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PREFACE

Classes of algebras such as groups, rings, Lie
algebras, and quasigrouvns have two kinds of property. The first kind
is the particular : those properties arising from what the algebras
"are", in the sense that groups "are" autoqorphisms of structures,
rings "are" endomorphisms of abelian groups, Lie algebras "are"
matrices under Lie product, and quasigroups "are" Latin squares. The
second kind of property is the general, stemming from the algebraicity,
the creeztion of new elements from 0ld ones by overations such as
multiplication and inversion. The study of the first kind of property
is the task of individual theories such as ring theory or quasigroup
theory. The study of the second kind of property is the task of

universal algebra.

The value of universal algebra is often unclear to
those working on algebras such as groups or rings which have been
studied intensively for a long time. For these algebras the problems
arising from the general properties have long ago been solved and
taken for granted. A ring theorist knows from the beginning what a
module is. Most group theorists give no second thought to the

cancellation of direct products of finite groups or to the proper
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definition of nilpotence. But those studying less well known algebras
such as quasigroups cannot afford this effete ignorance of universal
algebra. If they try to beg scraps of general information from a
group theorist, they will be given a horrid mixture of the particular
with the general. If they then complain, they will be told that their
algebras have no structure anyway. Their only recourse is to

universal algebra.

However, even the group theorists and ring theorists
are well advised to learn some universal algebra. Methods and results
pitched at the right level of generality are forced into a lean
elegance that the comparable work done under excessive assumptions may
have missed. What looks messy and complicated in a particular
framework may turn out to be simple and obvious in the proper general
one. Furthermore, there is some beautiful and fascinating mathematics
in universal algebra which collapses on narrowing down to familiar

special cases.

The art of universal algebra is to pick the
appropriate level of generality, which is often not the full one. The
thesis of these notes is that Mal'cev varieties form an appropriate
framework for many purposes. This was probably first recognised by

Ore in 1936 when he showed that Mal'cev algebras have modular



congruence lattices and deduced a unique factorisation theorem for
direct decompositions which is false for general algebras. The
crucial step came in 1954 when Mal'cev proved at a modest stroke of
genius that what are now called Mal'cev varieties embrace groups,
rings, modules over a ring, commutative algebras, Lie algebras, Jordan

algebras, loops, quasigroups, and much more besides.

These notes set out to show some of the things that
can be done with Mal'cev varieties. After an introductory chapter
laying cown the background and the notations the major theme of
centrality is introduced in Chapter 2. Chapter 3 proves Ore's unique
factorisation theorem by 2 Fitting's Lemme method like *that used for
unigue frctorisation theorems in group theory, and then uses
centrzlity to imvrove Ore's Theorem to the standards of group theory's
best corresponding result. Chapter 4 gives a cancellation theorem for
direct products of finite lal'cev algebras, and in doing so introduces
the relation of central isotopy. This relation collapses to
isomorphism as soon as "zeros" or "identities" eppear, and so is an
example of something that can only exist at sufficiently high levels
of generality - at that of quasigroups rather than loops, say.

Chapter 5 has another example of a similar phenomenon, which crops up
in en investigation of minimal varieties and simple algebras without

subalgebras. Finally, Chapter 6 deals with the cohomology of Mal'cev
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varieties, classifying extensions and obstructions.

There are three main areas in which the material of
these notes could be developed or applied. Firstly, there is much
more to be discovered about Mel'cev algebras than is presented here.
Secondly, there are applications in the study of quasigroups and other
scantily known algebras. Thirdly, the ideas here could be expressed
in more categorical language (bearing in mind the comment in the notes

to Chapter 3 on page 68).

Readers are assumed to have some acquaintance with
classical universal algebra (as in [Co]) and with category theory (as

in [ML]). The first chapter summarises what is assumed.

The first four chapters (except Section 3.2) formed

part of a course given to graduates at Cambridge in the Lent Term 1975.

I am grateful to Darwin College, Cambridge for the
Charles and Katharine Darwin Research Fellowship during the tenure of

which these notes were written.

D. P. M. M. 8., 16 Mill Lane, CAMBRIDGE CB2 1SB, U. K.

February 1976
Jonathan D. H. Smith.
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1 Rudiments and notations

This chapter establishes the language in which these
notes are written. The first section mentions the elements of
classical universal algebra which will be needed. Nothing is proved
there - details may be found if required in any standard text such as
P. M. Cohn's [Co] . Modern universal algebra has two advantages over
this classical approach : elegance, avoiding the confusion about
exactly what the operations of an algebra are, and abstractness,
considering algebras in any category with products, not just a
category of sets. These notes do not adopt the full modern approach,
partly because this is still not yet sufficiently ingrained in
mathematicians to be the obvious way of conceiving things, and partly
because the material here is meant to be applied to particular
algebras such as quasigroups, for which purpose the classical language
is more appropriate. However, it will be necessary to borrow some of
the abstractness of the modern approach in talking about algebras in
various categories with products. Those facts which will be used are

laid down (again without proof) in the second section.



The latter half of the chapter begines the real
business. The third section iptroduces the category of congruences on
an algebra, which plays a vital role in Chapters 3 and 4. Then at
last Mal'cev varieties are defined in the fourth section, and lots of

familiar algebras are shown to be Mal'cev varieties.

1.1 Universal algebra.

B

If A and B are small sets, A will denote the

set of mappings from B to A . In particular if n is in the set
N of natural numbers, "p  will denote the direct product of n
copies of A . More generally, if A 1is an object in a category with

products, By will denote the product of n copies of A . There

1

are projections %' : PA - A ; (ao,...,an_1) P a, and diagonal

embeddings An :A=TA; ar (a,...,8) . A2 will usually just be

called A , and AA will be written as 4 , called the diagonal.

Given e : A= A' ; ar a' , write Te : Pa -~ Pa'; (ao,....an_1)|-

(&6,...,&1')_1) . Given ey : Ay =+ A} , write (e,...,0 ) :

n

Ap XoouX A Al XuluX Ap (a1,...,an) - (a1o1,...,anen) .



An operator domain is a set f. of gperations together
with a map ar :Q >N . If @ €0, ar(w) is called the grity of
©w, If o hasarity 0,1 ,2, 3 ,..., n, it is described as
nullary, unary, binary, ternary, ..., n-ary . An [l-algebra

U ("a)
(A,0,p:0 > A ) consists of a set A , the underlying

nEN
n
set, an operator domain () , and a map p:lt~ U( A)A such that

nEN
ar(w) =n 3 pw) € (nA)A . p 1is called the action of {1 on A .
If there are no nullary operations, A may be empty. This possibility
is usually ruled out, except at the end of Section 2.3 where it is
unavoidable. f1l and p may be omitted from the notation for an
N-algebra if they are clear from the context. In particular, it will
be useful (except in parts of Chapter 4) to confuse an algebra with

its underlying set. The image of an n-tuple (a.1 ,...,an) of

elements of A under p(w) for n-ary w will be written variously

as (a.1 ,...,an)P(w) a, ...anp(w) = aip(w)

[}

(a1,...,an)<.a = aj...8,00= a 0.

Other notations may also be used, such as a + a' for a binary
operation + . (l-algebras, with the homomorphisms between them, form
a category. Isomorphism is denoted by £ . The one-element algebra

{1} or 1 is a terminal object, and ¢ or 1 is initial.

Let X be a set. Then an N-word in X (or just

word) is an element of X or, inductively, Wi W 0, where w is



an n-ary operation of N2 and the wy are words. (Note that if. n
is a nullary operation, n is a word.) Let w Dbe an Q-word in X ,
and let Xy seees Xy be all the elements of X appearing in it.
Given an N-algebra (A,0,p) , and an fl-word w in X involving the
elements Xy ey Xy of X, w and p determine a mapping from
Ky t0 a4 sending (a1,...,ak) to the element of A obtained by

replacing any x,

i appearing in w by ay and any @ appearing in

w by p(w) . In this way the word w may be assigned the arity k
and adjoined to (). "Operation" will variously denote either the

original operations or the words regarded as operations.

Let W, and W, be operations in ) . An (l-algebra
(A,Q,p) is said to satisfy_ the identical relation W, =W, if
p(w,) = p(w,) . The pair (w,,w,) is called an identity. If S is
such a set of identities, then the class of all ()-algebras in which
all the identities S are satisfied is called a variety of
fl-algebras. Varieties form full subcategories of the category of

fl-algebras.

If (A,0) is an (1-algebra, then °A with the
pointwise actions is also an ()-algebra (ZA,ZP). If (B,o) is a
further (l-algebra, A x B with the action p on the first

component and o on the second is denoted by (A x B,(p,0)) and



called the direct product of (4,p) and (B,0) . Let C be a

subset of A (written C €A) . If C is closed under the action
p» (C,p) is said to be a subalgebra of (4,p) , written (C,p) <
(A,p) . Proper subset and subalgebra relations will be denoted by C
and < respectively. If S is a subset of A , let < 8 > denote
the least (under < ) subalgebra of (A,p) containing S , the
subalgebra generated by S . Let V Dbe an eqeivalence relation on
A, 1.e. a reflexive, symmetric, and transitive subset of 2A . The
notation x V y will often be used instead of (x,y) € V , as well as
the pictorial notation

x oY .y
This pictorial notation is developed later with a concept of
"completing parallelograms", and is a useful source of intuition. The

equivalence class xv is {y€eA|xVy}. Av will denote the

set of equivalence classes, and natV : A = Av ; X P xv the natural
projection. If V is also a subalgebra of 25 , it is called a
congruence on A . Then (Av,p) with p(@) 3 (aY,...,aX) -
a1...anp(o)v forms an N-algebra called the quotient of A by V.
If £ (A,p) -+ (B,0) is a homomorphism of fl-algebras, ker f =

{ (x,y) € 24 | x¢ = y£ } 4is a congruence on A , called the kernel of

f , with A nat ker £ = Af . Full subcategories of the category of

N-algebras are varieties iff they are closed under the taking of



direct products, subalgebras, and quotients.

The set X1 of f-words in a set X forms an
(-algebra under the action p given by (w1,...,wn)p(w) = WyeeaW W
If 8 is the set of identities in X satisfied by a variety I of

f~algebras, S is a congruence on X . The quotient (Xﬂs,p) is

called the free I-algebra FT(X) on the set X . If (Y,0) is in
I , any set-mapping £ : X+ Y has a unique extension to a

I-morphism f: (Xﬂs,p) =+ (Y,0) with the restriction flx =1 .

1.2 Algebras in categories.

Let T be a variety of (l-algebras satisfying the
identities S , and let C Dbe a category with products. Then a
I-algebra in C is an object C of C together with a C-morphism
2, ar(®)g 4 ¢ for each operation ® in f such that if (w,u')

is in § , then fw = fw' « A morphism of T-algebras in ¢ is a

C-morphiem e : C + D such that all the diagrams




commute. Thus the I-algebras in ¢ form a category I a C . For
example, if §g;0 denotes the variety of pointed sets, i.e. sets with
one nullary operation, 20 = §g§0 m I is the category of pointed
T-algebras . A go—algebra is a I-algebra A together with a
T-morphism {1} = Op~a , 1.6. a selected singleton subalgebra {OA}
€A . A I,-morphism e : A+ B is a I-morphism for which

OAe = 0g . Note that if Set denotes the variety of (small) sets,

then Set a I =1Tu

o

g

lict
L}
-3

Let C be a I-algebra in C , B an object of

o

and let C(B,C) denote the set of C-morphisms from B to C . Let
w be an n-ary operation of 1, let 1 € ng(B,G) , and let

9 ng(B,C) - g(B,nC) be the natural isomorphism coming from the
definition of the product ©C . Then the definition

p(w) : g(B,c) = ¢(B,C) ; 1L~ lgf,, makes (C(B,C),0,p) into a
g—algebra. Conversely, if C is an object of C such that
(¢(B,C),0,p) is a DI-algebra for each object B of C , let w De
an n-ary operation. For O < i <n , the projections ni : C~»C

are in the T-algebra (g("C,C),0,p) , and then defining



£, = no...nn'1p(w) € g(nC,C) makes C into a [I-algebra in C .
The category I itself has products, and it is
interesting to consider abelian groups in I . Let A Dbe such an
object, i.e. a I-algebra with Z-morphisms + , - : 20+ A and a
singleton subalgebra {0} < A satisfying the appropriate axioms. Let

w in 0 bve an n-ary operation. Then for Xy yeeey Xy in A,

(x1,x2,...,xn)w (x1+0,0+12,...,0+xn)m

(x1,0,...,0)w + (0,x2,...,xn)w

(x1,0,..,0)w + (O,xz,..,O)u + (0,0,..,xn)w .
Defining HQ:A*A;xH(m“”L””mU,

i-th component
(11,...,xn)w = Xybyy +oeee t x b - Let T Dbe the set of all such
mappings, which are known as translations. T has a multiplication
defined by composition, and an addition defined by x(t+t') = xt+xt!'
T becomes a ring, and A a T-module. The structure of A as an
abelian group in g , in particular as a I-algebra, is specified

precisely by its structure as a T-module.

Let R be a I-algebra. The category of I-algebras
under R, R/T , has as objects all I-morphisms R- T, and as

morphisms all commutative diagrams



/N
T—>T'
The category of I-algebras over R , g/R , has as objects all

g—morphisms T - R, and as morphisms all commutative diagrams

by

Y [
\/
Sometimes one just refers to f : T = T' . Note that T/{1} may be
considered just as g . Algebras under R are its quotients, and

algebras over R its extensions.

The category E/R has products : given f : T -+ R

and f' : T' - R, form the pullback of T
T—-)ﬁt' in T . This may

be taken to be T x, T' = { (t,t') € T x T' | tf = ¥£' } , with

Txp T =R ; (t,t') » tf = t'£' . Then the universality property of

pullbacks says that T Xp T' = R is the product of T - R and

TR in I/R .

The category of abelian groups in E/R is called the
category of R-modules. If T - R is an R-module, and S #* R is an
object of I/R , then as above I/R(S~R,T-R) is an abelian group. In
particular I/R( gt R-R, TR ) is called the group Der(R,T)

of derivations from R to T . If T-R is an R-module and S - R



is a =T__-morphism, then the pullback S Xp T—>T
¥
S—>R

produces an S-module S Xp T-S.

1.3 The category_of congruences.

If U and V are equivalence relations on a set A
let UeVa={(x,y) €24 | 3t€A. xUtVy)} and UvV =
2
{(x,y) €A | JneEN. ] B s byaeees Ty €A

X=to Ut Vi, U.Ut, Vi, =y}

UeV: ‘xo/\ny

2 -2 tan=Y
UvV 1is an equivalence relation on A called the join of U and V
If the equivalence relations on A are partially ordered by the
inclusion relation, the join of U and V is the least upper bound
of U and V . The set-theoretic intersection UmaV of U and V

is also an equivalence relation on A , the greatest lower bound of U



If A is an Q-algebra and U , V are congruences on
A, then UeV , UvV , and UAV are also subalgebras of 2A . Thus
UvV and UnV are congruences on A . In this way the congruences
on A form a lattice. The lattice may be viewed as a category by

seeing an arrow f : U -+ V whenever U V.

For many purposes, such as the study of direct
decompositions in Chapter 3, the lattice of congruences does not have
enough arrows, so it is necessary to introduce some more. If U is a
congruence on A , then it is a reflexive subalgebra of 2A , and so
there are homomorphisms

A >U > A

of fl-algebras. A morphism of congruences is a homomorphism
9 : U» V of (l-algebras from the congruence U to the congruence V

such that the diagram

commutes. In the pictorial notation, ¢ : U=V ; (x,y) » (x,2)

may be thought of as a pivoting about x :



v

If UV, then the injection of U in V 4is a morphism of
congruences. The congruences on A with the morphisms of congruences
between them form the category of congruences on A . It has the
lattice of congruences on A as a subcategory. Note that 1 isa
null object (i.e. both initial and terminal) in the category of

congruences.

If U and V are equivalence relations on A for

which UeV =VeU , then UeV = U\yV :

U and V are said to commute. If U and V are congruences on the
algebra A which commute and for which UaV = ﬁ , then the join
UeV=UyV of U and V 4is called the direct product U nq V of U

and V . The reason for this nomenclature is given in Proposition 215:
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if UV exists (i.e. if UaV =72 and UeV=VoU), then UpnV

is the product of U and V in the category of congruences on A .

Let W Dbe a congruence contained in U V ., If
(x,y) EW, (x,y) €EUpV,8 Jz€A. xUzVy. z is the
unique such, since x U z' Vy = (z,z2') €EUAV = 2 . This is

written : 3, z€A. xUzVy.

The mapping f : W= U ; (x,y) » (x,z) is a morphism of congruences,
called the projection of W onto U along V. { (x,z) |

} (x,y) €W . xUzVy]} is also called the projection of W onto

U along V , and dencted by Uy . If UnV=WnV, then the
projection of U onto W along V is a two-sided inverse for the
projection of W onto U along V , so U and W are isomorphic in
the category of congruences on A . This isomorphism is examined more

closely under certain conditions in Proposition 322.

For the rest of this section, suppose that the
congruences on A all commute. Then the direct product is very well

behaved. For example, it is associative in the sense that if



Upn (Vq W) exists, then (U V) n W also exists and equals

”~ A A~
Un(VaW) . For Un(VeW) =4 and VaAW=A . Clearly UaV=A4.

If (x,y) EWA(UQp V) ,say xUtVy, u y
x

then (x,t) € Ua(VeW) =4, W

80 (x,y) € VaW =2 . For this reason z

multiple direct products are written without brackets. Note that R
always commutes in the sense that if U V exists, then VU

exists and equals Up V.

A congruence U is said to be (directly)

indecomposable if U>2 , but U=1U'n U" implies U' =2 or

=%,

131 PROPOSITION If U is a congruence on A with the minimal
condition on subcongruences, then U can be expressed as a direct
product of indecomposables.

Proof. If U is indecomposable, there is nothing to prove.

Otherwise, U = U1 nU, with U>T0, > x. If U, is indecomposable,

2
it is the first sought factor found. If not, U1 = U1' n U%‘ , and

”~
' >A . Continue thus. The

U=Ul aU}ql,, vith U>U, >Uj

descending chain U>TU, > U3 > ... stops, at the first
indecomposable direct factor. Call it V1 . Then U = V1 n Ué , say.

Now Ué bhas the minimal condition on subcongruences, and so can be



1

expressed as Ué = V2 nU:, V2 being indecomposable. Then
U= Vin V2 n Ué . Continue thus. The descending chain U > Ué > Ué
> ... stops. Thus the whole process does, and the required

expression is found. ]

If the congruences on A all commute, then the
lattice of congruences on A satisfies the modular law
Uu>v 3 Un(Vo W) = Ve(UAnW) .
Note that, always, Vw(UaW) SUn(VvW) . For the converse, let

(x,y) EUA(VoW) , 8ay xUy ,xVitWy :-

Then 4 s€A. xWsVy. But VU, s0o 8Ux . Then

y Vs (UAnW) x , whence (x,y) € Vo (UnW) , as required.

In modular lattices there is a result known as Ore's

Theorem [Bi, Ch. VII, §7] which for the lattice of congruences on

the algebra A becomes :

132 THEOREM If U 4is a congruence on A with the maximal and

minimal conditions on subcongruences, then its expression as a direct
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product of indecomposables given by Proposition 131 is unique.

The usual lattice-theoretic proof of Ore's Theorem proceeds by
induction and analysis of different cases. In Section 3.1 a different
proof of Theorem 132 is given, analogous to that of unique
factorisation theorems in group theory and lending itself better to

the weakening of hypotheses that takes place in Section 3.2.

If 2%4=0 n V , then every element of A 1is uniquely

2p =4V x 4V .

specified by its U-class and its V-class. Thus
Conversely, if e : A= B x C is an isomorphism, and ¢ ¢: Bx C -+ B,

¥y: Bx C~-C are the projections, let U = kerep , V = kerey .

Then %A=Up V.

If 24=0 nV, V is called the (direct) complement
of U , sometimes written U . This notation is only used if a unique
such V has been specified. Generalising the above, if 2 =

n

UynUyn...nU, , then A% Anatl, x AnatT, x...x Anat .

An algebra B is said to be indecomposable if |B| ,

the number of elements in (the underlying set of) B , is greater than
1 ,but BZCxD implies C= {1} or D= {1} . If %A=

UynUyn..nU, , then AnatU, is indecomposable (as an algebra)
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iff U1 is indecomposable (as a congruence). For if U1 =U' nU",

Anatﬁ1 2 AnatU' x AnatU" (where for example U' = U" Uymeeen Uy

n

in accordance with the convention above), and conversely if Anatﬁ1
B x C, then U1 is the direct product of the kernels of the
projections of A onto B x AnatU2 X «ee X Anatﬂh and onto

Cx AnatU2 X ... X Anatﬂh .

1.4 Mal'cev varieties.

As Section 1.3 has shown, algebras all of whose
congruences commute have several desirable properties. Even more
useful are varieties consisting entirely of algebras all of whose

congruences commute.

141 DEFINITION Let I be a variety of fl-algebras such that each
pair of congruences on each I-algebra A commutes. Then I is said

to be a Mal'cev variety, and g-algebras are called Mal'cev algebras.

The name comes from the Russian algebraist A. I.
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Mal'cev, who proved [Ma] the following innocuous-looking but far-

reaching theorem on which almost everything in these notes depends :

142 THEOREM Let T Dbe a variety of (1-algebras satisfying the
identities S . Then T 1is a Mal'cev variety iff there is a ternary
operation (x,y,z)P in QA for which the identical relations
(x,y,y)P = x and (x,x,z)P = z are satisfied.
Proof. Firstly, suppose that there is such an operation P . Let
U, V be congruences on the TI-algebra A , and let x Uy Vz .
Now x Vx since V is reflexive,

y Vz is given, and

z Vz since V is reflexive.

2

Then (x,y,z)P V (x,z,2)P = x , since V £ “A .
Similarly xUx,

x Uy, and

zUz .

Then z = (x,x,z)P U (x,y,2)P .
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Thus xUyVz=xV(x,y,2)PUz, i.e. UeVEC VU, whence by

symmetry U and V commute.

Conversely, let 2 be a Mal'cev variety. Let A Dbe
the free IT-algebra on the set ({x,y,z} . Let U be the least
congruence on A containing (x,y) , and let V be the least
congruence on A containing (y,z) . Then xUy Vz . Since U
and V commute, there is an element (x,y,z)P of A such that
xV (x,y,z2)P U z . Then <V = (xv,yv,yV)P and 2V = (xU,xU,zU)P .

U

But A v

and A are free I-algebras on the sets {xU,zU} and
{xv,yv} respectively. Thus x = (x,y,y)P and z = (x,x,z)P are

identities. ]

P is known as the Mal'cev operation.

The first consequence of Theorem 142 is the following
property of Mal'cev varieties, which is so useful that it is rarely

mentioned when it is applied :

143 PROPOSITION If T is a Mal'cev variety, then for each
T-algebra A , each subalgebra U of 25 containing T isa

congruence on A .
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0of. Let AgUg?

A . Symmetry and transitivity of U must be
proved. Let (x,y) , (y,z) €U .
Now x U x since KsU ’

x Uy 4is given, and

y Uy since a <U.

Then y = (x,x,y)P U (x,y,y)P = x , so that U 4is symmetric.

Also x Uy is given,
A
yUy since AU, and

y Uz is given.

Then x = (x,y,y)P U (y,y,z)P = 2z , so that U is transitive.

Thus the congruences on a Mal'cev algebra A are precisely the
interalgebras 2 LUK 2A . As an example of the use of this, let

¢ : U~V be a morphism in the category of congruences on A . Let
Inp = { (x,2) €EV | J (x,y) €U . (x,y)p = (x,2) } and Kerp =

{ (x,¥) €U | (x,9)9p = (x,x) } . Then A < Imp <A eond

2 < Kergp < 2A , So that Imp and Kerp are congruences on A .
(Note the use of capital letters in this notation, particularly in
Kerp to distinguish it from kerp = { ((x,y),(x',y')) € 2y |

(x,y)p = (x',y')p } .) Note that ¢ is an epimorphism iff Imp =V
and a monomorphism iff Kerg = A . The embedding Kerp = U has the

usual universality property for kernels : it is the equaliser of

¢ s U~V and U-A-V. Ingp and Kerp are used in Section 3.1.
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Mal'cev's Theorem 142 enables one to see readily that
many familiar varieties are Mal'cev varieties. Taking (x,y,z)P =

1
z shows that groups form a Mal'cev variety, whence abelian

xy~
groups, rings, modules over a ring, commutative algebras, Lie

algebras, Jordan algebras, and so on do.

More generally, quaasigroups form a Mal'cev variety. A
quasigroup Q has operations called multiplication . , right
division / , and left division \ , satisfying the identities
(x.y)/y =x, (x/y).y =x, y\M(y.x) =x, and y.(y\x) = x . In other
words, in the equation x.y = z , knowledge of any twoof x,y, 2
specifies the third uniquely. Then (x,y,z)P = (x/(y\y)).(y\z) 1is a
Mal'cev operation for quasigroups. Much of the work of these notes

was done with the application to quasigroups in mind.

Note that a finite quasigroup can be described
completely by its multiplication table, which is a latin square, and
conversely latin squares are the multiplication tables of quasigroups.

Non-empty quasigroups with associative nultiplication are groups.
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NOTES

Section 1.2 is based on P. Freyd's readable paper
[Fr]. PFull accounts of the modern approach to universal algebra are
given by F. E. J. Linton [Ec, pp. 7 - 74] and (more legibly) by G. C.

Wraith [Wr].

Proposition 131 is taken from [AC, (VI,4,6), Théoréme

2].

The terminology of Section 1.4, and indeed of the
title of these notes, is not yet standard. The words "variety of
algebras such that each pair of congruences on each algebra commutes"
or even "algebras with commuting congruences" are such mouthfuls for
such a useful concept that something shorter is required. Besides,
these terms give a misleading emphasis to what is but one aspect.

More positively, Mal'cev's contribution to the subject, Theorem 142,
is so pervasive despite its modest appearance that it deserves greater

recognition.



2 Centrality

Acabo siempre aludiendo al centro sin
la menor garantfa de saber lo que digo,
cedo a la trampa fécil de la geometria
con que pretende ordenarse nuestra vida
de occidentales : BEje, centro, razén
de ser, Omphalos, nombres de la
nostalgia indoeuropeo.

JULIO CORTAZAR, Rayuela.

This chapter introduces the theme of centrality which
runs right through these notes. In group theory centrality plays a
fundamental role : in defining abelian and nilpotent groups, in the
theory of direct decompositions, in setting up modules, and in
cohomology. It is easily expressed there as the multiplication of
certain factors being commutative. Similarly in Lie algebras and ring
theory it appears as the (Lie- in the case of Lie algebras)

multiplication of certain factors being zero. The two ideas which
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have to be combined are the independence of direct factors and the
concept of (abelian) group in appropriate categories. For general
algebras the basic definition is given right at the start of the first
section, and the rest of that section justifies the various conditions
of the definition by showing how they fit together to give the desired
properties. The crucial second section deals with centrality in
Mal'cev varieties, and as it does so it becomes apparent that the
notion of Mal'cev variety is a good one. The last section defines
nilpotence in Mal'cev varieties, and gives one brief application to

Frattinl subalgebras.

2.1 Centrality in general.

For this section, let 2 be any variety, not

necessarily Mal'cev.

211 DEFINITIONS Let A bve a I-algebra, let g , Y be
congruences on A , and let (YIB) be a congruence on B . Then Y

is said %0 centralise B by means of the centreing congruence (Y|B)

iff the following conditions are satisfied :
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(co):  (x,y) (Y|B) (x',y*) = x¥x'.
en:  Vixy) ep, = (x,,) I8 o x¥; (x',y) » x' bijects.
(c2): The following three conditions are satisfied :
(RR):  V (x,y) €Y, (x,x) (¥]p) (3,¥) .
(RS): (x,y) (v|p) (x',¥y') = (y,x) (v[p) (y',x')
(RT): (x,y) (v|g) (x',y') and (y,2z) (¥[B) (y',2')
3>  (x,2z) (v|p) (x',2') .
Conditions (RR), (RS), and (RT) respectively are known as respect for

the reflexivity, symmetry, and transitivity of 8 . (C2) is called

respect for equivalence.

Intuitively, one thinks of the relation

(x,y) (Y|g) (x',y') as a parallelogram

Y vass C)
B A
x\\ ’
A @ 7 o

Two examples, those of groups and of (Lie) rings,
should help to show how the conditions of Definition 211 work.
Firstly, let A be a group, and let B, C be normal subgroups.

-1
B and C determine the congruences B = { (x,y) € %A | yx™" € B}
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and Y = { (x,y) € 2, | yx'1 € C } , under which they are the
respective equivalence classes of the identity element. Suppose
C centralises B, i.e. for all ¢ in C and b in B ,

bc = ¢cb . Define a relation (Y[B) on B by

(x,y) (v[p) (x',¥y') & JDbEB. yxt = yrx

and J c€C. 'z =c .

Then (Y|B) 4is a congruence on B by means of which Y centralises
B in the sense of Definition 211. For example, to check that (Y|B)

is a congruence on f , suppose (xi,yi) (v|g) (x],y]) for i=1,2,
1

-1 -1 -
say Yy Xy = yixi = by € B and x.

'!'=c¢c, €EC .
i X§ cy C

-1 _ -1 -1 _ -1 _ -
Then y,¥,(xx,)7" = yy¥p%p X7 = yyboxy = byxybyxy
and similarly y{yé(x{xé)—1 = b1x1'b2x1"1 .
Now x{'1x1b2x71x{ = c;1b201 = b, since C centralises B .

Thus x1b2x;1 = x{bzx{_1 , whence y1y2(x1x2)'1 = y{yé(x{xé)" .
_1 1 L - -1 —1 1] | - -1 - )
Also (x1x2) XX, = X5 Xy X[X) = X5 € X,C, = CC,
for some c{ = x'2'1c1x2 in C .
Thus (x1x2,y1y2) (vig) (x{xé.Y{Yé) .
Conversely, suppose f and Y are congruences on A , with Y
centralising B by means of a centreing congruence (Y|g) .

Let B=1P , Cc=1Y . Let bEB, c€C .



27

Then (1,0) (Y|g) (1,b) by reflexivity of (Y|B) ,
(1,1) (v|B) (e,e) by (RR) for (Y|B) , and

(Lo (vg) (1,57") by reflexivity of (Y|B) .

Thus (1,1) (v|p) (e,beb™!) , since (v|p) 4is a congruence.

By the transitivity of (Y|g) , (c,c) (Y|B) (e,beb™') .
The condition (C1) then gives that c¢ = beb™!

Thus C centralises B in the usual group-theoretic sense.

Secondly, let A be a ring, with multiplication
denoted by juxtaposition. (Alternatively, let A Dbe a Lie ring or
algebra, with Lie multiplication denoted by juxtaposition.) Let
B, C be ideals of A . B and C determine the congruences
g ={ (x,y) € 2, | y-x€B} and Y ={ (x,y) € 28 |y-x€c},
under which they are the respective equivalence classes of the zero

element. Suppose BC + CB = O . Define a relation (Y|g) on B

]
«
I
L]
I
o’

by (x,y) (v[g) (x',y') & JDPEB. y-x
‘ and }J c€C. x'-x=c¢c .

Then (Y|B) is a congruence on B by means of which Y centralises

B in the sense of Definition 211. For example, to check that (Y|B)

i) (Y[B) (x{,y}) for i=1,2,

is a congruence on f , suppose (x, i

1

say y; - X3 = yi - xi = hi € B and xi - Xy =Cy €EC .
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Then yiy) - xjX; = (x1' + b1)(xé + b2) - Xyx) = byby + byx) + x1b, =
b b, + b1(x2 + c2) + (x1 + c1)b2 = Dyby + DyX, + Xy by =YY, - XX,
and x{x) - XX, = (x1 + c1)(x2 + c2) - XX, = C1Cy + CXy + XyCy € C
Thus (x1x2,y1y2) (v|g) (x{xé,y{yé) . Conversely, suppose B and Y
are congruences on A , with Y centralising B by means of a
centreing congruence (Y|B) . Let 3B = B ,c=0". Let beB,

¢ €C. Then (0,b) (Y|g) (0,b) by reflexivity of (Y|B) , and

(0,0) (v|p) (eye) by (RR) for (Y|B) .

Thus (0,0) (v|p) (O,bec) , since (Y|B) is a congruence.

Condition (C1) for (Y|p) then gives that bc = 0 . Similarly,

cb=0, s0 BC+CB=20.

In the two examples, then, Y centralises g if and
only if C centralises B , or BC + CB = 0, respectively. Note that

these latter conditions are symmetrical in B and C .

In fact, the symmetry noted in the examples holds in
general. Suppose that Y centralises B by means of (v|g)
Define a relation (g|Y) on Y by

(x,x") (BlY) (yv,¥y") & (x,y) (vIp) (x',y") .

Let @ be an n-ary operation on A , and suppose that for

1€i<n, (xi,xi) (glv) (yi,yi) . Then since (Y|p) is a
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subalgebra of 2B, (x;,y;) (Y|) (x{,y]) for 1 <1ign implies
(11..xnw,y1..yna) (v|p) (x]..x]e,y;..y,0) . Thus

(x1..xno,xi..xﬁo) (glY) (y1..ynw,yi..yﬂw) , .. (BlY) € 2Y .

Since (Y|pB) respects equivalence of B , (B|Y) is an equivalence
relation. Thus it is a congruence on Y . Since (Y|p) is an
equivalence relation, (B|Y) respects equivalence of Y . Thus
(BlY) satisfies condition (C2) of Definition 211. It clearly
satisfies (CO) , and it satisfies (C1) since (Y|B) does. Thus
Definition 211 1s gymmetrical in the sense that if Y centralises 8
by means of (Y|B) , there is a naturally defined congruence (ﬁlY)

on Y by means of which B centralises Y .

Note that if Y centralises B by means of (Y|B) ,
and B' 1is a congruence contained in B , then Y centralises B'
by means of (Y|g') = (Y|B)~2p' . This is known as centralising by
restriction. Note also that every congruence a on A centralises
A A
A by means of a unique congruence (a«|R) :

(x,x) (a]d) (y,y) & xay .

If Y centralises p by means of (Y|p) , then by

(co), o : S(Ylﬁ) -4y ; (xo,x1)(yla)0* xI for 1i=0, 1 is well-

defined. Then (C1) implies that



0
B ——>A

nat(yY|g) l l naty

a(¥18) e’ Y

is a pullback (in sets, and so in I ) .

If Y centralises B by means of (Y|B) , and
B <Y, then for each r € A there is an operation + on
&) (r) = { (x.y)(YIB) | x' =r } as follows :
213 If y Y u, define (x,y)(Ylﬁ) + (u,v)(Ylﬁ) = (x,z)(Y|B)

where (y,z) (Y|B) (u,v)

z - o V

8

Y > u
By (C1), a unique such 2z exists. Then by (RT) , + is well-defined.
Properties (C1) and (C2) imply that ((eo)'1(r),+) is a quasigroup.
But + is clearly associative, and so for each r in AY

((e9)=1(r),+) is a group. Summarising :

214 PROPOSITION Let A be a I-algebra, let B , Y be
congruences on A with B <Y and Y centralising f by means of

(v|g) . Then
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0
B — =34

nat(y|g) l lth

(YlB)__>AY

(x.y)(ylﬁ) —_ x'

is a pullback in T , and the bottom row is a group in g/llY . ]

On a different tack, suppose that BAY = 2 and
BeY =YepB , so that the direct product B n Y exists. Define

(v|g) on B by (x,y) (v|p) (x',y') & xYx' and y Y y'.

x

~ Y
6 2
o Y y’

(v|g) is clearly a congruence on B , satisfying (CO) and (C2).
Suppose (x,y) € and x Y x' . Then (y,x') € BeY =7Yop , 80
Jy' ' €A. yYy Bx'. Then (x,y) (Y[B) (x',y') . If

(x,y) (¥|g) (x,y') , then (y,y') € BaY =% . Thus (Y|g) also
satisfies (C1), and so is a congruence by which Y centralises @ .
Note that by (CO) and (RS), this (Y|p) defined here is the unique

centreing congruence by which Y can centralise § .
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215 PROPOSITION If B Y exists, it is the product of B and Y
in the category of congruences on A .
Proof. Define pg BrY-=p; (a,a') ™ (a,b) and

Py:BnY=Y; (a,a') » (a,c) , where a pbya'"BcvyYa :

These are morphisms of congruences.
Given morphisms of congruences
f:6~+B,g: &Y, define

fngzb*BnY;(a,d)"(a,a') ’

where (a,d)f = (a,b) , (a,d)g = (a,c) ,

and (a,b) (Y|B) (c,a') . Then f p g
is a morphism of congruences, and

(£ n S)Pﬁ =f, (fngpy =g . 4s

f n € is the unique morphism of congruences satisfying these latter

two conditions, the result follows. ]

The power of the concept of centrality stems from its
ablility to give a unified treatment of two situations as diverse as

those of Propositions 214 and 2165.



If g is not Mal'cev, Y may centralise p Dby means
of various centreing congruences (Y|p) . For example, take I to be
small sets, so that congruences are just equivalence relations. Let
(@,.) be a not-abelian group. Let (2G|2(})r on G be the
equivalence relation whose classes are just the right cosets of the
sub ~ 2~12 2

group G , and let (G| @), on “G be defined similarly by the
left cosets of G . Then 2G centralises itself by both of (2G|%@)

and (2G|2(})l , but (2G|2G)r is not equal to (ZG|2G)l .

2.2 Centrality in Mal'cev varieties.

From now on, let I be a Mal'cev variety. In Mal'cev
varieties, centrality is much better behaved, intuitively because the
Mal'cev operation P completes the parallelogram mentioned after
Definition 211. This section begins by consecutively demonstrating
three advantages :

(1) Centreing congruences are unique.
(ii) The groups of Proposition 214 are abelian.
(iii) There are necessary and sufficient conditions for centralising

much briefer than those of Definition 211.



221 PROPOSITION Let A be a I-algebra, let B and Y Dbe
congruences on A , and let Y centralise B by means of (Ylﬁ)1
and (Y|p), . Then (Y[B)y = (Y[B), .
Proof. Let xpy and xYx' . Nowfor i=1, 2,

(x,y) (v|p); (x,y) and

(x,x) (YIB)i (x,x) since (Y|B)i is reflexive,

while (x,x) (v|g); (x',x') by (RR) for (Y|B); .

Hence (x,y) (v|g); (x',(y,x,x")P) .

Thus if (x,y) (Y|p), (x,y) , then by (C1) for (v[p), , ¥' =

(y,x,x')P , and by (C1) for (Y[B), , (x,y) (Y[B), (x',¥y') . ]

For this reason, the unique centreing congruence (Y|B) is often not

mentioned explicitly.

222 PROPOSITION Let A be a g-algebra, let B, Y be
congruences on A with B <Y and Y centralising B Dby means of

(Y|g) . Then 0
B ————>4

nat(Y|g) J/ lnat‘v

g(Y18) e° > aY

(x,y)(Y|B) —_— x'Y

is a pullback in g , and the bottom row is an abelian group in

T/aY .
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Proof. For xBy,yBz, (y,2) (Y|B) (x,(x,y,2)P) and
(x,5) (Y]8) ((x,7,2)B,2) . Then (y,2)YIB) 4 (x,y)(YI) _
(x,(x,5,2)2) Y IB) & ((x,y,2)P,2)YIB) = (x,2)(YIP)

(x, ) 1B & (y,2)(YIB)

so the operation defined by 213 is commutative. ]

As a sort of converse to this proposition, if % : Z =+ R is an
R-module, i.e. abelian group in g/R , define ni : kern = 2 ;
(zo,z1)lﬂ zy . Then kern centralises itself by means of ker(uo-n1)
(this is best checked with the aid of Corollary 224 below) and there
is an isomorphism of T-algebras over R

)ker(xo—ui) -7 - )ker(uo-n1)

H (zo,z1 -z

(kermn 1=2%0 -

Thus "modules are the same as self-centralising congruences".

223 PROPOSITION Let A be a I-algebra, let B , Y Dbe
congruences on A , and let (Y|B) be a congruence on B . Then Y
centralises B by means of (Y|B) 4iff the following two conditions
are satisfied :

(co): (x,y) (v|g) (x',y') = xvx'

(3): vxea, (B oG,

Proof. If Y centralises p by (Y|B) , then respect for

reflexivity implies (x)a < (x,x)(Y'B) . The opposite inclusion

follows from (C1).
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Conversely, suppose (CO) and (C3) are satisfied.
Condition (RR) is immediate.
Condition (C1):
Surjectivity of w0 (x,y)(Y|3) - x'
Suppose (x,y) € B and (x,z) €Y .
Then (x,y) (Y|B) (x,y) since (Y|B) 4is reflexive,
(x,x) (¥|g) (x,x) since (Y|p) is reflexive,

and (x,x) (Y|p) (z,z) by (RR) .

Thus (x,y) (v|p) (z,(y,x,2)P) .

Injectivity of 2 (x,y)(YIB) - x'
Suppose (z,z') (v|g) (z,2z") .
Then (z,2) (v|B) (z,z) since (Y|B) 4is reflexive

and (z',z) (v|p) (z',z) since (Y|B) 1is reflexive.

Hence (z',z') (Y|B) (z',2") , and so z' = z" by (C3) .

Condition (RS):

Suppose (x,y) (Y|B) (x',y') . Then x Y x' by (CO). Putting z = x'
in the calculation above verifying surjectivity of no ,

(x',(y,x,x")P) (v|B) (x,y) (v|p) (x',y') . Thus by injectivity of W,
y' = (y,x,x")P . But (y,x,x")PYy,so yYy'.

Now (x,x) (v|p) (x',x") by (RR),

(x,y) (v|B) (x',y') 4is given,

and (y,y) (v|g) (y',¥y') Dby (RR).

Hence (y,x) (v]p) (y',x') .
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Condition (RT):
Suppose (x,y) (Y|g) (x',y') and (y,z) (Y|B) (y',2') .
Then (x,y) (v[p) (x',¥') ,

(¥ y) (v|g) (y'yy")

and (y,z) (v|g) (y',2') .

Hence (x,z) (v|g) (x',z') . ]

224 COROLLARY Y centralises p by means of (Y|B) iff the
following two conditions are satisfied :

(co):  (x,y) (Y|p) (x',y') = xvx'.

(c4): ¥xea, (xx)(v|p) (x,y) » x=y.

Proof. Suppose conditions (C0) and (C4) are satisfied. If x Yy,
then (x,x) (Y|B) (y,(x,x,y)P) = (y,y) , so that (x,x)(Ylﬁ) > (xY)A .
Conversely, if (x,x) (Y|p) (y,z) , then by (CO) x Y y , so that
(x,x) (Y|p) (y,y) . Transitivity of (Y|B) and (C4) then imply that
y =2, 80 (x,x)(YIB) g‘(xYM& . Thus (C3) is satisfied. The other

implication is trivial. ]

225 COROLLARY Y centralises p by means of (Y|B) iff the
diagram of Proposition 222 exists and is a pullback.

Proof. If Y does centralise p , the diagram has already been
seen in Proposition 222 to exist and be a pullback. Conversely,

suppose the diagram is given (hence (CO)) and is a pullback. One can
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also form the pullback B = B(YIB) xA.v A= { ((x,y)(YIﬁ),z) | xyz}.

Then by the uniqueness of pullbacks there is an isomorphism g = B ;

(x,y) » ((x,y)(YIﬁ),x) . Condition (C4) follows. ]

The next result has many consequences.

226 PROPOSITION If Y centralises B, and B, , then it

centralises f,9 B, .

Proof. Define (Y[p,0B,) on B,oB, by (x,y) (Y[poBy) (x',y')

e Jt,t . (xt) (v|g) (x',8') and (t,y) (¥[py) (¢',y') . Let

& be an n-ary operation, and suppose that for 1 £i<n,

(x4,¥;) (YBye By) (x',y') , say (xg,%y) (¥|g) (xf,%]) end

(t5,5y) (v]gy) (tf,y{) . Then (%yeex @, b .08 @) (Y]By)

(x{..xr'lu,t{..tl'le) and (t1..tnw,y1..ynm) (Y|52) (t{..tl'lcu,y{..yr'lm) .

Thus (x,..x0,¥..5,0) (Y|Bo By) (xj..xpeyi..yp0) , s0

(Y|g,0B,) < 2(ByoBy) « Por (x,y) € pop,, 587 X By tB¥ ,
e —

(x,t) (v]g,) (x,t) and (%,5) (¥|g,) (t,y) , so (e By) S

(YI]B1 o 32) < 2(B1o B,) . Thus (v[gy e B,) 1s a congruence on

ByoB, - Clearly it satisfies condition (CO). It remains by

Corollary 224 to check condition (C4). So suppose (x,x) (Y|Bje B,)

(x,¥) , say (x,t) (Y|gy) (x,u) end (%,x) (v|g,) (u,y) . Then (C2)



for (v|p,) implies t = u , and then (C2) for (vlg,) implies

y = 2 , as required . ]

227 COROLLARY It B, and B, centralise Y , then B, B, does,
Proof, By the symmetry of centralising, Y centralises ﬁ1 and
32 . By Proposition 226, it centralises Byo 32, and so again by

symmetry B, B, centralises Y . ]

Let a be a congruence on a T-algebra A4 . Let S
be the set of congruences on A centralising a« . S 1is non-empty,
since it contains A . Now S is partially ordered by the inclusion
relation, and the union of a chain of congruences is the chain's least
upper bound, 80 by Zorn's Lemma S has maximal elements. By
Proposition 226, any two such maximal elements are identical. Thus :

228 There is a unique maximal congruence q(a) centralising a .

Let Y centralise B on A . By the symmetry of
centralising, B centralises Y . By restriction, f and Y
centralise BaY . Then by Corollary 227 fe Y centralises BnY .

In particular, for any congruence « , Qe g(a) centralises ar\p(a) .
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The last result of this section enables one to climb

to higher levels of centrality :

229 PROPOSITION Let Y centralise § on A .
(1) 12 et : plYIB) 44 (xo,x1)(Y|B)l* x} for 1=0,1,

lot E! = ker o . Then EB' centralises E° on plYIB) .

(11) Por a congruence D on p'YIB) centralising EC , define &
on A by yo6y & Ix,x €4a. (x,y) 8 p(x,yn(YIB)

Then & is a congruence on A centralising p .

(111) If D>E' , then 6>7Y . Thus ir Y =1x(B) , E = nE%) .
Proof. (1)  If (x,1) V1B 80 (x yy(YIB) |y y x, s0 by (C1)
Jytea. (xhy) (VIp) (xy) . Mus ((x,y) 1B (ar,y) YO

in B0 mey be written as ((x,3) VI8, (x,y)(YIB)) | Now aefine
(8'15) on vy ((x,0) B (x,2)VI8)) (&5
() B (2 OB)) & (v,2) (vlp) (y'2') . mhen (s'[E9)
is a congruence on E° , and by Corollary 224 it centres.

(11) Clearly, 6 < %A . Let y € A . Then

() Y18 () CYIB)y € B® | and by reflexivity of (D|:0) ,
(Y1) 0% (v, 18, Gy, Y18y L rue vy (c0),
(v,9) 718 b (3,9 YIB) | Hence y 6y, and so & is a congruence
on A . Define (&|B) on B by (y,x) (8[g) (y',x') &

() 8), (2,0 Y18y (019 ((x',y) Y18),(x,x ) (YIB)) | clearay

(8]8) ses . Let (y,x) € g . Then (x,y)(Yls) r° (x,x)(ylﬂ) , 80 by
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reflexivity of (D|E®) , ((x,y){YI8) (x,x)(YIB)) (p]:0)

() 8,0 Y8y L tus (y,2) (8]p) (y,%) , t.e. B < (5p)
and (6|p) becomes a congruence on B . By (C0) for (D|E®) , (CO)
for (6|B) is satisfied. Suppose (x,x) (8|B) (x,y) . Then

(0 B (0 (Y1B)y (0159 ((y, 0 YIB), (5,0 YIB)) | By (c3) for
(0% , (y,x) (Y|g) (y,y) . Then by (C4) for (Y[B) , x =y .

Thus (C4) for (6|B) is satisfied. By Corollary 224, & centralises
B by means of (&]B) .

(1i1)  Tet ((x,7) YIB) (xt,y)(YIB)y e D _ E' . Then

(y,y') €6 -7v . ]

2.3 Nilpotence.

This section uses the ideas of centrality introduced
earlier in this chapter to define nilpotence for Mal'cev algebras. To
begin with, some elementary properties of the operator n are needed.

Let A be in a Mal'cev variety T .

231 PROPOSITION Let a be a congruence on A .

(1) Iz B4, then n(a)a B < n(an?s) .
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(14) If e: A~Ae 1is an epimorphiem, then x(a)% < n(a)
(an2Bln(a)n 2B) = (alnfa))n 2(nfa)n %B) .

Proof. (1)
(11) (azelzl(a)2e)=(a|q(~\\4n ]

Let p and Y be congruences on A . Let K(g,Y) =
{562 | (po5)%nats <n(v?naté) } . Since p°natp = Toatf <
n(v?natg) , B € K(B,Y) . Define the commutator of B and Y to be
[B,Y] = sexa,v) 5 . Note that [B,Y] <P . Define
(82nat(p,v][v?nat(p,v]) by (xF>Y),y[BY]) (p2nat(p,v]|¥2nat(p,v])
(2lBY]5[BY]) @ voex(pv) , (x5,5%) ((po6)%nats|v?nats)
(z5,4%) . Then

232 p°nat[p,¥] < n(v°nat(p,Y]) , i.e. [B,Y] € K(B,Y) .

2A,a

If a 1is a congruence on A centralised by
is said to be central. The unique maximal central congruence 1 2p)

is called the centre congruence &§(A) (or just ¥ ) . A central

series in A 1s a series 2= ag < o S e S ) = 2A of congruences
on A such that for i =1, ... , n, aiznatai_1 < C(Anatai_1) .
Writing Ay = A, §o(A) =%, define A;.q = [A;,Ag] and &y, (a)
(or just &,,, ) by & ,natl; = L(anatd;) inductively. Note that
Ay Ay = ... and oS S.oee o If A <&, » then

(Aj°ti_1)2natti_1 < ¢12n3t§1_1 = C(An&tti_1) y 8O Ci_1 > [AJ'AQ]
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= Ay - Also (A e ¢,)%naty, < Glanathy) = 8, natl, , eo
by S84 - Tus A S¥) iff A SY, . If A satisfies these

conditions, c¢ Dbeing the least integer for which it does, then A is

said to be nilpotent of class ¢ . Ay =>4, 2...2 A, is called the

lower central series and to < t1 S oS tc the upper central series.

The variety of all g-algebras of class at most ¢ 1s denoted by
}__Ic(g) or just N . The class of all nilpotent I-algebras, of
unspecified nilpotency class, is denoted by N . The symbol Z will
be used instead of I_j, . For example, if T is the variety of groups,
loops, Lie algebras, then 2Z(I) is the variety of abelian groups,

abelian groups, abelian Lie algebras respectively.

233 If a on A is central, 2(anat(%ila)) =

xer( et : anat(2A|a) + Anat2A ) , so by Proposition 229(1)

anat(2A|a) €2. anat(zAIa) is rather special, as by (C3) of
Proposition 223 it has the singleton subalgebra {K} . Its properties

will be exploited in Chapter 4.

A subalgebra B of A is said to be normal, written

2

B<A, if B is an equivalence class of < Ny , B>, and then

Anat<?® ’ 2B > 4is denoted by A/B . Note that by Proposition 223, a

congruence « on A is central iff A<a (cf. [Hu, Satz I1.9.14]).



234 PROPOSITION A variety g of I-algebras is a subvariety of
Z(T) 1iff every subalgebra B of every Y-algebra A is normal in A
Proof. Suppose the latter condition is satisfied. If A is a
z-algebra, 80 is 2A . Then the subalgebra 2 of 2A is normal.
Proposition 223 then implies that 2A is a central congruence, so

that A € (1) .

Conversely, if B is a subalgebra of a Z(I)-algebra

A, then <24, B> = (°B)nat(a|%)

{ (a,a') € %A | 3 (b,b') € %B .

(b,0') (°a]24) (a,a') } .
If (b,x) €<%, 2>, then 3 (b',0") € 2B . (b,x) (%4]%4) (b',b")
Then x = (b,b',b")P € B. Thus B is an equivalence class of

<%,%>, i.e. BaA. ]

This section concludes with one application of
nilpotence, to the study of non-generators and the Frattini subalgebra
of the Mal'cev algebra A . Until the end of the current chapter, the
term "algebra" will no longer exclude the empty algebra if the variety
I has no nullary operations. 4An element x of A 1is called a
non-generator of A if <x , $>=A for any subset S of A

implies <S> =4 . Note that if T has no nullary operations,
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<@g>=¢ . If I has the nullary operation n , then 7 regarded
as an element of A 1is a non-generator, since ] € <S> for any
subset S of A . It may happen that A has no non-generators. For
example, let T Dbe the variety of quasigroups, and let A = {1,2,3}

with multiplication table

Every pair of elements of A generates A , but no singleton does.
Thus A has no non-generators. Note too that the intersection of all

the maximal subquasigroups {1} , {2} , {3} is the empty quasigroup.

As in group theory, one has the

235 PROPOSITION The set ¢(A) of non-generators of A forms a
subalgebra called the Frattini subalgebra. It is the intersection of
all the maximal subalgebras of A .

Proof. Let @ be an n-ary operation on A , let S C A, and let
Xy yeees xn(-;(p(A) . Then <x,...x &, S>=A 2 <x1,...,xn,S>

= A <x2,...,xn,S>=A 2 .0 > <x,8>=4 > <I>=4.,

Thus ¢(A) is a subalgebra of A .



Let x € A . If there is a maximal subalgebra M not
containing x , then <x,M>=4 but <M>=M<A . Thus x is
not a non-generator. 8So each non-generator is contained in the

intersection of all the maximal subalgebras.

Conversely, suppose the element x of A is
contained in all maximal subalgebras. Let < x,5>=A for SCA.
If <S><A, x {8 . Using Zorn's Lemma, choose a subalgebra
M > < S > maximal with respect to the requirement x € M . Now
<x,M>>2<1x,8>=A4A; by choice of M any subalgebra of A
properly containing M must contain x as well, and so all of A .
Thus M 1is a maximal subalgebra not containing x . But x 4is in

all maximal subalgebras. So < S >= A, and x is a non-generator. ]

In groups, q:(A) is a characteristic subalgebra of
A, and 80 is normal in A . For other algebras characteristic
subalgebras may not necessarily be normal, and so Frattini subalgebras
need not be. But the Frattini subalgebra of a nilpotent Mal'cev
algebra, if non-empty, is normal. The connection with centrality

comes from the following

236 PROPOSITION If M is a subalgebra of A , and Mnat¥(4) = A
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(i.e. every element of A is in the &§-class of some element of M )
then M <A and A/ME g(g) .

Proof. Mnat® = A , s0if a €A, 3m€EM. (ma) €. Define a
congruence p on A by (a,a') €p & 3m,m' EM. (a,m) (2A|¢)
(a',m') . If m, m' €M, then (m,n) (2A|C) (m',m') by (RR) for
(2A|Z:) , 80 mpmn' . Conversely, if xpm €M, say (x,m") (2A|l;)
(m,m') , then x = (m,m",m")P € M . Thus M is an equivalence class
of p. But (a,a') €Ep P a'= (a,m,m")P > (a,a') =
((a,a),(m,m),(m,m'))P € <1, 24> . Thus M<JA . Since Mnatl =4 ,
poel = 2y . Thus §2nat)1 = 2(A/M) . But by Proposition 231(ii),

l;znaty < E(A/M) . Thus a/M € Z(T) . ]

Applying this, one gets the

237 THEOREM If A is nilpotent and has non-generators, then
¢(A) <A and A/p(A) € Z(D) .

Proof. Suppose A € N, . Then ?.,‘c =27 . Let M be a maximal
subalgebra of A . Then Mnat§ (A) = A . Let n be minimal with
respect to the requirement Mnat;’n = A . Note that n > 0 , since
Mnatto =M. Also i<n 2 Hnatl,'i <M, since Mnaty, <A . Now
(Mnatrn_1)nat(h’n2nattn_1) = Anat:{'n_1 . Thus by Proposition 236,

Mnaty , < Anatl, , end (anatt, _,)/(Mnat¥,_,) € Z . Hence M 4
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and A/M € _§_(=_T_). Now by Proposition 235, ¢(A) is the intersection of
all such M , and by hypothesis ¢(A) is non-empty, so o¢(A) {A and

Ap(a) €2 . ]



3 Direct decompositions

Let T be a Mal'cev variety, and let a be a
congruence on the g—algebra A . Ore's Theorem 132 states that if «
has both the maximal and minimal conditions on subcongruences, then
any factorisation a = G ne..opa, asa direct product of
indecomposables is unique up to isomorphism of congruences. The first
section of this chapter proves this theorem and related results by a
Fitting's Lemma method analogous to the usual group-theoretic proof of
the Krull-Remak-Schmidt Theorem |[Hu, Satz I.12.3]. The results of
that section are described as '"classical", because they do not involve
centrality. Then in the second section centrality is brought in to
weaken the hypothesis of the unique factorisation theorem to the
maximal and minimal conditions for ar\q(a) , and to strengthen the
conclusion to uniqueness up to "central isomorphism of congruences
with respect to a ". This is probably the best possible result for
Mal'cev algebras, since it corresponds to the best possible result for

groups.
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Throughout this chapter, Greek letters except ¢ and

o denote congruences on the g-algebra A .

3.1 Classical results.

The first result is a form of Fitting's Lemma in the

category of congruences :

311  PROPOSITION If 9 : -+ B 1s an endomorphism of congruences,
and B has both the maximal and minimal conditions on subcongruences,
then there is a positive integer n such that g = B(Pn n Kerq:n .
Broof. B >Pp =69 > ... and Kerp § Kerp? < Kerp” < ...

The maximal and minimal conditions yield the existence of a positive
integer n such that Be" = ﬁq;n"" = ... and Kerg® = Kere™' = ... .
Suppose (x,y) € pp"n Kere™ . Then (x,y)e” = (x,x) and also

4 (x,2) €8 . (x,z)(pn = (x,y) . = (x,z)(pz'l'1 = (x,y)cpn = (x,x) .

> (x,2) € Kerg®® = Kerg® . = (x,2z)9” = (x,y) = (x,x) . Hence

Bo™ A Kerp™ = .

Let (x,y) € B . Let (x,2) = (x,y)¢" € po" = pp°" .
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s
d//////,//////////////”"\\x‘\?9h
x Agfii\§\\\\“
e 2 4 g
tx,t, s)P
¢h
=z

Then J§ (x,8) €B . (x,2) = (x,s)q)2n . Let (x,s)(pn = (x,t) .

Then (x,x)9" = (x,x) ,
(x,8)9" = (x,2) ,
and (x,y)e™ = (x,2)

3 (x,(x,t,y)P)o® = (x,x) . Thus (x,(x,t,y)P) € Kere" .
Also (x,8)9" = (x,t) ,
(t,t)e" = (%,8) ,
and (y,y)e" = (¥,¥)

3 ((x,t,7)P,(s,%,5)P)¢" = ((x,%,5)P,y) . Thus ((x,t,y)P,y) € g" .

So x Kerg"™ (x,t,y)P g y . Hence B = Kere® o po” . ]

312 COROLLARY If Bp = B , then ¢ is an automorphism of

congruences.

n

Proof. B=pp = B=pp for all positive integers n . Thus by
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Proposition %11, there is an integer n with Kerq;n =1 . But

Kerp < Kerg™ , and so Kerp = 1. Thus ¢ injects. Clearly it also

surjects. ]

Now let B be an indecomposable congruence, and let

BnY=0ynaq For 1 =0, 1, define ¢, : B~ B ; (x,y) » (x,yz)

where x a; y a,_ sy and X By, Yy,

x Xi Y,
B Y
X1
4,
<]
Y

%o and 94 commute, for one has the following diagram in which all

the vertices are specified uniquely by (x,y) and the relations

shown :



3¢ x X, (z,,Y3,9)P
Y
Y
y' ¥
[ ¢
(7..' ? 91’91),, «o yl '
[ %,
L]
4 Z3= (X,Y9,Y)P
i
z, =
( XY »YP Y5 ['A y

so that (x,y)¢o¢1 = (X,YZ)CP:‘ = (x’y') = (x’z2)¢0 = (x’y)¢1w0 .

By Proposition 311, there is a positive integer n
such that B = ﬁ(pg n Kercp}')l = ﬂqx? n Kerq)l;l . Since B is
indecomposable, one of each pair of factors is just . Suppose that
neither ¢, nor ¢, is an automorphism of congruences. Then by
Corollary 312 Bgy < B for each i , so that B(p? =% . Now in the
notation of %13, y = (yz,x,za)l’ , since (y,,x,2,)P By =

(y1 ,x,z1)P Y (y2,x,z2)P and BAY = 2 . In other words



(x,y) = ((x,y)po,(x,x),(x,y)q>1)P . Thus B << Byg.Bpy > . Suppose

r m-Ir

as an induction hypothesis on m that B << foge, | r=0,1,..,m>.
Ten Belel T < < pyp’ ol , Bogel T > . Tue B

< ﬂ(pz(psmﬂ)_r | r =0,1,..,(m#1) > . The result is true for all m ,
and in particular for m = 2n . Hence § = . But B 1is
indecomposable, so this is impossible. Thus 3§ i € {0,1} . ¢; is an

automorphism of congruences.

Suppose that 9y is an automorphism of congruences.
Since it is clear from the context that projections onto ay must be
along a,_y » the suffix in the projection notation will be dropped.
Now aBY—llz for if x oBny say with x Bz a a; X
int = ’ i° Y » ¥y 1-i y i ’
then (x,z)q)_,L = (x,x) , 80 that z=x=y . A8 B =Pp; ag nY,
it follows that ag nY=p8nY . By the modular law in the lattice

of congruences, a; = (af_ nYag = af_ n(Yaa) . If (x,y) €

Bn((Ynai) n “1-1) , then

- Y X
(x,5)9y = (x,x) , 80 that y = x 1
t .4
Thus ﬁn((Ynai) n a1_i) =4 . A
Now ﬁsagna?_i , and 80 y .

Bn “15-1 < ag n a?_i . Suppose

(x,y) € ag n a,B_i ,say 38 . x ag 8 a?_i y . Since (x,s) € ab ,

3¢. xpta?_ie :



Then y a?_i tpx, i.e. (x,5) €EBn a?_i . Thus B n “?—i =
af n of > P <8 B .<Bn(Yaa,) na D « a, =
ERLLERE P A 1SPRX_3 KPR/ n®ig - on%

ag n(Yae) nay_;$8n (Yaa,) na,_y . Summarising,

314 PROPOSITION Let B DbYe an indecomposable congruence, and let
BanY=0yna . Define ¢4 : B~ B ; (x,y) » (x,y") , where
xa; ¥y oy Y and y' Y y" B x . Then 3 ie {01} . ?; is an
automorphism of congruences. If 94 is an automorphism of

p

congruences, ay = aiﬁ_ n (Ynai) and BnY=anY=

By induction, Proposition 314 can be used to prove the
following, known as the Classical Exchange Theorem :

315 THEOREM If indecomposable f has the maximal and minimal

conditions on subcongruences, and B p Y = 61 n 62 NN 6n , then
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3J1<€1sn. & =Ene and BnY¥Y=8nyY=
Bnﬁn51n...n61_1n61+1 n...nén.
Proof, This follows by induction on n . If n =2, it is just
Proposition 314. Suppose it holds for all decompositions of B pn ¥
with less than n factors. Let a = 62 Meee 1 bn y @y = 61 . By
Proposition 314, either 90 ©°r 9 is an automorphism of congruences.
If ¢, 4is an automorphism, the result follows with 1 =1 from
Proposition 314. Otherwise, Proposition 314 gives that B R Y =
ag nY=8n (Yaay) me, =ayn a . Inparticular, B is
isomorphic with af , so af is indecomposable. Proposition 314 also
gives that ag n (Yaay) = 6, n +++ n b, , 80 by the induction
hypothesis J 2<lsn. 6 =Ent and of n (YAgy) =
hn (Yﬂao) = ag nEn 6211 cee N 61_1 n 51+1 M cee N 6n =

62.1 ...nbn .

Define f : p - ag ; (x,y) » (x,y') where
xaf vy 6 5, recalling that 6 =a and Bn Y =0y n o
Define g : ag -8 ; (x,y) » (x,2) , where x B z & y . This is
well-defined, since Bn Y =B n (Ynay) m o, implies Bnd, = 1.
f and g are mutually inverse isomorphisms of congruences. Define
£ ag -6 ; (x,y) » (x,y") , where x &; y" 6, n -+- n 81y n 814y
n--+nd, y. Define g' : 6 = ag ; (x,y) » (x,2') , where

xagz' 52n---n51_1n51+1n~-~n5ny- £f' and g' are



57

mutually inverse isomorphisms of congruences. Thus <ff'g'g : g = B

is an automorphism of congruences. Setting o = 6l ) Gy =

61 D oo 61_1 m 6l+1 M see 6n in Proposition 314, this means that
90 is an automorphism of congruences. The result follows from the

second statement of Proposition 314. ]

Now for the Classical Unique Factorisation Theorem :

316 THEOREM Let a be a congruence on the g—algebra A. If a
has both the maximal and minimal conditions on subcongruences, then it
has a unique factorisation as a direct product of indecomposables.
More precisely, if a =a; q &y A «-o n oy = By nBormn oo r'Bn with
the «; and Bj indecomposable, then m = n and there is a

permutation o of {1,...,m} such that

31T ¢ (X=B°,(1)n.-.nﬁo.(r)nar+1 e NOp
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for r =0,...,m . Further, ay is isomorphic with BO‘(:L) for
i=1,...,m.

Proof. Since a has the minimal condition on subcongruences, such
decompositions exist by Proposition 131. Suppose o : {1,...,8} =

{t,...,n} has been defined so that 317 holds for r<s . In

particular, Cpyq N (BO'“) NN ﬁc,(s) M Ggo T ee Gy ) =
BymeeenBy - By the Classical Exchange Theorem 315, 4 1 <1 <n.
By=En€ and oy n (By(y)n -- nBg(g) ABgypn - nay)

=En (Bgy)y n - nBgg) NGgupn -- nay ) .

Now « is isomorphic to E , and so £>A . Thus € =%,

a+1
B, = E. Note that En(ﬁo_“) nes N By(g) ) =2 ,s0 1¢
{o(¥)y...,0(8)} . Define o(s+1) =1 . Then « = Boy(1) N -
n ﬁd(s+1) MCgo M see A Gy o 317 follows for all r by induction.
The isomorphism between a; and ﬁc’( i) comes from comparing 317 for

r=41-1 and r =1 . ]

318 REMARK Apart from its use in proving the Classical Unique
Factorisation Theorem 316, Fitting's Lemma 311 is of independent
interest. An example of this is furnished by entropic quasigroups,
introduced and studied by Murdoch [Mu] under the now confusing name
of "abelian quasigroups" (abelian groups are also quasigroups, after

all, and there is also Manin's notion of "Abelian quasigroup" as in

Section 4.3). Entropic quasigroups are, in tﬁe language of Section
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1.2, quasigroups in the variety of quasigroups : they satisfy the
entropic law (a.b).(c.d) = (a.c).(b.d) . Murdoch gave three
structure theorems for entropic quasigroups in [Mu]. His PFirst
Structure Theorem decomposed a finite entropic quasigroup { into
a direct product of two quasigroups. Define a quasigroup morphism
r:Q-="Q; x » x¥ where x.x¥ = x . The element x* of Q is
called the right unit of =x . Murdoch's decomposition produced one
factor in which every element was a right unit and a direct
complement of that factor having a unique idempotent. His proof
considered extensions of the limit of the series

T
The theorem may be proved more directly by applying Fitting's
Lemma 311 to the morphism of congruences

9 20~ 20 ; (x,5) # (x,x.57) .

This is left as an exercise to the reader.

3.2 Centrality and direct decompositions.

This section uses centrality to give improved versions

of the Classical Exchange Theorem and Classical Unique Factorisation



Theorem, with weakened hypotheses and strengthened conclusions. To
begin with, some elementary facts about centralising and direct

decompositions are needed.

321 PROPOSITION (1) Let 6§<BnY. If B centralises & ,
then it also centralises B$ .

(1) If BmrY=6n &, then B centralises &) .

(1ii) If there is a monomorphism of congruences ¢ : = &6 , and Y
centralises & , then it centralises g .

Proof. (1) Let B centralise & by means of (B|6) . Define a
relation (B|ﬂ$) on B$ by (x,y) (Blﬁg) (x',y') & 32, 2" .

xBpyYz,x' By' Yz ,and (x,2z) (gl6) (x',z') :

P R z!

Y
Clearly, (ﬁ|B$) is a congruence on B$ satisfying (CU) of Corollary

224. If (x,x) (B|B$) (x,y') , then with the notation as above x = x
3 z=2" by (C1) for (B|6) , and then x = y' since BAY =12.

Thus (C4) is also satisfied.
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(11) Define (Bléz) on 6; by (x,y) (ﬁléz) (x',y') & xpx',
ypy ,and 4z,2' . zBz2',xYz y6x, and
x'Yz'ey' 6x' :

& =/

Y
Clearly, (ﬁlbg) is a congruence on 6g satisfying (CO) of Corollary

224. If (x,x) (3|62) (x,y') , then with the notation as above
(z,2') € B Y =%, s z=2", and then (x,y') € 6n€E =% . Thus

(C4) is also satisfied.

(111) Define (Y|g) on B by (x,y) (Y|B) (x',¥y') &

(x,y)o (Y|8) (x',y")o :

. r p

Yy Y
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This is clearly a congruence on £ , and satisfies (CO) since
20 = ¢u° . Suppose (x,x) (Y|B) (x,y) . Then (x,x) (Y|8) (x,¥)9 ,
so by (C4) for (Y|8) , (x,y)e = (x,x) , i.e. (x,y) € Kerp . But ¢

is a monomorphism of congruences, so y = x , giving (C4) for (Ylﬁ).

322 PROPOSITION Let a , B, Y be congruences on A . If
= - )
a=BRY=8nbd, then BY$q(a).
Proof. Since Bn b = 1 s, B centralises 6 . Then by Proposition
321(1), B centralises B$ . But 6 also centralises B$ y 80 by

Corollary 227 B n 6 = a does. ]

In Proposition 322, the isomorphism f : Y =+ & ; (x,y) » (x,z) , where

xYypzbx, is described as a central isomorphism with respect to

2A , £ 1s just

« , since Yt €Y, (t11,tfu1) € ar\q(a) . If a-=
called a gentral isomorphism. Note that if f : g = B' and

& ¢ Y= Y' are central isomorphisms, then there is a central
isomorphism f n g : PR Y~ B' nY' defined by (x,2) v (x,z') ,
where x By Yz,

(x,y)f = (x,y') ,

(v,2) (5(a)|28) (y',2") ,

and (yl,zll)g = (yv’zu) s
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Proposition 321 and the Classical BExchange Theorem

give the following, known as the Partial Exchange Theorem :

323 THEOREM If anrnla) has the maximal and minimal conditions on
subcongruences, and a =8 n Y = 61 M e N bn , then for i =1,...,n
there are subcongruences 6i of bi such that a =B R ¥ =
Bné{n---né;l-

Proof. For each i , let Ki =8 n-.-nb_1nbd,n--nbd .
Then Bn Y =298 n 31 . Let vy =8; ;i . By Proposition 321(ii), 8
centralises Yi . By Proposition 321(i), B centralises S:i , and
since ﬁY‘ <B, Y centralises ﬁ::' , 80 by Corollary 227 B nY=a

Y
¥i

X Yi
centralises B, . Thus ay < Banla) . But YiSﬁY nY, so

Y, S (Bana)) nY . Since YSYyn...nY,, it follows that

20 Y T ((Ban(@) nVnby)
1=

0 am()
For each 1 , let &% = &4 3 . Then ﬁnq(a) <

i

6% n <. n 8% . Since a=8; n '51 centralises Bman(a) , it follows
from Proposition 321(i) that &; centralises 8% . Since &f < 8y »
Ki centralises &% , and so by Corollary 227 &, n 'Si =q

centralises 6% , i.e. 8F < n(a) . Since o« =B n Y centralises
*

. s
6% , it follows from Proposition 321(i) that p centralises B; .
i [
Since Bb‘ <B, Y centralises BY‘ , and so by Corollary 227
Y

"ol 5%
BpnpY=a centralises ﬁ\’ , 1.6 B; < Bnnla) . Thus &} S



*

ﬁ:{ nY s ((Banla)) @ Y)A 8y . Hence
n
pnnla) < ]11 (((gan(a)) n MInbdy) .
1=
From 324,

525 (pan(a)) n ¥ = M ((Ban(@) nDnsy)
il=

Since aan(a) has the minimal condition on
subcongruences, Bnq(a) =8, n--+n Bp for some finite number p
of indecomposable Bj . It will be shown by induction on p that
326 38 <6, . (Ban(a)) nY=(pnAn(a)) nbjm-..ndy.
This is sufficient to give the result, for, momentarily letting

E=6ln.condy (Ban(a)) 0 ¥ = (Banla)) m € . Suppose

u]
m

(x,y9) €EBnY. Ten Jt. xptvyy. Now (t,y) € (Banla))

n
R

3 Ju. t (Banla)) u € y. > (x,y) € pe€ . Hence BoEt
Suppose (x,y) € pa€& . In particular (x,y) €€ < (ﬁn]‘(a)) anY .
So 3t. x (Ban(a)) t Yy . Then (t,y) EBnY =2 . > t =y .

2 (x,y) € (Bnl)(a))ne =% . Hence BnE =%. Tus a=8nm € -

It thus remains to prove 326 by induction on p . If
p=0, Banla) =4 . Equation 326 is then just 325 with 8] =Ynd;
Suppose 326 holds for Bnan(a) having an expression as a product of
less than p indecomposables. Now (Ban(a)) n ¥ =063, n (Bp nYy)

where =B neenBpy - By induction 4§ 6] S 6; -

n
n+1
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(Ban(a)) p Y =8 n «co mbyn bl , Lee. By 0 8y mY) =

6;' N oeee A 6;“ . Note that ﬁp is indecomposable, and since it is
contained in ann(a) it has the maximal and minimal conditions on
subcongruences. The Classical Exchange Theorem 315 then shows
3J1<1<n. 6-1'=Ene and (Ban(a)) @Y =8ndp,yn Y=

BomEmdin...nd_ 1 nd,ym.c.nby, . Note 1 # n+1 since

P n+1

E<6) and £abl =K. Set &8/ =€ ,and 6 =6 if 14ign.
Then (an(a)) nY= (ﬁnq(a)) n61' Moese T 6"1 . 326 thus holds for

all p . ]

Now for the full Exchange Theorem :

327 THEOREM If B is indecomposable, an q(a) has the maximal
and minimal conditions on subcongruences, and a =88R Y =
6,m+emb, ,then J1<1<n. 86 =En€ and prY=£EnY=
BREMS M e nd_y mbimeendy -

Proof. If B < ya) , the result follows by the Classical Exchange
Theorem 315. So assume B % zl(a) . By the Partial Exchange Theorem
323, 4 6 <6, - BnY=8 nd ... md . By the modular law in
the lattice of congruences, &; = (Bn 8im .o n 6;1)n 6 =
Sn((Bndlm .ccnbdl jnbdyn .. ndn 6,) . Let &} =

(3 n 51' A eee N 51'__1 n bi.” e n 5;1)(\61 . Then
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ﬁné;n...n6;1= i'n---né};nf’,'n---n&;l'w B is
isomorphic with 6;’ M ese A 6;; . But B 1is indecomposable, and so
there is just one i , say i =1, with 65‘_>f . Hence 6:{=6i
for 1£i=1,...,n . Putting E=65‘_ and £€=68), a=BnY=
Bnend Aacend _1nb yn-cnd, =

Ens‘-.61 ™ see n61_1 n61+1 A osee "'6n . In particular, p is

isomorphic with £ . The Partial Exchange Theorem %23 then yields

B'<B,Y <Y suchthat B Y=ErmB' nY . Let p"=

-~

EnY)aB, Y =(ErB')AY. Then B=(B' R (EmY))AB =

B ((ErY)aB) =B'"rnp" and Y=(Y'n(EnB'))nY =

YR (B AB')AY) =Y' A Y' by the modular law in the lattice of
congruences, 80 BpY=EnB' A Y =B8"AY AB' QY . Thus &
becomes isomorphic with B" 4 Y" , and so B is isomorphic with

B" n Y" . But B is indecomposable, and so B" = A or Y'=2. I
B" = 2 , there is an isomorphism £ : B = Y" . Now PBAY =4 , and
Y*<Y, s0 B centralises Y" and Y . Then by Proposition 321
(111) B centralises p , whence by Corollary 227 a =B pn Y
centralises B , i.e. B < yla) . This is a contradiction to the
initial assumption. The only alternative is that Y" = A and

g" > 2 . But the indecomposable B = B' n B" . Hence B' = 1. Also

Y=Y . Thus a=fm~Y=ERnY, as required. ]
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Finally, the Unique Factorisation Theorem :

328 THEOREM If ann(a) has the maximal and minimal conditions on
subcongruences, then a has at most one decomposition a =

L2 BT into finitely many indecomposable factors. More
precisely, if a=a, n-.-enay =By n .- nBby with the ay and

Bj indecomposable, then m = n and there is a permutation o of
{ty...,m} such that a = Ba(1) M +=+ M Bg(p) A Gpyq A o000 Oy for

r =0,...,m . Further, oy is centrally isomorphic with Bd(i) with
respect to a for i =1,...,m .

Proof. This goes by induction on r just as for the Classical
Unique Factorisation Theorem %16, but using the Exchange Theorem 327
instead of the Classical Exchange Theorem 315. The last statement

follows from Proposition 322. ]

Schematically, the central isomorphisms (with respect to « ) of the

Unique Factorisation Theorem may be represented as follows @

X2 \ IKC-'(O), I} “7

ﬁo ' ﬂ%«z)‘ 300)

Xy

This sort of diagram will be used in the proof of the Cancellation

Theorem 424.
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NOTES

The methods of this chapter are analogous to those of

B. J6nsson and A. Tarski [JT]. Define a J6nsson-Tarski variety to be

one having a binary operation + and a nullary operation O such
that O+x = x and x40 = x are identities. For a J&nsson-Tarski
variety, results like those of Chapters 2 and 3 for Mal'cev varieties
hold, but with (subtractive [JT, Defn. 1.15]) subalgebras replacing
congruences. The first aim of a categorical approach to the material
of these notes should be a unified treatment of J8nsson-Tarski and

Mal'cev varieties.

Before the publication of Mal'cev's paper [Ma], Goldie
[Go] studied direct decompositions of pointed Mal'cev algebras.
However, defining x+y = (x,0,y)P reduces such algebras to the
Jonsson-Tarski case. This was (chronologically) the first example of

the power of Mal'cev's Theorem 142.



4 Central isotopy and cancellation

The previous chapter was concerned with direct
decompositions of a single Mal'cev algebra and congruences on it. The
subject of this chapter is the behaviour of a whole Mal'cev variety T
under the direct product. The first section introduces the concept of
central isotopy. This is an extremely important equivalence relation
on T . For many purposes central isotopy classes of T-algebras are
more fundamental than isomorphism classes. The second section gives
the major example of this : it is shown that cancellation under the
direct product holds only up to central isotopy, rather than up to

isomorphism. The third section gives another example.

4.1 Central isotopy.

Two I-algebras (A,p) , (B,0) are said to be
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isotopic, written (4,p) ~ (B,0) , if there are , for each w in 0
(say of arity n ), bijections 8) » @ se.ey @ 3 A= B such that
x1e1...xneno(u) = x1...xnp(w)eo . (B,0) 4is said to be an isotope of
(A,p) . Isotopy is a generalisation of isomorphism - (4,p) is
isomorphic to (B,o) iff all the e; for all the w are the same.
Note that isotopy is an equivalence relation on I-algebras. (B,0q)
is said to be a central isotope of (A,p) 4iff there is a bijection
@ : B~ A, called a central shift, such that for each «w in Q
(say of arity n ) ,
411 3 (a,,a,) € §(4) . ¥b, ,..., b €B,

(a,,a,) (%alt(a)) (b1...bno‘(w)e,b1e...bnee(w)) .

If this holds, write (B,0) ¥ (A,p) . Note that by (C1) for C(a) ,

(B’G) x (A)P) > (B,O’) ~ (A’P) .

412 PROPOSITION ¥ 1is an equivalence relation. Further, if

e : B~ A is a central shift, then &(A) = C(B)ze and

(2alg(a)) = (3BJ¥(B)% .

Proof. Throughout, let @ be an n-ary operation. If

b,e t(a) bje for i=1,...,n, then b,o(w)e 5A) b ep(w) &(a)
blep(w) &(A) bicr(m)e , 80 2,’(1\)29"1 < 2(B,0) . Since e bijects,
S Z(a)2e™! , and so C(A)29'1 is a congruence on (B,o) . If

(bge,bie) (%a]%(a)) (cj0,cj0) for i=1,...,n, then
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(byo(w)e,biep(®)) (PAIS(A)) (a,,B,) (PAI5(A)) (cyo(w)e,ci0p()
(bjep(es) ,bjep(w)) (“al5(a)) (cgep(w),clep(@)) , and
(bjep(w),bjo(wle) (2A18(A)) (3,,8,) (PAIE(A)) (clep(e),cio(w)e) .
Since (2A[E(A)) respects transitivity of E(A) , (b o(w)e,bjo(w)e)
(CAJE(R)) (cj0(w)e,ciolede) . Thus (2ale(a))te™! < 2(k(a)2e™") .

Ba)2% T €

(2A|C(A))4O-1 and (CO) , (C4) of Corollary 224 hold, so °B

Since e bijects, the set-theoretic properties

centralises C(A)ze-1 by means of (2AIC(A))49_1 . By 228 and the
definition of ¥(B) , G(a)2%~' < &(B) . By Proposition 221
(Calt(ante™ = (3BIL(ENAATMIZ%™") .

With the notation of 411, let b, =ae  , B -1,
Now Vay ,..., 8 €4, (5e,b.0) (P48(4) (a;67 ole)e,a.p(e) .
Applying 2e~! and using the respect of (ZAI'C(A)) for the symmetry
of &(A) , (bu,Fu) (‘2A|";(A))4e'1 (aie(u)e'1 ,aie"1o(m)) . PFrom above,
this can be written as (bu’B;) (2Bl§(B)) (aip(m)e—1,aie'1o@u)).
Thus 9'1 : A=+ B is also a central shift. In particular, the
relation % is symmetric. Repeating the above procedure for the new

central shift e~' , C(B)% < L(A) . Hence &(A) = Z(B)% and

(2a|t(a)) = (3B|L(B))% .

Let ¢ : C = B also be a central shift making (Ce)

= (B,o) , say with (b),b%) (°B|§(B)) (c;®(w)g,ci90(w)) . Applying o
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and using the above, (ble,bz) ((AlE(A)) (c;e(w)pe,c po(w)e) . By
property (C1) for (2A|C(A)) ,» there is a unique a! such that
(a;,aw)(2A|t(A))(bLo,§:) . Then (a;,a_)(2A|§(A))(cib(u0¢e,ci¢o(w)e)
and (ag,a,) (2A|Q(A)) (ci¢cho)e,ciwep(60) imply (a&,au) (ZAIC(A))

(cye(w)pe,c pep(w)) by the respect of (°Al&(A)) for the

R

transitivity of ¥(4) . Thus is a transitive relation. Since 1A

is a central shift (with a_ = a, for all ), ¥ is reflexive.

(Y

Thus % 1is an equivalence relation. ]

Immediate corollaries of this are that central
isotopes of Z-algebras are 4-algebras, and that Bx C«B' xC' if

B« B' and CZ (' .

413 Any isomorphism e : (B,o0) = (A,0) 1s a central shift, with

a,=18, forall w. Asa partial converse, if (A,p) , (B,0) have
respective singleton subalgebras ({e},p) , ({£},0) , and if
e : B+ A is a central shift with fe = e , then e 18 an

isomorphism of (A,P) and (B,0) .

414  If (A,p) has the singleton subalgebra ({e},p) , then the
mapping C(A)(aAIC(A)) - oT(4) | (x’y)(zA|Q(A)),*

({e}(x9)™" A (x,y) (RG],
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2
is an isomorphism of I-algebras. By Proposition 222, t(A)( Alg(a))
&(a)

is an abelian group in g , and 80 by this isomorphism e becomes
one too, with identity e . Singleton subalgebras within eq(A) form
a subgroup G . Central shifts of (A,p) to itself permuting

singleton subalgebras within a given C(A)-class then form an abelian

group of fixed-point-free automorphisms of (A,p) isomorphic with G

There is a fundamental connection between central
isomorphism of congruences on an algebra and central isotopy of

quotient algebras as follows:

415 PROPOSITION  Suppose 2A =B n Y =06 pn € , and there is a

central isomorphism of congruences ¢ : B = &6 . Then At is a
central isotope of AY .

: . Ay . nY €
Proof. Fix a €A . Define e : A'* A ; b' = d- , where

o ¢ (a,b) » (a,d) .

e clearly bijects. It will be shown that it is a central shift.

Y centralises B , so by Proposition 321(1ii) 4t
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centralises &6 . By symmetry 6 centralises Y , and then by

éY 80

Proposition 321(i) it centralises 6; . .& also centralises €’

by Corollary 227 2 =6 n € does, i.e. 62 < %a) .

Let @ be an n-ary operation. Suppose that for

i=1,...,n, (a,bi)q) = (a,di) , 1l.e. b}_e = di . Define a' by

B

b,...b,

FIGURE 416

£ dy..dpow



apa'Ya...ac, a* by a' 6a*g a...aw, a" by (a,a')p =

(a,a") , B by (a',B) (Y|B) (a...ae,by...bw) , and D by (a,B)g =
(a,D) (Pigure 416). (a*,a') € 6% < 8(A) , and since ¢ is a central
isomorphism, (a",a') € &A) . Thus (a",a*) € §(A) , so by

Proposition 231(i1) (a"€,a...awf) = (a"€,a*®) € C(AF) . Now

(a,B) ((a,a'),(a...aw,a...aub,(a...au,b1...bnu))P

> (a,D)

((a,a“),(a...au,a...au),(a...am,d1...dnAO)P . Thus D =
(a",a...aw,d,...d w)P , whence (a"€,a...au) (2a%|&(a%))
(0,4, ..., u%) = (by...b w'e,ble...blew) . This shows that e is

indeed a central shift. ]

The full generality of Proposition 415 will not be
needed until the proof of the Cancellation Theorem 424. The next

result uses a weak form of Proposition 415.

417 PROPOSITION Let A Dbe a Z-algebra. Then there is a
Zy-algebra B such that Bx A £ Ax A . Further, B 1is a central

isotope of A .

2, ,

Proof. In the notation of Proposition 229(i), with Y =8 =
4y -89 (%|2%) = E° n B' . Note that (A)natE! 2 4 for 1 =0,

2 ENE let balgebra {4}
By 233, (°A)nat(°A|°A) is in 2 , with singleton subalgebra

Let B = (2A)nat(?a|%A) . Then A x BZ A x A . Further, since the
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identity mapping from EO to itself is a central isomorphism,

Proposition 415 shows that B is a central isotope of A . ]

It is instructive to work through Proposition 417 taking A = {1,2,3}

to be the quasigroup with multiplication table

~ Collecting Proposition 417 and other miscellaneous

results gives the following Structure Theorem for 4-algebras :

418 THEOREM A T-algebra A is in Z iff it is a central isotope
of a éo-algebra. go—algebras are just abelian groups in the category
IT.

Proof. By Proposition 412, any central isotope of a Z-algebra is a
Z-algebra. By Proposition 417, every Z-algebra is a central isotope
of a go-algebra. By 414, every éo-algebra is an abelian group in
the category T . By Proposition 234, the variety of abelian groups

in T is contained in % . ]
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419 COROLLARY If e : B+ C is a central shift in T from one
go-algebra to another, then it is an isomorphism.

Proof. Let {e} , {f} respectively be singleton subalgebras of B
and C . Let (C,+) be the abelian group with identity £ given by
414, Suppose ee = g . Since e 1is a central shift, there is for
each operation @ (of arity n , say) an element a of C such
that b,...bwe = bye...bew + a, . Then (bje-g)...(b e-g)w =
bie...b 6w - &...80 = by...b w6 - (aw+g...gw) , so that b~ be-g is

also a central shift. But ee-g = f , so by 413 b~ be-g 1is an

isomorphism. ]

4.2 Cancellation.

For a Mal'cev variety I , let [I] denote the set of
isomorphism classes of finite g-algebras. [2] is a commutative
monoid under the direct product x with the class [1] of the one-
element g-algebra as identity. Let K[g] be the Grothendieck group
of the monoid [ZI] , i.e. a group with monoid-morphism (2] - K[Z]
universal among monoid-morphisms from |[I] to groups. Let [A]

denote the image of the isomorphism class of the I-algebra A under



this morphism. For two finite TI-algebras C , D, ([C] = [D] iff
there is a third T-algebra B such that Bx C € B x D . A4s
Proposition 417 shows, [C] = [D] does not imply in general that

C €D . This section gives precisely how C and D are related if

(c] = [D] .

The first result shows that if B % C , then [B] =
[C} . It is rather more general, not being restricted to finite

algebras.

421 THEOREM If (B,o) 1is a central isotope of (C,r) , then there
is a Z-algebra Z such that Z x B2 2 x C . Further, if B is
finite (so that C is) then 2 is also.

Proof. Throughout, let « be an n-ary operation. Let V =
(2BIC(B)). Suppose e : C =+ B is a central shift, so that (b,,b,) V
(cit(u)e,ciea(m)) . Define an action = of f1 on B by (QD,BQ) s
(bi'c(w),bia(u)) , using property (C1) of V . Then e : (C,t) - (B,e)
is an isomorphism. Thus (C,t) £ (B,t) = (B,o) , and the identity

mapping on B 1is a central shift from (B,e) to (B,o) .

Now U§(B) is a subset of 2B . Let (b,b1) € &(B) .
Since (L(B),%0) is a subalgebra of (°B,%d) , (bic(ao,bio(aﬁ) €

C(B) . By definition of the action © on B , (bjo(w),bie(w)) €
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C(B) . Hence by the transitivity of &(3B) , (bio(w),bie(w)) € &(B) .
Thus (%(B),(o,¢)) is a subalgebra of (2B,(o,e)) . Let (A,p) =
(8(B),(oye)) . Let K' = ker( «' : ¥(B) » B ; (x,x,) = x; ) for
1=0,1 . The K' are congruences on (A,p) , with (Anatk®p) ¥
(B,0) and (Anatk',p) 2 (B,e) 2 (C,t) . Suppose (ag,a]) V (b;,b}) .
Then (ajolw),ajo(w)) V (bio(w),bjo(w)) and (ajolw),aie(w)) V
(b,sb.) V (bio(w),bie(w)) , so by the respect of V for the
transitivity of &(B) , (ajo(w),alv(w)) V (b o(w),bie(w)) . Clearly

A NG
A =¢&B)CV. Thus V is a congruence on A .

In Proposition 229(1), put A = (B,o) , p = &(B) ,

Y °B , (Y|p) = V, and use the definitions and notations of the

proposition and its proof. In particular, put =8 - 2(AV) . The

proposition says that (Av,2c) is a Z-algebra. Now for (xi,yi)V

in &', (y@),yo@) V (b,F,) implies that

((xg0) ,y e, (x,00) 7,060 ") (B [E) (007, (0,,5)Y)

Thus (Av,p) is a central isotope of the Z-algebra (AV,QG) , whence

by Proposition 412 (Av,p) is itself a Z-algebra. Let (Av,p) =2 .

Note that B finite = (B) finite = 2 finite.

By the properties (C1) and (RS) of V , 2y = KO,1 v

0

k' V. Thus A Z AnatV x Anatk® ¥ AnatV x Anatk' , i.e.

ZxBEZZxC, as required. ]

>
IR
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To see what [B] = [C] implies, it is necessary to

study cancellation in go first. The following, known as the Pointed

Exchange Theorem, helps with this.

422 THEOREM Let A be a finite I -algebra, pointed by {0} <A .

let B, C, Di <A, for i=1,...,n, with B indecomposable, and

BxC=0D x Dy x ... xD . Then 41<1<n. D =XxY and

BxC=XxY=BxYx D1 X «o0 X Dl—1 X Dl+1 X «oee X Dn .

Proof. If BxC = S0 X S1 y let =t SO X S1 i Si denote the
i
projections for i = 0,1 . Then Sl = Okeru . Thus there are

congruences B , Y , 61 on BxC for i=1,...,n sSuch that

BRY=8 nodym...nd with B=0%, c=0", D, =0"%, and

B indecomposable ( p = B' n " =5 B & oB' x oB ) . By the
Classical Exchange Theorem 315, 4 1 <1<n. 61 = 2r€ and
3.—.Y=Env=ﬁnen61n...n61_1n61+1n...nan. Putting

€

X = 0E and Y = O gives the result. ]

The Pointed Exchange Theorem is used for the following, the Pointed

Cancellation Theorem :

423 THEOREM Let A be a finite go-algebra, with subalgebras

B,B'",C,C'",D suchthatt A=BxCxD=B'"xC'xD. Then

to
1}

£ B' implies C (' ,
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Proof. Let B = B1 X ove X Bn as a product of indecomposables.
The result is proved by inductionon n. If n=0, A=CxD=
C'xD, i.e. there are isomorphisms f : Cx D~ A , g : A= C' x D
with £ : (c,0)» c for c€C, g: ¢'»w (c*,0) for c' € C , and
f:(,d) »d and g :d+» (0,d) for d €D . Let j: C=CxD;
¢+ (c,0) be the injection, and let p : C' x D= C' ; (e',d) ™ c'
be the projection. Then jfgp : C =+ C' 1is an isomorphism, as
required. So suppose the result is proved for the case where B 1is
a product of less than n indecomposable factors. Since B £ B' ,
B' = B{ X eee X BA for indecomposable Bi isomorphic with Bi .
i=1,...,n . Then A =23 x (B1 Xx..xB _, xCx D) =

B{ X s X Bﬁ x C' x D . By the Pointed Exchange Theorem 422, either

(I) J1<1<n. A=BxB x..xB _4,xCxD or

~

(11) C'=XxY and A=38 x..xB _,x XxCxD

1}

1] 1
B1 X o0 X Bn b'd Bn xY¥YxD or

B, x .. xB xXxCxD

1 n-1

(III) D=XxY and A

B{ X .o X Bﬁ X Bn xC'xY .

The three cases have to be examined separately.

Case (I):

A=B x (B1 x .o xB _,x CxD) = Bi X (B1 x ..xB , xCx D) .
By induction B £ B . Then (B1 X .. X Bn-1) x By =

(Bj x .. x By 4 x Bi+1 X oo X BA) x B] . So by induction

~ ] ' ' _
B1 X .. X Bn—1 = B{ X oo X Bl-1 b'e Bl+1 X oo X Bn . Now A =
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(B1 X .. X Bn-1) xCx (D x Bi) = (B{ X .. x B, x Bi+1 X . X BA)

IR

xC'x (Dx Bi) . So by inductinn C £ C' .

Case (II):

A= (B1 X .. X Bn-1) x Cx (Dx Bn) = (B; X o X Bﬁ_1) X (Bﬁ x Y)
x (D x Bn) , 80 by induction C £ Bl xY . Now A=

(B1 X .o X Bn—1) xXx (CxD)= (B1 X .. X Bn-1) x B x (¢ xD), so

114

by induction Bn X . But Bﬁ 2 B . Thus BA £ X, and

n

CZXxY=0C".

Case (III):

A= (B1 X oo X Bn-1) x Bn x (C x D) = (B1 X oo X Bn—1) xXx(CxD).
So by induction, X 2 B = Bﬁ . Now A=

(B1 X .. X Bn-1) x (X xC)xD= (B{ X .. X Bﬁ_1) x (Bﬁ xC') xD,

80 by induction X x C £ Bl x ¢' . Thus Bﬂ x C¢g Bﬁ xC', i.e.

4B",C"< BQ xC'. B"xC"= Bﬁ xCc', B"=Z Bﬁ , CEC" . It

IR

remains to show C" C'. By the Pointed Exchange Theorem 422 either

R

B" x C" = BA x C" = BA x C' = B" x C' , whence C" C' by this

theorem with n =0, or else C' = X' x ¥' and B" x C" = X' x C"

IR

=B"xY' x Bﬁ = B; x C' , whence B" 2 X' and Bﬁ x Y' C" by this

R

theorem with n =0 . Then C' =X'x Y' 2 B" x Y' BQ xY'¢C",

as required. ]

With the help of the Pointed Cancellation Theorem at a
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critical point, one can then prove the Cancellation Theorem showing

that [C] = [BE] implies C 2 E

424 THEOREM For finite DT-algebras B , C , D, B,
BxC=DxE and BED imply C~ 5 .

Proof. This done in three steps (a), (b), (c). All algebras

appearing are finite.

Proof of (a): By the Structure Theorem 418 for Z-algebras, there

are éo-algebras YB , YD , Y1 , Y2 such that ZB & YB R ZD YD ,

N
R

Y Z,=Y, . Then ZB X 21 < ZD X Z2 implies YB x Y1 Ed

1 2 2

i
o

xY

2 By Corollary 419, Y, x ¥, Z YD X Y2 and TYg =
~

the Pointed Cancellation Theorem 423% Y1 Y2 . Hence Z1 22 .

(v) For Z, ,%, in 2, Bx2Z =DxZ, and B=D imply

Proof of (b): Since B and D are finite, they can be expressed

as finite products of indecomposable factors. BEach such factor is



either in Z or not in Z . Thus by collecting together these

factors again, B = Bn x ZB and D £ Dn x ZD , where ZB , ZD are in

IR
5
IR

Z and Bn » D, have no indecomposable factors in Z . Let C

D, 2c=8' nky=08 n&h, vith Cnatp! = B, Cnatd] =D ,

Cnatfé % 2, , Cnat€p 23Zp .

Break up B) n Ep and 8! n Eﬁ into products of
indecomposable congruences, and apply the Unique Factorisation Theorem
328. If an indecomposable factor ﬁ; of ﬁﬁ were centrally
isomorphic with an indecomposable factor EB of Eb , then by
Proposition 415 Cnatag would be a central isotope of Cnatgg . But

CnatEﬁ < Cnafgg € Z , so by Proposition 412 Cnatgg , an
indecomposable subalgebra of Cnatgg % Bn' would be in g ,

contradictory to the choice of Bn . Thus the indecomposable factors
of Bﬁ are centrally isomorphic with the factors of 65 , and those

of Eb with those of Eé . Schematically, represent this as follows

(as was done for the Unique Factorisation Theorem 328) :

/

&a 134

p

(

& &
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Then E]'B is centrally isomorphic with El') » Whence by Proposition

415 Zy ¥ Cnatkl ¥ Cnatk! ¥ 2

D D *

Now let Af'_-‘anZBxZ1 EanZDxZ2 , where
2

R
T

B, , Anatf, 22

A=ﬁnne3ng1=5nn51,n§2. mtb:l n

B 9
Ana.té’2 b 22 » etc. Break up B n EB n 21 and & n ED n €2 into
indecomposables, apply the Unique Factorisation Theorem 328, and group

similarly-behaved terms to get

Bn &3 £x £ T
0 N\ / /
= _ / / ~ N _
5n &5 &5 g €

(again there are no cross-terms from B, or 6, ) where EB = E;n E; ,

etc., and Eﬁ is centrally isomorphic with Eg , E; with E'B , etc.

~

Since EB n E1 is centrally isomorphic with ED n& Zgp x 24, %

Z. x 4 From above, 2y % Z, . So by (a), Z i~ 4, , as required

D 2"

for (b).

(e) BxC&%DxE and BED dmply C=E .

Proof of (c): by induction on the number of indecomposable factors
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of BxCxDxE notin 2. If C and E arein 2, (c)
follows by (b). Otherwise, let AZBxC¥DxE,
5n€, AnatB ¥B, AnatY % C, 4anatd ¥ D, Anaté ® E . Applying

the Unique Factorisation Theorem 328 as before, one gets

ﬁ= ﬂx \(X V=
y-- AN L y
7 7 < —
8= §* € €
with B = g~ p pX , etc., and B~ centrally isomorphic with &7 , etc.
By Proposition 415, Anatp~ % Anaté~ . Then by Theorem 421, there is
a finite Z-algebra 2 such that 2 x Anatp™ 2 Z x Anaté™ . Since

ul

BYD, Zx Anatp™ x Anatp® £ 2 x BY 2 x D & Z x Anats” x Anaté™ .
Since Z x B x 2 x D has fewer non-Z indecomposable factors than

BxCxDxE, it follows by induction that Anatp® & Anaté® . Then

AnatY* ¥ Anat6™ ¢ Anatp® ¥ Anat€* . Also AnatY™ ¥ Anate™ . Thus
C % AnatY® x anaty”™ ¢ Anate® x Anate= ¥ E . So C=E . ]

Thus for finite g-algebras B and C ,

(B]=1C] & B=C
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4.3 Cubic hypersurface quasigroups.

This section gives another example of the way in which
central isotopy classes are more important than isomorphism classes.
The example is drawn from a branch of quasigroup theory having
applications to group theory and algebraic geometry. The basic
reference for further information is Manin's book [Mi], also translated

into English [MH].

A totally symmetric quasigroup or TS-quasigroup (Q,.)
is a quasigroup for which the ternary relation { (x,y,z) | x.y = 2 }
on W is invariant under all permutations of x , y , and 2 .

A TDs-quasigroup (Q,.) 1is said to be Abelian (note the capital "A")
|MH, 1.2] |Mi, I.1.2] iff for each element e in Q , (Q,+,e) is an
abelian group with identity e under the operation x+y = u.(x.y) .

A cubic hypersurface quasigroup or Cl=-quasigroup (the name comes from
geometrical applications) [MH, 1.3] [Mi, I.1.3] is a TS-quasigroup in
which every set of three elements generates an Abelian subquasigroup.
A commutative Moufang loop (L,+,1) is a quasigroup (L,+) having

a nullary operation selecting the so-called identity element 1 and a

unary operation assigning to each element x its so-called inverse

~x , such that each set of two elements generates an abelian group
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and the Moufang law x+(y+(x+z)) = (x+y+x)+z is satisfied. Manin gave

the following theorem, which says roughly that CH-quasigroups are to

commutative Moufang loops as Abelian quasigroups are to abelian groups:

431 THEOREM |MH, 5.1] [Mi, I.5.1] Let (Q,.) be a CH-quasigroup,
and e an arbitrary element of Q . Define the operation + on Q

by x+y = e.(x.y) , and let Fe(u,.) = (Q,+,e) . Then Fe(Q,.) is a
commutative Moufang loop. If f is also an element of ¢ , the loops

F (Q,.) and Fy(q,.) are isomorphic. ]

By Mal'cev's Theorem 142, the variety of commutative
Moufang loops is a Mal'cev variety. The centre 2(L,+,1) of a
commutative Moufang loop (L,+,1) 1is the equivalence class of 1
under the centre congruence §(L) . It is left as an exercise for the
reader to check that an element ¢ of L is in 4(L,+,1) iff
c+(x+y) = (c+x)+y for all x , y in L . Thus words in a commutative
Moufang loop involving at most two elements not in the centre may be
written as if they were words in an abelian group. Manin gave the
following converse to the first part of Theorem 431 involving the

notion of the centre of a commutative Moufang loop:



432 THEOREM [MH, 5.2] [Mi, I.5.2] Let (L,+,1) be a
commutative Moufang loop, and ¢ an arbitrary element of its centre.
Define the operation . on L by x.y=c¢-x-y , and let

GC(L,+,1) = (L,.) . Then (L,.) is a CH-quasigroup. ]

Manin was unable, however, to give a converse to the second part of
Theorem 431, for as he pointed out different choices of ¢ in Theorem
432 may give non-isomorphic CH-quasigroups GC(L,+,1) . In fact these
different CH-quasigroups are central isotopes, and the various
elements of the centre of the loop contrive to yield the full central

isotopy class. More precisely :

433 THEOREM Let (L,+,1) be a commutative Moufang loop, and let
¢ , d be arbitrary elements of its centre. Then the CH-quasigroups
GC(L,+,1) and Gd(L,+,1) are centrally isotopic. Given a CH-
quasigroup (4,.) , all its central isotopes may be obtained as

GdFe(Q,.) , where e is any chosen element of Q and d is in

ZFe(Q,.) .

Thus isomorphism classes of commutative Moufang loops
correspond exactly to

central isotopy classes of cubic hypersurface quasigroups.



The rest of this section is devoted to a proot of
Theorem 433. The proof depends on a general proposition. For the
moment, operator domains will be reintroduced to the notation, although
actions will remain suppressed. Une definition 1s needed : a derived
operation on an f-algebra A 1s a mapping A > A4 of the form
(a, ,..,an) - (a1 N ,..,fk)w , where (x1 ,..,xn+k)w is an fl-word
in {x1,..,xn+k} , and f, , ..., f, are certain fixed elements of

A , for some natural number k .

434 PROPOSITION Let (Aa,l) be a Mul'cev algebra. Let (' be a
set of derived operations obtained from £ and including the Mal'cev
operation, so that (a,0}') is also a Mal'cev algebra. Then
(C(A,ﬂ),2ﬂ') < (%a,0),%) . Ir (2A]§(A,n.)) is the congruence by
which 2(A,D.) centralises (C\A,ﬂ),z.n,) , then it is the congruence
also by which 2(A,.[),') centralises (C(A,I),),Z{L') .

Proof. Let o' : (a.1 ,..,an) g (al""an'fﬂ"'fk)“ be an element of
' . Suppose (a1,a1') y see (an,ar'l) € &(a,l) . By the reflexivity
of §(a0)) , (£,,2) , «o., (£,1,) € Q(3,0) . Thus

(a1 coa @ ,ag. .ar'lu') = ((8.1 IRETLNS SR ,fk)w,(a{ veeralyfyyen ,fk)w) €
&(A,L) . It follows that &(a,1) is a congruence on (a,Q2') . 1If
(2A|§(A,ﬂ)) is the congruence by which 2(a,1) centralises
(€(4,0),%0) , a similar argument shows that (ZAH;(A,I))) is a

congruence on (c(A,a),zn') . Since the other conditions of Definitic
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211 are purely set-theoretic, it follows that (%4|L(A,N)) is a
congruence by which 2(A,[v) centralises (((Aqfn,zn}) . By
Proposition 221, (2A|C(A,ﬂ)) is the unique congruence by which
2(A,Q)') centralises (£(a,0),%0') , and the very definition of

§A,0') gives that §(a,0) C L(a,0) . ]

Applying Proposition 434 to the contexts of Theorem 433,
435 ¥Q,.) C&F (q,.) €86, F (3,.) and
436 &(L,+,1) € &6 (L,+,1) € ¥ 6 (L,+,1) ,
where G_  is defined since e.e € ZFe(Q,.) (kH, 5.1.3] [Mi, I.5.4].

Looking at 436, 1.(x.y) = c~(x.y) = c-(c~-x-y) = x+y , so that

F.G (L,+,1) = (L,+,1) . Also, by [MH, 5.1.2], [Mi, I.5.3],

Gy oFelQe) = (Q,.) .« 435 and 436 thus yield :

e

437 PROPOSITION  (Q,.) = §F (Q,.) and &(L,+,1) =&a (L,+,1) . ]

Now the proof of Theorem 433 can be concluded.
Firstly, let (L,+,1) be a commutative Moufang loop, with ¢ , d in
Z(L,+,1) , so that (c,d) € &(L,+,1) = 86, (L,+,1) . Let (L,.) be
Gc(L,+,1) , i.e. x.y = c=x-y . Let (L,*) be Gd(L,+,1) , i.e.

Xx*y = d=x-y . Then (x.y,x*y) = (c,d) - (x+y,x+y) , so (x.y,x*y) is
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in the coset (c,d) + L ot T in B(L,+,1) . But (c,d) =

(c,d) + (1,1) 4is also in this coset. It follows that (x.y,x*y)
(2L|t(L,+,1)) (c,d) , for the (2L|§(L,+,1))—classes are just the
cosets of L in ¥(L,+,1) . By Proposition 434, (2LIC(L,+,1)) =
(2L|CGC(L,+,1)) . Gd(L,+,1) is thus a central isotope of GC(L,+,1) ,

as required.

For the second part of the theorem, let (Q,*) be a
central isotope of (WQ,.) , say with (e,f) € &(Q,.) and Vx , y €Q
(x.y,x*y) (%q|e(Q,.)) (e,f) . Define (Q,+,e) %o be F(Q,.) . By
Proposition 437, &(Q,.) = §(Q,+,e) , and by Proposition 434
(2er(Q,.)) is a centreing congruence by which 2(Q,+,e) centralises
%(Q,+,e) . Now

(e,£) (2Q]2(Q,.)) (e.e,e.e) + (e,f) ~ (x+y,x+y)

((e.e)=(x+y),((e.e)+L)=(x+y))

1]

(x.y7,((e.e)+f)-(x+y)) .

Let 4 = (e.e)+f . lote that d is in ZFe(Q,.) . By hypothesis

(e,f) (2Ql§(Q,.)) (x.y,x*y) . 1t follows by (C1) that x*y = d-x-y ,

ie. (Q,*) = GdFe(Q,.) , as required.



5 Plain algebras and equational completeness

O the pleasure of the plains.

G. F. HANDEL, Acis and Galatea.

Varieties of g—algebras are partially ordered by
inclusion, and all varieties contain the trivial variety generated by
the one-element T-algebra. The minimal varieties with respect to
this partial ordering are of interest : they are described as
equationally complete. An algebra generating such a variety and the

set of identities satisfied by it are also called equationally

complete.

A T-algebra A is said to be simple if the only

congruences on it are % and 2y . A is said to be plain if it is

finite, simple, and if its only subalgebras are singletons or all of
A . BEvery variety containing a non-trivial finite algebra contains a

plain algebra : take a minimal non-trivial quotient of a minimal non-



trivial subalgebra of the non-trivial finite algebra. This chapter
looks at equationally complete varieties, plain algebras, and the

connections between them.

An equationally complete variety is generated by each
non~trivial algebra in it, so every equationally complete variety
containing a non-trivial finite algebra is generated by a plain
algebra. Such varieties turn out to be characterised by these
generating plain algebras, and consist entirely of algebras isomorphic
to direct powers of the generator. Plain algebras which are not
equationally complete are in the class Z , and the only non-trivial

proper subvariety of the variety they generate is that generated by

their central isotope with singleton subalgebra.

Throughout this chapter, Fr(A) will denote the free
algebra on r generators in the variety g(A) generated by the 2—

algebra A . Subquotient will mean a quotient of a subalgebra.
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5.1 Plain algebras.

511 PROPOSITION All subalgebras of a direct power of a plain
algebra A are isomorphic to direct powers of A .
Proof. Let S be a subalgebra of A . For 1 =0, ... , n-1 ,

@ # snt <A, and so sat = A or {e for some singleton subalgebra

i}

{ei} of A . Discarding factors with Sant = {ei} , one may without
loss of generality assume that Vi=0, ..., n-1 , snt = A . Then
since A is simple, each ker( t:isaa ) is a maximal congruence

n-1 .
on S. Since S<™A, N ker(®* :8-4)=5. Pick a minimal

i=0
set of ker(11:S*A) 8till having intersection § , say without loss

n

of generality { ker(ni:S*A) | 1=0,...,m} . Foreach i1 =1,...,m
i 1 i
ker(n" :S—A) < ker(n':S=A)e N ker(uJ:S*A) . If equality holds,
1-1 ; 1 =0 4 X m ]
N ker(x):8-+A) < kern™ , so (N ker(nd:S=a)) o (M) ker(n):574)) =
3=0 §=0 J=i+1
s , contradicting the minimality of m . Thus for 1 =1,...,m,
1 i=1 ' 2 0
ker(n~:5—A) o ) ker(nJ:S+A) = “S , whence S & Sx° x ... x Sn® =
=0

mH ) s required. ]

512 PROPOSITION If A is plain, Fr(A) is isomorphic to a direct
power of A .
Proof. The elements of Fr(A) are words (x,,...,xr)w in the r

generators X, , ... , X, of Fr(A) . Define a morphism



("a),

e Fr(A) -~ (11,...,xr)w'* ( (a1,...,ar)l* (a,,...,ar)w ) .

.o

If (x1,...,xr)wo (x1,...,xr)w'e » then Va, ... ,a €4,

r
(a,,...,ar)w = (a1,...,ar)w' . Thus (x1,...,xr)w = (x1,...,xr)w’ is
an identity of TI(A) , i.e. w=w' in Fr(A) . So e embeds

r
Ca)y

Fr(A) as a subalgebra of The result follows by Proposition

511. ]

513 PROPUSITION  If A is a plain algebra in Z , then 2A/R 1is
also plain.

Proof. If S is a subalgebra of 2A/K , let T be the union of

the (2A|2A)-classes forming S . Then T , as a subalgebra of 2

A,
has order |A| or |A|2 from Proposition 511. But each (2A|2A)—

class is of order |A| , and so S is of order 1 or |A| = |2A/%] .

Let U be a congruence on 2A/K = 2Anat(QAle) .
Then U corresponds to a congruence U' on 2A with (2A|2A) <U
< “A . But since U' is isomorphic to a direct power of A Dby
——

Proposition 511, U' is (2A|2A) or %A, whence U is 2A/R or

2(2p/R) . Thus 2A/R is plain. ]

As a consequence of these properties, one may show

that varieties generated by plain algebras are characterised by them :
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514 THEOREM Let A , A' be plain algebras. Then T(A) = T(a')
1 A YA .
Proof. Suppose T(A) = T(A') . Then F,(4) = F2(A') , and by

Proposition 512 there are positive integers m , n such that My =

[[H

FZ(A) = F2(A') Npt . The diagonal AA is a subalgebra of DA
isomorphic to A , and thus DA' has a corresponding subalgebra S

isomorphic to A . By Proposition 511, S is isomorphic to a direct

R

power of A' , and since S 1is simple this can only mean A £ 3 = A'

The converse is trivial. ]

5.2 Equational completeness.

As a consequence of Theorem 514, the equationally
complete varieties containing non-trivial finite algebras are
specified uniquely by equationally complete plain algebras. The next
two theorems determine the latter, according to whether they have

singleton subalgebras or not.

521 THEOREM If the plain algebra A has a singleton subalgebra

{e} , then it is equationally complete.
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Proof. It must be shown that A is in the variety generated by
each non-trivial subquotient of a direqt power of A . By Proposition
511 subalgebras of direct powers are themselves direct powers, and so
it suffices to show that A is in I(A') for each non-trivial

quotient A' of a direct power of A .

Let V be a proper congruence on Np with A' @
DpnatV , and assume without loss of generality that n is minimal
with respect to the property that A' is a quotient of D)y . Let
B={x€B%A |Vi>0, xnt=e }, and let W=VA%B . Then W=
ﬁ or 2B . Suppose W = 2B . Then for all (a1,az,...,an) € a ,
(ao,a1,...,an_1) v (ao,a1,...,an_1) ,

2

(e e ,.u., € )V (ao,e yesep @ ) since W= °B,

and (e ,e ..., € ) V(e ,e yoeup &8 ) .

3 (agrayseceray ¢) V (e ,ay,...,8 _4) , applying the Mal'cev

operation P . Hence A' = (1&0)_1(e)nat(Vnz(no)'1(e)) , a quotient
of (no)-1(e) =24 . But this contradicts the minimality of n .
Thus W = B , and A £ B Z BnatV , which is isomorphic to a

subalgebra of A' . ]

522 THEOREM A plain algebra A without singleton subalgebras is
equationally complete iff it is not in g .

Proof, Let A be in Z . By Proposition 513, 2p/R 1is plain.
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Since A has no singleton subalgebras, A # 2A/TL , and so by Theorem
514, g(ZA/K) is a proper non-trivial subvariety of T(A) . Thus A

is not egquationally complete.

Conversely, suppose A is not equationally complete :
let T(A) have the non-trivial proper subvariety I' . By Proposition
512, F,(A) % BjA for some positive integer n . Then F (') , the
free TI'-algebra on two generators, satisfies some identity I not
satisfied by A , and is isomorphic to the quotient of ny by some
proper congruence V . Fix a in A , and let B =< aAnnatV >,

B , as a subalgebra of DAnatVv , satisfies I , but it is also the
image of A under AnnatV , and so must be trivial. Thus AAn is

contained within a single V-class.

Let m be minimal with respect to the property that
there is a proper congruence V on D4  such that AAm is contained
within a single V-class. Certainly m>2 . If m =2 , plainness
of A and properness of V imply that A is a V-class, and so by

Proposition 223 A is in 2 .

So suppose m>2 . Let S={x€® | xn® =xx' } .
s2m')y , and A4~ 1s contained within a single VA 2S-class .

Minimality of m then implies that SnatV is trivial, whence
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sV = AAmv . Thus IAIm'1 < IAAmVI < |A|® , from which it follows
that AAmv = S . Define a congruence U on 25 by (x,y) U (x',y')
® Ja,,.c0 a4 €A (xya,,.08y ) V(X' y' a0 ) .

Then & 1s a U-class. But this contradicts the minimality of m . ]

am_

Letting Plain denote the class of plain I-algebras,
and EC the class of equationally complete g—algebras, one may

summarise the situation schematically as:

Plain - EC = Plain n (2(I1) - I,) .

If A is a plain algebra that is not equationally

complete, one can still say a lot about the variety generated by it :

523 THEOREM Let A be a plain 2(ZI)-algebra without singleton
subalgebras. Then:

(1) £(2A/ﬁ) is the only non-trivial proper subvariety of E(A)
(11)  F(4) =P » F (/D) xR .

(i1i) If S 1is the collection of identities satisfied by A , then
there is an identity I 4in one variable such that Swv {I} is

equationally complete.
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Proof. Let V, = ker( f : - j"'1(2A/'.K) ; (ao,...,ai_1) -

252 252 2,12
((30'81)( A A)'(a‘ora‘z)( Al A)....,(ao,aiq)( Al

for 1>2 . Let A' in E(A) satisfy an identity I not satisfied

1, o &

by A . A' is isomorphic with the quotient of some power
by a congruence V . AAlnatV must be trivial or isomorphic with A ,
since A 1is plain, and as a subalgebra of A' satisfying I it
cannot be isomorphic with A . Thus AAl is contained within a

single V-class, whence Vl <V . Thus A' 1is a quotient of lAnatvl

2 1-1(2/8) |, and thus is in T(%a/R) .

IR

Suppose Fr(A) By . Then Fr(zA/ﬁ) , satisfying
identities not satisfied by A , is isomorphic with a proper quotient
of BA , say by congruence V . As above, V,<V. Thus Fr(2A/ﬁ)
is isomorphic with a quotient of “AnatV_ 2 P7'(2a/R) . But P pnatV_
is an r-generator algebra in 2(2A/ﬁ) , and thus is a morphic image

ot F.(%A/R) . Hence F_(%a/R) ="'(%w/D) .

let J be an identity satisfied by 2A/A but not by
A . Since E(ZA/K) is the only non-trivial proper subvariety of
I(A) , Sv{J} is equationally complete. Since F1(2A/K) is a
proper image of F1(A) , 1t satisfies an identity I 4in one variable

not satisfied by A . Then SV {I} is equationally complete. ]
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The structure of finite algebras in an equationally

complete variety is easily described by the following :

524 THEOREM Finite members of the variety E(A) generated by an
equationally complete plain algebra A are isomorphic to direct
powers of A .

Proof, By Proposition 511 it suffices to show that quotients of

direct powers of A are themselves isomorphic to powers of A .

Certainly the only quotients of 1A , hamely 1A and OA , are direct

powers of A . Assume as an induction hypothesis that for all
positive integers m less than a positive integer n greater than

1, all quotients of A are powers of A . Let V be a congruence

P N
on A . If V="a ’ DanatVv = Pa , SO assume Ny <V . Let AiJ =

{ x €M | xnt = xnd } Sij = lJAijv , 1#3 . If Sij =",

DpnatV = S, .natV = A, .natV is a morphic image of n-1

1j 1j A , and so by

induction a direct power of A .

n . .
Suppose Sij <fpA for all i # j . Then Aij < Sij

_ n-1 . _ .
and IAijl = |A] imply Ayy = Sij » 80 that each 4;; is a union
of V-classes. Fix a € A . Then al&n € Aij for all i # j . If
xV aAn , then x € Aij for all i # j , whence x € AA . Thus

aAnv is a subset of the diagonal. Since V induces a congruence on

the simple AA , and V >, AL, is a V-class. Let B =



103

{ (ao,a1,...,an_1) € a | ag=a,=...=a ,}. Now e: 2y~ B :

(ag,a)) (ao.a1,...,a1) is an isomorphism, and VA°B has Ae as a
congruence class. Thus by Proposition 223, A € g , and since A is
equationally complete it must have a singleton subalgebra, so that

AZ 2A/ﬁ . Then PAnatV = nA/(AAn) x n'1(2A/ﬁ) z -1, , as required. ]

A similer argument but with a different induction hypothesis yields

the following :

525 THEOREM Finite members of the variety g(A) generated by a
plain algebra A that is not equationally complete are isomorphic to

direct products of powers of A with powers of 2A/% . ]

5.3 Free algebras in equationally complete varieties,

Section 5.1 showed that the free algebra in an
equationally complete variety (containing a non-trivial finite algebra)
on a finite number m of generators is some direct power, say the
d(m)-th, of the unique equationally complete plain algebra A within

the variety. The function 4 from the positive integers to themselves
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is a measure of the complexity of the variety. This section sets out
to specify the function d in terms of invariants of A : its size
[A] , the number |{{e} < A}| of singleton subalgebras it has, and
the order of its automorphism group AutA . An interesfing dichotomy
takes place. If A is not in Z , then d is asymptotically
exponential in m (Theorem 535), while if A is in g (and thus has

a singleton subalgebra), d has a linear upper bound (Theorem 536).

Firstly, until the end of Theorem 535, consider the
case that A is a plain algebra not in g (and so equationally
completej. Fix m . Let x denote the m-tuple (x1,..,xm) of
elements of A . If {e} is a singleton subalgebra of A , let e =
(eye.,e) in T4 . Let the automorphism group AutA of A have the
action « : (x1,..,xm)'* (x1a,..,xma) on Za . & non-empty subset
{51,..,58} of "o 1is called an independent representing subset or

IRS if and only if the subalgebra < (xy40e00xgy) | i =1,00,m> of

si

Sa .

SA generated by { (x1i"”xsi) | i=1,..,m } is isomorphic to
Note that for a singleton subalgebra {e} of A , e cannot be a

member of an IRS. If {51,..,£s} is an IRS of maximal size s , and

X 1is an element of ™A , then for all w , w' in Fm(A) ,

(x1,..,xm)w = (x1,..,xm)w' if and only if (xj1,..,xjm)w

(xj1,..,xjm)w' for j =1,..,8 , lest < (Xy5,e09Xg5,%3) | 1 =1,..,m>

be isomorphic to S*t14 . Thus d(m) = s .
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531 PROPOSITION Let A be a plain algebra not in Z . Let
{x1,..,xs} be an IRS, If y is an element of A » then precisely
one of the following two statements holds :

(1) Y 1is not in {11,..,xs} and {11,..,xs,x} is an IRS ;

(ii)  the assignments (y1i""ysi) - (y1i""ysi'yi) for i=1,..,n
generate an isomorphism m(11,..,xs;x) from

<(Li“”%ﬂ | i=1,..,m> to <(hi“”&uﬂﬁ | i=1,..,m>.
Proof. < (y1i""ysi’yi) | i=1,..,m> is isomorphic either to
$*14 or to Sa . In the former case, (i) holds, and in the latter

case, (ii) holds. ]

532 PROPOSITION Let A be a plain algebra not in 4. Let R be
a subset of A , and let a, b be two distinct elements of A such
that Ru{a} and RU{b} are independent representing subsets. Then
precisely one of the following must be true :

(1) Ru{a,pb} 4is an IRS ;

(i1) there is an automorphism « of A such that ga =) .

Proof. Firstly, suppose R empty. {a} and {b} are independent
representing subsets. If {a,b} is not an IRS, then by option (ii) of
Proposition 531 with s =1 , ¥y =2, yY=>b, and again with s =1 ,

is an automorphism of A mapping a
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Now suppose that R = {51,..,5T} with r>1 , and
that Ru{a,b} is not an IKS. It will be shown that either option
(1i) of the proposition holds, or else there is the contradiction that
A isin 2. Let S =<(x;5,.0,x4,8;,0) | 1=1,..,m>. By

Proposition 531, there are isomorphisms

+1

q’(i,;--.&r,g_;h) : T A=~ S (x1i""xri’ai) i (x-lip--'x bi) and

ri’®i’

¢(Xy,..,%.,b58) : iss; (Xq40009%

oy i) P (xyy5eeiXpg,a5,b;)

ri’"i

(note the slight twist from the notation of Proposition 531 at the end

of the latter). Define projections nij K : DA AxAx .. x4 ;

(z1,..,zn) - (zi,z.,..,zk) . Let 1T = ker(n : S-»TA) . Note

J 12..r

' 2
that T(n1nr+2,u2nr+2) = 2A . Let U= ker((n1nr+1,n2ur+1) : T = A ) .,
I (g e e sPr®o¥) s (Pyaeespr x4y ') ((ay e ey %,2) 4 (ay o0y, x32)))
isin U , then y = y'

2 X

(pyseespp¥)o(xys.0hx,,b58) 0,

= (PyseesPpoy)o(xy e hx,b50)0, , = X'
P 2z = (q1.u.qr.X)CP(lq.--'LT-Q;Q)“HZ
= (qyre0rqx")e(xy s 800, = 2' .« Let V=

U((n1n1nr+2,n1n2nr+2),(n2n1nr+2,n2n2nr+2)) . Then for ((y,y'),(z,z"))
in VvV,

533 y=y' > z=32'.
EN

Since T(n1n 2y y AV ., Thus V is a congruence on

r+2 ") =

2 _ 28 —
A. Let W= (Un S)(n1u1ur+2,n2n1nr+2) = { (y,2) |

3 (((p1;--.Pr,x,Y).(P1:--,Pryx,Y)):((q1,--,qr,x,z),(q1.--.qr.x.z)))eU}-
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Agw S A, so W 1is a congruence on A . Since A is simple,

2

W=A or W=°A. If W=4, Sn(r+1)(r+2) is an automorphism of

A mapping a to b , and option (ii) of the proposition holds. If

W= 2

A, 2 is contained in a congruence class for V , and 533 shows
that this congruence class contains nothing but elements of . Thus
A is in Z , a contradiction. ]

534 PROPOSITION Let A be a plain algebra not in Z . A non-

Bp - {e| {e} xAa} is an IRS if and

empty subset {x,,..,x;} of
only if the x; are in distinct (Auth)-orbits.

Proof. If xa =y for some a in Autad ,

< (x1,..,xm),(y1,..,ym) > A, so that {x,y} cannot be a subset of
an IRS. Conversely, it will be shown by induction on s +that if x
... , X, are in distinct (AutA)-orbits, {51,..,53} is an IRS. If

s =1 , the result is trivial. If s = 2 , it follows by option (ii)

of Proposition 5%2 with R empty, &

X b= X . Otherwise, let
R = {;1,..,55_2} ,a=%x , b=x_ . By induction, Ru{a} and
Ru{b} are independent representing subsets. Since a and b are
in distinct (AutA)-orbits, they are distinct, so Proposition 532
applies, and its option (i) must hold : Ru{a,b} = {xy,..,x5} is an

=8

IRS. ]

535 THEOREM Let A be a plain algebra not in Z . Then for each
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positive integer m , the free algebra Fm(A) on m generators in the
variety generated by A is isomorphic to d(m)A , where d(m) =
CIA™ - [{{e} <A}l ) / |autal .

Proof. Let x be in ™A - {e|{e} < A} . Since A is plain, every

element of A can be expressed as a word (x1,..,x Jw in the

n
components of x for some m-ary operation w in Fm(A) . If a in
AutA fixes x , then (x1,..,xm)wa = (x1a,..,xma)w = (x1,..,xm)w for
all w in Fm(A) , 80 that « is the identity automorphism. Thus the
orbit of x under AutA has |Auta| elements. By Proposition 534
d(m) , the maximal size of an IRS, is the number of orbits of AutA on
By _ {e]|{e} <A} . Since each orbit has |Auta| elements, this number

is as stated. ]

Thus for equationally complete varieties not within

Z , the function d is asymptotically exponential.

Now consider the case that A is an equationally
complete plain algebra in %4 , thus having a singleton subalgebra
{0} . A may be regarded as a go-algebra, its element O being
selected by a nullary operation. Theorem 536 below gives the upper
bound m'log(lAutAl/l{{e} < A}|)+1|Al for d(m) 4in this case. The

upper bound is attained if the nullary operation selecting O is an
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operation of T , but may not be attained otherwise. For example,

consider the quasigroup (A,.) with multiplication table

AutA is the symmetric group on {0,1,2} of order 6 , and there are
3 idempotents, so the upper bound given for d(1) is 1 . But d(1)
is O , since all the elements of A are idempotent. Now suppose
that selection of O is a nullary operation of A (so A is being
regarded as a pointed quasigroup, in the sense of Section 1.2). Then
AutA just consists of the identity and the transposition exchangeing
1 and 2 , while {U} is the only singleton subalgebra, so again

the upper bound given for d(1) is 1 . This time however the bound
is attained, since there are now non-trivial unary operations, e.g.

multiplication by O .

536 THEOREM Let A be an equationally complete plain algebra in

Z , thus having a singleton subalgebra {0} . Then for each positive

integer m , the free algebra Fm(A) on m generators in the variety

d(m)

generated by A is isomorphic to A , where

d(m) $m’l°g(|AutA|/|{{e} < A}])+ Al .
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Proof. By the Structure Theorem 418 for é—algebras, A as a

go-algebra is an abelian group in the category of g—algebras, as
described in Section 1.2. There is a binary operation + on A

making A an abelian group with identity O , and such that

+: %4 isa morphism of T-algebras. If w is in Fm(A) ,

define for i =1,..,m the mapping t; : A~ 4 ; x» (0)eeyXyee,O)w

where the x appears as the i-th argument of w . Then

(x1,..,xm)w (x1+0,0+x2,..,0+xm)w

(x1,0,..,0)w + (0,x2,..,xm)w

= e e e

(x1,0,..,0)w + (U,xz,..,o)w + (0,0,..,xm)w

x1t‘w + x2t2w + .. + xmtmw .

Let T be the set of unary operations of the variety generated by A
v A m, .

in 4, - Then the mapping rm(A) - N W (t1w’t2w””tmw) is a

monomorphism of I-algebras. (It is an isomorphism if the nullary

operation selecting ¢ is in FO(A) .) The proof reduces to ghowing

that the size of T is |A| raised to the power

108 | puta|/|{{e} < a}[)+1 18] -

T has an addition + defined by t+t' : x % xt + xt',
and a multiplication defined by composition. It becomes a ring, and
A becomes a T-module. Sub- éo -algebras of A correspond to sub-

T-modules, so A , which is plain as a I-algebra, is irreducible as
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a T-module. By the definition of T , 4 is a faithful T-module,

so T is a primitive ring. Let E be the ring of T-endomorphisms
of the T-module A . Note that 4 , T, and E are all finite.

Then T is the full ring of E-endomorphisms of A regarded as a
module over the division ring E [Ja, Theorem III.2.1]. Since E is
finite, it is a field, by the Wedderburn Theorem [Ja, Theorem VII.12.1’
Let its order be pb for some prime p and positive integer b . A
is an L-vector space, say of dimension a . Then the order of A is

pab and the order of T , the ring of a x a matrices over L , is

E* , the multiplicative group of non-zerp elements of
& , is the group of T-automorphisms of the T-module A . It consists
of the stabiliser of O in the group of automorphisms of the
g—algebra A . The complement of this stabiliser is an abelian group
of fixed-point-free automorphisms isomorphic to the subgroup
{ e | {e} £ A} of the abelian group (4,+,0) (see 414). Thus |E*|
= |auta|/|{{e} <A} =p® -1 . Now |T| = |A|®, and |4] = (p°)® .

So a = log(lnuthl/l{{e} S.A}l)+1lAl , as required. ]
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NOTES

The results of the first two sections of this chapter
are basically due to Bruce Caine [Ca], who proved them initially for
quasigroups as part of his doctoral dissertation under Trevor Evans'
supervision at Emory University. The argument of Proposition 511 is
due to Foster and Pixley [FP, Theorem 2.4]. ZPlain quasigroups were
first studied by Helen Popova-alderson, in a series of papers dating
back to the early fifties (see the references in [PA]). lote however
that she excluded quasigroups with idempotents (singleton subalgebras)
from her definition. Perhaps her original French term uni should be
used for this. In [PA] she proved Theorem 535 for the case of
quasigroups with m =1 and |[{{e} < a}| =0, calling F,(A) the
logarithmetic of A . In broad outline the proof of Theorem 535 above
is a generalisation of her method. Lemma 2 of [Pi], however, the
analogue of Proposition 532, makes no distinction between é and
non-Z quasigroups, and is thus false as it stands (the error in the

proof in [PA], noticed by Caine, being the statement in line 11 of

page 5 that " M(+) is a quasigroup" ).



6 Extensions and obstructions

Two competent men, provided with the
necessary hand signals and detonators,
must be appointed to protect the
obstruction, one on each side.

BRITISH RAILWAYS, Rule Book 1950.

Chapters 2 and 3 looked at algebras under a given
g—algebra, i.e. its quotients. This chapter considers algebras over a
given T-algebra, i.e. its extensions. It asks whether extensions
satisfying certain properties exist, classifies them if they do, and
considers the obstruction to their existence if they don't. The
subject requires a modicum of homological machinery which 1is

introduced in the first section.
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6.1 Simplicial objects and cohomology.

Let €. be the operation which deletes the (i+1)-th
of any list of n symbols: E; : 0., (d=-1)i(d41)eca(n=-1) =
O1...(1-1)(1+1)...(n-1) . Let &% be the operation which repeate the
(1+1)-th of a list of n symbols: 61 : Of...(i-1)i(i+1)...(n-1) »
01...(1-1)ii(i+1)...(n-1) . These operations for all natural numbers
n and i <n generate (the morphisms of) a category A called the
simplicial category. A simplicial object in T 1is {the image of) a
functor A - T . A simplicial map is a natural transformation between
the functors. Thus a simplicial object B* consists of a TI-algebra

B" for each natural number n and morphisms between these (usually

labelled by their preimages in A ):

—> 5
_— 1 0
€3 > 82 >
> 2 1
[ € €
5 )
B — 2 A
1 \
<«
6,
«— &

A simplicial map p* : B* - C* consists of I-morphisms p® : B" - C®

for each natural number n such that all the diagrams
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i i
€ 1)
B° n 3 Bn—1 Bn+1 n > B?
p° pn'1 and pn+1 p° commute.
ei 61
o n cn-—1 cn+1 n_.on
The suffices n of s; and 6; are usually dropped, and

€y ¢ B - BV, 6? : B1 b 32 respectively are usually just called ¢

and 6 . Sometimes the 6; are not explicitly mentioned.

1t 2z - 80 is a module over BO , i.e. an abelian

group in the category g/B0 , one may form pullbacks

z” >2
l 0_0 0 l
¥n En€n_t* €y \»Bo
for each natural number n . This produces modules 2% over B" .

One speaks of a module over the simplicial object B* , and denotes

the B"-module 2" - B" vy 2z .

<
£,

It @1t e family of n parallel
-2

6"!
morphisms in T , also written (eo,...,en-1) : Xn==#PXn-1 , its

simplicial kernel ker((e2,...,e" ") : X®=21""' ) 1is defined to be

the largest subalgebra K of n+1(xn) for which
”n 3 8° €nsy >, ‘:

K o X 1'{‘x“" is the image of a functor from o mmm . mem
eh n-t

L“) —_—> Snn 3 #—}
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to I . Thus K = { (xo,...,xn) e M (x) | xoeo = x1eo , x1e1 = x201,

1

e, xneo = xoen' , etc. } . In partigular ker((eo) : x‘::%»xo) is

just the usual ker( o0 : x' - x° ) . If
— 5 — S
€l-l .-l
——> n-1 —_—fe_ 5
B? s° B® is the image of a functor from . ° . to
FT_ S.A:n
sh -2 s n-2
e———— e__l"_.

T, and K = ker((0,...,e" 1) : BP=%8"" ), defining 0 : B" - K

for j = 0,...,0~1 by od : xw (Xngooe )
’ 0’ "*n xels3-1 , 1<7j

o o \\\\\ where Xq =X X i=3, j#

—_lT 5 _c N

\ et led i > e

LA et -
makes K ~ gt g -

the image of a functor from

- -€—""“5
- - - j
o & [N £
7

.

ot

(o]
-3

on <>

In particular o° : X1 - ker( eo : X1 - x° ) is just the usual

diagonal embedding.

Removing all operations involving lists of more than
n symbols from A 1leaves the simplicial category truncated at n .
A functor from a truncated simplicial category to I 1is called a

truncated simplicial object. Any truncated simplicial object may be

extended to a simplicial object by tacking on simplicial kernels with
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n's and O0's repeatedly. Morphisms of truncated simplicial objects
(L.e. natural transformations of the corresponding functors) may
similarly be extended to full simplicial maps. One thus abuses
language by forgetting the word "truncated" and imagining appropriate
extensions. As an extreme case of this one could regard a I-algebra

R as the simplicial object

0
n
—_
1
n 1
- - - 25 —————75———> R -——-—lL———$>R
0
(-_

A simplicial object B* 1is said to be surjacent on

B if (bg,...,b) € ker((eg,...,e:_1) : BP=" ) o

n+1£1

_ i
n+i = D°- Thus (the extension

I e ™ . vog<isn, b

of) a simplicial object B* truncated at B" is surjacent on Bi

1 (0]

for all i>n . Also, B* 4is surjacent on BC 1ff e : B' -~ B

surjects.

Now for a concept which is fundamental to this

chapter :
eO
1
611 DEFINITION A simplicial object B* = B2—Z—> B! —e 5 BO
<

is said to be seeded if

(0) e surjects
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(1) B* is surjacent on B’

0

(2)  ker e” = n(ker ey .

It X is a g-algebra, congruences Ei on ;(X,BZ) are defined by

b Ei g & fe1 = ge:L , for 1 =0,1 . Then EO centralises E1

Let 132 —-> B be a seeded simplicial
d

&—
object. Let C = { c € B2 | ce = ce! } . Define V on C by

cVe & (ceod,c) (ker e®oker e' |ker e®nker e') (c'eod,c') . Then

\'f

¢ 0 \ 0

- BY ; ¢ * cee 1is a module over BO, and so over B¥ . It is

called the module grown by B* . There is an isomorphism of BO-

0 1 0 1
modules C' - (ker % ker e1)(lcer e’o ker e' |ker e"nker e') .
0 1 0 1
o’ (ceod,c)(ker eVo ker e' |ker e "mker e') . Note that
¢ (VA ker e1) c' >

0 0

n ker e1|ker e n ker e1) (c'eod,c') >

0

(ceod,c) (ker e

(e,c') (ker % ker e |ker e n ker e‘) (ceod,c'eod) , and ce d =

ceodeod = c'eodeod = c'eod , 80 c=¢'.

Let « be a congruence on a I-algebra T . Define

o : Tr|(a) - Taoq(a) . tcc»::l(az) , d Tq(a) . a(n(a)la) .
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£, (g, ) a) g ; (@) a) | onla) | (bt y(nfe) [a)
- t?(a) for 1 = 0,1 . These are clearly well-defined. By
Proposition 229(iii), ker e = zl(ker e1) . Then

0]

e

1
a(q(a)la) e . T1:'|(c¢) e Taoq(a)

@‘__

is a seeded simplicial object said to be planted by a on T . It

grows the module (an zz(a))(“' n(a) |ann(a))

For a T-algebra R , the simplicial object

|
!
|
]
a
fo
A 4
£

o

has already been mentioned. There is a leses trivial way of
associating a simplicial object with R which plays a major role in
what follows. Define RG to be the free I-algebra on the set
{r} | r€R} . Define I-morphiems eJ : Re™ ~ Ro®! ;
{{"{{{"{{r11..1n_1}“12..1n_1}'°}w 15404y
{{..{{..{{ri1”in_1}w12“i }..lw

n-1 ij+1"in-1 1ye20 iy

In particular eg deletes the innermost brackets and 52'1 the

i bootw) e

1} j+2 -1
beojo} o

outermost. Define T-morphisms ég : RG® ~ Ro™*

{{°'{{{"{{r11"1n-1}w12"1n-1}"}w13+1"in-1}“13+2"1n-1}"}U}"
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{{..{{t{{.. {r Je }oolw }Ho bootab o
: PRPS NP PSS  FIRRYE R FIPTRE S

In particular 62 repeats the innermost brackets and 6:'1 the

outermost. This defines a simplicial object RG* for any R in T

There are also mappings of sets (although not g—morphisms)

hn : RG™ - RGn+1 for all natural numbers n defined by xhn = {x}

for all x in RG™ . These satisfy identities such as hneﬁ+1 =1
hener = eghn—1 .

612 PROPOSITION  RG* is surjacent on R , RG , RGZ , RGO .

Proof. (a) Surjacency on R :

YreRr, rhye = {rle = r .

(b) Surjacency on RG :

Suppose (xo,x1) € ker( e : RG~-R ). Let x = (x06,x0h1,x1h1)P €
R6% . Then xe° = (xo,xoeho,x1ehO)P =x% and xe! = (xo,xo,x1)P =x.
(c) Surjacency on RG? :

Suppose (xo,x1,x2) € ker((eo,e1): RG2:=%DRG ) . There is the
following "multiplication table" denoting the actions of the maps at

the tops of the columns on the elements at the left of the rows :

e? el e2

v© = 2050 0 2O | x%'s

y = (1061,xoh2,xoe16h2)P (xoeoé,xoe°h1,x°e1h1)P x° x%1s

= (1161,x1h2,12h2)P (xoeoé,xoe°h1,x°e1h1)P x! x2

«
]

i

Thus if y = (yo,y1,y2)P € RG> , yci =x" for i=0,1,2.
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(da) Surjacency on RG :
Suppose (xo,x1,x2,x3) € ker((eo,e1,§2): RG3===»R.G2 ) . There is the
multiplication table Figure 613. Then if t = (t°,t',4%)P € Ra? ,

1.2l for 1=0,1,2,3. ]

te
In fact, RG* is surjacent on RG® for all natural numbers n , but

only the first four cases above will be needed.

The main purpose of RG* 1is to define cohomology.
Let 2 - R be an R-module, and regard it as a module over RG®* .

For each natural number n , Der(RGn,Z) is an abelian group. Define

i

n n+1 Do
homomorphisms d_ : Der(RG™,Z) - Der(RG"" ,Z) ; £ T (-)"e T .
n i=0 n+1

The suffix n is usually dropped from dn . These d are known as

coboundery homomorphisms. IM(d ) = { te Der(RGnH,Z) | 3 g€Der(rRG™,2).

gd, = £ } is the set of coboundaries in Der(R6™*1,2) , and KER(4)
= { t€Der(RG",2) | 4 =0 } 1s the set of cocycles in Der(RG™,z) .

Since d _,d = O for positive integers n , IM(dn_1) ngER(dn) .

The cosets of IM(d in KER(dn) are kmown as cohomology classes,

n—1)
and the quotient group KER(dn)/IM(dn_1) is called the (n-1)-th

cohomology_group 11 (r,2) of R with coefficients in Z .

For all natural numbers n , define Dero(RGn,Z) =
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i

{ feDer(R6”,2) | ¥ 051 <n-1, &' =0 € Der(ra™',z) } .

Derivations in Dero(RGn,Z) are said to be normalised.

614 PROPOSITION  The cohomology classes in H'(R,Z) and H2(R,2)
may be represented by normalised cocycles.

Proof. (a)  Classes in H'(R,2) :

Let f € KBR(d,) , so that €% - €'t + ¢2¢ = 0 € Der(R6>, 2) , and
let f' =t - e%5¢ € Dery(R6,2) . Then (62)a, = %z - e'sr =

€%t - 662 + %02 - 6%'r + 6%22 = €O%¢ = £ - £ |, g0 that £ ama
f' are in the same cohomology class.

(v) Classes in H2(R,Z) :

Let f € KER(d;) , so that €% - 't + €22 - 3¢ = 0 € Der(ret,z) ,

and let !

- c%% + %'t - c's't € Der,(r63,2) . Then
0
(6%2)a, = €% - ¢'602 + 2602

e°5°f - 5150f + 52601

+ 80602 _ 501 4 §0c2¢ _ 50.3;
- 6%07 + 5% - 52622 + §2¢32

eoéof - 5061f + 5161f =f~-f'", 80 that £ and f' are in

the same cohomology class. ]
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6.2 Obstructions to extensions.

This section considers the following problem :

Given a seeded simplicial object B* in T and an epimorphism

0 0

p ¢ R~ B, when is there a g-algebra T with a congruence a on

it planting B* and with p° ¢ R = ¢ - p%*R() _ 50 »

The solution is given by Theorem 623 in terms of the cohomology of R

with coefficients in the module grown by B* .

Associated with the g-algebra R is the simplicial

0 0

object RG* in T . The epimorphism p~: R = B” then gives rise to

a morphism p* : RG* - B* of simplicial objects by the following

1 0o

diagram chase. Since RG is free in I and e : B - B~ surjects,

1

there is a (not necessarily unique) p1 : RG - B such that p1e = €EP .

Define u : 32 ~ker e ; b+~ (beo,be1) . Since B* is surjacent on

B , u surjects. Define 22 H RG2 - ker e ; x+ (xeop1,xc1p1) .

2

Since u surjects and RG is free, there is a (not necessarily

2 . g2 2 21 _ 2 1 _

unique) p2 ¢ RG“ - B such that p2u =p Then p“e” = pun

pzui = eip1 for i =0,1 . PFinally, since B = ker((eo,e1):B2=%)B1),

there is a p3 H RG3 - B3 such that p3ei = eip2 for i =0,1,2
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e0
R&> — 3 R —> p¢ ____ & o g
—_—
! 2 3
B
p3 p2 ker e 1!)1 po
u
e 1 \
Q/ —> V o v N2
3 e . 2 > .1 0
e N e‘

The module M grown by B* becomes a module over RG* . Since

(699, ¢760,6269)p = 20 = 06! = (%' e'e! 626')P

,e e ,e e e ,e e ,ee B3 -B ,

B (eo,e1,e2)P CC. Let D= (eo,e1,e2)Pv : B ~-M. Itisa

derivation in Der(BB,M) .

621 PROPOSITION poD : RG2 - M 1is a cocycle in Der(RG,M) .
Proof.  Certainly, since D : B> =M is a derivation, p°D : RG> = M

3

is. It must be shown that % (-)YelpD = 0 in Der(Re*,M) . KNow
i=0

((%%2,e%'p?,e%%p?)P,e%%%) (O|E") (£%2%p?,e%"p?) ,

(eoeopz,(e1eop2,e1s1p2,s152p2)P) (E°|E1) (e1e1p2,e152p2) , and
(Eoe1p2,(eoe1p2,e1e1p2,e1£2p2)P) (EOIE1) (5151p2,€1£2p2) . Thus
(80(50p2’£1p2'22p2)P'€1(50p2’51p2'e2p2)P) (EOIE1)

(soezpz,(e°c1p2,e1e1p2,5152p2)P).
But both sides of this relation are in EOA E1 , and so it can be

written as (eo(€0p2,£1p2,€2p2)P,c1(50p2,€1p2,€2p2)P) (EooE1|EQiE1)
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(eoezpz,(eoe1p2,e1e1p2,e152p2)P) .

Similarly
(:3(e°p2.e1pz.ezpz)P.ez(eopz.E'pz.ezpz)P) E%E' |00 E")
(eoczpz,(eoe1p2,e1e1p2,e152p2)P) . Thus 53p3D = (eop3D,e1p3D,ezp3D)P

as required. ]

Now p3D has the form p3D = (pseo,p3e1,p3e2)Pv= (eop2,51p2,52p2)Pv.
There was an arbitrariness in the choice of p1 and p2 above, and
this may affect the value of the cocycle poD in Der(RG7,M) .

However,

622 PROPOSITION The cohomology class determined by p3D in

H2(R,M) is independent of the arbitrariness in the choices for p1

and p2 .

Proof. Let pl , pi (i=0,1) be alternative choices for p1 ,
p . The proof consists of a diagram chase to construct a "simplicial
homotopy" between the simplicial maps pa and p{ . Define

g‘ : RG - ker e ; x*» (xpé,xp:) . Since u surjects and RG 1is free,

there is an h' : RG = B2 with h'u =h' , and then h'el = nlur! =

g1ni = p1 , 1 =0,1 . Also pzeoe = eop1e = eop1e = p2eoe = p2e1e ,
i 0 0 1 1 1

80 by a similar argument there is a map Vv : RG2 - 32 with vei =

piei , 1=0,1. Now consider the three maps pg s V e1h1 : RG2 -
B2 . Since pgeo = veO , ve1 = p%e1 = e1p1 = e1h1e1 , e1h1e° = e‘pé

= pge1 , and B = ker((eo,e1): B2:=$»B1 ) , there is a map
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2 2 2.0
S : ReZ - B> witn hge® = p3 , nZe' = v , h3e? = ¢'n' . Similar

consideration of e°h1 y V pf : R62 - 32 yields a map

n? : Re% ~ B> with n2e® = ¢!, ! -+, h2e? = p?

Now for 1 = 0,1,2, (cipg,eiv) (E1|E0)
(eic1h1,(eipg,civ,eic1h)P) « Thus

o011 1

1.2
((copg,copg,eng)P,(eov,e1v,52v)P,(e eh ,e e'n'!,ee'n’

,€¢'h )P)P =
((eopg,eov,eoe1h1)P,(e‘p%,e‘v,e1e1h1)P,(eng,ezv,eze1h1)P)P .

02 12 22

001 1.0 201 v,e%v)P, (%7, ¢'02,6%p%)P)P

Similarly ((e“e¢e"h ,e € h ,e“e"h )P,(eov,e1
= ((eoeoh1,eov,eopf)P,(e1eoh1,e‘v,e'pf)P,(ezeoh1,ezv,ezpf)P)P .
2
\'4
Hence Egb(')isi(hgb - th) = (eopg,e1pg,52pg)Pv - (eopf.:1p$.52p$)P ’
showing as required that different possibilities for p3D are all in

the same cohomology class. ]
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This uniquely determined cohomology class of p3D is
called the obstruction of the morphism p0 . If the class of p3D is
the zero of H2(R,M) , then p 4is said to be unobstructed. With this

definition made, the solution to the problem of this section can be

stated :

623 THEOREM Given a seeded simplicial object B* in I and an

epimorphism po : R~ Bo , there is a J-algebra T with a congruence

0

a on it planting B* and with p R = 1% - 7¢°0(&) _ 50 44 ang

only if po is unobstructed.
Proof. Firstly, suppose there is a congruence a on a T-algebra

T with po : R=1%~ peen(a) _ g0 | plants the bottom row of

this commutative diagram

0
2 £ >
RGS ° 3 Re
1 '
I 3 b
624 , ,
) 02 ' o’1 €
| |
| |
2| Vv 0 o
pP°| « 2 1 > R
o
—_— Y
B—u 3 o) |a) —————> pnla) s paen(a)
—_—

_—> 1

e
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in which suitable 01 exists since RG is free, and 02 exists since
a = ker( T - ¢ ) . Call the morphisms down the respective colummns of
. 2 _ 2 1 _ 1 0
the diagram p° = ¢ nat(q(a)la) , p = o-natq(a) , and (as given) p
Now (5002,5102,5202)Pn0 = (50€0'€1EO,€2€0)P01 = 2% = %14 =

(6081,8181,5281)PO1 = (5002,5102,5202)Pn1 , 80 the obstruction of the

morphism po is (eop2,51p2,52p2)Pv =0 in

Der(RG3,(af\q(a))(a’q(a)la"n(a))) , as required.

Conversely, suppose given a seeded simplicial object

B* , an unobstructed epimorphism p0 : R~ Bo , and hence choices for

pi : RGi - Bi , 1=1,2,3 . Since po is unobstructed, there is a

1

derivation ¢ in Der(RGz,M) such that (eog,e g,ezg)P =

2

(e%2,e'p2,62p2)P" . Since RGZ is free, ¢ 1ifts to c : RGZ ~ C .

P ,EDP,LEDP

2 2

Define p2: RGZ - B® by (c,ced) (B%E'|E%AE') (p%,p%) , with

corresponding 23 : RGJ - B> . (po,p1,22,23) : RG* - B* is a

2 2.2y _

simplicial map in T . Then 23D = (5922,512
((eop2,51p2,£2p2)Pv,(eoc,e1c,52c)Pv,(eoceod,e1ceod,ezceod)Pv)P =
(coceod,e1ce0d,e2ceod)Pv =0 in Der(RG3,M) . So without loss of
generality p3D may be assumed to be zero already. Under this

assumption an appropriate algebra T will be constructed.

Let Q= { ({r;}a,b) | {rjJuere, beB®, {rup' =

ve' } . Note that ({r,}0,b) € Q@ = {{r,Ju}p%' = {{ry)ale's' =
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{r;Jop' = ve' , and that further ({rj,}w',b')e€Q, rw=rj' 3
{{r,}u}p?e® = {{r,}o}e%' = {rj0ip' = {r},o'}p' = {{r].}a'}p%" .
Let W= { (({r,}o,b),({r],}u',b'))€%Q | rjo=r}0' and

(b,b') (ker e'|ker e©) ({{ri}w}p2,{{ri.}w'}p2) }

Clearly 6 < W . Because p3D =0, W is a subalgebra of 2Q :

(({rij}wj'bj)'({ri'J}“H’ba)) €W . Let x= {{{rij}“ﬁ}“} ,

= = {{{r], Jojlw} € RG> . Then xe° = {{ryy05t0) = {{r],juilo} =

x'so . Now

2 0.2

,x£2p2) (ker eo|ker e‘) (xeopz,(xe P ,xe1p2

1
(xe'p ,xe°p?)P) ,

(x'e1p2,x'52p2) (ker eolker e1) (x'eopz,(x'eopz,x'e1p2,x'e2p2)P) , and

since (eop2,51p2,52p2)Pv =0 in Der(RG3,M) , (xeopz,xe1p2,xe2p2)P

A (x'eopz,x'elpz,x'ezpz)P . But VAker e =¢C , 80

(xeopz,xs1p2,xe2p2)P = (x'eopz,x'e1p2,x'52p2)P .

2

Transitivity of
(ker eolker e') then gives that (xs1p ,x52p2) (ker eolker e1)
(x'e1p2,x'52p2) , L.e. (xe‘pz,x'e1p2) (ker e1|ker e%) (xezpz,x'czpz) .
1 0 2 2
t ' Jw.le 'L lwtle .

Bu (bj“'bJ“) (ker e' |ker e) ({{riJ} J} p°, {{r] j} j} p°)

[} 1 0 2 (] lw 2
80 (bju,bjm) (ker e'|ker e") ({{rij}ij}p '{{ri'J}wj }p<) , showing

1 [}
as required that (({rij}“J“"b;j"’)'({ri'j}“;'j“'b;]“)) isin W . W
becomes a congruence on Q .
Let T=q". Define 9 : T ~R; ({r;}o,0)"r ra

and let a =ker ¢ . Define e : T - B' H ({ri}w,b)" ~ be® . Both
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these maps are well-defined, and there is the commutative square

({rylo,m)¥ | 9 > 1o

v 7

l- _Ip°

vel —=€ 3 bele = pvele

]
———
H
-
S
e
e
—
(]
[}
—~—
e
P
N
>4
m
k-]
o
|
I-"H
€
o]

>~
- d

W €—— 3
[« ]

R
B°

Now e surjects : let b'e B1 » and consider b'e in Bo . Since

p0 surjects, there is an r in R such that rp0 = b'e . Then

' with {r}p1e = {r}spo = rpO = b'e . Since B* is seeded,

A
v

{r}p' € B
2 0 , 1 1
there is a b in B“ such that be” =b', be = {r}p . Then

({r},b) 1is in Q 2and e : ({r},b)"v-b' .

The proof is completed by showing that ker e = n(a) .
suppose ({r,}w,0)¥ a ({r;,}w',o")" . Then rjw=r} ' =
{{rylolp?e® = {{r,}o}e%' = {rjalp' = {r}],w'}p' = {{r],}o'}p%° . Let
b' Dbe specified by (b',b") (ker e'[ker e®) ({{r,}w}p?, {r] tu'}p?) .
Then ({ri}m,b') W ({r!,}w',b") . The general pair in a can thus be
written (({r;}w,b)¥,({r;}u,b')¥) . Define (kere|a) vy
(({rg)o, 0%, ({r,}0,0)") (kerela) (({r},}w', b)Y, ({r},}w',b5)")

(by,b,) (ker eolker e1) (bi,b)) . By Corollary 224, kere
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centralises a . If a congruence strictly containing kere

0

centralised a , then a congruence strictly containing ker e” would

centralise ker e' , contradictory to the seededness of B¥* . ]

6.3 Classifying extensions.

For a seeded simplicial object B* growing a module

M and an unobstructed epimorphism p0 : R~ B0

in I , Theorem 623
showed that there is a T-algebra T with a congruence a on it
planting B* and with pO s R= 1% - 1% (@) _ g0 4he natural
projection. This section classifies all such extensions a X T - R .
Two extensions, aiII '1‘1 - R for 1 =1,2, are said to be equivalent
if there is an isomorphism T1——2—)T2 of algebras over R .

NS

Let N denote the class of equivalence classes planting B* and

0

0 : R-B" . Let S denote the class of equivalence

inducing p
classes of extensions o =T - R with a self-centralising and an

isomorphism a(ala)—>M of R-modules. Then S and N will be

shown to be in 1-1 correspondence with the first cohomology group
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B (M) .

Let «a : T - R Dbe a representative of an equivalence
class in S . One may construct a diagram like 624 for this, but with
n(a) replaced by a . Then p2 € Der(RG2,a(a|a)) . Because of the

commuting of the diagram, (e%p%,e'p?,e?p?)P = 0 in Der(RGB,a(“Ia))

2

Thus p2 is a cocycle. Note also that p is normalised : it lies

in DerO(RGz,a(aIa)) . Tet cl , o2

1 be possible choices of the

mappings 01 N 02 respectively in the diagram, for i = 0,1 . Let

pi for 1 = 0,1 be the corresponding choices of p2 . As the images
of an element of RG under 6% . U} get mapped to the same element
of R, and as a 1is the kernel of T - R , there is a g-morphism

h:tRG -—a with hnt =o' for i =0,1 . Then elh = 0° for 1 =
i i

0,1 , so e%n nat(aja) - e'n nat(aja) = pg - pf . Thus the

different choices for p2 are in the same cohomology class in

H1(R,a(a|a)) . This has constructed a function e : 8 - H‘(R,a(a‘a))

Conversely, suppose given an R-module Ty Z~-R
and an element of H1(R,Z) represented, using Proposition 614, by a
normalised cocycle p . Let A = {(x,z) € RG x Z | x€ = zm, }, Lt.e.

—_— is a pullback. Define a relation U on A by

<>

2
Tz
R

— € 5

8
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(xo,zo) U (x4,2¢) iff } y € RG% . yeo = Xg ye1 =xy , and
zy - 2o = yp - Clearly U 5525 . Por any (x,z) in A, x6e0 = x ’
x6e! = x ,and z - 2 =0 =1x8p since p is normalised. Thus 2 <

U< 25 : U 4is a congruence on A . Let A = AU . There is a well~-

~

defined morphism A -~ R ; (x,z)U +x€ . Let a be its kernel.

Suppose there are x , x' in RG, y, y' in RG2
such that
y
0 \
x x!
y' .

0 0 1

Consider the triple (y,y',x'8) . ye =x =y'€e = x' = x'6¢ ,

y Y'E

and x'6e% = x' = ye1 , so (y,y',x'8) e ker((eo,e1) : RGZ—_,—‘QRG ) .

Thus there is an element w of RG3 such that weo =y, we1 =y',

and wez = x'6 . Since p represents a cocycle, and is in

Dero(RGZ,Z) , Yp-Yo=yp-y'o+x'bp= (weop,we1p,w529)P =0 .

kere

So given (x,z) in A and x' in x , there is at most one z'

such that (x,z) U (x',z') . Conversely, if (x,x') 4is in kere ,

2 0 1

there is a y in RG° such that ye- =x, ye =x' . Then (x,2)

U (x',z+ye) . Summarising,
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631 V(x,z) €A, Vx'e xkere , }1 z' . (x,2) U (x',2') .

For (x,z)U a (x',z“)U , one can by 631 pick a unique
z' such that (x',z") U (x,z') . Using this, define (a|a) on a
by ((x,200) ") (1,2 0)") (ala) ((x,24,)7,(x,2)") & 24 - 240 =
Zoy = Zqq This is clearly a congruence on a« with which it
centralises itself, and a(a|a) -2 ; ((x.z)U,(x,z')U)(ala) 2z -2
is an isomorphism of R-modules. Thus a function ¢ : H1(R,Z) -3

has been constructed.

632 THEOREM The equivalence classes in § are in 1-1
correspondence with the elements of H‘(R,M) .

Proof. The above notation is used.

(a) pe 1is the identity mepping on H‘(R,Z) :

For any y 1in RGZ , (yeo,O) U (ye1,yp) . Then with

1
the notation of disgram 624, yp? = ((ye%,0)Y,(ye',0)¥)(al®) -

O)U (a|a)

((ye ,yp)U (ye ', , which maps to yo under the isomorphism

a(ala) -~ %42 of R-modules.

(v) ep 1is the identity mapping on S :
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Let « : T ZLR bea representative of a class in
S . Let p1 be as in diagram 624, and pick p2 : RG2 - a(ala) ;
y- (yeop1,ye1p1)(“la) . Define a function (RG Xy a(ala))U - T ;
(x, (6,6 YU L ihere (u,xp') (a]a) (t,t') . This is well-
defined, for if (x,(t,t") %1%y u (xr, (s, (212)y | say witn

yeo =x, ye1 =x', yp = (xp1.X'p1)(“

Ia) , (t,‘t")(ala) = (‘t,t')(ala)
+y0, (uxp'") (ala) (£,8') , (u',x'p') (ala) (%,%") , then

(wyut) (@l@) =y, xpy (@) 4 (gt xepty(ala) (x'p!,ur)(ela)

(t,50) (ala) yp + (em, ) (@l@) o g6y (@l o tpat,
u =u' . The function has the two-sided inverse over R

T - (RG xp a(ala))U ; bt ({tn},(t,{tn}p1)(a|“))U . This function is
a T-morphism, for consideration of {{tin}w} in RG? shows that

({tinw},(tiu.{tinu}p1)(a|a)) U ({t;w) '(ti“"{tin}p’w)(”“)) ) ]

The isomorphism S = H1(R,M) of sets may be used to
define an abelian group structure on S , addition, + , being called
Baer sum. The Baer sum of two extensions ay : Ty =R in S for
i =1,2 with module isomorphism aSa.la.)__g€>a£a,|a,) may be

N
R
realised more directly as the quotient of the pullback ’I‘1 Xp T2 by
(C(6 800, (1,83 | (85,80 €y o (ty,61) (@120 = (g3, 1y)(@aloa) y

The zero of S 1is the class of the split extension M - R .
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To produce a 1-1 correspondence between S and N,

operations S xN-N; (s,n)~s+n and NxN~-8; (p,n')>~n-n'
will be defined such that (n -n') +n'=n and (s +n) -n=3¢g .
Then for fixed n' in N , the mappings S - N ; s~ g + n' and

N-S5S;nrn-n' are inverses of each other.

Let B _ S ~ R be an element of the class s in

1t2
-

and let « : T -R represent n in N . Let
(ar\q(a))(ala"q(a»-—9—> S(BIB) be the isomorphism of R-modules
showing that g is in 8 . Let T' Ye the quotient of the pullback
T x; S by the congruence E = { ((t,8),(t',8')) € 2(r xg 8) |
(t,4') € anya) , (s',8) € B, (t,87)(@len(@))g (g1 o)(BIB) }
Note that
633 v (t,s) , (¢',8') €T xp S with (t,t') e a,

3t . (t",8) E (t',8') .
t" may be defined as t a t' = s8' B s by (t“,t')(ala"q(a))e =
(s',s)(BIB) , and the uniqueness follows since (t",s) E (t*,s) =

(tn,t*)(alaﬂlﬂa))e - (s,s)(ﬁlﬁ) =5 " = t® .

Define a' and n5' on T' by (t,B)E al (t',s')E
it t o t' and (t,8)F g (t',8")F 1ff ¢ na) t' . Define
(n'la') on a' (using 633) by ((t,s)E,(t".B)E) (n']a")

((,80)F, (u",e%)F) o (t,t") (na)]a) (w,u") . Then n' is a
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congruence on T' centralising a' by (n'|a') . If anything
strictly larger than n' centralised a' , something strictly larger
than q(a) would centralise a , a contradiction. Thus n' = n(a') .
Note that for any (t,s) , (t,s') in T' and (%t,t") in «a,
((£,9)%, (+%,9)%) (q(a")[a") ((£,81)%,(t",8")F) . Now

32 5 gr@a)fa) L (na)fa) . (4 5)E (41, 5)E)(nla’)[a’)
(¢,¢)(ade) g1 aun(a) Lopale) oo yEynlat) oogala) o4
30 ; qeaten(a’) | gaen(a) . (4 oyEya’en(a’) . taenla) oo o
isomorphism of the simplicial objects planted by «' : T'* - R and

a _ T~ R respectively. Since

% p0 N Ta.q(a)
R 3
Tz'a. « Tva"'ll(“') ,

where the rows are the natural projections, commutes, it follows that
the equivalence class of a' _ T' =R is in N . g +n is defined
to be this equivalence class.

Let a > T -"s R be en element of the class n in N

'
and let o' : T'—Jza»R be an element of the class n' in N . Let
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the isomorphism of the simplicial objects planted by them be

a(n(a) |a) _— Tq(a) 5 T(x-q(a)

o (@) ar) ——> pon(at) > ma'en(a’)

1
Let j : 9 - & be the corresponding isomorphism of the quotients.

Let W=1{ (t,t') et xr | NIy _pemla) 5 ey o gea’y

Let S ©be the quotient of W by the congruence E =
{ (5,87, (wu')) | (b,w) e a, (tu)ea, (t,u)n@]a)g2_
(tr,u) @@ e) 4 pepine 0 i 5 =R; (4,4)F - tp = t'¢' . This

is clearly well-defined.

Given r in R, since ¢ and ¢' surject, there
are t in T, t' in T' such that tp =r = t'¢' . Then
taoz\(a)JO = g@'enle’) | g 3 (ug(a)'u?(a)) €

(a.zl(a))znat:)(a) . ug(a) = tn(a) , u?(a)f = t'n(a') Hence
3 (vo,v1) € a. vg(a) = tl‘(a) , v?(a)f = t.z\(a') . Define " by
(t,vo) (alrl(a)) (t",v1) . Then t a t" implies t"p = tp =r = t'p'

Also (@) gt - vf\(“)f = ¢0e') | mpug (4,t') € W and

2
4
=
~

(t",t')Ee =r . Hence e surjects. Let B = ker( e
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Suppose (t,t')% B (w,u')® , so0 that u' a' t' .
Define t" by (u,t")(A@®)42 _ (o gy hion 1g possibie
since u @' - @) | men (wu') B (47,4') . Note that
gA@) gt _ peala’) _ gen(@) ! | qnug s general element -

(4,498, (u,u")®) of B may be written as ((t,+")%, (+",+")E) witn
tannla) t" . Then B centralises itself with (B|p) defined by
(605, (67,698 (818 ((wu)E, (w"u)®) & (4,4") (alann(a))
(u,u") , and there is an isomorphism over R

g(BIB) . (a,‘q(a))(alann(a)) . ((t,t')E,(t",t')E)(Blﬁ) -

(t’t..)(alanq(a)) . It follows that the equivalence class of

BTS~R isin S . n -n' is defined to be this equivalence class.

634 THEOREM S and N are in 1-1 correspondence.

Proof. Let « : T i}R y o : 7' —L R respectively be elements
of the classes n , n' in N , with isomorphism j* between the
simplicial objects planted by them as before. Let 8 : s‘JE, R be an
element of the class 8 in S, with e : (af\q(a))(ala"n(a)) - B(Blﬂ)

the isomorphism of R-modules showing that s is in S .
() (@-n')+n" =n:

The constructions given yield an algebra U

representing (n - n') + n' which is a quotient of X =
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{ (et erxr xo | 26yl Cgimla’) oo o o thgt } .
Define a mapping X = T ; (t,t',t") = t* where t* is defined by
(t,e0) (R[22 _ o pmy(ma)]a')  (oceitie since gala) g

£ )y mhig factors through a mapping e : U~ T which is an

isomorphism of algebras over R .

(b) (s +#n) -

=
]
0]

The constructions given yield an algebra U
representing (s + n) - n which is a quotient of X =
{ (tys,t')eTxSxT | (t,t') € ar\q(a) , t9 = sy} . Define a
mapping X - S ; (t,s,t') » s' where s' 1is defined by
(t,t')(ala"q(a))e = (s,s')(ﬁlﬁ) . This factors through a mapping

@ : U~ S which is an isomorphism of algebras over R . ]

It may be shown that for s' in S, (s +8') +n =

IR

H1(R,M) as an abelian group acts on N

s + (8" +n), so that 8

regularly and transitively.
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6.4 Classifying obstructions.

Section 6.2 asked when a seeded simplicial object B#*
and an epimorphism pO ¢t R~ BO in 2 yielded an algebra T having
congruence a« planting B* with p° : R = T¢ - peenla) _ g0 | e
answer was given by Theorem 623 in terms of the cohomology group
HZ(R,M) , M Dbeing the module grown by B* : such an extension T

0 was the

existed if and only if the obstruction of the morphism p
zero element of H2(R,M) . The purpose of the current section is to
show, under an appropriate hypothesis on T , that for any R-module
Z every element of H2(R,Z) is the obstruction of some epimorphism.
One can thus say that H2(R,Z) clagsifies obstructions : no smaller

group contains all obstructions and no quotient group is fine enough

to test whether an extension exists or not.

641 THEOREM Let R be in T with the property that
n(ker(e : R¢ ~R)) =R¥ . Let =, : 2 ~R be an R-module and let

ke H2(R,Z) . Then there is a seeded simplicial object B* and an

0

epimorphism p~ : R - BO such that the module M grown by B* is

isomorphic to Z as an R-module and E is the obstruction of the
morphi 0
phism p“ .

Proof. By Proposition 614, E may be represented by a normalised
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cocycle p in Dero(RGB,Z) . Let A={ (x,2) €Re° x 2 | xe% =

Zn, } , 1.e.

<« 1>

is a pullback. Define a relation U on A by (x,2) U (x',2') &

}yERGB. yeo=x,ye1=x' ,ye2=xc16,and z'-z=yp.

xg'§

Since m, : 2 ~R is an R-module, U< “A . For any (x,z) in A,

xéoeo =x, xaor:1 =x, xéoe2 = xe16 y8and 2z - 2 =0 = x60p since o

is normalised. Thus A4 KU . U becomes a congruence on A ; let

A=Uo
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Suppose
x x!
E° /
/ Eo E‘
9 9'
xg'S

Then

so that (y,y',x'éo,xe1660) eker((eo,e1,52) : RG3#RG2 )
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Thus }wGRG4 . wso =y, we1 =y', wel = x'6° ’ wed = 151660 .

Since p 1is a normalised cocycle, it follows that yp = y'o . Thus,

0 1
given (x,z) € A and x'e xkere nkere , there is at most one z'

such that (x,z) U (x',z') . Conversely, suppose (x,x') € xere®

1

kere §2(RG2) . Since xe© = x'¢® , x'e! = xe' = xe'6e! y xe'6e0 =

xe' , }yered. yel = x , ye1 =x', ye? = x¢'6 . Then (x,2) U
(x',z+yp) . Summarising,

0 1
642  V (x,2) € A, V x' € x¥eTe nkere 2. (x2) U (x',2") .

Let EL

ker( A - RG ; (x,z)Uh xet ), i

1
L

Define (E1 IEO) on Eo by ((XOO'ZOO)U' (110, 210)U) (E1 IEO)
((Xg1 201005 (X1 1,2,00) e 3 €RD . 2z 0 -z -y =
0122017 »\ X122 Yo » ¥y %o 00 of

2 2 . .
Zyy = 2o = V9P » Yo~ = ¥4€° , and vi, je {0,1} , yiej=xji.

kar €'
X, X
*& %
h.o.r 32 o
kAx‘ EO yo 3. ker &
xoo b_w E, xOl

Since n, : 2 ~ R is an R-module, (E1|EO) SZEO . Let

((x,2)7,(x',2")Y) € B0 . Then xe® = x'e®, x'e’ = (xe'6e’,xe!,x'e")P
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0

= (1:&:16,1,1:')1%1 , and (xe16,x,x')Pe° = (xe‘éeo,xe ,x'co)P = xe'se®

= xe! , 80 that (x,x',(xe'&,x,x')P) € ker((eo,e1) : R(}2#RG ) .
Thus 3 y € Ra’ . yeo =x, ye1 = x' . Hence ((x,z)U,(x’,z')U)
(B B9 ((x,2)7, (x",2")9) . So 20 < (E']5°) <20 : (&']E%) isa

congruence on Eo .

Suppose ((x,2)7, (x,2)V) (8'|E®) ((x,2)Y,(x',2")V) ,

say
ker €' ,
x Ng
\/ ker 2 /
ker €° Jo Y e €©
X x
k@r E'

with =YoP = z' -z - yie - Since xe” = x'e” , x'e1 = xe’ = xe16£1 ’

and xe'6e? = xe! , (x,x',xe16) € ker((eo,e1) : RGZ:,»RG ), so

}y eRG3 . yeo =x, ye1 =x', yt»:2 = xe'6 . Thus (x,2) U (x',2z+yp) .
But ~e x
(Y, Yi,40P
Ez

xe'8
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as is routinely checked, so (x,z) U (x,z+yp—y1p+yop) = (x,2+2-z"+yp) .
By 642, z+z-2'+yp = z , so (x,2z) U (x',z+yp) = (x',z') . Thus (C4)

1
tor (E'|E®) holds. Corollary 224 then shows that E' centralises

0

EY by means of the centreing congruence (E1|Eo) . By the symmetry

of centralising, E° centralises B by means of some (E0|E1) .
Suppose a congruence strictly containing EO
centralises E1 . Define a relation ¢ on RG by yoy' ©

0 0]

} (xvz) , (x',2') € A. x" =y, x'e )U

=y', and (x,z)U F (x',2' .
If y € RG, (y6,0)U F (y&,O)U , and yéeo =y,s0 ypy . Clearly
P < 2(RG) , and thus ¢ 1s a congruence on RG . Since F > Eo ’

Pl
¢ > RG . Define a relation (¢|kere) on kere by (Yoo Y01
(9lkere) (vy5o¥yy) iff 3 (xy50255) €A . xijeo =y, for 1, €
{0,1} and ((xOO’ZOO)U’(xO1'ZO1)U) (FIEY) (24002400 (14,209 -
Note that (x .,z )U B! (x.,,2 )U implies that y,.e = x e =

107210 117241 10 10

1
X0 € = xi1e1e = xi1eoe = y;4e for i =0, . Clearly (p|kere) <
’vere . Let (yo,y1) € kere . 3By Proposition 612 3} (xo,x1)€ xere! .
yg = %%, 1=0,1. Then ((x4,0)Y, (x,,0)Y) (7|E")

((xo.O)U.(x1.O)U) » 5o (y5,5y) (plkere) (yq,yq) - Thus (g|kere) is

a congruence on kere .

Suppose (y,y) (p|kere) (yy,v,) , say

((x,2)7, (x',21Y) (FIE") ((x4,29)Y, (x,,2))7) with xe€ =y = x'e0,
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Y 1

xia = yi ’ 1

=0,1 . Now (x,x') € kerePAkere! implies, by 642,

that 3 2" . (x',2') U (x,2") . Then ((xo,zo)U,(x1,z1)U) (FIE1)

((x yz)Up(x 12")U) (F|E1) ((IO,ZO)U,(IO,(Z",Z,ZO)P)U) . D (I1,Z1) U

(x ,(z",z,zo)P) - Dy = x,eo = xoeo =Yg ° (C4) for - (¢|kere) 1is

verified. Thus by Corollary 224 ¢ , a congruence strictly containing

R , centralises kere , contrary to the hypothesis on R in T .

0

The conclusion is that E“ = q(E1) on A .

Let B% = E'nat(E°|E') , B' =R, BO =R . Define

e B2

1 .
- B ; ((xo,zO)U,(x1,z1)U)nat(E1|EO)l* xieo for i = 0,1 ;
these are clearly well-defined. Let e =€ ¢ B1 = RG - B0 =R . Let

B> = ker((e®e') : B2=»B' ) , and let B* be the simplicial object

B> 382 " 8' - B°. since B = n(E') on A, it follows from
Il

Proposition 229 that ker(e0 : B2 - B ) = q(ker(e1 : B2 - B! )) .

0

Clearly e : B1 - BY surjects. Surjacency of B* on B1 follows

from Proposition 612. Thus B* is a seeded simplicial object.

(OFp |
Let p2 : RG> - B2 ; x = ((x,0)7, (xe's,0)U) (EIE)) |
Let p1 =1 ¢ RG - B1 , po =1, : R - Bo . For x e RG, xp1e = Xe
RG R
= xepo . For x € RG2 , xp2eo = xeo = xeop1 and xp2e1 = xe1650 =
xe1 = xe1p1 . Define p3 : RG> - B> HEb 3 (xeopz,xs1p2,xe2p2) .

Clearly for x e.RG3 ’ xp3ei = xeip2 for 1 =0,1,2 . Thus »p* =

(0%,p',p%,p3,) is a simplicial map from RG* o B* . The module M
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grown by B* becomes an R-module. With the usual notation, C =
{ ((I:Z)U-(X'pz')U)n&t(EolE1) | (x,x') € kere9Akere' } =

{ ((x,z)U,(x,z")U)nat(EO|E1) } by 642 . Then there is an isomorphism

of R-modules o : M = (' - 2 : (((x,z)U,(x,z")U)nat(E0|E1))v rzZ"-2 .

Let x be in RG . Then

' x gl
El Ez 1¢0 ] (]
ker £° X —> x€? ¢ (xe'65xE 85x€26)P | kere
x g9 (xs', x€? x€®€'8)P
ke €

and so since p € Dero(RG3,Z) , ((xeo,xp)U,(xe1,O)U) (E1|E0)
(((xc‘,xez,xeoe16)P,0)U,(xe1,O)U) . Thus (xe?xp) U
((xe1,xe2,xeoc16)P,O) , whence ((xeo,xp)u,(xsoe16,0)u) (EOIE1)
((xe1,O)U,(x52,0)U) (EO|E1) ((xeo,O)U,((xeo,xe1,xez)P,O)U) . This
implies that (((xeo,xe1.xez)P,O)U,(xeoe16,0)U) (E1|EO)
((er,O)U,(xeo,xP)U) . But both sides of this relation are in EQ~E1 ,
and so it can be written as (((xeo,xe1,xez)P,O)u,(xeoe16,0)U)

(Eoo E1|Eor\E1) ((er,O)U,(xeo,xp)U) . Thus xp3P =

Ol
((xeo,O)U,(xeo,xP)U)(E IE") , and xp3Pv corresponds to xp in 2
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under the isomorphism e : Cv - Z of R-modules, as required.
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NOTES

The extension theory given in this chapter generalises
that given by Gruenberg for groups [Gr, Chapter 5], Barr for
commutative algebras [Ec, pp. 357 - 375] and Orzech for "categories of
interest” [Or]. It is modelled quite closely on these latter two.
Seeded simplicial objects correspond to Gruenberg's (G:A)-cores
[Gr, p. 73] and Barr's class E [Ec, p. 359]. The simplicial object
RG* may well be too large for practical purposes, although it can
easily be replaced by something smaller. Its big advantage in the
current setting is its cleanliness. Duskin [Du] has given
interpretations of all the groups H*(R,M) for an R-module M in
great generality, corresponding for n = 1 and 2 to Theorems 632

and 641.

The approach in section 6.1 was to develop the minimum
of necessary machinery as directly as possible. Fancier theoretical

explanations may be found in [Du], [Ec], and their references.
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Abelian quasigroup - 87
action - 3

algebra in a category - 6
algebra over - 9

algebra under - 8

arity - 3

Baer sum - 136
binary - 3

(co), (c1), (c2) - 25

(€3) - 35

(c4) - 37

Cancellation Theorem - 83

category of congruences - 12

central - 42

centralise - 24

centralising by restriction - 29

central isomorphism - 62

central isotope - 70

central series - 42

central shift - 70

centre (of a commutative Moufang
loop) - 88

centre congruence - 42

centreing congruence - 24

CH-quasigroup - 87

class (of nilpotency) - 43

Classical Exchange Theorem - 55

Classical Unique Factorisation
Theorem - 57

coboundary, cocycle - 122

cohomology - 122

commutative Moufang loop - 87
commutator - 42

commute - 12

complement - 16

congruence - 5

cubic hypersurface quasigroup - 87

Der - 9
DerO - 122

derivation - 9

derived operation - 90

diagonal, diagonal embedding - 2

direct complement - 16

directly indecomposable - 14

direct product (of congruences)
- 12

direct product (of fl-algebras)
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entropic law - 59

entropic quasigroup - 58
equationally complete - 93
equivalence class - 5
equivalent extensions - 132
Bxchange Theorem - 65
extension - 9

Fe - 88
Fitting's Lemma - 50

Frattini subalgebra - 45
free T-algebra - 6



Gc - 89
generated by - 5

Grothendieck group - 77
grow - 118

HY , ) - 122

identical relation, identity - 4

identity element - 87

Im - 20

IM - 122

indecomposable (algebra) - 16

indecomposable (congruence) - 14

independent representing subset,
IRS - 104

inverse - 87

isotopic - 70

join - 10
Jonsson-Tarski variety - 68

ker - 5, 115
Ker - 20
KER -~ 122

kernel (of a homomorphism of
N-algebras) - 5
Krull-Remak-Schmidt Theorem - 49

lattice of congruences - 11
left division - 21
logarithmetic - 112

lower central series - 43

Mal'cev algebra - 17
Mal'cev operation - 19
Mal'cev variety - 17

modular law - 15

module - 9

module over a simplicial object
- 115

morphism of congruences - 11

Moufang law - 88

multiplication - 21

- 132

LN, N (D) - 43

= 1=

nat, natural projection - 5
nilpotent - 43
non-generator - 44
normalised - 123

normal subalgebra - 43
nullary - 3

obstruction - 128
operation, operator domain - 3
Ore's Theorem - 15

P (Mal'cev operation) - 19
Partial Exchange Theorem -~ 63
plain - 93

plant - 119

Pointed Cancellation Theorem - 80
Pointed Exchange Theorem - 80
pointed sets - 7

pointed TI-algebra - 7

projection (from direct product)
-2

projection of a congruence onto a
congruence along a complement
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quasigroup - 21
quotient - 5

respect equivalence, reflexivity,
symmetry, transitivity - 25

(RR), (RS), (RT) - 25

right division - 21

right unit - 59

S - 132

satisfy - 4

seeded - 117
self-centralising - 35
Sety - 7

simple - 93

simplicial category - 114
simplicial kernel - 115
simplicial map - 114
simplicial object - 114
Structure Theorem for
Z-algebras - 76

subalgebra - 5

subquotient - 94

surjacent - 117

symmetry (of centralising) - 29

ternary - 3

totally symmetric quasigroup - 87
translation - 8

truncated - 116

TS-quasigroup - 87

unary - 3
underlying set - 3
uni - 112

Unique Factorisation Theorem - 67
unobstructed - 128
upper central series - 43

variety - 4

word - 3

e

, 2(T) - 43

6 (repetition operation) - 114

A, (diagonal mappings) - 2

A (simplicial category) - 114
¢ (deletion operation) - 114
%, 5(a)

(centre congruence) - 42

n, Nla) (maximal centralising
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n (product of congruences) - 12

}1 (there exists a unique) - 13

Ux (projection of V onto U along W) - 13
U (direct complement) - 16

| | (cardinality of) - 16
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