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Preface

One of the first subjects in mathematics to attract my attention
was integral equations; yet this book appears after a score of
others. Why is this? It is because the writing of a book on integral
equations is a rather difficult task, a task for which many years of
meditation are necessary.

In fact, such a book must satisfy two requirements which are
not easily reconciled. In order to facilitate theoretical applications
to existence proofs it must present the main results of the theory
with adequate generality and in accordance with modern standards
of mathematical rigor. On the other hand, it must not be written
so abstractly as to repel the physicist, engineer, and technician
who certainly need and deserve this mathematical tool.

Have I succeeded in satisfying both requirements? Only the
reader can decide. 1 can only hope that, if [ have not always been
successful in simplifying difficult matters, at least I shall not be
found guilty of artificially complicating simple matters, a pheno-
menon which sometimes occurs in mathematical writing.

In the attempt to reconcile generality with simplicity, T was
greatly helped by an idea put forward by my friend, Professor
M. Picone.* Although already used by E. Schmidt, one of the
founders of the theory of integral equations, this idea is still little
known. By means of Neumann’s series, it allows one to pass easily
from an integral equation with a ‘degenerate’ kernel to one with
a general kernel.

Here and there, especially in the last chapter, the specialist will
find a few new things, or some old ones in a new form, e.g. the
theory of Volterra integral equations in the L,-space instead of the
space of continuous functions. But, in general, I have avoided
modifying material which has already reached a traditional, satis-
factory systematization. I believe, moreover, that a book of this
character should consider almost exclusively matters and methods
which are already well established within the framework of analysis.

* Picone, M., Appunti di analisi superiore, Rondinella, Napoli, 1940.
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For this reason, I do not use modern topological methods of func-
tional analysis; this may perhaps be done in a future edition.
However, some disagreeable exclusions were necessary to avoid
too big a volume; for instance, applications of integral equations
with any degree of completeness would mean dealing with a large
part of mathematical physics and the modern mechanics of
vibrations!

This book is meant to be a modern textbook on integral equations
for graduate students, applied mathematicians, and so on. For
this reason, I have attempted to keep the mathematical knowledge
required on the part of the reader to a minimum a solid foundation
in differential and integral calculus and some theory of functions
is sufficient.

The book consists of four chapters, each divided into many
sections (progressively numbered 1-1, 1-2, ..., 47) and two Appen-
dices (I and IT).

The formulae are numbered progressively within each section
or Appendix and are quoted in the same section with their numbers
only. Inother sections, this numberis preceded by the number of the
section. For instance, (4-3—4) denotes (outside of §4-3), formula (4)
of §4-3.

I am deeply indebted to my friend, Dr Charles de Prima, who,
with his unusual competence in this field, gave many useful sug-
gestions, not only of a mathematical, but also of a linguistic nature.
Thanks also go to Miss Ruth Struik who spent a lot of time in
polishing the manuscript.

Turin, Italy F.G. Tricom
February, 1955
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CHAPTER I
Volterra Equations

1:1. A Mechanical Problem Leading to an Integral Equation

Integralcquationsare one of the most useful mathematical tools in
both pure and applied analysis. This is particularly true of problems
in mechanical vibrations and the related fields of engineering and
mathematical physies, where they are not only useful but often
indispensable even for numerical computations.

It seems appropriate to illustrate by means of a simple example
the intimate connection between the mathematical theory, which
forms the subject-matter of this book, and the ‘practical’ problems
of applied sciences. It is well known that, if the speed of a
rotating shaft is gradually increased, the shaft, at a certain
definite speed (which may at times be far below the maximal
speed allowed), will undergo rather large unstable oscillations.
Of course, this phenomenon occurs when the speed of the shaft
is such that, for a suitable deformation of the shaft, the corre-
sponding centrifugal force just balances the elastic restoring forces
of the shaft.

In order to determine the possible ‘critical’ speeds of the shaft,
we may utilize a simple, yet general, result from the theory of
elastic bcams: For an arbitrary elastic beam under arbitrary end
conditions, there always exists a uniquely defined influence function
G which yiclds the deflection of the beam in a given-direction y
(actually the direction Oz, Fig. 1) at an arbitrary point P of the
beam caused by a unit loading in the direction y at some other
point Q. For, if the cross-sections of the beam are placed in one-to-
one correspondence with the points of the segment 0 <z < 1, then ¢
is a symmetrict function G(z, y) of the abscissae z and y of P and @
respectively. Consequently by the superposition principle of

t That G(z, y) = G(y, x) is a consequence of the Betti-Maxwell reciprocity
principle of elasticity.

I T



2 INTEGRAL EQUATIONS 1-1

elasticity, if p(x) is an arbitrary continuous load distribution along
the beamst then the corresponding deflection is

)= f: G y)ply)dy (0<z<1). W)

If we consider the shaft which rotates about the z-axis and in which
2(x) represents the deflection of the center of gravity of the cross-

X
L.
v

\(Z

Fig. 1

section corresponding to «, then the load distribution for such a
deflection z(z) and an angular speed w is given by

pla)=0u(z)2(z), (2)

where u(x) is the linear mass density of the shaft. Hence the
balancing of the elastic force and the centrifugal force will occur for
a certain w if and only if there exists a non-zero deflection z(x) which
satisfies the equation

o) = o j: O, y) pl) )y (<2< 1), (3)

Thus the problem of determining the critical speeds is reduced to
determining the values of w? for which the previous equation admits
non-zero solutions.

1 This signifies that the loading between x and 2+ d is p(z) de.
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This equation is an integral equation; more precisely, it is called
a linear homogeneous Fredholm integral equation of the second kind
with the kernel G(x,y) u(y).

Using the fact that p(x) >0 we can transform advantageously
equation (3) into a similar one with a symmelric kernel. We set

h(x)= Y wx)z(x) and w?=2,

and immediately obtain equation

1
B2) -2 f K@) g)dy=0 (0<a<1), @)
whose kernel
Kz, y)=[n(x) p(y)] G, )

is obviously symmetric.

The advantage of this transformation is—as we shall show later
(Chapter IIT)—that a symmetric kernel generally possesses an
infinity of eigenvalues (also called characteristic or proper values),
i.e. values of A for which the equation has non-zero solutions. On
the other hand, a non-symmetric kernel may or may not have
eigenvalues.

1:2. Integral Equations and Algebraic Systems of Linear Equations

Let K(x,y) bea givenreal function defined for 0 <z < 1,0 <y < 1, §
f(x) a given real function defined for 0<2 <1 and A an arbitrary
complex number; then the general linear Fredholm integral equation
of the second kind for a function ¢(x) is an equation of the type

B() - jolff(x,y)¢<y)dy=f(x> (0<z<l) (1)

while the linear Fredholm integral equation of the first kind is given by

1
fo K,y d@)dy=f) (0<z<1). @)

1 For the sake of simplicity wo shall generally assume the basic domain
of our equations to be 0<z< 1. Only slight changes, if any, will occur if tho
basic domain is ¢ <z < b or even any bounded (moasurable) set on the x-axis.
In order not to becomo unduly precise in this introductory section, it is im-
plicitly assumed that all functions occurring satisfy conditions which pormit
us to carry out our operations.

I-2
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The problem of solving (1) or (2) can be considered as a general-
ization of the problem of solving a set of n linear algebraic equations

in n unknowns:

Xla,s%:b,, (r=1,2,...,n). (3)
5=
In fact, if K(x,y) and f(x) are step-functions, i.e. if

r—1 r s—1 8
K(,y) =k, (_<x<ﬁ’ _,,T‘<:I/<;,/)

" (7,821,2,.“,"%),
r—1 r
f@)=f (—;%" <“3<;L> (4)
then equations (1) and (2) become
n sin
P(x)=F,+ A2 by Bly) dy (')
s=1  J(s=1in (7‘— 1 r)
S TS
n‘ sin n n o
md =3k s )
=1 (s—1)/n

respectively. Equation (1') shows that if a solution ¢(z) exists it
must also be a step-function, i.e.

then (1) can be witten in the form
A. n "
¢r_17'/ Zkrs¢s=fr (T=1,2,...,7L). 1"
s=1

Thus, if the determinant with the elements

3rs'"% krs (‘Srs = {0, i 8)

l,r=s

does not vanish, then (1”) and therefore (1’) has a unique solution
for any given step-function f(x).

The case of (2') is different; here one cannot conclude that ¢(x)
is necessarily a step-function. All that can be said is that if we set

sln
dy =
nf( Ply) dy ==,

s—1)/n
then (2') becomes

An "
frzﬁ Skyr, (r=1,2,...,n). (2")
i=1
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Hence the system (2') in contrast to (1) possesses an intrinsic
difficulty: even if the determinant of k,, is non-zero and (2”) has a
unique solution, the system (2') will possess infinitely many solu-
tions ¢(x), since only the 2, which are the mean values of ¢(x) in the
successive intervals (0, 1/n), (1/n, 2/n), ..., are determined uniquely.
This simple analysis merely foreshadows the serious difficulties
which may be encountered in a study of integral equations of the
Sfirst kind.

From a slightly different point of view, an integral equation can
be considered as a limiting case of a system of type (1') or (2').

1:3. Volterra Equations

To avoid some of the difficulties indicated in the previous section,
Vito Volterrat investigated the solution of integral equations in
which the kernel satisfies the condition

K@xy)=0 if y>ua. (1)

This corresponds (in the sense of the previous section) to the simple
case of a system of algebraic linear equations where the elements
of the determinant above the main diagonal are all zero. The
integral equations

¢(x>—Af " Kleg) o) dy=f1o) @)

and f K1) 9l dy =/ @ 3)

are called Volterra integral equations of the second and first kind,
respectively. We shall begin our study with this relatively simple,

1 The principal founders of the theory of dntegral equations aro Vito
Volterra (1860-1940) and Ivar Fredholm (1866-1927), togother with David
Hilbert (1862-1943) and Erhard Schmidt (b. 1876). Volterra was the first to
recognize the importance of the theory and to consider it systematically,
but Fredholm’s contribution consisted in overcoming (about 1900), rather
than avoiding, tho difficulty conneeted with the vanishing of the ‘deter-
minant of tho coefficients.” Novertheless, Volterra's priority would have been
moro generally acknowledged if his first papor on the subjoet (1896) had boen
presented differently. But Volterra, instead of deducing his results by the
same methods ho used for their discovery (which weroe identical with those
employed later so successfully by Fredholm) simply published a verification
of his solution, This was told to me by Volterra himself when, in 19234, T
lectured for the first time on integral cquations at the University of Rome.
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but important, class of equations in which many features of the
general theory already appear.

The Volterra integral equation of the second kind¥ (2) is readily
solved by Picard’s process of successive approximations. We start
by setting ¢q(x) =f(x) and determine ¢,(x):

xr
o) =@+ Kt
Continuing in this manner we obtain an infinite sequence of

functions bol@), Bu(@), Bol@), .y @), ..., (4)

satisfying the recurrence relations

Ba@)=f(z)+ A f Koy (a=1,23,). ()
Better still, setting
¢n(x)—¢n~l(x)=/l" w'n(x) (n: ]’2»39 )7 (6)

we observe that ¢, (x)= ﬁ: A () (7)
v=0
if y(x) =f(z), and further that

Yola) = f K@0) a0y (1=1,2,3,..0,
hence Yy () =j: Kz, y)f(y)dy
and Yyla)= f “Kiea) [ K iy

This repeated integral may be considered as a double integral over
the triangular region indicated in Fig. 2; thus, interchanging the
order of integration, we obtain

Yyl)= f iy :K@c, ) K (1) d2
or Vala) = f “ Ko f0)d,

where Ky, ) = f " K(z,9) K(2,y) de.
Y

1 Volterra integral equations of the first kind will be considered in §1-6.
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Similarly, we find in generai

Yle)= f “Keafwdy n=1.23,..), ®)

where the iterated kernels
I{I(x) y) = K(x’ ?/), »K2(x: ?/), Ks(x’ 3/),

are defined by the recurrence formulat
K, ()= f K2 K, (zy)d2 =1,2,3,..).  (9)
0

z A

N

{

<Y

Fig. 2
Moreover, it is easily seen that we also have

Kn+1(s,y)=fo,(x, K (z,y)dz (r=1,2,...,n;s=n—r+1),
0

(10)
The proof may be carried out by induction by showing that

if the formula is true for r+s<n and for the pair r;, s, with
To+8,=n+1 then it is true also for r=ry+ 1, s=s,— 1 because

fz K, (x,2) K, (2,y)dz= [x K, (x,z)dz ’ K(z,u) Ky _1(u,y)du
v

v U v

x &
- J s ) du| K, (,2) K(z,u) dz = f K, 1l ) Koy (0, ) du
v 173 k4

t Note that K ,(x,y)=0 if y >z, since K(»,2) =0 for 2>z.
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Thus, it is plausible that we should be led to the solution of
(2) by means of the sum (should it exist) of the infinite series
defined by (7). But, utilizing (9), we may write (7) in the form

x n
8,0~ + [ XK ]
hence it is also plausible that the solution of (2) will be given by

4(a) =f(x>—Af ",y V) (1)

where H(x,y; A) is the resolvent kernel given by the series

0

H(x’y; A) = EO/VLKrHl(x: :’/)' (12)
n=

1'4. Ly-Kernels and Functions

As we shall see, the method of successive approximations can be
applied to a large number of integral equations, not only those of
the Volterra type. Thus, it is advantageous to study its con-
vergence under conditions for the kernel K(z,y) and the function
f(x) which are not too restrictive. Although these conditions will be
quite weak, they will be suitable for the application of this method
(but not only this method) to Fredholm integral equations.

By using the well-known Schwarz inequalityt

[[Mr0gwie] <[ preraef " (1)

which will be an important tool in the foregoing theory, we can
avoid the customary hypothesis that K(z,y) is continuous (and
consequently bounded) by placing it in the L,-space. Namely, we

t This important inequality (which can also be extended to multiple
integrals, cte.) can be easily proved by considering tho non-negative
quadratic form in £ and 7:

b b b b
f [£f (@) + gl dw=E2 j ) dx+2£nf f) g(x)dxwﬂj @) da.

The sign of equality holds in (1) if and only if tho quotient f(x)/g(x) is
constant almost everywhere in (a, b).

In the previous formulac and later we shall often write f%(x), ¢%(x), cte.,
instead of [ f(x)]2, [g(x)]% ete.
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shall suppose that the kernel K(x,y) is quadratically integrable
in the square (0 <z <h, 0<y<h), where & is a positive constant,
i.e. that the integral

h (*h
k2= K, gy oy < v Q

exists (at least in the Lebesgue senset) and is less than a certain
constant N2. Such a kernel will be called an Ly,-kernel and | K | its
norm.

Similarly, we shall suppose that the given function f(x) of our
integral equations is always an L,-function, i.e. that its norm | f|,
given by .

1= s, ®)
exists and is finite.

The fact that K is an IL,-kernel has several important con-
sequences. First of all, Fubini’s thcorem] implies that the functions

ao [ [M k], po=[ o] @

exist almost everywhere for 0 <z <k and 0 <y < hrespectively, that
A(x) and B(y) belong to the class L, and finally that

h h
K= ayda= [ ) dy. )
0 0
Secondly, if ®(x) is any Ly-function in (0, #), then the two functions

h h
ia)=[ K oay, xo=[ Kepowds o

are also Ly-functions. This is an immediate consequence of the
Schwarz inequality: moreover, we sce that

lvl<ixf- el fxl<|£].] o] (7)

1 In this book ‘integrable’ will always signify Lebesgue integrability. If
the reader is not familiar with this concept, he may safely assume Riemann
integrability in almost all of tho subsequent discussion. On this subject see
the useful observations of Hardy, Littlewood and Polya in the forword to
their Inequalities [15].

1 See, for instance, S. Saks, Théorie de Uintégrale, Warsaw, 1933, p. 89,
or tho book of C. Goffman cited below (p. 51), p. 253.
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In the same way it is easy to show that the composition of two
Ly-kernels K(z,y) and H(z,y), i.e. the formation of the two new
kernels¥

h h
Gy(x,y) =IO K(x,2)H(z,y)dz, Gyz,y) =f0 H(z,2) K(z,y)dz,
(3)

yields two new L,-kernels such that
Il <IELTH] |Gl <l K] H], )

and so on. In particular, the last formulae give us useful bounds
for the norms of the iterated kernels:

| Kl <] K™ (10)

This can be immediately proved by induction using (1-3-9).

Finally, we note that it is sometimes suitable to state the
stronger condition that the functions (4) not only belong to the
class L, but are both bounded. In such a case we shall say that our
kernel belongs to the class Ly*.

1'5. Solution of Volterra Integral Equations of the Second Kind

The main purpose of this section is the ‘legalization’ of the results
of §1-3 by proving the following basic theorem:
The Volterra integral equation of the second kind

B(z)-A j "R #)dy=1@) (©0<e<h) M)

where the kernel K(x,y) and the function f(x) belong to the class Ly,
has one and essentially only onel solution in the same class Ly. This
solution is given by the formula

B(@)=f(z) A f ey ) fl0) . @)

t Volterra would call this ‘composition of the second kind’. For com-
position of the first kind, seo § 1-9.

1 This means that we ignore solutions which are zero-functions, i.e.
solutions vanishing almost everywhere. (The term ‘almost everywhere’ is
commonly used to designate: ‘except for a set whose measure is zero.’)
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where the ‘resolvent kernel’ H(x,y; A) is given by the series of iterated
kernels

—Hzy; )= XV K, 1(#y). (3)
v
Sertes (3) converges almost everywhere. The resolvent kernel satisfies
the integral equations

K(x,y)+ H(x,y; A):AJ'JK(x,z)H(z,y; A dz
v

=Af:H(x,z;A)K(z,y)dz. (4)

For the proof we shall first show that in this case we can obtain
a better bound than (1-4-10) for the norms of the iterated kernels,
without changing our basic hypothesis about the given kernel.

In fact, with the help of the Schwarz inequality, we first find

£ 2 &€ &
K%(x,y):l:f K(z,z) K(z,9) dz:l <| K3w,2)dz| K3z,y)dz
U v

v
h h
<[} K@) Ko )tz ) B,
0 0
and successively
Ki(z,y) < j e, )| Ko, y)de

f K3(x,2)dz Az( ) B3(y) dz

B2 f A2
K3(z,9) < f K2 dz| Kz y)dz
v v

h x z
< | K2x,z)dz| A%z) By)dz| A*u)du
0

v Y

— A2e) B(y) | A%e)dz| A du,
Y Vj

In general, we can write
Ko 1ol y) < A%w) B y) Fy(z,y) (n=1,2,3,...), ()
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where  F(z,y)= f LAZ(z) dz, Fyx, y):f: A%(2) Fy(z,y)dz, ...
or, generally, '
Fye,y)= f TA)F, (ny)ds (n=2.3,..). (6)
v
Now we state that

1
Fn(x;y)=mFi'(x,?/) (n:l,2,3,) (7)

This formula is obviously valid for n=1. If it is assumed true
for n— 1, it also remains valid for n, since it follows from (6) that

l x
F,(2,y) :(VT——lﬁ)ﬁ'J AXz) 1 (2, ) dz
Jy
=tn-171), Bz y)
1 1 o=r ]
=('n__l)!|:nF1"'(Z,?/):L =@ y).

v '

dz

1 z oF(z,y)
o

On the other hand, from (1-4-2) it follows that
3
0< F(z,y) sf A¥z)dz < N?;
0

hence 0L F (2,y)< 7% Nan,

and by substituting into (5) we obtain

Nn
| K, (2, y) | <A@@)Bly) = (n=0,1,2,...).
Jn!

Neglecting the first term, this shows that the infinite series
(1-3-12) which gives the resolvent kernel H, has the majorant

M(z,y)=| 1| A() B(y)ng“o @J/%JX’ ,

where the last series always converges because the power series
@ zn

2 Jn!
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has an infinite radius of convergence.i This is not sufficient to
insure that series (1-3-12) be (uniformly and absolutely) convergent
everywhere, but it is sufficient to insure its (absolute) convergence
almost everywhere, because the functions 4(z) and B(y) may be-
come infinite on a subset of (0, &) of measure zero. Despite this
fact, a fundamental theorem of Lebesgue allows the integration
of the series term by term, because the majorant M (x, y) is obviously
an L,-function.

In such a case, for the sake of brevity, we will say that the series
is almost uniformly convergent.

Among other things, it follows that term by term integration
can be used to evaluate

JWK(x,z)H(z,y; A)dz, sz(x,z; A) K(z,y)dz.
v v

Thus, recalling that the operation which gives us the successive
iterated kernels obeys the associative law§, as shown by (1-3-10),
i.e. remembering that

K, (z,y)= f "Ky@ ) K, my)de (h=1,2..,n—1), (8)
v

we obtain the basic equations (4) for the resolvent kernel. The
interchanges of order of integration which occur in the proof of
(8) (as well as those which occur below) are obviously allowed
under our hypothesis (the fact that K and hence K, and H belong
to the L,-class) by virtue of Fubini’s theorem.

With the help of equations (4), it is easy to prove that the
function ¢ given by formula (2) satisfies equation (1). Indeed, this
function

o) =S10)=A[ Bl 0 @)y )
certainly belongs to the class L, provided that f(x) belongs to the

t+ In fact, if we put (n!)~t=a,, we find that

lim 2% = lim J(n+1)=co.
n—o@ni1 n-s>w

1 See also §2.1.
§ But, in gencral, not the commutative law.
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same class, since ¢,(z) is obtained by adding to f(x) a function of
the type (1-4-6). But then we have

2 f " K(e,9) doly) dy
0
—f(@)-A f " Hw,y; V() dy— A f * K,y () dy
0 0
+2[ K(o,2) f " Hieys ) f () dy

_.f Af I: x, )+ H(z,y; A) AJ (z,2) H(z,y; /\)dz:lj( Vdz

Moreover, we can show that—neglecting zero-functions—the
function (9) is the only solution of class L, of the given equation, or,
in other words, that any solution of the homogeneous Volterra
integral equations of the second kind:

*x
#)=A| K@)ty dy =0 (10)
in L,-space is necessarily a zero-function. For this we observe that

if, for brevity, we call v the norm of the function ¢(x) in the basic
interval (0,A)

v :fh ¢ (x) dz,
0

then from (10), with the help of the Schwarz inequality, it follows
that

A)<| AlzfzK%x,y)dyf(/)z(y)dys | A|2 A%(x) 2
0 0

and successively
sy < | A |02 Ko g)dy[ 42)dy=] A |92A2a) j * %) dy,
0 0 0
gy < | A Ke,y)dy| 4%y )dyj A2(2) dz
0

—| A [sr2A2z) f :Az(y) dy f ")

..................................................................................
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By analogy to (7) we have

x U Yn
j A2<y1)dy1f f A2(y,) dy,
0 0 0

= l 1A2(]/)dy " <,1,N2n- (11)
n!l Jo w7
hence, we can write

(@) < | A 2r2A% (n=0,1,2,...),

) (' A |2N2)n
n!
and this shows that ¢(z)=0 at any point where A(z) is finite,
because the limit of the right-hand side as n -0 is obviously zero.t

Among other things, this uniqueness theorem shows that equa-
tions (4) (the first or the second) are characteristic for the resolvent
kernel in the space L, For, if a certain L,-function H(z,y; A)
satisfies either equation, it is necessarily the resolvent kernel corre-
sponding to the kernel K(x,y).

1:6. Volterra Equations of the First Kind

As already indicated, the relation between Volterra integral
equations of the first and second kind is simpler than that for
Fredholm equations.

Thus, if in an equation of the first kind

f “Ke) po)dy=flo) (0<a<h) 1)

the ‘diagonal’ K (x, «) vanishes nowhere in the basic interval (0, &),
and if the derivatives

d K K
PO _piy, Kok %—yaK;(x,y) (2)

exist and are continuous{, the equation can be reduced to one of
the second kind in two ways.

1 Hence the exceptional subset where ¢(z) may be different from zero
is necessarily a subset of the set, where A(z) = «0. Moreovor—if equation (10)
is satisfied everywhere in (0, h)—from the fact that ¢(x) is a zero-funetion, it
follows that ¢(x) must be identically zero.

1 Woe state these obviously excessive conditions for the sake of simpli-
city.
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The first and simpler way is to differentiate both sides of
(1) with respect to x. We obtain the equation

K(z,2) $(2) + f " K, ) ) dy='(@), ®)
that is, j K A% 1/) Vdy = —f:(li (4)

and the reduction is accomphshed.
The second way utilizes integration by parts; if we set

| pray=o), (%)
we obtain the equation
S0 =K 05~ Koo, )
K
that is, D(x)— II‘ ((; xJ)) (I)(y)dyzkf(gz)x). (7)

For this second process it is apparently not necessary for f(z)
to be differentiable. However, the function ¢(2) must finally be
calculated by differentiating the function ®(x) given by the formula

B L) PN ()
0= iy, 1) iy ®)
where H*(x, y; A) is the resolvent kernel corresponding to K (x,y)/
K(z,2). To do this, f(x) must be differentiable.

The most important of the previous conditions is the one con-
cerning the diagonal K (x, z); for, if K (v, %) vanishes at some points
of the basic interval (0, &), for instance, at =0, then equations (3)
and (6) (which can always be formulated) have a peculiar character,
essentially different from that of equations of the second kind.
These equations have been called by Picard (who in reality con-
sidered equationsof the Fredholm type) equationsof the third kind. T

From another point of view, the vanishing of K(z,z) is a com-
plication similar to the vanishing of the first coefficient of an
ordinary linear differential equation as we shall see in §1-8. This
singular case was studied by Lalesco [29] and others from just
this viewpoint.

1 However, if K(x,z) vanishes identically, it is sometimoes possible to
obtain an equation of the second kind by repeating the previous trans-
formations.
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1+7. An Example

As an example of the Volterra equation of the second kind we
consider

$(z) - A f “eriply) dy=11e), )

i.e. the case in which
K(x,y)=e"V=e¢"e V. (2)

By a simple calculation, we have
Ky(x,y) =fx e><erV dz = e~ fx dz=e"" (x—y),
Yy v

x — )2
er2eV(z—y)dz= ex—uf (z—y)dz=e""Y (@ 23/) )

v

Ky

Y

1 T v )3
Ky(z,y)= I)J P Y(z —y)ide = 3 el‘”f (z—y)2dz=e~V ('”_3';2/)_,
“Jy Y *

or, in general,

Kn+1(x’ ?/) =e~ v (ﬁ—”‘)_

:n' (n=0,1,2,...).

Consequently, from (1-3-12), we have

II((I?, Y; )() —_ — 020“ /\"'Kn-v-l(x’ ,7/) = — eV % [A(x
n=0 =0

n

_ n
'y)l = — G-,
nt

and from (1-3-11), we obtain the simple solution
$@)=f@)+A[ o i)y ®)

The reason for this amazingly simple result lies in the special
nature of the kernel (2) which is a function only of the difference
x —y, and is simultancously of the type

K(@,y)=A(@)A(y)- (4)

Kernels of the type K(xz,y)=*k(x—y) will be discussed later

(§ 19), but it is easy to see at once that, if (4) holds, then Volterra’s

equation of the second kind (or of the first kind) can be reduced to

a first-order linear differential equation which is immediately in-
tegrable: by putting

P@)|A(@)=¢y(x), [@)A@)=fi(x),
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the equation assumes the form

- Af$ b1(y) dy =fi(=),
0

or

D M) =fila), where )= giw)dy

Then, observing that ¢,(0)=0, we have

)

and )= e f Co-af ) dy,

p@)=f(x) + A f e K e ) )y (%)

Naturally, this formula can also be obtained by the previous
method of successive approximations.

1:8. Volterra Integral Equations and Linear Differential Equations

The example of the previous section indicates a fundamental
relationship between Volterra integral equations and ordinary
linear differential equations. Actually, the solution of any dif-
ferential equation of the type

dmu drly
Egﬁ-lpa (x)dxn ot +(l”( )u:F(Z) (1

with continuous coefficients, together with the initial conditions
w(0)=cy, w'(0)=¢y, ..., w®D(0)=¢c, ,, (2)

can be reduced to the solution of a certain Volterra integral
equation of the second kind

30+ [ K)o dy =116 )
In order to accomplish this, we set
=L ga), (@)

dwn



1-8 VOLTERRA EQUATIONS 19

and successively

Dig= j “ga,
D¢ =D(D-1) = f “e-n) b dy,

. 1 [
~ndh — )1 —n +1 — — n-1
D= D0 0) = =yt dy
Taking into account (2), we observe that

dn—lu
dxn—t
dn—2u

=Cpat D _19”’

—2
=Cm-1x +cn~2 +D ¢>

a1 xn— —2

U= Clz~1(7_‘l)'+(.iz—2 (’I’L Z)

+ . e x4y D,

Returning to the differential equation (1), we see that it can be
written in the form (3) provided we set

: (@—y)
Klw,y)= X al@) "Gy (6)
and  [(@)=F(@) =, 10,(@) = (¢,-1 %+ 2) ta() —

pn—1
_(c 1= l)'+ +clx+co) 2. (7)
Conversely, solving (3) with K and F given by (6) and (7) and sub-
stituting the value obtained for ¢(z) in the last equation of (5), we
obtain the (unique) solution of (1) which satisfies the initial
conditions (2).

If the leading coefficient in (1) is not unity but ¢y(x), equation (3)
becomes

o) pla) + f "R gt dy=fo), (8)

where K and F are still given by (6) and (7) respectively. If
(%) # 0 in the interval considered, nothing is changed; however,

2-2
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if ay(x) vanishes at some points, we see that an equation of type (8)
(which we have already met in the previous section) is equivalent
to a singular linear differential equation, at least, when K(z,y) is
a polynomial in y. '

There are still other methods for reducing an ordinary linear
differential equation to a Volterra integral equation. Among these,
we shall consider the method of Fubinit based on a formal use of
Lagrange’s method of variation of parameters.

For simplicity we shall illustrate the method for a second-order
homogeneous equation which we write in the form

o+ py() w' + pylx) u=A(x)u"+ B(x)u' + C(x)u, (9)

splitting the coefficients into two addends. Of course, this can be
done in an infinite number of ways, but we choose one which
permits us to find explicitly the general solution of the equation

w4 py(x) '+ pyf) u=0 (10)

in a simple manner. Moreover, we require that the leading coeffi-
cient 1 — 4(z) of (9) should not vanish in the interval considered.

Let F(x) and Fy(x) be two linearly independent solutions of (10),
i.e. two solutions whose Wronskian

Fi(x) Fy)

W= by Fyw)

(1)

does not vanish. We attempt to satisfy (9) by a function of the
form
() = Cy(x) Fy(x) + Cy(x) Fy(x), (12)

where, in the spirit of the method of variation of parameters,
C,(x) and Cy(x) are to be so chosen that

04 (x) Fy() +Cyfa) Fif) =0 (13)

t I like to eredit this method to my unforgettable colleague and friend
G. Fubini (1879-1943) who first, [ belicve, used such a device in 1937 to
obtain rapidly the classic asymptotic expansions of the Besscl functions.
Fubini used, however, a particular caso of tho method (4 =B =0) which is
not essentially different from the method of Liouville-Stekloff so often used
by G. S8zegé in his Orthogonal Polynomials |42] and by R. Langer (sinco 1934).
The general form of the method appears perhaps first in my Egquazioni
Differenziali (1st ed. Torino, Einaudi, 1948; 2nd ed. 1953; English ed. in
preparation by Blackie and Son, Glasgow).
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holds identically. Substituting (12) into (9) and utilizing (13), we
find that

v e AF+BF+CF, AF;+BF;+CF,
CiFi+CyFy="""1 ltfi’ 0+ T4 Gy (14)
Finally, solving (13) and (14) simultaneously for C; and Cj, we
OB o (0G0 B, Oi= (G0 GO)E,  (15)
. AF}+BF; +CF), _
with O, (x)=" A—A) W (h=1,2). (16)

The system (15) of differential equations in C)(x) and Cy(x) is
equivalent to the system of integral equations

Oy@) =71~ f “1048) ®1() + CulE) DL FE) e,
(17)
- j [CL(E) () + ColE) Dy(E)] F(E) dE,

where 71=C1(®g), Va=Cy(%,)
are constants, which may be determined by the requirement that
u(z) and »'(x) take on given values at a certain point x=1,.7 By
settin

g (@) B (w) + Cofa) D) = (), (18)

multiplying the first of the equations (17) by ®,(x) and the second
®,(x) and adding, we obtain

fog () dE=1(x) (19)

where

F(&)  Fy&)

kel aw) om0

J@) =y, Q:(x) + 7, Pp(@).  (20)

To avoid having the constants y, and y, in the integral equation,

¢ set
" V(@) =7104(e) + 7atale) (21)
and obtain the two single integral equations

Yle) - ffax,g)z/fh@)dgwh(x) (h=1,2.  (22)

t The equations determining y, and y, are
Y1 F(00) + 72 Folwo) =u(wo), V1 E'1(r0) + a2 Fa(wy) = /().
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Finally, the desired solution of (9) in terms of v, and v, is easily
shown to be

u(@) =y, Uy(@) + 7, Uy(2), (23)
with Uh(oc)=Fh(oc)-lrf:c ﬁiii)) llj::((g Ua)dE (h=1,2). (24)

Since under the weak restrictions of (§1-4) a Volterra integral
equation of the second kind can be solved by an absolutely and
almost uniformlyt convergent series, Fubini’s method ‘always’ per-
mits us to obtain fundamental series solutions of (9), independently
of the order of magnitude of the coefficients 4, B, C' on the right-
hand side. But if, in particular, these coefficients are ‘small’, the
method is especially useful and can be used to obtain several
asymptotic representations of solutions of an equation of the
type (9).

For instance, if the equation contains a certain parameter A and
we have

A=0(\7"), B=0Q7), C=0A") (A->wm,r>0) (25)

uniformly with respect to x, while the other coefficients p and ¢
(and consequently F, and F,) remain bounded, then we have

D, =0(A7), K(z,§=0Q"), flx)=0(A~).
From (22) it follows that

Pr=0(7").
Hence, as a consequence of (24), we obtain the simple asymptotic
representation - U, (%) = F, () + 0(A~), (26)

or more ‘sharply’,
Up= b))+ f

Lo

£

K@) E)

Fz) Fyz) ®, (&) dE+0A). (27)

1-9. Equations of the Faltung Type (Closed Cycle Type)

In the important particular case of a linear differential equation
with constant coefficients, the first reduction method of the previous
section led us, as (1-8-6) shows, to a Volterra integral equation of

1 This signifios that tho series converges uniformly as long as the kernel
bolongs to the class L¥, or that it has the property indicated in §1.5 when
the function 4(x) is not bounded.
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the second kind whose kernel is a polynomial in z—y, i.e. to a
particular kernel of the type
K(x,y)=k(z—y), (1)

where £(t) is a certain function of one variable. Such equations

Hlz) - f ke =9) $10) dy =/ (@) (2)

and similar ones of the first kind

j bz —y) $(y) dy =F (@), (3)

are a very important special class of Volterra integral equations,
which Volterra called equations of the closed cycle because the
operator

niswl=| " Ken )

carries any periodic function ¢(y) with arbitrary period 7' into
another periodic function with the same period 7', if and only if K
is of type (1).}

Today they are usually called equations of the Faltung type
because the operation

¢wzf:¢(x—y)z/f<y>dy (4)

is generally called Faltung (or convolution) of the two functions ¢
and 9.

The Faltung is a particular case of Volterra’s composttion of the
first kind (cf. §1-4)

£ x
O = f Bz, 2) (2, y) dz, (5)
v

when both functions ® and V" are of type (1).
In fact, if

O(x, y)= ¢(x_y)9 \]/'(x’ Y= '/f(x_?/)r

and we put z=y +1, then we have
* % Ty
of = [ pa—y-np s
0

t F. Tricomi, ‘Sul “principio dol ciclo chinso” del Volterra’, Atti R.
Accad. Sci. Torino, 76, 19401, pp. 74-82.



24 INTEGRAL EQUATIONS 1-9
that is,

BY=yo-y) with xw=[ du-p0d=psy. ©

Like the composition, the convolution is always associative

Px(xx)=(dpxy)*y, (7

but it is also commutative, while Volterra’s composition generally is
not commutative.
In fact, setting x —y =2, we obtain

sui=[ B a2 dz= g (3
Finally, we notice that it is often convenient to set
=0, PrR=¢*, .. (9)

Using the Faltung sign, the previous equations (2) and (3) can
be written respectively as

h(x) — Ak() * p(x) =] (), (2"
* () =f (x). (37

The main device for dealing with such equations is the Laplace
transformation "
Fit))= f B (1) dt
0

because, under some restrictions, this operator transforms the con-
volution into an ordinary product

LB % B(0)] =2 [F(0)] 2 [ F(0)]- (10)
In this way, for instance, from equation (3') we obtain
L= 2. [f )L k()] (1)

and the resolution of the integral equation is thus reduced to the
tnversion of the Laplace transformation, i.e. to the determination
of F'(t) when Z[F(t)] is given. But we shall not pursue this method
further, since it properly belongs to the theory of the Laplace
transformation. {

Aside from this specific method of treatment, it is remarkable

1 For the Laplace transformation, seo, for example, Doctsch [9], Widder
[55], Titchmarsh [43].
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that all the iterated kernels of (1) as well as the resolvent kernels
are of the same type (1). In fact, using the notation of (9), we
have

K, (x,y)=k,(x~y) with k,t)=k*(¢) (n=1,2,...) (12)

o]

and H(x,y; A)=h(x—y,A) with A, A)=— ¥ E*" () A7l (13)
n=1
G. C. Evanst considered the particularly interesting case
tm-1
k(t)=m‘_”m, (14)

where m is a positive integer, i.c. the case in which K (x,y) = 1*n,
By virtue of the formula
tm n tmtn+l

S = — o
m! n! (m+n+1)!

which is an immediate consequence of the fact that

n!
L [t"]= Joryel
. . {2m—1 {3m—1
we Obta.ln k*Z(t) = (’2*7", —-T)' 3 k*3(t) = (3m‘—-T)" 3 eeey

and consequently
} ; /\ /\(1 )/ @ (t/ll/m)nm—l 15
— A=m)m ) e, !
6. A) nél (nm—1)! (15)
This result is remarkable because the sum of the infinite series

© nm—1
Fm)=3 (16)

w=1 (vm—1)!

can be expressed in terms of elementary functions.
For this purpose, consider any analytic function regular in the
neighborhood of the origin

fR)=ay+az+a,2%+ ...,
and, for a certain positive integer m, set
S 1(2) =g+, 2" + @y, 220+ .,
fm. 2(z) =32+ Oy Zml a’2m+1z2m+1 +..

...............................................................

T See Davis [8], p. 18.
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If we denote by €, €,, ..., €,, the m complex mth roots of unity, we
have
F(612) = [, 1(2) + €1 fn, 2(2) + € fm 5(2) + oo €7 o m(2),
f(ezz) =fm, l(z) + 6‘2fm, 2(2) + egfm, 3(2) +...+ egn_lfm, m(z)’

f fm 1 +(mfm 2 + Em fm 3 + -+ rn-lfm m\®

The determinant of the coefficients of (17) is always different from
zero because it is the Cauchy-Vandermonde determinant of the
mth roots of unity; hence there exist constants

N (r,8=1,2,...,m)

depending only on €, €,, ..., €,,, such that
fm, r(z) =7],.1f(€12) +77r2f(622) +...+ 777'mf(€7nz) (7’: 1: 2: A ’"’L)

identically.
Applying this result to F, () =, ,.(2), f(z) =e*, we find

K

F(z)=¢, Fyz)=sinhz,

Fyz)=1ev—Le¥e [cos (‘—/2— z) +4/3sin (‘/z ):' (19)
F,(2)=4(sinhz—sinz), ....

1:10. Transverse Oscillations of a Bar

The technically important problem of transverse oscillations in
a bar can be studied under very general conditions by the method
indicated in §1-1, i.e. by considering the influence function G(x, y).

Let us suppose that, in its state of rest, the axis of the bar
coincides with the segment (0, [) of the z-axis and that the deflection
parallel to the z-axis of a point x at a time ¢ is z(z, ¢). Then, without
more ado, from (1-1-1) and D’Alembert’s principle we obtain the
integro-differential equation

!
)= G| s -pt0 s |t 0<a<h, )

where p(y) dy is the load acting on the portion (y, y +dy) of the bar
in the direction Oz, and u(y) dy is the mass of this portion.
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In particular, in the important case of harmonic vibrations
2(x, t) = Z(x) el (2)
of an unloaded bar [p(y) = 0], with [ =1, we obtain
1
Z(x) - o? , G, y) ply) Z(y) dy =, (3)

i.e. the same homogeneous integral equation as in §1-1.

x\(

NN

4///

O\
|
|
|
i

<
-
N

Fig. 3

The fact that the previous equation is the same as that of §1-1
is very interesting. For instance, this shows the possibility of
determining experimentally the critical velocities of a rotating
shatt by means of the experimentally simpler harmonic analysis of
its transverse oscillations.

Besides, equation (3) shows that our vibration problem belongs
properly, as does the problem of §1-1, to the theory of Fredholm
integral equations, and later (§ 3-14) we shall consider equation (3)
from that point of view again. But in some cases it is possible to
obtain quite precise results, even by means of the more elementary
theory of Volterra integral equations.

For instance, this happens in the case of a uniform bar

() = p = constant
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clamped at the end =0 and free at the end x=1[. Its transverse
oscillations are governed by the partial differential equationf

O pz_
omt T jorr
where j=EI is the constant bending rigidity of the bar, together

with
02 0% 0%z
(0 t) [ax]x—ozo, [%é]r—l [8.’.6 ]x:l 0 (5)

as conditions on the ends. If use is made of the previous statement
(2), we obtain for the transverse harmonic vibrations of the

4)

frequency _ g);r (6)
the ordinary differential equation
;l’f—mz 0 with k4—47r2v2’%, (7)
together with the end conditions
7(0)=2'(0) =0, (8"
Z'(l)=7"(l)=0. (8")

Neglecting momentarily conditions (8”), equation (7), together
with conditions (8'), can be transformed into a Volterra integral
cequation of the second kind by the method indicated in the first
part of § 1-8. In this way if we put

Z"(0)=c,, Z"(0)=cs,

we obtain the equation

s L say-p(rey). O

Hence we obtain an equation with the special kernel (1:9-14) in the
case m =4 and consequently from (1-9-15) and (1-9-16) we see that
the corresponding resolvent kernel is
H(z,y; k)= — BE[k(x-y)],
3 Z7

with )=fas®) = gt o+

= }(sinhz —sin z),

t Sce, for instance, P. M. Morse [31], p. 114.
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and we have
: 22
80 =g+ oy ) + R 5 (1 ).
But, using the notations of § 1-9, we find

22 8 210
gy X 2% T s 7
(ch)ave (Ic +k )*2! k 6!+k o1t

=k-3[(k61,) %ﬂ ] k*3[f4'3(lcw)—%)f:|,

3 7 11
Fyfka) x5, (m O A I

3! 7! 11!
k)7 11 )3
B
hence P(x) =cok?f, s(kx) + ckfy 4(kx)

Even better, since from equations (1:9-17) in the case m=4 it
follows that

f1,3(2) = §(coshz—cosz), [, ,(2)=}(sinhz—sinz),
we obtain
P(x) = §e, k?[cosh (kx) — cos (kx)] + Ye ke [sinh (k) —sin (kz)]. (10)
Now we must remember the neglected conditions (8”) at x=1.
Since  Z"(x)=cs+ D 1d(x), Z"()=cy+cyx+ D2eh()
or, explicitly,
Z"(x) = $ey k [sinh (kx) —sin (kz)] + Je, [cosh (kz) + cos (k)]
7" (x) = e, [cosh (kx) + cos (kx)] + ey k' [sinh (kx) + sin (kz)],
we obtain the two linear equations in the unknowns ¢, and ¢,

k [sinh (kl) — sin (kl)] ¢, + [cosh (k) + cos (k)] ¢; =0,

[cosh (k) + cos (kl)] ¢, + &~ [sinh (k) +sin (k)| c; = 0. (1)

Thus, if the determinant of the coefficients is different from zero,
the unique solution of this system is c,=c,=0, and the corre-
sponding solution of the given equation is the trivial one
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but if this determinant vanishes, then there.are also non-trivial
solutions to our problem. This shows that the only possible har-
monic vibrations of our bar are those which correspond to the
positive roots of the transcendental equation

sinh? (kl) — sin? (kl) = [cosh (kl) + cos (k1)]?,
that is, after simplification,
coshfcosf+1=0, (12)
where E=Kl. (13)
y

1

n=—1/cosh £

Fig. 4

This transcendental equationt can be solved graphically (Fig. 4)
by means of the intersection of the two curves

n=cos§ and 7= —1/cosh{.
Another way would be to consider the Gudermannian
gdé=2arctgef —m
(0, §m)

(of which there are good numerical tables) which carries the
equation into

gdé=2n—-1)m+¢{ (n=1,2,3,...); (14)
a third solution is afforded by the expansion
E,=m—3)m+8,—02 +1183 — ..,
S, =(=1)"12e0-b7 (n=12 ), (15)

n

1 This equation is also considered in the well-known T'ables of Functions of
Jahnke-Emde (2nd ed., Teubner, 1933, p. 31; od. of 1948, vol. 1, p. 131), but
with some mistakes.
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which gives explicitly the successive positive roots £,8,,...
of (12).
“"Thus we find
£,=1-875108, £,=4-6041,

By means of (13) and the second equation of (7), we obtain the
corresponding natural frequencies of our bar

_ ]' j N — D
”n“ﬂm/(p)iz‘ (n=1,2,3,...) (16)

Contrary to what happens in the case of a vibrating string, these
frequencies are not successive multiples of the firstt and are in-
versely proportional to the square of [, instead of to [ itself.

In spite of the thoroughness of the previous result, its interest
from the point of view of the theory of integral equations is not
great because the key formula (10) for ¢(x) (or the equivalent one
for Z(x)) can also be obtained directly (and more rapidly) from the
lincar equation with constant coefficients (7).

From the point of view of the theory of integral equations, it is
more intercsting that from the integral equation (9) itself we can
deduce a good approximation for the first eigenvalue

k4_(g1)4 12:362
= Al— = -

1 Iz ’

because the same device can be used even if the integral equation
is not explicitly solvable.
For this, we consider as a first approximation to the unknown
function ¢(x) any polynomial of the first degree
o) =0+ fm,
and we deduce from the integral equation (9) the second approxi-
mation

x2 xi} xd x5
R CHER R

Thereafter we impose upon both these functions the end conditions
¢+ D) =0, cytex+DPP)=0, (x=1)

+ But if n is large, &, is approximately equal to all the odd multiples inar
of 4 (Fig. 4) and v, approximately proportional to n2
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which properly belong to the exact function ¢(z) and we obtain four
homogeneous linear equations for the four unknowns c,, c;, @,

cgtaly+fL,=0,
Cy+cgl+aly+fL,=0,
Ca+A(egLy+ o3 Ly +alis+ BLg) =0,
Ca+Cyl+Aleg Ly + 03 L+ aLig+ L) = 0,

(17)

n

l
where Ln=77 (n=1,2,3,...,7).

These have a non-trivial solution if and only if

0 1 L, I
1 Ly Ly L
1

:
1 L,

L“+/T L5+7 Ly L,

Ly I+~ Ly Ig|=0- (18)

This is the cquation for an approximate evaluation of A,. Setting
I=1, developing the determinant, and simplifying, we find an
equation of the second degree

71\? 7!
7 (1) —408 (X) +240=0,

whose larger roott is 403-84. Consequently,
Ay =12-480

instead of the true value A, =12:362, a fairly good approximation !

1-11. Application to the Bessel Functions

We have already noted that Fubini’s method, as indicated in the
second part of §1-8, was devised in order to obtain easily the
classical expansions of Bessel functions for large values of the
argument. But the same method can be used, even more advan-
tageously, for the more difficult asymptotic evaluation of Bessel

1 The other root may be used to obtain a (rough) approximation of A
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functions whose order v and argument x are almost equal, i.e. for
the study of the behavior as v—>o00 of the solutions of the Bessel
equation in the neighborhood of the turning point x =y,

From a general point of view, in the study of the asymptotic
behavior of solutions of the basic differential equation

E[ P e vee=0, Gw>0

as A—>00, the zeros of the function r(z) are called turning points
because, depending on whether r(x) > 0 or r(x) < 0, an integral of (1)
either oscillates or is monotonic for large positive values of A.

If x ==, is a simple zero of the function r(x) and if we set

= dx .
g—‘-f%&%%(x)» y=a(x)z, (2)

where « is a positive function to be determined later, then under
weak conditions on the coefficients our equation is carried into}

O+ atppt~Q) =0
gt =0,
where p=p(£) is a positive function in the neighborhood of the
turning point £=0 and
—QE)=o’p(pa” +p'a’ +q).
Hence, if we put a=(pp)t,

which is possible because pp >0, we have the canonical equation
for the study of turning points

d
d?

This canonical equation is especially suitable for the application of
Fubini’s method (§ 1:8) because, with a new change of independent

variable £—(3A)-Ht, )

+[AE—-Q(E)]z=0. 3)

+ Tricomi, ‘Sulle funzioni di Bessel di ordine ¢ argomento pressochd
eguali’, Auti Accad. Sci. Torino, 83, 1947, pp. 3-20.

1 See tho recent paper of the author ‘Equazioni differenziali con punti di
transizione (‘‘turning points”)’, Rend. Accad. Lincet Roma, (8) 17, 1954, 11,
pp- 137-141.

3 T
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it can be written g Tha Lz =28 Q*(1)z, (5)
with Q*(t) =33 Q38 1-11). (6)

In fact the right side of (5) is O(A~f) under the weak hypothesis
that Q(£) is bounded in the neighborhood of £= 0 and, putting the
left side equal to zero, we obtain the classical equation of the Airy

fanctiont 4, = 430 (74 2030+ (20010 M
and the similar one

Ayt =S JtT 2000~ T4 [2002]) (7')
Hence, using only (1-8-26), we have the simple asymptotic repre-
sentation =4, (1) +003), ()
ie. Z, (&) =A,[(BA)IE]+0A D) (h=1,2) (9)

of two linear independent solutions Z, and Z, of the canonical
equation (3). This is often sufficient for many purposes.

This explains the character of the ‘turning points’.

In fact, depending on whether £>0 or £<0, the argument
t=(3A)¥£ of A, approaches +0 or — oo for A 00, and the asymp-
totic behavior of the Airy function A, (t) as t—>+ o0 is completely
different from its behavior as t—— oo, depending on the formulae

Ay(t) =y (3~ cos[2(30F F ]+ O(t3)
(—forh=1, +for h=2),

A=) =47 30 Fexp (=203 [1+0( )],
Ay(—t)y=Jm (3t)Fexp {+2(30} 1+ 00 )],

(10)

which can be easily deduced from the classical asymptotic repre-
sentation of the Bessel functions J,(x) as —co.

Sometimes the reduction of the given equation to a canonical
form can be simplified by utilizing the fact that the previous
procedure is only slightly changed (if at all) when the right-hand
side of (5) also contains terms with 2’ and 2", but with coefficients
of the same order as the coefficient of 2.

+ Watson, Bessel Functions, §§6-6 and 10-22.
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This is the case in the study of Bessel functions of order v in the
neighborhood of the turning point z = v, because the classical Bessel

equation dy 1dy 2
dett adnt\1 ) Y0 ty

with the help of the simple substitution

w=v+ )k (12)
may be carried into

(ZZ Hy=—p [("t +put?) dtf (1 + pt) (ét + %,521/] (13)
where p=6"%r-8
Consequently, setting F, = A4,(f) and F,= A,(t) and
K(t,7)=A (1) O,(t) — Ay(1) D, (1), (14)
where, according to (1.8- 16),

(264 pt2) = §0A (0] + (L4 pul) A3 (8) + 024, ()

= AT =1,2
O, ()=p AL ju(20 4 )] (h=1,2),
(15)
we obtain from (1-8-23) and (1-8-24)
y(t) =71 11(0) + 72 Yolt), (16)
with
1= 4,00+ [ [0 A= Aue) 01 ol (h=1,2),
(17)
where ¢, is the solution of the Volterra integral equation
¢
- [ K=o, 4=12) 09

and y, and y, are two constants satisfying the equations

Y141(0) + 7, 4,5(0)=y(0), ¥, 41(0)+ Y2 450)=y'(0).  (19)

In particular we have, according to (1-8-27),

Yi(t) =4, f[A Ay(0) A,(r)] ® (1) dr + O(2). (20)

32
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The simple formula (20) already leads us to a better asymptotic
approximation formula for the Bessel functions J, and N, than the

more complicated formulae of Nicholson.
For this we first notice that from (15) it follows that

34
®,(t)= - [A5(t) — 3124 ,,(E)] n+ O(p?),
and therefore, considering that

t
f 7 (r) dfe) dr =40, ) A1)+ 34,0~ )

t  [A5(t) — tAYB)] — 34,(0) 4,(0),
f A1) dr = A, 0) YA, - A0~ 3430)

t

fOAmA,;( ~ 342 - 1A2(0),

f C A7) Alr) dr = BALD) Ay(1) — Yt — §A4,(0) A,(0),
0

[ 3601 127 =3, 4,0 - 34,00) 4,0,
B0 =), A0)= — J34(0)= 1),

we get
(s 1o g
Tty = a0 g [ i+ [ 2= - p (]
(L)
+77I1PE§? h+1 }/l’+01”/2) (21)
where =tk =3 Ay=4

Now we must determine asymptotically the constants y, and v,
in the case y=J,(x) as well as in the case y = N (x) in which we shall
write y¥ and y¥ instead of y, and vy, respectively.

This determination is not immediate because it requires a quite
sharp asymptotic evaluation of the four constants J,(v), J,(v),
N,(v) and N,(v) as v—>o0. This can be done by means of the saddle-
point method, whose application is actually very much simplified
by the fact that now the argument is exactly (not merely approxi-
mately) equal to the order ». The calculations are developed in
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detail in my paper quoted above. From them we find the formu-

laeT
(Byk — Byk®+ Byk” — Bgk'1 +..),

)~y J ,
'ZVV(V)N - (BOK+B2K5+B3K7+B5K11+ )7
(22)

J (v «/3 (B k2= B+ Byk® — By + ...),
NJ(V)~—2—(33K2+B1K4+B;K8+B;K10+...),

6\} ro(—6)m o2n+1

where K=(;) , B,= g‘, ( m') ‘,?"m[‘(—«—g—+m),
n —_ m D

Bu= X g—ﬁl.bgn@np(ﬁt?m),

m=0 M- 3 | (23)

1 22 m
za ek = ( 42 7itgit- )

1 1
b;gn)=a(,:")+§‘!a%"_)1+ +(2k+ l) l("')

With the help of these formulae and of the algebraic lincar
)1

S | Som

system (19) we find .
6) 1 P( 00,

mh= (;

=15 f@;
6\ 171
mi==() - orgy 00
consequently we obtain the formulae
6\ 1
v+ (h)bt] = (;) A4(t) = 15, 13430+ 204,(0)] + 00,

i\
N[y + ()] = - (‘5) 44(t) +1~(1-); [3124;(t) + 2t 4,(6)] + O(~Y).
(25)

+ The first torms of these formulae coincide numerically with the formulae
given (without indication of their origin) at the foot of the numcrical tables

on pp. 746-7 of Watson’s Bessel Functions.
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These formulae can be utilized to obtain simple asymptotic
expressions for the smallest zeros j, ; and n, , of the functions J,(x)
and N,(z) respectively. In fact, Ifoundf (see footnote f, p. 33) that

1=V +1:85575Tvk + 1-033150~F + O(Y),
n,,1=v+0-931577v} +0-260350~3 +- O(v1).

1-12. Some Generalizations of the Theory of Volterra Equations

The previous general theory of the Volterra integral equation
may be generalized in several different ways. For instance, one
may consider kernels of the form

Fla,y)

K(x,y)=(x_y-5a (0<a<l), (1)
where F(x,y) is a continuous (or, at least, a bounded measurable)
function.

In spite of the fact that for a >} the square of such a kernel is
not integrable, the corresponding Volterra integral cquation of the
second kind can be readily solved. In fact, the successive iterated
kernels K, (z,y) from a certain » on, not only belong to the class
L,, but are bounded.

To prove this we use the substitution

=Y+ (Q/ - y) t,
which gives us

F@,2) F(z,y)
Kl g)= f (z—2)7 (2~ y)*
:(x_y)l—Zale[x '/“]'(117 J)t]F[?/+(x y)t y]dt

dz

0 f(1—t)
=(x_y)l—2a1¢'2(w’ y): (2)
and successively
Ky, y)=(@—y)* 3 Fy@,y), Ky@y)=@-y**Fey),..,

where Fy, Fy, F,, ... are certain bounded functions. Hence K,,
K, .1, ... are all bounded as soon as (n—1) (1 —a) >a.

1 Watson (§ 15-81, p. 517) gives only the formulae
Jp1=v+1855T5TELO(L), m, ,=v+0-93157T08 +0(1);
the author finds it fascinating that with other methods one can provo that
both remainders are O(v-) instead of O(1).
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On the other hand, the equation

A ke dy=r
0

can always be reduced to a similar one with kernel K,, K, or K,.
For, by means of a composition (cf. § 1-4 and (1:9-5)) of both sides
of the equation with AK(x,¥), we obtain

-2 Kl ) o)ty =)= 4| Kz, )
and then successively

b~ A3f (o, 9) D) dy =) Efg(w)w\f Ky,

............................................................................

A similar transformation is even easier for an integral equation of
the first kind, e.g. the important Abel equation
I
0ty (4
0 \/
where F=1, a=1.

One encounters this equation in the problem of the tautochrone:
to determine a curve along which a heavy particle, sliding without
friction, descends to its lowest point in a constant time, independent
of its initial position, or, more generally, such that the time of
descent is a given function of its initial position. Abel solved this
problem already in 1825, and in essentially the same manner which
we shall use; however, he did not realize the general importance of
such types of functional equations.

Now, using (4) we obtain from (2)

1
Ko =[ - 0dat=n.

Hence, the composition of (4) with the kernel gives us

ﬂfx Py)dy= _,(_’i)_,_ dy
0 0 /(@=
and, without further ado, we have the amazmgly simple solution

Ld (s fo) o)

@)= mdz) o | (x—y)
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More explicitly: we can integrate by parts, and, provided the
function f is differentiable, we obtain

o) =1 4:| a0 2 Y-y ]

; _JO) L fly) .
that is, ¢(x)_7r—\/x+;}f0 J(x—yj dy. (6)
In general, the generalized Abel equation
T )
[[ O ay=t) 0<as<y )

can readily be solved by composition with the kernel (xz — y)*-1; for

z dz 1 dt ™
Jr et =g

v

gives ust

Csin(am) d (< f(y) _sin(am)[f(0) (= f'(y)
oo == [ gt
(8)

m 0 (@—y)-e m
For further types of singular Volterra equations, e.g. equations
with (—o0,x) as the limits of integration or equations with non-
integrable kernels, see the book of H. T. Davis [8].
We can further generalize the theory of Volterra equations by
considering a system of equations

30)-28 | K, w0 40 dy=1@) (=1.2..m). ()

One way to deal with such a system is to solve one of these
equations with respect to one of the unknown functions and to
substitute the solution obtained in the remaining equations. This
gives us another system of type (9), but with n—1 unknown
functions. For instance, if for simplicity we put A=1, and let

t L. Tonelli in Math. Annalen, 99, 1929, pp. 183-99, undertakes an
accurate study of Abel’s equation with the conclusion, among other things,
that the solution (8) is certainly right when the function f is absolutely con-
tinuous. (We remember that an absolutely continuous function is differenti-
ablo almost everywhere.)



1-12 VOLTERRA EQUATIONS 41

H(z,y) be theresolvent kernel corresponding (for A =1)to K , (¥,¥),
then from the first equation of (9) we have

b=+ 3 Koo dy- [ e sy

n £ x
- Zz , o) dy| Hlx,2) Ky (z,y)dz;
§=t y

i.e. we obtain an expression of the form
(@) =F(2) + z OAs(x, Y) s(y) dy,

where F(z) and the A (x,y) are known functions. Consequently, by
substituting this expression into the 2nd, 3rd, ... and nth equations
of the given system, we can reduce it to a similar system with n — 1
equations in the unknown functions ¢y, @s, ..., @,,.

Another, possibly more advantageous, way to deal with a system
of type (9) is to apply directly the method of successive approxi-
mations; we can even utilize the experience gathered in § 1-3 to put

¢r(x) :fr(x)+ ElAm‘/fr,m(x) (T: L2, -"»n)’ (10)
m-=
where the i, ,, are new unknown functions to be determined. By
substituting into (9) and integrating term by term (which may be
justified as in § 1-5) we obtain

X, (@) - [A f "K, ey ) dy
m=1 §=1 (1]

e} x
#5000 [ K, o) i )y | 0.
m=1 0

and putting the coefficients of the successive powers of A equal to
zero, we find

V)= B | K e dy,

wr, 2(‘”) = sg—-:l : I(r, s(x’ ,7/) ')bs, l(y) d?/’

and, in general,
n

Yrnlt)= 3 f “K, e ) @) . (1)

§=14J 0
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If desired, these results may be improved by considering a class
of generalized iterated kernels. For instance, the expression for
¥, 5(@) can be put into the form

b= 5 & K, ot Ko,

that is, Vo) = f KD (e, 1)) dy, (12)

with KO ey)= 3 [ K, (o.2) K, (29)d. (13)
s=1

The proof that the series (10) is absolutely and almost uniformlyt
convergent for any A (provided the kernels K, , belong to the class
L,) is very similar to that given in §1-4, and consequently need
not be repeated here.

1:13. Non-Linear Volterra Equations

In a certain sense the theory of non-linear Volterra integral
equations was born before the theory of linear Volterra equations.
This is because the classical method of successive approximations
for differential equations] in its simplest form consists essentially
of transforming the differential equation

dy
d; F(x,y), y(xg)=y,

into the non-linear Volterra integral equation
&
)=yt [ P9I,
Lo

and solving this equation by means of successive approximations

Yol#) =Y Yalz) =Y+ f By A (n=1,2,...).
Zy

t Seo p. 13.

1 Already used explicitly by Liouville (1838) and successively by Caqué
(1864), Fuchs (1870), and Peano (1888), but recognized genorally as a
fundamental method of analysis only aftor the publications of Picard (1893),
who gavo it its most gencral form.
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Such a treatment can be extended without difficulty to the more
general non-linear Volterra integral equation

B(@)=f(2)+ f “ Pl )y (1)

under much less restrictive conditions on the functions F(z,y; 2)

and f(x).t

To be precise, it is sufficient to suppose that for any pair z,, z, we
can write
| F(z,y;2) — F(,y; 2,) | <a(@,y) |z — 2, |, (2)

and further, that we have

f “Fla s fdy

where a(x,y) and n(z) are any two L,-functions, i.e. two functions
such that in the entire basic domain (0 <y <« <h) we have

<n(®), (2"

f: n2(y)dy < N?, f: de: a¥(x,y)dy < A2, (3)
where N2 and A2 are two positive constants. Kven better, putting
[ e ay=orre )

the second condition can be written as
f:&i2(x)dx<A2. (5)

As in the linear case we attempt to obtain the solution of our
equation as the limit of a sequence {@,} of functions whose first
element is the given function ¢ (x)=f(x); the other elements are
calculated by the recurrence formula

bal@) =)+ f o d )y (=12 0
First, we have

| b1(@)— () | = ; [ Flos sy

<n(x),

1 For the study of (1) in the space of the continuous functions, see a
recent paper of T. Sato, Compositio Math. 11, 1953, pp. 271-90,
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and in general

| funs@) — u@) | < f | Pl fult)] ~ Flz, 55 b)) | dy

<[40 - 4|ty 1=1.23...)

from which, using the Schwarz inequality, it follows that

[Brsa(®) = hul >J2<f )| 14,0) - hu APy
— () f by dy.

Consequently we have
[§1(2) — Po(x) |2 < m¥(x),
[%(x)—%(m)}zwax)f iy dy < M),
()~ o) < Vool st dy,

L@ ol P < o) j ")y f L

and thus, again using (1-5-7), we see that in general

A2n
o)~ Fpa@t < N2ort) | j L)y | <N

ie. | fria(@) = B, 1(@) | < Nt () \/—' (n=0,1,2,...).
But this shows that the infinite series
= B1(@) +[Bo(x) — ¢ (x) ]+ [h3(®) — o(@)] + ..., (7)

whose nth partial sum is ¢, (x), converges absolutely wherever .o/ (x)
is finite, since (neglecting its first term) it admits the majorant
o An
Not (x =
@3 o

which is always convergent (§1-5); hence we have
lim §,(2) = O(@) (%)

and the series converges almost uniformly in the sense of p. 13.
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Now, in order to prove that the limit function ®(z) is a solution
of the given equation (1), we set

=4,(@) + B, (x), (9)

and we observe that R, () is an L,-function such that

lim f R:(x)dx=0,
b R n Nt 5 A
ecause < > <.
s | R)| <Nof@) B

Further we observe that from (6) and (9) it follows that
O)~f(0) - [ Pl 0001y
=B f Fla,y; dua)] - Flae.y; Oy)]}dy,
and consequently
(0 =1@)~ [ Plovy: o1y

2
<2Ri(x +U x,y)anul(y)ldy}.

But using the Schwarz inequality

U (@y) | R, 1y loly}2

<a fR fR 0y,

hence

[ {ow-so- [ Fimp owna) @

0
h h
2 Rﬁ,<x>dz+2A2f B () dy,
0 0

and, passing to the limit for n —>co, this shows that the integral on
the left is zero everywhere /() is finite, i.e. that ®(x) satisfies
equation (1) almost everywhere.

Moreover, if f(x) belongs to the class L,, ®(z) belongs also to this
class, since the functions ¢, (x) are all Ly-functions and the series (7)
converges almost uniformly.
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Finally, we shall prove that ®(x) is the unique solution of the
given equation (1) in the space L,, neglecting almost everywhere
vanishing functions.

In fact if there is another solution ®* of the class L, of the same
equation, we have

x
0

0f0) - 0%(0) = [Pl 01~ Flo s 0¥,
and, by methods similar to those used above, it follows that

[0(z) - DH@)P <

f | Fla.y; 01~ Fla, s 04| dy}2
x 2

< { f “ale, )| 0t~ 0%p)| dy}

< f “way)dy f " 160)- 0y,

ie. [D(x) - ¥ (z) ] <7*(z) f (o) -0 Rdy.  (10)
0
Consequently, if, for the sake of brevity, we put
3
[ 10w~ owray-re

with successive substitutions into (10) we have
[D(x) — D*(@) ] < k2a7*(),

[D(z)— (2] < Kest?(2) j *stry)dy,
[i]

[D(x) - D*a)]F < Ker2(x) f ")y L)

and in general, using (1-5-7) again,
x 1 & n A?n
[D(x) - D*(x)]Pdx < k2 — I:j‘ HAx)de | <kP—.
0 n! 0 n!

Passing to the limit for n—oc0 we obtain the statement.

Thus we have proved that the non-linear Volterra equation of the
second kind (1), where f and F are Ly-functions satisfying conditions
(2), (2') and (3), has one and essentially only one solution ®(x) of the
class Ly. This solution is series (7) which converges absolutely and
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almost uniformly, and its terms can be calculated using recurrence
formula (6).

To appreciate the importance of this result, we observe that
many problems of non-linear mechanics lead to the differential
equation P
Y2 dy
da 3+m Y= /(f(xay)dx)5

where u generally, but not always, denotes a small parameter. Now,
with the method of Fubini (§ 1-8), this equation can beimmediately
carried into the integro-differential non-linear equation

y(o) =" [ i oo — 016,98, ©1dE =, 005 () 7, sin 00),
(11)
where y, and vy, are two arbitrary constants.

We could study this equation with the same methods as above;
for the sake of brevity, however, we shall merely remark that, if the
function f does not depend on the derivative y’, then equation (11) is
of type (1) and exactly corresponds to the case

A=l
w’

F[x7?/:¢(7 "'Sln[tt) ]ft]/,qﬂ ’ (1.4)
[f(x) =", cos (wx) + Yy 8in (wzx).

For instance, in the case of electrical oscillations of a circuit con-
taining an iron coret

, A B o
w*=5, r== f@y.9)=9"

where A, B, U are three positive constants, consequently, we have
to consider equation (1) for the case

Fle,y; ¢(y)] =sin [z -] [4)F

1 N. Minorsky, Introduction to non-linear mechanics, Ann Arbor, J. W,
Edwards, 1947, p. 192.






CHAPTER I1
Fredholm Equations

2:1. Solution by the Method of Successive Approximations:
Neumann’s Series

The method of successive approximations, which was successfully
applied in §§1-3-1-5 to Volterra integral equations of the second
kind, can be applied even more easily to the basic Fredholm
equation of the sccond kind:

$(z)~ A f Kz, y) ply) dy =F(a). (1)

However, the solution obtained in this way may be only formal, i.e.
if the modulus |/\| of the parameter A is not small enough, the
infinite series which gives the resolvent kernel is no longer con-
vergent. This method can be used more easily here than in the
previous chapter because now all integrations are to be performed
between the limits 0 and 1; consequently, the inversion of the order
of such integrations is immediate.
Asin §1-3, we set

P(a) =f(x) + Afry(@) + A2ry(@) + ... (2)
This is called the Neumann series. We find immediately that
fle)= [ K (w1 0)d,
)= [ Ko ot dy = [ K01,

Vala) = j K(z,9) raly) dy = f Ky, ) () dy,

t In this chapter, tho integrals frequently have tho limits 0 and 1. For
this reason, theso limits will gencrally be omitted. We also omit indicating
that the independent variable, x, ranges over (0, 1).

4 T
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where Ky, y) =fK(x, 2) K(z,y)dz,

Ko = [ K ) Ko ) )

or, more generally,

Kn(xvy)=fK7z($>z) K’ﬂ—h(z? y) dz
n=2,3,..;h=12...,n—-1; K,=K). (4)

The main difference from the Volterra case is that the Neumann
series (2) or, what is the same, the series for the resolvent kernel:

—H(,y; \)=K(x,y)+ AR (x, y) + 2K (2, )+ ..., (5)

now converges only for sufficiently small |A|. In other words,
although I (x,y; A) is still an analytic function of A, it is no longer
an entire function of A.

We shall now determine a lower bound for the radius of con-
vergence of the power series (5). We observe that if we preserve the
basic hypothesis of §1-4 that the kernel K(x,y) is an Ly-kernel, i.e.
supposing that (since now h=1):

I K}|2=ffK2(x,y) d,xdy:fA‘z(x) dx:fB%y) dy < N2, (6)

where A(x):[f]@(w,y)dy]%, B(y)z[fl(z(x,y)(lw:li, (7)

we have successively
2

Ko =[ [Ke2) Ko | < o) 1),
Ko, < [ K0, 2) 2 Ko, )

< 4%(0) ) [ 4%6) de < 420 B N,
Kz, 9) < f K(z,7)dz f K3z, y)dz

< 4%(x) B(y) N* f A%z) dz < A%(x) By) N,
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and hence, in general,
IKn+2(x’y)l<A(x)B(y)Nn (n=0>l’2:"')' (8)

If we neglect the first term, this proves that (5) has the majorant
A()By)|A| (AN

this is a geometric series with the ‘common ratio’ | A | N; hence it
converges for | A| N <1, i.e. for

|Af <[ K] (9)

We thus see that, under this condition, the partial sums of
(5) have a majorant of the type

CA(x) B(y),

where ('is a constant, i.e. a majorant which is an Ly-function of both
x and y. In other words, (5) is an almost uniformly convergent
series, hence a series which can be integrated term-by-termin either
z or y (by Lebesgue’s fundamental theorem). By the theorem of
Egoroff-Severini, | this series becomes uniformly convergent if the
points where 4 (x)= o0 or B(y) = o are eliminated from the intervals
0<x<1, 0<y<1 by means of suitable covering sets of measure
less than an arbitrary ¢ > 0.

Furthermore, the previous considerations show that the resolvent
kernel H(x, y; A), given by (5), is an analytic function whose singular
points are outside (or on the boundary) of the circle (9).

Since term-by-term integration is permitted, we see that by
using (4) under condition (9), we have

—fK(x, 2)H(z,y; \)dz= —fH(x, z; A) K(z,y)dz

=Ky, y)+AK 2, 9)+...
=AM [H(x,y; A) + K(x,9)],

that is, K(x,y)+H(x,y; A):/\fK(x, 2)H(z,y; A)dz
(10)
- f H(z,2 \) K(z,y) de.

1 Seo, for example, C. Goffman, Real Functions, Rinehart Co., New York,
1953, p. 187, where an almost uniformly convergent serics is said to be
approximately uniformly convergent.

4-2
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Even better, considering that all the terms of this double
equality are analytic functions of A, we can assert that the basic
equations (10) for the resolvent kernel are valid (almost every-
where) not only in the circle (9), but in the whole domain of
existence of the resolvent kernel H in the complex A-plane.t From
this, just as in §1-4, it follows that if f(x) belongs to the class L,
then the given equation (1) has at least one solution of the same
class L,; this solution is

B(2) = (2)-A f (a3 ) /() dy (1)

in the domain of existence, 5, of I1.

Moreover, it is easy to see that the solution (11) is the unique
Ly-solution of our equation, not only inside the circle | A | <| K|~
but also in the whole domain of existence 7.

In fact, if at a point A= A, of 3 the homogeneous equation

)= [ Kie.) dt)dy 0 (12

has a certain non-trivial solution ¢,(x), then with the help of (10)
we obtain

Bol) =g f K(z,5) doly) dy
= — Xo| T, 3 20) oty dy+ 23 do(y) dy j Hiz, z; A0) K(z,y) d

= —Ao| H(,y; Ao) holy) dy + A | H(x, 2; Ag) dz| K (2, 1) poly) dy

=-A, [H(x, 115 Ag) holy) dy + /\JH(w, 25 Ag) o(2) dz =0,

and this shows that the function ¢, vanishes almost everywhere.
The following basic theorem is therefore proved:
To each quadratically integrable kernel K(x,y), there corresponds
resolvent kernel I (x,y; A) which is an analytic function of A, reqular
at least inside the circle |A| <| K| and represented there by the

+ This important principle of analytic continuation is based on the fact
that the zeros of an analytic function cannot have any accumulation point
inside a regular domain of the function. Conscquently, two analytic
functions f(z) and g(z) which coincide on any closed bounded infinito set
must necessarily be identical, provided this set is contained in the domain
of regularity of both functions.
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power sertes (5). Let the domain of existence of the resolvent kernel in
the complex A-plane be 3. Then, if f(x) belongs to the class Ly, the
unique, quadratically integrable solution of Fredholm’s equation (1)
valid tn A 18 given by formula (11).

The difficulty is that the resolvent kernel is only potentially
determined by the power series (5). Furthermore, at this moment
we know nothing about the nature and distribution of the singular
points of H(z,y; A) and nothing about what will happen to the
solution of equation (1) if A coincides with one of these points.

Sometimes it may be useful to write equation (1) in the shortened

form
‘ F =1 (@),
in which we introduce the Fredholm linear operator

F1B(y)] = pla) - A f 0 Kiz,y) ) dy. (13)

We also introduce the associated Fredholm operator

%*[qs(ynsqsm—Af K(y,2) $ly) dy. (14)

For any pair of functions ¢(x), y(x) such that, in the evaluation
of the repeated integral

1 1
f yws[| K)o

the order of integration can be interchanged, we obviously have
[ ao- [Z2n e (15)

This formula is often called Green’s formula for the operator .#
because it can be considered as a far-reaching generalization of
Green’s formula in the theory of linear differential equations.

2-2. An Example

To obtain an idea of the possible answers to the questions posed
in the previous section, it is again appropriate to use the kernel of
§ 1-7 for a Fredholm integral equation, i.e. to consider the integral
equation

1
blz) - A f e 1 glg)dy=flo). (1)
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More simply than in §1-7, we now have
Ky(z,9) =fex“" e Vde=e>|dz=K(x,y),

with the consequence that all the iterated kernels K, coincide with
the given kernel K and the series (2-1-5) becomes

—H(z,y; A)=K(x,y) (L + A+ A2+ ...). (2)
Hence we have H(z,y; )= :i_—yl , (3)

and we thus see that the resolvent kernel is actually an analytic
function of A, regular in the whole A-plane except at the point A=1
which is a simple pole of the kernel.

Consequently, by virtue of the theorem of the previous section,
we see that equation (1) for all A+ 1 has one and only one solutiont
given by the formula

A
$0)=1@)- 2 ety (4
The same result can be deduced in a more elementary manner by
setting 1
L e Ply)dy=E.

The given equation can then be written as

ple)=f(x) +Ade", (%)

and consequently, the unknown quantity £ must satisfy the
equation

£= [e1fta) 1260 = (e 42,

that is, (1-2)¢ =fe“wf(x)dx. (6)
Therefore, as long as A+ 1, it follows that

E= 2 [ef@ae,

1 Hero and later wo shall often omit the phrases of the class L, and
neglecting zero-functions (or similar expressions) as long as thero is no danger
of confusion.
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and, if we substitute into (5), we find (4) again. On the other hand,
if A=1, equality (6) shows that the solution of our equation is
generally tmpossible, because the given function f(x) usually will not
satisfy the condition

fe‘ff (z)dx=0. )

But if this condition is satisficd (for instance if f(x)=0), then there
exists an enfinite number of solutions, given by the formula

p(x)=f(w)+ Cer, (8)

where C denotes an arbitrary constant.

This discussion is applicable to many other cases. We shall see
in §§2-3-2-4 that in general the singular points of the resolvent
kernel, I, are only certain poles, A, Ay, ... whose position in the
A-plane is independent of x and y. Furthermore, for A=A, or
A=A,, ete., equation (2-1-1) in general has no solutions, while the
corresponding homogeneous equation (2-1-12) has an infinite
number of non-trivial solutions. (A trivial solution is a zero-function,
i.e. a solution which vanishes almost everywhere.)

2-3. Fredholm’s Equations with Pincherle-Goursat Kernels

The equation of the previous section could be easily treated
because its kernel e*~¥ can be considered as the product of a function
e® of x alone and a function e~ of y alone. Furthermore, we shall
see in this section that if a Fredholm integral equation has a kernel
which is the sum of % products of functions of 2 alone by functions
of y alone, then it can be reduced to an algebraic system of n linear
equations in n unknowns.f Such kernels are usually called
Pincherle-Goursat kernels.

More exactly, we say that the kernel K(xz,y) is a Pincherle-
Goursat kernel, or briefly, a PG-kernel, if

K(w.)= 5 Xe) Ko, (1
where
Xi@), Xy@), ..o X@); K@), K@), .., L)
1 It is to be emphasized that the oquivalence botween the intogral
equation and the algobraic systom will be exact; an approximate equivalence

can always be stated, for instance, by replacing the kernel K and tho given
function f by approximating stop functions (cf. § 1-2).
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are two sets of linearly independent L,-functionst in the basic
interval (0, 1).

If we put
[Bswis=g. G=12..m, )
our basic equation
$0)=2[Ke) o) 2y =) )
is carried into dx)=f(x)+A En] £, X (). (4)
k=1

This already shows that the difference ¢(x)—f(z) must neces-
sarily coincide with a suitable linear combination of the functions
X, ().

Moreover, if we multiply (4) by Y,(z) (h=1,2,...,n) and then
integrate between 0 and 1, we have

6= [V 42 36X Vi),

that is, LAY apbe=b, (h=1,2,...n),
k=1
where  [Xy(a) ¥y f0)do= [ o=y, (5)

We thus see that the n unknowns §,,&,,...,£, must satisfy the
following algebraic system of » linear equations:

(1=Aay) & —Aapby— ... — Aay, £, = by,
—Aa21gl+ (l ‘—/1(1/22) 52— —/\aann_—_bz,

-Aanlgl_/\amgf— cet (1 _Aann)gn =Un-

T The functions f,(x), fy(%), ... (even if infinite in number) are called
linearly independent if the only linear combination,

I i@+ o fol@) + o fal)

of n functions which vanishes almost everywhere in the basic interval, is the
one for which py =py=...=p,=0.

Each function f(x) of a linearly independent sot is necessarily a non-zero
function, and consequently its norm must always be positive (never zero).
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To each solution £, £, ..., &9 of this system there corresponds
a solution of equation (3) given by (4); conversely, to each solution
of the integral equation, which necessarily must be of the form (4),
there corresponds a solution of system (6). Furthermore, to two or
more linearly independent solutions

EOED, L ED EDED, L ED; L
of the system, i.e. to two or more solutions for which we have
y
JOLO L ED L =0 (h=1,2,...,n)

only if u®=u0=.. =0, there correspond two or more linearly
independent solutions of the integral equation; hence we can
speak of a complete equivalence between the Fredholm integral
equation of the sccond kind with the PG-kernel (1) and the
algebraic system (6).

Consequently, the core of the problem is the investigation of the
determinant of the coefficients of the system (6):

1-2Aay;,  —Aqp ... —Aaq,
I = —Ady L—Adyy ... —Agy, ’ )
— A, A,y 1-2Aa,,

which is a polynomial of the nth degree in A.
If 2(A) # 0, then system (6) has one and only one solution given
by Cramer’s formulae

gk w( )( l‘lkb1+92kbz+~--+9nkb") (k:l,?,...,n),

where %, , denotes the cofuctor of the (h, k)th element of deter-
minant (7); correspondingly, equation (3) has the unique solution

¢(.’E) =f( ) ( 5 g ( lkb1+92k1)2+ +’@nkbn) Xk(x)’ (8)

while the corresponding homogeneous equation

- sdy=o ®)

has only the trivial solution ¢(x)=0.
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Furthermore, considering the expression of b, in (5), solution (8)
can also be written as

3=+ 555 | £ (9 Ei0) + uli)+ .

+ 2,V ()] X)) fy) dy,

but the sum under the integral sign can be considered as the
expansion of the negative of a determinant of the (n + 1)st ordert

0 Xl(x) Xz(”) Xn(x)
Ny 1-2Aay  -Aay .. -2y,
D,y \)=| Yoly) —Aay 1-Aay ... —Aay, |; (10)

...................................................

hence, we can write
H)=1(0)- s [P ) (1)

with the previous expression of Z(x, y; A).
We thus see that now the resolvent kernel H(x,y; A) coincides with
the quotient of the determinants (10) and (7)
) _@ (z,9; A) .
H(x,y,/\)—-—n@—a) 7, (12)
i.e. with the quotient of two polynomials of the n-th degree in A (the
denominator being independent of  and y), and this has important
consequences. At this moment, we shall note just one of these: the
only possible singular points of H(x, y; A)in the A-plane are the roots
of the equation Z(A) = 0, which will be called the etgenvalues of our
kernel K (z,y).
If 2(A) =0 the non-homogeneous equation (3) has no solution in
general, because an algebraic linear system with vanishing deter-

t In fact if wo develop determinant (10) by the olements of the first row
and the corresponding minors by the cloments of their first column, we find
n n D
D,y )= X (= DX, X (= 1Y, -2
(s M= 2 (—1FX B (=DM i
n n
== 2 X, 2 9 Y,
k=1 h=1
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minant can only be solved for certain values of the quantities on the
right-hand side.

Furthermore, from each non-trivial solution £0, £9), ..., £9 of the
homogeneous algebraic system we obtain a non-trivial solution of
the homogeneous equation (9), which we call an eigenfnuction and
vice versa.

To be precise, from the theory of algebraic systems of linear equa-
tionst we infer that, if A coincides with a certain eigenvalue A, for
which the determinant %(A,) has the characteristic pt (1< p<n—1),
and we put n — p =r, then there are oo” solutions of the homogeneous
system (6). Furthermore, these solutions can be represented by
formulae of the type

£, =DB,0+ By Co+ ...+ B0, (k=1,2,...,n), (13)
where Cy,C,, ..., C, denote r arbitrary constants and

Bll’ Blz’ Bln (14)

are r arbitrarily fixed but linearly independont§ solutions of the
system in question.

This shows that to each eigenvalue A, of index r=n—p|| there
corresponds a solution of the homogeneous equation (9) of the form

Bo() = 0 Py (%) + Co Ppa() + ... 4+ C, g, () (15)

where Cy,C,, ..., C, are r arbitrary constants and

Po1(), Ppa(@); - -5 Posl)

t Sce Appendix I and Tricomi [45] or O. Schreier and E. Sperncr, Intro-
duction to Modern Algebra and Matrixz Theory, New York, 1951.

1 The characteristic (or rank) of a determinant, or a matrix, is the maximal
order of its non-vanishing minors. Consequently, if tho characteristic is p
this means that there is at least one non-vanishing minor of order p, but
that the minors of order p + 1 or higher (if they exist) are all zero. Wo shall
use tho term characteristic instead of rank to avoid possible mistakes (see

below).
§ This means that if u) B+ pyBop+ ...+ p. By =0 (k=1,2,...,n), then
necessarily fi; = fly=...=f,=

|| With Lovitt [30], p. 52, we use this name instead of rank to avoid con-
fusion with the characteristic of a matrix or determinant, evon though rank
would correspond better to terminology used in Ttalian or German.
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are r linearly independent functionst which can be expressed in
terms of the B, as follows:

E]

¢0h(x)=k ‘lBthk(x) (h=1,2,...,7). (16)

Moreover, we can assume that these functions are normalized, i i.e.
that their norms are all equal to unity,

fqﬁ%,,(x)(lx:l (h=1,2,...,7). (17)

All these eigenfunctions are amnihilated by the Fredholm
cperster @ w gg=o. (13)

Using elementary transformations on the determinant (7), we
can see§ that the index r=n — p of an etgenvalue is never larger than
its multiplicity m as a root of the equation D(A)=0. Moreover, in the
important case ay;, = a,, we have

r=m.

Another important fact is that to the given kernel (1) and to the
associated one

n
K(yax):lxlxk(y) Yk(x)’ (19)
-
there corresponds the same function 2(A) and consequently the same
eigenvalues. This is because the interchange of X, and Y, carries
@y, into a,, and hence only interchanges the rows and columns of
determinant (7).

1 The linear independence of the functions ¢, is an immediate con-
sequence of propertics of the solutions (14).

1 A non-null function f(x) can always be normalized by dividing it by the
square root of its norm N2. For, if

ffz(x)dx:Nz,
then obviously J‘[ f(@)/NPPde=1.

t See, for example, Tricomi [45] or O. Schreier and E. Sperner, Intro-
duction to Modern Algebra and Matriz Theory, New York, 1951. These
determinant transformations are substantially tho same as those which we
shall use later (§2-5).
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However, the eigenfunctions of the associated kernel, i.e. the
non-trivial solutions of the associated homogeneous equation

AJK (y, %) Y(y) dy =0, (20)

for A=A, are not the previous functions (16) but other ones,

n
‘ﬂoh(x)=k2:‘llBﬁkYk(x) (h: 1’ 2’ ...,T), (21)
where By, BY, ..., Bf,
..................... (22)
Brl7 Brb . B;'kn

are any r linearly independent solutions of the associated homo-
geneous system

(I=2ay) = Ay S — ... —Aa 4§, =0,
*/\(1’1251 + (1 - /\(1“22) §2 T Aar«2glz,: 0,

'—/\ulngl _’\“anz_ et (1 - /\ann) gnz 0.

Any eigenfunction ¢,,(x) corresponding to the eigenvalue Ay and

any associated exgenfunctlon Ury(®) correspondnm to a dszerent

eigenvalue A, are always orthogonal in the basic interval (0, 1).1
In fact we have

I= J¢0h(x) Pi(x)de= Aojlﬁlk(x) dfo (=,9) ony) dy

A A,
o[ )8y K @)l =1 [ Gnt0) ) dy =0 1

(23)

and this equality can be true only if A\y=A, orif I =0.

We now return to the non-homogeneous equation (3) for the case
P(A)=0. We prove that for A=A, the non-homogeneous equation
can be solved if and only if the r orthogonality conditions

(fs o) EJf(?c) You@)de=0 (h=1,2,....7) (24)

1 In general, two functions g(x) and f(z) are called orthogonal over

(a, b) if b
f f(@) g(w)de=0.
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are satisfied. In this case the non-homogeneous equation has oo’
solutions of the form

P(x) = O(x) + O Pg1 (®) + CyPga(®) + ... + C, o (%) (25)

where @(x) is a suitable linear combination of X (x), X,(x), ..., X ().

In fact, conditions (24) are necessary because if equation (3) for
A=A, admits a certain solution ®(x), then from the equation itself,
it follows that

ff(w) Youle) da = j D) Pou(e) de— A, f Yonle) dz[ K, ) Oy) dy
- f O@) Yol A, f () dy| K () Yonla)de

But, since A, and ¢,,(x) are eigenvalue and corresponding eigen-
function of the associated kernel, we have

Ao| K (x,y) Yron(®) dx =g, (y)

hence ff x) Yro(@)de=0.

Furthermore, conditions (24) are also sufficient, since from them
it can be easily deduced that the non-homogeneous system (6),
which we shall write briefly as

[1]

=b

[x]

1=by, Ey=by, .., E,=b,

reduces to only n —r independent equations. Consequently we can
now solve it readily (carrying r unknowns on the right-hand side),
since the characteristic of the matrix of the coefficients is exactly
p=n-—r.

We can reduce the system for the following reason: Let us
multiply the previous equations by B, By, ..., BE,. respectively
and add. Bearing in mind equations (23), we have

n
kngik Ep=[(1~2ay,) Bf;—Aag Bfy— ... — Aa,, B}, 1§,
+[—Aay Bl + (1= Aag,) Biy— ... — Aa,, B}, 1 £,

+["" Aalanl_"aﬂnB:Z- «t (1 _Aann) B:n] gnE O’
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while on the other side, in virtue of (24), we also have

S b= [ | & 8100 | o) o= [ponto) o) =0,
e=1 =1

Among other things, form (25) of the solution demonstrates the
following obvious fact: the general solution of equation (3) when
2(A)=0 can be considered as the sum of any particular solution
O(x) and of the general solution (15) of the homogeneous equation.

Thus we have proved for PG-kernels the following basic Fredholm
theorem, which will be extended to general kernels in the next
section:

Fredholm’s integral equation of the second kind

2 f K(z,y) $(y) dy=F(z)

has, in general, one and only one solution of the class Ly given by the
Jormula

B(2) =1 (@)~ f Hiz,y; A) () dy,

where H(x,y; A) ts the resolvent kernel. H(zx,y; A) is an analytic
function of A, and if | A | <|| K| it is given by the Newmann series

—H(x) Y /\) = ]\’(27, Z/) + AK2(xl ?/) +/12K3(x7 ?/) +

where Ky, K, ... are the iteraled kernels. The only exceptions are the
singular points of H(x,y; A) which coincidet with the zeros (called
eigenvalues) of an enalytic function Z(A) of A. In the case of a PG-
kernel, 2(A) s a polynomial.

If A=Ay 18 aroot of mulliplicity m = 1 of the equation Z(A) =0, then
the homogeneous equation

Af]x (@, y) dy)dy=0

has r linearly independent non-trivial solutions, called eigenfunctions,
where 7, the index of the eigenvalue, satisfies the condition 1 <r <m.
The same s true for the associated homogeneous equation

AfK o, 2) Y(y)dy=0.

+ If A, is a root of Z(A), then A, is a singular point of H(z,y; A), even if
9(z,y; Ay) =0, becauso at each eigenvalue the homogeneous equation has at
least oot (if p=n—1) non-trivial solutions, while (sco §2-1) at any regular
point of H(z, y; A) this equation has only ¢(x)= 0 for a solution.,
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However, if A=Ay, the non-homogeneous equation has solutions
(exactly oot solutions) if and only if the given function f(x) is orthogonal
to all the eigenfunctions of the associated homogeneous equation.

A very important alternative theorem can immediately be
deduced as a corollary:

ALTERNATIVE THEOREM. If the homogeneous Fredholm integral
equation has only the trivial solution, then the corresponding non-
homogeneous equation always has one and only one solution. On the
contrary, if the homogeneous equation has some non-trivial solutions,
then the non-homogeneous integral equation has either no solution or
an infinity of solutions, depending on the given function f(x).

But even this corollary has been proved only for P(/-kernels.

Finally, we note that the results of this section remain sub-
stantially unchanged if X, (z), Y,(y) and f(z) depend (analytically)
on the parameter A, i.e. for an equation of the form

s0-A[| £ X000 [swdr=ren. e

In this case a,,;, and b, become certain analytic functions of A and
2(A) and Z2(x,y; A) are no longer polynomials in A, but analytic
Sfunctions of A of a more general nature. Consequently, it may even
occur that there are no eigenvalues because a non-algebraic analytic
function may have no zeros.

2:4. The Fredholm Theorem for General Kernels

Usingamethod of E.Schmidt, which wasfound again and general-
ized by Picone,} we shall now extend the basic Fredholm theorem
to general Ly-kernels, i.e. to kernels satisfying only the few con-
ditions of §2-1. For this we first observe that each Lykernel,
K(z,y), can be decomposed (in an infinite number of ways) into the
sum of a suitable PG-kernel, S(z, y), and another L,-kernel, 7'(x, ),
whose norm || 7’| can be made as small as we wish. This will be
proved in the next chapter (§ 3-6), naturally, without the use of the
Fredholm theorem. To be precise, suppose that all the points of
the A-plane which we want to consider lie inside the circle | A | =R
(where B denotes an arbitrary positive constant). We put

K(x,y)=S8(,y)+ T(x,y), 1)
t Picone [37], Cap. vi1, p. 582 seq.
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where
S =3 X B, 1 71= [ [P ndsay<iim @)

This gives us condition (2-1-9) and thereby the convergence of the
Neumann series for the kernel 7.

Consequently, if we call H,(x,y; A) the resolvent kernel corre-
sponding to 7'(x, y) since our basic equation can now be written

2 j e, y) $ly) dy = Fiz),

with P(@)= (@) +A| Sz, ) $ly) dy:

we can replace it with the completely equivalent equation

$() = Pla)— A f Hy(w,y: A) Fly)dy,

that is, with the equation
¢(m)~/\f|:S(x,y) /\[H (x,2; A)S(z,y dz:|¢

-2 f (e g3 NS () dy,

which we can write as
[ Exrenno |pna=ren. o

where X, A) =X (x) - fH (2,5 A) Xp(y) dy,] .
(4)
[, ) =f (@)= A| Hp(@, y; 5 N f ) dy.

In this way any Fredholm equation of the second kind with an
Lykernel can be reduced to a similar one with a PG-kernel, or, more
exactly, to an equation of type (2-3-26). But for these equations
the basic Fredholm theorem of the previous section is valid; hence
this theorem is also valid for every Fredholm integral equation of
the second kind with an L,-kernel.

Moreover, we can immediately see that the spectrum (i.e. the set
of the eigenvalues) of a Fredholm integral equation of the second
kind with an L,-kernel has no accumulation points, except possibly
the point at infinity.

5 T
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In fact, the eigenvalues inside any finite circle | A| < R coincide
with the zeros of an analytic function, &, (A): the determinant (7)
for equation (3), which is certainly regular for | A| < R.

2+:5. The Formulae of Fredholm

In addition to the previous results, we now give (not only for
historical reasons) the celebrated Fredholm formulae which ex-
plicitly represent the resolvent kernel H of an integral equation of
the second kind with a boundedf} kernel K. This resolvent kernel
will be given as the quotient of two everywhere convergent power
series in A; this is similar to the case of a PG-kernel where the
corresponding resolvent kernel is the quotient of two polynomials
in A (see (2-3-12)).

The Fredholm formulae can be derived in a quite simple and
elegant way, because we can avoid some rather difficult discussions,
which would be necessary if the basic Fredholm theorem were not
already established, but had to be deduced from these formulac.

The central idea of Fredholm’s method is the heuristic con-
struction of a certain function 2(A) which is to play a role similar
to that of the function Z(A) of § 2-3. Then one must prove rigorously
only that both this function and the product

D(@,y; \)=2(A) H(z,y; A) (1)
are entire functions of A, which will be represented by certain
elegant power series expansions.

For the construction of 2(A) we start by assuming that the given
bounded kernel K(x,y) can be represented approximately by the
step function (like those of §1-2):

—1
e m=1,23,..),
n

n
K<x: Y) =K (C: f) :krs)
"on :S':l < ',Si (r s=1,2 n)
: n <y\n 990 T Ly My ey .
Then (without too many scruples) we shall ‘calculate’ the limit
as n— 00 of the determinant of the coefficients of the corresponding

linear algebraic system (1-2-1").

1 Recently S. Mihlin (‘On the convergence of Frodholm series’, Comptes
Rend. (Doklady) Acad. Sci. USSR (N.S.), 42, 1944, pp. 373-6) proved the
convergence of Fredholm series even under the hypothesis that the kernel K
belongs only to the class L,.
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We first make repeated use of the well-known theorem on deter-
minants with a row (or column) of sums of two addends. Using
this theorem, the determinant mentioned above:

A A A
1=k 0=k o 0="hy,
A A A
-Dn: 0'—h]{;21 1“,,;’“22 0—"“'2».
A
O";bknl 0——Fk 2 1 knn

may be put into the form
A, (A2 A"
Dnzl—nsﬁ(ﬁ Sy= et (=1 (N) s, @)
Here S

o (m=1,2,... 1) denotes the sum of all the principal
mainors of order m contained in the determinant with the elements

k,, ie. of all the (m) minors formed with certain m rows of this
determinant and with m columns with the saeme index. In other
words, we set
’ kﬁ"l k’l"z k’l"m
g =¥ krs gy oo Krgr
L PN
kl‘ mTL kl‘ mre 7t k"m’m
where r,,7,, ...,7,, denote any combination of m of the n numbers

1,2,...,n, arranged in increasing order. Kven better, considering
that any permutation of the index ry,ry, ..., r,, leaves unchanged
(even in sign) the previous minor,} and that each minor, with two
or more of the |, ry, ..., r,, equal, vanishes, we can allow each index
7,, to run (independently) between 1 and n, provided that we divide
by m! to compensate for the fact that now each of the earlier terms
will be repeated m! times. Hence we can write

k(Mhn k(7 T
L non n n'n) n’n
il S D e

m' y==1 =21 Tm=1
) " K(Qﬂ ﬁ)

¢l

IIL

1 Because the rows and tho columns undergo the same permutation.

5-2
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or, more briefly,

" 7:2 7:m

1 n 'ﬁ E] n B ey n
Sp== | 2 K 7 > (3)

My, .. rm=1 ﬁ 2 ir"l

n’ n’ o

wheret
K@,y) K,y ..o K@ypy,)
K (xl’xZ’ "'1xm) _ K@y,y,) K@ yn) o K@ yn) . (4)
YisYos oo sUm] | e
l K(xm,yl) K(xm’ _7/2) K(xmvym)

But, neglecting the divisor m!, the sum (3) multiplied by (1/n)™ can
be considered as an approximate sum for the (Riemann) m-fold

integral f j f e (gi, g: ::) dg,dé,.. g,

(all the integrations being between 0 and 1); hence the ‘limit’ of (2)
as n—o0 is the elegant power series

a1+ 3 A [ (g ) et 0

This is the basic function 2(A) of Fredholm.

Setting aside ‘poetic license’, we shall now show, with the help
of Hadamard’s theorem (see Appendix 1), that the infinite series
(5) is everywhere convergent, i.e. that Z(A) is an entire function of A,
provided that the given kernel K (z, y) is bounded:

| K(z,y)| <N, (6)

and, of course, integrable,
In fact, from Hadamard’s theorem and (6) it follows that

G s <lx )

consequently, series (5) has the majoranb

< Nmpd m

m |/1|N

m.__

t Although it may scem superfluous at present to have fwo rows of
variables in the symbol K(::::), it will be useful later.
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which is everywhere convergent because the power series

- . /m,%m
Q(Z) = 2 amzm Wlth am =——_' (61)
m=1 m!
has an infinite radius of convergence, forf
min  m1

lim = fim T
m—>0 am+1 M—>0 (m+ 1)é ( )

) 1\m7-%
= lim (m + 1)} l:(l+~) :I =00.
m—>o m

Now we return to the function D(x,y; A) defined by (1) and
observe that for | A| < N-! we have

90,9:0)= 3 Cyfor1) —Ar

nl

|~

, (7)

where C,(x,y) are certain suitable coefficients. In order to deter-
mine these cocfficients, we shall use equations (2:1-10) for the
resolvent kernel, which assumes now the form

D) K(z,y)+ D(x,y; A):Afl((x, 2)D(z,y; A)dz (8)

:/\f@(x, z; A) K(2,9) dz,

because Hz,y; A)= 49(‘;’—3;) A

If we call 1, the coefficient of (—A)"/m!in series (5), we obtain

m
thus the recurrence relation

)

L K(,9)+ Cpe,9) + m| K(@,2) 0, (. y) dz=0 (m=1,2,...),

m

which, together with the obvious formula
Co(x,y)=2(0) H(w,y; 0)= — K(x,y), (11)

determines potentially all the C,(x, y).
Let us now consider the m-fold integral

ortn=[ |- [ (g ¢ ) e

1 mn
1 Romembor that lim (1 + - ) =e.
n

Mm—>0
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Developing the determinant by the elements of its first row, we
obtain

e[ (e )

m E by, v
+ kél( B l)k K(x, gk) Ic (:’/’ gl’ .. gk 1 §k+1: ey gn)} dgldgz dg

=1,K(z,9) —k;an fK (x, &) A&

S

=LK@)- 3 (K 808 6 )06

but the last integral does not depend on k, since the integration
variable can be called z instead of £, without changing the value of
the integral; hence we have

Cx,y)=1,K(x,¥) —mf]((x, 2)C*_ (2, y)dz (m=1,2,...).
Further, we also have

0*(93, ?/) =K(90,?/),

and, by comparing (10) and (11), we see that C, (x,y) = —CX(x,y).
In other words, we find that at least for | A | < N-1 the function
D(x,y; A) has the elegant power expansion

B B

which is similar to (5).

Moreover, this expansion is not only valid for |A| <N~ but
for any A, i.e. D(x,y; A) is also an entire function of A because the
radius of convergence of the previous series is also infinite. Using
Hadamard’s theorem again, this can be immediately verified, since

([ [ (28 &) ae. e,
(et

< NmH(m + 1)}(m+l)
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Consequently, series (12) has the majorant

hed 1
N Y ap(|A[ Ny with ay=-; (n+ 1)),
m=0 m

_ e (M )T
but‘ /)m_‘a’/ -(m""l) (m+2) l+m+l ’

m+1
hence the limit of p,, as m—co is infinite, ete.

The Fredholm formulae {5) and (12) give us the resolvent kernel
H(z,y; A) in the whole A-plane, in the elegant form (9) which shows
that this resolvent kernel is a meromorphic function of A.} More-
over, according to (9), for any A which is not an eigenvalue, the unique
solution of a Fredholm integral equation of the second kind can be
put into the form

=110~ 35 [ 2o 0 )y (13)

The sole inconvenience is that the infinite series (5) and (12), in
spite of their good convergence, are too complicated for numerical
calculations, due to the multiple integrals appearing in the various
terms. However, other methods do exist for numerical caleulations,
and we shall soon say something about them (§ 2-6).

Among other things, a simple, interesting relation between the
derivatives with respect to A of Z(A) and Z(x, y; A) can be deduced
from the Fredholm formulae. To be precise, since differentiation
term-by-term is permitted, we obtain

on
D0,y )= e (a3 )

SRR e | B L Wy L

consequently, for x=y, we have

f@‘")x x; A)dr=(— )”+1§, ((;}J%L

X, .
[ (5 )t 19

£, -
1 A meromorphic function is the quotient of two analytic entire functions.
In any finite portion of the complex plane it possesses only poles; hence, it

possesscs only a finite number of such poles in any finite portion of the
A-plane.
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On the other hand, (5) can be written in the form

-1+ 5 G [ fr(e g ) e de

and with (n+ 1) differentiations with respect to A, we obtain

GH(Q) = (= 1)+ Z (mA)::;:‘

H f’((éﬁiiiiiiiZiljé"‘)dﬁoda AL (15)

Now the right-hand sides of (14) and (15) differ only in that one
has the variable of integration z, while the other has £;; hence

Q) =f9‘"’ (x,z; A)de (n=0,1,2,...). (16)
In particular, for n=0and | A| < N-1, we have
N_ f Hw, 2 ) do= — 3 A1 f K () do
-1

Now if we putt
f](n(x,w) de=A4, (n=1,2,3,..), (17)

we see that the logarithmic derivative of Z(A) has the simple and
important power expansion
7' _
.

whose radius of convergence obviously coincides with the minimal
distance of the eigenvalues from the origin.

Among other things this expansion can be utilized to show that
a Volterra integral equation has no eigenvalues, as has been seen
implicitly in § 1:5.

In fact, if K(x,y)=0 for y>u,

then K, (z,y)=0 for y>z,n=23,..,

E An+1)l" (18)

and consequently
K(x,2)K,(2,2)=0 (x+2,n=1,2,3,..).

+ Tho constants 4, arc often called the traces of the kernel K(x,y).
(German: die Spuren.)
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But this shows that 4,=A4,=...=0; hence
7'
2(A)
and, considering that 2(0)=1, we have
D(A)=e~A1, (18"

This shows that in this case there are no eigenvalues.

Another important consequence of the earlier Fredholm
formulae is the possibility of determining explicitly the eigen-
functions corresponding to an eigenvalue A, of index r= 1 for which
the function 2(x, y; A,) does not vanish identically.f For, the first
equation (8), which in the case A=A, assumes the form

=—A1;

D(x,y; A /\f z,2) D(2,9; Ag)dz=0

shows that an eigcnfunctlon corresponding to A is
Pol@) = CD (2, Yo} Ao); (19)

where ' and ¥, are two arbltrary constants. But we already know
that all the eigenfunctions must be contained in a family of type
(2-3-15) with actually r = 1; hence a change in y, can only multiply
D(x,Yp; Ap) by a factor independent of x. In other words, we have

necessarily D(,90; Ao)
03

= st. 2
T,y Ay) = const., (20)
and this shows that Z(z,y; A,) is necessarily of the form
D(w,y; do)=F(x) G(y). @1

If the eigenvalue A, has the rank r > 1, then 9(x, y; A) vanishes
identically and, for k<r, this is true also for the more general
entire functions

D@y, .. % Yis o Yis A
00 ( 7m Lyy vens Ly gl’ veny gm) d d d 929
"= m' fj j (./1’ coos Yio §1 ovs §1y-. Ay, (22)

1 If the multiplicity m of the eigenvalue A, is also equal to one, i.o. if
2'(A,) %0, this is an immediate consequence of (16) for n=1 because the
identical vanishing of 2(x,y; A,) implies 2’(A,)=0; but if r=1, m>1 tho
proof requires the consideration of the functions (2, @y, ...; ¥y, Y +++5 A)
given by (22).
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which generalize the previous function Z(x, y; A). Butinsucha case
the function Z(xy, ..., 2,; ¥, - .., ¥,; A) corresponding to k =r does not
vanish identically, and it furnishes the r linearly independent
eigenfunctions

Pon(@) =D (0, ... aflLy, @, 2l s, oo @5 Y0 45 o)
(h=1,2,...,7). (23)
For more particulars, see, for example, Lovitt [30].
Finally, we observe that as in the case of the Volterra integral

equation (§1-12), the Fredholm equation of the second kind can
be immediately reduced to

p@) - A" K, (@, y) py)dy=F,(x) (n=1,2,3,...),  (24)

with the iterated kernel K (z,y), where

fH@)=f(x), fral@)=[(r) +AfK(x, Nwdy (n=1,2,3,..).

This transformation also shows that if A, is the eigenvalue corre-
sponding to the eigenfunction ¢q(x) of the kernel K(x, y), then ¢y(x) ts
also an eigenfunction of the iterated kernel K, (x,y), and Ay is the
corresponding eigenvalue.

In order to invert this theorem, we first observe that if , (z, y; A)
is the resolvent kernel corresponding to the iterated kernel K, (z, y),
then the two power expansions

—AH(z,y; A)=AK(z, y) + A2K (2, y) + ...,
AU (3 A7) = A (&, )+ Ky 2,9) + ..
are analogous to the expansions of the two functions f(z) and
fm,1(2) of §1:9.f Consequently, in view of (1-9-18), there are
certainly n constants #,,7,, ...,7, (depending only on the n com-
plex roots of unity €,, €y, ..., €,) such that

A (g5 A™)
=11, y; e )+ H(x, y; €,A) + ..+, H(z, 95 €,A) - (25)

identically.
But the identity (25) shows that the point =g, is a singular
point of H, (z,y; u) if and only if at least one of the » points

61(‘//%, 62(‘///’0’ R en('/‘“o’

1 Change m into n and put ay=0.
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where I, denotes any fixed nth root of p,, is a singular point of
H(z,y; A). Hence:

If gy is an eigenvalue of the iterated kernel K (x,y), at least one of
the n complex nth roots of p, is an eigenvalue of the original kernel
K(z,y).

In particular, in the case n=2 we obtain from (25)

Hy(a, y; A%) = 217[11(9;, yi \) = Hiz,y; — )] (26)

2:6. Numerical Solution of Integral Equations

As already noted, the Fredholm formulae are of little use in the
numerical solution of integral equations. However, in most cases
the kernel can be approximated by a suitable PG-kernel or a step-
function; then, as we have already seen, the integral equation can
be reduced to an algebraic system of linear equations.

When a PG-kernel is used, the most important step is to choose
the X, (x) and Y (y) so judiciously that a good approximation is
given by only a few terms. Sometimes two or three terms are suffi-
cient; unfortunately, there are few general rules to facilitate this
choice. Forinstance, if K(x,y) vanishes identically for some special
value of z or y, it may be uscful for the functions X, or ¥, to be
zero at such points. In any case, when we study orthogonal systems
in the next chapter (see §3-6) we shall find a general method of
producing an infinite number of PG-kernels which approximate a
given L,-kernel ‘in the mean’.

On the contrary, if use is made of step-functions (i.e. if the
integral of the given integral equation is replaced by a suitable
finite sum), then instead of dividing the basic interval into sub-
intervals of the same size as in §1-2, it may be useful to divide it
according to the zeros of a certain polynomial of Legendre. This
method was used by Gauss for numerical integration, and was
developed by Nystrém.}

In both cases, if the given kernel K(z,y) is approximated by
another kernel K*(z, y) with a known maximal (pointwise) error:

|K(xay)_K*(x>y)|<Ea (l)

+ ‘Uber die praktische Auflosung von linearen Intogralgleichungen’,
Comm. Phys. Math. Soc. Sci. Fenn. 1v, 15 and v, 5; Acta Math. 56, 1931.
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then it may be useful to have an upper bound for the maximal error
| $(x) x) | of the corresponding solutions of the Fredholm in-
tegral equafolon of the second kind. Many years ago I gavet an
explicit formula for this error

|$(@) - $*(a |
<o A AP+ LIQL) + L) (L]

| Z*N) | [| 2*Q) | —¢| 2| Q(L)] max | f@@)], (2)

where Q is the function of (2:5-6'), 2*(A) is the Fredholm function
(2:5-5) for the approximate kernel K*(,y), and

L=|A|[max | K(x,y)|+¢]. (3)

Tt is even possible to replace the function Q(z) and its derivatives
by the corresponding derivatives of the elementary function

Oy(z) = (1+2)exp ($ez?), (4)

which is a majorant (in Cauchy’s sense) of the function Q(z).

Another method for the numerical solution of the Fredholm
integral equation is furnished by Enskog’s method, which we shall
study in the following chapter (§3+7) because it is closely connected
with the theory of orthogonal functions.

Furthermore, C. Lancloz] has recently developed a method of
‘minimized iteration’, which in some instances seems to give very
good numerical results. This method can be interpreted as the
application of a suitable summalion process to the Neumann series
(21-5). Here one replaces the Neumann series by another series
which has the same sum as the first, when the first is convergent;
however it remains convergent even in some cascs in which the
first series diverges.§

2-7. The Fredholm Solution of the Dirichlet Problem

The most important ‘theoretical’ application of the theory of
integral equations is the derivation of existence theorems from the

t F. Tricomi, ‘Sulla risoluzione numerica dello oquazioni integrali di
Fredholm’, Rend. Accad. Lincei (5), 33 (1), pp. 4836 and 33 (11), pp. 26-30,
1924.

1 C. Lancloz, ‘An iteration method for the solution of the eigenvaluo
problem of linear differential and intogral operators’, J. Research, National
Bur. of Standards, 45, 1950, pp. 2565-282.

§ Sco also the recent book of Buckner [3].
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corresponding uniqueness theorems; the latter are generally easier
to prove.

In fact, if a problem concerning a certain function ¢ can be
reduced to a Fredholm integral equation of the sccond kind with
an Ly-kernel, then the alternative theorem of § 2-3 assures us of the
existence of such a function, provided that A is not an eigenvalue,
i.e. provided that the corresponding homogeneous equation has
only the trivial solution ¢=0, in other words, provided that a
uniqueness theorem is valid for our problem.

This general principle is the key to the celebrated Fredholm
solution (1900) of the Dirichlet problem; this solution first attracted
the mathematical world to the theory of integral equations.

In its simplest form, the Dirichlet problem is the determination
of a harmonic function u(z, y) of two variables, within a given two-
dimensional domain D; the values u, of the function are prescribed
on the boundary s of D. A harmonic function is a solution of

Laplace’s equation )
Pu Pu

SR 1
ot oy? , (1)

which is ‘regular’ in the closed domain D.

Here for the sake of simplicity ‘regular’ will mean ‘continuous
together with its first and second derivatives’.

The uniqueness of the solution of the problem, i.c. the fact that
% =0 in the whole domain D if w,=0 on the boundary, is almost
obvious. Infact,thisisanimmediate consequence of theelementary

identity a”f)z duy? dedr— & —dud‘ @)
J LG+ g Joeto=— e

where du/dn denotes the derivative of u along the inner normal of 5.1

However, the proof of the existence of the harmonic function u is
very difficult, and before Fredholm it had been rigorously achieved
only for a relatively restricted class of domains D.

As we have already explained, the key to the Fredholm method
is the reduction of the determination of w to the solution of a
Fredholm integral equation of the second kind. Then we do not
really need to solve this equation, for the alternative and unique-
ness theorems immediately give us the existence of the harmonic

t Or, even better, wo can uso the fact that the extrema of a harmonic
function must lie on the boundary.
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function u(z, y) under very general hypotheses about the boundary
s of D and the given values u, of u there.

Without going into details,t we shall discuss here only the main
device for the reduction of the Dirichlet problem to an integral
equation, which is to consider the unknown function w as a log-
arithmic potential of a double layer, due to a distribution with a
suitable (unknown) density x(s) on the boundary s of D:

Loodl
)= [ o) g . ®)

Here s is the arc length along the boundary (from an arbitrary
origin), I the total length of this bound&ry, and

r=r(P,Q)=y[[@~2)*+(y~y,)"]
is the distance between the generic point P = (x,y) of D and the
generic point Q) = (x,,y,) of the boundary.
A well-known property of the potential of a double layer is that
if P approaches any point @, (s=s,) of the boundary from the
tntertor of D we have

lim = f (s logr (Qg, @) ds +mp(s,). (4)

P—>Q,

Consequently, if we call f(s) the given values u,of u on the boundary,
then we must have on this curve

l
utso - [ 0@ Qs s=f6) (0<5<1)

which is a Fredholm integral equation of the second kind in the
unknown g(s). Even better, if we suppose /=1, and put

0 10g Q0 Q)= K (s 5, ®)

writing x and ¥ instead of s, and s respectively, then we have the

integral equation
11 1
w@)—— | Kx,y)py)dy=_f(). (6)
0 m
Realizing that a potential of double (as well as one of single) layer
is identically zero inside of D if and only if the corresponding

t See, for cxample, Lovitt [30] or O. D. Kellogg, Foundations of Potential
Theory, Springer, Berlin, 1929, Ch. xI1.
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density x vanishes identically, we can assert now without more ado
that the Dirichlet problem is solvable for at least all the domains D
whose boundaries give rise to a continuous, or at least a quadratically
integrable, kernel (5).

Supposing that the boundary of D is represented by the para-
metric equations

r=als), y=p(s) (0<s<l), (7)
y A

~Y

where s again denotes the arc length, we readily obtain the formula

SnO-9)_ 2 ) -p)
~KEn=" 0. Q)‘ ‘”c"’gaw) ~ afz)
[oly ]ﬂ [ —feN ()

)—
oty ) ]2+[/1’(?/ G0

where ¢ and ¥ denote respectively the angles which the tangent
on the curve at @ and the secant @ form with the z-axis. But if
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the functions o and g are differentiable at least twice, we can

write
a(@)=a(y) +@—-y)a'(y) + 3z~ e"H) +el,

Bla)=py)+@-y) 'y +i@—y)* 5 y) +el
where lim ¢, =lim ¢, = 0 as  —>y; hence
[o(y) — @)1 5" (y) - [A(y) — B(x)] ' (y)
=3+ e’ @) e W] (= -y)*
[a(y) —a(@) ]+ [Ay) - fle))?
={l+(@-y) (e« @)+ @]+ 0= -y)*} @ -y),

where y(y) denotes the curvature of our curve s at ). Consequently
we have

- _ L) +ad ) -afy)
and, in particular,  lim K(z,y)= —iy(y). )
T=>Y

This shows that the Dirichlet problem can be solved at least for any
domain whose boundary is a curve having a tangent and a finite
curvature everywhere.



CHAPTER III

Symmetric Kernels and Orthogonal Systems
of Functions

3-1. Introductory Remarks and a Process of Orthogonalization
For a symmetric kernel, i.e. for a kernel for whicht

K(=,y)=K(y,=), (h

the associated ecigenfunctions i, coincide with the proper eigen-
functions ¢,,. It follows from the orthogonality property (§ 2-3) that
any pair ¢,(x), ¢,(x) of eigenfunctions of a symmetric kernel,
corresponding to two different eigenvalues A, A;, satisfy a similar
orthogonality condition

(B ba) = f o) byl de =0 (h+F) @

in the basic interval («, b).1
Because of this connection between symmetric kernels and
orthogonal systems of functions, i.e. (finite or infinite) systems of L,-

function
e B} =h(@), 42(x), $s@), .. ®)
which satisfy (2),§ it is suitable to begin our study of the symmetric

1 We shull consider only real functions, even though most of our remarks
can be readily extended to complex functions. Note, however, that tho
analogue of the symmetric kernel for complex functions is tho Hermitian
kernel: K(y,x)=K(x,y), whero the bar denotes the conjugate of a complex
number (Z=x—wy if z=x +y).

1 In this chapter wo shall use (a, b) as our basic interval instead of (0, 1)
because most of our proofs will remain valid even if the interval is infinite
(i.0. even if b= o, ora = — 00, or a = — oo and b = o) provided all the integrals
converge.

§ Wo can denote the functions of an orthogonal system by ¢,, ¢,, @, ...
because under very general conditions, any orthogonal system is oither finite
(i.e. contains a finite number of functions) or it is denumerable. See, for
example, Tricomi [46], p. 23.

6 T
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Fredholm integral equation with a brief survey (§§3-1-3-5) of the
theory of orthogonal functions.{

We shall assume throughout that every function ¢, of our otho-
gonal systems is an L,-function which does not vanish almost
everywhere, i.e. that

b
= ez @

Thus we can suppose that our functions are not only orthogonalized
but also normalized, i.e. that

0 (h#k),} -

(B0 Pr)= {1 (h=k).

Such a system will be called orthonormal (or briefly, an ON-
system).

The functions of any orthogonal system (briefly, an O-system)
are linearly independent; for, if there exist constants c,c,,...,c,
which are not all zero and are such that

C101(2) + CaPo(®) + ... +¢, P, (x) =0 (6)

almost everywhere in the basic interval (a, b), then multiplying by
&) (h=1,2,...,n) and integrating over (e, b), we have

b
chf ¢I21(x) da = 0,

which, by (4), implies that ¢, =0, i.e. ¢;=¢y=...=c,=0.

It is amazing that linear independence is not only necessary for
orthogonality, but, in a certain sense, is also sufficient. This is clear
because we can always use the following procedure:

ProcEss oF ORTHOGONALIZATION. Given any (finite or de-
numerable) system of linearly independent L,-functions

@), ¥a@), ¥Ya®), ...

+ This theory, which includes Fourier serics and orthogonal polynomials,
is one of the most important tools of modern analysis. A good book about the
general theory is Kaczmarz-Steinhaus [23]. My book [47] deals briefly
(56 pp.) with the general theory and more extensively with trigonometric
series and orthogonal polynomials.
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it 1s always possible to find constants h,, such that the functions
$1(x) = (%)
Pa() = oy Yry (%) + Pry()
by(®) =hyy Yy (2 +h32¢2 )+ ra(x), )

...............................................................

¢ hnl Iﬁl + hn2 ¢2 +..t hnn 1 Wn— + l/’n

are orthogonal in the basic interval (a, b).

We prove this by mathematical induction. Observe first that the
gystem (7) can be readily resolved with respect to the functions
Y1, Y, ..., 1.6, it can be put into the equivalent form

¢1(.’E) = ¢1($),
Do) = 1521 Pu(@) +ry(w)
Py(x) = kyy Py (%) + k32¢z +Yr3(®),

......................................................................

We shall suppose that for n — 1 functions the coefficients k,, have
already been determined; i.e. we know k,, for
I<s<r<n—1.
We shall now show that the coefficients for the nth function
k. (s=1,2,. — 1) can be readily calculated. In fact, from the
n—1 condltlons

0= (¢'rn ¢s) nl ¢1! ¢s +kn2 ¢2’ ¢s + nn— 1 ¢n—17 ¢ ) (':km ¢s)
= ns ¢s’ ¢9) + (I)&m ¢s (3 Z - 1)’

we get e %!%_ ] 8)

These coeflicients are well defined; (¢,, ¢,) # 0 because ¢, is a linear

combination of the linearly independent functions yry, ¥r,, ..., ¥, and
hence cannot be equal to zero almost everywhere.

3-2. Approximation and Convergence in the Mean
Let us consider a certain ON-system of functions {¢,} and an
‘arbitrary’ function f(z) defined on the basic interval of the
6-2
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system. Can the function f(x) be ‘represented’ by a suitable linear
combination €1 01(2) + Coho(X) (1)

of the functions of the ON-system? Of course the answer depends
on the meaning which we give to the word represented and to the
word arbitrary (function). Neglecting the less interesting case of
finite systems, we could require that the infinite series Xc;, ¢ ,(x)
converge in the usual sense and that its sum coincide with f(x). This
leads to the fundamental, but difficult, theory of Fourier series and
to other branches of modern analysis (series of orthogonal poly-
nomials, ete.). However, less difficult results of another important
type can be obtained if for the condition

tim [ f1a)- S0 =0 @)

N—rw0

we substitute the weakert one

. b n 2
lim l:f(x)— p> ch¢h(x):| dx=0. (3)
@ h=1

n—>o

Condition (3) states that to any positive ¢ there corresponds an
index n, such that

b n 2
[[10-Eane]t<c wsn) ¢

In such a case we shall say that the infinite series converges in the
mean to the function f(z) and we shall write

f(@)=lLim. ECNS),(‘” (5)

n—o  h=1
It is of basic importance that convergence in the mean can be
asserted under very general conditions; one condition is obviously
that f(x) be quadratically integrable, another is that the system
{#,} be complete (a term we shall explain soon).
Using the orthonormality conditions (3-1-5), we have

b 2
f [ Z Ch Pl }
ff2 z)dz— 2}40}1 f ) il dw‘i‘ZCh
1 The justification for this adjective is the fact that if (2) is valid uniformly

in the finite interval (a, b), then (3) follows, but not conversely. However, it
may be that (2) is valid not uniformly and (3) is not valid at all.
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If we denote by a,, the Fourier coefficients of the function f(x) with
respect to the system {¢,}, i.e. if

b
ah:faf(x)gbh(x)dx (}b=1’2’ 3"")’ (6)
we have J SHe)de— Zbahc/ﬁ E"h
[ fia) = 5 it 3 (0, )

Since the quantity f SAw)dx— g‘,a}i
a h=1

is independent of the choice of the coefficients ¢, of the linear
combination (1), and since the sum involving the square of the
difference @, —¢, is never negative, we see that for a given system
{@ 4}, @ given function f(x), and a given number n of terms of the linear
combination (1), the non-negative integral I, attains its minimal value
if and only if the coefficients c,, coincide with the corresponding Fourier
coefficients (6) of the function f(x)

Moreover, this minimal value of I, which we shall denote by
I¥, is given by the formula

- f fr)da- 3 ad. 0
a h=1

Thus, for any Ly-function f(x) and any positive integer n, Bessel’s
inequality

S| P ®

holds. Hence the infinite series with non-negative terms Xa} is
always convergent, and formula (7) can be put into the form

| [ et S+ % %)

h=n+1

Thus we sce that a necessary and sufficient condition for an L,-
Sfunction f(x) to be approximated in the mean by a linear combination
of functions of a given ON-system is that Parseval’s equation

® b
S RNACL (10)
h=1 a
hold for the given f(x)
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. b ©

In fact, if A:J‘ o) de— 3, b (11)
a h=1

has a positive value 7, we have I} > 7 for every n, and a fortior:
I,>7. However, if A=0and ¢, =a,, the integral I coincides with
> d,
h=n+1
and hence can be made less than any positive e provided that » is
larger than a suitable n,.

It is now easy to see the significance of the following:

DeriNiTION. An ON-system of functions is called complete in the
whole class Ly or in a subset M of this class, if Parseval’s equation (10)
holds for any function f(x) of Ly or of M, respectively.

If a certain ON-gystem is complete in M, any function of M can
be approximated in the mean arbitrarily closely by linear com-
binations of functions of the system and vice versa.

Suppose a function f(x) is given as the limit in the mean of a
certain sequence of functions f,(x), f,(x), ...; then it is (obviously)
not determined at every point, but it is unique in the sense that if

f@)=lin.f,@), f4@)=lim.f@) (12)

then the difference f(x)—f*(x) vanishes almost everywhere in the
basic interval (a, b).
In fact,

@) @) ={[f (@) = fu(@)] = [f*@) = f. ()]}
<2 @) = ful@) P+ [f*@) = fu()]%,

and consequently
[ ve o] o -ardee 1 @-pepd

Now from hypothesis (12) it follows that to any ¢> 0 there corre-
sponds a positive integer n, such that for n > n, both integrals on
the right-hand side are less than ¢; hence if n > n,

b
f [f(@)—f*(x) ] de < 4e.
Since the integral on the left-hand side is independent of », it must

be that b
f @) -pHedz=0,
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This shows that the difference f(x)—f*(x) vanishes almost every-
where in (a, ).

Finally, we shall show that Parseval’s equation (10) can be
generalized to obtain a formula which gives the integral of the
product of two Ly-functions f(x) and g(x).

With the help of the above inequality for the square of a sum,
it is easy to see that as long as Parseval’s equation holds for both
funotions f ) and g(x), @t also holds for any linear combination
Af () +pg(x). Comparing successively the coefficients of 2Ax on
both sides of the equality

b )
f ")+ da= ¥ (a4,

where a, and b, are the Fourier coefficients of f(x) and g(x), re-
spectively, we obtain the generalized Parseval equation

f f@)g(@)de= Eahbh (13)
This equality, which can also be written in the form
J f(@)g(x)de= 2 “sz Pnle) (@) dx, (14)

reveals an interesting relationship between an L,-function f(x) and
its Fourier series

0 b
Sty pala) = f b4(2) (@) do
h=1 a

with respect to a complete ON-system {¢,}. Tt is known that in
general this relationship is not an equality. It is often indicated
by Hurwitz’s sign: ©
f@) ~h2‘,lah¢;,,(w)- (14')

Nevertheless, (14) becomes a true equality if both sides are
multiplied by another Ly-function g(z) and then integrated over
(a,b) (the case g(x)=1 naturally being included), provided
Parseval’s equation holds for f(x) and g(x).t

In particular, if g(x) is the step-function

1 (ea<z<E<d),

10=10 (E<a<b), (15)

t Or, wo can also say, provided the system {¢,} is completo with respect to
the functions f and g.
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. £ @ 3

we obtain f f@)de= Y a,| ¢,(x)d, (16)
a h=1 a

and it is not difficult to see that the series on the right-hand side
converges uniformly with respect to &.

A

Fig. 6

3-3. The Riesz-Fischer Theorem
Given an ON-system {¢,(x)} and a sequence of constants

ty, @y, g, .., (D

the convergence of the infinite series Xa} is evidently a necessary
condition for the existence of an Ly-function f(x) whose Fourier
coefficients with respect to the system {¢,} are the given constants
(1); but, is this condition also sufficient?

The famous Riesz-Fischer theorem (1907) answers this question
unconditionally in the affirmative. It was one of the first brilliant
successes of the concept of the Lebesgue integral.t

1 Lebesguo integration plays an essential role here because the function
f(x) corresponding to & given sequence (1) with Zaj < 0 may not be Riemann
integrablo.
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The proof is very easy if we assume without prooft the (non-
trivial!) Weyl lemma, which is an analogue, for convergence in the
mean, of the classical Cauchy convergence principle. This lemma
can be stated as follows:

A necessary and sufficient condition for convergence in the mean over
the interval (a, b) of a sequence of Ly-functions

fl(x)’ fz(x), fa(x)’ (2)

to a certain function f(x) of the same class Ly, is that to any posilive ¢
there corresponds a positive integer ny such thut for any pair m, n of
integers both larger than n,, we have

b
f [fm(x) -f1z(x)]2dx<(;‘. (3)
Now, assuming this lemma and the convergence of Xa3, we set

[a(@)=a;61(%) + ayy(2) + ... + @, b, (x). (4)
If m > n, an easy calculation gives us
b b m 2 m
j [fm(x) -fn(x)]z dl‘ :f [ E a/b¢]l(x)] (lx = Z (ﬁu
a a Lh=n+1 h=n+1

and, since the series Xa} is convergent, for any positive ¢ there
exists an integer n, such that for n > n,

oo}
Y di<e.
h=n+1

Hence for m > n > n, we have a fortior

[ )= f@rda<e

and, by virtue of Weyl’s lemma, we can state that

Lim. fn(x) =f(1?), (5)
n—>0
where f(x) is an Ly-function. This function has the given constants
(1) as its Fourier coefficients. In fact, if we call ¢y, ¢y, ¢, ... the

+ For this soe, forexample, Tricomi [47], p. 33 or J. L. Walsh, Interpolation
and approximation, etc., Amer. Math. Soc. Coll. Publ. no. 20, New York,
1935, p. 116.
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Fourier coefficients of f(z), the calculation used in the previous
section (except for the interchange of @, and c)) shows that

f @) ~f@) o= f ")z 36+ 3 (a3 3 (ep— ).
a a h=1 h=1 h=1

Consequently, if merely one ¢, were different from the corre-
sponding a,, for instance, if ¢, % a,, we would have

f /(@) (@) > (e — ag),

in contradiction to (5).

Thus the Riesz-Fischer theorem is proved. If we assume further
that the system {¢@,} is complete, we can prove that the function f(x)
is essentially unique. This cannot be deduced directly from (5)
because there might exist a completely different function f*(x)
(with the same Fourier coefficients (1)) obtainable in another way
as the limit in the mean of the sum (4). However, if the system
{¢,} is complete, this is impossible, since, from Parseval’s equation
(3:2-10) and the fact that the Fourier coefficients of f(x) —f*(x) are
all zero, it follows that

fbf —[*(@)Fdzx=0. (6)

3:4. Completeness and Closure

DErINTTION. A4 system of Ly-functions (not necessarily orthogonal)
in the range (a, b) will be called closed, in the whole class Ly or in @
subset M of it, if the only functions of class M orthogonal to all the
functions of the given system are those which vanish almost everywhere
in (a, b).

Using this definition, we can restate the last result of the previous
section as follows:

Any ON-system of functions which ts complete in a given set M
of Ly-functions is also closed in that set.

We can also prove the converse:

Any ON-system of functions closed in a given class M of Ly-functions
18 also complete there.

For this we first observe that any ON-system {¢,} is closed in the
special class of functions @ consisting of the functions ¢,, their
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linear combinations, and the limits in the mean of these combina-
BOIE fla)=Lim. [y (o) + aaghfe) 4,8, (2)

(If the series Xa} converges, the existence of the latter function is

assured by the reasoning in the previous section.)
In fact, by this reasoning we have

ff z)dx=a,, ff )po(x)dr=a,, ...,

and consequently these integrals can all vanish only in the trivial
case g =ay=...=0.

Now let the ON-system {¢,} be closed in the class M and hence
(obviously) in the class M + ®. It is easy to show that any function
g(x) of class M can be approximated as closely as desired by means
of linear combinations of ¢,-functions, i.e. that the system is com-
plete in M. To be precise, if we neglect functions vanishing almost
everywhere, we can write

g@)=Lim. 3 able) with a,= j ‘@) ) da (1)

n~»o h=1

because, if g*(x)=lim. 2 ahqﬁh

n—>m h=

then g(x)—g*(z) is a non-trivial function of class M + ® whose
Fourier coefficients are all zéro, i.e. a function of class M + ® ortho-
gonal to all the ¢,-functions and this contradicts our hypothesis.

Hence there is a complete equivalence between completeness and
closure for every ON-system of functions.}

But now the reader may ask: Are there any complete systems of
functions? (Of course, complete beyond the obvious class @.)

We can answer this question easily by considering the step-
functions g(z) defined in (3-2-15). Let r;, 7y, 74, ... be the rational
points of the segment (a, b) ordered in any fashion,} and let us put

1 (agx<r,<b),
wh(x grh lO (Th<.’I?Sb). (

t Even if the system is not orthogonal, this equivalence is not destroyed
provided completeness is defined by approximation in the mean instead of by
Parseval’s equation. This explains why somoe authors use the words complete
and closed with interchanged roles from those used in this book.

1 Note that the set of rational points of any interval (a, b) is everywhere
dense (i.e. every point of the interval is an accumulation point of the sot) but,
in spite of this, it is still denumerable.

2)
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It is easy to see that the ON-system {¢,(x)} obtained by ortho-
gonalizing (see § 3-1) the i ,-functions is closed in the entire class Ly.

In fact, any L,-function f(x) orthogonal to all the ¢, must be
orthogonal to all the i, as well, i.e.

Jnf(m)dx=0 h=1,2,3,...).
In other words, the integral function F(£) corresponding to f(x)

)= f o) d

vanishes at all rational points of the segment (a, b). But such an
integral function is continuous (even absolutely continuous); hence
F(£)=0 everywhere, and f(z) must vanish almost everywhere.}

We shall now formulate some tests for the closure-completeness
of an ON-system of Ly-functions, which are easier to use than the
bare definitions. We first state an obvious criterion:

I. No finite ON-system {$,(x)} (h=1,2,...,n) of functions can be
closed except in the cluss O of linear combinations of the functions ¢,.

In fact, if Y(x) is any L,-function outside of @, we can casily
construct (sce §3-1) a non-null function

kn+1, 1 ¢1(III) + lcn +1, 2¢2(.’IJ) +...+ kn,+1, n ¢n(x) + I//(x):

which is orthogonal to all the functions ¢, (x), @y(2), ..., ¢, (%) of the
system.

Another simple but useful criterion for completeness is:

I1. If the functions of a subset M of the class Ly, (M may even equal
L) can be approximated (in the mean) as closely us desired by linear
combinations of the functions of another subset M’ of the class L,
each system {¢,} complete in M’ is also complete in M.

In fact, by repeated application of the observation made in
extending Parseval’s equation to the product of two functions
(§3-2), we see first that the system {¢,} remains complete if the
subset M’ is enlarged to the (generally) more ample subset
M*=M'+ M" by adding the set M” of all linear combinations of
any finite number of functions of M’. Secondly, given any function
f(x) of M and any positive number ¢, we can certainly find in M*
a suitable linear combination f¥(x) of m functions of M’ and a

T For f(x) coincides almost everywhere with the derivativo of F(x).
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suitable linear combination f,(x) of the first » functions of the
system {¢,} such that{

b
f f fm ]zdw<46 f [f,,, ]d:v< €.
But

f:[f(x)—fn(x)]*dx
<2 @) - frapde 2 f,,l ) <c;

hence the system {¢,} is also complete in M.

An immediate consequence of the previous theorem is the so-
called Lauricella criterion (1912) relative to the case M = L,, which
-—not only for historical reasons—is worth stating explicitly:

111, If a certain system {¢,} of Ly-functions (not necessarily ortho-
normal) s complete relative to all functions of another system {ir,},
orthogonal or not orthogonal, which is known to be complete tn Ly,
then the system {$,} s also complete in L,.

From Lauricella’s criterion follows the useful closure-condition
of Vitali (1921):

IV. A necessary and sufficient condition for the completeness of an
ON-system of Ly-functions {§,} in the entire class Ly is that

’él [ f : ¢,l(x)dx]2:§—-a ((<E<D). (3)

This is a consequence of III and the fact that the previous
system (2) of step-functions is closed (and hence complete) in the
entire L,-class, since (3), for £=r,, is precisely Parseval’s equation
for the functxon (2) with respeet to the system {¢}. We thus see that
it is sufficient for (3) to hold for only the rational values of  in (a, b);
this is obvious since both sides of (3) are continuous functions of &.

If we use only the definition, for the proof of the completencss of
an ON-system in the Ly-space it is necessary to verify Parseval’s
equation for all L,-functions. Now, with the help of Vitali’s con-
dition, we see that, as a matter of fact, it is sufficient to consider
only the oo! step-functions g,(x).

1 The first inoquality is true because the functions of M can be approxi-
mated arbitrarily closely by linear combinations of tho M’-functions and
the socond becauso the system {¢,} is complete in M’.
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A further improvement is possible, in the sense that, instead of
having to consider a series of functions like series (3), we merely
need to verify that a certain series of constants has a certain sum.
This was shown by D. P. Dalzell,} who observed that, in view of
Bessel’s inequality for the step-function g,(x), the difference

A(g)=¢ —a—hg [ f jgzs,,,(oc)daa:I2

is never negative. Consequently, the condition

f "AE)dE=0 (@)

is not only necessary (this is obvious), but also sufficient for the
validity of (3), i.e. for the closure of the system {¢,}. In fact, if the
integral of a non-negative function vanishes, then the integrand
must vanish almost everywhere in the range of integration. More-
over, from (4), we can assert that A(§) =0 everywhere, because the
integrand is continuous. To show this we observe that, if we put

jj(ﬁh(x)dx:f: 95, V@) dr=a,; (i=1,2),
we obtain successively, with use of Bessel’s inequality,
[A(E) — A(Ee) — (&, - &)
[ @t | <[ £ o e an) |

h=1
[} [¢)
$h_}._:l(“h1 + “hz)z 2: (g —ay9)?
<23 (@ral) 3 | f [0e,2) — e )] h1(2) dx}
=

1
b
< [[porass [ oo | i 0)-gp oo
<4(b-a)

Jj dx
It follows that l
|A(€1)—A(§2) |<|&6~&, l +24[(b~a) l &i—E&: 1

t D. P. Dalzell, J. London Math. Soc. 20, 1945, pp. 87-93.

=4(b—a)|§1—§2|.
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Another consequence of the continuity of A(§), and of a theorem
of Dini on the uniform convergence of a series of non-negative
functions whose sum is continuous,  is the possibility of calculating
the integral (4) using term-by-term integration. Here Dalzell’s
condition assumes the form:

V. A necessary and sufficient condition for the completeness of an
orthonormal system of Ly-functions {¢,} in the entire cluss Ly is that

2 suras ] ae- K- (5)

More generally, instead of (4), we can writef A(§)q(8)dE=0,

a
where ¢(£) is any non-negative L,-function which vanishes at most
on a set of measure zero; correspondingly, we have the condition

[ o] aerae- f (©)

which is sometimes easier to verify than (5). For further criterion
for completeness see . (i, Tricomi, Sulla chiusura dei sistemi
ortogonali di funzioni’. Rev. Un.mat. argent., 17, 299-303 (1955).

3:5. Completeness of the Trigonometric System and of the Poly-
nomials

A very important orthonormal system is the trigonometric system:
(2m)}, micosx, misinw, micoslx, misin2e, .., (1)
which, thus written, is orthonormal in the basic interval (-, 7).
The trigonomelric system ts complete in the entire class L.

We can prove this basic fact by showing that Dalzell’s condition
(3-4-4) holds for the relative A(£) function, namely:

A(f)=E+m—(2m)L (fir dx)2

£ 2 4 2
[f coSNT dx:I + I:f sinnx dx:l
=31 -1 -7

0
—a1 >
n==

=f+a—(2m) L (§+m)E—nt % n~2{(sin né)*+ [cos nE — (— 1))}
n==1

=r—211 Y n 2= (2m) 124+ 271 3 (— 1)"n—2cos n.
n=1 n=1

1 U. Dini, Lezions di Analisi Infinitesimale, Nistri, Pisa, 1907-9, 1, p.c.
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We have only to prove that

f A

© 973 ©
=mi—d Y nt—(2m) 7 - + 217 X (= 1) n [sinng]7,
n=1 3 n=1
2772 ]
= 4 n—Z’
3 nél
i.e. that Y= ln2 (2)

n=1

Equation (2), however, is well known.}
We shall now prove that the system of the polynomials in any
finite interval (@, b) is complete, i.e. that the (non-orthogonal)

system 1, @, % a3 .. (3)

is closed, and hence complete, in the whole class L2

We shall use a method which is based on the observation that,
if a function f(z) is orthogonal to all functions (3), it must also be
orthogonal to every lincar combination of them, i.e. to every poly-
nomial and, in particular, to the special polynomial of degree 2n.

P ()= [1 L (b(x a)x )2] .

where x; and & are two constants which we shall soon specify.
We shall prove that

f P () f(x)de=0 (4)

is impossible unless f(x) =0, first for the case in which f(x) is con-
tinuous and then for f(x) any L,-function.

If f(x) is any continuous function, not vanishing identically in
the interval (a, b), then there must be at least one interior point z,
for which f(x,) + 0. Without loss of generality we can assume that
flxg)=7>0. Consequently, the positive number & can be chosen
so small that the interval (x,—d, x,+d) is entirely contained in

(a, b), and
f@)>3n>0 (zp—d<a<a,+9). ()

t See, for oxample, Knopp [25], where there arc many proofs of this
important equality. Seo also §3-10.
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On the other hand, in the same interval, we have

02 — (2 —x,)?
0™ g <b
and in a smaller interval (z,—8" <z <z,+9") (0<d <§) we even
b o
ave
P o=z
O<pg (b;a)z <1,

where x is a suitable positive constant. Hence,
(L+p)< P, <28 (2g—0' <x<2y+9);

consequently, we have

£ 8 T8
f P,(x)f(x)dx >f P () f(x)dz > 20" (1 4 po)" = 98" (1 + p)™.
x4 o8’
’ (%)
Now we consider the remaining parts (e<z<x,—d) and
(2o + 6 <2 < b) of the interval of integration, where

i 0% — (x —x,)?
O0<1+ "(b—"a)z 1

If we call A an upper bound of the absolute value of the con-
tinuous function f(x), we have

Sﬁ“_nﬁ“ |f(2) | d < A(b—a).

Xo— & b
f " @) P @
a Xot+0

This shows that this part of the integral I, remains bounded as
n->00. But, according to (6), the integral over (x,—9, x,+9)
approaches + 0o as n—o; hence

lim I, =0,

n—>w0
which contradicts (4).

Thus, the assertion has been proved for f(x) continuous. If f(x)

is not continuous, but L-integrable, we set

[Frea=re.

1 Hence we are not using complotely the hypothesis that f(x) € Ly; it is
sufficiont to suppose f(x) € L.

7 T
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From (4), where P, (x) now designates any polynomial, we obtain
by an integration by parts

f " Pl(e) P)du =0, )

since obviously F(a)=0and F(b) =0 because the function f(x) must
be orthogonal to the function 1, i.e.

Lbf(x) dx=0.

But the derivative of a polynomial is a polynomial; hence by the
first part of the proof, the continuous function F(x) which satisfies
condition (7) is identically zero, and f(x) must vanish almost every-
where in (a,b).

We have thus proved that the system (3) is complete not only in Ly,
but even in L.

Note that for the results of this section, the hypothesis that the
basic interval be finite is essential.

If we attempt to extend the representation of an ‘arbitrary’
function f(x) in terms of functions of (1) or (3) to an infinite interval,
the infinite series are no longer useful and instead we have to
use infinite integrals, i.e. the Fourier Integral (or the Fourier
Transformation) and the Mellin or Laplace T'ransformation.

3:6. Approximation of a General L,-Kernel by Means of PG-Kernels

Now we shall consider two applications of the previous theory to
integral equations. First, we shall prove a theorem which played an
essential role in the previous chapter (§2-4):

Any Ly-kernel K(x,y), i.e. any kernel for which both functions

Aw-=| [’ Kz(x,mdy]%, Bw)-| [ Ko dw]% (1)

exist almost everywhere in the basic interval (0, 1) and belong to the
class Ly, can be decomposed (in an infinite number of ways) into the
sum of a suitable PGQ-kernel

S(@.y)= 3 Xyla) Tly) )
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and another Ly-kernel T (x,y) whose norm can be made smaller than
any prescribed positive number €

1r1
V1= [ 1 g dedy < )

For the proof, we consider any ON-system {¢,} of L,-functions
complete in the basic interval (0, 1), e.g. the system of orthogonal
polynomials obtained by orthogonalizing (sce §3-1) the system
(3:5-3).1 Let

f 'Ky @) de=a,(y) (h=1,2,3,...), (4)

and observe that the (obviously measurable) functions a,,(y) belong
to the class L,, because from Parseval’s equation it follows that

[°e) 1
S ad(y) = f K (e, y) dic = BA(y),
h=1 0

and consequently

f ai(y dy<f I:A i U)]¢l1/ J B(y)dy =

Moreover, from (3-2-9) and the completeness of the system {¢,} it
follows that

1 0
f I: 2.4 ¢h ah :| da= ):1 ai(y)
0 h=n+1

The series on the ught—hamd side can be integrated term by term by
virtue of Lebesgue’s fundamental theorem, since its terms are all
non-negative; hence we obtain

%] 1
[ [ xen-Epwaw] - 5 [ b

h=n+1J 0

If we put

n

Y (/)h(x) ah(y) = S(.’l?, .1/)’ ‘K(x’ .1/) —S(x9 y) = T(.U, y)a (5)

h=1
and if we call R, the sum of the terms following the nth in the
convergent scries of constants:

3 [Lawar= [ Bod-| K

+ These polynomials are very similar to Legendre polynomials, which
arise from orthogonalizing the powers of a in the basic interval (~1, 1).

7-2
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then we can write
1,1
17i= | [ 7o) dady =, (®)
0J0

This shows that inequality (3) is certainly satisfied, provided that n
is so large that R, <2

Finally, we observe that S(z,y) is a true PG-kernel; for, if the
functions a,(y), ay(y), ..., @,(y) are linearly dependent, then the
number n of terms of the sum may be reduced so that the new
functions of ¥ become linearly independent.

3:7. Enskog’s Method

Another interesting application of the previous theory to
Fredholm integral equations with a general kernel (i.e. one not
necessarily symmetric) is Enskog’s method (1926) for the numerical
solution of Fredholm integral equations of the second kind

¢<x>—Af : K(z,9) $ly) dy =/ @). (1)

The basis of this method is Green’s formula (2:1-15) which
together with (1) gives us the equality

1 1

[ Fou s e[ o 0w ©)

where ®(x) is an ‘arbitrary’ function for which Green’s formula
holds. In particular, we canset ®=¢, (h=1,2,...), where {¢, (x)} is
any fixed ON-gystem complete in (0, 1) whose individual functions

permit the application of Green’s formula, e.g. the orthogonal
polynomials of the previous section. Then setting

F2 SN =140) )
and folf(x) d@)dr=a,, (4)
we deduce from (2) that

[RECL= %)

In other words, we can calculate the ‘Fourier coefficients’
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of the unknown function ¢(x) with respect to the system of
functions
V@)= FH bW, Ya@)=F(g)] . (6)
The difficulty is that in general this system is not orthogonal.
However, if the functions {i,} are linearly independent, we can
orthonormalize system (6) (see §3-1), thus obtaining a complete
ON-system of the form

Xa(2) = oty Yy (@),
Xa(®) =09, Yy (%) + ctag Pra(ix), (7)
X5(®) = 0ty Yy (%) + gy Yra() + g Yrg(@)>

With respect to this system, the Fourier coefficients of the unknown

function are b
1= %,
by = 091 @y + Ay s,
by =ty @y + gyl + gy,

(8)

Consequently the unknown function ¢(x) can be calculated
‘theoretically’ by the formula
$(@)=Lim. ¥ b,x,(®), (9)
n->0 h-=1
and practically by its identification with one of the sums on the
right-hand side corresponding to a sufficiently large n.

The method is useless if and only if the system {i,} cannot be
orthogonalized. This, of course, can only happen if it is a linearly
dependent system, i.e. if and only if there is an integer n and »
constants p,, s, ..., it,, (10t all zero) such that

0=y (@) + oo+ p (@) = FE [ Pr(y) + - A 10, D0 (W)

The function under the operator F* is certainly not zero almost
everywhere because the system {¢,} is linearly independent (since
it is orthogonal); hence Enskog’s method is useless if and only if
there exists a non-null function ®(x) such that

1
0= FHd(y)] = D) A f  Kly,) 0t dy,

i.e. if and only if A s an etgenvaluet of the given integral equation.

1 Remember that K(z,y) and K(y,z) have the same cigenvalues (§2:3).
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Except for this case, both systems {i/,} and {x,} are complete,
because, in view of the identities

1
j RECES f Zﬂ;[F(y)]szsh(m) da

1 1
- [ [F-a] ke Fw) |
0 0
(h=1,2,...),
and in view of the completeness of the system {@,}, there will exist

a non-null function F(x) orthogonal to all the i, if and only if this
function satisfies the homogeneous equation

1
F(x)-A| K(zy)F(y)dy=0,
0

i.e. if and only if A is an eigenvalue.

Enskog’s method, which can also be used to construct inde-
pendently the theory of Fredholm integral equations, is especially
useful if the functions ¢,(z) are not too different from the eigen-
functions of the symmetric kernel

K(z,y)+ K(y, x)~)(fl K(x,2) K(y,2)dz (10)
0

(which we shall meet later (§ 3-16)), because in this case the functions
{/),} are ‘nearly’ orthogonalized.t

3:8. The Spectrum of a Symmetric Kernel
Let us now return to the symmetric kernels, and begin by

observing that if K(CL‘, y) — K(y, Z), (1)
we also have K, (,y)=K,(y,x) (n=2,3,...) (2)
and H(z,y; \)=H(y,»; A). (3)

It is also easy to show that the eigenvalues and eigenfunctions of
any real symmetric kernel are real.]

1 If the functions ¢, coincide exactly with these eigenfunctions, then the
functions {if;} are already orthogonalized. Seo, for example, Tricomi [48],
p- 154.

1 Since any eigenfunction may be multiplied by an arbitrary constant,
which need not be real, we shall mean by the reality of a set of cigenfunctions
that these functions can be made real by multiplication by a suitable constant
factor or by the formation of suitable linear combinations (in the case of
eigenvalues of higher index).
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In fact, if a symmetric kernel has a complex eigenvalue A, =a +tb
with a corresponding eigenfunction ¢,(x)=oa(x)+if(z), then it
must also have the conjugate eigenvalue A,=a —b with a corre-
sponding eigenfunction ¢,(x) = ae(x) — i (). Since theeigenfunctions
of a symmetric kernel corresponding to two different eigenvalues
A, and A, are orthogonal, we havet

j () ) = f [o3(z) + ()] dr= 0.

This contradicts the hypothesis that ¢, and ¢, are eigenfunctions,
i.e. functions which do not vanish almost everywhere.

Another important property of symmetric kernels is that their
spectrums are never emply:

Every symmetric, non-null Ly-kernel has at least one eigenvalue.

According to the final observations in §2-5 about relations be-
tween the spectrum of a kernel K(x,y) and that of its iterated
kernels, it is sufficient to carry out the proof for the iterated kernel
K,(x,y). To be precise, it is sufficient to show that the infinite series
(2-5-18) corresponding to K,, i.e. the infinite series

Ay + A2+ AN+, 4)
where A, =fK (@, ) dix (5)

has a finite radius p of convergence. Moreover, if we can obtain an
upper bound p* for this p, we shall also obtain a corresponding

bound 1/11|=«//)<«/P* (6)

for the minimal absolute value of the eigenvalues.§
For this we observe that from the formula

Km+n(w? :’/) =me($, Z) Kn(z7 ?/) dz

for symmetric kernels it follows that
Koat,) = [ K, o0) K o)

t Asin the previous chapter, we shall not indicate the limits of integration
when these limits are (0, 1).

1 Tho spectrum of a kernel is the set of its eigenvalues.

§ In other words, wo call A, the eigenvalue with the minimal absolute
value. If + A, are both eigenvalues, then A, will designate the positive one.
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and consequently, using the Schwarz inequality for double in-
tegrals, we have

A,’,’Hn:l:meM(x,x)dx] [J K, (x,y) K, (x, 1)dxdj]
J‘sz x,Y dxdny-K" x,y)dxedy

= f Ky, (%, ) dfo (@, ) de=A4,,4,,.

In particular, changing m and » into n— 1 and n + 1, respectively,
we obtain
A%nsAZn—zA?.nJ& ("’=2, 3’) (7)

This incquality shows at once that the quantities 4,, 4,, 4, ...
(which are certainly not negative) are definitely positive. In fact,
if 4y, ,,=0then 4,,=0, and consequently

A=Ay, 4=...=A,=0.

However, if 4, =fK4(x, z)dx=0,

then, since K (x,2)= f K3, y)dy>0

we see that K,(z, ) =0 almost everywhere. This shows that, if we
neglect at most a null subset of 0 <2 < 1, we must also have

f Ki(x,y)dy=0.

Hence, neglecting at most a null subset of the interval 0 <z <1and
a similar one of 0 <y <1, we must have Ky(z,y) =0. This implies
that
[Kutesya=) K=

which contradiets our hypothesis. Moreover, we see that 4,=| K ||?
is positive.
The fact that 4,, >0 (m=1,2,...) allows us to put inequality (7)

in the form 4,, . @ N
A2n+2\ A2n ’

hence the positive quotient 4,,/4,,,, does not increase with in-

creasing n and consequently approaches a finite limit L>0 as
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n—>c0. Since this limit coincides with the radius p of convergence of
the series (4), we have

A
= lim ——2-, 8
P n—>c0 A2n+2 ( )
and also A2 <—A~2— (n=1,2,3,...). (9)
142n+2
In particular, for n=1 we obtain the very useful upper bound
K]

Al < A/ _| (10
MISSa ) !

We have thus proved that cach symmetric (non-zero) kernel
K (z,) has at least one eigenvalue A, with a corresponding eigen-
function ¢,(x), which we can assume normalized. It follows that
if the symmetric kernel

K®(x,y)=K(z,y) - "wX” w

is not zero, it will have at least one eigenvalue A, with corresponding
normalized eigenfunction ¢,(x). Moreover, even though A; may
equal A,, we can be certain that ¢,(x) % ¢;(x), for ¢;(x) cannot be an
eigenfunction of the ‘shortened’ kernel K®(x,y), since

fK@’(x, Y) iy dy =JK (2,y) duly) dy — ?—j\‘(?)fsb%(y) dy=0.
Continuing in this way, we consider the third symmetric kernel
2
KO, )= K, )~ O ) - 3, PO

h:l A
and so forth.
There are two possibilities:
Kither the process stops after n steps, i.e. K@+tV=0 and the
kernel is a Pincherle-Goursat kernel

Kiz,y)= 5 PO, ()
h=1 h
or the process can be continued indefinitely and then there are an
infinite number of eigenvalues.T Hence:

Every non-zero symmetric kernel either has an infinite number of
eigenvalues or is a PG-kernel.

1 There are effoctively an infinite number of different eigenvalues because
each value can appear in the sequence A;, Ay, Ay, .. only a finite number of
times, i.e. the number of times indicated by its index.
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In either case, we shall assume in future discussions that the
spectrum of the kernel is arranged so that

4] <] Al <[ A <o (12)

with precedence given to the positive eigenvalues over the negative
ones (in case +A; are both eigenvalues). Furthermore, we shall
suppose that, if there are some eigenvalues of an index r> 1, they
are repeated r times and the corresponding r linearly independent
eigenfunctions are orthogonalized (see §3-1) and then normalized,
like the remaining eigenfunctions.

Therefore if we call

¢1(d)), ¢2(x)’ ¢3(.’I7), (13)

the eigenfunctions corresponding to A,, Ay, Ag, ..., respectively, they
will form an orthonormal system of functions in the basic interval

(0, 1), i.e 0 (h:kk)}

B d={) b (4

for all &, k.

39, The Bilinear Formula

Unfortunately, the bilinear formula (3-8-11), valid in the case of
a finite number of eigenvalues, cannot be extended to the general
case, because (as examples can show) the infinite series corre-
sponding to the sum on the right-hand side of (3-8-11) need not
converge. We can, however, write

“
K(z,y)~ "”'——?’L— (1)
h-1
in the sense of the earlier formula (3-2-14’), because the Fourier
coefficients of K(z,) considered as a function of y (or of x) with
respect to the ON-system (3:-8-13) are obviously ¢,(x)/A, (or
é,(y)/A,) since for eigenfunctions

g xz ¢ D
[kenpa=" a=125,..) 2)

Later we shall point out some cases (other than the case of
a finite number of eigenvalues) in which Hurwitz’s sign ~ in (1)
can be replaced by the equality sign. Meanwhile we shall show that
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even if system {¢,} is incomplete} (which happens quite often),
series (1) converges in the mean to the kernel K(x,y),1.e. we shall show
that
K(,g)=1im, 3, #1040, 3)

n~»o h=1 h
in the sense that

n 2
tim [[[ Ka) - 325 1601410 | g =o.
n—>0 h=1

That the series must converge in the mean in one dimension (i.e.
with respect to  or to ¢ only) is a consequence of the Riesz-Fischer
theorem (§3-3) and Bessel’s inequality, since for almost every y in
(0, 1), using the notation of §§2-2 and 3-7, we have

él[‘/sh(x)//\z.]z <fK2(x, y)dy = A%x) = BY(z).

It is not obvious, however, that the symmetric function of 2 and ¥

K*a,y)=Lim. 3, 1@ H10)
n—>0 h=1 /\h

(4)

must coincide almost everywhere with K(x, ), even if the system
is incomplete.
We shall prove this by showing that the symmetric kernel

R(z, ?/)___K(xa Z/)*K*(% y) (5)

has no eigenvalues nor eigenfunctions and consequently must
vanish almost everywhere in the square (0<2 <1, 0<y<]1).
(i) We note first that

[remsiay=0 G125, (6)

since, as we saw in the proof of the Riesz-Fischer theorem, the
function K*(z,y) has the same Fourier coefficients ¢,(y)/A, as
K(z, ) with respect to the ON-system {¢,(x)}.

(ii) Using (5) we show secondly that any eigenfunction y(z) of
R(z,y), i.c. any normalized function for which

Y(x)=p f R(x,y) y(y)dy, (7)

1 Otherwiso the fact would be trivial.
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where p is a suitable constant, must be orthogonal to all the
functions of the system {¢,}, i.e.

(¢:¢h)=0 (h=ls2:37-~-)' (8)

In fact, using (6) and (7), we have
[ o) o= o) o ez )

=f¢< )dy[ Bz, y) $alw) dw=0.

(iii) Thirdly, the function ¥ must also satisfy the condition

1= [ K0 po)dy 0. ()
Indeed, using (8) and the notation

5 OB _ g 1.y, (10)

h=1 h

we have for any positive integer n
1=K -0 aedy+ 3 2 [s)

Consequently if n is large enough, and if we use the Schwarz in-
equality, we obtain from (4)

< f (K2, ) - Doz, )P dy [ 2) dy

- f [K* (2, )~ ®, )] dy <,

¢ having the usual significance. Since I is independent of n, this
implies that =0,

With these preparations, we can prove immediately that the
eigenfunction () does not exist. In fact, from (7) and (9) it
follows that

uKiy) ¢(y)‘ly=ﬂf R, y) y) dy -+ 1| Ko, 9) ) dy = (@)
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Hence y(x), which is orthogonal to all the functions {¢,}, is also
an eigenfunction of the given kernel K(x,y), i.e. it is one of the
functions ¢,(z) and so must be orthogonal to itself.

Using the previous result we can prove:

1If the infinite series ® ¢h ) dnly) (1)

h A

converges untformly, or at least so that to any positive e there corre-
sponds a positive integer ny such that

f”: E“ ¢’E(}/)\—é'f(y)—:rdxdy<e (n>ny), (12)

h=n+1

then Kz, y)= ¢" &) baly) . (13)
h— 1 )(h

If we call S(z, y) the sum of series (11), we have from (12)

f [S(z,y)— D, (x,y) 2 dedy <,
where ®,, is given by (10). From (3) we obtain

f f [K(z,y)— B, y)Pdwdy <e,

where » is larger than some n§. Consequently, if
n > max (n,, ng),
we have

‘”ny xJFMW<ijxJ O, (x, y)*dxdy

w21k 06 ppasdy
< 4e.
Thus S(z, y) = K(z, y) almost everywhere in the square
(O<z<], 0<y<]).

Another important consequence of (3) is the following necessary
and sufficient condition for the closure of a system of eigenfunctions:

Any Ly-function w(x) is orthogonal fo all the eigenfunctions ¢ ,(x)
of the symmetric kernel K(x,y) if and only if

f Kz, ) wly)dy =0, (14)
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i.e. if and only if the function w is ‘orthogonal to the kernel K(x,y)’
ttself.
In fact, we have identically

f $0) [ K. wlg) dy - [t s [ K@, 0120

=2 futn iy (=120, (1)
Thus, if (14) holds, it follows that

fw(x)qﬁh(x)dx:O (h=1,2,...). (16)

Conversely, if conditions (16) are satisfied, for any positive integer
n we find

= [Ktepyuti)dy = [ (K0~ 0,0 o)
consequently
1< [1K(e.9) - 0, oy [ .
Denoting the last integral by W and using (3), we have for n large
enough < We

(with the usual meaning for ¢). Hence I =0, and the theorem is
proved.

3:10. The Hilbert-Schmidt Theorem and Its Applications

Using the results of the previous section, we can now easily prove
the following important theorem:
HiLBERT-ScHMIDT THEOREM. If f(x) can be written in the form

f@)= f K(z,5)go) dy, (1)

where K(x,y) is a symmetric Ly-kernel and g(y) is an Ly-function,
then f(x) can also be represented by its Fourier sertes with respect to
the ON-system {¢,} of eigenfunctions of K (z,y);t v.e. we can write

f(x) zhg‘llah ¢h(x)’ (2)

1 For this condition (1) is sufficient, but not necessary. The question is
connected with tho Fredholm equations of the first kind, which we shall
consider later (§ 3-15).
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where ah=ff(x)¢,,(x)dx (h=1,2,3,...). (3)

Moreover, if K e L, i.e. if the function A(x) related to the kernel K
s bounded :

sz(x, y)dy=A%(x) < N?* (N =constant), (4)

then series (2) converges absolutely and uniformly for every f(x) of
type (1). If K e L, only, then series (2) converges almost uniformly
in the sense of §2-1.F

For the proof of the first part of the theorem it is sufficient to
observe that from (3-9-15) it follows that

b= f 9(2) $ul0) d

;Ahff(x) ¢h(x)dx=ahAh (}L:],Q,...), (5)

and consequently, for any positive integer n, with the same notation
as (39-10), we have

fKam

- f (K(o.) - 0, p)lg(0)dy+ 3 %) f¢h y)dy

- 1K) 0, g0)dy + S st

Hence, using the Schwarz inequality, we can write

and, in view of (3 9-3), we see that

Im:o[f 3w ]
< [ y)dy lim f [K(@,y) - Doz, )Py =0,

Y n—>w

+ Rememboer that this signifies that thoe partial sums admit an upper
bound which is an L-function; the main consequence is that the series may
be integrated term by term. (Lebesgue’s fundamental theorom.)
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i.e. we obtain equality (2). Furthermore, if our kernel is an Lj-
kernel, and if we use the Schwarz inequality for sums,} then for
any positive integer n, we obtain

© 2 ® ) |2 © 2 @
Z | a’h¢h(x) |:| = [’ Z bh ¢:Li§‘—rv) :I S E (éi(-zg) 24 bh,
=n+1 h=n+1 h h=n+1 h h=n-+1
and a fortiors .
SEETICIE ISR (©)
=n+1 =n+1

because from (3:9-2), the Bessel inequality (3-2-8) and (4), it
follows that
), ¢h Jsz y)dy = A%(x) < N
h=n+1
Since g(x) belongs to the class L, the series Xb} is convergent.
Hence, given any positive ¢, if n is larger than a suitable n, in-
dependent of x, we shall have

©
Z bi<(;‘2 (n>n0)’
h=n+1

and from (6) it follows that

I ahqsh(x) | < Ne.
h=n+1
This shows that series (2) converges absolutely and uniformly.

It remains to show that if the kernel K(z,y) belongs only to the
class Ly, then series (2) converges almost uniformly, i.e. that its
partial sums admit an upper bound which is a summable function
in the sense of Lebesgue. This is clear because, without using (4),
we have

¢h

LZ | an$a() :I SIS Z b,
h-1 L
< = At g .
t Wo are referring to the well-known incquality (Inequalities [15], p. 16)

n 2 ?‘I,‘ n
( 2 ahb),) < 24 (1,2, 2 bz,
h=1 h=1 h=1

which is sometimes called Cauchy’s inequality. It is valid even for n= oo,
provided both series on tho right converge.
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The Hilbert-Schmidt theorem can be easily memorized by
observing that the relation with Hurwitz’s sign

1)~ 3 baduly)
h=1

(which generally is not an equality) becomes an equality (with an
absolutely and almost uniformly convergent series on the right) if
we multiply both sides by K(x,y) and then integrate over (0, 1),
because

[ nowin=En[Kenswmy=3 3 g

is just (2). It should be pointed out that the possibility of this
transformation is not an immediate consequence of the similar
observation of § 3-2, because the system of eigenfunctions generally
is not complete.

The Hilbert-S8hmidt theorem is important not only in the theory
of integral equations, but also in the theory of orthogonal functions.
Among its consequences is the important fact that the bilinear
formula (3-9-1) is valid with the equality sign for all the iterated
kernels K,,(x,y) (m=2,3,...). This is obvious because, by de-
finition,

Kole)= [K@) Kyafeg)de (m=2,3,...,

and this equation is of the form (1) with g=K,,_,. The Fourier
coofficient a,(y) of K, (r,y) (considered as a function of x) with
respect to the system of eigenfunctions of K(x,y) is

a’h(:’/) :J\I\’m(x! y) ¢h(w) dx: )‘rf'niﬁh(?/) (h= 1) 2, 3’ "')v

since (§2-5) ¢,(x) is an eigenfunction of K, corresponding to the
eigenvalue A}t. Hence:

1If the symmetric kernel K(x,y) belongs to the class Ly, then all the
corresponding iterated kernels K, (x,y) (m>2) can be represented
by the absolutely and almost uniformly convergent series

Kpo)= N hi@) i) (=230 ()

If the kernel K (x,y) belongs to the class L, i.e. if condition (4) is
satisfied, then each series converges uniformly.

8 T
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In particular, putting y ==, integrating between 0 and 1, and
remembering (2-5-17), we obtain

hz;;lA;?,l:Am (/’n=2) 39 "‘)’ (8)

where 4,, 4,, ... are the traces of the given kernel K(z,y). As we
shall see in §3-11, this formula is very tmportant in practical
applications of the theory of integral equations.

From (8) we know that the eigenvalues of any L,-kernel are such
that the infinite series X172 converges. Moreover, this is a unique
‘agymptotic’ property of such eigenvalues, because, given any
sequence of real numbers A;, Ay, A,, ... satisfying this condition,
and any ON-system {¢, (x)} of uniformly bounded L,-functions,} the
Riesz-Fischer theorem insures the convergence in the mean of the

series
2 ¢h )duly

h 1 /\h

to & symmetric L,-function K(x,%) which, considered as a kernel
of a Fredholm integral equation, has precisely the numbers
Ay, Ag, Ag, ... a8 eigenvalues.

We shall now make use of the Hilbert-Schmidt theorem to find
an explicit solution of the non-homogeneous Fredholm equation of
the second kind with a symmetric kernel

B() - A f K(e,9) ) dy =), (9)

where A is not an eigenvalue.

For this it is sufficient to note that, since, according to (9), the
function ¢(x) —f(x) has an integral representation of the form (1),
it can also be represented by an absolutely and almost uniformly
convergent series of the type

P(x)—f(x) ch‘ish

h=1

where Cp= f[‘ﬁ f@)]dp(x)dr=£;—a,
with £h=f¢(x> bz, = ff(x) () e

t Thismeans that | ¢,(x) | < M, where M is a positive number independent
of h and 2. For instance, tho ON-system (15) below satisties this condition.
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From (5) it follows that ¢, = i"
h
Hence, since A=A, (h=1,2,...), we have
A
gh’"mah Ch—mam

and we obtain the solution of our equation in terms of the absolutely
and almost uniformly convergent series

o0

P =)+ % o) (10)
which can also be written
s0r=1@ -5 [05 rg)ay (1)

We see also that the resolvent kernel H(x, y; A) can be expressed by
the elegant series ©
H z,Y; A= ¢/L ¢h J)’ 12

(wy; =2 "5 ) (12)
if this series converges almost uniformly in the basic interval (0, 1),
because, in such a case, the integral and summation signs in (11)
may be interchanged.

Independently from this last condition, equation (2-1-10) for the
resolvent kernel together with the Hilbert-Schmidt theorem gives
us the absolutely and almost uniformly convergent expansion

. — ¢’l lb Y ’
H(z,y;A) Kz, y)+/\L A — Ah) (12

This expansion shows that the singular points of the resolvent
kernel H corresponding to a symmetric Ly-kernel K(z,y) are simple
poles.

The Hilbert-Schmidt theorem can also be used to prove that twice
differentiable functions can be expanded in Fourier series, in the
usual sense of the word, i.e. in convergent trigonometric series. To
be precise, putting the statement in a form which allows us to
avoid a few difficulties of detail, we can prove the following
theorem:

If the function f(x) can be differentiated twice in the basic interval
(0, 1), and if its second derivative f"(x) belongs to the class Ly, and if

8-2
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F(0)=F(1)=0, then f(x) has the absolutely and uniformly convergent
expansion

fl@)= §,ahsin(hnx) (0gzgly, (13)
K1
where ap=2 j( )sin (hrx)de  (R=1,2,3,...). (14)

If we note that «,/\/2 is the Fourier coefficient of the given
function f(z) with respect to the ON-system of functions

J2sin (7x), |2sin(2mz), J/2sin(3mx), ..., (15)
T
————
~ ~~
Z \\
yaa ~
Z | N
Y/ | N
Y | N
Vi | N
0 Y | :x
Fig. 7

the statement can be considered as an immediate consequence of
the Hilbert-Schmidt theorem, provided we can form an Lj-kernel
K (2,) with the eigenfunctions (15), such that any function satis-
fying the above conditions can be expressed by means of an integral

of type (1).
This is accomplished by using the triangular kernel:

_[A-2)y (O<y<e<l),
T(x,y)—{x(l_y) (0<z<y<l),

which belongs to the class L (it is even continuous). It is pictured
in Fig. 7, where the dotted curve is the parabola representing the

function T(x,z)=2(l—2).
Since

1 x
[(renswa-a-af ww dy+mj (1-1)$(0)dy
x 1
=f0 yo(y)dy +x i ¢(y) dy—z . yo(y) dy

(16)
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holds identically, it follows that

d (! ' '
d—éfo T(x,y)$®) dy=L $®) dy—fo yp(y) dy

2 M1

d
and that (ﬁéf(, T(x,y) Ply)dy = — (). (17)

Hence the homogeneous equation

B(z) A j 0 Tla, ) d(y) dy =0

is equivalent to the differential equation

d*p(x) _
gt Ap(x)=0 (18)
with the boundary conditions
‘ $(0)=¢(1)=0, (19)

which arisc from the fact that T(0,4)=T(1,y)=0. The only
solutions of (18) satisfying the first of conditions (19) are of the
form C'sin (JA =), and these satisfy the second condition of (19) if

and only if A=hn,

where % is any integer; hence the eigenvalues of T'(z, y) are
A =m2, A,=(2m)?, Ay=(3m)p, ..,

and the corresponding (normalized) eigenfunctions are, as pre-
seribed, the functions (15).

Moreover, T, y) =2 sin (k) sin (hy)

1 (hm)? ’

since the series on the right is obviously uniformly convergent.

Finally, we observe that every function f(x) which satisfies the
conditions of the statement can be written in form (1). In fact,
from (17) it follows that

d2 1 ” ( e
il [, T =0
consequently, with the conditions at #=0 and =1, we have

f@)=- j T ). (21)

(20)

b8

h
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Putting y =2 and integrating, we deduce from (20) that

2 ® 1 1
2 il
Zlh s1n (hm:)dx_ﬂzh i J T(x,z)dx
1
=f 2(l—z)de=1,

0

that i YL 22

at is, h}g_.l w6 (22)

a well-known, but not trivial, result which we used in §3:5 to
prove the completeness of the trigonometric system.

3:11. Extremal Properties and Bounds for Eigenvalues

The theory of integral equations with a symmetric kernel is not
only closely connected with the theory of simultaneous linear
equations, but also with the theory of quadratic forms and the
calculus of variations. More exactly, it is connected with the
problem of the extrema of Hilbert’s double integral

T(6.4)= f Kz, y) (@) ply) dady. (1)

This double integral is sometimes called a quadratic form with an
infinite number of variables, because it can be considered as the
limiting case as n oo of the quadratic form

Z le r ‘i’ (2)

r,8=1

k,s=k'sr=”l“K(i f) —¢( ) (r,s=1,2,...,m).

This leads to many ideas, for instance, that of finding a counter-
part to the reduction of a quadratic form to its canonical form
Sa,a2 The counterpart is Hilbert’s formula

T =550, 0= g ®

where the A, and the ¢,(x) are the eigenvalues and eigenfunctions
of the L,-kernel K(z, y).
In fact, by virtue of the Hilbert-Schmidt theorem we have

[K@0pay=F 24,
h=1"p
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where the series on the right converges absolutely and almost
uniformly. Multiplying by ¢(x) and integrating between 0 and 1,
we obtain (3) without further ado. Similarly, if we consider the

bilinear form
T =] [Ken) s v oy,
we have TS =T )= 3 “hbh

where = [#la) o) e, b= f V(@) $ola) do

If we identify the arbitrary L,-function ¢(x) with the general
eigenfunction ¢,,(x), we obtain from (3)

¢)m¢m 3 (m:1’2’3’-“)’ (4)
))l
and, in particuldt, J(py, §q) = /\l (4)
1
On the other hand, since

l—->i> 17~>
[ A7 A7 (A7

it follows from (3) and Bessel’s inequality that

0 ah 1 0 J’
)< z i — | §%(x) de,
TORSE 21 Ia S )
that is, [ AL <] 3T (4, ), (5)
and, in particular, [ A <[ (g, )], (6)
provided that ¢(z) is normalized, i.e. provided that
f PA(x)de=1.

This, together with (4') shows that | J(¢, ¢)| has @ maximum
in the space Ly of normalized L,-functions, and that this maximum
is attained for ¢ =¢,, and has the value | A, |~1.t In other words,
we have obtained the important formula

| Ayt =max |J(},P)| (dely). (7

t However, J(¢, ) has no minimum except the lower bound zero, as long
as the number of cigenvaluos is infinite.
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Similarly, if we consider the space Ly, of Ly-functions ¢(x)
satisfying the m conditions

f¢2<x)dx=1, G.6)= (b == (s fu) =0, (8)

together with (4), we have

| /(. 4)|=| &

\D

§||

h=m /\}1

<) Jperte

and consequently we can write
| A, | t=max |J(¢,@)| (Pely ,ym=1,2,3,...). (9)

In spite of their simplicity, the previous results are of great
importance. For example, we note (following R. Courant)7 that in
many cases the natural frequencies vy, v,, v;, ... of a mechanical
vibrating system (e.g. a vibrating bar, bell, etc.) are (as in § 1-9 for
the bar) proportional to the square root of the (positive) eigen-
values A;, Ay, A, ... of a Fredholm equation of the second kind,
whose unknown function ¢ is generally proportional to the ampli-
tude of the oscillations of a generic point of the system.

Consequently, in view of (9), the mth natural frequency v,, is
given by a formula of the type

_Cm [max l J(¢’ ¢) I]—%7 (10)

where C,, is a constant, and ¢ ranges over a suitable functional
space S,,. This space is usually smaller than the previous space
Ly, » since in addition to conditions (8), some others are generally
needed, for instance, the continuity of ¢, if the vibrating system is
not broken. However, if the vibrating system has a split along a
certain line [, even functions ¢ discontinuous across this line [ can
be admitted, and the space S,, must be replaced by a larger one
8,,- Then we have

max|J¢¢ |>313X|J¢¢)l

¢€bm

and Vi SV

t See [6], 1, Ch. 6.
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where v, is the corresponding natural frequency of the ‘broken’
system. This explains the common experience that a split bell, a
split china dish, etc., has a duller clang than an unbroken one!

However, if new constraints are added, for instance, if some
points of the vibrating system are fixed, then the space S,, must be
replaced by a smaller one ), and consequently (with obvious
notations) vy, > v,,, another common experlence'

Another important consequence of the previous results is that

|Am|<l'](¢0’¢0)‘*l’ (11)

where ¢, denotes any L,-function satisfying conditions (8) and
(possibly) the other conditions imposed by the problem.

In particular, IA ) <[ T (B B0 | (12)

where ¢, denotes any normalized Ly-function, and this or the equi-
valent formula (5), in addition to (3-8-10), gives us valuable upper
bounds for the first eigenvalue, which is often the most important
or the only one.

For instance, in the case of the triangular kernel T(x,y), whose
first eigenvalue is A, =% = 9-86960,

formula (3-8-10) gives us the majorant
A, < 4/(105) = 10-2470), (13)

while formula (12) with ¢,=1 gives us
A <12, (14)

since J(l,])::f:l:(l—-x)f _/dy+xf (1- y)dj]d -

In this case, as often happens, the approximation given by
(3-8-10) is better than that given by (12), as long as we utilize the
rough approximation ¢,=1 for the first eigenfunction.

The approximation furnished by (12) can be substantially im-
proved by following an idea of Ritz, i.e. by using a normalized
function @y=(x, &, &, ..., £,) containing a finite number of un-
determined parameters £,,£,,...,£, which can be successively
calculated, using the usual theory of maxima and minima of
functions of several variables, by means of the condition

J(Bo» Po) = max.
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In the case of the triangular kernel, we can identify ¢, with the
normalized step-function ¢g(z,£) represented in Fig. 8. With
elementary calculations we find

J(Pg, Po) = 15(1+26—8E%) (0<E<),

e,

-3 —

—

|
I
I
|
|
|
I
|
I
|
I
I
I
I

1
°l ¢ 1-¢ 1
Fig. 8

x Y

a function which reaches its maximum value 3, at £=}. Con-
sequently, we obtain a new upper bound

A, <32=10-666..., (15)

which is better than the previous bound (14).
The method of Ritz corresponds precisely to the choice
Go=E01(@) +EPa(@) + ... +E, ¥, (@) E+E+. +E=1),

where {1/} is any ON-system of functions in the basic interval (0, 1).
This method gives good numerical results (especially for the calcu-
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lation of the first eigenvalue A,) if the system {i/;} does not “differ
too much’ from the system of eigenfunctions of the kernel K (z, y).1
The calculation of the following eigenvalues is generally more
difficult, in spite of the fact that the difficulty arising from the
presence of the first m— 1 eigenfunctions in the accessory con-
ditions (8) can be avoided, as Courant showed. |

All the previous bounds are upper bounds for the eigenvalues. A
lower bound for the first eigenvalue A, (or for A, if A}, Ay, ..., A,,_, ate
already known), can be easily deduced from the earlier formula
(3:10-8).§ For, neglecting all the terms of the series which follow
the first (which are usually small), we obtain

)

Al A || [ (0,01

that is, [ ]2 |4, (m=2,3,...). (16)

For instance, with the triangular kernel, since
S
T, (x,y) =272 Y, n~2msin (n7z) sin (nmy), (17)
n=1

we obtain the following lower bounds:

. ® . =lm 1 (_ l)m——l ~1/m
/11>|:77_ nyn m:| =1|:7(27n)" BZm] (m=l,2’ 3, )’

n-=1
(18)
where the B,, are the Bernoulli numbers.q In particular, for
m=1, 2,3 we have the successively improved bounds

N> 6, A>y(90)=9-4868, A, > {/(945)=9-8132.  (19)

As a by-product, we obtain the interesting formula

1' ( - l)m—l B ~1/m .
ml_l:}n [2(27"5? 2rzt] =dm. (20)

Sometimes the approximation obtained by using (16) can be
substantially improved if instead of simply neglecting the terms

A;™ ™ + ... of the serics (3-10-8), we substitute approximate
2 3 PI

+ Formula (12) would give the exact value of Ay, if we put o) = Py (), but
the eigenfunction ¢ (x) is generally unknown.

1 Courant-Hilbert [6], 1, p. 352.

§ Apart from tho obvious bound, | A, | =] K|

9 See, for example, Knopp [25], pp. 182, 239. It is oven possiblo to con-
sider the valuo m = 1 since the kernel 7' is positive (see the following section).
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values of Ay, Ag, ... These could be deduced, for example, from a
simplified version of the original problem.}

In any case, a more useful way of obtaining an approximate value
for the first eigenvalue is to use the double inequality

[4,, |7 <] A < A—;E" (m=2,3,...;n=1,2,3,...), (21)

2n+2
which is one of the most frequently used results of the theory of
integral equations in applied mathematics. This inequality can also
be used for the successive eigenvalues, provided we are able to
evaluate approximately the first eigenfunction ¢,(x), which can be
used to remove the first eigenvalue A, from K(,y) by constructing
the ‘shortened’ kernel

Ko, )= Kz, g) - P A0
and so forth (cf. §3-8).

3:12. Positive Kernels—Mercer’s Theorem
Hilbert’s basic formula

42
Tg9)= 35 w408 U
r=14
together with its corollary
1
J(¢h’¢h)=;\; (h=1:23 3:"')’ (2)

shows that a necessary and sufficient condition for the quadratic
form J(¢, §) to be non-negative in Ly-space, t.e. for the inequality

J(@,9)20 (peL,) 3)
to hold, is that all the eigenvalues of K(x,y) be positive, i.e.
0<A; €A <A< 4)

In such a case we call K(x,¥) a positive kernel. A kernel is called
ositive-definite if
postive-def T$,4)>0 (5
for | $] > 0.

The additional condition for definiteness is obviously the closure
of the system of eigenfunctions, i.e. the closure of the kernel itself

(§39).
1 For an example of this, soo Krall-Einaudi [28], 2, p. 239.
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The values of a positive kernel K are not necessarily all positive;}
but if K(z,y) is continuous, at least in a neighborhood of the
diagonal x=1y of the basic square S=(0<x<1, 0<y<1), then its
values on this diagonal must be necessarily non-negative, i.e.

K(,2)>0 (0<z<1). (6)
In fact, suppose
K(xy,2) <0 (0<zy<1).

(If 2y=0 or x,=1, then the following reasoning must be slightly
modified in an obvious manner.) Then, since K (x, y) is assumed to be
continuous in a neighborhood of the point &=y =1, we can find
a positive 6 so small that the square

Sy=(1y—0<2 <+ 6, 2y— <Y< Ty +0)
is completely contained in § and, inside of it, K(x,y) <0.
Consequently, if
L (my=d<a <7y +9),
dle)= {0 (0<z<ay—0, g+ d<x<l),

then necessarily

(o 60) = f f  Klay)dady<o.
8

This contradicts the hypothesis that K(z,y) is a positive kernel.

Hence (6) is a necessary (but not sufficient) condition for a con-
tinuous kernel K(x,y) to be positive.

From this condition Mercer’s theorem follows:

MeRrcER’s THEOREM. If the symmetric Ly-kernel K (x,y) ts continu-
ous and has only positive etgenvalues (or at most « finite number
of negative eigenvalues), then the series

Zdu(@) Pry)[An

converges absolutely and uniformly, and the bilinear formula
Kieg)= 3 PN Q0
h=1 n
holds.

+ For instance, the values of tho symmetric kernel K(z, y) =f()f(y) may
be partly negative, but the kernel is positive, since in this caso

7= [1i0r4t0 dx:r >0,
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In view of aresult in § 3-9, this reduces to the proof of the uniform
convergence of series (7). Since the convergence is not influenced
by casting aside a finite number of terms, it is no restriction to
assume that all the eigenvalues are positive, i.e. that K(z,y) is a
positive kernel. 1f K(x,y)is positive and continuous, the ‘shortened’
kernel

K, y) = K (x, y) — % $a(®) $1y)

h=1 /\h
is also positive and continuous for every m.t Therefore, in view of
(6), we have m ()
K(x7 x) - Z R = K(m+l)(x, CL‘) 2 0:
r=1 Ap
that is, ¢" <K(x,z) (m=1,2,3,...).
h 1 A

This proves that the series with positive terms ¢} (x)/A;, is con-
vergent.

Now, for any pair of positive integers n, p, the Schwarz inequality
for sums gives

| @) ealy _]2 PG NP ) o
LE o< T A o

Thus for fixed y, the series X¢,(x) @,(y)/A; converges absolutely
and uniformly in 2 and, for a fixed z, absolutely and uniformly in y.
This is already sufficient to establish the validity of the bilinear
formula (7) and, in particular, of the formula

K(z,z)=2gj(x)/A,

Moreover since the convergence of this last series is uniform in x by
virtue of Dini’s theorem,] we see thus that 2¢,(x) ¢,(y)/A,, con-
verges uniformly even when 2 and y vary simultaneously.

This theorem is very useful because in many mechanical or
physical problems, reducible to Fredholm equations with sym-
metric kernels, the positiveness of the kernels is an immediate
consequence of the physical significance of Hilbert's quadratic

+ Remember that according to the formulas of §2-5 the cigenfunctions
of a continuous kernel are also continuous.

1 Dint’s theorem: If tho sum of an infinite series of non-negative con-
tinuous functions is a continuous function of = in a closed interval (a <z <b),
then the series converges uniformly there. (See Knopp [25], p. 345.)
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form (cf. §3-14). Consequently, in these cases, the bilinear form
(7) can be applied without further ado.

CoroLLARY. Under the hypotheses of Mercer’s theorem, the infinite
series LA} converges absolutely. We have

S Api=d, = f Kz, 2)ds, ®)
h=1

and the earlier formula (3-11-16) can be used even for m=1.

It should be noticed that the previous formula (3-10-22) may be
considered as an application of this corollary to the triangular
kernel T'(z, y).

Finally, we note that the first iterated kernel K,(x,y) is
always positive since A% > 0. Conversely, any positive, continuous
kernel K(x,y) with positive eigenvalues Aj,A,,... and eigen-
functions ¢,(x), @y(x), ..., can be considered as the first iterate of
the symmetric kernel

. n
K¥(,y)=1im. ¥ A5E¢,(x)6,(y)
n—>w h=1
which exists because, as we have just seen, the infinite series
XNty
18 always convergent.

3-13. Connection with the Theory of Linear Differential Equations
Just as a linear differential equation

dn dn-1
ao(x)cﬁt/’{‘al(x) de_"l{—i—+an(x)y=F(x), (1)

with the classical initial conditions

y(0)=co, y'(O0)=cy, ..., Y V(0)=c,y, )
leads to a Volterra integral equation (§ 1-8), the same equation with
accessory conditions at both the end-points £ =0 and x=1 of the
basic interval (0, 1) leads generally to an integral equation of the
Fredholm type.

A very general class of such accessory conditions is obtained by
requiring that » linear combinations of the 2n quantities

y(0), ¥'(0), ..., ¥ N0); y), y(), .. (1)
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assume prescribed values, i.e. by requiring that

~1 -1
S 4 df0)~ % by =c, (h=0,1,...n—1),  (3)
k=0

where a;, b, and ¢, are given constants. Obviously we exclude the
case where all the a,;, and b, vanish for the same 2. We can sup-
pose, however, that ¢,=c¢, = ... =¢,_, =0, i.e. we can consider with-
out loss of generality the homogeneous boundary conditions

-1 -1
S G ®(0)= % byl (h=0,1,2,..n—1).  (4)
k=0 k=0

This is clear, because if y() is a solution of (1) satisfying boundary
conditions (3), and fy(x) is any function (differentiable n times)
satisfying ( ) and if y(x) =fy() ), then Y (z) satisfies homo-
geneous conditions (4) and dlfferentlal equatlon (1) with only the
right-hand side (generally) changed.

Equation (1) plus boundary conditions (4) is called a Sturm-
Liouwille system. Such a system is equivalent to a Fredholm in-
tegral equation of the second kind with a rather manageable
kernel. We shall confine ourselves here to the most important case,
n=2. In this case a certain formal difficulty disappears. Forn > 2,
see books on differential equations, e.g. Ince [21], Chs. x—X1.

The difficulty which disappears for n=2 is the necessity of con-
sidering together with equation (1) its adjoint,t because a linear
differential equation of the second order can always be made self-
adjoint. To be precise, under the usual hypothesis that a,(x)=+0,
this can be done by multiplying equation (1) (in the case n=2) by

x)[ay(x), where

p(@)= expf x)/ag(x)] da> 0. ()

We suppose further that F(z) = 0 (which is no essential restriction)§
and we thus obtain the self-adjoint equation

| 0 +ar=o, ()

X

1 See, for example, Ince [21], p. 123. However, knowledge of the adjoint
is not needed here.

1 Ince [21], p. 215.

§ The solution of a non-homogeneous linear differential equation can be
deduced from those of the corresponding homogeneous equation by quadra-
tures. See also formula (30) below.
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o)

where x)=p(r)-2-". 7

) =pie) ) 7

Equation (6) is called self-adjoint because if we denote by
Ly(x)] the differential operator

d d
L= g, s | a0 0
(i.e. the left-hand side of (6)), then we have identically

2(x) Ly(x)] - y(x) Llz(x)] = d% {p(x) [z(g;) di‘éf‘) —y(@) dfl(x ):|

(9)
(In the case of a non-self-adjoint equation a similar identity
requires the use of two differential operators.# and, say, .# on the

left.)
Boundary conditions (4) can be written in the simple form

A [y(0)]=2,[y(1)] (h=0,1) (10)
if we introduce the differential operators
A ly(e)] = angy(@) + @y’ (@), Bily()]=bey(@) + by’ (@)
and the abbreviations (h=0.1
A Y @) =AY @) Yoz By (@)l ={Baly (@)},

Generally the Sturm-Liouville system (6)+ (10) has only the
trivial solution y(z) =0 because, if y,;(x), ¥(x) is a fundamental set
of solutions of (6) and we write its general solution in the form

y(@) = Oy, (x) + Coys(),

then the determination of the constants C;, C, by means of the
boundary conditions (10) leads to the homogeneous algebraic
system

{1{“’0[?/1 = ABolya (1)1} + Cofe o[ y5(0)] — Bolya(1)]} = 0,
Cif o 1[5:1(0)] — By (1)1} + Cof o7 1[y5(0)] — B [ya(1)]} = 0,

which generally has only the solution O =C, =0, because in general
o [Y1(0)] = Bolya(1)] L gly(0)] — ABoly(1) {# 0. (11)

[y, (0)] = L1[y, ()] o [y,(0)] — A1 [y,(1)
We shall, in fact, assume in the following discussion that A0,

A:
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Instead of considering the system (6)+ (10), we shall consider a
slightly different system consisting of boundary conditions (10) and
a modified differential equation (containing a parameter A):

Llyta))+ @) yte) = 3. | 90) 3 |+ late) + o =0. (12

We shall ask: For what values of the parameter does the Sturm-
Liouville system (12) + (10) have non-trivial solutions?

The study of this question, which is of fundamental importance
in many problems of mathematical physics, mechanics, ete., can be
reduced to a study of a homogeneous Fredholm integral equation
of the second kind. To do this we shall use Green's formula (9) and
Green’s function for the system (6) + (10).

Green’s function G(x,£) is a function of x and a parameter
£(0< &< 1) satisfying three conditions:

(i) G(x,§), considered as a function of , satisfies the differential
equation (6) at all points of the interval (0, 1) except at the point
r=E;

(i) G(z, &) satisfies both boundary conditions (10);

(iii) although G(z, £) is everywhere continuous for 0 <z <1, its
derivative G(z, £) with respect to  is continuous only for 0<x < §
and £ <2< 1, and has a jump discontinuity of —1/p(£)} at x=¢,
that is,

GE+0,8) - GL(E—0,6)= —17(‘5. (13)

If we can determine the fundamental set y,(x), 7,(x) of equation
(6),] then we can easily construct Green’s function: Let

(e, £) = [COUNE) + 0 0lr) (0<a <)
, Dy(£) yy(@) + Dy(€) yalw)  (E<z<1),

where C(§), Cy), D,(§) and Dy§) are four unknown func-
tions of £, which can be determined from boundary conditions
(10), the continuity condition G(£+0, £)=G(£—0, §) and (13).

1 Be careful. Some authors (including myself in [48]) consider this jump
with opposite sign and this implies a change of G into — (.

1 Thus it is necessary to integrate equation (6), not (the more gencral)
equation (12).
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These four equalities give us the algebraic non-homogeneous
system

[ O1(8) o o[41(0)] + Cy(€) 4 [y(0)] — Dy (€) B[y (1)]
—Dy(8) Bylya(1)] =0,

) Cy(E) A 1[y1(0)] + Co(€) 1 [45(0)] — Dy(§) B[y (1)]
—Dy(£) #1[y»(1)] =0,

= Cy(€) y1(8) — Col€) ya(€) + Dy (€) y1(E) + Dy(€) ya(£) =0,

—Cy(E) Y (&) — Co&) ya(E) + D) Y1 (E) + Dy(&) yi(E) = — 1

whose determinant is equal tot

Y& 9a(6)
yi(€)  yal8)

and consequently, by virtue of (11), does not vanish.
For instance, Green’s function for the Sturm-Liouville system

~ ~—

[p(£)

’

. g2
@)y =0, y(0)=y(1)=0

is the previous triangular kernel (3-10-16).
Now let z(x) = (/(x, £) and integrate both sides of (9) over the basic
interval (0, 1). Taking into account the discontinuity of (7, we get

[} eyt it B
= [0(0) (@) O, €I~ (&) (8) [OLAE + 0,6) G — 0, )]
= [p(e) (@) G, )1+ 1)

Therefore, we obtain
[owozena= s (¢3-) | -v0. a9

This formula can be simplified by observing that, by virtue of
the rule for multiplication of determinants (in this case, multipli-
cation of rows times columns), we have

Qg0 o1 y(0)  2(0) ‘_ o[y(0)]  Zo[2(0)] |
aro | | Y0) 2(0) || [y(0)] 4[=(0)] |’
‘ boo  bor y(1) =(1) ‘= HBoly(1)]  Bolz(1)]

by bu y'(1) 2'(1) Bily(V)] Hi[=(1)] |

t To obtain this result, we need only add the third column to the first, and
tho fourth column to the second.

9-2
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If both functions y and z satisfy boundary conditions (10), then the
two determinants on the right are equal, and, setting
bOO b()l

Qg0 Ay I__ A4
- )
by bn

(19 O i
we obtain the equality
Aly(0)7'(0)—y'(0)2(0)]=Bly(1)2'(1) ~y'(1)=(1)].  (16)

Consequently, if z(z) is identified with G(x, £), equation (14) assumes
the simplified form

=B, (15)

[ote.8 210 as= —ye), ()
provided (as often happens) the key condition
Ap(1)=Bp(0) (18)

is satisfied.t

In this case, system (12) + (10) is reduced to a Fredholm integral
equation by substituting for #[y(x)] in (17) the value — Ar(x)y(x)
given by (12). We obtain the homogeneous integral equation

y(E) -2 f " e, 7@ le) =0, (19)

Because of the factor (x), the kernel of this equation is not sym-
metric. However, Green’s function G(z, §) ts symmelric.
In fact, if we set

in Green’s formula (9), an integration similar to that which gave us
(14) gives

0=[p(x) {G(x,7) Gol, £) — G, §) Gol, 5 + G(E, 1) — G (1, ).

If the key condition (18) is satisfied, then the first term on the right
is zero, since Gz, £) and G(x,n) both satisfy boundary condition

(10). Hence we have AE ) =G, ). (20)
If the function r(x) never vanishes, i.e. if

r(x)>0 (21)

1 When the key condition (18) is satisfied, Ince [21], p. 217, and other
authors speak of self-adjoint boundary conditions.
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(if r(x) <0, change r(z) to —r(z) and A to —A), then (19) can be
reduced to an integral equation with a symmetric kernel by setting

2) J[r(@)]=d(@). (22)

We get, if we return to the usual variables «, y, the integral equation

—-A f K(z,y) dly)dy= (23)
with the symmetric kernel

)=[r@)r(y)] G, y)- (24)

From this and from considerations which follow, we obtain the
following important theorem:

If p(x) >0, if (11), (18) and (21) hold, and if the symmetric kernel
(24) 1s quadratically integrable, then the Sturm-Liouville system
(12) + (10) has non-trivial solutions only for a denumerable number of
real values Ay, Ay, Ay, ... of A: the ergenvalues of the symmetric kernel
(24). To each eigenvalue there correspond at most two linearly inde-
pendent ‘eigensolutions’ of the system, which are connected with the
eigenfunctions of the kernel by equality (22).

All the eigenvalues of the kernel (24) are at most of index 2,
because it is impossible to have more than two linearly independent
solutions of the same second order linear differential equation.
Moreover, we can sometimes assert that the eigenvalues are
necessarily simple; for instance, if &/, =4,=0, i.e. if

A=y =by=by =0 (25)

(an important case in which the key condition (18) is automatically
satisfied because A = B=0). In fact, there can exist only a simple
infinity of solutions of a linear differential equation of the second
order satisfying a condition of the type

5o¥(0) + a5 y'(0)=0.F

On the other hand, there are certainly an infinite number of
etgenvalues, for otherwise there would be only a finite number of

+ Because all the solutions proportional to the one defined by the initial
values y(0) =a, y'(0)=b (@@ + @y b+ 0) do not satisfy the condition.
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eigenfunctions ¢,(x), and their ON-system would be necessarily
open, in contradiction to the following:

ComPLETENESS THEOREM. T'he system of the eigenfunctions {¢,(x)}
of a Sturm-Liouwville system of the type (10) + (12) is complete in the
entire Ly-space.

For the proof we shall show that

(i) each D,-function (i.e. each twice differentiable function f(x)
satisfying boundary conditions (10), whose second derivative f"(x)
belongs to the class L,) can be uniformly and arbitrarily closely
approximated by the functions ¢, (x);

(i) each L,-function can be arbitrarily closely approximated by
D,-functions.

To prove (i) it is sufficient to observe that, by virtue of the
Hilbert-Schmidt theorem, each D,-function can be expanded in an
absolutely and uniformly convergent series of the form Za, ¢, (),
because, if we put

_ _d (9
o0 =210 =1 (L) #at,
then it follows from (17) that

@)= f G(e ) gly) dy,

. 1 9(y)
that is, flx)=— Jr@)] fK(x, Y) Jir)] dy.

To prove (ii) we first observe that every L,-function can be
arbitrarily closely approximated (in the mean) by means of suitable
polynomials, because the system of powers is complete in any
finite interval (§3-5). Furthermore, every polynomial can be
arbitrarily closely approximated (in the mean) by suitable D,-
functions. To do this it is sufficient to modify slightly the poly-
nomial (without destroying its twice differentiability) in two
arbitrarily small neighborhoods of the end-points in order to
satisfy boundary conditions (10).

The completeness theorem shows that the class of kernels arising
from Sturm-Liouville systems is quite special, because, in general,
nothing similar is true for an arbitrary symmetric L,-kernel or for
symmetric kernels for which Mercer’s theorem is valid. Further-
more, while the only general ‘asymptotic property’ of the eigen-
values A, of a symmetric L,-kernel is the convergence of the series
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2A;2% (of. §3-10), the eigenvalues arising from a Sturm-Liouville

system and the corresponding eigenfunctions have very precise

asymptotic properties. For instance, it can be proved that
A,=0(n?) as n->o0.

Since this subject belongs properly to the theory of differential
equations (even though the main device is the reduction of the
given differential equation to a Volterra integral equation),t we
shall limit ourselves here to reporting (without proof) some in-
teresting results for the important case (25). We shall further
assume that p(z)=r(x) =1, i.e. that the differential equation has
the simplified form 9

L+ lg@) + Ay =o. (26)

(This can always be accomplished by means of elementary trans-
formations.)

Putting J‘ 1q ()=,

0
we have]

nr—" ((—199 b + 1) Q) +0(m2) (@ by #0),

n\@y by 2
by 1
7= (=124 Q) £ 00 (a0=0, by 0),
VA, = " b(27)

_7 (%0 ! - -
=1 (0430) £00-) (a0, by =0),

(0 +1)7— 5 @+ 00 (@t =by =0).

For the corresponding eigenfunctions, we have the formulae§
2 cos (nmz) + O(n) (@gy b11%0),

_N2cos(m+d)mz+0m)  (ag=0, by; +0),
J2sin(n+3)me+0n1) (ay+0, by =0),
J2sin (n+ 1)z +0(n) (g =by;=0).

$u(@) (28)

1 See, for examplo, Tricomi [46], p. 175 or Inco [21], p. 270.

1 Remomber that the numbers a5 b,y aro the coefficients appoaring in
boundary conditions (10).

§ In my book [46], the second terms (of order n=1) of the formulao (28) are
explicitly given as well as the asymptotic exprossions of the first derivative

(@) of Bu(x).
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Finally, we note that by using Green’s function G(x,£) we can
put the solution of the non-homogeneous differential equation

| 0 |+ awy=fe (29)

X

satisfying boundary conditions (10) into the elegant form
=— f Gz, &) f( (30)

This is an immediate consequence of (17) since equation (29) assures
us that L[y(x)]=f(x)

3-14. Critical Velocities of a Rotating Shaft and Transverse Oscil-
lations of a Beam

In the first chapter (§§1:1 and 1:10) we saw that the two
mechanical problems mentioned in the title can be reduced to
the same homogeneous Fredholm integral equation of the second
kind, i.e. to the equation

1
z(x>~f»2f0 o, y) ) 2(9) dy = 0. W)

Here w is the angular velocity of the shaft (or, respectively, the
angular frequency of the vibrations of the beam), x(x) is the linear
density, i.e. u(r)dx is the mass between the cross-section at x and
at z+dz, and G(x,y) is the influence function of the bar.} Since

1> 0N U ) a) = ), )
we obtain a homogeneous integral equation
3= [ K 9) i) dy =0 ®)
with the symmetric kernel
2, ) =) 1)) G(, y). (4)

In view of the previous section, this fact is sufficient to prove the
existence of an infinite number of critical velocities (respectively, of

1 Remember that G(x,y) gives tho displacement (parallel to the z-axis)
of the cross-section at « if a concentrated unit load acts (in the direction of
the z-axis) at the point & =y. The coincidenco of the letter G with the symbol
for Groen’s function is not accidental, since the influence function can be
considered as Green’s function for the differential equation of the fourth
order (which we shall not consider here) governing the dynamics of a bar.
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natural frequencies) w), = /A, related to the (positive) eigenvalues A,
of the symmetric kernel (4).

Furthermore, we can now also obtain upper and lower bounds
for these eigenvalues, etc. Before going into detail, we shall em-
phasize some general properties of the kernel of elasticity theory,
i.e. of the influence function G(z, y) of a beam considered as a kernel
of a Fredholm integral equation.f

A first, quite obvious but interesting, property is that Fredholm’s
operator of the first kind

1
FOLpy)]= f K@) gy,

in the case K =@, can be considered as a functional operator which
transforms a system of distributed loads ¢(x) acting (parallel to the
z-axis) on the beam, into the corresponding elastica of it, in the
sense that, after deformation, the shape of the axis of the beam
(which coincides initially with the segment 0 <x<1) will be the
curve of the xz-plane represented by the equation

2= FIH(y).

A consequence is that, in this field, the Hilbert-Schmidt theorem
can be stated expressively as follows: Any function which can be
represented graphically by the elastica of a certain beam bent under
the action of suitable (quadratically integrable) loads, can be expanded
in an absolutely and uniformly convergent series in terms of the eigen-
functions of the influence function of the beam.

The positive character of the kernel G(z,y) in the sense of §3-12
is also of interest.

In fact, Hilbert’s quadratic form

J(6.9)= f f (H(,y) $la) Py) dudy = f FOU)] $(a) d

coincides with the work of the elastic forces under the deformation
produced by the loads ¢(x); consequently, its values are ‘always’
positive.

Since the A,’s are all positive, there is no doubt that to each
eigenvalue A, of the previous integral equation (3) corresponds an
effective critical angular velocity (respectively, a natural angular
frequency) w;, =\/A,.

+ In view of the character of these properties, the passage from the kernel
G(z, y) to the more general one of type (4) is immediate.
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We now determine the influence function G(z,y), starting with
the case of a bar simply supported at both ends =0 and z=1.

If R, and R, are, respectively, the (@ priori unknown) reactions
at the supports under the action of a unit load at =1 (see Fig. 9),
the bending moment M at a generic point z of the bar is obviously
given by the formulae
- Rox (0 SEA y)’

M= —R(1-2) (y<z<l).

Ro

s
| &

Fig. 9

For the equilibrium of the system of the three forces B,, E;, 1 we
must have 1-R,~R,=0, R,.1=1.y.

Hence, R,=vy, Ry=1-y, and we see that the bending moment
coincides with the triangular kernel 7' of §3-10 (with a change of
sign), i.e. that M= —T(x,y). (5)

Consequently, the influence function G(z,y) must satisfy the
differential equationt

Ezlzé'agz' = -—T(x,y), (6)

t This is the so-called equation for the bending moment; see, for example,
J. Prescott, Applied Elasticity, Longmans, Green and Co., London, ete.,
1924, p. 51.
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together with the boundary conditions
G(0,y)=0G(1,y)=0, (7)

where E,, I, denote, respectively, Young’s modulus and the
moment of inertia of the cross-section of the bar (with respect to
the neutral axis perpendicular to the zz-plane) at .

The system (6)+(7) can be solved elegantly using the definite
integral{

T* =f1 T(x,2)T(z,9) F(2)dz, (8)
0
where F(x):ElI . (9)

In fact, T* obviously satisfies boundary conditions (7) since
T(0,9)=T(1,y)=0. It also satisfies differential equation (6) be-
cause T* is a symmelric function of x and y which, for x<y, has
the following explicit expression:

1 v
T*:xyjo (l—z)zﬁ'(z)clz—xfo (1—y) (y—2) F(z)dz

—(1~y)f”z(w—z)ﬁ’(z)dz,
0
from which it follows that

/] 1
B R L IR LCTE

0

T
and P -—x(l—y)F(x):—AE—wa (x<y).

Hence, for a beam simply supported at the ends, we have

Gz, y) =J01 T(x,2)T(2,y) F(z)dz. (10)

Similarly, for a beam clamped at =0 and free at =1, we have
M=y-z (0<z<y), M=0 (y<z<l);

+ This form of the solution is suggoested by a general property of Green’s
function for some differential oquations of higher order. This is indicated in
my paper: ‘Sulla funzione di Green di un’equazione differenziale decomposta
in fattori simbolici’, Aits R. Accad. Sct. Torino, 80, 19445, pp. 159-83.
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consequently, we obtain
0*q
d 2
and successively

G(x,y)=J-I(x—z) (y—2)F(z)dz (0<x<y).

0

=(y-2)F), 0(0,y)=0,0,9)=0 (0<z<y),

Even better, since ((z,y) =G (y, ), we can now write

wmin (z, y)
6= =0 g-0 FE) e (1
In conclusion, if we introduce the dimensionless functions
() F(z) FOI
= =- 2
and put w*u(0) F(0)=A, (13)

we can state that the critical angular velocities w,, of @ rotating shaft
(or, respectively, the natural angular frequencies o, of a vibrating
beam) are given by the formulae

= /(/t( o )):A/(ff(I)A) (h=1,2,3,...), (14

where Ay, A, ... denote the successive eigenvalues of the positive
Fredholm kernel

1
y)=y[m(z) m(y)]fo T(x,2) T(z,y)f(2)d= (15)

if the beam is simply supported, or of the kernel

min (z,y)

K", )= [m(@)m(y)] f T e-ag-afee

if one end (x=0) is clamped and the other end (x=1) is free.

For instance, for a simply supported homogeneous beam, i.e. for
the case involving the kernel (15) with m(z) =f(x) = 1, by virtue of
(3-11-17), we have

1
K'(z,y)= f Ta,2) (e ) da =Ty, y)

= % > h~4sin (hmz) sin (hmy),
T h=1
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and thus we obtain
A=) (h=1,2,3,...) (17)
and consequently

wh:A/(i’f)ﬂzhz (h=1,2,3,...). (18)

However, in the general case, and even in the case (§1:10) of a
homogeneous (m=f=1) but c]amped beam, it is in general not
possible to obtam exphclt expressions for the eigenvalues A,. One
must be content with approximate evaluations like those of §3-11,
which are usually sufficiently accurate for practical purposes.

For example, in the case of the homogeneous clamped beam we have

A= Kayde=" [ de=!
1=f0 (z, ) x=§f0x =15

Lo gt a5 2% ot 11
= zf , ) dz“ﬁ, (’1’2 T1etae” 636) = g5

and consequently (3-11-16) gives us two different lower bounds

A> 12, Ap> A/1@)—12358

for the first eigenvalue A;=12-362 (cf. §1-10). The second bound
is very good.

Several years ago using similar methods, I studied { the vibrations
of a simply supported beam having the shape of a truncated cone
(briefly TC) or the shape of a wedge (briefly W).

In these technically important cases we have, respectively,

m(z)=(1 -0, f(x)=(1-02)"1 (TC)
and m{x)=1-0z, f(x)=(1-0x)"3 (W),

where 0 is a given positive constant less than 1. In both cases the
differential equation of the fourth order governing the dynamics of
the beam can be integrated explicitly by means of Bessel functions. |
In spite of this fact, it does not seem easy to obtain simple ex-
pressions for the eigenvalues A, in this way. However, by improving

t F. Tricomi, ‘Sulle vibrazioni trasversali di asto, specialmento di bielle,
di sezione variabile’, Ricerche di Ingegneria, Roma, 4, 1936, pp. 47--53.
1 Kirchhoff, Gesammelte Abhandlungen, Barth, Leipzig, 1882, p. 339.
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formula (3-11-16) for m =1 (for details, see my quoted paper), we
obtain the simple formula

1 1 1 1
L= (55 10 (19)
where p=2 for (TC) and p=1 for (W), and
11
7= j [ ey iy (20)

is equal to [90(1 —6)]-! in the case (TC) and is equal to
—[1/(3605)) [120(1 —0) + 763+ 3(2—0) (2 — 0+ 0%) log (1 - 0)]

in the case (W).
On the other hand, with devices similar to those used in §3-11 to
obtain formulae (3-11-14) and (3-11-15), we easily obtain the upper

bound W =204 S0P~ AP 1,00
” orme OO
A PRI A 1)
e !
2—0
1
where Hn=2f zrsinfrade (n=1,2,3,4). (22)
0

These formulae give good numerical results. This is shown by the
following table extracted from my paper mentioned above:

0~ 0-0 01 0-2 0-3 04 0-5 0-6 0-7

TC JAjfa? | 1-0000 | 0-9383 | 0-8770 | 0-8150 | 0-7523 0-6837 | 0-6094 | 0-5269
JA[m? | 10000 | 0-9509 | 0-9037 | 0-8586 | 0-8161 0-7765 | 0-7403 | 0-7079
W A /m? | 1:0000 | 0-9419 | 0-8836 0-8250 | 07654 | 0-7014 | 0-6353 | 0-5636
JAJfm? | 1:0000 | 0-9505 | 0-9022 0-8552 | 0-8097 | 0-7660 | 0-7248 | 0-6860

The case of a connecting rod having the shape of a truncated cone
with 0=0-19 was studied by my late colleague P. E. Brunelli,}
who, after three months of calculation with an ingenious but ex-
tremely tedious ‘elementary’ method, found

JA, =72 0-8977. (23)

1 “Oscillazioni di bielle di sezione variabile’, Atti B. Ist. d’Incoraggiamento
dt Napoli, 1929.
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With the previous formulae we easily obtain
JAYmE=0-883, JA]/n?=0-908;
hence, in the mean
JA; =72 (0-896 + 0-013). (24)

With modern computers the three months of calculation could
surely be shortened, but I believe that the method which furnished
the value (24) is still the shorter.

315, Symmetric Fredholm Equations of the First Kind

Some mathematicians still have a kind of fear whenever they
encounter a Fredholm integral equation of the first kind:

[ Kewswiv=ra 0<a<. )

Today this fear is no longer justified, especially for the symmetric
case K(x,19)=K(y,x). Here the Hilbert-Schmidt theorem gives a
simple way of discussing equation (1) thoroughly in L,-space, pro-
vided we can determine the cigenvalues A, and eigenfunctions ¢,,(x)
of the kernel K (x, ), i.e. provided we can master the corresponding
equation of the second kind:

¢<x)—Af K(z,9) $(y)dy=f(2).

To be precise, the considerations of §3:10 (Hilbert-Schmidt
theorem) show that if equation (1) has a solution ¢(x) of class L,
then £

a,=>" (h=1,2,3,...),
h A/L ( )

whero £, = j $(2) () da

are the unknown Fourier coefficients of ¢(x) with respect to the

system (@, (2)},
4= ff(w) bulz) d,

are the corresponding coefficients of the given function f(z), and
the A,’s are the eigenvalues of the kernel. From this it follows that

En=a,A,. (2)
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Hence, by virtue of the Riesz-Fischer theorem, there are only two
possibilities: either

i) the infinite series ®

X 3 i Q
h=1
diverges, and our equation has no solution of class L,; or

(i) series (3) converges and there is at least one L,function
@o(x) which satisfies our equation, and it can be calculated as the
limit in the mean

¢ ( )_llm E a’h/\h¢h (4)

n->0 h=1

If the system of eigenfunctions {¢,(x)} is closed, i.e. if the kernel
K (z,y)is closed, then the function ¢y(x) is the unigue solution of (1)
(neglecting functions which vanish almost everywhere). However,
if ®,(z), Oy(z),... are non-null functions orthogonal to all the
functions {¢,}, then the function ¢¢(x)+ C, D, (x)+CyDy(x) +
where the C; are arbitrary constants, is also a solution of (1) and
vice versa.

For example, the equation of the first kind

f T(a,y) 4y dy =/ (@) (%)

where T'(x, ) is the earlier triangular kernel, for which (§3-10)
Py lx)=42sin (hmx) (h=1,2,3,...),

has one (and only one) solution of class L, if and only if, when we

set 1

ap=42| f(x)sin (hmz)dz,
0

the infinite series S aiAi=n2Y (hia,)? (6)
h=1

converges. A strong condition indeed !
Similarly, Poisson’s transformation

Loptir | _glade
10= 2m )y 1—2pcos(f—a)+p? (0<0<2m, 0<p<l)

(7)
(i.e. Poisson’s integral for a fixed p) can be inverted in Ly-space if
and only if the infinite series
© a2 +b?
o (8)
n=1 P
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1 (2 om
where a,= ;j f(O)cosnOdl, b,= ;J f(@)sinnddo, (9)
0 0
converges. In fact, the symmetric kernel

K@O,a)= v_[l 2pcos (0 —a) +p?] !

|
271

+ Z p cos h(0 —a), (10)
L
has, in the basic interval (0, 27), the eigenvalues

=1, )‘2h—1=/\2h=P—h (h=1,2,3,..), (1)

with corresponding eigenfunctions

coshx, ¢y(x) sin hx

J

(h=1,2,3,..). (12)

Since infinite series (10) is absolutely and uniformly convergent
for [p| <1, we have

Po() = \7(;7’)  Pana(®)= ;/177

K(0 a)da f K(0, a)i nadp p" 0 n=1,2,3,...).

The corresponding case of Poisson’s integral for the half-plane,
i.e. of the integral equation

p[* POE
fo=1[" PEE. w0,

has been studied by H. Bateman.

3:16. Reduction of a Fredholm Equation to a Similar One with a
Symmetric Kernel

The remarkable properties of Fredholm integral equations with

symmetric kernels show the desirability of reducing, if possible, a

given integral equation to one with a symmetric kernel. Sometimes

t ‘Some integral equations of potontial theory’, J. Appl. Phys. 17, 1946,
pp. 91-102.

0 T
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this reduction is feasible with simple devices, as, for example, we
have seen in the last two sections.
More generally, if the integral equation

B(z) - f K(z,y) $ly) dy =1 ) 1)

is given, multiplying by K(z,#) and integrating with respect to x,
we obtain

(k@290 o[ K(a,2)da [ K. o)y = [ K 2
With a trivial change of notation, this can be written

[Kwo-& g =Kot @

where Ko = [Ke,2) Ke, ) 3)

is the so-called left iterated kernel of K(x,y) and is obviously a
symmetric kernel. Multiplying (2) by —A and then adding (1), we
obtain the new Fredholm integral equation

B(z) -2 f [K(e,9) + K(y,2)—AK (2, )] $() dy

=f<x>—AfK(y,x)f<y)dy, (1)

whose kernel is symmetric, but not independent of A.{
Similarly, starting with the associated equation

Plz)- 2 f K(y,2) ¥ (o) dy=(@), (%)

we obtain another equation with a symmetric kernel
a) = A[1K )+ Kly) =K .90 ¥10) dy

=g<x>—AfK<x,y>g<y)d1, (©)

t The case in which the kernel depends upon A, and especially when this
dependenco is linear, was studied by J. D. Tamarkin, Ann. Math. (2), 28,
1927, pp. 127-52; C. Miranda, Rend. Circ. Mat. Palermo, 60, 1936, pp. 286-
304; Mem. Accad. Sci. Torino, (2), 70, 1940, pp. 26-31; Rend. Accad. Itulia,
2, 1940; Rend. Semin. Mat. T'orino, 12, 1952-3, pp. 67-82; D. Greco, Giorn.
Mat. Battaglini, 78, 1948-9, pp. 216-37; 79, 1949-50, pp. 86-120; R. Iglisch,
Math. Ann. 117, 1939, pp. 129-39, and others.
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where K, is the right iterated kernel
Kileg)= [ Kie.2) Ky, e ™

The importance of the previous transformations lies not so much
in equations (4) and (6), but rather in the introduction of the two
symmetric kernels K; and K, associated with K. Consideration
of these kernels permits us (as E. Schmidt noted)f to extend many
results of the theory of integral equations with symmetric kernels
to general equations. Moreover, we have already met the kernel

K(x’ y)+K(y> x)_AKR(x’ y) (8)

in §3-7 (Enskog’s method).
We notice first that both kernels K, and K, are positive kernels
since

f f K (e, y) $(z) ) derdy = f f f K(z,2) K (2, y) $(a) ) dadydz
=[] [Kes) K ) o) $ g

=ﬂifl((z, z) p(x)dx 2olz >0,

and similarly for K (z, ).

Furthermore, we can easily prove that the kernels K, and K,
have the same (positive) eigenvalues with the same indices. To be
precise, if we call v(x) any eigenfunction of K, (x,y) corresponding
to the eigenvalue A2, and if we put

plz)=A f e y) Vi) dy, 9)

then this new function u(z) will be an eigenfunction of K j(z, )
corresponding to the same eigenvalue A2 Conversely, if p(z) is an
eigenfunction of K ,,(z, y) corresponding to the eigenvalue A2, then
the function

V()= K, ) t0) dy (10)
is an eigenfunction of K (x,y) for the same eigenvalue A2.

1 E.Schmidt, Math. Annalen, 63, 1907, pp. 433-76; 64, 1907, pp. 161-74;
and 65, 1908, pp. 370-99.

10-2



148 INTEGRAL EQUATIONS 316

In fact, from the equality
v(@)=A%| K (@, y) v(y) dy = A*| K (2, z) dz| K(z, y) v(y) dy
with the use of (9), it follows that

=/1fK(z, x) p(z) dz

and successively, by substitution of this expression into the right-
hand side of equation (9), that

@)= A K(x,y)dy | K(z,y) p(z) dz

e jﬂ(zmz K(e,y) K(y)dy

=22 K jo(x, 2) p(2) dz,

and vice versa.
Now we shall suppose that the common spectrum of the kernels

K and Kj is xox AL . (11)

with 0<A; <A <3<,

and that the corresponding (orthonormalized) eigenfunctions of
H oo 1) ), ), (12
while n(x), ve(x), ), ... (13)

are the corresponding eigenfunctions of K ; caleulated by means of
(10). Automatically they form an orthonormal system since

fvlz( V() da = AhAkff K(y, ) K (2, @) i (y) p2) dady dz

— Xy fKRw,z)xth(ym(z)dydz

By 0 (h%k
=% ly )ﬂk(y)dy={l Ehik;i
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Since K ;, and K, age positive, if we assume that they are also con-
tinuous, in view of Mercer’s theorem we can write

KR(Z" ?/) =’§1/\;2ﬂh(x) ﬂh(y): KL(x5 y) =’ ;1/\}?21}]1 ((E) Vh(y))
(14)
and the absolute and uniform convergence of both series is assured.
However, for the given kernel K(z,y), we can only write

o
K(a,y)~ 3 P220), (15)
h=1 Ah

where Hurwitz’s sign ~ denotes (as usual) that the right-hand side
is the Fourier series of K (x, y), considered as a function of z or of y,
with respect to the ON-system (12) or (13), respectively. But, as
in §3-9 (or even more easily than in §3:9), we can show that the
series on the right-hand side of (15) converges at least in the mean

to K(x,y), i.e. that
K(w,y)=Lim. 3 A" (@) vy (). (16)

n->o h=1

In fact, from (3-2-7) and the second expansion of (14), we have

x LI 2 . )
()= 30 ) 1) | o= [ Koo 3

h=1

% Vi(y)
"KL(?/,?/)—’EI /\%
_ o V)

h=n+1 ’\%,

Since series (14) converges uniformly, to any positive ¢ there
corresponds a positive integer n,, independent of ¥, such that for
n>n, we have

n 2
[[Fen-E e | d<

in accord with (16).

Thus we see that Hurwitz’s sign ~ in (15) can be changed into an
equality sign if the series on the right-hand side converges uniformly,
but neither from (15) nor from the corresponding equality can it be
deduced that the A, are eigenvalues of K(x,%)! This may even
be a kernel without eigenvalues, like those of Volterra integral
equations.
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The main application of the ON-systems {12) and (13) is, how-
ever, the extension of the Hilbert-Schmidt theorem to non-
symmetric kernels. Using the method of §3-10, we can prove the
following theorem:

If the kernel K (x,y), considered as a function of y, is quadratically
integrable, then any function f(x) which can be represented by an

integral of the form
JK x,y)g(y) dy (17)

where g is an arbitrary L,-function, can also be represented by an
absolutely and almost wniformly convergent series in the functions (12),
that 1s,

0 . l
J@=Sau@ with o= [{@n@d= o).
(18)
Similarly, if the kernel is @ quadratically integrable function of x, then
any function f(x) which can be represented by an integral of the form

fK y,%)9(y) dy, (19)

can also be represented by an absolutely and almost uniformly con-
vergent series of the form

$0)=Ebante) with b= [ vz ot e
(20)

If the kernel belongs not only to the class L, but also to ¥, then
the convergence of the above series is not only almost uniform but
uniform as well.

This beautiful theorem allows us to generalize immediately the
ideas of the previous section to any Fredholm integral equation of
the first kind with an Ly-kernel. It is sufficient to replace the eigen-
functions {¢,(x)} of the symmetric kernel by the functions {,(x)}.

3:17. Some Generalizations

The theory of Fredholm integral equations, which we have pre-
sented, permits many generalizations which leave its main features
unchanged.

The theory may first be generalized by considering a system of
Fredholm integral equations. Such a system can be easily reduced
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to a single equation. For instance, a system of two Fredholm
integral equations

)= Kol )ty =2[ Kl ) o)y =),

1 1
301 =2[ Koo ity =2 Kl ) )ty =1
)

in the basic interval (0, 1) can be reduced to the following single
equation in the basic interval (0, 2):

0f0)-2 | Ko 0 dy=Fl), @)
where ’
-l
and K(z,y) is equal to
Kiq(@y), Kia@y-1), Ky (x-1y), K, sx—1,y-1)
in the four squares

(0<x<1,0<y<]), (0<zx<l, 1<y<2),
(I<x<2,0<y<]), (I<w<2, 1<y<2),

F(x)=

respectively.

Another observation is that, although up to now we have studied
integral equations with a finife basic interval, the previous results
can be extended to some integral equations with an infinite basic
interval, for instance, to integral equations of the type

#0)-A| K st dy=1o), 3)
or even of the type
s Kenst)dy=/e) @

or to the corresponding equations of the first kind.

To do this we consider any transformation of x and y which
carries the basic interval into a finite one, for instance, in the case
of equation (3), the transformation

i, y= (5)



152 INTEGRAL EQUATIONS 317

Of course, the kernel of the new integral equation may have some
singularities, but if, in spite of this, it belongs to the class L,, all goes
through.

Furthermore, as in the case of the Volterra integral equation, we
can always substitute for the Fredholm integral equation

B(z)— A f 01 K, y) ) dy =1 @) (6)

a similar equation with the iterated kernel K (x,y) as kernel. In
fact, from (6) we can deduce (as in §2-5) that

f](xz z)dz— AJK 2)dz| K(z,y) (y)dy = f z,2)f

[$(2)—f(@)] A f Ky, ) $ly) dy = f K(e,9)/ ) dy,

> -

that is,
P(x) A Ky, y) ply) =f(2) + A [K(x, NS dy=Fix), (7)

and successively we obtain

B@) — [ Koz, 9) dly) dy = fofe) =fole) + A f K(z,9) foy) dy,

(8)

This method can be used to eliminate some singularities of the
kernel,} because iterated kernels are generally ‘smoother’ than the
original kernel. For instance, if the given kernel is of the type

K(z,y)= - yT ~ (0<a<1, H bounded), (9)

then it is easy to see that K (x,y) belongs to the same type, but,
since the number « is changed into the number 1 —n(1 —«), which
becomes negative if n is large enough, K, becomes bounded.

In fact, if
H(x,y)
le—y[*

' (x,y)
|-y’

K(z,y)= K'(@,y)=

1 Even singularities which imply that K(z,y) is not quadratically in-
tograble!
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and if < y (an unessential hypothesis), then
f](xz](zyd f xz)llr (lz

v H(x,2) ' (2,y 7)7 YH(x,2) H'(z,y)
J e, !

(=) -y

and all three integrals on the right-hand side are functions of

the type
v H*(x,y)

|x J|“+°‘_1 (II* bounded),

as we can see by using the three substitutions

——(:l]—-.’)ﬁ)t, Z=x+(3/"w)ta z=y+(y—x)t,

respectively.

Another important fact is that the fundamental properties of
Fredholm equations are independent of the number of dimensions
of the space (range or two-dimensional domain, ete.) of the variables
x and y.

Hence the carlier theory can be easily extended to integral
equations of the form

HP)=A)  K(P,Q)(Q)dVy=[f(P) (Pek,), (10)

En

where P = (2y,%,,...,%,) and @=(yy,¥s, ..., ¥,) are two points of a
fixed n-dimensional manifold E, whose volume element (around @)
we designate by dVQ Moreover, if we write ¢(x), K(z,y), ete.,
instead of ¢(P), K(P, @), ete., as some authors do, even the form of
most of the prev10us results remains unchanged. However, we
shall not use this device because the over-simplified notations
@), K(x,y), ete., may be a source of misunderstanding.

In particular, the basic Fredholm theorem and the consequent
alternative theorem of §§2-3-2-4 remain valid for equation (10),
provided that the kernel K (P, @) belongs to the class Ly, 1.e. provided
both functions

l: E”Kz(P,Q)dV}‘,]LA(P), I:fm,,I@(P’Q)dVP]LB(Q)
(11)
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exist almost everywhere in £, and their squares are integrable, i.e.
||K][2=j A2(P)d1/}=f BYQ)dT, <N, (12)
o By

where N is a positive constant, etc.

If the kernel is symmetric, i.e. if K (P, Q) = K(Q, P), the important
upper bound (3-11-5) for the first eigenvalue A; remains valid, i.e.
we have

|24 <] 62 / jL f  KPQHPSQ, T, (13

where ¢ is any L,-function.

3-18. Vibrations of a Membrane

As an example of the previous remarks we shall now treat the
important problem of the vibrations of a membrane, a problem
which can be reduced to a two-dimensional Fredholm integral
equation of the second kind.

A membrane, the two-dimensional counterpart of a flexible string,
is a thin elastic sheet with negligible stiffnesst whose equilibrium
shape is a plane sheet (the domain D of the zy-plane, Fig. 10).

We shall suppose the membrane to be fized at the boundary s of
the domain D, and subject to a uniform tension 7. This means that
if we cut the (undisturbed) membrane along any regular curve o
(o may coincide partly or entirely with a part of the contour s),
then the mechanical action of the part of the membrane on one
side of o upon that part on the other side can be replaced by a
system of normal forces (contained in the xy-plane and directed
toward the first-named side of o) such that the resulting force
acting on any element do of o has intensity 7 do, where 7 is a
constant.

Methods similar to those of §§ 1-1 and 1-9 (i.e. influence functions,
etc.) can be used to determine the deformation of the membrane
under the action of given loads, or, more exactly, to determine the
normal displacement z =z(z, y) of a point P = (z, %) of the membrane
if the load p(£, 7) dédy acts (parallel to Oz) on its two-dimensional

1 If the stiffness is not negligible, the systom is called a plate instead of a
membrane.
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element dfdy at the point @ = (£, ) of D. However, in this case it is
better to start from the differential equation of the membranet

0% o% 1
A = - — = —
=t o L P@Y), (1)
)k S
4
o
D
rdo
o >
Fig. 10

because then we can utilize the results of §2-7 on the Dirichlet
problem. These results assure us that Green’s function G(z,y; £, %)
of the domain D with respect to the operator A exists. It can be
written

1
G(P) Q)EG(x»?/» g’n)=10g7:—g(P:Q)a (2)
where r=\l@=&?*+y—n)]
denotes the distance between the two points P and @ of D, and
g(P, @) is the harmonic function inside D whose boundary values

on s coincide with those of log (1/r) (so that G(P, @) vanishes on s).
If D is a circle of radius @ with its center at the origin O, then

1 1
GP,Q)=log  ~log_, 3)

1 Sce, for example, Frank-v. Mises [12], 2, p. 340.
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where 7, is the distance of ) from the (exterior) point

p=( 2% ﬂ)
1= $2+y2’ x2+y2 :

Fig. 11 gives an idea of the behavior of this function.

L

Fig. 11

With the help of Green’s function, any twice-differentiable
function ¢(x, y) can be calculated, provided its boundary values on s
are known as well as all the values of A¢ inside of D. We use the
well-known Green’s theorem? (or Green’s third identity)

i) =§ i vie- ([ apoag@as,

T See, for example, Tricomi [45], p. 324.
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Since the displacement z(z,) of the points of the membrane must
vanish on the boundary s of D (where the membrane is fixed), from
(4) and (1) we obtain (using obvious notation)

L f G(P,Q)p(@)dS,. (5)

2nr

2(P)=

From this static equation we can obtain the corresponding
dynamic equation governing the free vibrations of the membrane
(i.e. vibrations subject to no exterior forces) by substituting for

(@) the quantity )

— (@) o 2(Q),

where ¢ denotes the time and u(Q) = u(&, ) is the superficial density
of the (generally non-homogeneous) membrane, i.e. u(£,9)dédy
coincides with the mass of the membrane element dédy at the point
Q= (&, 7). Thus the dynamic equation is

()= || 6P @ s, (6

T omr

In particular, for harmonic vibrations of angular frequency o, i.e.
for vibrations of the type

z=u(P) e, (7)
where % does not depend on ¢, since
P _ 4 oli
i — w2u(P) e,

we obtain a Fredholm homogeneous integral equation of the second
kind :

0)2
ur= ([ ew.0u@ue s, (®
This equation assumes the simpler form
W
—/\J‘ DG(P, Q)u(@)dS, with A~—7;r- (9)

if the membrane is homogeneous, i.e. if u(Q) = p = const.f

1 However, if pu(x,y) is not constant, wo obtain an oquation with the

ki
ornel K(P,Q)=G(P, Q) J[u(P) 1(Q)]
when we put u(P)/[#(P)]=¢(P) as in §3-14.
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The main property of the function G(P,Q) as a kernel of an
integral equation is its symmetry, i.e. G(P,Q)=G(Q, P). This well-
known property of Green’s function can be easily deduced from the
static equation (5), if use is made of Betti’s principle (cf. §1-1 and
Tricomi [48]).

Another important property of the kernel G(P, Q) is that it is
positive-definite in the sense of §3-12, i.e. if ®(P) is any L,-function
(not vanishing almost everywhere), we have

J(D, D)= f f . f f | G, Q ®(P) 0(Q)d5,dSe>0.  (10)

This can be deduced from the static equation (5), which permits
us to consider J(®P, @) as a work (cf. § 3-14), but it is more instructive
to use the well-known identity

(s [ (9 oo, s

which, for any twice-differentiable function ¢(P) vanishing on the
boundary s of D, gives us

[smman=-{] [+

provided that b=A¢ (12)

belongs to the class L,. On the other hand, for such a function, it
follows from (4) that

1
P)= =5 [[ ap.@o@as, (13)
D
hence the previous identity can also be written

e [ R T

In other words, we have identically
J(D, (I))=27rfjlgrad¢(P) [2dSp, (15)

provided that the function ¢ (vanishing on the boundary) is con-

nected with @ by means of the equivalent equations (12) or (13).
We can now conclude immediately that for the homogeneous (as

well as for the non-homogeneous) membrane of any shape, there



318 SYMMETRIC KERNELS, ORTHOGONAL SYSTEMS 159

are an infinity of natural frequencies w,, 0y, ,, ... which correspond
to the infinite positive eigenvalues A;, Ay, A5, ... of the symmetric
positive kernel G(P, Q).

These eigenvalues can be evaluated approximately by using the
methods of §3-11, which can be immediately extended to the case
of two (or more) dimensions. Inparticular, from (3:17-13) we obtain
a useful upper bound for the smallest eigenvalue A; of the kernel
G(P, @). Namely,

n<lagl o[ Jemaprpas ]’ o9

where ¢(P) is any twice-differentiable function which vanishes on
the boundary s and is such that A¢ belongs to the class L,

Correspondingly, the first natural frequency w, of a homogeneous
membrane has the upper bound

o J(oN1aa[ [[lemagerpas,] . on

Let us consider as an example the case of a circular homogeneous
membrane of radius a. In this case the differential equation of the
motion can be explicitly integrated by means of Bessel functionsf
and consequently the natural frequencies are given by the formula

/(). .
wn,m:ﬁA/(;)]n,m (m=1,2,3,...;n=0,1,2,...), (18)
where j, ,, denotes the mth positive zero (from the origin) of the

Bessel function of the first kind J,,(x). In particular, for the lowest
frequency we have exactly

1 T\ . 1 T
(l)l:(UOISd//(/l/)]O'1=(;I//('l;) 2:4048. (19)

We can obtain an upper bound for this same frequency from (17)
by putting SP)=ar—r, (20)

where r denotes the distance of the point P from the center of the
membrane. Since

grad (r®)=2rgradr, |gradg¢|>=4r?

t Seo, for oxample, Frank-v. Mises [12], p. 348 ct soq. or Morse [31], p. 160
et seq. and so on.
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we obtain thus

LI A

1 T
that i <= [(-)242, 1
hat is, oy cm/(,u) A2 (21)
which is a good approximation to the exact value (19) since
2,2 =2:8284.

Furthermore, the method of integral equations can give us useful
information, for example, about the variation of the natural
frequencies when the shape of the membrane is modified slightly.t

1 See Krall-Einaudi [28], 2, pp. 265-7, who refers to some results of
T. Boggio on the subject. See also Pélya-Szego [38].



CHAPTER IV

Some Types of Singular or Non-Linear
Integral Equations

4-1. Orientation and Examples

The material which will be considered in this last chapter is
fragmentary. This is because of its very nature as well as the fact
that we deal with theories still in the process of formation.t Two
different aims of the research can already be distinguished:

(i) to determine whether or not a Fredholm theorem (and
especially an alternative theorem) is valid for some classes of
integral equations, even if the kernel does not belong to the
class Ly;

(ii) to study typical classes of integral equations whose behavior
deviates decidedly from that of the Fredholm equations.

We have given an idea of research of the first kind in §§1-12 and
3-17. We shall now consider some examples of research of the
second kind.

In equations not governed by the Fredholm theorem three new
phenomena often appear:

(1) the presence of finite accumulation points of the spectrum of
eigenvalues, or even of a continuous spectrum, i.e. of eigenvalues
filling whole segments of the A-axis or even the entire A-axis;

(2) the presence of eigenvalues of infinite index, i.c. of eigenvalues
to which an infinite number of linearly independent eigenfunctions
correspond;

(3) the presence of bifurcation points (in the real, non-linear case),
i.e. of points of the A-axis at each of which, as we pass from the
left to the right, the number of solutions of the equation, although
finite, changes.

+ However, some parts are already cuite woll doveloped. Seo, for oxample,
W. F. Trjitzinsky, ‘General theory of singular integral equations with real
kernels’, Trans. Amer. Math. Soc. 46, 1939, pp. 202-79 and N. I. Muskhelish-
vili [32].

II T
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These phenomena can already be observed in very simple in-
tegral equations for which the conditions of the previous chapters
are not satisfied. As an example of an equation which has a con-
tinuous spectrum we shall consider the Lalesco-Picard equation

$@)-A| " g dy=fia) )

whose kernel has an infinite norm, since

on fw e~2le=vidpdy
= % J\ {e~_2‘t[€+2”]£ © + e+2l‘[e ~2U]‘:3} dx :J dx.

If the functions f(z) and ¢(x) are both twice differentiable, our
equation

so-aer] " wgiyre| ey |-

is substantially equivalent to the differential equation

9" (@) + 24 (@) — [ $(x) - f(2)] =f"(x),

i.e. to the equation
9" (@) + (24— 1) () =]"(x) - f(2)-

Consequently for the case f(z) =0 we have

¢(x) = Aei* + Berr, (2)
where A and B are arbitrary constants and
p=y(1-22), (3)

provided the integral in equation (1) exists, i.e. provided | Zu | <1,
which, for A real, implies A > 0.

This shows that for the field of real numbers the spectrum of
equation (1) covers the infinite segment 0 <A <oco. Kach point of
this segment is an eigenvalue of index 2 of our equation. However,
the corresponding eigenfunctions (2) do not belong to the class L,
in (—o0,0).

More general equations of the form

#)=2[ " Ha—y) )y =0

(or similar ones with the integral ranging over 0, o)
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where k(t) vanishes exponentially as |t | -co, have been studied by
Wiener and Hopf.t Recently S. Chandrasekhar has found im-
portant applications for these equations to the problem of radio-
active equilibrium of a stellar atmosphere.}

An important example of an integral equation with eigenvalues
of infinite index is the equation with a ‘ Hankel kernel’§

$0=A| 12010 du =10, @

where .J,(2) denotes the Bessel function of tho first kind of order ».
Many years ago I showed that [ if > —1, and if the Laplace
transform

Ho =21t git)= i g %)

exists, then, after multiplying both sides of (4) by ¥, and applying
the P-transformation to both sides, the order of the infinite in-
tegrations in the double integral can be interchanged. Thus we
obtain

i) =2 " gty et 2 =gt

where g(x) =fm ety f(t) dt = [t} [ (1)). (6)
0
In view of a well-known formula of the.#-transformation, we have

[Tt et 2 Jupar=ae IR
0 0 0

=z~ vty(1/x).
Hence the given equation assumes the ‘algebraic’ form

Y(@) = Az (1 ) =g(). ()

+ N. Wiener-E. Hopf, ‘Uber eino Klasse singulirer Integralgloichungen’,
Sitzungsber. Preuss. Akad. der Wiss. 1931, p. 695. See also [34].

1 Many papers in Astrophys. J. from 94, 1941, on.

§ F. Tricomi, ‘Autovalori e autofunzioni del nucleo di Hankel’, At
Accad. Sci. Torino, 71, 1935-6, pp. 285-91.

o F. Tricomi, ‘Sulla trasformazione o il teorcma di reciprocitd di
Hankel’, Rend. Lincei (6), 22, 1935, pp. 564-71.

I1-2
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For the homogeneous case f(z) =g(z) =0, we can set

e=¢, Y(&)="() (8)
and obtain the equation
AY(—§) =DV (). (9)

Applying this equation twice we obtain
W(€)=A¥(€),

that is, A2=1. This shows that the only possible eigenvalues are
A= 1 1.} Each of these eigenvalues is of infinite index, because for
A= 1 equation (9) is satisfied by

E() )

Y(E)= 1+ A eetDE’
where E(x) denotes any even (analytic) function of z.
For example, if v=0, A=1, E(z)=1, we obtain

VO=1rp YO=(, He=e,

and if E(x) =2,/ cosh (}z), we have
V@ =fret, yl)= [, -

X
Moreover, for v= + } we can easily determine in this way all the
self-reciprocal functions with respect to Fourier sine and cosine trans-
formations.
Finally, in order to show an example of bifurcation points, we
shall consider the very simple non-linear equation

1
¢<x)—Af0 ) dy=1. (1)
1
Set fo PUy)dy=¢.
Then d(x)=1+A¢, (12)

and equation (11) becomes equivalent to the algebraic equation of
the second degree E= (14280

t This is, however, an immediate consequence of the inwvolutional
character of Hankol’s transformation.
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Hence we have £ Py CRRS
1+,/(1-4A
and gy =" VU=, (13

>y

Fig. 12

Thus our equation has real solutions if and only if A< . It has
exactly two solutions except for A=4%, when it has the (double)
solution ¢(x) = 2. For A= 0one solutionis ¢(x) =1, while the second
is infinite. This behavior is clearly shown by Fig. 12. The point
A=1is a bifurcation point, while the point A =0 is a singular point
of the equation.

The corresponding homogeneous equation

1
Bz) -2 f gy =0 (14)
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always has the non-trivial solution
Bla)=1- (15)

However, this does not mean that equation (11) has an infinite
number of solutions, because now the existence of the solutions
(15) does not imply the existence of an infinite number of solutions
of the ‘non-homogeneous’ equation (cf. also §4-5).

4-2. Equations with Cauchy’s Principal Value of an Integral and
Hilbert’s Transformation

We have seen in § 3-17 that a Fredholm integral equation with a
kernel of the type
H(x,q
K(zg)= Y

= (0<a<1, Il bounded)
ly—=|*

can be transformed into a similar one with a bounded kernel. For
this the hypothesis that o <1 is essential! However, in the im-
portant case o= 1{ (in which the integral of the equation must be
considered as a Cauchy principal integral)} the integral equation
differs radically from the equations considered in previous chapters.

One of the oldest results in this field consists of two reciprocity
formulas which D. Hilbert § deduced from the Poisson integral. He
showed that if ®(z)=wu+w is an analytic function, regular in the

t This case is important in aerodynamics, etc. See, for example, K.
Reissner, ‘Boundary values problems in aerodynamics of lifting surfaces in
non-uniform motion’, Bull. Amer. Math. Soc. 55, 1949, pp. 825-50.

1 The Cauchy principal integral (or, Cauchy’s principal value of the
integral) of a function f(x) which becomes infinite at an interior point x=ux,
of the interval of integration (a, b) is the limit

lim (f%_g +fb )f(.z:) dx,
e—>0\J a Zol-6

where 0<e<min (z,—a, b—x,).
We shall denote this integral by placing an asterisk over the usual integration
sign.

If f(x) = g(z) [(x — x,), where g(z) is any integrablo function (in the sense of
Lebesgue), then the above limit exists and is finite for almost every 2, in
(a, b); and if g(x) belongs to the class L, with p > 1, the principal integral also
belongs to L,. See, for oxample, Titchmarsh [43], pp. 144, 132.

§ Gottinger Nachr. 1904, pp. 213-59; Grundzugo usw. [18], p. 75.
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circle |z| <1, and u(0) and »(f)) denote the real and imaginary
parts of ¢(z) on the boundary |z| =1, then

ka —_
u)= - j cotg >0 o(g) g,

-

()”—f cote? 3 g g,
provided that f 0)do = f 0)d0=0. (2)

For instance, if ®(z)=2" (n=1,2,3, ...) we have the formulae

1 [ ¥~ ¢ —
= —| cot
COS M 277[_,, g,
. 3)
. 1 ¢ 0
sinnf=— - cotg ——cosng dg,
) -

which are sometimes useful in changmg a sine series into a cosine
series and vice versa.

Instead of discussing the exact conditions for the validity of
formulae (1), we shall study substantially equivalent questions con-
cerning the values on the real axis of an analytic function ®(z)
regular inside the half-plane .7z > 0. Inthis case the Poissonintegral
for a harmonic function:

PRI

m
leads, under suitable conditions, to the mmp]er reciprocity formulae

() = lf*w;’_()dt]

v(x) = —;;fj:%dt,[

between the real part u(xz) and the imaginary part »(x) of the
boundary values ®(x +10) of the function ®(2) on the real axis. In
other words (v, ) and (u, —v) are two pairs of ‘conjugate functions’
with respect to Hilbert's tmnsformation

(4)

so=tigon=, (" * )

in the sense that the second is the transform of the first.



168 INTEGRAL EQUATIONS 4-2

This transformation is discussed by Titchmarsh in his book [43]
on Fourier integrals where the following three basic theorems are
proved:f

TarorEM L. (Reciprocity theorem.) If the function ¢(x) belongs to
the class L, (p > 1) in the basic interval (— oo, o), then formula (5)
defines almost everywhere a function f(x), which also belongs to L,
whose Hilbert transform H[ f] coincides almost everywhere with — ¢(x).

That is, for any L,-function

H{H[$}}=-¢. (6)

TuroreM 1. (Generalized Parseval’s formula.) Let the functions
$1(x) and P,(x) belong to the classes L, and L, , respectively. Then if

S, 7
b1 Pe @

wetone [ g pdo= " BIBEILIBE ©)

Turorem IIL. Let ®(x+1iy) be an analytic function, reqular for
y >0, which, for all values of y, satisfies the condition

J | D@ +1y) |[Pde< K (p>1), 9)
where K is a positive constant. Then as y -+ 0, D(x + iy) converges for
almost all x to a limit function:

O(x +10) = u(x) +1v(x)

whose real and imaginary parts u(x) and v(x) are two L,,-funclions
connected by the reciprocity formulae (4).
Hence, in particular, we have almost everywhere

RD(E+10) = H[S D(€ +10)]. (10)
Conversely, given any real function v(x) of the class L,, if we put

u(x) = Hx[v(y)]’ (11)

+ The theorems are stated here without proof. For the proofs seo Titch-
marsh [43], pp. 132, 138 and 139.
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then the analytic function ®(z) corresponding to the pair (u, v) can
be calculated by means of the formula

(2) = ;ﬁ f - ’f‘(f,)t{fz‘”@ & (F2>0), (12)
and it satisfies condition (9).1

To these three theorems we add another, which plays a role
similar to that of the convolution theorem in the theory of Laplace
transformations.

TueoreM IV.] Let the functions ¢ (x) and @,(x) belong to the
classes L, and L,,,, respectively. Then if

Lo, (13)
i.e. if Py + Dy <Py Doy we have
H{gy Hpy) + ¢ H(11} = H[ 1] H[po] — $1 e (14)

almost everywhere.
To prove this, let

1=y, H[pi]=uy; Py=vy  H[Py]=1,.

Then the two analytic functions

2m t—2

1 (1 41w,
= T2y
(%) 27n'f~1 t—z d

are regular for £z > 0, and satisfy, respectively, the conditions

fw | @, (@ +iy) | Pdz < Ky,
fw | Dy +1y) |P2de < K,

+ Hence we can be sure that an analytic function ®(z), regular for £2>0,
satisfios condition (9) whenover its limit values ®(x +90) = u(x) + () on the
real axis exist almost everywhero and the functions u(z) and v(x) both bolong
to the class L, with p> 1. In other words, under the previous hypothesis, it
is not necessary a priori that u and » be connected by equations (4).

1 F. G. Tricomi, ‘On the finite Hilbert transformation’, Quart. J. Math.
(Oxford), (2) 2, 1951, pp. 199-211.
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for all values of y, where K, and K, are two suitable positive con-
stants. Consequently, if we set @;(z) @y(z) = ®(z), and further, in
view of (13), set 11

1
—f—== (r>1),
P P2 T

by virtue of Holder’s inequality,} we obtain
f " | O +iy) [Fdw < Ky Ky
Hence the function @(z) satisfies condition (9) with p=7>1. From
(10) (i.e. from Theorem III), it follows that
Uy Uy — 0,V =R D (2 + 10) = H[F D (2 +¢0)] = H [ty uy + v,0,],

which is the convolution theorem (14) written in a different manner.
The ‘skew-reciprocal’ character (6) of Hilbert’s transformation
allows us to put Parseval’s formula (8) into the form

[” snipmnie=-[" pompmia 0

After multiplying by 7, this formula can be written
2 ay) ° 2 ¢a(y)
|7 s "5y [ pie[ " 2y,

or, on interchanging x and y on the right-hand side,

[* e[Sy [ gy D o

—

Thus we see that under suitable conditions an integration ‘with
gtar’ can be interchanged with an ordinary integration. If the
functions ¢, and ¢, vanish outside of a certain interval (a, ), then
the previous formula becomes

[ e L I

(17) s valid provided ¢, and ¢, belong to the classes L, and L,

respectively, with 11
b —=1, (18)
Py P2

If the basic interval (a, b) is finite, (18) can be replaced by the condition
1.l (18")
Py Do

t See Hardy, Littlewood and Polya [15], p. 140.
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because in such an interval each L,-function belongs also to the
class Ly, for p’ <p; hence, to a pair p,, p, satisfying (18), we can
substitute a pair p; <p,, ps < p, satisfying (18). More generally, by
setti

ne ¢1(.’l7) = 17 ¢2 113 117),
we can write

b # B (2, y) jh f*b ®(z,y)
d. —2dy=1| d —2>d, 19
Ja xfa y—x Y a 4 a Y- v (19)

provided the function ®(x,x) belongs to the class L, with p>1
and the double integral

fl'fbm ) (I)(x 2) dzdy (20)

exists in the ordinary sense so that the classical Fubini theorem can
be applied to it.7

In a similar manner, Theorem IV leads to the most useful
particular case of the formula for the change of the order of two
integrations both ‘with star’.} For, since

koo ¢1 koo (/) . o ¢ (x)
ol — zd‘/ f m‘/’z(?/)d!/f i @)

- wo oo (@) (y — )

[ h) f )

—o =X,

o doly) o [*( 1 1
bt e LE T
=mH, (¢1(x) H [go(y)]} — m*H, [ ()] H, [ hy()]

+m2H, {,(y) H,[$,(2)]}
=m2H, {¢y(x) L[ $o(y)] + dol@) H,[1(y)T}
=, [p(y)] H, [$a(y)]

+ For the dotails see the paper of the author quoted below.
1 The general formula for changing the order of two Cauchy principal
integrals can be written

*b *b Ji *b *b
dz F(a,y,2) l _ Pz, yLw dz—mF(x, x, x).
v E2)y—2)

Usu&lly this formula is crodlted to H. Poincaré (1910, Legons de Méchanique
Céleste, 3, p. 254), but it can be found already in G. H. Hardy, ‘The theory
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from (14) it follows that almost everywhere

%o ¢1 >l<oo¢2
o X— xo oY — x
ko
=f_w¢2(?/)df (x ¢;0)(j x) m2h (%) Pal@,)s  (21)

provided that ¢, and ¢, belong to the classes L, and L, respectively,
and that inequality (13) is satisfied.

In particular, if ¢, and ¢, vanish identically outside of (, b), we
have

=

%0 (x)d
-[osan]” ﬁ%wwwmm) (<0<,
(22

These considerations allow us to treat in I,-space integral
equations of the type indicated at the beginning of this section,
provided the basic interval is the whole real axis (— oo, 00).

In fact, consider first an equation of the second kind

-2 2 4y, (23

or, symbolically,
P(@) = ArH,[h(y)]=f ()

Applying Hilbert’s transformation to both sides of the equation
and using (6) we have

H[p)]+ And(x) = H,[f(y)]-
Consequently  (14A%7%) ¢(x)=f(x) + AmH,[f(y)],

of Cauchy’s principal values’ (fourth paper), Proc. London Math. Soc. (2),7,
1908, pp. 181-208. Hardy’s proof is not very simplo, and is similar to that
which T later (without knowledge of his proof) gave in my paper on partial
differential equations of mixed type; Mem. Accad. Lincei Roma (5), 14
1923, pp. 133-267—Russ. transl. Moscow, 1947, Engl. transl. 1948 (Brown
University, U.S.A.).

For a simple proof of tho previous formula under less restrictive hypotheses
on the function ¥, see my recent paper: ‘Sull’inversione dell’ordine di
integrali “‘principali” nel senso di Cauchy’, Rend. Lincei (8), 18, 1955,

p. 3-7.
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or, written explicitly,

1 LY
$0)= o f 4| T ay) 24)
Moreover, if the kernel is of the type
1
—_ * 925
K(x,y)~y_x+K (z,y), (25)

where K* is bounded (or, at least, integrable), then by the previous
treatment

e rmty g =f 4| Ty ko) gy

%0
+/\2f dzf K*(z,) py) dy.

If the order of the two successive integrations can be interchanged,
this is an ordineryt Fredholm equation of the second kind with the

kernel P
K*(x,y)+ /\j ]in_z’xl) dz.

4-3. The Finite Hilbert Transformation and the Airfoil Equation

We shall now study equations with Cauchy’s principal integrals
over a finite interval. These equations have important applications,
for example, in aerodynamics.

Of fundamental importance in this study is the finite Hilbert
transformation *1 g

1
f(x)‘—‘;T Y-z

where we assume the basic interval is (-1, 1).

Until recently this transformation, in contrast to the infinite
one, has received little attention.] A fow of its properties can be
deduced from the corresponding properties of the infinite trans-
formation, by supposing that the function ¢ vanishes identically
outside of the interval (-1, 1).

=7 1$(), (1)

t By ordinary, we mean that its integral is an ordinary one, not a Cauchy
principal integral; however, the basic interval is still infinite.

1 My recent paper ‘On the finite Hilbert transformation’, Quart. J. Math.
(Oxford), (2), 2, 1951, pp. 199211, covers essentially the sarmo material as
this section.
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For instance, from Parseval’s formula (4-2-15),1 we obtain

[" p@zpwnsozpone=0 @

provided that the functions ¢, and ¢, belong to the classes L, and
L, , respectively (in the basic interval (-1, 1)), and that

L + 1 <L (3)
P1 P
Similarly, if the equal sign is excluded from this condition, we obtain

from (4-2-14) the convolution theorem

T\ T [$al+ T (611} =T [$1]T [fa] — §1 62 (4)

In other cases, however, the transformation J requires special
treatment. For instance, the inversion formula (in the L,-space)
_ L1y 5
P(x)= - _mﬂd!/, (5)
which can be immediately deduced from Theorem I of the previous
section, is not satisfactory because its use requires knowledge of
the function f(x) outside of the basic interval (—1, 1), where
generally it does not vanish.

One difficulty in the study of the .7 -transformation is that there
exists no simple reciprocity theorem like Theorem I of the previous
section; in fact, the transformation has no unique inverse in the L,,-
space (p>1).

For instance, the .7 -transform of the function

=(1—-a%)* [log

(1—a¥), (6)
which belongs fo the class 2 —0,} vanishes identically in the basic
interval (—1, 1); for, if we put y= (1 —2)/(1 +¢2), we find
*o dt
TI(1—y2) =2 —— — —
-z 1+2)t)]™
J(¥)iﬂg*1] =0. (7)
Ja=a)=J(+a)t| s

+ When applied to the finite transformation, Parseval’s formula in its
original form (4-2-8) is not particularly interesting.

1 For the sake of brevity, we shall say, ‘the function f belongs to the class p°,
instead of ‘f belongs to the class L,’ (in the basic interval considered);
similarly, we may say ‘the function f belongs to the class r — 0’ instead of ‘the
function f belongs to the class L, for all 1<p<r’. Similarly, we may say
‘the function belongs to the class v+ 0’ if f € L, for sufficiently small ¢ > 0.
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However, outside of the interval (— L, 1), we have

1 (1—y?)t 3 af* dr -
f—l 7 ?;_Tdy——z(x2~l) %fo l+12_"”(x2—1) L)

Note also that, as a consequence of (7), we obtain

Lf* 1—¢* dy 11 yt+zx
T[(1—y2)¥] == LA A = —
A1-9 77‘[—1 NO=-y)y—= fn/ dy *

(9)

The main problem for the transformation.7 is to find its in-
version formula in the L,-space (p>1), i.e. to solve the ‘airfoil
equation’ (1)t by means of an L -function (p>1). It must, of
course, be assumed that the given function f(x) itself belongs to the
class L,,.

To find an inversion formula we can use the convolution theorem
(4), which can be applied to the function pair

$i(@)= (@), fo@)=(1—aD},
because the second function, being bounded, belongs to any class
L,,, even for very large p,. We thus obtain the equality

T =yp@) + (L= ()] = —2f () = (L =2*) p(@).  (10)
On the other hand, we have
(J x)+x
=1 [ " O D sy L[ sy saf)

Hence, from equation (10) it follows that necessarily
11 .
| T = -0 e

thatis,  (1-2%) ()= —TL/(1-yf )] +C, (1)
or, more explicitly,

T (E T

+ Equation (1) occurs in the theory of tho motion of a lifting surfaco in
an incomprossible flow, and hence is often called the airfoil equation. It was
studied among others by H. Sshngen (Math. Zeitschr. 45, 1939, pp. 245-64),
who used an elegant method from potential theory (Poisson’s integral),
which, however, required strong restrictions on tho given funetion. These
restrictions were eliminated in a recent paper by the same author: ‘Zur
Theorie der endlichen Hilbert-Transformation’, Math. Zeitschr. 60, 1954,
pp. 31-51.
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Here, in view of (7), the constant

1
0=$fd¢wwy (13)

has the character of an arbitrary constant.

The significance of the previous result is the following: If the
given equation (1) has any solution at all of the class L, (p > 1), then
this solution must have the form (12).

Consequently, the only non-trivial solutions of the class L, (p>1)
of the homogeneous equation

*l¢ ) dy =0 (14)

are O(1 —a2)1,

It remains to prove that the first term on the right-hand side of
(12) satisfies equation (1). In order to do this, we show first that
the term in question, i.e. the function

VL =2%) — (1 -y *f(y)
¢o(x)—ﬂf_1 ’7@*}2')*( _/Wi:"x)if (y)dy— f Y- xd‘/’

belongs to the class §—0, i.e. to any class L, with 1 <q <3, provided
that the given function f(x) belongs to the class $+ 0, i.e. to a class L,

with p>%.
Since
! b @yf)
== 2)— I gy T
s = et [ IRy )
the only difficulty is the determination of the class of the function
(x+ y A
\/ 1 x2 + J d./ ’

because the factor (1 —x2)~% belongs to the class 2—0, while 77 f]
(like H[f]) belongs to the same class as f.t In view of Holder’s
inequality, we have

o lp'sfil I:«/(l_.al;;iil/ll —yz):lp’ & Ujl /@) I"dy:lp//p
(r=52)

t Titchmarsh [43], p. 132.
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and consequently

[ oo

S Lmartti] [ [ o a]™
J

P2

Fig. 13

Hence the function g(x) belongs to the class L, when the double
integral on the right-hand side is finite, i.e. if p’ <4, because the
integrand becomes infinite (of the order of 1p’) only at the two
boundary points =y = + 1 of the square (—1<a <1, ~1<y<1).
But p’ < 4if p>$%; hence, remembering the rule for the class of the
product of two functions,t we see that the product (1 —x2)~% g(x)

T The product of two functions f, € L, and f, € L, is a function of class I,
with 1 1 1

o p

12 T
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and thus the function ¢y(z) belong to the class L, with 1 <¢ <% as
long as p>4%.
Now we apply the convolution theorem (4) to the pair

$i(z)= \/(1 —a%),  Py(x)=gy()

and in a manner similar to that used to obtain (12), we get

T T = [ )= (1=5) o)

=Co—y(1-2%) go(2)

But ¢y(z) may be expressed by (12) where ' has the value
Cy,T hence

TN =y T [$o(2)]} = Co+ T -y f (9] - Co,
that is, TN =y { T [¢e(2)] -f W)}]=0.

Using the previousresult about the homogeneousequation (14), we

see that necessarily

K
V=2 TR 1@ = 1~

a

that is, Te[bo)] - [ ()= (15)

1—a?
where K is a suitable constant. But for K &0, the function on the
right-hand side of (15) is not summable in (— 1, 1), while the function
on the left belongs to the class [, with 1 <¢ <$; hence K =0, and
this proves that

P T boy)1=f (@)

almost everywhere.

We have proved that:

If the given function f(x) belongs to the class %+ 0, then the airfoil
equation (1) has the solution

c

J*IA/(I wz)y YT ey (16)

where C is an arbitrary constant, and the first term belongs at least to
the class §—0.

t This is permissible since J(1—y2)~#]=0; hence, the term with the
constant C is without importance for the verification of formula (12).



4-3 SINGULAR INTEGRAL EQUATIONS 179

Moreover, the second term, which belongs to the class 2 — 0, represents
the most general solution of the corresponding homogeneous equation
n the space L, (p>1).

If f(x) belongs to a class I, with 1 <p <%, then we can no longer
state that the function ¢,(x) certainly belongs to the class 14 0;
however, it remains true that

(1) if the given equation has any solution of the class 1+ 0, then
it must necessarily have the form (16),

(ii) if the function @y(x) belongs to the class 1+ 0, then it neces-
sarily satisfies the given equation.

It is interesting to note further that, if the function ¢(x) belongs
to the class 2+ 0, then its Z-transform f(x) (which belongs also to
the class 2+ 0) necessarily satisfies the orthogonality condition

fl (1 -2 tf(x)de=0. (17)
-1

In fact, under the previous hypothesis, we can apply the Parseval
formula (2) to the pair of functions

Pi(x)=(1 —x2)”%, Po(x) =P (),

and, in view of (7), obtain (17).
This allows us to put solution (16) into the alternate form

I ey

because, if (17) is valid, we also have

[N Rl ) it

1 f*l x+y k

\/(l xZ) -1 \/(l ?lz)f( ) Y= «/ 1“%“
with k= f 1«/ l

+ The second paper of Séhngen, quoted at the beginning of this section,
oliminates every doubt about the validity of (16), even if f(x) belongs to
a class L, with 1<p<$. In this paper the author ‘algebraizod’ the finite
Hilbert transformation, with the help of another suitable functional trans-
formation connected with the following formula (24).

12-2
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Moreover, independent of condition (17), if at least one of the
two functions
’ f@ @)

J+2) J(1-2)

is summable, then in view of the identities
1—y? A/ 1+ (1—1/) 1+J—x)
1—2? -2 1+y 1+
_ (== l_irﬂ) (1_?,/:35)
IYVAVER" 1-y -z

golution (16) can be put into the two further alternate forms

P@)= /(l+x)f*lJ(I+J)J z Jr7«/(‘101'99)’\
== D S

Some authorsf use trigonometric series to solve the airfoil
equation. This method is theoretically much less satisfying than
the present one; however, it may be useful in practvice. Itis centered
around the formula

*7 cos (n?;)d?} §in (né) 3 ‘
fo cos 7 —cos £ Y (n=0,1,2,...), (20)

which, together with a similar one,
*7sin (n+1)7siny .
Jo " cosycosé dp=—mcos(n+1)§, (21)

shows that the J-transformation operates in a particularly simple
manner on the Tchebichef polynomials}
T, (cos§)=cos (nf), U,(cosf)= ‘E&i 2 .E.

To be precise, we have
T -y AT, ]=U, 4(z) (n=1,2,3,..). (22)

Hence, by expanding f(x) in a series of polynomials U, (x), we can
immediately deduce (at least formally) a corresponding expansion

t See, for example, G. Hamel [14] (1st od.), p. 145.
1 Szego [42], p. 28 or Tricomi [49], p. 186.
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of ¢(y) in a series of polynomials 7),(y), if we neglect the factor
(1=
Formula (22), as well as the similar one
TLA =y, ()] = - T, @), (23)

can be readily proved with the help of Theorem III of the previous
section, by starting with the analytic functions

O()= - (-2t z—y(1-2]" and  ®(z)=[z—y(1-2)]",
respectively.f

Using the same method we can also prove the important
formula

7l (122 | Loy 1
]’[(1 +.1/) ]_COtg (o) (1 +x) sin(n) O<lel<D- @9
We start with the analytic function
— 1\«
B(z)= (m) -1, (25)

which satisfies condition (4-2-9), since for | 2+ 1| > 2 we have

O(z) = —az—_?_~1+(;) (zf 1)2—(;‘) (Z_ﬁ_I)a_{_

BEquation (24) is then an immediate consequence of (4:2-10),
because on the real axis the function (25) reduces to a function
®(x+1i0) which is real outside of (-1, 1), and for —1<z<1 we
have

. l—z\* . 1—-x\* fl—2\*
CI)(x—HO):(ﬂ:x) ¢l —1:(-1»4_—;:) cos (oc77)——1+z(—1~1:~r) sin (aur).
(26)

Formula (24) is interesting because it shows that in some cases
a function ¢(y) which becomes infinite like A(1—y)==or A(1+y)=
(0<a<1) as y—>+1 is carried by the J-transformation into a

+ These formulae are particular casos of more general formulae which give
the 7 -transform of a Jacobi polynomial P& f)(y) multiplied by its weight-
function (1 —y)* (L +v)# asalinear combination of the original function itself
and the hypergeometric function F(—n—a—f,n+1; 1 —a; (1 —=)), which
reduces also to a polynomial if a+# is an integer larger than —n. For
details, see my paper mentioned at the beginning of this section.
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function with similar behavior, if we neglect the fact that A4 is
replaced by + 4 cotg (am).

That this behavior is common is shown by the following
asymptotic theorem:

Let ¢(x) be an L,,-function (p> 1) which in a small neighborhood
(=1, =148) (0> 0) of the point x= — 1 can be written in the form

p@)=A(l+a)*+¢(@) (O<a<l), (27)

where A is a constant, and Yr(x) vanishes at x= —1 and satisfies
(uniformly) a Lipschitz condition of positive order €, 1.e.

[ ¥(@)— (o) | < K [ 2=, |". (28)
Then the T-transform f(x) of ¢(x) has the asymplotic representation
fx)=Acotg (am) (1 +x)~=+0(1) (x—>-1) (29)

if 0<a < 1, and the asymptotic representation

f(x):-—‘;log(l+x)+0(l) (x—>—1) (30)

if a=0.

If the point x = — 1 is replaced by the point x= + 1, then all remains
the same except that cotg(om) is changed into — cotg(am) and
—log (1 +2) is changed into +log (1 —x).

For the proof, we first observe that if the transform f(x) becomes
infinite at x = — 1, then its asymptotic behavior for x->— I depends
entirely on the values of @(x) in an arbitrarily small interval
(=1, —1+8) (6>0). In fact, if for x outside of (—1+4, 1) we put

*= ﬂ@ d’l +1 ! _?.(_y)dy
1 Y-z m)s—1Y—x

1
f=7iw)- [ ,
then the second term represents an analytic function regular in the
whole z-plane cut along the segment (—1+4, 1) of the real axis;
hence it is regular even in the neighborhood of x= —1.

Consequently we can assume that (27) is valid in the whole
interval (— 1, 1). Consider, in this interval, ¢(x) written in the form
A (1 -z

#@) =515 ,;)a +9*(@),
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where the function
A 1—z\*
* = SR —_
1/,‘ (.'l') ‘”(x)-l"(l_l_w)al:l ( 2 )]

satisfies the same sort of conditions as ¥(z), in particular, the
vanishing at = — 1. For 0 <a <1, in view of (24), we have

Afl-y\*] 4 | 1
%[z? (m/) ]“2‘«“"'% (o) (m) sim (&)

=4 cotg (am) (L +x)2+0(1) (x—>—1);

and, for « =0, we have

T[A]= Alog( )=—Alog(l+x)+0( ).

Hence, to establish (29) and (30) we only have to show that
T w1=0(1) (@—>-1).

But this is a consequence of (28), since we have

nTl = elos T2k [ VU

U k(o) — 1
and f 'ﬁ(?/,,)iﬂ@dy <Kf |y—x|f—1dy<I£2€"1
-1 y—z -1 €
while
-2
(@) 10g(l+x) =|y*@)—y*(-1)]. log(ﬁa‘c)

< K(1+z)[log(l—x)—log (1 +x)].

The passage from the case x—>—1 to the case z—>1 offers no
difficulties. It is only necessary to replace a in (24) by —o.

In addition to the finite Hilbert transformation J, it is often
useful to consider the related transformation

Flo)= Zs O 4, (31)
-

where 2 is generally a complex number lying outside the segment
(—1, 1) on the real axis. This transformation changes a real
function ¢(t) of the class L, (p>1) into a single-valued analytic
function which is regular in the whole z-plane cut along the segment
(—1, 1) of the real axis, vanishes at infinity, and satisfies condition
(4-2-9).
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Transformation (31) is not essentially different from the well-
known Streltjes transformation.t To be precise, if we set

Lo lds 1 (.1:_7)=¢(T), _%F(%j;s)—‘lf()

1+77 " 1= 147 \147 8
then equality (31) becomes (32)
v =YD g, (33)

0 S+T

Thus transformation (31) is carried into that of Stieltjes and may
therefore be inverted by the complex formula}

Hpw+0)+ gz —0)= 3, [F+i0) - Fa—i0), (34
where, as usual,

Px+0)=lim gz +e), F(xr+10)= lim F(x +1c),
e—>+0 e—>+0
provided that both limits ¢(x + 0) exist.
In other words, since F(x+10) and F(x —¢0) are conjugate com-
plex numbers for ¢ real, we can state that

o [PF) (=l<a<]),
SEE+i0)= 0 (<=1 or x> l),} (35)
where ¢*(x)=3[P(x+0) + P(z - 0)]. (36)

But, by virtue of Theorem ITI of the previous section, we have§
RF (x +10)= H[IF(y+10)] =T, [$* ()] =T [H(y)
hence, F(z+10) =T [d(y)] +id*(x) (—-1<x<1). (37)
This formula, which for ¢ continuous can also be written as
F(x+40 " 90) “dy +1 38
@zi0)= | PP dyxige) (38)

is the key to the Carleman method of the next section.
An important consequence of the connection between (31) and
the Stieltjes transformation is the possibility of utilizing well-

+ See D. V. Widder [55], Chap. viIr.

t Widder [55], p. 340, Th. 76, where oven the case p =1 is admitted.

§ Remember that tho set of points where ¢*(x)+ ¢(x) is necessarily of
measure zero. Seo, for example, Goffman (op. cit. in §2-1), p. 195, Th. 6.
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known properties of the Stieltjes transformation for the study of

the function F(x) on the real axis outside of the interval (-1, 1).
For instance, since the Stieltjes transformation (33) carries a

function of the class L, (p> 1) into a similar one,T and since

® 1
f | Yr(r) [pdr =21 f | g(t) [P (L+1)-2dt,
0 -1
© -1 ©
f |d"(s) |Dds=7ﬂ)21—pf +J lp(z) |p I 142 |11—2dz,
0 -0 1

we see that if the function ¢(t) (1+1t)1-%7 belongs to the class L, in
(=1, 1), then the function F(x) (1+)'-%P belongs to the same class L,
in the double interval (—oo, —1)+ (1, 00). In particular, when ¢(t)
belongs to the class Ly, so does F(x).

44, Singular Equations of the Carleman Typef
Given a singular integral equation of the second kind with the

kernel
_H(z,y)
K(x,y)—?x—-, (1)
we can often write

’ 1 ”
H(x,y)=H(x,x)+(y—w)Hu(:c,x)+é—!(y—x)HW(x,w)+
H(, )
y—x
where K*(x,y) is bounded. Consequently the main problem in

studying integral equations with kernels of type (2) is solving the
standard equation

so that K(x,y)=—"""+K*(x,y), (2)

a(x) (x) - ¢ W=l (3)
where a(x)= H‘(%‘{) . (4)

+ This is an immediate consequence of the formula

fwl‘i"(s)]vdnssl:. ” :rfw|‘l’(r)[vdr (p>1),
0 sin(7m/p) | Jo

which can bo deduced from the more general formula given by Widder [65],
p- 370, by putting K(¢,u) = (¢ 4+u)~1

1 My recent paper ‘Sulle equa,zu)ni integrali del tipo di Carleman’,
Annali di Matem. (4) 39, 1955, pp. 229-44, covers essentially the same
material as this section.
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We shall call (3) an equation of the Carleman type because it was
discussed in 1922 in a paper by T. Carleman,t who gave an elegant,
explicit solution of this equation in closed form.

Carleman uses two different methods based on the theory of
analytic functions to deal with equation (3) (and with a related
equation containing the difference ¢(y)— @(x) under the integral
sign). We shall consider only the second method, which consists
essentially in the ‘algebraization’ of equation (3) by means of the
earlier transformation (4:3-31).1 This method is given here only
heuristically. It would be difficult to make all the steps in the
following reasoning rigorous, especially if unnecessary restrictions
(such as the hypothesis that the unknown function be continuous)
were dropped. The results, however, are valid.

Carleman§ observed that, if we put

11 d(y) B
Fa)=— qy—_;dy, (5)

in view of (4:3-34), we have
F(z+10)— F(x—10) = 2id(z)
* (y) (6)

Fla+i0) + Fla—i0) =~ Y,
1Y

where we have assumed, for the sake of simplicity, that ¢(x) is
continuous in the open interval (— 1, 1). Consequently equation (3)
assumes the ‘algebraic’ form

[a(x) — Amt] F(z +i0) — [a(x) + Ami] F(x —i0) = 2if (x) (7)

t T. Carleman, ‘Sur la résolution do certaincs équations intégrales’,
Arkiv for Mat., Astron. och Fysik, 16, 1922, 19 pp.
An equation of the Carleman type is thus an integral equation of the
second kind with the singular kernel
11

afx)y—x

In the case of an equation of tho first kind, it is not essentially different from
the kornel (y — x)~! of the airfoil equation; however, in the case of an equation
of the second kind, there are many differences.

1 In a similar manner, equations of the Faltung type of §1-8 were
‘algebraized’ by means of the Laplace transformation.

§ In order to keep the notation throughout this book consistent, we have
sometimes modified Carleman’s notation.
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This equation can be simplified by setting

F(2)=eT@ U(z), (8)
provided that the function 7'(z) satisfies the condition
[a(x) — Ami] e7@+i0) = [q(x) + Ami] eZle—i0), (9)
We obtain
; o= 2@ T +i0) — 2f (%) o
Ulw+i0)-Ule @0)—a( i ~alz) +/\m 0

from which, if we consider the geometric mean of the two ex-
pressions for the difference on the left (which are equal), it follows
that

U(x +10) — U(x—10)
2if (x)
J[az(w) A exp{—3[T(x+10)+ T'(x—10)]}.
Now, in order to determine the function 7'(z), we observe that
from (9) we have

T +i0) — T(w— 0) = log 4O £ AT

i i 2iarct ﬂ
a(x)—Am g ()’

Consequently, although it is nof necessary to do so, we can put

(11)

a1 L 00)
T(e) =" flt__zdt, (12)
A
itt 0 1
with (%)= ztorc:)gw( ) (13)

In fact, in view of (4-3-34), it follows from this that

1 . . Am
5 [T(x+10) —T(x—10)] =0(x) = azgc:)g aw)’
in accordance with (11).
On the other hand, in view of (4:3-34), we have
*1 (¢
YT +i0) + T(z —i0] = f ! 4 )
b=
hence, equation (10) now becomes
2i

Ux+10) - U(x—10) = Jla¥(a) £ A7) e@ f(x),
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where T(x)- - tﬂ( ldt =Z,10(t)], (14)
-1
and can be satisfied by the function
Lt emof)  dt -
()= f L [a¥(t) + 2]t =2 (15)
Finally, we determine ¢ by using the first equation (6) which, in
view of (12) and (15), gives us

%p(x) = eT+0) [ (3 4-40) — e 7= [ (1 — 40)

_.ef(x)+10(z) l *1 T(U)f dy Y 4 —r(.v) f
Sl @)+ Xy o o) + ]

— er(@)—i0() o *T(U)f (lg/ i e—r(z) f :]
le Flmly—z @)+ A

After making some elementary transformations, we can write the
solution in the form

_ a@)f@) A Oy dy
¢(x)—‘;2(5€)+iéné —I-/\27r2]J~ 1le2(y) + 22y —
where, according to (14) and (13), (
A
(@) =Z[0y)], Oy)= a(gcﬂtg aly)’

We have presented Carleman’s method only as a heuristic way of
arriving at formula (16). We shall now obtain a similar formula
(30") T by using the methods of the previous section. We need first
the J-transform of the function

Am
exp i, [arct ( )]
A(x) — ,_,,,,,er(,‘r) R P { () ")g (y) . (17)
J[@¥(x) + %72 J[e¥(x) + A2
This can be deduced from Theorem III of §4-2 and is itself of

intrinsic interest.
To be precise, we shall show that

MmTJA@W)]=a(x) Ax)—sgnA (A+0, —1<x<1), (I8)

supposing, for the sake of simplicity, that the function a(x) is con-
tinuous in the basic interval (-1, 1).

16)

t Formula (16) lacks the last term of (30%), which contains the arbitrary
constant .
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For this we start with the analytic function
O(z) =et@ -1,

where 7T'(2) is still given by (12). In view of (4-3-33) and the fact
that O(x) is continuous, even if a(x) vanishes somewhere, ®(2)
reduces on the real axis to

exp{-ﬂj‘*1 0()dt+ 0(x )} (—l<z<l),

Oz +10) = 1=
exp |- . q(vldt}——l (e<—1,2>1)
m _1t-‘x ’ ’

This shows that, for any positive p, both the real and imagi-
nary parts of ®(z+140) are certainly L -functions in the interval
~1<x<1. Outside of this interval, the imaginary part vanishes
identically while the real part can be represented there by the

series
11 0@) My 1 1
=" (M +— M2
exp{ flt zdt} m+mz(Ml+2”1lo)+

where M, M,, ... are the successive moments of the function 6(x).{
Hence both the real and imaginary parts of ®(x+10) are of class
L, (p>1) on the whole real axis and consequently the function
(z) satisfies condition (4-2-9). Using again the symbol 7(x) for the
function (14), from (4-2-10) it follows that
€@ cos O(x) — 1 =T [e"@sin O(y)].
Now, remembering that 0 < 0(x) < or, even better, that
0<O(x)<im (la(z)=0), Wr<0@)<m (Aa(z)<0),

we notice that (if A 4 0) we also have

sin O(x | A l ﬂ
J[a2 ‘l‘ A27,-2
cos Oz a(x) a(x)sgn A

* J[aX(z) + A2 J [a2(x) + A272)’
1 Namely, we put

1
M,,:f o@)trdt (n=0,1,2,...).

-1

Noto that the constant term — 1 must be present in order that the function
@(x +10) vanish at infinity.
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where, as above, the radical is always considered positive. Hence,
after multiplying by sgn A, the previous equality can be written in
the form

a(x) er®

eT(V)

Jlady) + Al |
and this is exactly formula (18) which was to be proved.

If in the previous reasoning the function 0(z) is replaced by
0O(x) — m, then the function 7(x) is carried into

and consequently 4 () is carried into

1+

1=z 4k,
while the signs of cos f(z) and sin §(x) are both changed. Hence, in
addition to (18), we can write the further equality

l+y _ 1+
e R ] R e O Y O)
and, by adding it to (18) and dividing by 2, we have
A@) A AW)] ;

This last formula already yields an interesting result about the
main problem of this section: T'he homogeneous equation

1
a(x) p(x) - /\f: %dy: 0 (21)
always has the non-trivial solution
4
¢A(x)=‘l_£§}c' (22)

Moreover, we can prove that: If the function a(x) is not only con-
tinuous (as already assumed), but also satisfies a Lipschitz condition
of positive order € in both the small intervals (—1, —1+8) and
(1-4, 1) (0> 0), then the function ¢,(x), in spite of the divisor 1 —z,
belongs to the class L, (p>1).
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In fact, considering that for any pair z, z, of points in the interval
(—1,1)we have
Am Am a(x,) a(x)
O(x) — O(x,) = arctg - arctg ——= aretg —-— arctg -
(@)= t) orsala)  rtalw) iy A Cim i A
and consequentlyy
a(x) - a(
| O(z) — O(z,) | < '(*)7/\77?'( o)
our hypothesis about the function a(x) allows us to apply the

asymptotic theorem of the previous section to the function
T(x) =T [0(y)]. If we set

’

a—-—é)( 1)= larctg ! ! Am

w
7 o8 L ) ﬁ=;r0(1)=7;a£c7‘f;g a1y’ (23)
we can write
( )= —alog (1+x)+0(1) (x—>—l),} (24)
7(x)=flog (1 —x)+O(1) (x> 1).
Hence we have A(x)=0[(1+x)™] (z—>-1),
A@)=0[(1-2)]  (xz->1),
and consequently
G@)=0[(1+2)] (z—>-1),
)01 (o 21 (20)

This shows that the function ¢,(x) belongs to the class L, for
p <1y, where y=max (1 - ). (26)

It is important to notice further that the change of A into —A
carries 0(z) into 7 —6(x) and A4(z) into

exp {log G»I‘é) —‘r(x)} g 1

NGO R
e—T() ¥
where J[Tl?(i) ’;‘/":2*7{2] =4 (.’E ) . (27)

Consequently we can say that the change of A into — A carries the

function
l+2
40

d
R ber that — arctge=——< 1.
1 Remember tha dxa.rc gx ]

+2*
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into A*(x). It follows that
a(x) A*(x) + AnT [A*(y)]=sgn A. (28)
Now, in order to verify rigorously Carleman’s solution (16) and
to show that functions of the type C'$,(x) are the only non-trivial
solutions of the homogeneous equation (21), we start from the given
equation (3), which ‘composed’ with the singular kernel
-z A%(z)
T oy—=x
becomes

TA(L~y) A*y) [ay) p(y) —f ()]}
=ilf*1£1 2)7* *1¢

T).1 z—x 1yz’

The function (1 —x) A*(x), being bounded,t belongs to the class L,
for any large p’. Hence, if the unknown function ¢ belongs to any

class L, with p> 1, formula (4-2-22) can be used to interchange the

order of the two successive integrations ‘with star’ on the right-
hand side. Hence we can also write

TA(L—y) A*) [aly) py) - )]}
A g(y) , [+ 1 1
:;f—l ?T:idyf-l (z—mug:y‘)(l —2) A%(z)dz

—Am(1—z) A*(x) f(x).

Now the F-transform of the function (1 —2) A*(x) can be easily
evaluated with the help of formula (28). To be precise, we find

VT [A*(y) f A¥y

Tol(1—y) A*(y)]=(1-
=1~A_;r—[sgn/\ a(x f A*(y

t In fact, the function is continuous in the open interval (-1, 1) and, in
view of (24), in the neighborhood of the end-points, we have

(1-=z) A*)=0[(1+2)*] (x—>-1),
(1—z) A¥x)=0[(1 = 2)-F] (x —>1).
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and
Tl(1—2) A*(2)] - f[( —2) A*(2)]
=12 Sgn/\+ ~[(1-y) aly) 4*(y) - (1~ =) afz) A*(z)].

Using this result, the previous equality becomes

T -y) A*@) [a(y) $y) —f )]}
1
=21 -+ 710 -y)at) 440 $0)

= (1=2)a(@) A*(@) T, [$(y)] - An(1 —z) A*(x) B (x).

Since the terms in the J-transform of (1—y)a(y) A*(y) 4(y) are
the same on the left and on the right and the Z-transform of ¢(y)
can be eliminated by using equation (3), we have

T (1) A f)) =~ ale) 4%(0) [o(e) ) ~ (@)
—Am(l—2x) A*(x) p(x) +7\(/7ir’
where C is an (arbitrary) constant. But we also have
- X7T a(x) A*(@) p(x) — Am(1 —x) A*(x) P (x)
1—2 ¢(x)

= — o)+ Xt %) )=~

hence we can conclude that from the given equation it follows

necessarily that

A
360)= g N d 28 g1 axp g+ 012 29
Even better, if the J-transform of A*(y)f(y) exists,} we can
write
1
A=) A )= -2) T4 - [ A0S Wy,

and the previous solution assumes Carleman’s form

= S@@ L d) TLAxw) f)]+ 0 A

¢(x) . ( )+Azﬂ2 z m, (30)

t In view of the behavior of A*(y) at y= +1, a sufficient condition for
this existence is that f(y) belong to a class L, with ¢> 1/(1—f).

13 T
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or, more explicitly,

@)@ qO M ewfly)  dy
@)= Zatay £ 2o+ A Jlat(a) 4 o)y yiadlg) + Xty
T (30)

(1 -z)[a¥(z) +Atn]’

where C’ denotes an arbitrary constant.

The significance of the previous result is the following: If the
given equation (3) has a solution ¢(x) of the class L, (p > 1), it must
necessarily have the form (29)-(30). Consequently, we can already
state that the only non-trivial solutions of the class L, (p > 1) of the
homogeneous equation (21) are of the form C¢,(x), but it is yet far
from certain that the function

Fy= 2@ w70y A s,

which can also be written as

_ @) f()
(x) ag( ) /\2ﬂ2+/\”¢)1 '7—[ 1—y ) (y)f(?/)], (31)
actually satisfies the given equation (3).
To remove this doubt, we first observe that if the given function
f(z) belongs to the class L, (¢>1), then, since (1—=)A*(x) is
bounded, the functions

(1-y)A*y) fly) and T [(1-y) A*y)f(¥)],

as well as the first term of F(z), belong to the class L,. Con-
sequently, as already observed, since the function ¢, (x belongs to
the class (1/y) — 0 with the value (26) of y, we can be certain that the
function F(x) belongs to the class L (¢* > 1) provided that {

q 1 .
ot g>—. 32
P <ty 15 (32)

Secondly, we observe that if with a suitable value of the constant
C, we put
o) =F(z) + C,(2)

+ For the sake of brevity, we shall not show that a better result could be
obtained with a method similar to the one of the previous section.
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and reverse the order of the steps which gave us formula (29), then
we obtain the equality

TA(1-y) 4*(@y) y)]}
S o j (vad ~ (1 —2) A%(@) @)

But, since the function (1—x)A*(x) is bounded and the function
Po(x) belongst to a class L, with ¢*> 1, formula (4-2-22) can be
applied and the previous equality becomes

T -9 AW ) )0y =27] (= 42" g ]
that is,

Z{1-24%0) [ aer g -A| ay—gie IR

Using the results of the previous section, it follows that

¢o _ Kk
where K is a constant. For K +0, we have
K - {0[(1 )] (z->—1),
(I—2f (1 +z)} A%@) O[(1-2)EA] (@—>1).

Hence for o > § or f <4 or both, K must necessarily vanish; other-
wise, the functlon on the right-hand side of (33) belongs to no L,
class with p > 1, while the function on the left belongs to Lq.
with ¢*> 1. There remains the case 0<a <}, 1<f<1 in which
v> 1 and consequently the right-hand side of (33) is a function of
class p with 1

p= mm( :_% p,)<2

because both fractions vary in the open interval (1, 2).
The left-hand side of (33) is, however, a function of class

1
q>*1‘::};>2,

1 Remember that the class (1/y) — 0 of tho torm C¢, () is ‘higher’ than the
class g* of F(x) because 1/g*>y.

I Remember that the exponents —(a+}) and —(3—/f) cannot be re-
placed by higher ones.

13-2
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because both terms with ¢y(x) are of class ¢* > ¢ and the term f(x)
is of class g.

If K &0 there is still a contradiction. Hence, in all cases, K =0,
and we see that the function ¢y(z), and consequently also the
function F(x), actually satisfy the given equation (3).

We have thus proved:

If (i) the coefficient-function a(x) is continuous in the basic interval
(=1, 1) and, furthermore, satisfies @ Lipschitz condition of positive
order € in both the arbitrarily small intervals (—1, —146), (1-46, 1)
with > 0, and (ii) the given function f(x) belongs to the class L, with

g5, y=max(a1-f), (34)

then the singular equation (3) s satisfied by the function

A 4
H)= g P+ an L 11— S+ 07 )

- (35)

(where C is an arbitrary constant) which belongs at least to a class L
with q
o T 36
T <10y (36)
Moreover, functions of the type
A

11—z

are the only non-trivial solutions of the corresponding homogeneous
equation in the space L, (p>1).

If g>1/(1 - f3), then the previous solution (35) can also be put into
Carleman’s form (30)-(30").

In particular, if we assume that a(x)=0, which implies that
O(x)=4m, a=pf=vy=4%, we find again the results of the previous
section. The sole difference is that now we have the condition ¢ > 2,
while there we had the weaker condition ¢ > %, because of the more
accurate determination of the class of F(x).

Recently Carleman’s method was used by S. G. Mihlin{ to solve
a singular integral equation which I had encountered (and solved

1 ‘On the integral equation of F. Tricomi’, Dokl. Akad. Nauk USSR
(N.8.), 59, 1948, pp. 1053-6.
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in another, less simple manner) a long time ago in my research on
partial differential equations of mixed type.

Other Russian mathematicians (e.g. I. Vekua, N. I. Muskhelish-
viliand V. 0. Kupradze) have used Carleman’s method, particularly
for equations with a principal integral over a closed curve in the
complex plane. These investigations are contained in the book by
Muskhelishvili [32] on this subject, now translated into English,
as well as in papers which are not readily available.t

4-5. General Remarks about Non-Linear Integral Equations

Non-linear integral equations are so varied that even classifying
them is difficult. Two types, however, are of foremost importance:
(i) equations in which either the integrand or the part outside of the
integral sign or both depend non-linearly on the unknown function
¢(x), i.e. equations of the form

f Hlz,y; $()) dy=glz, p(a)]; (1)

(ii) equations which contain a truly non-linear functional, for in-
stance, the (second) ‘integral power’

1,r1
f f K(@,9,2) () §(2) dy . (2)
0J0

In spite of the fact that one of the most important papers in this
field] deals with the second type, I believe that the more interesting
type is the first, in particular, the case in which the function H is the
product of a function K of x and y alone, and a function L of y and
¢(y) alone, i.e. when the equation is of the form

f  K(w,) Ly, p)1dy =i, 42} (3)

Equations of this kind are discussed in a beautiful paper by
Hammerstein.§ Even better, if we can solve the equation

gle, p(@)] =y (x)

t Seo especially, T'rav. Inst. Math. Tbilisst, 10, 1942,

1 E. Schmids, ‘Uber dio Auflosung der nichtlinearen Integralgleichungen
und die Verzweigung ihrer Losungen’, Math. Ann. 65, 1908, pp. 370-99.

§ A. Hammerstein, ‘Nichtlineare Integralgleichungen nebst Anwend-
ungen’, Acta Math. 54, 1930, ‘Ivar Fredholm in memoriam’, pp. 117-76.
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for ¢(x), then we can consider

Yio)+ j 0’ K(e,y)fly, v )] dy =0 @)

as the standard form of equations of the Hammerstein type.

This transformation shows that the distinction between homo-
geneous and non-homogeneous equations, which was so important
for linear equations, is almost without significance here. However,
it is important to know whether or not the function f(y, u) vanishes
identically at w =0 because only in the former case does (4) have the
‘trivial’ solution yr(z)=0.

We can use the method of successive approximations to solve
(4). For instance, we can put ,(x) =0, and successively

1
V@)= — f K fl tu)ldy (0=0,1,2,..).  (5)

However, the convergence can be assured a prior: only under quite
strong conditions on the functions K and f. To be precise, we have
to assume:

(i) the kernel K belongs to the class Ly, or, at least, that the
function

1
A3z) = f K g)dy (6)

exists almost everywhere in (0, 1) and is summable there;
(i1) the function f(y, u) satisfies uniformly a Lipschitz condition

f the t
SR )~ (s 0a) | < C(y) g — g (1)

(iii) the function f(y,0) belongs to the class L,. Under these
hypotheses the sequence

Yo@), (), Yol@), .. (8)

converges almost everywhere to a solution of (4) provided
1
f A¥(z) C¥(x)de=M2<1. (9)
0

Moreover, this convergence, is almost uniform in the sense of §2.1.

t This is less than Kel, because, if K(z,y) belongs to the class L,,
a similar condition must also be satisfied if x and y are interchanged.
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In fact, from (5) it follows that

| na(2) = (@) | 401 | K (@, 9) | |1 V)] = F 1y, Ya(¥) ]| dy

1
< f K@) C0) )~ Vs
and using the Schwarz inequality, we have
1 1
|V al@) = Prale) [ < f K@ )dy| | O )~ Vs
— 4z) f 0 CHy) [Yl9) ~ a0}y

(n=1,2,3,...),

while in the case n=0, we have
1
we <o) .0,

or Pi(x) < PA¥(x),

where ¢ denotes the norm of f(y, 0). Hence, we obtain successively
1
) = (@) <) | 430 Oy dy=e 2%
0

[ra() = o) P < 2M2 A% () f 01 A2(y) C¥(y) dy = c*M*A*(a),

and, in general,
[ a(®@) — U, ()2 < EM20 A2@) (n=1,2,3,...).
This shows that the series

Ya(@) + [fa@) — Yy (@)] + [Y5(2) — Pra(@)] + .. (10)
has the majorant  cA(x) (1 + M +M2+...),

which converges for M < 1; hence the sequence (8) converges almost
uniformly under the stated conditions.

Furthermore, it is easy to show, in the usual way, that the sum
of series (10), i.e. the limit of ¥, (x) as n—>00, is a solution of the
given equation (4).
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The importance of the previous conditions and especially of in-
equality (9) need not be pointed out, since there are very simple
non-linear integral equations which have no solutions at all. For

instance, if K2, y)=a(z) a(y), (11)
s0 that necessarily

Y(x)=Ea(x) (£=constant),
then equation (4) becomes equivalent to the non-linear equation
for £ L
£+ [ et iy =o. (12)

Tt is very easy to construct examples for which no real solutions of
this equation exist. For instance, if

f(y’ u)= ’}(1 + uZ)’
equation (12) becomes

ef @ iyr2+ [ amiy=o.
This equation of the second degree has no real solutions if
fol a(y)dy > 1, (13)
since, by the Schwarz inequality,

1= [Lway[ may<r-| [Tawan]

On the other hand, if a(y) is always positive, and we set

f(?/, u)=usina%),

then equation (12) becomes
1
1+sin gf oa*(y)dy =0,
0

which has an infinity of real solutions provided condition (13) is
satisfied.

Finally, we shall give a necessary condition for a point A=A, to be
a bifurcation point for a given solution y,(x) of a non-linear equation
with a parameter A, of the type

Yl) A f K@)y vwldy=o, (14)
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i.e. a condition for the presence, on the left or on the right of the
point A, on the A-axis, of (at least) another solution ¥,(») of the
equation, such that the quotient

¥a(@) — o)
A=A,

approaches a limit function y,(z), as A 2A,, which does not vanish
almost everywhere. If the derivative f, of f(y, u) with respect to »
exists and is continuous, then this condition is that A, be an eigen-
value of the Fredholm kernel

KXz, y)= — K, 9) fuly, Yro(@)]- (15)
To show this, set
A=Xo=¢, Yy(x)—Pole)=

Then, since wl(x) is a solution of (14), we have identically
Pol®) +ex(x
[ K ) T -+ ex )=l volo)) 41T VN dy =0,
On the other hand,
ie)+A[ K o, bolody =0
hence, subtracting and then dividing by € we have

x)+/\f K(z,y) fJ"{/—‘—’A-_}‘ezCMJ) f[‘/’l'/fif—x ydy=0.

Letting A - Ay, € >0, we obtain

1 .
Xol@) g f K@) wl) Ay =0, (16)

where y,(z) is the limit of y(z) as ¢ > 0. Hence y,(x) must be a non-
trivial solution of the previous homogeneous linear integral
equation with kernel K*.{

+ Notico that the provious condition must be satisfied also in the case in
which the neighboring solution ,(x) exists on the loft as well as on the right
of the point A= A,. Then, according to our definition (p. 161), A, is no longer
a bifurcation point. Hence the previous condition is more & condition for the
‘meoting’ of two or more solutions of the equation than a condition for the
existence of a bifurcation point.
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4:6, Non-Linear Equations of the Hammerstein Type

In a paper mentioned in the previous section, A. Hammerstein
studied non-linear integral equations of the typet

1
" f Kl oy =0, 1)

using the following basic hypotheses:

(i) the fundamental theorem of Fredholm is valid for the linear
integral equation with the kernel K,} and the iterated kernel
K,(x,y) is continuous;

(ii) the kernel K is symmetric, i.e. K(z,y)=K(y, z);

(iii) the kernel K is positive, i.e. all its eigenvalues are positive.

If these conditions are satisfied, we shall say that the integral
equation belongs properly to Hammerstein’s type.

Hammerstein’s method is centered about the Hilbert-Schmidt
theorem. To be precise, he uses the fact that since by (1)

j K(x,y)g(y)dy with g(y)= —fly, ¥ ()]

ifit existsatall and g(y) € L?, i (x) can be represented by a(uniformly)
convergent series of the form

W(x) :m% lcm (:bm(x)? (2

where ¢,(x), ¢y(2), ... are the (orthonormalized) eigenfunctions of
the kernel K(z,y) (corresponding to the eigenvalues A;, A,, ..., re-
spectively), and ¢, ¢,, ... are certain unknown constants.

1 Hammerstein actually deals with intograls extending over n-dimonsional
manifolds (liko equation (6) of §3:17); however, this implies no important
differences in the treatment.

1 A sufficient condition for this is for K to belong to the class L,, in the
senso of Chapter II. Moreover, for the sako of simplicity, we shall now
suppose even that Ky(x,y) ¢s continuous, which, in view of the symmetry of
K, implies K e L}, since

A¥(z)=BYx) Ef ' Kz, y)dy = K,(z, ).
0

Consequently the series of the Hilbert-Schmidt theorem will not only be
almost uniformly convergent, but even uniformly convergent. The hypothesis
that K, be continuous is implicit in the paper of Hammerstein.
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Therefore, since

o= Hla) ) x—~f Bl K, vy
—- [ S pna| Keg)pueia= - [ fnvtguni,
0 0 mJ 0

the problem of solving the given equation is equivalent to that of
solving the following system of infinite equations with an infinite
number of unknowns:

1 (L[ =
Cp=— /T":Jvo f[y’h'z::lchqsh(y)] ¢m(y) dy (m = l: 2’ 3’ ) (3)

It is now quite natural to consider the ‘approximate’ solution

'/rn(m ) =m%16n, m ¢m(x)) (4)

where the n constantsc, y,¢,. s ..., ¢y, , have to satisfy the system of
n equations with n unknowns

cn,m /\l fl:./: Z(‘n h¢h :|¢m dy (m‘_] 2 ) (5)

But, does this system have any solution at all?

By considering a minimum problem for a suitable function of
n variables, Hammerstein showed very elegantly that the system (5)
has at least one solution, provided that the function f(x, u) s con-
tinuous and its absolute value is less than a suitable linear function of
| w|, i.e. that it satisfies a condition of the type

|f@u) | <Ci|u|+Cy, (6)
where Cy and Cy are two positive constants and C, ts less than the first

esgenvalue A, of the positive kernel K(x,y).t
To prove this, Hammerstein considered the continuous function

n 1 n
H(xy, %y, ..., %) = 3 A, 20+ 2f0 Fl:y,hglxn%(?/):l dy,

m=1

m

where F(y,u) =f: fly,v)dv. (7)

t Despite the fact that inequality (6) can be weakened somewhat (see
below), Hammerstein showed that the limitation C; < A, cannot (in general)
be improved.
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H(z,,,,...,2,) is a function whose partial derivatives are closely
related to the equations of system (5) since

1 F 1 1 n
2/\_ 8%{_ =T+ /rfo f[y,hglxh ¢h(y)J ¢m(y) d:l/ (8)

It is not difficult to see that the function H is bounded from below.
In fact, from (6) and (7) it follows that

| F(x,u)| <3C,u+Cy|ul, 9)
and, if €| is less than an arbitrary constant k, in view of the ele-
mentary inequalityt "

ax—bxzs;ﬁ) (b>0), (10)

by identifying x with |« |, @ with C, and b with }(k~C}), we have
10,4+ Oy | u| < Jhu®+ Oy,

where Cy= N kCZ A%
Hence if Ci<k<y,
we have F(z,u)z — (ku?+C;). (11)
Consequently, we obtain
H(zy, 2, ..., 2 e, f I: (th¢h ) +2C'3:| dy,
that is, "
i} >n§lamxz,, - khﬁlxg —20,= }’ﬁlmm —B)a,—20,  (12)

Since k<A; <A, <A3<..., the sum on the right is not negative.
It follows that H has the lower bound — 2C,.

Hence there is at least one set 2z, 2, ..., 2z of values
%y, %,, ..., %, for which the continuous function H becomes an
absolute minimum d,,. We can be certain that by putting

cn,m=x$g) (m=1,2,...,n)

1 Multiplying by the positive number 4b, (10) is equivalent to the state-
t that
rent e a?—4abx + 4b%% = (a — 2bx) > 0.
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the system (5) will be satisfied, because for

mm=x$g)=cn,m (m=1,2’~”3n)’ (13)
we must have 8_H=§f{=w=_a§=0_
axl 8x2 axn

Furthermore, it is important to show that, with this choice of
the quantities c,, ,,, the sum
S: = E /l cn m (14)
m=1
has an wpper bound independent of n.

In fact, when the z, have the values (13), it follows from
(12) that .
Z (/\m_k) n, m\d +203:
m=1

and a fortiors

(l —__) 2" /\In ‘nym % /\m_k/\m u m\ ;_: (/\m—k) n, m\dn+"’037
X A,

1/ m=1 m=1 m-=1
dn +20,

that is, S, < 1=k,
1

But, on the other hand, since

H, (2, %, ..., 2,)=H, (%, 2, ..., 7,,0),

we have dp1<d, (=1,23,..).
Hence d,, <d, and we obtain
S sD—ff- ]jg (15)
This shows that we can also write
J Y2 (x)dx = }J c,, w < ”Z A Ch, m\/l\)l. (16)

Now we have to prove that as m—>co the function ¥, ()
approaches a solution of the given equation.
We shall show first that the function

() + f : K(ey)fly vul)]dy (a7

approaches zero uniformly, as n—>co.
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In fact, by using the Hilbert-Schmidt theorem again, we obtain
1 1
Xl = 500 @)+ 3 ) 961 KED) by

Cuntal@)+ 3 2 11y, 006, 0) a0
By v1rtue of (5), we have

1t
A, f ) ul)dy= =,

Hence the first » terms of the second sum annihilate the first one,
and we obtain

© 1
@)= 3 A;,1¢m(x>f ST Y] Bl dy
m=n+1 0

Consequently, with the help of the Schwarz inequality for sums,
we can state that

i< S e 3 [ [ uvnsaoa]. o

Ec

m=n-+1

Now, using the Schwarz inequality for integrals, we have

1 2 1 1
([ e < [ S fi.pldy
f Pl o) dy.

Squaring both sides of (6) gives
JHx, u) <C3ut+ 20,0y | u | + C3=20,0, | u| — (k— C%) ut + ku? + C3.

Therefore, if we assume that C} < £ and apply inequality (10) with
z=|u|,a=20,C,, b=k—C%, we get

fHy,©) <ku?+ G,
where G is a suitable constant. Hence, remembering (16), we obtain
[ 1wy [ s+ caars o s, 9
and inequality (18) becomes
BO<D* T N2
m=n+1

It is well known that the infinite series £A;;2¢2 (x) converges uni-
formly to Ky(x, z). Hence y,,(v) converges uniformly to zero as n—»co.
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In this way we have proved that if the sequence (), Yry(%)
converges to a limit function y(x), and if Lebesgue’s fundamental
integral theorem can be applied to the evaluation of the limit as
n->o0 of the integral

f : K2, 9) 9, ¥u(0)]dy,

then the limit function /() is a solution of the given equation (1).
But does the sequence yy, ¥y, ... converge at all? Under the
previous hypotheses we cannot assert that it does, but we can easily
show that from the sequence (), ¥y(2), ... there can always be
extracted a subsequence

V(@) Yug(), ¥, ()

which converges untformly to a (continuous) limit function y(x)
To do this, it is sufficient to apply to the sequence

a)n(x)zxn(z)_Wn( f Kz Y f[yr wn ]d./ (n=1)2s37'--)

a well-known theorem,} which permits us to deduce the previous
assertion from the uniform boundedness and equicontinuity of the
considered functions.

The sequence {®,} is uniformly bounded because, as a con-
sequence of (19), we have

<[ K] a0 ke
The functions w,(z) are eg;uicontinuous in view of the inequalities
ot =0~ [ (K o) Ko )0, 0] d./}
<[ 1K)~ Kewnras] | .o

<D* . [Kz(% y) — 2K (xy,9) K(2y, ) + K*(2y, y)]dy
= D¥[K y(2y, %;) = 2K (21, %p) + K (25, T,)]
= D¥[ K (2, %) — K (21, )] + D*[ K (5, 2,)

— K o(z;, 35)],

t See, for example, Courant-Hilbort [6], p. 39 or Goffman (op. cit., in
§2-1), p. 106, Th. 5.
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and of the fact that the iterated kernel K,(x, y) is assumed to be
continuous.

Since lim y,(z) =0, the passage from the sequence {w,} to the
sequence {i,} is obvious.

Therefore, we have proved the following:

Ex1sTENCE THEOREM. If the kernel K satisfies the basic conditions
(1), (ii), (iii), and the continuous function f(y, u) satisfies condition (6),
then the non-linear integral equation (1) has at least one (continuous)
solution.

Condition (6) may be weakened in different ways. For instance,
it is quite obvious that, if we keep condition (10) on F(y, w), then the
continuous function f(y, u) need only be such that

|f(y,u)|<01|“|+02, (6/)

where C, and C, are any positive constants, €} not necessarily less
than A;.

Furthermore, if the kernel K is continuous, hence bounded, we
can dispose of condition (6) completely, and keep only (11), because
an inequality of the type (19) can now be deduced, independently
of (6), from the fact that the function f(y,u) is continuous and
V.(y) is bounded. In fact, we can write

_3 _ R D)
;[,n(x) _mglcn,mqsm(x) —"EIN//\mcn, m 4//\m ’

and consequently, in view of Mercer’s theorem, we obtain

2 0 2
2a)<8, 5 g 3 P g Ko o)< Dmax K(,2).
m=1 m m=1 m
(20)

Another important point is that if the values of the kernel K(x,y)
and of the function f(y, u) are never negative,

K(x,y)>0, f(y,u)=0, (21)

then the validity of the existence theorem can be assured by im-
posing suitable restrictions on the continuous function f(y, ») for
u <0 only, e.g. by supposing that

0<fly,u)<Cylul+C, (<0, 0<Ci<h).  (22)
In fact, if we put

v ) @0,
@9 =\t,0) w>0),
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then the continuous function f*(y, ) satisfies condition (6), and
consequently the equation

1
Pe) = — f K@) )y (23)

has at least one solution W*, which can be determined as we have
shown above. But from the hypotheses K > 0, f* > 0, it follows that

prESOihence ey ur)l=fly, v )]

This shows that the previous equation differs from (1) in appear-
ance only; consequently this equation has at least the solution ¥'*.

The validity of the previous observation can be extended by first
noting that, if we set /(x) = — i/, (x), equation (1) is carried into the
similar one

1
V@) + f K@Al i dy=o, (24)

where hlyw)==fly, —u). (25)
Secondly, we observe that by putting
[y, w)=fi(y, u) - Cy,

where Cy is any constant (but we will assume C,>0), the given
equation becomes

Y(2)— k(x) + f 0‘ K@, 9)fly, y)]dy =0,

1
where k(x)= OJ K(z,y)dy.
0

Consequently, if for i (x) we substitute
Y¥(@) =y (@) - k(z),

and if we set

T*@ w)=fily, w+ k)] =1y, v+ k)] +Cs,

then the given equation remains unchanged, in the sense that it
becomes

1
@+ [ Keg) v olds=o.
Note that to the condition
0<f*(y,u)<C, | u | +C, (u<0)

14 T
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there corresponds the condition

-C<fly, u+by]< Oy [u]+0=C5 (u<0),
and note further that by setting

u+ k(y) =0,
gince k(y) > 0, we have

v>u, |v|<|u| (»<O)

We see thus that the existence theorem holds also when (with
0, <A, and C; an arbitrary constant)

—Co<fly,)<Ci|v|+G (v<0),}

(26)
f@,0)> -0 (v>0)

or, using (25), when
fv)<Cy (v<0), —(C+G)<f@yv)<C (020). (27)

All this allows us to establish the following table of the principal
cases in which the existence of at least one (continuous) solution of
the non-linear equation (1) can be assured a priori:

Hypo-
C thesist Hypothesist about f(y, u) Examples
ases
about for f(y, )
K(z,y) if ug0 ifu=0
a — f bounded or satisfying (6) sinwu
b |Continuous F bounded below or satisfying (11) ev
¢ 0</<C|u|+0C, f=0 1+e*sin?y
h . —(l+e
d f<0 = (Cru+Cy)<f<0 x sin2y)
ply) e +q(y)
e | Ky)20|-Cy<f<C|u|+C, fz -0y (»20,p, ¢
cont.)
—ply)e™
4
f f<0y ~(Cyu+0y) < f<0, (on;p?(qy)
cont.)

t In addition to the basic hypotheses (i), (ii) and (iii).
t In addition to continuity. Moreover, it is supposed that 0<C, <A,.
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In Hammerstein’s paper there are also some interesting remarks
about the uniqueness or non-uniqueness of the solutions of (1).
They begin with the observation that the existence of two different
solutions ¥ (x), Y*(x) of (1) implies the existence of a non-trivial
solution of the equation

1
V) + f  K(w.y)gly, Y)ldy=0, (28)

where

V(@) =y*@) - @), g )=fly,w+P@l-fly, ¥y)),  (29)

and vice versa.
A simple but interesting result concerning uniqueness is the
observation that if

9@, w)>0 (u>0),  gly,u)<0 (u<0), (30)

then equation (28) has only the solution V' (z)=0.
In fact, from (28) it follows that

1

| )l V) — [

0

[ Kt pte, vty Vo) ey
Hypothesis (30) shows that
[} vwgin vanas>o
and the positive character of the kernel K shows that
- [ [ Kt mgte Vienaty, v dady <o

provided we do not have
glz, V(x)]=0. (31)

Hence condition (31) must necessarily be satisfied and then from
(28) it follows that ¥'(x) =0.

Since the function g(y,u), given by the second equality (29),
obviously satisfies condition (30) when f(y, ) is a non-decreasing
monotone function of u, we obtain the following theorem:

UniQueNEss TaeoreM L. If for any fixed y in (0, 1), the function
Sy, u) is a non-decreasing function of u, then the non-linear integral
equation (1) has at most one solution.

14-2
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An equally important theorem is

UniQueNEss TuroreM 11, T'he non-linear integral equation (1) has
at most one solution if the function g(y,w) satisfies an inequality of the

type
P gy, w)| <a|u| (0<a<y). (32)

For the proof we notice that, in view of the Hilbert-Schmidt
Theorem, we can write

1F(23)= 217n1¢m(x)7

where

1 1 1
- j V(&) o) d= — f b de| " Kiz,y)gly, Vi)l dy
0 0 0

== [ o g .

m

Consequently the product —A,,7y,, is the mth Fourier coefficient of
the function g[y, 'V'(y)] and, by virtue of Bessel’s inequality and
(32), we obtain

<) 1 1 <)
A <f Ply, V)ldy<a?| Wy)dy=a2y v2,
1 0 0

m= m=1

0

that is, % (62— A0) V> 0.
m=1
But, since a?— A% <a?—A%<0,

the previous inequality is an absurdity unless

Y1=Ye=-..=0,
hence ¥'(z)=0.

From the previous theorem, the next follows immediately:

Uni1QueNEss TaroreM II1. The non-linear integral equation (1)
has at most one solution provided that the function f(y, w) satisfies uni-
formly a Lipschitz condition of the type

If(y,ul)—f(y,u2)|<a|u1—u2], (33)

where the positive constant o is less than the first eigenvalue A, of the
kernel K.

In fact, under the previous hypothesis, the function g(y, ») given
by (29) obviously satisfies condition (32).
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Finally we note that, among others, Golomb,} Nazarow,} and
Trjitzinsky§ have studied more general non-linear integral
equations than those of Hammerstein’s type, especially equations
of the form (1) with a singular kernel K.

4+7. Forced Oscillations of Finite Amplitude

The usefulness of the results of the previous section may be
pointed out by applying them to a celebrated and difficult problem :
the study of the forced oscillations of finite amplitude of a pendulum,
which, in the absence of a damping force, are governed by the non-
linear differential equation

o
d.$é9+az sin¢(f) = F(t). (1)
The main difficulty arises from the fact that, for a given «? and
a given periodic ‘driving function’ F(¢), we can have either ‘reson-
ance’ or ‘non-resonance’ depending on the amplitude of the
oscillations.

In fact, while the period of the ‘infinitely small’ free oscillations
of the pendulum is the constant 27/a («®=g/l), because the oscilla-
tions are governed by the linear equation

d2
W+a2¢=0, (2)

the period of the free oscillation of finite amplitude ¢, is given by
4
s K(k) with k=sin(}¢,),

where K(k) denotes the complete elliptic integral of Legendre:

in do
K(k)= S TE R R
o +/(1—Fk?sin%0)

t M. Golomb, ‘Zur Theorie der nichtlinearen Integralgloichungen usw.’,
Math. Zeitschr. 39, 1935, pp. 45-15.

I N. Nazarow, ‘Non-linear integral equations of Hammerstein’s type’,
Acta (Trudi) Univ. Asiae Mediae, Ser. v, fasc. 28, 1939, 12 pp.; fasc. 33, 1941,
pp. 3-178; N.S. fasc. 6, 1945, 14 pp.; Math. Rev. 3, 1942, p. 150; 8, 1947,
p. b18.

§ W.J. Trjitzinsky, ‘Singular non-linear integral oquations’, Duke Math.
J. 11, 1944, pp. 517-64.
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which (see Fig. 14) varies monotonically from §7 to co as k=sin (3¢,)
increases from 0 to 1.

After publication of a paper by Duffing,t Hamel [ and later
Igliseh,§ studied this problem. They used essentially the methods
of Hammerstein and Schmidt.

Suppose that the driving function F(¢) is an odd function with a
certain period 2w, as happens in the important case

F(t)=f sin (nt|w),

then the main question to ask about (1) is whether or not this
equation has a solution of the same kind, i.e. a solution which is also
odd and periodic with the period 2.

In order to solve this difficult problem we first observe that, if
F(t) satisfies the stated condition, then from any solution ¢*(f) of
(1) defined only for 0 <t < w and such that

$*(0) = ¢*(w) =0, (3)

we can immediately obtain an odd periodic solution of (1) (with the
period w) by setting

AT +nw)=¢*(1) (0<7<0,n=0,1,2,...)
and $(~1)= - 4(0).

Conversely, any odd periodic solution of (1) obviously must satisfy
conditions (3).

We thus see that our problem is equivalent to that of solving the
non-linear differential equation (1) together with the classical

boundary conditions
$(0)=¢(1)=0, (4)

where, for the sake of simplicity, we put w=1.

t G. Duffing, Erzwungene Schwingungen bei verdnderlicher Eigenfrequenz
und thre technische Bedeutung, Sammlung Vieweg, Heft 41/42, Braunschwiog,
1918.

i G.Hamel, ‘Uber erzwungene Schwingungen bei endlichen Amplituden’,
Math. Ann. 86, 1922, 2.

§ See, for example, Tricomi, ‘Elliptische Funktionen’, Leipzig, Akad.
Verlagsgesell. 1948, pp. 272-4 (2nd Ttalian od. Bologna, Zanichelli, 1951);
R. Iglisch, Monatsh. Math. Physik (Wien), 37, 1930, pp. 326—-42; 39, 1932,
pp. 173-220; 42, 1935, pp. 7-36; Math. Ann. 111, 1935, pp. 568-81; 112,
1936, pp. 221-46.
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We now remember that the Green’s function of the Sturm-
Liouville system

y'(@)+Ar(2)y(x) =0, y(0)=y(1)=0
is the triangular kernel

<
TED=\y1-2) (<<,

‘ A l
]
|
]
|
]
|
]
|
|
]
]
|

b |
|
|
]

9 | } | >
30° 60° %° 160
Fig. 14

We remember also that the solution of a non-homogeneous differ-
ential equation can be expressed by means of (3:13-30). Con-
sequently system (1) + (4) is equivalent to the non-linear integral
equation

1
ba)=— f (e, ) [P -o2sin gl dy,
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which, if we put

[(renroi=go, s@+o0-y@, (5)

assumes Hammerstein’s form
o)+ [ 2@ v pwidg=0 (6)
with Fly, ) =?sinfu—g(y)]. ™)

The function f(y,u) is actually bounded. Consequently the
results of the previous section (case a of the table) allow us to
state immediately that our problem has at least one solution. Thisis a
trivial result if a? is small (compared to 1), but it is certainly not
trivial if o is large. T

Moreover, uniqueness Theorem IT of the previous section tells
us that if

a<m, (8)

then our problem has exactly one solution, because we now have

0
@f(y’ )

thus condition (4-6-32) will be certainly satisfied provided (8) holds.

Of course, the discussion is not yet cxhausted, because we could
ask further whether there are several solutions when a > 7, and if
s0, how many, and so forth; but for this we refer the reader to the
quoted papers of Iglisch, because these questions are by no means
simple.

Almost the only simple result of this nature is that, in view of the
final discussion of §4-5, a necessary (but generally not sufficient)
condition for the bifurcation of a solution yry(z) of the equation

+Af T(x,y)sin[Y(y) —g(y)]dy =0 (9)

max

=max |aZcos[u—g(y)]| =a2 A, =n%

at af=A = A, is the existence of a non-trivial solution of the homo-
geneous Fredholm equation

—Aof:T(x,y)cost%(y)—g(y)]qs(y)dy:o. (10)

t It may seem strange that we can have ‘resonance’ even when 27/a is
very large relative to w, but there will always be entire multiples of w near
or larger than 27 /a.
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In other words, A, must be an eigenvalue of the kernel

K(x,y)=T(x,y)cos [{y(y) —9(y)].

Thus we see that the only possible bifurcation points of the
solutions of our problem for a pendulum at rest, i.e. for the solution
Pro(x) =g(x), are the points

a=m, oa=27, a=3m ..,

because the eigenvalues of the triangular kernel are 72, 472, 972, ...
as we know from § 3-10. Moreover, as Iglisch showed, these points
are not only ‘possible’, but also actual, bifurcation points; this is
by no means surprising because (since previously we put w = 1) they
correspond to the well-known resonance cases of the elementary
pendulum problem.






Appendix I
Algebraic Systems of Linear Equations

The theory of integral equations can be thought of as a generaliza-
tion of the algebraic theory of systems of linear equations. Con-
sequently the reader should be familiar with this theory.

This is not difficult today because such a theory can be quickly
deduced from Cramer’s rule and a simple basic theorem about
matrices with characteristic p.t But first we recall a formula of
Cauchy which gives the value of a bordered determinant of (n + 1)st
order

a B By o P Ly @y oy, o
A Oy Qg - Oy (gp Qgg oo gy Uy
A'=| oty @y Qgy oo oy |=] coriiiiiiiii (1)
.............................. Apy Ao pp Oy
OC" anl a’nz arm ﬂl ﬂZ ﬂn a

in terms of the determinant of nth order 4 =| a,, | and the cofactors
A4, of its components. To be precise, we have

n
A'=ad - ¥ Apof (2)
h, k=1

In fact, if we develop the determinant A’ according to its first row
and the corresponding cofactors according to their first columns,
we obtain

A =ad+ 3 (~1FHB, S (= Do [(— 1) Hed ]
k=1 h=1

n
=ad— ¥ Ayopf
h, k=1

With the help of this formula, it is easy to obtain the theorem
mentioned above about matrices with characteristic p:

t For the definition of characteristic, see §2-3.



220 APPENDIX I

If a matriz with m rows and n columns

Ay Qg ... Oy
Aoy Aoy ... Qg, (3)
aml a‘mz v a’mn

has characteristic p <m and if & non-vanishing minor of p-th order is
contained in its first p rows, then the following m —p rows are ‘linear
combinations’ of the first p, in the sense that it is possible to find
constants u), u, ..., u& such that for every r between p + 1 and m, and
any s between 1 and n, we have

= Oy + i g+ ..+ Dy, (PH1<r<m, 1<s<n). (4)

However, no such relation is possible among the elements of the first
p rows, even if p=m.
For the proof let us suppose that

is & non-vanishing minor of pth order.t We determine the multi-
pliers 4, 4, ..., u) by considering first the p equations of type (4)
corresponding only to the values 1, 2, ..., p of s. Since the deter-
minant of the coefficients of these equations is the non-vanishing
determinant A®), we obtain from Cramer’s rule

1 | GGy Gry gy - Oy

1 TAGD| e
Cipe+Cn-1,p CpQhi1,p-Cpp
1 2 (p)
= a0 Al (h=1.2,..7), )

where A% denotes the cofactor of a,; in 4®.

Next we show that the previous values of 4§, 4, ..., u%) satisfy
not only the first p equations (4), but also the following n—p,
i.e. the equations corresponding to s=p+1, p+2, ..., n.

1 Otherwise permute the columns until this condition is satisfied.
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In fact, for such values of s we have
) ® ® » & )
A@ (ars_:“l Qe :“2 Aoy — ) a ) A(p)ars_hkkl lahsarkA%k’

and this is, by virtue of (2), the development of the determinant

G p  Oyg
Qg Ggy oy Cos
.............................. ,
Up1 Ope Upp  ps
a’rl ars arp T8

which is zero, since all the minors of (p + 1)st order extracted from
matrix (3) vanish.

Furthermore, no relation of type (4) may occur among the first p
rows, because if

/'I'la'18+lu’2a28+"‘+lu’paps=0 (S=1, 2:"""’)7
then, in particular,

faOqy + oy + ... + fy @y =0,
Ha g+ plgg + oo+ fyy Gy =0,

@+ flolop + .o+ @y, =0,

and, by Cramer’s rule, this implies s, =p,=...=p,=0, since the
determinant of the coefficients is the non-vanishing determinant
AW,
This proves the basic theorem.
Now, let
Ay @1+ 09Ty + ...+ 0y, 2, =by,
g1y +Ugg®y + ... + g, T, =y,

(6)
1 By + O oo+ ... + Gy @, = b,
be any system of linear equations whose coefficient matrix has

characteristic p <m, and suppose that a non-vanishing minor of
order p is contained in the first p rows. By the previous theorem
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we know that for p <m and p+1<r<m, there are p multipliers
U, u, ..., p) such that

Uy @+ Qyg Ty oo+ @) + o+ () B+ Qg+ o+ 0 Ty)
=y @y Uyt o+ 02, (r=p+1,p+2, ..., m).

Consequently only two cases are possible. Either
i) pPb .. +pPb,=b, (r=p+1,p+2, .., m), (7)

so that the equations following the first p are consequences of these
first p and do not need to be considered; or
(i1) there exists an 7y (p+ 1 <7< m) such that

IO+ o+ by % Dy, (8)

and in this case the system is incompatible, because the rgth
equation then contradicts the first p equations.

This shows that

(a) if n=m=p, then (6) has always one and only one solution;

(b) if n=p, m > p, then (6) has one and only one solution provided
that the m — p equations (7) are satisfied;

(¢) if n> p, m = p, then (6) has an infinite number of solutions, to be
precise, 00" solutions, because the values of n — p of the unknowns
can be fixed arbitrarily;

(d) if m>p, m>p, then (6) has co" P solutions, provided that
equations (7) are satisfied.

We thus see that system (6) is always compatible (i.e. has at
least one solution) if m = p, while if m > p it is compatible if and only
if the quantities b, satisfy condition (7).

In particular, if m =, (6) has one and only one solution for p =n,
i.e. if the determinant of the coefficients is different from zero, while
if p < n, it has either co™® solutions, or none, depending on whether
the m — p conditions (7) are all satisfied or not.

If the system (6) is homogeneous, i.e. if

by=by=...=b, =0,

then there is always the trivial solution ¥, =x,=...=x,=0; there
are non-trivial solutions if and only if p <n — 1. These solutions can
be ‘parametrically’ represented by formulas like (2:3-13).
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Hadamard’s Theorem

In §2-5, we needed the following theorem of Hadamard in order to
establish the convergence of the Fredholm series D(A) and D(x, y; A)
under the hypothesis | K(z,y) | < N:

If D is a determinant of n-th order with components

a,, (r,s=1,2,...,n),

) n n n
then DY ad Y el ... Y a2, (1)
s=1  a=1 =1
and consequently we have
| D|<nbn e 2)
provided that |a, | <N. (3)

Of the many proofs of this theorem, we shall give one here which
makes use of the orthogonalization process of §3-1.1

This process is now applied, not to a system of functions, but to a
system of n linearly independent vectors of n-dimensional space

a, =0, +a,i+...+a,i, (r=1,2,..,n). (4)
By means of a suitable linear transformation of the type

b,=a,,
by =iy by + 2y,
by = fy; by + f35Dy + 2y,

1 F. Tricomi, ‘Sul teorema di Hadamard sui determinanti’, Rev. Univer-
stdad Nac. Tucuman S.4. 1, 1940, pp. 297-301.

1 If the n vectors aro linearly dependent, i.e. if there are n constants
Ap Ay .oy A, (not all zero) such that A;a,+24,82,+...+24,a,=0, then the
determinant D vanishes and the theorem becomes obvious. We denote the
n fundamental unit vectors of our space by i,,1,,..., i,.
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system (4) can be carried into a similar system of orthogonal vectors
b,=b,i;+b,is+...+b,,1, (r=1,2,..,n), (6)
i.e. of vectors such that
b,b,=b,b, +b,5b5+ ... +0,,b,=0 (r+s). (7)
Just as in the case of functions, we put

—a,b
ﬂrs="b§ *

(r=L12,...,n;8=1,2,...,r-1), (8)

where the denominator cannot vanish because, if it did, a linear

combination of the vectors a,,a,,...,a, would wvanish, contra-

dicting the hypothesis that the vectors (4) are linearly independent.
Moreover, we have

bi<a? (r=1,2,...,n), (9)
because
b7 =[a,+ (fy by +yabyt . 4ty (b))
=a;+ Ui+l b+ it By
+ 23,.(/1/,1 bl +/‘r2b2 +... +lur, r—1 br~1)
=ai+uh b+ bl + . g DY
= 2(ufy DY+ 23+ pf b )
=a;— (Up DY+ p DY+ i D) <2
Now, in addition to determinant D with components a,, we
consider the determinant A with components b,,, and we observe
that, as a consequence of (5), we have
Apy = brs—/"rlbls _":ur2b23 T _/'(’r,r—lbr~1,s (T, §= l) 2’ teey n) (10)

Consequently, by using repeatedly the theorem on determinants
with a row or column of sums of addends, we see that the deter-
minant D can be expressed as a sum of determinants whose first
term is the determinant A, while the successive terms are all zero,
since at least two of their columns are identical. Hence

D=A.
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But, in view of (7), and the well-known rule for the multiplication
of determinants, we have

X3, 0 ... 0
ne| 0 B 0
0o 0 22,

hence, remembering (9), we finally obtain
D2=A2=30% 30, ... Xb%, < Zad Xaj, ... Xad,

i.e. we obtain (1).






Exercises

1. Solve directly (i.e. by the evaluation of the iterated kernels and so on)
the Volterra equations of the second kind with kornols (x —y)™(m=1,2,3,...).

2. Solve the previous equations and the one with the kernel a+b(x —y)
(a, b const.) by means of reduction to a linear differential equation.

3. Detormine the resolvent kernel of a Volterra intogral equation of the
closed cycle (§ 1-9) with the help of the Laplace transformation.

4. Using the previous result (Kxercise 3), show that to the Volterra kernel
(@=y)FJi2A@~y)]
corresponds the resolvent kernel
~(@-y) L [2A@-y)),

whoroe J,, I, are the Bessel and modified Bessel functions respectively of the
first kind and the first order.

5. Solvo the Volterra equation of the first kind with the kernel
144y + 3y — (4 + 3y) 2 + §2

6. Show that in the following cases the function D(A) of Fredholm’s
equation of the second kind has the given expression

Cases K(x,y) ir?t:i:r(;l D(A)
a +1 0,1 1FA
b
b g(x) or g(y) a,b I—Af g(¢) dt
a
c xy 0,1 1-2/3
d sin « sin ¥ 0, 2 1-7A
e 2e% e¥ 0,1 1—(e2=1) A
f z+y 0,1 1-A-A%12
g 22492 0,1 1-3A-% A2
h zy (z+Yy) 0,1 1-3A—gi A2

15-2
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7. Verify that in the following cases the solution of the indicated Frodholm
equation of the second kind (basic interval (0, 1)) are the indicated ¢(z):

K (z,9) A f(@) @
1 A @+ A/[2(1- )]
1 1 0 C (const.)
1 1 3—x }—x+C
6(A—2) z—4A

oty A g 121

x4y —6+443 0 (1+4/32) C

z+y —6+4y3 1743z | 1+V3z—(1+32)+(1+32) C

8. Solve tho equations of cases (a), (c) and (e) of Exercise 6, assuming that
the known functions f(x) are (a) sec*z or sec z tanz, (c) and (e) & or €.

9. Using tho method of §2-3 give tho solution of the Fredholm equations
of the second kind with the following kornels:

(@) 1+ay, (b) 1+sinzsiny, (c¢) (1+z)(1-y), (d) x+y,
(e) 1+z+y, (f) (xxy)® (9 «®+ay+y®
10. Solve the Dirichlet problem for a circle (i.e. obtain the Poisson
integral) using the results of § 2-7.
11. Using the method of § 3-1, orthogonalize 1, , 2%, 2* in the basic interval
(-1,1).
12. Assuming 0<§, <§,<... <§, <1, orthogonalize the n step functions
1 (0sz<fy)
Yalm) = { .

0 (fp<z< 1)} (k=1,2,...,n).

13. Evaluate the infinite series Xn—* and Xn~% by applying Parsoval’s
formula with respect to the trigonometric system to the functions
m? mx xt .
———+4— and 2z%—32%+2 respectively.
6 2 4
14. Deduce the classical expansion for the functions mcotg(am) and
[m/sin (am)]? in terms of rational functions, using Parsoval’s formula with
respect to the trigonometric systom for the functions cos (xx) and sin (o).

15. Using the result of Exercise 11, determine the eigenvalues and eigen-
functions of the symmetric kernel 1+ xy+ %%+ 2%3 in the basic interval
(-1,1).

16. Evaluate the infinite series Zn—4, Zn=8, ... using the triangular kernel
T(x,y)-

17. Determine the eigenfunctions and the eigenvalues of the symmetric
kernel K(x,y)=min (z,y) in the basic interval (0, 1).
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18. The same for the kernel K(z,y)=exp {min(z,y)} using the linear
differential oquation ¢"— ¢+ Aef =0,
which can be integrated in closed form by means of Bessel functions.
19. Study the symmetric kernel
0
K(z,y)= X n-lsin(nmz)sin (nmy)
n=1
in the basic interval (0, 1) and, in particular, determino the iterated kerncls.
20. Using the formula

0
f t2-1cos (Et) dt=T'(a) | £|~2cos (Jam) (0<a<l),
0
show that ‘ Abel’s equation with constant limits’

1
[yl sar=re) ©0<a<y
has no more than one solution (Tricomi, Rend. Ist. Lombardo (2), 60, 1927,
pp. 598-609).
21. Study the Sturm-Liouville system
d dy
@) 5L [+ M)y =0 @) =y(1)=0)
dx dx
especially tho case p(x)=r(x)=exp 2kx (k=const.).
22. Study the singular Sturm-Liouvillo system

d [ dy .
i (w %) +Azy=0 (y(0) finite, y(1)=0),
showing in particular that
e
hzj l[thl(j;.)]'a Joljn2)Joliny) = — tlog max (z,y),

whero j;, 54,75, - .. are the successive positive zeros of J(x).

23. Utilize the result of Exerciso 22 and the mothods of § 3:11 to evaluate
approximately tho first zero j, of Jy(z).

24, Study in the manner indicated in §3-16 the unsymmetric kernel
K(x,y) =x+siny in the basic interval (—, ).

25. With the methods of § 3-18 determine approximately the first natural
frequency of a membrane of elliptic shape (Frank-v. Mises [12], 2, p. 365).

26. Uso formula (4-1-10) for v= # } to determine the solf-adjoint functions
in the linear transformations

2 @
apn=[(2)] snensw v
P 0
Sapn=J(2)] cortan 1.
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27. Use the method of §4-3 to solve Foppl's integral equation
1 4y)
f—-l y’ _xc‘ dy "'f(m)
(Hamel [14], §16 of the 1lst ed.).

28. Show that in tho case a(x) =1 the non-trivial solutions of Carleman’s
homogeneous equation are

C(1-z)k-1(142)¢ with ,u:l arctg (Aw), C=const.
0, )

29. Utilize the results of § 4-4 about homogeneous integral equations of the
Carleman type to prove that for any choice of the constants ¢, c, ..., c, (not
all zero), the function

¢ cos§+c,cps 26 +...+c,cosng
‘¢,8in € + cy8in 2 + ... + o, sin Nk

cannot be continuous in the range 0<f{<m. (Attempt to identify the
previous function with the function @ of the general theory.)

30. Prove that
J’*~Ia +J‘*l Sgl}y‘*, A.di
1 A=) (=) y—=
ok IJI dy
f f - - g—a— O<k<D

(Tricomi, Z. angew. Math. Ph. 2, 1951, pp. 402-6).
31. Solve the non-linear intogral equation

1
$(z)+ Afo (=+y) $4(y) dy=0

(Richard, Attt Accad. Sci. T'orino, 78, 1943, pp. 293-311).
32. Study the non-linear differential system

X
y”=/\37 y'(0)=0, y(1)=0

by transforming it into an integral equation of the Hammerstein type.
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