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PREFACE

WE hope that this book will provide an introduction to statistical
methods for those who may find them useful in the specialist study of
branches of science such as physics, chemistry, biology, psychology
and economics. A knowledge of the elementary principles and
techniques of statistics is becoming a necessary part of a well-balanced
education. As the basic ideas are not inherently difficult, and as they
are certainly not beyond the grasp of any secondary school sixth form
pupil, it is hoped that this useful branch of applied mathematics will
find an increasingly important place in the school curriculum.

Teachers of mathematics who would like to introduce statistics
into the school curriculum are faced with several difficulties. The first
is the lack of suitable toxt-books; the authors hope that this book will
help to remedy this defect. The second difficulty has been the lack
of ready-made exercises and worked-out examples. Here it is
necessary to emphasise that the exercises provided in this book are
intended only to illustrate techniques; they must be supplemented by
exercises on data collected by the student. It is important that the
student should learn how to tabulate and analyse data that he has
himself collected. No text-book can provide both the figures and the
background information which will make the exercises of ‘live”
statistical interest. A text-book example is necessarily “dead”
however elaborately it may be dressed.

A disadvantage of statistics is that the exercises normally involve
much arithmetical computation. This is unavoidable; until schools
can afford to add a computing machine to the equipment of the
mathematical laboratory, the difficulty will have to be faced. Some
may suggest that the arithmetic of the exercises could be reduced,
for example, by increasing the class-intervals and reducing the
frequencies of a distribution; but it has to be remembered that, as
many of the basic statistical ideas are applicable only to large samples,
it would be misleading and possibly erroneous to simplify the
exercises too much. In some of the exercises derived from actual
published results little will be lost by “rounding off”’ or otherwise
adjusting the published data to reduce the labour of computation.
Another way of surmounting the difficulty is to allow students to
work in small groups so that they share the work. It should be noted
that the data of many of the exercises are used for more than one
exercise; if the calculations are carefully filed, the student can save
himself unnecessary repetition of work already done.
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vi PREFACE

The scope of the book has not been determined by any examination
syllabus. It provides more than is necessary at present to cover the
optional statistics syllabuses of the General Certificate examining
-bodies, and it covers the methodological part of the Certificate
Examination of the Royal Statistical Society. It has not been written
for students specialising in mathematics; the reader who is capable of
attaining the Ordinary Standard in Mathematics in the General
Certificate should have no mathematical difficulties. The ‘‘Mathe-
matical Notes” and ‘“Mathematical Exercises” can be omitted by
those who find them too difficult.
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INTRODUCTION

The Origin of Statistics

The systematic collection of official statistics originated in Germany
towards the end of the eighteenth contury. In its earliest form it was
an attempt to assess, for political purposes, the relative strengths of
the German states by comparing such things as population, industrial
and agricultural output. In England, Statistics is a legacy of the
Napoleonio wars. In order to raise the now taxes that the cost of the
war demanded, it was found necessary to begin that systematic
collection of numerical data which would enable government depart-
ments to base their expectations of revenues and expenditures with
more precision than had hitherto been required. The age of form-
filling had begun, and with it began the development of that branch
of applied mathematics which provides us with systematic methods
of analysing large numbers of related numerical facts.

As its name implies, the word “statistics” was originally applied
only to such data as the State required for its official purposes. The
word has since acquired a wider meaning, so that it now embracos
any set of quantitative data relating to a particular measurement,
whether that data is of interest to the State or not. The same word is
also used, not only for the material which is analysed, but also for the
methods applied in its analysis. A third meaning is given to the word
in the singular, i.e., to the noun, “statistic”. A “‘statistic” is a
measure of some property of a set of numerical data, e.g., a cricketer’s
average is a statistic of his scores. The particular meaning attached
to the word is usually made clear by its context.

The theoretical development of the subject is founded on the work
of many famous mathematicians of whom it is possible to mention
ouly a few. Pascal (1623-1662) investigated the properties of the
coefficients of binomial expansions and invented a mechanical
computing machine. James Bernouilli (1654-1705) was the author of
possibly the first treatisé on the theory of probability, a subject to
which later members of the Bernouilli family made further important
contributions. De Moivre (1667-1754) who is best known for his
theorem in trigonometry wrote on probability and on annuities.
Laplace (1749-1827) also developed the theory of probability, but
perhnps the greatest and most original of these earlier writers on
statistical subjects was Gauss (1777-1855). The method of least'
squares and the properties of the ‘“Normal’ curve are two of the
subjects he studied. In more recent times statistics has continued to

1



2 INTRODUCTION TO STATISTICAL METHOD

develop largely through the work of British statisticians among whom
Francis Galton, Karl Pearson, R. A. Fisher and G. U. Yule are
perhaps the best known. To the mathematical graduate the theory
and ‘application of statistics offer interesting and fruitful fields of
research.,

The Application of Statistics

Most readers of this book will already have had some experience

of the elementary treatment of numerical data in school work. If
you have ever calculated the average of several results in your
laboratory experiments, or if you have used columnar representation
of rainfall to show the difforence between two types of climate in
your geography classes, or have shown by graph or diagram some
aspect of the growth of industrial activity in your history course,
then you have already been introduced to the science of Statistics.
Outside the class-room you have probably been a keen observer of
the statistics displayed in the results tables of the county cricket
championships, of the associated football league tables, or of some
other form of organised sport. At home you must have enjoyed
gamos of cards or dice and have had to make some simple application
of the theory of probability. Statistics is by no means remote from
everyday affairs. T
~ On leaving the seclusion of your school or university you will
become, in the eyes of the official statisticians, a new self-maintaining,
and therefore taxable, unit in the sommunity. You will then find,
whatever your attitude to the subject may be, that Statistics
insistently intrudes into your daily life. Your net income and your
standard of life are seriously affected by the expenditure, contributed
by you in rates and taxes, which is needed for defence, health services,
education, roads, and the many other services for which Parliament
and local governments are now responsible. All this expenditure, and
your share of the cost, is based on the interpretation of the statistics
made available to the departments concerned. Some understanding
of “figures” by the general public is therefore essential, and is even
more necessary in those who are responsible for our welfare.

In the nineteenth century economic theory gave strong support to
the policy of laissez-faire, claiming that the supply of goods and
services would automatically follow demands as they arose, and that
economic and social progress was best achieved by allowing un-
restricted competition in all fields of industry and commerce. To-day
we live in a period of transition; economic activities are being more
and more closely directed to the production of such goods, and the
provision of such services, as the government may decide to be most
urgently required. The political arguments involved are irrelevant
to the purpose of this book, but the facts to be realised are that our
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future is-very largely being planned, and that this planning, to be
successful mvst be soundly based on the correct analysis of complex
_statistical data. A cursory inspection of a copy of the Monthly
Statistical Abstract now published by H.M. Stationery Office will
give the reader a clear impression of the interest that is taken in all
forms of production by Government departments.

Besides these more obvious intrusions of statistics into the
economic, social and political affairs which concern everyone, there
are many narrower fields of human activity in which statistical
methods are now applied. For example, in production engineering
there are manufactured many small but composite pieces of
mechanism that depend for their correct functioning on some
dimensions of the components being maintained within very narrow
limits of accuracy. The mass production of such components used
to continue almost automatically until, because of wear in the
machine, some batch of components failed to reach the required
degree of accuracy in a critical dimension and were therefore useless
and relegated to the scrap-hecap. By the time this had been dis-
covered, and the defect remedied, many more of the faulty com-
ponents had been produced. Mass production of this kind, in which
precision is required, is therefore now usually subjected to what is
termed ““Quality Control”, which is a kind of sampling, a very
important aspect of Statistics. The introduction of Quality Control
into engineering was somewhat delayed by the suspicious and the
hostile attitude that the practical man frequently displays when he is
confronted with “impractical figure-mongers”. The application of
Quality Control received a great impetus, however, during the War,
when its adoption in one factory after another was accompanied by
fewer breakdowns of the assembly line and demonstrable decreases
of material waste in the form of unusable manufactured components;
and all this was achieved at little extra cost.

Most large industrial and commercial enterprises now employ
research workers trained in the application of statistical method.
Such statisticians may be engaged in Market Research for example.
This work requires the analysis of data obtained from either the firms
and sales organisations or by direct enquiry of the public, in order to
find the best way of presenting the firms’ products to the public.
The work of the Listener Research organisation of the British
Broadcasting Corporation is of this kind.

Statisticians may also be required to trace a batch of products
through the manufacturing processes in order to determine the
source and cause of variations from the standard of quality required,
e.g., in the manufacture of steel, textiles, optical glass, ete. Such
problems as arise in the arrangement of typewriter and similar key-
boards, the design of the automatic telephone exchange systems, the
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compilation of railway time-tables for sections of the line carrying &
high traffic density, all fall within the scope of the statistician.
Recently one of our most eminent statisticians has applied his
geience to the analysis of literary vocabulary and has developed
methods which help in identifying the origin of literary works of
disputed authorship.*

Like other suiences, too, it can be put to less constructive uses. It
is rumoured that, before delivering a speech, a certain American
politician made a statistical survey of public opinion and used the
information so obtained to make his speech agreeable to the greatest
possible proportion of his audience. In war, it is used to assist the
tactician to combine maximum destruction with minimum effort;
it is also the basis of “Logistics’, which is the planning of the
movement and supply of niilitary forces.

For the research worker in any field that is concerned with
quantitative results a knowledge of statistical mothods is useful. It
is specially valuable when his work is concerned with material that
lives and which is therefore not subject to the rigid control which the
physicist and chemist can usually apply in their experimental work,
e.g., in psychology, public health, education, biology, agriculture.
However, apart from the particular needs of the spocialist, enough
has been said to show that any person who claims to be educated, any
good citizen, should have some understanding of elementary statis-
tical methods. Ignorance of the higher branches of mathematies is
sometimes made an excuse for ignorance of statistics, but for an
appreciation of the value and the limitations of the subject no more is
required than accuracy in arithmetic and some commou-sense.

The Limitations of Statistics

The remark can still sometimes be heard that “Statistics (or
figures) can prove anything!”, but it will always be found that people
who say this know nothing of the subject, and that the statement is
usually the opening defensive move in anticipation of an attack on a
favourite projudice. Statisticians, you will find, only very rarely
claim to prove anything, and, even if they do, it is usually something
unrelated to statistics. In his training the statistician is taught to
examine the reliability of his data and the justification of his econ-
clusion with the utmost suspicion, and the beginner will usually be
surprised to find with what reserve the statisticians view results
which are said to be “obvious to the meanest intelligence”. If in an
enthusiastic moment, a statistician does go so far as to say that a
positive conclusion may be drawn from a set of results, then you will
find that while fow things are certain, the statistician has usually
taken care that the odds that his statement is correct are at least

* YULE, G. U. 4 Statistical Study of Literary Vocabulary. (Cambridge, 1944.)
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20 to 1, and furthermore, that his conclusion will be supported by
other statisticians who have examined the data.

. Again, no one is more aware of the limitations of applied Statistics
than the statistician. He regards the subject as a gardener regards a
sieve, or the mechanic regards a box-spanner; that is, as an tmplement
which has a useful, particular and limited function. The sieve by
itself will not produce orchids, but it will help the gardener to prepare
a suitable compost; the box-spanner by itself will not construct an
aircraft engine, but its use will speed up the assembly of the com-
ponents. Similarly with Statistics: it will assist in the orderly
arrangement of the data to which it is applied, and give added
precision to any conolusion that may be inferred. Moreover, if you
give a sieve and some earth to any man and ask him for orchids you
will be lucky to get them unless he is also a gardener; if you hope to
enjoy your flying it would be as well to ensure that your engines
were assembled, not only by a man provided with a box of tools, but
by a trained mechanic. Similarly, if you are asked as a statistician
to compare, let us say, the value of Fertiliser A with that of Fertiliser
B when applied to turnips, you must first learn all you can about
fertilisers in general, about the application of fertilisers, about the
growing of turnips, and many other associated subjects. In fact, you
must be an agricultural expert, at least as far as fertilisers and
turnips are concerned. In general, therefore, you will find that the
practical statistician is in the first place a physicist, an engineer, a
biologist, an economist, or some other specialist, and that he has a
sound background of knowledge of the field in which he is carrying
out his investigations.



CHAPTER I
THE REPRESENTATION OF NUMERICAL DATA

1.1 Introduction

Whatever may be the nature of the material to be analysed, it is
usually found to be in a disorderly form in its primary state. The
first need is therefore to reduce the data to some kind of order. When
this has been done the exact relation between the quantities con-
sidered may be immediately obvious, but this happens only rarely.
It is therefore usually profitable to illustrate the relation between the
quantitics being examined by some kind of diagram, since a pictorial
representation usually makes a clearer impression on the mind than
columns of figures, and more readily suggests what should be the
next step in tho analysis. In this chapter some methods of arranging
data and of presenting them diagrammatically will be described.

1.2 Tabulation and the Drawing of Diagrams

The practical work required of readers of this book necessitates
considerable practioe in the tabulation of statistical data. It must be
emphasised from the start that neat and careful setting out of the
primary data is essential for efficient statistical calculation. Neatness
and care not only reward the individual doing the work by making
the necessary constant checking of resvlts easier to do, but beginners
should also realise that the work they carry out, particularly any
original experimental work, may be of interest to others, however
trivial it may appear to them. All work done on a given problem or
experiment must therefore be set out neatly and compactly so that
the whole of the working can be rapidly examined by anyone interested
in it. Neatness and orderliness are therefore the first requirements.

All tables should be given titles, and the origin of the data should
be mentioned. Each column should be given a heading, and if a
symbol is used for it, its significance should be explained. Considera-
tion should be given to the layout of the columns before commencing
the table, to ensure that no cramping of the figures will be required.
Totals and other important results should be underlined and set out
80 as to be obvious to any one looking for them.

All diagrams and graphs should be given titles. The significance
of the abscisse and the ordinates should be explained and the scales
should be chosen s0 as to demonstrate the important features of the
graph as clearly as possible, remembering that the scales used need
not start at zero..

6



THE REPRESENTATION OF NUMERICAL DATA 7

Any relaxation of these rules will be regretted since it will inevitably
lead to waste of time and futile effort. In most of the examples
provided the data will already be reduced to order, but it is strongly
recommended that the reader should carry out the practical work
suggested and thereby practise the arrangement of data himself.

1.8 Variables

It is first necessary to explain some of the common statistical
terms.

A variable is a feature characteristic of any member of a group,
yet differing in quantity or quality from member to member. For
example, a cricket team consists of a group of chosen players. A
feature which they have in common is their individual batting
average, which will usually differ from one player to another. The
batting average is a variable differing in quantity. Another feature
which they have in common is & pair of eyes, the colour of which may
differ from one player to another. This differing quality of eye-
colour is also a variable.

A variable can be either continuous or discrete. In elementary
mathematics and physics the variables met with are usually con-
tinuous. Boyle’s Law, which states that the relation between the
pressure (P) and the volume (V) of an enclosed mass of gas at a given
temperature is determined by the relatien PV = K, a ‘constant,
provides an example. If the pressure be changed from one value,
P, to another, P,, the volume will change in accordance with the
law, and the differences in pressure and volume can be made as small
as we like, or at least, as we can measure. For a given range of
pressure the corresponding volumes are said to constitute a con-
tinuous variable. In biclogy, we more frequently meet discrete
variables. For example, the number of peas in a pod can only take
certain small integral values such as 3, 4, 5, 6, ete. The number of
peas in a pod is limited to certain possible values and is therefore a
discrete or discontinuous variable.

In practical measurements, even if the variables being measured
are by nature continuous, we do in fact treat them as though they
were discrete, since all measurements are read ‘‘correct to the
nearest”’ unit or sub-unit. For example, the height of a boy at various
ages is a continuous variable. As the boy grows from 4 ft. to 5 ft.
his height passes through all possible values between these limits.
It is usually sufficient, however, to measure his height correct to the
nearest half-inch, and we thereby limit the variable to a number of
values, namely twenty-five. This variable is therefore treated as
though it were discrete. The material with which we shall deal in
this book is mostly of this type.
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1.4 Frequency Distributions with Discrete Variables

The preliminary trcatment of numerical data dopends to some
extent on whether the variable is continuous or discrete. Since
discrete variables are the easier to deal with, a simple example will be
considored first.

Experiment I. 1.—A set of 10 cards numbered 1 to 10 (e.g., a suit
from a pack of playing cards) is shuffled, and three cards are drawn
at random.* Examine the value of this sum for a large number of
drawings, and comment.

In this experiment the variable, which we will denote by z, is the
sum of three integoers, the maximum value of which will be 10 |- 9 +

== 27, and the minimum value 1 4+ 2 4 3 = 6. The valuo of x can
thereforo only be any whole number between these extremes. It is
therefore possible to classify the values of x as they arise. This can
best be done by using graph paper, marking off along the “az-axis’ the
valuos 6,7, 8, . .. 26, 27, at equal intervals, and noting the occurrence
of a given value of by making a cross or dot on the corresponding
ordinate. The number of ocourrences, or frequency, of any value of
z can then be quickly summed.

Typical results of such an experiment in which 600 card drawings
woro made aro given in Table I. In this table

z = observed sum of three cards.

n = number, or frequency of cards with this sum, z, obtained in

the experiment.

v = the expected or theoretical number or frequency which would

be obtained in 600 trials.

A table of this kind is called a frequency distribution.

Examination of Table I shows the salicnt features of the distri-
bution. The most frequent values of = are 14, 15, 16 and 17. A much
clearer improssion is, however, given by Fig. 1 which is tho type of
diagram obtained when the data are recorded as suggested above.
This is an example of a frequency diagram. The diagram shows more
clearly than the Table the symmetry of the distribution.

Mathematical Note. The values of v can be calculated by considering

the number of ways in which each value of z can be partitioned into three
different integers. Thus,

=N~ RN N
S
ot ot
++++
- NN
++++
DS W

o
e
++

[]
o+
[<]

The relative values of y for 6, 7, 8 and 9 are therefore 1, 1, 2, and 3
respectively.

* The significance of the term ‘“‘at random’ will be considered more fully
later, but a working knowledge of it is assumed for the present.
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Experiment 1.2. Shuffle together 3 sets of 10 cards numbered 1 to 10.
Draw 3 cards and note their sum. (It will range from 3 to 30.) Repeat at
least 500 times.

TasLe I
DisTriBuTION OF Rrsurts IN CARD-DRAWING EXPERIMENT
Observed  Exptl. Theor. Observed Exptl. Theor.
Sum Freq. Freq. Sum Freq. Freq.
x n v x n v
6 2 5 17 51 50
7 6 5 18 43 50
8 10 10 19 44 45
9 22 15 20 40 40
10 12 20 21 30 35
11 19 25 22 24 25
12 45 35 23 16 20
13 36 40 24 17 15
14 50 45 25 11 10
16 54 50 26 b 5
16 53 50 27 10 5
Totals 600 600
50
c
>
9
c
Q
=)
o
8
&
©
+
c
Y
£
o
v
O.
X
wi
0 v

| ,

6789I10I11121314151617 181920212223 24252627
Observed sum =x

Fie. 1. Diagram of the results of the card-drawing xperiment.
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In Experiment I. 1 described above, the results are separated into
classes, each class containing the number of occurrences of some
number between 6 and 27. The number of classes is therefore equal
to the number of possible values of the variable, and the cluss interval,
i.e., the difference of the value of = corresponding to adjacent intor-
vals, is unity. In many cases it is not necessary to record the fre-
quency of each individual value of the variable. It may be profitable
to increase the size of the class interval and to record only the
corresponding ‘“‘grouped” frequencics. For example, in Table IT
(p. 10) there are 365 readings of the daily barometric height at
Worthing. These readings are correct to five significant figures over
a range of approximately 28-500” to 31-000”, so there arc about
2500 possible values of the reading and very few repeated values.
If we are interested in the annual general distribution of barometric
pressures rather than in the day-to-day variation it is hardly nccessary
to consider the readings in such detail. It saves timo and labour if the
readings arc first colleeted into broader classes. The data of Table II
could be grouped into classes with equal intervals ot 0-01”. The
number of classes would then be reduced from about 2500 to about
250. Suitable limits for these classes would be 28-755"-28-765",
28-765"-28-775", and so on. Though a reading such as 28-756" is
clearly a member of the class 28-755"-28-765", what is to be done
about a rcading such as 28-855", which falls exactly on the dividing
line between two adjacent classes? The convention is to allot } to
each of the frequencies of the two adjacent classes.

Though the number of classes has now been reduced from 2500 to
250, wo still have a number which is inconveniently large for any
analysis involving calculations. With negligible loss of accuracy
we can reduce the 250 classes to 25 by increasing the class interval
from 0-01” to 0-1”. The corresponding classes would now be 28-75"-
28-85", 28-85"-28-95", ote. A further reduction to class intervals of
1" gives at most four classes, and the grouping is then too coarse to
show clearly anything but the most obvious features of the dis-
tribution. The three groupings are illustrated in Fig. 2 by a method
which will be described in the next section. It can be seen, however,
that of the three diagrams the first is too detailed and the third is too
coarse. The second diagram, based on 22 classes, shows the main
features of the distribution in reasonable detail.

For normal purposes a maximum of about 25 classes shows the
main characteristics of a frequency distribution as clearly as any
greater number could do. In the analysis of examination results, in
which the possible mark usually varies from 0 to 100, class intervals
of 5 marks are usually taken. Apart from the considerations already
mentioned it is unreasonable, knowing the difficulties of assessing
scripts, to take a difference of less than 5, or even 10, marks as
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F1a. 2. The effect of grouping the data of Table II.
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indicating any appreciable difference of attainment even in so preciso
a subject as Arithmetic. Knowledge of the precision with which the
data under examination has been attained holps the statistician to
determine a sensible class interval.

1.5 Histograms

The figures below aro the marks obtained in a school arithmetic
examination by 130 boys taking the same papor, the marks being
given in the alphaboetical order of the boys’ names, and the highest
possible mark being 80. Taking a class interval of 5 marks let us
construct a frequency diagram.

The marks are:

22 176 46 54 56 41 55 42 27 9 22 46 31
43 17 44 51 13 15 52 63 48 18 3 65 67
46 1 68 48 21 27 38 15 13 33 10 &56 63
34 29 41 26 16 25 60 33 36 10 53 24 63
50 51 22 2 54 19 14 78 36 43 47 61 18
65 43 25 41 70 37 21 72 33 49 7L 42 54
68 35 42 25 68 47 18 28 56 57 25 58 68

17 38 10 57 33 31 67 24 74 3 12 16 48
15 71 2 50 54 29 27 27 28 55 59 50 58
74 54 35 67 59 61 59 26 56 43 58 3 62

The class intervals adopted will be 1-5, 6-10, 11-15, 16-20, ote.
The frequency distribution is obtained by counting and tabulating
the number in each class, o.g., the class 1-5 contains the marks
1, 3, 3, 3, giving a frequency of 4; the class 6-10 contains the marks
10, 9, 10, 10, again giving a frequency of 4. The complete distribution
may then be sct out as in Table IIL. The total of the frequency

TaBLE IIT
FREQUENCY DISTRIBUTION OF MARKS IN AN ARITHMETIC EXAMINATION

Class Frequency Class Frequency
1-5 4 41-45 11
6-10 4 46-50 12

11-15 7 51-56 11

16-20 8 56-60 13

21-25 11 61-65 8

26-30 12 66-70 8

31-35 9 71-75 5

36-40 5 76-80 2

Total 130
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column is found. This must be equal to the number of observations.
To illustrate this distribution diagrammatically it is usual to draw
the column type of frequency diagram we used for the barometric
data, called a histogram. The area of each column is proportional to
the frequency of the corresponding class. In the present example the
class intervals are all equal and therefore the columns all have the
same width. It follows in this special caso that the heights as well as
the areas of the columns are proportional to the corresponding
frequencies.

15 r

B e T o IO

o
T

Frequency

Ll
T

30 40 50 60 70 80
Mark
Fi1a. 3. Histogram of marks.

This histogram (Fig. 3) shows clearly an unusual feature. Examina.-
tion marks in large groups usually show a steady incrcase to a maxi-
mum followed by a steady decrease, i.e., they give “one-humped”
histograms (Fig. 4). The low frequencies in the 30-35, 3640 classes
divide the histogram of Fig. 3 into two humps. Why has this occurred?
It is not possible to give an answer without knowledge of the cxamina-
tion paper set, the method of marking, the students who took the
paper, etc. Actually the marks wore obtained from four parallel
forms and the results confirmed, what had already been ascertained
in other ways, that two of the forms were comparatively backward.
It must be emphasised that we can draw no conclusion whatever
from the data we have examined here. The example has been chosen
partly to show that the diagrammatic representation of sets of
numbers often makes more apparent the deviations from what is
expected. Questions and research may then follow.

An example of this kind of problem arose during the war. It was
noticed that when the final scores of trained air-gunmers were
diagrammatically represented a two-humped histogram was unex-
pectedly obtained instead of a one-humped histogram (Fig. 4). How
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did this arise? It was suggested that the two humps might occur if
there were two distinet types of gunner, one type being naturally
better marksmen than the other. If this were true, then it would be
important to find some means of identifying cach gunner (they might
be found to have blue eyes, a scientific education, flat feot, etc.) and
hence a method of selecting thom. In such a case it is necessary to
cxamine, first of all, the way in which the scores are obtained. Before
we look for the super-marksman let us bo sure he exists. Examination

Frequency

T
g ™
>
Q
c
Q
3
o
g
w
0% Score 7 30% 07 Scbr;e 307

Fic. 4. Ono- and two-humped distributions.

showed that the two-humped curve was inherent in the scoring
system adopted. The super-marksman did not exist.

1.8 Unequal Class Intervals

Sometimes we find that the data presented for analysis have
alrcady been classified though the classification may not be in the
form best suited for further analysis. Class intervals which are
unequal are sometimes used, particularly with distributions which
have a long “tail”, in order to express the main features of the
distribution as concisely as possible. Table IV (a) shows a distribu-
tion in which the class intervals are unequal; it provides all the
information required for many administrative purposes, e.g., the
2-4 year old children are “infants”, the children of the next group
are “‘primary school pupils”, and so on. Table IV (b) is a distribution
of incomes in which the class intervals increase as the frequencies
rapidly diminish. The last class interval, moreover, is open; it has no
upper limit. How can such data be represented by a histogram?

The important point to remember is that in the histogram the
frequency of any class is proportional to the area of the corresponding
column. If the class interval is increased then the width of the corre-
sponding column is increased proportionally. The height of the
columu must thercfore bo decreased in the same proportion.

The distribution of the school pupils of Table IV (a) is represented
by the histogram of Fig. 5 (). It will be seon that the area of each
column is proportional to the frequency of the corresponding range
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(a) Histogram of data with unequal class-intervals.

(b) A very asymmetrical distribution (Data of Table IVb).
(c) Use of logarithmic scales (Data of Table IVb).
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of the variable. The method of calculating the keights of the columns

is shown in the table.

The distribution of Table IV (b) provides further problems of
presentation. The problem of deciding the width to be allotted to the
last class is less important than at first sight appears as its height is

TaBLE IV (a)

NuMBER OoF PUPILS ON THE REGISTERS OF MAINTAINED AND ASSISTED
PRIMARY AND SECONDARY SCHOOLS IN ENGLAND AND WALES IN JANUARY,
1946. (Annual Abstract, No. 84.)

Number .

Age (thousands) Height of Column
2-4 + 164 55
5-10 + 3064 511
11 + 497 497
12 + 477 477
13 + 496 496
14 + 143 143
15-18 + 162 41

TaBLE IV (b)
Tae DISTRIBUTION OF INCOMES LIABLE TO SURTAX IN THE FINANCIAL

YEAR ENDED 5TH APRIL, 1945.

(Annual Abstract, No. 84.)

Income (in £1,000) Frequency of%?;ﬁ::m
Exceeding Not exceeding
2-0 2-5 35,148 70,296
2-5 30 23,809 47,618
3-0 4 25,619 25,619
4 5 12,920 12,920
5 6 7,646 7,646
6 7 4,940 4,940
7 8 3,339 3,339
8 10 4,117 2,058
10 15 4,289 858
15 20 1,559 312
20 25 657 131
25 30 351 70
30 40 301 30
40 50 155 155
50 75 141 56
75 100 60 2-4
100 — 50 0-3
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almost negligible. From the data it can be surmised that the height
of the last column is probably less than that of the preceding one,
but that is all. Sometimes further information may help to decide
the appropriate class interval. For the year considered it is known
that the surtax payers whose incomes were over £100,000 had a total
income of £9,000,000. The average income was thercforc about
£180,000. It is not unrcasonable to regard the last few incomes as
spread cvenly over the range £100,000 to £260,000 to givo the
required average of £180,000. Having decided on the width of this
class interval, the height of the column can be calculated since wo
know that the area of the column is to be 50 units on the area scale.
If, in other cases, the further information such as we have used in this
cxample is not available, then only a judicious guess is possible.

Having calculated the heights of the columns for the data of
Table IV () it will be found that it is not possible to represent this
distribution cffectively by a histogram. It has a very high peak at
onc end and falls rapidly to a long flat tail. The outline of Fig. 5 (b)
follows the axes so closely that little detail is observable. In cases of
extremo asymmotry like this the numerical values of the variable and
the frequency aro sometimes replaced by their logarithms. The work
of drawing diagrams to logarithmic scales is simplified by using
specially ruled graph paper. Diagrams based on logarithmic scales
should not, however, be used to represent data to those who may not
appreciate the effect of tho logarithmie transformation on the original
distiibution. They are used only to suggest furthor steps in the
statistical analysis cf the data. In this example it becomes apparent
from the use of logarithmic scales in Fig. 5 (c) that the relation
between log (Income) and log (Frequency) is almost lincar.

Finally, it must be emphasised again that the fundamental property
of the columns of a histogram is their areas, not their heights. If
cqual intervals are used throughout then the areas are proportional
to the heights, but this is merely a special case.

1.7 Frequency Curves

In the previous section we considered the effect of increasing the
span of the class intervals of a distribution using the Worthing
barometric data as an illustration. Suppose that we start again with
the 365 readings and construct a histogram with class intervals of
0-001”. We should obtain a histogram with about 300 columns
separated by gaps of various widths and representing frequencies of
1, 2, 3 and perhaps 4. If we continued the readings day by day for
a second year, adding to the histogram a unit of area to the column
corresponding to each reading, some of the gaps would be occupied,
some of the columns increasod. If this process were continued year
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after year for many years all the gaps would eventually be filled.
The columns in the centre of the histogram would gradually becomo
inconveniently long, so it would be necessary to scale down the unit
area from time to time. Eventually we should expect to arrive at a
histogram rather like that of Fig. 6, in which the columns show a
gradual change in height from one to the next.

4““}“”‘”“
s h

Frequency

Barometric Height
F1a. 6. Histogram with small class-intervals and a very large population.

Now suppose we improved our technique of measuring the baro-
metric height so that we could casily measure it correct to 0-0001”
and, further, increased the number of readings from one per day to
one per hour. A histogram of such a distribution would approximate
to the same general shape as tho first one, but, as the class intervals
are decreased to one-tenth of their former value, we should find that
the steps from one column to the next are proportionally smaller.
Using the same scales, both histograms would have the same area for
equal numbers of readings. If in the second histogram we now
increased the number of readings tenfold, its area would also be
increased tenfold. By reducing the frequency scale to one-tenth,
the area scale is reduced in the same ratio. The area under the second
histogram would again be equal to that under the first histogram,
but the second histogram would have a smoother outline.

If this triple process of decreasing the class interval, increasing tho
number of readings, and reducing the area scale could be continued
indefinitely, the steps of the histograms would become smaller and
smaller and its outline would approach more and more closely to a
smooth curve. The limiting curve to which the histogram approaches
under these conditions is an abstraction of great importance in
statistics. It is called a frequency curve.

Frequency distributions with finite class intervals are discontinuous
functions of the variable and require rather cumbersome methods of
calculation in their analysis. Frequency curves, however, are usually
continuous functions of the variable and their properties can be
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investigated by the methods of the calculus. Later in this book some
frequency distributions are regarded as finite samples of infinite
populations which are distributed according to certain laws. The
histograms of the samples are regarded as approximations to the
known frequency curves of these infinite populations.

Mathematical Note. The frequency curve has an important property
concerning its area which is analogous to the fundamental property of the
histogram. Since it represents an infinite population with a continuous
variable we must replace the term “frequency” by “relative frequency
density”, and the term ‘‘class” is no longer applicable; we have to state
the upper and lower limits of the variable for any interval we may need
to consider.

If the relative frequency density for any value x can be expressed as a
continuous function of x, say f(z), then tho “relative frequency’ in the
interval ; — 48z to xz, + 28z where 3z is infinitesimally small is
F(%,) . 8. This product f(z) . 8z is represented by the shaded area of the
curve in Fig. 7. The sum of the relative frequencies for the whole distri-
bution is obviously unity, so that

5
Jf(@dx =1

a

where a and b are respectively the least and greatest values of the variable.
The relative frequency in any interval is therefore oqual to the area under
the curve lying between the ordinates which bound the interval. This area
property of the frequency curve is of fundamental importance in the
theory of sampling.

A6

Relative Frequency

xl
Value of the Variable
F1a. 7. Area property of the frequency curve.

EXERCISES I

(Number, file and keep any exercises done; reference may be made to
them in later exercises.)

1. The table shows the results of counting the number of stigmata on
capsules of the Shirley Poppy [Enfield II (1902). Biometrika, 2, 8b.]
Illustrate the distribution.

Number 7 8 9 10 11 12 13 14 15 16 17 18
Frequency 1 7 27 88 182 254 278 222 124 41 15 6
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2. A count of the number of tentacles in Hydra vulgaris Pallas gave the
following distribution for a sample of 869 individuals [Liu and Chang
(1946). Nature, 157, 728.] Draw a diagram to illustrate the data.

Number 3 4 5 6 7 8 9
Frequency 1 2 61 646 132 24 3

3. In an experiment Buffon and De Morgan tossed a coin repeatedly and
counted the length and number of “runs”, i.e., sequences of heads or tails.
The experimental results are given in the table. [Quoted by Pearse (1928).
Biometrika, 20A, 325.] Draw the histogram as far as your scale permits
the tail to be shown.

Length of run 1 2 3 4 5 6 7 8 91011-16
Frequency 4,165 2,028 982 480 266 132 71 36 17 9 6

4. In an analysis of sentence length as a criterion of literary style the
number of words in each of 600 sentences of G. K. Chesterton’s Shorter
History of England were counted. The results are summarised in the table.
[Condensed from data of Williams (1939), Biometrika, 31, 357.] Draw a
histogram.

No. of words 1-5 6-10 11-15 16-20 21-25 26-30

Frequency 3 27 71 113 107 109
No. of words 31-35 36-40 41-45 46-50 51-60 61--100
Frequency 68 41 28 18 12 3

The following examples are intended to give practice in the
collection and arrangement as well as in the representation of the
data. It is recommended that they be done by co-operative effort, e.g.,
students can often work in pairs, one as observer and the other as
recorder. These examples are suggestions only; they should be
adapted to the particular interests of the students. Any original data
:;zbat 48 collected should be carefully filed for further analysis later in

e course.

§. Count the frequencies of occurrence of the digits 1, 2, 3...9, 0, in
four-figure logarithm tables of the numbers 1-00 to 9-99. Illustrate your
answer by means of a histogram and comment on the results.

8. Choose an author in whom you are interested and find the distri-
bution of sentence length of a sample of his work. The sample should
contain several hundred sentences. Compare your histogram with that
representing

(@) the data of Ex. 4,
(b) a second sample from the same author,
Comment on your results.

7. Construct frequency distributions of any sets of examination marks
that are of interest, selecting a scheme of grouping that is appropriate.
Draw the histograms and comment on the results.

8. Obtain the frequency distributions of individual cricket scores
obtained in the county cricket championship, ignoring unfinished innings.
Compare your histogram with that illustrating the data of the table
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below, which gives the distribution for the year 1931. [Martin, Btometrika,
28, 47.]

Runs 0o 1,2 3,4 5,6 7,8 9,10 11-20
Frequency 701 627 470 374 335 303 895
Runs 21-30 31-40 41-50 51-60 61-70 71-80 81-90
Frequency 524 330 170 105 83 56 35
Runs 91-100 101-120 121-140 141-200 Above 200
Frequency 22 36 18 11 1

9. Find the frequencies of occurrence of the letters ¢, b and ¢ in lines of
printed text. Draw histograms to illustrate the differences in the
distributions.

10. Visit your local reference library to obtain data from which you can
draw histograms to illustrate the following distributions:

(a) Parliamentary divisions in the U.K. according to numbers of
electors,

(b) Familiesin Great Britain according to the numbers of members,

(¢) Population of Great Britain according to age.

MATHEMATIOAL

11. The relative frequency density of a continuous distribution is

b= (aaa— 2) where x ranges from 0 to a. Show that the

given by f(z) =
relative frequency in the interval z = 0 to x = {a is 3% Sketch the

frequency curve.

12. In a continuous distribution the variable z ranges from — b to
+ b and the relative frequency density is known to be proportional to
1

. Show that the equation of the frequency curveis y =

k(a® + =)
where k = g tan-1 z Sketch the curve for the cases in which (i) b = 2a,

(ii) b = 4a.

a? +x2

1.8 Frequency Polygons

A second method of representing frequency distributions is to join
the middle points of the top of the columns of the histograms by
straight lines to give a broken curve. The data represented by the
histogram in Fig. 3 is represented by such a diagram—called a
Jfrequency polygon—in Fig. 8.

We have seen that the area under any column of the histogram is
exactly proportional to the corresponding frequency; in the frequency
polygon, however, the area under any part of the broken curve is
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Fic. 8. Irequencey polygon of marks.

only approximately proportional to the corresponding frequency.
Because of this loss of accuracy the frequency polygon is not recom-
mended as a means of illustrating distributions. Ifit is used sometimes
in preference to a histogram it is because it gives a spurious appearance
of continuity suggesting a completeness of data that may be
unwarranted. Its use should therefore be regarded with suspicion.
In gencral the histogram should always be used in preference to
the frequency polygon. A possible exception to this rule oceurs only
when, for the sake of comparison, two rather similar distributions are
to be represented on the same diagram. If the distributions overlap
there may be less confusion if they are ropresented by froquency
polygons. )

1.9 Other Representations of Numerical Data

For statisticians the construction of a frequency diagram is usually
only a first step in the analysis of the numerical data, but in many
everyday activitios tho effective presentation of the data is the end
of the matter. This presentation can usually be made moroe effective
if the data can be represented in some simple diagrammatic form.
Types of diagram other than those already described can frequently
be seen in the daily papers and in advortisements. Most of these
diagrammatic devices are well suited to their purpose, but some may
be misleading to those who do not also appreciate tho underlying
figures. We shall therefore briefly describe and comment on the most
popular types of diagram.

Apart from frequency distributions there arc two other main types

of statistical data which may be represented by simple diagrams:

(@) Categorical data, i.e., data which relates to categories or
classes, such as a list, for example, giving the countries of
origin and corresponding numbers of alien tourists visiting
Britain. .

B
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() Time series, i.e., data which are given in a time sequence such
as, for example, the numbers of statistics books published
annually for the years 1900 to 1948.

COFFEE

b

Fi1a. 9. Charts of categorical data.
(a¢) Bar-chart. (b) Pie-chart.

Categorical data aro usually represented by bar-charts or pie-charts.
The data of Table V, col. (a) are represented in these two ways in
Fig. 9 (a) and Fig. 9 (D) respectively. The bars are of equal width and
their lengths, shown in col. (b) of Table V, arc proportional to the
numbers they represent. Sometimes the bars are broken up into
soparated unit lengths; sometimes these unit lengths are replaced by
simple pictograms. In Fig. 9 (b) the separato items are represented by
slices of the pie. The angles of the slices aro proportional to the corre-
sponding figures; the method by which these angles are calculated
should be apparent in column (¢) of Table V. Pic-chart blanks are
obtainable with the circle already divided into 100 parts so that
percentages can bo drawn in without further calculation.

TABLE V

WEEKLY AVERAGE ConNsumprTiION OF TEA, CocoAa AND COFFEE IN
THE UK. ror Jury, 1948. (Monthly Digest of Statistics, 32.)

(@) (b) ()
Tea 3,260 tons 3.26 ins. 195° (= 3,260 x 00
6,010
Cocoa 1,850 tons 1-85 ins. 111°
Coffeo 900 tons 90 2ns. 54°
Total 6,010 tons 360°
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As the eye is perhaps better trained to assess ratios of lengths than
of angles, the bar-chart and its modifications are probably preferable
for general use, though the pie-chart shows moro clearly the ratios of
the parts to the whole. Both of these methods give true reprosenta-

COCOA COFFEE

@@@

MISLEADING

Daawat

[ COFFEE
@ TRUE REPRESENTATION

(1SOTYPE)

TEA COCOA COFFEE

GMISLEADING

F1a. 10. Further charts of categorical data.

tions of categorical statistics, and these are easily appreciated if the
number of categories is not greater than about 10; if the numbeor of
categories in a list is greater than 10 some judicious grouping of the
data is required.

There are, however, methods which may lead to ambiguous or
misleading interpretations; they are frequently used deliberately to
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(a) Production of passenger cars—weekly average.
(b) Stocks of steel—end of month.
(c¢) Production of main-line locomotives—end of month.
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exaggerate the differences they are intended to describe. For example
the data of Table V are represented again in Fig. 10. In Fig. 10 (a)
the relative consumption of tea has been exaggerated by suggesting a
volumetric representation based on proportions which are true only
in lengths. In Fig. 10 (b) the relative consumptions are fairly
represented by the unit cups, but an unserupulous advocate of cocou-
drinking might well bring psychology to his aid and distort the true
picture by colouring the tea cups a bilious yellow, the coffee cups a
dirty brown and the cocoa cups a warm and rosy red. In Fig. 10 (¢)
the relative consumption of coffee has been slightly exaggerated; the
areas are proportional to the actual consumptions. Since this fact is
not stated in the diagram this ambiguity may arise: Are tho lengths
or are the areas to be compared? In such a case most people form an
impression to which comparisons of both length and arca have con-
tributed; and this compromise here flatters the smaller of any pair
being compared.

Time series are usually represented by graphs. Time is conventionally
measured from left to right, ic., along the x-axis in the positive
dircetion; the second variable is measured along tho y-axis, and
corresponding values of the two variablos are plotted. The points
are then joined by straight lines to form broken curves.

There are, however, some differences of detail in the plotting of
time series, depending on whether the second variable is primarily:

TaBLE VI

SoME DATA RELATING TO STEEL FOR THE YEAR 1947.
(Monthly Digest of Statistics, 32.)

(a) (b) (c)
Production of Stocks of Steel Production of
Month Passenger Cars (end of period) Main Line
(weekly average) (thousand tons) Locomotives
(number) (number)

Jan. 6,251 1,001 48
Feb. 2,480 983 38
Mar. 4,415 915 38
Apr. 6,058 871 47
May 6,874 866 58
June 5,854 855 53
July 6,226 815 31
Aug. 5,214 799 53
Sept. 5,689 782 57
Oct. 6,559 789 71
Nov. © 5,804 775 49
Dec. 4,999 797 65
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(@) an average, .g., index number, the mean daily temperature;

(b) a lovel, e.g., stock of a commodity, the midday barometer
reading;
or (c) a total, e.g., the week’s output of coal, the day’s rainfall.

Averages, for obvious reasons, are plotted to correspond with the
contre of the period to which they refer; levels, to correspond with the
timo of the reading; totals, to correspond with the end of the appro-
priate period. The data of Table VI have been plotted in Fig. 11 to
illustrate these differences.

In setting out charts it is not always necossary to measurc the
variables from zero. Very often the purpose of a chart may be to
demonstrate small but important changoes in large totals. The levels
from which the variables are measured should be clearly marked and
the space available for the ochart should bo used to display the
significant features of the data as effectively as possible.

An alternative method of representing totals in time series is
sometimes used, particularly for meteorological data. Fig. 12 shows
the use of bar-charts to indicate tho differences of the rainfall charac-
teristics of two climatic regions. Though these charts are similar in
appearance to histograms, and indeed have similar arca properties,
the word “histogram” will be used in this book to refer only to
frequency distributions.
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F1a. 12. Rainfall charts.

Finally, whenever diagrams are used to present statistical data,
the following rules should be observed.:

(1) The diagrams should be simpler to understand and to
appreciato than the tables of figures they represent.

(2) They should be free from ambiguities, i.e., magnitudes should
bo represented only by lengths or by angles.

{3) The diagrams should carry all information necessary to their
appreciation, i.e., they should be given adequate legends and
titles.
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SuMMARY OF CHAPTER I

1. The main types of statistical data aro:
(#) Frequencey distributions,
(b) Categorical data,
(¢) Time series.
2. Frequeney distributions are represented by histograms or
froqueney polygons; continuous distributions by frequency curves.
3. Categorical data arc represented by charts, e.g., bar-charts and
pic-charts.
4. Timoe serics are usually represented by straight-line graphs;
exceptions oceur.
5. Diagrams representing numerical data should be simple,
unambiguous, true, and adequately labelled.

EXERCISES II

1. Draw histograms of the data from which Table III is derived using
different class intervals, o.g., 4, 8 and 10 marks. Comment on tho change
of appearance of the histogram as the class interval is increased.

2. What would be tho effect on the frequency distribution of Table I1I
and the histogram representing it if the maximum possible mark were
raised from 80 to 100, :

(2) by adding 20 to each mark,
() by multiplying cach mark by 1-25,
(¢) by multiplying each mark by 1-1 and then adding 12?

3. Draw a histogram of the data of Table II. Comment on the result.

4. Frequoncy distributions are required of the sets of data of which the
maximum and minimum values of the variable are given below. Suggest
suitable class divisions and intervals, all intervals to be equal.

Mazx. Min.
(@) Daily sunshine 13:6 hrs. 0 hrs.
(b) Examination marks 937 259
(¢) Life of electric bulbs 3,675 hrs. 12-8 hrs.
(d) Period of telephone calls 37-5 min. 0-12 min.
(e) Weight of “1 1b.” shop weights  1-0223 lb. 0-9871 Ib.
(f) Circulation of a daily paper 879,637 765,292

5. The figures given in Table VII are the daily readings of the per-
centage humidity for the year August, 1945, to July, 1946, at Worthing,
Tabulate the figures in the form of a frequency distribution and construct
the corresponding histogram.
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8. Construct a chart to show simultancously the daily readings of the
percentage humidity (Table VII) and the barometric height (Table IT) for
the month of August, 1945. Comment on the result.

7. How would you illustrate by diagram the following kinds ot
numerical data? Give brief reasons for your choice.

(a) Average yield per acre of wheat in Great Britain for each of
the last 10 years.

(b) The harvest yields of the main cercal crops, wheat, oats,
barley, rye, maize, rico in the U.S.A. for the year 1048.

(¢) The number of deaths in road accidents in Great Britain for
each month of the last two years.

(d) Tho frequency distribution of the sizes of boots issued to Army
conscripts during the ycar 1946.

(e) The proportion of time spent in school on each of the subjects
taught.

8. Construct diagrams to illustrate the following data. (dnnual
Abstract, No. 84.)

(@) Average number of frosty days at Cambridge.

Month Jan. Fob. Mar. Apr. May June
No. 13-3 12-6 12-2 6-2 1-3 0-1

Month July Aug. Sept. Oct. Nov. Dee.
No. —— — 0-3 3-8 83 12-3

(b) Age distribution of the population of the U.K. in the year 1946. ('The
numbers given are thousands.)

Age group 0—-4 5-9 10-14  15-19 2024  25-29
Male 1,954 1,701 1,659 1,743 1,828 1,813
Female 1,864 1,644 1,613 1,723 1,871 1,827
Age group 30-3¢ 35-39 40-44 45-49 50-54 55-59
Male 1,916 1,945 1,844 1,574 1,353 1,237
Female 1,950 1,998 1,913 1,757 1,620 1,481
Age group 60-64 65-69 70-74 75 and over.
Male 1,070 892 651 616
Female 1,333 1,128 840 960

{Demographic data of this type are usually represented by a “pyramid”,
i.e., a histogram in which age is measured along the ordinate and the
corresponding frequencios of male and female are measured to the left and
the right respectively.) Consider carefully what you propose to do about
the last entry in the table in which the class interval is unknown.

(¢) Number of men killed underground in coal-mining, Great Britain,

1948, and causes.

Explosions 24 Haulage 136
Falls of ground 277 Miscellaneous 45
Shaft accidents 11 Total 493

B*
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(d) Analysis of population employed in manufacturing industries n
England and Wales, 1931.  (Some further grouping may be

desirable.)
No. No.
(Thousands) (Thousands)

Bricks, pottery, glass 171 Textile goods 1,050
Chemicals, paints, oils 133 Food 337
Metals 1,675 Drinks 108
Textiles 1,174 Tobacco 31
Leather, ctc. 87 Woodwork 242
Papor, ote. 285 Building, ete. 861
Miscollaneous 129

(¢) Deaths in the United Kingdom analysed by age, for the years 1932
and 1946. (Numbers in thousands.)

Age in years 1st year 2und ycar  2-4 5-14 15-24  25-34

1932 50 11 10 13 21 25
1946 40 2 3 7 10 15
Age in years 35-44 45-54 55-64 65-74 75 and over.
1932 31 H4 89 127 137
1946 24 46 87 148 186

Comunent on the changes that these figures show.

(f) Suales of electricity for public lighting in Great Britain. (Million

units.)
Year 1935 1936 1937 1938 1939 1940
No. 268 298 339 367 248 17
Year 1941 1942 1943 1944 1945 1946
No. 18 20 20 28 177 260

Comnent on these figures.

(9) Deaths from motor-vehicle accidents for England and Wales.

Year 1935 1936 1937 1938 1939 1940
No, killed 5,240 5,354 5,463 5,474 6,638 6,018
Year 1941 1942 1943 1944 1945
No. killed 6,392 4,632 3,675 3,994 3,598

(k) Distribution by age of single males and females in the United King-
dom in 1931. (Seo note to Ex. (b).) The numbers are in thousands.

Age 0-14 15-19 20-24 25-34 35-44
Male 4,808 1,705 1,463 1,079 315
Female 4,712 1,694 1,332 1,105 573
Age 45-54 55-64 65-74 75 and over.
Male 250 181 88 22
Female 431 306 187 74

(j) Analysis of schools by size in England and Wales, 19486.
No. of pupils 0-50 51-100 101-150 151-200 201-250
No. of schools 5,736 4,552 3,936 3,480 3,194
N o. of pupils 251-300 301-400 401-500 Over 500

N o. of schools 2,586 3,018 1,172 683
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(k) Stocks of natural rubber in thousands of tons (end of period).

Year 1935 1936 1937 1938 1939 1940

Stock 209 103 80 105 52 98

Year 1941 1942 1943 1044 1945 1946

Stock 99 62 60 47 52 181
PracTiCcAL

(Each member of the class should be allotted a task of day-to-day
recording. The data collected by this means should be summarised from
time to time and filed for further analysis later in the course.)

9. Collect exceptionally good and bad examples of diagrammatic
representation from the press, magazines, etc. Display them with appro-
priate comments.

10. In collaboration with the geography department collect, record and
analyse the local day-to-day meteorological data.

11. In collaboration with the biology department measure and record
data on
(a) rate of growth of plants,
(b) yield of plants.

12. Keep day-to-day records of the prices of Government securities and
selected industrial shares.

MATHEMATICAL

13. The relative frequency density of a continuous distribution is e~
where x ranges from 0 to infinity. Show that the relative frequencies of
the intervals in which x ranges between (i) 0 and 0-288, (ii) 0-288 and
0-693, (iii) 0-693 and 1-39, (iv) 1-39 and infinity, are each equal to }.
Sketch the curve and show the first three intervals.



CHAPTER II
MEASURES OF POSITION

2.1 Introduction

It has been shown in Chapter I how the main characteristios of a
frequency distribution can bo domonstrated visually. In the com-
parison of two or more scts of data, however, it is usually desirable
to be able to make a quantitative as well as a qualitative comparison.
Heneo the following questions arise:

(a) What aro tho principal characteristics of a frequency distri-
bution?

(0) How can they be measured?

The first requirement in comparing two distributions of the same
vatiable is to know their relative positions. For example, if we wero to
compare the marks of a good set of candidatos against those of a
weaker set taking the same examination we should find that, on the
whole, the marks of the better sct weore higher than those of the
weakor set. If the frequency distribusion of the two sets were repre-
sented by histograms on tho same seale we should find two histograms
of roughly the same shape but in different positions along the axis
which represents the marks, as in Fig. 13. Tt is necessary to find some
method of expressing this difference in position numerically. The
measures of position used are the mode, the median and various
forms of the mean or average. These will now be considered in turn.
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F1a. 13. Two distributions differing in position.
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2.2 The Mode

The histograms of Fig. 13, which are of similar shape, can be
located by the valuc of the variable corresponding to the maximum
ordinate or highest column of each of the histograms; the maximum
ordinates occur for the groups 30-35 and 60-65. These values of
are called the modes of the distributions. The mode of a distribution
is therefore the most frequent or most “popular” valuo of the
variable.

In distributions of discrete variables it is possible to determino the
modo by examining the frequency distribution. For example, in the
distribution given below the mode js 14, since this is the value of z
corresponding to the highest froquency.

x f rv f
12 3 16 15
13 37 17 8
14 53 18 5
15 27 19

While the mode thus provides a very easy and accurate measure for
locating distributions which are simple in form and closely similar,
it is of little use if the distributions are dissimilar or if they have two
or more maxima. The two histograms shown in Fig. 14 have the same
mode but curve B, on the whole, oceupies a different position from A.
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F1a. 14. Dissimilar distributions with the same model groups.

Furthermore, comparatively few statistical distributions are of
discrete variables with unit class intervals. When the class interval
has a span of more than one unit the highest frequency might depend
on the class-boundaries selected or on the width of the span. It
would also have to be decided at what point of the most frequent
class interval the mode should be located, a decision which is not easy
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to make if the frequoency diagram is not symmetrical. As a practical
measure of position the mode is therefore of limited use, but in suitable
cases it is useful because of its simplicity.

2.3 The Median

The median is defined as that value of the variable for which there
are equal numbers of frequencies of greater and smaller values; in
other words, if the observations are arranged in order of magnitude,
the median is the middlo observation. For a continuous distribution
it is tho value corresponding to the ordinate which divides tho area
under the frequency curve into two equal parts.

In some kinds of distribution the median is easy to find. If the
variable is discrete, and the frequency of every individual value of
the variable is known, it is only necessary to arrange the values in
order of magnitudo and count them. The value corresponding to the
middle torm is the median. If the distribution consists of an even
number of observations it is not possible to apply the definition
precisely as there are two middle terms. It is usual in such cases to
take as median the value of the variable half way between the two
widdle values. For example, if there are 151 observations in a
distribution and the 75th, 76th and 77th are respectively 22-371,
22-373 and 22:374, thon tho median is 22-373. If the 80th and 81st
observations in a distribution of 160 members are respectively 67-7
and 68-6, thon the median is § (67-7 - 68-6) = 68-15.
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Fi1a. 15. The median.

If the distribution consists of a large population spread over com-
paratively few values of the variable the middle value can be deter-
mined by constructing a cumulative frequency table for the distribu-
tion. Corresponding to ecach group of the distribution we find the
frequency of occurrence of values of the variable which are equal to or
less than that of the group. The last entry in the cumulative table,
that corresponding to the greatest value of the variable, should
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therefore be N, the total of the population. The group which contains
4N is then tho median group. The method of deriving the cumulative
frequoncy table is illustrated by the following example.

Ezample. As part of an experiment to compare the yield of two types
A and B of broad bean, some pods of ecach type were opened and the
number of beans in each were counted. Compare tho two types of bean
given the data of Table VIII.

TasLe VIII

FREQUENCY DisTRIBUTIONS OF THE NUMBER OF BeANs PeEr Pop
N Two TypreEs oF BroAp Brax

No.of Beans Frequency Frequency Cumulative  Cumulative
Per Pod Type A Type B Froq. A Freq. B
1 17 4 17 4
2 29 28 46 32
3 36 41 82 73
4 16 35 98 108
5 0 4 —_ 112
6 0 3 - 115
Total 98 115
40 40
g>*30 § 30
S 20 520 )
g N
210 & 10
- L e . . ] - -
O N
No. of beans per pod No. of beans per pod

Fia. 16. Histograms of bean distributions.

The frequency diagrams of these distributions are shown in Fig. 16
and the cumulative frequency diagrams in Fig. 17. The middle values of
the type 4 distribution, the 49th and 50th, both lie in the group which
contains three beans per pod, since this group contains the 47th to the 82nd
values when they are placod in order of magnitude. The middle value of
the type B distribution, the 58th, also lies in tho same group, since this
group contains the 33rd to the 73rd values. Tho median value is therefore
3 for both groups.

It is clear from the frequency diagrams that on the whole type B
contains more beans per pod than type A, and this fact should be made
apparent by the measure of position. Neither the mode, which is also 3
for both groups, nor the median succeed in discriminating between these
two distributions.

If, as is commonly the case, only grouped frequencies have been
recorded, then the median group only can be determined by the
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F1c. 17. Cumulative frequency diagrams of bean distributions.

method used in the above example. By means of a graph, however, a
more or less aceurate estimate of the median value can be obtained.
Tho graphical method depends on a propoerty of the cumulative
Jrequency curve which we will now deseribe.

In Section 1.6 the frequency curve was defined as the limiting form
of the histogram of a distribution when its population is increased
without limit and all values of the variable lying between tho two
extreme values are possible. If at all stages of the process, and using
the samo secales as for the histograms, we draw the cumulative
frequency diagrams, they too would become smoother in outline and
tend to become a continuous curve as the population increased and
the class interval decreased. The typical shape of the cumulative
froquencey curve for one-humped distributions is the reason why it is
sometimes called the ogive curve (Fig. 18). The likeness to the archi-
tectural “ogive” is apparent if the figure is turned through a right-
angle in the clockwise direction to show the original method of drawing
theso curves. ‘

The ordinate of the cumulative frequency curve corresponding to
the valuo 2 of the variable represents the cumulative relative fre-
queney of the frequency curve up to the value x. The maximum
ordinate of the cumulative frequency curve is therefore unity. The

o
(8]
T

?Relotive Cumulative Frequency

10

o Values of the Variable +o0o—>
Fia. 18. The cumulative frequency or ogive curve.
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value of x corresponding to a cumulative relative frequency of } is the
middle value of z, i.e., it is the median of the distribution. In the
frequency curve the ordinate at the median value divides tho fre-
quency ourve into cqual parts cach of area }.

Mathematical Note. For a continuous distribution with a relative
frequency density of f(x) and range a to b, the ordinate of the cumulative
x

frequency curve for the value x is | f(x)dr. For the median value of z

a X
the ordinate is % so the median is given by ff(x)a‘x = $.
a
Just as the histogram of a finite grouped distribution is sometimes
considered to be an approximation to an abstract smooth curve
representing the infinite population of which the grouped distribution
is a sample, so the cumulative frequency diagram may be considered
as an approximation to the corresponding cumulative frequency
curve. The graphical method of estimating the median of a grouped
distribution is based on this idea. It will be illustrated by relerence
to the data of Table IX.

TaBre IX

EsTiMATES OF THE TorALn PoruraTioN DistriBuTioNs IN THE U.S.S.R.
FOR THE YEARS 1940 AnD 1970. (Notestein et al., 1944.) (In millions.)

Age 1940 1970
f of ! of

0-4 23-6 23-6 22-3 22-3

5-9 17-7 41-3 21-9 44-2
10-14 21-2 62-5 21-6 65-8
15-20 16-6 79-1 21-7 87-5
20-25 14-5 93-6 21-9 109-4
25-30 16-6 110-2 21-9 131-3
30-35 13-9 124-1 20-6 151-9
35-40 11-9 136-0 15-8 167-7
40-45 8:6 144-6 187 186-4
45-50 6-9 151-5 14-2 200-6
50-55 6-0 157-5 12:0 212-6
55-60 50 162-5 13-0 225-6
60-65 4-1 166-6 10-0 235-6
65-70 31 169-7 7-4 243-0
70-75 2-1 171-8 4-3 247-3
75-80 1-3 173-1 2-4 249-7
80-85 0-5 173-6 11 250-8
86+ 0-2 173-8 0-4 251-2

Totals 173-8 251-2
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The columns headed by ¢f give the cumulative frequencies of the
two distributions. The histograms and cumulative frequency dia-
graws are shown in Fig. 19, in which the last intervals of the distri-
butions have been taken to be 10 years. To estimate the median,
smooth curves are drawn through the centres of the tops of the
columns as approximations to the ideal cumulative frequency curves.
The median values are then obtained by finding the values of x
corresponding to NV for each curve. They are found to be 20-0 years
and 26-3 years for the 1940 and 1970 distributions respectively.

25 _25
w
20 8§20
15 s
10 Z10
C
5 Ss
o
0 £ o
0 10 20 30 40 50 60 70 80 90 “ Y010 20 30 40 50 60 70 80 90

Ages Ages

HISTOGRAM OF 1940 DISTRIBUTION(ESTIMATED) HISTOGRAM OF 1970 DISTRIBUTION (ESTIMATED)

- 250F
0 P~
5 T g
Z150f 2200
£ E
Iy >
Sloo ‘_3150'
Sin 2N
R @ 100+
e
2 sof g
3 3 %
el M, . ., ] el M,
G 0 10 20 30 40 SO 60 70 80 90 3 Y0 10 20 30 40 50 €0 70 80 90
Ages Ages
CUMULATIVE FREQUENCY DIAGRAM CUMULATIVE FREQUENCY DIAGRAM
1940 DISTRIBUTION 1970 DISTRIBUTION

Fre. 19. Graphical estimate of the median.

This graphical method of estimating the approximate value of the
median should be used only for grouped data, that is, data for which
the middle value cannot be determined with precision by more direct
means. If all the actual values of the variable are precisely known
then it is possible to determine the median exactly by putting the
values in order of magnitude and noting the middle value.

EXERCISES III
MopES AND MEDIANS

1. Find the mediaps of the distributions of (a) Ex. I, 1, (b) Ex. I, 2.
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2. Find the modes and medians of the two distributions of Ex. II, 8 (b).
Show that for these distributions the median is the better measure of
location.

3. By reference to the data of Ex. I, 3, show that neither the mode nor
the median is & satisfactory measure of location for very asymmetrical
distributions.

4. Find by the graphical method estimates of the medians of the two
distributions of Ex. II, 8 (k), omitting the first group, and comment on
your results.

5. Use the data of Ex. IT, 8 (5) to find an estimate of the median size of
school to be found in England and Wales in 1946.

MATHEMATIOCAL

8. The cumulative relative frequency function of a continuous distri-
bution is 23, where x takes all values from 0 to 1. Show that the median
value of z in the frequency curve is 0-79.

7. The relative frequency density of a continuous distribution is given
by f(x) = ;lr- . « sin , and z varies from 0 to ». Find the equation of the

cumulative relative frequency curve. Obtain an estimate of the median
value of x by the use of a graphical method.

2.4 The ‘‘Sigma’’ Notation

The Greek capital letter, X, sigma, is used in algebra to denote
“the sum of all terms like . . .”’; it is a convenient shorthand fre-
quently used in statistics.

Suppose we are dealing with the four quantities a, b, ¢ and d. Then
we could write the expressions

a+b+c+ d as Xa,
or (ab -+ ac + ad -+ bec + bd + cd) as Xab.
It must be emphasised that the expression Yab includes all terms
like ab.

Similarly, a® 4+ b 4 ¢3 4d? could be written Xa3.

It is also convenient to use letters with suffixes attached to them to
ropresent the individual members of a group, e.g., @, a,, ag, . . . ;
Xy, Tgy Tz - - -

Using the sigma notation the sum

a1t agtazg+ ...+ ag

28
can be written more shortly as X1 ar. This shorthand expression is

read as “the sum of all terms like a,, where r takes, in turn, all the
integral values 1,2, 3, . . . to 28",
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EXERCISES 1V

1. Evaluate the following expressions:
22, (82, 8o,
2. Verify the following identities by expanding the X terms:
(@) Zlkxr = kX%xy, if k is a constant,
(b) “Jﬂ;(xr + yr)? =2r11xr2 + 222‘”1‘?]: +)4“1‘3/r2
(c) L"l'(2r—- )=14+34+6+...4+(2n — 1) =n?
d) Zlar — 23 gy =2, — 2p.4
(€) Yer® — &) = o} —apyy
3. Given that ““r2 = }n(n + 1) (2n + 1) show that
22“1'2 = {n(2n + 1) (Tn + 1).

2.5 The Arithmetic Mean or Average
If the values of the variable of a group of numbers are represented

by z,, ®,, @4, . . . Ty, then the arithmetic mean, or average, denoted
by &, is defined by the relation

o1 1

z=;(x1—}-x2 + ... —l—zn)z——%ﬂx

If the value x, oceurs f; times, and x, occurs f, times, etc., then
1 1
z =]—v(f1x1—|—f2x2+ .+« + fo%n) =ﬁ2fa:
where N =f, 4+ fo+ . . . + foa=2f

When N is small the calculation is carried out in the usual way,
o.g., the averago of the five numbers 33, 37, 38, 42, 47 is

1
B(33—|—37+38+42+47)=39-4

If n is largo, however, it would be very laborious to perform the
calculation in the same way; the application of two simple algebraic
ideas can appreciably reduce the computation. These may be
represented by the identities:

—Z’“ (@+ ) = a + E“x,- (i)

and - E Cxy =C. =~ E“z,- (ii)

whero a and C are constants.
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Arithmetical examples are:
3 (943 4 947 + 948 4 952 4 957)
=950 1( -7 -3 —24-247) =950 — 0-6
= 949-4
and } (75 4 175 + 225 + 150 + 375 + 275)
=25.3.834+T74+ 9+ 615+ 11)
= 2125

The computation and check of the arithmetic mean of a frequency
distribution is shown in Table X. The procedurc is summarised
below:

(a) Arrange the data as a frequency distribution with oqual class.
intervals (cols. 1 and 2).

(b) Estimate as accurately as you can the class which contains the
average value., It does not matter if the estimate is incorrect, but the
better your guess the less computation you will have to do. Note the middle
value of the class you have selected.

In Table X it was estimated that the class 51-55 contained the average
value. The middle of this class is 53, and therefore this value will be taken
as the working mean, denoted by a. (Using identity (i).)

(¢) In column 3, corresponding to the class 51-55, is entered the
number 0, to show that the middle value of this class is tho working mean.
All the centres of the other class intervals are now measured from 53, the
unit being the span of the class interval. (Using identity (ii).) The centre
of the class 21-25, for example, is 23, and the ditference between 23 marks
and 63 marksis — 30 marks, which is —6 x5 or — 6 intervals.

The figures of column 3 will normally run from 0 to — 1, — 2, — 3, cte.,
upwards and from 0 to 1, 2, 3, etc., downwards and in sequence, unless
some intervals have zero frequency and are omitted. These numbers are
called the deviations of the classes from the working mean, and are
denoted by d.

(d) In each row of column 4 the product fd is calculated, i.e., the
frequency of each class is multiplied by the corresponding deviation with
the appropriate sign attached. These are summed.

(e) Columns 5 and 6 provide a very useful check which should be
completed as a matter of habit. Column 5 is made up by adding 1 to the
corresponding number of column 3, and column 6 is obtained by multi-
plying together the corresponding numbers of columns 2 and 5. The
check consists of subtracting the sum of column 4 from that of column 6.
If the arithmetic is correct it will be found that

Zf@d + 1) — Zfd =3(fd + f — fd) = Xf,
which is the total of column 2.

(f) Having thus indirectly checked column 4, the total of that column
is multiplied by the span of the class interval, i.e., 5 (denoted by C), and
divided by the number of observations which is 661 (denoted by N).
Taking regard of its sign this quotient is then added to the working mean
to give the required arithmetic mean.
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TaBLE X
COMPUTATION OF THE ARITHMETIC MEAN
The percentage marks obtained by 661 candidates in an examination

are classified by intervals of 6 marks. The classes are set out in col. 1, and
the corresponding frequencies in col. 2.

1 2 3 4 5 6

x f d fd @+1) f@+1)
11-16 8 —8 —64 —7 —56
16-20 15 -7 —105 —6 —90
21-25 39 -8 —234 -5 —195
26-30 47 -5 —235 —4 —188
31-35 52 —4 —208 -3 —156
36-40 53 -3 —159 —~2 —106
41-45 54 -2 —108 —1 —54
46-50 56 ~1 —56 0 —845
51-55 59 0 —1,169 1 59
56-60 53 1 53 2 106
61-65 48 2 96 3 144
66-70 45 3 135 4 180
71-75 39 4 156 5 195
76-80 32 5 160 6 192
81-85 23 6 138 7 161
86--90 17 7 119 8 136
91-95 13 8 104 9 117
96-100 8 9 72 10 80
661 1,033 1,370

Total — 136 Total + 526

Check  Xf(d + 1) — Xfd = 526 — (— 136)
= 661
=N
Mean=a+0.—1%.2fd

1
—53+5.m.

= 63 - 1-03
= 51-97

(— 136)
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The algebraic verification of this procedure is as follows:

The deviation, 4= “
and therefore x=ua-+ Cd
Multiplying by f, fr = fa+ fCd
By definition, z= %VE fx
- 11{, 5 ]lv ¥jcd
=a- % Xfd
since Xf = N.

Compared with the mode or median as a measure of the position of
a distribution, the arithmetic mean has scveral advantages. In the
first placo it is better known and understood. In most practical casos
it is also a botter discriminant, that is, it locatos a distribution with
greater precision and it is more widoly applicable. While the calcula-
tion of tho arithmetic moan requires more computation, it is necossary
in any case to do this work if tho distribution is to be analysed furthor.
The algebraic form of the mean is also much more convenient to
manipulate than those of the mode and median, and because of this
fact it has become a quantity of fundamental importance in the
theoretical development of statistics. Because of their simplicity,
however, the mode and median are still of use in suitable cases.

The calculation of the mean is closely analogous to the finding of
the z-coordinate of the centre of gravity of a plane lamina of the
same shape as the histogram of the distribution, and hence the moean
is sometimes called the first moment of the distribution.

Mathematical Note. For a continuous distribution the mean is given by

b
T = Jmf(az)d:c

where f(z) is the relative frequency density, and a and b are the lower and
upper limits of  respectively.

2.6 The Weighted Mean

The arithmetic mean of a frequency distribution has been defined as

.1 fizy+foZa+ . . .+ foZa
&= _—fr ="11
¥R R o th
where fy, f5, . . . fa are the frequencies of z,, x,, . . . 5. The term

“frequency’’ is sometimes given a wider interpretation than we have
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used so far, particularly in cconomics, and is often replaced by the
term ‘“‘weight’’.
The weighted mean is defined as

7 W@y + wXy+ . ..+ wntn  Jwz

v w,+ w4 . . .+ wn T Zw

where the weights w,, w,, . . . wn, are numorical coefficients assigned
to the variables z,,z,, . . . Zn. Theso coefficionts may bo frequencios,
numbers proportional to frequencies, estimates of frequencies, or
may have no rolation to frequencies at all, as illustrated by the
following simple cxamples.

(a) A car manufacturer produces 3 models, which he sells at £400, £600
and £800. To take £600 as the averago price of the cars he sells takes no

account of the rolative numbers of each. If the relative numbers of each
are 10, 4 and 1 respectively, then the weighted mean is

£_490_)_<_qu_-!~600>(4+800)(1

10+ 4 +1
7 = £480

This is a better representation of what is understood by the “average
price”’ than the simple mean.

(b) A candidate obtains the following percentages in an examination:
Latin, 75; Mathematics, 84; French, 56; English, 78; Science, 57; History,
54; Geography, 47. It is agreed to givo double weight to the marks in
English, Mathematics and Latin, What is his weighted mean?

75x2-_}-84x2+56+78><2+57+54+47
24+24+142+1+1+1

= 68-8
His unweighted mean would have been 64-4.

It has boen possiblo to work out the simple oxamples given above
by dircet application of the definition. For more complex cases the
calculation may be done as for a frequency distribution with the
frequencios replaced by the weights.

EXERCISES V

1. The frequency table below gives de Vries’ data on buttercup petals
(quoted by Pearse, Biometrika 20A, 325). Find the mean.

Number per flower 5 6 7 8 9 10
Frequency 133 55 23 7 2 2

2. Find the means of the distributions of (¢) Ex. T, 1, (b) Ex. I, 2.

8. Calculate the mean age of the male and female populations of the
United Kingdom for the year 1946 using the data of Ex. IT, 8 (b). Refer
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to Ex. III, 2 and compare the median and the mean as effective measures
of location for this type of data.

4. Use the data of Ex. I, 4 to show that the mean length of sentence in
the sample of G. K. Chesterton’s writing is of 25-8 words.

5. Find the mean size of school given by the data of Ex. II, 8 (j).
Assume that the schools of over 500 pupils have an average of 600 pupils.

6. (@) An examination candidate’s percentages are: English, 73;
French,.82; Mathematics, 57; Science, 62; History, 60. Find the
candidate’s weighted mean if weights of 4, 3, 3, 1, 1 respectively
are allotted to the subjects.

(b) The average percentages for the same examination were 57, 52,
48, 55, 50 for the above subjects respectively. Find the weighted
mean for the whole examination.

7. The element tin consists of a mixture of 10 isotopes which have
atomic weights ranging from 112 to 124. The proportions in which the
isotopes occur in the element are given in the table. Calculate the mean
atomic weight of the mixture.

Isotope A.W. 112 114 115 116 117 118 119 120 122 124
Percentage 1.1 08 04 155 91 225 98 285 65 68

8. The table gives the sunshine records for the months of the two years
1943 and 1946 over England and Wales. The figures are percentages of the
corresponding monthly means (hours per day) for the period 1909-1933.
Show that the sunshine totals for each of the two years 1943, 1946, are
1079 and 969, respectively of the mean for the period 1909-1933.

J F M A M J
Mean 1-50 2-35 3-61 4-95 6-09 6-60
1943 92 129 115 111 125 102
1946 99 114 93 126 105 88

J y: | N 0 N D
Mean 571 5-40 4-65 3-35 2-04 1-28
1943 109 91 99 98 111 111
1946 103 84 77 76 63 149

2.7 Index Numbers

One of the best known examples of a weighted mean is the cost-of-
living index. It is one of the most important index-numbers used in
economic statistics, but tho construction of a satisfactory cost-of-
living index is a very complex problem. Firstly, its purpose must be
decided, because this helps to determine tho particular meaning of
the vague term “cost of living” which the proposed index is required
to measure. Then, how is this cost-of-living to be measured? What
items aro to be included? Since, for example, thggo%mnmy
vary according to the dista,ncelfggt thgipim&. ow arg‘thp)go's
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of the selected items to be assessed? What weights should be assigned
to the items? All these and many other problems have to be solved
before the purely arithmetical part of the process is reached.

In tho United Kingdom it was decided in June, 1947, to suspend the
publication of the cost-of-living index which was based on the every-
day expenses of the year 1902, because the index no longer corre-
sponded with the expenditure of any present-day household. A new
index is being devised, but in the meantime an index of retail prices
has been substituted. This comparatively simple index is the arith-
metic mean of eight other price index-numbers which are weighted
as follows:

Food, 348 Clothing, 97
Rent and rates, 88 Fuel and light, 65
Household durable goods, 71 Services, 79
Miscellaneous goods, 35 Drink and tobacco, 217

The cost-of-living indices of different countries are based on the
costs of different commodities and on different weights, so that these
indices are not strictly comparable. In all economic statistics it is
particularly necessary to examinoe most carefully the sources of all
data that may be required as the basis of a logical argument. It is
ossential to ensuro that any data being compared are homogeneous,
that is, that they refer to precisely the same class of things and have
been found by procisely the same method of enumeration. A glance
at tho footnotes which accompany any reliable table of economic
data may serve as a warning of the kind of thing that may affect
the homogeneity of statistics. For example at the bottom of Table
on Coal Productivity in the Monthly Digest of Statistics we find the
following notes included among others:

(i) “The introduction of a revised form of return resulted in a net
inerease of about 1,250 in the total wage-earners in 1943.”

(ii) “From the end of 1942 certain additional categories were
included as workers at the coal face. On the old basis the figure for
1943 was 2-86.” (On the new basis the figure is 2-75.)

(iii) “Owing to the varying practice by collieries in recording men
on colliery books, a standard method of recording wage-earners was
adopted as from the beginning of 1946. The effect of this was to
reduce the number on colliery books by approximately 2,500 and
absenteeism by 0-30%,.”

These notes indicate how easily large apparent variations may be
due merely to modifications in the method of counting or to a
redefinition of the category that is enumerated.

Most index numbers are weighted arithmetic means but for some
purposes other types of weighted means may be more convenient or
may give better representations of the variations they are used to
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describe. The geometric mean is occasionally used in economic
statistics; it may be preferable to the arithmetic mean if the variations
the index is required to describe are ratios rather than differences,
e.g., a rise of an index from 120 points to 180 points may be con-
sidered to bo an increase either of 509, or of 60 points. In the first
case an equivalent increaso of the index would be from 80 points to
120 points; in the second case, from 80 points to 140 points; the
appropriate index numbers should be based on the geometric and
arithmetic means respectively.

The geometric mean, g, of two numbers @ and b is such that

:—;— = g or ¢ = Vab, so that log g = % (log a -+ log d), i.e., log (geo-

metric mean) = arithmetic mean of log @ and log b.

This definition of the geometric mean can be extended to any
number of terms, so that the geometric mean, g, of ;, 3 . . . 2y is
given by

n.logg =27 .logzr
If the terms are to be weighted, by woights, w,, w, . . . wp, respec-
tively, then the weighted geomotric mean is given by

(23 wr) . log g = X7 (wr . log r).

Ezxample. A composite index number is to be constructed from the
following index numbers and weights.

Index No. 133 141 125 173 182
Weight 5 4 7 1 3

Calculate the index number as (a¢) an arithmetic mean, (b) a geometric
mean.

(@) Taking 140 as the working mean the calculation may be tabulated:

Deviation Weight Wt. X Dev.
-7 5 —36
+1 4 +4
—15 7 —106
+33 1 +33
+42 3 126
20 163 — 140 = 23

Index number = 140 + 2—10 X 23 = 141, correct to the nearest whole

number.
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() The working mean of the logarithms is 2:0000; the calculation may

be tabulated:

Index No. Log (Index) Dev. we. Wt. x Dev.
123 2-1239 0-1239 5 0-6195
141 2-1492 0-1492 4 0-5968
1256 2-0969 0-:0969 7 0-6783
173 2-2380 0-2380 1 0-2380
182 2:2601 0-2601 3 0-7803

20 2-7429

Log (Index) == 2-0000 + 1 . 2-7429

20
= 2-1371
Index = 137 to the nearest whole number.

Index numbers are being increasiogly used in the presentation of
oconomic statistics and an understanding of their construction, their
uses and their limitations is essential to any student of economies.
For further information, however, the references listed in the biblio-
graphy should be consulted.

2.8 Moving Averages

Many business firms record their achiovements in profit, turnover
or production in somo graphical form as tho significance of those
achievements can usually be more rapidly appreciated as graphs than
as lists of numbers. The progress of a company, however, is rarely
one of uniformly increasing prosperity such as would be represented
by a smoothly rising line on the graph. Apart from trade ‘“booms”
and “‘slumps” there may be scasonal or other periodic variations and
random fluctuations of many kinds. The graphical representation
of irregular data of this kind may be difficult to interpret unless some
method of “smoothing” the minor irregularities is devised. One such
method is provided by the use of the moving average, which is defined
as the average of a consecutive sot of » observations, where n is some
convenient number. The smoother graph of the moving average may
give a better idea of “‘trends” than the unmodified record.

The value of the moving average for the first n observations will be

my = %2‘1‘1:
The next value of the moving average will be
me = ;Z‘:"-Ix,

and in general the rth value will be

1
My = — Zo+e-1z
n
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Any value of the moving average can be obtained from the
preoeding values by the relations:

Zntyp— ¥
my = m; + —n——l,
_ Tnto — g
my = my + T
and, in general,
Lppr — Tp
My = My -—"J'——n

Since each moving average represents the mean of soveral readings
it is usual to mark it on the graph, in time, at the middle of the timo
interval it covers; for example, if & moving average covers tho ycars
1901-1910, it would be plotted against the year 1905.

A practical difficulty is the selection of a suitable value for the
span of n. The greater » is made the smoother becomes the graph,
but the smaller is the indication of a change of trend. It is also
desirable to choose n so that the moving average is not affocted by
any periodic variations; » must thereforo be a multiple of the number
of observatious that constitute a period.

The data of Table XI are ropresented by tho graph joining the
crosses in Fig. 20. The method of calculating 10-ycar moving
averages is shown below and the moving averages themselves are
marked by circles on the graph. The graph of the moving averago
indicates that the circulation of the library steadily increased, paused
and then increased again at a slower rate.

TasLe XI
ANNUAL CIRCULATION OF A LIBRARY (THOUSANDS OF ISSUES) AND THE
CALCULATION OF A 10-YEAR MOVING AVERAGE FOR THE YEARS 1921-1945.
Data. (Tabulate the data in n columns, where n is the span.)

Year 0 1 2 3 4 5 6 7 8 9
192- — 145 176 189 193 22.7 258 26-7 265 283
193- 299 335 323 314 289 290 273 291 335 370
194- 398 396 383 371 360 353

Differences. (Top row from second, second row from third.)
— 190 147 125 96 63 15 24 70 87
109 61 60 57 71 63 — — — —

The differences are now divided by the span (in this case 10) and are added
successively to the average for the first 10 years, 1921-1930, which is 23-02.
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Average of years 1921-1930 = 23-02
Average of years 1922-1931 = 23-02 + 190 = 24-92
Average of years 1923-1932 = 24-02 + 1-47 = 26-39, etc.

The average of the years 1921-1930 is plotted in the middle of that
period, and the successive averages at one year intervals.
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F1a. 20. Time chart with moving average.

The effect of changing the span of a moving average when the
variable exhibits a periodio fluctuation is illustrated in Fig. 21. The
data are the mean daily air temperatures at sea-level for England and
Wales over a period of 40 months, and have been chosen because we
already know that we can expect a fluctuation with a 12-month
period with a fairly steady average from year to year. The 12-month
moving average is seen to be almost a straight line; as the tempera-
ture reading of any month in one year is discarded the temperature
in the same month of the next year is added; the difference is usually
small, and even this is divided by 12. There is no appreciable steady
change of temperature from one year to another, and therefore the
straight line obtained is roughly parallel to the time axis.

The 9-month and 6-month spans show deviations from the straight
line of the 12-month span because the months that are added and
subtracted at each move are not the same months of the year. Both
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moving averages roflect the fluctuations of the original graph, but
the amplitude increases as the span number diverges from 12 (or
multiples of 12).

If it is required to examine the periodic fluctuations rather than
the goneral trend, the procedure, in this example, would be first to
find the average value for cach month, but tho further analysis of time
series in which periodic fluctuations are superimposed on a steady
trend is beyond the scope of this book.

SuMmMARY OF CHAPTER II

1. The three most important measures of position of a distribution
aro:

(¢) The mode,
() The median,
(¢) The arithmetic mean, or average.
2. The mode is the value of the variable which occurs most fre-
quently. In grouped distributions ambiguities may arise.

3. The median is the middle reading. It depends on all the mombers
of the distribution; in grouped distributions it is usually determined
graphically.

4. The arithmetic mean, &, is dofined by

i=l-2x.
n

It is tho best known form of average; it depends on all tho readings;
its calculation is the first step in the statistical analysis of numerical
distributions.

5. The weighted arithmetic mean, &y, is defined by
T
Jw
6. The weighted geometric mean, g, is defined by
(Bw). log g =& (w. log x).

7. Index numbers are used in economic statistics to indicate
changes in prices, production, etc.; they are usually weighted means.

8. Moving averages are used to smooth time series.
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EXERCISES VI
InpEX NUMBERS

1. Calculate to the nearest integer the “interiin index of retail prices”
for January 13th, 1948, and June 15th, 1948, from the price relatives
given in the table. The index is a weighted arithmetic mean. (Monthly
Digest of Statistics.)

Weights January 13th  June 15th
Food 348 103-6 113-5
Rent and rates 88 100-1 99-2
Clothing 97 102-7 1085
Fuel and light 65 109-2 110-4
Household durable goods 71 107-5 1075
Miscellaneous goods 35 111-1 109-3
Services 79 103-5 104-8
Drink and tobacco 217 104-1 110-8

2. Calculate to the nearest integor the ‘‘interim index of industrial
production” for (@) January 1946, (b) January 1947, (c) January 1948.
Indox numbers of production are listed in the table below, together with
the corresponding weights. The index is the weighted arithmetic mean.
(Monthly Digest of Statistics.)

Group Weight Jan. 1946  Jan. 1947 Jan. 1948
Mining and quarrying 78 94 105 118
China and earthenware 4 81 107 143
Glass 6 88 109 116
Bricks, cement, etc. 21 59 120 153
Metals, vehicles, etc. 381 86 108 123
Chemicals 65 96 100 123
Textiles and clothing 93 92 105 117
Leather, fur 6 85 102 100
Food, drink, tobacco 107 104 94 103
Wood and cork 25 87 104 109
Paper and printing 39 88 110 111
Other manufactures 19 80 118 148
Building 92 71 93 111
Gas, electricity, etc. 64 113 121 121

8. A certain total wholesale price index number is the weighted geo-
metric mean of the wholesale price index numbers of (a) food and tobacco,
(b) industrial materials and manufactures, (¢) building materials. Calculate
this total index for the four years for which data are given below:

Weights 1940 1942 1944 1946
(@) 6 136 161 162 163
(b) 13 134 155 165 178
(c) 1 117 139 147 167

C
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MovVING AVERACES

4. Draw graphs to show, for any selected month, the variations of the
barometric height and percentage humidity at Worthing using the data
of Tables Il and VI. Add the graphs of 10-day moving averages.

5. The world’s annual production of silver is tabulated below for the
years 1904-1941. 'The units arc millions of ounces. Draw the graph of this
data and of the 10-year moving average. Briefly describe the trend.
(Condensed from the data of T'he Statist.)

Year 0 1 2 3 4 5 6 7 8 9

190- — — — — 164 172 165 184 203 212
191- 222 226 224 224 168 184 169 174 197 174
192- 175 171 213 246 239 245 254 254 257 262
193—- 248 196 165 190 221 254 274 268 266 272
194- 263 - — -— — - - _— — —

6. The monthly rainfall in Scotland for the years 1942-1946 is given in
the table. Illustrato the data by a graph and add the 12-month moving
avorage. Draw a second graph based on this data to show the average
rainfall for the 12 months of tho year. Comment on your results. (4nnual
Abstract, No. 84.)

Jan, Feb. Mar. Apr. May Juno
1942 6-7 3-0 2-7 2-2 33 20
1943 57 4-9 2-7 40 4-2 36
1944 6-0 2-7 2-0 3-2 37 44
1945 6-1 59 32 2:3 46 43
1946 56 4-0 2-9 2-0 1-7 41

July Aug. Sept. Oct. Nov. Dec.
1942 41 50 6-2 6-7 1-7 6-7
1943 31 59 45 7-3 43 31
1944 2:9 33 54 6-0 7-4 6-0
1945 3-6 32 57 53 1-1 57
1946 54 46 6-6 0-7 7-2 52

7. The table gives (in thousands) the number of insured workers in
Great Britain registered as unemployed each month for the years 1938—
1942. Draw a graph of this data and of the 12-month moving average.
Briefly relate the trend, as shown by your graph, to your knowledge of the
events of this period. (Annual Abstract, No. 84.)

Jan. Feb. Mar. Apr. May June
1938 1,904 1,888 1,829 1,818 1,846 1,885
1939 2,032 1,890 1,728 1,626 1,478 1,342
1940 1,471 1,466 1,083 931 843 709
1941 653 528 391 343 317 252

1942 162 161 137 119 114 106
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July Aug. Sept. QOct. Nov. Dec.
1938 1,871 1,836 1,865 1,855 1,904 1,912
1939 1,251 1,203 1,261 1,327 1,322 1,305
1940 755 721 789 797 768 683
1941 234 214 178 171 159 151
1942 103 115 109 100 104 100

8. The annual average price index of merino wool for the yoars 1900~
1938 is tabulated below. Draw a graph of this data and then super-
impose on it the graph of a 5-year moving average. Briefly describo the
trend. (Blau, Journal Royal Stat. Soc., 109, 231.)

0 1 2 3 4 5 6 7 8 9
190- 79 72 87 93 92 98 101 100 88 101
191- 101 94 98 105 109 131 187 252 249 393
192- 364 157 185 210 273 204 179 190 181 134
193- 91 76 69 96 92 93 117 122 83 —

9, Draw a graph to illustrate the United Kingdom production of steel
together with a 10-year moving averago for the years 1900-1946. The
units are millions of ingot tons. (Condensed from data of Shone, Journal
Royal Stat. Soc., 110, 284.)

0 1 2 3 4 b3 6 7 8 9
190- 49 49 49 50 50 5-8 6-5 6-5 5-3 59
191- 6-4 65 6-8 7-7 7-8 8-6 9-0 9-7 9-5 79
192- 9-1 37 59 8:5 8-2 7-4 3-6 9-1 85 9-6
193- 73 52 5-3 7-0 8-8 99 11-8 130 104 132
194- 130 123 129 130 121 118 127 -— — —

ALGEBRAIC
10. Show that if # is the arithmetic mean of the quantities x;, s, . .
Zry . - « Zp, then
(@ X3 (@x—3) =0
(®) 27 (@ — #)* =2Za? — na®
and verify these identities when z = 2r + 1,andr = 1, 2, 3, 4, 5.

11. Show that the arithmetic moan of an arithmetic progression is
equal to the mean of its first and last terms.

12. The arithmetic mean of n numbers of a series is . The sum of the
first (n — 1) numbers is S. Show that the nth number is n& — S.

13. Distributions 4 and B have a total frequency of F'; and Fj, and
arithmetic means  and § respectively. Show that the arithmetic mean of
the distribution obtained by combining 4 and B is

F 1 + Foj
Fy + F,
Generalise this result for n combined distributions.
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14. State and prove results for geometric means which are analogous to
those of the previous question.

15. A distribution z,, 3, . . . Zr, . . . Za, with frequencies fy, fs, - . .
fr» « « « fa, is transformed into the distribution X, X, . . « Xn with the
same corresponding frequencies by the relation Xr = axy + b, Where a
and b are constants. Show that the mean, mode and median of the new
distribution are given in terms of those of the first distribution by the
samo transformation.

16. In calculating a cost-of-living index, wy, wg, . . . Wy, « « . Wp, 810
the weights attached to price index numbers z;, 3, . . . Zr, - : - Zn»
respectively. Show that the gercentage increase in the cost-of-living

- dwzx

index (an arithmetic mean), is 'Z'%_xg where pr% is the increase in zr.
17. Draw graphs of the following sequences:
(@ 1,2,3,4,3,2,1,23,4,3, 2,1, 2, etc., together with moving
averages of 3-, 4-, 5-, 6-, and 10-unit spans.
(b) 8,11,12,13, 16, 19, 20, 21, 24, 27, 28, 29, 32, 35, 36, 37, 40, 43,
together with moving averages of 4-, 5-, 6-, and 8-unit spans.
Comment on the results.
18. The “moving average’ of a continuous function y = f(x) may be
XS

defined as 3 J' ydx where s is the “span”. Investigate the behaviour of

x
this function when f(x) = ax + sin # and 8 = =, 7 and 27 in turn.

Tllustratoe your results by diagrams.

MISCELLANEOUS NUMERICAL

19. Find the mode, median and arithmetic mean of each of the distri-
butions A, B, and C and mark them on the frequency diagrams.
A: Marks in a general knowledge test.

Mark 1 2 3 4 5 6 7 8 9 10
Frequency 2 7 17 29 38 41 40 30 17 6

B: Weight of a crop of shallots (to nearest 0-1 oz.).
Weight 1 2 3 4 5 6 7 8 9 10 11 12 13 14
Frequency 52 81 63 54 30 22 14 10 6 3 1 2 1 2

C: Population of Great Britain according to size of family, 1931

(thousands).
No. in family 1 2 3 4 5 6
No. of families 689 2,240 2,460 1,980 1,271 747
No. in family 7 8 9 10 or more.
No. of families 422 214 112 98

(Take mean of last group as 12:0.)
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20. Use the data of the table below to find the average age of U.K. and
Colonial merchant shipping for each of the two given dates. Illustrate the
distributions by a suitable diagram. The average of the last group may be
taken as 30 years. (Annual Abstract, No. 84.)

Age (years) 0-5 5-10 10-15 15-20 20-25 Over 25
Sept. 1939 500 275 707 579 370 296
Dec. 1946 658 337 140 273 220 397

21. Find the average of the cricket score distribution given in Ex. I, 8.

22. Illustrate by suitable diagrams the data of the following tables:
(a) Ezports of non-ferrous metals and manufactures (1,000 tons).

Aluminium Copper Brass Nickel Tin
1935 79 39:0 22-6 117 230
1946 28-1 73-4 75-3 8:5 20-6

() Monetary circulation in the United Kingdom (end of period).

Year 1937 38 39 40 41 42 43 44 45 46 47
£1,000 m. 0-46 0-46 0-50 0-56 0-70 0-87 1-03 1-20 1-3¢ 1-38 1-33

23. 1In astudy of the wild carrot plant a count of the number of bracts
per cluster in plants from Michigan and from Indiana gave the distribu-
ticns of the table. Calculate the means and illustrate the two distributions
by frequency diagrams. [Baten (1934), Biometrika, 26, 443.]

Bracts per cluster 5 6 7 8 9 10 11 12 13141518
Michigan frequency 10 9 94 318 253 153 92 40 26 4 0 1
Indiana » 0 0 0 98 143 159 205 201 189 3 2 O

24. Do brains shrink with age? The weights of the brains of one
particular group of persons divide:d into old and young sets, gave the
following distributions: [Lesser (1933), Biometrika, 25, 197.]

Weight in grams 800- 950- 1,050- 1,100- 1,150- 1,200-
949 1,049 1,099 1,149 1,199 1,249
Frequency, Old 3 6 8 19 11 14
Young — 2 14 22 45 54

Weight in grams 1,250- 1,300~ 1,350- 1,400- Totals

1,299 1,349 1,399 1,449
Frequency, Old 14 3 6 1 86
Young 55 23 13 10 238

Compare the medians and the arithmetic means of these two distribu-
tions and comment on your results.

25. Find the average ages of men and women blood donors from the
following data: |Fraser Roberts (1948), Annals of Eugenics, 14, 115.]

Age, years 10-19  20-29 30-39 40-49 50-59
Frequency, women 7,845 16,008 13,107 9,685 6,374
men 3,016 6,894 9,229 5,714 3,676
Age, years 60-69 70-79 80-89 90 and over.
Frequency, women 2,137 173 9 —

men 1,492 170 9 1
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28. The distributions of incomes liable to surtax for the years 1937-38
and 1944-45 (provisional) are tabulated below. Draw a diagram to
illustrate the differences of the two distributions and calculate their
means. The average income of the last group of the table may be taken
as £180,000 per annum. (Annual Abstract, No. 84.)

Income in £1,000’s
Exceeding
Not exceeding
Frequency 1937-38
1944-45

Income in £1,000’s
Exceeding
Not exceeding
Frequency 1937-38
194445

Income in £1,000’s
Exceeding
Not exceeding
Frequency 1937-38
1944-45

Income in £1,000’s
Exceeding
Not oxceeding
Froquency 1937-38
194445

2-0
25
28,716
35,148

6-0

7-0
4,52
4,940

20
25
823
657

25
30
18,414
23,809

7-0
8:0
3,130
3,339

25
30
439
351

30
40
21,059
25,519

8:0
10-0
3,990
4,117

30
40
456
301

40
50
11,584
12,920

10
15
4,419
4,289

40
50
180
165

75
100
96
60

141

Over
100
108

50

27. The ago distribution of the population of the U.K. in 1940, and
ostimates of this distribution for 1970 are tabulated below (in millions).
Compare tho means of these distributions. Illustrate the data by con-
structing a demographic “pyramid”. [Notestein et al. (1944.)]

Age 0-4
1940 3-58
1970 1-96
Age 35-39
1940 3-81
1970 3-40
Age

1940

1970

5-9
358
218

40-44
3-47
3-60

10-14 15-19
3-83 4-08
2-41 2:63

45-49 50-54
3-15 293
376 3:59

70-74 75-79
1-32 0-80
1-97 1-29

GENERAL

20-24
4-00
2:94

55-59
272
353

80-84
0-37
0-69

25-29
415
3-20

6064
2:38
3-21

85 +
0-15
0-37

30-34
4-06
3-38

65-69
1-88
2:66

Totals

50-26
46-77

28. Briefly describe three measures of location for frequency distribu-
tions. What factors affect your choice of a measure of location when two
or more distributions are to be compared?

29. Explain how to calculate the mean of a grouped frequency

distribution.
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30. Describe a method of smoothing time series. How can seasonal
fluctuations in the time series be eliminated in the trend line?

31. What are index numbers and how are thoy constructed? Give the
details of construction of some index number usod in the Monthly Digest.

32. Describe, with references to data of your own selection, how to
determine the median of a grouped frequency distribution.

PracricAL

33. Note the use (and misuse) of statistics in tho correspondence
columns of the daily newspapers. Whon it is possible confiem tho statisties
that are quoted, compared, or contrasted, and oxamine thom for homo-
geneity.

34. Scan the gencral notos of any now issues of tho Monthly Digest,
U.N. Monthly Bulletin, Annual Abstract, ete., that are available in your
local reference library. Note the details of construction of nowly intro-
duced index numbers.



CHAPTER III
MEASURES OF DISPERSION

3.1 Introduction

The sccond main characteristic of a distribution is its dispersion
or spread, which is the dogreo of scatter or of variation of the variables
about a central value such as the median or the average. Referring
to Fig. 22, the distribution represented by the curve A is more widely
scattered than that represented by the curve B, though their positions
as measured by their averages are the same. How can this difference
be measured? As with measures of position there are soveral possi-
bilities, tho choico of any particular one depending on tho type of
distribution and the degree of precision required. We shall consider
the range, tho semi-interquartile range, the mean deviation from the
median and tho standard deviation.

Frequency

60 "90 T 120
Values of the Variable

Fia. 22. Distributions with different dispersions.

3.2 The Range

Tho range, dofined as the differenco between the cxtreme values of
the variable, is the simplest measure of dispersion. The ranges of the
two distributions 4 and B of Fig. 22 would be 120 —~ 0 = 120 units,
and 95 — 30 = 65 units, rcspectively. The range is thus a measure
which is very easy to determine and use.

On the other hand it has some serious disadvantages, one of the
most important of which is illustrated in Fig. 23. Each of the dis-
tributions represented by the curves C and D has a range of 120 units,
but the curve D represents a distribution which, on the whole, has a

62
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wider scatter of the variable than has the distribution representod
by C. Therange may therefore fail to diseriminato if the distributions
are of different types.

9N
NN
N
ey
5
S
(0] 30 60 90 120

Values of the Variable

Fra. 23. Distributions with equal ranges.

If small populations, with similar distributions, are being comparod
the range may give a good indication of the spread; but the range
depends only on the extremo values of the variable, and in nearly all
types of distribution these occur least frequently and are thorefore
the least typical members of the distribution.

Because of its simplicity, however, the range may be used when
suitable occasions arise.

3.3 The Semi-Interquartile Range

The gquartiles are closely related to the median, which it will be
remombered, divides a distribution into two parts in cach of which
there are equal numbers of observations. The quartiles divide each
of these two halves into two further equal parts, so that between the

Frequency

A fzA Y A
LLEL ]

Q M Q
Values of the Variable

Fi6. 24. The quartiles.
c*
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two quartiles there lies the middle half of the observations. If the
values of the variable corresponding to the lower and upper quartiles
bo @, and @, respectively, then tho semi-interquartile range is
1 (@, — @), and this quantity is used as a measuro of dispersion
‘Fig. 24).

The values of the quartiles are best obtained by the graphical
method used to determine the median described in Chapter 11, and
illustrated in Fig. 25. The ordinate is the number of observations
not greater than the corresponding value of z; N is the total number
of observations; then the lower quartile @, the median 3 and tho
upper quartile @, are the values of z corresponding to 1N, IN and
3N respectively.

=z

>

piw
2

»)

i
z

Cumulative Frequency
-
=z

o

Q M Q
Values of the Variable
Fi¢. 25.  Graphical determination of the quartiles.

Applying this method to the data of Table XII, of which histo-
grams aro given in Fig. 26 wo find that:

Tor distribution A. For distribution B.
@, = 33-5 marks. @, = 345 marks.
M = 48-5 marks. M = 47-0 marks.
Q, = 64-5 marks. Qo == 58-75 marks.
M — @, == 15-0 marks. M — @, = 125 marks.
Q; — M = 16-0 marks. Q, — M = 11-75 marks.
3 (Q2 — @) == 15-5 marks. 1 (@2 — Q1) = 12-12 marks.
60 60
- )
< <
40 Z40r
Q Q
c [=
] I
=) 3
gZO S'ZO
& &
% 0 s 1 90 % 30 so 70 %0

Mark Matk
Fra. 26. Histograms of two sets of marks.



MEASURES OF DISPERSION 65

It is apparent from the histograms that distvibution .{ is more
dispersed than distribution B although the ranges aro equal. Tho
semi-interquartile ranges, 15-5 and 12-12 marks, do however quantita-
tively discriminate between the two dispersions. The fact that
(M - Q,)== (@, — M) in both cases shows that the distributions are
not symmetrical; this difference between (M — @,) and (@, — M) is
sometimes used as a measure of asymmetry.

Statistical data are sometimes presented graphically in the form
shown in Fig. 25, i.c., as ogive or cumulative frequency curves, but
with the total frequency divided into 100 equal parts called percentiles
(Fig. 27). The median, the upper and lower quartiles may therefore
bo regarded as the 50-, 75- and 25-percentiles respecetively.

The use of percentiles in the analysis of examination marks is
illustrated by the histograms (Fig. 26) and cumulative frequency
diagrams (Fig. 27) representing the data of Table XII. Note that the
cumulative frequouncies are plotted against the uppor class-limit
values.

TasLE XII

FREQUENCY DISTRIBUTIONS OF MARKS IN Two JUXAMINATION PPAPERS

Class Frequency Cumulative Frequency
A B A B
11-15 8 5 8 5
16-20 15 16 23 21
21-25 39 24 62 45
26-30 47 39 109 84
31-35 52 50 161 134
36-40 53 61 214 195
41-45 54 68 268 263
46-50 56 63 324 326
51-55 59 72 383 398
56-60 53 65 436 463
61-65 48 48 484 511
66-70 45 32 529 543
71-75 39 25 568 568
76-80 32 18 600 586
81-85 23 13 623 599
86-90 17 9 640 608
91-956 13 9 653 617
96-100 8 5 661 622
Total 661 622
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If 30% of the If the pass mark
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Mark Mark
¥ig. 27. Cumulative frequency diagram of mark distributions.

3.4 The Mean Deviation

In the previous use of the deviation we have taken regard of the
sign, o.g., in the caso of deviations measured from the mean, some
deviations are positive and some are negative, and the algebraic sum
of these doviations from the mean is zero. If, however, the negativo
signs were disregarded the mean of the arithmetic values of these
deviations from the mean would be a measure of the dispersion.

In Table XIII the deviations from the centre for the two simple
symmetrical distributions are calculated. The symbol “d” stands
for the deviation, and ““|d|” (which is pronounced “mod. d”’) indicates
that it is to be measured positively in all cases. The total deviations
are found to be 10 and 14. These numbers could be used as measures
of dispersion but it is usual to find the mean deviations, i.e., —g and g,
so that the dispersion of distributions of different total frequencies
may be compared. The two answers indicate, as would be expected,
that the values of the first distribution are the more closely grouped
about the centre. The mean is usually the most convenient centre

TasLe XIII

MEAN DEVIATION AS A MEASURE OF DISPERSION

x S Je 4] [f1d| | fod]
9 1 2 2 2 4

10 3 3 1 3 3
11 b 3 0 0 0
12 3 3 1 3 3
13 1 2 2 2 4
Totals 13 13 10 14
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from which to measure the deviation. It can be shown, howover, that
the mean deviation of a distribution is least when the deviations are
measured from the median. It is therefore more logical to use the
median rather than tho mean. The proof in general torms that the
mean deviation about the median is a minimum is cumbersome, and
will not be given here.

TasLE XIV
CALOULATION OF THE MEAN DEVIATION ABOUT THE MEDIAN

Median of the distribution = 48-5 marks

: / i 7l
11-15 8 7 56
16-20 15 6 90
21-25 39 5 195
26-30 47 4 188
31-35 52 3 156
36-40 53 2 106
41-45 54 1 54
46-5 56 0 0
51-55 59 1 59
56-60 53 2 106
61-65 48 3 144
66-70 45 4 180
71-75 39 5 195
76-80 32 6 192
81-85 23 7 161
86-90 17 8 136
91-95 13 9 117
96-100 8 10 80

Totals 661 2,195

In Table XIV the method of calculating the mean deviation of
distribution 4 of Tabloe XII is shown for the cases in which the
deviations are measured from the median. The deviations are first
calculated in terms of class-intervals measured from the class-interval
containing the median and then converted to marks. The result,
16-6 marks, should strictly be corrected for the fact that the deviations
are calculated not from 48-5, the value of the median determined
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graphically, but from 480, the centre of the class-interval. This
correction is small, however, and its application would suggest that
the median is more accurately determinate than is in fact possible.

Total deviation = 2,195 class intervals = 10,975 marks.
10,975

661
== 166 marks.

Mean doviation about the median =

Using the mean deviation to compare the dispersions of distribu-
tions 4 and B of Tablo XII wo have:

Mean deviation about the mediun
Distribution A = 16-6 marks.
' B = 14-0 marks.

Mean deviation about the mean
Distribution 4 = 16-8 marks.
’ B = 14'1 marks.

The mean doviation about oither the median or the mean as a
measure of dispersion is seen to be both diseriminating and easily
computed.

EXERCISES VIIL

1. Combine distributions A and B of Table XII and prepare a graph
from which can be read the percentage of candidates who reach any given
mark. Find to the nearest whole mark the limiting marks that have to be
reached if 109, are to be classified as ‘“very good”; the next 2569, as
‘“‘passing with credit”’; the next 409, as “passes” and the last 259, as
“failures”.

2. Confirm that the semi-interquartile range of distribution B of
Table XII is 12-1 marks.

3. Show that the semi-interquartile ranges of the simple distributions
C and D represented by the continuous and dotted straight lines of the
figure are in the ratio of 6-46 : 1.

R wi-
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4. Calculate ¥| fd| for each of the distributions P and Q, measuring the
deviation in turn from each value of x. Plot a graph to show how Y| fd|
varies with the origin of the measurements.

z 1 2 3 4 & 6 7 8 9
pP: f 1 3 6 10 15 10 6 3 1
Q: f 15 10 6 3 1 3 6 10 15

5. A car manufacturer tested two types of speedometor by checking
them for percentage error at 30 m.p.h. The rosults were:

% error -5 —4 -3 —2 -1 0
Type X: f 3 6 10 14 13 11
Type Y: K 5 9 12 14 12 15
9 error + 1 + 2 43 + 4 4+ 5 Total
Type X: f 14 8 2 2 0 83
Type Y: ¥ 12 13 6 4 4 106

Find the mean error of each type.

8. Devise a simple moeasure of the ‘“changeability” of the weathor in
your locality using the maximum daily temperature as the weathor index.

MATHEMATICAL

7. Find, by a graphical method, the semi-interquartile ranges of the
continuous distributions for which the range of z is O to = and the relative

. 1 . 2 .
frequency functions are (a) S esinw, (0) w sin? x.

8. Show that the mean deviation about the value x; for a continuous
distribution with relative frequency density f (x) and range a to b may be
expressed as

X3 b
J(ml — @)f (x)dzx + J(x — z)f (x)dx

a Xy
Use this result to verify the general rule that the mean deviation is a
minimum when x, is the median, in the case for which f (z) = 3x2.

3.5 The Standard Deviation

In the previous scction the signs of negative deviations wore
ignored in finding the total deviation, but only at tho oxpense of
complicating the corresponding algebraic summations. This difficulty
of signs may also bo overcome by squaring the deviations. The mean
of the squared deviations of a distribution about tho moan is called
the variance, but the dircet use of the variance as a measuro of
dispersion has one major disadvantage. All tho other measures of
dispersion we have considered had the dimensions of the variable.
To bring the new measure intc line with this convention we therefore
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TasLE XV
CALCULATION OF THE STANDARD DEVIATION

12 3 4 5 6 7 8

z f dy Jdy fd,? (@i +1) | fld,+1) | fld4-1)2
11-15 8 —8 — 064 512 -1 —56 392
16-20 156 -1 — 105 135 —6 —-90 640
21-26 39 —6 — 234 1,404 —5 —195 975
26-30 47 —5 —235 1,175 —4 —188 752
31-36 52 —4 —208 832 —3 —156 468
36-40 53 —3 —159 477 —2 —106 212
41-45 b4 -2 —108 216 —1 —54 54
46-50 56 —1 —56 56 0 —845 0
b51-5b 59 0 |—1,169 0 1 59 59
56-60 53 ] —‘5; 53 2 106 212
61-65 48 2 96 192 3 144 432
66-70 45 3 1356 405 4 180 720
71-76 39 4 156 624 5 195 975
76-80 32 b 160 800 6 192 1,152
81-86 23 6 138 828 7 161 1,127
86-90 17 7 119 833 8 136 1,088
91-95 13 8 104 832 9 117 1,053
96-100 8 9 72 648 10 80 800

661 1,033 10,622 1,370 11,011
Total —136 Total 4525

take the positive square root of the varianco. The standard deviation,
as it is now called, is denoted by s, and is therefore defined by

":A/%
N

where d = deviation from the mean,
N = total number of observations.
Check
Zf (dy + 1)2 = Zfd? — 23fd; = 11,011 — 10,622 + 2 x 136
= 061 asrequired.

Calculation
c . % — 136\2
# =5 [Zfdl _N.az} - {10,622 661 x (‘66T)
= 4005

§ = 20-0 marks.
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The calculation of the standard ‘deviation is explained with reference
to the worked example in Table XV. The data is Distribution 4 of Table
XII. The procedure is as follows:

(a) The frequency distribution is tabulated and the arithmetic mean
and its check are worked out in the usual way in cols. 1, 2, 3, 4, 6
and 7.

(b) Col. 6 contains the products fd? obtained by multiplying the
numbers of col. 4 by the corresponding numbers of col. 3. The sum
of this column is found.

(¢) Col. 8 contains the products f(d; + 1), obtained from cols. 6 and 7.
This column is also summed. It is required as a check on the
correctness of the sum of col. 5. Since

Zfid, + 1)2 —Xfd: — 2Xfd, =Xf(d? + 24, + 1 — d? — 2d,)
=JXf
it should be found that
Sum of col. 8 — sum of col. 5§ — 2x sum of col. 4 = sum of col. 2.
This checks the correctness of Jfd? and should always be carried out.

To prove the formula used in the calculation, let

d, = deviation from the working mean,

d = deviation from the arithmetic mean,
# = arithmetic mean,

o = working mean,

C = class interval,

N =Jf, the total number of observations,
a=I— Zg.

T — o

Thend, = el , from which
Ody =2 — x5 = (x — &) + (& — )
=d+a

Squaring, 0%*d® = d? + 2ad + a?
Multiplying by f, and summing for the wholo distribution,
Zfcd: =Xfd? + X2afd + Xfa?
=Yfd? + 2aXfd + a®N

since Xf = N.
Note also that Xfd = sum of deviations about the mean, which is zero.
"Therefore Zfcrd? =Xfd® + a*N

or Yfd? = C2Zfd} — a*N

1 e 3 _ 2
Hence, 8 =5 Xfde = 'N'{Zfdl N.a }

from which 8 can be found.

The standard deviation of distribution A of Table XII is shown in
Table XV to be 20-0. Similarly it may be shown that for distribution B,
8 = 17-0.
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The standard deviation has been of fundamental importance in
the dovelopment of statistical theory. It is the measure of dispersion
which is most frequently used in statisties.

Note that | Zfd| is a minimum when d is measured from the median;
Zfd? is a minimum when, as in the standard deviation, d is measured
from the mean.

The calculation of the variance is closely analogous to the finding of
tho moment of inertia of a plane lamina of tho same shape as the
histogram of the distribution about an axis in the plane through the
centro of gravity. Tho variance is therefore sometimes called the
second moment of tho distribution. The standard deviation is
analogous to the radius of gyration of the lamina.

Mathematical Note. For a continuous distribution the variance is given
by

b
62 = J(x — &)2f(x)dz

b b b
= szf(x)dx - 2:?:4‘Axf(:c)dx + zzjf(x)dx

a

b b
Since ij(x)dx = & and Jf(;v)d.c =1,

a a

b
we have 62 = szf(x)dx — z2.
a

3.6 Comparison of Dispersions

To compare the dispersious of two distributions with differont
means it is sometimes useful to express the dispersions in a dimension-
less form. This may be done by dividing the standard deviation by
the mean, which also has the dimonsions of the variable. The ratio
8/ is thereforo a number suitable for the required purpose. This
quantity is known as the Coefficient of Variation.

Example. For the heights of mature black pine, & = 85ft., s = 10-6 ft.;
for mature common spruce, £ = 110 ft., s = 12-2 ft. Compare the variation
of the two types of tree.

For the black pine 8/¢ = 10-6/85 = 0-125
For the common spruce, s/& = 12-2/110 = 0-111

The black pine has therefore the larger coefficient of variation.
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SUMMARY OF CHAPTER 111

The four measures of dispersion are:
(@) The Range, which is equal to , ~ 2,

(b) The Semi-interquartile Range, which is equal to } (@, — @,)
and is determined graphically.

(¢) The Mean Deviation from the Mean or from the Median, equal
1
to—. Y| fd|.
o 3| fd
(@) The Standard Deviation, s, which is tho square root of the
Variance. It is defined by 8% = % . Zfd? where d is the deviation from

the mean.

All these measures have the same dimensions as the variable.

EXERCISES VIII

STANDARD DEVIATION

1. One hundred rounds of each of two types of ammunition are fired
from a clamped 0-22 in. rifle at a target 100 yds. distant. The height of
the “strike” above a fixed line is measured to the nearest } in. and the
results are set out bolow:

Hoeight (} ins.) 8 9 10 11 12 13 14 15
TypeP: f= 2 2 8 7 12 10 15 14
TypeQ: f= 0 0 4 9 11 12 11 14
Height (} ins.) 16 17 18 19 20 21 22
TypeP: f =12 8 7 2 0 1 0
TypeQ: f=13 10 8 2 1 3 2

Find the standard deviations of the vertical “spread’ of the two types
of ammunition.

9. The arithmetic mean and the standard deviation of a distribution
are 32:3 and 157 units respectively. What is the mean square of the
deviation measured from 36 units?
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3. Find the standard deviation of the frequency distribution of 100
cricket scores collected by yourself.

4. Calculate the standard deviations of the data of (a) Table II; (b)
Table VII.

6. Recalculate the arithmetic mean and standard deviation of distribu-
tion of Table XV after increasing the size of the class-interval (a) to 10
marks; (b) to 156 marks and compare your results with each other and with
the results of Table XV.

6. In industry 4 the average weekly wage is 133-0 shillings with a
standard deviation of 15-6 shillings. In industry B the corresponding
figures are 104-7 shillings and 12-8 shillings. In which industry is the
greater relative variation of wage found?

7. Using the data of Ex. XXXIV, 12, compare the relative variation
of the lengths and breadths of beans.

ALGEBRAIC

8. Two distributions, with standard deviations s,, 85, means #,, &, and
populations N,; and N, respectively, are combined. Show that the
variance of the combined distribution is given by

(N, + Ny) a2 = le: +stz +

Comment on this result when &, = Z,.
Find the standard deviation of the distribution (4 + B) using the values
of s, & and N for the separate distributions given in Table XII.

9. Show that the standard deviation of the arithmetic progression
a,a + d,a + 2d, . . . @ + 2nd, is greater than its mean deviation from
the mean.

10. The deviation of a distribution is measured from a value differing
from the mean of the distribution by #. Show that if z is plotted against
the corresponding mean square deviation the points lie on a parabola.

11. If 8 = mean square deviation about z, ¢ = standard deviation,
and x — & = a, then it has been shown that
32 =0 + a2
State an analogous theorem from the theory of the dynamics of a
rigid body.

12. Show that if a variable has the values 0, 1, 2 . . . 9, and frequencies
9C,, 2C,, 9C; . . . 9C, respectively, thenc = 1-5.

MISCELLANEOUS NUMERICAL
13. Find the dispersions of the data of Table VIII, using all four

measures of dispersion. Comment on the results obtained and state which
is the most suitable measure to use.
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14. Use the standard deviation as a measure of the dispersions of the
two distributions of Ex. VI, 23.

15. Compare the horizontal and vertical dispersions of a machine-gun
which, in firing a total of 1,000 rounds, gave the following distributions on
a target marked in foot squares numbered in the two directions from a
corner:

Square No. 1 2 3 4 5 6 7 8 9 10 11
Horizontal 1 35 47 98 206 219 187 155 456 6 1
Vertical 4 12 66 176 231 189 111 98 85 23 &5

16. Find the mean deviation from the mean and the semi-interquartile
range for each of the two distributions of Ex. VI, 25.

17. Calculate the standard deviations of Woo’s measurements of the
left and right frontal bones. The distributions are the totals of those
given in Ex. XXXIV, 10.

18. The triangulation errors of two surveyors A4 and B are noted after
all systematic corrections have been made. Calculate the standard
deviations of the error distributions and hence compare the accuracy of
the two surveyors.

Error (secs.) —6 -5 —4 -3 -2 -1 0
A 3 4 6 8 4 10 29
B 2 1 4 7 9 12 33
Error (secs.) 1 2 E 4 5 6 Totals
A b 9 7 6 6 3 100
B 8 4 12 5 1 2 100

19. Draw histograms of the distributions 4, B and C. Calculate the
standard deviations of 4 and B and hence obtain that of C. Explain your
method and verify your result by direct calculation.

x 1 2 3 4 5 6 7 8 9 10
A 5 4 3 2 1 1 2 3 4 5
B 6 6 6 6 6 6 6 6 6 6
C 1 2 3 4 5 b 4 3 2 1

20. Three distributions each of 100 members and standard deviation
4-5 units are located with their arithmetic means at 12-1, 17-1 and 22-1
units respectively. Find the standard deviation of the distribution
obtained by combining the three.

GENERAL

21. Describe how you would compare the accuracy of two types of
ammunition which, when fired from the same clamped rifle, give roughly
circular patterns of hits on a fixed target.

22. Briefly describe three methods of measuring the spread of frequency
distributions. Comment on the uses and limitations of these methods.
A NI
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23. The frequency polygon of a distribution of population N, mean £
and standard deviation 8, is shown in the diagram.

o ol
X

Copy the diagram and add sketches of the frequency polygons of two other
distributions X and Y, cach also of population N and mean Z, but with
standard deviations of $s and 2s respectively.

On a second copy of the diagram add skotches of two distributions
P and @, each of mean & and standard deviation s but with populations
of N and 2N respectively.

24. A frequency distribution has values ;, %, . . . £, with frequencies
f1s fas « + « [ respectively; it has arithmetic mean # and standard deviation
8. lixamine the distribution which has values py, s . . . pp with frequencies

X — &

fusfa + . . fn respectively where ur =

Show that its mean is zero and its variance unity. Explain how distribu-
tions in differont populations may be compared in form by transforming
them to this dimensionless “standard measure”.

MATHEMATICAL

25. Show that the standard deviation of the frequency curve y = ae-2%
where 2 takes all values from 0 to co is 1/a.

. . 1
28. Find the variances of the frequency curves (a) y == ey sin

2
o<e<7); by =;‘_.sin2:c(0 <z L)
27. A continuous distribution has the frequency density function
k . N . -
(—1—2—_‘_—:”;2 where k is a constant and a\/ 3>rx>—a. Findk, % and o

when a = 7.



CHAPTER 1V
PROBABILITY

4.1 Introduction

The theory of probability plays a very important part in the
methods used to arrange and analyso statistical data. Before some
of the cssential idoas about probability are discussed it is necossary
to note certain results from the algebra of permutations and combina-
tions which aro used later.

THEOREM. If an event can take place in n, ways and, when this
event has happened, a second event can take placo in ny, ways thon
the number of ways in which the two events can take placeisn, X n,.

ProoF. When the first event has happened the seeond can occur
in n, ways. But the first ovent ean happen in #; ways with each of
which the second event can be associated in’n, ways. Therefore the
number of ways in which the two events can take placo is n; X n,.

Example 1. A French and an English interpreter are selected from a
group of 8 poople consisting of 5 French and 3 English interpreters. In
how many different ways may the pair be chosen?

The French interpreter can be picked in 5 different ways and the Inglish
interpreter in 3. Therefore the number of different pairs which can be
chosenis 5 x 3or15.

Example 2. Five competitors enter a race. In how many different
ways may the first and second prizes be allotted?

The race may be won by any of the 5 competitors so there are 5 ways in
which the first prizo may be awarded. When the race has been won by
1 competitor the second place may be taken by any of the 4 remaining
competitors. Therefore the number of ways in which the first and second
prizes may be allotted is 5 X 4 or 20.

Corollary 1. If r events take place in order and the first event can
happen in n, ways, and then the second event can happen in n, ways,
and finally the last event can happen in n, ways, then the total
number of ways in which the r events can take place is

ny X Ny ... X %y

Example 3. Four new pupils arrive at a school in which there are
5 houses. In how many ways may the pupils be appointed to a house so
that they are all in different houses? .

One pupil may be appointed to a house in 5 different ways. A second
pupil may then be appointed to a house in 4 ways since he cannot go to
the same house as the first pupil. Similarly a third pupil may be appointed

71



78 INTRODUCTION TO STATISTICAL METHOD

in 3 ways and the fourth and last in 2 ways. Therefore the total number of
ways in which the pupils can be placed in different housesis 5 X 4 X 3 X
2 or 120.

Corollary 2. If r events can cach take place in order in n ways the
total number of ways in which the 7 cvents can take place is »*. This
can be obtained immediately from Corollary 1 by putting

Ny = Ny ... =Nr=1N

Example 4. A coin is tossed 6 times. How many different sequences
of heads and tails can be obtained?

There aro 5 ovents and each can happen in 2 ways, either a head or a
tail. 'T'he number of different soquences is therefore 25 or 32.

Example 5. Car registration numbers now use 3 lotters and 3 figures
whereas formerly 2 lotters and 4 figures were used. Assuming that all
letters from A to Z and all numbers from 0 to 9 are employed show that
the prosent method of registration will cover approximately 2-6 the
numboer of cars covered by the old mothod.

A singlo number can be chosen from 0 to 9 in 10 ways and so 3 numbers
can be chosen in 10% ways. From these the number 000 must be excluded
so that there are 103 — 1 different combinations of numbers.

A singlo lottor can be chosen in 26 ways and so there are 26° combina-
tions of 3 letters ench of which is associated with 103 — 1 combinations
of numbers 80 that with the now method there are altogether 263 X
(103 — 1) registration numbers.

Similarly it can be shown that with the old method there are 26% X
(104 — 1) possible registration numbers.

Therofore the ratio of now to old possible registration numbers is

263 x 999 26 x 111 imately 26
6 % 0999 — 1111 OF approximatoly £0.

EXERCISES IX

1. A fiction and a non-fiction book arc selected from a bookshelf
containing 12 fiction and 30 non-fiction books. In how many ways can the
choice be made?

2. In Example 2 of Section 4.1 call the competitors 4, B, C, D and E.
Writo down the 20 possible ways in which the first and second prizes may
be awarded.

8. There are 4 candidates for a classical, 3 for a mathematical and 8 for
a history scholarship. In how many ways may the scholarships be
awarded?

4. A change is rung with 7 bells, each bell being rung once. How many
possible changes can be rung?

5. How may combinations of number, consonant and vowel can be
made from “20 Players”? Write out all the possible combinations, e.g.,
2, y,a; 0,3,aq;ete.
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8. In a throw of 2 dice how many ways can they fall? Write down all
the possible resultas.

7. The result of a game may be either a win, a loss or a draw. How many
possible series of results are there for a series of 6 matches?

8. In how many ways can 4 prizes be awarded to 3 boys when each boy
is eligible for all the prizes?

9. A number lock has 4 rings each with 10 different numbers (0-9).
How many attempts may be made to open the lock by a person ignorant
of the combination?

10. It is proposed to issue registration cards with 4 lotters followed by
a number of exactly 3 figures, e.g., SBAL|239. The figurcs 0 and 1 aro
not to be used and no letter beyond 7'. How many cards can be prepared?

11. A six-sided die is rolled 4 times. How many possible sequences of
numbers can be obtained?

12. In a family of 5 each member decidos to register with a different
doctor under the National Health Schemo. There are 9 doctors available.
How many possible ways may this family register?

4.2 nC,, the Number of Combinations of n Things r at a Time
Four tickets aro lettered a, b, ¢ and d. Two tickots may be chosen
from thom in 4 X 3 or 12 ways which can be written as

ab ba ca da
ac be ch db
ad bd cd de

If the order of the letters is not significant in the sense that drawing
@ and then b is not distinguishable from drawing b and then e, then
ab is tho same event as ba. In the table above it can bo 8-en that
therc are 6 such events. The numboer of different combinations of 4
things taken 2 at a time is therofore 6.

Another way of expressing this is to say that 6 is tho number of
ways of choosing two tickets from four so that no pair contains the
same tickets as any other pair. The conventional short hand notation for
this is 4C, so that 4C, = 6.

THEOREM. BCp, the number of combinations of # things taken r
at a timo is given by
0y = an - (n -2)..0 —r+1)r(r —1)(r -2)..3X2X1

Proo¥. Suppose n tickets are numbered 1, 2, 3 .. . 7. A number of
tickets, 7, is to be drawn.
The first ticket can bo drawn in n ways.
A second ticket can then be drawn in (n — 1) ways.
A third ticket can then be drawn in (n - 2) ways and finally
The rth ticket can then bo drawn in (» — 7 - 1) ways.
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Therefore using Corollary 1 the total number of ways in which r
tickets can be chosen is given by
N=nn-1)n-2)...@m=-r+1)

Consider now any sct of r tickets occurring in the N sets say, for
simplicity, the tickets which are numbered 1, 2, 3 . . . r. Every
possible arrangement of this set is included in NV and again using
Corollary 1 the number of all possible arrangements is

rir=1)(r=-2)...3x2x1L
Finally, ("Cy, the number of combinations of n tickets taken r at a
time) 2 (the number of possible arrangements of a single set of
r tickets) - (the total number of ways in which r tickets may be
chosen from ) or
nCrXr(r—1)(r-2)...321 ==
nn-)m-2)...nw-r-{1) . . (1)
T FAcTORIAL NOTATION
Tt is customary to write
alforn(n —1) . . .3 x2x1
rforr(r —1)...3X2X],ecte.
For example 5! == 5 M 4303 < 2 X 1 == 120.

Using this notation a convenient expression can ba found for
nn ~ l) s —r 1),
sinee n! == n (n ..o m=r DM == r=1)...3x2x1

sen(n-1) ... m=r4-I)(n -
ornn —-1)... @ =r-41)=nljn - )
Reforring to equation (1) "Cr can now be writton
nC'y == nlf(n — r)! !

Example 1.-- There are three similar vacancies for which there are
five applicants. In how many ways can applicants be chosen to fill
the vacancies?

This is simply the number of ways in which three candidates can
be chosen from five without repeating any group of three or

5, o b L ONENENEXT —10
3120 3x2xIx2xl

Example 2.--Show that 1€y = n;ri—_ nC.-, and deduce that
"o = ! ! |
o :(—'?%lill'r)! ST +ni)' e — :'+ :
=0, n—r +1

r
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Put r = 1thenC, ==1Cy X n

!
But nC, = "

(——l'—)—m = n therefore 2Cy = 1.
n— 1)1

Example 3.—In how many different ways may n things be divided
into groups of p, q, and r whero p - ¢ 4 7 == n?

The number of combinations of » things taken p at a time is QY.
With cach of these combinations the remaining (» — p) things can
be taken g at a time in 2-PCq ways. So the total numbor of ways is

n! (n — p)! n!
nQ., x n-pC — 3 = e e
p X PP - P gmn—p-q) plg'n

EXERCISES X
1. Using equation (1) caleulato 4C,, 2C;, 804, 10C,, 19C, and 19C;.

2. A cricket team is selected from 14 possiblo players. How many
different combinations of players can be chosen?

3. It is considercd that the only way to maintain peace botween 6
countries is to have non-aggression pacts botween every possible pair of
countrics. How many pacts are necessary?

4. In a rowing eight, 2 men can only row stroke sido and 3 can only
row bow side. How many different ways are there of arranging the crew?

§. Use Examplo 3 to find how many ways a tonnis party of 10 peoplo
can be split up into 2 fours and a pair.
8. A bag contains 6 black balls and 3 white balls.
(@) In how many ways can 4 balls be drawn from the bag?
() 1nhow many ways can 4 black balls be drawn?
(¢) In how many ways can 3 black balls and 1 white ball be
drawn?

7. A customer buying a dozen eggs always examines a sample of 3 to
see if they aro fresh. In how many ways can sho pick the samploe? If the
dozen includes 3 bad eggs in how many ways can she take a sample which
includes at least one bad egg?

8. A coin is tossed 4 times. Show that the number of different sequences
of heads and tails is 16. In how many ways can sequences be obtained
containing 0, 1, 2, 3 and 4 heads respectively? Verify that the sum of
these ways is 16.

9. Generalise the result of question 8 to a sequence of n tosses and show
that 2n = 22 Cr-

10. A die is a cube with its sides numbered 1 to 6. Two dice are thrown.
In how many ways can an even score he obtainod?

11. In Exercise 10 in how many ways can a score of 6 be obtained?
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12. A claim to clairvoyancy is tested by asking the professed clairvoyant
to choose the 4 red cards from a concealed hand containing 4 red cards and
4 black. The clairvoyant is in fact a charlatan and chooses the cards

entirely at random.
(@) Inhow many ways can he choose any 4 cards?
(b) In how many ways can he choose 3 red and 1 black?

13. Show that "Cy = "Cp_;.
14- Ifznoz = 5“02 find n.
15. If 18Cy =168C; ., find rC,.

16. In how many ways may n books be given to p persons when there
i8 no restriction on how many books each person may receive?

17. A box contains w white marbles and r red marbles. Show that the
total number of selections of some or all of the marbles is (w+1) (r+1) — 1.
(Hint. The white marbles may be disposed of in w + 1 ways since we
may take 0, 1,2 . . . wof them.)

18. In Iixercise 17 take w = 3 and r = 2 and denote by wsrt a selection
consisting of 8 white and ¢ red marbles. Write down the total number of
possible selections.

19. Of w + r + c marbles w are white, r are red and the rest are different
colours. Show that the total number of different selections is (w + 1)
(r41)2¢—1.

20. There are m boxes of which the first contains n balls; the second 2n
balls; the third 3n balls and so on. Show that the number of ways of taking

!
n balls out of each box is (Sr:’_!z)ﬁr)ﬁ
(Hint. For the first, second and third boxes the number of ways are
respectively nCy, 20C), 30Cy.)

4.3 The Definition of Probability

If an action can have any ono of » equally likely results and if » of
these results produce an event F and the remainder do not produce
E then the probability or chance of E is defined to be p(E) = r/n.

For example let the action bo the rolling of a six-sided die and let
the event I be an odd score. The action can have six results all of
which aro equally likely, namely obtaining a score of 1,2 . . . or 6.
Of these six results three are favourable to the event namely scores of
1, 3 or 5. From the definition of probability therefore, the probability
or chance of obtaining an odd score is 3/6 or 1/2.

In an elementary treatment it is not possible to give a completoly
rigorous definition of probability. The reader is invited to criticise
the above definition which, nevertheless, can be accepted as adequate
for the purposes of this book.

Ezample 1.—A bag contains 9 balls, two of which are red, three blue,
and four black. Three balls are drawn from the bag at random, that is
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every ball has an equal chance of being included in the three. What is
the chanco that

(i) the three balls are different colours?
(ii) two balls are the same colour and the third different?
(iii) the balls are all the same colour?

(i) The number of ways in which three balls can be drawn from 9 is

Wy = 6Tm3—! = 84, and these are all equally likely results.

A red ball can be drawn in 2 ways, and blue in 3 and a black in 4 so
that the total number of ways of drawing three difforently coloured
balls is 2 X 3 X 4 = 24. Therefore the required chance is 24/84
or 2/7.

(ii) Two red balls can be drawn only in one way and then a blue or
black ball in 7 ways so that two red balls and another colour can bo
drawnin 1 X 7 or 7 ways.

Two blue balls can be drawn in 3C, ways and then a rod or black
ball in 6 ways, so that two blue balls and another colour can be drawn
in6 X 3C,or 18 ways.

Two black balls can be drawn in 4C, ways and then another colour
in 5 ways so that two black and another colour can be drawn in 5 X 4C,
or 30 ways.

The total number of ways in which two balls of tho same colour and
a third of a different colour may be drawn is 7 4+ 18 + 30 = 55.
Therefore the required chance is 55/84.

(iii) Three blue balls can be drawn in 1 way and 3 black in 4Cj or 4
ways so that the total number of ways of drawing three balls of the
same colour is 5 and the chance is 5/84.

Example 2.—A hand of five cards is dealt from & well shuffled pack.
What is tho probability that the hand consists of five cards in sequence
but not necessarily of the same suit?

The number of ways in which 5 cards can be drawn from 52 is
520,

Consider any particular sequence say 8, 9, 10, J and Q. Each card
can be any one of 4 suits so the number of sequencos starting with 8 is
45, Also there are 9 possible sequences from 4, 2, 3, 4, and 5 to 9,
10, J, @ and K. Therefore the total number of ways of dealing a
sequence of 5 cards is 9 X 4% and the required chance is given by
9 X 45/52C} or approximately 1/282.

44 Certainty and Impossibility

If an action can have any one of n results and if all of these results
produce an event £ then the chance that £ will happen is, by defini-
tion n/n or 1. In these conditions it is absolutely certain that the
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ovent £ must happen and so certainty is represented by 1 in tho
numerical measure of probability.

In the same way if none of the results produce an event £ it is
impossible that E should happen as a consequence of the action. The
chance that % should happen is O/n or 0. Thus impossibility is
ropresented by 0 in the numerical measure of probability. Any
probability p, therefore, is a number such that 0 < p < 1.

Thoe words certainty and impossibility are sometimes used rather
loosely and it is intoresting to consider their implications a little
further. The colloquial use of “certain” and “impossible” very often
denote no more than a reasonable dogree of belief or disbelief. The
journalist who wrote ‘“This cut [in tobacco imports] is cortain to lead
to grave industrial unrest” was merely stating an opinion which,
however probable, could not in the mathematical sense be called a
cortainty. Then again the words an “impossible task” are sometimes
used to describe, not a failure, but some unusually praiseworthy
achievement. It would be pedantic to insist on the exact use of these
words in every case, but it is important to remember that in prob-
ability theory “certain” and “impossible” have their procise and
proper meaning.

EXERCISES XI

1. Five cards are drawn at random from a pack. Find the chance that
they are all from the same suit.

2. Two dice are thrown. What are the probabilities that the total score
is 5; 1; 10; 14; and that the total score is less than 13?

8. If a lotter be taken at random from the word *“polyanthus” what is
the chance that it is a vowel?

4. What is the chance that a card drawn at random from a pack is
(e) an ace, (b) the ace of spades?

5. What is the chance of throwing a number greater than 4 with a die?
6. What is the chance of throwing at least one 6 in a throw of 3 dice?

7. In drawing 4 cards from a pack what is the chance that one should be
from each suit?

8. A black card has been removed from a pack. Two cards are drawn
at random. What is the probability that they will be (a) both red, (b) both
black?

9. What is the chance of throwing a number higher than 9 with 2 dice?

10. Out of 10 steel valve springs 3 are defective. Two springs are chosen
at random for testing. What is the probability that both test specimens
are (a) not defective, (b) defective?
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11. In Exercise 10, what is the chance of not getting a defective spring
f 3 springs are tested. Draw a graph showing P against n where P =
hance of getting no defective springs in the sample and n == sample
size(n=1,2...5).

12. A box contains 2N balls of which 2M are white. A second box
zontains 3N balls of which 3M are white. Two balls are drawn from each
s0x. Which box is more likely to give both white balls as a result?

1.5 Total Probability or the Probability of ¢‘Either —or”

In tossing a coin ecither a head or a tail may turn up but both
wents cannot happen in one throw. The events are then said to be
“mutually exelusive”. In a single throw of a die scoros of 1,2 ... 6
ire mutually exclusive cvents. The occurrence of any score nocos-
sarily excludes all the others.

I'ueoreM. If E; and E, are two mutually oxclusive ovents with
probabilities p,; and p, then the probability, p, that cither E, or K,
will happen is given by p == p; 4 p,.

PROOF. An action has any one of n equally likely results of which r;
aroduce E,, and r, produce E,, and no r, belongs to r,. Thon r, 4 r,
results will produce cither E, or E,, so that by definition p, the prob-
vbility of eithor I, or E, occurring is given by
p = u
n

But p,, the probability of £, oceurring is given by p, = r,/n and
similarly p, = ry/n, so that p = p, 4 p,.

This result can readily bo extended to N mutually oxclusive ovents

E,, B, . . . Ey with probabilitics p,, p,, . . . Py, 50 that tho total
srobability p (the probability of either £, or £, . . . or Hy) is given
by

P=p1+ P+ ... +Px

Corollary. If pis the probability that an event B will happen then
the probability g that the eveut will not happen is given by ¢ =
1 — p. For it is certain that the event must cither happen or not
happen and theroforc p +- ¢ =1lorg=1 — p.

L6 Compound Probability or the Probability of “‘Both—and’’

If a coin is tossed and a die is thrown there is a probability of }
that the coin will come down heads and a probability of 1/6 that the
lie will give a score of 6. These events are called “independent’ since
she result of the coin could have no effect on tho die nor can tho result
of the die have any effect on the coin.
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Tueorem. If E, and E, are two independent events with prob-
abilities p, and p,, then the chance p that both £, and £, occur is
givenby p = p; X p,.

ProoF. Suppose that out of », results r, ontail £; and out of 2,
results 7, entail £, so that p, = r,/n, and py = ry/n,.

There are 7, X %, combinations of all the different results and out
of these there are r; X r, combinations of results which entail both
E, and E, so that by definition p, the probability of both £, and E,
occurring is given by

_ry X7y
ny X Ny

sothat p=p, X p,

TBhis result can be extended to N independent events K, &, . . .

Ey with probabilities py, py . . . P~ so that tho compound prob-
ability p (tho probability of E,, B, . . . Ey together) is given by
P=pP; X P2 X ... .PN

This theorem can bo extended to events which are not indopendent
by considoring them in a specified order of occurrence. If p, is the
probability of £, and if, when /£, has happened p, is the probability
of E,, then the probability p of £, and then K, is given by

p=p1 X P2

Ezample 1.—A bag contains 4 red balls and 3 blue balls. Two
drawings of 2 balls are made. Find the chanco that the first drawing
gives 2 red balls and the socond drawing 2 blue balls,

(a) if tho balls are returned to the bag after the first draw
(b) if the balls are not returned.

(@) Tho number of ways in which any two balls may be drawn is 7C,.
The number of ways in which two red balls may be drawn is 4C,.
Therefore tho probability of drawing two red balls is #Cy/’Cy =
4x3
7

|

2
X6 7
Similarly the probability of drawing two bluo balls is 3Cy/’Cy =
X2 1

w

X6 7
L2 1 2
Therofore the chance of the compound event is T X T 5
(%) Asbefore tho chance of drawing two red balls is #. The balls are not
returned to the bag and the number of ways in which a further two balls
may be drawn is 3Cy, so that the chance of drawing two blue balls is



PROBABILITY 87

given by 3C,/5C, = $xX2 3 and tho chance of the compound
5x4 1IC

ovent is —.
35

In (a) of this example the two events are independent, but in (b) thoy
are clearly not independent since the chance of drawing two bluo is
affected by the first draw.

Example 2.—A biased coin is tossed a large number of times and it
is observed that 3 out of 5 times it comes down heads. What is tho
chance in 4 throws of getting 2 heads and 2 tails?

The probability of getting a head is § and that of a tail is .
The chance therefore of getting any particular arrangement of 2 heads
and 2 tails is (2)2 X (%)% The number of possible arrangements
of two heads and two tails is 40, and tho required chance is therefore

10, ()% X (3)2 = ¢34

Example 3.—The probabilitics of N indopendent ovents are p,,
P2 - - - Pn. Find an expression for the probability that at least ono
of the events will happen. Use tho result to find the chanco of
obtaining at least one 6 in a throw of four dice.

For each event the chancoe that it will not happen is givon by
(1 — p,), (1 —py) ... (1 = pn). The chance theroforo that nono of
the events happen is given by (1 — p,) (I — p,) . . . (I — pn), and
since it is certain either that no ovent will happen or that at least
one event will happen tho probability that at least one event will
happen isgivenby 1 — (1 = p,) (1 — p5) ... (1 — pN).

The probability of obtaining a 6 in a throw of a dic is 1/6 so that,
using the above result the chance of at least one 6 in a throw of four dio
is given by

1 - (8 = 0.

The method used in this cxample should be noted. The calculation
of the probability that an event will happen is often simplified by
first finding the probability that the event will not happen.

Example 4—A and B alternately cut a pack of cards and the pack
is shuffled after each cut. If 4 starts and the game is continued until
one cuts a diamond, what are the respective chances of A and B first
cutting a diamond?

The chance that 4 will win at his first cut is 1; the chance of his
winning at his second cut is the product of the probability that neither
A nor B cut a diamond and the probability that A cuts a diamond
at his second cut or (3)2}. Therefore A’s total chance of winning is
given by

D
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ra=1+ @3+ @+ .-
1 14
T2 T
Similarly B’s total chance of winning is given by
pp=¢-1+@ -1+ @°%F. ..
_ 3 1

3
7

It will be observed that pg could have been written down imme-
diately from the relation

g =1 — pa.

EXERCISES XII

1. A coin and a dio are thrown together. What is the chance of a head
and a 3 or a tail and a 4 turning up?

2. The chances of four competitors in a race breaking the record are ,

%, #, and § respectively. What is the probability that the record will be
broken?

3. A Gallup Poll establishes that 3 out of 5 people are in favour of a
certain proposal. What is the chance that if three people are taken at
random there will be a majority against the proposal?

4. 4, B and C throw a die in that order and the first to throw a six is to
win a prize. What are their respective chances?

6. In a certain town the proportion of rainy to fine days in the month of
September is 1 to 3. Assuming that each day is independent of the others
what is the chance that a week in September in that town will have (@) no
wet days, (b) two wet days?

6. In a bag are 8 balls, 7 black and 1 white. Six black balls are in a
second bag. Five balls are taken from the first bag and placed in the
second and then five balls are taken from the second bag and placed in

the first. What is the probability that the white ball is now in the first
bag?

7. 4 and B draw in that order from a hand of 8 cards containing two

aces and the cards are not replaced. What are their respective chances of
~ first drawing an ace?

8. At a round table conference of 10 members the seats are allocated at
random. What is the chance that two particular members will sit together?

9. In a large batch of screws 59, are defective. The batch is so large
that the chance of obtaining a defective screw is unaltered by sampling.

What is the chance of getting at least one defective in samples of 5, 10, 15
and 20 respectively?
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10. The respective probabilities that two independent events 4 and B
will oceur are p; and p,. Denote by A a.nd_ B the non-occurrence of 4 and
B. Write down the probabilities of AB, AB, AB and AB and show that
their sum is unity.

11. A bag contains r red balls and w white balls where r is greater than
w. If they are drawn one by one, show that the chance of drawing first a
red, then a white, and so on alternately until only red balls are left is
rlw!/(r + w)!

12. T have 24 friends whose birthdays are equally likely to fall on any
day of the year and who will send me an invitation to their birthday.
What is the chance that I will receive two or more invitations for the same
day?

(Hint. Write down the total number of ways in which the birthdays
can occur and also the number of ways in which they can occur with the
restriction that no two birthdays fall on the same day. Use the approxi-
mation 365 x 364 x ... X 342 = (3563-5)24.)

13. Assuming that the chance of a child being male or female is %,
what is the probability that in a family of 8 there will not be fewer than
3 or more than § girls? What is the chanco that there will be four girls?

14. A set of 8 cards contains one joker. A and B divide the hand at
random, 4 taking 5 cards and B taking 3. What is the probability that A
has the joker? 4 now throws away 4 cards and I3 2, so that each has only
one card left. Assuming that the joker has not been discarded what is
now the probability that 4 has the joker?

15. A coin is tossed 2n times. What is the probability, p(2n), that there
will be the same number of heads as tails? By considering the expressions
for p(2n) and p(2n + 2) show that this probability decreases as n increases.
Tllustrate this by calculating p(2), p(4), p(6) and p(8).

4.7 Random Sampling

A sample is a number of objects, one or more, selocted from a popula-
tion or aggregate of similar objeets. Thus a dealer buying apples will
examine one or two in each barrel. This is his sample which ho uses to
give him some indication of the quality of the stock. Again in a fuel
economy survey the investigators may visit 1,000 families in a town
to find out how much electricity is used in the town for domestic
purposes. These families are a sample from all the possible families
which might be visited. A metallurgist determining the hardness of a
steel plate will make a number of separate determinatiouns at different
points. These constitute a sample of the very large number of points
at which he could take his readings.

So far we havo used the word “‘random’ without any explanation
or definition since most readers will have some idea of what “‘random-
ness”’ means, although they might find it difficult to express in precisoe
terms. We shall define the expression ‘random sample” as follows:
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DeriNiTioN. The words “random sample’ are a convenient abbrevia-
tion of the longer but more accurate phrase “a sample chosen in a
random way”. A sample is chosen in a random way when every
possible sample has an equal chance of being picked.

Suppose a random sample of 3 is to be chosen from a group of
10 men. There are 1°C; =120 possible selections and the sample will
only be random if the selection is made in such a way that every
possible sample has an equal chance of being chosen. A bridge hand
dealt from a well shuffled pack is a random sample of 13 cards and
every possible combination of eards has an equal chance of being dealt,
even tho sensational “freak’ which consists of 13 cards of the same
suit.

The object in taking a sample is to learn something about tho
aggregate and tho accuracy of the information will be impaired if the
sample is biased so that it is likely to include a large proportion of the
exceptional members of the aggregato. If the dealer takes his apples
from the top of the barrel he will get fower bruised apples than if he
had taken thom from the bottom, and will therefore get a much better
improssion of the quality of the fruit. If the fuel economist chooses
all his families from the lower income group he may underestimato the
domestic clectricity consumption, since appliances such as electric
radiators and elcctric irons are not so common as among the higher
income group. The metallurgist will not take all his readings round
the edge of the plate where there is a tendency for the metal to be
harder, giving an overestimate of vhe average hardnoss of the plate.

The problem of bias in sampling can be overcome by ensuring that
a random sample is selected, and this often entails a great deal of
careful thought. A mcthod which is sometimes adopted is to allot to
each member of the aggregate a numbered card and then, having
mixed the cards thoroughly, to draw as many cards as equal the
samplo it is intended to take. For example it was decided to examine
medically a sample of workers on a chemical process. A random
sample of 10 was chosen from the 78 men involved by giving each
man a number from 1 to 78. Seventy-cight cards were then numbered
and thoroughly mixed. Ten cards were drawn bearing numbers 52,
8, 11, 43, 39, 72, 19, 61, 12, 50 and tho men corresponding to these
numbers were examined.

When the number of the aggregate which is being sampled is very
largo this method becomes impracticable owing to the difficulty of
mixing a large number of cards which have a tendency to bind
together in small packets. It would be very difficult to chooso a
random sample of 1,000 families from an aggregate of 20,000 by
numbering and shuffling cards. To meet this problem L. H. C.
Tippett constructed tables of Random Sampling Numbers which
consist of 10,400 four-figure numbers. The digits of these numbers
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were taken from census reports and their randomness has been
confirmed by numerous statistical tests.

TaBLE XVI
TweENTY SETS OF TIPPETT’S RANDOM SAMPLING NUMBERS
2952 9792 7979 7002 8126
4167 2762 7203 5911 6111
2370 6107 3563 5356 3170
0560 9025 6008 1089 1300

Random numbers can be constructed by means of a good (unbiased)
six-sided die according to the following scheme.

First Throw: 1,20r3 4,50r6

Second Throw: 6123461234

6171819

(4

Random Digit: [0 | 1|2 ]3| 4

Divide the digits from 0 to 9 into two equal groups as shown in the
third row of the table.

First Throw: Throw the die and determine by the result the group
from which the random digit is to come. If 1, 2 or 3 is scored the first
group is chosen and 4, 5 or 6 gives the second group.

Second Throw: Throw the die again. Any number oxcept § will
determine the random digit. If a 5 turns up repeat throwing until
another number is obtained.

The reader should easily verify the following-sequence of throws.

Furst Throw  Second Throw Number Selected

2 4 4
5 4 9
4 51 6
3 5,5,1 1
3 6 0

Example 1. Select a random number between 0 and 9,999 using a die.
First determine the integer in the thousands place say, for example, 7.
Repeat this for integers in the hundreds, tens and units place. If the
integer in the thousands place is zero it is, of course, not rejected.
Numbers such as 0198 (198), 0082 (82) or 0003 (3) are just as valid as,
say, 3,967.

Example 2. Select a random number between 0 and 1,199. The
easiest way to do this is to first find a random number between 0 and 9,999
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and then reduce this to the range 0 to 1,199 by multiplying by 3%
and neglecting any fractional part. For example, 8,327 is obtained by a
random process. 8,327 x /& = 999-24, and the required random
number between 0 and 1,199 is 999. Similarly to pick a random number
between 0 and 37 first find a random number between 0 and 99, multiply
by % and neglect the fractional part.

This process can be applied to numbers of any size.

The application of probability to the interpretation of statistical
data which are described in the next few chapters depend on the data
boing derived from random samples. Failure to satisfy this condition
can render an investigation not only useless but mischievous because
of the misleading information it gives. Examples of this are not
uncommon. A social survey made some years ago was based on
information colleccted by personal visits to houses in an industrial
town. The houses to be visited were chosen in an ontirely satis-
factory random manner. However the instruction was given that if
nobody was at home when a visit was paid then the enquiry should
be made at the house next door. Tt was only realised some time later,
aftor the investigation had been completed, that this instruction had
introduced a serious bias in the results. Childless families are much
moro likely to leave an empty house during the day since the adults
may all bo out at work. By omitting the unattended houses a sample
wasg obtained which was biased with an unduly high proportion of
families with young children. Since one of tho objects of the investiga-
tion was to determine the averagoe family size this was a serious fault.

Another very well known oxample of faulty random sampling
happened in U.S.A. when Roosevelt stood for his fourth term of
office. A Literary Digest conducted an enormous survey of about
10,000,000 people taking the names from telephone directories and
lists of motor car owners. As a result it was predicted that Roosevelt
would lose the election by 209, of the votes cast. In fact Roosevelt
was roturned to office by a 20%, majority. Obviously the sample was
heavily biased in favour of the wealthier American and therefore in
favour of the Republicans who wero opposing Roosevelt.

SuMMARY OF CHAPTER IV

1. If r events can happen in n;, n, . . . ny ways the total number
of ways in which the 7 events can take placeisny; X ny X . . . X 7.

2. Tho number of combinations of n things taken r at a time is
n(C'r whore

n!
Cr = m — ) 7!

andn! =nn-1)(n -2)...3X2X1.
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3. If an action can have any one of n equally likely results and if r
of these results produce an ovent E then p, the probability of E, is
given by

r

n
4. If py, p, are the probabilities of two mutually exclusive events

then p the probability that cither one or other of the events will
happen is given by

P=1Dp11+ Pa

5. If p is the probability that an ovent will happen and ¢ is the
probability that the event will not happen then

pta=1
6. If p,, p,are the probabilities of two independent events then the
probability p that both will happen is given by

P =D X Dy

7. A sample is chosen in a random way when all possible samples
have an equal chance of being picked.

EXERCISES XIII

These exercises are most suitably carried out by a team. Equipmeont
required is one die.

1. Determine 20 random numbers botween 0 and 99 and calculate their
mean and standard deviation. They will be very roughly x = 50 and
o = 30.

2. In a class of 30 or 40 students select a random sample of 10 by giving
each student a number and then choosing 10 random numbers. Calculate
the average age of the sample and compare it with the average age of the
aggregato (the class). The same student may be picked twice. If so,
would you include his age twice in tho ten ages?

3. Divide a square into 25 square sections and number them. Determine
a random set of 5 sections. (This was a method used in determining points
at which to take hardness readings on a steel plate.)

4. The following frequency distribution gives the results of elasticity
tests made on 424 samples of brass. Only mid cell values are shown.

Individual Individual
Elasticity Frequency  Numbers Llasticity Frequency  Numbers
32 2 1-2 40 62 243-304
33 4 3-6 41 53 305-357
34 8 7-14 42 32 358-389
356 19 15-33 43 19 390-408
36 33 34-66 44 10 409-418
37 49 67-115 45 4 419-422
38 61 116-176 46 1 423
39 66 177-242 — 1 424
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Numbers are allotted serially to each class and each individual in the
class receives a number. For example, numbers 3, 4, 5 and 6 are allotted
to the specimens with elasticity 33, 7, 8 . . . 14 to the specimens with
clasticity 34 and so on.

Every number from 1 to 424 corresponds to a specimen with a given
elasticity. Thus 343 corresponds to a specimen with elasticity 41, numbers
60 and 110 both correspond to specimens with elasticity 37.

i. Pick a random sample of 20 specimens from the distribution and

calculato the average elasticity. Compare it with the average of the
whole distribution.

ii. Pick ten random samples of 5, calculate the range for each sample
and the average range K. Calculate 5, the standard deviation of the
whole distribution, and verify that the ratio B/q is approximately 2-3.



CHAPTER V

THE BINOMIAL AND POISSON DISTRIBUTIONS

5.1 A Theoretical Distribution

This chapter will describe how the theory of probability can be
used to determine tho shape of frequency distributions which will be
obtained when random samples aro drawn from certain typos of
population. The thcoretical rosults can bo vorified by practical
experiments and it is recommended that this should boe dono.

Consider a sampling experiment in which random samplos of 10 are
drawn from a largo numbor of marbles in a bag. 209, of tho marbles
aro red and the rest are bluo, so that a marble drawn at random from
the bag has a 1/5 chancoe of being red and a 4/5 chance of being bluo.
The number of marbles forming the population must bo large enough
for the chanco to be effectively unchanged when a finite sample is
drawn. It is a simplo exerciso in probability to calculato the chanco
that a random sample of 10 marbles will contain « red marbles whore
z can be any number from 0 to 10. The probability of drawing z
red marblos and (10 — z) blue marbles in any preassigned ordor is
(0-2)% (0-8)1°~* and there aro 1°C), possiblo orders in which the sample
may be drawn. Therefore if P(z) is the probability of drawing a
sample of 10 containing = red marbles in any order then

P(z) = 1°C, (0-2)= (0-8)10—= (5.1)

Another way of describing P() is to say that if a largo number of
samples are drawn from the bag a fraction P(z) of theso samplos will
contain # red marbles. In other words if N is the total number of
samples drawn then approximately N.P(z) of them will contain z red
marbles. By working out all values of N.P(z) fromz = 0toz = 10 a
theoretical distribution will bo obtained which should give approxi-
mately the results of the experiment.

The calculations are considerably simplified by the following
algebraic relation between P(x) and P(z - 1).

10!

Pla) = Zrig — oy O2OH
also Pz + 1) = 10 (0-2)2+1 (0-8)°-=
S0 +1)= GErDO =3 )7+1(0-8)

96 D*
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10 — x 10! 0-2
p— - o .2 z(0-8 10—z
z+1 =z (10 — 2)! 0-8 (02)%(08)
1 10 -2
T e 5.2
riry il (6:2)

Calculate P(0) = (0-8)1° = 0-1074
Put = = 0 in equation (5.2) to obtain:
1 10
P(ly=-.—P
() =7. PO
=2-5 X 0-1074 = 0-2685.
Now put « := 1 in equation (5.2)

Pm)zi.%PU)

== 1-125 X 0-2685 = 0-3021
Continuing in this way all the P(z) can be caleulated and arc shown
in Table XVII together with values of NP(x) for N = 300.

Tho sum of the P(z), X¥!° P(x), should of course bo unity, but
sometimes thero is a small diserepancy due to rounding off errors.
Any required degreo of accuracy can be obtained by increasing the
number of significant figures in the calculation of P(0) but gencrally
four-figure accuracy is sufficient.

TasrLe XVII

THEORETICAL DISTRIBUTION OF RED MARBLES IN RANDOM SAMPLES
or TeENn

2, number of red P(x), chance of 300 P(z), expected
marbles in the obtaining a sample number of samples
sample with 2 red marbles

0 0-1074 32
0-2685 81
0-3021 91
0-2014 60
0-0881 26
0-0264 8
0-0055 2
0-0008 0
0-0001 0
0-0000 0
0-0000 0

CTC XTIk~

g

Totals 1-0003 300

Thus, out of 300 random samples about 32 would be expected to
contain no red marbles, 81 would contain 1 red marble, and so on.
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5.2 Experimental Verification

The above results were tosted by an experiment in which about
500 marbles, 20%, of which were red, were well mixed in a bag. An
investigator then drew a handful of marbles from tho bag and
counted out 10. The investigator was blindfolded while he was doing
this to prevent any conscious or unconscious colour preference being
exercised and thereby making the samplo non-random. The number
of red marbles in the samplo was noted and the sample was roturned
to tho bag which was again well mixed. This was repeated 300 times
and the results are shown in Table XVIII along with the theorctical
figures from Table X VII.

TasLe XVIII

COMPARISON OF THEORETICAL AND EXPERIMENTAL RESULTS

x, nurnber of Number of samples with | Number of samples
red marbles x red marbles with 2 red marbles
in sample (theoretical) (experimental)
0 32 20
1 81 82
2 91 88
3 60 64
4 26 25
5 8 8
6 2 3
7 0 1
8 (1] 0
Totals 300 300

The agreoment between experiment and theory is close and it can
be shown (Chapter 10) that the small diseropancios are accounted
for by random sampling errors.

¢
EXERCISES XIV

Instead of marbles pieces of marked cardboard can be used. The pieces
should be cut fairly small to minimise the risk of binding together in small
bundles. This would almost certainly upset the results of the experiment
since sampling would then not be random.

1. For a sample size 12 and for a probability of 269, show that

112 — =
2. Prepare an artificial population of marbles (or cards) of which 259,
are of one colour, say red, and the rest have a different colour. At least
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100 marbles should be used. Draw N samples of 12 at random and con-
struct a frequency table showing the results. The samples must be
returned to the bag and well mixed after each draw. The size of N will
depend on the mumber of persons assisting and also on their patience, but
it should not be less than 200. Use the results of Ex. 1, and compare
values of NP(x) with the experimental results.

3. Calculate the average and standard deviation of the data obtained
in Ex. 6.2. They should be approximately 3-0 and 1-5.

4. Four dice are thrown and the number of sixes in each throw are
recorded. This is repeated 108 times. Write down the theoretical fre-
quencies of 0, 1, 2, 3 and 4 sixes. Calculate the mean number of sixes in a
single throw.

6. Carry out the experiment described in Ex. 4, either by throwing
4 dice or by throwing a single die 4 times, and record the frequencies.
From the observed results calculate the mean number of sixes in a throw.

8. A coin is tossed six times and the number of heads is noted. This is
repeated 128 times. Write down tho theoretical frequencies and calculate
the average number of heads.

7. Carry out the experiment described in Ex. 6 and compare the
experimental frequencies with the theoretical frequencies.

8. Draw a card at random from a well shuffled pack, return the card
and repeat 4 times. Note the number of spades. Repeat this 100 times.
Calculate the theoretical frequency distribution and compare it with the
experimental distribution (some dlscrepa.ncy may be expected hero owing
to the difficulty of thoroughly mixing a pack of cards).

9. Consider a “population” of 12 marbles, } of which are red. Use
equation 5.1 to calculate the probability of drawing 1 red marble in a
sample of 3. Calculate the exact probability by considering the number of
ways in which the desired sample can be drawn. Explain the discrepancy.
Justify your explanation by calculating the exact probability for a popula-
tion of 120 marbles.

10. A population N contains a fraction p of things of one kind. Calculate
the exact probability that a random sample of n consists entirely of the
things of one kind. Show that as N tends to infinity this probability
becomes pn.

5.3 The Binomial Distribution

The Binomial distribution was first discovered early in the
eighteenth century by the mathematician, James Bernoulli. The
ideas involved have been introduced in tho preceding paragraphs.

Call the occurrence of an event a “success’ and its non-ocourrence
a “failure”. Let p be the probability of a “success’ and let ¢ be the
probability of a ““failure”, so that ¢ = 1 — p. Thoen in m independent
trials the probability that there will be x successes and (m — x)
failures is given by

P(x) = mC, . p*. g™ = 6.3)
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Theoretically the Binomial distribution only applies when the
population being sampled is infinite so that p remains unaltered by
sampling. In practico the distribution can be applied to finite
populations so long as they are not too small. See Exercises XIV,
9, 10.

For example in Section 5.1 the trial was drawing a marble
and the “‘success’” was obtaining a red marble for which p = 0-2 and
g = 0-8. Also sinco 10 marbles were drawn, in that experiment
m = 10.

Now the Binomial Theorem states that the expansion of (¢ 4 p)™
where m is an integer is given by

@+ p)™ = g™+ "Cyg™'p 4 "mCoq™2p* + . . . + "Cog™"p® +
ce.fpm (5.4)

and tho probability denoted by P(z) is given by the (z - 1)st torm
of the expansion of (g + p)™.
Using the notation P(x), equation 5.4 can be written as

@+ p)™ = PO) + P1)+ P@)+ . . . +P@)+ ...+ Pm).

The right-hand side of this equation represents the sum of (m + 1)
mutually exclusive events of which one must occur and so

PO)+P(1)+ ...+ P@)+ ...+ Pm)=1.

This could also bo shown by observing that (¢ - p) = 1 and so
(¢ + p)™ must also be 1. Fig. 28 shows a number of histograms for
different values of p and m.

Example 1. Five coins are tossed and the number of heads is noted.

What are the chances of getting 0, 1 . . . 5 heads? If this is repeated 128
times, on approximately how many occasions could 0, 1 . . . 5 heads be
expected?

The chance of obtaining a head is } so that the required probabilities
are given by the expansion of (3 4 3)5.

F+3=EFP1+54+10+10+5+1)

and the probabilities are %, 5 3% 3% & S5

The number of occasions on which 0, 1 . . . 5 heads will appear in 128
trials are given by 128(4 + 3)68 = 4(1 4+ 5 + 10 + 10 + 5 + 1) and so
are 4, 20, 40, 40, 20 and 4.

Example 2. A marksman can hit a target 2 out of 3 times. In 4 shots
what are his chances of hitting it 0, 1, 2, 3 or 4 times?

The probability that he will miss the target is 4 so the required chances
are given by the expansion of

G+ 8 =@ + 43?2 D + 62 B2 + 4}) (H® + () and are Yy,
BKI’ g%p B? a d é?-
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o

5.4 The Mean and Standard Deviation of the Binomial Distribution
This section may be omitted by non-mathematical readers but the
results are important and should bo remembored. It will be shown
that the mean, u, and standard deviation, o, of tho Binomial distri-
bution are given by
p=mp
6 = Vmpq
Consider a Binomial distribution in which the frequencies of
occurrence of an event, given by the expansion of N(g 4 p)&, are
Ng®, N.mC,.p.qm 1, N.mC,.p%q™ 3 ... N.™Cp.p™ g,
and N.p™. Procoed to calculate the mean and standard deviation
by constructing Table XIX.
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TasLE XIX

CONSTANTS OF THE BINOMIAL DISTRIBUTION

Number of Number
occurrences of samples nx na?
() (n)
0 N.gm 0 0
1 N.mC,.p.gm1 |N.1.mCy.p.g"-1|N.12. mC . .p.gn-1
2 N.mCy . p2.gn-2|N.2.mC,.p%. qn-2 | N.22 . m(C, . p2. qm-2
3 N.mCy.p3.qn-3 |[N.3.mC3.p%.qn-3 | N.32.mCg.p3.qm 3
" m—1  |N.WCpy.pm-1.q [N(m~1).mC ,, . .p™m-1g|N.(m~1)2.mCy, .pm-Lq
m N.pm N.m.pm N.m2.pm

The sum of the terms in the column headed (n) is giveu by

Z(n) = N(g™+ ™Cy.q™t.p+ "Cy.q" 2. P2+ ...+ p™)
=Ng +p)"=N

For the column headed (nx)

Z(nz)=N [mpq"“1+ 2——7";’" T D pr.gmat 3————————’"‘"; -;)"f =) g3 qm-3

+ ... +(m-1).mp’”'1.q+mp"‘]

Take the common factor mp outside the bracket

(m —1) (m —2)

2, ,m—3
—3 1 .p. g+

Z (nx) = Nmp[q"‘“1+ (m-1).pg™2 + " —
-+ (m-1). p"“”.q-l—p"‘*l]
= Nmp (g + p)™* = Nmp

For the column headed (nx?)
¥ (naz?) = N[™C,.pgm1+ 22. mC, . p?.qm24 3%. ™Cy.p2q™ 2+

.. +m?.pm]
2

+ .. .+m3.p"‘]
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Take mp outside the bracket and write the result in two separate
sums

¥ na? = Nmp { g1+ (m-1ypgnt 4 D=2 4y

m—38
2.1 S

+ p""l} + Nmp {0 + m-1)p . q™? +

2m -1)m -2)p?.¢™ 3+ . . . + (m-1)pm™1 }
The expression inside the first bracket is equal to (¢ - p)™—1 and is
therofore 1. Take (m — 1) p outside the second bracket.
S na? =
Nmp 4- Nm(n ~1)p* {gm* + (m -2)p . q"*+ . . . 4 pm=?

The oxpression in the second bracket is equal to (¢ + p)@~2 and so
is 1, and finally

X na? == Nmp -}- Nm (m - 1) p?
= Nmp {1+ (m - 1) p}

The average, u, is given by

X (nx) Nmp
F=%m ~ N
Therefore p = mp (5.5)

Tho sum of the squared deviations from the mean is given by
X (nx®) — Nu? = Nmp {1 + (m - l)p} — Nm?p?
= Nmp {1+ mp ~p - mp}
= Nmp (1 - p) == Nmpq

Therefore 6 = A/ N7173)q = Vmpq (5.6)

Ezxample 1. Calculate the theoretical values for u and ¢ in the experi-
ment in paragraph 5.1 and compare with the experimental values.

Herem = 10and p = {,q = 1.
Thereforep = mp = 10 X } = 2

6 =Vmpg =410 x { x ¢

2
= 5\/10 = 1-26.

The values of # and s calculated from the experimental data are
& = 2:05and s = 1-30.
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Example 2. Verify equations 5.5 and 5.8 for m= 2. In this case Table
5.3 becomes

T n ne nu?

0 Ngz? 0 0

1 2Npq 2Npq 2Npq
2 Np? 2Np? 4Np?

Zn) =N +p)2=N
Z(nx) = 2Np(q + p) = 2Np
Z(na?) = 2Np(g + 2p) = 2Np(1 + p)
p = Zn) E(n) = 2p
&(na?) — Nu? = 2Np(1 + p) — 4Np?
= 2Np(1 + p — 2p) = 2Npg
o= V2pq
Example 3. A and B play a game in which 4’s chance of winning is §.
In a series of 8 games what is the probability that 4 will win 6 or more

games?

Let P(z) be the probability that A wins z games so that
P(z) = 8Cx (§)°(})8 =
The required chance is given by
P(6) + P(7) + P(8)

= 8Cs (3)°(3)® + 8C(8)°(3) + °Cs($)®
= g; [sa., + 230, + 22]

64 x 48 1,024
81 x 81 2,187

Therefore A has an approximately 509, chance of winning 6 or more
games.

26
=§§[28+16+4] =

EXERCISES XV

1. In a packot of flower seeds 2 are known to be pink flowering and the
remainder are yellow. Calculate the probabilities of getting 0,1 . . . 6
pink flowers in a row of six plants. If 250 rows each of 6 plants are planted,
approximately how many will contain (a) all pink flowers, (b) all yellow
flowers?

2. The production of a radar component is checked by examining
samples of 4. The following table shows the number of defective com-
ponents found in 200 samples. Calculate the proportion of defective
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components. Assuming the Binomial law holds, use this value to calculate
the theoretical distribution of defectives and compare with the original
figures.

Number of defectives 0 1 2 3 4
Number of samples 62 85 40 11

3. The values of 1 and ¢ for a Binomial distribution arep = 6, ¢ = 2.
Find m, p and q.

4. Verify equations 5.5 and 5.6 for m = 3.

5. Calculate the theoretical valuos of 1 and ¢ in Ex. XIV, 2 and compare
with the experimental values.

6. Calculate the theoretical values for u and ¢ in Ex. 1 and Ex. 2 above.

7. In ten throws of a coin what is the chance of obtaining 7 or more
heads or tails?

8. The incidence of occupational disease in an industry is such that the
workmen havo a 209, chance of suffering from it. What is the probability
that out of six workmen 4 or more will contract the disease?

9. An A.A. battery had 3 out of 5 successes in shooting down flying
bombs. In an attack 8 bombs came within range. What is the chance
that not more than a quarter get past the battery?

10. In a precision bombing attack there is a 50% chance that any one
bomb will strike the target. Two direct hits are required to destroy the
target completely. How many bombs must be dropped to give a 999,
chance or better of completely destroying the target?

5.5 The Poisson Distribution

The Binomial distribution assumes a very convenient form when
p is very small and m is large, and the average number of successes
mp = a is a finite number.

We shall show that when these conditions are satisfied P(z), the
probability of « successes is given by

Pz)=e1 pal
z!

and the mean p, and standard doviation o, of the distribution are
given by
p=a

o =va
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The proof which follows may be omitted by non-mathematical
readers but the results should be remembered.
Consider the general term in the Binomial distribution

P(r) = mC,.p*.qm=

Write this as
m! ¥ m—
P(x)=m-1’ (1 -p)
_mm-1)(m-2)...(m-x-+4+1) m
= (L = ) p°.(1 -p)
_mp(mp —p)(mp —2p) ... (mp -2z —1p) .
= 0= (1-p)

Now write mp = a so that p = ad
m

Then P(z) — a (@ — p)(xa,!;—l2.1_))p.);. (@ —x - 1p). (1 a\m 57)

This expression can now bo simplified.

Since p is very small it is approximately true that
1 -pr=1

anda(a —p)(@a —2p) ... (@ —z — 1p) = a®
Also, since m is large, it is approximately true that (1 - g)m =e9

Therofore equation (5.7) becomes
a®
— e—a __
P(x) =e9. o (5.8)
This expression was first given by Poisson in 1837 and is known by
his name. Since it involves only one constant, @, it is easier to
tabulate than the Binomial distribution which involves two inde-
pendent constants, m and p. Fig. 29 shows the Poisson distribution
histograms for a number of values of a.
By using the faot that for the Binomial distribution p = mp and

6 = v/mpq it is easy to deduce corresponding expressions for the

Poisson where p = %and q is very nearly equal to 1. In fact for the

Poisson distribution
p=a (5.9)

c=+va (5.10)
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Frequency

a=1/
>
(v}
[ =4
o 3
3
o
o
= l_l—
Ll | .
Ol 23456788910
a=3

Frequency

l23456789|0|l|2|3|4|5l6
a=/0
Fic. 29. Poisson distribution for different values of a.

Example 1. Durmg the final checking of 325 pages of gunnery tables
a number of printers’ errors were discovered and the following table gives
the frequency distribution.

Number of errors . Frequency of

per page (x) occurrence (n) nr

0 211 0

1 90 90

2 19 38

3 5 156

4 0 0

Totals 325 143

The average number of printers’ errors per page is given by:
143
£ = = 044

326
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In this example, although the chance of any particular figure in a page
being wrong is small, there are a large number of figures in each page so
that £, the average or expected number of errors per page, is finite. These
are conditions where the Poisson distribution might be expected to apply
and this was tested by calculating

ax
NP(x) = Ne-a Pl
Z is an estimate of a so we take
a = 044 N = 326
The calculation is simplified by using the relation
a
NP + 1) = z—-}-_l_ NP(x)
and the fact that
NP(0) = 325 e-0-4¢ = 209-3
The results are shown in Table XX

TaBLE XX

DisTRIBUTION OF ERRORS IN GUNNERY TABLES

Number of errors Frequency (obtained Observed
per page () Jfrom Poisson law) frequency

0 209-3 211

1 92-1 90

2 20-3 19

3 3-0 5

4 0-3 0

Totals 325-0 325

The experimental results show very good agreement with the theore-
tical Poisson distribution.

5.6 The Poisson Distribution Chart

The Poisson distribution has played a large part in many industrial
sampling problems particularly in those dealing with large scale mass
production. For example a manufacturer of torch batteries knows
that in spite of every precaution there is a small unavoidable per-
centage of defective batteries which are not up to specification. This
has been established at 0-89, or about 8 defective batteries in every
thousand. The batteries are packed for retail in cartons each con-
taining 200 and the manufacturer wants to know the chance of a
carton containing 2 defective batteries where x may be 0,1, 2 . . .
Manufacturing conditions are such that each carton can be assumed
to contain a random sample of the production.
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This is a case where the Poisson distribution holds. The average
number of defectives per carton, a, is given by

a == 200 X 0-008 = 1-6

and the chanco of a carton containing x defectives is

Pz) = e =
x!

The results for difforent values of 2 arec shown in Table XXI.

TaBLE XXI
Number of defectives Probability, P(z), that a carton
in a carton, contains x defectives

0 0-202
1 0-323
2 0-258
3 0-138
4 0-055
5 0-018
6 0-005
7 0-001

Totul 1-000

Usually in a situation like this the manufacturer is intercsted, not
s0 much in tho individual probabilities of gotting different numbers
of dofectives in a carton, but rather in the chance of getting  or more
defectives in a carton. Thus from the abovo table the chance of
gotting 5 or more defectives is 0-018 4 0-005 4 0-001 = 0:024 or
nearly 219, Another way of expressing this is to say that about
24% of the cartons will contain 5 or more dofective battories.

It will be convenient to have a short notation for the probability
that a variablo z will be greater than or equal to an arbitrary value X
and this will be denoted by P(z > X). The symbol > is a shorthand
notation for the words “greatoer than or equal to”. Thus, in the
above example, P(z > 5) = 0-024.

For the Poisson distribution a general expression for P(x > X) is
given by

Pz >X)=P(X)+ P(X+ 1)+ P(X+2)+ . . .
aX aX+1 a X+2 ]

=T EID T @)
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The Poisson distribution chart in Fig. 30 is arranged so as to give
P(z > X) for different values of @ and X. The chart is used to find
P(x > X) as follows:

(1) Find the position corresponding to @ on the horizontal scalo
and find where the vertical at this point intersects the curve
marked X.

(2) On the vertical scale read the co-ordinate of the point of
intersection. This gives tho value of P(x > X).

(Note.—To enable small and large values of P(x > X) to bo read
accurately tho scale is not lincar.)

Example 1. Verify the calculated value of P(z > 5) in the example
dealing with torch batterics. Herea = 1:6, X = 5.

The vertical at @ = 1-6 intersects the curve X = 5 at a point whose
vertical co-ordinate is about 0-023. Therefore from the chart

Pz > X) = 0-023.

Example 2. A firm making an electrical switch produce about 19,
defective. What is the chance of getting at loast 6 defectives in a box of
200 switches.

Here p = 0-01, m = 200
Therefore a = mp = 2.

On the Poisson chart the intersection of the line @ = 2 with the curve
X = 6 has a vertical co-ordinate P(x > X) = 0-015. Therefore the chance
of finding at least 6 defectives is 0-015 or 1-6%,.

Example 3. A manufacturer packs automobile sparking plugs in
boxes of 60. In the interest of his manufacturing reputation not more than
59, of these boxes should have 4 or more defective sparking plugs. At
what level should his averago rate of defectives be kept to ensure this?
Assume that a box is a random sample of 60 plugs.

This is an example in which the Poisson chart is used in reverse.

In a random sample of 60 the chance of obtaining 4 or more defective
plugs must not be greater than 0-05. That is

P(x >4) = 0-05
The first step is to find from this the value of a, the expected or average
number of defectives in a box.

On the Poisson chart read P = 0-05 on the vertical scale. Draw a
horizontal line at that point and find its intersection with the curve
2 = 4. The horizontal co-ordinate of that point is given by a = 1-35.
(Interpolate by eye between a = 1:3 and a = 1-4.) Then if p is the
required value of the rate of defectives

a = mp, and since m = 60
2 138 _ 0995 0r 249
P=% ~ 60 or 2¢%

5.7 Matching Theoretical and Experimental Distributions

The only way to determine whether any specified theoretical
distribution, such as the Binomial or Poisson, will adequately
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F16. 30. The Poisson summation chart.

represent experimental data is to calculate the theoretical frequencies

using the constants of the distributions, » and p for the Binomial and
a for the Poisson, which are obtained from the experimental results.

The theoretical frequencies can then be compared with the observed
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frequencios. At this stage we have no criterion for deciding when a
theoretical distribution gives a good fit to experimental results but a
method for doing this will bo described later in Chapter X. (The
¥ 2 distribution.)

The experiment of drawing marbles from a bag in random samples
of 10 was designed to satisfy the requirements which would give a
Binomial distribution and if the experimental results had not been
distributed according to the Binomial law there would have been good
reason to suspeet that the sampling was not random. The figures
giving the distribution of printer’s errors in gunnery tables might bo
expected to conform to the Poisson law but this could only be
demonstrated by calculating the theoretical Poisson frequencies and
comparing them with the observed data. Consider now another
experiment in which the Poisson distribution did not hold.

The Concise Oxford Dictionary uses stalic type to print words
which are either incompletely naturalised or completely foreign such
as couloir and soi-disant. One hundred pages selected at random gave
the following distribution of foreign words. The corresponding
Poisson fiequencies clearly do not give a good fit.

TaBLE XXII

A DisTRIBUTION OF FOREIGN WORDS IN THE CONOCISE
Ox¥FORD DIOTIONARY

Number of foreign
words per page Observed frequency Poisson frequency

0 48 37
1 27 37
2 12 18
3 7 6
4 4 2
5 1 0
6 1 0

Totals 100 100

The discrepancy may be due tc a tendency for foreign words to
occur in groups of words associated by a common language. Thus on
one page there are found three words of German origin, “kriegspiel”’,
“kultur” and “kulturkampf”. This conflicts with a condition for the
Poisson distribution which assumes that the events are independent.
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SuMMARY OF CHAPTER V

1. The frequencies of the Binomial distribution are given by
P(z) = ™C, p*q™*=
where p donotes tho probability of a “success” and m is the samplo
size.

2. Tho mean p and standard doviation o of the Binomial distribu-
tion are given by the cquations
po=mp
6 = v/mpq
3. The frequencies of the Poisson distribution are given by
a.’E

Plr) =e —
x!

where a is the average number of successes.

4. The mean and standard deviation of the Poisson distribution are
p=2a

6 =+a

5. The Poisson distribution chart gives P(x > X) when @ and X
arc known. P(z > X) denotes the probability of obtaining X or
moro ‘‘successes’’.

EXERCISES XVI

1. Show that an alternative expression for P(z > X)is
- _ a? aX-1
P(x>1&)=l——c"[l+a+§!—+ R 1»5.!]
2. Use the result of Ex. 1 to calculate values for P(x > X) when

a = 0-5, X = 2 and also when @ = 2, X = 3. Verify these results on the
Poisson chart.

3. Use the Poisson chart to find P(x >> X) whena = 3, X = 6;a = 2:5,
X = 2 and find @ when P(z > 7) = 0-08; P(zx > 1) = 0-50.

4. If P(X) is the probability of obtaining exactly X defectives in a trial
show that
Pz>X)=PX)+Plz>X+1)
(a) by argument,
(b) by algebra.
Use this result to find P(4) from the Poisson chart when @ = 2. Verify
the result from the relation
a:c

P(X)=e "X!
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5. From records of 10 Prussian army corps kept over 20 years the
following data was obtained showing the number of deaths caused by the
kick of a horse. Determine a, the average number of deaths per army corps
per annum, and calculate the theoretical Poisson frequencies. (Data of
L. von Bortkiewicz.)

Number of deaths
per army corps Frequency of
per annum occurrence

0 109
1 65
2 22
3 3
4 1

Total 200

6. Two manufacturers A and B make the same type of component. A4
sells them in boxes of 100 and B in boxes of 50. A customer has noticed
that the chance of getting 5 or more defects in a box is the same in each
case, namely, 0-045. Calculate the per cent dofective for both 4 and B.
If A now started to sell components in boxes of 50 what is the chance that
the customer will get a box from 4 containing 5 or more defects?

7. Fit a Poisson distribution to the data provided in Table XVII taking
a = 2. Compare with the frequencies given by the Binomial distribution.

8. A card was drawn from a pack of playing cards and then replaced
and the pack shuffled. This was repeated 10 times and the number of
black suit cards was noted. A thousand results were obtained in this way
and are given here. The number of black cards is denoted by .

T = 1 2 3 4 5 6 7 8 9 10 Total
n =2 8 46 116 211 243 208 119 40 7 0 1,000

(@) What are tho values of m, and N and the theoretical value of p?
(b) What distribution would be expected to apply?

(c) Calculate the theoretical frequencies and compare with the experi-
mental frequencies.

9. From the experimental date in Ex. 8 calculate the mean and
standard deviation and compare with the theoretical values.

10. A London district was divided up into 200 sub-areas and the
number of direct hits on dwelling houses during the flying bomb raids was
recorded:

Number of hits 0 1 2 3 4 5 6 Total
Number of sub-areas 46 71 48 23 9 3 0 200

(1) Why should the Poisson distribution be expected to apply?

(2) Calculate the theoretical figures given by the Poisson distribution
and compare with the experimental data.

T e ‘_-ibraﬂ .
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11. From the data of Ex. 10 calculate the standard deviation and
verify that for the Poisson distribution it is approximately true that

6 = Va.

12. Articles are produced in large quantities and about 29, of them are
defective. They are despatched in batches of equal numbers. How large
should a batch be to ensure that not more than 1 in 5 contain more than
2 defective articles?

13. Assume that the chance of being killed in an accident in a coal mine
during a year is 1/1,400. Use the Poisson distribution to calculate the
probability that in a mine employing 350 miners there will be at least one
fatal accident in a year.

14. A bombing technique secures 1 out of 10 hits in the target area.

Use the Poisson curves to determine how many bombs should be launched
in order to have a 909, chance of securing at least 8 hits.



CHAPTER VI
THE NORMAL DISTRIBUTION

6.1 A Continuous Distribution

In 1883 a group of investigators published the results of measuring
the heights of 8,585 adult males born in the British Isles. This branch
of study which deals with the measuremoents of human beings is
known as anthropometry. (From the Greek: anthropos, man; metron,
measure.) The 8,585 heights, recorded in inches, are given in Table
XXIII.

TasLE XXIIT

HeigaTs OF BRITISH ADULT MALES

Height without Number of Ileight without Number of
shoes (inches) men shoes (¢nches) men

b7 2 68-- 1,230
58— 4 69— 1,063
59— 14 70- 646
60— 41 71- 392
61— 83 72 202
62— 169 73- 79
63— 394 74— 32
64— 669 76— 16
66— 990 76— 153
66— 1,223 77— 2
67— 1,329 —

Total 8,685

In the report on this investigation it was stated that measurements
weore taken to the nearest }-in. so that the class limits are 561§ ins.-
5715 ins., 57L% ins.~581§ ins., etc., and the oclass mid-points are
57 ins., 58% ins., etc. For the purpose of illustration it is sufficient
to assume that the mid-points are at 57} ins., 58} ins., etec., and the
histogram constructed from this data is shown in Fig. 31.

There is an important distinction between this example and those
which were discussed in Chapter V. If the height of a man falls in the
class 61 ins.—62 ins. it is possible for the height to take any value
between these limits and similarly for all the other classes between

116
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57 ins. and 78 ins. In this sense the height is called a ‘“‘continuous
variable”. In all the oxamples of Chapter V the variable was only
capable of taking integral values such as 0, 1, 2 and so on. For
instance, in paragraph 5.2, 10 marbles were drawn from a bag and
the variable here was the number of red marbles. This variable
was restricted to values such as 0, 1, 2 . . . 10 for it is impossible to
imagine drawing a sample containing 1} or 4-679 red marbles.

1250} TL_

10 17
0o} — :
750
>
(8]
B =4
Q
=]
§ soo
.
250}
o, s B . Al
57 60 63 36 69 7 75 78

Height (Inches)
Fia. 31. Histogram of the data of Table X XIII.

In the present example let x ins. denote the height and let y denote
the number of men of height z ins. The question which is to be
considered in this chapter may be expressed in this way. Can a
relation be found between y and « such as

y = f(=) (6.1)
which has tho property of describing the data? If such a relation does
exist it would bo expected to have the following features.

(a) Since x is a continuous variable the graph y = f(x) should be.a
continuous curve.

(b) If the graph is drawn on the same scale as the histogram in
Fig. 31 it will resemble the histogram in shape.

6.2. The Normal Distribution Curve
In 1753 De Moivre obtained an expression for f(z) based on the
theory of probability. His work was apparently overlooked and the
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samo result was obtained independently later in the eighteenth
century by othor workers in the field of probability. Notable among
these was Gauss and the curve is sometimos called the Gaussian curve
or the Gaussian distribution. It is more usual however to rofer to the
Normal curve or the Normal distribution.

The theoretical derivation of the Normal curve is mathematically
difficult and only the result will bo given. The relation is

e 2% (6.2)

YT oven
where N = the total number of observations
p = the mean of the distribution
¢ = the standard deviation of the distribution.

This is the curve which has been found to give an adoquate fit to
statistical data drawn from 4 great variety of sources. At one time it
was considered to be so fundamental that the Normal curve was said
to fit all distributions of measurements occurring in Nature. This
theory, however, was wrong and is now completely discounted.

Example 1.—Find the equation of the Normal curve from the data
in section 6.1 and draw the curve on the same scale as the histogram.
From the data we know that N = 8,585
Calculation gives the values of the mean and standard deviation as

p = 6752 ins.
6 = 2:57 ins.
Therefore from equation 6.2
(x - 67:52)2
8,585 — R @y

=" e
Y V2xn X 2:57
ory = 1,333 . e” *07728 (x - 67-52)2

This is the equation of the Normal curve. To draw the curve it is
necessary to calculate y for selected values of 2. Take logarithms on
both sides

log,o ¥y = 31249 — 0-07728 (x — 67-52)% log,,e or, since log;,e
= 0-4343,

log,o v = 3-1249 — 0-0329 (x — 67-52)2
Now z may be given any values whatsoever but it will obviously
simplify the working if z is given values which makes (z — 67-52)

an integer, say z = 57-52, 58-52, etc. It is most convenient: to set out
the working in tabular form.
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0-:0329 x
x xr — 67-52 (x — 67-52)2 (x — 67-52)2 logy ¥ Yy
57-62 -10 100 3-290 —0-165 1
5862 -9 81 2:765 0-360 2
59-62 — 8 64 2:106 1-019 10
60-52 -7 49 1-612 1-513 33
61-52 - 6 36 1-184 1-941 87
62-562 — b 25 0-822 2:303 201
63-52 — 4 16 0-526 2:599 397
64-52 - 3 9 0-296 2:829 875
65-562 - 2 4 0-132 2:993 984
66-52 — 1 1 0-033 3:092 1,236
67-52 0 0 0 3125 1,334
68-52 1 1 0-033 3:092 1,236

Tt is not necessary to continue the table because just as the value
of y is the same for x = 66-52 and x = 6852 (= 67-52 + 1) so the
values of y aro tho same for x = 67-52 + 2, 67-52 4- 3, otc. If nowthe
points (z, y) are plotied on the samo scale as the histogram and

_joined by a smooth curve, we get the result shown in Fig. 32. The
resemblance in shape between the curve and the histogram is clear.
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Fi1a. 32, Normal curve derived from the data of Table XXIIT.

EXERCISES XVII

1. Taking N = 1,000 plot the two curves for which u = 0and ¢ = 1 and
2 rospectively. (In this case the equations are y = 1/L_20_0 e ¥ and
X3
1,000 g

y=m;.e )
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2. A ruler is marked in inches only. Fifty people estimate the length of
the line to the nearest tenth of an inch with the following results:

Estimate of length  6-2” 6-3" 6-4” 65" 66" 67 68" 69" 70"
Number of people 1 2 5 11 12 10 7 1 1

Fit a Normal frequency curve to the data. Draw the curve and the
histogram.

3. Obtain the chest measurements of 100 students. Draw the histogram
and the Normal curve calculated from the data.

4. The diameters of circular shafts are measured over a period of manu-
facture and the average and standard doviation are given by p = 1-79 in.,
¢ = 0:04 in. Taking any convenient value of N (100 or 1,000 say) draw
the Normal frequency curve. If the specification limits on diameter are
1-80 in. 4- 0-09 in. shade the areas on the curve which lie outside the
specification limits.

5. The ranging error of a field-gun is given by ¢ = 15 ft. Taking the
mean point of impact as zero (i.e., u = 0) draw the Normal froequency
distribution describing the fall of shot.

6. The following table gives the frequency distribution of weights of
adult males born in the United Kingdom (Report of Anthropometric
Committee to the British Assoctation, 1883).

Weight in 1b. Frequency Weight in 1b. Frequency

90 — 2 190 — 263
100 — 34 200 — 107
110 — 1562 210— 85
120 — 390 220 — 41
130 — 867 230 — 16
140 — 1,623 240 — 11
150 — 1,659 260 — 8
160 — 1,326 260 — 1
170 — 787 270 — —
180 — 476 280 — 1

Assuming that the mid-class values are 95, 105, etc., construct the
histogram. Calculate N, 1 and ¢ and draw the Normal frequency distribu-
tion on the same scale as the histogram. Does the theoretical distribution
appear to fit the histogram?

7. Draw on the same scale the two Normal frequency distributions
which havep = 8; 6 = 2andpu = 10; ¢ = 2. Shade the overlapping area.
Compare the size of this area with that of the two Normal frequency
distributions which havey = 8;6 = landu = 10;6 = 1.

8. The following table gives the electrical resistances of 138 carbon
rods tested at the same temperature. :

Reststance in ohms.
(Mid-class value) 310 311 312 313 314 315 316 317 318 319 320

Frequency 1 2 6 21 25 32 24 18 5 3 1

Calculate the mean resistance and standard deviation and draw the
Normal frequency distribution. Compare it with the histogram represent-
ing the data.

E
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6.3 Some Properties of the Normal Distribution Curve
TnE MobIFIED EQUATION OF THE NORMAL CURVE
A simplification of equation 6.2 can be mado if the origin of the
z-scale is moved to x = p. Equation 6.2 now becomes
N ox2
Y = — . 202 6.3
Y o4/ 2n (©3)
where z represents not the actual measurement but the deviation of a
measuremont from the mean, p.
THE AREA UNDER THE NORMAL CURVE. N occurs in equation 6.3
merely as a constant proportional factor and if it is omitted the
equation becomes

- x2

.e202 (6.4)

Y= —
oVom

It can be shown mathematically that the area under the ocurve
given by equation 6.4 is unity. Therefore if the factor N is re-intro-
duced the area undor the corresponding curve becomes N units.
This is analogous to the property of the histogram whereby the sum
of the areas of the columns is equal to N, the total number of
observations.

THE SYMMETRY OF THE NORMAL CURVE. Since both (-} x)2 and
(— )% are positive and have the same value, it can be scen from
oquation 6.4 that the value of ¥ is the same for 4 z and for — z. In
other words the height of the curve at equal distances on either side
of the origin is the same. Therefore the Normal curve is symmetrical
about the ordinate at x = 0.

Yy

1 L
-10 -8 -6 -4 -2 0 2 4 6 8 10
F1c. 33. Normal curves with different standard deviations.




THE NORMAL DISTRIBUTION 121

THE SPREAD OF THE NoORMAL CURVE. In Fig. 33 are shown three
Normal curves referred to the mean as origin and with standard
deviations ¢ = 1, 2 and 3. As ¢ increases the curves bocomo flatter
and moro extended although it should be observed that they retain
thoe characteristic bell shape. In each case when x > 3o tho tails of
the curve become very flat and nearly touch the z-axis.

THE Mope or THE NorMAL CURVE. In equation 6.4 for z = 0,

-x2
e2Z = ¢ = 1. For all other values of x, positive or negative,
-x2
€22 ig less than 1. Therefore the maximum value of y occurs at
@ = 0, and is given by Y = —oc (6.5)
oV 2w

This can bo oxpressed by saying that the modo of the Normal curve
isatz =0.

THE MEDIAN OF THE NORMAL CURVE. It has been shown that tho
Normal curve is symmetrical about the origin. Therefore the ordinate
at x = 0 divides the curve into two equal areas, and so the median of
the Normal curve coinciaes with the mode.

9 -

Cumulative Frequency (thousands)

lo) 1 1 1 1 1
57 60 63 66 €9 72 75
Heights
Fia. 34. Cumulative frequency distribution of the data of Table XXIV.




122 INTRODUCTION TO STATISTICAL METHOD

EXERCISES XVIII

1. Use equation 6.4 to show that the values of ¢max for three Normal curves
with standard deviations = 1, 2 and 3 are in theratio 3: 2: 1.

2. Show that the areas on either side of the ordinate z = u are each
equal to 3.
3. In equation 6.4 take ¢ = 1. If y(z) denotes the value of y at z,

calculate ¥(0), y(1), »(2) and %(3) and show that y(3)/y(0) = 0-01
approximately.

4. Inthoexample of Section 6.1 verify by countingsquares, or otherwise,
that the area under the curve is approximately equal to N, i.e., 8,585.

6.4 Arithmetic Probability Graph Paper

Chapter II, paragraph 3 showed how the cumulative frequency
oould be plotted against the variable to give the cumulative frequency
curve or ogive. Table XX1V and Fig. 34 show how this is done for the
data in Table XXIII when the cumulative frequencies are oxprossed
as peroontagoes of the total frequoncies.

TaBLE XXIV
CuMULATIVE FREQUENCY DISTRIBUTION OF HEIGHTS OF MEN
Height Cumulative
without shoes, Number of Cumulative frequency as
tnches (x) men frequency percentage of total

(P)

b7 — 2 2 0-02
58 — 4 6 0-07
69 — 14 20 0-23
60— 41 61 0-71
61— 83 144 1-68
62— 169 313 3-65
63— 394 707 824
64 — 669 1,376 16:03
65 — 990 2,366 27-56
66 — 1,223 3,589 41-81
67— 1,329 4,918 57-29
68 — 1,230 6,148 71-61
69— 1,063 7,211 84-00
70— 646 7,867 91-562
71— 392 8,249 96-09
72— 202 8,451 98-44
73— 79 8,630 99-36
74— 32 8,662 99-73
76— 16 8,678 99-92
76— 53 8,683 99-98
- 2 8,685 100-00
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In Fig. 34 the 9 cumulative frequencies are plotted against the
upper class boundary value, that is 0-02 against 58, 0-07 against 59,
so that at any point on the curvo the ordinate represents a hoight and

99.99
}4
of

| oA

13

™

3
SN

ur

]
N
"N

N
©]
o

Cumulative Percentage Frequency

‘b\

o154

v

o0l
58 6l 64 67 70 73 76
Heights (inches) 40 >
Fic. 35. Data of Table XXIV plotted on arithmetic probability paper.

the abscissa represonts tho percentage of results which do not exceed
that height. The total 9%, cumulative frequency, 100-00, is not plotted
since there is no upper limit to tho last class.

The scale of %, cumulative frequencies on arithmetic probability
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graph paper is not at a uniform interval as in Fig. 34, but is com-
prossed at each end (near 09, and 100%,) in such a way that when the
ogive of the Normal distribution is plotted on arithmetio probability
graph paper it represents a straight line.

99-99

99-9

99

N

POSITIVE SKEW % /

N ). /

.
/ 7
<[/ )/é NEGATI

‘\

’N\L

S
N\

Cumulative Percentage Frequency
w
(]
1
|

<y

E SKEW

v

0Ol

ool
o) | 2 3 4 5 6 7 8

Values of the Variable
Fr1a. 36. The non-Normal distribution of Table XXV.

Fig. 35 shows the data of Table XXIV plotted on arithmetic
probability graph paper. A line has been drawn with a ruler which
passes through or near to most of the points.
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It should bo noted that only data which represents a Normal
distribution will give a straight line on arithmetic probability graph
paper and this provides a useful test as to whother frequoncy data aro
Normally distributed. Table XXV shows two artificial froquency
distributions both of which are skow, one in the positive sense and
the other in a negativo scnse. When these distributions are plotted
on probability graph paper in Fig. 36 tho points do not lie on straight
lines but on a curve which is convex to the horizontal axis in the case
of the positive skew distribution and concave in the case of the
negative skew distribution.

TasLe XXV

SKEW DISTRIBUTIONS

Variable % %
(Upper class | Frequency cumulative | Frequency | cumulative
limit) (— ve skew) frequency (+ veskew)| frequency

1 1 1 7 7

2 1 2 36 43

3 2 4 30 73

4 7 11 16 89

5 16 27 7 96

6 30 57 2 98

7 31 93 1 99

8 7 100 1 100

Totals 100 100

When Normally distributed data are plotted on arithmetic prob-
ability graph paper the result can be used to obtain estimates for the
mean and standard deviation with very little offort.

(1) Mean. It has been shown that for the Normal distribution the
mean coincides with the median. Therofore the ordinate z (50) at
P = 50% gives the moan of the distribution. For the data plotted in
Fig. 35 the mean is 67-5. This compares very well with the calculated
value of 67-52.

(2) Standard deviation. The standard deviation is given by the
relation

do = 2 (97-72) — x (2-28)
where z (97-72) means the value of the ordinate at P = 97-729, and

z (2:28) means the value at P = 2:289%,. The reason for this relation
will appear in section 6.6.
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From Fig. 356
40 ="7230 - 62:25
== 10-05
o =251
This is very close to the calculated value of 6 = 2:562.

EXERCISES XIX

1. Plot the data of Ex. XVII, 2 on arithmetic probability graph paper
and hence determine the mean and standard deviation.

2. Plot the data of Ex. XVII, 6 on arithmetic probability graph
paper. Do the results appear to be Normally distributed?

3. Use probability paper to obtain the mean and standard deviation of
the distribution given in Ex. XVTI, 8.

4, The following data represent a rectangular distribution in which all
the frequencies for equal class intervals are the same. Draw the ogive on
ordinary graph paper and compare with the result when plotted on
arithmetic probability graph paper.

Variable (upper limit) 1 2 3 4 5 6 7 8
Frequency 126 125 125 125 125 125 125 1256  Total 1,000

5. Number the z-axis of a probability graph paper with any convenient
scalesuch as 1, 2, 3 . . . Draw any straight line slanting upwards from
left to right. Calculate the mean, u, and standard deviation, 6. Read
from the graph the percentage of results which are less than © — 3o,
p — 20,u —oyp + 0, + 20, + 30. These results are perfectly general
and true for all Normal distributions since both the scale and the line
were chosen arbitrarily.

6. Plot the following results on arithmetic probability graph paper and
hence calculate the mean and standard deviation.

Length of Telephone Calls
Time (secs.) Number of calls

0-100 1
100-200 22
200-300 71
300-400 144
400-500 198
500-600 207
600-700 108
700-800 34
800-900 9
900-1,000 4

Total 796
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7. In a certain trade wages are distributed according to the Normal
distribution law. The mean wage is 104s. The proportion of men receiving
less than 85s. is 156%. Draw on probability paper the line representing tho
distribution. What is the standard deviation?

8. The detailed records of an experiment have been lost and the only
information that is left is that s of the results were less than 4-0, and %
of the results were less than 2:0. It can be assumed that the results were
Normally distributed. Use probability graph paper to find the mean and
standard deviation of the results. What percentage of the results were less
than 5-0?

6.5 Further Properties of the Normal Distribution Curve

Many properties of the Normal curve can be derived only by using
the differential and integral calculus. The use and application of the
curve can be understood, howover, without reference to the calculus
so that non-mathematical rcaders will bo under no disadvantage in
omitting this section and the Exercises which follow it. It will be
shown that the constants p and o of the equation 6.2 do in fact
represent the moean and standard deviation of the frequency curve.

Ax IMPORTANT INTEGRAL.—A well-known result of the integral
calculus which will only be stated here is that

400

J e~ dt = /7 (6.6)

THE AREA UNDER THE CURVE.—The cquation of the Normal curve
referred to the mean as origin is

1 _x2
= . e 202 .
Vim ©)
so that the area under the curve, denoted by A, is
+ o +o
1 _x2
A =Jydx = G\/é;r—j e 202 . dr
— 0 — a0
Let t = - 5o that dt = —(li_,
V2 V2
+w
1
and A =7j e~® . dt = 1 using equation 6.6.
—

The left-hand side of equation 6.7 is therefore tho relative frequency
density, f(z), of the Normal frequency curve. (See section 1.7.)

E*
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Note that x takes all values from + oo to — oo. Theoretically this
is conveniont and practically it is unimportant because y becomes
very small for values of |x] greater than 3o.

TuE MEaAN.—Tho mean is given b
g

+o

& = J x . f(x).dx whoro f(x) is the relative frequency density,

—w
+o
1 x2 d
gothat # — ——=— | z.e 262 .dx
Vo
—

Lot t=-2  as before, then
oV2

+ o

[0}
F=-—==] 2.e%.dt
“ \/271"[ ¢

—

+w
- G: [ - e_[ﬂ ] = 0
'\/271' —®
This result can be obtained more directly by observing that x.f(x)
is an odd funetion of x so that

+ oo 0

Jx J@) . de = -jx Sfx) . dx

0 —

Remembering that the equation of the Normal curve is referred to
the mean, p, as origin, we now have the result that the mean of the
curve has the samoe value as the mean of the data to which it is fitted.

THE STANDARD DEVIATION.—Let the mean square deviation fiom
the mean for the frequency curve be denoted by z2. Then, since the
moan is at the origin, wo have

+o
— 1 _x
x?=| x2.f(x).dx = = | z%.¢ 202.dx.
oV 2n

— Q0
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Substituting ¢ = - as before,

c4/2
+o
LA PR e ) dt
'z '
—w
+ o {-00
2 2
=2 tf?t e ™. dt EJl e dt
vV m
— a0 — o0
o2 _
=0+'\7:.\/7T:_G2
T

Tho mean and standard deviation of the Normal frequeney curve
are thercfore p and o. It has been shown in section 6.2 how tho
Normal frequency curve is fitted to a numerical distribution by
giving p and o the numecrical values of the mean and standard
deviation of the distribution.

EXERCISES XX

1. Show that the Normal curve has a stationary value at the mean and
prove that it is a maximum.

2. When the Normal curve is not referred to the mean as origin, i.e.,

+w
_(x—p)?

Yy = 0*_—\72; .e 29 gshow that ny .dx = p. Interpret this result.
™

— 0

8. Show that the points of inflexion of the Normal curve occur at
x=p+o.

4. Show that the qlopes of the Normal curve at its points of inflexion

“are given by 4 ————

2\/“7re

5. If 2t denotes the mean value of the fourth power of the deviations
show that ¢ = 3 o*.

8. Prove that the mean deviation of the Normal curve is A/ 3 . C.
T
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6.6 The Normal Probability Tables

Tt has been shown that if a frequency distribution is adequately
fitted by the Normal curve then, given the values of u and o, it is
possible to ropresent the distribution by drawing this curve. All the
information from the numerical data is summarised in the curve.
For example if p = 10 and ¢ = 0-5 the curve corresponding to these
values is shown in Fig. 37.

1 1 1
85 90 95 100 105 110 18}

Fia. 37. Tho Normal curve for . == 10, ¢ = §. The shaded area represents the
proportion of results greater than 11.

If now the sourco of the original data is still available for investiga-
tion and one additional measuroment is taken what is the probability
that this measurement will not be less than a certain value, say 11?
This question can be put in another form. If we consider our original
data as a sample of finite size from a very large population of measure-
ments what proportion of these measurements consists of values not
less than 11°¢

In Fig. 37 the arca to the right of the ordinate at x = 11 has been
shaded. This shaded area represents the proportion of readings
which are not less than 11; the required probability is given by the
ratio of the shaded area to the whole area under the curve. But sinco
the whole arca under the curve is equal to 1 the probability or pro-
portion is given simply by the shaded area.

The calculation of this area is greatly facilitated by the use of the
“Normal Probability Table”—Table XXVI (p. 129). In this table
a function P (d > D) is tabulated against D. Here D is a selected
deviation from the mean divided by the standard deviation and
corresponding to some selected value of the variable, X, so that

D= (X -p)o

In the same way d is any observed deviation from the mean divided
by the standard deviation and corresponding to an observation z
so that

d=(x —p)fc
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The function P (d > D) can be interpreted as:

(@) the area under tho Normal curve to the right of the ordinate
at X =0oD +p,

(b) the probability of obtaining in one trial a measurement z
greater than or equal to X (a deviation d greater than or equal to D),

(c) the proportion of the population of measuroments which are
greater than or equal to X =oD + .

For D =0, P (d > D) = 0-5000. This expresses the fact that the
Normal curve is bisccted at the mean.

Referring to Fig. 37, since u = 10, we have

D=(X -p)o
= (11 - 10)+ }
=2

Enter the table at D = 2 and read P (d > D) = 0-0228. Therefore
the chance that a further result would be greater or equal to 11 is
0-:0228 or 2-3%,.

It should be noted that, since tho curve is symmetiical, the area
beyond D in the positive direction is the same as the area beyond
— D in tho negative direction. This is illustrated in Fig. 38. There-
fore the probability of getting a result smaller than 9 is also 0-0228
and so the total probability of getting a result outside the limits
10 4- 11is 2 X 0-0228 or = 0-0456.

Yy

Values of D
Fic. 38. The symmetry of the Normal curve.

Ezample 1. From the data given in section 6.1 find the prob-
ability that in 1883 a man taken at random would have been (a) over
5 ft. 11 ins. in height, (b) less than 5 ft. 1 in.

In this example p = 67-52;6 = 2:57
(@) 5 ft. 11 ins. = 71 ins. and therefore the deviation from the mean

3-48
i - 6752 =348and D = —— =135
is71 - 675 348 an 257 1-35
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TABLE XXVI
NorMAL DISTRIBUTION
THE ¥rRAcTION I’(d >» D), wHERE D = (X — p)/o
Deviate| Prefix | 0'00 0-01 0°02 0'03 004 005 006 0-07 008 0'09
D
o0 o5 ooo| 960 920 880 840 8o1r 761 721 681 641
o1 o4 602 562 522 483 443 404 364 325 286 247
o2 o4 207 168 129 o0go 052 or3| 974 936 897 8s9
o3 o3 821 783 745 707 669 632 594 557 520 483
o4 446 409 372 336 300 264 228 192 156 121
o5 o3 o085 os0 015|q81 046 912 877 843 810 776
o6 oz 743 709 676 643 611 578 546 514 483 451
o7 420 389 358 327 296 266 236 206 177 148
o-8 o2 119 0g9o ob1 033 005|977 949 922 894 867
09 Q' 841 814 788 762 736 711 685 660 635 611
10 587 563 539 515 492 469 446 423 401 379
11 357 335 314 202 271 25I 230 210 190 170
12 o'x I5I 131 1I. 093 o075 056 038 o20 oo3|985
13 oo 968 951 934 918 go1 885 869 853 838 823
14 808 793 778 764 749 735 721 708 694 681
15 668 655 643 630 618 606 594 582 571 559
16 548 537 526 516 505 495 485 475 465 455
17 446 436 427 418 400 401 392 384 375 367
1-8 359 351 344 336 320 322 314 307 301 2394
1'9 287 281 274 268 262 256 250 244 239 233
20 228 222 217 212 207 202 197 192 188 183
2°1 179 174 170 166 162 158 154 150 146 143
22 139 136 132 120 125 122 119 116 113 110
23 o0 107 104 xoz’g()o 964 939 914 889 866 842
2°4 ooo| 820 798 776 755 734 714 695 676 657 639
25 621 604 587 570 554 539 523 508 494 480
26 466 453 440 427 414 402 391 379 368 357
27 347 336 326 317 307 298 289 280 272 264
28 256 248 240 233 226 219 212 205 199 193
29 oco| 187 181 175 169 164 159 154 149 144 140
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TaBLE XXVI—continued.

Proportion Proportion Proportion Proportion
Deviate of Whole Deviate of Whole Deviate of Whole Deviate of Whole
Arca Area Area Area

(D) (P) (D) (r) (D) (0] (D) )

30 ‘00 135 35 000 233 40 0f 317 4’5 ‘0% 340
kB¢ 000 968 36 *000 159 41 ‘ot 207 46 ‘0% 211
32 000 687 37 *000 108 42 ‘0133 47 ‘0% 130
33 000483 38 o723 43 -0t 085 48 “0® 793
34 000337 39  o'48r 44  olosy 49 0% 479

50 0% 287

From the table for this value of D P (d > D) = 0-0885 and so the
required probability is 0-0885 or 8:859.

(6) 5 ft. 1 in. = 61 ins., and tho doviation for this value
‘
=61 — 6752 = — 652, and D = — 002 — _ 954
2-57

Remombering that the arca below — 2-54 is the same as that above
+ 2:54 enter the table at D = 2:54 and read P (d > D) = 0-0055.
Therofore the required probability is 0-0055 or about 0-69%,.

The combined chance of selecting a man who was either taller than
5 ft. 11 ins. or shorter than 5 ft. 1 in. would be 0-0885 - 0-0055 or
0-094 approximately. The proportion of the adult male population
botween these heights would be (1 — 0-094) or about 0-906.

Example 2. As a rosult of tests on electric light bulbs it was
found that the lifetime of a particular make was distributed normally
with an average life of 2,040 hours and a standard deviation of
60 hours. What proportion of bulbs can be expoected to burn (a) for
more than 2,150 hours, (b) for more than 1,960 hours?

Hore p = 2,040 and o = 60.

(a) As 2,150 — 2,040 = 110, D = %) ~1833

From the table P (d > D) = -0357 for D = 1-83
P(d > D)= -0329for D = 1-84

By interpolating for D = 1-833 wo find that the required proportion
is 0-0348 or 3-489,.
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(b) Here wo have to find the shaded arca shown in Fig. 39. The
simplest method is first to find the unshaded area and then subtract

from 1. The deviation from tho mean is (1,960 — 2,040) = - 80, so
- '2_3 — ~1333and P (@ > D) = 00018 for D = + 1-33;

P (d > D) == 0-0901 for D = -} 1:34. Therofore by interpolation the
unshaded area is 0-0912 and so tho required proportion which will
have longer lifo than 1,960 hours is 1 — 0-0912 = 0-9088 or 90-88%,.

Relative
Frequency

1960 2040
Life of electric light bulbs (hours)

Fia. 39. The shaded area shows the proportion of bulbs burning for more than
1960 hours.

Example 3. Steel rods aro manufactured to be 3 ins. in diameter
but thoy aro acceptable if they are inside the limits 2:99 ins. and
3:01 ins. It is observed that about 59, are rejected oversize and 5%,
are rojoctod undersizo. Assuming that tho diamcters aie Normally
distributed find the standard deviation of the distribution. Hence
calculate what the proportion of rejects would be if the permissible
limits were widened to 2-985 ins. and 3-015 ins.

Tho high and low rejects are approximately the same and therefore
it can be assumed that tho average diameter is 3-00 ins. Since 59, are
over the limit 3-01 ins., or, in other words, 59, have deviations
greator than the mean by 0-01 ins. or more we have P (d > D) =
0-05. It is now necessary to read from the tablo a value of I corre-
sponding to this value of P (d > D).

This is given by D = 165, and as we know that X = 0-01, therefore
6 = 0:01/1-65 = 0-006 ins. approximately.

If the limits arec now widened the deviation of the upper limit from
the mean is given by

X = 3-0156 — 3-:000 = 0-015 ins.
and D = 0-015/0-006 = 2-5

For this value of D, P (d > D) = 0-0062 and therefore the pro-
portion of 1ejects outside the new limits would be 2 X 0-0062 =
0:0124 or 1-249,.
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Example 4. Derive the relation 40 = z (97-72) - z (2-28) used in
connection with arithmetic probability graph paper.

From the table of the Normal probability integral the proportion
of results greater than u 4 20 is 2-289 and so the proportion of results
less than p 4 26 is 97-729,.

Therefore z (97-72) =u+ 20
Similarly « (2-28) =u — 2
and z (97-72) — z (2:28) = 4o

The result is illustrated in Fig. 40.

Relative Relative
Frequency Frequency
228% 91720
2:28 M M 97-72
(p-20) (n+20)

Fia. 40. Illustration of the relation 40 = x(97.72) — x(2.28).

6.7 The Problem of Curve Fitting

In Chapter V when discussing tho Binomial and Poisson distri-
butions the actual frequencies which occurred were compared with
those predicted by the appropriate theoretical distribution. This can
be dono for the Normal distribution curve in the following way. When
a comparison is to be made the first step is to construct the histogram.
The appropriate Normal curve is found by calculating tho mean and
standard deviation. The Normal Probability Table is then uscd to
calculate the areas of the portions of the Normal curve which lio
between ordinates at the class limits of the histograms. If there is a
good fit these aieas should correspond approximately to the fro-
quencios represented by the columns of the histogram. An example
of this procedure will be given in Chapter X.

6.8 Non-Normal Distributions

The Normal distribution is by no means the only continuous
variable distribution in the theory of statistics. In section 6.2 it was
remarked that early workers had thought that the Normal distribu-
tion would fit all scts of measurements occurring in Nature. The
examination of distributions which werc patently non-Normal
dispelled this theory. As a consequence statisticians cxamined other
types of theoretical distribution. These will not be discussed here but
four well-known theoretical distributions are given in equations
6.8 to 6.11 and are illustrated in Fig. 41.
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Fia. 41. Some well-known distributions drawn to the same scale.
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SuMMARY oF CHAPTER VI

1. The equation of the Normal distribution curve is given by

N _x-m2
Yy=-—— .6 20°

where x = variable,
y = frequency corresponding to z,
N = total number of obscrvations,
1 = the mean of the distribution curve,
o == the standard deviation of the distribution curve.

2. If a now origin for z is taken at the mean the equation of the

Normal distribution curve becomos
N _x2
Y= " .e 202
o V271
3. The arca under the Normal distribution curve is N (analogous

to the arca of the histogram). It is customary to omit N from the
equation and write

x2
. e 22

1
y ==
oV 2w
and y now ropresents the relative frequency density.

4. Tho curve is symmetrical about the ordinate at # = 0 and the
mode occurs at z = 0.

5. When the cumulative frequencies of data which are Normally
distributed is plotted on probability graph paper the result is a
straight line. The mean is given by z(50), the value of z corre-
sponding to P = 509,. The standard deviation is given by

40 = x (97-72) — z (2-28)

6. If a Normal curve has a moan p and standard deviation ¢ and
if D denotes (X — u)/o then P (d > D) can be read from D in Table
XXVI.

P (d > D) can be interpreted as:

(a) the area under the Normal curve to the right of the ordinate
atoD + p,

(b) the chance of obtaining in a trial a measurement whose devia-
tion from the mean is d such that d is greater than or equal to D,

(c) the proportion of the population of measurements whioh are
greater than or equal to 6D+ .
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7. The area under the Normal curve outside the ordinates at 4 D
is given by 2P (d > D).

8. Tho area to the left of the ordinate at 4 D is given by
1 -P(d>D).

EXERCISES XXI

Unless it is stated otherwise assume in the following questions that the
Normal law applies. In answering these questions it is useful to sketch
rough diagrams.

1. Find the proportion of the Normal curve included between the
limits p 4 o; 1 42030 £ 3o.

2. Exactly 0-5 of the Normal curve is included between the limite
u -+ to. Find t.

3. A Normal distribution has mean 4 = 12 and standard deviation
6 == 2. Find the following areas under the curve.

(a¢) Fromz =10 tox = 135
b) Fromaz = 11-4tox = 14-2
(¢) Fromz = 96 tox = 13-8
(d) ¥romz =6 tox =18

f

4. A distribution hasy = 0Oand ¢ = 1.
Find the values of D such that P(d > D) is (a) 0-25, (b) 0-80, (c) 0-99,
(d) 0-:025.

8. A distribution hasmeanp = 11and ¢ = 1-5.
What is the value of D such that P(d > D) is (a) 0-3, (b) 0-9?

6. Express in words the meaning of P(d > D,;) — P(d > D).
Calculate this oxpression when p = 6, ¢ = 0-25 for

(@) Dy =55, Dy =65

(0) Dy = 595, Dy = 6-0

(¢) Dy =56, Dy = 6-8

7. A hundred standard squash balls are tested by dropping from a
height of 100 ins. and measuring the height of bounce. A ball is ‘“fast’ if it
rises above 32 ins. The average height of bounce was 30 ins. and the
standard deviation was § ins. What is the chance of getting a “fast”
standard ball?

8. Sacks of grain packed by an automatic machine loader have an
average weight of 114 lbs. It is found that 109% of the bags are over
116 lbs. Find the standard deviation.

9. In Exercise 8 the machine is adjusted and the average weight per
bag is now 113 lbs. Assume that the standard deviation is unaltered and
calculate the probability that a bag is now over 116 lbs.
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10. Show t,hat t.he ordinates ¥(0), ¥(s), ¥(20), ¥(3s) at 2 = 0, o, 20, 30

are ——

0'\/27r( \/e_z 32 04\/-)

Find thoareas of the three polygons formed by these ordinates and show
that their sum is approximately 3.

11. Two brands of torch batteries have the saumo avoerage life, 60 hours,
but different standard deviations, of 1} and 2} hours. In each case what
is the chance that a battery will not burn longer than 56 hours?

12. In a population of adult men 149, are b ft. 11 ins. or over in height
and 109, are less than 5 ft. 1 in. Find the mean and standard deviation
of the population using probability tables. Verify your result by using
probability graph paper.

13. Construct a sheet of arithmetic probability paper using the Normal
probability tables. (Suggestnon On a sheet of ordinary graph paper draw
a slanting line. For convenience take p = 0, ¢ = 1 and scale the y-axis
from — 3 to + 3).

MATHEMATICAL

14. Find the mean of the rectangular distribution given in equation
6.8. Refer the distribution to the mean as origin and find the standard
deviation.

15. Find the mean of the Cauchy distribution (cquation 6.10) and show
that the standard deviation is infinite.

16. Show that the area under the distribution curve
x2
@ ~5.9
y=_3-¢ 2 50 <z <o)

between the ordinates at = 0, 2 = a4/2 is (1 — 1/e).

END OF PART ONE



ANSWERS TO EXERCISES IN PART ONE

Exgrcises T (p. 20)

2. With so great a frequency range it is worth considering whether to
use log (frequency) rather than frequency, i.e., arithmetic-logarithmic
paper. 3. See comment on Example 2.

Kxgrcises 11 (p. 30)

2. The three histograms should be drawn with class intervals of
4 marks. 3. A class-interval of 0-1 in. is appropriate. 4. (a) 0-5 hours from
0-0 hours; (b) 256 marks from 250 marks; (¢) 100 or 150 hours from 0 hours;
(d) 1-0 or 1-5 mins. fromn 0 min.; (e) 0-01 1b. from 0-9800 1b.; (f) 5,000 from
765,000. 6. There is little indication of any relation (or ‘‘association”)
‘between humidity and barometric height for August. Is it safe to
generalise this conclusion? Would you expect a similar result for one of
the winter months? 7, (¢) Bar-chart or straight-line graph; (b) bar-chart
or pio-chart; (¢) straight-line graph; (d) histogram; (e) pie-chart. 8. (a)
Bar-chart; (b) the last class-intervals could be 75-84 for men, 75--89 for
womon; but these are only guesses; (¢) pie-chart; (d) pie-chart; (e) histo-
gram. The last class-intervals are important, but there is no way of
deciding them; intervals of 12 or 15 years for both are suggested. Note
the improved figures for the younger ages; (f) tho effect of the war-time
“black-out” is clearly marked; (g) straight-line graph or bar-chart;
(k) class-intervals of 75-84 for males, 75-89 for fomales; () histogram.
Note that the intervals 0-50 and 51-100 are unequal; suggest that 0-50
be taken as 1-50. The last interval has to bo guessed; 200 pupils is
suggested, giving 501-700 for the last class; (k) straight-line graph.

Exerorses ITI (p. 40)

1. (@) 13 stigmata; (b) 6 tentacles; 2. Modes are both in the 35-39 year
group; medians are 30-5 and 33 years. 4. 21 years (imnale); 23 years
(female). §. 123 pupils. 7. y = (sinz — 2 cos z)/m; z ~ 1-92.

Exercises IV (p. 42)
1. 15, 55, 225, 62.

EXERCISES V (p. 46)

1. 5-63 petals. 2, (@) 1272 stigmata; (b) 6-15 tentacles. 3. 34-3 years
and 36-6 years. It is assumed in this and all other statistics involving
ages that, for example, 4 years 5 months and 4 years 7 months are both
included in the age group 0—4 years, i.e., that ages are not stated correct
to the nearest year. The class mid-points are then 2:5, 7-5, ete. The class
mid-points of the last groups are 80 and 82-5 ycars. 5. 177 pupils. The
first group is taken as 1-50, the last group as 501-700. 6. (a) 69-25%;
(b) 62-756%. 7. 118-8 A.W.

. 140
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ExEercises VI (p. 55)
1. January 13th-—104; June 15th—110. 2. («) 89; (b) 105; (c) 119.
3. 134, 156, 163, 173. 19. In distribution B take 1, 2, 3 .. . as the mid-
clasgs values.

Mode Median Mean
A 6 6 6-0 marks
B 2 3 37 X 0-1 oz.
C 3 3 3-7
20. 14-5 years; 13-6 years. 21, 16-8runs. 23, 9-0 and 10-9 bracts/cluster.
24. Median Mean
old 1,175 1,178
Young 1,225 1,233

The answer appears to be “Yes”, but it needs further examination
(Ch. 7—Tests of Significance). 25. 34-1 years; 36-2 years. 28. £5,090 p.a.;
£4,660 p.a. The mid-class values were taken as 21, 23, 3}, cte. 27, 34-2
years (1940); 41-2 years (1970). The mid-class values wero taken as
23, 73, 124, ete.

Exercises VII (p. 68)
1. V.g. —1009, to 74%; credit—173% to 559%,; pass—549, to 349
fail—33Y, to 0%. &. X, 1-8%; Y, 2-2%,.

ExErcises VILL (p. 73)
1, P, 268 x } ins. = 0-67 ins.; Q, 2:80 % } ins. = 0-70 ins. 2. 16-1
units. 4. (@) With intervals 28-80 ins.—29-00 ins., cte., 8 = 0-311 ins.
(b) with intervals 100-96, 95-90, etc., s = 11-92.

5. b 10 15
& = 51-97 52-01 51-90
s = 20-0 20-1 20-4

Increase of class-interval does not systematically affect & but may
systematically increase s. An adjustment for the grouping error in s can
be made by ‘“Sheppard’s correction” for somo types of distribution.
6. C.V.(A) = 0-117; C.V.(B) = 0-122. 7. % == 14-4 mm.; 8; == 0911 min.
g = 7-97 mm.; 8 = 0-348 mm.; C.V.(z) = 0-063; C.V.(y) = 0-044,;
8. S.D.(A + B) = 19:2; S.D.(A) = 20-0; S.D.(B) = 18-3 9. S.D. =
d{’n(’n + l)/3}i; M.D. =d.n(n + 1)/(2n + 1). 13. Ranges 3 and 5;
M.D.’s from median 0-79 and 0-88; $.1.Q. not applicable. 14, S.D. (M) =
1-54 bracts/cluster; S.D.(I) = 1-63 bracts/cluster. 15. S.D.(l) = 1-714
feet; S.D.(V) = 1-885 feet. 16. M.D.’s from 34:5 are 11:1 (women) and
10-3 (men); S.I.Q.’s are 10-6 (women) and 10-0 (men). 17. S.D.(z) =
2-51; 8.D.(y) = 2-48. 18. S.D.(A) = 2:93 sec.; S.D.(B) = 2-41 sec.
19. S.D. 6 are: }1/139, (A); $1/198, (B); 31/59, (C). 20. 6-077 units.
28. (a) 2(nw2 — 8)/n2; (b) (72 — 6)/12. 27, 12; 6 log, 2; 14-9.

Exgrcises IX (p. 78)

1. 360. 3. 96. 4. 5,040. 5. 20. @. 36. 7. 729. 8, 81. 9. 10,000.
10. 20+ x 82, 11. 1,296. 12. 15,120,

Exercises X (p. 81)
1. 6; 126; 15; 10; 10; 252. 2. 364. 3. 15. 4. 1,728. 5. 3,150. 6. (a)
126; (b) 15; (c) 60. 7. 220; 136. 8. 1; 4; 6; 4; 1. Sum = 24. 10, 18. 11. 5.
12. (a) 70; (b) 16. 14. 3. 15. 356. 16, p». 18. 11.
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Exgrcises XI (p. 84)
1. 33/16,660 or approx. 1/505. 2. 1/9; 0; 1/12; 0; 1. 3. 3/10. 4. 1/13;
1/62. 5. 1/3. 6. 91/216. 7. (1/13)4. 8. (a) 13/51; (b) 12/51. 9. 1/6.
10. (a) 7/15; (b) 1/16. 12. The second.

Exercises XII (p. 88)

1. 1/6. 2. 17/20. 3. 44/125. 4. 36/91; 30/91; 25/91. 5. 2,187/16,384;
5,103/16,384. 6. 29/44. 7. 4/7; 3/7. 8. 2/9. 9. 0-23; 0-40; 0-54; 0-64.
10. p17s; (1 — p1)pas (1 — pe)p1; (1 — p1) (1 — p2). 12. 0-46. 13. 91/128;
35/128. 14. 5/8; 5/8. 15. p(2n) = 2nC, /22",

Exercises XIV (p. 97)
4, 52,2, 41%, 125, 1%, /';; . 6. 2, 12, 30, 40, 30, 12, 2; 3. 8. 25/64;
411,21, ;4275 3141, 9, 27/64; 27/55; very nearly 27/64.
Exercises XV (p. 103)
1
1. 5 x (64, 576, 2,160, 4,320, 4,860, 2,916, 729); (a)l; (b) 12. 2. p =

0-2575; 61, 184, 44, 10, 1. 3. 18, %, 3. 5. 3; 1-5. 6. 2-4 and 1-2; 1-03 and
0-87. 7. 11/32. 8. 53/3,125. 9. 0-3154. 10. 10.

ExEercises XVI (p. 112)

2. 0-09; 0-32. 3. 0-03, 0-71; 3-75, 0-7. 4. 0-045. 5. a = 0-61; 109;
66, 20,4, 1. 6. A, 0-019; B, 0-038; 0-003. 7. 42, 78, 81, b7, 27, 9, 6, 0.
8. (a) m = 10, N = 1,000, p = 0-5; (b) Binomial; (¢) 1, 10, 44, 117, 205,
246, 205, 117, 44, 10, 1. 9. m = 4971, 8 = 1-66; u = 500, ¢ = 1-58.
}0. (2) 48, 68, 49, 24, 8,2, 1. 11. a = 1:435, ¢ = 1-39. 12, 75. 18. 0-12.

4. 120.

Exercises XVII (p. 118)
2. y = 1065 exp{ — 0-143(x — 66)*}. 6. N = 7,749, m = 157-23
lbs., s = 21:34. 8. m = 319-96 ohms, s = 1:77 ohms.

Exercises XVIII (p. 122)
3. 0-399; 0-242; 0-0540; 0-00443.

Exercises XIX (p. 126)
1. m = 6-545 ins.,, 8 = 0-154 ins. (from graph). 2. m = 157 lbs.,
21-25 lbs. (distribution is only approx normal). 3. m = 31-44 ohms.
1:86 ohms (from graph). 8. m = 431 secs.; 8 = 144 secs. (from graph).
17/9d. 8. m = 2-5,8 = 1-2; 98-4%,.

8 =
8 =
7.
Exmncxsn:s XXI (p. 138)

1. 68:27%, 95-45%, 99-73%,. = 0-67. 3, (a) 0-8147; (b) 0-4617;
(c) 0-7008; (d) 0-9973. 4. (a) O- 675 (b) — 0-84; (c) — 2-33; (d) 1-96. 5. (@)
10-21; (b) 9:08. 6. The area of the Normal curve between the ordinates
at D, and D,. (a) 0-9545; (b) 0-0793; (c) 0-9451. 7. 0-0038. 8. ¢ = 1-56.

9. 2:749%,. 10. Area is 0-4976 approx. 11. 0-0038; 0-0375. 12. 66-15 ins.;
4:02ins. 14. p = a;06 = a/4/3.16. p = 0. 16, 1 — 1/e.
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CHAPTER VII
TESTS OF SIGNIFICANCE

7.1 Significance Testing

In this soction a number of ideas are introduced which will be
unfamiliar to most readers. The easiest approach is to considor a
simplo examplo which will illustrate tho application of these ideas
and then to discuss thom in more detail.

A coin may be biased. To test whethor this is so it is necessary to
formulate some hypothesis about the behaviour of the coin and then
carry out an experiment to discover whether in fact the hypothesis
can account for the results of the experiment. This hypothesis is to
be tested on the assumption that it is true and is called the null
hypothesis. Considor for examplo the null hypothesis that the coin is
not biased; in other words, that tho chance of getting a head (or a
tail) in any single throw is a half. Tt is decided to test this by tossing
the coin ten times and observing whother the results can be reasonably
explained by the null hypothesis. First a table is calculated showing
the ehance, on the null hypothesis, of any observed sot of ten throws.
This is given by tho binomial expansion of (3 4 4)1° and the rosults
are sct out in Tablo XXVII.

TaBLe XXVII

No. of heads Probability No. of heads Probability
0 0-001 6 0-205
1 0-010 7 0-117
2 0-044 8 0-044
3 0-117 9 0-010
4 0-206 10 0-001
5 0-246

The chance of getting 10 heads or tails is 0-001 - 0-001 = 0-002.
The chance of getting 9 or 10 heads or tails is 0-011 4 0-011 =
0-022.
The chance of getting 8, 9 or 10 heads or tails is 0-055 4 0-055 =
0-110 and so on.
145
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All this preliminary skirmishing is necessary in order to interpret
corroctly any possible result of the experiment. Thus if the experi-
ment results in 10 heads or 10 tails the chance of this happening, if
the null hypothesis is true, is only 0-002 and would only occur twice
in 1,000 experiments. This is a rare event. Rather than accept such
an unusual event it is logical to reject the null hypothesis and say
that there is evidence that the coin is biased.

If the experiment gives 9 heads or 9 tails, the chance of getting a
result as uneven as this or more uneven, i.e., 9 or 10 heads or 9 or
10 tails, is 0-022. This again is a moderately rare event if the null
hypothesis is true and would therefore load to the rejection of the null
hypothesis.

The chance of getting 8 or more heads or tails on the null hypothesis
is 0-110. This is not a very improbable event and would happen in
about 1 out of 10 oxperiments. Thero is therefore no very good
reason for rejecting the hypothesis.

It is customary before starting any experiment to select some
critical probability, for example 5%, which is called the 59, signi-
ficance level. If the observed sot of rosults has a probability greater
than 5%, the null hypothesis is not rejected and thoe result of the
oxperiment is said to be not significant at the 59, level. If on the other
hand the probability is less than 59, the null hypothesis is rojected
and tho result is significant at the 5, level.

The experiment which was carried out actually gave 7 heads and
3 tails. Tho chance of getting a result as uneven as this with an
unbiased coin is the chance of gotting 7 or more hoads or tails or
(from Table XXVII) 0-:344. This is certainly not a rare event and the
null hypothosis is not rejectod or in other words the result is not
significant at the 59, level.

THE Two-TarL NATURE oF THE TEST. It may be argued that the
calculation of the significance of the result could have been done as
follows. When the experiment gave 7 heads and 3 tails reference to
Table XXVII would show that the chance of obtaining 7 or moie
heads is 0-117 + 0-044 4+ 0-010 4 0:001 = 0-172 and the decision
whether to reject the hypothesis could be made on this figure rather
than on 0-344 which arose from considering also the chance of getting 7
or more tails. This, however, would be wrong since a result which gave
7 tails and 3 heads would be considered equally as evidence of bias
and therefore the chance of its happening must be included. The test
is called a “‘two-tail test” since it takes into account both “tails” of
the frequency distribution as shown in Fig. 42. Most statistical tests
are of this two-tail type. An example will be given later (section 7.2)
of a single-tail test.

It should be noticed that the whole area of the tails is taken into
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acoount and not merely the areas (i.e. ,probabilities) corresponding to
exactly 7 heads or 7 tails. This is the invariable procedure in all
significanco tosting.

o
)
-

Frequency

°
-

Relative

0012345678910

Number of Heads
Fia. 42. The shaded area shows the chanco of getting 7 or more heads or tails.

7.2 How to Conduct a Statistical Experiment

A clear appreciation of the problem and how to investigate it is
necessary if useful results are tc be obtained. The main stops may be
summarised as

(a) The statement of the problem and the formulation of the null
hypothesis.

(b) The selection of a lovel of significance.

(c) The experimental testing of the hypothesis and the inter.
pretation of the exporimental results.

(@) THE STATEMENT OF THE PROBLEM AND THE NULL HYPOTHESIS.
The statement of the problem should suggest the most appropriate
choice of null hypothesis. In the coin tossing example the problom
was whether the coin was biased. In other words does p = } where p
is the probability of a head (or tail)? The null hypothesis was ehosen
to be p = 4. Consider a slightly different problem, namely whether
the coin is biased in such a way that p, the chance of throwing a head,
is }. For this problem the appropriate null hypothesis would be
p=1

Two more examples will be given. In accepting a consignment of
jute bags the user wants to know whether the average warp strength
of the batch is 100 lbs. The appropriate null hypothesis is that the
mean batch warp strength is 100 Ibs. and a sampling experiment will
decide whether the hypothesis should be rejected. Another problem
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may be to decide whether the average warp strength of two consign-
ments is the same. Here the appropriate null hypothesis is that the
difference between the two bateh averages is zero and again the hypo-
thesis can be tested experimentally.

(b) TuE LEVEL OF SIGNIFICANCE. If tho experiment gives results
which have a high probability on the null hypothesis the hypothesis
will not be rejected. If the results have a low probability the hypo-
thesis will be rejected. Where is the dividing line? To a large extent
tho answer to this question must depend on those who are carrying
out the experiment and the degree of confidence they havo in the
null hypothesis. If thoy firmly believe that tho null hypothesis must
bo true it will require a very improbable result before they will rejoct
the hypothesis. On the other hand if they have no very strong
feelings about the validity of the hypothesis thoy will be prepared to
rejoct it on a less improbable result. In the coin tossing experiment
if the exporimenter was convinced that the coin was not biased tho
observed result might have to have a probability of 0-19%,, or even
loss, before he would reject the hypothesis of no bias. An experi-
monter to whom the property of bias in coing is not inconeceivable or
oven unlikely would reject the hypothesis if the result only had a
probability of 5%, or even 109%,.

While remembering that the attitude of mind must always have
some bearing on the level of significance which is chosen the following
values are suggestod as a working guide.

P, the probability of the experi- Do not reject the hypothesis.
montal result on the null hypo-
thesis, more than 59%,:

P botween 59, and 19,: Roject the hypothesis with
reasonable confidence.

P loss than 19: The hypothesis may be con-
fidently rejected.

(¢) THE INTERPRETATION OF THE EXPERIMENTAL RESULTSs. In
the coin tossing experiment the interpretation of the results depended
on a table of probabilities (Table XXVII) which was calculated from
the Binomial distribution. Some assumption about tho nature of the
disttibution of tho results is always made. This will be referred to
again in other sections of this chapter.

Example. A professor claimed that he could often tell, while they were
still in their first year, whether his students would obtain 1st, 2nd, 3rd
or 4th classes in their final examinations. To substantiate his claim he
forecast the fates of 8 students and was right in 5 cases. Does this confirm
his claim?

The null hypothesis is that he has not in fact any special gift and that
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his chance of naming a student’s class is therefore }. A 5Y, significance
level is chosen.
The chance of his placing correctly 5 or more is

8C5(3)5 (13 + 8Ce(2)® ()2 + 8C-(})7 (}) + 8Cs(})®
= (1P [1,512 + 252 + 24 + 1]
= 1,789/65,536 = 0-027.

This is an example of a one-tail test. The professor’s claim is that ho has
some ability in forecasting the results correctly, that is he can do it more
often than would be expected on the average. It is not therefore necessary
to includo the cases when his guesses are in fact wrong more often than
would be expected on the average. The significance level of the result is
therefore 0-027 or 2:79, and the hypothesis is rejected. The professor has
established his claim.

EXERCISES XXII

1. You are asked to carry out an investigation to discover whether there
is any difference between weights at birth of boys and girls.

(a) What is the appropriate null hypothesis?
() Invent two other possible hypotheses.

2. A marksman says he can hit the bull’s-cye on the average 3 times out
of 4. A shoot is arranged to test this. Consider the following hypotheses,
namely, that on tho average the proportion of times he hits the bull’s-eyo
is (@) %; (b) not atall; (c) either } or §; (d) between § and §; (e) &; (f) between
{and 15 (9) %.

Which is the null hypothesis?

8. The average age of workers in a factory is said to be 38. A sample is
taken to test this.

State two possible hypotheses, one of which is the appropriate null
hypothesis.

4. Even if the null hypothesis is true it may be rejected by a remote
chance coming off as is bound to happen from time to time. Describe a
way in which a wrong decision may be made if the null hypothesis is in
fact not true.

5. A hypothesis might seem to you to be either very plausible or very
far fetched. For which would you require a higher level of significance
before rejecting the hypothesis?

8. This should be carried out as a class experiment. You want to dis-
cover whether individual members of the class tend to overestimate or
underestimate lengths. A person who is not undergoing the test draws
12 lines on the blackboard or on a sheet of paper. The lines should be of
varying length between, say, 2 ins. and 24 ins., and should not be arranged
in any particular order of magnitude. The length of each line must be
accurately known only to the person who draws the lines. A member of
the class writes down his estimates of the lengths. These are then checked
with the true values and marked 4 if an overestimate and — if an under-
estimate. The result will be in the form n;(+) and ny(—), ny + ng = 12.
Estimate the significance of this result on the null hypothesis that no
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tendency to over or underestimate exists, and using the binomial expan-
sion of (4 + #)2.

7. A buyer for a firm wants to know whether there is any difference in
quality between the material supplied by two manufacturers. He asks his
firm for a roport on the comparative quality of the next 8 deliveries and
finds that in 7 cases manufacturer 4’s material has been more satisfactory
than B’s, and in only 1 case has B’s material been better than 4’s. Formu-
late the appropriate null hypothesis and test it using the 5% significance
level as a criterion for rejection.

8. A coin is suspected of bias so that the chanco of a head is given by
p = }. Tho appropriate null hypothesis is tested by tossing tho coin
6 times. 'wo heads are observed in 6 throws. Is this significant at the
5% level?

(Note.—When the frequency table is calculated and the histogram is
drawn it will be seen that the distribution is so skew that all results in
one tail of tho distribution have a probability greater than 5%. For this
reason evidence for tho rejection of the hypothesis must depend only
on extrome results in the other tail. Strictly speaking, this is not a true
one-tail test since extreme results in both tails would be accepted as
evidence on which to reject the hypothesis if their probabilitics were
small enough.)

9. An invostigation is carried out to find whether modifications to a
manufacturing process
(@) have improved the quality of the product,
(b) have altered the quality of the product.

In which case would you use a one-tail test?

10. Give two examples of problems for which a one-tail test would be
appropriate.

7.3 Significance Tests. Binomial Distribution

Suppose that the coin tossing oxperimont was extended to 100
throws and gave 62 hoads and 38 tails. It would be very todious to
calculato a tablo like Table XXVII for such large numbers, but this
oan bo avoided by making use of a very important fact, When # is
large the Binomial distribution is closely approximate to the Normal
distribution with the same mocan and standard deviation. In this
examplo the mean and standard deviation are given by

np = 100 X % = 50
Vapg =V100 X F =5
Fig. 43 shows the histogram of the Binomial expansion (4 + $)!°0 and
the Normal curve with mean 50 and standard deviation 5.

If n is la1ge the agreement remains good even if p is not equal to §.
The area of the tail of the histogram above and including 62 is given
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Mean

1 1 1 1 L

35 40 45 S0 55 60 65

Fia. 43. Histogram of the binomial distribution (4 4+ 3)190 and the Normal
curve with mean 50 and s.d. 5.

very closely by the area of the Normal curve above 62-5. The reason
that the limit is 62-5 and not 62 is that tho roctangle corresponding
to 62 stands on the base 61-5 to 62-5. To find tho area of the tail of
the Normal ourve calculate D where

_ 625 ——o()( fD______)

= 2-5

From Table XXVI P(d > 2-5) = 0-01 and therefore for tho two tails
tho area is 0-02. In other words the chanco of gotting 62 or more
heads or tails in 100 throws is about 0-02. This result is significant
at the 5%, level and the null hypothesis should be rejected.

Some readers may suspect a paradox hore. The first experiment of
10 throws gave 70%, heads and the result was said to be not signi-
ficant while the seeond experimont giving only 629, heads is signi-
ficant. The reason for this is that the much laiger number of throws
in the seLond experiment allows more discrimination in assessing the
significance of the result.

Ezxample. The possible bias of a die is investigated. The null hypothesis
is formulated namely that there is no bias. In 960 throws 184 fours were
counted. Is this result significant?

On the null hypothesis the chance of getting a four is §.
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Therefore np = 960 x 4 = 160

and Vnpg == v/960 x ¥ x § = 11-47

pl8s-100_ 245,

P(d >2-14) = 0-0162.

This is a ‘2-tail test” and so the significance of the result is 0-03 and on the
5Y level of significance the hypothesis would be rejected. The experiment
has provided rcasonable evidence that the die is biased.

EXERCISES XXIII

1. Table XXVII was based on the Binomial (3} + 3)1°. What is the
mean and standard deviation? Use the Normal distribution with the
same mean and standard deviation to calculate the area of the tails corre-

. sponding to 7, 8, 9 or 10 heads or tails. Compare with the accurate results
given by the Binomial distribution. (The agreement is poor since n is too
small for the approximation to apply.)

2. In a sample survey in Great Britain 4,367 individuals were selected
at random. Of these 2,361 were female. Does this result lead to the
rejection of tho hypothesis that 539, of the population are female?

3. (Weldon’s data.) In 315,672 throws of a die a 6 or 6 turned up
106,602 times. Is this sufficient evidence that the die is biased?

4. From a sample of pea plants the number of round peas is 336 and the
number of angular peas is 101. Is this in agreement with the Mendelian
theory which says that on the average the ratio of round to angular peas
is 3 : 1?7 State the null hypothesis and give the level of significance of the
observed result.

6. In a table of 4 figures logarithms count the number of nines appearing
in the fourth decimal place of the logarithms of 1-0, 1-1, 1-2 . . . 9-9.
Does this result reject the hypothesis that a 9 has a chance of ¢ of

appearing? Repeat the experiment for the third, second and first place
of decimals.

6. Most cheap dice have some bias although it may only be slight. As a
co-operative experiment test & die for bias by making 10,000 throws and
noting the number of sixes. Calculate the significance level of your result.

7. A test for telepathic communication. Two investigators investigated
the possibility of “thought reading”. One threw a die unseen to the other
and, having recorded it, thought of the number turned up for 30 seconds.
The second investigator wrote down what number he thought it was. On
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checking their figures there was agreement 118 times in 600 throws. Is
this result significant

(@) on the 19, level?
(b) on the 5%, level?

(The one-tail test should be used since the investigators are only interested
in the ability to transfer the actual number thought about. For what
enquiry would the two-tail test be appropriate?)

If there are facilities and time, this oxercise should be carried out as an
experiment. It is an interesting subject for investigation.

8. What is the least number of throws of a coin which would be necessary
to establish evidence of bias on

(@) 59 level of significance?
(b) 19 level of significanco?
(c) 0-19, level of significance?

7.4 Sample Estimate of Population Values

‘When a sample is takon from a population it is usually the case that
the population mean and standard deviation are unknown and the
sample is used to provide estimates of them. From this point onwards
it will bo important to distinguish carefully between tho (unknown)
population mean and standard deviation and the sample estimates. In
later chapters this same distinetion will be observed for other statistics.

In order to preserve this distinction clearly, the following rule will
bo observed. Greck letters will be used to denote population valuos
and the corresponding Roman letters will bo used for the sample
ostimates. Thus p and ¢ are used to denote the unknown mean and
standard doviation of a population; m and s arc used to denote the
sample estimates of u and . This can be written briefly as

= Est (n)
s = Est (o)
So far m and s have been calculated from the equations
m = X7 x;/n 7.1
and s? =27 (x; — m)?/n 7.2

where x; (i =1, 2. . n) are the n sample values.
Now, while it is usually true that m calculated from equation (7.1)
givos the best estimate of u, the best estimate of o is given, not by

equation (7.2) but by s = I} (z; — m)}/(n - 1) 7.3

where the divisor is not » but (» — 1). No proof of equation (7.3)
will be given but the equation is important and should be remembered.
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Ezample. Calculate the sample estimates of the population mean and
standard deviation from the following Tour sample measurements, 2, 1, 4, 5.

e =2+14+4+5=12
M2 =4+ 1416 + 25 = 46

m—&—lg—fi
T T &

e — m)2 =Va? — nm?

=46 — 36 = 10
o Y —mp 10 10 _ a4
n—1 4 —
8 = 1-83

"Therefore, Est. (1) =
Est. (6) = 1-83
Tt is obvious that tho use of the correct divisor (n — 1) instead of n

will only bo important when n is small. If s is calculated using the
divisor 7 then tho bost estimate of o is given by multiplying s by the

factor A/ -?Ll' "able XXVIIT shows values of this factor for
n —

different values of ».

TasLe XXVIIL
Vatves o [ "
n—1
n l 2 l 3 4 ‘ 5 10 ( 20 ( 50 100 . 1,00
n’il 1414 | 1-224 | 1155 | 1-118 | 1-054 | 1026 | 1:010 | 1:005 | 1-00

The divisor n — 1 represents the numbers of degrees of freedom of
tho estimate of 6. This namo is explained by observing that although
¢ is calculated from the n deviations (z; — m) these deviations are
not independent since they must satisfy the relation

2 -m)= Z7(x) - nm=0 (fromequation7.l)
Therefore the calculation of s is based on n — 1 independent values
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of (z; ~ m) or in statistical lJanguagoe the best estimate of ¢ is based
onn — 1degrees of freedom.

7.5 The Frequency Distribution of Means

If observations are collected, not individually, but as random
samples of n, a frequency distribution can be constructed for tho
means of the samples in the same way as is done for individual results.
These two distributions represent two distinet populations, namely tho
population of samplo means and the population of the individuals.
The means and standard deviations of the two distributions bear a
simple relation to cach other which will first bo stated and will then
be illustrated by an example.

If p and o are the mean and standard doviation of the population
of individuals and ppand opare the mean and standard deviation of
the means of samples of size » then it can be shown theoretically that

Mn =p 7.4
on =0/Vn 7.6

Tho first equation expressos the fairly obvious fact that the mean
of sample means is the same as the mean of the individual observa-
tions. The second equation shows that the population of moans is
more closely packed round the mean than the individucl observations.
This is tho mathematical statement of the reason that most people
Placo more reliance in the average of a number of measurements
rather than in a single observation. Fig. 44 shows the normal dis-
tribution for individual measurements and also for means of samples
of 2 and 10.

frequency —

Relative

M
Values of o or of the sample estimates of u

Fic. 44. The effect of sample sizo on the distribution of means.
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Ezample. Heights of 100 tomato plants were measured six months
after sowing. The plants were taken in groups of five selected at random so
that the 100 observations were grouped in 20 samples of 5. Table XXIX
shows the results, the recorded height referring to the mid-cell value.

Height of
plant (inches)
No. of
individual 4

observations
No. of
averagos

6

TaBLr XXIX

DATA ON ToMATO PrANTs

-3
x
=

10

[ 3
o
-3

11

12 13 14 15 16
10 17 13 13 8
+ 5 2 5 1

17 18 19 20 21

Total

100

20.

The work of calculating the means and standard deviations can be
combined in a single table.

Height of
plant

Deviations
from working
mean (13 ins.)

a

7
—6
—5
4
-3
-2
-1

=

0 =1 St e 33 BS —

Totals

Individuals Averages
No. of results No. of results

n nT ny? n  nr nw?
4 28 196
2 —-12 72
1 -5 25
3 -—12 48
7 =21 63

7 -14 28 B -6 12

10 -10 10 4 -4 4

17 —102 0 5 =10 0

13 13 13 2 2 2

13 26 52 5 10 20

8 24 72 1 3 9
7 28 112
3 15 75
1 6 36
3 21 147
1 8 64

141
-102 -
100 39 1,013 20 5 47
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For individual observations
39

m = 13 +—166 = 13:39
52 =2’(x — m)2? _ 1,013 — 100 (0-39)2 _ 997-79
n—1 99 99
= 10-08

8 = 4/10-08 = 3-17
For the distribution of averages

mp = 13 +§%= 1325

o 47 —20(0-25)2
8p? = — = 2-408
Sp = V2407 = 1-55
Comparing these experimental values with the theoretical values givon
by equations 7.4 and 7.5
mp = m = 13-39 (instead of 13-25)

s 3-17 .
8y = 7; = -\75 = 1-42 (instoad of 1-55)

The slight discrepancios are due to tho fact that a finite number of
grouped observations are being used to demonstrate a relation which
strictly applies only to theoretically infinite populations. The agreement
is nevertheless quite good.

EXERCISES XXIV

1. The following data gives the thickness in mm. of 200 stecl washers
collected in 50 random samples of 4. Calculate the mean, m, and standard
deviations, s, of the 200 individual measurements. Calculate the 50
averages and work out the mean and standard deviation of the averages.

: &
Compare with m and '

Sample 1 2 3 4 5 6 7 8 9 10
7-60 1776 1776 774 7-64 1765 770 764 765 7.60
762 1774 7-54 7-58 771 771 765 775 765 7-66
765 775 761 770 7-63 768 7-64 750 17-66 7-56
7473 1754 774 776 774 764 769 782 780 7-64

Sample 11 12 13 14 15 16 17 18 19 20
779 764 764 758 771 771 774 7713 765 7-59
776 781 1774 7713 758 761 769 775 766 776
764 773 7-60 777 769 760 771 7-61 776 7-66
769 774 766 7-64 770 7-68 774 771 763 7-65

Sample 21 22 23 24 25 26 27 28 29 30

7-68 17-556 7-68 7-64 778 777 774 766 776 7-63
7-55 17-61 770 7-74 7-64 7-64 7-65 771 774 7-64
771 7-69 769 771 770 771 7475 7-65 7-65 7-66
7-69 775 756 767 765 771 769 765 7-61 7-64
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Sample 31 32 33 3¢ 3 3 37 38 39 40

7-60 7-55 7-74 7-66 771 7-62 7-58 7-56 776 7-61
769 770 7-69 770 769 765 771 774 7-66 771
777 773 7-80 7-68 776 7-61 7-63 770 7-81 7-56
7-66 774 769 776 1778 7-64 769 771 773 7-66

Sample 41 42 43 44 45 46 47 48 49 50
7-75 7-56 7-76 7-76 774 7-70 7-61 781 775 7-63
770 773 761 7-64 764 771 769 773 776 7-69
7-68 777 774 782 768 766 773 756 7-66 7-63
7-50 7-60 7-54 7-64 761 776 773 774 7-50 7-58

2. A man keeps a daily record of the times it takes him to walk to work
in the morning. Over a period of some months his average time is 15-2
minutes with a standard deviation of 1-37 minutes. He now changes his
method and records only a weekly average for a six-day working week.
Assuming that conditions are unchanged what should he expect the new
average and standard deviation to be when based on weekly records.

3. A wage survey in a manufacturing industry gives a value for ¢ of
10s. 3d. and for oy, of 2s. 8d. but omitted to state the sample size. Estimate
a probable value for n.

4, Tests are carried out on the breaking strength of a synthetic fibre
and results are recorded as averages of samples of 25. The standard
deviation of the sample averages is 2-7 Ib. What is the probable standard
deviation of individual tests?

7.6 Mathematical Note

A variable z is related to two other variables « and y by the relation

z = ax 4 by 7.6

where ¢ and b aro constants. Tho variables x and y are subject to
small random errors and therefore z is also subject to error. For
example, x could be the measured weight of a beaker and y the
ostimated volume of tho liquid it containg. Then if @ = 1 and b =
known density of liquid, z gives tho weight of beaker and liquid, and
orrors in z and y will affect z.

Suppose n measurements arec made of x and y then for each pair of
measurements

Zr=axr+by: r =1,2...n)
1 1
and & =—-zr: ==X
ana x n Xy y n yr

but z= -! Zzr = 12 (axr + byr)
n n

=a.

a4 5.1 Ty,
n n
=ai+ by- 7.7
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Equation 7.7 gives tho relation between the mean of z and y and the
mean of z. It simplifics the algebra and does not affect the conclusions
if, in what follows, it is assumed that a and y are deviations from the
mean so that

=0 =0

>

and therefore from equation 7.7,z = 0
It is now true that
Zal = (n - 1)
2y = (n - 1)s, 7.8
2

IZ = (n - 1)s;

A relation will now bo established giving s, in terms of s and sy just
as equation 7.7 gives z in terms of Z and 7.

2 g
For YTz = X7 (azr 4- byr)?
= X} (a2 -|- b2y} -+ 2abaryy)
0 9
== @27 2y 4 U220y + 2abXlxry, 7.9

The last term on the right-hand side of this equation contains the
sum Y7 xryr that is the sum of » products of two variables which can
take both positive and negative values. If the two variables are
statistically independent (an oxplanation of this will be given later)
the sum will contain roughly the same number of positive and
negative products and its value will be approximately zero.

Equation 7.9 therefore becomes
22 = a3 @} 4 0220

and dividing by (n — 1) and using oquation 7.8 this can bo written

s, = a’s; + b2s§ 7.10
Statistical independence betweon z and y implies that there is no
association betwcen z and y whereby the value of onc variable
influences the value of the other. This is analogous to the description of
independent events given in Chapter IV on page 86. If an association
did exist it might happen that negative values of z were associated
with negative values of y and similarly for positive values, so that
the sum X7 2ryr would consist of approximately n positive quantities

and would therefore not be nearly zero. Methods of dealing with
associated variables are discussed in Chapter 1X.

Equation 7.10 can be extended to any number of variables.

T
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For example, if z = ax -} by + cu
then s} = a®s§ |- b%s7 4- c%s?
and generally, if 2 = a2, -} ayxy 4+ . . . +@nTn
and if the sample estimate of the standard deviation, i.e. the standard

orror, of ¢ is sr (r = 1,2, . . . n) then
2 2 2 2 2 2 2
6,=0, .8+ a,.s8, ... 4 a,.s,
m 2 2
=Xa; .8 7.11

If the sample size is now made indefinitely large, equations 7.10 and
7.11 beeomo

2 2
cz::az.cx—{—bZ.c?, 7.12

2 2
and o) =X"a} o} 7.13

where the ¢’s are population standard deviations.

Corollary 1. If the xr are all variables from tho same population
with standard deviation ¢ then 6y == 6 (r=1,2...n). To find the

e R |
standard deviation of the average of n results write £ =—. x, +
n

;:,'% e 1 . Zy. Thon from equation 7.13
n

1 c2
= . Yo% = -
n? n

ot

(o)

orc; =o/Vn
This is the result deseribed in section 7.3.
Corollary 2. In equation 7.6 put @ = b = 1, so that
2=ty
and o = o+ 0'3

i.o.,the variance of tho sum of two independent variablos is the sum
of their variances.

Similarly, if @ = 1,b = — 1, so that
z=x -y
then again 62 =02+ cf,

or the varianco of the difference between two independent variables
is the sum of their variances. This result is perhaps a little unex-
peeted and it should be remembered. It shows that the standard
errors of the sum and differences of two independent variables are
the same.

It may happen that z is not a linear function of x and y but is given
by a more complicated functional relation.
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Letz = f ()
Then if 8z and 8y are small errors mado in measuring « and y tho
resultant error in z is approximately

o= sut U 5y 7.14
ox oy
of of N . . .
Hereé% and 50 are the partial differential coofficients of f (r, ) with
: (

respect to z and y and are approximately constant for small errors
in z and y. Equation 7.14 is thus equivalent to 7.6 and so from

equation 7.10
o5 (af) + (af s oy? 7.15

Ezxample. A number of estimates are made of the density p of a solid
by repeating measurements of the mass and volume, m and v, and cal-
culating p = m/fv. If oy and oy are the standard deviations of m and v
find an expression for op .

P = f(m, v) = mfv

o _1
om v
A _—m
Ov T o2
Therefore, from equation 7.15
62 = l 62 3771'27 . 62
P 2 m 4 v

In practice, m and v are not known and it is necessary to take the mean
values 7 and v in place of m and v.

This method is useful in directing attention towards the variable which
requires the most precise determination.

For example, if v = 2 c.c. and v = 10 gms. approximately, then

o =020 + 626
P m \'

from which it is clear that errors in measuring » are more important than
errors of comparable magnitude in m.

EXERCISES XXV

1. The voltage V of a cell can be calculated by measuring I and R, the
current and the resistance, and using the relation V = IR. Show that

2=22 22
oy Io’R+Ra[

2. A pendulum is used to calculate g, the gravitational acceleration
from the equation g = 4#2l/T'? when [ is the length of the pendulum and
T is the time of one complete oscillation. Find 63 in terms of o1 and ot. If
1 is approximately 1-5 ft. and T' = 1-36 seconds, which variable has most
effect on og?
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3. The “‘coeflicient of variation”, ¢, of a sample is defined as the ratio
of the standard deviation to the mean, expressed as a percentage, so that
¢ = 100 o/z. ‘

Given that 63 = o/ Vn
og =o/Vn
Show that 6. = 100 CJ

202 41
n

7.7 Significance Tests. Means and Standard Deviations

A certain colliery is supposed to supply coal of ash content about 15.
To test this, twenty random samples of the colliery’s coal aro selected
and tested, the null hypothesis being that the ash content is in fact 15.
Tho results of tho twenty tests gave an average ash content of 16-8 with
a standard doviation based on 19 degrees of freedom of 3-6. Is this
sufficient evidence on which to reject the hypothesis?

Since 3-6 is the individual standard deviation it follows that the
standard deviation of average of samples of 20 is given by s where

8 = 3:6/V20 = 0-805
This means that if a large number of samples of 20 had been taken
the sample averages would have been distributed about the popula-
tion average with standard deviation s = 0-805. If tho samplo
averages aro Normally distributed about 15 as mean it is easy to
estimate the chance of a deviation as big as or bigger than 1-8 by
calculating D where
D™ -p 168 -15 18

s 0805 0805
From Table XXVI P(d > 2-2) = 0-014 and, thereforo, remembering
that it is a two-tail test, thoe significance of tho result is 2 X 0-014 =
0-028. This is sufficient to reject the null hypothesis and the samples
therefore provide evidence that the ash content of the coal is higher
than 15.

Tt should be observed that D is calculated by using 3-6/4/20. This
is because the distribution being comsidered is the distribution of
averages and not of individuals. The formal steps of this example are

(1) The problem. Is this colliery’s coal what it purports to be?

(2) The hypothesis. There is in fact no deviation from the speci-

fication value 15.

(3) The experiment. Twenty random samples were tested for ash

content.

(4) The interpretation of the results. The experimental result

was proved significant and the null hypothesis rojected.
Thero is a very important assumption made in carrying out the inter-
pretation of the results. The table of the Normal distribution was used

=22
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to determine the significance of the results, thereby implying that the
sample averages are distributed normally. The reason for this lies in
the following statement:

“Even when the distribution of individuals is not normal it is
nearly always true that averages and, to a lessor extent, standard
deviations of random samples from the population of individuals are
approximately normally distributed if the sample size is not too
small.” This important statement must be made without proof as it
requires rather advanced mathematics, but its truth is the foundation
of many statistical tests and it should be remembered.

THE t-TEST. A samplo of n is drawn from a Normal population
whose standard deviation is known to be o. Since ¢ is known the
standard doviation of the sample mean is also known and is 6/4/n. It
is therefore possible to test tho hypothesis that the population mean
is p by calculating D = L——"’/ \_/_’L and using the table of the Normal

o/y/n
probability integral (Table XXVI, p. 129).

However, in most practical examples o is not known, so we have to

estimate ¢ from the sample and base our test on ¢ = ™ " ¥ whero s =
n

Est (o) calculated on » — 1 degrees of frecedom. This was done in the

example on tho ash content of coal.

Now if »n, the sample size, is small s, the sample estimato of ¢ based
on n — 1 degrees of freedom, may not be very accurate and can differ
from o quite appreciably. When this happens it is no longer correct

to assume that ¢ = 7~ ] \;_f' is normally distributed and if the Normal
s/v/n

probability table is used there will be some error in the calculation
of the significance of the result.

This difficulty was overcome in 1908 by “Student’ (pen name of
W. S. Gosset) who established the theoretical distribution of . A
rigorous proof of Student’s ¢-distribution was provided some yoars
later by R. A. Fisher. Thoe discovery of the ¢-distribution made it
possible to calculate tables giving the significance levels of observed
values of £. Table XXX shows values of ¢ corresponding to different
degrees of freedom and different significance levels. These signifi-
cance levels correspond to the two-tail test and therefore give the
probability that ¢ will oxceed the tabular entry in absolute value. If
the ono-tail test is used the tabular significance level must be halved.

Ezxample 1. In the example on ash content of coal we found that ¢ =
2-2 based on 19 degrees of freedom. From the table the value of ¢ at the
59, level for 19 degrees of freedom is 2:09 and therefore, since the cal-
culated value of ¢ exceeds this, the result is significant at the 59, level and
the hypothesis is rejected.
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TasLE XXX

PERCENTAGE POINTS OF THE {-DISTRIBUTION

f P(%)
50 25 10 5 2°5 1 o's o1

1 100 2°41 6-31 127 25°5 637 127 637
2 ‘816 160 292 430 621 9:92 14°1 316
3 765 142 235 318 418 584 745 129
4 741 134 2713 278 350 460 560 861
5 727 1'30  2°0I 257 316 403 477 686
6 718 127 194 245 297 371 432 596
7 71T 1°25 180 236 284 350 403 5°40
8 *706 124 1-86 231 275 336 383 5°04
9 703 1-23 1183 226 268 325 369 478
0 w00 122 181 223 263 317 358 459
11 698 1°21 1-80 2°20 2°59 311 350 4°44
12 ‘698 1-21 1-78 218 2'56 3-05 343 432
13 ‘694 120 177 2716 2°'53 301 337 422
14 -692 120 176 214 2°51 208 333 414
15 ‘6t 120 175 2713 249 295 320 407
16 ‘690 1'19 1'75 2'12 247 292 325 401
17 ‘689 1'19 1'74 211 2°46 2'90 322 396
18 688 1'19 173  2'10 244 288 320 302
19 -688 1'19 173 209 243 28 317 388
20 687 118 172 2000 242 285 315 385
21 686 118 172 2008 241 283 314 382
22 ‘686 118 172 207 241 282 312 379
23 685 1-18 171 207 240 281 310 377
24 685 1118 17r 206 239 280 309 374
25 ‘684 118 171 206 238 279 308 372
26 684 118 171 2'06 2:38 2'78 307 371
27 684 1-18 170 205 237 277 306 369
28 683 117 1"70 20§ 237 276 305 3°67
29 683 1'17 170 205 236 296 304 366
30 683 117 170 204 236 295 303 365
40 681 1'17 168 202 2°33 270 297 355
60 -679 1-16 167 200 230 266 291 346
120 677 116 1-66 198 227 262 286 337
© 674 113 164 196 224 258 281 329

Ezxample 2. The following value of ¢ is based on 3 degrees of freedom.
Is it significant at the 59, level? ¢ = 2:4.

From Table XXX the 59, significance level of ¢ corresponding to 3
degrees of freedom is 3-18 and therefore the observed result is not signi-
ficant. If the Normal probability table had been used the probability of
the observed result would have been given as 0-016 and the result would
have been wrongly judged significant.
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The difference between the i-table and the Normal probability
table is small when the number of degrees of freedom is greater than
20. This is because, for a sample of this size, tho sample estimate of ¢
is fairly accurate and thercfore the assumption that ¢ is normally
distributed is not far out. The entry in tho f-table corresponding
to an infinite number of degrees of froodom is in fact calculated from
the Normal probability curve.

The following relation due to R. A. Fisher is of interest.

If D is the Normal probability deviate such that the chance of
gotting a deviation greater in absolute value than D is P and if ¢ is
calculated on f degroes of freedom then £, the P9, point, or P%,
significance lovel of ¢ is given by

2 2 54
4= D [1 N tf]) LB+ 161;6;2- 5DY) +0tc']

Suppose we want to calculato ¢, for 10 degroes of freodom at P = 5%,
Then from Table XXVI, D = 1-96.

(Table XXVTI is entered at P = 2}9%, since the total arca of the tails
must bo 5%,.)

D? = 3-842 Dt = 1476
1+ D% =4-842 3+ 16D? + 5D* = 138-3
f=10
tp = 1-96 [1 + 4%?6—4% + 1!%?(—)%] approx.
=196 X 1-135 = 2-22
The value given in Table XXX is 2-23.

Fisher’s equabion for ¢, illustrates how when f iy large ¢, = D
very nearly.

Example 3. The average breaking strength of steel rods is specified
to be 185 thousand pounds. To test this a sample of 14 rods was tested
and gave the following results (in units of 1,000 lbs.): 15, 18, 16, 21, 19,
21, 17, 17, 15, 17, 20, 19, 17, 18. What is the appropriate hypothesis and
is the result of the experiment significant?

The appropriate hypothesis is that the mean breaking strength is

eighteen thousand pounds.
To test this calculate Z and s.
Yz = 250
Jz? = 4,614
m = 250/14 = 17-86
S — 2t = 4,514 — 200 X250 _ 4514 — 14,4643 = 497

14
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1
2 — — F)2 — 3-

8 132(x £)2 = 3-823
and 8 = 1/3-823 = 1-955
8 1956 45004
V14 /14

— 0-64
= - / - =12
t=(p m)ls,\/14 0-52%4 1-23

From Table XXX of the ¢-distribution with f = 13 the 109, value of ¢
is 1-77. Since the calculated valuo is less than this the result is not signi-
ficant at the 109, level and the hypothesis is not rejected.

Example 4. 'To test if a small electric current affected the growth of
maize seedlings 10 pairs of plants were grown in parallel boxes, and one
member of each pair was ‘“‘treated” by receiving a small electric current.
The differences in height between the treated and untreated in mm. were
(treated) — (untreated), 6-0, 1-3, 10-2, 23-9, 3-1, 6-8, — 1-5, — 14:7, — 3-3
and 11-1.

Hero the null hypothesis is that the clectric current does not affect
the growth so that the observed differences are random observations from
a population with zero mean. To test this, calculate

Ya = 429
2ax? = 1,121-23, n = 10, f=n-—-1=9
m = 4-29

Y(w — my = 1,121-23 — 429 1>':) 429 _ 1,121-23 — 184-04 = 937-19

097.
s2 = :’.376_1.‘.’ = 10413

82/10 = 10-413 and s/4/10 = 3-227
t = (m —p)sf 4/10 and hero p = 0 by hypothesis
50 ¢ = 4-29/3-227 = 1-33
From Table XXX with f = 9, the 109 value of ¢ is 1-83 and this is
larger than the observed value. The rosult is therefore not significant at
the 109, level and the hypothesis is not rejected. In other words the sample
does not provide satisfactory evidence that the electric treatment has

made any differcnce to the growth of maize scedlings. (Data of this
example duo to Collins, Flint and McLane.)

DirrERENCES BETWEEN MEANs. Two samples of n;, and n,
observations arec drawn from two populations and have means m,
and m, The population standard deviations, o, are assumed to be
the same, and o can be estimated by s, or s, the sample standard
deviations where

M - 2
@ =2 = m) 7.16
n, — 1
— 2
&&= Z(zy — my)’ 717

2

ny — 1
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To obtain a combined estimate of ¢ from both these samples it is
neeessary to divide the total sum of squared deviations by the
number of degrees of freedom. Therefore if s is the combined estimato
ofc

Z(xy —my)®+ J(x, - mz)‘2
ny+ny, — 2
and this estimate of o is based on f = n, 4+ n, — 2 degreoes of froedom.

Another way of expressing s? is to use equations 7.16 and 7.17 and
writo

7.18

§2 =

2

(nl - 1)3? —I— (n2 - IE; 7.19
ny+ ng — 2

It follows that the standard deviations of the means m; and m, aro
8/+/n; and s/4/n, where s is calculated from 7.18 or 7.19.

It has been shown that the variance of the difference botween two
independent variables is equal to the sum of the variances of the
variables

82 =

Ifz=2 -y

22 2
then s, = s - s,

2 2
Therefore variance (m; — mg) = - + -
ny, My
so that the standard deviation of the difference (m; — m,) is
s |1 + —1— To find whethor the difforence betweon m, and m, is
Ny Ny

significant calculate

t=(my —my)/s .}__}__1_
Ny Ty
and find the probability of the result from tho Normal probability
tablo, Table XXVI if f = n; + n, — 2 islarge. If fis not large use
the table of the t¢-distribution, Table XXX, entering it with
n, + ny — 2 degreos of freedom.

Example 5. The heights of a random sample of 1,304 Scotsmen had a
mean of 68-5456 ins. with standard deviation 2-480 ins. A random sample
of 6,194 Englishmen gave an average height of 67-4375 ins. and a standard
deviation of 2:548 ins. Is this difference significant?

m, = 68-5456 my = 67-4375
my — my = 1-1081
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From equation (4)
, 1,303 (2:480)2 + 6,193 (2:518)2

8=

7,406
~ 6433
1 1
2( L -6 433( )
o T g 1,304 1 6,10
— 6:433 (00007669 + 0-0001614)
—~ 0-005972

JO L) = voousor = 00173
n) Nno

ny — My 1-1081

t= (1 ) =i =143
sA/_l_ + 1T 6073
7y Ng

For such a large valuo of ¢ the probability is very small (less than 10-23)
and the result is highly significant.

Example 6. The densities of sulphuric acid in two containers were
moasured, four determinations being made on one container and six on the
other. Do the results lead to the rejection of the hypothesis that the acids
have the same density?

Container A. 1-842, 1-846, 1-843, 1-843
Container B. 1-848, 1-843, 1-846, 1-847, 1-847, 1-845

The arithmetic will be simplified if 1-840 is subtracted from each figure
and the remainder multiplied by 1,000.

Container A Container B
2 8
6 3
3 6
3 7
7
5
Jr =14 Yr = 36
my = =35 my =0 =60
2 2
Jx — my)2 = 58 — —1:- @ — my)? = 232 — :}62'
=9 = 16

The combined estimate of the population standard deviation is given

by s where s2 = 9—i—l—6 = 3125 based on 8 degrees of freedom.
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oL L) 3125(1 1)
nl Nog.
~ 1302
sA/(_l_ +)=114
n, ng
my — Mg .
b=y = 22— 219
o /L 1 7104l
ny Ng

Entering Table XXX with f = 8 degrees of freedom the 59, value of
tis 2-31. Since the observed value is less than this the result is not signi-
ficant at the 59, level and the hypothesis that the acids have the same
density is not rejected. The reader should verify that another conclusion
would have been reached if the Normal probability table had been used.

Example 7. In the previous example suppose that there were adoquate
grounds for saying that if a real difference existed it must be because the
acid in container A is less dense than that in B. For example, container
A might have been exposed to conditions when it was possible for the acid
to be slightly diluted.

This is a problem for which the one-tail test would be used. For such a
test the column headed P9, in the table of the ¢-distribution corresponds
to a significance level of $PY,.

The calculated value of ¢ was 2-19 based on 8 degrees of freodom.

For the one-tail test the 239, valuo of ¢ from Table XXX is 2-31 and the
59, value (from the column headed 109%,) is 1-86. The observed result is
therefore significant at the 59, level and the hypothesis is rejected.

DIFFERENCES BETWEEN STANDARD DEvVIATIONS. THE 2-TEST.
Samples of », and n, aroc drawn from two populations and their
standard deviations are found to be s; and s, based on f; = n; — 1
and f; = n, — 1 degroes of freedom respoctively. Does the observed
difference botwoen s; and s, indicate that there is a roal difference
between the population standard deviations o, and o4?

This question can be answered by using the z-test, a test discovered
by R. A. Fisher. Fisher’s z is calculated from the oquatlon

z =}log, 5} /s
where .si is tho larger variancoe. The larger variance is always divided
by the smaller variance so that z is always positive.
It is usually easier to calculate z when it is expressed as a logarithm
to the base 10.

Since log, K = 2-3026 log,, K
z = 1:1513 log,, 8} /] 7.20

Fisher deduced the mathematical frequency distribution of z on the
null hypothesis that 6, = ¢,. From this theoretical distribution it is



170 INTRODUCTION TO STATISTICAL METHOD

possible to construct tables giving the percentage points of z so that
tho significance level of any observed result can be calculated.

Tables of z are not provided in this book but the following approxi-
mato expressions can be used to caleculate the percentage points of 2.
The accuracy of these expressions falls off when f, and f, are small.
If 2(0-05) and z (0-01) are the 59, and 1%, values of z then

1-6449
2(0-05) = —— —07843 (————) 7.21
Vi =
2- 3263
and z(0-01) = ——— - 1235 — — _#) 7.22
vh -1 f1 fa
2 1 1
where = =-— 4 -
b fy fe

If one of the population standard doviations is known or is specified
by hypothesis this implies that the corresponding number of degrees
of freedom is infinite. Suppose, for example, that o, is known, then:

1 —_—
f1
and b = 2f,
Equations 7.21 and 7.22 with these values of 1/f; and A still apply.
Example 8. The variability in weight in 2lb. packets of a guaranteed
food is expressed by a standard deviation of 0-05 oz. To test this a sample

of 25 packets was picked and weighed giving the following results. State
the null hypothesis and calculate the significance of the result.

Weights of 26 puckets in ounces

32-11 31-97 32-18 32:05 32-10
32:03 32:25 32-07 32-07 32-15
32:05 32-14 32:19 31-96 3203
31-98 32-07 31-99 32-09 32-08
32-16 32-03 32:18 32-04 31-98

The null hypothesis is that o, the variability of the packets expressed as
a standard deviation is 0-05.

To simplify the calculation express the weights as deviations from 32
and multiply by 100. Denote the new figures by .

11 -3 18 5 10
3 25 7 7 16
b5 14 19 —4 3

-2 7 -1 9 8

16 3 18 4 -2

Yx =195
Ja? = 2,951
195)2
S —my = (
(x —m) 25
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= 1,430

Therefore s? = 1—’2‘-129 = 59-58 based on 14 degrees of freedom,

or expressing the unit in ounces (instead of ,}, oz.).
82 = 0-005958
Now a2 = (0-05)2 = 0-0025.
Dividing the larger variance by the smaller variance,
sz 0-005958
ot 00026
and z = 1-1513 log;y 2:3832 = 0-4342.
To calculate z(0-01), we have
J1 (corresponding to the larger variance) = 24
and f, is infinite so that
1
e 0
and b = 2f, = 48.

Therefore from equation 7.22

= 2-3832,

2:3263 1:235
2(0:01) = —— — ——
V47 24
= 0-33932 — 0-05146
= 0-28786

Since the observed result for z is larger than z(0-01) the result is signi-
ficant at the 19 level and the hypothesis that 6 = 0-05 oz. is rejected.

Exzample 9. In example 7.5 on heights of Englishmen and Scotsmen
i8 the difference between the standard deviations significant?

Here s; = 2:548 n; == 6,194 f1 = 6,193
8o = 2:480 ny = 1,304 fo = 1,303

8,2 (2-548)2

.322 - m
z = 1-1513 log,, 1-:0556

= 1-0556

— 00270

1 _ 000016147

N

1 0.00076746

Ja
11
1 1 000080599
fl f2
1 2
L1 0.00002893 — 2
T D

b = 2,1630

Vh — 1 = 1/2,162 = 46-390
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The 19, value of z is given by

2(0-01) = %;%%3; + 1235 x 0-00060599
- 0-0501 + 0-0007
— 00508

The calculated value of z is less than this and the result is not significant
at the 19, level.
The 59, value of z is given by
o 16449 .
2(0-05) = 16:390 + 0-7843 x 0-00060599
=: 0-0355 + 0-0005
= 0-0360

Since the calculated value of z is less than this the result is not even
significant at tho 59, level and the hypothesis is not rejected. In other
words there is no evidonce to show that the standard deviations of heights
of Englishmen and Scotsmen differ significantly.

Ijxzample 10. Tn a sampling experiment 8; = 3-6, s, = 2-0 and f; = 5,
Jo = 10. 1s the difference between s, and s, significant at the 59, level?

1 5,2
— =02 23— (1-80)2 -: 3-24
7 ) P (1-80)2 == 3-2
2o z = 1-1513 log,, 3-24
S2
1 1
— =01 — 0-5878
fr fe
1 1 2
- - =03 =73
Ji o Je h
h = 6-6667
h — 1 =1/56667 = 2-3805
1-6449
-05) = ———= — 07843 x 0-1
“(005) = 53805 — 07843 X
= 0-69099 — 0-07843
= 0-61256

The observed result, 0-5878 is just less than z(0-05) and therefore the
result is not significant at the 59, level.

SuMMARY OF CHAPTER VII

1. The null hypothesis is the hypothesis which is tested on the
assumption that it is true. Tho level of significance is a probability.

2. The main steps in a statistical experiment are
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(@) Theo statement of the problem and the formulation of the
null hypothesis.

(b) The selection of a level of significance. A

(c) The experimental testing of the hypothesis and the inter-
pretation of the experimental results.

3. If the probability of the observed results is less than the level of
significance the null hypothesis is rejected. The following values are
suggested:

P, the probability of tho Do not reject the hypothesis.
experimental result on the
null hypothesis, more than

5%

P, between 59, and 19, Reject tho hypothesis with
reasonable confidence.

P less than 19 The hypothesis may bo con-
fidently rejected.

4. When = is large the Binomial distribution is closely approximato
to the Normal distribution with mean and standard deviation given by
M= np
o=/ npq
5. The best sample estimate of the population standard deviation
is given by s, where
=3 (5 - m)?[(n — 1),
(n — 1) is the number of degrees of freedom of the estimatoe.

6. If p and o are tho mean and standard deviation of the popula-
tion of individuals and g, and o, are the mean and standard deviation
of the means of samples of sizo n then it can be shown theoretically
that

Ba=p
op = 6/4/n
7. If z = x 4 y where z and y are independent
then 62 = o + o§

8. From a sample of n the sample mean and standard deviation
are m and s, where s is based on (r — 1) degrees of freedom. To test
the hypothesis that the population moan is x calculate
m—p
8/v/n
and use the ¢-table (Table XXX, p. 164).

t =
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9. Two samples of n, and n, observations have means m, and m,.
To test whether the difference between the means is significant:
caloulate

52 __:2(371 = my)* + Tz, — m,)®
ny+ ng — 2

and then calculate

10. Two samples of n, and n, observations have standard devia-
tions s, and s, based on f;, = n;, — 1 and f, == n, — 1 degrees of
freedom, respoctively. To test whether the difference between the
standard deviations is significant caleulato

2

S
z = 1-1513 log,, =
8%
2 . .
where s; is the larger variance.

The 5%, and 19, values of z are given by

2(005) — 49 _ 47843 (_1_ - l)
Vvh -1

2:3263 1 1
2001) = =29 _ 1935 (_ __)
Vh — 1 i fe
1
whore = = — -
A

EXERCISES XXVI

1. A sample has mean and standard deviation & = 13-42; s = 1-36.
The null hypothesis states that u = 13. What is the significance of this
result if the sample size is 10, 25, 50, 100?

2. To test the hypothesis that u = 124 a sample of 40 observations was
collected. What would be the deviation of the sample average from 124
in order to lie on the 59, significance level if s, the sample standard devia-
tion, was 0-5, 1-4, 3-6, 10-2?

3. The following table shows the additional hours of sleep gained by
15 patients taking two soporifics.
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Patient Soporific A Soporific B Difference (B—A)
1 + 1-2 1-5 0-3
2 + 1-8 1-6 0-2
3 — 02 0-4 0-6
4 — 07 0-0 0-7
5 + 0-1 2-5 2-4
6 + 31 45 1-4
7 + 22 1-9 — 03
8 - 15 2:2 3-7
9 0-0 30 3-0
10 2-1 1-9 - 02
11 1-9 34 15

12 - 20 4-6 66
13 1-5 51 3-6
14 0-8 32 2-4
15 0-6 — 08 — 14

Calculate the mean and standard deviation of the differences and decide
whether the difference between the effect of the soporifics is significant
on the 59, level.

4. The size of a contact gap in an electrical component is measured in
two samples of 200 taken from the work of two different shifts. The rosults
are given below. Does the work of the two shifts differ significantly on the
19% level in respect of the average spark gap?

Size of gap (0-01 in.) 2 3 4 5 6 7 8 9
No. of comp. Shift 1 1 2 8 12 24 35 42 35
No. of comp. Shift 2. 0 0 2 1 5 21 26 42
Size of gap (0-01in.) 10 11 12 13 14 15 Total
No. of comp. Shift1 30 6 4 1 0 0 200
No. of comp. Shaft2 51 31 11 5 3 2 200

5. In an ordnance factory two different methods of shell filling arc com-
pared. The average and standard deviation of weights in a sample of 96
shells filled by an old process are 1-26 lbs. and 0-013 lbs. and a sample of
72 shells filled by a new process gave an average of 1-28 lbs. with a
standard deviation of 0-011 lbs. Is the differonce in average weights
significant on the 59, level?

6. Two chemists estimate the acidity of a jar of dilute hydrochloric
acid. Their results are an average of 10-162 with a standard deviation of
0-23 based on 15 determinations and 10-341 with standard deviation of
0-12 based on 24 determinations. What is the level of significance of the
difference between the chemists’ estimates of the acidity on the hypothesis
that their results are random variations about the same population mean?

7. A catering establishment is interested not only in having a large
number of customers each day but also a fairly uniform number. Past
experience has shown that the daily variation in customers can be
expressed by a standard deviation of 14. The establishment makes some
improvements and the daily number of customers rises. The records for
48 days show the numbers to be

196, 198, 205, 202, 203, 206, 199, 200, 201, 198, 204, 215,

192, 206, 207, 193, 211, 215, 206, 208, 196, 199, 200, 216,

206, 208, 199, 200, 200, 192, 182, 212, 217, 207, 211, 203,

206, 208, 198, 221, 202, 201, 210, 200, 192, 203, 198, 202.
Has the variability in the number of customers decreased ?
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8. Two gauge operators are tested for precision in making measurements.
One operator completes a set of 26 readings with a standard deviation of
1:34 and the other does 34 readings with a standard deviation of 0-98.
What is the level of significance of this difference?

9. The yield of wax extracted from peat depends on the nature of the
solvent used to extract the wax. Two solvents were tested on five samples
of peat. The table shows yield of crude wax (% dry peat). Is the effect
significant?

Sample 1 ' 2 3 ' 4 5
Solvent A 2.3 ] 10-4 ’Q 2-4—{ 68 ' 41
Solvent B 32 | us | 271 | 86 | 52

(Fuel Research D.S.I.R. Tech. Paper 52.)

10. The data shows observed and calculated values of water viscosity
at different temperatures and also the percentage error. Does the %,
error differ significantly from zero?

n(obs) — n(calc)
n(obs) x 106 n(calc) x 105 (obs) X 100

2,545 2,639 +0-2
2,454 2,456 —0-1
2,337 2,338 —0-05
2,246 2,246 0
2,118 2,122 —0-2
1,927 1,930 —0-2
1,795 1,792 +0-2
1,523 1,621 +0-1
1,306 1,308 —0-16
1,140 1,139 +0-1

(E. N. de C. Andrado. Nature, 1930, p. 585.)

11. The following figures show the mean breaking strength index of
two types of cotton fibre. ‘Taking the figures in pairs determine whether
the mean difference is significant.

Index of Breaking Strengths
Pibro A | 72| 77| T8 | T4 | 76| T3 78| 17| 16| T4
FireB | 72 ) 72| 11| 16| 73| 73| 73| 76| 72| 79

12. The monthly consumption of scrap by the Iron and Steel Industry
for two sets of 12 months are shown below. Is there any significant
difference in the variability of consumption in the two years?

Consumption of Scrap (1,000 tons)
April 1946 -March 1947
153 158 143 138 134 144 154 160 144 144 123 148

April 1947-March 1948
145 150 158 129 139 162 166 164 145 169 174 175



CHAPTER VIII
REGRESSION

8.1 Distributions With More Than One Variable

The distributions considered up to this point have been such that
there has been only ono variable corresponding to cach member of
the particular universe, o.g., the number of men of a certain height,
the number of marks obtained by a candidate in one subject paper of
an examination. Such distributions are said to be univariate. Thero
are, howeover, statistical universes in which more than one variablo
corresponds to cach member, o.g., the marks obtained by individual
examinees in English, Latin and Mathematics taken separately would
form a trivariate distribution. We shall here be concerned ouly with
some aspects of bivariate distributions, i.e., distributions in which the
variables are associated in pairs. A typical example is afforded by the
marks obtained by examination candidates in written and oral
French, from which data of the following kind would be obtained:

Candidate Marks
No. Written Oral
1 72 64
2 37 48
3 54 52
4 60 54
5 31 10
ete.

From such a set of data the question—How does the “oral” mark
vary with the ‘“‘written” mark?—might arise. To answer this and
related questions fully, it would be necessary first to tabulate the
data in some suitable form, then to represent tho data visually in
some form analogous to a histogram and finally to assess quantita-
tively the closeness of the relation between the two variables and the
form of that relation.

8.2 Tabulation of Bivariate Distributions

To tabulate the data of bivariate distributions such as that given
in the previous paragraph the two variables are divided if necossary
by equal and convenient class limits to give not more than about 20
classes of each. A large sheet of paper is divided into squares so that
there is one square for each possiblo combination of classes of the
two variables. Each pair of variables is then represented by a point

177
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in its appropriate square. The numbers of dots in each square are
counted and these numbers are set out in similar tabular form. The
results of such a process are shown in Table XXXT where (a) is the
dot diagram of the two sets of marks ranging from 1 to 9 and (b) is
the completed table.

Each column and row of Table XXXI (b) contains the distribution
of one of the variables for a particular value of the second variable;
each of these columns and rows, called arrays, is thus a frequency
distribution of tho type we have already considered in earlier chapters.

TaBLE XXXI (a)

“Dor DIAGrRAM’’ OF BIVARIATE DISTRIBUTION
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TaBLe XXXI (b)

A BIivARIATE DISTRIBUTION

° 9 U — 2 3
§ 8 — — — — 1 7 16 14 3
] 7 —  — 2 3 13 12 14 16 3
@ 6 — 2 3 12 23 19 17 10 —
8 5 — 1 4 27 26 15 6 2 —
2 4 3 9 15 26 17 9 4 1 —_
E 3 5 12 17 10 7 7 2 -
=] 2 5 8 7 11 8 - J
1 4 5 4 2 1 _ = =

1 2 3 4 5 6 7 8 9

Marks in Mathematics

8.3 Representation of Bivariate Distributions

It was shown in Chapter IT how univariate distributions could be
represented by histograms. To represent bivariate distributions in
an analogous way we should need a series of rectangular solid columns
arranged in parallel planes, cach plane corresponding to one value or
class of the variables. We should thus obtain a solid figure consisting
of rectangular columns of various heights; the data of Tablo XXXI
could be represented by standing eolumns on each square, the height
of the column being proportional to the number in the squaro.
Corresponding to a frequency polygon wo should have an irregular
polyhedron and corresponding to a smooth curve we should obtain
a smooth surface. Three-dimensional representations of this kind-
are called stereograms.

e bui up of such a stereogram can bo imagined if wo con-
sider the errors of aircraft bomb-aimers dropping bombs on a point
target. The possible errors are in range, that is, the bomb may fall
in front or behind the target, and in “line”, that is, to the left or
right. If the bombs were made of putty so that thoy remained
exactly whero they foll we should expect to see a pile of these putty
bombs building up about the target. Such a pile would be a storco-
gram of the bomb-aimers’ two errors if the aircraft made the approach
always from the same direction. If the errors in range were on the
whole greater than those in line the bombs would form a heap similar
to that of which the contours are given, in arbitrary units, in Fig.
45 (a). Sections across the contours are shown in Fig. 45 (b). They
would often be close approximations to Normal curves.

While stereograms provide an excellent means of representing
bivariate distributions they are not usually practicable. Some
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F1a. 45. (a) Contours. (b) Sections. (Stercograms of boming errors.)

representation in two dimensions is required. This is given to some
extent by tho table of arrays but a clearer picturo is presented by the
scatter diagrams. In this type of diagram the pairs of variables are
represented by a point in a plane, one set of variables being tho
abscissae and the other set being the corresponding ordinates, using
rectangular axes. The limitation of the scatter diagram is that it is
difficult to represent several coincident points in any satisfactory
way. With this limitation, however, it clearly indicates the nature
of the relation between tho two variables and usually suggests what
further analytical stops would pe most profitable.

The results of physics laboratory cxperiments usually show very
close relation between the two variables measured, and it is com-
paratively casy to draw one line, straight or smoothly curved, which
passos through or near all points when the results are plotied on a
scatter diagram. Fig. 46 (a) shows a scatter diagram of this kind of
bivariate distribution.

The other extreme is the distribution represented by Fig. 46 (b) in
which there is no tendency for the variables to group themselves
together in any particular direction. There is no association between
variables that give rise to this kind of scatter diagram; the probability
of any particular value of one occurring does not depend on the value
of the other.

Figs. 46 (c) and (d), illustrating distributions in which the variables
show some degreo of association, are typical of statistical bivariate
distributions. In Fig. 46 (c) the variables tend to group themselves
around a straight line or lines; in Fig. 46 (d) the association between
the variables could be represented approximately by an equation of
the form y = a + bx 4 cx® The remainder of this chapter will be
concerned with finding the straight lines which best fit some of these
distributions.
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a a
eVery close association @ Variables unassociated

x

x x

x X X xX x x X
x

x x
e Some associotion(linear) @Some association(parabolic)

Fia. 46. Types of scatter diagram.

8.4 Curves of Regression

When we are considering tho relation between two variables wo
almost always select one variable as being independent and mako
observations of the other, the dependent variable, for various selectod
values of the first. If this is not explicitly stated then it is usually
implied or tacitly assumed. In any formula connocting two variables
the subject is the dependent variable; in laboratory experiments the
independent variable is that which is the more easily measured or
controlled: in graphs the independent variable is usually measured
along the “z-axis”. In most bivariate distributions there exists this
relation, but both variables may take either role; it dopends on the
question we are trying to answer.

In this enquiry into curves of regression we are asking ono of the
following questions—Given a bivariate distribution (z,, ¥,), (Z2, ¥2),
etc., what is the curve or the formula which expresses either x in
terms of y, or y in terms of x. It is important to realise that, in
general, these two curves or formule are nof identical. They are
identical only if the relation between z and y is oxact for all the pairs
of the distribution, i.e., if the curve passes through all the points. If
we express ¥ in terms of x, then the equation

y=A4+ Bx+4 Cx? 4. .
is called the equation of regression of y on x.
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Similarly x = K + My + Ny®2+ . . .
is the equation of regression of x on y.
The corresponding curves aro called curves of regression.

The curve of regression of y on z passes through the means of the
arrays of y corresponding to each value of x. The curve of regression
of  on y passes through the means of the arrays of z corresponding to
each value of . For continuous Normal bivariate distributions it
can bo shown that both curves of regression are straight lines which
interscct at the mean centre of tho distribution. In numerical
examplos the means of the arrays do not lic exactly on straight lines
or simple smooth curves. From tho data available wo have to
estimato tho regression curves corresponding to the hypothetical
infinito bivariate population of which the data is a finite random
sample.

In Fig. 47 (¢) tho continuous lines represent the ranges of the
arrays of  corresponding to different valuos of y for a sample drawn
from an approximately Ncrmal bivariate distribution. The broken
lines ropresent the ranges of the arrays of y corresponding to different
values of z. Tho crosses and circles mark tho means of the two sets
of arrays and show how the two distinct regression lines arise. In
this particular example thero is ovidently little association between
the two variablos; in a distribution which had a closer association
between tho variables the angle between the regression lines would
be smaller.

In a similar way Fig. 47 (b) shows the curvo of regression of y on x,
a parabola, for a different type of distribution.

— onx
/y

|
[
; T ' —2
yonx—— T %5 o +
1 ) | 1 H

A EaEdR % ~
D RSN %HHHH
eLinear i @quoboli:

¥1a. 47. Curves of regression as the loci of means of arrays.

8.5 Graphical Determination of Regression Lines
The regrossion lines of the data of Table XXXI (b) may be obtained
fairly quickly, though only approximately, by a method which avoids
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much of the work of computation. To find the regrossion of y on x
calculate the mean value of y for each individual value of a, o.g., for

—1a-1 41
1,7 = — (344 534 52 4 41) = o= = 24,
z y 17( + 53 + 524 41) 07 2.4

The following pairs of numbers were thus obtained:

z 1 2 3 4 5 6 7 8 9

Yy 24 30 3-b 4-3 4-9 5-4 6-7 7-0 8:0
These points (z, 7) are then plotted on graph papor. In Fig. 48 thoy
are indicated by the small crosses. The position of the mean contreo,
G, should be estimated and marked. Using a straight cdgo, prefer-
ably of transparent material, the regression line is drawn through G,
to fit the row of crosses as weil as possible.

The regression equation is of the form

Yy =mx-}c 8.1
where m and ¢ are constants. These can be determined by noting the
co-ordinates of two convenient points near the oxtromes of the lines.
The co-crdinates of P and @ (Fig. 48) are scon to be (1, 2:2) and
(9, 8:6) respectively. Substituting in equation 8.1 wo have

22=m-+c

78 =9m ¢
Solving for m and ¢, m = 0-7, ¢ = 1-5, so that the required equation is
y =07z 4 1-5.

Fia. 48. Graphical determination of regression lines.

The calculated equation will be shown to be y = 0-687x - 1-49 so
that the error in this case is negligible.
The regression line of x on y is found similarly, the corresponding
values of % and y being
G
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& 24 34 35 41 50 57 67 173 86
y 1 2 3 4 5 6 7 8 9
These points are represented by small cireles on Fig. 48. The
equation of the line is found by substituting the co-ordinates of S and
T in the cquation * = ny 4+ d where n and d are constants. 1t is
found to be
z = 075y 4 1-25
while the calculated equation is
x = 0-694y + 1-53

EXERCISES XXVII

1. Construct scatter diagrams for bivariate distributions of marks,
e.g., for sets of Mathematics and Physics, Mathematics and English, ete.,
which are available and are of interest. If the data warrant it, group
them, find the means of the arrays and draw the regression lines graphically.

2. Plot the barometric height (z) against the humidity (y) for each day
for the data (or part of the data) of Tables IT and VIL. Group the data
into convenient classes, find the means of the arrays and draw the
regression curves graphically.

3. Draw graphically the regression lines for the data of:

(a) Ex.XXVIIL], 5.
() Ex.XXVIII, 6.
(c) Ex. XXVIII, 7.
From your graphs find the equations of the regression lines.

4, The table shows the means of y for values of  in a bivariate distri-
bution. The mean centre of the distribution is at (10-1, 3-2). Plot the
means, draw the line of rogression of ¥ on « and estimate from your graph
the most probable value of y for x = 6, x = 18 (i.e., find the ordinates of
points lying on the regression line where « is 6 and 18).

x 1 3 5 7 9 11 13 15 17 19
y 16 1-7 22 25 30 33 39 40 46 52

8.6 The Equations of the Linear Regression Lines

Tho analysis of regression curves will be restricted to those of the
first degree, i.c., to straight lines. We have to find a method of cal-
culating the two lines that pass through the mcans of the two sots
of arrays for numerical distributions. It will already have been
noticed in using the graphical method that the means of the arrays
lie only approximately along a line and that some discretion must be
used in drawing the line that appears to be the “best fit” of a row of
means. How can we select this line of best fit for the rows of means and
express it in terms of the data?

Firstly, for a frequency distribution with one variable it is known
that the algebraic sum of the deviations from the arithmetic mean is
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zero. It would be reasonable to choose the line of best fit so that tho
algebraic sum of the deviations of the points from the line is also zero.
This line would then be, in a sense, an “average” of the distribution.

Py,
Yy G(£y)
A
A (5Y,)
0 a

Fr1a. 49. Application of first criterion in determing a lino of regression.

Let Py, Py, Py . . . Py, be the points of a scattor diagram corro-
sponding to the bivariato distribution (=, ¥), (%2, ¥2) - . . (Tn, Yn).
Let A B be any straight lino drawn so that some of the points P, P,,
P, . .. P, lic on one side of it and some on the other. Lot the
ordinates of P, Py, Py . . . Ppmcet AB at the points N,, N,, N,
. . . Ny (Fig. 49). Then, applying the first criterion, that tho sum of
the deviations from the arithmetic mean must be zero, we have

ETP!'NI‘ = 0 8.2
The equation of 4B may be represented by
Yy=mr-c 8.3

where m and ¢ are constants to be determined.
Since the abscissa of N is zr, the ordinate of Ny must be
y=mxr+¢
and therefore PrNr = yr — mxr — C.
Substituting in equation 8.2.
ZNyr — mwr —c) =0
But Z%y; = ng whero § is the arithmetic mean of all the y’s.
Z%z; = n& where & is the arithmetic mean of all the 2’
and thercfore nj — mnz — nc =0
ory —m& ~¢c=0
that is, the line 4B must pass through (&, ), the point G which may
be called the mean centre of the distribution.
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The application of the first criterion does not enable us to determine
a unique line, AB, it merely tells us that AB must pass through ¢
and that any line through @ would satisfy the condition that the sum
of the deviations PrNy is zero.

One of the required constants, ¢, can however now be expressed in
terms of the other constant, m, and equation 8.2 may be rewritten

Y =mx + (§ — mE)

ory —g=m(xr — I) 8.4
and therefore PeNy ==yr —m (2 — ) — ¢
= (yr — g) — m (xr — ) 8.5
=dy — m.dx

whero dy = yr — §,dx = xr — &.

In order to determine m a second criterion is needed. It was shown
in Chapter III that for a frequency distribution with one variable the
sum of the squares is & minimum when the deviations are measured
from the arithmetic mean. Applying this criterion to the line AB we
should have that

XIPN * is a minimum 8.6
and, once again, any line satisfying this condition would be, in a
sensoe, an “average’” of the distribution.

In algebraic terms and using equation 8.5, equation 8.6 becomos

22 {dy — mdx §*is » minimum
n 2 9. L 92,72 . o .

or X dy — 2mdydyx - m*d; } is a minimum
Differentiating with respect to the variable, m, we have

n R n g2
- 2. 87dydx + 2m . X7, =0

n
Sy,

= ——=3~ for a minimum.
2hdy

or
Tho mean of the products dydx is called the covariance of the distri-

bution. If tho covarianco of a bivariato distribution is known it will
be denoted by oyy; if it is an estimate based on a finite sample from

the distribution it will be denoted by sxy which = ——I—I.L'dydx.
n -—

The denominator is (» ~ 1) instead of » because of the loss of one
degreo of freedom (see Section 7.3).

Wo therefore have here, m = ¥ — Zidydy

—~ whore sx2is the estimated
8t  Zd *

value of the variance of z.
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The required equation is then

y-7="3 @ -3
X

The application of the second criterion therefore enables us to
determine a line which may justifiably be called the line of “best fit”
for the means of the arrays corresponding to given valuos of x. It is
important to realise that other critoria of best fit are possible and
that we have made some very definite assumptions about the dis-
tribution. It is possible to obtain other lines of best fit if wo postulate
different criteria, e.g., that the mean deviation of the #’s about the
line must be a minimum, or if we make different assumptions about
the data, e.g., that some obscrvations should bo given more woight
than others.

The line represented by the last equation is tho line of regression
of y on z. In its derivation we have assumed that (e) all the observa-
tions have equal weight, (b) that the regression curve required is a
straight line for the distribution considered.

The first of these assumptions is usually justified, and, if it is not,
some method of weighting the observations can be adopted. An
examination of tho scatter diagram will show whether the socond
assumption is acceptable for any given distribution.

As the regression line is defined as the line joining the moans of the
arrays wo proceeded to find the equation of a line for which the
deviations of the distribution is zero. As it is not possible to find tho
means of the individual arrays in gencral terms wo arc unable to find
tho line directly. We find only that it must pass through the mean
centro of the distribution and wo therefore have to look elsewhere for
an appropriate and convenient mothod of selecting a line which mooets
all our requirements. This was done by postulating that for the
roquired line the mean squared deviations of the y’s about the lino
was a minimum.

Tho idea of minimising the squared deviations as a criterion of
best fit was first suggested by Gauss and is known as the Principle
of Least Squares. It has some justification sinco it can bo shown that
if both variables are distributed Normally the means of tho arrays
lie on two straight lines which coincide with the lines found by our
method of minimising the variance.

It should be noted that the regression lines aro only oxceptionally
tho lines of best fit for the distribution as a whole, they are merely the
lines of best fit for the means of tho arrays. To find the line of best
fit for a distribution we should neced to know and allow for the
distributions of the errors of both variables. This line coincidos with
one or other of the lines of regression only in the rare ovent of all the
errors being ascribable to one variable.
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The line of regression of y on: z is thercfore

y_g=_‘2‘21(z - ) 8.7
Sx
and, similarly, the lino of regression of z on y is
z-&=2Y(y - g) 8.8
y

as the reader can verify.

8.7 The Computation of Regression Equations

The methods of computing &, 7, s, s have beon explained in
Chapters IT and ITI. The only new quantity required is Xdxdy, the
sum of tho products of the deviations of corresponding values of z and
y from their respective means. As in earlier work of this kind the
labour of computing Xdxdy may be considerably reduced by measuring
the deviations from conveniont working means and then correcting
the sum thus found. Let %o, yo denote the working means, and let
Zo = & 4 a, yo = ¥ + b, where &, 7 are the true means. The quantity
calculated is then 2(x — xo) (y — ¥o), which we will call the “uncor-
rected value of Zdydy” and donoto by Xd,d,

We then have Jdid, = Z(x — %o) (¥ — Yo)
=Xx-Z-a)(y -y —b)
=Xz - %) (y - §) - Zaly ~ §) - Zb(x — %) + Yab
= Ydxdy 1+ Xab, since (y — §) and ¥(xz — Z) are both zero.
Henco Zdyxdy = Xd,d, — nab 8.9
where 7 is the number of pairs of values of x and y.
If x5 = yo = 0 are taken as the working means, then
Bdd, = (x — %o) (y — yo) = Zxy
and @b = (%o — %) (Yo ~ J) = Ty
and therefore Xdxdy = Yzy — nZy
Tho estimated value of the covariance is therefore given by
1 n
=2y — ——— . T.Y .
Sxy n_lxy %9 8.10
Example 1. The data are set out in the first two columns of
Table XXXII. Specimens of a light metal alloy, heat treated in
various ways, were subjectod to a hardness test and then their
ultimate tensile strengths wer. determined. The column H gives the

Brinell hardness number and column U the corresponding ultimate
strengths in tons per square inch. When these 20 results are plotted
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TABLE XXXTI
CompUTATION OF AN EMpIrICAL EQUATION

H U x y Ty 2
52 12-3 2 3 6 4
54 12-8 4 8 32 16
56 12-5 6 5 30 36
57 13-6 7 16 112 49
60 14-5 10 25 250 100
61 135 11 15 165 121
62 156 12 36 432 144
64 16-1 14 41 574 196
66 147 16 27 432 256
68 161 18 41 738 324
69 15-0 19 30 570 361
70 16-0 20 40 800 400
71 16-7 21 47 0987 441
71 17-4 21 54 1,134 441
73 15-9 23 39 897 529
76 16-8 26 48 1,248 676
76 17-6 26 56 1,456 676
77 19-0 27 70 1,890 729
80 18-6 30 66 1,980 900
83 189 33 69 2,277 1,089

Totals 346 736 16,010 7,488

on graph paper it is seen that high hardness values are associated
fairly closely with high ultimato strengths, though there is a scatter
of the points about any straight line through thom (Fig. 50). It is
required to find an equation from which an ostimato of U can be
made for a specimen of known hardness H.

To simplify the working the columns # and y are prepared. The
numbers of column 2 are such that x = H — 50, and those of column y
are given by y = 10 (U - 12), multiplying by 10 to avoid decimal
points. The simpler numbers of columns z and y provido tho basis of
the computation. They are simple enough to deal with direetly, i.o.,
deviations will be measured from z = 0, ¥ = 0. Columns zy and z?2
are computed and summed. The crude totals are corrocted by moans
of the relations 8.9 and 8.10.

% = 346/20 = 17-3; § = 736/20 = 36-8
Ydxdy =2Xxy — n&j = 16,010 — 20 X 17-3 X 36-8 = 3,277-2
Ddy? = 3z? — nz? = 7,488 — 20 X (17-3)2 = 1,502-2
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Fra. 50. CGraph of a calculated ompirical equation.

Hence the required equation is

y — 368 = %2%;—2 (x — 17-3)

ory = 2:18z — 0-9
Puttingy = 10(U — 12) and 2 = H — 50, this becomes
10(U — 12) = 2:18 (H — 50) — 0-9
or, finally, U = 0-22 H + 1-0

The converted equation of the regression line of y on z gives tho
required empirical formula for U in terms of H. The line is shown in
Fig. 50.

Two variables  and y which, when plotted, show a tendency to
group round a curved line, may sometimes show a more near linear
association if one of the variables is plotted against a simple function
of tho other, e.g., if z is plotted against y or y? or log y. 1f a scatter
about a straight line can be obtained by such means, then a linear
regression line may be computed as in the above example, taking

and the function of y as the variables. Some examples will be found
in the cxercises at the end of this chapter. The determination of
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curves of best fit of the socond, third, . . . degrees is boyond tho
scope of this book, although only an extension of the above method ix
required.

The “trend line” of a time series is sometimes found by this
method. The caleulation is simplified because the values of x (i.e.,
time) can be reduced to the series 1, 2, 3. . . .

Example 2. The computation of regression lines for the data of
Table XXXT is shown in some detail in Table XXXITL. Tho cal-
culation of sy, sy, the variance of the distributions in 2 and y have been
omitted since these calculations have already been exemplified in
Table XV. Apart from tho variances, however, it is also necessary
to caleulate Xd,dy, for an estimate of the covariance. The arith-
metical work of this caleulation is lightened, as for carlier computa-
tions, if the doviations are first measured from a convenient arbitrary
working mean. In the final stage the correction of equation 8.9 iy
applied.

In Table XXXIII (@) the suffix x refers to the marks in mathe-
maties and the suffix y refers to the marks in science. The working
mean (z,, y,) is taken as (5,5) and the deviations from this mean are
denoted by dy and d,;. The data are arranged as a bivariato distribu-
tion with the deviations dy indicated in the top row and the deviations
dy in the left-hand column. In the bottom row the data are summed
as a distribution in ; in the right-hand column the data are summed
as a distribution in y. Both distributions should of course have the
same total.

TABLE XXXIIT (a)

BIVARIATE DISTRIBUTION—DEVIATIONS FROM WORKING MEAN

x Ju
-4 -3 -2-1 0 1 2 3 4

4 _— e = - — — — 2 3 5

3 _ — — — 1 7 16 14 3 41

2 — — 2 3 13 12 14 16 3 63

, 1 — 2 3 12 23 19 17 10 — 86

dy 0 — 1 4 27 2 15 6 2 - 81

-1 3 9 15 26 17 9 4 1 -— 84

-2 5 12 17 10 7 7 2 — 60

-3 5 8 7 11 8 3 — — — 42

—4 4 5 4 2 1 — — — — 16
Ix 17 37 52 91 96 72 59 45 9 478 Total

G*
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TasLe XXXIII (b)

BIVARIATE DISTRIBUTION—CALCULATION OF THE PRODUCT SuMm BY
THE DIRECT METHOD

dy Sums of
—4 -3 -2 -1 0 1 2 3 4 rows
4 _ - - - — — — 24 48 72
3 — — — — 0 21 96126 36 279
2 —~ — —8 —6 0 24 56 96 24 186
, 1 —~ -6 -6 —12 0 19 34 30 — 59
dy 0 — 0 0 o0 0o o0 o0 0 — 0
-1 12 27 30 26 0 —9 —8 —3 — 75
—2 40 72 68 20 0 —14 —8 — — 178
-3 60 72 42 33 O -9 — — — 198
—4 64 60 32 8 0 — — — — 164
Sums of or
columns 176 225 168 69 0 32 170 273 108 1,211 Total

The results of the calculations not shown in the Table are:
F=5-4 (- 13)/478 =5 — 0027 — 4973
§ =5+ (- 39)/478 = 5 — 0-082 = 4928
d? = 1,761 — 478 (0-027)% = 1,760-7
Bdy = 1,745 — 478 (0-082)% = 1,741-8

Tho sum of the products, Zd,dy, may be found directly as shown in
Table XXXIII (b). In this tablo there is an entry corresponding to
cach entry in Table XXXTII (@), the number entered in (b) being the
value of the product f.d; .d, for the corresponding entry of (a).
Thus, the first entry in tho top line of (a) is 2, for which dy is 3 and
d, is 4; the corresponding entry in (b) is therefore 2.3.4 = 24. Xd, . d,
is the sum of all tho numbers thus obtained. Summing both by rows
and columns provides a check on the addition.

A sccond method of finding ¥dy, . d is shown in Table XXXIII (c).
The labour of computing the products dy . d, can often be reduced by
expressing tho products in terms of squares, so that tables of squares
can bo used. This is done by means of the identities:

(A + B)?=A?+ B*+ 2 AB
(A - B2=A42+ B? -2 4B

In our present example it is convenient to use the second of these

identities from which we havo
28dy, . dy = Zd,2 + Zd? — ZD(dy - )2 8.12

8.11
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Of the terms on the right-hand side of this identity wo already know
the first two. To find the third term note that along the diagonals
drawn in Table XXXIII (¢) the valuo of (d5 — dy) for any entry is
constant. Sum the entries along cach diagonal and enter them in a
new table against tho corresponding valuo of (d; — d,). Then
Z(d; — dy)?canbe quickly calculated. In our example it is found to be
1,084. Substituting in equation 8.12 we have

3d, . d, = }(1,761 + 1,745 — 1,084) = } x 2,422 = 1,211
as was obtained in Table XXXIII (b). Applying now the correetion
for the meanJdy . dy = Jd, . d, — nab = 1,211 - 478 . (0-027) . (0-082)
= 1,209-4
The required equations are therefore:
(@) The regression equation of y on z,

_ Zdxdy -
—_ = =, (x -
y-9= g (x - %)
1,209-4
be - 492 = - 497
comes Yy 17607 (= )
or y = 0:687x | 1-49.
(b) The rogression equation of z on y,
. Ydxdy -
r - &= Zdyz-(y 9)
1,209-4
b p - 497 =" —_ (y — 492
ecomes x 17418 (y 92)
or z = 0-694y |- 1-53
9
8t
7+
6}
st bct+ /49
47-
3t Na=0694y +153
2
l 1 ' 1

I 2 3 4 5 6 7 8 10
Fi1c. 51. Regression lines of the data of Table XX XTII.

The two lines are shown in Fig. 51, intersocting at the point
(4-97, 4-92), the mean centre of the distribution.
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TasrLe XXXIII (c)

BivariaTe DISTRIBUTION— CALCULATION OF THE PRoDUCT SUM BY
THE DIAGONAL METHOD

dy
-4 -3 -2 -1 0 1 2 3 4
2 3 4
1 7 16 14 3 3
Ve 7
2 3 13 12 14 16 3 2
s/ // / //
2 3 12 23 19 17 10 1
4 S LSS ,
0 1 4 27 20 15 6 2 0 dy
/ % S
y 3 9 15 20 17 9 4 1 1
4 S ay Ay
Py 5 12 17 10 7 71 2 -2
ll rd /l/ //' /’I ,/’ // /
s 8 8 7T 11 8 3 -3
50 . T y
s 4 ) 4 ) 2 / 1 —4
112 R _ A _
131 90 50 23 7
J de —dy fdg — dy)?
4 —4 64
11 -3 99
50 -2 200
112 -1 112
131 0 0
90 1 90
50 2 200
23 3 207
7 4 112
478 1,084

In the examples considered in this section the choice of the
regrossion lino depends on the question asked. A mathematician
would probably ask “How do the scicnee marks vary with the pupils’
marks in mathematics?”’ The scieatist on the other hand would tend
to take the scionce marks as his independent variable and ask “How
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do the maths marks vary with the scienco marks?”’ It is important
to realise that these are different quostions and that it is not sur-
prising that difforent, but equally correet, answers are obtained.

If the data are numerous and cover wide ranges of values thoy may
be grouped into classes by choosing convonient equal class-intorvals
as in the univariate distributions of Chapters IT and ITI. The number
of classes however may be reduced to about 20 for cach variable
without serious effect upon the accuracy of tho results.

EXERCISES XXVIIL

1. Using the method of least squares find the linear equations which
best express y in terms of & for the data below, assuming that the vaiues
of x are exact. From your equations estirnate the missing values of y.

@ = 1 2 (3 4 5 6 7 8 (9 10 11 12

y 5 6 — 12 11 13 16 16 — 19 23 22
® « 1 2 3 @4 5 6 7 8 9 10 (11) 12
y 20 23 20 — 13 12 8 5 4 0 — —5

2. Find the equation of the line of regression of 4 on x for the foliowing
data:
x 356 337 346 346 351 352 359 353
y 374 354 365 366 369 372 377 374
x 342 339 374 393 425 386 463
Yy 360 3567 397 418 454 410 491
Plot the data and draw the calculated line.

3. Calculate the equation of the linear trend line of the data of x. VI,
5 for the last 10 years.

4, Calculate, by the method of least squares, the equation of the trend
line of the following datas:

Year 1930 1 2 3 4 5 6 7 8 9
Y 10 15 13 16 18 18 14 16 20 26

Year 1940 1 2 3 4 5 6 7 8 9
Yy 31 29 25 20 28 38 37 36 40 43
Plot the data and draw the calculated line.

Compute the regression line equations for each of the following
distributions:

5, 7| — — — — — 1 2 1
6 | — — — — 1 3 2 1
5§ | — — — 1 3 5 4 1
y 4 | — — 2 4 4 2 .
3| — 1 4 3 1 —
2 1 3 2 1 @ — - - —
1 3 2 1 - = = = -
1 2 3 4 5 6 71 8




196 INTRODUCTION TO STATISTICAL METHOD

6. 6 1 1 - - = = —_- —_- = —
5 — 1 3 2 - - - = - —
y 4| — 1 — 3 5 2 1 — — —
3 — - — 2 3 6 4 3 1 —
2 | — — — — 1 3 3 4 2 1
1| = == = — — — 2 1 2 2
1 2 3 4 5 6 7 8 9 10
z
7. The values of x and y are the centres of the class intervals.
12-5 — — 1 3 1 1 —
11-6 -— 3 3 4 1
10-5 1 3 2 3 3 2 —
y 95 2 4 3 1 3 — —
85 3 3 4 3 1 —_ —
75 - 2 3 2 —— — —_
6-5 1 — 2 — — — —
20-7 20-9 21-1 21-3 21-56 217 21-9
x

8. The values of z and y are the centres of the class intervals.

17, — — — — 1 2

16 | — — 1 — 2 1 —

15 | — — — 3 2 1 1

y 14 | — — 1 4 2 2 2
13 | — 2 3 3 — 1 —

12 | — 1 3 3 2 1 —

11 1 2 — 2 1 — —

17 19 21 23 25 27 29

x

8.8 The Standard Error of the Regression Coefficient

The regression equation of y on x can be written

Yy —-g=>bx - %) 8.11

where b is the estimated coefficient of regression of y on . A further
sot of observations ot z and y would provide an equation which would
be different, though perhaps only slightly so, from the first. In other
words, the “constants’ of equation 8.11, i.e., b, & and 7, are derived
from a finite random sample and therefore have standard errors.

To find the standard error of b we note that in the formula b =

8——"21' the denominator &2 is the estimated variance of the independent
X
variable z, and the numerator sxy is the estimated covariance of x

and y. Consider further samples of » pairs for the same set of values
of the independent variable z. The variations between samples arise
because there are different values of y for any given value of z. The
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variance of z, s}, remains constant for the samples, but for any given
value of z there will be a distribution of y’s about the estimated mean
value of y. Wo shall assume that this distribution of y’s has the same
standard error s, for all values of .
We have then Zdydy = X(x — &) (y — ¥)

=Xyl - &) ~7.3x - %)

== Xy(x — &), sinee U(x — ) is zero
and in this sum of products the term (x — %) takes in turn the values
(xy — &), (g — &), ... (¥a — %), all of which a10 constants. The y’saro
independent variablos with equal standard errors of s;. We thorefore

have
de . dy = (’IL - 1) Sxy OT Sxy = 2](____4 .Y
n

to which the result of cquation 7.11 can bo applied. This gives

-
Var. (sxy) = ‘“I:((Z - ))z. Var. (Jr):l
52
=_% B - @
(n — 1y
= e
- D)
sinco Var. (y) = s, for every term. Hence
8 1 8y .8
S.E. “)——-.Slf (8x3) = 5 - —
xy Vn -1

A more oxact argument shows that in this formula tho factor

v/n — 1 should be replaced by Vn — 2 becausoe of the loss of anothor
degree of freedom. It is botter therefore to use the form

8.E. (b) = ——2 8.12

To compute S.E. (b, the new statistic, s, the standard error of y
for a given value of « is required. It is possible to oxpross s, in terms
of quantitics already known. For a given value of z, say Zr, the
deviation of any particular value of y, say yr, from tho estimated mean
will be yr — y (Fig. 52), where y = b (zr — %) + ¥

or yr — 9 — b (xr — &). (Fig.52.)
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and therefore Z(yr — )2 =2{yr — §) - b(zr — 2) }*
=2(yr — §)* - 2b.3(yr - §) (xr - &)+ 0% . Y(2: - 2)°
and, remembering that X(yr — 7) (zr — &) = b . Z(zr — 2)?
from the definition of b, we have
Syr -y =2y - §)* - b*. 2@ - F)°

and hence 8,2 = 8y® — b2. 8" 8.13
y’/
Yy
Yy
(o) Xr

a
F1e. 52. Doviation from the regression line.

"This equation is sometimes expressed in the form:

(Variance of y about regression) = (Variance of y about the mean) —
b2 . (Varianco of z.)

The extended use of tho term ““Variance” should be noted.

By means of equations 8.12 and 8.13 the standard error of b may
be computed directly from quantities which are alrcady familiar.
Applying these results to the data of Table XXXT, we havo, since

s = 1,760-7/(n — 1) = 1,760-7/477 == 3-691
8 =1,741-8/(n ~ 1)
and b = 0-687
8,2 = [1,760-7 — (0-687)% X 1,741-8] - 477
= (1,760-7 — 831-8)/477
= 928-9/477

This gives s, = J 928-9
477

We then have S.E. (b) = = 0-0332.

V476 X 3-691
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The caloulation of the standard error of the coefficient for the
regression of z on y is obtained in a similar way. We should, however,

8 : 8 .
— lnStOﬂ:d of —=_—=—— assumin
Vo — 2.3y Vn — 2.8 &
that all the random errors occur in the values of x.

If both variables are subject to random or experimental errors the

formulese we have used are still applicable to the regression coefficients.

require to calculate

8.9 The Testing of the Significance of a Regression Coefficient

To investigate the significance of an estimated statistic we considor
the distribution of the ratio of estimated values of the statistic to its
standard error. In the case of the regression coefficient we necd to
know how the ratio —g—};—@ is distributed. In 1922 R. A. Fisher

LS P¥ U
showed that if the hypothetical value of the regression coofficient
b-8
S.E. (b)
of the ¢-distribution described in section 7.6. This distribution closely
approximates to the Normal for large samples but for small values of
n the differenco of the two distributions may be serious.

To test the significance of the difference betwoen the estimated and
hypothetical regrossion coefficients we therefore calculate tho ratio
t = é_i

S.E. (b)
Normal probability integral, Table XXVI (p. 281), noting that as
we are concerned with the absolute value of the difference (b ~ B) the
test is two-tailed, and thereforoe the table reading must be doubled.
If » is loss than about 20 we use the table giving the significance
levels of observed values of ¢, Table XXX, entering it for (n — 2)
degrees of freedom where # is the number of observations on which
the ostimate of b is based. It should be remembered that the sigui-
ficance levels of this table already correspond to the two-tailed test.

was B, then the distribution of the ratio was procisely that

If n is greater than about 20 we use the table of the

Example 1. In the calculation of a regression coefficient for 18 pairs
of observations it was found that b = 1-12 and S.E.(b) = 0-06. Is the
estimate significantly different from the expected value 1-00?

The hypothesis is that the difference is not significantly different from
zero.

1-12 — 1-00
havet = ————— = 2-00
We have 006

Referring to Table XXX and entering it for (18 — 2) = 16 degrees of
freedom we see that the 59, point of P is 2-12. As the value of ¢ is less
than 2-12 the hypothesis is accepted; the coefficient is not significantly
different from 1-00.
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Ezample 2. A regression coefficient calculated from 850 pairs of
observations was found to be 0-035 with standard error 0-010. Is this
regression significantly different from zero?

"The hypothesis is that the coefficient is not significantly different from
zero.

We have ¢ = 0-035/0-010 = 35

For so large a sample as 850 we may use the Normal probability Table
XXVI. Entering this table for a deviation of 3-6 we find P = 0-:000233
and therefore 2P = 0-000466 or less than 0-05%. The probability of the
value 0-035 being exceeded is therefore less than 0-1%. The hypothesis
must be rejected; the coefficient is significantly different from zero.

EXERCISES XXIX

1. In a bivariate distribution sx = 2, 8y = 13,Xdxdy = 270 and n is 28.
Find the regression coefficient and its standard error. Verify that it is
significantly different from zero at the 5%, level.

2. Verify that for a distribution for which & = — 3-86, with standard
error 1-91, based on 42 pairs of observations, the regression is barely
significant at the 5%, level.

8. The equation of regression of H on V is found to be H = 3-6V + 2-5.
The variances of H and V are 4-8 and 0-15 sq. units respectively. Show that
the variance of H about the regression is 2-86 sq. units.

4. The coefficient of regression of y on « calculated from 1,040 pairs of
observations is found to be 1-027 when the hypothetical value of the
coefficient is 1-000. Given that the variances of z and y in the distribution
are respectively 3-2 and 7-5 sq. units show that the calculated value of the
coefficient is not significantly different from the hypothetical value.

5. On graph paper plot the two distributions 4 and B. Calculate for each
coefficient of regression of y on x and test the coefficient for significance by
an accurate test. Verify that for distribution 4 the calculated value of the
coefficient is not significantly different from zero, but that for distribution
B the regression coefficient is highly significant.

Distribution A.
x 1 4 4 6 7 7 9 10 10 12
y 11 7 12 9 4 11 8 2

[,
(=2

Distribution B.
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SumMMARY oF CHAPTER VIII

1. Bivariate distributions may be represented by solid histograms,
but more conveniently by scatter diagrams.

2. The curves of regression are tho smooth curves passing through
the means of the arrays. There are usually two distinct curves.

3. If the regression ocurves are straight lines they may bo detoer-
mined with reasonable accuracy by plotting the means of the arrays
and drawing the lines through them.

4. Using the Principle of Least Squares, i.e., that tho sum of the
squared deviations is a minimum for the bost value, the equation of
the line of rogression of ¥ on z is found to be

_ Ydxd - s _
y-g= z::z:y(x —x)=—;‘:-y-(x - &)
where %y and 2 are the estimates of the covariance of z and y and

the variance of x obtained from the data.

6. The covariance, sxy = (~n—%—-ﬁ {)J(x - o) (y — Yo) ~n.a .b}

1 n
Sey —
ey i |

if %o, Yo, are the working means, and a, b, the deviations of the
estimated means #, i from the working means.

6. In computing Xdydy use may be made of the identities:
2Zdydy = Zd; + 2d; - D(dx - dy)?
23dxdy = Z(dx + dy)® - Bd; — Zd,

7. The standard error of the regression coefficient, b, is
8’

y
Vn — 2.8
where s,, the standard error of the y’s about the regression line, is
given by

0y ! 2 2
st=gs, - b%. 5
8. For testing the significance of the regression coeffivient we use

tho fact that the ratio STEb_(b_) is distributed as Student’s “{-distri-

bution”, which closely approaches the Normal for large samples.
If n is less than 20 the ¢-test.should be applied.
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EXERCISES XXX
ALGEBRAIC

1. Show that for a bivariate distribution of n pairs (zy, yr), r = 1, 2,
3, ... n:

(a) T .Eyr =1 .Zﬁr-

() Z(zr — 2) (yr — 9) =Tyr(wr — &) =2zr (yr — 9)-
=Xrpyr —n.%.7.

(© Bl@r +yr)? = (n — D{ 8% + 285y + 8% } + (& + 9)%

2. If the regression equation of y on z derived from a sample of n pairs
@y yr)hr=12,3,...m,is
y—§=>b.(x—3%)
show that the sum of the squares of the deviations (yr — #) from this line
is (n — 1) (sy? — b%.8x3).

8. If V denotes the sum of the variances of x and y, sketch bivariate
distributions which satisfy the conditions that the covariance is:
(a) negligibly small compared with V,
(b) equal to 0-9V approximately,
(c) equal to —3V approximately.

4. The scatter diagram of a bivariate distribution is seen to be sym-
metrical about the ordinate through its mean centre. Show that for this
distribution syy = 0, and that the lines of regression are parallel to the
x- and y-axis.

NUMERICAL

5. The official estimates of the population of the Argentine at the mid-
year for each of the years 1938 to 1947 are, to the nearest 100,000: 141,
143, 145, 147, 151, 153, 156, 158, 160, 161 respectively. Plot these points
on a graph togother with the calculated trend line. Estimate from the
trend line the population at mid-year 1948 and compare it with the
official estimate of 16,400,000.

8. Plot the following observed values of ¥ and y. Find the equations
of the two regression lines.

x 23 26 28 30 30 32 34 36 40 41

Yy 134 136 140 129 135 129 125 128 127 123

r 43 45 46 46 48 49 50 53 55 60

Y 118 120 122 117 114 117 111 117 107 109

7. The following pairs of observations were noted in experimental work
on cosmic rays:
c 14-2 14-9 16-6 180 19-3 23-2
R 24-1 20-5 140 7-30 5-00 1-47
Taking C as the independent variable find the values of a and b for the
equation log B = a — b . C which best satisfy the given data. Estimate
the most probable value of R for C = 20-7.
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8. Using the data of Table IV (b), p. 17, plot the logarithm of the
central value of each income group (x) against the logarithm of the corre-
sponding column height (y), taking the central value of the last group to
be 180,000. Calculate the best values of the constants of a linear equation
expressing y in terms of x. Estimate from your equation the comparative
frequencies of incomes of £5,000 and £20,000.

9. In the table below R denotes the average Bank of England rate,
correct to the nearest 0-1%, and C the average price of Consols, correct
to the nearest integer, for each of the years 1922 to 1946. Find the
regression equation of C on R. Is the regression coefficient significantly
different from zero, and if it is, at what level?

R 37 37 40 46 50 47 45 55 34 40 30 2:0 20
C 56 568 57 56 55 556 56 54 56 55 67 74 81

R 2:0 20 2.0 2.0 25 20 2:0 20 2:0 2:0 20 20
C 87 86 76 74 67 72 80 82 81 80 87 95

10. In an experiment in which the growth of duckweed under cortain
laboratory conditions was measured the following results were obtained.
[Quoted by D’Arcy Thompson (1942) in Growth and Form; results of
W. B. Buttomley.]

Weeks (f) 0o 1 2 3 4 5 6 7 8
No.offronds (n) 20 30 52 77 135 211 326 550 1,052

Show that the equation of regression of log n on ¢ is
logn = 0230t + 1-176.

11. Find the equation of the line of regression of toughness (7') on 9,
nickel (V) for the data of Ex. XXXT, 7, p. 212.

12. Find the equation of the line of regression of wool consumption (C)
on income (I) using the data of Ex. XXXIV, 11, p. 229.

Find the equations of the regression lines of the following bivariate
distributions: The values of z and y are central values of the class intervals.

13.

95 —
86 —_
75 —
65 —

45 —
35 —_
25 —
16 1
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17. (Calculate the line of regression of  on y; find the curve of regression
of y on x by plotting the means.)

8 1 1 1 1 1 1 1 1
7 7 6 5 4 3 2 1 -
6 | 21 15 10 6 3 1 -—
y 5 | 3 20 10 4 1 -— - -
4 [ 3 15 5 1 — — — --
3 21 6 1 — — - -
2 701 — - - = = -
1 1 — = = e
1 2 3 4 5 6 71 8

Examine the significance of the coefficients.

GENERAL

18. Explain what is meant by the “curves of regression” of a bivariate
distribution. Describe a graphical method of finding them.

19. Derive the equation of regression of i on « for a bivariate distribu-
tion of z and y.

20. Derive an expression for the standard error of a regression coefli-

cient. Kxplain how the significance of a regression coefficient may be
tested.

21, If y = bx + c¢ is the equation of the line of regression of y on x
show that the variance of the y-deviations about the line is
(Variance of y) — b2 . (Variance of z).
22, Diagrams (a), (b) and (c) show the regression lines of three bivariate

distributions, the scales of z and y being equal. What information can be
derived about the distributions from these diagrams?

10 IO( IO['
Y Y Y
[0} x 10 0 x 10 0 x 10




206 INTRODUCTION TO STATISTICAL METHOD

MATHEMATICAL

23. A continuous bivariate distribution has a relative frequency density
which is constant over the area enclosed by the ellipse

ax? + 2hxy + by? = 1 (h2< ab)
Show that the regression lines are given by ax + hy = Oand hx + by = 0.

24, A continuous bivariate distribution has a relative frequency
density 2 = k. exp — (ax® + 2hxy 4+ by2) where a, h and b are constants

+w 4o
such that A2 << ab, and k is such thabJ J zdedy = 1 when
— 0 -
—oo <2 <o, —00 <y <. By comparing the function z with the
univariate Normal frequency function, show that

(a) when y == y, the corresponding frequency distribution of z is
Normal with mean at hy,/a,

(&) the curve of regression of « on ¥ is the straight line ax = hy.

(The function z defines the frequency surface of a continuous bivariate
Normal frequency distribution.)



CHAPTER IX
CORRELATION

9.1 The Product-Moment Coefficient of Correlation
In Chapter VIII we found that the regression coefficient of y on x

is f—’;—y and that the regression coefficient of x on ¥ is ‘ﬁ‘z—y . Ifthotwo

Sy s
variables are completely independent we find tha,ty both these
coefficients are zero, or, at least, not significantly different from zero.
A low or zcro value of tho regression cocfficients indicates that there
is no tendency for particular values of x to be associated lincarly
with any particular values of . Tho size of the covariance sxy there-
fore gives a measure of the degree of association of the two variables
x and y, though this measure is unsatisfactory unless we can find a
standard of comparison for it.

If the association of x and y is complete and is oxactly linear, we
know that the two regression lines will coineide and each regression
coefficient will be the reciprocal of the other, so that the product of
the regression coefficients in this case will be unity. We have then,
for complete and exact linear association

Sy 1
o2 L
Sy - 8y
and, taking the squarc root,
Sy oo
8x . 8y
or Sxy = + 8x . 8y

Since 8x and sy are always positive quantitics the positive sign is
required only when large and small values of x are associated with
large and small values of y respectively, so that dx and dyalways have
the same sign. If, however, large and small values of x are associated
with small and large values of y respectively, then dx and dy are of
opposite sign and

3xy = - 8x .Sy

Sxy
Sx . Sy
obtain a number which lics between - 1 and — 1. This number,
called the product-moment coefficient of correlation is generally denoted
207

If then we calculato for any bivariate distribution we shall
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by r, and is an estimate of the degree of linear association of the two
variables.

Summarising its properties, we have:

. ) s
Coofficient of correlation, r = —>— 9.1
8x . Sy

If » = + 1, z and y aro said to be perfectly directly or positively
corrolated; if = — 1, z and y are said to be perfectly inversely or
negatively correlated; if r = 0, x and y are said to bo uncorrelated,
though this does not mean that they might not be associated in some
way other than linearly, e.g., the scatter diagram of Fig. 46 (@) shows
a fairly close association—about a parabola—but r would be approxi-
mately zero.

A value of r lying between 0 and + 1 indicates (with reservations
to beo considered later) that the two variables have a tendency to be
grouped in a direct or positive lincar association, and the greater the
value of 7 tho more marked is this tendency. Values of r lying betweon
0 and — 1 indicate similarly that the two variables have a tendency
to be grouped in a negative or inverse linear association, high values
of the one being associated, on the average, with low values of the

other.
The cocfficient of correlation, 7, is clearly related to the regression

. . . . .8
coefficionts. Since the regrossion coofficient of y on z is —5 we have
8)(

and, similarly, r=%.qa 9.2

whero a is the regrossion coefficiont of z on y. It immediately follows
that
r? = ab 9.3

We also have 5,2 = s} — 02. s} from 8.13
and therefore 8,2 = s (1 — 7?) 9.4
Since &2 is always positive or zero, | 7| < 1, as stated before.

Note that while the regression coefficients & and @ have the
dimensions “‘units of y per unit 2’ and “units of z per unit %’ respec-
tively, the correlation coefficient r is dimensionless; it is a pure
number.

9.2 C(Calculation of the Correlation Coefficient

If the two regression coefficients have already been calculated the
coefficient of correlation is immediately obtainable from equation
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9.3, the sign of r being determined by the sign of Xdydy. If, however,
the correlation coefficient has to be determined directly from the
data the quantities to be calculated are Xdj, Xd; and Zdydy. Tho
calculation of these quantities has already been demonstrated and
there is therefore nothing new to be explained in the calculation. For
convenience of reference, however, the whole calculation of the co-
efficient of correlation for ungrouped data, including the arith-
metical checks, is set out in Table XXXIV. Since the sole purpose
of the table is to show the dotails of the method of calculating r, a set
of only 10 pairs of numbers is used, but it is stressed that the result,
r = — 0-654, based on so small a sample, is of doubtful significance;
this question will be considered further in a later section of this
chapter.

TasLe XXXIV

CALCULATION OF THE PRODUCT-MOMENT CORRELATION COEFFICIENT

a' a' . 1 1r
x y x y d;2 dyz d ’ d ’ ’ ’ ’ ’e
[60] [100] x by | detdy  (dy+dy)

68 0-86 + 8 —14 64 196 —112 — 6 36
44 090 —16 —10 2566 100 + 160 —26 676
24 1-23 —36 +23 1,296 529 —828 —13 169
82 0-80 +22 —20 484 400 —440 + 2 4
58 099 -2 -1 4 1 + 2 — 3 9
32 145 —28 45 784 2,025 —1,260 +17 289
75 1-05 +15 + 5 225 25 + 76 +20 400
66 1-05 + 6 + 5 36 25 + 30 +11 121
67 1-04 + 7 + 4 49 16 -+ 28 411 121
46 093 —14 — 7 196 49 + 98 —21 441

Totals —38 430 3,394 3,366 | —2,247 —8 2,266

Checks. (Columns not shown.)
(@) Z(dy +1) = — 28; 3(dy + 1) = + 40;
Dy + 1) (dy + 1) = — 2,245,
Z(dg + 1) (dy + 1) =Zdyd, +Zd, +Jd; + N
= — 2,247 + 30 — 38 + 10
= — 2,245 as required.
() Ty + 1) = 3,328
2dr + 2¥d, + N = 3,394 — 76 4 10 = 3,328, as required.

(c) Z(d, + 1) = 3,436.
Z’d;,z + 2Z]d;, + N = 3,366 + 60 + 10 = 3,436, as required.
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(d) J(dy + dy + 1) = 2,260
Y(dy + dy)? + 2X(d; + dy) + N = 2,266 — 16 + 10
= 2,260, as required.
Calculation

AsN — 1 9, we have,
98,2 = 3,394 — 10.(3:82) = 3,394 — 144 = 3,250.
9sy2 == 3,366 — 10. (3-02) = 3,366 — 90 = 3,276,
To find Xd,d, we can use either column I or column IIL.

From column L Sd,: .d)', = — 2,247 directly, but the entries of this
column are tedious to calculate if IV is large.

From columnII. 23d;.dy = Z(d; + dy)t —Jd —Xd}

= 2,266 — 3,394 — 3,366 = — 4,494
giving 2d; . d;, = — 2,247 as before, but with the advantage that tables of
squares can be used throughout.

Hence 9sgy = — 2,247 — 10(— 3-8) (3-0) = — 2,247 + 114 — — 2,133
andr = 2 — 2133 = — 0-654.

8x-8y /3,250 x 3,276
One detail of this calculation of Table XXXIV that may require
explanation is that, although the values of y range from 0-86 to
1-45, the decimal points have been ignored and the values of y have
been read as though they ranged from 86 to 145, with no correction
at any later stago. To explain this let us consider the two cofficients
of correlation of distributions 4 and B, where distribution 4 is
(zr, yr), r = 1,2, 3, ...n, and distribution Bis (kxr, lyr), r = 1,2, 3,
. m, where k and [ are constants, which are both positive or both
negative. The coefficient of correlation of distribution B is
thon —okdx - Wy) i simplifios immodiately to
en VIR ZEd which simplifies immediately to o~
coefficient of correlation of distribution 4. Therefore in calculating
tho coefficient of correlation either or both sets of variables can be
multiplied by any factors which would simplify the computation.
Similarly, any number may be added to or subtracted from the two
scts of variables without altering the value of the coefficient.

For grouped data the calculation of the production is demonstrated
in Table XXXIIT; the method of calculating the standard deviations
is known.

In arithmetical work of this kind every stage of the calculation
should bo checked. Where it is possible the check should be inde-
pendeut, but otherwise it is good practice always to estimate mentally

the
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the result of each process in the calculation, as well as the main

results, and to compare these mental estimates with the actual

results. Serious divergencies should be investigated as they arise.
EXERCISES XXXI

1. Plot the following distributions of points on graph paper:

A: 0 2 4 6 8 10 12 14 16 18
y 15 16 17 18 19 20 21 22 23 24
B: = 25 26 27 28 29 30 31 32 33 34
y 30 27 24 21 18 15 12 9 6 3
c: x 17 19 21 23 25 27 29 31 33 35

y 17 18 19 20 21 22 23 24 25 26
Write down the correlation coefficient of each set. Verify one of your
answers by calculation.

2. What are the correlation coefficients of distributions for which:

(i) Regression coefficient of ¥ on z is 2-4 units z/units y; regression
coefficient of z on y is 0-15 units y/unit x.
(ii) Regression coefficient ot ¥ on x i3 — 0-32 units x/unit y; regression
coefficient of z on y is — 2 units/unit .
(iii) Ddxdy = 2,000, n = 101, s = 5, sy = 16.
(iv) Vdydy = — 1,440, n = 21, sx = 12, sy = 8.
(V) 8y:8,=3:51
3. Interpret the equation s;,z = 8y2 (1 — 72) for distributions in which
8y = 8y, 0 and } sy respectively.

4, Plot the following sets of points on graph paper. In each case make
an estimate of the coefficient of correlation from the dot diagram and
compare your estimates with the results obtained by calculation.

A: z 1 3 3 3 4 4 5 5 6 6
y 2 2 4 5 4 6 3 5 5 7
I | 8 8 9 10 11 11 12 12 13
y 6 5 8 7 9 8 10 9 10 10
B: z 3 3 4 4 4 4 5 5 5 5
y 6 9 3 5 6 7 5 6 7 8
x 5 6 6 6 6 7 7 7 7 9
y 9 6 7 8 10 4 6 8 9 7
¢: z 3 3 3 4 5 5 6 6 7 8
y 1 8 9 8 6 7 5 6 5 4
@ 9 10 11 12 12 13 13 14 15 15
y 5 5 4 5 7 8 7 8 9
D: z 8 9 9 9 10 10 11 11 11 12
y 10 10 9 8 7 8 5 6 7 4
z 12 12 13 13 14 14 15 15 15 18
y b 6 3 4 2 3 1 2 3 2
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5. Show that if 7 is the coefficient of correlation of a bivariate distribution
(i, i), where ¢ = 1, 2, 3 . . . n, then the coefficient of correlation of the
distribution (z; + k, yi+ ) wheret=1,2,3 .. .n,and k,! are constants,
is also 7.

Find the coefficient of correlation of the following corresponding values
of z and y:

z 1,276 1,278 1,273 1,279 1,280 1,278 1,281 1,276 1,278
y 821 824 819 824 827 825 829 820 821

8. Inan examination the candidates do two papers in mathematics. The
marks of the candidates are set out below: find the coefficient of correla-
tion between the two sets of marks.

Paper 1. 29 32 53 47 45 32 70 45 70 53
Paper I11. 66 60 72 48 72 35 67 67 75 31

Paper 1. 22 18 42 78 42 53 33 78 33 37
Paper 11. 44 37 64 98 48 65 72 50 42 43

Paper I. 42 156 45 59 23 42 43 50 32
Paper 11. 68 30 27 50 61 62 52 bH0 51

7. Specimens of similarly treated alloy steels containing various
percentages of nickel are tested for toughness with the following results:

Toughness (arbitrary units)

47 50 52 62 54 56 58 59 60 60 62 64 65 66
Percentage of nickel

25 27 28 28 29 32 32 33 34 35 35 36 37 38
Find the coefficient of correlation between the percentage of nickel and
the toughness as measured by tae test.

8. Calculate the coefficient of correlation between building activity, as
measured by the number of permanent houses completed (denoted by N)
and the wholesale price index of building materials (denoted by I) for the
United Kingdom from the following data:

1946 1947 1948
N I N I N I
(thousands)
Jan. 8-0 182 137 205
Feb. 3-8 185 14-4 210
Mar. 6-0 185 183 210
Apr. 2-1 159 8-7 190 17-1 210
May 2-4 161 10-6 197 17-7 210
June 32 162 10-8 197
July 4-4 171 11-3 198
Aug. 4-6 172 10-2 199
Sept. 6-3 177 12-8 200
Oct. 7-6 177 14-0 204
Nov. 7-4 1717 16-2 204
Dec. 9:0 177 13-7 204

(The figures are based on those given in the U.N. Monthly Bulletin of
Statistics, Vol. 11, No. 6.)
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9. Calculate the coefficient of correlation for each of two sets of grouped
data given in Tables 4 and B.

Table A

0| — — — — — — — 1 — 1
9| - - = — — 1 2 1 -—
8 | — — — -— — 1 2 4 4 3
7/ — — — — — 3 5 6 3 1
y 6/ — — — 1 2 6 8 5 2 1
6| — — L 5 7 9 8 4 1 —
4 | — 1 3 10 9 8 5 3 1 --

3 2 3 5 8 5 3 2 — --
2 2 4 6 3 2 2 — - - -
1 1 3 4 2 1 — - — -
1 2 3 4 5 6 7 8 9 10

x
Table B

10 703 1 — - - -
9 9 8 5 1 - — S
8 5 7 8 8 2 — — - - -

7 1 3 8 11 6 2 1 - -

y 6| — 1 3 10 12 8 4 1 -
5 | — 1 2 7 1 10 7 3 3 --
4 | — — — 3 7 12 9 b5 3 1
3| — — — — 2 7 10 6 2 1
2| — — — — 1 3 &5 8 4 3
1| — — — — — — 1 4 4 5
1 2 3 4 5 6 7 8 9 10

x

10. Calculate the product moment correlation coefficient of each of the
distributions of Ex. XXVIII, 5, 6, 7, 8, p. 195-6.

9.3 The Significance of the Correlation Coefficient

The methods of testing the significance of correlation coefficients
are closely analogous to thoso used in testing regression coefficients.
For large samples and small or moderate values of the coefficient p,
it is found that the distribution of r approximates to the Normal and
is distributed about p, the true value of r, with standard error

1- p2?

\/7—._:9—1‘ For values of n greater than 100, r == p, and the properties of
the Normal distribution may therefore be used directly to determine
whether a correlation coefficient is significantly different from zero,
but should any doubt arise a more accurate test should be applied.

Example I. A coefficient of correlation of 0-21 is obtained from a
sample size of 400. Is this correlation significant?
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Using the large sample method, the standard error of the coefficient
— 02 — (0-21)2
== L __p. = 1 (El) = 0:048. Since r > 4 X S.E.(r) the coefficient is
Vn —1 /400

significantly different from zero.

Ezample 2. A coefficient of correlation of 0-20 is obtained from a
sample size of 100. Is this correlation significant?

Again using the large sample method, we have
1 — (0-20)2

4/100

The coefficient of correlation is thus only about twice its standard error.
The level of significance is doubtful; it should be determined more precisely

by means of a more accurato test.

S.E.(r) == = 0-096

The extent to which the distribution of r deviatos from the
Normal as the size of the sample from a Normal bivariato population
decreases can be scen in Fig. 53, which is based on data derived from
F. N. David’s “Tables of the Correlation Coefficicnt”. The distribu-
tion approaches the normal, for p = 0-5, only for the samples in
which #n = 100. For higher values of | p | the deviation from the
Normal is even more pronounced (Fig. 54). The test already described
is therefore only to be used as a rough guido for large samples, i.e.,
n > 100, and with moderate values of r,ice., | p| <0 5.

It is only rarely that samples of 100 or more are available or are
practicable to measure. Accurate tests are therefore required for

small samples.

or

5
>
o 4 ~——n=100
[
=]
o
o
V=

3t
Q
2z
-
% 2 ~n=25
>3

n=8
! /n=3 \
N A 1 — L 1
-10 -0-8 .-06 -04 -02 o} 02 04 P 06 o8 10
Values of r

Fi1a. §3. Distribution of r for samples of different sizes drawn from a population
for which p = 0.5.
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The usual method of approaching a problem of this kind, in which
the distribution of the statistic itself does not conform to the Normal
or other standard form, is to find a simple function of the statistic
which is distributed in a standard form.

The first function of r which we will consider is the ratio

r —_—
Vi Vn -2 Itisfound that this ratio is distributed exactly
-

in Student’s “¢-distribution’ whatever the size of the sample if p == 0.
To test the significanco of a correlation coefficient, r, we calculato

Vn - 2

. r

TV

and locate this value of ¢ in Table XXX, for the appropriate value of
(v — 2). The null hypothesis is that the variables are uncorrelated;
the value of P corresponding to ¢ as given by the table is the prob-

ability that the particular value of r could arise from random
sampling of the population from which it was drawn.

Example. The thicknesses of twenty annual rings of a tree and tho
corresponding annual rainfall were found to be correlated with a coeflicient
of 4 0-47. Is this correlation significant?

For r = 0:47,n = 20, we have
0-47 —
[ R ——— 18 = 2-
Vi=(omp ViE=22

The table shows that, for n — 2 = 18 degrees of freedom, this value of
t corresponds to a value of P lying between 5%, and 19,. The correlation

S~

+>
T

w
T

Frequency

P =-0-8

~N
T

Relative

QI-O -08 -06 -04 -02 0 02 04 Q6- 08 -0
Values of r

F1c. 54. Distribution of r obtained from random samples of 10 from populations
with various values of p.

H
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is therefore significant at the 59, level, i.e., the probability of such a
correlation arising from a random sample of the variables is less than 0-05.

‘We may also need to know whether the cocefficient of corrclation
calculated from a sample of a bivariate universe is significantly
different from that dcrived from another sample or from some
hypothetical value. We cannot usually solve this problem by the
method we used for regression coefficients because of the transforma-
tion we have to apply to r in calculating the ratio ¢. This difficulty
has been solved by Professor R. A. Fisher by means of another
transformation. He showed that the function } log, i + : denoted
by 2, has a distribution which approximates very closely to the
Normal with a mean § log, ;L? and a variance n 1 3) where n is

-0 —
the size of the sample. The statistic obtained by transforming r into
z thoreforo lends itself readily to operations with which we are
familiar.

The effect: of tho transformation is apparent from Fig. 55 in which
tho three curves of Fig. 54 are transformed into three curves which
aro visually indistinguishable from the Normal.

To uso the z-transformation (it should not be called the “z-distri-
bution” because this term is reserved for the distribution, also investi-
gated by Fisher, mentioned in section 7.6), to compare an estimate
of r with a theoretical value, the difference in the two corresponding

values of z is compared with the standard error of 2, i.0., with v :
n -_—

[
=

Relative Frequency
@ 9O o o =
P o o O

1 1
-2 -1 0 +] +2
Values of z

o

F1a. 56. The effect of the z-transformation applied to ;;he curves of Fig. 54.

Ezxample. A correlation coefficient of 0-72 is obtained from a sample
of 28. Is the coefficient significantly different from 0-80?
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1+4r
—r

Forr = 0-72, z=1 log,
= 4 (logc 172 — log. 0-28)

= 0-908
(If tables of tan h-1x are available, z == tan h-1r directly.)
1-80
For = 0-80, ¢ = ilogel = }loge 8e 520 = 1-099
Hence |z — ¢| = |0-908 — 1099[ =019
S.E. (2) = ——1— = 1
Vn =3 st

Since the deviation of z is approximately equal to the standard
error of z, the value of 0-72 for the correlation coefficient is not
significantly different from 0-80, the theoretical value.

To test the significance of the difference of two correlation
coefficients derived from two soparate samples, wo have to compare
tho difference of the two corresponding values of z with the standard
error of that difference rememboring that the standard orror of the
difference of two statistical quantities is the square root of the sum
of their variances. (Chapter VII.)

Example. Correlation coefficionts of — 0-35 and — 0-44 aro derived
from two samples of 40 and of 50 pairs respectively. Do these coeflicients
differ significantly?

0-65

Forr, = — 0:35, 2y = }log, +—5 135 = — 0:36566
. 0- ob .
Forr, = — 0-44, 2, = % log, S riaiie 0-4723

|2y — 25| = 0-1068
Var. (2, — 23) = Var. (z;) + Var. (zp)
1 1
-3t —3
= 0-027 + 0:021 = 0-048

S.E. (z; — 23) = 4/-048 = 0-22

Since | z; — 2| is less than half its standard error the two correlation co-
efficients are not significantly different, i.e., they coulds well arise from
two random samples from the same population.

The z-transformation can be used very simply to combine, or
average, two or more correlation coefficients giving due weight to the
sample sizes. Let 2,, 25, 23 . . . be the values of z corresponding to
the given coefficients, based on samples of N;, Ny, N . . . observa-
tions respectively, Then, z, the value of z corresponding to the



218 INTRODUCTION TO STATISTICAL METHOD

required mean coefficient, 7, is tho weighted mcan of z;, 2,5, 23 . .
whero the weights are tho corresponding variances Ny — 3, Ny — 3,
N, - 3, otc. So that, writing N, — 3 = ny, N, — 3 = n,, etc., wo
have

z(nytngtmgt . L) =02 A naze -t Ngzy — ...
Then z = 3{log (1 4+ 7) — log (1 — 7)} whence 7 can be found

directly if conversion tables are available, or otherwise by using the
relations
r=(e?* — 1)/ (e* 4 1)
or r == tanhz.
1

T+ - ...

The standard error of z will be —-
Vn 1

Example. Three samples of 20, 25 and 30 pairs drawn from thoe same
population gave correlation coefficients of 0-66, 0-68 and 0-63 respectively.
Find the averago value of the coefficient and its standard error.

Tabulating the work, we have:

r N z n nz
0-66 20 0-793 17 13-481
0-68 25 0-829 22 18:238
0-63 30 0-741 27 20-001

66 51:726
- A1
7= OL726 _ g4
66

Hence 7 = 0-655 and S.H. (7) = —— — 0123
1/66

EXERCISES XXXIT

1. Using the significance test for large sainples, show that the minimum
sample sizes for a correlation coeflicient of -} 0-1 to be significantly
different from zero, when the significance requirement is that the coeffi-
cient should exceed (a) three times, (b) twice, .its standard orror, are
approximately 900 and 400 respectively.

<

2. Use the table of the ¢-distribution to verify that the minimum values
of |r| that are significant at the 59, level for samples of 20, 40 and 80
pairs are 0-44, 0-31 and 0-22 respectively.

3. Find, as precisely as the table of the ¢-distribution permits, the prob-
ability that || would be exceeded in a random sample of the same size
drawn from a Normal uncorrelated bivariate population, for each of the
following cases:
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r n
(a) 0-27 66
®) — 038 27
(c) — 050 38
: (d) 0-51 18
(If the direct conversion tables are not available, noto that o —tan 8
1—72
where = sin-1r. E.g., to find tho value of — " Wwhenr = 0-27, we have
1 -2
sin 10-27 == 15° 40’ and thereforo 7L - = tan 15° 40 = 0-2805.)
1 —r2

4. A corrolation coefficient of 0-30 is obtained from & sample of 40 pairs
of observations. Find the probability of this value boing excceded in a
random sample of 40 drawn from a Normal uncorrelated bivariate popula-
tion using (a) tho large sample significance test, (b) the ¢-distribution and
(¢) the z-transformation. Comment on the threo rosults.

5. Use the z-transformation to test the significance of tho following
correlation coefficionts:

r n
(a) — 010 1,000
(b) 0-30 75
(¢) 0-50 10
(@) —0-70 12

(If tables of tanh 1a are available, use 2 = tanh-17.)

6. Are any of tho following correlation coefficients, derived from samples
of 84 pairs of observations, consistent with the hypothesis that in each
case thoe true corrolation cocfficient was 0-50? The coefficients are 0-80,
0-60, 0-45 and 0-20.

%. Combine the results of the four tests given below to obtain the average
value of the coefficient. It can be assumeod that all four samples were drawn
fromn the same Normal population.

r n
(@) 0-38 40
(®) 0-42 33
(©) 0-31 36
(d) 0-33 43

8. Observations of a Normally distributed bivariate population are
made in sets of 103 pairs and the correlation coefficient of each set is
calculated. If the population is known to have a correlation coefficient
of 0-33, between what limits would you expect to find (a) 90%, (b) 999% of
the correlation coefficients of the sets?

9. Is there a significant difference between correlation coefficients of
0-30 derived from 28 pairs of observations and 0-60 derived from 23 pairs
of observations?

10. Two samples, of 13 and 43 pairs, gave correlation coefficients of
— 0-23 and + 0-05 respectively. Show that this result is not incompatible
with the hypothesis that the two samples were drawn from the same Normal
bivariate universe. Combine the results and find the average value of the
coefficient.
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9.4 Coefficient of Rank Correlation

The calculation of the product-moment coefficiont of correlation is
a laborious arithmetical process even when a calculating machine is
available. A method which would yield an approximate value of the
coefficient with rather less arithmetic would be useful. The method of
ranking the data bofore calculating tho coefficient reduces the labour
of computation and yiclds an approximate value of 7 in most cases.

The coefficient of rank correlation is the product-moment coefficient
of correlation of tho ranks of the original data. Thus the five number
pairs (87, 63), (22, 48), (33, 46), (72, 51) and (38, 28) are ranked by
sotting out the two serics of numbers and then noting their order of
magnitude from the greatest downwards. Applying this operation
to tho fivo pairs above we havo:

87 1 63 1
22 5 48 3
33 4 46 4
72 2 51 2
38 3 28 5

and obtain the corresponding pairs (1, 1), (5, 3), (4, 4), (2, 2) and
(8, 5), which are much simpler to deal with arithmetically than the
original pairs.

Moro generally, in the distribution (zr, 1), 7 = 1,2,3 . . . n, the
two sets of variables are arrenged in descending order. If then wr is
the sth in order or rank of the s, and yr is the ¢th in order or rank
of tho #’s, the pair (zr, yr) is replaced by the pair (s, £) and the
coefficient of correlation is found for the distribution of pairs like
8, 1)

Since the n possible values of both s and ¢ consist of the n integers
1, 2,3 . .. n, some simplification of the coefficient formula 9.1 is
possible.

In the first place the mean of the series 1,2,3 . . . nis 3 (n + 1),
sothat s =1 =3 (n 4 1)and

2d} =3d; =3Z%? - n.}(n} 1)
=@+ D@t D) - F 1)
=75 .n(n% - 1).
To find Xd; . d, we put (s — t) = d, so that
D — )2 =Xd*=X2s? | Xt* — 2Ts . ¢
giving 23s .t = Xs? - Zi? — Xd?
= 222 — ¥4z,
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Hence Ydy . dy =Xs.t —n.8.1
=X - n.}(n+ 1) - 33d2
= jlg . n(n2 —_ 1) - %.Xdz
The coefficient of rank correlation, R, is the value of
dd,
VZds? . Zd2

taken over the ranked pairs.

Hence R={ynn*-1) - FUAR} - L m(n? - 1)
s 9102
=1 —.. 62d® 9.5
n(n? — 1)

If the two ranks are equal in every pair then ¥d2 = 0and R = 4 1
for perfect correlation of ranks. If the two ranks arc such that the
1st, 2nd, 3rd . . . of one correspond to the nth, (= — 1)th, (n — 2)th

. of the other, then it can be shown that R ~ — 1 exactly. The
limits of R are therefore the same as thoso of 7, and for intermediate
values B may, in general, be taken as an approximation to r.

The tests of significance devised for the product-moment coefficiont
7 are not strictly applicable to the rank coeflicient 2, and though they
are occasionally used, they only give a rough guide even for large
samples and must be used with circumspection.

The rank coefficient has the advantage that the data to which it is
applied need not be accurate measurements. Thoe two variables or
qualities to be compared have only to be placed in order, and this can
often be done when exact measurement is impossible, impracticablo,
or perhaps unnccessary. Thus it is possible to rank depths of colour
without requiring some form of graduated scale, and to rank dimen-
sions of objects merely by comparing one with another and arranging
them in scquence.

For convenience of reference the complete caleulation of the
coefficient of rank correlation is shown in Table XXXV in which the
data of Table XXXIV are used. It will be noticed that in tho
ranking of x and y a difficulty occurs because thero are two pairs with
the same value of y. Sinco these two values of y would take third
and fourth places it is conventional, though not mathematically
justifiable, to give both places the average order of the equal values,
i.e., 3} in this example. The result of the calculation is that R is
— 0-52, whereas for tho same data the product-moment cocfficient
is — 065,
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TaBLE XXXV

CALCULATION OF THE RANK CORRELATION COEFFICIENT

@ Y s t d dz
68 0-86 3 9 —6 36
44 0-90 8 8 0 0
24 1-23 10 2 8 64
82 0-80 )] 10 -9 81
58 0-99 6 6 0 0
32 1-45 9 1 8 64
75 1-05 2 3% -1} 2-25
66 1-05 5 3% 1} 2-25
67 1-04 4 5 -1 1
46 0-93 7 7 0 0
Total 250-5
n V7 2
R—1-— 6Xd
n(nz — 1)
6. 2505
0% 99
1 1,503
990
= — 052

EXERCISES XXXITII

1. Show that in a ranked bivariate distribution in which no ties occur
and in which the variables are independent:

(@) X(d?) is always even,
(b) there are not more than } (n8 — n) 4 1 possible values of R

2. Find the coefficient of ranked correlation for the data of Exercise
XXXI, 6, p. 212.

8. The table gives indices of various economic statistics for a selected
list of countries at January 1947 (1937 level = 100). The indices are of:
(¢) Employment in manufacturing.
(b) Industrial production.
(c) Retail trade.
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(d) Quantum of imports.

(¢) Quantum of exports.

(f) Market price of industrial shares.
(9) Cost of living.

(h) Wholesale prices.

Country @ () () @ (e (D) (g M)
Argentine 142 —- 214 113 46 — 165 215
Australia 147 — 167 69 106 145 133 141
Austria — 46 100 13 16 — 185 —
Belgiumn —_ 84 291 — — 238 329 311
Bulgaria — 168 107 43 29 — 627 715
Canada 167 161 174 — — 87 125 135
Chile 137 144 — — — 88 345 261
Czechoslovakia 88 — —_ 65 49 — 343 310
Denmark 123 110 — — — 130 162 188
France 106 88 —_ 97 66 1,042 981 874
Hungary 100 — — 42 22 — 385 403
India — — — 79 80 228 252 290
Ireland 115 102 — 93 64 150 174 204
Netherlands 151 86 168 53 41 181 198 2417
Norway 117 109 175 104 68 129 165 168
Poland — 105 — 118 40 — 13,305 —
South Africa 144 — — —_ — — 140 165
Sweden 118 108 — 101 41 154 152 170
Switzerland 128 — 176 120 103 151 156 196
Turkey —  —  — 66 167 — 348 421

United Kingdom 105 106 126 64 89 142 132 167
U.S.A. 148 163 233 119 250 109 149 164

Find, as far as paired values allow, the coefficient of rank correlation
between:

(i) columns (a) and (e)
(ii) columns (b) and (d)
(iii) columns (c¢) and (k)
(iv) columns (d) and (g)
(v) columns (f) and (g)
(2T}ée;se figures are abstracted from the U.N. Monthly Bulletin of Statistics

H*
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9.5 The Interpretation of the Correlation Coefficient

There is probably no other statistic which is so freely misused as
the cocfficient of correlation. It must always be remembered that
the coefficient of correlation is merely a measure of the degree to
which large and small values of one variable arc associated with
large and small values of another variable and is nothing more. A
high valuc of the coefficient implies only that large and small values
of one variable occur in association with large and small values of the
other variable, but this does not imply any other relation between
them.

For example, any steadily increasing serics of numbers will have a
high corrclation with any other steadily increasing series of numbers
if the two scries are put side by side to form a series of pairs. The
number of wireless licences annually issued in Great Britain steadily
inercased during the last twelve years exeept for a slight deerease in the
first ycars of the War. The number of mental defectives notified in
England and Wales followed a rather similar course with a slight lag.
The figures are set out below:

Mental
Wireless Licences Defectives notified
Year (Millzons) (Thousands)
1935 7-0 86
1936 76 88
1937 81 92
1938 8-6 96
1939 9:0 99
1940 9-0 101
1941 8-8 101
1942 87 98
1943 9:2 98
1944 9-6 100
1945 9-7 102
1946 104 102

These two series of figures give the high correlation of + 0-91, a
figure which even for as small a sample as 12, is highly significant by
the usual tests. It would be wrong, however, to infer without some
evidence that a direct causal relation exists between the two, apart
from tho fact that the number of mental defectives notified is a measure
not only of mental deficiency, but also of the efficiency of certain
administrativo processes. Both of tho sets of numbers would have a
high correlation with any similar set of numbers which show a
similar trend such as (@) the annual consumption of tobacco over the
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sameo period, (b) the numbers 1, 2, 3, 4, 5, 5, 4, 3, 6, 7, 8, 9, (c) the
annual total payment of income tax and surtax in almost any con-
secutive twelve years.

The interpretation of a correlation coefficient requires the greatest

care and a knowledge of all the relevant facts. The data used in this
chapter to illustrate tho methods of calculation are derived from the
Annual Abstract of Statistics, No. 84. The entries of column x of
Tablo XXXTV are the estimated quantities of fruit harvested in this
country for the years 1936 to 1945 and arc givon correct to the
nearest 10,000 tons. The entrics of column y aro the ratios (Fruit
.price index)/(Agricultural products index) for the corresponding
years. The data suggest that the quantity of fruit available and its
averago prico are nogatively associated, illustrating a well-known
economic law. Tho correlation cocfficient would probably have beon
nearer to —1 had not some Government control of prices been
oxeroised in the later ycars of the period.

9.6 Historical Note

The fundamental ideas of regression and corrclation were first
enunciated and applied by Sir Francis Galton in 1886-1888. At that
time the coefficients were determined only by graphical methods.
The product moment formula was introduced by Karl Pearson in
1896; the rank correlation moethod by C. Spearman in 1910. R. A.
Fishor deduced the distribution of the correlation coefficient for
samples drawn from a normal universe in 1914, and later he developed
the methods of testing the significance of observed coefficionts that
have been described in this chapter.

Several aspects of regression and correlation await further investiga-
tion. The theory of corrclation is based on the assumption that
samples are drawn from universes which at least approximate to the
Normal form. In practice, however, the correlation coefficient is used
with little regard for the form of the distribution; this indiscriminate
use awaits theoretical justification. The theory of rank correlation is
also undeveloped, though it has recently begun to receive more
attention.

SuMMARY OF CHAPTER IX

1. The product-moment coefficient of correlation is estimated
from the formula

po Sxy _ Hox.dy
8.8y  VEdi.nd;
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It ranges from — 1 to 4- 1, and is a measure of the degree of linear
agsociation of the two variables. If » = 0 the two variables are
uncorrelated but not necessarily unassociated.

2. The cocfficient 7 is connected with the regression coefficients a
(of x on y) and b (of y on ) by the relations:

r = Sy .a = :S‘y b
83( Sx
12 = ab.
. . . 147 c .
3. The function z = 1 . log, i = tanh, has a distribution
-7

which approximates very closcely to the Normal. It has a mean
3 log, ij—p and variance 3 where p is the true value of 7.

This z-transformation, due to R. A. Fisher, provides the simplest
means of testing the significance of the correlation coefficient.

4. An approximation to  which is simpler to compute is given by
the coefficiont of rank correlation, R. The observed values of the
variables are replaced by their respective ranks, i.e., their order in
tho series obtained when the two sets of variables are arranged in
descending order of magnitude. R is the product-moment coefficient
of the distribution of ranks. It is given by

R ..  bxa®
n(n? — 1)
where d = difference of rank for any pair of variables.

5. The theory of correlation significance is based on the assumption
that the distributions to which it is applied are approximately Normal.

EXERCISES XXXIV

1. Use oquations 9.2 and 9.3 to show that the acute angle between the
regression lines is tan 1 L—ab_ tan 1 (1 = %) oxoy
a+b r(ox? + oy?)

2. Find the coefficient of correlation for normal bivariate distributions
of which the regression equations, based on samples of 400 pairs, are:
(@) y = — 0-765x + 1872
x = — 0035y + 6-51
() y = 0-318z + 0-055
z = 0-138y + 0-036
Examine the significance of each of the correlations.

l
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3. Find the coefficient of correlation for distributions in which
(a) Variance of y == 6-25 sq. units.
Variance of y about regression = 2-25 sq. units.
(h) Standard deviation of == 3-6 units.
Standard doviation of y = 2-5 units.
Covariance of z and y = — 1-8 units.

(c) Standard deviation of x = 30 units.

Variance of y = 1-96 sq. units.
Coefficient of regression of y on x = 0-28 unit x | unit y.

4. Using the large sample formula for the standard error of a correlation
coefficient, draw a graph which shows the minimuin numerical value of the
coefficient that is significant, at the level at which || > 3 X S.KE.(r), for
samples which range in size from 100 to 2,500.

5. If the ranks 1, 2, 3. . . n are associated with ranks in oxactly the
reverse order show that the coeflicient of rank correlation is exactly — 1.
Consider separately tho cases in whichn = 2mand n = 2m + 1.

8. Show that for n pairs of observations in which no ties oceur tho
number of possible combinations of the paired ranks is n!

Examine the probability distribution of tho rank coefficient for n -= 2,
3 and 4 when no ties occur.

7. The reliability of a test or examination is sometimes moasured by
finding the correlation betwoen the two series of marks obtained when
duplicate tests are applied to tho same students. By finding both the
product moment and rank correlation coefficionts, calculate in two ways
the reliability coefficient of an examination in which the duplicate marks
in a trial were:

62 33 55 42 45 87 52 70 32 70
48 49 59 31 59 89 60 55 34 68

45 55 70 60 88 72 53 47 52 17
58 55 73 56 78 77 42 38 50 26
[In calculating the product moment use the relation
20wy =2 +3y2 — Y(x — y)2.]
8. The counties playing in the cricket championship are given below
in the order in which they finished in the 1948 season, together with the

order in which they finished in 1947. Find R, the coefficient of rank
correlation between these two orders.

1. Glamorgan (9) 7. Warwick  (15) 13. Essex (11)
2. Surrey (6) 8. Gloucester (2) 14. Nottingham (12)
3. Middlesex (1) 9. Hampshire (16) 15. Kent (4)
4. Yorkshire (8) 10. Worcester (7) 16. Sussex (10)
5. Lancashire (3) 11. Leicester  (14) 17. Northants  (17)
6. Derbyshire (5) 12. Somerset  (13)

9. The data of the table below were obtained in the U.S.A. during an
investigation of the environmental variations of a wild plant. Daucus
curota L., by W. D. Baten, (1934). (Biometrika, 28, 443). In the table
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x and y denote the number of rays and the number of bracts per inflore-

scence respectively.
Show that

(a) the equation of regression of z ony is z = 4-46 + 4-26y,

(b) the coefficient of correlation between x and y is 0-59.

z
(Centre of Class Interval)

y Total

1217 22 27 32 37 42 47 52 57 62 67 72 77 82 87 92
186 |— — — = — — — e — — — = = = = — 1
15 | = — e 0
4|— — — - — — — ] — 1 1 — 1 = — — 4
B|- - —— = 1= 3 510 5 -1 1 — — — 26
22—~ — - 1 1 2 458 4 7 4 4 6 1 2 2 — 1 40
n|— - — — — 515 23 25 10 10 3 1 — — — — 92
10— — - — 5 21 34 47 2¢ 15 3 4 — — — — —| 183
9{— — — 7 21 51 68 41 29 20 7 7 1 1 — — —| 253
8] 1 2 7 38 54 95 60 29 15 10 3 1 1 1 1 — —| 318
T7{— 3 921 23 23 10 3 1 — 1 — — — — — — 94
6]— — 4 2 2 1 — — — — — — — — — — 9
511 6 3 — — — — 1 — — — — - — — — - 10
2 10 23 69 106 199 193 151 107 69 34 22 5 6 3 1 {1,000

10. In an investigation on the left-right asymmetry of the human head
the quantity (1 — 7) was used as a measure of the departure from perfect
symmetry of the two variables. A condensed table of resultsis given below.
Show that (1 — r) = 0-108 [Woo (1930), Biometrika, 22, 324].

7 .

, d, (Right)

dy (Left) Total
~7—6-5-4-3-2-1 0 1 2 3 4 5 6 7 8

8 | = 1 o 1
-1 2 e 4
—6 I 2 — 1 — = — — - 4
—b — — 3 1 2 1 -= — — — —_ e = - — 7
—4 | — 2 4 M 4 e - e | 3
B O - T | 2 TS T/ M —_— — — | 48
-2 | - 317 38 2 6 1 1 —_— e — — | 88
-1 = 1 1 5 17 50 456 18 5 — -— — — -—— — |137
0 — - -- — 8 2 78 31 19 5 1 — — — — |168
1| — — — — 1 4 11 41 31 13 4 — — — — | 105
2 | — — - 2 6 2 46 20 8 2 — — — | 104
3| — — — — — — 1 6273 17 5 2 — — | 9
4 | — — - — — — 4 410 13 12 — — — 43
b | — — — — — — — 2 2 811 5 2 — | 30
6 | — — — — —_ - — — — 31 5§ 2 — |1
7 —_— = — _— - — — 1 — 3 — 2 6
3 7 8 23 54 84114148116135 82 55 31 15 4 2 | 881
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11, The data of the table given below are from a paper on “Wool in the
World Economy”, by Blau (1946), (Journal of the Royal Statistical Society,
109, 198). Show that the coefficient of correlation, r, is 0-797, and the
coefficient of rank correlation, R, is 0-86.

Average wool
consumption per head.

(1. clean)

5:27
4-65
4-63
4-55
3:56
3-52
3-22
3:00
2-87
2:66
2:04
1-74
1-26
1-22
112
0-99
0-87
0-83
0-20
0-10

299

-

Average real

income per head.

(Internationul units)

1,069
1,202
980
600
653

684
1,018
1,000

646
1,381

455
330
353
343
369

352
320
276
200

100-120

12. Find the coefficient of correlation for the bivariate distribution of
the table given below, which gives Johanssen’s measurements of the
corresponding lengths and breadths of boans. [Quoted by Pretorius
(1930), Biometrika, 22, 110.]

z and y denote the lengths and breadths of the beans respectively. The
measureraents are in millimetres; the central value of the class interval is

given in each case.

z
y Totals
17 16§ 16 15§ 15 14} 14 13§ 13 12} 12 11} 1110} 10 94
9} |— 2 — — 83— e e e e 5
8 4 8 17 19 — —_ = = = — _ — - — 48
8 223 101 156 93 23 2 — — — — = = - 400
8 — 18 105 494 574 227 6 9 — — — — — - —— 1,483
8 — 4 44 375 956 913 362 73 12 3 — — — — — — (2,742
7 —_— 1 81 385 871 794330 8 19 3 — -—— — — 2,679
7 —— 1 4 65 236 469 361 175 55 27 4 -— — — — |L,397
7 —_—— — 6 23 91 137 124 78 37 22 11 — 1 — | 530
7 —_—— - — — 1 13 18 28 35 25 32 11 6 1 — 170
6 | —— — — - -— — 1 9 821 12 13 71— 72
6 —_— — — — —_—— = — 2 — 1 4 33— 10
6 _—— = — — - —_ = - 1 - — — 1 11 4
Totals| 6 55 2756 1,129 2,082 2,294 1,787 929 437 199 115 70 36 18 7 1 {9,440
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13. Using the table of the t-distribution draw graphs which show the
minimum values of || that are significant at the 19, and 59, levels for
samples ranging in size from 10 pairs to 100 pairs.

14. Summarise the methods that may be used to test the significance
of correlation coefficients; note carefully the limitations of each method.

15. Derive the formula of Spearman’s coefficient of rank correlation.
What are the advantages and disadvantages of this coefficient compared
with the product-moment coefficient?

16. Briefly explain the advantages that follow from Fisher's
“z-transformation” of the product-moment correlation coefficient.
Describe how this transformation can be used to combine the results of
several samples drawn from the same bivariate universe.

17. Devise a coefficient based on rank which gives a measure of the
chango of order that can take place in any ordered class, e.g., a football
league table. The coefficient should be easy to compute and simple to
interpret.

Modify the coefficient to reflect that an interchange of first and second
places is more noteworthy than a change of second and third places, etc.

18. Examine the detailed results of any general examination that are
available to determine which single subject gives results which are most
closely correlated with the combined result, equal weight being given to
all subjects. (Use the rank correlation coefficient.)

19. Collect data on tho height and weight of friends and colleagues
(at least 20) and then find the product moment coefficient of correlation
between

(@) height and weight
(b) hoeight and 1/weight
Comment on your results.

20. Briefly oxplain the difference between the ideas of regression and
correlation. Are uncorrelated variables necessarily unassociated?

21. Calculate the product moment correlation coefficient of each of the
distributions of Ex. XXX, Nos. 13, 14, 15, 16, 17. Test the coefficients
for significance at the 6%, level.



CHAPTER X
GOODNESS OF FIT AND CONTINGENCY TABLES

10.1 Goodness of Fit

In Chapter VII tests wero described which decided whether the
mean or standard deviation of a sample conformed to some hypothesis.
For example, if tho hypothesis was that the population mean was p
and a sample of » gave a samplo mean and standard deviation £ and
s the test involved calculating ¢ = %ﬁ/—g based on (n — 1) degrees
of freedom and determining the significance of the result. Again if
the test was to decide whethor two populations had the same
standard deviation and samples of »; and n, were taken which
gave standard deviations s, and s, then the test was based on
z = } log, s3/s2.

In this chapter a test will be deseribed which answers a much moro
general question than those discussed in Chapter VII. The purpose
of this test is to decide whether in a sample the frequencies of the
results, that is the number of results occurring in cach class interval,
taken as a whole can reasonably be considered to be in accordance with
some specified law of distribution. An example will make this more
clear. Table XXXVI shows the (fictitious) results obtained from
rolling a die 600 times. If the dic were unbiased the expected dis-
tribution of scores would be 100 of cach. Is it reasonable to suppose
on the basis of this experiment that the die is unbiased, so that each
face has an equal chance of turning up?

TaBLE XXXVI
Six HuNDRED THROWS OF A DIE (FICTITIOUS RESULTS)

Score 1 2 3 4 5 6 Total

Observed frequency (n) 200 50 50 50 50 200 600

Theoretical frequency (y) 100 100 100 100 100 100 600

The mean score of the observed results is given by gd5 [1 X 200 4

2xX 50 43 X504+4xX50+5X50 46 X 20] = sd; X

2100 = 3-5, and this is the same as the theoretical mean score. How-

ever, despite this coincidence, a glance at the Table shows that the
231
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observed results are very far from those which would be expocted if
the die were not biased. There are twice as many scores of 1 and 6 as
would be expected, and most people would refuse to believe that this
result could be obtained by chance.

This artificial example was devised to emphasise the point that it
is the discrepancies between observed and theoretical class frequencies
which are being studied. Table XXXVII shows the results of an
experiment in which a die was thrown 300 times. In this chapter »
will be taken to denote observed frequencies and v the theoretical
froquencies. The differences (v — 7) are also shown in Table XXXVI.

TasrLe XXXVII

Trreg HuNDRED THROWS OF A DIE (ACTUAL DATA)

Scoro 1 2 3 4 5 6 Total

Observed frequencies (n) 41 62 49 53 37 58 300

Theoretical froequencies (v) 50 50 50 50 50 50 300

Differences (v —n) 9 —12 1 -3 13 -8 0

Here it is much more difficult to decide by inspection whether the
observed frequencies, taken as a wholo, aro significantly different
from the theoretical frequencics. The question is how can the signi-
ficance of the result be established on the hypothesis that the die is
unbiased?

TaE 32 Test. The answer to this question is given by a statistical
test discovercd about 1900 by Karl Pearson. He called the test
the x? (pronounced ‘“kye squared”) test. Tho application of the
test is very casy to learn and involves an idea which has already been
introduced to readers of this book: this is the number of degrees of
freedom, a number closely associated with the number of frequency
groups involved.

CALCULATION OF X 2. There is a wide range of problems to which the
tost can be applied and cxamples of these will be given in this
chapter. The calculation of x?2 is always the same. If nr (r =1, 2,

. . 8) denote the observed frequencies in s class intervals and
vr(r=1,2,...8)denote tho corresponding frequencics based on some
specificd hypothetical distribution, then x? is defined as the sum

x2=2 (Vr ; nr)?
T

That is to say, the difference between observed and theoretical

frequencies in each group is squared and the result is divided by the
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theoretical frequency for that group, and the result is summed over
all groups. The calculation for Table XXXVII is set out in Tablo
XXXVIII.

TaBLE XXXVIII

THREE HUNDRED THROWS OF A DIE. CALCULATION OF 2

— 2
Score Ng Vs Vg — Ng M
Vs
1 41 50 9 1-62
2 62 50 —12 2-88
3 49 50 1 0-02
4 53 50 -3 0-18
5 37 50 13 0-78
6 58 50 —8 1-28
Totals 300 300 0 6-76 (= x2)

The calculation is carried out in this way because it provides a

simple routine with a subsidiary check. X(v; — n) should always be

2

zero, since Xvg; = Xn,. The term (1“-:—@)—

s

square of the entry in the fourth column by that in the third (o.g.,

92/50 = 1-62). The sum of the 5th column gives x 2 in this example
Y2 = 6-76.

Since the difference (v; — ns) occurs in ¥ 2 as a square, it is obvious
that any discrepancy between the observed class frequencies and the
correspording theoretical frequencies will serve to increase 2.
Whether the difference (v — 7,) is positive or negative it will add
to the value of x2. In this way it can be seen that y2 does provide an
overall measure of the individual differences between observed and
theoretical frequencies. If x? is calculated for the results in Table
XXXVI the value is many times larger, namely x2 = 300, and this
confirms the common-sense view that the fictitious figures in Table
XXXVI are much more suggestive of bias than those in Table
XXXVII. There still remains the question of how to obtain the exact
significance of x2.

DrereEs oF FREEDOM. The calculation of the significance of x2
involves a number f, which denotes the number of degrees of freedom
used in calculating 2. Suppose a sample consists of data grouped
into ¢ classes. The hypothesis states that the class frequencies are
those which would be obtained if the data obeyed a certain law of
distribution such as for example the Normal or Bjpomial laws.

is formed by dividing tho
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Now, in determining the law of distribution it may be necessary to
calculato from the sample one or more statistics to specify the distri-
bution. Let us suppose there are # such statistics. Then f is defined
by the equation f = s — r. Tho conception of “degrees of freedom”
is difficult to get hold of at first. The reader is advised to study the
examples which follow. The determination of f is described carefully
in each one and with a little practice the reader will become familiar
with tho idea.

TaE x? TaBLE. The final stago in the calculation of y? involves
the use of Table XXXIX on this page. The table consists of values
of %2 arranged in rows corresponding to a value of f and in columns

TaBLE XXXIX

PERCENTAGE POINTS OF THE ¥? DISTRIBUTION

P(%) f

50 25 10 5 2°5 1 o's o1

‘455 132 271 384 502 663 788 108
139 277 461 599 738 921 106 138
237 411 625 781 935 11°3 128 163
336 539 778 949 11 133 149 185

435 663 924 111 128 151 167 2075
535 784 106 126 144 168 185 225
635 904 1200 141 1600 185 203 243
734 102 134 15’5 17°5 20T 220 261
834 114 147 169 1900 217 236 279
934 125 1600 183 205 232 252 296 10
1003 137 173 197 210 247 268 31°3 11
11’3 148 185 210 233 262 283 329 12
123 1600 198 224 247 277 298 345 13
1373 1771 211 237 2601 291 313 36°1 14

143 182 223 250 275 306 328 377 15
153 19'4 235 263 288 3200 343 393 16
1603 205 248 276 302 334 357 408 17
173 216 2600 289 31'5 348 372 423 18
183 227 272 301 329 362 386 438 19

193 238 284 314 342 376 400 453 | 20
203 249 296 327 355 389 414 468 21
21’3 2600 308 339 368 403 428 483 22
223 271 3200 352 381 416 442 497 23
233 282 332 364 394 430 456 512 | 24

243 293 344 377 406 443 469 526 | 25
253 304 356 389 419 456 483 541 26
26'3 31’5 367 401 432 470 496 555 27
27'3 326 379 41'3 44’5 483 sro 569 28
283 337 391 426 457 496 523 583 | 29

20'3 348 403 438 470 509 537 597 30

O OO HpWN N~
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corresponding to a value of P. P denotes tho probability that a
value of x? as big or bigger than that observed can be obtained by
random sampling if tho hypothesis is correct. A large value of P,
e.g., P > 0-05 would incline us to accept the hypothesis and a small
value concerning the hypothetical distribution of P, e.g., P < 0-05 or
P < 001 would incline us to reject it. It should be observed that
this test is a single tail test. This is because interest is concentrated
on tho chance of getting a value of x2 very much larger than the
expected value.

Example 1. Test the significance of the value of x2 obtained from
Table XXXVII.

CarourATION OF f. The number of classes is 6, so that s = 6. The
hypothesis asserts that on the average an equal number of results
should be obtained in each class. There is one restriction, namely
that tho total of the theorotical frequencies should be the sameo as the
total of the observed frequencies in the sample. This corresponds to
one statistic calculated from the sample and therefore r = 1, so that

f=8-r=6-1=56.

In Table XXXIX the value of y2 for f = 5 which lies on the 5%, level
of significance, is given by 32 = 11-1. The observed value (6-76) is
less than this, so that we conclude that the result is not significant
of any real departure from tho hypothesis that the dic is unbiased:
if the hypothesis is true the result could quite reasonably have
occurred by chance.

For the fictitious example in Table XXXVI the value of %2 == 300.
Table XXXIX shows that for f = 5, 32 = 20-5 is on the 0-1%, lovel
of significance. The observed value, x2 = 300 is very much greater
than this and is clearly highly significant. This confirms the common-
sense view of the results: in the one case, we should be prepared to
accept the view that the dio is unbiased; in the other case we should
emphatically reject it.

Example 2. Four different makes of machine tool were tried at the
same time over a period of some months and the number of recorded
breakages for each type were 18, 12, 17, 15. Are there real differences
between them in respect of breakage?

The hypothesis here is that there is no difference between the four types.
There are altogether 62 recorded breakages, so that on the average the
number of breakages for each type of tool would be 153, if the hypothesis
were correct. (Half a breakage may seem fanciful, but it should not
present any difficulty: 153 is an average figure in the same way that 3% is
the average score in throwing a die.)

Here 8 = 4, and the only use made of the sample is to ensure that the
total number of theoretical breakages agrees with the sample total of 62.
Therefore, » = 1 and f = 3.
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The calculation of X2 is set out in the usual tabular form:

— ng)2
Type of tool ng Vs vg — ng (—VS—;"_")
s

A 18 155 —2'5 0-40

B 12 166 3-b 0-79

C 17 16-6 —-16 0-15

D 156 16-5 0-5 0-02
Totul 62 62 0 1-36 (= y2?)

The 59, value of y2 for ¢ = 3is 7-81; tho hypothesis is not rojected and
this result is not significant of any real differcnces between the machine
tools in respect of breakage.

Example 3. In Table I, page 9, the results aro given of a card
drawing experiment. T'he theorctical frequencies shown in the table were
calculated on the hypothesis that any sample of three cards is equally
likely. What is the significance of the experimental results?

In applying the x2 test an important restriction must be made. No
class frequency should be less than 10, otherwise the test becomes
inaccurato. When a class frequency is less than 10, it should be combined
with an adjacent class. For this reason, classes corresponding to z = 6, 7
and x = 26, 27 have been combined in the following table.

—_ 2
& ng Vs Vg — Ng LY_S____&)_‘
Vs

6 and 7 8 10 2 0-40
8 10 10 0 0-00
9 22 15 -7 3-27
10 12 20 8 3-20
11 19 25 6 1-44
12 45 35 —10 2-86
13 36 40 4 0-40
14 50 45 —b 0-56
15 54 50 —4 0-32
16 563 50 -3 0-18
17 51 50 -1 0-02
18 43 60 7 0-98
19 44 45 1 0-02
20 40 40 0 0-00
21 30 35 b 0-71
22 24 25 1 0-04
23 16 20 4 0-80
24 17 16 —2 0-27
26 11 10 —1 0-10
26 and 27 16 10 —b 2-50

Totals 600 600 0 1807 (= x2)
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There are 20 classes and one statistic, namely the total 600, has been
calculated from the sample, so that f = 20 — 1 = 19. Therefore ¥2 =
18:07, f = 19. From Table XXXIX tho 59, lovel of 2 is 30-14, and there-
fore the result is not significant.

If the result had been significant it would have indicated that the
samples of cards wero not true random samples and that there must have
been some bias in shuffling the cards or selecting the samples.

Example 4. In a biochemical experiment 20 insects wero put into each
of 100 jars and were subjected to a fumigant. After three hours tho number
of living insects in each jar was counted. The distribution is shown. Can
this distribution be fitted by a Binomial distribution?

More specifically, is it reasonable to suppose that the probability of an
insect being alive after three hours is the same for all insects and equal to p,
say, so that the probability of having » survivors in a particalar jar is
20C,pr (1 — p)20-r7 If this is true the expected number of jars having »
survivors will be 100 20C, pr (1 — p)20-r

No. insectsalive, z, 0 1 2 3 4 5 6 7 8 9 Totad
No. of jars, n, 3 8 11 15 16 14 12 11 9 1 100
"The total number of inscets subjected to the poison was 20 x 100 == 2,000,

and of these the number of survivors was Xnx = 439.
If every insect had an equal chance of surviving, then that chance is

given by p = 2—463(%) = 0-2195. Therefore, if a Binomial distribution fits
the data it will be

100 (0-7805 + 0-2195)20,
and the theoretical frequencies will be given by tho expansion of this
namely 100 (0-7805)20, 100 x 20 (0-7805)12 (0-2195), ete. These theoretical
frequencies are shown in Table XL together with tho calculation of 2.

Tasre XL

CALCULATION oF 2. Broroarcar Data

2 ng vs N—— (vs — ms)”
Vs
0 3 0-7
1 8}22 4-0 } 15-3 —6-7 2-93
2 11 10-6
3 15 17-8 2-8 0-44
4 16 21-3 53 1-32
5 14 19-2 52 1-41
6 12 13-5 1-5 0-17
7 11 7-6
8 9 35
9 121 1-3 } 129 —8-1 5:09
10 0 0-4
11 0 0-1

Totals 100 100 0 11-36 (= «2?)
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Note that classes with frequencies less than 10 have been combined with
adjacent classes.

After grouping the data to ensure that no class contains less than 10,
thereare 6 frequency classes left, so that s = 6. In this example two statistics
have been calculated from the sample: the total, 100, and the estimated
value of p which was found to be 0-2195. In thiscaser = 2andf =38 — r
= 4. For f = 4, the 59, value of %2 is 9-49, and therefore tho result is
significant. In other words, the Binomial distribution does not give an
adequate fit to tho observed data.

Kxample 5. A list of wars of modern civilisation (Prof. Quincey Wright,
A Study of War, 1942) provides the following data for the years A.D.
1500 to 1931:

No. of outbreal:s in the year 0 1 2 3 4 5 Total
No. of such years 223 142 48 15 4 0 432
Fit a Poisson distribution to the data and test for goodness of fit.

T'he mean number of outbreaks per year a is given by ¢ = [0 x 223 4
1 %X 142 4 .. + 4 x 0] = 299/432 = 0:69. Tho theoretical frequencies
can be caleulated from the Poisson chart in the following way.

. Proportion of
P t f " :
No. of ' m::)}i c;lel{:x:lg ¢ exactly X out- Theoretical
outbreaks less than X broaks P(X) = frequency
X Pl > X) Px>X)— 432 P(X)
= Px>X+1)
0 1-00 0-53 229
1 0-47 0-35 151
2 0-12 0-08 35
3 0-04 0-035 15
4 0-005 0-0056 2
>4 0-000
Totals 1-000 432

By this method the theoretical frequencies have been calculated using
the Poisson chart and care must be taken to get as accurate a reading as
possible. An alternative and more accurate method would be to calculate
successive values of the Poisson frequencies given by the expression

p = 432¢-0-09 (0-69)% /!
P
216-7 [ = 432¢-0-69]
149-5[ = 2,167 x 0-69]
51-5[ = 1495 x (0-69/2)]
11-8[= 515 x (0-69/3)]
2:0[= 11-8 x (0-69/4)]

Total 431'5

WO R
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The terms in brackets show how the results may be obtained by
successive multiplications without too much work. The total is not exactly
432 as it should be, owing to small errors of rounding off. The discrepancy
is not important but to bring the observed and theoretical totals into line
216-7, 149-56 and 11-8 will be rounded up and 51-5 will be rounded down to
make the observed and theoretical totals exactly equal. This arbitrary
procedure could be avoided by carrying the calculations to more places of
decimals, but this is not really necessary.

"T'o calculato ¥, classes x = 3, 4 must bo combined:

@ Ng Vs Vg — Nig (V—g:‘ 1!5)_:
Vs
0 223 217 —6 0-17
1 142 150 8 0-43
2 48 51 3 0-18
3 and over 19 14 -5 1-79
Totals 432 432 0 2:57 (== %2)

‘There are four classes used in the calculation of y2. Two statistics, namely
the total and the mean, a, have been calculated from the observed data
and therefore the number of degrees of freedom is given by f = 4 — 2 = 2.
For f = 2, the 5% value of %2 is 5-99, and therefore tho calculated value
ishn(()it significant and the Poisson distribution gives a satisfactory fit to
the data.

Example 6. Table XXIII, p. 115, gives the distribution of hoights of
adu't males. The mean and standard deviation calculated from the data
are

z = 67-52,

8 = 2-57.

Calculate the theoretical class froquencies given by the Normal dis-
tribution with the same mean and standard deviation, and test for good-
ness of fit.

As described in section 6.1, the class limits are 5615, 571§, 581§, and
so on. To obtain the theoretical frequencies corresponding to each class
value, it will be necessary to calculate the areas of the normal curve
within each pair of class limits (56}§—-571§, 571§—581§, etc.) and then
to multiply the areas by the total frequency 8,5685. The area of the
theoretical Normal curve corresponding to a particular class must equal
the area of the histogram on the same class interval as base.

In Chapter VI it was sufficient for the purpose of that chapter to
assume that the class limits were exactly 57, 58 . . ., etc. On this assump-
tion the mean was found to be 67-52 ins. In the process of calculating the
theoretical Normal frequencies it is important to use the correct class
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limits. The correct value for the mean is therefore less than 67-52 by
i
orx = 67-52 — 0-06 = 67-46 ins.
The value of the standard deviation is unaltered so that s = 2-57 ins.
The calculation of a theoretical class frequency will be shown in detail
for ono interval (57{5-581%) and then the work will be completed in
tahular form.

Theoretical frequency in class (5615-5713)

To find the arca to the right of the ordinate at x = 5614 calculate d
where
® —& (57 — {5) — (6752 — %)

d =
8 8
57 —6752 1052
257 T 267 4093

P(d > — 4-09) = 1-0000
(Since P(d > — D) = 1 — P(d > D). See Fig. 38.)
For the area to the right of the ordinate at x == 571}

4 ="8—0752 4404
| 257
and P(d > — 3-70) = 0-9999

The area between these class limits is therefore
1-0000 — 0-9999 = 0-0001,
and the required theoretical frequency is given by
= 8,585 X 0-0001 == 0-9

_The work can be done most conveniently in tabular form and is greatly
simplified if use is made of the fuct that successive values of d differ by

1 | I . 1
& = 357 Bince x increases by steps of 1. For example, — 4:09 + 357

— 4:09 + 0-389 = — 3-704.
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Theoretical
pot= & Area in cells frequencies
x + 1‘(; 8 P(d > .D) A Vs == 8,585 A

57 —4-093 1-0000 0-0001 1
58 —3-704 0-9999 0-0004 3
59 —3:315 0-9995 0-0013 11
60 —2-926 0-9982 0-0038 33
61 —2-537 0-9944 0-0103 88
62 —2-148 0-9841 0-0234 201
63 —1-759 09607 0-0460 395
64 —1:370 0-9147 0-0780 670
65 —0-981 0-8367 0-1136 975
66 —0-592 0-7231 0-1426 1,224
67 —0-203 0-5805 0-1542 1,324
68 +0-186 0-4263 0-1437 1,234
69 0-5676 0-2826 0-1131 971
70 0-964 0-1695 0-0815 700
71 1-353 0-0880 0-0473 406
72 1-742 0-0407 0-0241 207
73 2-131 0-0166 0-0107 92
74 2-520 0-0059 0-0041 35
75 2-909 0-0018 0-0013 11
76 3-298 0-0005 0-0004 3
1 3-687 0-0001 0-0001 1
78 4-076 0-0000 0-0000 0
79 4-465 0-0000

Totals 1-0000 8,686

There aro some points about tho construction of the table which should be
remembered:

(1) The second column is calculated by working out the leading
entry — 4-10, and then adding % = 0-389 to obtain the next entry, and
repeating the addition for each successive entry. In this way, 0-389 is
added 22 times. Had é been written down to four figures it would have

been 0-3891. There is therefore an accumulative error of + 0-0001
which, multiplied by 22, becomes + 0-0022. Thus, the last entry in the
column should be 4-467. This is a small error and does not materially

affect the results. If the results were affected, -;- should be calculated to

four decimal places.

(2) The column P(d > D) is read directly from Table XXVI. Simple
interpolation is used where it is necessary.
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(3) The area in each cell is obtained by successive subtractions in the
preceeding column. Thus 0-0001 = 1-0000 — 0-9999; 0-0004 = 0-9999 —
0-9995; 0-0012 = 0-9995 — 0-9983, and so on.

(4) In this example, the sum of the theoretical frequencies happens
to come to 8,585. It might have been 8,584 or 8,586 due to small
rounding off errors in the individual frequencies and would not be very
serious. It is permissible if necessary to adjust the total by altering
one or more of the larger frequencies (for example, at z = 67}3).

1t remains now to calculate ¥ 2 in the usual way, noting that some classes

in each tail have to be grouped together.

(vg — 7ng)?
z 4+ 1 ng Vs Vg — ng vs
59 and less 20 15 — 5 1-67
60 41 33 — 8 1-94
61 83 88 5 0-28
62 169 201 32 5-09
63 394 395 1 0-00
64 669 670 1 0-00
65 990 975 —15 0-23
66 1,223 1,224 1 0-00
67 1,329 1,324 — b 0-02
68 1,230 1,234 4 0-01
69 1,063 971 —92 8-72
70 646 700 54 4-17
71 392 406 14 0-48
72 202 207 5 0-12
73 79 92 13 1-84
74 32 35 3 0-26
75 and over 23 5 — 8 4-27
Totals 8,585 8,585 0 29-10 ( = %2)

"The number of classes used in the calculation of 3?2 is 17. There wero three
statistics calculated from the observed data to fit the theoretical distribu-
tion, namely the total frequency (8,585), the mean and the standard

deviation.

Therefore, f = 17 — 3 = 14.

From the table of 2, the 59, significance level for f = 14 is 23-69 and the
19, value is 29-14. The calculated result is therefore just not significant
at the 19, level but it is significant at the 59, level. The Normal curve
appears to give only a moderately satisfactory fit to the observed data.
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EXERCISES XXXV

1. Four coins were tossed simultaneously and the number of heads
occurring at each throw was noted. This was repeated 240 times with the
following results:

No. of heads 0 1 2 3 4 Total
No. of throws 13 64 85 58 20 240

On the assumption that all the coins have an equal chance of coming down
heads or tails, calculate the theoretical distribution from the Binomial
expansion of 240(3 + })%. Test the results for goodness of fit.

2. Carry out the experiment described in Ex. 1. (Use more throws
than 240 if it is convenient) and test the results for goodness of fit on the
same assumption.

3. Table XVIII, on page 000 gives the observed and theoretical results
of an experiment in drawing marbles. Test the results for goodness of fit.
(Treat classes z = 5, 6, 7 and 8 as one group.)

4. Test the goodness of fit of the calculated Poisson frequencies to the
data of Ex. XVI, 5.

6. The following table shows the number of accidents to 647 women
working on H.E. shells in 5 weeks and also the theoretical distribution
given by (a) the Poisson, (b) Negative Binomial distributions.

Theoretical

Observed Theoretical (Negative

No. accidents Jfrequency (Potisson) Binomaial)
0 447 405 441
1 132 189 140
2 42 45 45
3 21 7 14
4 3 1 b
5 2 0 2
Totals 047 647 647

Test these distributions for goodness of fit given the fact that the mean
and total were calculated in order to fit the Poisson distribution while the
mean, standard deviation and total were calculated to fit the negative
Binomial.

6. The following data shows suicides of women in eight German states
during fourteen years (Bortkiewicz, 1898):

No. of suicides in a
State per year 0 1 2 3 4 5 6 7 8 9 10 Total
Observed frequency 9 19 17 20 156 11 8 2 3 &5 3 112
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Fit a Poisson distribution to the data, and show that the theoretical
frequencies are:

No. of suicides 0 1 2 3 4 5 6
Theoretical frequency 35 1211 210 243 211 146 85
No. of suicides 7 8 9 10 Total
Theoretical frequency 4-2 1-8 0-7 0-2 112-0

Combining groups 0 and 1, and groups 6 and over, show that the fit is not
satisfactory.

7. The following table shows the distribution of digits chosen at random
from the London Telephone Directory. Show that it is unlikely to have
arisen from a population in which all digits occurred equally frequently.

Digit = 0 1 2 3 4 5 6 7 8 9 Toal
Frequency 1,026 1,107 997 966 1,075 933 1,107 972 964 853 10,000

8. Mendel obtained the following frequencies for different kinds of
seeds in crosses from plants with round yellow seeds and wrinkled green
seeds. Round and yellow, 315; wrinkled and yellow, 101; round and
green, 108; wrinkled and green, 32. The Mendelian theory of inheritance
states that the frequencies should be in the ratio 9 : 3 : 3 : 1. Test the
hypothesis by calculating x2.

9. Twelve dice were thrown and a 5 or 6 was counted as a success. The
number of successes in each throw was noted. This experiment was
repeated 26,306 times (Weldor’s data) with the following results:

No. of Observed No. of Observed
successes Jfrequency successes Jfrequency

0 185 6 3,067

1 1,149 7 1,331

2 3,265 8 403

3 5,475 9 105

4 6,114 10 18

5] 5,194
Total 26,306

Does the Binomial expansion 26,306 (§ + 3) 12 give a satisfactory fit?

10. In Ex. 9 calculate p, the chance of a success from the data. Does
the Binomial expansion 26,306 (p + g)2 give a satisfactory fit?

11. In a practical examination in physics, 362 candidates determined a
value for the gravitational constant g, using an ordinary pendulum. Fit a
Normal curve to the data and test for goodness of fit.

M¢d-class value 3.1-5 31-6 317 318 319 320 321
Observed frequency 3 8 17 24 42 61 78
Mid-class value 322 323 324 325 326 Total

Observed frequency 56 31 21 9 2 352
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12. The records of an insurance company provided the following
results for a selected class of policy holders:

Deaths in each Deaths in each
Age tn years age group Age in years age group

00— 2 45— 51
5— 0 50— 29
10— 4 55— 18
15— 15 60— 11
20— 21 656 — 7
25 — 84 70— 3
30— 96 75— 2
35— 82 80 — 1
40— 48 -—_
Total 474

Fit a Normal distribution to the data and test for goodness of fit.

10.2 Contingency Tables

Sometimes data is best presented in the form of a contingency
table. If a contingency table consists of m rows and » columns, it is
then called an m X = contingency table. Au illustration of a 4 X 3
contingency table is given by the following investigation. Four
hundred and ninety-two candidates for scientific posts gave parti-
culars of their university degrees and their hobbics. The degrees
were in cither maths, chemistry or physies, and the hobbies could be
classified roughly as music, craftswork, reading or drama. Every
candidate therefore represents one degree and one hobby, and the
data can be presented concisely in a table, as follows:

Maths. Chemistry Physics Totals
Music 24 83 17 124
Craftswork 11 62 28 101
Reading 32 121 34 187
Drama 10 26 44 80
Totals 77 292 123 492

The totals of therows show the number of candidates who expressed
a preferencoe for each hobby, and the column totals show the number
with each type of degree. The sum of the row totals and the sum of
the column totals are, of course, each equal to the total number of
candidates. Tho table shows readily the division of hobbies and
degrees amongst the different candidates. For example, 24 with
mathematical degrees liked music, 121 with chemistry degrees liked
reading, and so on.

The following questions may arise when examining this table.
The proportion of mathematical candidates is 77/492 = 0-16, while
in that group of candidates which have music as their hobby the
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proportion of mathematical candidates is 24/124 = 0-19. Does this
indicate that music lovers are more likely to have mathematical
degrees than people interested in other hobbies? Again, the propor-
tion of those candidates who prefer reading is 187/492 = 0-38, while
the proportion of those candidates with physics degrees who prefer
reading is 34/123 = 0-28. Does this indicate that physicists are less
likely to be fond of reading than those with other degrees? If such
tendencies do exist, there is said to bo an association between degrees
and hobbies. Tho table of %2 can be used to test the significanco of
tho association.

Tue CALCULATION OF THEORETICAL FREQUENCIES IN THE CoN-
TINGENCY T'ABLE ON THE ASSUMPTION OF NO ASSOCIATION. Imagine
the 492 candidates as a samplo from a large population. Then the
probability of obtaining a mathematical candidate is estimated by
77/492. Again, tho probability of obtaining a musical candidate is
124/492. Therefore, if theso two probabilities are independent, the
chance of getting a candidate who has a mathematical degree and

77 124
50 hobby i sicis — X —. T int i
whose hobby is music is 19 X 190 The point about independence

should be carefully noted. It means that the fact of a candidate
having a mathematical degree has no influence on his chance of
having music as a hobby, and vice versa. Finally, if the probability

7 124
f ical and mathematical candidate is — X —, then tk
of a musical and mathemavical candidate is 199 X 29 then the

. . 7 124 7T X 124
ted numb lo 0f 4928492 X — X == —
expected number in a sample o 18 492 X 192 X 192 192
= 19-4. All the other cells in the contingency table can be filled in
with theoretical frequencies in the same way.

CoNTINGENCY TABLE, THEORETICAL FREQUENCIES

Mathematics Chemistry Physics _,{.‘.)til_.
Music 77—‘}97—'“ —194 | 22 432—1?«4. =736 lz_“i{g;ﬂ =310 | 124
Craftswork 274—2;-‘5 —158 | 292 ;;25’1 —op9 | 2 % 2101 =253 | 100
Reading m ;;2187 =293 2_92—4__’;2187 = 1110 --135%2—1—8" =467 | 187
Drama %%8«0 =126 2924:2 80 _ 415 —1337%?9 =200
Totals 7 292 123 492
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It remains now to calculate ¥2 in the usual way:

Ve - N2
ng Vs Vg - Ny (Vs v_: W)
24 19-4 — 46 1-09
83 73-6 — 94 1-20
17 31-0 140 6-32
11 15-8 4-8 1-46
62 59-9 - 21 0-07
28 25-3 — 27 0-29
32 29-3 - 27 0-25
121 111-0 —10-0 0-90
34 46-7 12-7 3-45
10 12-5 2:5 0-50
26 47-5 21-5 9-73
44 20-0 —24-0 28-80
Totals 492 492 5406 (= %)

CaLcULATION OF f, THE NUMBER OF DEGREES OoF FREEDOM FOR A
m X n COoNTINGENCY TABLE. In the example we are considering,
thero are 4 > 3 frequency groups and, therofore, s = 12. The
theoretical contingency table was constructed so that the row totals,
the column totals and the grand total remained unaltered. It might
appear therefore that (4 4+ 3 -+ 1) statistics are calculated from tho
sample, but this is not the case. If the grand total and any threo row
totals are known, the fourth row total is also known, since it is the
difference between the grand total and tho other threo. For example,
knowing that the grand total is 492 and that three of the row totals
are 124, 101 and 187, the remaining row total is clearly 492 - 124 —
101 — 187 = 80. Similarly, the number of column totals which need
to be known together with the grand total is 2. Thereforo, the
essential information from the sample is embodied in three row totals,
two column totals and one grand total, so that r =3 4- 2 4- 1 = 6.

Thercfore f =s ~ r = 6.
A very simple result appears for the general case. For a m X n table,
the number of frequency groups is s = mn. To construct the theore-
tical contingency table (m — 1) row totals, (= — 1) column totals and
the grand total must be known, so that
r=m-1)4+n-1)+1=m-+n-landf=8 — r =
mn —m-n+1=(m - 1)(n — 1)

Therefore, the number of degrees of freedom for a m X = table is
given by f = (m — 1) (n — 1). In the example considered, y? ==
5406 andf= (4 —1)(3 — 1) = 6.

I
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The 19, lovel of y2 for six degrees of freedom is 16-81 and therefore
the result is highly significant and we conclude that the two criteria
of classification are not independent. Having established the signi-
ficance of the result, it is easy to see that the two major contributions
to 2 como from the Physics-Drama group (28-80) and the Chemistry-
Drama group (9-73).

Ezample 1. 'The following data shows the effect of vitamin B deficiency
on the sox-ratio of the offspring of rats. Is the effect significant?

! Males Females Totals
Vitamin B deficient 123 153 276
Vitamin B sufficient 145 150 295
Totals 268 303 571

This is an example of a 2 X 2 table. The theoretical frequencies on the
268 X 276

assumption of independence are given by the ratios 5 ote
Males Females Totals
Vitamin 13 doficiont 268 X 276 _ 199.5 | 308 X 276 _ 455 | 276
571 671
Vitamin B suilicient _22{}._\* g__gﬁ == 1385 &"_2?‘_’; = 1565 295
571 5671
Totals 268 303 571

It will be observed that, having calculated one theoretical frequency, the
others can be filled in by subtraction from row and column totals. Thus,
268 x 276

571
1296 = 146-5; 268 — 129-5 = 138-5, and 295 — 138-:56 = 303 — 146-5 =
1566-5.

%2 can be calculated in the usual way:

having calculated = 129-5, the others are given by 276 —

(Ve =~ ng)?
ng Vs Vs — g Vs
123 129-5 +6-5 0:33
153 146-5 —6:6 0-29
145 138-5 —6-5 0-31
150 1565 +6-5 0-27
Totals 571 571 0 1-20 (= x?)

Heref = (2 ~-1)(2 —1) = 1.

The 5% value of ¥2 for one degree of freedom is 3-84 and therefore the
result is not significant. There is no evidence of association between
vitamin B deficiency and sex of rats’ offspring.
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Ezxample 2. 'The following tables gives the numbers of boys and girls
whose hair colour falls into five different groups. Is there any evidence of
association between hair colour and sex?

Fair Red Mediumn Dark Jet Black | Totals
Boys 592 119 849 504 36*-~— ’2.,17)1)—
Girls 544 97 677 451 14 — 1,783
Totals | 1,136 216 1,626 - 955 h —EO~ | ;,8:;{ -

This is an example of a 2 X n contingency table. The theorotical
. . . 1,136 x 2,100
frequencies can be calculated most easily by working out - —yssy =
614-4, and then subtracting it from 1,136, to give 521-6. These are the two
theoretical frequencies for the “Fair” column. This is repeated for tho
other columns and the calculation of y2 shows the results.

Hair colour Sex ng g vg — ng Q?,_fl: :‘B)_‘-C

Fair Boys 592 614-4 +22-4 0-82

Girls 544 521-6 —22-4 0-96
Red LGl W e T2 oos
Medium{ G2 bR A+
owc (B W g meo g
ot Black { 3 A R A4

Totals 3,883 B 0 1083 (= )

f=2€-10G-1=4

The 5% value of ¥2 is 9-49, and the 19, value is 13-28, so the result is
significant on the 5% level. We may conclude that there is evidence of
association between sex and hair colour, particularly as regards “Jet
Black” hair which appears to be associated with boys rather than with
girls.

SuMMARY OF CHAPTER X

1. If n; denote the observed frequencies in 8 class intervals (r = 1,
2. ..8)and vr denote the corresponding frequencies based on some
specified hypothetical distribution then y? is defined as

(Ve — nr)?
Vr

X=X
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2. The null hypothesis is that the specified hypothetical distribu-
tion can account for the observed elass frequencies. Tf x 2 is largo this
implies that the differences between the observed and theoretical
class frequencies in some or all of the intervals are large and the null
hypothesis may bo rejected.

3. If r statistics have been calculated to specify the hypothetical
distribution and there are s class intervals then the number of
degrees of freedom is given by f =3 — 7.

Table XXXIX gives values of x? arranged in rows corresponding
to values of f and in columns corresponding to the probability of a
value of 2 as big or bigger than the entry in the table.

4. Ina m X n contingency table the number of degrees of freedom
isgivenby f=(m — 1) (n — 1).

EXERCISES XXXVI

1. (Greenwood and Yule’s data for typhoid.)

Not
Attacked attacked Totals
Inoculated 56 6,759 6,815
Not inoculated 272 11,396 11,668
_‘——_To[als 328 18,155 18,483

Determino whether or not typhoid attack is independent of inoculation.

2. Show that for the contingency table of the general type:

A Not-4 Totals

B a b a+b

_N()t.-lf 7 ¢ o d ¢4 d
S Qotads | ate | b+d atbted

e (ad —bc)(a@a +b+c+ad
L@ +bc+d@+o®+d
Check the value of 2 in Ex. 1 by using this expression.

3. (Brownlee’s data on severity of smallpox attack.) For 1,689 cases
of smallpox the severity of attack was noted as “very severe, severe,
moderato or light”, and the number of years which had elapsed since
vaccination was also recorded. The data is shown in the following table.
Determine whether there is any association between severity of attack and
years elapsed since vaccination.
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Severity of Attack

Years since Very
Vaccination severe Nevero |Moderate| Light Totals
0-25 43 120 76 148 487
25-45 184 299 268 181 932
over 45 46 48 33 28 155
Unvaccinated 65 11 7 2 115
Totals 338 508 484 359 1,689

4. The numbers of fiction and non-fiction books issued by a library on
six days of a week are given below. Is thero any evidence that the propor-
tion of fiction to non-fiction is associated with the day of the weol?

, Mon. Tues. Wed.,  Thurs. Fri.

Fiction 813 1,238 1,823 673 721
Non-Fiction 87 149 165 72 98
Totals | 900 1,387 1,088 745 819

Sat.

2,634

3,072

438

Totals
7,902
1,009

8,911

5. Sulphate content of hoiler water may have somo offect on the cracking
of boiler plates. Test the following data which was collected to examine

this possibility.
S04 (p-p-m.) , 0 ‘ 200 400 | 600
Uncracked | 37 ‘7 TS ‘_24
Cracked 12 | 30 | 1 | 15

(Weir, T'rans. A.8.M.E., April 1948.)

6. Test the following data to sce if there is a significant association
between the origin of the accident and the year.

Accidents duc to Gassing by Carbon Monoxide

1941 1942 1943
At blast furnaces 24 20 19
At gas producers 28 34 41
At gas works and coke ovens 26 26 10
In distribution and use of gas 80 108 123
Miscellaneous sources 68 51 32
Totals 226 239 225

(M. of Labour, Memo. on CO Poisoning, 1945.)
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7. The following data was collected to determine whether the age of
divers working in caissons had any effect on the number who were injured
by exposure to compressed air. What is your conclusion?

Number of men

Number of men

Ages examined and passed taken ill
15-20 55 0
20-25 145 15
25--30 152 37
30-35 91 19
35-40 61 14
40-45 38 10
45-50 5 3

Hill & Greenwood. Proc. Roy. Soc., Series B, Vol. 80 (1908), p. 13.



CHAPTER XI
PLANNING STATISTICAL EXPERIMENTS

11.1 Experimental Design

Experiments are carricd out in order to test the validity of a
hypothesis or to estimato the magnitude of an effect. The physician
who suspects that some hitherto untricd drug will have a beneficial
effect in the treatment of a discase will, if he is scientifically trained,
frame his enquiry in terms of some suitable hypothesis and will then
design an experiment to test this hypothesis. Claimy of advances in
our knowledge of natural phenomena are not readily allowed by
scientists until the evidence has been subjected to a penctrating
examination. KEvery detail of the experiment will be serupulously
examined by critics who are eager to expose any fault in the experi-
ment which may invalidate tho conclusions. Indeed, in some cases
this attitude of scepticism may be carried too far. R. A. Fisher says:
“The other type of criticism to which experimental results are
exposed is that the experiment itself was ill-designed, or, of course,
badly executed. If we suppose that the cxperimenter did what he
intended to do, both of these points come down to tho question of tho
design, or the logical structure of the experiment. This type of
criticism is usually made by what I might call a heavy weight
authority. Prolonged experionce, or at least the long possession of a
scientific reputation, is almost a prerequisite for this line of attack.
Technical details are seldom in ovidence. The authoritative assertion
‘His controls are totally inadequate’ must have temporarily discredited
many a promising line of work.”*

The inadequacy of controls is now perhaps a less frequent source of
error than it used to be. The type of oversight which can occur is
illustrated by the following example. In an experiment to dotermino
the lethality of a fumigant against grain weevils fumigant No. 3 gavo
a mortality of 85% comparcd with 689, for a standard fumigant
under supposedly similar experimental conditions. This showed an
apparent improvement of 17%. It was discovered, howover, that
the weevils subjected to fumigant No. 3 were of a different gencration

* F1sHER, R. A. The Design of Experiments (Edinburgh, 1946), p. 2.

253
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from the weovils which had been tested with the standard fumigant.
This immediately cast doubt on the result of the experiment since
the two sets of weevils would be quite likely to have different charac-
teristic Tesistances to the fumigants. When the experiment was
ropeated on a single generation of grain weevils the results gave a
mortality of 78% for fumigant No. 3 and 709, for the standard
fumigant—a very much smaller improvement in favour of the new
fumigant.

Another examplo of inadequate experimental design is tho caso
of the farmer who wanted to compare the differont effects of two
fertilisers on the yield of wheat. To do this ho dressed one half of a
twenty-acre field with fertiliser 4 and the other half with fertiliser B,
sowed his wheat and measured the respective yields at harvest time.
The fault here lies in the fact that over such a large field there are
almost certain to be considerable variations in the natural fertility
of the soil. There may bo a fertility gradient, or increaso in fertility,
from onc half of the field to the other and, if this is so, any difference
in the two yiclds will not be due to differences between the fertilisers
alone. The experiment, as it is designed, provides no means of
estimating and allowing for such a fertility gradient in the comparison
between the two fertilisers. Another incidental weakness in this
design is that with only one measurement for cach fertiliser thero is
no way of calculating the significance of any observed differcnce. An
adequate design for this experiment will be deseribed in a later section
of this chapter under the heeding of Latin Squares. It would bo a
useful exerceise for thoe reader to consider now, beforo reading that
section, how he would design tho experiment.

The remainder of this chapter will deal with one or two experi-
mental designs which occur frequently in statistical work. A full
treatment of tho statistical analysis of these designs is beyond the
scope of this book, but some indication is given of how the data can
be treated.

11.2 (Comparison in Pairs

Tho advantage to be gained by careful experimental design is very
well illustrated by the device of arrangement in pairs. The method
can best be described by means of an actual experiment. When metal
coated pipes are buried underground, they are subject to corrosion. -
An engineer wanted to discover whether there was any difference in
the effects of corrosion on (1) lead coated steel pipe, and (2) bare steel
pipe. To do this, twenty pairs of pipos were buried, each pair being
buried in a characteristic type of soil. One member of each pair was
lead coated steel pipe, while the other was baro steel pipe. Thefollowing
results were obtained:
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Corrosion of lead Corrosion of bare
Soil type coated steel pipe (x) steel pipe (y)
A 17 13
B 12 26
C 15 23
D 22 21
E 3 8
F 2 10
G 5 16
H 11 14
I 18 9
J 22 24
K 17 26
L 12 16
M 11 17
N 16 21
(0] 11 13
P 21 19
Q 19 32
R 18 20
S 23 12
T 20 27

Z, the average corrosion for the lead coated pipe, is 1475, whiloe 7 is
18:35. Carrying out the test for the significanco of the difference of
two means deseribed in Chapter VII, we have:

7 — & =360
B(x — &) =T4375 By — §)? == 842:55
o Ul — B4 By - §)* 158630

ny -+ ny — 2 38
= 41-745
2
o2 (,1_ + XY s
n, n, 10

Therefore standard deviation (y — &) = V- 41745 = 2-04
t= y-=2 — 360 _
Standard error of (§ — )  2-04

Since ¢ is based on 38 degrees of freedom it will be sufficient to use
the Normal probability table to find the significance lovel of the result.

The null hypothesis is that £ = §. From Table XXX, we find that
P(t > 1-76) = 0-078. In other words, if the average corrosion of the
two types of pipe were the same there would be a chance of 8 in 100
of obtaining the observed result. This is too large to be significant
on the 59, level.

However, in this example it is possible to take advantage of the
experimental design which will allow a slightly different statistical

*

1-76
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analysis to be applied to the results. The two pipes in each pair aro
exposed to the same soil type, so that any difference between the
corrosions of members of a pair will be entirely due, apart from
random error, to a difference in the resistance to corrosion of the two
types of pipe. The twenty differences which can be ealeulated from the
experimental data are therefore all direet measures of the difference
in corrosion cffect.

Soil Difference in corrosion Sotl Difference in corrosion
type effect (d = y — x) type effect (d =y — x)
A —4 K 9

B 14 L 4

C 8 M 6

D -1 N 5

E 5 0 2

¥ 8 P -2

G 11 Q 13

H 3 R 2

I -9 S -11

J 2 T 7

It is now possible to test whether these differences constitute a
random samplo from a population with zero mean. In other words,
the null hypothesis, as before, states that no real difference in
corrosion effect actually exists. This is tested in the usual way:

d = 360
E(d —- :[)2 e 830'8
2 8308 amag
19

2 21863
=

Therefore the standard error of d = V/2-1863 = 1-48

t= ;13-%: = 2:43 based on 19 degrees of freedomn.

This result indicates that thore is a real difference between the
corrosion of the two types of pipe. Tho rcason for the different results
obtained by these two methods of analysis is not hard to find. A
glance at tho original data shows that the difforent types of soil vary
considerably in the amount of corrosion they produce. For examplo,
soil type D produced a high corrosion in both types of pipe, whereas
soil £ had a relatively small effect. Now the standard error of § — &,
calculated by the first method, includes this variation between soil
types, whereas in the second method of analysis it has been eliminated
by dealing with tho differences between pairs. It has been pointed
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out that theso differcnces are direct measures of the differenco in
corrosion for the two pipes, into which the variable effect of different
types of soil does not enter.

This can be put in another way. Any measuremont of corrosion
can bo expressed as tho sum of three parts: (1) a part due to tho soil
type, which naturally varies from soil to soil, (2) a part due to the
type of pipe coating, and (3) a random variation.

Thus, for soil type 4, we can express this:

g =Ta+ Pr+ Euz; ya=Ta+ Py iy,
where:
x4 and y 4 are the corrosions for soil type 4,
T 4 is the part due to the soil type,
P, and P, are the parts due to the type of pipe coating,
E 4. and I 4, are the random errors.

Similar expressions can be written down for tho other soil types;

thus:
zp =Ty~ Pr+ Eps; yp =T+ P, + Ep,.

Now the caleulation of the standard orror of § — &, based on the
variances <5 and s}, must include the variation between the different
soil types 14, T'p, etc., and it is easy to see that this component of the
variation can be eliminated by the second mothod of analysis which
only treats differences, since:

dA =Ya — Xy =Pu —Pm+(EAy "EAL):

dg=yp — xp= Py — P, -+ (lip, — Ep,),

ete.

The variance 85 is based, thercfore, only on the random errors of the
measurements and any actual difference between the effects of tho
two typos of coating and so, in general, can be expected to be smaller
than the variance calculated by the first method. The experimental
design which arranges the pipes in pairs allows this fact to be used

in testing the significance of the difference between the two types of
pipe coating.

Mathematical Note. Two sets of results (z, y) are collected in pairs:

; Y dy =2 —
%3 Y2 dy =y — Y2

Zn Yn dp = zp — Yn
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The mean difference isd = & — 7,
- 1n 1 75
ginced -~ —~ X dr == X (zr — yr)
Nr.-1 npe=
11 1 n
=—Xur—- Zyr
N1 o=l

It has been shown that the standard error of the mean difference can be
calculated in two ways.

Method 1.
s @ — 22+ Iy — )
o — 2
_ da? +u'; - [(Zh)2 -+ (LJ)]
D "n' -1

Let s% denote the variance of the difference between the means cal-
culated by the first method.

Then NY oo g2 1_.}__! _ 2
n ' n n
Zar Sy — (B2 + (2]
T n(n --1)

Method 2. Let s% denoto the variance of the mean difference calculated
by the second method.

N2 o= 8_2.
)
where g2 2 —d) - ,l‘(‘yd)z
n —1 n _1_~
= [Ee — v {Ze -0 1]

After some reduction this gives

: 1 1 1 ]
‘z= 2 2__22_,_ 1.)2 — — ()
83 =) [2.1: + Dy (Zx) - (Zy) 2{Z‘xy - (L:c)\Z'y)}

=37 —.'r_c.(n I)L(x -2y — 9
—g 2 _BeDWod) _ [Fe—aF Vy-ip
n A/ 3(x—2)2 Xy — )2 n—1 ' n—1

2
= 8? = . ToxSy (11.1)

where sx and sy are the sample standard deviations of z and y respec-
tively, and r is the coefficient of correlation between = and y.
When r is positive equation 11.1 shows that s, is less than s, so that the
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second method gives a better chance of detecting a significant difference.
When r = 0 the results of the two methods are equivalent. The deliborate
design of an experimont so that results can be paired is a method which
sometimes gives a positive correlation between the variables.

EXERCISES XXXVII

1. The total absence per month expressed as a percentage in two
factories is as follows:

Month Jan. Feb. March April May June
Factory A 12 8 9 7 4 5
Factory B 15 10 9 8 3 6

Month July Aug. Sept. Oct. Nov. Dec.
Factory A 8 7 3 4 2 6
Factory B 8 9 5 3 3 11

Is there any reason to suppose that the rates of absenteeism at the two
factorins differ? T'reat the monthly readings as pairs.

2. The acidity of astandard solution is measured by fifteen persons, cach
of whom makes two determinations using two differont indicators. Tost
for the significance of the difference between the means, using both
methods of analysis and stating the significance level in each case.
Indicator I 11-5 112 12-1 126 109 100 11-5 13-0
Indicator 11 11-7 114 123 128 11-8 115 11-4 128

Indicator 1 11-
Indicator 11 12-

10.4 110 120 11-0 11-8 121
11-2 115 122 116 11-2 126

[ I
5 &t

8. Two yields of dressed grain in bushels per acre are shown for twelvo
years, each year’s yield coming from two different plots. Determnino the
significance of the difference in the means by both methods.

Year Plot A Plot B Year Plot A Plot B
1855 29-62 33-:00 1861 3375 34-94
1856 32-38 36-91 1862 43-44 35-88
1857 43-75 44-84 1863 55-56 53-66
1858 37-56 38-94 1864 51-06 45-78
1859 30-00 34-66 18656 44-06 40-22

1860 32-62 27-72 1866 32-50 29-91
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2
4, Using tho data of Ex. 11.2, calculato 7, Texdy and verify the

relationship:

2 2
8 =8 —

Y 1 ﬁ"l‘.‘! xSy

11.3 Difference Between Several Means

In Chapter VII we examined the problom of the significance of the
difference between two means. The more general problem is to
determine whether a group of means differ significantly amongst
themselves. This is usually solved by a statistical caleulation known
as “analysis of variance”. For the purpose of this book, however, a
moro elomentary and less accurate test will bo described which
depends on the distribution of the range.

THE STANDARDISED RANGE. Tho range of a sample has been
defined in Chapter III as the difference between the extrome values
of the variable. If a random sample of n, taken from a Normal
population with standard deviation o, has a range Ry, then Rp/o is
known as tho standardised range. If a large number of samples of
aro taken the values of the standardised range will form a statistical
distribution from which the significance of any observed result can
be caleulated. Table XLI shows, for different values of n, the values
of Ry/c which there is a 1%, chance of oxceeding.

TasLe XLI
n 2 3 4 5 6 7 8 9 10 11 12 16 20
Tho 175 value g4 410 4.40 460 476 488 499 508 516 523 529 550 565

Oflfn/ﬂ

Thus if a random sample of five is chosen from a normal population there
is a chance of 19/, that the standardised range will exceed 4-60.

Example 1. A random sample of seven has a range of 15-2. Is this
consistent with the hypothesis that the sample is drawn from & normal
population which has a standard deviation 2-8?

Heron =17,

Rylo = b4,

On the hypothesis, Table XLI shows that there is a 1% chance of
R,/o exceeding 488 so that the observed result is certainly significant on
the 19 level and the hypothesis is rejected. The sample appears to be
more variable than would be expected.

Ezample 2. Mica plates for wireless condensers are cut to a prescribed
thickness by an automatic machine. The standard deviation for the
thickness is alleged to be 0-0032 in. Four plates picked at random have
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the following thicknesses, 0-134 in., 0-130 in., 0-136 in., 0-147 in. What
conclusion can be drawn?
Ry = 0-147 — 0-130 = 0-017.
0-017
Rilo = 55033 = 53

For n = 4, the 19, point of R,/c is 4-40. There is evidence thereforo that
the thickness of the mica plates is more variablo than would be represented
by a standard deviation of 0-0032 in.

THE ANALYSIS FOR SEVERAL MEANS. The following data represents
the breaking strength of starch films. There are six variotios of starch
and ten results for cach variety.

Breaking Strength (grams)

Wheat Rice Dasheen Canna Corn Potato
Starch Starch Starch Starch Starch Sterch
496 557 380 792 398 983
280 561 371 611 593 950
213 520 430 863 306 1,050
382 505 485 835 336 873
269 604 465 941 400 1,233
672 523 395 710 416 866
314 532 436 622 393 924
292 545 402 818 605 1,660
311 619 389 990 857 748
326 548 419 941 710 897
Mean 3565 551-4 417-2 812-3 501-4 1,0184

There is considerablo variation within each starch group. It remains
to decide whether the observed variation between the different means
is due to this intrinsic variability of the results, or whother the mean
breaking strengths of the different starches differ significantly between
themselves.

The first step is to calculate an ostimate s? of 62, the variance of
the breaking strengths. Six separato estimates of 62 can be obtained
from the variance within each of the groups and a pooled ostimate of
o? is then obtained by taking the mean of these.
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For example, for the wheat starch group
Yx = 3,555,
Yx? = 1,426,511,
10

S - &)? = Jx? = 162,708.

Listimato of 62 == 5 X(x — &)% = 18,079, and similarly for the other
five groups.

Starch type Estimate of o2
Wheat 18,079
Rice 1,314
Dashecen 1,382
Canna 17,271
(Clorn 32,738
Potato 67,308

Mean 23,015

Therefore I(52) = 23,015.
Now, each of the six means is based on ten results so the estimato of
the varianco of the means is given by:
93 015
i = = 23015,
or sm = 48-0.
The test can now be carried out. The means constitute a sample of
six from a population whose estimated standard deviation is 48-0.
Ry = range of group means = 1,018-4 — 355-5 = 662-9,
so that Rgfsm == 662-9/48-0 == 13-8.

But, from Table XLI, the 1%, significance level corresponds to
Bg/sm == 476, so that variation between the means is highly
significant.

The steps of the caleulation are recapitulated as follows:

(@) Calculate the mean and variance for cach group.

(b) Obtain the best estimate of the variance by caleulating
E(o?) from tho average of the group variances.

(¢) Obtain s by dividing E(c2) by the number of results in each
group and hence obtain sm.

(2) Determine Rg, the range of the means and calculate Rg/sm.
(e) Compare this with the appropriate 1%, value in Table XLI.
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EXERCISES XXXVIII

1. The percentage moisture content is determined from ten samples
for each of four different soils. Is there a significant difference between
the soils?

Soil A Soil B Soil C Soil D

12-8 81 9-8 16-4
13-4 10-3 10-6 8-2
11-2 4-2 9-1 16-1
11-6 7-8 4-3 10-4

9-4 5-6 11-2 7-8
10-3 81 11-6 9-2
14-1 12-7 83 12-6
11-9 6-8 89 11-0
10-5 6-9 9-2 8:0
10-4 6-4 6-4 9-8

2. In the manufacture of glass, the quality of the glass is measured by
the mean number of “‘seed” per unit area of glass. The following results
were obtained for three makes of glass. Is there any significant difference
between: makes?

Make I Malke 11 Make I11
47 100 61
55 93 62
35 56 60
78 113 93
33 128 29
52 36 80
21 49 97
31 25 54

3. The B.T.U. values of twelve specimens of fuel gas are estimated by
five check tests on each gas. Is there any evidence of a significant differ-
ence betweern the specimens?

Specimen I 11 III Iv 14 VI
533 540 528 526 537 512
537 532 526 528 549 526
546 549 536 519 538 518
535 545 534 530 541 520
538 541 533 526 540 515
Specimen  VII VIII IX X XI XII
531 552 519 538 513 519
528 538 537 519 538 541
540 548 521 527 526 536
538 542 528 528 531 528

536 556 532 531 527 533
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11.4 Latin Squares

This is & form of experimental design which has been used a great
deal in agricultural experimental work and which has applications in
other types of statistical investigation. Consider an experiment in
which the effects of four different fertilisers on the yield of wheat is
to bo tested. The field on which tho experiment is carried out is
divided into sixteen similar plots, which are then treated with fertilisers

A, B, C and D, as shown in Fig. 56.

Fra. 56. A 4 % 4 Latin square.

Kach fertiliser is used only once in cach row and in each column.
The advantage of this design, which is only onoc of many possible
dosigns, is that it enables any fertility gradients in the field to be
climinated in tho comparison of the effects of the four fertilisers on
tho yicld of wheat. For example, each row is treated equally with all
fertilisers so that, if no fertility gradient existed in the north-south
dircction, the mean yield from all four rows should be the same within
the limits of experimental error. If any significant differences between
the rows are observed they can be climinated before the final estimate
of tho significance of the treatments is carried out. A possible fertility
gradient in the east-west direction can be eliminated by adjusting the
columns in the same way.
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Consider the following set of (fictitious) results:

A B C
50 49 63 92
B D A C
36 59 60 68
C A D B
39 46 66 57
D 5 B A
46 40 40 62

First of all, without making any adjustments for possible fertility
gradients, calculate the mean yields and variances for the four
fertilisers.

A B C D

50 49 63 92

60 36 68 59

46 57 39 66

62 40 40 46
Means 54-50 45-50 52-50 65-75
Variances 59-67 88-33 229-67 374-92

To test whether the fertilisers differ significantly, calculato accord-
ing to equation 11.3, the pooled estimate of o2

= § (69-67 + 88-33 + 229-67 |- 374:92),
= 188-15

8., the corresponding estimate of the variance of the mean is given by
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Now, R, =

6
and so Bgsm = 29

The 19, value of Ry/sm for n = 4 is 4-40, so the observed result is not
sigmificant on the 19, level of significance.

This method of analysis, however, neglects the experimental design
which allows the effects of possible fertility gradients to be eliminated
in the following way. Calculate the mean yield for each row and
column and also the mean yield over the whole field.

Col. 1 Col. 2 Col. 3 Col.4 Means of Rows

Row 1 x it & - 63-50
Row 2 1?6 ;S)) é}) (g; 55-75
Row 3 o = o > 52:00
Row 4 o g - - 4700

Means 4275 | 4850 | 5725 | 6975 54-56
of Columns

The results show that, although each row and each column represent
oqually all four fertilisers, there is a considerable difference in row and
column means both up and across the ficld. This is presumably due to
variable fertility over the field. To remove this effect, it is only
necessary to make the means of the rows and the columns the same as
the ficld mean by adjusting the results in the field. For example, the
first row meoan 63-50 exceeds the field mean 54-56 by 8-:94. Therefore,
subtract 8:94 from each result in row 1. In the same way, subtract
1-19 from each result in row 2, add 2-56 to each result in row 3, and
7-56 to each result in row 4. For the columns, add 11-81, 6-06,

— 2-69and — 15-19 to results in columns 1, 2, 3 and 4 respectively.
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When this has been done, the adjusted yields are:

A B ¢ D
52-87 46-12 51-37 67-87
B D A C
46-62 63-87 56-12 51-62
C A D B
53-37 H4-62 65-87 4437
D C B A
65-37 5362 44-87 54-37

The reader can verify that the row and column averages are now
the same as the field average.

Now repeat the calculation of the mean yield and variances for tho
four fertilisers.

Y| B () D
52-87 46-12 51-37 67-87
56-12 46-62 51-62 63-87
54-62 44-37 53-37 65-87
5437 44-87 53-62 65-37
Mean 54-50 45-50 52-50 65-75
Variances 1-77 1-11 1-36 273

The pooled estimate of the variance of a single yield is given by
1 Q774 111 4 1-36 + 2:73) = 1-74
and the estimate of the variance of a mean of four yields is

1-74
o = == 0:435, and sm = 0-66.

20-25

R =
Therefore, B,/$m 066

= 30-7.

This result is highly significant so that it is safe to conclude that
there is a real difference in the effects of the fertilisers.
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Example. Five different grades of plastic material A, B, C,Dand E
are tested to find whether they show any difference in surface smoothness
after being worked by machine. Five machines and five operators are
used for tho test, and five samples of each plastic are tested, and the
operators and machines are distributed amongst the grades so that one
operator, one machine and one grade are only associated once. The
arrangement with the corresponding results are shown with operator and

machine means.

Machine
1

Mean

The operator and machine differences are removed by adjusting the
results so that the row and column means are the same as the grand
mean, 13-4.

Machine

Operator

1 2 3 4 5 Mean
A B C D E

7 14 17 14 16 13-6
(§) A D I B

9 11 16 10 12 11-6
10} C B A D

9 14 15 7 14 11-8
B D E C A

10 16 18 14 14 14-4
D 1D A B C

14 16 16 15 16 15-4
9-8 14-2 16-4 12-0 14-4 13-4

Operator

1 2 3 4 b

A B C D E
10-4 13-0 13-8 15-2 14-8

C A D E B
14-4 12-0 14-8 13-2 12-8

E C B A D
14-2 14-8 13-6 10-0 14-6

B D L C A
12:6 14-2 14-0 14-4 12:0

D B A B C
15-6 13-2 11-0 14-4 13-0
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Calculate the means and variances for the five grades of plastic:

A B C D I
10-4 13:0 13-8 152 148
12-0 12-8 14-4 14-8 13-2
10-0 136 14-8 14-6 14-2
12:0 12:6 144 14-2 140
11-0 14-4 13-0 15-6 13-2
Mean 111 13-3 14-1 149 13-9
Variance 0-84 0-54 0-49 0-29 0-48

Then } (0-84 + 0-54 4 0-49 + 0-29 + 0-48)

= 053
. 053
=g = 0-106

and s, = 033
Ry = 149 — 11-1 == 138,
and Rg/s,, = 13-8/0-33 = 41-8.

This result is highly significant and we can conclude that thore are real
differences botween the grades of plastic in respeet of surfuco smoothnoess.

EXERCISES XXXIX

1. Perform algebraically the operation of equalising column and row
means on the 4 x 4 Latin square given below, and hence show that the
moans for the four treatments remain unaltered.

A B 3 D
¥y T2 T3 T1q
B A D C
21 Loz Ty Loy
C D A B
31 L3z L33 L34
D C B A
T41 Tq2 La3 Taq
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2. If x,cis the experimental result in the rth row and cth column of a
Latin square, and if &, & are the means of the rth row and cth column
respectively and Z is the grand mean, show that the process of equalising
the means of rows and columns is equivalent to calculating

Zre — & — %o + 2% for all values of ¢ and 7.

3. Write down four different 5 x 5§ Latin squares. (There are 161,280
different 5 x 5 Latin squares.)

4. The following results were obtained in a texile experiment to com-
pare the effects of ‘‘sizing” treatments, A, B, C and D, on the number of
warps breaking per hour. The two factors whose effects are to be eliminated
are the loom and time. Is the difference between the treatments significant?

(Tippett.)

Loom
1 2 3 4
Period

1 A B ¢ D
54 29 71 44

9 B A D C
59 22 100 22

3 C D B A
* 40 38 79 31
4 D C A B
83 29 100 27

|

5. The results of six types of fertilisers on the yield of potatoes, using a
6 x 6 Latin square design, are given below. Eliminate any apparent
fertility gradient effects and estimate whether the fertilisers produce
significantly different effects. (Fisher.)



PLANNING STATISTICAL EXPERIMENTS

E B F A C D
63 527 652 390 504 416
B C D E F A
489 475 415 488 571 282
A S C B D F
384 481 483 422 334 646
¥ D E C A B
620 448 505 439 323 384
D A B F K ¢
452 432 411 617 594 166
C F A D B E
500 505 259 366 326 420

8. Four men were omployed in collecting beetles in a field and they
were assigned to set areas in the field in Latin Square form. The arrange-
ment is shown with the result. Do the men show any significant difference
in the number of bectles they collected?

D B A C
1,127 1,331 628 430
C A D B
658 635 969 758
B D C A
869 794 560 411
A C B D
523 490 213 517

(Geofirey Beall, Biometrika, 30, 422.)

11.5 Factorial Design

When the effect of varying a single factor is measured, much care
is usually devoted to keeping all other possible factors constant, so
that any variations in the results of the experiment can be directly
attributed to the factor which is being altercd. For example, in



272 INTRODUCTION TO STATISTICAL METHOD

determining how the volume of a gas varies with the pressure the
cxperiment is carried out at a constant temperature, since it is known
that the temperature is also a factor which affects the volume. In
some fields of research, such as biology, sociology and agriculture
it is by no moans always possible to cnsure that all but one factor
remains unaltered throughout an eoxperiment. In such cases the
experimental design can sometimes bo arranged so that the effect of
any factors considered irrelovant may be estimated from the analysis.
This is known as balancing. In the experiment on the corrosion of
underground pipes, the coating of the pipe was the factor whose
cffect was being measured and the other irrelevant factor, namely
the type of soil, was eliminated by pairing the results. Again, in the
agricultural experiment on fertilisers the varying soil fertility was
the irrclevant factor and it was eliminated by using a Latin square
design.

In experiments where the effects of varying more than one factor
aro to be determined, it is not correct to assume that the best pro-
cedure is to vary cach factor one at a time. The reason for this will
appear in the following discussion of a chemical experiment.

A chemical material is prepared by adding one component to
another at a steady feed rate. Tho mixture is stirred and kept at a
constant temperature. It is proposed to investigate how altering
the three factors, feed rato (F), stirrer speed (S) and temperature (T')
affects tho amount of material produced. This is to be done by trying
two levels of cach factor, namely two different feed rates F; and F,,
two stirrer speeds S; and 8, and two temperatures 7'y and 7',.

Now there are oxactly ecight different ways in which these three
factors can bo associated at each level:

Fl Sl Tl F2 Sl Tl
F, 8, T, Fy8, T,y
F. 8, T, F,8, T,
F 8, T, Fy 8, T,

Eight determinations are made and the weight of material produced
is measured for each association of factor levels. Denote the weight of
material by small letters so that, for examplo, the weight of compound
made by the association of F,, 8; and 7', is f; s, £,. Thoso eight results
can now be arranged in pairs in three different ways to give an
estimato of the effect of cach of tho threo factors.

Thus tho effect of F' is measured by the average of

(frsrty — fas1th),
(fr82ty — fa821t4),
(fi$1le — fa81 1)),
(fi8ats — f28aly),
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Similarly, the effects of § and 7' are measured by the averages of

(fis1t1 — f18aty), and (fy sy 8y — f1818a),

(f28111 — f282 1)), (fo81t5 — fas1ta),

(fi81ta — fi8aty), (fi82ty — f18ats),

(fa81t2 — fa8ats), (fas3ty = f382t,), Tespectively.
It should be noted that the measurement of cach effect is based on
eight results, four at cach factor level.

Supposo that, instead of adopting this factorial design, the method
of varying the factors one at a time was used. Then, to determine the
effect of varying F' with equivalent precision, it would be necessary
to keop S and 7 constant while eight experiments were carried out,
four at the F, level and four at the F, level. To detormine the effect
of 8, another eight experiments would be required, this time keeping
F and T constant. Finally, a third set of eight experiments would be
necessary to determine the effect of 7'. Altogether, twenty-four experi-
mental determinations would be required, whereas by using a factorial
design cight determinations are sufficient to obtain the estimatoes of the
effocts with equivalent precision. This oconomy in oxperimental
effort is an important advantage of the factorial design.

Example. In the chemical experiment just deseribed the following
eight results were obtained:

fis1ty = 36 fos1ty = 1-0

Jisaty = 42 Sasoty = 15

Jisits = 33 Satste = 1.7

f1~92’2 == 46 f2.§'2t2 =19
LEffect of varying I:

36 — 10 :: 26
42 — 1-5 = 2.7
33 — 17 =16
46 — 19 = 2.7

Total  9-6
Mean  2-40

Effect of varying 5:
36 — 42 = —086
33 —46=-13
10 - 15 = —05
17 - 19 = —0-2

Total —2-6
Mean —0-65
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Effect of varying T':
36 —-33= 03
42 — 46 = —0-4
10 — 1.7 = —0-7
15 — 1.9 = —0-4

Total —1-2
Mean —0-30
T'he statistical analysis of factorial designs demands a rather more
advanced treatment than can be given in this book and so the
question of the significance of these results will not be discussed.
Some of the advantages of the factorial design can, however, bo
appreciated without entering into the subtleties of the further
analysis.

InTERACTIONS. In addition to providing equivalent accuracy for
less effort the factorial design also gives information about effects
which cannot be obtained from the “single factor at a time” treatment.
Consider the following question. Does the effect of varying the ¥
factor depend on the level of the S factor? In statistical language,
is thero an interaction between F and §?

To decide this, write down the means of the pairs (fy s; £, f; 81 %2),
(f8atif182t2), (28181, fasSats), (fas 83 ty, f2 82 t2) and denote the result
of averaging the T factor by ¢. This gives the following results.

f1 s b =345, f, 8, t = 135,
f1 828 =440, fy 851 = 1-70.
Now the effects of altering F when factor S is at the §; and S, lovels
respectively are
f131t "'f231t =210 (S,),
and fy szt - fs szt =270 (8,).
These two effects differ and this difference, 2:70 — 2-10 = 0-60, is a
measure of the interaction.

This illustrates another advantage of the factorial design, since in
experimental work it is often important to know when the effects of
one factor vary with changes in other factors. It is not possible by
varying only one factor at a time to obtain any estimate of inter-
actions.

EXERCISES XL
1. Show that in the chemical experiment the eight different combina-

tions of three factors at two levels'are given by the terms in the expansion
of (Fy - F3) (81 + S2) (T + To).
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2. In an experiment two factors A and B are tested at two lovels. Write
down the four possible combinations of factor levels. Using small letters
to denote the results of the experiments, write down the expressions for
the mean effects of varying 4 and B.

3. In Example 11.3, calculate the ' x T interaction, averaging S, and
the § x T interaction, averaging F'.

4. The effect of the presence or absence of three fertilisers on the yield
of potatoes was tested. The factors were

Sulphate of ammonia (N) Sulphate of potash (K) Dung (D)
None: N, None: K, None: D,
0-45 cwt./acre: N, 1-12 cwt./acre: K, 8 tons/acre: D,

The following results were obtained.

Yield in tons|acre
N,K,D, N,K,D, N,K,D, N;K,D, N,K,D, N;K\Dy N K;D, N,K,D,
2-84 2-85 7-49 8-06 8-59 9-35 11-20 12-10
Estimate the effects of the three fertilisers and also the three inter-
actions, N x K, K x Dand N x D. (Yates.)

5. Four factors A, B C and D are each tested at two levels. \Write down
the sixteen different associations of factor levels.

SuMMARY OF CHAPTER XI

1. In the design of an experiment to compare the offect of two
treatments there may be an advantage if the results can be grouped
in pairs and the analysis is carricd out on the differences between
each pair of results.

2. If a random sample of » has a range R, then Ry/c is known as
the standardised range. Table XLI gives the 1%, points of the
standardised range for values of n.

3. To determine whether a group of means differ significantly
amongst themselves:

(@) Calculate the mean and variance for each group.

() Obtain the best estimate of the variance by calculating
E(c?) from the average of the group variances.

(c) Obtain s, the variance of the group means by dividing
E(c2) by the number of results in each group.

(d) Determine R, the range of the means and calculate Ry/sm.

(¢) Compare this with the appropriate 1%, value in Table XLI.

4. Two other examples of experimental design are the Latin square
and factorial design.



ANSWERS TO EXERCISES IN PART TWO

Exercises XXII (p. 149)

1. (a) There is no difference in weight; (b) boys are heavier than girls.
Girls weigh 1 1b. more than boys. 2. (e). 3. The appropriate null
hypothesis is that the average ago is 38. The average ago is 45. 4. The
null hypothesis is not true, yet the experiment by chance gives a result
which does not lead to the rejection of the null hypothesis. §. The higher
level of significance would be used for the less plausible hypothesis.
7. The appropriate null hypothesis is that there is no difference in
quality. ¥rom the expansion of (} + 3)8 the observed result is not
significant at tho 5%, lovel. P = 7%. 8. Yes. P = 3-8%.

Exercises XXIII (p. 152)

2. No. 3. Yes. 4. Yes, P = 0-3620. 7. (a) No, (b) Yes. 8. (a) 6,
) 8, (c) 11.

Exercises XXIV (p. 1567)
1. m = 7-6795; s = 6-75; m, = 7-6796, sn = 2:86; s/[\/n = 3-37.

9. Tho timo T Exrrcises XXV (p. 161)
. 10 t1IIme .

Exercises XXVI (p. 174)

1. Not sig.; not sig.; sig. at 5% level; sig. at 1%, level. 2. 130-4, 141-9,
170, 2644 (¢t = 2:02). 3. m = 163, s = 204, ¢t = 3-11. Sig. at 6%.
4, ¢t = 87. Highly sig. 5.t = 10. 6. Not sig. 7. Sig. at 1% level.
8. Just sig. on §9, level. z = 0-313, 2(0-01) = 0-432, 2(0-05) = 0-306.
9, ¢t = 4-4. Sig. on 6%, not on 1%. 10. ¢ = 0-2. Not sig. 11. ¢ = 0-79.
Not sig. 12. 8%/s? = 1-95. Not sig.

Exeroises XXVII (p. 184)
4, 2:4,49.

Exercises XXVIII (p. 195)

In 1-4 the equations are expressed in the form y — § = b(x — %) so
thuat the values of £ and g can be checked.

1. (@) y — 143 = 1.62(z — 6-6); 8:5; 18-2. (b)) y — 109 = — 2:95
(x — 6:3); 177; — 3:0. 2. y — 389 = 1:10(x — 368). 8. y — 237 =
1-147(T — 5-6) where T' = (Year No. — 1930). 4. y — 24:65 = 1-58
(' — 9-5) where T' = (Year No. — 1930). 6. y = 069z + 0-82; z =
09ly 4+ 096. 6, y = — 048z + 6:96; x = — 137y + 10-2. 7, y =
%13'(7;6 — 40:3; z = 0:079y + 20-4. 8, y = 0-030z + 0-644; =z = 891y +-

Exgroises XXIX (p. 200)

1. b = 25, S.E.(b) = 6/4/26 = 1'18. b. t(4) = 2-4, just. sig.; ¢{(B) =
14, highly sig.
276
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Exercises XXX (p. 202)

5. y = 2:382: + 1384 whero x = (Year No. — 1937); 16,460,000.

6. y = — 0:840x + 157-14; v = — 1053y + 170-14. 7. log,y B ==

3:369 — 0-1379C; C = 20-7; R = 3:27. 8. y = 5-995— 2:883x; 9,555, 830.
9. C = 9893 — 9735 R. Yos; hlghly sig. 110 7' == 1428 NV 4 11-90.
12, C = 0003421 + 0-324. 13. y = 0:827x + 8:54; ¢ == 0-823y -}- 9-18,

14. y = — 07292 + 33:-3; 2 = - 0989y + 42:0. 15. y == — 07172 +
27-5;x = — 0-939y -+ 36-44. 16. y = -- 0-561x |- 19-T; 0 —= — 0-4T4y |-
25-8. 17. = = — 0-4T4y 4- 194,

Exrrcises XXXI (p. 211)

1. 4, 1, B, — 1; 0, 1. 2, (i) 0:6; (ii) — 08 (ili) 0-25; (iv) — 0-75;
(v) 4+ 0-8. 3. Uncorrelute(l perfectly corr.; partially corr. 4, /1, 0-909;
B, 0-145; C, — 0-0079; D, — 0-948. 5, 0-901. 6. 0-480. 7. 0-991. 8,
0-937. 9. A, 0-757; B, 0-873. 10. (i) 0-792; (i) — 0-812; (iii) 0-434;
(iv) 0-519.

Exercises XXXII (p. 218)

3. (a) Between 0-025 and 0-05; (b) 0-05; (c) between 0-01 and 0-05;
(d) about 0-01. 4, (a) r/S.E.(r) = 2:05; P = 2:029. (b) ¢t = 1-94; I - -
3% 6:2 = 319%. (Tho t-tablo is 2-tailed.) (0) 2 == 1'83; P = 3.4%,.
5. (a) 0-16%; (I)) 1:19; (¢) 14-69%; (d) 0-93%. 6. Yos, 0:60 and 0-45.
7. 0-36. 8, 0-18 — 0-56; 0-09 — 0-69. 9. ¢ = 1-28; not sig. 10. ¢ == 0-80;
not sig.; r = 0-087.

Exercises XXXILL (p. 222)
1. (a) Consider X d2 = XMs? + X2 — 2Xst. (b) Consider the number
of possible even values of Xd2. 2. B = 0-2775. 3. (i) 0-27; (ii) 0-62;
(iii) 0-04; (iv) — 0-76; (v) 0-53.

Exercises XXXIV (p. 226)

2. — 0-164; 0-209; both sig. (¢ = 3-23, 4-11). 3. (a) -}- 0-8; (b) — 0-2;
(€©)06. 8.m = 2,1 =1(p =3)or — Lp = 4). n -3, B = 1(§), }(}),
—3(3), — 1(3). n = 4 R = +1(1/24), - 0-8 (), -J- 0-6(1/24), - 0-4(}),
+ 0-2(1/12), 0(1/12). 7. r == 0-886; B = 0-756. 8. I = 0-463. 11. r =
0-793; R = 0-858. 12, r = 0-764. 21, 0-825; — 0-849; — 0-823; — 0-516;
0-474. All highly sig.

ExeErcises XXXV (p. 243)

1. x2 = 2-546,f = 4. Notsig. 3. x2 = 1-098, f = 4. Notsig. 4. x2 ==
0-065, f == 3 — 2 = 1. Not sig. 5, Poisson; x2 = 256-77,f = 3 — 2 == 1.
Highly sig. Negative Binomial: x2 = 1-93; f = 4 — 3 == 1. Not sig.
6. x2 = 16:07,f = 8 — 2 = 4. Botween 0-5%, and 0-1%. 7. x2 = 5854,
f = 9. Highly sig. 8, x 2== 0-470,f =4 — 1 = 3. Notsig. 9. x% == 36,

= 11 — 1 = 10. Highly sig. 10. x2 = 8-2,f = 11 — 2 = 9. Not sng
11. 3, 10, 22, 40, 56, 67, 61, 46, 27, 13, 5, 2. x% = 26-10,f =9 — 3 =
P <01%. 12. (1, 3, 9, 19), 35, 55, 71, 78, 72, 57, 38, 21, (10, 4, 1, O, 0)
x2 = 60-1; f = 10 — 3 = 7. Highly sig.

ExEercises XXXVI (p. 260)
1. x2 = 56,f = 1. Highlysig. 3. x2 =193,f =3
sig. 4. x2 = 49-2, f = 5. Highly sig. 6. x2 = 3422, f
9. x% = 1568, = 4. 01% S P> 0-5%.

%X 3 = 9. Highly
= 8. Highly sig.
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Exercises XXXVII (p. 259)

1.¢ - 253, v = 11, P == 2}9%. 2. Ist method, ¢t == 1:38, ¥ = 28,

P ==109%,. 2nd method, ¢t = 29, v = 14, P == 19,. 4, 0-0464.
Exercises XXXVIIT (p. 263)

1. R,[s = 1-66. No sig. difference. 2, R;/s = 1-73. No sig. difference.
3. R)y/s = 1-41. No sig. difference.

Exgercises XXXIX (p. 269)

4. R,/s = 11-2. Highly sig. 5. Rg/s = 19-72. Highly sig. 6. By/s =
4-564. Just sig. at 19 level.

Exrkrcisgs XL (p. 274)

2. (A; + Ag) (By -+ By); ay by, ay by, ay by, ap by, Varying a: }
(g by -- ay by + a, by - ay by). Varying b: §(a; by — a; by + ap by —
ay by). 8. F « T,050; S » T,020. 4& N, — 0-180; K, — 3-805; D, —
6:00. K « D, - 225; N = D, 022; K « N, 1-11. §. Kxpansion of
(Ay + Ay) (By + By) (Cy + Cp) (Dy + Dy).



APPENDIX ]
RECOMMENDATIONS FOR FURTHER READING

Elementary and Non-mathematical
Tippett, L. H. C.: Statistics. Oxford. 1943,
(A general and descriptive account of the uses of atatisties —ono of the
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Fifth edition. 1949.
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TaBLe XXVI

NORMAL DISTRIBUTION

THE vRacTION P(d > D), WHERE D) .= (X — p)/o

Deviate| Prefix | 0'00 0'01 002 0'03 004 005 6:06 007 0-08 0-09
D
oo o5 ooolqéo 920 880 840 8o1r 761 721 681 641
o'x o4 6oz 5§62 522 483 443 404 364 325 286 247
o2 o4 207 168 129 09o 052 013|974 936 897 859
o3 o3 821 783 745 707 669 632 594 557 520 483
o4 446 409 372 336 300 2064 228 192 156 121
o5 o3 o085 oso0 Olsl()SI 946 912 877 843 810 776
o6 o2 743 709 676 643 611 578 546 514 483 451
o7 420 389 358 327 206 266 236 206 177 148
o8 o2 119 09o o061 033 005|977 949 922 894 867
o9 o'x 841 814 788 762 736 711 685 66o 635 611
1-0 587 563 539 515 492 469 446 423 401 379
11 357 335 314 202 271 251 230 210 19O 170
12 o'1 IS5I 131 112 093 075 056 038 o020 003|985
3 o0 968 951 934 918 gor 885 86 853 838 823
14 808 793 778 764 749 735 721 708 694 681
1°5 668 655 643 630 618 606 504 582 571 559
16 548 537 520 516 505 495 485 475 465 455
177 446 436 427 418 409 go1 392 384 375 367
1-8 359 351 344 336 329 322 314 307 301 204
1'9 287 281 274 268 262 256 250 2344 239 233
20 228 222 217 212 207 202 197 192 188 183
2°1 179 174 170 166 162 158 154 150 146 143
22 139 136 132 120 125 122 119 116 113 IIO
2°3 oo 107 104 102'990 964 939 914 889 866 842
24 o-oo| 820 798 776 755 734 714 695 676 657 639
2°5 621 604 587 570 554 539 523 508 494 480
26 466 453 440 427 414 402 391 379 368 357
27 347 336 326 317 307 208 289 280 272 264
28 256 248 240 233 226 219 212 205 199 193
29 o-00 187 181 175 169 164 159 154 149 144 140

281
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TaBLE XXVI—continued.

Proportion Proportion Proportion Proportion
Deviate of Whole Deviate of Whole Deviate of Whole Deviate of Whole
Area Arca Area Area

(D) (P) (D) (P) (D) ) (D) (P)

30 ‘00135 35 000233 40  -o'317 45  0°340

31 000 968 36 *000 159 41 -0t 207 46 0% 211
32 000 687 37 000 108 42 -0* 133 47 0% 130
33 ‘00483 38 0'723 43 ‘0% 085 48 0% 793
34 000337 39  r0'481 44 -0t os4 49 0% 479

50 0% 287

The illustration shows the Normal curve. The shaded area is a
fraction, P, of the whole area, where £ is given in the table.

The entries refer to positive values of the argument, . For
negative values of 1), write the complements of the entries. i.e., 1 - P.

The lines on the table indicate when the prefix changes.

K. XAMPLES

(@) D 0-84. The pretix is 0-2 and the entry is 005, so that I’(d >0-84)

- 0-2005. (b) D -~ 0-85. The prefix is now 0-1 and the entry is 977, so
that P(d > 0-85) = 0-1977. (¢) D = -- 2-37, The tabulated value for
D - 237 is 0:00889 and since D is negative P(d > - 2:37) =
1 - 0-00889 = 0-99111. (d) D == 1-26. Thearea outside 4+ Dis2P(d > D)=
2 X 0-2077 =~ 0-4154. (e) D =- 4:2, The tabulated value is P(d > 4-2) =
0-0000267.
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TasLE XXX

PERCENTAGE POINTS OF THE #-DISTRIBUTION

P(%)
- - — s
50 25 10 5 2°5 1 o's o1

1 1°00  2°4t 6:31 12°7 255 637 127 637
2 816 160 292 430 621 992 141 31°6
3 765 142 235 318 418 584 745 1279
4 ‘741 134 2713 278 350 460 560  8:61
5 727 1’30 201 257 316 403 477 686
6 718 127 194 245 297 371 432 590
7 711 1°25 1-89 236 284 350 403 §°40
8 706 1°24 186 2°31 275 336 3-83 5°04
9 703 1°23 1-83 226 268 325 3-69 478
10 700 122 18t 223 263 317 358 459
1t -698 1°21 1’80 220 2°59 311 350 4°44
12 695 1-21 178 218 256 305 3°43 432
13 694 1°20 177 2:16 2°53 301 3°37 422
14 ‘692 120 176 2714 251 298 333 414
15 691 120 175 2713 249 295 329 407
16 ‘690 1°19 175 2°12 247 292 325 40l
17 689 1'19 174 2°II 246 2'90 322 396
18 688 119 173 210 244 288 320 392
19 688 119 173 209 243 28 317 388
20 687 1-18 172 209 242 283 315 385
21 686 1-18 172 208 2°41 2:83 314 382
22 686 1-18 172 207 241 282 312 379
23 683 118 171 207 240 281 310 377
24 685 1-18 171 2706 239 280 309 374
25 684 118 171 2006 238 279 308 372
26 684 118 171 206 238 278 307 371
27 684 1-18 170 205 237 277 306 369
28 -683 117 170  2'03 237 276 3-05 3:67
29 683 117 1'70  2'05 236 276 304 366
30 683 1°17 170 204 236 275 303 365
40 681 117 1-68 202 2'33 270 297 3°55
60 679 1°16 167 200 230 266 2°91 3°46
120 677 1°16 1-66 198 227 262 28 337
L 674 1'15 1-64 1196 224 2°58 281 329

The appearance of the ¢-curve is similar to that of the Normal curve.
The quantity P is the area under the two tails of the t-curve. P is
therefore the probability that |¢]|, the absolute value of ¢, will
exceed the tabular entry.

fis the number of degrees of freedom.
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EXAVPLES
() liet 32-4, sample size n == 15 31-3 &nd s == 135, Then
alvn - 0-40;L = (32:4 -~ 31-3)/0-40 —~ 1 .- 14. This
value of ¢ lies botween the 5%, dlld 19 values of P f01 f = 1+and is
therefore significant. (b) Lot £ = 0-326, & :- 0-501, 8; == 0O- 182 8 - ¢
0-164,n, == 4,1y == 6. Then 2 == [(n; — 1)8? -+ (ng — 1)s2]/(ny 4 ng - 2)
= 0:0292, s? (—5' + _-1-) = 00122, sy/ (~l— - l) = 011, t —
ny (" ny My

(0-501 — 0-326)/0-11 = 159 and f = 4 + 6 — 2 = 8. The 59, tabular
entry at f == 8 is 2-31 and so this value of ¢ is not significant.

[
-1,
i
©

-
—_—
~

I

TasLe XXXINX

PErcENTAGE POINTS oF THE 2* DISTRIBUTION

P(%)

25 10 5

.,
wn
o
N
©n
-
[}
-

~

o5

‘455 132 271 384 502 663 %88 108
1'39 277 461 599 738 921 106 138
2'37 411 625 781 935 11°3 12°8 163
336 539 778 949 11 133 149 185

435 663 924 111 128 151 167 205
535 784 106 126 144 168 185 225
635 904 1200 141 1600 185 203 243
73+ 102 134 155 17'5 201 220 261
834 114 147 1609 190 217 236 279

934 125 1600 183 205 232 252 296 10
1003 137 173 197 219 247 268 31°3 It
11°.3 148 185 2ro 233 262 283 329 12
1223 1600 198 2274 247 277 298 34§ 13
13'3 171 211 237 2601 291 31'3 36°% 14

143 182 223 250 275 306 328 377 15
153 194 235 263 288 3200 343 393 16
163 205 248 276 302 334 357 408 17
1773 216 20600 289 31’5 348 372 423 18
183 227 272 301 329 362 386 438 19

O OO\t PN~

193 238 284 314 342 376 400 453 | 20
203 249 296 327 355 389 414 468 21
213 2600 308 339 368 403 428 483 22
223 271 320 352 381 416 442 497 23
233 282 332 364 394 430 456 s12 | 24
24'3 293 344 377 406 443 469 526 | 25
253 304 356 339 419 456 483 541 26
26'3  31'5 367 401 432 470 496 555 27
273 326 3779 413 44’5 483 s1o 569 28
283 337 391 426 457 496 523 583 29
293 348 403 438 470 509 8537 597 | 30
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The illustration shows the y* curve for f == 3. The shaded area is a
fraction, P, of the whole area where P is given in the table.

Jfis the number of degrees of freedom.

When f > 30 it is approximately truc that

VEX) - VE -0
is normally distributed with unit standard deviation. 'T'he probability
for % corresponds to a single tail of the Normal curve.

EXAMPLES
(a) Let x* 15-2, f 12. This value of x2 lies between tho 500;,
and 10% points and is not significant. (h) Let x2 - - 450, f =: 24. 'This
valuo of x2 lies between tho 1Y%, and 0-1% points and is therefore
significant. (c) Lot x2 = 126, f = 110. Then D = 4/252 — /219
15-87 — 14-80 = 1-07. From Table XXVI, for 1) := 1-07, P = 14-239,.
x2 is therefore not significant.
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total, 85

QUARTILES, 63

RaNpom sampling, 89
Range, 62
Rank correlation, 220
Rectangular distribution, 136
Regression, 177
linear equation of, 191
significance of, 188
standard error of, 196
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SAMPLE estimates, 153

Sampling, 89

Scatter diagrams, 150

Second moment, 72

Semi-interquartile range, 62

Sigma notation, 41

Significance levels, 148
tests, 145

Spread, 62

Standard deviation, 62, 69
significance of, 162, 169

Standard error, 160

of regression cocefficient, 196
of corrclation coetficient, 217

Standardised range, 260

Statistical experiments, 147, 253

Stercogram, 179

INDEX

TABULATION, 6

Time scries, 27

t-distribution, 163, 215
table, 164, 215

t-test, 163, 199, 256

Triangular distribution, 136

Two-tail test, 146

VARIABLES, 7
related, 158
Variance, 69, 160

WEIGHTED mean, 45
Working mean, 43

7-TEST, 169
z-transformation, 216
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