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PREFACE

My father had spent most of his spare time since
the War in writing this book. Only two .months
before his death, while on our summer holiday in 1924,
he had brought some of the chapters with him, and
sent off the tinal draft of them to the Clarendon Press.
Even on these holidays, which he greatly enjoyed, we
were all accustomed to a good deal of work, and it
was an unexpected pleasure to find that with these
once dispatched to the press he took an unusually
complete holiday.

While rejoicing that he was so far able to com-
plete the book, we are sorry that a last chapter or
appendix in which he was greatly interested was
hardly begun. Apparently this was to deal with the
connexion between the rest of the book and Einstein’s
theory. To the mathematical world his interest in
this was shown by his Presidential address to the
London Mathematical Society in 1920—to his friends
by the delight he took on his frequent walks in trying
to explain in lucid language something of what
Einstein's theory meant.



vi PREFACE

We cannot be too grateful to Professor Elliott,
F.R.S, an old friend of many years standing, for
preparing the book for the press and reading and
correcting the proofs. No labour has been too great
for him to make the book as nearly as possible what it
would have been. And the task has been no light one.

We should like to thank the Clarendon Press for
their unfailing courtesy and for the manner in which

the book has been produced.

J. M. H. C.

Christmas 1925.



EDITOR'S NOTE

My dear friend the author of this book has devoted
to preparation for it years of patient study and inde-
pendent thought. Now that he has passed away, it
has been a labour of love to me to do my best for him
in seeing it through the press. As I had made no
special study of Differential Geometry beforehand, and
was entirely without expeftness in the methods of
which Mr. Campbell had been leading us to vealize
the importance, there was no danger of my converting
the treatise into one partly my own. It stands the
work of a writer of marked individuality, with rather
unusual instincts as to naturalness in presentation.
A master’s hand is shown in the analysis.

Before his death he had written out, and submitted
to the Delegates of the University Press, nearly all
that he meant to say. An appendix, bearing on the
Physics of Einstein, was to have been added; but
only introductory statements on the subject have been
found among his papers. Unfortunately finishing
touches, to put the book itself in readiness for printing,
had still to be given toit. The chapters were numbered



viii EDITOR’S NOTE

in an order which, rightly or wrongly, is in one place
here departed from, but they stood almost as separate
monoéraphs, with only a very few references in general
terms from one to another. To connect them as the
author would have done in due course is beyond
the power of another. The articles, however, have
now been numbered, and headings have been given to
them. Also some references have been introduced.
The text has not been tampered with, except in details
of expression ; but a few foot-notes in square brackets
have been appended.

E. B. E.
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CHAPTER I
TENSOR THEORY

§ 1. The n-way difforential quadratic form. Let us
consider the expression
agde;de, +=1..n (1.1)
which is briefly written for the sum of n? such terms, obtained
by giving to ¢, k independently the values 1, 2, ...n. If, for
instance, 7 = 2, the expression is a short way of writing
A dad + 2a,dede, + dpade? s
for we are assuming that
Uiy = A (1.2)
Let us also denote by a’* the result of dividing by a itself
(=1)**% times the determinant obtained by erasing the row
and the column which contain ay, in the determinant
(g ven Uqp
@ =
Upq oo Qpy (1.3)
The coefficients «;;, ... are at present arbitrarily assigned
functions of the varviables w,...a,, limited only by the
condition that @ is not zero.
When we are given the coeflicients a;;, as functions of their
arguments, there must exist » functions
X,...X,, r=3%n{n+l),
of the variables «, ... x,, such that

dXE+-..+dX3 Eaik({widw]‘. (1 .4)
The differential equations which will determine these
functions are XX
2P _ g,
t)wi bx,b. = gy (1 . 5)

Just as in the expression ¢;;,dz;dz; the law of the notation
is that, whenever a suffix, which ococurs in one factor of
2843 B



2 TENSOR TIIEORY

a product, is repeated in another factor, the sum of all such
products is to be taken, so here the above differential equation
is the short way of writing
AX, X, 2X, X,
dwy dxy, T duy duy,

= “ik' (1 .6)

As there are just as many unknown functions as there
are differential equations to be satisfied, we know that the
functions X, ... X, must exist. The actual solution of this
system of differential equations is, however, guite another
matter, and questions connected with the solution form a chief
part in the study of Differential Geometry.

§ 2. The distance element. Euclidean and curved spaces.
If we regard «,...x, as the coordinates of a point in an
n-way space, then, X, ... X being functions of « ...x,. we
may regard this space as a locus in r.way Euclidean space;
and we may regard ds as the distance between two neighbour-

ing points x,...x, and z,+da...2,+dr,, where ds is
defined by ds? = gy da,dzy,. (2.1)
Thus, if n = 2, tiie two-way space given by
ds?® = aikdxi da:k
lies within our ordinary Euclidean space, and it is with this
space that Differential Geometry has hitherto been chiefly
concerned.

If n = 3, the ‘curved’ three-way space lies, in general,
within a Euclidean six-way space. If, however, the coefficients
@y, instead of being arbitrarily assigned functions of their
arguments x,, &,, ,, satisfy certain conditions, the Eueclidean
space may be only a five-way space, or even only a four-way
space. In yet more special cases the three-way space may
not be ‘curved’ at all, but only ordinary Euclidean space
with a different coordinate system of reference.

If n = 4, the curved four-way space lies, in general, within
a Euclidean ten-way space, and so on.

We know what a curved two-way space within a Euclidean
threc-way space means, being a surface: but what does
a ‘curved’ three-way space mean? We have not, and we
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cannot have, a conception of a four-way space, Euclidean or
otherwise, within which the three-way space is to be curved.
But by thinking of the geometry associated with the forin

de? = a;, da? + 2« de,dry + @, da? (2.2)
we say that it is that of a curved two-way space; and we

know that it is, in general, different from the flat Euclidean
plane geometry associated with the form

ds® = dxi + dal. (2.3)

We can distinguish these two gcometries without any
1eference to the Euclidean threc-way space, or any other
three-way space. This distinction we, with our knowledge
of a three-way LKuclidean space, characterize by saying that
the first space is curved and the second flat, or Euclidean.

This is what we mean when we say that the space given by

ds* = agda;day (2 4)
is, in general, a curved space, whilst that given by
dst = dX2Z2 +...+dX? (2.5)

is a flat space. We shall find that a geometrical property
will be associated with a curved space, which will distinguish
it from a flat space.

If we have no real knowledge of a space of more than
three dimensions, we have at least no knowledge that it does
not exist: and, by analogy [rom our knowledge both of
a two-way space and a thrce-way space, we are able to make
use of the ideas of higher space to express analytical results
in an interesting form.

The space in which we live may, or may not, be flat or
Euclidean. Up till quite recently it has been assumed to be
flat, and the geometry which has been built up has been
that associated with the form

ds? = dut + da? + dxj.

The geometry which we wish to know about to-day would
be that associated with the form

ds? = a;kdmidwk, ;‘ =1... 4,

where 2, ...z, are functions of the threc variables which
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locate an event in space, and a fourth variable which locates
it in time.

The geometry of Euelidean space is much simpler than the
geometry associated with the more general form, and its
properties have been more studied. It may therefore be of
advantage, at least in some ways, to regard the form

ds? = ay, dx;day, (2.1)
as that of an n-way locus in a flat r-way space, although 7 is
generally a much larger number than =.

§ 8. Vectors in a Euclidean space which trace out the
44 1"

space of a form. Let ¢/, ", /"’ ... be r unit vectors in the
Euclidean space and let ¥ and 2 be vectors given by

(3.1)

What we call the scalar product of the two vectors y and
2 is denoted by yz and defined by

y=y oy
e=2' 42" :

yo+y's' +y""" +... = 0. (3.2)

The cosine of the angle between the vectors is defined as

e

Yy L

1y

Vyidytie Ve

and may be written —— (3.3)
vy 2z

We shall generally write yy as y% but we must remember

then that the root of ¥* is not ¥.

The numbers ¥, y¥’/... are called the components of the
vector ¥ : they are ordinary scalar nunbers.

Now let 2 be a vector whose components are functions of
the n parameters «, ... z,. Denoting the derivative of z with
respect to x, by z,, we have dz = z,d, in the notation we
have explained, which is the foundation of the Tensor
Calculus. We therefore have

dzdz = z;2;,da;dxy,. (3.4)
N—— S——r
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The vector 2 traces out an n-way space within the Euclidean
r-way space, and in this n-way space the element of length’

is given by ds* = —dzdz ; (3.5)
N——r
and therefore, if we take
' Qi = =22y, (3-6)
N
we have ds® = ay dx;de,.

We say that dz is an element in this space, and we notice
that an element has direction as well as length. The element
is localized ut the extremity of the vector z; the element lies
in the n-way space, but the vector lies in the 7-way Euclidean
space.

The direction cosines of the element in the 7-way space are

, d;cp ' (pr

2 A
Pgs’ Pds’

(3.7)
_ &,

T ds’

and we speak of ¢l £2 ... £" as the direction cosines of the
element in the n-way space given by, or associated with,

We write &

ds® = ay da;da;,.

The upper aflixes in £'... " have, of course, no implication
of powers as in ordinary algebra. The notation introduced is
in accordance with that of the tensor calculus which we are
leading up to. In accordance with that calculus we ought
to write the variables «, ..., as 2!...2" but we do not do
s0, as the notation ...z, is at present too firmly fixed
perhaps.

If @ is the angle between two elements, drawn through
the extremity of 2, whose direction cosines with respect to
the n-way space are £ £ .. g

1’1, 772, . nn’
respectively,

’

cosw = £Vl (2'p2 +272" +...)

= -éP-yflg\szq = dyp, g, (3.8)
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It should be noticed that a,,£/7? means precisely the same
thing as a;;£'9% Repeated suffixes are called dummy suffixes
and can be replaced by any other dummy suffixcs. The chief
rule that we need to follow is not to use the same dummy
more than twice in an expression containing a number of
factors. *

It should be noticed that the angle, for which we have
found an expression, is that between two elements drawn
through the same point, viz. the same extremity of the
vector 2. We have no expression for the angle between two
elements at different points in our n-way space. This is
something that distinguishes the geometry connected with
the form ds* = a; da;dr;, from the geometry of Euclidean
space.

{§ 4. Christoffel’s two symbols of three indices. T.et

(ikt) = 9 (

This is the definition of Christoffel’s three-index symbol of
the first kind. It is exceedingly important in the theory
of differential geometry. The first two suffixes are inter-
changeable. We may write it sometimes in the form 7',
when we regard ¢ and & as tixed suffixes.

datyy \u,, 3(11',‘.) (4.1)
\xl (xi L\wt N '

Since

Agje = — 2%
we see that (eht)y = — 25,2, (4.2)
N——
her o2
w e Zip =
= dx, 0y,

We introduce the symbol € to denote zero if ¢ and & are

unequal and unity if ¢ and k& are equal. We do not write
¢! a3 equal to unity, for by our convention

f— ¢l < " —= n.
=€ tes+... .t =10

In employing dummy suffixes it is best to employ a letter
to which we have not attached a definite connotation.

From the property of dcterminants and their first minors
we see that atay, = €. (1.3)
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Let (ikj} = oIt (ikt) (4.4)
then {7kj} is Christoffel’s three-index symbol of the second
kind. The first two suffixes are int-rchangeable and it may
be written 7V when we regard ¢ and & as fixed suffixes.

We have at once (ikj) = it {alt}. (4.5)

§ 5. Some important operators. Iven alrcady we have
come across a number of functions of the vairiables which we
denote by integers attached to a certain letter. Thus we
havo the fundamental functions denoted by «yy ...; we have
the direction cosines denoted by £'...¢% and the functions

atk ...

More gencrally we may have a number of functions of the
variables, say 6, ¢, ¥, ... and we may form a function of
0, ¢, Y, ... and their derivatives with respeet to the variables.
It may be that the function thus arrived at may be denoted by

o, B, ...
Ta,,b,... (5'1)
where «, B, ... are integers of the upper row, upper integers

we call them, and @, b, ... are lower integers. Thesc integers
may take independently any of the values 1,2,... % and thus

indicate how the function T:’ f > is formed. The number
s By .

of the upper integers is not necessarily equal to the number
of the lower integers. It may be that there are no integers
in the upper row, or none in the lower, or cven none in either.

We shall come across many functions which may be ex-
pressed in this manner, and we have come across some.

In connexion with functions which are expressed in the
above form there are m operators which are of fundamental
importance in tensor theory. These operators may be written

1,2, 3,...7,

where P denotes the operator

d
%, +{tpAL () — {ppt} Q)5 (5.2)

and where (f) denotes the operation of substituting ¢ for A,
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A being any upper integer, and where ({) has a similar
meaning with respect to a lower integer.

Thus p T:'B

2 %, 8 t, B %, ¢ o, 8
=g, 1+t 7 vy T2 —qapty 0775
(5.3)

the ¢ which occurs on the right is a dummy suffix, and thus,
for instance,

ttpa) T
1 28
= {1pa} T,,H +{2pa} Ta + ...+ {npa} T:B. (5.4)

We notice that tho definite integers 1,2,...m are not
dummies, and we should avoid the use of n as a dummy.

We write T::[.ip =p TZ‘B. (5.5)

By aid of the symbolism thus introduced we can avoid
a prolixity which would otherwise almost bar progress. A
very little practice will enable one to use this symbolism
freely, and when necessary to express the results explicitly.
§ 8. Conclusions as to derivatives of a, a’¥, and }loga.
We see from the definition that
du; . .
S ik — (ipk) + (kpi)
c.’Lp
= ag (Pt} +ay {kpt) s (6.1)
and therefore the operator { annihilates each of the functions
a;;,, which, of course, could have been written T';,.
We have aitay, = € ;
and therefore

ap S—z— @'t + att (tpk) + a® (kpt) = 0.
p
It follows that

, .
aklay, 5o+ {tpg} +akt {kpi} = 0;
P

that is, é—g——a"q +a® {tpq} +alt {tpi} = 0. (6.2
D
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It follows that the operator 5 also annihilates each of the
functions a'*,

.

By tho rule for the differentiation of a determinant

du aai d
— = qull —— «
duy duy P!

= wall (ptq)+aard (qtp)
=« {ptp} +a{qlg)

2a {pip},

i

. J L R S )
or Tz =i {ptp}. (6.3)
duay

This formula will be required later. [It should be re-
membered that the symbol on the right stands for the sum of
n sywmnbols, with p =1, 2, ... .|

§ 7. Tensors and tensor components defined. We must
now cxplain what is meant by a tensor. We have seen how
functions denoted by

TO‘, B, ..
a b,

may be derived from [unctions 6, ¢, ¥ ... and their derivatives
with respect to @, ... @,. The different functions obtained by
allowing the integers to take all values from 1 up to n arc
called componcnts of the set.

Suppose that wo transform to new variables 2/, ... 2/, and
that 8° denotes the expression of 6 in terms of the new

variables, and that ¢’, 4 ... have similar meanings. Suppose
further that ‘o, B,

’ 4 e e
3 a, b, L.

are functions formed from 6, ¢’, ¥, ... and their derivatives
with respect to the new variables a’) ...2", by exactly the
same rules as the functions

Tcx, B, ..
ab, ..
were formed from 6, ¢, Y, and their derivatives with respect

tox, ... x,.
2843 C
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o, 8, ...
We say that 2 “b, .
are components of a tensor if
’ ’
o', B, ... _ bx(l bfl’b oz o o0z B’ , bB,....
al bl . -_ (., 7 e . .e a’ ) een
) Uy oul ,daf, " dmy dug

Notice that the integers on the left are not dummies but
that the integers o, B8, ... @, b, ... on the right are, Notice
also that the above equation must hold for all values of the
integers on the left if the expressions

«, B, ...
ab ..
are to bo tensor components.

This is the formal definition: we shall immediately come
across examples of tensors which will illustrate the definition.

¢ 8. The funetions «; and «* are temsor components.
If we transform to new variables 2, ... 2", the expression for
the square of the element of length must remain unaltered in
magnitude though its form may change We therefore have

’ o N
Up drpday = ) da', da’,

oz, dx
and so o, =L 4

w= PaRY s (U (8.1)

Thus the functions a,... sutlsfy the condition for being
tensor components.
Again from the fundamental equality

— ’
am(la:pdxq =q wdw A

ox dx’
—P g ZZE,
we have Upq P a'\u 32,

Notice that g and X are no longer dummy suffixes in this

Y
equality. Multiply across by ' b —, then we have
5 0%, 9%p , o’y dw,

apqa da’ bx = @l bw bx
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The exprossion on the right hand of this equality is
0’y dx, 2, dw, _ du,

€ =L =€ = ay,ua?,
M bwq ba;’s aw bw Qw @, q pg
oz, 0T
and therefore « (arp_ r P)
. 4 ba; ox’

This equation holds for all values of p, ¢, and 7, and there-
fore, as the determinant « is not zero, we must have
bxr bwp

a™ = @M £
ox'y o'

8.2)

It follows that the functions @i .., also satisfy the condition
of being tensor components.

§ 9. Expressions for second derivatives when
g daydey, = o g da’ jda'y,.

ox
We have ’._ztb Ly
2
o =z bw)\ Dx# Gy
Pg T Pan ey
ol p 1 Adw b L
where 2’ is the expression of 2z in terms ot tlle new variables,
b4 a2z’
and 2’, denotes —— and 2’ ¢ denotes s———-. Tt follows,
a’, o pbw q

since by (4.2) (pqr) = —=z pqz »» that
N——r

A, dwu day dxy  duw,y

7 3 e T sy s e 00D
b.cpcwqb.c,, o’ du' bwq

Notice, that we see, from this equation, that Christoffel’s
three-index symbols of the first kind do not satisfy the con-
dition of being tensor components.

(pgr)" = (

. duw
Multiply across by a'"* a," , and we have
ow
et
v
day dxy, dwy dr dw, dx 2
— /18 S T Tk rrg 25t "%k A,
=4 5 bwp\x du', o, 2’ 3, “at 5o 0%y

9%y é.‘l_ck = gk
o', !,

"But, by (8.2), o'’
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and therefore the right-hand member of this equation becomes

: duwn o A%
e By il OTEN
@ (Aut) bw’ ou', TN S bw’q’
dw, dx iy
hat i O gaat.s B 4 ek A .2
that is, v 038y " N ouy {9-2)

We therefore have the fundamenbal formula in the trans-
formation theory

), Cx g 2%y dTy
a0, —{pesy’ aJa' — ks 2, 3ay ©-3)
Similarly we have
'y, , oy dafy, a’y,
Sy, + {Ap k} > {pqs 9.4)

§ 10. Tensor derivatives of tensor components are tensor
components. We must now show that the operators

1,2, ..4

)

when applied to any tensor components, generate other tensor
components,
’

o' A

oz, o /
Let M= b NV
da’ day 0Ty dug
and assume that ? 'f' f’ ""... are tensor components.
rol, B, .. aB,. -
We have ‘?' wv = "N

which we brieﬂy write 7" = TMN.

tion theory which have been obtained,
d iy ar
52 M= (1wt G- aT-f (tan} () 1
p
and therefore

7'M = ((tp'AY (1) — A))M (10.1)




TENSOR DERIVATIVES OF TENSOR COMPONENTS 13

Similarly we have
d
5w, V=G ~w¢<0—mm“00N

and therefore

-, o s
pN:(M,qI{#qt}(,‘,)—{#pt} (;))N. (10.2)
P

\d - aw b n ’ ’ ’ ! T
Now pI= ﬁjé;l +({t A} (1)~ (pp't} (W) 7,
o, —_
=bﬂiq vmx(o {pat} (4) T
+({t1) )\} O={pp't}()O)T. (10.3)
We have written 3T, a_a',,__

oa’ , da'y . simply as M, but we must

note that M has the upper integers a, b, ... (as well as the
lower integers «’, ', ...) and that the upper integers in M are
the same as the lower integers in 7'

Similarly we note that the lower integers in N are the
upper integers in 7',

It follows that

Nitgn} ()T =T {puqt} () N, (10.4)

if we remember that these lower integers in N and upper
integers in 7' are just dummies.

We have similarly

M {pqt}( )1’ T {tqA} (¢) M, (10.5)
N {tp'A}’ ( T—T{,up't"()N (10.6)
M{pp't} = T {tp/'A} () M, (10.7)
x
and therefore (TMN) q MNqT

bw aw bw b-l. ’ Bw’ 4
. —ymr _ =m 9% Ty P « 8
That ls, 1) T - q bw bw b' ** am,p, D.’l‘a wa

..., (10.8)

and therefore p T %8, are tensor components.

* This is a very 1mporba.nt theorem in the tensor calculus.
It is the rule of taking what we call the tensor derivative
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and we see that the tensor derivative of a tensor component
is a tensor component. We denote the p derivative by
Q. .
i, o

§ 11. Rules and definitions of the tensor calculus. We
have now proved the most important theorem in the tensor
calculus: its proof depended on the transformation theorems.
These theorems, having served their purpose, disappear, as it
were, from the calculus.

There are some simple rules of the caleulus which we now
consider.

The product of two tensors is a tensor whose components
are the products of each component of the first and each
component of the second tensor. The upper integers of the
product are the upper integers of the two factors, and the
lower integers of the product are the lower integers of
the two factors.

Two tensors of the same character— that is, with the same
number of each kind of integers, upper and lower—can be
added, if we take together the components which have the
same integers. They can also be combined in other ways, as
we shall see.

We form the tensor derivative of the product of two tensors
by tho same rule as in ordinary differentiation.

The tensors «g, and a” are called fundamental tensors.
We have seen that they have the property of being annihilated
by any operator 5. As regards tensor derivation they there-
fore play the part of constants.

The symbol e, satisfics the definition of a tensor. It also
is called a fundamental tensor.

Any tensor, formed by taking the product of a tensor and
o fundamental tensor, is said to be an associate tensor of the

tensor from which it is derived.
o By vy ... .
Suppose that Ta’ bc .. isany tensor. The tensor itself
is the entity made up of all its components, formed by allow-
ing o, B, % ..., @& b, ¢, ... to take all integral values from
1 up to n. Suppose now, that instead of taking all the
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components, we take those in which one of the upper integers,
say o, is equal to one of the lower integers, say b. The
entity we thus arrive at will be a tensor. For

3{1,,, b.’l) Vo
R b.b b bwb -

The tensor thus arrived at is denoted by

Dy By s ...
Ay P, Cy ...

. . o B, 7, ...
and is said to be Ta’ b o ..
contracted with respect to «, b.

We can contract a tensor with respeet to any number ot
upper integers and an equal number of lower integers,

If we take the tensor T:’: )

an associate tensor would be

a o, B
€x a, b’
a, o B

and we might write this T ,
and as it is contracted with respect to two upper integers and

two lower we might write this simply as TI; .

So we may write a4 T;f a8 TO‘B-

We shall often usc this contraction when we are consider-
ing associate tensors

The rank of a tensor is the number of mterrers, upper and
lower, in any component. When the rank is zero the tensor
is an invariant. When the rank is even we can form an
associate tensor which will be an invariant. When the rank
is odd we can form an associate tensor of rank unity. When
the rank is unity the tensor may be said to be a vector in
the m-way space: a contravariant vector if the integer is
an upper onme, a covariant vector if the integer is a lower
one. But it must be carefully noticed that when we think of
a-vector in the flat r-way space, we are thinking of the word
vector in a different sense, Thus the vector z which traces
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out the n-way space is not an invariant, but rather the entity
of r invariants, and so as regards the derivatives of z. In
the r-way space they are all vectors, but the coefficients of
the veectors ¢/, (/... come under the classification of tensors.
If we bear this distinction in mind we shall not be misled,
and we may gain an advantage by combining the two
notions. It is a useless exagueration of the great advantages
of the tensor caleulus to ignore the calenlus of Quaternions.
Wo certainly cannot afford to give up the aid of the dirccted
vector notation in the differential geometry of flat space
within which lies our n-way curved space.

§12. Beltrami’s three differential parameters. If we take
any function U of the variables, then

U, U, ..U,

will be tensor components. The tensor derivative of an
invariant is just the ordinary derivative; and thercfore the
above functions are just the same ag

U.,,U.,,..U.,. (12.1)

[For the notation see (5.5) and (10.9).]

But if we take the second tensor derivatives we come
across different functions from the ordinary second derivatives.
These second tensor derivatives we denote by U. ;. ... where

U.,'kE Uik—{ikt} U[. (12.2)

These we have proved are tensor components (§ 10), whereas
the ordinary sccond derivatives U are not. It would be
a useful exercise to prove that the functions U.,, ... are
tensor components: it might make the general thcorem,
whose proof is rather complicated, more easily understood.

The square of the tensor whose components are U, ... U,
is a tensor whose components are U;U,. If we form the
associate tensor a*U,U;, we have an invariant which is
denoted by A (U), so that

AU) = kU U, (12.3)
This is Beltrami’s first, differential parameter.
Similarly by forming the tensor which is the product of
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the two tensors whose components are U, ... U, and V; ... V,,,
and taking the associate tensor a*U;V;, we have Beltrami’s
‘mixed’ differential parameter

AU, V)= v U, V. (12.4)
We,also have Beltrami’s second differential parameter
A, (U)=akU. . (12.5)

Clearly all these ‘ differential parameters’ as they aro called
are invariants. They are of great utility, as we shall find, in
differential geometry.

§ 18. Two associated vector spaces. Normals to surfaces.
Returning now to the vector z, whose extremity traces out
the m-way space within the flat r-way space, we have,
sce (5.2) and (12.2),

Z.g = 2y — (ikt} 2. (13.1)

Clearly the components of this vector 2., are tensor com-
ponents.

We have 4 n (n+ 1) vectors z.; and we have n vectors z;;
as these (3n(n+1)+mn) vectors all lie in a 3n(n+1) flat
space there must be m lincar equations connecting them.
These vectors all depend on the parameters «, ... x,, and we
may regard them as all localized at the extremity of the
vector z.

Now, sce § 4,

7. k%y = %y — (Ut} 242y,
N——r N A —
= — (ikp) +ay, {ikt; = 0. (13.2)

We thus see that the veetor 2., is perpendicular to every
element in the n-way space drawn through the extremity of z.

Let one of the m equations which connect the vectors
2. i 7 bo bir2- 41 +05 = 0,
where b, ... by ... are scalars. Multiply the equation by z,
and take the scalar product: then, since

Z.i2p =0,
N——r
we have hyzy2, = 03
. N~— .
that is, by, = 0,

2843 D
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and therclore, since the determinant « cannot be zero, we have
l)1=b2=.. = 0. (13.3)

It follows that the m lincar equations eunnect the vectors
2.4 ... only.

At any point of the n-way space, therefore, there are
n veetors 2, ...z, generating a flat n-way space; and there
arc 3n(n+1) vectors z.,, only 4n(n—1) of which are
lincarly independent, and these generate a $n(n—1) flat
space. These two flat spaces, associated with the point
Z, ... &y, are such that every element in the one space, drawn
through the extremity of z, is perpendicular to every element
in the other space, drawn through the extremity of 2.

Thus when » is equal to 2, as it is in ordinary differential

geometry, the veetors s 1z Zea (13.3)

are parallel to the normal at the extremity of z which traces
out the surface we are concerned with.

~

§ 14. Euclidean coordnates at a point. Associated with
cvery point @, ...z, we have a spcecial system of coordinates
which we call the Euclidean coordinates of the point. They
are very helpful in proving tensor identities, which without
their aid would prove very lahorious.

At the point under consideration ayy, ... (¢k7) ... arc constants.

Let another set of constants be defined by

@it = by by by = by, (14.1)
and then another set by
(Ek7) = byCins Crir, = Copgs (14.2)
and consider the transformation scheme
oy = by + i@, 0. (14.3)

We have
2= 2p (i +€jq %)
Zite = 2n (OniF i @) O+ 041 2,) + 25 O
and therefore at the point
g = &rubriburs (14.4)
(‘kj) = (7\#27)’ b)«i b/tk bpj + a")\):bpj c)\ik' (14.5)
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Now dip = I'mb,uk = GA[)M'I);LI.
and the determinant « is equal to the square of the deter-
inant b, so that the determinant » cannot be zero.

It follows that Wy, =€l (14.6)
and therefore (ikj) = (App) bxibupbp; + b)) it
that is, (Aup) bribuyby; =0
and therefore (Aup) = o. (14.7)
In this coordinate system the ground form at the point is
de?+ ... +dx 2, (14.8)

and the first derivatives of «y,... vanish at the point. Of
course it is only «é the point that these rcsults hold.

§16. Two symbols of four indices which are tensor
components. Let us now consider the expression

ol riekh—% TR ik

We see that sinee
_ 0y dxu dw, dwp

’ I

2. Zo\u?-
< ’”” o', ba, duy, k duy, ALY i
0z, dxp dw, X,

and z"rhz’ k= S —r =L VR IVEL vur

—~—— (\U bw, b.}o % Ba/ ‘E_J
we have

dz, dwm, dxp dwy

7 ’ - A P et e~ -

Z. Z N AT XA T -—(\,c ————ax -———ax a.L ( .)\#Z.w C)\pw.y“),

(15.1)
that is, the expression is a tensor component which should be
denoted by T,;,;, but as is customary we denote it by

(rkhi). (15.2)

This is Christotfel’s four-index symbol of the first kind.

We see that if the two first integers are interchanged the
sign is reversed, if the last two integers are interchanged
the sign is reversed, and if the two extreme integers are inter-
changed and also the two middle integers there is no change.

The cxpression aktz ., (15.3)
is & vector whose components are tensqr components: it is an
associate vector to 2. and may be denoted by z*.



20 TENSOR THEORY

We then have

o gt st
M.riﬂh . 1’,{;.4[

= aM (rkhi). (15.4)
This is Christoffel’s four-index symbol of the second kind,

which should be denoted by T,,n , but is denoted by

{rthi}. (15.5)

Like the four-index symbol of the first kind it is a tensor
component. If the last two integers are reversed the sign
is changed, so that (ki) = — {riih}. (15.6)

The three-index symbols, it will be remembered, unlike
the four-index symbols, are not tensor components.
We can express the four-index symbols in terms of the

fundamental tensor components ... and their derivatives.
We have

(rkhi)=z.,;5.0;,—

o2 ik = 22 kT 52 ik

— - 5~ - ! it
- “’l'izkh-"’r/: “1'/.'_”/1'3/ {]‘I‘t} +2,1,% “’Lti ’
~—— ~—

and, as z52 = —(rit), 2,2 =—(rht),
SN’ N——r

J J

—— — 2,321 = 2,213 —2,3,%1,
D:LI ri I a.L‘i JL/L 1i-kh rh* ki

we therefore have

(ki) = o (k) — < (wik) + (vil) {kht} — (rhe) {ikt}. (15.7)
bwi aél,'h '
This formula may be written
(rkhi) = < (rhk) =T (rik),
if we make the convention that the operators are only to act
on the last integer, the first two being regarded as fixed, and

the last as a lower integer.
We also have

{rkhi} = ak* (rthi)
= aM (i (rht) =k (vit))
= tukt (rhe) — Lakt (rit)
=4 {vhk} —h {rik};
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and therefore
{rkhi} = a—b—— {rhl} — a—b— Svile} + {tik} {rht} — {thl} {rit},
“ “a (15.8)
since the last integer in {44t} is to be regarded as an upper
integer.
It may be noticed that
{ikt} (rht) = ' (ikp) (vht) = (tkp) {vhp},  (15.9)
so that in the product {ikt} (rht) the two symbols {} and ()
may be interchanged.

§ 16. A four-index generator of tensor components from
tensor components. If we consider the expression
R, o By ...
(Pq—qp) Ta, by ... (16.1)
we see at once that it is a tensor component. To find out

what it is we employ Euclidean coordinates at a specified
point.

At this point we sce that it is
d d - -
55(% T+ {tgA} () = (gt} () 1)

o 9 m m ,
= g (52, TH PN (O T~ () (0 7).

that is,
d o d d
- —_ 3 7_ - —— ”
( s M — 5, ) (O 1= ( sy 114~ 5 {upt}) (D7,
that is, ({txqp} () —{ptgp} (B) T
At the specitied point we therefore have

PI—gp = {Ixgp} ()= {putgp} (L); (16.2)
and, as this is a tensor identity, it must therefore hold at
every point.

The proof of this important theorem is a good example of
the utility of Euclidean coordinates, at @ point. The three-
index symbols of Christoffel vanish at any point when referred
to the Euclidean coordinates of that point. If they had been
tensor components they would therefore have vanished in
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any system of coordinates. The four-index symbols do not
vanish when referred to Euclidean coordinates. The four-
index symbols and the tensor components which are associate
to them are the indispensable tools of the calculus when we
apply it to differential geometry and to the Modern Einstein
Physics. :
§ 17. Systems of invariants. We have (§ 12)
A (u) = atfuguy,

and, in accordance with the notion of associate tensors, we

may write wk = aifu;,
and therefore A (u) = wluy. (17.1)
Similarly we have
A (u, v) = vy, = u, ol (17.2)
In accordance with the same notion of associate tensors
we might say that w = abu. g (17.3)

but this is a rather dangerous use of the motation, as 1t
suggests that the w on the left is the same as the w from
which we formed w. g, which is absurd. However, a very
moderate degree of caution will enable us to use the Calculus
of Tensors without making absurd mistakes on the one hand,
or, on the other hand, introducing a number of extra symbols,
and thus destroying the simplicity of the calculus, for the
sake of avoiding mistakes which no one is likely to make.
We liave proved, in § 6, the formulae

b} , , .
— wit it {tpg} +att {tpi} = o,
bwp

d
5;“" = ub {plp},
and therefore we have

0—2—% atat = —atal? {pqi}.

d ,
It follows that Sgtam"u,- = atathu . g, (17.3)

d .
and therefore Au) = at San atul, (17.4)
t
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If we have any invariant of the quadratic form ay da;day,,
say ¢. we can obtain other invariants A (¢), 4,(¢) by means
of the differential parameters; and when we have two
invariants, ¢ and 4, we also have the invariant A (¢, yr).

Clearly there cannot be more than n independent invariants.

Suppose that we have obtained, in any way, n independent
invariants w,....u,. Here the suffixes have no meaning of
differentiation or of beiny tensor components.

If we take thece » invariants as the variables, then we have

atk = A (u;uy), (17.5)

and we can express the ground form in terms of the in-
variants.

In this case we can say that the necessary and sufficient
conditions that two ground forms may be equivalent—that
is, transformable the one into the other—are that for each
form the equations

A (g up) = Py (g ... wy) (17.6)
may be the same.

For special forms of the ground form we may not be able
to find the required n invariants to apply this method. Thus
if the form is that of Kuclidean space there are no invariants
which are functions of the variables.

§ 18. An Einstein space, and its vanishing invariants.

Let us write A = (0kih), (18.1)
tllen {)'kih} = ”'kp'Al'[l'I.h’ (18 . 2)
and therefore (vkih) = Ugp {7k}

We forin associate tensor components (§ 11) of (rkih) ...,
and we Lknow that they will be tensor components. Thus
we know that ¥ (rkih) (18 .3)

will be a ten or component. We write
WA g = A = Ay,

A spaco for which all the tensor components 4, ... vanish
is what is called an Einstein space. A space for which

WA = A,y = mayy,
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where m is independent of the integers 7, k, is called an
extended Einstein space.

We can form invariants from the associate tensor com-
ponents. Thus atk Ay, (18.4)

is an invariant which we may denote by A.
Again, i 4;, (18.5)

. . . k
is a tensor component which we may write A;. We thus
have the series of invariants

A AL, A AL AT, A APALAT. ... (18.6)

All of these invariants vanish for an Einstein space.
We can form anothor series of invariants which do not
vanish for an Einstein space. Thus we have

AG B3 VY PO
aMat aVaP Ay, Aggs,

Au ) (1P (BT (V8
aartalaPaPra® Ay, , Agg, s A

(18.7)

Auvp pqrs?

and so on.



CHAPTER II*
THE GROUND FORM WHEN n =2

§ 19. Alternative notations. We now consider the ground
form g dx;dx;, for the particular case when n = 2. That
is, we are to consider the geometry on a surface which lies in
ordinary three-dimensional Euaclidean space.

The square of an elemont of length on any surface is

given by ds® = ay da? + 2a,dx, de, + agydrs, (19.1)

where a,,, a,,, a,, are functions of the coordinates x,, ,
which defiue the position of a point on the surface.

We often avoid the use of the double suffix notation, and
talke w and v to be the coordinates of a point on the surface,

when we write  (Js? = edu? 4 2fdudv + gdv?; (19. 2)
or in yet another form
do? = A2du®+2 A B cos adudv + B2drv?, (19.3)

where o is the angle at any point between the parametric
curves, that is, the w curve along which only « varies and
the v curve along which only v varies, and Adu and Bdv are
the elementary arcs on these curves.

There is no difficulty in passing from one notation to the
other. The double suffix is the one in which general theorems
arc best stated: it alone falls in with the use of the tensor
calculus which so much lessens the labour of calculation.

* [The packets of MS. containing Chapters 1T and III, as submitted _to
the Delegates of the Universily Press, were numbered by the author in the
reveise order, and that order would probably have been made suitable, by
some reairrangement of matter, had he lived to put the work in readiness
for printing. It has seemed best, however, to revert to the order of a list
of headings found among the author's papers, an order in which the
chapters, as thoy stand, were almost certainly written.]
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In connexion with the form
ds? = edu’ + 2 fdudv + gduv?
we use A to denote the positive square root of eg—f2: that is
h = at = ABsina, where ¢ = a;,a,,—a%. (19.4)
The element of area on the surface is '
hdudv = ABsinadudv = atdudv. (19.5)

§ 20. An example of applicable surfaces. If we are given
the equation of any surface in the Euclidean space, we can
express the Cartesian coordinates of any point on the surface
in terms of two parameters and thus obtain e, f, g in terms
of these parameters,

e=xi+yi+el, f=a@+yY.+a2, g=ai+tyi+al,

(20.1)
where the suffixes indicate differentiation with regard to the
two parameters. .

Thus, if w is the length of any arc of a planc curve, we
may write the equation of the curve y = ¢(u), and the
surface of revolution obtained by rotating the curve about
the axis of « will have the ground form

ds? = du’+ ¢ (u))2dv?,
where v is the angle turned through.
Can we infer that, if a surface has this ground form, it is
a surfaco of revolution? We shall see that we cannot make

this inference.
Thus consider the catenoid, that is, the surface obtained by
the revolution of the catenary about its directrix. The

ground form is (g = du?+ (u?+ c?) dot
Take the right helicoid, given by the equation

7
z = ctan“é;

this is clearly a ruled surface, and we can express the
coordinates of any point on it by

x = wcosv, ¥ =usiny, z=cv.
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Its ground form is then
ds? = du? + (u? + c%) dv?,
and it is not a surface of revolution,
It is, however, applicable on the catenoid; two surfaces
which have the same ground form being said to be applicable,
the one on the other.

§ 21. Spherical and pseudospherical surfaces. The
tractrix revolution surface. There are two distinet classes
of theorems about surfaces: there are the theorems which
are concerned with the surface regarded as a locus in space;
and there are the theorems about the surface regarded as
a two-way space, and not as regards its position in a higher
space. It is the latter type of theorcms about which the
ground form gives us all the information we require.

Thus all the formulae of spherical trigonometry can be,
as we shall see [in the next chapter], deduced from the

ground form ds? = du® + sin®u dv?, (21.1)
where v is the colatitude and v the longitude.
We shall prove the fundamental formula

cos¢ = co3 a cos b+ sin usin b cos C, (21.2)
and the formula for the area
A+B+C—m, (21.3)

and from these all the other formulae may be deduced.
So from the ground form

ds? = du? + sinh? udv? (21.4)
we can obtain the formulae of pseudospherical trigonometry

—the trigonometry on a sphere of imaginary radius.
The fundamental formula is here

cosh ¢ = cosh a coshb—sinha sinhbcoshC, (21.5)
and the area of a triangle is
m—A—-B-C, (21.6)
If in (21.4) we make the substitution (¢ being a constant)
u=u"—¢, v=2e°
this ground form becomes .
do? = du? + (6% — e~ 2)2dy?
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and if we take ¢ to be a large constant it approximates to
the ground form ds? = du? + e~ 2% d?, (21.7)

and to this form pseudospherical trigonometry will also apply.

The formulae of spherical trigonometry or of pseudo-
spherical trigonometry will apply to any surfaces which have
the same ground form as the sphere or the pseudosphere.
A real surface may have as its ground form

ds? = du? + e~ 2% 2.

Thus if we take a tractrix, the involate, that is, of a
catenary which passes through its vertex, the equation of
the catenary is y = cosh a, (21.8)

taking the directrix of the catenary as the axis of «; and if
we take u as the arc of the tractrix, measured from its cusp,
the vertex of the catenary, the cquation of the tractrix is

y=e" . (21.9)

If we now revolve the tractrix about the axis of = we get
a surface of revolution with the ground form

ds? = du? 4 e~2*dy?. (21.7)

The figure of the tractrix is something like Fig. 1; and its
surface of revolution like Fig. 2.

{ 22. Ruled and developable surfaces. The latter ap-
plicable on a plane. Let us now consider the most general
ruled surface, formed by taking any curve in space as base,
or as we shall say as directrix, and drawing, through each
point of the directrix, a straight line in any direction
determined by the position of the point on the directrix.

If @, y, 2 are the coordinates of any point on the directrix,
and [, m, n the direction cosines of the line, then  these
coordinates of the point and these direction cosines of the
line will be functions of a parameter v. We take u to be
the distance of any point on the line from the point where
the line intersects the directrix. Then the current coordinates
of any point on the ling may be written

W =w+ul, Y =y+um, ' =z+un;



Fra. 1.

Fio. 2.
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and for the ruled surface we have the ground form

ds? = du®+ 2 fdu dv + gdv?,
where
f=la,+ my,+nz,, (22.1)
g =al+yi+el+2u @+ myy, +ny2,) +uf (13 +mi +ni).
22.2
That is, f is a {unction of v only and g is of the form ( )
au+2Bu+y,
where «, 8, y are functions of v only.
We have s = (du+fdv)® + (g —f2) do?; (22.3)

the coordinates of any line of the ruled surface are functions
of v only, and therefore the shortest distance between the
point %, v and a ncighbouring point on the line whose
coordinates are functions of v+dv is (g —f2) dvt

The value of w for which this shortest distance will be
o9

least is then given by S0

= 0; that is, the equation of the

line of striction is dg
I =o. (22.4)
ou

If we take, as we may, the directrix to be a curve crossing
the generators at right angles, and dv to be the angle between
two neighbouring generators, we have

ds? = du®+ ((w—a)? +b%) dv?,
where ¢ and b are functions of ». The line of striction is
now u = @, and the shortest distance between two neighbour-
ing generators is bdv.

For a developable surface therefore we have

ds?* = du® + (u—a)? dv?, (22.5)

If we take

u’=usinv—facosvdv, v’=ucosv—jasinvdv, (22.6)

we see that referred to the new coordinate system
o? = du' + dv'?; (22.7)

go that the above transformation formulae establish a corre-
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spondence, between the points on any developable and points
on 8 Euclidean plane, such that the distance between neigh-
bouring points on the developable and the distance between
the corresponding neighbouring points on the plane are the
same. The developable is therefore said to be applicable on
the plane.

§ 23. Elliptic coordinates. Consider now the system of
confocal quadrics

a;‘z y2 22
PR A —_— =1
a?+uw + b+ u + ci+u
We know that the relations

g @) (@ 40) (@tw) ,  (Fw) (R+0) B+ w)
T @@= T T ey

2o (e + ) (c2+v) (c®+w)
= T dd) (= b

(23.1)

give the coordinates of any point in space in terms of the
focal coordinates w, v, w; and that the perpendiculars from
the centre on the threc confocals through any point are
given by

o (@+u) (B +w) (B 4u) o (@ +0) (B +9) (2 +)
- (1 —v) (w—w) ’ T (v—u) (v—w)

o («* +w) (B +w) (c® +w)
- (w—w) (w—r)

From the formula
P2 = (a?+u)cos?o + (B2 +u) cos? B+ (¢ +u)cos’y, (23.2)
where xcosx+ycosB+zcosy =p
is the tangent plane to the surface u = constant, we see that
2pdp = du, 2qdg =dv, 2vdr=dw,

and therefore 4ds® = —- +

gt (23.3)

If we now take w = 0 and write

L}
A+u=U?% a*+v="V?% Ki=a’-0% K=u’-c?
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so that the new coordinates are the semi-major axes of the
two confoca.]s through any point on the ellipsoid
(1/2 y2 2

tEta
we have
_ —a?) dU? (@—VHaV:  y
ds* (U»-Vz)( K)(U4 K7 (VZ—K‘{)(VZ—Kg))

(23.4
It follows, as a particular case, that the ground form for
a plane may be taken to be

du? {w?
ds? = (u?—1?) (Ez‘%m + (7‘:"—03) (23.5)

We thus have as ground forms of a plane
ds? = da? + dy?,
ds? = dr?+1%d 62,
du? dv?
ast = W= (g + o)
and we could find an infinite number of other forms for the
plane, or for any other surface.

We are thus led to inquire as to the tests by which we can
decide whether two given ground forms are equivalent ; that
is whether by a change of the variables the one form can be
transformed into the other.

§ 24. The invariant K. A¢ and A,¢ when K is constant.
Consider the form ¢ dy. da,, =12,

and let us use the methods of the tensor caleulus.

In terms of the four-index symbols of Christoffel we have
one and only one invariant

(1212) = a,* (24.1)

where @ = @y gy — (Ug,)2

* [The invariants 4 of (18.4) reduce to one. Also, as the equalities

(1212) = —(2112) = —(1221) = (2121)

hold, and the other symbols (1112), &c., vanish, the sum equal {o (1212)’ in
(15.1), with the notation of (15.2), is

dzx, Dx, (\ar, Dx, . oa
o g - o )(1212), ie. S (1212).

For the explicit expressicn of X see Chap. 1II, § 43.]
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We denote this invariant by K. :

Let us first take the case when K is a constant and con-
sider the differential equations

.+ Kuyp=0, ¢, +Ku,¢p =0, ¢.y+Kayp=0.

(24.2)

We shall prove that they form a complete system : that is,
a system such that no equation of the first order can be
deduced from them by differentiation only.

Wehave ¢+ Kangy =0, ¢+ Ka,p, =0,
and thercfore [§ 16]

(21 —12) §+ K (ty, by —ty, ) = 0,

that is, — {1812} ¢, + K (¢),Ppy— 1, P;) = 0. (24.3)
We have then to show that this is a mere identity.
Now {1612) =« (1p12) = «?*(1212)

and therefore

{1812} ¢y = Ka (0P + @) = K (t)hp—try ),
so that the equation of the first order turns out to be a mere
identity. Similarly we see that the other equation of the
first order is a mere identity.
If ¢ and  are any two integrals of the complete system

we have 3'2:' (A (6, V) + Kp)
Pp
=P + K G by
= a’ik (¢ *ip ‘I’Ic + ¢1‘I’ . kp) + K (¢p‘l’ + (tb‘l’p)

= —KNaft ("ip ¥+ “l:p(pi) + K (¢1»‘P + ¢‘I’p)
= —K (hy, + €.8) + K (b, ¥ + p¥r,)

= 0. , (24.4)

We therefore have
A(p) + K ¢? = constant. (24.5)
We also have at once from (12.5) and the equations (24 . 2)
A,(p)+2K¢ =.0. (24 .'6)

2843 ¥
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§ 25. Determination of a y such that A(¢,y) =0. We
shall now prove that if we are given any function u, such
that A(u) and A,(u) are both functions of u, then, in all
cases (not merely when K is a constant), we can obtain by
quadrature a function v such that A (u,v) = 0.

Let - 42 () du
p=e A, 25.1)
A, (u) A, (u)
then M=—p i(u-) Wyy Mg =—H Az(u) Uge

The condition that  pat (u?dz, —u'dx,),
where ul = alu, +a'?u,, u?=a?u;+au,,
may be a perfect differential is

d d
S (yard in?) =0,
52, (atul) + ba:g("a u?)

that is, pat D, () 4 ab (pul + pu?) = 05
and this condition is fulfilled. )
We can therefore by quadrature find a function v such that

v, = patu?, v, =—patul, (25.2)
and therefore vul +v,u? = 0,
that is, A (u, v) = 0. (25.3)

§ 26. Reduction of a ground form when K is constant.
Returning now to the case when K is a constant, we have
seen that, if ¢ is an integral of the complete system,

A,(p)+2K¢p =0, A(¢p)+K¢?= constant,
and we can therefore by quadrature obtain 4, where

A(Sb» ¥) = 0.

First let us take the case when K is zero.
Without loss of generality we may suppose that

A(¢)= 1, A(¢, ‘l’) =0, (26.1)
and we may take as new variables
o =¢ x,=1,

and the ground form becomes
ds* = da? +agdat.
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Sinco «, is an integral of the complete system, we have
(111} =0, {121} = 0, {221} =0,
and therefore (111) =0, (121)=0, (221)=0.
From the fact that a,, is zero, we have
(122) +(221) = o,
and thercfore (212) = 0;

so that a,, is a function of «, only.
We can therefore tako the ground form to be
ds? = dx? + dxd. (26.2)
We next take the case when K is a positive constant, say
R-%  We then have
A(¢) + R%¢* = constant,

and, without loss of generality, we may suppose

A(¢) = B2 (1-¢7, (26.3)
and, by quadrature, we can find v so that
A ($, ¥) = 0. (26. 4)
Take as new variables
@, = Recos™'¢, z,=1, (26.5)

and the ground form becomes
ds? = dc} +ay,das.
We have, since a,, is zero,
(122) +(221) = 0,

and, since cos~1 satisfies

R
¢t Kayd =0,
o2 2N o.
we have (221)+Rcot(R =0;

and therefore (212) = (%2 cot (%1 s

d

. d .
that is, a,, = 20, — logsin (2,
22 23z g R



36 THE GROUND FORM WHEN # = 2

so that sin? (R)

((
22
is a function of 2, only.

We may therefore take the ground form as

ds* = da3 +sm‘R(h,,,
or if we take 2, =Ry, w,= L'y,
we may take the ground form as
ds? = R? (dx? +sin?w, dx}). (26.6)
When K is a negative constant —R™% we see that the
ground form is ds* = — R? ((Ll;f 4 sin2 wl‘(%’i); (26 . 7)
or if we take ) =), =,
the ground form becomes
ds? = R*(dw} +sinh? 2, dey). | (26.8)
We have seen in § 21 how the ground form
ds* = RE(dw? + e *%dx?) (26.9)

may be deduced from this.

§ 27. The case of A(N)=0. We have now scen the
forms to which the ground forms are reducible when the
invariant K is a constant; and we sce that the necessary and
suflicient condition that two ground forms may be equivalent,
when for one of them K is a constant, is that for the other &
may be the same constant.

We must now consider how we are to proceed when K
is not a constant.

If A (K) is zero, we choose as onr variables #, = K, z, = v,
where v is any other function of the coordinates of the
agsigned ground form.

Since A(x;) is zcro, ! is zero and the ground form may
be written

ds® = edu®+ 2¢,dudy, (27.1)
_ ¢ .
where ¢ and ¢, ( = -b’z;) arc some functions of w and .
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The equation which determines the invariant K which we
have taken to be w is therefore

2ug, = ("2 2¢u)

or 2¢“’
bv ¢2

We may therefore take
e=2¢ +ug’+ap+p,
S= b,
where o and B are functions of w only.
The ground form now beeomes, if we take

2u¢> = 0. (27.2)

2, =K, x,=¢,
= (z,2% + aw,+ B) dai + 2 drydry, (27.3)
where o and B are functions of ;, only.

We can then decide at once whether two ground forms for
each of which A (K) is zero are equivalent.

§ 28. The case when A,/ and AK are functions of K.
We may now dismiss this speeial case when A (K) is zevo: it
is not of much interest, as it cannot ariso in the case of
a real surface.

We now consider the case when K is not a constant and
A (K) is not zcro, but A, (X) and A (K) arc both functions
of K. This arises when the surface is applicable on a surface
of revolution.

Let us take w=IK, (28.1)
and let v be the function which we have seen can be obtained
by quadrature to satisfy the equation

A (u,v) = 0, (28.2)
when A, (u) and A (u) are both functions of u, though the

reasoning would have held equally had A, (w)+ A(w) been
only assumed to be a function of w.

We saw that if _ J‘,A,z(i‘)
. p=e
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If then we take 0= j-,udu,
we have 0, = pu,, 0,= pu,
and therefore v, = ad (a'%6, +a?6,) = «16>
Similarly we have v, = —a}6!;
and therefore 0, = —atvy, 6, = alol.
It follows that 6,60' = v,v? 6,0% = v,2!,
and therefore A (6)=A(v), A(f,v) =o0. (28.3)
We also have (€0)? = (udu), A (8) = (4)A (w),
and therefore il—(% = Ai%% (28.4)
If we now take as the new variables  and v, the ground
form becomes . der
“TEG T s
du? dv*
= _A_(u—) + Z_(_ﬁ_)’
_ du? e2J%z£; w dv
Au) A(u)

We therefore see that the ground form may be written

Ay (KD

ds? = (A (K))™ (dK)*+ e2j am dv?),  (28.5)

where v may be expressed by quadrature in terms of K and
integrals of functions of it.

We thus see that given two ground forms, for each of
which A (K) is a function of K and also A, (K) is a function
of K, the two forms are equivalent if, and only if, the functional
forms are the same.

§ 20. Conditions for equivalence in the general case.
Finally we have the general and the simplest case when K is
not a constant, and A (K) and A, (K) are not both functions
of K, . .

In this case we have two invariants, say u and v. We
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take these invariants as the coordinates, when the ground
form becomes
ds? = A (V) du?—=2A (u, v) dudv + A (w) dv? .
AW A @)~ (A @ )
The necessary and sufficient conditions, that two such
. ground forms may be equivalent, are that, for cach of the
forms, A(u), Aw,v), A(v) (29.2)
may be respectively the same functions of w and w.
We now know in all cases the tests which will determine
whether two assigned ground forms are, or are not, equivalent.

(29.1)

§ 80. The functions called rotation functions. When the
measure of curvature * is constant we saw [§ 24] that the re-
duction of the ground form to its canonical form depends
on finding an integral of the complete system of differential
equations

$.ntKapp=0 ¢.,+Ka,¢p=0, ¢.p+Kayp=0.

(30.1)

We shall now show how this integral may be found by
aid of Riccati’s equation.

Take any four functions, which we denote by ¢,, q,, 71, 7,
and which will satisfy the three algebraic equations

Kay = qi+71, Kay = q1¢,+ 77y, Kagy=qi+75 (30.2)

The functions thus chosen are not tensor components, but
we shall operate on them in accordance with our notation
with 1 and 2.

These two operators annihilate Ka,,, Ka,,, Ka,, and there-
fore we have

NN+ nTa =0 e+ n7 =0,
N1%2 1t 2T H 1T H 77 = 0,
Q19202+ QaGrat TPy g T 770 = 0,
QP21+ 72721 = 05 Q3Qag+ 7375, = 0.
We define two other functions p, and p, by
G ="Po Qe ="Ps (30.3)

% [This name for the invariant X will be shown later to have geometrical
fitness, See § 37.]
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I
X

It at once follows by simple algebra that
Tt =0 =P =
TrgH @i = 0, ra— " =
Pyoy TP =0 Yy =Ty =
Tyeg 020y = 0 (oeg— Py =

o Qo

e L

We then have 4. 49 .,q,+ P q10 = 0,
Tyt P it P = 0,
and therefore (21—12)7,+q, (Pyeu—p,.) = O
that is, {1812) 7 = ¢y (Preo—Dye1)s (30.4)

or atk (1 12) 7 = qy (Prew—Dyer)- (30.5)
Now
a® (112) 7, = @' (1212) 2, = @l (2 r, 4 «?22,),
= K (yry—yry) = 1, (g5 +75) =7 (1 qu +770),
= q; (" — 7 7),
and therefore Proa—Dae1 = @y~ Y7y,
. I, Ap,
that 1s, Yo, Ve, = (T — Q7. (30.6)

Similarly we have

o0y _ o1,
dw,  day T TPu (30.7)
ory o7,
dQu, a,vj = P92~ Pe- (30.8)

Any six functions p,, py, 915 Qs 71, 7, Which satisly these
three equations are called rotation functions. They have
important geometrical propertics and are much used by
Darboux, but herc we simply regard them as algebraically
defined functions.

§ 81. Integration of the complete system of § 24. Now
consider the equations

A
5.L; —mr+ng, = 0, b;z —mry+ng, = 0;
Im Im
bp, "M In=0 5t Ir,=0;
In \ on
e — = o — P , — U, 1.1
oz, Bt =0 o= lgytmp, =0 (31.1)
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These equations are consistent because the functions

D1y Pos 15 Q25 T15 Ty .
are rotation functions; and woe see that 24+ m24+n? is a
constant.

Let P L LU (31.2
VIEFmE+ni—n

where ¢ stands for v/ —1: wo have

do tp+q, Q— 1t
a_w;__“?_ - ‘H’-T
i E ‘P2+‘72 —LPs .
P —r,0 + ———-2 (31.3)

We can therefore find o by the solution of Riccati’s equation.
To determine I, m, n we have

l+tm l—um
= s e, 0'—1 = e e 3
VE+rmi+ai—n VEFmirni+n
and 124+ m? +n? = constant :

and we thus sce how, when we are given the rotation
functions, we can determine {, m, n.
We can now at once verify that

ly+Kapl=0, l.,+Kau,l=0, l,+Ka,l=0, (31.4)
and that A () = K (m?®+n?) = K (constant — (%), (82.5)

‘We have thus shown how a common integral of the com-
plete system can be obtained by aid of Riccati’s equation.
The I, m, n which we thus obtain will be the direction
cosines of the normal to the surface, but we do not make any

use of our knowledge of a third dimension in obtaining
l, m, n.

2843 G



CHAPTER III*
GEODESICS IN TWO-WAY SPACE

§ 82. Differential equation of a geodesic. We have now
considered the ground form of a surface, and we know the
method by which we are to determine when two given ground
forms are equivalent; that is when they are transformable
the one into the other by a change of the variables.

We now wish to consider the geometry on the surface
regarded as a two-way space; and we arc thus led to the
theory of geodesics. We have

ds? = adw;dxy, . (32.1)
and therefore

(lé‘s da; 8wy, w day, ddz; | duw; dc,fa
2y = Yk gy s “w O T ds O

= i( G, 8J,~+u,, b 8 )

—6xl‘ds( 4([}2) 8z, (ls( %?sk)

day day duyy,
ds ds dz,

1

For a path of critical length we therefore have

d du dayN _ day, dog duy,
d_s( it ds) + ([b( " s ) T duy ds ds (32.2)

b g

Now = (itk) + (kti) ;

and we notice that, thou(rh (etk) # (kt), yet

(ith) -,

* [See foot-note on p, 25.]

(la; dxy, dz, dx,,
ds = (kti )Eg ds (32'?)



DIFFERENTIAL EQUATION OF A GEODESIC 43
The path of eritical length thevefore satisfies the equation

d dx; da; day,
— = ‘(32:4
s (( s = ()5 do s ( )
§ 83. Another form of the equation. The cxpressions
dz, and da,
s ds
are called the direction cosines of the element. They determine
the position of the clement at the point x, @,, but they are
not, in goneral, the cosines of the angles the element makes
with the parametrie lines. We denote them by £, £2 in tensor
notation.
For a geodesic we therefore have

L i) = (ith) gig. (33.1)
We can put this equation in another form. We have

d oy ey,
ds ¥ ds (\wp

= £0 (ipt) + £ (tpy,
and therefore

i ;‘é EipLigr (ipt)+ £ g0 (tpi) = (k) £5€F. (33.2)

Now ELEP (tpi) = &1 ¢k (thi) = £ &F (kti)
and gk (i) = £ £F (kti).
We then have for a geodesic
wit o€+ it £587 = v, (33.3)

and therefore, multiplying by «'? and summing,
& gt (ipg) gigr = 0. (33.4)
For a geodesic we thus have either of the two cquivalent

equations
! ('l- S (@) = (ipg) €1 €%, (33.1)

dsé'+ {pgi} grg1=o. (33.4)°
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§ 84. Condition that orthogonal trajectories be geodesics.

If two elements al @, x, are perpendicular to one another
we havé

ay, dx, 8z, + ay, (dz, 8z, + dx,8)) + ay,dw, 8, = 0. (34.1)

Tho elements perpendicular to the curve ¢ = constant will
then satisfy the equation

b, (g + ayydey) = ¢, (g, de, +agdr,),  (34.2)

or & +apé® = pey,
U+ gyt = ppy, (34.3)
where y is some multiplier.
We have

£ = p (' + 0y, = (PP, (34.4)
and, as (likgiék =
we see that pE'e, +&¢,)=1;
and therefore niA(p) = 1. (31.5)

We thus have

U +a,, € = -——?L—:, 3,8+, 2 = _ 9P (34.6)

VA T T valg)
.- a“¢,_+_£2¢z, 2 - P+, (34.7)
VA ($) v A(¢)

Now L (it )~ (ipg) 1"

R I T i P
"—él (b(l‘P J‘A~(¢) (QPQ)QII '\/w)»

— &P 2 ¢i ¢
5’((\1 7&@'—)—IW} '¢
o P 9i(2@),
(75 NA@ﬁ)
a”‘1¢{ $i(A9),
l( - 2A(¢))

- aM¢q¢_.:n _$i8(,8(9)
R 2(A(9))*
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And, as A(p) = a?ig, ¢,
we 8ee that (A (¢))i = (qu¢.pi¢q+a1'q¢p¢.qi,

= 2“”q¢q¢-pi-
We therefore have

D ity — (i) g1 — L@ $:8 (9, A¢)
ds (“ilé)—(@p(]) él gq ~ 9A (¢) o (A (¢))2 :
Suppose now that ¢ is a function of the parameters such

that A(p) = F(g). (34.9)
We sec at once that the right-hand member of the above
equation vanishes; and thercfore the orthogonal trajectories
of the curves ¢ = constant arc geodesics, if A(¢) is a
function of ¢.
Converscly we sec that, the orthogonal trajectories of any

system of geodesics being ¢ = constant, A(¢) must be a
function of ¢.

(34.8)

§ 85. Geodesic curvature. If £, £%are the dircetion cosines
of an element of the curve ¢ = constant, we have

gl,(’)p =0, "ikgifk = 1:
and therefore

b= (APHE, G,=—at(ApRE.  (35.1)
Differentiating £, =0

with respeet to the are, we have

P (ill: P+ EPE1 (P pg + (POt B0) = 03

: ! o
thatis, ¢, (7= €7+ (ikp} §€F) + . €787 = 0.

We therefore have, summing along the curve,
j(gz (g + {1} gighds)— £ (Ag2 + (a2} gigkds))

+f(¢‘11 () —20.100, P2+ P.py ()% a3 (a (¢))_gds =0.
(35.2)

“The first integral if summed along a small length of the
carve only differs by a small quantity of the second order
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from the same integral if summed along the curve formed by
the geodesic tangents at its extremitics.

Now, summed along a geodesic, wo know that the first
integral vanishes, but summed along the curve formed by
two geodesics the integral is

gint— gy, (35.3)
where ¢£1, £2 and 7', 92 are tho dircction cosines of the two
geodesics at their common point.

The angle a between the two clements whose direction
cosines are £', ¢2 and 5!, »%is given by

ab(f'92—£29Y) = sina. (35.4)

We therefore have the formula

1d0 -3 -2

# s = (¢-u (9.2 —20.1,0 By + by (¢1)2) a”=(Ad) 2,
(35.5)

where 8 is the small angle at which the geodesic tangents

at the extremities of s intersect. The formula for the

geodesic curvature of the curve ¢ = constant is thercforo

:—0 = (P (f)*— 26100150+ b ($1)") (A‘P)—%- (35.6)

§ 88. We can cxpress the above formula in a better form:
to prove this we employ the coordinates which are Euclidean
ab a specified point.

We have at the specified point

(A¢)l =2¢,9,+2¢,0,,
(A¢)2 =2¢; ¢, +2 oo

o

and therefore
A (¢, Ag) = ¢, (A¢)1 +9¢, (A¢)2,
=2 (¢n(¢1)2+ 261,01 Po+ Py (4’1)2) (36.1)
Now — A,(9) = i +bms AP = ($)*+ (9%
and therefore at the specified point
¢11 (¢2)z —2 ¢12 ¢1 ¢2 + ¢22¢f
= A,($)A($)—3A(8,49), (36.2)

and at the specified point « is unity.
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We thus have at the specified point of the curve, and there-
fore at every point of the curve,

1 A L
1 +A(s, (A (36.3)
Py (A(P)i (¢ 2
The method of thus employing Euclidean coordinates is
very helpful in proving formulao in the tensor caleulus. The

direct proof of the cquality

RN AR

= (11 (322610 P2+ $-(#)?) 7 (AB)73 (36.4)

would be much longer.

§ 87. Polar geodesic coordinates. The measure of curva-
ture K. The geodesic curvature of a curve is given by the
formula

%gl(df + {ik 2} §”) aifz(—— + {ik1} g'g")
(37.1)
where £, ¢2 are the direction cosines of an element of the curve.
If we take, and we shall see that we can take, the ground
form of the surface to be
du? + B2dv?, (37.2)
where w is the geodesic distance of any point on the surface
from a fixed point on the surface,and the curves v = constant
are geodesics passing through the fixed points, dv being the
angle at the point between two neighbouring geodesics, B
being a function of w and v which on expansion in the neigh-
bourhood of the fixed point is of the form w+..., where the
terms denoted by +... are of degree above the first, we
employ what we may call polar geodesic coordinates with
respect to the fixed point.
Let us now employ polar geodesic coordinates to interpret
the formula for geodesic curvature. We have
{111} =0, {112} =0, {121} =0, {122} =%,
{221} =—BB,, and {272} = % (37.3)

§

Pu
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If 6 is the angle at which the curvo orosses the geodesics
through the fixed point,

' £ =cos 6, B&? =sind,
and [see § 43] the measure of curvature X of the surface is
given by KB+B, =o. (37.4)

We have
ai(—- + {tk1 }g'gk) = B(—sin 0389 - %sin20),
a&( +{'ck2}§§k)

_ B(cose d§ siné

40 00 (Bycos 6+ J2sin6)

+ —1—;—‘;111 0 cos 6 + B qmz 6)

Bz
) 1 _df B, .
and therefore Py~ ds + g sin 0. ‘ (37.5)
Now consider the expression
f J Kds, (37.6)

where dS is an element of arca of the surface, and take the
summation over the small strip bounded by two neighbouring
geodesics through the origin of the polar geodesic coordinates
and an clement of the curve.

The expression is f K Bdudv,
and this is equal to  — f f B dudv
- J(B1 —1)dy,

B, .
= clv-—f—g sin Ods. (37.7)

ds
Py
taken over the boundary of any closed curve surrounding

the point is equal to . .
277—'[ KdS, (37.8)

It follows that
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where the integral is to be taken over the area of the
curve.

We thus have a geometrical interpretation of the measuro
of curvature: it is the excess of 2w over the angle turnoed
through by the geodesic tangent, as we deseribe a small closed
curve, divided by the area of the eurve. It will be noticed
that in this definition we do not make use of any knowledge
of a space other than the two-way space of the surface itself.
This is what the curvature of a two-way space must mean
to a mathematician to whom the knowledge of a three-way
space can only be apprehended in the same vague way as
we speak of a four-dimensional space.

§ 38. Recapitulation. Parallel curves. It may be con-
venient to bring together the various formulae which so far
we have proved in connexion with dircetion cosines and
geodesics before we proceed further.

_dax, dz,

glﬂ_czs_’ ¢ = ds’
§=—wt(Ag)7tg,, E=at(A¢)te, (35.1)

where the direction cosines are those of an clement of the
curve ¢ = constant;

&= (P +a?P) (A)7E £ = (aV +uP ) (Ag)7H,
(34.7)

where the direction cosines are those of an elemont perpen-
dicular to the curve; for a geodesic we have

l . . 2 0 ”
(e 8 = (b igh, (33.1)
Uil :
SE+(priy gt =o. (33.4)

The orthogonal trajectories of the curves ¢ = constant,
where A (¢) is a function of ¢, arc geodesies, and the ortho-
gonal trajectories of any system of geodesics are curves
¢ = constant, where A (¢) is a function of ¢. (34.9)

Leaving aside the case when A (¢) is zero, we can choose
tho function ¢ so that A (¢) = 1.

2848 H
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If we know any integral of this partial differential equation
involving an arbitrary constant

¢(a'l’ T2 0‘) =0,

then the system of curves g{f =8
will be geodesics: for A (qS, g—g =0,

and, as the condition that two families of curves
¢ = constant, Y = constant,
may cut orthogonally is A (¢, ¥) = 0, we conclude that the

curves 2
=8 38.
dox (38 Y

will be geodesics, since they cut the curves ¢ = constant

orthogonally.
If we choose the arbitrary constant B8 so that the geodesics
given by N )
¢ g

da
may all pass through a fixed point, and if we take the
equation of the geodesics to be v = constant and take v as
one of our parawetric coordinates and ¢ to be the other
parametric coordinate u, we havo
A)=1, A(u,v)=0.
The ground form of the surface then takes the form
du? + Btdu?, (37.2)

and in the neighbourhood of the fixed point, through which
the geodesics pass, we may clearly take from elementary
geometry that B=w+....
We thus have what we called the polar geodesic coordinates.

We have d¢ = ¢,dx, + ¢,dx,, and therefore, £, £2 being the
direction cosines of an element perpendicular to the curve
¢ = constant, the length dn of the normal element is given by

d¢ = dn(p, £+ ¢,£) = dnv/ A (),
or 2 VA (P). (38.'2)
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The curves which satisfy the equation

Ap)=1 . (38.3)
are called parallel curves. We see thus that two parallel
curves cut off equal intercepts on the geodesics which cut
themn orthogonally.

If particles, constrained to lie on a smooth surface and
acted on by no forces but the normal reaction of the surface,
are projected at the same instant, with the same velocities
normal to any curve, they will at any other instant lie on
a parallel curve.

From the theory of partial differcntial equations we know
that any curve on the surfaco will have a series of curves
parallel to it, though the finding of them involves the solution
of the equation A(p) = 1.

The explicit forms of the differential equations

1
Gy prenipaiy =0
of a geodesic are
B+ {111} &% +2 {121} &,d, + {221) &2 = 0,
@, 4+ (112} 6% +2 {122} d,d,+ {222} 42 =0, (38.4)
where the dot denotes differentiation with respect to the are.
If we write the variables as « and y and let

_dy _dy
P=de 17 do?’
we have g =ap, Y= ap+dily,

and the equation of the geodesic becomes
g—{221} p*+ ({222} —2{121})p?
+(2 {122} —{111})p+ {112} = 0. (38.5)

§ 89. Notes regarding geodesic curvature, Now consider-
ing geodesic curvature, in the figure on p. 52 P and @ are two
neighbouring points on any curve, P7 and 7Q are the
geodesic tangents at P and @, and QM is an element of arc
perpendicular to the geodesic tangent J2T'M.

By definition the geodesic curvature of the given curve at
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P is the limiting ratio of the angle Q7'M to the arc PQ as ¢
approaches . We therefore have
1 20Q0M
py L
and thus have the analogue of Newton's measure of curvature
of a plane curve for a curve on the surface. It'is the geodesic
curvature only that has a meaning when we confine our
attention to the two-way space on a surface.
We have the formula
1 A¢)
[N
and we may apply it to find the gcodesic curvature of the
curve all the points of which are at a constant geodesic

(39.1)

+ A (b (A)H), (36.3)

distance from the origin, in the polar geodesic coordinate
system. We have (s = du?+ B*dv?,

b= %
and therefore 1 = 10(rB
Py du

The curvature will be constant if, and only if,
B =f(u) F(v),
that is, if the surface is applicable on one of revolution.

The curvature will then only be L o it would be in

a plane, if ds? = du? +u2(zv2,

that is, if the surface is applicable on a plane.
If we take the case where K is positive unity and
ds? = du? + sin? u dv?,
we see that the geodesic curvature of a small cxrcle is cobw.

If we take the form ‘
ds? = du® + e 2% dv?,
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which is applicable to the tractrix or any surface applicable
on it, wo sce that the geodesic curvature of the curves
w = constant i3 minus unity.
§ 40. The formnula for the geodesic curvature may be written
-
1 _ AP +A (S Jog(Ad) ) (10.1)
Py ~/A¢
Let ¢ be an integrating factor of
at (p? dw, — P dr,),
where P =l +a?P,, D= P+ P,

so that purd? =, palel = —,
) P
srefore - (mdd)) + —— (natd?) = 0.
and therefore S, (pate!) + 5z, (natgp?) =0
Now — @ba,(p) = o add, A(pw) = up
¢
and thercfore pA, (D) + A (P, p) =0,
that is, A, () + A (¢ log p) = 0.
The formula for curvature may therefore be written
_ _}__ — A(‘P, IOQIL(AQS)&). (40.2)
Py (Ag)t

This is an equation to give the integrating factor. When
the integrating factor is known we can find the function
by quadrature; and, as

A(¢"I’)=¢[‘l’t= 0, (40.3)
we have then the equation of the orthogonal trajectories of
the curves ¢ = constant.

In particular when the curves ¢ = constant are geodesics,
we may take p=(A¢)} (40.4)
and we thus see that the orthogonal trajectories of any
system of gcodesics may be found by quadrature.

In gencral we have uvVag = vay,
and thus the formula for the geodesic curvaturg of the curves
¢ = constant may be written _
1 _ Alplog vay)
— == ey
Py VAP

where the curves y» = constant are the orthogonal trajectories.

, (40. 5)
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{ 41. Integration of geodesic equations when K is con-
stant. Wehave obtained the differential equation of a geodesic
on any surface, but, in general, we cannot solve the equatlon
we have arrived at. Sometimes we can. Thus when the
measure of curvature is positivo unity we may take the

ground form to be 742 — fu? 4 sin? u ot (41.1)
We then have as the equation of the geodesic
dé B, .
s + 3 sin 6 =0,
. dé .
that is, cos§—— + cobusind =
du
or sin 6 sin 4 = constant.
Now sinG:sinu(—lB,
ds
. dv .
and therefore smzudg =sinaq, (41.2)

where « is some constant.

We could have obtained this equation directly, as we easily
see, by the rules of the Calculus of Variations.

We deduce that

sin u(l - ((lu) ) = sin?a

and therefore COS U = COS O{ COS §,
and we thus obtain the equations
siny = :;—::—;s;, cos v = E}Eﬁl(iss, tanv = :'::;. (41.3)
We now see that
€08 U, COS U, + Sin U, sin U, o8 (v, —V,)
= c0s? x oS 8, 08 8, + sin® & C0s 8, C08 8, + 5in 8, 8in 8y,

= €08 (8, —8,).
This is just the well-known formula of spherical trigonometry
cosc = cosa cos b +sinasin b cos C. (41.4)

Similarly we could obtain the formula
cosh (s, —¢,) = cosh @, cosh u,—sinh u, sinh u, cos (v; —v,);
(41.5)
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which would be applicable to a surface of constant negative
curvature.

The formula J

il—ﬁ +j KdS = 27,
when applied to a geodesnc triangle on a surface of curvature
positive unity, gives us the well-known formula for the area

of a spherical triangle 44 B C— 7 ; (41.6)

and more generally for any surface of constant curvature
K-'(A+B+C~m). (41.7)

§ 42. Focal coordinates. If we take, as the coordinates of
a point on a surface, the geodesic distances of the point from
two fixed points on the surface, the ground form will take
the form (sin o)~ 2 (du? 4 dv?® — 2 cos & dudv),
where a is the angle between the two geodesie distances.

We earily sce this gcometrically, using the property that
the locus of a point at a constant geodesic distance from
a fixed point is a curve cutting the geodesic radii vectores
orthogonally. Analytically we prove the formula from the
fact that A (u) and A (v) are both unity, and applying this to
the general ground form

A?du? + B2dv? —2 A B cos adudv,

when we have A? = B* = cosec? .
If we take 2e =u+4v, 2y =u—v,
2 2 & 2 2 & 2
we have ds? = sce 3 da? 4 cosee -2~ll3/ 8 (42.1)

This system of coordinates may be called focal coordinates :
the curves & = constant will represent confocal ellipses; that
is, curves the sum of whose geodesic distances from two fixed
points, which we call the foci, is constant.

Similarly the curves y = constant will represent confocal
hyperbolas, and we see that the elhpses and hyperbolas
intersect orthogonally.

§ 43. Explicit expressions for sym,bols {ikj} and for K.
It will be convenient here to give in explicit form Christoffel’s
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three-index symbols of the second kind,* as we so often nced
them, and expressions for the measure of curvature.
‘We take the ground form

ds® = edw? + 2 fdudv + gdv?, (43.1)
and we then have a=1=eg—f? (43.2)
282 {111} = ge,+f(e,—2f)), 21*{112} =e(2f,—e,) - fe,,
212 {121} = ge,—fy,, 2% (122] = ey, —fe,,

2R2 {221} =g (2/,—91)—f9,. 2h* {222} =eg,+f(9,—21),
(43.3)...(43.8)

4K = e(y,(e,—2 /) +931) +g(e, (1, —21) +e3)
— 21 (e, + 911 —2/1)
+f(2 N (f —n)+2f, (f1~e.,_) +el.’/2—"291)s (43.9)

o anice 2 (1 (0 %) 1207

hp1A
d e, o (e,—1) ! '
+5b({(z"j)+2 p)=0 (3.9)

If we take as the ground form
A2du? + 2 ABcosadu dv+ B2dv?,

the last formula becomes
B, - A4, cosa) 2 _AL-Bl cosay o
\zc A sin Qv Bsin )— ’
(43.10)

ABsino K + oy, +

which is Darboux’s form.

* [Thoso of the first kind are at once
(111) = e, (AU12) =fi—%e,,
(121 = (211) = $ e, (122) = (212) = g,
(221) = fu—3%g:, (222) = d4u.
We also have

_ 1 b(p b(p(([}
AP 10 <Dv) f&:’ 3—11. (bu)
‘ 1 (9 9y A9y
alhy) = *Sodv dv du 3ut)v>

"y b¢b¢

19 s1.< oo 1(
Ajp == — ¢ = et "t
« 2w LR\" du fbv) /va R\ 30 (\u

Oubu
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In particular if the parametric coordinates are geodesies

we have {221} =0, {112} =0, (43.11)
and thercfore
B,—A,cosa 0 A,— B, cosa
%Rt hna 0 At qucx ’

and the formula for the curvature takes the simple form
ABsin o l{ = ay,. (43.12)

From this formula we could casily deduce again tho formula

f‘l* f KdS = 27,

When we take the ground form to be

A2du? + B*dv?,
we have
B ? o4
, 1 )1 —
ABK + (A ) (b ) =0 (13.13)
When we take the ground form to be
e(du?+dv?),
we have
_ J_ V= GZ _ & ( 1%
(ty =zt (n2y=— 2 {121} =2, (122} =L,
V= & _ %
(221} =—3b, (222} =22,
(43.14)...(43.19)
o2 92
2¢K + (m + b_’vz) loge =0, (43.20)
)2 2
A2(¢) = ¢! (m + b_'U‘) ¢, (43 . 21)

I¢p 2 I \2
A(p) =c“((5£) + (a“f)) (43.22)
Finally, when we take the ground form to be
2fdudv

FK + 5

2843 I

(logf) =0, (43. 23)
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a,(¢) ;;ug’v (43.24)
Ap) = jgi;f (43.25)

T 44. Liouville’s specia} form. When the ground form of
a surface takes the special form— Liouville’s form—

ds? = (U+ V) (du? + dv?), (44 .1)

U and V denoting functions of 4 and v respectively, we
can find a first integral of the equation of geodesie lines.
For the form e (du® + dv?),
Afl=cosh, £ =sin,

and the equation of a geodesic becomes

~df .
263" +esinf—e,cos0 =0,
ds =
that i« 2 (ctsin0 b(»' ) = o. 44 .2
ab 1<, -bTb(o..sm )+81} ¢:cos ) = 0, (44.2)

We therefore have
etsind = ¢,, ceosd=—¢,,

and e= ¢i+¢3,
that is, A(p) =1. (144.3)
In the particular case of Liouville’s surface
$i—U="V—9¢3,

and we obtain a complete integral of this partial differential
equation by equating the above expressions to a constant.

We thus have ¢, = JU+a, ¢, = «/7:_([,

giving the first integral

ebeos = —VU+a, etsinld=vV—uq, (44.4)
du®  do?
U+a™ V—u
§ 45. Null lines. Complex functions of position. We

shall now consider a farther application of Beltrami's differ-
ential parameters to the geometry of surfaces.

or (44.5)
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The null lines of a surface are the lines which satisfy the
equation a;da;dx;, = 0. . (45.1)

These lines play the pa,rﬁ in the geometry of a surface
which the circular lines play in plane Kuclidean geometry.

If the equation of the null lines is ¢ = constant,
then A(p)=0. (45.2)

To obtain the null lines wo must therefore be able to solve
this equation.

The equation will have two independent integrals. If we
take these integrals as the parameters we employ what we call
null coordinates. The ground form takes the form

2 fdu dv, (45.3)
29
and, as we have seen, A(¢) = 7 52 g? .
If then A(p) = 0, '

¢ must be a function of w only, or a function of » only.
A function satisfying the equation may be called a complex
function of position. There are therefore only two types of
complex functions of position, viz. the two functions whose
differentials are multiples of the factors of ds* The first we
shall take as that which corresponds to the factor

(anda, + (wy+ vV a) day) + ay b, (45.4)
and the second that which corresponds to
(g day + (@, — e Va) day) + ay b (45.5)

We need only consider those which correspond to the first
factor, and, if we do this, we can say that every function of
position is a function of every other such complex function.

Thus in the case of the plane, where we have

ds* = da® + dy* = drt+r2d 0%
Z + 1y is & complex [unction of position since its differential is
a multiple (unity) of dz+ tdy of the first factor of da?+ dy?
and logr+:¢6 is a complex function of position since its

differential %? +tdf is a multiple (71) of dr+urd0 of the

first factor of dr?+72d62%; and logr+¢0 is a function of
x+1yY.
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Just as the position of any point in the plane is given by
means of the complex variable @+ ¥y, so the position of any
point o a surface is given by mecans of the complex variable
w where « is an integral of

A(g) =o. (45.2)

§ 46. Conjugate Harmonic' Functions, Mapping on a
plane. Let tis now consider the equation

A,(p) =0, (46 .1)
that is, ——a——ai(l)‘ + 2 at¢? =0, (46. 2)
Xy Ay
where ' =alp +al?P,, ¢ =al?P +a?,. (46.3)
The expression at¢tde, —aiplde,

is thus a perfect differential if A, (¢) is zero; and we have

atl =, atp?=—y, (46.4)
and thercfore aty'=—¢,, aiy®=¢, ) (46 . 5)
It follows that A,(¥) =0, A (¢, ) = 0. (46 . 6)

Thus if ¢ is any integral of A,(¢) = 0 we can by quad-
rature find , another integral of the equation, and the two
curves ¢ = constant, ¥ = constant will cut orthogonally.

A real function, annihilated by the lincar operator A, of
the second order, is said to be a harmonie function. The
function 4, obtained as explained by quadrature from ¢, is
called the conjugate harmonic function to ¢. It will be
noticed that the function conjugate to ¢ is not ¢ but —¢.

We also have A(p) = A(Y), (46.7)
and therefore, since A(p,¥) =0,
we sce that A(p+uy) = 0. (46.8)

The function ¢+ ¢y is thus a complex funection of position
on the surface.

If we take Uw=¢,v=1
we have ds?® = (A (¢))7! (du? + dv?). (46.9)

Thus the problem of mapping any surface on a plane, .so
that the map may be a true representation of the surface as
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regards similarity of small figures in each, just depends on
the solution of the equation
A, (¢) = o. (46.1)
The magnifying factor from the surface to the plane
is A (@),
Thus to map any surface, applicable on a sphere of unit
radius, and whose ground form may therefore be taken as
du? +sin? udv?, (46.10)
upon a plane we have A, (¢) = 0;
and this tells us that ¢ must be a function of

U
log (tan 3 ) + .
We thus obtain Mercator’s Projection
U
x:log(tan—é), Y= (46.11)

The theory of conjugate functions of position on a surface
can be applied to problems in Hydrodynamics and Eleetricity
as has been done in the case of the planc. Thus if ¢ is
a harmonic function on the surface, we may take it to be the
veloeity potential in the irrotational wotion of a liquid over
the surfaco, and 4, the conjugate harmonic function, will then
be the streamn function.

Conversely, if the ground form is taken to be

ds® = e (du?+ dv?), (46.12)
w and v will be conjugate harmonic functions.



CHAPTER 1V

TWO-WAY SPACE AS A LOCUS IN
EUCLIDEAN SPACE

§ 47. A quaternion notation. So far we have been think-
ing of the two-way space associated with the ground form

ds® = ay,
we must now think of that space as a surface locus in
Euclidean space.

Let ¢/, ¢/, " be three symbols which are to obey the

associative law and the following self-consistent laws:

dayday

Ly ’ ne ¢t 11 rrr

S =70 Y =0 S =
L'/,‘,, :—L,’ t't’l’ =—L ’ L’IL, ='——L,”’
t't':—l, =1, S = L (47.1)

Let ', 2, a"" be three ordinary numbers called scalar

quantities, then, if 4 — 4,/ + 7/ /""" (47.2)

2 may be said to be a complex number.
If we take y=1 oy ey

we see that
01N l// III)+( /I III Ill 17

zy=—('y' +a"y" +a y')

+ (wlll ’ a”ylll) l'/ + (wl II Ilyl) LI,, (47 s 3)
50 that ay consists of two parts, a scalar part and a complex
number. We write the scalar part

Say or ay, (a7 1)
and the complex part  Vay or . (47.5)

It follows that #? is a pure scalar.
We may easily verify the following results:

oy =yz, ay=—ya, @y+ys=_2xy,

wy—ye = 2@y, (v+y) = o +y+2ay,
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and, by multiplying the two matrices
zll z/ll

’” e

7] 2 oA
s
” w w” w

*r @ @&
’”

:’j, y :’/lll
we verify that

’

_——

Szyzw = awyz —rzyw,
N N N S
, _
Vayz = zaxy—yex,
N N—"

V:I'g//\z + Vy%} + Vz;g\/ = 0.
If we take ./, «/, /" to be unit vectors in the positive
directions along the axes of rectangular Cartesian coordinates,
then 2 will be the vector from the origin to the point whose

coordinates are «’, «”, 2”"’. The length of the veetor  will

be denoted by |x|. The symbol .l”l:/ will denote a vector at
right angles to @ and , and in the sense that, if the left hand

is along & and the right hand along 7, then the direction ay
will be from foot to head; the magnitude of the vector will
be || |y]|sin 8, where 6 is the angle between « and y fromn
left to right.

The scalar ay will be equal to —

@

|| cos 6.

§ 48. Introduction of new fundamental magnitudes and
equations. Now let 2 be a vector whose components 27,2, 2"""
are functions of the parametors z; and ,, that is, of the
coordinates of the two-way space. We have

do = z,dz,
and Ujf = = 5%

The vector z traces out a surface. Let the unit vector
drawn at the extremity of z normal to this surface be denoted
by A. We have proved [in § 13] that 2.y is parallel to A.
We thorefore have Zoie = 2\, (48.1)
where £2;;, is a scalar quantity.

We know that

Zkh =% ik = (71/;-7:7&) z; = {ithk} 2,
and therefore .
(o= Qi) M Dy M= g Ny, = {ethle} 2. (48.2)
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Multiplying across by A and taking the scalar product
we have, since A\, = 0, AA, = 0, Az, = 0,

the equation Do = 2y (48.3)
This is true for all values of ¢, h, & from 1 to 2 inclusive,
and {2, = £2;;, so that
Dy =1Ayey, Dy = A0y, (48.4)
These equations are known as Codazzi’s equatious.

§ 49. Connexion of the magnitudes with curvature. The
length of the perpendicular from a point at the extremity of
the vector z+ &z (where 8z is not nccessarily small) on the
tangent plane at the extremity of z is

—Aés. (49.1)

If we now take 8z so small that cubes of 8z, 8z, may be

neglected, the length becomes
—3(Az., 0t +2X2.,00, 80, + N 2., 823),
that is, 3 (2, 8z} +20,,0x 8x,+12,,823). (49.2)
The radius of curvature of any normal section of the
surface is therefore given by
1 ﬂikdwid@'k
R - a,-kda:i(l,ck (49 : 3)
in the tensor notation, and the principal radii of curvature
are consequently given by
Ry —ay, RAdy—ay
R~y Ridyy—uay,

The product of the reciprocals of the principal radii of

curvature is therefore o 0, _—0:,

= 0. (49.4)

49.5
Uy Ugg— AT 2 ( )

Now we saw that
(1212) = 2,942 .15 — 2.1+ 09>
A SN———r
= A (021, "nunzz):
= 0,0, 0%, (49 .6)
and therefore the invariant K is just the measure of curvature.
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We thus have the equations

Ko = 02,0,,—13,, (49.7)
'Qu'v. = nl‘z‘l’ nzz‘l = .{212 25 (48.4)

wherewith wo are to doetermine the functions
02, 2, 2,5 (49.8)

When wo have found these functions we can find the principal
radii of curvature by aid of the equation

@ 1 9
TR (0 2y + 29, 2, — 200, 02,) + 2/, 02,,— 2}, = 0,
(49.9)
which may be written
j%z - jlg“"‘ﬂ«zk‘w"l(ﬂu”zz—ﬂf:) =0, (49.10)

applying the tensor notation to the cocflicient of % .

If we were to keep strictly to the tensor notation we should
write £2,,02,,— 2%, as 2. We must distinguish between the
integer which denotes merely a power, as in 2}, denoting
the square of £2,,, and the integer which we called the upper
integer in a tensor component. The two meanings are not
likely to cause any practical difficulty in reality.

§ 60. The normal vector determinate when the functions
02, are known. We must now show how we may determine
the unit veetor A when the functions £2;;, are known,

* [It is usual to speak of the functions 2y, 0, Ry, i.6. (by § 50) 2,44,
21Ag = 2,7, Z,A,, as tho fundamental magnitudes of the second order, those

2
~ ~ ~

of the first order being the a,y, a;4, @ or ¢, f, g of the ground form ds% and
to say that the six are connected by Gauss's equation (49.7), in which X
(§ 48) is a known function of the magnitudes of tho first order and their
derivatives, and by the two Codazzi equations (48.4). Written at greater
length those two cquations are

d
5%-911—{121} 0, - {122} 0y, = b‘é 0= {111} 0= {112} 0y,
2 1

d )
Sz, Q- {122‘ 0;,—-{121} 0,y = Py Q,,—{222} a,,—{221} 0,
and. their explicit forms are obtained by substitdting in these for {111}, &e.,

from § 43.]
2843 K
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We denote the ground form of the spherical image, that is,
of the sphere traced out by a unit vector drawn through the
origin, parallel to the normal at the extremity of z, by

a'i,v.(l.ri([xk, (50. l)
80 that (.L"-k = —}‘ikk‘ (50 . 2) .
If )\'ik E)\ik—'{ikt}'Al’

where {ikt}’ refers to the ground form of the spherical image,

we sce as before that X.;, is parallel to the normal to the

sphere at the extremity of A: that is X, is parallel to A.
Now AA; is zero, and differentiating we have

M+ 2, = 0,

80 tvhﬂ:t AN ik + A;)\k = 0.
N—— ~
It follows that }\.ik = AiAkA = —-(L'ik)\ ; (50 . 3)

and as we have shown [in § 30] how, when a’y... are given, A
can be obtained by aid of Riccati’s equation, we have only to
show how a';;... can bo expressed in terms of «; ... and
2;....
Along a line of curvature we have

dz+ RdX = 0; (50.4)
let R’ and R’ be the prineipal radii of curvature, and let us
choose the lines of curvature so that they may be the para-
metric lines, that corresponding to R’ being

dz, =0,
and that corresponding to R’’ being
dx, = 0.
We therefore have
z+R'A\ =0, z,+R"), =0 (50.5)
And it follows that
ay = R'Adyy, @y, =Ry, a,= R0y, ay=R"0y,,

£, =Ra'y, Ny=Rdy ,=R'dy, N,= R" a4,
(50.6)
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so that ay— (R +R") 02 +a’' BB = 0,
tyy— B+ R') D+’ , B R = 0, ) _
tgy— (R + R") g+ 'y B R = 0, (50.7)

Now the expressions on the left in theso equations are
tensor components, and therefore, as they vanish for one
particular coordinate system, they vanish for all systems.
That is, the equations are identities.

We may cxpress the identity in the form

d2?+ (R +R")dzd A+ R'R"dN* = 0.  (50.8)
N—

We thus see how a';;... are obtained.

We see that 0 = N = 2 A5 (50.9)
for Z\fi =0,
and therefore Az + A2 =0,
which gives i‘f-ik'*’}‘&zi = 0.

From the equations
Mo =dhn M = A0 = £y A7y = Dy, A2y =0, A2, =0
(50.10)

we can find z; and z, when A is known, and thus determine 2
by quadrature.

We have now shown how the determination of the surfaces
applicable to the ground form

aik(i'xidxk
depends on the determination of the functions £2,.

But here comes the difficulty : the equations to determine

these functions
Doy =Dyyegy Ry =1Ly 5, Ka=0,,0,,-03,

are differential equations of the second order which, in general,
we cannot solve.

In one very special case we can solve them, viz. when tho
invariant K is zero. In this case we have shown that the
ground form may be taken to be

da3 + dat. (50.11)
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The equations now become

9 ] d d
b—w—ln“‘_ (\,*;2-9“’ b_a‘;;nlz— b—;lnw
and therefore
2 o o%
.!Zu=§l:, 12::—\—(2—, 22:3——?—; (50.12)
dxy dx, oz, H

where

b2¢ 3295 _ 32¢ )2‘
0w} dwg 9, o,

We can easily prove that we are now led to developable
surfaces.

§ 61. Reference to lines of curvature. The measure of
curvature. When we refer to lines of curvature as para-
metric lines we have, in (50.6),

ay, = R'82y, «,=R"1y,
and therefore, unless R’ and R’ are equal, we must have
a,, = {2, = 0. ) (51.1)

If the radii of curvature are cqual, operating with 1 and 2

which annihilate «;;,, we have
R0y, + RAdyy. =0,
R,02,+ RN, =0. (51.2)

Similarly by operating on

ty = RAyy,  ay = Ridy,
we have R,0,+ R, ., =0,
R0, +RN,., =0. (51.3)

From Codazzi’s equations we deduce that

R 02, = R0y,
k02, = R0,

Asg wo cannot have £2,,12,, = 3,,
unless R is infinite, we must have

R =0, R,=0, (51.4)
that is, R is constant and the surface must be a sphere.

Leaving aside the special case of a sphere, we have when
the parametric lines are the lines of curvature

ty, =Ly =d'y, =0, (51.5)
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and we can often simplify proofs of theorems by referring to
lines of curvature as parametric lines.

The vector z,z, is clearly normal to the surface at the
extremity of z: its magnitude is ad (or . as it is generally

written) and therefore 2,2, = ab.
Similarly we have XA, = /b,
The expression sz-%k — )(: Ay

is a tensor component. It obviously vanishes when we refer
to lines of curvaturc: it therefore vanishes identically and

we have K22, = A\ A,. (51.6)
We then have Kat = u'}, (51.7)

that is, the measure of curvature is the ratio of a small element
of area on the spherical image to the corresponding area on
the surface.

§ 52. Tangential equations. Minimal surfaces. We shall
now develop some further formulae. We have
N2,12,,—0%, =aK = 'K = (aa)};

1 + 1
R/ R/I ’
and, from the formulae conneeting

akfdy = (52.1)

Gy gy L4,

we easily deduce a""‘ﬂ” = R+ R",

atka @'y = (1)/) (R") "zl (R +(R")% (52.2)

We can also obtain formulac applicable to a surface given
by its tangential equation. This means that instead of
beginning with a vector z, given in terms of parameters a,
and a,, we begin with assuming that A is known in terms
of these parameters, and also p, the perpendicular from the
origin on the tangent plane to the surface.

The lines of curvature are given by

(B2 —ay) da, + (RA2y,—¢yp) doy = 0,
(R, —ay,) day + (R, —ay,) do, = 0.
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They are therefore also given by
(2, —Ru') dwey + (£2,,— B/ ,) dae, = 0,
(2, — R’ ) doey + (24— Red' ) day = 0, (52.3)

as we see at once from the connecting equations.
The tangential equation of a surface is

P+Az =0, (52.4)
By differentiation wo deduce that
P+ )i,-/z =0,
Pik +}‘i"/z + )‘\ifk = 0.
With reference to the ground form of the spherical image we
thereforo have Pein A adt 0, =0.
Now A =—u g,
and therefore Pt gp+ Q=0 (52.5)

When therefore we are given the tangential equation of
a surface, the lines of curvature and the radii of curvaturc
are given by the formulae

(e +u'n (p+B)) da;+ (pog+ o'y (p+ R)) day = 0,
(pgt sy (P+R))doy+ (peyp+ oy (p+ R)) day = 0.
(52.6)
In particular if we want the parametric lines to be lines of
curvature on the surface we must have
W, =42, =0,
and thereforc p must satisfy the equation
Py =0. (52.7)

There is a particular type of surface with which we
shall bave to do: the minimal surface characterized by the
property that the principal radii of curvature are equal and
opposite.

The expression  gx\;z;,—SAN2; (52.8)

is a tensor component.,, If the surface is a minimal one it
vanishes when we refer to lines of curvature, and therefore
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it vanishes always if, and, we see, only if, the surface is
& minimal one.

We always have the formula, as we easily see,

Alyp+2p+ R+ R = 0.

The tangential equation of a minimal surface is therefore
given by Alyp+2p =0, (52.9)

If we rofer to the null lines of the spherical immage as para-
metric lines, the ground form of the sphere becomes

4 (1+22,) 2de, da,;

and the equation which p lms to sa,tisfy becomes
(1+a,2 z) +21"“0

It may be shown by La,place’s mcbhod that the most gencral
solution of this equation iy

(l +am,) p = 2.’E1f(.’);1) +2u0,¢ (x,)

+(1 4aya) (@b f (@) +x3 ¢’ (), (52.10)
and we have thus obtained the tangential cquation of the
minimal surface.

§ 53. Weingarten or W surfaces. We now procced to
consider more gencrally surfaces which, like the minimal
surface, are characterized by the property that their radii of
curvature are functionally connected. These surfaces are
called W surfaces, after Weingarten, who studied their pro-
perties.

When we refer to the lines of curvature as parametric lines
we have (50.5) ; 4 R'A, =0, z,+R"A\, =0,

and therefore  (R'—R") A, = R\ A\,— R/ )\,

Let R" = f(R")
dx
and ¢ (x) = ef -/(®).,

We easily verify that
f @) ¢ (@) _ ¢" (@) 1' ¢’ ()

P @’ ¢ @)

(53.1)
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Now

RN FRYR, (R R o

B=R = wop() = k) = a8 @ D)
Ry _ R, _gRIR, ,

B—R"~ 1 -—j(li )T o) T wzlo‘b’("’(ﬂ))'

The equation satisfied by A thus becomes
d , .
Aip = A, 5= log (¢ (1)) =2, a"]"" (p(R)), (53.2)
1

and therefore, since )\,)2 is zero,

9 )2y —
ml(((p (11*,))) 0 gx;(Ni‘(¢(R)))—0-

We may therefore, the lines of curvature still remaining
the parametric lines, take
M((R)PE+1=0; AZ($'(R)24+1=0. (53.3)
The spherical image of the W surface (that is, it will be
remembered, the surface traced out by a unit vector parallel
to the normal at the extremity of the vector 2, and expressed
in the coordinates which give z), when the W surface is
referred to the lines of curvaturc as parametric lines, will be

therefore dx? R 53 4
(¢ R/))‘ +(¢ ( )) (wZ ( . )

It will be sometimes more convenient to express the para-
metric coordinates by w and v.

Conversely, if we are given the ground form of a sphere
in the form pdu®+ qdv?, where p and q are funetionally con-
nected, it will be the spherical image of a W surface referred
to its lines of curvature.

§ 64. An example of W surfaces. We may now consider
some examples. We saw (§ 42) that, referred to what we
called focal coordinates, the ground form of any surface may
be taken as ds? = sec? 0du’ + coscc? 0 dv?, (54.1)
where 2u = PA+PB, 2v=PA—PB,
and 4 and B are any two points on the surface which we call
the foci; PA and PB are geodesic distances and 26 is the
angle APB, .
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If the surface is applicable on a sphere we se¢ that

sin(u + ¢) sin (u—c)

where 2¢ is tho geodesic distance betwcen A and B.

tan®d = sin (¢ — 'v)sm(c+v)

Thus ¢ (R') = cos 6, ¢’ (R') = cosec 9,
and therefore cosec 0 dlg —sgin 6.

If we now integrate this equation we.have
4R =s8in20—-20+¢,

where € is some constant.

R) .
But R =20 _ G gcoso,
¢’ (R)
so that 4R =—20-—sin20+¢,
and thercfore 2 (R’ —R') = sin(e—2R'—2R"). (54.2)

This is the relation between the principal radii of curvature
of the W surface which corresponds to the spherical image

see? Odu? + cosec? Odv®. (54.1)

In this case we know the radii of curvature in terms of the
paramcters since 6 is so known. We thus know the ground
form both of the surface and of the spherical image, and there-
fore can find the surface as a locus in spacc.

§ 65. The spherical and pseudo-spherical examples. In
tho above example we began with a known ground form for
the spherical image and deduced the relation between the
curvatures,

If we take any known ground form for the spherical image

Pt + qdv?,
where p and ¢ aroe functionally related, and known in terms
of the parameters, we could proceed similarly. We could
find the relation between the curvatures and we should
obtain in known terms of the parameters the ground form of
the. surface. We could then obtain the surface as a locus

in space. In my exposition of the method I have followed
2843 L
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Darboux and taken the example he gives, as I also do in
what follows.

"When on the other hand we begin with a known relation
between the curvatures, we cannot in general find the surface
as a locus in space. Thus, let us apply the method to the
problem of finding the surfaces applicable on a sphere of
unit radius.

Here we have R'R" =1, (55.1)
and we may take R’ = coth§, R'* = tanh 6.

The function which expresses R’ in terms of R’ is

F@)=,

dR’
R’ 1

and p(R')=¢’ I = cosechd,
¢’ (') = cosh 0.
The ground form of the spherical image is“thus
sinh? 8 du? + cosh? § dv?. (55.2)
On the sphere the measure of curvature is unity, and therofore
our formula for K gives

6., + 05+ sinh 6 cosh § = 0. (55.3)

Now if we knew how to solve this equation we should
have an oxpression for 6 in terms of the parameters w and v,
and we should thus be able to write down the ground forms
of the surface and of the spherical image in terms of the
parameters ; and thus have the means of determining as loci
in space all the surfaces which are applicable on the sphere.

Unfortunately we cannot solve the equation generally.
This example shows how ultimately necarly all questions in
Differential Geometry come to getting a dittferential equation ;
and that the complete answer depends on the solution of the
equation. But even when we cannot solve the equation we
gain in knowledge by having tho differential equation in
explicit form. Thus it happens sometimes that two apparently
quite different geometrical problems may depend on the sagme
insoluble differential equation. The surfaces connected with
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the problems are thus brought into relationship with one
another; and the relationship is sometimes very simple and
very beautiful. Illustrations of this will occur later. "All we
can say now is that the differential equation

6, + 0,5+ sinh d cosh 6 = 0

is that on which depends the obtaining of all surfaces which
are applicable on the sphero: that is, the surfaces whose
geodesic geometry may be considered as absolutely known,
being just spherical trigonometry.

Similarly we might consider the problem of finding the
surfaces applicable on a pscudosphere. Herc we have

R'R" =—1, (55.4)
and wo take R’ = cot 0, R = —tan.

We find that

¢ (cot 0) = cosec 6, ¢’ (cot §) = cos 6,
so that the ground form of the spherical image is
sin? 6 du? + cos? 6 dv?, (55.5)
and the equation to determine 6 is
0,5— 0, +sinfcos 0 = 0. (65.6)
If we apply the substitution
2u' =u+tv, 2V =u—r, 20=0,
tho equation takes the simpler form
0,,=sinf; (55.7)
and on this equation depends the obtaining of the surfaces with
the known pseudospherical trigonometry, obtainable from
spherical trigonometry by writing ca, ¢b, vc, for the ares of
a spherical triangle.

§ 68. Reference to asymptotic lines. We have now con-
sidered the surface when referred to lines of curvature as
parametric coordinates, and the equations resulting,

2y =R'A, 2,= R"),,
where R’ and R’ are the principal ragdii of curvature and A
is the unit vector paralle} to the normal at the extremity of z.
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We now proceed to consider another special system ot
coordinates.
"The ‘elements dz and &z on the surface which are drawn
through the extremity of the veetor z are perpendicular if
dz8z =0;
that is, if
2tdw 8w, + 2,2, (do, 8, + dw, b)) + 25 da, 8, = 0,
or  ay,de 8z, + ¢y, (dz, 82, + dz,8x,) + ayday,dx, = 0,
(56.1)
The elements dz and 8z at the extremity of z are said to be
conjugate, if the tangent planes at the extremity of z and at
the extremity of z+dz both contain the clement 8z; that
is, if 8z is perpendicular to the normals at the extremities of
s and of 2+ dz.  We therefore have for conjugate elements

8zdX =0,
that is,
5 dx 8o + 2y Ay (dry Sy + dm,8ury) + 53/7‘2‘1%59«'2 =0,
or  f2, de 8wy + 0, (de S, + dx,b0,) + (2,082, = 0.

(56.2)

Thus we sce that the lines of curvature at any point of

a surface are both orthogonal and conjugate, and conversely

we sce that lines which at any point are both orthogonal and
conjugate are lines of curvature.

An clement which is conjugate to itsell satisfies the equation

2, dat + 20, dz dx, + 0, da3 = 0.
The self-conjugate clements at a point form the asymptotic
lines 0D dei +2 0, die doy+ 02,,dat =05 (56.3)

and we see that the radiug of curvature of a normal seetion
in the direetion of an asymptotie line is infinite.

We call day and (ty

ds ds

on the surface. They tell us the direction but they are not

the cosines of the angles the element makes with the para-

metric lines. We often write them in the tensor notatipn

1]

£, £2; but we must remember ¢ is not the square of £, nor

the ¢direction cosines’ of an clement
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is (£")* a tensor component £ but the square of £. We
have identically ag gt =1; . )
and, if R is the radius of curvature of any normal section of
the surface, RO, £8 = 1. (56. 4)

Take now the asymptotic lines as parametric lines. We have
£,,=0,0,=0,
and therefore by Codazzi’s equations
Doy =0y Ly = Dy,
N,2,—N,0,—~Ka =0
d

we have —
du

log 2, = {111} — {212}

I}

d
< log 2y, = {222} — {121}.

Now we saw (§ 6) that the determinant « satisfied the
cquations d
Loab =l ({111} + (212)),

i

I
2 3 }(r121! 41222
é—&tt‘—_—t(-(,l-l,+l22,,,
therefore - (log K(3)+ 2 {212) =
and therefore m—b(og (2)4+2 {212} =0,
2 ¢ 1 5
ﬂ(loglx‘.)+2{l21J=0. (56.5)

These are the equations which the cocflicients a; must
satisfy if the paramectric lines are to be asymptotic.

If we are given any ground form, and if we could transform
it so that the new coeflicients would satisfy the above equations,
then we could, since in this case we would know the functions
2., £2,,, £2,, and the ground form, find the surfaces to which
the form would be applicable. But the transformation would
itself involve the solution of differential equations of as
great difficulty as Codazzi’s equations.

Taking the asymptotic lines as coordinate axes we have

Z\d\l:O, ZqMy = 0,
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and therefore 2, = pﬁl, (56.6)
where p is some scalar.
Similarly we have 2, = qﬁz’ (56.7)
where ¢ is a scalar,
As 2 A = A
we have PSAA A, = @SAN A = —@SANA,,
and therefore p=-—q. (56.8)
Since A, = K2z,
we have — KV )’\-)\\,)’\32 = AT?\2,
that is, — K p2 (ASANA=ASAMA,) = A Ay,
or Kp?XSA% = A, (56.9)
since )::)\2 is parallel to A.
We thercforo have 5 = (— k)4, . (56.10)
and 6= (—K) 4N, 2, =—(—K)"EXX,.  (56.11)

These are the exccedingly important equations which we
have when we choose the asymptotic lines to be the para-
metric lines.

§ 57. Equations determining a surface. If we now tako
7= (—K)y#, (57.1)
so that Z is a vector, parallel to the normal at the extremity
of z, and of length (— K)~i, we can write the ecquations which
determine the surface in the simple form
o\ = 72, 2= — 70,
From these equations we have
Zﬂéw =0,

and therefore Z,, = pZ, (57.2)

where p is some scalar [not the p of (56.10)].
In order to find the asymptotic lines of a given surface we
have to solve the ordigary differential equation

0,,du? + 22y dudy + 2,yd® = 0,
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and when we have done this we can bring the equation of
the surface to the form stated.
We bave Z=on, 7.1y

and we notice that ¢ is an absolute invariant.
Differentiating we sce that

CApt e g+ CA 0 A = PCA,
and therefore —CA A, = €1 — 0,

that is, ca' )y = Cpp— PC. (57.3)

From the formulae
(I;'iknik — RI+R/;,

02,0,,—2,)=d K,

1 1
we sce that a'y, = .!Z“(—R; + R—,—,),
O 1 1 .
and therefore p=-7 - [212(]? + F) (57.4)
The equation of the surface referred to the asymptotic lines
ig thercfore 2, = ZZ, 2, = —ZAZZ, (57.5)
Ch 1 1
where Z, = (»é‘ - QIZ(R—, + E,—,)) Z. (57.6)

§ 68. The equation for the normal vector in tensor form.
We can express the equation which the vector Z must satisfy
in tensor form so as to be independent of any particular
coordinate system.

The null lines on the surface applicable on the ground form

g da;dury,
are the lines which satisfy the equation
ugda;diey, = 0.

On a real surface they are of course imaginary and are
characterized by the property that the distance, measured
along the curve, between any two points on a null curve
is zero.

Let us now consider the ground form'

0, dagday,, (58.1)
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remembering that any quadratic differential expression is the

ground form of some set of surfaces., The surface, to which

this form applies, will have as its null lines the correspondents

of the asymptotic lines on the surface we are considering.
Let Beltrami’s differential operator with reference to the

ground form N dz;day,

be denoted by wl,. (58.2)

Now we saw (43, 24) that, with reference to the null lines
as parametric lines, that is with reference to the asymptotic
lines on the surface we are considering,

2 9d
Wy _ﬂububv

The equation Z;, = (Ecl—‘a —QIZ(R-' + R?I)) 4
may be written
.2 9

mouwl= (.rz,,c 5 o502 (g + 7)) %
that is, Wby Z = (‘”A‘ 2(-11{,4-7%))2; (58.3)

and this is a tensor equation independent of any coordinate
system.

§ 69. Introduction of a new vector ¢ We may write
this tensor equation briefly in the form

A, Z=pZ. (59.1)
Let 0 be any scalar quantity which satisfies the equation
A,0 = pb.
We then have 08,7 =ZA,0.

Now we saw (17 . 4) in the chapter on tensors that

d
A, u = a7t o adul,
b-lt

where ul = dllu,
.

and therefore u vt = vul
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We may then write the equation
0N, 7Z -7 A,0=0
J

in the form 0 \b— VO =72"° V00,
(.l't b.l't
d .
or = V07 ~240) =0 (59.2)
[ 'I

[where £2 denotes £2,,42,,—£2%,].
If the asymptotic lines arc real 2 will be negative: we
therefore write this equation

—_ y
2 VIROZ-20) + | V0%~ 464 = 0. (59.3)
dury oy

We can then hy quadrature find a vector ¢ such that
Go= V=072 —70%), —¢, = v —L2 (07—~ Z0"),
that is,
6 V-0 = Z(42,6,-10,,0,) -0 (02,2, — 02, Z),
GV =0 =7(0,,0,—0,0)—0(2,,Z,—0,,Z). (59. 4)
It should be noticed that to find ¢ required a solution of
the equation A,0 = pé. (59.5)
§ 60. Orthogonally corresponding surfaces. We have
V(A,Z) 7 = o,
and therefore
I’Zbi.; (V=nm)+ Vz%’(‘/;nz-') ~0,
or, sinec V2,74 = o,
3%1 VVIRAD + 33-2
We can therefore by quadrature find a vector 2 such that
o=V SRIP, —oy= DT

VvV —RZZ:=0.  (60.1)

that is, Qv =R =VIQ,0 -0, 7y,
5y — 02 = VL (D, 7, — 0, 7,). (60.2)

If the parametric lines are asymptotic these arc just the
equations we began with.
28438 M
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We see at once that
Z\LCI =0, z\sz"'@ﬁ =0, 2,{, =0,
and therefore corresponding elements of the surfaces traced
out by z and by ¢ are connccted by the equation
dzd{¢ =0, (60.3)
that is, corresponding elements are perpendicular to one
another. The surfaces arc then said to correspond orthogonally
to one another.

§ 61. Recapitulation. We may now restate the results we
bave arrived at.
Consider the ground form
£ daydey,
and let A, have reference to this form. Let Z be a vector
which satisfies the equation
VZ(A,7) = 0.

Then 2, = NIz Ty = — VInIn,
define a surface traced out by a vector 2.
On this surface the unit vector parallel to the normal at

the extremity of 2z is given by

Z = ¢,
where ¢ = (—K)3,
and K is the measure of curvature of the surface 2.
We have A, 7 = pZ,
A,c 1 1
where P=—r —Z(R, + 1—,—,)

The asymptotic lines on 2 are
£, dayda;, = 0.
The surfaces given by
G=vV-RO2-26), ¢{,=—v-0R02'-20"),
where 0 is any scalar satisfying the equation
. 4,0 =npb,
correspond orthogonally to the surface 2.
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§ 62. Relationship of surfaces z and {. When the para-
metric lines are asymptotic on z, that is, when
,,=0, ,=0
G=02-62, (=06%,-0,Z,

and therefore (2= 061 G+ %“(1. (62.1)

The parametric lines on ¢ are now conjugate lines: for if
we have an equation of the form
21y = P2+ 9%,
where p and ¢ are any scalars,
)\\fxz = 0.

It Pr=
the conjugate lines have equal invariants in Laplace’s sense.
The parametric lines on ¢ are therefore caid to be conjugate
lines with equal invariants. To the asymptotic lines on 2
there correspond therefore conjugate lines with equal in-
variants on {.

If on any surface ¢ we aro given the conjugate lines with
equal invariants, we can find by mere quadrature a surface
which will correspond orthogonally to ¢.  For if

] 0
$u= ’01' ot ;9'2{1’

then ot % &+ %(1 =0,
where 0p=1;
9 P
and therefore 57‘-/:(¢2 &)+ 5 ($2¢) =0, (62.2)

where ¢* means the square of ¢ and is not a tensor notation.
We can therefore find by quadrature a veetor Z such that

-6 = (92);, P (= ($2);
that is, &L=0,72-07, ¢ =0%7,—0,7.

The surface given by
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will correspond orthogonally to ¢ and will have the asymptotic
lines as parametrie lines.

We have now seen the relationship to one another of the
surfaces z and ¢, and the method by which, given cither, we
are to obtain the other.

§ 83. Association of two other surfaces with a s-surface.
Let a vector m be defined by the equation
¢=mé.
We have, taking as parametric lines the conjugate lines
with equal invariants on ¢,
0,Z—-6Z, = mb,+m,0, 67,—0,Z =mb,+m,0,
and therefore
0,(Z—m)=0(Z,+m,), 0,(Z+m)= 0(Z,—m,).
(63.1)
From these equations we sce that

7 —
Z,2 =0, myuym=0, -
and, as

V(Z—m)(Z +m) =0, V(Z+m)(Z,—m,) =0,

/’-/\ . I’\ /A\
24 —mang + Zmy + 2y = 0,

77 - 7. 72N
24, —mmy—Zm,—Z,m = 0. (63.2)
We can take =, =77,, ¢,=-27,
—_
Y= Mg, Y, = — MmNy,
9~
and we have Y —2 = m/m,

a -—
Yo—2y = ¢ L,
vE ov

It follows that v only differs by a constant veetor from
o+ Zm.
We have thus obtained the surface ¥, where
yE:Jr/;/\n, (63.3)

directly from z and ¢, und the asymptotic lines on this surface
correspond to the asymptotic lines on z.
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§ 64. We obtain yet another surface directly from the

definition n =4, (64.1)
where 0p =1;

and we sce that
m=7¢+7¢, = ¢*(%,0-706,) = — p* (m 6, +m, 6),

so that N, = me, —m, . (64.2)
Similarly we sce that
N, = Myp—me,. (64.3)

The surface  will therefore correspond orthogonally to the
surface 7; and to the asymptotic lines on y will correspond
on 7 conjugate lines with equal invariants.

We have thus four mutually related surfaces,

5 6 Yo
which arc intimately connected with two problems in the
Theory of Surfaces, viz. the theory of the deformation of a
surface, and a particular class of congruences of straight lines.
The relations between the four surfaces will be more com-
pletely stated when cight other surfaces are introduced, as
they will be when we consider the Deformation Theory.



CHAPTER V

DEFORMATION OF A SURFACE, AND
CONGRUENCES

$ 65. Continuous deformation of a surface. We have seen
that the problem of determining the surfaces in Euclidean
space, to which a given ground form

a; da,dy,
appertains, depends on the solution of the equations
Do =0y gy = yyy5
2,n,—0%, = Kua,
and we have pointed out the difficulty of solving these
differential equations.

There is a related problem the solution of which is simpler.
This problem is the dctermination of a surface differing
infinitesimally from a given surface and applicable upon the
given surface. Let 2 be the vector of the given surface, and
z+t¢ the vector which describes the neighbouring surface
which we are seeking, ¢ being a small constant.

We may regard ¢ as a small interval of time and ¢ as
a linear velocity vector, descriptive of the rate of increase
of 2z, as we pass to the neighbouring surface which is applicable
upon the given surface; or as the growth of the vector =
under the condition of prescrving unaltered the element of
length.

If we can obtain ¢ we have the veetor which defines the
continuous deformation of a surface.

We have at once

zl§‘1=0; z1‘£2+22\£1=0; Zé}: 0, (65.1)
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that is, the vector ¢ describes a surface corresponding ortho-
gonally with the given surface described by .

An interesting and immediately verifiable theorem on
surfaces which correspond orthogonally is the following :

*If z and ¢ correspond orthogonally, then the surfaces traced
out by 2+ ¢ and z—¢ are applicable on one another; and
conversely, if z and ¢ are the vectors of two surfaces applicable
on one another, 2+ ¢ and z—¢ will be the vectors of two
surfaces which correspond orthogonally.’

§ 86. A vector of rotation. From the kincmatical relation
of the vectors z and ¢, we see that d¢ is the relative velocity
of the extremities of dz in the deformation of the surface 2.

In the deformed surface the element which corresponds to
dz will have the same length but will have turned through
an angle. Let the rotation necessary to produce this be
represented by the vector ¢r.

Now if a vector a, drawn from a point, is made to rotate
with an angular velocity whose magnitude and direction is
represented by a veetor r, drawn through the same point, the

lincar velocity of the extremity of o will be given by .
It therofore follows that d¢ = rdz,
or (=725 G =12 (66 .1)

The veetor = is parallel to the normal to the surface ¢, at
the extremity of the vector (. We therefore have

—_
T =af

where « is some scalar; and therefore

G=aVa il = el

since s =0; z\,'{2+z\.£(1 =0; 2(=0,
so that r= QQ; (66.2)
%16

and thus 7 is uniquely obtained, when 2z and ¢ are known.
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§ 87. Geometrical relationship of surfaces traced out by
cortain vectors. In cxactly the samne way we see that

S =PG5 P = Pl (67.1)
where p == (67.2)
(o
By difterentiation of the equations
(=13, =12,
we sce that 1,5 = 1Sy, (67.3)

and thercfore the vectors »y, 1y, 2;, 2, ave all parallel to the
same plane. It follows that the normals to the surlaces
traced out by =z and = are parallel at corresponding points.

Similarly wo sce that the normals to the surfaces traced
out by the vectors p and ¢ are parallel at corresponding points.

But the vector » is parallel to the normal at the correspond-
ing point of ¢: it is therefore parallel to the normal at the
corlespondmg point of p.

)y squations - —
From the equations L e b 502, ’
C\Lf_' 1%
we see that rp =1, (67 .4)

It follows that the » and p surfaces are polar reeciprocals
with respect to a sphere whose centre is at the origin and
radius the square root of minus unity.

§ 88. The angular velocity » is applied at the extremity of
the veetor z. Now an angular velocity 7, at the extremity
of the veetor z, and an angular velocity —» at the origin, are

cquivalent to a lincar velocity ar.
It follows that a linear velocity ¢ and an angular vclocity ,
at the extremity of z, are equivalent in effeet to a lincar

~~
velocity ¢+27, and an angular velocity » at the origin. We
are thus led to consider two other vectors,

§+/z7' and z+2‘;.
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§68. A group of operators, and a system of twelve
associated surfaces traced out by vectors. The fundamental
relations between the vectors z, ¢, 7, p, are expressed by the
equations d¢=7dz; dz=pdy. (69.1)

These relations are unaltered by the transformation scheme
in 2z, ¢, », p,

z'.—_—g‘-{-;;; = = p—; p =z (69.2)

which we shall denote by the operator 4.
They are also unaltered by the transformation scheme
d=¢ =2 r'=p; p=1, (69.3)
which we shall denote by tho operator B.
We see that the operators A%, 4%, A%, A® are respectively
the transformation schemes

r_s+{p ’ P ’ 7 ’ -~
= S LI r= —; =(+zr;
T A
¢ s L _ (i, s+ lp
=" = - -3 »r = 5 = -3
U SR
R TV SR o
YT ( - ,,.{ ;T =24 (ps P —Zf’
P N ’——7+ A\. A r__ r
5 =ps =2+6p; v =¢; P =5
We sce that A =1; B*=1, (69.4)
and A°B = DBA; A*B = BA?; A3B = BA3; A*B = BA*;
AD = BASY,

and so the operators 4 and B form a group of order twelve.
The operators A form a sub-group of order six; the opera-
tors BB form a sub-group of order two.
If we tako P=4% Q=BA; R=A?
we have Pi=1,;Q*=1; RB*=1, (69.5)
PQ=QP; PR=RP; QR = R*Q; QR? = RQ,
and the operators P, @, R will generate the same group. Of

this group the operators £’ form one sub-group, the operators
2843 N
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@ another sub-group, and the operators P and Q together
a sub-group of order four. The operators R form a sub-group
of order three.

We thus obtain directly from the four vectors z, ¢, », p
a system of twelve vectors which traco out twelve surfaces
connected in various ways at corresponding points.

§ 70. We may arrange the twelve surfaces in tabular
form thus

¢ A SR N
> 1 ) ~ y
~ + T ("
P, ~ (P’ {y ’ ( 1)
= P
¢tar, ”, S z.
p

The first column will denote a vector of a surface; the
second the vector of the surface whieh corresponds ortho-
gonally to the surface in the first column and in the same
row; tho third column will denote the veetor which gives
the angular velocity corresponding to the surface in the same
row but in the first column; the fourth will denoto the
angular velocity which corresponds to the surface in the same
row but in the second column.

The veetors in the third column are parallel to the normals
to the surfaces in the second column and in the same row ;
the vectors in the fourth column are parallel to the normals
to the surfaces in the first column and in the same row.
Finally tho surfaces in the same rows and in the third and
fourth columns respectively are reciprocal to one another.
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§ 71. The twelve surfaces form three classes of four. Let
us now recall what we proved about the four surfaces which
we denoted in §§ 62-4 by 2, ¢, 9, 7, and the equations of con-
nexion when z is referred to its asymptotic lines.

We had

o =24l 2, = ~72,, ¢ = 6,2-02, $=02,-0,2,
¢=mb, Z=n6, y=z+27m.

Wo sce that Z is parallel to the normal at the extremity of
2, and p is parallel to the same normal. Therefore

Z = pp, (71.1)
where p is some scalar.
Now 5y =p=0,p4—0p% =—0pZ,,
but 5= Z\Zl,
and thercfore Z = —0p,
that is, 7 =—p. (71.2)
Now y=~+Z’o\n=:+%,
and therefore Y=z +E;\). (71.3)

The four surfaces are thercfore in the present notation
(merely changing the sign of the vector »)

Zy S" c+ Kp’ Ps
that is, z, Bz, BAs;, Abz,
or s, PQRz, Q:, PR-.

Now the asywmptotic lines correspond on two surfaces which
are polar reciprocal to one another, since conjugate lincs
reciprocate into conjugate lines; and we know that the
asymptotic lines correspond on :

—_
z and z+ {(p.

The asymptotic lines therefore correspond on

o Soorl L
~ L

that is, on s, Pz, Qz PQe.
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The surfaces which correspond to these orthogonally are

: tivel -
respectively . E o 2+ p ’
that is, PQRz, QRz, PRz, Rz

On these surfaces there correspond to the asymptotie lines
conjugate lines with cqual invariants. We will say con-
jugate lines with cqual point invariants.

The surfaces which are respectively reciprocal to these

four are o+ -~
” —_ »
- cr, o, S
?'( ) s‘ + ) b (/)‘ b
thal is, R?z, PR?z, QR%*z, PQR®2.

We say that on these surfaces there correspond, to the
conjugate lines with equal invariants on their reciprocals,
conjugate lines with equal tangential invariants.

The twelve surfaces thus fall into three classes: viz those
on which the asymptotic lines correspond; those on which
conjugate lines with equal invariants correspond; those on
which conjugate lines with equal tangential invariants corre-
spond. The surfaces of any class are permuted amongst
themselves by the operations of the sub-group

1; Py Q; ro

§ 72. A case in which one surface is minimal. If the
vector z is of constant length we can prove that the surface

¢tor (72.1)
is a minimal surface.

We saw that the normals at corresponding points of z and
of r were parallel. If then z is of constant length, the vector
z is para,llel to its own normal and therefore equal to kA,
where £ is a constant, and A is the unit vector paxallcl to
the normal at the extremity of 7. But

)\ Ty = ATy
’‘
and therefore 2,7y = 2,7,

~— ~—
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We saw (52.8) that the condition that z might be a
minimal surface was Sz A\, = Sz,AA,,
and clearly this condition will remain the same if we replace
A by any vector parallel to it.

Let y=¢ + 2
We sce by tho table that z is parallel to the normal at the
extremity of y. The condition that % may be a minimal
surface is then Sy,2z, = Sy,27,. (72. 2)
But by the fundamental formula of connexion and by the

table we see that — ~
Yy =21 Yo = 20,

The surface y will therefore be a minimal surface if

—_— e~ —_~~ e~

Szryzz, = Seryzzy,
that is, if 53,5 — 2P 5, = 22 e, — 2,z
N N N— N N S

Now 2 being of constant length this condition becomes

T, = 1ye
v r

and this we have scen is true.

This theorem will be used in proving an interesting theorem
of Ribaucour’s in connexion with a particular eclass of con-
gruences.

We now proceed to consider the theory of congruences of
straight lines in connexion with which the twelve surfaces
will be of interest.

§ 78. Congruences of straight lines. If we wish to con-
sider not merely the geometry on one particular surface but
the relation of points on that surface to corresponding points
on another surface, we arc led naturally to congider the
congruence of straight lines which join the corresponding
points.

Let = be a vector depending on two parameters w and v, and
4 a unit vector depending on the same two parameters, and
drawn through the extremity of z. Let w be a length taken
along the veector x; the congruence will,then be defined by

2 =z+wp. (73.1)
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We regard z and g as functions of the paramoters w and v,
and therefore the current veector ' will be a function of the
three paramcters w, v, and .

The unit vector p will trace out a sphere which we call
the spherical image of the congruence.

Let Hifty = — Ui
so that do? = aydu? + 2u,dudv + a,, dv? (73.2)

is the ground forin of the spherical image.
Let /u;ifk = o,
1= apay,—ai,;
and notice that in gencral
Wy, F O
If we take two neighbouring rays of the congruence we have
A" = dz+wdp + pduw,
If X is a unit vector perpendicular to u and dpy,
doX = ,u/d\‘u, ;1/,;12 =lp;
and therefore
hdoX = Vp’]\/zz(l “
= by lp—papy g
= py (a0 w4 @, dv)— py (a,du + d,,do).
It follows that
hdordz = (wydu+ o,dv) (u du + a,dv)
— (@ du+ 0,dv) (a,du+ a,,dy).
But, if 8 is the shortest distance between the two neighbour-
ing lines, 8§ = —Adz,
and therefore

hilod =

0+ w,dv, oy du+oyde (73.3)
g du+a,dy,  adu+ aydy

§ 74. Focal planesand focal points of a ray. The value
of w which corresponds to the shortest distanco between two



FOCAL PLANES AND FOCAL TOINTS OF A RAY 95

ncighbouring rays is given by the fact that dz’ is perpendicular
to pand p+dp; and therefore

de'dp = 0.
We thus have dzdp+wdu® =0,

_ oA’ + (0, + 0y) dudy + @y, dv*

so that w , ;
ay dut + 2a,,dudv + a,, dv*

(74.1)

The critical values of w, say ' and w'’, as we vary the
ratio dw : dv, are therefore given by

, 1
0 =Wy, (0, Fo,) —wdy,

=0, (71.2
T, to,)—wd,,, o,,—i, l > ( )

and the corresponding values of the ratio dw: dv are given hy

\ opduti(oyta,)dn, §(o,+oy,)duto,ds

aydu+a,dy,  apdwtay,do

(74.3)

There are, by (73.3), two values of the ratio dw:dv which
make § = 0. Through cach ray of the congruence there thus
pass two developable surfaces defined by

o et o,dy, w,duto,,dy

aydwtag,de,  aydutag,dy | o (74.4)
The planes which pass through this ray and touch the
developables are called the focal planes of the ray. The
points where the ray is intersected by these neighbouring
rays are called the focal points of the ray.

The developables are defined by

o, duto,dv=p (¢, du+a,dv),
o, dw+ o, dv = P (@, dw+a,,dy),
where p is some multiplier; and we see that this multiplier

is w. The focal distances, f' and f"/, are therefore the values
of w which satisfy the equation

Oy —Wilyy, @ — Wy, " = 0. (74.5)

Wy —Wilypy  Byy— Wik,
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§ 76. Limiting points. The Hamiltonian equation. Prin-
cipal planes. If we have any two real quadratic forms

ay Au? + 2ay,dudv + a,, dv?,
b du?+ 20y, dudy + by, dv?,
we can, by a real transformation, bring them to such a form
that in tho new variables
tyy = by, = 0.
It is therefore possible by a real transformation to make
o+, =0, d,=0. (75.1)

The points on the ray given by ', w” aro called the

limiting points of the ray. These points ave therefore real.
If we suppose the transformation applied which makes
oty =0, «, =0,
we have W =Wy, @y =10",;
and the value of w which corresponds to the shortest distance
between two neighbouring rays is given by
w! iy dut +w' ay, dv?
T g dut aduvt

We may take

2 2
20 = (tq, du in2 g — QU
cos?f = s — 5, Sinff = sl
yy du? + v (AUt 4wy, dv

and we have the Hamiltonian equation
w = w’ cos®  + 1w’ sin? 6, (75.2)

showing that the shortest distance betwcen any two neigh-
bouring rays lies between the two limiting points.

The values of the ratio dw:dv which correspond to the
limiting points are given by

(W' —w")dudv = 0.
Leaving aside the special congruence when the limiting

points may coincide, we sce that corresponding to the limiting
point w’, du is zero, and the shortest distance is parallel to

ﬁtz. Similarly the shortest distance corresponding to w'’ is
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parallel to pu,; and these shortest distances are perpendicular
to one another since

Sppppey = peapin— 1 pypy = 0. (75.3)
The planes through the ray p which are perpendicular to

these shortest distances are called the principal planes of the
ray: and they are perpendicular to one another.

§ 76. Principal surfaces, and the central surface. Return-
ing now to general coordinates we sec that

fl +f// — 'w'+w",
A (f [ —w'w”) = (0, —0y)?

and therefore, in the important class of congrucnces for which
®,, = ®,,, the limiting points and the focal points coincide.
We sce also that the focal plancs will then coincide with the
principal planes.

When we take any cquation connecting the paramecters w
and v of the congruence we obtain a ruled surface of the
congruence. The directrices of the ruled surface will be
curves lying on the surface z. If v and v are functions of
a variable p, then p and w will bo the coordinates of the
ruled surface. The lines of striction on the ruled surface
will be given by

_ o AW + (@, + 0y) dudv + o, dv*

Uy AU+ 2y, U dV + (tyy v

, (76.1)

where « and v are connected by the equation which definos
the ruled surface.
The ruled surfaces given by

o dut+E (@, +o0,)dy, % (0, +wy,) di+ o,,dv

ay dw+dyydo,  agdu+dyydv

(76.2)

are called the principal surfaces of the congruence.
The locus of the points on rays midway between the foci,
and therefore midway between the limiting points, is called

the central surface of the congruence.
2843 o
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- § 77. The focal surface. Any ray of the congruence will
be intersected by a neighbouring ray if

dz+uwdp+ pdw = 0.

The developables which pass through the ray are therefore
given by Sdzdpp = 03
that is, by S (s, du +2,dv) (u, dw+ p,dv) p = 0.

The focal points are given by

(2, +wp,) du+ (2, +wp,) dv+ pdw = 05

that is, by Sz, +wp,) (2, +wp,) p = 0.

The focal surface of the congruence is defined as the locus

of the focal points on the rays of the congrucnce. If we so
choose the paramecters that the equation defining the develop-

ables is dudv = 0,
then Szpp=0, Sz,p,p=0;
so that 5 =ap b,z =cp,+dpy,

where «, 0, ¢, d are scalars.
Substituting in the equation

S (e +wp,) (3, +wp,) p =0,

which defines the focal points, we see that the focal surface
has two sheets given by

?=z—ap, ' =z—cp.
§ 78. Rays touch both sheets of the focal surface. The
congruence of rays of light. For the first sheet

Zy=0—a)p, 2,=(c—a)p,+(d—a,)p,
2y = (b=ay) py + (B — typ) 1y
80 that the normal to the first sheet is parallel to ;:;2,- and
the ray touches the first sheet along the w curve on it—that

is, the curve along which only w varies; and the v curve is
conjugate to the w curve.

Similarly we see that the ray touches the second sheet
along the v curve on it, and the w curve on it is conjugate
to this.

Thus any ray of the congruence touches both sheets of the
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focal surface; and the tangent planes to the focal surface at
the two points of contact are the tangent planes to the
developables through the ray. '
The edges of regression of the developables are the w curves
on the first sheet, and the v curves on the second sheet.
If the congruence is formed by rays of light, the focal
points on the ray arc the foci as defined in the theory of thin

pencils. F, and F, arc the foci on what is called the principal
ray of the thin pencil. The tangent plane at F, to the
sccond sheet, which is the tangent plane at F, to the develop-
able, is called the first focal plane : so the tangent plano at F,
to the first sheet, which is the tangent plane at K, to the
other developable, is called the second focal plane. ’

The developables through any ray are somewhat like the
above figure. .

The focal lines as defined in some text-books on Geometrical
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Optics have no meaning at all; but it has been pointed out
that the lines conjugate to the principal ray on each sheet
have a physical meaning which might entitle them to the
name of focal lines.*

§ 79. Refraction of a congruence. Malus’s theorem.
A congruence is given in terms of the coefficients «;;, of its
spherical image and of the coeflicients

Wy Dpyy Bypy Dyge

We can sce how the congruence, when we regard it as
formed by rays of light, is altered by re-
fraction at any surface z, whose normal is
parallel to the unit veetor A.

Let ' be the unit vector into which u is
refracted : that is, let p’ trace out the new
spherical image.

A P’ u We have p' = ap+0X, where « and b
are scalars. In the ordinary notation of
optics, if ¢ is the angle of incidence, ¢’
the angle of refraction, and £ the index of
refraction,

ksin ¢’ = sin ¢.

Now ):;4’ = (l}:{\i, ;4/’7; = b)f/\;;

and therofore

asing =sing’, bsing = sin (¢ —¢'). (79.1)

We thus see that « is a constant independent of the angle ¢,
but b depends on ¢. We have

W24 b—2abap =1,

. Ap+cos¢g = 0.
Since /.l,i' = (lr#i’*'l)/\,i'f‘biA,
we have wy = dog + 08,

where f2;, refers with its usual meaning to the surface of
refraction.

* [Probably the allusion’ is to a noto ‘On focal linos of congruences of
rays’: Elliott, Messenger of Mathematics, xxxix, p. 1.]
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We see that cos¢’ = weos P+,
and therefore if we multiply .

/'l"'i = u,ui+];)\1-+bi)\

by ', that is, by ap+oX,
and take the sealar product, we get, sinee p'p'; is zero,
ab (M5+Ai#) = [ﬂiCOS(l)/.\/ . (79.2)
We notiee that il w, = 0,
then o, = o,
We shall sce (83.2) that the condition
O, = ©, (79.3)

means that the rays of the congruence arc normal to a system
of surfaces and we now sec that this property is unaltered by
refraction.  This is Malus’s theorem.

We have now given the equations which would determine
any refracted congrucnce, when we are given the refracting
surface. Unfortunately the equations are complicated.

} 80. The Ribaucourian congruence. We shall now con-
sider some special elasses of congruences,

Consider the congruence formed by rays drawn from every
point of a surface, parallel to the normal at the corresponding
point of a surface which corresponds orthogonally to the
given surface. This is the Ribaucourian congruence, so called
as Ribaucour was the first to consider it.

We take ¢ to be the surface from which the rays are drawn
parallel to the normals to the surface 2.

Taking the asymptotic lines on z as the. parametric lines

we had 6 =074-07, (= 6Z2_0;Z7
and 7 =¢cA],
where e = (=K)-3,

K being the mcasure of curvature on z.
To bring this into accordance with our notation for con-
gruences we write u for A, and we have

G=(0c—00)p—0cp,, ¢ =(0c,—0,c)p+0cp,
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Since S&pp=0 and S¢pu,p=0,
the equation which defines the developables is
dudv=10;

and the focal points are given by
w=ch, w=-—cb.

The surface ¢ is then the central surface of the congruence,
and the developables intersect it in conjugate lines with
equal invariants. These lines correspond to the asymptotic
lines on z, the surface which corresponds orthogonally to the
central surface.

§ 81. The Isotropic congruence. Ribaucour’s theorem.
We have a particular, and most interesting, case of this con-
gruence, when the surface which corresponds orthogonally
with ¢ is a sphere with the origin as centre.

In this case ¢ is a constant and ¢ corresponds orthogonally
with g itself.

The congrucnce is g =¢+twp
and is called the isotropic congruence.

For the isotropic congruence,

w,=0, o,+w, =0, w,=0, (81.1)
and therefore the limiting points of any ray coincide and are
on the central sairface. Any plane through a ray is a prin-
cipal plane and any surface may be regarded as a principal
surface. The lines of striction of all the ruled surfaces of the
congruence lie on the central surface.

In the chapter on the ruled surface [see § 108] we prove
that any two ruled surfaces of the congruence intersect at
the same angle all along their common generator.

The developables and the focal points we sec are imaginary.

We have proved that y= §+’;\.

is & inimal surface and that x is the unit vector parallel to
the normal at the extremity of y. The perpendicular p
on the tangent plane to this surface is given by

ptyp =0,
that is, by p+pl=0.
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The tangont plane is therefore the plane drawn through the
extremity of ¢ perpendicular to the ray of the congruenco.
We thus have Ribaucour’s theorem that ¢ The envelope of the
plane, drawn through the extremity of the veetor which
traces out the central surface, perpendicular to the corre-
sponding ray of an isotropie congrucnee, is a minimal surface’.

The surface corresponding orthogonally to the sphere is
therefore the pedal of a minimal surface.

If two surfaces are applicable on one another, and it the
distance between corresponding points is constant, we see
that the line joining these points traces out an isotropic con-
gruence. For if p is the unit vector parallel to the join of
the points, and z is the vector to the middle point of the
join, and 2¢ is the length of the joining line,

(i tep)? = (r—ep)®s (Eteop) = (s,—cm)?
Sz +op) (2 tep) =8 —cp) (B—cp,),

from which equations we at once deduce the result stated.

§ 82. W congruences. Let us now consider again the two
surfaces which we denoted by z and z+5, and consider the
congruence formed by the line joining corresponding points
on these surfaces. Looking at the tabular arrangement of
the twelve surfaces we see that p is parallel to the normal
to z at the corresponding point, and that ¢ is parallel to the
normal to z+§‘/\) at the corresponding point. The line joining

corresponding points on the two surfaces z and z + (p, being
perpendicular to both p and ¢, is perpendicular to the normals

to z and to z+?;;, and therefore touches each of these surfaces.

Now if a ray of & congruence touches a surface, that surface
must be a focal surface of the congruence. For, taking 2z to
be the vector to the surface, and x the unit vector parallcl

to the ray, Spzz,=0;
and therefore, the focal points being given by
Sz +wm) (Z,+wp) p =0,
we see that one of the focal surfaces is given by w = 0.
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*

It follows that z and s+ ¢p arc the focal surfaces of the
congruence we are considering. )

Now on these surfaces the asymptotic lines correspond.
Conversely it may be shown that if the asymptotic lines
correspond on the two sheets of the focal surface the focal

surfaces are z and z + {p.
Congruences of this type may be ealled W congruences.

§ 83. Congruence of normals to a surface. We now come
to the case of congruences where the rays are normal to
a surface. The theory of such congruences is of special
interest in geometrical optics as well as in gcometry.

Instead of p we shall write A, where A is the unit vector
normal to the surface from which tho rays emanate.

We now have 3\1’7\2 =2, (83.1)

as a nceessary condition that the congruence may he a
normal one.
This neeessary condition is also suflticient : f01 if

I = 12
) J
then Tk = 5y

and we can therefore determine a function 2w such that
W= RIS Wy = R,
Let F=z+wp,
then dop=gptuwpt=0,

~—

(

’

o=z uFaw,ut=0
el = Zup 2P ’

~

so that the rays are normal to the surfacc 2'.
The normal congruence is therefore defined by

Dy = Dpy) (83.2)
and the limiting points coincide with the focal points, and
the focal planes with the principal planes. The focal planes

are therefore perpendigular to one another.
Conversely if the focal planes arc perpendicular to one
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another the congruence is a normal one: for we sce that the
condition that the focal planes may be perpondicular is
(@1, = @) (01, 0gp—af,) = 0,
and therefore, since «  «,,—u%y4 is not zero,
By = Wy
§ 84. Reference to lines of curvature. Wec now take the

parametrie lines on the surface z to be the lines of curvature,
and we have g =—RA, z,=—R"A,
where X' and R" are the principal radii of curvature.

We have

’ a
o, =—R'\} w,=w0,=0, o,

= RN,
that is, o, = R'v;, o,=R"w,, ©,=0, =u,=0.
Tho focal points ave given by
fl — 1{” f"/ — lzll’
and the two focal surfaces are now given by
2 =z+ RN, Z=s+R'A
The equation of the developables is
(R —R")dudv = 0.
As we need not consider the case where R’ = R any
further than we have alrecady done we sce that the cquations
of the developables are

du =0, dv=0. (84.1)

For the focal surfaces we have
ds’ = —(R"— Ry X, dv+Ad L. (84.2)
Calling this the first shect of the focal surface, its ground
form is (AR )2+ (R — R )2y, dv?, (84.3)

and therefore the w curve is a geodesic on the first sheet.
Similarly we see that the v curve is a geodesic on the second
sheet.

§ 85. Tangents to a system of geodesics. Conversely if
we take any surface, and draw any singly infinite system
of geodesics on it, the tangents to these geodesics will generate
a normal congruence.

28438 Pr
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For take a surface with the ground form
. du® + B*dv?,
and consider the congruence formed by the tangents to the
curves v = constant, that is, by the tangents to this family
of geodesics. We have u = 2, and as

zi=-—1, 22,=0,
SN
we must have S =0, 25+, =0,
so that 2,0, =0
Now Soy = % =0
and Sy =55 =0,
so that TuHy = 2y Py
N S

and the congruence is a normal one.

§ 86. Connexion of IV congruences which are normal with
W surfaces. Now let us consider the asymptotic lines on
the two sheets of the focal surface.

The vector to the first sheet is

d=z+LN;
and we have
.o =R Py == (R =R\ + R,
and therefore (R'—R")A;, = R X\,—R',A,.
The equation of the asymptotic lines is
d'dV = o,
if V is the unit vector parallel to the normal at the extremity
of 2.
Now A, is parallel to V, and thercfore the equation of the
asymptotic lines is d2'dA, = 0;
that is, S((R""—R’') \,dv—AdR’) (A ydu+A,dv) = 0.
We have, since A, A, is zoro,

Mids = —AA,, = ByA2 + (R'— RY),
A)‘ll = —A‘f’ AA]‘_’ =0,
Ak = B\ = (R = R"),
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and therefore the equation of the asymptotic lines on the
first sheet is  \2 R’ du?— A2 R, dv* = 0. (86 . 1)-

Simil;u'ly we see that the asymptotic lines on the second
sheet of the focal surface are given by

AR du?— A3 R, dv? = 0. (86.2)

The neeessary and sufticient condition that the asymptotic
lines on the two sheets may correspond is therefore that R’
and R’ may be functionally connected.

We thus have the theorem that in a W congruence, if it is
also a normal one, the surfaces which intersect the rays
orthogonally have their radii of curvature functionally con-
nected : that is, they are W surfaces,

§ 87. Surfaces applicable to surfaces of revolution, and W
normal congruences. We saw (§ 84) that the ground form of
the first sheet of the focal surface of a normal congruence was

(AR')*+ (R — R')2ay,dv?, (87.1)
and similarly we sec that the ground form for the second
shect is (AR + (R = R'2a, du (87.2)

If the congruence is also a W congruence we know that
(B =R )2ayy = (p(R))?
(B —RK')a,, = (¢'(1')%;
the ground forms of the first and second sheet are then
respectively (dR')? + (¢ (R')2dv, (87.3)
(dR") 4+ (¢" (1)) 2dul. (87.4)
The two sheets are therefore applicable on surfaces of
revolution, the w curves on the first sheet corresponding to
the meridians, and the v curves on the second sheet.
Conversely, if we have any surface applicable on a surface
of revolution, the curves which correspond to the meridians
will be geodesics, and the tangents to these curves will
therefore trace out a normal congrucnce which will be a W

congruence ; and the surfaces which cud the rays orthogonally
will be W surfaces.
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If the surface is one of constant curvature we need to solve
an cquation of Riccati’s form to obtain the curves which
correspond to the meridians, but in other cases”we can find
the curves by quadrature.

An interesting property of any given W surface, which is
not of constant curvature, is that we can find the lines of
curvature on it by quadrature.

For we can find the two sheets of the focal surface, and on
these sheets we can find by quadrature the curves which
correspond to the meridians. These curves will have as their
correspondents on the given W surface the lines of curvature.
This theorem was discovered by Lie.

§ 88. Surfaces of constant negative curvature. Returning
to the ground forms of the two sheets of the focal surface
(R + (¢ (IV))2dv?,
(AR )2+ (¢" (R'))™2u?,

we see by aid of the formula

- Dy
]\+jT_ ,

when the ground form is du® + B%de?, that, I denoting the
measure of curvatuie on the first sheet,
. 1 (I{/I)
]\'—{-gb» ,— = 0. (88.])
¢ (1)
Similarly we find for thv measure of curvature K’ of the
sccond sheet K7 4 (g7 (1) )4 == [(¢ (R))* ¢ ()] = 0 (88.2)
. . . ()
since R = (R, R—f(R) =200
J ) J &)
If the two sheets are applicable on one another at correspond-
ing points we must have K" = K’ and therefore we must have
¢ () ¢ (L) = + (¢ () (88. 3)

Taking the upper sign we see that

r
e p(R) = be

where « and b arc constants.
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We now see that R'—R =a, (88.4)
i . , n_ L) -
from the equations IR'—f(R') = &)’
RII =f(RI).
The measure of curvature is found to be —«~2 from the
formula . (R
]& + W = 0. (88 . 5)

The two sheets have then the same constant negative
measure of curvature —a~2, and the distance between the
corresponding points is equal to the constant a.

We therefore sece how, when we are given a surface of
constant negative curvature, we can construct another surface
of the same constant curvature. We find a system of geodesies
on the given surface—this involves the solution of an equation
of Riceati’s form—and draw the tangents and take a constant
distance « along the tangent: the locus of the point so
obtained will be the surface required.



CHAPTER VI

CURVES IN EUCLIDEAN SPACE AND ON
A SURFACE. MOVING AXES

§ 89. Serret’s formulae. Rotation functions. Let A, pu, v
be three unit veetors drawn through the origin, respectively

parallel to-the tangent, principal normal and binormal of
a curve. We sce from the figure that

dX = pde, dv =—pdy,
where de and d7 are the angles between neighbouring positions
of the tangents and osculating planes respectively—in the
sense of the figure.

We thus have
A=H s =_F
p o

where the dot denotes differentiation with respect to the arc
of the curve, and p and o are the radii of curvature and
torsion respectively. We thus have

@ 1 1
A=— , y= ,
=

~ [
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and therefore, since  Ap =0, ur=0,

) _l — 1 " —
we have ,u)\_.b‘ y=—o, pp=
It follows that
5 M '.___,)\ v -__/‘_ 8 1
A p’ # p+<r’ YT e (89.1)

Theso are the formulac of Serret.
1f we were to take unit vectors through the origin mutually
at right angles, the first, A, parallel to the tangent to the
curve, and the second, u, making an angle ¢ with the principal
normal, we could casily deduce that
A=pur—vq, pg=vp—=Air, v=Aq—pup,
where 2)=(I3+1, qzvﬂ—n—l—(—p, 7'=M'
v p p
More generally, if X, y, v are three unit vectors mutually at
right angles which are given angular displacements
pds, qds, rds,
we have
A=pur—vq, pa=vp—Xr, »=Ng—pp, (89.2)
as we see from the figure.
The functions p, ¢, » may be called rotation funetions.
If wds denotes the angular displacement which the vectors
regarded as a rigid systein receive, where
®w=pA+qu+ry,
we can write our equations in the more elegant form

A=) p=op, b=on (89.3)

§ 90. Codazzi’s equations. It will be useful to consider
a more general displacement,
Let the vectors A, g, » regarded as a rigid system receive
three angular displacements
o'du, o”dv, o dw.
We then have
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or Voo’ A=Vo" o' = V(e —w’,) A,
that is, Voo = V(" — ') . (90.1)

Woe have exactly the same equation for y and thereforc we

have identically o = W — 'y

Similarly we obtain two other vectorial equations, and we
have

’” ’ rer 0 ’,

22 — u n/ [ 0 [P RN N Y

o)~y = 0" o'y—o =0, o -, = o
(90.2)

Suppose now that the vectors A, u, v instead of being drawn
through the origin are drawn at the extremity of the vector z,
which depends on the three parameters u, v, w. If we regard
the extremity of the vector z as the new origin then we may
say that the linear displacements of the origin arc

zdu, z,dv, s dw.
Let S =N+ u+ 'y,
= €Nk ¢,
:3 — EIIIA +77/IIIL+£//IV'
We therefore have
EAHT st Cor € (v a) o’ (v = N7)
’ ’ r,
+{ A —pp”)
=" A i p kv (W —v ) 07 (v —AT)
+" A —pp),
so that "=t =¢q" g‘"q’+r] " —y' ",
7]"1 n 9 — g’ N gllrl + (/’ ’ (IZ)II
-—-{’2 — 1] ]) II[)I+£I/qI gl II
Similarly we obtain two other sets of equations :
él’l2_ II (Il " stlllqll_*_ ’]IIITII ’7’,1.//[
17, él’ III é’ll I’ (III II {I' ’/l
St/’l _( — 7]/’2)1" III ’I+£III 144 £l’ II/
g gllf — (III 4 {Iqlll-*_nlrlll 77III1‘I
1) 7’ l — £III I gl III {/ IlI 1’ I,
{ { — nlllp’_nlpl'll_*_g’ " gl!’ ’
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If we ignore the parameter w, we have the six equations :
])’2_2)”] — q"r"—-(]"'r' ; (I‘-)/__q/r1 — 7‘/2)11_7"/2)/ ;
,,_/2_7‘//] — 2)'4]// "2)”([, ;

5’2_ Il‘ - (]’{”——(1“{’ +7‘I/,7l—7‘l77,l;
" e JSEEP 1 st v arr
ny—n'ly =g =0 p =
rr r_ 1t R re gt r &1y
Com =" ="+ 97 ¢ —q'E". (90.3)

These are the cquations of Codazzi of which Darboux

makes so much use in his Theory of Surfaces.

§ 91. Expressions for curvature and torsion. Returning

now to the case of a curve, Serrct’s equations may be written
. —_— . —_ . _
A=wA p=owu, V=owv;
A v

where o=~ +
T op
If z is the vector which describes the curve to which we

arc applying Serret’s equations we may write

. (91.1)

: — :,'L’—{-—Z”[” +zlllt’fl’
where ¢/, /', /" arce three fixed orthogonal vectors through
the origin, so that 2/, 2", 2’"" are the Cartesian coordinates of

any point on the curve.
We have 2= A and therefore

’

H=pE v=0pitops+ Zé.

Denoting the components of the vectors X, p, v with respect
to /, /', """ in the usual way, we know that

A,
Il,’ /‘ll’ #III — ] ;
Vl, V”, V”,
and therefore :
’/’ él’, élll
pza él, 211, 3| = 1, (91 . 2)
‘z"l, 'zll’ 'zlll
and :_2 = (&) + (P (91.3)

These are the usual formulac in the theory of curves.
2843 Q
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If we take, as is more usual, @, 7, z to be the Cartesian
coordinates of any point on the curve and regard them as
functions, not of the are, but of any variable, we see that

p‘2=] i ; O’ T(wz+y2+22)3, (91.4)
¢l y “
& Y, % . 9
* oV | & ¥, % +' : 7’/ ? (91.5)
w’ ,!/’ i et J’ ~

§ 92. Determination of a curve from Serret’s equations.
We must now show how the equations
I O A

' 5\=—-, p=— + , v==",

P p o 4
determine the curve when we are given the natural equations

of the curve; that is, when we arc given p and ¢ in terms of
the are.
Any unit vector may be written
sinfcos¢ . A+sinfsing.pu+cosf.v.

Expressing a fixed veector in this way, and noticing that
there can be no relation between tho vectors A, u, v of the form
PA+qu+rr =0,
where j), q, r are scalars, we find, by aid of Serret's equations,

that ic ,
é___.smtp’ $+ }.zcotecomp. (92.1)
o [ T
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6 .u)v
Let ¥ = cob 5¢"

then we find that = 2;(\;:”— I)—’%k (92.2)

This is an equation of Riceati's form. When we have
solved it, we know @ and ¢, and thus the position of a fixed
vector with reference to A, #, v. When we have thus found
three fixed vectors, with reference to A, 4 v, we koow
A, 4, v in terms of the are.

When we have obtained A in terms of the are we can
find z by aid of the equation 3 — j, (92.3)

It must now be shown how, when we are given any curve
In space, any other curve, with the same natural equations,
can by a mere movement in space be brought into coincidence
with the given curve.

If Xy, po, v, denote the positions of the vectors A, p, » when
the arc s is equal to s, or, say, to zero, then we see, by
repeated applications of Serret's equations, that

A = a')\0+w",u0+u"'y0,

p= VN + 0 g+ 0"y,

v=2c' N+ py "y, (92.4)
whero the coeflicients of A, p,. v, are known serics in powers
of s °

By a mere rotation we can bring Ay, g,, ¥, into coincidence
with the tangent, principal normal, and binormal at the point
from which we measure the arc on the given curve.

It follows that X, p, v will be unit vectors coinciding with
the directions of the tangent, principal normal and binormal
at the point s on the given curve.

A mero translation will therefore bring the curve into
coincidence with the given curve when the required rotation
has been carried out, since we have

= =2
and thus J=z4+a

where « is a fixed vector, that is, a *ector not depending
on the are.
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§ 93. Associated Bertrand curves. The right helicoid.
Let us now consider the curve defined by
2 =z+kp (93.1)
where % is some function of the are, and let us find the
conditions that the two curves detined by 2z and 2’ may have
the same principal normal.

We have = ()\ +ple +L - )) :ll:,,

ds
ds'’

" = i v_24
and therefore A’ = ()\ +uk+k (o_ ’ ))
Since AMup =0,

we must have & oqual to zero [i.c. & a constant].
Again, differentiating with respect to the arc ¢,

. l:
§=(§+7»‘(%§—p ;,2 ”))(;l:)

YAy d2s
+ ()\-l-k(t;_ - p))@;

d%s
and therefore k= ( K ) ( ke =0,
o/ ds L d?%s
L}T ((ls ) cdst
T ds d?s .
Eliminating W and a7 we obtain

po_ b,
p—k p o

. . koK
and integrating we have o + = 1, (93.2)

where &’ is a constant introduced on integration.

A curve satisflying the above equation is called a Bertrand
curve. We see that the property of a Bertrand curve is to be
associated with another Bertrand curve having the same
principal normal, the distance between corresponding points
being the constant k. «

If a Bertrand curve has more than one corresponding curve
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it will have an infinite number of such curves and will elearly
be a cireular helix, for p and ¢ will cach be constant. )

We can immediately deduce that the only ruled minimal
surface is the right helicoid. For consider the curved asymp-
totic line on a ruled surface. We know that the osculating
plane of any asymptotic linc on any surface is a tangent
plane to the surfaco. The generator of the ruled surface
therefore lies in the osculating plane of the other asymptotic
line through any point on it. If the surface is & minimal one
it must therefore be a principal normal, and since an infinite
number of asymptotic lines cut any generator orthogonally
the asymptotic lines must be circular helices. The surface is
therefore & right helicoid.

§ 94. A curve on a surface in relation to that surface.
We now pass on to consider the curves which lic on a given
surface. Since such curves are defined by a relation between
the parameters w and v, and since z, the vector of the given
surface, is a function of these parameters, we are really
given z in terms of one parameter along the curve defined by
an cquation Fu,v)=o.

But since we want to consider the curves in relation to
the surface we proceed by a different method.

We have the formulae

A=pr—vq, p=vp—2Ar, »=Xq—pup,
where A is a unit vector parallel to the tangent to the curve,
g o unit veetor parallel to the normal to the surface and

making an angle ¢ with the principal normal to the curve;
and we havo scen (§ 89) that

sing S (04.1)
P 3
where p and o are the radii of curvature and torsion of the
curve.
We know that

g2 =0, pz,=0, :“\Iflzﬂn’ M2, = % = dyy,

;1
2)—'¢+0_7 (1"

.
HoZ2 = £y
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we can therefore easily verify the formulae
1Pp, = (f02,,—g02) 5+ (f2,—eddyy) 2,
Iepy = (f2p—yd2y) 5 + (f:(),z—eﬂw) %y
and from these formulao we deduce
hpyzy = (e, —f2) s hpz, = (f2,—980,) g,
bz = (egp—f) p hpyzy = (flly—yl2y,) p.
It follows that
l;‘_/é*: S+ py9) (3% + 2,9)
= {2, 4+ 20,40+ 0,,9% (94.2)
and that
Rk =LV (s + p,) (2,0 +2,9)
= ,u((eﬂm-—fﬂ”)i(,2+ (62— g2, )00 + (f‘nzz_.(]ﬂw)f‘yz)
ew+fv, fu+gv
02,0+ 02,9, 0,0+ 10,9
But g = an = =%
-2 P
and hjk=Thpx = hppu,

(91 3)

and thercfore _P P 0, 8+ 20,, 06+ 0,5 (94 4)

ew+jfo, fu+gv
M6+ )= | npasas Ouiras | ¢4

Wo have thus expressed the two angular velocity com-
ponents p and r of the curve under consideration in terms of
the derivatives of the parameters w and v with respect to the
arc and the functions e, f, g and £2,,, £2,,, 2,,.

We must consider the remaining component q.

As the veetors A, M, v are dlqplaccd from their positions
at P to their positions at P’, a neighbouring point of the
curve under consideration, we may consider that they are
displaced along the goodesic T and then along the geodesic
TP

As we pass along P the displacement gds is zero and as
we pass along I'P’ the displacement q«(s is also zero. The
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total displacement qds is therefore just the angle P'TM:

that is [§ 39 .
[3 39) =L (94.6)
Py
since the geodesic curvature of the curve is defined by the
formula L _ P'TM

: e T pipt
Py R

Pl

P T

We should notice that unlike p and » the angular veloeity g
depends on the first ground form only and the derivatives
of w and v and not on £2,,, £2,,, £2,,

11y
We have proved carlier (36 .3) tlla.t
1 A, (F) '
= +A(F, (AF (94.7
Py JA(F (F, (A E)7). )

We express this formula in a more convenicnt form for
some purposes without the aid of tho differential parameters by
1 w Fo Fy—2F.  FF,+F. “F’
Pg) {(l” 2 —2u,, P\ F, +a,,F2}
where Fu,v) =0
is the equation of the curve, or, since
Fa+ F,o=0,
and P+ {111) 9242 {121} 4o+ (221] 02
+F, 5+ {112} @2+ 2 {212} 0o + {222} oY)
+ B w2l uv+ F. 0% = 0,
and g, 0+ 20,00 + @, = 1,

. (94.8)

in the form

1 _ g | % d+ {111} @242 (121} Gd 4 {221 6% ) (94.9)
pg | 9, U+ {112} 42 +2 {212} 49+ {222} 0F '
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Wo have thus found expressions for the angular velocities
;1 sin ¢ cos ¢
P = - = e, PP= —— 91.1
P=9+ o ¢ o d P ( )

along the curve in terms of the derivatives of w and v and
the functions which define the ground forms. We notico
that p and » depend only on the first derivatives, but ¢
depends on the second derivatives and is the geodesic curvature
of the curve.

We have seen [§ 49] that the curvature of the normal
section of the surface in the direction of the tangent to the
curve is given by

1 3
p— YR 9 Y 52
—_ .Q“ (27 +_.{212va+.(222’0 .

R
We thus have Meunier’s theoremn that
cos ¢ 1
== (94 .10)
The expression é + (lr . (94.11)

is the same for all curves having the same tangent at the
point under consideration. It is thereforc the torsion of
the geodesic curve which touches the curve at that point.

§ 95. Formulae for geodesic torsion and curvature. We
can find another formula to express the torsion of the geodesic
by aid of the formula already proved

54 (R +R") sz +R'R" i = 0.

Since z2=Xand p=vp—2Ar,
we have 1- (R +R")yr+ R R (p?+7%) = 0,
that is, P+ (1% - 'r) (—11,—, - 7') = 0. (95.1)
If we take the parametric lines as the lines of curvature, so
that p B0 S0l
R R”

. 1
this becomes p =cosfsind (]% - R—,;)

or é ‘;:césasinG(];—,-——Rl—,-,)' (95.2)
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Since ¢ is the angular velocity about the normal to the
surface, as we pass along the curve wo are considering, we

sec tllﬂt‘ g = —'o.-i-f]"l:b-l'(j”?},

where q a+q"0

is the angular velocity about the normal of the rigid systemn
made up of the normal and the tangents to the two lines of

curvature,
We thus have the formula for the geodesic curvature

1—:~0+q'd+q"1}. (95.3)

Py
We have

) ) 1 1 . . L 1 .0 1
"= 2sm600:~‘.6(—RT, - It,)(‘)%—cos“ﬂ(wéd(ly) +”au (R;))

N I | LY 1
+ s 0((65;;(/*{',; '1‘000(]{‘”)))
and therefore —2 g (95.4)
depends only on the first derivatives of the parameters w and
v, and so is the same for all curves on the surface having the
same tangent at the point under consideration. This theorem
is due to Laguerre.
In connexion with the formulac

1  sin tan
g=L="ne_log (95.5)

Py P i
where R is the radius of curvature of the normal scction of
tho surfaco in the direction of the tangent to the curve, it is
useful to remember that if a particle describes a curve on any

surface with velocity V, the acceleration normal to the path
2
and tangential to the surface is Z—
g

§ 8. Surfaces whose lines of curvature are plane curves.
So far the curve we have been considering has been any
curve on the surface: suppose no‘w-that it is a line of
curvature.

2843 R
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We have p =0, a.s we see from the formula
P = cosesina(]%, — Rl-,—,),
and therefore é + %_ = 0. (96.1)

If therefore the linc of curvature is a plane qurve its plane
makes a constant angle with the surface all along it; and
conversely if the osculating plane at cach point of a line
of curvature makes the same angle with the surface the
line of curvature is a plane curve.

We now propose to find the form of a surface if all its lines
of curvature are planc curves.

Let o be a vector perpendicular to the plane line of curva-
ture along which only » varies so that o depends on w only.

Similarly let 8 be a vector perpendicular to the plane line
of curvature along which only w varies.

In accordance with our general notation in the theory of
surfaces, let A be a unit vector normal to the surface at the
extremity of the vector 2.

We have, since the parametric lines are lines of curvature,

2,=R'N, z,=R'N,;
and as az, =0, B2,=0,
we also have ar, =0, BAr =0.
~— N

It follows that o = pA,+gX, B =rX;+sA,
where p, g, 7, 8 are scalars.
Wo thus obtain the two equations

PAzt P A A+ A = 0,

TAp+ 7 A, +8A+8A = 0. (96.2)
Now since SAA A, =0,
as the lines of curvature are conjugate lines,
9, =8=0;

and as there can be no relation between A; and A, of the form
d)\l + b?\z = 0,
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L
where a and b are sca.lax;s, we must have;*

Pr_8, T_1. (96.3)
p r r p
Tt follows that. (g7}, = (g )y == 11

and therefore we may take
p = F(u) &, r = f(v) ¢,

q=F@)efo,, s=f@)el,. (96. 4)
We also have 0,+0,6,=0,
so that Mg+ 0,A +0,2, =0, (96.5)
and 0,+0,6,=0. (96.6)
Let us now start again with these two cquations.
We seo that 0,,+6,0,=0
tells us that & =fu)+¢);
and, since M, =0,

the lines of curvature being at right angles, the equation

)\12+02)\1 + 017\2 =0

tells us that biv (A$)+26,A1 =0,
] o 2
2 (a3 +20,08 =0,
so that A +e 20 F(u) =0,
A2+e 20 (v) = 0. (96.7)

We can now so choose the parameters that
A4+e =0, A+e 2=
The spherical image of the surface is therefore given by
ds? = A% (du? + dv?)
where A =U+7,,

U being a function of u only and V a function of v only.
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But, from the expression for the measure of curvature of

the surface ds? = A% du? + Bdv?,
d /1 38 d /104
KaB+ < (55%) +35(559) =0

We must therefore have
o2 o2
(U+7V)2= (5—1; + m)log(U+V);

and therefore 1= JU—-U4+VV=-V2+UV+VU. (96. 8)
It now casily follows that without loss of generality we
may take U = cosec o cosh u,
V = —cotacos v,

y cosh u — cos a cos v

- 6.9
s1n & (96.9)

so that
If p is the perpendicular on the tangent plane to the
surface of which we have found the spherical image we have
P+Az=0.
It follows that

Px'”‘\lf =0, pP,+A,2=0, pm+)\Lz =0,
since Az =0, i\’zz =0, Az =0, A2y =05
and therefore P+ 0,0+ 6,0, =0,
that is, since 0,,+6,6,=0,
pd =U+7, (96.10)

where U is a function of w only and V a function of v only.
We know that

A2 4+e"20 =0, MA; =0, A2+e~20= o,

o cosh . —cos & cos v
- sin &

where

bl

and therefore wo can.find X by the solution of cquations of
Riceati's form. ‘
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We see that (cosh u—cosxcosv)A
= sin asinh wé + sin asin 4 + (cos o cosh w — eos v) k.
where 4, j, k are fixed unit vectors at right angles, will satisfy
the conditions ; and we know that any other possible value of
the vector A can be obtained from this vector by a mere fixed
rotation.
The surface may therefore be regarded as the envelopo of
the plane
 sin a sinh % + 4 sin « sin v + 2 (cos acosh w —cos v)= U+ V.
(96.11)

§ 97. Enneper’s theorem ILet us now consider a curve
which is an asymptotic line on the surface.
1

We have =0 for an asymptotic line and therefore
cos @ —o0.
14

If p is infinite the asymptotic line is straight and therefore
the surface is ruled.
Leaving aside the case of ruled surfaces, cos ¢ is zero and

therefore ¢ = —72r, that is, the osculating plane of an asymptotic

line is a tangent plane to the surface.
For an asymptotic line the angular velocities are

p=2, q="!, r=o
P=_ q= o’ =Y
and the formula p*+ (11? —7‘) (El,, —’)‘) =0
1 1

gives =0, (97.1)

R
that is, the torsionis v/ — K. This is Enneper’s theorem.
We also see that the geodesic curvature of an asymptotic

line is just the ordinary curvature.

§ 98. The method of moving axes. If wc now return to
the equations of Codazzi (90.3), which are the foundation of a
considerable portion of Darboux’s method of treating problems
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of differential geometry, a method which is in effect the method
of moving axes, we may take ¢’, ¢’ to be zero.
The rotations are p’, ¢/, »"; "', ¢"', »"', and the translations
&g n',0; &, 7", 0; and the connexions are
Pe—t1=1q
,’,12_7'I11 — 2),qll _})Ilql, é’z__ gl'l —_ /rll 1}’ —7"7’”’
17/2— 7],/1 — q‘léll _7'Il ’ 2'11711—_2)II771 = qlg’l _(11161‘
The displacements of a point whose coordinates with
reference to the moving axes are z, ¥, = are, with reference to
fixed axes with which the moving axes instantaneously
coincide,
do+ ¢ du+ " dv—y ('du+r" dv) + 2 (¢'du + q"'dv),
dy+n'du+n" dv—z (p'du+ p"'dv) + 2 (' dw + 7" dv),

’ ’

Rz ", ’ [ N T BN T W]
" —qy gy —=q = =TTy

dz—a (g'du+q" dv)y+y (p'du+p"'dv).

Thus for a curve on the surface making an angle o with
the axis of

dscosw = ¢'du+ ¢'dv, dssine = p'du+9""dv. (98.1)

A point on the normal to the surface and at unit distance
from the surface traccs out what we cali the spherical imago
of the surface.

Thus the spherical image of the curve is given by

docosf = ¢'du+q”dv, dosinf =—p'du—p”dv. (98.2)

The direction of the line element conjugate to the line
clement whose direction is w is 0 + 72_1-’ and therefore the two
elements c{u, dv and &u, 8v will be cunjugate if

£outg’sy  o'duty Sy,
Pdu+p’dv T ¢'du+q" dv

(98.3)

The asymptotic lines, being the lines traced out by self-
conjugate elements, will therefore be given by

gdurg'dv  y'du+tqg"dv

Pdutp’dy T gdu+q dv’ (98.4)
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The spherical image of the surface will be given by
do? = (p'du+p" dv)? + (' dw + ¢ dv)2 (98.5)
The principal radii of curvature and the lines of curvature
will be deduced from the fact that the point whose coordinates
are 0 0 R
will have no displacement in space and therefore
(&' +Rg')du+(¢"+ Ry )dv =0,
(n"--Rp')du+ (n"" —Rp") dv = 0.

It follows that the measure of curvature will be given by

r o re ’7 1

. . h_
K=L1 09 T (98.6)

CE = =€

Here we should notice that the translation functions depend

only on the ground formn, as
e=E);+E"), f=En"+E" 9=0")P+0")

and that »" and 7’ can be expressed in terms of the translation
functions, so that we see again and very simply that the
measure of curvature is an invariant.

If the surface is referred to parametric lines at right angles

we may take ds? = A?du®+ B*dv?,
and é' =4, £" =0, 17' =0, "' =08
’_ Ag o__ Bl
We then have r=—p, =,
and at once deduce the formula
I{AB-]_DV—L;,(Z)-I—D_U(?B)—O (98'7)

If we refer the surface to the lines of curvature as para-
mctric lines we have " = ¢’ = 0, and the prineipal radii of

curvature are
R’=_§7’ R":FI?,' (98.8)

§ 99. Orthogonal surfaces. To illustrate the employment
of moving axes depending on three parameters we might
consider the case of orthogonal surfaces |

w = constant, v = constant,” w = constant,
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and take as axes the normals to these three surfaces at
a point of intersection.
We have £” = g”' =0, 17"' = 7" =0, {' = (” =0;
and we may write ¢/ =¢ " =n, ¢ =¢
The equations satisfied by the translation functions now
become £, = _p'y, g =¢¢', my=—¢p", n =07,
&= —5([’“) (.= 7711”"
g‘(1/'_'__"7,',,//’ —_ 0, gl"lll+{2)l — 0’ 172"+£(1,I — 0.
We therefore have
2)1 =0, (]" =0, P = 0,
and we have the well-known theorein that the lines of
curvature on the surfaces are the lines where the orthogonal
surfaces Intersect them.

We shall return to the theory of orthogonal surfaces later
and so shall not pursue the study further here.



CHAPTER VII
THE RULED SURFACE

§100. Let a vector ¢ tracc out any curve in space, and let
Al p'y v' be unit vectors drawn through its extremity, parallel
respectively to the tangent, principal normal and binormal
of the curve. Let

=cos0.\ —sinfsin¢g. u’ +sin fcos ¢ .o,
p=cosd.u +sing .y,
v= —sinf.X —cosfsing.pu’ +cosfcosp.r’, (100.1)

then A, u, v will also be unit vectors mutually at right angles.
On the unit sphere, whose centre is the origin, vectors

z

!e
B A

parallel to thesc two sets will cut out the vertices 4, B, C
and X, Y, Z of two spherical triangles as in the figure.

Let ! and 1 denote respectively the curvature and torsion
g

of the curve and let

.1 , sing , _cos¢
! = ) = y T = N 100.2
P=9+ 5 9 b - ( )
and p=p'cos§+1'sinf, ¢=q" —0, vr=1"cosf—p siné.
(100. 3)

2848 S



130 THE RULED SURFACE

By aid of Serret’s equations we sco that
A= Tp—qv, p=prv—7rA, v=qA—pu, (100.4)
so that p, ¢, » are the rotation functions for the moving
triangle XYZ. The dot above any symbol denotes that it
is the symbol differentiated with respect to the arc of the
curve traced out by ¢: we denote the arc by v.

§101. The ground form and fundamental magnitudes.*
Let z = ¢+uA, so that w is the distance of the extremity of
the vector z from the extremity of the vector . As w and v
vary, the veetor z will trace out a ruled surface of the most
general kind if 6 and ¢ are functions of v.

The curve traced out by ¢ will lic on the ruled surface: it
is called the dircetrix of the ruled surface. Any curve on
the surface may be taken as dircetrix.

We have

2=N % =N+uUX=cos O X+ urp—(sin 0 +ug) v.
The ground form of the ruled surface will be
ds? = du?+ 2 cos duwdv + (u? (¢ + %) + 2ug sin 6 + 1) dv™.
(101.1)

We may write g = Mecos, == Msin,
when the ground form becomes

ds* = du? + 2 cos Odudv + (w? M* + 2uM sin 0 cos yr + 1) de?,

(101.2)
so that ¢ and # are given when the ground form is given.

The function % is given by

1% = w2 %+ 2uMsin 0 cos y +sin? @,
= (uM + sin € cos )? +sin® O sin? 4. (101.3)

The angle between two neighbouring generators is

Mdw, (101. 4)
and the shortest distance between them is
sin @ sin ¢ dv. (101.5)
The unit vector whose direction is the shortest distance is
cos Y pu +sin yr v, (101.6)

* [Sce also § 22.]
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Since 2, = A, 2, = cos OA +uM sin yrp— (wdM cos Y + sin 6) v,
wehave 2,2, = (wM cos Y +sin 6) p+udM sin yr v.

The unit vector normal to the surface at the extremity of =
is therefore Z, where

Z =k [(uMcosyr+sinb) p+uMsinyv]. (101.7)
If we calculate z,,, 2,,, z,, we deduce, by aid of the formulae
N, = —Z&Z, N, = —zy/Z, N, =—2,,72,

that 2,=0, N,=71"Msin{sinb,
0y, = ph+ 171 (w2 M2 +uM cos Y sin 8) Y +wM sin yr sin 8
+ M cos fsin y (sin —u6)). (101.8)

We may write N for M cosyrsin § when we are only con-
sidering the ground form.

§ 102. Bonnet’s theorem on applicable ruled surfaces.
We saw that one of the most difficult problems in the Theory
of Surfaces was, given the ground form, to determine the
surfaces in space to which the form was applicable; and we
saw that the solution of the problem depended on a partial
differential equation of the sccond order. In general we can-
not solve this equation, but there is a striking exception in
the case of the ruled surface.

Let us first consider a theorem on ruled surfaces.

If on the surface with the ground form «;,dx;dx; the
curves @, = constant are gcodesics, we must have {112} = 0.
If the curves x, = constant are asymptotic lines we must
have 2, = 0. If both these conditions are fulfilled the
surface is ruled; that is, if

2,,=0 and {112} =0, . (102.1)
tho surface is ruled and the generators aro
x, = constant. (102.2)

Now suppose that we have a second ruled surface with the
same ground form and therefore applicable on the first surface,
and suppose if possible that its generators are not the lines

°
x, = constant.
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We can therefore choose our coordinates so that the two
surfaces will have the same ground form and that in the first
surface «, = constant will be the cquation of the generators
and on the sccond surface x; = constant will be the equation
of the generators.

We have £,=0and 2, =0,
and as for the two surfaces £2,,02,,—03,
and o', N, -0,
are the same, we must have
n:, =02, (102.3)

From Codazzi’s equation (48. 4) for the two surfaces we have

d
\_0124‘({122}—'{111})“12 =0,
owl

2 02, + ({211} - {222}) 2, = 0.
o, 2

It is therefore possible to satisfy Codazzi’s cquation for

the given ground form with
{112} =0, {221} =0, (102.4)

by taking £2,, and £2,, both zero: that is, it is possible to
find a surface with both systems of asymptotic lines straight
lines; that is, to find a quadric applicable to the given
ground form,

Unless then the form

du?+ 2 cos 8du dv + (M*u?+ 2 Nu+1)dv?  (102.5)

is applicable to a quadric, the generators of any ruled surface
which is applicable to it must be

v = constant. (102.6)

This is Bonnet's Theorem and Bianchi’s proof of it.
When therefore the ground form is given in the form
ds? = du®+ 2 cos Odudv + (M2*u?+ 2 Nu+1) dv?, (102.5)
we know that, leaving aside the case of quadrics, the surfaces
which are ruled and applicable.on it must be generated in the
method we have described [so that their rectilinear generators
are applied to its rectilinear generators].
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When the ground form is given we arc given ¢ and . Wo
may take p as any arbitrary function of v. We then know
p and ¢ of the directrix, and so can find it by the solution of
Riceati’s cquation. Similarly we obtain A and thus find the
ruled surface.

§ 103. Ground forms applicable on a ruled surface. If
we are given the ground form of a surface, how are we to
decide whether it is applicable on a ruled surfacc? It will
be applicable on such a surface if the ground form can be
brought to the form

du?+2cos 0dudv+ (M?u? + 2 Nu+1) v?  (102.5)

where 6, M, and N are functions of v only, but unless these
are given functions of the parameter the gencral method will
not immediately apply. This is the question we now wish
to consider.

The expressions du dv

ds ds’
where « and v are the parameters of a point on the surface,
are tensor components,  We may denote them by 7" and 7%,

The diffieulty of the tensor notation ®omes in when we
want to cxpress the power of a tensor component with an
upper integer. Thus the square of 1'% would have to be
written 7% 7% and in calculations this is inconvenient.

We therefore generally write the above two components as
¢ and 7 and try just to remember that they are tensor com-
ponents when we apply the methods of the tensor caleulus.”

The equations of a geodesic are (§ 38)

dg +{111) £2+2{121} fn + (221 % = 0,

’l’{_;’+{112} £24+2{122)¢n+ (222) 9% =0,
(¢

and . df f E o6

bsrz

dn - gi’l R,

ds awz
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The equations of a geodesic may therefore be written

g(g-fl +111) £+ (121 7,)+7,(§-572 +1121) £+ (221) 9) = 0,
D
g(\_.:’l +1112; ¢+ (122) 7,) +7 (:_;7-2 +{122) £+ {222} n)= 0.
(103.1)
Now these equations are very simply expressed in the
tensor notation by
Ty +1rr, =0, 17T +1°7% =0, (103.2)
The cquation of the asymptotic lines is given by
., 7Mm+20,71r+02,,1%1% = 0. (103.3)
Now remembering that on a ruled surface one of the
asymptotic lines is a geodesic, and taking the tensor derivatives
of this equation, we have
N, +20, M1+ 0, 714 .
+210 (02, 1 + 02, 12) 472 1% (12,1, + 2, T%) = 0,
(103.4)
and £2,,.,1"1"+20,., 7" T+ 0,,.,T*1*
+21 (02,1, + 2,12 (+21* (2,1, + 2,,T2) = 0.
(103. 5)
Multiplying the first equation by 7" and the sccond by 1%,
and adding, and making use of the equations for a geodesic,
we see that if the surface is ruled we have for the equations
of that asymptote which is a generator
0,8 +20,8n+02,,0" =0, (103.6)
D08 + 300,80+ 382y, 1 En + L2yy.50" = 0. (103.7)
If we write thesc two equations
‘ (4, B,C3 ¢, n)* =0,
(a, 0,0, d ¢, n)* = 0,
the eliminant is (Salmon, Higher Algebra, § 198)
a*CP—6ubBC*+6acC (2 B*— AC)+ad (6 ABC—8 B
+9024C*—18bc ABC+6bd A (2 52— AC) +9c*A%C
—ped BA*+d2 A% = 0. (103.8)
This vanishes for a ruled surface.
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Now we know that
N,,N,,—N2, = K(a,a,,—ui,),

and, since an arbitrary function is nceded to cxpress £2,, £2,,,
{2, in terms of the parameters, there can only be one other
equation connecting these functions.

Applying tensor derivation to this equation we have,
using Codazzi’s equations,

‘ 2
002+ 02,00, — 202,80, = K (a4, — a3 ),

0,0,,.,+ 02,02, .,~20,0,,., =K, (@, a,—al,).
(103.9)

112

We thus have three equations, viz. these two and the
eliminant we have found. We conclude that this system
must Le complete if the surface is ruled. For if another
equation of the first order in the derivatives of £2,, and £,
could be obtained—the function £2,, is known in terms of £2,,
and {2,,—we could obtain £2,, and £2,, by quadratures, and
no arbitrary function woulll appear.

This mcthod, though tedious actually to carry out, will
enable us to determine whether any given ground form is
applicable to a ruled surface.

§ 104. Case of applicability to a quadric. We must now
consider the ground form

du®+2cos 0 dudv+ (M2u?+2 Nw + 1) do?,

as regards its special form when it is applicable to a quadrie.
The Cartesian coordinates of any point on a fixed generator
of a quadric may be taken to be

a,v+b,
av+b’

a,v+b,
av+b’

a,v+b,
av+b ?

Y= = (104.1)

where the variable v denotes distance on that generator.

We have similar expressions for the coordinates on any
other generator; and the variables v and o' of the points
which lie on the same generator of the opposite system will
be connected by a bilinear equation.

It follows that if I is a point on the first generator and I
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its correspondent on the second generator the direction cosines
of their join may be taken as
ady—a,d, b d,—b,d;  c;dy—c,d,
D’ D7 n
where «,, by, ¢, d,, u,, by, ¢,, d, are linear functions of v and
D? = d2 (a} 403 +c3)+d3(a}+D+cd)
—2d,d, (i, +b b, +epe). (104 3)

(104.2)

The coordinates of any point on the quadric may then be
expressed in terms of u and v in the form

L wydy—a,d, _h b d,—b,d,
=t Vst
Y e dy—cydy
o= g Hut S (104. 4)

It follows that M2, ND, cos 8D arc rational functions of v
which can be calculated, and that D? is a quartic in v.

§ 105. Special ground forms. Binormals to a curve. Line
of striction. We havoe found in §§ 100, 101 the chief formulas
required in the study of the general ruled surface. When
the ground form is given we are given ¢ and », and we find
the different ruled surfaces which are applicable to the form
by varying p. This generally means that we vary ¢, the
angle of inclination of the osculating plane of the directrix
to the corresponding normal section of tho surface. We
cannot however tako ¢ to be zero unless the ground form is
special : for, if ¢ is zero, ¢+ 6 is zero: that is,

Mcosy+6=0;
which would give the special ground form
ds? =t du? + 2 cos fdudv + (M?u? —2 @ sin u + 1) dv®.
(105.1)

Thus the binormals to a curve in space trace out a ruled

surface with the special ground form
2
ds? = du? + (% + 1)dv2, (105 . 2)

e

. - [} .
where ¢ is the radius of torsion.
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If we take as directrix an orthogonal trajectory of the

generators, 6 is g, and the ground form is

ds? = du? + (M*u? + 2 Mu cos y + 1) dv2 " (105.3)
In seeking the surfaces which are ruled and applicable to
this form we may take for one of them ¢ = ;r The directrix

of this surface will be an asymptotic line and the surface will
be genecrated by the principal normals of this directrix.

We obtain the equation of the line of striction from the
ground form itself. We have to find for given values of v
and dv the values of w and du which will make

du?+ 2 cos Odudv + (M?u? + 2 Mu cos y sin 0 4 1) dv?
least.

Clearly we must have

duw+cosdv = 0,
Mu +cos {rsind = 0.
The equation of the line of striction is thercfore

Mu+cosyrsind = 0. (105. 4)
Let us take the line of striction as the directrix. We must
then have cos \P- sinf = 0. (105 . 5)

We cannot have sin § equal to zero unless the shortest
distance between neighbouring generators vanishes: that is,
unless the ruled surface is a developable.  We must therefore
have in general, when the line of striction is taken as the
dircetrix, ¥ = g , and thercfore ¢ = 0.

i sing . ; -

It follows that 6 = T, i.e, that 0, the rate of increase of
the angle at which the line of striction crosses the generators,
is equal to tho geodesic curvature of the line of striction. It
follows that the line of striction will cross the generators at
a constant angle if, and only if, it is a geodesic. In this case
the ground form will be

ds? = du?+ 2 cos adudv + (M3u? + 1) dv?,  (105.6)

"
where o is the constant angle of crossing.
2843 T
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If a= g the form will be applicable on the surface gener-

ated by the binormals of a curve in space.

§ 108. Constancy of anharmonic ratios. Applicable ruled
surfaces and surfaces of Revolution. We shall now con-
sider the equation of the asymptotic line which is not
a generator.

The equationis 20 ,du+ 2,,dv = 0. (106.1)

Referring to the values given for £2,, and £2,, we see that
this is an equation of Riccati’s form. It follows that the
equation of an asymptotic line is

_ak+p
T yk+6

u (106.2)
where a, B, y, 8 are some functions of v only, and % is an
arbitrary constant.

We thus sce that every generator is cut in a constant
anbarmonic ratio by any four fixed asymptotic lines.

We also notice from the property of Riceati’s equation that
if we are given any one asymptotic line we can find the
others by quadrature.

We have also seen in § 101 that the normal to the ruled
surface is parallel to

ulM (cos yrpu + sin Yrv) +sin 0 u.
It follows that the anharmonie ratio of four tangent planes

through any generator is

(wy — uy) (uy—u,) |
(U — ) (ug—uy)’

(106. 3)

that is, the anharmonic ratio of the planes is the same as that
of the points of contact.

Suppose now that P is any point on a generator, and that
the tangent plane at I intersects a neighbouring generator
in P’. Then in the limit PP’ is the element of the asymptotic
line at P. It follows that the asymptotic lines through four
points on a generator intersect a neighbouring generator in
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the cross ratio of the tangent planes: that is, in the cross
ratio of the points of contact.

We thus have a second and more geometrical proof of the
theorem that every generator is cut in a constant eross ratio
by four fixed asymptotic lines. This theorem also is duo
to Bonnet.

The condition that the normals to a ruled surface, at two
points u;, u, on the same generator, may be perpendicular is

Wy M2+ (g +2,) Msin O cos f +sin?6 = 0. (106.4)

The points are therefore corresponding points in an in-
volution range whose eentre is on the line of striction.

No ruled surface cxists which is also a surface of revolution
except the quadric of revolution. We see this at once by
considering a surface of revolution in relation to any meridian
line. The asywmptotic lines, through any point on this line,
must be symmetrically placed with respect to the line. If
then one of these is a straight line so will the other be. The
surface will therefore, if it is a ruled one, be a quadrie.

But the ruled surface may be applicable on a surface of
revolution without being a surface of revolution. We now
inquire what property the ground form must have if it is to
be applicable to a surface of revolution with generators
corresponding to the meridian lines.

Taking as directrix an orthogonal trajectory of the genera-

tors we have (.2 = du?+ (M2u2+ 2 Nu+ 1) do? (106.5)

If then this form is to be applicable to a surface of revolu-
tion M and & must be constants, and we sce that the ground
form may be written

ds* = du?+ (u?+a?) dv? . (106.6)

where « is a constant,
Thus the catenoid and the helicoid will both have this
form applicable to them.

§ 107. Surfaces cutting at one angle all along a generator.
We now wish to 1nvest1gatc the corrdition that two ruled
surfaces with a common generator muy intersect at the same
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angle all along that generator. The condition will be found
to have an interesting connexion with a particular elass of
congruences.

We have seen that

wM (cos Yru+sin Yrv) +sin Gu

is a vector parallel to the normal to the ruled surface at the
extremity of the vector 2.
As we move along the generator this vector turns through
an angle, remaining of course perpendicular to the generator.
The vector product of the above vector and the neighbouring

vector (w+duw) M (cos yru + sin yrv) +sin Gu
is Mduwsin 6 sin A,
But the vector product is also
(M2u? + 2 M cos Y sin 0 +sin® ) d e,
where de is the angle turned through ; and therefore
de  Msinfsiny
du ™ M*u?+2Muasin 0 cos  + 1m0
Let M = Lsin 6 sin

(107.1)

where & is the ratio of the angle between two neighbouring
generators to the shortest distance between them.  Then

de _ I
du ™ (kw+ecoty)*+1°
The equation of the linc of striction is
ka +cot o = 0.

If therefore we measure v not from the directrix but from
the line of striction we have the formula

de k

de =~ Pawr¥1’ (107.2)
It follows that if we have two ruled surfaces, for which %

is the same, and one of tho surfaces is given a movement in

space, bringing one of its gencrators into coincidence with
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the corresponding generator of the other, and the correspond-
ing points of the line of striction into coincidence, then the
two ruled surfaces will intersect at the same angle all along
that generator.

§ 108. The ruled surfaces of an isotropic congruence.
Let us now consider a ruled surface referred to its line of
striction as directrix,

Now (§100) ¢ =" = cos OA —sin 6.

A= n—qv,
and, since the line of striction is the directrix, q is zero. We
thercfore have A=o. (108.1)

Suppose now that ¢ is a vector depending on two para-
meters w and v, and that A is a unit vector depending on the
same two parameters.

Consider the congrucnce 2 = ¢+wA.

Tho congruence is said to be isotropie if ¢ and X correspond
orthogonally. [Sec § 81.]

We have as the conditions for orthogonal correspondence

{L)H:O» (1_}‘-1."'(\23‘1:0, f@‘z:‘),

and therefore A= u)Q‘,, A, = f(}z,

where @ is some scalar function of w and w.

—
We thus have dN = aXdy¢, (108.2)

whatever be the values of du and dv.

The ruled surfaces of the congrucnce are obtained by con-
necting 1t and v by some equation. For any ruled surface of
the congruence weo therefore have

(’)\ = 0, A= a)(z,
where the dot denotes differentiation along the are of the
curve chosen.  This arc will be the ling of striction since

(}\":0;
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and, since ¢ is therefore zero,
A = 7rcosec ON{.
It follows that @ = rcosec 0,
that is, from our definition of & (§ 107),
a=k. (108. 3)
The ruled surfaces of the isotropic congrucnce therefore
intersect at the same angle all along their common gencrator.
They have all the same % at the point where the common
generator intersects the surface w = 0, and their lines of
striction all lic on this surface. This surface is the central
surface of the congruence.



CHAPTER VIII
THE MINIMAL SURFACE

§ 109. Formulae and a characteristic property. If we
give to z, the vector which traces out any surface, a small
arbitrary displacement normal to the surface at the extremity
of z, wehave 2’ = 2+ At, where ¢ is a small arbitrary parameter.

Since 5/, =z, + \E+AL, 2, = 2,4+ At + ALy,
we have

’ — ’ — ’ — .
a'y=a;—-2208 alyy, =a,—22A0,0 @y, =y —22,0,0;
S~ N S

that is, by (50.9),

a'y = ay =200y, 'y = a,—280y, dy = ay,—260,,
(109. 1)

It the area of the surface is to be stationary, under this
variation, then @ must be stationary, where

U= Uy Uy, — A7 3,
since the area is Jahludv.

We therefore have
g 200 + o2, — 20, (2, = 03 (109.2)
that is, the sum of the principal radii of curvature must
be zero.
Tho surface of minimum area, the minimal surface as it is
called, is therefore characterized by the property
R+R'=0 (109. 3)
where R’ and R'’ are the principal radii of curvature.
It we refer to lines of curvature as parametric lines on any
surface =R\, 2= R'M,

. '
and therefore, if a”duﬁ'-j- agov?
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is the ground form of the surface, the ground form of the
spherical image will be
Ay QU | ayydV? 109.4
(R')" + (1 N)z ( * )
The surface and its spherical image will therefore be similar
at corresponding points if, and only if,
(R'): = (R")?, (109.5)
that is, if the surface is a sphere or a minimal surface.
On a minimal surface
5, =R'A, 2, =—R'2,
and therefore 2 R'A,+ R',\ + R’ A\, = 0.
It follows that

) ry o\ _a ’\2) —
m(RA:z)—‘O’ b?}(RAl)"‘O)

and therefore without loss of generality we may say

R'A\f=—-1, R'A;=-1. (109.6)

The ground form may then be taken as
R’ (du? + dv?), (109.7)
the asymptotic lines as du?—dv? = 0, (109. 8)

and the ground form of the spherical image as
(R)~ (du?+ dv?). (109.9)

We may now write R instead of R’, and since the ground
form of a sphere of unit radius is

d6%+sin? 0d ¢,
we must have R (d6%+sin®0d¢?) = du® +dov? (109.10)
If we take w = cot ge“”,

wo see that the complex variable w is the complex variable
on the plane on to which the sphere of unit radius can be
projected stereographically from the pole, if we take the pole
as the origin from which 6 is measured and take the planc as
the corresponding equator. '
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If % denotes the conjugate complex

>

0
2 e~
cot 5¢
we sec that 4 sint gdw dw = d 6% +sin® 0d ¢?,

and therefore 4 I sin* g dwdw = du?+ dv. (109.11)

If we regard w+:v as the complex variable of another
planc and denote it by , we have
6

; 1
R = s coscet 2

du |2

caw

Now the curvature of the form

4 R sint g(hml’&'}

is zero; and, from the formula for the curvature of the

ground form ds* = 2 fdudv,
we have K = fi fo=fl1es
and therefore IR sint g = f(w) F (), (109.12)

where f and F are functional forms. If the surface is to be
a real surface these forms must be conjugate formns,

. N —
Since cosec? g = 1 +ww

the formula for B may be written
R = (1 +ww)f (w) ' (w). (109.13)
We notice that in a minimal surface the asymptotic lines
are perpendicular to onc another in general though not
necessarily so at a singular point. This property is character-
istic of the minimal surface.

§ 110. Reference to null lines. Stereographic projection.
We now choose as the parametric lines on the minimal
surfaco its null lines (§ 45) and, instead~of writing w and w,
we take w and v to represent tiese complex quantities.

2848 U
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"*The spherical image will therefore also be referred to its
unull, lines and their parameters will be the same 2w and % or
« and v.
The normal to the surface is therefore given by
+u) A = (w+v) ' —o (w—v) " +(uv—1)/"",+ (110.1)
where ¢/, ./, /"’ are three fixed unit vectors mutually at right
angles and ¢ denotes v/ — 1.
It is now convenient to introduce two vectors defined hy
2p=(1—u?)/+oe(1+u?) " +2u”,
20 = (1—vY) — (1400 + 20" (110.2)

These vectors are conjugate veetors and of course not real.
They are, in fact, generators of the point sphere whose eentre
is the origin.

Such point spheres must play in solid geometry the same
part that the circular lines through a point play in plane
geometry. We iay ecasily verify the following relations
between p, o, and X

2;; =1(1+uv)? A, 2p0 = —(1+uw)?
2p = (14+uv)?A,, 20 = (14+uw)?r,,

;)X = --1p, ;7\ = (0,
EXI = (A, o’-;\2 = —A,
(1 +uv)2A N, = — 20, pP=0, o*=0. (110.3)

We have seen (§ 109) that the complex variable w on the
sphere 0
u=cot§e“” (110.4)
is tho coinplex variable on the equator when we take the
ground form of the sphere to be

d 0% +sin? 0d ¢?,
and project the sphere, from the pole from which we measure
0, stereographically on to the equator,

The conjugate complex v is the image of w in the real axis

of the plane.
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The complex u fixes a real point on the sphere, since when
w is given its two parts arc given and so its conjugate v is
given. If w, is the complex which fixes a point F on the
sphere and wu, is the complex which fixes the diametrically
opposite pomt on the sphere, we have
14+u,v, =0, (110.5)
and consequently we also have
1+w,v, = 0.
We should notice that we cannot have
wr+1 =20,
The complexes which correspond to the two opposite ends
of a diameter may be called inverse complexes.

§ 111. The vector of a null curve. A null curve is defined
as a curve whose tangent at every point interseets the circle
at infinity. Another way of stating the same definition is to
say that the tangent at every point is a gencrator of the point
sphere at the point. If 2 is the vector which traces out
a null eurve we therefore havo

d=t = 0. (111.1)
Now the components of a vector which satisfies the equation
a® = 0 may be taken as proportional to
1—u?, (1+u?), 2u,
and therefore we must have
dz = f'"" (u) pdu, (111.2)
where f’' (u) is some scalar function of the parameter w.

It follows that the vector z which traces out a null curve
may be defined by

z = pf" (W) —pf’ (w) + pruf (w)
since the third derivative of p vanishes.
We now denote the vector of the null curve by «, where

o= pf'" (w)—pyf" (W) + py, f (W) (111.3)

§ 112. Self-conjugate null curves. They may be (1) uni-
cursal, (2) algebraic. The conjugate null curve to « is clearly

& = of" (v)=0,f (v):*‘o'zzf(”): - (112.1)
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where f is the conjugate function to £, and o the vector we
have defined in terms of its parameter v.

A null curve is said to be sclf-conjugate, when for each
value of w a value v’ can be found, where v is the conjugate
complex to a complex «’, such that

&, = Gy (112.2)

We generally write p without specifying its parameter w,

but sometimes we may need to bring the parameter into

evidence and then we write it p,,.
Differentiating the equation

o, = A,
we have 1 () = oy f (v')([—v',
Pu. v du
so that Vp,00 =0,
and therefore 1+uv =0. (112.3)

If we now write p for p,, and ¢ for o/, we have
ptout=0, p,+o,+20u =0, u’p,+0,+2u0,+2u%¢ =0,
and we can write
x, = —au’f" (u)+ (o,+20u)f" (w)

—~(oy+2u0c,+ 21020)/%2, {112.4)
by =0cf" (V)=a,f W)+o ,f). (112.5)

If we now equate the coefficients of the veetor o,, on the

two sides of the equation o =g,

we sce that S = ——u“f(— 5}0) (112.6)

and we see further that this single condition is sufficient to
satisfy the cquation o, =& 1. (112.7)

In order then that a null curve may be self-conjugate it is
necessary and sufficient that the function f which defines
it should have the property

f'(.’u)'E—uz.f'(— i) (112.8)
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If we take

»=r

f(u) =a, (1 —/u,") + o, u+ z Uypy (u2P+1 4 yu1-2p)

p=1
=3
+ 2 a,, (Ul —u2 ) 4 0b (1 +u?)
p=2
p=1 p=g
+1 E Dypiy (WY1 —ul=20) 4 2 b,, (WP +u2"2p),
p=1 p=2

(112.9)
where the coeflicients are any real constants and the summa-
tions may pass to any limits, we see that the function will
satisfy the condition necessary to determine a self-conjugate
null curve ; and we sce that this is the most general function
which will do so.

If we only take a finite number of constants the self-
conjugate null curve which results will be unicursal.

More generally, if we take ffu) to be an algebraic function
of w, then f’(w) and f'’ (w) will also be algebraic functions
of w. We can then express the Cartesian coordinates of any
point on the self-conjugate null curve rationally in terms of
f), /' (w), £ (), and w. We shall then have six algebraic
equations, connecting the three Cartesian coordinates and the
four quantities f (w), f" (u), "' (u), and w. We can eliminate
these four quantities and there will result two algebraic
equations connecting the Cartesian coordinates.

We have now seen how to construct null curves and self-
conjugate null curves; and also how we can construet
sell-conjugate null curves which will be unicursal; and yet
more generally how to construct self conjugate null curves
which will be algebraic.

§ 118. Generation of minimal surfaces from null curves.
Double minimal surfaces. When the minimal surface is
referred to the null lines on it as parametric lines we have

a; =0, ay=0,
and therefore, since a2y, + @y, 42, = 26,82, (113.1)
]
we must have £2,, equal to zer'.
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That is, we have

Y

&

4

=0, 2

Jorey

=0, A, =2, =0:

-

and therefore, since Az, =0, Az, =0,
N S

we have Az, = 0.

that 22, =0, %% =0,

and therefore Z1g = P

where p is a scalar. DBut Aty =0,

and therefore Z1g= 0. (113.2)

The minimal surface is therefore a particular case of a
translation surface.
A translation surface is defined by

:;:CX-}-B, (113.3)

where o is a vector describing a curve whose parameter is w
and B a veetor deseribing a curve whose parameter is v. We
see why it is called a translation surface as we can generate
it by translating the u curve along the v curve or translating
the v curve along the w curve.

We might also define a translation surface by

2z = a+ B, (113.4)

when we see that it is the locus of the middle points of
chords one extremity of which lies on onc curve and one
on the other.

In the case of the minimal surface we also have

‘ (dx)?* =0 and (dB)* =0,
since 23 =0 and 2z} = 0.
The minimal surface is therefore given by
22 =« -l-ﬂ

where a and B arc veetors tracing out null curves.
If we confine ourselves to réal minimal surfaces the null
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curves must be conjugate and the parameters of the two
points must be conjugate complexes. It is obvious that such
conjugate null curves will, it the corresponding parameters
are conjugate complexes, give a real surface, and the converse
may be proved.

If the null curve is a self-conjugate curve, however, we
must take as the corresponding complex, not the conjugate
complex, but the inverse complex.

Thus the general real minimal surface is given by

2z = a,+q,; (113.5)

and the real minimal surface generated from a self-conjugate
null curve is given by 2, = a, +cx(~1“'), (113.6)

where the suflix is the parameter of the null curve which is
to be taken.
We notice that in the minimal surface

22 = au+0((_l),

as we pass from the point whose parameters are u, v by
. . 1 1
a continuous path to a point whose parameters are — > T
we return to the point from which we started; the z of the
point will be the same but the A will be changed into —A.
That is, we are on the other side of the surface. For this

reason the surface is called a double minimal surface.

§ 114. Henneberg’s surface. We have now seen how
minimal surfaces are generated from null curves, and how real
minimal surfaces are to be obtained, and how real double
minimal surfaces may be gonerated.

From what we said about the construction of null curves
we see how to ohtain minimal surfaces which will be rational
functions of their parameters and how to obtain more generally
algebraic minimal surfaces; and from what we said about the
construction of self-conjugate null guives we can construct
these surfaces to be double minimal surfaces.
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Thus

1 —u?’ 1— 1+ )
2= (1) + () (L) = (50
+3('!°”+u“2+v‘~’+v-2)1”' (114.1)

will be an example of a real double minimal surface as may
casily be veritied. It is known as Henneberg’s surface.

It may casily be shown that a minimal surface will then
only be algebraic when the null curves which generate it
are algcbraie.

§ 115. Lines of curvature and asymptotic lines on minimal
surfaces. We have for a minimal surface
22 =+ ﬂ
and, 1f the surface is to be real,

22 = o, +a,.
It follows that

2, = pf " (W), 25, = " (1)
and therefore 4:7:, = /" (W) f" (v) pO'
But 4;;:;:(1+uv)')\:\)\,,

and, if B, —R arc the principal radii of curvature of the
surface, - 25 )

5102 = *"_Rz )\l)\‘.ﬁ'
We therefore have

16 1% = f" (w) f* (v) (1 +wv)t. (115.1)

1t we wiite 7wy = (XYY, 77 )= (2¥

2y Ay
then 418 = ;f: a—;’;(l + uv)?,
w2 ddrn\2
and 2zl:p(3\!—:) , '222:0(0‘1{, .
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We then have

dz2 =% po (bb_\t[:)‘ (Z‘f)z dudy
=-1(1 +uv)"’(;—fg)2 (%‘Z—;)Zdudv

= —Rdyd,
so that if V=€t Y=E—u
we como back to the ground form
ds? = R (2 +dn?)

for the surface.

The lines of curvature are

¢ = constant, # = constant,

and the asymptotic lines are

£+ 71 = constant, £—7 = constant.
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We may therefore say, if I2¢ (u) denotes the real part of

¢ (u), that one family of the linos of curvature is

RJ Vf"" (w) du = constant, (115.2)

and the other ,Rtf V""" (u)dw = constant; (115.3)
whilst the asymptotic lines are given by

Rf Vif""" (w) du = constant, (115.4)

Rf«/—zj"’ (1) dw = constant. (115.5)

§ 118. Associate and adjoint minimal surfaces. The surface

obtained by substituting for f the function ¢*f where o is
a real constant is said to be an ussociate minimal surface

to f; and when we take for o the number T it is said to be

2
tho adjoint minimal surface.

An associate minimal surface is applicable on tho surfaco
to which it is associatc and the npormals arc parallel at

corresponding points.
2843 X
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If ¢ is the vector which traces out the adjoint surface to z
2dz = 1 (1) pdu+f"" (v) adv,
2d¢ = (" (u) pdu —J"" (v) odv), (116.1)
so that these two surfaces will also correspond orthogonally.

We see that z— ¢ traces out not a surface but a null curve,
and =+ ¢ traces out the conjugate null curve.

Since ;7\\ =—1p, oA = o,
we also see that d¢= . (116.2)

If then we are given a curve on the surface we shall know
the ¢ which will correspond to = along this curve, if we
know the normal to the surface along the curve. We shall
therefore know 2 +:1¢ and c— (¢ along the given curve, and
thus have the null curves which gonerate the minimal surface.

The formula Ao, =5— tJ‘ﬁ: . (116.3)

is due to Schwartz.



CHAPTER IX

THE PROBLEM OF PLATEAU AND CONFORMAL
REPRESENTATION

§ 117. The minimal surface with a given closed boundary.
Any account of minimal surfaces would be incomplete without
some reference to the problem proposed by Lagrange: ‘To
determine the minimal surface with a given closed boundary,
and with no singularity on the surface within the boundary.’
This problem is known as the Problem of Plateau, who solved
it experimentally. The problem has not yet been solved
mathematically in its general form; but has been solved in
some particular cases, where the bounding curve consists of
straight lines and plane arcs of curves.

Consider a part of the bounding curve, which is a straight
line, on a minimal surface. This line must be an asymptotic
line on the surface. Now we saw (§ 109) that, when the
surface is veferred to the lines of curvature, as parametric
lines, the equation of the asymptotic lines is

du*—dv* = 0; (117.1)
and the ground form of the surface is

R (du? +dv?), (117.2)
and the ground form of the spherical image is

R (du? + dv?). (117.3)

Wo conclude that when the surface is conformally repre-
sented on the plane, on which % and v are the rectangular
coordinates, the asymptotic lines are conformally represented
by lines parallel to the bisectors of the angle between the
axes, and the lines of curvature, and also their spherical
images, are conformally represented *by lines parallel to
the axes. ¢ '
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If a part of the bounding curve is a plane curve, whose
plane cuts the minimal surface orthogonally, and is therefore
a geodesic, it must be a line of curvature. It will therefore
be conformally represented on the plane by a line parallel to
one of the axes.

If then the whole of the bounding curve is composed of
straight lines and such curves, the bounding curve will be
conformally represented on the plane by a figure, bounded
by straight lines, parallel either to the axes or to the
bisectors; and the part of the minimal surface, within the
boundary, will be represented by the arca of the planc within
the polygon.

Next let us consider the spherical image of the surface
within and on the boundary. At each point of the boundary,
the normal to the surface will be perpendicular to a direction,
which will not change as we pass along a continuous part of
the boundary, but will change at cach angle of the boundary.

The boundary will thercfore consist of “ares of great
circles.

If therefore we can find a function of w, the complex
variable which defines the position of any point on the sphere,
which will transfoim the spherical boundary into the plane
boundary, and points within the spherical boundary to points
within the plane boundary, we shall have w+ (v known in
terms of w, and can proceed to find the required surface as
follows.

We have (109.10) for an element of the sphere

do? = d6* +sin? 6 d ¢, (117. 4)
so that w = cot g ¢ (117.56)

is the complex variable which defines the position of points

on the sphere.
The normal, to the sphere, which is given by w, is by (110.1)

(1+vw) A = (w+w):' —(w—w) " +(ww—1) /", (117.6)
where ¢/, ”/, /"’ arefixed unit veetors, mutually at right
angles, 1 is v/ —1, and w the cofjugate complex to w.
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Now we know that in terms of w and v
do? = R (du® + dv?)
and thercfore R~ (du®+dv?) = d6%+sin? §d¢* (117.7)
As we have seen in § 109, R is therefore known, being
given by dz |2

dw

We can therefore construct the surface since B and A are
known in terms of w and %,

We can retrace our steps and see that the surface we have
obtained satisfies the conditions required.

We are thus led to the problem of conformal representation,
and this we proceed to discuss, so far as it bears on the
question before us.

R =% (1 +ww)? (117.8)

§ 118. The notation of a linear differential equation of
the second order with three singularities. Let a, ¢, b be
three real quantities in ascending order of magnitude, and let
z be a complex variable.

When z lies on the real axis between —ow and «, or
between b and + o, wo sce that

b—c wv—a
b—wuw—c

lies between zero and positive unity., When 2 lies between «
and ¢ c—b ax—a

c—u w—0b

lies between zero and positive unity. We also see that the
reciprocals of these two cxpressions lie between zero and
positive unity, when z lies between ¢ and b.

When 2 is complex we see that the modulus of one of the
first two expressions is less than unity, or the modulus of
each of the reciprocals is less than unity.

Let oy, oy, By, B, ¥1» ¥, be six quantities real or complex,

but such that o 4o, + 8,4+ B, +y,+7. = 1; (118.1)
and such that the real parts of

Oy — 0y, 32:‘31, Y=
are each positive.
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Let P=

l—og—ap  1=8,— Bz+ Y1~ (118.2)
T—a x—0b z—c ’
(x—a)(@=10) (x—c)Q

— %0 (a—"b)(a—c) 6162 (b—a)(b—c) L N (c—a)(c—b)
- T—Q x—b Z—c¢ ’
(118.3)

and let (o1, Byy 1y %y By, ¥2) @, D, 0, )
denote the hypergcometric series

(p+1) q(q+1)
1.2 7.(,.+1)52+... (118.4)

where p = o +B8,+y,, ¢=0,+B,+7, 7=1+0—0y,
c—bzx—a
§= ‘

c—a w—20
We notice that I and @ are unaltered by the following
substitutions : .
(0q0g), (B1By)y  (vive)s (Byys) (Byve) (be),
(7100 (7205) (c0), (04 B) (x:3,) (ud). (118.5)

Fpqrp=1+10g1 L

§ 118. Conformal representation on a triangular area.
Consider now the diffcrential equation

d* da
chZ/ J"rQJ--O (119.1)

It is known, and may easily be proved, that

y= (w )"‘1 (w c\”n (a—b)"‘x+n

x— I) —c)m

(G Bl’ Y12 %, Bgy ¥ @, b, ¢, ) (119.2)

is a power series, beginning with (z—a)* for its first term
and expansible in powers of #—a in the neighbourhood of
@ = a, which will satisfy the differential equation. This
series when « lies on the real axis is valid when 2 lies
between @ and c. It is therefore valid at any point in the
plane, the circle through, whnch having ¢ and b as limiting
points, intersects the real axis between a and c.
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Another power scries also beginning with (z—a)® can be
obtained from the first by applying the substitution

(By71) (Byyy) (be)

to it. 'The two series will therefore be identical at any point
where they are both valid. The sccond is valid for real
values of # between —o and « and between b aud + .
The region for which it is valid, when 2 is complex, can be
obtained by a similar rule to that which was used as regards
tho first series.

When one series is valid, but not the other, the valid serics
is a continuation of the other. We denote these series by Ya,.

By applying the substitution (a,0,) we obtain two other
series beginning with (x—«)®, valid over the same part of
the plane. We denote these series by Ya,.

By applying the substitution (y,o) (y,o,) (ca) we get two
serics, Yy, beginning with (x—c¢)", and Yy, beginning with
(x—c)?2, valid over the part of the plane which corresponds
to real values of & between ¢ and b.

By applying the substitution (8,7,) (B,y,) (bc) to these last
two serics we get two other serics, Y3, beginning with
(@—b)%, and Y B, beginning with (x—0)", valid over the
same part of the plane. All these series, when valid, satisfy
the equation.

Let ?U:XE‘..

Yo,

Then we see that, as x describes the real axis from b to + o,
and then from —oo to a, w varies continuously and its argu-
ment is m (x, — ), if we agreo that the argument of a positive

A S~ S

~00 >

quantity is to be taken as zero, and the argument of a
negative quantity as m, as « describes the real axis in this
definite way. .

Let Q be the point in the'w plane which corresponds to
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@ =0b, and let I> be the origin in the w planc corresponding
to & = «, As wx describes the path defined, w deseribes the

straight line Q2.

When @ deseribes the semicirele about « the argument of w
diminishes by 7 (x,—a,), and as @ describes the real part of
the axis the argument of 10 remains zero, till we come to R,
which corresponds to « = ¢.

Wo must now consider what happens as @ describes the
semicircle round ¢, and then, passing along the real axis,
comes to b and passes round the semicircle there.

Over any part of the plano which corresponds to real values
of 2 between ¢ and b we can express w in either of the forms

or

where A, B, C, D and A’, B', C', D' are certain constants.
Wo see this from the known properties of a linear differential
equation of the second order.

Now the argument of %2 is the same as that of
1

xrx—cC Y2— "N
-— -({c—a
(g—ale=m)"

and therefore zero, as @ passes tflong the real axis from ¢ to b.
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It follows that w deseribes a circle which passes through
Q and R.
The increment of the argument of w — g as we pass along

the semicirele ¢ is the same as the increment of the argument

of %—2; that is, it diminishes by = (y,—y,;). The circular
1
arc through R therefore makes an angle o (y,—v,) with RP.
In the same way we see that the angle at Q is = (8,—8,).
Since, when @ moves from its real axis to the positive side
of its plane, w must move to the inner part of the triangle
PQR, we sec that the positive part of the plane of = is con-

formally represented by the inner part of the triangle.

§ 120. The w-plane or part of it covered with curvilinear
triangles. Consider now the transformation
o = Prta
re+s
where p, ¢, 7, 8 are any constants, rcal or complex.
If 2 deseribes a circle (or as a particular case a straight
line) in its plane, so will ’. If x; and , are any two points

P

R Q

inverse to the circle x, then 2’; and 2’, will be inverse to
the circle a’. :

We thus see that if P, @, R are the three points which, in
the above transformation, with Yo, - Y, substituted for z,
correspond to the singularities at a@, 0, ¢, the curvilinear
triangle PQR, formed by three circular arcs intersecting at
angles Aw, pm, v, where :

A=o,—0y, p=B;—B, v= Y2~ 71

2843 Y
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will enclose the part of the w plane, which conformally repre-
sents the upper part of the = plane.

Let w be the complex variable which defines any point S
within the triangle PQR, and let 2, be the complex variable
which defines the point S, which is inverse to S with respect
to the arc RQ.

Let wt =20t (120.1)
: W+8

be the substitution which transforms the arc RQ to a part of
the real axis of w in its plane.

Then POTT gng 1Y

(120.2)
T0+8 o,y +8

are inverse to one another with respect to the real axis of 1v.

Let f(r) be the function of # which we found would in
this case transform the upper part of the « plane to within
the curvilinear triangle in the 7 plane. We now assume the
quantities oy, oy, 8;, By, 71, ¥, to be all real. Along the real
axis of the plane « the coeflicients in f(«) will be real, and
therefore f(z) will be the function which will transform the
lower part of the plane & to points without the curvilinear
triangle, where & denotes the conjugate variable to «.

We therefore have

pw+q ])”IL +(1
rw+s_f(a“ and =/ @:

It follows that
sf (@) — f (@)—q .

and 120.3
ol M=y (1209
and conséquently we have

W= i}i_(_‘?)__ . (120. 4)

—rf(@)

W =

Eliminating f(Z) we have

¢ (ps—qr)w+qs qs

G pr=rb) B+ pi—qr
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If then w=F(x),
and w, = ¢ (&),
then ¢ () = PE=dD F(@) +q8—q5 (120.5)

(7 —rp) F @)+ pi—gr

If I, is the inverse of P in the arc QR, we thus see how
the lower part of the « plane is conformally represented on
the triangle BQR in the w plane,

Similarly if @, is the inverse of @ in RP, and R, the
inverse of R in P(), we can conformally represent the lower
part of the « plane on the triangle @, RP, and on the tma.ngle
R, PQ.

Just in the same way from the triangle QR we can by
inversion obtain three other triangles, one of which will be
the triangle PQR. These triangles will give conformal repre-
sentations of the upper part of the plane « on the plane of .

Proceeding thus we cover the whole, or a part, of the
w plane with curvilinear triangles.

§ 121. Consideration of the case when triangles do not
overlap. In general these triangles will overlap, so that
a point in the w plane may be counted many times over: in

2

N\

fact, unless A, p, v are commensurable, a point in the w plane
which lies within any triangle will lie within an infinite
number of triangles. If, however, A, p, v are each the reciprocal
of a whole number there will be no oVellapplng at all. We
now confine ourselves to this dase.
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One and only one circle can be drawn to cut orthogonally
the ares of the fundamental curvilinear triangle in the w
plane. By inversion we may take P and PR to be straight
lines.

We see that the two straight lines and the circle divide the
w plane into eight parts. We see, however, by considering
the original figure with which we began this discussion, that
the triangle with which we are concerned is the shaded one.
For at the point L the variable w will move in the direction
of the arrow, for a corresponding movement of z to the upper
part of the x plane; and, as w will not move off to infinity,
the triangle could not be the outward part of

R

The triangle PQR is therefore of one of the two forms

R R

N

\
P Q P(Z)\'Q

In case (1) P must lie within the circle of which RQ is
the arc.
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For, otherwise, the sum of the angles at @ and It being—for
1 1
we are now assuming A = -l- p=-, v=_—
p’ q r

w(:} + 71—,),

the sum of the angles at Q' and R’ would be

1r(2————)

and therefore 2 — 1.1 <1,
q r

But this is not possible if ¢ and ~ are integers. No real
circle can therefore be drawn with P as centre to cut the arc
QR orthogonally in case (1).

The two cases are therefore thus distinguished : in case (1)

Abp+r>1, (121.1)
and the orthogonal cirgle is imaginary: in case (2)
Aptr <1, (121.2)

and the circle which is orthogonal to the three ares is real.

§ 122. Case of a real orthogonal circle as natural boundary.
Taking case (2), the circle, whose centre is at > and which
cuts the arc QR orthogonally, must intersect the circle QR at
the points of contact of tangents to the circle from P. Clearly
these points are without the arc QR, since the arc QR is

convex with respect to . The points £, @, R therefore lie
within the orthogonal circle. When we invert with respect
to a point outside the orthogonal circle we have three circular
ares within the new orthogonal circlé, By considering the
point 7, which is the inverse bf P with respect to QR, we see
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that B, also lies within the orthogonal circle. Proceeding
thus we see that all the curvilinear triangles are within the
real orthogonal cirele which corresponds to the case
Adu+v <1

In this case, therefore, only the part of the w plane which
lies within the orthogonal cirele is covered with the curvilinear
triangles, which conformally represent the x plane on the
w plane. This circle is therefore the natural boundary of
the function which, with its various continuations across the
real axis of x, conformally transforms the « plane to the

2 plane.
Since there are an infinite number of solutions of the in-
equalit 1 1 1
Ay S+ S<1,
plg

where p, ¢, and » are integers, we get an infinite number of
triangles which grow smaller and smaller as we continue to
invert and invert: and as we approach the -boundary—the
orthogonal circle—the triangles tend to bhecome mere point
triangles.

§ 128. Fundamental spherical triangles when there is no
natural boundary. We now consider the first case when

1 1 1

S+ o4 >1

r g9
and the orthogonal circle is imaginary.

If we stereographically project the w planc on to a sphere
which touches the w plane at the real centre of the orthogonal
circle, the fundamental curvilinear triangle becomes a spherical
triangle which we shall now denote by ABC.

The only possible solutions of the inequality are

(1) p=2,q¢q=2,r=m; (2) p=2,¢g=3, r=3;

B) p=2,q9=38,r=4; (4) p=2,q=3,r=5;
or equivalent results obtained by permutation of the integers.
We lose nothing by taking 4, B, C to be the correspondents
to the singular points «, ¢, b in the « plane,

We may thus have*fof the fundamental spherical triangle
any of the four figures which follow.
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The operation of inversion is now replaced by the simple
operation of taking the reflexion of each vertex with respect
to the opposite side. We see at once that the whole surface
of the = sphero is covered by the triangles and their images.

A A

In the first casc we have 2m triangles in the upper part of
the hemisphere and 2m triangles in the Jower part.

In case two we have a triangle whose area is 5% that of the
sphere, and by taking the six triangles with a common vertex
at 4 we have an equilateral triangle whose area is % that of
the sphere: that is, we have the face of a regular tetrahedron.

In case three, which is just that of the triangle formed by
bisecting the angle C in case two, we have a triangle whose area
is 75 that of the sphere. By taking the eight triangles with
a common vertex at 4 we have the equilateral quadrilateral

whose area is § that of the sphere, that is, the face of a regular

cube. Its angles are each ?37!; and it is also the figure
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formed by planes, through the centre of the sphere circum-
scribing a regular tetrahedron, perpendicular to two pairs of
opposite edges.

In case four we have a triangle whose area is y35 that of
the sphere. By taking the six triangles, with a common
vertex at B, we obtain an equilateral triangle, whose area is
7% that of the sphere : that is, a face of the regular icosahedron.

§ 124. Summary of conclusions. When A, p, and v aro
then the reciprocals of integers, we have found functions w
of the complex variable, which will conformally transform
the upper and lower halves of the & plane into the area
within the curvilinear triangles in the w plane. To cach
point in the @ plane there will correspond, in the w plane, one
point in each triangle or in the triangle adjacent which is
its inverse. The real axis will be transformed into the
circular boundaries of these triangles.

Two differeat points in the « plane cannot have the same w
to correspond to them. For by taking A, y, and v to be the
reciprocals of integers we have provided against any over-
lapping in the w plane.

It follows that x is a uniform function of w.

In the case where A+u+v > 1 there are only a finite
number of values of w which will make  zero or infinite;
and therefore z will be a rational function of . We could
express each value of w which makes « zero in terms of any
one, and thus obtain the numerator of the rational function.
Similarly we could find the denominator. As we only wish
to give a general explanation we do not enter into any details.

We have now shown how to represent the w plane, or its
equivalent sphere, on the @ plane.

§ 125. Representation of the z-plane on a given polygon.
To complete the problem of conformal representation in so
far as it bears on the problem of Plateau, we have now only
to show how the « plane can be conformally represented on
a given polygon. The' procedure is much the same as in the
problem we have just discussed, but much simpler.
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Let a, ¢, b be defined as earlier and let o, B8, y be three
real constants which are positive, and such that

a+B+y =1 (125.1)
Let X‘:‘J.w (z—a)* ! (=D (x—c)" Tda, (125.2)

and let 4 be the position which X attains as  moving along
its real axis approaches a.

As x moves along the real axis in its plane from —w to a,
the argument of X is zero, so that it too moves along the
real axis of its plane. As x moves along the small semi-
circle with centre at a, the argument of X diminishes by aar.
As « then moves along the real axis to ¢, X moves along
a straight line AC to C, the point which corresponds to c.
When « describes the semicirele at ¢, the argument of X
again diminishes by yw. Then as @ moves along the rcal
axis from ¢ to b, X describes a straight line CB to B the
point which corresponds to b. X is now again on its real
axis; and as = describes the semicircle at b the argument of
X diminishes by Bw. Finally as z moves along the real
axis to +o and then from —o to a, X describes the straight
line BA.

We thus have the figure

o

B B ar

A

A

in the plane of X, and the upper half of the « plane is con-
formally represented by the area within this triangle.

By a transformation of the form X’ = pX +¢ where p and
q are constants the triangle may be transformed into any
similar and similarly placed triangle in the plane of X ;
and thus the upper half of the  plane may be conformally
represented by the area within the trlangle ABC which lies
in the plane of X anywhere. ® ’

2843 Z
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We thus see, as before, that the pla,né’of x can be repre-
sented by a series of friangles in the plane of X, which will
cover it completely. But if there is to be no overlapping we
must have «, B, and y to be the reciprocals of integers.

These integers must satisfy the equation

1 1 1
§+6+;—1,~ (125.3)
and we see that the only solutions of this equation are
p =6, q=3, r=2;
P =4, g =4, r=2;
p=3, q=3, r=3. (125.4)

Wo thus have three cascs

B
m B B
[ £id
: :
y
/ 1 s 2 us
A2 2c AS-E 2c A2 o

and we see into what kind of triangles the given polygon
must be decomposable in order that & may be a uniform
function of X.

We see that X is a doubly periodic function of x; and
from the above triangles, and their images in the sides, with
respect to the opposite vertex, we can construct tho period
parallelograms.

§ 126. We have found corresponding to each value of w,
the complex variable of the sphere, a definite value of .
This value of 2 will under certain circumstances which we
have considered be a rational function of w. To this value
of @ we must choose,’as its correspondent X, that value, or
those values, which lie withii the given polygon. Since
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the values of w which lic on the boundary of the spherical
polygon are to correspond to values of X lying on the
boundary of the plane polygon, and sinco these values of w
correspond to points on the real -axis of =, we see that the
polygon must have its boundary made up of sides of the
elementary triangles in the X plane.

The principal results in theé theory I have tried to explain
in outline are due to Riemann, to Welerstrass, and to Schwartz;
and my presentation is based on the treatises of Darboux and
Bianchi. The connexion of this branch of Geometry with
the Theory of Functions is interesting.



CHAPTER X
ORTHOGONAL SURFACES

§ 127. A certain partial differential equation of the third
order. We now want to consider the theory of a triply
infinite system of mutually orthogonal surfaces; and we
begin by considering the partial differential equation of the
third order

26 26 20

2 45, +scch?e <o =g tanha, 127.1

'S +qby+sech Ly q tanh 2 ( )
where 20 = tan™! 25+ 2 tanhe (127.2)

r—t+2ptanhx

and 2 is the dependent variable and ., y, and w the inde-
pendent variables. [Here p, ¢, 7, 8, t denote respectively
2z 9z Nz Pz %
o’ 3yt dady’ by‘*’.]
We shall see that it is on this equation that we depend
when we wish to obtain the general system of orthogonal

surfaces.
Let = be any function which satisfies this equation and lct

=09 9 —
U=5U—v—cot03y, V= +tzm0
d d o
2 2 -
W = pcosh @5 + q cosh %DJ+ S’

then it is not difficult to verify that
UW—-WU = U (pcosh?z). U,
VW—WV = V(pcosh®z). V. (127.3)

It follows that a functlon w exists which is annihilated by

the operators V and’ W, and also a function v annihilated
by U and W.
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Weo may thercfore regard @ and y as functions of w, v, and
v, and we have

du du du du du

Y by‘/‘—o 5_:5w3+5§y3+m=0’
ng_l_av? -0 bvw_'_bv +§11~_0.
du 1 bﬂ‘/l—— Yt bg/y3 daw ~

where the suffixes 1, 2, 3 respectively denote differentiation
with respect to u, v, 2.
But from the definition of « and » we have

du 1L du du duw

— = 24— 2 o &
oy +tan03y 0, pcosh i +q cosh Sy +5.=0
o v 2 oV 2 dv v
M,*cotob?]_.o, p cosh x5 +q cosh zyt s, =0

and thercfore it follows that
+y,tan@ =0, 2,—y,cotf =0,
—pecosh?’z =0, y,—qcosh?x = 0. (127.4)
We now see that
J d d
55 =" U, 55= "% vV, Sw
so that the equation with which we began becomes
0, = qsinha cosh«, (127.5)
that is, 0, = y, tanha.

=1W;

We thus have the threc equations
2z, +y,tan 0 =0, w,—y,cot 0 =0, 0,=y,tanha. (127.6)
Now let

COS-?/—-—'-—Q sinM
§=e : F 2 ¢ =tan )9
T el 1T er? ‘ ’
€08 = €08 "
50 that tan 6 = n—§¢ ,
§+n¢

then we can verify that

=16+ =0, n,— ffz“‘éfz'—d G—Enytnéy=0.
(127.7)
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§ 128. A solution led to when functions satisfying a set
of three equations are known. By retracing our steps we
may verify that if we have any three functions which satisfy
these cquations we shall be led back to the solution of the
equation of the third order. For we have clearly

2, +y,tand =0, x,—y,cotd =0, 6,=y,tanha;

P P
and therefore 5, =4 U, 55 =% V.
d . 9 .
Now — =sin?0U +cos?0V, —=sinfcosd(V-U);
o oy
and therefore we can verify that
Dm0 Yy
3y cosh?x ~ dz cosh®’
so0 that z, = peosh?x, y; = qcosh?.r. (128.1)
From @+ Y3 tan 6+, sec? 60, = 0

we verify that

U (p cosh?.r) +tan U (q cosh®x)
= (cot @ + tan ) ¢ sinh « cosh «,
28+ 2¢qtanh «

and therefore tan26 = Ttt2ptanha . (128.2)
. J
) h =W,
Finally we sce that i W,
and thus the equation 6, = y,tanha
or 0, = g sinh z cosh 2
becomes W6 = g sinh z cosh . (128.3)

The equations

S—n6+lm =0, m—(6+EL=0, G—én+né=0
are thus connected in the way we have described with the
partial differential equation of the third order.

§ 129. The vector qag~', where a is a vector and ¢
a quaternion. We now pass on to the geometry which we
associate with these three equations,

If we are given any vector an&i any sealar quantity we can
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take the vector to be 7sin 8. e and the scalar quantity to be
7 cos 8, where ¢ is a unit vector.

Let = r(cos 0 + €sin ), (129.1)

then ¢ is called a quaternion, e is called the axis of the
quaternion, 4 is called its argument, and 7 is called its modulus.

A quaternion is thus just the ordinary complex variable of
the plane perpendicular to the axis of the quaternion.

We have ¢! = r71(cos  —esin 6). (129.2)
Any other vector may be written

xe + e, (129.3)

where 2 and y are scalars and €’ is someo unit vector at right

angles to e
We see that q@e +ye)q!

is equal to x (' cos 20 + €' sin 2 0) + ye, (129.4)
where €'’ is the unit vector perpendicular to € and ¢’. That
is, if a is any vector, qag! (129.5)

is just the vector a rotated about the axis of the quaternion
through an angle double the argument of the quaternion.

§ 130. Passage from set to set of three orthogonal vectors.
Let us now consider the quaternion

q=1+¢i+nj+ ¢k, (130.1)
where ¢, j, & are fixed unit vectors at right angles to one
another and ¢, 7, ¢ are any three scalar functions of the
parameters u, v, and w.

Dq ' =1—¢i—nj—(k,
where D=1+&+92+ . (130.2)
Let A=qig7?, p=qjql, v=qkq, (180.3)
then A, g, v will also be three unit vectors mutually at right
angles to one another, no longer fixed vectors but depending
on the parameters u, v, w.

Any system of mutually orthogonal unit veetors can be so
defined. !
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We easily see that
Dq,—?% = (G —nli+m) i+ (=6 +EE) T+ (G —Em+né) k.

(130. 4)
Now | 97097 = Gah
and therefore qq"l\qlq’l = ‘IE-I-

It follows that
Daygt = (E =g+ ) N+ (1, — 1+ £6) o+ (¢ — €y + né) v

(130. 5)
From gt = Aq
we have G IA=A T =4,
and therefore (1?[’)\—%:1:71‘1 = A

It follows that, since
prv—vpu =2\, vA—Av=2p, Ap—p\ =2y,
DX, =—=2(n,—¢&+EG) v+2 (G —Em+aé)p. (130.6)
Let 3Dp'= 1= 16+ %D’I’E’h—fgﬂ'f{n
D= ¢ —én+nb, EDP =& —nlot (.
3D = 9,6+ 8¢, ADr = (—En,+ 0,
3 Dp"" = fy—nls+{ny 3 DQ = my— s+ €
3 D" = G—Eng+ gy
then we have proved (130.6) that A, = ' —vq’; and similarly
we prove the other equations of the system
A= pr’—vg, p = vp A7, vi =N —pup’,
}‘2 — /l,r"-—ll(]", Py = Vp"—)\’l'”, v, = A(lu_,‘p//’
A:} = /‘rlll_yq’ll’ #3 - Vplll_xrlll, Va —_ Aq”""'l[p”,.
: (130.7)

It may be noticed that the ¢’, ", ¢’’’ as here defined have
no direct relationship to the quaternion ¢ where

g=1+¢i+nj+¢k.

N —

If o' =p'A+q9'p+7"v, " =ZP"N+¢" p+7"v,

1y 8

® pn/)\ -i!q”,/l + ,',NIV’
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— —
o'p, v,=0'v,

we see that A, = aT’)\, ,u

A, —w/nh, Yo = a?'p, V2=wﬂ\V,
A, =o'\, ;ta—w"’p, v,=0""v, (130.8)

and we can easily verify from the formulae given that
o =207 o’ =200, o =2¢¢" (130.9)
where ¢ is the quaternion.
‘We also have—as we proved carlier [sce § 90]—the equations

a)"'2_wll; — wl’w'/’ w’s .—a)llll — w//—l7wl’ :1)"1-—(;)'2 — a)lwll.
(130.10)

The angular displacements of the vectors X. u, v regarded
as a rigid body are o'du, odv, o'"'dw. (130.11)

§ 131. Rotation functions. So far we have been consider-
ing a system of three unit orthogonal vectors of the most
general kind depending on three parameters, and we have
seen how they depend on the quaternion

1+ £&i+nj+ ¢k

We now want to consider the particular system characterized
by the property that ' = ¢ = """ = o, (131.1)
that is, by the property that £, 5, ¢ satisfy the three equations
(127.7) which in § 128 we connected with the partial differential
cquation of the third order with which we began our discussion.

We now have from (130.7)

A =pr'—=vq, A= pr”, Ay =—vq"”
p = —A7", po=wp —=Nr"", py=wp',

n =g, vy =—pp", = Nqg" =
It will be convenient to write
¢"=(31), "=(12), p"=(23),
¥ =—(1), ' =—(32), ¢ =-(3)
when the above cquations become
MN+Hp@@l)+r(31)=0, p+v(32)+A(12) =0,
v+ A (13)+p (23) =0,
A =p(12), = A(21), Y= A(31),
AN=v(13), u=%(23)," v, =p(32). (131.2)
2843 A a
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The six functions

(23), (32),- (81), (13), (12), (21)
we shall call rotation functions. They are connected by the
laws

(23),+(32),+(12) (13) = 0, (31),+(18),+(23) (21) = 0,
(12)1+(21)2+(31) (32) =0,
(23), = (21)(13), (31), = (32) (21), (12)y = (13) (32),
(32), = (31) (12), (13),= (12)(23), (21);= (23) (31),
(131.3)

as we can at once verify from the equations satisfied by
A, g, v. Wo can express these rotation functions, as we have
done, in terns of ¢, n, ¢ and their derivatives.

§ 132. A vector which traces out a triply orthogonal
system. Now consider the system of equations

o, =B(12), By=1vy(23), y, =a(31),
o=y (13), Br=a(21), y,=6(32), (132.1)

where «, 8, v are scalars to be determined by these equations.
We see at once from the set of conditions

(23), = (21)(13), (31), = (32)(21), (12); = (13)(32),
(32), = (31)(12), (13), = (12)(23), (21);= (23)(31)

that they are consistent.
Let o, B, y be any three functions which satisfy them, and let

g =o0oA+PBu+yr. (132, 2)
We have 2 = (g +B@NH+yBL)A,
L 5= Bty (D) +a(12) g,

2= (y;+a(13)+B(23)) », (132.3)

and thereforc the vector z traces out a triply orthogonal
system of surfaces.

Conversely we see ehat there is no triply orthogonal system
of surfaces which cannot be obtained by this method
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§ 188. Lines and measures of curvataure. If we take
«e=0,+B(21) 4y (31), b=B,+y(32)+a(12),
e = yy+o(13)+B(23),
we have z,=aX z,=bp, z,=cr,
and we see that
a,=0b0(21), b,=¢(32), ¢, = a(13),
uy = ¢(31), bl = a(12), Cy = b (23),

)
Cp=20 bm log (13) +¢:35 2 Iog (23),
=y, 100'(13)+c(31) (13),

Coy = €y — lonf (23) +¢(32) (23), (133.1)

“dw
and that these three last equations together with
b= @
as)’ (23
are equivalent with the first six.

The three orthogonal surfaces are

(133.2)

1 = constant, v = constant, w = constant ;

the unit veetors parallel to the normals at the extremity of
the vector z are respectively A, u, v

b Cch,
We have S, = a?)}\z, 2y = @s)’ (133.3)
and therefore the curves along which only v and w respectively
vary are the lines of curvature on the surface w = constant,

and its principal radii of curvature are
b c
) " 1 '
We thus have the fundamental theorem about lines of
curvature of orthogonal surfaces, viz. that they are the lines
in which the two other surfaces intersect one of the surfaces.
If we consider the curve in space along which only
varies, and if we suppose its prmcl.pal normal to make an
angle @’ with the vector u,*and p’ and o' to be its two

(133.4)
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curvatures, we have in the notation we used in considering
curves in space (see § 94)

= gos'e_"u - "ii,nl‘?_' v; ,‘ (er_l_ ) coS 0

p p
sin 6’ '
_ _ 1y, 133.5
Sea= (04 ) (133.5)
Now al =7, ap=p, av=v,

since adw is the element of are of the curve, and as we have
MN+Hp(@D)+v(31) =0, u,=2A(21), v, =2Ar(31),
we must have

ir, 1 —acosf’ asin @’
'+ =0, (21)=T’ (31) = o
Thus considering the three curves we get
j 1 2 1 . 1
0'+ - = 0, 9n+ - = 0’ 6///+ = 0)
a . .
csin @' asin 6’ bsin 6"
(23) = T (31) =T (19) N T )
—bcos " —cecos 6"’ —acos b’
(32) = P?; , (13) = p,,,——‘, (21) = -——7),___,
(133.6)

and we thus see another interpretation of the rotation functions.
In the figure here given 4, B, C represent the points where

C
6"

BI

B
C' elll A

the vectors A, p, v mtersect the unit sphere whose centre is
the origin; that is, the points where parallels to the three
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tangents to the curves intersect the sphere; and 4’, B’, ¢’ the
points where the parallels to the corresponding principal
normals intersect the sphere.

The principal radii of curvature of the surface « = constant
were, we saw, b ¢
R

2z
tha’t iS, 313 0'/7 ’ CO‘Jpelﬁ )

and therefore the measure of curvature is
K- =2 6" cos §"" _ —cos B'C"

v T ey TR 77 (133'7
P'p PP /

Similarly we havo

Y 'R’
-——C('Z?ICIA , ]{III — OO,SJIA, B . (133 . 8)
Pp PP

]{II —
Again, from the formulae
i1 ; 1 1
0’+ (”ri=0; 6”'}‘;/’/:0: él”+ ;’IH:O (133’9)

we at once see that, if a line of curvature is a plane curve, its
plane cuts the surface at the same angle all along it.

§ 184. Linear equations on whose solution depends that
of the equation of the third order. We¢ now return to the
equation of the third order (127.1),

p cosh? z3 26 'l cosh? 2 Bg + bﬁ = ¢ sinh cosh z,
where 20 = tan™! 25124 tanh

'r—t+2ptanha;‘

Suppose that 2 is any integral of this cquation: we may
suppose it expressed in the series

z=f(@,y)+we(x, y)+w (@ y)+..., (134.1)
and if the integral is a general one we may take f to be any
arbitrary functxon of z and .

We shall show how whén f is a known function the
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function ¢ depends for its determination on a differential
equation of the second order.

Let
2f of #ff 3
D — it = halt L
= b’caaj+2m nh x 3y’ Q_bx2 oy +2tanhab
and let £ = cosh?zx 2 + cosh?z -f 2
dx o Y by

The equsltion which determines ¢ is then

QﬂP—PﬂQ—z%sinhwcoshw(P2+QZ)

__P(b2¢ b¢ ¢)—2Q(\ \/+ta.nha;gg;)-

(134.2)

Now let w = ' 41y, where 2, is a small constant whosc
square may be neglected, then

z=ft+wyp+w’ (¢+2fu0\[r)+ cery (134.3)

and by solving a similar equation to the above with f+ ¢
substituted for f we should find

b+ 2wy, (134.4)

and thus obtain .

Proceeding thus we see the system of lincar partial differential
equations on whose solution we depend for obtaining the
coefficients of the different powers of w in the series for z.

A particular solution of the equation of the third order
would bo obtained by taking f to satisfy the equation

QQP—PNQ =2 g{;sinhwcoshw (Pt+QY), (134.5)
when we could take ¢ to be equal to f.

§ 135. Synopsis of the general argument. It may be useful
at this stage to give a résumé of the general argument.
% is a function of «, ¥, and w which satisfies the equation
26

20 ... 90
by +q3?—/ 4 sech wb—;}_qtanh%
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28+ 2qtanha
-, = S N
where 20 = tan r—t+2ptanha

_ 2 2 2
U:g;;—coto-a“?'}, V:b—i:-l'tﬂ,no@,

a .
oy t S’

d
= 2 O 2
W = peosh ws o+ qcosh?w

and w and » are defined by
Vu=0 Wu=0; LUv=0 Wv=0.

We can now express «, ¥, and 6 in terms of v, v, and
and having done so we define £, 5, ¢ by

0 .
cos?? sin 429 )
556_1_1/_0’ nzcblrv—-}]:a’ ¢ = tan 5
cO8 ‘._2__ CoSs 2

and we have
§imnGit{m =0, m—(6,+86 =0, G—En+né =0
The functions ¢, , ¢ now define a quaternion
¢ =1+&i+nj+{k,
where ¢, 7, k' arc any fixed unit vectors at right angles to onc
another.
Three unit vectors mutually at right angles are now de-

fined by X =qig, p=qjq?, v=qkq,

where Dyt =1—¢i—nj—¢k
and D=1+&+n"+¢
These veetors are not fixed.

We have

M+p(2)+v(31) =0, u,+v(32)+A(12) =0,
v+ A (13)+1(23) = 0,
A, =p(12), pp =2 (21), v =2 (31),
A=v(18), puy=w(23), v,=pu(32),
and thus the six rotation functions

(23), (32), (31 (13), (12), (21)
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are defined. These functions satisfy the conditions
(23),+(32),+ (12) (13) = 0, (31)3+(13), +(23) (21) = 0,
(12), + (21),+(31) (32) = 0,
(23), = (21)(13), (31), = (32) 21), (12), = (13) (32),
(32), = (31) (12), (13),= (12) (23), (21), = (23) (31).
The vectors A, u, v are parallel to the normals at the ex-

tremity of some vector z depending on three parameters
which traces out the three orthogonal surfaces

w = constant, v = constant, 2 = constant.
This vector z is defined by
z=oaA+Bu+yy,
where a, 8, y are scalars to be determined by the six equations
o =p(12), By=17(23), yi=a(l),
o=y (13), By=a(2l), y,=R(32)

Corresponding to cach solution of this equation system we
obtain a system of orthogonal surfaces, and the different
systems thus obtained have the property of having their
normals parallel at corresponding points.

If a=o+B(21)+y(31), b=B,+y(32)+a(12),

¢ =y, +o(13)+8(23), (135.1)
then sy=ul, zZ,=bu, z,=cy,
and a,=0b(21), b,=c(32), ¢, =ua(13),

ay=c(31), by=a(12), ¢, =0(23),
so that the ground form for the Euclidean space is

ds® = a?du? + VAd? + ¢ dw (135.2)

§186. An alternative method indicated. The functions
«, b, ¢ of 1, v, w must satisfy certain conditions which can
at once be obtained by expressing the rotation functions in
terms of «, b, ¢ and their derivatives and using the conditions
which the rotation funétions “must satisfy. But we ecan
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more rapidly obtain these conditions by just saying that the

space defined by ds? = ¢2du?+ b2dv? + c*dw? (136.1)
is flat, and therefore (rkil) = 0. (136.2)
The conditions then arc scen to be
) C, a,
a%=a2f+a3;', b31=bs b——
cwzcl(g-{-cz%‘, (136.3)
D. bie, 2y
and() ()+a“_ ()()+T_’
“ by 4 b _ :
() + =0 sy

These six equations if we could solve them would equally
lead to orthogonal surfaces, and this is the usual method by
which the problem of orthogonal surfaces is approached. There
seems, however, to be an advantage in making the whole
theory depend on onc equation of the third order as we
have done.

§ 187. Three additional conditions which may be satisfied.
We now wish to consider a special class of orthogonal surfaces,
and we begin by inquiring whether there are any rotation
functions which, in addition to satisfying the nine necessary
conditions which all rotation functions must satisfy, also
satisfy the three additional conditions

(23);+(32),+(21) 31) = 0, (31);+(13);+(32) (12) = 0,

(12),+(21),+(13) (23) = 0. (137.1)

If we tako

23)=w+¢, (Bl)=y+n, (12) =+,
B2)=w—¢ (A3)=y—n (21) =o—(

and 24 = vt+w, 2V =w4u, 2w =w+v,
and, f being a function of the parameters «’, v’, w’, denote

f A A o

A L
YA Y A Y " M o’

respectively by oo S S Jo
2843 B b
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we see that the twelve conditions which the rotation functions
now have to satisfy are expressed by
T, =—2Yz, Y,=-—2zx, z,=-—2xy,
==279{ Ys=—2L c4=-—2¢n,
§a=—2n3, my=-—2(r, (5 =-2¢y,
&=-20y, n,=-2¢%: (=-2q2 (137.2)
Now it is casily seen that these equations arc satistied by
taking
(9;) 7‘/' 3 ‘/V;u (32)*5‘/%3 E*/ 14>
(31) =3V +3v ¥, (13) =3V V-3V,
(12) =3V Vi +3v Vo, (21) = 3V V=3V,
(137.3)
where V' is a function satisfying the ‘complete’ system of
cquations

I%H/K%m=mlﬁw¢ﬁﬁﬁ=m

V412+2‘/V41VEV_);=0> Vi +2 ‘/Vu 1‘-0
(137.4)
We thus see that such rotation functions cxist. A particular
solution of such a system of equations would be obtained by

tking o VerevValuty=o; (1375
and in this case

(23) = (32), (31)=(13), (12) = (21). (137.6)
It may be shown that this solution corresponds to the

particular solution of the original equation of the third order
when we take ¢ to be independent of 0.

$ 138. Orthogonal systems from which others follow by
direct operations. We must now consider the special property
which the orthogonal surfaces will have which correspond to
rotation functions satisfying the twelve conditions. We return
to the original variables w, v, w in what follows.

Let a, B, ¥ be any scalars which satisfy the equations

o, = B (12)‘1 . B.’; =y (23), v, =0a(31),
o,=7y(13), B, =4&(21), y,=B(32), (138.1)
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and let «, b, ¢ be defined by
=0 +B(21)+y(31), b=RB,+y(32)+x(12),
C=y,+0(13)+8(23).
We then have
a,=0(21), b;=1¢(32), c¢;=w(13),
ay=c¢(31), b =a(12), c,=10(23). (138.2)
Let o =a,+b(12)+¢(13), B’ = b,+c¢(23)+«(21),
"=c,4+a(31) +D(32).
We can at once verify that
oy =R(12), B'y=1y"(23), ¥y =0a'(31),
oy =y (13), B'y=o'(21), y',=B"(32); (138.3)
and therefore Jd=a'A+Bu+y'v
will trace out another system of orthogonal surfaces. This
second system is thus obtained from the first by direct
operations not involving integration. We thus see that when
we are given any onc system of orthogonal surfaces of this

particular class we can deduce by direct operations an infinite
system of such surfaces.



CHAPTER XI
DIFFERENTIAL GEOMETRY IN »#-WAY SPACE

§ 189. Geodesics in n-way space. In order to see what
kind of geometry we may associate with the ground form

R
ds?* = ay.da;dz),

of an m-way space, we naturally think of the simple case
when % was 2, and the space a Euclidean plane. The most
elementary part of that geometry was that associated with
straight lines; that is, the shortest distances between two
points. We are thus led to consider the theory of geodesics
in our m-way space.

We have
= (i( ”‘(tl(i Sy + g, ’890) Bxkdl akc(lf
o () + G S

For a path of critical length therefore we must have

d da, d daxy, day;, dx; da;
(ﬁ(a“ ds) T ds( th s ) YA ds dg (1391
Now (§ 6)
d day de, dex,,, . ,
B =g, ds = ds (@R (kph),

and therefore .

da;day, , dvgde,
ds ds s ds

(@pk) + (kpi)).
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It follows that

d*x; P, dx;dx,

e gz Ly, P i (2RI UR))

L ‘_fﬂ((kpt) +(tphk)) = »‘995 d””k 2 ((ith) + (k) ;

ds

and therefore  « lt ai‘ + (¢ /ut) da; dZ" = 0. (139.2)

Multiplying by «' and summing we have

d.‘wp + .r@.]._p) dx (Z.’l?,

s* ds ‘ds (139.3)

We thus have n equations wherewith to obtain the coordinates
of any point on a geodesic in terms of the length s.

But the equations are differential equations of the second
order; and in general we can only solve them so as to obtain
the coordinates in the form of infinite series. This is a
practical difficulty and one of the reasons why we cannot
have the same kind of knowledge of the theory of geodesics
in m-way space that we have in Euclidean geometry of
straight lines,

The direction cosines of an eclement of length in n-way
space are defined by

de
5"=71?7)’ p=1..mn (139.4)
Going along a geodesic, therefore, we have
dgr § g
_dgs— + {zkp} £’§7‘ =0, (139. 5)

and we sce that, unlike the direction cosines of a straight
line in a plane, associated with the form
ds? = dxi + dcs,
these direction cosines vary as we pass along the geodesic.
Thus we are familiar with the difficulty of keeping to the
shortest course between two given points at sea, viz. a great

circle. In this case the differential equations are soluble in
finite terms; but even with®this advantage we should need
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a continuously calculating machine to find the direction
cosines at each point of the course. If the ocean instead of
being spherical were ellipsoidal, we should not even have tho
advantage of being given the equations of the gcodesic in
finite form, and the difficulty of keeping to the shortest course
would be even greater.

Now if we had built up our plane geometry by using the
form ds* = dz3 + 22 dx3,
the direction cosines of a straight line would also have varied
from point to point of the straight line and yet we would not
say that the direction of the stra.wht line varied from point
to point. The navigator on the ellipsoidal ocean might hope—
till he had learnt a httle more geometry—to mend the want
of constancy in his direction cosines as the plane geometer
could mend his by a proper choice of coordinates.

He could not mend this want of constancy by any choice
of coordinates, but though the direction cosines change in
passing along a geodesic there is no need to think of the
‘ direction’ as changing.

We will then say that the dircction in an n-way space is
the same all along a geodesic.

§ 140. Geodesic polar coordinates and Euclidean coordi-
nates at a point. We recall the fact (§ 2) that any n-way
space may be regarded as lying in a Luclidean 7-fold where
r = 4n(n+1), and that the vector z which lies in this r-fold,
depending on the m parameters z, ...u«,, has the property
that its extremity traces out our n-way space.

In the w-way space, unless it happens to be merely a
Euclidean space, we cannot think of a vector as lying in it :
it is only the extremity of the vector with which we are
concerned.

But at any particular point of the nm-way space there is
a Euclidean m-fold which we may usefully associate with
the point.

Let z be the vector fo the point under consideration, and
let 2 ...2, be its deuvatlves at the point with respect to

e Ty the parameters of the point.
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Let g1... £" be the direction cosines of any element of the
n-way space at the point so that

ag &gt =1, (140.1)
then the vector ¢ defined by
E= €&z 4. +E2 (140.2)

will lie in tho Euclidean n-fold at the point. It will clearly
be a unit vector sinco
$£ éﬂék‘ i<l
=—a,figh =—1. (140.3)
We shall call this Euclidean w-fold in which ¢ lies the
tangential m-fold at tho point.

The coordinates of any point in the tangential n-fold may
be taken as £, ... £,, where

£, =sfl, (140.4)
s being a scalar.

We establish a correspondence between the points of our
n-way space and the points of the tangential n-fold by taking
the coordinates of the n-way space to be ¢, ... &,.

Consider the geodesic which starting at the point under
consideration has the direction cosines ¢!'... £,

From the equation of a geodesic

d*ry , dy ([w,,
ds? + A} ds ds

we see that the current coordinates are given by
; . §*
oy =g+ ls— i} 8 S + ., (140.5)

where s is the arc from the initial point.

Let 2’ be the vector which traces out the n-way space at
the point &', ... 2’,, and let ¢’ denote the same vector expressed
in terms of the coordinates ¢, ... £, -

We have [sec § 4 for the notation]

(o=7=i(e,—{tpi} s +...)
It follows that .
Cig'n =8 (€0 = Lap) £ s+ ) (f— (g} £+ ..0),
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and therefore the transformation formula is
o' g = ag—(kpd) §s—(IXE) s +...,  (140.6)
where +... refers to higher powers of s.
We thus have at the origin

da’y, = e 2%
3% o,

— (lti) — (ith), (140.7)

that is, in the coordinates we have chosen the first derivative
of each of the coefficients in the ground form vanishes.

It follows that in this system of coordinates, which
establishes a correspondence between the points of the
tangential n-fold and the points of the n-way space, every
three-index symbol of Christoffel vanishes at the point under
consideration,

As regards the four-index symbol (rkik)" we have

&'y o'y da’
(rkilk) = (pr[st) %, b& b& 28,
= (pgst)e; €l €€,
= (vkik). (140. 8)
We may call this transformation a transformation to geodesic
polar coordinates at a specified point.

We can combine the transformation with any linear trans-
formation in the tangential n-fold. To do this suppose
Z, ... «, to be the original coordinates, taken to be zero at the
point to be considered.

Let ;= %'y, (140.9)
where ¢;;,... denote constants.

We can now so choose these coordinates as to make the
coefficients take any assigned values at the point We can
then apply the geodesic transformation, and can thus arrange
that the coefficients «,;, may have any values we like (pro-
vided the determinant is not zero), and at the same time
have all the three-index symbols vanishing at the point.

In particular we canso choose the constants that

t Uy —_—Ifi. (140 . 10)
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at the point and that the three-index symbols may vanish.
Such a system of coordinates may be said to be the Euclidean
coordinates of the n-way space at the point.*

§ 141. Riemann’s measure of curvature of n-way space.
If we take the transformation
= g’w’l + 7)’(13'2-{- veey
where ¢, 7, ... are fixed vectors at the point, we find that

(1212)" = (])’17'3) 5“," a?b— YR
= (pqrs) EPn1€T 0%, (141.1)
a'yy = ag ¢tk

, ,
@'y = ayéink,

@y = agmink, (141.2)
and
Wy @y =@ty = F (0P — P n’) (€FnT—LTn") (dyctyg —aigpn),
(141.3)
and therefore
(1212 _ (E1n0 — g0 yd) (EF 91— £19F) (ipkq)
Wpdyg~a'ts T (fint—¢gly ) ( ék '1_5(17]76) (@41, %pq utqapk)
(141.4)

Now let us consider the expression on the left-hand side of
this equation.

In general the four-index symbol as applied to n-way space
is not the same thing as when applied to the lower space in
which the coordinates whose integers do not occur in the
symbol are put equal to constants. But in geodesic polar
coordinates at the point the equality holds, since the three-
index symbols vanish.

It follows (see §§ 24, 37) that the expression on the left is
the measure of curvature at the point of the two-way surface
formed by keeping all the geodesic coordinates constant except
two. The expression on the right is therefore the measure of

* This system of coordinates has Reen called the system of Galilean cq-

ordinates at the point,
2843 ogc
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curvature of the geodesic surface—that is, the surface formed
by the geodesics—through the assigned point, which touches
at the point the Euclidean plane generated by the two vectors
£and 5.

This is Riemann’s measure of curvature of the n-way space.
We see how it is connected with Gauss’s measure of curvature,
and we should notice how in this respect the tangential
n-fold takes the place of the mere tangent plane when n = 2.
In the flat n-fold we consider all the Euclidean planes by
taking any two vectors in the n-fold. We scc that these
two-way surfaces have different curvatures and so different
geometries.

§ 142. Further study of curvature. The Gaussian measures
for geodesic surfaces. Orientation. We have now obtained
Riemann’s measure of curvature and have seen how it is con-
nected with Gauss’s measure of curvature of a surface.

We must now consider this curvature from another point
of view.

We saw that we were to consider the direction to be the |
same at all points of a geodesic in w-way space. This leads
us to define two ‘parallel’ displacements at neighbouring
points z, ..., and a, +dx, ... x, + dx, as displacements whose
direction cosines ¢'...¢" and £1+dg'... ¢"+dg" are con-
nected by the equations

dgr + {ikp} gda, = 0. (142.1)

Thus in this sense of ‘parallel’ the tangents are parallel at
all points on the same geodesic.

It may be noted that the equation defining parallel dis-
placements does not entitle us to say that

bfi’ ) & —
3, + {ikp} ¢ = 0.

If this equation system held, the tensor component £ would
be annihilated by every operator 1, 2, .., 7, and therefore

fl.’ik:'gki = {tpki} € = o,
which could only.be true in flai space.
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Let ¢ be any vector in the tangential n-fold at @, ... x, and
¢+d¢ be the ¢ parallel’ vector in the tangential w-fold at
@+ de, ... 2+ da,.
We have d¢ = ¢z + (k) 2) day + 2,d ¢
= ¢iz. g day.

As we pass from the point of departure with an assigned
value for ¢, and the vector is carricd parallel to itself, its
value at any other point is defined by the integral

§=J‘§"'3~i1.-¢/wks (142.2)

and this value depends on the path of integration.

Consider the small parallelogram in the n-way space whose
edges are parallel to the vectors ¢ and 7, the lengths of the
edges being respectively « and 0. We want to find the change
in ¢ by integrating round the parallelogram.

Wehave ¢f = (¢ +8¢ = (= Do (¢)o 02,
where 8, is the increment in the coordinate, neglecting
powers of small quantities of the second order, and

Zoge = (@eip)o [+ pts 2o+ (Bpt) 2], 80,
and therefore
$ov = (o + [Cooiu+ ¢ ipt) 2o+ § ke pt) 2], 82,
- [C\ {A/" l‘} :'ik]u 8‘1:#'
We thus have
Caog = (2o )+ [¢ (Boapt+ hpt) 2.4) 1o 8,
On the first edge at a point distant s this is
(fiz'ik)o+ [ft (z"iky+ (kuty soy) 5#]033.
on the second edge it becomes
(¢ ado+ [ Grappt hpt) 2.y) o
+[ Goinpt (hpth z) 9¥0 8 o,
The change in ¢ by integrating

{i"ik (Z.’I}k.
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along the two edges is

[z gpa+ [Tz a0+ [¢F (ot (hpt) =) €'€°], %2
+[¢H @it (kpt) 2. ) ¢t ab
O Gt btz )l (142.9)

If we had integrated in the opposite sense along the other
two edges we should have interchanged ¢ and 7, a and 0, and
we thus see that the change in ¢ by going round the parallelo-
gram in the same sense is

[{i (:’ “thu —Z. b k) éll’?k]oab:

that is, [¢F {athp) 2, £ 9¥] b,
The change in ¢! is therefore
L[ (ithp) (8*k — £in*)], «b. (142.4)

If 6 is the angle between £ and 7,
cos 0 = a;, £ink,
sin? 0 = % (£1n7 — £ ) (¢ 91— E1nk) (g cpy—j ayy).
(142.5)

Let us now consider how the angle € is changed, if, kecping

n fixed, we carry ¢ parallel to itself round the parallelogram.
—sin 080 = «;, 7" 8¢
==} ayn" € {tipg} (€0 n1—§1nP) ub
= —% (E'n* —&kn') (grn1—gin?) (thpq) ub.

It follows that 86 divided by the area of the small
parallelogram is equal to
(&P —&pn') (¢F 1 —E1n") (iphq)
ML 5 o Ll WL S/ iy . (142.6)
(617)1)~£p77‘) (£ il _51'7 ) (‘Lihu’pq_“iq“kp)
That is, 66 -divided by the area of the small parallelogram is
equal to the curvature of the geodesic surface which touches
the Euclidean plane generated by the two vectors formed by
the sides of the parallelogram.

From the equation

Uf = ¢z gday,

we see that the rate of ¢hangeof ¢ in parallel displacement
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in the direction of the vector ¢ is £¥¢iz.;,. We may then
express this result in the notation

ff = é’t{iz'ik'
Thus we have ¢ =y,
¢, =n, ="z,

1, = 1¥niz..

Also & = g ay,
£n =t = EFniag,
J — nl:nia X

It follows that
561771-577176 = fifkﬂpﬂq (z'ikz'pq—z'iqz'kp)y
g@_@?‘g = fifk’ﬂ,’?q (“z'k“pq—“iqakp)’

and therefore

ST (g @nt— g1 o)
EEm—Enné (Ent—EPn) (EFnt—EInF) (Qoptpg —tig )
(142.7)

Riemann’s measure of curvature may therefore be written
g\{l’n“{nj’c’
Again the rate of change of 2z in displacement along the

vector ¢ is just £'z,+...+¢"2,, and therefore the vector §

itself may be written z. Here we may notice that the

vector z unlike the displacement vector ¢ is not a vector in
the n-way space but only in the containing r-way flat space ;
the vector ¢ on the other hand marks a direction, or displace-
ment, in the n-way space, although it has only an clemental
length in this space.

There is then as regards the vector 2'in its parallel displace-
ment just the ordinary Euclid?an idea of translation.

(142 . 8)
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Riemann’s measure of curvature may therefore be written

o
et %m ™ e ne
N S

(142.9)

2

T T P
This is Gauss'’s measure of curvature of the geodesic surface,
made up of the singly infinite system of geodesic curves
drawn through an assigned point at which we require the
measure of curvature: the curves at the point all touch
the Euclidean plane generated by the vectors ¢ and 7.
Riemann’s measure of curvature has an ‘ orientation’ given
by the vectors ¢ and 5 ; and at the assigned point, by varying
this plane, we get the different Gaussian measures.

§ 148. A notation for oriented area. So far we have in
using vectors only considered their products as scalar products.
There is another product which we ought now to consider.
When n = 3 and the ground form is that appertaining to
Euclidean space, we know what the vector product means and
how useful it proved in Geometry, but it does not seem to be
capable of use’ul extension. We shall now think of the
product of two veectors ¢ and 7 as defining an avea in the
Euclidean plane formed by ¢ and . This area has then an
orientation, and we shall understand by ¢n the arca of the
parallelogram whose edges are the ¢ and n drawn through
the point.

The angle the vector ¢ makes with the vector 5 being 6, by
parallel displacement of the vector ¢ round the parallelogram
whose edges are in the directions ¢ and 7, and whose lengths
are ds and ds, this angle is increased by

2,2 —2, %2
§7m et
S— S

22,2 ¢ —2,2 Z,Z

gndsés,

. £ T
which may he written
2,2 —2, %
Em Tgn Tk
=38z, (143.1)

&

2,2,2. % —2,%_3,%2
E T TET Ty
N N SN

where dz, 8z represent’the sides of the small parallelogram in
magnitude and direction' .
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We should notice that area has a sign as well as a magni-
tude: we express this by the equation
En+né=0. (143.2)
§ 144. A system of géodesics normal to one surface are
normal to a system of surfaces. If the direction cosines of

a geodesic are ¢',...£" we have seen (139.5) that the
equations of a geodesic are

(;—ls gr+ {ikp} gigk = 0.

The geometrical interpretation of thesc equations is that
the tangent remains ¢ parallel’ to itself as we move along the
2codesice,

We can put the equations in another form,

d . .
Gy £ (N) €% = o,
and thercfow
- (aA,,gp)—ez’s' Lyt QN EPE =0,

(.

i t
since ; Ls =¢- \’41
d
Now D_x,a“’ = (Atp) +(ptA),
and therefore the equations of a geodesic may be written
d : t
(4 88). = (M) gPgl. (114.1)
We now wish to consider the expression
'17 = )\psp

Wo know, from the theory of differential equations, that the
necessary and sufficient condition that 7', dx, may be rendered
a perfect differential by multiplying by a factor is that

b b 4 " b
T,\(b—wMT,,— bizy)wﬂ(si;g- s 1)
+Ty(5-; T, ai’ T)  (144.2)
A u

should vanish identically fof all values of A, 4, »; and that
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the necessary and sufficient condition that T, de, may vanish,
wherever ¢ (, ... x,) = 0, is that

TA(% 7 - X%’Tﬂ)+1'“(b—i—y T, - 5% T,)

+ T,,(a,—;)\ T, - 5%#7;)

should vanish for all values of A, x, » wherever

b @ ...cp) = 0.
Geometrically interpreted these are the conditions that the

curves dz, dw,  _ d=z, (144.3)

aTE T T
should (1) be cut orthogonally by a system of surfaces, (2) be
cut orthogonally by the definite surface

o, ...x,) = 0. (144.4)
We are now going to prove that if the curves are geodesics,

and if the condition (2) is satisfied, (1) is satisfied also.

oT, 3T,
Let Ba:q - W = (pq) (144.5)
and T, (qr)+ Ty (rp)+ T,. (»)=[»ar] (144.6)
Since
d d d D
ds dw, ~ dwyds  duxg dxy

d, . 3 d 3 d 2D gD
50 =57 &7~ 55 & T sy 5, Y Sy 9w,
Now

0 d ., b A

<w (5 +£*‘ )+es"f -(pAp)
=65 (<w>+<p;m>)+£ &5 mm
q

—e‘§§ T i, (P
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It follows that
2 (o) = eg“(m (PAw) ———w)

+5 (& .”‘ =3, (@ué")

b‘bq( ba,p bm/\ Pu )
21 oa d

T po__A 9 my,
w (é b,zrq ba;)\ (a’l“é ))

)
Now - (pAp)— ((I’W)
b:rq x,
= (Appq) + (pqt) Apt} —{ppt} (A qt),
and therefore we see that the first term in this expression
vanishes, since A and p are interchangeabhle.
We therefore have

l
-('- L (00)

Q d d
(\ Ty~ dx, ’) + \g Y, - \( TA)
(.J, 8 (Jp w)\ <a;q

‘5 0\1)) f (). (144.7)
P

It follows that
(é[ ) q, 1]
dsth T
d ., l
= (g7 C-, Ty+p) 7 Ty+ (0
a8 2 i AP T
T,(ga«z)——(m)+14(b—w;<xv>—a—i<xp>)
+T( )\p)—‘—é ()\q))
— . T \ T
= (q) &' 5 +(7P)§ R T (p0) é Sz,

\—§-(<q»)T o)+ q((vp)r 4+, A, p))

+ W " () Tt [N - (144.8)
1843 " pd
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Since Uny Ser=1,
we have T, =1,
d 2T
and therefore T, . & +£ 52 =0,
bac ,

Tt follows that
d
PRV
= (q7) (pA) + (rp) (4 X) + (pq) ()
o2 Y A
+ 5;—51) [ A 7] + gf'q [ A, p] + 5% [P A q] (144.9)

Suppose now that over a given surface

[pg.r]=0o.
We then have

P ‘[p0]
= (gr) (pA) + (rp) (9N) + (pq) (r ).

Since [ p, ¢, r] is zero for all values of the integers over the
given surface, we have

Tq (rs) + Tr (SQ) + Ta (’]7‘) =0,
T, (sr)+ T, (ps) + Ty (p) =0,
T,(qs)+ T, (sp) + Ty (pg) = 0,

T,q)+ T, (pr)+ T, (qp) = 0,
and therefore

i
o

0, (re), (s9) (q7)

(s7), 0, (ps), (rp)

(@),  (sp), 0, (p)

(), (p7),  (qp), 0

that is, (pq) (rs) + (q7) (ps) + (rp) (¢8) = 0. (144.10)
It follows that if [p g, r] is zero over a surface it is zero

everywhere, and therefore if a system of geodesics are normal
to any one surface they ‘are normal to a system of surfaces.
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The direction cosines of the system of geodesics therefore
satisfy the equation system

“’ptét = ]f(j)p.

It follows that KZ2uPi¢,¢, = aPla, &'a,, £

= @t
= a,f1E =1, (144.11)
b,
and therefore (L= 1P . 144.12
(pff ‘\/A (¢) ( )

§ 145. The determination of surfaces orthogonal to
geodesics and of geodesics orthogonal to surfaces. We can
now find the equation which ¢ must satisfy when the surfaces

¢ = constant

are those which cut the geodesics orthogonally.

b
I P = P! —— 145.1
We have ¢ ¢ VA @) ( )

The equations of a geodesic being (139.5)

L er+ il ¢ = o

we must have

¢ D , Mk p,
Pt—::_ tA + IA = 0’
‘ NINTIREN ¢ /A(«p)) uh A
that is, =0,

apt ( A
~/A<¢) ~/A ¢)

. P & 2
ofore (P! A —
and therefore « Ta (ahqt A ) 0

(¢) v A(9)
or ((pf )\/A (¢’(~/A(¢) (145.2)
Expanding, A (¢, ¢,) = -Z—Z—%a) A A (),
A(p, A (¢))

that is, b 1 ¢)) g)q - r
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It follows that
bp 5o bx (a() = sb(la (a(9), (145.3)

and therefore A (¢) must be a functxon of ¢.

Without loss of generality we may therefore say that

A(p) = 1. (145.4)

We thus see that if we take any surface and consider the
geodesics drawn fromn every point on it perpendicular to
the surface, they are cut orthogonally by a system of surfaces
¢ = constant, where A (¢) =

In ordinary Euclidean space this is the theorem that the
lines normal to any surface are cut orthogonally by the
surfaces ¢ = constant, where

B+ G + G -

Conversely, let ¢ be any integral of the equation A (¢) = 1;
then we shall show that the orthogonal trajectories of the
surfaces ¢ = constant will be a system of geodesics.

It will be convenient now to think of an (n+1)-way space

and to take, instead of the variables x, ... w,,, a new system
of variables ¥, ... 9,+,, where
Yn+1 = b (146.5)
so that A (Ynyy) =1,
and to choose ¥,...7, as m independent integrals of the
equation A (Ypsqs Y) = 0. (145.6)
Let the ground form of the (n+ 1)-way space be
by dyy, 1=1,2,...n+1 (145.7)
Since A(y,,;) =1 and A(Yuyy, ¥,) = 0 if 23 (n+1),
we see that bpsr, a1 =1 bgyy, =0,

and therefore the ground form is
Ayt + by dydy;,, L =1,2,... 0. (145.8)
It will therefore be convenient to take as the ground form
in the (n + 1)-way Space
dut+ by, (lx‘dx,” i=1..n, (145.9)
where by, is a function of 2, ... "z, and .



GEODESICS NORMAL TO SYSTEMS OF SURFACES 205

The surface w = 0 is any arbitrary surface in the (n+1)-
way space, and when w = 0 we may write 0;, = a;,. We
may consider ag da;da;, (145.10)
to be the ground form of the n-way space deduced from the
(n+ 1)-way space by putting w = 0.

The lower ground form may be said to be the ground form
of a surface in the higher space.

By varying w we obtain a series of surfaces cut orthogonally
by the curves whose dircction cosines are given by

&'=0 ¢=0..¢"=0.
These curves are geodesics, since
{n+1,n+1,p} =0, p=1..%

It will be noticed that the first of the surfaces cut orthogonally
may be any whatever, but the other surfaces are given by

Auw) = 1. (145.11)
When we know the geodesics normal to « = 0, we know the
whole scries of surfaces which are cut orthogonally, or at
least can find them by quadrature, since

apkt = ug. (145.12)

We obtain the geodesics, on the other hand, by the solution

of the lincar equation A (u, v) = 0, when we know w.*

§ 146. A useful reference in (1 + 1)-way space. We have
shown (145.9) that the ground form of any (n+1)-way
space may be taken to be

duf+ by deday, L=1..m,

where by, is a function of «; ... z, and w.

The surface 4 = 0 is any surface whatever in the (n+1)-
way space. By drawing the geodesics perpendicular to this
surface we obtain a series of curves which are cut orthogonally
by the surfaces w = constant, w being the geodesic distance
of any point from the surface w = 0.,

* [At this point in the authop’s MS. $here is a memorandum ‘New
Chapter’.]
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The surfaces w = constant are said to be parallel surfaces,
and we have A (u) = 1. Travelling along any of the geodesics
from the surface w = 0, only w varies.

It will, however, be found useful to consider a moro general
system of surfaces in the (n + 1)-way space.

We therefore consider any system of surfaces whatever in
this space, . = constant, where we no longer have A (u) =1,
and by taking the orthogonal trajectories of these surfaces,
as the parametric lines

x, = constant, ... a, = constant
we may take the ground form of the space to be
P dul + by daydey, = 1. (146.1)
The orthogonal trajectories are now no longer geodesics.
The function b, depends on the coordinates z, ..., and w,
and, when v = 0, b, = ay.
We now wish to consider the two ground foyms
¢2(l'll/2 + b'ik dl‘idﬁ'h (1 46 . 1)
and uikdx,- d. % (146 . 2)
in connexion with Christoffel’s symbols, where after calculating
their values for the higher space we put w=0. We can
obtain the special case of parallel surfaces by putting ¢ = 1.
We shall thus be shown how to generate the (n + 1)-way
space which as it were surrounds any given n-way space.
When we place the suffix ) outside a symbol this will
indicate that the symbol belongs to the higher space. The
suffixes will always be 1...n. When we have to consider
the suffix which should correspond to the variable « it will
be denoted by a dot.
. by, _
Let Si’s=‘2”ik¢" (146.3)
We see that
(ikh)y = (ikh)gs  (ikYp = Ryds (- h)y = — Dy s
{’l:kh}b = {@kh}a; {’l:]ﬂa}b= nik¢—1; {’I:'k}b ::——a""ﬂu¢;

(1'70’4?:),, = ("’khi)a + ﬂ,.‘-ﬂh]: - nrh aik )
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d d ’
(rkh )y = 5= (2 $) — 3= () + iy — 21p by

oz,
— {hlct} o 02, P + (Tht} 2y
= ¢ (nrh kT “Qhk' r)’
in tensor notation,

d
(r'}")b = ¢(mnrh'_¢‘rh +“A#¢2‘er\nhp.° (146- 4)

§ 147. Geometry of the functions f2;. If we are given
any n-way space we shall see that it may be surrounded by
what is called an (n+1)-way Einstein space. We shall
define this space shortly. A particular n-way space may be
surrounded by a Euclidean space of m+1 dimensions; but
before we consider particular kinds of this (n+ 1)-way space
we had better consider the geomectrical meaning of the
functions £2;;, which together with ¢ are to generate the space.

‘With this end in view let us consider two geodesics going
out from the same point «, ... x,, w = 0, and having the same
dircction cosines £'...£" 0 at this point, the first geodesic
being in the n-way space denoted by a, and the second in the
(n+ 1)-way space denoted by b.

We have (140.5) for the current coordinates on these

: v ’ 7 ’
geodesics 2/ ... 2%, and 2} ...2",

, . 8% .
oy = wptogi = 5 il 88

] .
= aksg =5 Dl ¢y

and therefore, neglecting terms of the third order in the arc s,
we see that the coordinates are the same for the two geodesics.
But for the first geodesic the coordinate w is zero, and for
the second geodesic

g2
w=—5 Ap
The distance between two points, one on each of the geodesics,

i3 therefore 2 o
By i 8 (147.1)
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8 being the distance of each point measured along its own
geodesic from the initial point.

This mutual distance we may consider to be normal to the
geodesics if we neglect terms of the third order in the are.

The curvature of the first geodesic is defined by Voss as
the ratio of twice this distance to s’ This is obviously
a proper definition, agreeing with the ordinary definition
when we are dealing with Euclidean space.

We therefore have

1
P IRVEY o
_ P dayde,
T apdayda,
_ Mhpday di, (147.2)
ay, Az dw,

The curvature of the first geodesics may be called the
normal curvature in the (n+1)-way space of the surface
w = 0 in the direction dz,, dz,, ... dz,. )

Looked at in this way we may write our formula

1 _ {2 dnda, (147.3)
R a,,dz, dx,
To get what we may call the directions of principal curvature

. . . ..
we require the directions da; which make R critical.

The directions of principal curvature are therefore given by

(t,—R2,,)dz, =0, (147.4)

where the values of R, the principal radii of curvature, are
given by the determinant

lay,— RO, |= 0. (147.5)

We shall now show that the directions of principal curvature
are in general mutually orthogonal.

At any given point we can choose the coordinates so that
corresponding to the principal radius R; only the coordinate
x; varies at the given point. We therefore have at the point

"ayg = Ryddyy,
dyi = Ryddy,.
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If, then, all the radii of curvature are distinet,

Wy, =025, = 0, if [ FEk, (147.6)
and therefore the coordinates are mutually orthogonal at the
given point: that is, the lines of curvature are in general
mutually orthogonal.

§ 148. The sum of the products of two principal curvatures
at a point. We now wish to obtain an extension of the
well-known formula of Gauss

1 (1212)
RR,™ apa,—ai,
for a surface lying in ordinary Euclidean space.
Consider any determinant

Uy ooty

Uy vee Uyy
and the corresponding determinant

all,, @

anl L

If |« | denotes the first determinant we sec that any of its
minors is equal to [« | multiplied by the complementary
minor of the second determinant.
Expanding the determinant (147. 5), or say
lag—rdy, |,
we see that the determinant divided by |« | is equal to

A2 . .
! TP A b1k ’ ’ ’ ’
i T (—2513@“(&‘ — (o =@ ) = s

(148.1)
1 1 1
ant’ @y’ @y’
in accordance with the convention about repeated factors.
We therefore have for the principal curvatures

the numerical factors ... being introduced

1
ER‘,I = uPlfyge . (148.2)
1 ” .
4 ER_—;.Rk = (all\uh.“—whwﬂ:‘) (ﬂr)\ﬂh“"ﬂ,.hﬂ}w). (148.3)

2843 E e
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Now consider the expression, a tensor component clearly,
A, = okl (rkhi)
and similarly B,,; = b (vkhi).
We have seen in § 146 that
(rkhi)y, = (rkhi), + 02 ,;00;,— 02,5, 024,
(rkh-)y = ¢ (21— ),

, . J
(red)y = (i) = ¢(¢-n' -3 “Qri) —a¥¢r 02,02,
From the last equation, we see that
R d .
(B.)y = a”¢(¢.,.¢ ~3u N,)—aidter 0, 0, (148.4)

From the second equation, we see that

(‘Bl")b = akh¢ (nl'h'h_nhk‘r)‘ (l 48. 5)

From the first and last equation, that
(B)y = (4,90 + P (2,0, — 2,),02;)

d
+¢71(9rim 5, 2) —€V 20 82y, (148.6)

The expression ¢4, isan invariant which we denote by 4.
We thus obtain
B=A+ariah (‘Qrinhk— nlhnik) +2 ¢-2B" 5
or, interchanging ¢ and £,
B=A+a™ma* (02,,02,—102,,2,,)+2¢2B..;
and therefore
2B = 24 +(«"alh —qrh ki) (02,5020~ 02,,2,;) +4¢972B...
(148.7)
It follows that
' zB=2A+42R—11~R;+4¢'2B... (148 .8)
Remembering that B is an invariant in the (n+1)-way space,
and B..a tensor component in this space, and that A is an
invariant in the n-way space obtained as a section of the
(n+1)-way space by the surface w = 0, we may express
the result at which we have arrived in the following way.
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Consider any (n+ 1)-way space, and a section of it by any
surface.

Let £1...£7+1 be the direction cosines of this surface, ve-
garded as a locus in the (n + 1)-way space.

The direction cosines are connected by the identical equation

1= bligrfi‘

The expression b (rkli), ¢'gt is an invariant of the
(n+1)-way and the surfacc we have chosen. When we
take the ground form ¢*du?+ by da;dx;, and the surface
w = 0 the expression becomes ¢~28.., since £!... £* are zero,
and prgntIgntl = 1,

If B is the invariant of the (n+ 1)-way space,

DribhE (vhilii)y,
and if A is the corresponding invariant of the n-way space
which is the section of the (n+1)-way space by the given
surface, then what we have proved is the following.

The sum of the products, two at a time, of the reciprocals
of the principal radii of curvature of the surface, regarded as
a locus in the (n+ 1)-way space, is equal to

% (B—A) —l)kh (T]t'hl:)b gréi'. (148 . 9)

§ 149. Einstein space. Supposc, now, that instead of
taking any surface we chovse a surface whose direction
cosines satisfy the equation

1 B = b (vkhi) grgt; (149.1)
we shall have . 1
For the case n = 2, this becomes Gauss’s well-known
formula, 1 (12 12) *

By R, ™ upyap—ui, .
If, then, the (n+1)-way space is to be such that for all
surfaces lying in it the formula of Gauss will hold, the equation
%B = B“:glgi *

must be identical with 1 =eb,, £7£2
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We must therefore have
Bl'i = %Bbl"i’ (149 . 3)
and in consequence of this
biB,, = 3B,

that is, B=3%(n+1)D. (149.4)
Leaving aside the case when » = 1, we must have

B=o, (149 5)

and therefore B.,=0. (149.6)

A space with this property is what is called an Einstein
space.

It is interesting to see how from mere considerations of
purely geometrical ideas we should be led to Einstein space.

§160. An (1 +1)-way Einstein space surrounds any given
n-way space (8§ 150-4). We shall now show how, being
given the ground form of any m-way space, we may obtain
the ground form of a surrounding (n + 1)-way Einstein space.

We look on «, ... as functions of z,...., and w whose
values are known when « = 0. We have if possible to
determine functions {2;;... and ¢ which will satisfy the

equations A (.~ ) = 0, (150.1)
P

pA,+a (2,0,,-20,0,)0+¢.,;— 5 i =0
(150. 2)

ri ) Mo 0 )=0 5
« (¢-m’_'5i =Pt 2,42, ) =0,  (150.3)

b(ti].
P = 202, 50.

3 i P (150.4)

when v = 0.
If we can find such funetions, we take

bir, = @ip)u=0— 292w+ ...,
and thus find the Einstein form
¢ du? + by, da,da;, (150 . 5)

in the immediate neig'hbourhood of the surface w = 0, that
is, in the immediate neighbourhood of the given n-way space,
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and proceeding thus by the method of infinitesimal stages we
ultimately obtain the Einstein space which we require.

Let A = M {tppps. (150.6)
We shall first prove the fundamental identity
Aﬁ.}‘=% ue (150.7)

Employing the geodesic coordinales at a given point,
A} = (A\ppp)
d d
= ba, App) = 3, App),

and therefore in this system of coordinates we have at the
given point

o2 22
Ajy = 32,00, )\p[))— e 2,0 —()\/Lp) (150. 8)
Similarly we have
1
14, = 142, =35 (M App) — (A)\p) (150. 9)
and thercfore Aﬁ.A—gA

1
= ) + AND)
2 3,00 ( 2p) 79 ( 1
1 32 b
e A=y (PBN)
2 0w, o, Kl EREAEN K

=12 A
=3 57;;5;;[( pp)+(ppA)]

1
BERTRTA [Aup) +(pp))]
_1_Pay 1 Yay,
bw)\bwubwp 2w aw,\bx .
=0. (150.7)

The required identity holds therefore universally, since it
is a tensor equation which vanishes for geodesic coordinates.

§ 161. Wo now transform the functions £2;;..., which are
to be found thus. . *
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Let V:‘ = (lzk'n,'p
and therefore £2;, = 2;; = az\ V= A |4
) d d
mﬂ,i =iy, Vi Vy PYYARAN

9
=aik(me§_2¢Vth"). (151. 1)
Writing V for V) we now have
Via="V, (151.2)

d
¢ (A,\”+a,\, VV;) + P S V; =0,

that is, multiplying by «*? and summing,

d

¢(A2+Vpr}}2)+a)\t¢‘“‘=ml/2, (]51.3)
The third equation is
A A_ Oy
WHFp P VRVL= 5% v,

and by aid of the second cquation this may be replaced by
A=V;‘V:—V2. (151.4)
We thus have the equations
Via=V,; A=WVVi-V?

and, writing ¢) for aM¢ ¢, in the other equation (151.3),

%74
~

p.]
b—{bV"=¢(Aj§+ Vi) + ¢ (151.
These are only assumed to hold when w = 0.

§ 162. Noticing that ¢\ = A, (¢),
we have Ppor =AM = MAug,
= ™ (uh¢,— {tquA}$,)
= AN, —Nar? (ptAp) ¢,
= 1A, (§) —at? (pA} by,
and therefore ¢I);')\+'A‘I)~:¢A 5 B0y (9). (152.1)
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We now opera.te with X on the equation
A A rA
buV =¢ AR+ VV0AH ),

- p)
where A= S, + {tAs} () —{urt} (L),

s being the upper integer—here A itself so that we employ
another integer s—and u the lower integer in V2°
We easily verify that

d d
ASTL m ()""'%tA )+(t)"‘{l-lrx )
and therefore
r b Y
ﬁvﬁ =Tl (N =1 " {,mt}+¢,\(A*+ Vv

+¢( heat VAV;}+ VViD+hn. (162.2)

Now, since (4.3) Ma,, = €,
we see that 5%@"" = 2¢ar V¥, (152.3)
3
and {'r/Jc b= — a’“’ (rkt)
- 1ahti Aty Ea_'rf._gg_"k
27 uw\ow, T dwy  dwy
+ (rkt) (2 pa'P V;'.)
9
= %“"'(M 2900, — 5 2¢~QM 2y 2¢~Qrz)

. +2¢a'P (rkt) Vf). (152.4)
Since

d
&;t'(pnrk = ¢1 kTP (2 + {”}) ke + {I»lp )

we sce that
2 G2+ D2 — D2y — Dy,
b = ght( Ttk rk*t reokt kt
ya (T = -0 e 2 (hrp) $2,,)
+2¢a'? (rkt) V, '
= alay, (@ VI + V) =8 Vi, V7
—d (Vi + Vi) —2¢ (krp} Va+2¢ {rkp} V5. (152.5)
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Now if we multiply each side of this equation by Vi and
sum, remembering that

k I3
Vi Gpp = Vl' A
we get

b g ) rit "
;b_u {rkh}) = ViaMay, (9, VI +o V' .)—¢. ViV

—p VEVE—VI(VI. .+ V)
= Vi ViV )= ViVi—g, ViV,
—d Vi (Vi + V)
==Vi@Vi. +¢. V. (152.6)

We deduce from the equation for 52_4, {rkL} that

)
5o 7Rk} = ¢ Vit V- V-0, V.= (V,+V..)
=-¢, V-9V, . (152.7)

Combining the formulae we have proved, we now sec that
J ) 5 ] ,
sz Vi = Vi@ Vit 9, V)= Vo6, V+¢V.)

FpB, B+ VVE+b (AL + IVE+ VTV, (152.8)

We also have —;{L V=9¢(4+V)+4,(9),

and therefore
J a -

5o that ﬂ b—b&(vﬁ.v V)
=¢,(ViVi—A=V?
+o(ViViu+ AL+ VVia—4,-2VV,). (152.9)
Now A+VEi=V(Vi,
and therefore 4,+2VV, =2 ViViou.
We have proved (150.¢) that 4}., =34,

A
and we have Vier =1V,;
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it follows that we have

%(V;.A_ V) =o. (152.10)

§ 163. Now 4 is an invariant for any transformation of the
coordinates ;... «, in the n-way space, and so therelore is

24

. . . o4
—. Wo shall therefore, in finding an expression for -~—é,
du ° du

employ geodesic coordinates at a given point and thus materially
simplify the necessary algebra.

204

ou

d

d
‘sa““‘ y-'xtt} s, ML Dt )~ [plt] )

Now f)\;zt =aPa,, (¢, Vi+0Vi.)
- V.-, A—¢(VL.A+V§\.#)
and therefore
—b— ‘)\/Lt} = (P ¢,V +oV, ) — (Vi +9, V)
~aMS (Via+ V3,
and we proved in the last article (152.7) that

d
PY ") At} =—, V-9V,

is cqual to

. . . 24
Hence, in geodesic coordinates, Ser

d
Nttp} 5 2 a"“ + a“‘ 5, (AttR

= 2¢d PV ()\ttp,}—w’\“(qzu MV+¢VM+¢AV+¢#V1)
—a'P(¢. tV’*"PV,;f‘*“f’pI +¢: V) .
UM @AV i+ B Ve Pn Vit b V)
+a""¢,(Vj‘.,\+V}‘.”)+a"“¢(V“.M+V,\.M). (153.1)
Now Vi =XV, =iV, +{giAt} Vi—{uqrt} Vi
= Vit (gt} Vi —*{pgrt} V),
Viwe=V,. m+{tht} V"' {Aqut} Vo,

2848
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and therefore
a“‘tp (V;,.M + V;.M)

=G (Vipn+ Vi) +2a%¢ {gat} V2,

—aMpat? (upit) Vi—apar? (uprt) V,,
= 2aM¢ V.,\F—2a)"‘¢ (QUN} VI +2a9P { pANt) Vg
=2¢a,(V)=2d"P¢ {Attul VE+ 241V, ¢. (153.2)

It follows that g—:—% is equal to
—Va,(¢)-9a,(V)-24(4, 1)
- VA, (p)—9a,(V)=24(, V)
+ M (Gt 9, V)V L+ B0V
+2aM @, V. . +2¢4,(V)+241V,9. (153.3)

Again, T = 'V,
and therefore
a"”¢t Ir;“)\ = ¢,(L“" Vl):-'?\ = a”‘qb, 'V# = A (¢, Ir),

24
_so that S B equal to

—2Va(p)+24, Vi+24) V. (153.4)
Since, then, the equation
QA4 ,
5o =—2Va,@)+2eLVi+240 V] (153.5)

is expressed in invariant form, it is true not merely at the
point, whose geodesic coordinates we employed, but universally.

2 .

Now @(Vi Vi=7?)
=2Vi(p AL+ VV))+9,) 2V (P (4+ V%) +4,(¢)
=-—2VAp+2¢)VE+245VEg,

A

so that %(V;V,’;—E’”—A): 0. (153.6)
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§ 154. If, then, we are given any n-way space, and we find
functions V} sueh that

[455% Vi\ = (;\ V‘A (]51 . 1)
which will satisfy the equations
Via=V, A=V Vi-V3 (154. 2)

and if, taking arbitrarily any function ¢ of @, x,, ... x, and

. IA .
a new variable u, we allow ¢, and V, to grow in accordance

with the laws
da;

Sk =—2u, Vi (154.3)
bb:/ (A +VV) 4.y, (154.4)

taking as their initial values when « = 0 the given values of
g, in terms of @, ... x,, and the values initially found for V/,
the cquations V,);./\ =V, 4= PAVE_ Y (154.2)
will remain true when w takes any value whatever, and the
form P du’ + ag, daday, (154.5)
will be the ground form of an (n + 1)-way Einstein space.

The surfaces w = constant may be any whatever in the
Einstein space; and we see (149.2) that the property of this
space is that the sum of the products two at a time of the
reciprocals of the principal radii of curvature of any surface in
this space is cqual to —% A, where A refers to the n-way space
given as the section Ly the surface of the (1 + 1)-way Einstein
space.



CHAPTER XII

THE GENERATION OF AN (n+1)-WAY STATIONARY
EINSTEIN SPACE FROM AN #-WAY SPACE

§ 155. Conditions that the (iv+ 1)-way Binstein space
surrounding a given n-way space be stationary. Wo have
shown that any n-way space is surrounded by an (n +1)-way
Einstein space, and that the equations which lead to the
Einstein space are

V}’:.,\ =V, 4= VZV;‘— Ve,
da

il __ A
8_11(;9 =—=2¢u, Vy,

3 .
sa Ve =L+ Vg,
where A = {tpppt, b =Mooy,

The Einstein space has the ground form

d*du? + by da,day,,

where by, is equal to a, when u = 0.

We now inquire what properties the n-way space ground
form must have if ¢ and by, are to be independent of w.

Clearly the necessary and suflicient conditions are that

Vi=o. (155 . 1)
Wo therefore have 4 =0, ¢4, +¢,=0;
that is, P Nbpj+¢.,,=0; A,(¢)=0. (155.2)
We now want to transformn the ground form
gy da;dixy,
and the function ¢ by the transformation
ayg = by ?V, ¢ =cE"M7Y, (155.3)

We have  aft = ¢=2Y ik,
{thj}q = {ikj}y+adt (0y Vit ap Vimug V).
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Let* G&_Eel"ek+ezei—aik0-7’,
where 6/ = ait,
and therefore 6; = u;e 0.

We also have A‘(O) =0'0,, A,(0)=06".,.
It is easy to verify the following relations :

0,6, = 20,0, —na,, A(6),

0,0, = (n+2)0,0,—2a,,A(6),

=0 = (n—2) 0., +a,;,0,(0).  (155.4)
Now (iki}, = (ikj}y+ Vi,
and

(rhik} = ;7, {rik) — 3%} (rhde) + {rit) {thE) — ki) (tik),

and therefore
. . d 1 d
ekl = fokil)y 4o — Vo 2V
{rkil} o = {vkil)y 4 bwhl” Sz
F it Vi VL ((thhe) o= Vi)
—{rht) Vi= Vi ((tik}o— Vi)
= (rkik}y+ V' = Vi + VIV =VLVI,. (155.5)
We also see that
(Az (V))a—(n"‘ 2) (A (V))a =e¢ "7 (32 (V))b)
A, =MV = (2n) 2=V (A,(V)-(n—=2) A(V)),
and therefore
A, (V)y—(n=2)A(V)), = (4;(V))p = 0. (155.6)
NOW fl"l bl ‘l/':h.’ + Vf‘h V;I - V;h Vn
= (n—2) (V°rh+ Vr Vh) + a, (A2 (V) "(77’_2) A V)>
and therefore
{rtth}, = {rtthipy+ (m—2) (V.0 + V. V3).  (155.7)
It follows that, since .

(vt} + ¢(’I;h ~o,

{rtth}p+(n—2) (n—1) V.V, = 0. (155.8)

* [This is not the introduction of some new function 8, but an assign-
. [ < 0 .
ment of meanings to 6/, and 6° in connexion with any known 6,. The

meaning of eé is that assigned in §¢t.] *
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For the form b, dx;dax; we therefore have
A, (V)=0, {rith},+(n—1)(n-2)V,V,=0. (155.9)
If we can find a ground form to satisfy these conditions, then
ag = bpe?’, ¢ =e2-mV (155.10)
will give a ground form which will lead to an (n+1)-way
Einstein form, the coeflicients of which will be independent of u.

§ 1566. Infinitesimal generation of the (n+ 1)-way from
the n-way form. In order to simplily the problem of finding
the ground form b, dw;dx; we shall regard it as an (n+1)-
way form and bring it to the form

*ptdul+ by degday, | =1..n, (156.1)
as we have done before.
The equations
A,(V)y=0; {rtth}+n(n=1)V,V, =0
now become, if we take V/n(1—n) = u, .
A, (w)=0; (-tty =15 {rith} =0;
(et} = 0. (156, 2)
If we regard the form as gencrated from o), da;dry, we
have (§ 146) the cquations

D,
‘5,;;"‘ =—20,9,
(rkhé)l, = (Tk]“:)a + nl'i "Qhk - 'thnik’
(TIV"L ')b = ¢ ("th' = nhk'r)’
9
1Yy = ¢ (52 Ria— o) + O S22 2y,
We therefore have

1 ='a"'¢(¢.,.i- b%, ﬂ,.i)—a’ia)"‘gSz!Z,.,\ﬂi”, (156 . 3)

0 = ((,kh (nl.h.k—ﬂhh. ).), (156 . 4)
0=¢ (4, +d (2,0, — 2;02;) -2, 2;)
P:]
0 teri— 5, i (166. 5)

* The ¢ used here is'not the & of the Einstein form.
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The first equation may be replaced by
_¢—2 =4 + “)\” (n/’i ‘Q/\y—nr/\ﬂi,u) ar
The geometrical mcaning of this equation, since it may be
written
—¢7t= A+ § (@M —a*) (2,,0,,—02,,0,;),

is "1’(‘4+¢—2)="2R’,}R;’ (156.. 6)

that is, the sum of the products two at a time of the principal
curvatures of the equipotential surface V' = 0 regarded as
a locus in the (1 + 1)-way space is equal to —3 (4 +¢7?).
Making the transformation to the functions V' we have
d
So V=9 dutVV)+4L,
Via="V,
¢ +A+V‘ VRV =0,
b —
du g1, =
and, from [A, ()], = 0, we have
—a (Apy =g} = 0;

—2¢a, V}, (156.7)

that is, — a0, WP 4¢b¢ =0,
¢
. Vo 1—0-3°? — -
or Vo-1—¢ S0 = 0;
so that gi +Ve¢r=o. (156.8)

We have, « denoting the determinant of the form « dz;dz,,

0 _ i 2t
o Qu

=—2ua 2y ¢ =—2aV¢;
and therefore 2 (ap~?) =—2aVp1—2a ¢-3?£;
QU U
: d¢
s0 that the equation Su +Ve¢r=0

may be replaced by 5% (4972 =0. (156.9)
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We have the equations
Via=V; ¢+ A4+ V2-ViVi=0,

) A A A A
du Vi=¢ (Au+VV)+6,,
)
b—l_,_b W, = — 2¢(li\ -Vt,

0 _
s-p=—Tgm
As earlier, we therefore see that
D T
37;0(1 A=V
=, (VoVIi—A—V?)
+O(V, Vi + AL+ V V. —4u—2V V)
= Gud 2+ (Vo Vit 34t VVim Au—2V V)5
(156.10)
and this is equal to zero, since
¢ pp =3 Au— Vo V2 4 VY,
We also have, from what we proved earlier (153. 5),
24
5o = —2VA, () +2¢, VE+24,VED,
and we have
2 ) )
@V ViV =29 L2V (¢ (44 1Y) +0,(9)
—2VE( AN+ VY +7) 5
and therefore b—bq,—l, (A+¢ 2+ V2-VEV])
59 .
= “2‘1"”53 +2Vp(A+Vi—VEVY)
=2Vo(A+V:=ViVi+¢%=0.  (156.11)
We thus see thal the required (n+1)-way formm can be

generated from any n-way form infinitesimally by choosing Vi
and ¢ to satisfy the equutions

Via="Vu; Ad+¢~2eVi=ViVi=0. (156.12)
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§ 187. Restatement and interpretation of results. We

may now restate the result at which we have arrived.
Let a,,dx;dx; be the ground form of any m-way space

whatever.
Find functions V' such that ak)\V? = a;, V?, and which

satisfy the equations V7., = Vi.
Define a function ¢ by the equation
A+¢24 VE_VIVE =0,

where A =d (\ttu).
Let the coefficients «;; and the functions ¢ and V| grow,
with respect to a new variable u, according to the laws

ba'k
Uk 2y, V2,

V= (AL VY r g,

d

L h=—Vor
Y4 ¢
having as initial values, when w = 0, the given values of ay,

in terms of @, ... z, and the values initially found for V7 and ¢.
" ;
The equations VA= Vi
A2+ ViV V=0
will remnain true when w takes any value whatever; and,

@ denoting the determinant of «; ..., a¢~2 will remain

a function of x, ...z, only.
The (n+1)-way form
Prdu’ +ay,

doedey, (=1..m,

will now have the properties
A, (w)=0; (-t} =1; (rtth}=0; {rtt’} =0.
Transform now to any new variables which we may still

denote by ;... x,, @,,,, and let
VV/—n(n—1) =u,

and thus let the (n +1)-way form be
aikdxidxk, 3 2 =1 J... n+1
G v

o2

2843
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‘It will now have the properties
{rtth} +n(n—1) V¥, =0,

where A,(V)y=o.
From this (n + 1)-way form let us pass to the form
bik dwi de I
where by = a7,
and let 0 =MV,
We now have, for the (1 +1)-way form
bipda;dey,, 1=1..1n+1,
0 (rtth} + G.M =0, A,(0)=0,
or B=o, OB/’;+02:0,
where By =0 {rttp), 6, =00.,,.

The (n+2)-way formn 62du?+ by, du;dey, will now be an
Einstein form and the coeflicients b and 6 will be inde-
pendent of . .

§ 158. A particular case examined when n = 2. As
a particular case wec might consider what properties the
n-way space must have if in the (n+1)-way form which it
generates, namely P dul g dagday, (158.1)
the coefficients «;;, and the function ¢ arc to be independent
of u.

We must have, as the necessary and suflicient conditions,

A+¢p2=0,

([)Aﬁ-}-w"’(l).,“: 0,

that is, A4 ¢ t=0,
¢ (Attpi+¢.,, =0 (158.2)

Now the chief interest of an FEinstein space is when its
dimension is 4. We shall therefore only consider this special
case when n = 2. We thus have

_ Uy Uy —afy
(12]2) = Mty
that is, 26" 1 = 1. (158.3)



A PARTICULAR CASE EXAMINED WHEN 71 = 2 227

The other equations become
payK—¢.,=0; ¢a,K—¢.,=0; ¢apK—¢.,,=0 «
(158. 4)

We wish to find the properties of the two-way form which
will satisfy these tensor equations.

The element of length on the corresponding surfaces we
take to be given by 72 _ 5 ,~04. 40

We then have (111}+46, =0, {222}+6,=0,
1112} = (121} = {122} = {221} =0,
and K =¢0,.
The equations which have to be satisfied will now be
Pt 0,4, =05 20p, =" Poyt 0.0, = 0;
2020, = 1. (158.5)
We should notice that the suffixes in these differential equations

denote ordinary differentiation, and not tensor derivation
which would be indicated by the dot before the suffixes.

By means of the cquation 2¢¢,, = ¢~? wo can eliminate 0
from the other three equations, and we see that they reduce
to the two equations

b1 P1e = Py (¢¢11“¢?)’
bbb = by (PP — (158.6)

These two equations may be written

d
55 (log iy +log p—log ¢)) = o,
2

5;, 10 iz +logp—log¢,) = o.

Consequently ¢(‘}; ? and ¢$¢ (158.7)

1 2
are respectively functions of v only and of w only.
Wo do not lose in gencerality by assuming that

$12p = b= ¢,
and therefore ¢ = F(u+v),
where F'd = B
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The ground form of the surface is therefore
ds® = 4 F'dudy, (158.8)

where F' is a function of u+v given by F”’F = F".
If we take the parameters on the surface

x=u+v, y=u—v,
then ds? = F' () (da? + dy?), (158.9)
and F' (x) F (z) = F' (z). (158.10)
The surface is thus a particular case of a Liouville surface.
§ 169. General procedure in looking for a four-way

stationary Einstein space. In general, when we want a four-
way Einstein space of the form

Gzclu2+b,»,:dxidxk, ; =123,

in whieh the coefficients b;;, and 6 are to be independent of u,
that is, what is called the ‘stationary’ form, we begin with

the ground form g dz? + 2 a,,de, dz, + agzda;g . (159.1)
We then find in any way three functions
£y, 2y, =4y, M,
of the parameters @, and @, which satisfy the tonsor equations
g =0y gy = LDy (159.2)
We define a function ¢ by the equation

2¢‘_ = (1212)— 2,2, + N2,. (159.3)
We now let the coefficients a;;, and the functions £2;, grow
with respect to a new variable « in accordance with the laws

da;
M _s40,, (159.4)
42, a;
Sk = b é—;’;— M, 0. (169.6)
The equation which defines ¢ will be unaltered, and the
equations 2=y 29 =024, (159.2)

will remain true. . A
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We thus attain the three-way form
P2dul + a, ded +2a,de, dey + aydel,  (1569.6)

in which in general ¢ and the coefficients a;; will be functions
of z,, z,, and u.

In the particular case we considered in the last article,
when the two-way form appertained to a particular class of
Liouville surface, the function ¢ and the coefficients a,; will
not involve w.

But in all cases the three-way space with the forin

¢ du + ay ded + 2ay,de,da, + dy,dac’
will have the property A4, (u) = 0, (159.7)
{ittk} =0, {dtt-} =0, {t-}=1, (159.8)
and therefore
(2323) = —}ag,; (3131) = —3a,;; (3123) = $ay,;
7
(2312) = 0; (3112) =o0; (1212):2_&.

(159.9)

From this three-way form we can deduce the ground form
of a stationary four-way space by the rules we have given in
the general case.

We should notice that if we begin with the proper Liouville
surface, the Einstein stationary form at which we arrive
can be, by a proper choice of the parameters, thrown into
a form in which all the coeflicients will be functions of two
parameters only.

§ 160. Conclusions as to curvature. The three-way space
with the form
Prdu? + ay diet + 2ayde, de, + agdad
is such that, if we regard the surface u = constant as lying in
it, the product of the reciprocals of what we have called its
principal radii of curvature is
g.l_lﬁ'@:_%‘_z . (160.1)
Uy Qg —dig

We must not confuse thgse racdii of curvature with the
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radii of curvature of the surface w = constant regarded (as it
may be) as lying in Euclidean spacc.

We have in fact the theorem : “the produet of the reciproecals
of the principal radii of curvature of the surface, 2 = constant,
is equal to K162 (160. 2)
where K is Gauss’s measure of curvature.’

Riemann’s measure of curvature corresponding to the
vectors £ and 7 which lie in the tangential Euclidean space
at any point is (§ 141)

(gl =) (gt = EiqF) (ipkg) (160. 3)

(EMnl =T )(Eh 't = EUnh) (gt — gt ) '
where the direction cosines of the vectors ¢ and 7 are re-
spectively £1, £% £3, and 7!, 9% n”

If the veetors ¢ and 5 touch the surface w = constant, this
becomes 3¢~% If their plane contains the normal to the
surface it becomes —3 ¢ 2% .

In the particular case when we start with the proper
Liouville surface these are respectively A and — A, where I
is Gauss's measure of curvature.



CHAPTER XIII
n-WAY SPACE OF CONSTANT CURVATURE

§ 161. Ground form for a space of zero Riemann curvature.
We shall now consider the simplest form in which the ground
form of a space may be expressed in which Riemann’s
mcasure of curvature is zero everywhere and for all orientations.

For such a space Ctrpyg) =0 (161.1)

for all values of the integers.
Consider the system of differential equations

bopy = 0. (161. 2)
We have bepgr =00 Puprg =0
and therefore (1G—q7) ¢, = 0,
that is, Eptrg) ¢y = 0. (161.3)

A system of equations with the property that no cquation
of lower order can be deduced from them by the processes of
algebra and of the differential caleulus is said to be ‘ complete .

The neeessary and sufticient conditions that the system of
differential equations ¢.,, = 0 way be complete is then

Iptrg) = 0, (161.1)
that is, that Riemann’s measure of curvature is everywhere
2er10.

If  and v arc any two integrals of the complete system

¢‘pq =0, .
FA (w,v) = Fa vy,
= M.y, v +u’\"fu)\v.w.
= 0, (161. 4)
; . . . . -
and therefore, since A (u,v) is an invariant, it is a merc
constant.
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If, then, we take any n independent integrals of the equation
system $.pg =0 (161.2)
as our new variables, the ground form will take such a form
that each a;;, is a mere constant.

The ground form can therefore be so chosen as to have the
Euclidean formn da + o+ da, (161.5)

§ 162. Ground form for a space of constant curvature for
all orientations. We next consider the ground form which
corresponds to a space for which Riemann’s measurc of
curvature is the same constant for all orientations.

We have (Arpp) = K (1,0, =y, t,),s
and therefore  {Afup) = K (ay, € —ay,e). (162.1)
If, then, t#p and t #
we bave Atpp} = (162.2)
and Apup} = ]xu,w ‘ (162.3)

if p is not equal to u. Here the repeuted integer p is not to
have the uswal implication of summation.
Consider now the system of equations

U 0+ Ka,yu=0. (162.4)
We see that the system is complete: for
pyr +K(t"qu,. =0,
,),,1+Ka g =0,

and therefore  {pérq} w,+ K (@, u,—«,u,) = 0,

and for a space such as we are considering this is a mere
identity and not a differential equation of the first order.
The system is therefore complete.
Now let w be any integral of the complete system (162 . 4).
We bave 7A (u) = ra™u,u,

= "u.Mu + o Uy Uy
— Ap ’w
=" Ka, v, —a™* Ka,, v,

=-K (wu, 1 wu,),
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and therefore Au + K u? (162.5)
is & mere constant.

As u does not satisfy any equation of the first order, being
defined as any solution of the complete system, we can choose
w s0 that A (u)+ Ku? is equal to zero at the origin, and
therefore zero everywhere.

1

Lot K=— g (162.6)

1
We now have A (logw) = e
Take now as now variables

Y= Rlogu, v,,...9,,
where A,y =0, k=2, ..

The ground form will take the form

([-AUI’ + ((,ik(ll',i(.lxh, ; = 2, vee 1L,
. gt
and, since Uepg = ~pis
J‘l
and u = ek,
we have ‘z/c1’+ﬂi"3=0~
' J 1{ 2
. . (61-]‘.
that is, (k1) + 1= 0,
d log ;1) 2
or - (log w,;y) = —
DJJI( 5 ik R
2y
It follows that g, = e by, (162.7)
where b, is a function of ux,... 2, only.
As regards the form ¢, da dx,, C=2,.0,

wo see that, since
(i), = ¢ & (rkilyy+ {3k} (#h1)— (hE1} (ril)

L[]
= . g Wipe— Qi (U 7.
= ek (vkih), + a1 e 1
]

ofds
2843 H h



234 7 WAY SPACE OF CONSTANT CURVATURE
Dy Ly — Lri Uk
R ’
wo must have (rkih), = 0. (162.8)

It follows that the ground form of a space of constant
negative curvature may be taken as

and since (162.1) (rkih), =

da} +e® (dai +... +da?). (162.9)
By the substitution
r
n=e Ry,=u,..Ry,=ua,

the form may be written

Rl
F((lw‘f+dw§+...+dx,‘f). (162. 10)
1

The corresponding form for a space of constant positive

curvaturc may be taken as

"Rz 9 9 )
o (=dai+da ..+ da?). (162.11)
1
§ 183. Different forms for these spaces. We may find
other forms for these spaces.
Taking the case of positive curvature, instead of choosing w

so that A(w)+ Ku? =0,
we may choose u so that
1—u?
A('"):"Rr (163.1)
Let w = cos ™!
e W= cos 5,
then A(x) =1,
and the ground form may be taken
dx‘f+aikd.l‘idxk, 2 = 2,,.,’)?,. (163-2)
. w
Since U.pg+ Upg 7 = 0,
we now have (k1) + ‘%’s cot% =0,
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and therefore ;. = sinz% b (163 3)
where ;. depends on «,...x, only.
We have

(rkil), = sin*=3 (rkoh)b + {ik1} (rh1)—{RE1} (21),

and therefore
e T ALY il VAT

R k- ’

b, ibyy— ":hbu
RL

i « .
Arithpg— D ’”—sm- (1/uh)b+cot‘

that is, (rkil), =
The ground form may thercfore be written
(IJ'.I’. + -\illZ %ﬂl bi].'(l‘r’l: (l.l‘/‘., (1 63. ‘1)

whero by.de;dz, is a ground form in z,...«, only, with tho
same constant positive measure of curvature.

It at onco follows that the ground form for a space of
constant positive curvature may be written

';i'(l.ri:f+sin‘ Rsm 110 +.

d#? +sin
or perhaps better as
B2 (dw} +sin? @ da? 4 sin® @ sin?aydai +...). (163.5)
A form obviously equivalent would be '
R2(de? + cos? wydax? + cos® wycos? wpdal +...). (163.6)
The latter form when applied to a space of constant negative
curvature would become
—R*(dx? +cos?x du +cos o, cos?ayduad +...), (163.7)
R? (d2? + cosh® a, da} + cosh® @ cosh®x, dax} +...). (163.8)
The surface z; = constant, that is, the (n—1)-way space
Zy oo Ty, 1ega1ded as a locus in the 7n-way space of constant
curvature given by the form

and this may be written

L]
da} +sin? 2 dad + ..., (163.9)

o B
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has all its principal radii of curvature equal to

@
—Rtan=3,

R

and any line on the surface is a line of principal curvature.

§ 164. Geodesic geometry for a space of curvature + 1.
We shall now consider the geodesic geometry of a space
whose curvature is positive unity: that is, the space corre-
sponding to the form

do? = da? +sin?x, ded +sinx; sin?z, dx? +.... (164.1)
We shall first find the equation which a path must satisfy

if it is to he stationary with respeet to variation of the
coordinate a,.

.. da,
If we write &, for 7«’ we must have
«s

7

y N (72 anZagp g2 .
Jsfi=sing cosay (23 +sin*a,@3 +...);

and therefore, since

1 = &2 +sin?x, @2 +sin?a sin?.0,@3 + ...,
we have &, = cota, (1 —}). (164.2)
L. .
It follows that (ilé sin?u; (3 —1) =0,
and therefore Cos wy = €O8 &, €08 (8 +€), (164.3)

where o, and ¢ are constants, and g is the arc measured from
some point on the path.
It follows that
sin?
(1 —cos*a, cos® (s + €;1)*

= @2 +sin?w,d@d 4+ ... (164.4)

_tan(s+e
Let .\'] = t, —— 1)
sino,
then we have  ds? = ) +sin® wyda, +.... (164.5)

Here s, is the arc in, an (n—1)-way space of curvature
positive unity, and if s is to be statxonm'y for variation of a,,
then 8, must also be st'monary
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Proceeding thus we see that the equations which define
a geodesic are cos &, = oSO €08 (s+¢,),
COS I, == COS Ol COS (8, + €,), ..., COSL,_; = COB Xy, 1 COB(S, o+ €, 1),
Ap = 8p1t€n,
sina tans, = tan (s+¢;), sino,tans, = tan(s +¢,), ...,
sina, _;tans, ; =tan(s,_,+¢€, ;). (164.6)
1f we take
g =reose,, §,=rsinajcosx,, ¢&,=7rsinz sing,cosL,,
g.=rsine, ...sina,_ cosx,, £, =rsine ...sing,  sinz,,
we see that 34+ .+ =1
and we easily verify that
AEI+dE2+ . +dE2 = i+ r? (do? +5in® e 4,
(164.7)

The n-way space of curvaturc positive unity is then the

section of an (n+1)-way Euclidean space by a sphere of
radius unity.

§ 185, Geodesics as circles. We shall now prove that
every geodesic is a circle of unit radius in ordinary Kuclidean
space of three dimensions, but generally two geodesics will
not lie in the same Euclidean three-fold.

We have for a geodesic

Sin @, cos s, = sin &, €o8 (8,-, +€,), sinw,sins, = sin (s,_;+¢€,),
and therefore
sing,cosw, ., = A, coss,_+ B, sins,._;
= «,co8(s,_, +€,)+b.sin(s,_, +¢,), (165.1)

where 4,, B,, a,, b, are some constants.
It follows that

sinx,sin®,,,cos &,,.,
= sina,(4,,,co88.+ B, sins,)
= A, 8N, €08 (8,_y+€,)+ B, 5in (5,1 +€),
and therefore
b, cosa, sinz, sin ,4,COS T, 4, — B, cosa,sinx, cosx,,

= (B,4+;0,—sin &b, 4,,)cosx,. (165.2)
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We thus have a linear relation between the three coordinates
ér’ £I'+1’ £r+2‘

By a linear transformnation in the (2 +1)-way Euclidean
space £, ... £,41 We can take it that the first such relation is
é, =0, and that Ei+&+...+&8, =1
Proceeding thus with respect to any one geodesic we can
take it that the equations which define it ar

(¢
§i=0, £&=0 ... & =0

that is, £y = g, x, = g, e g = ZT
It is therefore just a circle in the space given by

ds* = d g2 +d g2, (165.3)
and its equation is Ei+éi =1, (165 . 4)
with £L=0, &=0, ... §,.,=0

§ 168. Geodesic distance between two points. We shall
now find an expression for the geodesic distahee between any
two points in the n-way space whose measure of curvature is
positive unity.

Let the two points whose coordinates are

@, ..., and Y, ...Yp
be denoted by @ and y, and consider the geodesic which joins
the two points. Let s, s;, ... s,_, be the ares which correspond
to z, and 8, s';, ... 8", _; the ares which correspond to y.

We have
cos &, cos ¥y, + sin 2, sin y, cos 8, cos §'; + sin ; sin y, sin 8, sin s’

= cos?x; €08 (s + €;) cos (" + ;) +sinf o cos (3 4-€;) cos (8" +¢;)

+sin (s+¢€) sin (s" + ¢,),
and therefore

cos (8 —8) = cos x, cos y, +sin &, sin 4, cos (s';—s,). (166.1)

Similarly we see that
cos (s',—g,) = cos @, cos ¥y, +sinx, siny,cos (s',—s )  (166.2)

4
COo8 (S n—-2" sn—z) f
= COST,_; COSY, ,+8inx,  siny, ,cos (s, _;—8,_),
‘
—8,_, =1 (166.3)

9’ D
“ n-1 n-1 on ne
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It follows that, denoting the geodesic distance between the
points « and y by (zy),
cos (zy) = cosx, cos Y, + sin &, sin 7, cos , cos ¥,
+sin @, sin y, sin @, sin y, cos &, cos Y, + ...
+sin x, sin y, sinx, siny, ... sinx, _, siny, , cos (x, —y,).
(166 4)
This is the formula which is fundamental in the metrical
geometry of m-way space of curvature positive unity.

§ 187. Coordinates analogous to polar coordinates. We
can now cmploy a system of coordinates, to express geo-
metrically the position of any point in our space, which will
be analogous to the use of polar coordinates in ordinary
Euclidean space.

We take any point in the space as origin, that is, the point
from which we are to measure ., the geodesic distance from
the origin.

It will be convenient to denote this distance by tan=!7, so
that r = tana,. (167.1)

Let us now consider the system of geodesies which pass
through this ovigin. For any one of these geodesics «,, ...,
are fixed, and we may therefore regard ., ...x, as the co-
ordinates which define the geodesic, and thus regard r, @,, ...x,
as the polar coordinates of a point in our space.

The geodesics through the origin cut the surface » = con-
stant in an (n—1)-way space of positive curvature 1 4 r-2

In particular the surface 4 = infinity (167.2)

is an (n—1)-way space of curvature positive unity, and the
coordinates of any point in this space define a geodesic through
the origin.
The geodesic distance between two points at small distances
x, and g, from the origin is given by
o8 (%,7/;) = COS i&; COS ¥,
+ sin, siny, (cosx, €os ¥, + sin &, siny, cos x, cos y, +...),

and therefore .

. 2 g2
1—-%(@y)=1-— Y —-,“{7’ + Yy, (cosycosy, +...).
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But, if 6 is the angle between the geodesics through these
points and the origin,

(e, 9,)% = 01 +yi — 22y, cos 6.
It follows that
cos 0 = cosw, cos y,+sinw, sin y, cos &, cos Yy + ..., (167.3)

that is, the angle between the two geodesics is the geodesic
distance between the points where the geodesics intersect the
surface 7 = infinity.

The geodesic distance between any two points is therefore
the geodesic distance between two points, on a sphere of unit
radius, whose polar distances from a point on that sphere are
2, and y,, and the difference of whose longitudes is the angle
which the geodesics through the points cut out on the surface
» = infinity.

§ 168. The three-way space of curvature + 1. Wc¢ now
limit ourselves to the case where n = 3, that is, the thrce-way
space of curvature positive unity. For this space «, is the
geodesic distance from the origin; and &, and w, may be
taken as the polar coordinates of the point—on the two-way
surface of positive curvature unity, ., = g——whem the
geodesic, through the point z,, «,, ; and the origin, inter-
sects the surface.

We may without loss of generality suppose that x; lies

between 0 and Z, z, hetween 0 and 7, and @, between 0 and

27. In the surrounding four-way Euclidean space ¢, will
then always be positive.

Through two points in our space one, and only one, geodesic
can be drawn, unless the two points lie on the same geodesic
through the origin, and are the two points where that

.. ™
geodesic intersects the surface z;, = 9"

Through three points in the space we can in general draw

one, and only one, two-way locus of positive curvature unity.
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We see this by noticing that three points (z,, @, @), (V1 Vo> Ys)
and (2, 2,, 2,) determine the planc

i+ bty gy =0
in the surrounding Euclidean space. The exceptional case
would be when the three points lie on the same geodesic.
By a linear transformation, in the Euclidean four-way
space, we may take the plane to be ¢, = 0 and the locus of
the points of intersection with the sphere to be given by

+éi+éEl =1
There will then be a corresponding set of coordinates
@y, £y, @, such that the locus is given by @, =7; in the new
coordinate system.

It will be convenient to call any two-way Jocus of curvature
positive unity a plane, though we should remember that it is
only properly a plane in the Euclidean four-fold. Similarly
we shall call any geodesic a line.

Plane geometry in our space is thercfore just spherical
trigonometry.

§ 189. The geometry of the space. We may now introduce
a different system of coordinates in order to bring out the
relationship hetween the geometry of space of curvature
positive unity and that of ordinary Euclidean space.

Let x = tan @, sin &, cos .,
y = tanw, sinx,sinw, 2= tanr cosx,. (169.1)
In this system of coordinates the geodesic distance between
two points (z, y, 2) and (&', %', 2) will be
S ldad gy .
08 (v;_,_ ')"-’)&7(1 + ,,."_7)% ’

where 1% = a2+ g%+ 2%

(169.2)

The square of the element of length will be given by
ds? = (14 72~V (e + dy? +d2t — (4 +22)"1r2dr?) 5 (169.3)

but in this gcometry, as in Kucliflean geometry, having the
2843 Ii
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B

expression for the actual distance between any two points, we
do not need to make so much use of the expression for the

element of length.
The equation of any planc is
Az+py+vz+8=0.

Now a plane, we know, is a two-way surface of curvature
positive unity. Let @, 3, 2, be the coordinates of its centre,

that is, the point at a geodesic distance 1; from every point

of it.

We then have  ww, +yy,+25,+1 =0, (169.4)
and therefore 82, =X, Sy, =p, 8z, =v.

The angle between two planes is, as in spherical trigonometry,
the supplement of the angle—that is, the geodesic distance—
between their centres.

The cosine of the angle between the two planes

Net+py+vz+é =0,
Aty +v,c+68,=0

M Emp iy, +86,

— —. -+ (169 5
AT +pi+vi+8)E A2+ p3 03 +83) ( ‘

is therefore
The equation of a plane, given in terms of the coordinates
of its centre, is aw +yy, +52,+1 = 0. (169. 4)
The condition that the plane passes through the origin, that
is, the point where @, 9, and z are each zero, is that its centre
should lie on the plane whose centre is the origin.
The equation of a line is given as the intersection of two

planes £ Yy, 52+ 1 =0,
SLy+YYy+22,+1 = 0,
In connexion with this line we consider the line joining the
points (2, 9y, 7)) and (£y, Yy, 2,)-
The plane whose centre is 4 may be called the polar plane
of A. We see that if Blies on the polar plane of A, then A
lies on the polar plane of A,
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We now see that if (x,, %,,2,) and (z,, ¥,, z,) are any two
points on a line, then every other point on the line is given by
_ p_ﬁi‘_l_‘f_z, _ Pyt 9y, , 2= Pt 43, , (169.6)
rPtaq p+q PHq
where p: q is an arbitrary parameter.
The line given as the intersection of the planes
e+ Yy +25+1 =0,
:r,(2+yy2+,;~~,+l =0
stands therefore to the line joining (, y,, 2,) and (2,4, ¥y, 2,)
in the relationship, that the distance between any point on

the one line and any point on the other line is g The lines

which are in this relationship will be called polar lines.
We now wish to consider two lines, viz. the line given by

zL, +yy+e2+1 =0,
ax, + Yy, +22,+1 =0,

and the line given by
s+ Yy, +22,+1 =0,
wrg+yy,+5z,+1 = 0.

If these lines intersect, the four points

(oY) (ol (G55 (Lol =)
lic on a plane, and we thus see that if two lines intersect their

polar lines also intersect, and the plane on which they lie is
the polar plane of the point of intersection.

{ 170. Formulae for lines in the space, and an invariant.
Just as in Kuclidcan geometry, a line has six coordinates.
We define these coordinates

l=wy—wy, MEy,—y, W=E5H=2, A&
B= e Rl V=AY B (170. 1)
The six coordinates are those of the line joining the points
(%,,%,,2,) and (x,,Y,, 2,), and they are connected by the relation
IN+mp+nv = 0. (170.2)
We easily see that if 7, m, n, A, g, 'y are the coordinates of
a line, the coordinates of itg polar Yine are A, g, », I, m, n
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Let s, =wa,+9y,Y+52, 8 =a?+yi+ezl.

If (12) denotes the geodesic distance between the points
(wly yl’ z[) and (‘L‘za ?/2) 52):
1+8

8(12) = —— 1
cos (12) 14s) (145,
) (1+s,

K _ ‘(1 +8])(l +sz)—(l+g12)2 3
sin (12) —z (1+8)(1+s,) )l

)

_PAmP 4 N pt et

(170. 3)
(T+ ) (T +45y)

and therefore sin®(12)

Consider the expression

W+mm' +un' + A\ +pp’ + v’
(et + 1+ N+ pt 4+ 1/"’)5 (2 +m2 N+ )+ V"')‘5 '

where ([, m, n, A, p, v) and (', m/, n’, X', ', v) are the co-
ordinates of the lines which respectively join the points 1 and
2, and the points 3 and 4.

It is easily verified that the numerator of the expression is

(T +815) (14 854) — (14 83,) (1 +8y,)

and the denominator is

V(L+8) (1+8,) (1 +s,) (1+s,)sin (12)sin (34).
The expression is therefore equal to
€03 (13) €05 (24) — cos (14) cos (23)
’ sin (12) sin (34) ’ (170.4)

and this is clearly an invariant.
Suppose now that the points 1 and 3 coincide. The ex-

pression becomes oo (24) — cos (1 4) cos (12)
siu (12) sin (14) ’

(170. 5)

and we:sce that this is the cosine of the angle betwcen the
lines 12 and 14.

Suppose next that the®linc 13 is perpendicular to the lincs
12 and 34.
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Clearly, from the formula
cos (24) = cos (14) cos (12) (170.6)

when the lines 12 and 14 are perpendicular, the line 13 will
be the shortest distance between the lines 12 and 34.

The planes 132 and 134 will be the planes through the
shortest distance and tho lines 12 and 34,

We may, to interpret the expression

W+mm" +an”+ AN+ pp’ + v’
(4 +m* + ,L,;+)\z+ﬂz+,,2)i 2 +m/ s 0/t )\'z_*_/l'z +V'4)é ’

since we have scen that it is an invariant, take the points
1,2, 3,4 to be

0,0.0; «,,0,0; 0,0,2,; @, 2y,
@,

it now becomes SRR
Vs 2/ 1 422
ry+yi +23

The cquations of the planes 132 and 134 become respectively
yYy=0, yr,—ay, = 0.
The angle between these planes is

@
cos”l. . 4 .

vai+yi
The shortest distance between the lines is

cosl
Vi+zy
and therefore the invariant expression is equal to the' product
of the cosine of the shortest distance between the lines into
the cosine of the angle between the two planes drawn through
the shortest dlstance and the two given lines.

The invariant vanishes if the ]mes are polar lines. It also
vanishes if the planes through the shortest distance and the
two lines are perpendicular.

If the lines are not polar lines and if the invariant vanishes,
we see that the polar line of 12 infersects 34 aud the polar
line of 34 intersects 12.
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§ 171. Volume in the space. The expression for the clement
of volume in a space of threc dimensions and with the
measure of curvature positive and equal to unity is

sin? &, sin ., dz, do, dz,, (171.1)

returning to the original notation of § 168.

The volume enclosed by an area of any plane—that is,
a two-way surface of curvature positive unity—and the lines
Jjoining the origin to the perimeter of the arca is

ij (¢, —sin @, cos &) sin &, d., da,, (171.2)

where @, is the geodesic distance from the origin to a point
within the perimeter.
If the plane is at a geodesic distance p from the origin we

can usc the equation ton P = tan @, cos ,,

and express the above integral in the form
%j(p—tanp.wlcotxl)d:ru, ’ (171.3)

where @; is now tho geodesic distance to a point on the peri-
meter from the origin.

If we take » to be the geodesic distance of a point on the
perimeter from the foot of the perpendicular, and take z, to be
the corresponding longitude 6 in the plane, the above formula
becomes

%J‘O)_tan peosp coszc?s“ (cos P COS ﬂ)(l@. (171. 4)
V' 1—cos?peostr

If the foot of the perpendicular lies within the area, this
formula givés us for the volume the expression

. sin g cos 1 cos ™1 (cos p cos r
]m‘—j‘q1 P - (cosy )dt‘), (171.5)

where the integral is to he taken round the perimcter.

We notico that in space of curvature positive unity when s,
the variable in the equation of a geodesic, increases by 2,
then s, s,, ... also increase by 2, and therefore the coordi-
nates @, ..., all increase by 27. (We thus, in proceeding along
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a geodesic, come back to the point we started from. We cannot
have any two points at a greater distance fromn one another
than 7.

§ 172. An n-way space of constant curvature as a section
of an extended Einstein space. We now wish to consider
the m-way space of constant curvature as a scetion of an
(10 + 1)-way surrounding space.

We take the (n+ 1)-way space ground form to be

P dut + by dayday, =11, (172.1)
where by, = ay, when w = 0.
We have (§ 146)
(ki) = (Phld) + 02, 0200, — 02,02y,
(rkh-)y = ¢ (42, = L2y ,),

d .
(1 Ty =¢ (au ni'h_¢‘rh>+(‘)\#¢Anr}\'ﬂh#’
=—20,.¢. (172.2)

Extending the definition of an EKinstein space, we shall now
say that a space is an Einstein space if
bhi(rksik) = by, (172.3)
where ¢ is a constant.

We have
. >
(B.), =« ¢(‘/’wi ~
(1)’,..)/, = a7\h¢ (n/‘//‘ls—nhl.‘r)’
By = (4, + (02,02, - 2,,0,,)
o
+p! (gb.,i— = [z,,.)—a,*“.(z,,\ni#. (172.4)

If the surrounding (n+1)-way space is to be Einstein
space according to the new definition,* we must have
v o— -1 2 n 1i At
C = ¢ ((’).‘i"’ éuj I.i)—-(l, « ﬂ,)\ﬂi#,

— gk
0= (82, )= 2yp,),

i A2
.!2”->—-co i, 0

T

* [Called in § 18 yn extended Ewnstein space. |
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Oyy = Ayt P (2,0, — 2,025
= 2 0,) - 02,0
+¢ ¢'ri—b—u ) rASAipe

That is, if V= d iy, (172.5)

where Ny =0 =a,V = N vy,

we must have ¢ = ¢! (A,_, (qb)-—a"";l—bﬂ,i — V3 VE, (172.6)
Vi ="V. (172.7)

Q

Now 2= an (o Vi—29V 7)),

d
and therefore
('(,(//.i = Al‘i + ”k]lﬂl‘inhh‘ _— 2(()””,.)\ ..Q;M

- d A ’A
+¢ 1(¢.,i—(lil\a—u/'V, +2¢“’l‘)\1}:1 I)

PPN
= Ali + ‘Q/'i V+ ¢_1 (‘l’-ri"“iz\ du V') ’
Multiplying by «'? and summing,

N
ce” = AT+ V'V 4+ P (953'_ et V’I') . (172.8)

du
We also have
c=¢! (A. (p)— 2 V+2¢>V" VEY_VAYH,
2 duw ®A HOOA
That is, we have

A
A,

d
RV'; =¢p+ (AL +VVi—ce

d
5oV =08,()+8ViVi-co,

V,t):'x =V,
We may replace the equation

d

Su V=20,0¢)+¢ViVi-co

by A+ V22 VAVE = (n—1)c.

BrOAGT



A SECTION OF EXTENDED EINSTEIN SPACE 249

The equations therefore become

A+V2__172V";=(n—l)c, (172.9)

Viea =V (172.10)

7%0 Vi=gute (Au+VVi—ce,  (172.11)
iy,

Sk = =2y Vi (172.12)

We may casily verify that the results which we have
proved for the case ¢ = 0 still hold in this more general
Einstein space.

The special conditions that the coefficients by and the
function ¢ may be independent of % become

A= n-1)c ¢A2+¢2 = C¢€::,
that is, P {Atpul+doap = chury, A = co. (172.13)

Now let us assume that the n-way space is of constant

curvature K. We have
{Att/x} = (l — n) K(()\”.

If we choose K so that K = —c¢, the conditions that the
surrounding Einstein space may satisfy the required conditions
become ¢ ran+ Karap =0,

A, (p)+Kig = 0.
The second condition is a consequence of the first set, and we
see that all that we need is that the system

(j).)\#-i-]l'(l)w(l): 0 (172.14)
may be complete.

We know it is, and thus we may take ¢ = cos x,, and the
space given by

ds® = cos? uydu? + R (dai +sin®ayded +...) (172, 15)
will be an Einstein space of the kind required.

If the space is of constant negative curvature we should see
that regarded as a locus in (n+1)-way Euclidean space it
would be an imaginary scction.

The expression for the geodesic distance in space of negative
curvature unity is given by
cosh s+ sinh «, sinh , + cosh @, cosh g, sinh a, sinh y, +

+sinhz, ... sinha,_,sinh ¥, .. -sinhy,_, cosha,_, cosh Vn-1

= coshza, .. - cosh @, scosh’” Z'/x . coshy, _, cosh (a: —Yn)e
2843 K k



CHAPTER XIV

n-WAY SPACE AS A LOCUS IN (1+1)-WAY SPACE

§ 173. A space by which any n-way space may be sur-
rounded. We now consider again the ground form of an
(n+1)-way space du®+ by da;da;, which, when we put = o,
becomes a, dic; du,.

We have, by the formulae of § 146,

Gkhyy = (kb 5 {ike)y = Ry {40k}, = —aM A2y,
("kih)b = ("l“lh>a + nrh‘nih - ‘Qlinhln
("/\Zi’)b = .Q,L-.k—ﬂ

il

. 22,
(r-i)y, = (\uu + “!2,)\1'2,.#,

(l)
0= -~ g,
au, + 248,

We shall prove that we may surround any a-way space
with a space for which

(ki) =05 (reiv), = o0. (173.1)
: L2,
Let 2y = **MZ",

then a_/‘ D= b“zo(a,, £, — {rht] 02— (ikt) .Q,,.)
v

d .
b:c,b o= (rkt) 2, —1ikt} 0,
J d .
-8y, 5% (rkt) — 02, Su {akt}
=0, ﬂn\ ('r/ct .!2,, ’@/ot;
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Now we have seen that

d
—D_Q:L{/rk“ = cc”‘uk”VfL.)\-— Vi,—- Vf..k

= ' iz
= Ay =2y — 02

= —(LU‘.Q,.A.L.,
and therefore
2 0 N MO0
Sg il = T T AA AL = T AN g Sy
+ (bt)\ﬂ”-n,.,\.k+CLMRI,.{25)\.]; 5
. d N
tvll&tr 18, ﬁﬂ,i.k = “(.Q,.“ﬂi)\.k—ﬂ,.)\ﬂi“.k)
= 0. (173.2)

Thus we see that the relations £2,;.; = £2;., persist when
;. and £2;; grow in accordance with the laws

20

buf!c + a*#.(zﬂn,{“ =0, (173.3)
ddy, o
Skt 20, = 0. (173.4)

We can therefore surround the n-way space with a space
for which (rki-)y = 03 (r+i%), = O.

§ 174. Curvature properties of this surrounding space.
We will now consider what properties such a surrounding
space would have as regards curvature.

Consider the ground form of the surrounding space, which
we denote by the suffix b, .2, by, gy,

Let =gz 4.+ +ER
N = le + .+ 9ts, + 02
be two vectors of lengths |¢| and |7 inelined at an angle 6’
which lie in the tangential (i + 1)-fold and therefore in
Euclidean space.
Let E=fn+... +£,
=0l 4. +tz,
be two corresponding vectors of lengths |¢| and |7 | inclined
at an anglo 6 and lying in ¢he tangential n-fold.
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We have €12 = ;L€
In|* = agn'n",
[€]1n]cos 8 = ayg'n",
41£[*|n|?sin® 0 = (£'9P —£Pny') (£F 91— £1nF) (a;,0,9— Aiq @)
The measure of curvature X, according to Riemann, which
corresponds to the orientation given by the vectors ¢ and 7,
satisfies the equation

4sin?0 [{|*|n|° K, = (giqp_ fpﬂ") (&Ml —&19%) (ipkq)q.
Now consider the vectors £ # when w = 0.
£ =1E1=& 4|2 =023
$|€121 4 P sint 0
= 4|£]?n|*sin® 0 +4 (&' 7 — {nf) (k0 —En¥) ay,
=4 (1% ni®sin® 0+ &I n [P+ 0*[€1°—2£7 ¢ |n]cos 6).
We therefore have
4K, (€17 *sin® 0+ £ |+ 9% £[2—2£n |£]|n|cos 6)
= (§'n? — £27") (¢°n1—¢19") (iphq)y,
since (epk+)y = 0, (ik-), =0,
But (ipl‘;Q)b = (él)ICQ)a + ‘Qiq ‘ka - nik ‘qu’
and therefore
4Ky (€12 n|?sin? 0+ £2 |2+ 7 (£ 2~ 27 £{]n|cos 6)
=4K,1£|%|n|%sin%d
+ (g'ﬂp“fpﬂi) (§k7lq _gquk) (‘Qiqnph_n'iknpq)' (1 74. l)
Here K, is the Riemann curvature in the (n+ 1)-way space
corresponding to the orientation of the vectors ¢+ £% and

n+1%; and K, is the Riemann curvature in the n-way space
corresponding to the vectors £ and 7.

§ 175. We may express the result in yet another form.
Consider the ground form c{2;; dx;dwx;, where c is a constant
introduced to keep the dimensions right, and let a vector ¢
be defined by the equations Cili+ L2y = 0.
The vector ¢ will then trace out in some Euclidean r-fold an

N-Way space &) ... Z,. * .
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In this space let us consider two veetors £ and 4 of lengths
| €] and | 4| inclined at an angle 6, where

=8+ +E¢
"ESII I

We have
4sin? 0’| £ %[ |?
= ¢ (§i7lp— gp,qi) (ék’l'l - f”’lk) (‘Qik "qu - “Qiqnl;p))
and therefore
1% n|®sin? 6 (K}, — K,) +] |21 [2sin? 62
+Hy (@0 1*+7* €1~ 280 1§l mlcos 6) = 0.
(175.1)
We see that the curvature of this (n+ 1)-way space which
surrounds the given n-way space depends, then, on the know-
ledge of the ground form {2;;, dx,;dxz; with the property that
ﬂl'i"i == ﬂ,.h.i.

§ 178. A condition that the surrounding space may be
Euclidean. Wo now ask whether the surrounding space can
be Kuclidean ?

If it is Euclidean we must have

("'/\Ji’b) + ﬂ,hﬂi,.—ﬂ,,iﬂh,‘ = 0,
‘Qri'k =
N2

"l A
b'u')z +(,L Fﬂh\nw = 0,

rke iy

bb“‘
Skt 20y =o.

We have seen in § 173 that, if when « = 0 the cquations
ﬂl‘i‘k:ﬂrk‘i . (176.1)
hold, they will persist for any value of w whilst 2, and a;,
grow in accordance with the laws

Da‘la
.b':o 4 2!2““—‘0. (]76‘2)

A,
SoE a2, 2y, = 0. (176. 3)
»
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We shall now prove that if these oquations hold, then, if
(7‘]0!:’&) + ﬂ,hﬂik——ﬂ,.i ﬂhk =0 (] 76 . 4)

holds when w = 0, it also will persist when w has any value.
) p y
The expression
d
C . . .
S (rliby + {vtily £y, — {Ltil} 02,
is a tensor component: when we refer to the geodesic coordi-
nates of any given point we shall find that it vanishes at that
given point and therefure vanishes identically.
So referred,

b , b b . 0 a v .
STL_L (‘l']vlh) = ;)’E,Z(b’—.l}h (TZlv) _ 'ﬂi(llllv))

20, 2N 20, Ny,

— i ik
b‘L'ha.l'k D(L'hb.b'l. bwib.l/'h b;l:ibw,.
Now oM _ Do+ {rkt) D+ {ikt) 2
dx,, piel AR gy ekl Jay,
22, .
bmﬂv = e+ {0l Oy + Tert} L2y

”

and therefore

d , 9 . .
5o (rkik) = b——”({zkt}ﬂr{—{l"'t] )
d
— o= (et} 42, — (ot Dy)
2

= A2, (Mtih) — 02, (rtih), (176. 5)
which proves the required formula.
Again
P}
sa (Bodip— 12, 82) = 0, Y L2+ 2 M 02, 0,
——to}‘”..(ll.hﬂ)\ifl#k—-(tv)"‘ﬂi,_.ﬂ,.)\ﬂ,w
= {0y, 0™ (2,02~ 02,,2,,)
+ 02,5 6M (. 2, — 2.0,
2 ﬂk#a“‘ (rAih) 4+ 2,50 (kb phi)
=02, Ar@il} — 82, (kXL
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It follows that
d .
du ((rkil) + 02,502, —02,4Y,;) = 05

that is, the equations
(7‘/»'[71,)+.Q,,L!2ik—ﬂ,iﬂ/,k =0, (176.6)

if true when w = 0, will always be true.
The condition that an n-way space may be containcd in
a Kuclidean (n + 1)-way space is that the equations

Dy =Ly (176.7)
()'/u't'/[) = ﬂlinh/.——ﬂ,hn”‘: (]76.8)
may be consistent.

§ 1717. Procedure for applying the condition when n > 2.
There is now an essential distinetion between the case n = 2
and the case n > 2.

A two-way space is always contained in a Euclidean space
of three dimensions, and we have considered the problems
associated with this case.

If n > 2 we can uniquely determine the functions £2;; in
terms of the four-index symbols of Christoffel, by aid of the
cquations (rkil) = 42,2y, — 02,82,

alone. If n >3 we even have relations between the four-
index symbols from the consistency of these equations. It is
a problem of algebra merely to determine the functions £2;;,,
and the functions so determined are tensor components.

If the surrounding space is to be Iuclidean, the functions so
determined must salisfy the equations £2,;.;, = £2,,.;. We
can therefore, when we are given the ground form v du;da;,
determine, by algebraic work merely, whether the space to
which the ground formn refers is or is not contained within
a Euclidean (n+1)-way space. The actual work would,
however, be laborious.

§ 178. The n-way space as a surface in the Kuclidean
space when this exists. Suppose, how, that we are given the
ground form g, du;dwy, and that we have found that the space
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to which it refers is contained in a Euclidean (n+1)-way
space and have calculated the functions £2;,: we may ask,
what is the surface in Euclidean space which is the given
n-way space ?

Let z be the vector in the Euclidean (n+ 1)-way space
which traces out the given n-way space. We know from our
carlier work that 2., is normal to each element of the space
drawn through the extremity of . Now there is only one
such vector in the Euclidean (n+1)-fold. Let A be the unit
vector which is normal to the surface. Then

e = Wit (178.1)
where w;;, is some scalar.

We have Suyi = WA 0,5

I

?Ul‘k)\l: + A IIA’

~erhi
and therefore, since
ki—ik = tpik; (1) — tqtik; (),
where p is an upper integer and ¢ a lower integer, we have
— ik Z = W A — W A+ (W = Wige) A (178.2)
Multiplying by A, and taking the scalar product, and noting
that AN, = 0, we have Wg = Wpeqe

We also have 5. .-, . Sk = (rkhi),

N e’
and therefore W Whi— W0, = (vhhE).
Tt follows that wy, = 24, (178.3)
and we have 2o = A2\ (178. 4)
We also have l)tak} z, DN — 02,0, (178. 5)

so that when we know A we can find 2 by quadrature and
thus determing the surface save for a translation.
§ 179. We have now to show how to determine A.

)\z, =0,
and therefore )\ 2, FAz. \oupg = = 0.

It follows that iz = &2 :-_'.Qik.
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From the equation
{rtek} zt=!2,k)\,~—ﬂ,,-)\k, (179.1)
{rtike} 42y, = DAk — L2 N Ay 5
and therefore
at (Tq'ik) ﬂfp = ‘Qrkﬁz\p _nl'iAJfIAI) 5
that i‘d, (Ltqﬂip (.Q,iﬂqk— ﬂ,.kﬂqi) = .(Z,.k)\iz\p - n,-iA@p,
or ﬂ,.k ()\ikp + a"lﬂ,pﬂqi) = ﬂm: ()\k>‘p + (Lt’qﬂlpﬂqk). (l 79 . 2)
Unless, then, the coeflicients of £2,;, and £2,; are zero, we must
have 2,40y = 242,
which would mean that (rské) = 0 and that the n-way space
was Euclidean, a case we need not consider. We conelude that
Ay, +aP10 0 = 0. (179. 3)
We thus know the ground form of the surface traced out
by the unit vector A.

RPN g OA
v = ——— — — 179 .4
Let AN, = Sa;0, {ekt 52, ( )
where {ikt}’ is formed with reference to this ground form.
We have AX; =0,
and therefore AN+ 2N = 0.

Now A is parallel to the normal to the surface traced out
by A, and therefore, as A is a unit vector, is parallel to X.
Since Mg = P10 02,
it follows that APl 0N = 0. (179.5)
We thus have the equations which determine .
These equations may be written
Ag+agh =0, (179.6)

where a’y, denotes a coefficient in the ground form of A. As
this ground form is that of a space of constant positive
curvature we see that the system is ‘ complete .

It follows that we can allow A, ...A, to take any initial
values and thus we can determine ) save as to a ‘movement’
in Euclidean space.
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We have considered three ground forms ; these may be written
—dzdz = a‘kdwidwk,
N’
—dzdA = ﬂ;kdm;dxk ,
N’
—dXdX = «P102, 0D da;dmy,.

N’
We saw (147. 4) that the lines of principal curvature were

given by the equations (apg— B 2yg) dzy = 0,

that is now, b z, (dz—RdX) = 0,
y g( )

and as we also have A (dz—RdA) = 0,
AR’
we conclude that dz = RdA (179.7)

is the equation of the linc of curvature corresponding to the
principal radius of curvature R.
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Developable surfaces, 30, 68.
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four-way stationary, 228.
(n+ 1)-way stationary, 220, &c.
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Four-way stationary Einstein
space, 228.
Fundamental and associate ten-
sors, 14.
magnitudes, the two-way Q;,
Qy,, 2y, 63, 65.
magnitudes, the n-way Qg,
207, 212.

Galilean coordinates at a point,
193.
Gauss, 65, 194, 198.
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34, 36.
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of XK, 37, 38.
general two-way, 39.

Hamiltonian equation, 96.
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Integration of geodesic equations
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Invariant K, 32, 56, 64.
Invariants, systems of, 23, 24.
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the ruled surface of, 141.

Laplace, 83.

Lie, 108.
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gruence, 96.
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Measure of curvature (see Curva-
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Riemann’s oriented in n-way
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Mercator’s projection, 61.
Mecunier’s theorem, 120.
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143, &c., 155.
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double, 151.
Moving axes, 125.

n-way principal curvatures:
orthogonal directions of, 208,
229.
sum of products of, 209.
n-way space :
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4, 17.
in (24 1)-way space, 206, 250.
in (14 1)-way Einstein space,
212, 219.
in(n+ 1)-way Buclidean space,
253, &ec.
of constant curvature for all
orientations, 232, 247.
of zero Riemann curvature, 231.
Normal vector, 17, 63, 65, 78.
Null curves, 147.
Null lines, 58, 145.

Orthogonal surfaces, 127, 172, &e.
intersect in lines of curvature,
179.
special cluasses of, 185, 187.

Parallel curves, 51.

Plateau, the problem of, 155,168.
Polar coordmares in n-way space
of curvature + 1, 239,

geodesic coordmates, 47.
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Principal planes of a 1ay, 97.
surfaces of a congruence, 97.

Pseudosphere, 27, 75.

Pscudo-spherical trigonometry,27.

Quaternion, 174.
notation, 62.

Rank of a tensor, 15.
Reduction of a two-way form :
with constant K, 34, &c.
with A (K) = 0, 36.
with A(K) and A,(K) functions
of K, 37.
in general, 38.
Refraction of a congruence, 100.
Regular solids, 167.

Ribaucour, 93, 101, 102.
Riccati’s equation utilized, 39,
41, 108, 109, 115, &c.

Riemann, 171, 194.
Rotation functions, 40, 111, 178.
vector, 87.
Ruled surfaces, 28, 129, &c.
anharmonic properties on, 138,
139.
applicability on, 133, 135.
ground form for, 130.
linc of stiiction on, 137.
which cut at one angle along
a generator, 140, 142,

Scalar product, notation for, 4, 62.

Schwartz, 171.

Second derivatives in transforma-
tion theory, 11.

Self-conjugate null curves, 148,
151.
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Spherical image, 66, 73.
trigonometry, 27.
Surfaces of revolution, applica-
bility on, 26, 107.
orthogonal to geodesics, 199,
203.
with plane lines of curvature,
122.

Tangential equations, 69.
Tangential Euclidean n-fold, 191.
Tensor calculus, rules, &c. of, 14.
components, defined, 9.
generated from others, 21.
derivatives, 12, 13, 16.
Tensors, fundamental and asso-
ciate, 14.
Three-way space of curvature + 1,
240, &ec.
Tractrix, 28.
Translation surfaces, 150.
Twelve associated surfaces, 89, 91.

Upper and lower integers, 7.

Vanishing invariants of Einstein
space, 23.
Vector, the rotated gog™, 174.
of triply orthogonal system,
178.
Vectors in a Euclidean space, 4.
sets of orthogonal, 175.
Vector-products, notation for, 62.
Volume in three-way space of
curvature + 1, 246.
Voss, 208.

W congruences, 103, 106, 107.
W surfaces, 71, 72, 106.

- iIrvature and torsion

formulae, 110, 114.
Space of curvature + 1, 237, 240.
of curvature zero, 231,

Weiarsirass, 171.

Weingarten, 71

Zero Riemann curvature, space
of, 231. .
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