UNIVERSAL
LIBRARY

OU_158442

AdVvVddl T
1VSHAAINN






OSMANIA UNIVERSITY LIBRARY

Call No. 53“\ N \S 1M ﬁ Accession No. 4*-;21 &0’
Author % WAy ¥ \

itle da oj\»o -
Titl A'vudw\s\s {_ ﬁo«fm 9 H

This Hook should be returned on or hefore the date Idst marked helow






ANALYSIS OF DEFORMATION






KEITH SWAINGER

PH.D.(ENG.), LONDON

Recently Imperial Chemical Industries
Research Fellow in the University of London

ANALYSIS OF

DEFORMATION

VOLUME TWO
Experiment and Applied Theory

LONDON

CHAPMAN & HALL LTD
37 Essex Street, London, W.C.2

1954



First published 1954

CATALOGUE NO. 542/4

Made and printed in Great Britain by
William Clowes and Sons, Limited, London and Beccles



PREFACE TO VOLUME TWO

‘All substances deform under applied loads. This phenomenon
is the aspect of natural science considered in the present work after
imposing certain idealising restrictions to bring such a wide subject
within the scope of one set of mathematically linear equations.’
This introduced the formulation of the theory in volume I of this
treatise and indicates the general attitude adopted there.

Here, the theory is applied and the available experimental
evidence is examined for the equilibrium deformation of various
solids having various boundary conditions. Even for economi-
cally important materials like engineering metals and rubber,
there is very little experimental evidence at present on their be-
haviour under complex stresses. The present author undertook
a research in the period from October 1945 to September 1950.
After some preliminary simple tensile loading of engineering metals
to get the ‘feel’ of the situation and to develop and make suitable
instruments 3: 8: % 27_ it was seen to be essential to test at least
one engineering metal over as much of the stress universe as is
physically possible.

The importance of using the whole strain field of the deformable
body itself as a reference for the observation of stress-strain effects,
rather than to use a reference fixed in space, was realised early in
1946. The consequences of this idea are examined in general
terms in volume I and an extremely simple presentation of the
relevant ideas is given here, in chapter II.

The classical Navier, Cauchy, Saint-Venant theory on infini-
tesimal elastic straining was shown to be insufficiently restrictive
on the theoretical distribution of complex stresses. This criticism
led to a polemical situation with the elasticians, while the analyti-
cal methods used led to controversy with the mathematicians %70,
The author hopes that the first volume together with this
second volume will clarify the difficulties. Further, the original
three stress functions of Maxwell have been shown to remove the
essential property of invariant transformability from the stress
dyadic when it is expressed in terms of them. (See volume I,
article I1,9.) When modified suitably to a single function then
there appeared inferences from the classical theory similar to those
said to be unacceptable from the author’s theory.
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PREFACE

Even such a trivial case as simple tension on duralumin led to
controversy when the value of the plastic transverse contraction
ratio was published 8% 48 ag less than { for small strains. (See
article 1,11 here.) It was contended that plastic straining in-
volved only a rearrangement of particles in the metal lattice so
that volume change could not occur and, therefore, the plastic
transverse contraction ratio could not be less than }. The
evident weakness of the argument is in reasoning to a conclusion
based on a homogeneous lattice of particles whereas the metallic
body is definitely of crystalline heterogeneity. The author’s use
of electrical resistance-wire strain-gauges was said to be the cause
of the error in the observation. Therefore considerable time was
spent in designing, making and using a multiply-armed optical
extensometer 3. The same values were found. Next, it was said
that the use of rectangular cross-sectioned test specimens was
unsatisfactory since, undoubtedly, the plastic transverse contrac-
tion value through the smaller thickness of the section was greatly
different from that across the width on which the measurements
were taken. (This same statement has appeared again, elsewhere
in 195083, since the original discussion in 1946-47.) A check
using less accurate means of measurement gave virtually the same
value in both directions. It transpired that the other experi-
menter had tested steel and a measurement on this material did
indeed give a value not much less than §. Tests on copper, brass
and aluminium gave values well below § similar to that for duralu-
min.

This rather trivial case demonstrates the danger of extrapolating
measurements from one substance to another or, even worse, to a
general conclusion which, by a coincidence, may be in accord with
a preconception on what should be observed. This book is not
one on strength of materials, so the experimental data in chapter I
are less than those available to the author. When more tests
are available then there can be written a book which is the complex
stress equivalent of the familiar type of book dealing with simple
loading of engineering materials. A survey of the literature shows
that the necessity for a programme of complex stressing of materials
has not been realised yet by the learned societies dealing with this
topic. So very much experiment is needed on many substances!

During such experiments and while analysing the measurements,
fresh directions for investigation will undoubtedly appear. The
present author has dimly seen several directions for advance, from
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PREFACE

his rudimentary experiments and the analysis of measurements by
others, as the careful reader will note here. The present author
hopes that he, or somebody else, will secure in the near future the
experimental facilities necessary to extend knowledge in this field
which affects the current ideas in so many topics discussing the
change of shape of bodies under force. There is so much to be
done that many workers can spend full, profitable lives without
seeing the end of the task.

The few measurements that have been taken are rarely given
in the memoirs published more recently. Usually, an author gives
only a printed curve, so that a reader is unable to examine any
alternative method of analysing the observations. The present
author experienced this difficulty, so several of the experimenters
were kind enough to supply their readings privately on request.
For the convenience of the present reader, the measurements are
given in the Tables and their sources gratefully acknowledged.

The Navier, Cauchy, Saint-Venant theory leads to equations
which are mathematically necessary but are not sufficient. Even
with the Saint-Venant compatibility conditions, which are less
restrictive than the present author’s, the usual biharmonic distri-
bution of the Airy stress function is not sufficiently restrictive for
‘plane stress’. It is shown how to utilise these ‘approximate’
solutions for infinitesimal strain and to extend them to finite
elastic strain by using whole-body convected axes and the principle
of straining equivalence of relative-displacement and straining-
displacement. This shows that the orthogonal transformation,
from the unstrained elastic body to the strained elastic body, is
performed with precisely the same equations for any finite magni-
tudes of strain when the two orthogonal (usually curvilinear) grids
are locked together at one arbitrary point and a ‘true’ strain
measure is used. Thus, the immense labour expended on the
solution of particular boundary problems, since the Navier,
Cauchy inception of the current theory in the period 1822-27, is
not completely discarded but it needs to be recognised that each
solution is mathematically approximate and that it must be
examined for possible error.

The impact of the present ideas on the deservedly famous
theory of torsion due to Saint-Venant is seen in chapter XI. The
inferences there are consistent with qualitative ideas expressed
separately by Cauchy and Kelvin, but which were discarded as
valueless (but, fortunately, were placed on record) because only
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PREFACE

the insufficient compatibility conditions of Saint-Venant were
available then. The modification of Saint-Venant’s theory by the
present author shows that radius vectors do not necessarily
remain straight as hypothesised by Saint-Venant following
Coulomb. Cauchy doubted the validity of such an hypothesis
when considering Saint-Venant’s memoir prior to publication.

Further, the unhappy Navier was not completely in error with
some of his inferences, since greatest stresses on a boundary can
occur at its most distant points from the axis of twist in some cases.
This suits Kelvin’s analogue to irrotational fluid circulation which
is discarded by the Saint-Venant theory as dealing with the trivial
case of zero torsion. The Saint-Venant compatibility conditions
allow physically unacceptable ‘dislocational rotations’ to occur
in general solutions. The torsion solutions illustrate this dis-
locational rotation on the so-called axis of twist and give point to
Cauchy’s query on their validity. A more general theory of
torsion, with fewer arbitrary hypotheses, is then given. The
Boussinesq stress function is seen to be the conjugate of a parti-
cular form of the present author’s stress potential.

The self-conjugacy (i.e. symmetry) of the stress and strain
dyadics allows each to be expressed in terms of three mutually
orthogonal principal components. The principal directions for
these two dyadics are not coaxial in anisotropic straining. One
arbitrary choice of reference directions is allowable to relate these
two dyadics by phenomenological stress-strain parameters. This
has been discussed in volume I and is re-emphasised here, but it is
not clear from the usual statement of Cauchy’s generalised Hooke’s
law.

The recent observations, by L. R. G. Treloar, on the apparently
anomalous stress-strain effects on the application of apparently
homogeneous, complex, apparently ‘plane’ stress to a thin
rubber sheet are presented in chapter X. The resolution of the
difficulty is seen to be consistent with predictions from the present
author’s theory. This led to the reconsideration of Filon’s well-
known generalised plane stress theory and to the formulation of a
quasi-plane stress theory. This latter suits the observations that
plane strain solutions, of particular boundary value problems, are
in accord with the observations of strain on the main faces of thin
sheets apparently loaded with plane stress and with photo-
elastic observations on relatively thick plates.

Further, consideration of the stress-strain relations derived
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from strain energy functions by M. Mooney, L. R. G. Treloar,
R. S. Rivlin and others using the same methods indicates that
their neglect of the first stress invariant is unjustified. A zero
strain energy function influencing the stress-strain relations for
incompressible elastic substances, like rubber, is seen to occur.
The zero component of the strain energy function for incom-
pressible substances means that the stresses cannot be specified
from observations of only strain energy and strain in such cases.

The present author’s theory on the shearing of lamine leads to
an analogy with the two-dimensional flow of inviscid, irrotational,
incompressible fluid. Hence, the well-known powerful methods
of conformal transformation with the complex variable can be
applied.

The contemporary recent writers on finite elastic strain have
brought into prominence the so-called Poynting effect, due to
which an elastic cylindrical rod extends under axial torsion.
These writers use quadratic strain theories and introduce a third
stress-strain parameter, the ‘modulus of cross-elasticity’, to
analyse the effect. The present author points out that the Poynting
effect is a stretch, rather than a normal strain, and analyses the
effect by the mathematically linear theory, with only two stress-
strain parameters and the further idea of strain transfer, which
has no place in other theories. This leads to the theoretical
derivation of Poynting’s observation that, after application of
axial tension to a rod, further axial stretch (referred to as ‘strain’
by Poynting and subsequent writers) occurs on applying a small
shear stress. The increased axial stretch is proportional to the
square of the shear stress.

The recent important tests by J. L. M. Morrison & W. M.
Shepherd in England, and by R. W. Peters, N. F. Dow & S. B.
Batdorf in America, on elasto-plastic straining in metals, emphasise
further the necessity of considering strain transfer explicitly.
The author’s analysis 64 of these tests indicates what is to be taken
as elasto-plastic ‘strain’ to fit the evidence and shows how to
analyse the elasto-plastic displacement. A survey of the literature
between 1946 and 1950 indicates a severe theoretical controversy
on the plastic stress-‘strain’ relations. These tests appear to
have concluded 64 that discussion. The plastic equivalent of the
Poynting effect appears again in an example on simple shear.

The relationship between the methods of the ‘stress-fluidity’
school of plastic strain analysis and that of hydrodynamics, as
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given originally by Tresca and Saint-Venant in 1870, seems to
have been lost. Much of the controversy in the period 1946-50
can be traced to the misunderstanding arising from the use of the
same terms to denote different physical situations by different
analysts following upon this loss of sight of the initial formulation.
(See article IV,16.15.) Further, the writers have not discussed
all their physical assumptions, so the matter is presented briefly
in article IV,16. It is commonly accepted as a fundamental
hypothesis that plastic stress-strain relations are independent of
the first stress invariant. The present author opposes this idea
and presents his theoretical reasons and experimental evidence.
Usually, the elastic and plastic stress-strain parameters are
hypothesised as isotropic but the usual form of the stress-strain
relations does not facilitate the experimental examination of this
aspect. The assumed isotropy of the plastic modulus is shown to
be very much an approximation. Again, it is seen that when the
components of the stress dyadic have some independence of
variation one from another then, correspondingly, the variations
of the elasto-plastic strain dyadic show some independence one
from another. This does not mean that the ‘simple’ super-
position of elasto-plastic stress-strain effects is allowable.

Tt is of interest that the same sort of polemic has arisen indepen-
dently in Russia. The applied-mathematician A. A. Tlyushin
complained in 1949 86 of attacks by the physicist V. D. Kuznetsov 87
and the experimentalist S. I. Ratner88. The physicist com-
plained that the mathematician ignored physical evidence, had
no physical ‘feel’ for what was happening and in consequence
the mathematical theory of Ilyushin8® did not suggest further
directions for experiment but arrived at a dead end. (Quoting
Pasteur in the preface of our volume I, the theory is not ‘fruit-
ful’.) The experimentalist complained that there are so
many unexamined physical hypotheses and suggested tests
involving the rotation of stress and strain relative to the substance
(present author’s ‘transfer’). I1lyushin rejects 86 such a test as
unenlightening. (Outside Russia such a test was accepted as
crucial ® and carried out®%6l.) More broadly, it is seen that
the quarrel between the physicist and the mathematician is only
that between the atomistic and phenomenological approaches
similar to the polemic between Navier and Cauchy in the nine-
teenth century !9, while that with the experimentalist is similar
to that with the engineer Vicat * who stimulated Saint-Venant to
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an improved theory. In fact, the first step towards synthesis of
the atomistic and phenomenological approaches has been taken
by A. M. Freudenthal 90,

Very steep stress gradients are possible in a deformation but
do not appear to have been discussed in detail previously except
in Rayleigh’s theory 192 of propagation of surface strain waves
and rather by implication in Griffith’s idea 113 of surface energy
to predict rupture of brittle solids. Their observation in experi-
ments is likely to be extremely difficult and could be overlooked
in some cases unless a theory had inferred their presence. Further,
interior stresses are never measured but must be inferred from
some stress-strain theory. Unfortunately, theory is not always
amenable to experimental examination and even when tests are
carried out the manner of their interpretation is as important as
the test, which rarely gives the desired information directly.

Volume I needed to be rigorous since it considered the mathema-
tical consistency of the present theory. This volume II is more
concerned with ‘practical’ aspects, so that in some cases approxi-
mations have been made in the intuitive, engineering sense as
required but always indicating the nature of the approximation
when compared with the rigorous theory. Thus, it is hoped that
the present volume supplies a need for the research engineer,
experimentalists and physicists without unduly emphasising the
mathematics from which this subject cannot be divorced. If the
reader desires more detail of basic formulation then volume I gives
it. Other topics such as thin plates, buckling, stress propagation,
vibrations, etc. will be treated in subsequent volumes. The de-
formation of ‘solids’ has been considered primarily in the first
two volumes even when discussing stress-fluidity or plastic flow-
strain. The inclusion of elasto-viscous fluids like molten solids,
pitch, oil, water, air and other gases, ete. in the present compre-
hensive theory is done readily in terms of the partial-increment
dyadics. Volume III, now in preparation, develops the method
and shows that the usual restriction to inviscid fluids is unneces-
sary, as the elasto-viscous flows are analysed just as readily.
It is unnecessary to subdivide "' a flow arbitrarily into zones
within and outside a ‘boundary layer’ (in which velocity
gradients are appreciable near a surface) as though the fluid body
is inhomogeneous, nor to assume arbitrary conditions for its
analysis 150, 156.2, 157 Some deficiencies are revealed in the classical
theory of hydrodyamics.
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The relevant expressions are given in appendix A, of the various
operators and operations in the vector analysis of curvilinear
coordinates required here for the particular deformation cases
analysed. This, with the appendix A of volume I, gives a concise
introduction and summary of vector analysis methods for ready
reference, but cannot replace one of the many excellent books on
the subject.

Part of this analysis was formulated, some of the examples were
worked and the experiments were performed during the author’s
tenure of an Imperial Chemical Industries Research Fellowship in
the University of London from October 1945 to September 1950.
Because the theory conflicted with the generally accepted old
theories it proved impossible to have published a full account in
the scientific journals, so the present treatise was undertaken.
The dates for the more important unpublished matter are given
in footnotes. The novelty of the ideas led to lack of support of
the necessary experimental work, so that there still remains a
great deal to be done. This volume was virtually complete in
1952 but, in the interim, a few articles have been added, as shown
by the dates in the footnotes.

It is a pleasure to record again the centinued encouragement
and courtesy of the publishers, Messrs. Chapman & Hall, Ltd., and,
in particular, that of Mr. G. Parr, Technical Director. Without
this impartial support by the publishers, the new ideas may not
have been available for the reader’s consideration for many years.
Mr. BE. W. Hamilton, in charge of the production of the
publishers’ technical books, has given his helpful guidance again
and expedited this volume. The printing and proof-reading by
Messrs. William Clowes and Sons, I.itd., have been even more
aecurate and helpful in this volume, so that the author’s task has
been light. The author is grateful for this help.

It is hoped that the good offices of these helpers have produced
an accurate text. If, however, there are any inaccuracies of
presentation or printing, then, clearly, the author is responsible
alone. ’

K. H.S.

6th July, 1954
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PRINCIPAL NOTATION

Current position vector of a point.

Initial position relative to a spatially fixed reference.

Initial position relative to non-deformable whole-
body convected axes.

Initial position relative to the deformable refer-
ence given by the body itself.

Initial position relative to non-deformable whole-
body convected axes for an elasto-plastic body.
Spatial-displacement of a point.
Straining-displacement of a point.
Relative-displacement of a point.

Absolute-displacement of a point. The differen-
tial form dD#"® ig usually considered.

Deformation-displacement relative to non-deform-
able whole-body convected axes for an elasto-
plastic body. (Also used for velocity in chapter
XTI.) (Also used for spatial-displacement aver-
aged over the thickness of a plate.)

Convection-displacement.

Spatial convection-displacement.

Whole-body and straining convection-displace-
ment components, respectively, of C*.

Position of the arbitrary origin of non-deformable
whole-body convected axes.

Strain dyadic.

Stress dyadic.

Stress-strain parameters dyadic. Superscript M
denotes the general member of E, P for elastic
and plastic respectively.

Stress-strain parameters quadadic.
Idemfactor.
Versor operator.

Partial-increment operator.
xxxi



x

XX

Ty s

bk

a e

™ oz

7 60 ¢

PRINCIPAL NOTATION

Vector gradient operator referred to generally as
‘nabla’.

‘Dot’ of scalar product.

‘Cross’ of vector product.

Double scalar product. (See volume I, article
A,22.1.)

Double vector product. (See volume I, Article
A,22.2)

Sign meaning ‘equivalent to’.

Sign meaning ‘approximately equal to’.

Divergence operator.

Curl operator.

Laplacian operator found here from 3:VV.

Biharmonic operator. .

Displacement potential or, otherwise, the scalar
potential of the strain dyadic.

Stress potential.

Airy stress function.

Special form in the stress potential ' = R, a.

Boussinesq stress function shown to be conjugate

to «. (Also a constant of proportionality in
article IV,16.)

Direction subscripts for cartesian axes. Each
can represent the general member of 7, 2, 3. A
specialised sequence used frequently is

1 =1 2 3
j=2 3 1
k=3 1 2

Direction subscripts used sometimes in place of
i, §, k.

Subscripts denoting the principal directions of
the self-conjugate strain dyadic.

Direction subscripts for the typical point in a typi-
cal curvilinear coordinates system.

Direction subscripts for cylindrical coordinates
(Rm 6, -Rz)'

Direction subscripts for spherical coordinates
(B, 0, 4).

xxxii



PRINCIPAL NOTATION

c;or C, Spatially fixed cartesian axes unit vectors.

X; Non-deformable whole-body convected axes unit
vectors.

X, Principal directions (unit vectors) of the strain
dyadic.

Cyr Cp, € Curvilinear coordinates unit vectors.

CiCjy +vvs CChs vvvs XXy ey XXy, wuvy CCpy oo Unit dyads for the
various dyadics and directions.

s; Principal directions (unit vectors) of the stress
dyadic.

Unit vector normal of a surface.
t,p Orthogonal unit vectors tangential to the surface
and forming a set n, t, p.
iy Mgy oeey Ny - Scalar components of n to the various
coordinate directions. Also direction cosines
since, for example, n; = n.c;.

R, ...R, .., R, .. Scalar components of R to the various
coordinate dircctions.

v, .. U,..U,..) Sclar components of the various dis-

D, ... D, .. D, .. placements for the various coordinate

DY, ....D}, ... D, ... directions.

dR Arbitrary, differential change of position from R
in the deformed body.

X Unit vector in the direction of dR.

¥ .., F, .., F, .. Abbreviated notation for partial

differentiation of any function #. TFor example,
F., = 0F|[oR;, so that the subscript semicolon
represents the operator 9/oR for brevity.

S Vector stress. Components of the stress dyadic
for various directions are S;, ..., S,, ..., S, ...,
Si, seee

S Scalar stress. Components of vector stress for
various coordinate directions are S;, ..., S, ...,
Sas -+ Sy .... When §; is the principal
value for the stress dyadic then the scalar value
is Sl'

e ‘True’ strain. Scalar components of the strain

dyadic are e;;, ..., €y, «uey €y ooes €y onnn
3 XXXl



PRINCIPAL NOTATION

ag Unit stretch of the line element, in direction X,
of current length dR and initial length dR°.
Thus, dD*" = a,dRX,,.

€ Partial-strain component of e. Appropriate sub-
scripts give the various directions.

¥, q Stress-strain parameters. Modulus and trans-
verse contraction ratio, respectively. Super-
script M denotes various ‘ qualities’ of the strain.
Direction subscripts are used when the para-
meters are not isotropic.

K, E° ‘True’ and ‘nominal’ Young’s elastic modulus,
respectively. (For linear, true, elastic stress-
strain relations £ = ¢7.)

P Elasto-plastic tangent modulus.

F @ Stre.ss-s!;rain parameters usually as suitable com-

J’ K { binations o.f the J’s .&I.ld g_z’s. (f] , K also used

’ as geometrical quantities in article I1I,8.)

D, A Strain transfer angle for an elastic body and an
elasto-plastic body, respectively.

K Modulus of infinitesimal dilation.

v Infinitesimal volumetric dilation per unit volume.
(Also used for areal dilation in article V,19.)

Asr Infinitesimal spatial-rotation antiself-conjugate
dyadic. Sometimes just @ for brevity.

Wi, e Scalar components of A" for various coordinate
directions.

6%, 6°P, 0, 9*  Spatial-, whole-body, straining-, dislocational-
rotation, respectively, of a principal element
during infinitesimal elastic deformation.

e’ ‘Nominal’ or Cauchy strain. Appropriate sub-
scripts of direction, similar to those for e, are
inserted as required.

e"t (or o) Natural, logarithmic or Roentgen, Ludwig, Hencky
strain. (« also used for the ‘real’ component of
a complex function, as an elliptic coordinate and
as Trouton’s coefficient of viscous extension.)

m, m° Current and initial density, respectively.

mB Body force per unit current volume.
XXXiv



PRINCIPAL NOTATION

x© Three invariants of a self-conjugate dyadic.

x5, xP First invariant of the stress dyadic and strain
dyadic, respectively. The superscript (1) is left
off for brevity.

A2, A Extension ratio (er) and inverse extension ratio
(inver), respectively, for principal directions.
(A here is A;, the strain ellipsoid semi-axis in
volume I, article 1,4.1.)

ug, Uy Squared extension ratio (ser) and inverse squared
extension ratio (invser), respectively, for prin-
cipal directions.

w, w° Strain energy per unit current and initial volumes,
respectively. Referred to more briefly as cur-
rent and initial unit strain energy, respectively.
(w is also used for infinitesimal spatial-rotation
in article V,19.)

w Zero strain energy function in article X,5.8.

M = (J—VU).(3—UV) A self-conjugate dyadic in the strain
ellipsoid equation with the coordinates of the
point in the deformed body.

We = (F+VeU)(F+UV°) A self-conjugate dyadic in the in-
verse strain ellipsoid equation with the co-
ordinates of the point in the undeformed body.

g ¢ First invariant of M and W, respectively.

g, = XWX, Quadratic invariant (elastic) strain metric
analysing spatial-displacement relative to the
deformed body.

u} = x3Mox%  Quadratic invariant (elastic) strain metric
analysing spatial-displacement relative to the

undeformed body.

x5, Initial direction of a line element having current
direction X ,.

c, e Stress-strain parameters in chapter X. (Also

used as geometrical quantities in article III,8.)
(C also denotes the constant first stress invariant
sometimes.)

Q,Q,q Torque vector, scalar magnitude and direction,
respectively.
o Octahedral unit vector.
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PRINOCIPAL NOTATION

Octahedral stress vector.

Octahedral normal and shear scalar stress, re-
spectively.

Octahedral normal and shear strains, respectively.

Imaginary, so-called.

Complex variable.

Conjugate complex variable.

Function of ¢ and ¢’, respectively.

Real and imaginary components of . (Also
elliptic coordinates in article XII,7.)

Complex unit vector, unit dyad, respectively.

Coefficient of fluid viscosity and viscous extension,
respectively, in article IV,16.

Incremental plastic parameters in article IV,16.

Strain and stress dyadic, respectively, from I,
3, each averaged over the thickness of a plate.

Spatial-displacement averaged over the thickness
of a plate. Vector and the scalar components,
respectively.

First invariant of T.

Scalar component of JA and T, respectively, with
appropriate direction subscripts. (7' is also
used sometimes for shear stress.) (Again, in
article XI,5 it is used for the infinitesimal angle
of twist.)

Scalar potentials of dyadics R, @, respectively.
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Chapter I
ONE-STRESS DEFINITIONS AND TESTS

1. One-stress test

Simple tension is the most usual loading to test the behaviour
of common engineering substances. An extensile or tensile force
is applied axially to a right cylinder of the substance and distri-
buted as uniformly as possible over the cross-section, which is
usually circular or rectangular. The changes in dimensions of
the specimen are frequently very small over important ranges of
the loading, so that accurate means of measurement are required.

1.1. Extensometers. Many optical instruments have been
devised using the relative rotation between a mirror effectively
fixed to the specimen and another moved by the relative displace-
ment between two points of the loaded specimen at a distance
apart known as the gauge length. The Martens extensometer is
a typical instrument of this sort to measure longitudinal stretch,
while the Lamb extensometer also measures the transverse con-
traction of a rectangular-sectioned specimen ' 2.

An instrument constructed by the author 3 measures simul-
taneously the longitudinal stretch, transverse contraction and,
also, stretch at 45° to the axis on a rectangular-sectioned specimen.
Several gauge lengths are available in each of these directions,
stretches of any finite magnitudes can be accommodated by means
of a zero resetting device, while high sensitivity of the order
10~ inches per inch is retained.

A device developed ¢ from an observation by Kelvin” is to
cement a very thin electrical resistance-wire to the surface to be
strained. The stretch changes the specific resistance of the wire
and this, after suitable calibration, gives a measure of the strain.
Most gauges operate within the extension 0-03 inches per inch,
but the author found % ? wire filaments operating to 0-14 inches
per inch, and then W. Weibull found ! materials operating to
0-65 inches per inch before they ruptured.

1.2. Simple compression test. Axial compression is the
other simple loading for a substance. This is not easy to achieve,
1



1,2 ANALYSIS OF DEFORMATION

as it is difficult to apply the load evenly over the cross-section, to
have a specimen long enough to secure a length reasonably free
from the end effects, such as friction, and yet short enough to
prevent unwanted ‘buckling’ of the specimen.

2. Normal strain

As the load increases, the simple tensile specimen extends in
length and contracts in width. Thus, a short line in the direction
of pull and local to a given point on the surface of the specimen
increases in length, while one normal to the direction of pull
decreases in length. More generally, two such initially orthogonal
short lines not in the direction of nor orthogonal to the direction
of pull will depart from orthogonality one to another and also
change their lengths. The relative displacements between the
ends of the short local lines in the direction of and orthogonal to
the pull constitute strain at the point.t

The change in length of the lines at an angle to the pull is not
‘strain’, in general, but is known as strefch. ‘Strain’ is the com-
ponent of a dyadic (or second-order tensor), while ‘stretch’ is not,
as it refers only to the effects in a single line. Elaboration of this
distinction, while seen to be most important subsequently, is
inappropriate at this introductory phase of the discussion but is
giveni in chapter III.

2.1. Normal strain definition. Many mathematical defini-
tions have been proposed for strain. Cauchy’s nominal normal
strain defined as linewise relative displacement per unit length of
the wundeformed body appears to have been the first. Other
definitions can be found in the literature or, as discussed briefly,
in volume I, articles IIL,8, IIILH. TUnless indicated explicitly
otherwise, there is always used here a true normal strain defined
as linewise relative displacement per unit length of the deformed
body. Thus?,

_ (Stretched _ Initial) / (Stretched)

— \ length length length
The term ‘true’ does not imply ‘falseness’ for other definitions
but merely that all quantities are ‘actual’ or ‘true’ in referring
to the current state of strain.

1 See volume I, chapters I, III.
1 A more general discussion is given in volume I, article III,13.

2
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ONE-STRESS DEFINITIONS AND TESTS 1,2.2

2.2. Comparison of nominal and true strains values.
1f a line is initially straight and of length R° while currently it is
straight and of length R, with the notation (R-R°) == D, then
true strain

e =D|R (2.2)
while nominal strain is
e’ == D/R° (2.3)
so that
e/e® = R°/|R (2.4)
Rearrangement gives
e = e°/(1+e°) e = ef(l-—e) (2.5)

2.3. Extension ratio, nominal and true strains. Recent
writers 12-13:14.17 on the high elasticity of substances such as
rubber have used the extension ratio

A° = R/R° (2.6)
and its inverse

A = R°/R (2.7)
to be related to stress when analysing the stress-strain effects.
Then, true strain

e=1—2X (2.8)
while nominal strain

e’ = A°—1 (2.9)

2.4. Normal increment strain from a current state.
The foregoing evolves normal strain definitions regarding the
initial, undeformed body as the reference from which to pass to
the deformed state or conversely, so that total strains are con-
sidered. Now, regard the currently deformed body as the
reference from which to pass to a state only incrementally
different, so that increment strains will be considered. Thus,
by definition, with 8D the increment displacement of the point
relative to the currently deformed state, the true increment
strain is

__(B+O3R)—R oD

de = W =% (2.10)

2.5. Comparison of true total and increment strains and
logarithmic strain. Throughout the present treatise the dis-
placement of particles, relatively one to another, is regarded as

1 See volume I for a full discussion.

3



1,3 ANALYSIS OF DEFORMATION

the primary quantity analysed. Therefore, in articles 1,2.2,
1,2.4 the ‘strains’ definitions suit this viewpoint. Thus, for
example,
de = 8D/R -+ 3(D/R) = 8D/R—DSR|R? (2.11)
because 8(D/R) is an increment of true strain referred to the
initially undeformed body, whereas 8D/R is a true increment
strain referred to the currently deformed body.
Then, using total strain gives
D == Re (2.12)
or using increment strain
D = 38D = X Rde (2.13)

with the summation between the initial and current states.
The Roentgen 1%, Ludwig 1!, Hencky 12 natural or logarithmic
strain is
Lim o
enat — SI) — 02.81)/1{ == log (R/R°) == log X (2.14)

Comparison with I(2.11) shows that
derdt - Je (2.15)

but, because displacement D is the primary quantity here, we
do not integrate de¢ like Roentgen but integrate 8/ as in I(2.13).
The natural strain definition leads to rather clumsy exponential
expressions to pass from strain, and therefore stress, to displace-
ment.

3. Transverse contraction

A substance generally contracts in all directions orthogonal to an
applied longitudinal stretch as in simple tension. This is the
transverse contraction. For the purpose of analysis it is usually
convenient to introduce a transverse contraction ratio q such that,
when the longitudinal strain is e, then the transverse contractile
gtrain is —ge, with the negative sign to indicate contraction when
the positive sign indicates extension.

Sometimes it is more convenient to analyse the deformation
into longitudinal increment strain e and transverse contractile
increment strain —qde, where, however, the transverse increment
contraction ratio q is not necessarily of the same value as that
associated with e, although they all apply to the same current
state.

4



ONE-STRESS DEFINITIONS AND TESTS 1.4

4, Stress in simple tension

Simple tensile stress has been defined as one in which the axial
force is distributed uniformly across the section. This is a con-
venient approximation, but it should be borne in mind that actual
materials are usually crystalline, with consequent non-uniformity
of loading. The true stress is defined as force per unit area of
actual cross-section at the current strain. Thus, with cross-
sectional area « and axial force F' the true stress is an average
value

S =F|a (4.1)

1.1. Stress in real substances. FKig. 1,4.1 represents the
crystal structure in metal, for example. The crystals vary in

vvyvevvvyvy

AR

TrYvYvvvevyy

J

Fiu. L4l Crystals shown diagrammatically in a small, rectangular
element of metal under simple tensile force #. The stross distribution
on the faces of the small element is not uniform. However, the
present, thoory supposes the metal to be amorphous so that stress S is
assumed to be uniform on the facos of the elemont.

size depending on the metal and its previous treatment. As
some indication for engineering metals they are classified as %:
coarse grains > 0:04 mm, fine grains = 0-004 mm, very fine
grains == 0-0004 mm. The individual crystals have different
stress-strain properties for different directions of loading on each 11,
so that the force distribution cannot be strictly uniform across
the section. Kach crystal carries a different loading from its
neighbour, depending on its orientation in the specimen. The
mathematical theory evolved neglects the non-uniformity of the
stress, so that it postulates an ideal substance that is effectively an
amorphous continuum. This fact should be borne in mind if
apparent anomaly occurs when comparing theory and experi-
ment.

5



1,4.2 ANALYSIS OF DEFORMATION

Further, it is supposed that the stress is zero transversely to the
applied axial stress 8. Tt can be seen intuitively as most unlikely
that the transverse stresses are zero in such a complex arrange-
ment of crystals in a real substance, although it seems plausible
in the ideal amorphous substance postulated in the theory.
W. Boas ! studied the interaction of crystals in such an aggregate
and found neighbouring crystals suffering different amounts of
deformation, indicating that each carries a different load. The
forces appear to act all round on a given crystal, while deformation
is continuous across crystal or grain boundaries.

sfE T =77 T -
I
2 ] |
S ! !
1 " !
E 3_0 n' ]
s L
=2 N ' ]
2 [ H
& -/ -
!
0 | | | 1
0 1 3 5 7 9

70° Nominal strain

Fic. I,5.1.—Duralumin under simple tensile load. The working cross-
section was 1-200 inches wide by 0-233 inches thick. The full line is
that for longitudinal strain and the dotted line that for transverse
strain in the width of the working section. After the almost linear
primary elastic straining there appears plastic strain that remains as
irreversible strain on unloading as shown. Seo Fig. I,5.3 for more
detail and Fig. I,5.2 for a greater strain range. The departure from
initial linearity occurs at approximately 34 000 pounds per square
inch (psi). The primary ratio S/e is 10 108 psi.

4.2, Nominal stress. It is sometimes convenient, when
discussing the properties of a substance, to refer to the nominal
stress defined as force per initially undeformed area. Thus, with
a° the initial cross-sectional area of the simple tensile specimen
and F the current force, then nominal stress is

S° = Fla® (4.2)
Hence, with 1(4.1), there is found the relation
8/8° = a/a (4.3)

This is of the same form as equation I(2.4) between the true and

nominal strains.
6



ONE-STRESS DEFINITIONS AND TESTS 1,6

5. Duralumin under simple tension

The light alloys of aluminium known as ‘duralumin’ have
become increasingly important in recent years because of their
use in aircraft and special civil engineering structures where
lightness is essential. Under simple tension the typical stress
vs. strain curve has the form shown in Fig. I,5.1. The opposing
arrow-heads in Fig. I,5.3 indicate that, over that part of the load-
ing sequence, the strain is reversible or recoverable by merely

3
I

7078 True stress, p.s.i.

|
40 60 80
703 True strain

Fia. 1,5.2.—The duralumin of Fig. I,5.1 for a greater strain range with four
elastic unloading, loading cycles. The transition from such secondary
elastic straining is not quite sharp but as shown diagrammatically in
Fig. L5.4. The unloading curve practically coincided with the
loadimg curve in each case, so that the straining hysteresis was low.
The *loops’ shown diagrammatically in Fig. I,5.4. indicate the trend
m such unloading, loading cycles. The post-secondary yield curves
virtually coincide with that for which unloading, loading has not
occurred. Thus, the post-primary yield curve is the locus of the
secondary yielding.

releasing the load, but a single arrow-head indicates that the
stress-strain path cannot be retraced by mere load change. For
convenience, the transverse strain is plotted as though of the
same sign as the longitudinal strain, but it should be noted that
it is negative.

Up to a stress of value 8P, say, the longitudinal strain e; and
transverse strain e, can be removed by merely releasing the load.
This is the primary elastic range, in which the longitudinal and
transverse stress-strain curves are practically straight. Thus,

7



I,5.1 ANALYSIS OF DEFORMATION
the elastic transverse strain contraction ratio ¢% is almost con-
stant. It is usually called ‘Poisson’s ratio’ after the nineteenth-
century mathematician 1915 who indicated its presence from a
theoretical study on the straining of an assembly of points
intended to represent the idealised elastic solid.

o>
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Fiu. I,5.3.—Duralumin simple tensile stress vs. longitudinal strain shown
as a full lime and stress vs. transverso strain shown dotted. Plastic
or irreversible stramns occur after the elastic or reversible unloading.
The stress at which plastic strains first appear is the primary yiold
stress, while all other post-primary yield stresses are secondary yiold
stresses.

5.1. Post-yield straining. Beyond stress ST the strains
increase more rapidly than before it, and if the stress § > SP ig
released then the resulting strain is not zero. This permanent
strain is now usually called the plastic strain or, in older books, the
permanent set. 'The stress-strain recovery curve for unloading is
not quite coincident with that followed on reloading up to the
stress from which the metal was unloaded. The narrow loop
formed is the Aysteresis loop and is a measure of energy absorbed
by a sort of friction and small-scale slippage in the substance
which is largely dispersed as hcat. However, for the analysis
developed in this treatise the hysteresis loop is neglected, so that
both curves are taken to coincide on the mean curve between them.
The stress SP at which plastic strains begin to appear is the primary
yield stress. 'The stress continues to increase beyond the primary
yield and for this reason the duralumin is said to work-harden.

8



ONE-STRESS DEFINITIONS AND TESTS 1,52

5.2. Secondary yielding. When stress S greater than SP is
released then the elastic recovery curve is followed. On reloading
it is found that the secondary yield usually begins again at a
slightly lower value than §, but soon follows a stress-strain path
that is practically a continuation or a little above that of the one
previous to unloading. The result is a rounded corner as in
Fig. 1,5.4, but this is neglected in the analysis developed here;
it is supposed that the secondary yield is sharply on to a curve
which is the continuation of that from which unloading occurred.
Therefore, the stress-strain curve beyond primary yield can be

L

Strain

Stress

Fic. I,5.4.—Duralumin unloading, loading curve subsequent to primary
yield, shown diagrammatically. The ‘loop’ indicates that energy is
absorbed by ‘solid viscosity’ or frictional effects. The transition from
the unloading, loading curve to the post-secondary yield curve is not
very sudden but slightly rounded as shown.

regarded as the locus of all the secondary yield points for the
duralumin.

The terminology ‘elastic limit’ has been used frequently and
rather loosely in the literature on this topic when referring to
primary yield, but it will be avoided in the present work because
the term so easily becomes interpreted as that the duralumin, or
any other metal, no longer has elastic properties. As seen
already, the duralumin does retain its elastic properties even up
to the verge of rupture, but some rearrangement of its particles
leads to permanent changes in shape. The current elastic strain
can be visualised as due to relative, reversible displacements

9



1,5.3 ANALYSIS OF DEFORMATION

between the particles at any given instant after rearrangement
has occurred to give the appropriate plastic strain.

5.3. The terminology plastic ‘strain’ is not satisfactory.
The author feels that a new term should be coined to replace plastic
‘strain’, because this component of the deformation merely gives
some measure of the deformation history of the specimen from an
arbitrary initial time. If such a plastically strained specimen is
handed to another experimenter not told of its history then he
would quite happily regard it as a specimen of metal with a
‘primary yield’ etc. merely as noted by himself. However, the
term has such general usage that it is retained here although
‘plastic set’ would be suitable and consistent with the older usage.

6. Steel under simple tension

Many steels have stress vs. strain curves of the same general
character as that for duralumin in Fig. I,5.1 except that the
elastic strains are smaller for given stress values. The common
engineering material mild steel, on the other hand, usually
displays effects not found in duralumin or most other engineering
metals.

6.1. Unstable primary yield. The primary elastic range is
practically linear up to an upper yield stress SU that, however, is
not a definite value. Quite suddenly, as in Fig. 1,6.1, the load
drops off the tensile specimen until it reaches a lower yield stress S™
which is also not quite definite, while at the same time the strain
increases quite considerably. The mild steel is in an unstable
condition at yield. It has been suggested that the steel would
yield at a much lower stress if its atomic lattice behaved like
duralumin, for example. In this case, the post-yield curve would
be like that dotted in Fig. 1,6.2 and joining fairly smoothly into
the curve actually observed after the unstable yielding. The mild
steel appears to be in a ‘super-stressed’ condition.

6.2. Experiment on unstable primary yield. The mechani-
cally unstable character of mild steel near primary yield can be
shown in the following manner.t Several specimens were cut
from neighbouring positions in the same stock bar. The upper
vield approximate value was found from two specimens and then

t Author, 1939,
10



ONE-STRESS DEFINITIONS AND TESTS 1,6.3

a third specimen loaded to a value a little below the upper yield.
The load was supported for several minutes without creep of the
strain but immediately yielded considerably when the specimen
was given a light transverse tap with a pencil. This behaviour
was not repeatable at every attempt, as may be expected for an
unstable condition. Various theories attempt to explain the
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F1c. 1,6.1.—Mild steel under simple tonsile loading. Tongitudinal strain is
the full line and transverse strain in the width of the specimen is
dotted. The working cross-section was 1:125 inches wide by 0-246
inches thick. Letter U indicates upper primary yield and L the lower
value for which the strain was stable subsequent to the sudden,
unstable primary yield. Line LM is shown full, but it was impossible
to measuro the sudden stress and strain changes between the limits
U and M. Subsequent to this unstable primary yield the secondary
yielding is fairly stable, with only small sudden changes in strain.
The transverse strains do not ‘follow’ the longitudinal strains smoothly.
Fig. 1,6.3 shows the situation diagrammatically.

physics of this unstable condition for the yielding of mild steel,

but the suggestion of J. Palm 44 that it is due to hydrogen in the
lattice of the steel crystal seems to fit the facts.

6.3. Transverse contraction. The transverse contraction of
mild steel frequently follows the longitudinal straining fairly
faithfully, as in Fig. 1,6.1, but even this is not quite predictable,

as shown in a number of tests.}
1 Author, 1946.
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1,6.3 ANALYSIS OF DEFORMATION

The typical measurements of longitudinal and transverse
strains are shown in Fig. 1,6.3. Range OA is the primary elastic
with primary yield point A. At the first sudden yield over AB
the longitudinal strain increased considerably but the transverse

U
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Fr1e. 1,6.2.—Mild-steel unstable primary yielding diagrammatically from
upper-value U to lower-value stress at T. and on to strain value M.
The dotted curve shows the possible transition from a much lower
primary yield stress in the absence of any ‘super’ yield effects.
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Fi¢. 1,6.3. --Mild-steel unstable primary yielding diagrammatically. The
transverse strain does not ‘follow’ the longitudinal strain faithfully.
Primary yield is at A. Full secondary yield at D. Line ADE is
that for stable yielding.

strain remained practically constant, so that the plastic straining

effect was not observed equally for all directions. Decrease of

load caused a normal elastic recovery over BC for both directions.

On reloading to yield, the transverse strain suddenly increased but

the longitudinal strain remained practically constant to reach
12



ONE-STRESS DEFINITIONS AND TESTS 1,7

point D apparently on the dotted line that would have been
followed if the unstable transverse and longitudinal strain effects
had not been present. Path DE is the normal elasto-plastic one
once yield occurs again. The foregoing is merely a fairly typical
case and differs somewhat in different specimens and steels.

This effect was not found to be so severe for secondary yield in the
steels tested.

7. Copper and brass under simple tension

Copper is a well-behaved material without any temperamental
effects like those noted for mild steel. If the simple tensile
specimen is initially soft then primary yield occurs at a low load.

| | | 1

N
|

Tensile load, tons
N

1 I |
5 10 15 20 25
103 Nominal strain

(o]

o

Fre. L7.1.—Copper under a simple tensile load. Working section was
1-137 inches wide by 0-253 inches thick. When plastic straining was
well established the secondary yield loading increased very little over
the strain range. The yielded state was quite stable and strain
increase occurred only with stress increase.

The transverse strain follows the longitudinal strain without
obvious lag such as occurred for mild steel. The hysteresis loop is
fairly narrow and the mean curve practically linear. Secondary
yield occurs at the stress value that allows the smooth continuation
of the stress-strain curve previous to unloading.

Once the deformation is well established the copper does not
work-harden very much, as shown by the very small positive slope
of the stress-strain curve in Fig. 1,7.1. The specimen can sustain
a constant load quite well, but the slightest vibration or load
increase leads to appreciable strain increase.

The brasses are alloys of copper and other metals and have
stress-strain curves of the same general character as duralumin,
80 they will not be repeated.

4 13



1,8 ANALYSIS OF DEFORMATION

8. Rubberlike substances under simple tension

Rubber and substances of like character are distinguished by
the very large elastic strains they can suffer before plastic strains
appear. Compared with metals, for example, their extensibility
is 103 to 10* times greater. Such great strains presented some
difficulty of explanation, as it was fairly clear that mere inter-
atomic relative displacements could not give such values.
W. Ostwald, in 1926 %5, seems to have started theory on the
mechanism of the effect by picturing the rubber to consist of a
liquid and globules having micellar outer sheaths. Progress by
subsequent writers modified the ideas, until now the structure is
regarded as one of greatly ‘kinked’, very long molecules bonded
to their neighbours by appropriate forces. The topic is discussed
fully in L. R. G. Treloar’s recent book 13 and, as the method of
analysis is to be phenomenological here, the physics will not be
pursued further.

TABLE 1,8.1
Load, gm Extension ratio

.F]_ Af

58 1-056
108 1-119
158 1-192
208 1-270
258 1-364
308 1-478
358 1-613
408 1-769
458 1-939
508 2-121
558 2-305
608 2-506
658 2-686
708 2-874
758 . 3-056
808 3-225
858 3-383
908 3-525
958 3-680

Initial cross-sectional area 0-0688 cm?2.
Measurements by R. S. Rivlin & D. W. Saunders 16,

14



ONE-STRESS DEFINITIONS AND TESTS 1,8.1

8.1. Simple tensile test. The simple tensile load-deformation
curves in Figs. I,8.1, 1,8.2 are for a typical rubber tested by
R. 8. Rivlin & D. W. Saunders !¢ and given in Table I,8.1.
Experiments on rubber are frequently analysed in terms of exten-
sion ratio A°> = R/R°, with initial length R° and current length R
of a homogeneously strained line. These curves are plotted for
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Fic. I1,8.1.—The typical rubber tested under simple tension as given in
Table I,8.1. Plotting the quantities nominal stress, true stress and er
gives curves of different character for the same physical event. Such
different plots suggest various forms for complex stress-strain relations
subsequently for rubber. Note the approximately linear initial range
for true stress and er, while nominal stress and er are approximately
linear beyond this initial range.

the longitudinal extension ratiot Af, simple tensile nominal stress
S°, true stress S, true strain e and the ser (A9)2.

These various plots of the same physical event show that the
‘physical behaviour’ observed for a substance depends, in a
T It is convenient to use a briefer terminology based on initial letters:

Er = extension ratio = A°

Ser == squared extension ratio = (A?)2

Inver = inverse extension ratio = (A%)-1 =: X

Invser — inverse squared extension ratio = (A%)~2 == A2
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1,8.2 ANALYSIS OF DEFORMATION

sense, on the mode of measuring or analysing it. Thus, this
rubber exhibits stress-strain curves that are concave-down and
concave-up over some parts of the range, at least, depending
upon which stress and which strain variables are plotted. The
effects of this are seen in article 1,9 when parameters to relate
stress with strain are considered.

The experimental curves are accepted and fitted into the
mathematical analysis of this book, but it is of interest that some
success has been achieved in formulating a molecular theory to
fit, or predict, the simple tensile stress-strain curve for S vs. (A9)% up
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Fia. 1,8.2.—The typical rubber tested under simple tension as in Table
1,8.1. Note the approximate linearity of true stress and strain over
the initial range, corresponding to an er of more than 1-5, while true
stress and ser are approximately linear beyond this initial range.
Such results suggest analytically convenient methods for complex
stress and strain in rubber as in the text subsequently.

to values of A{ equal to 3 or 4. 'W. Kuhn '% began the develop-
ment in 1934 with a statistical analysis of the thermodynamical
behaviour of an aggregate of long, kinked molecules under simple
tensile stress and other writers followed to improve the approach.
L. R. G. Treloar, from his yiewpoint, gives a concise account 13 of
the method that is otherwise widely dispersed through the scien-
tific periodicals.

8.2. Nominal and true strgss on incompressible rubber.
Rubber is virtually incompressible for large strains, so that
AN = (8.1)
16



ONE-STRESS DEFINITIONS AND TESTS L9

as shown in volume I, article III,8.5. M. Mooney 17 quotes
W. L. Holt & A. T. McPherson !8 as giving the most exact experi-
mental information on this aspect. This leads to simple formulze
to convert nominal stress to true stress. If RS, R3 are the initial
cross-sectional dimensions of the simple tensile specimen then the
current simple tensile force is

F, = MR3AR3S = R3R3S/AS
But
F,/(R3RS) = 8°
so that true stress
S = A38° (8.2)

9. Elastic modulus

Hooke, in 1678 19-16 and Mariotte independently, in 1680 19-17,
showed that the load vs. extension curve for an elastic metal spring
is linear. Hooke appears to have regarded all elastic bodies as
‘springs’, so that the nominal stress vs. nominal strain curve was
thought to be always linear, and found to be approximately so,
for engineering metals at least.

Young, in 1807 1918  introduced his well-known modulus
definedt effectively as the stress required to produce unit strain.
Originally, this was based on nominal stress S° and nominal
elastic strain e°, as in articles 1,4.2, 1,2.1, to give Young’s modulus

Bo — S()/eo (91)

t This is the form which Young’s idea assumed with later writers and is
accepted here to conform with general usage. Young originally stated
that 1%2: ‘The modulus of the elasticity of any substance is a column of the
same substance, capable of producing a pressure on its base which is to
the weight causing a certain degree of compression as the length of the
substance is to the diminution of its length.” Therefore, if the height of
the column is &, its density m?, cross-soction of unit area and the gravita-
tional constant g then it seems that the modulus defined by Young is

h = 8°/(e®m®g) == E°/(m%)

80 that the modern Young’s modulus is, in fact, the weight m°h of his
column and not his original h. Todhunter & Pearson remark!'*!® that
Young’s presentation is obscure throughout his writings. He preferred
the discursive mode rather than concise mathematical expression. The
mathematical expression of Hooke’s law requires a constant of proportion-
ality and this is the modern modulus without any long, obscure definition.

17



1,9.1 ANALYSIS OF DEFORMATION

9.1. True Young’s modulus. In the present treatise ‘true’
stress § and ‘true’ elastic strain are used, so that, by analogy, a
‘true’ Young’s modulus can be defined by

E = 8/e (9.2)

The qualifying term ‘true’ does not mean that the original
definition is false but merely distinguishes the two. In engineer-
ing metals the clastic strains are so small that the difference
between E° and [ is negligibly small. Just as the qualifying
‘true’ is usually left out when discussing stress and strain, then
80 is it also for the modulus.

9.2. Secant modulus. The definition of Young’s modulus
does not require the stress vs. strain curve to be linear. If the
curve is not linear, as shown diagrammatically in Fig. 1,9.1, then

Stress

} Strain

Fia, 1,9.1.—A secant elastic modulus defined as stress divided by strain for
& non-linear stress-strain relationship in an elastic substance.

the modulus of equation I(9.2) should be qualified as a secant
elastic modulus. Clearly, there is no absolute merit in a particular
definition of a modulus so long as it is convenient in the mathema-
tics used to analyse the deformation.

9.3. Tangent modulus.: Increment stress and elastic incre-
ment strain are analysed frequently, rather than the total
quantities, so that it is convenient to define the corresponding
tangent elastic modulus

Etan — 58/8e (9.3)

as in Fig. 1,9.2,
18



ONE-STRESS DEFINITIONS AND TESTS 1,94

The inverse of the tangent elastic modulus is used so frequently
that it is convenient to have a distinct symbol

= 1/Etan (9.4)
so that
de = 88 (9.5)

This also will be called the tangent elastic modulus, but there is
no confusion with %, as the context always makes clear which is
meant.

When the stress vs. elastic strain curve is linear then the
Young’s modulus, secant modulus and tangent modulus are all
the same value at any given point on the curve.

Stress
\

Strain

Fie. 1,9.2.—A tangent elastic modulus defined as increment stress divided
by increment strain for an elastic substance.

9.4. Elastic tangent modulus for elasto-plastic strains.
Substances frequently have a plastic strain component as well as
the elastic, so that in such cases, with 8¢ the elastic increment
strain, this will be related to the stress increment by the elastic

modulus ¢#. Thus,
8e¥ — yEsS (9.6)

9.5. Elastic modulus for duralumin. Fig. 1,9.3 givest
typical values of Young’s modulus for a duralumin with the true
strain range of zero to about 0-090, corresponding to the true
stress 65 103 psi. This shows how the value of the modulus
depends on the definition of stress and strain. When stress and
strain are calculated on area and length in the undeformed body

t Author, 1947.
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1,9.6 ANALYSIS OF DEFORMATION

then the corresponding ‘nominal’ modulus Z° decreases con-
tinuously in value over the range studied. When stress and
strain are ‘true’ then the modulus increases at about 50 103 psi,
corresponding to a true strain of about 0-025. However, just
beyond primary yield the true and nominal moduli are about
equal and both decrease in value. This is of some physical
interest, since it shows that the duralumin strains more easily
elastically as well as more easily plastically when yield is reached.

10:4
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Fr¢. L,9.3. Duralumm elastic modulus for the metal in Fig. 1,5.1. The
decrease in nominal Young’s modulus should be noted. The true

Young's modulus romains more nearly constant over the stress range.
Both nominal and true moduli decrease initially at primary yield.

9.6. Duralumin and rubber stress-strain curves com-
pared. C(omparison of the stress-strain curves for duralumin in
article I,5 and those for rubber in article I,8 shows their difference
in behaviour both qualitatively and quantitatively. The large
elastic strains for rubber under quite small loads presented a
difficult problem for analysis so long as the classical theory on
infinitesimal strains was the only one available. Consider the
various simple tensile elastic moduli that can be used to relate
force and deformation, as shown in the forms of Figs. 1,8.1 and
1,8.2.

20



ONE-STRESS DEFINITIONS AND TESTS 1,9.7

9.7. Rubber stress-ser curve modulus. True stress S vs. ser
(A9)? in Fig. 1,8.2 appears reasonably linear away from the initial
curvature. A secant modulus (A9)%/S to relate these two quanti-
ties when plotted against S gives the curve shown in Fig. 1,9.4,
with quite high values for the modulus at low stresses. That is,
the stress-ser curve departs definitely from linearity for fairly
small stresses. However, for practical calculation, the mean
curve for which the stress-ser secant modulus is of constant value

108 §e/8S 10%e/S
o 15 30 45 60
| 1 |
asl-| - — 45
de/8S
o~ e/S NE
3J
Sk - — —30 §
g 2
>
= ‘Q
i
— \’—l
o ] 0

4 12
105(23)YS

Fia. 1,9.4.— Stress-strain relations for the simple tensile loading of the
typical rubber as in Fig. 1.8.2. The calculation of elastic moduli in
terms of true stress, true strain, increments of these two and ser gives
the three curves shown to relate stress and ‘strain’ for the same physical
event.

270 10-6 (gm/cm2)-! approximates quite well to the actual
experimental results. This indicates the order of approximation
introduced when constant stress-strain parameters are assumed
for mere mathematical convenience to obtain solvable equations
for complex straining subsequently.

9.8. Rubber stress-strain curve modulus. Inspection of
Fig. 1,8.2 shows reasonable correlation between the mean curve
and the actual curve for true stress and true strain up to strain
values of about 0-4 to 0-5. These are large values for many
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1,9.9 ANALYSIS OF DEFORMATION

purposes and outside the range of applicability of an infinitesimal
strain theory. Displacements (i.e. change in shape) in some
problems can be large although the strains fall within this range
of values. The constant true stress-strain secant modulus for
such a mean initial curve is 41 10-6 (gm/cm?2)-!. Other moduli
and plots for true stress and strain are given in Fig. 1,9.5.

9.9. Rubber stress-er curve modulus. The approximate
initial linearity of true stress § and er A{ in Fig. I,8.1 suggests a
mean value for the stress-er secant modulus 8/){ in Fig. 1,9.6.

S kgm/em?

sde
1082

6 &
10 5

Fi1e. 1,9.5.—Tho true stress and strain moduli of Fig. 1,9.4 for simple
tension on rubber are inverted in some cases here and plotted against
other independent variables. Sometimes such replotting for a
particular substance suggests the form to be adopted for the complex
stress-strain relationship for the simplest analysis in a particular case.
Note the approximate linearity over some ranges of stress.

The constant value 11 103 gm/cm? for the initial mean stress-er
modulus gives a fair approximation to the curve up to the large
strains for er value 3.

.

10. Plastic modulus

Plastic moduli of the ‘secant’ type have been used fre-
quently ¥ in the literature, but here only a tangent plastic
modulus involving increment stress and increment strain is con-
sidered.

22



ONE-STRESS DEFINITIONS AND TESTS I,10

Define the slope of the elasto-plastic increment stress vs. incre-
ment strain curve, or the elasto-plastic modulus, by

P = 38/3e (10.1)
so that .
de = P~188 (10.2)
But, from article 1,9.4,
8¢ = E-188 (10.3)
I |
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Fic. 1,9.6-—The elastic modulus relating true stress and er for the typical
rubber in Fig. I,8.1. Note that the adoption of the constant value
8 103 would reasonably well represent the curve in Fig. I,8.1 for the
considerable elastic er of about 25, although over the stress range, as
here, the modulus varies from this value down to zero.

From Fig. 1,10.1

8¢ = deF--8eP (10.4)
so then, the plastic increment strain is 47
8ef = (P-1—E-1)88 (10.5)

By analogy with 1(9.6), 1(9.4) write the tangent plastic modulus
relating increment stress to plastic increment strain as
Y = P-1—E-1 (10.6)
Then,
Sef’ = P38 (10.7)
23



1,10.1 ANALYSIS OF DEFORMATION

10.1. Elasto-plastic modulus is not convenient. At this
early stage of the analysis it may seem to be too artificial introduc-
ing elastic and plastic moduli where one might write, for example,
1/P = = (y¥+¢yF) and deal with Se directly as in 1(10.2).

Stress

Strain

Fic. 1,10.1.—An elasto-plastic increment strain due to an increment stress.
The plastic increment strain is the elasto-plastic increment strain less
the elastic increment strain.
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Fic. 1,10.2.--Simple tensile elasto-plastic modulus P and plastic modulus
YP of the duralumin in Figs. I,5.1 and 1,5.2.

However, this is seen to introduce difficulties when the stressing
is more complicated than the present simple tension.

10.2. Duralumin plastic modulus. The value of P and ¢?
for the duralumin of Fig. 1,5.2 is shown in Fig. 1,10.2. The
24



ONE-STRESS DEFINITIONS AND TESTS 1,11

virtual linearity of y© when plotted agamnst true stress is not
necessarily general but applies to this specimen.

11. Elastic and plastic transverse contraction ratios

Under a simple tensile load the specimen suffers transverse
contractile strain e, as well as longitudinal extensile strain e, as
discussed in article I,3. For the infinitesimal elastic strains
Poisson introduced a transverse contraction ratio bearing his
name. Thus,

¢ =lerl/legl (1L.1)
or, since contraction is negative in our sign convention,
e = —q’3, (11.2)

11.1. ‘True’ elastic transverse contraction ratio. Here,
true elastic strains are used to analyse a deformation, so that it is
convenient to define a ‘true’ elastic transverse contraction ratio
by

q=lep|/|ecl (11.3)
or
ep = —qey, (11.4)

11.2. Transverse contraction ratios for elastic and plastic
increment strains. The longitudinal elasto-plastic increment
strain de;, can be resolved to elastic and plastic components de%,
def. 1t is convenient to regard each of these components as
inducing a transverse contraction effect and write

defi = —q¥oe¥ (11.5)

Sef = —qP8ef, (11.6)
More briefly, with M = E, P to denote either symbol,

Sel = —qMdelt (11.7)

Now, it is clearer why an elasto-plastic modulus is not satis-
factory, as mentioned in article I,10.1. As the deformation
becomes more complicated it is seen to be essential to separate
elastic and plastic effects. Thus, it is not convenient to define
an elasto-plastic transverse contraction ratio by

| 8ef+8ekr| || def+-Sef,
25



1,11.3 ANALYSIS OF DEFORMATION

11.3. Duralumin elastic and plastic transverse contraction
ratios. Figs. I,11.1 and I,11.2 show the elastic and plastic
transverse contraction ratios for the duralumin of Fig. I,5.2.
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Fie. L11.1. —Elastic transverse contraction ratio vs. true longitudinal
strain for the duralumin shown in Fig. I,5.2. The values shown were
found from longitudinal and transverse unloading, loading curves.
The scatter of points from the mean curve appears to be a real physical
effect and not mere experimental error.
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Fic. I,11.2.—True plastic transverse contraction ratio vs. true longitudinal
strain for the duralumin in Figs. I,5.1 and 1,5.2. At primary yield
the transverse plastic strains did not develop at the same rate as the
longitudinal plastic strains. The dotted part of the curve is the
‘transition’ to complete yielding. The values of gF less than } indi-
cate dilation due to the plastic component of the strain.
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ONE-STRESS DEFINITIONS AND TESTS 1,11.3

The mean curve of the elastic transverse contraction ratio
measurements is seen to decrease slightly with increase in strain.
The scatter of the results is fairly high about the mean curve,
indicating that the elastic transverse contraction is rather an
unstable effect for this duralumin. The plastic transverse
contraction ratio, however, shows an appreciable increase with
increase of strain, but the curve is smooth, with slight scatter of
measurements.
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Chapter II

ONE-STRESS THEORETICAL CONSIDERATIONS

1. Straining - displacement, spatial - displacement and
whole-body rotation in the simple tensile test

A theory of analysis is trivial for the simple tensile test, but

it is convenient to illustrate here some fundamental ideas re-

quired to analyse complex stressing. The approach by other

writers 13- 14,15, 17,31, 39, 42 yging only a spatially fixed reference is

simpler for formulation but tends to obscure the basic aspects,

R;
| e ]
<'—l :
-(--|0 ! D ——

R + — R
T T i
b 4 |
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R >

Fre. IL1.1.-- A point at the scalar initial position R suffers straining-
displacement D to the scalar current position R under simple tension.

leads away from simple analysis to complicated non-linear
equations difficult to solve in particular cases and, according to
the author’s theory, leads to some erroneous inferences for com-
plex stress. The formulation here is more elaborate but the
equations found ultimately are simple.

1.1. Straining-displacement. Fig. II,1.1 shows an elastic
sheet extended by normal stress.S from an initially unstretched
length E° to currently stretched length R. Suppose the centre
line of the plate remains collinear in all positions between these
two states, while the point O at the end of the centre line keeps
its position at the origin of two-dimensional cartesian coordinate
axes OR,R;. The point at R, = R on the centre line of the sheet
has been displaced by vector D. say, due to the strain established
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ONE-STRESS THEORETICAL CONSIDERATIONS II,1.2

throughout the sheet. Thus, it is convenient to call D the
straining-displacement ®- 8 of the point at R, relative to the axes
OR\R,.

With D the arithmetical magnitude of vector D the strain for
this direction is given by article 1,2.2 as

ei == D/R = 3D/3Rl = ‘D;l (1.1)
The partial differential coefficient form follows from the fact that
the strain is constant along the direction OR,, while the last form
is the abbreviated notation used throughout this treatise. The

reader will find this a convenience in the saving of labour of
writing the more complicated forms.

Fia. IL1.2.~ -Whole-body convected reference axes ORiR; are carried
around, through angle §Wb of whole-body rotation, with the body as it
deforms. Axes OR;Ry comcido initially with the spatially fixed
axes OR.R,. Spatial-displacement U of a point is from spatially
initial position R, Straining-displacement D is from instantaneously
initial position R inst relative to the whole-body convected axes.
‘Whole-body convection-displacement is the difference between spatial-
displacement and straining-displacement.

1.2. Straining - displacement, spatial - displacement,
whole-body rotation and whole-body convection-displace-
ment. Now consider a new situation. In Fig. II,1.2 the dxes
OR,R, are fixed in space. Suppose that, initially, axes OR.R,
coincide with OR,R, but, during the evolution of the strain
under current stress S, the two sets of axes separate by rotation
through angle 6%b. That is, the axes OR,R; are imbedded in
and carried around or convected by the sheet.

Relative to the whole-body convected axes OR, R, the straining-
displacement is still D, due to the establishment of the whole
strain field as seen by a whole-body observer. Relative to the
spatially fixed axes OR_R, the spatial-displacement of the point
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11,1.3 ANALYSIS OF DEFORMATION

is U as seen by a spatially fixed observer. Of course, the recti-
linear vector U is not the path of the point but only connects the
end points of the path. The difference between these two obser-
vations of displacement of the same point is C"?, conveniently
called the whole-body convection-displacement. If the whole body
is rotated back through angle 6" until OR,R, and OR,R,
coincide then the whole-body rotation is zero and straining-
displacement equals spatial-displacement. The whole-body rota-
tion and, hence, whole-body convection-displacement can be any
arbitrary values without affecting the strain field.

1.3. Doublet vector fields.} The point considered is currently
at position R and initially at <nstantaneously initial position
Re st pelative to OR;R;, while it is at spatially initial position
R? relative to OR,R,. Geometrically,

R = Rvinst + D
—_ (R° inst_Cwb)+(D+Cwb)
= R° +U (1.2)

The pairs of vector fields (R°i"t, D) and (R°, U) are doublet
vector fields. Merely adding the whole-body convection-dis-
placement field to one component vector field of a doublet and
subtracting it from the other component vector field allows
transition from one doublet vector field to the other doublet
vector field. The component vector fields of the straining doublet
are in one-one correspondence with the applied force or stress;
that is, to each value of stress there is a definite, unique initial
position and displacement for each point. The component
vector fields of the spatial doublet, however, are not one-one with
the deforming forces. Therefore, observations of strain effects
must be relative to whole-body convected axes unless some other
condition such as infinitesimal straining and spatial-rotation is
applied as in the classical Navier, Cauchy theory.}

1.4. Arbitrariness of straining-displacement. The choice
of position on the centre line of the sheet for the origin of whole-
body axes was quite arbitrary, so that any one of the infinite
number of points on the line could have been chosen. If any
other point were chosen than that at the end of the line then the

1 Seo volume I, articles 1,11.2, 1,12, ..., A,32.
1 See 193 20,49, % or volume 1, articles 1,15.5, ..., IIL,9, VI,11.
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ONE-STRESS THEORETICAL CONSIDERATIONS II,2

value of straining-displacement changes accordingly. In this
sense, the straining-displacement is as arbitrary as the choice of
position of origin O of whole-body axes, although the strain field
ag a whole is unique.

2. Straining-displacement, stress and instantaneously
initial position in the simple tensile test

The position R of the typical point could have been anywhere
along the centre line of the sheet without affecting the equations
of article II,1. At another, closely adjacent point (R-+dR) still
on the centre line all the associated quantities will have changed
differentially as in Fig. I1,2.1. Thus, the differential of II(1.2)

R
Roinst .K;inst 4+ dRoinst)
- D D+dD)n—
o=lo R c“.@jcmczcw?)—» 2
X; ::I R’ (R%+dR%) | t

T_)Xi U (U+dU)

Fra. I1,2.1.—The continuous vectors of spatially initial position, spatial-
displacement, convection-displacement, instantaneously initial position
and straining-displacement are all associated with the point at current.
position R.  All these vectors suffer differential changes in value with
differential change dR of position m the hody.

with respect to change in position gives

dR = (Roinst 4+ dD
= (dR° 18 —dCWP) L (dD +-dC™P)
— dR° +du (2.1)

The analysis of this treatise uses the deformed body as the
function domain. The current position R is the independent
variable, while initial position, displacement, stress, etc. are the
dependent variables. Thus, in Fig. I1,2.1 all five vector fields
Reinst P, C¥, Ro, U are associated with point R, while their
differentially increased values are associated with (R--dR).
With unit vectors x,, X; for the cartesian axes OR,R; then, using
equation II(1.1), the differential change in straining-displacement
with respect to position is

(ID == (I])xl = D;i(]R,X, = (’lr]]i’,xi (2.2)
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I11,2.1 ANALYSIS OF DEFORMATION

2.1. Stress and straining -displacement on the centre line
of the specimen. Suppose the strain ¢, is elastic and related to
stress by a secant modulus ¢ as in article I,9. Then,

dD = SyxdR, (2.3)

The straining-displacement relative to O is then

R,
D = J\ S(ﬁxldR, = S¢XIRI - SS[’R (2.4)
o

From equation II(1.2).1 the instantaneously initial position of
the point currently at R in the deformed body on the axis OR, is

Ro st — R(1—Sy) (2.5)

2.2 Straining-displacement at a general point. Consider
a general point R with components R,, Ry as in Fig. II,2.2.

Rj
- 2 —
-—
—— —
X5p < —
Xi

Fic. 11,2.2.— Straining-displacement of a point at general position R
under the current tensile forco.

Using a transverse contraction ratio g appropriate to the secant
modulus i, then transverse strain

e = —qe; = —qipS (2.6)
Resolve a general differential of position dR to components
dR;, dR;, calculate the differentials of straining-displacement in
each to give dDy, dD;, add to give dD, the differential of straining-
displacement, and then integrate to give the straining-displace-
ment relative to O as

The instantaneously initial position is R—D.
2.3. Strain dyadic, straining-displacement and instan-

taneously initial position for a general point. Noting that
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ONE-STRESS THEORETICAL CONSIDERATIONS II,3

the scalar products R-x; = R;, R-X; = R;, then II(2.7) can be
written as

D =R-M (2.8)
with the strain dyadic '
M = Sp(xx;—gx;X;) (2.9)
Then,
Re it — R—R.IMl = R.(3— M) (2.10)

with the idemfactor J which, in scalar product with a vector, gives
the vector unchanged.t

Thus, given the elastic strain dyadic throughout the deformed
sheet due to the applied stresses, we may calculate the shape of
the corresponding undeformed sheet if the stress-strain para-
meters are of secant form.

3. Spatial - displacement, straining - displacement and
infinitesimal whole-body rotation

The classical theory of straining due to Navier, Cauchy and
subsequent writers uses a spatially fixed reference to observe the
movement of a point when the body is loaded. Consider again
the point on the centre line of the sheet under simple tension as in
Fig. 11,1.2. The classical approach, however, focusses attention
on an element and not on the whole body as here.

3.1. Whole-body geometry. Suppose the whole-body rota-
tion angle 6"® is infinitesimal, then, geometrically, the scalar
components of U relative to axes OR,R,; are

U,=D (3.1)

U, = Rog™® (3.2)

But R is the arithmetical magnitude of either R® or R° ™% and,
therefore, R° = R—D, so that

U; = (R—D)g* (3.3)

3.2. Differential geometry of an element.i Fig. II,3.1
shows just an element of the body in the manner of approach of

1 See volume I, article A,10 or reference 28 for a fuller discussion.
I See volume I, articles 1,15, IIL,9, VI, 11 for a fuller account.
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11,3.3 ANALYSIS OF DEFORMATION

the classical theory. For this line element on the centre line of
the simple tensile specimen, the geometry gives

dR°+dU = dR = dRe° st JD (3.4)

Since dR° is the arithmetical value of either dR° or dR? st then,
relative to axes OR,R,,

dU = dUx+dUx; = dDx,+-dR°6%Px, (3.5)
But
dR° = dR—dD (3.6)

Fi¢. IL3.1.- A Imno clement on the centre line of the sheet under simplo
tension.  Spatial-displacement U is relative to spatially fixed axes,
while straining-displacoment D is relative to whole-body axes con-
vected through whole-body rotation angle §wb,

so that, scalarly, II(3.5) gives
dU; =dD (3.7)
AUy = (AR—dD)6"> (3.8)
Note carefully that, if the form of the whole strain field cannot be
seen, as in this simple case, then the ‘rotation’ would have to be
given the more general label ‘spatial’, so that it becomes spatial-

rotation ¢*" relative to spatially fixed axes. Thus, according to
the classical theory,

AU, = (dR—d D)6 (3.9)

3.3. Stress and gradients of spatial-displacement and
straining -displacement. Noting that, with respect to change
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in position along axis OR,, the differentials dU; = U dR,, etc.,
then, from II(3.7), I1(3.9),
Ul;l = 'D;i = € (3.10)
Uj;l - (1—61)0‘”’ (3.11)
when only a single element of the whole field is considered to
formulate these differential equations. Similar expressions follow
from differentiating I1(3.1), I1(3.3) with respect to R;, except that
then the known constant 6" replaces 6® here that must be
assumed to be a function of position until it is shown otherwise.
The classical theory of infinitesimal strains neglects the products
of strain and rotation, so that, in this simpler case, II(3.11)
becomes
Uj;i = BSD (312)
Suppose the strain and stress are related by a secant modulus
as in article I1,2.1. Then, II(3.10) becomes

Ui;l = O.IIS == D;l (3.13)
while I1(3.12) is independent of stress.

3.4. Stress and gradients of spatial-displacement at a
general point in the sheet. Let R be a point not on the axis
OR,; of the sheet. Let dR be a differential change in position
from R as in Fig. I1,2.2. The scalar components dR;, dR; of
dR define an orthogonal element of the deformed sheet that is also
orthogonal in the undeformed sheet. For infinitesimal strain and
spatial-rotation, by methods similar to that in article I1,3.3 (or
with more detail in volume I, article I,15.7, applied to the present
case), are found the relations for a single element

U!-l = = Dl’l ]

’ ’ 3.14
Uy =¢ = Dy } B-14)
Ul'j = _BSD

; 3.15
Up = 6% } 319

Assuming the stress-strain relations of secant form, as in
article I1,2.2, gives
e, = ¢S e = —qiS (3.16)
Since § is constant and ¢, ¢ assumed to be so, then, from 11(3.15),
I1(3.14) on differentiation,
Ui;lj =0= —'ew;i

3,

(3.17)

0
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11,3.5 ANALYSIS OF DEFORMATION

Then, evidently, 6°P is constant and equals 6"°, as required for the
geometry in article I1,3.1.

3.5. Integration of the stress, displacement equations at
a general point in the sheet. Integrating the spatial-displace-
ment, spatial-rotation equations II(3.15) gives

Ul B —0Wb_Rj+I(R|)
with I(R,), J(R,) the arbitrary functions of integration. Substi-

tute II(3.16) in II(3.14) and integrate these stress, spatial-
displacement relations to give

(3.18)

U,= SLSRH‘J'(Rj) }
3.19
Uy = —ahSE+I'(R) (8-19)
Comparison of I1(3.19) and II(3.18) gives
2

satisfying the conditions By = By =0 = U, = U,.
Now substitute II(3.16) in II(3.14) and integrate these stress,
straining-displacement relations to give

D, = SR, .
Dy — —qisR, } (3.21)

with the correct fixing conditions B, = B; = 0 = D; = D,.

Inspection of the solutions II(3.21), II(3.20) shows that if the
displacement, stress equations only are solved then the resulting
displacement is straining-displacement and not spatial-displace-
ment, as this latter also requires the solution of the displacement,
whole-body rotation equations. Clearly, the conclusion is not
altered if all the equations are transformed to another set of axes
not in the directions X;, X; and then solved for displacements
relative to them.

3.6. Displacements in the classical Navier, Cauchy
infinitesimal strains theory. The trivial example of simple
tension has been chosen deliberately for its geometrical simplicity
to encourage the reader to examine the fundamentals of the
classical theory more closely. The classical theory considers just
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one typical element, a spatially fixed reference, and formulates the
equations effectively as

Ul;l = KIIS

Uyy = —q48S (3.22)
3 Uyy+Ug) =0
3(Ujy—Uyy) = 6 (3.23)

in a form similar to equations II(3.14), II(3.15).}

Equations II(3.22) between stress and displacement are inte-
grated for the ‘spatial-displacement’ U and then, to put things
right, since a whole-body rotation can have occurred, a ‘comple-
mentary’ solution like '

is added with arbitrary constant 4, while I1(3.23) is not used
explicitly.}

However, article I1,3.5 shows that the integration of II(3.22)
gives straining-displacement D and not spatial-displacement U,
while 4 in I1(3.24) equals 6°° in 11(3.23) and cannot be calculated
in terms of ‘spatial-displacement’ U found from equations
I1(3.22). Thus, with the classical stress-strain forms there should

be solved
-Di;l = ¢S } (3.25)
Dyy = —q98
%(Dl;j+Dj;l) =0 (3.26)

with the addition of the arbitrary ‘complementary’ or whole-
body convection-displacement

CWb = BWb( R,Xl——Rixj) (3.27)
independent of the stress field.

3.7. Relative-displacement and straining-displacement.
The present author’s theory goes a step further in pointing out
that, for infinitesimal strain, whether it is heterogeneous or homo-
geneous as here, straining-displacement D wirtually equals a

T See, for example, the standard works 1% 23, 29,49, 80,
1 See, for example, S. Timoshenko 226,
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11,5.1 ANALYSIS OF DEFORMATION

5.1. Vector stress on an oblique plane. Let unit vectors
n, t be in the plane of X;, X; and consider the strip of plate of
width B and unit thickness in Fig. II,5.1. Then volume I,
article II,2.1 gives the vector stress S, acting on the plane normal
to n as

S, =nd (5.2)
But n.x; = cos 6, so that
S, = 8ix; cos 0 (5.3)

5.2. Stress components on an oblique plane. The scalar
normal stress component of S, is

Spn = 08, = §; cos? 0§ = 18,(1+cos 20) (5.4)

R;

Fic. IL5.1.—Vector stress S,, on a plane normal to unit vector n in the
plane of x;, xj due to applied tensile vector stress S;.

while the scalar shear stress component is

Sy = tS,, = —8; sin 0 cos § = —1}8; sin 20 (5.5)
since t<X; = —sin §, This shear stress has a maximum value
when gin 20 = -1, so that in this case § = 45° and 135°. Then,

Spfmax) = —18, (5.6)

5.3. Complementary shear stresses. Now consider the
vector stress S, acting on a plane normal to t and then resolve it
to the scalar shear stress component in direction n. Then,

S = ne(t-B) = —38; sin 20 (5.7)
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Therefore, with 1I(5.5),
Sin = S (5.8)
are the complementary shear stresses in Fig. II,5.2.

5.4. Vector stress on a more general oblique plane.
Suppose now, more generally, that n is not in the plane of x;, x;,
so that, if n, t, p is a mutually orthogonal set to define an orthogo-
nal element, then the vector stresses are

S,=n8  S=t§ S, =pd (5.9)
The scalar stress components are S,, = n+«(n-), ..., so that
Ste

Sin
Snt
Shn

Fic. I1,5.2.—Vector stresses S,, S; acting on planes normal to unit vectors
n, t respectively are resolved to normal and shear components on
their respective planes. (‘omplementary, scalar shear stresses
Spts S are of equal magnitudes for rotational equilibrium of the
element.

n

AL
-

with n, the cosine of the angle between n and x;, and so on, this
then gives
Spn = 1S, Sp = Sp = mtyS,
Sy =148, Sp =8 = tpSy (5.10)
Spp = p%5, Spn = Snp = pimS)

Notice that, similar to the conclusion in article II,5.2, the
maximum arithmetical value of the shear stress is 1S; on the
inclined face of a cone with a vertex semi-angle of 45° and its
axis in the direction of S;.

6. Body force
Stress is the force acting across unit area of a plane described
in the loaded body. Body force is the force acting on the particles
41



11,6 ANALYSIS OF DEFORMATION

within a volume usually taken to be elemental about a given point.
Such a body force is usually due to weight or some other accelera-
ting force. IfdV is an elemental volume about a typical point R,
the density of substance is m and the body force B per unit mass,

.

.

mBdV

Fi1d. II,6.1.—Element of volume dV and density m with body force mB
per unit volume acting on its particles.

then the force acting on the particles of the element is mBdV.
Thus, mB is the force per unit volume on the element particles
shown diagrammatically as acting on the centre of mass of the
element in Fig. I1,6.1.
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Chapter III

HOMOGENEOUS, PLANE TWO-STRESS

1. Stress dyadic for a two-stress system

A two-stress system is such that, at all points of the loaded
body, the stress dyadic can be reduced to only two normal stresses
by mere choice of direction about each point. Thus, with prin-
cipal normal stresses §;, §; in the directions of unit vectors Xx;, x|
respectively, the stress dyadic is

5 == Slxixl']-ij"Xl (1.1)
so that the component 8, is zero in the direction X, orthogonal

to the other two directions. ’
With X, X; coplanar with the constant unit reference vectors

s\ ]

Fru. IIL,1.1.— Two-stress system principal normal stress directions x;, X;
and general directions ¢, c,,.

c,, ¢, of cartesian axes OR, R, then volume I shows that, on
transformation,

B = 85,€.6,+8,,,6,+8,,(C.c,1-€,C.) (1.2)

1.1. Homogeneous two-stress definition. The two-stress
is homogeneous for axes OR_ R, if all the stress components S,
8, Sz have the same values at all points of the plane sheet.

It is convenient to give here a more general definition of homo-
geneous two-stress for cylindrical coordinates (R,, 6, R.) having
local unit reference vectors c,, ¢, ¢, and spherical coordinates
(R,, 0, ¢) having local reference vectors c,, ¢;, ¢, as in article A,7.
Thus, any of the three pairs of unit vectors in each curvilinear
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I11,1.2 ANALYS1S OF DEFORMATION

system replaces c,, ¢, in III(1.2), while corresponding subscripts
replace z, y to give the two-stress dyadic. Now, for homo-
geneous, curvilinear stress the scalar components 8,,, ... retain
their values from point to point in the curvilinear coordinates
gystem.

1.2. Stress on a plane. Just as in article II,5 the vector
stress S,,, acting on a plane normal to unit vector n in the plane of
¢, ¢, and from the given point at which the stress dyadic is
D, is

S, =n3 (1.3)
With unit vector t normal to n and in the plane of ¢, ¢, the normal
and shear stress components of S,, are

Snn = n-%-n ‘Snt = n'%'t (1.4)

1.3. Principal normal stresses and their directions.
Choose n, t to have the particular values X, X; to give, with

III(1.2),
S = XX,
= 3(Sez+8y)) +3(8,,—8,,) cos 2048, sin 260
(L.5)
8y = X 8%
= $(Sex+8,,) —3(S,.—8,,) cos 260—8.,, sin 26
while shear stress Sj; is zero for the principal directions. Thus,
0 = X;°DX; = §(—8,,+8,,) sin 20+8,,, cos 20
so that the principal normal stress directions are given by

tan 20 = 28,,/(S,,—S,,) (1.6)

1.4. Partial-increment stress dyadic. Suppose the prin-
cipal normal stress directions X; are held constant in ITI(1.1)
during an incremental change of the dyadic. Referring to this as
a partial-increment, since the directions are unchanged, gives

This self-conjugate dyadict transforms to
AR = 88,,6,C,+88,,(c,c)+cyc.) +88,,c,c, (1.8)
with
38, = c,»48-c, 88, = ¢, 4B, 88,,=c 48,
T See article A,8 or volume I, articles A,9, A,11 for a fuller discussion.
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1.5. Principal normal increment stresses and their
directions. With x,, x; the principal directions of the increment
stress dyadic and 6 the angle between Xx; and c, then, just as in
article III,1.3 for the stress dyadic, there are found

85, = §(89,,+88,,)-+H(88,,—58,,) cos 204 38,,sin 20 | o
88; = $(88,,+88,,)—%(88,,—88,,) cos 20—88,,, sin 20 ’

tan 26 = 288,,/(88,,—38,,) (1.10)

This transformation is the converse of that in article II1,1.4.

1.6. Firstinvariants of the total stress dyadic and partial-
increment stress dyadic. Suppose the stress and increment
stress dyadics are transformed invariantly for rotation of axes
about an axis in the direction c, = x;, then volume I, article
I1,3 shows that, with the idemfactor in double scalar product,

3:5 =XS =S.’L‘I+Syy =Sl+Sj (1'11)
3:48 = x5 = 88,488, = 88,4388, (1.12)
are the first invariants. That is, each of these sums maintains its

arithmetical value whatever orthogonal axes are chosen in the
(R,, R,) plane.

1.7. Maximum shear stress on each of some particular
planes. Substituting III(1.1) in III(1.4).2 gives

with the direction cosines notation similar to article II,5.4.
Now choose some particular directions for the unit vectors.

(a) n, t coplanar with S;, S;. Denotet by ¢ the angle between
S; and n, so that n; =1#; = cos ¢, n; = —#; =sin¢p. Substitu-
ting in ITI(1.13) gives

Snt = —"}’,(Sl_sj) sin 2¢ (1.14)
This has the maximum value
Splmax) = —(S—8) (L.15)

(b) n, t coplanar with S;, X,. Again denote by ¢ the angle
between S; and n, but now both n and t are orthogonal to S;.

1 This avoids confusion with the principal normal stress direction in
1I1,1.3.
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1I1,1.8 ANALYSIS OF DEFORMATION

Therefore, n; == cos ¢, t, = —sin ¢, ny = 0 =¢;, Lo give, from
T1I(1.13),

8, = —38; sin 2¢ (1.16)
and then

S,(max) = —38; (1.17)

(¢) n, t coplanar with S;, X,. In this case the shear stress
value is given by an appropriate expression similar to III(1.16),

while

1.8. Maximum shear stress in a thin sheet loaded plane-
wise. Note carefully that the demonstration in equations
II1(1.13) to III(1.18) has not necessarily shown the maximum
value of S,,;in ITI(1.13). All that has been found is the maximum
stress in each of three cases of a plane having a normal which is
normal to one of the principal normal stress directions. Thus,
geometrically, as in Mohr’s construction of Fig. A,6.2 there have
been considered three such figures for the cases of (S;, 8, (S, = 0)),
(S, (Sx=0)), (S}, (Sx =0)). Which case gives the greatest
arithmetical value of shear stress depends on the signs of §; and
S;. If 8; and Sj are of opposite signs then III(1.15) gives the
greatest of the three §,(max) found. If S; and §; are of the
same sign, with the former arithmetically greater, then III(1.17)
gives the greatest of the three S, (max). The general proof of
these results is given in article A,6.4.

The criteria in the inequalities A(6.7), A(6.8) show when the
maximum shear stress in a thin sheet is given by the difference of
the planewise principal normal stresses or only the arithmetically
greatest of them. Thus,

| Spi(max) | = | 3(S;—8;) | when |8,,8,,| < 8,2 } (1.19)

| Spy(max) | = | 1S, | when | 8,8, | > 8,2 )
Therefore, if, for example, a photoelastic "% 115 observation gives
(8,—8;) directly, it does not necessarily give the maximum shear
stress in the sheet, since III(1.19).2 may apply.f Thus, it is
necessary to find the signs of the two principal normal stresses.

+ Among the recent writers (see, for example, 8. Timoshenko 2314,
R. V. Southwell 224, A, Nadai 42, M. M. Frocht 1161) there seems to be no
other explicit statement than that in III(1.15). The various writers
accept the three-dimensional analyses such as in article A,6.4, so that
there seems to be an inconsistency in their treatment. R. Hill3"7 notes

the need for care about signs.
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2. Strain and partial-strain for a two-stress

Volume I, chapter III formulates the strain expressions in
terms of a ‘partial’ strain 47 preparatory to relating them to stress.
Reconsider, briefly here, the simplest case in which the principal
normal total strains have no components due to shear stresses.
Visualise the substance as elastic and that principal normal
stresses S}, §; act parallel to the two edges of a rectangular, plane
sheet in directions x;, X;.

2.1. Elastic substance of general isotropy. Apply partial-
strains ¢, ¢ to the sheet and allow for the fact that each induces a
transverse contraction effect in the direction of the other. Then,
strains

€ = €—q3-1§
e, = ej—-qi_je, (2.])
€ = 0k 71k
These equations should be regarded as a geometrical statement
on the whole complex strain state at the point.

The transverse contraction ratios have subscripts indicating that
their value may differ between the various directions. Thus
g5~ means ‘the transverse contraction ratio for the effect of ¢ jin
direction Xx;’.

2.2. Elastic substance of restricted isotropy. By defini-
tion, a substance of restricted isotropy is one for which the stress-
strain parameters are isotropic; that is, they are independent of
direction. Then, for such a case III(2.1) becomes

& = —q¢ = (1+g)e—q(e+¢)
¢ = —q& = (1+9)e—q(e+¢) (2.2)
&= —q(e+e)

2.3. Elastic increment deformation. When the currently
deformed elastic body is used as the reference to observe an
increment deformation then the increment strains can be analysed
to increment partial-strains with appropriate transverse con-
traction ratios. Thus, for general isotropy,

Bel = Sei—q,_ﬁej
Se’ = SEj_ql—jsel (2.3)
dey = —(xde;—qj-xd¢
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and, for resiricted isotropy,

de; = (1-+q)3¢;—q(3¢;+3¢)
ey = (14-¢)3¢;—q(3¢;+-3¢) (2.4)

e = —q(d¢;,+0¢))

Note carefully that, in general, the ¢’s in this article for an incre-
ment deformation are not of the same values as those for total
strains as in articles I11,2.1 and III,2.2

2.4. Elasto-plastic increment deformation. An elasto-
plastic substance generally requires to be analysed incrementally,
because the plastic component of the strain does not ‘transfer’
with the stress if this rotates relative to the substance. Article
I11,6 describes this briefly or volume I, article IIL,7 gives a fuller
account.

The elasto-plastic increment strain at each point of the deformed
body is resolved to its elastic and plastic components 8¢¥ and de?
respectively. Then, analysing these by appropriate increment
partial-strains and transverse contraction ratios gives, similar to
I11(2.3),

S, = (3l —qfsd¢]’) +(Sel’ —qi18e])
ey = (SEJE—QEJSGF)—{—(Sef’—qﬁjSeF) }(25)
dey = (”Q{stefg—qfkse,{g) “H—q{:kSEF“GIjI:ksﬁp)

For restricted isotropy the transverse contraction ratios are

independent of direction and become ¢, ¢¥ respectively, giving
expressions similar to III(2.4) but with a plastic component.

2.5. Strain dyadic. The scalar strains in ITI(2.1) are shown,
in the manner of volume I, article III,2.1, to be the components
of the self-conjugate strain dyadic.

m = eixlxl"i-e.‘XJXj +€kxkxk (2.6)

of similar form to the stress dyadic in ITI(1.1).

Scalar product of the stress dyadic with a unit vector gave the
vector stress acting on a plane normal to the unit vector. Scalar
product of the strain dyadic with a unit vector n gives the vector
straining-displacement between its ends at unit distance apart
in the present case of homogeneous strain. Thus, similar to the
simpler, one-stress case in article I1,2.3,

D == Ne m = X, —4.—71Jejx.' -}—”kekxk (2.7)
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If, in particular, n = x, then
Dl = X]'m = X, (2.8)

and so on for the other two vector components analogous to the
vector stress components of the stress dyadic.

2.6. Partial-increment strain dyadic. Similarly, the scalar
increment strain components in ITI(2.5) are those of a self-con-
jugate dyadic similar to ITI(2.6). Its vector components can be
extracted for given directions. Then, the increment strain
dyadic is

AW = Se;xyx;+ deyX X+ SepXy Xy, (2.9)

while the increment straining-displacement between the ends of a
unit length is

8D = n AWM = n,deX;+nydeX;+nySepXy (2.10)
SDI == xl‘Am = Beixl (2.11)

2.7. Principal normal strains and their directions. The
principal normal strains and their directions are found for the
strain dyadic just as the corresponding values were found for the
two-stress dyadic in article I1I,1.3. Thus,

€ = %(erz'*'eyy)'i'%(em—em/) cos 29+en, sin 26 } (2 12)
¢y = e tey,)—i(e—e,,) cos 260—e,, sin 20 :
while
tan 20 = 2e,,/(e,,—e,,) (2.13)

2.8. Principal normal increment strains and their
directions. In a similar fashion the principal normal increment
strains and their directions for the increment strain dyadic are

86, = }(Seus-+e,,)-+H(Bes—Bey,) co8 20+ Be,,, sin 20 } (2.14)
By — }(B6eat-Beyy)—H(Bece—Beyy) cos 20—8e,sin20 [ &

tan 20 = 23e,,/(Se,,—8e,,) (2.15)

3. Stress-strain relations for a two-stress
The strains of article II1,2 are ‘total’ and ‘incremental’, so
that the transverse contraction ratios are of corresponding
‘secant’ and ‘tangent’ form. Similarly, now use secant and
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tangent moduli to relate stress and partial-strain or their incre-
ments.

3.1. Secant elastic moduli. The elastic partial-strains of
article II1,2.1 for general isotropy are now related to stress by
secant moduli in

g =S € = l/’jSJ (3.1)
while, for restricted isotropy,
€ — (/lS‘ E’ - l,ij (3.2)

Thus, explicitly in ITI(2.2), for example,
e, = QS +Fy® ey = G8;+FyS e = FxS (3.3)
with isotropic secant stress-strain parameters
G=(4+qp F=—q (3.4)
and first stress invariant
x5 = 81+, (3.5)

3.2. Tangent elastic moduli. The elastic increment partial-
strains of article IIL,2.3 are related to increment stresses by
tangent moduli for general isotropy in

86’] == ¢lSSl 86] ES l/ljSSl (3.6)
while, for restricted isotropy,
851 = lpSSl 86] = l/IBSj (3.7)

Thus, explicitly in ITI(2.4), for example,
Se; = GOS,+F 8y de; = G88;+F xS de, = F'3x5 (3.8)
with isotropic tangent stress-strain parameters
G=(1+q¢ F=—q (3.9)
not equal, in general, to the secant parameters in III(3.4). The
increment stress first invariant is
8xS = 88;+38; (3.10)

3.3. Elasto-plastic tangent moduli. The elastic and plastic
increment partial-strains components of elasto-plastic increment
strain in article III,2.4 are similarly related to increment stresses
by tangent moduli. Thus, for general isotropy,

8€|E == WSS, Silp = gquSSI } (3.11)
def = ¢Yf’8s, 5 d¢f = yYfas,
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Substituting in I11(2.5) and writing explicitly for restricted isotropy
gives

Ser = (GE8S;+-F15x%) -+ (GF 88, +-FP5x5)
de; = (GE3S,+FE5x5)+(QT88;+FT8x5) } (3.12)
Se = (F¥4-FP)5yS
3.4. Current total stress and elasto-plastic strains rela-
tions. In general, stress rotates relative to the substance but the
plastic strain does not transfer with it, as is discussed in article
I11,6. Thus, current elasto-plastic ‘strain’ is the total trans-
ferred elastic strain and last plastic increment strain. Then, for
restricted isotropy, with 3e; in III(3.12) this gives

Sl Xg

e = J GE&S"—{—J FEayS+(GP88;+FF8x5)  (3.13)
0 0

with similar integral forms for ¢; and e,.

4. Shear stress on a sheet

As a particular case, suppose the principal normal stresses are
equal but of opposite sign in the stress dyadic of article IIL,1.
Then, with 8; =8 = —8; the stress dyadic is

5 - S(Xixl—'x’x’) (4.1)

Choosing unit vector n at —45° and unit vector t at 4-45° to
OR, gives the normal stresses S,,,, Sy as zero for these directions,
while the complementary shear stresses are

S’nt - HO%-t = Stn - q’ (4.2)

say, of the same arithmetical value as S. This gives the homo-
geneous two-stress system in Fig. III,4.1. See volume I, article
11,13 for a fuller treatment.

The principal normal stresses S and —S8 are equivalent to, and
of the same arithmetical value as, the complementary shear
stresses 7'. Therefore, it is convenient to call them the auxiliary
normal stresses of the applied shear stresses.

5. Pure shear strain in a sheet

It is supposed that the current, complex, two-stress system
having principal normal components S, —S as in Fig. III,4.1
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evolves from zero without the axes OR,R, rotating relative to the
spatially fixed set OR_R, as in Fig. IIL,5.1. Thus, the squares
drawn as solid lines in the deformed sheet were the parallelograms
shown as dotted lines in the undeformed sheet.

At each intermediate load between zero and the current state
the stresses S, —S are equivalent to the intermediate-state
complementary shear stresses 7' as in Fig. III,4.1. Such a defor-
mation is called pure shear strain due to the applied pure shear
stress. Then, relative to the whole-body convected axes OR,R;,
that do not rotate spatially in this case, the straining-displace-
ment of point A is D(A) and that of point B is D(B).

N .z /"
rT

X; Xi
n

Fic. II1,4.1.—The applied complementary shear stresses 7' can be repre-
sented by the auxiliary normal stresses S of equal magnitude to 7',
while one is tensile and the other compressive.

The analytical discussion of these straining-displacements is
given in volume I, article II1,3 and illustrated in the subsequent
examples here.

6. Stress and strain transfer

In the pure shear strain of article III,5 the principal normal
stresses always act on the same ‘strings’ of particles of the sub-
stance, while the strain and stress evolve from zero to the current
values. Therefore, the stress and strain can be said to have ‘not
transferred’. If the principal normal stresses do not always act
on the same ‘strings’ of particles then they ‘transfer’. That is,
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HOMOGENEOUS, PLANE TWO-STRESS II1,6

the principal normal stresses rotate relative to the particles of
substance about the typical point considered.

Elastic strain is due to the current relative-displacement
between each pair of particles constituting the body, but plastic
strain is due only to their rearrangement during the strain history
previous to the current state. Therefore, it is clear that only
elagtic strain can transfer with the stresses, while plastic strain

R;

N

Fia. IIL5.1.- - Pure shear strain induced by the pure shear stress system
S, —8 of Fig. IIL,4.1. The unstrained lozenge shown dotted becomes
the strained square shown by full lines, while the small rectangle
shown dotted becomes the small square shown in solid lines.

‘remains behind’. If this were not so then a square initially in
the directions of the first applications of principal normal stresses
would deform elasto-plastically to a rectangle always in the direc-
tion of the principal normal stresses whatever their rotation. A
simple experiment with a sheet of plasticine soon disposes of such
a possibility. Stress and strain transfer are discussed in more
detail in volume I, articles I1,10, II1,7.
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IIL.7 ANALYSIS OF DEFORMATION

7. Simple shear in an elastic sheet

A simple shear of the sheet occurs under the applied complemen-
tary shear stresses 7' when one pair of opposite edges of the
lozenge in Fig. IT1,5.1 remains parallel to the spatially fixed axis
OR,. Thisgivesthesituationin Fig. II1,7.1. The point currently
at A suffers spatial-displacement U(A) from spatially initial
position A°, while B has suffered U(B) from B°. Relative to
whole-body convected axes the straining-displacements are still

Ry R;

R;
T
- _ A
\
\\
N\
{ Mmoo S
~p—

0 Ry

Fia. II1,7.1.—Simple shear strain induced by the applied shear stress 7'.
The initially undeformed line A°B? and deformed line AB remain
parallel to spatially fixed axis OR,. Directions OA% OB are the
initial directions of the whole-body convected axes that are currently
OR;, OR;. The strain ‘transfers’ by angle ®.

D(A), D(B) as for pure strain shear in article III,5. The differences
U(A)—D(A) and U(B)—D(B) are due to strain transfer through
angle @.

7.1. ‘Rigid-body rotation’ in simple shear. The current
strain state can be visualised in two stages. If the current,
deforming shear stress is removed and the whole-body convected
axes held spatially fixed, then points A, B suffer elastic recovery
displacements —D(A), —D(B) as in article III,5. However, side
A°B° is not parallel to OR, until the whole, now undeformed,
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sheet is rotated back through angle @. This is usually referred
to as the ‘rigid-body rotation’ of simple shear. This terminology
is misleading, as it disguises the idea of strain transfer which does
not occur in general for a whole-body rotation.

After application of the first incremental shear stress 817, say,
the square of side length AB in the slightly deformed sheet does
not contain the same set of particles as the same square of the
same size when the shear stress reaches finite value 7'. At each
load stage, however, between 8T and 7' the auxiliary normal
stresses and principal normal strains are in the auxiliary direc-
tions at 45° and 135° respectively to OR,. The mutually ortho-
gonal line elements currently in these directions were mutually
orthogonal at an orientation at strain transfer angle @ from the
auxiliary directions.

7.2. Unit stretch and normal strain are not the same
thing generally. The stress dyadic with principal normal com-
ponents 8, —8 in the auxiliary directions has normal stresses
8. S,y zero on transformation to axes OR,R,. Volume I,
article II1,13.2 shows that when the principal normal strains
in the auxiliary directions are equal and of opposite sign then,
like the stresses, the normal strains e, e,, are zero. However,
line AB # A°B° in Fig. II1,7.1, so that the unit stretch is not zero.
Similarly, line elements currently parallel to OR,, are of different
length from the corresponding line elements in the undeformed
sheet. Again, the depth of the dotted lozenge in Fig. IIL,7.1
is less than the depth of the solid-line square. This increase in
width under simple shear is the Poynting effect 3°, first noticed
for circular cylinders under axial torsion. It is an effect of
‘stretch’ and not ‘strain’. Recent writers have evolved
quadratic strain theories introducing at least one more ‘stress-
strain parameter’ to be ‘adjusted’ to allow for this ‘strain’.
M. Reiner °2 has called his third parameter the ‘modulus of cross-
elasticity’ but has not noticed that the Poynting effect is explain-
able, in part at least, in terms of stretch and strain transfer as here.

8. Analysist of simple shear in an elastic sheet

A shear stress 7' acts on the long edges of an elastic strip of
depth H as in Fig. III,8.1. The straining-displacements of

1 Author, 1950.
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II1,8 ANALYSIS OF DEFORMATION

points A, B are G, D respectively relative to the whole-body con-
vected axes OR;R;. The auxiliary normal stresses S, —S
transform the strip of depth W in the direction of unit vector w
into the strip of depth H in direction ¢,. However, it is required
that, for simple shear strain, the long edges of the strip shall be
parallel in the undeformed and deformed states. Therefore, the
rotation through angle @ of strain transfer gives the geometry in
Fig. I11,8.2. Relative to the whole-body convected axes in their
initial orientation the straining-displacements are C° D° as
shown. The spatial-displacements are M, N, so that (M—CP°),
(N—D?°) are the strain transfer displacements due to spatial-
rotation of the whole-body convected axes.

R;

F1u. II1,8.1.—An elastic strip of defdrmed depth H is maintained in this
state by shear stress 7' applied to its long edges or, otherwise, by
auxiliary normal tensile and compressive stresses S. Relative to
whole-body convected axes in the auxiliary directions the point A
suffers straining-displacement C and point B suffers D. The un-
deformed strip is of depth W. The shear strain is to be one of simple
shear, so that the undeformed strip is incorrectly orientated by strain
transfer angle @ from the required parallelism with the spatially fixed
axis OR,,
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8.1. Strain transfer angle in terms of straining -displace-
ment. From Fig. II1,8.1,
J=—-C+D+K (8.1)
Effect the ‘rotation’ of vector J into vector J° through angle @
by the ‘versor operator’f
® = c,c,+(c,c,+¢,¢,) cos P+(c,c,—c,c,) sin P (8.2)
in prefactor scalar product. Thus,
Jo=@J (8.3)
Since J° is parallel to K then their vector product is zero. Then,
substituting for J from III(8.1) gives
Kx®+«K—C+D) =0 (8.4)

A

AO
Fia, II1,8.2.—Relative to the whole-body convected axes in their orienta-
tion corresponding to the orientation of the initially undeformed sheet
the point A suffers straining-displacement C°, while point B suffers
D9 The spatial-displacements of points A, B are M, N respectively,
while (M —C?), (N—D?) aro the strain-transfer displacements.

B K
y — /
B --------J-O’——-- M

t This term is carried over from Hamilton’s quaternion analysis by the
present author. See volume 1, article A,14 for its formulation geometri-
cally. Familiarity with its use will show the reader that it is a powerful
and convenient mathematical device saving much avoidable geometrical
analysis while economising in thought and writing.
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II1,8.2 ANALYSIS OF DEFORMATION

But
K = 2Hc, C =0Cx D = —Dx
Xv/2 = c,.+c¢, X;v/2 = —c,+c, (8.5)
c.xc, =0 C,xC, = C, = —C,XC,
Substituting in IT1(8.4) gives, on rearrangement,
tan @ = (C+D)/(2H+/2—C+D) (8.6)

Note that C, D are the arithmetical values of G, D respectively,
since the signs have already been considered.

8.2. Change in length of the strip in terms of straining-
displacement. The change in length of the strip can be found
from (K—J) with K the modulus of K and J the modulus of J
or Jo. From III(8.1),

J2 =J.J
— 24D+ K2—2C.-D—2C-K +2D.K (8.7)
But G and D are orthogonal, so that their scalar product is zero,
while using ITI(8.5), taking the square root, and subtracting from
K gives
K—J = 2H—4/[C2+D24H?2-14H(—C+D)]
Written as the change in length per unit length of deformed sheet
this gives
JIK = V{CHH D)H=H14(—C+D)H12]  (8.8)

8.3. Change in depth of the strip in terms of straining-
displacement. The change in depth of the strip can be measured
by (H—W). Depth W can be found by resolving the wvector
OA°! to the direction w in Fig. II1,8.1. Thus,

W = w(y/2Hx,—C) (8.9)
with
W = ¢, sin @+-c, cos D
Substituting appropriately from equations III(8.5) and then
substituting for sin @ from equation III(8.6) gives

W _ (v/2+D/H)[1—C/(/2H)] cos (510
H™ v/2—3C/H+3D/H '

8.4. Unit stretches in the length and depth of the strip.
Volume I, article III1,13 discusses the ‘stretch’ of a line. The
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unit stretches here of the length and depth of the strip are defined
by
= (K—J)/K a, = (H—W)/H (8.11)
Substituting from II1(8.8) and II1(8.10) gives
4, = 1—y/[HC?+D)H2 14 2-¥(—C -+ D)H1]

= 1— (vV/24-D/H)[1—C/(1/2H)] cos D (8.12)
v2—3C/H+}D/H

8.5. Spatial-displacements of points A, B. To find the
spatial-displacement M of point B from its initial position B
consider the geometry of Fig. 111,8.2.

= C°+(M—C) (8.13)
But
(M—C) = v/2Hx,— Q(v/2Hx)) = +/2H(3— Q)X
with the idemfactor

3 = c,c,+c,c+c.C, = XX, +XX;+-C,.C, (8.14)
while, also,
= @Q-C (8.15)
Then, from ITI(8.13),
M = @C+v/2H(3—Q)x, (8.16)
Similarly, the spatial-displacement of point B is
N = @D ++/2H(3— Q)-x; (8.17)

Using ITI(8.5), ITI(8.2) to expand these two expressions to the
spatially fixed axes and substituting for sin @ from III(8.6) gives
the scalar components of M as
M, = H+(2C—H)[1—(C+D)/2Hy2—C+D)l cos & |
M, = H+(2-C—H)[1+(C+D)/(2Hy/2—C+ D) cos » [ &18)
while a similar form can be found for N.

8.6. Spatial-displacement of a general point. Let R be a
general point in the sheet with components R;x;, Ryx; relative
to the whole-body convected axes. Let D be the straining-
displacement of R with components Dyx;, —D;x;. Then, with
C, D as previously,

D = (Cxy)Ry/(v/2H)—(Dx,)R,/(/2H)
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The instantaneously initial position of a point is

R°! = R—D (8.20)
while its spatially initial position, allowing for the strain transfer
of this simple shear, is

R® = @.R°! (8.21)
The spatial-displacement is then

U = R—R° = - R—@Q-R°!
= {I— Q[ I—(Cxx,—Dx;x,)/(v/2H)]}-R (8.22)

Equations IT1(8.17), ITI(8.16) are seen to be special cases of this
equation when R has the components of the particular values
there. The expansion of this to the spatially fixed axes is left as
an exercise for the reader.

8.7. Straining-displacement of a general point. The
straining-displacement of a point at general position R is given
in equation II1(8.19) relative to the whole-body convected axes.
Resolve the self-conjugate dyadic on the right-hand side to the
spatially fixed axes. Thus, on transforming the unit vectors
Xy, X,

D = M-R (8.23)
with strain dyadic

MW = [(C—D)(c,c,+c,c)+H(C+D)(ecptc,c,)]/(20/2H)  (8.24)

8.8. Anisotropic sheet. A substance is anisotropic when the
principal normal stresses and strains are not always coaxial as the
deformation evolves but differ by phase angle 6°® as in volume I,
article IV,2.1. In this case the vectors G, D of Fig. IIL,8.1
are not in the auxiliary normal stress directions and corres-
pondingly alter the strain transfer angle.

There appears to be no experimental evidence (March
1954) on this aspect but, in subsequent tests, it is a theoretical
possibility to be borne in mind when analysing physical data.
The writing out of the geometry and consequent changes in the
foregoing expressions for unit stretches are left as an exercise for
the reader. ’

9. Simple shear in an elastic sheet: theoretical examples}
The various expressions in article III,8 for the spatial-displace-
ment of points and the unit stretch of length and depth of the
1 Author, 1950.
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strip are given in terms of the arithmetical magnitudes ¢, D of
the straining-displacement of the auxiliary directions at 45°, 135°
respectively to axis OR,. Principal normal stresses and strains
are coaxial, so that general, or restricted, isotropy is implied.
Within this restriction, the problem is now to express the magni-
tudes of the current C, D in terms of the current applied shear
stresses 7'.

The increment stress and increment strain approach is con-
venient here. Thus,

86’ = '\/2[{86‘ = ‘\/2H(85[—(h_i8€j) 1
8]) —— \/2}18@] - \/2H(8‘j_9i—1851) J
and these are integrated between the initial undeformed and

current deformed states, since the clastic strains and clastic
straining-displacement transfer as the stress system evolves.

(9.1)

9.1. Constant elastic tangent modulus and restricted
isotropy. Suppose the transverse contraction ratios are iso-
tropic of value ¢, as are also the tangent moduli ¢ of cquations
ITI(3.6). The principal normal increment stresses arc equal and
of opposite sign, so that

8C = +/2H(1+-qWdT = 8D (9.2)

Further, suppose that the stress-strain parameters are constant
to give

C = 2H(1+gWT = D (9.3)
Therefore, the principal normal strain
e = Cf(/2H) = (14+-qWl' = f (9.4)

say, while compressive strain ¢ is of the same arithmetical value.
Substituting IT1(9.3) in ITI(8.6) together with ITI(9.4) gives the
strain transfer angle @ in
tan @ = f (9.5)
The unit stretches in the length and depth of the strip are given
by substituting III(9.4), IT1(9.3) in II1(8.12). Thus,

a; = 1—4/(1+f%) .

.6

a, = 1—(1—f2) cos @ (9-6)

Substituting ITI(9.3) in ITI(8.23) gives the straining-displace-
ment of the general point R as

D = M.R (9.7)
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111,9.1 ANALYSIS OF DEFORMATION

with strain dyadic
m= f(ca;cy +c,Cz) (9.8)
Since the dyads c,c,, c,c, do not appear, then the normal strains

are zero in the directions of the spatially fixed axes although the
unit stretches are not zero. Thus, symbolically,

a, #0=e,, a, #0 =ey, (9.9)
0:012 I T
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0:008
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0 002 004 006 008 010
‘Auxiliary’ true normal strain f

Fic. I11,9.1.—Simple shear of an elastic sheet of restricted isotropy and
constant stress-strain parameters. Shear strain is measured by the
auxiliary normal strain f. The values of the unit stretches a,, a,
are those for the initial, fairly small deformation.

The normal strains components of the strain dyadic are zero
but the Poynting 3° ‘normal strains’ (as discussed recently by
M. Reiner °2, for example, in terms of a modulus of cross-elasticity)
are not zero. Figs. II1,9.1, II1,9.2 give the length and depth
unit stretches vs. auxiliary normal strain as the measure of shear
strain.
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When ‘the strains are small enough to neglect their squares as in
classical infinitesimal strains theory then

a,=0=e, a,=0=e¢, (9.10)

9.2. Isotropic tangent modulus a function of shear stress.
Suppose, again, that the transverse contraction ratio is constant
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o 02 04 06 08 10
Auxiliary’ true normal strain £

Fi1u. ITL,9.2.—Simple shear of an elastic sheet of restricted isotropy and
constant stress-strain parameters. The strain range here is much
greater than that in Fig. IIIL,9.1.

while the isotropic tangent modulus ¢ is a function of shear stress
of the form
Y = k+j exp (AT (9.11)

with parameters 4, j, k to be fitted to experimental measurements
on the behaviour of the substance. Substitute in IT11(9.2) and
integrate to give
C = v/2H(1+4q)[¥T +jh-1 exp (RT)] = D (9.12)
Thus, the principal normal stress and the partial-strain are
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related by a form similar to that for the rubber in article 1,8.
Therefore, the principal normal strain

& = (14+-q)[kT +jh1 exp (hT)] = f (9.13)

say, while ¢; is of the same magnitude but opposite sign.
From III(8.6) the angle of strain transfer is found from

tan @ = f (9.14)
while, from ITI(8.12),

a, = 1—+/(14+f2) a, = 1—(1—f2) cos @ (9.15)

The relationships III(9.10), III(9.9) are found again for the
present case.

9.3. General isotropy and constant tangent moduli. In
I11(9.1) suppose, for simplicity, that the ¢’s are isotropic, as they
are of less importance than the moduli, while the tangent moduli
are anisotropic as in equations II1(3.6). Thus,

8C = v 2H(1+qy)8T 3D = +/2H(ify+q0)3T (9.16)

With all stress-strain parameters constant then integration gives

C = v/2H(+q)T D = +/2H({y+-qp)T (9.17)

Thus, on reinserting the sign for compression, the total strains are,

ey = (Y +aqiy)T ey = —(yt+ap)T (9.18)

and are not equal as for restricted isotropy.

Substituting III(9.17) in III(8.6), ITI(8.12) gives the strain
transfer angle and unit stretches respectively, while in the strain
dyadic III(8.24) the normal strains are not zero. Thus, for
general isotropy,

(ap # ay) 7 (€gy = €y,) #0 (9.19)

9.4. Non-constant tangent moduli and general isotropy.
More generally, the stress-strain parameters of equations IT1(9.16)
may be functions of current stress in the manner of article I11,9.2.
At present (March 1954) there seems to be no experimental
evidence on anisotropic, non-constant parameters. The reader
may find it an interesting exercise to assume plausible values and
study their effects on strain transfer, unit stretches of the strip
and the effect on the components of the strain dyadic.
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10. Simple shear in an elasto-plastic sheett

Article ITI,3.4 mentions that the plastic component of elasto-
plastic strain does not ‘transfer’ when the stress and strain
rotate relative to the substance about a typical point. The
elastic strain adds up, or sums scalarly, as it transfers to follow
the rotating stresses. Thus, the current principal normal strains
at a point due to a two-stress system are given by adding the
elastic total strain and the last plastic increment strain. Thus,
the current straining-displacements C, D as in Figs. II1,8.1,
I11,8.2 are

C = C®P+8CF D = DE48DF (10.1)
With this restriction the equations formulated in article III,8
for an elastic sheet apply to the present elasto-plastic case.

The elasto-plastic strain transfer angle A, say, is given by
III(8.6) from

(C¥+4-D")4-(3CF+4-8DF)
2H+/2+(—CF+ DF)+(—sCT+4-8DP)
The strain transfer versor operator is now, similar to I1I(8.2),

® = c,c,+(c,c.+c,c,) cos A4-(c,c,—c,c,)sin 4 (10.3)

tan 4 =

(10.2)

10.1. Elasto-plastic spatial-displacement. The current
‘spatial-displacement’ is now an elastic component and the last
increment plastic component. Thus, from III(8.22), with @
from III(10.3) and C, D from III(10.1),

U = UF48U7
= {J— Q[ I—(CExx;—DExx,)/(v/2H)]}-R
+ Q‘[SClexl— SDPX"X"]'R/( '\/2H) (10.4)

10.2. Depth change of the elasto-plastic strip. If, parti-
cularly,

R = Hc, (10.5)

then the component of III(10.4) in direction c, gives the elastic,
or reversible, and increment plastic, or increment non-recoverable,
depth changes of the strip due to the current load and its last
increment. Thus, the strip of current depth H has suffered the
last, permanent, incremental increase of depth

8”’1) = C,fSUII; == 2_icy‘ Q‘(SCPXIXY——SDPX]X,)'C”

T Author, 1950.
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But the direction cosines x,.c, = 2t = Xx,-c,, 50 that
SWP = 4c,Q+(8CFx,—38DFx)
Substituting for @ from II1(10.3) and x,, X; from III(8.5) gives
SWE = (24/2)"1[(8CF—8DP) cos A+(8CFP4-8DF) sin A] (10.6)

Suppose the strip is still elastic but just about to yield when it is
of depth W° under shear stress 7. Under the shear stress
(T°+4-3MVT) the strip suffers an elastic increase in depth
SMWE and a plastic increase in depth SVWP to become
(Wo+8WWELSOWP).  Again, let the shear stress increase by
another increment 8?7, using the latter depth to calculate the
new depth (We48VWE L SOWE QWP L §WP), This incre-
mental process can be continued to give the current depth of a
strip initially of depth W° just before plastic strains appeared.

10.3. Length change of the elasto-plastic strip. If, parti-
cularly,
R = Hc, (10.7)

then this component of II1I(10.4) in direction c, gives the elastic
and last increment plastic length changes due to the current load
and its last increment. Denote the increment plastic length
change by 8L? and derive its form in a similar manner to the
derivation of IT1(10.6). Thus,

SLP = ¢,3UP
= (24/2)"1[(8CP—8DP) cos A—(8C+-8D") sin A]  (10.8)

The length change at the current state of the strip can be
computed incrementally in a manner similar to that for depth
change as in article I11,10.2.

11. Simple shear in an elasto-plastic sheet of restricted
isotropy: theoretical example

The elasto-plastic sheet is supposed to be of restricted isotropy
and have the idealised normal stress vs. normal partial-strain
relationship in Fig. II1,11.1, so that the elastic and plastic moduli
are both constant. Further, it is supposed that the elastic and

1 Author, 1950.
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plastic transverse contraction ratios are equal and remain constant
at value q. The constant elastic modulus is

Y¥ = E-1 (11.1)
and we may write
Y = (P-1—E-1) = hyF (11.2)

with constant ratio A. Then, in III(10.4) the elastic and plastic
increment straining-displacements are

SCF = SD¥ = (14-q)y=8T+/2H } (11.3)
SCP = 8D = (1+q)hp=8T/2H = h8CF "

with H the current depth of the strip.

s

€i

Fia. IIL,11.1.—-Idealised elasto-plastic normal partial-strain vs. normal
stress. The elastic modulus is E~!, while P-! is the elasto-plastic
modulus.  The plastic modulus is (P-1—E-1).

11.1. Spatial-displacement of a particular point for
particular increment stress-strain parameters values.
The particular point followed is initially at

R=c, (11.4)

when the strip is just about to yield. Its spatial-displacement is
computed incrementally in equation III(10.4) using the values:

Plastic modulus ratio h =10

Primary yield auxiliary normal strain f(® = 0-2
(11.5)
Shear stress increment 3 = 201!

The method of computation suggested in articles III,10.2, I11,10.3

is used and gives the spatial-displacement path of the point shown

as a solid line in Fig. II1,11.2. The dotted curve is the trajectory
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of the point when the applied shear stress is reduced to zero and
shows the extent of the permanent increase in depth of the strip.

11.2. Simple shear and reversed shear. The spatial-
displacement trajectories in Fig. II1,11.3 for simple shear and
reversed shear have been constructed from the analysis giving
Fig. III,11.2. The trajectory FG is elastic and GHJ... is

7

L ]

7 0 1 2 R 3 4 s 6

TFra. I11,11.2.—The elasto-plastic trajectory of a point at initial position
(0, 1) when the applied simple shear stress is just at yield. The
post-yield increase of 2, with applied shear stress shows that the
depth of the strip increases considerably relative to its lower edge
at B, = 0. The dotted trajectory is that of the point when the shear
stress is reduced to zero from successive positions on the elasto-
plastic trajectory.

elasto-plastic. At H unloading of the strip commences, is com-
plete at K and again reaches yield at L. under reversed shear
stress, while LMN... is the elasto-plastic range as this reversed
shear stress increases further. Reversal of the reversed shear
stress commences at M, is complete at P, yield commences again
at Q, while QR... is again the elasto-plastic strain range. The
qualitative similarity of these trajectories and those noted experi-
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mentally by H. W. Swift %3 for fairly small unit stretches as in
article I1V,4 should be noted.

12. Simple shear in a slightly elastic elasto-plastic sheet
of general isotropy: theoretical example

Suppose that the yield stress and work-hardening of a substance
are both ‘small’. Then, in article IIT,10 the strain transfer angle

T\ |

5——

Ry

3——

11— Q FG —

Y I N T I B I

-7 -5 -3 -1 0 1 3 5 7
Ra

Fra. IIL,11.3.—Shear and reversed shear trajectorios of the point in Fig.
I11,11.2. Segments of trajectory with arrows in both directions aro
those for elastic unloading, loading to yield again. The quahtative
similarity of these curves to the experimental curves in Fig. IV.4.1
should be noted.

is small, so that tan 4 = A4 = sin 4 and cos A = 1. Thercfore,
from articles I11,10.2, III,10.3 and neglecting the products
A3CP, ASDP this gives
SWP = (24/2)1(8CT”—8DF) = SLP (12.1)
Suppose the plastic moduli are not isotropic but, for simplicity,
that the plastic transverse contraction ratio is isotropic. Then,
8C" = (Yf—q" ¢/ 2H
3D = (Yf— 1’¢.’ )87 \/2H
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111,13 ANALYSIS OF DEFORMATION

Then,
SW¥ = JHST(1+¢")(f —f) = 8LF (12.3)

Therefore, the permanent change in depth of the strip is an
increase or a decrease depending on the relative magnitudes of the
plastic moduli in the auxiliary normal stress directions of the
applied simple shear stress.

In a test by H. W. Swift 5%, axial torsion was applied to a solid
lead cylinder not previously worked after casting. There was an
appreciable stage of zero length change and then the cylinder
shortened, but no observation of the change in diameter is
recorded. If the length changes of the cylinder could be analysed
approximately by such as IT1I(12.3) then, initially, ¢’ = 4f" and
subsequently $f < ¢f.

N x}" Si Ve, 1?1
o XL 1.
IR AR

Fic. I11,13.1.—Shear stress T and transverse normal stress S applied to a
long, isotropie, olastic strip for which appropriato strain transfer
keeps the long edges always parallel to the spatially fixed axis OR,.
The whole-body convected axes ORjRj are shown in their current
position in the directions of the principal normal stresses and strains.

13. Shear stress and transverse normal stress applied to an
isotropic elastic strip

Consider the shear stress 7’ and normal stress S applied to the
long edges of an elastic, deformed strip as in Fig. IIL,13.1. The
strip is to have its long edges always parallel to the spatially
fixed axis OR, between its initially undeformed and currently
deformed states. This is something like the simple shear in
articles I11,7 and IIL8, but it is not simple shear because of the
presence of normal stress on planes normal to the axis OR,.
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13.1. Stress dyadic. For this complex stress system the
stress dyadic is

S = S8c,c,+T(c,c,+c,C,) (13.1)
Article III,1.3 gives the principal normal stress direction x; at
angle Q, say, from
tan 202 = —27'/8 (13.2)
while the principal normal stresses are
8; = 3S(1—cos 22)+T sin 22 ,
Sy = 38(1+-cos 202)—T sin 22 } (13.3)
The principal normal stress directions unit vectors are now
IR PR BT

13.2. Strain transfer angle. The principal normal strains
are in the directions of principal normal stresses for an isotropic
substance, so that, in Fig. I11,13.1, the straining-displacements for
these directions are

Note that this does not take account of sign as in article IIL,8.
Similar to article IIL,8 there is found geometrically

J=—-C-D+K (13.6)

Jo= @J (13.7)

@ = c,c,+(c,c,+c,c,) cos P4(c,c,—C,C)sin @ (13.8)

for strain transfer angle @. This is found in the tan @ form from
Kx@:(K—C—D) =0 (13.9)

while, here,
K = (1/tan 2+-tan Q)Hc, (13.10)

13.3. Length change of the strip. The unit stretch in
length of the strip is again

a, = 1—J/K (13.11)
with
J = 4/(JJ) (13.12)
and J from III(13.6).
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13.4. Depth change of the strip. Similar to article II1,8.3
the initial scalar depth of the strip here is
W = we[(Hx,/sin 2)—C] (13.13)
with
W = C, sin @+-c, cos @ (13.14)
The unit stretch in depth iy, again,

a, = 1—W/H (13.15)

13.5. Spatial-displacement of a point. Relative to the
whole-body convected axes currently in directions x;, x; the
instantaneously initial position of a point at current position R is

R°! = R—(CHR/sin Q)—(DHR,/cos 2) = R-(3—) (13.16)
with strain dyadic
M = | (x,C/sin 2)--(x;D/cos Q) |H (13.17)

14. Transverse normal stress and a small shear stress
applied to an isotropic elastic strip

In the applied complex stress 8, 7' of article II1,13 suppose that
T issmall. Then, from ITI(13.2), with p a small angle the principal
normal stress direction

Q=}r—0p (14.1)
with
p=T/S (14.2)
The principal normal stresses are then found from ITI(13.3) to be
Sy = 8+4(212/8) 8y = —212/8 (14.3)
and their directions from III(13.4) to be
x; = (¢, T/8)+c, Xy = —C,+(c,T/S) (14.4)

14.1. Strain transfer angle: The vector of III(13.10) is now

K = [(1/p) +olHc, = [(S/T)+(T/S)|He,  (14.5)

while
C = 0[(c,T/8)+¢,] D =D[—c,+(c,TIS)]  (14.6)
Use® from I11(13.8) and with III(14.6), III(14.5) substitute in

III(13.9). Neglecting 7’3 and smaller terms gives the strain
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transfer angle @ from tan . However, it can be approximated
by @ to give

¢ =TC[(SH)+T?D(1—C/H)/(S2H) (14.7)

14.2. Length change of the strip. From III(13.12), ITI(13.6)
J = 1/(J-J) (14.8)

J=K—-C-D (14.9)

Therefore, with I11(14.6), I11(14.5),
= [{HEHSIRICot DR CADSTIL (141
+(T'/8)2HD+(T'/8)*[(H—C)*+-D?]
The lengthwise unit stretch is

a, =1—J/K (14.11)
while, from ITI(14.5),

K = [(S/T)+(T/8)H (14.12)

14.3. Depth change of the strip. TUsing ITI(14.1), ITI(14.4),
then ITI(13.13) gives

W = w[(c,T/8)+c,J(H—C) (14.13)
and with the small strain transfer angle then, from III(13.14),
w =c,P+c, (14.14)

80 that

W = [(@T/8)-+11(H—C) = [(T/8)X(C/H)+-1](H—C) (14.15)
with III(14.7) and neglecting 7' and smaller. The depthwise
unit stretch is

a,=1—-W[H
so that, with ITI(14.15), then
a, = (C[H){14-(T[S)’[(C/H)—1]} (14.16)

15. Depth change of an elastic strip of restricted isotropy
due to a small shear stress and a finite transverse
normal stress: theoretical example

Article 111,14.3 gives the depthwise unit stretch of an elastic
strip due to small shear stress 7' and finite normal stress § as

a, = (C/H){1-+(T/S)[(C/H)—11} (15.1)
Article III,14 gives the principal normal stresses as
Sy =8+(2T2/8) 8y = —21?/8 (15.2)
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111,15.1 ANALYSIS OF DEFORMATION

15.1. Depthwise unit stretch. The generalised Hooke’s law
is given from article III1,3.1 as

er = P(S1—q8)) = Y[S+2(1+¢)T?/8] } (15.3)
ey = P(S;—98) = Y[—qS—2(1+-q)T?/S] )
The scalar straining-displacement, noting III(14.1), is
C = ¢H [sin Q = H[S+2(1+4¢)T?/8] (15.4)

Substitution in III(15.1) and neglecting terms of order 73 and
smaller gives the depthwise unit stretch as

a, = PS[1+(T/8)*(PpS+1+-29)] (15.5)
If, in particular, shear stress 7' is zero, or else if 72 is negligible

then
a:y = ei = lpkq (15.6)

the depthwise strain due to the normal stress only.

15.2. Depthwise normal strain. The depthwise normal
strain is found from the strain dyadic

m = eixlxi—l—ejxlx“ (15.7)
as )
e = ¢,¢, M (15.8)
But c,x; = 1, while c,x; = p = 7'/S, the small angle of article
111,14, so that

e,y = e+ (T/8)%¢ (15.9)
Substituting II1(15.3) and neglecting (7'/8)* gives
e,y = PS[1+(T'/8)%(2+9)] (15.10)
Comparison with ITI(15.5) gives
ay _ 1TSS +1429) (15.11)

Cyy 1+(T'/8)*(2+q)

as the ratio of depthwise unit stretch to normal strain.

15.3. Poynting effect. Poynting3°, in 1909, extended cir-
cular rods ef metal and rubber by axial tensile load that was then
held constant during the application of an axial torque which
induced increased change in length. While the torque is small
this is rather similar to the case just discussed. Poynting found

1 Author, 1950.
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the unit axial stretch proportional to the square of the super-
imposed shear stress 7', similar to the theoretical result in equation
II1(15.5). However, Poynting and subsequent recent writers
(R. S. Rivlin * and M. Reiner %2, for example) have regarded the
axial change of length in the cylinder (or depthwise as in the strip
here) as a ‘normal strain’, whereas the present author treats it as
a ‘stretch’. ‘Normal strain’ is a component of the strain dyadic
(or second-order tensor) as in III(15.10), calculated by invariant
transformation from the unit stretches in the principal directions.
M. Reiner %%, in fact, introduces a ‘coefficient of cross-elasticity’
as a modulus to account for this Poynting ‘strain’. A survey and
comparison by C. Truesdell 31, in 1952, gives the general theories
proposed by the various writers. Truesdell does not remark on
any distinction between normal strain and unit stretch as here.

Usually ¢S < 1, so that, when S becomes negative for axial
compression, the additional axial unit stretch should be a com-
pression according to III(15.5), but there is no experimental
evidence at present (March 1954).
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Chapter 1V
HOMOGENEOUS, CURVILINEAR TWO-STRESS

1. Equilibrium stress equation

The analysis of two-stress, up to the present, has not considered
the equilibrium stress cquation ensuring that, if the stresses vary
from point to point of the body, then cach element is in equilibrium
under the forces acting upon it from the surrounding, contiguous,
deformed substance. Volume 1T, article IL16.2 shows that, for
equilibrium,

divd+mB =0 (L.1)

The left-hand side of this equation is a null vector having three
zero components, in general. Here, the stress dyadic Sis a
two-stress, so that the vector stress involving one of the co-
ordinates is put equal to zero and this gives only two zero com-
ponents of the null vector. Article A,11 gives the divergence of a
self-conjugate dyadic for curvilinear coordinates and article
VIII,3 gives its application to the three-stress dyadic. For
brevity here, accept these cquations and put zero all stress
components involving one coordinate subscript.  Further, suppose
body force is zero.

1.1. Cartesian coordinates. Putting S, —- 0 gives
Sera Sy =0 Sy e = 0 (1.2)

All the plane stresses considered in chapters IT, ITI were indepen-
dent of position, so that they satisfy these equilibrium, scalar,
stress equations identically.

1.2. Cylindrical coordinates. For cylindrical coordinates
(R,. 6, R.) put vector stress S, = 0 to give a curvilinearly plane
two-stress in the cylindrical surfaces having OR, as their common
axis. The three equations of article VIIL,3 then reduce to

Sy =0 (1.3)
Spz;z = 0 (1.4)
Rr‘Szz;z+Sez;6 =0 (1.5)
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HOMOGENEOUS, CURVILINEAR TWO-STRESS IV,2

The circumferential normal stress Sy is zero, while shear stress
Se. is independent of B.. Therefore, if S, is also independent of 6,
then, also, S_, is independent of E..

Therefore, if S, = 0 = Sy, while §,_, §,, have constant values
at all positions in a cylindrical surface of given radius R,, then
Se., S, constitute a curvilinearly homogeneous plane two-stress
system that may be a function of radius R, without violating the
equilibrium stress equations restrictions.

2. Axial torsion of an elastic, thin-walled, circular tube:
approximate theoretical analysist

Shear stress S,, = 71" is the only non-zero stress acting in the
wall of a circular cylinder of radius R, and, further, it is indepen-
dent of R_. Article IV,1.2 shows that the equilibrium stress
equations are satisfied under these conditions. If R is the mean
radius of a thin-walled deformed tube of thickness ¢, then the
applied axial torque

Q = 2nRAT (2.1)

The stress state is now curvilinearly plane and homogeneous, so
the results of article I11,8 analysing a plane, homogeneous, simple
shear stress are nmow applied here. The unit stretches «,, a,
there are ay, a, here, while normal strains e,,, e, there are
€, €. here. 'Thus, the cylinder increases in length and decreases
in diameter.

2.1. Strain transfer, circumferential and axial stretches
for a substance of restricted isotropy and constant stress-
strain parameters. The results of article IIL,9.1 can be
applied to give the angle of strain transfer from

tan @ =/ = (1+qT (2.2)
while the unit stretches are
ay = 1—+/(14f2) a, = 1—(1—f2) cos @ (2.3)

2.2, Relative rotation of radius vectors normal to the
axis. The radius vectors OA, OB in Fig. IV,2.1 coincide initially
as OA°, OB°. In the deformed cylinder OA, OB are unit distance
apart in the direction of OR,. Angle 0 is now the angle of twist
per unit length of the cylinder.

1 Author, 1950.
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Iv,2.3 ANALYSIS OF DEFORMATION

The present curvilinear analysis merely takes the results of the
plane analysis in article ITI,8 ‘wrapped’ on to the cylinder. There-
fore, from this viewpoint, the arc

RO = cyf 38— Q‘[g“f(xixi_xjxj)] $oCs
using I1I(8.22) with H = 1 and
C=D=fy2
X2 = Cbe a2 — —cte,
Q@ = c,c,+(cic+c.c.) cos P+ (c.co—cyC,) sin @
4 = c,c,4c,c0+-c.c.

Using IV(2.2) gives the angle of twist per unit length of the
cylinder as

0 = 2(f/R) cos @ (2.4)
T T .
: :
B !
A A
R \
o B AdB X
2 0 Ru ',Bo

FFic. IV.2.1.  The relative rotation through angle 6 of two radius vectors
unit istanco apart axially m the deformed, circular, thin-walled,
olastic tubo due to axial torsion inducing curvilinearly plane, homo-
geneous shear stress. The dotted outline represents the undeformed
tube of greater diameter and lessor length than the deformed tube.

2.3. Initial radius and length. From IV(2.3), since

ag — 1—R"[R
then ,
R — R(1—ap) = R(14[)} (2.5)
Also,
a, = 1—H°"|H

so that, for H = 1, the corresponding undeformed length of
cylinder is
H° = (1—f2) cos @ (2.6)
78



HOMOGENEOUS, CURVILINEAR TWO-STRESs IV,3

3. Axial torsion of an elasto-plastic, thin-walled, circular
tube: approximate theoretical analysis

Article IV,2 adapts the analysis of plane, elastic, simple shear
in article III,8 to the curvilinearly plane, simple shear in a thin-
walled tube due to axial torsion. Similarly, the analysis of plane,
elasto-plastic, simple shear in articles II1,10 to III,12 can be
adapted to a thin-walled, elasto-plastic tube under axial torsion.

The increase in length and decrease in diameter of brass and
steel tubes, for example, has been found experimentally by
H. W. Swift %3, in 1947, and explained theoretically as due to
anisotropic stress-strain effects. However, such effects can be
rationalised on geometrical lines as in articles 111,10, III,11 for
isotropic stress-strain relations, although, of course, anisotropy
may be a contributory factor. Unfortunately, Swift’s measure-
ments were insufficient to attempt to assess separately the impor-
tance of the effects of geometry and anisotropy. The published
results are curves not allowing satisfactory re-examination.

Swift’s measurements on a solid lead cylinder showed a decrease
in length but the change in diameter is not recorded. The
analysis of article ITI,12 indicates the possibility of length de-
crease due to anisotropic stress-strain relations.

4. Axial torsion of elasto-plastic, circular metal tubes and
rods: tests by H. W. Swift 53

H. W. Swift tested 70/30 brass, stainless steel, aluminium,
cupro-nickel, copper, mild steel, 0-5 per cent carbon steel and lead
circular cylinders under axial torsion into the post-yield range of
deformation. Because an assumption had to be made on the
radial distribution of stress in a solid bar Swift tested fairly thin-
walled tubes. Structural instability of the thin walls necessitated
partial support by a solid core having a few thousandths of an
inch clearance from the inside surface of the tube. A dial-gauge
extensometer measured the changes in length, while a protractor
and pointer gave the relative rotation between the planes at a
distance apart equal to the gauge length of the extensometer.
The effects of reversing the direction of torsion and also of
annealing subsequent to yield were examined.

Table IV, 4.1 gives 26 of the 66 measurements made on a 70/30
brass and kindly communicated privately to the writer by
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IV,4 ANALYSIS OF DEFORMATION

Professor Swift in July 1948. TFig. IV, 4.1 gives a few of the curves
for reversed torsion of 70/30 brass from a greater number in
figure 11 of Swift’s paper. Fig. IV, 4.2 gives the contraction of a
solid lead cylinder as in figure 16 of Swift’s paper.

Swift offers a speculative, qualitatively statistical theory of slip-

TABLE IV 4.1

Reversed torsion test on a 70/30 hard brass specimen machined from
l-inch square bar. Outside diameter 0-750 inch, inside diameter 0-531
inch, gauge length for both torsion and length change 2-8 inches. Speed of
twisting 4 r.p.m. Tests by H. W. Swift 23,

Twist Torque, J‘:xt(?nm(l)t]; .
(180 - - 1 rovs.) Ih-inch ‘housandths
of an inch
v 0 0
20 730 1
40 870 11
60 980 3
80 1 100 4
120 1290 5}
180 1 550 14
240 1770 231
300 1 960 37
360 2 100 53
420 2 210 68}
480 2 300 85
540 2 360 1013
Reversed
Twist
520 1750 1003
480 2075 92
440 2 200 84
400 2 350 78
340 2 480 731
260 2 650 683
180 2 820 69}
100 2 960 771
20 3 050 91
—60 3 100 108}
—140 3120 123
- 200 3090 1331
—220 Broke _
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planes in each crystal of a randomly orientated aggregate to give
anisotropic stress-strain relations to account for length change in
the cylinder. The qualitative character of the curves in Fig.
IV,4.1 should be compared with the present author’s theoretical
curves in Fig. II1,11.3 for severe, reversed torsion deformation.

21 1 1
S
8 gl _
[
g
S
L)
sS4 —
e

L L
= o 2 4

R(6/L)

Fic. IV,4.1.—Axial extension of a 70/30 brass thin-walled tubo under
axial torsion. The initial outside diameter of the tube is 2R, the
initial axial distance apart of two planes is L, while 0 is the relative
angular rotation about the tube axis of radius vectors in the two planes.

Reversal and re-reversal of applied torque are shown. Compare this
qualitatively with Fig. II1,11.3.

Q

Contraction per cent
A

®

® —

(8]
|

R(6/L)

Fic. IV,4.2.— Axial contraction due to axial torsion of a solid lead cylinder.
At A the specimen was removed from the test machine, turned truly
cylindrical after ‘wringing’ from true, rested for a day and then
retested. Dotted curve shows a second test with reversal and re-
reversal of torque.
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5. Axial torsion and tension on an elastic, thin-walled,
circular tube: approximate theoretical analysis

Article IV,1.2 shows that the three, scalar, equilibrium stress
equations for cylindrical coordinates are satisfied if S, — 0 -=8g,
S5 # 84,0, R), 8.+ 8,(R,). Such a curvilinearly plane two-
stress is rather like the plane two-stress of articles IIL13 to
II1,15 analysing transverse normal stress and shear stress on an
elastic strip. The plane strip is now “wrapped’ on to the cylinder
and the analytical results applied to a thin-walled tube under
axial torsion and tension.

The results of articles IIT,13 to IIL15 are applied here but with
directions c,, c,, ¢, there becoming ¢, c., ¢, here. Note that
this intuitive idea is behind the use of thin-walled tubes as con-
venient specimens in which the separate components of the com-
plex stress system are fairly casily controlled and most of the
strains observed easily.

6. Octahedral stresses and strains

1t is shown in volume I that any complex stress system at a
given point can be reduced to threc principal normal stresses. In
the present case, the complex stress system is assumed to he two-
dimensional, so that the stresses can always be reduced to two
principal normal stresses Sj, ) on planes normal to the plane of
the stress system, while component Sy mutually orthogonal to
these two is zero. Volume T, article I1,12 discusses the ‘octahedral
stress’ acting on the cight octahedral planes normal to the eight
octahedral directions of which each has equal angles to the prin-
cipal normal stress directions.

6.1. Octahedral normal and shear stresses. The octa-
hedral stress is resolved to an octahedral normal stress normal to
each octahedral plane and has the same arithmetical value on
each. In terms of the principal normal stresses the octahedral
normal stress is

o = }(8;+9)) (6.1)

for the present two-stress system. The sum of the normal

stresses is also the first stress invariant, as discussed in volume I,

article II,3. The octahedral stress is resolved to the octahedral
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shear stress = tangential to the octahedral plane. Stated for
principal normal stresses for a two-stress system it is

972 = 2(S,2—85,8,+5;2) (6.2)

6.2. Equivalent normal stress. Consideration of the strain
energy for an elastic substance of restricted isotropy in volume I,
article VIII,2 gives a relationship between the octahedral shear
stress = and an equivalent normal stress S, say. Thus,

972 — 292 (6.3)

Tt is important to notice that this relationship is independent of
stress-strain parameters only in the case of restricted isotropy.

6.3. Octahedral normal and shear strains. Volume I,
article III,10 discusses the differential relative-displacement
between the ends of the unit vector in the octahedral direction as
being of the nature of a strain. The component of this vector
‘strain’ normal to the octahedral plane is the octahedral normal
strain and for principal normal directions is

- v - Leiteytey) (6.4)
of the same form as IV(6.1) for stresses. The sum of the three
normal strains is the first strain invariant, as discussed in volume T,
article I1I,6.

The component of the relative-displacement tangential to the
octahedral plane is the octahedral shear strain y and is given in
volume T, article II1,10 as

Dy2 = (e e)2 1-(e— i +(en—er)? (6.5)

6.4. Equivalent normal strain. (‘omparison of IV(6.2),
IV(6.3), IV(6.5) suggests defining an equivalent normal strain e,
say, so that

Oy2 — 2(1+4-q)2e2 (6.6)
with an isotropic transverse contraction ratio ¢. This form is
chosen so that, in the case of simple tension, for example, both the
equivalent normal stress and strain equal simple tensile stress and
strain.

6.5. Octahedral curve. The plane curve of octahedral shear
stress vs. octahedral shear strain is termed the octahedral curve
and has been found of considerable value in correlating the results
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Iv,7 ANALYSIS OF DEFORMATION

of complex stressing of yielded metals in particular 4%. The next
article and those subsequent discuss this aspect further.

7. Octahedral-parametric surface

Many experiments on various metals, in particular, have shown
remarkable correlationt when the values of octahedral shear

T

Y
Fra. IV,7.1.—The octakedral-parametric surface is shown as cylindrical and
normal to the octahedral shear stress, octahedral shear strain plane.
The projection of the octahedral-parametric surface gives the octa-
hedral curve (7, ) and the other two projections are the (7, YP) and
(7, ¥P) plano curves respectively. The values of 7, y, I’ during an
experiment trace a trajectory on the octahedral-parametric surface.

stress 7 and the corresponding octahedral shear strain y are
plotted as a plane octahedral curve (7, y) with

972 = 2(5'12—315']—}—;912) } (7.1)

Dy? = (e1—e))* + (e —ex)?+(ex—ey)? '
from article IV,6. However, these two quantities are independent
of the isotropic stress-strain parameters relating the stress and
strain components from which they are calculated.

+ Much of this development is due to A. Nadai 55,
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Volume I, article IX,9 suggests that this means that the octa-
hedral curve (r, y) should be regarded as the projection of the
octahedral-parametric surface on which the points have the co-
ordinates (7, y, $¥), with the plastic modulus y* regarded as the
most important of the plastic stress-strain parameters. The
correlation of tests on the plane octahedral curve means that this
surface is a portion of a right cylindrical surface with generators
normal to the octahedral curve as in Fig. IV,7.1. Similarly, a
curve (7, y, ¢F) can be plotted on the octahedral-parametric
surface to relate the plastic transverse contraction ratio with the
octahedral shear stress and strain.

7.1. Restricted isotropy is assumed. In the present
article the analysis is regarded as performed with isotropic stress-
strain parameters. This is, of course, an assumption that needs
to be justified. Therefore, when examining test measurements in
the next few articles the amount of departure of the plastic
modulus from isotropy will be examined. Unfortunately, the
measurements available do not give sufficient data to enable the
examination of isotropy of the other stress-strain parameters.
Therefore, it will be assumed that Young’s elastic modulus
E = (y¥)-1, Poisson’s elastic transverse contraction ratio ¢¥ and
the plastic transverse contraction ratio ¢ are all isotropic.

7.2. Increment stress and strain with anisotropic plastic
moduli. With these restrictions the incremental elasto-plastic
stress-strain relations for a two-stress are

Sy = YF(88,—q¥88,) +yf 88,—qTyT 88, } "o

Sey = (38, —qU88) -+ B8 —q TS, @2)
Then, with measured quantities de;, de;, 8S;, 8S;. ¥F, qF. ¥, these
two equations are solved for the two unknowns ", i that should
be approximately equal to justify the assumption of restricted
isotropy.

7.3. Octahedral shear increment stress and strain.
Volume I, article IX,9 shows that incremental forms similar to
equations IV(7.1) are, with 872 = (87)2, ..., for brevity,

9872 = 2(882—88,88;4-89,2) }(7 3)

93y? = (3e;—8e;)2 |- (8e;— ey ) 4-(8ey— 3e;)?
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8. Axial and circumferential tension on thin-walled tubes
of copper and steel: tests by E. A, Davis

Tests on thin-walled tubes of copper and steel were made by
E. A. Davis%. Internal pressure in the tubes induced circum-
ferential tension that was regarded as constant throughout the
thickness of the thin wall. Applied axial tension together with
the circumferential tension induced by internal pressure was then
regarded as a curvilinear {wo-stress system. Thus, it was assumed
that the radial stress in the tube wall had a negligible effect on the
stress-strain relations.

8.1. Mode of calculating the circumferential normal
stress. The circumferential normal stress is calculated in the
same way as the well-known ‘hoop’ stress in engineering pressure
vessels. Thus, with inner radius ¢, internal pressure S, and the
thin cylindrical wall of thickness %, then the circumferential stress

Sep == (a/R)S, (8.1)

Thus, when « is large compared with 4, then S, is small compared
with Sg. The correct distributions of S, and S,, are given in
article VII,1.

8.2. Experimental results. The tubes suffered fairly large
elasto-plastic strains, as recorded in Tables IV,8.1, IV 8.2 for
copper and steel respectively. The arithmetical values were
communicated privately to the present author by Dr. Davis.
For brevity here, the number of readings for each test has been
reduced from about fifteen to about ten. The readings left out
fell on a smooth curve passing through the readings in the tables.

The stresses are true, while the strains are nominal. The results
were supplied in this form by Dr. Davis and are given without
change for analysis by others if desired.

9. Interpretation of the tests by Davis’! on copper and
steel tubes

Several experimenters 5+ 56:57 have shown that octahedral
shear stress vs. octahedral shear strain for a wide range of values
and combinations of stress components gives practically a single
octahedral curve. The test data of article IV,8 have, therefore,
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HOMOGENEOUS, CURVILINEAR TWO-STRESS 1IV,8

TABLE 1IV,8.1

Axial and circumferential stress and strain in thin-walled copper tubes
under internal pressure and axial tension. The stresses are ‘true’ and
strains are ‘nominal’. The measurements are by E. A. Davis %4,

Ses ¢ Soe e Pressure
psi 22 psi %0 psi
0 0 0 0 0
2 400 0 0 0 0
4 830 0-0050 -0-0015
7330 0-0125 —0-0049
12 390 0:0312 —0:0157
17 950 0:0612 0 —0-0277 0
23 950 0-1037 —0-0483
31 450 0-1823 - 0-0788
36 700 0-2662 --0-1112
41 300 0-3637 —0-1453
43 000 0-4737 0 —0-1800 0
0 0 0 0 0
3070 0 1 530 0 245
6 180 0-0050 3080 0 490
9 330 0-0137 4 650 0 735
12 600 0-0250 6310 0 980
15 960 0-0362 7 980 0 1225
19 400 0-0549 9 670 0 1470
23 360 0-0748 11 650 0 1715
27 300 0-1047 13 650 0 1960
31780 0-1460 15 900 0 2 205
36 400 0-2045 18 260 0 2 390
39 770 0-2790 20 000 0 2 450
0 0 0 0 0
4 560 0:0037 4 600 0-0030 700
6725 0-0037 6 950 0-0074 1050
9 300 0-0075 9 430 0-0126 1405
11 680 0-0099 11 900 0-0178 17565
14 280 0-0174 14 680 0:0259 2110
16 880 0-0211 17 550 0-0340 2 460
19 670 0-0298 20 700 0:0466 2 810
22 850 0:0435 24 400 0-0622 3 160
26 770 0-0622 29 300 0-0903 3516
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Axial and circumferential stress and strain in thin-walled steel tubes
under internal pressure and axial tension.
strains are ‘nominal’.

ANALYSIS OF DEFORMATION

TABLE 1V,8.2

The stresses are ‘true’ and
The measurements are by E. A. Davis 54,

Sez Seo Pressure
psi Gz psi Go0 psi
0 0 0 0 0
33 400 0-0075 0 —0-0048 0
38 200 0-0149 —0-0078
41 000 0-0199 —0-0096
46 400 0-0298 —0:0140
51 900 0-0435 0 - 0:0204 0
57 800 0-0647 —0-0310
63 800 0-1008 —0-0459
69 300 0-1490 —0-0667
76 300 0-2560 —0-1048
79 200 0-3280 0 —0-1238 0
0 0 0 0 0
37 870 0-0112 18 730 0 3 000
43 480 0-0175 21 800 0-0070 3 440
50 020 0-0275 25 050 0-0010 3 920
64 500 0-0662 32 500 0-0022 4 850
71 030 0-1025 35 800 0-0037 5150
75 180 0-1350 38 000 0-0045 5 280
81 900 0-:2100 41 400 0-0060 5 350
86 770 0-2850 44 300 0-0081 5310
87 400 0:3300 44 900 0-0096 5220
0 0 0 0 0
30 950 0-0025 30 900 0-0050 4 900
35750 0-0087 36 100 0-0090 5 620
40 600 0-0125 41 300 0-0140 6 320
45 800 0-0175 46 600 0-0210 7 020
51 450 0-0287 53 250 0-0350 7726
56 200 0-0424 60 500 0-0550 8 250
58 000 0-0474 61 800 0-0640 8 250
61 400 0:0600 66 700 0-0850 8 430
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been plotted in this form in Figs. IV,9.1, IV,9.2 for copper and
steel respectively. The values in the abridged Tables IV 8.1,
1V,8.2 were used to calculate the octahedral values.

v 108

£9-Q =0 thus O

2z
=% thus A - 120

q =] thus ©

100

80
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40

71073

8 1,P706

2
»7T 108

Fia. IV,9.1.—Octahedral-parametric curves for copper tubes under
internal pressure and axial tension. The curve drawn is for simple
tension. The scales numbers are for octahedral shear stress psi
divided by 103, octahedral shear strain multiplied by 103, plastic
modulus multiplied by 10%. The calculated values occur around the
mean curve for the three loadings in each of which the stresses remain
in approximately the same ratio.

9.1. Octahedral shear strain and stress. With cylindrical
coordinates for the present case, the octahedral shear strain v is
given in article IV,6 as

92 = (eg5—E,5)% 1 (€cs—Epr) 2 +(€rr—E99)? (9.1)
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1V,9.1 ANALYSIS OF DEFORMATION

Measurements of radial normal strain e,. are not available, so
some assumption must be made. The simplest relationship
between these three strains follows from supposing that the strains
are sufficiently small to take dilation as their algebraic mean and
then to suppose that dilation is zero. This gives

€rp = —Cop— sy (9.2)
7108
<
‘-Sﬁ=o thus ©
SZZ 4
a =3 thus A 150 ~
=17 thus B
100~
50+
-3 | |
7o 10 s 10 v
] — 5
)
< — ¢
5
¢P’03

Fi¢. IV,9.2.—Octahedral-parametric curves for steel tubes under internal
pressure and axial tension. The curve drawn is for simple tension.
The scales numbers are for octahedral shear stress psi divided by 103,
octahedral shear strain multiplied by 103, plastic modulus multiplied
by 10%. The calculated values for the three approximately constant
ratios of stress tend to lie on separate curves on the octahedral stress-
strain curve and on the stress-parameter plane. This indicates that
all threo tests do not lie on the samo octahedral-parametric surface.

Note that these assumptions, also imply the neglect of radial
strain due to the radial stress that must accompany the pressure
internal to the tube. Substituting IV(9.2) in IV(9.1) gives

3y? = 2(egy> +-eme..te..%) (9.3)
Article IV,6 gives the octahedral shear stress = from
972 = 2(Sp2—SpS., +5,.2) (9.4)
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9.2. Elastic increment strains. Article IV,7.2 gives the
elastic and plastic increments of the increment strains. Thus,
the elastic components are

Seli = Seli—qf8eE el = deE—qFdely (9.5)
with the increment partial-strains
Begy = YigdSs  Segf = YfidS,,
Young’s modulus was not measured in the tests, so it was supposed
to be isotropic and of the typical values 30 108 psi for the steel.

Poisson’s elastic transverse contraction ratio was assumed of
typical value 0-35 in both tests.

9.3. Plastic increment strains. The elastic increment strain
components were calculated and subtracted from the elasto-
plastic increment strains to give the plastic increment strain
components

Sely = Selg—ql'Sel, Sel’ — 3eb—qT8¢ly (9.6)
with

Segy == Sbééssou 862 = 'ﬁé;SSzz
The plastic transverse contraction ratio ¢” was assumed of value
3 corresponding to zero volume change in the increment of

deformation.

9.4. Plastic moduli. The two equations IV(9.6) were solved
for the two plastic moduli ¢, ¢Z. If the metals are behaving
with restricted isotropy then these two moduli are equal. With
the assumptions stated they were found to be mostly less than
5 per cent different one from the other. This was considered to
be satisfactory, so the mean value was taken and plotted in the
octahedral-parametric Figs. IV,9.1, IV,9.2 for copper and steel
respectively.

The curves drawn in Figs. IV,9.1, IV,9.2 pass through the
values for simple tension. The octahedral shear stress-strain
values group fairly closely around the curve for copper but show
fairly definite separation for steel. The simple tensile strain,
modulus curve is practically the mean curve of the strain, modulus
values for all three results from both copper and steel. The
stress, modulus values group closely along the simple tensile
curve for copper but exhibit definite separation for steel. 8. J.
Fraenkel °7 also tested thin-walled steel tubes under internal
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IV, 9.5 ANALYSIS OF DEFORMATION

pressure and axial tension. Analysis of his measurements in the
same manner as the present author hag done for Davis’s tests
showed separation of the stress, modulus curves as already noted.

9.5. Tangent modulus values susceptible to small in-
stability in the yielding. The tangent modulus is sensitive to
sudden changes of stress and strain values. Such little ‘runs’ or
‘jerks’ occur while testing metals beyond the primary yield

20
-470=10"%
15
0%y’
10 53
38
5
0

N , 20
102 0 ps..

Fic. IV,9.3.—Copper tubes under axial and circumferential tension in the
Davis tests. Itach dotted curve shows the plastic modulus as a
function of octahedral normal stress for a constant value of octahedral
shear stress. The three points marked are for 10-3r = 53, 53, 54
respectively and the curve 10-37 == 53 was interpolated by eye.
The other dotted curves were found similarly. Plastic modulus & is
independent of octahedral normal stress ¢ except at the large strains
for this copper, at least.

because of the rather unstable processes of ‘glide’ and rearrange-
ment of crystals in the specimen. Since general laws of behaviour
are sought it would be reasonable to employ some arithmetical
smoothing technique for the measurements of stress and strain
before analysis into octahedral-parametric values. The present
author did not smooth the values but simply took differences of
the stress and strain values supplied by the experimenters and
this doubtless accounts for the scatter of values in the figures.

9.6. Plastic modulus as a function of octahedral normal
stress. P. W. Bridgman, in 1912 %, found that metals did not
suffer plastic strains under great hydrostatic pressures. This can
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HOMOGENEOUS, CURVILINEAR TWO-STRESS IV,9.6

be interpreted to mean, phenomenologically, that the plastic
modulus is zero when the three principal normal stresses are com-
pressive or negative with the sign convention of this treatise.
Volume I, article IX,7 discusses this and fits the effect into the
functional relationship of the plastic modulus in the stress-space
at a given point of the loaded metal.

Continuity of the plastic modulus in stress-space, in relation to
other experiments, suggests that the plastic modulus should

165
[ T _] -
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Fic. IV,9.4.— Steel tubes under axial and circumferential tension in the
Davis tests. HKach dotted curve shows plastic modulus as a function
of octahedral normal stress for a constant value of octahedral shear
stress. The threoe points marked are for 10-37 = 119, 112, 118
respectively and the curve 1037 == 117 was interpolated by eye.
The other dotted curves were found similarly. Plastic modulus $#
15 & function of octahedral normal stress and increases with it for this
steel, at least.

increase with the octahedral normal stress for a given value of
o