE
VARIANCE AND EFFECTS OF LINKAGE BIASY
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INVESTIGATIONS of the inheritance of quantitative characters in corn by the
statistical genetics personnel at the North Carolina Experiment Station have
been devoted in part to estimation of the components of genetic variance with
interpretations of level of dominance of genes based on the magnitude of the
ratio of dominance variance to the additive genetic variance. The initial
studies by Robinson et al. (1949) and Gardner et al. (1953) used material of
the F, generation of crosses of two inbred lines and the results gave indica-
tions that genes concerned with yield were in the range of over-dominance.
The suggestion was made in the report of these early results that repulsion
phase linkage could provide sufficient upward bias in the estimates of domi-
nance variance to result in indications of over-dominance, whereas the genes
may actually have only partial to complete dominance.

The level of dominance of genes for yield in open pollinated varieties,
obtained by Robinson et al. (1955) from extensive experimentation providing
estimates of the additive genetic and dominance variance, has been in the
range of partial-to-complete dominance. Linkage combinations have had
sufficient opportunities to become dissipated in reproduction of the open-
pollinated varieties, affording a possible explanation of the difference in level
of dominance estimates in F, generation material from hybrid populations
compared with open-pollinated varieties.

The earlier estimates of additive genetic variance, o7, and dominance
variance, o2, that have been obtained for two hybrid populations and three
open-pollinated varieties are given in Table 1.

The estimates presented for a population are averages of estimates obtained
from the various tests with each kind of material. Each test of the hybrid
material contained 810 plots and variety population tests each consisted of

t Contribution from the Departments of Genetics and Experimental Statistics, North
Carolina Agricultural Experiment Station, Raleigh, North Carolina, and published with
the approval of the Director of Research as paper no. 965 of the Journal Series. The
research was supported in part by a grant from the Rockefeller Foundation.

171



172 H. F. RoBinsoN, C. CLARK CockeruAM and R. H. MoLL

TABLE 1. PREVIOUS ESTIMATES OF ADDITIVE GENETIC AND DOMINANCE VARIANCE FOR YIELD
IN THE F, GENERATION OF HYBRID POPULATIONS AND IN OPEN-POLLINATED VARIETIES

Population No. of tests 6‘; aj 6,’,/6‘;
Hybrids
CI21 xNC7 3 0.0016 0.0032 2.00
NC33 xK64 3 0.0024 0.0024 1.00
Means 0.0020 0.0028 1.40
Varieties
Jarvis 6 0.0030 0.0005 0.17
Weekley 6 0.0037 0.0018 0.49
Indian Chief 2 0.0023 0.0010 0.35
Means 0.0030 0.0011 0.37

512 plots. Different experimental procedures were used with the different
kinds of material, accounting for difference in number of plots involved.

It is from the ratio of dominance variance to additive genetic variance,
03/oZ, that information is gained on the level of dominance of the genes.
This ratio has an expected value of 0.5 where the gene frequency in the popu-
lation is 0.5 and dominance is complete, assuming the absence of linkage and
epistasis. While the F, generation of a hybrid population of a cross from
homozygous lines can be assumed to have gene frequency of 0.5 this is not
the case with the open-pollinated varieties. However, the ratio, o3/o, is
interpretable at varying gene frequencies and levels of dominance as has been
done in an earlier report of results from the variety populations.

The two important issues from the earlier results with hybrid and open-
pollinated variety populations are:

(1) 83/6; is almost four times as large, in the average, for hybrid popula-
tions as it is for open-pollinated varieties.

(2) This evidence for hybrid populations indicates overdominance in
contrast to partial-to-complete dominance for open-pollinated
varieties.

The objective of the study reported here was to determine the effects that
recombination had on the components of genetic variance by studying
simultaneously F, and advanced generation material of hybrid populations
of corn. The results contained in this report are from only a portion of the
work in progress or planned on this issue. It is intended that this represent a
progress report of the results to date and provide the reader with a know-
ledge of the experimental research being devoted to the question of linkage
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bias in the dominance variance estimates which we have suggested as a factor
in overdominance estimates for genes concerned with yield of corn.

Similar type studies involving corn belt material have been in progress at
the Nebraska Agriculture Experiment Station under the direction of Dr.
C. O. Gardner. A report of this research by Gardner and Lonnquist is in
the process of being published.

EXPERIMENTAL PROCEDURE

The experimental material is produced from backcross matings of plants of
a segregating generation of a population to the two long time inbred lines
from which the population was derived. The plants of the segregating
generations are generally designated pollen parents, with each randomly
chosen male plant being crossed to enough plants (usually 2—4) of both
parent-inbred lines to insure sufficient seed for replicated testing of the
progenies. The backcross families are produced in pairs where a single plant
of the segregating generation material is mated to plants of each of the inbred
line parents. This procedure has been designated Design III whereas the
procedure in genetic variance studies with the variety populations used half-
and full-sib families and has been designated Design 1.

The field design consists of approximately nine (9) random backcross pairs
of progenies in each of a sufficient number of sets to accommodate the total
experimental material for a population. The nine backcross pairs or 18
progenies allocated to each set are arranged in three contiguous replications
forming a ‘ block ’ of the experiment.

Design III material was prepared for a simultaneous test of the F, and Fy
generation of each of two hybrid populations, where the Fy material resulted
from six generations advance of the F, with random sib matings. Sets of the
F, and Fg backcross progenies were intermingled throughout the studies with
each population. Approximately 135 backcross progeny pairs or 15 sets of
material of each generation was contained in each test. This requires 810
plots for a Design III (D-III) study of each generation or 1620 plots for a
population. The F,—Fg D-III progenies of one population, CI21 x NC7,
were tested in 1956 and 1957. Approximately two-thirds of the same entries
tested in 1956 were repeated in the 1957 test. The first year test of a second
population, NC33 xK64, with F,~-Fg material was conducted in 1957.
The data for each generation of each population were analyzed separately
for each year’s results. Analyses for individual year results with CI21 x NC7
were pooled for a two-year analysis.

The form of the statistical analysis used for the variance analysis of data
collected from a Design III study is shown in Table 2. The expectations of
the mean squares of interest are shown in the right-hand column of the
table.
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TABLE 2. THE FORM OF THE ANALYSIS OF VARIANCE OF A DESIGN III STUDY CONDUCTED
IN ONE ENVIRONMENT AND IN ONE YEAR

Expectation

Source of variation d.f. M.S. of M.S.
Blocks s—1
Replications in blocks s(r-1)
Inbred parents 1
Inbred parents x blocks s—1
F, parents in blocks s(n-1) M, o +2raol,
F, parents x lines in blocks s(n-1) M, o? +ro’,
Remainder among plots (error) s2n-1)(r-1) M, o?

s is the number of blocks
r is the number of replications in each block
n is the number of pairs of backcross progenies in each set
o2 is the error variance among plots of the same progeny
0,1,, is the progeny variance arising from genetic differences among F, (variable) parents
o2, is the progeny variance arising from interaction of genotypes of F, and inbred
parents
Estimates of the variance components are obtained by equating the mean
squares to their expectations. The definitions of the abbreviated letters and
symbols used are given at the bottom of the table.
The genetic interpretation of ¢2 and o2, arising as a result of genetic

differences among progenies of a population, is given in Table 3.
TABLE 3. GENETIC INTERPRETATION OF VARIANCE COMPONENTS
1
om=3 a1 ~guius + Y (pt ~rs);juu;
i ij

c r
2 2 2
(o =Zqi(1 -gpa;u; +2 Z(pt ~r8);ja;u;au ; +2 Z(rs - pt); a4 u;
i ij ij

where: u; =one-half the difference between the means of the homozygous genotypes at
the ith locus.
a;u; =the deviation of the mean of the heterozygous genotype from the mean of the
two homozygous genotypes at the ith locus.
g; =the frequency of the favorable allele.

1 2 12
3 Zq‘(l _qi)ui =200 at q‘ =0.5
i

Yail -g)atu? =o? at ¢;=0.5

7
p =frequency of B,B; gametes, that is, with the favorable allele at both the ith
and jth locus.
r  =frequency of B;b ; gametes.
s =frequency of b;B ; gametes.
t =frequency of b;b; gametes.
(4
Z indicates summation over pairs of loci at which favorable genes were in the
coupling phase in pure-line parents.
2 indicates summation over pairs of loci at which favorable genes were in the

repulsion phase in pure-line parents.
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These expressions were given by Comstock and Robinson (1952) where
considerations were given to the possible magnitude of the linkage bias on
the level of dominance estimates. With the population at linkage equilibrium,
the linkage terms in equations for ¢Z and o2, will disappear. Under this
condition a7, = 07/4 and 62, = o} when the gene frequency, g, of the popula-
tion is 0.5. If linkage is present and equilibrium has not been reached,
(pt—rs) will be positive if the initial linkage phase (the linkage phase of the
inbred parents) is coupling. Some cancellation of the linkage bias in 62 is
expected; however, the linkage bias in 2, in this design is positive regardless
of the linkage. The bias here is a function of (pt—rs) for coupling and
(rs— pt) for repulsion, both of which are positive.

When ¢;’s are 0.5, as may be assumed for an F, of a cross of two homo-
zygous lines of corn or the n™ generation of material produced from random
breeding of such material with no selection, a measure of level of dominance,
a, can be computed from the ratio of the two genetic components of variance.
This measure of level of dominance is shown in Table 4 where

2,2
2 Za,- u;
Omt _ 7 —a?

Zu?_
;

TABLE 4. MEASURE OF LEVEL OF DOMINANCE

atu; .
S 7 -~ Ol
a = 0 = -
uj 200,
i

Magnitude of a;

Degree of dominance

a;=0 No dominance
0<a;<1 Partial dominance
a;=1 Complete dominance
a;>1 Over-dominance

The a® is a weighted mean of the a?’s and weighted relative to associated

u?’s. Thus
2 2
a': _a-.—"ll = @.‘.‘ .
202 L

The scale on which the a; is measured, relative to the degree of dominance is
shown in the lower part of Table 4.

RESULTS AND DISCUSSION

The results for the D-III studies with the two hybrid populations are given in
Table 5.
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TABLE 5. COMPARISON OF ESTIMATES OF GENETIC VARIANCE FOR YIELD IN
F, AND Fg GENERATIONS IN TWO HYBRID POPULATIONS

Estimated

Population Year value F, Fy
CI21 x NC7 1956 a; 0.0022 0.0014
a; 0.0019 0.0012

a 1.54 1.52
1957 a: 0.0015 0.0004
a: 0.0015 0.0012

a 1.41 0.81
ng;& . a,:, 0.0019 0.0009
o2 0.0017 0.0012

a 1.49* 1.24
NC33 xK64 1957 af‘ 0.0009 0.0002
o; 0.0037 0.0029

a 0.68 0.38*

* Indicates that the observed deviation from the hypothesis of complete dominance
(a =1) has a probability of occurrence of 0.01 or less.

The estimates of additive genetic variance in the F, of CI21 x NC7 made
in 1956 and 1957 are quite consistent with previous estimates for this popula-
tion. The dominance variance of F, reported here is somewhat less than
previously obtained values. In general, however, agreement is as good as
might be expected in view of sampling errors and the possible effects of
genotype-environmental interactions since the comparison is with estimates
obtained in different years. The 1957 estimate of additive genetic variance
in the F, of NC33 x K64 was considerably larger than the previously obtained
values. However, much less dominance variance was indicated in the
estimate here for F, than was the case in the studies of earlier years. The
level of dominance found in the F, generation of this population is not
significantly different from complete dominance whereas @ = 0.38 for the Fj
generation is a significant departure from @ = 1.0 and is indicative of partial
dominance.

Consistent and appreciable reduction in dominance variance was obtained
in advanced generation material in each test with both populations. However
in every instance there has been a decrease in estimated additive genetic
variance in Fg compared with F,. The percentage decrease in additive
genetic variance has, in general, not been as great as is the case for dominance
variance which results in some reduction in the level of dominance, 4, in Fg
compared with F,.

The expected change in the components of variance and level of dominance
following the dissipation of linkage effects if a linkage bias did exist is given
in Table 6.
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TABLE 6. TRENDS OF VARIANCES AND d TO BE EXPECTED FOLLOWING RECOMBINATION
UNDER VARIOUS LINKAGE PHASE ASSUMPTIONS

Initial linkage a2 o2 a
ml m
phase
Cancellation of effects due
repulsion and coupling decrease no change decrease

Predominantly repulsion decrease increase decrease

All coupling decrease decrease no change

Predominantly coupling decrease decrease L PR O increase:
O Fn 0 Fn '
o2 F, o F.
_m~ 2o ml” 2 = decrease.
Um, F n Uml’ n

The dominance variance, estimated from the o2, if biased due to linkage
effects, is expected to be reduced following recombinations regardless of the
type of linkage in the initial phase. This is not the case for 2 which provides
a measure of additive genetic variance. There might be no change in additive
genetic variance following recombination opportunities if the repulsion and
coupling linkage of the initial phase tended to balance each other. An
increase in additive genetic variance could occur with predominately repulsion
phase linkages in the parent lines. With initial phase coupling linkages, the
additive genetic variance would be expected to decrease, the rate of decrease
being dependent upon the predominance of the coupling linkages.

The results to date with F, and advanced generations of hybrid populations
tend to support the hypothesis that linkage bias is a factor in dominance
estimates with the hybrid populations. The reduction in dominance variance
following recombination is consistent with the suggestion of linkage effect
associated with a multiplicity of loci. A downward trend in o suggests a
preponderance of coupling linkages in the F, generation of the hybrid popu-
lations used here. It is reasonable to expect that other hybrid populations
might have initial phase repulsion linkages and an increase in additive genetic
variance be found in advanced generation material as was the case with
Gardner and Lonnquist.

REFERENCES

Cowmstock, R. E. & Rosinson, H. F. (1952) Estimation of average dominance of genes.
Heterosis, pp. 494-516, Ames, Iowa, Iowa State College Press.

GARDNER, C. O. & LoNNQuisT, J. H. Linkage and the degree of dominance of genes con-
trolling quantitative characters in maize (In press).

GARDNER, C. O., HArVEY, P. H., Comstock, R. E. & RoBinson, H. F. (1953) Dominance
of genes controlling quantitative characters in maize, Agron. J. 45, 186-191.

RosinsoN, H. F., ComsTocK, R. E. & Harvey, P. H. (1949) Estimates of-heritability and
the degree of dominance in corn, Agron. J. 41, 353-359.

RosinsoN, H. F., Comstock, R. E. & HARVEY, P. H. (1955) Genetic variances in open-
pollinated varieties of corn, Genetics 40, 45-60.
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INTRODUCTION

THE APPLICATION of statistics to the problems of predicting genetic response
to selection has been extensively developed during the last four decades.
Very recent studies have tended to concentrate on intensive refinement of
design and analysis to further separate effects that were formerly confounded
(Horner, 1952; Anderson and Kempthorne, 1954; Kempthorne, 1955;
Cockerham, 1956). The basic problem of application of population genetics
to animal improvement is one of choice of the most efficient breeding plan.
Theoretical considerations point to type of gene action, association of traits,
influence of environment, and interactions of these phenomena as major
determiners of the efficiency of breeding plans. However, relatively few
experiments in animal breeding have been reported that were extensive
enough in terms of numbers of observations and generations to provide an
adequate test of the predictability of population changes during selection.
Clayton et al. (1957) have published an experiment with Drosophila that gave
both long and short range tests of the adequacy of genetic theory for ex-
planation of response of the selected trait. The selected lines were replicated
so that conclusions regarding repeatability of results could be drawn. The
effects on non-selected traits were observed but were not subjected to pre-
diction and thereby a very important aspect of selection in economic species
was omitted.

Extensive selection experiments with laboratory species have revealed
some inconsistencies of expected and observed results. This is vividly illus-
trated by such occurrences as the asymmetry of response to selection for
large and small body weight in mice (Falconer, 1953) and the ° plateaus’
reached while genetic variance was still present in Drosophila (Mather, 1943 ;
Bell et al., 1953 and 1955; Rasmuson, 1955; and others). Elucidation of

¥ Journal Paper No. 1338 of the Purdue University Agricultural Experiment Station.
Supported in part by grants from the Rockefeller Foundation and the National Science
Foundation.
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the problem seems to require the simultaneous examination of as many as
possible of the determiners of breeding plan efficiency. A series of experi-
ments were conducted in 1954 and 1955 to (1) provide estimates of parameters
needed for predicting response to selection and inbreeding, (2) test predictions
by imposing selection and inbreeding on a population and comparing pre-
dicted to observed changes, and (3) observe repeatability of selection experi-
ments.

MATERIALS AND METHODS

The traits to be studied needed to parallel, as closely as possible, those of
economic value in economic species. Only when this requirement is met can
similar physio-genetic control of the traits in pilot and economic species
attain a maximum probability. Drosophila melanogaster was chosen as the
experimental species because of its known adaptability for genetic studies
plus the fact that techniques were available for the measurement in this species
of several quantitative traits similar to important traits in economic species.
Adult weight is of importance in most economic species and was considered
an appropriate trait to expose to selection in these pilot experiments. As
unselected traits, egg size, fecundity and adult emergence were measured in
order to check on correlated responses. Weight was recorded to the nearest
microgram on a ¢ Micro-Gramatic * balance. Egg size was measured in eye-
piece micrometer units as described by Bell e al. (1955). The measure of
fecundity was number of eggs produced on three consecutive days. Adult
emergence in these studies refers to the percentage of eggs yielding adult flies.
Thus was observed a highly heritable trait, egg size, that is not directly related
to fitness and two traits which are major indicators of reproductive fitness.

Prediction of change of selected and non-selected traits during selection is
dependent upon reliable estimates of such parameters as means, heritability,
genetic correlations among traits, rate of inbreeding, and variances associated
with groups and individuals. The parameters were estimated from inbred
lines, their crosses, and two experiments involving the mating of several dams
to each of several sires. Effects of high-low selection for body weight over
fifteen generations and changes in the other traits were predicted. A repli-
cated experiment was conducted and observed measurements compared to
those that had been predicted.

In order to impose constant inbreeding pressure upon the selected lines,
family selection was used to choose the superior six families each generation.
Within these families a maximum of eighteen flies of each sex were weighed
and the superior six selected to reproduce the line. Single pair matings of the
selected flies were made as shown in Table 1 to provide the permutations
taken two at a time for the six selected families plus the six full-sib matings.
Such a mating plan produces a high probability of perpetuation of any
genetic combination contributing to the desirability of the selected family.
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It also insures a distinctly higher level of in-breeding for the progeny of the
six full-sib matings than for the other 30 progenies. A more detailed de-
scription of these experiments is given by Martin (1959) and will be published
elsewhere.

TABLE 1. MATING SYSTEM WHEREBY A MALE FROM EACH SELECTED FAMILY IS MATED TO A
FEMALE FROM EVERY SELECTED FAMILY.
For example mating 11 is a male from family 1 mated to a full sib, mating 12
is another male from family 1 mated to a female from family 2, etc.

Male parent
Sl 1 2 3 4 5 6

1 11 21 31 41 51 61

2 12 22 32 42 52 62
Female 3 13 23 33 43 53 63
parent

4 14 24 34 44 54 64

5 15 25 35 45 55 65

6 16 26 36 46 56 66

PARAMETER ESTIMATION AND PREDICTION

The variance of body weights of adults from the 12 inbred lines was
determined. The variance component between inbred lines is an unbiased
estimate of 2fA4, where f is inbreeding coefficient and 4 denotes additive
genetic variance, and variance within inbred lines is an unbiased estimate of
(1 -f)A +E, where E = environmental variance (Lerner, 1950). Only the
assumption that inbreeding is approximately 1009, is necessary to estimate
heritability as (variance between lines)/(variance between -+ variance within
lines). By using the ¢ modified diallel * analysis (Griffing, 1956), independent
estimates of additive, (4), and non-additive, (D), genetic variance were
obtained from weights of all combinations of crosses from the 12 inbred lines.
Effects of sex-linkage were avoided by using only weights of female flies.
The estimates of heritability from these sources are shown in Table 2. These
estimates are made from the entire gene pool of a ‘ synthetic population’
produced by free interbreeding of the 12 lines and should more accurately
depict the genetics of the population than would sample inbred lines drawn
from the population. Of the total genetic variance between crosses, 0.98
was additive and only 0.02 was non-additive.

After four generations of free interbreeding of the inbred lines to form a
random mating ‘ synthetic > population, data were obtained from two trials
in which 4-7 dams were mated to each of 20 sires. The per cent emergence
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from each dam’s egg production was determined and transformed to arc-sine
for analysis. Body weight, egg size, and fecundity were measured on the
offspring from each mating. Analysis of variance of these data provided
estimates of components of variance due to sires, dams and full-sib deviations
from which the heritability values shown in Table 2 were derived.

Genetic correlations of non-selected traits with body weight were calculated
in each of the nested experiments. The independent estimates of these cor-
relations ranged from +0.75 to —0.63 for fecundity, from +0.50 to —0.47
for egg size, and from +0.16 to +0.71 for adult emergence. Since each
estimate was based on more than 100 observations, the fluctuations in the
correlations from large negative to large positive values are greater than
would be expected from sampling variation alone. Evidence will be pre-
sented elsewhere to support the hypothesis that transient linkage was present
between genes for body weight and those determining the other traits. Thus
the erratic estimates of genetic correlations were, at least in part, a function
of genetic recombination. The average genetic correlations given in Table 2
obviously have large standard errors; however, they are the best estimate
available for predicting the correlated responses of the non-selected traits.

TABLE 2. ESTIMATES OF GENETIC PARAMETERS FOR VARIOUS TRAITS IN
THE FOUNDATION POPULATION.

Parameters estimated
rG with Effect of 19,
Traits h? body weight | inbreeding
Body weight—Inbreds 0.190 - ( —
—Crosses 0.193 — -0.65 pug
—Sibr 0.214 — —
ze 0.584 0.133 0.00 units
Fecundity 0.071 0.139 -0.37 eggs
Adult emergence 0.512 0.236 —

Data for use in calculating an estimate of inbreeding depression upon adult
emergence were not available. For the other three traits inbreeding de-
pression can be predicted if one is willing to assume that this depression is a
function of the non-additive (D) variance. Straus (1942) found that heterosis
for fecundity in Drosophila melanogaster was due to dominance effects of
chromosomes rather than to interaction between chromosomes. The
assumptions for predicting inbreeding depression are : (1) that the depression
is due to reduction of heterozygosity at loci having dominance effects, (2) that
the mean is due entirely to the action of segregating genes, (3) that there are
two genes per locus with each at 0.5 frequency, and (4) that additive with
additive gene interactions vs. interactions involving dominance bear the
same ratio as additive vs. dominance gene action. Under these conditions
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the equation, f2q(1—q)y/ D/(\/ D+./4) is simplified to £.5,/D/(\/ D+./4),
and may be used to predict the reduction in the mean at any value of f. The
predicted values shown in Table 2 reveal the expected change in each trait
per 19, of inbreeding.

The rate of inbreeding resulting from the mating plan in Table 1 can be
calculated if selection is assumed to be at random relative to inbreeding. This
rate predicts a total of 419, inbreeding after fifteen generations of selection.
If inbreeding depression is pronounced and genes for large size are dominant,
the small-body-size lines would become inbred at a greater rate and the large-
body-size lines at a lesser rate than that predicted. Conversely, if effects of
additive genes are the predominant influence upon body weight, lines selected
large and lines selected small would become inbred at a greater than predicted
rate due to selection of more than a random number of cousins. Thus com-
parison of predicted and observed inbreeding rates can be used to supplement
other evidence on the type of gene action involved.

Selection of the superior one-sixth of the families and the superior one-
third of the individuals weighed in the family permits a family selection
differential of 0.97 standard deviations of the family means and 0.42 standard
deviations selection differential within families in the initial generation.
Unequal population density in different culture bottles which was due to the
dam’s phenotype for reproductive rate accounted for 0.486 of the deviations
of family mean body weights. Since this fraction was due to environmental
correlation with the dam’s phenotype for a non-selected trait, it had to be
removed in predicting the effective selection differential. The effective
family selection differential for any generation was predicted as

Sdp = 0.514 (0.97)6 (1 —0.514h%f)

where o is the standard deviation of family means. The selection differential
within families was predicted as

Sd,, = 0.42¢,(1—h*f)

where ¢, is the standard deviation of weights within the family.

The predicted selection differentials were calculated and multiplied by the
appropriate heritabilities (corrected for predicted inbreeding) to provide the
¢ predicted weight > response plotted in Fig. 1. When the observed selection
differentials for each generation were used instead of those predicted, the
¢ expected weight * response of Fig. 1 was obtained.

Changes in egg size, fecundity, and adult emergence were predicted as

A, =g, Sd,0;l0,+ Af (inbreeding effect on i)

where A, is change in the indicated trait, rf, is the genetic correlation of the
indicated trait with body weight, Sd,,, is the effective selection differential for
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weight and Af is the change in inbreeding coefficient. The predicted changes

are shown in Table 3.

TABLE 3. PREDICTED AND OBSERVED CHANGES IN VARIOUS TRAITS PER
GENERATION OF SELECTION FOR BODY WEIGHT

Traits

Large lines Small lines

Predicted | Observed | Predicted | Observed

Body weight (ug)
Egg size (units)
Fecundity (eggs)
Adult emergence %

14 12 -18 - 19
026 | -005 | -033 | -020
~069 | -127 | -165 | -107

0.63 -1.02 -0.81 -0.68

RESULTS AND DISCUSSION

The response of body weight to high-low selection in the two replications of
the experiment is shown in Fig. 1. The observed asymmetry of response is
treated fully elsewhere (Martin, 1959) and is attributed largely to greater
effects of population density in the large lines. In both replications the
observed selection differentials were larger than predicted and thus led to the
¢ expected ’* response being larger than the * predicted > response. Table 3

1400,
1300
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o :4'4. 1‘/ Vs =
2 IS P 4
< ,aL'/ j\ // /
_{:En " L/- /._.: N //.__ =
g 1 :1 K . ‘\\ v b~ < . —
=y VA \ -+
t‘a ) f{ N Y \~~1/ \/A\ §'\ .{"\.._\,r// Y~
\AQ";- te.. \/:‘\‘\'\-
- b U o L
N T~ \ ~— L
700 S 2 -
Replication I Replication I
6& e i 1 1 i 1

1 3 5 7

9

M 315 1 3 5 7 9 11 3 15
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Fic. 1. Theoretical and observed response during selection for large and small body

weight.

observed weight  ......... predicted weight

e expected weight - ---- weight of controls.

shows that the average predicted and observed response per generation of
selection are in reasonably good agreement for body weight. The realized
heritability for the large, (L), and small, (S), lines is shown in Table 4. Since
estimates of heritability within a generation actually estimate heritability of
divergence for high-low selection rather than heritability of response in one
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direction, the mean A2 of 0.18 should be compared with the predicted level
0f 0.19 t0 0.21 from Table 2. Therefore, response to selection for body weight
over fifteen generations was more accurately predicted from the inbreds and
their crosses than from half-sib correlations in samples of random matings
from the population.

Genetic correlations of the other traits with body weight were calculated
in all selected lines in early, middle, and late generations of selection. There
was little indication of trends in the correlations of egg size with body weight
and each selected line had both negative and positive correlations. However,
correlations in adjacent generations were of the same sign in 75%, of the pairs
examined. Thus the correlations displayed some short-range predictive
value. The average correlation of 0.01 was slightly smaller than the initial
value of 0.133. Correlations of fecundity with body weight tended toward
positiveness but showed less consistency in adjacent generations than those
of egg size. The average correlation shown in Table 4 is the mean of large
negative and large positive correlations with the latter predominating. The
average correlation of adult emergence with body weight (Table 4) was
negative during selection although it had been estimated at 0.24 in the
population before selection was initiated. Eighty per cent of these correla-
tions in the large lines were negative whereas 70%, were positive in the small
lines. This produced an average correlation of —0.51 in the large lines and
0.30 in the small lines. A definite tendency for low emergence to become
associated with the selected trait is indicated so that the correlation before
selection was not useful for predicting change in the trait. Thus the genetic
correlations in the unselected population were of little value in predicting
mean of unselected traits after fifteen generations of selection.

TABLE 4. HERITABILITY, GENETIC CORRELATIONS AND EFFECTS OF INBREEDING
ON VARIOUS TRAITS DURING SELECTION FOR BODY WEIGHT

Observed statistics

Realized rG with Effect of 19
Trait h2 body weight inbreeding
Body weight—L 0.12 — 0.02 ug
’ »y —S 0.23 — -0.28
. ,, mean 0.18 — -0.13
Egg size — 0.01 -0.01 units
Fecundity — 0.26 ~0.36 eggs
Adult emergence — ~-0.10 -0.219,

Effects of inbreeding upon each trait in each generation were calculated as
the difference in the mean of the progenies of the full-sib matings and that of
their less inbred cousins for each 19 difference in inbreeding coefficient. The
averages for each line and trait are shown in Table 5 and the overall means are
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recorded in Table 4. Inbreeding effects on body weight were of the order of
one three-thousandth part of the mean and were inconsequential and variable
in direction. Those for egg size are of a similar general magnitude but are
consistently negative. Thus definite but small inbreeding depression of egg
size is indicated. Fecundity was depressed by about one-third of a per cent
for each per cent increase in inbreeding. This indicates that approximately

TABLE 5. AVERAGE EFFECT OF ONE PER CENT INCREASE IN INBREEDING ON BODY WEIGHT,
DAILY EGG PRODUCTION, EGG LENGTH, AND PER CENT EMERGENCE FOR THE SELECTED

LINES.
Effect of one percent inbreeding on:

Line Weight Fecundity Egg size Emergence
Large 1 +0.33 —-0.45 eggs —-0.012 units ~-0.18%
Small 1 +0.31 -0.23 -0.020 -0.31
Large 2 -0.28 -0.35 -0.012 -0.12

Small 2 -0.88 -0.39 -0.014 ~0.25

369, of the mean egg production of a non-inbred population would be lost
when inbreeding reached 100%,. This result agrees with that predicted from
the initial population and thus agrees with Straus’ (1942) observation that
heterosis of fecundity is due to dominance. Adult emergence was consistently
depressed by inbreeding. The average depression of the mean as shown in
Table 4 was about 609, as great as it was for fecundity. It may be stated that
where data were available, the effect of inbreeding was predicted with
reasonable accuracy on the assumption that heterosis is due to dominance
effects.

The overall fit of predicted and observed changes in the means of non-
selected traits was not very good as shown in Table 3. The failure of predic-
tion is attributed largely to the transient nature of the genetic association of
these traits with the selected trait. If genetic correlations in general are
similar to those observed in the present data, their inclusion in selection
indexes is of questionable value.

The predicted coefficient of inbreeding in the fifteenth selected generation
was 0.41 and the observed values were 0.44 in the large lines and 0.50 in the
small lines. All lines became inbred at a rate greater than that predicted
with a ratio of additional inbreeding approximating the ratio of realized
heritability in the two directions of selection. This result indicates additive
rather than dominance or epistatic gene action influencing the selected trait
and agrees with the absence of important inbreeding effects upon body size.

Finally, the repeatability of results was high for divergence of the selected
trait (Fig. 2) and for effects of inbreeding (Table 5). Repeatability of genetic
correlations and of response of the selected trait in a given direction was, in
general, not nearly so high. Heritability as estimated in a random-bred

N B.G.
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population is heritability of divergence and it seems to have more value for
predicting divergence than for predicting response to selection in a given
direction. Repeatability and predictability seem closely associated so that
phenomena that were less repeatable were also more difficult to predict.

®.

Selected divergence- /
L Replication I ~
Replication II————./

A

14 /

2 ‘2
£ /
o / &
[ o
2 8
= // lObserved divergence -
(.l? 2 Replication 1
/ Replication T~ N\ ..l
A D

o} 2 4 6 8 10 12 14
Generations of selection

Fic. 2. Selected and observed total divergence between lines selected for large and
small body weight.

SUMMARY

Population parameters needed for the prediction of response to high-low
selection for body weight with inbreeding and changes in egg size, fecundity,
and adult emergence during selection for body weight were estimated from
twelve inbred lines, their crosses, and random samples drawn from a popula-
tion synthesized from the inbred lines. Two samples were drawn from the
synthetic population and a replicated experiment selecting for large and small
body weight was carried through fifteen generations of selection. A breeding
plan that imposed inbreeding at about 39, per generation was used. The
three unselected traits were measured in most generations.

Slightly larger selection differentials were obtained than had been predicted
whereas realized heritability of body weight was slightly below preselection
estimates. Genetic correlations of the unselected traits with body weight
were highly transitory both before and during selection and were of little
value for predicting association with the selected trait or change in the means
of unselected traits.
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Effects of inbreeding were predicted on the assumption that heterosis is
due to dominance effects of genes. The predicted values were in close
agreement with those calculated independently in each line and generation.
Inbreeding depression was most severe for fecundity, less severe but still
large for adult emergence, definite but very small for egg size, and of little
consequence for body weight.

Coefficient of inbreeding was predicted on the assumption of its in-
dependence from the selected trait. It exceeded prediction in all lines by a
pattern that indicated additive gene action.

Divergence of body weight was highly repeatable over replications whereas
response to selection in a given direction was less repeatable and less pre-
dictable.
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PREDOMINANCE OF HYBRID LOSSES OR
NEGATIVE HETEROSIS IN MOUSE CROSSES*f}

By R. W. MasoN, H. H. NiCHOLSON, RALPH BOGART and HUGO KRUEGER
Oregon Agricultural Experiment Station, Corvallis, Oregon

ANIMAL production, as plant production, is successful only when the total
production per square foot of factory space is high. Plant yields are logically
related to a per acre basis and hybrid vigor as measured in plants is dependent
upon a series of heterotic effects acting upon many individual plants through
a complete developmental process. Animal yields are most logically related
to a per cow, per ewe or per sow basis since the most costly and limiting item
in animal production is the female of the breeding herd. Total yield is a
resultant of fertility and growth. Because individual animals are more
prominent than individual plants and because man is more closely associated
with animals for longer periods of time, the importance of all phases of a life
cycle are not given appropriate emphasis. Thus, one might observe faster
growth rates and conclude that heterosis existed. A complete life cycle
broken into nine parts is considered in this study.

MATERIALS AND METHODS

Four strains of mice—Oregon State College strains 4, C, O and V—were
crossed via a diallel mating plan. Characteristics measured in the 6 cross,
6 reciprocal cross and 4 purebred offspring groups were: growth, food
consumed and grams of food consumed per gram of growth from 21 to 45
days of age, 45-day body weight, number of mice born per litter from the
crossbred and pure strain mice, 12-day litter weights of offspring of the cross-
bred and pure strain mice, thyroid weights, micrograms of thyroid per gram
of body weight and gram-minutes of survival during asphyxiation.

The diallel mating plan was to mate each of 7 males of each strain to a
female of each strain, that is to have 7 litters born in each of the 16 possible
frames of a 4 x 4 diallel table. Ideally, 28 females of each strain would have
been used and no female would have had more than one litter. In reality, the
C strain was so low in fertility that fewer than 7 litters were born in each
frame involving C and several of the C females were used more than once.

* This study was conducted in cooperation with the Agricultural Research Service,
U.S. Dept. of Agriculture, and State Experiment Stations under Western Regional Project
W-1 on Beef Cattle Breeding Research. Oregon Agricultural Experiment Station, Cor-

vallis, Oregon.
+ Technical Paper No. 1170, Oregon Agricultural Experiment Station.
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The mating plan for obtaining litters from the F, mice born from the first
mating plan was originally a 16 x 16 diallel plan to produce the 256 possible
genotypes of the F, generation. Since there were not enough mice produced
by the original matings to satisfy this objective, an incomplete 16 x 16 diallel
plan was used wherein male mice of one of the 16 genotypes were mated to as
many as possible of the 16 female genotypes as follows:

FEMALES
a b ¢ d e f g h i j k 1 m n o p
aa X X X X X X X X X X
b X X X X X X X X X X X X
c. X X X X X X X X X X X
d. X X X X X X X
e. X X X X
f. X X X X X X X X X X X} X X
g X X X X X X X X X X X
E h. X X X X X
<i X X X X X X X X X X X X
= i X X X X X X X X X X X X X X
k X X X X X X X X X X
. X X X X X X
m X X X X X X
n. X X
o. X X
p. X X X X X X X

The position that an individual female of genotype z (z= a, ..., p) occupied
was random with the restriction that all frames a-p be filled before duplica-
tion was made, as was the position of an individual male of type z, and thus
missing frames were at random. In this way it was hoped that the level of
fertility in one group would not be reflected in the fertility of any other group.

It had previously been shown that a sex difference in fertility existed among
three of the four pure strains, the females being more fertile than the males in
two of the strains and the males more fertile than the females in a third
strain (Bogart et al., 1958).

Two methods of analyzing the diallel table were used. The first was a
modification to include two sexes of offspring, of method 1, model I, for
combining ability analysis as outlined by Griffing (1956). In this analysis,
the model used was:

Vg = u+gi+g;+8i+ 1+ K+ g+ e+ Syt Tj+egu
i=1,..4
j=1,...,4
k = male or female
1=1, ..., n, the individual
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where y;;, is an individual of genotype Y ; u is the effect common to all
animals, the mean; g, is the general combining ability (g.c.a.) effect of the

" parent strain, that is, the effect common to parents of strain i regardless
of parental sex; s,, is the spec1ﬁc combining ability (s.c.a.) effect for the
cross between the i™ and j™ parents such that 5;; is equal to s;; 1y is the
reciprocal effect involving the reciprocal crosses between the i™and j®
parents such that r;; equals —r;; K is the sex effect such that X for females
equals —K for males g is the general combining ability effect for offspring
of sex k of the i"™ parent strain not accounted for by g.c.a. or by sex; s,; is the
specific combining ability effect of the i ™ and j™ parent as expressed in sex k
and not accounted for by s;;, g.c.a., seX Or sex x g.c.a. ; ryy is the reciprocal effect
of sex k not accounted for by r;; such that r;; for males equals —r, for
females; and e is the remaining discrepancy of an individual of genotype
Vij from the mean of genotype Y.

The second method of analyzing the diallel table was a factorial analysis
in which the following model was used:

yiﬂtl = u+K+s'+di+s~d(+Sjk+d;k"l'(S'di)k'l"eijkl

where y;;u, 4, e and K are as prevnous]y defined, s; is the effect of the i
stram sire, d; is the effect of the i strain dam, s d; is the effect of mating the
jUstrain males with i strain females not accounted for by the effects of the j™
sireand the i"dam, s, is theeffect of the 1 "strain sire on the k™ sex notaccounted
for by s; or K, dy; is the effect of the i*"strain dam on the k™ sex not accounted
for by d; or K, (d;s;)k is the remaining discrepancy of the Y;; means from Y¥;;
means, e is the deviation of the individual y;;, from Y.

Since there were disproportionate subclass numbers, the analyses were run
on the unweighted means using the within subclass sum of squares divided
by the harmonic mean of subclass numbers for the error sum of squares
(Snedecor, 1956).

Finally gross correlation coefficients, for the mean of males and the mean
of females of corresponding genotypes, were calculated for each trait and the
gross correlation coefficients for each trait with each other trait were calcu-
lated within sexes using the subclass means as the observations.

The methods of housing and caring for the animals have been described
previously by Mason et al. (1956) and Mason et al. (1958).

RESULTS AND DISCUSSION

The pertinent data are tabulated in Tables 1 through 6. From these tables
which summarize the effects as determined from model I, the nine diallel
tables can be reconstructed. In presenting the results and discussing them,
the diallel tables were studied extensively but are not included in the text
because they require much space.
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Growth from 21-45 Days of Age

Strains O, V and C were superior to their crossbred offspring in ability to
grow after weaning. Two crosses of strain 4, those with ¥ and C, were the
only crosses which exhibited superior growing ability that could not be
accounted for by the general combining ability of the parent strains. There
was a sex difference in the offspring of 1.90 g in total growth for the period
which was essentially constant over all genotypes as evidenced by the lack of
interaction of sex with any of the other sources of variation studied in the two
analyses.

Most of the differences in general combining ability can be accounted for
by maternal effects since the mean square for differences between strains of
dam (general combining ability of the female strains) is about the same as the
mean square for general combining ability, whereas the mean square for
differences between sires is very small and not statistically significantly larger
than the error mean square, Table 5. After removal of the general combining
ability and specific combining ability effects, offspring of strain O females
are superior in post-weaning growth of their reciprocal crosses only to off-
spring of strain ¥ females. As reported previously by Mason et al. (1957)
and by Bogart et al. (1958) OV mice born from ¥V females suffered from a
severe, inherited vitamin deficiency before weaning from which they
apparently did not recover.

In pure strain matings, O females are adapted to raising litters of around
nine mice or about two more than they raise in crossbred litters which, since
the O females are extremely good mothers as indicated by the 12-day weights
of their offspring, would leave little room for post-weaning compensatory
growth. Thus, the superior post-weaning growing ability of offspring of 4
females and C females in the crosses 04 and OC is most likely compensatory
growth.

In pure strain matings, 4 females are adapted to raising only about five
mice per litter, whereas in crossbred litters they had to attempt to raise one to
four extra mice (Bogart et al., 1958). Thus it can be expected that com-
pensatory growth would occur in their crossbred offspring and this is borne
out by the fact that in each cross 40, AV and AC the reciprocal effect is in
favor of the A female.

Crossbred offspring of strain C females were never superior to their re-
ciprocal cousins and this can not be explained by maternal effects since C
females had litters of about the same size in cross or pure strain matings and
the 12-day litter weights were generally low. Individuals of strain C were
smaller than those of the other three strains (see below) and the small size
predominates in all of their crossbred offspring. Thus, the genes for small
size in strain C are dominant as are the genes (see below) for increased
oxygen consumption, and the latter may be one causal factor of the former.
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Partial support of this statement is provided by the fact that 12-day weights
of offspring in the second generation from C females are still small even when
the line of descent is through the male crossbred sons, which might indicate
sex linkage.

Strain ¥ had poor general combining ability for post-weaning growth and
combined better with itself than with any of the other three strains. Strain ¥V
imparted to its offspring a relatively inactive thyroid gland as evidenced by
greater gram-minutes of survival, and by the heavier thyroid weights which
were correlated with gram-minutes of survival. This would be expected to
increase growth because it should increase efficiency of growth. However,
the lower thyroid activity apparently led to decreased food consumption
because of the lesser activity associated with hypo-thyroidism. Further, the
food consumed, or at least the food utilized, was not sufficient to provide for
growth (anabolism) at a rate exceeding catabolism to the extent of other mice
in the population. The cross of ¥4, which had superior growing ability, also
had optimum thyroid activity, and apparently other factors which would
affect efficiency such as the digestive system and the kidneys were working
well.

Forty-five-Day Body Weight

In many ways 45-day body weight is the most important item for con-
sideration because it is comparable to a weight at slaughter age in farm
animals as well as weight at first mating in farm animals. Thus, when using
mice as a tool for developing agricultural philosophy it is well to consider
thoroughly the relationship between this characteristic, the importance of
which is most apt to be overemphasized, with all previous and future charac-
teristics which will have an effect on the economic well-being of farmers.

Forty-five-day body weight is positively correlated with growth from 21
to 45 days of age in both sexes (r = 0.55 for females and 0.69 for males), it is
even more highly correlated with food consumed from 21 to 45 days of age
(r = 0.79 for both sexes); there is however, no correlation between efficiency
of growth and 45-day body weight. The correlation between 45-day body
weight and the number of mice born per litter is 0.62 for females and 0.43
for males. The latter correlation coefficient is not significant at the 5%, level
of probability. Forty-five-day body weight of females is correlated with the
12-day weights of their offspring with a coefficient of 0.62, while the 45-day
body weight of males has no significant correlation with the 12-day litter
weights of their offspring.

In general combining ability, strain C was low; however, this was largely
because offspring from strain C females were much smaller than other mice.
There is some evidence that sex linkage may be involved in the genes de-
termining 45-day body weight of C mice since the male and female offspring
of C females and the female offspring of C males are especially small. Since
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45-day body weights were not obtained on the F, mice it can only be surmised
that sex linkage is involved and that the same sex linked genes for small size
affecting 45-day body weights are also affecting 12-day litter weights.

Strain O was superior in general combining ability for 45-day weight but a
lot of the superiority was due to the female parent and occurred prior to
weaning.

There were no significant specific combining ability effects in 45-day body
weight although there were some significant interactions involving sex of the
offspring and specific combining ability which involved strain 4 and C and the
cross AC. The males of strains 4 and C had larger 45-day body weights than
could be accounted for by specific combining ability and the crossbred males
were smaller than expected. Of course, the opposite can be said of females in
each case. The net effect of all factors provided 4C with the highest meta-
bolic rates of all mice observed. Thus, results of this increased metabolism
were especially striking if the C females were the mothers. The growth after
weaning was good in males of both crosses, but the mothers, and particularly
the C mothers, could not meet the nutritional needs of the males during the
nursing period. Assuming that there was a sex difference in birth weight,
the females would have been smaller and consequently would have required
somewhat less milk which would allow them to grow more normally than did
their brothers. This is borne out by the satisfactory weaning weights of
female offspring. In strain by strain matings, A mothers are adapted to
raising male offspring with the thyroid activity of the females of the cross
AC, whereas in strain by strain matings the C mothers are not even adapted
to raising males of the high thyroid activity of the crossbreds, p. 207.

Reciprocal effects and the interaction of sex with reciprocal effects were
both statistically significant. Offspring of O females were larger in all crosses
than their reciprocal cousins and in the crosses O ¥ and OC sons were larger
to a greater extent than were daughters. The superior mothering ability of
the O females should explain this effect since in unpublished investigations
we have found that the males are somewhat more variable than females even
when the coefficient of variation is considered. The consequences of this
difference in variation were discussed by Mason et al. (1958) and briefly
mean that sex differences in body size increase as body size increases.

Offspring of ¥ mothers were larger at 45 days of age than the reciprocal
crosses from either 4 or C females and again the male offspring were larger
to a greater extent than female offspring. This effect had to be due to a greater
weaning weight of the offspring of ¥ mothers since post-weaning growth was
less. Itis doubtful that the ¥ females gave more milk than the 4 or C females
since there is a positive correlation (—0.56 with gram-minutes of survival)
between thyroid activity of the mothers and 12-day litter weights of the off-
spring. What is more likely is that the nutritive requirements of the offspring
of V females were less since they had lower rates of metabolism than their
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reciprocal cousins. This is supported by the fact that 12-day weights of V'
females when mated to a random sample of the 16 genotypes of the F;
population were intermediate between 12-day weights of offspring of 4 and C
females when mated in the same way.

A mothers were superior to C mothers in the cross A4C. This cross has
been discussed in detail above and it is only necessary to remark again on the
apparent sex linkage of small size dominant genes of strain C which, acting
in this cross, decreased the body weights of CA males in contrast to AC males.

Forty-five-day body weight was chosen as a characteristic to measure
which would be relatively free of maternal effects as discussed by McArthur
(1944) and by Falconer (1953). Maternal influences were acting on 45-day
body weights of mice in this study as discussed above. In part this is explain-
able on the basis of conflicting metabolic patterns which are inherited. Aside
from this it should be fruitful to examine the past history of the strains.
Strain O had been maintained, unused, for a number of years in the labora-
tory in which this study was conducted. During this time only three or four
breeding animals of each sex were kept at any time. Selection was for large
size and healthy animals. Litters were weaned at 28 days of age or later.
Matings were not made until females were 90 days old or older and thus were
well grown. Females which did not raise large litters of big, healthy indivi-
duals were discarded. In this way, selection was for large size as well as for
favorable maternal effects which would accumulate even in a constant
genotype. These maternal effects might take several generations to eliminate
under the conditions of this experiment.

Strain ¥, on the other hand, was used for diagnostic work in its previous
history. A large colony of mice was maintained in one cage and, when mice
were needed for diagnostic purposes, large and healthy males and large and
healthy females were removed. Thus, the mice that had the greatest chance
of being mothers were either young or very old, and in this way unfavorable
maternal effects had a chance to accumulate, in addition to there being
selection for small size. The surviving mice of diagnostic tests were replaced
in the colony and in this way selection for inactive thyroids may have occurred.
Maintaining the ¥ mice as they were maintained would create a feeding
problem and mice which did not require large amounts of food would have
the best chance of survival. That there could have been selection for de-
creased daily food consumption is indicated by the general combining ability
of strain ¥ for less food consumption, and of course 45-day body weights are
positively associated with food consumption after weaning.

Strain 4 was maintained in much the same way as strain ¥ except that it
was used in insecticide studies which may have induced a selection for high
thyroid activity since survivors of these tests were also returned to the
colony. Food consumption would again be a problem but since the mice
had high rates of metabolism, large amounts of food in relation to body size

o B.G.
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had to be eaten.. The only way the strain could cope with the problem was to
develop small body size and about average food consumption. Since the
females required large amounts of food for the maintenance of their own
bodies, and since food was a limiting factor, it is only logical that there
would be selection for small litter size. In A x A matings only 4.4 mice are
born per litter on the average, and surprisingly, the male is largely respon-
sible (Bogart et al., 1958).

The history of strain C is not known ; however, the effects of strain C on
45-day body weight seem to be well explained on purely genetic grounds.
Finding maternal effects so outstanding in the mice of this study as compared
to those of other published reports is not surprising after the previous history
of the strains is known.

As expected, 45-day weight is less subject to maternal influences than
growth as is indicated by the significance of differences between strains of
sire for 45-day body weight. In other words, true genetic differences have
some chance to express themselves in 45-day body weight and thus it would
seem that strain V is genetically smaller than the other strains and that these
genes are essentially additive with those of the other strains.

Food consumed from 21-45 Days of Age

Food consumption has been discussed above in relation to growth and
45-day body weight. The general combining ability effect of strain O was to
increase food consumption by about 5 g and most of this effect was maternal
since differences between strains of sires were not significant. Since 45-day
body weight is comparable to the weight at marketing age of meat producing
animals and since the correlation between 45-day weight and food consump-
tion is the highest correlation (r= 0.79) observed, it is well to consider how
food consumption for this period might be increased. Large size at weaning
is probably the most important influence on a mouse’s ability to eat during
this growing period as indicated by the relationship of (1) general combining
abilities of the strains for food consumption and 12-day litter weight as
measured in their offspring and (2) the relationships of the 12-day weights of
the four strains when mated to a random sample of the 16 F; genotypes.
These are both positive relationships.

The next most important item in increasing food consumption is to avoid
matings with strains ¥ or C, or A with strain O, or above all to avoid using
females of these strains. If one considers that the consumption of large
amounts of food from 21-45 days of age is desirable, then crosses involving
V and C were undesirable and exhibited negative heterosis.

Efficiency of Growth from 21-45 Days of Age

Efficiency of growth during the post-weaning period is of utmost importance
to the livestock feeder who buys weanling animals to develop for the meat
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market. It is important to both the primary producer and the livestock
feeder in the situation where the feeder does not purchase the animals for
some considerable time after weaning. And, it is important to the primary
producer in connection with the females developed for the breeding
herd.

Grams of food consumed per gram of growth is the index of efficiency used,
with small values or negative effects being desirable. The failure of differences
due to general combining ability and differences due to strains of sire to be
statistically significant indicate that additive genes or perhaps even non-
additive genes are not important in determining this trait. Differences
between strains of dams were significant, with offspring from A females being
the most efficient. As discussed above, compensatory growth of these mice
was probably occurring and this type of growth is generally more efficient
than non-compensatory growth (Pomeroy, 1955; Brody, 1945).

Specific combining ability effects were statistically significant with strain
C particularly outstanding in its low efficiency as compared to its crosses.
This increased efficiency in the crossbreds was accomplished through de-
creased food consumption in excess of the decrease in growth associated with
C crosses, and was accomplished in spite of very short asphyxiation times.
In this case, the increased efficiencies, while heterotic in themselves, must be
considered as a result of a general hybrid loss in the C mice. Further,
although high efficiency is desirable, a livestock man would not profit from it
when obtained in this way because of the generally small final weights attained,
the reduced fertility as indicated by litter size at birth and the reduced mother-
ing ability as indicated by reduced 12-day litter weights.

Crosses of strains ¥ and 4 with O resulted in negative specific combining -
ability for efficiency of growth which was associated with negative specific
combining ability for growth and number of mice born per litter.

Reciprocal effects, which were significant, have been mostly explained
previously by growth and food consumption. Crossbred offspring from O
females required more food per gram of growth than the reciprocal cross-
breds from A and C females. These mice were larger at weaning and at 45
days of age, therefore, higher maintenance requirements are expected. The
reciprocal cross OV was more efficient than V0. OV, from O mothers, were
generally healthy throughout their life, whereas the VO, from V mothers,
were stunted badly prior to weaning and had hardly recovered by 45 days of
age, although an attempt was made by their consuming large amounts of food.
It is probable that efficient use of the food could not be made until first the
previously acquired vitamin deficiency had been made up and secondly the
damage resulting from the vitamin deficiency had been repaired.

There was a significant difference in sex response to reciprocal effects in the
cross OV (VO) and the cross AC (CA). In the first case it appears that VO
females from V¥ mothers were not as severely affected by the vitamin de-
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ficiency as were their brothers since they ate relatively more food, grew
relatively faster and were relatively heavier at 45 days of age.

In the cross AC, male offspring from C males were relatively less efficient
than their sisters when compared with male offspring from 4 males. This
is in agreement with previous discussions of sex linkage for small size genes
of strain C and the effect of strain C on efficiency of growth.

Number of Mice Born per Litter in the F, Generation

The number of mice born per litter in the F, generation was affected
mainly by maternal effects of their grandmothers, or it might be said that the
number of mice an individual may have is affected to some extent by the
individual’s mother. Perhaps oddly, the male is affected as well as the female.
If strain O females were the mothers, crossbred mice had a better chance of
having large litters ; if strain C females were the mothers, crossbred offspring
had small litters ; litters of intermediate size were born to crossbred offspring
of A and V mothers. Outstanding reciprocal effects were observed if O
females were mothers rather than ¥V females; V females rather than C
females; and A4 females rather than C females. The OV cross has been
discussed previously in detail as to its abnormality. The relationship of C
females to V" and A females in the crosses ¥'C and V4 is the same as for
growth, 45-day body weight and food consumption. The number of mice
born per litter was positively correlated with growth from 21-45 days of age
in females only (r= 0.68); positively correlated with food consumed from
21-45 days of age in females only (r= 0.70); positively correlated with
45-day body weight in females only (r = 0.62), and negatively correlated with
gram minutes of survival in females only (r= —0.51). The correlations of
these characteristics in male offspring to the number of mice they sired in
litters were in the same direction, but were not statistically significant.

Twelve-day Litter Weights

Twelve-day litter weights follow closely the number of mice born per
litter, there being a correlation of 0.90 between number of mice born in
litters of females and the 12-day weights of these litters, indicating that the
same factors, including maternal effects, which endow a female with the
ability to give birth to a large number of mice, also endow her with the ability
to provide for them after birth. The correlation between 12-day weights of
litters sired by males and the number of mice born in the litters is not so high
(r= 0.73), which would indicate that after birth the maternal influence of the
mate, or mothers of the litter, was becoming more prominent. There was a
significant interaction of sex of the parents of the litters with reciprocal
effects of the parents in the original cross. This was most outstanding in the
cross VO where female offspring of V females were unable to raise large
litters and in the cross AC where female offspring of C males raised much
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larger litters than those sired by their brothers or in fact than any other
group related to strain C or to strain A4, a definite heterotic effect which can-
not be explained with the information collected in this experiment,

Thyroid Weight

There is a large sex difference in thyroid weight, thyroids of females being
0.86 mg heavier than those of males. This is a very substantial difference
when the mean thyroid weight is only 2.72 mg. Thyroid weights were
relatively independent of body weight as indicated by the high correlation
between thyroid weight and ug of thyroid per gram of body weight (r= 0.89
for females and 0.88 for males). As far as females are concerned thyroid
weight is also independent of gram-minutes of survival, and thus presumably
of oxygen consumption. However, thyroid weights of females are signifi-
cantly correlated with food consumed (r= 0.55) and with 45-day body weight
(r=0.50). In males thyroid weights are significantly correlated with gram-
minutes of survival (r=0.65); with 12-day weight of the litters sired by
particular males (r= 0.60); and with efficiency of growth (r= 0.58), but are
not significantly correlated with food consumption or 45-day weight.

The non-linearity of the relationships of the various traits studied has not
been investigated except for the relationship of thyroid weight of males to
growth of males, which is definitely not linear, and growth of males can be
described by including a quadratic function of thyroid weight. This re-
lationship was noted in the previous discussion of growth, and has been
discussed further by Mason et al. (1956).

Efficiency of growth, which is related to thyroid weight in males and not
to thyroid weight in females, is related to growth (r= 0.61) of males, but not
of females; and is related to food consumption of females (r= 0.70) but not
of males; and food consumed is related to thyroid weight of females (r= 0.55)
but not of males. In other words, the heavier the thyroids of females, the
more food they eat and the less efficient they are because growth is not
increased at a sufficiently rapid rate. Thus, it might be expected that upon
further investigation a curvilinear relationship would also be found between
growth of females and thyroid weight. In contrast to females where the
important item contributing to efficiency is food consumption, in males
growth is the important determiner and it is known that growth in our mice
decreases rapidly and consequently efficiency decreases rapidly after thyroid
weights attain 2.4 mg.

Thyroid weights are worthy of the above discussion since they are more
highly heritable and less subject to maternal influences than previous items
studied. Differences due to general combining ability account for most of the
differences in thyroid weights other than sex. The offspring of strain O
which is superior in general combining ability in most of the traits studied
have intermediate thyroid weights, whereas offspring of strain C which had
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mostly poor general combining ability were low in thyroid weights. Differ-
ences between strains of dams were somewhat greater than differences be-
tween sires. These differences were mainly due to thyroids of offspring of
strain ¥ (largest thyroids) and strain C (smallest thyroids) females being
larger and smaller respectively than the average of the reciprocal crosses.
There does not seem to be any sex linkage involved and the explanation may
be that large and small amounts, respectively, of thyrotropin affect the em-
bryonic thyroids and create a permanent environmental effect.

From the relationships cited above, it would seem that intermediate
thyroid weights are heterotic and that these can be obtained and supposedly
maintained by selective mating.

Micrograms of Thyroid per Gram of Body Weight

The inheritance of the amount of thyroid tissue per gram of body weight
follows the same pattern as the inheritance of thyroid weight. The correlation
coefficient between the two characteristics being about 0.89, as stated above,
means that if animals have large thyroids they also have large amounts of
thyroid in relation to body weight. However, whereas thyroid weight is
significantly correlated with gram-minutes of survival only in males, ug
thyroid per gram of body weight is significantly correlated with gram-
minutes of survival in both sexes; r=0.48 in females and 0.46 in
males.

The failure to establish a significant relationship of ug thyroid per gram
body weight to growth in females, whereas one was established in males
(r=—0.52) is logical since the range of ug thyroid per gram body weight
covered by females is very small as compared to males. The relationship of
ug thyroid per gram body weight to growth is probably independent of sex,
since when the female values are plotted on the graph for males which was
constructed by Mason et al, 1956, the values fit very well, so that growth
could be predicted, regardless of sex, by the equation 9 = 10.68 —0.04%,
where » is the average growth of mice of a given genotype and X is the
average pug thyroid per gram body weight of that genotype.

There is a negative correlation in males, but not in females, between ug
thyroid per gram body weight and efficiency of growth (r=0.52 with grams
of food consumed per gram of growth). However, this is to be expected
since variation in food consumption of females is more important in deter-
mining efficiency than is growth, and food consumption is not related in
either sex to the amount of thyroid tissue per gram body weight.

Since both large amounts of growth and good efficiency are desirable,
small amounts of thyroid per gram of body weight are desirable, but it must
be remembered that the growth associated with the smallest amounts of
thyroid tissue is compensatory, and that the efficiency of growth attained in
the groups with the lesser amounts of thyroid tissue per unit body weight was
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attained by their eating small amounts of food rather than by large amounts
of growth.

Gram-minutes of Survival

Rates of oxygen consumption as measured by gram-minutes of survival
followed the same pattern of inheritance as thyroid weight, except that there
is specific combining ability. In particular, strain C combined with itself to
reduce oxygen consumption as compared to its crosses. The generally poor
combining ability of strain C for all characteristics measured parallels this
overdominant effect on oxygen consumption of strain C in crosses, and since
oxygen consumption does not follow exactly the thyroid characteristics, it is
logical that other factors are being inherited through strain C which affect
oxygen consumption, as indicated by survival time per unit of tissue.

Oxygen consumption was positively correlated with growth in females
(r=—0.54 with gram-minutes of survival), but not with males, and also with
number of mice born per litter (r=—0.51) and 12-day litter weights
(r=—0.56) in females only. Since females, in this group of mice, had
lower metabolic rates than males, something can be gained by increasing
metabolic rates of females. It should be noted that strain O females, which
were superior mothers, had higher metabolic rates than their brothers, whereas
in nearly all other groups the opposite situation existed. There were only
two groups which imply a heterotic effect in this direction: ¥ females x 4
males and 4 females x C males.

GENERAL DISCUSSION

As a final indication of hybrid vigor the parental means were compared
with the average of their crossbreds, Table 6. The significant differences for
45-day weight, OV and OC, were both in the direction of negative heterosis as
were the significant differences for growth OV, 04, OC and VC; and con-
sidering increased food consumption heterotic, as per the above discussion,
the crosses OV, ¥C and AC exhibited negative heterosis. The cross OV was
significantly less efficient than the average of the parents, also negative
heterosis. Thus all significant differences from parental means for charac-
teristics concerning growth and body weight were negatively heterotic.

There were no significant differences from parental averages in the number
of mice born per litter (the crossbred mothers generally had more mice born
per litter, but not the required 1.9 extra ones), whereas in 12-day litter weights
one cross, AC, definitely showed positive heterosis, and again the means
were generally in favor of the crossbred mothers.

The mice studied in this problem displayed conflicting physiological
patterns. The basic physiological traits studied were mostly additive in their
inheritance, and thus there was generally created a conflict between the
physiology of the mother and the genotype of her crossbred offspring.
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It would seem that if positive heterotic effects are to be attained in cross-
breeding of mammals, where maternal effects can be so profound, selection
must be toward similar physiology in the parental strains. This physiology
of course must be adapted to the environment under which the crossbreds
are to perform. Thus as discussed by Dobzhansky (1950) heterosis can be
attained by crossing co-adapted groups, but negative heterosis can be
attained if selection has been toward different physiological patterns which
produce the same phenotype.

SUMMARY

Four strains of mice were crossed via a diallel plan. Characteristics
measured in the offspring were post-weaning growth, food consumption and
efficiency of growth to 45 days of age; 45-day body weight, fertility as
measured by number of mice born per litter and milking ability as measured
by 12-day litter weights. The thyroid characteristics, weight and pg thyroid
per gram of body weight, and oxygen consumption measured by gram-
minutes of survival in a sealed 4 pint Mason jar were studied in an attempt
to find a basic explanation for some of the results.

Maternal effects were outstanding for all of the first five traits.

The thyroid characteristics were inherited in an apparently additive
manner.

Sex linkage of dominant genes for small size was apparent in the crossbred
mice of strain C.

The physiological patterns in the parent mice were widely different and the
crossbreeding resulted in a conflict between mother and offspring which
generally resulted in a negative heterosis, or the inability, in some cases, for
offspring to exploit their superior genotypes.

It is concluded that for heterosis to be attained in mammals, where maternal
effects can be profound, that selection of parental material must be for
similar physiological patterns.
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THE USE OF CORRECTION FOR REGRESSION
ON A SECOND CHARACTER TO INCREASE THE
EFFICIENCY OF SELECTION

By A. F. PURSER
A.R.C., Animal Breeding Research Organisation, Edinburgh

WHEN selective breeding is practised within a population for a single con-
tinuous character, the progress expected may be predicted on certain assump-
tions. For instance, in an additive situation the genetic gain AG of a character
with heritability h? = 6%/c? may be shown to be

AG = ih’q,

-2 -2
o, io,

o, <6 +a?)

where 7 is the selection intensity and ¢, o7 and o? are the phenotypic,
genetic and environmental variances respectively. Reducing 02, by making
corrections for known environmental effects for example, will increase the
genetic gain to be obtained. The use of a second character of the phenotype
of the animal to give information on environmental variation will however
alter the situation because of the possibility of there also being a genetic
association between the two characters. A method of increasing the genetic
gain for a single character by means of correction for linear regression on a
second character is discussed in this paper. The theory is outlined and some
results given from a selection experiment where these ideas were put into
practice.

THEORY
Both Rendel (1954) and Osborne (1957) have considered the efficiency of
selection of a character when correction is made for its linear regression on a
second character. Some of their results are included in the following syn-
thesis.

Suppose we have two characters X, and X, having a phenotypic correlation
r, and a genetic correlation r,.
Consider an index of the form

I=X,—aX,

where a is a constant,
210
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The ratio of the genetic gain in X, when selection is based on I, AG (X, /I),
to the gain by direct selection on X, AG (X)), is

%%)=E=[l ar, ]/\/[1 2ar pz+a20'pz] 1)

E is a maximum when

2
[ Op, O, G, O,
—_ Py __ Pt “ g2 — P1 792
a —l:r,, re—% —«:l / [1 rpry— 2 ——] 2
al’z apz aﬂl apz aan

If r,= 0 then a reduces to the phenotypic regression of X; on X,. E then
becomes 1/,/(1—r2) as would be expected. In any case one may use the
phenotypic regression for a even if r, is not zero, though the efficiency is then
less than maximal. Such a course may be adopted when no reliable estimate
of the genetic correlation is available. The range of values of a that give
some increase in genetic gain for X; may be found from Equation 1. For
E>1 we find a lies between limits 0 <a <A where

2 2 2
ag 0p, O Op, O,
A= 2[rp P:__rg 1271 az:l/[l - rg lzn gz]
GP: apz aﬂl apz 601

For a wide range of parameters it is found that 4 is approximately twice the

optimum value of a.

A point to be considered is that if r, is not zero, selection for I will generally
cause a correlated genetic change in X,. If X, is to be kept constant the
value of @ must be such that the genetic covariance of 7 and X, must be zero.

2
Thus 1,04,04,— a0, =0
g:
92

i.e. a is now the genetic regression of X; on X,. In this case the efficiency
of selection for X is given by

E= [1—r2]/[1 —2r,r, 20 “+r3“§1 "g‘]

I’l aaz a'm aaz

and so a=r,

EXPERIMENTAL MATERIAL

A comprehensive selection programme was started in 1954 with a hill flock
of Scottish Blackface sheep at Stanhope in Peeblesshire. Part of the experi-
ment was a two-way selection programme, together with a control, to change
body conformation of young lambs. Selection of breeding stock was on
individual merit and took place at the normal castration time about 2

months of age.
The main aim of the experiment was the provision of information on the
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genetic parameters of hill sheep. To this end it was thought desirable to have
a criterion of selection that was as highly heritable as possible. In the lines
selected for conformation, cannon bone length was chosen as the main
selection character. A correction for variation in body weight was introduced
in order to increase the efficiency of selection. This correction for weight also
served a second purpose, that of keeping the average weights of selected
animals reasonably similar in all three lines.

The breeding system was such that rams selected in 1954 were used as
shearlings to produce the 1956 lamb crop; thereafter ram lambs were used.
Thus the three lamb crops in 1956-58 represent three successive generations
of selection on the male side.

RESULTS AND DISCUSSION
The parameters required to estimate the value of a to be used in this study
were estimated from analysis of variance and covariance among half-sib
progeny groups. The numbers of lambs and sire groups involved in each
year were:

1954 1955 1956 1957 1958
No. of lambs 494 563 944 1067 1034
No. of sire groups 35 61 57 56 52

The results obtained from the first year’s data were of necessity used as a
basis for deriving the index to be used that year. For the sake of uniformity
the index has been used unchanged in succeeding years though subsequent
data showed that a slightly more efficient index could have been used.

In 1954 the phenotypic regression of cannon length on body weight was
0.076 cm/lb. The value of a as determined from Equation 2 was 0.117
cm/lb. However, the genetic correlation was not very accurately determined
so a working value of a=0.08 cm/lb (approximating to the phenotypic
regression) was used. Thus the index I, which was in practice called the
corrected cannon length, was made up from cannon length (X;) and body
weight (X,) as follows:

I=X,-0.08X,.
Analysis of the full data from 1954-58 enabled the efficiency of selection

on the basis of the index to be determined. The analysis of variance and
covariance of half-sib groups within years gave the following results:

Mean Degrees of )
Mean squares product freedom
Bet gire groups 0.634 47.8 0.482 2.86 244
Within sire groups 0.313 29.9 0.135 231 3841
Total 0.332 310 0.156 2.34 4085
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The phenotypic regression was 0.076 cm/Ib, the same as the estimate from
the 1954 data alone and still in close agreement with the working value of
a=0.08 cm/lb.

The phenotypic correlation of X; and X, was 0.73 and the genetic 0.23.
As had been assumed, at the beginning of this experiment, the body weight
of lambs was a useful indicator of environmental variation of cannon length,
in the sense that the environmental correlation was high (actual estimate of
r.= 0.85).

Components of variance between and within sire groups were calculated
and from these were derived the phenotypic, genetic and environmental
variances and corresponding heritabilities.

X, X, I
o2 0.334 31.0 0.156
o2 0.083 4.6 0.090
o2 0.251 26.4 0.066
h? 0.25 0.15 0.57

Correction of cannon length for regression on body weight markedly
reduced the environmental variance and increased the heritability from 0.25
to 0.57. This latter figure is in agreement with estimates calculated from the
response to two-way selection over three generations in 1956-58. About 200
lambs were produced each year in each of the two selection lines, from these
the heritabilities of corrected cannon length were estimated as 0.65, 0.58 and
0.57 for the three successive years.

Though heritability of the index was more than twice as great as that of the
cannon length alone, the improvement due to selection is not necessarily in
the same ratio. The expected genetic change in cannon length when selection
is based on an index may be calculated from the given figures. It was found
(using Equation 2) that the maximum genetic gain would have been obtained
with a=0.066 cm/lb with the corresponding value of E, E,,,=1.28. In
this optimum case the heritability of the index was estimated as 0.53, rather
lower than the value of 0.57 obtained in our experiment. This highlights the
fact that with an index based on two characters (or more), maximum heri-
tability does not in general imply maximum genetic advance, though this
would be true of a single character. The efficiency of the actual index used
(with a= 0.08 cm/1b) was 1.26, only slightly less than the maximum possible
value. In either case, the response to selection is at least 25%, greater than
could be expected by direct selection for cannon length alone.

An improvement in the response to selection of the order indicated by
these results in long term breeding experiments with livestock is quite an
important consideration. The basic principle may be extended to many other
characters for which selection is desirable. For example if fleece weight was
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being selected, a correction for total skin area may be introduced. The
phenotypic regression of fleece weight on skin area may be used though
genetic progress in selection may be much greater if the optimum value of a
(calculated from Equation (2)) is used.

SUMMARY

A method of increasing the efficiency of selective breeding for a character
X, by the use of an index of the form I'= X, —aX, is discussed. An expression
for a for which efficiency of selection is maximal is found; this expression
reduces to the phenotypic regression of X; on X, if the genetic correlation of
X, and X, is zero.

An index was used in a selection experiment for body conformation of
lambs in a hill flock of Scottish Blackface sheep. The main selection criterion
was cannon bone length and a correction for body weight variation was
introduced. The results showed that the heritability of the index was about
twice as great as that of the primary character and that the genetic gain when
selecting on the index was at least 25%, greater than could be obtained by
direction selection.
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ENDOCRINE VARIATION: HERITABILITY OF
IODINE METABOLISM IN THE THYROIDS OF
MICE

By C. K. CHart

Roscoe B. Jackson Memorial Laboratory, Bar Harbor, Maine

MosT studies of quantitative variation in laboratory animals have dealt
mainly with anatomical characters, such as body size, wing size, number of
bristles in Drosophila, and size and skeletal variations in mammals. Their
essential purposes are to check the quantitative genetic theories and to
elucidate the basic genetic phenomena. Similar studies have been quite
extensively carried out in farm animals considering mainly the yield and
performance such as milk, meat, wool, and egg production. The purpose of
these studies is to improve the economical value of the farm animals. Ex-
perimental studies concerning physiological variation of polygenic inheri-
tance are lacking. It is apparent, as Mather, and, more recently, Snyder and
some others, have pointed out, that polygenic differences may result in many
human aberrations, such as hypertension, resistance and susceptibility to
specific infections, and to organic degenerative disease in general, including
aging. The physiological systems must play a significant role. It is felt that
genetic study of physiological variation may be of interest from both genetic
and medical points of view.

We have previously demonstrated differences in thyroid activities between
inbred strains of mice (Chai ez al., 1957; Chai, 1958). The present study will
consider the heritability of iodine metabolism in the thyroid glands of mice.

MATERIALS AND METHODS

The experimental animals were produced by systematic hybridization of
6 inbred lines of mice for the purpose of incorporating a wide range of
different genetic backgrounds. The crossbreeding is illustrated in Fig. 1
which is self-explanatory. Mice in the F, generation were produced by 8
matings of the F, hybrids. Eight males and 20 females from this generation
were randomly chosen as breeders, one male being mated with 2 or 3 females,
to produce the first generation. Therefore mice in the first generation had

1 This study was supported by a research grant C-3108(C1) from the National Cancer
Institute of the National Institute of Health, Public Health Service. The author is indebted
to Prof. Sewall Wright for criticisms and help in the path coefficient analysis and Charles
Ames for assistance in the experiment.
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relationships of full-sib, half-sib and non-sib. The genetic structure of this
generation was still different from a randombred population in regard to the
genetic relationships between individuals. This difference is concerned with
genetic variance and will be analyzed.

Strains

C57BL/6 C57BR/cd BALB/c Large Small

NV
N

random breeding
llJ X 3%’

First generation

Fic. 1. A diagram illustrates the crossbreeding of the 6 inbred strains of mice.
The first generation mice were produced by mating 1 male with 2 or 3 females randomly
chosen from the F; generation.

Determination of I'3! retention in the thyroid was made in mice of the
first generation at 120-150 days of age. Each mouse was injected sub-
cutaneously with 5-10 uc of 113! in 5 ml. of saline. Forty-eight hours were
allowed for iodine fixation by the thyroid and the elimination of excess
isotope. External thyroid counts were taken at 48 hrs and 72 hrs after the
injection by restraining the mouse in a tapered wire chamber with a flat
bottom. The thyroid region was centered over a 12 mm opening in the lead
shield directly above the window of a Geiger-Miiller tube. Body background
count was measured over the epigastric region. It was taken at the same
time.

The original thyroid counts were corrected by 65%, of the body background
in addition to physical decay. Then each thyroid count was converted to
percentage of total amount of 113! injected. The output constant for each
mouse was computed using the formula,

C‘1 — C —Btl

where C, and C,, are the percentage counts at time ¢ and t,, e is the natural
logarithm base, and B is the output constant. This formula is rather sim-
plified, but for the present purpose it may be adequate. B is essentially a
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measure of the rate of iodine turnover in the thyroid gland and is closely
related to the rate of thyroid hormone secretion.

RESULTS AND ANALYSIS

The mean output constant of the thyroid glands in these mice was found
to be 0.28. The biological half life was 2.5 days according to the formula
0.693/B. The results of the analysis of variance for these data is given in
Table 1. The mean square between sires was significant (P <0.05) while that
between dams within sire was not. It ought to be mentioned that female mice
generally have a higher output than male mice. (More precise analysis of

TABLE 1. ANALYSIS OF VARIANCE FOR IODINE OUTPUT CONSTANT OF THE THYROID

Degree of Mean Components of
Source of variation freedom squares mean squares
Between sires 7 0.770 Q+K{D +K,S
Between dams within sire 11 0.518 Q+K,D
Between full sibs 227 0.325 )

K, =harmonic mean no. of mice in a sire family
Kz = 113 ’” 9 LIS dam famlly
Q =variance between full sibs
D =variance between means of dam families
S= ' . » sire families.

these data would follow the method of analysis of disproportionate sub-class
numbers. This would involve very cumbersome calculations.) For the sake
of simplicity, we have not considered sex differences in the analysis. The
variance due to this is therefore left mostly in the within female variance,
which undoubtedly causes underestimation of heritability. S, D, and Q are
the estimates of variance components associated respectively with sire, dam,
and individual within dam.

The different genetic components of variance (Comstock, 1956), in each
are given in Table 2, which show a much greater contribution to the total
variation from environmental than from genetic source.

Heritability can be estimated in the present experiment, using the formula of

2(D+S) 4D 45

’ , Or .
S+D+Q S+D+0Q S+D+Q

In view of the difference in genetic components associated with sire and dam,

it is more justifiable to use the sire component of genetic variance than the

dam component, or both, for the estimate of heritability. Based on the for-

mula 4S/(Q +S + D) we have arrived at a value of 0.10 for the estimate of

heritability in these mice, without allowance for inbreeding. The sampling

error for the estimate is 0.017. It is computed according to the procedure
P B.G.



218 C. K. CHaI

described by Osborne and Paterson (1957) for computing sampling error of a
ratio.t

DISCUSSION

The larger variance between dams than between sires is expected, as
maternal influence and dominance contribute nothing to the variance between
sires. Even the effect due to non-allelic genic interactions contributes more
to the variance for dams than for sires. This is easy to see in Table 2. The
relative importance of dominance in comparison with interaction is not
determinable in the present experiment, nor is the magnitude of maternal
influence. It is possible to compute the effect of maternal influence, if both
maternal and paternal half-sibs are provided. However separation of domi-
nance and epistatic effects still remains a difficult problem in animal breeding
experiments. If we care to assume that maternal influence and epistasis are
negligible, the difference in variance between dam and sire is wholly due to
dominance. An estimate of the ratio of dominance to additive genetic effect
may be obtained. This ratio is 0.75 (= D/S—1). In any event, it may be
safe to say that there was no over-dominance.

Studies of inheritance of any physiological variation have been faced with
the problem of obtaining adequate experimental control. Thyroid function
is especially so, for it is influenced not only by environmental conditions but
also by the internal conditions of the animal. There are also seasonal and
possible diurnal variations in thyroid activity. The internal changes affected
by other endocrine systems are very difficult to determine in such quantitative
experiments. In view of the different sources of error, each of which could
reduce the estimate of heritability, we tend to expect a low value. In effect,
there has been no information in regard to the magnitude of heritability of

o 16(Q + D)*st +5*{(sh+ 5% +2 Cov (Q, D)} - 25(Q + D) Cov (D, S)
Tsha = ©@+D+5)

Sh2 =0.017

=0.00029680

where SZQ =2Q%a
2 ((Q+K,D)* @*
b { a }

s b

2 ((Q+K,D+K,S)* (Q+K,D)*
§2 —2{ . 227 4 5 }

s T2
Cov(Q, D)= -s/K,
S(lz - nsh)
KK,
Cov (Q, S)=0

a, b, and ¢ are the degrees of freedom associated with sire, dam within sire, and full-sibs
respectively.

Cov(D, S)=
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TABLE 2. GENETIC COMPONENTS OF VARIANCE ASSOCIATED WITH SIRE, DAM, AND

FULL-SIBS
Variance Additive Dominance Interaction (epistasis)
5§=00086 | (1/4)ag (1/16) o3 +(1/64)03G + ... +(1/dya? .
D=0.0151 | (1/4)ag 1/4c}; (3/16) o2 + ... +[(2n - 1)/4nlalg
(1/8)0:;H+(1/16)02H+... ,
+(1/2m(1 [4ymat
(1/16) o2 + ... +(1/4)ymo2, o

0 =0.325 ="2‘ +The remaining part of the genetic variance

o2, =variance due to additive genetic effect

G
‘7121 = . » dominance effect
036r 936 o ol =variance due to 2, 3 ..., n additive genic interactions
O TAGH s TaGmH = » .  additive xdominance, additive x additive
x dominance ... n additive x m dominance interactions.
O3 g Oapr -+ Oy =variance due to 2, 3 ..., m dominance genic interactions.

physiological characters. By comparison with anatomical traits in some
laboratory animals and yield in farm animals, the present estimate of heri-
tability appears to be in the lower range. But comparison of this sort would
be meaningless on account of the differences in species, characters and
environmental conditions.

In order to realize the reduction of genetic variance due to genetic cor-
relation between individuals in the first generation, the genetic relationships
have been analyzed among mice in the different generations of this breeding
system. This was done according to the method of path coefficient (Wright,
1921). This method seems convenient to apply to the present complicated
breeding system. It is based on the assumption of neither dominance nor
epistasis. As far as the results stand, the dominance and epistasis effect on
the thyroid iodine metabolism, if in existence, would be small and would not
invalidate the use of this method. The detailed calculations are given in the
appendix. We have obtained, in the first generation, an average genetic
correlation of 0.5839 for between sibs and 0.3572 for between random
individuals. As noted, all of these correlations are relative to a non-existent
hypothetical population from which the original inbred lines are supposed to
have been derived and the inbreeding is complicated. These correlations
need to be considered as approximations. Nevertheless in reference to a
randombred population, the genetic variance was reduced in the mice of the
first generation. The observed genetic variance is therefore about 649,
(1—m= 0.6428) of that in a hypothetical population from which the present
inbred strains are assumed to have been derived. If correction is made for
this correlation, a higher value of 0.155 is obtained for the estimate of heri-
tability.

P2 B.G



220 ‘ C. K. CHAI

Needless to say, heritability of a character varies from population to
population. The present data were obtained from a mouse population by
deliberate crossing of 6 inbred strains. A difference in output constant of
I'3! in the thyroid was found to exist between some of these strains (for
example the value for C57BL/6 was about twice that for A and BALB/c).
It was found later that some other strains such as the DBA’s had even higher
thyroid activity than the C57BL/6 strain (Chai, 1958). A possible higher
heritability may be obtained should the DBA mice be included in the breeding
system. Nevertheless, this study has demonstrated quantitative inheritance
of thyroid function—a physiological function which plays a significant role
in basic metabolism, growth, and development but is extremely liable to
environmental variation—and opened possibilities of genetic studies in
physiological variations of other characters.

SUMMARY

A study has been made of the heritability of thyroid iodine metabolism in
mice. A breeding system was set up by deliberate hybridization of 6 inbred
strains of mice, (C57BL/6, C57BR/cd, BALB/¢c, A, LG and SM). Mice of
F,, F,, and F; hybrids were produced. A further generation was produced
by random mating of one male with 2 or 3 females in the F; generation so
that a mouse population with half-sib, full-sib and non-sib relationships was
obtained. Mice in this generation were used for the determination of iodine
output constant.

Each animal was injected with 5-10 uc 1'3!. Counts of radiation in the
neck of the thyroid region were made at two different times after the injection.
The iodine output constant was computed from an exponentlal equation of
biological decay.

A total of 246 mice were used in the experiment. The mean output constant
was 0.28 and the biological half life was 2.5 days. Genetic variances attributed
to sire and dam have been obtained with theoretical fractions of the various
components due to different gene actions. The estimate of heritability in the
narrow sense with its sampling error was 0.10+0.017. An average genetic
correlation of about 0.35 between random individuals in this generation
indicates the reduction of heritability in this population relative to a random-
bred population—a population from which the inbred strains are assumed to
have been derived.
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APPENDIX

The diagram given in Fig. 2 illustrates the relationship between zygotes and
gametes in the breeding system. aand b are path coefficients between mice in
any two generations. G is the correlation between gametes and M is the
correlation between zygotes. According to Wright (1921), the basic formulae
for the path coefficients and correlations are:

- el
= 442

G ={(1)"(1+ G}
M = {31+ G}V [(1+GH(1+G,)]

G, refers to the inbreeding coefficient of the common ancestor.
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FiG. 2. A path coefficient diagram showing the relationships between individuals and
gametes in the different generations. See Appendix for explanation of symbols and
computations of the coefficients.
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Appendix 223

The mouse strains are assumed to be isogenic and the uniting gametes of
any two strains are considered uncorrelated as far as this trait is concerned.
Based on the above equations, the following path and correlation coefficients

are obtained:

03=‘13'=\/i az'—'\/i‘
by =by=/% ay =/(1/3)
M; =0 b, = by =./4
M;=1 M,=14
G,=G;=0 M;=2[3
G,=0
Gy=1%
ay=ay=./} a =./(8/21)
by =1/} a' = J(8/19)
by = /(3/4) b=b=4%
M, = 5/8 (full-sib) M =13/21
M| = 3/8 (half-sib) M’ =11/19

G, =G, =0

In calculation of M it is easier to go back to the parents instead of using the
above formula and consider the correlations between the four pairs only.

For example:

mjy = 2(aybym)byay)+2a;bybsal = 2/3.

The values for the other M’s can be similarly calculated.
Correlations between sibs in the first generation with respective frequencies

are as follows:

Sibs from sibs (m)
Sibs from non-sibs (')

M
13/21=0.6191
11/19=0.5790

Average

0.5840

The average correlation between random individuals in the first generation
is too complicated to calculate, but can be obtained to a close approximation
with the help of the average correlation between F; mates. The correlation

between F; mates are:

M
Sibs 5/8=0.6250
Non-sibs 3/8=0.3750
Average 0.4063
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The connecting paths and correlations between gametes and individuals
of different relationships are illustrated in Fig. 3. M, is the average cor-

FIRST GENERATIONS---

Fig. 3. A path coefficient diagram illustrating relationships between full-sibs, half-

sibs and non-sibs in the first generation based on an average correlation of 0.4063

between animals in the F; generation. See Appendix for the computation of correla-
tion and path coefficients.

relation between the F, individuals. All the G’s, b’s and a’s have the same
coefficients. The value of each is as follows:

M, = 0.4003
b=/}
a= (3217
G=13/64.

Using these values, we can compute the correlation coefficients between
sibs, half-sibs and non-sibs. These values with respective frequencies are

given as follows:

Frequency M
Sibs (m) 1/19 90/154 = 0.5844
Half-sibs (m") 1/19 71/154=0.4611
Non-sibs (m") 17/19 52/154=0.3377

Average 0.3572
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variate, 36
Epistacy, 13, 20
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establishing a new, 95
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to measure environment changes,
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119,
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Family selection, 179
Fecundity, measure of, 179
Fertility, 128
Fisher’s Fundamental theorem of natural
selection, 91
Fitness, 6,95
in a host-pathogen system, definition of,
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Fleece weight, 213
Fluctuating plateau, 118
Formal genetics, 14
Full-sib family, 3
progeny test in, 120
random mating among, 60
yearly selection from, 135
Full-sib mating system, application of the
fixed effects, 52

Gamma type distribution, assumption of,
144
Geiger-Miiller tube,
Gene, effect, 17
rust reaction, 85
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Gene action, 43
additive, 12
physiology of, 4
Gene frequency, changes due to natural
selection, 119
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General and specific combining ability,
©®
General combining ability, effect of, 191
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Genetic(s), anthropological, 65
biometric, 65
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gain, 117
homeostasis, (9)
improvement, 117
mathematical, 73, 81
medical, 69
multifactorial, 65
of natural population, (9)
of the fowl, (138)
parameters, (9)
population, 3
progress, 118
response to selection, 117
sampling error, 123
segregation, 124
slippage, 118, (138)
trend, 122
Genetic change, estimate of, 128
measurement of, 134
rate of, 128
Genetic correlation, average,
estimate of, 181, 184
estimation of, by analysis of variance,
103, 104
of non-selected traits, 181
reduction of genetic variance due to,
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variance of, 104, (106)
Genetic effects, 3
definition of, 50
full spectrum of, 13
kinds of, 4
Genetic gain, 210
the ratio of, 211
Genetic interpretation of variance com-
ponents, 174
Genetic selection, theory of, 12
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Genetic system, simulation of, (45)
Genetic trend, isolation of, 123
Genetic variance, 3, 4, (9), 216
among family mean, 61
around generation mean, 10
between and within families, 10
bias in estimate of, 4, 7
comparison of estimate of, 176
component of, 172, 219
estimate of, 8, 171
expected total, 53
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Genotype-environment interaction, 3, 10, Heterogeneity factor, 149
14, 159, 163, 167 Heterosis, 117, (177)
bias from variance of, 5 in body size, 68
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direct measurement of, 14 of fecundity, 181

effect of, 176
effect on phenotype, 3
experiment on, 105
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in twins, 66
simulation of, 73
variance of, 3,6, 7
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estimates, 107
Genotypic value, meaning of, 47
model for, 12
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Group size, at the point of minimum
sampling variance, 101
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Hagedoorn * nucleus system’ of breeding,
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Half-sib analysis, estimation of heritability,
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single classification, 101
Half-sib family, 3
Haploid organisms, 46
Harmonic mean, 190
Hatch effect, 160
Hatchability, 128
measurement of, 135
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Heredity, multifactorial, 65
polygenic, 65
Heritability, calculation of, 108, 112
calculation of, based on dam-offspring
regression, 116
calculation of, using half-sibs,
construction of, using half-sibs,
114
curvilinearity of, (23)
definition of, 117, 210
estimate of, 180, 181, 184
estimation from analysis of variance,
101, 108
expected value of the initial, 36
formula for, 217
from parent-offspring correlation, esti-
mate of, 102, 109
in narrow sense, 220
magnitude of, 218
of divergence, 186
of index, 213
of iodine metabolism, 215
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11, 112,

utilization of, 117
Heterotic effect, negative, 207
positive, 208
Heterozygosity, rate of change of, 29
rate of loss of, 29
High-low selection, 183
Homeostasis, developmental, 4, 8, (9)
genetic, (9)
of heterozygous, 4
Homozygosis, rate of progress of, 28
selection against, 24, 33
Homozygous lines, 10, 12, 24
Host-pathogen system, a model of, 86
selection pressure in, 86
units of, 86
Host population, equilibrium frequencies of
varieties, 91
partition of total covariance in fitness,

partition of total variance in fitness, 89
pathogen system, model for, 86
rate of change, 87
rate of change in mean fitness, 90
total change in, 88
total change in, variety in, 87
value of variances and covariance with
pathogen at equilibrium, 94
variational equation for variety, 94
Hybrid vigor, 207
Hypospadia, 67
Hypo-thyroidism, 199
Inbreeding, (34)
absolute speed of, 34
coefficient, 180, 184
effects, 119
of a normally outbred species, 24
predicting response to, 179
pressure, 179
rate of progress of, 30
speed of, 29
theory of, (34)
Inbreeding coefficient, 180, 184
calculation of, in a population under
selection, 14
Index, 126
Index of efficiency, 203
Infinitesimal theory, 13
Information matrix, 144
Inheritance, polygenic, 12
Interaction component of genetic variance,
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Interaction matrix, complete, 73
partial, 73
Interaction variance, associated with addi-
tive effect, 7
associated with dominance effect, 7
source of, 164
Intra-class correlation, estimation from
analysis of variance, 108
variance of, 101, 104
variance of, at optimum group size, 102
Intra-year comparison of successive genera-
tions, 128
Iodine fixation, 216
Isolation, of environmental trend,
of genetic trend, 123
of maternal effects, 123
Iterative methods, 146

122

Jacobian Matrix, characteristic roots of, 93

Kempthorne variance component model for
autotetraploid, 47

Kosambi’s Formula, 14

Kronecker product, 51

multiplication, 51

Kurtosis, 144

Latent roots, evaluation of, (34)
graph of, 31
of sub-matrix, 29
Least squares, unweighted,
Lethels genes recessive, 34
Level of dominance, from the ratio of
estimates of dominance and additive
variance, 7
measure of, 175
of genes, 171
Linkage, 11, 14, (34)
bias, 173, 175
combination, 171
coupling phase, 11, 177
decrease in effect of, 42
effect of, 177
effect of selection on, 24
Monte Carlo analysis of effect of, 76

139

on 4th order cumulants, 142
repulsion phase, 11, 171
sum of square, 153
tight, 14, 42

Linkage equilibrium, 37, 175
initial population in, 38, 41

Livability, 128

Loaded repulsion, 37

Logical, equivalent, 72
not-sum, 72
operation, 71
product, 71
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Loss of heterozygosis, 29

Malthusian parameters, 86
Mass selection, meaning of, 37
progress from, 35
theory of, 13, 14
Maternal effects, 14, 111, 119, 198
average change in, 136
isolation of, 123
Mating system, 180
Mating type, distinct, 28
Matrix, complete interaction, 73
of weighting, 148
partial interaction, 73
Matrix of dispersion of second-order
statistics, 139, 142
Mean square linear regression, 19
Mean squares of various effects, 195
196
Measure of fecundity, 179
Memories, size of, 71
Metabolism, rate of, 201
Method of analysis of disproportionate sub-
class numbers, 217
Micro-gramatic balance,
Mid-parent, 10
departure of mean from,
Model, additive, 39
diploid, 49
dominance, 39
for autotetraploid, Kempthorne variance
component, 47
for host-pathogen system, 85
for interpretation of results of Iowa
multiple unit poultry test, 160
for restricted random mating system, a
fixed effect, 49
for study of quantitative inheritance, (59)
for two factors, 109
linear statistical, 110
random effect, 47, 49
to analyse diallel table with sex effects,
189
to approximate the true weights, 141
to study genotype-environment interac-
tion, 110
variance component model, 47
Moment generating function, for within
family cumulants and cumulants of
distribution of genotypes, 140
representation of family structure, 60
representation of recurrent backcross
family structure, 62
Monte Carlo Method, 70
for effect of linkage, 76
for epistasis, 78
for role of dominance and epistasis, 78

179
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Mortality, effect of, 125, 126
Multivariate polykays, application of, 59,
158

Natural selection, fundamental theory of,
91
genetical theory of, 97
theory of, 43

Negative correlation coefficient, 206
Nested family structure, 52

general case, 53

special case, 52
Neurospora, 46
Nicotiana rustica, 147
Non-additive variance, 181
Non-allelic genic interaction, 10, 218

Non-random mating, 13, 14
mathematical nature of additive variance
in, 14
Normal equations, 16, 17, 22
Number of mice born per litter, 204
Optimum genetic balance, 119
Optimum number of progeny, 12
Over-dominance, 4, 6, 7, (23), 171
in average effect of the genotype, 6
range of, 171

Parental value, 19, 21
use of polynomial in, 21
Path coefficient, 222, 223, 224
Path coefficient analysis, 24
Pathogen population, equilibrium fre-
quencies of races, 91
host system, model for, 86
partition of total variance in fitness, 89
rate of change in, 87
rate of change in mean fitness, 90
total change in, 88
total change in race in, 87
value of variance and covariance with
host at equilibrium, 94
variational equation for races, 94
Percentage variance components, 162
Phenogenetic milieu, 67
Phenotype, 4, 10, 46
additive and dominance, 73
determination of, 72
deviation, 20
frequency distribution of, 75
genetic or potential, 73
genotype environment interaction effect
on,
minimum and maximum, 75
prediction of, from their relatives, 13
regression on heterozygosis, 6
score for, 36

Index

Phenotypic covariations for related indi-
viduals, 112
Phenotypic regression, 211
of cannon length, 212
Phenotypic value, computation of, 72
Phenotypic variance, 16
Physiological variation, 218
Physiology of gene action, 4
Polygene, concept of, 76
Polykays multivariate, application of,
Population genetics, 35, 178
Population, ‘ synthetic’, 180
Poultry breeding, operations,
problems, 137, (168)
Predictability, 186
of population changes, 178
Predicted and observed changes per genera-
tion of selection, 183
Prediction equation, 15
Prediction from one parent, 17
relative efficiency of, 17
Prediction of phenotypes for their relatives,
13
formula of, 15
Predictors, comparison of, 16
covariance with index, 16
efficiency of, 16, 17
from the phenotypic value of a parent
and of its two grandparents, 18
linear, 15
non-linear, 21
of an offspring of a parent, 17
of offspring from two parents, 21
of offspring using two parental values and
four grandparental values, 21
variability removed by, 15,17, 18, 21,22
Probit analysis, 158
Programing a genetic system, 35
Puccinia cornata, 84
graminis tritici, 84
rubigo-vera tritici, 84

158

137

Quadruple lattice, 167
Quantitative characters, 3
variance of, 3
Quantitative genetical theory,
Quantitative genetics, 3, (9)
estimate of, 4
Quantitative inheritance,
theory of, 13, 46, (59)

(138)

(349

Race, mixture, 68
of pathogen, 85
Random mating, 52
equilibrium under, 15
of full-sibs, 52
populations, (59)



Index

Random numbers, generation of, 37
pseudo, 70
unbiased, 70
Random sample poultry test, 159
Random walk method, 74
Ratio, estimate of dominance variance and
additive variance, 9
of bias and variance estimated, 7,9
Ratio of dominance variance to additive
genetic variance, 172
Recessive lethels, 34
Reciprocal effects, 193
interaction of sex with, 200
Recombination values, (23), 28, 31, 35
Recurrent backcrossing system, 57
mean of, population, 58
representation of families by means of
moment generating function, 62
variance of, population, 59
Recurrent selection, (23)
Regression, linear, 19
mean square linear, 19, 22
of offspring on parent, curvature of, 20
of offspring on parent, linearity of, 20
Regression analysis combined with analysis
of variance, for estimation of herit-
ability with half-siband parent-offspring
regression, 109
Regression of phenotype on heterozygosis,
6

Relative efficiency, 17
Relative efficiency of predicting, from one
parent alone, 17
Relative precision of alternative estimates,
131
Repeatabilities, 164
of entries, 162
of results, 178
values of, 164
Repeatability of genetic correlation, 185
Replications, in time and place, 9
observed correlation between, 106
of experiment, 3
over places, not over year, 7
Repulsion, initial population in, 39
Residual variability, 15
Resistance, measurement of degree of, 85
Rust, of cereals, 84
of fungi, 84
race of, 85
reaction genes, 85
red stage of, 84

Sampling error, 8
of estimate, 128
Seasonal effects on covariance components,
113

233
Second-order statistics, 139
variance and covariance of, 139
Segregating generations, 173
Segregation and recombination, pheno-

mena of, 36
Segregation, simulation of, 70
Selection, 10, 12, (34), (106), (126),
201 ‘
against homozygosis, 24, 33
against homozygosity, power of, 25
differential, 14, 117, 182
effect of linkage on, 24
effect of within line, 5
efficiency of, 118
generation of, 35

genetic, 12

genetic response to, 117, 178
index for, 16, 210

intensity, 24, 25, 42, 76, 78

long-term effect to, (138)
predicting response to, 179
pressure, 25
pressure in host-pathogen system, 86
procedure, 126
relaxed, 119, 137
short-term response to,
simulation of, 75
truncation, 16, 36, 131
Self-compatible diploid plants, 139
Self-fertilization, (34)
Sex-linked factors, 14, 67, 111, 199
Sib-mating with two linked loci, 28
Simulation, constant vs. variable parameters,
75
of environmental effect, 73
of formation of gametes, 72
of genetic control of environmental
stability, 73
of genetic system, (45)
of genotype—environmental interaction,
73

(138)

of linkage, 73
of recombination, 74
of segregation, 70
of selection, 75
of stochastic processes, 70
Sire effect, sampling variation in, 130
Size of experimental error, 163
Skewness, 67
Specific and general combining ability,
®
Specific combining ability, effect of,
negative, 203
Stability of equilibrium, 92
Standard error, of genetic change,
129, 130
of genetic correlation,

192

128,
104



234

Stochastic processes, 43
simulation of, 70
Sub-genotype, genetic structure of, 79
Sub-normal variation, 153
Sum of square removed by the predictor,
16
¢ Synthetic > population, 180
Systems of mating, (34), 180

Thyroid glands, 215
Thyroid weight, 205
Traits, anthropometric, 68
behavioral, 68
genetic correlation of, 126
hereditary, 67
heritability of, 126
metrical, 68
physiognomic, 66
Trends of variances, 177
Total variance, relative magnitudes of,
components of, 3
Tuberculosis, Turin sy mposium for, 69
Twelve-day litter weights, 204

Variability, environmental, 20
genetic, 10
of trait, 68
relative, 68

removed by the predictor, 15, 17, 18,
21,22

residual, 15

total, 11

Variance, additive x additive, 16
amount of, around the predicted value,
15

Index

average, 53 -
dispersion matrix of, F,, 145
due to additive effect, 3, 4, 14, 139, 180
due to dominance, 3, 4, 48
environmental, 15, 38
epistatic, 18
genetic, 3, 4, (9), 10, 216
of genetic correlation, 104, (106)
of genotype-environment interaction
effect, 3
of intra-class correlation, 101, 102
of quantitative characters, 3
of variances, 144
partition of, in fitness, 89
phenotypic, 16
Variance component, analysis, utility of,
49
between inbred lines, 180
interpretation of, 53
Variance covariance matrix, 57
Variance matrix, inverse of, 150
Variational equation, 93
for host population, 93
for pathogen population, 94
Variation-coefficient, absolute size of, 68
Variety, classification of differential (host),
84
meaning of, 86
rust resistant, 85
Vector, for gametes produced by hetero-
zygotes, 74
of frequency of recombinant, 74

Weighted least square, 57
Weighting matrix, 148
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