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PREFACE

HIS book is based on a series of lectures given at the Osmania
University, and is meant for those students who are taking
up the subject for the first time. While there is no lack of good
books either on the popular or on the advanced side, there is
ample scope for books giving a mathematical introduction to the
beginner, presenting the fundamental principles in the light of
their historical development and working out the mathematical
theory as fully as possible.

A knowledge of only the elements of classical dynamics and
electrodynamics as well as of vector analysis, is assumed on the
part of the reader. In order to make the book independent of
other works, a brief account of the special theory of relativity
and of the general theory of Hamiltonian dynamics is included
in the first two chapters.

Only the periodic phenomena arc considered in this first
volume, and a few easy applications capable of illustrating the
general principles are also discussed. It is intended to present
the transformation theory, quantum statistics, theory of aperiodic
phenomena, quaternionic mechanics, field theory and higher appli-
cations in a second volume.

For further study of the subject, the rcader is referred to
the original papers and treatises, a list of which is given in the
bibliography.

I am very much grateful to my respected teacher Professor
W. Heisenberg, who went through the manuscript with me, and
made many valuable suggestions. I am also indebted to my
friend Professor N. R. Sen for much helpful discussion.

RAzIUDDIN SIDDIQI.
Hyderabad-Deccan,

April 1937.
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CHAPTER I.
THE THEORY OF RELATIVITY.
1:1. The Michelson-Morley Experiment.

THE starting point of the relativity theory was the experiment
of Michelson and Morley in 1887 to measure the speed of the earth’s
motion through the ether by means of sending light signals simul-
taneously in two directions at right angles to each other, and
measuring the times they take to come back to their starting point,
after they are reflected at equal distances.

Suppose the velocity of the light signals is ¢, and that of the
earth through the ether is #. Suppose also that the earth is
moving from east to west.

B

A
O u <«

Let O be the starting point of the signals, and let OA be any
distance d towards cast, and OB an cqual distance d towards north ;
and let there be two mirrors at A and B as shown, at which the
light signals are reflected. The earth is moving in the direction
shown by the arrow. ‘The signal along OA will have the velocity

¢ +u, and therefore the time it will take to reach A will be E:‘-i—u
While coming back, its velocity will be ¢ — %, and the time spent
in arriving at O will be Eg; . Thus the whole time from O to A

and back to O is

_a_ d 2cd
V7 chu ' oc—u et —ul m
.—.—.2{?.“1#2.
01_1;4__
cﬁ

Consider next the signal to OB and back, and suppose it
takes time #, to do the whole journey. During this time when
the signal arrives back to O, the whole apparatus would have
moved a distance uf, westwards. Therefore, during the outward
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journey alone, the distance travelled by the apparatus is half, i.c.,
3 ut,. '

$ut,
B —< B’
\,
\
\ d
(@]

Thus the actual path of the signal is the hypotenuse OB. So
OB = vd? + } w2
“This distance is traversed with the velocity ¢ in time }¢;, so that
Yct, = Vd¥ + § 2,
which gives, on squaring and solving for 4,2 :
44* 442 1
W= =g
t.e.,

-2t 1. 2)

c u?
\/ 1=
Thus it is cvident that ¢, == ¢, unless g = 0. ‘The difterence

l — 1, if observed, would give us the value # of the earth’s velocity
through the cther. But when Michelson and Morley performed
their experiment, they got the completely unexpected result that
both the signals arrive at O at the same time, .¢., fy=1¢,. The
experiment was performed at all times of the year, and with very
delicate instruments, but the result was consistently the same,
viz., t;=1{,. And this in spite of the fact that neither # is zero,
nor ¢ is oo,

To explain this surprising result, Fitz Gerald and H. A. Lorentz,
independently in 1892, suggested that the distance OA in the
direction of the carth’s motion contracts automatically, whereas
the distance OB in the direction at right angles to the direction
of the earth’s motion remains unaltered. Thus the signal along
OA and back, which has to travel a shorter distance, makes the
journey to and fro in the same time as the signal along OB and
back.

If we accept this hypothesis, we can calculate the contrac-
tion factor very easily.
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Suppose the length OA is shortened to %d, where % is the

contraction factor. Then the journey OA takes the time %,

and the journey AO takes the time EE—%—; Thus the whole journey

to and fro occupies the time
. hd __2kd
W= = 1__) ®

If {,’ = t,, then equating the right-hand sides of (2) and (3) we get

or

k= J1 _ . (4)

Thus, according to I'itz Gerald and Iorentz, if a body is travelling
through cther with a velocity #, cach unit of length in the direction
of its motion is contracted to & = 1 — “2', where ¢ is the
velocity of light. ‘This is called the Fitz Gerald-Lorentz contrac-
tion, and it explains the Michelson-Morley experiment. But the
contraction itself remained a puzzle, until Einstein published his
theory of relativity in 1905.

1.2. Einstein’s Postulates.

Trom the failure of the Michelson-Morley experiment, and
all other cxperiments of the same kind, Finstein argued that no
experiment can ever detect the earth’s speed through the cther.
He went a step further, and proclaimed that Nature itsclf does
not know of any motion of the earth through the ether. There
is no such thing as absolute motion ; all movements in Nature
are relative. Consequently, all axes of co-ordinates, or ‘‘ frames
of reference ”’, as they are now called, moving with the various
observers, have the same status. The physical laws should,
therefore, he independent of the motion of the ohserver® At
first Einstein confined himself to uniform motions of translation
only, and put forward the special, or restricted, theory of rela-
tivity. Later, in 1915, he generalised his theory to embrace any
kind of accelerated motion.

The problem, therefore, which Einstcin set himself was.
“ How must the Laws of Nature be framed in order that it may



4 The Theory of Relativity §1.2

be impossible to, make an essential distinction between two
systems which are in relative motion.”

This idea is found to a certain extent in Newtonian mechanics
also. Consider, e.g., a system of particles m,, m,,.., m,, moving
under their mutual attractions.

Let (x,, ¥,, 2,) be the coordinates of the ### particle in a co-
ordinate system K, and lct 7y, denote the distance between the
first and the second particle. “The potential ¢ of the system will

then be a function of 7,5, #13,.+, 723,00
The cquations of motion in the co-ordinate system K will be
dx, ¢
P aE = %) etc. 1)

Now we take another co-ordinate system K’ (x’, y', 2') of which
the origin O moves with a constant velocity v relative to the system
K in the dircction of the x-axis. If initially both origins are
supposed coincident, the distance between them after the lapse
of time ¢ will be vf, so that the new co-ordinates of the particles
will become,

x,) =x, — i, v, =9, 2, = 2. (2)

However, the mutual distance of the particles will remain unaltered,
so that,

¥1a = 7, ctc. (3)

Since according to the classical ideas, time is absolute, we
have # = ¢, and the cquations of motion in K’ are given by

d*x,’ 0
", “dtz = - S;;;,’ etc. (4)
where
d” = (f’ (712" 713’. R 1’23’1 M ‘)) (5)

showing that the new equations of motion (4) arc of the same
form as the old cquations of motion (1).

The transformation (2) is called the * Galilean-transforma-
tion ”’, and we have scen that from the point of view of mechanics
the two co-ordinate systems K and K’ connected by the relation
(2) arc cquivalent. But they are not equivalent for every pheno-
menon of nature. We shall give an example from electromagnetic
phenomena to show that two co-ordinate systems connected by
a Galilean-transformation are not cquivalent.

Suppose a material point A lies at rest at the origin O in a
co-ordinate system K, and sends at time ¢ = 0 a short light signal
in all directions.
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At a subsequent time ¢ the points which receive the signal
lie on a sphere whose equation is given by :

a4y 4 g — 2 = 0. (6)
Suppose there are two more material points B and C which

lie on a line through A parallel to the x-axis, and at equal distances
from it on either side.

B A C
The material points B and C are also at rest in K, and will receive
the signal simultancously, i.e., for the same value of ¢.

Now relative to the system K’, the material points A, B, C
have the velocity v parallel to CB. The two origins O and O’
coincide initially, so that in the system K’ the light signal is sent
at time # == 0 from the material point A at Q'. After time ¢,
all the points which reccive the signal will lie on the sphere,

2% 4y 2 — = 0. )

Meanwhile A would have travelled a distance v#' from the
origin ', so that the signal will arrive at C carlier than at B.

<ot >
B A O C
There is no real value of ¢’ for which the two points B and C will
lie on the sphere (7). Thus we see that two cvents which are
simultancous in the system K are not simultancous in the
system K'.

Tiinstein was thus led to the conclusion that the classical
notion of an absolute universal time cannot be retained. Tach
observer in relative motion has his own special or “ local ”’ time,
as it is called, which depends on his motion. We must find,
therefore, a transformation connecting the co-ordinates of the
two systems K and K’, which is capable of replacing the Galilean-
transformation. Such a transfoimation was first discovered by
Lorentz in 1904 on electromagnetic grounds. But its true signi-
ficance was recognised later (1905) by Einstein who derived it
on broad principles which revolutionized the then prevalent
philosophy of space, time and motion.

Based on the experiments of Michelson and Morley, Trouton
and Noble, and others, Einstein put forward the following two
fundamental postulates, called the *‘ Postulate of Relativity
and the “ Postulate of the Constancy of the Velocity of Light ",
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The Postulate of Relativity.-~It is impossible by any physical
measurement to trace an essential distinction between any two
co-ordinate systems which are in uniform relative motion to each
other.

The DPostulate of the Constancy of the Velocity of Light—The
velocity of light is constant in all directions, and in all co-ordinate
systems which are in uniform relative motion to each othe1.

In the next section we shall derive the Lorentz-transforma-
tion, using these two postulates.

1. 3. The Lorentz-Transformation.

Let the two frames of reference be K with the co-ordinates
of space and timex, y, z, ¢, and K’ with the co-ordinates x', y’, 2’, ¢'.
We assume the two origins to be coincident initially, .e., to the
world-point x=y=2 =1¢=:0 in K corresponds the world-point
' =y =2 =t =0in K"

We assume further that the corresponding co-ordinate axes
in both frames are parallel and that K’ moves with uniform
velocity v relative to K in the direction of the x-axis. ‘This
restriction to uniform translation is characteristic of the special
theory of relativity, with which alone we shall be concerned in
this book. The consideration of any kind of accelerated motion
is the standpoint of the “General” Theory of Relativity.

Thus we assume that each point of K’ moves with the uniform
velocity v relative to XK, and that, inversely, each point of K
moves with the uniform velocity ( — v) relative to K'; that v is
parallel to the x-axis and that the x-axis and the x'-axis are
always coincident.

Now it must be taken as an obvious law of Nature that no
one point in any frame should have privileged position, but
that all points of space and moments of time should have the
same status. This means that finite values of co-ordinates in
K mpust remain finite in K’ also. Turther, it is evident that to
uniform and straight motions in K must correspond uniform and
straight motions in K’. All this makes it necessary that our
equations of transformation must be linear. For, if the equations
were non-linear, the origin will have a physically privileged posi-
tion in at least one of the two frames. Besides, the uniform
and straight character of the motion will not be preserved.
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The coincidence of the x-axis and the #'-axis s only then
possible when from y=0, 2==0, we get y'= 0, 2’=0. Therefore,
the transformation for y and z must be of the form

y'=ay + B2, 2’=yy+ 8z,
where a, B, ¥, 8 may depend on the velocity ». But pure rotations
in space are inessential, and thercfore we assume that the x-y
plane (z = 0) transforms into the x’-y' plane (2’=0). Thus »’
can depend only on ¥ and 2’ can depend only on z, so that

y =€)y, 2 =¢€(v) 2.

But motion takes place in the x direction only, so that the
y- and z-directions being both at right angles to it have
equal status. € and ¢’ must therefore be equal, and the trans-
formations for y and z become

y =e()y, =ec@)z (1)

We can show further that € is equal to unity. In fact, it
is clear that e (v) =€ (— v), because it is immaterial for the
y- and z-directions whether K’ moves relative to K in the
direction of the positive x-axis or the negative x-axis.

Now since inversely K moves with velocity ( — v) relative to
K’, the inverse transformation should be

y=c(=v)y, z=e(-9)7,
or, on account of € (v) =€ ( —v),
y=e(@)y, =¢ (v) 2. (2
From (1), however, we get for the inverse transformation

| _ 1,
Y= T (3)
Comparing (2) and (3) we get
1
w= (v), ore(v)=1. (4)
Thus the transformations for y and z are finally
y =y, &=z (5)

It remains for us to determine the transformation for x and ¢.
By hypothesis, the point x’ = 0 must move with velocity v z.tlong
the positive x-axis, i.e., ' = 0 must be identical with x = vt.
Similarly ¥ = 0 must be equivalent to x’ = — v#’. The required
transformation must therefore have the form:
=9 (x — i),
x =y (% + o). (6)
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It is easily seen that 9’ must be equal to v, if the relativity
postulate is to hold. For, suppose an observer S’ in K’ measures
the length of a rod which is at rest in K, and which has a length
! as measured by an obscrver S in K. Then suppose the rod
moves with K’, and its length is measured by S. According
to the relativity postulate the two measurements must give the
same length.

In the first measurement the two ends of the rod are given
by x =0 and ¥ =7 in K. In K’ these two points have at time

t' = 0 the co-ordinates 2’ =0 and «’ =; l. Tor S’ the rod has

therefore the length 5—, so that a unit rod will have the length )—1’ .

Now in the sccond measurement the rod is at rest in X', and
its two ends arc given by 2’ = 0 and 2’ =/. As measured by S,

these two points have at ¢ = 0 the co-ordinates x=0 and x = )—f, .
Tor S the rod has therefore the length )-f,, so that a unit rod will

have a length ;, .

By the relativity postulate, therefore, we must have
Y=y (M)
To determine the value of y we use the postulate of the con-
stancy of the velocity of light. Suppose a light signal is given
at origin O at the time ¢ =0, #' = 0, and that it is reccived at
a point situated anywhere on the x-axis. This event would
be described by S by a relation between x and ¢, and by §' by a
relation between x’ and #. In any case we must have, of course,
x =ct, and &’ = ct’, because, according to the postulate, ¢ is the
velocity of light in both systems. Substituting these values in
the cquations (6), we get
ct' =yt (c —v),
, ct=yt' (¢ 4+ v).
Multiplying both sides of these two equations, we find
cA'ti =yt (c* — v®),
or,

c? 1 1
L = TS (8)
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Thus
1

Y = e

V-5

¢

‘where we have taken the positive sign of the square root because
for v= 0, K’ must be identical with K.

From the two equations (6), we can find ¢ in terms of { and x.
Thus

(9)

1

% X
vt = —x =2 —ylx —vl) =" — yx -} v,
” Y ) , Tty

R IR

so that

f'=zl,{§(1—72)+yvt} =v{t +'z )1,2—1)}

=v{t+§(»§)}=y(l-— ) (10

From (6) and (10) we have on account of (9) and (5)

, x — U ' ,
x =TT y =32z =2,
1 — =
’\/ ¢t (11)
-l
t'= —

These are the required equations of the Iorentz-transformation.
For the inverse transformation we get easily :

x' +ot’ , ,
X = ——— y=y,z=z,

V-G (12

v

U+ o %'

t = ———-_-—__-1.-_.?;‘
Ll
i

For the limiting value ¢ —> oo, the Lorentz-transformation
(11) and the Galilean-transformation (2) §1-2 are identical, as
we should expect.

We can see now that the two frames of reference K and K’
connected by the Iorentz-transformation are equivalent for
electromagnetic phenomena, We consider the law of propaga-
tion of light.

[
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A spherical wave starting from O at time ¢ = 0 has reached
the spherical surface #? + y* + 2 —¢%* =0, as observed by S.
The same event must be expressible in K’ by the equation
x'? 44’3 422 — %'* = 0. Now, we have from (11):

2
2 — (U =2 (x — V)P — c? (t - (%'c)

= 2 ('y"’ — :;) + 12 (22 — 9 + 24 (% — y0).

But
2 v? 1 v?
Ve = (1 _“c—z) =TT (l - c“) =L
1-a
g v?
y? — oty = — ey —9 E’) = — ¢
so that

X' 2’ = x? — Y2,
Thus we have finally
%3 +yrz 422 — %'t =42 +yz 4 22 — 23, (13)
We get the same result also in the differential form. The

equation of wave-motion in the frame K is
oF o2 d?
¢ = (bx" + oy + 02 T ¢ bt’) ¢ =0 (14)
This equation is just the mathematical formulation of the law of
propagation of light in vacuum. If we wish to transform (14) to
the frame K’, we must substitute in the function ¢ (x, y, z, #) the
values from (12). Then we have

% _dpox  dd _ % v 2 .
' T ox ' +bt ox’ ybx +y ¢ o’
#* _ (9 )( v ¢
YL (7 by c2 ot Yo
_ a0 gat V6 v O
¥ dat 2 Y oxdt + yzc4 by ;

¥ _ 3 ¢ 3,
coyr Tyt ot T S

X _ dpoxr  dpd _ 3% .
o oot Toator = Moy TV 5t
% _

NG ("”ax +"at)¢

> ) ,2
) ¢ + 2oy S:Eft T atf
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Therefore
0% = (32 + 555 + 53 — @ o) #
ot e P ok P e
T RS
Thus
o= (po 2282 L - )
= [¢.

The characteristic expression []¢ for the propagation of light is
therefore invariant for the Lorentz-transformation.

1.-4. Some Consequences of the Lorentz-Transformation.

(@) The rule for composition of velocitics.—Consider a particle
moving along the x-axis, whose velocity measured by § is #,

so that # = Z—f Then its velocity measured by S’ would be
dx ”
, dx’ y(dx — vdt) dt

“ = a7 = v dx

(dt dx) 1— s a
% —v

= ur (1

1-%

In Newtonian mechanics, if S’ is moving with a velocity v,
relative to S, and if the particle is moving with a velocity » relative
to S, then the velocity of the particle relative to §’ will be simply
# —v. The theory of relativity increases this velocity to the
amount given by the expression (1).

The expression (1) for the composition of two velocities is
true for all 4 <c. But if 4 =¢, then

y_€C—U
u = 5= C (2)

1 -

c

Thus when a particle is moving with the velocity ¢ of light, as
observed by S, its velocity as observed by S’ is also ¢. The motion
of the frame of reference of S’ has no effect on the velocity of
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light. This verifies that the Lorentz-transformation equations
are consistent with the fundamental postulate of the theory, and
consequently with the results of the Michelson-Morley and other
experiments.

(0) Contraction in length.—Let a rigid rod of length /, be
fixed in the frame K’. We wish to find its length as measured
by S.

Suppose first that the rod lics parallel to the direction Oy’
If the two ends of the rod have co-ordinates y,’, y,' respectively,
then

lo=yy =y

For the observer S the two ends will have co-ordinates y,, y,
respectively, and thercfore the length I of the rod as measured by
S will be

L=y —y1 =5 =y =l 3)

We sce, therefore, that lengths remain unaltered in a direction

perpendicular to the direction of motion of the body as measured
by an observer S.

Suppose now that the rod lies parallel to the direction Ox'.

As shown in § 1.3, its length as measured by S would be )f‘,’ - But

from (7) and (9) § 1.3, we know that

, _ 1
Y == (4)
'\/ -
Thus the length I of the rod as measured by S would be
ly St
= 2= — "l =1k,
=5 \/ Loph =5 5)

where k is the contraction factor introduced in (4) § 2-1. This
proves that each unit of length of the rod in the direction of its
motion is contracted to & when measured by an observer S.
Thus the Yitz Gerald-Iorentz contraction is a natural consequence
of the relativity thecory.

(¢c) Dilatation in time.—Again let ¢," and ¢’ be two times
registered by a clock fixed in the frame of reference K’ at the point
#', and let ¢, and ¢, be the corresponding times registered by a
clock fixed in K. “Then from (12) §1.3, we have

, vx' vx'
=y (tl 4 “c‘), Iy = ‘)’(’a' + =) (6)
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Now the interval of time 7, as measured by §'is-
To =14’ — ¢/, (M
and the corresponding interval = as measured by S is
T =1, —¢.
But from (6) we get on subtraction
ta—t =y (&' —t) (8)
so that from (7) and (8) we have

"‘=‘)""o=“'—='v—,‘ (9)
V-t
c

Hence cach unit interval of time as registered by a clock
fixed in K’ appears to the observer S to be lengthened to an interval
y. In other words, a clock moving relatively to the frame K,
appears to an observer S at rest in K to be going slow.

It can be proved similarly that rods fixed in K appear to S’
to be contracted by the same amount, and that clocks fixed in K
appear to S’ to be going slow. There is thus a complete reciprocity
between the observers S and S’ as regards the contraction in
length and dilatation in time.

1.5. The Four-Dimensional Continuwm, and the Interval
between a pair of Events.

Elaborating Tinstein’s ideas, H. Minkowski pointed out
in 1908 that our external world is composed ““ not of points in
the Fuclidean 3-dimensional space but of events in a 4-dimensional
space-time continuum’’.  An event can therefore be considered
to have four co-ordinates (x4, x,, x4, x,) of which three, say x,, x,, %3,
are space co-ordinates, and the fourth, x,, involves time.

Let (x4, %5, %3, %) and (¥; 4 dxy, %3 + A%y, X3 + dxy, %, + dx,)
be the co-ordinates of two neighbouring events in any frame of
reference. Generalising the idea of distance between two neigh-
bouring points in Euclidean space, we assume that in the special
theory of relativity the ‘‘interval’’ betwecen two neighbouring
events in the 4-dimensional continuum is given by the normal
quadratic form

ds? =dx® +dx? + dxg? + dx gl (1)
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Now consider all the events for which x, has some constant
specified value ; these will form a 3-dimensional continuum.
Since dx, is zero for every pair of these events, their mutual interval
is given by writing dx, = 0 in (1). Thus

as® = dx,? + dx,? 4+ dx?,. (2)

This is the same as the Cartesian formula for the distance
between two mneighbouring points in FEuclidean space, with
%1, X3, %3 written in place of the usual #, y, 2. Thus in general
we shall have

ds? = dx® + dy* -+ dz? + dx?, (3)
where the co-ordinate x, involves the time.

Now in Fuclidecan gecometry, we know that the distance
between two points is invariant for any change of axes. Similarly,
in our 4-dimensional geometry we must have the interval between
two cvents independent of the transformation from one frame
of reference to another. Our cquations of transformations are,
however, not the Galilean or Cartesian equations, but the Lorentz-
cquations (11) §1.3.  As proved in (13) § 1-3, it is evident that
the quadratic diffeiential expression which is invariant for the
Lorentz-transformations is dx? 4 dy? + dz® — ¢®dt®.  Thus the
invariant interval betwcen a pair of neighbouring cvents must
be given by

ds? = dx® 4 dy* + d2? - ¢k 4)

Comparing () and (4), we sce that the fourth co-ordinate x,

involves the time according to the formula

Xy =icl, 1 =4/ 1, (5)
Thus the four co-ordinates of an event are

Xy =X, Ky =Y, Xy =2, Xy = i, (6)
where ¢ denotes the velocity of light in vacuum.

The formula (4) for the interval is the basis of the whole
special theory of relativity.

The “ eigentime . —The “ eigentime ' or ““ local time ” of a
body is defined to be the time 7 shown by the clock which is
moving with the body. ’The ordinary time ¢ is measured from
the system at rest.

’

Suppose the body fixed in the frame K’, and consequently
moving with vclocity v relative to the frame K. Then the
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eigentime 7 is the same which we have called ¢ hitherto. Let
two nelghbounng events have times =, 7 + dr accordmg to the
clock moving with the body. The frame K gives times ¢, ¢ 4 d¢
for these two events. Now, even if the velocity v is not uniform,
Wwe can suppose that for small intervals of time it can be approxi-
mated by a rectilinear and constant velocity. Then we can use
the results proved for dilatation of time in (c) §1-4, if we write
dr for 74 and dt for . Thus

.U2
Ji-a

The observer S finds the time-interval between the two
events greater than the cigentime-interval.

From (7) we get on squaring,
2
drt = ap (1 - fz) — }2 (CdE — V), @)
But the instantancous velocity v of the body, as measured

by S, is given by
0 — dx* +dy* + dz-

ar
or
v2df? =dx* 4 dy? + dz2. (9)
Substituting (9) in (8) we get :
drt = ), (@ar — e — @y — ). (10)

The right-hand side of (10) is invariant for the Lorentz-trans-
formations. The eigentime, therefore, is also invariant.

1.6. Relativistic Mechanics.

According to Finstein’s principle of relativity, all laws of
Nature must be invariant for the Lorentz-transformations. The
Newtonian equations of motion do not possess this chargcter
and must therefore be replaced by others which satisfy the prin-
ciple. While doing this we must remember that for velocities
very small compared to the fundamental velocity ¢, Einstein’s
equations must tend to Newton’s cquation.

In Newtonian mechanics, suppose that a particle of mass m,
moving in a given field of force, is situated at time ¢ at a point



16 The Theory of Relativity §1-6

: . . -> . . L]
(%, ¥, 2). The components of its velocity vector uare (#, y, 2),*

»
and those of its momentum vector p are
Pr =mx, p, =my, p, =mz (!)
> .
If I’ is the Newtonian force-vector, the equations of motion are
Apr _ 4 dp,, s dp,
[ﬂ —'Ix; “'I‘y) dz ““F (2)
Multiplying these equations by #, =%, 4, =y, #,=2
respectively, and adding, we get the energy-equation
d 2
il (mu?) = (Fu) = (Fou, + Fyu, 4 Fou,), (3)
showing that the rate of change of kinctic energy is equal to the
work done by the external forces in unit time.

1.6 (1). Mass and Momentum.

Now in Newtonian mechanics, the mass of a moving body
is always the same constant however the body may be moving,
and with reference to whatever frame thce mass is measured.

->
T'rom the equation (2) §1- 6 it is cvident further that if F=0,
i.e., if no external forces are acting on the body, then the momen-
tum remains also unaltered.

In building up the relativistic mechanics, we naturally wish
to take over these laws. But it is found that both these laws are
not compatible in the new theory. If we assume the law of con-
servation of momentum to hold, then we are forced to the con-
clusion that the mass of a body is not invariant, but changes with
its velocity in a prescribed manmer,

Tet my, m,’ be the mass of a body and u,, 1, its velocity in
the x-direction as measured by the two observers S and $’ respec-
tively, where it is assumed, as before, that the frame of reference
K’ is moving with respect to the frame K with the velocity v in
the «-direction.

We write

(1)

1 We shall often denote by dots the total derivatives with respect to time,
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Then from equation (1), § 1. 4 we have

’ %, — U <
' = — u ()
-2
Therefore
1 1
Yy (1, —v) = = - (14y — )
NARFIVIEE
c? c?
w4y — v (3)
= A TR
J1‘9W+“H“k
Also from (1) and (2) we get
nu = <! — (4)
TN
But
2 RO .
L “1,2 "y _v) _ c ( o2 ) (144 1)2 ,

(v

P ca (1 ~ '1_111_1) " (1 _ u,v)
2

(1 1‘-1--)(1- ”l”) = ;1-2 {(c’— 2u + ’ﬁ;—)

— (4 — 2uv + v’)}

=1 - Gt + o) + 12 ®)
Substituting (5) in (1) we get
y. lu r y — 0
14y = — =

1 U2 6
J i O

Comparing (6) with (3), we obtain .
yi'u) =yyy (4 — ). (7)

Now suppose that there are a number of such particles moving
in a straight line, subject to the condition that both the mass
and the momentum are invariant as measured by S, so that we
have

Zmy = constant,  Zm,u; = constant. (8)
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Since y and v are also constants, being the same for all the particles,
therclore from (8) we get

Zmyyv = constant, Zm,u,y == constant,
ot subtracting the first cquation from the second,
Zmyy (uy — v) == constant, (9)

where the summation extends over all the particles.

But from (7) we have
’ ’
Y1%q
%, —v) = L1
y(t ) V1

Substituting this in (9), we obtain
!’ ’
Zm, 7—‘)—?1 == constant. (10)
1

On the other hand, according to our fundamental hypothesis,
momentum must also be conserved for the observer §’, so that

Zm,u,’ = constant. (11)
The results (10) and (11) will agree if
’ !
My YU — ) or i - ’??1,. (12)
71 71 71
Similarly for all other particles. Thus
’
My _ My

, = an absolute constant
Y1 Y1

= 1, (say),
so that for every particle, and for any frame of reference, if # is
the velocity of the particle relative to that frame, then

,

«/‘"z?

showing that the mass of a particle is not constant hut increases
with the velocity. This increase of mass has been verified cxperi-
mentally for the cathode rays, and the radioactive B-rays.

mo= Mgy = (13)

For a particle at rest, u= 0, and therefore m = m,. 1, is called
therefore the ‘‘rest-mass,’”” and the Newtonian mechanics is
characterised by the fact that it always uses the invariant rest-
mass m, instead of the actual variable mass m. Tor # very small
compared to ¢, this gives a good approximation, but for velocities
comparable to that of light, as occur in the atomic theory, New-
tonian mechanics is no longer applicable.
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1-6 (2). Relativistic Equations of Motion qnd Energy.

Newton’s equations of motion {2) §1.6 are taken over in
the relativity theory, with this difference, however, that the
mass m of the particle is no longer constant, but changes with
its velocity according to the law (13) § 1.6 (1). The componcnts
of momentum are therefore

7 2 . O | S
=i TR b= IR M
where we have written
_ % _ Vk2+y£:*_—é§
B=_,= p (2
The relativistic cquatious of motions are therefore
dpe _ 1a dpy _ 1 ap: 1
g = Yo g =Y g =T
or
d WX
——— =T, ctc. 3
dt &1 — B < (3)

Multiplying these cquations by #%, y, z respectively, and adding
we get corresponding to (3) of § 1.6:

mfes () +5 ) + (=)
= Tx + By + Vi,

or .
mg )T XY T 2E Ty —t z_ BB —y (B2 4yt 23
Vi-p o - g

=T+ Iy -+ i (4)
But from (2) we have
g=1 G+,
so that
BB = G + 3+ ).

Qubstituting this in (1) and remembering that £2-}- §2 4+ 2° = 242,

we get
Bpe? BB T N
o {,\/1"'1 B? + (1 — B?) Vl—_—ﬁg} % + Fyy Iz,

or

s (13-_5_-"3/3;) L ;l.Bf)__;. BY — Fi + 15 + g,
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or
z . . .
Bf}c ——— = «x ¥,y Faz. (6)
(1 - £
Integrating this equation with respect to time, we get
M4C? f__—ﬂ_ﬁ.— . dt = f (T,x + Fyy + Faz) de,
(1 - gyt
or

V1 — B2
= — V 4+ A,
where V is the potential energy of the external field, and A is a
constant. ‘Thus

Mot f (Fxdx + Fydy + Fudz) + A,

e
Vi—p
On the other hand, if we denote the kinetic cnergy by T as
usual, we have the ecquation of energy
T 4 V = constant. (7)
Comparing (7) with (6) we see that the kinetic energy T must
be given by

+ V = constant. (6)

et ,
4/1——.3’ + A, (8)
where A’ is some constant which must he determined. For this
we remark that if # is very small compared to ¢, then the kinetic
energy should be given by Newton’s formula } myu?, so that from
(8) we must get
3 mgt® = myc? (1 — 2yt 4 A
= mpc? (1 4+ 382) + A’
= mgc? -+ 3 mgn® + A’

T =

Thus we obtain

A = - myc?, (9)
and the kinetic energy is given by (8) and (9):
MC?
T = ———
Vi =5 — nyc?
= mct — My = c? (m -- my). (10)

mqc? is called the * rest-energy '’ or the ‘‘ internal energy of consti-
tution ”’ of the material point, which is assumed to be possessed
by the particle at rest. ‘This corresponds to the fact that in
mechanics only changes of energy are considered, so that the
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total energy of a system is left vague to the extent of an arbi-
trary additive constant. We assume, therefore, that this additive
constant for a particle of rest mass m, is mqc2.

. Thus the whole energy of a particle moving freely, ¢.c., in
the absence of an external field, is given by

E = T + m°cz
=c% (m — mg) + myc?,
so that

E =me, orm = Z}% (11)

This is the well-known formula of Einstein’s giving the inertia
of energy, and it has been abundantly verified by experiments.
It is of fundamental importance in the recent developments of
quantum mechanics given in Chapter VI. The formula (11)
signifies further that the two fundamental conceptions of mass
and cnergy are identical.

1.7, Minkowski's Four-Dimensional Vectors.

In §1.5, we saw that the external world is a four-dimen-
sional continuum, in which the four co-ordinates of an event are
given by

Xy =X, Xp =¥, X3 =2, X =1ict. (1)

Our equations of motion therefore must have an invariant
form in this continuum, and must have four components. Thus
corresponding to the position ‘‘ four-vector’’ (short for four-
dimensional vector, to distinguish it from the ordinary three-
dimensional vector in Euclidean space), we must have a velocity
“ four-vector *’ (u,), with components u,, u,, #;, #, and a force
“four-vector ”’ (F,) with components F,, F,, Ty, F,. We must
naturally find the significance of the components of these four-
vectors in terms of the classical quantities.

Now in classical mechanics, the components u,, %, #, of
the velocity are given by differentiating the co-ordinates #,,y, z
with respect to the time ¢:

=, Gy, & (@)
In the classical theory, £ is invariant for all systems of co-ordinates.

’

But in the relativity theory ¢ is not invariant. However,
in §1.5 we have seen that there exists an invariant time, viz.,
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the eigentimé 7, connccted with ¢ according to the relation

dr = JL—EM VI=F d, (3)

where # is the velocity of the particle. To get the components,
of the velocity four-vector therefore, we must differentiate the
co-ordinates (1) with respect to the invariant eigentime 7. Thus
" =Qxl=dx. at _ Us |
! dr dt dr A1 — B

uz__.[?xz__:—dy.d£=__——1fz__

Todr Tdt dr T V1 - B (4)
v — dx, _dz di _ 1,

3T dr Tt dr T VI — g

_odxy, 4 b ic
=g =gl =T

The momentum four-vector [p] is given, in analogy with the
classical momentum, by multyplying the velocity four-vector
[#] by the invariant mass i, ; so that the components of momentum
are

Mglt Myt
= Mty = ————— o='m1fh=———L—
Pl 0t'1 ’\/1 il ﬁz P. 0"'e )\/1 — Bz’ (r)
. )
Myl 111,C
= Mo, = ———— = Mgy = e *
bs olts Vi — ﬁ,' Pa otta Vi—p

I'rom equation (11) § 1.6 (2) and the last equation of (5), we find
that the time component p, of momentum is given by

1h1,C . imc?
X ememm——— = 1NCc = —
be= T p
_iB ©
T oc
Thus the four-dimensional form of the cquations of motion is
‘,i/’_r =T, (r=1234). )

We have now to find the physical significance of the components
F, of the force four-vector. On re-introducing the ordinary time ¢
from (3), the equations (7) become

dpr — I‘ Vl — B2
or, since p, = Mgty
g dgz =T, VI= B, (r=1,2,3,4). (8)
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Substituting for #,, u,, 1, their values (4), we get .

" 32 (vitp) —nvi-F

o 3t («/1 - ﬂz) =T, V1~ p ©)
d U — A
m g (i) =T V2 = 8

Comparing these equations with the equations (3) § 1.6 (2),
we see that the first three components of the force four-vector
(F), and the three components of the Newtonian force-vector

->
F are connected by the relations
T I 1Y,
F___:______x__' F‘):——'——-—L—‘ F:—“——.
LY T T R TV
In order to find the significance of the fourth component
T',, we multiply the equations (7) with #,, and sum from 1 to 4,

getting, since, p, = mon,,

(10)

3 du, 4
"fl mtt, = ril E,u,,
or
I my ld (2 u,?) = 2 Fu,, (11)
r
But on account of (4) we have
4 24wt tult—ct -t
2 V. .
rfl 1,2 = 1= g L c, (12)
02

showing that the velocity four-vector has the constant magni-
tude sc. TFrom (11) we get, therefore,

4
2 Y,u, =0,
r=1
i.e., on substituting the values of I';, F,;, I'3 from (10) and the
values of u,, u,, 1;, 1, from (4) .
Ty + Fyuy + Tou, 4 Ve Fac  _ 0
—- B Vi—pg
Thus, we get the requn'ed value of F,
F, (Faty + Tyry + Fom,). (13)

ch—B
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Now the fourth component of the equation of motion '(8) is

R Y, ey

which becomes on writing the value of #, from (4) and of F,
from (13):

d ic i
"o (Vi ‘:Bz') = (Fatts + Fyuy + Fotw),

or
2
% :/llnn-c-_ﬁ-?) = Fytty + Fyu, + Fou,. (14)
2
If we remark that —e2e— is just the energy E of the body
Vi_p

as given in (11) § 1. 6 (2), and that the right-hand side of (14) is the
work done by the external forces in unit time, then we see that
(14) is only the expression of the energy thcorem.



CHAPTER II.
GENERAIL THEORY OF DYNAMICS.

2-1. Hamilton's Variation Principle.
SupPOSE that (x, y, z) are the Cartesian co-ordinates of a particle,
and that it is acted upon by a force whose components are X, ¥, Z.

I.et the components of velocity be denoted by # = §f= X, v=%,

w = %, and those of momentum by p, =mu, p, =mv, p, = muw.
The kinetic energy of the particle is

T ==} m (1* + v® + ©?),

so that
T T T T T  dT
Px =0 =50 Py—55‘=53-,’ Ps = 50 =3;° (1)
Newton’s equations of motion are
miu =X, my =Y, mw =12, (2)
or,
p.=X, p,=Y, p. =2 (3)

If the external forces are conservative, so that there exists
a potential energy V, we have

oV 1\ oV
X=—b—x" Y-——@' Z——-—“bz' (4)
The equations of motion now become
p= 2V mp = _w Mmw - (5)
=T = Ty =T

Multiplying these equations by u, v, w respectively and adding,
we get

7
s (s 4 v + wi) _(av e Vv

=\ YT ¥
oV, AV oV

=T\ ¥ +by Y
av

Integrating (6) we find
3m (u? 4+ v2 + »?) 4+ V = constant, (7)
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This is the law of conservation of mechanical energy for forces
such as gravitational, electric and magnetic, which have a potential,
and are said to be conservative,

Let us now compare this motion with a slightly different,
motion in which Newton’s laws are not obeyed. In this motion,
let the co-ordinates of m at the instant ¢ be (#', ¥, 2’), and let the
components of velocity at the same instant be #’, 2’, w’, so that
u = —‘Z;—, etc. ‘I'he co-ordinates of s in the actual motion at
the same instant ¢ are (%, y, z) as above, and we assume that
the modificd motion differs so little from the actual that x'— =z,
u' — u, ete., are very small. This means that if we write

x'—x =8x, ' — u = du,etc.,
we can neglect higher powers of 8%, du, etc.

If we multiply the equations (5) by 8x, 3y, 8z respectively
and add, we get

: N £ ) 4 oV WV
m (4dx + 98y + wd2) = — (35[ dx + 2y Sy + e 8z).  (8)
Now,
d d d
}ii; 8x = 5, (udx) — u 7, (8x), (9)
and
f{t (8x) == Ez’(g (' — %) =0'— u = du
dx
~3 ( d-t--). (10)

Trom this last cquation we sce that the operations of differ-

s d L .
cntiation — and of variation § are commutative, and we can change

dt
their order without affecting the result.

Substituting (10) in (9) we get:

du o0x = d (168x) — udu. (11)

‘ dt di

We get similar expressions for v and w. Substituting these
in (8) we have

m {% (udx + vdy + wdz) — (udu + vdv + wa)}

_ Y
0%

2V 2V
kg, Wy Sz) - —8v. (12
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If the dynamical system consists of a number of particles,
an equation of this kind is true for each one of them, and at every
instant of the motion, It is, moreover true whatever the displaced
motion may be, provided only that it differs very little from the
actual motion. Thus for the whole system

Zm {zt (0% + vdy -+ wdz) — (1du + vdv + wa)} = — §V. (13)

In this equation V denotes the potential energy for the whole
system. Now,

T =XYm (2 + v® + w?), T =th (12 4 v + w'?),

therefore
O =T —T =§Zm{(v? — u?) + (02 —1?) + (@2 — w?)}
=} Zm{(u 4 du)2— 1 -t (v+ 80)>— v? 4 (w - Sw)? — w?
=2 m (udn + vdv + wdw), (14)
neglecting (3u)?, etc.

Substituting this in (13), we get

Zm ji (udx + vdy + wdz) = 8(T — V). (15)

We write
L=T-V. (16)
L is called the ILagrangian function. Equation (15) is true at
every instant of the motion. We integrate it for any two instants

of the motion, say from ¢ =¢,to ¢ =¢,:
14

I
f {Z‘ m ((gt (182 + v3y - wB::)} at == f 3L, dt.
5%

13
or
la 12
[2 m (udx + vdy + wb‘z)] = / 3L, dt. (17
I3y 11

The displaced motion has been so far quite arbitrary, except
for the fact that it was supposed to differ very little from the actual
motion. We now impose the further restriction that at’ times
¢, and ¢, the configurations in the displaced motion are the same as
those in the actual motion. Then we have at instants ¢, and ¢,

8x =8y =82=0
for all particles. So that

[Z’ m (udx + vdy + wsz)]iﬁ = 0.
1
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Therefore, from (17) we have

i2
J sLdt =o. (18)
[
But
ts ty to lo
[ sLdt= [ (W —-1)dt= [ Ldt— [ Ldt
1 ty t 12Y

t2
=58/ L,
31

so that equation (18) becomes
{2
8/ Lat =o. (19)
31

This is Hamilton’s variation principle. It depends only
on the kinetic and potential energies of the system and is indepen-
dent of any co-ordinates. It can be shown that conversely from
this single equation, we can determine the motion of all the known
parts of the system as soon as the kinctic and potential energies
are known.

Now if we denote the constant total energy of the system

by E, so that E =T + V, then
L=T-V=T—(E-T)=2T -—E, (20)

and the equation (19) becomes

2, 2,

0=38/ lLat =38/ (2T — E) a.
121 151
2
But since E is constant & f Edt =0, so that
2%

42
8 [ 2rdt=o. (21)
131

. ts
The function S = / 2'Tdt is called the action of the motion, and

1
(21) shows that the action is always an extremum. As a matter
of fact, for an actual motion, the action is always a minimum,
and that is why Hamilton’s variation principle is also called the
*“ principle of least action ”’, first enunciated by Maupertius in 1744,
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2-2. Lagrange's Equations.

Suppose we have a dynamical system consisting of material
particles and rigid bodies, which can move either freely or connected
in any manner. We need a finite number, say #, of quantities
to fix a configuration of this system at any time. For instance,
if a 1igid body is rotating about an axis fixed in itself, its configu-
ration at any time will be determined if we know a single angle 0.
Similarly, if a particle is moving on a spherical surface, its position
will be fixed by the two angles 6, $. Thus in the first example,
the Cartesian co-ordinates x, ¥, z of any point of the body will be
functions of 8 only, whereas in the second system, the Cartesian
co-ordinates of the particle will be functions of the two angles
0 and ¢. Of course, time is the independent variable in both
systems, on which 8 and ¢ depend.

The variables 0, ¢ are called “ generalised co-ordinates, ’
and # is called the ‘‘ degrce of freedom . Usually we denote
the genecralised co-ordinates by ¢4, g5, « -, g,,, each of them being a
function of £. Then the Cartesian co-ordinates x, y, 2 of any particle
of the system are functions of the ¢’s,

X=X (QD Y qn)’ y =) (ql» Tty q”)v z=2(q, -, ‘In);
so that

dx x . X . dx .
dz—b‘—(h91+gq—2%+'“+57”9m
dy _dy . Co. W s
dt_ _aql q1+ +'bqn q;u
dz 2z . oz .
A R

Thus, we know the velocity of cach particle if we know
%,%. z in terms of ¢’s and also if we know ¢,, ---, §,. These last
quantities arc called the generalised components of velocities.

The kinetic energy T =42 m (4% + y* + %?) is now seen to
be a quadratic function of ¢,, - - -, §,, the coefficients being func-
tions of ¢,, -++, ¢,. The potential energy V depends only on the
configuration of the system, and is a function of ¢,, -+ -, g,, only.

Thus the function L ="T'—Vis a function of ¢4, -, ¢, ¢,,- -4, :
L=L@Gu" " 9;: o " G
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The corresponding function L’ in the displaced motion is
the same function of ¢, 4 8¢4, +-+, ¢, + 84, :

I = 41 (91 + 3(11, oy + SQn; q.l + 8’1.11 R én + 54;:):
so that from Taylor’s theorem we have :

’ _— bI/ n . bL L . e
8]4——14 - I(— bq1 Sql _l ‘e + 39,, Sq;x + a 891 + +

Therefore from Hamilton’s theorem we get

2 {2 7 ) )
0o—/ 8Ldt=f{2 Ly + = S;‘--aq',jdz. 1)
I y=1 %9

brl -
2, 20

1 =1 bq
But
iq, , d d
= 8(“]) (Ir - q = dt (g, — (I;) = dl (8(1r)'
Therefore
A
221, L d
z./ 2, dirdt = f 2, ai 014
N7 ]1»
ﬁ[aq.’ 59, - dt - )3 dr.

If we take the displaced motion .such that at the times ¢, and ¢,
the ¢’s have the same value, then 8g, = 0 both at ¢, and ¢,.  Thus
we have

#d (L
/ Caia = [ g 55) 8 . @)
Let us write

M (T —V) L

y = . == . - = . }’:‘_-1’2’-.-
Pr =%, oG, ¢, ( m @

since V does not denend on ¢,. p, is called the generalised momen-
tum conjugate to the co-ordinate g,. “Lhen from equations (1), (2)

and (3) we get:

2 2y
. » (3L _ dp,
{ SLdt _{ { 5: 2, }u) 8q, } dt = 0, (4)
Sinces¢; and £, are cntirely arbitrary, we have
“ . dp,
)fl DQ/ B /,)Sqr =0 (5)

But all the 8¢’s are independent, therefore (3) can be true only
when each of the cocfficients separately vanishes, so that

dp, oI,
A Tog, T =L, ©)
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or

d (3T T VvV

(—ﬁ (5_9;) - -56, = — -b—q-;n (f = 1, 2, . e M.). (7)
These are n diffcrential cquations of the second order, and
they enable us to determine ¢y, -+, ¢, as functions of time.
They are called “ Lagrange’s Equations '

Supposing that the forces, and therefore the potential func-

tion V, depend on time as well as on co-ordinates, then the Lagran-
gian L also depends on ¢, so that

L=I4(ql-"'rqmq.l"'vq.mt)‘ (8)
It is easily scen that Hamilton’s Principle and Lagrange’s

Equations are still true, but the mechanical energy is no longer
conserved.

2- 3. Hamilton's Canonical Iquations.

In the last section, we saw that the motion of a dynamical
system is determined by a system of # differential equations of the
second order, where # is the number of degrees of freedom of the
system. We shall see now that the motion can also be deter-
mined by a system of 2n differential equations of the first order
which can be casily derived from Iagrange’s Equations.

We introduce a function T’ defined by

T = Z Pir =T, (1)

yaal

then

a1’ = ).7 P44, + 2 q,dj) — Z' oT dgq, — 2,:' o dq,.
) =1 r—lbq r—lbq

b} \

3,

and the last sums on the right-hand side cancel out, and we are

left with

But from the definition of p, we have p, = so that the first

= 5 gap, — 2 2L 4. @)
r=1 r=1 bq

which shows thut I is a function of p’s and ¢’s only.
Now in Newton’s mechanics, I' is a homogeneous function of

the second degree in ¢’s, so that from Euler’s well-known theorem
in Calculus, we have

” "

5 T

L. gy = 2T.
r=lbqf g
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therefore, since g, = ab}:f ,
Z pg = 2T (3)
so that from (1) mld”(= )l we find .
1 o= 2 pg =T =2T-T =T. (4)

y=

Fquation (4) cxpresses the fact that T' represents the kinetic
energy, but whereas ‘I' represents the kinetic energy in the vari-
ables g,, ¢,, i.e., in co-ordinates and velocities, T represents the
kinetic energy in ¢, and p,, 7.e., in co-ordinates and momenta.

We define another function H as

"
I=7+V = lezq.r ~T+V = 2 P/Qr - L; (5)
) = ) ==

then we sce that H is the total cnergy cxprcssed in the co-ordinates
g and the momenta p, so that we can write H = H (p, g) where
p stands for all the py, - -- p, and ¢ for all the g4, -- ¢,. This
function H (p, ¢) is called the ‘‘ Hamiltonian "’ of the dynamical
system, and we remark again that it represents the total energy
(kinetic energy + potential encrgy) expressed as a function of
co-ordinates and momenta.

From the equation (2) we see that

T AT 1Y

20, = "o op, =0 =1 m). (6)
Thus Lagrange’s Equations (6) §2-2 may be written
dp, _ 9 9 N o O _dH
dt b_é} bqr(l V=5 (THY '_071?' (M
Also from the second part of (6 ) we have, since 5/7 = 0,
r
dq, _dT" _ , _OH,
Thus we have the systcm of 2n equations
. dg, dH
qr57q£ = b}_‘r’ (7-‘:1,2,"',”),
dp OH @
b= dt = _b‘—I;' (}' =12, '-°,1t).

These are called ‘ Hamilton’s Canonical Equations’ and they
depend only on the total energy. With their help we can deter-
mine the motion of the various parts of the system even if we do
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not know the actual mechanism such as the interacting forces,
cte. They represent the simplest form in which the generalised
dynamical equations can be expressed, and they form the basis
of various investigations in higher dynamics, astronomy and
physics.
2 -4. Relativistic Lagrangian and Hamiltonian.

In the previous scctions we saw that the Lagrangian function

I is given by
L =1 -V, (1)
where the kinetic energy T is expressed as a function of p,, ¢,, by
means of the relations
T __ 2T,

1"‘ - aé’ = bq, (2)
We have also scen that Newton’s equations of motion are
equivalent to Iagrange's equations
dp, _ d 31N L o
di = dl a@) =, (3)
Now the relativistic kinetic energy of a particle of rest mass
m,, moving with the velocity u == fe, is

T = myc? (Vl—l———ﬁ; - 1). 4)

We wish to express the relativity equations of motion in the

Lagrangian form (3). But we find that b? does not give the

0%
corieet relativistic momentum 4, = V;"'lx 3 We must there-
fore find anotler function I'* such that
. *
";/%?C_Bz = px = bb%;“ ; (5
similarly for the y- and z-components Then we have:
a1 = T* di -+ ° y & +”‘ d

. V_?’_"_B_z (kdi + ydy + 2dz) = :;fﬁfgz
because ¢2f% = u® = i + j? + 2. Integrating, we get:
T = —myc® VI — B2 + A,
where A is a constant of integration. Now for a velocity # which
is very small compared to ¢, the function T* must reduce to the
classical kinetic energy 3 mou?. Therefore
3 ¥
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Yomgd = — moct (1 = }BY + A,
= — i+ mgn® 4 A,

so that
A = mt
Thus the function 1" is determined to be
T* == mge? (1 — V1 = B). (6)
The relativistic Lagrangian I, can now be defined as
I =T — V=g? (1 — A1 =B -V, (n
and then the relativistic Lagrangian equations
3l I
dt ) o (8)

are identical with the equdtlons of motlon.
As in Ncwtonian mechanics, we define the relativistic
Hamiltonian to be
I = pok + pyf -+ pet — L
d ™
=z i-L=25 i-L (9)
It can be shown that II still denotes the total energy, i.e.,
the sum of the kinetic and potential energies.

We have in fact, on account of (5):

Y Mo¥
Zhek =2 3k ¥ = X _-_—*\/l —
sae ___1”0__ 52 _l,_ 22 ,’;,"2 . 7”0”2 - moﬁ'lcz )
N/l"—ﬁz( ¥+ 8 Vi—p NI-p

Therefore, from (9) and (7) and (4):

H=2p%— 1= x/”lloejﬁ — et (1 — V1=p2) + V

= —1)+V='1‘+V, (10)

(v 1 -p
showing that H is the total energy.
MoX by = moy o= Me2

VISR WV T W

Now from p, ==

we have:
m0 o202 1110202/32

P+ pir PR = ‘Bzixz'i‘y + Z )=1_ﬁz I_Bz
Thus

1 1
mdct (B2 + Py + D) = 1‘:'83‘/33 =1=gE— 1.
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Therefore

1 1 1, L,
=8 = mict (P2 4 P2+ pa°) + 1= nic (mo*c*+p.2 4Py + 927

we find finally from (10) :

H = ¢ p/imgdc? + p,t + p° + p2 — mc* + V. (11)

With this value of H, the canonical equations of Hamilton :
dx __ OH dpr OH

it =opy dl T~ T ox (12)

are verified to he identical with the equation of motion.

2+ 5. Canonical or Contact Transformations, Cyclic Variables ;
the Hamilton-Jacobi Partial Differential Equation.

Hamilton’s canonical equations will determine ¢,, p, (r =1,
....,n) as functions of ¢, and of 2n constants of integration.
These 2n constants can be chosen at will. For example, we can
take the initial co-ordiantes and initial momenta.

Now consider the integral

t o,
U= [Lit=[(Zp4 —H) a, (1)
then
dU = p,dqy + -+ + p,dg, — Hdt, (2)
so that
U dU W
b—ql =pn " bq; = P Y H. (3)

From the last equation of (3), we get on substituting for p, in
H (Pl' ) pn’ qr° 5 Qu, t) :
dU dU

dU
’b[‘ 4+ H (ql, oy Qs 5&;’ ces, 6&;’ t) = 0. (4)

The function U defined in (1) satisfies the partial differential equa-
tion (4) which was given by Jacobi.

If the Hamiltonian H does not depend explicitly on ¢, we have
seen that the total energy is conserved, and

II (ql""'qft’pl"--;P;;)=E (5)
The function U then becomes : .
¢
U=/t -B)dt=8 -, (©)
0

where

4 ¢
s = [Ep4)dt =] Z pdg,. )
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From (7) we get
S

b—-q; .—_:pr (7 == ]_’ LN 1;)' (8)
and then the equation (5) becomes :
3S S

Now suppose that the Tamiltonian I does not contain expli-
citly one of the ¢’s, say ¢z Then from Hamilton’s canonical
equations :

. _dp, ol

Pe= = Ty,
wliere a, is a constant independent of time,  Such a co-ordinate
gz is called a cyclic variable, and $, is an integral of the cquations
of motion.

=0, so that p, = a, (10)

However, if all the ¢, are absent from 1I, we have # integ-
rals of motion provided by the # momenta :
Pr=o01, ..., P, =0, (11)
If further, the Hamiltonian does not contain the time explicitly,
H is constant, and thercfore from the other set of canonical
equations, we get

g,= oH = constant = w, (say), (12)
op,
so that
g =wt-+B, (r=1... n. (13)

In (11) and (13) we possess, therefore, 2n integrals of motion
containing the 2x# constants a,, 8,.

We remark that the problem of integrating the canonical
equations of motion is reduced to the following problem : ““Replace
the variables p,, g, by new variables P,, Q,, such that they have
the following two propertics :

(1) they preserve the canonical form of the equations of

motion ;

(9) they transform the Hamiltonian into one which does not

contain ¢, Qq, . . ., Q, explicitly.”

Suppose that such new variables P,, Q, are obtained by
means of the transformation :

qf =qr (Ql» Qz» . ",Qm Pl» R} Pm t).
=05, Qu -+ ., QumPi...D0,1. (14)
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We shall determine the condition that this transformation
leaves the canonical form of the equations of motion unaltered,
that is to say, that the transformation is a ‘ canonmical’ or
a “ contact ”’ transformation.

Now we have scen that the canonical equations of motion
are cquivalent to Hamilton's variation principle

! 1
5 [(Zpg, —H)ydt =8 f Ldt = 0. (15)

If we change to new variables Q,, P,, the condition that they are
canonically conjugate, 7.e., that they satisfy the canonical equa-
tions

dQ,. K  dp, 0K
= W 00)
where K is the new Haniiltonian
K(Q,, Py, 1) = IX(g,, p», 1), (17)
would be
14
B of@ 2,0, — K)dl = 0. (18)

TFrom Calculus we know that for cach one of these cquations
to be a consequence of the other, it is necessary and sufficient that

(& pi, — H) — (E 1,0, - K) = Y, (19)
p ” -~ dt

where f is any function of ¢ and the canonical variables.

That the condition (19) is sufficient can be seen immediately,
for

¢ 1
5 /(Z g — 1) — E PG~ K& =5 [ Va=s/]=0(0)

since the variables do not alter at the end points.

It can be verified that the condition is also necessary.

The equation (19) is a relation between the various canonical
variables, of which any 2# can be taken as independent. There
will be four sets of these 2% independent variables :

(QD' . n%;pl" . 'vﬁn);(Ql'° . ’Qn; Pl»' . ~rPn);

(91’ o @ Pl: v Pn); (er r e Qu; pl' c Pn)

The most important case is the selection of the variables

@u - - v @ni Puvo oo Py, (21)
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Then we must consider the equation (19) as an identity in
4, P,, so that we must equate separately the cocfficients of each

g, and P,, as well as the term independent of these.
Now (19) can be written as:

Z pj, —H(gn Py ) = Z P, O, — K(g. P, 8) + df

~

d 2 I)IQl - 2 Qr 131' - K(qr: P,., t) “1' df
r dt
. dr
= —=2QP, —K(gn P, &) + 4 (22)
r

where F =f+ 2% P,Q,is also an arbitrary function of the
r

canonical variables ¢,, P,, and of £. From (22) we get then :

T _oF
Pl‘ == bqr ~r bl) ’

II(q"’ r ) = I\((Iu P),t\

(r ;"]12"")11’))

OF
o’

In the particular case when H does not contain ¢ explicitly,
we can, in general, choose I so that it also does not contain ¢
explicitly. The transformation equations (23) therefore become :

P, = b; @, 1), Q= ;PL) (@n D), (r=1,.--,n);

H(g,, P,) = K(g,, P)). (214)
We sce that in this particular case, the Hamiltonian is invariant,
which is evident since it represents the total energy.

(23)

2.6. Integration of the Canonical Equations.

In this paragraph we write ¢, for Q, and a, for P, in order
to conform to the usual notation in quantum theory. As we
have seen, in order to integrate the canonical cquations, we must
choose a transformation such that the transformed Hamiltonian
does not depend on gy, - -+, g, and ¢, but depends only onay, - -+, a,.
The transformation equatlons (23) § 2 5 are now

. F
Pr = bq—r (qr; a, t), ﬂbr = a (q” a,, 1): (1)
) JF
H(g,,a,,t) = K(a,) — ST (gr, @, ).
The new canonical equations of Hamilton would become :

. _ 3K dK
$ = =T34 =0 (2)
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so that all the o’s are constant : )

ay =Cp, @y =Cp 0,0, =0y, (3)
and the new Hamiltonian K, being a function of the a’s is also
constant :

K (a;, - -, a,) = Constant = F. (4)
Thus g? is also constant, and we find
. K
b, = da, = Wy (SaY)' (5)
ie.,
¢r == wr! + BI; (’l == ]r 2' Tt 7")' (6)

Expressions (3) and (6) are the integrals of the canonical
equations of motion, and they contain the 2» arbitrary constants
¢, and B,.

It remains for us now to determine the transformation
function F. We set

(g, ay, t) =1 +U {(g,, a,, {), (7
and get on account of I depending on a, only,
T U T B0 dU oU
br= g, Tog ¥ Toa, Tt The, Tt T ae, (8
From (1), (4) and (8), we obtain therefore
dU U
H (qr: b‘[r, t) 'I' bt _ 0: (9)

which is Jacobi’s equation.

We have consequently the theorem given by Jacobi: ‘‘ If the
complete integral U (g4, - -+, ,, a3, ** +, a,, t) of the equation (9)
has been found which contains the »# arbitrary independent con-
stants a,, * -+, a,, then Hamilton’s canonical equations of motion
have the 2# integrals :

dU

dU o
é;;; - (ﬁ" - w/t - Brv 0(],- - j)r: (/— L, ) ”)J (10)
where B,, - -+, B, arc new arbitrary constants. ”’

In the particular case when H does not contain ¢ expiicitly,
the Jacobi equation (9) can be simplified by writing, as in (6)§ 2.5:

U =S (q) — Et, (11)
so that
3U 38 dU
Pr =g Tagp T T (12)
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Thus (9) becomes

(o g g 0 o) = F. (13

A complete integral of this equation containing # arbltrary
constants a,, -+, a, will be S(q,, +++, ¢, I, a5, - -+, a,), sO
that the function U in (11) will contain # + 1 constants a,, +-:
a,, BE. We write therefore

L =a,, (14)
Then
U=S(QI-"':quta'.h""an) L, I =Tt 4+ U =5(¢,a )’( )
so that from (10)
oU U dS dS

bE —1 + qu Bl' ba == baz = ﬁ'.! y " ba,; == le' (16)
" .08 dS . .
he (n—1) equations .~ = B, -+, -~ = B, give the form of
0ay o,
. .08 28 . .
the orbit, and the cquation ST e B1 + ¢ gives the time at
v 1

which the system has a certain position in the orbit.

We have also

¢, =

If orthogonal co-ordinates are used, the function H (p,, ¢,)
contains the p, as squares only, so that the Hamilton-Jacobi

) U

da,  da,

(r =1,2, -+, ). (17

equation H(b—b—, q,) = a, contains the 25 only as squarcs.
o9, o9,

In the applications with which we shall be concerned in this
book, it will be found that it is possible to separate the Hamilton-
Jacobi equation into parts each of the form

08 \2
SEI) =f1 (91 ay, -+, ay)
. . . . . . (18)
S \?
* 5(']:) =fn > ay, =+ -, @),

such that if each part is satisfied, the equation (10) is satisfied
as a whole. Any one equation in (18) contains only one of the
co-ordinates ¢,. If this separation can be effected, the complete
integral of the Hamilton-Jacobi equation is then given by integrat-
ing the total differential equation
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s = bsd +bq dq3+-~-+—§§’-dq,,
= Vfl(Qh a,.) dql + */}z(%: ar) dq’ ' +'\/./n(‘]n;—‘;;5 dqn,
which gives on integrating
S = [{filgnadg + - + [(fulgu o)t dg,  (19)

where @, stands for all the ay, ay, - -+ a,. The orblt and the time
can then be determined from the equations (13).

2. 7. Periodic Motions and the Action and Angle Variables.

In the present volume we shall be concerned only with
periodic systems. Now, this periodicity is of two kinds. Either
q oscillates to and fro periodically in time between two fixed limits,
or the corresponding p is a periodic function of ¢. The first
case is spoken of as one of liberation and is illustrated by the
oscillating (simple) pendulum. The second case is that of rota-
tion and is typified by the conical pendulum.

Tor convenicnce, we confine ourselves at first to systems
with one degree of freccdom. Then we choose the new variable
¢ of the last section in such a way that it increases by 1 during
one period of the motion. We denote it then by w and the corres-
ponding conjugate variable by J. w is then called an ““ angle
variable ”’ and J an ““ action variable ”’. As w and J are particular
examples of the variables ¢,, a, used in the last section, we see
that the transformation function S will depend on ¢, J, so that

S =8(¢g,J)

Then from equation (17) § 2-6, viz., = 22 , we get on writing
r
w for ¢, and J for a,,
dS
and
38
= q (q) J)’ (2)

The differential coeﬂicient of w along the path is then

SN ENICIE

gﬁ dw = (j) - dg = f) gg dg = ;J— () pdg, ()

Then
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where the symbol,$ denotes that the integration is to be extended
over one period, 7.e., in the case of liberation, over one back and
forward motion of ¢, and in the case of a rotation, over a path of
length 27.

That the period of w shall be 1 therefore implies that ¢ dw =1,
conscquently

d £3S,  d g _
This can be satisfied if we take
(})b dg = () pdg = J, (5)

or, in other words, J is cqual {o the increase of S during one period.

I'he above analysis gives the meaning and properties of the
action and angle variables. The question in an actual case is
how to determine w, J. Tor a system with onc degree of freedom
we have the Hamiltorian H given as a function of some canonical
variables p, ¢. The transformation function S (g, ) is then
determined by integration of the IHamilton-Jacobi equation

1 (\q ) —=a. Then we find the value of

J == bb?] dq.
Obviously J is a function of a, and inversely, we can find a as a
function of J. When we substitute this value of a in § (g, a), we
get S as a function of ¢, J.
By means of the transformation
a8(g, J),

b=y
o8(g, J).
o
$ and ¢ will become periodic functions of w with the period 1,
and H will be a function a of J alone, ¢.e., 2= H (J). The canoni-
cal ceuations of motion are

W ==

dw OH ©
= 3 =v, w=uvl+B,

where v is a constant. Since we have chosen w so that it increases
by 1 during each period of the motion, it follows that H is a
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function which increases continuously with J, Censcquently »
must be a positive number ; it is equal to the number of periods
in unite time, or the frequency of the motion.

If the system has many degrecs of freedom, say n, then we
assume that each of the ¢, has a periodic character of one of the
two kinds cxplaincd above. We also assume, as frequently
happens in quantum-theoretical applications, that the Hamilton-
Jacobi equation may be solved by scparation of the variables,
i.e., as in (19) § 2. 6, that the transformation function S breaks up
into a sum of # terms each of which depends on a single g, ; i.c.,
in the case of cyclic co-ordinatcs :

S = Sl (QIr Ay, ** an) A e S‘n (([m Qyy vty a”\, (7)
so that
__ 95, _
pr = 20, r=1---,n), (8)
and p, is a function of ¢, alone. Therefore cach integral
L=t dg, r=1,--n) (9)

taken over a period of g, is constant, depending only on the con-
stants a,, - -+, a,, asis evident from (7) and (8). Tach of the J,
is thus a function of ay, - -+, a,, and inversely therefore cach of the
a, is a function of J,, ..., J,. Particularly a,, 7.c., H is a function
of Ji, -+, J,. Each of the S, is then a function of ¢,, Jy, - -+, L.

We can now introduce the angle variables w, conjugate to
the action variables J, by the cquations

dS XS,
w, = = 2 5
R} PR ) ¥

It is then not difficult to show that the g¢,’s are multiply
periodic functions of the w,’s, in the sense that e.g., ¢, (w,,- -+, w,)
goes through one period when w, is increased by 1 while the other
w’s remain unaltered ; the remaining ¢’s g,, - - -, ¢,, may also depend
on w,, but they return to the initial valucs without going through
a complete period. Similarly the function g, (wy, w,, ---, w,)
gocs through one period when w, is increased by 1 while all the
other w’s remain unaltered ; g, (@, @,, - - -, W), g3 (01, Wy,* -+, W,),
vve, qy (@, W, -+, w,) return to their initial values without
going through a complete period.

For a non-degenerate system, .., a dynamical system in
which the number of independent frequencies vy, «-+, v, is equal
to the number of degrecs of freedom, the action variables Jy, -- -, J,

(r=1, .., 0. (10)
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are invariant. This theorem was proved by J. M. Burgers in
1917. ‘The action variables J,, - -+, J, are therefore also called the
 adiabatic invariants ”.

If the system is degenerate, i.e., if the number of independent
frequencics is less than #, it is possible, by a linear transformation,
to find new action variables J,’ and angle variables w,’ equal in
number to the independent frequencies. It is then only these
new J,’ which are adiabatic invariants.*

* For a complete proof of these theorems, as well as a detailed account of
the subject-matter of this section, the reader .may consult Max Born’s
Mechanics of the Atom, Chapter I1, or G. Birtwistle’s Quantum "Theory of the
Atom, Chapter VII,



CaapreER III
STRUCTURE OF THI, ATOM.
3:1. Rutherford’s Investigations.

SINCE the eightcen-ninetics, when J. J. Thomson performed his
experiments on the discharge of clectricity through gascs, it has
been known that the atom is not a simple indivisible unit,
assumed previously, but is a complex structure consisting of still
smaller particles. One kind of these particles were discovered by
Thomson, and are now called ‘ electrons ”’. “The rest mass m of
an electron is estimated to be about 9-04 x 1072 grams, and it
carrics a negative charge of clectricity — e, where e=4.77 x 10°1
E.S.U. An clectric charge less than ¢ has never been observed,
and all experimental evidence leads to the conviction that it is
the smallest amount of clectric charge that exists in nature, all
other charges being its integral multiples.

In the carly years of the present century, Rutherford and his
collaborators performed experiments to determine the nature of
atomic structure. Thesc experiments consisted in their main
outline in letting a dense current of swift a-particles pass through
a thin metal plate, and observing the deflections in their directions
of motion. It was found that a small fraction of the a-particles
were able to be deflected through a large angle, more than 90°.
In the year 1911, Rutherford pointed out that these large deflec-
tions would be due to the a-particle passing through a strong
clectric field existing within the atom. ‘Thus, Rutherford was led
to the conclusion that the atom consists of a positively charged
“nucleus ’’ of very small dimensions in which practically all the
mass of the atom is concentrated. As the least value of the
charge is ¢, the positive charge on the nucleus can only be + Ne,
where N is an integer. However, since a normal atom is electri-
cally neutral, Rutherford assumed at the same time that the
nucleus is surrounded by the number N of electrons, arranged
about it at various distances.

The large deflections of some of the a-particles can, on this
nuclear hypothesis, be accounted for by supposing that they pass
through the atoms in their path and enter the intense electric
field in the neighbourhood of the nucleus, thus suffering deflection
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from their rectilincar path. It is obvious that this deflection
could not be caused by the surrounding electrons, since the mass
of an a-particle is more than 7,000 times that of an electron, and
its velocity is immense, being about one-tenth of the velocity of
light. )

The value of the integer N in the charge Ne on the nucleus
can be deduced readily from the observed value of the deflection
augle, if it is assumed that the forces between the a-particle and
the nucleus are repulsive, and follow the law of inverse squares.
It is known from clementary dynamics that in this case the
a-particle describes a hyperbola round the nucleus as the external
focus.

4

P

Suppose that the nucleus of the atom is S, possessing a charge
+ Ne, and that the mass of the a-particle is M and its charge is
+ E. As a matter of fact, an a-particle is a helium atom doubly
ioniscd, and we know that its mass is about four times that of
the hydrogen atom and its charge is -+ 2e. Let the a-particle
enter the atom in the direction PO such that it just misses the
nuclelis S by a distance p. This means that the distance SN
from the nucleus S on the tangent at P is p. Let the velocity
of the particle at P be v, and suppose that the particle describes
part of the hyperbola PAP’, so that on escaping the atom its
direction of motion is OP’. OP and OP’ are thus the two asymp-
totes and O the centre of the hyperbola. The deflection in the
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direction of the particle is ¢ = angle NOP’. If the lengths of the
semi-transverse and semi-conjugate axes are @ and b respectively,
and if 20 is the angle between the two asymptotes, then we know

that tan 0 = z. But¢ =xw— 20, sothat 6 ==} (m— ¢), therefore

2
t.e.,
¢ b
cot 9 =3 (1)
But, if € is the eccentricity given by € — 1 = 3;.
p =08 sind = ae sinb
b - b
=z (€ ——— \/(lz-i—b?"—————-—- =b 2
Va b v (2)
Morecover, if the distance SP is 7;, we have from the dynamical
theory
2 = (l —_ 2.)
\a " n (3)

where p is the force on the particle per unit mass at a unit
distance. But compared to the dimensions of both the atomic
nucleus S and the a-particle, the distance 7, is so large that we

2
can neglect the term ) Then
1

v =g )

Now the force between the nucleus and the a-particle at any

¥
v

poiut of the orbit is Eifl. so that the force on the particle per

unit mass is
NeE,
F = -—7-2— . (5)

Thus, on account of F == %, we obtain :

_ NeE
From (4) and (6) we get therefore
o2 = Neb Ne¢E

Ma y 2.6, @ = —MBE . (7)
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Substituting (2).and (7) in (1), we get

¢ b _ pMe?
coty = 4 = NeR’
or
_ pMe? .
N = o tan | (3)

It was at first deduced from observations of the deflection
angle ¢ that the value of N was cqual to about half the atomic
weight.  In 1913 Van den Brock suggested that the value of N
was cxactly cqual to the atomic number, 7.¢., to the serial number
of the clement when all the clements are arranged in the periodic
table of Mendeleef in order of the increasing atomic weight. This
view was advocated by Dohr who adopted it for his quantum
theory and it is now universally accepted.

The fundamental re<ult of Rutherford’s experiments is, there-
fore, that cach atom consists of two parts. 7The centre of the
atom is occupicd by a ‘ nucleus’’ which is much smaller than
the whole atom, and which carries practically the whole weight of
the atom. The nucleus, morcover, is positively charged, the
magnitude of the charge depending on the atomic number N of
the clement, being in fact equal to Ne. The second part of the
atom, the extra-nuclear part, consists of a number of peripheral
electrons, their number being equal to the atomic number N.

As the dimencions of the nucleus are cxceedingly smaller
than those of the atom, the internal structure of the nucleus
will not affect sensibly the distribution of the peripheral electrons.
Cousequently, as pointed out by Bohr, the ordinary chemical and
physical properties of the elements will depend entirely on the
number and distribution of the extra-nuclear electrons.

The internal structure of the nucleus is responsible for the
phenomena of Isotopy and Radioactivity.

3-2. Rutherford’s Atom-Model.

At tlie time of Rutherford’s investigations, and even as late
as 1932, only two kinds of fundamental particles were known ;
(1) the clectron, carrying a mass m and a negative charge ( — e),
(2) and the ionised hydrogen atom, or the hydrogen-nucleus,
with a mass, 1847 m approximately, and carrying a positive
charge ( ---e). ‘This hydrogen-nucleus is now given the name
“ proton ”’. ‘The proton was until few years ago the smallest
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known positively charged particle. It was thercfore considered
that all matter must be constructed of the two fundamental
particles, electrons and protons.

. Rutherford applied this conception to his nuclear model,
and gave the following account of the structure of the atoms of
all the chemical elements in the Periodic Table.

Let an atom belong to the chemical element of atomic number
N, and atomic weight w, where it is known that except for hydrogen,
i.e.,, N =1, w is always greater than N. From his investigations
Rutherford knew that the nucleus has a charge 4 Ne. More-
over, the weight of the atom is w Ltimes tlie weight of the hydrogen
atom, and this whole weight is concentrated in the nucleus.
Since the proton is much more heavier than the electron, we can
neglect the weight of thie clectrons when considering atomic
weights. The weight of the hydrogen atom is, therefore, taken
to be the weight of its nucleus, 7.e., that of a proton. The nucleus
of the heavier atom must therefore contain a number w of protons,
to give the atom the necessary weight w. 7This would, however,
give the nucleus a charge ( 4 we) greater than the actual charge
( + Ne). This charge can be reduced only when the nucleus
contains a number (w — N) of elcctrons.

Thus, according to Rutherford, the given atom has a nucleus
consisting of w protons and (w — N) electrons. Around this
nucleus are distributed a number N of peripheral electrons.

For example, the atom of hydrogen has N =1, w = 1. The
hydrogen-nucleus consists, therefore, of oue proton only, and the
atom has one peripheral electron revolving round the proton.

For helium, N =2, w =4. The helium nucleus consists
therefore of 4 protons and 4 — 2 = 2 electrons. This is the well-
known alpha particle. Around this nucleus there are two peri-
pheral electrons.

Similarly for all the atoms of the Periodic Table.

In this account of the structure of atoms we have taken for
granted that the atomic weight % is an exact integer. Btit this
is not always the case. The weight of the heavier atoms is, in
general, not an exact integral multiple of the weight of the
hydrogen atom. For instance, the atomic weight of the neon
atom is 20-17, and that of the chlorine atom is 35.44. To account
for this discrepancy, it was assumed that there exist variants
of the same elements, 7.c., atoms, with the same nuclear charge

4 F
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and the same atomic number, but with different atomic weights.
These variants of the same element are called ‘‘ Isotopes ”’. The
actual existence of the isotopes was proved by the experiments
of F. W. Aston, who designed his ** Mass-Spectrograph *’ to detect
them. Two isotopes of the same element would have the same
spectral and chemical peoperties, since these properties would
depend on the number of the peripheral electrons, or what is the
same thing, on the nuclear charge only. And this nuclear charge
is the same for the two isotopes. They differ simply in the struc-
ture of their nuclei. Thus, chlorine has two Isotopes of atomic
weights 35 and 37—exact integral multiples. The nucleus of the first
isotope consists of 35 protons and 18 electrons, and there are 17
electrons round this nucleus. The nucleus of the second isotope
consists of 37 protons and 20 electrons, and there are 17 electrons
revolving round this nucleus. Chlorine, as found ordinarily,
is a mixture of these two isotopes, and the atomic weight deter-
mined by chemical methods, is the mean atomic weight of the two
isotopes.

Various isotopes of almost all the chemical elements, including
hydrogen and oxygen, have been discovered. Some elements
have more than two isotopes, thus tin has 11 and xenon 9 isotopes.

This picture of the nuclear structure suggested by Rutherford,
prevailed practically unaltered till 1932. In that year, however,
two more fundamental particles, viz., the ncutron and the positron,
were discovered, placing the question of nuclear structure on
entirely different foundations.

3.3. The Neutron.

The existence of ncutrons was postulated by Dirac and by
Pauli in 1931 on theoretical grounds, but was experimentally
demonstrated by J. Chadwick in 1932, When swiftly moving
a-particles, emitted from the radioactive polonium, strike a
beryllium plate, it was found by Bothe and Becker in 1931 that a
radiation is ejected which is of such enormous penetrating power
that it can pass through thick metal plates. It could not there-
fore be the ordinary radiation. It was found further that this
‘ beryllium radiation ’’ consisted neither of a shower of protons,
nor of a- and B-particles. Chadwick pointed out that this radia-
tion could not even be the electromagnetic y-rays, but that it must
consist of uncharged particles moving with large velocities. He
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called them ‘' neutrons,’”’ and determined experimentally that
the mass of a neutron is very nearly equal to the mass of a proton.
The collision of a beryllium atom with an a-particle producing
a neutron can be represented by the equation :

' Be? 4 Hep — Ci% + n}s

where the upper indices denote atomic weights, and the lower
indices the atomic numbers (nuclear charges).

It was at first believed that the neutron is not an elementary
particle, but composed of an electron and a proton. But this
view has been given up, and the four particles, vzz., electron, proton,
neutron and positron, are all considered to be clementary. 7The
dimensions of the neutron are much smaller compared to the
distance between the atomic nucleus and the peripheral clectrons.
It is cvident therefore, that the neutron can casily pass through
the atoms in the metal plate, the more so as it has no charge
and is consequently unaffected by the electric fields of the nucleus
and the electrons.

3.4. The Positron.

Dirac’s relativistic-quantum mechanics published in 1928,
made it theoretically evident that there exists the true counter-
part of the electron, 7.e., a particle of mass equal to that of the
electron but with a positive charge e (¢f. Chapter XI, especially
§ 11.6). The actual experimental demonstration of the existence
of such a particle was, however, long delayed, and it was only
at the end of 1932 that Anderson and Blacket could discover it
independently. These particles are called positive-clectrons, or
more shortly *‘ positrons ”’.

The positrons are created when the highly penetrating cosmic
rays fall on matter, or when fast moving particles strike an atomic
nucleus. Their presence is detected by means of the Wilson
chamber from the fact that their tracks are curved in the opposite
direction to the tracks of the electrons. They have, however,
an extremely large tendency of combining with the electrons, so
that both the positron and the electron disappear and radiation
is emitted. As remarked in the last section, the positron is an
elementary particle, and one of the primary constituents of matter.

3.5. Structure of the Nucleus.

In Section 3-2 we saw that Rutherford considered an atomic
nucleus to consist of protons and electrons, because these were
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the only two kinds of ultimate particles known at that time.
Since then, however, as described in the last two sections, two
more ultimate particles, viz., the neutrons and the positrons, have
been discovered. It was natural therefore, that physicists should
consider a revision in our idcas of the nuclear structure. '

This revision became inevitable when investigations on the
hyperfine structure of spectral lincs and the stability of radio-
active elements, showed clearly that free electrons cannot be a
constituent of the nucleus.

In 1932, Heisenberg suggested that atomic nucleii are composed
of ncutrons and protons only, there being no free electrons. The
hydrogen-nucleus consists of one proton. The lelium nucleus
(a-particle) consists of two neutrons and two protons.
Hej — 2 n) + 2 pl. This is a particularly stable confignration, and
therefore a-particles enter as fundamental particles in the combi-
nation of heavier nucleii. Thus the nuclcus of chlorine, of atomic
weight 35 and atomic number 17, would be composed of
8 a-particles, one proton and two neutrons :

CI%5 — 8 Het + 2 6} 4- pL
where we assume that the proton has *“ atomic number " 1.

Now, if a neutron is added to the nucleus of the atom of any
element, it does not increase the nuclear charge, but only the
weight of the atom, thus giving rise to an isotope of that parti-
cular clement. If more neutrons are added, further isotopes of
the same clement are produced. The number of isotopes is
determined by certain conditions of stability. The neutron thus
explains the formation of the isotopes as well.

This account of the nature of matter is by no means complete.
It is only one side of the picture, as it were. In Chapter VII we
shall see that matter has not only a corpuscular aspect but a wave-
aspect also. This dualism is a universal phenomenon in the
domain of modern physics inasmuch as it is an integral and
experimentally established fact in the theory of light as well. We
shall devote the next chapter to an exposition of this dual nature

of light.



CHAPTER IV.
THE QUANTUM THEORY OF RADIATION.

4.1, The Dual Nature of Light, and Einstein’s Light-quantum.

THE optical phenomena generally known in the time of Newton
and Huygens, were those of rectilinear propagation and of reflec-
tion and refraction. It is well known that Newton proposed
a corpuscular theory whereas Huygens put forward a wave-theory,
to account for these phenomena. The controversy between
the followers of Newton and those of Huygens was, however,
mainly a philosophical one. The facts themselves, so far as they
were known in those days, could be explained equally well on
both the corpuscular and the wave hypotheses.

Experimental investigations during the early part of the
19th century revealed the hitherto undetected phenomena of
interference and diffraction. It was found that these phenomena
could be cxplained only on the wave-theory. The particle picture
failed for them completely, and fell into disrepute. When
Maxwell published his electromagnetic theory, and when this last
theory was confirmed later by Hertz’s discovery of the electro-
magnetic-waves, the corpuscular hypothesis was completely
obliterated, and the wave-theory reigned supreme in the domain
of optics.

By a strange irony, Hertz himself was the discoverer of yet
another phenomenon which was to challenge the absolute supre-
macy of the wave-theory, and which ultimately brought the
corpuscular view again into the picture. There is this dif-
ference, however, that whercas in the 18th century, the two views
were rival ones in the sense that one of them could be chosen and
the other discarded at will, they are complementary now in being
both essential to a description of reality. .

This latter discovery of Hertz—called the ‘‘ Photo-electric
Effect ”’—defied all attempts at an explanation on the clectro-
magnetic or wave-theory. Einstein accounted for it in 1905 by
going back to the corpuscular hypothesis. This conception of
Einstein’s is, however, not exactly the same as the old one of

Newton.
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Einstein. took his cue from an earlier idea of Planck’s—the
idea of the quantum of action put forward in 1900 (sce Section 4-3).
He assumed that the energy of the incident radiation does not
get scattered in waves in all directions, but that it remains con-
centrated in a stream of moving particles or ‘‘light quanta .
Fach quantum of light—or ‘‘ photon”, as it is now generally
called—moves with the velocity ¢ of light. We shall prove in
§ 42 that the energy of each photon is a constant multiple of the
frequency.

0ddly enough, Einstein’s theory of light-quanta did not
receive much attention for a number of years, until in 1923 it was
found neccessary for the cxplanation of yet another discovery—
the Compton Effect (§ 4-5). Since then it has made great strides,
and has as firmly established itself now as the wave-theory.

When Einstein introduced it in 1905, the conception of the
light-quantum was a mere hypothesis which explained the photo-
clectric phenomena. The experiments of Bothe and Geiger and
those of Compton and Simon in 1925, provided more or less direct
cvidence for the existence of the photons.

All this does not mean, however, that the corpuscular theory
of light does away with the wave-theory. We have scen that
the phenomena of interference and diffraction require that light
must behave as waves. We must retain therefore both the corpus-
cular and the wave conceptions. They are both neccessary and
they supplement each other.

This duality is one of the most fundamental facts on which
the structure of Quantum Mechanics is built. In § 7-1 we shall
sec that there is an analogous duality in the nature of matter.
Duality is therefore a characteristic of our universe. In Chapter X,
we shall sce how modern quantum mechanics attempts at recon-
ciling these two contradictory conceptions of corpuscles and waves.

4-2. Relativity Theory of the Photon, and Derivation of
‘ Planck’s Law € = hv.

We shall use the experimental fact of the dual nature—the
corpuscular and the wave-nature—of light in conjunction with the
relativity theory to establish important relations between the
corpuscular quantities, energy and momentum, and the wave-
quantities, frequency and wave-length,



§4:2 Derivation of Planck’'s Law ¢ = hv 55

-
We have seen in § 1.7 that the momentum ‘vector p and
energy € of a particle are given by

-> ->
p=muv, (1)

and
= m c?, (2)

wlhetre m is the mass, v the velocity of the particle, and ¢ the velocity
of light. If m, is the rest mass, then

This equation shows that v can never be greater than ec.
No material particle can ever have even the limiting value ¢, for
otherwise its mass m would become infinite. There is, however,
one case when even for v = ¢, the mass m can remain finite, and
this case occurs only when the numecrator m, also vanishes. Thus
there can be only one kind of particle with the velocity ¢, and this
has zero rest mass. This particle is Einstein’s light-quantum
or photon.

Now, since v =¢ for a photon, we get from (1) and (2)

ie.,
p=7 )
Let A be the wave-length and v the frequency in the correspond-
ing wave-picture, then the wave-number £ is defined in optics
as the reciprocal of the wave-length, e, & = % But A =—$
so that we get
k= (6)

Comparing the two equations (4) and (5), we find that the
momentum p corresponds to the wave-number k, and the energy

olx

€ corresponds to the frequency v. But p isa 3-d1men51onal vector
having components py, p,, p;. To get the desired relation between
the corpuscular and wave-pictures, we must therefore assume
that the wave-number % is also a vector quantity having the
components &z, &y, K, which determine the direclion of propaga-
tion of the light-waves, This means that the direction of motion
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of the photons in the particle picture coincides with the direction
of propagation of the light waves in the wave-picture.

The required relations between the corpuscular quantities
Px Py, P2y € and the wave-quantities £k, ky, k,, v are obtained
by an application of the condition that they must be invariant
for a Lorentz-transformation.

In the wave-picture suppose that the system of waves with
wave-length A and frequency v is propagated in a direction making
angles «, 8,y with the co-ordinate axes. The wave-cquation is
then known to be

" =%cos2ﬂ(xcosa+yc}\os/3+zcos'y__Vt), (6)

where ), denotes the amplitude of the waves.

We have seen already that the wave-number £k = ! must be

A
assumed a vector quantity, so that its components are given by
e =08 g 2 SSB 0y, m
Then equation (6) becomes
P =1y cos 27 (vk, + yk, + zk, — o). (8)
The phase of vibration ¢ is therefore
¢ = 2m (xky -+ yk, + zk, — wt). (9)

This phase of vibration has evidently the dimensions [length]

length
= [length]°, z.e., it has no dimensions, and is consequently an
invariant quantity. Irom vector analysis we know that the
scalar product of two vectors is also an invariant quantity, being
independent of the choice of axes. The expression

xky + yky, + 2k, — vt (10)
must therefore be a scalar product of two 4-dimensional vectors,
since it is invariant. But we know that the space-time vector
has the components

%, 9, 2, ict, (11)

so that the other four-vector of the product (10) must have
components

kx: ky; kz: %' (12)

Now the expression
X2 4y 22— 2l (13)
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is also a scalar product of the vector (11) with itself. The two
scalar products (10) and (13) should therefore behave similarly
under a Lorentz-transformation, and are thercfore invariant
together.

We sce thus that the phase (10) remains invariant under
a Lorentz-transformation only when it is characterised by the
4-dimensional vector (12).

On the other hand, we have scen in § 1. 7 that both momentum

and energy together form a 4-dimensional vector with the
components (5) §1.7:

. € .
D1 =P = mv,, P, =Py = My, Pa = pp = mu,, Py = lc == 11C.

We have thus two 4-dimensional vectors with components

fe
P Pyr 2% c'

. (14)
b, Ry by, 2

So that if there exists an invariant relation between the
corpuscular quantities px, p,, p,, € and the wave-theory
quantities k,, ky, k;, v, it must be of the form:

s €
%=%=i=“=mmw (15)

14

Since this relation has to be invariant and independent of
the choice of co-ordinate axes, # must be an absolute constant.
It is called Planck’s constant (§4-3).

From (15) we have therefore

bPx = hkx, py == hk,, p, = hk,, (16)
and
€ == hv. (17)
Instead of the three equations (16) we can write the one
equation
h

P == Ilk = X, . (]_8)
or, remembering that A =%. we can write
hv
p= (19)

The two equations (17) and (19) are consistent with the two
equations (1) and (2), or with the equation (4), since they give
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p = z They show that the photon has energy Av and momentum

—. Thus the same ray of light which, when considered as
a wave, has frequency v and wave-length A, has the energy hv and

hv . .
momentum - when considered as a particle.

Equation (17), viz., € = hv, gives Planck’s famous relation
for the quantum of energy. It is the most fundamental relation
of the guantum theory, and has been in fact the starting point
of the whole subject. We have derived it here from the relativity
theory on the experimental evidence that light behaves some-
times as particles and sometimes as waves. Actually, however,
the development was in the reverse order. We shall see in the
next section that Planck proposed it—as an arbitrary hypothesis,
of course—long before the corpuscular behaviour of light was
recognised. We shall also sce what a revolutionary conception
it was, in as much as it admitted discontinuity in natural pro-
cesses. Based on this energy hypothesis of Planck’s, Einstein
developed his quantum theory of light, and derived the momentum

relation p = ’% by substituting (17) in (4).

4.3. Black-body Radiation, and Planck’s Quantum Hypothesis.

The quantum theory originated in an attempt to account
for the characteristic properties of the heat radiated from a hot
body. Let a hot body be maintained throughout its substance
at a constant temperature, and suppose that there is a cavity in
the interior of such a body. Inside the cavity there will be
a continuous stream of radiation in all directions.

The problem is to determine the distribution of energy
between the various wave-lengths of frequencies which make up
the complete continuous spectrum of the black-body radiation.

I 1899, Lummer and Pringsheim solved this problem experi-
mentally in the following way. A small hole is made in the
hollow body raised to a uniform high temperature. The interior
is seen to be incandescent, and it is well known that all bodies
contained in such a furnace appear to be of the same colour. “This
colour is characteristic of the temperature, and is independent
of the nature of the substance heated. The radiant energy
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consists of a vast range of mono-chromatic radiatjons, each present
in a definite intensity, so that the total radiation has a definite
spectral distribution. Lummer and Pringsheim measured the
intensity of each radiation, and traced a curve representing the
distribution of energy among the various wave-lengths. They
found that there is a particular wave-length A, intermediate
between the upper and lower limits, where the energy of emission
is a maximum.

Moreover, as expressed by Stefan’s law

W = ot4, (1)
where o is Stefan’s constant = 5:72 x 103, and W is the total
quantity of energy radiated per second in all directions, the total
energy is increased as the temperature ¢ is raised. At the same
time, the wave-length corresponding to the maximum energy
moves towards left, 7.e., it becomes shorter. These facts are de-
scribed in the accompanying figure, where E, denotes the energy

A
Ea

corresponding to the wave-length A.

During the latter part of the nineteenth century,*many
attempts were made to account for these experimental facts on
the basis of the classical theory. Kirchhoff had shown in 1860
that the amount of energy per unit volume, as well as the distri-
bution of this energy among the various wave-lengths, is indepen-
dent of the form and the size of the cavity and of the surrounding
bodies, and depends only on the temperature, From the general
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principles of “thermodynamics, Wien deduced the law that
By =5 S0, (@)

where f is a function entirely independent of the nature of the
substance, thus confirming Kirchhoff’s results.

The principles of thermodynamics are, however, not sufficient
for the determination of the analytical form of f, which can be
obtained only when some special hypothesis is made as regards
the mechanism of emission and absorption of energy by the
vibrating electron.

l-:-

Wien proposed that f(A¢) should be taken as a e " X, where
a and b are constants, so that
By =5 ¢ M (3)

5

>R

It was found, however, that this formula gave good results
only for short wave-lengths, but failed for long wave-lengths.
At the same time, Rayleigh found that f(A f) =cA ¢, where
¢ is a constant, and later Jeans proved that the classical electro-
dynamics could lead only to this form for the function f, so that

E A.) M = Xd. (4)

This formula again was found to be deficient in so far as it
gave good results for long wave-lengths only, and failed for short
wave-lengths.

Planck then discovered that the experimental facts are truly

represented if f(A ¢) is taken as ¢, ! , so that the law of
€2
M —

radiation is

1
=5 —— (®)

a
. M1
where ¢; and c, are certain constants.

If A is small, T is large and therefore

’ /\

1 . ]

ot
el
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so that for short wave-lengths Planck’s formula (5)- agrees with
Wien’s formula (3).

If Ais large, then —;-‘ is small, so that neglecting higher powers
we get

1 1 1
‘2 ~ 02 . - ‘Cg_
N _ 1 (1 + XZ) 1 AL
Thus, for long wave-lengths Planck’s formula (5) agrees with the
Rayleigh-Jeans formula (4).

It was found, however, that the formula (5) could not be
derived theoretically from the classical theory, so that Planck
saw himself forced to break away from classical ideas. On
14th December 1900, he put forward the epoch-making hypo-
thesis that the charged particle—usually called the oscillator,
or vibrator,—which is the source of the monochromatic light,
absorbs and emits energy only in discrete quanta. It changes
its energy not continuously, as supposed in the classical theory,
but by sudden jumps. 7The oscillator can have therefore only
discrete amounts of energy K given by

E=nhv, (n=123,--+), (6)
where v is the frequency of the radiation, and % is a universal
constant, called Planck’s constant. It is evident from (6) that
h has the dimensions of energy divided by frequency, i.e., of energy
multipliecd by time. It has therefore the character of an action.
Its value has been detcrmined to be

h =6-55 X 107% erg X sec. )
approximately. It is one of the most fundamental constants
of physics and dominates the whole of atomic theory.

4-4. Theory of the Photo-electric E ffect.

In 1887, Hertz let a beam of ultra-violet rays fall on an
uncharged conductor, and found that under the influence of the
rays the conductor became positively charged. After the dis-
covery of the electrons it was recognised that the cause of this
electrification was the ejection of electrons from the atoms of the
conductor.

This effect is called the * photo-electric effect’’, and the
electrons which are emitted are called the ‘‘ photo-electrons’’,
It is now generally known that photo-electrons are emitted from

.
=2
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a large number of metals and from some gases, under the influence
of X-rays, ultra-violet rays and even visible rays.

It is known, further that if the incident light is monochro-
matic, the number of electrons emitted per second is proportional
to the intensity of the light. But the encrgy of the emitted
clectrons docs not depend either on the intensity of the incident
light or on the temperature of the metal. The only effect of the
diminishing intensity is that fewer electrons are emitted. The
energy, and consequently the velocity, of the photo-electrons
is found to depend only on the frequency v of the incident light.
These velocities are found to range from zero, upto a certain
maximum v which depends on the frequency ». If the frequency
v of the incident light is less than a certain minimum value v,
no photo-clectrons are emitted. The value of vy is different for
different metals. The velocity v of the photo-electron increases
with the frequency v of the incident light.

As alrcady remarked, the classical wave-theory of light was
quite unable to account for these facts of the photo-clectric cffect.
In 1905 Einstein showed that they could be explained only when
recourse is had to a corpuscular theory of light. He assumed
that light of a definite frequency v conmsists of particles having

the encrgy € = hv, and momentum p = }%' This quantum of

energy does not get scattered in spherical waves in all directions,
but remains concentrated in a small region of space. In every
elementary process of emission and absorption of light, energy
can be transformed only by an amount Av.

On this hypothesis of the light-quanta, Finstein could easily
account for the photo-electric phenomena. He pointed out that
the emission of an electron from an atom is due to the absorption
by the atom of one of these quanta. If € is the energy required to
remove the electron from the atom, then v — € is used in giving
it the kinetic energy of motion after the emission, so that if E
is the'kinetic energy with which a photo-electron is ejected, we
must have

E=hyv —e (1)

If m is the mass and v the velocity of the emitted electron, then
we have

dmv* =E =hv — e (2)

This equation gives us the velocity of the photo-electron, which
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is expelled under the influence of the light of a given wave-length.
€ is constant for a given atom.

Since } mv? cannot be negative, we see from (2) that no
photo-electron can be emitted unless v = ¢, i.e., unless

v = %, .. v 2 vy where v, = % (3)

vo is the lowest frequency under which an electron can be just
liberated, and then its velocity would be zero. v, is therefore
called the ‘‘ threshold frequency ”.
Combining the equations (2) and (3), we get :
Imv? =D (v — v,). (4)
The maximum value of the velocity v would be when v, =0,
i.e., on account of (3) when € =0, 7.e., when no work has to be
done in liberating the electron, this maximum value being
2hv
Umax, = rn .

()
Thus the velocities of the emitted photo-electrons range from
zero upto the maximum value (5).

If V is the potential difference, necessary to obtain electrons
of energy } m 2, then we can write

dmv® = eV, (6)
where ¢ is the electronic charge. From (6) and (2):
dmv? =hv — e =¢V. (M

This is Einstein’s equation, and it was verified experimentally by
R. A. Millikan in 1916.

Einstein’s theory of light-quanta thus explains all the features
of the photo-electric effect in detail. The basic conception of
this theory is Planck’s law, that the interchanges of energy between
atom and radiation can only occur discontinuously by quanta,
and not continuously as assumed in the classical theory.

4:5. Theory of the Compton E_ﬁ'éct.

In the year 1923, A. H. Compton discovered that when a
beam of X-rays fell on a body, the frequency of the scattered
radiation remained unaltered in the direction of the incident rays,
but became lower in other directions, the frequency being in fact
a function of the angle of deviation.

This change in the frequency, or the wave-length, of the
scattered radiation is contradictory to the electro-dynamical
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theory of scattering given by J. J. Thomson. According to
Thomson’s theory the frequency of the scattered radiation must
be the same as that of the original radiation. The classical
theory therefore fails to account for the Compton effect. Conge-
quently, Compton saw himself forced to adopt the light-quantum
hypothesis put forward by Einstein several years ago, and found
that the quantum theory gave results in agreement with experi-
ments.

According to the classical theory each X-ray affects every
clectron in the matter traversed, and the scattering observed
is due to the combined cffect of all the electrons. Assuming the
light-quantum hypothesis, Compton pointed out that a quantum
of X-rays is not scattered by all the electrons in the radiator, but
gives up all of its energy and momenium to some particular
electron. This electron, in its turn, scatters the ravs in a definite
direction making the angle @ with the incident beam.

tneident quantum

7
v
momenium = -’%-

This deviation in the path of the quantum of radiation
resulls in a change in its momentum. The rest of the momentum
is spent in giving the electron a motion of recoil in some direction
6’. The principles of conservation of energy and momentum
give the required values of the frequency v’ of the scattered radia-
tion, and the recoil velocity v of the scattering electron.

This takes it for granted that these conservation principles
are valid for the elementary quantised processes. Until a year
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or two ago this was in fact the genecral conviction among physi-
cists. The experiments of Bothe and Geiger,” and of Compton
and Simon, were supposed to have cstablished the universal
validity of these principles.

But recently some observations have been made in connec-
tion with the radic-active disintegration of substances, which
appear not to agree with the principle of conservation of energy.
This is particularly the case with Shankland’s experiments.
These observations have led Dirac and others to propose that the
principle of conservation of energy cannot be retained any longer.
Pauli and Jordan, however, consider the energy principle
indispensable, and have put forward the suggestion that certain
cxceedingly small particles are emitted along with B-rays, which
account for the necessary energy balance in the disintegration
processes. These particles—called “ Neutrinos ’—are supposed to
have no charge and a vanishingly small mass. Many experiments have
been carried out to detect them—if they exist—, but so far all
attempts have been unsuccessful.

Dirac himself has pointed out that even if the principle
of conservation of energy is not possible, that part of quantum
mechanics which is non-relativistic, would not be affected. The
crucial question itself is, however, by no mecans settled yet, as
Shankland’s results have not been confirmed by other experi-
menters, and throughout the present volume we shall assume
that both the energy and momentum principles are valid.

From the energy principle we have therefore in the present

case :
hy = v’ 4 myc® (—-_L—— - 1) , (1)
vz
,\/1 - 3
c

where m, is the mass of the eclectron and v its velocity of recoil.
We use the principle of the conservation of momentum in the
two directions along and at right angles to the direction of the
incident beam, and get:

hv _ b cos 0 + — Y cos 0, (2)
c c v?
«/ -G
’
0 = 11: sin 0 — L - sin 0. (3

VAR
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Instead of these two equations, we can take the single equation
given by the law of composition of two vectors easily deduced

from (2) and (3) :

() - () e
1-5

From the equation (1) we get :
h(v—_v_') ____=___‘____1________1

1 oC? 1 P2
~

or, transposing and squaring :

L gy e

v® 14C?
1-7 °
My — V') | B(v— V)2
=142 ot e
so that
1 1 o9 hv — ') | Wy — V)2
v N #11,4C? mect
1 — 5
c
ie.,
_ 2hlv —v') +112(v —; :/)2 )
(1 v ) My mMy>c
Substituting (5) in (1) we get
h? , h?

(v* 4+ ¥ — 2v cos b),

— ) 4t — )R =
2hmy(v — v') + G (v — ) e

or, simplifying and rearranging,

mh(v — V') = 2!.;“ ' (1 — cos ),

or, dividing both sides by 2myhvy’, since 1 — cos 0 = 2 sin? g,

5 — = = —— sin? ;. (6)
If A, A’ are the wave-lengths of the incident and scattered quanta

respectively, then since A =%, )’:—Vc ,» we get from (6)
vy = A e 0 P e
A A b sin? o (1 — cos 0). )]
This is the fundamental equation of the Compton effect, giving
the change in the wave-length of the scattered radiation dependent
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on the angle of deviation. The value of AX = A’ — ), found
experimentally by Compton is in close agreement with that given
by (7).

+  To find the value of the recoil velocity v of the scattering
electron, we put

hv h
= e T mehy ()
then from (6) we have on multiplying both sides by v:
v o 2%y . 0 . o 0
e 1= ;n—ogzsm B = 2q sin %
so that
., 0
5 = 1 4 2a sin? 3 9)

But, from the equation (1), we have on dividing both sides by Av :

Y ome s 1
1= 14 + hV vi 1 ’
«/1‘2-“2

or
_v_met 1
1 v hv SR 1.
1—a
or
1 hy v
V-G
P

or

2a sin? -g

22 1 + 2a Sin’-q
'\/ o2 2

1+ %(l + o) sin? §

It

1 + 2a sin’%
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Therefore, taking inverse square of both sides,

” (1 + 20 sin® g)z
1 - P T 0?2
{l + 2a (1 + a) sin® 2—}

’

or
., 0\2
(1 + 2a sin? 2)

1 4+2a(l +a) Siuz? *
{ )

1 + 2a (1 -I-a)sinz?z — 1+2asin”?2
{ J 2

{1 + 2 (1 + a} sin? g}z

. H 0
4a® (2a +- a?) sint g + da® sin? 2

{14 2 (1 +a) sin® g}‘

Consequently, we get for the velocity »:

\/(Z’a + a?) sin? g +1
v = 2ac sin 5 T (11)
14+ 2a (1 + a)sin® |

This theory of the scattering of an X-ray quantum by an
electron shows that the problem is similar to that of the collision
of two perfectly elastic smooth balls, for which also, as we know
from dynamics, the two laws of conservation of momnientum
and energy must be obeyed.



CHAPTER V.
BOHR'’S QUANTUM THEORY OF THE ATOM.

5:1. Classical Theory of the Hydrogen Atom.

IN sections 3-1 and 3-2, we gave a brief account of Rutherford’s
researches on the structure of the atom. This picture is, however,
still incomplete, as we do not know how the peripheral electrons
are arranged in an atom, and how they move. We must apply
the classical electrodynamics to examine these questions, but
we find that the theory breaks down comipletely.

Thus, we consider the simplest atom, that of hydrogen, with
its own clectron revolving round the positively charged nucleus.
The mass of the electron is m, its charge — ¢, and the charge on
the nucleus is + e. It is easily calculated that the electric force
between the clectron and the proton is about 2 x 10% times the
gravitational force, so that the latter can be neglected.

Suppose, for thesake of simplicity, that the path of the electron
is a circle of radius a with its centre at the nucleus.

P

Let w be the frequency, ¢.e., the number of revolutions per
second, so that the angular velocity ¢ is given by

¥ = 2ro, (1)
and the linear velocity at the point P is
= 2maw. (2)
Now, the equation of motion is
2?2 e .
mo = ®)
so that substituting the value of v from (2) we get
e e
VS fma © T T vme @

Let W be the ionisation potential, 7.e., the amount of energy
required to remove the electron from the atom. Then if the
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energy of the ionised atom is taken to be zero, the energy of the
normal atom is — W. So that if we denote the total energy of

the atom by E, then since the kinetic energy is § mv?, and the
. . e?
potential energy is — Qe get

E=—W=§mv’—e—,
a

te.,
2
W = fi — 3 mu (5)
Substituting in this the value of mv? from (3) we get
W _ff_%‘iz 1
T a a *a
thus
ez
@ =55’ (6)
and therefore from (4) and (6)
2ws
-n?m ( = mmet’ (7)

According to the classical electrodynamics, the clectron,
being in an accelerated motion, must emit radiation energy, so
that E would continuously decrease, ¢.e., W, being equal to — I,
would continuously increase. Therefore, as indicated by the
cquation (7), w would continuously increase. Since in a mass of
gas, there would be hydrogen atoms in different states having
all possible frequencies, and as the frequency w of the orbit is
also the frequency of the corresponding spectral line, the result
would be a continuous spectrum, not a line spectrum. But it is
well known experimentally that the spectrum of a gaseous element
is discontinuous, cousisting of definite lines corresponding to
definite wave-lengths.

There is yet another difficulty with the classical theory.
From eyquation (6) we sce that the radius a of the orbit
decreases continuously, and this process will go on until the
dimensions of the orbit are of the same order of magnitude as
the dimensions of the electrons, or those of the nucleus. The
atom would thus be a very unstable system, different from an
atomic system occurring in nature, which appears to have abso-
lutely fixed dimensions.
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5 - 2. Bohr’'s Postulates.

These considerations led Niels Bohr to the conclusion that
the classical electrodynamics is inadequate to describe the
behaviour of subatomic phenomena. We have seen in § 4.3, that
Max Planck was already forced to adopt this view-point in connec-
tion with his theory of black-body radiation. Bohr suggested
that Planck’s constant % is a universal characteristic of the atom,
and must enter into any description of the atomic phenomena.
The essential point in Planck’s theory of radiation is that, con-
trary to the classical theory, the energy radiation takes place
discontinuously, the amount of energy radiated out from an
atomic system of frequency v being equal to nhv, where % is an
integer.

Generalising Planck’s idea, Bohr put forward the following
postulates in 1913.

1. The energy radiation is not emitted or absorbed continu-
ously, as assumed in the classical theory, but only during the
passage of the system between different *“ stationary *’ states.

Translated in terms of Rutherford’s atom model, this means
that the peripheral clectrons cannot move in any arbitrary orbits,
varying continuously, but there are certain privileged discrete
orbits, on which alone they can move. FEach distribution of these
clectronic orbits represents a stationary state, and associated
with cach of these stationary states is an energy value. Thus an
atomic system has only a discrete sct of energy values, or * energy
levels ™ as the stationary states are also called, given by

Elr Ez, Y Fm- (l)
The atom is stable in any one of these states, i.e., it can remain
indefinitely in a stationary state without radiating ecnergy.
Emission or absorption of cnergy radiation can take place only
in a transition of the atom from one stationary state to another.

2. So long as the atomic system is in a particular stationary
state E,,, its dynamical equilibrium is governed by the erdinary
laws of classical mechanics. But in a transition of the system
from the state E, to another state E,’, these laws do not hold
any more.

3. The radiation emitted by an atom or molecule during
the transition from a stationary state of energy E; to another
having a lower energy E;, is homogencous ; the relation between
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the frequency v of the radiation and the total amount € of energy
emitted, is given by the formula

€ =1, — I = hv, (2)
where h is Planck’s constant. '

Conversely, the absorption of radiation by an atom or mole-
cule occurs during a transition from a stationary state of cnergy
E, to another having a higher energy E, ; and the relation between
the frequency v of radiation and the total amount e of energy
absorbed, is given by the same formula (2). The formula (2) is
called * Bohr’s frequency relation”.

4. The different stationary states of a simple system con-
sisting of an clectron rotating round a positive nucleus, i.e., for
a hydrogen-like atom, were determined by the condition that only
such orbits were permissible in which the angular momentum

of the electron round the nucleus is an integral multiple of 2%, i.e.,

The angular momentum = 2”;’» (3)

wlhere # is any one of the integres 1, 2, 3, ----, and where % is
again Planck’s constant.

The equation (3) for determining the stationary orbits is
called “ Bohr’s quantum condition”’.

These are the fundamental assumptions applied by Bohr
to Rutherford’s atom model in his epoch-making paper published
in 1913. He was successful in accounting for the rules given
by Balmer and Rydberg connecting the frequency of the different
lines in the line spectrum of an clement.

6-3. Bohr's Theory of the Hydrogen Atom.

In § 5. 1 we saw that the classical theory breaks down com-
pletely for the atom. However, since in postulate 2 § 5- 2, Bohr
has assumed that the dynamical equilibrium in a stationary state
is govexned by classical laws, we can take over cquations (4) and
(6) from § 5- 1, so that

drmaw? = ¢, (1)
and
e’
“=ow (2)

where W = — E is the negative energy or ionisation, in the orbit.
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According to Bohr, these two equations are not sufficient
for determining the orbit, 7.e., the stationary state. We must
supplement them by a third equation given by the quantum
condition. The linear momentum of the clectron is mw, so
that the angular momentum, i.e., the moment of momentum
about the nucleus, would be mva. Thus from the quantum
condition (3) §5- 2 we get

mva = #n -2h; (m=1,2, «--). (3)
But from (2) §5- 1, v = 2maw, so that (3) becomes
47* m a® w = nh. (4)
Solving (1) and (4) for 2 and w, we get
_ -
4m*me? )
and
2 2
= 41}23,1?: : (6)

The possible stationary states, i.e., the possible orbits for
the electron, are circles with radii proportional to 1, 4, 9, 16, - .
The orbit with the smallest radius a,, given from (5) by putting
n =1, is called the “ ground orbit ”’,

2
= G g

This is the orbit for the “ normal "’ state of the atom, having
the minimum cnergy. All other (larger) orbits are those for the
‘“ excited ’’ states. Formula (7) gives the value of ay of the order
10-8, which agrees with the value calculated from other methods.

From the equations (2) and (5) we get

e e 4a*me? 2
—Ey =W =g = e = ©)
giving the encrgy E, of the stationary state. The integer n
occurring in the formula (5) and (9) characterises the stationary
state, and is called the ‘“ quantum number of the state ’’.

The frequency v of the energy radiation emitted duting the
transition from a state # to another state #' (v’ < #), is given by
Bohr’s frequency relation (2) §65- 2:

hv =E, —E, = Wy —W,,

2

or

o ’ r 7
v=E,,hE,,=W,,hVL. (10)
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Substituting in this the values from (9) we get

2n2me" ( 1
14

(11)

If ¢ is the velocity of hght and A is the wave-length of the

n"

spectral line, then since v = CX we get
1 v _ 2n%met 1 )
A ¢ chd n’2 n?
=R (= 0) (12)
2mimet
= (13)

‘e ”"

1 is called the * wave-number

A
equation (12) shows that the wave-number of any spectral line
is the difference of the wave-numbers of two other lines. This
thcorem was put forward on purely experimental grounds by
W. Ritz in 1908, and is called the ‘‘ Ritz Combination Principle .

The constant R is the Rydberg constant, and its value
109700 calculated from (13) agrees very closely with the experi-
mentally observed value 109677, providing a strong confirma-
tion of Bohr’s theory.

of the spectral line, and the

If in the formula (12) we put #’ =2, and # = 3, 4, 5, 6 succes-
sively we get the well-known Balmer lines Hg, g, I, II5 of the
hydrogen spectrum.  Giving other values to #’ and %, we get the
other lines of the spectrum.

The same theory holds for any other heavier atom which is
ionised so that all except one of its peripheral electrons are
removed. The singly ionised helium atom Ile*, and the doubly
ionised lithium atom Li**, arc simple instances of such systems
in which only one clectron is left revolving round the nucleus.
They are usually called hydrogen-like atoms.

Thus if N is the atomic number of the element, the charge

2
on the nucleus is + Ne, so that for the force ;, between the electron
and the nucleus of the hydrogen atom, we must take now N——f;
r

conscquently in all the previous formule ¢ should be replaced
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by Ne?. Thus for the equations (5), (9) and (11), we get

han?
“ = irmNe (14)
2atmN2e4
—_ En = W,, = *1-,7::’;—2-': (15)
27tmN2et ¢ 1 1
» =" () o)
The wave-number of a hydrogen-like atom is given by
1 v _2rmet (1 _ 1
A ¢ n'?  n?
. 1 1
== N"R (7’ —_ ‘Ei . (17)

The spectrum of singly ionised helium is obtained from (17) by
writing N = 2, and giving various values to #', #. Similarly for
doubly ionised lithium we put N = 3, and so on.

The orbit of the electron in this section has been assumed
to be a circle. But from the classical dynamical theory we know
that the orbit of a particle under a central force of attraction is
an cllipse. However, when calculations are made for the elliptic
orbit, it turns out that the values of @, w and W are exactly the
same as those found above for the circular orbit. It is also found
that the encrgy of the orbit depends only on the length of the major
axis, being entircly independent of the minor axis, which may
have any value. Thus the hypothesis of elliptic orbits brings
nothing cssentially new in Bohr’s thecory. It shows only that the
emission of a given line can take place in more than one way.

For this reason we shall not reproduce the detailed calcula-
tions for the elliptic orbit. In § 5.7 we shall consider the more
general problem, taking account of the relativity effect.

5-4. Motion of the Nucleus.

In the first presentation of this theory, Bohr considered the
mass of the nucleus so large compared to that of the revolving
electron, that the nucleus could be taken to be practically at
rest. Later he found that results in hetter agreement with
experimental facts can be obtained, if account is taken of the
finite mass of the nucleus. This consideration leads us to the
problem of two bodies in classical mechanics.
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Consider twa particles of masses m,, m, moving at a distance
7 apart under a common attraction ¥ () directed along the line
joining them. As there is no external force acting on the system

B (fq)

line fixed
in space

\

F; (ma)

the centre of mass G has no acceleration, so that G has a constant
velocity in space, and if it is initially at rest it will be always at
rest during the subsequent motion of the system.

Supposc that the distances of the two particles P, and P,
from G arc 7, and 7, respectively, and that the line joining them
makes at any time an angle 6 with a line fixed in space.

We have from the definition of G, m,7, == m,7,, so that

Mh_ 72 Nn¥h 7

= = 1
my  my  mytmg  mgtmg )

where » = P, P;; therefore

oy _omy

7 —7, 1y = — 7. 2
VS gy 2T g (2)

The accelerations of m,; relative to G along the radius vector
G P, and perpendicular to it, are
. . 1d ,
71 — Y61 2 and r—; ‘71 (’12 9) s (3)

but as the accelerations of G are zero, the complete accelerations
of m, are given by (3). Substituting the value of 7, from (2) in
(3), we get for the complete accelerations of m:

. Mg

M ey M L,
wy + My 7 — i), my+mg v dt (r%). (4)
The cquations of motion of m; are therefore
"My
my +my

(r —7®) = —F, (5)

miMg

S (%) =

my + My rdt

|
e

(6)
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These equations show that the motion of m, rclative to m,
MMy

is the same as if m, were fixed and m, were replaced by i
1 2

The kinetic energy of the system is
T == %ml(i’ 12 + rlzéa) + %‘ 1”3(?"02 + 722é2)

7® mytr3g? m 2%
___;,d.ml{(mgro_*_ s }_*% { 7 mrg}

my+m)? | (1 + 1)’ (11q + mg)? T (1 + my)?
MMy o | aua
—_————a - - rd - .
by rm, 77 T 700 (M

This is the same as if m, were fixed and m,; were replaced

mm
by e |
”ll+m2

The angular momentum of the system about G is

MMy e

= Y% + Imgr?e =1 - 8

BICO b 2re =y L 10 (8)

and again is the same as if m, were fixed and m, were replaced by
mmy
my +my

Thus to allow for the finite mass My of the nucleus, we can
make the nccessary correclions in Bohr’s formule (14), (15) and

(16) of § 3-5 by the mere substitution of ’ ]\M for m, thus giving
_ MR (m+ MN) 9
4mmMyNe2 ' (9)
— 2mimMyNeet
W= (m + My) 020’ (10)
_ 4m*mMNeet
= (e Mk (1)

The frequency of the spectral line due to the transition from
a state n to another state »’, is given by
W, — W, _ 2mmMNeet ( 1
VT T M 8\ ) ()
It must be remembered that My, the mass of the nucleus, is
different for atoms of different clements.

As remarked above, the formula (12) gives more correct results
than those given by (16) § 5-3. It has also been very useful in
clearing doubts about the origin of certain spectral lines left over
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by the previous formula. The formula (12) can give definite
answer as to whether a particular spectral line is due to one element
rather than the other. )

Thus according to the previous formula, the wave-number
of a helium line due to a transition from 2n, to 2n, would be,
since N = 2 for helium,

v 1 _ 2x°m-4e! (
4n,?

c AT s m .
27 met 1
T ehd (n, Ny? (13)

and is the same as the wave-number of a hydrogen line due to the
transition from n, to ,.

But according to the formula (12), the wave-number of a
helium line due to a transition from 2x, to 2n, would be

1_ 2¢mMy.et (1 1
A (m+Mg)ch® \n2 )
while the wave-number of a hydrogen line due to a transition
from #u, to n, would be
L_ owmMet (1 _ 1 ;
AT (m+My) ch® \n2  n2) (15)
As M,,, the mass of the helium nucleus, is different from My,
the mass of the hydrogen nucleus, (14) and (15) would not give
the same results.

(14)

5-5. Generalisation of the Quantum Condition.

In developing Bohr's theory for higher and more complex
atomic systems, the first problem would be to generalise the
quantum condition (3) § 5-2, viz.,

The angular momentum = ;1—1,:, (n=1,2 ..., (1)
which was assumed for a system having a single degree of frecdom.
In § 5-3 we saw that for a circular orbit of radius @, described with
the constant velocity v, (1) became

nh
may = 5, or my (2ma) = nh,

ie.,
my f ds = nh,
where the integral is taken over the perimeter of the whole circle.
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Thus, if ¢ is the period of a whole revolution, then

7 ds
mvof it dt = nh,

v ds
or, since — = v,

(¢4
mu? f dt = nh.
[

The kinetic energy T at any point is T = § m2?, so that
o
/ 2T dt = nh. (@)

But if we use the relation that momentum p =:m v, and velocity
g =v, so that 2T = m1® = pd, we can express the quantum
condition (2) also in the form

[
[ pgat = nh,
[]

or, in the notation of § 1-5, if J is the adiabatically invariant
action variable,

3 =P pdg = nh. 3)

Thus we see that for a simply periodic system, ¢.c., one with
a single degree of freedom, Bohr’s original quantum condition
(3) §5-2 turns out to be equivalent to the statement that the

action variable J ==(f)pdq, which is an adiabatic invariant,

should be an integral multiple of 4:
J=nh(n=12 ---). (4)
Suppose now that the system is multiply periodic, having
s degrees of freedom. We must therefore seek for the quantum
conditions for this general case. T'he guiding principle was supplied
by P. Ehrenfest in 1914. Considering the influence of the slowly
changing external forces on the atomic system, he came to the
conclusion that the quantum conditions are supplied only by
equating the adiabatic invariants of the classical theory to nh.
This is the ‘‘ Adiabatic Principle of FEhrenfest”.

In § 2.7 we found that for cyclic co-ordinates in the case of
non-degenerate systems, we get s action variables defined by

o= trdg, (r=12-5) (5)
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Planck, Sommerfeld and Wilson proposed in 1915, that the
generalised quantum conditions for systems of many degrees of
freedom should be s in number, given by cquating the s action
variables (2) to integral multiples of 4. Thus ,

Jy =mnh, Jo =05k, -+, Js = n;h. (6)

These conditions are natural generalisations of Bohr’s quantum
condition (4).

In 1916, Schwarzschild pointed out that although the
cquations (6) are suitably chosen for non-degenerate systems,
for degenerate systems with only # independent frequencies
(# <s), the imposition of s quantum conditions unduly restricts
the number of stationary states. However, for such degencrate
systems there are always new action variables J,’, # in number,
which can be derived from the J, by a linear transformation.
These J,/ are independent, and Schwarzschild put forward the
principle that for degencrate systems the quantum conditions
should be

I =mh, I =nsh, -, I, =n,h. (M

J. M. Burgers proved in 1917 that for non-degenerate systems
the J,, and for degenerate systems the J,’, are adiabatic invariants,
so that we sce that the conditions (6) or (7), as the case may be,
satisfy the adiabatic principle of Ehrenfest, and are therefore the
required generalisation of the quantum conditions.

5:6. The Correspondence Principle.

The classical theory has been very much useful in a vast
domain of the physical world where gross phenomena depending
on a large number of atoms are considered. But the theory is
insufficient to give us a true picture of a number of other pheno-
mena, such as black-body radiation, atomic collisions, etc. The
classical theory will, however, still hold for phenomena which
lic on the borderland of these two domains. It is reasonable,
therefore, to expect that for such phenomena, the quantum theory
should yield no results which differ from those of the classical
theory. Thus the fundamental idea of the Correspondence Principle
is that the classical theory shall appear as a limiting case of the
quantum theory. This implies that as the quantum number
n becomes very large, the quantum laws should tend asympto-
tically to the classical laws.
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For, if a periodic system is in a state characterised by a large
quantum number #, then the discontinuous variation of the
actional variable J, due to the quantum condition J = nh, will
bacome quite insignificant. ‘Therefore, the behaviour of the
system will be predicted correctly by the classical theory. “Thus,
the change of encrgy for a transition of the hydrogen atom from
7, to n, is given by

D2, 4
E,, — L,, = 2a*me! ( 5T T ) = ‘-‘Z'-h?f 7-11:2 - "_12’) (1)
If both #, and #n, are large, the value of the right-hand expression
is very small, showing that the quantum law demanding a dis-
continuous change of energy, merges asymptotically for large
quantum nuinbers into the law of a continuous change of energy
required by the classical theory.

Now consider an electrically charged particle with charge e,
situated at a point (x, y, z). According to classical clectro-
dynamics, the radiation from such a point is determined by its

electric moment 1;) whose components are given by
Px =ex, p,=ey, p,=cez (2)
From equation (6) of § 2-7 we know that if the motion of
the particle is simply periodic, the angle variable w, with the
period 1, is given by
w=uvt+B, (3)
where v, is the frequency in the orbit. Thus each of the co-ordi-
nates %, ¥, z will be a periodic function of w, and on account of
(2), cach of the components p,, p,, p. of the electric moment will
also be a periodic function of w, and consequently capable of
being expanded in a Fourier scries of the type

5 Cycos mlw = 3 Gy cos 2l (vt + B). (4)
/=1 ! =

Thus, on the classical theory, the motion of an electrified
particle with orbital frequency », gives rise to spectral lines of
frequencies v,, 2v,, 3v,,....

Now, in quantum theory, the frequency v, of the spectral
line due to a transition from », to #,, is given by

Y, — X4, E,,
vy = E“‘"},L = (1, — ) ——JhE:z (M — ny) ‘2? ’ ()

where we have J, = mh, J3 = n,h.
] F
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In § 2.7 we saw that the Hamiltonian His a function of J
only, and since H is the total energy E, we can take E to be a
function of J, and that

dF, dH ‘
i G (6)

Now, if the energy Ii changes slowly with J, and the quantum
numbers n, and 7, are not small compared to the difference #; — 1,
0

N
between them, then we can replace AJ in (5) by a7

from (6) :
© vg=(ny — ) v, = An- v, )

» obtaining

If we put successively An =1, 2, 3, -+ in (7), we get the
frequencies v, of the spectral lines, according to the quantum
theory, by

v, 2v, 3v, e, (8)
agreeing, for large quantum numbers, with the classical frequencies.
It must be remembered that this agreement is only asymptotical,
because there can never be any question of an actual identifica-
tion of the two theories. According to the classical theory, all
the frequencies v, 2v, ---, are cmitted together by one process,
viz., by the description of a single orbit. But according to the
quantum theory, each one of the frequencies is emitted in an
independent process, viz., by the transitions from orbits of
quantum numbers # + 1, 2 + 2, » 4+ 3, --- to that of number #.

This is Bohr’s correspondence principle, which says that
although the quantum frequency v, is, in general, different from
the classical frequency Iy, in the limiting case of large quantum
numbers # the quantum frequencies v, for transitions # + A
to #, nearly coincide with the classical frequencics lv,, provided
An is small compared to #.

Bolr further extended his correspondence princlple to the
intensities and polarisations of the spectral lines. From the
classical electrodynamics, we know that the intensity of a spectral
line of frequency lv, is proportional to Cp2, i.e., to the square of
the corresponding amplitude in the Fourier expression. The
correspondence principle requires that, in the limiting case of
large quantum numbers, the classical intensity should agree with
the intensity given by the quantum theory. From this fact
alone we can draw some inferences about the possibility of the
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occurrence of transitions. For instance, if the classical intensity
of the line with the frequency v, vanishes, 7.e., if the amplitude
C;=0, then according to the classical theory, the spectral line
with the frequency Iv, is not emitted.

In the quantum theory this signifies that for large #n the
transition # 4/ to # does not occur. It is, of course, compatible
with the correspondence principle that for small # the transition
may be possible. But as an extension of his correspondence
principle, Bohr assumed that even when the quantum number
n is small, the transition # 4 I to » is not possible. This can be
explained in the following way. The vanishing of a certain
coefficient in the Fourier series is a consequence of the symmetry
in the geometrical configuration of the system. This symmetry
will be ecffectual in the quantum theory independently of the
energy states, and will thercfore lead to the impossibility of the
corresponding transition.

.

These censiderations provide us with the ‘‘ selection rules
which explain the anomalies in the occurrence of spectral lines.

The polarisation properties can be determined at the same
time as the intensities by a consideration of the components
px) Py Psr Of the electric moment.

5.7. Relativity Theory of the Fine Structure of Spectral Lines.

As an application of the foregoing theory we shall consider
the problem of the hydrogen atom, taking account of the relati-
vity effect. In §5-3 we remarked that the elliptic orbits yield
nothing more as regards the energy and frequency than the circular
orbits considered originally by Bohr. But it is well known on
the experimental side that each line of the spectrum is split up
into several components, if examined by spectrographs of high
resolving power. For instance, the Hg line, which is seen as one
with ordinary instruments, is split up into three components
when observed through a powerful spectrograph.

Obviously the theory of § 5-3 is unable to account for this
“fine structure’’ of the spectral lines, as it is called. It was
Sommerfeld who explained it in 1915, by pointing out that Bohr’s
theory developed in § 5-3 1is still incomplete, inasmuch as it
neglects the relativity-effect. In that section we assumed that
the mass of the electron is constant throughout, whereas it was
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proved in § 1-6 (1), that the mass of a moving particle changes
with its velocity. For the electron which is revolving rapidly
round the nucleus this effect would be appreciable, and ought to
be taken into account when the motion is considered. Thus

m = __7112=, (1)

v2
Vi
where m, is the rest mass and v the velocity of the electron. The
kinetic cnergy T is then given by

T = ¢® (m — mg) = myc? (71—]:—;2 — ]), (2)
where
v
.

Now consider the elliptic orbit of a hydrogen-like atom of
atomic number N. If the polar co-ordinates of the peripheral
electron at any point of its orbit are (7, ), the principle of angular
momentum gives one equation of motion

Y =

a
mr? di =k, (3)
where % is a constant. Writing » = ;, we get
m ;%0 = ]: = k12,
or
a6 ku?
b~ m’ (4)
If (x,y) are the Cartesian co-ordinates of the particle,

d d de  ku® d ,
dt M) = g (M%) G == g ()
kv d m dx} ki d dx d()}
“ om dg { dt m do {m do’ dt
ku? d
= w6 {"’“2' g0 7o 0)}
k2 d L050
T m { do ( )}
_ Rt d ua(-— cos @ d_tf_sinﬁ}
T m de { Tut do Tu
kzu2 d (du
~ o a8 {d() cosf usm0}
_ I*zu2 d*u )
- de?
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The relativity equation of motion in the-direction of the
x-axis is
d

7 (m %) = force parallel to the x-axis.

2
Therefore, since the force on the electronis — E‘T;*: towards the

nucleus, we get

2 2 o 2
k“ ‘f1012+1)=_§; cos § = — Ne%u? cos 6,
or
d?u Ne2mw  Ne2m 1
aoz _I_ 1® == '_kz_ = —-k-Z__o- ’\/1——: '); (5)

If Vis the potential energy, E the total energy, then
T + V = constant = E,

. Ne? o
so that, since V = — ;— = — Ne¢?u, we get from (2)
moC2 ( — — l) — Ne2tu = L. 6
0 ’\/ ( )

To get the differential equatlon of the orbit, we must substitute
the value of ¥1 —9? from (6) in (5). Now from (6) we get

1 _ E+Netu
V1 — 2 et + 1
therefore substituting this in (5) we get
d2u Ne?my (E+ Neu
agr T = e Comgct + 1)'
or
du N2et F + myc?
ant o (1~ pa) = Ne
Writing
N2et
AQ = 1 k2c2) (7)
E + myc?
A == “"Iézéz*g— Nez,
we get finally
d2uy .
d0§ + A2y = A, (8)

which is the differential equation of the orbit. We can write the
equation (8) in the form

(o= B (a2 o
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of which the -solution is immediately recognised to be

i —

A =B+ p)

or by choosing the initial line so that the initial phase B =0,
we get

u = B cos A + ‘;\\z
Now write
A2 BaA?
L=%: " =€ (9)

Then the equation of the orbit becomes

l

, = 1 4 € cos Af. (10)

In the limiting case whenc > oo, 1.e, A —> 1, the equation
(10) reduces to that of an ordinary conic.

The minimum value of 7 is L —il?e when cos A0 =1, 1.e.,
when A0 =0, 27, 47, ----; and the maximum value of 7 is
l—_l——; when cos A0 = — 1, 7.e., when A0 ==, 37, Dm,- -,

Thus the apses of the orbits are 7 = b and » = z

1 4+ € 1 — ¢

for the above values of A8, and therefore the angle between the
successive apse lines is given by

;=77(l _llj:c%“)'i:ﬂ (1 + glljf;) =7 4 3,

m Neet

where & == 9 g The small angle between successive lines to
v

the perihelion is thercfore
wNZet
2.8 = pig (11)
The orbit is therefore an ellipse rotating in such a way as to
produce this advance of the perihelion.

The orbit is of a rosette type whose form is that shown in
the accompanying figure. This shows that while the electron is
going round the nucleus in an ellipse, the ellipse itself is revolving
slowly.
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If w is the frequency of the clectron in the ellipse, then the

frequency of the rotation of the line is w’, given by
o — w3 _ 9)1\?28“.
T 2k2c?

T'hus the atomic system has a doubly periodic motion having
two frequencies w, o’. The fine structure of the spectral lines
is accounted for by the introduction of this new frequency w’.

To give a quantitative account of the resolution of the
spectral lines, we must calculate the energy, and the action and
angle variables.

If (7, 0) are the polar co-ordinates of the clectron, then

1 Ne?

= ] = 2 - - —_——
H=T+V = m (Vl“w 1 p
. VP PR

2 c?

(12)

where

Y

If $, and p, arc momenta conjugate to the co-ordinatesr, §
respectively, then
. 2s
Py = myp =-/@+éy2, Pa =mr’(')=:/-".lt_L?;e—¢
We must eliminate #, § from H, and express it as a function
of 7, 6, p, and p, only, as required by the dynamical theory of
§2.5. We have

.

2 me . , myy2c?
b +1;§ =q_g PP+ = 0;2’5,2'
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Thercfore

) 2 2,3
2.3 2 25 M2cty? My*C ,
Mo + pr? + Ty = Mo Fl——y 1=y

moc? T
A e mid g U

Substituting this in H, we get

so that

H=c«/m2c2+p --}-7‘>2 —111(-—1\1’-'8—2- (13)

Writing p, = b y Py = bS’ we get the Hamilton-Jacobi equation :

2

¢ {mozc‘ + ),, + . g? } — gt — l\ib—. =ny, (14)

where a, is the total energy. By an casy calculation it can be
shown that this equation reduces to

() + L0 - b+ ) (o 2m)

But from Hamilton’s canonical cquation g%l = — p,, and

since H does not contain 6, as seen from (13), we, get p, =0,
therefore

D)
03 = p, = constant =a, (say). (16)

Trom (15) and (16) we have then
dS\? a? 1 Ne¢? Ne? .
(b}’ = 4 + 2™ -+ r—) (a, + 5 + 2”106")

21
= (‘.’mo + Z’—‘) a; + 2Ne? (mo + Z;)i — (a23 Nee r2 ;

o2
so that

S
(b—, =—-A+ 7 =5 (17)

where

B= N (mo + Z;) (18)
N2 4
C= -
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Now we must find the action variables J,, J;., Thus
Ji=Q prdr = ——dr—(J)A/ A+ ilé_&dr (18"
‘=(ﬁ ‘? vV Z=Ar ¥ 2Br —C = - 7 "NVER@ (i =h),

where a, B are the roots of the equation + 72 — 27? r + g = 0,

i.e., where aff = —g, a4+ B = gA]} Thus B is the minimum value

of 7, and a the maximum value. Since the integration is ex-
tended over a whole period, ‘.e., from 7., to 7., and back to

Pmin.,» We get
Sdr
J, =2 ws.ﬁf; V@ =9 =B
Make the transformation 7 =a sin?¢ + Bcos?¢, then

- (a — B)? 2 sin% 05246
Ji =2 VYA a/ a sin’¢ -+ 1,8 (.02’4: a4,

sin%p — sinigd

o = gy s + p

7
= 4 VA(a-—ﬁzof

—4 VA (a — B
3 { T }

X Sm’qS a e — 2
/ B T - pysing+ )
=4 YA (o — B)® X

X -7 T af H qu o
{4 Bt T~ Gopr d asigs BCOS’r#}

—tVila—ppd.. =7 4 _m _ ef  m
=4 VAl —h {4 @=B T e=pr T @—pr 3 V;p}’

==z VYA(a+ B — 2 Vaf),

— vz(%? -2 \/—KC) = 217(%: - V("J)- (18")
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Substituting the values of A, B, C from (18) we get
a
27 Ne? ('Wlo + _EE]

v SLRVCEL

v cz

Similarly on account of (16) we have
27 21

o= puto = [ D0 = [ add =2 (20)

0

We must determine from (19) and (20) the value of the total
energy a; in terms of J; and J,.

Let
o _ Amtet _ 2mé?
= o’

= (21)

where % is Planck’s constant. a is called ¢ Sommerfeld’s fine
structure constant, ’’ and it is found that o* = 5-31 x 1075,

Now we have from (20) and (21):
T TN 24 TP N P _ o
27 \/azz —_ ]:\I_C.fu = ,\/4ﬂ2a22 —_ 42%\38 = 4/ J2— h*a?N2.
Substituling this in (19) we get

I chaN (mo 4- E:'-*‘)
I+ ¥ JF — ha®N? =J—

a
e al(?«mo + Ei!

I

haN (mo + %},)

3 A
my — (mo by

But
oy =E = —W,sothat W = —a,;
therefore
) haN (mo - g
I F — BaN? = — i
J1+ '\/ JR h a 2 W 2
ng® — \ My — '55')
Let
“=1 — w , (21a)

mec?
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then
haNu
I+ V- — H2aiN? = VI—-T——JE'
or
1 —u? h2a?N?
A VS Ey
or

1 _ h2a?N?
p=1t {L+ I (1 h2a2Nz) } (210)

Since from (21), @ is a very small quantity, we neglect powers
of a greater than 4, so that

=1 (1 g, (1= )
2

[

— 1 + Ia?N? {(J1+ 7 — ”Z‘}Nz} ,
hZaZN2 h’a2N2 -2
=1+ 1+ ’J”z)“z{ h 2“J';(L+‘J,)'} '
h2a2N? h2a®N3
=1+ gt U R
_ ha®N? - BletN'
) R Sl A Oy
Therefore
h2a2N2 JANSINE e |
Ol Ly S TR e J;)a} ’
P N U SN T )
h 2(J,+ 32 2)(J, + T2 8 (J, +7J)%
=1— _’ia_zlsz__ _ h‘a‘N“ (Jz + 4]1)
- 20, + 12 8J.(J: + Ja*
Substituting the value of u, we get
LW RN BaNY(T, 44Ty
Myc? 2(J, +J.)? 8Js (J1 4 Jo)*

Therefore, we get finally for the negative energy
MERGNE (- Wat (I, + 4T) W}
2(Jy +Jz)’{ 4], (J, + Ja)?

SRSV P CES B

W =
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The quantum conditions are
Jo =n,h, Jo = nyh,

where 7, and #, are integers, so (22) becomes

I\ Wa'N ( mih }
W=, (nh + noh)? { (mh + ngh)? i+ nh
We take new integers # and I instead of #,, n,, satisfying
no=mn, + n,, ng =1+1, (23)
so that
l+1<gn, e, l< n—1 (24)

The inequality (24) shows that for any given integer #, / can take
only the following # values

0,1,2, -+ (n—2), (n—1). (25)

It is customary in spectroscopy to call # the * principle "’ quantum
number, and 7 the ‘‘ azimutbal”’ quantum number.

Thus on substituting the value of o, #n; and n,, we get

V= gy {1 <n1aT2nz (* + )
nz)}

_ 2mm NPe!
I {
2mtm N2et
R
Each stationary state is therefore characterised by two
integers »n and [, and is denoted as the #; state. In the limiting

case when ¢ = oo, a = 0 and (26) reduces to the old formula of
Bohr's theory.

To be able to apply (26) to calculate frequencies of spectral
lines due to transitions, we must have selection rules which would
be provided by the correspondence principle.

T'he transformation function S is obtained by the integration
__[3S 39S

38
= fb—;dr + a40.
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Now bg is a function of 7, a, and a,, and on account of (20) and (22),

o, and a, are functions of J,, J,. Hence %% is a function of 7, J,, J,,

and so we have

S =/0, T )+ 2. @)

o
If w,, w, are angle variables conjugate to J,, J, respectively,
then we get
oS ,
W, = (v ‘_“fh (7'1 Jh Jﬁ)t
le L)
B 0 (8)
wr =y =fn' (1 TuJo) + o

Solving equations (28) for » and 6, we get
7 =¢ (w1, J1, Jo), (29)
0 =2 wy, + ¢ (wy, J1, Jo)-
Therefore, if ¥ and y are the Cartesian co-ordinates and ¢ = ¥ —1,
X iy =100 =& (wy, Ty, Jo) A0 tebln i)
= @ (wy, J1, Ja) ™.

Writing @ (wy, J;, Jo) as a Fourier series Zk' C, e2mtwy where C,

is a function of J,, J,, we have
x + iy =§C,é 2N (b, +w2)

- Z,(: D, ™4V, + v,) ¢

where v, and v, are frequencies given according to
wy =wnt + py, Wy = vyt + Ba.

Thus we sce that «, y, and therefore the components p,, p, of
the electric moment are Fourier series of the type

%‘ %cos {27 (kvy + v,) 8} . (30)

The quantum number %, corresponds to v,, and n, corres-
ponds to v;. The correspondence principle now shows that | A, |
may have any value, but | An,| =1, 7.e., # =n, + n, may
change by any amount, but / =#, — 1 can only change at the
most by unity. This appears from the fact that in (30) the
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coefficient of »; is 2 which can have any value, whereas the co-
efficient of v, is unity. Consequently

Al=+1-1,0 (30 a)
As an illustration, we shall apply this result to the calcula-
tion of the fine structure of the Hy line of the Balmer series. For

Hydrogen, N = 1, and the frequency v of the spectral line due to
the transition # — #’, [ — [’ is given by

_E-F _W-W
YETTh

h
_ 2mmg et a? o,
T ke {1 T (l’ +1 ‘)}
2mmi, €4 A n_ 5)\).
= Tons {1 +'n"z(t +1 )}

If v, is the frequency of the original line without relativity
effect, and R is the Rydberg constant, then

N A N X

Thus the single line of frequency v, splits up into several lines of
frequencies given by (31).

T'or the line Hg, # =3, #’ =2, Irom (23) we see therefore
that I3 — 1,1’ 2 — 1, i.e., ! can have the three values 0, 1, 2,
and I’ can have the two values 0, 1. Irom the correspondence
principle we know that ! can change only by unity, f.e., ' —1 =
+4- 1 or — 1, so that we have the following possible pairs of values

for I and I':
I =0 I =1 I =2
U = 1} ' = 0} U = 1}' (32)

Substituting these pairs of values in (31) we get the three
resolved lines of Hy. The formula is found to give values in
close agreement with experiment.

The fine structure of the lines of any other element can be
calculated similarly from (31).

5-8. Development of Bohr's Theory.

During the years 1915-22, Bohr’s theory was applied with
sticcess to a number of atomic phenomena, such as the normal
Zeeman-effect produced by an external magnetic field, and the
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Stark-effect produced by an external electric field., The Hamilton-
Jacobi theory of dynamics, in conjunction with Bohr’s frequency
relation and quantum conditions, gave the energy in the stationary
states with sufficient approximation, while an application of the
correspondence principle supplied the nccessary selection and
polarisation rules.

We shall consider these problems according to modern
quantum mechanics, in subsequent chapters. But they were
explained more or less satisfactorily even on Bolir's theory.

Thus, it was found that when we bring an external electric
or magnetic field in a definite direction, we have to introduce a
new quantum number », connected with the angle ¢ of the electron
round the axis of the field. TIFor given values of the principle
quantum number # and the azimuthal quantum number /, the
new quantum number m can assume only the following 2/ + 1
values :
m=—0 -1, -, =10 4+1 - (4 1),L (1)
It was also found that only those transitions could take
place for which s changes at the most by unity, 1.e.,
Am = —1,0, 4+ 1. (2)

5-8 (1). Atomic Magnetism. The Magnetic Moment of the Atom.

Consider an clectron moving round in a small circle. Accord-
ing to the classical electron theory, an clectron in motion generates
a magnetic field, identical in all respects with the field of a small
magnet placed at the centre, so that the axis of the magnet is
perpendicular to the plane of the electronic orbit. If J is the
angular momentum of the electron in the orbit, the magnetic
moment M of the equivalent bar magnet is given by

eJ
M= = o’ (1)
where e is the charge and m, the mass of the electron.

To prove this theorem, suppose that 7, 8 are the polar co-ordi-
nates of the electron, A the area of the orbit, and ¢ the period.
Then % would be the rate of description of arca, whose value is
known to be:

A, a0,
dt dt
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And since J = my? %f, we get
dA ] .
T my (2)

Integrating this over a whole period, and remembering that J is
constant for a circular orbit, we have

o

/Ly
A= / i dt = 5o 3)
If the frequency of the electron in the orbit is w =1/o, then
the clectron passes a given point on its orbit w times per second,

€

and therefore, is ecquivalent to a current ¢ = — ;@ Now,

according to the electrodynamic theory, a current ¢ flowing in a
closed circuit of area A, gives risc to the same field at a great
distance as a bar magnet of moment

M =iA, (4)

situated at the centre of the orbit, with its axis perpendicular to

the planc of the orbit. Since s = — g w, we have from (4)
—_ € I3
M = ¢ wA. (o)
But from equation (3) we get
(l’A\ == 4 - ‘)J »
o 2m,
thercfore
- Je.
M= 2o (6)

The direction of M is opposed to that of J, because the charge of
the electron is negative. Thus, we see that the wvalue of the
magnetic moment of the equivalent bar magnet is that given by
(1). Tor an atom having several clectrons, we have simply to sum
up the contributions of cach one of them to get an expression of
the same form as (6), but J would then denote the angular mo-
mentum of the whole system.

Thus we see that the orbital motion of the eclectrons in an
atom produces a magnetic field, which comes into evidence in
the Zceman-effect,
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Now, from Bohr’s quantum theory of the circular orbit, we

know that the angular momentum is an integral multiple of f;.

so that we have

h
J =m “2-7;: (m = 1, 2, - ’). (7)
Substituting this in (1) we get,
eh .
M=m ym— (m integer). (8)

For the lowest orbit, characterised by the quantum number
m = 1, the magnetic moment p of the atom is given by

SR - 20 :
F = fomge = 0922 x 10— gauss centimetres, (9)

p is called the * Bohr-Magneton ", and it is taken as the unit of
atomic magnetism. For an atom whose Zeeman-effect is normal,
the magnetic moment measured in magnetons is mu, where m
is any integer.

The existence of atomic magnetism, confirming the value of
M given above, was demonstrated experimentally by W. Gerlach
and O. Stern in 1921, and in subsequent years. The first experi-
ment consisted in passing the atoms of silver vapour through a
non-uniform magnetic ficld, and measuring the deviation from
their otherwise rectlinear paths by intercepting them on a screen.
From this deviation the value of the magnetic moment can be
calculated, which agrees closely with the value given in (8).

5.8 (2). The Spectra of Heavier Atoms.

From the atom-model proposed by Rutherford we know
that a neutral atom of any element other than hydrogen consists
of a positively charged nucleus, around which several electrons
are rotating. Naturally, such an atom must have a multiplicity
of stationary states, because there are several possibilities for the
revolving electrons to arrange themselves in different orbits.
The spectra of these atoms are thercfore more complicated than
the spectrum of the hydrogen atom. Their characteristic feature
is that they can be grouped in sequences of lines called ‘‘ series ’’.
The four main series are the * principal ”’, * sharp ”’, * diffuse ”’
and ¢ fundamental ”’ series,

1 r
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In §5-7, we saw that if we take account of the relativity
effect, the energy E of the atom in any stationary state is charac-
terised by two quantum numbers # and /, where # is the principal
quantum number, and I a second quantum number associated
with the series to which the term belongs. Thus W = —F is a
function of # and !, which we can denote by W (n, /). We know
also that I < #, and that ! can change by 1 only.

It is customary in spectroscopy to denote

(1) W (#,0), (! =0),(n=1,2,3, ---) as S terms,
(2) W (1), ¢l=1),(n =234, ---)as P terms,
B)W (n,2),(0=2),(n=3,40506 ---)as D terms,
(4) W (n,3), (! =3), (n =4,5,06, --:) as F terms.

Aline due to a transition # =5, | =2—>n' =2, I'=1 is
denoted by the notation D — 2P,

The four series mentioned above are given by the transitions
wnP—>1S(n =234, --): Principal series ;

nS > 2P (n =238, 4, ---): Sharp series ;

nD—> 2P (n=23,4,5, ---): Diffuse series ;

nI - 3D (n =450, --): Fundamental series.

The series lines, when observed through spectrographs of
high resolving power, are found, in genecral, to be multiple in struc-
ture ; they are therefore called ““multiplets”. Thus it is found that,
in the case of the alkali metals, the S terms remain single, but
the P, Dand F terms cach split up into two, giving rise to doublets.
Thus the alkalies Na, K, etc., have singlets and doublets. Similarly
the alkaline earths Mg, Ca, etc., have terms which are singlets
and triplets. To take a concrete example, in the spectrum of
sodium, the first line of the principal series, thc yellow D-line
is found, when examined by spectrographs of high resolving
power, to be really two lines separated by 6 4.

To cxplain this multiplet structure, Sommerfeld and I andé
proposed that two quantum numbers %, ! are not sufficient to
describe the terms, but that a third quantum number ° m ' should
also be introduced corresponding to the magnetic moment M of
the atom, explained in the last section. We have remarked that
for the Zeeman-effect and the Stark-effect, when we bring an
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external magnetic or electric field in a definite direction in space,
we have to introduce a new quantum number connected with the
azimuthal angle ¢ of the electron round the axis of the ficld.
Similarly, the magnetic field due to the atomic magnectism,
introduces the quantum number to which the multiplet structure
is due. This number ‘m’ is called the ‘‘ magnetic quantum
number ',

So far, we sec that the negative cnergy W of a stationary
state depends on three quantum numbers #, I, m. But in the
course of investigations on the multiplet structure of series lines,
it was found that we nced yet one more, a fourth, quantum
number to explain them.

Thus consider the cffect of an external magnetic field on an
atom. In the normal Zeeman-cffect, it is found that each line of
the hydrogen spectrum is resolved into three components under
the influence of the external field. But the case is different for
the alkali atoms. If the magnetic field is weak, cach line of the
multiplet is resolved into more than three lines. The displacement
of these new components is proportional to H, but difterent for
the various members of the multiplet. This phenomenon is
called the * anomalous Zeceman-effect *’.

It is found further that if the magnetic field is gradually
increased, the resolution is gradually changed ; and finally when
the field becomes strong, there remain only threc components
of each line of the multiplet, as in the normal Zceman-effect. This
change on passing from a weak to a strong ficld, is called the
‘“ Paschen-Back "’ effect.

The fourth quantum number mentioned above, was introduced
to explain these phenomena. It is denoted by s, and is supposed
to have only the two wvalues + 3% and —3%. It was at first
assumed by Landé and others that this fourth quantum number
s was connected with the angular momentum of the core clectrons,
but in 1924 Pauli showed that this cannot be the case. He pointed
out that if s were connected with the core clectrons, then the
nature of the Zeeman-effect would depend upon the atomic
number N of the atom. But experiment shows that there is no
such dependence of the Zeeman-effect upon N. Pauli concluded,
therefore, that the quantum number s is associated with the
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series electron, just as the other three numbers are associated
with it,

This view was further strengthcned by the hypothesis of the
‘““ spinning electron,”” proposed by two Dutch Physicists, G. E.
Uhlenbeck and S. Goudsmit, in October 1925. They suggested
that the clectron should not be considered to be a point charge, as
hitherto done in Bohr’s theory, but must be taken to have a finite
extension. TFurther, it should be assumed to be spinning about
an axis fixed in itself, while at the same time moving in its orbit
round the nucleus. The angular momentum of the electron is
taken to be s :_).]:}’ where s = + } or — }, according as the spin is
in one direction or the other. The hypothesis of the spin of the
clectron coupled with the relativity theory gave a satisfactory
cxplanation of the spin doublets. But in 1928, Dirac showed
that a systematic relativity theory of the quantum phenomena
accounts for the spin cffect quite naturally, without the arbitrary
modcl of the spinning electron (Chap. XI).

5-8 (3). Pauli’s Exclusion Principle.

We have seen in the last section that each stationary state
of an atom is characterised by the following four quantum
numbers :

(1) The principal quantum number #, which can have
any of the integral values 1, 2, 3, -.., and which in a transition
can change by any amount.

(2) The azimuthal quantum number I, which, for a fixed n,
can have only the following # values (25) § 5-7:
0,1,2, «-c, (n —1),
and which, according to (30 a) §5-7, can change in a transition
by — 1 or + 1 only.

(3) The magnetic quantum number m, which, according to
(1) § 65-8 has, for given values of # and /, the following (27 + 1)
values :
=L —=(=1), - -1,01, -, (I —-1),1
and which can change in a transition by — 1,0, or + 1 only.

(4) The spin quantum numbers s, which can have only the
two values — % and + }.
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Thus the negative energy W, associated with a stationary
state, is a function of the four numbers #n, /, m and s, so that
we can write

. W =W (n,1,m,s).

Now, from the time of the Greek philosophers, it has been
taken for granted that two different pieces of matter cannot
occupy the same part of space at the same time. Generalising
this idea, W. Pauli put forward, in 1925, as a fundamental postulate
of the quantum theory, that two electrons not only cannot be
at the same point simultaneously, they cannot even be in the
same orbit. As each orbit is characterised by the four quantum
numbers explained above, this means simply that no two electrons
can have the same four quantum numbers. In other words,
each stationary state of the quantum theory is defined completely
and uniquely by a given set of values of the four numbers #, I, m, s.
This is Pauli’s ‘“ Exclusion Principle”. It is also called Pauli’s
“ Equivalence Principle” or ‘‘ Pauli-Verbot ”.

This is a most useful principle, and can be applied to find out
the number and arrangement of the extra-nuclear electrons in
the atoms of the various chemical elements.

5:9. Bohr's Theory of the Structure of Atoms, and the Periodic
Table of the Elements.

In § 3-1 we said that the chemical elements can be arranged
according to their increasing atomic weight, beginning with the
lightest of them, viz., hydrogen, and ending with the heaviest,
viz., uranium. In the middle of the nineteenth century the Russian
chemist, Mendéleef, suggested that as regards their chemical and
physical properties, such as valency and the emission of spectral
lines, these chemical elements, which were supposed to be 92 in
number, can be divided into seven periods, having more or less
resemblance to each other, and containing 2, 8, 8, 18, 18, 32, and
6 elements respectively. The properties in each period are
repeated, and each increase in the length of the perio.d brings
with it a number of elements with properties different from those
of the preceding periods.

When Bohr first proposed his quantum theory of the atom
in 1913, he suggested that the chemical and physical properties
depended on the peripheral electrons. Since that time it was
believed that the repetition of the chemical and physical properties
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with these periods, and the increasing length of the period, is due
to a regular building up of the atoms. But it was only in 1922
that Bohr was able to give a theory of the periodic table. His
considerations were based on a detailed knowledge of the optical
and X-ray spectra, the Zeeman-effect, and other phenomena.
The theory was given a firm basis only after the publication of
Pauli’s Exclusion Principle in 1925.

In the last section we saw that the energy associated with
any stationary state is characterised by four quantum numbers
n, I, m and s. We know also that only those configurations are
most probable for which the encrgy is a minimum. Thus at
each state the electrons in the neutral atom would be in the orbits
of the lowest possible energy compatible with the condition of
stability. These ideas together with the exclusion principle,
provide the necessary clue for the fixing up of the arrangement
of eclectrons in the various atoms,

When the theory is worked out, it is found that in every
atom there are two orbits in which the energy is equal and lower
than in any other orbit. These are ncarest to the nucleus, and
their group is spoken of as the K-shell or K-ring.

Next to these come ecight orbits of equal energy, but sub-
stantially higher than that of the K-shell. This group is called
the I-shell. After the L-shell we get 18 orbits of equal but still
higher energy, and the group is known as the M-shell, Similarly,
the N-shell contains 32 orbits, and the O-shell 50 orbits. The
atoms are successively built up by the addition of one peripheral
electron to those of the previous atom. The electrons go into
the various orbits beginning with the K-shell, and when one shell
is complete, the additional electron of the next higher atom must go
into an orbit belonging to the next higher shell.

From Bohr's theory of the hydrogen atom, we know that
the value of the energy in a stationary state depends mainly on
the pringipal quantum number #, and it is only the slight dif-
ferences in cnergy due to the finer features which bring about
the introduction of the other quantum numbers.

Thus we sec that the various shells are characterised by the
values of the principal quantum number #» =1, 2, 3, 4, 5, etc.,
giving the K—, L -, M-, N—, O —, P —, Q — shells
respectively.
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From (25) § 5-7 we know that for a fixed value of #, the
azimuthal quantum number has the n values:

0,1,2 -, (n —1).

Therefore each shell has # sub-shells characterised by the value
of I. These sub-shells are distinguished by suffixes. Thus the
three sub-shells of the M-shell (# = 3), corresponding to the values
0, 1, 2 of I, are denoted by M, M,, M; respectively.

Now we must consider the other two quantum numbers m
and s. We know that for given values of » and /, the number
m can have only the (2/ 4 1) values:

-5, —-(@=1), -, —1L0,+1, -, (=1, (2)
and for each of these s, the fourth number s can assume the two
values + 4 and — }. TFor any sub-shell #, the number of orbits
would therefore be 2 (2! +1). And since each different orbit
may contain an electron, the number of electrons in ecach sub-
shell will be at the most 2 (2! 4 1). The number of electrons
in the various sub-shells should be therefore

2,6,10, 14, «--. 3)
The number of electrons in a shell is then

Tlew+ 1) = 2%, (4)
I=0

This gives the maximum possible number of electrons in each
sub-shell and shell, calculated from Pauli’s Exclusion Principle.
But the electron configuration must satisfy also the second condi-
tion that the energy of the atom shall be a minimum. When
this second condition is taken into account, it is found that the
higher shells do not have the maximum number of electrons
calculated from the above theory, but that one shell begins to
form before the previous shell is complete.

The prevalent grouping of the electrons into shells and sub-
shells for the more prominent chemical elements is given in the
following table. We wish to remark here that 92 is not the upper
limit for the number of elements. In fact E. Fermi recently
created in his laboratory the element No. 93, which is, however,
extremely unstable. Elements No. 94 and 95 have also been
reported.
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_ TaBLE L.
The Electronic Structure of Atoms.
n=l1| 2 3 4 5 6 |7
< L _ _lja B N o P Q
/=0, 0|1 |0 ;1 |2|0]1 2(310|1[(2(0|1}o0
LH 1
2. He | 2
6.C |2 |2 ¢2
TN |2(2]|3
8.0 | 2|24
9. I 212156
1.No [ 2] 26
ILNa [2]2]|6|1
12.Mg (2| 2|62
16.S |[2|2|6]|2]|4
17. C1 2121625
18.A [2]2]|6|2]6
25.Mo [ 2|2 |6|2|6]| 52
20.% |[2|2|6]|2|6]| 6]2
2.C |22 (6|26 7|2
28. Ni 226 |2|6| 8|2
3.Kr [2]2|6|2|6([l0|]2]6
46.Pd (2|26 |26 |10[2(6]10
4a7.Ag | 2|2 |6 2|6 (10|26l 1
6. Xe |2 |2 6|2 |6 f10[2|6|10 2| s
86.Rn |2 |2 |6|2|6|10|2]|6|l10(14|{2]|6|10|[2]6
88.Ra |2 |2|6|2|6|10| 2|6 |10|14|2|6[10[2]|[6]c2




CHAPTER VI.
HEISENBERG'S QUANTUM MECHANICS.

6-1. Critique of Bohr's Theory.

IN the last chapter we gave an account of the origin and develop-
ment of Bohr’s quantum thcory, and pointed out its culmination
in the explanation of the periodic table of chemical elements
published by Bohr in 1922. It became increasingly app arent,
however, that this theory was not quite complete. It could
explain the Zeeman-cffect of the hydrogen atom, but gave wrong
results for the anomalous Zeeman-cffect. Further, the cnergy
levels of the hydrogen molecule ion, of the normal and excited
states of the helium atom, of the normal states of the hydrogen
molecule, were calculated by many people during the years
1923-25, but it was found that the results did not at all agree
with experiments. The quantum theory broke down for the
problem of the crossed fields, 7.e., the problem of calculating
the spectrum of an atom under simultaneous electric and
magnctic fields in different directions. The phenomena of
dispersion, 7.e., of the collision of light with matter, and also
those of the collision of electrons with gas atoms could not be
accounted for successfully on Bohr’s theory.

Indeed, Bohr himself was never in doubt about the incomplete-
ness of his theory of atom models and electron orbits. Max
Born, W. Pauli, and many other workers of great repute were
giving voice to their belief that a reformulation of the whole
theory was urgently needed. This was felt to be the more
necessary because the quantum theory was not a coherent whole ;
there was an unsatisfactory looseness about its principles. The
quantum conditions, the frequency relation and the correspon-
dence principle are not integral parts of the theory, but are
added to it as an after-thought, as it were. The theorv lacked
the closeness and unity of the classical mechanics, which did not
require any external ideas for the explanation of the phenomena
with which it dealt. Several workers were seeking for a rational
and unified formulation of the quantum laws, but it was
reserved for a very young German physicist, W. Heisenberg,
to provide the key to the solution.
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6- 2. Hersenberg's Theory.

Heisenberg pointed out in 1925, that any rational formulation of
the quantum mechanics should concern itself directly with ‘the
experimentally obscrvable quantities such as the frequencies
and intensities of the spectrum. The position of the electron
in the orbit, the period of revolution and the amplitudes
can never be expected to be experimentally observed, and should
not be used directly in the mechanics.

In the course of the last chapter, we have scen that the
fundamental ideas of Bohr’s theory are:

(1) the discrete sct of stationary states characterised by
the values E,, (# =1, 2, ... ), of the energy;

(2) the frequency v of the energy radiation emitted during
the transition from a state # to another state #', given by Bohr’s
frequency relation v = -l‘f’—’-——,; Lo ;

(3) the orbits of the electrons, selected by the quantum
conditions (f) P, dq, = n,h, (r=1,2, -+, u);

(4) the assumption that the classical laws hold for the
description of motion in the stationary states, although they fail
completely during transitions ;

(5) the correspondence principle, that the classical theory
gives the right results in the limiting case of large quantum
numbers.

The existence of the discrete set of stationary states
for the atom has been confirmed more or less directly by the
experiments of J. Franck and others on collision phenomena.
The frequency relation can be taken to be an immediate conse-
quence of the Ritz combination principle, which has been abund-
antly demonstrated during more than half a century. These
two conceptions, therefore, must find a place in the new mechanics.

The casc of the electron orbits is, however, quite different.
It is almost certain that they can never be observed experi-
mentally. Accordingly, the orbits should not enter directly in
the new theory. Heisenberg thus gave up all mechanical
models of the atom, just as previously, Einstein had given
up the omnipresent ether of the classical electrodynamics.
Moreover, the quantum conditions, which provided the selection
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rules for these electron orbits, were completely artificial; they
could not be interpreted rationally in terms of the ordinary
corpuscular conceptions of the nature of matter. Their only
justification was their agreement with the facts of experiment in
some cases. All that the adiabatic principle of Ehrenfest and
the correspondence principle of Bohr could do for the quantum
conditions, was to make themappear plausible to a certain extent.

As rtegards the classical mechanics, Heisenberg put forward
that it is not the equations of classical mechanics that are at
fault, but that the mathematical operations by which physical
results are deduced from these equations require modification.

Heisenberg considered a simply periodic dynamical system,
with the orbital frequency w =2 wv. The co-ordinate g can
then be represented hy a Fourier serics.

g (t) = aq + a, cos 2wvt 4 a, cos 2 (2mvt) + - - -
+ b, sin 27wt 4 by sin 2 (2med) + - -+
= ao + } (@ — i) 8™V 4} (@, — iby) O™ 4 ...
+ 3 (@ + iby) €™+ § (@ + ibg) -2 4
=q + g, ™" + ¢, (™) g, 3@V ...
+ g-1 e-3mVt | g-3 e~ 3(2mawt) +g-, e - 3(3amve) I

<+ oo
= X ggert™, @
a= — oo
where
Ja =3} (@, — 1 by), (for a positive integral),
and

J-a =1} (a1 +1b))

If we denote the complex conjugate of ¢ by ¢*, then we see

from the definitions of ¢, and ¢_, that
g-a = ga*. (2)
Heisenberg assumed that in the new quantum mechanics, the
coordinate ¢ can be represented by harmonic components of the
form g¢ef™V¢. Since in the quantum theory the observable
frequencies and intensities of the spectral lines depend on a
transition from a state # to another state m, ¢ and v should be
characterised by the two integers # and m instead of the one
integer a of the classical equation (1). Now, according to the
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Ritz combination principle, the frequency of a spectral line is
given as a difference of {wo terms of the set :

Th ’1‘2’ Ts’ e Tm ce
so that .
Vam = T, n Tm (3)

is the frequency of the transition from the state # to m.
Thus
Vam + Vimk = ('l‘,, - Tm) + (T — T l:)
=Ty, —Te = vup,
which corresponds to the obvious classical relation
av + Bv = (a + B) v.

Vup = Tn - T, =0, (4)

which embodies the fact that no radiation is emitted so long as
the system remains in the same state. Similarly

Vi = Ty =Ty = — (Tn =T fn)
= = Vam, (5)
showing that the frequency of the radiation emitted during the
transition # —m, is the same as the frequency of the radiation
absorbed during the reverse transition m — n. It must be
remarked that negative frequencies signify absorption in the
same way as positive frequencics signify emission.

Further, we have

Heisenberg found, therefore, that instead of the Fourier
series (1), the co-ordinate g should be represented in the new
mechanics corresponding to all possible transitions # ( =1, 2, 3)
tom (=1, 2,3, ---), by the following two dimensional table :

Q1 ™V, gy EMVi2f, g, ™ Vast,
q= Qa1 7Vatf, Gay €7V2dt,  gaq Vst - )
31 €23MVs, 2, qs32 e2MVsat, Q33 ezﬂl'v“t’ s

....................................

or more, shortly by

q = (qnm ezmv”'”’)' (6)
But from (4) we know that v;; = vy = v33 +-++ =0, so that all
the diagonal terms are constants g,,, s, +-. Further, since the
dynamical variable ¢ is real, and since v, = — v,,;, we must

demand that g,,, should be the complex conjugate of g, so that
mn = *um, )]
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and
Dnm Qmn = | Qum |- (8)
.In the classical theory, if two variables ¥ and y belong to
the same dynamical system with the orbital frequency w = 2mv,
then
+ o0

x= X x40
a = — oo
+ o0 )
y= 2 epamve),
- = — oo yﬁ
and
xy = {Z %q 2 CTVOL(T 5 o (TVIY)
a 8 B
= 55y, aniron
Now let
a+B=y, PB=y-—a;
then
1y =2 {Z xayy-a) ™M,
Y @
=2 (xy)y ™M, (9)
Y
where
(29)y = 2 %aYy-a (10)
a
We see therefore that the same frequencies v, 2v, 3v, ... enter

into the product xy as into x and y alone.

Heisenberg wanted to find a rule of multiplication for the
quantum dynamical variables so that no new frequencies should
appear in the product. Thus if

x = (xnm ezmv'"”t)»
Y = (Ynm " Vant),

then Heisenberg found that it is only when we stipulate that
the nm component of xy should be calculated by the rule:

(*Y)um = kz: Xk "Vt Yim €27 Vhmt, (11)
that no new freqgencies appear in the product. In fact, since
on account of (3),

Vak + Vim = (Tn - T,é) + (Tk - Tm),

= (Tn - Tm) = Vam:
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we have from (11)
(V) am = {" CurYim € Vnk T Vim)

=Z ZukYim & Vand. (12)

According to this rule, the #m component of the product
yx would be given by

(yx),,,,, = %'y,,kx;,m anivﬂmt. (13)
In the general case, the sums %‘ Xnp Vam and %‘ Nk Xp Will

evidently not be equal, and thercfore (¥¥)um 5= (¥*)um for all
values of # and m. Thus the corresponding components in the
tables for xy and yx are not equal, and therefore

xy =k yx. (14)
This fact, that the commutative law of multiplication does not
hold in the new quantum mechanics, was mentioned by Heisenberg
explicitly in his very first paper published in July 1925. Max
Born and P. Jordan pointed out in September 1925, that the
Heisenberg multiplication rule (11) is exactly the same as that
for matrices, well known to the mathematicians in algebraic
theory. Thus, the dynamical variables in quantum mechanics
arc ‘‘ matrices "’

6-3. The Algebra of Matrices.

Suppose that x,, x, are two variables, which are considered
to be components of a two dimensional vector x. In the same
way we shall say that y,, y, arc components of a vector y; z;, z,
are components of a vector z; etc.

We make the following transformation of variables :
Y1 =0a1 % + A2 %3, Y2 = A1 X1 + A X, (1)
We arrange the coefficients of this transformation in a square
table of two rows and two columns :

a;, d 12)
(an {21] @)
This table is called a ‘‘ matrix’’ of the 2nd order, and is

usually denoted by a. Then the two cquations in (1) can be
written symbolically as a sort of vector equation

y =az, )
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We transform the variables again from y,, Ya to z;, z by
means of the transformation

zZy =buy, + 6122, 22 =by ¥, + bye v, (4)
or, shortly by
z =by, (6)
where b is the transformation coefficients matrix

5 __(b bw) ©

Substituting the values of y,, y, from (1) in (4), we can find
the new variables z,, 2, in terms of the original variables #,, %, as

Zy =Ci %y €y 2y =Cay Xy 4 gy Xy, (M)
where it is easily calculated that

€11 =byy a3y 4 bygday, €1 = by, @12 + bygay,,

a1 =byy @y F basdyy, Cop = by @1y + byg ag,. (8)
We can write (7) shortly in the symbolical form
. —fC11  Ci2
= e (Czl sz)' ©)
Substituting (3) in (5) we have
z =by =b {ax} = bax, (10)

which means that first the transformation a is applied on #, and
then the transformation & is applied on ax. Comparing (9)
and (10), we get

¢ = ba, (11)
that is to say that the product of two matrices is a third matrix
whose clements are calculated according to the formule (8).
That the product ab is not the same as ba can be readily seen by
applying the transformations in the other order. Thus let

Y =ty +biax,, vy = by1%y - by, (12)
or, symbolically,
y' =bx. (13)
Applying now the transformation a, we get '

2 =auy +ayy, 2 =ayy, 4+ azys’,  (14)
or

’

T =ay. (15)
Substituting (12) in (14), we get

=dpx, +dgxy, 2 = Aar¥y + dag¥s, (16)
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where
dyy =anbyy + aygbar. dyy = a11019 + ayghay,
dy, = a3,h 1y + Agoba, doy = d31b1 + G220ps. . (17)
Thus .
' _ dy  di
¢ =dx,d =(" dn). (18)

Substituting (13) in (15), we get
2 =ay' =a{lx} =abx. (19)
From (18) and (19) we have
d = ab. (20)
Comparing (8) and (17), we see that in general all the four c’s,
ViZ., €11, C1a Cap» Cge, afe Mot the same as all the four d’s, wviz.,
dy1, dig dyy, dy Tespectively, so that c o 4, dee.,
ba == ab. (21)

Thus we see that the commutative law of multiplication does not
hold for matrices in general.

Now, let A be the determinant formed of the coefficient of
the matrix A, and suppose that

Ay Gy
Ay, Ay

A =

#* 0, (22)
then from (1), solving for x,, %, in terms of y,, v, we get
ay; a a
L= AN ”‘X‘ Yas Xg = Kl N — Al:l Y. (23)

This is called the inverse transformation to (1), and the matrix
of the coefficients in (23) is called the inverse matrix to « and is
denoted by a1, so that we can write (23) symbolically :

@32 — %

x=a"', a"!= A A (24)
Qs _
A’ A

Tt can be verified by actually carrying out the double trans-

formations, that
alax =aalx =x,
where
- - 1 0
a~-'a=aa 1=(0 1) (25)
The matrix (25) is called the unit matrix of the 2nd order, and

we see that every matrix ‘‘ commutes "~ with its inverse, in other
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words, that the commutative law of multiplicg.tion holds when
a matrix is multiplied by its inverse.

- All these results can be generalised to matrices of any order.
Thus
Ay1 Gya Gy
Ay gy -+ Q
R T ) = () (26)

dsy  QAgz *°* Qg
is called a finite matrix of orders. Fach of the a,, is called an
element of the matrix. The elements a,,, a,, -+, 4, are said
to constitute the leading diagonal. If s = oo, the matrix is said
to be infinite.

A matrix a is said to be equal to another matrix b of the same
order, if a,,, = b, for all m and all =.
The matrix ¢ is said to be the sum of two matrices a, b of
the same order, if
mo=1,2, «+ .5\
Cmn = Amy, + bmn (n= 1,2, "',S);

this is expressed by the equation ¢ =a + b.

The matrix ¢ is said to be the product of two matrices a, b
of the same order, if

s
Conn = k§1 Amp Dyns (27)

and this is expressed by the equation ¢ =ab. This rule shows
evidently that

ba == ab,
i.e., the commutative law does not hold in general. If in a
particular instance the two products bz and ab are the same,
the two matrices «, b are said ‘‘ to be commutable, ’’ or simply
‘“ to commute .

It is easy to see that
(ad) ¢ = a (bc), )
ad +c) =ab + ac,
i.e., the associative and distributive laws hold in general.

It should always be remembered that the sum, difference,
product of two or any number of matrices, will always be a
matrix, and not an ordinary number. The matrix whose each

8 F
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and every element is zero, s.e., for which a,,,=0 for all m and
all », is called a * zero matrix,” and is denoted simply by O.

It is easy to give examples of two matrices a, b of which
each one is different from a zero matrix, and yet the product ab
is a zero matrix. This is simply a consequence of the definitions
and the rule of multiplication, and should not cause any surprise
to the reader. We define a set of quantities 8,,, as

Sy = 1form =m,
= 0 for n == m. (28)

The matrix whose elements are §,,,, 7.e., the matrix in which
all the clements in the leading diagonal are 1, and all the other
elements are zero, is called a ‘‘ unit matrix ”’. We shall denote
it by 8, so that

0 0..-
1 0.--
0 1-.--

o O =

= (8mn)- (29)

Now let ¢ == ad, where a is any matrix and 8 is unit matrix

of the same order. Then from (27)
Cnupn =& Ak Sp = Ay
b
Thus ¢ =a. Similarly, it can be shown that if b = 8a, then
b =a. Hence we get the result
ad = da = a. (30)

Incidentally, we see from (30) that 8§ commutes with every matrix
of the same order.

The matrix Eyy, 8my, t.€., one which has non-vanishing
elements only in the leading diagonal, so that all the eclements
not in the leading diagonal are zero, is called a ‘* diagonal matrix *,
or a ‘‘scalar matrix”’. Such a matrix is of the type:

gy 0 0 0...
— 0 Ega O O0...
E - 0 0 Eaa 0 O . = (Em/; 8””1). (31)

It is easy to verify that a diagonal matrix commutes with
every other matrix, so that Ea = aFE.

The elements in the leading diagonal of a diagonal matrix
are called the ‘‘ Eigenvalues’’ of this matrix.
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The inverse matrix a-! of a is defined by the relation
a~lg =39. ) (32)
Then we have
: a (a'a) =ad =a = da,
so that on account of the associative property.
(@ at) a = 8a.
Consequently
aa! =6 =ala. (33)
Equation (33) shows, as already mentioned in (25) above,
that the inverse of every matrix commutes with the matrix itself.

On account of the non-commutative character of multipli-
cation, the division of a matrix b by a matrix a is not unique.
There would be in general two different quotients x and y, given
by the two equations

ax =b,
ya = b.} (34)
If we multiply the first equation by the inverse matrix a-!
on the left, we get
alax = a-1, or 8x = a-1b, or x = a-1b.
Similarly, if we multiply the sccond equation in (34) by a-! on
the right, we get
yaal =baloryd =ba?, ory = ba-1,
Thus the two quotients are a-1b and ba-1, which are generally
different.
If ayy, = ayp for all m and all #, the matrix a is called a

‘“ symmetrical ”’ matrix; but if a,, = - 4a,,, a is called a
‘“ skew-symmetrical ’’ matrix.

Let as, denote the quantity conjugate to a,,, Now, if
Ay = Amn, the matrix a is called a ‘ Hermitian’ matrix. The
properties of such matrices were extensively studied by the
French mathematician Hermite. They are most important for
us, because on account of (7) § 6. 2, we find that the quantum
mechanical variables must be matrices of the Hermitian type,
if they are to be real. Thus

Am = Cmn. (35)

Having discovered that the quantum wvariables are matrices
Heisenberg, Born and Jordan, had to resort to a sort of dif-
ferentiation of matrices, in order to be able to develope their
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mechanics. But this was rather a lengthy and cumbersome
method. A few days later, in November 1925, P. A. M. Dirac
of Cambridge, found that if the ‘' Poisson Bracket' expres-
sions of the classical mechanics are introduced, we can avoid
having to define a differentiation of the matrices.

6-4. Poisson Brackets.

Consider a dynamical system having s degrees of freedom.
The generalised co-ordinates are ¢,, :--, ¢;, and the conjugate
momenta p,, --+, p,. In the classical mechanics, any two
variables #, y are said to have a ‘' Poisson Bracket ", given by:

3 ¢ dy % dy
(v = 2, sg, o, ~ 35, 53,)° (1)

The importance of a Poisson Bracket* expression lies in the
fact that they remain invariant under a canonical transforma-
tion. We shall prove this theorem for the case of a single degree
of freedom. The argument can be immediately extended to
several degrees.

We saw in § 2- 5 that if we change from the variables p, ¢
to the new variables, P, Q, given by P =P (p,9), Q =Q (p,9),
then the new variables will be canonical if

pdq + QAP = dW, )

where W is the transformation function, and where we have
assumed that the Hamiltonian does not contain the time expli-
citly, so that H (p,9) =K (P, Q).

Equation (2) can be written in the expanded form :

bW oW
(r+o5s)da+Qfyar =57 da+55d (@
which gives

W P dW
B A ) @
N?W _ *W

Since we must have —~ .+ we get from (4) :

33 ~ 3p
d d oP
s (P+25) =525

* Sometimes we shall write simply P.B. for Paoisson Bracket.
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or
2Q P 3P _dQ P
, V455 o7 T Qopg =55 p +0 7
so that
P d P
QP =32 -5 =1 ®)

This shows that if the transformation to the new variables
is canonical, the Jacobian (functional determinant) must be equal
to unity.

Now let x, y be any two functions of p,q, and consequently
of P,Q. Then the P.B. of x, y is

- ox Y 2Q P ox  dy
=150 5| = 3 3| [30 30
i dy 2Q P oy
d0p dp 0p dp| |oP oP
_dx 0y dx by (6)
=3Q P T 3P Q'

on account of (5). This proves that the P.B. expression is
invariant for a canonical transformation.

Reverting to the general case of several degrees of freedom,
if x is any function of the ¢,’s and p,’s, we have :

ox s (3% dp, a_p,) Y

b?: - he=1 b‘h b4 - bf’/: g
r=1,2, ---,5s) (7

-b—f— [ - éf_ bqr b_V bq, - _
bp’ - =1 bq& bp,é bpk bqk) [x' qr]-

Thus we find that differentiation w. 7. to the variables g¢,, p, can
be replaced by P.B. expressions. This makes it possible to
write Hamilton’s canonical equations of motion in the form :

q.r = %II;{ = - [H’ qr]r (7 =12 ... S)’. (8)
dH
r=T 5 =T [H, .]. (9)

This form of the equations of motion verifies immediately
that they are invariant for a canonical transformation,
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We can immediately prove from definition the following

properties of the Poisson Brackets.
?_Ji REZ b_")
(@ [r2] = 3¢, dp, 9P, 04,
- j; o dy & %y
bqr bPr bpr bq’

r=1

(b) 1If ¢ is an ordinary number, then — =0, 2 _
og, op,

thercfore
! dx dcC dx oc¢
: S T = e =0,
(% el = 2 (o, 55, ~ 5p, aq,)
m O _ O bqn) =0

(C) [qm» q”] = 'El 5q7 b_Pr bpr bqr

m _ g
for all m and all »#, becaus 7 =A% =,
or a e e 5, 5p,

m ba _ Om ) _ g

(d) [vapn] ='2=71 (bqr 5p, op, 99,
OPm - bﬁu = 0.

for all m and all #, because
g, 3,

— 5 (%97 2x _ 3n P
© Lompad = £ (52 Fr - 5 )

=0if m == n,
= 1if m = u.
This result can be expressed more systematically with the
help of the 8-function defined in § 6- 4 (28):

[Qrm Pn] = Smm
; {b&au_)_éy_ — sk %) v}
1 bqr apr bi’r bq, '

2 f3x,9 %, O
2 X290y % %)
) r= bq, dp, bp, 3,/

(f) [%1 + % y] =

_y (1Y _ Yy
3¢, 3p, 9P, 0q,

= [xl'y] + [xzt.'."]'

(g) Similarly, we get
(%, y1 + 92 = [%,3] + [x, 3]
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The properties (f) and (g) express the fact that the Poisson
Bracket [#, y] involves x and y linearly. N

2!:1 {b(x1 %s) Oy d(x; xg) by}

oq, 9p, p, g,
- {2!: ELY ox; oy }

B) (%%, y] =
39, 3p, 3P, 3¢,

2 (Y _ %Y }
r=1 bq,' bPr bpr er

= [¥1, ¥] %3 -+ x4 [x5, ¥].
2‘,' {bx oy ya) _ ax d(y, ,"2)}'

+x

0 qr bP r bP 4 o qr

( ‘ dx b_yl _ éx_ Y, '
i,_1 (bq, dp,  3p, bq,)} Ve

(l) [x:yl yz] =

' 0% dys _ 3% Y }
{2 G om = 5 sl
= [%,y1] ¥ + 31 [%, ya].

It is important in (k) and (/) to keep the factors in the order
indicated liere, because although in the classical theory it does
not matter whether we write [x,, ¥]. x5 or x, [x;, ¥], but if we take
them over into quantum mechanics, they would generally be
different since x;, x, and y are matrices.

If we keep this order, we can define the quantum Poisson
Bracket so that it also has all these properties. They would be
calculated formally as in the classical theory. Usually, the
dynamical variables %, ¥ are power scries in the gencralised
co-ordinates g,, p,. Then we can build up [x, ¥] from the values
of @mr @n)s (Pms Pr)s (@m» by) with the help of the above-mentioned
properties. Thus

(91, £1%] = [91, P1P1] = (91, 1] P1 -+ P2 144, Pal.
But from (5) [¢,, 1] == 1, thercfore
(v PP =2,
Similarly, .
[9:% £1%] = (9191, £1%] = (91, £1*1 41 + 01194, £4%]
=2p191 + 2¢:p1.
(9% 247 =[9:2 91, £2%] = [£:% 2% 01 + 9.2 (91, 4%
=2(p1¢r +0:151) 91 + 242 h1
=2p,92 +29.p191 +29.2p1
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and so on. Thus we see that the Poisson Bracket [x, y] can be
evaluated more conveniently by expressing it in terms of the
simpler brackets,

We must give now a formal definition of the quantum
Poisson Bracket. In order to do this, we shall calculate the value
of the Poisson Bracket [¥,%,, ¥,v,] in two different ways.

[%1%2, Y12l == [%1, y172] %2 + %1 [%2, ¥172),

={[x1, ¥1] y2 +y1 [%1, y2]} %2
+ %1 {{%2, ¥1] Y2 + y1 [%a, ¥ai}
=[x, ¥1] ¥o%2 + 1 (X1, ¥2] %2 + %1 [0, y1] V2 + 2,94 [%5, ¥2). (10)
Similarly, we get on evaluating in the other way,
(%1%, ¥ 2] = [%1%2, V1] Y2 + ¥y [x1, X2 y2),
={x0, Y %a -+ 20 (%2, Y1} ye + 30 {lxn ya] % + %1 (%2, 340},
=[v, Yy %aye + 2% [V, 30] Ve + v1 (%0 Ye] X2 + y1% [%e, ¥a]. (11)
Fquate the two expressions on the right-hand sides of (10)

and (11), and cancel out x, [x,, ¥,] ¥, and y, [x}, y5] %5, which occur
in both in the same order, then

(%1 Y1l Va%a + X,v, (X3, ya] = (Y1, y1] %2y2 + 317, (%2, V2],

1.e., on transposing,
(¥ = ¥1%1) [%2, ¥a] =[x, 91] (%232 — yava). (12)

In classical mechanics xy — yx =0, so that each side in (12)
vanishes.  But this is not the case in quantum mechanics, so
that we get

N =K1 __ X%aYa = Yoka _
(%1, 7] (%2, 2] a constant, (13)

Evidently, since ﬁ}[’i:—;’%‘—% does not depend on x,, ¥s, and
1»J1
— Yo
xﬁ%——%L? does not depend on x,, y,, the constant value of the
2, V2l
ratio cannot depend on x,, ¥y, %5, ;. Moreover, it must commute

with x,y, —¥,%, and %3¥, — y,%,, so that it cannot be a matrix
but an ordinary number.

By the use of the correspondence principle, Dirac found that
for large quantum numbers the value of the constant comes out
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to be f,—}:; Generalising this result, Dirac asstmed that always

ih
. xy — yx% = 5 [%, ], (14)
i.e., that the difference between the ‘‘ Heisenberg products

. th o, . .
xy and yx of two quantum numbers, is 5 times their Poisson

2
Bracket expression, where 7 = ¥ — 1, and 4 is Planck’s constant.
This is Dirac’s fundamental new postulate in quantum mechanics.
It is based on the coirespondence principle, and we see that this
principle is woven as an integral part in the new mechanics, and
not loosely added to it as in the former theory. The formula
(14) is an axiom of the new theory and requires no formal proof,
just as Newton’s laws of motion require no formal proof in the
classical dynamics. All the proof that the formula (14) requires
is that it should lead to results in agreement with experinients.

It can be casily verified that the quantum Poisson Brackets
defined by (14) satisfy all the conditions (a) to (). They arc
thus uniquely determined.

The equation (14) fills the gap, as it were, left over by the
non-commutative multiplication of the quantum variables. It
replaces the classical condition that xy —yx =0. Further,
it is a natural generalisation of the classical theory, since for the
limiting case kA —> 0, the formula (14) goes over to the classical
formula xy —yx = 0.

6-5. The Quantum Conditions and the Equations of Motion.

In §2- 5 we pointed out that a canonical or contact trans-
formation is one which leaves the form of Hamilton’s canonical
equations

ir=55 Br=—se C=L2ow9, @
unchanged, 7.e., if the co-ordinates ¢,, p, are changed canonically
to the co-ordinates Q,, P,, and H is expressed in Q,, P,, then
the equations (1) become

. H OH ,
= P, = — == 77:1'2' ee e, ). 2
Q =3, 0, | ()

We have already mentioned in the last section that the
Poisson Brackets of the classical dynamics are invariant under
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a canonical transformation, so that

L
k=2 oo, 5, ~ %, 33.)
- 5 %y i dy
.2, \8g, 5p, T oP, 30,/
Consequently, Poisson Brackets are most suited for deter-
mining the yuantum conditions, and equations of motion in the

new quantum mechanics.

From Dirac’s equation (14) § 6-4, we have for the generalised

co-ordinates ¢,, p,, (r=12 -..5),
' ]
m9n — nim = %;T [90}» qn]: |
h
PmPn - Pni’m =f - [pm. Pn]r i’ (3)
h
(ImP,, - Pan = ;‘” [qm: Pn]; Jl

for all m and all n. Combining this with the equations (c), () and
(¢) of § 6- 4, we get for all m and all =,

gndn — quim =0
Pmpn - Pnf’m =0, l
Imbn — Pum =0 ifm=£n
_ ifm =n
T 27 -

4)

These are the new quantum conditions, which were deduced at
first by Heisenberg and Born and others, from the old quantum
conditions of Bohr’s theory, viz.,

(ﬁPrdq, =nh, (r=1,2,-+-,5),

by a use of the correspondence principle. They are derived here
by a method due to Dirac.

Differentiation of a Matrix w.r. to time—Consider any
dynamical variable x of the classical theory which does not
contain the time explicitly, so that it depends only on the
co-ordinates ¢,, p,. Its derivative with respect to time is

ax _ . _ 5 (%% . ;
a? =7 —rfl qr ap Pr)
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Substituting in this the values of ¢,, p, from the equations
of motion (1), we get
= 3 (2% °%H _ oxdH
r=1 er bpf bPr bql‘
=[x, H].

Thus every derivative with respect to time can be expressed
as a Poisson Bracket. This resultis taken straight into the quantum
mechanics, and we assume in general

x =[x, H], ()
where H is the Hamiltonian of the dynamical system. Com-
bined with (14) § 6- 4, this gives

th . ih .
For (6) to have a meaning in quantum mechanics, we should
give a definition of the differentiation of a matrix with respect
to time. We assume that % is a matrix whose general mn element

is the time derivative of the sm#n clement of the matrix x. “L'hus,
since

x = (xmn 62‘Wﬂ’mnt)f (7)
the time derivative comes out to be
% = (270 Xy 32""’,,;,,’)- (8)

If x is constant in time, then since v, = 0 when m == #,
and v,, =0, all the clements of x not in the leading diagonal
are zero, and those in the leading diagonal arc constants, so that
all the elements of the matrix % are zero, i.e., by definition, the
matrix ¥ = 0. Then from (6) we get xH = Hy, 7.e., ¥ commutes
with the Hamiltonian H. In this case, thercfore, x must he a
diagonal matrix.

Writing g,, p, in succession for x in (6), we get

th . )
2 9 = ¢ H — He |
ih . }(7=1,2'.:.3). (9)
o pr=pH— Hlbr]

These are the equations of motion in quantum mechanics
corresponding to the equations (1) in the classical theory. They
could have been derived immediately from (8) and (9) of § 6- 4,
if we knew the meaning of ¢,, 3,.
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Itis not difficult to show that any dynamical variable x
which commutés with p, and with ¢,, commutes also with any
function f of p,, ¢,. In fact, since p,x =xp,,

B o — 3 (%Pr 3% _ 0P, 3%
0 =px —xp, = [Py, 2] = kfl (bl]g- Opr  Ops Ok

=%
og,
Similarly

r=12+--5).

0 = - = ’ = Z P,
g% — x4, = [q,, ] k=1 \0Gz 0Py Op; dq;
ox

=5, =129

Therefore

on (df wdf Y .
[f(qr» ?r)o xJ - tz_-'____‘l (Sq'é bﬁ - b?); 574) =0

fx —xf =0, (10)
which proves our theorem.

5 (%9 9% _Lq’b_x)

so that

Turther, if in (5) we replace x by ¢, we get:
dt
dt

Comparing this with (5) § 6- 4, we find that the time ¢ and the
energy H are a pair of canonical variables.

=1 =[¢, H].

6. 6. The Equation of Energy and Bohr's Frequency
Relation.

We know that the Hamiltonian H in classical mechanics
denotes the total energy, s.e., the sum of the kinetic energy and
the potential encrgy, and that for dynamical systems under
conservative forces this total energy is constant in time. In
the last scection we have shown that any quantum dynamical
variable x which is constant in time must satisfy the equation
4% =0, that is, ¥ must be a diagonal matrix (x,,, 3,,).

In order to prove the equation of energy, 7.e., that H is con-
stant in time, we must show that
H =0,1e, H = (Hpy Sp,), (1)
or that H is a diagonal matrix. This follows immediately, if
we substitute H for ¥ in (5) or (6) § 6- 5,
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We have seen in § 6. 2 that each of the stationary states of
the dynamical system is characterised by a term Value of the sct

Terzy""Tn:"'; (2)
and the Ritz Combination principle says that the frequency of

a spectral line due to the transition m to » is given by the relation
3) §6-2:

Vo =T — Tp (3)
Now consider the diagonal matrix T given by :
L0 0.
T=(0 To 0} = (T S, (4

0 0 T, 0-...
where T, =1,, and T,,, =0 when m == n.
Since both H and T are diagonal matrices, H — AT is also
a diagonal matrix, and consequently commutes with every other

matrix. Thus, for any dynamical variable x = (x,, &"Vms?),

we have,
*x(H—AT) —(H - AT)x =0, (5)

or taking the mn element:
ZA{ X A" Vit (Hep — hle) — (Hpp — WTmp) Xpn e2™Vint} = 0,
k
or
Npn "Vt (H,, — BT,) — (Hpe — BTy) Xmn 2Vt = 0,
Dividing out by #,,, ¢*™ mnt, we find
H, — hTy) — (Hm - hTm) =0,
or, on account of (3) :
H, —H, =h (T, —T,) =hvpy,.

Thus we get finally :

H,—H
Vme = mh =8 (6)

which is Bohr's frequency relation.

In the last two sections we have considered dynamical
systems having s degrees of freedom. The term-values are there-
fore characterised, not by one index #, but by s indices n,, #,,
«oe, N, thus

T"x. B2, ** 0y Ny
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Fach transition is therefore from a stationary state (i, m,,- - -, my)
to another state (#,, #,---, #,). The dynamical variable is
represented really by a 2s-dimensional matrix :

7, . . ¢
X = (x,,h My, co0, Mg Ny, N, t0e, A 82 Wiy, ma, oo, Mgy Ny, M2y 2007 ).

We have taken a single letter m to represent the whole complex
(my, my, ---, mg). It can easily be seen that 2s-dimensional
matrices have properties analogous to those of the two dimen-
sional matrices.

Moreover, it should be remarked that the quantum mecha-
nical matrices are of an infinitc order. In fact, from the quantum
condition ¢gp — pg = zz% 3, we get for the nn element :

ih
2'3 (anpkn - pnk?kn) = g&'
Therefore summing for all #, we have
1h th
:’.'sz (ntbin — Praqen) = %' 9 n om

If n were finite, the left-hand side would be zero, because
then the terms would cancel out in pairs. The right-hand side
shows that it can never be zero, and therefore # must be
infinite.

6- 7. The Harmonic Oscillator.

As an illustration of the application of quantum mechanics,
we shall consider the simple problem of the harmonic oscillator
in one dimension. This was actually the problem solved by
Heisenberg in his first paper in which he outlined the new mecha-
nics. The details of the theory weie supplied by Born and
Jordan in September 1925.

To be able to compare the method and results of the new
mechanics with those of Bolr’s theory, we give first the treat-
ment of the problem according to the older theory.

B o) P A

Suppose that a particle P of mass p is clastically bound to a
centre O, so that the force on P is always directed towards O,
and is proportional to the distance ¢ between OP. Then P will
oscillate linearly about O and is called a ‘‘ harmonic oscillator ”’.
Such oscillators were first introduced by Planck in his theory of
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the black body radiation, when he assumed that the black body
consisted of harmonic oscillators. If P i$' an electrified
particle, then due to its accelerated motion, it will emit radiation
of frequency v,.

Let the velocity of the particle be ¢, and the momentum
p =pgd. The kinetic and potential energies are

, . 1

T = juit= g 1% V= ke M
where % is a constant.
The Hamiltonian H is therefore

H =T+ V=5 + et (2)
Hamilton’s equations of motion are
_H _9p. — _oH _
=% —u p = b—q——kq. (3)
Therefore, differentiating the first cquation, we get
p=P _ ke,
7 ® ©
Now, it is known from classical electrodynamics that
k
2 = (2my)e,
P (27v,) (4
so that the equation of motion becomes
G + (2mv)tq = 0. (5)
In Bohr’s theory, a solution of this equation is
q = a cos (2m vyl + a), (6)
where a is the amplitude and a the phase. Therefore
P =u§ = — p2w vyasin 2nvt + a), (7

so that
1 .
H= o P+ kg = dp {@® + (2mv)? ¢3},

= u {4nva? sin? 2wyt + a) + 4nvg2a? cos? (2myet + a)},
= 2untv,lal. (8)
We shall now find the action variahle J.

1

Vo
3 = $rag = / paae,

1

Vo
= f p2mvea sin (2nvt + @), 2mvea sin (2mvet + a) di,
[
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1
' Yo
= pdntv ia? f sin? (27vet + a) dt,
[}

2n
= 4n?uvyia® LI [ sin%6 40
27TV° !

k4
== 41r2,uv02a’ P j siné d0,
so that finally
J = 4npveiad- 2:%- 4 -E'
= 211'2;1. tlzl/o. (9)
Comparing (8) and (9) we have
H = Jv,. (10)
Now we introduce Bohr’s quantum condition
J = nh, (n integer) (11)
so that equation (10) becomes
H =n (hv,). (12)

Equation (12) shows that the energy of the oscillator is an integral
multiple of &v,. This was Planck’s original postulate introduced
in 1900. Later, it was found experimentally that the energy
must be a half integral multiple.

We can find the value of the amplitude a from (9) and (11),
@ =g — =g (13)

and the displacement ¢ is given by

— nh
q = /%?E;; cos (2avet + a). (14)

The phase a is indeterminable.

Equation (12) is not true. Experiments show that we must
have H = (n 4+ }) hv, instead.

In the new mechanics of Heisenberg, the equations (1) to
() are valid, but ¢ is a matrix

= (qn) == (ay &™VIH), (16)
and similarly p is a matrix:

= (pu) = (bu ™Vi¥) ;
so that equations (6) to (14) have no meaning in this mechanics.
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The equation of motion (5) is true for each one of the
elements /% of the matrix (15), therefore, we get’
- (vo* — vi®) que = 0. (16)
From this we see that

either g, = 0or vy = % v,. (17)

This means that all g;; vanish, except those elements for which
Vig = -+ v O — v,.

The order of numbering the elements Ik is at our disposal.
We distinguish between the two possibilities vy = 4 vgor — vy,
by supposing that

te.,whenk =1 —1;
vy = — vy corresponds to a transition ! —>17 + 1,
i.e., when & =1 4 1.
For the elements g;; we get therefore from (17) and (18),

gz =0whenk == 1F 1,} (19)
g Owhenk =15 1.
Thus the matrix x has the following form :
0 g2 0 0 O
gar 0 gy O O
q = 0 g5 O 934 O
0 0 g4 0 g
0 0 0 s 0 gy

vy = + vy corresponds to a transition [—>1! —1,
l (18)

(20)

o OO0 o
S OO0 0O

This is all the information the equation of motion (5) can
supply ; it cannot give us the value of the non-vanishing elements
in (20). For this we must use the quantum condition

th h
gp —p7 =3, 8 orpg — gp = - 3. (21)
On account of p =pugd, we have
bu = p. 2mivaqn, (22)
so that taking the element Il of (21), ’

h

(P9 — gp)u = 2mpi f" Vim Qim Gmt — Qim Vit Gmi) = 5 5

or since vy = — vy, the last equation becomes

h
f’ Vim Qim Gt = = g (23)
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On account of the equations (18) and (19), the sum reduces
only to two terms, viz., those for whichm =1 — 1,andm =1 -+ 1,

h
Vig-1 Q-1 Q-1 Varer Quvr e = F=ve

But on account of (18), v;;-y = + vo, vzz41 = — v,, therefore,

h
Q-1 9-12 — Qiv1 9410 = — *8;3-;‘;0'
But from (7) § 6- 2, we have

*® &
Q-1 = q11-1v Uiy = Q400

so that
Qri-1 G-1.0 = Qr-11% Grers Qrer = 1 Qpral
The last equation therefore reduces to
h
[gr412* — 19001 1"= Brivy (24)

We conclude from (24) that the g% form an arithmetic series
which is unlimited to the right, but must break up on the left,
since it can contain only positive terms. At what indices we
break up the series is still arbitrary, since we have as yet deter-
mined only the relative values of /,k, but not their absolute
values. We stipulate now that ¢, , shall be the last non-vanishing
term of the series, and that go-; and all the previous terms
shall vanish. Then from (24) we get for! =0,1,2, ..., n, -+,

19101 = o 10l = g
10 8miuv, Tal” = g, uve
nh
[9nn-11? = 8atuvy (25)
so that for the elements themselves we get
-1 = ,\/ o e2MilVot+ By, 5-1),
0
26
(n + 1)k ~2m(Vot+ ) 9
Qrner = -—8"—,”—”;-—6 oftBnsn +1),
because on account of (18), v,,, ., = +voand v,, 41 = — v,.

The quantum mechanics furnishes us therefore with the
selection rules (18) and (19) for possible transitions, and also the
amplitudes (26) and (26) which give the probabilities of the
corresponding transitions, i4.e., the intensities of the spectral
lines.
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We go over now to the calculation of the energy values
associated with the stationary states. For this we take the
Hamiltonian H given by (2) and (4):

"= %&P’ + h¢* =t {g® + (2mv)* ¢} (27)

But ¢ is the matrix (2mivy, gqy), so that taking the diagonal
element H,,,, we get from (27) :

H,, =1 {{' Gummn + (21ve)? { GumTmn}
= $p {2 (279)? VumGumVmudmn + (27vo)? f DumQmn}-

But Vi = — VN4 Qummn = | Qum |3 therefore
Hnn = 2"’[‘ z {(Vnm’ + Vo’) I Gum l’}- (28)

On account of (19), the sum (28) reduces to two terms only,
viz., those for which m ==# — land m =#n + 1, so that
Hyn = 20% {(Vin-1* + vo*)| Qo1 [* + ("fm+ 2+ ) |9n.n+1 12,
= 2m% {([ + vol? + vod) | Gun-11® + ([— vol]+vod)] Innsr B
= 4muv {{ Gun-11% + | Gmn+1 1%
Substituting in this the values of | g,,, -1 |* and |g,,,, ;. |? from (25),

nh (n + l)h}
8niuvy @ 8 mipve )

Hyp = dn'pved {

=’%’{n +n +1}

= (1 + }) hv,. (29)
Again, from (27), we get for the general element H,,, (m =~ n),

H,, = %l" {,2 Guiiim + (27'”’0)3 {" Inim},
= }u {(2m)? '2 VurGniVimQm + (2mvy)? ? 9niim}s
= 2n%u ‘:: {(ve® = Vasvmi) uidim},

= 2n’p {(,,oa = Vyn-1Vn- l.m) Inn-19%—1,m

+ ("o’ ~ Van+1Vn4 l.m) Dnn+ 197+ 1.m}s (30)

where, on account of (19) m can be only # — 2 or # + 2. If
m is neither of these, H,, would vanish, so we have

H,,, = 0except whenm =n,n —2o0rn + 2. (31)
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Now let m =n —2, then from (30)
Hﬂ.n‘—2 = 2% {(V® — Vyn-1Vn-1-2) Drn-19n-1n-2-
But, on account of (18) v, ,—1 =V,—1, 5-3 = Ve SO that
H, -2 = 20 {(vo* — v0) Qmu—19n-1n-2} = 0. (32)
If m =n 4 2, then from (30)

Hn.n+2 = 27"[" {vo* — Vauss1Vny 1.n+z) Tz 4 19n+ 1.n+ 2}

But, on account of (18), Vpp41 = Vy+1n+2a = — Vo SO that
Hyuve = 20%0 {(vo® —vo®) Quns1@ns1n42l = 0. (33)
Combining (31), (32) and (33) we get
H,,, =0 (m £ n). (34)

From (29) and (34) we find, as was to be expected, that H is
a diagonal matrix, 4.e., H is constant in time, verifying the law
of conservation of energy.

The diagonal elements H,, =H, give therefore the energy
values associated with the stationary states, so that:

H,=®+13%) hvy,, (n =0,1,2,-..). (35)

This formula was first derived by Heisenberg, who showed
that the energy values of the harmonic oscillators are half
integral multiples of hv,, as required by experiment. Bohr's
theory had led to the wrong result (12). This was the first
brilliant confirmation of Heisenberg’'s mechanics.

Moreover, from the kinetic theory, we know that the
internal energy (the heat energy) of a body is due to the oscil-
lations of the molecules in the body about their equilibrium
positions.  Experiments with low temperatures had led the
German physicist W. Nernst to the conclusion that even at the
absolute zero of temperature the body has still a finite energy,
different from zero. This hypothesis of Nernst, put forward
in 1913, is now the universally accepted third law of Thermo-
dynamics. The absolute zero of temperature is that stationary
state for which the quantum number » = 0. Now Bohr’s theory
cannot account for Nernst’s law because it gives zero value
for the lowest energy of the atom. But Heisenberg’s theory
gives the wvalue } Ay, for the lowest energy (n = 0) of the
atom, which accounts for the third law of thermodynamics. In
fact, the value } Ay, was being freely used by Planck, Nernst
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and others in statistical theory, long before the advent of
Heisenberg’s mechanics. T

‘This example serves to show the coherence and power
of 'Heisenberg’s method, which is based on the calculus of
matrices. It supplies us by a uniform method the selection rules,
the intensities and the energy values for various problems. The
problems of the hydrogen spectrum, the Stark and Zeeman-
effects, the anomalous Zeeman-eflfects, etc., were solved success-
fully on Heisenberg’s theory by various writers. They led to
the same results in cases where Bohr’s theory was known to give
correct results. But in cases where Bohr’s theory gave wrong
results or failed completely, Heisenberg’s theory gave results
in agreement with experiments.

However, even in this, the simplest, example of the harmonic
oscillator, we see that, though the method is straightforward
and clementary in principle, the actual calculations are long and
tedious. The situation is much worse in other problems men-
tioned above. As a matter of fact, quantum mechanics would
not have made such rapid progress, had it not received impetus
from another source.

A few months after the publication of Heisenberg’s paper,
in January 1926 to be exact, E. Schrédinger put forward his wave-
mechanics, based on the ideas of A. EFinstein and L. de
Broglie about the nature of radiation and matter. We shall
give an account of wave-mechanics in the following chapters.

6- 8 (1). The Angular Momentum.

Suppose a moving particle has co-ordinates x, y, 2z, and
linear momenta f,, p,, p,. Then its angular momentum vector

-
m, with components m,, m,, m,, is defined, as in the classical
theory, by the relations :

My =YPs — 2Dy, My =2pr — xp,, My =xp, — yp,. (1)
The angular momentum thus defined satisfies certain
identities which can be proved by using the quantum conditions :

(%,9] =[y.2] =[z %] =0,
[x, iﬁx] =[y- py] = [z, Ps] =1,
(% 2] =[x 0] =y, ps] = [y, p:] =[2. 5] =[2. )] =0.(2)
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First of all we have the identity

mex + myy + mgz = 0. (3)
Then we find,

[, y] = [y = 2y, 5] = [VPs, ] — [2by, J]
=[y,5]0: +5 [P 3] — [z, ¥] by —2 [Py y] = +=x

Thus we have the following identities :

(7, y] = 0, [mg y] = 2, [my, 2] = —Y;
[my, ] = — 2, [m,, yl= 0[m,z]= =« :} (4)
[me, 2] =y, [my, y] = — %, [my, 2] = 0.

Similarly we have
[mi" py] = [y?; - ZPy» py] = [)’Pm ?y] - [ZP,,, Py]

=¥ ?y] ps +y [Pa Py] — [z, Py] by — ¢ [?y. Py] = Ps.
Thus

(e, pu] = O, [me,p)) = Do [Ma, ] = — Py
[my, px] = — P, [my, Py = 0 [m,, Pl = P« ;} (5)
[mzr Px] = Py' [mn Py] = "px' [ml' Pl] = 0.
Further we have
[z, )] = My, 2px — xP.] = (M, 2] — (M, %P5]
= [y, 2] px + 2[my, px] — [Mms, %] pa— % [my, B4]

= —3px + apy =me.
Thus ’ )

(e, my] = m,, [my, mg] =my, [m,, My] = m,,. (6)
From these identities, we find that
[my, 22 + 32 + 28] = & [my, 5] + [my, 2]  +y (M4, y]

+ [mx'y]y +z [mxa z] + [my, 2]z =0.
Thus

[, 22 + ¥2 + 28] = [my, 22 4 y2 + 2] = [m,, x* + Y24 22] = 0. (7)
Again

[y, pa® + D)2 + 521 = P [y, Px] + [, Px) Px + Py [ms, 4]

‘ﬂ‘ [z, by by + bs [mx, Ps] + [, Pl p: =0,

so that we have

[mz, pa® + P2 + D7) = [my, ps* + 2, + p.*]

= [mz' pxz +Py’ + f’c’] =0. (8)

The identities (7) and (8) show that each of m,, m,, m,
commutes with %+ 42% and also with p,* 45,2 + p2.
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Therefore each of them would commute with any function of
(x® +y% +2%) and (p,* + p,* + p,), as proved.in the theorem
at the end of § 6.5.
. Moreover,
(7, m;® + my’ + m,?] = [m,, my’ + m,?]
=m, [mg, m,] + [m., m,] m,
+ ml [1"'4" mz] + ['m‘x: ml] m‘

=0.
Thus, since m? =m,® +m,2® 4+ m?, we get
[my, m*] = [my» m?] = [m,, m*] =0, (9)

_)
showing that each component of m commutes with m?

-
If there are several particles, with angular momenta m,,

-> ->
My, + + +, My, each of them will satisfy the identities (1) to (9).
—)
The total angular momentum vector M is defined as
> ” ->
M= X m, (10)
r=1

with the components
-2' My, M, 2 Myy, M, 2 Myy.

Then, apart from the quantum conditions of the type (2),
we have futther conditions forr == s, (r,s =1,2, ---, n):

[%,, 2] =0, etc., [Prs, Prs] =0, etc., [Pay, qx,'] = O, etc. (11)

It is evident therefore that any function of the co-ordinates
and momenta of one particle commutes with any function of
those of another particle.

Now, we have for any particle %,

(M, y2] = [2 Myx, Vi) = Z (M) V4]

[m,,x, y4], since [m,x, yi] =0if r == &,
= Z4,, on account of (4).

Thus we get fork =1,2, ---, n:

[Mx: xk] = 0’ [Mx: .’,V/:] = 24, [Mx: zk] = — Vi,

[My» xk] = — 2, [M 'yk] = 0, [Mjn zk] = Xk, } (12)

[Mn xk] = b [Mn yk] = — Xp [luz’ zkt] = 0.
Similarly, corresponding to the relation (5), we obtain for each
k=12,---,n:
My, pax] = 0, [M,, P.éy] = P My, Pas] = — Dy
[My: ka] = = Pkn [My: Pky] = 0, [Myr sz] = ﬂkx ;} (13)
[Ms:.ka] = Pky' [Mn Pky] = "Pﬁxa [Mz: P&z] = 0,
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Further, we find
My, My] = [Z My, Z my)) =2Z [m,,, m,)
r [ r s

=2 [M,y, m,,], since [m,,, my] =0if s 7,
=2 m,, = M,, on account of (6).
T

Thus, corresponding to the relation (6) for a single particle we
obtain for the angular momentum of a system :

[Mx» My] =M, [My' M,] = M,, [Mz» Mx] = My- (14)
From (14) wé get by a reasoning similar to (9) if we write
M2 =M, + M2 + M2,

(M., M?] = [M,, M?] = [M,, M?] = 0. (15)

We see that the angular momentum identities hold not only
for a single particle, but also for a system of particles.

6. 8 (2). Selection and Polarisation Rules.

Suppose that a non-degenerate atomic system is acted upon
by forces which have a symmetry about an axis which we shall
take to be the z-axis. Then the forces will have no moment
round the z-axis, so that from the principle of angular momentum
we shall get

L _

dt
showing that M, is a diagonal matrix,

Then, from the relation [M,, z] = 0, we obtain
M.z — M, =0,
so that ) . ) '
Z{M; (&) 2 (jl) — 2 (k) M, (1)} =0,
or, since M; is ;1 diagonal matrix,
M, (k) z (RI) —z (RI) M, (i) =0,

- z (Rl) {M, (kk) — M, (i)} =0. @)
Similarly, from the other two relations [M,, x] =y,
[M,, y] = —«, or M;x — axM, .—_._g:_ry and M,y —yM, = — ;—h‘;x,

we get
% (k1) {M, (k) — M, (1)} = ’5”; y (&), ] 5

¥ (R O, () — M, () = — 2 x (k). Jr
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From (3) it appears that, if in a transition & — I, M, (k)
does not change, then x (k/) = 0 and y (kf) = 0,-so that the light
is polarised parallel to the z-axis.

.  But if M, (kk) does change, i.., if M (k%) == M, (II), then
from (2) we see that z (kl) = 0.

Now suppose that M, is increased by an amount A in a

transition & — I, 1., A =M, () — M, (kk), then from (3),

h h
x(R) A =—2y k1), (R)A =§-1-Tx(kl).
o (k) + iy (3 & + %) —o, 1
(% (k) — iy (kl)}(A - .2.’711) ~o.|
Thus we must either have
A — 2’—‘ = 0and x (k) + ¢y (kl)= 0, ]l
v
or h t (5)
A+ o = 0 and x (kl)— ¢y (kl) = 0. J|

(4)

This shows that if M, (k%) changes, it can only do so by an

amount + o in cach case the light is circularly polarised in

the plane xy.
We have thus proved that in general M, (k%) can only change

by an amount 0 or + % » so that M, (k%) must be of the form

M, (k%) =—2!:—T ( + constant), (6)
where j is a positive or negative integer or zero. We see further
that j can only change by 0 or + 1, so that

Aj=0,+1, -1, )
Aj =0 corresponds to polarisation parallel to the field, and
Aj = + 1 to polarisation at right angles to the field.

6- 9 (1). Further Development of Matrix Algebra.

Adjoint Matrix—From a matrix @ we form another matrix
at by interchanging the columns and rows, and replacing the
elements by their complex conjugates:

a1y 413 G413 ° 2 23 ag
a=1 % % Azg o . at =
A3y A3z Q33 ' Q13 Qa3 Aag
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i.e.,
caty, =a,, Mmn=12 ... (1)

The matrix af is said to be ‘“adjoint ”’ to the matrix a.
From this definition we immediately deduce that
(@ + b)t = at + b1, (2)
(ab)t = blat. (3)
The relation (2) can be easily established. To prove (3), we
remark that for all m, n, we have
(ab)Tmn = (ab).nm = (“E Ak bhn)' = f" a'nk b‘bm

(bT aT)mn = f bfmk atlm = Zi b‘km a‘nk = (ab)fﬂm-

Hermitian Matrix—As remarked in §6- 3, if an adjoint
matrix at is equal to the original matrix a, t.e., if
at =a, or Apnt = Ay = @y, (4)

then the matrix a is said to hermitian, or real or self-adjoint.
We know that the quantum mechanical matrices must be hermi-
tian, if they are to represent real quantities. The sum of two
hermitian matrices is itself hermitian, because from at =a,
and bt =5, we get (@ +0b) =at +bt =a +b. But the
product of two hermitian matrices is not in general hermitian,
because (ab)t = btat =ba is not in general equal to ab. Thus
the product of two hermitian matrices @ and b is only then
hermitian when the two matrices are commutative,

Every matrix 4 can be expressed in the form
a =a, + ia,, (5)
where a, and a, are hermitian matrices. For this it is only
necessary to put

a, =% (a +at), a2=2%. (@ — at). (6)

It is evident that the expression (5) is unique.

THEOREM 1. If a is a hermitian matrix, and S is any arbit-

rary matsix, then
b =St aS (M
is also hermitian,

For we have, since (St)t =S,
bt = (StaS)t = {St (aS)}t = (aS)t (St)t
= St g1S = $taS =0, (8)
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Unitary Matrix.—A matrix which is identical with the inverse
of its adjoint matrix is said to be ‘‘ unitary’', Thus if # is a
unitary matrix, then
’ u = (ut)-1 (9)
From (9), we deduce on taking inverse of both sides,
and remarking that (a~)-! =a,
u-l = ut, (10)
Thus a unitary matrix can also be defined as that matrix whose
inverse is equal to the adjoint matrix. From (10) we obtain
further
uul =uty =39, (11)
where 8§ is the unit matrix.

If we write v = #~1, then we find
vt = ()t = (uht =u,
so that
(w1 =u-1 =v, (12)
showing that v =#-1 is also a unitary matrix.

THEOREM 2. The product of two unitary matrices is itself
unitary.

For, if #,, 4, are two unitary matrices, then

(yt5)t = wyt 20,1 = 0y~ 10,71 = (w,u5)7 2 (13)
THEOREM 3. If a is an arbitrary matrix, and # a unitary
matrix, and if we define
=u"1qu, (14)
then
bt = u-tatu. (15)
For, from (14) we find
bt == (ulau)t = ut at (=)t =u-tatu.

In particular, if & is hermitian, we see that bt =5, that is
to say, that b is also hermitian. Thus we get the following
theorem.

THEOREM 4. If 4 is a hermitian, and # a unitary, matrix,
then b = % au is also a hermitian matrix.

THEOREM 6. If a4 and & are two hermitian matrices, and
S a matrix such that

b =S-14S, or Sb =aS, (16)
then the matrices

¢ = SSta, and d = StSh, (17)
are also hermitian,
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From (16) we have, since at =a,
bt = (5-1a8)t = Sta (S-Yt = St a (S1)-, (18)
where we have used (S~} = (St)-1, 7.e., that for any matrix
the inverse of its adjoint is equal to the adjoint of its inverse.-
But bt = b, therefore from (16) and (18) we get
Sta (S)-! =S-% S,

or
SSta (S1)! =8S"1aS =as,
or
SSt a (St)-1 St = a SSt,
or

SSta = a SSt = (SSta)t, (19)
showing that ¢ is a hermitian matrix.

From (19) we get,
S-18Ste = S-1 aSSt,

or
Ste = bSt. (20)
Then
StaS = bStS.
But we have from (16) that aS = Sb, therefore,
STSh = bStS = (StSH)t, (21)

which proves that d is also a hermitian matrix.

6- 9 (2). Matrix Analysis.

Matrix-functions.—From the matrices x,, ¥;, -+, &, which
can be considered as variables, we can build up polynomials by

a finite number of multiplications and additions. Thus
(r)
P, -+, %) =2 X Cupereny Xy Byt Xy (1)
r nyycecny
where the ¢’s are numerical coefficients, and #n,, n,, - -+, %, is any
arrangement of the numbers 1, 2, .-+, s with repetitions, and 7

denotes the degree of the term.
We define the ‘‘ adjoint. polynomial’’ by

(2]
*
Pt(ey, «+o %) =2 2 Cmpeeemy ¥y ov* Xy Xy (2
(R VAR 4
From (2) we find easily :
(r
Prigt, o,2f) =2 2 cupeeeny Znt oo 2a,t 20,1
7 %y ot By

= {P (%, « = -, %)}, )
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Thus we see that the adjoint polynomial (2) is characterised by
the fact that it is the adjoint matrix of the original polynomial
P (%,, -+, %,), when in Pt(x,, ---, x,) the matrix-variables x
are replaced by xt.

The polynomial P (x,, ---, x,) is called * self-adjoint,”
when
Pt (xl' "':x:) =P(xl»"'nx.r)’ (4)

holds identically in x4, - --, #,.

If the variables x are hermitian, ¢.e., xt = x, then we get, on
account of (3) and (4),

{P (xlr ) x:)}‘l' =P! (xlft R x:t) =Pt (xlu ttt x.r)
=P (xy, -+, %), (5)

showing that a polynomial in hermitian variables is itself
hermitian.

Starting from polynomials, we can proceed in the limit to
infinite power series, provided they converge, and thus define
general matrix functions :

f(xh ) x.r)-
TreoreEM 1. If #, and x, are two matrices, and if
y1=5"1%S, Y2 =571x, 8, (6)
where S is any arbitrary matrix, then
Y1ty =S"1(xy + %) S, } )
Y1¥2 =571 (%, %,) S.

For, we have
Y14y =558 +51%,8 =51 (x4 x,) S,
since the distributive law holds for matrices. Similarly
¥1¥2 = (871%,5) (871 %,8) = S-1x, (SS-) %, S
= S8-1%, 8 x,S = S-1x, x,S,
since the associative law also holds for the matrices.

For convenience, we have taken only two matrices %, and #,
in Theorem 1. Obviously, the theorem holds for any finite
number of matrices, and for any polynomials. Proceeding to
the limit, we conclude that the theorem would hold for any power

series, or for any function which can be expressed as a power
series. Thus we have the following general theorem.
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THEOREM 2. If in a matrix-function f (x;, %, -+, %),
the arguments #;, ---, %, are replaced by new matrix-variables

Yu Y 0 s given by .
Y, =S"1%,S, yp =85"14,8, -+, ¥, =57% S, (8)
where S is any arbitrary matrix, then the function f(x,,---, %,)
is transformed into the function
fOun ) =81 (%, -+, %) S (9)
Now let the arguments x,, ---, %, be commutative, i.e., let
xp % =% % (R,1I=1,2,--.,5),
and let the matrix-function f (x,, -+, ;) be defined by the
power series,

f(@, v %) = T Cuyeeeng Xy %2 00 2 (10)
LIVRARRR S
If the coefficients ¢ are real, then from (2) we get
ftxy o x) = Z Cmpeveng 20 222"
7y, 000 Ns
= Py Cny »oo ng xl"x xa”z e x‘"‘
My, ey Ny
=f{x, -, %), (11)

showing that f is sclf-adjoint.

In particular, we see that every function of a single variable
with real coefficients, viz.,

flx) =2c, ", (12)
is self-adjoint. For example, the exponential function
(=) x”
ex =" 5,'0 —1;'! (13)

is self-adjoint.
From (13) we deduce immediatcly that e° is the unit matrix 3.
Moreover, if ¥, and ¥, are commutative matrices, then from
(13) we find, as in the ordinary analysis,
eF1t¥; = ¥ e¥a. (14)
Thereforey since — x always commutes with ¥, we get
¥e*x =e¢r* =¢ =3,
showing that e-* is the inverse of % :
(e*)r =e~=, (15)
Further, if 4 is a hermitian matrix, then on account of (5)
we conclude that ¢4 is also hermitian.
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On the other hand, ez will be a unitary matrix, for
(¢9)t = e~iat = ¢=ia, (since al = ),
= (¢%%) -1, on account of (15). (16)
" It can be shown that, conversely, each unitary matrix %

can be expressed in the form ef¢ with the help of a hermitian
matrix a.

Matrix-differentiation.—If f (x, y, z, --+) is a matrix-function
of the independent matrix-variables %, ¥, 2, ---, then we define
the partial derivative of f with respect to x by the relation

é"i = eli_x)n. % {f(x + 68, V2, - ') —f(xr ¥ z,)}, (17)

where e is an ordinary number.
From this definition we find immediately :

dx
J’—‘=€h_t’n—{x+e8—x}—8
dx? 1 —
= ell_r:h {(x + €9) %2},
so that
dx?
) = fim LT (e + cBua) (s + i) — e
mn €->0

= f" (A’ mkskn + smkxkn) 2% 1y
Thus, we find

‘%’ = ox. (18)
We find in general the rules for differentiating the sum
and the product of two matrix-functions f(x, ¥y, 2,--+) and
gy, 2 ) f
SU+a=¢+% (19)
and f
d
s (f8) = g+f (20)
The rule (19) is obvious from definition. To prove (20) we
see that
fix+edy, 2z, )gx +e8,y,2 )
_f(x’y' ---)g(x,y, 2, "')
=f(x-+edyz - ){gx+edyz - )—gxy2- )}
+{f(x + 63»}'»2» "') _f(x'y’z’ "')}g(x’y’ 2, "')'
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Dividing both sides of this equation by € and proceeding to the
limit € —0, we:obtain (20).
The rules (19) and (20) can be extended to any ﬁmte
number of functions. Thus we get
dxﬂ

i = nxn-1, (21)
and p

gx

it (22)

6. 9 (3). Transformation of a Matrix to a Diagonal Malrix.
Determination of Eigenvalues.

We shall first illustrate the method by a particular example,
in which we take the matrix to be of rank 2:
a = (% au). (1)
7T 2
Let S be the transformation matrix, and 4 the diagonal
matrix

o g ) (2)
to which a is transformed by means of the transformations
SaS =d,ie,aS =5d. (3)

Taking the m, n component of both sides, we obtain

2 2
Z0ppSpy = Z Smk dkn = Smn By,
k=1 k=1
or
Am1 St + A2 Szu = Spp d,, (m: n =1, 2)' (4)
We wish to find d, first, so that we set # =1 in (4). Then for
m =1, 2 we get the two equations
@11 S + 413512 =S dy,
a11S11 + @33 Sy = Sy dy,
from which eliminating S;, and S,;, we obtain
ayy —dy dy
= 0.
ay azy — d, (6)
In order to find d,, we put # = 2 in (4); then for m =1, 2,
we get the two equations
@11 912 + @12 Sz =Sy dy,
A31 12 + @23 Sy = Sy d.
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Eliminating S;, and S,, from these two cquations, we obtain

.

= 0. (6)

ay, — dy “12
sy — dy

From (5) and (6) we see that dl and d, are the two roots of
the equation in A:

1 — A ag,
Ay gy — A

l —o. (7)

This is called a sccular cquation, and as proved in algebra,
it has always real and distinct roots, provided that a is a
hermitian matrix. Thus to find the diagonal matrix d, and
consequently the cigenvalues of @, we have only to solve the
equation (7).

Generally, let a be a hermitian matrix of rank 7 :

@ = (0y,), (m, 1 =1,2,...7), (8)
and let it be desired to transform it to a diagonal matrix d :
d == (d,, 8,), (9)
by mecans of the transformation
S1aS =d,ie.,aS = Sd. (10)
Taking the mn component of both sides, we get
;.‘_21 M Sy = Z‘ S,,,L A = S, d,,. (11)

Suppose we wish to dcicrmme any particular d,, say d,. Then

writing # =1 in (11) and putting m =1, 2, ..., 7 successively,
we obtain :
(@1p —d,) Sy +a zsa + a13 Sy *I "“I“apS;l =0,
Ay 511 + (s ) Ay Sy A b de, S, =0, (12)
@y S+ @Sy e +{a,, —d ) S, =0.
Eliminating S;,, Sy, -+ -, $,; from these equations, we find
ay —d; a iz -y, .
a gy — By dag -+ - a,
21 22 1 23 2r — 0. (13)
Ay Ay Apg +++ 4,y — d,

If we had wished to determine any other d, we would have
obtained the same equation (13), except that d; would have been
10 v
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replaced by d,, di, -+, d, respectively. We conclude therefore
that the eigenvalucs d,, d,,---, d, of the matrix a, arc the roots
of the equation

ull - A tlw A (llr
an dyo — A - -+ Gy =0 (14)
ayy a,z cee @y — A

These roots are real, since the matrix a is assumed to he
hermitian.

It will be noticed that this procedurc of determining the
eigenvalues of a matrix, is the same as that of reducing a homo-
geneous (uadratic expression to its normal form, or that of
reducing the equation of a second degree surface to the standard
form with reference to the principal axes.

It has been proved by Hellinger and Toeeplitz that this proce-
durc for determining the cigenvalues can be extended to infinite
matrices, with the difference, however, that in the latter case a
continuous ‘‘spectrum”’ (range of cigenvalues) is also obtained
along with the discrete set.

6- 9 (4). Canonical Transformalions.

TIetgq,, p, (r =1,2, .-+, n), be the co-ordinates and momenta
of any dynamical system, satislying the quantum conditions

99s — 49, =0, Pr/’.r —pPsh, - 0,

th

Ups —Psr = 5 8 (1)

We transform to new variables Q,, P, by means of the trans-
formations

Qr =351 qu’ 1),. = Sﬂlj’xs (7 = 1» 2:' ) n’); (2)

where § is any matrix. If f (¢,, p,) is any function of the original

variables ¢,, p,, and f (Q,, P,) the same function of the new

variables Q,, P,, then we know from Theorem 2 of § 6. 9 (2), that

fQn Py) =571f(gn pr) S. (3)
On account of (1), we find therefore,
QQ: —QQ, = 5108 =0,
P,P, — PP, =S"108 =0,
1 th

o« _ ik h
QP —PBQ =871y 88 =0 STs=3s  (4)
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The transformations (2) therefore preserve the form of the
quantum conditions, and are therefore canonical.

-If H (¢,, p,) is the Hamiltonian of the dynamical system,
thén it is transformed to

H (Q, Py)) =S H (g, ,) S. ()

If we wish to find the encrgy levels of the dynamical system,
we shall have to calculate the eigenvalues of the Hamiltonian
H (g,, p,). As we have shown in the last section, the discrete
sct of cigenvalues of H is found by reducing the Hamiltonian H
to a diagonal matrix,

In actual dynamical systems, the variables g,, p» are hermi-
tian. The new variables Q,, P,, given by the transformations (2)
must also be hermitian.  But in Theorem 1 of § 6. 9 (1), we
proved that if a is any hermitian matrix, and S any arbitrary
matrix, then St a S is also hermitian. Thus, if we wish to make
a canonical transformation which should preserve the hermitian
character as well, we must take a transformation matrix S such
that it should satisfy the two conditions :

Q =515,
Q =Stgs, (©)
i.e., we must take S such that
Sto=8-1, (7)

This means that S must be a unitary matrix. Thus we find
that all transformation matrices in quantum mechanics are unitary
matrices.



Cuap1ER VII
THE WAVE THEORY OF MATTER.
7-1. De Broglie’s Conception of Matter-W aves.

IN the last chapter we pointed out that from the year 1923
onwards it was becoming increasingly apparent that the quantum
theory of the atom as given by Bohr was not completely true.
In fact, several workers were looking at that time for a revision
of ideas which would lcad to a better theory. Hcisenberg’s
‘ Matrix Theory,” published in July 1925, was the first alternative
which was more or less complete, and which was able to give
quantitative results in the simple instances of the harmonic and
anharmonic oscillators, and the hydrogen atom.

Actually, however, another point of view which broke away,
not only from Bolr’s theory, but from cvery other theory of
matter conceived in the whole history of Science, was proposed
already in January 1924 by the French physicist Louis de Broglie.
But de Broglie’s ideas were not devcloped far enough by him to
lead to any quantitative results, and not much notice was taken
of them until Schrodinger revived them in 1926,

De Broglie was led to his theory by a consideration of the
quantum theory of light proposed by Einstein, and applied success-
fully to explain the phenomena of the photo-clectric effect, the
black-body radiation and the Compton effect. He argued that
as it has been found neccessary to introduce a corpuscular concep-
tion along with the wavec-conception in the theory of light, the
opposite step should also be taken and the wave-concept intro-
duced along with the corpuscular concept in the theory of matter.
To the dualism in the conceptlion of radiation would then corrcs-
pond an amalogous dualism in the conception of matter. De
Broglie’s fundamental contribution is the idea of waves which
are assocjated with the moving particles of matter.

‘

He assumed that ‘‘cach individual particle was connected
with a system of ‘ phase waves’ in such a way that the path of
this particle coincided with a ray of the corresponding wave-
system. "’ The waves, as it were, carry along the particles and
hence each particle must possess its own train of waves.
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Thus if the energy of the particle is e, and its mass m,
then the particle has, associated with itself, a -system of phase
waves whose frequency v is given by Einstein’s equation :

€ =mc? = hy, (1)
where A is Planck’s constant.

7.2. De Broglie’s Theory.

Generalising Einstein’s ideas about the corpuscular nature of
radiation, we assume that there is a complete correspondence
between the corpuscular and the wave theories even in the case of
material particles. The only difference in this case is that for
material particles the rest mass m, is not zero.

Then corresponding to the energy e (or, what is the same
thing, the mass m) and the momentum p =mw of the particle
in the corpuscular conception, we shall have the frequency v
and the wave-length A in the wave-conception, and the relation
between these two sets of quantitics will be that given by
(17) and (18) of §4 - 2: l

(2

p =mv =hk = N (1)
and
e =mc? = hy, (2)
where % is the ““ wave-number '’ defined by
1
b=y 3)
and
m o= ___1"_“__... (4)
v?
Ji-G
Now, we have
vz
2 2
P2 o= mP? = iy’ v = = Moc? - ¢ -
and
= m?c? = my2c?- -
Tt
so that
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or
. 2
%z — P2 = mgic. (5)

Substituting p = k% and e = Av from (1) and (2) in (5):

hv? K2k = m2c?

e = my3c?,
or 4

2
me =% (% - #) ()

Equation (6) gives us the value of the rest mass m, when v and k&
are known,
For a photon we know that the velocity of propagation is c,
so that
c= v ="
= =
and therefore on account of (6) m, =0, showing that the rest
mass of a photon is zero, as required.
But, for a material particle “m, == 0, and the veclocity of
propagation of the phase waves is # given by the relation

14
U= vA = i )
We can determine u from (6) in terms of my and A. From (6)
we get
vi 2 = ’,”0262,
2 h?
ot 2 2.2
v o't me'et 5,
7l -y
or
v g,
pe =1 T A%
so that
v? m2c?
m= c (1 + - /;2 )\z). (8)
The velocity # of the propagation of phase-waves is, therefore,
=7 = L 4 ™% .
“=;=c '\/ 1 + 4E A (9

For a material particle m,> 0, and we see from (9) that
u > c¢. This is, however, no violation of the theory of relativity,
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because according to that theory the velocity of no material
particle can exceed ¢, or even be equal to ¢. The velocity # is
only the velocity of propagation of the phase-waves associated
with the particle, and as given by (9) it is always greater than c.

We can easily find a reclation between # and v, the latter
being the velocity of the material particle. Trom (1) and (2) we

get
v?
r B 11_5/:5 (10)
T p m o
and
€ _ mct #oC?
VELR TR _] T ()
RV
Therefore
T
. h «/l -2
%=y = ——-—-2’:—0122—-_—2 X '_——Cz:
P WU
SR
or
U = '2}—. (12)

The cquation (12) also shows that the velocity # of the
propagation of phase-waves is much greater than ¢, because the
velocity v of the material particle is much smaller than the
velocity ¢ of light.

From (12) we deduce that if v =0, then % = oo ; that is,
in the frame of reference which is rigidly attached to the electron,
and in which the electron is thercfore at rest, the phase-waves
would travel with infinite velocity. But, since # = v, the wave-
length in this frame of reference would therefore be infinite, and
the wave would consequently have the same phase throughout
space.

The wave-function in this frame has therefore :the most
simple form

Y = o cos 27 vy, (13)
where v, is the frequency and # the time in the frame of reference
in which the particle is at rest. Now, let the particle be moving
with a velocity » in the direction of the x-axis relative to an
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observer S. Then from the Lorentz transformation we have:

xv
L— 5
c
V= e (14)
V2
VAR
T'or the observer S thie wave-function would therefore be :
P =g cos 2m Yo l— %
2 ¢
V-
or
b = pocos 2 (¢ = 7). (15)
where
YR N— (16)

2
V-
TFormula (16) gives the law of transformation of frequency

for different frames of reference, which is the same as ihe law of
transformation of mass.

The cquation (15) shows once again that the wave travels
. . . . . c?
in the x-direction with a velocity # = o

It is often simpler to express the wave-function ¢ as an
exponcntial function. Tor (15) we write therefore

¢ _ ;[;0 e—2ﬂzv (l—f).

We wish to introduce here the corpuscular quantities E, p,
instead of the wave-quantities v, u. Writing v =E[k, (16)

becomes :
2m: (E
o E G )
2
But we have, on account of E =mc? and u = 9_0—:
E  wme
N =y =™ =0 (18)
so that (17) becomes finally
2711
= (px — E2)
Y =doe’ . (19)



§7-3 Wave-Group and Group Velocity 153
7.3. Wave-Group and Group Velocity.

For the sake of convenience we consider a wave composed
of a superposition of two components of equal amplitudes but
slightly different frequencies and phase-vclocities, i.e., a super-
position of two waves associated with particles having slightly
different energies and momenta. The wave-function is then

2ms 2m

5 (¢x — E1) G e+ a2 x—(E+ AE) 4}
g =yoe + Poe
{ 2%‘(Ap.;;-AE.t)} om’ (px — Ei)

=t 1 t+¢ € . (1)

. iy B (e — 1)

The resultant wave is therefore the original wave e # ,

with a variable amplitude
( 27,
—(Ap. x — AE, t)} .
bo 1 4t @

This means that the form of the group continually alters
as it advances. The velocity with which any modulation of the
group, such as the maximum of amplitude, is propagated is called
the ‘ group-velocity *’.

From (2) it is evident that initially when ¢ =0, the ampli-
tude has the maximum valuc 2 ¢, at the point x = 0. Suppose

this maximum value of the amplitude occurs again after a time t
at the point ¥ = x,, then we must have

AP'xI-AI':‘lI:

’

or

xR

AE
1 = —e—
¢ - A]" (3)
The maximum of the amplitude has travelled a distance %, in

time #,, so that according to definition the group-velocity w is
given by

i

But AL = A(3mv? + const.) =my A,
and Ap = Amv) =m Av,
AE _ mv-Av

giving AP T mAv TV (®)
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From (1) and (5) we conclude that
’ w =0, (6)

i.e., the group-velocity w of the phase-waves is equal to -the
velocity v of the material particle.

It appears therefore that the material particle is surrounded
by a group of waves, the group moving with the same velocity v
as the particle, while the individual waves move with a velocity
c2
o

u =

7-4. The Analogy between Mechanics and Optics.

De Broglie’s ideas described in the last three sections were
developed further by E. Schrédinger in January 1926. Schrédinger
revived Hamilton’s conceptions about the analogy existing between
mechanics and optics.

It is casy to sce that there is a complete correspondence
between the laws of geometrical or ray-optics and those of the
classical mechanics governing the motion of a particle in a conser-
vative ficld of force, inasmuch as Fermat’s principle of least
time in optics, and Manpertius’ principle of least action in
mechanics have a common basis.

TFermal’s principle in optics states that the actual ray
between two fixed points A and B is such that the time which
light takes to go from A to B is a minimum. We can express
this condition analytically. Let the refractive index at any
point {x, v, 2) of the medium be # (x, y, z), and the velocity at
that point be # (x, ¥, 2), then from the definition of the refractive
index we have:

c ¢
mo=_ oru=_ (1)

where ¢ is the velocity of light in vacuum.
The time that a light ray takes to travel an element ds of its path

would be’ cf‘s =Z—1 ds. 'Therefore Fermat’s principle states that

B

f " ds is a minimum, or that
c

A

B
s [ds =o. @2)
A
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Similarly, let a particle of mass m move in a field of force
given by the potential V (x, y, 2). As the ficld is conservative,
the total energy E =T + V is conserved, where T is the kinetic
energy. ‘Then

T=%m?=E—V. (3)
From (21) §1 - 1, we have Manpertius’ principle of least action
that

iz
s [orat=o,
ty

or
2
) / mvtdl =0,
21
or
i ds
Stlf mo dt =0,
or

But from (3) we have
m*? = 2m (K — V),

so that the principle of least action becomes
B
5/ vem YE =V ds =o. (1)
A

By a comparison of (2) and (4) we sec that the path of a material
particle is the same as the trajectory of a light ray in a medium

Schrodinger pursued this analogy between mechanics and
optics to its logical conclusion. He argued that there are gross
and fine phenomena both in the domain of optics and in the
domain of mechanics.  The gross or large-scale phenomena in
optics are the phenomena of rectilinear propagation and of reflec-
tion and refraction, aud these can be dealt with adequately by
geometrical or ray optic which is a sort of a corpuscular theory.

Similarly, for the large-scale phenomena of the material
bodies, .e., for phenomena coming under the head of macro-
mechanics, the particle mechanics developed by Newton, Lag-
range, Hamilton, Jacobi and finally by Einstein, is quite adequate.



156 The Wave Theory of Matter §7-4

But, for the finer phenomena of physical optics, such as
interference and diffraction, ray-oplics or the corpuscular theory
is quite useless, and we must have recourse to a wave-analysis.

Exactly in the same way, for the microphenomena taking
place on an atomic scale, such as the motion of individual clec-
trons, atoms or molecules, the particle mechanics is totally
inadequate, and we must use a wave theory.

7.5, Schridinger's Wave Equation.
Consider the differential equation of the wave optics :
% P NP 1 %
owi T Tow e o ()
where # is the phase-velocity of light in the medium. Since
¢ is periodic in time, we can write

¢ (0, 21 = (X,,2) &7V, (2)
where v is the vibration frequency.
Substituting (2) in (1), and dividing out by 2™V, we get
dup b/ %Y g, V2 _ ,
s Top Tom 77 ab =0 (2)
From (7) § 7 - 2, we know that if A is the wave-length, then

n = v, 1.c., 1—‘; = %\, so that on wiiting this in (2’), we obtain :

o | FHp | At .
aar T oy 22 t b =0 3)

Now let the wave be a de Broglie wave associated with
a particle of mass m, moving with a velocity v (¥, ¥, 2) in a
conservative field of force having a potential V (x, y, z). Then
from equation (1) §7 - 2, we know that the wave-length A of

a de Broglie wave is given by

_ kR
~ momentum  mv
so that
- 1 miy?
=T *)

showing that the wave-length of a de Broglie wave varies continu-
ously from point to point. But, if T is the kinetic energy, and
E the total energy, we have

mpt=T=E -V,
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or
m*? = 2m (F, — V). . (5)
Combining (4) and (5) we get,
’ 1 _2m(E-V)

e = 7 (6)
Substituting (6) into (3) we have
d2 02 b 8nm

This is the famous wave-equation of Schrédinger, which is derived
here by a simple and direct method, being perhaps also the
most significant physically. ‘The actual derivation by Schrédinger
was along completely different lines. In a later section, we shall
deduce de Broglie’s theory as well as Schrédinger’s wave-equation
from Heisenberg’s equation (4) § 6 - 5.

The essence of wave mechanics is that the motion of
a material particle is governed by the second order wave-equation
(7), and not by the first order differential equation of Hamilton
and Jacobi, as in classical mechaunics.

T.6. Experiments on the Diffraction of Electrons.

When de Broglie put forward his conception of material
waves associated with a moving particle, it was only a hypo-
thesis complementary to Einstein’s idea of the quantum of light.
In Schrédinger’s hands this hypothesis of the electron-waves led
to results in perfect agrcement with experiments. It was thus
demonstrated that the wave-theory of matter was not inconsistent
with the experimental facts. Soon afterwards, a direct proof of
the wave-like behaviour of electrons was forthcoming.

The first observation of the diffraction effect of the electrons
at crystals was made by C. J. Davisson and C. H. Xunsman in
1923, though they had 1o idea at that time as to the significance
of their results, namely that they had to do with the diffraction
of electrons. They were making experiments to determine the
distribution-in-angle of electrons, scattered by a target of ‘ordinary
nickel. In these experiments they found that the intensity of the
reflected electrons depended to a large extent on the angle of
reflection. It was also observed that the convergence of intensity
in certain privileged directions depended strongly on the
velocities of the electrons. During a continuation of these
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investigations, they were quite accidentally made aware of the
fact that the structure of the crystals had a profound influence
on the results. The experimental tube was broken at a time when
the target was at a high temperature. This resulted in " the
target being heavily oxidized by the inrushing air. The oxide
was eventually reduced, and a layer of the target removed by
vaporization but only after prolonged heating at various high
temperatures in hydrogen and in vacuum.

When the experiments were continued, it was found that the
distribution-in-angle of the scattered clectrons had been completely
changed. ‘This marked alteration in the scattering pattern was
traced to a reerystallization of the target that occurred during
the prolonged heating.  Before the accident the target consisted
of many small crystals, but after the accident it was converted
into a few large ones.

Tt scemed probable from this result that the intensity of
scatlering from a single crystal would exhibit a marked depend-
ence on crystal direction, and the authors set about making
experinients for an investigation of this dependence. FEven at
this stage they had not conceived the idea of clectron-diffraction.

In 1925, however, W. Elsasser proposed that according to
de Broglic’s theory of material waves, the results of Davisson and
Kunsman should be interpreted as the diffraction of electrons,
He argued that on de Broglic’s theory the clectron is considered
as a group of waves whose wave-length is given by the formula

hdl__

T omy Mgy
city of the electron. For electrons of 25,000 volts energy, the
wave-length A calculated from the above formula is about
0.75 x 10~¢cm. This is of the order of that of hard X-rays,
and the waves associated with electrons of this energy should
behave in many respects like hard X-rays. In fact, on de
Broglic’s' view, there is a close analogy between the two. The
quantum effects of X-rays arc regarded as due to centres of energy
guided by waves, while in the case of electrons, the motion of
the clectric charge, in which the energy is centred, is regarded
as taking place along the rays of the group of phase-waves asso-
ciated with it, In particular, the electron should show diffraction

» where m,is the rest-mass and v the velo-
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effects when passed through a crystal identical with those shown
by X-rays of the same wave-length.

Inspired by this suggestion, Davisson and Germer tried to
confirm it by direct expcriments. In April 1927, they showed
experimentally that very similar phenomena are observed if the
incident eclectron beam were replaced by a beam of mono-chro-
matic X-rays of adjustable wave-lengths. They projected
a stream of electrons on to a crystal of nickel, and found that
electrons were reflected from the surface of the ecrystal, just as
X-rays are reflected in von Laue’s cxperiments. The intensity of
the reflected pencil of the clectrons was measured as a function
of the direction of reflection. The experiment showed that, in
general, the velocity of the elcetrons remained unaltered or
changed very slightly, and that the electrons were diffusely
reflected in all directions. For certain directions of reflections
and for certain clectronic velocities, the reflected pencils had an
exceptional intensity. These special directions of reflection are
found experimentally to be the same as those obtained in the
diffraction of X-rays, provided only that the wave-length of the

. h . .
X-rays is A = ol where s is the mass and v the velocity of the

electron.

They concluded that because of these similarities between
the scattering of electrons by the crystal and the scattering of
X-rays by 3- and 2-dimensional gratings, it is not only possible
but most simple and natural to helieve that the clectrons are
diffracted at a crystal exactly as though they behaved like waves

h

- o = —- e
of wave-length A py

A little later, 7.e., in November of the same year, G. P.
Thomson advanced the matter a stage further, demonstrating by
means of other series of experiments that a wave process is
associated with moving electrons. In essence, his experiment
consisted in sending a fine beam of approximately homogeneous
cathode rays through a very thin celluloid film at normal inci-
dence. According to classical physics, the electrons would emerge
on the other side of the film as a disordered mob, each individual
moving with a different speed in a different direction. But the
result of G. P. Thomson’s experiment was quite the reverse,
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When the electrons were received on a photographic plate,
Thomson found that the central spot formed by the undeflected
rays is surrounded by rings recalling in appearance the haloes
formed by mist round the sun. This pattern is identical with
that obtained in a Debye-Scherrer apparatus with X-rays of the
same wave-length. This showed that the passage of the electrons
through the interstices of the metal is like the passage of waves.

In 1930 and succeeding years, O. Stern and his collaborators
discovered that atomic and molecular rays of hydrogen and
helium also show diffraction phenomena when they are reflected
at the surface of crystals.

The dual nature, 7.e., the corpuscular and wave nature, of
both matter and radiation is an experimentally established fact,
and all future physical theories would have to embody it as one
of the most fundamental data of our knowledge of the universe.



CuapTER VIII,
WAVE MECHANICS.

8:1. Eigen-values and Eigen-functions.
CoNsIDER the differential equation
dy -
and suppose we want to find a regular solution y (x), 7.e., a solu-

dy d* . . .
-% ¥ 3;: are continuous, in the whole domain

tion such that y,

d
o< x < . (2)
Suppose also that y satisfies the boundary conditions
y(0) =0, (3)
and
y (@) =0. (4)

A is a parameter which does not depend on x. The most
general solution of (1) is

y =asin ¥X x + bcos VX x. (5)
But the condition (3) requires that & = 0. The sclution therefore
reduces to _
y =asin YA x, (6)
where a cannot be zero, if the solution is not to become trivial.
The condition (4) now requires that
sin ¥A 7 =0, (N
and this is the case only when #A is anintegern > 1. Therefore
we must have
A=n*n-==123...00) (8)
We see thus that the boundary problem in general has no
solution except when the parameter A has one of a discrete set
of values. These values 1%, 22, 32, 42 . .. of A, for which alone
the boundary problem has a solution, are called the ‘‘ Eigen-
values ”’ (proper-values, characteristic values) of the differential
equation, and the corresponding solutions

Yn =@, sin nx (n=1,2,3,...), (9)

are called the ‘“Eigen-functions’ (proper functions, character-
istic functions) of the equation,
11 ?
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Every differential equation which contains a parameter, and
which satisfies .certain boundary conditions possesses a set of
cigen-values and cigen-functions.

The wave-equation

2 2

gxtll " g}:}: ° ? xﬁ 817 m g V) = o0, (10)
has also a parameter I, which, being the total energy, does not
depend on #, y, 2. As ¢ is a physical quantity, it cannot he
infinite anywhere, and we must therefore determine a solution of
the equation (10) which satisfies the condition that it remains
finite, continuous and single valued throughout the whole space.
As we shall see in concrete examples, this will be the case only
when I has a certain discrete set of values, or a certain continu-
ous range of valuces. The discrete set E, of the cigen-values
constitutes the energy levels of the atomic system. We can thus
determine the energy levels quite naturally without finding it
necessary to have recourse to any arbitrary assumptions like the
quantum conditions. The great merit of Schrédinger’s contuii-
bution lies in having noticed for the first time that the problem
of quantisation can be rcduced to a problem of determining the
cigen-values of differential cquations.

8 -2 The Polynomial Method for Determining the
Eigen-values.

Having defined the eigen-valucs in the last section, we
describe here one or two simple mecthods of determining them.
For the sake of convenience as well as definiteness, we illustrate
these methods by seclecting well-known equations for discussion.

The first method is the so-called ‘‘ polynomial method,” or
‘“ the method of terminating serics’’

Consider the differential equation

2 ,.d 2
T T O T

l - xg
where A is the parameter and m is any positive constant. “7The
conditions to be satisfied by the solution y(x) is that it must be

finite, continuous and single-valued for all values of x from
— oo to 4 oo,



§8:2 Polynomial Method for Deteymining Eigen-values 163

If we divide the equation (1) by (1 — %), we get

ay 2% m,2
det 1 — %2 iix + (l—x’ - )y @)

From equation (2) we see that for ¥ = — 1, ¥ = + 1 or X =oo,

the coefficients of %’2 and of y become infinite. Such values of the
independent variable x, for which one of the coefficients becomes

2
infinite, provided that the cocfficient of %c}; is made unity after

7

division, are called ‘““the singular points ’’ of the linear differential
equation. Thus the singular points of (2) are x = — 1,2 = +1
and x = oo,

‘e ”»

A singular point is called a “ pole”” when there is possible
an expansion in power series in which the terms with negative
powers are finite in number. Otherwise the singular point is an
““ essential singular point’’. ‘The singular points of (2), wiz.,

-+ 1 and + oo are all poles.

A value of x for which none of the cocfficients becomes infinite,

is called an ““ ordinary point’’ of the differential equation.

Tor an ordinary point or a pole, ¥ =x,, the solution which
is valid in its ncighbourhood can be detcrmined as a power
seriesin z = x — Xy :

y =i (g a2z = az2t - - - e0), (3)
where @ is a real number to be determined and the a’s depend
on the parameter A.

For the equation (2), we consider first the pole %y =1, and
set therefore z =% — L or x =2z 4 1. Then

Jy _ dy dz _ dy.
dx dz  dx dz

Substituting ¥ =z 4 1 and il_" — ’2’

dy | 2z-FN)dy _( A m? N
dt T 2(z + 2) dz (z(z +9) T e i )y = 0. (4

From the series (3), we find :

in (2), we get

d%y 1) za-2 a z2-1
‘Ei=a°a(a— ) 2 4+ ay(a +1az + ..
+ay(a+n)(at+n—1)2+"2 4 ..,
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A R RS R A O E e

y =aoz“+alz“+‘+---+a,,z“+"+--
Moreover, we have from the binomial theorem :
2(2 +1) 2(3;-1— 1)

2 +2) Z 2(1+‘))=—(z+ (r+3)

(1+z)(1—;- +%2 - )

= 1 + 1 + positive powers of z.
A A z\!
iy T s (] 5 -5 (1+5)
2

- Ao_- ~_”)

. + A + positive powers of z.

‘)Z
me m‘ _mA ( 2\
- O = l + ‘ )
2 (z + 2)? 4(1 4 7 ) i 2
2
n Z z
=~ im(1 25 +3)
2 2 g2
= — ;% - Zi - l"é + positive powers of z.

Substituting these values in (4), we sec that the lowest power of
z is @ — 2 and that the coefficient of 2z* -2 is

m
fala=1) +a =5} a,

m?
(a—Tao (5)
Since a, can he taken to he different from zero, we must have :

N 2
a-%=o (6)

This equation to determine the index a is called the ‘ indicial
equation . It has the roots

a=+§mh=—g- )
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For the pole x = — 1 also, we get the same indicial cquation (G)
and the same roots (7).

. Since y has to be positive everywhere, « must be the positive
m

root 5

Tor determining the coefficients a,, it is convenient to
change the dependent variable y by taking away from it the

factor (1 — xz)g. We write therefore

m

y = (1 — 7o, (8)
so that x = — 1 and ¥ = + 1 are both ordinary points for ».
Then

Z%; = (1 — a%)7 g; — mx (1 — :u:z)?_l v,
@y _ (1 - ocz)g o _ 2mx (1 — xﬂ);-ldy —m (1 — 1;2)%‘_11;
dx? Tlodx? ’ dx ’

4+ m(m — 2) 2% (1 — xz)g—zv.

Substituting these values in (1) we get the equation
i1 d 2 dv

(1 — 22 e 2 (m 4+ 1)x (1 — x?) i

+ A =—m—m?) (1l —2)%v =0,

or on dividing out by (1 — x%)%,
o 4°
(1 — %% 3;:)2 —2(m +1)x =T A—=m—m?)ov =0 (9)

To integrate (9) we assume
(==}
v = 2 ax' (10)

=0
Substituting this in (9), and cquating the cocfficient of x/ to
zero, we get the recurrence formula
C+2) @ +D am,={@=1)+2m+1)I— A -+m +m?} a. (11)
From (11) we see that the series (10) contains either only the
even powers or only the odd powers of x. *

Now we choose the parameter A so that for ! ==k, the
coefficient of a; vanishes. Then all agiz, @p+e - * - will also
vanish, and the series Za; ¢ ends at | =k. Thus

EE—1)+2m+1)k—X+m-+m?=0
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or
A=k(k -1 4+2(m+ 1)k +m + m?
=(k +m)k+m+1) (12)
Let us write )
n==~k 4+m, (13)
so that
A=mn(n+1). (14)

Writing successively & =1, 2, 3, - - -, in (13), we get different
discrete values of #, and then from (14) we get the whole sct of
the values of A, giving the discrete set of the required eigen-values.

The cssential feature of this method is terminating the series
at some particular point, since the solution has to be finite for
all values of x however large.

8 - 3. Bechert’s Method for Determining the Eigen-values.

Another simple method for determining the eigen-values of
differential equations has been given by Bechert. It has a great
advantage over the polynomial method in that the eigen-values
are obtained without actually solving the equation. It requires
a study of the behaviour of the solution ncar singular points.
We shall illustrate this mcthod by taking a concrete example.

Consider the equation
@y
dx?
where A is the parameter. We shall see in the next scction that
the wave-equation of the linear harmonic oscillator can be reduced
to this form.

+ (A —2)y =0, (1)

Obviously, the only singular points of this equation are
x == — oo and ¥ = -+ oo, all other points being ordinary points.
We must therefore examine the behaviour of y in detail as x
approaches + oo.

Now when x is very large, A can be neglected in comparison
with 42 and (1) reduces to
x%y = 0. 2)

dx?
It is casy to see that y behaves very necarly like e *
x is large. Tor assuming

when

y=¢e? (3)
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we get
d? . _s?
E;%;= (x‘ - l) e s
and since x is very large, we have
2 _a?
Z};‘; =x%e ¥ ==x% (very nearly).

Thus (3) satisfies very nearly the cquation (2).

This shows that the asymptotic form of the solution y of
(1) for x —eoiv ¢ ¥. 'To solve the equation (1) exactly, we put
therefore :

_z!

@ y =e ‘u. (4)
en

:5‘;; o= e—% (Z-I: haad :Cu),

d? -2 dqy  du N

A {dxz — 2 4+ (2 — 1 uf

]2
Substituting these valucs of y and :5 xjj in (1), we get

o T {g%ﬁ — 2% gi—: + (%2 — 1) u} + (A — 29 ¢ Ty = ,

2

or, simplifying and dividing out by ¢ 2 ,
d*u, d
We have to study this cquation when x is very large. We

change the independent variable from x to z by writing
1

2 = k’ (6)

so that we can study the behaviour when z is very small. Then

du 2 AU

s == — 22 0

dx dz

d2u du | . du

e = o T g
On substituting these values in (5), it becomes

d®u du
s TR0 +2) o +QA-Du=0. (N
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Now when ¥ — o0, 2z — 0, and since zis very small, we can
neglect 23 and z¢ in comparison with z. The equation (7) then

reduces to
du

2z i +A—1)u =0. *(8)
This is a first order differential equation in which the variables

are scparable :
dae A — 1d:

7 + Z z— = 0. (9)
The integral of equation (9) is
log u -+ A —2_—} log z = log A
or
A-1
nwz® = A,

. . " . 1
where A is an arbitrary constant. Writing again z = » Ve get

% (—1)/\;_1 = A
x
A

-1

or
w=Ax?. (10)

Since % must be finite for x == 0, the power of x, viz.,

2
must be positive. Moreover, # must be single-valued, and this
can be the casc only when the power of x is a positive integer
or zero. We have therefore :

e (1)

or
A=02n+1), (=01273,--"). (12)
The eigen-values of the differential equations are 1, 3, 5,
7, - -, t.e., the set of odd numbers.

8 . 4. The Linear Harmonic Oscillator.

We shall give a wave-mechanical treatment of the linear
harmonic’ oscillator discussed in § 6 - 7 by the matrix mechanical
method of Heisenberg.

If x is the displacement of the oscillator of mass p from the
position of equilibrium, then from (1) § 6 - 7 we know that the

potential energy is
V = 1kx?,
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where % is the elastic constant. From (4) of §6 -7 we have
further

— 42y 2
= 4nty,

T

where vy is the frequency of the Oscillator. Therefore
V = 2%y 2uxt. (1
Tor the linear oscillator, the problem is one-dimensional, and
so the wave-equation is :
Gy
ax? h?

We change the independent variable from x to ¢ by taking

g =2n \//f].'l’o x. (3)

The wave-equation (2) then becomes

(B — 2mvetur?) fi= 0. (2)

e T SR
Ll pa g ]f(l:_znvop I;T—.zwoq)«/r—o,

or, after simplifying,

a2y | (2F _

o+ (o, — ) =0 (9
Now write

2E
A= hvy (5)

and the equation (4) reduces to

d2

W0 =g =0 )

This is the same equation as (1) §8 -3, except that for the
independent variable x we have ¢, and for the dependent
variable y we have .

From (12) of §8 .3, we know that the ecquation (6) has
eigen-values given by

A=(2n +1). (7)
Thus
9 _
-h;—o = 2n + 1. .
The eigen-values are therefore
E,=hvo(n +13), »n=0,1,2,..") (8)

giving again the half integral energy values required by experi-
ments.
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8 - 4 (1). The Linear Harmonic Oscillator (Polynowmial Method).

To illustrate the pclynomial method of finding eigen-values,
we shall discuss the harmonic oscillator once more, and show
that it leads to the same result. -t

The wave-equation of the oscillator is, from (2) §8 - 4,

az 82 ”
o+ Sl (B = 2mtvgtunt) =0, )
Let us write
8 s _ 4y,
A= i E, o= [ (2)
then the equation (1) becomes
d*y ..,
dxe T (A= a®%) g=0. (3)
The singular points of this ecquation are % = — oo, and

== 4- oo, and obviously, these are essentially singular points.
To find the asymptotic behaviour of ¢ for large x, we neglect
A in comparison with a%x? in (3), and get the equation
d* oo
T — aui =0, (4)
. . . —257
It is easily seen that ¢ behaves very much like ¢ 2° for
large x. Tor, writing

po=e 27, ()
we get
R
= et oy
Since x is very large, we have
f]—j;/_f= a’x%) (very nearly),

and therefore (5) satisfies the equation (4). Thus the asymptotic

form of the solution  of (3) for x — oo is e—g',, To solve the
equation (3) exactly, we put

b=, (6)
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Then

‘;‘é’ = b iilt —_ u.\:ll).
2, 3 2
fo e 3e {((i{;; — 2ax Z: -— alt a2x3u} .
Substituting these values of  and g ¥ in (3), we get:
d*u du - -2 s
— ax —art + ax% ) (A — a2x?) ¢ u =0,
dx? dx
g}
or, simplifying and dividing out by ¢ ?° , we find
du, du
d—;—’ iz 4 (A - a)n =0. (1)
We change the independent variable from x to z by writing
z = Va x. ®)
Then
Qe du B
de = VY d der T " dz

Therefore (7) becomes
¢1v.d21-4 — 2az du + a (— — 1)u =0,

22 dz
or
(1211 A
9y AN -
dz + ( 1) "= 0. (9)
We integrate this equation in series
(=]
w =2 a2’ (10)
1=0

Substituting this in (9) and equating the coefficient of 2/ to zero,
we get the recurrence formula :

(l+2)(l+1)a1+2+(2—-1—21)(1,::0. (11)

Now, since 2z has to be finite even for large values, the series
(10) must terminate at some point. Suppose the last non-vanish-
ing term in the series (10) is a,2”. Then it is nccessary that
the factor of a, in (11) must vanish. Therefore

2—1—2” =0, (n:O' 1'2’-..),
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or
£=2”+11 (n=0’ 1,2::3:"')' (12)

But from (2), we have

A 8r%ulix h _ 2E

a  MXAdruvy hve (13)
Therefore
25, =2n 4+ 1,

14

>

-]

and the eigen-values are
E, =hvo(n +13%), (n=0,1,2--"). (14)
I'he corresponding eigen-functions are

_2ﬂ2pvox’ S
g, (x)=e¢ * H, (271 \/MT:O x), (15)

where H,, (2) is the “* nth Hermitian Polynomial’’ given by the
solution of the equation (7) in series :

" (2) = H;;(Z) == (22)" — nﬂz —__.1), (22)"-2

_nln = 1) (n —2) (n - 3 (n—4 n—0hH

S (22)%=6 4 «..  (16)

8 - 5. The Hydrogen-like Atom.

In his very first paper, Schrodinger treated the problem of
the hydrogen atom by a wave-mechanical method. It was his
success in deriving the energy values in agreement with those
furnished by Bohr’s theory that drew the attention of physicists
to the wave-theory of matter enunciated previously by
de Broglie.

We take a hydrogen-like atom, 7.e., a single electron of mass
p and charge (— ¢) moving in the field of a nucleus of charge
+ Ne, where N is the atomic number of the element. The poten:
tial energy of the electron is thercfore

Ne? .
=- - (1
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where 7 is its distance from the nucleus. The wave-equation for
the electron is then

o | % bﬁuﬁ 817 y ( e“‘) _
s Top Tom T E + $ = 0. (@)

We transform to the sphencal polar co-ordinates v, 8, ¢ given
by the relations

% =7rsinfcos¢,y =rsinfsing,z =rcos 0; 3)

then it is shown in the books on the thcory of functions that

Y NP L 12 o (
ozt T oy? T Tryw (r br) T ,mg 20 smO
1 %
+ ¥ sin2@ opt’
The wave-equation (2) then becomes in polar co-ordinates :

12/, o 1 /., o
YA ér) + isine 20 (sm() BY.

1 877 p, Ne? _
+ sinze 3;64 (E _ ») b=0 )

We assume that the solution of this diflerential equation is
a product of three factors, each of which depends on a single-
variable only. Thus let

g =R (r)f(0) F (¢). (5)
The conditions to be satisfied by i are that it mut be single
valued, continuous and finite in the whole domain
07, 00 Lm, —7 < <.
Now ¢ is a cyclic co-ordinate which does not enter explicitly
in the equation {4). Therefore the function F (¢) is of the form

E (§) =eme, (6)
where m is a constant which must be an integer because F (¢)
has to be unique.

We write

g (7 -.—8"”(E+ . (1)

Then substituting (5), (6), (7) in (4) and dividing out by R fF,
we get the equation

IR | 2 dR gAY _ m)
R\ tra t R) 7 {sm()dO (Sl do 511120} =0
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or
7~ (#R + - 2 dR + R) : (sm f-/~) — —’-’Ezf}- 8
R\ dr? v dr £ f {<1n0 a0 ) sin?@) (8)
The left-hand side of (8) is quite independent of 8, whereas the
right-hand side is quite independent of #, so that the two expres-
sions must be independent of both » and 6. Thus, we must have:

2 fd*R 2 dR
R \dr? + rodr gR):)\, (9)

and
1t
f lind a'H

where A is an absolute constant.

af mrf
»iu 0 ae) — 511129} A, (10)

Let us consider the equation (10) first. It is

1 n?
g Gine By + (= ) F=0

Transform the variables 6, f into x, y by writing

x=cos 0, y(x)=f(0), (12)
then
af _df dv _ df B
40 = dx’ df sin 0) ;
1odf__df e df df
Sin6 o = d posin 0oy == sin®d oo=— (1= o

Substituting in (11), we get
d oAy _ A_mﬂ_ﬁ} .
~ax 1 eyt - My =0

o @Y dy m*
(- 2% =2 4 (3 - "a)v=o. (13)

or

This equation (13) is the same as (1} §8-2. We found
in that section, that the cigen-values of this equation are

A=1(+1), (14)
where A i5 a positive integer not less than m.

T'he eigen-functions are given by (8), (10) §8 - 2:

m
y =(1 - )% ;
where ¥ = cos 6, and
v =25 a, x*,
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The coefficients @, are determined by the recurrence formula (11)
§ 8 - 2. For a particular value of /, this solution.comes out to be

. 21) | sinm§ - l—m—1
f(e) ‘=y (2(3 sm) ! { cos/~ml — ( f’f;)(‘gl :_”_]"5 __n_). cos/~m-2(
+ (~m) (5—4"1 ?9;)*(11;‘({’}129)5)(1~ M= 3) ost-m-1g 4 ... }(15)

This solution (15) is denoted by P/ (cos 6), and is called the
‘* associated Legendre function ”’

Thus the two factors f (), T (4) in the solution (5) become
on account of (6) and (15) :

Sy (8, ) = f(0) T (§) = emd P (cos 0). (16)
The function S, (8, ) is called the *‘ Surface Spherical Harmonics '

We have now to find that factor of the wave-function ¢
which depends on 7. Tor this purpose we have the equation (9).

This is:
d?R 2 JdR
dr? g;dr_l( n )R—‘O

or substituting the values of g from (7) :

d?R dR 8n® 8r? y\e I A
e + ; ( DR S ) R = 0.

On writing

7

8 47 uNe? ¢
A_Zz”F B="TE"C ===l 4+, (1)

the equation becotnes

dA*R | 2 th C
N 9 oY —
et t(a2l e R=0 (18)
If we wish to find the discrete spectrum of the hydrogen-like
atom, we must take F negative. Then A is also ncgative, and we
can write
1

A =— ra' (19)
In order to determine the aeymptotic form of the solution

for large », we neglect terms with - 'md , in (18) and get

+ AR = d;z - fos =0, (20)



176 Wave Mechanics §8:5

The solutions of (20) are of the form

R = ei ",
but since » must be finite when 7 — oo, we must take
R=c¢ " (21)
We change the independent variable from 7 to z by writing
=22 =2 /A7, (0<z <) 22)
0

The asymptotic solution (21) then becomes :

%

R=c¢ " (23)
Further the equation (18) is transformed to

4 &R | 4 2 dR 1 4B 4 +1)
{ 25 _# T )

7o dz? 21y 7o dz + 7ot | arg 221t

} R =0,
s e 4
or, dividing out by T
0
d?R 2 dR B, I+1) _ o
PR AR B R R =0 (2
For the solution of this equation, we set

R =¢ 1Iv(z:), (25)
then p
dR  -%(dv
iz = ° \d .}v),
AR _ - (d%

dv
iz~ ¢ \az “aﬁ*”)'

Substituting these in (24) and simplifying, we have :

A (? - 1) g {(Z - 1): - l-(l-;_p} v =0. (26)

The only singular point of this equation is z =0, and it is
a pole. Thercfore, to solve this equation, we assume the series

c

oo
v =20 X (27)
k=0

where p is a number which has to be determined. If we substitute
(26) in (27), we find that the term with the lowest power of z is

@ —1)+2—10+1)}a,
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or
{p(p+1)—10 +1)}a,
Since @, can be assumed to be different from zero, we get
the indicial equation :

P+ =1 +1) =0 (28)
The solutions of this equation are
eitherp =1 or p = — (I +1).
Since for z =0, » must be finite, we 1must take the first
solution only :
p =1 (29)
The solution of the equation (26) can therefore be written
(o]
v=2 X apt (30)
k=0

Substituting (30) in (26) and equating the coefficient of
24 +/-1 to zero, we get the recurrence formula for determining the
dp .

(B 41410 +0) F20¢k 40 +1) =1 1)} ape,
B

In order that v remains finite even for large z, it is necessary
that v should be a polynomial, 7.e., the series (30) must terminate
at some point. This will be the case only when in (31), the
coefficient of a; vanishes for some value #, of 2. Thus

2::11, +L4+1, (n, =0,1,2,...), (32)
We set
n =, +14+1, (33)
and sec that # can have any of the values 1, 2, . - -, f.e., # can
be any positive integer. Then from (32) we get on squaring
2
2 = n?,

or, substituting the values from (17) and (19):

wt = B0 BT 16m4uiN%t R 27Nt
=TT A~ R )
Consequently,
22 uN2et
E=-"E" =123 (34)

12
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These are the discrete cnergy values, and we see that they
are identical with the values (15) §5 - 3 given by Bohr. They
agree, therefore, with experiment,

If we take E positive, we find that it remains inditermix;hto.
The theory therefore leads in this case to a continuous spectrumn,
again in agreement with experiment.

Heisenbere’s Matrix Mechanics also leads to a discrete as
well as a coutinuous spectrum.

As 1emarked by Sommerfeld, ‘it is a particularly beautiful
feature of Schrodinger’s theory, that it connects the continuous
spectrum by a nniforin analytical process with the line spectrum
of hydrogen. Bohr’s quantum theory required special assump-
tions to achieve this result .

8 - 6. The Equivalence of Matrix Mechanics and Wave-Mechanics.

We have scen that the cnergy values of the linear harmonic
oscillator come out to be the same when treated both by the
Matrix method and the Wave method. It was found that for
other problems also the results arrived at werc essentially the
same. Now the two methods have apparently quite opposite
characters. ‘The matrix theory is ““a true theory of a discon-
tinuum "', in which the classical continuous variables are replacerl
by systems of discrete numerical quantities which are defined by
algebraic ecquations. On the other hand, wave-mechanics
replaces the classical point-mechanics by a continuum theory,
where we have a continuous field-like process governed by
a single partial-differential cquation. In view of this apparent
contradiction in the methods of the two theories, it is surprising
that both of them should lead to the same results. It was
Schrédinger himself who solved this puzzle by showing that the
two methods were mathematically equivalent. In fact, he proved
that we can deduce the Heisenberg matrices {from the wave-
functions, and that conversely, we can determine the wave-func-
tions from the Heisenberg matrices.

This discovery was of great importance in the subsequent
development of the quantum niechanics. It furnished a method
for calculating the matrix elements by simple integration.

We shall prove this equivalence in the following two sub-
sections :
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8.6 (1). The Wave-Equation.

Let us first take a dynamical system having one degree of
freedom, and suppose that ¢ is the co-ordinate and p the conjugate
momentum. Then the quantum condition of Heisenberg’s matrix
mechanics is

h
Pr—gp=4_1 (1)
where 1 is the unit matrix.

Now let f (g) be any function of ¢. Then

£WH=f+qé

or, rearranging, and taking f outside :

d
AR VES:
This means that
d d
ig? " 9ag b (2)

showing that ‘;ZZI qg—q (;lq is a unit operator. Multiplying (1) by

I
the constant e get
T

hod hod h
vri dg’ T T dmidg T 2w @)
Now, a comparison of (1) with (3) suggests that the momentum
p can be taken as a sort of diiferential operator

h d

P =g ag 4

In general, if we have a particle of mass m with co-ordinates

(¢, », 2) and velocities (#, v, w), then we must have according
to (4),

, h o
=k = g s :
h o
My == 1)[5; 1 (5)
It by
mw = mz = l‘ 9
= ME= 90l 5z
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But according to the relativity theory, the time ¢ has the
same standing, and any picture of naturc must be symmetrical
in the four co-ordinates x, y, z, ict. From that theory we know
also that if the cnergy is E, then — E is the momentum conju-
gate to the co-ordinate ¢.  This is because py, p,, p., E are the
components of a four-dimensional vector, where ¥ = mc?.  Thus
we must add a fourth equation to the three equations (3), given by

. h d
— =
or
e o k2
met = B == g ©)

We consider again a system baving only one degree of free-
dom characterised by the co-ordinate x. We perform the opera-
tions on a functiony. I‘rom the first equation of (5) we have

h d
muy = i b_ﬁ'
or
o _ . mt
x T v (7)

where, for the present, we take the velocity # to be uniform.
The solution of (7) is

m
amy g

h
ll’ = (/}0 € 3’ (8)
.. oo
giving ¢ as a wave of wave-length A = i This shows that the
momentum sy of the moving particle has associated with it

. h
a train of regular waves of wave-length pl

Now apply the operator (6) to the function ¢:

h Y

B == oo
or R

)Y O . mc?

bt = 2771 F lp == — 2771 ]l- l/l, (9)
giving for the solution :

...21"E t - 2774 .'_"_Ojf

b=doe " =yoe . (10)

The waves have vibrations in time of period h _h e, of

E 7 ome?
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E  met . .
frequency v = iy Thus the material particle has asso-
’ D 2
ciated with it vibrations in time of frequency v =;‘~ = 3%3
Comibining the two formulas (8) and (10) we have
u Cz
b=doe™ (x5 t): (11)

This represents waves of wave-length A = 1’;}‘ travelling in the
direction of x with a spced g The phase velocity of the system

2
of waves is therefore % We can deduce in this way all the
results of de Broglie’s original theory.

If the particle is moving in three-dimensions (x, ¥, 2) with
a variable velocity (#, », w), in a conservative field of force
having a potential V (x, y, 2), then, if I' is the kinetic energy :

I=}%mu +v*+w) =E —V. (12)
Substituting in this the three equations (h), we get
o2 o*
s (ox T apr o) =H -V (13)

Performing the operation (13) on a function ¢, and rcarranging,
we get
8w

2 D 02 ) 7
N e e

Thus we get again Schrddinger’s equation, showing that a mate-
rial particle moving in a conservative field has associated with
it a train of waves whose wave-length, however, varies with V,
just as the wave-length of light varies as it passes through
a refracting substance.

8+ 6 (2). Derivation of the Matrix Elements from the
Eigen-functions.

For a particle of mass m,, moving in a field of potcntlal v,
we had in (12) §8 - 6 (1) :
Bimg (0 + 02 +w?) =L -V,
where E is the total energy. Writing T' = Jm, (12 + v? + . ?), and
rearranging, we can put this equation in the form

T+V =E.
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Let g, (r=1,2,- -+, s) be the gencralised co-ordinates of
the dynamical, system, and p, the corresponding conjugate
momenta. If we express T in ¢,, p,, and V in g,, the above equa-
tion of energy becomes .
H (¢,, b — E =0, (l)
where H (¢,, p,) is the Hamiltonian of the dynamical system.

Now to make a transition from the particle mechanics to wave-
mechanics, we found that it is nccessary to write

hod . ]
l)r = 2:”1 b‘g;) (’ = 1, Z’ e, S)’ (2)
N )
L= = (3)

Thus both H and E are differential operators. If we perform
thesc operations on the wave-function ¢, the wave-equation
becomes :

(I — L) =0, (4)
where H denotes the operator
h
1 (00 307 57,) (5)

and I denotes the operator (3).

T‘rom the general solution of the difierential cquation (4),
the matrices that form the solution of the dynamical problem
may be very casily obtained.

Let
hy (. =1,2,- ") (6)

be a complete independent set of orthogonal and normalised
eigen-functions of the differential equation (4). FEach of these
terms has a definite meaning. Thus by saying that the sct
y,, is orthogonal, we mean that for any s and any % :

/ ‘I’m.ﬂl’ndq =0, (ms=mn), (7)
where the integral extends over the wlole ¢ space, and where
J,* denotes the conjugate of i,

Similarly, the property of being normal requires that

S adg = [ 1§12 dg =1, (8)
(m=123-+""-)
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The properties (7) and (8) are analogous to the properties
possessed by the set of trigonometric functions :
_ sin nmvt, cos navt (m =1,2,3,- . ).

+ Iinally, just as every function which is periodic, and which
satisfies certain conditions as regards continuity, can be cxpressed
as a Fourier series, similarly, cvery function which satisfies the
equation (4) can be expressed as a series of the cigen-functions
i, This property is expressed by saying that the set of eigen-
functions ¢, ‘“is complete,”” and it holds because of the linear
character of the equation (4).

Thus the general solution ¢ of equation (1) will be of the
form

'/’ = § Co s (9)

where the ¢, arc the ““ Fourier coefficients ’ of the expansion,
and are determined by the same method used for the Fourier
series. Thus if we wish to determine ¢,, . we multiply the equa-
tion (9) by ¢,* and integrate both sides over the whole of ¢
space, giving

/ Y Pdg = 2':" (o / l/l,,,*(/;,,dq.

In the sum on the right-hand sides, all the integrals for which
n == m vanish on account of (7), so that

_/ ‘/’m*‘/"lq =Cm / '/‘m*'.l’md’]-

On account of (8), this gives for all m =1

Cm == _/ ‘l’m"/‘dq' (10)

We shall prove now that any constant of integration of the

dynamical system can be represented by a matrix whose ele-

ments are constants, there being one row and column of the
matrix corresponding to each eigen-function ,,.

If a is any constant of integration of the system, then from

(5)§6- 35,
a = [a, H],
where @ is the time derivative of the matrix a, and [a, H] is the
Poisson Bracket. Therefore, since a is constant in time, [a, H] = 0,
so that ¢ must commute with H, giving ¢H = Ha. Similarly,
since E is the total energy, @ commutes also with E, 1.e., aE = Ea.
Thus we have the relation
(¢, H —E] =0,
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or

' aH—~E)=H —EL)a. (11)
If we apply both the operators in (11) on the cigen-function
U, wegetforalln > 1: .
a(H --LE) ¢, =(H —E) ay,. (12)
But, since s, is a solution of the differential cquation (4), we
have (H — E) ¢, =0, so that for all »
H— E) ap, =0, (13)
i.c., a y, is also a solution of (4).
But we have scen in (9) that cvery solution of (4) can be
expressed as a series in ¢, of the type (9), so that

ap, =2 g, (14)
m
where the a,, are the constant development coefficients, which,
according to (10), are given by the integral
App = _/‘/'m*a‘/’ndQ- (15)
We shall prove now that the quantitics a,,, are the elements
of the Heisenberg matrix belonging to a.
First of all, we see that
Apm = ./ I/J,,'al/l,,, dq'
so that if a is a real quantity, then for all m, u :
anm‘ = / (‘/"n*a‘/’m)* d(],
= / l/l,,,‘(llll,, d‘]

= Ay
showing that the matrix @ is Hermitian.
Now, suppose b is another constant of integration, then as
in (14), we get
b'!’n =2bmu ‘/’mr ('l =123 - ')v (16)
m
where
by = [ b, dg. (17)
If a,,, and b, are the elements of Heisenberg matrices, then
the laws of matrix addition and multiplication must hold. Now

((l -+ b)m/l = / '/’m* (tl + b) '/’n dq»
= _/ '/’m*a‘»l'n dq + / ‘/’m‘b'/’n d q

= Ay, + bﬂm N
the law of matrix addition holds.
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Similarly,
(@0) e == f Y abih,, dg.
But from (14), by taking the conjugate series :
: ',’m*a = 2’:" ¢k.“mk
and from (17)
b, = ? bjuthy.
Therefore
(@) = ./ f 2,7 ’ﬁé‘aml’bl'lllibl dq.

But, on account of the orthogonal and normal propetties (7) and
(8), this integral is only then different from zero for each k when
j =k, so that

(ab)mn = zk" LoD

which is the rule for matrix multiplication.

Thus we can show that as soon as we have solved the
Schrodinger equation completely, determining all the eigen-func-
tions, we have found the solution of the quantum mechanical
problem also. For, we can determine the matrices ¢ = (g,,,) and
P = (Pmn) of the quantum mechanical problem according to

Gmn = J ¥n"qon 4, (18)
Pwmn = / b P‘/’n aqg = f‘/’m '/’n dl] (19)

To establish the cquivalence of the two methods, we have
to prove, of course, that if the canonical conjugate variables
g, p are defined according to (18) and (19), then the following
four relations hold :

277; o9

(a) the quantum condition

k
P —gp=5-1; (20)
(b) any function V (g) of ¢ can be defined as :
Vol = [, Vi, dg ; (21)

(c) the function p?is given by : X

(Pz)”zu = /"’m'j’z'pn dq = ./‘/’rn.. 2”1 bq) P, d‘] N (22)
(¢) and finally that the H'uniltoni'm H(p,q):

H(p.g) = g 2 9 + V@), (23)
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is a diagonal matrix. Herc the function V (g) is taken as the
potential function, and s is the degree of freedom.

We shall prove these relations one by one.
(a) I'rom the law of multiplication for matrices, we have !
h )
(P’])ﬂm = LZ pm,{'ﬂ‘n = 21;,./ 'l’m* a‘q 2"7 '/’k‘lkn : d‘[)

where we have written for p,, its value from (19). But from
(14), on writing ¢ for a and % for m, we sce that ¢4, =2 Qi i
A

so that the last equation becomes :

Ty R (24)

Similarly, we have

4P mn = {q’nbpkn = / ‘/’m*q f‘/’ki’&n - dg

2t

» / « 9 .
== / G Y- dg = 22—:;_,./ b g Y} by dg. (20)
Thus from (24) and (25) :
d o
(h7 — 9P me = Ot _/ ‘/’m {yq q— qb_q'} P, dg- (26)

In (2) §8-6 (1) we have shown that ;é q—q % =1, so that

(19 ~ 0Phmn = o S s A

h
= 2’;; 8”";; (27)

on account of (7) and (8). This proves (20).
(h) We show that if (21) is true for the function V () =g¢7,
it will be true for ¢7+! also. Tor,

(qru)mu = (‘1’ “Pon = f’v ((]r)mkqw
= [ ¥ f Yiin A9 = [ V0" - @b dg.
= [ dn'q* " dg. (28)

Using Induction, we see that (21) holds for all powers of gq.
Now since any analytical function V (q) can be expressed as
a power series V (g) =2 ¢, ¢”, we conclude that (21) holds for any
such function.
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(¢) We have

o B
(Pz)mn = f’ Pwklin = / Yn i bq f’fl’kf’&ﬂ ' d‘]
« b « Y b
== ,/'/’m Imi bql"/'z ‘i(] == /¢Iﬂ i bq - aq /’n

— h? ¥
. ,/ '/’m (2”1) b(l‘ ‘l‘n d‘/ ./ ‘ﬁm 4,”2 \(1, '/’n d‘I’

which establishes (22).

(d) We are in a position now to prove that the Hamiltonian
H given by (23) is a diagonal matrix. For, we have

o = [’ By = [’ (o £ 2+ Via)} b do

= '/ ' {2m0 s 4112 bq) +V q)} Uiy dg. (29)

Now, for a particle of mass m, moving in a field of potential
V (¢), the eigen-values L, and the eigen-functions i, are given
by the Schrodinger equation
o E(E ) + V@) b = B
{2mo L \dnt 3¢t " v
so that (29) becomes :

H,, = ,/ '/’m‘EM[Jn dq = En / ‘/’m"/’n dq

== En 8”[”‘ (30)
Thus we sce that H is a diagonal matrix whose diagonal
clements are E,;, E,, - - -, t.¢., exactly the same as the eigen-

values supplied by the wave-mechanics.
The two methods are therefore completely equivalent.



CHAPTER IX.
PERI'URBATION THEORY.

9. 1. Qutline of the Perturbation Method.

IN the preceding chapter, we have given a method of detcrmining
the eigen-values and ecigen-functions of differential equations,
and applied it to one or two simple physical problems. But,
even for slightly more complicated problems, such as the problem
of the hydrogen atom in an external electric field, this method
of determining the eigen-values and eigen-functions is not appli-
cable. It beconies necessary in these cases to develop approxi-
mate methods of finding the eigen-values and eigen-functions.

The first and most important approximate method in wave-
mechanics was given by Schiddinger, though a similar method
in matrix mechanics was developed by Born, Heisenberg and
Jordan previously. ‘I'his is a perturbation method having close
rescmblance to the method used for the problem of three bodies
in astronomy, and rlescribed in detail by . Poincaré in his
classical treatise Méthodes nouvelles de la Mécanique Céleste.
In 1918 Bolr adopted this method for his quantum theory, and
his school applied it successfully to the relativistic stark-effect
and other problems. But the theory of perturbations developed
by Schrodinger is much simpler and clearer than cither of these.

The object of the perturbation mcthod is to increase the
range of application of the cigen-value theory to problems which
are not directly soluble by the comparatively clementary methods
of the preceding chapter, but which are closely related to a
directly soluble problem.

In its main outline, the method consists in breaking up the
Hamiltonian H of the given problem into two parts, H, and eH,,
of which H, is simple and ¢H, is small. The first part Hy can
be considered as the Hamiltonian of a simple problem of the
kind discussed in the preceding chapter, whose eigen-values and
cigen-functions can be determined exactly. The addition of the
small term ¢H; will then require small corrections, in the nature
of a perturbation, in the cigen-values and eigen-functions of the
unperturbed H, problem. ¢ is a small numerical factor, and
the solution of the equation for the perturbed system can be
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obtained in the form of a power series in €, which may be broken
up at any point to get the desired degree of approximation,
provided the scries converges. FEwen if it does not converge,
the first approximation has been found usually to give fairly
accurate results.

The success of the perturbation method is due to the fact,
that ti~ eigen-values and eigen-functions vary continuously with
the coefficients of the differential equations. This is an impor-
tant theorem in the theory of boundary value problems.

In order to illustrate the various points in the theory, we
shall first discuss the example of the vibrating membrane.
9.2, The Vibrating Membrane.

We consider a rectangular membrane whose edges are fixed
in the straight lines x =0, v ==q, y =0, ¥y =5, in the (x, ¥)
plane. “The differential equation [or the homogencous membrane is

Ru | u _ du

o T T i M
For the solution of this equation, we write
u(x,y,8) =vx, ¥ig ), (2)

and substituting (2) in (1), we get
% b’v} d*g
g () {b? to =r ¥) gp
or dividing hoth sides by v (x, ¥) g (f):
1 (¥, ¥y _ 1 d%
oy (ot +550) =y a
The right-hand side of this equation does not depend on x, vy,
and the left-hand side does not depend on ¢, so that each of them
must be independent of both ¥, y and of /. Thus
1
g (t) de
1 % b2v) - _
v (%, ¥) i oyt

— — (3)

(4)

where A is an absolute constant which must be positive.

The equation (3) then gives
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whose solution is

g =Acos V) ¢ -+ Bsin V)t (5)
Equation (4) now becomes
R M

bx“ "*' b:vz + A‘J - o' (6)

with the boundary conditions
v=0forx =0and x =g, forally,
v=0fory =0andy =0, forallx, (n

while A is the cigen-value parameter.

It is casily verified that the solutioms, 7.e., eigen-functions,
of (6) are,

. MmX . nmy
Upn (%, y) =sin =7 sin (8)
' a b
and the cigen-values
o [ ut
Ay =7 (ll"’ + b2 , (9)

(m, mo==1,2,3,-..).

If 4 and b are incommensurable, there is no other pair m',n’
such that A, = A, ,. Toeach cigen-value ), , then corresponds
only one cigen-function v,,, (¥, y). Fach eigen-value is called
“simple ”’, and the case is non-degencrate.

Now, supposc that an external transversal pressure P (v, ¥)
acts on the membrane, distributed anyhow over it; then the
equation (6) becomes

Q% b
axt T oy + A =P (v, ), (10)

giving a non-homogencous equation.

If the pressure P is periodic, with the period w, and if w
coincides with one of the eigen-vibrations of the membrane, then it
will excite the membrane to continually increasing vibrations,
so that the disturbance will finally grow beyond all limits. If
this “ Catastrophe *’ is not to occur, there must be no resonance,
and therefore P cannot on the wiole perform any work on the
vibrating membranc. To represent the vanishing of this work
mathematically, we notice that if dS is an element of the membrane
acted upon by the pressure P, then since the displacement from



§9-2 The Vibrating Membrane 191

the position of rest is », the condition is

[/[peas = o, : (11)
1.e., that the right-hand side of equation (10) must ke orthogonal

to the eigen-function of the left-hand side equated to zero. This
theorem holds in general.

Suppose now that the membrane is a square, f.e., b == a===,
Then from (9) we have

Agry == (% L 0%, (12)
Interchanging m and #n leaves the eigen-value unchanged,
but changes the eigen-function, thus
v, = sin mx sin ny
v, = sin nx sin my
generally differ from each other, but both of them belong to the
same eigen-value (m® 4 n?).

Consequently, with the exception of the fundamental vibra-
tionm =1, n =1, and the overtones # = »n which are harmonic
to it, each eigen-value of the square membrane is at least two-
fold. This case is therefore degenerate.

Y. 3. Perturbation Theory for the Non-Degenerate Case.

The wave-cquation for the unperturbeda dynamical system
has been found to be :

(H--T)¢ =0, (1)
where H is the Hamiltonian of this undisturbed system standing
for the operator H (q,, fh—. 2 ), and E is the eigen-value para-

2wt 9q, =
meter.

Suppose we know the eigen-values and eigen-functions of (1) :
I‘:n (n = ]l 2) 30 °")n
Yy (n =123 .--).
Suppose further that each of the cigen-values ¢, is simple,
and that the eigen-functions are orthogonal and normalised :

./',’m.'/’n dg =0 (m=£ n), (2)
and

/ 'l’n.‘/’n dq = / ¢”2 dq =1 (3)
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Let a small perturbation term eAy be added now to the
equation (1) on the right-hand side,

(H—-E) ¢ =€eAy, . 4)
where ¢ is a small numerical factor, and A is a function of .the
¢’s, which is continuous in the whole domain. We wish to find
out how the new cigen-valucs E, and the new eigen-functions
¥, of the cquation (4) stand to the old cigen-values and’ eigen-
functions of the cquation (1).

I'rom the continuity properties mentioned at the end of
§9-1, it is cevident anyhow that for sufficiently small ¢, E, must
lic in the neighbourhood of E,, and ¢, must lie in the neighbour-
hood of ¢,, so that for a first approximation we may write for
al w =2 1:

Eu == F’u toepty, (5)
and
b = ‘/’/1 + ety (6)
Substituting (5) and (6) in (4), we get
(H —E, — eu,) (P, + ev,) = €A (¢, 4 ev,),
or, neglecting the terms with €2 :

(I = E,) ¥, + e {(HL — E,) v, — Pa Yu} = € Ay,
But, on account of (1), (II — E,) ¢, =0, so that after division
by €, and transposition, the last equation reduces to

(M —E,)v, = (A + Ku) Py (M
The change #, in the cigen-function is thus determined from
the cequation (7). The equation (7) is a non-homogeneous
cquation corresponding to  the homogeneous equation (1), with
the cigen-value E, written for E. As remarked in (11) § 9.2,
the equation (7) possesses a solution when, and only when, its
right-hand side is orthogonal to the eigen-function ¢, corres-
ponding to the left-hand cxpression equated to zero. ‘Thus
we have

/'/’n‘ (A +p,) g, dg =0,
o1, ) _/ l‘n(l'n.‘/’ﬂ d‘] = - / A'l’na dq'

or, on account of (3) :

_ _ [y g

Hn "
,/ ‘/’n '/’)l d(l

= - ./ '/’n‘A ¥, dq. (8)
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The equation (8) gives the first order change pu, in the
eigen-value E, due to the perturbation. Now, as the eigen-value
E, of (1) signilies mechanical energy, and the eigen-function n
is comparable to motion with energy E,, then the equation (8)
gives' the complete parallel to the wecll-known theorem in the
perturbation theory of classical mechanics, that the perturbation
of the energy, to a first approximation, is equal to the perturbing
function’ averaged over the unperturbed motion.

We have to determine now the perturbation term v, in the
eigen-function.  We can now suppose that the value of g, is
known in the equation (7). We expand both v, and (A + p,) ¢,
in a series of eigen-functions ¢ of the unperturbed problem :

v, =% vb,,: e, (9)
and
(A + pa) Y =§ n Yr (10)
where, on account of (15) § 8-6 (2),
Ay =f¢k* (A +I"lt) '/’n dQ-
Thus we see from (8) and (2) that
g, = f:/:k‘A Y,dqg fork =+ n, 1 (1)
=0 fork = n. |
Similarly, for vg,, we would have used the integral
ven = J v, dg, (12)
but since we do not know v, this is uscless for our purposc.
If we substitute (9) and (10) in (7), we get
2 (H —E,) vz, ¢ =€ Ak Yi.

k
But, for each £ = 1 we have (H — Eg) ¢, = 0, therefore

H ¢y =E; s
Substituting this in the last equation we get

‘E Ukn (Ek - En) ‘/’k = {J Ay '»bk- (13)

Since ¢, is an independent set we can cquate the coeffi-
cients of each i, and get for all 2 > 1: :

Ukse (Eé - En) = Akyy (14)
or, if £ == n, so that E; == E,, then
Vg = o aﬁ‘E; (& == n). (15)

13 P
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The coefficient v,,, remains indeterminate, because for & =,
F; =E,, and we cannot divide (14) by E; —E,. To determine
v, Wwe use the still available condition-that the new elgen-
functions ¢, must be normalised, 7.e., that for all »

S8 dg = 1. (e
Substituting (6) in this integral, we have:
/ ('/’n + ‘vﬂ)‘ (Si’n + fvn) dq =

or, neglecting €2,

_/ '/‘n",’ﬂ dg -+ € f vu*‘/’n dg + € / '/’rt'vlt dg =1

But since the old 4, are normalised, thercfore

/ "'n*‘pn dq + f‘/’n*vn dg = 0. (16 a)
Substituting (9) in (17) we get
Z g [t dg + Zoe [ e dg =0 (1)

Since for k== n the integrals are already zero on account of
(2), and the integrals do not vanish for & = on account of (3),
we see that in this latter case, viz., for & = n, the coefficients in
(17) must vanish. Thercfore for all »:

Vyp = 1'1m‘ = 0. (18)

Thus, we have determined all the cocfficients in the expansion
(9), and substituting (9), (11), (15) in the cquation (6), we have
foralln >1:

'l’u = ‘l‘n + € 2,:'" 'U,(m‘/’l:
= 'l’n + € {:’ '/’k ]'.:'k_n_l_:.”E"

'l'n {- € 2 ./; /Alpk ‘/’n d(] (19)

7

where 2’ means that the sum is to be cxtended from & =1 to
oo exc:pt R =M.
Similarly, [rom (5) and (8) we have for the new eigen-value
‘Eu =E, — ¢ [,/ A, dg. (20)
(n=1213".")
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It is necessary in every case to verify that the functions
(19) and the values (20) really satisfy the wave-equation (4)
for the perturbed system.

* After determining this first approximation, we can determine
the second approximation
E, = F, + eu, + v, (21)
In = ¢, +ev, + w,, (22)
in the following way.
Substituting (21) and (22) in (4), and taking account of the

equations (1) and (7), and ncglecting €* and higher powers, we
get on cquating the cocfficients of €2 on both sides:

(H - Fw) w, =Av, + Hu Uy + vy ‘l’n- (23)

As remarked above, this non-homogencous equation has a
solution when, and only when, the right-hand side is orthogonal
to the eigen-function of the left-hand side, 7.e., when

f‘/’n‘ {(A +pu W) Un + vt} dg =0, (234)
or

Vg ,/‘)l’n* '/'n dq = - ‘/'ﬁn‘r (A + :u'n) Yy, dq
= - / (A + 1) ‘/’n. 57 Vin ‘/’k dq

= — lev,},, f (A -+ pa) " Y dg

= -2 Uhn Aples
L

on account of (11) and (18). Thus we get

v, = — Zk',' Ayl Vne (24)
Now suppose
Wy, =Lk’ W Vs ' (25)
and
A+wdvn+omba=Zconts | (20
where

Chp = / '/’é‘ {(A + I‘n) vy + vy '/’n} dq
=0 for 2 = n, }

27
”’f’l’k‘ (A +l~‘n) Up dq. for k == n, ( )
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on account of (23 a) and (2). Therefore, if & 5=n, we have from
(9): .
Cin = /‘/’,{-‘ (A + l‘n) {zl" Uln '/’1} dq

= 12 e | Ay dg + 217 pin S iy dg
= '2 Vi iy 1n Vs ! (28)

on account of (I1), (2) and (3)
Substituding (25) and (26) in (23), we get:
(H —Yoy) & wpnibp = Z can .
k 15

or
-—’E“’kn H - En) ‘ﬁk ‘F Chsn '/’k- (29)

But from (1), I ¢, = gz &, so that from (29) we get forallk > 1:
Wen (F‘k - En) == Chy- (30)
If k== n, Y=+ F, (non-degencrate casc), thercfore
= G
Wy = Ek — %,

1 ® %
- 1‘:&- - 1‘:); {l :l ”“1 Uin -{' K Upn | (3])
T'he formula (30) does not give us the diagonal coefficients 1w,,.
To determine these, we use again the condition that the new
cigen-functions must be normalised. Thus substituting (22)
in (16) :
/(‘/’/: + ev,’ + €wy') (Pu + €vy + fwy) dg =1,

or
f ‘/’u.'/‘n d‘l + € f vn*‘/’n + 'l’n‘vn ‘i‘l

+ é f {(@,*dy + ‘/'n*u"n) + 1’7:1)11} dg =1, (32)

neglecting € and higher powers. But on account of (3)

f ', dg =1, and on account of (16 a), f (v o+ W v, dy =0,
so that from (32) we get

f (wn“l'n + '»bu'wn) ‘i‘] = - f ‘U,,‘U,, dq:
or

Jth D wop” 95" + " £ venibid d = — [ AZ vaibh (S0 dg,
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or
iy, = "f: Vs,

or
Wy, = — ;kZ vt (0 =1,2, ...} (33)

Thus we have determined completely the second approximation.
Subsehue:ntly, we can determine the third, fourth and higher
approximations.

9-4. The Atom under an Electric Field—The Stark-effect.

As an example of the perturbation method we consider
the Stark-cffect produced by the application of an external
electric field to the atom. In the year 1913, J. Stark demon-
strated experimentally that the spectrum of hydrogen in an
intense electric field is much more complicated than under ordi-
nary conditions. He found, in fact, that each line of the Balmer
series is split up into a certain numbcer of compounents, the num-

er increasing with the increasing frequency of the line. The
components separate out svmmetrically on either side of the
original line. If the distance of the least displaced component
from the centre of the systemis A, then the distances of the other
components from the centre are integral multiples of A, and A
itself is proportional to the strength of the field.

The classical eclectrodynamics is quite unable to account
for this Stark-effect. A complete explanation on Bohr's quantum
theory, accounting for all the detailed features of the effect, was
given by K. Schwarzschild and P. Epstein in 1916. On wave
mechanics it was solved by Schridinger himself in 1926, in the
third memoire in which he developed the perturbation theory.

Suppose an clectric field of intensity F is acting on the
hydrogen atom in the direction of the z-axis, then the potential
energy V of the system is given by

e? .
== + Fez,

where the origin is taken at the nucleus which is considered to
be at rest. The relativistic (fine-structure) separation is so small
compared to the effect due to the ficld, that it may be neglected
for a first approximation.
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Substituting the above value of V in the wave-equation,
we get

v+ (4 &~ Fex) g =0, w

so that the perturbation term is — Fezyg. This perturbation
term is added to the hydrogen atom treated in § 8-5. Followmg
the method given in the last section, we must expand this pertur-
bation term in a series of cigen-functions of (2) § 8-5, and proceed
to find the perturbed energy values. But the problem hecomes
casier if we transformn first to the parabolic co-ordinates, and
then apply the perturbation method. This latter procedure was
adopted by Epstein in the older quantum theory.

Thus we write

x = Vfn cos ¢,

¥ = Ve sing,
c =3 —n) (@)
the domain of the new co-ordinates heing
DL E oo, 0T n<oo, 0P 2m (3)
I'he Jacobian of the transformation can be easily calculated to be
b (v,v,2) _ Jox oy 2z | .
> (6 nd) ~ |0 g |=HEF “
%y %
o1 bn o
br oy dz
% a¢ 3¢
and the space clement is therefore

dx dy dz = °.§"_V_ ;3 dé dn d =} (¢ +n) dE dn dp.  (5)

Further, we have

e e R A At (s ©
Substituting these values in (1) we easily find that the wave-
equation in the new variables becomes :

6D+ 50D+ DY
217”#10

+ TION(E +y) + 20— JeF (2 — g} g =0 (7)
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The co-ordinate ¢ does not occur explicitly in (7), and there-
fore ¢ will enter into the solution as cos m¢ or sin m¢. Since
the solution is to be continuous and single-valued, we must have

m=0,1,2,3, ... (8)
We therefore assume that the solution of (7) is
cos
Bo= /() g () S5 g, (9)
and substituting in (7) get the two equations
mih? 1

b§ (f (Isr )f'_]_;ﬁo( - %"Ffz - Ef +et - A — éﬂé;‘zo Z)/_: 0, (10)

27 mo( o . mAt 1y
(ndn) + Th Fp? A4 By 4+t 4 A 8n%niy g =0, (11

where A is another constant which is the eigen-value parameter.

Both of the equations (10) and (11) are of the type
d [, dX . ¢
- ST - Al - h =
N (C dl_’,) - (D{ 4+ AZ 2B + C) X =0, (12)
where, for (10) we have

2
A= ?ﬂ__ﬂ!)?’ . w_;;_:o (@ —2),C= — 21, D, =—T moel (13)

]Z
and, for (11) we have

2 2
A :_2,—,21@1*7’ L = ™Mo (2 4 ), C == — 17Tl_' D, _ mmgeF (14)

Thr b B

b
For D =0, 7.¢., ¥ =0, the equation (12) reduces to:
C
+ 2 _
ag(g ) (A{{»B+)‘( 0, (15)

which is the cquation of the simple hydrogen atom cxpressed in
parabolic co-ordinates.
Now we transform the equations (12) and (15) by

X=0u, (16)
and then change the independent variable from [ to 6 by
2fy —A =9. (17)

Then (12) is transformed to

dw | m + ldu D _ 1 -0
7@3+_ﬁ”‘d0+{(2v_m30 *+v—A0}“  (18)
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and (15) is transformed to

d*u m+ldu B 1 _
=T s { b+ o= Ao}“ 0. (19)

In the theory of differential cquations, the polyncmial which
satisfies the differential equation

d? d .
dxjé +\1 —2a) ?13; 4 ky =0, . (20)
where % is an integer, is called the kth Lagucrre Polynomial, and
is denoted by Ly (x). If we first replace & by m -+ %, and then
dificrentiate m times, we find that the mth derivative of the
(m 4- R)th Lagucrre Polynomial, which is denoted by Li, ; (%),
satisfies

rl2 d

l.,3;Hm+1~a»)d,y+ky__0 (21)
If we transform (21) by writing y =e " Lo+ s (x), weget the
cyuation

%"k’ﬂ;—ldy { il(/f-i—m_’_l)x}y:f). (22)

Suppose that m is a fixed integer in the equation (22),
while %k is the ecigen-value parameter. Then (22) has the eigen-

functions e - mek (X)) corresponding to the cigen-values
k=0,1,2,3, --- Comparing (19) and (22) we find that the

eigen-values of (19) are

V"]L' —k+ ii_'*,_l, (B =0,1,23, -), (23)
and the corresponding eigen-functions are
~§ m
1, (8) =e " Iy, (0). (24)

We have now to calculate the first approximation to the
perturbed eigen-values. The perturbation is caused by including
the D-term in (18). T'o make the equation (18) self-adjoint, we
must multiply it by 0m+1 throughout, so that it becomes :

gm+1 Q +(m+1) 9’” +
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or
d +1 du _D__ m+2 m + 1 m} i
o m) e o g e =

(25)
which is in the self-adjoint form.

The perturbing function, which was denoted by €A in (4)
9. ::} is _]lq'::_—
§9-3, 2V —A)
eigen-value parameter E had a factor unity only, wlereas in (25) the
eigen-value parameter has a factor 67, which is called the density
function, and is usually denoted by p (6). The formule (5) and
(8) of § 9.3, give therefore for the perturbation e; = e p,; of the
kth eigen-value*:

in (25). Moreover, in that equation the

== %ﬂ_@ _ p et i (0yas
o 2 - 24 A8 ) —
[ 73 dq ( v A) /’ 9" -6 {L"""+ . (0)}3 d0

' (26)

It is known from the theory of the Laguerre Polynomials, that

!/ gm+2 =6 (1", (0)) d — {‘(ﬂj];[k‘)‘!}s’
[ om et @y a0

= LRI / (m* + 6mk + 6k + 6k + 3m + 2).

Substituting these values in (26), we get
D

€ = ma ﬂtz + 6mk -+ 6k2 + 6k + 3m + 2) (27)
The kth perturbed eigen-value of (25) is thercfore, from (23)
and (27) :

B _m + 1

Applying this result to the equation (10), with the constants

given by (13), we get )

B, _m + 1

V—A

+ky + . (29)

* Since the eigen-functions are real, the conjugate complex is equal to the
function itself,
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Similarly, applying (28) to the equation (11), with the
constants given by (14), we obtain

B m + 1
Pt e

Adding (29) and (30) :

(By +By) =m 41 +ky 4+ kg + €p, + €,

V —A
=n -+ €k, + €4ar (31)
where the principle quantum number # is given by :
n=m-+k +hy+1 (32)
‘I'hus from (31) we get on squaring and solving for A :
B, + By
A = - { 2
‘ ( ¢+ €,(1 + 6,4.2)2 (33)
2
= (~~ = ) {I - ﬁ (Gh -+ €k2)},

to the first approxinmtion, since €z, anl ¢, arc small. Further,

to the approximation we are aiming at, we can use the

unperturbed value of A in calculating eg, and ez, Since for the
2mtiget

unperturbed hydrogen atom E = — P therefore on account
of (13), the unperturbed value of A is:
_ 2mtmgFe _ 2atmy ( . fw’moe‘) _ _ Amtmgtet
: h? e en? hin?

so that
S 22 m 32}3 Gdar b 3e®
92 . 3 —=192. - ilkdad Al = Kliaad N
2V —4A) { h*n htn3
Substituting this value and the values of D,, D, from (13) and (14)
in the equation (27), we obtain

(34)

T hind 2
4 = i b (m? + 6mk; + 6k + 6k, 4 3m + 2),
En
=g wm",,a (m? + Gmk, + 6k + 6k, + 3m + 2),
sothat
6FAt n’
ot F ety = o (ks = k) On s+ ke + 1)
3Fhint

= 3924m 32a%m e (ks — ky), (35)
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on account of (32). From (13) and (14) we find also

B, +B, = ”}% {(e2 ~X + e+ N} = ‘*’_’I;.l’;_‘qc.’.. (36)

Substituting (35) and (26) in (33), we get finally
0.2 2\ 2 v 45,4
A =B Y iy I T (= k)

h? n? # 32n%m 2t
’ B o= 2n%mget 3 Thn (ky — k) (37)
* hn? 8 w2 g0

This is the first order approximation for the Stark-effect,
and the formula (37) is the same as that derived by Epstein on
Boht's quantum theory. Epstein’s quantum number % is now
replaced by the number k, — k,. Moreover, the numbers k,, &,
and m can take the value zero, but the principal quantum number
n, being equal to m + &, + k, + 1, cannot take the value zero.
The value zero is thus automatically excluded in the new quantum
mechanics.  Special artifices were required for this purpose in
Bohir’s theory.

Writing W = — E, and

R o=ky — ky, (38)
we get from (37)
[y} 4 Ry}
W = 1"}-‘-2'%;—‘! 8:%0_6 n (39)
Equation (32) shows that %, +%, (=#n — 1 --m), must
always be less than #, so that from (38):
[k < n (40),
i.e., for any fixed », & can take only the following values :
ke=—m—1),+, = L0, 41, .. 4-(n —1). 41)
The frequency v of the transition » —n’, k —£’ is given by
LA - =2 4
= WT}Y = 51;3—"6— ’-{1,—2 - ;12— T;%f—:; (n' k" —uk). (42)

The frequency v, of the original line in the absence of the
field is

po o 2mmeet (11
LA n? ni)
so that if we put
3Fh

A (43)

= 8mtmge’



204 Perturbation Theory §9-4

we get
v — vy = A (n'k - nk). (44)
From (41) we know that for a given # and #', & and k’.can
have the following (2n — 1) and (22’ — 1) values respectively :
R=—(n=1), —(n =2),+, —1,0, &1, ..+, (n —2),
(n.—1),
k, = —(n' - ]): .‘(n' "2)' T ]’O: '}']v Crtty .

(n --2),(n —1);
and since each of the 2 can combine with cach of the %', we get
altogether (2# — 1) (2n’ -- 1) components for the line #n —n’.
Thus for the H, line of the Balmer series, # = 3, n’ = 2, so that
(44) becomes :

v — vy = A (2k' — 3k). (45)
Now since |k| < 3, it can have only the five values —2, —1,
0,1, 2; and since |R’'| < 2, it can have only the three values
— 1,0, + 1. Taking each &% with each %', we get 5 X3 =15
values of 2&' — 3k
ok — 3% = —8, —6, -5, -4,--3, —2,-1,0,1,2,3,
4,5, 6, 8.
Thus the Hy, line is resolved into (fifteen) components, arranged
on both sides of the original line, and separated by the distance
A. These results are in good agreement with those given by
experiment.

9-5. Perturbation Theory for the Degenerate Case.

We remarked in § 9-2 that it often happens that one eigen-
value has several cigen-functions, in which case the problem is
said to be degenerate.

An eigen-value Xy is called a-fold when it possesses a linearly
independent cigen-functions :

Yer, Yoo -0 Vi o Ykae (1

Lincar independence means that no numbers ¢y, ¢,, -« -, ¢q exist,
which are not all zcro, and for which the relation

‘{'a ¢ Yo =0 (2)

holds. The wave-equation
(H —Fp) § =0 (3)
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has therefore the u-solutions (1). ‘Then it is easy to see that
each of these a-functions (1) is orthogonal to each of the other
eigen-functions belonging to another eigen-value Egp (k' == k).
On the contrary, thesc a-functions are not, in general, orthogonal
to one another. But, by suitable linear transformations we
can always bring about this mutual orthogonality. We shall,
therefore, assume that these yz; have been normalised to 1, and
have been made orthogonal not only towards the other cigen-
functions ¢y, but also among themselves.

But every linear combination of the solutions (1) of a linear
equation (3) is itself a solution, and since an orthogonal substi-
tution leaves the mutual orthogonality unaltered, we see that
the functions (1) are still not uniquely defined. Rather, we can
submit them to any arbitrary orthogonal transformation without
disturbing the character of their normalisation and orthogo-
nality. In fact, if we set:

b= By (@

where By, arc the coefficients of any arbitrary orthogonal trans-
formation, characterised by

. 0 ifl==10
& P Bu= by ={1 if1 =10, )
and if
a
pur =,f" Bry ai»
then
* a2 *
[ budg = Z Z pri B [ 44 b dg. (6)
But, since the functions (1) are normalised and orthogonal :
. 0 ietq
Sow e dg 8 = 8; = {1 :f] (0
=3,
therefore substituting (7) in () we get on account of (5) :
n .
[owtbudg =Z pri (®)
= 8,

showing that the new functions ¢ are also orthogonal and
normalised.
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The coefficients Bj; of the orthogonal transformation (4)
are arbitrary. It is of this very arbitrariness that we make use
in the perturbatmn theory.

As in the previnus section, suppose the perturbed equatlon is
(H - L) ¢ = Ay 9
The perturbation would in general split the a-fold eigen-value
Ii; in o simple values Ey, to cach of which would correspond a
single eigen-function ¢y, given by
Ey=Ep+ep, (=12 --,0), (10)
and

a
Yr = Yy + evy = l{'l Bu ¥ + €vy (11)

The index & is of course fixed throughout as we are considering
the perturbation of the eigen-value E, only.

We select a definite perturbed eigen-value and eigen-function
by giving a definite value to the index / in (10) and (11), and
substitute them in (9)'

a
(H — F‘k — € I"l) ( 2’ B[& Yp + ey) = eA( 12 B '/’,él +evy),
=1

or, ncglecting e? and tmnsposmi,,

(I — Lk Bll¢k1 + e (H— Eg) v=c¢ {A 2’ :Bh'/‘.ét 'H"‘I 2 le Yai}

Yor each of the iy, we have (H — Ty) &/%, =0, tllerefme from
the last equation we get on dividing up by ¢,forall! = 1,2, ... a:

(H — B, = ;’;' ,1314 (A + ) i (12)

This is again a non-homogeneous equation, whose solution,
as remarked in the preceding sections, is only then possible
when the right-hand side is orthogonal to all the eigen-functions
of the homogeneous cquation (3) belonging to Ez; We must
have therefore :

it g

Bu [ aw (A + p) Yp dg = 0, (13)

1
m =12, a).

On account of (8), this reduces to

a
Bimm = — ‘fl Bui _/ ‘l'bm. Ay dg. (14)
(m =1; 2; 3’ ct d.).

[}

.
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Let
tm = — [ o’ Adui dg, (15)
Gom=1,2 -+, a)

then (14) reduces to a system of a linear homogeneous equations

Mn

Blm w = 1H1 Bli Aims (16)
(m=1213, -, a),

or, writing in the expanded form,
ﬁll (0 =) + Brpazy +Braasy + -+ A Braday =0
Br ass +Bnlagy —p) + oo * + Bia das =

................................................

B a1a b Bplgg A + Bra (daa — pg) = 0.

It is known from the theory of algebraic equations that thesc
a homogeneous linear cquations in the u unknown quantities
B, * -, B, have a non-trivial solution only when the determinant
of the coefficients vanishes :

a1 — Qo Ay a3 d1a = 0. (17)
a1 Aan — [ Q23 d2a
PRI Ao — Ity

This is an equation of the degrec a in yuy, and it is shown in
Algebra that it has a real roots. To each of these roots there
belongs a special value system of 8, and consequently a definite
eigen-function i of the family.

We thus get all the a-perturbations p,(! =1, 2, ..+, a)
of the eigen-value E, simultaneously from the ecquation (17)
provided this equation has no multiple roots, which is usually
the case. These then give us the corresponding a eigen-functions
of the unperturbed system.

To determine the eigen-functions ¢z of the perturbed
equation (9) we have to solve the equation (12). ‘For this
purpose we expand v; as a series of the complete set of eigen-
functions of (3):

o0 a
vl = S 2 . 7’1. é"'l QII‘I‘I' (18)

=0 =
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Similarly, we develop the right-hand side expression in (12) in a
complete set of iy

a o a
2 Bu(A ) o = 22 Gy Y, - (19)

1 =1 F=0:=1

where
a
Crpr = 2 . Bu [hes" (A + p) b dg. ' (20)

On account of the orthogonality of ¢, and ¢, and from the
equation (13), we get

a
Cl.k’t’ = B], fl/ly,' A l/lk, dq, for ' == k.
1=1

= 0, for k' = k. (21)
Substituting (18) and (19) in (12), we get
oo a co a
2 X oy H—Endpr = 2 X Crpidpr (22)
k=02 e H=0i{=0
But H Yy, =Ep ¢, therefore
f;' 12 vy (B — Ep) Yy, = ;’-7 -’;‘v Crar Ypar- (23)

If &' == k, then Ep, 5= Eg, so that equating the coefficients of
Yy we get, on division,

_ Cl‘klll . 1 ~ g . *
Yous = l‘jk_'-‘:ﬁk = Ek' :—T'j,é “’:’_.1 Bl: f‘/’k't' A ‘/’,ét d‘]- (24)

For k' ==k the coecfficients y; 4, cannol be determined from (23).
To determine them we employ the still available condition that
the new cigen-functions ¢, should be normalised, 7.e.,

S s bas dg =1, (25)
or, from (11),
JUh" + ) (s A ew) dg =1,
or, neglecting € and taking account of (8),
S s v dg =o.
Substituting in this from (18) we have

kz' f Sl v b dg =0. (26)

For %' == k, the integral in (26) is zero on account of (8). For
k' =k, therefore, v, 4;» should be zero. 7Thus for all ¢’

Yiwr =0, (A" =F). (27)
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We have thus determined all the coefficients y;,» and with
them the function »,, We have therefore, to the first approxi-
mation, .

Yo = u + €,
Em{pte B 5 S [t Agd
= fy b T € o W
=1 ' ' A =0 1'=l ‘W_Fl"/ k q}
) =12 - a), (28)
where 2’ indicates that all the terms with 2’ = % are to be omitted.
kl

The theory of this section has a very important application
in the wave-mechanics of a system of similar particles, such as
the neutral helium atom, the singly ionised lithium atom, etc.

9-6. The Theory of the Neutral Helium Atom.

Several attempts were made before 1925 to treat the neutral
heliumn atom on the older quantum theory. But the results
arrived at were hopelessly in contradiction with the facts of
experiment. It was ouly after the advent of the new quantum
mechanics that the problen: could be successfully tackled, and
it was Heisenberg who, in June 1926, gave a preliminary sketch
of the problem of many bodies in quantum mechanics.

The neutral helium atom consists of two clectrons revolving
round a nucleus. Now, these two electrons are absolutely
indistinguishable from cach other, and no ohservable change is
made when they are interchanged. These two observationally
indistinguishable states are therefore counted as the same state
in the new mechanics. This gives rise to the * resonance
phenomenon, which has no analogue in the classical theory.

Take the nucleus (of charge 4+ Ne, N ==2) as the origin,
and suppose that one of the electrons is at the point (x4, y,, 2,),
and the other clectron is at the point (x,, ¥5, 2;). Let the distance
of the first electron from the nucleus be 7;, that of the second
electron from the nucleus he 7,, and the mutual distance of the two
electrons be 7y,. If the mass of the electron is denoted by p, their
velocities by (#,, v,,, @), (%3, Vs, w,), and the kinetic, potential
and total energies of the system by T, V and E respectively, then

T =13p (1® +v,® 4w, +u? +v.* + wyf),
v=-2e Ney 2 e
E =T+4V,

" v
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In order to make a transition from the corpuscular mecha-
nics to wave-mechanics, we must take each momentum to be a
differential operator :

kD _ kD _h )

pity, = 277’1, b'Vl’ no, = 2‘;; 53;1’ pw, = E.T—T} 5;-1'1{-
ho 2 h 9 By [ (2)

P = i oxg M T 9m oy, M0 T oy bzzJ

Substituting these in I' =1 —V, and operating on a wave-
function ¥, we get :

h? o2 ot o2 )
817,1,{ II—I by2+b~-+bx2+by2—* 02,2 }l’b_(F’*V)‘l‘
or
v+ T E V) g =0, 3)
where
Vi = V& + Vi ]I
o? b“
Vi =G T a~ 2) v (4)
y
Ve = bx-'by“ )¢

To a first approximation, we neglect the interaction term

2

e . . .
,o in the potential energy. Then the energy of the system will
10

be the sum of the energies of the two clectrons separately :

=T, -} K, (5)
The function ¢ in (3) depends on the six co-ordinates x4, y4, 24,
X, YVa, 23, but to the first approximation, 7.e., for the unperturbed
system, ¢ will be a product of two functions each of which depends
on the co-ordinates of one electron only :

=4 (1) 2. (6)

The unperturbed equation therefore becomes :

(v + v s @f + R ) e ()4 )

Ty

()¢ (2)} =0

or

6@ {9200+ 5 (B + 32w}

4 vt @+ 5 (2 + 50} =0
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or, dividing out by ¢ (1) ¢ (2) and transposing,

s {0 0+ 5 (2 ) )
“"J‘(Q){Va"ﬂ()-i-s”'u Eo+&z)!/l }

I'he left-hand side of this equation depends on (x,, y,, z,)
only and, the right-hand side on (%, ¥a, %3). Each of these must
therefore be an absolute constant, A say. We get then the two
equations

Vlz‘/f 8” ‘L(l’l - A+ “"‘)"’ (7)

v (2) + ,J‘(L2+M S)m=o @

These cquations (7) and (8) are the same as that for the
Liydrogen-like atom, except that the eigen-value parameter is
now called E; — A, E, + A respectively, instead of the simple E.
We integrate these two cquations according to the method of
§ 8.5, with the provision that we take the ground state, i.e.,
the principal quantum number # =1 for (7), and # > 1 for (8).
Then from (34) § 8.5, we have

2, N2t
B, — A= - ThN
(9)
By 4 A = — 2T
: 22
The unperturbed wave-function is then
w= gy (1) ¢ (2), (10)
which satisfies the unperturbed wave-cquation :
R 2
v+ "’“(E + E, + ——»+I\—T£-)u=0, (11)
But the wave-function
= $1 (D) (1), (12)

obtained by interchanging the two clectrons, is also a solution of
(11). Each energy value E, + E, is therefore two-fold, and the
problem is degencrate, except when # =1. Heisenberg calls
it *‘ resonance-degeneracy '

Therefore, as shown in the theory of the last section, equation
(4), § 9-5, we take a linear combination of the two functions «, v :

w=au + fv, (13)
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where the coefficients a, B are arbitrary for the present but would
be determined later.

Now suppose that in the perturbed equation :

2 L
v _LS"“(] + 2 _ %Yy =0, (14)
. .
the perturbation term ;— is considered small, and that the eigen-
12
value and eigen-function of (14) are given hy
B =E, 4T, + 7, (15)
and
b= w -4, (16)
2
where 5 and ¢ are small quantities whose products with ;e_ may
]
be neglected.
Substituting (16) and (16) in (14), we get:
8 . Net | Net ¢t
vt e+ ) + (Bt 450 + 00 = Y tg) =0,
1 2 12
or, neglecting small terms of the second order,
Vv iw -1-8"“(1.1 +E, + ) _1-8"“(.,,__
1
8miu (. Ne?
+v%4-ﬁ%h44%+r +52) 4 =0
1
Remembering that w satisfies (11), and writing
_ Q" N * el — 87.‘.2“
A= s e=Tpn (17
we get finally the equation
8 N 2
v%4-?”(L1+F +—~ ;5)¢=4A._qw. (18)

As usual, for the non-homogencous ecquation (18) to
have a solution the right-hand side must be orthogonal to the
eigen-valges # and v of the homogencous equation (11). Thus

we get :
JA —qwudr =0, [(A-wvdr =0, (19)
where
dr = (dx,dy, dz)) (A%, dy, dzy) = dr,dr,.
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Substituting (13) in (19), we get the two equations :
a/ (A — € widr +Bf(A—-e wvdr =0
af —em'd‘r-{ﬁf —ev’(l"l':rO}

Suppésc # and v are normalised to 1, so that

[wde =1, [o¥dr =1. (21)

(20)

Further, we have

f wvdr = _/ $1 (1) ¥, (1) dry. f Py (2) Py (2) dry
(22)
We write )
a;, = /A 12 dr, a =ay :-:fA uodr,  da, == /.\v‘-‘d»r. (23)
Substituting (21), (22) and (23) in (20), we get
a(dy —e€ +Bap, = O’} 24
aam +B(a22 *—E) = 0. ( )
Eliminating o and B, we get a quadratic equation for e:
(@y; — €) (@22 — €) —ag® =0. (25)

But A = 87# ‘s symmetrical in both the electrons, v arises
.2
from # by the interchange of both electrons, and the integration
with respect to dr considers both the electrons cqually, therefore
we have
ay = dag. (26)
Hence, (25) becomes
(@1 — €)* —ag? =0. (27)
The two roots of the equation (27) are therefore,
€1 = @y — Ag, €3 = A1y + Ayo. (28)

The cigen-value E; + E, of the unperturbed problem (11) breaks
up into the two somewhat different values

h? h?
E, + E, + ¢ 81;_’;7.’ Ey+ E; + e 87:3 : (29)
Substituting (28) in (24) we have for ¢, : .
a(ay; — €) +Bay =0,
or
aay +Ba,y =0,
or

a+B=0p8=—a (30)
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Substituting (30) in (13) we get for the eigen-function correspond-
ing to €;:
w, =a¥ —av =a (¥ —v). .(31)
Similarly, from (24) and (28), we have for €, : .
a(ay — &)+ Bay;=0
or
—aa;; +Ba, =0

or
—a+B=00r8 =aqa.

Then from (13) we get for the second eigen-function,
wy, =att + av =a (¥ + v). (32)
We have finally to determine the value of a. For this we use
the condition that both w, and w, should be normalised to 1:
[ wrde =1, (33)
ie.,
a.zf(u— v)idr = 1,
which on account of (21) and (22) reduces to
1
2e2 =1, a= vh (34)
Thus to a first approximations, the two eigen-functions are

0 = s =) =7 {04 - h@ 00} (o
wy = g 0+ 9) = 5 (B () + 2 D) (36)

We see that one of these eigen-functions, viz., w, is anti-symme-
trical in the two electrons, #.e., if we interchange the two electrons,
its sign is changed. The other function, w,, is symmetrical in
the two electrons, f.c., it does not change if the two electrons
are interchanged.

We see therefore that the neutral helium atom has two
distinct scts of eigen-functions, (¢) anti-symmetrical and (b)
symmetrical. We know also that the cigen-functions charac-
terise in some way the stationary states of the atom. We shall
call the symmetric eigen-functions the Para-terms, or simply the
P-terms, and the anti-symmetric ones Ortho-terms, or the
O-terms.
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We shall prove now that the two systems of terms (35) and
(36) do not combine with each other, 7.e., that there can be no
transition between a P-term and an O-term.

* Let f (1, 2) be the matrix representing the radiation from
the atom. It is of course symmetrical in both the electrons
land 2, 1.,

. f£2,1) =f(1, 2). (37)
If the element f,,, (1, 2) vanishes for every component of f in every
direction, this means that the transition m — n is forbidden.

For a transition from the state ‘;2 (# +v), to the state
1

73 (16 — v),, wc get
-~

Jon =3 SS 701 2) (4 + 0) (0 = 2),dr
or
Jun =3 JL70,0) @ +0)m (4 —0)y drydry (38)
On account of the anti-svmmetrical character of ¥ — v, the
integrand in (38) changes sign if we interchange the two clectrons,
whereas f,,, being symmetrical, is not affected by such an inter-
change, t.e.,

Jun = =3 [ 7(12) (¢ + ) (0 = )y dry (39)
Comparing (38) and (39) we find
Jmn =0 (40)

for all m and all #, showing that therc is no transition from a
P-term to an O-term. The existence of the two non-combining
sets of terms, known as the Para-Helitn and Ortho-Helium lines,
has been abundantly proved experimentally, and it was one of
the problems which the classical theory and the older quantum
theory of Bohr could not explain.

9.7. Systems Containing Stmilar Pariicles.

After the first work of Heisenberg on the neutral helium
atom containing only two electrons, and on the lines suggested
by him, many workers such as Dirac, Hund, Wigner, Heitler
and others, attacked the problem of many bodies involving several
similar particles. A detailed treatment of this would require a
knowledge of the theory of permutation-groups. The permu-
tation-groups come into play on account of the fundamental
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fact, as mentioned in the last section, that particles identical in
their nature cannot be distinguished from one another by their
position or motion, so that if we make any permutation, or inter-
change, of any number of the particles among themselves, the
subsequent state is absolutely indistinguishable from the original
state as far as observation is concerned.

We shall content ourselves with giving only the conclusions
arrived at by a use of the theory of groups. The following
account is taken from Dirac’s work.

The results given in the last section for only iwo electrons
are found to hold in the general case. It is found that the eigen-
functions are divided into a finite number of scts as regards their
symmetry character. These sets are mutually non-combining
or exclusive, that is to say, that there is no transition between
a member of one set and a member of another set. Transitions
can take place only between two members of the same set.

It is further possible to deduce the following theorems about
the symmetry-character of the eigen-functions.

TureoreEM 1. If an eigen-function is initially symmetrical,
it remains always symmetrical.

T'HroREM 2. If an eigen-function is anti-symmetrical, it
remains always anti-symmetrical.

THEOREM 3. The property of an eigen-function being sym-
metrical or anti-symmetrical remains invariant under a canonical
transformation.

These theorems show that the property of being symmetrical
or anti-symmetrical is a property of the states themselves, and
not meerely a property of the ecigen-functions. Thus we can say
that the states themselves are symmetrical or anti-symmetrical.

Moreover, the invariance and permanance of the symmetry
character of the states means that for some particular kind of
particles it is quite possible for only symmetrical or only anti-
symmetrical states to occur in nature. The question is decided
in the casé of photons by making use of Planck’s law of radia-
tion, and in the case of electrons by making use of Pauli’s exclu-
sion principle.

It is found that only when we assume the symmetric states
for photons, do we get a statistical mechanics leading to Planck’s
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law of black-body radiation. This statistics for the photons
has been developed by S. N. Bose and A. Einstein.

. For the electrons we use Pauli’s exclusion principle, which
has been inferred from general experimental evidence on atomic
structure, and is universally accepted. This principle, as we
know, postulates that, speaking in terms of Bohr’s theory, no
two electrons can ever be in the same orbit. If we wish to avoid
the conception of the electron orbits, we can put Pauli’s exclu-
sion principle in the form that cach individual state can be
associated with only one electron.

Now Dirac remarks that if Pauli’s exclusion principle is to
hold for a system of electrons, such a system must be described
by an anti-symmetrical cigen-function. For example, consider
a system of two electrons. As found in (35) § 9-6, an antisym-
metrical eigen-function for these two electrons is

w=§;{mm¢mr—mm¢m§- (1)

In this function if for iy, (2), ¢, (2), we write ¢, (1), ¢, (1) respec-
tively, .., bring the second electron in the orbit of the first
electron, then w vanishes.

Thus, if we assume that for electrons only anti-symmetrical
states occur, then we get the result that there are no states with two
electrons in the same orbit, which is just Pauli’s exclusion principle.
The statistics for electrons has been developed by Dirac and
E. Fermi, and has been applied to the electron theory of conduc-
tion in metals by Sommerfeld and others.

9.8. Perturbation Theory in Matrix Mechanics.

In § 9-3 and § 9-5 we gave the wave-mechanical perturbation
theory. We remarked there that if the Hamiltonian of a dynamical
system depends on a parameter ¢, fe, H=H (p, ¢, ¢, and
if the cigen-values are known for the particular value € = 0, then
for small values of €, the perturbation in the eigen-values can be
determined by an expansion in scries :

H(pg &) =Ho (pg) + eHy(p,g) + ¢ Hy (p, ) + -+ (1)

We shall now give an account of the perturbation theory as
developed in matrix mechanics. It is found in applications,
that often the matrix method gives the result more quickly and
in a more elegant form.
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The problem is as follows. The Hamiltonian function
H =H, (p,q) defines a certain dynamical system, and the
solution of the problem

pq —qp = 8 H, (p, q) = Ii, == diagonal matrix, - )

is already determmed, that is to say that we know certain matrices
Po> o, Which actually satisfy the cquations (2). We have now a
slightly different problem

Pq —qp = z 8 H (p, q9) = L = diagonal matrix, 3

where H (p, g) is supposed to be capable of expansion in the
series (1), and consequently E can be expanded in the series

I =Fy+ el + K, 4 -+ 4

We try to build up the solution of (3) with the help of the

solution of the problem (2), given by the matrices po, go. We

saw in § 6-9 (4) that all transformation matrices in quantum

mechanics must be unitary. Let # be such a matrix with the

property

ub =u-1, (6)
then the matrices po, ¢o would be transformed to
p=u"lpou,qg=u"tqgyu. (6)

We know from Theorem 1 § 6-9 (1) that p, ¢ are hermitian, and
from § 6-9 (4) that they satisfy the quantum condition :

Pg—ap =i B, (7

i
Further, we get from Theorem 2 § 6-9 (2),
H (p, q) =u~1H (po. 90) 1 (8)
or, on account of (3)
1=V H (po, qo) 1t =E,

i.e.,
1 (po, go) 4 =« E, (0
Correspondmg to the expansions (1) and (4), we sct
=1yt ett; + Uy -, (10)

and get from (9), on account of (1) and (4):
{Ho (o 90) + €Hy (Po, ¢o) + €Ha (Po, To) + -}
X {iy + ety + €ty + -}
={uo "}' E“l + qul_h + . "}{P:o ‘I‘ €E1 + (‘.’En +"'}. (11)
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Equating the coefficients of equal powers of €, and taking account
of the relation H, (po, o) = E, given by (2), we obtain

. Eo uo == uo Eo, (12)
© EFouy +-Hyuy =1, FE, + u, E,, (13)
Fotto +Hyty, +Hyug =0y I5y + 1y Xy 1, . (14)

When higher approximations are required, we can equate coeffi-
cients of €3, €, ctc.

Undisturbed System Non-degenerate.—In this case, no two
cnergy levels are equal, 7.c.,

Eo (un) 5= Y, (mm) if n s=m, (15)

so that all the terms of the diagonal matrix E, are different.
From (12) we obtain, therefore,

X {Eo (mk) 1y (ki) — 1 (mk) Yoo (kn)} =0,
1

ie.,
. 1y (mn) {Eo (mm) — E, (nn)} =0,
t.ec.,
haey (mn) vy (mn) = 0. (16)
This gives, since vy (mn) == 0if m == n,
o (mn) = 0if m == n, (17)

showing that w#, is a diagonal matrix. But the diagonal terins
cannot be determined from (16). To dctermine these, we have
to usc the fact that # is a unitary matrix. From (5) we get then
wut =35, 1.e.,

(o + ety + €ty + - -+) (ugh + eyt + €21y + +-2) =38
hence
gttt =8, and uy 1, 4 2, ut = 0.
Thercfore, we have, since 14 is a diagonal matrix,
ty (nm) ugt (nn) = 1,1.¢., |uy(nn)|? =1, (18)
Thus the phase of u, (n1) is indeterminate, and if we write
1o (nn) = | 1y (nn) | erdmn) =z pré(nn),

we can absorb ¢¢(#) into the usual unwritten time factor, and
write %, (nn) = 1. Thus we have effectively

%o = 8 (unit matrix). (19)
The equation (13) now becomes
Eoty + Hy =E; +u; Eg,or Equy —u, By =E, — H,. (20)



220 Perturvbation Theory §9-8

Taking the mn component of both sides, we obtain :
2 {Eo (mk) uy (kn) — 1ty (mk) Eq (kn)} = E; (mn) — H,(mn),
k

- 1, (mn) {Tig (mm) -- Eq (un)} = E, (mn) — H, (mn),
* howy (mn) vy (mn) =B, (mn) — H; (mn). (21)
But E, is a diagonal matrix, so that if m == #, then .
huy (mn) vg (mn) = — H, (mn), (m == n), (22)
and if m ==n, vy (n) == 0, so that
E, (nn) = H, (nn). (23)

Thus we see that H, is not a diagonal matrix, but its diagonal
terms are those of E,.

The ‘‘ time mean’’ & of a matrix a, is defined, in quantum
mechanics, as the matrix formed by writing all the terms of a
zero, except the constant terms, which for a general matrix are
only the diagonal terms:

@ = (A Omn). (24

From (23) we obtain therefore
E, =H, (25)

Thus, we get the eigen-value
I =E, + e¢H,, (26)

correct to the first order of approximations.

This result is analogous to that of the classical theory, and
also to that found in the wave-mechanics.

We shall now calculate the second approximation.
From (14) we obtain, since %y =3,
Bty — 1y By =Ty — Hy + 2, Ty — Tyu,. (27)
I'herefore, on taking the mn component we get
T, (mk) uy (ki) — 1y (mk) g (kn)} = E4 (mn) — Hy (mn)
' -+ 21‘7 {uy (mk) Eq (kn) — H, k) u, (kn)},
or,

14, (mn) {Eo (mm) — Lo (nn)} = Ly (mn) — Hy (mn) 4 14, (mn) B, (nn)
— 2 {H, (mk) u, (kn)},
k
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or
h sy (mn) vo (mn) =By (mn) — H, (mn) + 1, (mn) E, (nn)

- %‘ {H, (mk) 1, (kn)}. (28)
Writing m = in (28), we find, since vy (nn) =0,

B; (nn) = fl‘ H, (nk) u, (kn )+ Hy (nn) — u,y (nn) E, (nn).  (29)
But, from the condition wut = 3, we got as the first approximation
the result (19), viz., 4o= 5. Substituting this in the second approxi-
mation #, %7 4 %, 4t = 0, we obtain

%, + 1,7 =0 (30)
Taking the #nn component, we find '
uy (nm) -1t (un) = 0.
Writing
u, (nn) =c &™),
with ¢ real and the phase ¢ arbitrary, we get
c{estm 18y g,

or
2¢c cos @ (nn) == 0,

Since the phase ¢ is arbitrary, we conclude that ¢ =0, and
therefore

%, (nn) = 0. (31)
Substituting the values of #, (mn) and «, (nn) from (22) and
(31) in (29), we obtain

E; (nn) = H, (nn) — Zk" o )
. , Hy (nk) H, (kn
= H, (nn) + ‘::' . hv-o-(;];)-——-—. (32)

where 2’ means that the term 2 = » has been omitted from the
k

summation. The disturbed eigen-value is thus found to the
second approximation :

H, (nk) H, (k")} Lt
hvy (nk)

Undisturbed System Degenerate.—In this case # of the discrete
energy-levels are equal, s.e.,

Ey (n,1y) = Eq (ngng) = - -+ = E, (n,n,). (34)

E=E)+ ¢H + ¢ {Hz (nn) + ‘f' (33)
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Then from (16), viz., hvy (mn) u, (mn) =0, we conclude,
as before, that #, (nn), i.c., the diagonal terms of the matrix #,,
are not zero. Bit in the case of degeneracy, we find that in addi-
tion to the diagonal terms, some of the non-diagonal elements
are also not zero, viz., those terms %, (mn) for which m, n aré any
pair of the sct #,, n,, - -+, m,. Other non-diagonal terms for which
m, n are not a pair of this set, vanish.

Now since vy (mn) =0 when m =, or when m, n are any
pair of the set #n,, #n,, - -+, #,, we see that the matrix #, consists
of constant terms only, though it is not a diagonal matrix.

From the condition u, #,t = 8, we get

1y (nn) ugt (nn) = 1lifn == ny, ny, -+, 0, ;
ie.,
Jug (mn) |2 =1, uy(nn) =1ifns=ny,n,y, -0, m,,
and
o (mp, np) == 1ifk =1,2, ..., 7

The equation (13) then becomes
Eouy —u, By =1y E, — H, u,.
Taking the mn component, we obtain
2 {Eq (mk) 10y (kn) — u, (mk) Ey kn)}
: = Z{(tq (k) F (k) ~H, (mk) g (b},
or
1y (mn) {Eo (mm) =g (nn)} = u, (mn) B, (nn) — X H, (mk) u, (kn).
” (35)
Thus, if m == n and m, n == ny, 1y, - -, n,, then since u, (nn) =1,
we get
huy (mn) vy (mn) = — H, (mn) u, (nn) = — H, (mn), (36)
which shows that H,; (mn) has a value not zero.
Writing m = #n == 91, #,, -+ -, 1, in (35) we get
0 =K, (nn) —H, (nn) , or E, (nn) =H, (nn). (37)
Thus the diagonal clements of H, still give those of E,, except
when 2 =1#,, #My, -+, #,.
To find the remaining r diagonal elements E, (n, n,),
Ty (tg09), -+, By (m,m,), we put # = n, in (35), and get

huy (mny) vo (mny) = 1o (nny) By (nym,) — {H, (mn,) u, (n,n,)
+ H, (mng) ug (ngny) + - -+ + Hy (mn,) ug (n,n,)}. (38)
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We put m successively equal to #n,. #,, ---, n, in (38), and
note that v, (ngm;) =0 for k, [ =1, 2, ..., . Then we obtain
to (mgn1) By (m1113) — {H, (ngny) 1ty (ny0) + Hy (mgits) g (191,)

+ oo - Hy (ngn,) uy (n,m)} =0,
kR=1,2,..-,7). (39)
This gives the following secular equation for E, (n,2,), provided

we eliminate u, (1,2,), 1y (my), -+, 4y (n,, n,) :

H, (nn) — By (nyn)), Hy(nyng), - -0 » Hy (myny), =0
H, (nyn)), H, (ngny) —E, (mpy), -+, Hy (nym,),

......................................................

(40)

If we had put # =#n,, ---, n, instead of n, in (35), we would
have obtained the same equation (40), except that E; (nn,)
would have been replaced by E; (ngn,), -+, Ey (n,m,). Thus

Ey (mn,), By (nemy), -+ - E, (n,m,) are the r roots of the secular
equation
H, () — A, Hy(ngny), - oovven - ,Hy (n,n1,) =0 (41)
Hl (”2111), Hl (nz’lz) - A, ey Hl (”2"/:)
H, (}1,,111), ...................... , Hy (m,0,) — A

The 7 roots of the equation (41) give the remaining elements
of the diagonal matrix E,, showing that the » coincident levels H,,
split up into » different levels.

Now, since vy (mn) =0, not only when m =, but also
when m, # are any pair of the set #,, - - -, n,, we sec that the matrix
H, has constant clements not only in the leading diagonal, but also
at the crossing points of the #,th, ..., n,th rows with the
#yth, - -+, n,th columns. Then, from the definition of the time
mean of a matrix, we know that H, is not a diagonal matrix for
the degenerate case, since, some non-diagonal terms of H,, viz.,
H, (ng n;) where k=1 and and &, =1, 2, --- 7, are also con-
stant, and cannot be made zero when forming the time mean.
Then we transform the matrix H, so that it becomes the diagonal
matrix E,, thus

Sl Hls =I‘:)n (’f,'ﬁls =SE1. (42)
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Taking the n; m element, this gives
ZH, (mgl) S (Im) = Z'S (nyl) By (Im),
i

i
or since H, has only terms H, (#n) and H, (nzn;), where &,] =
1, 2, .-, 7, we obtain -

Z H, (ngny) S (nym) = S (nym) By (mm), . (43)
=1 .
(kym =1,2,---,r).
On eliminating the S’s from this system, we obtain the same
equation for the determination of the 7 terms of E; as (41).

This shows that if the undisturbed system is degenerate,
then H, is a matrix of constant terms, though not a diagonal
matrix. If a transformation S!'H,; S is carried out so that this
becomes a diagonal matrix E,, then the eigen-values of the per-
turbed system are, to a first approximation,

E =L + ¢ B, (44)

The process can be carried to second and higher approxima-
tions, but we shall not enter into details here.



CHAPTER X.

PHVSICAIL INTERPRETATIONS AND
HEISENBERG’S PRINCIPLT; OF INDETERMINACY.

1 (1). Physical Significance of the Wave-Function.

_ Schrodinger’s Interpretation.
So far we have been using the function ¢ freely without
stopping to consider what it actually signifies. The important
fact for us was that the i-equation gave correct energy values
for any atoniic system.

It was Schrédinger again who first gave a physical inter-
pretation of the wave-function. To set forth his arguments, we
consider the problem of a single electron with mass m and charge
e. Using Cartesian co-ordinates we have the following wave-
equation for the clectron:

1 87 ..
v+ gy BV g =0 (1)
~ami B
Multiplying this equation by the factor ¢ * ', we get
; (ve)
N }« — =
m v? (J’ ¢ ) toa VI(¥e L 0,

or, writing .
TTe = 0

Sy zit)=d(xy e @)
we get for the wavc-equation :
1 =
5T+ @V =0 (3)

From equations (1), (2) of §7 - 5, we know that the true wave-
function is ¢, and that it depends on time according to the law
(2). Morcover, the equation (2) gives us also

% :_’.’.'_‘
oaH g,
so that in agreement with (6) § 8 - 6 (1), we find : .
X h ¢
Lg = T omi ot (4)
Substituting (4) in (3) we get
1 4mi ¢
V- mVe =0 ©)

15
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Similarly, if ¢* is the complex conjugate of ¢, it must satisfy
the equation

o Aml btf
v = v = =0 (8
Multiplying (.)) by é* and (6) by ¢, and subtracting, we get :
471 9 :

Lo s + 172 04) (7
Multiplying (7) by € and rearranging, we have :
a * , * *

S (8 4 o 87V — V) = 0. (8)

Let us define four functions S, S, S; and p by the following
equations :

p = b,
o 4;1]1;71 (d’
S = o (¥58 Z‘%? ' ®
4:1',2’771 (45
Then we see immedmtely that (8) reduces to
PO ey e w

If we interpret p to rcpresent the density of electric charge,
and if S, S,, S, denote the components of current density, then
cquation (10) is nothing but the cquation of continuity in the
theory of electric currents. Obviously, all the four cxpressions
in (9) give us real quantities. According to Schrédinger, there-
fore, the density of electric charge at the point (x, ¥, 2) is propor-
tional to ¢*¢ = Y*4. But this view of Schrédinger’s was
found to be untenable when applicd to the general case of
a system more complicated 'than a single electron. In fact,
Schrodinger himself had attempted previously to explain the
relation between waves and corpuscles by suggesting that the
electron is constituted by a group of waves of neighbouring
frequencies—in other words, by a * wave-packet . But it was
soon pointed out that this simple and interesting view could not
be scriously considered. It was open to many objections. Just
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as a wave crest produced at any point of an otherwise smooth
surface of water spreads out and disappears hefore long, so would
an electron wave-packet be in general very soon dissipated.
Further, when the electron is diffracted by a crystal in the experi-
ments of G. P. Thomson and others, the wave-packet would be
completely dispersed and destroyed, showing that the particles
would have no stable existence.

Another hypothesis, put forward by I. de Broglie, was to
consider the particle merely as a singularity in a wave-pheno-
menon. As we know from the theory of functions, a singularity
of a function is that point in the domain of the variables where
the function becomes discontinuous. For the special case of the
uniform motion of a single clectron, de Broglie found a solution
of the wave-cquation which contained a singularity moving with
the velocity of the particle. But iu the gencral case of a non-
uniform motion of the electron, the existence of such a moving
singularity could not be proved, and de Broglie’s hypothesis had
to be dropped.

10 - 1 (2). Born’s Interpretation.

These hypotheses of Schrédinger and de Broglie were soon
replaced by a suggestion first put forward by Max Born, and now
accepted generally.

Born was led to the formulation of this point of view by
a 1emark of Einstein about the relation between the wave-field
and the light-quanta. Einstein had said that the waves are there
only for the purpose of showing the way, so to speak, to the light
quanta, In this sense, he spoke of the waves being a sort of
a ‘“ ghost-field ” which determines the probability for the light-
quantum to go on a definite way.

*his idea of Kinstein’s was taken over by Born for the
material waves also, with this difference, however, that the wave-
field is not just a mathematical fiction, but possesses as much
reality as the corpuscle. Born remarked further that the quantum
mechanics so far developed solves problems connected with the
stationary states only, whereas it should actually be capable of
formulating and solving the transition phenomena as well.

Born adopted the following point of view, which is now
gaining universal recognition and causing a revolution in our
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whole scientific outlook. He pointed out that the new mecha-
nics does not answer the question : *“ How does a particle move ?** ;
rather it answers only the question: ‘ What is the probability
that a particle should niove in a given way ?” Born assumied,
therefore, that the particles are always accompanied by a wave-
process. ‘These are the well-known de Broglie-Schrédinger phase
waves we have considered above. “The square of the amplitude
of these waves determines the probability for a particle to be
present in a state of motion corresponding to the given phase
wave. The underlying idea has been very clearly stated by
Born: ‘‘ According to this vicw, the whole course of cvents is
determined by the laws of probability, which is given by the
de Broglic wave associated with the state. A mechanical process
is accompanicd by a wave-process, the guiding wave, described by
Schrodinger’s equation, the significance of which is that it gives
the probability of a definite course of the machanical process.
If, for example, the amplitude of the guiding wave is zero at
a certain point in space, this means that the probability of find-
ing the clectron at this point is vanishingly small.” (Atomic
Plysics, p. 83.)

Born's interpretation is thus a statistical one, in which he
assunies that the function ¢ is not a characteristic of the indi-
vidual atomn, but determines the average behaviour of the whole
system.

To take a simple case, we consider an atom with many
electrons. Then from (5) § 10 - 1 (1), we have the Schrodinger
equation for such an atom:

87 .. dmip

2 — TH SR e

NA iy AL AP (1)
where we have written p for the mass of the electron, and of which,
on account of (2) §10 - 1 (1), we have a solution

- 2mi
- E,t

$u (¥, 25 1) = (v, y,2)e B (2)
Here E,, is the eigen-value and ¢, the cigen-function belonging
to the nth stationary state.

The most gencral solution of (1) is found by superposing the

solutions (2), so that we write :
- 2m
- Byt

¢mxm0=§gquWeT', (3)
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where the ¢, are the coefficients of the ‘‘ Fourier’ expansion.
Since the eigen-functions ¢, are mutually orthogonal and normal-
1sed we get just as in (10) § 8.6 (2):

- 211'1
Cu € = f_/_/‘r’-m (%, ) %) gy 2z, t) dv, (4)
where dv is the volume clement dx dy dz. Therefore on taking the
square of the modulus, we get :

% . - 2
leul =1 SS] 9" 3. 2 325 o [ (5)
Born postulates that |c, [* is the probability that the atom
is in the nth state.

Now suppose that when the atom is in this sth state, it is
acted upon by a perturbing force which lasts a finite time, and
that under the influence of this perturbation the atom makes
a transition to another state. Born has proved that in this case
the Tourier coefficients ¢, undergo an orthogonal transformation :

Cn =X bmn Cm» ) (6)
m
where, on account of the orthogonality,
Zbpibt =1 whenm =n,
k
= 0 when m == n. (7
Born now puts forward the supplementary hypothesis that

| &m |* represents the probability for the atom to make a transi-
tion from the state # to the state m. &, depends of course on

'l’”l ¥ ‘l‘)t .

Since it is certain that the atom will be in at least one of all
the stationary states, the sum of all the probabilities |c, |* must
be a certainty. We get therefore :

Zley|? = 1. (8)
10 - 2. Calculation of Intensities, Selection

and Polarisation Rules.
Suppose that an electron is vibrating so that its dlsplacement

at any instant from its position of equilibrivm is a vector r
having the components %, y, z. Obviously, this represents an

> >
oscillating electric dipole of moment p =er, having compo-
nents p, = €1, p, = ¢y, p; = ez.
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Now according to the theory of Hertz, the field of such
->
a dipole consists of an electric vector E and a magnetic vector

I-’I, such that I-?: is at right angles to ﬁ, and both are perpendi-
cular to the direction in which the radiation is propagated.: Let
0 be the angle between the direction of propagation of the radia-
tion and the direction of 7, and let p denote the distance from
the centre of the dipole Then Hertz’s theory gives "for the

values of the vectors F and H

E=H = sm0d'p

Czp dtz (1)
provided of course that p is very much greater than the wave-
length of the radiation emitted.

From Poynting's theorem, we know that the energy radia-
ted per second in a given direction is

c /> -»>
== - (E X H)’
4m
-> nd . .
where EE X H denotes the vector product, whose value is given
-> -> ->
by EH sin (angle between E and H). But since E is at right
<>
angles to H, we get
v C o
S = i EH. 2)
From (1) and (2) we get therefore

S = 4071 {Si(::pe %}{)} 4‘; {Sm ’ Z:;}

€ sin? 8 (dr\?

T Tdmcp? EZE) ' (3)
The total energy I, radiated in unit time, is obtained by integrat-
ing S over the whole surface of a sphere o:

1= f/Sdo

& dz,)s T .
= o sin? @ p? sin 6d0d¢
Ancdp? \dt? 0 -[ 0 ¢'/- °

€ sdi\2
= & \de

_2e iy "

k14
~2‘rr-/sin’0 d0

3 ¢® \d?
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The components of the intensity are given by :
2 € fdix\?

3 Fti) '

with similar expressions for I, and I,.

I, = (5)

"With the help of the correspondence principle, this classical
theory formula is taken over into the quantum thecory, with the
difference, however, that the radiation would now be due to
a transition from the state 7 to the state m, so that x, y, z would
now be matrices. Ior the intensity of radiation due to a transi-
tion from the state # to the state m, we would therefore have

I, = 2 ‘ff@:)z

33\ dr
. 2¢? dz_‘ymn)2
= 52 Cae” (6)
I = 2€(@2um\’
= g ()

But from (6) §5 - 2, we know that time enters into the matrix
elements according to

. e A T,
Xy = Xpypy €37 Vmnt
50 that
dx,,
mo__ (9.
anr = (2 "mn)z Xotms- (7)

Substituting (7) in the formule (6), we get for the intensity
components :

2 €2 . "

Lo = 3 5 Cmivem)* 2un,
2 € .

I, = 3 :F (27ivnm)® Yum®, (8
2 ¢ .

I, = 35-3 (27 2V 1m)® Zpeg®.

From (18) §8: 6 (2), we know that in the formule (8) above,
the matrix elements x,, are derived from the Schrédinger wave-
functions according to the rule

Sam = [y d, (9)
with similar expressions for y,,, and z,,,. .

The expressions (8) enable us to find the selection and
polarisation rules also. Thus, if it happens that for a certain
transition # — m, we get %,, =0, then we should expect no
radiation of the frequency v,, polarised parallel to the x-axis.
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To get the selection rules, therefore, we must find out under what
conditions / " ¢, dv will vanish.

Moreover, the polarisation of the spectral line with the fre-
QUeNCY vy, is determined from the values and relative phases.of

Xoum> Yum and 2y,

10 - 3. Complimentary Character of the Corpuscular
and the Wave Conceptions.

In the foregoing section we saw how the two ideas of
corpuscles and waves can be successfully merged into a statistical
interpretation. There is thus no essential contradiction between
the two conceptions, as employed in quantum mechanics, nor
are they mutually exclusive. As pointed out by Niels Bohr in
1927, the one representation supplements the other. ** Particle "’
as well as ‘“ wave ' are each just half the reality underlying both
matter and radiation. ‘The word ‘‘ wavicle”’ has been coined by
Eddington to describe these ultimate constituents.

A very illuminating analysis of the whole problem has been
given by Dirac with the help of the ‘ Principle of Superposition '
In this connection, Dirac also raiscs the question of the aim and
object of theoretical physics, and supplies the answer that its
only object is to calculate results that can be compared with
experiments, and not to give more detailed answers than can be
experimentally verified.

I'or explaining the principle of superposition, Dirac considers
the simple case of the polarisation of light. Experiments on the
photo-electric cffect show that if the incident light is plane
polarised, the photo-electrons are ejected in a preferential direc-
tion. This leads us to the conclusion that ‘‘the pelarisation
(= wave) properties of light are closely connected with its corpus-
cular properties, and that one must ascribe a polarisation to the
photons. One must consider, for instance, a beam of light plane
polarised in a certain direction as consisting of photons cach of
which is plane polarised in that direction, and a beam of circularly
polarised light as consisting of photons each circularly polarised.”

Yor these considerations to hold, it is necessary that
a certain state of polarisation is ascribed to every photon. With
the help of this idea of the state of polarisation of a photon,
Dirac gives a description of the experimental facts about the
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resolution of light into polarised components, and the recompo-
sition of these components.

He considers a beam of light passing through a crystal of
toyrmaline, which has the property of letting through only light
which is plane polarised perpendicular to its optic axis. Now the
classical theory predicts that if the beam is polarised perpendicular
to the axis, it will all go through the crystal; if it is polarised
parallel to the axis, none of it will go through ; finally if it is polar-
ised at an angle a to the axis, a fraction sin? a will go through.

Accordingly, Dirac assumes that each photon polarised
perpendicular to the axis passes through the crystal, while each
photon polarised parallel to the axis is absorbed. In the case of
the obliquely polarised incident beam, cach of the incident
photons is obliquely polarised at the same angle a. Now, if we
perform the experiment of letting an individual photon pass
through the crystal, then according to quantum mechanics, some-
times we shall find that the whole photon passes through the
crystal unhindered, and at other times we shall find that the
whole photon is absorbed. We shall never find that part of the
photon passes through, and part of it is absorbed. If we perform
the experiment a large number of times, we shall find that in
a fraction sin? « of the total number of times the photon passes
through the crystal, and in a fraction cos? a times the photon is
absorbed. ‘This fact is interpreted by Dirac to mean that the
photon has a probability sin? a of passing through the crystal,
and a probability cos? a of heing absorbed. These values for
the probabilities lead to the correct classical results for an inci-
dent beam containing a large number of photons. The individu-
ality of the photon is thus preserved in all cases.

To provide a further description of this fact, Dirac agrees
to regard an obliquely polarised photon, as being partly in the
state of polarisation parallel to the axis, and partly in a state of
polarisation perpendicular to the axis. He considers the state of
oblique polarisation as a kind of superposition of the two states
of parallel and perpendicular polarisation. Any state of polar-
isation is thus assumed to be capable of being resolved into any
two mutually perpendicular states of polarisation.

Thus, before the photon is observed, it is partly in each of
the two states of parallel and perpendicular polarisations. When
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we make an observation on it by passing it through the crystal,
it is forced entirely into the statc of parallel, or entirely into the
state of perpendicular polarisation, and is thus observed either
to pass through the crystal or to be absorbed by it. Which of
the two states it will be forced into cannot be predicted exactly,
but is governed only by probability laws.

Thus in trying to reconcile the corpuscular and wave ‘con-
ceptions, we are led necessarily to an uncertainty about the
result of an experiment. At the most we can only predict the
probability of occurrence of each of the possible results. This
indeterminacy in modern physics was first clucidated in 1927 by
W. Heisenberg, who considered the experiments that can be
performed to determine the position and velocity of an clectron,
and proved that it is impossible to determine simultancously
both the position and the velocity of the electron with exactness.
Thus Heisenberg formulated the principle that a certain indeter-
minacy is necessarily associated with all mcasurements of atomic
magnitudes. It arises from the fact that every observation neces-
sarily disturbs the thing observed, but the extent of this disturb-
ance itself is quite undetermined. We shall illustrate this point
by describing in detail two experiments, one to fix the position
of an electron and another to determine its momentum.

10 - 4. Determination of the Position of a Free Electron.

In order to fix the position of the clectron as accurately as
possible, we must illuminate it with the light of as small wave-
length as possible. For this purpose we shall assume with
Heisenberg that we are employing a y-ray microscope.!

ol

)
.

direction of light —. Y electron

1 Prof. Heisenberg himself told the author that he had thought of the y-ray
microscope in 1924, i.c., before he discovered the quantum mechanics, and long
before he published the uncertainty principle.
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Let the cone of rays scattered from the electron through the
objective have an angular opening «, and let the wave-length of
the light illuminating it be A. Now it is knowh from the laws
of ‘optics that the microscope cannot resolve distances of less

A . .
than the amount e This is called the reselving powcr of

the ‘mictoscope. Thus if # is the direction in which the light falls
on the electron, the uncertainty in the knowledge of the position

of the electron is of the order of —.—’\——. so that
sin a

Ax ~ - ¢y

From the Compton-cffect, however, we know that when
a photon collides with an clectron and is scattered from it, the
electron also receives a recoil, the value of the momentum depend-
ing on the direction of the scattered photon. The scattered
photon can take any direction lying in the cone of rays of angle
a, and consequently the recqil momentum may lic anywhere

between l;(l — }sina) and 2(1 + 4 sina). Thus, if p, is the

component of momentum in the direction of the x-axis, then
there is an uncertainty in our knowledge of the momentum of

the order

Dps~sina, (2)

The product of the two uncertainties is therefore

This is the famous ‘‘ uncertainty relation’ of Heisenberg.
It asserts that the position and momentum cannot be exactly
determined simultancously ; the product of their uncertainties
must always be of the order of Planck’s constant.

On account of the importance of the uncertainty relation,
we shall prove its validity in yet another experiment, that of the
diffraction of the electrons at a slit, which can be employed to
measure the position of an electron. The following account is
substantially that given by Heisenberg and Born.
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Let a number of clectrons pass through a slit of width Ax,
and produce a diffraction pattern on a screen placed to the right,
as in the accompanying figure. The fact that a diffraction
pattern appears merely allows us to assert that cach individual
electron has passed through the slit; we cannot definitely say
at what place in the slit the passage actually took place. ‘Thus
there is an uncertainty of the amount Ax in the specification of
position perpendicular to the dircction of incidence of the electrons.

After passing through the slit, the individual electron suffers
deflection, and acquires a component momentum Ap, perpendi-
cular to its original direction of incidence. From the figure it is
apparent that the mean value of Ap is given by

Ap~psina, (4)
where a is the mean angle of deflection.

The above account is based on the corpuscluar point of
view. But the wave-theory of matter asserts that the clectron
may also be considered as a de Broglie-wave of the wave-length
A given by

h h
A= pr or P = A’ (5)

where p is the momentum of the electron. Then from the laws
of optics, we know that the angle of deflection a is connected
with the wave-length A and the width Ax of the slit by the relation

sill @ ~ 'A)Lk. (6)
Substituting (5) and (6) in (4), we get

A
AP~]§Slna~X-~A—;‘———A—36»
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so that, we have again the uncertainty relation:
Ap Ax~h (M
There is thus a complete reciprocity between our knowledge
of .the position and that of the momentum or velocity of the
electron. The more exactly we know the position, the less
precise would be our knowledge of the velocity, and vice versa.
Tor the sake of convenience, we have taken only one co-ordi-
nate ¥. Obviously, the argument applies to any other co-ordinate.

10 . 5. Determination of the Velocity of an Electron.

In this section we shall verify the uncertainty relation for
an experiment performed to measure the velocity of an electron.

Suppose that light of frequency v is falling on the electron
in the direction of the x-axis, and that the scattered light is
observed in the direction of the y-axis. We assume that the
component p, of the electron’s momentum is known quite exactly,
so that according to the uncertainty relation, nothing whatever
is known about the x-co-ordinate. On the other hand, we assume
that the y-co-ordinate of the clectron is known quite accurately,
so that we are completely ignorant about the component of
momentum p,.

When in the experiment we observe the scattered light in
the direction of the y-axis, we gain some knowledge of the
y-co-ordinate of the clectron. The experiment, however, intro-
duces an element of uncertainty in our knowledge of the compo-
nent of momentum p, to the extent that the product of the
uncertainties will satisfy Heiscnberg's relation.

We make use of the Doppler effect to prove this. Let
E denote the cnergy of the electron and v the frequency of light
before the collision. Similarly, let E’ denote the energy of the
electron and v’ the frequency of light after the collision. Remem-
bering that the direction of the incident light is x and that of the
scattered light y, and applying the laws of conservation of
energy and momentum to the system (consisting of an electron
and a photon), we get the equations

K +IIV =E'+IIV’, (1)
h '
b + ?v = px, )

hv'

I’y = Py' + -’ (3)
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where p,’, p,’ are the components of momentum of the electron
after the collision.

T.et m be tlhie mass of the electron, then we have
1 , 1

Bo=go (02 4 %) B o= (072 4 p,%). - (4)
Thus from (1) and (4), we get
h(v—-v)=E —FE
= o {67 + 1) — (022 + 3]
= g {0 =2 (1 =2 ]
= o (8= 22 (B + 1) + () = P By + 8}

But the difference p,’ — p, is very small compared to p,, and
similaily p,” — p, is very small compared to p,, we can write

f’x’ + Px ~ 2j)x' f’y’ -+ f’y ~ 2/’;:- (5)
Thus

’ 1 ’ ’
h(v — ") ~m {(Px - Px) Pe + (Py - 'by) Py} .
Substituting in this from (2) and (3), we get

, 1 (hv v’
hv = )~ 2 =My )
hv
"’"'Tc(f’r - ]‘)y): (6)

since v’ is of the same order of magnitude as v. In the relation
(6) all quantities except py and " are assumed to be known
completely ; so that the accuracy of our knowledge of p, depends
only on the accuracy of the knowledge of »", thus giving us, on
taking the finite differences of both sides,

, I
hAV ~ ;l.(: Apy
or

mc

AP}/ ~ 7 A V. (7)
To determine » with this accuracy, it is necessary to observe
a train of waves of finite length, which in turn, demands a finite
time T given by
1
T=%v ®
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We can see that this finite interval of time causes an uncer-
tainty in our knowledge of the position of the electron. For we
do not know whether the photon collided with the electron at
the beginning or at the end of this time interval, so that we cannot

. ’
say whether the velocity of the electron was %’ or Z’n’; - during

this time, The uncertainty in the position of the electron which
is produced by this cause is thus
I "
Ay = (py"Py,) I

m
Substituting the value of p, —p,” from (3), we get

’
Ay =g B
- mc mc

h 1
~ e A ®)

From (7) and (9), we get finally

h 1 ¢ ,
Ay Apy ~ ;;::: N X 7":— Av (10)

~ h.
This proves the desired rclation.

10-6. The Uncertainty Relation. Theory of Operators.

In the last two sections, we have shown by a consideration
of special cases that the product of the uncertainties in the
position and in the velocity is of the order of magnitude A.

We can, however, deduce the exact relation bctween these
uncertainties without making any use of the corpuscular or wave
pictures. It appears then that the uncertainty relation is a logical
consequence of the quantuin condition :

P - ap = gL o

ond of the mathematical apparatus of the quantum mechanics.

For the sake of convenience, we shall confine ourselves to the
case of a single degree of freedom characterised by the co-ordinate
¢ and the momentum p. The general case brings.about no
essential change in the argument.

From the theory of wave-mechanics, we have the Schrodinger
wave-equation

(H-—FE) y =0orHy =Ey, (2)
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where i (g) is the wave-function, and H (p, ) is the Hamiltonian
operator, p standing for
' h D

= onldg , )
We have scen also that for K < 0, solutions of the equation (2)
exist only for certain discrete valucs F,, which are called the
cigen-valucs, the corresponding solutions ¢, being called the
eigen-functions :

Hy, = 4n '/’n (”’ =1,23,.-") (4)

Generalising this idca, we take any function A (p, ¢) as

a linear operator, which acting upon a wave-function ¢ (g)

transforms it into another wave-function ¢ (g), and express this
fact by :

A =4 (5)

Special cases of (5) are provided by taking A =g and A = p.

qy mc'ms simply multiplication by ¢, and p ¢ means, on account

of (3), z '5 Since the operators arc not mere numbers, we

can see that in general
AB == BA.

A particular example of this non-commutative property is given
by the quantum condition from which we see that pg == gp.

Generally, the function ¢ will be quite different from ¢ in
(6). If, however, for any ¢, it happens that the operator A
reproduces it except for a constant factor a,,, .., if

A ‘l’n =y l)l’m (6)

then a,, is called an cigen-value and ¢, an eigen-function of A.

The adjoint operator Al is defined by the condition that if
Y (g) and ¢ (g) are any two functions then we must have

J# @A) dg = [ A1) - gag, ()
where ¢* denotes the complex conjugate of the function @, and
where the integral extends over the whole domain of the co-ordi-
nate q.

An operator A is called real if it is identical with its adjoint
Al g, if
A = At (8)
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The co-ordinate ¢ and the momentum p are easily scen to be
real, according to this definition. For, we have

S & (@) dg = [ (g8") g = [ (a8)" vua,
so that ¢ = ¢t. Similarly

. )
b dq—fr# L oy 9

ho$*
27” B — [ 5 3 - dg.

Now the boundary condition would be always such that
[¢" ] = 0, so that

J# =~ [ (kY v

2

= [ () g,
showing that p = pt, and that p is real.
It can be shown generally that the eigen-values of real

operators are real Tor, in the cquation (7) take ¢ = ¢ == 3,
then since AT = A, wce get

* *
S Ay dg = [ () o, dg = {[ (A - b dg}. (9)
e., the quantity f b, (A,) dg is cqual to its complex conju-
gale, so that it must be real. Now if a4, is the cigen-value

belonging to the eigen-function ¢, then we have Ay, = a,i,.
Hence

f ‘/’n* (Ad,) dg = ./ o' (@phy) dg = ay, ./ ‘/’n‘ ¥, dg,
so that
_ S (A dg
'\ DAYy (10)
S 112 dg

In (9), we have proved that f ¥, (Ay,) dg is recal. Moreover,
| ¥, % is also real, so that we see that a,, is also real.

71

Further, it is not difficult to prove that any two eigen-
functions of a recal operator A, belonging to different eigen-values
are mutually orthogonal. TYor, if a,, a, are two ecigen-values of
a real operator A, and ¢, ¥, the corresponding eigen-functions,
we have

Adm =anip, A, =ayy,
16 ¥
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Taking the complex conjugate of the second equation :
(A ‘l’n)‘ = Ay ‘/’n'-
Therefore we get on multiplying by ,* and i, respectively :.
f{ b, (Adw) — ¥ (A ‘»bn)*} dg = (a, — ay) ./ Pm P dg - (11)
But since A = AT, we have from (7) on writing ¢ = 4, b = ¢y, :
St ) dg = [ (AT b dg = [ (Adh)" -dg,
so that the left-hand side of (11) is zero and we get »
(am = @) [ b h" dg = 0.

Since a,, and a,, are diffcrent, 7.c., since a,, =~ a,,, we get

St dg =0 (m = n). (12)
We assume that the cigen-functions are all normalised, 7.e.,

./lllnll’n. dg =./ I ‘pn l2 dg = 1. (n =12...) (13)

If this is not already the case, we can casily normalise them by
multiplying ¢, by a suitably chosen constant factor, which can
be determined from the equation (13).

We can develop any function ¢ in a “ Fourier series’’ of
the cigen-functions 4, :

S *
‘/’ = 51 Cn 'l'n' Cp = /75'/’11 dqr (14)
and its complex conjugate ¢* by the conjugate series :
[e o]
‘V =2 1“"‘ ‘pn" (n. = /‘ﬁ. ‘l’n dg~ (15)
=

Then we have
[1#1dg = [ 94" dg = Z e, ) ¢ dg
=Z o, [# dg =Zce’ =T eIt (1)
Now we define the mean value A of the quantity represented

by the operator A in a state represented by the function ¢ by
the equation :

A=/ M) dg =/ ¢ (Ec, Ag) dy. (17)
On account of Ay, = a, ¢, and (15) we get
A= E" Cn f p'ay,dg =2 CullaCr

=2 |c, [ a,.
n
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On this definition it can be proved that the mean value of the
product AAT is never negative. For, writing AAT in place of
Ain (17), we get :

. KAT = /4" (AANg) dg = [ ¢+ A (Atg) dg.
Let us write At¢ = y, so that on account of (7) we have
AAT = [¢* (AX) dg = [ (At)* X dg
= [ (Alg)" (Atg) dg
= [ |At$ |2dg > 0. (19)

We wish to determine the adjoint of the operator (:A)T.
Tor this purpose, we multiply (7) by ¢, and get

([ (A dg =i [ (At9)" ydg
or since ( — 1)* =1,
[ ¢* (A) dg =1 [ (— iATg)" ¢ dyg. (20)
On the other hand, considering ({A) itself as one operator, we
get from the equation of definition (7) :

S # N g3 dg == [ {GAT ¢ o dg. (21)
Comparing (20) with (21), we sce that
(Z'A)]L = — 7Aft. (22)
Obviously, therefore, we have for any iwo operators A and B :
(A +B)t =At — 4Bt (23)

Suppose that A and B are real operators, and that A is
a rcal number. We have shown in (19) that the mean value of
the product of any operator with its adjoint is never negative,
so that we have:

(AFB) (A 4-:AB)T > 0,

or, on account of (23) and because AT = A, Bf =B

(A +4AB) (A —12B) >0,
or
SQA) = A2 - B2 — /X (AB — BA) > 0. (24)
Since f (A) is real, we see that AB — BA is purcly imaginary.
To determine the minimum value of £ (1), we must take that

value of A which makes gj): cqual to zero, 7.e., the value for which

i o S
(—lj—;————"BzA—z(AB—BA):O.
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Thus the minimum value of f (}) is given by

i AB— BA
e 2?
A=y e (25)
Then .
iAB — BA o —niy 1 AB—BA]
{f()}—f\2+B2{ 50 } z(AB—BA)-{z mﬁ'_}
AB — BA
-A2~l . e "> | (26)
Hence we get :
A > (AB — BAY, (27)

It must be remembered that AB — DA is purcly imaginary, and
thercfore the right-hand side of (27) is really positive.

Now let ) -
3A==A —A, 8B =B -8, (28)
Then
SA -8B — 8B-3A — (A —A) (B —B) — (B — B) (A —A)
:=AB — AB — AD + AB
~BA 4+ BA+BA-BA
= AB — BA, (29)
because A and B are not operators but ordinary numbers, and
thercfore AB = BA, both being the same operator.
Since the relation (27) is true for any two operators, we
replace A by 8A and B by 8B:
o — 1 [
(SA)?2-(8B): = — 4 {(8A) (8B3) —(3B) (8A) ),
o1, on account of (29) :
(SA) - (8B = — i (AB — BA). (30)
For A and B we take the momentum p and the co-ordinate ¢
respectively.  Then we have :

S
()2 - (39)* = — 7 (P9 — 4p)* (31)
But from the quantum condition (l\ iz, pg —qp = 2h - 1, we
™
see that (pg — gp)? = ("m) = — g 5° that
T h

P B9F > s (32)
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We define the uncertainty in any quantity to be the square
root of the mean value of the square of its deviation, so that

Ap ={(E)PP Ag = {80}, (33)
then we get from (32) :
Ly
. 4
This is then the exact determination of Heisenberg’s uncertainty
relation, and it is true for any two corresponding conjugate
quantities.

Ap-Ag > (34)

Since the energy E and time ¢ are also corresponding conju-
gate quantities, we would have accordingly

AL-AL > ). (35)

10 - 7. Principle of Indelcrminacy and the Concept
of Causality.

The uncertainty relations force us to the conclusions that it
is impossible simultaneously to carry out the measurement of both
the position and the veclocity with any desirable accuracy. All
our observations, thereforc, represent only a sclection out of
a much broader range of possible obscrvations, so that we get
only probabilities of occurrences. Conscquently, it is impossible
to predict with certainty the result of any experiment.

This conclusion is, however, in complete contradiction to the
“Law of Causality,” as understood in Classical Physics. Accord-
ing to this law, the behaviour of a system is subject to a rigid
determinism. If the initial conditions of a system are given, then
we can calculate the state of the system at any subsequent time
and predict it with any desired accuracy.

With his uncertainty relations, Heisenberg has shown that
this law of causality in the classical sense, with its consequent
determinism, is no more valid. It can be said that if we know
the wave-function ¢ at any time we can calculate exactly its
value at a subsequent time from Schrédinger’s equation. It
would seem therefore that the wave-function i can be accurately
determined from its initial value. And since every physical
quantity depends on ¢, the system may behave, after all, in
a strictly causal way.
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A little reflection, however, convinces us that this concep-
tion of causality is completely empty, and is, thercfore, quite
useless for our purpose. The quantity, which has physical signi-
ficance, is |42, so that initially, we can know only the value of
[4]2. ¢, being a complex quantity, cannot be completely deter-
mined from the valuc of | ]2 Thus, as Hcisenberg has pointed
out, it may be truc that “if we know the present cxactly, we
can predict the future,” but it is impossible to know the present
exactly. Here is the break from classical deterntinism. The
world processes do take place in a strictly causal way, but we
cannot predict them, because we cannot know the initial condi-
tions exactly. “This indeterministic view prevails among the
majority of the physicists, its chied ¢xponents being Bohr,
Heisenberg, Born, Kddington, Dirac and others.  They are of the
opinion that all physical laws are statistical laws, and that
physics should be based on the caleulus of probability.

There is, however, an opposite school of thought, led by
cqually eminent physicists like Planck and Finstein, which secks
to modify the concept of causality so that it may still remain
valid in the new philosophy of Science. TYor this school, the
question of the law of causality being right or wrong is meaniug-
less. It should rather be judged on the merits of its utility.
Planck considers the law to be an extremcly valuable guiding
principle of human knowledge. He tries therefore to modify the
concept of causality so as to reconcile it with the uncertainty
relations,

For this purpose, he rematks that the uncertainty of a
measurement is duc to the fact that the amount of the quantity
to be measured depends on the nature of the measuring process.
He finds it, therefore, necessary to include the observer and the
apparatus in the system which is being measurcd. When this
is done, all laws of nature become again strictly causal. ‘The
notion of probability arises only when no account is taken of the
measuring apparatus.

There is, however, a serious objection {o this view., It
makes the relation of the causal connection between two succes-
sive events dependent on the human mind. This anthropomorph-
ism would give quite a provisional and changeable character to
such a fundamental physical concept as the law of causality.
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To remove this defect, the determinist introduces ‘‘ an ideal
mind, apprehending everywhere all the physical occurrences in
their minutest points’’. Such an ideal mind would be able to
predict an event with absolute accuracy. This explains why it is
actually impossible to predict an event accurately in an individual
case. ‘‘It is a natural comsequence of the circumstance that
man with his senses, and his measuring instruments is a part of
nature. “He is subject to her laws and cannot escape from her,
while such artie does not exist for the ideal mind.” (Planck.)

Obviously this leads the discussion into the realm of meta-
physics, and does not concern us here. The undisputed fact
remains that in scientific investigations and physical description of
nature there is no escape for us from Heisenberg’s uncertainty
relations.



CuarreR XI.
RELATIVISTIC QUANTUM MECHANICS.
11-1 (1). Conservation of Electric Charge.

ACCORDING to modern ideas, an clectric charge is esséntially a
quantity having discrete magnitude, which is determined by
counting the number of electrons and protons. The total number
of clectrons and protons cannot naturally depend on the motion
of the observers. We must therefore have the electric charge
invariant for all observers.

Starting from this assumption of the invariance of electric
charge, we shall demonstrate that the clectro-magnetic field
cquations satisfy the principle of relativity. “Thus we should
have no reason to modify these equations.

11-1 (2). Density of Electric Charge and Electric Current.

First we shall find the laws of transformation for deusity and
current. Tor definiteness we assume all electric charges to be
composed of clementary charges, each of amount e.

In the necighbourhood of a specified point P of space, let
n (1) be the number of these charges per unit volume moving with

-)
velocity #, as observed by S.  Iet 2, be the number of the same
charges per unit volume, as observed by S, who is moving with
them. ‘I'hen S sces this latter volume as contracted by a factor

T . . . . .
\/ 1 — = in the direction of its motion, and therefore estimates
P

. 1 .
the density as - times greater than does S,, so that we

s
1 — "
ct

n (1) =

find

7—} = 1)

In the frame K of the observer S, the charges under considera-
tion will contribute an amount en (#) to the charge-density p.
The number of clementary charges which cross a unit area placed
perpendicular to the x-axis per unit time is u, # («), so that they
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contribute an amount e #, »n (1) to the x-component of the current-

»
density o. Similarly for the other components. Hence in K,
we have
. -> ->
: p=2Z2en(u), oc=XZeun (u), (2)

“
where the summation is taken over all the velocities # which occur.

Now consider an observer S’ at rest in a frame K’ which is
moving relative to K with a velocity v in the direction of the posi-
tive x-axis. ‘Then S’ obtains similarly for the charges considered
in (1) a number-density »’ (1') given by

g

n' (W) = ————p Y

where ' is the velocity of the charges as observed by S’.
From the cquations (3) and (5) of § 1-6 (1), we get the identity :

1 oy (1 = u0/c?) y = hl_ ) (4)

w'r 7 2

Thercfore on account of (1) and (3) we obtain

n' (w) =1y (1 — uv/c? _iig—_“’
B
-y (1 —~ ’ic’g?) " (1), (5)

But from the Iorentz-transformation
dx' =y (dx —vdt), dy’ =dy,dz' =dz, di’' =y (dt — g,‘; dx),

we find the law of transformation of velocity :

ut — s’y dx—-vdt) MU — Y [u _dx
* ar UV T4t
(dt Ldx) 1=
dy’ dy d
“yl =d%' = u v [“” =d%’]’
'y(dt - & tlx) y (1 —% ).

W = dz' dz [u dz]
z ’ 2
dt y ( dt 'zciz dx) (1 uxv T di

(6)
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Substituting these in (5), we obtain:

un' (') = B Y. 'y(l - %ﬂq) n(u) =y (1 — v) n(u).

1%,V
1~ =5
u, n'(u') =uyn (1), 1’ n' (u) =un(u). (7)

Hence, the charge and current densities in the frame K’ are given by

pl=Xcn' (u)=ZLcy (1 — 12‘%1—)) n ()

=V(P”‘°’x§é); (8)
o, =Zeu ') =2ey(u, —v)n(u) =y (o, — vp),
o) =Zen, n' (1) =2eu,n(u) =0,
o =Zeu' n' (u) =Zcu;n (1) = o, (9)
Thus the law of transformation for (o, ¢y, o;, p) is the same as the

Lorentz-transformation for (x, y, 2, #). Conscquently, the inverse
transformation would be

’ ’ ’ v
Oy =y(ox'+”l’): Oy = 0y, 0 =oer=')'(P +0‘x'52)' (10)

11-1 (3). The Maxwell-Lorentz Field Equations.

From classical clectrodynamics, we know that the Maxwell-
Lorentz field equations are

-> ->
divE =p, divil =0, (1)

> 1,2 13, u

- = e— . = - — 11"
cd B = — = curl H :5f TP (2)

-> >
where ¥ and H are the intensities of the electric and magnetic

->
fields, p the density of the electric charge, and # the velocity with
which it is moving.

—)

From the equation (2) we obtain, since o =pu,
div e Tt =1 2 (@ivE) + L div o
ivearl H = »b-t(uv )+E iv o.
But the divergence of a curl is identically zero, therefore substi-
->
tuting div E =p from (1) we obtain:

% 4 dive =2 4 2% 4 %9y | 20
g tdve =g+ +5 t& =% (3)
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This is the equation of continuity which expresses the conserva-
tion of total electric charge.

. Further, if we consider the ficld equations fof the case of free
space with p = 0, then from (2) we get:

->
> 1 > 1) (1 bE}
.curlcurl E =— o curl H = ~ 2 3 {E Sil
But we know from vector analysis :
. > > >
curl curl E = grad div E — 2 E, (4)
. . o o2 o2
where V7?2 is the Laplacian operator 5 + 3y + YR
->
From the last two cquations we obtain, since div E =p =0,
—)
s Tx 1 K =
"‘V"]ﬁ:_zé —bﬁ’ OrDE;O, (5)

J? o2 1 9®

. , .
where [J is the D’Alumbertian s T oy Fo T e

>
Similarly, for the magnctic field H, we find

-—)
> > o2
O = v H _35 5}} — o0 (6)

These are the well-known equations for the propagation of Hertzian
waves in free space, with the velocity c.

In the general case, we know from clectrodynamics that the
> ->
fields . and H can be determined in terms of the scalar potentiald

-’
and the vector potential A, by means of the equations

-
2>, 1 %A
E————gmd(ﬁ-—z—b—t, )
-> ->
H = curl A. (8)

But these equations do not determine the electromagnetic
potentials A,, A, A;, ¢ uniquely. The potentials are concerned
in the actual phenomena only through their curl, viz., the electro-
magnetic force. The curl is unaltered if we replhice — A, by

oV A% Y%
—_ x+5;’_"Ay by__Ay+'b§) —Az by—A, +b—z'!¢by

¢ + %’. where V is an arbitrary function of %, v, 2z, £. To avoid



252 Relativistic Quantum Mechanics §11-1(3)

arbitrariness, an additional coundition is imposed on the electro-
magnetic potentials :

1 2A 19
d‘VA+c§‘2"S='a7+ y+_—+55? 0.

Taking the divergence of both sides in (7) we obtain :

. . 129 .2
div E = — div grad¢ — o (div A).
. > . ->
But we have div grad ¢ =2, div E =p, div A =
1
c dt’
Thercfore
1 92
Vg o = —porOd=—p. (10)

¥rom cquation (8) we obtain:

->
curl H == curl curl A = grad div A VA,

or
18 | o 1 og
ALY s ¢
car to=emd(= g 5) - v
B 1A \
_cbt(r+c bt) v A
Therefore
> 1A o > 1~
g
VA -5y =—So0A=— o (11)

We shall now transform the equations (10) and (11) to the
frame K’. In § 1-3 we have shown that the operator O is an
invariant, so that we have [0’ = [J. Irom the transformation
equations (10) § 11-1 (2), we get therefore

’ ’ ’ ] ’ 1 1
0 As=—="(o +9), 0 Ay = —20/,0A = — 20/,

"v

O'¢= —'}’(P' + (12)

Multiplying 0O’ ¢ by y zand O’ A; by y, and subtracting

the first from the second, we obtain

oy (A -)= -1 (13)
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Similarly, multiplying O’ A, by y % and O ¢ by y, and subtracting
the first from the second, we obtain
Y Ax =—p' (14)

Hence the equation (12) may be written in the form

DA =-lo o =—p (15)

provided we set
= (A - ’-’f) A=A A=A =y (p - YA.).(16)

This again gives the law of transformation for (A x Ay A, %6 of the

same form as that for (x, ¥, 2,¢). The inverse transformation will
be therefore

) =y(Ax + ”‘f) Ay =A), A=A $ =y (¢' +2 A,,')- (17)

Substituting these values, we find that the equation (9) is
transformed to
2. 14 _aA_' A, A | 1d¢
dIVA+cbt - ’+_ +bz’_lcéi’
From (15) and (18) we sce that the field equations hold
unchanged in form in the system K’, when the potentials are

transformed according to the law (16).

=0. (18)

> >
We now form the quantitics E', H’, given by

E' = — grad’ ¢’ — 10?,’, fi' = curl’ K’. (19)

-> -
These E’ and H' are the quantities recognised by 8’ as the electric
and magnetic intensities, because in his variables (¥, §, 2’, ¢')
they satisfy a set of equations in cvery respect of the same form

- -
as those satisfied by I and H for S.

-> ->
The components of 1 and H' can be evaluated by using
(7), (8) and (16), together with the transformation equations for

b b a b nu
5 5y 57 5 The latter are seen to be .

d d % d At ( vb d d d
b ybx

~

X T ox ax ot

G358 )5y Toy o T
b 0 dx ) 9
o = Tase=7(ton)
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Then from (19) we obtain:

r_ " LA (i Ei)r_l (b_ o
ES=—yy oo = sy taa)? — o at+”az)f‘x
>
=“7’(a52' c’bt) (‘/’ ¢ A)
1 d b} v
c'y(bt—l_vb?c)y(A"_c(ﬁ)

% 1A,

R
, 07 0A, ! _ _ v
H' = bz - by y( T bt) Ay v' V(A" ¢ 4’)
DA l bA
=Y M )+ é bt

v
::»y(II: - aEy)-

> -
In this way, we find the law of transformation of E and H
as follows :

A7 s ’r 3 v T J— h v
L) =k, EJ’ =Y (E}' ¢ II:)’ ONg =Y (I E
, , . (N , v
H =H,H, =y (HJ, +7 W), 1, ='y(IL ;
The inverse transformation is given by
[AEON P v ’ IN '
Ex =L, I".V =y (I',y + E I{; ), E: = (1':' IIy ) ;

1
!
v } (21)
m, =11, =y (B - 0) i =y (R 4] B |
11.1 (4). Relativistic Dynamics of a Charged Particle
in an Electromagnetic Field.

Suppose that the frame K is so chosen that the x-axis is
parallel to the instantaneous velocity v of the charge e. Then
in the frame K’ the charge is instantancously at rest. We shall
therefore assume that the usual electrostatic laws hold at that
instant in X’ as far as the particle itself is concerned, so that the
mechanical force acting upon it is

-> >
= eI}, (1
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—)

In this case it is found that the components of the force E’
are transformed according to the law:

A 4 1 ’ Y 1 ’

' I'_r=Fx,Fy=;F,,,I«z=;’F,.

Then using (20) § 11-1 (3), we find from (1) :
© ¥y = By = o, =cE,,

1 1 /]
F ;.-:—F':~ E'z-- e (E -———H,,
ye y Y Ty 7 e
., 1 B/ = b .
F, = ‘yIz —-;,e G o= ei'y (I +;: Hy)- (2)

_>
Since the velocity # of the particle has components (v, 0, 0) as
observed by $ at the instant, the equations (2) can be written in
the vector form

> > >
It ==¢ {E -+ Zl (1 x H)}a 3)

> >
where » X H denotes the vector product.
->

-—)
The equations of motion arc given by {;’/) = I, so that

dat
d > - 1 > >
myu . N
Z}(ﬂ ——6{L }-C(HXII)}
V-5
[4

= {(-— grad ¢ — . %‘—?) + }(Z X curl Z)},
(4)

where m, is the rest-mass of the particle. The function T* is
defined as in (6) § 2-4 by

T* =myc2{(1 — V1 — B2}, B = g (5)
Then the x-component of the cquation of motion (4) is
T* € A,

dt( ) = _Z o T c(“ x curl A ()
But )
> ->
(4 x curl A),

dA, A, LA, A,

% ay) TG T e
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(M e Y (e W s

ox
> /. . . dA, | !
=5 (¥ A 58, + “‘-z) -

Hence (6) may be written as
d (d1* | e d e >
AR A,) - {— o+ (u-A)} = 0. (1)

But if we consider the co-ordinates of position and velocities, viz.,
%, y, 2, &, ¥, &, then I* does not depend on #, y, z explicitly, and ¢
does not depend on x, ¥, &, so that

2 _dp _ap T _ T _ o1t _

%y  vr  dw
Also

> (. . . d 22
Ae= gy (B0 +5 8, + A) =55 -A).

The cquation of motion (7) can therefore be written as
d (d u A d (= - A
AYCEPETL) I U PO

There are two similar c-quations for y and z. These are of the
Lagrangian form with the Iagrangian function given by

ek e > >
I = ~ ed -} c (n-A). (9)
The momenta py, ﬁy, p. are then
oL '1“' T T"
j)x bx =N + x» jby == by + Ay: Pz = + E:Az
(10)

'he Hamiltonian function H is then found to be
H =% px +5;j>,,+2pz —1,

s ar“ )+ (bT*_l_ A) (T‘ Az)

— {"*—eqS +EG M3, + 1 A

X b:'r‘ \J DT*_ > b'r* ek
—_-xM-+y-b-5, ‘f‘Z‘b;‘—l + ed.
It was shown in (10) § 2.4 that
aT* 1
2 > '1“ - — .
oys ¥ o {’\/ I—g 1}
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therefore we have

H = moc’{ﬁ — 1} + b (11)

To6 .obtain the canonical form we require the expression of H
in terms of p, p,, p,. For this, we see that

e, X mek e, . my
P -’“C‘.Ax = 3k —m: by _EA" = —L\/I—E.
e Moz
. - A. LA L
SR
Therefore
2 (j)x - 2 A ) m°2'u'
_ u-
so that
e ? . 2? my2c?
pX (i’x - ¢ Ax) + ﬂtozoz = My~ (I_jf + 62) = 1—_0- B-z.
cz
Thus
M oC3 2 3
TG =B (e a) wmeel )

From (11) and (12) we obtain therefore
]
H 12 —ep =¢ __A 2,2 13
+ M b {m({u ) +moc} (13)

If the particle were an electron, we would have to replace e
by — e throughout this section. We write also E =H + mc?,
E being the total energy, then from (13) we get for an electron

3
T tep =c {2 (ﬁx + z A,c)2 + m,ﬁcz} , (14)
or squaring,
E
; =2 (fs + P AL) +mge 15
(a8 =2 (v Y om0
If there is no external field, we write ¢ =A, =A, =A, =0in

(13), and get the same Hamiltonian as (11) § 2-4. *

If the velocity # of the electron can be taken to be very small
compared to ¢, as assumed in the classical theory, then the term
mo2c® under the root in (13) is very much larger than the rest.

17 ¢
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Therefore, for the classical Hamiltonian H' we get

ot~ b=t (14 Loz (- 2 )T

1 2
2= HIOCz {l + M@E(px - g Ax)}'

neglecting sccond and higher powers. Thus

Vo RS A g
W=ty Z (s = ¢ A) (16)
For the clectron, we have thercefore :
;o ) 1 L€ 2_
o ek, ):“(p - Ax) (17)

11-2. Earlier Allempts at a Relativistic Quantum Theory.

The quantum mechanics developed so far has taken no
account of the theory of relativity. ‘I'his deficiency was supplied
in the middle of the year 1926 by Schrédinger himself, and later
by many other workers. Their contribution consisted in gencral-
ising the wave-equation to a relativistic form.

Thus, for a particle of mass m, Cartesian co-ordinates x, y, z
and corresponding momenta py, p,, p,, moving under a conserva-
tive ficld of force of potential V, we had the classical Hamil-
tonian

1

I = -
2m

(f’x2 + f'ye +f’zz) + V. (l)

From this Hamiltonian, we derived the wave-cquation by
taking the momenta p,, p,, p;, as operators defined by

o2 h h 2
== Nt J = - » . == - s 2
Px 21 0% Py 21 Oy £ RE YA @)
so that the wave-cquation became
(H--E) =0, (3)
where E is defined as the operator
. h
Fo=— Ot A (4)

To generalise the cquation (3) for the relativity cffect, we shall
assume first that the particle of rest mass m, is moving in a free
space, i.e.,, V =0, The velocity # of the particle is given by

u? =% +y* + 2% If we write 8 = —?, the energy E is given by

E=Tr—F (8)
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Further, for the momenta we have
_ Mok M) , _ Mot |
T tr=vi—m TV
ence
' mo2u® myic?p?
x’ +py’ +p52 = 1 _o_Bl = 10__ ﬁ2 "lo’ca(l —Bl - l)l

which, on account of (5) gives

T2
P2+ P2+ plE = e mo2c?,

or
o
P+ Pyt PP+ mec® — @ = 0.* (6)
The relativistic wave-cquation would therefore be
. e
(sz + f)yz + P:z |- mg? ¢ — ot ) ‘/’ =0, (7)

or on substituting from (2) and (4)

2 * o 4w
o Togr tom e M~ aﬁ) b =0 @)

-

We write p; =% and the wave-cquation (7) for a free clectron

can be written as
( —Plz -+ ‘bxg + Py2 + Pcz + 7’102 52) l,b == (). (9)
Now consider an cxternal clectromagnetic field of scalar

-
potential A, and vector potential A with components A,, A, A;,
and let the moving particle be an clectron of charge —e. Then

if we write p, = I%’. the cquation (15) of § 11-1 (4) becomes

—(pe+iA) + (2 + LA+ (p, +4a,)

+(¢ + - A) -+ my2c® =0,

or, on setting

& =p: +5Ah 8x = Px ‘*'gAx' gy =Py + g Ay & =p: +EA"
: (10)

it becomes :
— & ettt +at +mict =0 (11)

* This could be obtained immediately from (15) §11-1 (4) by setting
¢=A;=A;:=Az=oo
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This means that in the case of an external electromagnetic
field, the $’s have to be replaced by the g’s.  This, if we write

Fo= —gf+gt 480 +& +md e,
the relativistic wave-cquation becomes :
I = (=g +8° +8° +8&° +mgc?) § =0, (12)

where ¢ is a function of x, v, 2, 1.

When the relativistic wave-equations (9) and (12) were
applied to atomic problems, it was found that the, number of
stationary states obtained from these equations was half the
number required by cxperiments. Pauli then pointed out that
to remove this deficiency, one must introduce the idea of the
spinning clectron. According to this hypothesis an clectron possess-

. 1 .
es a spin angular momentum » and a magnetic moment

*
2 2nm
4::5' Pauli and Darwin fitted this hypothesis into the relati-
0
vistic wave-equation, and showed that the above-mentioned
difficulty of the wrong number of stationary states disappeared
if account was taken of the clectron-spin.

Farly in 1928 Dirac pointed out that the spin theory was open
to several objections. At the very outsct, it is obvious that the
idea of a spinning electron is a completely arbitrary assumption.
In Dirac’s own words, it remains incomprehensible *“ why Nature
should have chosen this particular model for the electron instead
of being satisfied with the point charge’. Then again, on the
spinuing clectron model, we should expect that if the clectron is
moving in a central field of force, the magnitude of its resultant
orbital angular momentum should be constant. But, it turns
out that this magnitude is not constant, and the model therefore
fails in this respect.

Another, and a very serious, objection to the theory of the
present scction is that the relativistic wave-cquations (9) and

. . ] e s
(12) are non-lincar in E or " The non-relativistic wave-equa-

tion (3) is lipear in 3t %° that if the wave-function ¢, is known

at time ¢ = 0, its value at any time ¢ is determined in terms of
Yo. This property does not hold for the equations (9) and (12)

. . . .0
on account of their being non-linear in %
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Finally, it should be remarked that Pauli’s spin theory was
successful only for those electrons whose velocities were not too
great.

. A reformulation of the relativistic wave-theory was given by
Dirac carly in 1928. He showed that if the wave-cquation is
set up so as to satisfy the requirements of the principles of
relativity and quantum mechanics, the existence of the angular
momentum and magnetic moment of the clectron can be deduced
without any'arbitrary assumptions about the spin of the clectron.

11-3. Dirac’s Relativistic Theory for a Free Electron.

Dirac looked for a wave-equation which should be invariant
under a Lorentz transformation, and should be cquivalent to the
non-relativistic equation (8) §11-2. As pointed out in the last
section, this cquation should be lincar in 3/dt, i.e., in p, and
therefore on account of symmetry, it should be lincar in p,, p,,

$. also.

Dirac assumed therefore the relativistic wave-cquation to be
of the form
(pr + oy pu + az{’y +agps + agmy) P =0, (1)
where a;, as, a3, a, are dynamical variables or opcrators which
are independent of the p’s, thus commuting with ¢, x, ¥, 2. More-
over, for a particle moving in empty space, all the points in space
are equivalent, and thereforc the Hamiltonian cannot involve
¢ x,y, 2. The a’s are therefore independent of ¢, x, 9, z, and
consequently commute with the p’s. This mecans that ay, a,, aj,
a4 are functions of other dynamical variables and not of the
co-ordinates and momenta of the electron, and that the wave-
function ¢ is a function also of these other variables besides
¢, x, 9, z. 'These other variables are the so-called ““ spin matrices
or ““spinors,”” which we shall now investigate.
Multiplying (1) by the operator (— p; 4+ a1px + a2py + azp;
+ agmoc) on the left, we get
(= pt +o1ps + aspy +asp, + agmge) (Ppr + arpx + aspy + asp,
+ aamec) g =0,
or
{ =2 + (ar’ps® + azzj’yz + aazpzz) + (@25 + asa;) Px{’y + (az03+
a3a,) byb: + (azay + a1a;) popr + agime’c® + (a1aq +agay) Mmochy
+ (agaq + agay) mocp,+ (asaq + agas) mechs} P =0. (2)
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This equation agrees with the equation (9) §11-2 if the a’s
satisfy the following relations

ap? =1, apay tayap =0 (p=Fv),
(p,v=123,4). "(3)
The problem now reduces to that of finding four dynamical vatia-
bles a, which satisfy the relations (3). In quantum mechanics,
these dynamical variables are matrices. Dirac obtains tliem with
the help of six other matrices oy, 03, 03, p1, p2, pa, Which are of the
fourth order, and which are as follows :—

g,= /0 1 0 0 oo = /0 —¢ 0 O
1 000 ¢ 00 0
00 01 0 0 0 —u
0010/, 0 0 ,

o3 =41 00 O pr= /0 0 1 0
0 —1 0 0 0001
0 01 0 1 000
0 00 —1 o190 0/,

pp= /0 0 —i 0 ps= /1 0 0 0
00 0 —1i 01 0 0
i 0 0 0 00 —1 0
) 0 0 00 0 —1

It can he casily verified that the o’s and p’s satisly the
following relations for all #, s, ¢, =1, 2, 3 :(—

0-’2 =1, Oy O +0_‘- g, = 0, (":il: 5)1 (4)
Prz——— ’ Pr p:+PJP"=Oi (r%eS), (5)
P,o; =0, P,. (6)

The a’s are now defined by the following cquations* : —

ay =p0y, Oz =p10;, O3 =p103 &4 =ps. (7)
Obviously, the a’s so defined satisfy the relations (3) in virtue of
the properties (4), (5) and (6).

The wave-equation (1) now takes the form :

{pe + p1 (010 + 02Dy + 03P5) + pamiec) P = 0. (8)
This is Dirac’s wave-equation for a free electron.

% The matrices for the a’s are given in § 11.7,
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11 . 4. The Electron under an Arbitrary Ficld.

Now suppose that the electron is moving in an external
clectromagnetic field of scalar potential A, and- vector potential
>-

A: We have shown in § 11-2 that in order to get the Hamiltonian

for this case, we must substitute p, 4 z A, for py, pu + g A, for

D etc.,dn the Hamiltonian for the case of a free clectron. Carrying
out this substitution, and remembering the definitions of the g's
[(10) § 11 - 2], we get from (8) §11 -3:
{8 +p1 (0185 + 028y + 038s) + pamect P = 0. (1)
Writing down the values of the operators g, g., g, & we
get Dirac’s relativistic wave-equation :

[( 2::ccgt+ At)+pl{61"lsz+ A)+

e (2 fay +oh ) + o ‘>::zab~ e A)} t e "’oc]¢=0,
or (2)
(= s+ 0 #n Gy +200) o (g +00)

+e (2mby CA.) + o moc) = 0. )

Tor the purpose of this scction only, supposce that we take
a representation of the o’s in which all the clements of the
matrices representing a,, ag, ag are real, and all the clements of
the matrix representing a, are pure imaginary. ‘This is, for
instance, possible if in (7) § 11 -+ 3 we take ay = py and ay = p,0,.
Then, if we change the sign of ¢ in (3), we sce that the complex
conjugate of (3) also holds, viz .

{ o o +§A')+“1( o £ At~ zwzby+gA’)
+ a3 2};‘ bbz + - A) — a4 mo"} $p =0. (4)

Now, if we had an electron with a positive charge + e, the
Equation (4) would become :

{ 2mie bt A’) (271'0 ox + A ) %2 ()7” dy te A)

h o e A)—a4moc}z/;—0 (5)

—a
3\ 2m 2
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This is the same equation as (3). It is obtained from (3) by
multiplying both sides by — 1. Thus we see that the wave-
equation (2) refers to a negative electron (with charge — ¢) as well
as to a ‘‘positive electron’ (with charge -+ ¢). Half the solution of
(2) would refer to the negative electron, and half to the positive
electron.

On account of the matrices a being of the fourth order, ‘the
wave-function ¢ will have four components, two of which will
correspond to the negative clectron having states ‘of positive
energy, and the other two would correspond to the positive electron
having states of negative energy. At the time when Dirac first
published his thecory, the postive electron, or the ‘ positron”,
was not known to exist. It is generally recognised that with his
relativistic clectron theory Dirac had predicted the existence of
these particles. As remarked in § 3 - 4, the existence of the positron
was experimentally demonstrated in 1932 by Carl Anderson.

Dirac has also proved that his relativistic wave-equations
(8)§ 11 -3 and (1) §11 - 4 are invariant under a Lorentz-trans-
formation.

11-5. Existence of the Magnetic Moment of the Electron.

To find out how Dirac’s wave-equation (1) § 11-4 differs
from the non-relativistic wave-cquation (10) § 11-2, we multiply
the former by a factor, just as we did in § 11-3 to get equation (2)
from (1). Remembering the definitions of the g's, viz.,

e ¢
g =P+ B g =P+ Dugy =0, +5A,,,gz =p. 4

A;
c 1l

@)

Dirac’s equation is written in the form
{& +p1(018x + 028y + 038:) + pamoc}yh =0. (2
Multiplying (2) on the left with the factor

o —E&tpi(018s + 028y + 038) + pammge,
we obtain

{— & +p1(o18c + a3y + 038:) + pamoct {gr + py (0:18x + o8y +

‘ + 0s8:) + pamgc) p =0,
or, on account of (4), (5), (6), § 11-3,

{— &2 + (018x + 028y + 03g:)? + Mmo?® + p, (0,828 — £e018x
+ 038y8t — 81038y + 038t — £193L)} Y =0,
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or, since the o’'s commute with the g's:
{— &t + (018 + 028y + 038)2 + m’c® + py [01 (828r — £:82)
Novw + 02 (8y8r — &18)) + 05 (:8: — 88N} P =0, (3)
(oléx + 028y + 032.)* = (018x - 028y + 038:) (018x + 028y 038:)
= (vgs* + 028 + 05 + [(010:8:8) + 02018,8x) +

' (02038, + 05008:y) + (03018:2x + 01048eL2)]-

But from the definitions of the o matrices, it can be casily proved
that

0,0, — 1'03 === 030y, 0303 = 10) = 0303, 0301 = l0y3=—0,0;,,
and as shown in (4) § 11-3 (4)
of=1 of=1of=1

We have therefore
(0185 + 028y + 038:)% = (g2 +&y* + &%) +ifos (8x8y — &y8x)

+ 04 (8% — &8y) + 05 (2:8x — 8x8:)}- (5)
Now consider

(estr ~ ey2s) ¥ = ((pe + £ 8) (py + 58y) -
(s + 20) (2 4L )}
‘{(éli}ial o A ) .nnby + A)
2;@ +o0y) (omiae + o A} 9

= (‘>m)2abjgpy + 2:n M( ) — oA 2}:” iﬁ e e

- (2371' zbb;bl/_lﬁ_c T 2 by( As xﬁ) Ay )I:” Yl ,e?: Ay Ary

= g o By ) + 5o Axg*; - ‘217?{6%(A" b= o rii
=5 (57 — 57

21-10 H. ¢, 8

because of (1) § 11-1.
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Similarly we get

he (3N, 047,
(gygz gzgy) = - Omic ( by‘ ~ 3z ) = 27110 H, 4, (6 a)

he [OA, !
(e — g8 ¥ = o (PR =By = 2, (65)

Further, we find

(et — g b= (2 1 D 8s) (B4 &)
—(pe+E0) (8 + £ 82)} o
= {Gomime £ 8) (e +E )
= (oot * e2) Gz + £ A} 0

N1 | B b h :

2] ¢ X0l 2mi dx \¢ ¢ 2w A

2] bzaﬁ o dfe P h 3,/,
+ (2’71) cxdl Z’n’il)bl C-A'r ¢) — A V1 dx AiAx'ﬁ»

(Ao = 2 n W ) - "A?“'

= "mo bx 2a1c* T Ot 2aic 9mc Tt dx
he (OA,; 1 A, — he
SE A SR L (7)
because of (1) § 11-1
Similarly,
he A, 104, — he _,
(gygt - glb})¢' = Jmric + - c o ) 1/1 - g 1‘41, /3 (7 (L)
he A 1A, — he
(g — g ¥ = 5 —(5;) +; at) ¢ == E: . (T0)

Substituting (5), (6), (7) in (3), we obtain
{—g;’ + 8. + 8" +g +m + g—c (01 He + ool + oo H,) +

the

B 1 (@i + aiF, + o)} §= 0 ®)
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or, substituting the value of the g’s from (1) :
2 2 2
(= (pe+in) +(petins) + (2 +58,) +

e 2 y/
(P.». -+ p Az) + m?ct + Z::E (0,Hy + o.H, + o;11,)
the

1y (018 + 03Fy + asli)} = 0. (9)

The Hamiltonian in this equation differs from that in (10)

he the "

§ 11.3 by the terms 5 (o H, + ooH, + a,ll) + g P1 (o dis

+ o.fy 4 o5Ii). These two terms, divided by 2 i, can be

considered as an increase in the potential cnergy of the clectron
due to its spin. Thus the additional potential energy is

1 he

2@‘ Q’;b (Ull{x + O'zIIy + 0'3II2)

1

he . .
+ 2_"70 Sme ipy (o1, + UzEy + o3E,). (10)
The electron will therefore behave as though it has a magnetic

moment with components

eh eh ch
Trmmge TV dmmigc °F Ammgc 03)’ (11)
and an eclectric moment with components
eh . eh . eh .
(m;;c PO e PO e Ws)' (12)

The magnetic moment has, therefore, just the amount assumed
in the spinning electron theory, § 112, and which is here derived,
according to Dirac, as a natural comscquence of the rclativistic
wave-equation.

The clectric moment, however, is a pure imaginary quantity,
and cannot be considered to have any physical meaning. It has
arisen only after multiplying the real Hamiltonian in (1) § 11.5
with a factor in order to compare it with the classical Hamiltonian
in (10) § 11-2. This being rather an artificial operation, we must
not be surprised if it leads to some terms which have no physical
meaning.

11-6. Euxistence of the Spin Angular Momentum of the Electron.

We remarked at the end of § 11-2 that the spinning electron
theory postulated the existence of an intrinsic (spin) angular
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1 A
momentum of the electron of amount g 9" We have now to

prove the existence of this spin angular momentum on Dirac’s
theory. Since this angular momentum does not give rise to any
potential energy, it did not appear in the result of calculations of
§ 11.5. To demonstrate its cxistence, we shall consider the
special case of the motion of an clectron in a central field of force,
and shall determine the angular momentum integrals.

Take the centre of force as origin, rectangular Cartesian
co-ordinates x, ¥, z and corresponding momenta p,, p,, p.. p isthe
mass of the clectron, and V the potential energy which is a func-
tion of x2 4 y2 -+ z%

The classical Hamiltonian, neglecting the relativity effect, is
1 .
H = 2 (P2 + 2Py -+ pA +V. (1)

If ;;)4 is the orbital angular momentum of the electron, we
proved in § 6-8 (1) that cach of m,, m,, m, commutes with any
function of a? 4 3% 4 22 and p,® + p,2 4 p,2. The Hamiltonian
H, as given in (1), being a function of 22+ 32+ 22 and p,24-p,2+5.7,
we see that each of m,, my, m,, commutes with H. We conclude
that the orbital angular momentum is a constant of the motion,
just as in Newtonian dynamics.

However, if we take account of the relativity cffect also,

it turns out that the orbital angular momentum n-: alone is not a
constant of the motion. ‘I'o get such a constant, we have to add
another term which comes out to be just the required spin
angular momentum.

The force on the electron is given by the potential V (7)
which can be taken to be the scalar potential A;, the vector poten-

>
tial A = (A;, A,, A;) being zero. Thus
Ay =4,=A,=0, A, =V (). (1)
From Dirac’s wave-equation (1) § 11.4, we get then

Ty = {Pt +£V +p1 (010 + 03Py + 03p,) +Psmoc} $=0. (2

To get the Hamiltonian H, we remark that p, = % where E is

the energy parameter. (Since we require only periodic solutions
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of the wave-equation I'y =0, p, is no more considered as an
operator).

The equation (2) can therefore be written as

E. e
(B o[ =2V = pi(ote + oaty + 0up) — pumec || ¥ =0,
or, ‘on multiplying throughout by c,

{F — ["‘ eV — cpy (01Px + 02py + o3ps) — patit*1}p = 0. )
Thus we see that the relativistic Hamiltonian is

= — ¢V —cp, (01ps + oapy -+ 05ps) — patitgc®. (4)
The classical Hamiltonian would have been simply — eV, so

that the lasi two terms in (4) are contributed by the relativity-

effect.
->
We shall prove now that the orbital angular momentum m

is not a constant of the motion, 7.c., the components #,., m,, m, as
defined in (1) § 6-8 (1) do not commute with H given by (4).

For
m, XL —TIm, = —cpy {my (01p2 + Gsﬁy A+ o3ps) — (o1px -+ o2by
+ UaP:)’"x}
= —cpy {01 (Mupe — pamy) + oy (mup, — pyy)
+ o3 (me,, - Pz'mx)}
¥
= =5 cpi{oups — aspy} Y O, (5)
on account of (5) § 6:8 (1). It can be similarly proved that m,

and m, do not commute with H. Thus the orbital angular
momentum is not a constant of the motion.

We have further from (4)

14 1 h he
3 9 oI — H 9 9 o, = — dar p1{o, (alj)x -+ azj)y + 0315:)

- (olj)x +- sz’y + °‘3Pz) o}
= T in p1 { @102 — 0301) py + (0203 — 0,30y Pz}
= {2103 Py 20 agpz}, .
on account of ( ) § Thus we get

11.5
14 1h 1h
2 2n 33 o1 =~ s fouby = apif )
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From (5) and (6) we find therefore that

1h 1A
(1nx +-2;z; UI)H_H(”tx+§‘2‘; ‘71)‘_—'0» (7)
d similatly, tl - d 1A mut
and similarly, that m, + 59, %2 and m, 4 555, 08 commute
- .
with H. Thus if we define M by the relations .
1 14 154

M, = m, + 9 9 b M, =m, - 3 5y O M, =m, + 5 5 OO (8)

-> ->
we sce that M, and not the orbital angular momentum m alone,
is a constant of the motion.

This result can be interpreted to mean that the electron has
14

. . 1h
a spin angular momentum with components (il yn 0L 55 9o

14

9 o 03), which is just the spin angular momentum postulated in
4 am

the spinning electron theory of § 11.2.

11-7. The Theory of the Hydrogen Atom ; Fine Structure of
Spectral Lines.

As a particular example of Dirac’s theory, we shall solve the
problem of the hydrogen-atom, obtaining the fine structure of the
lines observed in instruments of high resolving power. Sommer-
feld’s treatment of this problem on Bohr’s theory has been de-
scribed in § 5-7. Dirac solved the problem as an example of his
theory, but immediately afterwards C. G. Darwin gave a solution
which is simpler, and which is followed here.

For the hydrogen atom the electron is under the central
field from the nucleus only, there being no magnetic ficld. “Thus,
if 7 is the distance of the electron from the nucleus:

A,=V=§»Ax=Ay=A,==O. )

Dirac’s equation (1) § 11-4 therefore becomes on account of (7)
§11-3:

{(Po + f’cY) +a1py + aapy + agp; + a4m00} $ =0 (@)
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From the definition of the a's given in (7) § 11.3, and the
matrices for the o’s and p’s, we get

a; =pjo;, = 0001 ay =p,0p = 0 "00 —¢
. 0010 0 0z 0
0100 0 —70 0
- 1000/, ) 00 o/,
®3)
a3 =p,0; = /0 01 0 ag=p3= /10 0 0
[0 00 —1 01 o o
1 00 0 00 —1 0
0 —-10 0/, 00 0-—1

According to these 4-rowed matrices, there are four wave-
functions i, ¢, 5, ¥, which can be written in a column

b= ¢ | (4)
o
by
L de .

Since the ficld is central and we want periodic solutions, we
write for p,, the momentum conjugate to the energy L, its value

IO b
2 and for p, the operator 5 o ctc.

Thus corresponding to the four rows of the matrices (3), we
get from (2) the following four equations for the four wave-
functions :

TS ) pa (i)t =0 @
e I R isy) ¥ ~ gyt =0,
e O L R bby) ba g =0,
WL b (§ 4 ) - S

Equations (5) show that the two functions (¢,, ¢,) form one
set of solutions, and the other two functions (i3, ) form another
set,
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As the problem is that of a radial force, we must transform

to polar co-ordinates (v, 8, ¢) given by
x=rsinfcos¢, y=rsinbsing, z =rcos b, (6)
Moreover, since the potential V is a function of » only, being

independent of § and ¢, the solutions of (5), 7.e., the four wave-
functions must involve the spherical harmonics SpP:

Sp =P (0) e, m
where Pp are the associated Legendre functions given by

ktm (cos? 60— 1)*
= (B — m) | sin™ 0(1c05 9 ok (8)

k being any positive integer, and m being any integer between
— k and + k& inclusive,

Now if F () is any function of 7 only, then substituting the
values of , ¥, z, from (6) it is casily calculated that

(-M+z——)1‘ = 'Ie—l—lx

(4 - b ) sere—temmip—n— () + 4 1) speg),

(5= ipp) ¥ = o %

{ d?_l‘r)sg,{; (k +-m) (% 4-m— 1)(JF k+]'1)5::}}

dr
2 50yt = gy
N- (r) E T 2k _*_ 1 X
ar |k +1
{ - - I‘) Sy 1 H(k4m)(k—n) (d; + — 1‘) Sg'_l} - (9)

Thus considering (5) and (9), we find that if we want each
one of the s to involve a single spherical harmonic only, we must
write for a trial solution:

gy = —1ay f(r) Sge1s Py = —iay f(r) Sp ¥, (10)
Py = as g(r) SE, gy ==a,g(r) Syt

The same radial function f(7) has to be taken for the two wave-
functions ¢, and i, of the first set, and similarly, the same function
g(7) has to be taken for ¢ and ,. Moreover, — 7 is introduced in
Y, and i, to make freal. The constants a,, a,, a;, a, are introduced
so that all the four equations (5) may be satisfied. Thus substi-
tuting (10) in (5), and taking account of the relations (9), we obtain
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h E—-*;LV +moc)a1fS’,;'+, +-2—k%-i X
{_ Zf :—f) Spyy + (R4m A1 (k+m) (dg k + ! }
L otaty {(_ﬁ—-o)s,,,l + (k + m) (k — m)x
-71 E-{;eV +moc)a,fS,,“‘ + 2k+1 X
(38 -2 e)seeo—e—m—m—1) (B + 21 ) sp2s ]
- zkaf}- i { dg kré’) Spit 4+ (B+m + 1)k —m—1)x
) s -
(li)
'h L‘e-Y - moc) a, g SP — ‘—%‘—:’_-—3 X 1

{ df _ k_ﬂ f) STy o H(kHm 42 (k+m 1) (df k+-f)sm}

a {(df_kfi'_]f)s;g“—}—(k—{—m-i—l)( —m+1)

T2k + 3 W\dr
LES P
o+t 1) sst=o
o (T + eV . a if k41
—;: + —-moc)a,gS;;'* s fl_&{-f f)s'i'l“:

(k—m-l-l)(k—m)( +,i_'t:f)q.n+l}
+“Ta-?-_ { ar _ ki'}f)s?l‘z‘-i- (k +m +2) (k—m)
%Jfk—;r—“f) s+ =o. |

(12)

So far the four constants a,, etc. have been quite arbitrary.
Now we choose them so that the four equations (11) and (12)
become as simple as possible, This will be the case if out of the

18 4
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two spherical harmonics in each equation one disappears, and the
remaining equations are consistent.

The two equations (11) show that if we choose )
ag(k +m +1) +ag(k —m) =0, (13)
then the term in Sp_, from the first equation, and that in Sp)
from the second equation will disappear.
Similarly, the two equations (12) show that if we choose
a, = a, ' (14)
then the term in SP, , from the first equation, and that in Sp}}
from the second equation will disappear.
The relations (13) and (14) will be satisfied if we write defi-
nitely :
a, =1, ap=1, az=k+m+1, a,=—k +m, (15)
because the ratio a, : @, can be incorporated in f: g.

Substituting (15) in (11) and (12), and equating the coefficient
of the remaining spherical harmonic to zero, we find that the two
equations (ll) reduce to the same equation

E + eV dg k&
h ----- +m°c)f+dr —;g=0: (16)
and the two equations (12) reduce to the same equation
‘)17 E + eV d p

(}6) and (17) form a system of two ordinary linear differential
equations for the determination of the two unknown functions

fand g.
Writing the value of V = ~: » and setting for brevity :

P =27"(I;' + moc): b2 — 2}1_"(_ %: + myc ), a =gg}?: (18)

where a is Sommerfeld’s fine structure constant (21) § 5.7, the
two cquations (16) and (17) become : '

(@+5)7 +(G ~)s =0 as)
@+ + (2 -2 e-o
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We transform the dependent variables f, g to f’, g’ by writing
f=eNMfg=e-Mg, (20)

wkere A is a constant whose value is to be determined.
" -Substituting (20) in (19), and dividing out by e-*, we get:

L (g Be -
(A (e e

We now try for a solution of (21) in which f’ and g’ are in the
form of the series.

[ =agP +aypb-1fanB-2 4 ... . (22)
g =byP byB-1 fbyB-2 ...
where the constant B, whose value is to be determined, need not

be an integer. We have taken series of decreasing powers for
f'and g’, because these functions have to be finite at » = 0.

Substituting (22) in (21), we obtain:
at{aghf - aB-1 4 apB-2 4 ...} +
afagrB -1 +ayB-2 +apf-3 ...} +
BBrB-14+b,(B—1)rF~-24 ...} —
AbgrB +byrB -1 4 byrB-2 4 ...} —
k{bgrB-1 + b2 4 bF-3 4 ...} =0,
{aBrB-t+a, (B—1)rF-24a, (B —2)78-% 4 ...} —
MagP +aypB-1 fapB-2 4 ...} +
(k+2) {agrB-1 +aypb-2 + ...} +
b2 {bgrB + byrB -1 4 byBF-2 f ...} —
a{bgrB-1 +bB-2 +byB-3 4 ...} =0. (23)
We equate the coefficients of successive powers of 7 in the
two equations (23) to zero, and obtain the values of A, B, a,: by,

ay: by, ag: by, ete.  Thus, equating the coefficients of 78 to zero, we
get

(21)

atay — Aby =0, 0%y — Agq =0,
from which we find

@ag b ., by _a -
B = v 1.8, a, = b and A =ab. (24)
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We have selected the positive sign for A, because the functions
f and g have to remain finite at 7 = eo.
Next, equating the coefficients of 7f-? in (23), we get:
a*a, +aay — Aby + (B —k) by =0,
b, —aBy — A2y + (B + % +2) ag =0.

Substituting the values of Z—" and A from (24), and eliminating
0

both a,, b, from these two equations, we find
a? — b2
2ab
Finally, equating the coefficient of vB-(+1)in (23), we obtain:
sy, +ad; — A1 + (B —k —s)b, =0,
b4, —aby — g+ (B+E+2 —5) a; =0. (26)
Writing the value of A =ab, transposing, and multiplying
the first equation by b and the second by — a, we get:
a*ba; ., —ab®; 1, = —baa;, — b (B —k —s)b,,
a*bagyy —ab*bg oy =a (B +k + 2 —s)a;, — aad,.

Equating the two right-hand sides, and transposing, we obtain

aa, {B +k+2—s+a—2} +bb, {,B—k—s~—a.g} =0,

B=—-1+a (25)

giving
a, b,

__f’{p -—-k—s—a%} _{,3+k+2—s+a

=C ( ).
d 3

a
where ¢, is a new counstant to be determined. Then foralls > 1:

a, =c,g{a%——ﬁ +k+ 9}

b,=c,{ag+ﬂ+k+2-—s}. 0

Substituting these values ir any one of the two equations
(26), we find the recurrence formula for ¢, :
@b (25 +2) 6y = — &, {(s — B — 1)t — (j2 —a?)}, (28)
where we have written
j=k+1 (29)
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If we write also
y' =j* —ad’ (30)
and so y = 4 — «?, supposed positive, we have from (28):
20b(s+l)en=—cB+1—-s—y)(B+1—s+y). @31
We can find ¢, direct from the valuc of 4, or b;, and then we can
deiérmine c,, ¢4, etc. successively from (31). This gives

o= P {E Y+ D E =) B =y =5+ x

B+y +1) (B +7 - B+y—s+2} (32
The functions f’, g’ are therefore of the type:

ez b(ed-a i)

(33)
' b -
g -—2;,'6, (a&+ﬂ+k+2 s)r#9 .

As remraked above, the boundary condition requires that
these functions should remain finite for » = 0. The series there-
fore should terminate at a value of s, such that 8§ — s > 0 (other-
wise we would have a negative power of 7).

Supposing that the scrics terminates at s =n, where # is
a positive integer or zero, then ¢, 4, should be zero. On account
of (31), this would be the case only when the factor

B+1—n—y=0 orB=y+n—1 (34)

The two equations (25) an (34) give us the eigen-values of
the encrgy parameter. Thus
a® — b2
B+1=y+n —"—'a—g‘ar
E
= Q =Ty
Vmgich — E?
on substituting the values of a, b from (18). Solving this for E,
we find

)

(35)

E = myc? {l + zﬁ-i—?;)—g}—*

o1+ al }-i
- {4
This is the same formula as that given by Sommerfeld in

(21 @) and (21,0) § 5-7, if we remember that W = — E, and that
for n, and n, of § 5:7 we have now written #» and j respectively.

(36)
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It is of course possible to get the selection rules on the new
theory also, but we shall not go into the details of this question
here. They are the same as the rules (30a) §5 - 7 given by the
old quantum theory.

11 - 8. The Atom Under an External Magnetic Field.
The Normal Zeeman Effect.

In 1896 P. Zeeman discovered experimentally that in an
external magnetic field of intensity H, a hydrogen line is split up
into three components when viewed at right angles to the field,
and two components when viewed along the field. If the
frequency of the original line is v,, then the frequencies of the
two displaced components are vy + Av, vy — Av, where

eH
AV = frmge’ M

Immediately after Zeeman'’s discovery, and long before the
advent of the quantum theory, H. A. Lorenz was able to
account for this Zeeman effect by his classical electron theory.
This is not surprising if we remark that the constant 4, which is
characteristic of the quantum theory, docs not enter into the dis-
placed frequencies (1). Bohr’s quantum theory was equally success-
ful in giving a solution of the problem. In 1916 Sommerfcld and
Debye solved it by the method of the Hamilton-Jacobi equation
effecting a separation of variables. A little later, Bolr gave
a simpler theory with the help of the following theorem due to
J. J. Larmor.

Larmor’s Theorem.—The effect of a uniform magnetic field
H on the motion of an electron under central forces (and some
other forces also) is the same, to a first approximation, as if
the magnetic ficld were absent and the whole system had a uniform
rotation about an axis parallel to the direction of the field with
the angular velocity 4 given by

¢H
= T’

Take the z-axis parallel to the direction of the field H. The
components of ‘the mechanical force on the electron at the points
%, ¥, z due to the field are

eH _.‘il' 0
cy’ c X v
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Let the components of the other force be X, ¥V, Z. The
equations of motion are

C omek = EHy +X, My = — sz +VY, mg =2Z.
‘. . eH .
Wiiting A = ->—, and transposing, we get
. MoC
fitg (X —AY) =X, mo(y +Ax%) =Y, myy =7Z. (a)
Now suppose that the electron is frec from the action of the
magnetic field, but let the system rotate round the z-axis with
a uniform angular velocity i, then the velocities of the electron
are given by
u=x—y), v=9y+x) w=3,
and the accelerations are given by # — v, ¥ + uy, W, i.e., by
% — 290 — a2, Y+ 2%y — yy?, 3.
The equations of motion then become
Mo (% — 2 — 1) =X, mo (¥ + 2 — W) =Y, mei — 2.

H .
Suppose we take ¢=% = %n—é’ then since ¢, the velocity of
)

light, is very large, ¢ is very small, and we can neglect y2. The
equations of motion then become

mo(x —29¢) =X, my(y 4 2x¢y) =Y, m,z =2Z. (b)
Since 2§ = A, we see that the equations (@) are identical with
the equations (b), and thercfore Larmor’s theorem is established.
The frequency wy, of this ““ Larmor Precession ’ is then given
by
1 eH eH
L= %n e gt @)

This additional frequency introduces a new quantum number
m in the expression for the energy which explains the splitting up
of the spectral lines.

w

We shall now give a detailed solution of the problem on the
new mechanics, following the treatment given by Dirac.

: >
We take a uniform magnetic field of intensity H, acting in
the direction of the z-axis, so that

H,=0, H,=0, H,=H, E,=0, E, =0, E, =0. (3
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Consequently, the scalar and vector potentials are
e 1 1
A =V=;’Ax‘—=—§Hy, Ay=+§Hx, A, =0 (4)

In equation (9) § 11 - 6 we showed that the effect of the
spin of the electron moving under an external electromagnetic
field is to increase the potential energy by

1 he 1 b e
2mo 17 (UlH +03H +0'3 )+‘)mo 2;.‘0

p1 (0:Ex + °'2Ey + a3Ey),
which, in the present case, becomes, on account of (3):
1 he
(5)

5= 5= - o3H.
2my 2mc °

Since the effect of the relativistic variation of the mass of
the electron with its velocity is much smaller compared to the
effect of the external magnetic field, we shall neglect the relativity
effect, and take the classical Hamiltonian (17) of § 10 - 1 (4),

oot g (2 LAY (B + E0) H (204 a.)}

Adding the potential energy given by (5), and substituting
the values from (4), we have for the Hamiltonian of the problem :

= g (0 )+ (o £ e

S e

If the magnetic field is not too large, the tcrms involving H?2
can be neglected, and (6) reduces to

b 1 e = ek
H' = g (bt +07 + 87) — 5+ g 0Py = ¥Ps) + g o0

(7
From (1) §6 - 8 (1) we know that the comiponent m, of the

orbital angular momentum is m, = xp, — yp,. The Hamiltonian
(7) can therefore be wirtten :

r= L o(pe n 2 A
B =g (b2 487400~ (et o) @
The Hamiltonian of the hydrogen atom for no external field

. . 1 2
is sxmplyén—h (B2 + 2,2 492 — ;» so that the extra terms due
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. eH h . .
to the magnetic field are S (m, + 5 03) Now in equations

(7) and (8) of § 6 - 8 (1) it has been proved that each component
of the orbital angular momentum, and therefore m,, commutes
with 7 and with ,® + $,® + p,%. 0, being a diagonal matrix,
commutes, of course, with cvery matrix. 7The additional terms
¢H
2moC
nian (8), and are thus constants of the motion, as shown in
Chapter VI. Writing

(m, + % ‘73) commute, therefore, with the total Hamilto-

1 e
Hy = 5 (b +8)0 +5) — 5 (9)
and
cH h
H, = Tme (m, + o 03). (10)
the Hamiltonian (8) can be written
H' =H, + H,, (11)

where H, is the Hamiltonian for no external field, and H, is the
additional term due to the field. As shown above, H, commutes
with H', and is a constant of the motion. Thercfore, the eigen-
functions for the Hamiltonian H' will be thosc eigen-functions of
H, which are also eigen-functions of H,, since

H"/’ = Ho'/-’ + Hl‘l" (12)

Moreover, if E, I, I, are the eigen-values corresponding
H’, H,, H; respectively, then from (11) we have

E =E, + L, (13)

showing that the presence of the magnetic field causes the

stationary states to differ only in the value of the energy, and

not in the form of the eigen-functions. This is the wave-mechanical
analogue of Larmor’s theorem.

Now the cigen-values of the orbital angular momentum m,
arc given by the rule that the angular momentum is an integral

. h
multiple m of 25

h .
My =M 5= (m integer), (14)

From the matrix for oy, its eigen-values arc easily found to be
gy’ = £ 1, because the eigen-values of a diagonal matrix are the
terms in the leading diagonal.
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Thus we find from (10) :

E, = 2moc( o +2}:r ) (15)

The sclection rules for m, now require that only those transi-
tions are possible in which the magnetic quantum number m
changes to m + Am such that .

Am = -1,0, + 1. ‘ (16)
Since oy commutes with every matrix, and also with the electric
displacement, it will not change at all. We have therefore the
result that in a transition E, changes to E, + AE,, where

eH &

Considering the Zeeman effect for a particular hydrogen line

Vo = %3’ we see on account of (13) and (17) that it is split up

into the components v + Av, given by

Av = 5 41rmoc Am, (18)

where A has the three values (16). These displacements (18)
are in agreement with experiments,
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