THE BOOK WAS
DRENCHED



UNIVERSAL
LIBRARY

OU_ 166618

AdVvddl
TVSHIAINN






_ lOSMANlA UNIVERSITY LIBRARY
Call No. Q\bfs [3) 6> Coession No. 3832 —
Author’ ﬁJL,JJ_ WL .
Tme‘j‘z,‘ — a“ fon o Z 5
This book shonld be returned on or before the date
last-marked below.,






TRILINEAR COORDINATES.



Cambridge:
PRINTED BY C. J, CLAY, M.A,
AT THE UNIVERSITY PRESS,



TRILINEAR COORDINATES

AND OTHER METHODS OF

MODERN ANALYTICAL GEOMETRY OF
TWO DIMENSIONS:

AN ELEMENTARY TREATISE,

. e ) e e =
REV. WILLTAM ALLEN WHITWORTH, M.A.
PROFESSOR OF MATHEMATICS IN QUEEN'S COLLEGE, LIVERPOOL,

AND LATE BCHOLAR OF BT JOHN'S COLLEGE, CAMBRIDGE,

CAMBRIDGE:
DEIGHTON, BELL, AND (0.
LONDON: BELL AND DALDY.
1866.






PREFACE.

MoperN Analytical Geometry excels the method ¢fDes Cartes
in the precision with which it deals with the Infinite and the
Imaginary. So soon, thercfore, as the student has become fa-
miliar with the meaning of equations and the signiﬁc;mcc of
their combinations, as exemplified in the simplest Cartesian
treatment of Conic Sections, it scems advisable that he should
at once take up the modern methods rather than apply a less
suitable treatment to researches for which these methods are
especially adapted.

By this plan he will best obtain fixed and definite notions of
what is signified by the words infinite and imaginary, and much
ligl ' —i" Le thercby thrown upon his knowledge of Algebra,
while at the same titue, s fcility in that most important sub-
Jject will be greatly increased b, e s afer o
dient in the combination of al

aifp1 0 those whosg \ve de-

to make my subject intellig

the processes of analysis ma

voted especial care to the plcyaﬁitm“ of the chf

and Imaginary space, so s render them

whosc ideas of gcometry havgas yet been cor

of the Real and the Finite. ; b
Ww.

v very limited;



vi PREFACE.

I have sought to exhibit mecthods rather than results,—
to furnish the student with the means of establishing properties
for himself rather than to present him with a repertory of iso-
lated propositions ready proved. Thus I have not hesitated in
some cases to give a varicty of investigations of the same
theorem, when it seemed well so to compare different methods,
and on the other hand interesting propositions have sometimes
been placed among the exercises rather than inserted in the text,
when they have not been required in illustration of any par-
ticular process or method of proof.

In compiling the prolegomenon, I have derived considerable
assistance from a valuable paper which Professor Tait contri-
buted five years ago to the Messenger of Mathematics. My
thanks are duc to Professor Tait for his kindness in placing
that paper at my disposal for the purposes of the present work,
as well as to other friends for their trouble in revising proofs
and collecting examples illustrative of my subject from Uni-
versity and College Examination Papers.

1L1vERPOOL,
15 Septeinber, 1366.
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PROLEGOMENON.
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OF DETERMINANTS.

§ L. Introduction.

1. Tr we have m equations involving a lesser number # of un-
known quantities, we may determine the unknown quantities from
n of the equations, and, substituting these values in the remaining
m — n equations, obtain m — » relations amongst the coeflicients of the
m equations.

In other words, if we climinate 2 quantities from m equations,
there will remain m — n equations.

2. If the equations are all simple equations, the solution can
always be cffected and the m —n equations practically obtained.

The notation of Determinants supplies the means of conveniently
expressing the results of such climination, and the study of their

‘onerti ili oty TR B . - -
properties facilitates the operation o] PTG The 1esune. tllelr sim

Il

jnest forms.

3. It must be observed, however, that if the cquations be homo-
geneous in the unknown quantities, or, in the case of simple equa-
tions, if every term of each equation involve one of the unknown
quantities, the equations do not then involve the actual values of the

unknown quantities at all, but only the ratios which they bear one
to another. Thus the cquations

Qe+ dy—52_.0,

b+ by —Te=0,
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are satisfied if z, y, & are proportional to 3, 4, 5, but they do not
involve any statement as to the actual values of @, ¥, 2.

In this case the number of independent magnitudes, concerning
which anything is predicated in the equations, is one less than the
number of unknown quantities involved in the equations. Thus cach
of the equations just instanced, involving the three unknown quanti-
ties , 7, 2, speaks not of the actual magnitudes of those quantities, but
of their ratios one to another, which ave only two independent mag-
nitudes, as is immediately scen by writing the equations in the form

3§+4?—/*5,

x 1
524 5Y=m,
where the equations are exhibited as connecting the two independent

. @ 7
ratios = and g,
z ~

“

§ 2. OF Determinants of the second order,

4. Der. The symbol a, b

b,

is used to express the algebraical quantity b, — b «,, and iy called a
determaneant of the second order.

The separate quantities @, b, @,, b, are called the elements of the
determinant, and may themselves be algebraically cither simple or
complex quantities.

Any Lorizontal line of clements in a determinant is called a row,
and a vertical line is called a column.

Thus the determinant above written has two rows «, 0, and
a,, b, and two columns ¢, @, and b, b,.

5. It follows from the definition that
a, @, | =ab—-ad =|a, b

b, b l a, b,

2

Hence « determiinant of the second order is ot altered by chang-
ing rows tnto columns and colummns into rows.
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6. It follows similarly from the definition that
= ((I/”b, - alby) == (albs - aabl) ==

@, b,

b

FEd 2

a, b,

b

1? 1
Ience in a determinant of the second order the interchange of
the two rows changes the siyn of the determinant,
So the interchange of the two columis changes the sign of the deter-
minent.

a a

. I ax +by =0,
and az+ Uy =0,
be two consistent equutions, then will

a b |-0.
«, ,

Multiplying the first cquation by & and the sccond by b, and
subtracting, we get
(0" — D) = 0,

therefore b’ —a’b -0,
or a, b | -0
((,', v
Q. E. D,
8 If ax +by +cv =0,
and dx+bdy+cz=0,
then will
LY L2
Ib,c i(',(ai a,bl
v, ¢ ¢y o a, v |

For if we multiply tho first equation by ¢’ and the second by ¢,
and subtract, we get
(Ca—ca)z+ (b = bc)y=0,
or (e = Ca)a - (be" = b'c) y,

@ y

or s = T -
be' = e ¢ - ca’
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which may be written

z y
b ¢ _\c,a
7/

Y, ¢

and therefore, by symmetry,

x Yy 2
b, ¢ e, a, b l
v, ¢ d, o a, U
Q. F. D.
9. If ax +by =c,
and «x+0y =,
then will
’ b, ¢ ¢ @
’ 4
_i¥e l and y=— L @
a, b |’ a, b
,,l/’ b/ ((’I’ b/

This follows from the last proposition by writing ~ 1 for =.

§ 3. Of Determinants of the third order.

10. Der. The symbol
a b, c
o, O, ¢

7 ’” 4
'y, 07y ¢

iy used to denote the expression

’

’
v, ¢

4 7
v, ¢

a -b| &, & |+¢

a, O
a’y ¢ a’, b’

and is called a determinant of the third order.
11. Ir ax +by +cz =0,

a'e +by +cz =0,

and «’x+ 0"y +c"%2=0,
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then will

a b ¢ |=0
a, b, ¢

’” 4 )/
a’, b’ ¢

For the second and third equations give, by Art. 8,

x

—— = y == z
Y, ¢ , ¢, o a, b
b/l’ c’/ | C”’ a/’ a/" bl,

Substituting these values in the first equation, we get

alb, ¢ [+b|c, & |+ec|d, b |=0,
b/l’ c// ' c/,’ al! “I” b//
or alb, ¢ |-bla, ¢ |+c|a, b |=0
b’/, ’:l’ ((/'I’ c’l a’l’ bl’
or a, b, ¢ |=0.
a, b, ¢
a’l, b/', c//
Q. E. D
12,

In the foregoing proposition we eliminated the two ratios
2ty : 2 from the three given equations, and found the result in the
form of a determinant.

We might have procecded otherwise as follows:

Multiplying the three equations by A, p, v (at present undeter-
mined multipliers) and adding, we get

(@A +a'p+av)x+(OA+Vp+b0"v)y + (A +cu+cv)2=0,
which must be true for all values of A, p, v

Now by Art. 8 we know that if

A ® v
e e e aa e A X )
b, b v, b b, b
’ s ’, ,
| ¢, ¢ &, ¢ ¢, ¢




Xiv OF DETERMINANTS.

then the coefficients of y and 2 in the last equation will vanish, and
the equation will reduce to

(aA + d'p + vy -0,
so that we must have

ar+ dpu+ a’v=0,

or substituting the values of A : p t v

’” 4
a b’, b// 1 (&I b”, [) l + @ ],’ [; = O’
C’, CN C”, c ‘ Cy Cl
or « o, o' | =0,

’ 7’
b, U, b
’ ‘//
e ¢, ¢

which is therefore the result of the elimination.

But this result must be equivalent to the result obtained by the
other method.  Hence the two equations

i
a b ¢ |=0and|a «, o' |=0
'LI’ b/’ CI b’ bl, b’l
(LII, b’l, (’// (I, cl’ cl’

must be identical, and therefore their first members must cither he
identical or differ only by a constant multiplier. But the coefficient
of the term wb'¢” in cach is seen to be + 1. THence the two deter-
minants are identical, or

a, b, ¢cl=le &, o |.
o, V¥, ¢ b, ¥,
a”, b/’, (;'/ c’ CI’ c//

13. Cor. A determinant of the third order is mot affocted by
changing the rows into columns and the columns into rows.

Care must, however, be taken that the first column becomes
the first row, the second column the sccond row, and so on, and
vice versd.
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14. Since the result of the elimination is the same in whatever
order the equations be taken, it follows that the resulting equation
a b c¢c|-0
a, V, ¢
a’, b, ¢’
is not altered in whatever order the rows of the determiuant be
written.
Hence the determinants
@ b ¢ |, |a b ¢!, |a’, b, Y, ‘1 a’, b’ ¢

a, UV, ¢ a”’y, b7y ¢ a, b, ¢

a’, bV, ¢’ o, U, ¢ o, U, ¢

can only differ by some numerical multipliers, and since the coeflicient
of every term in the expansion of cachi of them is either +1 or — 1,
they can therefore only differ by the algebraical sign of the wholo.

Since
a O, ¢ |l=a|l, |0 { &y ¢ | +c o, 0],
a/’ b’, C’ bu’ (7” I a/" (7” ‘ /,, ’J 7"

7 ]II 77
a’, b, ¢

and
i ’
@ b cl=al|ld, ¥V |=-b|d, d]|+c|l,d],
" 1" /) "
[ v ¢’y o | v«
a, b, ¢

it follows from Art. 6 that
a, b, ¢ 1and |, b, ¢ |
(L" bl, cf al/’ b)” cl'

all, b//, c!) ((//, b/’ c/ J

arc of opposite algebraical sign. Hence the sign of a determinant of
tho third order is changed by interchanging its last two rows.

It will be seen on examination that the effect is the same if wo
change any other two adjucent rows, or two wdjecent columns.
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That is, the sign of the determinant is changed when any tuo
adjacent rows are interchanged, or when any two adjacent columns are
interchanged.

15. But any derangement whatever of the rows or columns may
be made by a scries of transpositions of adjacent rows or columns.
Such a derangement will or will not affect the sign of the deter-
minant according as it requires an odd or an even number of transpo-
sitions of adjacent rows or columns to effect it, thus

a b cl==|d, ¥V, |=]a, ¥V, ¢ -« b,
o, b, ¢ a, b ¢ at, V7, a, ¥, ¢
a’, b, ¢’ a’, V', ¢ a, b ¢ a, b, ¢
_' a’l, cll, bl/ — c/l’ (I;”’ b// — Cll’ bll’ al/ . (‘;c'
a, o, UV d, o, V l oV, W
a, ¢, b ¢ @ b ¢ 0 a

Similarly we may ascertain the sign of the determinant formed by
any other derangemnent of the columns or rows.

16.  If a row or a column of a determinant be multiplied through-
out by any number, the value of the determinant is multiplied by the
same number.

For the determinant may be deranged till the row or column in
question becomes the first row.

Now
pe, pby, pe |=pal b, ¢\ +ubc, & | +pel o, V
((/,’ b/’ cl b//, cl/ c’/’ (’4” al/, b//]
(l'”, b//, c// .

! ” 7]
la, I, cIII

which proves the proposition,

’

17. If two rows of the determinant be identical, or if two columns
be identical, the determinant vanishes.
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For the rows and columns may be deranged until the last two
rows are identical, and the determinant takes the form

=|a b ¢
a, b, ¢
a” bl’ c’
—xa|V, ¢ x#b|d, |=c|d, ‘
o, ¢ a, ¢ a, V

=0, by Art. 4.

Therefore, &e. Q. E.D.

18. Cor,

If onc row be a multiple of another row ov one
columu of another column, the determinant vanishes.

For the mul-
tiplier may be divided out by Art. 16.

19. 7o shew thut

a+x, b+y, ¢+ |

‘= a b ¢ | +|w ¥y =
«, v, ¢ «, U, ¢ o, UV, ¢
(b”’ [)/I, cl’ a//’ b/” cll

a//’ bll’ C”

Expanding the first determinant, it takes the form

(@+z) | U, ¢ |—=(bry)] &, ¢ |+ (+2)] a, V ’
" 77 4 /7 ” ’”
b", ¢ a’y ¢’ «’y b
or alt, ¢ |-b|d, ¢ +ci a, v
' \
j b/, C,’ al’ c" l a;’ bu I
+a| by, ¢ ‘—y’ Wy ¢ | d, U
” 4 ’” ’’ ” 17
v, ¢ a’y ¢ @’y b
or [a, b ¢ |[+]x y =
1 a, bV, ¢ a, U, ¢
l al" b/l’ C" (‘ F, bll’ c"

* 0
Thercfore, &c. Q. E. .
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Similarly,
a +a, b, ¢ |~|a, b ¢ |[+]|a, b ¢
a +d, ¥, ¢ a, v, ¢ od, b, ¢
a’l+all’ b/l’ cll (b”’ bll’ ’” all’ bll, cll

And so if cach clement of any column or row be divided into two
parts, the original determinant is equal to the sum of the two deter-

minants formed by substituting for each divided element first one
of its parts and then the other,

But note that this operation eannot always be performed at
once on more than one column or row.

Conversely, if o scries of determinants are identical excepb as
regards one column or onc row in eacl, their sum is cqual to the
new determinant formed by retaining in their places the rows or
columns that are identical, and adding together the corresponding
elements of the row or column which diflers,

20.  If any row of & determinant be {ncreascd by multiples of any
other rows, or if any column be increased by muldtiples of any other
columns, the value of the determinant is not altered.

For, by Art. 19,

« +mb +nc, b, ¢ '
« +mb +nc, ¥, ¢

’” z

a’ +mb” +nc”, V7, ¢
=14 b ¢ |+|mb b ¢ +!me, b ¢
1
o, O, ¢ wml, b, ¢ ne, b, ¢
(b”’ b//’ c’/ mb/” b//’ c/’ 7&6”’ bl” c’l

=|a b ¢ |, by Art. 18,

” ’/ 1/
a’, b, ¢

which proves the proposition.

This theorem is of the greatest use in reducing determinants,
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2. If ax +by +cx +du =0,
ax +by +c5v +du =0,
and @'z + 0y + "%+ d'u =0,
then will

@x

- -y % —
b, ¢ d a, ¢ o ay b, d | b ¢
' ' '

v, ¢, d ay ¢, d o, UV, d a, bV, ¢
v, d a’y ¢, d’ o, U, d" a’y 0", ¢’

For if we multiply the first equation by | ¢, ¢” |, the second by
d, d"
, the third by ‘ ¢, ¢

, and add, we get

— I3 ¢
{ d, d' | d, @

@ dy & e+ b V, V' ly+)e o, & i+] d dyd”
‘ "
¢ ¢, ¢

"= ()’
. 4 M . / .
¢y Cy ¢y C, ¢ Cy

d, &, d’ d, &, d" d d, d’

’ 1"
c, ¢

d, &', &’

or, in virtue of Art. 17,

a, o, " e+ b U, b 1y=0,
’ 7 1
e, ¢, ¢ ¢ ¢, e
d, d, J" dy d'y d”
or a, ¢ d |x+|d ¢ d ly=0,
o, ¢, d v, ¢, & i
«y ¢’y d” AT |
@ -y
or -

[)”, C", (l" 5 | "’u’ C", (l” |

and similarly the other equations may be established.
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22. If ax +by +cx =d,
e + 0y +cz =d,

and W2+ by +fr=d,

then will

i .
b, ¢ d e, @, d a, b, d
vV, ¢, d d, o, & o, U, d
b/r’ c/" P ln ¢ /’ (L", ¢ l'/ a//, [)u’ dl/
X = m[)- - /e 'Z*'"—T*" y A 'I;—"‘“—".
@ b, ¢ a, b ¢ a, b, ¢
«, U, ¢ o, U, ¢ «, b, ¢
a’ U a’y U, a’, b,

This follows from the last proposition by writing — 1 for w.
[Tt will be observed that these values of @, y, ~ obtained by

solving the three simultaneous equations might have been written
down by the method of cross multiplication in Algebra.]

§ 4. Of Determinants of the fourth order.

23. Der.  The symbol

a, b ¢ d
a, ¥, ¢, d
L a”, bll’ cn, J"
alll, blll’ cl”, d/l/
is used to denote the expression
alltl, ¢, & |=bld, ¢, d |+c|a, V, d |-d|d, V, ¢
b'/, c,’, (llf al/’ c’l’ (ll, (&/I’ bl’, d/l al/, bll’ cll

bll/’ cl/l, (l(”

12 7 "
a’, ¢ d

a/ll’ bl/l, d”’l

and is called a determinant of the fourth order.

” " v
a”, b, ¢
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Xxi

24, If ar +by +cz +du =0,
ax +by +cz +d'u =0,
a'c+0"y +c’2 +d'u =0,
a"z+ "y +c"2+ d"u=0,

then will
a b ¢ d (=0
o, V, ¢, d
o, UV, 4
a8 & 4

’

For the second, third, and fourth equations give

x

-y P -
v, ¢, d a, ¢, d &0, d | |a,0b,¢
b//’ cll’ dll a”’ c/l’ d” a//’ b/l’ d// “/l’ b/” cll
b’/l’ clll, dl/l alll’ cl/l, d’/’ a’,/’ bl//, dl//

noyir
a” b7 ¢

Substituting these values in the first equation, we get

all, ¢, d
b/” c"’ dll

bll[’ cm’ dm

’ 4 4
~-bld, ¢, 4

i )
o’y ¢’y d”

"’ 4 s
a’y, ’y d

or|a b ¢
a, b, ¢,
all, bll, CI,’

” ”r 4
a”, b, ¢”,

+ed, ¥, & |-d|d, ¥, ¢
al’, bll’ d’l a”, b,’, cl'
al’,’ b/”’ d//l al'l’ b’/’, LA
d |=0. QED
d'
d”
(l!//

Precisely as in the case of the determinant of the third order
(Art. 13), we may shew that the value of a determinant of the fourth
order is not affected by changing the rows into columns and the

columns into rows.

So the results obtained in Arts. 14—20, will be seen to depend

upon general principles, and to hold
order.

w.

for determinants of the fourth

o
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25. If
and
then will

x
‘ b, C’, ¢ //, em

where | a, ¥,

OF DETERMINANTS.

ax +by +cz +du +ev =0,
dx +by+cy+du +ev =0,
a's +b6y+cz+d"u+dv=0,

a/uw + bllly+c’”z+d1/lq'6+el//,v=0’

-y = i = -
|— | a’ c/, d”, e///’ - ] a’ I)', (l”, 8’” I s l a/, b/, cn’ en/

— . _.__v_ PSS

e V, ¢ 477

¢’, d”" | denotes the determinant
a b e d
o, V, o, d
o’y V', ¢ A7

”r " "’ "
a’, b, " d

For if we multiply the four equations respectively by

d, ¢, ¢

ar, d', d

7

g’ 8”’, P

and add, we

whence

, -le ¢ ¢ |, e, ¢ ¢l|, ~|e ¢ e
'’ ” " i’ ’ i’ ’ ’ ’
d’, d’, d d, d, d d, d, d
" " " " 1 " " 1" "
e’ ey e A e, €, e
obtain

” "

a @, o', a” [z+|b b, b, b [y=0,

¢, C,, cua ¢ ¢, c') C", ¢’
d &, d, 4" d, 4, d,d"
e, ¢, ¢, ¢ e, ¢, ¢ €
x _ =¥y
b’ _c:.-—(i’ ¢ | a’ c) d’ €
v, ¢, d, ¢ a, ¢, d, ¢
b, ¢, d", ¢ a’y ¢, d", ¢
vy ¢y d", € a”, ¢, d"”, ¢

and similarly the other equations may be established.
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§ 5. Of Determinants of the 1" order.

26. The student will have observed that the reasoning of the
last two sections is perfectly general.  He will have recognised the
law by which a determinant of any order is defined with reference to
those of the next lower order, and he will have pereeived that the
proofs of properties of determinants of the 3rd order given atlength in
§ 3 will apply nertatis maulandis to establish corvesponding properties
for determinants of any order whatever, it they can be assumed to
Lold for the next Jower order. It follows, therefore, by the principle
of mathematical induction, that all those propertics may be attributed
to any determinant whatever,

27. Dur. I we strike out one of the colmnns and one of the

vows of a determinant of the 2" order, we shall obtain a new deter-
minant of the (1 —1)" order, which is called the minor of the original
determinant with respeet to that element which was common to the

colummn and row.
Thus the minor of the determinant

Cay by, d

«, b, ¢ d
T

wm’ /},,,, U”’, d/u

&e.

with respect to the element ¢” is the determinant

lay, 0, o ..
i a;, bl’ (ll
a6 A
&e.

28, Drr. The element which is common to the p'" column
and ¢*" row of a determinant is said to occupy a positive or negative
place according as p + ¢ is even or odd.

c?
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29. The coefficient of any element of a determinant 8 the minor
with respect to that element affected with the sign + or — according as
the element occupies @ positive or negative place.

Let the determinant be
@, b,

a’” b’!

&e.
and let the element x occupy the ¢ place in the p*™ column,
By making g — 1 transpositions of adjacent rows and p — 1 trans-
positions of adjacent columns, the determinant may be written

(- Ty

x ..o ,

!

'f Coa, b,

a, b, ...

&C.

whence we sce that the coeflicient of e is

* o, by ..
ay Uy .. ‘

&e. 1

the sign being positive or negative according as p + ¢ is even or odd,
which proves the proposition.

§ 6. Of Determinants of unequal columns and rows.

30. Suppose we have to climinate 2 unknown quantities from a
greater number m of simple equations. As we shewed in Art. 1,
we shall obtain m — n equations of relation amongst the coetlicients.

Onc method of writing down these m — » equations would be to

take the first » of the given equations, and associate with them in
order cach of the remaining m —n equations.

From ecach of the me—n groups of »+1 equations thus form-

ed, we might climinate the % unknown quantities. Expressing



OF DETERMINANTS. XXV

the result by means of a determinant of the (n+1)™ order. We
should thus have m—n determinants of the (n+1)" order each
equated to zero, constituting the m —n equations sought.

But it is plain we might have taken any m—n combinations
whatever of % + 1 cquations that could have been formed out of the
m cquations, provided we took care to introduce «l! the original
cquations. Thus there will always be a varicty of forms in which the
result of such elimination may be expressed.

31, Suppose, for instance, that we have to climinate the two
ratios  : y : z from the five cquations

ax+by+er =0,
ax +by+eczx=0,
agx+by+ecrx=0,
ax +by + ez 0,

ax+by+ez=0.
As the result of the elimination we shall have the three equations

a, a, @, |=0,| @, a, a |=0,]| «, a, a |=0,

b; b'u b bn bg) bu bn b,p b5’

1 3

€y Ciy € €y Cyy Cyy €y Cp €y

or for any onc of these equations we may substitute any other equa-
tion obtained by elimination from a different set of three equations,
such as

ayy @, a, (=0, or | «, a, a |=0.
by by b by b b
Cos Cyy €y Cyy Cy G

But it is convenicnt to express the result of this elimination
briefly by the form
a, s, a, 6, o [[=0,

N

bl, b,, baa by, b,

€y, €y €y G4y C,
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where the determinant of five columms and three rows indicates that
we may select any three of the five colummns to form a square determinant
and equate it to zero, and the triple vertical lines indicate that three
such equations may be independently formed.

32. The cxample given in the last paragraph will suffice to sug-
gest to the reader the interpretation of any wunequal determinant,
In most general terms the definition will stand as follows :

The compound symbol

v -
@, @,y @ ... @) i_O,
105 by b, ‘
(1A . g 2
' Ll’ ]“2’ A.’I km i

where the number of the quantitics «, 0, ¢...% is 2 (less than ) and
the number of vertical lines hounding the determinant is », is to he
wunderstood as expressing o system of v independent cqrations obtained
by equating to zero v several determinants each formed by taking n
of the rows of the given nnequal determinant.

It will be observed, that if the system expresses the vesult of the
climination of 7 quantitics out of m independent cquations, we must
have  =m —mn.  The notation is, however, found convenient in cases
when the original equations, although 7 in number, are ouly cquiva-
lent to some lesser number m” of independent cquations.  In such a
case we shall have r =/ —n.

33, Asan example of the case last considered, suppose we have
to eliminate the two ratios « : y : 2 from the four equations

(@ —a’ )x+(d -V )y+(c —¢ )z=0,
(@ -+l =0")y+( —¢")z=0,
(@ =)+ (0" =0y + (¢~ ")z =0,
(@ —a Yae+@" -0 )y+("—c )z=0.

These are equivalent to only three independent equations, since
any oue of them may he obtained from the others by simple addition,
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There will therefore be only one resulting equation, which may be
obtained by eliminating from any three of the given equations. If,
however, it be desired to have a result recognising symwmetrically all

the four equations, we may write it
’ v’ ” » " "
e—d, &—-da, o« —a’y &"—a |=0.
b — bl’ bl —- bll, b” _ blll’ b'" — b

o

’ ’ " " "
c—¢c, ¢-¢", ¢'=¢", " —-¢

§ 7. Kxamples.

Exameie A. 7o evaluate the determinant
a’ a, 1
B g) BY 1
Yy oyl
Subtracting the third row from ecach of the others, the determi-

nant becomes
o — v, a-v 0

By, B-y, 0
')”7 s 1
=| "=y a—y |=(@-)B-y) | a+n 1 ‘
B’—729 B—Y B+Y’ 1

=(a=7y) (B-y)(@a=p).

ExampLE A’. By a similar method we may shew that
oy 0, 1 |=(a—y)(B-v)(a-B)(a+B+y).
BB 1
'Y” Y 1

ExamrLe B. 7o shew that
rt+a, x+0, x+c |=0.
y+a, y+b y+c

s+a, 2+0, z+c
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If a=b or b=c or c=a, two columns become identical and the
determinant vanishes. Therefore if the determinant be not identi-
cally zero, a—b, b—c¢, c—a are factors. Similarly, if z=yor y=2
or z=x, two rows become identical, and so y -2, 22—, x—y are
factors.

But the determinant is only of the 3rd order and cannot have
more than three factors. Hence it must vanish identically. . E D.

Exampre C.  To evaluate the determinant
x, x—¢ x—0b
y=-¢6 ¥ y-—-a
r—b z—a, =z
Subtracting the first column from cach of the others, we get
z, =—-¢ —b
y—¢ ¢ Cc—a
s=b, b—a, b
whence we sce that the coefficient of x is

¢, c¢—a |, or ab+ac—a’

b—a, b

By symmetry, the coefficients of y and » must be respectively
be + ab—0® and ca + be — ¢’.

And the terms without z, ¥, z, are
0, —¢, =0 !, or —2abe.
-¢ 0, —a
-b -a, 0
Hence the determinant may be writton
az (b +c—a)+ by (¢ + @ — by + ¢z (a + b — ¢) - 2abe.

ExamprLe D. 7o shew that
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The first determinant (by Art. 19) is equal to
By y+o a+B|+| ¥ v+ a a + B8
B, ¥y+d, a+f Y, ¥ +d, d+f
B y+a, at+f Y, y'+d’ o+
or, in virtue of Art. 20,
B, y+a, a |+| ¥, a, a + B
B, y+a a Y, @y o +
B’y y+a, a Y, o a”+ B
or again, applying the same principle,
B v al|+| v o B
B, v, o« Y, o5 #
gy | Ly g
which by Art. 15, is equal to
2] o By
a” ﬁ’? ‘)’/
%
Thercfore, &ec. . k. D,

Examrre E. Let

L= my, n, ‘, U =ln,l, |, N|=’ by
Ny N, A ‘ L,
L= m, n, I, M=\ n,l l, Ny=| 1,
my, n n, I i,
L=\m,n |, M=|a2,l!|, M,:I l,
my, n, ‘ ng, 1, Ly

then we have

m

My,
m,
m

m

m

XXixX

LL +mM +nN =lL+mM +a N, =l L +mM+nN

= l
l

oy

l

oMy, Ny | =

mgy, n,

3) ma’ ns

UL+ 1L+ L =m M +mM +mM, = n N + n NV, + n v,
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So also
LL,+mM +nN,=| 1, m, n |=0.
by my,
L, m, n
And so LL,+mM +nN, =0,

and four other like relations.

And similarly,
m L +m L, +mL, =0,

and five other like relations.

Exayere F. 70 shew that

7o p p
M, N, 0L, my, w,
) 7
‘V-.-s’ Au l»-’ My, Ny
I:x’ My Ny

This may cither be proved by multiplying out, or as follows.

Suppose the three equations

le+my+nz=0........n... wn (1),
lp+my+nz=0. ... (2),
lg+my+nm=0.. . nnin(3),

coexist,
(3) and (1) by the climination of x gives us
My+Nzg=0.coocovvviniinnnin v (4)

Similarly (1) and (2) gives us
My+DNz=0.cco. vviniiniiniininnns ().

The condition that (4) and (5) coexist must be identical with the
condition of coexistence of (1), (2), (3), that is, the cquation

M, N, J =0

M, N,

must be identical with the equation
by my, =0

by My, m,

Ly my, e,
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And therefore these two determinants can only differ by a con-
stant multiplier, which is determined by comparing the coefficient of
n, in each, and found to be /,, so that

I, m,n,

l. M, N, l byy My, e,

2

L, m, n,

Examprr G, To shew that

Lx’ 1"1’ i :{ -ln’ m, n, }s‘

1

, M, N, 1, my, n,
L, M, N, oy My, 1,
‘We have
Ly L, M, N, |=|L, M, N
L, M, N, 4L, M, N,

L, M, N, | | (L, M, ¥,

=\ L +m M 4N, M, N
Lhy+mM +n N, M, N,
LL+mM+n N, M, N,

= L, m, n 1, M, N, !, by Ex. E,
b,y my, n, 0, M, N,
by My 9, 0, ., N,

.
L, m, n, M, N,

lg, m,, 1, "I") “Vy

L, my, n,

=1.4] &, m, n, |}, by the last example.
{

Pl g, n,

o My N,
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therefore
L, M,N |={1,m,n |}\
L, M, N, l,, m, n,
L, M, N, by, my, m,
Q. E.D.
w8

7 Exameee I To eliminate x from the two equations

\ ar® +br+c =0, R (1),
A+ 0+ =0 2).

Multiplying each equation by @ throughout, we get
a + 0" +ex =0l e (3),

A+ b0+ e =00 4),

and eliminating &, #°, « from the four equations (1), (2), (3), (4),
we have

0, @, b, ¢ |=0,

0, a, V, ¢

a b ¢ O

a, b, ¢, 0

or

’ ’

a, ¢
a, ¢

7

,be,c

Q,
A N A

Ex. J. If
wax + vyy + we + u' (Y + y'z) + o (o + Zx) + W (y + 2y)
be zero for all values of x, vy, %, then will
wow — uw” — v’ — ww” + 2u'v'w = 0.
For since the given expression vanishes for all values of «, 7, 2,
the coefficients of x, y, # must severally vanish, Therefore
ux’ + w'y + v =0,
wi' + vy’ +u'Y =0,

v’ 'y + w =0,
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and eliminating «’ : 3/ : 2/, we have
u, w, v |=0,
w, v, u
v, w, w
or uvw — uw”® — v’ — ww'’® + 2uv'w = 0.
Q. E.D.
Exavrie K. 7o expand the expression
ax +1ly, cx +ny, Vx+my
'z + 0y, bx +my, de+ly
b’ + wy, o'z +1"y, cx + ny

according to powers of x and y.

Putting 4 =0, we obtain the term involving 2°, viz.
a, o, ¥ a2
b o

1 "
b, a’, ¢

So putting « = 0, we obtain the term
’
&L, o, w1y
n', m, U
m’, U, n

Suppose the y, ¥, y in the three columns distinguished
suffixes, so that the determinant becomes

by
ar +ly, cx+ny, Ve+my, |=0.
e+ 0y, bx +my, ax+ly,

Ve+m'y, a’c+ 1"y, cx+ny,
. B R C e .
Putting y,=0 and y, =0, we obtain for the term involving 2y,
l, o, V|2,
4 ’
n’y b, o

m’, &'y ¢ |
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Similarly, we find the terms
a n, & |a%, and | a, o, m |y,
¢, m, o ¢y b U

”

1" 4 77
v, 1l ¢ vV, a’, n

Hence the whole coeflicient of 2%y is
;, ¢, Vi+la », V| |+|a d, m
W, b, o ¢, m, « ¢, b, U
m’, a’, ¢ o', U, ¢ v, a”, n
Similarly the coefficient of xy® 1s
a 'y w V|, oW |+ W,

¢y m, U n’, b, U w', m, a

v, U, n m”, a”’, n m”, U, ¢
Hence wo arrive at the result, that
ax +ly, cx+n'y, bx+mly
de+ny, bx+my, ax+ly
'a+my, a'x+ 1"y, cx +ny
=la ¢, V|
b o

/7 ”
v, a’, ¢

+{| 4 o Vi+|a 2, Vi+|la o, w

2w, b o ) m, o ¢’y b ¥
m’y @, ¢ o, U, ¢ V', «’ n
+{la n, m |+l o wm |+l W, ¥
¢, m, U n”, b, U w’y,m, o
v, 1", =n m’, @', n m’, 1", ¢

’ 3

+4 w owm oy
n’, m, U

,”?'//’ l”, n
the expansion required.

} &

facy

Y
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Examrie L. 43 a particular case of the last theorem consider the
determinant

u +ka®, w +«kab, v +«kac |.

w' + kab, v +«b®, ' + kbe

v +kac, w +«kbe, w + ke

Expauding in powers of k, we obtain

u, w, v
w, v, u
v, u, w

+x{] @ W, |+ u ab, V|+|u, W, ac|}
/ 2 ’
ab, v, 2 w, 0%, wu w', v, be

ac, w, w v, be, w v, u, ¢

the coeflicients of x* and «* vanishing since each determinant therein
contains at least two identical columns.

But furtlier, the coefficicnt of « may he written
-1 0, ¢ b ¢
@ u, w, v
’
b, w, v, u
ey, v, W, w
Hence the whole determinant becomes

1, 0, 0, 0| -« |0, @& & ¢

a, w, w, v a, wu, W, v
/ ’ , ’
0, w, v, w b, w, v, u
¢, v, W, w ¢, v, n, w
1
or —k|l--, @ b ¢ |.
K
v /

b, w, v, w

¢ v, w, w
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Exampre M. 7o eliminate b and k from the equations
u = hat +kab, 2 =h(a*—b —c) + 2hvw,
v=hb +ht’, 2/ =h(0 - —a¥) + 2kwu,
w=he* +kw’, 2w =h (¢-a'-b")+ Uuv.
where
u=u+v +w, v=v+w +0, w=w+w +v.
The resulting equations will be all the independent equations
included in the system
a, U, ¢  a=0=c, V-c'-d, c=a'-0"|=0.
W, vh, W’ Qow, 2w, Suv
v, W, 2, 2, 2w’

But the first column increased by half the sum of the fifth and
sixth gives us

0 )
(+5+7) 7
u
or, dividing by % throughout,
0 )
W+T+w
1

which, being perfectly symmetrical, might have heen cqually obtained
by combining the second, fourth and sixth, or tho third, fourth and
fifth columns., This shews that the original equations were not
independent, but equivalent to only four cquations and the result
consists therefore of the fwo equations

a’y, b ¢, 0 =0.
e g —g — =
uhy v W u+vFw

u, vV, W, 1

[Exercises on Determinants will be found on pages 455, 450.]



ERRATA

Page 6, line 4 from bottom, for OY, OX read CVY, C'X.

» 15, ,, 9 " for k3lm read klmn.

. 16, ,, 4 o for AP read ADC.

, 24, ,, 12 . Sfor as, read in.

- 48, ,, 3 ' for 2in cos € read 2Um cos (.

" 58, ., 8 ,. for 2bcrp cos B read 2curp cos B,

" 73, , 7 1 Jor a read a'.

" 78, ,, 3 ' for sin A sin B sin C read 2s8in A sin B sin ¢
» 93, (i} JSor difference read reference.

134, Art. 119. Q()I’ is (three times) misprinted for 4 0Q.
QOQ is (twice) misprinted for 40P,

202, line 7, fm X rccul A , and read equations (1), (2), (3) as follows :

. A
a B Y
BT Ra TR e ),
e _B _.7 2)
S T B Syt (2),
2]
LI LA o (3.

aar  afly yiaa
So the first determinant ought to be
awBy, BBy, By =00
Yaz, PBay:, VeV
anay, ayffy, Y@

281

B
Page 281, line 10, Sor 1%1‘-[ red 7
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2. If the angle XCY be denoted by C, then we have

Py . PN .
Jopp = Sin C and 2 = Sin C.

Hence if a, B be the perpendicular coordinates of any point
whose oblique coordinates arc x, y, we shall have

a=zsin C and B=ysin C;
or x=acosce ¢ and y=Bcoscc C,

Consequently, if we have any relation holding good between
the oblique coordinates of all points on a locus, we can, by the
substitution of

@ =qa cosec C, y =3 coscc C,

obtain a relation holding good between the perpendicular coor-
dinates of the same locus. In other words, we may transform
by this substitution the oblique cquation of any locus into an
equation in perpendicular coordinates representing the same
locus.

Ior example, the equation in oblique coordinates to the
straight line 4B cutting off intercepts (A4 =5 and CB=a from
the axes is known to be

T4l
b«

Hence the equation to the same linc in perpendicular coordinates
will be
acosec C  Beosee €
5+

- or aa+ b8 =ab sin C;

=1,

and in a similar way any other cquation might be transformed.

3. Or, instead of taking an equation, we might by the same
substitution transform any function whatever of the oblique coor-
dinates into an equivalent function of the perpendicular coordi-

1—2
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nates. For example, writing the equation to the same straight
line 4B in the form
ab —ax — by = 0,
we can at once write down the expression for the perpendicular
distance of any point (', ') from it, viz.
ab — ax’ —by'

@ —ar —o ==sin C.
N+ 6" = 2ab cos C

Hence if o, 8’ be the perpendicular coordinates of the same
point, we shall have as the expression for the distance

absin C—ao'=153"
TN+ = 2abcos o’

or if ¢ denote the distance 4B, and A the area of the triangle
ABC so that

¢t =a’+ 0" —2ab cos C,
and 2A = ab sin C,

then the expression (for the perpendicular distance from AB of
the point whose coordinates are «" and B') becomes

L2z ad =B
= ¢
This is given here mercly as an example of transformation
of coordinates from the one system to the other, but the result
is one which will be scen hereafter to have an important bearing
on trilinear coordinates.

4. 'The student will do well to examine at this stage of the
subject the interpretation of some of the simpler equations con-
necting a and 8.

(1) Consider the equation
a=0.

It is evidently satisfied by all points on the line Y and by no
other: it is therefore the equation to this axis.
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(2) Consider the equation
a=d,
where d is a constant. It is equally obvious that this is satis-

fied at any point on a line parallel to OB at a distance d from it
on the side towards X. Similarly the equation

a=-—d

is satisfied at any point on a parallcl line at an equal distance
on the other side of CY.

(8) Consider the equation
a=p.

The cquation speaks to us of points whose perpendicular
distance from (X is equal to the perpendicular distance from
CY, and of the same algebraical sign.  The locus of such points
is the interior bisector of the angle XC'Y, which is therefore the
locus of the cquation. '

(4) Consider the cquation
a=—0.

This speaks of points whose perpendicular distances from
the axes are equal, but of opposite sign. These points will
be seen to lie on the exterior biscctor of the angle XCY, which
will therefore be the locus of the cquation.

(5) Consider the equation
a=mf.

Suppose P to be a point on this line, join PC and draw PM’,
PN’ perpendiculars on QY, QX, then (by the equation)

PM'=m. PN,

P PN
U™ PO

sin PCY = m .sin PCX,

and therefore
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or (in words), P lies on a straight line dividing the angle X0V
into two parts I’CY, PCX such that their sines are in the
ratio m : 1.

This straight line will therefore be the locus of the equation.

5. 1o find the area of a triangle the perpendicular coordi-
nates of whose angular points are glven with respect to a pair of
oblique azxes.

Fig. 2.

B
r
//
\ R
c d P T4 A X

Let PQR be the triangle and («,, B), (a,, By, (a,, B,) the
perpendicular coordinates of the angular points P, (), B referred
to the oblique axes CX, CY.

Parallel to CY draw PP, QQ', RR' to mcet CX in P,
Q, R
Then A PQR = trapezium PQQ'I” + trapezium PRR'T
— trapezium QRR' Q.

But the trapezium PQQ'P' stands on a base P'Q’ equal to
{2, —a,) cosec C and it has a mean altitude equal to § (8, + B,).
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Hence its area = % cosec C' (B,+B,) (a,— a,).
, 1
Similarly, area PRR'P" = ; cosec C (B,+B,) (2,— a,),

and area QRE @ == cosce C (B, + B,) (v,—a,);

[vl—‘

therefore the area of the triangle P QR

= oo O (8, B) (4, =) + (B, B) (8,-0) = (B,+6) (=)}

1
2 cosce C{ 1 (62 - ﬁs) + %, (Bs —Bx) + o, (181 - :82)} )
or with determinant notation

« o
=cosecC| V 3

a,,
By, /3,/3
1, 1, 1

t\.l*—‘

Exgercises on Cuaprter I

(1) If (a, B) be the perpendicular coordinates of the point
whose oblique coordinates (referred to the same axes) are (z, y),
and («, B') the perpendicular coordinates of the point whose
oblique coordinates are (2, y/), shew that (a + ko', B+ kB8") will
be the perpendicular coordinates of the point whose oblique
coordinates are (x+ xx’, y + «y).

(2) Shew that the points whose perpendicular coordinates
are (a, B), (¢, B'), (a—d, B—B') and (a+a’, B+ B") lie all

on one straight line, provided oB'=d'B.
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(8) Find the equation in perpendicular coordinates to the
straight line drawn from the origin at right angles to the
straight line CX.

(4) Write down the equation to the other diagonal of the
parallelogram two of whose sides are the axes, and one of whose
diagonals has the equation

aa + 0B = absin C.

‘What is the arca of this parallelogram ?

(5) The distance between two points in terms of their
oblique coordinates (x, y) and («, y) is given by the formula

pP=(—2)+(y—y)+2@—-a) (y—y) cos C;
hence write down the corresponding formula for perpendicular
coordinates.

(6) Tind the arca of the triangle onc of whose angles is at
the origin, and the other two at the points whose perpendicular
coordinates are (a, 8) and («, B').

(7) Find the arca of a triangle whose base is of length d in
the axis CX, and whose vertex is at the point whose perpen-
dicular coordinates are (a, 3).

(8) Find the perpendicular coordinates of the point biscct-
ing the straight line joining the points whose coordinates are

(a, B) and (o, B).

(9) Find the equation in perpendicular coordinates to the
straight line drawn from the origin, at right angles to the
straight line whose equation is

ao+ 0B =absin C.



CHAPTER II

TRILINEAR COORDINATES.—TIIE POINT.

6. WE will renew our construction before proceeding to
the next step in the devclopment of the system of trilinear
coordinates.

Let BC, CA, AB be any three fixed straight lines forming
a triangle, and let P denote some point in the plane of the
triangle,

We have seen that if the perpendicular distances of P from
any two fixed straight lines (C3 and C4 for instance) be given
the point I” is dcterminate, and that these distances may be
regarded as the coordinates of I
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Now let a, B, ¢ denote perpendicular distances of P from the
three fixed straight lines 2C, C.1, AB. Then, as we have seen,
any two of these (c.g. @, B) may be regarded as the coordinates
of I with respect to the corresponding axes (BC, CA), and the
remaining perpendicular (y) may be expressed in terms of these
two (a and B), and known constants, by the method of the ex-
ample, Art. 3 (or more simply, as we shall shew presently).

But there are advantages, as the scquel will shew, in regard-
ing all the three perpendiculars as coordinates of I, and thus
expressing P’s position at once with respect to the three fixed
axes, or lines of reference (as it 13 more usual to call them).

We shall regard as positive the distances from any line of
reference to points on the same side with the interscction of the
other two lines of reference, and conscquently the distances of
points on the other side will be negative; thus

4 lies on the positive side of BC,

oo, cevreseerenns AB.

Thus all points within the triangle formed by the lines of refer-
ence (which we shall briefly call the triangle of reference) have
all their coordinates positive, and points without the triangle of
reference have either one or two coordinates negative.

It will be observed that it is impossible to find a point on
the negative side of all the lines of reference, that is, no point
las all its three coordinates negative.

7. We have observed that when two of the trilincar coor-
dinates of a point are given the third may be caleulated. We
proceed now to investigate a simple equation, which we shall
find connects these three coordinates.

Let P be any point whose coordinates are a, B3, y and join
P4, PB, PC, and draw PD, PE, PF perpendiculars on BC,
C4, AB respectively.
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First, suppose P within the triangle ABC as in fig. 3;
then the triangles

PBC+ PO + Pd B=whole triangle ABC.

But BC.PD or ax is the double of the area of the triangle
PBC: so b3 and ey are the doubles of the triangles 7204 and
LA

coan+ bR ey =24,

where A denotes the area of the triangle of reference.
Secondly, suppose P> without the triangle. Iet it be on the

negative side of 3C and on the positive sides of CA, AB, as in
figure 4.

c E A

In this case the triangles
PCA + PAB— PBC = whole triangle ABC.

But in this case « is negative, so that the length PD =— q;

and therefore — ax represents the double of the area of the tri-
angle PBC.

Hence, as before,

’

aa + b8 + ¢y = 2A.
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Again, suppose P on the negative side of both BC and 4B,
as in fig. 5.

»

C ¥

In this casc the triangles
PCA—~ PAB— PBC = the triangle ABC.

But in this case both a and v are ncgative, and therefore
— aa and — ¢y represent the double areas of the triangles P’BC
and PAB.

Hence, as before,

aa+ bB + oy = 2A.

Hence we see that if «, 3, ¢ be the coordinates of any point
whatever, they are connected by the relation

aa + bB + cy = 2A.

8. We might have deduced the result just obtained at once
from the result in Art. 3, taking care to determine the ambigu-
ous sign so that the perpendicular from the origin C should be
positive in accordance with the convention of Art. 6.
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Thus we should have written at once

2A — aa — 08
= -————_———-—'—c N
or aa + bB + ¢y =24,

but the proof given in Art. 7 is more simple in its character.

9. Let p be the radius of the circle circumsecribing the
triangle ADBC.

Then by trigonometry,

a b ¢

smA _sinB snC_

hence the equation obtained in Art. 7 may be written

asind + Bsin B+ qgsin C= %= S suppose.

p
v . . .
10. The equation of Art. 7, or the equivalent form just
obtained plays a very important 1nrt in trilingar. cosrdinates.
It enubles us to make every equation involving a, B, ¢ homoge-
neous, for, since

we are at liberty to multiply any term we please in an equation
. b . .

by the fraction - aat Z)§~w thus raising by unity the order

of the term. By repeating this operation we can raise every

term of an equation up to the same order as the term of highest

order, and thus render our equation homogeneous.

For example, if we have the equation

a'+3ay+58=1,
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we can raise cvery term to the third order: thus we get the
homogeneous equation

3 ] - l : !
w4 3y PEIRET 5 <“ﬁ2'~§i )
_(>+B+ 07)’
- ( °A /)

which we might proceed to simplify.

11. If the ratios of the coordinates of any point be given,
the point is determinate, and the actual values of the coordi-
nates can be found by means of the relation

ax + B + cy= 24,
We may proceed thus :

Let the coordinates be proportional to A : w : », then

*_B_v
N opov’
and therefore cach of these ratios
mnn;._'w”: oes .
_aa+l»/:$+(‘»°,"_‘_""‘“‘.)'é~—o — e =

Taontbutor an+bu+ v’

Hence a= 4
enee Tan+bu+ v’
B= — 2pd
Tan+ [l/l, +ecv’
2vA
v -

Tantlptor

12. We may however observe that in practice we very
rarely require the absolute values of the coordinates.  For
advantage is almost universally taken of the principle detailed
in Art. 10, by means of which our equations in trilinear coordi-
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nates are homogeneous. And it is scarcely neccssary to point
out that a homogcneous cquation in g, B, v will not involve in
any way the actual values of the quantitics, but will only in-
volve their ratios.

For example,
«*—3dB+94'=0

SRR

where only the ratios ?y and g— are involved.

may be written

Again, if we have to substitute the coordinates of a point in a
homogeneous equation it is not necessary to know more than the
ratios of the coordinates.

For suppose the cquation were
aBy —34°B+ 5% + 4" =0,

and suppose the coordinates of the point were known to be pro-
portional to 7: m : a.

The actual values of the coordinates may be supposed to be
ki, Ian, Ln, but it is not necessary generally to know the value
of the multiplier z; for if we substitute &/, km, & in the given
equation, we get

K™ 3120w + 5kAwPn + I = 0,
or, dividing by A" throughout,
lnn — 8Pm + 5mPn +n" =0,

so & disappears from the final result, and therefore a knowledge
of its value was unnccessary.

We shall conclude this chapter with some examples in
which we shall determine the coordinates of several points re-
lated to the triangle of reference, leading to results which arc
continually required in the solution of problems,



16 TRILINEAR COORDINATES.

/

13. To find the coordinates of the amgular points of the
triangle of reference.

For the point 4 it is evident that 3=0 and y=0. Also
ax= 24, hence we can write down the coordinates

of 4, 24 , 0, O
a
So, of B, o, 22,
/]
and of C, 0, 0, 24 .

N.B. The angular points of the triangle of reference are
conveniently spoken of as ‘ the points of reference.”

14. To Jind the coordinates of the middle point of BC.
Fig. 6.
A

c P A R

Let P be the middle point, and suppose a, B,  the coordi-
nates of P.

Since P lies on BC we have ¢ = 0.

Also B =twice the triangle APB
= the triangle 4BC,

since APB, APC on equal bases and of the same altitude are
equal. ’
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Therefore B= a ,
)

and so =

15. 1o find the coordinates of the foot of the perpendicular
Jrom A wpon BC.

Let 44" be the perpendicular and let «, B, ¢ be the coordinates
of 4'. Draw A'll, A'K perpendicular to (A, A8 respectively ;

then a=0, B=.1"1 y=.IK.
But ﬁ—:’{: cos AA T =cos (;

W A H=A4"Acos C;

2A
or B="="cos C;
a
2A :
SO Y=~ 03 B.
o

Hence the coordinates are

2A 2
» 0, —=cos C, 24 cos 3.
a a

"16. o find the coordinates of the centre of the inscribed
circle of the triangle of reference.
This point is equally distant from the three lines of re-
ference ;

o +bBroy 2A
at+b+c a+b+e’
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. . A .
Hence cach of the coordinates is T where s denotes, as in

Trigonometry, half the sum of the sides of the triangle.

17. 7o find the coordinates of the centre of the circle cir-
cumscribing the triangle of reference.

Let O be the centre, «, B, v its coordinates; join OB, 0C and
draw OP perpendicular on BC; then (Kuclid, 1. 2), BC is
bisected in P.

Hence the triangles OPB, OPC are equal in all respects.
Now the angle BOC at centre = twice angle B4 C at circum-

ference. &
Hence . BOP=%B00 =4,
%: cot 4, or OP=BPeot A,

. (22
lLe. a= EcotA.

So B=gcotB, 'y=—c2~cot0,

which give the required coordinates.
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Cor. If p be the radius of the circumscribed circle, these
coordinates may be expressed thus:

a=pcosd, PB=pcosB, g=pcosC.

18. 7o find the coordinates of the point which divides in a
given ratio the straight line joining two points whose coordinates
are given.

Fig. 8.
Pa
r_—]
/ -— 1L
/I‘;_g,a._.. K
B Dy D Do, C

Let P, P, be the given points and (a,, 8,,7,), (ag, Bs 7s)
their coordinates, m : n the given ratio. Suppose P the point
required, and let (a, B, ) be its required coordinates ;

then PP : PP=m : n
Draw PD, P.D,, P,D, perpendiculars on BC, and through

Pand P, draw PH and P,K parallel to BC, and meeting P,D,
and PD respectively in H and K.

Then by similar triangles
PK : PH=PP : P,P=m : n,

i.e. a—a, 1 Gg—a=m : n,
whence na — na, = Ma, — M ;
or (m + n) a = ma, + na,;
ma, + na
or o= 32!
m+n
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Similarly we may shew that

_ B+ B,

m4n

_ .+,
w4+ i

and
which give the required coordinates.

Cor.  The coordinates of the middle point between («,, 3,,7,)
and (,, B,, v.) are

&, + o ﬁ; +,B‘-' 'Y_L +7.

D) ’ P ’ 9

o

Exercises oN Crarrer 10

(10) Find the coordinates of the points of triscction of the
sides of the triangle of reference.

(11) If A’ be the middle point in the side BC of the triangle
of reference ABC, find the coordinates of a point Pin 44’, such
that AP =24'D

(12) If AA’ be the perpendicular from the point of reference
A upon the opposite side BC, find the coordinates of a point P,
8o dividing this line that

AP : PA ' =cos A : cos B.cos C.

(18) Find the coordinates of the centres of the circles eseribed
to the triangle of reference.

(14) Render the following system of equations in trilinear
coordinates homogencous :

(la® + mb® + nc®) «* — 4Alag + 4A%
= (la® + mb* + nc®) B* — 4AmbB + 4A°m
= (la* + mb® + nc*) y* — 4Ancy + 44%n.



CHAPTER TIL.

TRILINEAR COORDINATES. THE STRAIGHT LINE.

19.  Tv find the area of « triangle, the trilinear coordinates
of whose angular points are given.

Let (a,, By v (2, By ), (a,, By, 7v,) be the coordinates of
the angular points, and let A denote the arca of the triangle.

Now we have already in Art. 5 found an expression for
in terms of the coordinates « and B of each angular point. We
may however express that result in a form symmetrical with
respect to the three coordinates of each point.

Thus, taking the result of Art. 5,

1
A= Gooseo O fa, (8,- 8) +,(8,~ B) +5, (8, - B,
___1 cosec O | % % % ___co.n;c)%g o, a,, d,
2 Bl’ Bz’ Ba Bla Bg’ /33
1, 1, 1 S, 8, S

But diminishing the last row of the determinant by the sum
of the first row multiplied by sin 4, and the sccond multiplied
by sin B, and remembering that the relation

asin A+ Bsin B+ qsin C= 8§,
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is true for the coordinates of each point, we get

4 = cosee C a,,

25 By By A
v,sin O, «,8in C, «,8in C

ey, Oy

__L @,y Gy 0 ______l ay B Y ‘
s 28
25\ 8,0 8, B, tr By 7|
Yo Y2y Vs | QB Vs

a perfectly symmetrical expression for the area of the triangle.

20. Tb find the condition that three points whose trilinear
coordinates are given should lic on one straight line.

Let (a,, B, 7)) (agy Bay Ya)s (2 Bss v,) be the three
points.

That they should lie on a straight line is the same thing as
that the area of the triangle formed by them should be zero.

Hence, by the last article, the condition is
a, B, v, |=0.
% Ba 7,
@, By Y

21. It follows from Art. 20 that the cquation

&, Br v |=0
a],’ Bl’ 'YI
%) Be’ Ys

speaks to us of a variable point (@, 8, ¥) which lies on one
straight line with the points (a,, 8,, 7)), (2, B, 7). It is
manifest that the equation will be satisfied if (a, 8, ) denote
any point whatever on this straight line: and that it cannot be
satisfied if (a, B, «) lie elsewhere.
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Hence the equation
a, ﬁ: b4 =0
al’ B 17 'YX
ty By v,

1s the equation of the straight line joining the points

(an 1817 '71), ((1“ Bg’ 'Yu)'
It L, M, N be cqual to, or proportional to the minors
Bl’ 'Y] a‘, B‘ l
B:_" (Y‘z au, BS!

of the above determinant the equation becomes
Lo+ B + Ny = 0.

Y O

72? a2

b K

Cor. Ivery straight linc is represented by a homogencous
equation of the first ovder in « B3, y. We proceed to shew
that the converse of this proposition is also true.

22.  Lvery homogeneous equation of the first order represents
a stravght line.

Let lo+mB+ny=0
be any homogeneous cquation of the first order in a, B, . It
shall represent a straight line,

By giving 4 any valuc (y, suppose) in the system of equa-

tions
la4-mB +ny=0,

ao+ 08 + ¢y =24,
we shall get corresponding values (a,, B, suppose) for a and 3.

Thus we can find coordinates («,, 3,, vy,) representing a point
upon the locus of the given equation.

Similarly by giving « another value (v, suppose) we can find
the coordinates (a,, B,, v,) of another point upon the locus.
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But since (a,, B,, 7,), (4,, B,, v,) represent points lying on
the locus of the equation

la+mB+ny=0.co.cciinenin. veeenenne(1),

we have the relations
la, +mB,+ny, =0.ccceeiiiinnin. e (2),
and Ly +mB,+ny,=0.cccooii. (3).

By means of (2) and (3) we can eliminate the ratios 72 m : »
from (1); thus the equation (1) will take the form

a, Bv Y =07
a, B, v,
| s Bw Y.

which we know (by Art. 21) to be the equation to a straight
line.

Ilence every homogencous equation of the first order as tri-
lincar coordinates represents a straight line.

Note. The only apparent exception is when the two equa-
tions la+mB + ny=0 and «a -+ 0B+ cy=2A arc inconsistent,
that is, when I, m, n arc proportional to «, b, c. This case we
shall discuss separately in Chapter 1v.

23. By Art. 21 we arc able to write down the equation to
any straight line in terms of the coordinates of any two points
upon it.

It is often desirable to express it in terms of any other con-
stants which will determine the straight line.  Ior instance, a
straight line is determinate when its perpendicular distances
from the three points of reference are given; we proceed to
determine the equation to a straight linc in terms of these three
distances.

Let AP=p, BQ=g, CR=r be the threce perpendiculars
from the angular points 4, B, C upon a straight line PQR: it
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Fig. o

- B

is required to find the cquation to the straight line in terms of
these quantities p, g, r.

Let O, O be any two poiuts upon the straight line, and let
their coordinates be «, 8, y and &', B, &', and let p denote the
distance between them, then

pp = twice area 400

=5 ]24,0,0 | by Aut. 13,

a
a, B, v
a’) :81, 'Yl

therefore multiplying by aa,

apap=2A8 | a, 0, 0

a B, v

«, B, 9

S0 byBp=248 10, B, 0
a B, v

a, » 7
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and cryp=2A8 | 0, 0, v
a By
oy B,y
therefore by addition
(apa+bgB+cry)p=2A8 | a, B, v | =0,
a B, v
« By
and therefore apa + bgB + cry = 0.
This being a relation among the coordinates «, B, v of any
point whatever on the straight line ()L, is the equation to that

straight line, and it is expressed in terms of the perpendiculars
P, ¢, r. Therefore it is the equation required.

24. We shewed in Art. 22, that the equation
AmB+ny =0 ciceiveiiiinininninnn. (1),

must always represent a straight line,

In Arts. 21 and 23, we have found the equation to a straight
line in terms of the coordinates of two points upon it, and in
terms of its perpendicular distances from the points of reference,
but both the cquations thus found arc particular cases of the
general form (1).

Thus by comparing the various articles we are able to
explain the coefficients in the general equation.  'We may either
interpret [, m, n, as proportional to the determinants

Bis v
,32’ 'Yn'

where (a,, B, v.), (a,, B,, v,), denote points upon the line, or
we may say that they are proportional to ap, bg, cr, where
P» ¢» 7 are the perpendicular distances of the line from the points
of reference.

71’ al al’ 1

)
Y %

aa) 2
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25. Tt should be noticed that the equation

a, 187 v |=0
al’ B ’ 7;
az’ Bzﬁ '72

will not be altered if we substitute for a, B,, and y,, or for
a,, B,, and r,, any quantitics proportional to them. For this
is only equivalent to multiplying the equation throughout by a
fixed ratio.

Hence it is not necessary, in order to form the equation to
the straight line joining two points, to know the actual co-
ordinates of the points, but it will suffice if the ratios of the
coordinates arc given.

Thus if two points be determined by the equations

a_B_v
A ou v
and ~a, = '8, = Z; ,
ANop oo
the equation to the straight line joining them will be
% B, v
L R
xl, p/, vl

26. To find the condition that threc straight lines whose
equations are given should pass through one point.
Let la +mB +ny =90,
la+w/B +n'y =0,
Ua+m"B+ n"y=0,

be the three equations. If the threc straight lines all pass
through one point, all these equations will be satisfied by the
coordinates (a', B, %', suppose), of the point.

Hence, lad +mB +ny =0,
ld + /B +n'y =0,
"o 4 w'B + n''y =0,
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Therefore eliminating ' : 8 : ' we get

L, m n =0,

i
-
|

”

ll P ’
, M, n

£ n
U, m', n
which will be the condition required.
27, Fwery straight line passing through the point of intersec-
tion of the two straight lines whose equations are

will have an equation of the form
la+mB+ny+ulat+m'B+ny)=0.......... (3),

where k 1s an arbitrary constant, and by giving a suitable value to
K the equation (3) can be made to represent any particular straight
line passing through the point of tuterscction of (1) and (2).

Suppose (a, B, v) to be the point of intersection of (1) and
(2); therefore these coordinates satisfy the equations (1) and
(2): therefore

la +mB +ny =0,
Vo + w8+ u'y =0.

Multiplying the second of these by « and adding, we get

la 4+ mfB + wy +x (latm'B + n'y) =0,
which shews that «, 8, v, satisfy the cquation (3).

But the equation (3) being of the first order represents a
straight line. Ilence it vepresents a straight line passing
through the intersection of (1) and (2). Q. E.D. (i).

Also by giving a suitable value to « the equation (3) will
represent any straight line through (a, 8, ).

For suppose it be required to make it represent a straight
line passing through any point (o, 3, «).
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The condition that this point should lie on the locus is
I + mB +ny +x(la'+m'B +n'y)=0.

Hence, if we give « the value determined by this equation,

L.c.,
_ - mB oy

T ld By
the cquation (3) will represent the line joining the points
(2, B, ), and (o, B, 4). Henee we can determine « so as to

make the equation (3) represent any straight line through the
point of intersection of (1) and (2). Q.. b. (ii).

In this case the equation (3) takes the form

latmB+ny  lat+w'B+ny 0

I +mB +ny'~ lo+m'B +uy
which is therefore the equation to the straight line joining
(@, By ), to the point of interscction of the straight lines
la +mfB +ny =0,
and la+m/'B+2wy=0.

28. If we use  and v to denote the expressions
la+mB+ny and l'a+m'B+n'y;
the third equation of the last article will be represented by
w4 kv =0,
Ilence we may briefly express our result as follows.

If w and v be any functions of the first degree of the coordi-
nates, then the equation
w+kv=0,

will represent a straight line passing through the intersection of
the straight lines represented by

u=0 and v =0,

and by giving a suitable value to , it will represent any such
straight line.
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29. The following affords a good illustration of the use of
the foregoing article.

Fig. 10.

B'

B N C
Let the equation
la+mB+nay=0 ....cccoeiviniininnnn. (1)
represent a straight line meeting BC in 4', CA4 in B, ABin (.

Consider the equation
MB Yy =0cciiriiniiiiiiii, (2).
From its present form we observe that it is a straight line

passing through the intersection of 8=0 and y =0, that is,
through 4, but if we write it in the form

(la+mB+ny) —la=0,
we perceive that it passes through the intersection of a = 0 and
lo + mB+ny=0,
that is, through 4'.

Ience it represents the straight line 44'.

Similarly the equations
n’y+la=0 0400000000000t tscrrnaasssnan (3),
lat+mB=0 ..c.ovvviiiiiinnnnnn. veern (4),

will represent BB’ and CC(’ respectively.
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Trurther let BB’, OC’' meet ina; CC, 44" inb; AA', BB’

in c.

Then the equation
&
which represents a straight linc through 4, being equivalent to
la+mB— (ny + la) =0,

must pass through a.

Hence it represents the straight linc da.

Similarly the cquations
Y =10=0 .cociirniiiiiiiniiiiinn. (6),
le—mB=0 .c.coovvviininininn erreeiees (7),

will represent Bb and Cc respectively.

But further the equation (7) may be obtained from the equa-
tions (5) and (6) by addition. Ilence the straight line (7) passes
through the intersection of the straight lines (5) and (6).

That is, da, Bb, Cc meet in a point.

We conclude this chapter with some Examples of the
methods we have been investigating.
Ve . . .
30. To find the equation to the perpendicular from the point
of reference A wpon the line BC.

¥irst METHOD. Let A’ be the line in question. The
perpendicular distances of the line from the angular points
4, B, C are respectively

0, ccos B, —bcos(C,

where we give opposite signs to the latter two distances, since
they arc measurcd on opposite sides of 44",
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Fig. 11.

3

Ilence by Art. 23 the cquation is
Bhe cos B —yeb cos C'= 0,
or Beos B—rycos C=0.

Seconp Mernon.  Let 44" =p, then the coordinates of A4
are p, 0, 0, and the coordinates of A" are 0, pcos €, pcos Is.
By Art. 21 the straight line joining these points has the equation

Iz 0, 0

a, B, v { =),
|
i

0, pcos (!, pcos B

or (dividing by p*, and evaluating the determinant),
Bcos B-ycos C=0,

which will be the equation required.

Tuirp MeTHOD,  Let P be any point in A4, and on A(
let fall the perpendicular PE = @, and on B4 the perpendicular
LPF =,

Then since the angle PA (' is the complement of C,

rr

P./I = cos C.
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Similarly, since the angle PAB is the complement of B,

%—f =cos B;
therefore PE : PF=cos C : cos B,
or B : y=cos C : cos DB,
or Bcos B=rycos C,

a relation among the coordinates of any point P in 44’, and
therefore the equation to 44",

" 81.  The perpendiculars from the angular points of a triangle
on the opposite sides meet in a point,

Take the triangle in question as triangle of reference, and
call it ABC; then, Art. 30, the three perpendiculars will be given

by the equations
Bcos B—rycos C=0,

qycos C—acos A =0,
acos 4 —Bcos B=0,

of which we observe that any one can be obtained from the other
two by addition; therefore by Art. 27, the three lines pass
through the same point.

32.  To construct a straight line whose equation ts given.
Let la+mB+ny=0

be the given equation of a straight line.
It is required to construct the straight line.

The given equation will be satisfied if a =0, and 8 and «y are
determined so as to satisfy the equation

mB + ny = 0.

But if a =0, the corresponding values of 3, v are subject to
the relation
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From these two equations we obtain

8= __2nA —2mA

in=en’ "Tn—cm’

which give the coordinates corresponding to a =0, of a point
upon the line.

Hence we are able to construct the point where the required
line meets BC.

Similarly we can construct the point where it meets C4:
and by joining these two points we shall have the straight
line required.

33. Tt will be understood that when we speak of the
straight line la+mB+ ny =0, we are using clliptical language,
and mean strictly, the straight line whose equation is

la + mfB +ny =0.

So we often spcak of a point lying on lu+mB+ny=0,
when we mean that it lies on the locus of that equation. Or we
speak of an cquation passing through such and such points,
when we mean that its locus passes through those points,

All these modes of expression are of course, speaking
strictly, very loose and incorrect; but as they can hardly lead to
any misconception they are not objectionable, and they shorten
very much the cxpression of a mathematical argument.

It is convenient also to notice that just as the point whose
coordinates are a, B and v is commonly described as the point
(a, B, %), so the straight line whose equation is la +mB + ny=0
may be spoken of as the straight line (I, m, ).

Exercises on Crarrer I1T.

(1{3) Find the area of the triangle whose angular points are
the middle points of the sides of the triangle of reference.
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(16) Find the arca of the triangle whose angular points are
the feet of the perpendiculars from the points of reference on the
,0pposite sides.

(17) Find the equations to the sides of the triangle of
Ex. 16.

(18) Find the area of the triangle whose angular points are
given by

a=0 } B=0 =0
mB=mny )’ ny=1{0x)’ la=mB)’
(19) Shew that the points given by
a=0 } B=0 } =0 }
mB+ny=0)"’ ny+loa=0)" la+mB=0)"
lie all on onc straight line.

(20) Tind the coordinates of the points of trisection of the
side 4B of the triangle of reference.

(21) Find the equation to a straight line cutting the lines of
reference €4, AB in @, B respectively, where 4Q=34C and
AR = %AB.

(22) A straight line cuts the sides BC, C4 of a triangle
ABC in P, Q and it cuts AB produced in I, shew that if
CP:(CB=1:83and CQ: C4A=2:3,then will Rd : AB=1:3.

(23) Find the equation to a straight linc which cuts off

h th
(7—2)t and GL) respectively from the sides AB, AC of the tri-
angle of reference, and find the coordinates of the point where

it meets the side BC.

3—2



CHAPTER 1V.

THE INTERSECTION OF STRAIGHT LINES. PARALLELISM.
INFINITY.

34. To find the coordinates of the point of intersection of two
straight lines whose equations are given.

Let la+mB +ny=0,
la+m'B+n'y=0,
be the equations to the two straight lines.

Then the coordinates of the point of intersection must satisfy
both equations, and the ratios of the coordinates will therefore
be obtained by solving the two equations together.

Thus, eliminating v we get

a - B
l m, n n, 1
m', n' | n', U
and therefore by symmetry, each =

7

I, m |’
I, m' l
equations which give the ratios a : 8 : .

But to obtain the actual values of the coordinates we have to
introduce the relation

aa + b3 + cy = 2A.
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Thus, since

_a B v
I my n|” |n L|" |, m
m, n n', U U, m'

are equal, therefore each of them is equal to

aa +bB + cy 2A
or
a b c a, b, ¢
l, m n I, m n
U, m', o' U, m, o
m, n
2A |
Hence a=_ M " |
a, b ¢
L, m, n
U, m', n'

with similar expressions for 8 and .

37

35. To find the condition that two straight lines whose

equations are given may be parallel.
Let la+mB +ny =0,
latm'B+n'y=0,

be the two given equations,

If the two lines are parallel their point of intersection lies at
an infinite distance from the triangle of reference. Hence the
common denominator in the expressions for the coordinates of

the point of intersection, obtained in Art. 34, must be zero.

That is a, b, ¢ |=0.
L, m n

U, m, n
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86. To interpret the equation
ax+ b3+ ey=0.

‘We ghall shew first that the locus of this equation includes no
point other than at infinity; and, secondly, that it includes

every point at infinity.

In order to find the coordinates of points on the locus of any
given equation, we have to determine values for a, 83, o, which

will satisfy both the given cquation and the perpetual relation
aa + b8 + oy = 2A.

In the present case the two equations which have to be com-
bined are inconsistent for all finite values of the variables. For,
if @, B, « are finite, we get, by subtraction,

0=24,
which is contrary to our original hypothesis.

But looking at the equations a little more generally, and
remembering that a, 8, v may have infinite values, it appears
that the result of the subtraction ought strictly to be written

0.a40.8+0.9=24,

an cquation which requires that onc or more of the variables
a, B, v should Dbe infinite. And from considering- either of the
original equations, we observe that fwo at least of these variables
must be infinite, since if only one were infinite, we should have

ax+ b8 +cy=o.

But it may be asked, how can the equatxon aa+b8+coy=0
be satisfied by points anywhere situate, since we know by the
geometrical construction, Art. 7, that if a, 8, ¢ are the coordi-
nates of any point whatever, aa+bﬂ+o'y will represent the
double of the area of the original triangle?

True. But when we take any point in the plane of the tri-
angle of reference to represent (a, 8, v), we necessarily take it at
some finite distance or other from the triangle. We can make
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this distance as great as we please, but we can never actually
make it infinite. So when we say that the equation

ar+ b8+ cy=0

represents a locus lying altogether at infinity, we are not contra-
dicting, but rather asserting this fact. For to say that every
point upon the locus lies at infinity is in fact saying that no
point can be found or drawn which shall satisfy the equation.

But the statement further implies the following: that al-
though no finite point can be found to satisfy the equation

la+mB+ny=0

when [, m, n arc proportional to a, b, ¢, yet when the ratios of
{, m, n differ from thosc of a, b, ¢ by the least possible difference,
then such points can be found ; and by making the difference as
small as we please, the locus will recede as far as we please from
the points of reference.

This is exactly the meaning which is attached to the term
“infinity” in Algebra, where (for instance) the statement

;+ }‘ + :—; + &ec. to an infinite number of terms = 1

does not mean that any number of terms which we can actually
take will amount to unity, but that by taking as many terms as
we please, we can make the sum as near unity as we please.

But, secondly, any point lying at an infinite distance from the
triangle of reference may be regarded as lying upon this locus.

For, let X be any point at an infinite distance, and let P be
any finite point, then we can conceive a straight line joining
PX, and by Art. 21, Cor. it will have an equation of the form

la+mB+ny=0........... veenenn (1),

Now let @ be another finite point not in the straight line
PX, and let the equation to @X be

la+mB+ny=0...... RN ¢ )R
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Then since PX and QX intersect at infinity they are pa-
rallel, and therefore their equations must satisfy the condition
investigated in Art, 35,

i.e. a, b, ¢| =0
L, m, n
U 1] 1]
U, m', n

But this equation expresses the condition that the three
equations

ax +bB8 +ey =0,
la +mB +ny =0,
Uo+m'B+n'y=0,
should be consistent, or that their loci should have a common
point. Therefore the locus of the equation
azr+UB+cy=0
passes through the intersection of PY and Q.X, that is, through

X; and so the same locus can be shewn to pass through any
point whatever at infinity.

But we have alrcady shewn that it passes through no finite
point. 1lence the equation

ax+b8+cy=0

represents a locus lytng altogether at infinity, and embracing all
points at infinity.

37. It has already been seen that the equation
la+mB+ny=0

when the ratios I : m : n have any values whatever not identical
with the ratios a : & : ¢ represents a real and finite straight line.

Now since the locus is a straight line however closely the
ratios [ : m : n approximate to the values a : 4 : ¢, it is a lawful
form of expression to describe the limiting locus itself as a
straight line.
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Thus we arc able briefly to express the result we have
arrived at as follows:

The equation
aa+bB+cy=0

represents the straight line passing through all points at infinity.
But it must be remembered that this is but an abbreviated
statement of the fact, that as I : m : n approach the values
a : b : ¢, the locus of the equation

lo+mB+ny=0

will always be a straight line, which can be made to fail by as
littlo as we please from passing through any point whatsoever
and every point at an infinite distance from the lines of re-
ference; whilst the position to which it approaches will contain
no finite point whatever.

It will be observed that since sin 4, sin B, sin C are pro-
portional to a, &, ¢, the equation may be indifferently written in
either of the forms

aa+bB+cry=0,
asind + Bsin B+ysin C=0.

38. The difficulty of conceiving such a locus as we have
described, may perhaps be lessened by the following con-
siderations.

Let ABC be the triangle of reference, and I”any point at a
finite distance from it.

From the centre P, at any finite radius 1’Q), as large as can
be conveniently taken, describe a circle, and suppose that while
the centre P remains fixed, the radius of this circle be gradually
increased. If this enlargement be carried on indefinitely, the
curvaturc of the circle becomes less and less, and can by suffi- -
ciently enlarging the radius be made as small as we please.
Thus the arc of the circle in the neighbourhood of any point @
upon it can be made as straight as we please; and though
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the circle can never become actually a straight line, yet as
the radius approaches an infinite length, the circle becomes
in every part as nearly straight as we choose, while all its
points recede to an indefinitely great distance from all finite
points,

Fig. 12.

Thus we perceive that as the circle tends to become straight
it tends to satisfy the same conditions as the limiting locus of
the equation

la+mB+ny=0,

as ! : m : n approach the values a : & : c.

The consideration of this infinite circle will tend to diminish
the difficulty which would naturally be felt in accepting the
following proposition.

39. Every straight line may be regarded as parallel to the
straight line at infinity.

Lt la+mB+ry=0.ccccovuriinvnnninnnnn. (1)
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be the equation to any straight line. The straight line at
infinity has the equation

A
at+bB+cy=0....... Cerereieerienene (2).

And by Art. 35 the condition that (1) and (2) should repre-
sent parallel straight lines is

a, b, ¢ =0,
a, b, ¢,
l, m n

which is identically satisfied since two rows of the determinant
are the same.

Therefore every straight line may be regarded as parallel to
the spraight line at infinity. Q. E.D.
/

/
/ 40.  To find the equation to the straight line passing through
a given point and parallel to a given straight line.

Let («, B, ') be the given point,

and la+mB+ny=0..cooceriiiiiniinn. (0
the equation to the given straight line.
Let Nt B+ ry=0.cciiiiiiiinnniinn (2)

be the equation required.

Then since the locus passes through (o, &', v),

we have M ApB Fry =0 (3).

Also since (1) and (2) are parallel, we have

A opyov =0,
5, m, n
. a, b, ¢
or Almy o w|+p|n L]+ i I, m \ = 0.0veenns (4).

b’ [ O,a ‘a” b
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Eliminating A, x, v from (2) by means of (3) and (4), we get

a, B, v =0,
o g, 'l

mon| | l ,’ L, m ’

b, ¢ ¢, a | a, b

the equation required.

If (o, B,y 7), (%, B,, v,) be the coordinates of two

41,
points, and if L, M, N denote the determinants
B ™ | @ a, B,
Bg) 'Yg 'Ya! as ag) Bn

respectively, then will
a - _ Bx'—ﬂv =_'Yl—7p~ ___V!_

lb,c—c, al |a b 2A°
M, N N, L L, M
For ‘b, cj'.=_ 0, —¢, b
M, N| a, B, 7
an’ Bn) 'Yu
10, —¢, 0
¢ a,, B,a 24
gy Bn 24
=2A (al—-at);
1 a — o,
therefore 58 = -
M, N
L)
and similarly =B=B v
¢ a

B a, b;"
L M

N, L
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42. By comparing these relations with the result of Article
40, it is seen that the equation to the straight line through the
point (a,, B,, v,) parallel to the straight line joining the points
(% Bsy v,), and (ay, Bas 7s)

1s «, B, v =0.
%y B, 7
0y — Uy, ﬂa—Bar Ys— Y

48, To find the distance letween two points whose trilincar
coordinates are given.

Fig, 13.

Let P, Q be the two points whose given coordinates are
(a5 By 7,)s (asy By v,), and let p be the distance between them.
On P as diameter describe a circle, and in it draw QA', @B’
parallel to CB, CA. Join P4, PB’', A'B’ and through 4’
draw a diameter 4'X. Join XB’,

then A'B*=PA" + PB"—2PA'. PB' cos A'PB’
=PA" + PB*"+2PA . PB'cos C ............ .
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But the angles 4'XDB', A'QB' in the same segment are

equal ;
o 2A'XB = 20,
and oo A'B'= A'Xsin C=PQsin C
= psin (;

also PA' =4, —a,
and PB’ =B - B,

Substituting these values of A'D, ', PD" in (1), we get

pisin® C=(a, —a)’ + (B,— B,)*+ 2 (¢, — ws) (B, — B,) cos C.

Simi]arly we have
Hint = (8, = B)" + (v, = 7' +2 (B~ B) (v, = ma) cos 4,
pisin® B=(y,—q )+ (0, —a,)* + 2 (v, — v.) (2, —a,) cos B.
Thus we have three expressions for the required distance,
each of them symmetrical with respect to fwo of the coordinates

of the given points. By combining these expressions in various
ways, among themsclves or with the identity

a(a,—0) + (B, Ba) + (v, —v) =0,

we might obtain a variety of expressions for the distance, sym-
metrical with respeet to all the three coordinates of cach point.
Several such expressions will be found in Chapter vI.

44. To find the distance between the two points whose coor-
dinates are (a,, B,, v,), (,, B,, ) tn a form symmetrical with
respect to the determinants

l B]’ ryl
n Y

ax’ Bx
o B,

' 719 a;
79’ aﬁ

Let L, M, N denote these determinants, then retaining the
notation of the last article, the required distance is given by

peintd = (B, = B)" + (v, —~ )+ 2 (B, ~ By (v, — 7,) cos 4.
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But by Art. 41,

Bl T_Bl = N — _1_ .
' ¢, a a, b 247
N, L L, M
therefore
¢ a a b ¢, a a, b
4A%p"sin’A = cos A
N, L | L, M N, L L, M

=a* {I’+ M*+ N*—2MN cos A —2NI cos B—2LM cos C},
or remembering that 2A sin 4 = S«, (Art. 9)

P = {L + M4+ N*—2MN cos A —2NL cos B—2LMcos C},

N (LP4+ M+ N*~2MN cos 4 — 2NL cos B—2L23M cos C}.

l‘ri"" O

45. To find the perpendicular distance of the point whose
coordinates are (2, B, ) from the straight line joining the two
points whose coordinates are (a,, B,, v,) and (a4, B,, 7v,).

Let p be the perpendicular distance required, and p the dis-
tance between the last two points, then

pp =twice area of the triangle formed by joining the three
points ;

p=:). (this double arca),

and therefore in virtuc of Arts, 19 and 44,

B’ Y
a‘$ B,? 'Y,

% ’,_@!’_'7'
P= J{L*+ M*+ N*= 20N cos A =2.NL cos B—2L3 cos C}

Ta+ MB+ Ny
T V¥ MY N =2MNcos A—2NL cos B— 2L cos cy’

an expression for the perpendicular required.




48 THE INTERSECTION OF STRAIGHT LINES.

46. To find an expression for the perpendicular distance of
the point (o, B, ') from the straight line whose equation is

la+mB+ny=0.

Let (a,, B, 7,)s (935 Bss 75) be two points on the given line,
and let Z, M, N denote the determinants

Bl’ 'Yx ala Bl !
Bp 'Ya ai? ‘Bﬂ

Then by the last article the required perpendicular is
given by

Vs %

Yar g

bl

_ L'+ MB + Ny
P= JLiF M+ N*= 23N cos A — 2NL cos B—2LMcos C] °

But the equation to the straight line joining (o, B, %)),
(a,, B, 7,) may be written

La+ MB+ Ny=0,
which must therefore be identical with the given equation

la+mB +ny=0.

Hence T=m =

in virtue of which the expression for the perpendicular becomes

_ la + mB +ny
P= JP+ m*+ n = 2mn cos A — 2nl cos B—2lm cos C] °

Other methods of arriving at this result will be found in
Chapters v. and VI.

Note. The expression
P+ m?+ n* — 2mn cos A — 2nl cos B — 2In cos C

is of such frequent occurrence that it will be convenient to
denote it briefly by the symbol {I, m, n}*
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47.  To find the inclination to the lines of reference of the
straight line whose equation s
la+mB+ny=0...... e (1).

Let 6 be the inclination of the given line to the line of
reference BC.

And let a=kB it (2),

be the equation to the parallel straight line through C. Then 6
is the inclination of this linc to BC, and therefore by Art. 4, (5),

gin @ =% sin (C —6)
=% (sin C cos § — cos C sin 6),
(1 +/%cos C) sin@ =% sin C cos 8,

% sin C
tan 0 = fm ............... (3).

But since (1) and (2) are parallel, we have (Art. 35)
1, =% 0 |=0
L, mn

a, b, ¢

or (me~bn) = (na—1Ilc)k;
therefore substituting in (3),
(mc — bn) 8in C
(na —lc) + (me — bn) cosC
_s8inC me —bn
" ¢ 'mcos C+ncosB—1
_ msinC—nsinB
“mcos C+ncosB-1’

Similarly if ¢ and + are the inclinations of the same line
to C4 and 4B, we shall have

tan 0 =

nsind —1snC
ncosAd+1lcos C—m’

lsinB—msin 4
lcos B+mcosd—n"

tang =

tan Y =
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48. T find the tangent of the angle between the two straight
lines represented by the equations
la + mB + ny=0,
la' +mB +ny' =0.

Let 8, 6 be their inclinations to the line of reference BC.
Then if D denote the required angle between the straight lines,

we have
D=0-~¢,

tanf —tan 8’
t 1+tand tan @

 (msin( C-nsin B)(m/cos C+n'cos B-1')—(m'sin ' 'sin B)(m cosC+n cos B-l
(m cosC+ncos B—I)(m'cos C+n'cos B~ )~(msin C—nsin B)(ny'sin (—n/sin B)

tanD =4 tan(6-6') =

!(msin C—'sin B)+m(n'sin 4 —'sin C) +n(!'sin B—m'sin 4)
W+mm'+nn'=(mn'+m/n) cos 4 = (nl'+201) cos B - (I +'m) cos ("’

or (as we may write it),
l, m, n
U, w/, n
sin 4, sin B, sinC
= Wmm van '~ (mn'+m/n)cos A —(nl +nl)cos B-(Tm/ +1 m)cos ("

49. Cor. 1. The straight lines whose equations are
la + mB + ny=0,
and la+m'B+n'y=0,
are at right angles to one another provided
W+ mm' + nn' — (mn' + m'n) cos A — (nl' + n'l) cos B .
= (bm" + I'm) cos C=0.
Cor. 2. If the equation
ua’ + v8°+ wy' + 2u'By + 2v'ya + 2waB =0
represent two straight Uines, they will be at right angles provided
%+ v+ w—2u' cos 4 — 20 cos B - 2w cos 0=0.
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50. OsBs. We shall in the course of the work give several
other methods of finding the expression for the angle between
o lines whose equations are given. The method in the fore-
going article is generally thought to be the most convenient;
but the student is recommended not to pass over, simply because
they lead only to results already obtained, those other methods
which we shall give, but to read them as very suggestive exam-
ples of the application of trilinear coordinates.

The methods given in Chapters v. and VI in particular are
offered as very good illustrations of the use which may be made
of those forms of equations which it is the special object of
thioed cwWo cnapters to develop.

51. To determine the sines of the angles of a triangle the
trilinear coordinates of whose angular points are given.

Let P, @, R be the angular points of the triangle and
(al7 Bl) 'Yl)’ (aﬂ’ ﬁ” 'yﬁ)’ (a" ﬁl’ 7‘)

their coordinates.

Then PQ. PR sin P=2 area PQR;
therefore sin P= 2;;3——.—1;—)%
oy Bn M
2, By %
—_ as’ Ba’ 'YS .
= S (I, ML, Ny (At 19, 44);
where L, =| 8, 7, |, M,_—:l Yor % |2 Ny=| a5 By ‘
B N Y & ay By
L,=| B, ')’nla Jl[sfi'Yn a s ‘NaE %, xl.
Bg) 'YG ' 'Ya’ ag ag) B’

4—2
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But a,, Bn B ay 131 Y
a, By v, a, = Ogy Bx"Bs’ Y=Y
o Bas s a, = &y B;"B,, Y=

1
—__—‘a 2A9 Bl’ %
0’ Bl_Bn’ Yi— Vs
0, B;""Bn B Sl
A
sg‘; B,= By =%
B|_Bs’ Y=
Lo @, , & b | (Art. 41
el | N, L | L, M,
¢, a a, b
N, L, L, M,
1 1 . . .
SoA| @ b ¢ =z sin 4, sin B, sin C
L, M, N, L, M, N,
La’ M’ M L:n Mar J\Ta
Hence sin 4, sin B, sin C
L!’ M’ 'Zv;
L M, N,

3) 3 8

gin P=——> 22—~ 3 8.
{L,, M,, N}{L,, M,, N}’
and similar expressions may be written down for sin @, and sin R.
52. To find the sine of the angle between two straight lines
whose equations are given.

Let the given equations be
la+ mB + ny =0,
la+m'B+n'y=0.



PARALLELISM. INFINITY. 53

Let (a,, B,, 7,) denote the point of interscction of these two
lines, and let (a, B,, vv,) be any other point on the first line,
bnd (a,, B, v,) any other point on the second.

Then if D be the angle between the lines we shall have,
with the notation of the last article,

sin 4, sin B, sin C

L, M, N,
3 — Ls’ Ms’ N; .
SlnD_ i {L" MN M} {La’ Mn Ns}
But %3=%=%,
l v n
and !;,':{l!'u:l!s;
l ) n

therefore substituting

sin 4, sin B, sin C

IA m, n
U, m, =«
{, my n} {{, m', n'}

sinD = +

’

the expression required.

Other methods of arriving at these results will be given in
Chapters v. and vI.

53. The expression for sin D obtained in the last article
might have been deduced from the expression for tan D obtained
in Art. 48; but the process of squaring and adding the numera-
tor and denominator of that expression and resolving the result
into its factors would have been tedious, so that it is perhaps
more convenient to investigate the sine and tangent indepen-
dently.
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From a comparison of the results of Arts. 48 and 52 we can
immediately writc down the expression for the cosine of the
angle,

viz. cos D

_ W4-mm'+ nn'— (mn'+m'n) co8 A— (nl'+-n'l) cos B—(lm'+U'm) cos C
- {{, m, n} {{, m', n'} )

Exercises oN CHaPTER IV.

(24) Find the coordinates of the point of intersection of the
two straight lines whose equations are

a=rcos B,

B =rcos 4;

and find the equation of the straight line joining this point with
the point of reference C.

(25) If the sides QR, RP, PQ of a triangle PQR be repre-
sented respectively by the equations

mB+ ny— 2la=0,
ny+ la —2mB =0,
la + mB — 2ny =0;

find the equations to all the straight lines joining the points
P, Q, R with the points of reference.
(26) Shew that the straight lines
(e+d)a+ (b +d)B+ey=0,
and (a+d)a+(b-d)B+oy=0,
are at right angles to each other.
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(27) Shew that the straight lines

asin B+ Bsin (B— C) + ¢sin C cos C=0,

acos B+ Bcos (B— C) +qsin* C =0,

are parallel, and that each is parallel to the straight line

asin (4 — C) + Bsin 4 + ysin Ccos C=0.

(28) Shew that the equations
acosec.4d 4+ Bcosec B =0,
acos d + Bcos B—ecos C=0,

represent parallel straight lines.

(29) Find the condition that the straight line
la+mB+ny=0
may be parallel to the side BC of the triangle of reference.

(80) TFind the condition that the straight line
la+mB+ny=0
may be parallel to the biscctor of the angle 4 of the triangle of
reference.
(31) Shew that the straight lines whose equations are
oa+ycos B=0,
B+ cosAd=0,
are parallcl.

(32) Find the angle between the straight lines whose equa-

tions are
a—rycos B=0,

B—eqcosd=0.
(83) The perpendiculars from the middle points of the sides
of the triangle of reference are given by the equations
Bsin B —qsin C+asin (B—- C) =0,
ysin 0 —asin 4 + Bsin (C— 4) =0,
asin 4 —Bsin B+ ysin (4 - B) = 0.
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(84) Straight lines are drawn from the angular points of the
triangle of reference 8o as to pass through the point given by

la = mB =mny,

and so as to meet the opposite sides in the points 4', B, o
find the equations to the sides of the triangle 4'B'C',

(35) Find the equations to the sides of the triangle whose
angular points are given by

(a=0, and B+ Iy =0),
(B=0, and ¢+ ma=0),
(y=0, and a+ 28 =0),

respectively.

(36) If O be the centre of the circle circumseribing the
triangle of reference, and if 40, BO, CO be produced to meet
the opposite sides in 4'B'C", shew that three of the four straight
lines represented by the equations

asccd £ BsecB+ysec C=0

are the sides of the triangle 4'B'C’; and construct the fourth
straight line.

(37) Draw the four straight lines represented by the

equations
acos 4 +Bcos B+ qycos C=0.

(38) Draw the four straight lines represented by the

equations
atBty=0.

(39) Interpret the equations
asin 4 + Bsin B + ysin 0= 0.

(40)  Of the four straight lines whose equations are
latmBtny=0
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two intersect in P, and the other two in P; two intersect in Q,
and the other two in @'; two intersect in R, and the other two
ip I'; find the coordinates of the middle points of PP, QQ),
RE’; and shew that they lie on one straight line.

And find the cquation to this straight line.

(41) On the three sides of a triangle ABC triangles PBC,
QCA, RAB are described so that the angles QAC, RAB are
equal, the angles RBA, PBC are equal, and the angles PCB,
QCA are equal; prove that the straight lines, AP, BQ, CR
pass through one point.

(42) Shew that the point determined by

aa _ B oy
n—0 l—m m-—n

and the point determined by
aa bR oy

l—m m—-—n n-1

both lie at infinity, and shew that the angular distance between
them, viewed from any finite point, will be a right angle if

a*(m—n)*+ 0 (n =) + (1 —m)’ = {al, bm, cn}’



CIIAPTER V.

THE STRAIGHT LINE. THE EQUATION IN TERMS OF THE
PERPENDICULARS.

54. WE have shewn that if p, ¢, » be the perpendicular
distances of the points of reference from any straight line, the
equation to this straight line will be

apa+bqB +cry=0.

We procced to consider some applications of the equation
of a straight linc in this form. But it will first be necessary
to establish a relation which exists among the perpendiculars

J S
55. If p, q, v be the perpendicular distances of the angular
points of the triangle ABC from any straight line, then will
a’p*+ U'q" + ¢'r* — 2bcgr cos A — 2berp cos B
— 2abpq cos C =4A".

Let AP, BQ, CR (fig. 14) be the perpendiculars frigm ABC
on the straight line PQR.

Draw BM, CN perpendiculars upon AL
Then AM=p~gq,
and therefore (Euclid, 1. 47),
BM =1V (p—q)-
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Fig. 14.
A
M B
C N
R P 0
Similarly ON =+ Vb~ (r —p)},
and RQ=+VNd" —(g—7)

But (having regard to algebraical gign in relation to the
direction of straight lines)

BM+NC+RQ=0.
Hence |
V@ =@ =) £V~ = p)} £ WP~ (p— @) =0,
which when cleared of radicals reduces to
&p*+°¢" + ' — 2begr cos A — 2carp cos B
— 2abpg cos C=4A?,

the relation required to be established.

N.B. With the notation introduced in Axt. 46, NoTE, this
result may be written

{ap, bq, cr} = 2A.
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56. To find the perpendicular distances of the points of
rveference from the straight line whose given equation is
lo+mB + ny=0.

Let p, ¢, » be the perpendiculars required. Then the straight
line might be represented by the equation

apa+bgB +cry=0,
which must therefore be identical with the given equation
la+mB + ny=0.

Therefore T=m=m

and since these fractions are equal, each must be equal to

{ap, bq, cr}

{l, m, n} ~’

which by the last article is equal to

28
{t, m, n}’
hence
2A l 2A m 2A n
= U ma 1T w6 T m, a)

57.  The equation to a straight line being given in the general

Jorm

la +mB +ny =0,
to reduce it to the equation tn terms of the perpendiculars.

We have only to multiply the equation throughout by
2A
{l, m, n}’
since by the last article the expression
A lo+mB +ny

2 .
L. {l’ m, "}
is identical with

apa + bgB + crey.
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58. To find the perpendicular distance of the point (o, B, %)
from a straight line whose equation in terms of the perpendiculars
s given.

Let apa+bgB +cry=0

be the given straight line, and let a line be drawn parallel to
this through the given point («', 8, 7).

Then if p be the perpendicular distance required,
pEp, gtp, 7p

(the upper signs going together and the lower together) will
represent the perpendicular distances of the new line from
4, B, C.

Therefore the equation to the new line is
aa(ptp)+bB (gL p)+ey(rtp)=0.
But, since this straight line passes through (o', 8, ),
ad' (p £p) + 08 (gt p) +0y (r £ p)=0,
or (e + 08+ c') p = F (apd + g8 + cry),

and therefore

apa’ + bgB' + cry’
p=t T
the expression for the distance required.

59. To find the perpendicular distance of the point (a', 8', v')
Jrom any straight line whose equation s given tn the general

Jorm

la+ mB+ ny=0.

Let p, ¢, r be the perpendicular distances of the straight
line from the points of reference.

Then by the last article the required distance is given by

_,apd +bgB +cry’
p=% 24 '
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But by Art. 56,

l _ap m__bg n _er
{lym,n} —28° {, m,nf 287 {,m,n} 24°

Ilence the last equation becomes

_ la' + mB' + ny'
p=t {myn} °*

the same expression which we obtained by another method in
Art. 46.

60. To find the angle between two straight lines in terms of

their perpendicular distances from the angular points of a
triangle.

Fig. 15.

A

R Q P 0

Let D be the angle between the two straight lines OPQR
and OF' QI intersecting in O.

And let p, ¢, r be the perpendicular distances of the former

line—and p', ¢/, »' those of the latter—from three points 4BC
forming a triangle.
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Then AP'OP=ABOP- ABOP),
that is, OP.OF'sinD=gq.0P-q' 0P

Similarly OP.OP'sinD=r.0P—+ 0P

Hence eliminating OP,

(r—q 0P .sinD=gqr' —q'r.

Similarly  (p —») 0Q.sin D =»p' —»'p,
and (g—p) OR.sin D = pg' - p'q,
therefore by addition,

{(r—g)0P+(p_r)0Q+(q—p)OR}sinD: P oq T
g7
1, 1, 1
But AABC=AARQ+ CQP— BRD,
therefore
20=p.(OR=-0Q)+¢q.(0Q- OP)~r.(OR- OP)
=(r—q)OP+ (p-r)0Q+ (¢—p) OR.

Hence 2asinD=|p, q, 7

v, g,

1, 1, 1

which gives D in terms of the perpendiculars.

61. To deduce the expression for the ungle between the two
stratght lines whose equations are

la +mB + ny =0,
and la+m'B+n'y=0.

If p,q,7; 9/, ¢y 7' be the perpendicular distances of these
lines from A, B, C, we have by Art. 56,

ap by _or_ 28
I m n {,mn}’
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and

But if D be the angle between the lines, we have by the
last article

SinD:l- P D 7"
p,q, 7
1, 1, 1
therefore

2A

sin D = {t, myn}{l, m, n'}

ol

SV
S

2A L, m, n
&ZE 4 1 '
= m, (T, m,

A m, n
4

l, m, n

sin 4, sin B, sin ¢

{4, m, n}{T, m, 0’}

the same expression which we otherwise obtained in Art, 52.

62. To find the altitude of the triangle whose base s given
by the equation

apa.+bgB + cry=0,

and the other two sides by the equations
ap'a +b¢'B + cr'y =0,
and ap'a+bg"B +cr'y=0.



THE EQUATION IN TERMS OF TIE PERPENDICULARS, 65
Let % denote the altitude required, and suppose a, 3, ¢ the

coordinates of the vertex of the triangle, then, by Art. 57,

= PrtbgB+ory

2A ’
where a, B, v are to be determined from the equations
ap'a +bq'B + er'y =0, ]l
ap''a+bg"B+er'y=0,
aax + OB + cy =24,

These equations give

e B ey 28
q, o Y, ¢ L L
q”, 1'" 7,”, ])” [)u’ 7” ])I’ q', 7"

vy

But since the first three of thesc fractions are equal, there-
fore
apa+bgB + cry

Poq T

p,’ gr’ 7"

pl', qll, 7‘11

each =

Therefore

T
o

Py 4 7

k_apa+b(1/3+rrry= s
- 2A 1, 1, 1

1)/’ qr’ 7"

" " "
IJ ) 7 y 7

63. To find the lengths of the sides of the same triangle.
Let p, p', p” denote the lengths of the sides whose equations
are respectively
W, 5
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apa + bgB + cry =0,
ap'a+bg'B+cr'y=0,
ap"a+bg"B+cr'y=0.
And let 0, O, 0" denote the angles opposite to these sides,
and Oo, 00, 0"0" the perpendiculars from the angles on the
opposite sides. Then
P sin () = 0o,

Fig. 16
O
ol
U"
PN
o o 0"
But by Art. 60,
sill()-:i‘zlA l, -I) 1 1.
[)7 ’I; r ’
?’U, (IFI, /’-"
and by the last article,
]), q, 7
pl’ ql, 71
Op V' 0 7]
KO R T I
ya 7 7
1) , qn’ ’n
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therefore substituting

YRR/ ‘
[", ’//’ ’I" ‘
" P o LI) s ’I”; 711
p = 2A 1, 1, 1 1, 1, 1
”»o9r P, g, 7
])Il, ’//I, 7"' /),I, ll"’ '."

and similar expressions can be written down for the sides
p and p'.

61.  To find the arca of the same triangle.

We have only to express half the rectangle contained by the
basc and the altitude.

Therefore by the last article

<€

P l
])I’ Q', rl l
) e 7’7’ q's ’”_ L,
arca = A7 g I g
7)/, q,, 7_: pn, qn, 7_1/ ]', ’, »
[ R T | I, 1, 1 1, 1, 1

65. Cor. The expression just obtained is homogencous
with respect to p, ¢, r, and of zero dimensions, hence it will
not be altered if we substitute for p, ¢, » any quantities pro-
portional to them.

Now suppose that the equation to the base, instcad of being
given in the form
apa + by + cry =0,
is given in a perfectly general form

la+mB + ny =0,

Tt
I\:
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then (—E, %, g are proportional to p, g, r, and may be sub-

stituted for p, ¢, 7 in the expression for the arca.
And so with respect to the other two sides of the triangle.
Hence we obtain the following theorem :
If lo + mB + ny =0,
la+m/'B+n'y=0,
UVa+n"B+n"y=0,

be the equations to any three straight lines, the area of the triangle
which they contain is

« b e
U m"
A a’ b ¢
S T YR T )
I m = ' wm' af Y om” n"}
a’ b’ ¢ a’ b’ ¢ "‘u’ b ¢l
rom' o U o "L, om om
a’ b’ ¢ a’ b ¢ a b ¢
1, 1, 1 1, 1, 1 1, 1, 1

or (multiplying numerator and denominator by a*0*?),

L
L, m, n

U, w', o
lll m” nl!
abe A e Y S
I, m, n U, n', n ', m", n
’ ’ " ” i ' ’ [
U, m, n U, m', n U, m', n

a b ¢ o, b ¢ a b, ¢
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ExErcises on CuapTer V.

(43) Find the equations to the straight lines through the
angular points of the triangle of reference parallel to the straight
line

apx + bgB +ery =0.

(44) Find the cquation to the straight line through the
centre of gravity of the triangle of reference and parallel to
the straight line

apa+ by + cry = 0.

(45) TFind the cquation to the straight line bisecting 4B

and cutting 4 C at right angles.

(46) Find the equation to the straight line parallel to BC
at a distance d from it on the side remote from A.

47) TFind the area of the triangle whosec sides are given b
5 g y
the equations

5/3+C'Y=0,
cy+an=0,
an+ bB=0.

(48) Tind the arca of the triangle whose sides are given by
the equations

mB 4+ ny =0,
ny + la =0,
la +mB=0.

(49) Tind the arca of the triangle whose sides are given
by the equations

—aa+bB+c0y=0,
ax—bB+cy=0,
aa+ b8 —cy=0.

(50) Shew that the angle between the straight lines
aa(p+38) +bB (g + ) +oy(r+s) =0,
an(p +5) +bB(g +5) + ey (' +4) =0,

is always the same whatever be the values of s and 4.
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(51) Through the points of reference A, B, C straight
lines are drawn parallel respectively to the straight lines
apa + bgB + cry =0,
ap'a +bg' B+ cr'y=0,
ap'a+bq"B+cr'y=0;
shew that they will meet in a point, provided

b1, 1,1 =

2 Ya

TV
|

1),,’ ’1,,. o

(52) Shew that if p — g =¢, the straight line
apa + by +cry =0

is at right angles to the line of reference AB.

(53) Apply the result of Art. 55 to find the equation to the
straight line for which p —g=cand r=0.

(54) Shew that if p — ¢ =0, the straight line
apa+bgB+cry=0

is parallel to the line of reference AB.

(65) Apply the result of Art. 55 to find the equation to
the straight line for which p —¢=0 and r =0.

(56) PQRQ is a parallelogram of which the diagonal Q¢
coincides with the line of reference Cd, and the points P, R
lie on BC, AB, respectively. If the base PQ be represented
by the equation

apa+bgB + cry =0,

find the altitude of the parallelogram in terms of p, ¢, .



CHAPTER VI.

THE EQUATIONS OF THE STRAIGHT LINE IN TERMS OF THE
DIRECTION SINES.

66. WHEN we say that the equation
lu+ mB+ny=0

represents a straight line, we do not mean that any values what-
ever of a, B, v which satisfy the equation will be the coordi-
nates of a point upon the line: for unless a, 3, 4 also satisfy
the relation

an+bB +cy=24A,

they will not be the coordinates of a point at all, although a
point may be found having its coordinates proportional to
them.

In other words, if the equation
la+mB+ny=0

is to be regarded as a relation among the coordinates of any
point upon the line and not merely a relation among their ratios,
we must regard the equation

ao+ b8 +cy =24

as understood to be simultaneously satisfied. That is, the coor-
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dinates of any point on the straight line must satisfy the
simultaneous system '

lo+mB+ny=0 }
an +bB + oy =240)
We may thercfore with the greatest strictness speak of this

system of two simultaneous cquations, as representing the
straight line, or defining the coordinates of any point on it.

Instead of these two equations we may use any equivalent
pair of equations obtained by combining them. Andifd, B«
denote known coordinates of any point upon the line, we can
cxpress the system of equations in a very convenient form,

Thus : since (o, B, o) lies upon the line, we have
I +mB +ny'=0 }
and ad + 0B + oy =2A ’
in virtue of which relations the original system can be put
into the form
La—a)+m(B—B)+n(y—1) =o}
a(a—d)+b(B=B)+oly—v)=0"

or
2= _B=B _ y-v
m,n! | m, I AR R
b,ci\c,a |c,al

which we may write
a—a' _B-F _v-o

where A, u, v are proportional to the determinants

n,l‘

)
¢ a |

m, n l, m
b, ¢ a, b

or (which is the same thing), where A, u, v satisfy the relations

?

arx+bu+cv=0,
and N mp+nv=0,
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67. It follows that if «, 8, o' be the coordinates of any
point, the system of cquations
'

a—a'_B-B _y-o
A w v

will represent a straight line provided
a\ + b+ v =0,
and if the equation to the same straight line in the ordinary

form be
la+mf3 +ny=0,

the ratios 7 : m : n will be determined by the cquations
A+ pm + vn =0,
al+Bm+yn=0;

that is, the equation in the ordinary form will be

68. We proceed to obtain the cquations to a straight line

in the form
a—o B-f8 _ y-—v

A 7 v

without reference to the ordinary form.

Tet OP be the straight line whose equations are to be found,
and let a, B, be the coordinates of the fixed point O, and
a, B, ¢ those of any point P upon the straight line: and let p
be the distance between these two points.

Tt will be observed that p like a, B, v is a variable quan-
tity dependent upon the position of P.

Through O draw Oa, 0b, Oc parallel to the lines of refer-
ence BC, CA, AB respectively, and sp that the angles 50c,
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¢Oa, aOb may be the supplements of the angles A, B,
respectively.

Fig. 17.

C

Let 6, ¢, ¥ denote the angles POa, POb, P Oc all mcasured
in the same direction from the initial line OP,

Draw the perpendiculars PA’, PB', PC’,

PA a—d

then sm€=-ap= 5 -.

Also, due regard being had to the algebraical signs,
ing=RP=8
sin¢ P

!

and sinyr = Sl
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- Hence, if A, pu, v be proportional to the sines of the angles
0, ¢, Y, we have

relations among the coordinates (a, B, 4> of any point on the
given line, and therefore representing the given line.

And farther, if A, g, v be not only proportional but actually
equal to the sincs of the angles 6, ¢, ¢, we may write

a—a B-B _y—-v _
—>X = = T _p)
" v

where p is the distance between the points (a, B, ) and

(@, 8, )

69. Drr. The sines of the angles which any straight line
makes with the three straight lines of reference may conveni-
ently be termed the direction sines of the straight line.

70. To find the relations amonyg the direction sines of any
straight line.

Let A=sinf, p=sin¢, v=siny be the direction sines of
any straight line,

then (Art. 68), ¢—0=m—C,
and Vv—dp=m—A.
Hence we have sin @ = — sin (C + ¢),
and sinyr =sin (4 — ¢).
Consequently we may write
=—sin (C+ ¢),
p=sing,

v=sin (4 - ¢),

and these equations will, on the elimination of ¢, lead to two
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equations among A, u, v, and the angles of the triangle of
reference.

Performing the elimination between the first and second, and
between the second and third equations, we get
A+ pu® + 2 cos O = sin®C,
and i+ v+ 2up cos A = sin’4

By symmetry we must also have
V' 4+ N+ 20\ cos B =sin’B;

but this does not express any new or independent relation,
being obtainable from the two former by the elimination of p.

Also since
a—d_B-B_v-7
A M v

’

and since the simple function of the numerators,
ala—a) +5(8~8) +ely—7),

is zero, the similar function of the denominators must be also

zcro, 1.e.
a)\—i-l)p +cr=0,

a different relation among A, g, », but not an independent one,
for this must also be implied in the former equations, since
they were shewn to express the necessary and sufficient relations

among A, y, v

Ilence we arrive at the conclusion that the equations

will represent a line passing through the point (a', £, ¥),
p being the distance between this point and the variable point
(2, B, v), provided, and provided only, that A, 4, » satlsfy the
conditions
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'+ v+ 2up cos 4 = sin’4,
V' + A" 4 2\ cos B=sin’B, [
N+ pf 4 2 cos C = sin*(, |

aA+p+cev=0, I

which are equivalent to only two independent equations.

71.  The required conditions of the last article are given by
any two of the four equations just written down, or by any two
equations that can be formed by combining them. We pro-
ceed to obtain two such which are sometimes more convenient,
as involving all the coordinates symmetrically.

It will be suflicient to start with the first two equations,

A+ op+ v =00, (1),
w4 2ur cos A =sintd ... e (2).

From (1) we get, transposing and squaring,
Vu? + ¢+ 2beur = @'\,

AN = bt —
or 2upy = - .
e be

Substituting this in (2), we get
bep® + bev’ + (N = 0'u® — ') cos 4 = be sin*A,

whence
Na®cos A + p’ab cos B + viac cos = be sin’l,

and thercfore (since sind, sinf?, sin (' are proportional to
a, b, ¢)

Asin A cos A + p’sin B cos B+ v*sin C cos
= sin 4 sin B sin C,
or Asin 24 + pfsin 2B + 7 sin 20
=2 sin 4 sin B sin C........(3),

a result to be remembered.
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Again from (1),

—bp =aX+cv,
x »
and therefore W= (M 2' aid ,

. arv + buv

) V= —
¢

Substituting these in (2), we get

achp + cuv + abhv + b3up — 2up cos A = — be sint.|,

or @' v + achp + ab\v + be sin*4 = 0,
or wr sin A + vk sin B+ A sin
4+sinAd sin B sinC=0...... (1),

another notable result.

And similarly we may form ad Lbitum a variety of equations
connecting A, u, v, cach onc implicitly contained in the system
of equations in Art. 70,

72. It may well be noticed that cach of these cquations
(except the simple equation e\ +du+cv =0, which only in-
volves the ratios of M : g :v) furnishes us with a different
expression for the distance between two points whose coordinates
are given.

For let (a, B, v), («, B, %) be the two points, and let

A, u, v be the dircction sines of the line joining them, then

u—o _B=B _v—=v_
A “ Ty P

and X\, u, v satisfy the equations of the last article;
therefore from equation (3), Art. 71, we get

,_(a—d)sin24 4 (B—B)sin2B+ (y— ) sin2 (!
= sin 4 sin B sin ¢ ’

and from equation (4),

(B__GB)('y fy)smA+ —4")(a—a')sin B—l—(a—a)(B—B smC
sin A sin B sin (7

2
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two expressions for the distance, perhaps more interesting from
their symmetry than useful in practice.

73. Let p, ¢, 7 be the perpendiculars from the points of
reference on the straight line whose equation is

a—d _B-=B _v—v_
N ox v P

P

Let 6 be the inclination of this straight line to the line of
reference BC, then

. 0
A=snf=+ Vil L,

a

therefore g—1r=4a\,
r—p=+bhy,
p—q=ztcy

the upper signs going together, and the lower together, since
we must have by addition

0=a\+bu+cv.
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Hence, substituting in the equation
14 v+ 2up cos 4 = sin’4,
(Art. 70), we get

(rzgp)’+(p—gq),’+2(r—7r})) (r—q)
C C

cos A = sin’A,

or C(r—p)+0 (p—q9)+2 (@ —p)(p—q) becosd="csin’4,
or '+ V¢ + ' — 2beqr cos A — 2carp cos B

— 2abpq cos C'=0"¢" sin®d = 44",
the same relation among the perpendiculars from the points of

reference on any straight line, which we have alrcady obtained
in Art. 55.

74.  If instead of substituting in the equation
W+ U+ 2up cos A =sin’4,
we had taken the cquation (4) of Art. 71, viz.
uvsin A 4+ vh sin B+ apsin €+ sin 4 sin Bsin (=0,
we should have obtained our result immediately in the form
a(p—q) (p=7)+¥ (=) (g -p)+(r—p) (r—q) = 1A%
a form in which we shall hereafter find it useful.

Or if we had substituted in the cquation (3) of Art. 71, we
should have got :

(g—7)"cot A+ (r —p)cot B+ (p—gq)°cot C=24,

another useful form.

5. To find the angles between the straight lines

aza _B-B_v-v

—— - =p,

® v

and - = 7 = T = .
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Let ¢, ¢ be the angles which the straight lines make with
the line of reference CA.

Then referring to Art. 70, we have

gin ¢ = p,
and sin (4 —¢)=v,
or sin 4 cos ¢ — cos A sinp =y,

sin A cos¢p —pucos 4 =w.

Therefore
sind cos¢p=v+ ucos d,
_vtpcosd
and cos ¢p = sind
Similarly, we have
sing' = u',
, V+ucosd
3¢ = in 4

Now if D denote the vequired angle between the given
straight lines

D=¢~¢;
therefore
. . , ’ ’ A - ' A
SlnD:s‘“(‘l’“‘#):i“(v-*—#cos s)inzf(v-‘-#cos )
p = pv '
=t smd cenreines ceeereseeenes 1)

Or we may write it

. 1 My v 1 v, A 1 A, M
SmD:s-ixT)‘i ANSsmB| o | T8l v oy |
My v v, A A, W
So also
A) (V' +p cos 4 ,
cos D = cos (p—¢) = (vt p cos si)ngl-‘-# )+Il+°

w4+ v’ + (uv' + p'v) cos 4 9
= A cennnne(2),

w. 6
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and by symmetry

uu + A\ + (W + v'\) cos B
sin’B

_ M+ (M + 7\.,u,)cos()'
sin’C'

76. 10 find the angle between the straight lines

a-—a'::B-—-B':fy—fY’
A M v '

a—a' _B-=fF _y—v
7\.' [lr' yr ’

where N, p, v and N, w', v’ are not equal but only proportional
to the direction sines.

The expressions of the last article were obtained on the sup-
position that A, u, v and N, &, v were actual dircction sines.
But if we could reduce them to a form in which they would be
of zero dimensions in A, u, v and also in N, w/, v/, they would
still be true when these quantities are only proportional to the
direction sines.

Now we have (Art. 71)

Vit vacoqA Vit +>»"7|— 20 o8 I)
sin 4 s [

1=

'\/)J+ 422 u cos O
sin !

and similar expressions conncecting N, g, ¥/, in virtue of which
the results of the last article may be written

sin ) = - Wi —pr)sind - =d&e.
'\/(/-b‘-i- V' + 2uw cos ) (W4 v+ 2u'v cos ) ’

cos ] - '+ v+ (uv' + p'v) (ES‘A_*:_— — &
N (V7 + 2up cos A) (u* + v* + 2u'v cos A) ’
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whence
tan D = — (uv’ — w'v) sin 4 e
“I"’ + VV"{' (/Jr]/' + PIV) cos A .

and these cxpressions for the sine, cosine and tangent of D arc
of zcro dimensions in A, u, », and also in N, &/, v/, and are there-
fore still true in the case before us when A, w, v and X, &/, v are
only proportional to the direction sines.

77.  To deduce expressions for the angle between two lines
whose equations are given in the form
la + mB + ny =0,
la+m'B+n'y=0.
(Compare Arts. 48, 52, 61).

If («, B', %) be the point of intersection of these two lines,
the lines may be expressed (Art. 66) by the equations

a—o _B-B _ y—o
I m, n n, { L, m |’
b, ¢ e, a a, b
and
o—o _ B_Bl = 7:
l m', n n, U ' r, w' ”
b, ¢ ¢ o a, b

which are of the form of the given equations of the last article.

We must consider what the functions

' — v,
pp' + vy’ + (v + w'v) cos 4,
and M40+ 2uv cos 4,
become when we substitute
A=|m n pw=|mn,l v=|1l m
b, ¢ ¢, a a, b

and similar cxpressions for N, u', .
6—2
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I. We get

py v

MV—MW=\
M” ll'

THE EQUATIONS OF THE STRAIGHT LINE

n, { l, m ‘
¢ a a, b ||
n, U U, m' 1
¢ al |a b |
L, m, n
I, m,
a, b, c

See Prolegomenon, Example F.

II.

' + v’ + (v’ + w'v) cos A

= (na—lc) (n'a — U'c) + (le —mb) (I'c —m'b)
+ {(na = lc) (l'c = m'b) + (le —md) (W'a—lc)} cos 4

= a’{ W+ mm' 4+ an' — (mn' + m'n) cos 4
— (nl' 4+ n'l) cos B — (Im'+ I'm) cos C}.

111

w4 2uvcos A

is the same expression as the last with A\, w, v written for

A, u, v respectively.

Therefore it reduces to

a*{l*+ m’ + n* — 2mn cos A — 2nl cos B~ 2lm cos O},

or with the notation of a former chapter,

a*{l, m, n}’.

Hence we can write down the following expressions for the
trigonometrical ratios of the angle between the two straight lines

whose equations are

la + mB + ny =0,
la+m'B+ny=0,
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Do sind| L, m, n|+{l,mn}{l,m, n},

viz. sin
@ NI, m,
ta, by ¢
L, m, n
l, ', n
or sin D= | sin4d, sin B, sin ¢

{l, m, n}{l, m', n'}

cos D

_ U+ '+ nn'—(mn'+ m'n) cos A— (nl'+n'l) cos B—(lm'+I'm) cos C
{, my n}{l, m', m'} '

and tan D
A m, n
ll’ ml’ '
_ sin 4, sin B, sin O
U mm'+nn/'— (mn'+a'n) cos A~ (al'+n'l) cos B— (lm'+I'm) cos C”

78. To find the direction sines of the straight line whose
equation 8
lo +mB+ny=0.

Let A, u, v be the dircction sines required. The angle which
this straight line makes with the straight line

la+m'B+n'y=0
was shewn, Art. 77, to be given by

l, m, n,
r, w, «

. sin 4, sin B, sin (/
siml)=+ L2y P S Y
{l, m, n} (T, w', '}
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Hence writing m' =0, »' =0, and dividing numerator and
denominator of the fraction by 7, we get

m, n

sin B, sin C

R

So writing I'=0 and n' =0, we get
N, )
sin C, sin 4
{t, my n}
A m

sin A4, sin B
{t, m, n}

and similarly v=" ,

which give the direction sines required.

79. Cor.1. With the same notation the expression for
sin D may be written
IN+mip+ 'y

'-D=+ 2 ’
R |

?
which therefore gives us an expression for the angle between the
two lines

a—o _B-B _y—=v _

A n v

P>

and la+m'B+ny=0.

Cor. 2. The two straight lines expresed in Cor. 1 are at
right angles provided

INtwp+nv=1{T,w,n}
80. Tb find the perpendicular distance of the point (o, B, ')
Jrom the straight line whose equation s

la + mB + ny =0.
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oa—a B—B’ ')’—'/
= = == Pececosrsssccrsases 1
Let 5 - ——-=p (1)

be the equation to the perpendicular from («', 8, ') on the given
line.

Then the length of the intercept, or the value of p at the
point of intcrsection of the two lines, is obtained by combining
their equations ; thus (1) gives us

a=a'+nrp, B=F+up, v=o+vp
and substituting in the given cquation, we get
! + mB + ny + (IN+ mp + nv) p=0,

lo +mfB +ny
thnce =— ‘Zm .

But since the lines are at right angles, we have by the last
Cor.
N+ mp+ v =1 {l, m, n},

! / ’
therefore p=1+ o +mB' + ny ,
{t, m, n}

as before in Arts. 46, 59,
Cor. The distance of the point («, B, &) from the straight
line apa + bgB +cry =0 is given by
p=1 2% (apa + bgB + cry),
since it was shewn in Art. 55 that
{ap, bq, cr} =2A.

81. 7o find the equations to the perpendicular from (o', 3, o)
on the straight line whose equation s

la+mB + ny =0.

Let A, p, v be the direction sines of the required line, and
N, w, v those of the given line, then from the expression for
cos D in Art. 75,
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since the cosine of a right angle is zero,
0=pp +w + (W' + u'v)cos 4,

or O=p (4 +v cos 4d) +v (v + u cos 4).
But v
n, 1 _' L, m |’
¢ @ | a, b

therefore substituting

O=u| ! mcosd—n |+v

!, m—mncosAd '

a, becosd—c¢ a, b—ccosd

But b—ccosA=acos C, and ¢—bcos A =acos 3, there-
fore dividing by a, we gct

0=p(n—"Clcos B—mcos A)+v (Il cos C+ncosd—m),

[ - v .
m—ncosd—Llcos C n—{lcosB—mecosd’

or

and therefore
A

“l—mcosC—ncos B’

Hence the equations to the perpendicular will be
a—a B-pB

I—mcosC—ncosB m—ncosd—1Icos(

R Bl 4
n—1lcosB—mcosd"’

82. The cquations of the last article

> = ©
{—mcosC—ncosB m—ncosd—1lcos C
v
" n—{lcos B—mcos A ceseennen (L),
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express the conditions that A, u, v may be the direction sines of
a line at right angles to the line

i+ mB +ny=0.
But since they imply the relation
ah+bu + cv=0,

they express only one further condition.

To find this one condition in a symmetrical form, we have
from the first of the equations in (1),

l(w+ncos C)—m(A+pucos C) +n(ucosB—Acosd)=0,

whence dividing by C, and remembering that a\ + du +cv =0,
we get

L (weos B—veos 0) + 7 (veos €~ cos 4)

+g (A cos ol — pcos B) =0,

or rom noo|=0
a’ b’ ¢
Acosd, wcos B, veos C
1, 1, 1
or A m, n =0;
Asin 24, psin2B, nsin2C
sind, sinB, sinC

a result which the student acquainted with the differential cal-
culus could have written down at sight from the consideration

that
N+ mu + ny

had to be made a minimum subject to the relations
Asin24 + u?sin2B + »* sin2C = 2 sin 4 sin B sin C,
(equation 3 of Art. 71)
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and Asin 4 + psin B+ vsin C=0,
whence we must have
I\ 4 mdu +ndv =0,
Asin24.\ 4 psin2B.8u+vsin2C.8v=0,
sind .8\ + sinB.8p +sinC.8v =0,

and eliminating the differentials, the result is obtained.

Exercises oN CuarTer VL

(57) The straight line whose dircction sincs are A, u, v meets
the line at infinity in the point given by the equations

(58) Find the coordinates of the point at which the sides of
the triangle of reference subtend equal angles.

If through this point three straight lines be drawn each
parallel to a side and terminated by the other two sides, the rect-
angles contained by their segments are equal.

(59) From the point (o', B, o) the straight line is drawn
whose direction sines are A, w, »: find the length intercepted
upon this line, between the straight lines whose equations are

lo + mB + ny =0,
and la+mB+n'y=0.

(60) Shew that if from any fixed point O there be drawn
three straight lines OF, OP', OP", whose lengths are p, p/, p”,
and whose dircetion sines are (A, u, ), (\, ', ¥'), N\, u”, V')
respectively, then the area of the triangle P7” P'will be

_2A11, pp, wp
el W, vy

"o " "

1, pp'y, Vp
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(61) From the middle points of the sides of the triangle
of reference perpendiculars are drawn proportional in length
to the sides; and their extremities are joined to the opposite
angular points of the triangle. Shew that the three joining
lines will meet in a point whose coordinates («, 3, 4) arc con-
neeted by the equation

5] ¥

sin (Ii— €)  sin(C=A)  sin(A-B)_

(62) From the point O, («, B, v') a straight linc is drawn
in any direction to meet the straight lines

lo + mB + ny =0,
la+m'B+vy=0,
(+0)a+ (m+m) B+ (n+n)y=0,

in points P, @, R. Shew that the ratio OP. QR : 0Q.PR is
equal to
I +mB +ny'
Tl mB oy

whatever be the direction of the transversal.



CHAPTER VIL

MODIFICATIONS OF THE SYSTEM OF TRILINEAR COORDINATES.
AREAL AND TRIANGULAR COORDINATES.

83. THE great principle which distinguishes the modern
methods of analytical geometry from the old Cartesian methods
is, as we have seen, the adoption of threc coordinates instead of
two to represent the position of a point, and the recognition of
the power thus gained of rendering all our equations homoge-
neous.

This homogeneity of equations will be always attainable
whatever quantities «, y, z we may use as coordinates of a point,
provided the third, 2z, be connccted with the other two by a
linear equation,

Ax+ DBy + Cz=D,

Ax+ B
or Ll%*-_az_ =1 H
for (exactly as in the case of Art. 10, page 13) any term in an
equation which is of a lower order than another may be raised

by multiplying it by
Ax+ By + Cz

D ’

(since this is equal to unity) and we may repeat the operation
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till every term is raised to the order of the highest term, and the
equation is thus homogeneous.

84. We have hitherto used the perpendicular distances of
the point P from the lines of reference as the coordinates of 7
and we have established the relation

an+ 0B+ coy=20 i (1),
connecting the coordinates of any point.

The position of the point would be equally determinate if
we used any constant multiples of these perpendicular distances
as coordinates. For instance, we might call the coordinates of
D o, B, o, where

a' =\a, )8’3/‘3) v =y,
and the relation (1) conneccting the coordinates of any point
would then become

’

ad B oy
— 4 L =2A e, .
x T (@)

The particular case in which
A=a, p=b, v=c

will present the advantage of a very simple relation among the
coordinates, for the equation (2) reduces in this case to
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And the quantities o', B, ¢/, which in this case will be the
coordinates of the point I, arc capable of a simple geomectrical
interpretation. For if I’D be the perpendicular from P on BC
(fig. 19), we have

& =aa=D0C.0PD

=2A PBC,
80 B =2A PCA,
and Y =2A PAD.

The coordinates o, 3, v of the point I” are therefore the
double arcas of the triangles having P as vertex, and the sides
of the triangle of reference as bases.

85. If ", B, 7" denote the halves of o', B, ¢/, the equa-
tion (3) of Art. 84 gives us

o'+ By =A ..(4),

as the rclation connecting a”, B”, " if they be taken as the
coordinates of P. These coordinates represent the arcas of the
triangles BPC, PCA, PAB, and used often to be called indiffer-
ently the areal or triangular coordinates of I> with respect to the
triangle ABC. These terms areal and ériangular have however
more recently been applied to the system of coordinates deseribed
in the next article, and authors are not uniform in their use of the
expressions. It seems convenient to describe these coordinates
a’, B”, v which represent the actual areas of the triangles
PBC, PCA, PAB as areal coordinates, observing that as they
represent areas they are of two dimensions in linear magnitude.
We can thus reserve the term ¢riangular for the system now
about to be described, although it would certainly be preferable
to invent a name for them which should indicate the fact (which
will immediately appear) that they are of zero dimensions in
lincar magnitude, expressing not lincs nor areas but simply
ratios.
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86. The relation among the trilinear coordinates a, 83, v,
viz.
ao+bB + cy =24

may be written

ax 0B ey

ATeATaAT

If therefore @, y, =z denote the ratios

a b8 oy
207 2A7 2A°

they will be subject to the very simple relation

Cty+e=1... e veeenn (5).

But since , 7, # bear constant ratios to «, 3, y they may be
used as the coordinates of P (Art. 84): and on account of the
simplicity of the relation (5) just obtained, very great advan-
tages attend their use.

It will be observed that these coordinates (, , 2) represent
the ratios of the triangles PBC, PCA, P.AB severally to the
triangle of reference ALBC. They arc (not very appropriately)
often spoken of as the areal or triangular coordinates of £, but
as we said in the last article, we shall call them triangular coor-
dinates, reserving the term areal for the system deseribed in that
article.

In speaking of the areas of the triangles PBC, PCA, PADB,
the same convention with respect to algebraical sign will have
to be adopted as in the case of the perpendicular distances of P
from the lines of difference. Thus (as in Art. 6, page 10) the
triangle PBC will be considered positive when it lies on the
same side of the base BC as docs the triangle of reference, and
so for the other triangles.

87. It is important to observe that if the triangle of refer-
cnce be the same, the triangular coordinates (x, 7, z) and the
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trilinear coordinates (a, 3, v) of any point P, are connected by
the relations

so that we can at once transform any equation or cxpression
from the one system to the other.

To exemplify this, and for convenience of reference, we
append a table of the principal results which we have alrcady
obtained in trilinear coordinates, together with the correspond-
ing results for triangular coordinates.

TABLE

OF FORMULZ AND OTHER RESULTS.

In trilinear coordinates. % In triangular coordinates.

(i) The coordinates of any point are connected by the rela-
tion (Art. 7),

aa+bB + oy = 2A. g z+y+ez=1

(i) The coordinates of the middle point of BC are
(Art. 14),

Salll >

0,

olb

1
0, 3

H

L

’

(i) The coordinates of the foot of the perpendicular from
4 upon BC are (Art. 15),

becos C ccosB

a ’° a '

24
0, == cos C, 24 cos B3, ] 0
@ a
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In trilinear coordinates. f In triangular coordinates.

(iv) The centre of the inscribed circle is given (Art. 16) by

2A

a=ﬁa7=¢;~;b¢'c )

(v) The middle point between the two points
(2, By, 7,) and (3 Boy ¥a)s 18 3 (2, 9, 2,) and (,, Yo 20)s 18

(o_txtee B+ B, Lux) @ tx, ¥ty zl+z,>
2 2 ' 9 ' 2 ' 2 7 9 )

(vi) The area of a triangle whose angular points are given
(Art. 19), is

_lla By § A=A 2,9, 2
28

ae’ Bz’ Y2 g Ly yﬂ’ 2y

as’ Bs’ 'ys g .’133, ys’ zs

(vii) The equation to a straight line joining two points
whose coordinates are given (Art. 21), is

a, B’ ¥ |=0. % Y % =0.
al, B]’ ’YI w]’ yl) zl
%, By % Tys Yos %

(viii) The equation to the straight line whose distances
from the points of reference are p, ¢, » (Art. 23), is

apa +bgB + cry = 0. é pr+qy+rz=0.

(ix) The condition that the three straight lines

la + mB + ny =0, le + my + nz =0,
la+ m'B + n'y =0, le + m'y+ n'z=0,
Va+ ”‘HB—‘_ nn'y =0, l"a:+ mrry+ n"z=0,

w. 7
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In trilinear coordinates. f In triangular coordinates.
should meet in a point (Art. 26), is
L, m, =n |=0,
U, w, »
l//’ m/’, nll

(x) The equation to the perpendicular from 4 on BC
(Art. 30), is

Bcos B—qcos C=0. g ycot B—zcot C=0.

(xi) The condition of parallelism (Art. 35) of the two
straight lines whose equations are

la +mB + ny =0, le +my +nz =0,
o+ m'B+n'y=0,

18 l, m, n ;=O.

le+my+n'z=0,

is {lom, n |=0
U ’ !
U, w', n

1,1, 1

U, m', n |

A O e e oo

a, b, ¢ l

(xii) 'The equation to the straight line at infinity (Art. 36),
aa+ 0B +cy=0. % r+y+2=0.

(xiii) The perpendicular distance (Art. 46) of the point

(o, B, ) g (&, 9, %)

from the straight line whose equation is

la+mB+ny=0, lx+my + nz=0,
o AmBny i pa Ry e
{l, m, n} {al, bm, cn}
where

{, my 0}’ = P+ m® + n* — 2mn cos 4 — 2nl cos B — 2lm cos C,
and therefore
{al, bm, cn}?
=d'(l-m) (l=n)+ b (m—n) (m—D+c(n—1) (n—m).
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In trilinear coordinates. } I'n triangular coordinates.

(xiv) The perpendicular distance of the same point from
the straight line whose equation is (Art. 58)

apo.+ bqB + cry = 0, pr+qy+rz2=0,
apa’ + by’ + cry

is oA is p +qy +ral

(xv) The sine of the angle D between the two straight
lines whose equations are

apa. + bgB +cry =0, PxX +qy +rz =0,
ap'a+ bg'B+ cr'y=0, pr+qy+rz=0,

is (Art. 60)

1), Q, ?”
Py,
L1, 1, 1

1
24

(xvi) The sine of the angle D between the two straight
lines whosc equations are
la + mB +ny =0, z le +my +nz =0,

lat+m'B+n'y=0, lo+m'y+nz=0,

is (Art. 61)
IA m, n L, m, n
7, m, n U, m', o
sin 4, sin B, sin C 1, 1, 1 )
Tl my, 0}, M, ) {al, bm, cn} {al, b, cn'}

7—2

2A
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In trilinear coordinates. { In triangular coordinates.

(xvii) The area of the triangle whose sides are rcpresented
by the equations

apa +bgB +cry =0, px +qy +rz =0,
ap'a +bg'B + cr'y =0, P tqy+rz=0,
ap”a+ bql/B+ cr"7 — 0, Pllw + qlly + r'lz — O,

is (Art. 64)

P 9 r
p;’ g/ , rl
A pll , q"’ 9‘/1

V2PN Py g, T pyq,r )
Pl’ g,; 7’ p,7 q> 7’ P,’ q, 7
L, 11 1, 1, 1 1, 1, 1
(xviii) The condition that the two straight lines
la +mB +ny =0, le +my +nz =0,
la+m'B+n'y=0, le+my+n'z2=0,

should be at right angles is (Art. 49)

+mm'+nn' W+ mm/8* + nn'c?
— (mn' 4+ m'n) cos A — (mn’ 4+ m'n) be cos A
— (nl'+n'l)cos B —ml'+7l)cacos B
— (' +I'm) cos C=0. § — (I + I'm) ab cos C'=0.

(xix) Any straight line drawn through the given point
(@, 8, ¥), § @, 9, 2),
may be represented by the equations (Art. 68)
a—o _B=B_vy-v

, v—a _y—y 2-4
A I v

A " v

’
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I trilinear coordinates. i In triangular coordinates.

where \, 4, v are proportional to the coordinates of the point

where the straight line meets infinity and are subject to the
relation

ar +bu + cv =0. § A+u+rv=0.

(xx) Each member of the equations in (xix) will be equal
to the distance (p) from the given point to the point

(a’ B: ')')’ g (x7 Y z))

provided A, w, v satisfy a further condition which is expressed
by any one of the equations (Arts, 70, 71)

w4+ v+ 2uv cos 4 = sin*4, @’uv+ 0+ M +1 =0,

v+ A+ 20\ cos B = sin’D, Abe cos A + p’ca cos B
A+ wf +2au cos O =sin®C. + v'abcos C=1.

ExEgrcises oN Cuarrer VIL

(63) Shew that the straight lines
(m+m) @+ @+Dy+(I+m)z=0,
and lo+ my + nz= 0,
are parallel, and find their inclination to the straight line
m—n)x+n-Uy+{l—m)z=0.
(64) If a series of different values be given to p, the equa-
tion .
« (cos® + p sin*a) + y (cos’8 + p sin’B) + 2 (cos’y + p sin’y) =0
will represent a series of parallel straight lines,



102 EXERCISES ON CHAPTER VIIL.

(65) Shew that the straight linc bisecting at right angles
the side BC of the triangle of reference is given by the equa-
tion

(x—y+z)cot B=(x+y—=z) cot C.

Hence shew that the three straight lines, bisecting at right
angles the three sides of the triangle of reference, meet in one
point.

(66) Draw the four straight lines represented by the equa-
tions in triangular coordinates,
zcot A +ycotB+zcot C=0.
(67) Draw the four straight lines represented by the equa-

tions
x cosec 4 + y cosec B + z cosec C=0.

(68) Interpret the equations
rty+tz=0.

(69) Find the area of the triangle whose sides are given by
the equations

lo+my +nz =0,
mx+ ly —nz=0,

z2=0.

(70) Find the area of the triangle whose angular points are
given respectively by

=0 and y =1z,

¥y=0 and z = ma,

z2=0 and z=ny.

If mn =1, the result is independent of . Interpret this cir-
cumstance geometrically.
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(71)  Of the four straight lincs whose equations are
le + my + nz =0,

two interscct in P and the other two in I, two intersect in @
and the other two in ', two interscet in £ and the other two in
R'. Find the triangular coordinates of the middle points of
PP, Q@, RR', and shew that they lie on one straight line.

Find the cquation to this straight line, and compare the
result with that of Ex. (40), page 56.

(72) Prove that the straight line represented in trilinear
coordinates by the equation

a’a+ VB +cy=0,
is parallel to the straight line represented in triangular coordi-
nates by the equation

xcot A+ycot B+ 2z cot C=0.

(78) ABC is a triangle: through the angular points
A, B, C, straight lines be, ca, ab arc drawn forming a second
triangle abe: and through a, b, ¢ straight lines are drawn paral-
lei to BC, CA, AB respectively, so as to form a third triangle,
and so on. Shew that the areas of the triangles thus formed are
in geometrical progression.



CHAPTER VIIL

ABRIDGED NOTATION OF THE STRAIGHT LINE.

88. IN Chapter 111, Art. 27, we used »=0 and »=0 to
represent the cquations to two straight lines, regarding » and v
as abridgements or symbols of the expressions la +mB+ ny
and l'a +m'B +n'y.

But it will have been observed that the reasoning of that
article would have been equally valid if ¥=0, v=0 had rc-
presented the equations to two straight lines expressed in tri-
angular coordinates, or in the ordinary Cartesian system.

We may therefore write the result of that article in the
following more general form.

If u=0, v=0 be the equations to two straight lines express-
ed in any system in which a point ¢s determined by coordinates,
then will the equation w + kv=0 represent a straight line pass-
ing through the intersection of the former lines.

And by giving a suitable value to « this equation can be
made to represent any straight line whatever passing through
that point of intersection,

89. The following principle will often be assumed.

If u=0, v=0, w=0 be the equations to three straight lines
Jorming a triangle expressed in any system in which a point
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18 determined by coordinates, then any straight line whatever
will be represented by an equation of the form

A+ pv+vw =0,

Fig. 20.

b ¢

For let QR, RP, PQ be the straight lines whose equations
are w =0, v =0, w =0 respectively, and let I’(} be any straight
linc whatever whose equation it is required to find.

Since @R, BP, PQ are not parallel (hypoth.), one of them
can be found which being produced will meet F'G'. Let it
be Q.

Let @R produced meet F( in F. Join FP.

Then, by Art. 88, since F'P passes through the intersection
of =0, w=0, it will have an equation of the form

v+ kw =0,
or, as we may write it,
po +yw=0.
But since F'(F passes through the intersection of the straight
line whose equations are » =0 and
‘ Mo +rvw=0,
it will by the same article (88) have an equation of the form
A+ uv +vw =0,
which was to be proved.
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We have supposed that the three original straight lines form
a triangle. All that is nccessary however for the validity of
the proof is that they should not be all parallel, and that they
should not meet in a point.

If they were all parallel, one could not necessarily be found
to intersect I’(¥, and if they met in a point, '’ and I'() would
coincide, and the equation to #'G' could not then be determined
as passing through the intersection of /P and 1°Q.

But the theorem is perfectly true if two of the original
straight lines be parallel and intersect the third.

90. If w+v+w=0 represent the fourth side of a quadri-
lateral whose other three sides are u=0, v=0, w=0, it is
required to interpret the cquations

v+w=0, wtu=0, u+ov=0.
Let the first three sides be BC, C4, AB (fig. 21), and let the
fourth side cut them (when produced) in 4', I', C’ respectively.

The equation v+ w =0 represents a straight line passing
through the intersection of =0 and u+v+w=0: also through
the interscetion of v=0 and w=0.

It is thercfore the straight line 4.4’
Similarly, w+w =0 represcuts B,

and u +v =0 represents CC'.

Again, let BB, CC', interscet in a; CC', AA' in b;
AA', BB in c.

Then the equation v —w =0, since it results from the sub-

traction of w+ =0 and u+ v =0, represents a straight line
passing through the intersection of BB’ and CC', or a.

It also passes through the intersection of v =0 and w=0,
or 4.

Hence, v —w =0 represents the line Aaq,
80 W~=u=0 . irivrerseirennrnn Bb,

and U=D=0 . iiiirriinrirnninns Ce.
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Fig. 21.
B

BV

C o c’ b

91. The following proposition is very important.

If ut+v+w=0..... eerre e enens (1),
—UFVFW=0 cieriiiiiinii 2),

U=V FW=0 tcvrrrrrrrneirneanenninnin (8),

UFV—=W=0 .cvrriiiiininniiiiiinenen. (4),

be the equations of four straight lines forming a quadrilateral,
then

u=0,
v=0,
w=0,

will be the three diagonals of the quadrilateral.

For u = 0 evidently represents a straight line passing through
the intersection of (1) and (2), and also through the intersection
of (3) and (4), therefore it is a diagonal of the quadrilateral.

Similarly »=0 joins the intersection of (1), (3) with that
of (2), (4), and so w=0 joins the intersection of (1), (4) with
that of (2), (3);

... &c. Q.E.D.
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92. If the equations

u+v=0..... ceeees B ¢ ) 1
U W=0rrriiiiiirininiinennnn (2),
U= D=0 .viiiiiiiiiiiiiiiiin (3),
U—W=0 ceiiriiiiriniinininraenns (1),
represent the four sides of a quadrilateral in order, then will
VHW=0 .ttt (5),
and V=wW=0.iiiiiiiiiiiiiiiiniinn, (6),
represent its interior diagonals, and
UW=0 civeiireininea (1),
will represent its exterior diagonal,
and V=0 sirieiiirirrriieirrninninnnn. (8),
and W=0 .coereirninininns ceerneienas . (9),

will represent the straight lines joining the point of intersection
of the two intcrior diagonals to the points of intersection of
opposite sides.

Let 44', BB’ be the interior, and CC' the exterior diago-
nal, so that the equations (1), (2), (3), (4) represent AB', B'A’,
A'B, BA respectively, and let A4’, BB’ intersect in O,

Fig. 22.

B’
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Then the equation (5) may be obtained either by subtracting
(1) and (4), or by subtracting (2) and (3). Therefore it repre-
sents the line joining the intcrsection of (1) and (4) with that
of (2) and (3); i.c. the linc 44"

Similarly (6) denotes the line BB

But u = 0 passes through the intersection of (1) and (3) as
well as through that of (2) and (4); thercfore it represents the
line CC'".

Also v=0 passes through the intersection of (1) and ()

as well as through that of (5) and (6). Hence it denotes the
line CO.

And similarly the equation w =0 must denote the line
C'0. QE.D.

The student is rccommended to examine for himself the
modifications which these theorems undergo when one of the
straight lines is at infinity.

93. We now introduce some geometrical terms which will
be found convenient.

DEFINITIONS.

I. Three or more straight lines which pass through the
same point are said to be concurrent.

II. Three or more points which lie upon the same straight
line are said to be collinear.

HI. Two triangles ABC, A'B'C" are said to be co-polar if
AA', BB', CC' meet in a point, and this point is called the
pole of the triangles, or the pole of either triangle with respect
to the other.

IV. Two triangles ABC, A'B'C’ are said to be co-axial
if the points of intersection of BC, B'C’, of C4, C'4’, and of
AB, A'B' lie in one straight line, and this straight line is
called the axis of the two triangles, or the axis of either triangle
with respect to the other.



110 ABRIDGED NOTATION OF THE STRAIGHT LINE,

94. If two triangles be co-axial they will also be co-polar.

Let ABC, A'B'C’ be two co-axial triangles, and let PQE
be their axis; P being the point of intersection of BC, B'C’,
Q that of 04, C'4’, and R that of AB, A'B'.

Fig. 23.
P Q R

A’

C

Let u=0, v=0, w=0 be the equations to BC, C4, AD
respectively, and « =0 the equation to PQL.

Then, since B'C’ passes through the intersection of PQR
and BC (z=0 and w=0), its equation may be written

THU=0 eiiiiniiiinininennnn.. (1)
So the equation to "4’ may be written
THmMmu=0.cciiiiniiiiiiin, (i1),
and the equation to 4’
z4+nw=0 ....... eerrertensacines (ii).

From (ii) and (iii) by subtraction we obtain
MY —=NW=0 .eovrvrrrerriniennennens (iv),

wlfich therefore represents a straight line passing through the
point of intersection of ("4’ and 4'B’; i.e. through 4'.
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But this equation, from its form, must represent a straight
line passing through the intersection of the straight lines v=0
and w =0, i.e. through A.

Hence (iv) is the equation to A4,

Similarly, nw—lu=0 ...c.cooooiiniinninnnn. (v),

and lu—mo=0 ..., (vi),

are the equations to BB’ and CC’ respectively. But (iv), (v),
(vi) are all satisfied at the point determined by

lu =mv = nw.
Therefore AA4’, BB', CC" all pass through this point, and
therefore the triangles are co-polar.

Therefore any two co-axial triangles are also co-polar. Q.E.D.

95. If two triangles be co-polar, they will also be co-azial.

Let =0, v=0, w=0 be the equations to the sides of
the triangle ABC, and let A'B'C’ be a co-polar triangle, the

point O being the pole.

Let BC, B’ (' interscet in P, CA, C'4"in @, and 4B, A'B’
in . We have to shew that °, @, It are collincar.
r

Let 2 =0 be the equation to 1’Q.

Then B’ (' passing through the intersection of BC and PQ
has an equation which may be written

So C'A’ passing through the intersection of C4 and PQ
may be represented by the equation
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Fig. 24.
c c' 0

Then the equation

lu—my=0.c.ccc.euuuve. e (i)

must represent a straight line passing through the intersection
of the straight lines (i) and (ii), as well as through the intersec-
tion of the straight lines » and ». Therefore it represents the
straight line CC'.

Therefore the point O is given by the equations

= mv
=nw suppose.

And therefore 04 and OB will have the equations

and nw—lu =0..coviuiviiiiniinniiinnn, ().

Now consider the equation
Y | verenenennns (VD).

It must represent a straight line passing through the intersec-
tion of the straight lines (i) and (v), that is, through B

Similarly its locus must pass through the intersection of the
straight lines (ii) and (iv), that is, through 4'.
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Therefore it represents the straight line 4'B'; but by its
form its locus must pass through the intersection of the straight
lines w and =, i.e. 4B and PQ.

ITence the three straight lines 44', BB, PQ mect in a
poiut, or (in other words) the point of intersection 2 of the sides
AA', BB is collinear with P and Q. And therefore the tri-
angles ABC, A'B' C' are co-axial.

Hence any two co-polar triangles are co-axial. Q. E.D.

96. The three straight lines which are represented in abridged
notation by the equations

le +mv +nw =0..coveviniinnnnennn, (1),
lu+mv+nw=0......oc.concininn (2),
Vu4m"v+0"w=0........co00veeininnn (3),

will be concurrent, provided

For (Art. 88) if the straight line (3) pass through the inter-
scctian of (1) and (2), its equation must be obtained by adding
some multiples of the first two equations.

Suppose %, &' the respective multiplicrs, then we must
have

4+ R =17,
m + E'm'=m",
kn +kn' =2",

whenee, climinating £, &, we obtain
w. )
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L, m, n |=0,
’ ’ 4
U, m/, o
1 " "
Uy m'y n

the required condition for the concurrence of the three straight
lines,

97. It will be observed that the result of the last Article
is precisely the same as that of Art. 26. Indced Art. 26 is but
a particular case of Art. 96.

For if we regard
u=0, v=0, w=0,

as denoting the equations to threc straight lines in trilincar
coordinates, then (Art. 46) the expressions u, v, w, themselves
denote the perpendicular distances of the point («, B, ) from
these straight lines. And therefore if these straight lines be
taken as lines of rcference, w, v, w will be proportional to the
new trilinear coordinates of the point (a, B, %), and may them-
selves be regarded (Art. 84) as coordinates of this point, re-
ferred to the new triangle.

The equations
e + mv + nw =0,

4 ’ !
lu+ mv+ n'w=0,

"y " "
Vw4 m'"v+ 0w =0,

need thercfore be no longer regarded as abbreviated expressions,
but they may be read as relations among the coordinates u, v, w,
and as such may be subjected to the rcasoning which in Art. 26
is applied to the relations among the coordinates a, 8, 7.

98. It is interesting to obscrve that the method of trilinear
coordinates originally grew out of the method of abridged nota-
tion applied to Cartesian coordinates exactly by the process of
thought indicated in the last article. In the works of Mr Tod-
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hunter and Dr Salmon, the subject will be found trcated from
this point of view. As far as we know, Mr Ferrers (in 1861)
was the first to publish a work establishing trilinear coordinates
upon an independent basis.

ExEercises on Cuaprer VIIIL

(14) If w=0, v=0, w=0 be the equations to three
straight lines, find the cquation to the straight line passing
through the two points

L m

= - e

u v oow u v w
v d¥_2_
U wm u

=—and 5= — =
n

(75) Find the cquation to the straight line passing through
the interscetions of the pairs of lines
2qu+bv+cw=0, bv—cw=0;

and 20u+av+cw=0, av—cw=0.

(76) If s=0 be the equation to the straight line at infinity,
the equations
u+v+s=0, —ut+v+s=0,
u+v—s=0, u—v+s=0,
represent the sides of a parallelogram whose diagonals are
u=0 and v=0.

(77)  Let the three diagonals of a quadrilateral be produced
to meet cach other in three points, and let each of these points
be joined with the opposite corners of the quadrilateral: the
six lines so drawn will interscct three and three in four points.

(78) If s =0 be the equation to the straight line at infinity,
then the triangle whose sides are
=0, v=0, w=0,
is co-polar with the triangle whose sides arc
ut+ls=0, v4+ms=0, w+ns=0,
whatever be the values of 7, m, n.
8—2
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(19) If ABC, A'B'C' be the two triangles in the last ques-
tion, and if 44', BC intersect in D; BB’', CAin E; CC', AB
in F'; shew that the intersections of DE and AB, EF and BC,
FD and C4 will be collinear.

(80) The three points determined by

[ v w
T S e T S T T
r—q9 -9 P —1

u v w

= = “n )
q—r g — q —

1 v 20
— = 5 = KR
r—p r—=p r —p

are collinear.

(81) If u=0, v=0, w=0, =0 denote the cquations to
four straight lines, and if the sum of the expressions w, », w,
be identically zero, the three diagonals of the quadrilateral
formed by the four straight lines will be represented by the
equations

u+v=0, or w+ax=0,
ut+tw=0, or x+ v=0,

wu+x=0, or v +2w=0.

(82) In a given triangle let three triangles be inseribed, by
joining the points of contact of the inscribed cirele, the points
where the bisectors of the angles meet the sides, and the points
where the perpendiculars meet the sides; then will the corre-
sponding sides of these three triangles pass through the same
point; also the triangle formed by the three points of intersce-
tion will be a circumscribed co-polar to the original triangle, and
the pole will be on the straight line in which the sides of the
given triangle meet the biscetors of its exterior angles.



CHAPTER IX.

IMAGINARY POINTS AND STRAIGIIT LINES.

99. Ler f4+fV—1,9+9~¥=1, A4+ ¥=1 be irrational
values of «, B, v which satisfy the relation

aa + 0B + ey =2A.

If instead of being irrational the values had been rational
they would have been (Art. 7) the trilinear coordinates of some
real point. But being irrational they are said to be the coordi-
nates of an tmaginary point.

This must be taken as the definition of the term “an
Tmaginary point.”’

Such a point has no geometrical existence, it exists only in
respect to its coordinates. In other words, when we speak of
an imaginary point we are using a phrase which has no strict
geometrical application, but is convenient as giving cxpression
to an analytical result, and is very useful in cnabling us often
to use much more general language than we could without
such a convention.

For instance, supposc we are finding the coordinates of a
point of intersection of the loci of two cquations (two curves).
And suppose we arrive at the result

a=a+NO' =

1f we use only geometrical language we shall have to observe
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that this value of a is only real when >¢. Hence in stating
our result we must say that there will be a point of intersec-
tion only when &>c¢. In the language of analysis which we
have just introduced we shall be able to state the result more
generally: we shall be able to speak of the point of intersection
as always cxisting, but we shall observe that it is real or
imaginary according as b>¢ or b <e.

100. So, again, if coordinates are to be determined by the
solution of a quadratic equation, we shall say that there will
always be two solutions, but they will sometimes denote real
and somctimes imaginary points.

We shall shew hereafter (Chap. X11.) that every conic section
has an cquation in trilinear coordinates which may be written

wa® + o8 + wyt 4 20/ By + 20'ya + 2w'aB =0.........(1).
Y

Now suppose
la+mB+ny=0.ccccviiieninininnnn. 2)

is the equation to a straight line, and that it is required to find
the coordinates of the points of intersection of the straight line
and the conic, i.c. to find coordinates which will satisfy both
the equations, we shall have to solve the cquations (1) and (2)
simultancously with the relation

A+ B+ 0y =2A veveveverrreernenn(3).

By means of the simple equations (2) and (3) we can express
B and v as functions of a of the first order.

Substituting these values in the quadratic (1) we shall get
a quadratic cquation to determine a.

This quadratic will have two roots (rcal or imaginary).
Hence there will be two points of intersection (rcal or
imaginary).

Hence every straight line meets every conic section in two
and only two points (real or imaginary).
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101. Iff+f V=1, g+g N=1, h+KN=1 be the coord:-
nates of an imaginary point; then f, g, h will be the coordinates
of a real point, and f', ', k' will be proportional to the coord:-
nates of a point at infinity.

For if f+ f'¥—1, g+ g V=1, h+% ¥=1 be the coordinates
of a point they must satisfy the relation

ao + 0B + oy =2A.
Hence
(af +bg + ch) + (af ' + bg' + ch') V=1 = 24,
and therefore equating real and imaginary parts
af +0g +ch =2A ... (1)

«

and af +bg' +ck =0 ..o, (2).

But the equation (1) shews that (f, g, £) arc the coordinates
of a point, and (2) shews that /", ¢/, 2’ satisty the equation

an+UB+cy=0

to the line at infinity, and thercfore represent a point at
infinity. Q. E.D.

Cor. The coordinates of an imaginary point at infinity
will be

FHN=1, g+g V=1, L+l'VZ1,
where af +bg +ck =0,
as well as af' +bg' +cl' =0.
102. DEF. An cquation of the form
C+IVZD)a+ m+m' V=1)B+(n+n' V=1)y =0

is said to be the equation of an imaginary straight line.
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We here supposc that
I+IV=1, m+m'N=1, n+n'¥V=1
have no common factor, observing that such an cquation as

(p+p' V=1) (a+puB+ry) =0

is not imaginary; it represents a real straight linc.

103. Every vmaginary straight line passes through one and
only one real point.

Let the real and imaginary parts of the equation to the
straight line be collected so that the equation takes the form

where » and » are rational functions of the coordinates of the
first degree, and therefore

arc the cquations to two straight lines (which cannot be coinci-
dent, else the imaginary factor would divide out of the original
cquation and the equation would become real, which is contrary
to hypothesis).

The equation (1) can only be satisfied by real values of the
coordinates when » and v are each zero.  (Todhunter’s Algebra,
Chap. xxv.) Ilence any real point whose coordinates satisty
(1) must also satisfy (2) and (3), and must therefore lic upon
both the straight lines (2) and (3).

Therefore the point of intersection of these two straight lines
is the only real point which satisfies the given cquation.

Hence every tmaginary straight line passes through one and
only one real point.
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104. Every imaginary point lies upon onc and only one real
straight line.

For let
FHfN=1, g+g V=1, b+ N1
be the coordinates of an imaginary point.
And if possible, let
lo+mB+ny=0
be the equation to a straight line passing through it.

Then the “coordinates of the point must satisfy this equation,
and therefore

If + mg + nh + (If' +mg +nk)V=1=0,
and therefore we must have
If + mg +nh =0,
If' +mg' + nl =0,

whence
{ _ mo n
o b | i hfTA 9]
gl’ hl ! h', fl fl, g!

equations which determine ! :m : u, and shew that only one
solution is possible.

MTherefore every imaginary point lics on one and only one
y p
real straight line. Q. E.D.

Cor. 1. The real straight Uine passing through the imaginary
point whose coordinates are

FHfV=T, g+g V=1, b+ W V=1
is represented by the equation
a, B, v |=0.
fog b
Sy
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Cor. 2. The tmaginary point whose coordinates are
fHfN=1, g+g =1, b+ ~=1,
lies on the straight line joining the point (f, g, h) with the point
at infinity (f' 1 g’ : 1).

CoRr. 8. The same real line passes through the two imagi-
nary points

FHIN=1, g+g V=1, h+l'¥=T1,
and L L .
S=fN=1, g—g'¥N=1, h=I'V-1.

Cor. 4. If two curves intersect in a series of imaginary

points, they will lie two and two wpon real straiyht lines.

This follows immediately from Cor. 3, when we remember
that imaginary roots can only enter into an equation by pairs,
the two members of every pair differing only in the sign of the
imaginary part,

105. We have said (Cor. to Art. 101) that the coordinates
of an imaginary point at infinity will be

FHAV=1, g+g V=1, b+ W V=T,
where £, g, &, f', g/, ¥ satisfy the relations
af + bg +ch =0,
af '+ bg'+ch' =0.
This statement requires a little consideration.

Let us return for a moment to real points, and suppose
A, i, v arc numbers satisfying the relation

AN+ +ev=0.cc0ivrinrriniinnnn.n. (1),

then we are accustomed to say that the equations

a B Y 0
T (2)
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represent a point lying at infinity, for if we suppose &', 8, ¢ to
be the coordinates of the point determined by (2), then, since in
virtue of (2), o', B, v are proportional to N, g, v, it follows from
(1) that

ad' + 083" + ¢y’ =0,

which shews that o, 8', v’ satisfy the equation to the straight
line at infinity.

But if we consider what are the actual values of these coor-
dinates o', B, 7/, we perceive (Art. 36, page 38) that two at least
and generally all three of them are infinite. DBut no difficulty
practically ensues from this, because we never want the actual
coordinates of such a point, it being sufficient to know that the
finite quantities A, u, v arc proportional to them: and it is very
convenient to speak of the point at infinity whose coordinates
are thus proportional to A, u, v, as the point (A, u, v), since the
quantitics A, u, v, or any quantities proportional to them, satisfy
all practical conditions of the coordinates of the point. TFor, as
we have already scen, so long as we have to do with homoge-
neous cquations we never require the actual values of the coor-
dinates of any point, but only the ratios of those actual values,
except in theorems connected with the distance of the point from
other points; consequently we shall not expect ever to require
the actual coordinates of a point at infinity, since its distances
from all finite points are infinite and cannot therefore generally
be introduced into problems. '

(Tt should be noticed that if only two of the actual coordi-
nates of a point be infinite and the third be finite, then two only
of the quantities \, u, » will have a finite magnitude, and the
third will be zero).

But, to return to the imaginary points, it follows from what
we have said, that whether

f+f"\/—_1_, g+g"\/:_l, h+h V-1

be the actual coordinates of a point at infinity or only propor-
tional to them, we must still have
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af +bg + ch =0,
af’ + bg' +ck' =0.

And we shall find it very convenient to speak of such a point
as the point

(f+F V=1, g+g V=1, b+ V=1),
whether the quantities

FHfd=1 g+gd=1, h+hJ-1

be the coordinates, or be only proportional to the coordinates of
the point. And indeed, since it is more convenient to deal with
finite than with infinite quantities, we shall always suppose that
the -expressions

f+f'J——f, gHgN=L, R+ -1

do represent quantitics only proportional to the actual coordi-
nates.

In other words, if we speak of the point (u, », w) as a point
at infinity, we mean the point at infinity determined by the
cquations

agfy
© v

w'

106. Two imaginary straight lines are said to be parallel
when they intersect in a point on the straight line at infinity.
Ience the condition investigated in Art. 35 may be applied to
imaginary straight lines.

107. Any cquation of the form
lo® + mafB 4+ nB*=0..... e (i),

represents two straight lines intersecting in the point C of the
triangle of reference. For if u,, u, be the roots of the quad-
ratic .

W+ mu +n =0,
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the equation (i) can be written
(a - l‘l'lB) (d - /I‘ﬁ) =0,

which shews that it represents the two straight lines whose
separate equations are

a—/"‘lB=07
a—pB=0.

The two lines will be real if g, and g, arc real, and they
will be imaginary if p and g, arc imaginary. Or, assuming
the condition investigated in Algebra, the straight lines will
be imaginary or real according as 4ln is or is not greater
than m’.

For example, consider the cquation
o’ + B8+ 258 cos C=0.

Since 1> cos*C, it follows that this will represent two dma-
ginary straight lines.

The following proposition is interesting.

108.  The two straight lines represented by the equation
Bt +2BycosA=0.coiiniinnn..n. (1),
are parallel, eack to each, to the two straight lines represented by
Y 4oai+ 2yacos B=0......cocoveeniinnin. (2),

and also parallel, each to each, to the two straight lines repre-
sented by
o+ B+ 208cos C=0.uecveriniinnnens (3).

For the straight lines (1) meet the line at infinity in the two
points determined by

ﬁ'+¢y’+2BrycosA=0}
aa+bB+coy=0"
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the latter of which gives us by the transposition,
a’a? = U*B* 4 2befBry + ¥

b’B"'+c'y -’
. be )

or 2By =

Substituting this value of By in the first equation, we get
be (B4 ") + ('8 + ™v* — a’a’) cos A =0,
or «’a cos A+ 8°b cos B+ y*c cos C=0.

ITence the two straight lines (1) meet the line at infinity in
the two points given by the symmetrical equations

a*a cos A + 8°%6 cos B+ y*c cos C = O}
an+ 0B +ey=0 :

By symmetry the straight lines (2) will meet the line at
infinity in the two points given by the same two equations.

Ilence the straight lines (1) and the straight lines (2) pass
through the same two points at infinity, and therefore are

parallel.

And similarly, cach pair is parallel to the two straight
lines (3). Q.E.D.

109. Dur. We observe that the six straight lines repre-
sented by the equations (1), (2), (3), pass three and three through
two imaginary points on the straight line at infinity. These two
imaginary points will be found hereafter to have some very
important and cuarious propertics. We have indeed to refer to
them so often that it is convenient to have a special name by
which to distinguish them: and on account of properties which
we shall shew hercafter to belong to them it is deemed appro-
priate to term them the two “ circular” points at infinity.

By this name we shall continually refer to them.
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110. 7o find the ratios of the coordinates of the circular
points at infinity.
The circular points are given by the equations
B+ +2Bycos A=0........uu.. veens (1),
and aa+ U8B +oey=0.iiiiiiiiiiiininn. 2).
The cquation (1) determines the ratio of 3 to v, thus
B+ 2By cos A + 4* cos’ A = — o sin®4,
B+ycosA=TFy=1sin4d,
= —ry{cos A + /= 1sin 4]},
or in virtue of the equation (2),

B v a

(-L;I;SAi\/:_l'ginA -1 cos]i’+J—lsmb

the upper signs going together and the lower together,

Hence the ratios are known.

111. From considerations of symmetry we at once per-
ceive that the result of the last article, giving the ratios of the
coordinates of the two circular points as infinity may be cx-
pressed in any one of the following forms,

& R 7 _

-1 cosO-TN/—lsinO cos B + J—1sin B’
a«___ _B_ Y

cos C+a/—1sinC —1 cosdF,/—1sind’
o B

— =
cos BFJ—1sinB cosA +/—1sind —=1°

By simple addition we can express these ratios in a form
symmetrical with respeet to the three axes: but such form is
more complicated, and one of the forms already written down
will generally be more uscful,
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By mu]tiplica,tion we obtain

e <3
cos (B - C) Jl_ (B— C)  cos (C—A) £ J—1sin (C—

3

Y
cos(A—DB) + J=Tsin(4-B)’

a result symmetrical as far as it goes, but when we come to ex-
tract the cube roots by Demoivre’s Theorem we lose the symme-
try, as it is found upon cxamination that we cannot take simelar
cube roots and write

a B

cos 5;0 + V= 1sin B; ¢ cos (";A +J—1sin O;A
Y
A=D1 — -1’
s T T NV S Tsin ==
cos 3 + 1smn 3
but we must take dissimilar roots as
a
— Y
o8 + V=1 sin -
B
2 r 3 () —
cos—7r—+—(i-——-4+'\/—lsm o C—’-—é
_ Y
— e — 9
CCS4—7T—-‘:‘—';4—]—}i '\/—1 Sill iﬁgi._{}

a much less convenient form than thosc already obtained.

112. Throughout the present chapter we have spoken of
trilinear coordinates, and proved the properties of imaginary
points and straight lines by the aid of them.

But all that we have said applies mutatis mutandis to tri-
angular coordinates: and in order to adapt our arguments to
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this system it is in most cases only necessary to rcad unity for
a, b, and ¢ scverally, as well as for 2A.

Thus our results will take the following form.

In Triangular Coordinates.

@) If f+g+h=1,
and f+g+l=0,
then fH+fN=1, g+gN—-1, h+WN=1,

are said to be the coordinates of an imaginary point lying within
a finite distance of the lines of refercnce.

@) If fHg+h=0,
and S +g+k=0,
then SHFV=1, g+gV=1, h+kVT,
are said to be the coordinates of an imaginary point lying at an

infinite distance from the triangle of reference.

(i) The results of Arts. 101—104, 106, 107 will remain
unchanged.
(iv) The two circular points at infinity are represented
by the equations
x Y z

:'—“__—bcos C+V-1b sirlCTasg-b?VflcsiuB’
x

acos CFV—1asinC
or : _ y =z
acosB+V—1lasinB bcosdFV—-1bsind —c¢

2z
ccos A +N—1lcsind’

or :?/71 =

9
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ExErcISEs oN CHAPTER IX.

(83) If the imaginary straight lines
u+vV=1=0 and o'+ o'¥V=1=0

have a real point of intersection, then the four real straight
lines

u=0,v=0, u'=0, v =0
are concurrent.

(84) The straight line joining the real point (a', B, ¢') with
the imaginary point

(f+FV=T), g+gV=1, h+kV=1
is represented by the equation
a B, v |[+]|a B, v [WV=1=0,
« 8,y o B o
fog k frgs ¥
and will be real, provided
d, B, o |=0.
5ok
Srgs W
(85) If the value of the multiplier % vary, the locus of
the imaginary point
(f+E V=1, g+IgJ=1, h+EJ=T)

is a real straight line.

(86) Shew that the equation in trilinear coordinates
o' +B'+4"+2Bycos (B— C) +2ya cos (C—A) +2aBcos (4 —B) =0,
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represents two imaginary straight lines parallel to cach other
and to the real straight line

acosd + B cos B+rycos C=0.
(87) Given u=0,v=0, w=0 the equations to three real
straight lines in any system of coordinates, and 6, ¢, v three

angles together equal to threc right angles, shew that the equa-
tion

u’+ 0* + w* + 20w sin 6 + 2wu sin ¢ + 2uv sinYr =0
represents two imaginary straight lines, and find their separate
cquations,
(88) Shew that the equation in triangular coordinatcs
@+ 7' +2") (@ +y +2) Hayz (@4 y°+ ") (x + y+2) +82% 'S =0,

represents six imaginary straight lines parallel two and two to
the three lines of reference.

9-—2



CHAPTER X.

ANHARMONIC AND HARMONIC SECTION.

113. DEFINITIONS.

(1) Tet a straight line AB be divided at P into two parts
in the ratio m : 1, and be divided at @ in the ration : 1,

then the ratio m : n is called the anharmonic ratio of the

scction of ABin Pand Q.

(2) Let an angle 40D be divided by OP into two parts
whose sines are in the ratio m : 1, and be divided by 0@ into
two parts whose sines are in the ration : 1;

then the ratio m : n is called the anharmonic ratio of the

scction of the angle A0B by OPand 0Q.

114. It will be observed that if otk the sections be external
or both internal m and n will be of the same sign, and therefore
the anharmonic ratio of the section will be positive. If one
section be external and the other internal, m and n will be of
opposite signs and the anharmonic ratio of the section will be

negative.

115. For the sake of brevity the anharmonic ratio of the
section of ABin Pand  is often spoken of as the anharmonic
ratio of the range of points APB@, and it is expressed by
the symbol {4 PBQ}.
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So the anharmonic ratio of the section of the angle AOB by
OP and 0Q is spoken of as the anharmonic ratio of the pencil
of straight lines 04, OP, OB, 0@, and it is expressed by the
symbol {0 .APBQ}.

116. 'When we speak of the range of points APB(Q it must
not be inferred that the points necessarily occur in the order in
which we read them: it must be understood that 4B (terminated
by the points mentioned first and third) is the line which we
suppose divided, and P and @ (mentioned second and fourth) are
the points of scction. The sections may either of them be inter-
nal or external, but we read the letters in the order in which
they would come if the first section were internal and the second
external. It is found most convenient to adopt this system
because in a particular case of most frequent occurrence (the
casc of harmonic section described below) one section is always
internal and the other external.

117. In expressing the ratios of lines it must be understood
that AB and BA denote lengths cqual in magnitude but opposite
in sign.

AP AP _PA P4

Thus, BP- " PBTPBT " BP’

118. The anharmonic ratio of the range APBQ

AP AQ_AP.BQ

= {478} = BP' B TAQ.Br’

and the anharmonic Tatio of the pencil 04, OP, 0B, 0Q

sin AOP _sin 40Q
sin BOP " sin BOQ

sm AO0P.sin BOQ
" sind0Q.sin BOP"

={0.APBQ} =
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119.  If the pencil OA, OD, OB, OQ cut any transverse
straight line in the range APBQ, the anharmonic ratio of the
pencil i3 the same as that of the range.

Fig. 25.

sin QO AP smAOQ _4Q.

Yo Sarao=ro ™ swTA0~ g0’
e sin QOP _ AP QO

ther CfOlG _SVIH—QOVQ- = Z Q . PO .
Similarly, sin BOP _ BP Q0

sin BOQ ™ BQ' PO’
thercfore by division,

sin QOP.sin BOQ _ APD. . BQ
8in QOQ.sin BOP ~ 4Q). TBP’

or {0.APBQ}={APB(). Q. E. 1.

4

120. 7o shew that

1 1
{A4PBQ} = {AQBP} ~ {BPAQ} = {BQAP},

we have only to write the values of the several anharmonic
ratios as in Art, 118,
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Thus  {4PBQ) =j§: 4 - (Boapy;
and (40BP} = 4 F-20 = (BPAQ);

which prove the proposition.

121.  Stmilarly we may prove that
{APBQ} = {PAQB} ={QBPA}={BQAP}.

122. If the angle C of the triangle of reference be divided
by two straight lines CP, CQ whose equations are respectively

B=ma and B=na,
then the anharmonic ratio of the pencil CA, COP, OB, CQ is
m:n.
For by Art, 4,

sinACP_m an ginAGQ_7l
sin BCP ~ sin BCQ ™ 7’

thercfore by division
{APBQ}=m:n. Q.E.D.

123. 1t follows that the anharmonic ratio of the section of
the same angle by the two straight lines

lo? 4 2maB + nB* =0,

(m + Nm* = In)*

is
in ’
which is real when m*>In, i.e. when the straight lines them-

selves are real.

If m* < In the straight lines are imaginary, and unless m =0,
the anharmonic ratio is also imaginary.

But if m =0 and ! and » have the same sign the two straight
lines become imaginary, but the anharmonic ratio of their sec-
tion of the angle C is real and equal to negative unity.
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Cor. The two straight lines, whether real or imaginary,
which are represented by the equation

o+ k3'=0,

divide the angle of the triangle of reference so that the an-
harmonic ratio of the section is negative unity.

124. If the angle between the straight lines u=0 and v=0
be dvvided by the straight lines u+xv=0 and u+xv=0, the
anharmonic ratio of the section is k : &',

Let 04, OB be the two straight lines represented by » =0
and v=0, and OP, 0@ the two straight lines represented by
u+xv=0and u+xv=0.

Through any point S whose coordinates are (a, 8, 7) draw
a transversal SAPBQ cutting 04, OB in 4 and B, and 0P,
0@ in Pand Q.

And let «, v be what u, v become when o', 8, ' are written
for a, B, 7.

Also let A, u, v be the direction-cosines of the straight line
SAB, and let m, n be what u, v become when X, u, v are written
for a, B, 7.

Then we have (as in Art. 80)

u Ty
SA=—7—, SP =~ "=

m+kn’
SB=-", G LA
m m+kn
thercfore
W\ w4k
AP.BQ (7—7-1 " m+xnl’ (;z Tmy x'n)
APBO} = pp= (e ()
m m+en/’ (n m+ xn)
_ & (e’ = mv') (mv' — na)
£ (nw' —mv’) (my' — nu')’
or {APBQ}==. QE.D.

K
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125. To find the anharmonic ratio of the pencil formed by
the four straight lines,

u+kv=0, u+M=0, u+uv=0, u+vw=0.
Put d=u+rv and ¥ =+ uv,
us'ﬂp:—mﬁ and ?J"¢* ‘I,
K—p

then

So the four given equations become

¢=07 ‘I’ 0,
- ub N B=¥)=0,| |4+ T2y =0,
‘on, or ‘!" 0,

p — b+ v ($ =) =0,

Hence by the last article the anharmonic ratio is

A=—p v—pu
(€= 2) (u—v)
o (k=») (w=2)"

126. Der. If the anharmonic ratio of any pencil or range
be equal to — 1 the pencil or range is called harmonic.

An example of this is obtained if the angle C of the triangle
A CB be bisected internally and externally by straight lines CI’,
CQ meeting the base ABin Pand Q.

Fig. 26.

9
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Tor by Euclid vI. 3,
AP: PB=AC: BC,
AQ:BQ=AC: BC:

, AP_AQ
whence PE-BQ’
AP.BQ
or PR.AQ™"
AP.BQ
and thercfore EPTTQ = - l,

i.e. the range APBQ is harmonic, and therefore by Art. 119 the
pencil ¢4, CP, CB, CQ is harmounic.

127. By reference to Art. 114, it will be scen that if a line
or angle be divided harmonically one of the sections must be
internal and the other external.

Thus if APBQ be a harmonic range one of the points P, @
will lie between 4 and 73 and the other beyond them: the four
points will in fact occur cither in the order in which they are
read in the numerator of the fraction

A4P. BQ
A4Q.BP

(which expresses the ratio) or else in the order in which they are
read in the denominator.

128. From Arts. 120, 121, it appears that if APBQ be a
harmonic range then

{4PBQ} ={PBQA} ={BQAP} ={QAPDB}
={QBPA}={AQBD}={PAQB}={BPAQ}:

in other words, we may read the four letters in any order in
which neither 4 and B are contiguous, nor P and @.
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129. It follows immediately from Art. 122 that the straight
lines whose equations are

B—ma=0, and B +ma =0,
divide the angle C karmonically.
Or more generally, from Art. 124, the four straight lines
u=0, u—Kxkv =0,
v=0, u+kv=0,

form a harmonic pencil,

130.  To find the equation to a straight line whick shall form
with the three straight lines

u+ kv =0, u+A=0, u+uv =0,
a harmonic pencil.

Let w4+ vv =0, be the equation required.

Then by Art. 125,
(k=N (u—v) =—1
’

(e —2) (u—2)
or (k=) (w=2)+ (k= ») (1=21) =0,
or (k=274 p) v + A — 2uk + 61 = 0,

_ M= 2pk + KA

or RS i

Ilcnce the straight line required will be represented by the
cquation
u (e — 2N+ p) —v (M — 2ux + k\) =0.

131.  T0 establish relations among the different anharmonic
ratios obtained by taking a range of four points, or a pencil of
Sour straight lines in various orders.
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Four letters K, L, M, N can be written in 24 different
orders. We have seen however, in Art. 121, that there are four
different orders in which any range of points can be taken with-
out affecting their anharmonic ratio. Hence we cannot obtain
more than sir different anharmonic ratios by taking the points
in different orders. We observe also from Art. 120, that the
reciprocal of any anharmonic ratio can be obtained by taking
the points in a different order. Ience we cannot expect more
than three different anharmonic ratios and their reciprocals.

‘We may shew this more formally as follows:
Let
ut+xkv=0, u+Av=0, wu+pr=0, u+rw=0,

be the equations to four straight lines OK, OL, OM, ON inter-
secting in the point O which is given by u =v=0.

And let

I= 1N+ v,
m = kp -+ VA,
= KV + N
Then by Art. 125,
- _k=N(u=rv) _m—n
ELMN = ) =) ~m=1
or (KLMNY == 7" s (1),
n—1
80 {KMNL} = - mA:Wﬁ ........................... (2),
and {KNLM}=— ln‘__”_l‘ ............................ 3),

and the ratios {KNML}, {KLNM }, {KMLN} are (Art, 120) the
reciprocals of these three, therefore

l—m

(KNML}j=- """

...... v oo (4),
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{KLNM} =_'::;‘ ............................ o),
{KMLN}:-;‘.:"% ............................. ().

It will be seen (by Art. 120 or independently) that if the
letters K, L, M, N be taken in any other order besides these six,
they will still give one of these same six ratios.

Hence we observe,

(i) that by taking a range of four points in different orders
we can only get six different ankarmonic ratios.

(ii) that of these six ratios, three are the reciprocals of the
other three.

(iii) that the ratio compounded of the first three is megative
unity, and so is the ratio compounded of the other three.

132. Cor. If {KLMN} be any harmonic ratio, any an-
harmonic ratio obtained by taking the points K, L, M, N tn

. . 1
different order will be equal either to +2 or to + 5.

For since {KLMN} is harmonic, therefore by equation (1)
of the last article,
m-n =—1
l—m ’

or m—n=1—-m.

And since m —n and I —m are equal, each is equal to half their
sum; that is,
m—n l—m n-1
1T -1 2
Hence the equations (2), (3), (5), (6) of the last article
give us

{KMNL} = {KMLN} =2,

and

(KNLM)} = {KLNM} = .‘2_ ,
and the equation (4) shews that {KNML} is harmonic.
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Conversely. If the anharmonic ratio of a pencil or range be
either 2 or %, we may obtain a harmonic pencil or range by

taking the lines or points in a different order.

133. We proceed to establish some important harmonic pro-
perties of a quadrilateral.

Let the straight line A'B'C’" meet the three straight lines
BC, CA, AB in the points A', B', (" respectively, so as to form
a quadrilateral. Let the diagonals 44', BB, CC' be drawn

and produced so as to form a triangle ale.

Fig. 27.

Let u:()’ v:(), w=0’

be the equations to BC, CA, AB respectively, where u, v, w in-
clude such constant multipliers that the equation to A'Z' ("
may be (Art. 89)

u+v+w=0.
Then, as we shewed in Art. 90, the equation
v+ w = 0 represents the line 44’,
and V=0=0 sorerierrrririrrnrnnnn. Aa;
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therefore by Art, 129, A4’ and Aa divide harmonically the
angle contained by the straight lines

v=0...(40),

w=0... (4D).
Ience the pencil {4 .BA'Ca} is harmonic, and thercfore
(Art. 119) the range in which this pencil is cut by BB’ will be

harmonic, that is,
{BeB'a} = — 1.

And similarly, {CaC'b} and {454'¢c} are harmonic ranges.

Again, since the range {BeB'a} is harmonic;;

therefore the pencil {4 . BeB'e} is harmonic,

and therefore the range in which this pencil is cut by the
straight line 4'B'C’ is harmonic, i.e. if da meet A'B'C in
X, then

{C'A’' B'X} is harmonic.

These properties may be extended and multiplied almost
without limit.

134. The following geometrical constructions are sometimes
uscful.

I. Given three points in a straight line to find a fourth
point completing the harmonic range.

Let 4, P, B be the given points, and through 4B describe
any circle, ARBO. Bisect the arc ARD in R, and join 2P and
produce it to meet the circumference again in O; and through O
draw OQ at right angles to RO meeting 48 in Q. Then @
shall be the point required.

Join 40, BO, then by Eucl. 111. 27, the straight line OR
bisects the interior angle 4 0B;
therefore O Q at right angles to it bisects the exterior angle ;

therefore by Art. 126, {APB@} is harmonic, and @ is the
point required.
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Fig. 28.

R

IL.  Given three concurrent straight lines to find a fourth
line completing the harmonic pencil.

Let 04, OP, OB be the three given straight lincs, and let
them be cut by any transversal in the points 4, P, B. Find a
point @ completing this harmonic range and join 0@, then (Art.
119) the straight line OQ forms a harmonic pencil with 04,
OP, OB, and is therefore the line required.

135. The constructions of the last article can be made by
the ruler alone, without the introduction of the circle, by apply-
ing the properties proved in Art, 134, Thus:

Fig. 29.
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In 04 take any point P, and let OP, BP' intersect in A';
then let 44', OB intersect in ¢, and let cP', AB intersect in Q.
Join 0@Q.

Then, applying to the quadrilateral APA'P {he prop rties
proved in Art. 133,

{APBQ)} is a harmonic range,

and therefore
{0.APBQ} is a harmonic pencil.

ITence @ is the point, and OQ the line, required.

Exercises oN CiaprTer X.

(89) If two straight lines OK and OK' intersect a system
of parallel straight lines AK’, LL', MM', NN' in K, L, M, N
and K', I/, M, N’ respectively, then will

{KLMN}={K'LM'N'}.

(90) A point O is taken within a triangle ABC, and 04,
OB, OC arc drawn; and through A4, B, C straight lines B'C’,
0’4’y A'B’ arc so drawn that each of the angles of the original
triangle is cut harmonically. Shew that the points of interscc-

tion of BC and B'C’, CA and C'4’, AB and A4'B’ are col-
linear. ) ,

(91) If through the vertex of a triangle two straight lines
be drawn, one bisecting the base and the other parallel to it,
they will divide the vertical angle harmonically.

(92) Any two straight lines at right angles to one another
form a harmonic pencil with the straight lines joining their
point of intersection with the circular points at infinity.

w. 10
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(98) If x, \, p be in arithmetical progression the straight
line v=0 will form a harmonic pencil with the three straight
lines

u+xv=0, u+Av=0, ut+puw=0,

(94) If x, A, p be in harmonical progression the straight
line %= 0 will form a harmonic pencil with the three straight
lines

utrv=0, u+A=0, u+pv=0.

(95) The four straight lines represented by the equations
u=0, v=0,
L + 2muv + nv* = 0,

will form a harmonic pencil if 8m* = 9in.

(96) The angle between the two straight lines
W’ + 2muv + nv'=0
is divided harmonically by the two straight lines
Tw* + 2m'uv + n'v* = 0,
provided n’, mm/’, nl’ are in arithmetical progression.

(97) The anharmonic ratio of the pencil which the two
straight lines
W’ + 2muw + nv* =0,

form with the two straight lines
Tuw+ 2m'uv + ' =0,
is equal to
' —2mm’ 4+ nl' + 2N (m* — ln) (m™ —I'n’
' —2mm' + ol F 2V (m* —In) (m™"—In") "




CHAPTER XI.

TRANSFORMATION OF COORDINATES.

136. SuppoSE we have the equation to any locus referred
to a triangle A B C, and suppose we wish to find the equation to
the same locus referred to a new triangle A4'B'C'.

The method of transformation will depend upon how the
new triangle is given, and two cases immediately present them-
selves; first, the case in which the new triangle is given by the
coordinates of its angular points being assigned, and secondly,
the case in which the equations of its sides are given.

‘We proceed to discuss these two cases separately.

137. Case L. When the coordinates of the mew points of

reference are given.

Let the coordinates of A', B3', O’ referred to the original tri-
angle be (a,, B, 7)), (2, By 75)s (25, By, v,) ;5 and let o', ¥, ¢
denote the sides of the new triangle 4'B'C’, and A’ its area,

Also let o, B/, o/ denote the new coordinates of any point O
whose old coordinates were «, B, 1.

Then a,, a,, a, are the distances of BC from the three points
A', B, (' respectively; therefore the equation to the straight line
BC referred to the new triangle 4'B' (" is (by Art. 23)

0,0'a +ab' B + oy =0ueveiririnrennnenienn(i)e.
10—2
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Fig. 30.

|
|
:

B R Q C
And therefore (Art. 58) the perpendicular distance of O from
the line BC is
é% (aa'a’ +ab'B + ady').
But this perpendicular distance is the coordinate a; there-
fore

1 r_! ! ) !
a=2—A7(a|a’a+aabB'+aac'Y),
1 ! 0 (N .
and so B= x5 (BAd +BYB+BLY), fooveiiinnns (i1)
1 0 r N r oy
and Y=g e+ 9B + v2Y),

equations which express the old coordinates a, 3, y of any point

explicitly in terms of the new coordinates «', B, ¢’ of the same
point.

If therefore an equation is given connecting the old coordi-
nates a, 3, y of any point on some locus, by writing the three
expressions given by (ii) instead of a, B3, y, we at once obtain a
new equation connecting the new coordinates o, &, ' of any
point on the same locus: that is, we obtain the cquation to the
locus referred to the new triangle 4'B’ .
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Thus if the equation to any locus referred to the triangle
ABC be
f (2 B, v) =0,

the equation to the same locus referred to the triangle 4'B' (" is

f(a,a'a' + a,b'B'+ aacl']' ’ B|a'al + B’brﬁl + /3,6"7'

24/ 24’ ’
%2 + 9B +qcy ) -0
2A '

But if, as is nearly always the case, the given equations be
-homogeneous, then 2A" will divide out, and therefore

If any locus referred to the triangle ABC be represented by
the homogeneous equation

S & B, 7) =0,

the same locus referred to the triangle A'B'C' will have the
equation
fladd +al/B +acy, Bad +BYB +B,LY,
b 72 + 058 +y,cy) =0.

138. Cor. It will be observed that the equation just ob-
tained is nccessarily of the same degree as the original equation.
Hence the degree of an equation is not altered by transformation
of coordinates.

This is a very important result.

139. This case of transformation of coordinates becomes
very much simpler when ¢réangular coordinates are used.

For if (z, y, 2) be the triangular coordinates of any point
referred to the old triangle of reference, and («, ¥/, 2') the tri-
angular coordinates referred to the new triangle, the angular
points of the latter being

(wu Yo z;)t (a’n Yas z,): (:c,, Yar zg)’
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then the equations (ii) of the last article become
z=zd +xy + a7
y=97+yy +y2
z=24+ 2y +27
And the equation f(x, y, z) =0 therefore transforms into

fad +ay +ad, yo +yy + 97, 20 +2y +22)=0.

140. Case II. When the equations of the new lines of re-
Jerence are given.

If the sides of the new triangle be represented by the equa-
tions in terms of the perpendiculars from 4, B, C; viz. by the

equations
poa+ gnb:B +70y=0,

paa+ qbB +rey=0,
Psao+ g b8 + rey=0,
then the coordinates of 4, B, C referred to the new triangle arc
respectively :
new coordinates of 4, (p,, p,, p,),

................... of B, (7, ¢u1 95)s
.................. cof C) (r, ryy 1y

Hence, if (as before) any point O have the old coordinates
(@ B, v) and the new coordinates (o', 8, '), then a represents
the perpendicular from (&, 8, /) on the line joining (g,, ¢,, ¢,)
and (r,, 7y, 79

And aa is the double area of the triangle whose angular
points in the new coordinates are

(a,’ g, ')',)’ (71) T2 qa): (7'1, LY 1").
Hence we have
= L% B Y
28 % 9o T

iy Tay 7y

aa
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“'_'27;;5'_’ «, B o , B=§_b_1__s' a, B, &
% 90 s iy Tey Ty
Ty T Ty D> Py Ps
7=§_:§, d B> v |,
Py Pa> Ps
90 99 9s

Therefore, if the locus of the homogeneous equation
Sf(@ B, 9)=0
be referred to the new triangle whose sides are given by
poa+qbB+rey=0,
pao+ q.bB +rey =0,
psaa+ gb8 + ey =0,

tts equation in terms of the new coordinates will be

a, B, o d, B, '7' d, 8, '7, )
=0

1 . 1 1
f(a Qs 90 95 | 13 Tis Toy Ty |, p Dis Pry Py

Ty Ty Ty Py Py Ps 9 90 O

141, The cases which occur in practice are generally very
simple. The following is an example.

Let an equation connecting the coordinates a, 83, vy involve as
terms or factors the three expressions

la+mB+ny, lat+m'B+ny, UVa+m’'B+n"y,

and suppose we have to transform it to the new triangle of
reference whose sides are represented by the equations

la+mB+ny=0, la+mB+ny=0, l'at+m"'B+n'y=0.



152 TRANSFORMATION OF COORDINATES.

Then if o', 8, v’ denote the new coordinates of the point whose
old coordinates are a, 3, v, we have (Art. 46)

o la+mB+ny 8= la +mB+nv
T L mnf T, ey

, Ua+m/ B+n v
T= Ty
Ilence, in effecting our transformation, wherever the expres-
sions
la+mB+ny, lat+m'B+ny, Uatm'B+n"y
occur, we have only to substitute for them
[Cal, KI,B’, x”fyl,
where «, £, «” are constants and represent the expressions

{{, m, n}, {{,m,n}, {I,w", n'}

It follows that if the original equation be made up entirely of
the expressions’
latmB+ny, la+m'B+ny, Uat+m'B+n"y,

the transformation will generally simplify it very much.
It should also be borne in mind, if
aa+ 0B+ ¢y

occur as a factor or a term in the original equation, that since it
is known to represent a constant quantity it cannot be trans-
formed into an expression which would denote a variable quan-
tity. It can therefore take no other form than

K a/ar+ blﬁl+clryl)’

where o, ¥, ¢’ are the sides of the new triangle of reference,
and « is a constant expressing the ratio of the arcas of the old
and new triangle,
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142, ExXAMPLE.
The equation
(la+mB +ny) (aa + BB + oy)?
=k (la+m'B+n'y) (I"a+m'B +n'"y)?,
may be transformed into the much simpler form
d (@d + 08 +cy)=kB7v?
by taking the straight lines
lo + mB + ny =0,
la+w'B +n'y =0,
UVa+ m’'B+ n'y=0,
as lines of reference.

We shall very often have recourse to such a transformation
as this in order to simplify the cquations of curves,

ExEercises oN Cuarrer XI.

(98) Transform the cquation
o'+ B2+ o* + 28y cos ¢ sinr + 2ya cosyr sin 4
+ 2083 cos @ sinp =0
to the new triangle of reference formed by the straight lines
Bcose + ysiny =0,
v cosY+ asinf =0,
acosd + Bsing =0.
(99) Transform the equation
et + v + wy' + 2u'By + 20 ya + 2w'aB =0
to the new triangle of reference formed by the straight lines
ua+ wB+v'y=0,
wB+vy=0,

(' = w'w') B~ (ww' —uv')y=0.



CHAPTER XII.

SECTIONS OF CONES.

143. IIaviNG explained the principles of Trilinear Coordi-
nates and exhibited the application of the method to the inves-
tigation of the propertics of straight lines, we now pass on to
apply the same method to curved lines, commencing with the
conic sections.

We shall endcavour to make our investigation of these curves
as independent as possible of the knowledge which we have
acquircd of their properties by purely geometrical and other
methods. At the same time the student must not expect to
find in these brief chapters anything like a complete treatise on
the properties of the curves, as it is our objcct rather to sct
before him such properties as can be advantageously treated of
by trilinear coordinates, and to leave for treatment by other
methods those properties to which other methods are specially
applicable. Success in the solution of a problem generally
depends in a great measure on the selection of the most appro-
priate method of approaching it; many properties of conic sec-
tions (for instance) being demonstrable by a few steps of pure
geometry which would involve the most laborious operations with
trilinear coordinates, while other properties are almost self-evi-
dent under the method of trilinear coordinates, which it would
perhaps be actually impossible to prove by the old geometry.
‘We shall strive to set before the student such a series of propo-
sitions as shall best illustrate the use of trilinear coordinates, and
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at the same time put him into possession of such properties and
results as are most often called for in the solution of problems.

144. Any plane section of a right circular cone when referred

to suitable lines of reference may be cxpressed by an equation of
the form

la* + mB* + ny* =0,

where 1, m, n are not all of the same sign.

Fig. 81.

Let O be the vertex, OZ the axis of ‘any right circular
cone, and XYZ any plane cutting the cone in a curve, one of
whose points is P.

Through O draw two straight lines OX, OY at right angles
to OZ and to one another, meeting the plane of the section in

X, Y, and let 6, ¢, ¥ be the angles which 0OX, 0Y, 0Z make
with the perpendicular upon XYZ,
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Take XYZ as triangle of reference, and let
Pr=a, Py=B, Iz=y,
be the trilincar coordinates of any point P on the curve.

Let PL, PM, PN be the perpendicular distances of P from
the planes 0YZ, 0ZX, 0XY.

Then we have

PL . ry . PN . .
j,—X=sm0, 1,Y=sm¢, PZ:sm\[r.... ....... (i)-

But if o be the semivertical angle of the cone
PN = ON.tan o,
and since ON*?= LI’ + P, (Euclid, 1. 47)
DPN*= (PL*+ PM*) tan’ w ;
and therefore, in virtue of (i),
o sin*yr = (a* sin’d + B*sin’¢p) tan’w,
or o’ sin’d tan’w + 3”sin’p tan’w — o’ sin’yr =0,
which may be written
l* + mfB + ny* =0,

it being observed that n is of the opposite algebraical sign to
! and m; but the absolute ratios of I, m, n arc any whatever,
since angles can be found with their sines in any assigned ratio.

145. Any section of a right circular cone, to whatever lines
1t be referred, will be represented by a homogeneous eguatwn of the
second degree in trilinear coordinates.

For we have shewn in the last article that when suitable lines
of reference are chosen, the conic section will be represented by
an equation of the form

la* + mf* 4 ny* = 0,

a homogencous equation of the second degree.
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Now if we transform our coordinates to any other lincs of
reference (Art. 138, page 149), the degree of the equation will
not be altered. Hence, whatever be the lines of reference, the

conic will be represented by an equation of the second degree.
Q.E.D.

146. Conversely.

Every equation of the second degree in trilinear coordinates
represents some conic section.

For any equation of the sccond degree (being rendered homo-
geneous, Art. 10, page 13) may be written in the form

wal + v+ wy' + 2u' By + 2v'ya 4 2w'aB = 0.

Multiplying by » and re-arranging, we get
(ua + w'B + v'y)*

= (0w — wv) B — 2 (V' — w) By + (' — urw)y?.

Now multiplying by w"” — u» and rearranging, we get
(W —wv) (ua +w'B +v'y)" = {(w*—uv) B - (V' — w) y}?
+ u {uvw + 20 v'w — u® — v’ — ww} ot
And if we take the lines
ua +w,B+v'y=0,

and (' —wv) B— (V' —uw)y=0,
as lines of reference instead of

a=0,
and B=0,

the equation takes the form
I+ mfB +ay*=0,
and therefore represents a conic section by Art. 144.

Hence, every equation of the second degree in trilinear coor-
dinates represents a section of a right circular cone.
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147. A conic section can generally be found to satisfy five
stmple conditions.

For the general equation to a conic section has been seen to
consist of six terms. It therefore involves six different coeffici-
cnts, and by altering the ratios of the cocfficients one to another
wo shall obtain different equations representing different conic
sections,

But since an equation is not altered by altering all its coeffi-
cients in a constant ratio, we shall obtain all possible variations
of the equation by giving any one of the coefficients an assigned
value and varying the values of the remaining five.

In order to determine the equation to a conic section we
have therefore five unknown coefficients to assign. And since
cach simple condition which the conic satisfies (such as the con-
dition of passing through a particular point or touching a parti-
cular straight line) will in general give us onc equation among
the coeflicients, it follows that we can generally so assign the
cocfficients as that five such conditions may be satisfied.

The following article illustrates this.

148. To find the equation to the conic section which passes
through five gtven points.

Let
(a5 Bys %)y (e By %) (255 By ¥s)s (@5 Bas 75 (%55 By o)
be the coordinates of the five given points.
And suppose
ua’ + vB° + wy’ + 2u/' By + 2v'ya 4+ 2w'aB =0
to be the equation to the conic.
Then, since the five points lie upon it, we have
wa '+ 08"+ wy,’ + 20 By, + 20'y,a, + 2w'a,B, =0,
ua,’ + vB,. + wy. + 20 By, + 20,2, + 2w'a,B, =0,
ua + vB.7 + wy,’ + 2w Byy, + 20'y,a, + 2w'a,B, =0,
ur+ B2+ wyl+ 2By, + Wya, + 2wa B, =0,
ua,’ +vB,* + wy,’ + 2u'Byy, + 20'y,a, + 2w'a,B, = 0.
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Hence, eliminating w: v : w: o : v : w/, we get
o B v By, ve a8 |=0

a? B vh By v, a8,
a:, By vy Byves Y @53,
oy By U5y BiYss Yo% a8,
aly BL vl Bo 180 4B,

a;’ B:) 'Y:’ Ba'Y(,’ 'ybaﬁ' aﬁs

which will be the equation required.

149. To find the condition that six points whose coordinates
are given should lie upon one conic.

Let the given coordinates be (a,, B,, %), (a,, B, V.)
(g, Bys ¥a)s (a0 By )5 (2,5 Bys 7)s (2,5 Bes 7)-

The points will lie upon one conic if the coordinates of one
of them satisfy the equation to the conic through the other
five.

Ilence by the last article the condition is
o’y Bl 1 By My, @B, | = 0.
a’y By %y Biss Yates B,
ags By Vs ByYsr Vetys %5
aly B v Bie %20 aB,
o B o Boves Yt 4By

a:v B:’ '7:’ B«'Yo’ Voan’ aoBc

150. Every straight line meets every conic section tn two real
or tmaginary points, distinct or coincident.

Let ua®+ v8"+ wy' + 20/By + 2v'ya + 2w'aB =0 ........ (1)
be the equation to any conic section, and
latmB+my=0.cciiiiiiivinninninnns (2)
the equation to any straight line.
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The coordinates of their points of intersection must satisfy
both the equations as well as the relation

ar+bB+cy=2A...... Cererieereanees (3).

ITence, to find the coordinates we may proceed theoretically
thus:

From (2) and (3), which arc simple cquations, we may
express B and vy as functions of a of the first degrce. We may
then substitute these values in (1), which thus becomes a quadra-
tic equation in @.  Being a quadratic it will give two values for
a, real or imaginary, equal or unequal, and the simple equations
(2) and (3) will then give a value for 8 and a value for ¢ corre-
sponding to each valuc of . Thus there will be determined two
and only two points of intersection, which may however be real
or imaginary, coincident or distinct.

151. If in the argument of the last article the straight line be
at infinity the reasoning still applies. ITence every conic cuts the
straight line at infinity in two rcal or imaginary points, either .
coincident or distinct.

If these two points be rcal and coincident the conic seetion
is called a Parabola.

If they be rcal and distinet it is called a ZZyperbola.
If they be imaginary it is called an Ellipse.

152. Der. Tangents which do not lic altogether at infinity
but have their contact at infinity are called Asymptotes.

It follows that an ellipse has two imaginary asymptotes and
a hyperbola two real ones.

In the parabola, since the straight linc at infinity meets it
in two coincident points, that line is a tangent, and there can be
no other tangent touching at infinity. Hence the parabola has
no asymptote.

153. Students who have not commenced Analytical Geo-
metry of Three Dimensions may omit the remainder of this
chapter.
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But those who have made any progress in that subject will
observe that the first article in this chapter is but a particular
case of the following morc general theorem.

If Flr,y,2) =0, e (1)

be the equation to uny surface in vectangular coordinates of thrce
dimensions, and if

xeost+ycosp+zeosyr=p.... (2)

be the equation to any plane, then the equation to the section of

the surface (1) by the plane (2) will be
Slasinf, Bsing, ysiny)=0............... (3),

the coordinates being trilinear, and the lines of veference the
traces of the coordinate planes upon the plane of the scction.

For if P be any point upon the scction, x, y, z its coordi-
nates regarding it as a point upon the surface (1), and «, B, v its
coordinates referred to the traces of the original planes upon the
planc of scction, then since 8, ¢, ¥ are the angles which this
plane makes with the original planes, we have

r=asinf, y=@sin¢g, =z=rqsin,
therefore substituting in (1), we get

flasind, Bsing, ysiny)=0.......... (3),

a relation among the trilinear coordinates of any point in the
section, and therefore the equation to the scetion.

154. Tt should be noticed that if the surface represented
by the equation (1) happen to be a conical surface having its ver-
tex at the origin, the equation (1) will be homogencous in z, ¥, =,
and therefore the equation (3) will be homogencous in a, 3, .

In all other cases these equations will be heterogeneous, and
we shall generally have to make the trilinear equation (3) homo-
geneous by means of the identical relation

ax+ 0B + ey =24,

as explained in Art. 10.
w. 11
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155. Cor. If f(x, y, 2) be of the n** order, then
flasing, Bsing, qsinyg)=0

is of the 2™ order: that is,

Lvery plane section, of a surface of the n™ order is a curve
of the n™ order.
The following particular case is important.

Every plane section of « surface of the second order is a conie
section.

156. The identical relation among the coordinates a, 8, &
may be obtained directly from the equation to the plane, thus

x cos @ +y cosp+zcosy=p,
but x=asinfd, y=RBsing, z=rysiny;
thercfore substituting
a cos 0 sin € + B cos ¢ sin ¢ + y cos Y sin Y =p,
or a sin 260 + B 8in 2¢ + v sin 24 = 2p,

Conr.  The equation to the straight line at infinity in this
plane will be

asin 20 + B sin2¢ + vy sin 24 = 0,

157, To find the section of the ellipsoid whose equation s

2 2 2

A
454 =1
o K I/ t I

by the plane whose equation 7s
x cos € +y cosd + z cosyr = p.

The equation to the section in trilinear coordinates is (Art.
153)
2

2 o1, 2 2 19,2 2 o7
a*sin’d % sin sin
— + _”*(#_ + "L,wz." =1,

a b ¢
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which has to be rendered homogeneous by means of the relation
acos @ sin @ + y cos ¢ sin @ + z cos Y sin Y =p.

Hencee the cquation becomes

a’sin®d  fsin’¢p LY * sin*y
2 b3

& I ¢
(w 8in 26 4 B sin 2¢ + vy sin 2¢)*
S ABRET T PN EG T YA A o
4p
Cor.  If the planc of scction were

x Yy =z

4 v + %=1,

a b e

we should have

p P P
0s@=" s =% sy =
¢ PRI L b o cos v "
and the cquation to the section would be

= sm’€+ 5 sin i) + . SIn*Yr
E ‘. — 1 —_ 1 2._
( sin 0 + ‘[’ sin ¢ + c) s \IJ‘) =

or afy sin sinyr + byx sinyr sin 0 + c28 sin 6 sin ¢ =0,

i@r_y_+ bya  ca3 _
sin@ " sing ' siny

or

Exercises on Cuarter XIL

(100) Determine three straight lines which being taken as
lines of reference, the equation

ABy + pya + vaB=0
shall be transformed to the form

la + mB 4+ ny* =0,
11—2



164 EXERCISES ON CHAPTER XII.

(101) Shew that the six points given by

I " m n’ m 1" n 1w
a_B_y o _B_y a_B_v
nom 1 1 n m' m 1 2

lic all on one conic section.

(102) More gencrally, shew that it
u=0, v=0, w=0

be the cquations to three straight lines, then the six points
given by the equations

lic all on one conic scetion.

(103)  Find the equation to the conic scetion circumseribing
the pentagon, whose sides taken in order are represented by the
¢quations in triangular coordinates,

r=y+z, yYy=z+ux,
z=0, z=3(x+y), y=0.

(104) Shew that the six points in which the straight lines
BcosB=rycosC, BsinB=rgsinC,
yecos O =qcos A, qsinC=aqsind,
acosAd=pcosB, asind=pRsinDB,

(drawn from the vertices of the triangle of reference) intersect
the opposite sides, lic all on one conic scction.
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ABRIDGED NOTATION OF THE SECOND DEGREE.

158. Wi have already in Chapter viir considered the in-
terpretation of a variety of equations obtained by combining the
symbols w, v, w, &e. which we have used to denote expressions
of the first degree in trilinear, triangular, or other coordinates.

But the equations of that chapter were all formed by the
addition or subtraction of constant multiples of w, », w, &e. and
were therefore all of them equations of the first degree, and con-
sequently represented straight lines.

We now go on to interpret equations of the sccond order
obtained by combining w, v, w, &c. where these symbols them-
selves still represent expressions of the first degree in the coor-
dinates, and thercfore when cquated severally to zero form
cquations to straight lincs.

159.  To interpret the equation
uy — kwx =0,
where =0, v=0, w=0, w=0 are the cquations to four
straight lines and « is any constant.
Since the cquation is of the sccond order, it represents a
conic section (Art. 146).

Moreover it is obviously satisfied if »=0 and w=0 are
simultancously satisfied, therefore the conic passes through the
intersection of these two straight lines.
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Similarly it passes through the point determined by
wu=0 and x=0;
also by v=0 and w=0,

and v=0 and =0;

therefore the equation represents a conic circumscribing the
quadrilateral in which « and v are opposite sides, and w and «
opposite sides.

Fig. 32.
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160. We may notice the particular case when @ = 0 repre-
sents the straight line at infinity. The cquation then represents
a conic passing through the points in which w is cut by » and
v, and having its asymptotes parallel to these last two straight
lines.  This will be more clearly scen after reading Chapter
XVIL

Fig. 33,
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161.  To dnterpret the equation
uv — kw' = 0.

We may regard this as a particular case of the last equation,
where the opposite sides w=10, =0 of the quadrilateral have
become coincident.

Fis. 31,

Tach of the lines w =0, v=0 thercfore meets the conic in two
coincident points on the coincident straight lines w=0 and
x=0.

Hence w =0 and » = 0 represent tangents, and w =0 repre-
sents the chord of contact.

Cor.  Consider the particular case
uv — ks" = 0,
where s =0 is the straight line at infinity. The lines w=0,
v=0 are now tangents touching the conic at infinity, and are
thercfore asymptotes. Ilence the cquation we—xs’=0 repre-
sents a hyperbola whose asymptotes are u =0, v = 0.

162.  Any two conies may be reqarded as intersecting in four
real or {maginary points.

For the two conies will be represented by two equations,
cach of the second degree, solving these together with the

relation
as+ 0B +cy =24,
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if the coordinates be trilinear, or
c+y+z=1,

if they be triangular, we obtain four different sets of real or
imaginary values for the coordinates, satisfying both the equa-
tions. These will determine four real or imaginary points lying
on the two conics.  But since two or more of the solutions of the
cquations may be identical, it follows that two or more of the
points of intersection may be coineident.

163.  Cok. Two conic sections have in general sée common
chords, smee fowr points can be joined two and two in six
ways,

We say i general, because if some of the four points of
intersection be coincident, some of the common chords will
hecome also coincident, while others will become common tan-
gents.

Der.  The chord joining any two of the points of intersec-
tion of two conics, together with the chord joining the other two
points, constitute a pair of common chords of the two conics.

Thus it £, Q, B, S be the four points of intersection, the six
common chords can be arranged in the three pairs QR, PS;

RP, (Q8; PO, RN,

164.  DeFINtrions.  If two of the four points of interseetion

of two conics are coincident, the conies are said to touch one
another.

If the other two are also coincident, but not coincident with
the first two, the conies arc said to have double contact with

cach other, and the common chord is then called the chord
of contact.

If three of the points coincide, the points are said to have

three-pointic contaet, or to have the same curvature at the point
of contact.
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165.  To interpret the equation
S — xkuv =0,
S=0 being the equation to a conic.
The equation
S — kuv =0,
being of the sccond order, represents some conic section.

To find where the straight line « = 0 meets it, we have to
substitute w =0 in the equation S—xuv =0: whenee we must
have §S=0;

i.e. the points of intersection of the straight line « =0 with
the conic to be investigated lie upon the given conic S;

i.e. =0 i3 a common chord of the two conics.
So » =0 is a common chord of the two conics.

Hence S —xuv =0 represents a conic intersecting the conic
S'=0 in the four points which lic upon the lines u =0, v =0.

166.  To dnterpret the equation
S —w’=0.

We may regard this as a particular case of the last equation,
w=0 and v=0 coinciding, and so by rcasoning similar to that
in Art. 161 we conclude that it represents a conic touching the
conic =0 in two points, « =0 being the equation to the chord
of contact.

167. It will be observed that all the equations which we
have considered in the present chapter have been found to re-
present conics passing through some four fixed points.

~ Each cquation has involved an undetermined constant «,
which may reccive different values distinguishing the different
conics which can be drawn through the same four points.
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And by giving & a suitable value, we can make the equation
represent any conic whatever passing through the fowr points.

For since five points determine a conie section, any eonie
through the four points will be determined by one point more,
and the condition that the equation may be satislied at this
point Is an equation from which « may be determined.

Hence by giving « a suitable value, the equation wr — kwwe =0
will represent iy conie cireunmseribing the quadrilateral whose
opposite sides are w, # and w, @, So wv — kw* =0 will represent
any conic having u =10, ¢ =0 as tangents, and = 0 as chord of
contact, and so in the other cases,

168, If S=0 and 8S'=0 represent the equations to two
conte sections, then will the equation S+ xkS"=0 represent a conic
section passing through oll the points of interscction of the first
two.

And by giving a suitable value to k, this equation can be made
to represent any conic whatever passing through those points of
intersection.

Ior the coordinates of any point of intersection of §= 0 and
S’ =0 satisfy both the equations: ic. they make §and & seve-
rally zero: therefore they make S 4+ x8” zero: i.c. they satisfy
the cquation S+ £8'=0. llence the locus of this cquation
passes through every point of intersection of the given conics.

And since S and S’ arc of the second degree, S+ «S'=0
is of the second degree, and thercfore §+x8'=0 represents a
conic section.

Further, by giving a suitable value to « this cquation will
represent any conic passing through the four points of intersee-
tion of the first two. Ifor since five points determine a conic
scction, any conic passing through the four points of intersection
will be determined if one other point upon it be determined.

It is only necessary thercfore to shew that by giving «
a suitable value, the equation S+ #8" =0 can be made to pass
through any one assigned point; which follows immediately as
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in the last article. Ifor if s and s be what S and S’ become
when the coordinates of the assigned point are substituted for
the current coordinates, the equation s + xs"=0 will be the con-
dition that the conic should pass through the assigned point.
. . S . o
Hence it we give « the value — =, the required condition
: s

will be fultilled.

Exercses oy Chnarrer XTI

(105)  Prove that the equation

(ea+ B8+ )= (lo - mB + ny) (La+ B+ n'y)

represents a hyperbola, and find its centre.

(166)  Interpret the equations,
Q) ka*=p (ax+ B+ cy).

(1) (la+mB + ny)’
= (acos L+ Beos B+yeos ) (asind + Bsin B+qysin C).

(1) 0% + '3 = 2aa (az + o).

(107)  Shew that whatever be the value of «, the locus of
the equation
k' — (x+1)°=(k—9)y°

will pass through four fixed points, and find their coordinates.

(108) Ifs=0 be the cquation to the straight line at infi-
nity, and v =0, v =0, w = 0 represent three other real straight
lines, the equation

wy 4 sw=20

will generally represent a hyperbola; but if « and v be parallel,
it will represent a parabola.
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(109)  With the notation of the last exercisc the equation
w'+ sw=0
représents a parabola, and the equation
W+ tsw=0,

where #» and v arc not parallel, represents an cllipsc.

(110) If two conics have double contact with a third, the
chords of contact are concurrent with a pair of common chords
of the first two conics, and form with them a harmonic pencil.

(111)  If three conic sections have one chord common to all,
their three other common chords are concurrent.

(112) The straight linc w — 2kv + AF’w=0 is a tangent to
the conic ww = %

(113) The straight line « +v + w =0 is a common tangent
to the three conics

w? = 4dow, V'=4dwu, w’=4uv.

(114) Three conic sections are drawn through a point 2,
and cach touches two sides of the triangle 4 BC at the extremi-
tics of the third side, shew that cach of the tangents at I makes
a harmonic pencil with the straight lines joining 2 to the an-
gular points of the triangle.



CHAPTER XIV.

CONICS REFERRED T0 A SELF-CONJUGATE TRIANGLE.

169. WE shewed in Chapter x11. that by sclecting suitable
lines of reference any conic section might be represented by an
equation of the form

W +mB+ny=0 ...ooooviniennnn (1

It is quite evident that if /, m, n arc all positive, since the
squares «’, (3%, ¢* are necessarily positive and cannot be all zero,
the expression fo® + mB3* 4+ ny’ must be positive and therefore
greater than zero.  Hence the coordinates of no real point can
satisfy the equation, and the locus must be entirely imaginary.

If 1, m, n are all negative, we may change the signs through-
out, and thus arrive at the case just considered.

Hence if the cquation have a real locus, two of the coeffi-
cients must be of one sign and the remaining one of the opposite
sign: and thercfore (by changing the signs throughout, if neces-
sary) we can suppose two of the cocflicients positive and the
third negative.

We will suppose that 7 and m are positive and » negative,
and we may write

=1 m=M n=—N*
so that the equation becomes
Lo + MR = Noyr =0 ovviinnin . (2).
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This may be written
La* + (MB + Ny) (MB — Ny) = 0,
whence we at once conelude, Art. 161, Chap. x111. that the lines
MB + Ny =0,
MB — Ny=0,
are tangents, and the line
a=0
their chord of contact.

That is, the side BC of the triangle of reference is the
chord of contact of tangents from the opposite angular point A.

Similarly, by writing the cquation (2) in the form
B+ (La 4 Ny) (La — Noy) = 0,

we conclude that the lines

Lo+ Ny=o0,
Loy — Ny=0,
arc tangents, and the linc
B=0

their chord of contact.

That is, the side CA of the triangle of veference is the
chord of contact of tangents from the opposite angular point 7.

But further, the equation (2) might be written
(La+ MBV —1) (Lix ~ MBV =1) — N'y2 = 0,
from which form we see that the two imaginary straight lines
La+ MBY —1=0,
Lo~ MBV =1 =0,

(which both pass through the real point () are tangents, and
the real straight line

y=0
their chord of contact.
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That is, the side 4172 of the triangle of reference is the chord

of contact of imaginary tangents from the opposite angular
point C.

Hence the conic is so related to the triangle of reference that
each sidc is the chord of contact of the (real or imaginary) tan-
gents from the opposite vertex. This is represented in figure 35.

170. DeriNiTioNs.  The chord of contact of real or imagi-
nary tangents from a fixed point to a couic is called the polar
of the point with respeet to the conic.

Also a point is said to be the pole of that line which is
its polar.

We may therefore cxpress the result of the last article as
follows :

The equation
lo + mB* + ny* =0
represents a conic such that with respect to it each vertex of the

triangle of reference is the pole of the opposite side.

T'his is often briefly expressed by saying that the triangle is
self-conjugate with respect to the conic.
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171.  From a given point a straight line is drawn in a given
direction to meet the conic

I + mfB + ny’ =0,

it is required to find the lengths Intercepted by the curve upon this
straight line,

Let (a, B, %) be the given point, and A, u, » the sines of
the given direction (see Chap.vi), then the equations to the
straight line are

a—d BB _v-v_
A " v ’
whence
a=a +xp, B=B +pup, y=9 +vp.
If we substitute these values of @, B, ¥ which are truc for
any point on the straight linc in the cquation to the conie, the

resulting cquation, viz.

Lo +2p)" +m (B + pp)* +n (v +up)* =0,

will give the values of p at the points of intersection, that is, the
lengths of the intercepts required, measured from the given

point (o, B, ).
The equation is a quadratic, and may be written
(IN'+ mp 4+ n?) p*+ 2 (DN +mpB' + nvy') p + (I * +mB2 +ny*) =0,
Cor. 1. Since this quadratic has two roots, every straight
line mects this—and therefore any—conic in two points (which

may however be distinct, coincident or imaginary), as we proved
in Chap. x1r.

Cor. 2. Tf the point (a', B, 7) lic on the conic, so that
o +mB” + ny* =0,
one of the intercepts is zero, and the cquation reduces to
(IN' 4+ mp' + n0®) p+ 2 (I + muB + ny') =0,

which thercfore gives the length of the chord drawn from
(@', B, v') in the given dircction,



SELF-CONJUGATE TRIANGLE. 177

172.  To find the equation to the tangent at any point on the
conic.

Let A, p, » be the direction sines of the tangent at (o, &, %),
and let («, B, y) be any point on the tangent, then (Chap. vL.),

a_a'_B—B’_'Y'—'Y'_
x T w - s (1),

and the length of the chord in this direction is given by the
cquation

(N + mp* +m?) p+ 2 (l)»a' +muB' + nvy’) = 0,
But since the direction is that of the tangent the length of
the chord must be zero, therefore
I\a' +muB +nvy' =0,
whence by the substitution of (1) we get
I (a—d)+mB (B—B) +ny (y =) =0,

or la'a +mB' B+ ny'y = lo* + mB* + ny"

=0,
since (o, B, ) lies on the conie.

Hence the equation
o +mB'B+ ny'y=0

expresses a relation among the coordinates of any point on the
tangent at («, 3, v,) and is therefore the equation to that tan-

gy

1738. To find the equation to the chord of contact of tangents
drawn from a given point to the conic, or, to find the polar of a
given point with respect to a conic.

Let a , B, o' be the coordinates of the given point and suppose
By ", B, ry”' the coordinates of the points of contact of

tangents from (a’, 8, 7') to the conic.
The equations to these tangents arc by the last article
Wa+ mB'B+ ny'y=0,
and lo"a 4+ mB"B +ny"y=0,
w. 12
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.

and since they pass through the given point (', &', ) we have
l'a' + mB'B + ny'y' =0,
lalfla’ + 1);6”[6, + 117”77' — O

But these two cquations respectively express that («”, 87, v)
and («"', B, v'") lic on the locus of the equation

lda 4+ mB'B + ny'y =0,

and this being of the first order is the equation to some
straight linc.

Therefore it is the equation to the straight line joininO‘
(@', B, 4") and (&, B, %) the two points of contact, that is to
the chord of contact, or t]lc polar of the point («, B, %').

It will be observed that the tangents from («, 8, v') may be
imaginary, but the chord of contact or polar is always real,
like the polar of € in Art. 169.

| 174, Tb find the condition that any straight line whose
equation s given should be a tangent to the conic.

Let fatgB+hy=0. i (1)

be the equation to the straight line: and suppose (o, 8, 7) its
point of contact with the curve.

The tangent at this point is given by
ldoa +mBB +nyy=0
which must be identical with (1), therefore
o’ _mf'_ny
g b
But (¢, B, ') must also lie on the locus of (1) whence
fd +mfB +ny =0,
therefore eliminating o', &, 4 we get
* /s
J; A
m-n
which will be the required relation among f, g, & in order that
the given line may he a tangent,
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Cor. If the conic touch any one of the straight lines

fatgB+hy=0
it will touch them all.

175. 7o find the locus of the middle points of a series of
parallel chords in the conic whose equation s

lo* + mfB® + ny* =0.

Let A, , v be the direction sines of any onc—and therefore
of every one—of the serics of parallel chords.

And let («', 8', ') be any point on the required locus, then
the chord through this point is represented by
o=@ BB _v=v_

A © y P

and therefore the lengths of the intereepts by the conie are given
by the equation
L@ +np) +m(B + pp)’ + n(y + vp)* = 0.

But since (o, B, ) is the middle point of the chord the
two values of p given by this quadratic must be cqual in valpe
and opposite in sign. Therefore the coeflicient of p must vanish
in the quadratic, and therefore we have

N +muB + my =0

a relation among the coordinates of any point («, ', %) on the
locus. Ilence the locus is the straight line whose cquation is

’ Mo+ muB + nvy =0.

Such a straight line is called a diameter of the conic.

176. Thus far the reasoning of the present chapter will
apply equally whether we understand the coordinates to be
trilinear or triangular, except that in the latter case we must
modify the interpretation of N, u, ¥ in Arts. 171, 172, 17.5, not
speaking of them as dircction sines. [See (xix) and (xx) in the
table of formula, pages 100, 101.] But now that we have to

12—
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introduce the straight line at infinity our cquations will no
longer hold for triangular coordinates until we replace a, b, c,
24, scverally by unity. (Art. 87.)

177. 1o find the condition that the equation
lo® + mB + ny*=0
may represent a parabola.
It is sufficient (Art. 152) to cxpress that the line at infinity

must be a tangent. Therefore by Art. 174 the condition in
trilinear coordinates is

a‘l b2 c?
7 + _ 'l" - = 0’
m N
or in triangular coordinates,
1 1 1
7 + -4 -=0.
m n

178.  To find the centre of the conic.

Let (a, B, &) be the centre; then the lengths of the inter-
cepts in the direction (A, 4, ») measured from the centre are given
by the cquation

P (UM + mu® + m®) + 2p (INd + mp B’ + )
+l+mB +ny*=0.ciiinennn. (1).

But since all chords through the centre are bisccted in the
centre the two roots of this quadratic must be cqual in magnitude
and opposite in sign, therefore the cocfficicnt of p must vanish,

therefore N+ mpB vy’ =0 2)
for all values of X : u : v, subject to the relation
ax+bu+cv=0.

Hence we must have

o _mB _my 24
a b T ¢ @@ T o
m' n

which determine o', B, 4 the coordinates of the centre.
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Oss. In triangular coordinates the centre of the conic
whose equation is L’ +my® 4+ ns®=0 is given by the equa-
tions

1 1 1 1 n 1 " 1
bl " my nd L m o at
Cor. The coordinates of the centre are infinite if
ot U 1 1 1
SH+Z42=0, or 34+—+-=0,
I "m a Il ' m =n
(trilinear coordinates)  (triangular coordinates)

But we have already seen that when the same condition

holds the conic is a parabola. (Art. 177.)

Hence the centre of a parabola is at infinity.

V' 179, To find the conditions that the equation
o +mfB* +ny*=0
should represent a circle.

Let (&, B, o) be the centre, then the length of the semi-
diameter in any direction will be given by the equation (1) of
the last article, which in virtue of (2) becomes

P (N + mp® + ) + la® + mB" + ny* =0,
Ience all the diameters will be equal, provided
N+ i + mf
be constant for all directions.
But we know (Art. 71, page 77), that
A*sin 24 + w’sin 2B+ ¥ sin 20,
is constant.
Ilence the diameters will be all cqual, provided
Lo m
sin24 ~ sin2B "~ sin2C’
which thereforc express the conditions that the conic should
be a circle,
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Hence
a?sin24 + B sin2B+4’sin2C=0

represents the circle with respect to which the triangle of refer-
ence is self-conjugate.

Ons. The circle will be imaginary unless onc of the cocffi-
cients sin 24, sin 2B, sin 2C be negative (Art. 169);
i.e. unless onc of the angles 24, 213, 2C be greater than 180°,
i.e. unless one of the angles .1, B, C be greater than 90°,
1.e. unless the triangle of reference e obtuse angled.
J Cor. 1. The cquation in #réangular coordinates to the circle
with respect to which the triangle of reference is sclf-conjugate is

a* cot A + y* cot B+ 2* cot C'=0.

Cor. 2. In the case of the circle
o’sin 24 + B sin 2B+ * sin 20'= 0,
the equations to give the centre become

a'sin2d B'sin2B _¢'sin2C
a b ¢

or o' cos A =f cos B=+«'cos C,

which we have already scen Chap. 11. arc the cquations to the
point of intersection of the perpendiculars from the vertices of
the triangle on the opposite sides.

Ilence ¢f @ triangle be self-conjugate with respect to a circle, its
perpendiculars intersect in the centre of the circle.

7 180. 7o find the pole of any given straight line with respect
to the conic, whose equation i3

la® + mB* + ny* =0.
Let JatgB+hy=0.ccceeiiirinnnnn..n. (1)

be the given straight line whose pole is required, and suppose
(«'y B, ) the pole.
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The polar of this point is given by

lda +mB'B +ny'y=0,
which must be identical with (1), therefore

I mB _ny _ 24
S g a[f Lo ch
m n

which determine o, 3, v/, the coordinates of the pole required.

/ Cor.In trilinear coordinates the pole of the line at infinity
is given by

d _mB _ny  2A
a b ¢ d 1)2+c“'
(" m n

Hence (Axt. 178) the centre is the pole of the line at infinity.

Y 181, If we assume as the definition of the foci the well
known geometrical property of a conic section, that the square
on the semi-minor axis is equal to the rectangle contained by
the focal perpendiculars on any tangent, we can readily find
cquations to determine the tocus of a conic section with respect
to which the triangle of reference is self-conjugate.  Thus:

To determine the foct of the conic whose equation s

o+ mB4ny'=0.eeeinnnen... e e (D)
Tt (o, B,y %), (4> By 7)) be the foci required, and let
be the semi-minor axis of the conic.
The tangent at any point («, 8,¢) is
oo+ mB'B + ny'y=0.

And expressing that «* is equal to the rectangle contained
by the product of the perpendicular distances of this line from

(“n B m) and (a,, :327 v.), we get
(la @ +m/3 4 +ny, v )(laL,a +mB B’+nfy;y)
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which is a relation among the coordinates (o, 8, %') of any point
on the conic, and therefore, suppressing the accents, the equation

(la,o + mB, B + ny,y) (la,2 + mB, B + ny,y) @)
Po’+m* B+ n’y’— 2mnBry cos A—2nlya cos B—2ImaBcos C

is the equation to the conic and thercfore is identical with (1).
But this equation (2) may be written
Pt (s, ) + 8 (8,8, — K7 + 1% 71, )
+ mnBy (Byy, + By, + 2« cos 4)
+ nloya (y,2, + 7,0, + 26°cos B)
+ ImaB (a8, + a,B, + 2« cos C) =0.

Hence equating the ratios of the cocfficients of this equation
and the equation (1), we get

l(a,a,— &) =m (BB, — £7) =n (y,y,— &) = T (supposc) ...(3),
and By, + By +26c08 A=0.uveuunnn..n, v (4),
Y% + ¥ + 267 €08 B=10.....00v.0e.n. v (5),

0B+ a8, + 2k cos C=0......cvvne...... (6).

Multiplying (5) and (6) by ¢ and & respectively, and adding,
we get

a, (bﬁe + 072) +a, (b,Bl + C'Yl) + 2k%a =0,
or o, (24 —aa)) + a, (2A —an,) + 2¢%a =0,

or o, +a,= % (alal - "2)7

or by cquations (3),

ar
+ a = lz ................. teseessesas ..(7),
and o0, = l+ P

Therefore a, and a, are given by the quadratic

o - lAa+ +x-—0
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Similarly 8, and 8, are given by
br T
/- Mﬂ + m +£'=0,
and v, and ¢, are given by

2
nA7+ Tre=o.

Hence the foci of the given conic are dctermined by the
cquations

2 _ OTO -r br,B , CTy
“= ot =8~ mA T m=" " A +

where 7 may be determined as follows,

The equation (7) gives us

ar
al + a’ = 7‘5 .
Similarly we have B8, + 8, = - A’
CcT
and " + Y= EA

Multiplying by a, b, ¢ and adding, we get
»oA\T
4= (l tnt n)A’
2
and thercfore T= -r—4$——3 .

%+k+e
m

Hence the equations to determine the foci take the form

(l+b’+c’) 2 4Alaa+4lA_’=(aT’ v )/3’ 4Ab,8 st

m
_ (o B C 4Ao'y 4A*
=+ )=

and the corresponding cquations in triangular coordinates can
be immediately written down (Art. 87).
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Note. If we had assumed the fact that the centre is the
point of bisection of the straight line joining the foci, we might
have written down the cquation (7) and determined 7 at once.

For (Art. 18, Cor. page 20) the coordinates of the centre

must be
o, +a, B, +8, Nt
2 ? 2 ’ 2 2

and therefore (Art. 178)

l m n 2A
gt o) =7 B +B)=_(v+v)=m—p—.
T m

182, Cor. 1. If the conic be a parabola, we have
(Art. 177)

a0
T+ =0,
m n

and the equations to dctermine the foci give one point at
infinity, and reduce for the other to

ar—A _I3-A cy—-A

{ m n

’

cach of which fractions must be equal to

_—a
l+m+n’
Hence
m+n n+1 l+m
=A T =ATL —ACT™m
aa {+m+n’ B Al+m+n’ oY Al-}-m+n’

or er B _ oy
m+n n+l [+m’
Cor. 2. In the case of the parabola,
since ;t—t+—=0,

it follows that the coordinates of the finite focus of any parabola
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with respect to which the triangle of reference is self-con]ugatc,
will satisfy the equation

a? b’l c’.’

aa—-At—Aaty=a
o’ b ¢

WBtey—aat oy tan =BT T oB=oy’

=0,

or

or
a’sin2.4 +B’sin2 B+4’sin2 O —4 (Bysin A +yasin B+aBsin C) =0,

which is therefore the equation to the locus of the foci of all
parabolas, with respect to which the triangle of reference is self-
conjugate.

183. Der. The polar of a focus is a Directriz.

184.  To find the cquation to the directric corresponding to
the finite focus of the parabola,

lo* + mf3* + ny’ = 0.
The finite focus is given (Art. 182) by
ar  bB oy

m+n n+l l+m’

hence (Art. 173) its polar is represented by

l(m+n)g+m(n+l)’§

o DB (D

SR (B O

Cor. Since

+n(l+m);—y=0

e

it follows that the directrix of any parabola, with respeet to which
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the triangle of reference is sclf-congugate, passes through the
point given by

or = = .
cos A cosB cos C

185.  If the opposite sides of a quadrilateral be produced to
meet tn A and B, and its interior diagonals intersect in C, then
the triangle ABC is self-conjugate with respect to amy conic
circumscribing the quadrilateral.

Fig. 36.

A

Let PQRS be the quadrilateral, take ABC as triangle of
reference, and let I’ be determined by the equations

la = mpB = ny,
then the equation to AP is
mB —ny=0,

and since the pencil at 4 is harmonie, the equation to AR is
mB + ny =0,
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So the equation to BP is
lo — ny =0,
and since the pencil at B is harmonic, the equation to BE is
lo+ny=0.
But these four lines are the sides of the quadrilateral. Ience

any conic circumscribing the quadrilateral must have an equa-
tion of the form

(mB —ny) (mB + ny) —k (la—ny) (la+ ny) =0,
or m*B — iy — k (PPo — n’ryg) =0,
or ko’ —?B + (1 — k) ’y*=0;

hence the triangle of reference is self-conjugate with respect to
any conic circumseribing the quadrilateral.

Cor. 1. If any number of conics intersect in four points,
a triangle can be found sclf-conjugate with respect to all of
them.

Cor. 2. If a series of conics pass through four fixed points,
a suitable triangle can be found with respect to which all their
equations will be of the form

la® + mB* + ny* = 0.

Exercises oN Cuaprrer XIV,

(115) Shew that
a’a’ b’,@"
7= T P P 9

represents a parabola.

——=0

(116) If AA', BB, CC' the diagonals of a quadrilateral, be
produced to form a triangle abe, this triangle will be self-conju-
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gate with respect to one conic passing through BCB'C', to
another passing through C.1C"A’, and to a third passing through
ABAD.
(117)  Interpret the equation
(lo + mB)* + (la — mB)* — 20°y* = 0.

(118) Shew that all the lines
lo+ mf 4_—wa§=O
are tangents to the conic whose equation is

Fa® +m*3* = W'yt =0.

(119)  Shew that the conic
=o'+ =0
circumscribes the quadrilateral whose sides in order are
utv+w=0,
—ut+v4w=0,
u—v4+w=10,

u+v—w=0.

(120) Interpret the cquation
a’sin24 + B%sin 28 + ¢*sin20'= 0,
when the triangle of reference is right-angled.

(121) Shew that the diameter drawn through the point

(a, B, &) in the conic
I +mf+ny*=0

is represented by the equation

Sin
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(122) The conic referred to a sel™-conjugate triangle and
having its centre at (o, B, ') is represented by the equation
ae® VB oyt
= 0.

— + o+ =
o F v

(123) 'The tangents at the extremities of the chord a =«3
in the conic

I’ + mf +ny* =0,
are given by the equation

(lex 4+ mB)* = (Ik* 4 m) &".

(124) Find the equation to the tangents whose chord of
contact is

Ja+gB+lky=0.

(125) The four straight lincs of Exercise 119 arc tangents
to the conic

u? v w?

T —
m—n n—l+l—m

(126) Find the equation in triangular coordinates to the
locus of the foci of all parabolas with respect to which the
triangle of reference is self-conjugate.

(127) The conditions that the point of reference 4 should
be a focus of the conie

lo® + mfB* + ny* =0,

are m=mn, and {*+ c*=a". In this case the triangle of reference
is right-angled and the line of reference ZZC is the directrix
corresponding to the focus 4.

(128) Apply the last result to shew that the distance of
any point on a conic from a focus bears a constant ratio to its
distance from the corresponding directrix.



CIIAPTER XV.

CONICS REFERRED TO AN INSCRIBED TRIANGLE.

186. THE cquation
By + mya +naB =0

represents a conic circumseribing the triangle of reference, for it
is satisfied when any #wo of the coordinates are zero; and there-
fore cach point of reference lies upon its locus.

Further, by giving suitable values to 7, m, n this equation
will represent any conic referred to an inscribed triangle (or
circumscribing the triangle of refercnce). For by Chap. xir.
every conic must have an equation of the sccond degree, which
may be written

Jof + g8 + hy® + 218y + 2mya + 2naB = 0.

But if the conic pass through the point of reference 4, the
equation must be satisfied when

B=v=0.
Therefore (substituting these values in the equation), we get
u=0.
Similarly, if the conic pass through B and C, we get
v=0and w=0.
Hence the equation reduces to
By +mrya +naf =0,

where the values of 7, m, n depend upon further conditions.
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187. The equation to the conic may be written
1By +a (my +nB) =0.

Hence it is cut by the straight line my +28 =0 in the two
points where this straight line meets 8= 0 and y =0, i.e. in two
coincident points at 4. Therefore my +n8 = 0, or

B v

moon

represents the tangent to the conic at the point of reference A.

Similarly, the tangents at the other two points of reference
are given by
o

7
n {

+o;=0, and 5+ ’Qz(),
m

188.  From a given point a straight line is drawn in a given
direction to meet the conic

1By + myo + naB =0,

it s required to find the lengths intercepted by the curve upon this
straight line.

Let (', B, o) be the given point, and A, p, v the sines of the
given direction, then, as in Art. 171, the intercepts are given by
the cquation

LB + pp) (v + vp) +m (v + vp) (o + Np) +n (& +Np) (B'+ pp)=0,
which may be written
(luv + mvn + map) p* + (1B + my'a' + ni'B)
+ A (my' +0f) +p (no + ') + v (I8’ + ma)} p =0,
a quadratic giving two values for p, expressing the length of the
two intercepts.
Cor. If the point (a, B, ') be on the conic, so that
1By +my'd +naf =0,
one of the intercepts is zero, and the other is given by

(luv + myh + nAp® pAA (my' + n8) + p(na’+ Iy') + v (I8 + ma’) =0.
w. 13
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- 189. To find the equation to the tangent at any point on the
conse.

Let A, p, » be the dircction sines of the tangent at (', 8, )
and let (a, B, ) be any point on the tangent, then (Chap. vi.)
we have

- ST = Pectesrscrescsrsennn

ao _B-B _y=v (1)
A M v ’

and the length of the chord in this direction by the last corollary
is given by
(Jpv + mwn + np) p+ A (moy' +0B) +p (e + Iy ) +v (IB'+ ma') = 0.
But since the direction is that of the tangent, the length of
the chord must be zero: therefore
A(my' +0f8) + p (na' + Iy') + v (I8 + ma’) =0,
or in virtue of (1),
(x— &)y’ + 1) + (B—B) (s + bf) + (= o) (I8 + mal) =0,
or
o (my' + 2B + B (na'+ Iy) +y(I8'+ ma') =2 (IB'y' + my'a'+ nx'B').
Bat since (o, B, 7') lics on the conic, we have
By +myd +ndB =0...ccccuenin..... (2),
and the cquation becomes
o (my' +nB) + B (n + 1Y) +v (I8 + md) = 0.
This cquation expresses a relation among the coordinates of

any point (a, 3, ¢) on the tangent at (&', 8, ') and is therefore
the equation to that tangent.

Cor. The cquation may be written
am n\ Bin I\ g/l m
7\ o + —7) (-I 'I) -7 (-7 1) =u.
. y + B o +a +'Y p + 8 0
But (2) gives us
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therefore the equation will take the form
a L Bm 'y n

or + %f + nZ 0,

=0,

a form of which we shall presently give an independent investi-
gation (Art. 198).

190. o find the equation to the chord of contact of tangents
drawn from a given point to the conic, or, to find the polar of a
given point with respect to the conic.

Let (a, B, ) be the given point, then we may shew, pre-
cisely as in Art. 173, that the required equation is of the same
form as that of the tangent at a point on the curve.

That is, the equation
a (my' +2B8) + B (na' + Iy') + o (I8 + ma') =0,
which, when (o, B, ') is a point on the curve, represents the

tangent thercat, will, when (o, 8/, 7') is a point not on the curve,
represent the polar of that point.

191.  To find the condition that any straight line whose equa-
tion is given should be a tangent to the conic.

Let Ja+g8+hy=0.c0iiiiiiiiiiininn (1)

be the given equation to the straight line and suppose (o', 8, 7)
its point of contact with the curve.

The tangent at («, 8, %) is given by
a (my +nB) + B (na' + ) + 4 (I8 +ma) =0,
which must be identical with (1).

Therefore
my + 2 _ 'na + Iy lB’ + mal
f g b’
al B' l

or X\

[({f —mg — nk) — m(mg —nh— (f) n(nh — {f— mg) "’
13—2
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But (o, 8, &) must also lie on the locus of (1), whence
Jd+gB +hy'=0.
Hence eliminating o, 8, & we get
If (If — mg — nk) + mg (mg — nk — If) + nk (nkh— If —mg) =0,
or Uf* + m'q* + n°k* — 2mngh — 2nlhf — 2lnfg =0...... (2),

which is therefore the condition required.

Note. The cquation of condition just obtained may be
written in the form

VA NG 4 NTR=0 oo (3,

as will be seen by clearing this latter equation of radicals, when
it will be found to take the form (2).

192, Cor. The cquation in trilinear coordinates
By + myx + naB =0,
will represent a parabola provided
Nal +Vbm+Ven =0,
And the equation in triangular coordinates
lyz + max + nxy =0,
will represent a parabola provided

NI+ Nm+Nn=0.
The remarks made in Art. 176 will apply here.

193.  To find the locus of the middle points of a series of
parallel chords in the conic whose equation 7s

1By + mya +naf = 0.

Let A, u, v be the direction sines of the parallel chords, and
let (a, B, v) be the middle point of any one of them.
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Then (Art. 188) the lengths of the intercepts measured from
(a, B, ) to the curve in the direction (A, p, v) are given by the
equation

(luv + mvn + np) p* + (IBy + mya + naf)
+ {A (my + nB) + p (na + by) + v (IB+ ma)} p=0.

Bat since (a, B, v) is the middle point of the chord, the two
values of p, representing the intercepts, must be equal in magni-
tude and opposite in sign. Therefore the coefficient of p must
vanish in the quadratic, and therefore

A (mry +nB) + p (na+ by) +v (I8 +ma) = 0,
or a (mv +np)+ B (n\ + ) + 4 (lu + m\) =0,

a relation among the coordinates a, S8, 1, of the middle point of
any onc of the chords, and therefore the equation to the locus of
the middle points.

194. T0 find the centre of the conic.
Let (o, B, ") be the centre.

Then the lengths of the intercepts measured from the centre
in the direction (A, u, v) are given by the quadratic

(luv + mon + nap) p* + (I8 + my'a +na'B)
+ (M (e +nf) + p (na + Iy) + v (I8 + ma)} p=0......(1).

But since all chords are bisected in the centre, the two roots
of this quadratic must be equal in magnitude and opposite in
sign ; therefore the coefficient of p must vanish, and therefore

A (my' +0B) + p (na + ) +v (I8 +ma)=0...... (2),
for all values of X : u : », subject to the relation

ar+bp + cv=0.

Ilence, we must have

@ b c !
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a' _ BI _ (y:
l(la—mb—mnc)  m(mb—nc—la) n(nc—la—mb)

2A
T Pa ¥ mb + nict — 2mnbe — 2nlca — 2lmad’

or

which determine (o', 8, o) the coordinates of the centre.

N.B. If the coordinates arc friangular instead of trilinear,
we find that the centre of the conic whose equation is

lyz + mzax + nxy =0,

is given by the cquations

’ ’ ’

@ _ Y _ z
Il=m—n) m@m—n—1)" nm—10-m)

1
Tl mE 4 = 2mn — 20l — 20n

Cor.  The centre of a parabola is at infinity.

195.  Tb find the conditions that the equation
1By + mya+naB =0,
should represent a circle.

Let (o, B, ) be the centre, then the length of the semi-
diameter in any direction is given by equation (1) of thc last
article, which in virtue of (2) reduces to

P’ (luv + mvh + nap) + I8y + my'o' + na'B = 0.
Hence all the diameters will be equal, provided
luy + mvh + A
be constant for all directions.
But we know (Art. 71, page 78), that
uv sin 4 + A sin B+ Ausin C
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is constant for all directions. Ilence the diametors will be all
equal, provided

b _m _om

sind  sin B sin O
which therefore express the conditions that the conic should be
a circle.

Hence the equation
By sin A + oo sin B+ aBsin 0 =0,
or, afy + bya + ca =0,
represents the circle circumseribing the triangle of reference.

Cor. 1. In the case of this circle the equations (Alt 194)
to determine the centre reduce to

L _ B
cosd cosB cos O’
agreeing with the result of Art. 17, Cor.

Cor. 2. The cquation in triengular coordinates to the circle
which circumscribes the triangle of reference i3

a’yz + V'zx + c'xy = 0.

196. To find the pole of any given straight line with respect

to the conic whose equation s
By + myo + naB =0.
Let Sa+gB+hy=0........ cerrenneenn (1),

be the equation to the given straight line, and suppose (&, &, ')
the pole.

The polar of this point is given by
o (my' +nf) + B (na' + Iyf) +y (I8 + ma’) =0,
which must be identical with (1).
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Therefore
my +nf _na'+ly' 1B +ma
s g k7
o B v

or

L (If - mg —nk) =m(mg-nh-—{f)=n(nk— If —mg)’

which determine the coordinates of the pole required.

Cor. The pole of the line at infinity is the centre of the conic.

197. The following Theorem is attributed by Dr Salmon
to M. Hermes.

If (d, B,v), (@, B', o") be the coordinates of any two points
on the conic
By + mya + naB =0,
{

m n
or . + B‘ + ;l =0,
the equation to the straz:qkt line joining them s
mf ™
I " + 557 / // = O'
gt

For this equation is satlsﬁed at the point (', B, &), since
a’, 8", 9’) lics on the conic, and therefore

l
I!+ H—"O
3+

So also it is satisfied at the point («’, 8", v"), since (a, B, 7))
lies on the conic.

And it is of the first degree in a, 3, v

Therefore it represents the straight line joining the two
points (a', 8, ), (@', 8", o).

198. Cor. Let the point (a”, 8, v/") move up to and ulti-
mately coincide with («, 8, v'): then ultimately the chord
becomes the tangent at (o, 8, ) and the equation becomes

Lo,
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the same form of the equation to the tangent at the point
(«, B, ') which we deduced in the Corollary to Article 189.

199. 7o find the condition that three points whose coordi-
nates are given should lie on one conic with the three points of
reference.

Let (al, Bis 7)s (ag, By %)y (25 By v) be the coordinates
of the given points.

Any conic passing through the points of reference may be
represented by the equation

I m n
R ),
and if it pass also through the given points we must have
I m =n
— + — + i — T ¥ 2 y
al Bl 71 ( )
I m =n
J;+Bg+:y:_0 .................... ....(3),
Lomyr_g @)
2t ta =0 eveeenas .

Eliminating ¢ : m : n from the last three equations, we
obtain

1 1 1]|=0,
@’ B’
11 1

0 B v
111

a,’ B’

which will be the condition rcqun-cd.

200. PascuAL's THEOREM. If a hexagon be inscribed in a
conic, and the pairs of opposite sides be produced to intersect, the
three points of intersection are collinear.
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Let AP BP,CP, be the hexagon, take ABC as triangle of
reference, and let (a,, B,, v,), (%, B, 7;)s (%5, B,s v,) be the co-
ordinates of P,, P, P, respectively.

The equation to the side AP, is therefore

B_v
B v’
and the cquation to the opposite side I’,C
Yy_2*
% %

IHence these two sides interscet in the point given by

N 1)

oy, Bm %
So the sides BP,, I, 4 interscct in the point given by
« B _ v eereenene (2),

a2 5% Vo

and the sides OP,, P, B intersect in the point given by

«a _ B _ 7
BT E S )

But the three points represented by the equations (1), (2),
(8) are collinear (Art. 20) if
az'yly /8172’ %Y.
asa:n Bsag? 7eal

28,5 BBy 1.5,

that is, if
= 0,

1 1
B v
1 1
a’ B’ v
11
B’ v,
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which is the condition (Art. 199) that the three points P, P,, P,
lie on the same conic with A BC.

Hence the condition that the interscctions of opposite sides
of a hexagon should be collinear is identical with the condition
that the six angular points should lie on one conic.

This proves the proposition and its converse.

201.  Only one conic can be described passing through three
gtven points and having s centre at another given point.

For if we take the first three given points as points of refer-
cnee for triangular coordinates, the equation to the conic may be
written

Lomyn_y
x Yy 2
and if (', ¢/, 2') be the coordinates of the given centre, we have
by Art, 194
me +ny' =nx' + ' =l +ma,
whence
l m n

m yT(?/r:;é'—x') = 7 (z' —x'—y');

so that the only conic satisfying the conditions will be that
represented by the equation

4

w’ , ) 7 :Zi ') 2’; N
E(w—y—z)+y(y 7 -d)+-(F -2 -y)=0.

Oss. Since we have seen that a conic can be described so
as to fulfil five simple conditions (such as passing through an
assigned point) it follows that the condition of the centre being
at an assigned point will count as two of these simple conditions.
Such a condition may be spoken of as a double condition, or a
condition of the second qrder.
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ExERrcISES ON CHAPTER XV.

(129) If N+ puB+vy=0
be a tangent to the conic
I m =n
'& + ‘B + ’; =0,

then the three quantities I\, mu, ny will be cither all positive or
all negative.

(180) If A+ uB+ vy =0
be a tangent to the conic
I m n
— — -=0
a gty T

then will
la+mB+ny=0

be a tangent to the conic

Ld

B

(181) A conic is described so as to touch in 4, B, C the
sides BC, C'4, A'B of a triangle A'B'C’. Shew that
A4’y BB', CC' are concurrent, and that the straight line BC
is divided harmonically by the straight lines 44', B'C’ pro-
duced if neccssary.

MpkyZo,
« %

(132) A triangle is inscribed in a conic, prove that the points
are collincar in which cach side intersects the tangent at the
opposite angle.

(183) The six points of intersection of non-corresponding
sides of a pair of co-polar triangles lie on one conic.

(134) If a triangle be self-conjugate with respect to a
series of conics which all pass through a fixed point, the centres
will lic on another conic which circumscribes the triangle.
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(185) Determine the position of the fixed point in the last
exercise in order that the locus of the centres may be the circle
circumscribing the triangle.

(136) The normals at the points of reference to the conic
whose equation is
By + mya +naB=0

will be concurrent, provided

I, m =n |=o0.
11
I’ m’ =
1 1 1
a’ b’ ¢

(137)  The equation
By + mya + naB=0,

will represent a hyperbola, provided
a®l® 4+ b*m® + c*n® > 2 (hemn + canl + ablm).

(188) The tangents to the conic
By + mya + naB3 =0,
parallel to the line of reference C are represented by
L(B+7) + (Wm+ /n)a=0,
the coordinates being triangular.
(139) The chord of contact of the tangents
LB+ + Wmt.Jn)a=0,
(whether the coordinates be trilinear or triangular) is
{(B—=w)+ (m—n)a=0.
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CONICS REFERRED TO A CIRCUMSCRIBED TRIANGLE.

202. THE equation
Pa® + m*B* + n'y* — 2mnBy — 2nlya — 2lmaB =0......(1)
may be written
(la + mB — ny)* — 4lmaB =0,
and thercfore (Art. 161) represents a conic section to which a =0
and B = 0 are tangents, and
la+mB—ny=0,
the chord of contact.

Similarly,
mB+ny —la=0,

is the chord of contact of tangents 8=0 and =0, and

ny + la— mB =0,
the chord of contact of tangents y=0 and a=0.

Hence the equation
U’ + w’3 + w'y* — 2mnBy — 2nlya — 2lmaB =0 ...... (1)
reprcsents a conie section, to which the lines of reference are
tangents, and
—la+mB+ny=0,
lo —mB + ny =0,
la+mB —ny=0,

the chords joining the point of contact.
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203. It should be observed that if we write — I for I, the
cquation (1) takes the form

Po? + m*B* + n’y* — 2mnBy + 2nlya + 2lmaB = 0...... 2),
and the chords of contact now become
la+mB +ny=0,
la +mB —ny=0,
lo —mB +ny=0.

So also if the equation to the conic be written
Ua® + m*B* + n’y* + 2mnBy — 2ulya + 2lmaB = 0...... (3),
the chords of contact will be given by
Ix+mB —ny=0,
lo +mB +ny=0,
—la+mB+ny=0;
and if the equation to the conic be written
P’ +m*B* + w'oy + 2mnBy + 2nlyx —2lmaB =0......(4),
the chords of contact will be given by
la—mB+ny=0,
—la+mB+ny=0,
la+mB+ny=0.
Hence the four equations (1), (2), (3), (4) represent conics
inscribed in the triangle of reference, and so related that all the
twelve points of contact lie three and three on the four straight

lines given by
+la+mB+nay=0.

This reasoning applies equally whether the coordinates be
regarded as trilinear or triangular.
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204. The last two articles shew that every equation of the
form
Ua® + m*B* + 'y + 2mnBry + 2nlya + 2lmaB =0,

where we take either one only or all of the doubtful signs as
negative, represents a conic inscribed in the triangle of reference.
It will be observed, that if the doubtful signs be otherwise deter-
mined, the first member will become a perfect square and the
cquation will reduce to one of the forms

(la+mB + ny)*=0,
(=l +mB + ny)® =0,
(la — mB + ny)* =0,
(lo + mB — ny)*=0.

In cach of thesc cases, the locus of the equation consists
of two coincident straight lines, the limiting form of a conic
section when the plane of scction becomes tangential to the
conc along a generating linc.

Such a locus will moreover meet any straight line in two
coincident points, and will therefore, like an inscribed conic,
meet each side of the triangle of reference in two coincident
points. It cannot however be said to touck those sides in any
geometrical sense.

205. Conversely, every conic section referred to a circum-
scribed triangle will be represented by an equation of the form

P’ +m*B + 'y + 2mnBy + 2nlyx + 2lmaB =0,
where the doubtful signs must be either all negative, or one

negative and two positive,

For any conic scction may be represented (Art. 145) by the
cquation
uo® + v + wy? + 20/ By + 20 ya+ 2w'aB = 0.

But if the triangle of reference be circumscribed, a=0 re-
presents a tangent, and therefore we must find two identical
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solutions when we combine a=0 with the equation to the
conic.

Therefore the quadratic
v+ 2u'By + wy' =0,
must have two equal roots.

And therefore

w? = v, or ' =+ Vrw.

Similarly, since 8=0 and = 0 arc tangents, we have
v =+ Vauu,
and w = + v we.

Hence the equation takes the form

w4+ v 4wyt £ 2 JuvBy + 2 Jwuya + 2 JuvaB =0,
or, writing %, m*, »? for u, », w0,

Pal+ m'3 4+ 0’y + 2mnBy + 2nlyx + 2lmxB = 0.

We thus sce that cvery conic inseribed in the triangle of
reference has an equation of this form: and the doubtful signs
must be either all negative or only one negative, since we
found in the last Article that if they were otherwise determined,
the equation would represent two coincident straight lines,

206. It will be observed that if two of the doubtful signs
be positive and onc negative, we can immediately make all three
negative without altering the rest of the equation, by changing
the sign of one of the quantities I, m, n. We may therefore
always assumc the equation to a conic referred to a circum-
seribed conic to be of the form

Po? + m'B + n'y* ~ 2mnBry ~ 2nlya — 2lmaB = 0,

where 7, m, n may be positive or negative quantities.
W. 14
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It should be noticed that the equation
+ Vla + JmB £ Juy =0,

when cleared of radicals, takes the form of the equation just
written down.

So the equations (2), (3), (4) of Art. 203 are the rationalised
forms of the equations

+ V=l £ Vi + NVny=0,
+ Vla+ V=mB + ¥y =0,
+ VI 4 N + Vg = 0.

Thus we may always write the equation to a conic inseribed
1n the triangle of reference in the form

WTa + VB + Ny = 0,

the coefficients I, m, n being cither positive or negative, and
double signs being understood before the radicals.

207.  From a given point a straight line is drawn in a given
direction to meet the conic

o’ + m’B* + ny* — 2mnBry — 2nlya — 2lmaB = 0,

it i3 required to find the lengths intercepted by the curve upon
this straight line.

Let (o, B, %) be the given point and A, p, v the sines of
the given direction, then, as in Art. 171, the intercepts are given
by the equation

B(o +2p)" + m™ (B + pp)” +n' (v + vp)* — 2mn (B + up) (v + vp)
=2nl (v + vp) (&' +Np) — 2lm (« +2p) (B + pp) =0,

a quadratic to determine p.
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Cor. 1If the point (a', B, /) be on the conic, so that
Pa® 4+ m?B* + n’y? — 2nmB'y’ — 2nly'a’ — 2lmd/ B =0,
one of the intercepts is zero, and the other is given by
(BN + mPu* + 0** — 2mnpuy — 20lvh — 2lmip) p
+2 {In(la'— mB —ny') + mpu (mB — ny — la") +nv (ny — la'— mpB')}
=0.

In other words this equation gives the length of the chord
drawn from («, B, o) in the direction (A, u, »).

208. To find the equation to the tangent at any point on the
conzc. ’

Let A, u, v be the direction sines of the tangent at (a', B, %),
and let (a, B, 4) be any point on the tangent, then (Chap. vI.)
we have

=8 BB VY ).
w v
And the length of the chord in this direction is given by the
cquation of the last corollary. But since the direction is that

of the tangent, the length of the chord is zero: thercfore
I\ (I —mB — ny') + mu (mB' — ny' — la')
+ nv (ny’ — la' —mB) =0,

or in virtue of (1),
l(a—0) (la' = mB —ny') + &c. =0.
But since (a', B, o) lics on the conic, we have
Pa'* + m*B% + ay* — 2mnB'y’ — 2nly'a’ — 2lma'B =0,
which reduces the last equation to
la (I = mB' — ny') + mB (mB' — ny' — la')
+ny (ny =l —mB') =0,

a relation among the coordinates of any point («, 3, ) on the

tangent at («, B, o), and therefore the equation to that

tangent,
14—2
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209. The polar of the point (&, B, «'), or the chord of con-
tact of tangents from that point, may be shewn as in Art. 173 to
be represented by the equation

la(lo' —mfB —ny) + mB (mB — ny =) + ny (ny' — la' — mf3)
= 0.

210. To find the condition that any straight line whose

equation s given should be a tangent to the conic.

Let FregB+hy=0.ciiiiiiiiiiiinnns (1)

be the given equation to the straight line, and suppose («, 5, 7)
its point of contact with the curve.

The tangent at («, 8, o) is given by
la (I — mB' — ny') + mB (mB —ny' — ) + ny (ny — 1’ — mf3)
=0,

which must be identical with (1).

Therefore
o —mB —ny _mf —ny —ld’ _ ny'—lo' —mf
S g - h !
) m n
I !
or _mfp ny

__] ‘= - -
g bl L

m n n {1 m

But («', B, o) must also lie on the locus of (1), wherefore
i + g8 +hy =0.

Hence eliminating o', &, &/, we get

TE+D+2(+])+2 (04 0) =0,

I m =n
or - — 4+ =

Fog hk
which is thereforc the condition required.

=0,
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211. Cor. The equation in trilinear coordinates
Vi + VB + Ny =0

will represent a parabola, provided

And the equation in triangular coordinates
Viz+my + Jnz=0
will represent a parabola, provided
l+m+n=0.
212. We may shew, as in Art. 175 or 193, that the locus
of the middle points of a scries of parallel chords in the conic
NIz +JmB + Ny =0
is a straight line represented by the equation
la (In — mp — nw) + mB (mp — nv — IN) + ny (nv — IN —mp) =0,

where N, u, v arc the direction sines of the given direction, or
(whether the coordinates be trilincar or triangular) where \, u, v
are proportional to the coordinates of the point where the parallel
chords intersect at infinity.

213.  To find the centre of the conic
Nlo+Nmp + Vny=0.

Procceding as in Art. 178 or 194, we find that the co-
ordinates (a, 3, v) of the centrc must satisfy the equations

(% (lo'—mB' —ny')= 9—;: (mB' -y —la) = % (ny = la' — mB),

[ ] ’ 1] /
or a = B = Y
bn+cem cl+ an am + bl
_ A
= lbe + mca + nabd’

which express the coordinates explicitly.
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Ops. If the coordinates are triangular instead of trilinear,
we find that the centre of the conic whose equation is

iz + Nmy +Nnz =0,
is given by the equations

oy _ & 1
m+n n+l l+m 2({+m+n)

214. Cor. In order that the centrc may be at the point
o=/ =¢, which we have secen (Art. 16), is the centre of the in-
scribed circle, we must have

bn +cem = cl+ an = am + b,

whence bel cam abn
btc—a cH+a—b atb—o’
l m n
or = R B = (/I »”
cos® 5 cos'y cos’ 5

hence the equation
Vo cos = +'\/Bcos— +'\/rycos g 0

is the only equation which can represent an inscribed conic
having its centre at the assigned point; therefore there is only
one such conic, nmncly, the inscribed circle, and the equation

'\/Zcos +«//3 cos +'\/fy u)sg— 0,

represents that circle,

Similarly, we can shew that the escribed circles having their
centres at the points

—a= fB= 4y,
a=—B=

o= ==
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are represented respectively by the equations

'\/—:&cos§+~/,2§sing+ Vf?ﬂing:o,

T B -
'\/asm§ +V—,Bcosg+ N/rysing=0,

V&sin§+'\/§sin§+v -eycos—g=0.

215. To find the pole of any given straight line with re-
spect to the conic

Jia + JmB + Ny =0.
Let JatgB+hy=0. i, (1)

be the equation to the given straight line, and suppose (o, B, ')
the pole.

The polar of this point is given by
la (ld —mB' — ny) + mB (mB' — ny' = 1&') + ny (ny' — la’ — mB')

=0..... vevereeniins . v (2),
which must be identical with (1).
Therefore
o g _ h
L{la —mfB —ny) m(mB —ny —l) n®B =l —mB)’
Or a/ B’ fYI

ng+mh lh+nf mf+lg’

which determine the coordinates of the pole required.

216. If we assume the geometrical property that every
conic has a pair of foci situated at cqual distances omr opposite
sides of the centre, and such that the rectangle contained by the
perpendiculars from them upon any tangent is constant, we can
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readily write down cquations to give the trilinear coordinates of
the foci of the conic

Nia + B + Sny = 0.

For let (a, B, v) be the coordinates of a focus, and let
(«', B, 7)) be those of the centre.

Then, since the centre bisects the line joining the foci, the
sum of the two values of a is the double of &’ (Art. 18. Cor.).

But since the line of reference BC is a tangent, the rectangle
represented by the product of the two values of « is equal to a
constant, k* supposc.

Therefore the two values of « arc the roots of the quadratic
o= 2a/g + K= 0.
But similarly 8 and v are given by the quadratics
B—28B+ k=0,
and ¥ =29y + 1 =0.
Hence o' —20'u=["—2BB =0 -2y,
or substituting the values of o', B, ¢/ (Art. 213),
(bel 4 cam + abn) o — 24 (bn + cm)
= (bel + cam + abn) B* — 24 (cl + an) B
= (bel + cam + abn) o — 24 (am + bl) v,

or (!+zz+@>ae_2é?<m+’_'>
a b ¢ a \b ¢

(gm0

(i geD)r-a(tag),

c a

equations to determine the two values of a, 8, v for the
two foei.
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In tréangular coordinates, the foci of the conic

VE-I—me+'/722=O,

Oss,

are given by
1/, m+n 1/, a4l )
(:v— x)_lj(y—l+m+n‘?/

a* +m+n
_1(2 l+m )
_7 - .

ai
i ——l-—i-m+nz

217. To find the condition that it should be possible to find
a conic touching the three straight lines of reference and three

other given straight lines.

Let Joa+gB+hy=0 i (1),
St gB+hy=0.0cciiiiiiiii 2),
FfrtgB+hy=0. . (3),

be the threc given straight lines.
Any conic inscribed in the triangle of reference will be repre-

sented by the equation

Nl + B+ Jny = 0.

If the straight line (1) be a tangent we must have (Art. 210)

I m =n

e =0t 4
i g M “

Similarly if (2) and (3) be tangents,

I m =n

7 + 7 + P 0 tvereeneneninenenens (5),
Il m =n

=+ -+ =0 tiiiiiiiieiiieneenenns 6
Jo G5 by )

Hence, eliminating Z: m : n from the equations (4), (5), (6),

we have
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1 1 1/=0
L9k
111
VAR
111
VAR A

which will be the condition required.

218. BriancHON'S THEOREM. If a kexagon be described
about a conic section, the three diagonals formed by joining oppo-
site angular points will be concurrent.

Let PQ' RP' QR be the hexagon.

Take three alternate sides, QR', II”, PQ produced, for lines
of reference, and let the equations of the other sides be

(QR), fa+gB+hy=0.cccceiiiiiiniinn (1),

(BP), fin+gB+hy=0.cccciiiniinnennn. (2),

(P'Q), fr+gB+hy=0.cccviiviinnnnnn (3).
Then Pis given by =0, fa+9,8=0,
and ' is given by B=0, fia+hy=0,

therefore the diagonal PP is represented by the equation
SSa+ 198+ ey =0,

go Q@' will have the equation
gufit+ 9,98+ 9hy =0,

and BRI will have the equation
hfo+hgB+hhy=0.

Hence the condition of concurrence of the three diagonals is

Ko Jugur fla | =0,
9afor D90 Giks
hofey Ry bk,
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or
1 1 1)=0,
DA AN
11t
9. %' 9s
1 11
h,’ h,’ hy

which is the condition that the three straight lines (1), (2), (3)
should touch the same conic with the lines of reference; which
proves the proposition and its conversc.

Exercises oN CuarTer XVI.

(140) The conics
By + mya + naB =0,

and IBy +m'ya+n'aB =0,
intersect in the points of reference and in the point given by
alm, n |=8|n, 1 =fy| I, m
m', n ', I U, m

(141) The straight line Aa + g8+ vy =0 will be cut har-
monically by the conics

By + mya 4+ naB =0,
and By +myo+n'a8 =0,
provided
N+ mn' p? + an'v* — (mn' + m'n) pv — (0l + 2'0) w0
— (lm' + I'm) A =0,
(142) The imaginary triangle whose sides are
u+V:Iv=O, v+~/:_lw=0, w+V=—Tu=0
is self-conjugate with respect to the conic

1 1 1
—4+ -4+ ==0.
u v w
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(143) A triangle ABC is inscribed in a conic, and from
each angular point straight lines are drawn parallel to the oppo-
site sides to meet the conic again in P, @, ; prove that QF,
RP, PQ are parallel to the tangents at 4, B, C.

(144) The triangle whose sides are
fix+ g8+ hy =0,
So+gB+ly=0,
Ja+gB+hy=0,

will be self-conjugate with respect to the conic

.l_+7£+7_l'-—0
a By 7
provided
0, 0, 0, [ m, n, 1| =o.

‘f;z’ ,f;g’ ‘f;g, glhl’ 52][2’ galls
AR g2 9 S hofys hofs
) ]ﬁz: }'22’ ]’sz’ f;.gn f;.’/v f;.’/s

(145) Interpret the equation in trilincar coordinates

'\/a'*'«/b_/g'}"\/ —cy=0,

and find the eoordinatcs of the foci of its locus.

(146) If a parabola touch the sides of a triangle its focus
will lic on the circle which circumscribes the triangle.



INTRODUCTION TO CHAPTER XVII

NOTATION, ETC.

219. STUDENTS who have not read the Differential Calculus
are reccommended to pay particular attention to the notation
which we now introduce. Those who have read the Differential
Calculus will accept it without explanation.

Lt f(x) denote any function whatever of @ Then the

df ()

symbol e (which must be regarded as a single expression

not capable of resolution into numerator and denominator) is
used to denote the expression derived from f () by substituting
for every power of @ (suppose ), the next lower power multi-
plied by the original index (i.c. nz"™), and omitting altogether
the terms which do not involve .

Thus 2 will be replaced by «° or 1, «* by 2, a‘ by 42°, and
50 on.
df (x)

For example, if £ (x) denote a* 4 3ax® + 3a’x + o*, then .

will denote 3z* + 6ax + 3a®.

So also, if f(a, B, v) be any function of a, B, v, then
ﬁ(i"lagl—'y—) denotes the result obtained by substituting for the
powers of a according to the law enunciated above, and neg-
lecting the terms in the original which do not involve a.
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So #a BB ) denotes the result obtained by neglecting the

terms which do not involve B, and substituting for the powers
of B in the other terms.

It is usual when the abbreviation can be made without

- oodf L df(ac) df df (=, B, 'y)
ambiguity to write s for s for s

220. The expression gﬁ is called the derived function with

respect to a of the original expression f(a, B, ). So the cxpression
. . . . d
% is called the derived function with respect to B, and d{}‘
the dervved function with respect to ry.
Also if £ (a, B, v) =0 be an equation involving a, B3, v, then

af _
da
is called the derived equation with respect to a, and so on.

221. Let f(a, B, v) =ua’+ vB* + wy'+ 2u/'By + 2v'ya + 2w'aB,
then

\

a _ : ,
E:?ua+2w/8+2vry

£]—f52v;(i‘+2ury+2wa( T ereeereenunernens ().

B
/A 2ury + 2v'a + 2u'B
dy ™ J

Hence

df+B d’/‘ ,(z,;

=2 [uad'+ 08B+ wyy + o (By' + B) + v (Ya + ya)
+w' (@B +dB)}.
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And this cxpression is not altered if o/, 8, o' be inter-
changed with «, B3, v respectively.

Hence if
a 4 df
da'’ dB’7  dy
denote the derived functions of f (oy B’y %), then
f (7f df df (lf .
o+ B d + B - a8 Y (ii).

Again from (i) we get

df+,3df fif—2 {wa® + v’ + wy’ + 2u' By

+ 2v'ya + 2w'aB}= 2f (a, B, y)...(iii).
Again, f(a+z, B+y, v+2)
sulat+a)'+v(B+y)+wly+) + 2 (B+y) (v+2)
+20 (v +2) (a+ @) + 20 (a+2) (B+Y)
= ud® + v+ wy' + 24/ By + 2v'ya + 2w'aB
+ 2 (ua+ vy +w0'B) + 2y (vB + u'y + wa) + 2z (wy +u'B + v'a)
+ ux® + vy + w2’ + 2u'yz + 20’z + 2w'xy

-—f a, B, 'Y) + Q} df + ydg df +f (z, ¥ z) ------- (iV).

If we write Ap, pp, vp for z, y, 2, the result (iv) becomes
S(a+2rp, B+pp, v+ vp)

= f(a, B, ry)+p(7\§—:+pg£+v§9 +p (N gy v)een(V)e

The results given in the equations (ii), (iii), (iv), (v) are of
the very highest importance.

222. To express the homogeneous function of the second degree
S (2, By v) = ue® + vB° + wy* + 2u/' By + 2v'ya + 2w'aB
in terms of its derived functions

a df df

da’ dB’ dy’
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We have (Art. 221, equation iii)

d
2f (0,8, 7) =a f+B ast ‘f ............... n,
and (equations i)
14
3 d—f un+wB + Ve (2),
1
3 Igiwa+ B Uy, (3),
1
3 Jf svatuBtwy. i 4).
Therefore climinating «, B, v, from (1), (2), (3), (1), we get
(]f dr df =0,
4f(a, B; 7): (74’ ‘_173‘, E
%{;, w, w, v
({% ’ w’, v, w'
(Zi’ v', u') w
dy
or
4w, w, o | fla,Bv)=- 0 ‘__]f ({’f (]_f
w'y v, u ’ dB’ dy
v, ¥, w g{(‘, w, w, o
j{;, w, v, U
a .
(7"—)/’ v, u, w

= (v )

af df ,df df df df
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where
U=vw—vu? V=wu-v", W=w-—-w"
U=vw—ud, V=wu—-v, W=uv-—uwd,
and so '
S By 7)
(df> +V df +W(df) +2U’% %+2V’Z£ ZZ+2IV‘Z (}lg
4| u, w, v
w, v, u
v, ¥, w

Thus every homogeneous function of the second degree of
threc quantities may be expressed as a homogeneous function of
the second degree of its three derived functions,



CHAPTER XVII.

THE GENERAL EQUATION OF TIIE SECOND DEGREE.

223. HAviNG considercd in the last three chapters some
special forms of the equation to a conic section, and thereby
rendered the student who reads the subject for the first time
familiar with the methods of treating equations of the second
degree, we pass on to consider the most general case, when the
conic is represented by an equation of the most general form.

But for the sake of the rcader who nceds not to be thus led
up to the more difficult part of the subject, but prefers to in-
vestigate first the most general form of the equation and thence
to deduce the particular cases, we shall make the present chapter
perfectly independent of the three preceding, so that it may be
read consecutively after Chapter x111.

To this end we shall be obliged in this and the succeeding
chapter to repeat some explanations and definitions which have
been already given in the trcatment of the special cases; but,
our object being thus explained, the repetition will doubtless be
excused.

224. The equation of the second degree in its most general
form may be written
ua® + vf3* + wy* + 20 By + 20'ya + 2w'aB = 0.
But when the coefficients of the scveral terms have not to

be separately discussed, we shall generally denote the first
member by the symbol f(«, B, 4) and write the equation

S (2 B, v) =0.
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225. To find the equation to the tangent at any point on a
conic section.

Let S0y By ) =0ueereninnnn cerrerasanes (1),

be the equation to the curve, and (o, B, ') the coordinates of
the given point upon it, then any straight line through the
given point will be represented by the cquation

a—d_B=F _v=v

. P LT RO (ii),

and the lengths which the curve intercepts on this straight line
will be given by

FACE DS B +pp, o +vp)=0,
or, f (o 3;'7)+p(7\df+#db,+v df)+p=f M 2, ) =O0... (iii).

Since («, 8, o) lies on the curve, therefore f(«, 8, ) =0,
and one of the values of p is zero, as we should expect. But if
the straight line be a tangent the two values of p must be equal,
that is, each must be zero.

Hence the coefficient of p must also vanish in the quad-
ratic (iii),

ﬂff f —
therefore S d,B’ —0,

or since A, u, v are proportional to a — o', 8=, v— ¢« by (ii)
we get

@-a) & +8-8) 0+ - F o
Bu oL ip jg, 8«,_—_2f(a 8, +) (Att. 221),
=0,
since («', &, 7) is on the curve; therefore
LrodraF o,

*a tRPag T
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a relation among the coordinates of any point on the tangent at
(«y B, o) and thercfore the equation to the tangent at that
point,

Oss. If the equation to the conic be written
uo® + v + wy’ + 2u' By + 20/ ya 4 2w'aB =0,
the equation to the tangent is

a(ud +w' B +vy) +B (B +uy +wa) +y (wy +vd +uB)=0.

226. Cor. The normal at (a/, B, ) will be given by the
cquations, (Art. 81).

o—ao . B-B
77 A oen YA df
T " a8 cosO—d(;,cosB dx-}"—dy’COSA—JE’COS c
_ v=9
df _df df

& ﬂcos B——d—'— cos A

if the coordinates are trilinear ; or, if they be triangular, (Art. 87)
by the equations

a—o _ B-pA
af . df af oon e df df
i —d’-g,abcos C—dfy"““OSB JB;I) - VbccosA-;la,abcosC
v

df

SdF ., dF , )
dry"'_ cacosB—d?bccosA

da’
227.  On the determination of Direction,

Any two straight lines drawn in the same direction arc
parallel and have their point of intersection at infinity.

Conversely any straight lines which intersect in a point at
infinity are in the same direction,
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Hence every point at infinity determines a direction, and
every direction may be determined by assigning the point at
infinity in which straight lincs drawn in that direction inter-
sect.

It has already been remarked (page 101) that if we represent
a straight line by cquations of the forms

then A, , v will be proportional to the coordinates of the point
where the straight line meets infinity, or the point where a
gystem of straight lines parallel to the given oune will intersect.

The quantitics N, u, v therefore determine the direction of
these straight lines, and we shall henceforth speak of such a
direction as the direction (A, u, v), where we suppose A, p, v to
have such actual valucs as shall make cach of the fractions in
(i), equal to the distance p between the points (a, B, v) and

(o B )

- If X, p, v all have values only proportional to these values, we
shall speak of the direction as the dircction (A : p : v) instead of
(A, u, v). Sce Art. 69, ad fin.

When the direction (A : p:v) is spoken of, it must be borne
in mind that A, g, v satisty the relation in ¢rilinear coordinates
ar+bp+ cv=0,

or in triangular coordinates
Atut+rv=0,

and if the direction (A, u, ») be referred to, then A, u, v satisfy
not only the former relation but also the non-homogeneous
relations of page 101 (xx).

228. Let O be a point in which a conic section meets
infinity. Any straight line drawn in the direction determined
by O meets the conic in this point at infinity and therefore in
one and only one finite point (Art. 150.) 'T'he number of real
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directions in which straight lincs can be drawn so as to cut a
conic in only one real point, will thus be the same as the number
of real points in which the conic meets the straight line at
infinity; there is therefore one such direction for a parabola, two
for a hyperbola, and none for an cllipse (Art. 151). Further,
if the tangent at O lic not altogether at infinity it will be an
asymptote (Art.152). Hence in the hyperbola, any straight line
parallel to an asymptote will meet the curve in only one real
point, and the two asymptotes determine the two directions of
such lines.

229. To determine the direction of the tangent at any point
on a contc section.

Let f(a, B, v) =0 be the equation to the given curve, and
suppose A, u, v the direction sincs of the tangent at («', 8, 7).

Then the cquations to the tangent will be

a—a’=B—,8:=v—7’
A N v

=p,

and the lengths which the curve intercepts on this line will be
given by the equation

S@+2rp, B +pp, o +vp)=0,
or

£ B +o (Mt len L0y ) =0,

Since («/, B, 7)) is on the curve, therefore f(«, B, 7)) =0,
and one of the values of p given by this quadratic is zero, as
we should expect. But since further the straight line touches
the curve at this point, we must have both values of p zero.

df a . 9 _
Tence o
Fagtray T
This equation, together with the relation
Aa+ ub+ve=0

in ¢rilinear coordinates, or
Apu+pv=0
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in triangular coordinates, gives us
A

v
df df | =| df g |
dB'’ dy dy'’ dd da'’ dB'
o, c c, a a, b

in trilinear coordinates, or

A v
clfd/'df@j—'dfdf

dB dy dy dd dd dF

in triangular coordinates,—which determine the ratios of A, u, »,
and their actual values are immediately given by one of the
non-homogeneous cquations of Result Xx. page 101.

230. From any point there can be drawn two real or imagr-
nary tangents to meet any conic.

Let SO By ) =0iiniiiiiiinninnnnnens (1)
be the equation to the conic, and («', B, ') the given point.

Suppose

a—o B-B _y—v 9
= p ST TP (2)

the equations of a tangent to the curve, and suppose (a”’, 8, v")
its point of contact.

The intercepts measured from («”, 8", o) to the curve must
both be zero.

Hence the equation

S@ +xp, B +pp, v'+vp)=0
must have both its roots p=0;

therefore J@ B y) =0, BN )
dj
and d "+“dﬂf’+”7d{"’= ...... Ceeerererens (4).
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But since («”, 8", v”) lies on the straight line (2), therefore

al’_a’=BI_~BI ’yll-'-'y
A s v

Hence the equation (4) becomes
@ =) ot (B =) ot (7 =) F =00

But by the property of homogeneous functions (Art. 221),
the equation (3) gives us

” (]f ’ df r/ f]f_
d N'I'B' ([/3// W =VUieeene XXX EEERR TN (6).

Hence, subtracting (5) and {6),

A LA df
d"+B’dﬁ1/+ d/, 0,

or, which is the same thing (Art. 221) .

o (Zf W df o df ,
i ——=0 .................. 7).
P+ 8 a8 + 9 doy (M

ITence the coordinates (a”, B, v”) of the point of contact
of any tangent from (a’, B, &) to the curve, arc obtained by
solving simultancously the quadratic equation (3) and the sim-
ple cquation (7).

Hence there will be two real or imaginary solutions.

Therefore from any point there can be drawn two real or
imaginary tangents to a conic section. -

231. 1o /z'nd the equation to the chord qf contact of tangents
drawn from a given point to a conic section,

Let (o, B, %) be the given point, and
f(a’ B, 'Y) =0

the equation to the conic.
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Then if (a”, B, v") be the point of contact of cither tangent
from («/, B, ') to the curve, we have by equation (7) of Art. 230,

o’ df +B”j/{, " "f =0.

Hence the coordinates of either poivnt of contact satisfy the
cquation

d,
d{_HgW-Jr lf=o ..... cervenreneens(8).

But this is the equation to a straight line. Ience it repre-
sents the straight line through-the two points of contact, that is,
the chord of contact of tangents from («, B, ') to the conic.

It will be observed that the equation (8) represents a real
straight line wherever (', B, /) be situated, i.e. the chord of
contact is real whether the tangents be real or imaginary.

232. Der. The chord of contact of the rcal or imaginary
tangents from a fixed point to a conic is called the polar of
the fixed point with respect to the conic.

And the fixed point is called the pole of the straight line
with respect to the conic. \

We have shewn in the last article that the polar of the conic
f (@, B, v) =0,
with respect to the point (a’, B, «), is represented by the equa-

tion
f+B‘;Z,+ 4 .

If the equation to the conic be written
ua® + vB + wy® + 20 By + 2v'ya + 2w'aB = 0,
the equation to the polar becomes

a(wd 40’8 +0Y)+ BB +uy +wa')+y (wy+va'+uB)=0.
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283. To find the coordinates of the pole of any straight line

with respect to a conic section.

Let la+mB+ny=0..ccceruviraninen. eea(1)
be the equation to the straight line, and
S, Byw)=0

the equation to the conic.

Suppose (o, B, o) the coordinates of the point required,
then the polar of (a, B, ') with respect to the conic is given by

the equation
L IPL I &
+8 P +y
which must therefore be identical thh 1).

1df _1df _1df
Tdd " mdB “ndy’

or w' +wB 4oy _vB +uy +wd  wy v+
l = = .

Hence

m ”n
Therefore
a' ’ ’
=TT z’ =T Zn, ra TR (@),
w, v, u v, v, w u, w, v,
v, w, w u, w, v w, v, u,

and if the coordinates be trilinear so that
. ad + b8 + oy =24,
each of these fractions
-~ 2A

0,1, m n
a, u, w,v
b, w', v,
e, v, v, w

=

’

or if they be triangular so that
a'+ BV + 'y' = 1’
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then each of the equal fractions in (2)
-1

1, u, w, v

1, ', v, v

1, o, o, w

Thus the actual values of the required coordinates are ex-
pressed. :
Cor. The pole of the straight line
la+mB+ny=0
will lie upon this straight line provided

v, w,v,l |[=0.
vy, v, ¥, m
v, w, w, n
, myn O
This is therefore the condition that the straight line
latmB+ny=0

should be a tangent to the conic.

234. If a point P lic upon the polar of a point @, the point
Q will lie upon the polar of the point P.

For let (o, B, %), (a", B, ¥") be any two points P and Q.

The equations to their polars are

df+/9df g{,=o,

af o df , df _
da"+Bd/3"+7d i =0,
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If Plie on the polar of ¢, we have

' (Zf 4 df 4 fz_f;_
-3 (7“,, +B (7/‘3’,7 +')’ d'yn—oy

which is the same thing (Art. 221) as

" df+B" af . o daf _

o' &L R
do’

g+ ay ="
which is the condition that @ should lie on the polar of P.

.. &c. Q.E.D.

235. If a straight line p pass through the pole of a straight
line q, the straight line q will pass through the pole of the straight
line p.

For if the equations to the two straight lines be

lo + mB + 12y =0.covrviiriniinnrennnnns (1),
la+m'B+n'y=0.cccccveniiniiinininnn ()
then, by Art. 233, the equation
u, w,v,1 | =0
w, v, u,m
v, v, w, n
U m #»,0
expresses equally the condition that the pole of p should lic on

¢, and that the pole of ¢ should lic on p, which proves the
proposition.

236. The two preceding articles express the same proposi-
tion in different forms. The following corollaries follow from
cither article.

Cor. 1. If a point lie ona Siwed straight line, its polar will
pass through a fixed point (viz. the pole of the fixed straight
line), '

Or,t if a series of points be collinear, their polars are con-
current,
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Cor. 2. If a straight line pass through a fixed point, its pole
will lie upon a fixed straight line (viz. the polar of the fixed
point).

Or, if a series of lines be concurrent, their poles are col-
linear.

237. 7o find the equation to the two tangents drawn from a
given external point to the conic whose equation is

f(a> B, '7) =0.

Let (o, B, o) be the given point I, and let (a,,
any point ¢ on either tangent.

Bos 7s) be

Then PQ being a tangent, passes through its own pole; or
P, @ and the pole of PQ are collincar.

Therefore PQ is concurrent with the polars of P and (,
(Art. 236, Cor. 1.)

But the equation to PQ is, (Art. 21)
@ B, v |=0,
% Bor Yo
o, B,
and the equations to the polars of @ and P are, (Art. 231)

it .4
TV 3y, =

+Bdﬁ.+ “l’f-o

+Bd
df

and thercfore by the condition of concurrence, (Art. 26)

130’ %o Yor % A,y :80 =0,
B, 'Y' '7,1 a' ? a/’ Br
¥ oA
@ dg
af b af
da’’ dg’’ dy'
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a relation among the coordinates of any point (a,, 8,, 7,) on
either tangent. Hence, suppressing the subscripts, we have the
equation to the two tangents

B, 'YI 'Y) a a) ﬂ ' =O‘
B, | 7, a o, B

af 4 4

da’ dg’ dy

df Y 4

da'’ dg’ dy'

This equation may be written

( f) ( dB’ o+ df)

( df+ﬁd3,+v dyf)( df+/3df Q,

or in virtue of Art. 221,
daf
( d’+B B ) 4f(a ’(Y)f a’B’ )1
the form in which the equation is commonly quoted.
238. The following is another method of obtaining the

cquation in the form just written.

To find the equation of the pair of tangents drawn from a
given external point to the conic whose equation ts

S B y) =0 ieiiiiiiiniiiininnens (1).
Let («, B, o) be the external point: and suppose

a—a' _B-8_vy—9'_
A ® v

to be one of the tangents.
Then the equation of the intercepts
f(a'+7\P, B"i‘l-‘P: '7,+ "P) =0
must have two equal roots.
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Therefore
(7\, + + df)—4f(a By ) fN pyv)
do 7T dﬁ' W ' 7 y My V)y
or substituting the equations (2), and remembering that

« T8 Yoo L, B0

we get
A
{ d,B' &Y 2f(a:.3',’7)}
=4f(a7ﬁy'7)f(a_a’ B-A, '7'_'7’)
=4f(a,718,77'){f(a):877) (df:'f':BdBr'*"ydf)'*'f /3’)7)}

therefore

(¢ v pfrr PV =17, 8, 7o 8,

a homogeneous equation of the sccond order connecting the
coordinates of any point (a, 3, ) on cither of the tangents from
(«y By %) to the curve, and therefore the equation to the two
tangents from that point, which was required.

239. To find the locus of the middle points of a series of
parallel chords in the conic whose equation 13

Sla Byy) =

Let (A, u, v) be the point of intersection at infinity of all the
parallel chords: and let («, 8, ) be the middle point of one
of them.

Then the equation to this chord is

a—a’_B“‘B’_'y-"y’_
by - W - vy (1),

and the lengths of the intercepts cut off by the curve are given
by the quadratic

J@+xp, B4pp, o +vp)=0.0iiieninn. ().
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But since these intercepts are measured from the middle
point of the chord, they must be equal in magnitude and oppo-
site in sign: thercforc the coefficient of p in the quadratic (2)
must vanigh: therefore we have

+B f d =0 viiiiniiiinn, (3),

14

an cquation connectmg the coordmatcs (@, B, o) of the middle
point of any one of the chords, and therefore (accents sup-
pressed,) the equation to the locus of the middle points. Since
the equation (3) is of the first degree, the locus of the middle
points of any system of parallel chords in a conic scction is a
straight line.

240. Der. The locus of the middle points of a serics of
parallel chords is called a diameter.

One of these chords in its limiting and evancscent position
will become the tangent at the cxtremity of the diameter.
Ilence the tangent at the extremity of a diameter is parallel
to the chords which the diameter bisects.

Since all chords are bisected in the centre all diameters must
pass through the centre, and every straight line through the
centre is a diamcter.

Der. The diameter parallel to a system of parallel chords
is said to be conjugate to the diameter which bisects those
chords. Some properties of conjugate diamecters will be found
investigated in Chap. XVIIL

241, As a particular case of Article 239 we may observe
that the diameters bisecting chords parallel to the lines of re-
ference are represented in trilinear coordinates by the cquations

Ldf _1df 1df_1df 1df_1df,

DdBT ¢ dy’ cdy ada’ ada bdBR’
and in triangular coordinates by the equations

o _df  df_df df df
B dy' dy " da’ da” dB’
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Hence the centre, being the point of concurrence of dia-
meters is represented in trilinear coordinates by the equations

Ldf_1df _1df

« =D dE= e Dy’
and in triangular coordinates by the equations
g _dr_df
di dB  dy’
Or, we may establish these equations more independently as
follows.

242. 7o find the centre of the conic whose equation 18

.f(“’ B} '7) = 0‘

Let (o, B, %) be the centre. Then since all chords through
the centre are bisected in the centre, the roots of the equation

@ +Np, B +pp, o +vp)=0

must be equal and opposite whatever be the dircction (A, u, v).

i daf . df
Hence X%,+pdg+vdv,
must be zero for all values of A, u, », subject to the relation
ak + b +cv =0, [trilinear
or Atu+rv=0. [triangular

Hence the centre is given by the equations
L df_1 df 1 df

e di b dF " dy [trilinear
d
or :g = (};Bf_ = E$ . [triangular

Comparing these equations with those of Art. 233, we observe
that the centre 18 the pole of the straight line at infinity (which
we might have inferred d priori, from the fact that every diameter
is the chord of contact of tangents drawn from a point at
infinity).

w. 16
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The equations can be expressed (as in the article referred
to) 80 as to give the coordinates explicitly.

Thus we shall have in #rilinear coordinates,
« B v —-2A

u, w, v, a

I T ] BN 7 G
w, v, u v, v, w w, W, v

|
i
g ' / ] ] [ ' ’
v, ', w u, w, v w, v, u | w, v, u,Db
. i
a, b, ¢ a, b, ¢ a, b, ¢ | 7, o, w, c
a, b, ¢, 0
and in triangular coordinates,
a B v -1
[ 7 s 7= g 7 = 7 7 = YT T T 1y
w, v, U v, U, w u, W, v u, w, v, 1
ou, w u, w, v f ' ' W1
v, o, , W, v w, v, u w, v, u,
1, 1, 1 1, 1, 1 1, 1, 1 v, o, w, 1
1, 1, 1, 0

giving the actual values of the coordinates of the centre.

243.  To find the length of the semi-diameter drawn in any
given direction in the conic

f(a’ B, ')’) =0.

Let (2, B, ) be the centrc of the conic, and let A, g, » define
the given dircction, so that

arc the cquations to the diameter.

The lengths of the intercepts are given by the equation
S@+xo, B+up, v+vp)=0.

But since (a, B, 7) is the centre, the two values are equal
and of opposite sign, and therefore

. [(@ B
S pyv)’

which gives the square on the semi-diameter required.
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244. T find the conditions that the general equation of the
second degree should represent a circle.

Let the equation be written

f(a’ B, 9)=0,

then if (a, B, ) be the centre, the semi-diameter in direction
(A, m, v) is given by the equation

2 _ _f (2, B, 7)
SO pyv)

If the conic be a cirele all diameters are equal, and therefore
S\, p, v) is constant. But it will be sufficient to cxpress
that diameters in three different dircctions are equal, and for
simplicity we will select the directions of the three lines of
reference.

For the dircction BC we have in trilinear coordinates
A=0, pwu==1sinC, p=7Fsinb,
and symmetrical values for the directions of the other lines of

reference.

Hence we must have
S (0, sin C, — sin B) =f(- sinC, 0, sind) = f(sin B, —sind, 0),

or S0, ¢, =b)=f{—~¢, 0, a)=F(, —a, 0).

Or, if the coordinates be triangular, the direction BC is
given by

1 1
A=0, ,u'=;;a V=""(—z’

and symmetrical values may be written down for the other direc-
tions, so that the conditions become

f0,1,-1)_f(=1,01_f1 -1 0
"'"*(LE!*— - bz &

16—2
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Ons. If the equation be written in the form
ul + o8+ wy' + 20 By + 20'yx + 2w'eB = 0,
the condifions that it should represent a circle become
ve® 4 wb* — 2u'be = wa® + uc’* — 2v'ca = ub® + va® — 2w'ad

in trilinear coordinates, and in triangular coordinates they be-

come
v+w—2 w+u—20 utv-2w
a* b ¢
Or the conditions in trilinear coordinates will be given by
any two of the equations

0L 2 w ow W ow v 2
V' be & a® ca & U ab
a IS - ot

’ / ‘

’ ! U ’ ’ 12
n n v w v v w u w w (12 v

o be ca ab__b2 “ea ab be @& ab be ca
be cos A ca cos B ab cos (

’

and in triangular coordinates by any two of the equations

vtw—20 wHu—2" u4v—2uw

=TT 72

a )’ ¢

utuw —v—w v+v—w-u wtw—u -

be cos - cacos B abcos

The student will not be surprised if by other mecthods he
obtains these conditions under other forms. In a case where
only one condition is arrived at the equation expressing that
condition must be identically the same however it be obtained,
but a system of two simultaneous equations can always be re-
placed by any two of the cquations formed by combining them.

245, To find the condition that the gemeral equation of the
second deqree
uo® + v+ wy' + 2u'By + 20"y + 2w'aB =0

may represent two strazght lines.
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Let the equation be written
f(aa B, 'Y) =0,
and suppose it represents two straight lines so that

Sfla, By v) = (la+mB+ny) (a+m'B+nYy),

then JZ =l{la+m' B +n'y) + U (la+mB+ ny).

So =m (lu+w'B+n'y) + m' (la+ mB + ny),

af
B
f_

and n (Va4 m'B+n'y)+n' (la+ mB + ny).

Ilence (Art. 88) the cquations

a_, o _ df
@—0, (—Z;B”()’ d—fy:()

represent three straight lines passing through the point of inter-
section of the straight lines

la+nlB+nfy=O,
and la+m'B+n'y=0;

that is, the three straight lines

d
(—lZ‘Eu4+wl3+vfy 0,
=wa+vB+uy=0,

B
Z‘fs vVa+u'B+wy=0,
are concurrent ; and therefore (Alt 26),

V=0
w', v, j
I v u w

which will be the required condition.
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246.  To find the equation to the common chords of two conics
whose equations are given,

Let F(a, B, ) = Ua®+ VB + Wy
+2UBy +2V'ya+2W'aB =0,
and  f(a, B, v) = ua’+ vB"+ wy'
+ 20/Bry + 20'ya + 2w'aB = 0,
be the two conics,

Any pair of common chords constitute a locus of the second
order passing through points of intersection of the two conics,
and must therefore be represented by an equation of the form

Floy B, y) + #f (o, By ) =0 cevvvreennnnn (1),

where « must be so determined that this equation may satisty
the condition of representing two straight lines.

That is, « must be determined by the equation (Art. 245)

U +xku, Waxw, V 4+ |=0......(2),
Waew, V +ev, U+«
V' 4+, U 4wy, WHww

a cubic equation giving three valucs of « for the three pairs of
common chords (Art. 163).

Ons. The cquation (2) may be written

U Wy
W, vV, U
U, W

+e{u (VWU +v (WU =V"* 4w (UV-W"
+2u (VW =UU") + 20 (WU =VV) 420 (U V' — WIW')}
+ & {U(vw —u®) + V(wu — o) + W (ww — w'™)
+2U (Yw' —uw) + 2V (w'v' — ') + 2 W' (u'v' — ww')}

+6 | u, w, v |=0.
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247. Cor. 1. Iun the particular case when the first conic
consists of the two coincident straight lines

(la + mB+ ny)* =0,

the equation for x reduces to

w, w,v,l |=|u w,v k=0
w, v, u, m w, v, u
v, W, w, n v, u, w

L, m, n, O

Ience the tangents whose chord of contact is

la +mB +ny=0,
have the equation

. 1
u, Wy v 1 | fla By +| w, w, v |(latmB+ny)'=0.
w, v, u, m w', v, u

v, w, w,n v, w, w

i, m n 0

Cor. 2. Since the asymptotes are the two tangents whose
chord of contact is at infinity they will be represented by the
cquation

u, w, v, a|fl@By)+ u w,v |(cat+dB+cy)}=0,
w, v, w,b w, v, o

v, ¥ w, ¢ v, w, w

a b ¢ O

if the coordinates are ¢rilinear, and by the equation

’ ’ ’ ' 'y
u, w, v, 1 f(asB"Y)"‘ u, wy v |(a+B+9) =0,
w, v, u,1 w, v, u
o, o, w, 1 Lo, o, w

1, 1, 1, 0

if the coordinates are triangular.
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Cor. 3. If the conic be a parabola the asymptotes lie alto-
gether at infinity : therefore in the equations of the last corollary

we must have

u, w, v, «|=00ru w,o,1[=0,
w, v, u, 0 w, v, v, 1
v, W, w, ¢ v, W, w, 1
a, b, ¢, 0 1, 1, 1, O

according as the coordinates are trilinear or triangular. These
will therefore be the respective forms of the condition that the

cquation should represent a parabola.
But we shall arrive at this result more directly in the
next article,
Cor. 4. The asymptotes will be at right angles to one
another (Art. 49, Cor. 2) provided
u+v+w—2u cos.A— 20 cos B— 2w cos (=0,
when the coordinates arc trilinear.

This is therefore the condition that the general equation of
the second degrec should represent a rectangular hyperbola.

When the coordinates are ¢riangular this condition becomes
ua® + vb* + we® — 2u'be cos A — 2v'ca cos B — 2w'ab cos C =0,
or Fut+v —v —w)+ 0w+ —w =)
+t(w+w —u —v)=0.

248. 1o find the condition that the general equation of the
second degree

wa® + o3 + wy + 2By -+ 20'yu + 2w'aB =0
should represent a hyperbola, parabola, or ellipse.

1. Suppose the coordinates are ¢trilénear. We shall find the
coordinates of the points where the locus meets infinity by
solving the given equation simultancously with the cquation

aa+bB+ ey =0.
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Eliminating vy we get
¢ (ua’ + v+ 2w'aB) — 2¢ (ax + BB) (va + W/ B) + w (aa + bB) =0,
or (wa® + uc® — 2v'ac) &’ + (ve® + wb* — 2u'be) B
+ (w'e® + wab — v'be — w'ac) 228 = 0,

a quadratic whose roots are unequal, equal, or imaginary, accord-
ing as

>
(wab + w'e* — v'be — W ac)* = (wa’ + uc® — 2v'ac) (ve* + wb* — 2u'be),

that is, according as

w, w, v, al|>

w, v, w,b|
v, o, w, c

a b, ¢, 0

Hence the given equation represents a hyperbola, parabola,
or cllipse, according as the determinant just written is positive,
zero, or negative.

II.  Suppose the coordinates are triangular. The reason-
ing will be the same as in the other case, with unity substi-
tuted for a, , ¢ severally. Hence the equation will represent
a hyperbola, parabola, or ellipse, according as

w, w, v, 1
w, v, o, 1
v, o, w, 1
1, 1, 1, 0

is positive, zero, or negative.

249. We may arrange the proof of the last article in a
different form as follows:

a—do _B-B _vy—v

Let by u ”

be a straight line drawn from any point («', 8, ') 30 as to meet
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the conic at an infinite distance. Then since one of the inter-
cepts on this line is infinite, we must have

S py v)=0.

Therefore the conic will have one, two, or no directions in
which one of the radii from a finite point is infinite, according
as the equation

S pyv)=0
gives real and equal, real and unequal, or unreal solutions.

Eliminating v by mcans of the relation
aX +bu+ cv =0, [trilinear
we get
N (wa® + uc® — 2v'ca) + p’ (v + wb* — 2u'be)
+ 2u (wab + w'c® — w'ac —v'be) = 0...... (1).
Hence the conic is a hyperbola, parabola, or ellipse, (Art.
228) according as
(wab + w'e* = v'ac — v'be)
> o ’ a ’
= (wa’ + uc’ - 2v'ca) (ve* + wb* — 2u'bc),
<
that is, according as
w, w, v, al|>
’ ’ =%
w, v, U, b <
v, ¥, w, ¢
a, b, ¢, 0

as in the previous article.

Ons. If the coordinates are triangular the equation (1) takes
the form

M(w+u—20)+ @ v+ w-~2u)
+ 20 (w + w — ' =) =0,
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and the final condition becomes

u, w, v, 1

>
/ ’ = 0
w, v, w,1|<
v, v, w, 1
1, 1, 1, 0
Cor. By reference to Art. 242, we see that if the conic is a
parabola the centre is at infinity, and the diameters arc therefore
parallel.  Ience the following proposition arises.

250. o find the divection of the diameters of the parabola
ua® + vB* + wyt + 2u/' By + 20 ya + 2w'aB = 0.

Let (A, g, v) be the required direction. The cquations con-
neeting A, w, » may be cxpressed in a variety of forms derivable
from one another in virtuc of the relation among the cocfficients
expressing the condition that the conic is a parabola.

But onc of the most useful forms may be obtained as
tollows :

One of the diameters is represented by the equation in tri-
lincar coordinates

Ldf _1df
ada b dB’
wot+wB+v'y watvB+uy
or - a b ’

Now A, u, v are proportional to the coordinates of the point
where the diameter meets the straight line at infinity. Hence
we have

I o'y N o 'y
@ - b ’
and ar+ by + cv=0,
whence eliminating », we get
M (wbe + wa® —v'ab — w'ac) = u (vea + v'0* — w'bc — v'ab),
and by symmetry =v (wab + w'c" — w'ca — v'bc),
which determine the ratios A : p : » required.
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Ops. In triangular coordinates the result will become

AMu+w —v—w)=p@+v—w —u)=v(w+w —u =)

251. Cor. 1. The equations to the diameter of the parabola,
i + v + wy' + 20 By + 2v'yx+ 2w'aB =0,
through the point (a, &', ')
a—d _B-B _y—¢9

are. S =t
A m v ’

where A, w, v arc the reciprocals of

ubc + Wa® — v'ab — w'ue, vea+v'H® —w'bc — u'ab,

wab + w'¢® —w'ca — v'be,
if the coordinates are trilinear, and the reciprocals of
wut+w —v —w, v4v —w =, w+w —u -,
if the coordinates arc triangular.
Coxr. 2. In the particular case of the parabola inscribed in

the triangle of reference, and represented by the equation

lo® + m*B + n'y* — 2mnfBy — 2nlya — 2lmaf =0,

I m n
: Mm% I
where g +.,=0 (trilinear

or l+m+n=0, (triangular

the equations to the diameter through («, 8, ') reduce to

a—a _B—-B y-«
- - ki

7 po p [trilinear
SR
a—o _B-B _y—¢ .
or = =7 n'y . [triangular

252. It will be observed that everything in these chapters
applies equally whether the coordinates are trilinear or triangu-
lar, except when a restriction is specially made.
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Exercises oN CHarrer XVIIL

(147) When a conic breaks up into two right lines, the
polar of any point whatever passes through the intersection of
the right lines.

(148) A point moves so that the sum of the squares of its
distances from n given straight lines 1s constant. Shew that it
will describe a conic scction.

(149) If all but one of the straight lines in the last excrcise
be parallel, this one will be a diameter of the conic, and the con-
jugate diameter will be parallel to the other straight lines.

(150) If the straight lines in Exercise 148 consist of two
groups of parallel straight lines they will be parallel to a pair of
conjugate diameters in the conic.

(151) If two conics have double contact, any tangent to the
one is cut harmonically at its point of contact, the points where
it meets the other, and where it meets the chord of contact.

(152) A point moves along a fixed line; find the locus of
the intersection of its polars with regard to two fixed conics.

(153) Given a self-conjugate triangle with regard to a
conic; if one chord of intersection with a fixed conic pass
through a fixed point, the other will envelope a conic.

(154) Shew that in order to form the equations of the lines
joining to («, B, «') all the points of intersection of two curves,
we have only to substitute la+ m«’, I8+ mB', ly + my" in both
equations, and climinate I : m from the resulting cquations.

(155) The polars of the two circular points at infinity with
respect to the conic f(a, B, 9) =0 arc represented in trilinear
coordinates by the equation

(& & Bl
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(156) The locus of a point which moves so as to be always
at a constant distance from its polar with respect to a conic is a
curve of the fourth order, having four asymptotes parallel two
and two to those of the conie, and cutting the conic in four
points lying on the polars of the circular points at infinity.

(157) A conic circumscribes the triangle ABC.  Any conic
is described having double contact with this, and such that the
biscetor of the angle € is the chord of contact. Prove that the
straight line in which this latter conic cuts CB and A4 meets
A B in a fixed point,

(158) Straight lincs arc drawn through a fixed point ; shew
that the locus of the middle points of the portions of them inter~
cepted between two fixed straight lines is a hyperbola whose
asymptotes are parallel to those fixed lines.

(159) If a conic pass through the three points of reference,
and if one of its chords of intersection with a conic given by the
general equation be Ax 4+ uB + vy =0, the other will be

u v w
X—a+ ;B'l’; o =0.

(160) A conic scction touches the sides of a triangle ABC
in the points a, b, ¢; and the straight lines Aa, Bb, Cc intersect
the conic in @, ¥, ¢'; shew that the lines da, Bb, Cc pass
respectively through the intersections of Bc' and C¥, Ca’ and
Ac, AV and Ba'; and the intersections of the lines ab and &'t/
be and b'¢’, ca and ¢'d’, lic respectively in AL, BC, CA.

(161) If two triangles circumscribe a conic their angular
points lie in another conic.

(162) If with a given point as centrc an ellipse can be
described so as to pass through the angular points of a triangle,
then with the same point as centrc another ellipse can be de-
scribed so as to touch the sides of the triangle.



CIIAPTER XVIII.

THE GENERAL EQUATION OF THE SECOND DEGREE CONTINUED.

253. Tug determinant

/ ’

w, w, v

/ N ’

w, v, u
/ ’

Lo, o, w

is called the Discriminant of the function
ua® + o8+ wy' + 20/ By + 2'yx + 2w'af,
and will be conveniently denoted by the letter Z1.
The minors of this determinant with respeet to the terms

u, v, w, o, v, w will be represented by the letters U, V, W,
U', V', W’ respectively, so that

U=vw—u"?, V=wu—"? W=ww—w?,

Uzvw —wd, T7"=wv -, T=uv -—ww'.

254. If the function
ua® + 0B + wy* + 2u'By + 20 ya + 2w'aB
be denoted by f(a, B, 7), it will be convenient and suggestive to
use I (a, B, ) to denote the function
U+ VB + Wyt +2U By + 2V ya + 2 W agB.

Thus by Art. 222 we have

i d
Allf (e, B, 7):1?(%?, :zf;’ Zé)
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255. The determinant
w, w, v, f
w, v, u,g
o, v, w k
fog ko O
(where f, g, & are the coeflicients of a, 8, v in the identical rela-

tion fu + gB + hy =1, connecting the coordinates of any point) is
called the bordered Discriminant of the function

wa® + vB* + wy’ + 20/ By + 2v'ya + 2w'aB,

and will be denoted by the letter K.

In triangular coordinates f, g, & arc each unity, and we
have

K=|w o, v, 1

wy v, W, 1

v, W, w, 1

1, 1, 1, 0

or ~K=¥F(Q,1,1)

In trélinear coordinates f, g, % become

a b e
247 2A° 2A°
and we get

1 | u v, v, a

K= -,
44 w, v, u; b
v, ¥, w, ¢!
a, b e, Oi‘
1
or ~K=_—5F(a b ¢

4A*
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256, The minors of the bordered discriminant with respect
to the terms f; g, 2 will be denoted by 4, B, C, so that we
have in trilinear coordinates

w, v, v v, u, w u, w, v

/ 7 r ’ ’ ’

v, v, w u, W'y v w, v, u

4=1% b, ¢ B= a b ¢ o=l b, ¢
- 2A ! - 2A i - 2A !

and in triangular coordinates,

- / ’ _ ’ ] Y _ ’ /
A=|w,v, |, B=|V,d, w|, C=|u, w,v
v, u, w u, w, v w, v, ¥
1, 1, 1 1, 1, 1 1, 1, 1

257. It should be observed that in trilinear coordinates A
has — 2 linear dimensions and 4, B, ¢ have each —1, while I
18 of zero dimensions.

But in triangular coordinates all these functions are of zero
dimensions, giving a great advantage to the triangular system.

It will be seen that the expressions in triangular coordinates
throughout this chapter will be mostly derivable from the ex-
pressions in trilinear coordinates by writing 1 for 24 or 4 for A.
So, conversely, the expressions in trilincar coordinates may often
be derived from the corresponding expressions in triangular coor-
dinates by multiplying each term by such a power of 2A as will
produce homogeneity.

258. The student can easily verify the following results,
which it is convenient to collect here for future reference, .

I. For the conic whose equation is

lo® + mB* +ny* =0,

we have
H = lmn,
K == (mn+ nl + lm), [treangular
) ) 2 ’
and K=-22" +f An'l + . [trilinear

W. 17
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II. For the conic whose equation is
By + mya +n.B =0,

we have
~ II= i-'lmn,
K =1 (&' + n® + n® = 2mn — 20l — 20m), [triangular
1
an ., a l”+ Bm? + ¢’n* — 2bemn — 2canl — Zablm,
K= — .-
16A
. [trilineur
II. For the conic whose cquation is
Via+NmB +Vny =0,
we have
H = — Alwm*n’
K=—4lnn (I +m + n), (triangular
and l :
K= L".’.' (lbc + mea + nad). [trilinear
IV. For the conic whose equation is
o + 2kBy =0,
we have
H=-p,
K=+ 2k, [triangular
and i + 25 -
{K= q—f—;—c-’c . [trilinear

259, To express the equation of the straight line at infinity
in termd of the derived functions

g dr i
da’ dB’ dy
when
f(a,B,ey = uy +v/9’+w'7’+2u,37+2v7a+2wa,8
a . A,
Let l d3+n =

be the equation requlred
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The first member may be written
(lu 4+ mw' + nv') 22+ ({0’ + mov + nu') 28 + (W' + mu’ + nw) 2,
which must be identical with.
2% (aa + 0B + ¢y),

if the coordinates be trilinear, where & is some coustant.

We lave, therefore,

lu + mw' +nv' =ak,

(' + mv + nu' = bk,

W 4 mu' + nw = ck,

1 I _m_n_ 248k
whence A B0 1’
and thereforc the equation to the straight line at 'inﬁ'nity
becomes 1’/‘ . .
¢ ¢ y f
- =0,
hs B 3 +0

which holds equally whether the coordinates be trilinear ‘or tri-
angular.

260. Cor. 1. The identical relation connccting the trili-
near coordinates of any finite point becomes

A‘”+Bg/’; od” s+ 18+ )

=20,

So also in triangular coordinates,

AY +B’i§+ o -,

281. Cor. 2. The result of the last Cor. may be written
(by Art. 221, equation i), :

o’/'

+Bdb,+ =21,

17—2
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which being a relation among the coordinates of any point
whatever must be identical with
an+ b8+ oy =24, [trilinear
or a+B+y=L [triangular
Hence in trilinear coordinates,

daf ol df _bH  df _cH
dd A’ dB A’ dC A’
and in triangular coordinates,

df df df

dA=ap=ao= 21

262. Given

la+mB+ny= Ld/ +M%+N af

to express L, M, N explicitly in terms of I, m, n.
Substituting their values for

# a df
Y 4B dy’

and equating coefficients of a, B, v, we obtain

l=2uL +w/M+v'N)
m=2 WL+ oM +uN)peeerreeeeeinninns (1),
n=20L+vM+ wN)

and solving for L, M, N, we obtain

L— 7 (UL +Wm+V'n) |

M=—H (W4 Vm 4+ Un) ¥ ovivvrnninninnnnn(2),

N-—~ (V'i+Um+ Wn) |

the required results.
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263. By reference to Art. 242 it will be seen that the
coordinates of the centre of the conic whose equation is

f(a,B,9) =0, are
A B C

K K 7K
whether the coordinates be trilinear or triangular,

Hence in trilinear coordinates, (Art. 261)
1df _1df _1df H

a da b d/;_) = c d'y KA’
and in triangular coordinates

af _df _df _ 2l

da gB dy~ K

264. By Art. 245 the condition that the equation f(a, 8, ) =0
should represent two straight lines is

IT=0.

265. By Art. 247, Cor. 2, the asymptotes of the conic
represented by the gencral cquation of the second degree

f(a, B, ) =0 are given by
H
f(a’ B) '7) +K=0‘

266. By Art. 247, Cor. 3, the condition that the equation
S (a, B, ) =0 should represent a parabola is

K=0.

By Art. 248 the equation will represent an ellipse or a
Liyperbola according as K is positive or negative,

267. We found in Art. 247, Cor. 4, the condition that the
equation f (a, 8, y) = 0 should represent a rectangular hyperbola,

‘We shall write this condition
E=0,
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go that E represents the function
w+v+w—20 cosd —2v cos B—2w cos C
if the coordinates are trilinear, or

a(utu =7 =) 41 (v + 0" —w =w) (ot = —r)
— S 2A

if they are triangular,

268. TIf (2, B, ) be the centre of t7ze conic whose equation 13
S(a,B,9)=0, then wcll
7

f(“: B, ) =K

L

For by Art. 261, we have identically

if ar daf

A Yy e om
dz * B * dy

And by Art. 263,

A=—Ka B=-KkB, (==K

Hence
i ~df -d
—1(’ oy L) =2t
' da 'Bdﬁ 74 ’
and therefore (Art. 221, equation 3)
I n
Sl Byv)=—f

Cor. It follows that
f, B 0)=-HK

269. To find the equation to the diameter through a given
point.
Let («, B ,ry ) be the given point; then since the diameter

joins this point to the centre of the conic its equation must
.De (Art. 21)

la, B, v
l a,’ :B') 7'
4, B C
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Cor. 1. The equation in terms of - f, g/’;, Zf, will De

(Art. 262)

UW, VLWV, TV
A,B,o"“ Azzatﬁ ABC"’
a” :8'7 '7' a,,, BI’ Y a; :8'7 'y

Cor. 2. The general equation to a diameter may be
written
] a B, v ‘ =0,

14, B, C
D VTR I
or
U WL Ve W VU AT, U WA
|4, B, ¢ |d= L, ¢ B IA B, C|dv
I VR \)\.,,u,v! I VN

270.  The polar of any point on a diameter is parallal to
the tangent at the extremity of the diameter.

Tor let N, p, v be proportional to the coordinates of a point
on a diameter, then its polar is given by

Uy
da+ (17,8+ — =0, i, (1)

and the equation to the diameter can be written

ila’ B’ '7‘=0
N v

‘4, DB, C]

A

Now let (@, B, 4/) be the coordinates of the extremity of the
diameter, then we have .

tay, B, & |=0.

A oM

‘4, B, C
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which expresses that the straight line (1) is parallel to the
straight line

LT

which is the tangent at (o, 8, o).

Thus the proposition is established.

271. 7o find the condition that the diameter

o B, 7 | =0iiiiiniiiniiiiinin. (1)
4, B, C
A oMy, v

should be conjugate to the diameter

a, B, ¥
A, B, C
N, Wy v

= ererererereeen e, ).

The first cquation (1) may be written

UW, VWLV UL VU W
4, B, C |da 4, B, C |dB | 4, B, C
N By W A, opyo v, Ao o, v
R ),
and the second bisects chords parallel to the straight line
af ., i df
Nt H gty —_0 ................... ().

If the diameters be conjugate these equations (3) and (4)
must represent parallel straight lines; hence we must have

uv,w,v w, v, U vV, U, w||=o.
4, B, C 4, B C, |, | 4, B, ¢
Aop,ow T N, By v

A’ B} C

’

\ , #r, v
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Or, if I, m, n denote the determinants

‘B,C’ C 4 A, B
By ¥ v A A oy

’

and I, »’, #' the determinants

B, C C 4 l 4, B
‘ PI’ ]/I V’, x/ ’ xl’ ,"t ‘)

’

the condition takes the form
Ull + Vmm' + Wan'
+ U (mn' +m'n) + V' (nl + 2'l) + W (I’ + I'm) = 0.

Cor. 1. From the symmetry of this result we infer that if
once diameter be conjugate to a second, the sccond is also conju-
gate to the first.

Cor. 2. The equations

lo + mB + ny =0,
la+m'B+n'y=0,
will represent a pair of conjugate diameters of the conic
S B, %) =0,
Al + Bm + Cn =0,
Al'+ Bm' + On' =0,
Ul + Vi’ + Wan'
+ U (mn' +m'n) + V' (ol + 0'l) + W' (I’ + I'm) = 0.

provided

272. To find the equation to the diameter parallel to the
tangent at a given point.

Let (o, 8, %) be the given point, (a, B, ) the centre, and
(a, B, ) any point on the diameter whose equation is required.
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The tangent at («, B, ') is given by

Jf
d'+’3d/3 _0,

and the two points (%, B, ), (_

4 B, v) are equidistant from this
tangent, therefore

dr df _ df  —df - df‘
,+B(IB - l/+ﬁ[ﬁr+
= 21, (Arts. 261 and 263),

which .can be rendered homogencous as in Art. 10.

273.  To estublish equations determining the foct of the conic
S(% B, ) =0
[Der. The foci are a pair of points, equidistant on opposite

sides of the centre, such that the rectangle contained by the per-
pendiculars from them on any tangeut is constant.]

Let (a,, B, v,), and (a,, B,, v,) be the foci, and let (<, B, %)
be any point on the conic.

The tangent at this point i3

df (7/
+,8(7[§ —0,

and the rectangle contained by the perpendiculars upon it from

(an Bn 'Y,): (aap Bg, 'Yz) iS, (Al't. 46)

(»d'”?l/f; dy><°’;+'3*df df)

B
(o ot

But by definition this is equal-to a constant area (%°, sup-
pose), hence we obtam
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=0 (L) 00 (i ()

13
i df
2 a g
(Bt By, + 2 cos A) 25,
+ (v,2, + v,2, + 2% cos D) if ;,]f:

d
+ (2,8, + 2,8, + 2/ cos C) f: ]/,; 0.
Now this is a rclation hetween the coordinates of any point
whatever on the conic, and must therefore (accents suppressed)

be the cquation to the conic, and identical with the given equa-
tion which may be written (Art. 222)

() v () e ()
Aar df V' rlf' J/' DY ekl qaf df

+2U a8 & +2 dnd3=

=0.

Hence we have

a‘%jﬁ‘f - BB, — K _v—= K

o v T
_ Bt By + 2 cos A yatym428eos B
20" 217
o,B,+ 0,8, + 2k cos (1
= T (1),

five equations, which with the two relations

ag, + 0B, + cy, = 2A}
ao, + 0B, + cy, =24

determine the seven quantities o, B,, v,, %, B,, v, and k.

Each of the equal fractions in (1) is equal to

(a2, + BB, +('y) (a2, + 0B, +cv,)
Uié+ Vi + Wé+ 2U'[)0+2V'm+2Wab

4A?

= W =— I—{ (Al't. 255.)
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Hence the system of equations (1) may be written
Ki# = U+ Kaa,= V+ KB,B,= W+ Ky,y,
_2U+K By, +Bay,) _ 2V + K (7,5, +v)
—2cos 4 —2cos B

_2W'+ K(0,8,+9,8) o
—92¢os PPN ) B

But instead of using all these equations which are somewhat
complicated we may combine some of them with the simpler
relations

2R _ 20
o, +a,=— K,,3+/3——~ NtnN=—f

expressing the fact that the centre Disects the linc joining
the foci.  (Art. 18. Cor.)
Thus we have
— Ko, =240, + Ko, — KB SB,=2BB,+ KB},
— Ky, y,=2Cy,+ Ky}

so that the cquations (3) give
Ka'+24a,— U=KB*+2BB, — V= Ky +2Cy, - W

which with the identical relation connecting the coordinates
of any point will be sufficicnt to determine the coordinates

(ap Bp 71)’

There will generally be two imaginary solutions as well as
the two real ones, indicating two imaginary points having the
property enunciated of the two real oncs.

Cor. If the conic be a parabola, K'=0 and the equations
reduce to

2da, —U=2DBB,— V=20Cy,—W.

Ops. The equations in the form in which we have written
them hold equally whether the coordinates be trilinear or
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triangular. If we write K, 4, B, C, at length, as functions of
U, V, W, &e. the equations will take the form

o (Ua’+ Vo' + Wt +2U'be + 2V 'ca + 2 Wabd)
—~4Aa (OW' +cV' +alU) +4A°U
= B (Ud*+ V5 + W+ 2U'bc + 2V 'ca + 2 W'ab)
—4AB (cU +aW'+ bV ) +4A°V
=o' (Ua+ VO + W+ 2U'bc+ 2V 'ca+2 W'ab)
—4Ay (aV'+0U + c W)+ 4A°W

for trilinear coordinates, and for triangular coordinates the form

& (U+V+Wr2U +2V' +2W)=2(V+W +U)a+ U

a’l
ﬁ’(U+V+W+2U’+2V’+2W) -2(W+U+V)B+V
- ety
V(U+V+ WU +2V'+2W)=2(U'+V'+ W)y+ W
= c‘,‘ - : .

274. DEFINITIONS. A point on a conic at which the tangent
is at right angles to the diameter is called a vertex, and the
diameter through a vertex is called an aais.

275. To find equations to determine the vertices of the conic
whose equation 18

f ((l, B, 'Y) =0.
Let (o, B, %) be the vertex ; then the tangent

is at right angles to the diameter
’ @, B, ¢|=0
«, B,
4, B, C
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Hence if the coordinates be trilinear (Art. 49, Cor. 1).

a 1d, B, A U/ PR - A
“4 m oo | o4 om0 |
1, —cos(C, —cosB —cos C, 1, —cosd
LY By 4 =0 (1),
dy A, B, C

| ~cosB, =—cosd, 1

or if they be triangular,

af | «, B, v

a——, .
di| 4, B, ¢
a, —bcos(, —ccosd

’

| @, B, o
a3 4, B C
—acosC, b, —ccosd

if| o, B, & |=0n(l).
a4, B C
‘~acosB, —bcosd, ¢

This equation, together with the relation
S, B,9)=0,

will be sufficient to determine the ratios of the coordinates.
And since each equation is of the sccond order there will be four

solutions indicating four vertices,

276.  To find the equation to the axes of the conic.
. ¢

The equation (1) of the last article is a relation among the
coordinates a’, 8, 4 of any vertex of the conic.
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Therefore if we suppress the accents it will reptesent a
locus of the sccond order passing through the four vertices.
But it is satisfied also at the point

that is, at the centre. Hence it will represent a locus of the
sceond order passing through the four vertices and the centre.
But through these five points there can be ouly one locus of the
second order (Art. 147), and the two axes constitute such a locus.
Hence the equation will represent the axes.

277. The equation to the axes may be directly obtained
in another form which is somctimes useful, by the following
method, which depends upon the property that a conic is sym-
metrical with respect to an axis, and theretore the two tangents
from any point on an axis are cqual in length.

Suppose the coordinates trilinear,

Let A, g, v, N, 1y V' be the dircction sines of the two tan-
gents drawn from a point («; &', 4') to the conie.

The length of the first tangent is given by the equation
S@+xp, B +pp, v +vp)=0,
and the roots of this equation must be equal, therefore

<>"ﬂ'+ (;Z df>—4f )7)f )/‘3")
Similarly,
(ERWE A Oy )

But if («/, 8, 4') be any point on either axis of the conic the
two tangents are equal, and therefore

FO iy 1) = LNy s ¥ )ertreenrnenninnnenna(L)

consequently

((‘ff,+udﬁf,+ d) ( df,+ %w df)
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Also by the identical relations which exist among the direc-
tion sines of any straight line (Art. 70),
(ah 4 bp + cv)* = (aN 4 b/ + o) eeniiinnniins (3),
w4 2uv cos A = '+ v + 26’V cos A..........(4),
P4+ M+ 2N cos B=1v?+ N+ 2"\ cos B..........(5),
N+ + 20 cos C=N"+ " + 2\ cos C.........(6).

Eliminating the six quantities
M=\ W= = =Wy, A=\ A=A

from these six equations, and suppressing the accents on the
coordinates, we obtain

afy A df df df df df | =0,
(ﬁ () (5) % &% G
v, e, be, ca, ab
u, v, w, u v, w'
0, 1, 1, cosd, 0, 0
1, 0, 1, 0, cos D, 0
1, 1, 0, 0, 0, cos C

a rclation of the second order between the coordinates of any
point on either axis, and therefore the equation to the axes, the
coordinates being trilinear.

278. Der. Two conics are said to be similar and similarly
situated when the lengths of any two parallel diameters are to
one another in a constant ratio.

279.  The conics represented by the equations

f(a7 8, 'Y)=0)
S(@ By ) + (la+ mB + ny) (aa + 58 +cy) =0,

are similar and similarly situated,
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Let (o, B, %), (a", B",4") be the two centres, then (Art. 243)
the squares on the semi-diameters in direction A, u, v are

_ S, B, 9) and _f@", B, 4")+ 2A (la" + mB"+ ny")
fo\‘: M, ”) SN @, v) ’

since al + by +cv=0.

Hence these semi-diameters arc to one another in the ratio

{ _S@B,Y) }5
S @B "y + 28 (W + mB” + ny™)

which is independent of A, u, v, and therefore constant for all
dircctions.

Hence if o =0 be the straight line at infinity, the equations

.f(aa B, v) =0,
and fo B, ) + 0o (la+mB+ny) =0,

represent similar and similarly situated conies.

Cor. Two similar and similarly situated conics meet the
line at infinity in the same points. Hence their asymptotes are
parallel.

280. Der. Two concentric conies are said to be conjugate
when the polars with respect to them of any point are parallel,
and equidistant from the common centre,

281, If f(a, B, v) =0 and f'(a, B, v) =0 be the equations
to a pair of conjugate conics, and if I, H' be their discriminants
and K, K' their bordered discriminants, then will

gf(a, B, v+ %f’(a, Byw)=-

For lect (a_z, /§-, ,'y‘) be the common centre, and («', B, v) any
other point.
W. 18
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The polars of this point are

df+ B(}[[J; df_o,

«lf af’ _
and +B W— 0.

Now if these be parallel and equidistant from the centre
they will cut off equal and opposite intercepts from any straight
line drawn from the centre.  Such a straight line is repre-
sented by

a—a_B-B_o=v_
AT w =P
and the intercepts are given by
1
(2 +2p) /, + (B+ up) dB,+(v+ P)-:;i,-—o

af’ ar f

and a+7&p) it B+ pp) ag T+
But by Art. 260 we have

df = df df o -df =df —df m
““"*ﬁdﬁ Tay~ K "+'8d,8' Y- K’

in virtue of which, the condition that the intercepts should be
equal and opposite in sign becomes

1{(7‘ (LA ;Z,+ "7f> g:(xd£,+plﬂ+vdf> 0,

which must be true for all values of A, u, v subject to the
relation
ax+bp+ev=0, [¢rilinear

or Atu+rv=0, [triangular

But this relation will be satisfied if A, w, v be proportional to

o —a, B,—Ey 'Y'_;'
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Ilence we obtain

-2 Fre-mlra-m I}
— df’ N/
ﬂ,{(a VLo @-B L -0 L =0,

]’ ’ ’ (A U !
or (Art. 260) (B, ) + ,,f’a By y)=-2.

But (o', B, ¢) is any point whatever; hence, suppressing the
accents,

;\['f(a, B, '7)+§\1::f' (0, B, v)=-2.

282, Cor. 1. If f(z, B, v)=0 bc the cquation to any
conic, its conjugate is represented by the equation

27l .
S Byy) + —)K (a4 B+ v)?=0. [tréangular

Cor. 2. The squares on the semi-diameters of the two
curves in direction (N, g, ») ure
oIl
f(a B f(a’ /3) ')’) + 1'
217 and —
f(% My V) 3 Ay p, V)

which are cqual and of opposite sign, since
f(a7 B, '7) =_7;"
Hence the diameters are in the ratio ¥/—1: 1.

Therefore a conic and its conjugate are similar, similarly
situated, and concentric conics whose lincar dimensions are as
V-1

It follows that the conjugate of an ellipse is wholly imagi-
nary. In the hyperbola, any central radius which meets the
curve in real points meets the conjugate in imaginary points and
vice versa.

18--2
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283. To find the maximum or minimum value of (N, p, v)
where \, w, v are subject to the relations (Art. 71),
Macos A+ p’beos B+v'ccos C=asin Bsin C.........(1),
and Aa+ub+ve=0...... Ceereereaines (2),

the coordinates being trilinear.

Let ¢ be any maximum or minimum value of f(A, u, v).
Equating to zero thc differential of the given function, we have

Don 4 4 ! du+ af L T @),

and from (1) and (2)
AON.acos.A+pubu.bcos B+vdy.ccos C=0 ...... 4),
abh+ b8+ cdv =0 ...... (5).

Multiplying (4) and (5) by undetermined constants 2%, 24
and adding to (3), and cquating the coefficients of the differen-
tials to zero, we obtain

df

wnt 2khacos A+ 2ka=0 ...coveunennnn..n. (6),
(Z ’

d,f-’- 2kpbcos B4+ 20 =0 ..covvvvnnrnnnnn. (n,
df ' .

i 4+ 2kvccos C+ 2k'c=0 covvriinninnnnns .(8).

Multiplying these by A, u, » respectively and adding, we get
in virtue of (1) and (2), and by Art. 221,

¢ + kasin Bgin C= 0, or k-—--—"z]%? ............ (9).

But the cquations (6), (7), (8) may be written
(u+kacos )N+ wp+vv+KEKa=0,
wh+ (v +Xb cos B) p+w'v + &b =0,
YM+u'p+ (wtkecos B) v+ ke =0,
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which equations, together with the relation
oA+ b+ cv=0,

give upon the elimination of A : p : » : &,

u + ka cos a, w', v, a|=0,
w', v+ kb cos B o b
v, w, w+keecos €, ¢
a, b, ¢, 0

a quadratic to determine %,
This quadratic may be written
AN KN — Labek — AA =0,
which by the substitution of (9) gives us
CA'N
¢Q—E¢= !)A ]\

a?["l"ﬂ I

a quadratic equation, one of whose roots will he the maximum
and the other the minimum value of £ (A, u, v).

284, To find the maximum or minimum value of f(\, w, v)
where N, p, v are subject to the relations

Mbecos A + p’ca cos B+ v'abcos C=1.......... (),
and At+p+r=0.iiiiiiiiiinnnnn, (2),
the coordinates being triangular,
Let ¢ be a maximum or minimum value of £(A, u, ).

Equating to zero the differential of the given function, we
have

and from (1) and (2),
AON . be cos A + udu . ca cos B+ vdv . abcos C=0 e (4),
oA + S + ov =0 ....(5).
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Multiplying (4) and (5) by undetermined constants 2%, 2%,
and adding to (3), and equating the cocfficients of the differentials
to zcro, we obtain

g){ +2kAbecos A+ 21 =0 .......oiiiinn (6),
af ,

5 o =0 e 7),
a,#+27,ucacosB+27 0 )
:Z +2kvabcos C+ 21 =0..cocvviniiiiiinnnnn (8).

Multiplying these by A, g, » respectively and adding, we
get in virtuc of (1) and (2),

G+E=0.ciiiiiiiiiinnn, (9).
So that the cquations (6), (7), (8) may be written
(w—Ppbecos A) A+ wp+ v+ E =0,
wA+ (v—¢ecacos B)p+uv+k =0,
YA+ up+ (w—pabeos C)v+ 1 =0,
which equations, together with the relation
AMu+v=0,

give upon the elimination of A : w1 v : %,

u— pbe cos 4, w', v, 1|=0,
w', v — ¢ca cos B, o, 1
v, u' w—¢ab cos O, 1
1’ 1, 1, O

a quadratic to determine ¢.
This quadratic may be written
4A’¢*— 2AEp = K,

one of the roots of which will be the maximum, and the other
the minimum valuc of £(\, g, v).



SECOND DEGREE CONTINUED. 279

285. To find the lengths of the axes of the conic whose equa-
tion is

F(% B, 9) = us’+ v8 + wy + 2u/ By + 2v'ya + 2w'aB = 0.

Tet (a, B, ) be the coordinates of the centre. Then the
length of the semi-diameter in the direction (A, u, v) is given by

2 _ aB?'Y)
f(7\ My ”)

and this must be a maximum or minimum,

ITence f(\, g, v) must be a minimum or maximum, and
must thercfore have onc of the values of ¢ given Ly the qua-
dratic of Art. 283 for trilincar coordinates, and Art. 284 for tri-
angular coordinates.

Thereforc pr=- _f@B.m
é
H
v/
or ¢= Ko
Now suppose the coordinates are
trilinear, or triangular,
so that
16A¢ . Ep_K
¢ E¢ = '7(2 1 ¢ 9 A =4 Az .

Then, substituting the value of ¢ given above,

9
Ko+ 508 pinge =20, } K%'+ 2ABHEp' = AN'IT",
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a quadratic equation, giving two values for o', expressing the
squares on the two semi-axes.

Hence, if & and B denote these two semi-axes, we have

abe H ¢ H
=G ¢ AP =24 ",
a AB =1 (- W) ‘ (- K)t
an ¢
. b’ Il N r
A+ W=—foi g WA= 28

286. Cor. Considering the quadratic in p?, we observe that
the two values of p* will be of opposite sign, and therefore one
value of + p real and the other smaginary if K> 0,—the condi~
tion that the conic should be a Ayperbola.

The two valucs of p* will be of the same sign, and there«
forc both values of + p real or both 7maginary if K <0,—the con-
dition that the conic should be an ellipse.

And further, the ellipse will be real when £ and IT arc of
opposite sign, and imaginary when they arc of the same sign.

Again, both the values of p?, and therefore both values of
+ p will be infinite if A = 0,—thec condition that the conic should
be a parabola.

Similarly, if Z/=0, the values of p* are equal and of oppo-
site sign, and the conic is a rectangular hyperbola, as we saw in
Art. 247, Cor. 4.

So, if II=0, the two values of p* arc zero, and the conic
degencrates into two straight lines, as we proved in Art. 245,
287. To find the length of the latus rectum in a parabola

represented by the equation

ua® + 18+ wy' + 24'By + 2v'ya + 2w'aB = 0.
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In the general case, we have by the preceding articles,

O 1/ . EN
a+%—_16A4 1(?3 a'{'%——?A I"J’
and
atliet It Qi I
Q% —(‘—2&5; K Qs = (2A~‘—~.

Therefore by division,

(gz)ﬁ ({;ﬁ)«: (ﬁ):ﬁ (§>%+ (%B"J%:‘(mﬁm'

In the case of the parabola (when A =0), onc of the frac-
tions

A A A A A AR R A A A A A

Q 18
932‘ and 'gg y
is the reciprocal of the semi-latus rectum, and the other is zero,
Hence if & be the semi-latus rectum of the parabola, we obtain
1 =" (2011 % 2A 1T

R ="

288. 7o jfind the area of an ellipse whose equation s given.

Let
uo® 4 8 4+ wy’ + 2w/ By + 20’ ya + 2w'aB =0

represent an ellipse whose semi-axes are £ and 18.

Then the arca = 713
aabell

= m& R [trilinear
or 2w A (triangul
=——. rian
W wangular

289. To find the equation to the greatest ellipse which can
be tnscribed in the triangle of reference.

Using triangular coordinates, let the equation to the ellipse
be
Via +¥mB +Vny =0,
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The area _ 2mAH
Y
1'2
therefore (area)® o %s .
But H = — 4w,
K =—4lmn (I+m+n).
linn
m " . 2
Thercfore (arca)® o TFmtny

lnn . . . . .
But -5+————— will have cither a maximum or minimum
(+m+n)
value (by symmetry) when I=m =n, and minima values occur

when
=0 or m=0 or n=0,

leading to the inference that 7 = = produces a maximum.

ITence the equation of the maximum ellipse will be
Na+VB +Vy=0,
or o+ B+ o' — 2By — 2ya—2a8 = 0.
Oss. In trilinear coordinates the cquation will be
Vaa + VbB +Vey =0,
or @’a’ + VB3 + o — 2beBy — 2carya — 2abaB = 0.

Cor. Similar reasoning shews that the least cllipse circum-
scribing the triangle of reference is represented in triangular
coordinates by the cquation

By +va+aB=0,
and in trilinear coordinates by the equation
o o
Pry L B .
a c

290. If II, II' be the discriminants, K, K the bordered
discriminants of the equations to two conics, and E=0, £ =0
the conditions that the equations should represent rectangular
hyperbolas: then

.
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¢)) | If the conics be similar, K, K' will be in the duplicate
ratio of It, E', and

(II) If the conics be also similarly situated, we shall have
K=K'and E=FE', and the linear dimensions of the two conics
will be in the subduplicate ratio of 11 : II'.

Suppose the conics are similar, and that the lincar dimen-
sions of the first are to those of the sccond as 1 : .

Then since the sum of the squares on the axes must be in
the duplicate ratio of the lincar dimensions, therefore (Art. 285)

e e .,
7{._, H ’1‘.,,2 S5 B O (1).

But the rectangle contained by the axes must also be in the

duplicate ratio of the lincar dimensions, and thercfore (Art. 285)
m mw
— o o=liata 2).
KR ®

Comparing (1) and (2), we obtain

E_I
Kt KV
or K:K=E:LE". ... (3).

Next, suppose that the conics are not only similar but also
similarly situated, then the squares on parallel diameters must
be in the duplicate ratio of the lincar dimensions ; thercfore we
have, (in virtue of Arts. 279, and 268),

Vi ;
Vel N v (4).

Hence comparing (2) and (4), we have



9284 THE GENERAL EQUATION OF THE SECOND DEGREE.

and from (2),
I:H=1:2,

or Y : I =12 neiieiivinecennen (7).

Thus the propositions are proved.

291. Cor. If IT and ' be of opposite signs the ratio of
the lincar dimensions is an imaginary quantity, and therefore in
whatever dircction diameters can be drawn, terminated in real
points in onc of the conics, parallel diameters in the other conie
will meet the conic in imaginary points, and vice versa. An
instance is afforded in a pair of conjugate hyperbolas.

292. We will conclude this chapter by observing that the
equation to any two straight lines satisfies the condition of
representing a conic section.

If the two straight lines are imaginary but intersect in a real
point, the equation may be regarded as representing an indefi-
nitely small ellipse, and the two imaginary straight lines will he
the ultimate form of the imaginary branches of the ellipse
which have now coincided with the asymptotes.

If the straight lines be real they may be regarded as the
limiting case of the hyperbola, when the imaginary part con-
necting the two real branches has become evanescent.

We may state the result as follows :

If the real part of a conic degenerates into a point, the ima-
ginary part will become two straight lines coincident with the
asymptotes, and of the tmaginary part becomes evanescent, the
real part will become two straight lines coincident with the
asymptotes.

These cases of conic sections will be evidently obtained by
cutting a cone by a plane passing through the vertex, the first
case occurring when the plane passes between the two sheets of
the cone, the seccond when it intersects the sheets.
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ExERrcisEs oN CuarTer XVIII,

(163) With the notation of Art. 254, shew that

df d
f<;1£" d'£7 ;l'y =4F(a) ﬂ: 'Y)'

(164) If /(=, B, v) =0 be the equation to a conic in trili-
near coordinates, the polars with respect to it of tlie points of
reference will form a triangle whose area is

1 abell*
8 ABCA*"
Verify the result in the particular case of the conic repre-

sented by
&+ mfB + ny* = 0.

(165)  If (a,, By vy)s (a5 Bys Va)s (25 By y,) be any three
points, their polam with respect to the conie f(a, B, 4) = 0 form
a triangle whose area is

ahe[T? a, Bl, b
SAz a27 29 72
, e Bl
A, B, C A, B, C A, B, C
29 Bz’ 'Yz as’ Ba’ 'Ya al’ Bn le
a,, Bs’ Vs %) /8” Y1 ayy :32’ A

(166) IKach of a scries of parallel chords in a conic is
divided so that the rectangle under the segments is constant.
Shew that the points of scction lic upon a similar, similarly
situated and concentric conic.

(167) Each of a scries of parallel chords in a conic is
divided so that the algebraical sum of the reciprocals of the seg-
ments is constant. Shew that the points of section lic upon a
similar and similarly situated conic which cuts the original
conic at the cxtremities of the diameter bisecting the parallel
chords.

(168) A straight line is drawn from the focus of a conic
to meet the tangent at a constant angle; find the locus of the
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point of inferscction, and shew that, in the case of the parabola,
the locus will «fways touch it, but in the case of the other two
curves it will only touch them (in one or two points) under cer-
tain conditions.

(169) 1f A', B, €', K’ be the values of the functions
A, B, €, K (Arts. 255, 256) for the equation
S(2, By ) + 2 (ao + B + ¢y) (la+ mB + ny) =0,
shew that
A—=A"=1(+ 0w — 2beu') —m (abro — acw’ — bev' + ')
— n (acv — abu' + U™ — bew'),

with similar expressions for 3 — B and € — (', the coordinates
being trilincar.  Hence deduce A= A7,

(170)  With the notation of the last excrcise, shew that
(A-A)Y+m(B-DB)+n(C-C')=F,

, 1 b, ¢, y la, b
“]1(,1(5 I _:f(’ m, n l I | l, m ‘) .
Hence the result of the last excrcise may be written

1dF° ,__ldF , 1dF
sqr B-B=,5., 0=0=,-.

¢, a
n, [

A—A'=

(171)  If IT" be the discriminant of the cquation

S B, ) + 2 (la+mB + ny) (an + 1B + ey) =0,
then

I~ =1(A+ A +m (B+ 1) +n(C+ 0).

(172) If @ be the angle between the asymptotes of the
conic f(a, B, ) =0, then

. SAK . . . o
8in’d = — 2, Sin A sin D sin C, [trilinear
. 4K .
or 8in’d = Nk [triangular
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CIRCLES,

293.  To find the equation in trilinear coordinates to a circle
whose radius and centre are given.

Let » be the given radius and «, B, &' the coordinates of the
given centre.
And let o denote the expression

az+ U3+ cy

28
80 that o= 0 is the equation to the straight linc at infinity.

Let (2, B, %) be any point on the circle : then since 7 is the
distance between the points (a, B, ) and («, B, &) we have
(Art, 72),

(@a—a)’sin24+ (B— ) sin2B+ (y — ) sin2C
=2*sin A sin B sin C, '
an equation which may be written in the homogencous form
of sin24 4+ B*sin 2D +4*sin 20
— 20 («o 8in 24 + BB’ sin 2B + ' sin 2C)
+ 0 («*sin24 + 8%sin 2B+ o/*sin 2 C — 27°sin 4 sin Bsin () =0,

a relation among the coordinates of any point (a, B', o) on the
circle and thercfore the equation to the circle.
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Ons. In triangular coordinates, if ¢ denote a+ B+ the
equation to the circle at a distance » from the centre («, 8, %)
will become

o® cot A4 + B cot B +4* cot ¢
— 20 (aa’ cot 4 + BB cot B+ ' cot C)
rﬁ

+a“(a'”cotA+B’2cotB+ry'2cot C- 2&) =0,

294, If we render the equation in trilinear coordinates, of
the last article, homogencous with respect to the coordinates

(«, B, ") of the centre, it may be written
o (B% + o+ 2By cos A — r*sin’® A)
+ B (v*+ «*+ 2v'a’ cos B—+*sin’ D)
+4° (@4 B7 + 2d/3 cos € —»*sin’ ()
+ 2By {(«*~ ) sin Bsin € — (B +« cos C) (y'+ & cos B)}
+ 2ya{(B* =) sinUsin 4 — (v + B cos 4) (&' + B cos C)}
+2083{(y"*—7*) sin A sin B— (a' ++' cos B) (B + y'cos A)} =0.

295. Referring to the equations of Art. 293 it will he
observed that the radius + is only introduced in the coefficient of

o®. Hence it follows that,

If 0=0 be the equation to any circle, any concentric cirele
will have the equation O + lka® = 0, where k is some constant.

296. Again, referring to the same equation, the terms which
arc independent of o are free from o', B, ¢' and #, they will
therefore be the same for all circles. Hence

If O =0 be the equation to any circle, any other circle will be
represented by the equation O+ ue =0, where u=10 is the equa-
tion to some straight line.

This is equivalent to saying that any two circles have a com-
mon chord at infinity, or meet the line at infinity in the same
two points, a property which is exhibited more explicitly in
the next article.
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297.  Every circle passes through the two imaginary points
called the circular points at infinity. (Sce the definition
Art. 109.)

For any circle is represented (Art. 293) by the equation
o’ 5in 2.1 + B2 sin 213 + ¢*sin 2C
— 20 (ax sin 2.4+ BB sin 2B +yy' sin 2()
+0* (4 sin 24+ 8" sin 2B + o/ sin 20' — 27* sin A sin Bsin C) =0,
And substituting ¢ =0, we find the points of intersection
with the line at infinity to be determined by
of sin 24 + B sin 2B+ 4*sin20=0;
and we shewed in Art. 108 that this equation determined on the
straight line at infinity the same two points as any equation of
the system
B+ o + 2By cos A =0,
v+ o + 2ya cos B=0,
o + 3°+ 2a3 cos (=0,
the loci of which interscet in the two circular points; which
proves the proposition.

208.  Conversely, ecery conic which passes through the two
circular points is a elrcle.

For if not, take any three points P, @, R on the conic, and
describe a circle about the triangle PQL: then the conic and
the circle interseet in the points I @, £ as well as in the two
circular points, i.c. they interscet in five points, which is impos-
sible since two loci of the second order can only intersect in four
real or imaginary points (Art. 162). Hence no conic but a circle
can pass through the two circular points.

299. If 0=0, =0 be the equations to two circles, then
will KO+ K O =0 also represent a circle.

For by Art. 168 the last equation represents a locus passing
through all the points of interscetion of the first two, But,
by Art. 297, the loci of the first two equations intersect in the

w. 19
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circular points, therefore the locus of the third passes through
these two points, and therefore the locus is a circle (Art. 298).

300. Since the straight line at infinity meets a circle in the
two circular points, it cannot meet it in any other point. Hence
the other two points of intersection of any two circles arc not at
infinity. They may be real or imaginary, but must be finite,

Dir. The straight line joining the two finite points of in-

tersection of two circles is called the Radical axis of the two
circles.

301.  Any two real circles, whether they intersect in real or
tmaginary points, have a real radical axis.
For let O =0 be the cquation to onc of the circles. Then
the other may be represented by the equation
0 +uoe=0,
where =0 is the equation to a real straight line (Art. 296).

But (Art. 165) =0, ¢=0 are a pair of common chords of
the two circles, and we know that the two points of intersection
at infinity lic on the locus of & = 0, thercfore u =0 joins the two
finite points, or » = 0 is the radical axis.

Hence any two circles have a real radical axis.

Cor.  We sec at once (from symmetry or otherwise) that
the radical axis of two circles is at right angles to the straight
line joining the centres.

302. The three radical axes of three circles are concurrent.

For if the three circles be represented by the cquations

0+ us =0,
0+ va=0,
0+wo=0,

their radical axcs will have the equations
v—w=0, w—u=0, u—v=0,
and therefore all pass through the point given by

U=V=1w,
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303. If a system of circles have a common radical azxis,
the polars with respect to them of any fixed point are concurrent,

Let O=0 be the equation to any circle of the system, and
let w =0 be the cquation to the common radical axis.
Then, by giving different values to £, every circle in the sys-
tem will be represented by the equation
O+Iuc =0 .coveeeeriiiniriierennnen (1).
Now let (o, B, ) be the fixed point, and let O, «/, and ¢
denote what O, », and & become when o, B, 4 arc substituted
for a, 3, «.
Then the polar of the point («, 8, /) with respect to the
circle (1) will be represented by
a0 ,d0 d0 P
o B 4y Yk =0 .0 (2
aa’a’+Bdby +{y(lry'+,u(uo+u(ﬁ 0 (2),
and it will thercfore pass through the point given by
(Z_O., + ﬂ(l_(_).’ 4- 57(__)’ —_
S TP AR " ay T
and WG+ UT=0uirviniiiiniiniinciien, (4),
whatever be the value of %.

Ience the polars of the point («, B, ') with respeet to all
the conics are concurrent.

304. For convenience of reference we will now recapitulate
the results arrived at in the foregoing chapters respecting some
particular cases of circles (sce Chapters X1v. XV. XVL.).

L The circle with respect to which the triangle of reference s
self-conjugate is represented (Art. 179) by the cquation in trili-
near coordinates

o?sin24 + B’ sin 2B+ 4*sin 20 =0,
which 1s obviously a particular case of the equation of Art. 293.
The centre of this circle is given by

o cos A= B cos B=rycos C,
19—2
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and is the point of interscction of perpendiculars from the angu-
lar points of the triangle of reference on the opposite sides.
In triangular coordinates the same circle is represented by
the equation
o® cot 4 4 3 cot B+ &* cot C'=0,
and its centre is given by

acot. A= cot B=ry cot C.

1. The circle passing through the three points of reference
is given (Art. 195) by the equation in trilinear coordinates
apy +bya+ caB3 =0,
and its centre is given by the equations
« _ B __ v
cosd  cos B cos C°
The same circle s represented in triangular coordinates hy
the equation
a*By + Vya + faB =0,
and its centre is given by
a _ ,3 vy

sin2d sin2B sin20°

L The circle inscribed dn the triangle of reference is vepre-
sented (Art. 214) by the equation in trilinear coordinates

N/acos +N//3cos +‘\/fycoso 0,

and its centre is given by
o= B = fy

In triangular coordinates the same circle is represented by
the cqu(mon

C
N/acot «/Bcot—- ¢7cot§=0,

and the centre is given by
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IV. The circles escribed to the triangle of reference (i.e.
touching one side of the triangle and the other sides produced)
are represented (Art. 214) by the equations

J:?w9§+JFﬁm§+J7ﬁng=q
../aTsinA-+J— cos£+~/~sing=0

2 2 TV =D
‘\/as1n—+\/,35111—+'\/~—eysn ¢ =0,

and their centres are given respectively by

—a= B= Y
a==B= v,
a= PB=-v

The same circles are represented in triangular coordinates by
the equations

A b ¢
«/-—acoté +\/Bta11§+Myta11§=0,
/ ¢

« tm \/ B cot— «/ 7 tan —2-:0,
,\/atan~ /\/ﬂtful «/ fycotg_O

and their centres are given respectively by

_e_ B_ v
a b ¢’
@ __B_ v
a b c’
a_ B__v
a b ¢’
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305. It should be observed that
o’sin 24 + B2sin 2B + 4*sin 2C
+ 2 (By sin A + ya sin B + a8 sin O)
=2(asin A+ B sin B+ ysin C) (a cos 4 4+ B cos B+ cos O).
Hence the straight line represented in trilinear coordinates
by the equation
acos.d+ B cos B+ycos C=0,

is the radical axis of the circle circumscribing the triangle of
reference, and the circle with respect to which that triangle is
self-conjugate.

306. To find the equation to the circle which passes through
the muddle points of the sides of the triangle of reference.

Let the cquation be (Art. 293)
o’sin24 + S sin 2B+ ¢*sin2C
= (la +mB + ny) (a sin 4 + B sin B+ ¢y sin C).
Since the circle passes through the middle point of BC it
must be satisfied by

a=0, BsinB=«sin C,
hence we get
m n
smB s o’

or sin A =msin C+ nsin B.

cot B+ cot O =

Similarly, since the circle bisccts CA4 and 4B,
sin B=nsin 4 + [ sin C,
sin C={sin B+ msin 4,
these equations give
l=cos A, m=cosB, n=-cosC.
Ilence the required equation is
a'sin24 + 8 sin 2B + o* sin2C
= (a cos4 + B cos B+ry cos C)(a sind + B sin B+ y sin C)....(1),
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or, in virtue of the identity of Art. 805,
a’sin 24 + B*sin 2B+ 4*sin 20
=2(Bysin 4 + yasin B+ aB sinC)........ . (2),
or again, by comparison of (1) and (2),
2 (By sin A + ya sin I3 + a8 sin ()
= (acos A+ Bcos B+qcos C)(asin A+ Bsin B+qsin C)...(3).

All these three forms of the equation are uscful. The second
shews that the circle passes through the points of intersection of
the circumscribed circle, and the circle with respeet to which
the triangle of refercnce is sclf-conjugate: the first and third
shew that its radical axis with respect to cither of these circles
is the straight line

acosd+BcosB+qcos C=0.

307, To find where the circle which bisects the sides of the
triangle of reference meets those sides again.

The equation to the circle is
ofsin 24 +BFsin 2B+ y*sin2C
— 2By sin A — 2ya sin B —2a8 sin ¢ =0.
Putting a =0, we get
B sin2B+*sin2C — 2By sin 4 =0,

or
B sin B cos B+« sin C'cos €' — By (sin 3 cos C + sin C'cos B) =0,
or (Bsin B—rysin O) (B cos B—rycos B) =0,

ghewing that the circle meets [C in the two points deter-

mined by
a=0, BsinB=qgsinC,

and a=0, BcosB=rycos(,

that is (Arts. 14, 15), in the middle point of BC, and in the foot
of the perpendicular from 4. And similarly for the other sides,
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Hence the circle which bisects the sides of the triangle of reference
passes also through the feet of the perpendiculars from the oppo-
stte angles.

308. But this circle has other significant properties with
respecet to the triangle.

Thus, let 4, B, C" (fig. 37) be the middle points of the sides
of the triangle ABC, and let 44", BB, CC” be the perpendi-

culars from the opposite angles, and O their point of intersection.

Bisect 04, OB, 0C in q, b, ¢ respectively.

Tig. 37.

Then, since 4", B’, C" arc the feet of the perpendiculars
from the angular points on the sides of the triangle OBC, there-
fore by the last article the circle through A”, B”, ¢ will bisect
the sides of the triangle OBC, and therefore will pass through
b and c. Similarly it will pass through a. Hence the same
circle which passes through A4', B, (', 4", B’, (" passes also
through @, 4, c. In consequence of all these nine points lying on
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its circumference, this circle is called the nine-points’ circle
of the triangle ABC.

309. It is casily seen that the property last proved is only
a particular case of the following more gencral theorem.

Any straight line drawn from O, the point of infersection of
the perpendiculars of the triangle A BC to meet the circumference
of the circumseribed circle s bisected by the nine-points’ circle.

310. Any circle may be represented (Art. 296) by the
equation ’

aBy +byx + caB + (la+ mB + ny) (@a + bB + ey) =0...(1).
Hence if
uel® +vB° 4 w0y’ + 20/ By + 20'ya + 2w'aB=0...... (2),
be the cquation to a circle, this cquation must be identical
with

I: (aBry + by + caf) + (1;9 + Bb@ + ’%’"’) (as+ BB + ¢y) = 0...(3).

311. TFrom the result stated in the last article we may
readily deduce the conditions (already established by a different
method in Art. 244), that the general equation of the sccond
degree should represent a circle.

For, comparing the equations (2) and (3), and equating
cocflicients, we get

’ ve wl)
2u =ka+-b‘+~c~—,

20 = kb + 0 4 ",
Cc a

, bow
ow =ke+ "+,
a b
or

— kabe = vé® + wb® — 2u'be = wa* + uc® — 2v'ca = ub® + va’ — 2u'ad,

the same conditions as we found in the article referred to.



298 CIRCLES.

312. The equation in trilinear coordinates to the circle
inscribed in the triangle of reference may be written

a’cos 4 + B cos* B+fy cos* 0 — 2By cos’ gcos g—&c =0.

Hence (Art. 310) it must take the form

ks (aBy + byt + capl)

* ot d BBy 49) N =
+(acos y Tpeos'g+ costs (ax+ 0B +cy) =

where (by Art. 311),
. C

- abek = ¢* cos* B+b2cos 0+2I/ccos ljco 5

i . O\?
—(ccos 2+Z'»cos 2)

= 32,
s denoting as in trigonometry % (a+0+c¢); thercfore the equa-
tion to the circle becomes
aBy + bya + cafB

abe fa 4 B B c
== (dcos‘§+bcos 3 +ycos‘ 5) (aa+ BB +ov)

= (—1}70 {aa (8= a)+ 0B (s—=b)*+ cy (s — c)’} (aa+ 0B + cy).

By a similar method we may shew that the cquations to the
escribed circle opposite to 4 may be written

afBy + bya + ca8
=~£_].)_c__ « 4A B : CB Y .- ‘0
(S_a)g((-tcos 2—+-Z;sm —2—+-c sin 5) (aa + 08 + ¢y),
or afy + bya + caB

= o {1+ 18 (= "+ 07 (6=} (88 o),
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and by symmetry the other two escribed circles may be repre-
sented by the equations

aBy +bya + caf
= Jlb—w {aa (s—¢)*+ bBs* + ¢y (s — a)”} (ao+ 88 + ¢),
and  aBy+bya+tcaB

= o s 6=+ 18 -+ e} a4 18 + ).

313. Cor. The radical axes of the circumscribed circle
and the scveral inscribed (or escribed) circles are rcptesented in
trilinear coordinates by the equations

aa (s = a)f + 1B (s = 1)+ oy (s — ) =0,

as+ U (s= o + oy (s =)' =0,

ax(s—c)’+ 0B+ ey (s—a)=0,

an (s—0)*+ 08 (s—a)’ + cys’=0,

and thercfore in triangular coordinates by the equations

als—a)y’+B(s=0)"+y(s—e)f=0,
as + B (s—c)+qy(s—0)"=0,
a(s—c)+ B +y(s—a)=0,
a(s—0)+B(s—a)’+ys"=0.

314. The equation to the nine-points’ circle may be writ-
ten (Art. 306)

aBry + bya + caf3
=%(“°03A+Bcosl?+'ycos C) (aa + 1B +cv),

and the cquation to the inscribed circle is
afy + bya + caf3

=ach{aa (s —a)+ b,B(s—b)’+cry(s—c)'} (aa + 1B+ o),
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thercfore their radical axis is represented by

{cosA———(s_a) } +,8{cosB (ca b)} {cos o-2 <‘9azf’.)2}

b
or
(c— )(a—-b)+B (a—b)(b—c) b(b_c) (¢ —a) =0,
or S 4 Cif—(ﬁ T (n).

Similarly the radical axes of the mine-points’ circle with
each of the scveral eseribed circles will be scen to have the
cquations

an ])B cy —
e A (2)
b
O B Y e (3),

(;+c c—a  a+0

ao B oy _
b+c c+a a—=0b

315. Tt will be observed that the equation (1) of the last
article satisfics the condition (Art. 210) of tangency to the in-
scribed circle.

IIence the radical axis of the nine-points’ circle and the
inscribed circle 1s a tangent to the latter, and thereforc the
circles touch one another, and the radical axis is the tangent at
the point of contact.

So the equations (2), (3), (4) of the last article will be scen
to represent tangents to the escribed circles; hence the nine-
points’ circle touches these circles also.

That is, the nine-points’ circle of any triangle touches all the

Jour circles which touch the sides of the triangle, or the sides pro-
duced.
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316. It should be observed that the trilinear equation
(aa + b8+ ey)* =0
satisfies all the conditions of representing a circle.

Its radius is infinite, and the equations to give the centre
reduce to

B v

a -
0 0 0’

shewing that the centre is indeterminate.

It represents therefore the circle spoken of in Art. 38,
being the limiting form of a cirele drawn from any centre at a
distance which is indefinitely increased.

Every point at infinity lies upon the locus, which indeed is
geometrically identical with the straight line at infinity as ex-
plained in Art. 38, but analytically it must rather be regarded
as equivalent to two straight lines, both lying altogether at
infinity.

We shall have much more to say about this circle in the
chapters on tangential coordinates and polar reciprocals.

317. The equation
(aa + 0B+ oy) (la+ mB+ ny) =0.cveviniinnenn.n. (1),
also satisfies the conditions of representing a circle.
To explain this, consider any straight line
la+mB +ny=0...... e, (2),

and supposc a circle is described from any centre O so as to
touch this straight line.

If the distance of the centre from the straight line be in-
creased, the circumference in contact with the straight line
becomes less curved and tends to coincide with the straight line ;
and by incrcasing the radius indefinitely the circumference will
coincide as nearly as we please with the straight line. Hence
ultimately the part of the circle remaining in finite space coin-
cides with the straight line, while there is still another part, at
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an infinite distance, which since its curvature is indefinitely
small will ultimately coincide with the straight line at infinity.

Hence the cquation (1) which we know represents the
straight line (2) and the straight line at infinity, represents the
ultimate form of an infinite circle :—which accounts for its satis-
fying the circular criteria.

318. DBefore we leave the subject of circles, we ought to
obscerve as a particular case of Art. 292 that the equation to the
straight lines joining any real point to the circular points at
infinity satisfics all the conditions of representing a circle.

To take the very simplest case in ordinary Cartesian coordi-
nates, the equation @ +3*=0 may be said to represent two
imaginary straight lines through the origin, or to represent an
indefinitely small circle at the origin.

So in trilinear coordinates the equation
B+ +2Bycos A =0,
represents the two imaginary straight lines joining the point of

reference A to the circular points at infinity, but it is also the
equation to the indefinitely small circle round 4.

Perhaps this circumstance is best represented by the follow-
ing statement :

When the radius of @ civele vs wndefinitely decreased the real
part of the circle degenerates into a point, and the imaginary
branches into two stralght lines joining that point to the two cir-
cular points at infinity.

319. 10 find the equation to an indefinitely small circle at
the point (¢, B', o).

The equations to the straight lines joining this point to the
circular points are by Arts. 21 and 110,

=1, csCtJ—=1sinC, cos BFJ=1sinB |=0,
a, B, v
a’) B; 'Y'
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or if 4, B, C denote respectively the determinants
B, v @ B
By o« B
—A+BcosC+ Ceos B+ /=1 (Bsin C— (sin D)=0,
and therefore the two straight lines are given by
(A = Bcos C— Ccos B)* + (Bsin C— C'sin B)*=0,
or {4, B, C})’=0.

v @
! ’
v, @

) )

But by the last article these two imaginary straight lines
coincide with the indefinitely small circle at (o, B, ¢"), therefore
that circle is given by the equation

a0

320. Cor. 1. A circle such that («, B, v') is the pole of
the straight line

la+a)+mB+B)+n(y+v)=0,

is represented by the cquation
}2
0.

Y a :7
7, a',

el =

’

{} By v, l"Ya a a, B
B, ')'I’ a a, B
+k (lo + mB + ny) (ax + 0B +ey) =

321. Cor. 2. A particular case of considerable importance
is that of the indefinitely small circle at the intersection of the
perpendiculars of the triangle of reference.

This point is given by the equations

acos A = Bcos B=rcos C,
and the cquation to the circle reduces to
{aacos A, DB cos B, c¢ycos C} =0,

or in triangular coordinates
{acos 4, Bcos B, ycosC}’=0.
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322. Cor. 3. The equation to any circle may be written
{aa cos A, BB cos B, cycos CP= (la + mB+ ny) (az + OB + oy)
in trilinear coordinates, or
{acos 4, Bcos B, qcos C'=(la +mB + ny) (a+B + 1)
in triangular coordinates, where
Lata)+m(B+B)+n(y+y)=0

represents the polar of the point of intersection of the perpendi-
culars from the angular points of the triangle of reference on the

opposite sides.

Exurcises oN Cuarrer XIXL

(173) The equation in triangular coordinates to the circle
whosc centre is at the point of reference A and whose radius is
r may be written

(B+v) (@B +Vy) —a’By=r"(a+ B+9),
or (a’By + Uy +duf) — (a+B+9) (B +Vy) +r* (a+B+7)"=0.

(174) The circles deseribed on the sides of the triangle of
reference as diameters are represented in trilinear coordinates
by the equations

By=a(acos 4 —~Bcos B—eycos C),
ya= (B cos B—rycos C—acosd),
af3 =ry(ycos C—acos.Ad—3cosDB).

Deduce Zuclid, 111. 31.

(175) The polar of the centre of one circle with respect to
another circle is parallel to the radical axis of the two circles.

(176) The distance of a point from its polar with respect
to a circle is double of its distance from the radical axis of that
circle and an indefinitely small circle deseribed about the point
as centre.
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(177) A circle is described through the centres ot threc
other circles: shew that the radical axes of the new circle with
each of the others will be concurrent provided

.} 8in 20, + 7’ sin 20, + 7 8in 26, = 4A,

where », r,, 7, are the radii of the original circles, and 6,, 6,, 6,
the angles which cach pair of centres subtend at the remaining

centre, and A the arca of the triangle formed by the centres.

(178) The equation of the circle which passes through the
threc centres of the cscribed circles of the triangle of reference is

ad® + b3 + oy + (a+ b +c) (By +ya+0aB) =0.

(179) 'The cquations to the three circles which pass through
the centre of the circle inscribed in the triangle of reference and
through the centres of two of the escribed circles are

b+ oy’ — ad’+ (b +c —a) (By —ya—af) =0,
oy’ +ax’ ~ b3+ (c+ a—10) (ya—aB — By) =0,
ae’ + b3 —cy’ + (a+b—c) (a8 =By —y2) =0,

the coordinates being trilinear.

(180) Circles are drawn through the angular points of a
triangle, through the centres of the three escribed circles, and
through the centres of the inscribed and cach two of the cseribed
circles; shew that the radical axes of these circles will meet the
sides of the triangle at the points where they are cut by the
straight lines bisecting the angles.

(181) Find the equations of the circles whose diameters are
(1) the perpendiculars drawn from the angles of a triangle to the
opposite sides, (ii) the lines bisccting the angles and terminated
by the opposite sides, and (iii) the lines joining the angles with
the middle points of the opposite sides.

(182) Find the locus of a point such that, if parallels be
drawn through it to the three sides of a triangle, the sum of the
rectangles under the three pairs of intercepts on each line respec-

w. 20
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tively, between the point and the two sides which it meets, shall
be equal to a given rectangle.

(183) From a point in the plane of a given triangle draw
perpendiculars to its sides, and find the locus of this point, when

the arca of the triangle formed by joining the feet of the perpen-
diculars is constant.

(184) The four tangents to the ninc-points’ circle of any
triangle at the points where it touches the inscribed and escribed
circles, all touch the maximum ellipse which can be inscribed in
the triangle.

(185) If f(a, B, v) =0 be the trilinear cquation to a circle,
the equation

o, g A,

da’ dB’ dy
will represent an indefinitely small concentric circle.

(186) If f(«, B, v) =0 be the trilinear cquation to a circle
at distance = from the centre (o, B, &), then will
L—ala_rz—Blz_ re—,ym__ »?

KU TV T W
_ By +r°cos A o +r2cos B B +7'cos C
Ul y?! - IV/ .




CHAPTER XX.

QUADRILINEAR COORDINATES.

323. 1IN investigating theorems which involve four straight
lines symmetrically, it is often advantageous to take them all as
lines of reference using a system of four coordinates.

In the present chapter we shall exhibit and exemplify the
use of such four coordinates.

324, Let o, B, v be trilincar coordinates of a point O, and
let & be its distance from the straight line whose equation is

lo+ mB + ny=0;
then (Art. 46),
lo' +mfB +ny' = {l,m,n} &,
or o +mB +ny +18=0...ccceeniiiiinnnnnn (1),
Also, if a, b, ¢, d be the sides of the quadrilateral formed by
the three lines of reference and the other line, we have
ad +bB +cy + dé' = twice the arca of the quadrilateral,
=5, (SUPPOSC) evverrurerrnann, v (2)
Thus if o', B, &', & be the perpendiculars from any point on
the four sides of a quadrilateral, they are connected by the

relations
' +mfB + ny' + 28 =0,

ad’ + 08 +cy +db =8,
where I, m, n, 7, @, b, ¢, d, S arc constant functions of the sides

and angles of the quadrilateral.
20—2
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325. The perpendiculars o', B, o/, & might be used as the
quadrilinear coordinates of the point O: but it will generally
be found preferable to use certain multiples of these perpen-
diculars instead of the perpendiculars themselves to express the
position of the point. In the few cases when it is-advantageous
to use the perpendiculars we shall expressly call them perpen-
dicular coordinates, In all other cascs when we speak of
quadrilinear coordinates, the system set forth in the next
article must be understood to be referred to.

326. Let ld=a, mB'=p, ny=¢«, r6=08; then a, 8,1, &
being constant multiples of the perpendiculars, o', 8, +/, 8" may
be used as coordinates to cxpress the position of the point O
with respect to the lines of reference. (Sce Art. 105.) We shall
call a, B, v, & the quadrilinear coordinates of the point O.

Also, referring to the notation of Art. 324, let
a b c d
=4 as=h Gs= 0 s=D
then the cquations (1) and (2) of that article become
a+B+y+0=0iicrieun... (1),
Aa+DBB+ Cy+ Dé=1..cevvurenn.n. (2),

two cquations which will always connect the quadrilinear co-
ordinates of any point.

327. The equation (1) of the last article plays a very
important part in the manipulation of cquations in quadrilincar
coordinates. It will be well to consider at once one or two
cases of its application.

LIt enables us, at any time, to reduce our quadrilinear
cquations to trilincar, by eliminating onc of the variables
(8 suppose) Ly the substitution

S=—(a+B+w).

And since this transformation cannot affcet the degree of an



QUADRILINEAR COORDINATES. 309

equation, it follows that, as in trilinear coordinates, an equa-
tion of the first degree represents a straight line, of the second
a conic section, &c.

IL It gives us the power of eliminating, from any equation,
terms of any particular argument that we may wish to be free
from. IFor instance, we may without loss of generality climinate
from the general equation of the second degree, the terms whose
arguments are o’, 3% o°, &, by substituting

a=“-@B+av+a&,
— (By+ B8 + Ba),
v=—w&%w+v&,
8" = — (Sa+ 8B + &y).
ITence there is no objcétion to our assuming the general
equation of the second degree of the form
ABy 4+ Naud + wyx + wB8 + vafB + vyd =0,

or we may omit some of these terms and retain some of the
others.

TIL. It must be observed that the same locus can be repre-
sented by an indefinite number of different cquations, formed
from one another by substitutions of the equation (1). lence we
are not at liberty to infer that because two different equations

lo+mB+ny+1r8=0,
and la+m'B+n'y+rd=0,
(suppose) represent the same straight line, the cocfficients of like

terms in the two are proportional: we may infer no more than
that the two equations, together with

a+B+y+8=0,
form a system of only two independent equations.

Thus too, the equation to the straight line at infinity is not
restricted to the form

Aa+ BB+ Cy+ D=0,
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but, more generally, that straight linc is represented by any
equation of the form

(A+x)at (B+x)B+(C+r) v+ (D+r)8=0,
x being any constant.

328. We shall assume the following construction through-
out the present chapter.

Fig. 38.

|

A ¢ A/ D

Let 44'y, BB, CC' be the three diagonals of the complete
quadrilateral formed by the lines of reference, and let 4'BC,
ABC, ABC', A'B'C" be the lines respectively denoted by

a=0, 8=0, y=0, 6=0.

Or, in other words, let ABC be the triangle formed by the
lines

a=0, B=0, 7=0,

and let 4, B, C' be the points where these lines are re-
spectively cut by the fourth line (8 =0).

Also let BB, CC' intersect in a, OC', 44" in b, and
A4’y BB’ in ¢, so that abc is the triangle formed by the diago-
nals of the parallelogram.
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329. To interpret the constants 4, B, C, D in cquation (2)
of Article 326, it is not necessary to trace the course by which
they were introduced. The following interpretation is deduced
immediately from the equations and is sufficient.

In virtue of the relation

a+B+y+8=0.0ciiiiiiiininiiinn, (1)

the equation
Ao+ BB+ Cy+D8=1 ..cocvvnnnannnn.. (2)

may be written
(A-D)ya+ (B=-D)B+(C~D)y=1......... 3).
But a, B, v are multiples of the trilinear coordinates of the
point O; hence the equation (3) expresses implicitly an identical
relation amongst the trilinear coordinates of the point, and there-

fore must be cquivalent to the other forms in which the identical
relation can be written (Art. 84), thercfore the three terms

(4=D)a, (B=D)B, (C—D)v,

must represent respectively the ratios of the friangles OBC,
004, OAD to the whole triangle ABC.

So by ecliminating « we should prove that
(B— -A) B (O"‘ A) v (D— A) 3,
represent the ratios of the triangles 0ADB’, 04A(C’, OB'C’ to
the whole triangle 4B'C'.
Similarly,
(d=DB)a, (C-DB)y, (D-B)3,
represent the ratios of the triangles 04'B, OBC", 0C"4’ to the
whole triangle O'BC".
And (4=0C)a, (B=C)B, (D= C)8,
represent the ratios of the triangles 04'C, 0B'C, 0A'B to the
whole triangle 4'B' C.

The student will observe that these results hold while
a, B, v, & are the quadrilinear coordinates of any point whatever.
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330. It will be casily seen that the coordinates of the six
angular points of reference are as follows:

of 4 ...... a=-—8=—/—1-_——, B='Y"0,

£ 5 —eb= o, y=a=0

or hH...... B-—-—- —]}-_D, y=a=0;
1

of O y==b= 5, a=B=0;
1

of A ...... B:—ry:l—))———‘—a, a=8=0;
Of.B, ...... 7=_a=m’
1

of Covveria==B= gy

Cor. The coordinates of the middle points of the diagonal
A4 will be (by Art. 18),

— 1 B -1 5= -1
Y= EA=Dy (B oy "Se@m=o0y °T2d~D)’

so the middle point of BI' is given by

-1 . B_.-__l_ - L S= -1
(=)' PTeB=D)’ "Ta(C=A)’ °Tus-D)’

1 -1 1 s__ 1
2(A-B)" "T2(C=D) °T2C-D)-
331. 'We proceed to interpret some of the simplest equa-
tions connecting quadrilinear coordinates.
In virtuc of equation (1) of Art. 326, the equations

B+y=0 and a+38=0............... (1)

must be identically equivalent, and therefore represent the same
straight line. But from their form, the first represents a straight
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line through 4, and the second represents a straight line through
A'. Hence either equation must represent the diagonal 44',

Similarly either of the equations

y+a=0 and B+8=0...... RN )]
represents the diagonal BB’, and either of the cquations
a+B8=0 and y+3=0...ccveninnen (3)

represents the diagonal CC’.

Again, the locus of the equation 8 — ¢ =0 must pass through
the intersection of BB, CC" as well as through the point 4.

Hence B—y=0 represents Aa.

So y—a=0 . Db,
a—RB=0 ... Ce,

a—0=0 .. A'a,

B-86=0 ... B's,

and ¥y—8=0 . Ce.

332. The equations in the last article immediately lead us
to some of the most important harmonic properties of a quadri-
lateral.

Thus from the form of the equations we observe (Art. 129)
that the lines 4.1 and Ada divide the angle at 4 harmonically.
So also the pencils

{B.AD'Cb}, {C.BC Ac}
as well as the pencils

(4'. CABG), [B.ABCS), (C.BCA)

arc harmonic.

333. From the form of the equations in Art, 331, we
observe that the straight lines

Aa, Bb, (e
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are concurrent. So
Aa, Bb, C

A'a, B'b, Ce,
Aa, Bb, Ce,
are concurrent systems.

Let a (Fig. 39) be the point of intersection of the first set,
B, v, & those of the other sets respectively,

Fig. 39.
)

Al [ A b

then the points a, 3, v, 8 are given respectively by the systems
of equations
B=q=23,

Y= 8= a,
S=a= B,
a=8=.
334. 7o find the condition that three points whose quadrilinear
coordinates are given should be collinear,

Let (a" B!’ 'y” 8!)’ (all, BI” 'yl/’ 81!)’ (alll, BII’, 'y'll, 8([/)’ be t]le
three points,
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Suppose they lie upon a straight line whose equation free
from & is

la +mB +ny =0.
Then ld +mB +ny =0,
la" + mﬁ" + n'y" = O,
lo" + m,B"’ + nfy"' =0,

therefore o, B, 7 =0 (1),
/7 ’ 7
s B

" " m

e, » 7

So if we had written the equation to the straight line free
from ¢ we should have found the condition in the form

’ ’
a, ﬁ ) & |= 0,
all’ B’!’ 8//

" ’
a ’ BI’I’ 8’/

which is obviously identical with (1), since

¢ +8 +9 +8 =0,
o +8"+4"+8" =0,
o"+B"+¢"+8"=0,
Thus it will be convenient to write the condition in the form
a,) :8,’ ')"r & |= 0,
iy B o ¥
@, m} 'Ym’ 8"

the unequal determinant denoting that we may take any three of
the four columns to form a determinant equal to zero,

335. The middle points of the three diagonals of a quadri-
lateral are collinear,

Taking the sides of the quadrilateral as lines of reference
and using the coordinates of the middle points obtained in
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Art. 330, the condition that the points should be collinear will
be (by the last article)

1 N 1 ...—_1_ "—-"0,
A-D’ B-0C’ D-C
_1 1 -1
A-C° D-D’ A-C

1 -1 1
I-B 4B T-D

or
D=4 =0,

C—-A, B-D
C-D, D-2C, A-D

which is seen to be an identity by the addition of its rows.

S &
|
Mo .
N
|
S

. &e. Q.E.D.

336. It may be shewn, as in trilinear coordinates, that the
polar of the point («, B, &/, &) with respect to a conic whose

equation i3
f(a’ Bs 9, 8) =0,
is represented by the equation

df (l)f df
“"+Bdﬁ" iy T8y =0

Oss. If («, B, 9, &) lic upon the conic this equation will
represent the tangent thereat. :

337. Referring to Art. 159 we observe that the general
equation in quadrilinear coordinates to a conic passing through

the four points B, I, C, (', is

By +kad=0.
So the general cquation to a conic through C, C', 4, 4, is
ya+ kB8 =0,

and to a conic through 4, 4, B, B'
o3 + kys =0.
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338. As an example we may prove the well known
theorem :

If a system of conics pass through four fixed points, the polars
with respect to them of any fixed point are concurrent.

Take the four fixed points as the angular points B, C, I, C'
of the quadrilateral of reference.

Then the equation to any conic in the system may be
written

By + kad =0.

Let (o, B, 9, &) be the fixed point, then the polar is given
by the equation
By +By+7k (ad +a8)=0,
and therefore it passes always through the point determined by
B
B’

a fixed point since o, B, o', &' are constant.

+'Z/=O’ and 'a:+'8_1=0)
v a 9

Hence if a system of conics pass through four fixed points
the polars with respect to them of any fixed point are con-
current.

Cor. Let two of the four points be the circular points at
infinity, then the theorem reduces to the following, which we
proved otherwise in Art. 303.

If a system of circles have a common radical axis the polars
with respect to them of any fixed point are concurrent.

339. 10 find the equations to the tangents at B, C, I', C' to
the conic whose equation s

By + kad=0.
The coordinates of B are (Art. 329)
1
af—"’Y=0; B="8=7;:2j~
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Hence, applying Art. 336 the equation to the tangent at B
will be
v—ka=0,
So the tangent at B’ will be given by
B—ké=0.
Similarly, the tangents at C, C' will be given by
B—ka=0,
y—kd=0.
340. Coxr. From the form of the equations to the tangents
we observe, that in any conic passing through B, C, B, (',

the tangents at B and 0} meet on Aa;

.................. B ..cC
.................. B ..cC :

.................. 5 1 of e 45
s v B o B :
.................. ¢ o s AL

A great number of well known properties follow from these
results. 'We will cnunciate two of them,

L If a quadrilateral (BCB'C") be dnscribed in a conic,
and another quadrilateral (Bay8) be described touching the conic
in the angular points of the former one, the fowr interior diagonals
of the two quadrilaterals meet in one point (a) and the two exterior
diagonals coincide (44’).

IL. If & quadrilateral be inscribed in a condc, the points of
intersection of opposite sides and the points of intersection of the
tangents at opposite angles are collinear. (Camb, Math, Tripos,
1847.)

341, The following proposition exemplifies the use of per-
pendicular quadrilinear coordinates (Art. 325).,

To shew that the circles circumseribing the triangles AB'C’,
A'BC', AB C, ABC pass all through one point,
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In perpendicular coordinates, all the distances being positive
towards the interior of the quadrilateral BCB'C' (fig. 39), the
cquations to the four circles will be (Art. 195)

sin C' +sinB’ sind _

(41B'C), 3 p” 5 0,
rpey 8N C' sin A4’ sinB
(A BO)’ a - v S =0,
, ginB'  sind  sinC _
(4'BC), ~a <~+———B——+-—8——0,
(4B0), sind4d sin B sin 0=0.

« B v

And these equations will be satisfied by the same values of
a, B, v, 8, provided

0, sinC, sinB, —sind [=0.........(1).
sinC, 0, ~—sind, sinB
sin BB, sin 4, 0, sin C'

sind, sinB, sinC, 0

But if @, b, ¢, d denote the sides BC, OB, C'B, B'C’
respectively of the closed figure BCB'(’, we obtain by project-
ing the sides upon lines at right angles to cach of them in order

~bsin C+ecsinB+dsind =0,
—asin C+c¢sind +dsinB'=0,
—~asinB+bsin A+ dsinC' =0,
asind' —bsin B+ ¢ sin 0'=0,
whence eliminating a: b : ¢ : d,
0, gin C, sin B, sin A4’ [=0...... we(2).
sin C, 0, sind, sinB
sinB, —sind, 0, s8inC
—sind’, sinB,sinC, 0
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The equations (1) and (2) are the same, each of the determi-

nants being equal to
(sin 4 sin A’ — sin B sin B’ + sin C sin ()"

Hence the condition (1) is satisficd, and therefore the four

circles meet in a point.
342. To find the anharmonic ratio of the range in which
the lines of reference are cut by a given line.

Let la+mB+ny+r8=0

be the given line, and let it meet a=0, 8=0, y=0, 6=0 in
L, M, N, R.

Then the equations to BL, BM, BN, BR will be
a=0, I—-7r)a+(n—17)y=0,
v=0, ({—m)o+(n—m)y=0.

(n=r) (n—m)

Hence {LMNR} = =n=m)

343. To find the anharmonic ratio of the pencil formed
by joining any given point O to the four points of reference
B C D, CC.

Let (o, B, 4, &) be the given point 0. Then the four
straight lines arc represented by

(0B), %~2=0,
(0B), §-g=o
(00), L-%=o,
(oc), g,_%=o
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B
BI

Then the equations to the four straight lincs become

Now let u= and v

)
-5

IR
R

u=0, v=0; yu—8v=0, Bu—av=0.

&
ITence 0.BCB' (' =a—.—,.
{ ) By

344. Cor. If O lie upon the conic

By + xad =0,
80 that
Bof +ka'S =0,
then we have
(0.BCB'C) =—i,

or, the anharmonic ratio of the pencil formed by joining any
point on a conic to_four fixed points on the same is constant.

And conversely, if the ankarmonic ratio of the pencil formed
by joining a variable point to four fixed points is constant, the locus
of the variable povnt @3 a conic passing through the four fixed
points.

ExEercises on Cuarrer XX,

(187) The four coordinates of a point cannot be all positive
in the ordinary system of quadrilinear coordinates. DBut in per-
pendicular coordinates the four coordinates of a point may be of
the same sign.

(188) 'The general equation 1o a conic inscribed in the qua-
drilateral of reference may be written

(= ¥) (By + ad) + (v — W' (ya + B8) + (A — p)* (a8 + ) = 0.
w. 21
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(189) The equation
ABy + Nad + pya + u'BS+vaB +vyd=0
will represent a parabola, provided
0,1, 1, 1, 1, 0 |=0.
1,0, N, pu, v, 4
LA, 0, V, B
L, v, 0 N, C
1, », W,N,0, D
0, 4, B, C, D, 0
(190) The cquation
By + kad =0
will represent a parabola, provided
K& (B=OP+e{(d=DB}+ (C—-D+(Ad—-C)}+ (B- D)}
+(4d—D)=o0.

(191) Through any four points on a parabola another para-
bola can be drawn unless the four points lie on two parallel
straight lines,

(192) The general equation of a conic circumscribing the

triangle formed by the three diagonals of the quadrilateral of
reference may be written

A (By — ad) + p (ya — B8) + v (a3 —3) =0.

(193) 'The cquation to the parabola inseribed in the quadri-
lateral of reference is

(B—C) (4 —D)* (By + ad) + (0= A)* (B = D)* (y + 9)
+ (4 — B)*(C = D)* (a3 ++8) = 0.
(194) The conic passing through the four points of reference

B, C, I, C' and through the fifth point («, 8, ¢/, &), is repre-
sented by the equation

By _ a8 _,
B"YI alsl Yy
and its tangent at the point (o, 8, v/, §) is represented by
a B v, 8

« B ytE=0
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(195) If two conics circumscribing CAC'A’, and ABA'B,
intersect in a point O, the tangents at O divide the angle be-
tween 04, OA' harmonically.

(196) If the point of interscction of a pair of common
chords of two conics be joined to the points of contact of a
common tangent, the pencil thus formed is harmonic.

(197)  If four common tangents be drawn to a pair of conics
which intersect in real points, and if the four points of contact
with one of the conics be joined in all possible ways hy straight
lines, the three points of intersection of these straight lines
coincide with the points of intersection of the six common chords
of the two conics.

21—2



CHAPTER XXIL

CERTAIN CONICS RELATED TO A QUADRILATERAL.

345. WE shall use the term tetragram to describe the figure
contained by four straight lines indefinitely produced, and not
regarded in any particular order.

We shall usc the word quadrilateral when we speak of the

four-sided figure contained by four straight lines taken in a par-
ticular order.

Thus a tetragram has three diagonals, but a quadrilateral
has two proper diagonals and an exterior diagonal.

Thus any four straight lines a, 8, v, & forming a tetragram,

form three quadrilaterals "according to the order in which we
take the sides, viz.:

(1) B8, with « opposite to 8,
(2) aByd, with B opposite to 3,
(8) Byad, with ¢ opposite to 8.

One of these quadrilaterals will gencrally be proper, another
sectant, and the third re-entrant.

Thus, retaining the construction of the last chapter (Fig. 39,
page 314) the four straight lines 4'BC, B CA, C'AB, A'B'(’
form one tetragram, but they form threc quadrilaterals, viz. :

(1) BCB (C'B, proper,
(2) ACA'C’'A, sectant,
(3) BCRB C'D, re-entrant.
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346. DerINTTIONS. Amongst the conics passing through
the four points B, O, B', (' therc is one which touches at
B, C, B', C' the four straight lines Bb, Cc, Bb, C'c: this is
called the critical circumscribed conic of the quadrilateral
B, C B, (.

So the critical circumscribed conic of the quadrilateral
CAC'A’ touches the four straight lines Ce, da, C'c, A'a, and
the critical circumscribed conic of the quadrilateral ABA'D'
touches the four straight lines Aa, Bb, 4'a, Bb.

Amongst the conics inscribed in the quadrilateral BCB' (¢’
there is one whose points of contact lic on the two chords Aa,
A'a: this is called the critical inscribed conic of the quadri-
lateral BCDB'C'.

So the critical inscribed conic of the quadrilateral C4C' A’
has Bb, Bb' as chords of contact, and the critical inscribed conic
of the quadrilateral ABA'B has Cc, C¢' as chords of contact.

OBs. The ecritical circumscribed conic of a square is the
circumscribed circle, and the critical inscribed conic is the in-
scribed circle.

347. Tt follows from the definitions that the critical cir-
cumscribed conic of any quadrilateral is the critical inscribed
conic of the quadrilateral formed by the tangents at the angular
points.

And (similarly) the critical inseribed conic of any quadri-
lateral is the critical circumscribed conic of the quadrilateral
formed by joining its points of contact.

348.  To shew the existence of a critical circumscribed conic
with respect to any quadrilateral.

Let BCOB'C' be the quadrilateral, and let
By +xad=0
be any circumscribed conic. Then the tangents at the angular
points are given by
y—ka=0, B—ra=0, y—xd=0, B—-xd=0,
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(Art. 339). Therefore in the particular case when x =1, the
equations to these tangents are

y—a=0, B—a=0, 'Y_B=O’ B_S =0,
which (Art. 331) represent the lines

By, Ce, B'b, Ce.

Therefore the conic
By+ad=0

represents the critical circumscribed conic of the quadrilateral :
and thercfore there is such a conic with respeet to any quadri-
lateral.

Cor. 1. The three equations

B'Y"' a8=07
7a+68=0’
aB+'78=0’

represent the critical circumscribed conics of the three quadri-

laterals BODB'C’'y, CAC'A', ABA'D.

349. Cor. 2. Since (Art. 346) the critical inscribed conie of
any quadrilateral is the eritical circumseribed conic of the qua-
drilateral formed by joining the points of contact assigned in the
definition, it follows that there always exists a critical inscribed
conic with respeet to any quadrilateral.

350. o find the equation to the critical inscribed conic of
the quadrilateral BCB C'.

Since 8 =0, y=0 represent tangents, and a —8=0 their
chord of contact (Def.), the equation to the conic must be (Art.
161) of the form

(a - 8)2 = ’CIB'Y,
or (a+8)2=rBy +4ad.............u.. T (1).
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Similarly, since a =0, 8=0 represent tangents, and
B— =0 their chords of contact (Def.), the equation to the
conic must be of the form

B+y)=4By+Kad....cueriininrnn. e (2).
But a+B+y+8=0,
and therefore (a4 8= (B+v)~

Hence the equations (1) and (2) will be identical if k =«'=4,
or the cquation
@+ 8 =4 (By+ad).......... R 3),

or B+y)°'=1(By +ad)..cccviviiiiiniiinnn (),
represents a conic fulfilling all the conditions required by the
definition.

Ience, ecither of these equations, or any other equation
obtained by combining them with the equation

a+B+y+8=0,

will represent the critical inseribed conic of the quadrilateral
BCB C'.

351. Cor. Comparing the equation (3) or (4) with the equa-
tion to the critical circumscribed conic (Art. 348)

B’Y+a3=0,

we observe that the critical inscribed and circumscribed conics
with respect to the same quadrilateral have double contact with
one another, the chord of contact being the diagonal joining the
intersections of opposite sides of the quadrilateral.

We shall however see immediately (Art. 353) that the points
of contact arc imaginary whencver the quadrilateral is real,

352. One form of the equation to the critical inscribed
conic of the quadrilateral SCB (', obtained from cquations (3)
and (1) of the last article by addition and transposition, is

B+ +E=6By+ad)..cccrnnin....n. (1).
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So the critical inscribed conics of the quadrilaterals CA "4
and ABA'B are

+ B+ + =6 (ya+B80)..ccuuninnnnnn(2),
and + B+ +E=6(B+98) i (3).

But the critical inscribed conics of the same quadrilaterals
arc given by the equations

By+ad=0.ccccoreriiniiniiininiennnn 4),
ya+B8=0......... et (5),
OB+ =0iiiniiiierniienenns ...(8),
hence the equation
B+ +8=0........ ereer e (1),

represents a conic passing through the points of intersection of
the critical inscribed and circumscribed conics of cach quadri-
lateral.

But the critical inseribed and circumseribed conics of each
quadrilateral have double contact. Hence the conic represented
by equation (7) has double contact with all those six conics in
the six points where the three inscribed touch the corresponding
circumscribed conics.

353. The conic represented by the cquation
4+ B+ +8=0

is nccessarily imaginary when the quadrilateral is real, since
cach term is essentially positive.

Hence the six points of contact of the inscribed and circum-
scribed critical conics (which may be conveniently termed the
critical points of the tctragram) are imaginary, since they lie
upon the imaginary conic

@+ B+ +8=0.
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354. To find where the conic whose equation s
a2+,8’+'f+82=0

cuts the lines of reference.

To find where the conic cuts the line 4'3'C" we have to put
8=o0,

therefore B+ =00 i (1),
but when §=0, o+ B+ =0iiiiiriiiiiininnnnn. 2).

Ience, eliminating a,
B+ 2By + o' =0.

Hence the two points divide B'C’, so that the anharmonic
ratio of the section is unity (Art. 123).

But if we eliminate B between (1) and (2), we find that the
two points are given by
v+ 2va+ o= 0,
and therefore they divide A4’ so that the anharmonic ratio of
the section is unity.

Similarly, by eliminating ¢y we may shew that the same two
points divide A'D so that the anharmonic ratio of the section is
unity. '

Under these circumstances the points are said to form with

A', I, C" an equi-anharmonic system.

And, similarly, each of the other sides of the tetragram can
be shewn to be cut by the conic in two points forming with the
three vertices in the same side an equi-anharmonic system.

355. The conic
a+B 47+ 8=0
is thus seen to cut cach of the diagonals of the tetragram in the

two critical points on that diagonal, and to cut each of the three
sides in two points which form with the three vertices in that
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side an equi-anharmonic system. On account of these propertics
the conic has been named by Professor Cremona (who seems to
have been the first to discover and investigate it) the fourteen-
points’ conic of the tetragram.

356. It is easily seen that the straight lines
A'a, Bb, C'c, Aa, Bb, Cc,
arc the polars of the points 4, B, O, A', ¥, (', with respect to
the fourteen-points’ conic.

It follows that
AA', BB, CC

are the polars of the points
a, b, ¢,
and the lines of reference
A'BC, AB'C, ABC', A'BC(,
are the polars of the points
a, B, v, 8.

It follows that the tangents from the seven points a, b, ¢,
a, B, v, & touch the conic in the fourteen points from which it
derives its name.

357, If the cquations to four straight lines in any system of
coordinates be

the fourteen-points’ conic of the tetragram which they form will
be represented by

For if we write
a=—ut+v+w
B= wu—v+w
Y= u+v—w
d=—u—v—w
we have
at+B4+y+8=0,
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and therefore the equations (3) will be the relations by which to
transform to quadrilinear coordinates, having the four given lines
as lines of reference.

But in quadrilinear coordinates the fourtcen-points’ conic is
given by
a2+B‘I+’Y2+82=0’

therefore by (3) it will be represented in the original coordi-
nates by

(—u+v+w)'+(w—v+w)i+uwt+tv—w) '+ (u+v+w'=0,

or W wt=0. Q. LD,

Exercises oN Cuarrer XXI.

(198) The critical circumseribed conies with respeet to the
quadrilaterals CAC'A’, ADBA'B' have double contact at A4
and 4.

(199) The chords of contact «la, A’a of the ecritical in-
scribed conic of the quadrilateral BCB ¢’ are common chords
of the other two critical inseribed conics of the same tetragram.

(200) Shew that the conics

a*=By, B'=nva, o=aB

have three points common to them all, two of which also lic on
the fourteen-points’ conic of the tetragram of reference.
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TANGENTIAL COORDINATES. THE STRAIGHT LINE AND POINT.

358. LET us agree to determine a straight line by its perpen-
dicular distances p, ¢, » from the three points of reference, just
as hitherto we have determined a point by its perpendicular dis-

tances from the three lines of reference.

‘We may with propriety speak of these quantities p, ¢, r as the
coordinates of the line. Thus we shall use the symbol (p, ¢, 7)
to denote the line whose coordinates are p, ¢, 7, or which lies at
perpendicular distances p, g,  from the points of reference.

Such coordinates are called tangential coordinates.

359. When we commenced with the coordinates of a point,
a straight line was determined by passing through two points;
80 now, when we commence with the coordinates of a straight
line, a point will be determined as lying on two straight
lines.

Again, as we formerly defined the equation of a line as an
equation satisfied by the coordinates of all points on the line,
8o now we shall define the equation to a point as an equation
satisfied by the coordinates of all straight lines passing through
the point.
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Fig. 40,

360. We have seen (Chap. v.) that if p, ¢, r be the perpen-
dicular distances of a straight line from the points of reference,
and a, B, v the perpendicular distances of a point O in the line
from the lines of reference, then will

apa +bgB + cry=0.

Further, if the straight line be determined by the quantitics
> ¢ r being given, this equation constitutes a relation among
the coordinates of any point upon the line, and is therefore the
equation to the line.

But if instead of p, ¢, » being known quantities entering
into the coefficients of the equation which connects the variables
a, B, v, these latter be known (as being the coordinates of a
fixed point O), then the same equation

aop +bBq +eyr=0

will constitute a relation among p, ¢, » which will hold for any
straight line passing through the point O, and will therefore be
the equation to the point O according to the definition of the last
article.
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That is, any point whose trilinear coordinates are a, B, «y s
represented in tangential coordinates by the equation

asp + bBq + cyr =0,
the triangle of reference being the same for both systems.

Cor. It follows that in tangential coordinates every point
has an cquation of the first degree, and cvery equation of the
first degree represents a point.

361. Of course the distances p), ¢, » will be regarded as of
the same algebraical sign when they are all on the same side of
the line on which they are let fall, and any two will be of oppo-
site sign when they are on opposite sides of the line.

But it is never necessary to determine which side of the line
shall be the positive side and which the negative, nor to give
any one of the coordinates by itsclf any absolute sign, since all
our cquations in tangential coordinates are either homogencous,
or if their terms be of different orders they are at least all of
cven orders or all of odd, so that a change in the absolute signs
of p, ¢, » would have no effect. This is a direct consequence
of the circumstance that the coordinates p, ¢, » of any line are
identically connected by a rclation of the second order,

@(p=0) (p=7) +B(g=1) (g=p) +¢'(r=p) (r =) =44,
(Art. 74) and not like the coordinates of a point by a simple
cquation.

362. 10 find the equation in trilincar coordinates to the
straight line whose tangential coordinates are p, q, .

Since p, ¢, » arc the perpendicular distances of the straight

linc from the points of refevence, thercfore by Chap. v., the
equation to the straight line is

apa+byB + crey=0.

Cor. The equation to the same straight line in triangular
coordinates is
Po+ g8 +ry=0,
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363. To find the trilinear coordinates of the point of inter-

section of two straight lines whose tangential coordinates are
geven.

Let the given coordinates of the two lines be (p,, ¢, 7.),

(P2 a0 7,), and suppose (a, B, ¢) the trilinear coordinates of
their point of intersection.

Then since (a, 3, ) is a point on a straight line whose per-
pendicular distances from the points of reference are p,, ¢,, 7,,
therefore (Chap. v.)

apo+ bq B +cry=0.

Similarly, ap,a + bg,8 + cryy=0.

Therefore we have

e B v
l .(11’ Tl 7‘1’ Z)x })17 /A j’
e To Ty P Po 0y

equations which determine the ratios of the coordinates required.

Cor. In virtue of Art. 360 it follows that the tangential
equation to the same point is

P ¢ r |=0

P s M

P Tas 7
a result which we presently establish (Art. 366) without reference
to the trilinear system.

364. To find the coordinates of the straight line joining two

points whose equations are given.
Let lp + mq + nr =0,
and Up+m'qg+ar=0,

be the equations to the two points.
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Then the coordinates of the straight line joining them must
satisfy both equations (Art. 359), and therefore their ratios are
given by

r
L, m
' I, m

n, 1

m, n
n" l'

’ 7
m, n

To find the absolute values of these coordinates we shall
have to substitute their ratios in the relation which we found
in Chap. v1. (Arts. 73, 74) connecting the perpendiculars upon
any straight line. That rclation, as we there shewed, can be
written in any of the various forms,

a'p* + U¢* + ¢ — 2begr cos A — 2carp cos B
— 2alpq cos C = 4A°,

@ (p=—@ (p—n)+¥(q-7)(g—p) +(r=p) (r—gq) =44
(g—7) cot A+ (r—p):cot B+ (p —g)* cot C=24,
or with the notation of Art. 46, it may be written
{ap, bq, cr}=44A%

the form in which we shall generally quote it.

365. It appears from the foregoing article that by solving
together the equations of any two points we may determine the
coordinates of the straight linc joining them.

Hence any two equations of the first degree taken simul-
tancously will determine a straight line, viz. the straight line
joining the two points which the equations represent separately.
Thercfore two equations may be spoken of as the equations of a
straight line. For example, the straight line (p', ¢, ') may be
said to be given by the equations

L _1 andg,=7—',-,
q qg T
or £_g.r.
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"366. To find the equation of the point of intersection of two
straight lines whose coordinates are given.

In other words, to find the relation among the perpendiculars
s ¢, r from the points of reference upon any straight line pass-
ing through the point of intersection of the given straight lines.

Let (p,, ¢ 7))y (s 4y 75) be the given straight lines, and
suppose
p+mg+nr=0.cccuiiiniinnnns (1),

the equation of their point of intersection O.
Then this cquation expresses a relation satisfied by the coor-
dinates of any straight line passing through O.
But (p,, ¢,, ,) passes through O, therefore
W+ mg +0r,=0..ccceriinennnnnn- e (2).
Similarly, (p,, ¢,, 7,) passes through O, and therefore
Ipy+ mg,+ar,=0.ciiiiiiinnnnnnnn. (8).

Hence eliminating I : m : n from the cquations (1), (2), (3),
we get
l'py g 7 |=0,
Py G 7y

,pﬁ’ QR’ r’

a relation among the coordinates p, ¢, r, and therefore the cqua-
tion of the point O.

Cor. 1. The equation just obtained will not be affected if

Py> s 74 OF Pay ¢y 7, be multiplied by any constant ratio. Hence
if the coordinates of one straight line be only proportional to
three given quantities p,, ¢,, r,, and those of another straight
line proportional to p,, ¢,, 7,, the equation of their point of in-
tersection is still

» ¢ r |=0

Py G 7y

P 327
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367. 7o find the equation of the point where a given straight
line meets the line at infinity.

"Let (p,, ¢,, ) be the given straight line, then
(po+hy q+h, r+h)
will be a parallel straight line (fig. 41), and these will therefore
intersect in the point required.
Fig. 41.
A

B
Q P R
Q P Ity

Ience by the last article the equation required is

¥4 9 r =0,
Pu gl’ Tl
Pty g th v+

or P g r |=0

pl’ gl’ rl
h, k k

or p g r |=0.

P Qv 7y
1, 1, 1
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368. Cor. The last cquation is satisfied if p=g=r, for
then the first and third rows of the determinant become identical.

Henee all points at infinity lie upon the straight line given
by p=g=r.
Ilence p=q=r

are the equations of the straight line at infinity.

369. To find the coordinates of a straight line passing
through a given point and parallel to a given straight line.

Let p+mg+nr=0 .oooeeunenn.n. eeiee (1)

be the equation to the given point, and let (p,, ¢,, 7,) be the
given straight line.

The coordinates of any straight line parallel to (p,, ¢,, 7,)
may be written (fig. 41) p,+ 4, ¢, + %, r,+ .

If this straight line pass through the point (1) we must
have
Ip,+mq +nr + ({+m+n) k=0,

_lptmgtar,

therefore k= ' ;
l+m+n
_m(p—g)tn(p—r)
thercfore pth= It man )
_n (71 _rl) +1 ((II _})lz
Quth= l+m+n ?

13 =l(7'| _p.) +m (rl _(]|)

Tt l+m+n ?

which are therefore the coordinates required.

370. 70 find the distance of the point whose equation s
p+mg+nr=0 .oeeeriiinane P (1)

Jfrom the straight line whose coordinates are (p', ¢, 7).
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Let % be the distance, then the line parallel to (p', ¢, )
through tle given point will have the coordinates
(P +h, ¢ 20 o 1)
These must satisfy the equation (1), therefore
Ip'+mg +nw' + ({+m+n)h=0,
or k=4 P+ mq + nr
{+m+n

371. To find the equation to a point which divides in a
given ratio the straight line joining two given points.
Let 1 : k& be the given ratio, and
p+mg+nr=0, and Ip+w'qg+ur=0,
the equations to the given points,

Suppose p, ¢,  the coordinates of any straight line through
the required point. Then the perpendicular distances of the
given points from this linc are in the given ratio.

Therefore by the last article,

Ip +mg+wur _Z’p+m'/]+n'r_1‘]_
= l+m+n ° Uwd +07 — 0

the two expressions for the distance having opposite signs, since
the two points are on opposite sides of the straight line.

Therefore
3 W+ mg+nr  Upto'g4ar_ 0
Cltmtn I =
a relation among the coordinates of any straight line through the
requircd point, and therefore the equation to the required point.
Cor. The middle point between the points
lp+mq+nr=0, and I'p+m'q+ar=0,
is given by the equation

Ip +mq+nr {p+m'q+n'3'_0
l+m+n U+m +n 7
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372. The principles of abridged notation explained in
Chapter viin for trilinear coordinates are cqually applicable to
tangential coordinates.

As we there used u=0, v=0, w=0 to represent cquations
to straight lines expressed in their most general form, so now we
shall use the same expressions to denote the most general forms
of the equation to the point in tangential coordinates.

373, If u=0, v=0 be equations to two points in tungentia
coordinates, then
u+xv=0,

(where k is an arbitrary constant) will represent a point lying on
the straight line joining the two points,

For if p, ¢, r be the coordinates of this point they satisfy the
equations =0 and v =0; that is, their substitution makes »
and » severally vanish, therefore it must make w + xv vanish;
that is, p, ¢, » satisfy the equation

w4+ xv =0,

and therefore this cquation represents a point on the line
(p, ¢, 7). Q.E.D.

374.  If the line joining the points u =0 and v = 0 be divided
by the points u+xv=0, and u+k'v=0, the ankarmonic ratio
of the section 7s « t K.

Let A4, 13 be the two points represented by =0 and v =0,
and P, ( the two points represented by » + xv =0 and u + v =0.

Let (p', ¢/, 7) be the coordinates of any straight line what-
ever, and let «, v' be what u, v become when p’, ¢, +' are
written for p, ¢, r, and let m, » be what %, v become when
unity is written for cach of these letters p, ¢, 7.

Then the perpendicular distances of the points 4, B, P, Q
from the straight line (p, ¢, r) are respectively
WU wt Wty

m’ n’ mten’ mten’
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and thercfore the distances AP, . AQ, BP, BQ are proportional
(by similar triangles) to the differences

v W o u+/cv R S u+xv

m m+xn’ m m+s&n’ n m+xn’n m+xn’

therefore

<7.'_'_“’_'*fo:)<£' u+/¢:v)
AP0 =g = ey ey

m o+ Kn n m+kn

_ & (nu' —mv) (mv' — n')
T K (il — mv') (mv' — nu')’

or {APBQ) =,’: Q.E.D.

375. To find the ankarmonic ratio of the range of the four
points whose equations are

u+kv=0, u+A=0, u+pur=0, u+t+vv=0.

The proof of Article 125 (p. 137) applies verbatim. Thus we
find that the anharmonic ratio required is

(£ =2) (=)

(k=) (p—2)"
376. Tt follows, as in Art. 123, that the line joining the
points u =0, v =0, is divided by the two points
L’ + 2muv + n* =0,
so that the anharmonic ratio is

(m + . Jm* —In)?
m ’



EXERCISES ON CHAPTER XXII. 343

ExEercises oN CuarTer XXII,

(201) The coordinates of the line of reference BC are

2A
0, 0, ==.

(202) The coordinates of the perpendicular from 4 on BC
are
0, +dcosC, FccosDB.,

(203) The coordinates of the straight line through 4 paral-
lel to BC are
2A  2A
0’ @’ a°
(204) The straight line joining 4 to the middle point of
BC is given by
p=0, ¢g+r=0.

(205) The equation ¢ +7 =0 rcpresents the middle point
of the side BC of the triangle of reference.

(206) The equition gtan B+rtan C=0 represents the
foot of the perpendicular from the point of reference 4 upon BC.

(207) The equation mq + nr = 0 represents a point P in the
line BC such that BP: PC=mn: m.

(208) The equation mq —nr =0 represents a point 2 in the
line BC produced, such that PB : PC =n : m.

(209) The equation ¢ —r =0 represents the point of inter-
section (at infinity) of straight lines parallel to BC.

(210) The equation p+g+»=0 represents the point of
intersection of the straight lines which join the angular points of
the triangle of reference to the middle points of the opposite
sides.
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(211) The equation
ptand+qgtan B+rtan C=0
represents the point of intersection of the perpendiculars from
the angular points on the opposite sides of the triangle of
reference.
(212) The equations
+psind +gsinBtrsinC=0
represent the centres of the inseribed and escribed cireles of the
triangle of reference.
(213) The equation
psin2d + ¢gsin2B+rsin2C=0
represents the centre of the circle passing through the points of
reference.
(214) The equation
(g+7)sin24 + (r'+p) sin2B+ (p+¢)sin2C=0
represents the centre of the nine-points’ circle of the triangle of

reference.

(215) Apply tangential coordinates to shew that the middle
points of the three diagonals of a complete quadrilateral are
collinear.

(216) The straight line joining the points

p+mg+nr=0, Ip+m'qg+nr=0
is divided harmonically in the points

Ip +mq+nr Up +m'qg+n'r

l+m+n T ¥m +n =0



CHAPTER XXIII,

TANGENTIAL COORDINATES. CONIC SECTIONS.

377. DeriniTioN. The equation to a curve in tangential
coordinates is a relation among the coordmatcs of any strzught
line which touches the curve.

The equation to a curve is therefore satisfied by the coor-
dinates of any tangent to the curve; and any straight line whose
coordinates satisfy the equation is a tangent to the curve.

378. 'We have alrcady seen that the identical relation con-
necting the coordinates of any straight line may be wutten in
any of the forms

(g—7)cotd+ (r—p)icot B+ (p—q)*cot C=
@ (p—9)(p—7)+V(g=7)(qg—p) +¢ (r=p) (r— q) = 44",

.

or {ap, bq, cr}® =4A%
It should be noticed, that if

0 = {ap, bq, cr}’,

then ' g;? = 2a (ap —bg cos C— crcos B),

%,g— 2b (bg—crcos 4 —ap cos (),

%? = 2¢ (er — ap cos B— bq cos A),

do doO d—Q=0

and i + IE+ dr



346 TANGENTIAL COORDINATES.

379. To find the equation to the circle whose centre is at the

point
p +mg+nr=0,
and whose radius is p.

Let p, g, r be the coordinates of any tangent to the circle.
Then since p_is the distance of the tangent from the centre, we
have (Art. 870)

-t Ip+mq+nr
T ldm4n ?
and rendering this homogencous by the relation
{ap, bq, cr}* =4A%
a_ 447 rlp + mg + nr\?
we get {ap, bg, cr}'= E (-———l+m+n ) )

a relation among the coordinates of any tangent and therefore the
equation to the circle.

380. The general equation to a circle is therefore

{ap, bg, er}'=(\p + pg +w)’,
and its radius 13
2A
At p+v’
and the equation to its centre s
Ap+pug +vr=0.
For comparing the equation just written down with the form
which we investigated, we have
_2A lp+mq 4 nr
e AR iy Py

therefore
Ap l P m vp n

2AT I¥m+n’ 28 l+m+n’ 2A I+m+n’
and by addition,

A+p+v)p __2A
YLl b wriprast



CONIC SECTIONS. 347
381. A particular case of the equation to a circle occurs
when A=p=v=0, or when p=o.
In this case the equation takes the form
{ap, bg, cr}’=0,
or &(p=g)(p—7)+ (-7 (g—-p) +¢ = p)(r—g)=0...(1),

which is cvidently satisfied when p = ¢ =r, shewing that any
straight line lying altogether at infinity is a tangent.

But since the coordinates p, g, 7 of any finite straight line
satisfy the relation

Ap=9)(p=1)+V(g-7)(g-p)+Sr—p)(r—g) = 44°
which is inconsistent with (1), we sce that no finite straight line
is a tangent to the circle.

The circle is in fact that described in Article 88, and would
be represented in trilinear coordinates by the equation

(e + 18 + o) = 0.

The centre is given by Op+ Og+ Or=0, and is indeter-
minate: the radius p is infinite.

‘We shall speak of this circle briefly as the great circle.

382, Some writers speak of the equation

S(p-p=7+V (q=r)(g=p)+(r=p)(r—9 =0,

as representing only the two cireular points at infinity: and some
correct results are deduced from giving it this interpretation.

The discrepancy is precisely analogous to that which attaches
to the interpretation of the trilinear equation

B +9*+2Bycosd=0,
or to the Cartesian equation
o +y'=0.

It has already been pointed out (Art. 318) that either of
these cquations represents two imaginary straight lines interscct-
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ing in a real point, but is also the limiting form of the equa-
tion to an cvanescent circle at that real point. We explained
that a complete description of the locus of such an equation of
the second order must recognise the fact that when the real part
of a conic section degencrates into a point, the imaginary
branches become two straight lines through the point; and the
cquation to any two imaginary straight lines intersccting in a
real point—so soon as it is regarded as representing a locus
of the second order at all—must be regarded as representing the
ultimate conic evanescent at the real point and having the two
straight lines as imaginary branches.

In the present case we have to deal with the ultimate conic
at the opposite limit, Instead of the diameters becoming inde-
finitely small they have become indcfinitely great : but as before
the asymptotes are imaginary, and in the limit the imaginary
branches of the curve coincide with them. And just as in the
former case, the equation to the conic could in a partial view be
regarded as only representing the imaginary asymptotes, so
in this case the tangential equation to the conic may be regarded
as representing only the two circular points at infinity, which are
at the same time the points of contact of the asymptotes and
their polars with respect to the curve.

We must again refer to the chapter on reciprocal polars,
where this point is more fully discussed.

383. To find the equation to the conic section whose foct are
at the points
lp+mqg+nr=0,
'p+m'q +n'r=0,

and whose conjugate or minor axis is 2p.

Let (p, ¢, r) be any tangent to the conic; then since p* is
equal to the rectangle under the focal perpendiculars on any tan-
gent, we have

sl tmgtar Ipto'g+ar
l+m4n = L+m'+a"
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and, rendering this homogeneous by the relation
{ap, bq, cr]®=4A%
we get
tap, by, erpi= 18" ptmgkn) Up + mig+u'r)
) (L+m+n)(l'+m +7)

a relation among the coordinates of any tangent, and therefore
the equation to the conic.

384, The general equation to a conic may therefore be
written
wpt+ vg® + wrt + 20 qr + 20'rp + 2u'pq = 0,

and the foci are given by the equation
up® + vg’ + wr® 4+ 2u'gr + 20'rp + 2w'py + k {ap, by, er}* =0,

where & is to be so determined that the left-hand member of
this equation may be resolvable into two factors.

385. Ops. Tle equation to give L is
1 g

w+ ke, w' — kab cos C, v' —kea cos B |=0.
w' — kab cos C, v+ L, o — kbe cos A
v — hea cos B, w' — kbe cos 4, w + ké

The coetlicicnt of %° in this cubic vanishes, and the equation
reduces to a quadratic giving two values for I, indicating two
pairs of foci. One will be a real pair, the other an imaginary
pair.

Or, viewing the cquation for 4 in a more general aspect, it
has three roots, onc of which is infinite. There will therefore be
three pairs of foci, the two pairs just spoken of and another pair
represented by the equation

{ap, bq, cri*=0,

to which we must in this case give its partial interpretation, as
representing the two circular points,
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Hence every conic may be said to have siz foci, two coin-
ciding with the circular points, two real ones whosc geometrical
properties are known, and two other imaginary ones.

When we speak of the four foci of a conic, it will be under-
stood that we neglect the two circular points which arise from
the interpretation of the evancscent term in the cubic for Z.

386. To find the coordinates of the tangents drawn from a
given point to a given conic, we have only to solve simultaneously
the equations to the point and the conic and we shall get two
solutions for the ratios of the coordinates of the tangents required.

387. 1o find the condition that a given point may lic upon
a conic, we must construct the cquation for the coordinates of
the two tangents from the point, and express the condition that
the quadratic thus constructed may have equal roots.

388. The imaginary tangents drawn to a circle from its
centre touch all concentric circles and the great circle at infinity.

For let A +ug+rr=0.iiiinnn. ceenenna(1)

be the centre: then by giving different values to %, the equa-
tion

{ap, bq, erf+ & (Ap+ pug +vr)*=0............(2)
will represent any circle in the concentric series, and the coordi-
nates of the tangents from the centre are obtained by solving
simultancously equations (1) and (2). IIence they are given by

(Ap + pg +vr)'= 0}
and {ap, bq, cr)’=0
which arc independent of %, shewing that the same imaginary
tangents touch all the concentric circles.
But the equation
{ap, bq, cr}’=0
represents the great circle, and therefore the equatxons (3) deter-

mine the coordinates of the tangents from the given centre to the

great circle. Hence this circle has imaginary tangents in com-
mon with any concentric series.
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389. Cor. The four common tangents to the great circle
and any other coincide two and two, for they coincide with the
two tangents to the latter circle from its centre.

390.  The common tangents to the great circle and any conic
tntersect, two and two, in the foci of the conic.

Let  {ap, bq, crf'=(\p+pg+vr) Np+p'g+v7)...(1)
be the equation to any conic,

The common tangents to this conic and the great circle will
be obtained by solving together the equation (1) and the cqua-
tion :

{ap, bq, cr’=0 ccociviiininienninnn(2).
These tangents are therefore four in number.
From the equations (1) and (2) we obtain
(\p + pg +vr) Np+ p'g +v'r) =0.

Hence the four tangents pass through one or other of the
points represented by this equation, i.e. through one or other of
the foci of the conic.

Thercfore, &e. Q. E. D.

391. Cor.1. We may adopt the following definition of
the foci of a conic.

The four common tangents to any conic and the great circle
at infinity interscct in six points whick are called the foci of
the conic.

Two of these six foci are the circular points, as we saw in
Art. 385. Hence every real or imaginary tangent to the great
circle passes through one or other of the circular points.

392. Cor. 2, The common tangents to two confocal conics
pass two and two through the foci and touch the great circle at
infinity.
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393. 7o find the equation to the centre of the conic whos
tangential equation 13

S(p g r)=0.

Let (', ¢, #) be the coordinates of any diameter, and sup
pose (p'+h, ¢ +h, ' +%) a parallel tangent. Then, sinc
( +h, ¢+ A, ¥ + 1) is a tangent these coordinates must satisf,
the equation to the curve, therefore

fp +h g +h "+ 12)=0,

an equation to determine A.

We may write it

’ ’ ' ([ d 7 o
W) b (4 e D)+, 1, 1) =05

and since the two values of 2 must be cqual and of opposit
sign we have :

ar  df  df
YT Y=y,
dp

But (p', ¢, ") i3 any diamecter: therefore every diamete
passes through the point whose equation is

&AL
:Z]—)""'dq"*‘dr-—o,

therefore this is the equation to the centre which was required.

394. Cor. 1. If the equation to the conic be written
{ap, bq, e}’ + & (Ip + mq + nr) (U'p + m'q + 2'r) =0,
the equation to the centre becomes

lp+mq+nr+l'p+m’q+n'r_0
l+m+n l+m +0 7

a result which we might have inferred & pm'oh’ from the pro
perty that the centre bisects the line joining the foci.
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395. Cor. 2. If we write the equation to the conic in the
general form

up® + vg" + wr' + 2u'qr + 20'rp + 2w'pq =0,
the equation to the centre takes the form
up +vg + wr =0,
where Z=wu+v+w, v=v+w 4o, w=w+u +v.
396. Cor. 3. If f(p, g, 7) =0 represent a circle this equa-
tion must (Art. 380) be identical with
{ap, bq, cr}* =k (up +vq +wr)* = 0.
Hence we must have (see Prolegomenon,)
Jou, v, w, 1 =0,
’ W, v, W, u+v+w ”
e o |

which, therefore, express the conditions that the general equa-
tion of the second degree should represent a eircle.

397. To find the coordinates of the diameter parallel to a
given straight line.
Let (p', ¢ ') be the given straight line, and suppose
(p'+h, g+ ++0),

the parallel diameter. Then these coordinates must satisfy the
equation to the centre, thercfore

w(p+h)+v(@+h)+w (@ +5h)=0,
B Ul e
T uto+w
hence the required coordinates are
P(p—q)+w(p =) Wlg~r)+ulg—p) w('—p)+(~q)
utv+w ’ utv+w ’ u+v+w )
w« 23
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398. To find the condition that the equation
F(p, ¢, 1) = up* 4 vg* +wr’ + 24 qr + 20'p + 20/pg =0,
should represent a parabola.
The necessary and sufficient condition is that the line at

infinity should be a tangent.
Therefore p = g = r must satisfy the equation.

Therefore f,1,1)=0,
or wt+v4+ w20 +20+20 =0,
or w+v+w=0,

the required condition.

399. Cor. If the equation to the conic be written

{ap, bg, er}*+ (\p + pg +vr) Wp + g + V) =
the condition becomes
M +p+y)(N+p +0)=0,

shewing that a conic is a parabola if cither focus lie at infinity

400. To interpret the equation

S
(II) +q dq'+ d“, —O cessere e Sesrsevene (I)

with respect to the conic f (p, q, r) =0.

L Suppose that the straight line (', ¢, ) is a tangent to

the conic.
Then S, q, =
or, a3 we may write it,
af f
17 dp’ + —’I’ d I —O

which shews that the equatlon (1) represents some point on the
tangent (p, ¢, +').
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"

Now let (p", 4", ") be the other tangent from this point.
Then since it passes through the point (1), we have

wdf L df L df
,Z d I+ - ]I+ l / 0
. df o df
or P (71),,+/ (17 ,,+ & , =0,

which shews that (', ¢/, +') passes through the point given by

AL/
p(ij) 1{]:/'*" ..................... (2)-

But since (p", ¢”, #") is a tangent, we have
r” (/ ’r
S @ " ") =0,

o df A L df

or dp 1 dq" Tt

which shews that (p", ¢”, 7”) also passes through the point (2).

Hence the point (2) is the point of intersection of the tan-
gents (p', ¢, ) and (p", ¢”, »’); that is, it coincides with the
point (1), therefore the equations (1) and (2) arc identical.

Therefore,
ti p’ dy dr
T-F-T
dp/l dq” drl

of which a solution (and since they are simple equations, the
only solution) is evidently

or the tangents (p', ¢, #), (p", ¢y ") coincide. Hence the
given equation represents the point of contact of the tangent
(7, ¢ 7).

23—2
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But II. suppose (p, ¢/, ') be not a tangent, then let
(2 400 1) (Par ¢a 7,) be the tangents at the points where
(7, ¢, ) meets the conic.

Then by the Case I. their points of contact are given by the

equations
d/’ df | df _ ~0,

Py Ty, T

af  df . df _
Pap T gy T, =

And since these points both lic upon (p’, ¢, ), we have

riiddee
and 7 (-ZT/: +q j’ +7 Zf 0, f
or p,l-g: ldf:+ ljf 0 ﬂL
and novaLen =

which shew that (p,, ¢,, 7)), (ps ¢.» 7.) pass through the
point given by

g, ¥, .Y
y4 dp +q dl 5+ "= 0;
that is, the equation
dar af _
p dp’+qdq o

represents the point of intersection of tangents at the extremities
of the chord (p’, ¢/, 7).

Therefore always—

The pole of the straight line (p', ¢, 7') is represented by the
equation

iy, A
pgﬁ7+q(—l§,+r%_0.
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401. Cor. 1. If the equation to the conic be written
up® +v9" + wr' + 2u'qr + 20'rp + 2w'pg = 0,
the pole of the line (p', ¢/, ') is given by

P (up' +w'g' +0'r) + ¢ (of + U7 +0'p') +7 (wr' + vp +4g)=0.

402. Cor. 2. With respect to the great circle the pole of
the straight line (p', ¢, »') is

ap (ap’ — bq' cos C — cr'cos B) + bq (by' — ¢’ cos A — ap’cos C)
+ ¢ (¢’ — ap’cos B— by cos 4) =0,
which is satisfied if p =g =1

Ilence the pole of any straight line with respect to the great
circle is at infinity.

403. Cor. 3. The equation of the last corollary becomes
indeterminate if p’' =¢ =",

Hence the pole of the straight line at infinity with respect
to the great circle vs indeterminate, as we shewed otherwise in
Art. 381.

It also follows from Cor. 2, in virtue of Art. 234, that the
polar of any finite point with respect to the great circle is the
straight line at infinity.

404. To find the coordinates of a diameter of a conic con-
Jugate to a given diameter.

Let f(p, ¢, r) =0 be the given conic, and (p', ¢, ) the
given diameter.

Let (p'+% ¢ +h ¥ +%) and (p'—k, ¢ —h, r¥— k) be
the parallel tangents,
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Then their points of contact (or poles) arc glven by the
equations

A AL AF (A d
Pdp ng+ dr+]<dp+c—lj+d =0

df f ,Jf ]<(lf df d —o0.

and v dp+ dj T dr (1'])+dg dr) =

The conjugate diameter joins these two points: hence its
coordinates will be obtained by solving together these two equa-
tions. IHence the coordinates are given by

T AvE v

Py dg T dr T 0
................. 1
af [ df  df _ r ’
and dp *d q tar = J
A
or by & y = L/ (2).

g—r 7=y =g

The equations (2), with the identical relation (Art. 364),
determine the coordinates p, ¢, 7 required,

Cor. The first of the equations (1) shews that the con-
jugate diameter passes through the pole (at infinity) of the
original diameter. Hence we might express the definition of
conjugate diameters thus :

Two diameters of a conic are said to be conjugate when each
passes through the pole of the other.

405. 1If the cquation to the conic be written in the form
wp® + v’ + wrt + 20 qr 4 20'rp 4+ 20'pg = 0,
the equations to determine the diameter conjugate to a diameter
(2, ¢, ") become
up +vr+w'g _vqg+wp+ur _wrtwg+op

’ - ’” ’ )

q—r r—p P—gq
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or
P _ q ”
’ ’ 1 / - 7 7 0 = 7 0 e
g =7, w,v 7=, v, u q -7, u, w
Y —p, v, W r—p, W, w Y =9, W, v
! / ! ! 14 ' ! ' / ’
p—q, u, w p—q, w, v p—q, v, u

Cor. If the cquation f(p, ¢, r) =0 represent a parabola,
(p', ¢, ') will be a diameter, provided

’ U ! ! U [
q—r _r—p _p—9q
u v W0

406.  To find the asymptotes of the conic

Sy g 7)=0.
Let (p', ¢, 7') be an asymptote.

Then, since (p', ¢, #) is a tangent whose point of contact is
at infinity, these coordinates must satisfy the equation to the
conic, and the coordinates of infinity must satisfy the cquation
to the pole of this tangent.

Hence Ff,q,r)=0,

and dt: + df:+ fo: =0.
dp' T dg' T dr

The first of these is a quadratic, and the sccond is a simple
equation ; the coordinates of the two asymptotes will therefore

be obtained by solving them together.

Cor. It appears thercfore that the coordinates of the asymp-
totes of a conic are obtained by solving together the equation to
the conic and the equation to its centre.  Hence (Art. 386) the
asymptotes arc the tangents to the curve from its centre.

407. 1o shew that the equation
lgr +mrp + npg =0

represents a conic dnscribed in the triangle of reference.
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The equation is satisfied if ¢ =0, » = 0 are satisfied.

But these equations represent the side BC. Hence BC is a
tangent to the conie. So the other sides are tangents.

Therefore &c. Q. E.D.

408. To shew that the triangle of reference is self-conjugate
with respect to the conic

D+ mg® + nr® =0.
By Art. 400, the equation to the pole of the line (p', ¢/, ) is
lpp’ + mqq' + nrr’ = 0.

Ience, putting ¢ =0, 2" =0, the pole of the side BC of the
triangle of reference is given by

p=0
that is, it is the point 4.

Hence each side of the triangle of reference is the polar of
the opposite angular point.

Therefore &e. Q. E. D.

409. To find the general equation to a conic circumscribing
the triangle of reference.

Let up® +vq" + wr' + 2u'qr + 20'rp + 2w'pg =0

be the equation of a conic passing through the points of re-
ference.

The tangents from p = 0 arc given by
v’ + wr' + 2u'qr = 0,
and thesc must be coincident ;
therefore u =+ Now,
80 v' = + Vuwu,

and w' =+ Vuw.
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Hence writing I, m’, #* for u, v, w, the equation becomes
Up’ + m*q" + w*r® + 2mngr + 2nlrp £ 2lmpq = 0,

and, as in Art. 205, the doubtful signs must be taken either all
negative or only one ncgative, or else the equation would
degenerate into two simple cquations.

ITence the general equation of a conic circumscribing the
triangle of reference may be written

VIp + Vg +Vir =0,

410. If S=0 be the equation to a conic, and u=0, v=0
the equations to two points, it is required to interpret the equation
S+ kuv =0,

where «k s an arbitrary constant.

Let (p, g, r) be one of the tangents from the point # =0 to
the conic §=0.

Then (p, ¢, r) satisfy both the equations
S=0 and u=0,

and therefore (p, ¢, ) satisfy the equation

S+ kuv =0,

Hence either tangent from =0 to S=0 is a tangent to
the conic
S+ kuv = 0.

Similarly, either tangent from » =0 to §=0 is a tangent to
the same conic.

Hence the equation represents a conic section, so related to
the given conic that two of the common tangents intersect in
(u=0), and the other two in (v=0).
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411.  To interpret the equation
uv + kwxr =0,
where u=0, v=0, w=0, =0
are the equations to points.
Supposc (p, ¢, ) the straight line joining the points
u=0, w=0,
then these coordinates satisfy both the equations
u=0, w=0,
and thercfore satisfy the equation
uv + kwx = 0.

But this cquation being of the sccond order represents a
conic scction.  Henee it represents a conic section touching the
straight line joining the points

u=0, w=0.

Similarly, the conic touches the line joining
u=0, =0,
and the line joining
v=0, w=0,

and the line joining
v=0, x=0.

Ience it represents a conic inscribed in the quadrilateral
whose angular points are

u=0, w=0, v=0, x=0
in order.

412, 1o dnterpret the equation
uv + kw® = 0.

As in the last case, this is a conic touching the lines joining
the points (v =0, w=0) and (v=0, w = 0).
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Moreover, the tangents from » = 0 to the curve, arc given by

u=0 }
w=0 )’

and thercfore are coincident. IIence (w = 0) lies on the curve.
Similarly, (v =0) lics on the curve.

Ilence the equation represents a conic section passing
through the points u=0, v =0, and whose tangerts at those
points interscct in w = 0.

413. 1o interpret the equation
lvw + mwu 4+ nuv =0,
where u= 10, v=0, w =0 are the equations of three points.

Being of the second order the equation represents some conic.

The equation is satisfied when v =0 and w = 0.

Hence the straight line joining v =0 and w=01is a tangent
to the conic.

Similarly, the straight line joining w=0 and «=0, and the
straight line joining » = 0, v = 0, are tangents.

Hence the equation represents a conic inscribed in the tri-
angle whose angular points are =0, v=0, w=0.

414. By comparison with Art. 408, it will be seen that the
equation
I + mv® + nw® = 0,
rcp1escnt<; a conic, with respect to which the tnangle formed by
joining the points
w=0, v=0, w=0,
is sclf-conjugate.

So it may be shewn as in Art. 409, that the equation

JZZ;+~/1);;+~/7—¢1—‘7=

represents a conie cireumseribing the same triangle.
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415. Tt will be neccssary for the student to distinguish

between a curve of the a™ order and a curve of the n™ class.

The following definitions are usually given.

Der. 1. A curve is said to be of the n'™ order when any
straight line meets it in n real or imaginary points.

DEF. 2. A curve is said to be of the »™ class when from
any point there can be drawn to it » real or imaginary tan-
gents.

A curve of the n' order will therefore be represented by an
equation of the »™ degree in trilincar or triangular coordinates,
and a curve of the o™ class will be represented by an equation of
the » degree in tangential coordinates.

We have shewn that every conic section is both of the second
order (Art. 145) and of the sccond class (Art. 230).

IExercises oN CuarTeErR XXIII.

(217) The equation
p'tan 4 + ¢*tan B+ +*tan C=0,
represents the circle with respect to which the triangle of refer-
ence is self-conjugate.
(218) The circle circumscribing the triangle of reference
has the equation
Vpsin 4 4 Vg sin B4+ N7 sin C=0.
(219) The circles escribed to the triangle of reference are
given by the equations
— sgr+(s—c)rp+(s—0)pg =0,
(6—c)gr - sp+(s—a)pg=0,
(s=bgr+(s—a)rp — spg=0.
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(220) The circle inscribed in the triangle of reference is
given by .
(s—a)qr+(s=0)rp+ (s—c) pg=0.

(221) The equation to the nine-points’ circle of the triangle
of reference is

{ap, bq, cr}*={ap cos (B—C) + by cos (C — A) + cr cos (4 —B)}?,

or aNg+r+bVr¥p+evp+qg=0.

(222) The general equation to a conic bisecting the sides of
the triangle of reference is

(m—=n)*p*+ (n—0)* ¢+ (I—m)*+* + 2 (IPqr + m*rp + 2"pq)
=2 (mn + al+ lm) (qr +rp + pq).

(228) The conic which touches the sides of the triangle of
reference at their middle points has the equation

qr+rp+pg=0.
(224) The point fp + gq + hr =0, lies on the conic
p*+mg* + n* =0,
2 2 2
provided fl +7 4 K 0.
m’ n

(2

(225) The point fp + gg + hr =0, lies on the conic
slgr + mrp + npg = 0,

provided NIUf 4+ Nmg + N nk = 0.

(226) The point fp + gg+ hr=0, lies on the conic
VI +¥mg +Vir=0,

17

7+ =0,

S

l
1 - +
prov ided f

QI
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(227) The six straight lines joining the non-corresponding
vertices of two co-polar triangles touch one conic.

(228) The points given by the equation
Lig+r)+ Wm+Va)Pp=0,

lic upon the conic lgr + mrp +npg =0, and the pole of the chord
joining them is given by the equation

Lig=7)+ (m—n)p=0.

229) Shew that the conic
Nip +Vmg +Vur =0,

is inscribed in the triangle whose angular points arc

mg+nr—Ilp=0, nr+lp—my=0, Ip+mqg—nr=0.

(230) If conics are inscribed in a quadrilateral the poles of
any fixed straight linc lie on another straight line.

(231) Shew that the conic

W=+ w=0,

ig inscribed in the quadrilateral whosc angular points in order
are

u+v+w=0,
—u+v+w=0,
u-—-v+w=07

u4v—w=0.

(282) The conic

u? v?

m—-n+7—z?l

w?

{—m

+——=0,

circumscribes the same quadrilateral.
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(233) The equation
(12— mn) (p* = gr) + (m* — nl) (g7 = 7p) + (u = In) (" = py) =0,
represents a parabola, passing through the points
mp+ng+lr=0 and ap+ly+mr=0,
and touching the straight lines joining these points to the point
p+mq+nr=0.

(234) The points of contact of tangents from the point
lp+mq+nr=0 to the-conic f(p, ¢, r)=0, are given by the
equation

w, w, v, L | f(p,yr)+]| u w, v | (lp+mg+nr)=0.
w, v, w, m w', v,
v, w, w, n v, W, w

I, m, n, 0 |

(235) 'T'wo conics have double contact and the common
tangents Intersect in 0. If I be any point on the exterior conic
the tangent at P and the tangents from P to the interior conic
form with the straight line OP, a harmonic pencil.



CHAPTER XXIV.

POLAR RECIPROCALS.

416. Ir we refer to the proof of Pascal’s Theorem in
Art. 200, and to that of Brianchon’s Theorem in Art. 218,
we shall observe that by interpreting the coordinates as tan-
gential instead of trilinear in the proof of either thcorem, we
should obtain a proof of the other.

And so in many other cases, the same equations being
written down and the samc climinations or other processes
being performed, we shall arrive by the selfsame work at two
different theorems, differing by the interpretation which we
give to the coordinates and to the equations into which they
enter.

This is the strict analytical method of applying the prin-
ciple of duality, the principle by which every theorcm concern-
ing the configuration of points has another thcorem correspond-
ing to it concerning the configuration of straight lines. And
in working with cquations cither in trilinear or tangential
coordinates, we ought always to be on the watch for proper-
ties which may be suggested by supposing our coordinates to
belong to the opposite system.

But when we use geometrical methods, and arrive at pro-
perties of points or lines without the aid of equations, we have
not generally any symbols capable of a double interpretation
by which we may take advantage of the principle of duality.
In this case, therefore, since we cannot obtain a double result
by a double interpretation of symbolical expressions, it is uscful
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to consider by what means we can transform a single result so
as to arrive at the corresponding theorem.

The method by which we can most dircctly cffect this trans-
formation is called the method of Polar Reciprocals. As a
geometrical method it does not strictly enter into the scope of
the present work, and therefore we shall not greatly enlarge
upon its application. We shall, however, explain the funda-
mental principles upon which these transformations are made,
both because we shall thereby obtain an opportunity of exhibit-
ing the significance of many of the equations in tangential
coordinates, and because the nomenclature which the method
introduces is often employed in the statement of propositions of
importance in the analytical methods.

417. As an cxample of the double interpretation of results to
which we have just referred, we will arrange in parallel columns
two important propositions connected together by the principle
of duality, and give their common method of proof, using
trilinear coordinates for the one proposition and tangential for the
other. To shew the identity of the work, we will use the same
letters @, y, ¢ to represent triangular coordinates in the first
column and tangential coordinates in the second.

If two triungles be inscribed | If two triangles circumseribe
. . . . . M " . . .
in one conie, their sides will | one conic, thetr angular points
touch one conic, ¢ will lie on one condc.

Take one of the triangles as triangle of reference, and let
(@ Yo 2y (T Yos 22)y () Yy 7) e the
angular points § sides
of the other.  And let the conic have the equation

e L m =n .
trilinear] - b + = 0, [tangential
then the equations to the

sides ] angular points

W. 24
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of the sccond triangle will be

lx my mnz

Ly Yolfs %y
m

‘.'— a + =0,
&gy Juyl 2, z

le  my nz
xlwﬁ yl?/2 zlzi!

Now the equation
Ve + py + Nz =
represents any conic
inscribed in § circumscribing

the first triangle (the triangle of reference) and it will also
be inseribed in i circumscribe

the second triangle provided A, w, » be determined so as to
satisfy the cquations

A2, #muq+vzz

! =0
N?1+ﬂVh+ a,_o
N?3+P%%+ g,
which are consistent equations provided
1 1 1 |[=0.
ml ’ :7/1 ’ zl
11
@’y
ro11
x,’ oy 2




POLAR RECIPROCALS. 371

And this is scen to be identically satisfied, since by hypo-
thesis

I m =n I m n I m =
—+ +—=0, —F4 =0, 4+ =0
Y B X Yy 7 Xy Yy %

Therefore, &c. Q.E.D.

418, Let the points I, P, P,...... be the poles of the
straight lines p, p,, Py oeveen respeetively, with respect to a
conic O,

It the points I, P, D, ...... all lie upon one straight line,

we know that the straight lines p, p,, py ..ooo will all pass
through one point. But if otherwise, the points P, I, P, ......

Fig. 12,

in order may be regarded as the angular points of a polygon,

and the straight lines p, p,, p, ... in order may be regarded
as the sides of another polygon.

This second polygon is called the rceiprocal of the first
polygon with respect to the conic O.

24—2
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419. If with respect to a conic, the reciprocal of the polygon
G be the polygon g; the reciprocal of the polygon g will be the
polygon G.

For let P, P, be any two adjacent angular points of the
polygon @, and p,, p, their polars: then since g is the recipro-
cal of G, p,, p, are sides of the polygon g.

Let the sides p,, p, interscct in @, and let the polar of
Q be ¢, then since p,, p, intersect in @, their poles I, P, lie on
q the polar of Q.

Hence @ is an angular point of the sccond polygon, and its
polar ¢ is a side of the first polygon.

Therefore the polars of all the angular points of the second
polygon are sides of the first. Therefore the reciprocal of the
sceond polygon is the first polygon.

Therefore, &c. Q. E.D.

420. If the number of angular points I, P, P, ...... of the
first polygon be indefinitely increased, so that the polygon
becomes ultimately a curve, the number of sides of the sccond
polygon will likewise increase indefinitely, so that it will also
become ultimately a curve.  And if we regard any of the points
P, P,.... on the first curve, the corresponding straight lines
2 e are tangents to the second curve.

So if # points on cither curve lic upon a straight line, then
will 2 tangents to the other curve pass through a point.

Consequently ¢f one curve be of the m*™ order and n™ class,
the other will be of the n* order and m™ class.

421. Tt follows from Art. 419 that if any curvilinear or
other locus I"be the reciprocal of another locus £ with respect
to a conic O, the locus # will also be the reciprocal of the locus
F. The two loci arc said to correspond to cach other with
respect to the conic 0.

It is convenient to speak of the centre of the conic O as the
centre of reciprocation.
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422, The following theorems follow immediately from the
principles we have laid down.

(). ().
A point  corresponds o a straight line,
(ii). (ii).
The point of intersection of The straight line joining
two straight lines. the corresponding points.
(iii). (ii1).
Collincar points. Concurrent straight lines.
(iv). (iv).
A polygon of n sides. A polygon of n sides.
(v). (v).
The angular points of a i  The sides of the correspond-

ing polygon.

polygon.
(vi).
A curve of the m'™ order
and a™" class.
(vii).

A point on a curve.

g (vi).
% A curve of the m™ class and
§ n™ order.
(vii).
% A tangent to the corre-
{ sponding curve.
(viii). (viii).

The point of contact of a The tangent at the cor-

tangent. responding point.
(ix). (ix).

A chord joining two points. The point of intersection of

the corresponding tangents.
(x).

The point of interscction of
tangents at the corresponding
points.

¢

(x).
The chord of contact of two
tangents.

(x1).
A curve circumscribing the
corresponding polygon.
(xit).
A common tangent to two
curves.

(xi).
A curve inscribed in a poly-
gon.
(xii).
A point of intersection of
two curves.
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(xiii).

Two curves which touch
onc another,

i.e. Which have a common
point and the same tangent
thereat.

(xiv).

Two curves having double
contact.

(xv).

The chord of contact.

(xvi).
A double point on a curve*,
i.e. A point at which there
arc two tangents.

(xvi1).
A point of osculation*.
(xviii).
A point @ in which the
tangent at P cuts the curve.
(xix).
A point of inflexion*.
Obtained from the last case
by making @ coincide with 2.

(xx).
A curve having » points of
inflexion.
(xxi).
The straight line at infinity.
(xxit).
A point at infinity.

corresponds to

POLAR RECIPROCALS.

(x1it).
) Two curves which touch
¢ one another.
; i.e. Which have a common

) .
. tangent and the same point of

contact.

(xiv).
{  Two curves having double
, contact.
§ (xv).
The point of intersection of
the common tangents.
(xvi).
A double tangent* to the
corresponding curve.

ie. A tangent having two
points of contact.
(xvii).
A point of osculation,
(xviii).

A tangent ¢ drawn from the
point of contact of a tangent p.
(xix).

The tangent at a point of
inflexion.

A A A

¢
% Obtained from the last case by
g making ¢ coincide with p.
E (xx).

A curve having » points of
§ inflexion.
% (xx1).
{ "The centre of reciprocation,
{ (xxii),
;A straight line through the
g centre of reciprocation.

* Scc the Definitions infra Chap. xxvI.
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(xxiii). corresponds to (xxiii).
An asymptote. The ‘point of contact of a
i.e. A tangent at infinity. tangent from the centre of re-
ciprocation.
(xxiv). (xxiv).
Parallel straight lines. Points collincar with the

centre of reciprocation.

423. The foregoing properties apply to all curves whatso-
ever: we proceed now to state some which apply to conic
scctions in particular.

Since a conic section is of the second order and of the
second class (Art. 415), it follows immediately from (vi) that

(xxvi). (xxvi).

A conic scction corresponds to a conic section.
(xxvil). (xxvii).

The pole of a straight line § The polar of the correspond-

ing point with respect to the
corresponding conic.
(xxviii).

The chord of contact of tan-

gents from the centre of reci-

procation to the corresponding

with respeet to any conic. 2
This follows from (x). §
(xxviil). {
The centre of a conic. §
This follows from the preced- %
ing by supposing the line to be ;
at infinity. Sece (xxi). ; conic.
(xxix). ( (xxix).
Parallel tangcnts. % The extremitics of a chord
See (xxiv). } thrf)ugh the centre of recipro-
cation.
@ (xxx).
8 Conics with respectto which
{ the polars of the centre of reci-
procation coincide.
(xxxi).

(xxx).
Concentric conics.

(xxx1). H
A pair of conjugate diame- 2 T'wo points which with the
ters in a conic. ; centre of reciprocation form a
i.e. Two lines cach of which ; sclf-conjugate triangle with re-
is the polar of the point where s spect to the corresponding
the other meets infinity. { conic.
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(xxxii). corresponds to (xxxii).

The points where a conic The tangents to the cor-
meets the straight line at in- § responding conic from the cen-
finity. § tre of reciprocation.

(xxxiii). : (xxxiii).

A hyperbola. i A conic having its convex-

ie. A conic meeting the { ity towards the centre of reci-
straight line at infinity in real E procation.
points, { i.e. Having real tangents from

that point.
(xxx1v). % (xXX1V).

An ellipsc. % A conic having its con-

Le A conic meeting the § cavity towards the centre of
straight line at infinity in ima- | reciprocation.
ginary points. ; i.e. Having imaginary tan-

é gents from that point.
(xxxV). $ (xxxV).

A parabola. ¢ A conic passing through the

i.e. A conic meeting the i centre of reciprocation.
straight line at infinity in coin- i.e. Having coincident tan-
cident points. % gents from that point.

424.  Given the equation of a curve in triangular coordi-
nates, it is required to find the equation to its polar reciprocal
with reference to the conie

P+ mB+nyf=0.coiiiiiniin. w (1),

Let S B, 7)=0

be the equation to the given curve: let (a', B, ') be any point
upon it so that

and let p, ¢, » be the tangential coordinates of the straight line
corresponding to (o' B, 7).

Then the equation to this straight line in triangular coordi-
nates is

pa+ B+ ry=0.
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But since it is the polar of («, B, %) with respect to (1), its
equation may be written
Ia+mB B+ ny'y =0,
therefore e _mp_ny )
p q r
and substituting in (2), we get

P 1 t) -
f (l "m’ on %
a relation amongst p, ¢, r, and thercfore the tangential equation
of the curve reciprocal to the given one.
Cor. 1.. The conic of reciprocation being its own reciproeal

is represented in tangential coordinates by the equation

r
n

2 2
m

The centre of reciprocation is given in triangular coordinates
by the equations
la =mpB = ny,

and in tangential coordinates by the equation

£+l+r=0,
I " m n

Cor. 2. The reciprocal of the curve whose tangential equa-
tion is
S(pygm)=0
is represented in triangular coordinates by the equation

f(la, mB, ny)=0.

Cor. 3. With respeet to the conic
a+ B +9'=0,
the equations
S B, v) =0, and .f(_l” 7 r) =0

represent corresponding curves.
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But it must be borne in mind that if the lines of refer-
ence arc real, the conic of reciprocation is here imaginary.
The centre of reciprocation is however the real point

a=B=ry, or p+g+r=0

viz. the centre of gravity of the triangle.

425. We are now in a position to illustrate the apparent
discrepancy alluded to in Art. 382 as to the interpretation of the
equation in tangential coordinates

{ap, bq, crfr=0.

We have scen (Art. 111) that the circular points at infinity
are given in trilincar coordinates by the cquations

- B - v
1 cos CFA/—1sinC cosB+./—1sinB’

Ia

Their polars with respect to the conic

f(a: IBa ')’)=O

arc thercfore represented by the equations

( Z{; ZB cos U+ ;‘LOSB) FV-1 (1{_3 sin € — ;53111 ])’) =0

Vi i ) =

So in triangular coordinates the polars of the circular points
at infinity with respect to the conic

f(d, B, 'Y) =0,
are given by the equation

CRART AT et
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Consider the particular case of the conic whose equation is
lo® + mfB* + ny* = 0, [triangular
and whose centre is given (Art. 178) by the equation
la = mB = ny.

The polars with respect to it of the circular points are repre-

sented by the equation
{laa, mB, ney} =0.

But since the circular points are imaginary points at infinity,
their polars must be imaginary and pass through the centre of
the conic.

Hence the equation

{lan, mbB, ncyf=0

represents two imaginary straight lines intersecting in the real
point .

la=mB =ny.

But it follows from Art. 292 that the same equation may be
more completely viewed as representing an evanescent conic
scction, whose real branch has degenerated into the point

la =mfB = ny,
and whose imaginary branches have become two imaginary
straight lines.
Now suppose we reciprocate the locus of this equation
{laa, mbB, ney}*=0
with respect to the conic
o+ mfB* + ny* = 0.
If we interpret the locus as two imaginary straight lines (the
polars of the cireular points) it will reciprocate into two imagi-

nary points (the circular points themselves).  On the other
hand, it we regard the locus as a conic (evanescent at the
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centre of reciprocation) it will reciprocate into a conic (the great
circle at infinity).

Now by Art. 424, the equation to the reciprocal is
lap, by, cri*=0.

Hence the ambiguity in the interpretation of this equation is
accounted for, and is scen to be the divect result of the ambi-
guity in the interpretation of any equation to an evancscent
conic, which may always be regarded as equally representing
two imaginary straight lines.

426. We can now continue our table as follows :

(xxxvi). (xxxVi).
Infinity COT?'espon(lb to the centre of reciprocation.
(xxxvii). (xxxvii).

An evancscent conic at the
centre of reciprocation.
(xxxViil).
The polars of the circular
oints at infinity with respect
to the evanescent conic.

The great circle at infinity. E
3
<
|
/
5
§
(xxxix). f (xxxix).
%
!
¢
;
¢

(xxxviii).
The circular points at in-
finity.

The foci of a conic. The chords joining the four
points in which the correspond-
ing conic is cut by the lines
corresponding to the circular

. points.

427. If a pencil of straight lines be reciprocated into a
range of points, the anharmonic ratio of the range is the same as

that of the pencil.

Take the lines of refercnce so that the conic of reciprocation
may have the equation

o'+ B+ =0.
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And let u=0, u+kv=0, v=0, u+«v=0, be the equa-
tions to the straight lines forming the pencil, then the anhar-

monic ratio is ;':7 . (Axt. 124).

But the same equations with p, ¢, » written for «, B, v will
represent in tangential coordinates the range of four points.
(Art. 424, Cor. 3).

Thercfore (Art. 374) the anharmonic ratio of the range is

K .
o the same as that of the pencil. Q. k. b

428, Cor. 1. If four straight lines @, b, ¢, d (not ncces-
sarily concurrent) be cut by another straight line p in four
points forming a range whose anharmonic ratio is &, the points
corresponding to a, b, ¢, d being joined to the point correspond-
ing to p will form a peneil whose range is also &£: and con-
verscly.

For by Art. 422 (ii), the points in the range correspond to the

lines in the peneil.

Nore. If a, b, ¢, d, p represent straight lines, it is often
convenient to use the symbol {p.abed} to denote the anhar-
monic ratio of the points in which the straight lines a, 2, ¢, d
interscet the straight line p.

429. Cor. 2. If p, a, b, ¢, d be the tangents to a conic at
the points I, 4, B, C, D respectively, then will
{p.abed}={P.ABCD}.
430. With respect to a circle, any circle reciprocates into
conic, having a focus at the centre of reciprocation.

Take a triangle self-conjugate with respect to the circle of
reciprocation as triangle of reference.

Then in triangular coordinates the circle of reciprocation has
the equation (Art. 179),

afcot A+ Bcot B+ycot C=0..ininnnnn.n. (1),
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and any other circle may be represented by the equation (Ait.
329),

{acos A, Bcos B, ycos O} = (la+mB +ny) (@ + B +7)...(2).

Now by Art. 424 the reciprocal of the cirele (2) with respect
to the circle (1) is represented in tangential coordinates by the
equation

{psind, ¢sinB, rsin C}
= (Ip tan A + mq tan 4 + nr tan A) (p tan A + ¢ tan I3 + 7 tan ),
or {ap, bq, cr}®

= éioz(:’*—A (Iptan A +mqgtan B+nrtan O)(p tan A +g¢tan B+rtan C).

But (Art. 383) this represents a conic whose foci are given by
Ip tan A + mq tan B + nr tan =0,
and ptan 4 +qtan B+ rtan C=0;

the latter of which is the equation to the centre of recipro-
cation.

Ience the reciprocal of a circle with respeet to a circle is a

conic, having a focus at the centre of reciprocation.

Cor. Conversely, any conic reciprocated with respect to a
circle having a focus as centre, corresponds to a circle.

431. We can tabulate our results as follows:

REeciprocan Loct wiTin respEcT To A CIRCLE,

(x1). (x1).
A hyperbola having the A circle having the centre
centre of reciprocation as fo-
cus.

of reciprocation without it.
See (xxxiii).

AN A
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(xli). (xli).
An ellipse having the centre A circle having the centre
of reciprocation as focus. of reciprocation within it.
‘ (See xxxiv).

(xlii).
A parabola having the cen-
tre of reciprocation as focus.

(xlii).
A circle passing through the
centre of reciprocation.
See (xxxv).
(xliii).
The centre of the circle.
(xliv).
The evancscent circle at the
centre of reciprocation.

|
(xliii). %
|
(x1v). § (x1v).
|
|
/
|
|
¢
{

The directrix of the conie.
(xliv).
The great circle at infinity.

The circular points at in- The straight lines joining
finity. the centre of reciprocation to
the circular points.

(xlvi).

The chords joining the four
points in which the correspond-
ing conic is cut by radii from
the centre of reciprocation to
the circular points.

(xIvii).
The straight line at infinity.

(xIvi).
The foci of a conic.
See Art. 391.

(xlvii).
The focus of reciprocation.

432. Observing that the polar of a point P with respect
to a circle whose centre is O, is the common chord of that
circle, and the circle on OP as diameter, and is thercfore at
right angles to OP, it follows that the angle which two points
subtend at the centre is equal to the angle between their polars.

Ilence, when we reciprocate with respect to a circle, the
angle between two straight lines s equal to the angle which the
corresponding points subtend at the centre of reciprocution.

433. Moreover the distances of a point and its polar from
the centre of the circle contain a rectangle equal to the square
on the radius.
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Hence, when we reciprocate with respeet to a circle, the
distances of different points from the centre of reciprocation are
tnversely proportional to the distances of the corresponding lines.

434. By the aid of this property it is easy to calculate the
magnitude of the conic corresponding to any circle with respect
to another eirele.

For let & be the radius of the circle of reciprocation, r the
radius of the circle to be reciprocated, and % the distance be-
tween their centres. And suppose e and b the semi-axes of
the conic, and e its excentricity.

By symmetry, the line joining the centres of the circles
must be the axis of the conic, and the perpendiculars on the
tangents at the vertices lie along this line.

We lave, thercfore,

I 2
a(l+c)=1‘_h, and a(l—e):r_l_--];,

. _ K be Y
whence, a= o pe == e

435. Tt thus appears that the excentricity of the reciprocal
conic is independent of the radius of the circle of reciprocation.
The magnitude of this circle therefore only affeets the magni-
tude, not the form of the resulting figure. Thus it happens
in many cases that the magnitude of the circle of reciprocation
does not affect a proposition, and it is thercfore often con-
venient to speak briefly of reciprocation with respect to a point O,
when we mean reciprocation with respect to a circle drawn at an
undefined distance from the centre O.

We will now give some examples of the manner in which
the method of polar reciprocals is applied in the solution of
problems.

436. IFour fixed tangents are drawn to a conic: to prove thut
the ankarmonic ratio of the points in whick they are cut by any
vartable tangent 7s constant.



POLAR RECIPROCALS, 385

Let a, b, ¢, d denote four fixed tangents to a conic, and let
p and ¢ be any other tangents. Reciprocate the figure with
respeet to a focus s then the tangents a, b, ¢, d correspond to four
fixed points 4, B, C, D on a circle, and.p, g to any other points
P, @ on the same circle.

Now, by Hucl. 111. 21, the chords joining 4, B, C, D sub-
tend the same angles at P as at Q.

Ilenee, {P.ABCD} = {Q.ABCD};
thercfore by Arvt. 428,
{p-abed} = {q. abed}. Q. E. D.

437.  Four fixed points are taken on a conic: to prove that
the anharmonic ratio of the pencil joining them to any variable
potnt on the swme conic is constant.

Let 4, B, ¢, D denote four fixed points on a conic, and let
L, @ be any other points.  Reciprocate the figure with respect
to any point; then the points A, I3, C, D, I, () correspond to
tangents a, b, ¢, d, p, g to another conic, and therefore by the
last proposition

{p.abed} = {q . abed}.
Hence by Art. 128,
{P.ABCD} ={Q.ABCD}. Q. E. D.

438.  An ellipsc is inscribed in a quadrilateral: to prove
that any two opposite sides subtend supplementary angles at
etther focus.

Reciprocate the whole figure with respect to a circle having
the focus as centre.  Then, by Art. 430, the conic corresponds
to a circle, and the circumseribed quadrilateral to an inscribed
quadrilateral. By Fucl. 111. 22, any two opposite angles of this
quadrilateral are cqual to two right angles. llence, by Art.
432, any two opposite sides of the corresponding quadrilateral
subtend at the centre of reciprocation angles which are together
cqual to two right angles. Ilence the proposition is proved.

w, 25
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439. The following “ corresponding theorems™ will suffice
to shew how the principal propertics of conic scctions may be
deduced from the simplest propertics of the circle by the method

of polar reciprocals :

Two tangents to a circle are
equally inclined to their chord of
contact.

Two tangents to a circle are
equally inclined to the diameter
through their point of inter-
section,

Parallel tangents to a circle
touch it at the extremitics of a
diameter.

A chord which subtends a
right angle at a fixed point on a
circle passes through the centre.

In any circle the sum of the
perpendiculars from a fixed point
on a pair of parallel tangents iy
constant.

If chords of a circle be drawn
throngh a fixed point, the rect-
angle contained by the segments
is constant.

Two tangents to a conic mea-
sured from their point of inter-
section subtend equal angles at
a focus.

The segments of any chord of
a conic, measured from the direc-
trix subtend cqual angles at a
focus.

Tangents at the extremitics
of a focal chord interscct in the
dircctrix,

Tangents to a parabola at right

angles to one another intersect on
the directrix.

In any conic the sum of the
reciprocals of the segments of any
focal chord is constant.

] The rectangle contained by
the perpendiculars from the focus
of a conic on a pair of parallel
tangents is constant.

440. The following corresponding theorems illustrate the
nature of the great circle at infinity:

All real points on an cevanes-
cent conic coincide.

All real tangents to an cvan-
escent conic meetb in a point.

All real tangents to the great
circle coincide with the straight
line at infinity.

circle lic on the straight line at

4
§ All real points on the great
$
é infinity.
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All imaginary points on an All imaginary tangents to the
evanescont conic lie on one of two ¢ great circle pass through one of
imaginary straight lines, two imaginary points (viz, the

¢ circular points).

441.  The following will be also seen to be reciprocal
theorems ;
Briancion’s Taeorem. If a

hexagon circumscribe a conic the
straight lines joining opposite ver-

Pascar’s Turorem. Ifa hex-
agon be inscribed in a conic the
points of intersection of opposite !
sides are collinear, § tices arc concurrent.

If a quadrilateral be inscribed
in a conic, the intersections of its
opposite sides and of its diagonals

If a quadrilateral circumseribe ¢
a conic, the intersections of its
opposite sides and of its diago-

N
nals will be the vertices of a self- § will be the vertices of a sclf-con-
conjugate triangle. 2 jugate triangle.

If two triangles be polar reci- ¢ If two triangles be polar reci-
procals with respect to any conic, f procals with respect to any conic,
the intersections of the correspond- § the straight lines which join their
ing sides lie on a straight line.  { corresponding vertices meet in a

! point.

Exercises oN Cunarrer XXIV.

(236) If a conic touch the sides BC, €4, AD of a triangle
in the points .1, I¥, ¢, then at cither focus BC, C'A, AL sub-
tend cqual angles: so also do (“A, AB', D(", and so do AD,
e, A

(237) 1If two tangents to a parabola meet the dircetrix in
Z, 7', and if 8 be the focus, the angle ZS8Z" or its supplement is
double of the angle between the tangents.

(238) In the plane of the figure 38 (page 310) any point O
is taken, and through L1, A', @ straight lines AL, A'F, ap are
drawn so as to make the pencils

(4.8rC0o}, {A'.BP C'0}, {a, bpcO}
harmonic. Shew that these three straight lines are concurrent.
25—2
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(239) If two conics have a common focus and directrix, the
tangent and focal radius at any point on the exterior conic divide
harmonically the tangents from that point to the interior conic.

(240) With a given point as focus four conics can be
drawn so as to pass through thrce given points, and another
conic can be described having the same focus and touching the
first four conics.

(241) S is the common focus of two conics, and §,, S, are
the poles with respect to either of the dircetrices of the other.
Shew that S, S|, S, are collincar,

(242) Four conics arc described each touching the three
sides of one of the four triangles ABC, BCD, CAD, ABD, and
all having a common focus §: shew that they all have a common
tangent.

(243) The reciprocal of a parabola with regard to a point
on the directrix is an equilateral hyperbola.

(244) The interscction of perpendiculars of a triangle cir-
cumscribing a parabola is a point on the directrix.

(245) The intersection of perpendiculars of a triangle in-
scribed in an equilateral hyperbola lies on the eurve.

(246) The tangents from any point to two confocal conics
are cqually inclined to cach other.

(247)  'The locus of the pole of a fixed line with regard to a
series of confocal conics is a straight line.

(248) On a fixed tangent to a conic are taken a fixed point
4 and two moveable points P, @, such that AP, 4Q subtend
equal angles at a fixed point 0. Trom I, @ arc drawn two
other tangents to the conic, prove that the locus of their point of
intersection is a straight linc.

(249) Chords are drawn to a conic, subtending a right
angle at a fixed point; prove that they all touch a conic, of
which that point is a focus.
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(250) Prove that two cllipses which have a common focus
cannot interscet in more than two points.

(251) 04, OB are common tangents to two conics which
have a common focus S, and ASB is a focal chord. Shew that
if the second tangents from A and B3 to one conic meet in O,
and thosce to the other conie meet in D, then C, D, S are colli-
near.

(252) If two conics circumscribe a quadrilateral and have
double contact with another conic, the tangents at the extremi-
ties of the chords of contact interscct in two points which
divide harmonically one of the diagonals of the quadrilateral.

(253) Three conic sections have a common tangent, and
each touches two sides of the triangle ABC at the extremities
of the third side; shew that if the sides of this triangle meet
the common tangent in 4’, B, ', each of the points of contact
of that tangent will form with 4', ¥, €’ a harmonic range.

(254) A triangle ABC is inscribed in a conie, and the tan-
gents at the angular points 4, B, C arc produced to meet the
opposite sides in P, @, B. From these points other tangents
are drawn to touch the conic in A', I¥, C'. Shew that if the
tangents at 4, B, C form a triangle abe, and the tangents at
A', B, C' form a triangle a'0'¢, then 4, a, a’ are collinear, so
are B, b, V', and so are C, ¢, ¢



CHAPTER XXV,

CONICS DETERMINED BY ASSIGNED CONDITIONS.

442, WE shewed in Art. 147 that a conic can generally be
found to satisfy five simple conditions, cach condition giving
rise to an equation conneeting the cocficients in the general
equation to a conic. It will, however, be observed that if any
of thesc equations are of the second or a higher order, we shall
have two or more solutions indicating two or more conics satis-
fying the given conditions.

Again, in Art. 201 we gave an example of a double con-
dition, when we shewed that if the centre of a conic be assigned
this is equivalent to two simple conditions being given: and
it will presently be scen that conditions may occur cquivalent
to three or four or five simple conditions.

In order therefore that we may in all cases be able to judge
of the sufficiency of any assigned conditions to determine a conie,
it will be desirable

(1°) To determine what conditions shall be regarded as simple
conditions, classifying them according to the naturc of the
relations to which they give rise, among the cocfficients of the
general equation,

(2 To consider how many conics can be drawn to fulfil
five simple conditions when the classes of those conditions are
assigned, and
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(8°) To analyse more complicated conditions, and to deter-
mine to how many simple conditions they are equivalent, assign-
ing the class of those simple conditions.

443. We shall only find it necessary to make two classes
of simple conditions, which we shall distinguish as point-condi-
tions and line-conditions, 'We shall find that all other conditions
of common occurrence may be regarded cither as particular cases
of these two, or as made up of repetitions of them.

444, Drr. We shall call two points conjugate with re-
specet to a conic when cach lies on the polar of the other, and we
shall call two straight lines conjugate when cach passes through
the pole of the other.

445. Let
f(a) B,v) = ua’ + v3* + wy* + 2&’,8')' + 21)"')’& +2w'aB=0

be the equation in trilincar coordinates to a conic scetion, and let
(21, By 71)s (a5, By, 7v,) be any two points in the same plane.

The equation

w2, + 08,8, + wyyy, + w (B, + Byy) + V(2 +,2,)
+ w’(aﬁ, + aﬁl) =0,
may be written in cither of the forms

‘lf+/3,dp, df—_—O,
or (Zf + ,3, d,@f df =07

and expresses the condmon (Art. 232) that cach of the points
(@, By 7)), (@, By v,) lics on the polar of the other with respect
to the conic, or that the two points are conjugate with respect to
the conic.

It will be obscrved that when the two points (a,, B,,%,),
(a,, B, v,) are given, the condition that they should be conjugate
furnishes us with a simple equation, connecting the six co-
efficients in the gencral equation to a conic. Five such con-
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ditions will therefore suffice to determine the five ratios of the
coefficients in the equation, and therefore to determine the
conic,

446. Let Lo+mpB+ny=0,
and Lo +mB+ny =0,

be two straight lines. Then the equation

U / ("
w, w, ¢, [=0

w, v, W, my
’
, W, w,on

ly m, n, O

will cxpress the condition (Art. 233) that cach passes through
the pole of the other, or that the two straight lines are conjugate
with respect to the conic.

It will be scen that this equation is a quadratic in w, v, w,
u, v, w'. Ilence when two straight lines are given, the con-
dition that they should be conjugate furnishes us with a quad-
ratic equation connecting the six coefficients in the general
equation to the conic. Therefore if a condition such as this
be substituted for one of the conditions in the case last con-
sidered, there will be an ambiguity in the determination of the
cocfficients of the trilinear equation unless it happen that the
quadratic have equal roots.

447. Let
F(p, ¢ 7) =up®+0g® + wr'+ 2u'qr + 20 rp + 20'pg =0,

be the equation to a conic scetion in tangential coordinates, and
let (p,, 7., 7), (g 4oy 7) be any two straight lines in the same
planc.

The equation
up, py+vq, g, Hwr v+ (g, g 0 (r py )

+ ’ll]l (px(ln +p2 (11) = 0?
may be written in cither of the forms
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a 9 df
2 ;.]1; /A d] +7 ——' =0,

) f f]f . df
of (/1; ]2 + "e (]) =9,

and expresses the condition (Art. 232) that each of the straight
lix}cs (P> 705 )y (Do T 7,) passes through the pole of the other
with respect to the conic, or that the two straight lines are con-
jugate with respect to the conic.

It will be observed that when the two straight lines (p,, ¢,,7),
(Pgs sy 7,) are given, the condition that they should be con-
jugate furnishes us with a simple equation connecting the six
coefficients in the general equation to a conic. Five such con-
ditions will thercfore suffice to determine the five ratios of the six
coeflicients in the equation, and thercefore to determine the conie.

418, Let Lp+mg+nr=0,
and Lp+mg+nr=0,
be two points.  Then the equation

u, w, v, I, =0

wy v, w, m |
/ ’

v, U, w, N

l

1

4y My, Mgy O

will express the condition (Art. 233) that each lies on the polar
of the other, or that the two points are conjugate with respect
to the conic.

It will be seen that this equation is a quadratic in w, v, w,
w, v, w. Hence when two points are given, the condition that
they should be conjugate furnishes us with a quadratic equation
connecting the six cocfficients in the general equation to a conic.
Thercfore if a condition such as this be substituted for one of the
conditions in the case last considered, there will be an ambiguity
in the determination of the coeflicients of the tangential equation
unless it happen that the quadratic have equal roots.
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449. Der. The condition that a conic be such that with
respect to it two given points are conjugate, is called a point-
condition.

The condition that a conic be such that with respect to it
two given straight lines arc conjugate, is called a line-con-
dition.

450.  To fulfil five point-conditions theve can be drawn one
and only one contc.

For, using trilincar coordinates, cach of the five conditions
will furnish us with a simple equation (Art. 445) connecting the
coefficients of the general equation to a conic.  These five cqua-
tions will determine the five ratios of the cocflicients without
ambiguity, and therefore will determine one and only onc conic
fulfilling the given conditions.

451, To fulfil four point-conditions and one line-condition
there cannot be drawn more than two conics.

For, using trilincar coordinates, each of the four point-
conditions will furnish us with a simple equation (Art. 445)
connecting the cocflicients of the general equation.  And the
line-condition will furnish us with a fifth equation, a quadratic
(Art. 446), connecting the same coefficients. These five cqua-
tions will determine the five ratios of the cocfficients, but since
one is a quadratic there will in gencral be two solutions, indi-
cating two conics fulfilling the given conditions.

452.  To fulfil three point-conditions and two line-conditions
there cannot be drawn more than four conics.

For, using trilinear coordinates, cach of the three point-con-
ditions will furnish us with a simple equation (Art. 445) con-
necting the coefficients of the general cquation and the two line-
conditions will furnish us with two more cquations, quadratics
(Art. 446), connecting the same cocfficients. Thesc five cqua~
tions will determine the five ratios of the coefficients, but since
two are quadratics there will in general be four solutions, indi-
cating four conics fulfilling the given conditions,
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453.  To fulfil three Uine-conditions and two point-conditions
there cannot be drawn more than four conics.

For, using tangential coordinates, each of the three line-
conditions will furnish us with a simple equation (Art. 447)
connceting the coctlicients of the general equation, and the two
point-conditions will furnish us with two more cquations,
quadratics (Art. 418), connecting the same coefficients. These
five equations will determine the five ratios of the cocflicients,
but since two are quadratics there will in general he four
solutions, indicating four conics fulfilling the given conditions.

454, To fulfil fowr line-conditions and one point-condition
there cannot be drawn more than two contes.

For, using tangential coordinates, each of the four linc-con-
ditions will furnish us with a simple cquation (\rt. 447) con-
neeting the coeflicients of the general equation.  And the point-
condition will furnish us with a fifth equation, a quadratic (Art.
448), connecting the same cocflicients.  These five equations will
determine the five ratios of the coeflicients, but since onc 1is
a quadratic there will in general be two solutions, indicating two
conics fulfilling the given conditions.

455, To fulfil five line-conditions there can be drawn one and
only one conic.

For, using tangential coordinates, each of the five con-
ditions will furnish us with a simple equation (Art. 447) con-
neeting the coeflicients of the general equation to a conie.
These five equations will determine the five ratios of the coeffi-
cients without ambiguity, and thercfore will determine one and
only one conic fulfilling the given conditions.

456. Tt remains that we should analyse the conditions most
usually assigned, and determine to how many point- or linc-
conditions they may severally be equivalent.  We shall then be
able to apply the five preceding articles to determine how many
conics (at most) can be drawn in cases where such conditions
are given.



396 CONICS DETERMINED BY ASSIGNED CONDITIONS,

I.  Given a point on a contc.

Sinee a point on a conic lies on its own polar it is conjugate
to itself. This thercfore is equivalent to one point-condition.

1I.  Qiven a tangent to « conic.

Sinee a tangent to a conic passes through its own pole it is
conjugate to itself.  This thercfore is equivalent to one line-con-
dition.

III. Given a diameter.

Any diameter passes through the centre, which is the pole of
the straight line at infinity. Ilence a diameter and the straight
line at infinity are conjugate lines. This thercfore is equivalent

to one line-condition.

IV. Let a given point be the pole of a given straight line
with respect to a conic.

Let Pbe the given point and QZ the given straight line.
Then the polar of P passes through ), which is one point-con-
dition ; and the polar of I’ passes through I, which is another.
Hence the data arc equivalent to two point-conditions.

Or we may rcason thus: the pole of QR lics on P@, which
is one line-condition, and the pole of QI lies on PR, which is
another. Ilence the data are equivalent to two line-conditions.

Therefore the pole of a given straight line being given may
be regarded as equivalent to two point-conditions or two line-con-
ditions.

V. Given a point on a conic and the tangent thereat.

This is a particular instance of the last case, the given pole
lying on the given polar. It is thereforc cquivalent to fwo
point-conditions or two line-conditions.

VI.  Gven an asymptote.

This is an instance of the last case, the given point being at
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infinity. It is therefore equivalent to two potnt-conditions or two
line-conditions.

VIL.  Given the direction of an asymptote.

In this case one of the points in which the conic meets the
straight line at infinity is given. It is therefore an instance
of (1) and is cquivalent to one point-condition.

VIIL  Given that the conic is a parabola,

Or that the line at infinity is a tangent. This is an in-
stance of (11) and is therefore equivalent to one line-condition.

IX. Ghven that the conic is a circle,

Or that it passes through the two circular points. By (1)
this 1s equivalent to two point-conditions.

X.  Given the centre.
The centre is the pole of the straight line at infinity; hence

this case is an instance of (1v) and is therclore equivalent to two
potnt-conditions or two line-conditions.

XL Qeven a self-conjugate triangle.

A triangle is self-conjugate if each pair of angular points are
conjugate. llence this case is equivalent to three point-con-
ditions.

Or again, a triangle is self-conjugate if cach pair of sides
arc conjugate lines. Ilence it is cquivalent to three line-con-
ditions.

Therefore a self-conjugate triangle being given, constitutes
three point-conditions or three line-conditions.

XIL.  Given in position (not in magnitude) a pair of con-
Jugate diameters,

A pair of conjugate diameters form with the straight line
at infinity a sclf-conjugate triangle. Ilence this is an instance
of (x1) and is equivalent to three point-conditions or three line-
conditions.



398 CONICS DETERMINED BY ASSIGNED CONDITIONS.

XTIIL.  Given the directions of a pair of conjugate diumeters.

The points where any lines in these directions mect the
line at infinity are conjugate points, llence this is equivalent
to one point-condition.

XIV. Given in position an axis.

The axis is a diameter, and this being given is equivalent
to onc linc-condition. But the dircction of the conjugate dia-
meter is known to be at right angles to this, which gives by (x111)
a point-condition. Thercfore that an axis be given in position
is equivalent to one point-condition and one linc-condition.

XV.  Given in position the two axes.

This is no more than a case of (X1v) and is cquivalent to
three point-conditions or three line-conditions.

XVI.  Given a focus.

The two tangents from the given point to the great circle at
infinity are tangents to the conic. Ilence two tangents are
given, and therefore by (1) the data are equivalent to two
line-conditions.

XVII.  Gwen a similar and similarly situated conic.

Since similar and similarly situated conics are those which
meet the straight line at infinity in the same points, this is equi-
valent to two points being given. Henee by (1) it may be
treated as fwo point-conditions.

457. When a conic has to be drawn subject to conditions
having reference to another conic, we may often estimate the
value of the conditions by considering the particular case in
which the latter conic reduces to two straight lines. Thus:

XVIIL.  Given a conic having double contact with the re-
quired one.

Consider the case when the given conic reduces to two
straight lines. 'Then we have two tangents given, furnishing



CONICS DETERMINED BY ASSIGNED CONDITIONS. 399

two line-conditions. Hence we may infer that generally a conic

having double contact with the required one being given is
equivalent to two line-conditions.

The following are examples of the application of our results:

458.  Only one parabola can be inscribed in a given qua-
drilateral.

That the required conic is a parabola is one line-condition
(vin); that it touch the sides of the quadrilateral gives four
more. Ilence we have five line-conditions, and therefore (Axt,
455) the conic is absolutely determined.

459. Not more than two parabolas can be described about a
grven quadrilateral.

That the required conic is a parabola is a line-condition
(vin); that it circumseribe the quadrilateral gives four point-
conditions (1). Ilence (Art. 451) not more than two solutions
are possible.

460.  Two conics can generally be described with given foct
and passing through a given point.

TFor the foci give four line-conditions (Xv1); and the point
gives a point-condition (1). Hence (Art. 454) there will gene-
rally be two solutions.

461.  Only one conic can be described with given foci so as to
touch @ given straight line.

Tor the foci give four line-conditions (xv1), and the tangent
gives a fifth (11).  Hence (Art. 455) there is only one solution.

462, Only one conic can be described with a given centre,
with respect to whick a given triangle shall be self-conjugate.

For the self-conjugate triangle may be regarded as giving
three point-conditions (X1), and the given centre as giving two
more (X). Mence (Art. 450) there will be only one solution.
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ExEercises oN Cuarter XXV,

(255) Given two tangents and their chord of contact, shew
that only one conic can be described so as to touch a given
straight Liue.

(256) Given two tangents and their chord of contact, shew
that only one conic can be deseribed so as to pass through a
given point.

(257) Two confocal conics cannot have a common tangent.
(258) Three confocal conies cannot have a common point.

(259) Two concentric conics cannot circumscribe the same
triangle.

(260) Two concentric conics cannot be inscribed in the same
triangle.

(261) Only two conics can be described about a triangle
having an axis in a given straight line.

(262) Only two conics can be inscribed in a triangle and
have an axis in a given straight linc.

(263) Four circles can generally be described through a
given point so as to have double contact with a given conic.

(264) Four circles ean gencrally be described so as to touch
a given straight line and have double contact with a given
conic.

(265)  Only one conic can be described having double con-
tact with a given conic, and such that a given triangle is sclf-
conjugate with respect to it.

(266) One conic can gencrally be inseribed in a given quad-
rilateral 5o as to have its centre on a given straight line,



CHHAPTER XXVI.

EQUATIONS OF TIE TIIED DEGREE.

463. Derinirions. The curve determined by an equation
of the third degree in trilincar coordinates, or in any other
system in which a point is represented by coordinates, is called
a cubic curve, or a cubic locus.

The curve determined by an equation of the third degree
in tangential coordinates where a straight line is represented
by coordinates, is called a cubic envelope.

464. Lvery straight line mecets @ cubic locus @n three points,
real or <maginary, coincident or distinct: and from every point
there can be drawn to a cubic envelope three tangents real or fma-
ginary, cotncident or distinct.

For to find the points of intersection (or the tangents) we
have to solve together the equation to the given straight line (or
the given point), which is of the first degree, and the equation to
the curve, which is of the third degree. Hence we shall have
three solutions real or imaginary, equal or unequal.

All the solutions however cannot be imaginary, since ima-
ginary roots enter into an equation by pairs.  One at least must
be real, and the other two either both real or both imaginary.
Ilence every straight line mcets any cubic locus in one or three
real points, and from every point there can be drawn either one
or three real tangents to any cubic envelope.

Cor. By Art. 415, a cubic locus is a curve of the third
order, and a cubic cnvelope is a curve of the third class.

w. 20
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465. DEFINITIONS.

I. A point in which two branches of a curve interscet, or at
which there are two distinct tangents, is called a double point.

II. A point in which more than two branches intersect, or
at which therc are more than two distinct tangents, is called a
multiple point.

A multiple point is said to be of the »™ order when n branches
intersect in it, or when n tangents can be drawn at it.

IIT. When a closed branch of a curve becomes indefinitely
small so as to constitute an isolated point satisfying the condi-
tions of a point on the curve, it is called a conjugate point. From
the consideration that a conjugate point is an indefinitely small
oval, it follows that any straight linc through it must be regarded
as the ultimate position of a chord of the oval. Amny such
straight line will therefore satisfy the condition of meeting the
curve in two coincident points,

IV. A cusp is a point on a curve at which two branches
meet a common tangent and stop at that point.  Any straight
line through a cusp must be regarded as cutting both branches
at the cusp, and therefore satisfics the condition of meeting the
curve in two coincident points.

V. If the two branches having the common tangent be con-
tinued through the point, then the point is called a point of oscu-
lation.

VI. A point at which a curve crosses its tangent, is called a
point of inflexion.

If Phe a point of inflexion and @ be another point on the
curve very ncar to P, the straight line QP being produced
through P, will meet the curve again in another point €', very
near to L. If this straight line turn about the fixed point I
until it ultimately coincide with the tangent, since it must ulti-
mately be a tangent to the branch on cach side of the point P it
follows that as @ approaches I”so also will @, and that they will
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both simultancously arrive at coincidence with P. Ilence the
tangent at a point of inflexion may be regarded as meeting the
curve in three coincident points.

All the foregoing are often classed togcether as singular points.

VII. A double tangent to a curve is a tangent which
touches the curve in two distinet points.

466. It will be observed from the definitions in the last
article, that a double point, cusp, and conjugate point arc
marked by the same property, that any straight line through
such a point meets the curve in two coincident points, and that
a tangent thercat mects the curve in three coincident points.
But they are distinguished by the property that the two tangents
at a double point are distinct, at a cusp—coincident, and at a
conjugate point—imaginary.

Again, a cusp and a point of inflexion are both characterised
by the property that the tangent at such a point meets the curve
in three coincident points, but they are distinguished by the fact
that a straight linc other than the tangent mects the curve in
only onc point at a point of inflexion, but in two points at
a cusp.

467. A cubic curve cannot have more than one doulble point,
cusp or conjugade point.

For, if possible, let it have two such points P and @, and
join them by a straight line. Then this straight line cuts the
curve in two coincident points at P, and in two coincident points
at Q (Art. 465), i. e. in four points altogether,

Which is impossible (Art. 464).

468. A cubic curve cannot have a double tangent.

Tor such a tangent, touching at 2 and at @, would meet the
curve in two coincident points at I>and in two coincident points
at @, i.c. in four points altogether,

Which is impossible (Art. 464).
26—2
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469. A cubic curve cannot have a point of osculation.

For the tangent at a point of osculation, touching both
branches of the curve, would meet it altogether in four points,

“Which is impossible (Art. 464).

470. The general homogencous equation of the third degree
in threc coordinates consists of ten terms, viz. the three terms
whose arguments are

3 3 3
@ b .7/ ? 4 )
the six, Ly, 'z ¥z, Yo 2w, 2y
and the one, xyz.

If the coefficient of any onc of these terms be arbitrarily
assigned, those of the remaining ninc will be undctermined
constants,

Hence the general equation of the third degree involves nine
undetermined constants, and can therefore generally be made to
satisfy nine independent conditions.

Ilence a curve represented by an cquation of the third
degree can generally be drawn through nine given points, or
otherwise made to satisfy nine given conditions.

471. 1If the nine conditions be given, the equation to
the curve can generally be determined.  If any less number
(» suppose) of conditions be given, a series of curves can gene-
rally be drawn to satisfy them, and their general cquation will
involve the complementary number (9 —7) of undetermined con-
stants.

For example, we shall shew in the next article that the
general equation in trilinear coordinates to a curve of the third
order, circumscribing the triangle of reference ABC, and whose
tangents at 4, B, C are represcnted by the cquations

u=0, v=0, w=0,
respectively, has for its equation
aBry + lua® + mvB’ + nwy* = 0,
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which involves three undetermined constants Z, m, n, the num-
ber of given conditions having been siz.

472. The general cquation of the third degree in trilinear
coordinatcs may be written

oy + o’ (La+m B+ ny) + B (La +mB + ny)
+ 9 (La+mB+ny) =0.
If we take three points on the curve as the angular points

of the triangle of reference, then sincc the equation must be satls-
fied by any of the systems

(;3=0) 'Y'_'O)’ ('7=0: a=0), (a'—TO, B=0)’
we obtain
l,=0, my=0, n,=0,

and the equation reduces to

aBy+ o (mB +ngy) + B (ngy + L,a) + 9 (Lx +mB) =

The tangent to the locus of this equation at the point 4
(B=0, y=0) is readily scen to be given by the cquation
mB+ nyy =0,

Similarly, ngy + La =0
and . lox+mB=0
represent the tangents at the points B and C.

IIence the equation
ofBy + lua® + mvS* + nwy*=0
represents a cubic touching at the points of reference the straight
lines
u=0, v=0, w=0.
Or, more generally, if
z=0, y=0, 2=0
represent any cquations to straight lines, then

xyz + lux® + moy® + nwz’ =0
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i3 the gencral equation of a cubic to which
=0, v=0, w=0

arc tangents, and
=0, y=0, 2=0

the chords of contact.

473. Similaly, in tangential coordinates,
xyz + lud® + moy’ + nws* =0
is the general cquation to a curve of the third class, on which
u=0, v=0, w=0
wre the points of contact of tangents intersecting in the points

=0, y=0, z2=0.

474, To find the general equation in trilinear coordinates to
a cublc curve having a double point, cusp, or conjugate point at
one of the points of reference.

The general equation to a cubic curve may be written
wBy + (g -+ B+ ngy) + B (La+ mpB +n)
+ ' (la+ mB + ngy) =0.
If the point 4 be a double point, cusp, or conjugate point,
any straight line through A must meet the cubic in two coinci-
dent points at 4. Any such straight line may be represented

by the cquation
B=«y.

Hence, substituting for B in the general equation, the result-
ing equation must have two roots y=0. Ilence the terms in-
volving o® and «* must vanish, and thereforec we must have

L,=0, m=0, n,=0;

these arc therefore the conditions that the locus of the equation
(1) should have a double point, cusp, or conjugate point at A.
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When these conditions are satisfied we may express the con-
stants differently, and write the equations

a (fB°+ 9By + y’) +18° + mBy + n3y* + ry® =0,

which is therefore the gencral equation to a cubic having a
double point, cusp, or conjugate point given by

B=0, y=0.

475, 1o find the equation to the tangents at the double point
or cusp to the cubic curve whose equation s

a (/B + 9By + 1Y) + 18"+ mBy + nBy* + vy’ = 0......(1).

Let 8=y be a tangent at ., then substituting in the equa-
tion, the resulting equation

ay’ (fi'+ g+ k) + ¥ (I + me® + nec +7) = 0
must have all three roots equal, (y=0).
IIence J&+ge+h=0,
giving the two values for & corresponding to the two tangents.

The equation to the tangents is therefore
JB+ 9By + Iy* =0.

If the two roots of the quadratic be equal, the point A will
be a cusp: if they be real and unequal it will be a double point:
if they be imaginary it will be a conjugate point.

Cor. The equation
a (fB°+ gBy + ) +18* + mB%y + nBy* + 1y’ =0

represents a cubic having at A a double point, conjugate point,
or cusp, according as g* — 4% is positive, negative, or zcro.

476. Every curve of the third order whick has a cusp is also
of the third class.

Let there be a curve of the third order having a cusp 4, and
let BB be any point whatever in its planc. 'We have to shew that
only three tangents can be drawn from B to the curve.
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Let BC be one of the tangents from the point B and let it
meet the tangent at the cusp in €. Then if we refer the cubic
to the triangle A BC its equation may be written (Art. 475)

B+ 1B+ mBy + nfBy' + 1y’ = 0.
Bat since a = 0 is a tangent the cquation
IB°+ mBy + nBy* + r =0,
must have two of its roots equal, and may therefore be written
LB+ ) (B-+v)* = 0.
Hence the cquation to the cubic may be written
af + LB+ py) (B +vy)*=0.

Now let a=xy be any tangent from B to the curve. Sub-
stituting for @ in the equation to the curve the resulting equa-
tion

By + 1B + py) (B +vy)*=0,

must have two of its roots equal.

The condition that this should be the case will be found
to be
dur® + Ic* (8 + 20y — v*) + 4% (u —v)* = 0,

a cubic equation giving three values of & of which one is zero.
Then there arc three tangents from 3 to the curve, one of which
is the known tangent ¢ =0.

Hence from any point, only three tangents can be drawn to
a cubic which has a cusp. Q.E.D.

477. If a cubic curve have three real points of inflexion, the
tangents at which do not mect in a point, we may take those
tangents as lines of reference for trilinear coordinates.

Each line of reference will now meet the cubic in three
coincident points; therefore if we substitute a =0 in the equa-
tion to the cubic the resulting equation must have three equal
roots ; that is, the terms free from o must form a perfect cube,
(mB +ny)® suppose. So the terms freec from B must form a
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perfeet eube, which (since the coefficient of «* is alrcady known
to be #°) may be written (ny + 0.)%  Similarly the terms free
from o must be (la +mB)°. llence the equation may be written

(mB + ny)* + (ny + la)* + (le + mB)° — 1u® — mB* —ny® + haBy =0,
or, cxpressing the constant % differently,
(lx+mB + ny)* + k2By = 0.

(The argument would not hold if one or more of the points
of inflexion were imaginary, as in stich case different cube roots
of n*, &c. might be involved.)

478. Cor. The points of contact of the tangents, or the
points of inflexion themsclves are given by
(a=0,mB+ny=0), (B=0,ny+la=0), (y=0, la+mB=0).

Hence they all lie on the straight line

la+mB+ ny=0.

Thercfore, of p, q, 7 be the tangents at three real points of in-
Aexion P, Q, B on a cubic, then either p, ¢, r are concurrent,
or I, Q, B are collinear.

479. If a cubic curve have three real points of inflexion they
will be collinear.

For if not we may take them as points of reference for
trilincar coordinates. Then since the tangents at the three
points are concurrent (Art. 478) we may represent them by the
equations

mB—ny=0, ny—la=0, la—mB=0.

1lence the equation to the cubic may be written (Art. 472)
ImnaBy +M? (mB — ny) + pm*B* (ny — la) +vi'y* (la—mfB) = 0.
And since the line mB —ny=0 is a tangent at a point of in-
flexion, it meets the cubic in three coincident points; therefore

we must have
l—p+rv=0
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Similarly, since ny—Ila=0 and la —mB =0 arc tangents
at points of inflexion,
1-v4+A=0,
1=A4+u=0,

But thesc cquations arc inconsistent, as we find by adding
them together.

Hence the points of reference cannot be points of inflexion.
Thercfore &e. Q. E. D.

480. The theorems of the following articles, being expressed
in a most gencral form in abridged notation, will be found very
useful in interpreting equations of the third degree, and will
often enable us to recognise by simple inspection the existence
of singular points.

481, If wu=0,v=0, w=0, =0, y=0, 2=0
are the equations of six straight lines, then the equation
uow = kayz

will represent a cubic locus passing through the nine points given
by the intersection of the straight lines

(u=0, 2=0), (u=0, y=0), (=0, 2=0),

(v=0, 2=0), (v=0, y=0), (v=0, 2=0),

(w=0, =0), (w=0, y=0), (w=0, 2=0);
and I: can be determined so as to make the equation represent
a cubic passing through any tenth point.

The proof follows immediately as in the corresponding pro-
position respecting conics, Art. 159.

But we may observe with respect to our result that it is
only because the first nine points lic threc and three on six
straight lines that we are able to describe a cubic passing
through a tenth point. If the first nine points had been un-
connceted and perfectly general they would have sufficed to
determine the cubic absolutely, as we shewed in Art, 470,
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482. Soif
u=0,v=0 w=0,2=0, y=0,2=0
represent points in tangential coordinates, the equation
wvw = kxyz
represents a cubic envelope touching the nine straight lines
(u=0, 2=0), (=0, y=0), (xu=0, z=0),
(v=0, z=0), v=0, y=0), (v=0, z2=0),
(w=0, x=0), (w=0, y=0), (w=0, 2=0);

and I: can be determined so as to make the equation represent a
cubic envelope touching any tenth straight line.

483. Consider the equation
w'w = kxyz. (trilinear

This is a particular case of the equation of Art. 481, the
straight lines «=0 and v =0 being coincident. The equation
represents a cubic locus to which the straight lines

=0, y=0, 2=0

arc tangents, their points of contact lying all on the straight line
=0, and the other points where they meet the curve lying on
the straight line w = 0.

484.  So the equation
uw'w = kryz [tangential
represents a cubic envelope passing through the points
=0, y=0, z=0,
and touching at those points the straight lincs
(u=0, 2=0), (u=0, y=0), (u=0, 2=0),

and also touching the straight lines
(w=0, £=0), (w=0, y=0), (w=0, z2=0),
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485, Consider the cquation
u’ = kxyaz. [trilinear
This is a particular casc of the last equation, the straight
lines =0 and w =0 being coincident. The equation repre-

sents a cubic locus having threc points of inflexion in the
straight line = 0, the tangents at those points of inflexion being

given by
: z=0, y=0, =0,

For each of the straight lines
' =0, y=0, 2=0

mects the curve in three coincident points determined by «° = 0.

486. So the equation
w=lkryz - ' [tangential
rcprésents a cubic envelope having points of inflexion at
=0, y=0, 2=0,

the tangents at these points intersecting in the point w = 0.

487. Consider the equation
o ' = ka’y. [trelinear

This equation represents a cubic locus in which =0 is the
tangent at a cusp, 7 =0 the tangent at a point of inflexion, and
u =0 the chord of contact.

For =0, =0 both mecet the cubic in three coincident
points on the line w =0, but w=0 cuts it in two points on
=0, and in only one on y =0. Hence (x=0, 2= 0) must be
a cusp, and (u=0, y =0) a point of inflexion.

488.  So the equation
= kxly [tangential
represents a cubic envelope having a cusp at # =0, and a point

of inflexion at y =0, the tangents at these points intersecting
inu=0.
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489. Consider the equation
wv' = kxy'. [trilinear

The straight lines =0 and 2 = 0 arc tangents: their points
of contact lying respectively on y=0 and v=0, and their
point of intersection also lying on the cubic, and there is a sin-
gular point at the intersection of v =0 and y = 0.

For v =0 mecets the curve in two incident points lying on
y=0, and =0 mcets it in two coincident points lying on
v=0. Ilence at the point of intersection (y =0, v = 0) both lines
satisfy the condition of meeting the cubic in two coincident
points; hence this point must be a double point, cusp, or conju-
gate point.

490. So the equation
w®=Lkay' [tangential
represents a gubic envelope to which the straight line (v=0, y=0)

is a double tangent, and the points =0, x=0 are poihts of
eontact of tangents from y =0 and v=0.

491. The cubic represented by the equation
a® + 3’ + 2"+ Bkryz =0,

deserves special attention, as an cxample of a curve frec from
double points, cusps and conjugate points.

The straight lines x=0, y=0, z=0 meet the cubic in ninc
points, lying by threes on twelve straight lines.

The straight line &= 0 meets the cubic in the points given
by - P+t =0,

that 18 (if < denote one of the imaginary cube roots of unity), in
the three points

(=0, y+2=0), (=0, y+12z=0), (x=0, y+2=0).
We will call these points respectively X, X', X"
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So the straight lines y =0, 2=0 mecct the cubic in the
points
(y=0, 2+x=0), (y=0, 2+ dx=0), (y=0, 2+¢*c=0),
(z=0, w+.’/=0): (z:O, w+iy=0)’ (=0, w+i?."/=0)’
which we will denote by the letters Y, Y', Y, Z, Z', Z" re-
spectively.
Now it is casily seen that
X, Y, Zleon ¢ +y +2 =0,
X', Y, Z'" wiv. @ +iy +7%2=0,

XY, 27 .. x +y+iz =0,
X Y, Z" ... x+y +z =0,
X, YY", Z' ... oty +z =0,
X", Y, Z ... z +iy +z =0,
X, Y, Z ... x +eiy+z =0,
X, Y, Z ... z +y +iwz =0,
X", Y, Z ... z +y +72=0

*
And we know that X, X', X' lie on the straight line =0;
Y, Y, Y ony=0; Z Z,Z" on 2=0.
Ience the nine points lic by threes on twelve straight lines.
Q. E. D.

492.  These nine points arc points of inflexion.
Let the tangent at the point £ =0, y + @z =0, be y + ¢z = .
Then the equation
(y + 42+ u* (y* +2°) + 8plyz (y + 42) =0.......(1)
must have two equal roots (y + 2z = 0).
Hence y+ ¢z =0 must satisfy the cquation
(y+12)" + p° (y" — dyz + &) + 3ku’ya =0,
whence u = ¢*k and this equation reduces to
(y +142)'=0,
shewing that all the threc roots of (1) are equal,
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Hence y+iz=7ke

represents a tangent mecting the curve in three coincident
points at the point (=0, y+¢z=0). llence there is a point
of inflexion. Thus all the nine points

X, X, X

Y, Y, Y,

z, Z', 4z,
are points of inflexion, and the tangents are given respectively
by the cquations

y+z=hkx, y+iz=1kr, y+iz=1ke,
z+x=ky, z+w=ly, 2+ c=dky,

e+y=k:, x+iy=7"ks w4 Cy=diz

ON TIHE INFINITE BRANCHES OF CUBIC CURVES. *

493. Since every straight line meets a curve of the third
order in cither one or three real points, the straight line at in-
finity meets it in one or threc real points. :

And since any system of parallel straight lines mect the line
at infinity in onc point, therc is always at least onc system
of parallel straight lines which meet the curve on the linc at
infinity, and therefore only meet it in two other points (real or
imaginary), and therc muy be threc such dircctions or systems of
parallel straight lines.

If P be the point in which such a system of parallel straight
lines intersect at infinity, one of these straight lines through P
will generally be the tangent at P and therefore an asymptote.
Hence a straight line which meets a cubic in only two finite
points is gencerally parallel to an asymptote.

We say generally, becausc it may happen that the tangent
at P at infinity lics altogether at infinity, In this casc lines in
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the direction P will meet the curve in two finite points, but will
not be parallel to an asymptote, except in the sensc in which all
straight lincs are parallel to the straight line at infinity.

It follows that there can gencrally be one asymptote drawn
to a cubic curve, and that there may be as many as three asymp-
totes.

The only cases in which there can be no asymptote will
occur when the straight line at infinity meets the curve in three
coincident points, at a cusp or a point of inflexion, (Scc Arts.
502—504.)

494. All possible cases may be analysed according to the
nature of the three points in which the straight line at infinity
cuts the cubic.

1. If two of these points be tmaginary and one real, there
will be two imaginary and onc real asymptote.

IL.  If all the points be real and distinct, they will determine
the direction of three asymptotes.

III.  If all the points be coincident, cither the straight
line at infinity is a tangent at a point of inflexion or a cusp,
and there is no asymptote, or clse it is one of the tangents at
a double point, in which case the other tangent at the double
point is an asymptote.

IV. If two of the points be coincident at P, the third point
will always determine the direction of the only asymptote, and
unless P be a singular point, the straight line at infinity will be
the tangent at I, and all straight lines in dircction P cut the
curve in two finite points.

It may happen however that 2 is a double point, or a conju-
gate point, in which case all straight lines in direction I, cutting
the curve in two coincident points at infinity, will cut it in only
one finite point.
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We proceed to consider some typical cxamples of all these
cases. We shall use abridged notation throughout, each of the
symbols u, v, w, x, y, z denoting expressions of the most general
form which, when equated to zero, represent straight lines ; and
we shall use o =0 to denote the equation to the straight line at
infinity.

495.  Consider the equation
wvo = kxyz.

Each of the straight lines @ =0, y =0, 2 =0 meets the locus
in two finite points lying on the straight lines v =0, v=0 and
in one point at infinity. llence the asymptotes are parallel to
the straight lines =0, y =0, 2=0.

496. Consider the equation
uw'o = kxyz.

The straight lines =0, y =0, z = 0 arc now tangents paral-
lel to the asymptotes, their points of contact lying in the straight
line » = 0.

497. Consider the equation
uo* = kuyz.

Each of the straight lines # =0, y =0, 2= 0 meets the locus
in two points at infinity and in one point on the straight line
u=0. Hence the equation represents a cubic having z =0,
y=0, z=0 as asymptotes, the points in which they cut the
curve again lying on the straight line « = 0.

498. Consider the equation
® = kaxyz.

This is a particular case of the last equation, w =0 now
coinciding with the line at infinity. It therefore represents a
cubic having three asymptotes which do not cut the curve in
any finite points, the asymptotes being tangents at points of
inflexion.

W. ‘ 27
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499. Consider the equation

wo = kx'y.

The straight line at infinity meets the locus of this equation
in two coincident points on =0, and in a third point on y = 0.
The locus further cuts =0 in two finite points lying on w=0
and v=0. Hence the straight line at infinity is a tangent at
the point given by @ =0, and there is only one asymptote, its
dircetion being given by y = 0.

If y=mu and y=nv be the straight lines through (x =0,
y=0) and (v=0, y=0) parallel to the straight line z=0,
so that

Y —mu=m'e+ po,

and y—nu=nw+ve
identically, then the parabola whose equation is
kEmPnia® = kmne (mu + nv = y) +m'n'a®
will be found to meet the cubic in five coincident points at
infinity.

This parabola having five-pointic contact with the cubic at
infinity will serve the purpose of an asymptote in approximating
to the form of that infinite branch of the cubic to which the
linear asymptote i3 not an approximation.

Such a parabola is called a LParabolic asymptote.

500. Consider the equation
uo’ = ka'y.

In this case also, the straight line at infinity meets the curve
in three real points two of which are coincident. As before the
distinct point at infinity determines an asymptote (its equation
now being y =0), but the two coincident points now indicate
a singular point. Thus the straight line at infinity will not be
itself a tangent, but the two coincident points upon it will be
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the points of contact of two tangents real or imaginary accord-
ing as the singular point is a double point or conjugate point.

If w=uy be the equation to the straight line through (x =0,
y=0) parallel to @ =0, it is casily scen that the straight lines
w=tJuo are the two tangents at the singular point, forming
two real or imaginary asymptotes according as w is positive or
negative.

‘We have spoken of the singular point cither as a double
point or a conjugate point. 1f it happen to be a cusp the two
straight lines « = iJ po must coincide and g must be either
zero or infinite, 1.e. cither w=0 or y =0, must represent a
straight line parallel to @=0. These two cascs we proceed to
consider scparately.

501.  Consider the cquation
(¢ + o) a® =o'y

This is a particular instance of the last case, the straight
line w=0 being now parallel to £ =0. As we saw in con-
sidering the former case, the straight line at infinity meets the
curve in a cusp at the point determined by =0, and in a dis-
tinct point at y =0. 'We have now w =0, shewing that there
are two coincident asymptotes represented by the equation
x =0, tangents at the cusp, as well as a distinct asymptote
y=0

502. Consider the equation
uo® = k'’ (x + o).

This is a particular instance of the case of Art. 500, the
straight linc =0 being now parallel to z=0. The three
points in which the curve meets the straight line at infinity arc
now coincident, that line being itself the tangent at the cusp.
There is therefore no asymptote, but there will be two branches,
each touching the straight line at infinity at the cusp.

27—2
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503. Consider the equation
wvo = k'

We observe that =0, v=0, ¢ =0 are the tangents at
three points of inflexion lying on the straight line  =0. There
is no asymptote, since the straight line at infinity is a tangent
at the point of inflexion at infinity.

504. The equation
w'o = ka’

represents a curve, only differing from the last in that » =0 and
v=0 coincide, and the two finite points of inflexion have
coalesced into a cusp.

505. The examples which we have given will suffice to
shew the student how to analyse any cubic whose equation is
given, as to its infinite branches and its singular points. We
have cxhibited types of curves having every variety of asymp-
tote and every variety of singular point, and other examples
in which different combinations of asymptotes and singular
points occur may be analysed by analogous methods.

506. We will conclude with the following proposition
which is very importaut.

All cubics which pass through eight fixed points pass also
through a winth.

Tiet ¢ (2, B, v)=0 and ¥ (a, B, ) =0 be the equations to
two cubies which pass through eight given points. Since nine
points determine a cubic, any other cubic.through the cight
points will gencrally be determined if another point upon it be
assigned.

Consider the cubic which passes through the eight given
points, and the ninth point («, 8, o). The equation

¢@By) _ V(B8 9) 1)
P P ) Ry pur g RTINS
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must represent it. For since the functions ¢ (a, B, y) and
V¥ (2, B, ) arc of the third degree, this equation is of the third
degree and therefore represents some cubic. But it is satisfied
at the point (a, B, 9), and also at all points of intersection of
the two cubics ¢ («, 8, y) =0 and (2, B, ) =0, and therefore
at the cight given points. But the two cubics ¢ (a, B, 9) =0
and ¥ (a, B8, ) =0 intersect in nine points altogether. Hence
the locus of the equation (1) passes not only through the as-
signed point (o, B, o) and the eight given points, but it passes
algo through a ninth fixed point on cach of the original cubics.
Therefore all cubics through cight fixed points pass also through
a ninth.

Exercises oN CHAPTER XXVI.

(267) The only cubic having three double points consists
of three straight lines forming a triangle.

(268) The only cubic having two double points consists of
a straight line intersecting a conic.

(269) Shew that the straight lines =0, v=0 are tan-
gents to the cubic
wow = ku’ + k'v* [trilinear

at a double point.

(270) Shew that the equation
wow = ku® + k'* [tangential
represents a curve having a double tangent.
(271) The cubic
u’v = kv'w + k'v'w
has a conjugate point or a double point according as %, &' are of
the same or of opposite signs.



azZ EXERCISES UN CHAPIMK AAVI.
(272) TFind the six points of intersection of the conic

“+ B+ BytyrtaB
i+ 12 mn+anl+bn’

and the cubie
@'+ B'+y' _aBy
P+ o’

(273) If a triangle be inscribed in a cubic so as to have its
sides parallel to the asymptotes of the cubic; and if the tan-
gents at Band € intersect in P, those at C, 4 in @; those at

A, Bin R; the three straight lines P4, @B, BRC will be con-

current.

(274) If a cubic curve consist of three equal and sym-
metrical branches having contact with three asymptotes which
form an equilateral triangle, the algebraical sum of the recipro-
cals of the perpendiculars from any point on the three sides of
the equilateral triangle formed by joining the vertices of the
three branches, 1s constant.

(275) If two cubics touch onc another in three collinear
points, their other points of intersection will be collinear.

(276) If a scries of conics have the same three asymptotes,
the points of interscction of any two liec on a straight line, and
all these straight lines are concurrent.

(277) If on any cubic the points I’ P’y I be collinear,
and Q, ¢, @' be collincar, and R, R', R’ be collincar, and if
also P, (), I be collinear and I, @', B’ be collinear, then will
P, @', I be also collinecar.

(278) If a cubic have three asymptotes, one of which cuts
it in a finite point, another must do so also.

(279) If two and only two asymptotes cut the curve in
finite points, the other asymptote is parallel to the straight line
Joining those points of intersection.
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(280) If a curve of the third order have a double point 4,
and be cut by any straight line in B, 0, D; and if when ABC
is taken as the triangle of reference, thc tangents at 4 are
represented by the equation

I8+ QBy + Ity* =0,
and the tangents at 3 and (" by the equations
Py+ Ny=0, and MB + Ra =0,
shew that the equation to the straight line 4D is
NB + My=0,

and find the equation to the curve.

(281) Shew that the cubic
o’y = o (I + my* + no®)
has a parabolic asymptote whose equation is

@ = may.

(282)  Shew that.the cubic which circumseribes the triangle
of reference and passes through the six points in which the two
straight lines

o v
=0 = — - =
M pBry=0, <+ #+V 0
intersect the three straight lines
la+mB+ny=0, ma+nB+ly=0, na+I18+my=0,

(the coordinates being triangular) has its asymptotes parallel to
the last three straight lines.

(283) The cubic which circumscribes the triangle of refer-
ence and touches the straight lines

Pa=B+y, m'B=y+a, n'y=a+p
at points lying on the straight line
la+mB+ny=0

(the coordinates being triangular) has its asymptotcs parallel to
the given tangents.
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(284) 1If (A, u, v) be a point on the curve
Iz (' + 2°) + my (2 + &°) + nz (2*+ y°) + kxyz =0,

the point (7% , ;1‘, 5) will also lie upon it.

Shew that the tangents at these two points intersect on the
curve.

(285) If (A, w, v) be a point on the cubic
(@y + ay* + ¥z + y2* + 2P + 207) + 3kxyz=0,
then all the twelve points

()"7 Hy V): (#y v, N), (v, A, m), (A, v, )y (N, v), (v, s N),

1 1 1 111_> 111_)
(Xr h’ V>’<};’;,7\.,(V’ 7\)#:

1 1 1y a1 1 1y 1 1 1
Goo i) Gxon) G )
lie upon it.
(286) If =0, y=0, 2=0 be the equation of any three

straight lines, and if

P=ud'+ 1y + 2,

Q=y2" + y'z + za’ + Fx + xy’ + 7y,

I = wyz,
and if P, @', R denote what I, Q, R become when any con-

stant quantities @, b, ¢ are substituted for x, y, z, shew that the
equation

roQ B |=0
r,qQ, r
Ay v

(where A, u, v are arbitrary), represents a series of cubic curves
passing through nine fixed points of which six lie upon a conic
and the other three upon a straight line.
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(287) Tind the values of A, u, v in the last exercise, in
order that the cubic may break up into the conic and the
straight line.

(288) In curves of the third order the locus of the middle
points of chords parallel to an asymptote which does not cut the
curve is a straight line.

(289) In curves of the third order the locus of the middle
points of chords parallel to an asymptote which cuts the curve
is a hyperbola.

(290) The tangents to a cubic at three collinear points will
meet the cubic again in collinear points.

(291) 1f a cubic have three asymptotes which do not meet
in a poilt, its equation referred to the asymptotes will be in tri-
angular coordinates

aBy = (Ix+ mB +ny) (@ + B+ )"

(292) A cubic circumscribes a triangle ABC, and cuts the
sides BC, 04, AB againin 4A', I3', C' respectively. Shew that
if the chords Ad’, BB, C(C’ are concurrent, so also are the tan-

gents at 4, B, C.

(293) The general equation to a cubic touching the conic
1By + mya +naB =0
in the three points of reference is
FaBy + (N + pB + vy) (IBy + myz + naf) = 0.

(294) If a conic touch a cubic in three points the three
chords of contact will cut the cubic again in collinear points.

(295) The general cquation in triangular coordinates to a
cubic which cuts cach of the sides of the triangle of reference in
only two finite points, viz. the points which lie on the nine-
points’ circle, is

kaBy +acot A (a*— B — ") + Beot B(B — 4" — o)
+ycot C(y'—a'— @) =0.



INTRODUCTION TO CHAPTER XXVIL

GENERAL PROPERTIES OF HOMOGENEOUS FUNCTIONS.

507. 1IN the following chapter a knowledge of the principles
of the Differential Calculus will be required on the part of the
student.

We call attention at once to some of the principal results
which we shall assume, referring to treatises on the Differential
Calculus for the discussion and proof.

508. If f(a, B, v) be a homogencous function of d, B,y of
the n'* degree, then will

+B (If f

113 =n.f(a B, )
. df d
Cor. 1. Since ?t[ , l,(}; df arc themsclves homogencous
functions of the n'" degree, we luvo
(l" f & / af df
2P dudy =V 2
NN )

af
udg TRyt a5 =Y ga

AN f_(n__l)df

* a dady ™ " dB d'y
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Cor. 2. By the climination of a, B,y from the last four
equations, we obtain

) o df df =0.
Yo G’ dB’  dy

df af  df  df

da’ da*’ dodB’ dyda
¥y

ap’ dadB’ dE*’ dpB d&

ar af  dfdy

dy’ dyda’ dBdy’ dy

Cor. 8. If f(a,B,9)=0 be a homogencous equation of
any degree, then will
ai  odf ¢7f
and 0 af df (Zf =0.
' oda’ dB’ dy
I &

da’  da®’ dadB’ dyda
a@  df I df
dB’ dadB’ dB*’ dBdy

a &  d&f If
dy’ dyda’® dBdy’ dy’

509. The following notation is very convenient.

The symbol
d I d
(7\' t+p //3 )f (@ B, )
denotes the same thing as

df aif . df
M TEB T dy

where gf , ((JIZ’ qf arc the derived functions of £(a, B, v) with

respect to a, B, v
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The symbol
d d d )"
()”J&+”(Z/_3+VZZ«; S (e B, ),

or

& @ &
+ 2uv dﬁ (l")’ + 2vA d’)’d +27\'ﬂ’ (Z—AJB) .f(a7 B) '7)7

denotcs the same thing as

f B & 7f
Mg T d[;’”+ " T gy TN it M B

&f  dF o . .
where dt* dBdy &e. are the sccond derived functions of
S B, ).

Similarly,
d d
(gt g5t o) £ B

denotes the expression obtained by expanding
d d AN
(7\. Ta +p B +v )

d
as if cach of the expressions A 5 T’ '”‘jﬁ’ V- d were an alge-

braical term, and then replacing every such term as

Oz (g () F B
which occurs, by
&f
T

AR #9 V‘l
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So also

d d d , d , d
()\(Tl-*_'ud,[g—*-yd&)(xd +p dB+ d)f(a’le")')
will denote

M"é’f+ ’g§+vv(5‘+(pv +""’>d,8f,; + &e.

510. If f(a, B, v) be a homogeneous function of a, B, v of
the (p + q)™ degree, then

1 d d d\’
@(xda+3/‘(‘l;§+z@) S, B, v)
1 d\!
Em( dx+BdJ+'yEE>f(w,y, 2).

Cor.  As a particular case, if £(a, B, v) be a homogeneous
function of a, B, v of the n'™ degree, then

(e +vdat Z)f(a,m) Lo f (s 9 2),

and

(3 o+ B g5+ 1) S B) =0 (5 B,

511. If f(a, B, v) be a homogeneous function of a, B3, V'Q/‘
the n' degree, then will

flta, B+y, v+2)
= Fa By )+ (o 3 e ) S B )
=Sl B da JdB dv, ' 9y 7,

d 2
i (=t ot g) fw B

4 (o0 o+ ) 0 B

+ &e. + f (=, y, 2).
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Cor. So we have

Sa+nrp, B+up, v+vp)

d
=f(a7 B: '7)+P(7\' é;i"'#;%*‘yg&)f(a: 18’ 'Y)

Py, @ i)
(Mgt g) @ B
+ &e.

+p"f (A gy v).

This last expansion is of the greatest utility, and will be
frequently applied in the following chapter.



CHAPTER XXVIT.

THE GENERAL EQUATION OF THE n DEGREE,

512. It is our purpose, in this concluding chapter, to ex-
hibit in its most general form the method by which the investi-
gation of the fundamental properties of any curve must be
carried on, when the curve is presented under an equation in tri-
linear coordinates of any degree whatever. We shall obtain
equations to give the dircction of the curve at any point, to
determine the points of inflexion and the singular points, the
tangents at the singular points and the asymptotes, and the
curvature at any point whatever; but we shall not attempt any
detailed discussion of the properties of the several classes of
curves in general, as such a discussion properly demands by its
magnitude to be treated by itsclf, and from its intricacy cannot
with propriety find a place in an elementary treatise such as
the present.

513. Let flo,Byy)=0........... N ¢ )
represent the general homogeneous equation of the »t* degree
in trilincar coordinates.

And let (o, B, v) be any point whatever, and let

a—o _B-=B_v—9v _

X u ” [N ¢))

represent any straight line drawn through the point (', 8, 4') to
meet the locus of the equation (1),
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The lengths of the intercepts measured from («/, B, ') are
given by
S(@+np, B+ pp, v +vp) =

And if («", 8", 9") be any other point on the same line, the
intercepts measured from (a”, B”, ) arc given by

S (@ +xp, B+ pp, o' +vp)=0.

This equation may be written
S By )+p( vk ;g f) + higher powers of p=0.

Now suppose the straight line is a tangent to the curve, and

that («”, 8", 7’) is the point of contact, then two of the roots
of the last equation must be zero, and we have

@, B, 9) =0 vee(8)
and df,‘, +#d/§,+ ch =0...... e, (4).

But since («”, B, ") lies on the locus of the equation (2),
we have
d=d_f-F o=

A M v

)

in virtue of which, the equation (4) becomes

n 4 " o
(a”—a)daf”-i-(ﬁ -B) ég,+(ry - )nyzf‘,=0 ........ (5).

But from (3), by the property of homogeneous functions
(Art. 508), we have

=

o Y g W A
d II+B dBI: + d "

hence the equation (5) becomes

df
d”+B'd 7 /1— oooooooooo .....uoo(G).
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But («”, B”, v") is the point of contact of any tangent from
(dy B, v') to the curve; hence all the points of contact of tan-
gents from (&, B, o) to the locus of the equation

Sl B,7)=0

lie upon the locus of the equation

g g o).

(7a+'8<13 u,'fy_ ....................

But again, since (o', 3, %) i3 any point upon the tangent at
(@’, B, v'"), therefore the cquation (6) may be also read as
stating that the equation to the tangent at any point (¢, B, 4")
on the locus of the equation

Sfla, B, v)=0
s represented by the equation
df af df
(‘ZI/+B B/+'Yd /,—O ................. (8).

514, If N\, p, v be the dirvection sines of the tangent at any
point (&, B, o) on the curve f(a, B, v), then will

A I _
A N R
dg’ dy dy'’ do do’ dB
sin BB, sin C sin 0, sin 4 sin A, sin B

1
{5 )
For by equation (4) of the last articlc, we have

A

N gt H d3+ _0

and by the identical relation (Chap. VI.),
Asind 4+ wsin B+ vsin C=0.
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Therefore
> = - (1)
-({_f‘- {i‘f; — df (lf —_— df df tecee .
dB’ dy dy'’ dd . dd’ df

sin B, sin C sin C, sin 4 sin 4, sin B
But W+ V4 2up cos 4 =sin’4,

whence each of the equal fractions in (1)

T :,’é, i)

the coordinates being trilincar.

Therefore, &e. Q. E. D

515, 'The locus of the equation (7) of Art, 513,

df _*_ B' ({/‘ ! ‘Z§= O,

containing all the points of contact of tangents from («, £, )
to the curve represented by the equation

Slay By)=0

may be conveniently called the first polar curve of the point
(«y B, o) with respect to the original curve.

It will be observed that this polar curve is of an order lower
by unity than the original curve, and when the original curve
is a conic section, the first polar curve of any point, becomes
the straight line which we have been accustomed in previous
chapters to speak of as the polar of that point with respeet to the
conic,

516. If we take the equation to the first polar of the point
(«, B, ) with respect to the given curve, and form the equa-
tion to the first polar of the same point with respeet to this new
curve, the locus of this equation is called the second polar of
the point (o, B, o) with respect to the given curve. Similarly
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the polar with respect to the second polar is called the third
polar, and so on.

The equation to the first polar of the point (a, 8, ) being

Y g Y \
a*d—a-i-ﬁl(zé-i-'y J&—O ........ cereiiaeas (1),

the equation to the sccond polar will be

a/a%z;_*_ﬁwdf rzdf+23 dof o df +2uB 2L dzf =0,

(lBl""y lz (1/3[ + 2 v e d da d i[@
or, as we may write it,
, d
( +B’([ﬁ+7a’)f<a’6)')’)=0 ......... (2)

So the equation to the third polar may be written

(a'daJrB ¢1/3+'Y a >f(a, B, ) =0........ 3),

and the equation to the +" polar,

(¢ +B g5+ §) e B =0

517. Tt has been observed that the first polar is of an order
onc less than that of the original curve. So each polar is of an
order onc less than that of the preceding polar, and therefore,
the original curve being of the at* order, its (n — 1) polar will
be a straight line represented by the equation

(« G +B a7 5) Sl Bim)=0

518.  As our condition of tangency we have simply express-
ed that a line should meet a curve in two coincident points.
It is obvious that this condition will be satisfied by any line
through a cusp, multiple poiut, or conjugate point.

Hence every cusp, multiple point, or conjugate point in any
curve will liec upon the polar curve of any point whatever.
28—2
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Therefore the cusps, multiple points, and conjugate points
of the curve whose equation is

JS(a, By v)=0
lic upon the curve
df df | df _
-+ 3 a8t 4y 0,

where the ratios o : ,3 : ¢ may have any values whatever.

Hence the coordinates of all these singular points must
satisfy simultancously the cquations

df - df o df
da~ =0, dB =9, d'y—o'

519, If a point lie upon a fixed stralght line, 1ts first polar
with respect to a curve of the n™ order will pass through (n — 1)

Jized points.
Let the point (o, B, ') lic upon the straight line
la+mB+ny=0.

Its first polar curve with respect to the curve f(a, B, v) =0,

is represented by

,Jf +8 a’f o (If

(ZB
Therefore, since
lo' +mB' + ny =0,

the polar curve passes through the points given by

Ldf _1 df _1df

{da mdB ndy’
And these equations represent the interscction of two curves
cach of the (n—1)* order, and thercfore give (n—1)* points.

Therefore, &e.  Q.E.D.

Cor. The polar curve of any point at infinity passes through
the (n — 1)® points given by

1df _1df _1df

ada b dB” ¢ dy’
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520. Of the tangents at singular points.

If a point («, B, %) can be found whose coordinates satisfy
simultaneously the three equations

af _o U _ ﬂ_
=% = S ST 1),

that point is, as we have seen, a double point, cusp or conjugate
point, and any straight linc through it cuts the curve in two
coincident points.

The equation to a straight line meeting the curve in two
coincident points at («/, B, ), viz.

df df df
',/+,8(]B,+ "—O

becomes indeterminate, and in order to find a true tangent at
this point, we must cxpress that such a line meets the curve in
three coincident points.

Thus if

be any straight line through («, 8, ') the equation to determine
the intercepts on this line may be written

PP d d d . oA
f(a9:8,'7)+P< (l’+'“[/3'+v )f(anB"Y)

A

1 7 d d\? , o
+ p"( d,+#w+v{)f(a,/8,7)

+ = lx_(i+ i.{. ’ 'IB !
3"( da THAE ”1')f(“’ )
+&e. =0 (3),

of which the first two terms vanish since f (o, 8, ') and its first
derived functions are zero.
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Hence in order that the straight line may be a tangent,
A, 4, v must be such as to make the third coeflicient vanish and
thus make threc of the roots zero.

So we must have

(» dd,—l-,u;lé,,+u )f(a ~0,

or in virtue of (2)

{@=a) f+ 8- fi+ =)} ) =00

Now if we expand the first member of this equation, the
terms of the second order in a, 3, ¢ are

( df’+Bd,8'+'7 ]>2/ (o, B, ).

The coefficient of « is

¢ l(l yd ;(]/ (l
—z(aﬁﬂimwy &‘F,")d Sy B, Y),

. . df . .
which (since ¢T/: 13 a homogencous function of the (n—1)% de-
%

gree) becomes
af
-2 (n— l)da"

and vanishes in virtue of (1).

So the coefficients of 8 and « vanish, and the remaining
terms are

ld d /d 2 ’ ’
(a a B gt E&,)f(a,/?,'y),

which similarly vanish.
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So the whole equation (4) reduces to
(Z d d ? ’ ’ ’
(a;l;+/8d3;+73;/>f(“;ﬁ,’)’)=0~~ """ (5)’

a relation among the coordinates of a point on any tangent at
(¢, B, %), and thercfore the equation to the two tangents (real
or imaginary).

521. That the equation just obtained does really represent
two straight lincs is immediately seen by applying the criterion
of Art. 245,

That criterion requires that
& & df
da® 7 doddB dydd ’
/A
do'dB’  dB* ’ dRdy
o @
dydd’ dBdy'’  dy?

Now, by multiplying the three rows of the determinant by
o, 3, v, and adding, we obtain

, AN df , d , Ao dN df
1;)55 (“w*'ﬁ;zﬁ«”@)w’

, d . d ,d\ df
(a da'+B (—jﬁ' +767’)7> (7‘)'7’

or by the property of homogencous functions (Art. 506)

df df
TIBI ) (n - 1) (Iy‘r ’

cach of which terms vanishes in virtue of (1).

, d 8 d
(a da + a8 +9

-1, @-1

Hence the condition (6) is satisfied, and therefore the equa-
tion (5) represents two straight lincs.
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522, To distinguish between a double point, cusp or con-
Jrgate point.

If (o, B, %) be a double point, cusp or conjugate point, the
real or imaginary tangents thereat are given by

d d AN . N
(a o +’8i7/3}+7il_r)/> S B, 9)=0.

According as the point is a double point, cusp or conjugate
point, the tangents will be rcal and distinet, real and coincident,
or imaginary ; and therefore they will meet any straight line in
real and distinct, real and coincident, or imaginary points.

Consider the straight line @ =0: it mcets the tangents in the
points given by

7’ 4’ d*
g L gy 2 T,
dB dE' dy' dry

which are real, coincident, or imaginary, according as

BE N __ & F
<d/3' a'!y') == dp* dy*”

Hence if (a, B, v) be a double point,

ay  df 7F o df af L
dpt’ dB dy dy*’ dy da da*’ dudB
af af || ap ar || aF @y
dB dvy’ dv* dy da’ da? dadB’ d3F

will be negative: if it be a cusp, they will vanish: if it be a
conjugatc point, they will be positive.

523. Cor. If (@, B, ¢) be a cusp, the tangent thercat is
represented by any onc of the equations
B T g =
dﬁa'” c’zi;;*”’d/;;(’;y =0,
5t B 1 o,
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which are identical since

aof _df |_| df _df || df &f | _,

dB*’ dB dy dy*’ dy'dad | dua®’ dd d )
ar ar | e oar | ey
dpdy'’ dy"” (l'y dd? du”® da' 8" d?

524, At a cusp, the first polar of any point whatever touches
the curve.

Let (I, nt, n) be any point whatever, and let («/, 8, ') be a
cusp.

The first polar of the point (Z, m, ) is given by

e ra
d + m IB +n
The tangent to this curve at the point («, &, o) is
dof (]’f
a (l Ji A+ l 7 /3' +n )

&f &f &If
+B<l<l ag T™ 7/3”“" I3 dy )

+v(1d’w,+ ztlg§,+ az;”’>=0 ......... (1),
But the equations
uﬂf .+ d,ilzj;/g' + (zipjy =0,
gty B dg T gt =
o J7(+7 Ty

(lfy Zal B dy di3 dy?

are any onc of them the equation to the tangent at the cusp.
Therefore the equation (1) which is derived from them by addi-
tion represents the same tangent.
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Hence at the cusp the first polars of all points touch one
another and touch the curve.

525. 1o determine the points of inflexion on a curve of the
nth order.

Let («, B8, %) be a point of inflexion, and A, g, v the direc-
tion sines of the tangent thercat.

The cquation giving the lengths of the intercepts on this
tangent is

Y ) d
f(a7B7'Y)+P(xd(“"+/" l[g"‘” )f(‘“ﬂ 7

1
+§p( da,+/l»dﬁ,+v )f(a ¥)
+ &e. =

Three of the roots of this equation must be evanescent. We
have therefore

(xd‘%, +/Ld';+v;l-‘i-,>2f(a', By 9)=00nnnn(1)

as well as
af df
» d TRt dr/

The equations (1) and (2) determine the ratios of A, u, v, the
direction sines of the point of inflexion, the two roots of the
resulting quadratic being equal, since we have (Art. 506, Cor. 3)

&f _df - d&f df |=0.
& TR A dA ad

& 4&f df 4
didB’ dB* ddy’ B
&f  d&f _ df df
dydi’ dRdy’ dy*’ dy
g oG A,

(—l—a_' ) ;'Z_B'v ) ?17' ’
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But A, g, » must satisfy the relation

(the coordinates being trilincar). IIence we have three cqua-
tions (1), (2), (3) from which to eliminate the ratios of N, u, v;
and the resulting equation will constitute the condition amongst
the coordinates (o, @, ) in order that they may rcpresent a
point of inflexion.

But instead of performing the elimination dircctly, we may
write down the result at once from indirect considerations. Ior
we have seen that the equations (1) and (2) lead to a quadratic
having equal roots. Now X, u, v might as well be determined
from the equations (1) and (3), hence these also must lead to a
quadratic having equal roots.

Hencee &If a*f &If =0,

da®’ dd dB’ dy da’
fdf A
d/dB’ dB*’  dBdy’
&f  df d&f
da'dy’ dB'dy'’ dy*’

a, b, ¢, 0

which must be one form of the cquation resulting from the
elimination.

The points of inflexion will be obtained by solving this
equation simultaneously with the equation

f(al> B y)=0.

And of these two equations, the one is of the 3 (n — 2)™ degree,
and the other of the n'.

Ience there will be in general 3z (» —2) points of inflexion
on a curve of the n* order.

526.  Of multiple points and the tangents thereat.

We have scen that the intercepts which the curve makes
on the straight line drawn from («, B, &) in the direction
A, i, v are given by the equation
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’ 1 / d (Z (l ! ’ 14
£l By o) o (Mgt gty ) S B, )

+ép( ,7,+/»d2,+v )f(a B,y

1 ,/, a4 d AT
+E’)P(x;{_a'+#dﬂ'+yé/fy'>f(a,B’V)

Now suppose («, B, o) is a point such that f(«, B, &) and
its differential cocflicients with respeet to o, 8, o' up to those of
the (» — 1)t order inclusive, all vanish identically.

The first » terms in the equation (1) will disappear, and the
cquation will take the form

Ay @ a d >’ Vo
P (XW-F#@;‘FV@? f@, B, 9)
+ higher powers of p=0,
shewing that any straight line through the point (o, B, v')
mects the curve in » coincident points thereat. Such a point is
called a multiple point of the »*" order, the double points consi-

dered in the preceding articles constituting the particular case
when r=2.

The tangents at a multiple point of the »* order will meet
the curve in 7+ 1 coincident points; and, as in Art. 520, it will
be scen that their directions are given by the equation

(X(Z +/Ld(f_?,+v )f(a =0;

and the cquation to the » tangents themselves is

( da'+'8dﬁ'+vd )f( By 7) =0

527. To find the directions of the asymptotes of the curve
whose equation s

f(ar Ba 'Y)=On~----u ----------------- erereiiseeneens (]).
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Let A, u, v be the direction sines of an asymptote. Then if
(«y B, ') be any point whatever, one of the roots of the equa-
tion

S+, B4pp, ¥ +vp) =0 (2)
must be infinite, and therefore
TNy ) =00ciiiiiiiiininns Cerierrrreeeieraean 3).
Solvmg this equation simultaneously with the identical relation
ax+bu +cv=0, [trilinear
A+pt+r=0, [triangular

we obtain the ratios X : u : », determining the direction of an
asymptote.

Cor. Since the equation (3) is of the =™ order there will in
general be n solutions determining the directions of »n asymp-
totes,

528, 1v find the equation to an asymptote of the samc
curve.

Let A, g, v be the direction sines of an asymptote deter-
mined as in the last article, and suppose («', 8, ') any point on
the asymptote. Then two of the radii from this point in the
direction A, g, » must be infinite, and therefore the equation

Fld +np, B4pp, ¥ +vp) =00t (2)
must have two infinite roots.

Hence we must not only have
S pyv)=0,

o df df
................ PN € 8
+B’ Y= (3)
Now this is a relatlon among the coordinates («, 8, ') of any
point on the asymptote. Hence, suppressing the accents, the
equation to the asymptote is

df | Ldf . df _
% dn +'8d/.l+'y(lu—0'

but also
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529. 1o find the radius of curvature at any point on a
plane curve.

Let P be the given point, (a, 8, ) its coordinates, and

Fl By 4) =0 e (1)

the equation to the given curve.

Let @ be a point on the curve ncar to P, and draw QN per-
pendicular on the tangent at I

Fig. 43.
P

—— N

B~y

\\

Let A, p, v be the direction sines of the straight line 21Q,
and let Q= Js, so that the coordinates of @ are

o +A8s, B +uds, v + vds.
Then we have (Art. 46)

(@ +780) L 4 w+w¢%+h+&yf
ON = T ’
{J-a' ' 4B’ dy;}

but («, B, 7') lies on the locus of the given equation (1), and

thercfore L df
+Bm 0,
7, 7
h W( Lnis e
ence N = v/
{da” dg’ (’E}

Now if p be the radius of curvature at I, and if @ move up
to and ultimately coincide with I, we have

PG, (B

=l Gy =GN
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therefore
s, & s,
da’’ dB'’ dy
20 = [f, et e e 3).
T T T ®
dBI [ l

But since @ lies on the given curve, we have
f(a +N8s, B + ubs, o +vds) =0,

or S & B+ (N rn s f)s
(M ap gy ) T B

+ higher powers of 8s =0.

But we have Jf@,B,v)=0,
thercfore

f df df 1/ d d ’d_)” C
Mo TH w+ ~_,+ (Xda,+;bdﬂ,+ld7, S, B, ) 8

+ higher powers of 8s = 0.

ITence, substituting in (3) and diminishing 8s indefinitely

e i i}

d (l d : ’ 1 ’ ’
()\'d—a;—’_'u(?ﬂ?-'-v‘l_‘)”)f(a’ﬁ’ry)

But in the limit A, u, v are the dircction sines of the tangent
at (@, 8,7, and therefore (Art. 514),

p==

A = v
f - df 4 ‘l/ A
dy'’ do d4’  dp

sin C, sin /1 sin 4, sin B

1
={df )
di’ B dy)
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Hence, if L, M, N denote the determinants

o i i df i
ag’’ dy |, dy’ dx |, da’’ df |,
sin B, sin C sin C, sin 4 sin 4, sin B

we obtain
j df df df }
lda' > dB° dy

P==T d d .
<L I/'*']'[dﬁ Ndy)f(“»ﬂ:')’)

This result in a slightly different form has heen recently
published by Mr Walton in the Quarterly Journal of Mathematics,
Vol. viir. p. 41 (June 1866), in a paper on Curvature, to which
the reader is referred.

530.  To determine the coordinates of the centre of curva-
ture at any point on a plane curve.

Let (o, 8, %) be the given point, and (a, B, v) the centre of
curvaturc.

The equations to the normal are (Art. 226
q

a—a B—p
:g:—;g,cos(]—af,cosB Zj(-]?c :Zlf:C ‘JA—d—f:COSC
v=9 —p
‘Zf df B- fcosA

(l = da, cos lIB,

And if p represent the length of the radius of curvature,
the point (a, B, ) lying on the normal at the distance p from
the point (a, &, /) must be the centre of curvature.

Hence, we have
;—' ar B _ 3/

df d 3
df d[{;coso—dy‘co]? é%—%,‘cosjl dlf,cosO'
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Zf y—
a df 7f
df df ifF
da’ dB’ dy
d d d 2 ’ ' 2 ’
{L@+M‘dF+N(Z&7}’f(“,B,'Y)

where L, M, N denote the determinants

ar df dr - df | a o d
B’ dy |’ dy’ dd l d«’ dB
sin 3, sin C | sin €, sin .l I Csin 4, sin 2

as in the last article.

These equations determine the coordinates (a, 3, ) required.

531, A curve of the nt" order can generally be found to satisfy
n +
n(n+3) stmple conditions.
The homogeneous equation of the w! degree in its most
general form may be written

o + a7 (@B + ay) + 0" (0B + b By + byy)
o N L]
+a"? (¢, + ¢, B + .8y + coy’) + &e. = 0.
Whence we observe that there will be one term involving «”,

two involving o™, three involving "%, fowr involving ", and
so on, and (n + 1) not involving any power of a.

Ilence the whole number of terms is
n+1) (n +2)
N Rl

(+1) (n+2)
2

There are, therefore, coeflicicnts  involving

(n+1) (n+ 2)
2

w. 29

n(n+3)
2

-1, or ratios, and therefore by reason-
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ing analogous to that of Art. 147, a curve of the 2™ order

ean generally be found to pass through n(n ;—ﬁ)- given points,

or to fulfil this number of simple conditions.

n(n+3)—2

532, Al curves of the n™ order which pass through — 5

. n—1
Jixed points pass also through (————)é(ﬁ* 2) other fixed points.
Tet ¢ (a, B, ) =0 and ¥ (2, B, v) =0 be the cquations to
two curves of the 2™ order passing through —(ﬁf‘;) given
points. And let any other curve of the »'* order be determined
by passing through these points and the point («, 8, '), thus

. .. n 3 .
making the requisitc number n(n+3) of points altogether.

2
"T'he equation to this curve will be

$( By _ ¥ (@B ) a
¢( "B"Y) ‘P(a/’ s, 'Y,).“'”"“”"" ’

for this equation is satisfied at the point (¢, B, 4) and at any
point of intersection of the given curves.

But the two given curves heing cach of the nt™ order interscet
in 2* points, apd the locus of the equation (1) passes through all

z(n + ‘3)

these points, i.c. through the — P <rivcn points, and the

(-1 (-2

remaining . 5

points of intersection. Ilence all

v (n+3) —

. 7 2
curves of the n*® order which pass through ——- 5 fixed

. 1 —1 -2
points pass also through Q——#-—) other fixed points.
Q. E.D.

533. For a more extensive discussion of the propertics of
the locus of the general equation of the 2 degree, the reader
is referred to Dr Salmon’s igher Plane Curves.



EXERCISES ON CHAPTER XXVII. 451

Exercises oN Cuarter XXVIL

(296) Shew that the curve
u? = (u—v)’yz

has a point of osculation at the intersection of the straight lines
u=0 and v = 0, the tangent being v = v.
(297) Shew that the curve
(p=v)a"+ @ =NB"+A—p)y'=0
touches the straight line
(w=v)a+@=2NB+RA-p)y=0

at the point a =B =4.

(298) Shew that the curve
(#__ ll) a2u+ (V——)\) B‘.‘n+ (X—’L) '_yzn=0
touches the conic

(u=9) @+ (r=2) B+ (A=) 9 =0

at the four points
ta=1+B=41v,

and that the common tangents are represented by the equations

t(p—v)at@-NBEtA-p)y=0.

(209) TFind the asymptotes of the curve whose trilinear
cquation is

o (aa + 0B+ cy)* =k (OB + ¢y)* (aBy + byx+ caf3),
and shew that thc curve passes through the circular points at

infinity.
20—2
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(300) If a conic be inscribed in the triangle of reference so
that one focus lics on the conic

Y _
\/l m \/7—1. =9

then the other focus will lie on the curve
Nl +NmB + \/nf;l=0
(301) The general equation to a curve of the fourth order
having double points at the points of reference is

A op v ladmBny
;+Bg+ 7+ a/:?fy

=0.

(302) The tangents at the double points in the last exercise
are given by the equations

ﬁ’: + 2 + =1 ZB’Y O, ')' a 777"}"1 ? ‘li‘z + 7?&,8

o
=0, = "B .
T TR + ot ’ )»+,u, Ap

(303) The general equation to a curve of the fourth order
having cusps at the points of reference is
r ol . 2t 2mn 20l 2ln 0
BT By yx @B
and the cquations to the tangents at the cusps are

B_v v_¢ B

a
m an’ w1 1w

(804) 1If a curve of the fourth order have three cusps their
tangents arc concurrent.

(305) The tangents drawn from the double point (8=0,
v = 0) to meet the curve

7\ - I m =n
+ 2 =0
BT By T B
are represented by the equation
B (m® — 4\v) + 2By (mn — ONI) + o (0% — 4hp) =
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(806) If the equation

AN uoov
0.2 + ﬁz + ,72 =0

represent a real curve, it has a conjugate point and two double
points at the points of reference.

(307) The curve whose cquation is
1
Niw NmB Ny

passes through all the points of iuterscction of the three conics

0

pprolomy o Lo

By a g

(308) The tangent to the same curve at the point (4, B, )
is represented by the equation

@ B Y
ar /3/ "Y’

=0.
moonom o on L on L m

TBTY BTy d o dTR
(309)  The equation
o (' B+ 1"+ 21By) + B (1 +1'a* + 2mrya)
+9* (Ua* + "B + 2naB) + ay (ABy + pya +vaB) =0

is the general cequation to a cnrve of the fifth order referred to
a triangle formed by joining three double points.

‘
al

(310) The tangents at the points of reference in the last
exereise are given by the equations
w' B+ n'y’ + 218y =0, Wyt + 1"+ 2myx =0,
U + w82+ 2008 = 0.
(311) The general equation to a curve of the fifth order
referred to the triangle formed by joining thrce cusps is

@ (mfB + ')+ B (ny + U'a)’ + o (lu + m'B)*
+ aBy (MBy + wya + vaB) = 0.
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(312) The general equation to a curve of the »* order
having double points at the points of refercnce is

aBy . f (@B, 7) + B & (B, ) + 7' A (v, @) + '8 x (,8) =0,

where f (a, B, ) is any function whatever of the (n— 3)™ degree
of the three coordinates, and ¢ (B, v), Y (v, @), x (2, B) any func-
tions whatever of the (n — 4)™ degrec of two coordinates cach.

(813) The two tangents at the double point (8=0, y=0)
in the last exercisc are represented by the equation

B x (1,0) + By .f(1,0,0) + 4.4 (0, 1) = 0.
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(314) Shew that
[, ', v | =uvw+ w4 0’ + wew”
—w', v, W

’ ’
-, —u, w

(315)  Shew that

I a?, —ab, —eca |[+2]0, % D (=0
—ab, U, =b¢ tedy 0, @
I
—ca, —be, ¢ LR a0

(316) Shew that
/5'+'Y —a, 9 t+a _By a+B - —:-‘1{‘1, /37 Y
6! + 7’ — al’ (yl + al — B', C‘I + Bl — 'yl al’ BI, ry’
6![ + 'yll —_— a’f’ 'y" + al! — /31’, all + BH — ’y” al/’ BII’ (yll )

(317) Prove that if »> 2, the determinant
x -, & —ay,...0—a, | =0
x,—a, ¥,—a,..T,—aqa,

Ty= Q) Tg— Ay oo Ty — @,

L= Oy Xy= gy s L=y |
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(318) Prove that
0,1, 1, 1
1,0, 2° ¥y
1, 2%, 0, 2*

1, &, «, 0

2

=@t+y+z) (@—y—2)(y—2—a)(z—x—y).

(319) Shew that if

"Tand A= u, w, v, a

<

|

|

| ’ ’
' w, v, u,

Q

| ,' e 5 ¢ ! i
v, W, w | v, w, w,

a, b, ¢ 0
then will

1 + Ku, 1lad + Koo', Iea+ Kv' l =0.
Hob + Koo', 110 + K, 1lbe + Ko
Llea + K, Ilbe+ Ko, 11E + Kw ‘

(320)  Prove that the determinant of the (e + 1)™ order

Lo, 1, 1, 1,
1, 0, a+d, a+e, ...
1, b+a, 0, b+e, ..
1, ¢c+a, c+0, O,

| K
1 1 1
T e— — n-l 2 _— —_—
=—(-2) al)c...<a+b+c+...>.

(321)  Prove that
b+e a a 7 2 (a+b+c)®

@« P bt+e’ bre| (bto)(c+a)(atd)’
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(322) If (o, B,, ), (2, B,y %)y (%, Bys ) be the trilinear
coordinates of three points, the ratios of the sides of the triangle
of reference are given by the cquations

e b _ c
1, L, 1| |1, 1, 1| |1, 1, 1
‘ Bx: By By Yo Voo Vs Gy Gy 04
i

i 'YU 'YW (Yu a]’ aa’ aa 181’ Bp Bg

(823) Tf (a, B, ), (@, B, ), (&', B, v") be the coordinates -
of three points, and
(Ka: ICJ.’, ICa”), (K’B, K,B', K’BH), (any’ K”'y’, /c"ry”)
the coordinates of three other points, shew that

a b ¢
~+ ot =atbte
K K K

Also prove that if the first three points are collincar, so also
are the other three.

(324)  If in a homogeneous equation in trilincar coordinates
the sum of the coeflicients on each side of the equation be the
same, then the equation will be satisfied by the coordinates of
the centre of the cirele inseribed in the triangle of reference.

(325)  ABC is a triangle, right-angled at C: draw AE, Bl
perpendicular and equal to A0, BC respectively ; join AF, BE,

and draw C'D) perpendicular to 1B, Then the three lines AF,
DE, CD will be concurrent.

(326) The straight line whose equation is
la+mB+uy=0
meets the lines of reference BC, Cd, AB in the points 4', B', (f
respeetively 5 and A0, BO, CO meet the same lines in the
points L, ¢, I respectively, O being given by the equations
Na = pB=wy.
I"ind the equations to the straight lines A4'Q, B'P.
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(827) If, with the construction of Ex. (326), the straight
lines B'R, C’Q interscet in X, the straight lines C'F, A'R in Y,
and the straight lines 4’Q, B'P in Z, find the equations to the
sides of the triangle X YZ

(328) If a=0, 8=0, y=0 be the cquations to the sides
of a triangle, find the equations to the straight lines joining
the centre of the circumscribed circle with the centres of the
inscribed and cscribed circles.

(329) 1If two straight lines be given by equations of the
form
lo+ mB + ny=0,
what are the equations to the lines which pass through their
intersection and bisect the angles between them ?

(330) If upon the sides of a triangle as diagonals, paral-
lelograms be deseribed having their sides parallel to two given
straight lines, the other diagonals of the parallelograms will

meet in a point.

(831) If straight lincs be drawn bisccting the interior angles
of a quadrilateral, shew that they will form another quadri-
lateral whose diagonals pass through the intersections of the
opposite sides of the first.

Shew further, that if three of the straight lines pass through
a point, the fourth will also pass through that point.

(332) 1If p, ¢, » be the distances of a variable straight line
from the vertices of the triangle ABC, shew that the value
of the determinant
0,0,1, 1, 1
0, 0, p, 4y, 7
1, p, 0, &0
1, ¢, ¢, 0, &

1, », 1% d 0

1s constant.
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(333) If the anharmonic ratio of four collincar points

A, P, B, @ be p, shew that
“ 1 p-1
APT AQ~ AB*

(334) Through each angle of a triangle let two straight
lines be drawn, equally inclined to the bisectors of those angles,
but the inclination not nceessarily the same for cach of the
three; then the straight lines joining the intersections of these

lines will meet the corresponding sides of the triangle in three
collincar points.

(335)  Three straight lines AD; AE, AF arc drawn through
a fixed point A, and fixed points B3, C, D are taken in AD. Any
straight line through C intersccts A& and AL7in I and F'; and
BE, DF interseet in P; DFE, BF in Q. Shew that the loci of
L and @ are straight lines passing through 4, and if 4D be
harmonically divided in the points B, C, D, the loci of P> and
Q coincide and form with the lines AD, AL, AF a harmouic
pencil.

(836) Iind the locus of a point, the sum of the perpendicu-
lars from which on a scries of given straight lines shall be
equal to a given line.

(837) If the two sides BC, I (" of any hexagon ABCA' L' C
intersect on the diagonal A.1" produced, and the two sides
CA’, ("4 on the diagonal BB produced ; then will the remain-
ing sides /B, A'I¥ interseet on the diagonal C'C" produced.

(338) The two conics which have B3, C for foci, and pass
through 4 are represented in tangential coordinates by the
cquations

{ap, bq, cr}* + dbeqr cos*%1 =0,

and {ap, bq, cr}’ — 4beqr sin® ; ! 0.

(339) Find the equation to the straight line joining the
middle points of the diagonals of the quadrilateral formed by the
triangle of reference and the polar of the point («, B, +) with
respect to the circle circumscribing that triangle.
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(340) If u =0 be a tangent to a conic §=0, the two conics
S+ku*=0, S+ k'u* =0 have four-pointic contact.

(341) If a scrics of conics have four-pointic contact at a
fixed point, and if from any point on the common tangent other
tangents be drawn to the conics, their points of contact are col-
lincar.

(342)  T'wo conics have four-pointic contact at a fixed point

P, and throngh P a variable straight line is drawn cutting the

conies in @ and Z2: find the locus of the intersection of the tan-
gents at  and L.
(343) The triangle whose sides are
mB+ny=0, lu—2ny=0, la—2mB=0
is sclf-conjugate with respect to the conic
Nig +NmB + Ny =0.
(311) A conic section is deseribed round a triangle AB(;

lines bisecting the angles of this triangle meet the conic in the
points 4', 17, € respectively 5 express the equations to
A'DB AC, AD.
(345) The triangle whose sides arc
7@@ +7ﬁ___0, 7l’y+l _0 __+’_né) (),
Vi r rop r 1
will be self-conjugate with respect to the conic
‘\/l;+\/m,3+ '\/7;);=0,
provided ptrqgtr=0
(346)  The straight lines which bisect the angle of a triangle
mect the opposite sides in the points I, @, I respectively ; find

the equation to an ellipse described so as to touch the sides of
the triangle in these points.

(317) If a conic section be described about any triangle,
and the points where the lines bisceting the angles of the tri-
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angle meet the conic be joined, the intersection of the sides of
the triangle so formed with the corresponding sides of the original
triangle lie in a straight line.

(348) If from any point perpendiculars be drawn on the
three sides of any triangle, the area of the triangle formed by
joining the feet of the perpendiculars bears a constant ratio to
the rectangle under the segments of a chord of the circle circum-
scribing the triangle, drawn through the point.

(349)  If conies pass through two fixed points and touch at
another fixed point, the common tangents to any pair of them
interscct on a straight line passing through the point of contact.

(850) 1If two conics have four-pointic contact at 4, and if
any straight Iine touch one conic in A" and cut the other in B3, C;
and if A8, AC cut the former conic in C') I3, then 44', BIY,
C (' are concurrent.

(851) If a conic circumseribe a triangle and if three conies
be deseribed having fowr-pointic contact with the first at the
angular points, and touching the opposite sides, the straiclit
lines joining the points of contact to the opposite angular points
are concurrent.

(352) If Nig+Nuy +Vnz=0

be the equation in triangular coordinates to a parabola, the
cquations
e—a _y—y _z-7
LT m

will represent a straight line mecting it in only one finite point.

(853) TIind the equation to the hyperbola conjugate to the
hyperbola represented by the equation

ua® 4+ o8+ wy + 20/ By + 2v'yx + 2w'af = 0.
(354) If through the extremitics of one side of a triangle

any circle be described, cutting the other sides in two points, and
these points be joined ; shew that the locus of the intersection of
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the diagonals of the quadrilateral thus formed will be a conic
passing through the angular points of the triangle.

(355) From the middle points of the sides of a triangle
draw perpendiculars, proportional in length to those sides, and
join the ends of the perpendiculars with the opposite angles of
the triangle; then the locus of the point of intersection of the
joining lines will be a conic described about the triangle.

(356) The locus of a point from which the two tangents to
a given conic are at right angles is a circle.

(8357) T'wo conics have double contact, shew that the locus
of the poles with respect to the first, of tangents to the second, is
another conic having double contact with both at the same
points.

(858) If a conic be inseribed in the triangle of reference and
also touch the straight line whose trilinear equation is

a

-+ @. + Z — (),

Apoou
its centre will lic on the chord of contact of tangents from the
point (X : p : ») to the circle circumscribing the triangle of

reference.

(359) If a series of conics be inscribed in a quadrilateral,
their centres will lic upon the straight line joining the middle
points of the diagonals.

(360) AA'B'B is a quadrilateral inscribed in a conic.
Two tangents PP, Q) meet the diagonals AB', A'B3 in the
points I, P, @, @ respectively. Shew that a conic can be
described so0 as to touch A4’y BB', and also to pass through the

four points P, P', Q, Q'.

(361) If three conics circumscribe the same quadrilateral,
the common tangent to any two is cut harmonically by the
third.

(362) If a series of parabolas are inscribed in a triangle the
poles of any fixed straight line lie on another straight line.
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(363) If ABCD be a quadrilateral circumscribing a conic,
and P, @ be any two points on the conic, then a conic can be
described touching AL, 4Q, CP, CQ, and passing through the
points B and D. Also the pole of P@Q with respect to the first
conic will be the pole of BD with respect to the second.

(364) Given four tangents to a conie, find the locus of the
foci.

(365) If P and @ be any points on a conic, S and II the
foci, a circle can be inseribed in the quadrilateral formed by
SP, 8Q, 11D, 1/Q having its centre at the pole of PQ with
respect to the conie.

(366) S8, 111", OO are the diagonals of a quadrilateral cir-
cumseribing a conic which cuts S8 in A, 4"y Hll' in B, B’;
00 in I, I'. Shew that if SS5', 111" interseet in C, CI, CI” are
the tangents at 7, . Also it 1), 1) be the points of contact of the
sides S/, and I, I the points of contact of the sides SII', S'II,
the tangent at any other point I will meet D in a point 7
such that {§. POZ0'} is harmonic.  Prove also that if the tan-
gents to the conic from the point @ divide the angle 0QO,
harmonically, the locus of ¢ will be a conic passing through
0, O and having its centre at (.

(367)  Suppose O, O in the last exercise are the circular
points at infinity, and consider what focal propertics will be
derived.

(368)  Apply the property proved in Art. 417 to shew that
if a parabola be inscribed in a triangle its focus lics on the
circle circumscribing the triangle.

(869) Two conics interseet in a point O and touch the sides
of a quadrilateral whose diagonals are AA', BB, CC'. If OPF,
0Q be the tangents at O, then pencils {0.APA’Q], {O. BPB'Q)],
{0. CPC"Q} arc harmonic. Ilence prove that two confocal conics
interscct at right angles.

(370) Given a focus and two tangents to a conic scction,
shew that the chiord of contact passes through a fixed point.
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(371) Shew that if fl+gm+An =0, the locus of the foci
of the conics represented by the cquation

1 1 1
ntagtn=°

is a cubic curve: and find its equation.

(372) Two imaginary parabolas can be drawn having their
foci at the circular points at infinity, and intersceting in the
centres of the inseribed and eseribed circles of a given triangle.

(873) If a variable conic to which a fixed triangle is always
sclf-conjugate always passes through the centre of the circle
inscribed in the triangle, the locus of its centre will be the circle
circumscribing the triangle.

(874) B, C are the foci of a conic I?; C; A those of a conic
Q; A, I those of a conic £7; and common tangents to ), 12
intersect in 4’, common tangents to L, £ in B’ and common
tangents to [, ¢ in (. Shew that the systems of points
A, B, C; A, B, C; A, B, C; A, B, (!" are collinear.

(375) If f(a, B, ) =0 be the trilincar cquation to a conic,
its directrices will be represented by the equation

f(a B, 'Y)+’“{:z’ :Z %} =

where & must be so determined that the first member may
resolve into two linear factors.

(376) Trace the cubic whose trilinear equation is
B (B + 9"+ 2Bycos A) =y (aa + B + cy)*.

(877) Shew that the six points in which the cubic

(B+vycosd) (y+acos B) (a+Bcos O)
=(y+Bcos ) (a+rycosB) (B+acos ()

is cut by any circle concentric with that which circumseribes
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the triangle of reference lie two and two at the extremities of
three diagonals of the circle.

Shew also that the centre of the circle is a point of inflexion
of the cubiec.

(878) If two cubics intersect in six points on a conic,
their other three points of intersection are collincar.

(8379) 'Through six points on a conic there are drawn three
cubics. Shew that their other points of intersection lie by threes
on three concurrent straight lines.

(380) Find the conic of five-pointic contact at any point
of the cuspidal cubic 3* = 2%,

THE NEXT EIGHTY KEXERCISES ARE SELECTED FROM
CAMBRIDGE COLLEGE EXAMINATION PAPERS.

(381) If the inscribed circle of a triangle ABC pass through
the centre of the circumscribed, then

cos A +cos B+cos C=V2.

(382) Determine the value of & that the equation a — k8 =0
may represent a tangent to the circle described about the triangle
of reference.

(383) Shew that the trilinear coordinates of the centre of
the conic section 403 — Ay* =0 are

Aabesin B Aabe sig;/{ abe sin C
2(c*—nab)’  2(c*—nad)’ Aab—¢c "

(384) DProve that if u=0, v=0, w=0 be the equations of
the sides of a triangle, the cquation of a conic section circum-
scribed about the triangle will be

w. 30
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and that the equations of the tangents of the conic section at the
three vertices of the triangle will be

m n n 1 £ =0,
/A

m
—4==0, —+4-=0, +=
v oW w o ou o v

(385) The equation to the self-conjugate rectangular hyper-
bola passing through (f, g, ) is

(92— B)a + (22 — f)B + (T~ g )y = 0.

(386) TIf ABC be a triangle such that the angular points
are the poles of the opposite sides with respect to a conic, and
abe be another triangle possessing the same properties with
respect to the same conie, then that one conic will eircumseribe
the two trianfrlcq.

r

(387) If - + + =0, + % =0 be two conics, find

1
B PR
the equations of the scvcral lines joining the centre of the circle
inscribed in the triangle of reference with the four points of

intersection of the two conics. ,

(888) If 4', ', C' be the middle points of the sides of a
triangle ABC, and a parabola drawn through A, I, " meet
the sides again in 4", B”, ("—then will the lines 44", BB”,
CC"” be parallel to each other.

(889) Conics circumscribing a triangle have a common
tangent at the vertex; through this point a straight line is
drawn: shew that the tangents at the various points where it
cuts the curves all intersect on the base.

(390) 0A, OB are tangents to a conic section at the points
A, B; and Cis any point on the curve. If AC, BC be joined
and OPQ be drawn to intersect 4 C, £3C (or these lines produced)
in Pand @, prove that 3/, A() intersect on the curve,

(391) AP, BP, CP arc drawn to meet a conic circumseribing
ABC in DEF. The tangents at DI meet BC, AU, AB in
A'B'C'. Prove that A'B'C" lic on a straight line.

(892) A conic is described about a triangle so that the
normals at the angular points bisect the angles.  Shew that the
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distances of the centre from the sides are inversely proportional
to the radii of the eseribed circles.

(393) I'ind the equation to the conic section circumscribing
the triangle of reference and bisecting the exterior angles of the
triangle.

(394)  The diamecter of a conic circumscribing ABC which
biscets the chords parallel to AP, P, CP where P is a given
point, meet the tangents to the conic at .1, B, C in DEF, prove
that DET lic on the polar of I

(395) The tangents to a conic at ABC meet the opposite
sides of the triangle produced in PQFL. The other tangents
from @ and I Leing drawn mect 173 and C. respectively in
q, r; prove that Iyr lic on a straight line.

(396) A conic scetion is inseribed in the triangle A8C and
touches the sides opposite to 4, 13, C in ', B, (" respectively,
any point P is taken in B'C" aud CP, BP meet A, 1 ("in ¢, b

respectively; prove that be is a tangent to the inscribed conic.

(397) If perpendiculars be drawn from the angular points
of a triangle on the opposite sides, an cllipse can be drawn
touching the sides at the feet of the perpendiculars; construct it.

(398) If a conic touch a triangle at the feet of the perpen-
diculars from the angular points, the distance of the centre from
the feet i3 proportional to the length of the sides.

(399) T'wo conics touch cach other in two points A, B, If
O be any point in the straight line A7 and if OL1" Q' Q be
any chord cutting the two conics in I, @ and F”, ' respectively,
prove that )
1 1 1 1
ortog=ortog-

(400)  The four common tangents to two conics intersect two
and two on the sides of their common conjugate triad.

30—2
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(401) Shew that the general equation to a circle in trilinear
coordinates is

S=(aa + 0B+ cy) (la+ mB + ny) — (aBy + bya + caB) =0,
and that the square of the tangents drawn to it from a point

. . . abe
whose trilinear coordinates are o', 3, v is AAE 8': where a, b, ¢

are the sides and A the area of the triangle of reference.

(402) The self conjugate, the nine-points’, and the circum-
scribing circle of a triangle have a common radical axis, which
is the polar of the centre of gravity with respect to the sclf-con-
Jjugate circle.

(403) The radical axes of the circles (arcal)

(, v, w0, W, ¥, w)(aBy)' =0,
(py 070 45 7)(aBy)" =0,
will be represented by

__watoBtwy _ prtgBary
utvtw—u —v'—w  ptqgtr—p —qg—2"

(404) Three circles described on the chords of a complete
quadrilateral as diameter have a common radical axis.

(405) Shew that the cquation to any circle that passes
through the points B, C of the triangle of reference, may be
expressed in the form

Bysin 4 + yasin B+ afBsin C
+ka(asin 4 +Bsin B+qsin C)=0;

and determine the value of the constant £ In order that the circle
may touch the side 4B.

(406) Shew that the equation of the fourth tangent common
to the circle inscribed in the triangle of reference, and to the
escribed circle that touches BC externally is

2 =0.

o cos ‘;1 + (B — ) sin
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(407) The two points at which the escribed circles of a
triangle subtend cqual angles, lic on the straight line whose
equation in trilinear coordinates referred to the triangle is

acos A (b-c)+Bcos B(c—a)+ycos Cla—b)=0.

(408) If T De the intersection of perpendiculars from
4, B, C, on the opposite sides of the triangle ABC and L
the middle point of BC, and if T'L be produced to meet the
circle circumseribing A BC in A'; shew that 44’ is a diameter
of the circle.

(409) Prove that four fixed points on a conic subtend at
any other point on the curve a pencil of constant anharmonic
ratio, which is harmonic if the line joining two of the points
which are conjugate passes through the pole of the line joining
the other two.

(410) The anharmonic ratio of the pencil formed by joining
a point on one of two conics to their four points of intersection is
cqual to the anharmonic range formed on a tangent to the other
by their four common tangents.

(411) Pp, Qq, Rr, Ss arc four chords of a conic passing
through the same point, shew that a conic can be drawn touching

SR, RQ, PQ, sr, rq, qp.

(412) Having given five tangents to a conic, shew Low to
determine their points of contact.

(413) The equation of the line passing through the fect of
the perpendiculars from a point (a, B, ,) of the circle
aBy+bay+caB=0

on the sides of the fundamental triangle, may be put in the form

cB, + by, ” ay, +ca, 18+ ba, + aB,

g = Oo
B, cos C—,cos B 7,c08.4 —a cos a, cos B— B3, cos ¢
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(414) AP, BP, (I’ arc drawn to meet a conic circumserib-
ing the triangle ABC in D, E, F; EF, I'O, DI mect BC,
Cd4, AB in A,, B,, C, respectively. Shew that these three
points are in a straight line, which is the polar of P with regard
to the conic.

(415) Ome conic touches 04, OB in 4 and B, and a
second conic touches OB, OC'in Band C: prove that the other
common tangents to the two conies intersect on 4 C.

(416)  Two conics touch cach other, and through the point
of contact any chord is drawn: if the tanzents to the conics at
the other extremities of the chord meet on the common tangent,
the common chord of the conies will pass through their inter-
scction,

(417)  Two rectangular hyperbolas intersect in four points,
shew that cach point is in the intersection of perpendiculars
from the angles on the sides of the triangles formed by joining
the other three.

(418)  If three conies be drawn each touching two sides of a
triangle and having the thivd for their chord of contact, shew
that the three chords of intersection pass through a point.

(119)  If three parabolas are drawn having two of the sides
of a triangle for tangents and the third for their chord of con-
tact, shew that their other three points of intersection form a
triangle similar to the original one and of one-ninth its area.

(420) If a triangle is self-conjugate with respect to cach of
a series of parabolas, the lines joining the middle points of its
sides will be tangents: all the dircetrices will pass through O
the centre of the circumscribing circle: and the focal chords,
which are the polars of O, will envelope an ellipse inseribed in
the given triangle which has the nine-points’ circle for its auxili-
ary circle.
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(421) Shew that there arc two poiuts I, @ in the polar of
O with respect to a conic, such that PO is perpendicular to the
polar of P, and QO to the polar of @ and that then ’OQ is a
right angle.

(422) Through a point P within the triangle ABC a line is
drawn parallel to each side. Prove that the sum of the rect-
angles contained by the segments into which each of these lines
is divided by the point 1’ is equal to *— OF* I being the

radius of the ecircumseribed circele, O its centre.

(423) The diameter of the circumseribing circle of the tri-
angle ABC
R T T i
sin2d " sin 2B sin2C’
where o, 8, o' are the perpendiculars on any tangent from
A, B C.

(124) Similar circular arcs are described on the sides of a
triangle A B, their convexities being towards the interior of
the triangle; shew that the locus of the radical centres of these
three cireles is the rectangular hyperbola

sin (4 - B)

sin (B- 0) | sin(C- 4 ==,

)
o 8 +

a, 3, v being the trilincar coordinates of a point with respect to
the sides of the triangle.

(425) The pole of a tangent to a fixed circle with re-
spect to another fixed circle will have a conic section for its
locus.

(426) A conic circumscribes a triangle ABC, the tangents
at the angular points mecting the opposite sides on a straight
line DELF. The lines joining any point Pto A, B, and C meet
the conic again in A', £, "1 shew that the triangle 4'5'C’
envelopes a fixed conic inscribed in ABC, and having double
contact with the given conic at the points where they are met
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by DEF. Also the tangents at A, B, (" to the original conic
meet B'C’, ("A’', A'IY in points lying on DEF.

(427)  If straight lines be drawn from the angular points of
a triangle ABC, through a point I, to mect the opposite sides
in a, B, v, shew that if P moves on a conic, the interscetion of
PA and By traces out a conic, and that tangents to corre-
sponding points of the conics intersect on 3C.

(428) A tangent to a conic cuts two fixed tangents in
Tand 77, R and R arc fixed points, shew that the locus of
intersection of I/ and 7”1’ is a conic.

(429) 4, B, C arc three fixed points, and G such that
tan BA @G varies as tan BCG; prove that the locus of @ is a
conic passing through 4, B, and C.

(430) The locus of the centre of rectangular hyperbolas
inseribed in the triangle of reference of trilinear coordinates is
the circle

o’ sin 24 + 3 sin2B+¢*sin 20=0.

(431) A rectangular hyperbola circumseribes a triangle;
shew that the loci of the poles of its sides are three straight lincs
forming another triangle, whose angular points lic on the sides
of the first, where they are met by perpendiculars from the
opposite angular points,

(432) Kllipses are described on A B as diameter, and touch-
ing BC; if tangents be drawn to them from C, shew that the
locus of the points of contact is a straight line.

(433) The locus of the centres of conics inscribed in a
triangle and such that the centres of the escribed circles form
a conjugate triad with respect to them is a straight linc parallel
to aa+ b8 + ¢y =0 in triangular coordinates.

(434) If P move so that a tangent to its path is always
parallel to its polar with respect to an ellipse, then P traces out
an ellipsc similar and similarly situated to the former.
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(435) The square of the distance of a point from the base
of a triangle is equal to the sum of the squares of its distances
from the sides. " Prove that its locus is a conic, and will be
an ellipse, parabola, or hyperbola, according as the vertical
angle of the triangle is obtuse, right or acute.

In the casc of the parabola find its focus and directrix.

(436)  The scction of a cone cannot be an equilateral hyper-
bola unless the angle of the cone is at least a right angle.

(437) The equation of the asymptotes of the conic
o+ mB+ny’=0 i3

2 2 (e v, 2
(la—i—mB—{-nfy)<7+m+;)=(aa+b,8+cy).

(438) A conic is described about a given quadrilateral,
prove that its centre always lics on a conic which passes through
the middle points of the sides and diagonals of the quadri-
lateral and also through the three points of intersection of the
diagonals.

(439) Shew that a conic scction can be deseribed passing
through the middle points of the four sides and of the two
diagonals of any quadrilateral, and also through the intersections
of the diagonals and of the two pairs of opposite sides, its centre
being the centre of gravity of four equal particles placed at the
angular points of the quadrilateral. Prove also that this conic is
similar to each of the four conies which have their centres
respectively at the four angular points of the quadrilateral and
to which the triangle formed by joining the other three points is
self-conjugate.

(440) Shew that the conic which touches the sides of a
triangle and has its centre at the centre of the circle passing
through the middle points of the sides, has onc focus at the
intersection of the perpendiculars from the angles on the oppo-
site sides, and the other at the centre of the circle circumseribing
the triangle.
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(441)  One focus of a conic inscribed in the triangle ABC
lies in a conic touching AB, AC at B, C respectively; prove
that the other focus lics on another conic touching as before.

If these two conics coincide, the major axis of the conic
inscribed in the triangle passes through a fixed point.

(442) If a conic be inscribed in a triangle and its focus
move along a given straight line, the locus of the other focus
18 a conic civcumscribing the triangle.

(443)  If an ellipse inseribed in a triangle has for onc focus
the point of interscction of the perpendiculars from the angular
points of the triangle on the opposite sides, shew that (i) the
other focus is the centre of the circle circumseribing the triangle,
and (ii) the major axis of the elliptic is equal to the radius of
this circle.

(41t) If a=0,B8=0, y=0, =0 be the equations to four
straight lines all expressed in the form

xcosa+ysina—p=0,
and if aa + b3 + ey + 8 =0 for all values of & and y, then the foci
of all the conie scetions which touch the four straight lines lie
on the curve

(415) It a hyperbola be deseribed touching the four sides
of a quadrilateral which is inseribed in a circle, and one focus
lie on the circle, the other focus will also lic on the circle.

(446) The poles of any fixed straight line with respect to a
series of confocal conics lic on another straight line.

(447)  Tangents arc drawn from any point on an ellipse, to
an interior confocal ellipse, and with the points of contact as
foci a third ellipse is described passing through the given point
on the first: prove that its latus rectum is constant.

(448)  If a series of parabolas touch threc straight lines their
foci lic on a circle and their directrices arc concurrent.
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(449) Three parabolas are drawn touching the three sides

of a triangle ABC. 1f D, E, F be the foci, prove that
ABC _a.b.c
DEE ™ f.g.h’

where f, g, & are the sides of the triangle DEL.

(450) ABC is any triangle and I’ any point: four conic
sections are deseribed with a given focus touching the sides of
the triangles ABC, PR, PCA, PAB respectively, shew that
they all have a common tangent.

(451)  Tangents are drawn at two points I, P’ on an
ellipse.  If any tangent be drawn mecting those at P, I” in
12, IV, shew that the line bisecting the angle IZSE intersects
LR on a fixed tangent to the ellipse.  Iind the point of contact
of this tangent.

(452)  Tour conics can be deseribed about a triangle having
a given point as focus. If the sides of the triangle subtend
equal angles at the given point, onc of the conics will touch the
other three.

(153)  Cireles are deseribed on a system of parallel chords
to an cllipse as diamcters, shew that they will have double
contact with an cllipse, having the extremities of the diameter
of the chords as foci, and itsclt having double contact with the
original ellipse.

(454)  With the centre of the circumseribed circle as focus
three hyperbolas can be deseribed passinz through A BC with
excentricities cosee /3 cosce (f, cosce (' cosce <, cosee  cosee B,
their directrices being the lines jolning the middle points of the
sides.  The fourth point of interscction of any two lies on the
line joining one of the angles to the middle point of the oppo-
site side.

(155)  An ellipse is deseribed round a triangle, and one
focus is the intersection of perpendiculars from the angular
points on the opposite sides.  Shew that the latus rectum

21 cos < cos B cos
T oA B0
sin"y-sin ' sin g
where £ is the radius of the circumseribing circle.
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(456) ABC is a triangle, § is any point, 84, SB, SC are
joined, Sa, 8b, Sc are drawn perpendicular to S4,SB, SC, meet-
ing the sides in abe. Straight lines Aa, Bb, Cc are drawn,
forming a triangle PQR. If two conics with S as focus be
inseribed in the two triangles ABC, PQR, shew that the latus
rectum of one is half that of the other.

(457) The equation to the directrix of a parabola which
touches the sides of the fundamental triangle and the straight
line la 4+ mB + ny= 0 may be expressed

1 1 1 1 1 1
acot 4 (3= 1) + Beot B —7) +7ent O (7= ) =0.

(458) Three points ABC arc taken on an ellipse. The
circle about A BC meets the ellipse again in P, and PP, is a
diameter. Prove that of all the ellipses passing through ABCI”,
the given cllipse is the one of minimum excentricity.

(459) Shew that the reciprocal of a given conic 4 with
respect to another conic B will be a rectangular hyperbola, if the
centre of I lies on a certain circle.

(460) A serics of equal similar and equally eccentric cllipses
are reciprocated with respect to a circle, shew that, if one of the
reciprocals be a rectangular hyperbola, they will all be so, and
have double contact with a hyperbola whose eccentricity ¢ is
given by

¢+e°=2,

e being the cccentricity of the ellipses.

Tue rorTY EXERCISES WHICH FOLLOW ARE SELECTED FROM
THE PAPERY OF THE CAMBRIDGE MATHEMATICAL Tr1POS
EXAMINATIONS.

(461) Let four points be taken at random in a plane, join

them two and two in cvery possible way, the joining lines being
produced, if necessary, to interscct. Join these points of inter-
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section two and two, in every possible way, producing as before
the joining lincs. Every line in the figure so formed is divided
harmonically.

(462)  Prove the following method of drawing a tangent to
any curve of the second order from a given point P without it.
From P draw any two lines, each cutting the curve in two
points. Join the points of interscction two and two, and let
the points in which the joining lines (produced if necessary)
cross cach other be joined by a line which will, in general, cut
the curve in two points 4, B. P’A, PB are tangents at 4 and B,

(463) Two points are taken within a triangle: cach is Jjoined
with an angular point, and the line produced to interscct the
opposite side. Prove that the six points of intersection so
formed will lic on the same conic section, and find its equation.

(464)  An ellipse is described so as to touch the three sides
of a triangle; prove that if onc of its foci move along the cir-
cumference of a circle passing through two of the angular points
of the triangle, the other will move along the circumference of
another circle, passing through the same two angular points.
Prove also that if one of these circles pass through the centre of
the circle inseribed in the triangle, the two circles will coincide.

(465) Shew that all conic sections, which have the same
focus, have two imaginary common tangm}t-s passing through
that focus; and hence derive a general definition of foci.

(466) Prove that the locus of the centre of a conic scction;
passing through four given points, is a conic section; and shew,
(1) that when the straight line joining each pair of the given
points is perpendicular to the straight line joining the other pair,
this locus will be a circle, (2) that when the four given points lie
in the circumference of a cirele, this locus will be a rectangular

hyperbola.

(467) Tind a point the distances of which from three given
points, not in the same straight line, are proportional to p, g,
and 7 respectively, the four points being in the same plane.
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(468) 04, OB are common tangents to two conics having
a common focus S; ('4, CB are tangents at onc of their points
of intersection; BD, ALK tangents intersccting CA, C13 in D, I,
Prove that SO is a straight line.

(469) Two tangents OA4, O3 are drawn to a conic, and arc
cut in P and ¢ by a variable tangent; prove that the locus of
the centres of all circles described about the triangle OLQ is a
hyperbola.

(470)  The circles which touch the sides A, B of a triangle
at O, and pass through /3, A respectively, interseet A7 in £ and
F. Lines drawn from the centres of the eircles inseribed in the
triangles A CF), BCL parallel to 27, C1' respectively, meet <1 C,
BCin P, . Prove that CP is cqual to C().

(471) If ABC be a triangle whose sides touch a parabola,
and p, ¢, » be the perpendiculars from 1, 53, €' on the direetrix,
prove that

ptan A +¢4 tan B4 tan (=0,

(472) A, Pand B, Q arc points taken respectively in two
parallel straight lines, A, B heing fixed and I, () variable.
Prove that if the rectangle AL, 13Q be constant, the line 1°Q
will always touch a fixed ellipse or a fixed hyperhola according
as Pand @ are on the same or opposite sides of <L/

(473)  Three hyperbolas are drawn whose asymptotes are
the sides of a triangle A B¢ taken two and two, prove that the
dircetions of their three common chords pass through the angu-
lar points A4, B3, C and mect in a point,—which will be the centre
of gravity of the triangle, if the hyperholas touch one another.

(474) Prove that the straight lines represented by the
equation

(@’ =B sin C+k (asin 4 + B sin B) (B cos B—acos A) =0,

arc parallel to the axes of the conic scction 2a8 = ky®
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(475)  If the lines which bisect the angles between pairs of
tangents to anellipse be parallel to a fixed straight line, prove
that the locus of the points of intersection of the tangents will be
a rectangular hyperbola.

(476) Tangents to an cllipse are drawn from any point in a
circle through the foci, prove that the lines bisceting the angle
between the tangents all pass through a fixed point.

(177)  Pis a point within a triangle ABC, and AP, BP, CP
meet the opposite sides in A', &, (f respectively ; if Pa, Pb, Pe
be measured along PA, PB, I’C so that these last are harmonic
means between I, oy P, Pby PC, Pe respeetively, prove
that a, &, ¢ lic on a straight line.

(478)  Prove that the envelope of the polar of a given point,
with respeet to a system of confocal conies, is a parabola the
dircetrix of which passes through the given point.

(179)  AB(is a given triangle, P any point on the circum-
scribing circle, through P are drawn PA', PR, PC" at right
angles to 1’4, PB, P(!to meet BC, CA, AL respectively; shew
that A', I, C'lie on one straight line that passes through the
centre of the circumseribing circle.

(480) It tangents be drawn to the cirele bisecting the sides
of a triangle, at the points where it has contact with the four
circles which touch the sides, these tangents will torm a quadri-
lateral whose diagonals pass one through each angular point
of the triangle.

(481) If rOr', QOQ, RO, SOS" be tour chords of an
cllipse, the conic scetions passing through O, I, @, I, § and
o0, I, @, I, S will have a common tangent at O.

(482) Tour circles are described, each self-conjugate with
respeet to one of the triangles formed by four straight lines in
the same plane; prove that the four circles have a common
chord.
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(483) A conic always touches four given straight lines;
prove that the chord of intersection of the circle, described about
any one of the triangles formed by three of thesc straight lines,
with the circle which is the locus of the intersection of two tan-
gents to the conic at right angles to each other, always passes
through a fixed point.

(484) A triangle is circumscribed about a given conic, and
two of its angular points lic on another given conic; prove that
the locus of the third angular point is another conie, and that the
threc conics have a common conjugate triad.

(485) Two triangles, ABC, A'B'C’, are described about an
ellipse, the side BC' being parallel to B'C’, Cd4 to C'A’, ADB to
A'B. It B'C, C'A', A'L' be cut by any tangentin P, @, R
respectively, prove that AP, B, CR will be parallel to one

another.

(486) If a point be taken, such that cach of the three dia-
gonals of a given quadrilateral subtends a right angle at it, prove
that the director circle of cvery conic which touches the four
sides of the quadrilateral will pass through this point.

Prove also that the polars of this point with respect to all the
conics will touch a conic of which the point is a focus.

(487) If the perpendiculars Aa, Bb, Cc be let fall from
A, B, C the angular points of a triangle upon the opposite sides,
prove that the intersections of BC and d¢, of €A and ca, of AB
and ab will lic on the radical axis of the circles circumscribing
the triangles ABC, and ale.

(488) A scries of conics are circumscribed about a triangle
ABC, having a common tangent at 4. Prove that the locus of
the intersection of the normals at B and C is a conic passing
through B and C,—and also through 4 if the given tangent form
a harmonic pencil with 4B, 4C and the diameter of the circum-
scribing circle through 4.

If in this case the corresponding locus be found for B and C,
prove that the three conics wvill have a fourth point in common.
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(489) Prove that if a rectangular hyperbola be reciprocated
with respect to a circle, the tangents drawn to the reciprocal
conic from the centre of the circle will be at right angles to one
another.

(490) If £(a, B, ¥) =0 be the trilincar equation to a planc
curve, and ¢ (/, m, n) =0 the condition that the line

la+mB+ny=0

‘may be a tangent to it; prove that £(/, m, n) =0 is the condi-
tion that the straight line Iz +mB + ny = 0 may be a tangent to
the curve ¢ (a, B3, v) = 0.

(491)  Tf a triangle circumscribe a circle, and p,, p,, p, be
the algebraical perpendiculars let fall from any point in the
plane of the triangle upon the line joining its angular points to
the centre of the circle, prove that

| V4] C
P, c0s 5,085+ p 08 o = o,

A, I, C being the angles of the triangle.

(492)  If an ellipse of given arca be circumscribed about a
given triangle, the locus of the centre, referred to the same tri-
angle, will be represented by the equation

(0B + ¢y — ax)(ey + aa — bB) (aa + bB — cy) = Ca’By,

C being a constant depending on the length of the sides at the
triangle.

(493) A rectangular hyperbola passes through the angular
points, and a parabola touches the sides of a given triangle:
shew that the tangents drawn to the parabola, from one of the
points where the hyperbola cuts the directrix of the parabola, arc
parallel to the asymptotes of the hyperbola. Which of the two
points on the directrix is to be taken? When the two points
coincide, shew that one curve is the polar reciprocal of the other
with regard to the coincident points.

w. 31
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(494) Five straight lines are drawn in a planc thus forming
five quadrilatcrals: shew that the straight lines joining the
middle points at the diagonals of these quadrilaterals meet in a
point.

(495) A parabola is drawn so as to touch threc given
straight lines, shew that the chords of contact pass each through
a fixed point.

(496)  'With any one of four given points as centre, a conic
is described self-conjugate with regard to the other threc; prove
that its asymptotes are parallel to the axes of the two parabolas
which pass through the four given points.

(197) If a triangle be sclf-conjugate with respeet to a
parabola, shew that its nine-points’ circle passes through the
focus.

(198) A triangle is deseribed about the econic
@+ B+ =0;
two of its vertices moving along the lines
la+mB +ny, Va+n'B+uy=0:
prove that the locus of the third vertex will be the conic
i, m, =n|®
W+ mm + 0 (@ + B+ + | U, w'y, » |=0.
fo, B v

(499) On the sides BC, Cd, AB of a triangle ABC are
taken points /', &Y, €' respectively, cach of the angles ¢'A'DY,
AB'C, B'C'A" being of given magnitude; prove that, if the
arca of the triangle A'B’( be a minimum subject to these con-
ditions, and A be the area of the triangle ABC, B the radius
of the circle A'B' (',

(sin A" sin (4 + 4) + sin B3’ sin (B + 13')

2 — et
21 1 sin A sin B

, §in C'sin (0 + O >}=1\'.

sin (J



MISCELLANEOUS EXERCISES. 483

(500) If f(a, B, v) =0 be the equation of any curve refer-
red to trilincar coordinates, and if

f;(a7 By ), f;g(a’ By %), .fy (2, B, )

be the partial differential cocfficients of f'(a, B, ) with respect to
a, B, « respectively, shew that the line

af; (cwn S awl—b) + Bf;; (Cxu (2 _axl—b)
+9f, (cx,y ¢, —ax, —b)=0

is in general an asymptote of the curve, @, being a root of the
equation
S (e, ¢, — ax— ) =0,

and @, b, ¢ being the sides of the triangle of reference.

IIence find the asymptotes of
aB=9)+By-a)’+v(@=-B’=0,

and trace the curve, the triangle of reference being equilateral.

31—2



NOTES ON THE EXERCISES.

Resurts AND OccASIONAL HINTS.

(2) They all lic on the straight line joining (a, 8) to the

origin.

(8) a+Bcos C=0. (4) aa=0bB. Arca=absin C.
(5) p*sin® C'=(a—a)' + (8 — B) 42 (a— o) (B— B) cos C.
(6) 3 (a8 ~alf) cosec C. ™ 1A

() %, BEF (9) ba—aB = (au— bB) cos C.

(10) The points of trisection of BC arc

4A 2A 2A  4A
(0 5 50) ma (0350 o)
2A 2A 2A
(ll) '3_57 ?5; '3_0'

(12) acos Bcos C bceos O(;os A ccos AcosB
sin A ’ sin 3 ? sin C

(18) The centre of the escribed circle opposite to A is

given by

2A
Bkt vy
(14)  (md*+ nc®) o® + 1 (BB + oy)*= (nc" + la”) B* + m (oy + aa)*
= (la* + md*) y*+ n (aa + bB)™.
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%, (16) 2A cos 4 cos Beos C.

(15)
(17) ~acosAd+Bcos B+rycos =0,
acos.A—BcosB+rycos C=0,
oacos A+ Bcos B—rycos C=0.

Aabe
(18) " G om) (ol +am) @ ¥ 80)°

(19) They all lie on the line o +mB + ny = 0.

(20) See (10). (21) aa—20B8—2cy=0.
(22) The equation to PQR will be aa + 408 — 2¢y=0.

(23) aa—(m—1)88—(n—1)cy=0. The coordinates are
24 n—1 2A m—1

b ' n—m’ ¢ ‘m-—n

(24) The straight line is « cos 4 =B cos B.

0,

(25) [In each of the given cquations for — read +].

The equation to AP is mB8 —ny=0. To AQ, mB+3ny=0.
The other equations may be written down by symmetry.

(26) " They are respectively parallel to the lines a + 8 =0,
a — B =0, which arc known to be at right angles.

m_n I _m+n
(29) =0 (30) ity
- 2gin C
(32) tan 3cos 4 cos B—cos(C’
(34) mB+ny— la=0, (35) ma+mnB+y=0,
ny+ la—mB=0, nB+ nly+a=0,
la +mB— ny=0. ly+ Ima+B8=0.

(36) If BC, B'C intersect in P; CA, C'4' in @; AB,
A'B in R; P, Q, R will be found to lie on the fourth straight
line required.

(37) A particular case of (40), when AP, BQ, CR are per-
pendicular to the sides of the triangle of reference. See (40).



486 RESULTS AND OCCASIONAL HINTS.

(38) A particular case of (40), when AP, BQ, CR are the
biscetors of the angles of the triangle.

(39) A particular case of (40), when P, @, R arc the
middle points of the sides of the triangle of reference. In this
casc the fourth straight line is the line at infinity.

(40) To construct the lines, let O be the point given by
la =mB =mny, jon 04, OB, OC and producc them to mect
BC(, CA, AD respectively in P, @, L; also let BC, QI intersect
in P'; CA, RP in Q'; AB, Q) in L'; then three of the straight
lines required will be the sides of the triangle PQZ, and the
fourth will pass through 7”7, ¢, I'. The coordinates of the
middle points of PP will be

b ¢
2A o 24 -
7 n
07 ('d ‘2 ? .2 2 )
) C C b
m' wt ok

and the coordinates of the middle points of Q@', R can be
written down by symmetry. 'These three points lie on the
straight line

la mB n

la B ™Yy,

a b ¢

(42) 'The equations to the straight lines joining the point

of reference 4 to the two given points at infinity can be written
down, and the condition that they should be at right angles can
be redueed to the given form.,

(43) The line through A will have the equation

B (g —p) + oy (r—p)=0.
(44) ax@p=g=7)+18Qq—r—p)+ey(@r—p-q)=0.
(45) (aa—0B) cos A=ry (b+acos ).

(46) 2Ax+d(ax+ 0B+ cy) =0. (47) 4A.
4AP? A
(18) (nd+ tm — mn) (ln + mn — nl) (mn +nl —lm) * (49) 4

(53) The straight line is the perpendicular from C on BA.
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(55) [For r=0, read r=d.] Two straight lines will
satisfy the conditions, and their equations are

d (ao+ B +oy) = £ (ax+0B) bsin 4.

(56) Lct s be the altitude required. Then the equation to
R isaa(p+s)+0B(qg+s)+cy(r+s)=0. Ilence at B the

value of B is 28 ps . But at P the value of B is = 24 —L—
b p—q D r— q’
and the middle point of the diagonal PR lies on the locus of
- fore 2T L " 0w
B =0, thercfore g + reg" 0, which gives
_r—pg—qr

g—r
(68) The two paragraphs must be read as scparate ques-
tions. In the second paragraph, for ¢ this point,” read

“the pomt ==,

(59) o/ +mfB +ny U + w4y
N tmp Ay T U+ e 0y

(60) The coordinates of Pare o 4 Ap, B + up, ¥ +vp. So
for the other points.

(62) Apply the result of (59).

(63)
_ 2A{m=n)'+ (= 1+ (L=mf}
(FP=&) (l=m) (l—n)+ (*—a?) (m—=n) (m~1) +(a’=b") (n—T) (n—m)
(64) Apply Art. 27.  All the straight lines arc parallel to
@ cos’a + y cos* B+=zcos’y =0.

tan™

R {4+m
(69) Al:ﬁ'
A(lmn+1)
70 o almetl)
(70) ((+1)(m+1) (n+1)"
(74) w, v, w |=0
I, m, n

’ '
U, m', n
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(15) —u, v, w|=0.
a, b, ¢
b, a, ¢ .
(81) Sce Art. 331.

(85) The straight line | a, B, l =0.

g b
[ fgs W]

(86) The equation may be written
(2 cos A4 B cos B+ ycos O) + (asin A+ Bsin B+ vysin )= 0.

]

™

(87) It T-6=B-0C, T-¢=0C-4,

then will g—¢=A—R

and the equation may be written
(wcos A+ vcos B+wcos O)+ (usin A + v sin B+ wsin €)*= 0.

(88) The equation may be written
(@ + 9 +2°+ 2y2) (& 4 y° + 2" + 222) (2 + 4° + 2° + 22y) = 0,

cach factor of which, when cquated to zero, represents a pair of
imaginary straight lines parallel to a line of reference.

(90) If la=mB=ny be the point O, the points of inter-
scetion lie on the straight line

la +mB + ny = 0.
(91) Sce Art. 129
(92) Usc one of the equations of Art. 108.
(93), (94) Apply Art. 130.
(95), (96), (97) Apply Art. 125,
(100) One system of lines satisfying the required conditions

has the equations

2
a=0, B=%, —E+§+Z=O

©
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(101) Form the determinant as in Art. 149, The sum of
three rows will be 1dentically equal to the sum of the other three.
Hence the determinant vanishes and the condition is fulfilled.

(102) See Art. 97.
(103) 3(—y)'—4z(x+y)+2=0.
(104) Apply Art. 119. The conic is the circle of Art. 307,
(105) The straight lines
lo+mB+ny=0, Ua+m'B+n'y=0,
arec asymptotes and their point of intersection the centre.
(106)  Three parabolas.

(107) The four points in which the two straight lines
‘2 =+ y cut the two straight lines @ + 3y= —1.

(110)  See Arts. 161 and 129.

(114) If (o, B, o) be the coordinates of P, the three tan-
gents have the equations

(116)  'With the notation of Art. 91, the three conies have
the cquations

W=+, P=w+u’, w=v+" See (119).

(117) A conic with respect to which two particular triangles
are self-conjugate.

(120) Two imaginary straight lines dividing the right
angle harmonically.

(128) The resulting cquation should be
(lea + mB)* + (I + m) ny* = 0.

2 2 2
(124) (fl +£—l + ii) (lo® + mB* + ny®) = (fa + gB + hy)* = 0.

(126)  ’yz+UPza + ey = A (@ cot 4 + 3* cot B+ 2% cot O).
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(130)  Either condition is ¥/ 4+ Vmu + v = 0.

i

)

(]

(132) If + 7+ —-=0 be the conic,

> |
R ORI

~ R Ri~

+= +L=0 is the straight linc.

=

)

~
~

2

(184) Take the triangle as triangle of reference, and let
(@, ¥, 2') be the fixed point. The centre will lic on the conic
2 2] ~'2
z +7/._ +7-=0.
x oy =
(147)  The polar of the point (a', B, ') with respect to
(loa + mB + ny) ({'a +m'B + n'y) =0,
is given by
(la' +mfB' +ny') (o + m'B+n'y)
+ (o +m'B + 2'y) (la + mB + ny) =0,
which proves the proposition (Art. 88).

(148)  Apply Arts. 46 and 146.

(149) Lect a =0 be one of the straight lines: let the others
be parallel to 8= 0, and let 4y =0 be the straight line at infinity.
Then the equation to the locus can be written

o+ (B + ky) +m' (B+ L'y + ... =ny,
or us® + o8+ wy' + 20/ By = 0,
which shews that a = 0 is the chord of contact of tangents from

B=0, y=0, i.c. of tangents parallel to 8=0. Which proves
the proposition.

(150) Apply a method similar to that of (149).

(151) Let a=0 be the chord of contact, 8=0 the tangent
to the first conic, y = 0 the straight line joining the point of con-
tact of this tangent to one of the points of contact of the conics.
Then the equation to the first conic may be written

Iy’ + maB + nBy =0,
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and the equation to the other will be
ka® 4 Iy + maB + nBy=0,
which mects 8= 0 in two points given by
ko + ly* =0,

which therefore divide harmonically the line joining the point
of contact of the tangent with the point where the tangent meets
the common chord.

(152) A conic circumscribing the triangle which is self-
conjugate with respect to both the conics.

(156) The cquation to the locus is

) df df df
{f (% B, )} =k {(la (?3 ’ J"/}

(1567) T By + mya 4+ naB =0 be the first conic, the fixed
point is given by la+mB =0, y=0.

(161)  Sce Art, 417 (first column).
(164) Apply Art. 65. (165)  Apply Art. 65.

(166) If A, w, v be the divection sines of the chords, and
1 the constant arca, the equation to the locus is

Sflo By v) + 1\ 1, v) =0,

which may be rendered homogeneous.

(167)  If the constant bc Iy the cquation to the locus will be

Pl B ) +1 (x5 + B+ ) =0,

which may be rendered homogcn(,ous.

168 Refcr ﬂlC Conic to a SCH‘COD'U‘"’atC trian "]e havin
jug g g
once vertex at the focus.

(172) an =13 : A. Apply Art. 285.

(174)  To deduce Euclid 111. 31, Apply Art. 159.
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(177) Take the given centres as points of reference.

(181) In trilinear coordinates :
(i) asinA4(Bsin B+ ysin C)= (B cos B—qcos (),

(i) 2a cos’;—/! B+y)=(B—1) (Bcos B—rgcos 0),

(i) o (cB+by)+ acos A(BB + cy)
= (b8 — ¢y) (B cos B —q cos C),

and similar equations.

(182) If the arca of the given rectangle be 2u times that of
the triangle, the cquation to the locus may be written

By sin A + ya sin B + aB sin C
= (asin A + Bsin B+ vy sin O)

shewing a circle concentric with the circle circumscribing the
triangle.

(183) If the given constant be 2x times the arca of the
triangle the Jocus will be represcnted by the cquation

(By sin A + yusin B+ aB sin C) sin 4 sin B sin ¢
= p («sin 4 + 8 sin B + v siu C)*

(184) Apply Arts. 210, 289, 314.

(185) In gencral the cquation

{‘E af flf}z-— 0

da’ dB’ dyj ~

represents the polars of the circular points with respect to the
conic f(a, B, v) =0. If the latter be a circle, the polars are
tangents and pass through the circular points. 1lence, Art. 318,
the equation represents an indefinitely small circle.  But since
the polars of points at infinity intersect at the centre of the
curve, this indefinitely small circle is at the centre, or is concen-
tric with the given circle.

(186)  Apply a method analogous to that of Art. 273.
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(188) Any conic touching the sides a=0, 8=0, y =0 is
known to have the equation
UPo? + m’B* + 2’y — 2mnBy — 2nlya — 2lmaB = 0.
The straight line =0 or a+ B+ vy =0 will be a tangent (Art.

210) provided I+ m+n=0. LEliminate the terms involving
a’, @, 4 (Art. 327) and we have

(m+2)* By + (n+ 1P qya+ (I + m)* aB + Fad + m*BS + n*yd= 0,
or in virtue of
l+m+n=0, P(By+ad)+m’(ya+ B8)+n*(aB+ 8 =0.
And we may write
l=p—v, m=v—A n=A—u
(189) Apply the condition that the line at infinity should

be a tangent. A solution is given at length in Vol. 1. of tle
Messenger of Mathematics, p. 201.

(190) This may be deduced from (189) by writing

A=l N=k p=p=v=>0=0.

(191) The two roots of the quadratic in (190) cannot be
equal unless cither 4 =B and C=D, or else A= C and B=D.
In cither of thesc cases the parabola would be altogether at in-
finity. In any other case therc can therefore be two parabolas
drawn through four fixed points, one of which will however
degencrate into two parallel straight lines if the points lie on
two such lines.

(192) In virtue of the relation
at+B+y+8=0,
the equation may be written
Aat+B) @ty +pB+a) B+a)+rvy+a) (y+8)=0,

which shews that its locus circumscribes the triangle whose
sides are B+y=0, y+a=0, a +8=0.
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(195) Apply the result of (194). If (o, B, ¢/, &) be the
point 0, the two tangents are given by

@ _BLy o
ar B; + 'Y’ 8: 0)
a,B_y 3
and Py B: 'Y’ S~ 09
which form a harmonic pencil (Art. 124) with the lines

a_ 8 _ B_o_
a’—S'_OandB’ v 0.

(196) Lot both couics circumseribe the quadrilateral of
reference, and let (a, B, v,, 8), (2, B, 7. 6) be the two
points of contact of a common tangent. Then the equations
By _ ad and By _
ﬁlyl a 8 Bl 3

tions to the straight lines can bc readily touned

. ad
to the two conics are 2.5, and the equa-

(197)  Apply a method analogous to that of (196).

(200)  One of the points is given by a =8=1v. The other
two are the points in which § =0 mecets the fourteen-points’
conic.

(215) If p=0, g=0, r=0, lp+ mg+nr=0 are the equa-
tions to the angular points in order, the middle points of the
diagonals lie upon the straight line given by

m=0p=>"C+2m+n)g=({-n)r
(217) By Art. 393 the centre is at the point
ptand+ g tan B+ tan C =0,

which by Ex. (211) is the centre of the circle with respeet to
which the triangle is sclf-conjugate (Art. 179, Cor. 2).

(218), (219), (220) Apply a method similar to that of
Ex. (217).

(221)  Scc Ex. (214) and apply Art. 380. The sccond form
of the equation shews that the circle circumscribes the triangle
whose angular points are q+r=0, r4+p=0, p+q¢=0.
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(227) The angular points of a triangle co-polar with the
triangle of reference may be expressed by the equations

Ap=mg+nr, ug=nr+ lp, vr= b+ mq;
the cquation to the conic is then
Mp® + pmg® + vnr® + (uv +mn) qr
+ (A +nl) rp 4+ (Ap + Im) py =0.
(236) Sce Euclid ur. 32.
(237) See Euclid 111. 20 and 22.

(239) Any tangent to the interior of two concentric circles
is bisected at the point of contact.

(240) A cirele can be described touching the escribed and
inscribed cirele of a triangle.

(241) Reciprocate with respeet to the focus.
(242) Reciprocate with respect to S.

(218) 'Tangents drawn from the point of reciprocation are
at right angles.

(245) Reciprocate 244,

(246), (217) A series of confocal conics may be recipro-
cated into a system of circles with the same radical axis,

(248) Reciprocate with respect to 0.

(249) The locus of the intersection of tangents to a conic
which are at right angles is a circle.

Sce Fuelid 111. 10.

(250)
(251) Reciprocate with respect to S.
) Reciprocate (110).

)

Reciprocate with respect to any point.

(254) Extend Exercise (132), applying Art. 95. Then
reciprocate.
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(266) That the centre lics on a given straight line is equi-
valent to saying that the given straight line and the straight
line at infinity are conjugate. IIence this is a line condition.

(269) The double point (v =0, v =0).
(270) The double tangent (w =0, v=0).
(271) At the point (x=0, v =0).

(272) The six points ((:m:n), (m:n:l), (n:l:m),
(nim:l), (:nim), (m:l:na).

(275) It S=0 be the equation to one cubic, and u =0 the
straight line joining the points of contact, the equation to the
cubic will be S+ «’v =0, where v=0 represents a straight line
on which the other points of interscetion lie.

(276) Form the equations as in (275).
(277)  Sec Art. 481. (279)  Apply (275).
(280) The equation to the curve is

o (DB + QBy + Liy') = By (NB + My).
(282) The cquation to the cubic is

(lx+ mB + ny) (ma+ nB + ly) (na+ 18 + my)
= lmn (Ma + mB + vy) <f—i+f—f+%) (@+B+7).

(283) The equation to the cubic is
(Pa—=B—r) (m'B—y—a)(@Wy—a—F)
= (a+B+7) (la+ mB +ny)™
(286) The six points
(@:b:ec), b:c:a), (c:a:b), (c:b:a), (azc:l), (b:a:e)

on a conic, and the threc points in which the straight line
z+y+2=0 cuts the lines of reference.
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(288) A particular case of the next exercise.

(289) If a=0 be the asymptote, the cubic will have the
equation a.f(a, B, v) = (la +mB + ny) (a+ B+ ) in triangular
coordinates, where f(a, 3,y) =0 is the equation to a conic.
The equation to the required locus will be

I _df_ 2
a(F-7)=m=m t B+,
which represents a hyperbola. In the particular case when
! =m = n, the locus reduces to the straight line

I _df
A8~ dy'

(290) If =0, y=0, 2=0 be the tangents, and =0
the line of contact, the cquation must take the form of Art.
483.

(292) TUsing the equation of Art. 472, the chords are
represented by
nB+my=0, lLy+na=0, ma+lB=0,
and the tangents by
mB+ny=0, ny+la=0, lLat+mpB=0.
The condition that cither system should be concurrent is

lmgn, + Imm,=0.
(304) Apply the last result.

(306) The coefficients A, g, v cannot be all of one sign-
The real or imaginary tangents at the points of reference have
the equations

k] 2 2
§+%=m Y+i=0, T+5=0
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(307), (308) The equation may be written

. (811) Take the equation of (309) and apply the condition
that each equation of (310) may represent a pair of coincident
straight lines.
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scribed triangle, 192

Equation to conic referred to a cir-
cumscribed triangle, 206

Tangential equation to conic with
given foci, 348

General tangential equation, 349

Tangential equation to conic referred
to a self conjugate triangle, 360

Tangential equation to conic reforred
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Tangential equation to conic referred
to an inscribed triangle, 361
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CoNJUGATE CONICS.

Definition, 273

Arc similar and similarly situated,
274

Two conjugate conics cannot be both
real unless they be hyperbolas, 275
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Definition, 402

Equation to the imaginary tangents
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Cubic can have only one conjugate
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392
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Trilinear coordinates, 10
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95,

Quadrilinear coordinates, 307

Tangential coordinates, 332

Co-pPOLAR TRIANGLES,

Defin'tion, 109
Are co-axialy 111
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Cupro Loor axp CuBic ENVELOPES
Defined, 401
General equation, 405
Cubic loci through eight fixed points
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Definition, 402
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cusp, 440
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Conjugate diameters given in position
equivalent to three simple condi-
tions, 397

DIRECTION SINES,

The equations to a straight line, 73
Relations  connecting the direction
sincs, 75

INDEX.

Symmetrical forms of these relations,
77

Direction sines of a straight line in
terms of the coefficients of its ordi-
dinary equation, 86

Proportional to the coordinates of
the point where the straight line
meets the straight line at infinity,
229

DISCRIMINANT.
Discriminant (/f) of function of
second degree, 255
Definition of bordered discriminant
(K), 256
Meaning of the conditions II=0,
K=0, 261

DISTANCE BETWEEN POINTS.

Expression in trilinear coordinates, 45

DISYANCE OF POINT FROM STRAIGHT
Tane.
In trilinear coordinates, 48, 61, 87
Tn tangential coordinates, 339

Dousrr Point.
Definition, 402
Reciprocates into double tangent, 374
C'ubic can have only one double
point, 403
Ciencral eriteria for double points, 436
Tangents at a double point, 437

DousLE TANGENT.

Definition, 403
Reciprocates into double point, 374

Duariry.

Principle of duality, 368
Example of double interpretation, 369

CLLIPSE.
Definition, 160
Condition that general equation of
sccond degree should represent an
ellipse, 249
Polar reciprocal of ellipse, 376



INDEX.

EqQuaTION.

Equation of first degree in trilinear
coordinates, 23

Equation of second degree in trilinear
coordinates, 157

Discussion of its general form in tri-
linear coordinates, 226

Equation of third degree in trilincar
coordinates, 401

Equation of nth degree in trilinear
coordinates, 431

Equation of first degree in tangential
coordinates, 333

Equation of sccond degreo in tan-
gential coordinates, 345, 349

EQUI-ANHARMONIC RANGE
Defined, 329

Focus or a Coxio.
Definition, 183, 216, 266
Coordinates of the foci of a conie, 266
Real and imaginary foci, 350
Given focus of a conic equivalent to
two line-conditions, 398

GREAT CIRCLE AT INFINITY.

Explained, 42

Its tangential equation, 347

C'ommon tangents to great circle and
any conic intersect in the foci of
the conic, 351

Great circle reciprocates into evane-
scent conic at the centre of recipro-
cation, 380

ITARMoNIC RaTIO.

Definition, 137

Equations to straight lines forming
harmonic pencils, 139

Harmonic properties of a quadrilate-
ral, 142

Fourth harmonic to three given points
or lines, 144, 143

HOMOGENEOUS.

How to render a trilinear equation
homogeneous, 15

503

Properties of homogeneous functions
of the second degree, 223

General properties of homogencous
functions, 426—430.

Hyrernora.
Definition, 160
Clondition that general equation of
second degree should represent a
hyperbola, 219
Polar reciprocal of hyperbola, 376

IDENTICAL EQUATION.
Connecting the trilinear coordinates
of any point, 11
Connecting the triangular coordinates
of any point,
Connecting the distances of a straight
line from three given points, 58, 80
Connecting the direction sines of a
straight line, 77
Connecting the quadrilinear coordi.
nates of any point, 308
IMAGINARY POINTS AND LINES.
Definitions, 117, 119, 129
Every such line passcs through one
real point, 120
Every such point lies on one real
straight line, 121
Imaginary point at infinity, 122
Imaginary branches of an evanescent
conic, 284
Imaginary tangents, 351
INFINITY.
The straight line at infinity, its equa-
tion, 38
Parallel to any other straight line, 42
Its equation in quadrilinear coordi-
nates, 310
Equations in tangential coordinates,
339
Infinity reciprocates into the centre
of reciprocation, 374
Infinite branches of cubic curves,
415
INFLEXION,

Definition, 402
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Reciprocal of point of inflexion, 174

Real points of inflexion on a cubic arc
collinear, 409

Point of inflexion at infinity, 420

General criteria for points of inflexion,
442

INTERSECTION.

Form of equation to straight line
through the point of intersection
of given straight lines, 28

Coordinates of point of intersection of
given straight lines, 36

Intersection of conics (four points),
167

Equation to conic through the points
of intersection of given conics, 170

Tangential equation to point of inter-
section of given straight lines, 337

MurtipLe PoINTS

Defined, 402

General criteria for a multiple point,
443

Equation to tangents at a multiple
point, 444

NiINe-Pornts’ CIRCLE,
Tts properties, 296
Equation to nine-points’ circle of the
triangle of reference, 294
Tt tonches the inscribed and escribed
circles, 300

NoRrMAL.
Equations to normal to a conic, 228

ORDER OF A CURVE,
Definition, 364
Order of a curve the same as the class

of its reciprocal, 372
Curves of the third order, 401—421

OS8CULATION.
Definition, 40%
Point of osculation reciprocates into
a point of osculation, 374

INDEX.

PARABOLA.

Definition, 160

Condition that general equation of
second degree should represent a
parabola, 249

Diameter of parabola, 251

Condition in tangential coordinates,
364

Polar reciprocal of parabola, 876

Parabolic asymptote, 418

PARALLEL STRAIGAT LINES.

Condition in trilinear coordinates, 37

Equation to straight line parallel to
given line, 43

Parallelism of imaginary straight
lines, 124

Polar reciprocal of parallel straight
lines, 876

PAscAL’s THEOREM
Enunciated and proved, 201
The reciprocal of Brianchon’s Theo-
rem, 387

PERPENDICULAR STRAIGHT LINES.

Condition in trilinear coordinates, 50
Equations to straight line perpendi-
cular to given line, 87

Pornr.

Represented by trilinear coordinates, 9

Coordinates of point dividing given
straight line in given ratio, 19

Point represented by cquation in
tangential coordinates, 333

Tangential equation to a point at in-
finity, 338

Tangential equation to point dividing
given straight line in a given ratio,
340

PorLAR.

Polar curve of any point with re-
spect to a given curve defined, 434

Any polar curve passes through all
the singular points, 436



INDEX.

PoLAR RECTIPROCALS

Explained, 372

Table of reciprocal loci with respect
to a conic, 373—376, 380

Equations to reciprocal conics, 376

Table of reciprocal loci with respect
to a circle, 382--383

Reciprocation of angular magnitude,
383

Reciprocation of distances, 381

Conics reciprocated with respect to a
focus, 381

PoLE AND PoLAR.

Definition, 233

Equation to polar of given point with
respect to a wiven conice, 233

Coordinates of pole of given straight
line, 2314

Reciprocal properties of poles and
polars, 235, 236

Tangential equation to pole of given
straight line, 3506

Polar of a finite point with respect to
great circle is at infinity, 357

QUADRILATERAL.
For ‘complete quadrilateral® sec te
tragran.
Harmonic properties of a quadrila-
teral, 313
Conics circumscribing a quadrilateral,
316, 325
Conics inscribed in a quadrilateral,
325, 326
Raproan Axis or Two CiRoLES,
Definitions, 290
Three radical axes of three circles con-
current, 290

SELF-CONJUGATE TRIANGLE.
Definition, 175

Equation to a conic referved to a self- !

conjugate triangle, 173

Triangle sclf-conjugate with respect
to each of n series of conics having
four common points, 159

w.
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A given self-conjugate triangle equiva-
lent to three simple conditions, 397

SIMILAR  AND SIMILARLY SITUATED

Conios,

Definition, 272

Equation to conic similar and simi-
larly situated to a given conic, 273

Their bordered discriminants are cqual,
283

Their discriminants are in the dupli-
cate ratio of their linear dimen-
sions, 233

SINGULAR POINTS.

Defined, 403

Cubic having a singular point, 406
Tangents at singular point, 407, 437
Ningular point at infinity, 419

STRAIGHT LiNgs.

Straight line parallel to a line of re-
ference, 4

Straight line bisceting angle between
lines of refercuce, H

Straight line dividing angle into two
parts whosc sincs are in a given
ratio, H

Perpendicular of the triangle of refer-
ence, 3

Straight line joining two points, 23

Equation in terms of perpendicular
distances from points of reference,
25, 60

Equations in terms of direction sines,
73

Condition that gencral equation of
the second degree may represent
two straight lines, 215

Two straight lines may be regarded
as a hmiting casc of a conic section,
284

TANGENT.
Equation to tangent to a conic, 227
Its direction, 230
Two tangents can be drawn from any
point to a conic, 231

33
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Equation to pair of tangents from
any point, 237, 238

Tangents at a singular point, 407, 437

General equation to a tangent to any
curve, 433

TETRAGRAM,

Harmonic properties of a tetragram,
313

The middle points of the diagonals
are collinear, 315

Properties of the fourteen-points’ co-
nie, 329

INDEX.

TRANSFORMATION OF COORDINATES

From an oblique Cartesian system to
a perpendicular system, 3

From trilinear to triangular coordi-
nates, and vice versa, 96

From one trilinear or triangular sys-
tem to another, 146-—152

Frowmtrilincar to tangential coordinates
for points and straight lines, 331

VERTEX,
Definition, 269
Equations to determine coordinates
of vertices of a conie, 269
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THE FIRST THREE SECTIONS OF
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ARTTHMETIC.  Tor the Use of Colleges

wd Schools. By A, WiacLey, MLA, 3« 6d.

An INTRODUCTION to PLANE ASTRO-
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ELEMENTARY CONIC SECTIONS
treated Geometrieally, By WL I B;\\w,
M A, Leetmer and an Yellow of St. John’s
College.  1s, 6d.

ELEMENTARY DYNAMICS. By the
Rev. Harvey Goopwin, D.D., Lord Bishop
of Carlisle. 3y,

ELEMENTARY TTYDROSTATICS.
W, H. Bisaxr, M A,
College. 4.

AN ELEMENTARY TREATISE ON
MENSURATION. By B. T. Moork, M.A,,
Fellow of Pembroke College. With numerous
Examples. 5y,

ELEMENTARY STATICS. By the Rev.
1]'[?m F‘;' Goobwin, D.D., Lord Bishop of Car-
isle.  3s.

ELEMENTARY TRIGONOMETRY.
With a Collection of Examples. By T. P.
Hvvsox, M A, PFellow of Trinity College.
3. 6d.

COMPANION to the GREEK TESTA-
MENT. Designed for the Use of Theological
Students and the L'ppcl Forms in Schools. By
A, C. Banruar, AL, Caius College,  Second
Edition, revised and (~nlangcd Feap. 8vo. S«

AN HISTORICAL and EXPLANATORY
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Feap, 8vo, da, 6d,
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ARITHMETIC AND ALGEBRA.

Pelicotetics, or the Science of Quantity. An

Elementary Treatise on Algebra and its groundwork Arvithmetic, By
ARCHIBALD SANDEMAN, M.A, 8vo. 20

Arithmetic. For the Use of Schools and
Colleges. By A. WRIGLEY, M.A. 3s. 6d.

Principles and Practice of Arithmetic.” Com-
prising the Nature and Use of Togarithms; with the Computations employed
by Artificers, Gagers, and Land Surveyors.  Designed for the Use of Students
By J. HIND, M.A,, formerly Fellow and Tutor of Sidney Sussex College.
Ninth Edition, with Questions.  4s. 6d.

A Sccond Appendix of Miscellancous Questions, (many of which have been
taken from the Examination DPupers given in the University during the
last few years,) has been added to the present edition of this work, which
the Author considers wall conduce greatly to its practical utility, especially
for those who aroe intended for mercantile pursuits.

*,* KEY, with Questions for Examination. ' Second Edition. 5s.

A Progressive Course of Examples in Arithmetic.
With Answers. By JAMES WATSON, M.A., of Corpus Christi College,
Cambridge, and formerly Senior Mathematical Master of the Ordnance School,
Carshalton. Second Edition, revised and corrected.  Fep. 8vo.  2s. 6d.

Principles and Practice of Arithmetical Algebra,
established upon strict methods of Mathematical Reasoning, and illustrated by
Select Examples proposed during the last thirty years in the University of
Cambridge. Designed for the Use of Students, By J. HIND, M.A.  Third
KEdition.  12mo. 5s. .

Designed as a sequel to the Arithmetic, and affording an easy transition from
Arithmetic to Algebra—the process being fully exemplified from the
Cambridge Examination Papers.

Elements of Algebra. Designed for the Use of

Students in Schools and in the Universities, By J. HIND, M.A. Sizth
Edition, revised. 540 pp. 8vo. 10s. 6d,

Treatise on the Theory of Algebraical Equations.
By J. HYMERS, D.D. ZThird Edition. 8vo. 10s. 6d. :
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TRIGONOMETRY.
Trigonometry, required for the Additional Subjects

Ar Honours, according to the new scheme sanctioned by the Senate, June 1865,
By J. MeDOWELI,, M.A., Pembroke College, Cambridge. Crn. 8vo. 3s. 64.

Elementary Trigonometry. With a Collection

of Examples. By T. P, ILUDSON, M.A., Fcllow and Assistant Tutor of Trinity
College.  3s. 6d.

~ . .

Elements of Plane and Spherical Trigonometry.
With the Nature and Properties of Logarithms and Construction and Use
of Mathematical Tables.  Designed for the use of Students in the University,
By J. HIND, M.A.  Fifth Edition. 12mo. 6s.

Syllabus of a Course of Lectures upon Trigono-
metry and the Application of Algebra to Geometry. 8vo. 7s. 6d.

Solutions of the Triconometrical Problems pro-
D

ﬂ)sed at St. John's College, Cambridge, from 1829 to 1846. By T. GASKIN,
A, 8vo. 9s. :

MECHANICS AND I[IYDROSTATICS.

Mechanics for the Previous Examination and

the Ordinary B.A. Degree. By J. McDOWELL, M.A., Pembroke College,
Cambridge. Crown 8vo. 3s. 6d.

Elementary Hydrostatics. By W. H. BrsanT, M.,

late Fellow of St. John’s College. Feap. 8vo. 4s.

Elementary Hydrostatics for Junior University

Students. By R. POTTER, M.A., late Fellow of Queens’ College, Cambridge,
Professor of Natural Philosophy and Astronomy in University College, London.
7s. 6d.

Written to supply a Text-book for a Junior Mathematical Class, and to
include the various Propositions that can be solved without the Differential
Calculus.

The author has endeavoured to meet the wants of students who may look to
hydraulie enginecring as their profession, as well as those who lcarn the
subject in the courso of scientific education.

A Treatise on Hydromechanics. By W. H.

BESANT, M.A. 8vo. Seccond Ldition, enlarged, 10s. 64.

Problems in illustration of the Principles of

Theoretical Hydrostatics and Hydrodynamics. By W. WALTON, M.A. 8vo.
10s. 6d.
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MECHANICS AND HYDROSTATICS—continued,

Elementary Problems in Statics and Dyna-

mics. Designed for Candidutes for Honours, first three days. By W.
WALTON, M.A. 8vo. 10s. 6d.

Mechanical Euclid: containing the Elements of

Mechanics and Hydrostatics.  Demonstrated after the manner of the Elements

of Geometry, containing Remarks on Mathematical Reasoning. By W.
WHEWELL, D.D. Fifth Edition. 6s.

Elementary Statics. Or a Treatise on the

Equilibrium of Forces in one Plane, with numerous Examples. By C. J.
ELLICOTT, B.A. 8vo. 4s. 6d.

Elementary Statics. By H. GoopwiN, b.p.,
Lord Bishop of Carlisle. Fcap. 8vo. 3s. cloth.

Elementary Dynamics. By H. Goopwin, b.p.,
Lord Bishop of Carlisle. Tcap. 8vo.  3s. cloth.

Treatise on Statics: containing the Theory

of the Equilibrium of Forces, and numerous Examples Illustrative of the
General Principles of the Science. By S. EARNSHAW, M.A. Fourth Edition.
8vo. 10s.

Dynamics, or, a Treatise on Motion. To which

is added a Short Treatise on Attraction. By S, KARNSIAW, M.A.  Third
Edition. 8vo. lds.

A Treatise on the Dynamics of a Rigid Body.
By W. N. GRIFFIN, M.A. 8vo. 6s. Gd.
*,% SOLUTIONS OF THE EXAMPLES. 8vo. Gs.

Problems in illustration of the DPrinciples of
Theoretical Mechanics. By W. WALTON, M.A.  Second Edition. 8vo, 18s.

Treatise on the Motion of a Single Particle and
of Two Particles acting on one another. By A. SANDEMAN. 8vo. 8s. 64.

Of Motion. An Elementary Treatise. By J. R.

LUNN, M.A,, Fellow and Lady Sadleirs Locturer of St. John's College.
8vo. T7s. 6d.

This Book is adapted to those who have not a knowledge of the Differential
Calculus, as well as to those who, having a knowledge of it, wish to
confine themselves to the Elementary portions of the Science of Motion,
An Appendix contains certain Geometrical properties of the Cycloid, and
a number of Problems from reccnt Examination-Papers in the Senate
House and St. John’s College.

S
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DIFFERENTIAL AND INTEGRAL CALCULUS.

Elementary Treatise on the Differential Calculus.
]Q W. H. MILLER, M.A. Third Edition. 8vo. G6s.

Elementary Treatise on the Differential Caleulus,

in which the mecthod of Limits is exclusively made use of. By M.
O’BRIEN, M.A. 8vo. 10s. 6d.

Treatise on the Differential Calculus. By W.

WALTON, M.A. 8vo. 10s. 6d.

Geometrical Ilustrations of the Differential Cal-
culus. By M. B. PELL. 8vo. 2s. 6d.

CONTC SECTIONS AND ANALYTICAL GEOMETRY.

Elementary Analytical Geometry for Schools and
Beginners. By T. G. VYVYAN, Fellow of Gonville and Caius College, and
Mathematical Master of Charterhouse. Second Edition, revised. Crown 8vo.
7s. 6d.

Trilincar Co-ordinates, and other methods of
Modern Analytical Geometry of Two Dimensions. An Elementary Treatise.
By W. ALLEN WHITWORTI, M.A., Protessor of Mathematics in Queen’s
College, Liverpool, and late Scholar of St. John's College, Cambridge. 8vo. 16s.

Elementary Geometrical Conic Sections. By
W. H. BESANT, M.A. 4s. Gd. cloth.

Conic Scetions. Their principal Properties proved
Geometrically. By the late W, WILEWELL, D.D., late Master of Trinity.
Third Edition. 8vo. 2s.6d. .

Geometrical Construction of a Conic Section.

Subjeet to five Conditions of passing through given points and touching
straight lines deduced from the propertics of involution and anharmonic
Ratio, with a variety of general properties of Curves of the Second Order.
By T. GASKIN, M.A. 8vo. 3.

A Treatisc on the Application of Analysis to

Solid Geometry. By D. F. GREGORY, M.A, and W. WALTON, M.A.
Second Edition. 8vo. 12s.

An Introduction to Analytical Plane Geometry.
By W. P. TURNBULL, M.A., Fellow of Trinity College. 8vo. 12a.
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CONIC SECTIONS AND ANALYTICAL GEOMETRY—continued.

An Elementary Treatise on Solid Geometry. By
W.S. ALDIS, M.A. 6vo. 8.

Problems in illustration of the Drinciples of
Plane Co-ordinate Geometry., By W. WALTON, M.A.  8vo. 16s.

Elements of the Conic Sections. With the

Scctions of the Conoids. By J. D. HUSTLER, B.D. Fourth Edition.
8vo. 4s, 6d.

Treatise on Plane Co-ordinate Geometry. Or
the Application of the Method of Co-Ordinates to the Solutions of Problems in
Plane Geometry. By M. O'BRIEN, M.A. 8vo. 9s.

Solutions of the Geometrical Problems, consisting

chicfly of Examples, proposed at St. John's College, from 1830 to 1846.
With an Appendix containing several General Properties of Curves of the
Sceond Order, and the Determination of the Magnitude and Position of the
axes of the Conic Scction vepresented by the General Equation of the Second
Degree. By T. GASKIN, M.A. 8vo. 12s

ASTRONOMY, ETC.
Notes on the Principles of Pure and Applied

Calculation, and on the Mathematical Principles of Physical Theories. By J.
CHALLIS, M.A,, F.R.S., Plumian Professor of Astronomy and Experimental
Philosophy in the University, and Fellow of Trinity College, Cambridge. 8vo.
15s.

An Introduction to Plain Astronomy. For the

usc of Colleges and Schools. By P. T. MAIN, M.A., Fellow of St. John's
College. ¥cap. 8vo., cloth, 4s,

Practical and Spherical Astronomy. For the Use

chiefly of Students in the Universitics. By R. MAIN, M.A., Radcliffe
Obscrver at Oxford. 8vo. 14s.

Brunnow’s Spherical Astronomy. Part I. In-
cluding the Chapters on Parallax, Refraction, Aberration, Precession, and

Nutation. Translated by R. MAIN, M.A,, F.R.8,, Radcliffe Obscrver at
Oxford. 8vo. 8s. 6d.

Elementary Chapters on Astronomy from the

“ Astronomie Physique” of Biot. By IIARVEY GOODWIN, D.D., Bishop
of Carlisle. 8vo. 3s. 6d. :

A Chapter on Fresnel’s Theory of Double Re-

fraction. By W. 8. ALDIS, M.A. 8vo. 2.
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Choice and Chance. Two Chapters of Arith-
metic. By WM. A, WHITWORTII, M.A., Fellow of St. John's College,
Cambridge. Second Edition, enlarged. Crown 8vo. 6s,

Notes on Roulettes and Glissettes. By W. H.

BESANT, M.A. 8vo. 3s. 6d.

Exercises on Euclid and in Modern Geometry,

containing Applications of the Principles and Processes of Modern Pure
Geometry. By J. MeDOWELL, B.A., Pembroko College. Crown 8vo. 8s. 64.

Elementary Course of Mathematics.  Designed

principally for Students of the University of Cambridge. By HARVEY
GOODWIN, D.D., Lord Bishop of Curlisle. Sixth Edition, revised and enlarged
by P. T. MAIN, M.A,, Fellow of St.John’s College, Cambridge. 8vo, 16s.

Problems and Examples, adapted to the

“Elementary Course of Mathematics.” With an Appendix, containing
the Questions proposed during the first three days of the Senate House
Examination. By T. G. VYVYAN, M.A.  Zhird Edition. 8vo. 6s.

Solutions of Goodwin’s Collection of Problems

and Examples. By W. W. HUTT, M.A,, late Fellow of Gonville and Caius
College.  Third Edition, revised and enlarged. By T. G. VYVYAN, M.A.
8vo. 9s.

Examples in Arithmetic, Algebra, Geometry,
Logarithms, Trigonometry, Conic Sections, Mcchanics, &c., with Answers
and Occasional lints. By A, WRIGLEY, M.A., Professor of Mathematics
in the late Royal Military College, Addiscombe. Sixth Edition, corrected.
8vo. 8s. 6d.

A Companion to Wrigley’s Collection of Ex-
amples and Problems, being Ilustrations of Mathematical Processes and
Methods of Solution.  By-J. PLATTS, Esq., Head Master of the Government
College, Benares, and A, WRIGLEY, M.A, 8vo. 12s.

Figures illustrative of Geometrical Optics. From
SCHELLBACH. By W. B, IOPKINS, B.D. Zates. Folio. 10s, 6d.

A Treatise on Crystallography. By W. H.

MILLER, M.A., Professor of Mincralogy in the University of Cambridge.
8vo. 7s. 6d.

A Tract on Crystallography, designed for Stu-

dents in the University, By W. II. MILLER, M.A. 8vo. &s.

Physical Optics. Part II. The Corpuscular

Theory of Light discussed Mathematicallv. By RICIIARD POTTER, MA,
late Fellow of Quecns’ College, Cambridge, Professor of Natural Philosophy
and Astronomy in University College, London. 7s. 64.
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CLASSICAL. ,
Rome and the Campagna. An Historical and

Topographical Description of the Site, Buildings, and Neighbourhood of
Ancient Rome. By ROBERT BURN, M.A,, Fellow and Tutor of |Trinity
College, Cambridge. With Eighty-five tine Engravings by Jewitt, and
Twenty-five Maps and Plans, Handsomely bound in cloth. 4to. £3.3s.

Atna. Revised, emended, and explained, by
H. A. J. MUNRO, M.A., Fellow of Trinity College, Cambridge. 8vo., 3s. 6d.

Aschylus. Translated into English Prose, by

F. A. PALEY, M.A,, Editor of the Greeck Text. Second Edition, revised.
8vo. 7s. 6d.

Aristophanis Comoediae superstites cum deper-
ditarum frogmentis, additis argumentis adnotatione critica, metrorum deserip-
tione, onomastico, et lexicon. By HUBERT A. HOLDEN, LI.D., Hecad-
Master of Ipswich School, late Fellow and Assistant Tutor of Trinity College,
Cambridge. 8vo.

Vol. I. contuining the Text expurgated with Summaries and Critical Notes, 18s.

The Plays sold scparately : Acharnenses, 2« Kquites, 1s. 64, Nubes, 1s. 64, Vespace, 2a,
Pax, ls. Gd. Aves, 25, Lyaistrata et Thesmophoriazusae, 3s. Ranae, 25, Ecelesinzusae
ct Plutus, 3s.

Vol. 1I. Onomasticon Aristophanevin continens indicem geographicvm et historicvm. 5s. 6d.

Six Lectures Introductory to the Philosophical
Writings of Cicero, with some Explanatory Notes on the subject matter of the

! Acapeyica and De Fixtwes. By T. W, LEVIN, M.A,, St. Catharine's College,

Inter-Collegiate Lecturer on Logic and Moral Philosophy. 8vo. 7s. 6d.

NN

DPemosthencs. The Oration against the Law

of Leptines.  With English Notes and a Translation of Wolf’s Prolegomena.
B v W. B. BEATSON, M.A,, Fellow of Pembroke College.  Small 8vo.  6s.

Demdasthenes de Falsa Legatione.  Third Ldition.
carefully revised. By R. SUILLETO, M.A., Fellow of 8. Peter's College,
Cambrigige. 8vo. 8s. 6d.

Ewripfides.  Fabula Quatuor. Scilicet, Hippo-
lytuds Coronifer, Alcestis, Iphigenia in Aulide, Iphigenia in"Tauris.  Ad fidem
M:Anuscriptorum ac veterum Editionum emendavit et Annotationibus instruxit
J/ H.MONK, S.T.P. Editio Nova. B8vo. 12s.

A Separately—HreroLyrus. 8vo. cloth, 5s.  Arcestis. 8vo. sewed, 4s. 6d.
Titi Lucreti Cari de Rerum Natura Libri Sex.
With a Translation and Notes. By I A.J. MUNRO, M.A,, Fellow of
Trinity College, Cambridge. Second Edition, revised throughout, 2 vola. 8vo.
Vol. I Text, 16s. Vol. II. Translation, 6s.
Sold separately.

Mvsae Etoncnses sive Carminvm Etonse Condi-

torvm Delectvs, Series Nova, Tomos Dvos, complectens. Edidit RICARDVS
OKES, 8.T.P., Coll. Regal. apvd Cantabrigienses Prapositvs. 8vo. 18s.

Vol. I1., to completo Sets, may be had separately, price 5s.

.




Puyblished by Deighton, Bell, and Co., Cumbridge. 9

Plato. The Phaedo, with Notes, Critical and

Exegetical, and an Analysis, by WILHELM WAGNER, Ph. D. Small 8vo.
bs. 6d.

Plato. The Apology of Socrates and Crito,

With Notes, Critical and Excgetical, by WILHELM WAGNER, Ph.D.
Small 8vo. 4s. 6d.

Platonis Protagoras. The Protagoras of Plato.

The Greek Text ruvised, with an Analysis and English Notes,. By W.
WAYTE, M.A,, Fellow of King's College, Cambridge, and Assistant lgasber
at Eton. 8vo. Sccond Edition. 4s. 6d.

Plato’s Gorgias, literally translated, with an

Introductory Essay containing a Summary of the Argument. By E. M.
COPE, M.A., Fellow of Trinity College. 8vo. 7s.

Plautus. Aulularia. With Notes, Critical and

Exegetical, and an Introduction on Plautian Prosody. By WILHELM
WAGNER, Ph.D. 8vo. 9s.

Verse-Translations from Propertius, Book V.

With a Revised Latin Text, and Brief English Notes, By F. A. PALEY,
M.A., Editor of Propertius, Ovid's Fasti, &c.  Fep 8vo. 3s.

Terence, with Notes, Critical and Explanatory.
By WILHELM WAGNER, Ph. D. Post 8vo. 10s. 64.

Theocritus, with Short Critical and Explanatory
Latin Notes. By F. A. PALEY, M.A.  Second Edition, corrected and en-
larged, and containing the newly discovered Idyll. Crown 8vo. 4s. 6d.

Theocritus. Translated into English Verse, by

C. 8. CALVERLEY, M.A,, late Fellow of Christ's College, Cambridge.
Crown 8vo. 7s. 6d.

Thucydides. The History of the Peloponnesian
War, by THUCYDIDES. With Notes and a careful Collation of the two

Cambridge Mgnuseripts, and of Aldine and Juntine Fditions. By RICHARD
SHILLETO, M.A,, Fellow of 8. Peter’s College, Cambridge. [In the Press.

Translations into Knglish and Latin, by C. S.

CALVERLEY, M.A,, late Fellow of Christ's College, Cambridge. Post 8vo,
7s. 6d.

Arundines Cami. Sive Musarum Cantabrigien-

sium Lusus Canori. Collegit atque cdidit HENRICUS DRURY, A.M,,
Archidinconus Wiltonensis Collegii Caiani in Grmeis ac Latinis Literis quon-
dam Prelector.  Equitare in arundine longa. Editio Sexta. Curavit
HENRICUS JOHANNES HODGSON, A.M., Collegii SS. Trinitatis quon-
dam Socius. Crown 8vo. 7s. 6d.

Sertum Carthusianum Floribus trium Seculorum

Contextum, Cura GULIELMI HAIG BROWN, Schole Carthusianm
Archididescali. 8vo. 14s. _
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Foliorum Silvula. Part I. Being Passages for

Translation into Latin Elegiac and Heroic Verse, edited by HUBERT A.
HOLDEN, LL.D, late Fellow of Trinity College, Head Master of Quecn
Elizabeth’s School, Ipswich. Stzth Edition. Post 8vo. 7s. 6d. .

Foliorum Silvula. Part II. Being Sclect Pass%:ges

for Translation into Latin Lyric and Comic Iambic Verse. By HUBERT
A. HOLDEN, LL.D.  Third Edition. Post 8vo. 5s.

Foliorum Silvula.  Part III. Being Select

Pagsages for Translation into Greek Verse, cdited with Notes by HUBERT
‘A, HOLDEN, LL.D. Third Edition. Post S8vo. 8s.

Folia Silvule, sive Eclogae Poetarum Anglicorum

in Latinum et Graecum converse quas disposuit HUBERTUS A, HOLDEN
LL.D. Volumen Prius continens Fasciculos 1. I1.  8vo. 10s. 64.

" Yolumen Altcrum continens Fasciculos ITI. IV, 8vo. 12s

Foliorum Centurie. Selections for Translation |

into Latin and Greck Prose, chiefly from the University and College Examina-
tion Papers. By HUBERT A. HOLDEN, LL.D. = Fourth Edition. Post
8vo. 8s.

Greek Verse Composition, for the usc of Public |

Schools and Private Students.  Being o revised edition of the Greek Verses of
‘Shrewsbury School. By GEORGE PRESTON, M.A., Fellow of Magdalene
College. Crown 8vo. 4s. 6d.

A Complete Latin Grammar. Third Fdition.

Very much enlarged, and adapted for the use of University Students.
By J. W. DONALDSON, D.D., formerly Fellow of Trinity College, Cam-
bridge. 8vo. 14s.

A Complete Greck Grammar.  Third Edition.

Very much enlarged, and adapted for the use of University Students.
By J. W.DONALDSON, D.D. 8vo. 16s.

Index of Passages of Greek Authors quoted or referred to in Dr. Donaldson’s
Greek Gramimar, price 6d.

Varronianus. A Critical and Historical Intro-
duction to the Ethnography of Ancient Italy and to the Philological Study
of the Latin Language. Third Ldition, revised and considerably enlarged.
By J. W. DONALDSON, D.D. 8vo. 16s.

The Theatre of the Greeks. A Treatise on the

History and Exhibition of the Greek Drama: with various Supplements,
Seventh Edition, revised, cnlarged, and in part remodelled; with numerous
illustrations from the best ancient authorities. By J. W. DONALDSON,
D.D. 8vo. 1l4a

Classical Scholarship and Classical Learning con-

sidered with especial reference to Competitive Tosts and University Teaching.
A Practical Essay on Liberal Education. By J. W, DONALDSON, D.Ig.
Crown 8vo. &s.
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The Greek Testament: with a Critically revised
Toxt; a Digest of various Readings; Marginal Refarences to Verbal and
Idiomatic Usage ; Prolegomena; and a Critical and Exegﬁcal Commentary.
For the Use of Theological Students and Ministers. By HENRY ALFORD.

D., Dean of Canterbury. 4 vols. 8vo.  Sold scparately. .
ol. I. sixTH ELITION, containing the Four Gospels. 1/ 8s.—Vol. II. rrer
EDITION, containing the Acts of the Apostles, Epistles to tho Romans and
Corinthians. 1/, 4s.—Vol. III. FourTH EDITION, containing the Epistles
to the Gulatians, Ephesians, Philippians, Colossians, Thessalonians,—to
'Fimotheus, Titus, and Philemon. 18s.—Vol. IV. Part I. FOURTH EDITION.
The Epistle to the Hebrews: The Catholic Epistles of St. James and
St. Peter.  18s.—Vol. IV. Part II.  vourtu EpitioN.” The Epistles of
St. John and St. Jude, and the B;ovelﬂtion. 14s.

The Greek Testament. With English Notes,

intended for the Upper Forms of Schools and Pass-men at the Universities,
By HENRY ALFORD, D.D. Abridged by BRADLEY H. ALFORD, M.A.,
late Scholar of Trinity College, Cambridge.  One vol., crown 8vo. 10s. 64.

Annotations on the Acts of the Apostles. De-

signed principally for tho use of Candidates for the Ordinary B.A. Degree,
Students for Holy Orders, &e., with College and Senate-House Examination
Papers. By T. R. MASKEW. Second Ldition, enlarged. 12mo. bs.

Tertulliani Liber Apologeticus.

The Apology of Tertullian. With English Notes and a Prefaco, inttnded as
an introduction to the Study of Patristical and Ecclesiastical Latinity. By
H. A. WOODIIAM, LL.D. Sccond Edition. 8vo. 8s.6d.

The Mathematical and other Writings of Robert

LESLIE ELLIS, M.A,, late Fellow of Trinity College, Canibrid, 0 Edi_ted
by WILLIAM WALTON, M.A., Trinity College, with & Biographical
Memoir by HARVEY GOODWIN, D.D., Lord Bp. of Carlisle. 8vo. 16s

The Mathematical Writings of DunciN FARQUHAR-

SON GREGORY, M.A., lato Fellow of Trjnity Collge, Cambridge. Edited
by WILLIAM WALTON, M.A,, Tn‘nitf ollrce,  Cambridge. With a
Biographical Memoir by ROBERT LESLIE ETLIS, M.A, late Fellow of
Trinity College. 8vo. 12s.

Lectures on the History of Moral Philosophy

in Eu&ltmd. By W. WHEWELL, D.D, formerly Master of Trinity Col-
lege, Cambridge. New and Improved Edition, with Additional Lectures.
Crown 8vo. 8s. 4

Elements of Morality, including Polity. By W.

WHEWELL, D.D. New Edition in 8vo. 15s.

AStronomK and Gencral Physics considered with

reference to Natural Theology (Bridgewater Troatise). By W. WHEWELL.
New Edition, uniform with the Aldine Editions. 5a.




Y2 . Works Published by Deighton, Bell, and Co., C’ambriﬁyg.l

Kent’s Conimentary on International Law, re-
vised with Notes and Osses brought' down to the present. time. Edited by
-J. T. ABDY, LL.D., Barrister at Law, Regius Professor of Laws in the Uni-

- ‘yersity of Cambridge, and Law Lecturer at Gresham Collego. 8ve. 164

i er Wy

A Manual of the Roman Civil Law, arrariged
acoording to-the Syllabus of Dr, HaLLirax. Designed for the use of Students in

. the Univeraities and Inns of Court. By G- LEAPINGWELIL, LL.D. 8vo. 12s.

A Syriac Grammar. By G. Pmmrurs, D.D,,

President of Queens’ Oollege. ~ Third Edition, vevised and enlarged. 8vo., 7s. ud.

A Conéigke Grampgpar & the ﬁrabic Janguage.
»* By Wi J."BEAMONT, M.A. Rovifed by S Aut Nadv wo ALRANY,

one of tho Mheikhs of the El Azhar Mosque in Cairo. 12mo. 7s.

. [
;The' Student’s” Guide to the University of
'i% Cambridge. Revised and oorrected tn accordance with the

% recent regulations. TFeap. 8vo. 5s.

i volume is intended to give such preliminary information as may be useful to parcnts who
are desirous of sending their sons to the University, to put them in possession of the leading
facts, and to indicate the points to which their attention shouldde dirceted in sceking further

Hormation from the tutor. . -,
Sugge are also given to the younger members of the University on ‘expenses and course of

L CONTENTS,
INTRODUCTIAN, by J. R. BERLEY, MLA., Yellow On Law Studies and Law Degrees, by J. T.
on cé‘ Qhris;‘,C%lege, Cnmbridgel. - ABpy, LL.D., Regius Professor of Laws.
niversitys Expenses, by the Rev. H. . . ,
%iATlum, ., Fellow and Tutor of Trinity Me‘lﬁ“lnm“‘ly ond Degfees, by G. M. Hvwreny,
all, ok Rl
On the Choice ofa College, by J. R. SpeLey, M.A. On Theological Examinations, by the Right
On %1;; Coulx;sctgt %;a(ung for the ‘(i'l:xssiu::ll Rev. the Lorp Bisuor or ELy,
pos, the Rev. R. Burx, Yellow and  mpe orgi . Poll

Tuly o Frnky Coiy rdinary (o Pl Do by e v %
On the Cuurso of Rc:xdin&lor the Mathematieal College, ?

Tripos, by the Rev. W. M. Camrion, Yellow K :

and Tutor of Queens’ College. Examinations for the Civil Service of Indin, by
On the Course of Reading for the Moral Sciences the Rev, II. Latuam,

Tripos, by the Rev. J. B. MavogyHellow Local Examinations of the University, by IL. J.

and Tutor of St. John's College. Rouy, M.A., late_Fellow of St. John's
on gheiun Course of Rgad}ngnfolr the Nxﬁu{x&ﬂ College. .
~  Bciences Tripos, by J. D. Liveine, M.A,, | . .

Professor of Chemistry, late Fellow of 8¢, Diplomatic Service.

John’s College, Detailed Account of the scveral Collegts.

- Cambridge Examination Papers, 1859. Being
Supplement to the Cambridge Uriversity Calendar, 12mo. 2s. 6d.
Containing those set for the T'y1yhitt’s Hebrew Scholarships.—Theological
Examinations.—Carus Prize.—~Crossc Scholarships.—Law Degree Ex-
amination.—Mathematical Tripos.—~The Ordinary B.A. Degree.—Smith’s
Prize.—University Scholarships.—Classical Tripos.—Moral Sciences
Triﬁc.—Chance or's Legal Medals.—Chancellor's Medals,—Bell's Scho-
larships.—Natural Sciences Tripos,—Previous Examination.—Theological
Examination, With Lists of Ordinary Degroes, and of those who have
passed the Previous and Theological Examinations. .

' Tho Beamination Pagoreof 1856, 1867 and 1855, may o4l Be.5ad, 3¢, 6d oumh,

PO

Causamoz: DEIGHTON, BELL, & CO.  Loxposs BELL & DALDY. °
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