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PREFACE

A SENTENCE in the preface to my Relaxation Methods in Engineering
Science (1940) implied that a cognate treatise might some day follow:
‘. .. the trend of our most recent work has been towards problems
in two dimensions, a field of less concern to engineering than to
theoretical physics’. This second treatise is now presented, under a
title meant to indicate at once a common standpoint and a shift
of focus. Like the first it presumes the mathematical equipment of
a graduate in engineering science.

1t retains the essential feature of a tentative approach in which
attention is fixed not on the wanted quantities but on the data of
a problem, and the task of the computer is to bring unaccounted or
‘residual’ quantities within specified margins of uncertainty. But
whereas the earlier book dealt with systems of finite freedom and
with equations in one independent variable, this applies the same
notions to partial differential equations involving two independent
space-variables and to conditions which must be satisfied at a given
‘boundary’. It thus concerns a wider class of readers, and I have
tried to make it self-contained.

My task is not completed, for in recent papers Relaxation Methods
have dealt successfully with problems of greater difficulty than those
of which this volume treats. But the papers have still to be released
from the restrictions of war-time secrecy, so may not yet be cited:
therefore I have been urged to put out this basic material now, and
to leave for a further volume such matters as the ‘biharmonic equa-
tion’ (cf. § 2), eigenwerte problems in twd dimensions (e.g. the vibra-
tion of membranes and the stability of flat elastic plates), stresses
in solids of revolution,.problems in plasticity, and thé complete
equations of motion for a viscous fluid. When that final volume
can be written, one of the chief merits of Relaxation Methods will
appear; for then these harder problems (some of them quite intract-
able by orthodox methods) will be seen to yield to simple and direct
extensions of the treatment here described.

My aim has been to present the underlying theory more consecu-
tively, and in fuller detail, than is feasible in a series of discrete
papers; to include some description of techniques which have been
developed by my collaborators in the light of gained experience ; and
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to indicate the all but revolutionary change of outlook which results
when Relaxation Methods are substituted for ‘ orthodox’ mathematics
as an ancillary weapon of physical research. Though well aware that
I set myself an almost impossible task in thus attempting to combine
three separate purposes in a single work, I have not seen how any
one can be dispensed with; and the Introduction will perhaps give
guidance to readers having special interests.

I could have brought the book to publication sooner, but for war-
time preoccupations: I should have incurred still further delay, had
I attempted a general and exhaustive treatise. Accordingly I have
cited no book or paper that was not necessary to my argument; and I
emphasize the restriction, because some reviewers of my earlier book
have drawn attention to work which it did not notice, notwith-
standing that its preface made a like disclaimer. After years spent
in developing a particular method I have no trust in my ability to
assess other methods impartially ; nor do I believe that a normal
student, seeking to master a new technique, is helped by irrelevant
digressions.

For errors which have escaped detection I am of course solely
responsible ; but I would acknowledge help received, in the checking
of text and diagrams, both from the staff of the University Press
and also from that small but zealous team of co-workers to whom is
mainly due the rapid extension of Relaxation Methods in the past
eight years. To that small band I dedicate a treatise which their
labours have enabled me to write. Most have their names recorded
in its Name Index: here I would mention specially the contribution
of my daughter and secretary, whose accurate typing has greatly

simplified my task.

R.V.S.
Rock, CoRNWALL

April 1945
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INTRODUCTION AND SUMMARY

Tais book extends to a different class of problems the outlook and
methods of an earlier treatise, Relaxation Methods in Engineering
Science. It has been given another title, partly on account of its
different range of interest, but mainly for the sake of easier cross-
reference. In it (usually) the earlier treatise will be cited by its
abbreviated title Rel. Meth. E. S.

There, a method devised for the computation of stresses in frame-
works was shown to have application to other problems in engineering
science; it was applied to problems both of equilibrium and of vibra-
tion, and to systems both of limited and of unrestricted freedom
(i.e. continuous solids). But the systems when continuous could be
defined in terms of a single independent variable: partial differential
equations were not considered, excepting some concerned with
‘normal’ vibrations from which the time-variable can be eliminated.
It excluded problems involving two space-variables, such as are con-
fronted in elasticity, hydrodynamics, and other branches of ‘field
physics’ ; merely noticing (in its final chapter) a few which had yielded
to ‘relaxational’ attack.

Here, some two-dimensional problems are treated on lines which
in detail differ from those of the earlier treatise, but like them are
based upon the notion of ‘systematic relaxation of constraints’. A
technique is devised for solving (approximately) problems in plane-
potential theory; then, by simple extensions of that technique, more
complex problems are brought within its range. Again the stand-
point is adopted that no problem is solved until, in the actual com-
putations, only the first four rules of arithmetic are involved. But
the same basic notion of ‘systematic relaxation of constraints’ leads
now to a different procedure: in place of a table of standard opera-
tions, special to every joint in a structure or electrical network, one
standard operation (normally) is derived from the specified governing
equation; constraints are conceived to operate, no longer at specified
‘joints’, but at nodal points of a chosen lattice or ‘net’; and a new
feature is the existence of a boundary to the field of computation,
which may have any specified shape, and at all points of which a
specified boundary condition must be satisfied. Thereby we confront
difficulties far greater than those entailed by terminal conditions in
problems which involve only one space-variable. In fact, of the
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problems treated here (and more especially in Chapter VI) some are
quite intractable by orthodox analysis.

‘Orthodox’ compared with Relaxation Methods

The reader will perhaps desire an explanation of what is meant
by ‘orthodox’ analysis and what are held to be the distinctive
features of the ‘relaxational’ alternative. For both, the point of de-
parture 13 a physical or engineering problem formulated in mathematical
terms. Such formulation is itself a problem, but it is one with which
the computer (as such) has no concern: accepting the formulation,
his task (in most of the problems which this book exemplifiest) is
to determine a ‘wanted function’ which must satisfy (i) a specified
‘governing equation’ at every point within a specified boundary, and
(ii) a specified condition at every point on that boundary. The
governing equation may be typified by
¢ denoting the ‘wanted function’ and x and Z bemg specified func-
tions of x and y; the ‘boundary condition’ by

Y= 0, at every point on the boundary. (2)

Faced with this mathematical problem, ‘orthodox’ analysis applies
to it the methods of pure mathematics: methods of wide variety
which have this in common, that based as they are on purely abstract
reasoning they take no account of the inescapable uncertainty of physical
data. Their aims are the aims of pure mathematics—general and
exact solutions. But the exactitude is illusory when, on account of
this uncertainty, a problem cannot be precisely formulated; and they
do not in fact achieve the wanted generality, being restricted (usually)
to boundaries of simple geometrical shape.

For Relaxation Methods, on the contrary, the boundary shape has
small importance: a problem solved for one could be solved for any.
A price is paid in theoretical precision, firstly because they substitute
for the specified ‘governing equation’ an approximation in which its
differentials are replaced by finite differences, secondly because the
approximation is not solved exactly. But the intervals of the finite
differences can be made as small as we please (of course, at a cost
in additional labour), so the first step need entail no serious error;

T Chapter VI deals with a special class of problem which need not concern us here.
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and the second feature entails no error that has meaning in a physical
problem, since it is always possible to account for the data within their
estimated margins of uncertainty. 'This is the principle which dif-
ferentiates the relaxational approach: it is implemented by a tech-
nique which fixes attention not on the wanted function but on the
data of the problem, seeking to leave their unaccounted parts so
small as to be comparable with errors of observation.t Given a rela-
tion in finite differences, it has to compute the wanted function, not
(as in an orthodox treatment) at every point within the specified
boundary, but at nodal points of an appropriate lattice or ‘net’; and
it does so by a systematic sequence of operations, each entailing
localized alteration of the wanted function, which steadily reduces
the magnitudes of quantities termed ‘residuals’, thereby accounting
for the data more and more completely.

This is the essence of Relaxation Methods—the feature that has
no parallel in an ‘orthodox’ attack. Their use of finite differences
is not new, nor their evaluation of the wanted function at nodal
points of a regular net. But in concentrating attention on the data,
and in recognizing that these are never exact, they subordinate
mathematical to physical aspects in a way that can alter drastically
the course of a theoretical research. Discarding orthodox for
relaxational methods, an investigator finds his outlook quite trans-
formed: full scope remains for ingenuity and special artifice, but any
problem that can be formulated can be solved. Such, at all events, are
the indications of the past eight years; for by now almost all of the
standard equations have been attacked, and none without success.

Contents of this volume .

This book deals solely with problems governed by equations of the
second order and (with certain exceptions treated in Chapter VI) by
a single boundary condition. They, however, will suffice to indicate
the power of Relaxation Methods, for they include several that
hitherto have seemed intractable.

As has been said, the differential governing equation must be
replaced by a finite-difference approximation, related with some
regular lattice or ‘net’. This, a problem in the Calculus of Finite
Differences, is the concern of Chapter I, which moreover explains
the meaning here attached to functions and to their determination.

t Thus stated, the principle seems to have been first applied in the ‘Moment
Distribution Method’ of Hardy Cross (1924).
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It derives standard formulae for approximate differentiation, integra-
tion, and interpolation, also finite-ditference approximations to the
more common operators. It is purely mathematical, and it makes
no mention of ‘systematic relaxation of constraints’.

That concept makes its first appearance in Chapter II, which
starts by exemplifying the process known as ‘reduction to non-
dimensional form’. (The example is a case of Saint-Venant’s torsion
problem in which the exact solution is known.) It explains Prandtl’s
‘membrane analogue’ of the governing equation, and it shows that
a tensioned net is the corresponding analogue of the finite-difference
approximation, therefore (being a mechanical system of finite free-
dom) permits the introduction of notions (e.g. ‘operations’ and
‘liquidation’) which were developed in Rel. Meth. E. S. But whereas
in that treatise an ‘Operations Table’ was normally employed, here
all ‘unit operations’ are identical and so can be represented by a
single ‘relaxation pattern’. The derivation and use of this are
explained, and the chapter ends with some account of relaxation
from a practical (computational) standpoint.

Chapter IIT deals with further problems of technique which are
confronted normally, though not in the examples of Chapter IT. Most
of them concern the computer more than the general reader—who
should, however, take note of the last part of thc chapter, as showing
that ‘refraction’ can be brought within the scope of Relaxation
Methods. Its examples include the torsion problem in respect of
‘hollow’ sections, problems in which the boundary condition imposes
values on the gradient of the wanted function, and problems relating
to ‘magnetic lines’ in fields containing iron (where refraction occurs
at the iron-air interface).

Using the technique thus far developed, a reader who has worked
the set examples should be competent to deal with any ordinary
problem in ‘plane-potential theory’—that is, with any problem in
which the governing equation has the form assumed by (1) when
x =1 everywhere. In particular he will have the means of dealing
with the problem known to mathematicians as ‘conformal trans-
formation’; but this, as having wide importance, is given special
notice in Chapter IV. Four standard types of transformation are
distinguished, and an example of each is solved. They should be
studied not only for their intrinsic interest, but as aids to the solution
of harder problems.
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When x as well as Z is a function of position, (1) may be termed
a ‘quasi-plane-harmonic’ equation; it is met in many problems of
theoretical physics, some of which are exemplified in Chapter V.
There, two classes of problem are distinguished: in the first, y is
specified initially; in the second, x is additionally related with ¢ by
some other equation, so must be found along with ¢ by computation.
The first class presents no special difficulty, being tractable by a
slight extension of the technique developed in Chapters II-III.
The second (exemplified in Chapter V by problems of lubrication
and of the flow of gases) entails a use of patterns that are modified
as the solution proceeds. On this account their relaxational treat-
ment entails much labour; but by orthodox methods they are
normally intractable, mainly on account of the non-linearity of their
governing equations.

Chapter VI deals with problems also intractable by orthodox
methods, but of which the difficulty lies in their boundary conditions.
They comprise the problem of allowing, in the theory of torsion, for
the oceurrence of plastic straining in a region initially undefined; and
a further class of problem in which boundaries are not known initially,
viz. ‘free surface problems’ in hydrodynamic theory. Chapters V
and VI should have interest for every reader, since they exemplify
the emergence of Relaxation Methods as an indispensable rather than
a merely alternative weapon of research.

Throughout the book results are presented not in tables (as in
Rel. Meth. . S.) but in diagrams which record ‘accepted values’t
of the ‘wanted function’ at nodes of the relaxation net, also exhibit
their trend by contours. Such presentation is essential in order that
a solution may be put to practical use,”and here too Relaxation
Methods have an advantage over ‘orthodox’ methods of attack; for
while the latter yield solutions that are formally exact, not un-
commonly their practical interpretation is a task entailing no less
computational labour than would have yielded solutions ab initio by
the relaxation process.

Recommendations in regard to reading
Two classes of reader must be contemplated, and to cater for both
simultaneously is not an easy task. The first, having already some

t i.e. values of which the errors are deemed to be negligible, having regard to the
uncertainty of the physical data.
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experience of research, will want such knowledge of Relaxation
Methods as is needed in order to apply them to new problems, so
must have not only their details but their underlying theory. The
second, less well equipped mathematically, will want to apply the
methods to other examples of problems already solved: such readers,
content to take foundations for granted, will look for clear descrip-
tion of the processes they must employ. All are advised to start by
reading the résumés which conclude the book’s six chapters and
(with the diagrams in which solutions are presented graphically)
should afford clear indication of their scope.

Thereafter all should closely study Chapters I-III, for these con-
tain the foundations of everything that follows. One point must be
strongly emphasized: for apprehension of a practical technique (and
‘relaxation’ is a process no less practical than hand-scraping), reading
is not enough, trial is essential. As was remarked by a reviewer of
Rel. Meth. E. S., a reader who would master Relaxation Methods
‘must do the homework’; and only thereby will he come to realize
how simple a process relaxation is in fact. Like all techniques that
are best learned under supervision, it acquires a false complexity in
the printed page; but a reader should find no difficulty in the detailed
explanations of Examples I-VIII, and in solving these for himself
he will come to see that harder problems, though they will entail
more labour, must yield to a like attack.

Having the fundamental concepts, from subsequent chapters he
may select for intensive study those parts in which he has particular
interest. A diagram shows the nature of each solution, and any one
can be checked at will. Though formulation is not the task of the
computer, all who work with Relaxation Methods should endeavour
to keep physical aspects in view; and on that account every example
is preceded by a summary of its underlying theory. For brevity,
the shortened title Elasticity is used in references to the author’s
Introduction to the Theory of Elasticity (second edition, 1941).



I
PRELIMINARY CONSIDERATIONS

1. I~ Physics, thoughtlike a pendulum swings continually between
two opposite extremes: the thinking that would ascribe phenomena
to the interaction of discrete particles or ‘points of force’—e.g. the
‘atomic’ theories of Democritus and of Dalton, or modern atomic
theory in its ‘particle aspect’; and the thinking that would ascribe
them to occurrences in a structureless aether or continuum—an out-
look characteristic of nincteenth-century physics, and still exempli-
fied in the ‘wave-mechanics’ of to-day. It is the fact that physicists,
in recent years, have agreed to pursue both lines of thought con-
currently, so that ‘on Mondays, Wednesdays, and Fridays we use
the wave theory, on Tuesdays, Thursdays, and Saturdays we think
in streams of flying energy quanta or corpuscles’;1 but the fact does
not conflict with our assertion that the lines are diametrically opposed.

They represent not so much a clash about fundamentals (for
science cannot explain, but can only describe)} as a search condi-
tioned in any period by the intellectual equipment of the time. It
is no new thing that both lines of approach should be pursued simul-
taneously, for in the nineteenth century there existed both a kinetic
and a hydrodynamic theory of gases, solids were treated as having
structure (by Boscovitch) and as continua (in Navier’s equations).
‘Finality is not attainable in science.

2. This book is concerned with Field Physics—i.e. with that de-
velopment of science in which physical phenomena are explained on
the basis of an assumed continuum; but it will employ what may
be termed an ‘atomic’ treatment, assuming (with Lord Rayleigh in
his Theory of Sound) that a finite number of coordinates will suffice
to define for all practical purposes any configuration that a physical
system can assume. Its aim is to bring within the scope of com-
putation problems governed by partial differential equations which
involve two independent space-variables.

t Sir W. H. Bragg, 23rd Robert Boyle Lecture (11 May 1921), p. 11 (Oxf. Univ.
Press). Cf. article by K. Darrow in Bell System Tech. J., July 1941.

I ‘For Newton, as for the best of his successors, science was concerned with the
question of ‘“‘How ?”’; Descartes, like the ancients, was concerned with the insoluble

question of a fundamental “ Why 2.’ (E. N. da C. Andrade at Newton Torcentenary
celebrations, 1942. P’roc. Roy. Soc. A, 181, 230.)
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It excludes consideration of equations into which time enters as
an independent variable: as yet our methods have not been applied
to these ‘kinematic’ problems, except indirectly as a means to the
determination of normal modes of free vibration. Its problems call
for an evaluation of some ‘wanted function’ at points within some
specified region or ‘domain’: within that region the function must
satisfy a specified ‘governing equation’, and on one or more closed
curves which delimit the region it must satisfy appropriate
‘boundary conditions’.

Such problems are confronted in several branches of theoretical
physics. In the simplest, the wanted function (y, say) is governed
by the two-dimensional Laplace equation

Vi = 32‘/‘ Zy‘/; ~ 0, (1)
—i.e. computation must determme a plane-harmonic function satis-
fying an appropriate boundary condition. Harder problems entail
the determination of biharmonic functions governed by equations

of the form Vi — 0, 2)
and as variants we have problems in which

VY2 =0 (3)
and V4 = Z (4)

replace (1) and (2), Z being a specified function of x and y. Other
problems will present equations of which (3) is a special case—e.g.

such equations as

EilKen ) T2 ®
in which x as well as Z is specified. Hardest of all are those of
which the governing equations are not linear, so that solutions can-
not be superposed; e.g. problems where x, in (5), is additionally
related with ¢ and/or with its differentials. Biharmonic problems
are not discussed in the present volume, which is restricted to the
relaxational treatment of (1), (3), and (5).

Definition of a function from (1) the mathematical and (2) the
experimental standpoint
3. We say that a quantity z is a function of two independent
variables # and y, when with any pair of values x and y (or with
any pair of values lying within some definite region or ‘domain’)
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there corresponds a definite value (or a definite sequence of values)
for z; in other words, when the value of z depends upon the values
of z and y. The dependence can be stated either mathematically in
the form of an equation, viz.

z = F(z,y), } 6)
= ax?+ 2hxy-by? (for example),

or geometrically, by a surface such that the height of any point P
above some datum plane represents z, and the other coordinates of
P, namely x and y, are measured along two fixed directions in the
datum plane.

The ordinary relief map is a familiar example, ‘sea-level’ being
the datum plane;t and it will serve to illustrate a contention which
underlies the whole argument of this book, that nothing in our defini-
tion of a function requires the mathematical form of F(x,y), in (6), to
be known. Clearly, according to that definition the height above
sea-level of a point on a map (e.g.) of England is a function of its
east—~west and north—south coordinates  and y; but equally it is
clear that the function cannot be presented in any concise equation.

When, as in the second of (6), a functional relation can be stated
mathematically, then a relief map (or surface) can be constructed to
represent it geometrically. (The wooden models used in teaching
solid geometry are a familiar example.) But the converse operation
is not always feasible: it can be done in some cases, but not in all.
The point now emphasized is that from the standpoint of this book
its feasibility is a question of no importance.

‘Determination’ of a function (1) in mathematics, (2) in
experiment v

4. It will be useful to consider, in this connexion, what operations
are entailed in the construction of a ‘relief map’, whether geographi-
cal or intended to exhibit some physical ‘law’ not known to be
representable by a mathematical equation. The first point needing
emphasis is that in both instances the data must be obtained by
physical measurement, therefore can be meither exact nor complete.
Exact data are unobtainable, because all measurement is liable to
error: complete data would include a measurement for every point
in the domain, therefore could not be obtained in finite time.

t This statement presumes that the scale of the map is large enough to permit
neglect of the Earth’s curvature.

3837.13 B
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Both of these statements would be true even though the wanted
quantity were a function of a single variable—e.g. the curve of
deflexion for a loaded beam, or some ‘section’ of a geographical
relief map; but in two-dimensional problems the points at which
measurement is possible are doubly instead of singly infinite in
number, so the second limitation is correspondingly stringent. In
the construction of two-dimensional relief maps, sketching and
‘smoothing’ play an indispensable part.

This being so, it is clear that ‘determination’ of a wanted function
has in practical work a meaning very different from what it carries
in orthodox mathematics, where a solution determines the wanted
function at every point in a domain. From the practical standpoint
a function is sufficiently determined when its values are known within
tolerable margins of uncertainty and at a number of points which is
large enough to define the trend of its values elsewhere. Precisely
this standpoint is adopted in the gauging of curved surfaces in
engineering workshops: we cannot measure the height of every point
above the reference plane, but we can and do make measurements
at a number of points judged in the light of experience to be sufficient.

The ‘Relaxation Net’

5. Throughout this book the practical standpoint will be adopted
in respect of purely theoretical computation; i.e. we shall regard our
task as completed when the wanted function has been evaluated at
a large number of chosen points within the specified domain. To
facilitate the computation of contours we arrange these points on
a regular lattice or ‘net’, so that on straight lines drawn in various
directions we have series of computed values equally spaced. Every
mesh of the net will usually be similar to every other, and special
interest will attach to meshes having the shapes of regular polygons.
Only three shapes satisfy both requirements—namely, the square
and the equilateral triangle or hexagon.t These are indicated in
Fig. 1, together with the number (N) of meshes which adjoin at
any one point, and the number (k) of sides in any one mesh. The
mesh-side (i.e. the standard distance between adjacent points) we
shall denote by a.

Later, in propounding techniques by which the wanted values may

+ The condition requires that 2#/N shall be the internal angle of a regular polygon:
i.e. (Fig. 1) that N—2 = 4/(k—2), where N and k (-.3) are integral.
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be found within known margins of error, we shall view these lattices
more realistically, as nets of tensioned strings which sustain trans-
verse forces in virtue of appropriate deflexions from the plane. On
that account we shall term them relaxation nets and refer to the
sides of their hexagonal, square, or triangular meshes as strings, the
junctions of their strings as nodal points. Usually, by converting

|

/"\

|

(@) N=3 : k=6 () N=4: k=4 () N=6:k=3
Fia. 1. Types of Relaxation Net.

our governing equations into ‘non-dimensional’ form we shall make
the mesh-side a (defined above) representable by a pure nunber
independent of the choice of units. Our techniques will provide for
steadily increasing accuracy, attainable at the cost of proportionately
increased labour; and to this end they will utilize results obtained
on one size of net ag a starting assumption in relation to a net of
smaller mesh. This device will be termed advance to a finer net:
its details are explained in §§ 49-53.

6. In practice it matters little whether we regard a solution as
giving actual values of the wanted function at the nodal points or
as giving its mean values in areas which surround those points.
Adopting the second standpoint, we find a parallel in the ‘half-tone
process’ whereby photographs are reproduced in printed papers.
Analysed with the aid of a low-power magnifying glass, these are
seen to consist of discontinuous dots, lines, and crosses whereby the
correct amount of light is reflected from each of a large but limited
number of small squares into which the whole area is divided (Fig. 2).
Even with the usc of coarse ‘screens’ (i.e. when the squares are fairly
large) a surprising amount of detail can thus be reproduced.

Figs. 3 pursue this notion somewhat further. They are due to
Mr. A. N. Black, who employed a travelling microscope to analyse
part of a half-tone reproduction taken from a newspaper. Each
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elemental square was viewed in turn, and an estimate made and
recorded of that fraction of its area which was ‘black’ (i.e. inked):
then, from the record of these numerical estimates, a diagram was
constructed on squared paper to have the same fractions inked of
its corresponding squares. No particular convention was adopted—
the inked fraction might have any shape or position in its square;

Fic. 2. (Photograph by V. Belfield.)

but viewed from an appropriate distance the resulting diagram
(Fig. 3c) reproduces with fidelity both the details and the general
quality of the original photograph. No function wanted in mathe-
matical physics is likely to be more complex.

Subsequently, to reproduce the effects of coarser screens, the esti-
mates were averaged over larger squares comprising successively four
and sixteen of the original squares, and in the subsequent recon-
struction all of the small squares in any one of these ‘unit squares’
were ‘blacked’ to the same fractional amount—namely, the average
recorded for that square. Figs. 3, @ and b, are typical results: they
too, viewed from suitable distances, are recognizable reproductions
of the original photograph. (The numbered squares indicate the
relative sizes of the squares in the averaging process. The numbers
are proportional to the fractions which were blacked.)
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Considering all three diagrams, now in the order left to right, we
see the nature of the process termed (§ 5) ‘advance to a finer net’.
Fig. 3a (the coarsest net) records the main features only of the dis-
tribution of light and shade; in Fig. 3b the salient details of that
distribution are exhibited; in Fig. 3¢ enough detail has been recap-
tured to make it hardly profitable to refine further.

Fias. 3. (Photograph by V. Belfield.)

Basic assumptions in the Calculus of Finite Differences

7. Reverting to § 5, suppose that we have completed our task and
have attached a value to the wanted function at every nodal point
in the domain. Then from the standpoint of § 4 the function is
sufficiently determined, because by interpolation we can find its
values elsewhere within narrow margins of uncertainty. But this is
on the tacit assumption that the function is ‘smooth’. No inter-
mediate value can be excluded positively, as inconsistent with our
specification: all that we can say is that ‘peak’ values are unlikely.

Now it is a familiar difficulty of graphical constructions that
uncertainties in regard to the shape of a curve become magnified in
relation to its slopes, and are still more serious as regards its higher
differentials. On this account numerical methods are obligatory
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when (as will often happen in the problems to be studied in this
book) second or higher differentials of the wanted function must be
evaluated. We are faced with one of the basic problems in the
Calculus of Finite Differences, and a brief account must now be given
of the methods there adopted for its solution.

8. Clearly, in order that a function may be differentiated its values
must be known not only at selected points but at all intermediate
points in the range with which we are concerned. Wanting this fuller
knowledge, we are compelled to make some assumption, and it is
reasonable to identify the wanted function with the ‘smoothest’
function (i.e. the function having fewest higher differentials) which
is consistent with the data.

Suppose that y, a function of the independent variable z, is
required to have the values y,, ¥,,..., ¥, when = has the values 0, a,
2a,..., na; and consider the functions defined byt

F(x) = z(x—a)(x—2a)...(x—na),
o=, o =TE = T e }”

When z = ka, all of the f’s vanish except f,(x), which has the value
arxk(k—1)...2.1.—1.—2.... (k—n)

= (—=1)*k! (n—k)!la™ = p a® (say). (8)
Consequently the function
. fol®) (w) f (x fulx)
e e B

satisfies the imposed requirements, and from (7) we see that it is a
polynomial in z of degree n, i.e. an expression of the form
Y = CptCix4cox?/2! + ...+, x"/n! (10)
in which each of the (n+-1) quantities c,, ¢,,..., ¢, is constant.
Differentiating (10) we obtain successively polynomial expres-
dy d¥y
dx’ dax®”
differentials of (9) are continuous and have finite values (z being
finite) in the range considered; the nth differential d*y/dx" has a con-
stant value (independent of z), and all higher differentials are zero.
We have shown that a polynomial of the nth degree is necessary

sions of degree n—1, n—2,..., etc., for etc. Thus all the

t Such functions are termed factorials.
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when y is required to assume specified values at n-1 points: con-
sequently (9) satisfies our requirement (stated above) of the smoothest
possible function which is consistent with the data.t

Limitations of the Calculus of Finite Differences

9. Representation by polynomials is (Ref. 11, § 8) the most funda-
mental of the assumptions underlying the Calculus of Finite Differ-
ences, which explores its consequences as these relate to interpolation,
differentiation, integration, etc. But it should be remarked that y
as given by (10), and its differentials of all orders up to the (n—1)th,
tend to infinity with . This fact should be a warning against undue
reliance on any derived formulae for extrapolation to points outside
the range of the specified values, or on formulae of differentiation
close to either end of the range.

Any function likely to occur in physical problems will be expres-
sible in a series of positive integral powers of the independent variable
(i.e. a Taylor series) within some finite range of this variable measured
from some particular point; but that range may not embrace the
whole range in which we are interested, and in consequence it will
often happen that better representation can be attained by waiving
the requirement that all differentials of the representing function
must be continuous. Such complete continuity is rarely predicable
on physical grounds: thus the curve assumed by a continuous
girder resting on several supports has the feature that all differen-
tials up to the second are continuous (i.e. its ordinate, slope, and
curvature), but its third and higher differentials have (in general)
discontinuities at the points of support.

By imposing the requirement of complete continuity, the Calculus
of Finite Differences obliges us to use a polynomial of order n in
order that the representing curve may pass through all of n+1
specified points, and it leads to formulae of increasing complexity
in taking more and more points into account. For reasons which
have been indicated, these formulae do not necessarily yield results of
increasing accuracy. Thus as a means to computation of the definite

integral

1
4 [P _ . — 314159265...
1422
0

+ TIn this argument the points are assumod to be equally spaced. The assumption
is not nocessary: cf. § 21.
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the ‘4-strip formula’ of integration given by Bickley (cf. § 23) is less
accurate than the ‘2-strip formula’ (Simpson’s rule): the first gives
an answer 3-14212, whereas the second, with the range divided only
into 4 parts, gives the answer 3-14157 (Ref. 5, § 9).

It is important that a reader should have these limitations in mind
when he comes, in later chapters, to applications of the Calculus of
Finite Differences: otherwise he may incur heavy labour in attempt-
ing an accuracy which in fact is not realizable. For the present,
however (that is, for the remainder of this chapter), we shall pursue
the logical consequences of the polynomial assumption.

Formulae for approximate differentiation

10. The degree of a polynomial is not altered when x is replaced
by (z--const.), so the origin (x = 0) in (10) may be identified with
any one of the datum points. Then at that point we have

dky dry

y = 00, (—1; = cl, ceoy %"‘ == Ck, ceey Zi?‘ = C

o (11)
differentials of higher order than the nth being zero as we have seen
already. Since (10) is equivalent to (9), by comparison of coefficients
we can express each of ¢, ¢,,..., ¢, in terms of y,, ¥,..., ¥,: therefore
at every datum point every differential of y can be expressed in
terms of y,, ¥y,.--» ¥, and @, with numerical coefficients.

We now state without proof some expressions of this kind which
will be wanted later.

Range of 3 points (n = 2: i.e. ¥, ¥;, ¥, specified):

dy 1 )
“(@)0 =31 (—3yot+4y1—¥,),

dy 1
a(?d_x)l == é*!(—?/o’*‘yz)» r (12)

dy 1
a(d—x)z = 31 (Yo— 4y, 3Y,)-

d%y
2 — = —
a ( (M‘,)O'L2 Yo— 241+ Y>. (13)

(The second of (12) will be recognized as a well-known first approximation,
also (13) in relation to the value of d%y/da? at the central point 1. Sincen = 2
for a range of only 3 datum points, it was to be expected from the last of (11)
that the polynomial approximation would give a constant value to d2y/dx?.)
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Range of 4 poinis (n = 3:i.e. ¥y, Y1, Yo Y3 spec:ﬁed)

1
( ) = 5‘( 11yo+ 18y, —9y,+ 2y5),
d 1
a(;l%) = 3i (= 20— 3y1+6y2—9s),
& 1 ( (1)
a(d_i) = '3—'( Yo—6y11+3y,+2y,),
2 !
d 1
a(gg) = 5"( 290+ 991 —18y,+11y,),
3 J
(% 2yy—5
a e . = 2Yo— 5y, +4Y>—Ys,
d2
az(d—ﬁ) = Yo— 21t
! [ (15)
a? Ty _ —2y,+
dx? . - Y21 Ys»
d
“2('0%/2) = —Yot+4Y1—5Y,1+2ys,
3 J
3%y
a g 0123= —Yot+3y1—3Y5+¥s. (16)

(The second and third of (15) will be seen to be identical with (13), but
d?y/dx® now varies slightly from point to point, and corresponding changes
appear in the expressions for dy/dx. These are further consequences of the
polynomial assumption.)

Bickley’s tables for approximate differentiation

11. These formulae have been abstracted from tables given by
W. G. Bickley (Ref. 2) which cover values of n from 2 to 6 (inclusive),
also 8 and 10, and which give the ‘error’ (E) of every formula.
E occurs for the reason that a function y = f(x) has been replaced
by a polynomial approximation of type (10), and it is normally a

multiple of a”Hj

x between z, and z,. Bickley uses %, in place of a, for the interval
between adjacent datum points: in our notation, his formula for the
mth differential of y at the (p+1)th datum point (i.e. at a distance
pa from the left-hand end of the range) is

ﬂ"(d_"‘i/\) = %(Ao?/o+A1?/1+--~+Anyn)+E, (17)

;f(X), where X is some (unspecified) value of

m!\dx™/,_,,
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E and 4,, A,,.., A, having values as given in Tables I-VIIL.}
The reader can easily become conversant with the application of
these tables by using them to check the formulae (12)-(16), §10.
He can also test their accuracy by means of Maclaurin’s serics, substituting
for ¥y, Ygseees Yy in (17) from
2 2 3 3
v vo tRa((2) - C(TY) L EON(B) | ke, (i

\

dmy G .
and for | - ) . its similar expression
y

dem/)x =
dmy (l'"]/ dm l—ly (kd )' dnH2 ..
(d.x)l. = (m)ﬁ ‘“(m +) LT (mﬁ) T ete. ()
Thus according to (17) and Table 111
a’ (d¥ 1 ab (dSy
i e T A LR R o O
. : LT,
and we have from (i)
4y, = (JOJ'(”/U I Z'T/“ FJ,./o’!””""/o + = .7/0+ )
C 0@ .
—dyy = — (et 3o 95 i 275 1 St 2380 k), | ()

" v ab v
2y, —= (Jo +4a_/0+165'_/o+b43"/0 - 256 J{’, +- ]0245—!%-}-...),

dashes denoting differentiations with respect to x. Adding — 2y, to (iv), wo
find that the first term on the right of (iii)

@, _ab as
= 5% —}«8;4! y:,"-{»45—5—!y;;+..., ete., (v)
and according to (ii)
a*, Y 2a)? .
(Evé)z =y, +2ayy + ( 2') Yy +..., cte. (vi)
So (iii) is verified, E being shown to have the expression
ab
53 Yg..-» €teC.

Finite-difference approximations to some common operators

12. We have now dealt with the problem, propounded in § 7, of
computing differentials of the wanted function. Finite-difference
formulae for interpolation and for integration will be given later.

The accuracy with which (assuming y to be represented by a poly-

t Tables 1-VII, being of general application, are placed at the end of this book:
they have been abstracted by permission (with slight changes of notation as explained
above) from Ref. 2. Table V is identical with Table XXXIX of Rel. Meth. K. S.
In a later paper (Phil. Mag. 33 (1942), 1-14) Bickley and Miller have given ‘ended

formulae’ which permit more accurate estimation of derivatives near the extremities
of a range.
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nomial) we can estimate dy/dx, d?y/dx?, etc., depends upon the
number of points in the range of « at which y is specified: two points
are sufficient for an estimation of dy/dx, three for an estimation of

Fia. 4

d?y/dx?, and so on. Referring to Fig. 4, we have from (12)—(16) and
Table III, as the simplest formula which is available in each in-

stance, ow 1 1

P =, (wy—ws),

0o 2

0w 1
(5-5) R — (wyt+ws—2w,),

Tl @ (18)
Pw 1 [
) = (—w 2wy — 2w, +wy),
(). = g (ot 20— 2 )
oMw 1
(55;)0 ~ (F(wm——4ws+6wo—4wl+w1).

We have replaced the ordinary differengials in (12)-(16) by partial
derivatives in (18), because we want now to extend our results to
functions of two variables. Corresponding with (18) we have (again
in relation to Fig. 4)

?—1-0 ](w—w)
ayONE 2 4/

l

o*w 1
(a—yE)O ~ 55(102‘*—@04——2700),
[ (19)

w 1
(52-/5) =~ 5 (wyp— 2wy 2w —wyy),
0

ohw 1
(W)o ~ ;li (1011‘—41172"'— 6?,00———411)4—!-‘301‘7).
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13. Equations (18) and (19) give the simplest finite-difference
approximations to some common operators. From them other ap-
proximations can be deduced: thus according to the first of (18) we
have (replacing w by ow/dy)

2w ow ow .
oxdylo  \oY/1 \%/s
and from Fig. 4 we have, by analogy with the first of (19),

&)
20— | = w,4—wp,
1

v ()
2a(a—w) = Wp—Wq;
%/s ’
then from (i) and (ii) we have
*w
4a2(5;é—y)o= wA—wB+w0—~wD, (20)

when the positions of 4, B, C, D, relative to O, are as shown in Fig. 4.

The Laplacian operator V2
14, A finite-difference approximation to the operator

(21)

which governs the wanted function in Laplace’s equation (1), § 2,
can be deduced from the second of (18) and of (19). These yield

a}(Vp), = a? {(’Z‘z‘:*/;)o‘f' (gi;;)o} =Pttt —4,  (22)

as a suitable approximation for use with a net of square mesh
(N =4,§5)

15. The same result can be attained by a somewhat different
approach, and can, moreover, be generalized so as to be applicable
to nets of hexagonal or triangular mesh (N = 3 or 6, § 5). We saw
in § 8 that a polynomial function of x can be formulated to have
specified values at any number of selected or datum points, equally
spaced: in § 21 this result is generalized, and it is shown that a poly-
nomial function of z and y can be formulated te have specified values
at any number of points (not necessarily separated by equal dis-
tances) in a specified domain. As before a polynomial, being an
essentially ‘smooth’ function, may be accepted as the wanted func-
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tion (w, say); i.e. we may identify w = f(«,y) with w, a polynomial
function of z and y.

Now expressing x and y in polar coordinates r, 6, we can apply
known trigonometrical relations to obtain

= A,(r)+ 3 [4,(r)cos nf+ B, (r)sin nf], (23)

in which n (in general) has all integral values; and because the
original polynomial contained no negative powers of z and y, it will
follow that A4,(r) and B, (r) involve no power of » lower than the
nth. Each, in fact, has the form

7™ X (polynomial in 72). (24)

16. Expressed in polar coordinates, the operatort

1 0%

2=
v +r 8r+r2 803

consequently we have according to (23)

’ 2
Vi = 47420y S [(A;.{—;A’,,-—%An)cosnﬂ—l—

(25)

+( + B’ B )smn@] (26)
dashes denoting differentiations with respect to r. Now let > (w)
a,N

stand for the sum of the values assumed by w at N points equally
spaced on the circle » = a, so as to have angular positions B, S+,
B+2a,..., B4-(N—1)a, where a == 27/N. Then according to (23)

Z (w) = NAy(a)+ z [{4,(a)cos nB+ B, (a)sin nB} x
X {14-cosno+...+cos(N—1)na}+
+{B,(a)cos nf— A, (a)sin nB}{0-+sin na+...+4sin(N—1)na}]

= NAy(a)+ Z [Si:iln%gzna{ cos 3(N—1)naf 4, (a)cos nS+ B, (a)sin nB]+

+sin (N —1)no] B, (a)cos nf— A, (a)sin nB]}] . (27)

by known formulae in trigonometry. Since Na = 27 and n is in-
tegral, the quantity in the summation will be zero unless sin }na
vanishes,—that is, unless n« is some integral multiple of 27: in that

1 Cf. (e.g.) Elasticity, § 240.
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event n is an integral multiple of N, and the quantity takes the
value N{4,(a)cos nB-t B,(a)sinnf}. Consequently
%f %{w) = A(a)+Ay(a)cos NB+A,n(a)cos 2NB+...+
a,
-+ By(a)sin NB-+ B,y (a)sin 2N B+-..., ete., (28)

N being the number of points at which values of w are taken. In
particular, if 8 = 0 then

5 3 @) = Ag@)+Ax@)+ A+ ..., ote, (29)
and if B = %a, so that N8 = =, then
— z (w) = Ay(a)—Ay(a)+-Ayy(a)—..., ete. (30)

We have seen that 4(a) is a polynomial in a of degree not less
than N. Consequently the neglected terms will be of order aV at
least if we replace (29) by the approximate equation

¥ 500 = Aoa) (31)

17. Now consider the expression (26). As stated in (24), the terms
of lowest order in 4,(r), B,(r) involve »* and r*+2. Also

1d n?

lpm — 0
[drz-l_r dr rz}r ’
[dz 1d n?

et rz]r’”z = 4(n-1)r"
= 0 whenr = 0,ifn > 0,
and according to (24) we may write
Ay(r) == cy-teyr?Hcyrt--..., (32)
in which ¢, ¢,,..., etc., have constant values. Consequently when
r = 0 we have

’

Ve = Ag+f4;9 = 4c,, (33)

and a similar argument will show (since all of V2w, Viw,..., etc., have
polynomial expressions in z and y) that at the origin

Véw == 22.42,62%.¢g,

..., €tc.

V4w == 4. 16.04,
e
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Finally, at the origin we have from (23), (24), and (32)
w == ¢, (35)
Substituting these values for Cgs Ca,---, €tC. In (32) we find that

Ao(r) = wo‘l‘—“(vzw)o‘f‘ (V“w)0+

22 42 o( w)O etC.,

and it follows that the approximate relation (31) may be replaced by
1 L a2 v, at - ad
N‘(gv(w)‘“o 4‘( ’4’)04‘64( w)o +,)) FERT

18. Already, in substituting (31) for (30), we have (cf. §16)
neglected terms of order a¥: therefore it is useless to retain terms
of this or higher order on the right-hand side of (36), but within
this restriction we can proceed to find expressions for (V2w),,..., ete.

As explained in § 5, in our investigations the selected points will

lie on some regular lattice, or ‘net’, such that the summation > can
aN

be effected at each and all; and by similar reasoning we can derive
relations similar to (36), viz.

L 70— (7 Tyt (T

5 (Vow)y+ ..., ete. (36)

E (Viw)— (Viw)y = —- (37)
a N 4

..., ete.

V6w a8,
o (Vow)y+ 64( w)o-

N may have any of the values 3, 4, or 6, but higher values are not
admissible (cf. § 5): therefore it is useless to retain in (36) terms
which involve «f or higher powers of a. But with an error of order
a® (at worst) in each case we have, from (36) combined with (37),

for N=3or+ Z (w)—w == 2(\72w); (38)
N
for N = 6: Z (w)—1w == —w[V" { ; z (Vaw)— V~u}]
u N 4
[3V’w+ Z\ V"w)] (39)

Suffixes have been deleted as no longer necessary.
Having regard to the meaning of 3 (§16), we sec that when N = 4
a,N

(i.e. for a net of square mesh) equation (38) is equivalent to
a?}(V2w), == w, -+ w,+wg+w,— 4w, (40)
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when the relative positions of 0, 1, 2, 3, 4 are as given in Fig. 4.
We have thus arrived by different reasoning at a result identical
with (22) of §14; and we also have, in (38) and (39), corresponding
approximations for use with hexagonal and with triangular nets
(&N = 3 and 6). The formula (39), in which the error is of order a®
at least, has closer approximation than (38), in which the error is of
order a® (for a hexagonal) or a? (for a square-mesh net).

Initial correction of Z in the governing equation V2w+Z = 0

19. Laplace’s equation (1), § 2, may be regarded as a special case
(Z = 0) of Poisson’s equation

Viw+-Z = 0, (41)

in which Z is a specified function of  and y. In this book the same
technique will be applied to both equations. It will entail, first, re-
placement of (41) by an approximation involving finite differences,
secondly, satisfaction of this substituted equation, approximately, by
a relaxation process. The first step is the concern of the present
chapter.

Working on some regular ‘net’ as described in § 5, we can compute
the value of Z for every nodal point. Then, if the net is hexagonal
or square, we have to satisfy at all interior points the relation

1 (w)—w-}f—zZ—O (42)
N,,,% 4 7

which comes from (38) and (41). If, on the other hand, we would
take full advantage of the closer approximation shown (§18) to be
a characteristic of triangular nets (N = 6), then the relation to be
satisfied is either

3 (w)—6w+s[f 7+ % (vzz)] — o, (43)

a,6 4 64
which comes (with an error of order a® at least) from (36) and (41), or
a}(; (w)—6w+—1(%[18Z+t§(Z)] =0, (44)

which comes from (39) and (41), and has a like approximation.
20. The introduction of V2Z in (43), and the parallel introduction
of X (Z) in (44), recall the device described in Elasticity, § 191, and
a8

there termed initial modification of the specified loading. The rela-
tion between the (‘non-dimensional’)loading W(z) and the consequent
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bending-moment u(z) in a straight beam having the direction z2—

namely,
2

d .
Sue) = — W) ()
—may be replaced for the purpose of approximate numerical com-
putation by = 2p0+pg = —h*W,, (ii)

when the relative positions of the sections numbered 1, 0, 3 are as
in Fig. 4, and when A (instead of @ as used in this chapter) denotes
the distance between 1 and 0 and between 0 and 3. But the left-
hand side of (ii) is in fact equivalent to the value of

h2 ” h4 6 XX
2['2—!“' (Z)-}—Z—!IU,W(Z)—*—%EF,V‘(z)_{__”’ etc.] (lll)

at the section 0, dashes denoting differentiations with respect to z;
consequently in satisfying (ii) we are in fact satisfying the equation

2 4
— W) = W) o ) @) |yt

6!

which is equivalent to
— W) = = W)+ 57 W)+ 5 W)t ete.|

= —W(z), say,
when p(z) is an exact solution of (i).

Thus (ii) as it stands will not yield an exact solution. If on the
other hand W (z) in (ii) is replaced by W(z) at the outset, then our
computed values of u(z) will be exact. In (43) and (44) we have
introduced a similar modification of Z. '

Generalization of the theorem (§8) regarding polynomial
representation

21. In § 8 we showed that a polynomial function of x can be
formulated to have specified values at any number of selected or
datum points, equally spaced. We now consider the corresponding
theorem in two dimensions, and when the datum points have any
distribution within some bounded area. Its truth has been assumed
in the argument of §§ 15-18. In the argument which follows N and n
have different significances from what they have carried in preceding

sections.
3837.13
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Let lines be drawn parallel with the a-axis to pass through every
one of the specified points, and suppose that there are N of these
lines, defined by the equations

Yy = yl) “eey y = yn’ ey Y = yN' (i)
Then, if O(y) = Y—y)Y—¥s)---(Y—yy) } (i)
and if D,(y) = ©E)/(Y—Yyn),

it is clear that @, (y) vanishes on all of the lines (i) except the line
(y = y,). Therefore the polynomial function

Fz,y) = X,0,(y)+ X, Qo(y)+ ...+ X, 0, (1) ...+ Xy Op(y) (iii)

(in which X,, X,,..., X, are functions of z as yet unspecified) will
be given on the line y = y, by

F(a,y,) = X, 0, y,)- (iv)

Suppose that x has the values a,, b,,,..., k, at those specified points

which lie on the line (y = y,), and that the specified values of the
polynomial function at these points are @, ,, @y, @in- Then, if

and if fa,n(x) = FrL(x)/(J’“an)a

it is clear that f, ,,(x) vanishes at all of the points (x = b,),..., (x = k),
but that at the point (x == a,) it has a finite value

fa,n(a’n) = (un“*bn)' (a n n) (vi)

Therefore the polynomial function of « given by

v)

Xn = q_)n(lTn) [Qa,nfa,n(:v)/fa,7L(alz) '}" e + Qk,nfk,n(x)/fk.u(kn )] (Vll)

will assume the values
(D yn [Qa,‘m Qk,n] (Viii)

at the points (x = @,),..., (x = k,) on the line y = ¥,,; and it follows
from (iv) that if we substltute the value (vii) for X, in (iii), then
F(z,y) will assume the specified values at these specified points.

Deriving expressions of the type of (vii) for all of X,, X,,..., Xy
in (iii), we shall have an expression for F(z,y), polynomial both in
x and y, which takes the specified value at every one of the specified
points.
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Other applications of the Calculus of Finite Differencest

22. Our formulae for approximate differentiation (§ 10) were based
on the assumption that the wanted function, attaining specified
values ¥, #,..., ¥, at (n-4-1) datum points equally spaced, can be
replaced by a certain polynomial having the same values at those
points. On the same assumption we can integrate the polynomial
over this range (na) of the variable z, thus obtaining formulae for
approximate integration; and we can also calculate its value at a
point lying between two consecutive datum points, thus obtaining
formulae of interpolation.

Formulae for approximate integration

23. These formulae may be exemplified by ‘Simpson’s rule’, which
in effect assumes that over any two contiguous portions of the range
(i.e. over a length 2a) the integrand y can be replaced by a quadratic
function of z, so in fact is the formula appropriate to the value
n = 2. But corresponding formulae can be constructed in which n
has higher values. The formulae (45)-(47) which follow are repre-
sentative of a more complete list which in Table VIII is reproduced
(by permission, and with slight changes of notation) from a paper
by W. G. Bickley (Ref. 1).1

Two-strip formula (n = 2):
L =S @otdytys)  [By = —ymat/90]. (45)
(Simpson’s first, or ‘one-third’, rule.)
Four-strip formula (n == 4):

2 ‘ .
I, = £{7(?/0+?/4)+32(y1+?/3)+123/2} [Ey = —8yvia?/945].

(46)
Six-strip formula (n = 6):
Iy = {5 {1 @ort-90) -+ 2160 +95)+ 27(0o-+u3) +2725)

[Eg = —9y""1a®/1400]. (47)

In these formulae @ ( = I/n) stands as in §11 for the interval
between adjacent points of subdivision of the whole range I of
1 §§ 22-31 are included in this chapter for futuro reference. At a first reading the

roader may pass to § 32.
1 Table V1I1, as having general application, is placed at the end of this book.
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integration; the integrand is y, and it has known values y,, ¥,,..., ¥,

!
at the points of subdivision. I stands for f y dx, so that (for example)
0

the formula (47) is equivalent to

!
7 | v = g1t u+ 2160+ v+ 27009+ 27203),

0 (48)
since a = /6. The error E is the amount by which, in each case,
the expression on the right-hand side exceeds I,: in it a as before

stands for I/n, and y™ for f™(X) or %n;n f(X), where X is some

(unspecified) value of x between 0 and z, (cf. §11).

24. To explain the use of the formulae we shall take and apply
the ‘six-strip formula’ (48).1 Suppose that we want an approxima-
tion to the exact value of
1
f rsin*rx dax  (y = xsin?mx),
V]

which is easily shown to be 0-25. Then we have

=0 1/6 2/6 3/6 4/6 5/6 6/6
sinmz =0 1/2 V32 1 32 1/2 0
sinrz = 0 025 0-75 1-0 075 025 0
xsin®rz = 0 1/24 6/24 12/24 12/24 5/24 0
and accordingly the approximation given by (48) is

1

L4 21 2 1 ‘

fxsinzﬂx o X O0+216 X (14-5)-27 X (6412) 4272 12
140 % 6 X 24

0 — 0-250298.

Thus the error entailed by (48) in this instance is about 0-12 per cent.

25. Our formulae for approximate integration have an obvious
extension to approximate surface-integration; and the formulae for
approximate differentiation and integration can, moreover, be used
in combination. Thus suppose that we want to compute approxi-
mately the definite integral

f zy'? dx
0

t For the material of §§ 24-5, as of Tables I-VIII, T am indebted to Dr. W. G.
Bickley.
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for the case in which y = sinmz. (It is easy to show that the exact
value is #2/4.)t As a first step we proceed to calculate y' (= dy/dx)
by means of (17) and Table V without recourse to the orthodox process
of differentiation (which of course can be applied without difficulty
to sinwx).

For the calculation of (%) at the end r == 0 we have
0

T = 1/6 2/6 3/6 4/6 5/6 6/6
y =singx = 0 1/2 V3/2 1 ~3/2 172 0
A from Tablo V -~ —1764 4320 —-5400 4800 —2700 864 —120
Ay = 0 2160 —270043 4800 —1350v3 432 0
Therefore 3, (Ay) == 377-1942 = 5! (Z—Z)o’ according to (17), since here a = 1/6.
So our approximate formula gives the estimate (g%)o == 3-14329, which agrees

well with the correct value ().
Proceeding in the same way for other values of 7, we obtain the second line
of the table which follows. The third line is self-explanatory.

x= 0 1/6 2/6  3/6 4/6 5/6 6/6
Yy = % -= 3-14329 2-72051 1-57083 0 —1-57083 —2-72051 —3-14329
xy’? - 0 1-23353 0-82251 0 1-64501 6-16764 9-88024
Finally, using (48) in the manner of § 24, we obtain the approximation
' 2070-3656

== 2:46472....
840

f 2y'?de (y = sinmx) =
0
The correct value 72/4 = 2-46740..., so the error entailed by (17) and
(48) in this instance is —0-11 per cent.

Approximate integration round a closed contour or boundary

26. Proceeding in the manner of these examples, we can integrate
the wanted function, or its differentials, along any straight line con-
taining a row of nodal points (§ 5).

In another kind of integration which we shall require later, the
integrand is to be regarded as a function of s, i.e. of distance measured
from some datum point along a closed boundary or contour. Usually
the range of integration is one complete circuit of the closed curve,
and in that event the integral is known as a contour integral. The

2 2
integrals f ¥ ds and f%—f ds will serve as examples, v denoting
1

1 This example was given in Rel. Meth. E. S., § 199.
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(Fig. 5) the normal to the contour drawn outward from the con-
tained area, and 1, 2 defining the limits of integration.t The corre-

sponding contour integrals will be denoted by fﬁ ¥ ds, fﬁ %¢ ds.
vV

Clearly, in order to evaluate § ¥ ds in the manner of §§ 23-5 we
shall require to know the values of ¥" at
a number of points dividing the whole
range of s into » equal parts. Usually
this information is not available, first,
because no large number of nodal points
fall exactly on the specified contour,
and secondly, because such points as do
fall on the contour do not divide s into
equal parts. Both difficulties must be
met by interpolation and/or extrapola-
tion (§ 28), employed first to obtain a
series of related values of ¥ and s,
secondly to deduce values of W for
points spaced evenly in the range of s.

Fia. 5

27. The treatment of ﬁ%is ds is similar but (in general) more
v

laborious. Occasionally the problem for a complete contour integral
is made simpler by the fact that the result does not depend upon
the particular path of integration. Thus we know from Green’s
theorem that

4;%‘# ds = f f V¢ dady, } (49)

= 0 when ¢ is plane-harmonic,
V2 having the same significance as in § 14, and the surface-integral
extending to the whole area contained within the contour. When
(49) is applied to the region enclosed between two boundaries (Fig. 6),
both boundaries must be included within the contour integral: then
an equivalent statement is

5giéds+3€§zds:o, (50)
2

ov,
1

+ When v and s have directions as shown in Fig. 5, thon

a o . 2 a o J
o cos(z, v)5;+sm(x, v) a—!;. 5 cos(x, v) 5;~sm(x, ”)'a}'
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suffixes 1 and 2 denoting the outer and inner contour, and v,, v,
having senses as shown. This again may be written as

§Z(é ds = §%Vq_3 ds = I (say), (51)

1 2

Enclosed
R egion

Fi1a. 6

v now standing (as in § 26) for the normal to either contour drawn oul-
ward from the area which that contour enclvoses. From (51) we deduce

that if ¢ is plane-harmonic, then ff)v %? ds has a value independent of
14

the path of integration.

It follows that in these circumstances we are free to choose any
convenient contour in evaluating I, and evidently, when we have
values of ¢ at nodal points of a regular net (§ 5), a convenient con-
tour will be one consisting either (as in Fig. 7a) of a series of ‘strings’
or (when the net is square) of a series of mesh-diagonals. Then, for
a first approximation, we have only to replace

oo S o

—this being equivalent to the assumption that along PQ (Fig. 7b
or 7¢) the normal gradient has a constant value given by (ds—¢ )/ RS.
The ratio PQ/RS will have a constant value depending on the mesh-
shape: when this is squarc and PQ is a mesh-diagonal (Fig. 7b), i.e.

when N = 4, then PQ/RS = 1; (ii)

when it is triangular and PQ is a ‘string’ (Fig. 7¢), i.e.
when N = 6, then PQ/RS = 1/V3. (iii)

Hexagonal nets (N = 3) are not convenient for contour integration.
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Combining (i)-(iii), we have as formulae for approximate contour
integration

§ %’é ds = (ps—¢p) when N = 4,
S (52)
=7 z (ps—¢zr) when N = 6,

R typifying a point just inside, and S a point just outside, the con-
tour of integration.

Given Contour

P

R s R‘é“}

~.

-><s

-~
~

Q \Q
(b) (c)

Fia. 7

Interpolation dand extrapolation
28. It remains to discuss the problem, noticed in § 26, of com-
puting the value of the wanted function ¥ at a point lying between
two datum points at which ¥ is known. It should be remarked at the
outset that very often a graphical method, which is obvious and easy to
apply, will be quite sufficiently accurate and accordingly preferable.t
Using Maclaurin’s series

y = fl&) = f0)+z.f'( 0)+ f(0)+ . ete., (53)

we can compute f(z) for any value of z, given f(0), f'(0), f"(0),..., etc
We have moreover given (§ 10) rules whereby these first and higher

1 More especially when the datum points are not equally spaced (cf. § 26). On
this account no mention is made here of ‘divided differences’ (Ref. 11, Chap. II).
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differentials of = at 0 may be computed. Therefore in a sense we
have solved our problem already; but the procedure that we have
indicated would be very laborious in practice, and it is better to
employ the Gregory-Newton formula of interpolation, which we now
proceed to describe.

Difference tables

29. In the first place we must explain the construction of a table
of finite differences (Ref. 11, § 2). As in § 8, let y have the values
Yo Y1+ Yo When x has the values 0, a, 2a,..., na, and now let

Af(x) stand for the quantity f(z-+a)—f(),
Aflx) . » o {Bfl@ta)—Af(), (54)

..., and so on.

Clearly, given y,, ¥;,..., ¥, we can compute n values of Ay (namely,
AYo = ¥y1—Y0» Dy = Y2—Y1-y DYn1 = Yp—Yn-1), (n—1) values of
A% (namely, A%y, = Ay, —Ayy,... D%,y = AYp-1—DYn-s), (n—2)
values of A3y, and so on. Arranging these in a difference table as
under (in practice all entries will be numerical), we see that every line
contains one term less than the line preceding it; so the table ends
at the (n--1)th line, and this contains only one term.

Yo A Ya Yn-2 Yn-1 Yn
Ay, Ay, Ay, e Ayp-o AYpy

Ay, A%y, A%, o A%y,

An-2y, A%y, An-?y,
An—l yo A'n—lyl
Ay,

The Gregory-Newton formula for interpolation

30. The Gregory—Newton formula corresponds with (53), § 28, but
the finite differences Ay, A%y,,..., A"y, appear in place of the true
differentials y,, ¥g,-.., ¥i™. It is (Ref. 11, § 8)

Yza = f(xa)
z(xz—1)

—1)..(r—n+1
=?/o+xA?/o+k'2“!"* AZ?/()‘*‘-"'{‘x(x 2 'nf."ll et )A"yo, (55)

and it enables f(za) to be calculated (approximately) when Ay,
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A2y,,..., A%y, have been caleulated by the construction of a difference
table. Evidently it gives
y = f(wa) = y,, when x = 0,
= yo+Ay, = y, according to § 29, when z =1,
= Yo+ 28y, +A%,
= Yo+ Ay, +Ay = y1+Ay,
= y, according to § 29, when z = 2,

..., and so on.

31. To illustrate the application of §§ 29-30 we shall deal with the
following example (Ref. 11, § 8): Values of y are given, in the second
column of the appended table, for values of X (in the first column) ranging
from 20 to 30 by intervals (a) of 2. It is required to estimate the value
of y which corresponds with X = 21.

X Yy Ay A%y A%y Aty

20 0-229314955248 701747247 602297 —1944 4
22 0-230016702495 702349544 600353 —1940 3
24 0-230719052039 702949897 598413 —1937

26 0-231422001936 703548310 596476

28 0232125550246 704144786

30 0-232829695032

Except that rows and columns are interchanged, this is a difference
table of precisely the kind discussed in § 29, and it calls for no remark
except that decimal points, and the zeros which follow them, have
been omitted to save space. In (55) if we replace y,, Ay,,..., etc., by
Yoo AYsgs-., €C., then to obtain the wanted value (corresponding with
X = 21 = 204 la) we have only to make 2 = }. Thercby we obtain
Ya1 =

F.—% e b33 Pt Bt WA
y20+;ley20+TA Yoo+ = 3,' AWy T Alyy,
= 1012 [229314955248-} 4 (701747247)— 1 (602297)+
e (—1944)— 5,(4)]

3

== 0-229665753463.

RESUME

32. This chapter has laid foundations for the initial stage in our
treatment of partial differential equations—namely, their replace-
ment by approximate relations involving finite differences. No use
has been made, as yet, of notions peculiar to Relaxation Methods:
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it has merely been anticipated (§ 5) that our aim will be to evaluate
the wanted function at nodal points of some regular ‘net’.

For every differential of the wanted function there can be sub-
stituted a finite-difference approximation, based on the assumption
(§ 8) that with an accuracy sufficient for practical purposes the function
can be identified with a polynomial function of the independent
variables. The approximation involves the interval ¢ between the
points at which the function is to be determined, and its accuracy
can be improved (always on the basis of the assumption stated) by
an inclusion in it of more terms (of higher order in «). For partial
differentials the simplest approximations are those given in (18)-(20),
§§ 12-13, as relating to the points in Fig. 4. These yield the approxi-
mation (22) for the Laplacian operator V2, in relation to nodal points
of a square-mesh net.

In §§ 15-18 we have generalized this result, showing that the finite-
ditference expression

L > (w)—w = @ (V2w) when N = 3 or 4, (38) bis
Na,N 4
with neglect of a* and higher powers of «,
- $[3V2'w+-l > (V‘lw)] when N = 6,  (39)bis
16 N

with neglect of @® and higher powers of a;
and in §19 we have illustrated the use of these approximations by
transforming Poisson’s differential equation (41) into a relation in-
volving finite differences. This last relation (namely (42) when N == 3
or 4, (43) or (+4) when N == 6) will be used in place of (41) for pur-
poses of numerical computation. We shall transform each problem
studied from one in which an exact (differential) equation has to be
satisfied everywhere into one in which an approximate (finite-difference)
relation has to be satisfied at a finite number of lattice-points; thereby
converting each problem into one which calls for the solution of a
system of simultaneous equations, and as such comes within the

scope of Relaxation Methods.

In Chapter 11 we shall start our description of the relaxational
technique.

Historical survey
33. The notion of finite-difference approximations to differential
operators is of very long standing,—in all probability it is as old
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as the infinitesimal calculus itself. It was systematized by W. F.
Sheppard (Ref. 10), whose conventions and notation have been
widely adopted (Ref. 11, Chap. III). As has been shown, it permits
the transformation of a differential equation into a system of simul-
taneous equations. Notable examples are to be found in papers by
L. F. Richardson (Refs. 7-9).

Since the number of the simultaneous equations is large, though
formally soluble these in practice still present a problem. Some in-
vestigators (Refs. 3, 6, 7) have replaced them by equivalent geo-
metrical relations and have sought to obtain solutions by freehand
sketching improved successively either by eye or by the imposition
of analytical checks. Richardson, who has considerably developed
this line of attack (Ref. 9), has also sought to develop numerical
methods for solving the simultaneous equations, and has (Ref. 8)
propounded a very ingenious device whereby approximate solutions
may be improved. This, in future investigations, may be found to
have application in a relaxational approach: hitherto, Relaxation
Methods have developed along quite separate lines.

Those lines have still to be described. In this chapter the only
point of novelty is the demonstration whereby (§§ 15-18) the finite-
difference approximation to V2 has been gencralized so as to permit
the use not only of square but also of hexagonal or triangular mesh.
Our argument reproduces, with slight modifications, that given in
Ref. 4, §§ 4-8.

Triangular nets (N = 6) do not appear to have been used by
previous inyestigators. They have the advantage (as will appear in
subsequent chapters) that in many problems they increase the num-
ber of the ‘boundary points’, thus giving closer definition to the
wanted function. Hexagonal nets have not been found to have
utility (cf. § 52).
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RELAXATION METHODS APPLIED TO PLANE-POTENTIAL
PROBLEMS. I

The plane-harmonic equation, and its finite-difference
approximation

34. CuaprrEr I laid foundations for a relaxational treatment of
partial differential equations, showing how these can be replaced by
approximate (finite-difference) relations imposed at nodal points
(finite in number) of a chosen lattice or ‘net’. We now explain the
treatment in relation both to the ‘two-dimensional Laplace equation’

G
Vi = P (1)
and to the more general (‘Poisson’) equation
Vw4 Z(x,y) = 0, (2)
in which w denotes the wanted function, Z(z,y) denotes some
specified function of x and y. ’

In§ 2 we described a function governed by (1) as ‘plane-harmonic’,
and in conformity with that description (1) might be termed a plane-
harmonic equation. But for Relaxation Methods, as we shall see,
(2) presents an exactly similar problem; and on that account, since
a name has already been given to (1), we shall say that plane-
harmonic equations are typified by the more general equation (2).

35. Equation (2) is identical in form with (41) of §19, and the
argument of that section shows that its finite-difference approxima-

tion is 1
Wa, (w)— wo+ Z =0 (3)
when N = 3 or 4 (i.e. when the ‘net’ is hexagonal or square), or
1
v S|y 2o+ v 0 ()

when the net is triangular (N = 6). The notation was explained in
§ 16; the suffix 0 defines the nodal point.

Later we shall show by examples (cf. § 37) that a governing equa-
tion, though expressed in ‘dimensional’ terms, can always be thrown
into ‘non-dimensional’ (i.e. purely numerical) form. This is an
essential preliminary to computation, which (in the nature of the case)
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can only deal with numerical quantities. We assume it to have been
done for (1) and (2)—i.e. that z, y, Z, ¢, w, in those equations, are
purely numerical: then, in (3) or (4), @, w, Z, and V2Z are similarly
numerical.

Prandtl’s ‘membrane analogue’ of the plane-harmonic equa-
tion

36. For solving (1) or (2) as relating to certain problems in Elasti-
city, extensive use has been made of an analogue due to Prandtl
(Elasticity, §§ 386—7) which gives them a mechanical interpretation.
Consider a continuous membrane (e.g. a soap film) which at every
point, and in every direction, has uniform tension 7' per unit length.t
Let it be pictured as weightless and initially flat, and let w (a func-
tion of x and y) denote its transverse displacement from this flat
configuration due to an applied transverse pressure p (also a function
of z and y). Then, on account of w, at any point of a chosen contour
the membrane will exert a transverse force having line-intensity
T sin{tan~1(0w/ov)},—i.e., when w is infinitesimal, 7'(éw/év). Here (cf.
Fig. 5, § 26) v denotes the outward-drawn normal to the contour,
80 Ow[dv measures the normal gradient of w.

For equilibrium, the total force exerted on that part of the mem-
brane which lies within the contour (i) by the applied pressure p and
(ii) by the outer parts of the membrane must (since the membrane
is weightless) be zero. The first part (i) is measured by f f p dxdy,

the second (in view of what has been said above) by f§ T %Z—} ds:

consequently (7' being constant) we have

ow , -
ffpdxdy +Tf§»5; ds =: 0,

and applying Green’s transformation to the contour integral we

deduce that
ff (p+TV?*w) daedy = 0

when the surface-integration extends to the whole of the area within
the contour. But no restriction has been imposed upon the size and
shape of this contour: therefore the equation

V2uw--p/T = 0 (5)
must hold at every point in the membrane,—i.e. it governs this
mechanical system. In form it is identical with (2).

T In the soap-film 7' comes from the surface-tension on both faces.
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37. Writing z=D.2, y=D.y, (6)
we can convert equation (5) to

_Pw ®w  pD?

V2w -+

SaitarT T
or to V' = —L)TQ = —2Z' (say) (7)
if in addition we write w=w.D, (8)

so that w’, like 2" and y’, is purely numerical. D denotes some repre-
sentative dimension fixing the size as contrasted with the shape of
the boundary. Since p.D? and 7'.D both have the dimensions of a
force, Z’ is also numerical and so (7) involves only numerical
quantities. With suppression of the dashes (i.e. when z, y, w, Z have
purely numerical significance) it again becomes identical with (2).

A corresponding ‘net analogue’ of the finite-difference ap-

proximation .

38. Thus (2) can be interpreted as governing the small transverse
displacement (w) of a transversely loaded membrane, whether z, v,
w, Z stand for ‘dimensional’ or for purely numerical quantities. We
now interpret (3) and (4) similarly, as governing the small transverse
displacement of a transversely loaded net.

Suppose that Figs. 1 (§ 5) represent real nets of mesh-side a in
which every string exerts a tension T and so (by symmetry) every
node is in equilibrium when the net is flat; and let w stand for the
transverse displacement from this flat configuration which occurs as
the result of transverse loading. Then, in the deflected net, the string
joining nodal points 0 and 1 (say) will exert on 0 a transverse force

T sin{tan—l (’ﬂ%ﬂ)},~i.e., when the w’s are infinitesimal, g(wl——'wo);

and it follows from the definition of ¥ (w) in §16 that
a,N

By = 2[5 (w)—a) ®)

measures the total force exerted on 0 by the N strings which radiate
from it.

If now we denote by F, the external (transverse) load applied at
0, then F, — Fyt-F, = 0 (10)
1 §§ 38-11 are based on §§ 7-10 of Ref. 13.
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is the condition for transverse equilibrium of 0, i.e. it is one con-
dition of equilibrium for the loaded net; and its form can be identified
with (3) or (4) provided that

2
Fo= ETN%Z" when N = 3 or 4,

11

~TN[% 2,4+ Z(v22),], when N —s6. o
a | 47°" 64 op

This is the more realistic picture of ‘relaxation nets’ which was

forecast in § 5. Just as, in § 36, equation (2) was shown to govern the

small transverse displacements imposed on a membrane of tension

T by a transverse pressure
p=T.Z(x,y), (12)

80 (3) or (4), multiplied through by N'T/a, have now been shown to
govern the small transverse displacements imposed on a net of string-
tension T by transverse forces applied at the nodal points and given
at a typical node 0 by (11). The membrane is not amenable to com-
putation, which can only deal with systems of finite ‘freedom’: the
net provides such a system, and it will, if chosen to ‘correspond’,
closely reproduce the deflexions of the membrane.

We proceed to examine the conditions of such ‘correspondence’—
i.e. to relate the string tension T with the tension 7' of the corre-
sponding membrane. Thereby we shall explain the different forms
assumed by the expression (11) for F,, according as N = 4 or 6.

39. Clearly, if a distributed loading is to be brought to bear upon
a net of finite mesh, and in such a way that every string connecting
two adjacent nodes will remain straight when the net is deflected,
some mechanism must be envisaged for effecting the distribution,
e.g. a light rigid plate having the shape of the mesh and suspended
from its nodal corners by inextensible ties.t Suppose in the first
place that the mesh is trjangular (N = 6) and that a concentrated
force Z acts vertically through the point P of the rigid plate OA B
(Fig. 8). Then the part of Z which on statical principles has to

be sustained by O is Z'%%’ ie. it is Z(l—;), where d = }a+v3.
Dealing in this manner with the pressure-intensity 7'.Z over the

1 Or furnished with feet which bear upon the nodal points.
3837.13 D
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whole of 04 B, we see that the total contribution of the pressures
on this triangle to the force at O is

T f f Z(l ——g) dxdy, for the whole triangle O4A B (i)

and if in the manner of § 15 (Chap. I) we now assume Z to be repre-
sentable by a polynomial function of x and y, so that

Z = Zy+}(V2Z)o(xt+y?) + Ax+ By + F(x?—y?) 4 2Gry+
+...(terms of higher order in z, y), (ii)

74 ‘
N1, AN
Fic. 8

then, to the order of the terms retained in (ii), we have in (i)

f [ (1 _g)z dady — (area OAB)X
X [§ 2o+ BAd+§Pd( =)+ (V2 Z)od2(1 ). (i)
For axes Oz’, Oy’ inclined at 8 to Ox, Oy, so that
x = x' cosf—y’sin b, y = z'sin 04y cos b,
the expression (ii) becomes
Z = Zy+ H(V22)(a 2y D)+
+(4 cos 8+ Bsin 8)x’4- (B cos §—.4 sin )y’
+(F cos 20+ G sin 20)(x'>—y'?)+-
+2(@ cos 20— F sin 20)x'y’+
+...(terms of higher order in 2’ and ¥');

so for the triangular mesh OBC adjacent to O4B in Fig. 8 (ie. a
triangle like OAB but rotated through m/3) the expression corre-
sponding with (iii) is

1 1 T .
(area OAB) X [§Z°+E(A cosg-{- Bs1n§)d+

8 2 .2 1
+ 90 (F cos-%-}- G sin —371) d? 4 3G (V2Z), dz].
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The other four triangles surrounding O can be treated similarly.
Summing the contributions of all six triangles, we find that the terms
involving 4, B, F, ¢ sum to zero, leaving

T'x (area OA B) X 2[Zy+(V3Z),d?] (iv)
as the total force which, according to (i), comes on the nodal point O.
Since 4d2 = 3a?, and since the area OAB = -Ygaz, the expression (iv)

may be written as

V3a? a? _,
Fo= T30 2 5200 2, ™)
and this (for N = 6) agrees with F as given by the second of (11),
provided that T = aTV3
= a7 tann/N, (13)

—i.e. provided that we concentrate in the string OB (Fig. 8) the whole
Sorce which in the membrane was exerted by the tension T' acting across
the line kl == (OB)tan=/N. (On our assumption (12) of a transverse
pressure proportional to the membrane tension 7', it was evident
that the magnitude of 7' would be immaterial.)

40. We saw in § 38 that (10), when (9) and the second of (11) are
satisfied, becomes identical with (4) and expresses the condition of
equilibrium for any node O of a loaded triahgular net: now, we have
found the conditions for correspondence of this net with the ‘Prandtl
membrane’ which (§ 36) provides a mechanical analogue of our start-
ing (and exact) equation (2). Correspondence is attained when

(i) every string tension T has a value equivalent to the resultant
pull of the membrane tension 7' across a side (atan=/N) of the
hexagon surrounding that point,

(ii) the transverse pressure (1'.Z) is concentrated at nodal points
in accordance with the principles of Statics.

But when the mesh is square or hexagonal (N = 4 or 3), statical
principles no longer suffice to determine the partition of the trans-
verse pressure between adjacent nodal points, and the best that we
can do is to concentrate at O (Fig. 9) the whole of the pressure
acting on the surrounding polygon abe...a. On that understanding

the total pressure force at O is
a_a, w ™
Fo= TZ,X (area abc...a) = T Z;x N(E X —étan:\}) = }NZ,Ta? tan-ﬁ.

(i)
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If, moreover, (as before) we concentrate in each string the total
force exerted by the membrane tension 7' acting across a side of the
polygon abc...a, then we have

T = a7 tan=/N, (13) bis
as in § 39, and equation (i) becomes identical with the first of (11),

—i.e., the square or hexagonal net is made (like the triangular) to
correspond with the Prandtl membrane.

br--}---a
1ol |
1 ]
ci----id
N=3 N=4
Fra. 9

41. The factor T/a, in (9) and (11), cancels out from (10) and
accordingly is immaterial. For simplicity we may make it unity,
and then we have as the final form of our condition of equilibrium

Fy,= Fy+1F =0, (10) bes

where F,, the externally applied load,

a?
zN;ZO, when N = 3 or 4,

" o (14)
= N[z Z0+a(V2Z)°], when N = 6,
and where F;, the force due to the displacements w,
= > (w)—Nw,, (15)
aN
whether N = 3 or 4 or 6. Our simplifying assumption
T=a
requires, according to (13), that (16)
T = cotm/N

in the membrane analogue. We shall need this result when we come
(§ 70) to consider that case of the plane-potential problem in which
boundary gradients are specified.
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Introduction of the concepts of the Relaxation Method

42. Having this mechanical picture of the finite-difference rela-
tions (3) and (4), we can visualize our problem as that of determining
the behaviour of a chosen net under specified transverse loading
and with specified conditions imposed at the boundary. We have
transformed our problem into one of the kind for which Relaxation
Methods were first devised, and on that account we can utilize
immediately many of the arguments and results of Rel. Meth. E. S.

Thus we can at once predict that computations effected by the
relaxation method will converge, because we know that the net when
n equilibrium assumes a configuration of minimum total potential
energy. We can utilize the devices of ‘block’ and of ‘group relaxa-
tion’ (Rel. Meth. E. S., Chap. IV) to speed the ‘liquidation’ process.
Intuitively we can estimate the accuracy with which a net of finite
mesh will reproduce the behaviour of a continuous membrane, and
the extent to which that accuracy can be improved by ‘advance to
a finer net’ (§ 5). This last device we visualize as a use of additional
strings (making for reduced mesh-size) either throughout the net or
in a region where the displacements alter sharply.

43. We take over en bloc from Rel. Meth. E. S. its nomenclature,
typographic symbolism, and general picture of the liquidation pro-
cess. What follows is part of Rel. Meth. E. S., §§ 2—4, altered so as
to apply to a loaded net instead of a loaded framework.

‘We follow in computation a physical procedure which could (at least in
imagination) be applied to an actual net. . . . The ordinary ‘‘screw-jack’ (e.g.
for automobiles) is & means whereby a controlled displacement may be imposed
at any desired point: it is easy to imagine devices whereby the displacement
may be recorded, together with the load sustained at any instant; also to
visualize an arrangement in which every nodal point of the net which would
normally be free to move is provided with a jack of this kind (hereafter termed
a constraint), arranged so as to control its displacement. . . . Suppose that
initially the nodal points are fixed in positions such that the net is not deflected :
then, when the concentrated external loads are applied, these will be taken
wholly by constraints. Suppose that subsequently one constraint is relaxed
so that one nodal point is permitted to travel slowlyt through a specified
distance . . .: then force will be transferred from that constraint to adjacent
constraints and to the net, and strain-energy will be stored in the latter in
virtue of the tensions in its strings. If the initial force on the relaxed constraint
had a component in the direction of the travel, that constraint will be relieved,
and strain-energy will be stored at the expense of the potential energy of the

1 So that equilibrium is maintained, and vibrations are not excited.
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external forces. All nodal points but the ono being fixed, a simple calculation
will tell us how much forco is transferred as a result of any specified displace-
ment; therefore we can so adjust tho displacement that the constramnt s
relieved either entirely or to any desired extent.t

44. Equation (10), § 41, expresses the concept mathematically,
F, standing for the force which comes upon the constraint at O.
We know the external forces (of type F,), and we seek by altering
the displacements (w) to bring all of the F’s to zero. It is the essence
of Relaxation Methods that they focus attention not on the wanted
quantities (i.e. the displacements) but on the datum quantities (i.e. the
loads):1 they do so by accounting for the F’s, which we term residual
forces since they measure the loads not yet accounted for.

From (15) we can determine, once for all, the effects of a ‘unit
operation’—in this instance the imposition of a unit displacement
at a single nodal point; then by a sequence of such operations—in
some degree arbitrary, but guided by certain basic principles-—we
can liquidate the residual forces, i.e. bring them (sensibly) to zero.
Any initial values can be attached to the displacements, and the
corresponding residual forces can be calculated from (10), (14), and
(15). The better the starting assumption, the less will be the labour
of their subsequent liquidation.

The ‘relaxation pattern’
45. According to (15), for all values of N the effect on F, of a unit
increase in w, is an increment
AF, = AF, (F, being specified and therefore invariant)
= —N, (1)

t Alternatively the relaxational procedure can be interpreted geometrically, as in
papers by . Temple (Ref. 11), R. E. (iaskell (Ref. 3), and J. L. Syngo (Ref. 10). In
a valley devoid of friction the place at which a ball will come to rest 1s 1ts lowest
point: that point is the ‘wanted configuration’ in a system defined by two variables—
2 (east and west) and y (north and south). Procecding in accordance with Relaxation
Methods, we start from anywhere and proceed by ‘stages’: sometimes east and west,
sometimes north and south; but always proceeding downhill, and in every stage
continuing until our path is level. (Slope is here the analogue of ‘residual force’;
friction will give a ‘margin of uncertainty’.) Clearly we shall tend always towards
our goal unless the valley contains other ‘stationary points’ at which all paths are
level; but this would mean that more than one point exists at which a ball can
come to rest, and that possibility (in mechanical systems) can usually be excluded by a
theorem of ‘uniqueness of solution’.

No restriction other than this is imposed on the shape of the valley ; i.e. the argu-
ment does not postulate that the total potential energy is a quadratic function of the
displacements. Consequently it is not restricted to linear equations,—all that it
requires is that the wanted configuration shall be unique.

t Cf. Rel. Meth. E. 8., § 266.
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and from the same equation, applied to any of the points immediately
surrounding O, we see that it also results in increments

AF, = AF, = AF; = ... = 1. (i)

Each string, in effect, transfers a unit force from O fto its other end
point, as the result of a unit increment made to w at O.

Thus the ‘unit operation’ for a net is very simple: by imposing
unit displacement at O, we alter the residual forces at O and at
surrounding points by amounts which are exhibited in Fig. 10 for

Sqtjﬁ%yet

Fia. 10. Relaxation Patterns.

N =3, 4, or 6. Such diagrams are termed relaxation patterns.
They replace the ‘Operations Tables’ of Rel. Meth. E. S.

Using the ‘pattern’ appropriate to the chosen net, and working
not with a ‘Relaxation Table’ but on the net itself, by a sequence of
unit operations combined with suitable multipliers we can bring
successively (and temporarily) to zero the largest ‘residual forces’
(of type Fy). In the first and simplest class of plane-potential problem
(which alone is exemplified in this chapter) w is specified on the
boundary, therefore must not there be altered; but residual forces are
perniitted at the boundary, so our task will be ended when all residuals
have been brought (sensibly) to zero at internal points.

Details will be best explained in relation to a particular example.

The torsion problem of Saint-Venant

46. An equation of type (2) is presented in de Saint-Venant’s
well-known theory of the stresses induced by twisiing couples in
straight bars of non-circular cross-section. There (cf., e.g., Elasticity,
§ 386) the shearing stresses acting on cross-sections are expressed in
terms of a ‘stress-function’ ¥ which has a constant value on the
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boundary (or on each closed boundary, in the case of ‘multiply-
connected’ sections), and which satisfies the condition

Vi SN S
V2 = —2 17
V=gt P (17)
at every internal point. Comparing (17) with (2), § 34, we see that
it is a special case of that equation in which Z(z,y) is independent
of x and y.
z being directed along the axis of the twisting couples, the stress-

components X, Y,, Z,, X, are zero everywhere, and

Y, = —prl X, — Y

ox oy

r denoting the angle of twist per unit length—a quantity of dimen-
sions [L]-1. p denotes the modulus of rigidity—a quantity of the
same dimensions as Y,, Z,: consequently ¥ has the dimensions
[L]2, so that by using D to denote some representative length in

the cross-section (e.g. when this is square, the length of a side), and

(18)

by writing ¥ — D2y,
we make y purely numerical. Writing also
z=D.x, y=D.y, (19)
so that 2/, y’ are also numerical, we may substitute in (17) to obtain
V'2y —_ 9 2
ax12+ ale ? ( 0)

—an equation similar in form, but involving only numerical quan-
tities.

This treatment exemplifies the remark made in § 35, that it is
always possible snitially to reduce the governing equation to ‘non-
dimensional’ form. As explained in Elasticity, § 189, it has the
advantage that solutions of the reduced equation will apply without
restriction on the size (as distinct from the shape) of the twisted bar.

In § 41, equation (2) was replaced by finite-difference relations
stated in (10), (14), and (15). Here, x replaces w, and Z(z,y) has
a uniform value 2; so (14) reduces to

0__N * 7, — }Na?, (21)

whether N = 3 or 4 or 6 (i.e. in relation either to hexagonal, square,
or triangular nets). In (21), @ is a ‘non-dimensional’, like 2" and y'".
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Example I: The torsion problem for an equilateral trianglet

47. To make the problem definite, y must have specified values
at all points on the boundary. In the torsion problem for a solid
section (cf. § 46), ¥ must have a constant value along the boundary,
and it can be shown (Elasticity, § 390) that no generality is lost by
making this value zero. In illustration of Relaxation Methods we

Y
A

N

Fic. 11

now attack, on the basis of the approximate relation (4), the torsion
problem for a section having the form of an equilateral triangle.

This form is chosen, first, as entailing computations less com-
plicated by detail than is usual, and secondly, as having a known
(exact) solution by which our results may be judged. Clearly the
function

x = &(2V32'4-1)(V32'— 3y’ —1)(V32'-+3y'—1) |

satisfies (20) and vanishes when either

Dyt D , 22
=Dl = — 5o (22)
P D
or xiy~/3=D(xiy\/3)=V§,

—i.e. on every side (of length D) of the equilateral triangle in Fig. 11.

48. The shape of the boundary suggests the use in this instance
of a triangular net (N = 6) and the taking of D to denote the length

t §§ 47-51 are based on Section IT (§§ 14-18) of Ref. 2.



50 PLANE-POTENTIAL PROBLEMS [11. 48

of a side. In the coarsest net which is convenient a has the value }
Fig. 12); consequentl .
(Fig. 12) quently Fy—1 M)

according to (21), and the appropriate relaxation pattern is that
shown in Fig. 10c.

Fia. 12

There is only one internal node, namely the centre O; and it is
only at internal nodes that (10) must be satisfied. Clearly, we can
lignidate F, by imposing on O a displacement

Xo = 3Fy = & according to (i), (23)
and comparing with (22) we see that this computed value for the
point (0, 0) is exact. The reason of this exceptional result is explained
in § 51.

‘Advance to a finer net’
49. If we would determine x at other points in the section, we
must have recourse to the device (§ 5) of ‘advance to a finer net’.
Consider the triangular mesh Oab in Fig. 12, and let its centroid
be designated by c. Since O, a, b are grouped symmetrically round
¢ at a distance 1 D

B 3
the formulae of § 41, with N = 3, a == 1/(3¥3), will give a value for
the residual force at c. We have from (21)

F _3a®> 1
T2 T8
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and from (15)
F, = Xot Xt X0 3% = s +0+0—3x.
Therefore F, = (2—54y,),
and will vanish if Xo = 27+ (24)
From considerations of symmetry we see that y must have the

same value at d, e, f, g, and h, Fig. 12; and by similar reasoning we

ded that
educe tha Xk = Xt = Xm = "512' (25)

Consequently we have values of x which may be used as starting
assumptions in relation to a triangular net of mesh-side @ = 1/(3v3).
From (21), with N given (when this is possible) the value 6, we can
deduce initial values of the residual forces; and these we can proceed
to liquidate as before.

50. Alternatively, since for d, f, &, k, I, m, Fig. 12, the data do
not permit us to relax with N = 6 (because there are not six
surrounding nodes at which x is known), we may there postpone
liquidation until—by a repetition of the foregoing process—trial
values have been deduced for a third and still finer net in which
@ has the value 1/9. The reader will bave no difficulty in verifying
that the trial values of y, and the consequent residuals, are correctly
given by the figures to left and right, respectively, of nodal points
in Fig. 13a.T Regarded as a deduction from Fig. 12, that diagram
illustrates what may be termed two-stage advance to a finer net.

Example I (concluded)

51. In Fig. 135 these trial displacements and residuals, multiplied
by 486 to avoid fractions, are shown to left and right of nodal points,
and the process of final liquidation is recorded. Thus an imposed
displacement —2 at @ brings the residual (—12) at that point to zero
and makes an addition —2 to the residual at every surrounding
point: we are not concerned with residuals at the boundary, so the
only change recorded is a change of the residual at b from 0 to —2.
The imposition of a displacement +2 at ¢ brings the residual there
to zero, also the (altered) residual (—2) at b; and it adds +2 to the
residuals at d and e. These, together with the residual —12 at f, are
all brought to zero simultaneously by imposition of a displacement
—2 at f.

1 N has been taken as 3 1n the deduction of trial values, as 6 in the caleulation of
residunls,
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The system here adopted in recording residuals (namely, insertion
of the altered above the original value) is standard practice also
exemplified in Fig. 20. Usually (as in that diagram) several displace-
ments have to be imposed and recorded to the left of nodal points:
their summation is left until liguidation is deemed complete.

The final (summed) displacements of Fig. 13b, divided by the
multiplying factor (486) which was introduced above, are recorded

A \

@ b ©
No multiplier Muitiplier 486 No multiplier

Fic. 13

in Fig. 13¢c. They agree exactly with (22) of § 47. This (cf. § 48) is
an unusual circumstance: normally we must be content to reduce
the residual forces to some small fraction (c.g. 1 per cent.) of the
greatest of their starting values, and even when they can be com-
pletely liquidated the displacements, on account of errors implicit in
the finite-difference approximations, are not correct.

The reason why a correct result has been obtained in this instance
is that the exact solution (22) is in fact a polynomial of the third
degree. Consequently #, in (23) of §15, has no value greater than
3; and hence on the right of (29), § 16, all terms vanish when N = 6
except Ay(a), which has the form ¢,+c,72. This means that when
N = 6 all termis except the first vanish on the right of (36), §17,
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and (39) accordingly is exact. When N = 3, (38)is in error on account
of our neglect of Ay(a) in (29).F

General discussion of ‘advance to a finer net’

52. Reverting to § 50, where ‘two-stage advance’ was found con-
venient in relation to nets of triangular mesh, we now consider the
same device in relation to hexagonal or square nets (N = 3 or 4).

For N = 3, having determined the wanted function at nodal
points of the net depicted by bold lines in Fig. 14, we may use (14)
and (15) in association with (10), with N = 6, to determine it at the
centre of each hexagon. Adding the ‘strings’ depicted by broken
lines in Fig. 14, we have a value of the wanted function at every
nodal point of a triangular net of the same mesh-side a as before,
and the residual forces are zero at the centres of the original hexagons.
Again using the same relations, we can calculate the residual torces
at the corners of the hexagons (open circles in Fig. 14); and these
we can then proceed to liquidate on the triangular net.

Alternatively we can make a ‘two-stage advance’ by using (14)
and (15), with N = 3, to compute the wanted function at the points
indicated by black dots in Fig. 14. These can be joined, as shown

1 The expression (22), §47, is equivalent to
x = % {1 —9r2+6+3r% cos 36}
when 2’ = rcosf, y" = rsin@. Thus A,(a) # 0.
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by fine lines, to form a second hexagonal net in which @ has been
reduced (compared with the first) in the ratio 1: 3. By this pro-
cedure we continue to work with N = 3; but its slight advantage
in respect of simplification is offset by the disadvantages (i) that the
two nets have no common nodal point, (ii) that the residual forces
(not yet computed) will not, in general, vanish at any node initially.

| |

Fic. 15

Hexagonal nets have been considered here as a theoretical possibility:
they have not as yet been utilized wn published resewrches.

53. Square nets, on the other hand, have advantages which in
some cases outweigh the less close approximation of which they are
capable, compared with triangular nets (N = 6). We shall meet
examples later.

Having values of the wanted function at nodal points of the net
depicted by bold lines in Fig. 15, we can use (14) and (15) with
N = 4 and a reduced in the ratio 1:+2, first to find its values at
mesh-centres as indicated by crosses in Fig. 15, and then (with ¢ again
reduced in the same ratio as before—i.e. to }) to determine values at
the centres of the mesh-sides. Thereby we arrive by a ‘two-stage
advance’ at values for all nodal points of a second square twice as
fine as the original ; and for some nodes (viz. those indicated by black
dots in Fig. 15) the initial values of the residual forces will be zero.
We work throughout with N = 4.
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‘Block relaxation’

54. In Example I the basic operation (entailing use of the ‘relaxa-
tion pattern’ of Fig. 10¢) led quickly to complete liquidation of
residual forces: normally the convergence of the computations,
though demonstrable mathematically (§ 42), is much less rapid and
may be too slow to have practical value. Accordingly we now
examine the possibility of ‘block relaxation’ on the lines of Rel. Meth.
E. 8., Chapter 1IV.

Suppose that we connect a group of nodes, arbitrarily chosen, to
a flat and rigid plate, of negligible weight, which constrains them all
to undergo the same deflexion w. Then, except at points outside the
plate, the net remains flat and in consequence the residuals are not
altered. If, moreover, (by constraints of normal type) we prevent
displacement of points outside the plate, then the only strings of
which the ends undergo differential displacements are those strings
(indicated by bold lines in Figs. 16) which connect these fixed points
to edge points of the plate. For unit deflexion, according to § 45,
each string exerts a force -}-1 at its fixed end and a force —1 at its
end which is moved.

It is thus an easy matter to investigate the effect of a unit block-
displacement (w = 1) of the type considered, and so to liquidate the
resultant of the residual forces on the plate. We have only to count
the strings which join fixed and moving points; for if the number
of these is n, then a unit block-displacement will transfer a resultant
force n away from the plate. Every nodal point which is attached
to the plate (e.g. those falling within the shaded areas in Figs. 16)
will undergo the unit displacement, and every connecting (bold line)
string will alter the resultant force on the plate by an amount —1.
Choosing w so that the resultant is completely liquidated, we shall
leave (in the region of the plate) residual forces which are self-
equilibrating and as such lend themselves more readily to liquidation
effected by point-relaxations of the normal kind.

Fig. 16a rclates to a square, Fig. 16b to a triangular net. The
numerals in circles show the increments to the residuals which result
from unit block-displacement of the shaded area.

55. We can choose the shaded area in any way we like, and we
can alternate sequences of block-displacement with sequences of
point-relaxation. Thus in Fig. 17a we can move successively the
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shaded areas which are denoted by I and IT. For I, the initial value
of the resultant residual force is 89-4 and n (§ 54) = 28, consequently
an appropriate value for w is 89-4/28 = 3-19; for II, the resultant
residual force is 8:8 and n = 16, consequently an appropriate value

Fia. 16b

for w is 8:8/16 = 0-55: accordingly we move I by 319 and II by
374 (= 3-19-40-55). When these two block-relaxations have been
effected, the residual forces at points in the shaded areas are as
shown in Fig. 17 b. By further point-relaxations based on § 45, followed
by further block-relaxations determined as above, they are brought to
the negligible values shown (to the right of the nodal points) in Fig.
17¢.t The final displacements are shown to left of the nodal points.

t The complete sequonce of operations is not recorded, because it is of great
importance that the reader should convince himself of hus ability to liquidate
residuals by standard processes applied in any sequence which his own judgement
deems to be appropriate.
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Diagrams of the kind of Fig. 17c¢ replace, in this book, the
tabular records (Relaxation Tables) of Rel. Meth. E. 8. Usually
their final entries entail some ‘residuals’, therefore are not exact
solutions even of the finite-difference relations. They are solutions
judged to be sufficiently exact, and as such will be termed accepted
solutions.

‘Group relaxation’

56. The rigid plate of § 54 need not (as there) be assumed to move
perpendicularly to its own plane, so as to undergo the same displace-
ment W at every point: we can equally imagine it to execute a block
rotation (Rel. Meth. E. 8., § 78) whereby some of its points move
with, others against, the direction Oz. Whatever the nature of its
rigid-body displacement, when this is given we can deduce the dis-
placement of every nodal point and hence (cf. § 54) the forces exerted
by each string which joins a moved nodal point with a fixed; so we
can liquidate not only the resultant force sustained by the rigid plate,
but the resultant moment about any line of nodal points. Clearly,
three independent rigid-body displacements can be imposed upon
the shaded areas of Figs. 16.

In fact, as in Rel. Meth. E. S. (§ 84) we can discard the notion
of a rigid connexion between the points which are moved, and impose
a group displacement in which arbitrary values are assigned to the
relative displacements of some chosen set of nodal points, with con-
sequences that can be calculated from the basic formulae. *. .. We
often know intuitively . . . the main features of the distortion which
we are seeking to determine, and usually it will be worth while to
capitalize this knowledge in the form of new operations . . .’
Examples will appear in subsequent chapters.

57. Again, it can happen in an ‘advance to a finer net’ that
although the residual forces on the coarser net were insignificant,
those on the finer net (calculated initially in the manner of §§ 49-50)
not only have sensible values individually, but a sensible resultant.
In such cases it may be worth while to multiply all of the calculated
(starting) displacements by some constant factor, chosen so as to
liquidate the resultant force on the new (i.e. finer) net. The multi-
plication amounts, in effect, to the imposition of a group-displace-
ment based on previous computation.
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Example II: the torsion problem for a bar of solid rectangular
cross-section
58. Fig. 18 records a solution (by Miss G. Vaisey) of the torsion
problem for a rectangular boundary. The reader may work this as
an example: a square net (N = 4) is appropriate, and computation
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Fic. 18. The torsion problem solved for a rectangular section. (G. Vaisey)

should be done ab initio in accordance with the directions of this
chapter, block or group relaxations being used as may seem desirable.
The recorded numbers are values of x (§46) multiplied by 7200,
where D (§ 37) denotes the length of the shorter side, so thata = 1/12.
The curves are contours of constant y—i.e. of constant ¥': it can be
shown to follow from (18) of §46 that they have at every point the
direction of the resultant shear stress due to torsion, and that the
closeness of their spacing is a measure of its intensity.
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Example III: the torsion problem for a hollow square section

Fig. 19 records, similarly, x-values for a hollow square computed
by Mr. F. S. Shaw (Ref. 9). This example too may be worked by
the reader in accordance with the directions of this chapter if, dis-
regarding the radius at the inner corner, he assumes y to be specified
on {wo square boundaries. (On the outer boundary x = 0, and on
the inner boundary x = 1210: disregarding the radius, he should
accept the values 1149, 1033 at the resulting sharp corner.) In
Fig. 19, a has the value 1/20, and all x-values have been multiplied by
800. The curves are contours of constant shear-intensity—i.e. on each
S has a constant value, where

8= Y% 472 (26)
and Y, Z, have the expressions (18), § 46.

RESUME

59. In this chapter, starting from the finite-difference relations
which were developed in Chapter I, we have described some parts
of a technique whereby those relations (constituting an extensive
system of linear simultaneous equations) can be solved as exactly
as practical requirements may demand. Our illustrative examples
have been taken from de Saint-Venant’s theory of torsion: they
are generally representative of the simplest type of plane-potential
problem, in which Poisson’s equation (2) (including Laplace’s equa-
tion as a special case) has to be satisfied in combination with
boundary conditions which impose values on the wanted function
(not on its gradient, as in examples which will be confronted later);
but they are unrepresentative in that (when the net is suitably
chosen) lines of nodal points fall exactly on the boundary. Usually
we shall be concerned with ‘irregular stars’—a complicating factor
which will receive attention in Chapter III.

The essence of our discussion is a mechanical (‘net’) analogy which
permits the introduction of ideas developed previously—i.e. the basic
notions of the Relaxation Method.} Instead of attacking by ortho-
dox methods a set of simultaneous equations expressed in terms of
the wanted quantities (i.e. displacements), we study the effects
of standard ‘operations’ upon ‘residual forces’ which, since they

t Other analogies can be developed, e.g. transmission of heat or electricity
through a network of uniform conductors. Cf. (e.g.) H. W. Emmons, Quart. J. App.
Math., 2 (1944), 173-95.
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constitute errors, have to be brought to zero, or ‘liquidated’. This
transformation of the problem is the essence of Relaxation Methods,
and the basis of every solution described in later chapters. Other
investigators have either dealt directly with simultaneous equations
formulated explicitly (Refs. 3, 6, 12), or have replaced these by equi-
valent geometrical relations which they proceed to satisfy by freehand
sketching improved successively either ‘by eye’ or by a use of some
analytical criterion (Refs. 1, 4, 5, 7).

Thom has come nearest to employing a relaxation method. In his
paper (Ref. 12) dealing with Laplace’s equation (Z = 0), he begins
by attaching plausible values to the wanted function w at nodal
points of his (square-mesh) net, and thereafter systematically modifies
these values so as to satisfy the equation

w= *2;(“” (27)

at every point in turn: in time the modifications become inappre-
ciable, and then the process is stopped. Equation (27) being identical
with (3) when Z = 0, N = 4, his iterative process may be regarded
as an application of Relaxation Methods whereby at every step he
(temporarily) relieves some particular constraint of the residual force
which it previously sustained.

Practical aspects of the liquidation process

60. Our aim has been to present the relaxation technique in a way
which will convince the reader of its logical validity. But assurance
of its validity in practice can come only by actual trial, which should
be made before extensions are considered: therefore some account
will be appropriate here of experience gained in actual computation.
What follows is based on notes supplied by three research students
who have applied the technique to numerous problems and have
contributed largely to its development.t It should be studied before
the examples are attempted, notwithstanding that in some respects
(e.g. in its reference to ‘irregular stars’) it goes beyond the scope of
this chapter; and it should again be studied after subsequent chapters
have been assimilated, when the significance of its details will be
more apparent.

(i) First, full advantage shouid be taken of the net analogy (§ 38),
whereby the main features of the wanted solution can be foreseen

t Messrs. L. Fox, J. R. Green, and F. S. Shaw.
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intuitively. Any assumption will serve at starting, because the re-
laxation technique will in time eliminate any error; but a close
assumption will greatly reduce the labour of subsequent correction,
so time spent in preliminary thinking is seldom wasted. It should
be remembered that a ‘net’, however fine, will blur the finer detail
of the ‘membrane deflexion’: one of the first questions for decision
is the fineness of the ultimate net—i.e. that net beyond which no
further advance will be attempted.

(ii) When this fineness has been decided, the boundary should be
drawn on tracing-paper to a size such that the ultimate meshes have
sides of about 1 inch:} thereby sufficient space will be left on the
finest net for numerical computations which have to be recorded
near each node, and more space on the coarser (preliminary) nets,
where usually the computations will be more lengthy. Whether a
square or triangular net is more suitable depends, inter alia, upon
the shape of the boundary. Coarser (preliminary) nets can be con-
structed as required, on other sheets laid over the original tracing:
on them it will be sufficient to sketch the boundary roughly,—much
more important is a fairly accurate measurement of the arms of their
‘irregular stars’ (§ 62), and in this the original (and accurate) drawing
of the boundary will be helpful. For each successive net, at starting,
initial values of the residual forces should be computed accurately
(cf. § 41).

(iii) It has become customary to record displacements just to the
left of nodal points, residual forces just to the right. Fig. 20 shows
the progress of a typical computation on a triangular net. The largest
initial ‘residual’ (namely, 253 at a) suggested the imposition of a
‘displacement’ +42 (namely, 253/6 to the nearest whole number)
which is recorded on the left of @, and this ‘point-relaxation’ entails
additions of 42 to each of the six residuals surrounding a, also an
addition — 252 to the residual force at a. These changes are recorded
to the right of the points affected, not as increments but as revised
values of the residuals (the old values have been struck out}).

(iv) Since decimal points entail a possibility of error, at starting
the residuals may with advantage be multiplied by a numerical
factor so chosen that any fraction of unity (in residuals so multiplied)

+ The ‘net’ and the boundary (which must not be erased) should be drawn either
in ink or on the reverse of the tracing paper.
t This is not normal practice.
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denotes a quantity deemed to be negligible.t Further multiplication
may be effected at each advance to a finer net, when the residuals
have been reduced in magnitude and so smaller quantities remain to
be liquidated. Since neglected quantities may accumulate (and to
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Fia. 20. Progroess of a typical computation.
eliminate possible errors of computation), it will be prudent at each
advance to calculate residuals afresh, and accurately, from the re-
corded total ‘displacements’. To this end a calculating machine (e.g.
‘Facit’ or ‘Brunsviga 15’ or ‘20’) is desirable.

The accuracy required in any problem should be decided by physi-
cal considerations—i.e. by the reliability of the data. Later we shall
consider problems in which differentials of the wanted function give
the required solution: then a higher standard of accuracy is demanded
(e.g. if second differentials are required to have an accuracy of 1 per
cent., four-figure accuracy may be necessary in the ‘displacements’).

1 Such multiplication has been exemplified in § 58.
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(v) To explain every detail of a practical technique is to risk an
appearance of complexity and difficulty which may repel the reader:f
only by actual trial will he come to realize that this process is not
difficult and that the return for a morning’s work is a sense of high
satisfaction. A beginner is advised to work some simple problem
twice,—first by systematic advance from coarse to finer nets,
secondly by starting on the finest net, with frequent use of ‘block
relaxation’. Thereby he will learn that two alternative lines of attack
are open: the second appeals more strongly as experience accu-
mulates. In both, when any displacement greater than } would make
some residual greater, liquidation may be deemed complete.

This standpoint has been adopted in the treatment of examples
such as those described in § 58, and the reader should accordingly
disregard errors that are numerically less than unity when verifying
the solutions (e.g.) of Figs. 18 and 19. That is to say, he should
accept the recorded y-values as a solution of the finite-difference
approximation to (20), if changes numerically less than unity would
make them satisfy that relation exactly.

(vi) In point-relaxation, attention should be paid first to residuals
which are surrounded by residuals of opposite sign: there, liquidation
is immediate. When, on the other hand, surrounding values have
the same sign, experience shows the dedirability of over-relaxation,
i.e. the imposition of exaggerated displacements to allow for the
effects of relaxing these subsequently. Over-relaxation is in fact an
alternative to group-relaxation, similarly aimed at quick results.

(vii) Complete liquidation on each successive net has the advantage
that the computer can observe the convergence of his calculated
displacements to their final values, and so obtain an indication as
to whether further advance is necessary: when displacements are
unchanged as between one net and the next, clearly there is no point
in advancing farther. Sometimes farther advance may be desirable
in a localized region.

Relaxation methods are still in process of development, and their
technique cannot yet be standardized. But one general maxim can
be offered confidently:—Use intuition to the full, and any device
(such as graphical interpolation) which seems likely to shorten labour.
The method detects all errors, so the computer will not be ‘let down’.

t Thus (as remarked by J. R. Gireen) a verbal description of the tying of a ‘reef
knot’ would make that sunple operation appear quite formidable.
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RELAXATION METHODS APPLIED TO PLANE-POTENTIAL
PROBLEMS. II

61. DISREGARDING practical details (discussed in § 60) we may
summarize as follows our attack in Chapter II on the plane-potential
problem:—First (§§ 34-5) we replaced the differential equation (1) or
(2) by its finite-difference approximation (3) or (4); then, having intro-
duced the net analogue (§§ 38-41), we stated this approximation in
the terminology of ‘residual forces on constraints’, making (10) with
(14) and (15), § 41, the condition of equilibrium for a node of the
chosen net. F, the residual force which has to be ‘liquidated’,t is
the resultant of an external force F, and of a force F, due to the
‘displacements’ w: F, is given by (14), F, by (15). We did not use
(15) directly, but we based on it (§ 45) standard ‘relaration patterns’
which are shown in Figs. 10. These patterns provide the means of
liquidation: they may be generalized in the statement that wunit
deflexion, imposed at one end of any string, entails a transfer of 1 unit
of ‘residual force’ from the end which is moved to the end which is
fized. )

Adhering to these principles, in the present chapter we shall cope
with difficulties which are presented normally, though not in the
three examples of Chapter II.}

The treatment of ‘irregular stars’

62. First, it will not usually happen that many nodal points fall
exactly on the boundary, therefore close to the boundary it will
sometimes not be possible to employ (15) of § 41, for the reason that
surrounding points at which w is known do not all lie at the same
distance from O. Thus from 4, close to the triangular boundary in
Fig. 21, there run five strings of standard length, but the sixth
string (connecting A4 with the boundary) is only half as long. B,
close to the internal (circular) boundary, is connected with it by one
still shorter string.

We thus have need of a generalization whereby the formula (15),
§ 41, can be applied tc ‘stars’ of unequal strings. This is a problem

t i.e. brought within an agreed ‘margin of uncertainty’.
1 That these are not entirely representative was remarked in § 59.
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in interpolation, of which an elaborate treatment would not be worth
while in a method whereby periodically (at each advance to a finer
net) we calculate the errors of a trial solution and (in effect) start
afresh. Therefore we now propose a simple modification of the
formula, logically consistent with our concept of an actual net in
which (§ 61) a force is transmitted by each several string.

1
Fattern for A

Fi1a. 21

63. In the tensioned net which was envisaged in § 38, the force
exerted by any string is its tension T multiplied by the slope resulting
from the displacements of its ends and so, for given displacements,
is inversely proportional to its length. Therefore in place of (i) and
(i), § 45, if the N strings radiating from a displaced node O have
lengths z, a, z,a,..., xya, we have

AF = —(l+—l—+...+—1—) at the node O which is moved,
Ty 2 TN Q)

1 .
-+, +—l—, +—l—, at each of the N surrounding nodes,
S T Ty
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and the ‘relaxation pattern’ (Fig. 10) is modified accordingly.t In
place of (10) and (15), § 41, we have

o33l

The formulae (1) and (2) cannot be justified by an argument on
the lines of §§ 15-18, because the quantity within twisted brackets
on the right of (2) has the expression

Z E{Ao(x“)—“’o} +£{A1(xa)cos 6+ B,(xa)sin 6}+
N
+ ;C{A2(xa)cos 20-+ By(zxa)sin 20} + ..., etc.],
in which (§ 15) 4,(r), B, (r) have the form 7™ x (polynomial in 72) and
the x’s have different values for different strings of the ‘star’. On this
account the trigonometrical series associated with 4, and B, no longer
sum to zero when 0 << » < N, and hence we can no longer count on
attaining closer approximation by a use of triangular nets. All that
such argument yields is an indication (calling for further examina-
tion) that (14) and (15), § 41, ought now to be replaced by
2
F, (the applied external load) = %Zo g (x) (3)
and by
. w 1
F, (the force due to the displacements w) = zv: (;)“‘wo Z (9—6), (4)
whether N = 3 or 4 or 6. The condition of equilibrium for O is still
Fy = Fo+F, = 0, (5)
F, and F; having the expressions (3) and (4) unless all strings which

radiate from O have the same length a, so that every 2 = 1: in that
event (3) and (4) are replaced by

2
F0=N%Zo, when N = 3 or 4,

6
a? at 2 ©)
=Nh%+awmm when N = 6,

and Fy =3 (w)—Nuw,, (7)
a,N
—which are (14) and (15) of § 41.

1 Cf. § 64.
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Example IV: The torsion problem for a pierced triangular
shaft
64. At 4 in Fig. 21, N = 6 and all the 2’s are unity except one
which is 0-5. The mesh-side ¢ = 1/9v3 and Z = 2; so by (3) the

contribution of Z to the initial force at A is 5 52543, and according

to (1) a unit displacement at 4 will change the residual force:
by —7 at A4,
by +1 at the five equidistant nodes,

by -2 at the near point of the boundary (where, of course, the
residual force is not required to vanish).

The standard ‘relaxation pattern’ for N = 6 (Fig. 10¢) is thus
replaced at 4 and B by special patterns (shown in Fig. 21) which
are not symmetrical. They are deduced exactly as before.

Fig. 21 relates to an example of the torsion problem (§ 34) which
was solved in Ref. 3, § 19-27, by a method differing slightly from
that which we now describe. The cross-section is an equilateral
triangle pierced by three circular holes symmetrically situated
(Fig. 22), and in order to estimate stresses we must determine the
stress-function ¥',—i.e. we must compute the numerical function y
of § 46. As stated there, ¥ and therefore y must have a constant
value along each internal boundary, and in this instance considera-
tions of symmetry show that x has the same constant value on all
three. It can moreover be shown (Elasticity, § 392) that in Prandtl’s
membrane analogue (§ 36) the membrane is held fixed (x = 0) at the
outer boundary and at the internal boundaries is attached to light
plates which remain throughout parallel with the plane (x == 0), but
subject to this condition are free to ‘float’. As in § 46, the ‘non-
dimensional’ governing equation ist

V2y42 = 0. (8)

We retain these boundary conditions in replacing the membrane
by a net, and we observe that the plates which they envisage are
exactly like those which entered into our account (§ 54) of the device
of ‘block-relaxation’. That is to say, residual forces need not be
brought to zero at every node, severally, within any one plate, but
the resultant for all such points must vanish. The symmetry in this

t As in § 48, the side of the equilateral triangle has been identified with D in the
reduction of the goveining equation to ‘non-dimensional’ form.
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particular example permits us (in effect) to confine attention to one-
sixth of the whole cross-section, since every median of the triangle
is a line of symmetry.t

Fia. 22

65. On account of the internal (circular) boundaries we need not
start from the coarse net (@ = 1/3) shown by bold lines in Fig. 22,
but can proceed at once to the smaller mesh shown by fine lines
(@ =1/9). Each internal boundary passes through six nodal points
of this finer net. Near to each corner, and to the middle point of
each side of the triangle, is a node surrounded by six others at the
same distance a, and the same is true of the central point. Conse-
quently at all of these seven nodes (distinguished by open circles
in Fig. 22) we can employ the standard relaxation pattern of
Fig. 10c.

On this understanding, figures on the left of Fig. 21 give starting
values of ‘displacements’, figures on the right give corresponding
values of the initial forces in an advance (§§ 6, 49) to the finer net
which is drawn in broken line. The full-line net is the finer net
a = 1/9) of Fig. 22, and values of x at its mesh-centroids (the black
circles) have been calculated from (5)-(7) with N = 3, a = 1/9v3.
To avoid decimals in the subsequent computations all figures have

t This is the significance of-the ¢ symbol in Fig. 21.
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been multiplied by 43740 (= 60x272), and allowance for this
multiplication will have to be made in the solution ultimately
accepted.

66. Now, in the process of liquidation, ‘irregular stars’ are con-
fronted—e.g. at A, Fig. 21. The special ‘patterns’ needed in such
cases can be calculated in the manner of § 63, and thereafter the
procedure is along standard lines. Accordingly the reader may be
left to verify the solution (for a = 1/27) which is given in Fig. 23.

Fic. 23. The torsion problem solved for a piorced triangular shaft.
(0. C. Zienkiewicz)
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The contours (obtained by cross-plotting) show the direction and
(by the closeness of their spacing) the intensity of the resultant shear
stress (cf. § 58).

The treatment of ‘irregular stars’ (continued). ‘Fictitious
nodes’
67. We have said (§ 63) that the formulae (1)-(4) are not defensible
by strict mathematical argument although (§ 62) they are a logical
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implication of our replacement of the membrane by a net of finite
mesh. More approximate formulae have been propounded, but these
being more claborate entail greater labour. As remarked in § 62,
simplicity may be deemed a decisive merit in formulae which in any
event will be replaced by others in each advance to a finer net.

By concentrating the loading Z at nodal points (§ 38), in effect we
ensure that every string remains straight when its ends are deflected,
and our formulae (1)-(4) are deductions from that fact. Another way
of looking at the problem is to imagine the strings continued past
the boundary (so as all to have the standard length @) and attached
to ‘fictitious nodes’ outside the region with which we are concerned.
Consider a string AB which is connected with a nodal point at 4
and with a boundary at Bj; let it have length £a, and let it be
prolonged beyond the boundary to a fictitious node at C. Then

(Fig. 24), since AB = £a, AC = a, and since the deflexions w , wg,
3837.13 ¥
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wo must be such as leave the string still straight, we have
wg—w, AB

= £,

ie. (I1—éw —wp+Ewg = 0. 9)
Consequently when wpy is known we can relate wg with w .

68. If wpy is specified and accordingly invariant, then according
to (9) we have (1—£)Aw , +EAwg = 0,
ie. (Awe—Aw )¢ = —Aw,.

Increments to w4, wy must satisfy this relation. Thus when w,,
is increased by unity the contribution of the string 4B to the
qua,nt;itya}I:V (w)—Nw, is

Awo—Aw, = —%AwA = -—%,
—a result consistent with (1) of § 63, and so leading to the same
conclusion (namely, to special ‘relaxation patterns’ for nodes just
inside a boundary).

Example V: The torsion problem for a splined circular shaft

69. Fig. 25 records solutions (by F. S. Shaw: Ref. 7) of the torsion
problem for a splined shaft either ‘solid’ (a) or hollow (b). These
are left to the reader as examples suited to triangular nets and
entailing ‘irregular stars’. In treating the hollow shaft he should
proceed in the manner of § 64, and verify that xy must have the value
2374 on the inner, when y = 0 on the outer boundary. (In Fig. 25,
the mesh-size a = D/9v3 when D is identified with R, and a
multiplying factor 5000 has been introduced in order to eliminate
decimals.)

Other types of boundary condition. (1) Normal gradients

specified

70. ‘Fictitious nodes’ have other applications,—notably in pro-
blems which involve refraction at an interface between two different
media (e.g. in Optics or Electricity). In this chapter we shall bring
such problems within range of the methods summarized in § 61.
First, however, we consider that other standard case of the plane-
potential problem which is governed as before by the equation

Viw+Z(z, y) = 0, (10)
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Fia. 25. The torsion problem solved for a splined circular shaft. (F. S.
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but in which the normal gradient of w (instead of w itself) has to
take specified values at the boundary.

What follows is a treatment given in Ref. 8 (and there termed
‘Method 1°f), slightly modified in accordance with Ref. 1, §§ 24-5.
It adopts the physical standpoint of §§ 38—41: that is to say, it inter-
prets (10) as the condition of transverse equilibrium for a uniformly
tensioned membrane, and its finite-difference approximation as the
corresponding condition for a uniformly tensioned net.

71. Seen from this standpoint, specified values of dw/dv are specified
values of T'ow/dv, T denoting the membrane tension; i.e. they are
line-intensities of transverse loading applied to the membrane at its
edge. Introducing the ‘net approximation’, we concentrate this dis-
tributed loading on the strings which cross the boundary, and are
thereby left with a problem suited to computation by Relaxation
Methods, in which strings which cross the boundary have not there
to undergo specified displacements (as in Chap. II), but to sustain
specified transverse forces.

It was remarked in § 41 that the magnitude of 7' is not important
in cases where boundary values of w are specified: it matters now,
since it determines the transverse loading. Equations (3)-(7), § 63, rest
on the assumption (cf. § 41) that the string tension T has a value a;
and this requires that the membrane tension 7' be given by

T = cotn/N,
= 1 for a square net (N = 4), }
= +3 for a triangular net (N = 6).

(11)

72. An element of boundary intercepted between two strings
carries a total loading

f T%t—v ds = cot(n/N) f %l_v ds, according to (11), (12)
v 14

and this must be divided between its two end points. Strictly, the
partition should be effected in accordance with the rules of Statics,
and with due regard to the shape of the element; but small errors
will not make the problem intractable, and it will entail no sensible
error to treat all elements as straight. Two adjacent elements, of
course, contribute to the force on any one string.

T An alternative technique (‘Method 2’ of Ref. 8) is explained in §§ 126-30
(Chap. 1V).
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One condition, however, must be satisfied. In relation to the
membrane we have

T§%@+” T2z, y) dedy

=T f f {V2w+Z(z,y)} dedy, by Green’s transformation,

= 0, in virtue of (10),
showing that the total of the edge-loading must be in equilibrium
with the total transverse pressure. We must ensure a corresponding
equilibrium of the net, adjusting the computed values of the forces
(12) so that their total neutralizes exactly the sum of the nodal forces

of type F,. Since 7' has a value such that T = a (§ 71), these last
are calculable from (6).

73. Concentrating the edge-loading in this way, without affecting
the equilibrium we may imagine every loaded string to be prolonged
beyond the boundary and its load to be transferred to its outer end.
If moreover it has the standard length, that end will be a ‘fictitious
node’ outside the boundary. The question is then presented, whether
the fictitious nodes should or should not be assumed to have strings
connecting them. The answer is, that in some circumstances strings
having half the standard tension T should connect fictitious nodes,
in other circumstances fictitious nodes should not be connected.

B " .
- it
bstituted P
i
pecified Boundary

F1a. 26

The argument for the answer is as follows:T The fictitious nodes,
if we join them, define a polygonal boundary A which lies either
on or outside the specified boundary B (cf. Fig. 26); so a membrane
of plan-form B (the ‘Prandtl analogue’ of our problem) is replaced,
in this treatment, by a slightly larger net which represents (approxi-

t An alternative proof was given in Ref. 1, §§ 19-22.
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mately) a slightly larger polygonal membrane A. Let A have
the form indicated by shading in Fig. 26a: then the tension in a
fictitious string like P replaces the tension in a membrane-element
of which half lies inside, half outside the boundary; the outer half
has no real existence, so the string must have tension }T. But
the substituted (polygonal) membrane
should be no larger than is necessary, '{0 %
and sometimes this consideration sug- 0 2 <
gests the replacement indicated in Fig.
26b, where the shaded area indicates
a membrane larger than B but lying
within the polygon (indicated by broken .
lines) which would be obtained by join- Ko
ing fictitious nodes in the manner of
Fig. 26a. Replacing this shaded mem- Va
brane by a net, we shall account for all
of its tension in giving the standard
tension T to each of the strings (of type
AB, EF) which join ‘fictitious nodes’ to .
nodes inside the boundary. No mem- (6)
brane element calls for strings to connect
BC, CD, DF, which accordingly are o
shown in broken line. (BD is not a
string of the substituted net.) Vs ¥
Fig. 26 relates to triangular nets, but
square-mesh nets can be treated simi-
larly. It now remains to deal with the
loaded strings.

74. Let OBA, Fig. 27, be a string
loaded at B by a known concentrated
force W, and assume in the first place that its ends O, 4 (which are
nodal points) do not deflect (Fig. 27a). Then, in the notation of the
diagram, forces

=

(c) w
Fia. 27

Wo=2W, W,= W G+c=oa)

are required, for equilibrium, at O and A respectively; so the de-

flexion of B is BeW/aT = iy, say, (13)
T denoting the tension in the string O4. Now let forces equal and
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opposite to W,, W, act at O and 4, and let ,, ¢, (Fig. 27b) be the
displacements (determinable by Relaxation Methods) which result
from these and corresponding forces at other mesh-points. The con-
sequent displacement of B is

¥p = (ho+b4)/a, (14)
and if, finally, we superpose the two solutions (13) and (14) so as to
neutralize the forces at O and A, the resultant displacement of B will

be (Fig. 27¢)
b = s = 2ot )+ (15)

From (15), having determined ¢, and ¢, we can compute the
wanted boundary displacements of type i, thus completing the
solution.

Because the integral relation of § 72 must hold in respect of B, it
will also hold in respect of 4 (§ 73) if we assume that no force acts
upon the added membrane (between B and A4).f Complete liqui-
dation will thus be possible (theoretically), leaving no residual force
at any nodal point whether inside or on the specified boundary.

Example VI: Normal gradients specified for a circular
boundary
75. In Ref. 8, which first set out these methods (cf. § 70), Miss
G. Vaisey applied them to a problem specially chosen (i) as having

Fia. 28

a known solution, simple to compute, and (ii) as entailing rapid
variations of &w/dv in some part of the boundary.

The function w=10= tan-lg (16)

t This added membrane may be termed the ‘selvedge’. (Ref. 1, § 23.)
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is plane-harmonic and can be evaluated for any point (z,y) from
a table of inverse tangents; and on a circular boundary touching the
axes of coordinates, viz.
x?+y*—2R(x+y)+ R* = 0, (17)
its normal gradient
ow

no (2 2 (r— R)EL (y—R)?
’dvh(ar),zk’ where 72 = (r— R)?+ (y— R)?,

0 R+4rsing
= | Ztan-1| 2"
=[5 (it eond))...
1 sing—cos¢ y—R

= Ryf2singfremy T =omp 09

Fig. 28 explains the significance of 8, R, ¢.

R g2
//"”
’«’i‘ | 24
7 116
5
s,
A
H
‘,,,/‘«‘-;'% Diagram skew-symmetrical
ol /abo?zl: this poinl:9
¢=%1|' ¢=9/41r
R %"Z Fic. 29

Fig. 29 exhibits the variation with ¢ of R%tf as given by (18).
1 4

The variation is rapid in the neighbourhood of ¢ = $; consequently
by setting ourselves to determine a plane-harmonic function w which
on the circular boundary (17) has normal gradients given by (18), we
impose a severe test on our computational methods, notwithstanding
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that the wanted function is in fact simple (its contours being straight
lines through the origin).
The test, moreover, is fair, because the data (i.e. the forces to be

JREag=2

Diagram symmetrical
about this ordinate

[R5ap-0 ¢=lam Fia. 30 $=%w

concentrated on the several strings) can be calculated and so are not
subject to inaccuracies resulting from faulty estimation of normals.
According to (18)

2 4 g [0 gy [ sing—coss
fa—v ds=R f 5 0= f 31 2sing T 2eosg
= —4}log(3+2sing42cosd),  (19)

the lower limit of integration being arbitrary; so ?i—w ds = 0, as
14

required in § 72. Fig. 30 exhibits fé;_z_o ds as a function of ¢, with
14
the lower limit taken at ¢ = 1.

76. In Fig. 30 values of 'f %? ds are recorded for estimated cutting
v

points which are shown. The difference of any two adjacent values,
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multiplied by cot#/6 (= #3) in accordance with (12), gives the total
load on the corresponding element of boundary; and the proportion
to be concentrated at each end point can be estimated in accordance
with statical principles (§ 72). Thereby we ensure that errors of
estimation leave forces summing to zero (§ 72) and-—on a fine net—
departing so little from exact statical equipollence with the specified
edge-loading as to entail no sensible error in the result.

Fig. 31 shows, for three successive nets, the computed deflexions
and (Figs. b and c¢)t contours for comparison with straight lines
representing the exact solutions. (These last, for clarity, are not
drawn in the diagrams, but their directions are shown on circular
arcs. All, of course, pass through the origin of coordinates.) To save
space the plotted quantity is not w as given by (16), but w as given by

w = 60—}, (20)

which makes the wanted function skew-symmetrical with respect to
OC in Fig. 28, therefore makes that line a contour (w = 0). (It is
evident that any constant value may be added to w without violating
the boundary gradients.) In all three diagrams broken lines indicate
strings (through fictitious nodes) which were assumed to exert ‘half-
tensions’ (§ 73), chain lines with open circles indicate strings which
were given no tension—i.e. were suppressed.

77. The correspondence of the computed contours with the (cor-
rect) straight lines through the origin gives an indication of the
over-all accuracy which can be achieved by the methods of §§ 72-4.
For comparison Fig. 32 exhibits corresponding solutions, obtained
by the methods of Chapter 11, to the problem of determining w when
boundary wvalues are specified. There is not much difference in the
accuracy attainable (with a net of given mesh-size) by the two tech-
niques, and the errors, though appreciable, are not of an order likely
to matter seriously in physical applications.

Other types of boundary condition. (2) ‘Mixed’ boundary
conditions
78. We have now dealt with cases of the plane-potential problem
in which either (i) the wanted function, or (ii) its normal gradient
has to take specified values at the boundary. A third class may be

1 In Fig. 31 a the net is too coarse to permit construction of contours.
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presented, in which the wanted function is specified at some parts
of the boundary, its normal gradient at others.

This class presents no difficulty, being tractable by a combination
of the methods developed in this and in the preceding chapter. An
example in the theory of elasticity, permitting easy verification of
computed values, is provided by Saint-Venant’s ‘torsion-function’ ¢
for an elliptical shaft. The plane-harmonic function

a2—b?
¢=— m Yy (21)
satisfies the condition
—a; = y cos(x,v)—x cos(y, v) (22)
14

at every point of a boundary represented by

zt Y .
Sty —1 (23)
and vanishes on the axis of coordinates; so its determination for a
single quadrant (xr > 0, y > 0, say) is a problem involving mixed
boundary conditions. This example was treated by Miss G. Vaisey
in Ref. 8, §§17-18.

Example VII: The torsion problem for an elliptical shaft

79. We here consider the case ii which a/b =3, so that the
required solution (21) is
¢ = —fHay. (24)
According to (12) and (22), the total load on an element of
boundary is

cot(n/N) f %‘é ds = cot(m/N) f (y dy +x dx)

= }(x*+y®)cot(n/N), (25)
computed for the appropriate limits; so on a single quadrant the
total load is 41(a?—b2)cot(n/N). From (25), having estimated the
coordinates of points where strings cut the boundary, we can com-
pute the load on each element of boundary, then concentrate this in
accordance with statical principles. Asremarked in § 72, slight errors
in partition entail—on a fine net—no sensible error in the result.

Fig. 33 presents solutions, obtained on a coarse and on a fairly
fine net, to this example of mixed boundary conditions. The correct
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contours (rectangular hyperbolas) are indicated in fine lines for com-
parison.

\ o 1
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Fia. 33. The torsion problem solved for an elliptical shaft. (G. Vaisey)

Other types of boundary condition. (3) ‘Refraction’ at an
interface
80. We are now prepared to deal with cases of refraction (§ 70),
and we shall take examples from the theory of ‘magnetic lines’ in
fields containing iron. Here, if the permeability both of air and iron
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be taken as constant (i.e. independent of the ‘flux-intensity’), the
wanted function is plane-harmonic in the region occupied by either
medium; but special considerations are presented at an interface
(i.e. common boundary of two different media). There, if v denotes
the direction of the normal, the wanted function has to satisfy a
condition of the form

2), (),

in which the suffixes I and II relate to the adjoining media, and
Ap, Arp have constant dut different values.

Later, in discussing problems of percolation through porous media
such as sand or peat (§§ 199-201), we shall meet an interface con-
dition which may be regarded as a generalization of (26),—namely,

,\I(%’i’) =AH(%") 1, 27)
V1 v/

where k is specified. The treatment now to be described applies
equally to (26) and (27).

81. In either medium, if the wanted function is plane-harmonic
it may be interpreted as the transverse displacement of a uniformly
tensioned membrane, to be replaced in computation by a uniformly
tensioned net; but if (27), like the governing equation (10) of § 70,
is to be interpreted as a condition of transverse equilibrium, then
the membrane tensions must be different in the different media. For the
line-intensity of the transverse force which (at the interface) acts
on medium I is measured, as in § 71, by Ty(éw/ov);; for medium II
the corresponding line-intensity is measured by 7%;(dw/ov){; and acts
(when v has the same direction in either medium) in the opposite
sense: consequently, if Z denotes the line-intensity of the external
loading at the interface, and if v is directed outwards from medium II,
then o

7

is the condition for transverse equilibrium of a point on the junction

of the two media (i.e. on the interface). Equation (28) may be
identified with (27) provided that

Z[k = Tyfd; = Tyr/Anr- (29)

(The notion of two membranes differently tensioned, yet joined

to one another at the interface, is not incompatible with equilibrium
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provided that suitable forces act at the interface in directions parallel
with the z-y plane. These having no component along Oz will not
affect the question of equilibrium in a transverse direction,—i.e. they
will not enter into the condition (28).)

82. Now replacing the membrane by its ‘net approximation’, we
have according to (13) of § 39 (Chap. II) to concentrate in any one
string a tension

T = aT tann/N, (30)

= q if, but only if, T = cot=/N. (31)

When (31) is satisfied, then (cf. § 61) a unit deflexion, imposed at

one end of any ‘string’, entails a transfer of 1 unit of residual force

from the end which is moved to the end which is held fixed. But if

T and therefore T has a different value, then the force transferred
will be altered correspondingly.

Reverting to § 81, according to (29) we can give the value (31)
cither to T} or to Ty, but not to both. If we say that

Ty = cotn/N, so that T| = a,

A _ A
then TH} = X;COt"/N’ » o Tpp= aj\-l—, (32)
and Z = zicotn-/N.
At

The force transferred per string for unit displacement will be 1 in
medium I, A;;/A; in medium II.

Equations (3)-(7), § 63, still hold at nodal points within either
medium, since they were obtained (§41) on the assumption of a
transverse loading measured by 7. Z(z,y), and thus the magnitude
of T was made irrelevant.

83. The external loading Z, in (32), entails a total loading [ Z ds,
on any element of boundary, which may be concentrated on adjacent
strings in the manner of §72. (In the examples treated in this
chapter, k and therefore Z are zero everywhere.) Allowance must now
be made for the change in T at a point where a string cuts the inter-
face. (As in § 81, such change is not incompatible with equilibrium
if suitable forces are postulated as operating in directions parallel
with the x-y plane, and these will not affect the question of transverse
equilibrium.)



88 PLANE-POTENTIAL PROBLEMS {111. 83

Adopting the values (32), suppose (Fig. 34) that a string OA4 of
length a lies as to a part (x;a) of its length in medium I and as to
the remainder (o @) of its length in medium II. Tfits deflexions are

a
oa opa-
S5 T
/ wa
Wy
Yo l 1
0 M A
Fia. 34

wy, Wy, wy at O, M, and A4 respectively, the condition for equili-
brium at M is
T}l("u"wu) _ Ty(wy—wo) ;
Sudta ) Sln o), (i)
(4781 a oy a
and serves to determine w,; in terms of w, and w,. We deduce that
the force at O is

Til0ar ) =1 Ty Tyy(w —wo)/(Tyag+ Ty ag), (ii)
ay @ a
and that the force at 4 has equal magnitude but opposite sign.
Thus in either medium the force exerted by a string in consequence
of a relative displacement of its two ends is proportional, as usual,
to that relative displacement and to its tension; but in medium I

the effective tension (T}) is increased in the ratio

Ti/(Treg+Type), (iii)
and in medium II the effective tension (T;) is increased in the ratio
T /(Troyr+Tip o). (iv)

When T, = Ty, both of these expressions reduce to 1 (as clearly
they should) since a;+ay; == 1. When T;/T}| = oo (so that w,; = w,
in Fig. 34) the first expression reduces to 1/o;,—consistently with
(1) of § 63, since «; is then identical with the quantity there denoted
by xz. As they stand, (iii) and (iv) may be expressed in the statement
that the equivalent lengths of string in medium I and II are re-
spectively x;a and z;; @, where

T T
Ty = O‘I“I-‘T'iau’ Zy = g+ Trfal- (33)
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On this understanding the formulae (3)-(5) of § 63 can be utilized,
in combination with (32), to derive special ‘patterns’ whereby the
computer can deal with ‘irregular stars’ near a surface of refraction.

84. There remains for discussion the case in which a string lies
wholly in the interface. Here we have recourse to the argument of
§ 73, from which it was concluded that a ‘half-tension’ (1 T) should
be postulated in any string which lies along the boundary: the same
reasoning shows that when a string is a boundary of both media,
then its tension should be

A
T Tr) = d1+57),
1
if the values (32) are adopted.
We now have all the principles required for a relaxational treat-

ment of refraction. Details will be grasped most easily from a study
of particular examples.

Lines of magnetic force in a field containing iron
85. A magnetic field can be specified by the distribution of Q,

a function termed the magnetic potential (Ref. 5, § 408). Inregions
occupied by non-magnetic material (such as air) the components of
‘magnetic force’ are

oQ 129) oQ

= ——, = — —, B e 4

ow A oy L 0z (34)
and in regions occupied by magnetic material of ‘permeability’ p the
components of ‘magnetic induction’ are

oQ &Q eQ
= —p= b:_-w, €= —po=. (35)

At every point within the field Q must be continuous and must
satisfy the equation

o eQ o oQ of eQ

A=+ —(p—=)+—|(pu—] =0 36

&v(“ E?.r)_l—f)y(H 6y)+ z(“ E‘z) ’ (36)
which reduces to Laplace’s ecquation when p is uniform; and at every
point in an interface where the value of p alters from p, to p, it

must satisfy . A
Q) Q)
#1‘;‘4’#25“ = (37)
vy Vo

v, and v, denoting normals to the surface drawn info the two media
(Ref. 5, §§ 432, 461, 466--7).

3837.13 G
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86. When Q is two-dimensional (so that &Q/0z = 0), (36) permits
us to introduce a conjugate function ¢ defined by

E)Q o BQ o
Foe "oy Moy T T (38)
and then on eliminating Q we find that ¢ (like Q, two-dimensional)

is governed by the equation

Yoo o
Y Y

so that ¢ is plane-harmonic in any region where p is uniform.
Because, according to (38) and Fig. 5 (cf. footnote to § 26),

W32 = ooste,) 2t psinge, ) 2
- o oo
= cos(x, v) oy —sin(z, ) %S’ (40)

the boundary condition (37) will be satisfied provided that no dis-
continuity occurs in the value of i as we pass from the material of
permeability u, into the material of permeability u,; but the gradient
of ¢ in a direction normal to the interface must (2 being continuous)
change its value abruptly in the same ratio as u, since we have
similarly, from (38) and Fig. 5,

[ %9 _fed
1 = L 19%) )
! (av) as e (8v)2 (41)

This, like (37), has the form of (26), § 80.

Lines of constant i will thus change direction abruptly where they
cross an interface, but  will be continuous. We have not changed
the nature of the problem in replacing Q by -—which is a quantity
having greater physical interest, for the reason that lines of constant
Y are ‘magnetic lines’. We term 4 the magnetic flux-function.

Example VIII: Magnetic lines through a triangular prism of
iron
87. By orthodox methods the calculation of ¢ is difficult, and few
solutions have been found. Hele-Shaw and Hay (Ref. 4) devised
an experimental technique depending on an approximate analogy
between this problem and that of viscous fluid motion between nearly
flat and parallel plates (changes in u being reproduced by changes
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in the distance between the plates). Their paper contains many
beautiful photographs of results. We now discuss the problem shown
in their Fig. 29, here reproduced as Fig. 35: namely, the effect on

Fia. 35. Magnetic lines through a triangular prism of iron. (Hele-Shaw and Hay)

an otherwise uniform field of inserting a triangular prism of iron
(permeability 100).

In the interior of either medium p is uniform and ¢ is accordingly
plane-harmonic, so the methods of §§ 804 are applicable, A;, A;; being
identified with p;%, p;'in (41), and k being zero. That is to say,
giving to T, the standard value a, we have T, = au,/u, in medium 2;
and if 1 refers to air, 2 to iron, then in our example the string ten-
sion is @ in the region occupied by air, 0-0la in the region occupied
by iron, 0-505a (§ 84) in a string which lies along an interface. For
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a string of length @ which is intersected by an interface so as to have
a part «, a of its length in air and a part aya in iron, the effective
lengths are z, @ and z,a respectively, where

Z; = o;+ 1000, 2y = o+, /100, (42)
according to (33).

88. We are concerned to trace the effect of iron on a field which
otherwise would be uniform and so represented by

Yoz (43)

when the axes are as shown in Fig. 36. We choose an outer boundary
large in comparison with the extent of the iron, and we assume (43)
to hold on this boundary. In Fig. 36 (prepared by Miss G. Vaisey
to amplify an earlier diagram by D. G. Christopherson, Ref. 3) the
shape of this outer boundary was chosen to accord with the experi-
ment of Hele-Shaw and Hay. Nothing in the method of solution
calls for special ‘description here: the standard ‘plane-harmonic
pattern’ (Fig. 10¢) holds in respect of any point from which the
radiating strings lie wholly in one medium (whether iron or air). and
for_other points it was a simple matter to determine appropriate
patterns, from (4) with a use of (42) to calculate the effective lengths
of strings which cut an interface. The subscquent liquidation process
(using these patterns) follows on the standard lines of Chapter II,
and the derivation of contours calls for no explanation. Fig. 35,
a photographic reproduction of Fig. 29 of the paper by Hele-Shaw
and Hay, shows how closely their results have been reproduced. The
solution in Fig. 36 can ecither be checked or worked from first prin-
ciples by the reader.

Example IX: Pole flux in an electric generator

89. A problem of the same kind, but entailing more labour and
of greater practical interest, has been worked by Miss (i. Vaisey
with results which are recorded in Fig. 37. These too can either be
verified by the reader, or obtained «b initio, without further explana-
tion except in regard to the device by which the use of a rectangular
net was rendered possible, notwithstanding that the nature of the
problem would suggest a use of polar coordinates 7, § (one of which
has a constant value over any of the concentric circles). The per-
meability of the iron was taken as 2000.
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et

1/

\
J '
/

\
5
i

Fic. 37. Flux distribution in an electric generator. (G. Vaisey)

Transformation by a change of the independent variables
90. Expressed in terms of r and 8, the plane-harmonic operator

e o , _# 109 1 ¢
e = VR b 44
8xz+8y2 ort ' ror r?og? (44)
(cf., e.g., Elasticity, § 240). Now if
¢ stands for logr, n for 6, )
o _dtoa 1
th L= =l
en or dr o¢ r o
and so # 1o _laf o\ 12 ¢ (45)
o2 ror ror\ or]  rzog¥
1t e
Consequently V2 = 7—2[@4-%5], ,

and thus in either medium, since V% = 0 and r is finite, we have

oy o
Vi) = 'a'é/‘; %‘i; = 0. (46)
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This means that ¢, regarded as a function of ¢ and 7, satisfies the
standard plane-harmonic equation, and accordingly may be sought
by the normal technique.

A boundary condition which imposes specified values on i is clearly
unaffected by such change of variables, and the condition on a
radial line of symmetry (e.g. the right-hand boundary in Fig. 37)
will be o e

0= 6 = ' (47)
Equally the condition (41) at an interface will be unaffected. For
the operator

o o . 1
5; = COS(V, 7‘)5;—81n(v, 7); '8—9,
= ;[cos(v, r)a%_sin(v, r)(%], by (45), M)
v denoting the direction of the normal in the (r, 6) plane. Now
_ldr d _dg . ..
tan(v,r) = i @(log r) = Eir)’ according to (45), (ii)

when the transformed boundary is defined by £ = F(%). This shows
that (v,7) is the angle between the transformed boundary and the
n-axis, therefore also the angle between its normal (v') and the £-axis.
Consequently (i) shows that

17 1 .0 0 1¢

g ' &~ —sin(V, &) | = - — 48

& = st msine 0] = 1 (48)

and it follows that (41) transforms into an equation of identical form.
Fig. 38 exhibits the problem of Example IX (§ 89) transformed in

this manner to permit computation on a square (£, 1) net. The -

values shown were transferred to Fig. 37 as a preliminary to the

construction of -contours (i.e. lines of magnetic flux).

The treatment of ‘unequal stars’ (concluded). Graphical
devices for improved approximation
91. The assumption underlying §§ 62-3 and 67-8 (namely, that
every ‘string’ remains straight in the deflected net) is a logical im-
plication of the ‘net analogue’ and has the great merit of practical
simplicity. But a solution started on this basis can be improved, if
necessary, in the course of its development, and sometimes it will
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happen that such improvement has advantages over the alternative
of ‘advance to a finer net’. We now develop the necessary formulae.

1000 _1e08 __ies0
ey

[Lantime S 41

[—mL 2% A5y - b5

nooa’_mr,__m

taso] 3ol sey s w—s»l —ostl—sorf a0 =
!

1000) N = ‘ b - 37— 356} — 35 ST

Fic. 38. (G. Vaisey)

In Fig. 24 (§ 67) B denoted a point on the boundary, 4 a real,
and C a ‘fictitious’ node; the upper part of the diagram showed the
string A BC as straight, and (9) was obtained on this understanding.
Let E be the real (internal) node adjacent to 4 on this string pro-
duced, and suppose that eabc (Fig. 39) is a smooth curve passing
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through the deflected positions of E, A, B, C. We now trace the
consequences of assuming this curve to be a flat parabola (evidently
a closer approximation to the membrane section than two inter-
secting straight lines ea, ac).

b c
M
w; Wp T’ Tc

E*——a—-—A:_ ga _-gJ———J ¥

Fic. 39

We may express the parabola by
dw) x2 (d*w .
w=weta{3) +5(72) )

when x is measured from left to right, as shown; and then, using
the finite-difference approximations

dw .
2“(&;)11 ~ Wo—Wg (ii)
d?w
a2(az§)d ~ we+wg—2w,, (iii)

we have for the deflexion at B

wp = w A+§a(‘lw) 1% z(d w)A

= wy+ H(we—~wy)+ 3 (wetwp—2w,). (iv)
Rearranging this equation, we have
w—w (1—§)—bwet+3(1—€)(wetwp—2w,) = 0, (49)
which is satisfied identically when eabc (Fig. 39) is straight, since
then we have the relations
2wy = wgtwe,  wy=wy(1—§)+Ewe.
Regarded as an expression for the deflexion at the fictitious point C,
(iv) may be written as
we  2wp 2w A wg
T E-& € TIHE
which, as the solution progresses tow ards finality on any particular net,
may be used in place of (9), § 67, to modify the value of wy,.

(50)
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Equivalent devices for improving the accuracy of the ‘straight
string assumption’ (§ 67) have been propounded by Christopherson
(Ref. 2) and Shaw (Ref. 6). All entail greater labour, and in general
it would seem better to retain the simpler formulae and to rely for
close approximation on the fineness of the ultimate net.

Use of ‘graded’ nets

92. An alternative is the use of ‘graded’ nets (Ref. 1, § 14). The
accuracy of our finite-difference approximation depends upon the
magnitudes of the neglected differentials, i.e. upon the rapidity with
which the wanted function varies; consequently a finer net may be
needed in some parts of a field’ than in others, to define the function
with precision. What then is wanted is a technique involving specially
fine nets in regions arbitrarily delimited by the computer.

Example X: The torsion problem for a rectangular shaft with
two keyways

Consider, as an example, the torsion problem for a rectangular
section having two symmetrical keyways (Fig. 40). The ‘stress-
function’ x must satisfy the equation (8), § 64, at every point in the
section, and it must vanish at every point on the boundary. We
know that it has, close to the keyways, gradients which are large
compared with its gradients elsewhere; so a coarse net will suffice
over most of the section, compared with the net which is appropriate
there. (On account of symmetry, only one-quarter of the section
needs to be reproduced.)

In Fig. 40, outside of the region abc the mesh-side @ is one-twelfth
the length of a shorter side of the rectangle, or one-sixteenth the
length of a longer side. Within abc, by insertion of diagonals, the
meshes have been successively reduced in size (and rotated through
45°) until, within Imn, the mesh-side is only one-quarter of what
it is outside abc.

93. In liquidating residuals on a net thus ‘graded’, care must
be taken to ensure that correct ‘relaxation patterns’ are employed.
Thus the residual force at h (Fig. 40) depends upon the y-values at
hk, g, b, d, e, but the residual force at b depends upon the x-values
at b, g, f, k, d, which are nodes of a coarser net; consequently x,
influences F;, but x, does not influence F,, and the notion (§ 61) of
a force transmitted from % to b by the ‘string’ hb, as the result of a
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‘displacement’ x,,, must now be discarded. Point h is included in the

‘relaxation pattern’ appropriate to b, but b is not included in the pattern
appropriate to h.t

Moreover the sum of the residual forces will not be invariant for

e oo
R /]l :\;{\lﬁ:

B \“\,(,4/?‘;;;%1:1_ |
o .;A.,\.,\,:\E'Z‘fﬂv'iflg

L NN
R VAN VEN VAN

Fic. 40 £

&
£

t In Fig. 40 an inserted diagram shows ‘patterns’ drawn in accordance with
obvious conventions, These will not be needed by an experienced computer, who
will readily see the consequences of any given ‘point-displacement’.
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every operation, as it is when uniform nets are employed. (e, for
example, is ‘fictitious’ in relation to the coarsest net of Fig. 40, and
force transmitted to it as a consequence of displacement of g or d is
not brought into account because F, (as now defined) does not depend
on x, or on x;.)

But these circumstances entail no difficulty, and the solution given
in Fig. 41 was obtained (by Miss G. Vaisey) easily and more quickly
than it would have been if the finest net had extended to every part
of the computational field. y-contours show the direction and (by
the closeness of their spacing) the magnitude of the shear stress at
every point.

RESUME

94, This chapter, starting (§ 61) from principles developed in
Chapter 11, extends the range of Relaxation Methods by an elabora-
tion of details, viz. by providing for ‘irregular stars’ (§§ 62-3, 67-8,
91), by introducing the concept of ‘fictitious nodes’ (§§ 67-8), and by
evolving techniques for dealing with new forms of boundary condition
and (§§ 92-3) with ‘graded’ nets. We can now distinguish (and
solve) four classes of the plane-potential problem.

Class I, in which values of the wanted function are specified at

the boundary (discussed in Chapter II and §§ 61-9);
Class II, in which values are imposed, at the boundary, on the
normal gradient of the wanted function (§§ 70-7);
Class IIT, in which the boundary conditions are ‘mixed’ (§§ 78-9);
Class IV, characterized by ‘refraction’ at one or more ‘interfaces’
(56 80-9).
In one example, incidentally, we have (§ 90) introduced a change
of variables by what amounts to an application of ‘conformal
transformation’. This device will receive further consideration in
Chapter IV.

It is, in fact, the boundary conditions which, in any two-dimen-
sional problem, make most demand on the intelligence of the com-
puter. Relaxation patterns of normal type, such as were appropriate
to the examples in Chapter II, can be used without understanding
of their basis and significance; but when (e.g.) gradients instead of
values of the wanted function are specified at the boundary, special
patterns and special thinking are demanded.

One last point must be emphasized :—Usually, physical considera-
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tions prohibit multiple values of the wanted function within the
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F1c. 41. Tho torsion problem solved for a rectangular shaft with two keyways.

(G. Vaisey)

bounded area of the problem, but there is nothing to prohibit multiple
values at ‘fictitious nodes’ which lie outside that area. (Thus

Y = Atan-(y/z)
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is a plane-harmonic function multi-valued only at the origin of
coordinates, and hence admissible if the origin is external to the
area.) Near a re-entrant angle two strings may cross the boundary
to end on the same fictitious node: then we must be prepared to
attach different values at that point to their end deflexions, for it is
obvious that we shall not thereby make the wanted function multiple-
valued at points inside the boundary, and it is only at such points
that it has real (i.e. physical) meaning.

REFERENCES

1. ArieN, D. N. de G., SoutaweLr, R. V., and Vaisey, G. 1945. Proc. Roy
Soc. A, 183, 258-83.

2. CHRISTOPHERSON, D. G. 1940. Amer. Journ. of Applied Mechanics, 7,
A 1-4; reprinted in Roy. Aero. Soc. Journal, 44, 425-32.

3. CHRISTOPHERSON, D. G., and SouTHWELL, R. V. 1938. Proc. Roy. Soc. A,
168, 317-50.

4. HeLe-SEAW, H. S., and Hay, A. 1900. Phil. Trans. Roy. Soc. A, 195,
303-217.

5. JEAaNs, J. H. 1923. The Mathematical Theory of Electricity and Magnetism,
4th ed. Camb. Univ. Press.

6. Suaw, F. S. 1942. Journ. Inst. Eng. Australia, 14, 273-17.

7. SHAW, F. S. 1944. C.S.I.R. (Australia) Aero. Div. Report S.M. 36.

8. SoutHWELL, R. V., and Vaisey, G. 1943. Proc. Roy. Soc. A, 182, 129-51.



IV

RELAXATION METHODS APPLIED TO THE PROBLEM
OF CONFORMAL TRANSFORMATION

95. IN this chapter we consider a special type of problem coming
(normally) within the definition of ‘Class I’ in § 94. One example
has been given already, in §§ 89-90 of Chapter III.

=0
L B B'
I X >A AI
S
Throat
Fic. 42a
B B
A A
I
=0 Throat
Fia. 425

It often happens (as in that example) that a change of variables
will leave our problem still plane-harmonie, but relating to a more
convenient shape of boundary. Thus in a relaxational study of high-
speed flow of air through a convergent-divergent nozzle (Ref. 5) it
was found best to begin by so transforming the variables that the
field of computation became a rectangle, thereby obviating the added
complication of ‘irregular stars’. Figs. 42 exhibit the original and
the transformed field. Each is mapped with a net of which every
mesh is approximately square, and to every nodal point of the curvi-
linear net in Fig. 42a there corresponds a particular nodal point of
the square net in Fig. 42b.
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The device by which this change of variables was effected is the
relaxational equivalent of an analytical device known as conformal
transformation,t which we now describe.

Basic theory
96. The cxistence of a plane-harmonic function ¢ implies the
existence of a ‘conjugate’ plane-harmonic function ¢, such that

= ¢+ip = Fle+iy) = F(2), (1)
the form of the function F depending on the shape of the boundary
and on the condition which is there imposed on . In Riemann’s
definition of a function of a complex variable (ct., e.g., Ref. 7, § 62)
not only must (1) be satisfied but dw/dz must have a value indepen-
dent of the ratio dx/dy in the total increment dz = dx-+idy.

Since ” ¢ b op
z 8z—>0 Sz = 8x+z Sy dx4-1 8y ’

this last requirement means that

i) = @ = =+

whence (by equation of real and imaginary parts) we have

o_o b ol o)
ox oy’ oy ox’
and so (by elimination of  and ¢)
Vg =0, Vi =0, (3)

V2 gtanding for 8%/0x2+-0%/0y>.

97. When the form of F, in (1), is known, then corresponding
with any value of z (i.e. for any point in the z-y plane) we can deduce
a value (or series of values) for w, thus fixing a corresponding point
(or series of points) in the ¢-i plane. Usually the possibility of
multiple values can be excluded, and then we have a one-to-one
correspondence of points in the x-y, or z-plane, with points in the
¢-, or w-plane; so a line-element 8z = 8x--4 dy in the z-plane corre-
sponds with every line-element 8w = 8¢-4 8 in the w-plane. The
ratio of the two line-elements is given by the modulus of dw/dz, and
their relative direction by its argument; therefore, since dw/dz has

t The term is explained in § 97.
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(§ 96) a value independent of the ratio 8x/8y, an elemental square in
the w-plane will correspond with every elemental square in the
z-plane. Usually its side will be of different length and will have
a different orientation.

With any curve in the z-plane there will correspond a curve in the
w-plane; and in particular, with any closed curve in the z-plane there
will correspond a closed curve in the w-plane. Therefore (since any
closed curve may be regarded as a boundary) a bounded region in
the w-plane will correspond with every bounded region in the z-plane.
We say that (1), when the form of F is given, transforms a region
in the z-plane into a region in the w-plane; and since (as shown
above) the shapes of elementary areas are conserved, we term this
a conformal transformation.

98. Asan example, let # in (1) be the logarithmic function, i.e. let
w = ¢+up = logz = logr+16, (i)
where r and 0 are polar coordinates in the z-y plane, so that

x = rcos®, y = rsinf, z = xt1y == reid, (ii)

Then, corresponding with any point (z, %) in the z-plane, we have
¢ = logr =- }log(x®+y?), ¥ = 0 = tan—(y/x), (iii)
i.e. we have a sertes of points in the ¢- plane, all having the same
abscissa (¢) but with ordinates () separated by regular intervals 27.
If, however, we limit the extent of the second plane by requiring
¢ to lie between 0 and 2w, then there will be a one-to-one corre-
spondence between points in the x-y and in the ¢-b plane: conse-

quently a line-element 8w in the second plane will correspond with
every linc-element 3z in the first; and since, according to (i),

‘gg =1z = (x—1y)[r? = %(cos 6—isin @), by (ii), (iv)

the modulus of dw/dz, namely 1/r, gives the ratio of dw to 8z, and
its argument, namely 27 —6, gives their relative directions.

Fig. 43 shows the original and transformed line-elements joining
points A, B which in the a-y plane are equidistant from the origin.
It confirms the conclusions just stated; for the transformed line-
element A’B’ is directed along the -axis (i.e. is rotated backwards
through an angle 8 relatively to 4 B), and its length

3 = 60 = (AB)/r.

3837.13 n
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(This particular conformal transformation was, in effect, employed
in § 90, Chap. IIL.)

z-plane wor (¢-y) plane
A
5z
r B

Sw|
x ¢

Fia. 43

99. In § 96, ¢ and ¢ denoted a pair of conjugate plane-harmonic
functions of  and y. Let « and B be another pair, such that
y = atif = f@+iy) = f(2). (4)
Then, since w and vy are both functions of z, w will also be a function
of y, and it follows, as in (2), that

o_u % __ Y

a2 P o (5)

Consequently Vigd =0, Vagyp =0, (6)
62 62

where Vig = 53—'—5/3-2' (7)

In other words, if ¢ and ¢ are plane-harmonic and conjugate when
regarded as functions of x and y, they will have the same properties,
regarded as functions of « and B, when these are related with x and
y by an equation of the type of (4). From the geometrical standpoint
of § 97, «f a region in the x-y plane can be transformed conformally into
a region in the o-B plane, then any plane-harmonic function of x and y
will also be a plane-harmonic function of o and B.

Herein lies the practical value of conformal transformation. The
original (specified) region in the -y plane may be such that deter-
mination of the wanted plane-harmonic function (4, say) is difficult:
then it may be useful to transform that region into another (in the
a-B plane) for which the problem is easier. Having determined i as
a function of « and B, we shall (in virtue of the one-to-one corre-
spondence) also know it as a function of  and . An example has
been cited in § 95.
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Standard types of transformation

100. Different transformations have value in different problems.
In this chapter we shall specially consider four,—namely:

(a) transformation of the region enclosed within a given boundary
into the region enclosed within a circle;

(b) transformation of the region enclosed within a given boundary
into the region enclosed within a rectangle;

(¢) transformation of the region external to a given boundary into
the region external to a circle;

(d) transformation of a semi-infinite region into an infinite strip.

Figs. 44 (a), (b), (), (d) show the nature of the transformations. In
(b) and (d), the computed functions « and B are made Cartesian
coordinates, so that the transformed boundaries are rectilinear. In
(@) and (c), contours of « become lines through the origin, contours
of B become concentric circles.

Thus in Fig. 44a the region contained by an ellipse and by the
two branches of a confocal hyperbola is transformed into a circle,
the centres of the ellipse and circle being corresponding points. This
transformation could be used (although it is not the most direct
method) to solve the torsion problem of Saint-Venant, and the sec-
tion illustrated has some interest from that standpoint as being an
example chosen by Filon (Ref. 3) to illustrate his contention that
the shear stress is not always (as had been stated by Boussinesq)
greatest at those points of the boundary which are nearest the
centroid.

In illustration of \b), Fig. 44 b shows a typical rail section trans-
formed into a rectangle. This transformation could be employed as
a means of solving the flexure problem for the rail section, and in
this connexion would have advantages as compared with a trans-
formation of type (a).t

In illustration of (c¢), Fig. 44c shows the region external to a
typical airserew section which was studied from an aerodynamical
standpoint by Bryant and Williams (Ref. 2), transformed by geo-
metrical ‘inversion’ into the region external to a circle.

In illustration of (d), Fig. 44d shows an infinite plane containing
a row of circular holes, equally spaced, transformed into an infinite
plane divided into parallel strips.

t Figs. 42 rolate to a transformation of this type.
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Later we shall consider all of these four transformations in some
detail. First, however, we must give quantitative expression to the
ideas of § 97.

Given region Transformed region

()

a=0

(b)

(c)

(d)
Fia. 44
The modulus of transformation

101. There it was said that elemental squares in the original
and in the transformed region will correspond, but that they will
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have (in general) sides of different lengths. Iet 8z = 8x-}-18y and
8y = 8a+188 be corresponding elements in a transformation from
the 2-y to the a-8 plane. Then, clearly,

(B4 (3B)* __ |dy|* _ |dy

Bz)*+(©y)*  [8z[*  |da
measures the ratio of the areas of corresponding elemental squares.
This quantity will be denoted by h2, and
dy
ntd 9
A 9
will be termed the modulus of transformation. In virtue of the
relations

2

(8)

o OB Ox_ OB (10)
or oy oy ox
(which can be derived like (2) of § 96), it is easy to deduce from
(8), since this holds for all ratios dx/dy, that

= 3~ 3

1 [ox\* | [ox\®  [0y\*  [0y\*
= (ae) *eg) =)+ )"
102. Again, o, B corresponding with z, ¥ and «+8«, 488 with

x+8z, y, if the line-element joining («, B) with («+8«, 8-+88) in the
a-f plane has length 8s, we may write

(11)

8o = 8scos, 38 = dssind, (1)
0 denoting the inclination of 8s to the x-axis in the a-8 plane. Also
.8 ldy| "
lim 52 |dal = h, (ii)
so we have O h cos @, B _ hsin 6, (iit)
ox ox
and hei® — B(cos 0+i sin 6) — a% (a+iB),

i.e. (since in this instance y is not varied)

het® — g-z-(a—l—iﬁ) = f’(z) according to (4).
Consequently,
log k160 = log f'(2), a function of (x4 y).



110 CONFORMAL TRANSFORMATION [IV. 102

This means (according to the argument of § 96) that logh and 6 are
conjugate plane-harmonic functions of z, y and of «, 8. Correspond-
ing with (2) of § 96 we have
60 o) 06
——(logh) P —a—&(logh) = T
(12)
and corresponding with (3)

Vi(logh) = 0, V29 = 0.
103. Finally we have
695 b5 — a¢ 5 +a¢ 58
B
- b inp®
= SS(COSOa—}—SanaB),
é now representing any function of x and y. Hence, proceeding to the
limit, we deduce that
(13)
therefore
P _Pxd  ouo(0) PO D
ox? ~ 0x? 0 ' Ox 0x\0a) ' ox? 6B+ ox ox 8,3
_Pad PBo (0a\*E  ,0udB &  (0B\ O
= 14
T ox? 6a+ ox? 9B (6x) 6a2+ ox ox aaaﬁ+( ap? (14)
if use is made again of (13). By similar treatment we have

o _mo o
oy  oydu oyop
and

o _ oo B0 3a232 o 0 9B 32+%232 (16)
3?/2_33/280: 3y233 o 2+ ayayaaaﬁ 6ﬂ2’

and on adding (14) and (16), w1th a use of (11), we see that

(15)

a
V2 = axz‘*'égé
o2 oo 8B | 0o OB
= Vi __+VZB ,B+ hz[a 3T @ﬁz] +2(3x ooy dy) 9a0f

in virtue of the relations (10), whereby V2x = V28 = 0. This con-



IV. 105] ELIMINATION OF SINGULARITIES 111

firms the conclusion reached in § 99, that a function plane-harmonic
in z and y is also plane-harmonic in « and B.

Approximate calculation of 7

104. Suppose that we have determined (approximately) one of
the conjugate plane-harmonic functions «, B, so as to have for a net
in the z-y plane values of that function at every nodal point. Then

we can deduce (again, approximately) values of the modulus of
transformation A; for it is easy to verify that

= 3

and hence, according to (11), it follows that
h? = }V¥a?)—aV, }
= $V?(B%)—BV2B (similarly).
Now we saw in § 17 that (whether N = 3 or 4 or 6)
1
x a% (w)—w,

2
= %(Vzw)o—{«(terms in a# and higher powers of a?), (19)

(18)

a denoting a mesh-size of the chosen uet. Consequently with neglect
of a* and higher powers of a we may replace the first of (18) by

N“2 2) 2 2
5 (B = 3 ()= Ned—20( 3 (a)—New
—Z,[(ak-ao)z] 2 (Aa)?,  say,

in which Ax = (o, —«,) typifies the change in « as we pass from 0 to
one of the NV points grouped symmetrically round it at the standard
distance a@. Thus with an error of fractional order a? (at most) we
may deduce h? from the expression

h? = g (Aa)?,

or from the similar expression (20)
2
2 2
h? = Vot g (AB)2.

Elimination of singularities in plane-potential problems
105. In proceeding to relaxational aspects of conformal trans-
formation we shall meet a feature not presented in earlier examples—
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namely, ‘singularities’ which imply that concentrated forces act in
the membrane analogue. In Chapter II, Z as well as w was treated
as a ‘smooth’ function of x and y, representable by a polynomial in
the vicinity of any nodal point. Such treatment excludes ‘point
loadings’, which of course would entail infinite displacement of the
membrane, and as such are unlikely to occur in physical applications.
But here we are concerned with purely mathematical problems, and
while no allowance has to be made for distributed loadings (since the
governing equation has the form of (3), § 96,—i.e. since Z = 0), point
loading is required for transformation (@) of § 100.

It entails no special difficulty, (i) because (since equation (3) is
linear) solutions can be superposed, and (ii) because an exact solution
of (3) is known for the case of a single concentrated load, namely,

1
by = 5_logr, } e

where r? = a4-y2,

and the origin is at the point of loading. It is easy to verify that
V24, = 0 when r £ 0, also (by applying Gireen’s theorem to a circle
of radius @ and centred at the origin) to show that the total force
at that point is Z where

7= ffv%ldxdy: f{;%qslds: ff;?gr—‘rd()
14

= 1, according to (21).
Using (21) with an appropriate multiplier and origin (r = 0), we
can dispose of each and every ‘point loading’ ¢n advance, thereby
leaving for subsequent attack by Relaxation Methods a plane-
potential problem of normal kind. For if ¢, the wanted function, is
expressed in the form
d’ = (¢1’+“---+¢)L)+¢” (22)
where ¢,,..., ¢, relate to the specified point loadings and are therefore
known, then we have to make V34’ = 0 everywhere and to satisfy a
boundary condition which can be derived from the boundary con-
dition for ¢.

Conformal transformation by the Relaxation Method. Type
(a), § 100
106. The transformation denoted by (a) in §100 is a particular
case of the more general transformation whereby a region contained
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between two closed boundaries 4 and B is transformed into the
annular region between two concentric circles. The analytical pro-
blem is to determine the form of the function f in (4) of § 99: our
(equivalent) problem is to determine « and B, in (4), at nodal points
of the chosen net, so that 8 has a constant value on each of 4, B,
and « (its conjugate) is cyclic.

Without loss of generality B may be required to vanish on the
outer boundary 4 and to have the value 1 at every point of the inner
boundary B: then 8 is definite, also the cyclic constant a of its con-
jugate o. In the transformed plane, the functional relation between
y = a+if and z = r'e?’ is

2 (%‘)7 (23)

a

as is easily verified. For according to (23)

B
z_ (9) (cos 0’ +1isinf’),
a \a (24)
where 0" = alog %;

consequently the contours B = 0, 8 =1 are concentric circles of
radius @ and b respectively.

In order that the region between 4 and B may transform into
a complete circular annulus, 8° must be cyclic with constant 27,
Therefore, according to (24), the relation

Iog(—; = 2n/a

must be satisfied, so that while either @ or b may be chosen at will,
the ratio a/b must have a particular value. This result has a physical
interpretation (Ref. 1, § 3): the original and the transformed region,
regarded as conducting sheets of equal resistivity, must offer the
same total resistance to the passage of electric current between their
inner and outer boundaries.

107. But on that understanding, if (as in this example) B is con-
tracted indefinitely, then a/b must tend to infinity. Therefore any
closed boundary 4, and any interior point B, can be transformed
into a complete circle and its centre. This is the transformation (a)
of § 100, and it entails a singularity at B.
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Proceeding in the manner of § 105, we express the wanted solution
in two parts by writing

a=0—¢, B=logt—y, (25)

r, 8 being polar coordinates in the z, ¥ plane (with origin at B), and
7o being an arbitrary constant. Then ¢ and ¢, like « and B, must
be conjugate plane-harmonic functions, and having no singularity
inside A they will be defined completely (except as regards a nuga-
tory constant in «) by the requirement that 8 = 0 at every point
on that boundary.

Retaining the significance of y and z in (23), but now replacing
that relation by

2z . -
o= e = e~B(cos a+isina)

= _r’_e¢{cos(o_¢)+isin(e~¢)}, (26)
0

we see that A4 (i.e. the contour 8 = 0) is transformed into a circle
of chosen radius @, and B (where r = 0 and ¢ is finite) into the
origin 2 = 0. Since ¢ is single-valued, « like § will be cyclic with
cyclic constant 2.

Example XI: Conformal transformation of an area into a
circle

108. As an example we now proceed to compute i (and therefore
B) for a doubly symmetrical region bounded by an ellipse and the
two branches of a confocal hyperbola (Filon’s torsion section: cf.
§100). As the point B we ake the common centre of the ellipse and
hyperbola.

Fig. 45 exhibits the solution of this initial problem (by R. W. G.
Gandy: Ref. 4, § 6). Nothing in the treatment calls for special notice:
triangular nets were employed, with meshes successively reduced in
the manner of § 52-3 (Chap. II). In Fig. 45, which shows the finest
net of the series, figures to the left of nodal points give § as computed
from the finite-difference relation, figures to the right give ‘residual
forces’.t As usual, all figures have been multiplied with the object
of avoiding decimals in computation. If r, (§107) is identified with

1 On the convention adopted by Gandy (Ref. 4), residual forces were less in the

ratio 1: 6 than they would be as calculated from the formulae of this and of pre-
ceding chapters.
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the distance BA in Fig. 45, the boundary values therc given are
such as satisfy the equation

$+10001og,o(r/ry) = 0, (27)

and a comparison of (27) with (25) shows that in consequence the
computed values (at internal points) contain a multiplying factor

10001og,o e = 434-2945.

109. Having evaluated ¢ with an accuracy deemed to be sufficient,
to complete the solution we must associate with it a similar approxi-
mation to its conjugate ¢. The exact solutions for ¢ and i satisfy

the relations
op o o oy .
% _ 9 G . (2) bis
ox oy on  ox

and are, moreover, without singularities and single-valued in the
sense that both § %% ds and § aa—f ds vanish when the integrals relate

to any closed curve which lies within the outer boundary. But our
solution for i, being only an approximation, though single-valued
is not strictly plane-harmonic: therefore it will not be possible to
satisfy both of (2) by any single-valued ¢, and a problem is presented
which we have not encountered previously.

Later (§125) we shall develop an argument to show that ¢, for
optimum results, should be computed without reference to any
existing (approximate) solution for . This, however, would entail
an expenditure of labour comparable with what was needed for the
determination of ¢, and results sufficiently accurate, though in some
degree arbitrary, can usually be obtained by the quicker process
now to be described.

110. The two conditions (2), §109, imply that both will also
hold when Oz, Oy are rotated through any angle. Accordingly, in
Fig. 46a, o¢/ox’ should be equal to a/oy’; and the finite-difference
approximation to this relation is

¢Q“‘¢’P = g('/'.n“‘/'s)» (28)

terms of the third and higher orders in @ and 6 being neglected in
comparison with @ or . Such approximations being the essence of
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a relaxational treatment, in what follows we may with consistency
replace (2) by (28).

Suppose that i has been determined approximately at nodal points
of the triangular net shown by fine lines in Fig. 46 . In that diagram

Y\ y
xl
R //
b a
-
a b
S\g

e

Fig. 46a

Fi1a. 46b

the points lettered P, @, R, S have the same spatial relations as in
Fig. 46a if

@« _Po_ 1
b RS V¥
therefore according to (28) we have
g, = s 29
qSQ ¢P '\/3 H (" )

and so, knowing ¢, ¥, we can attach a numerical value to A¢, in
Fig. 46b. (An arrow is used to indicate the direction in which this
increment is measured.) In exactly the same way we can attach
a unique value to A¢ for every link of the bold-line hexagonal net
in Fig. 460.
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Because ¢ is single-valued, the circuital relation §%—‘bds =0 is
8

satisfied for the triangle RST, and therefore
Ay +Ady+Ady = g ($)—3¢p = 0. (30)

This means that on the hexagonal net ¢ as calculated from the A¢’s
will satisfy exactly (for N = 3) the finite-difference approximation
to Laplace’s equation (3). But because iy does not exactly satisfy
the similar relation (with N = 6) which is appropriate to its tri-

angular net, the integral fﬁi—f ds taken round one of the bold-line

hexagons will not in general vanish,—i.e. the A¢’s will not in general
determine a single-valued function ¢. T'his is the finite-difference
equivalent of the difficulty noticed in §109.

111. Starting with i as presented (e.g.) in Fig. 45, we can deduce
Aé’s in accordance with (29) and from these, having given an arbi-
trary value to ¢ at any one point, we can deduce its value at any
other by summing along any selected path. Values so calculated will
be unique provided that the path is not self-cutting; but they will not
(usually) constitute a unique solution, because different values would
have been obtained if another path had been chosen. To that extent
they are indeterminate, and we have now to eliminate this unde-
sirable feature. In other words, only some of the calculated A¢’s
have been used to obtain a solution, and the same weight should be
given to all.

When ¢ is interpreted as transverse displacement of an actual
net, a procedure for adjusting calculated A$’s is at once apparent.
If the values of ¢ at two adjacent nodes are not compatible with
the value which has been attached to A¢ for the ‘string’ connecting
them, then before this can be fitted into place its ends must be
given a relative displacement A¢’ additional to Aé: therefore
according to § 61 (Chap. III) transverse forces +A¢’ must be
applied at its two ends, entailing ‘residual forces’ on the corre-
sponding ‘constraints’. Eliminating in this manner every discrepancy
of the type denoted by A¢’, we obtain a solution for ¢ which is
single-valued but entails residual forces: these must be liquidated
in order that it may satisfy our approximation (30) to Laplace’s
equation.
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Alternatively, the total residual force entailed at any point by the
¢’s can be calculated from the formula

Fo=2 (4)—Ng,. (31)
a,N
The result will be the san:v, since the right-hand side of (31)
= g (A¢-A¢’), in the notation used above,

= g (Ad),

because the A¢’s sum to zero as exemplified in (30).

112. There are now two possibilities: either the residual forces are
of an order neglected in the y-solution, and so with consistency can
be disregarded, or they will call for liquidation by normal methods.
In the latter event (since we have seen that every discrepancy entails
equal and opposite forces at adjacent nodes) liquidation may be
expected to be rapid.

Greater accuracy can be attained by dealing with ¢ on the basis
of a triangular instead of a hexagonal net, and the change can be
made without difficulty either before or after the final liquidation.
For every hexagon centre we can derive a value of ¢ from the finite-

difference equation
Ndo =3 (#), (32)

with N = 6: then the residual force will vanish at the hexagon
centres, and for a corner it can be calculated in terms of the six
surrounding values of ¢, from the formula

Fo== 3 (4)—Ney, (31)bis

N again having the value 6.

113. Fig. 47 serves to illustrate the suggested procedure. In its
left-hand portion values of ¢ (from Kig. 45) are shown for the hexagon
centres, and numbers are attached to A¢ for every hexagon side.}
In its central portion are given values of ¢ deduced from the A¢’s
by summation along paths (arbitrarily chosen) which are indicated

t The factor 1/¥3 which occurs in oquation (29) has been disregarded, but the

given values of ¢ were divided by +3 before the a-contours (Fig. 48) were con-
structed.
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in bold lines.t These values, shown by figures to the left of the
hexagon corners, are in some instances incompatible with the A¢’s
attached to the sides of hexagons which did not form paths of sum-
mation (and on that account are shown in fine lines): therefore
residual forces are entailed in accordance with (31), and these are
shown by figures to the right of the hexagon corners. Only a few
have magnitudes in excess of 2/3—a figure which was neglected in
the computation of ¢ (Fig. 45); and all can be brought below that
magnitude by a final liquidation (in relation to a finer triangular
net) in the manner of §112. The right-hand part of Fig. 47 shows
the accepted ¢-solution.

It remains to allow for the arbitrary addition of 400 to the values
of ¢ (cf. footnote) and for the multiplicr (434:2945) which was intro-
duced in §108; then, to deduce values of « and B in accordance with
the expressions (25), and using these to construct the o8 net. Fig. 48
exhibits the accepted solution of this problem in conformal trans-
formation.

Conformal transformation by the Relaxation Method. Type
(b), § 100

114. This transformation (excmplified in Figs. 42 and 440) can
be effected similarly. In illustration we transform a flanged ‘bull-
head’ rail section (Fig. 49) into a rectangle such that one pair of
opposite sides corresponds with the top and bottom of the rail, the
other pair with its curved sides.§

Here the shape of the boundary to be transformed makes a square
mesh (N = 4) more convenient, and the relative simplicity of its
boundary condition suggests the desirability of calculating first that
function (here denoted by B8) which has to take a constant value
along each curved side. On account of symmetry only one-half of
the section need be considered if 8 is made zero on the centre-line:

1 The paths should be roughly orthogonal to the boundary, since d¢/dv is
spocified.

1 1t is known (from the symmetry of ) that ¢ has a constant value along both the
lines BA, BC in Fig. 45, also variations skew-symmetrical with respect to both.
Accordingly the natural procedure would be to make the constant value zero; but
in theso calculations an arbitrary value 400 was given to the constant, with the
object of keeping ¢ positive.

§ The points which have to bocome corners of the rectangle were chosen arbi-
trarily.

3837.13 1
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at internal nodes it must satisfy the finite-difference relation (akin
to (32), but with N = 4)

4B, = 3 (B). (33)
a4
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B
N
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Fic. 49. (R. W. Gi. Gandy)

Example XII: Conformal transformation of a rail section into
a rectangle
115. The computation of 8, as of ¢ in §108, is effected by the
standard methods of Chapters IT and III; and when 8 is known its
conjugate « can be determined by methods exactly similar to those
§§109-12, except that for the square-mesh net the factor v3 in
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(29) is replaced by unity and N in (31) = 4. Accordingly this pro-
blem may be left to the reader as an example. The accepted values
of « and B are recorded in Fig. 49, and the resulting ‘map’ in Fig. 50.7

The bold-line curves in Fig. 50 call, on the other hand, for explana-
tion. They are contours of the quantity A defined in § 101, and they
have been derived from computations based on the second of equa-
tions (20), § 104. The numbers attached to the bold-line contours give
values of & on the assumption that A = 1 in the region of the ‘web’
of the rail section, where the contours of « and B are approximately
straight. Actually, of course, » must vary in this region; but its
variation is too slight to be calculated accurately, and for that reason
the contour % = 1, as being somewhat uncertain, is indicated by a
broken line. Similar uncertainties exist in regard to contours near
the corners of the rail section, and these have been similarly indicated.

When h is thus computed, some ‘smoothing’ of results may be
necessary, since we are in effect performing a double differentiation
of the computed 8; and in this connexion, when high accuracy is
wanted, use may be made of the fact that according to (12), §102,
log k, like B, is a plane-harmontc function of x and y. We shall return
to this point in §122.

‘Inversion’ as applied to the problem of conformal trans-
formation

116. A relaxational treatment of transformation (c), § 100, intro-
duces new considerations owing to the infinite extent of the original
and of the transformed regions. In Fig. 44 (c) the shape of the inner
boundary B is specified, and the outer boundary A4 is at infinity:
we have to ‘map’ the region external to B by contours of two con-
jugate plane-harmonic functions «, 8, of which 8 = 0 at all points
on B and at infinity tends to identity with logr/c (¢ being constant)
while « is a cyclic function tending at infinity to identity with —0.
Thus the ‘field’ in which 8 must be determined cannot be shown on
a drawing of finite size: to circumvent this practical difficulty, we
have recourse to the analytical process known as inversion.

cx , %y

N TTare VT wg

(34)

t The actual computations (by R. W. G. Gandy: Ref. 4) wore carried to a net twice
as fine as that shown in Fig. 49.
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¢ being constant, then

r = J(x'+y'?) = r, 0’ = tan-1(y’/x") = 9, (35)
and

¢ = a'—iy’ = Ma—iy)/(@+y?) = oz, } (35)

when, as in § 96, 2 = x-}1y.
Consequently, 2’ is a function of z, like y as defined in (4); and it
follows, as in § 99, that any function plane-harmonic in x and y will
also be plane-harmonic in x’' and y'. The transformation represented
by (34), and known as ‘inversion’, is a type of conformal transforma-
tion. It transforms any boundary B which encloses the origin into
some new closed curve C (say), the region external to B into the
region internal to C, and all points at infinity (i.e. the boundary A4)
into the origin of the coordinates z’, #’.

Conformal transformation by the Relaxation Method. Type

(c), § 100

117. Thus transformed, the problem of computing « and B becomes
exactly similar to the problem treated in §§ 106-13, except that a8,
being a function of x4y or of re? (§ 98), is now required to be a
function of »'e-%%,—i.e. of x’—1y’ according to (34) or (36),—so a—if
is required to be a function of #'4-iy’.1 (In order that a8 may be
a function of ’-}-4y’, the operation of inversion must be accompanied
by ‘reflection’ with respect to the axis of 2.) The condition

B —>log(rfc) as r—> o0

becomes B —log(c/r’) asr’ — 0,
by (35); and since 8 must vanish on B, in the transformed problem
B = 0 at all points on C. (37)
Proceeding on the lines of § 107, we write
—a=0+¢, B =log(c/r')+, (38)

thus requiring ¢ and i to be plane-harmonic without singularity at
the origin, and ¢4-i to be a function of 2’ +4y’. Then (37) imposes
the relation

¥ = log(r’/c) at points on C, (39)
and it remains to evaluate s and ¢ (approximately) at nodal points
inside C, and to draw contours of « and B in accordance with (38).

t A different significance was attached to 7/, 8’ in §106, where they stood for
polar coordinates in the transformed plane.
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Finally, the required contours (external to B) can be obtained from
these by a further application of inversion as defined in (34) and (35).

Example XIII: Conformal transformation of the region

external to an airscrew section

118. As an example we now consider a typical airscrew section
which was used by Bryant and Williams (Ref. 2) for a study of two-
dimensional flow round an aerofoil in a wind-tunnel. Fig. 51 shows
the aerofoil section B3, the chosen circle of inversion (viz. the circle
of radius c), and the resulting boundary €. In Ref. 4, §16, values
of ¢ on this ‘inverted boundary’ were calculated from the formula

P = 10001og, (7' /c), (40)
and in consequence the calculated values of i contained a multi-
plying factor 1000log;, e = 434-2045
(cf. §108). So when i has the calculated values, and if values of ¢
(such that ¢-+-2 is a function of z--1y) are deduced in the manner
of §§109-13, the formulae (38) are replaced by

—434-29450 = 434:29450+ ¢,
43429458 = 434-2945log(c/r')+, (41)

= 1000 log,q(c/r")+.
¢ being non-cyclic, —« like 6 is cyclic with constant 27, and con-
tours of «, for equal spacing, must be drawn for sub-multiples of
this quantity. In Ref. 4 it was decided to plot 40 «-contours for
values of « separated by #/20: this means, according to (41),

contours of 200 (0 __ ¢ ) for values differing by 10,

™ 434-2945
. 10, 2004 _
i.e. contours of —9—0 —}—;mz:‘igzg for values differing by 10,

where 6° stands for 6 expressed in angular degrees. The contour
values of B must be separated by the same interval as those of «:
therefore according to (41) contours must be drawn for values of
{$—10001log,o(r'/c)} which differ by 434:2945X 7/20 (= 68:22) and
start with C as the contour (8 = 0).

119. Fig. 51 shows the accepted values of i, contours of B as
deduced from these, and the contours which result by inversion.
Fig. 52 shows, similarly, accepted values of ¢, contours of « as

1 To avoid confusion no values havoe been inserted within the circle of inversion.
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deduced from these, and the contours which result from inversion.
Near the ‘waist’ of the inverted boundary C (corresponding with the
leading and trailing edges of the aerofoil section) ¢ and i vary rapidly
and contours were not easy to determine with accuracy. Accordingly
in that region values were calculated for nodal points of a con-
siderably finer net, extended into regions where the variation of ¢
or ¢ was sufficiently slow to permit a reliable estimation of boundary
values. Interpolation was then a straightforward problem.

Conformal transformation by the Relaxation Method. Type
(d), §100
120. Given a transformation of type (c), § 100, we have only to
apply the further transformation

ptip = k(z+f‘§) (2 = 2-+iy) (42)

in order that the circle 22+4-y? = a® together with the line y = 0
may correspond with the axis = 0, and the semi-infinite region
(external to the circle) in which y > 0 with the half-plane in which
¢ > 0. It is thus unnecessary to consider further the problem of
transformation into a half-plane, except in relation to multiply-
connected regions which have symmetry such that in effect a region
finite in one direction has to be transformed into a strip of infinite
length and uniform breadth. This is transformation (d) of § 100.

Example XIV: Conformal transformation of a notched strip
into a rectangle

121. Fig. 53 presents a problem of this kind which has been
discussed by Poritsky and others (Ref. 8),—mnamely, to transform
the notched strip shown into a strip with parallel sides, and thereby
to transform a plane containing one straight row of circular holes
into a plane containing one straight row of parallel slits (Fig. 44d).
The computations embodied in Fig. 53 were made (Ref. 4, §17) by
L. Fox and Miss A. Pellew.

The required solution was expressed in two parts by writing

7z _Y
a—a"'¢’ B—;i—¢: (43)

where x and y relate to an origin at the centre of the strip and d is
the half-width of the unnotched part; and the methods described
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above were employed to find forms for ¢ and ¢ which give 8 the
value 4-1 on the two edges of the strip, and a zero value on the centre
line. On account of symmetry, only one-quarter of the field needs
to be reproduced. Contours of a, B, and & are plotted in Fig. 53.
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a=0 as a2
Fic. 53. (L. Fox and A. Pellew)

h=248

{
k=4

122. As in §115 the formulae (20), § 104, were employed to com-
pute values of A, but in this instance the results were ‘smoothed’,
not (as in Fig. 50) by judgement applied to cross-plottings, but (as
suggested in §115) by making use of the circumstance that logh is
planc-harmonic. For each computed value of & the corresponding
value of logh was recorded as a ‘displacement’ of the appropriate
nodal point; then the corresponding ‘residual forces’ were liquidated
by the normal procedure. Liquidation was carried far enough to
make the fractional uncertainty the same for % as for o and 8, viz.
0-1 per cent.

In problems calling for an accurate determination of %, this sys-
tematic procedure (also employed in Ref. 5 to effect the transfor-
mation shown in Fig. 42, § 95) would appear to have advantages over
the customary ‘smoothing’ treatment.

Computation of the electrical capacity of cables and con-
densers
123. In§ 106 the transformation («) of Fig. 44 (§ 100) was described
as a particular case of the more general transformation whereby a
region contained between two closed boundaries 4 and B is trans-
formed into the annular region contained between two concentric
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circles. The function 8 has to take a constant value on each of A
and B, and « (its conjugate) must be cyclic. By requiring 8 to vanish
on the outer boundary 4 and to have the value 1 at every pomt of
the inner boundary B, we make B definite, also the cyclic constant
a of its conjugate a.

§ 107 proceeded on the understanding that B had negligible dimen-
sions—i.e. was an interior point. But the more general case in which
B as well as 4 has finite size could have been treated similarly, and
indeed is simpler in that it entails no singularity. For the computer
it is a problem exactly similar to the torsion problem for hollow
sections, except that in it B is plane-harmonic (V28 = 0) and has to
take a specified value at each boundary, whereas in § 64 y had to
satisfy the equation

Vix+2 = 0,

and the difference of its values at the two boundaries was determined
by a special condition.

The general case has, moreover, an electrical application, being
presented when we require to calculate the ‘capacity’ of a cable or
(cylindrical) condenser. For 8, defined as in § 106 by the requirement
that it vanishes on the outer boundary 4 and has the value 1 at
every point of the inner boundary B, can be interpreted as the
electrical potential in the space between an inner conductor B and
an outer conductor 4 which is ‘earthed’; then (Ref. 1, § 11) « is the
electric current-function and e, its cyclic constant, has the value
p/R, p denoting the (uniform) resistivity and R the total resistance
of the medium between 4 and B. It can, moreover, be shown
(Ref. 6, §386) that 4w R/p = 1/C, where C is the capacity (per unit
length) of A and B regarded as electrodes of an air condenser.
Accordingly we have

P fox, [
41r0’—7é_§88d8—- §avds (44)

(v denoting the outward normal), when the integral relates to any
contour surrounding B and lying within the outer boundary 4. As
shown in § 27 (Chap. I), when B is accurately plane-harmonic all
such contours yield the same value.

Using (44) we can estimate C without difficulty, given values of
B computed for some regular net. For such estimation the current
function « is not required.
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Example XV: Capacity of a square-section cable in a square
sheath
124. A problem of this kind was solved by R. W. (i. Gandy in
Ref. 4, §§ 18-20; it presents no difficulty, so may be left to the reader
as an example. Both 4 and B were taken as square (Fig. 54), their

A A A
@ (b) (c)

Fia. 54

sides being in the ratio 2v2. The capacity C was computed for three
different arrangements («), (b), (c).
The results were:

47nC = p/R = 6-71; in arrangement (a),
= 667, ,, ’s (b), (45)
= 671; ,, » o (e),
—showing that the capacity fluctuates within narrow limits as B is
rotated relatively to A. The contour integral in (44) was computed
from the formula (52) of § 27, and because in each determination of
B some residuals were left unliquidated, the integration was effected
for several contours and the resulting figures were meaned. The first
of the figures (45) is the mean of 5, the second of 5, and the third
of 7 estimates.

Optimal approximation to the conjugate of an approximately

determined plane-harmonic function

125. It was remarked in §109 that the conjugate (¢) to an
approximately determined function () ought strictly to be com-
puted independently (i.e. without reference to the existing solution)
We now give the grounds for that assertion.}

When (owing to unavoidable errors of computation) ¢ is not
strictly plane-harmonic, no single-valued function ¢ will satisfy both

1 § 125 is reproduced from Ref. 9, § 5.
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of (2), §109, and we have the problem of choosing ¢ to minimize the
residual error. We may take as the measure of this error the integral

0= f f {( ) (a§+aﬁ)}d“dy (46)

evaluated for the whole ‘field’ contained within the specified boun-
dary: i.e., given ¢ we may say that the optimal approximation to its
conjugate function ¢ is that which makes @ a minimum.

Let ¢ = doté’, (47)

where ¢, satisfies the conditions

Vi, =0, everywhere in the ‘field’,
oy _ o } (48)
» 75’ ' on the boundary.

Then on substituting in (46) from (47) we have

o= [ -5+ (G a)) w
+ [T + (&) dato +

o ([ Yo o

and the last of the integrals in this expression
_ (O 2\ 4o g2
m2§¢(—5——a§)ds 2“¢v¢odxdy,

by Green’s transformation,
= 0, in virtue of the relations (48).

Again, since ¢, and ¢ are invariant so also is the first integral in
(49). Consequently @ has its minimum value when

JIUES ()} ot =0

i.e. when ¢’ = const. so that ¢ (like ¢,) satisfies (48).

According to this conclusion, the optimal approximation to ¢ is
governed by (48) and accordingly is independent of any errors in the
computation of : its determination is a plane-harmonic problem of
the type termed Class II in Chapter III (§ 94). A relaxational
treatment of such protlems was described in §§ 71-4 of that chapter.
It can be used when special accuracy is wanted, but it entails more
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labour than the somewhat arbitrary treatment which has been
described in §§110-13.

Mixed boundary conditions in plane-potential problems.
Method 2

126. One method of dealing with ‘mixed’ boundary conditions
was described 1 §78, and exemplified in § 79 of Chapter III. A
second method (due in principle to J. R. Green: Ref. 9, § 20) utilizes
the conjugate property of plane-harmonic functions, so is appro-
priate to this chapter.

The principle of superposition, employed in §105 to dispose of
singularities in advance, permits us to confine attention to a govern-
ing equation of the form of (3), because a particular integral of the
more general equation

V¥+Z(z,y) = 0
can always be formulated. (Denoting this solution by i,, and writing
the complete solution in the form

=+,
we shall (cf. § 105) have V%)’ = 0, also a boundary condition for '
which (, being known) can be deduced from the boundary condition
for 4.) Here, then, we consider the problem of satisfying mixed
boundary conditions imposed on a function which at every point
within the boundary satisfies

V2 = 0. (3) bis

127. Suppose in the first place that the boundary consists (Fig. 55)
of two portions only—a part 4 BC on which the wanted function
is specified, and a part ('DA along which values are imposed upon
its normal gradient. We can assume that § being plane-harmonic
has a conjugate function ¢ related with it by the equations (2); and we
arrange the square mesh net so that AC coincides with one line of
nodal points.

Then along CDA, where &i/dv is specified, we have values of o¢/cs
in virtue of the relations (2), so can integrate to obtain ¢. The
constant of integration is immaterial, so ¢, can be given any arbi-
trary value and a definite value will then be imposed upon ¢, We
also know ¢, and ¢, but we do not (initially) know the values of
¢ or of ¢ at nodal points between A and C. If these were given, we
should be confronted with two plane-harmonic problems of Class I,
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§ 94—namely, evaluation of 4 within the region 4 BCA4, and evalua-
tion of ¢ within the region CDAC, Fig. 55. Our problem is to attach
such values to ¢ and ¢, at nodal points between A and C, that the
resultant solutions are compatible; i.e. that ¢ as deduced for the
region ABC4, and ¢’ the conjugate of ¢ as deduced for the region
CDAC, merge without discontinuity along the junction line AC.

v A

¥ specified g

D
B gf—speciﬁ'ed
PL’C
Fia. 55

Identifying the directions of Oy and of CA4, we may state the
conditions of such mergence as follows:

along AC, %’=§‘£= _f‘é,
ox ox oy
o _ ol o

oy oy | ox

by (2). (50)

b

128. Let 0, Fig. 56, be any nodal point in the line AC, and let
1, 2, 3, 4 denote the four surrounding points. Then the usual finite-
difference approximations replace

O
22 by gy

Ii)
a .
222 by
and similar expressions hold for ¢/ox, 4/dy. But 1 in relation to
is a ‘fictitious point’, and i, (since i is plane-harmonic) must satisfy
the approximate relation

Pty tiatidy = 4 (51)
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consequently the first of (i) can be replaced by

% ..

2“52 = dfy— (st 23+1,), (ii)

which involves only values of 4 at ‘actual’ points in A BCA, Fig. 55.
The corresponding approximation to d¢/ox is

22 — 4y (ot 26,1, G

Fic. 66

involving only values of ¢ at ‘actual’ points in CDAC, Fig. 55.

The expressions for ay/dy, 0¢/oy call for no modification. Sub-
stituting from (ii) and (iii), we deduce that the following may be
employed as finite-difference approximations to (50):

along AO, 4¢0~(¢2+2¢3+¢4) == ¢4_—¢2’ (52)
4y —{bat 20+ o) == hy—ify.
The mesh-side (a) does not appear in these expressions, which
accordingly hold for every size of net, and whether 2, y, ¢, ¥ have
‘dimensional’ or purely numerical significance.

129. We have now transformed our problem into one suited to
attack by standard methods. The function i is to be evaluated at
nodal points in the region 4ABCA, ¢ at nodal points in the region
CDAC, both s and ¢ at nodal points in the line 4C. The wanted
functions are specified on the curved boundary, so the methods of
Chapter III can be employed to deal with ‘irregular stars’. Separat-
ing the regions 4 BCA and CDAC as shown in Fig. 57, we need not

3837.13 K
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(in computation) distinguish between i and ¢. Kach is plane-
harmonic within its own domain, so special relaxation patterns are
entailed only near the curved boundaries (due to irregular stars) and
at points near the lines AC, A'C".

A A

Fia. 57

For the latter, they may be derived from (52) in the way by
which the standard pattern was derived from (51). Thus for the first of
(52), introducing the concept of residual forces, we may substitute

Fo= —4ho+ (Yot 203+ g) +bp—y = 0 (63)
(dashes now denoting points on the line A'C” of Fig. 57). This gives
the changes induced in the residual force at 0 by unit ‘displacements’
(¢ or ¢) imposed severally at the nodal points numbered 0, 2, 3, 4,
2', 4/, therefore decides one numeral in the ‘pattern’ for each such
point. The second of (52) may be treated similarly. Excepting (pos-
sibly) at 4 and C, all of the ‘strings’ have standard lengths, so the
patterns are simple to construct and apply.

In special cases that part of the boundary on which normal
gradients are specified may be straight: i.e. CDA, Fig. 55, may
degenerate into the line CA. Then ¢ will be known initially for
points on AC, so that ¢,, ¢, are invariant and the first of (52) is
recognizable as an expression for &/ox, at 0, in terms of ¢, y,, i3, .
No further condition is imposed by the second of (52), since 1, in this
instance, is a fictitious point inrelation to ¢ as well as 4, and accordingly
¢, may have any value.

130. Occasionally it may not be convenient to arrange the chosen
net (as in § 127) so that 4 C coincides with a line of nodal points. In
that event the barrier between the  and ¢ regions may be chosen
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to coincide with two such lines, as in Fig. 58a. No new question of
principle is entailed.

But our discussion as it stands does not cover problems in which
normal gradients are specified on more than one portion of the
boundary. The reason is indicated in Fig. 58b: knowing o¢/ds at all

¥ specified _C
v\ov p

gyspecified )
4 ¥ specified

43
3 specified

(@) ®)
Fia. 58

points in A B, CD, we can attach an arbitrary value to ¢ and thence
deduce ¢,; but we cannot go on to deduce ¢, and ¢, severally
(though we can calculate ¢;,—d.), and we are not entitled arbitrarily
to introduce another constant in order to make them definite.

We can, on the other hand (taking advantage of the principle of
superposition), obtain the required solution by a synthesis of two
solutions (a) and (b), of which

(a) is obtained on the assumption ¢ , = ¢, = 0,
(b) Y] 3 ” 'T) ¢A = 0, ¢C = l;
and both can be obtained in the manner of § 127-8. Denoting these

two solutions by ,, ¢, and i, ¢,, we can derive a third solution
Y, ¢ by attaching any value to k in the expressions

h=o—lhy, b= bo—kdy. (54)
To make the derived solution acceptable, & must be so chosen that
on any line XY parallel to Ox
Y
Yp—iy = f g—g dx as determined from ¢ according to (2),

X
Y

%

X
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so we have from (54)

k() g — (o) )+ f % 4 = (o) —(ba)x + f %a 4. (55)

Every line of nodal pomts like XY will yield a separate estimate
of k, and the estimates will differ only on account of unavoidable
errors of computation.

Example XVI: Mixed boundary conditions in relation to a
rectangular area
131. To test these methods L. Fox (Ref. 9, § 24) applied them to
the two problems indicated in Fig. 59. For both the boundary con-
ditions were framed so that the wanted function was}
Y = tan~ly/x } (56)
(corresponding with ¢ = logr+-const.)
when the axes are as shown in the diagrams. But in Example XVIa
(illustrative of §§127-9) boundary values of ¢ were assumed to be

y
1 1 [ ! N
T 1< =
A B E F
1
1 D C H G
2
X
Fia. 69

specified over the length EBADCH, normal gradients of 4 over the
length EFGH, so that a single barrier K H separated a i-region from
a ¢-region; in Example X VI8 (illustrative of § 130) boundary values
of ¢ were assumed to be specified both over BADC and over KFGH,
normal gradients of ¢y over the lengths BE and HC, so that a single
¢-region separated two y-regions. The choice of a rectangular
boundary obviated the inessential complication of ‘irregular stars’.
Example XVI A presented no difficulty. Three successive nets were
employed, the finest having 8 mesh sides in a shorter side of the
rectangle. The final (accepted) values of ¢ (shown in Fig. 60) are

nowhere in error by } per cent.
t+ The advantages of this function have beon stated in § 75.
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132. The test imposed in Example XVI B was somewhat different,
being concerned with the accuracy attainable by the procedure sug-
gested in §130. By that method we derive a series of estimates for
the constant k in (54), in number depending on the fineness of the
ohosen net. In this example it was arranged that the correct value
of k should be 805, and on a net having 8 mesh-sides in the length
of a smaller side of the rectangle the following were obtained as esti-
mated values:

795, 797, 807, 813, 807, 799, 799 (mean 802).

Acceptance of the mean value 802 entails an error of less than
0-4 per cent.

RESUME

133. In this chapter the standard methods of preceding chapters
have been applied to effect four common types of conformal trans-
formation, likely to be useful in physical problems. Seen from this
standpoint, conformal transformation requires a computation of two
conjugate plane-harmonic functions « and B. It is shown in §125
that strictly « and B should be determined independently ; but it has
also been established by examples (§§110-21) that less labour is
involved, and sufficient accuracy (for most, prirposes) is attainable,
by treatment in which, when one of « and 8 has been determined,
the other can be deduced.

In §§ 127-30 the theory of conjugate plane-harmonic functions has
been utilized to develop a new approach to problems characterized
by ‘mixed’ boundary conditions, alternative to what was given in
§ 78 of Chapter III. This part of the chapter, and the theory in § 125,
have been taken from Ref. 9. The remainder of the chapter closely
reproduces Ref. 4.

Electrical analogies of conformal transformation

134. Its examples, for the most part, have no directly practical
application, conformal transformation being regarded (§ 99) merely
as a device by which computation can sometimes be rendered simpler.
But in §123 it has been shown that transformation (), § 100, has
a physical application,—namely, to the estimation of electrical
capacity. Example XV (§124) dealt with a cable of dimensions
comparable with those of the surrounding sheath; but transforma-
tion (a), in Figs. 44 a and 48, can be given a like interpretation,—the
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only difference being, that here the cable is replaced by a wire of
negligible cross-scction.

In fact, all four of the standard transformations of §100 can be
regarded as solutions to problems in electricity, B standing for the
electric potential and « for the electric current-function, or vice versa.
Thus when B has been determined for transformation (c) we can
deduce the capacity of a specified (straight) conductor infinitely
remote from ‘earth’.
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v
‘QUASI-PLANE-POTENTIAL’ PROBLEMS

The ‘quasi-plane-harmonic’ equation, and its physical signi-
ficance
135. Inall of Chapters II-IV our concern has been with governing
equations of the ‘plane-harmonic’ form, viz.

|t i 2t = o, 1)
Z(x,y) being a specified function. We now consider the more general
equation oy o

o)+ (x)+z =0 @)

in which y, as well as Z, is a function of z and y. When y is con-
stant (2) degenerates into the form of (1), and on that account we
term it a quasi-plane-harmonic equation.

We have met this type of equation already, in § 85, Chap. III.
If Q denotes the ‘magnetic potential’, p the ‘permeability’ of the
material at any point (z,y,2) in a magnetic field, when everything
is independent of z (so that 0Q/dz = ou/oz = 0), then Q satisfies the
equation

e e B (3)

(4
in which p is not necessarily uniform (as it was assumed to be in
the examples of §§ 87-90), but may be a specified function of # and
y. The ‘magnetic flux function’ §86) was shown to satisfy a similar

equation, viz.
Loy LaR . (4)
ox p. ox| . oy oy \p oY

136. Associated equations of the type of (3) and (4) govern the
flow of electric current, and the electric potential, in a plane con-
ducting sheet. Let i,, 7, stand for the line-intensities of current in
the directions Oz, Oy, and suppose that both surfaces of the sheet
are insulated: then (since no current, on the whole, can enter or leave
an element) P . P o
.3—5 x+ E‘y v
. . . 0
S0 we can write 1, = (%’{' ) by == ——é% )
thereby expressing i,, ¢, in terms of a single current function ¢.
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Let p denote the ‘resistivity’ of the conducting sheet, V the
electric potential at the point (z,y). Then, by Ohm’s law,

. v _ . &
—%—P%—Pa—: “@—P'u— Pos’
and successive elimination of V and ¢ from these equations leads to
o o\ of &\
e alba) = -
o LoV o oV\ _

This, and the magnetic example of § 135, suggest a physical inter-
pretation of the quasi-plane-harmonic equation:—The function y, in
(2), is a measure of something in the nature either of ‘resistance’ (p)
or of ‘admittance’ (p~!), which varies from point to point. When it
measures a resistance, the wanted function measures something
having the nature of a flux; when an admittance, something having
the nature of potential.t

137. In both examples the function Z(x,y) is zero, and from
(3)-(5) we see that on that understanding (2) will be associated with
a second equation similar but not identical in form. Mathematically,
when Z(x,y) = 0 in (2) the existence of a solution ¢ implies that we

may write xi!é _ ?25 3 _aib _ Q@ ©
oy ox’ ox oy’
and by elimination of ¢ from these relations the equation
O 108\, of .04\ _
3x(x 8x)+3y(x oyl 0 (")

is obtained. When y is constant, (6) reduce to the ‘conjugate rela-
tions’ (2) of § 96. There, the related functions ¢ and ¢ both satisfied
the ‘two-dimensional Laplace equation’ (§ 34): here they satisfy two
similar but not identical equations, which we describe as adjoint.
Since
53;- = cos(z, v)é%:+ sin(z, v)b%’
(8)
9 = cos(z, v) 9 sin(x v)—a-
os oy ox’

t It will be observed that u, in § 135, has the nature of an admittance.
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when the senses of v and s are as shown in Fig. 5, we have

o _ W o _ &

w Xe  m X ®)
according to (6), which thus imply that é)/év = 0 at every point of
a ¢-contour (¢ = const.), d¢/ov = 0 at every point of a y-contour
(¢ = const.). These again are generalizations of properties already
established (in Chap. IV) for plane-harmonic functions.

138. When Z(z,y) # 0 in (2), an adjoint equation can still be
formulated. Let Q be a function such that
V3Q = Z(x,y). (10)
Then (2), written in the form
o) oQ 0 oQ
( 9£+ )+3y(x6$ 32/) o
shows that we may write

o Q 6¢» o _895
X y+ oy EL" “‘(Xa‘*‘ax)—@s (11)

and from these relations the equation
189 298\ | | a[O0x 9Q  0x 2Q\
aw(x )+ay(x ay)~I-x ] =0 (12)

is obtained by elimination of b. Since y is specified and Q is deducible
from (10), the last term on the left of (12) may be regarded as a
specified function of x and y.

139. A further example of the quasi-plane-harmonic equation is
presented in the theory of torsional stresses in a bar of circular
section but non-uniform diameter (Ref. 11, §§ 8 and 11). On certain
assumptions (akin to those made by Saint-Venant in his theory of
torsion for prismatic bars of non-circular section), these consist solely
of shearing stress on axial (z,7) planes, having components

= 14 G Lo
= Or = 13
bz ror’ T Ew (13)
where ¢ is a function of » and z which satisfies the condition
¢ = const. (14)

along a generator of the (stress-free) boundary, together with the

equation g; ( ;15 %?) +2 (r3 a‘i’) (15)
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at every point in the material. Equation (15) is (2) with
Zx,y) =0, x=r17% ¢=¢

Membrane analogue of the quasi-plane-harmonic equation
140. A ‘membrane analogue’ of (2) can be stated. Suppose that
the membrane tension 7', which in § 36 was taken as uniform, now
has an intensity, Ty, which varies from point to point; and let ¢
denote the small transverse displacement. Proceeding exactly as in
§ 36, it is easy to obtain (2) as the condition of transverse equilibrium
for an element at (x,y), TZ denoting the surface-intensity of the
external (transverse) loading. There is no objection to the postulation
of a variable tension, since this can be maintained by external forces
acting always in directions parallel to the plane of the undeflected
membrane, and accordingly having no influence on transverse equi-
librium. The surface-intensity of the external forces will have com-

ponents

dx ox
X=-TX, v=-TX 1
ox oy (16)

—i.e. tt 1s derivable from a potential Ty.

Relaxational treatment of the quasi-plane-harmonic equation

141. As with plane-potential problems (§ 94), three cases are pre-
sented according as values of the wanted function, or of its normal
gradient, are specified on the given boundary. Thus ¢, as governed
by (2), may be specified at every point (Class I), or as/év may be
specified at every point (Class II), or ¢ may be specified at some
points and &f/dv at others (Class III). In this chapter we shall be
concerned solely with examples of Class I.t

A second classification of quasi-plane-potential problems is pos-
sible, since y, in (2) or (7), may ecither (A) be a specified function
of x and y or (B) be related by a known equation with ¢ and/or with
its differentials. Class (A) is simpler, and we shall treat it first
(§§ 142-56).

142. x being known, a relaxational treatment of (2) presents no
difficulty. We assume that the equation is in ‘non-dimensional’ form
(so that =, y, x, and ¥ are purely numerical), and we proceed to
develop its finite-difference approximation.

t Quasi-plane-potential problems of Class 11 received attention in Ref. 2.
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Referring to Fig. 61, we have the usual approximations (cf. (18),

§12) )
o) = bt
®
8¢)
al-L) = dy—i,
(375 111 o~ ¥s
therefore (similarly)
o A
[3x(xa )] ~ (X%)I a(xax)m
= X1 —o)— X (o—¥a)- (i)
2y
/4R
< a
3, m 0 I 1
4N
!
Fia. 61
By a like argument we have
of o
“2[3—31("6%)]0 ~ X1 (ba—0) — Xav(o—a)s (i)
and hence, as the required approximation to (2),
F,= F,+F, =0,
(17)

where Fo = a?Z,, k= ; (x1¥)—o ; (x1)

In these equations I, I, III, IV (for which x-values must be given)
are points half-way between 0 and 1, 2, 3, 4 respectively,—i.e. they
are (cf. Fig. 61) the middle points of the sides of the relaxation net.

143. 1t is an easy matter to deduce from (17) the ‘relaxation
pattern’ corresponding with an isolated displacement Ay, = 1. This
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is shown in Fig. 62a: it is very simple, and reduces (as it should) to
the standard plane-harmonic pattern (Fig. 10b) when x == 1 evety-
where.

@ (o)
e &

©

@ 2

CANERONT

© )

F1e. 62. Quasi-plane-harmonic ‘relaxation patterns'.

Alternatively we may proceed as follows. The quantity

el al) st

de\™ox @ Xé-)g cx ox =~ dy oy
= V() xVH—4V3x: (@)
therefore, using the standard (square-net) approximation
a¥(Viw)y = 3, (w)—4w, (ii)
a4

in relation to the terms of the right of (i), we obtain in replacement
of the last of (17)

2B, = 3 ()~ txodatxo| T ()~ 4] —tho{ 3 (X))
= ; (61 (x1+ X0) ] —0 ; (X1t x0)- (18)
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The corresponding pattern is as shown in Fig. 62b, reducing to
identity with Fig. 62a when we identify

2(x> X1p X1rn Xrv) With xo+ (X1, Xz» Xa» Xa)»
and to identity with the standard plane-harmonic pattern when
x = 1 everywhere.

Within the approximation of our finite-difference expressions for
oyloy, etc., Figs. 62, a and b, are equivalent; that is to say, their
differences are of an order (a*) which is here neglected. An advantage
of the treatment leading to (18) is that it can be applied as well to
triangular nets (N = 6), if we replace (ii) by its generalization

2
NY (vew). ~ N— N,
1 (Vaw), Na,zz;(u) w, (iii)

in which (cf. (36) of §17) terms of order a* are suppressed. Sub-
stituting from (i) and (iii) in (2), we obtain the first of (17) with
expressions as under for Fy, Fy:

Fo= N%zzm 2F, = E [‘/‘1(X1+Xo)]—‘/‘0 g (x1t+x0)- (19)
N

The second of these reduces to (18) when N = 4, and with an error
of order a* which is here neglected we may replace it by

F, = g (x1¥1)—%o % (x1), (20)

which reduces similarly to the last of (17) when N = 4. Figs. 62, ¢
and d, give for N = 6 the relaxation patterns corresponding with
(20) and (19) respectively.

Net analogue of the finite-difference approximation

144. The results of §§ 142-3 can be interpreted mechanically, as
relating to a tensioned net. The treatment follows exactly on the
lines of §§ 38-41 (Chap. II), except that now the string tension T
varies from mesh to mesh. Exactly as in §140, equilibrium in the
plane of the undeflected net can be ensured by an application of
suitable forces which have no influence on the transverse equilibrium
of nodal points.

Here the membrane tension is given (§ 140) by

T = Ty,
T being constant but x a function of x and y. Referring to Fig. 9

(§ 40), when N = 6 we concentrate the loading TZ at nodal points
(as in § 39) according to the rules of Statics; but when N = 3 or 4
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the best that we can do (cf. § 40) is to concentrate at O the whole
of the pressure acting on the surrounding polygon abc...a. Then, for
N = 6, the external force at O is given by

F, = }NTtan J"V [a2Z0+ % (vzz)o], (i)

as in (v) of § 39; when N = 3 or 4 it is given by
Fo=INT tan%oﬂzo, (ii)

as in (i) of § 40.

Ag in § 39 we concentrate in a string OB of the substituted net
(Fig. 8) the whole force which is the membrane tension 7' acting
on the length il = atans«/N. Then, with neglect of quantities of

order a?, .
T = Ta tanl_v X1 (iii)

I denoting (as before) the middle point of the string: so we have

the expression

TA¢/a = T tan % X1 A (iv)

for the force exerted by a string in consequence of a relative trans-
verse displacement Ay of its two ends; and hence the expression

Fy = Ttan g 3 Dl —o)] (v)

for the total transverse force imposed at O by reason of displace-
ments o, ..., Yy

145. Accordingly the condition of transverse equilibrium is

F,=F+F, =0, (17) bis
where F, and F, are given by (i) or (ii) and (v). But this condition
is not altered if F,, £, are multiplied in the same proportion, and,
morcover, since terms of order a® have been neglected in obtaining
(iv), we are no longer justified in retaining the second term of (i).
Therefore, cancelling (or equating to unity) the factor T tann/N,T we
now associate with (17) the expressions

F, = INa2Z,, i
Fy = 3 Dalh—do)] = 3 (ad)—do 3 (1) =D

N

t A corresponding cancellation was effected in § 41, Chap. II. Cf. also (11) of § 71,
Chap. 1II.
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which, for N = 4, are identical with the second and third of (17).
The ‘force per string’ must be modified accordingly: i.e. in place of

iv) we now have
(i) TAgja — x; A,
and in place of (iii) T = ay,, (22)
—reducing to the first of (16), § 41, when x == 1 everywhere.
Because, with neglect of terms of order a?,
2x1 = X1+ xo>--» etc,
the last of (21) is equivalent to (18) as shown in §143, and (22) is
equivalent to
E 2T = a(xo+x)- (23)
Knowing the tension in every string, we can deal as in §§ 71-9

(Chap. ITI) with problems in Class 1[ or Class I1I, § 141.

146. Occasionally, when , in (2) or (7), is a function only of x
or y, it may be advantagcous to change the variables.

Fixing attention on (7), suppose that yx is a function of x but not
of y, and let de

1
_—= == e, Sa,~ s
R (T
0 0
h o= 24
so that X o (24)
Then (7) is equivalent to

8295 2624’ Y4
oE +/ P (25)

f being written for f(¢). The finite-difference approximation to (25)
leads to a pattern even simpler than what is shown in Fig. 62a.

Applying these notions to the problem of § 139 (where, in equation
(7), x = r°), we should write

R =%, so that (i]_f = 473 = 4R}, (i)
dr
and thus transform (15) to obtain
% 49 __ "
16 5+ B2 = 0. (ii)

Example XVII: Torsion of a shaft of circular section but non-
uniform diameter
147. When ¢ is independent of z in (13)-(15), §139, its variation

with r will be given by
¢ = Ar*4- B, (26)
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A and B being constants; and without affecting the stresses we may
make B zero. Then according to (13) we have

=0, 0z= —4dr, (27)
and (14) requires that r = const. on a stress-free generator,—i.e.
(26) is the familiar solution for a cylindrical shaft.

Now consider the problem shown in the sketch attached to Fig. 63,
3837-13 L
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viz. a long shaft of radius 8 units carrying a collar, of length 6 and
radius 17 units, which is joined by a fillet of radius 1 unit. Saint-
Venant’s principle implies that at points remote from the collar (27)
and therefore (26) will apply; moreover (B being zero) the magnitude
of A is immaterial, because within the elastic limit (by Hooke’s law)
stresses may be multiplied in any proportion. If we say that ¢ =: 1
when 7 =1 (non-dimensional) unit, then 4 in (26) is determined,
also the value which ¢ must assume, by (14), at all points on the
stress-free generator, including the fillet.

148. But now a new consideration is presented: in thus adopting
the known solution (26) at points remote from the fillet we must take
account of intrinsic errors in our finite-difference approximations (21).
In this example (§139) x = -3 in (2), so that

X1= Xur =15 % xir = (ro-+1a)73, Xiv = (ro—3a)®
when I, II, IIT, IV are the points so denoted in § 142, and with
neglect of terms of order a? we may write

_ 3a B 3a
X = ’oa(l"—EFO)’ Xv = T 3(1+§;;0);

consequently with neglect of terms of order at (17) may be replaced
(F, being zero) by

= dtdob b b td—3 (b = O (29)

and the relaxation pattern is as shown in Fig. 64.1

Now in adopting this patterrt we must (for consistency) assume
that at points remote from the fillet, where 8¢/0z = 0, the ¢-values
satisfy (28) as simplified by the relations ¢, = ¢, = ¢, —i.e.

"gFo = 4’2"1"?54‘24’0—% aﬂ('ﬁs“ﬁ:) = 0. (29)

o
Hence, assuming ¢ to be zero when » = 0 and to have the value
4096 (= 8] when r = 8 units, we deduce (for @ = } unit)§ that

t §§147-51 reproduce the treatment given in the original paper (not yet released
for open publication). The alternative treatment loading to Figs. 62, a and b, was
devised later (Ref. 2): it would have avoided tho anomalies to which attention is
drawn in §§ 148 and 150.

1 This value was adopted in order to facilitate comparison with the work of
Thom and Orr.

§ A difforent series of numbers will be obtained from (29) for overy value of @. In
Fig. 63 (a = 1), the solution obtained on a larger working diagram (@ == ) has been
transferred for the purpose of reproduction.
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when r=1, 2, 3, 4, 5, 6, 7, 8,
then é=0, 14, 76, 248, 615, 1286, 2394, 4096,

as shown on the left of Fig. 63.

When ¢ has this distribution at great distances from the fillet, it
must also have the value 4096 all along the stress-free boundary,
and it must vanish at all points on the centre-line (r = 0). Liquida-
tion is affected on the basis of special ‘patterns’ (e.g. Fig. 64). In

Fia. 64

the treatment of this problem by Mr. D. N. de G. Allen, a finer net
was used in way of the fillet to obtain a more reliable estimate of
the local stress-intensification, and a diagram compared the relaxa-
tional solution with that of Thom and Orr (Ref. 12), who had dealt
with Example XVII by a different technique.

ot

Torsional stresses in an incomplete tore

149. A closely similar problem is presented by an incomplete tore
subjected to torsion by actions, on its terminal sections, of which
the resultants are equal and opposite forces directed along its axis
of revolution. The stresses thereby induced approximate to those
which obtain in a helical spring of small pitch subjected to axial
tension or compression.

The tore is generated by rotation about its axis Oz of a closed
boundary of specified form. It can be shownt that the stresses (when

1 Cf., e.g., Ref. 11, §§ 8-10.
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the actions are suitably applied) are determinable from a stress-
function ¢ which satisfies the equation

_a_ -3 o 2_ -sa_‘ﬁ — -3
ar(" 6_r)+3z(r ) (30)
together with the condition
=0 (31)
at every point on the closed boundary. They are shearing stresses
given by ~ Ao ~ Abd
TR —— e == - = . 32
bz 2 or’ br r2 oz’ (32)

A being constant; and their resultant is a force along Oz of magnitude

Z=”§zdrdz=—A”lzﬁ‘l‘drdz,
7% or

= }4 § {cos(r, v)log r-; %ﬁ} ds, (33)

so that (Z being given) A can be determined when ¢ is known.
Equation (30) is ‘dimensional’; but by writing
v for r/L, 2'forz/L, A’for A/L, ¢’ for ¢/L?,
where L denotes some representative dimension of the cross-section,
we leave its form unchanged; and the same is true of (32), by which
the stress-components are expressed in terms of ¢, also of (33)—
when v and s are similarly interpreted—except that Z, on the left-
hand side, is now replaced by Z/L2?. This means that every quantity

in (30)-(33) may be regarded as purely numerical, provided that
(33) is now replaced by

2Z/L:= A § {cos(r, v)logr—; %‘é} ds, (33a)

so that 4, in (32) and (33a), becomes a multiple of Z/L? (a stress).
The expressions (32) then define 79, 0z as multiples of Z/L2.

We adopt this non-dimensional interpretation of r, 2z, v, s, A, ¢, but
without actually inserting dashes in the equations.

150. Proceeding as in § 148, we replace (30) by (17) with
3
Fo= —a? Fy=3 (¢)—4¢o-’§ ﬁ(‘l’z‘“‘ﬁa)o (34)
a4 Ty

Hence, starting with ¢ zero, we have initially

F = —a? everywhere, (35)
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but the ‘relaxation pattern’ employed to liquidate the F’s will be
different for every row of nodes parallel to Oz. Thus when r, = 3a
so that r; = ry = 3a, r, = 4a, r, = 2a, the effects of unit displace-
ment at 0 (i.e. Ad, = 1) are

AF,= —4, AF,=AF,=1, AF,=1  AF, =}, (36)

—summing nearly but not exactlyt to zero.

Example XVIII: Torsion of a tore of square section

151. This problem has been treated by Mr. D. N. de G. Allen,
and may with advantage be worked by the reader. The side of the
square section was taken as the governing dimension L, and a was
given the values 1/8 and 1/16 in successive nets. Fig. 65 records the
accepted values of ¢ as computed on the final net, with contours of
constant ¢.}

From the second of (8), replacing « and y by z and r respectively,
we have

o o _ ¢

cos(z, v)—a-; —sin(z, v)~é; =35

. = (i)
when s and v (as in §137) are measured along and perpendicular to
a contour of constant ¢. Hence and from (32) it follows that the
component shear stress in the direction v, viz.

~ ~ A o¢ "

6. 0 )= —=-"=0,

2 cos(z, v)+rfsin(z, v) s (ii)
and for the component shear stress in the direction of s we have,
similarly,

8 (say) = —6Ozsin(z, v)+4-10 cos(z, v) = e (iii)

Thus the ¢-contours in Fig. 65 have at every point the direction of
the resultant shear-stress S; but their spacing (viz. 84/dv) is not a
measure of § but of Sr2 Accordingly Fig. 66 is appended to show
the variation of the shear intensity S over the cross-section. Figs. 65
and 66 in combination present the whole solution.

t This is a new feature, due to the occurrence of r in (34). Cf. footnote to § 148.
1 In Fig. 65, ¢ has been multiplied by --256000 in order to climinate negative signs
and decimals from the recorded values.
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Torsion of a square-section tore. (D. N. de G. Allen)
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Examples XIX and XX: Torsion of tores of circular section
152. Figs. 67 and 68 present similar solutions (by Mr. W. E. A.

Acum) for tores of circular section. They are left to the reader as

examples, and have practical interest as showing the extent of the
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F1a. 67. Torsion of a tore of circular section. (W. E. A. Acum)

inaccuracy involved by a conventional treatment of helical springs
(§149), which would yield, in these instances, concentric circles both
for the ¢- and for the shear intensity-contours.

Conduction of heat

153. The distribution of temperature in a solid body (e.g. the
piston of an internal-combustion engine) depends upon the thermal
capacity and conductivity of its material. When these are uniform
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(as is usual in problems having engineering importance), the governing
equation is (Ref. 3, § 5)

ov 02 02 o
= |t it (37)

v denoting the temperature and « the ‘thermometric conductivity’
of the material. It often happens that we can attach values to v at
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Fic. 68. (W. E. A. Acum)

points on the boundary, and require (e.g. for the estimation of
‘thermal stresses’) to know its distribution in the interior of the solid.
When the boundary values are steady (i.e. invariant with time), the
internal distribution will also be steady, so (37) simplifies to

K
[6x2+3y2+6z2] =9 (38)
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and no longer involves x. When in addition everything is invariant
with respect to z, (38) simplifies further to

V2 = 0 (39)
and we have a plane-potential problem.t

154. When, on the other hand, everything has axial symmetry
with vespect to Oz, then in cylindriml coordinates 7, 0, z,

o2 o 12 o
PRI 2+az% dr‘3+rar riagE T o
40
r2+r 8r+822 (40)

since there is no variation with respect to 6. In that cvent the
governing equation (38) reduces to

il

and the determination of v is a quasi-plane-potential problem of the
kind discussed in preceding sections.

Example XXI: Temperature-distribution in the piston of an
internal-combustion engine
155. In view of that discussion little need be said in explanation
of the computations recorded in Fig. 70, which relate to the piston
of an internal-combustion engine, and were made by Mr. D. N. de G.
Allen (Ref. 2). It will suffice to indicate their bearing on design.
The piston of an internal-combustion engine takes heat from the
products of combustion through its upper surface and transmits it
mainly to the cylinder walls, which are cooled. Some heat is trans-
mitted through its lower surface to the contents of the crank-case,
but in comparison this is negligible. Similarly of the heat transmitted
to the cylinder walls, because oil has low conductivity almost all goes
through those surfaces which are brought most nearly into contact,
viz. (1) those surfaces of each piston ring and groove which are
pressed together by reason of the ({frictional and inertial) resistance
to the piston’s motion, (2) the outer surface of each ring, and that
part of the cylinder wall against which it presses. Neglecting the
local flow of heat to the gudgeon-pin and connecting-rod, we may
T H. W. Emmons (T'rans. Amer. Soc. Mech. Eng., 1943) has suggested a thermal

analogue of the relaxation method as an alternative to the mechanical (net) analogue
which was developed in Chapter II.
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assume the boundary temperature to be invariant with respect to
0 and to have the (arbitrary) values 100 and 0, respectively, on the
crown of the piston and on the surfaces (2); and at other boundaries,
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Fia. 69

assuming the heat transmission to be negligible, we may impose
the condition a

=0 (42)

Simplifying the true conditions in this way, Allen attacked the

computational problem shown in Fig. 69. No heat was assumed to

pass through any of the surfaces (other than the heated top surface)

which are shown in thick line, and no insulating effect was attributed
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to the thin oil films which separate the piston rings from their grooves
and from the cylinder walls (so that in effect continuous metal was
assumed to occupy the space shown by continuous shading). The
problem for computation is to determine v for points within the
metal of the piston. Clearly the isothermals will be ‘crowded’ in the
neighbourhood of the piston rings, so a use of graded nets is indicated.

156. Fig. 70 records the accepted values of v at nodal points, and
exhibits contours of constant » from which (if required) the heat-flow
could be deduced. Allen found the expected ‘crowding’, and that
practically no heat is transmitted through the lowest of the piston
rings: consequently only a portion of the whole computational field
(Fig. 69) is reproduced in Fig. 70.

It has been suggested that in future special alloys may be used
for piston rings, to improve their thermal conductivity, on account
of the dominating part which they play in the heat-transmission.
Accordingly Allen also investigated what the temperature distribu-
tion would be if the rings were infinitely conducting (so that v = 0
on the surface of contact of each ring and groove;. Broken-line
contours in Fig. 70 exhibit the isothermals in this limiting case.

The graphical representation of a vector quantity

157. In §141 we separated quasi-plane-potential problems into
two classes, (A) and (B), of which the first (y specified) has been
exemplified in §§ 147-56. Before proceeding to exemplify the second
class (B), we now take notice of a somewhat special problem, pre-
sented when we require to exhibit graphically a stress-distribution
which has been determined either by experiment or by computation,

Suppose that a vector quantity has been determined for some
region (in the sense that values have been found for its 2- and
y-components at every nodal point of a chosen net), but that our
theory has not provided functional expressions of the type of (32),
8o that the construction of curves like those in Fig. 65 is not a
straightforward matter. For example, suppose that we know the
two components

X, = Scosb, Y, = Ssind (43)

of a shear stress S, on the (x, y) plane, which has a direction inclined
at @ to the axis Ox. Since

82 = X24Y2, (44)
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it is easy to construct contours, like the curves of Fig. 66, along
which S has constant values. But we also want trajectories of the
shear stress—i.e. curves which have at every point the direction 6.
These will be contours of some function 8, not yet determined, such
that 08/@s = 0 when the direction s is inclined at 6 to Ozx; so f must
satisfy the equation

cosf B-}- smO '3 (45)
which (provided S is nowhere inﬁmte) is the same as
xZirZ—o. (46)
Our problem is to deduce B from this equation, which implies that
— OB B
Xz = cx@ ) I; == a—a—x- (47)

o being some other function of « and y, not yet determined. The
function « will be easy to deduce when B has been found, since

2 aﬁ 2 3ﬁ 2 — 2 __
)+ () == <48>
by (47) and (44).

Solutions will be in some degree arbitrary, since (46) is still satisfied
when # is replaced by any function of 8. For the same reason, any
values may be given to 8 along contours which are known initially,
either as being parts of a stress-free boundary, or from considerations
of symmetry. But there is nothing arbitrary in the shapes of the
resulting contours, which alone have practical importance; and the
problem yields without difficulty to a relaxational treatment, 9B/ox
and 0B/0y in (46) being replaced, as usual, by their finite-difference
approximations.

Example XXII: Trajectories of the shear stress induced by
uniform shearing action in a beam of oval section

158. Details will be explained most easily in relation to a parti-
cular example. It can be shown that when Poisson’s ratio o = 1,

then X,=at—a?,  ¥,=jay (49)

represent (with omission of a constant which for our purpose is
immaterial) the shear stress called into play when a uniform shearing
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action is imposed upon an elastic cylinder of which the cross-sections
are bounded by the curve

x%ja®+16y*/at = 1. (50)
This curve is symmetrical with respect both to Oz and to Oy, and
clearly Oz is one of the wanted contours, since at every point on it
Y, = 0. Accordingly B may be given the values 0 along Oz, 100
along the curved boundary (50). Since B must also have symmetry
about Oy, computation may be confined to a single quadrant.

6

() Fia. 71 (®)

159. The finite-difference approximation to (46) is
Fo = (X )o(B1—Bs)+ (X)o(B:—B4) = O, (51)

i.e. (in this instance)

Fy = (23—a*)(By—PBs)+ 120 ¥s(B:—Bs) = O, (52)
the suffixes 0, 1, 2, 3, 4 relating to points so denoted in Fig. 71a.
When 0 lies on Ox (52) is satisfied identically, and when 0 lies on
Oy it is satisfied in virtue of symmetry (in both instances because
Bi = B;). From (52) we deduce the ‘relaxation pattern’ shown in
Fig. 71b, which represents the effect on the F's of a unit increment
AB, made to B at an isolated point 0. Different patterns hold for
different points.

In Fig. 72—where the semi-axes are 4 and 2, so that ¢ = 4 in
(49) and (50)—values of (x2—16) and of 3ay are recorded at nodal
points, and the lengths of all ‘irregular’ strings are shown (in square
brackets). Proceeding on normal lines, D. N. de G. Allen obtained
(Ref. 1) the solution which is exhibited in Fig. 73. Trial values for
B gave calculable residuals at the internal nodes, and these were
liquidated by driving them towards the axis Oy, where B, being
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unrestricted, could be altered to remove residuals at neighbouring
(internal) nodes.

In Fig. 73 the fine lines are correct trajectories, bold lines are
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Frc. 73. Shear-stress trajectories. (D. N. de G. Allen)

trajectories derived by Relaxation Methods on the fairly coarse net
shown. The computed values (shown to the left of nodal points) are
not sufficiently numerous to determine the contour forms near 4;
but here their exact shapes do not matter, since the shear stress
tends to zero at A.T

1 Because ‘shear stress cannot cross an unloaded boundary’. Cf. (e.g.) Elasticity,
§ 129.
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Graphical representation of a tensor quantity

160. In general stress is not a vector but a tensor quantity, having
three components even in two dimensions. In a state of ‘plane
stress’, for example,

Zy=2,=2,=0 (53)
and the other stress components have the expressions
x ox ?x
X, =2, Y, = =%, X, = ——2
=7 oy? VT ox? v oxoy (54)

in terms of a stress-function x which satisfies the ‘biharmonic

equation Viy = 0. (55)

More generally, i.e. when (53) are not satisfied, six quantities (in all)
are needed for its specification. But Z, can be exhibited by contours,
and the shear stress of which Z,, Z, are components can be repre-
sented by contours and by stress-trajectories in the manner of
§§ 157-9; so the only problem remaining is to represent, for all points
in a specified plane (z,y), a state of stress specified by its components
X,, Y, X,, when these are not given by functional expressions of
the type of (54).

A stress defined by X, Y, X, will be completely represented by
(a) a set of orthogonally intersecting trajectories directed along the
planes of principal shear stress, together with (b) contours exhibiting
the local intensity of the principal shear stress, and (c) contours
exhibiting the distribution of (X,+Y,)—a quantity which is in-
variant for change of axes. The intensity of the principal shear
stress is given by

IS| = %\/{(Xx_yy)z'i_‘lxﬁ’ (56)
and the planes of principal shear stress are inclined to Oz at
angles 6,, 6, which are roots of the equation

cot20 = —2X /(X —Y)). (57)
Thus all of |8], 8;, 6,, (X,+7,) are calculable, and (b) and (c) present

no difficulty. To plot the trajectories (a) it is required to know the
distribution of some function 8 such that

B, . 2B .
cosﬂ-a;-|—s1n0@_ s (45) bis

when 0 is identified either with 6, or 8,. This problem has been con-

sidered already, since the forms of (45) and (46) are identical.
3837-13 M
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Example XXIII: Trajectories of principal shear stress for a
system of plane strain
161. Although we have not yet discussed the application of
Relaxation Methods to the ‘biharmonic’ equation (55), we may
exemplify the graphical representation of stresses so obtained.
Fig. 74 records computed values of (X,—7,) and of X, for a case
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of ‘plane strain’ in which specified boundary displacements are im-
posed on a rectangle having sides in the proportion 3:1. (It was
postulated that w = 0 on all four edges, » = 0 on all except the
top edge, where it has a parabolic distribution tending to induce
compression. For our purpose absolute magnitudes are not material.)
Hence, using (57), we can deduce values of 6, and 8,: Fig. 75 records
nodal values of §,, and the second root §, = 6,490. There is no
question of the value appropriate to each family of trajectories,
and for each family computation proceeds on the lines of § 159, but
from (45) as governing equation instead of (46).

This problem too was solved by D. N. de G. Allen in Ref. 1. The
two orthogonally intersecting families are exhibited in Fig. 76,
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together with bold-line contours, deduced from (56), which give the
intensity of the principal shear. No feature calls for special notice.

‘Film lubrication.” Basic theory

162. We now revert to the class of problem which in §141 was
termed Class (B)—namely, problems in which y, in (2), is additionally
related with ¢ and/or its differentials. An important example is pre-
sented in Osborne Reynolds’s theory of ‘oil-film lubrication’, where
x involves the oil viscosity p. If u were constant, x could be specified

2
Moring &0//‘596‘8/ M
IS, I
I —itm % —_—

0 SINNREZENSSNNS\N

Fi1a. 77

initially; but in fact (cf. Fig. 80) 1 depends both on pressure and on
temperature, so y must be altered as the solution proceeds. Relaxa-
tion Methods have been applied to this problem by D. G. Christo-
pherson (Ref. 4).
As shown by Reynolds (Ref. 10), the film of oil which separates
a journal from its bearing acquires its power to do so from the fact
that, being thin, it is subjected to high rates of shear and in conse-
quence develops high pressures. Because it is thin, its motion even
in a cylindrical bearing may be treated as occurring in a plane.
Taking this as the (z, y) plane, we postulate that w is zero and ou/ox,
oufoy, ov[ox, dv[dy negligible in comparison with ou/oz, ov/oz. We
also postulate that the viscosity (u) is invariant with z. Then our
problem reduces to the solving oft
o (W ap\ , @ [(hPop\ [0 8 .
ale ) talen) 00 o
in which (cf. Fig. 77)
h denotes the distance between the two sliding surfaces—which
distance is a function of  and y such that oh/ox, 0k/oy are small,
p denotes the pressure of the fluid,
1 Cf. H. Lamb, Hydrodynarics (6th ed. 1932), § 330a. Lamb follows Reynolds

(Ref. 10, p. 259) in neglecting variation of u, which accordingly appears as a factor
on the right of his equation (24).
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p denotes the viscosity of the fluid,
U and V are the components of velocity of the moving surface.

163. In the cases treated by Christopherson, V = 0 and U is
constant. ‘Dimensional’ factors may be eliminated by writing
z = L', y= Ly, h = Hh,, p=Mug, )
where L is the length of the bearing in the direction of U,
hy is the minimum thickness of the oil film, and
Lg is the viscosity of the oil at entry;
. _ (6pg UL
and if p—( e )P, ‘
then P is ‘non-dimensional’ like 2’, y’, H, and M. By this change
of variables (58) is transformed into the standard form

o oP o[ oP\ ©oH

a2 i) o) = 5 o
where y = H3/M and 0H/ox’ is specified. This with omission of the
dashes we adopt as our governing equation. Given the shapes and
relative positions of the fixed and of the moving surface, we can

deduce 0H[ox’; and P is specified at the oil-film boundary (where p
is atmospheric).

e (69)

164. All of this rests on the assumption (made in the deduction of
(58), and justifiable a postertori) that second differentials of p with
respect to « and y are negligible. Subject to that restriction, p may
have any specified variation with x and y, but (§162) we assume it
to be independent of z. The line-intensities of flow are
_ aP)

in the z-direction, and (when ¥V = 0) (61)
oP

@, = —1Uhox o

in the y-direction (in our notation, and x and y having non-dimensional

significance). From these expressions (60) can be deduced as the ‘con-

dition of continuity’ 2 2
—Q.,+—Q,= 62
ox T oy Y 0 (62)

and (by integration) we can also deduce (if required) the quantity of
oil which enters or leaves any part of the oil-film boundary. The net
entry for the whole boundary must of course be zero, so a check can
be imposed upon the accuracy of a computation.
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The surface-intensity of the resistance (in the xz-direction) to
motion of the bearing is given by

(63)

_+tgU(M | 0P
8= (H_lfaHax ’

hg
in our notation, x again having non-dimensional significance. From
this, when the variation of P has been determined, the frictional
moment can be deduced by an appropiate integration, also the
magnitude and line of action of the force on the shaft.

6P)
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Fia. 78. Square slider bearing: computed values of P x 10%. (D. G. Christopherson)

Example XXIV: Pressure-distribution in a plane slider

bearing

165. Everything thus turns on the solution of (60), and since that
equation has the standard form of (2), § 135, the problem needs no
further discussion when p is specified at every point. Christopherson,
in Ref. 4, took first a problem previously treated by A. G. M. Michell
(Ref. 9)—a flat slider bearing of length and breadth L, tilted so
that oH[ox' = —1, 0H[oy' = O everywhere. (This means an inlet
clearance twice the exit clearance.t) Fig. 78 records his accepted
values of P x 105, which he regarded as accurate within 0-1 per cent.
Integrated, they gave the resultant load as

3
W = 001153 (S“Eh?L ) (64)
0
and the distance of its line of action from the exit edge as
x = 0-4196L:

Michell’s coefficients in these expressions were 00114y and 0-419,.

1 A slip in Christopherson’s paper has been corrected.
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Example XXV: Pressure-distribution in a partial-journal
bearing (1) for oil of specified and constant viscosity
166. Since p was treated as constant, the above example falls
within Class (A) of § 141, and the same is true of the second example

P

0-005

N

| )
L0 LTINS \§
\\% "<;<<</”<<‘”<"\\\

F1c. 79. Partial-journal bearing: computed values of P.
(D. G. Christopherson) N

treated by Christopherson—a 120° partial-journal bearing of arc-
length L, breadth %L, clearance 3h, (h, denoting, as in §163, the
minimum film thickness), in which the line of centres is supposed to
fall 30° from the exit edge, so that the oil film is divergent in the
last quarter of its length. For this his computed contours of P are
reproduced in Fig. 79 (Fig. 4 of Ref. 4).

The main interest of his treatment lies in its rejection of the
negative pressures which appeared on the exit side of the bearing:
thereby a region of zero pressure was obtained (shaded in Fig. 79)
of which the boundary (shown in broken line) was characterized by
zero pressure-gradients as well as by zero pressure.
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Approximate allowance for the rise of temperature

167. From this solution Christopherson went on to compute the
temperature rise of the oil in passing through the bearing,—making
two assumptions:

(1) that the heat developed by friction all goes to raise the tem-

perature of the oil;

(2) that the temperature rise of the oil leaving the sides of the

bearing averages one-half of the total temperature rise.
Then, still using results obtained on the basis of a constant viscosity.
but now taking as its value the mean of the viscosities at inlet and at
outlet, from an empirical temperature-viscosity relation of the type
of Fig. 80 he was able to deduce the temperature-rise in the oil.

Example XXVI: Pressure-distribution in a partial-journal
bearing (2) with full allowance for rise of temperature

168. Finally Christopherson proceeded to a more elaborate treat-
ment of the problem (falling within Class (B) of §141) in which at
every point the viscosity was given a value appropriate to the com-
puted temperature. Making the assumptions

(1) that the temperature is a function of 2 and y only,—i.e. uniform

throughout the thickness of the oil-film,

(2) that the temperature-distribution is negligibly affected by

conduction of heat through the oil-film, and

(3) that the heat developed by friction all goes to raise the oil

temperature,
he formulated in accordance with them the work-equation

2 00)+2.00) = %,
ap

in which « and y have non-dlmensmnal significance,

0 denotes the rige of temperature, - (65)
P ,» density and

a ,» specific heat of the oil,

J ., »» mechanical equivalent of heat, |

and Q,, @,, S have the same significance as in (61) and (63). Sub-
stituting from those equations in (65), he obtained (in our notation)
o0 (l X 3P) o0 x oP _ 2Lp,U aP)

a\' "How| yHay ~ ol (H2+ > (86)
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whence, after substitution of their finite-difference approximations
for the differential coefficients, 6 could be deduced from known
distributions of x and P.

nlet Lemperature 100°F
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/16°
20°
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Fia. 81. Temperature-distribution in a partial-journal bearing.
(D. G. Christopherson)

169. Solutions were derived by an iterative process, starting from
an assumed distribution of P. Christopherson started with P zero
everywhere, then deduced 6 from (66) and hence, using a tempera-
ture-viscosity chart of the type of Fig. 80, the distribution of u and
so of x. Equation (60) could then be solved to obtain a second
approximation to P, and the whole cycle of operations was repeated.
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Three such cycles were judged to be sufficient, and Christopherson
takes note of a circumstance making for convergence: ‘Suppose that
the temperature estimate at some stage is too high: then the esti-
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F1c. 82. Pressure-distribution in & partial-journal bearing.
(D. G. Christopherson)

mated viscosity is too low, the heat developed by friction too low,
and the consequent temperature increment too low, so the error in
this increment tends to reduce the original error in the temperature
estimate.’

His accepted solutions for the temperature and pressure are re-
corded in Figs. 81 and 82 (Figs. 7 and 8 of Ref. 4). A feature of
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interest in Fig. 81 is that although at most sections the temperature
varies somewhat widely across the width of the bearing, it is more
or less uniform across this width at exit. Taken by itself, this last
result might lead to a belief (on which many previous treatments
have been based) that the temperature varies only in the direction
of motion: Fig. 81 shows the belief to be erroneous.

Both diagrams were derived on the assumption that frictional
losses are negligible after the oil film has given place to a layer of
air between the bearing and the shaft; but the assumption is not
essential, and it could be dropped if contrary evidence were forth-
coming. A check on over-all accuracy can be imposed, because the
total work done against friction should be the work-equivalent of the
heat communicated to the oil which issues from the sides and exit edge:
Christopherson found these quantities to agree within 0-3 per cent.

Example XXVII: Flow of gas through a convergent-divergent
nozzle

170. Our last example in Class (B), § 141, relates to flow of com-
pressible fluid through a convergent-divergent nozzle. This problem
was first studied on the basis of Relaxation Methods by J. R. Green
(Ref. 7). Its details are intricate, and space will not permit a full
account.

But one remark may be made which has general application:—An
tnexact ‘pattern’ can be used to liquidate residuals, provided that we
compute with precision the effects of the displacements which it indicales,
8o that residuals are recorded accurately throughout. (Cf. Rel. Meth.
E. 8., §165, where a like standpoint was adopted.) Here, in equation
(2), x is related with ¢ by an additional equation—the ‘equation of
state’; consequently as i alters in the progress of the solution, y also
alters, and hence the patterns appropriate to particular points.
Strictly, therefore, each pattern applies but once, and then only in
respect of infinitesimal increments; but in fact we may use it to
estimate the effects of fairly large increments, and for this a roughly
estimated pattern will suffice, provided that at fairly frequent inter-
vals we recalculate the residuals exactly.

171. Green’s computations related to the shape of (two-dimen-
sional) nozzle which is shown in Fig. 83.1 Air was assumed to start

1 This shape had been employed at the Engincering Labomtory, Oxford, in some
experiments on the flow of steam (Binnie, A M., and Woods, M. W., Proc. Inst.
Mech. Engrs., 138 (1938), 229).
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from rest in a reservoir where its temperature is 15° C. and its pres-
sure 100 lb./sq. in. (absolute), and to expand through the nozzle at
a series of different rates (depending on the pressure at exit). To
limit the field of computation it was further assumed that the pres-
sure, density, and velocity of the fluid have uniform values on two
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circular arcs AB, A’B’ which cut the nozzle wall orthogonally at
points B, B’ well upstream and well downstream of the ‘throat’; and
to simplify computation the Cartesian coordinates (r, y) of the
problem as presented were replaced by curvilinear coordinates «, 8,
related with z and y by a conformal transformation so chosen as to
make B vanish on the centre line of the (symmetrical) nozzle, have
a constant value B, (say) on the nozzle wall, and increase from 0 to
that value at uniform rates along AB, A’B’. By this procedure «
and B are made conjugate plane-harmonic functions of x and y: they
may be interpreted as the velocity-potential and stream-function,
respectively, of an incompressible fluid entering the nozzle radially
across A B and leaving it radially across 4’ B’.

The conformal transformation was effected by relaxation methods,
and has been noticed in § 95 of Chapter 1V. It simplifies the subse-
quent computations, since these can be made on rectangular (x-f)
nets having no ‘irregular stars’. Figs. 84 a, b, ¢ (at end of book)
exhibit Green’s solution of this problem: Fig. 84 a records his accepted
values of «, B, and log A, all of which are plane-harmonic functions
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of x and y; Fig. 84b shows contours of «, 8, and & in the z-y plane;
Fig. 84 ¢ records h-values at nodal points of the «-8 net.

Basic theory

172. The theory of two-dimensional motion of a compressible fluid
is as follows:—Postulating an absence of rotation, we can express the
component velocities u and v as derivatives of a velocity-potential
¢; also the ‘equation of continuity’

(,o )+, (Pv) =0 (67)
permits the introduction of a mass-ﬂow function’ . So we may write
1ob_,_ % _1_,_ o

Py T T pox 0T oy (68)
and then, eliminating ¢ and ¢ in turn from (68), we have
¢ ¢
o (p )+ (p 6y) (69)
) 18y
and ox (P 3-%') +3y (P 93/) 0 70

as alternative forms of the governing equation. (Cf. §136.)

But here p is additionally related with % and v in virtue of its
dependence on the local pressure. If we postulate that there is no
transfer of energy between contiguous elements of the fluid,{ and if
the fluid is assumed to start from rest in a reservoir where its state
is known, then its total energy will have the same known value at
every point: if p, p, and g denote its pressure, density, and velocity,
and if no body forces are operative, then

[ 2410 =0 ()
0

when the lower limit 0 of integration relates to the starting condi-
tions, so that ¢, = 0. Moreover p and p will conform with some
known law of adiabatic expansion,—e.g.

P[p? = const. = p,/p} (ii)
for a perfect gas, y denoting (as usual) the ratio of the specific heats
at constant pressure and at constant volume. Consequently by

1 Already, in postulating irrotational motion, we have excluded the possibility of
transfer due to friction ; and heat conduction will be negligible when the speed of flow
is high. But cf. § 180.
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eliminating p we can relate the density and velocity at any point
in the fluid field.
As obtained from (i) and (ii) the relation is

Q= y—1 (a‘%-a2)’ (71)
a standing for the velocity of sound at the point in question, so that
a? = yp[p = ypyp?~/p} according to (ii). (72)

On our assumptions (71) and (72) will hold exactly in respect of a perfect
gas, and with sufficient accuracy (y having the value 1-4) in respect of air.
For steam, (ii) and therefore (71) will hold approximately when y is replaced
by an appropriate constant of the order of 1-3 (Ewing, Ref. 5, § 134). Alterna-
tively, (71) and (72) may be replaced by an empirical relation between p and ¢*.

173. Thus for any fluid we can relate p and ¢*, therefore p and
p%g®. That is, the form of F is known in the expression

1 )
x* (say) = o= F(p?q?)

op\® | (o)
= F|[% g
{(ax) +(8y)} =
by (68), since g% = u2+v2. KEquation (70) can now be written as
O 0\ 0 00
92 0 92 ) o, 74
et ala) @

and this in turn (multiplied throughout by 1/x) as
VE(xh)—¢V3x = 0, (15)
V2 denoting the operator 82/ox?+0%/oy?. Equation (74) has the form
of (2), §135, except that x in that equation is now replaced by x2,
with a view to the step which yields (75).7 .
The boundary conditions (for a symmetrical nozzle) are
y = 0 on the centre line } (76)
Y = const. = M (say), on the nozzle wall.
Then, according to (68),
2M measures the total mass-flow through the nozzle.  (77)

Preliminaries to computation by the Relaxation Method

174. In order to eliminate ‘dimensional’ factors we now express
the relation (73) as a relation between p/p, and g/a,, a, being the

1 Cf. the alternative treatments of equation (2) in §§ 142 and 143.
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velocity of sound in the fluid in its initial state of rest in the reservoir.
Writing

z = Tz, y="Ty, P = pop’s = My,
and x'2 for 1/p" = p, x3, ¢’ for g/a,,
where (cf. Fig. 83) 27" denotes the throat-width and M has the
significance stated in (77), we have from (71) and (72)

} (18)

2 a? 2
2 = — 1 —_—— = — '7-1 i
and (73) can be replaced by
X2 =1/p" = F(p"q"), (ii)

—F having now, of course, a slightly altered significance. Also

o= (3 - H(E )

ox
according to (68) and (78); consequently (ii) may be written as

o At & AL
where uw= M/p,a,T,

so that p denotes the average mass-flow per unit thront-area, expressed
as a fraction of pya,.
The forms of (75) and (76) are conserved; i.e. we obtain

VR )~V = 0, B
V’2 denoting the operator 92/ox'2--0%/oy’?,

and
y' = 0 on the centre line, }

Y’ = 1 on the nozzle wall,

(81)

on substituting in them from (78).

175. Finally we change the variables from 2’, ' to «, 8, derived
by conformal transformation as described in §171.

Any convenient value 8, may be attached to 8 at the nozzle wall,
and any convenient number of contours may be mapped: in Fig. 84 b
the contour values of B8 increase from 0 to 10° by increments of
2% 10%, and the same increments separate contour values of o. A
one-to-one correspondence obtains between points on the curvilinear
net, Fig. 845, and on the rectangular net, Fig. 84¢; so any physical
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quantity determined as a function of « and B in Fig. 84c can be
plotted as a function of 2’ and ¥’ in Fig. 845b.
Asin §101, let & stand for the modulus of transformation. Then

dlot-if) (az) +(§§) (jf) +(§§) (82)

and in (79) and (80) we may substitute

#llee) + ()] o () + )

2

and h*V2 g for V'3, (83)
(V2 p denoting the operator 9%/0a®-}-82/0B%).
Thereby we obtain
= () + () )
and VepW'x')—4'Vapx =0 (84)

as governing equations, and as boundary conditions
¢ = 0 when 8 = 0,
¢’ = 1 when g = §,. )

The problem will be specified when we have settled (a) the shape of
the nozzle, (b) the value of the mass-flow constant u as defined in
(79), (c) the form of the function F in (84).

The computational problem

176. Hereafter we shall suppress the dashes whzch have been attached
to x and i, so that in what follows

x? stands for p/p; My is the mass-flow function (§172).
a= o | (89)
AT o6 Py
On this understanding, in ‘non-dimensional’ coordinates «, 8, and
on a rectangular net, our problem is to satisfy

VEx)—pVix = 0, (86)
together with

et L | S

3837.13 N

We shall, moreover, write V2, simply, for V2 8=
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at every point. In (87),
h? has a distribution known from the conformal trans- |
formation,
p = M/[pyayT is a specified (‘mass-flow’) parameter,
p’ stands for p/p,, ¢° stands for g/a,, where . (88)
p is the local density, q is the local velocity,
po is the starting density of the fluid, and (cf. §172)
a, is the speed of sound in the fluid when at rest. J
08 20

0 -8 e ! '5
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Green (cf. §171) took the case of air started from rest in a reservoir
at temperature 15° C. and pressure 100 1b./sq. in. (absolute). On this
understanding, in pound-foot-second units (B = 96g),
Do = 100g X 144, therefore;; = %%—(—2% =
and giving to y for air the value 1-4 we have from (72)

ai = ypolpy = 140g X 144 X 1-92 = 1,246,372 ft.-sec. units.

Equation (i), § 174, becomes

192,
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consequently
Pt = 5p'¥(1—p'™) = by~4(1—x%), (89)
when x has non-dimensional significance. From (89) we can derive,
for Green’s assumed conditions, the form of F in (87).
Fig. 85 shows p’q’ and ¢’ (= x%'q’) plotted against x. We deduce
from (89) that p’q’, therefore u in (87), cannot exceed

(5/6)% = 0-578,704 (u? > 0-335).

S 2
00 DO
B 2

@ ]
F1a. 86

Introduction of the relaxation technique

177. The finite-difference approximation to (86) can be derived
in the manner of § 143. For a net of square mesh it is

Fy = a% (X'l’)_*pog1 (x) =0, (90)

and two equivalent forms of the corresponding ‘pattern’ are shown
in Fig. 86. The x%values are to be related with the y-values by
(87), in which, since

[+

we use the finite-difference approximation
W\, (A 21y 2

bkt b IV —2 . 91
GOy +(%8) = At Z -2z W] v
(A like approximation was used to compute h? according to (82).)

For any chosen value of the mass-flow parameter u, having cal-
culated ¢ approximately we can deduce x? at nodal points from (87)
combined with (91). Then the pattern appropriate to each point is
definite, and we can proceed to a more complete liquidation of the
residuals as defined in (90). It is here that importance attaches to the
remark in §170.
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178. Ref. 7 (§ 14) outlined a slightly different procedure, formally
more exact but (for the reason just indicated) not obligatory. We
reproduce it here, in order to repair certain omissions in the original
presentation.

Writing 23 for the quantity on the left of (91), we replace (87) by
X = fphtat), (i)

+1.3

11 1

11l v

D

Fia. 87

in which the form of f is known from that of F; and then for infinitesimal

increments
dx = f'(n*h3x?)uh?(5x?). (ii)

Now from (90) we may deduce that an infinitesimal increment &, given to
Y, ( being left unaltered at every other point) will entail increments to the
residual forces as under:

OF, = g(¢3x)~¢og (SX)"‘8¢'0024: (x)

3(F 1, Fo, Fy, Fy) = 8o Xo+ 0 0%0— (1s has o Y1) Sxos (iii)
8(F 4 Fp,Fo,Fp) = (‘/’1_‘/’A)8X1,(‘/’r“/’B)SXz,('l‘a_‘l’c)SXav (‘l’r“‘l’D)BXv
8(Fy, Fro, Frr, Frv) = (b, — 1) Sxu+ (P — 1) 8o, otc.,

8y denoting the increment to x which is entailed by 8y, and the suffixes
1,2,3,4,4, B, C,D, 1, 11, II1, 1V relating to points so designated in Fig. 87;
and according to (91) an increment i, in i, only leaves 22 unaltered at 4, B,
C, D, 1, 11, 111, 1V, and makes

= olygy
)| o
(822); 2,34 = %’(‘l’o“/‘l.a.s.c)-
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Consequently in the expressions (iii) we may write
ﬂhz ,
B0 == Fo S e ho— 3 () |3

(v)
8X1.a.a.a f (pha)( '/' ‘/‘1 2.3.4) 8‘/’0:

and then, if @ is defined by

G = ————f( magt) = BR_9X 4o iy and (87) (92)
= » o gy, Y () and (6),
it follows that when quantities of the second and higher orders in 8y, are
neglected

8Fy = —8s | 3 (0+0 3 (o],
3F, = 8 xur+-Cls—yol| 5, 61— 4],

-

e g (93)
8F, = “‘8'/’0 G(be""/‘o)(‘/‘l“‘/u)»

SFI =Gq 8‘/’0{(‘/’0‘!"'/’1)(‘!’1"‘“/’2) - (21//0 ‘/’I‘H/’l‘l‘*/’a)}y

Fig. 88 (deduced from Flg 80) shows x and dx/d(p'zq'z) plotted
against p'%q’? as related with ¢ by (87). Using (93), for any point 0
we can (given {-values for 0, 1,2, 3,4, 4, B, C, D, 1,11, ITI, IV and
x-values for 0, 1, 2, 3, 4) compute a ‘pattern’ giving the effects of a
small increment 8¢, upon the residual forces at all points in Fig. 87
Here again nothing is gained by computing very exact patterns,
but residual forces must be known with certainty, and to that end
x-values must be accurately computed in the later stages of the
work—i.e. with all the accuracy which is permitted by (91) and by
the similar approximation to A%

179. Having thus explained the basis of Green’s computations,
we now proceed to summarize his results. It has been shown (§176)
that u must be less than 0-5787 (u? < 0-335), this being the value
at which the velocity of sound is attained at the throat. Green,
approaching this value from below, explored the flow in four subsonic
cases, as under:}

Case m M/T)2 (1b. f( sec. units)
1 0-486,4, 800,000
2 0-515,9,4 900,000
3 0-543,8, 1,000,000
4 0-575,5, 1,120,000

1 Errors in the original table have been corrected.
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Case 4 was expected (and was found) to give velocities just attaining
to the speed of sound at a point in the throat section and on the
nozzle wall. The computations, though laborious, entailed no diffi-
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culty, and 3-figure accuracy (at least) was claimed for the results
preseuted in Figs. 89-92 (folding diagrams at end of book).

180. Under supersonic conditions, on the other hand, the tech-
nique failed to yield definite results. The failure was ascribed to some
kind of instability appearing downstream of the throat, whereby any
disturbance (implicit in an assumed solution) would be magnified
without limit. (As Fig. 88 shows, G, in (92), tends to an infinite
value corresponding with the speed of sound; so near the throat,
and for supersonic flow, the ‘relaxation patterns’ which come from
(93) must involve very large numbers.)
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To meet the difficulty an alternative method was devised, not
tnvolving the relaxational technique. (Since that technique in its initial
stages presupposes that disturbing forces are operative, it could
hardly be expected to determine régimes intrinsically unstable.) The
new method was successful, and in Cases 1 and 4 (Figs. 89 and 92)
yielded the contours shown in broken line, with identical results else-
where. In a subsequent paper (Ref. 6) L. Fox, with assistance from
Miss G. Vaisey, used it to compute both the limiting subsonic régime
(Fig. 93) and the supersonic régime (Fig. 94), i.e. that (unique) régime
in which the pressure and density of the gas decrease continuously in
its passage from end to end.t Their nozzle shape was practically
identical with Green’s (Fig. 83).

The two régimes imply two different values of the pressure at exit,
and for intermediate pressures (on the assumption that the flow is
everywhere irrotational) there is no solution of the problem. As
shown by von Karman (Ref. 8) on the basis of Osborne Reynolds’s
simplified treatment, the explanation is that ‘shock waves’ make an
appearance and the flow is no longer isentropic. Recently H. W.
Emmons, in a paper not yet released, has shown shock waves to be
amenable to relaxational treatment; so the two-dimensional theory
of the flow of gas through nozzles may now be regarded as complete.

RESUME
181. This chapter deals with governing equations of the form
o( o\ o[ oy .
Rl Ve o) PR U vt o = 2
6x(xax>+8y(xay)+z 0 (2)bis

in which y, like Z, is a function of « and y. They are presented in
a wide variety of physical problems, some of which receive notice
in §§ 135-9. To orthodox analysis they oppose greater difficulty than
the plane-harmonic equations treated hitherto, but for Relaxation
Methods, when yx is specified, they entail only minor modifications
of the normal technique, and even when y is additionally related by
some other equation with ¢ and/or with its differentials (i.e. in
problems of ‘Class (B)’, § 141) solutions can still be found without
great difficulty—-though at greater cost in labour—by processes in

1 Figs. 93 and 94 are folding diagrams at the end of this book. In Fig. 93,

shading indicates regions at the ‘throat’ in which the velocity attains the local speed
of sound.
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which the ‘relaxation patterns’ are modified as ‘liquidation’ becomes
more and more complete. Consequently for some of the problems
in this chapter Relaxation Methods are a necessary rather than an
alternative weapon of research, and on that account the underlying
theory of those problems is presented in more detail than heretofore.

The boundary condition of a quasi-plane-harmonic problem seldom
imposes values on the normal gradient, and accordingly problems of
“Class II’ (§141) are not exemplified here. They have been treated
in Ref. 2, on lines akin to §§ 70~4, Chap. III.

REFERENCES

1. Arien, D. N. de G., and SourEwELL, R. V. 1944. Proc. Roy. Soc. A,
183, 126-34.
2. ALLEN, D. N. de G., SoutewWELL, R. V., and VaisEy, G. 1945. Proc. Roy.
Soc. A, 183, 258-83.
3. Carsraw, H. S. 1921. Mathematical Theory of the Conduction of Heat in
Solids (2nd ed.). Macmillan & Co.
4. CBRISTOPHERSON, D. G. 1941. Proc. Inst. Mech. Eng., 146, 126-35.
5. Ewing, J. A. 1926. The Steam Engine and other Heat Engines, 4th ed.
Camb. Univ. Press.
6. Fox, L., and SoureawELL, R. V. 1944, Proc. Roy. Soc. A, 183, 38-54.
7. GrEEN, J. R.,, and SourHweLL, R. V. 1944. Phil. Trans. Roy. Soc. A,
239, 367-86.
8. KarmaN, Th. von. 1941, Journ. Aero. Sci. 8, 337-56.
9. MiceELL, A. G. M. 1905. Zeitschr. f. Math. u. Phys. 52, 123-317.
10. REy~NoLps, OsBORNE. 1886. Phil. Trans. Roy. Soc. A, 177 (Part I),
157-234; reprinted in Collected Papers, 2, 228-310.
11, SourEwELL, R. V. 1942. Proc. Roy. Soc. A, 180, 367-96.
12. THOM, A., and ORrR, J. 1931. Proc. Roy. Soc. A, 131, 30-7.



VI

PROBLEMS INVOLVING BOUNDARIES OR INTERFACES
NOT INITIALLY KNOWN

182. IN this chapter we extend the relaxation technique to pro-
blems in which either (1) different equations govern the wanted
function in different parts of the specified domaint or (2) some part
of the boundary is not known initially but (like the wanted function)
must be determined by computation. Such problems present great
if not insuperable difficulties to an orthodox approach.

Prandtl’s membrane analogue of plastic torsion

183. Prandtl, who first propounded the membrane analogue of
elastic torsion (§ 36), later (Ref. 8) extended it to cases in which the
material, over some part of the cross-section, has reached its elastic
limit and so no longer obeys Hooke’s law. His theory presumes that
the relation between shear stress and strain is that presented in
Fig. 95. For stresses below some limiting value f,- (which is specified),
the usual (Hooke’s law) relation holds and in consequence ¥, the
stress-function, satisfies (17) of § 46, viz.

VW42 = 0; (1)
but the stress cannot exceed this limiting value f,,, with which any
shear strain in excess of yy can be associated, and in consequence
an upper limit is imposed upon the gradient of ‘¥

We know from the work of Boussinesq and of Filon that the stress
as determined by (1) attains its limiting value on the boundary.
Therefore (in Prandtl’s argument) knowing ¥ -on the boundary we
can impose limiting values on ¥ at neighbouring points: we have
only to imagine a surface of constant slope to be attached to the
boundary in the way that a roof (without eaves) is attached to the
wall of a building. This surface is commonly known as the Prandtl
roof. The term leads us to expect (what is the fact) that its gradient
will be discontinuous near a sharp external angle.

The net analogue of plastic torsion
184. Adopting the notion of this ‘roof’ or rigid surface against
which the loaded membrane can press if its elastic deflexion would

t In the ‘magnetic line’ problems of §§ 87-90 the wanted function was plane-
harmonic both in the ‘iron’ and in the ‘air’.
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be more than Fig. 95 allows, we may as before regard the finite-
difference approximation to (1) as entailing replacement of the mem-
brane by a net of finite mesh. At nodes which have attained their
limiting permitted deflexion (i.e. which have come into contact with
the roof) residual forces need not be liquidated because the roof,
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in virtue of its rigidity, can transmit them to other points; but
for any closed contour in that part of the net which does not bear
against the roof, the total pull of strings which cross the contour
must be in equilibrium with the total external load applied to
points within it, consequently ‘block-relaxation’ can be employed as
in § 54.

185. Dimensional quantities can be eliminated as in § 46, leaving
us with the computational problem of determining nodal values of
a numerical quantity x which

(i) has a constant value on the boundary (or on every closed
boundary, in the case of multiply-connected sections),

(ii) must not exceed a specified value appropriate to cach nodal

point (i.e. the value which the ‘roof’ imposes),

(iii) subject to the overriding condition (ii), must satisfy the

equation
F=F4F=0 (@)

at every internal node, where (cf. § 41)
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F, representative of the forces due to external loading,

2
= N‘%z, when N = 3 or 4, (3)

az at 2
— N[IZ+EZV Z], when N = 6, (4)

(Z having here the value 2); and where F, representative of the
forces opposed by tensions in the net,

= %(X)—NX, Jfor all values of N. (8)

When the condition (ii) is overriding, F is not required to vanish,
therefore (2) is not imposed.

Example XXVIII: Plastic torsion of a bar of equilateral tri-

angular cross-section

186. The significance of §§183-5 will be most easily grasped in
relation to a simple example: therefore we proceed to investigate the
plastic behaviour under torsion of a bar having as its cross-section
an equilateral triangle of side D. This shape, as concerns elastic
stresses, has been discussed in Chapter II. Its plastic behaviour was
first studied by Relaxation Methods in Ref. 4.

187. Let x be assumed to vanish at every point of the triangular
boundary, and let A be the limiting gradient of x (i.e. the slope of
the ‘roof’), expressed ‘non-dimensionally’. Clearly, when the sub-
stitutions of § 46 are employed, then

A = fy[uDr. (6)

We can at once attach to each nodal point the maximum value

which the roof permits y to attain there. Thus when the net is

triangular and of mesh size ¢ = 1/27 (Fig. 96), the distance from the
boundary of the nearest rows of internal nodes (viz. ab, be, ca) is

V3, _ 1
27 18Vy
so the maximum value of y which is permitted on those rows is

— == I8 = 31'1 .

On the next rows (de, ef, fd) the maximum permitted value of y is
twice this figure, and so on.
We multiply x by 10%, in computation, with the object of elimi-
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nating decimals. Then the ‘overriding’ values, when A has the value
(7), are

x > 10% in the first rows ab, be, ca,

X > 2X10% in the second rows de, ef, fd, (8)

and so on. Starting from the known ‘elastic’ solution (§47), we
now proceed to investigate the modifications which result from the
presence of the roof.

< D
Fia. 96

188. The work is straightforward and easy. The elastic solution
gives values of x which exceed the overriding values (8) in regions
near the centre of each side: we alter them to (8) by suitable
(negative) displacements, and we record the effects of those displace-
ments on the residual forces in the usual way. At points thus brought
into contact with the roof we neglect residuals of positive sign for
the reason that the roof can sustain them, but negative residuals we
liquidate in the usual way, by further negative displacements which
bring the net out of contact with the roof. The reader should himself
work an example. He will meet no difficulty, if he has clearly
visualized the ‘roof’ and its significance in the net analogy.

In Ref. 4, § 30, computations were made in this way by D. G.
Christopherson for the following (multiplied) values of A:

(@) 3600v3, (b) 270043, (c) 1800v3, (d) 900v3.  (9)
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Fig. 97 exhibits contours of constant y for these four cases, the
extent of the overstrained material being indicated in each instance
by a dotted line. Fig. 98 shows how the overstrained region increases

@) © (b h ) ()
A4

Fia. 98

Fi1os. 97 and 98. Plastic torsion of a bar of triangular cross-section.
(D. G. Christopherson)

with increasing torque,f Fig. 99 the relation between torque and
twist. It is known (Elasticity, §§ 339, 390) that the torque

T = prH = 2pr J.j Y dxdy
= 2ur D4 J J. x dz’dy’, in the notation of § 46,

- §D3fr ff x dx'dy’, according to (6), (10)

t It will eventually occupy the whole triangle with the exception of a small region
near each corner, where the membrane never comes into contact with the roof.
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and with close approximation the surface integral of y is given by+

’ ’ 43
[] xawdy = a2 3x), (11)
I
1150 ] @
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F1G. 99. Plastic torsion of a bar of triangular cross-section.
(D. G. Christopherson)

when the summation extends to every nodal point of a triangular
net of mesh-side a. (Points in contact with the roof must be included in
the summation, to take account of the stresses in the plastic region.) So
T/Ty and 7/r, can be related, T, and 7, denoting respectively the
limiting elastic torque and twist.

Plastic distortion of bars having multiply-connected cross-
sections

189. D.G. Christopherson (Ref. 3) has applied these methods (with
some modifications of detail) to I-section girders. F.S.Shaw (Ref. 9)
has treated a similar example and has also applied the methods to

1 A more accurate integration could be effocted with a use of tho rules oxplained
in §§ 23-5 (Chap. I), but is hardly needed hero.
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10llow (i.e. multiply-connected) sections, in which plastic strain can
itart either at the external or at an internal boundary.

The notion of the ‘roof’ has obvious extension to the case of
nultiply-connected sections: we have only to imagine the ‘light rigid
slates’ of § 64 replaced by ‘saucers’ having rims of constant slope
‘Fig. 100), against which the membrane can press if in their absence
ts slope would exceed this limiting value. The saucers are to be

Membrane Lght sovcer

"///

Membrane

_

nictured as light and as ‘floating’ under the exactly balancing effects
‘a) of the tension in the membrane, and (b) of the applied pressure.
Replacing the membrane by an ‘equivalent’ net, we can proceed
with computation as before.

Fra. 100

Example XXIX: Plastic torsion of a bar of hollow square
cross-section

190. Fig. 101, due to F. S. Shaw, shows the effect of thus allowing
for plasticity in a case which (for purely elastic stresses) has been
treated as Example III, § 58. The limiting stress f} (§ 183) is assumed
to have the value 23520 when y is suitably multiplied. Giving this
gradient to the roof and to the floating ‘saucers’, by treatment
described above Shaw obtained the recorded y-values. The reader
may either check these values or attack the problem ab initio for
himself. '

The stress-contours shown in Fig. 101 are for our present purpose
immaterial, excepting those which define the plastic regions at the
four internal corners and in the central parts of the four sides.t Shaw
went on to compute the residual stresses which would be left after
removal of the applied torque,—assuming for this purpose that the
stress-strain diagram for unloading from the limiting stress f, is a
line parallel to the line which represents Hooke’s law in Fig. 95.
(There, two such ‘lines of unloading’ are shown in broken line.) His
results, as having physical interest, are reproduced in Fig. 102.

t On account of symmetry only one-eighth of the complete cross-section needs to
be reproduced.
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Fic. 102. Residual stresses in an overstrained bar of hollow square cross-section.
(F. S. Shaw)

Free surface conditions in the theory of percolation

191. Another class of problem in which the boundary (or a part
of it) is not known at starting is presented in the theory of slow

M

Fi1a. 103

percolation of fluids through porous materials such as soil or peat.
Take, as an example, the problem illustrated in Fig. 103, which con-

cerns the leakage of water through a retaining wall having vertical
3837.13 o)
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sides BL, CM. The ‘head’ of water on each side is specified, and
leakage under the wall is prevented by an impermeable stratum. If
evaporation is sufficient, the free surface inside the wall tends
smoothly to the level on the downstream side; but otherwise it
reaches this (vertical) side at a point (E) above that level, and fluid
seeping through to air drains freely down the wall. In any event
the free surface is not known initially and, as will be shown, on it
a double boundary condition is imposed.

Davison and Rosenhead (Ref. 5), by a skilful use of the ‘Schwarz-
Christoffel transformation’, escaped the necessity of defining the free
surface a priori; but they did not completely solve the problem
indicated in Fig. 103 (which is based on Figs. 1 and 4 of their paper),
because except on the assumption of evaporation in excess of a cal-
culable limit they obtained for the free surface a shape of the kind
which is indicated by a broken line: the reason being, that their
transformation could not allow for the possibility of seepage through
the vertical surface ED.

192. The foundations of the theory of percolation appear to have

been laid by Forchheimer and Bous-

sinesq (Refs. 6 and 1). Taking Ox as

B o the horizontal axis and Oy, directed
F—é upwards, as the vertical axis, we write

— - p for the average pressure at a point

—- z,Y,

. u and v for the components of ‘per-
colation velocity’ along Ox and Oy.

. The components of frictional force are
' - defined, in agreement with Darcy’slaw,

E — as pgu/k and pgv/k, p denoting the den-

L] =—¥= sity of the fluid and ¢ the acceleration

« 1 ,_l due to gravity. £k is the ‘percolation
coefficient’ or ‘coefficient of permea-

bility’ (Casagrande, Ref. 2): it measures

the flow per unit time through a unit cube of the permeable material
(Fig. 104) when a unit difference of head is maintained between two
opposite faces and when flow through the other faces is prevented.

Fic. 104

t Casagrande states (Ref. 2, p. 134): ‘The reader may be assured that this law is
valid for the study of seepage through dams.’
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The equation of continuity is

ou ov :
=0 (12)
and the equations of motion are
_r9,
ke 0. (13)
P_ry g —
ay IC v Pg - 0)
showing that «, v have the expressions
_ % _ %
w=gh v (14)
in terms of a velocity-potential ¢ defined by
4= —k(E+y). 1)
On substitution from (14) in (12) we find that
Vg =0,
whence Vi(p/pg) = 0 in virtue of (15). (16)

193. Again referring to Fig. 103, it is convenient to employ the
symbol z for the vertical coordinate measured downwards from an
origin () in the upstream face of the wall and at the level of the
water surface. Then along AB (since the fluid is sensibly at rest)

we have plpg = = (17)
along A E (the free surface) and ED (the ‘seepage face’)}
plpg = 0; (18)
along DC (since the fluid is sensibly at rest)
Plpg = z2—2p; (19)
along the impermeable base BC, v = d¢/dy = 0, therefore by (15)
0 %
— e R — . 2
o (PlP9) e (20)

We have seen that (p/pg) is plane-harmonic, and by definition

t We havo assumed in (17) that p is measured from atmospheric pressure as datum.
In the nature of the case, if another datuin were chosen we should have to make a
constant addition to p/pg.
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9¢/ov = 0 for all points on 4 E, v denoting the normal to this curve.
Hence, according to (15),

0 _ Oy 0z o
a—v(P/Pg) = T T % o (21)

s denoting distance from 4 along AE. Combined with (18), which
must also be satisfied on AE, this yields two conditions as under:

9 9
5 (Pleg) = L= (plpg) = T2,
2 (plog) = —m2 (pfpg) = —m, | (22)

I, m denoting the direction cosines —af, 8_z
a8 0s

Therefore at A, since p/pg must satisfy (17) along 4B,

I2=1, i.e. the curve A is horizontal, (i)
and at E, since p/pg must satisfy (18) along ED,
1? =0, i.e. the curve AF is tangential to ED. (ii)

At both points (since I2-m? = 1) Im will vanish according to (i) and
(ii), and so

E%(p/pg) = 0 according to the second of (22).

We can (initially) make no other assertion about the form of AE,
which obviously depends upon the pressure-distribution within the
retaining wall, and would be altered (for example) if the wall included
an impermeable obstruction.

Introduction of the mechanical (membrane or net) analogue

194. We can, on the other hand, see the nature of the double
boundary condition by analogy. Let w stand for the plane-harmonic
function p/pg, and let it be interpreted as the transverse displacement
of a uniformly tersioned membrane. Along AB and CD the value
of w is determined by (17) and by (19), and it is zero, by (18), at
every point in A and ED. The form of 4 E (including the position
of E) must satisfy the condition

f@@=m (23)
v

0
which results from integration of (21).
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When w is thus interpreted, ow/ov measures the line-intensity of
the force exerted, in the direction of w, by the membrane on the
boundary. We see from (23) that this line-intensity must be such
that the force on any element 8s of A E is proportional to the corre-
sponding element 8x: in other words, the edge A E of the membrane
must be held down (so that w = 0) by forces having uniform line-
intensity with respect to . The circumstances are like those of a
gas-balloon held down during inflation by ‘shot-bags’, but with the
difference that here the tendency of the membrane to lift comes not
directly (from applied pressure) but indirectly by transmission, due
to its tension, of the displacements imposed at its edges A B, DC.

195. Substituting the ‘net’ for the ‘membrane analogue’, we
deduce a process whereby the form of A E can be determined within
the accuracy permitted by any particular size of mesh.

Suppose first that p is zero along AK, KE (Fig. 103), and that
we solve the potential problem thus presented. It may be expected
that w, which vanishes along both arms of the angle AKE, will be
small in the region adjacent to this angle; so towards the end K, at
any rate, of AK we may expect that ow/dv (in this instance dw/éz)
will have values less than what is required by (22) with = 1. Ttis
certain that we must move the boundary downwards, except at its
end 4 where the relations (22) are already satisfied.

It is also evident on physical grounds (and can be proved mathe-
matically) that depression of any internal point of the membrane
will entail depressions everywhere: therefore we may certainly move
the boundary downwards so long as the resulting changes in the
boundary slopes, assuming w to remain unchanged at all internal nodes,
are not so great that at any point the analogue of (dw/év)ds > da.
Now the ‘net analogue’ of this quantity is the pull exerted on an
element 3s of the boundary by those strings which come to it. If
then we accept all consequences of the ‘net approximation’, we can
with certainty depress the boundary through some known distance,
after which we must trace the consequence at interior points. These
points will also be depressed, reducing the boundary slopes; so now
we can depress the boundary further, then recalculate internal values
of w, and so on.}

t Actually we depress the boundary farther than is immediately justified, antici-
pating the consequent depression of interior points.
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196. Having determined p/pg at all internal points of the chosen
net, we can estimate the total ‘leakage’ (i.e. the quantity flowing in
unit time through unit thickness of the retaining wall).

In the notation of §§ 192-3, this quantity

Q= f u dz, when the integral extends over any vertical line
drawn from AE to the impermeable base BC,

= f%dz: —kf%_(}%) dz, by (15).

On the upstream face (p/pg) ranges from 0 at the free surface 4 to
Do/pg = D, by (17), at B (D denoting the depth below A of the
impermeable base). Consequently if p/py at any point be measured
as a fraction of D, then

oP
= —kD | —
Q f ox @z, (24)
where P stands for p/pgD.

The integral in (24) is ‘non-dimensional’ like P (z and z being
measured in the same units); so @ is given by (24) as a fraction of
kD—i.e. (cf. §192) as a fraction of the flow per unit time through
the unit cube of Fig. 104, when an excess head D of the fluid is
maintained on its left-hand side.

Example XXX: Percolation through a rectangular retaining
wall of uniform permeability

197. Fig. 105 exemplifies these methods as applied by K. S. Shaw
(Ref. 10). The depths of water on the sides of the wall were taken
as in the ratio 6: 1, and to eliminate decimals a large and arbitrary
value 6,000 was given to D (§196). Values of (p/pg) could then be
attached to nodal points on the two sides of the wall, and relaxation
started. The condition (20) was satisfied (approximately) along BC
by including one horizontal row of fictitious nodal points immediately
below that line (exemplified by the point ¢ in Fig. 105), and by
identifying, for example, the gradient of (p/pg) at d with the gradient
of its chord bc.

Fig. 105 shows the last of three successive nets. Except for the
determination of the free surface 4 K, computation might have been
ended earlier: even the coarsest net (with mesh-side four times as
great) gave a satisfactory picture of the general flow, and on all three
the free surface proved stable in the sense that any departure from



Fra. 105, Percolation through a retaining wall. (K. S. Shaw)
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the true form entailed restoring ‘forces’. Actually, in the neighbour-
hood of the boundary, advance was made to two still finer nets.
Thereby confirmation was obtained regarding the rapid curvature
of AE both at 4 and E, whereby both of the conditions (22) are
in fact satisfied, though the general shape of the free surface approxi-
mates to a line of constant slope.

The contours are lines of constant pressure,—mnot lines of flow,
because the stream-lines cut the ¢-lines orthogonally, ¢ being related
with (p/pg) by (15). It would be easy to deduce values of ¢, and
the stream-function ¢ could then be determined by the methods of
Chapter IV; but what concerns us from a practical standpoint is the
fluid pressures induced in the retaining wall, so Shaw’s attention was
concentrated on these throughout. He computed the ‘leakage’ Q
(§196) as 0-729kD.

Junction of free surface with downstream face of retaining
wall. General case
198. In two further examples of percolation which he investigated,
Shaw (Ref. 10) assumed a ‘blanket’ of permeable rubble to exist,

F1a. 106

whereby the free surface is confined within the retaining wall and
so all seepage through the downstream face is eliminated. This is in
accordance with approved engineering practice: nevertheless it is of
interest to consider the general case of seepage through a face having
any inclination to the horizontal, thereby generalizing the conclu-
sions of §193.

In Fig. 106 AE represents a free surface along which the fluid moves from
4 to E, i.e. in the direction of s increasing. Consequently d¢/ds is everywhere
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positive, and so according to (15), since (p/pg) is constant (and k necessarily
positive) on AE,

%0, i Zxo

] 03
This means that 4% must everywhere be inclined downwards from the hori-
zontal: i.e. 6, in Fig. 106, is everywhere positive.

Again, in that part of the wall which is penetrated by fluid (p/pg), being
plane-harmonie, can have no minimum value; and on the boundaries of this
region it is either zero, or positive, or is required (at the impermeable stratum)
to have zero normal gradient. It can be shown that in consequence 8/dv (p/pg)
must be positive or zero at every point in AE; and since (§ 193) this normal
gradient == odx/0s, it follows that 6 cannot exceed }.

Now on AE, since this is both a stream-line and a line of constant pressure,
both of the conditions (22) must be satisfied at every point. Along the face ED
(whichisalso a line of constant pressure, but is nof a stream-line) we have merely

dp . . Op
cosaéz +sma5 == 0,

Therefore at K, since velocities and therefore pressure-gradients must be single-

valued, we have .
l(Ilsina--mecosa) — O,

ie. cosfsin(a—6) = 0,
indicating ag alternative possibilities either § = +4m or § = a-+-nw (n integral
or zero).

Because, as we have seen, 0 -~ § < 4w, the sccond alternative is acceptable
only when a lies between 0 and }ar —i.e. when the downstream face has positive
batter: in that event AE will meet M D tangentially, as in § 193. When « lies
between 47 and 7 (i.c. when the downstream face M D is ‘overhung’) only the
first alternative is acceptable: then AK is vertical at its point of intersection
with M D, (In the nature of the case 0 < o < 7.)

Example XXXI: Earth wall containing a permeable ‘blanket’
and on subsoil of the same material

199. Shaw’s second problem (Fig. 107) related to a wall or ‘levee’
battered on both sides and assumed to be of the same material as
the subsoil, which extends down to an impermeable stratum at a
depth below ground-level equal to the depth of the fluid on the
upstream side. A ‘blanket’ of coarse rubble was assumed to main-
tain atmospheric pressure along the line 45, and Fig. 107 (Shaw’s
accepted solution) shows that it is effective in preventing seepage
through the wall. The free surface O4 has a shape which it would
have been impossible to predict, but it was determined without
difficulty by relaxation methods. The inflexion accords with Casa-
grande’s description (Ref. 2, § F, e).
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Example XXXII: Earth wall resting on a subsoil containing
two different strata

200. In his last example (Fig. 108, at end of book) Shaw assumed
the same depth of subsoil (down to animpermeable stratum) to contain
two distinct strata, separated by a horizontal surface, of which the
lower offers four times as much resistance as the upper to percolation.
The shape of the retaining wall, and the level of the water on its
upstream side, were the same as in Example XXXI; consequently
the only difference between that problem and this comes from
increased resistance to flow in the lower stratum. Example X XXII
exemplifies ‘refraction’ at the common surface of two different
materials—a matter discussed in Chapter III, §§ 80—4.

The pressure will be plane-harmonic in each of the two strata, and
continuous (i.e. single-valued) at their common surface; also the
velocity across this surface must have the same value on either side.
The normal velocity is given (§192) by

80 at a horizontal common surface we have the condition

R R

w standing as in § 194 for (p/pg), and suffixes I and IT distinguishing
values in the two strata. This reduces to

)= 3
ay 1 d?/ I1 (26)

when (as assumed by Shaw)
kyp = thr

It is exactly similar to equation (27) of § 80 (Chap. III), so we
have precisely the conditions which were contemplated in §§ 814,
with A; == 4, A;y = 1, k = —3. But the circumstances in this example
are specially simple in that the net can be so chosen that one row
of nodal points lies on the common boundary of the two strata, and
on that account we shall reproduce Shaw’s treatment (Ref. 10,
§§ 14-16).

201. In Fig. 109 this boundary row is denoted by C, rows A and
B lying within the medium I, and rows D and E within medium II.
The wanted function w is plane-harmonic both within I and II, so
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at nodal points which lie inside either material (e.g. rows 4, B and
E h
D, B) we have F =73 (w)—dw=0 (27)
a4

as the finite-difference approximation to V3w == 0. We now require
a corresponding relation to be satisfied at points on the common
boundary.

Suppose first that a row of points lies just within the medium I,
as indicated by row C in Fig. 109a; and consider the representative

row

z ®

Fia. 109

point 0. Inside the shaded region w may be interpreted as the trans-
verse displacement of a (square-mesh) tensioned net, and if this were
extended beyond the common boundary to row D, w would have at
the point numbered 2 a value w; such that

Wyt wat+wyt+w, = 4w, (i)
Similarly in Fig. 1096, where row C falls just within the medium II,
inside the shaded region w may be interpreted as the transverse dis-
placement of a tensioned net, and if this second net were extended

beyond the common boundary to row B, thert w would have at the
point numbered 4 a value w,; such that
Wyt wy+wytw, = 4w,. (i)
Now let row C, in both diagrams, coincide exactly with the com-
mon boundary. Then, in the ‘net analogue’, this boundary becomes
the junction of two nets stretched with different tensions, so w,, w,,
w; have the same significance both in (i) and in (ii); but while w, in
(i) and w, in (i) have real significance, the quantities w; and w,
(interpreted as above) can have other values. By subtraction we
obtain from (i) and (ii)

’ ’ see
Wy—Wy = Wy—W,. (i11)
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202. We now consider the boundary condition (25)' which must
hold at all points of the interface, e.g. at point 0, Fig. 109, when the
interface contains row C. With neglect of terms of order a® we can

replace Sw ) ,
2a (—-) at point 0 by w,;—w;,
%1

5 (iv)
2a(~.—u3) at point 0 by w;—w,,
%Y/ 1t
when wj, w, have the significance stated in §201; so the finite-
difference approximation to (25) is
ky(wy—w,) = ky(wi—wg)+2a(ky —ky). (v)
Eliminating w, and w, in turn between (iii) and (v), we have
(byt+hyws = 2k w,+ (ky—kyp)w,—2a(ky;—ky),
and (kytk)wy = 2kywy— (ky—kyy)w,—2a(ky — ky).
Finally, on substituting from (vi) in (i) or (ii) we have
(ky+kyr)(wy+wg) + 2 (kpy wy -k wg)— 2a(kyg—ky) = 4(ky+kip)w,y, (28)
in place of (27), § 201, at nodal points on the interface.

(vi)

‘Free’ stream-lines in hydrodynamic theory

203. Our last examples relate to ‘free’ stream-lines in the theory
of inviscid fluids—a class of problems which is associated with the
names of Helmholtz, Kirchhoff, and Rayleigh. They have been
selected from a number of solutions computed by Miss G. Vaisey
(Ref. 11).

The earlier treatments involved an application of conformal trans-
formation. Writing

2= atiy,  weptif, (i)

where ¢ is the velocity-potential and i the stream-function of the
two-dimensional (laminar) flow, we have

dw o .0¢ . i
= édiszj} = U—1v, (11)

u, v standing for the component velocities. Clonsequently, if
g% = u?-+o?, 0 = tan~(v/u), (iii)
so that ¢ measures the resultant velocity, 6 its inclination to the axis

of z, then dw
{ = 6+ilogq = ilog(u—1v) = ilOgZE ,

—i.e. {, as well as w, is a function of the complex variable z. If,

(iv)
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then, the boundaries can be specified both in the plane of z and of {,
and if a formula is discoverable whereby either of the regions so
delimited can be conformally transformed into the other, we may

express (iv) in the form
dw

dz
and hence, by a single integration, derive w as a function of z. Now
the real part of { has a known constant value on a boundary which
is straight, and in the absence of gravitational forces the imaginary part
of ¢ has a constant value, calculable from Bernoulli's equation, along
any ‘free’ stream-line; so the way is clear to a solution of any problem
in which every part of the boundary is either straight or ‘free’.
But the form in the {-plane is not known initially either of a fixed
boundary which is curved or of a free stream-line when gravity is
operative. As shown by von Karman (Ref. 7, §§ 6-7), we then con-
front (in an orthodox attack) the difficulty that the boundary condi-
tions are no longer linear. Allowance for gravity seems to have been
made in one case only—the problem of ‘permanent’ waves of finite
amplitude.

204. As in the percolation problems of §§191-202, the double
boundary condition here imposed at a free surface can be interpreted,
according to ‘Prandtl’s membrane analogue’, as a specified displace-
ment resulting from a loading of specified line-intensity: on that
understanding gravity effects can be included in a relaxation treat-
ment. When gravity effects are negligible or directed along the axis,
a like treatment can be applied to problems in which the flow has
axial symmetry, whereas the classical method of § 203, being de-
pendent on the theory of a complex variable, is restricted to laminar
motion in a plane. In such problems (cf. § 208) the governing equa-
tion is of a type (37) which we have described as quasi-plane-
harmonic. [ts treatment entails no more than a slight alteration of
the ‘relaxation pattern’, discussed in Chapter V; and on that account
an axially symmetrical system (flow through an ‘orifice plate’) has
been included (§§ 215-17) in our three examples taken from Ref. 11.

= exp(—1i{) = F(2), (v)

Basic theory. (1) Laminar (two-dimensional) flow

205. We have to determine ¢ and ¢ (§ 203) in a field of which the
boundaries are not completely specified. Such parts as are specified
represent fixed and rigid surfaces on which ¢ has to take constant
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values because the normal component of velocity (measured by
afif03) must vanish; the other parts are not known initially, being
lines of constant  along which the pressure p is also constant.
Such lines, which we call free stream-lines, must be determined by
calculation.

Assuming the system to be conservative, we have

B.{‘ 1¢%-+-gy — const. (29)
p

everywhere, by Bernoulli’s theorem, when y is measured upwards
from some datum level; consequently (p being constant) at all points
where p has a constant value p,,

q2-4-2gy = const. = 2qy,, (30)
Yo defining the highest level to which such points can extend (i.e. the

‘stagnation level’ at which p = p, and ¢ = 0). In (30),

g? = ul4o? = (?f/f)”,# (_a«_/g)z

- . 31
ox, oy (31)

206. y being measured as above, x will be measured from left
to right. If now (Fig. 110) we reverse the directions of  and y,

Stagnation leve/ 0

x

Fic. 110

measuring ¥ downwards from the ‘stagnation level’ and « from right
to left, equation (30) simplifies to

q° = 29y, (32)
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and the form of (31) is unaltered. Along any stream-line ¢ is con-
stant, so ¢ is measured by its normal gradient 0/ov: consequently
on any ‘free’ stream-line we have the double boundary condition

y = const.
i ) =R ) "

according to (31) and (32).
207. In some problems gravity is unimportant, i.e. g may be made
zero in (30). Then, in place of (33), we have on a free stream-line
¢ = const.

and (g‘é)z — (g.‘g)z_;_(g‘g)z — ¢* — const. — K (say), (34)

k? depending on the pressure and velocity of the fluid at entry; so
again a double boundary condition has to be satisfied.
In either class of problem, everywhere, s satisfies the equation

V2 = 3 "” A, (35)
oy*
Basic theory. (2) Flow possessing axial symmetry
208. Here the total flow across a circular area of radius r may
be denoted by 2mj. Then, when r is invariant,
— 278y = outward radial flow through an annulus 2776z
= u.2nrdz, say, u denoting the radial velocity ;
and when z 7s tnvariant
278y = flow from left to right through an annulus 2nrdr
= v.2mrdr, say, v denoting the axial velocity.
Accordingly we now have the expressions

rep o, 19 (36)

Y — =
roz’ ror

and so, if the flow is irrotational, the governing equation is
2, 02
0= (0 0\ _ 0% _18 &% (37)
or 0z o2 ror | ozt

On any stream line ¢ is constant as before, but now the resultant

JI

velocity ¢ = — 3 onsequently on a ‘free stream-line’ we have the



216 BOUNDARIES NOT INITIALLY KNOWN [VI. 208

double condition

Y = const.
and —1.(&/’)2 ] {(@/’)2_;. (i‘f)z} = ¢% = const. = k2 (say) } Ra

r2\ov r2\\oz

when gravity is inoperative, or

b = const.
} (39)

1fop\2 o
and 1*—2(51;) = q* = 2gz-{-const.

when gravity acts in the axial direction Oz.

Implications of the double boundary condition

209. The constant in the first of (33), (34), (38), or (39) is equal
or proportional to the total rate of flow, therefore (normally) will
not be predictable but must emerge as a result of computation. For
example, by attaching a value to k2 in (34) or (38) we shall specify
the total pressure-drop, which is one of the factors on which the rate
of flow depends; but it also depends on the resistance offered by the
fixed surfaces, and this (initially) is unknown. Kqually the resistance
is unknown in problems where gravity is operative, e.g. when the
double boundary condition is expressed by (33): then, having specified
the stagnation level (i.e. the energy of the incoming stream), we
again have no initial knowledge of the total rate of flow.

Alternatively we may specify the rate of flow—i.e. impose a value
on i for the free stream-line; but then the pressure drop is not pre-
dictable, so we shall not know what value to attach to k in (34) or
(38), or the stagnation level when we are working with equations
(33). Only exceptionally (e.g. for the ‘Borda mouthpiece’ treated in
§§ 212-14) shall we be able completely to formulate the computa-
tional problem in advance: normally we shall have to proceed by
trial and error, giving different values in turn to some parameter
and interpolating to obtain the wanted solution.

210. On these and other accounts the relaxational attack entails
too many new considerations for detailed explanation here, and
interested readers are referred to the original paper (Ref. 11). ‘Free
stream-line’ problems are among the hardest (from a purely com-
putational standpoint) that have yet been confronted, and no routine
procedure can be guaranteed to solve every example. Verification,
on the other hand, is easy: it is a simple matter (though laborious)
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to check the solutions which follow and establish that (within reason-
able margins of error) the recorded values of the stream-function
satisfy both the appropriate governing equation and the double
boundary condition.

In their derivation much labour was saved by a use of ‘graded’
nets (§§ 92-3); the reason being that because the free stream-lines
curve sharply where they first leave the rigid boundaries, more inter-
sections (with mesh-sides) are needed in such regions than in others,
in order to define their shapes and (more especially) the boundary
gradients with precision.

It is a feature of the solutions that they record y-values in all
parts of the fluid field, thus enabling any required stream-line to be
deduced with little additional labour. The same is not true of solu-
tions obtained by the ‘orthodox’ process which has been outlined in
§ 203; for even when w has been derived as a function of z, much
computation is necessary in order to deduce i as a function of  and
y in all parts of the field.

Elimination of dimensional factors

211. Actually the recorded values are purely numerical, since
‘dimensional’ factors were eliminated at the outset. In relation to
‘laminar’ flow (§§ 205-7), D being a representative dimension of the
rigid boundaries, ‘non-dimensional’ quantities z’, y', v/, ¥’ were
obtained by writing

x=a'D, y=y'D, v =D, o= ' J(29D?), (40)
and thereby (33) and (34) were replaced by

y’ = const.
&p' 2_— o } (41)
(57) sy
and by ,p’ = const.
(?}"/‘71)2 = ¢'? = const. = k2 (say), “2
14

where k% = 2¢DEk'2. 1In relation to axially-symmetrical systems
(§ 208), D being a representative dimension as before, the substitu-
tions

r=1r'D, z==2'D, v=1y'D, = J'\(29D%)  (43)

3837.13 P
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left the form of (37) unaltered, and gave

Y’ = const.
LY = L) ()] - g om0 |

1 (% 4
r'2\av’ oz or
and Y’ = const.
A , (45)
;‘,é(“a;;;) - q 2 = 2 +c0nSt. ]

in replacement of (38) and (39).

Equations (41), (42), (44), and (45) were employed in computation
with dashes suppressed for convenience. Thusz, y, z, r, v, Y in §§ 212-19
are x’, y', 2', ', v/, Y’ as defined in (40) and (43).

Example XXXIII: Laminar flow through a two-dimensional

‘Borda mouthpiece’

212. The nature of the problem is indicated in Fig. 111. Fluid
passing down a channel 44" develops a free surface at the edges of
a two-dimensional ‘Borda mouthpiece’ BB'—the whole flow being
symmetrical with respect to a centre-line. The (uniform) velocity
far upstream of BB’ is specified, also the velocity (determined by
the pressure) at the boundary of the issuing jet. We have to deter-
mine the stream-function %, and hence the form of the free stream-
line BD, given that s = 0 at all points on CC, ¢ = const. at all
points on AEF BD.

This is one of the exceptional problems (cf. § 209) which can be
formulated completely at the outset. Let ¢ denote the ‘asymptotic
breadth’ of the free jet far downstream of BA’, b the dimension BB’
and a the dimension 44’ in Fig. 111; and assume that the fluid in
contact with the closed end (EF, F'E’) is sensibly. at rest. Then by
elimination of the pressures between Bernoulli’s equation and the
condition for conservation of momentum (p being invariant) we have

the relation a(b—2c)4-c% = 0, (46)

whence the ‘coefficient of contraction’ ¢/b can be determined when
a/b is known. When a/b = oo, then ¢/b = }, a known result. Fig. 112
shows the variation of ¢/b with a/b.

213. In relation to Example XXXIII (Fig. 111), where a/b = 6,

we have from (46) ¢/b = 0-5228. (47)

The values 0 and 6, respectively, were given to i on the centre-line



E
a
B F
-
] . 6 - X4
_L — L p
B’ F
A v
Fra. 111
0}
9 -
8 -
7 -
a
I3
st i}
:5 o
4\.
3 .
2 -
05 0% 07, 08 79 70
b

Fia. 112



220 BOUNDARIES NOT INITIALLY KNOWN [VI. 213

and on the rigid boundary AEF B, and a and b, consistently, were
given the values 12 and 2; so the constant in the first of (34) was 6,
and ck had the value 12. Consequently k in the second of (34) had
to be given the value

12 12(b 6

= = ) = —— = 114772 48

c b (c) o5azs — TR (48)
and thus the computational problem was completely formulated in
advance. Actually (to eliminate decimals) values of 1004 or of 10004
were computed.

214. Figs. 113-15 (of which the first two are at the end of this
book) present the accepted solution, in which the second of (34), viz.

gi/l = k = 11-4772, according to (48), (49)
14

is satisfied within 0-7 per cent. at all test points on the free stream-
line. Accepted values of the boundary gradient (multiplied by 10)
are recorded by numerals just outside the stream.

The range of the grading in these diagrams is very wide. Thus
in Fig. 113 the mesh-side @ is } in the regions remote from BB’ in
Fig. 111, but is reduced to 44 in a region BabcdefB which, to a larger
scale, is reproduced in Fig. 114; and here again the net is widely
graded, so that a = 1/64 in the immediate neighbourhood of 8.
Fig. 115 exhibits the accepted values of 10004, also contours of
100y, in this finest part of the net. The requisite gradient (49) is
obtained at points which extend to within one mesh-length of 5:
nearer B the free stream-line has not (strictly) been determined, so
is shown by a broken line. This meets the rigid boundary at a point
somewhat different from what was postulated; but the error (of
the order of }a = 1/128) is for practical purposes quite without
importance.

For comparison, Fig. 114 also shows (in broken line) the exact
shape of free stream-line which can be found by orthodox analysis
in the case where outside the mouthpiece the fluid extends to in-
finity.t The difference is appreciable and easy to explain:—In the
exact solution fluid approaches B from all directions; but in our

t Cf. Lamb, Hydrodynamics (6th ed. 1932), § 74. With origin at B, directions of
z and y as in Fig. 110, and b and c carrying the same significance as in Fig. 111,

s = =% (sin?j0—logsoc ),  y — " (4—sind).
- 2m
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solution it is nearly stationary in the closed end which (Fig. 113)
lies to the right of B, so the velocities are directed mainly from left
to right: consequently we should expect the free stream-line to turn
more rapidly, at B, towards the right, and this is what has been found.

Example XXXIV: Orifice plate in a circular tube

215. In Ref. 11 (§§ 23-5) a corresponding treatment was applied
to a Borda mouthpiece having the proportions shown in Fig. 111,
but axially-symmetrical with respect to CC. This problem too could
be completely formulated at the outset.

In Example XXXIV such initial formulation is not possible, for
the reason that momentum considerations cannot be applied in the
manner of § 212. Computation had to proceed by trial and error
(cf. § 209), k£ being varied until a value was found such that the
second of (38), viz.

o Vg 0
T o
could be satisfied at every point of the free stream-line, including
the point (B, Fig. 116) at which this leaves the rigid boundary. The
procedure (necessarily laborious) was to start from an assumed shape
of free stream-line and an assumed value of k, then to compute the
‘boundary error’ 7 defined by

N = Lop (51)

and reduce it (sensibly) to zero all along the stream-line by systematic
modification both of £ and of the shape. For every value of k the
‘asymptotic solution’ b S (52)

was taken as holding far downstream, where the jet becomes parallel
so that dyjov = op/or: thereby (50) was satisfied downstream, in-
dependently of the value of the constant in the first of (38). 5
denoting this constant (so that 2mfy is the total flow through the
orifice) and p? the ‘coefficient of contraction’ (so that p is the ‘asymp-
totic radius’ when the radius of the orifice == 1), according to (52)

kp? = 2y, (53)
and hence (knowing p approximately from hydraulic experiments)
we can, after fixing 5, make a good initial estimate of k.

216. Clearly, in order that » may be given with precision, the
gradient of ¢ in (51) needs to be estimated closely, so the final net
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must have small meshes in the neighbourhood of B. In Ref. 11 the
accepted solution was presented in three large diagrams, correspond-
ing with Figs. 113-15 for Example XXXIII. Fig. 116 (a folding
plate at end of book) relates to a small part of the first diagram (namely,
to the region BCDEFGB in the key plan in its right-hand top
corner). The third diagram (not reproduced) related, similarly, to a
small part BabcdeB of Fig. 116, and defined the shape of the free
stream-line near B. In all the mesh-side @ (regarded as a fraction of
the radius of the orifice) ranged in the graded nets from 1/2 to 1/64.

Along the free stream-line in Fig. 116, numerals just outside the
?;/’ and of » as defined in (51).

stream record computed values of ; -
14
The accepted value of k& was 118-34, corresponding with a coefficient

of contraction p? == (0:78)% = 0-61.

217. Computation was more laborious here than in Example
XXXIII, owing to the occurrence of r in equation (37) and thereforein
the ‘relaxation pattern’. The nature of the requisite modification was
never in doubt; for an increase in the assumed value of k, unaccom-
panied by any change in the assumed shape, decreases n everywhere
according to (51), while an increase given at some point to the radius
of the jet entails a reduction at that point of éy/ov and therefore of

i%‘f and 7. At neighbouring points it increases n by rendering the
jet more concave: consequently errors of opposite sign could be
eliminated by changing the shape of the free stream-line, errors all
of like sign by changing k.

In fact only two changes of k£ were necegsary, since the second
(by good fortune) led to negligible errors at all points. Initially p
was agssumed to have the value 0-71, and this was altered later to
0-75 and 0-78 (the accepted figure). The first attempts were made
on a net fairly coarse in all parts, since it was apparent that a finer
mesh near B would yield for that point an estimate of &y;/ov higher
by an amount fairly easy to estimate.

Example XXXV: Free jet falling under gravity (‘waterfall’)

218. In both of Examples XX XIII and XXXIV the jet had only
one free surface,—or at least could be treated on that basis, because
a line of symmetry could be taken as fixed. In Example XXXV
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the jet has two free surfaces, fluid being assumed to flow along a
horizontal bed to a point A (Fig. 117) at which it springs clear
and continues (as a ‘waterfall’) under the influence of gravity.
The governing equations are (35) combined with the double boun-
dary condition (41), which must be satisfied on each of the two free
surfaces. On the lower of these, and on the rigid bed from which it
springs, the constant in the first of (41) may be given any arbitrary
value; on the other the constant must have a value determined by
the total rate of flow.

Suppose the stagnation level to be specified, and let D in (40)
stand for the distance between this level and the horizontal bed.
Far to the right of 4 (Fig. 117) let H = kD be the depth of the
stream, so that y (non-dimensional) has the value (1—%) at the
free surface, 1 at the rigid bed; and let the corresponding values of
¢ be 0 and C. Then the second of (41), viz.

o
— = 4
61’ 'Jy ’ (5 )
gives far upstream of 4 (where the stream is uniform and horizontal)
C
7= (1=h). (55)

Hence C is known when % is specified. It has its maximum value
(2/3v3) when h = 2/3, and this was the assumption made in Ref. 11
(§ 33), from which Example XXXV has been taken.f

219. In computation (for the avoidance of decimals) i was given
a value 2000 at the rigid bed and on the lower free stream-line,
allowance being made for the multiplying factor when normal
gradients were compared with the values required by (54).

Fig. 117 exhibits the accepted solution. The boundary gradient
is required by (54) to have different values at different levels: in
Fig. 117, at a number of points where the net intersects the free
stream-lines, numerals show the computed values of ¥y (above) and

of %‘é (below),—both multiplied by 100v3. The discrepancies are
v
nowhere large.

t In general, C being given, equation (55) has two real roots (or none) in the range
0 < h < 1. In the case selected these roots are equal.
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‘Wakes’ of constant pressure

220. Ashas been stated earlier, problems of the types of Examples
XXXIIT-XXXYV present exceptional difficulties to the computer.
They are, however, problems which have so far proved intractable
by other methods, and the labour that has gone to their solution is
not incommensurate to their importance.

Indeed, in Ref. 11 solutions were presented of a fype which
apparently is new: they relate to ‘wakes’ or regions of approximately
constant pressure, formed behind bodies in motion through a fluid
which extends to infinity. When the wake is assumed to have a
strictly uniform pressure, its boundaries are stream-lines which are also
lines of constant pressure, like the ‘free stream-lines’ of Examples
XXXIII-XXXYV; and then, if the fluid is taken to be inviscid,
the problem is of exactly similar kind. For flow in two dimensions
Rayleigh, identifying the wake pressure with the ‘pressure at infinity’,
found by the orthodox method of § 203 that a wake of infinite extent
is formed behind a lamina in broad-side presentation: on like assump-
tions, similar results were obtained in Ref. 11 for cylinders of other
shapes, also for bodies characterized by axial symmetry. But the
identification of the pressures would appear to be an arbitrary
assumption, not always warranted: therefore in Ref. 11 some cases
were studied in which the wake pressure exceeded the pressure at
infinity. It was anticipated that in these circumstances the wake
might no longer extend to infinity, and that its size would contract as
the pressure was increased (so as to reduce the normal gradient of ).

These expectations were realized, the computed wakes in rear of
a circular cylinder being of the type shown in Fig. 118. A wake can
have any constant pressure between the ‘static pressure’ at infinity
and the full ‘dynamic pressure’ at the stagnation point 4. At the
higher pressure its extent is zero; with falling pressure its extent
increases, the second point of bifurcation (B) moving steadily down-
stream. In each of Figs. 118, (@)~(d), the constant boundary gradient
oy/ov is stated as a fraction of the ‘velocity at infinity’. Where the
two symmetrical boundaries coalesce, they meet in a cusp (at B).
This could have been anticipated, for if they met at a finite angle,
B would be a point of zero velocity.

221. The ability of Relaxation Methods to deal with problems
such as these is due to the retention, throughout their development,
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of a tentative quality which orthodox methods do not possess. There
is nothing new in the notion of continued approximation to a wanted
solution, for this is the basis of all ‘iterative’ methods of attack.

Drrection of Fluid stream

oy
@) 5,°06
A / _ Wake B _ ) o
ow_
6 i 08
A Wake B

Wake
A

F1o. 118. ‘Wakes’ formed in rear of a circular cylinder. (G. Vaisey)

What is novel is the freedom that throughout is left to the computer,
to decide the nature of his next step.t

t ‘In fact, for the computer (as opposed to those who think only about the logic
behind the computation methods) the Relaxation Method has a spirit lacking entirely
from the iteration process. The former challenges one’s intelloct at each step to make
the best possible guess, while the latter reduces one to the status of an automatic
computing machine (without the advantage of no computational errors). It should
not be inferred that the Relaxation Method requires high intellectual powers. If
changes are chosen in a specifiable way, it reduces exactly to the iteration process.
The computor can then vary from this completely specified process by whatever
amount fits his own skill.” (H. W. Emmons in Quarterly of Applied Mathematics
(Brown University), October 1944.)
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RESUME

222. Preceding chapters have shown the power and range of
Relaxation Methods regarded as an alternative to orthodox methods
of attack. Here they emerge as an essential weapon of research,
effective in problems which orthodox analysis cannot even start to
solve. Of such problems various examples have been treated in
recent papers not yet given open publication. Those included in
this chapter are characterized by boundaries or interfaces not initially
known.

An interface is a boundary separating regions in which the wanted
function has to satisfy different governing equations. It may be
known in advance,—e.g. when it separates iron and air in a magnetic
problem; but usually it must emerge as a result of computation,—
e.g. in a case of plastic straining where the extent of the overstrained
region is not predictable. §§183-90 deal with the simplest problem of
this class—namely, Saint-Venant’s torsion problem as modified by
the existence of an upper limit to the permissible shear stress (cf.
Fig. 95). §§191-202 deal with ‘free surfaces’ in the theory of per-
colation of fluid through porous material, showing that the essence
of the problem is the satisfaction of a double boundary condition on
a line initially unknown. The same is true in the (computationally)
harder problem of ‘free’ stream-lines in the hydrodynamics of an
inviscid fluid,—more particularly when these are modified by gravity.
Here, quite recently, Relaxation Methods have yielded solutions of a
type which apparently is new.

Abstraction is not feasible. But the chapter will not be read
except by workers interested in its special problems, and these would
not be helped by briefer summaries. v
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FORMULAE AND TABLES FOR USE IN NUMERICAL
COMPUTATION, BASED ON THE CALCULUS OF
FINITE DIFFERENCES

(Extracted by permission from papers by W. G. Bickley in Math. Gazette,
23 (1939), 352-9, and 25 (1941), 19-27)

TABLE I. ‘Three-point’ Formula for Differentiation (cf. §11)

The table gives values of 4, 4;, A, appropriato to the mth differential
of y (m =1, 2) at the point x = ra (r = 0, 1, 2), for inscrtion in the formula

am
mi Ji'")N (A0J0+A1 Yi-+-Ayy,)-

m r A4, 4, A, E

1 0 -3 4 —1 adyti x +l/'§
1 -1 0 1 —1/6
2 1| —4 3 +1/3

2 0 1| - 1 | aPyltix —1/2
1 1 —2 1 atylvx —1/24
2 1 —4 1 | adytx41/2

TasLe 1. ‘Four-point’ Formula for Differentiation (cf. §11)

The table gives values of 44, A,, A,, 4, appropriate to the mth differential
of y (m =1, 2, 3) at the point z = ra (r = 0, 1, 2, 3), for insertion in the
formula
a” — Y (Aoyo+A13/1+A2’/z A3 Y3)-

m!

m r A, A, A, Ay E
1 0 —~11 | 18 -9 2 | atyvx —1/4
1 -2 | -3 6| —1 +1/12
2 1| —6 3 2 —1/12
3 —2 9 | —18 | 11 +1/4
2 0 6 |—15 12 | —3 | atylvx +11/24
1 3| —6 3 0 —1/24
2 0 3 —6 3 —1/24
3 3| 12 | —15 6 +11/24
3 0 -1 3 -3 1 | aty'vx —1/4
1 -1 3 -3 1 —1/12
2 -1 3 -3 1 +1/12
3 -1 3 -3 1 +1/4
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TaBLE II1. ¢ Five-point’ Formula for Differentiation (cf. §11)

The table gives values of 4,, 4,, 4,, A;, A, appropriate to the mth dif-
ferential of y (m = 1, 2, 3, 4) at the point & = ra (r = 0, 1, 2, 3, 4), for insertion
in the formula

m
a” Y™
m 1 r ~

1
Y] (Aoyot+ A1y +Ayy2+Asys+ 4,9s)

m r A, A, A, A, A, E

1 0 | —50 96 | —72 32| —6|afyvx+1/6
1 —6 —20 36 —12 2 —1/20
2 2| —16 0 16| —2 +1/30
3 -2 12| —36 20 6 —1/20
4 6 —32 72 —96 50 _‘_"—{-1/5

2 0 35 | —104 114 —56 11 | a®yV X —5/12
1 11| —20 6 4| —1 +1/24
2 | —1 16| —30 16| —1 | a%v'x +1/180
3 -1 4 6 —20 11 | a%v x —1/24
4 11 --56 114 | —104 35 +56/12

3 0 —10 36 —48 28 —6 | ayv x +17/24
1 —6 20 —24 12 -2 +1/24
2 | —2 4 0| —4 2 —1/24
3 2 —12 24 —20 6 +1/24
4 6 —28 48 —36 10 +7/24

4 | 0 1| —4 6| —4 1| abyv x —1/12
1 1 —4 6 —4 1 —1/24
2 1 —4 6 —4 1| asyvix —1/144
3 1| —4 6| —4 1| ayv x +1/24
4 1 —4 6 —4 1 +1/12
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TaBLE 1V. ‘Siz-point’ Formula for Differentiation (cf. §11)

The table gives values of 4y, A,, A,, 4, A,, A; appropriate to the mth
differential of y (m =1, 2, 3, 4, 5) at the point x == ra (r = 0, 1, 2, 3, 4, 5),

for insertion in the formula

a™ 1
;n“‘yim ~ B (Aoyot+ A1+ 429+ A3y + 4,9, +A459s)
m r A, A,y Ay A, A, A, E
1 0 —274 600 | —600 400 | —150 24 afyvix —1/6
1 —24 | —130 240 | —120 40 —6 +1/30
2 6 —60 —40 120 —30 4 —1/60
3 —4 30 | —120 40 60| --6 +1/60
4 (i3 —40 120 | —240 130 24 —1/30
5 —24 150 | —400 600 | —600 274 +1/6
2 0 225 | —770 1070 | — 780 305 | —50 a®yvl x +137/360
1 50 —175 —20 70 -—30 5 —-13/360
2 -5 80 | —150 80 —5 0 +1/180
3 0 —5 80 | —150 80 —b +1/180
4 b —30 70 —20 —175 50 —13/360
5 — 50 305 | —780 1070 { —1770 225 +137/360
3 0 —8b 355 | —590 490 | —205 35 afyvix —5/16
1 —35 126 | —170 110 —35 5 -~1/48
2 —5 -5 50 —170 35 —b +1/48
3 b —35 70 —50 5 5 —~1/48
4 —5 35| —110 170 | —125 35 +1/48
b5 —35 205 | --490 590 | —355 85 +5/16
4 0 16 —170 130 | —120 55 | —10 alyvix +17/144
1 10 —45 80 —170 30 —5 +5/144
2 51 —20 30 —20 5 0 —1/144
3 0 5| —20 30| —20 5 —1/144
4 -5 30 —70 80 —45 10 +5/144
5 —10 556 | —120 130 —70 | .15 +17/144
5 0 -1 b —10 10 —5 1 abyvix —1/48
1 -1 5| —10 10 —5 1 —1/80
2 -1 5 —10 10 —5 1 —1/240
3 -1 5 —10 10 —b 1 +1/240
4 —1 b5 —10 10 —b 1 +-1/80
5 —1 b —10 10 —5 1 +1/48
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TaBLE VIII. Formulae for Numerical Integration (cf. § 23)

Zn
The table gives formulae for I, = | y dx whero z,—z, = | = na.
Lo

m
E,, denotes the leading term in the error series; y™ - [;——;ﬁ f(x)] N where
] z=
y = f(x) and X is some (unspecified) value of & between x, and z,.)
One-strip formula (n = 1)
a
L = §(yo+'y1)+E1 [E, = —y'la®/12]
(Trapezoidal rule.)
Two-strip formula (n = 2)
a
L = §(yo+ 4y1+Ys) +Ey [y = —y'Va®[90]
(Simpson’s first, or One-third, rule.)
Three-strip formula (n = 3)
3a
L = ’g‘(yo+3y1+3yz+ys)+Es [Hy = —3y'va®/80]
(Simpson’s second, or Three-eighths, rule.)
Four-strip formula (n = 4)

2 ’
I = S5 (Mo by +320,+ue) F120 H By By = —8y"'a’/945]

Five-strip formula (n = 5)

b
d {19(yo+ys) + T5(y, +a) + 50y, -+ ya)} +E;

L= 355
[E; = —275y¥'a7/12,096]

Six-strip formula (n = 6)

@ (41(yo+ o)+ 216(y; -+ ¥5) + 27 (ya+ 90+ 2725} + By

5= 115
(B, = —9y"1a?/1,400]

Eight-strip formula (n = 8)

4
I, = 1175 (980(U0--ys) 58880y, +y2) —928(sa+ve)+

+10,496(y;+y5)— 4,640y} + By [Ey = —2,368y*a'}/467,775]
Ten-strip formula (n = 10)

5a
I, = W{le,o{iuyo‘*'ym)"‘106»300(3/1'1“%)“48»525(?/z‘| Ys)+

+272,400(y; +y;)— 260,650(y, +Ye) + 427,368y} + Ky
(B, = — 134,635yx11a13/326,918,592]
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autumn of 1945,—too late to permit detailed reference in this volume.
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Press.

Dalton, G. C. J. & Shaw, F. S. 1940: ‘Note on the calculation of vibration
frequencies for an aero-engine installation.” Aero. Res. Cttee. R. and M.
1917 (4379). H.M. Stationery Office,

Dalton, G. C. J., Shaw, F. 8. & Southwell, R. V. 1940: ‘Natural frequencies
of vibration for a wing carrying wing engines.” Adero. Res. Ctee. R.and M,
1918 (4573 and 4631). H.M. Stationery Office.

Christopherson, D. G. 1941: ‘A new mathematical method for the solution
of film lubrication problems.” Proc. Inst. Mech. Eng. 146, 126--35.
Southwell, R. V. 1942: ‘New pathways in aeronautical theory’ (6th Wright

Brothers Lecture). Journ. Inst. Aero. Sci. (New York), 9, 77-87.

‘On Relaxation Methods: a Mathematics for Engineering Science’ (Bakerian

Lecture, Southwell 1943). Proc. Roy. Soc. A, 184, 253-88.



Example
I

II.
II1.

IV.

VI.
VIIL.
VIII.

IX.

XL
XIIL

XIIL

XVI.
XVIIL
XVIIL
XIX, XX.
XXI.
XXII.
XXIIL

XXIV.

XXV, XXVIL

XXVII.

INDEX OF PROBLEMS SOLVED

The torsion problem for an equilateral
triangle

The torsion problem for a solid rectangular
section

The torsion problem for a hollow square
section

The torsion problem for a pierced triangu-
lar section

. The torsion problem for a splined circular

shaft

The plane-potential  problem: normal
gradients specified for a circular houn-
dary

The torsion problem for an elliptical section

Magnetic lines through a triangular prismn
of iron

Flux-distribution in an clectric generator

. The torsion problem for a rectangular

shaft with two keyways

(‘onformal transformation of an area into
a cirele

Conformal transformation of a rail section
into a rectanglo

Conformal transformation of the region
external to an arscrew section into the
rogion external to a circlo

. Conformal transformation of a notched

strip into a rectanglo

Capacity of a square-scction cable in a
squaro sheath

Mixed boundary conditions in relation to
a rectangular area

Torsion of a shaft of circular section but
non-uniform diametoer

Torsion of a toro of square section

Torsion of tores of circular scetion

Temperature-distribution in an I.C. engino
piston

Shear stress-trajoctories in a beam of oval
section

Shear stress-trajoctories for a system of
plane strain

Oil pressure-distribution in a plane slider
bearing

Oil pressure- and temporature-distribu-
tions in a partial-journal bearing

Flow of gas through a convergent-diver-
gont nozzlo

Figs.
13
18
19
23
25
31
33

36
37

41

48

54

60

63
65, 66
67, 68

70

Page
49
59
60
70
74
78
84

90
92

98
114

123
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Example

XXVIII.
XXIX.
XXX.
XXXI.
XXXII
XXXIIL

XXXIV.
XXXV,

INDEX OF PROBLEMS SOLVED

Figs.

Plastic torsion of a bar of equilateral tri-

angular section 97-99
Plastic torsion of a bar of hollow square

section 101, 102
Percolation through a rectangular retain-

ing wall 105
Percolation through an earth wall contain-

ing a permeable ‘blanket’ 107
Porcolation for subsoil containing two

different strata 108*
Laminar flow through a two-dimensional

‘Borda mouthpiece’ 113-15*
Orifice plate in a circular tube 116*
Freo jet falling under gravity (‘waterfall’) 117

Page
195
199
206
209
210
218

222
223

* Figs. 89-94, 108, 113, 114, and 116 are folding plates placed at the end of

this book.
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Acum, W. E. A, 160-1.

Allen, D. N. de G., 102, 153-5, 157-9,
162-5, 167-8, 170-1, 239.

Andrade, E. N.da C., 7f.

Belfield, V., 12, 13.

Bickley, W. G., 16-18, 27-9, 229,
Binnie, A. M., 180 f.

Biot, M. A, 37.

Black, A. N, 11, 239.
Boussinesq, J., 107, 193, 202.
Bradfield, K. N, K., 143, 239.
Bragg, W. H., 7f.

Bryant, L. W,, 107, 127,

Casagrande, A., 36, 66, 202, 209,

Christopherson, D. G., 36, 66, 92, 98,
172-80, 196-8, 239~40.

Cross, Hardy, 3 f.

Dalton, G. C. J., 240.
Darrow, K., 7f.
Davison, B., 202,

Emmons, H. W., 60 f, 162 f, 191, 226 f.
Ewing, J. A,, 183.

Filon, L. N. G., 107, 114, 193.
Forchheimer, P., 202,
Fox, L., 62 f, 130-1, 140-2, 191, 239.

Gandy; R. W. G., 114-15, 120-30, 133,
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Gaskell, R. K., 46 f, 66.

Green, J. R., 62f, 65f, 135, 180-91,
239.

Hay, A., 90-2.
Hele-Shaw, H. S., 90-2.
Helmholtz, H. v., 212.
Hooker, S. (., 143.

Jeans, J. H., 102, 143.

Karman, Th,, v., 37, 191, 213.
Kirchhoff, G., 212,

Lamb, H., 143, 172 f, 220 f.

Michell, A. G. M., 174,
Miller, J. C. P, 18 f.

Orr, J., 154 f, 155.

Pellew, A., 130-1, 239.
Poritsky, H., 37. 66, 130.
Prandtl, L., 39, 193.

Rayleigh, Lord, 7, 212, 225.
Reynolds, Osborne, 172, 191.
Richardson, L. F., 36, 66.
Robinson, G., 37.
Rosenhead, L., 202.

Saint-Venant, B. de, 47, 146.

Shaw, F. 8., 601, 62f, 74, 98, 198-201,
206-10, 239-40.

Sheppard, W. ¥., 36.

Snively, H. D., 37, 66, 130.

Strutt, J. W., see Rayleigh.

Synge, J. L., 46 f.

Temple, G., 46 f.
Thom, A., 62, 154 f, 155.

Vaisey, G., 59, 78-85, 92-6, 98-101, 143,
191, 212, 218-26, 239.

Whittaker, E. T., 37.
Wilhams, D. H., 107, 127.
Woaods, M. W, 180 f.
Wylie, C. R., 37, 66, 130.

Zienkiewicz, O. C., 72,



INDEX OF MATTERS TREATED

(The numbers refer to pages, f’s indicating footnotes. References to definitions are
distinguished by heavy type)

‘Accepted’ values and solutions, 5, 58.

Accuracy, Checks on, 173, 180; requisito
standard of, to be determined by re-
liability of data, 2-3, 64.

Adiabatic expansion, 182.

Adjoint equations, 145-6.

Admittance, 145.

‘Advance to a finer net’, 11, 50-4, 58;
‘two-stage advance’, 51, 53.

Airserew section transformed by inver-
sion, 107-8, 127-30.

Analogues, Electrical and thermal, 60 f,
142-3, 162 f; membrane —, 39, 193,
204-5, 213; net - -, 40-4, 62, 193,
204-5.

Annularregion betweon concentric circles,
Transformation into, 112-4, 131-2,
Approximate differentiation, 15-18; —

integration, 16, 27-32, 198.

Approximations, Fmite differonce, to
some common operators, 18-24; ‘Op-
timal’ approximation, 116 133-5.

‘Asymptotic breadth’, 218; — solution,
222,

Axially-symmetrical systems, 162, 215
18, 222-3,

Bernoulli’s equation, 213, 218,

Bickloy’s formulae and tables, for ap-
proximate differentiation, 17-18, 229-
37; for approximate integration, 16,
27-9, 238.

Bifurcation, Point of, in a wake of con-
stant pressure, 225.

Biharmonie functions, 8, 169.

‘Blanket’, Rubble, in retaining wall,
208-9.

Block relaxation, 45, 55-7, 194.

—— rotation, 58.

‘Borda mouthpiece’, 216, 218-22.

Boundaries or interfaces not initially
known, 193-227,

‘Boundary error’, 222.

— gradients specified, in plane-potential
problems, 44, 74-81, 100.

Cablesand condensers, Klectrical capacity
of, 131-3, 142-3.
Calculating machines, 64.

Calculus of finite differences, 13-35 ; basic
assumptions of, 13-15; limitations of,
15.

Capacity, Electrical, 131-3, 142-3; of
square-section cablo in & square
sheath, 133.

Change of independent variables, Trans-
formation by a, 94-5, 100, 103, 152,
181.

Chocks on accuracy of computations,
173, 180.

virele of inversion, 127.

Circular boundary, Plane-potential prob-
lem solved for, 78-83.

Circular cylinders, ‘Wakes’ formed in
rear of, 225-6.

Circular tube, Orifice plate in, 222-3.

Coefficient of contraction, 218, 222-3.

Complex variable, 104, 212.

Compressible fluid, Flow of, through a
nozzle, 180-91 ; basic theory of, 182-3.

Conduction of heat, 160-2; in piston of
internal-combustion engine, 162-5.

Conformal transformation, 100, 103-43,
105, 181, 212; electrical analogues of,
142-3; practical value of, 106; stan-
dard types of, 107; inversion applied
to, 107, 124-30; of an area into a circle,
114-21; of rail section into a rectangle,
121-5; of region external to an air-
scrow section into region external to a
cirele, 127-30; of a notched strip into a
rectangle, 130-1; of two-dimensional
nozzle mto a rectangle, 103, 181, 184.

Conjugate plane-harmonic functions, 104,
106, 110, 114, 116-19, 123, 124, 145;
‘optimal’ approximation to, 116, 133—
5; — quasi-plane-harmonic functions,
90, 145-6.

Conservation of momentum, 218.

Continuity, 15.

Contour ntegral, 29, 32.

— integration, formulae for approximate,
32.

Convergence, 45, 55, 179.

Convergent-divergent nozzle, 103; flow
of gas through, 180-91.

Correspondence of net and membrane,
41-4, 75.
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Cross, Hardy: see Moment Distribution
Method.

Current function, Electric, 144,

Cusp, 225.

Cyclic constant, 113, 127, 132,

— funection, 113, 127, 132,

Darcy’s Law, 202,

‘Determination’ of a function, in mathe-
matics and in experiment, 9.

Difference tables, 33—4.

Differentiation, Formulae for approxi-
mate, 16--18, 229-37.

‘Dimensional’ and  ‘non-dimensional’
forms, 38, 48, 147, 156, 173, 183 -5,
194, 206, 217.

Double boundary condition, in problems
of percolation, 202-5, 227; at a free
stream-line in hydrodynamic theory,
213-17, 227,

‘Dynamic pressure’, 225,

Electrical analogies, 60 f, 142-3; — capa-
city, 131--3, 142; —- resistanco and
resistivity, 145.

Electric current-function, 144 ; — poten-
tial, 144-5.

— generator, Flux distribution in, 92--5.

Elimination of singularities, 111-12,

Equation of state, 180; — of continuity,
182.

Equilateral triangle: see Triangular prism.

Extrapolation, 15, 32.

Factorials, 14 f.

‘Fictitious’ nodes and points, 73, 74, 76,
100, 101-2, 136 -8.

Film lubrication, 172-80; basic theory of,
172-4; in plane shider bearing, 174; in
partial-journal bearing, 175-80.

Finite-difference approximations, 1824,
35 ; electrical and thermal analogies of,
60 f; net analogue of, 40-4, 150~2; in-
trinsic errors of, 154.

Finite differences, Caleulus of: see Cal-
culus.

Flexure problem, 107, 166-8.

‘Floating’ plates in relation to elastic
torsion 70; — ‘saucers’ in relation to
plastic torsion, 199.

Flow of compressible fluid through a
nozzle, 180-91; basic theory of, 182-3.

Flux distribution in an electric generator,
92-5.

‘Free stream-lines’ in hydrodynamic

245

theory, 214, 212-26; basic theory of,
213-117.

‘Free’ surfaces in theory of percolation,
201 ; doublo boundary condition to be
satistied at, 202-5, 227; junction of,
with seepago face, 208-9.

Function, Definition of, in mathematics
and experiment, 8; determination of,
9; ‘smooth’, 13-15, 112; biharmonic,
8,169 ; conjugate, 104 ; planc-harmonie,
8; quasi-plane-harmonic, 144-6.

QGas, Flow of, through a nozzle, 180-91;
basic theory of, 182-3.

Generator, Electric: see Pole flux.

‘Graded’ nets, 98-100, 217-23,

Graphical representation of a vector
quantity, 164-8; of a tensor quantity,
169-72.

Gravity in fine stream-line problems, 213,
227; free jot falling under, 223-4.

(ircen’s transformation, 39, 134; —
theorem, 30, 112,

Gregory-Newton formula for interpola-
tion, 33.

‘Group’ displacement, 58.

— relaxation, 45, 58.

‘Half-tension strings’, 76-17, 89.

Half-tone process, 11.

Hardy Cross: see Moment Distribution
Method.

Helical springs, 155, 160,

Hexagonal nets of no practical utility,
36, 54.

‘Hollow’ shafts: see Multiply-connected
regions, Torsion problem.

Incomplete tore, Torsional stresses in,
155-61; of square section, 157-9; of
circular section, 160-1.

Independent variables, Transformation
by a change of the, 94-5, 100, 103, 152,
181.

Initial moditication of a specified loading,
24,

— reduction of the governing equation to
‘non-dimensional’ form, 38, 48, 136,
173, 183, 194, 217.

Integration, Approximate, 16, 27-32, 108,

Interface, 74, 85-86, 95, 227. See Re-
fraction.

Interpolation, 32-4.

Intuition, 65.

Inversion, 107, 124, 126-30; circle of,
127,
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Iron, Fields containing, 85, 89-95.
‘Irregular’ or ‘unequal’ stars, 80, 62-3,

67-9, 73-4, 95-8, 103, 137.
Irrotational motion of a fluid, 182, 191.
Iteration, 62, 178, 226 f.

Lamina moving through inviscid fluid,
Wake behind a, 225.

Laminar flow, 213-15, 218-22.

Laplace’s equation, 8, 20, 24, 38, 145.

Laplacian operator, 20—4.

‘Leakage’, in percolation theory, 206, 208.

Limiting subsonic régimo n gas flowing
through a nozzle, 191.

‘Liquidation’, 46 ; geometrical interpreta-
tion of, 46 f; mechanical interpretation
of, 45-6; practical aspects of, 62~5.

Lubrication : see Film lubrication.

Maclaurin’s series, 18, 32.

Magnetic lines, 85, 89-95, 193 f; — flux
function, 90, 144; — nduction, 89;
— permeability, 89, 144; — potential,
89, 144,

‘Margin of uncertainty’, 67 f.

Mass-flow through a nozzle, 183.

Mass-flow function, 182, 1853; — para-
meter, 184, 186 ; limiting value of, 189.

Mechanical equivalent of heat, 176.

‘Membrane analogue’ of plane-harmonic
equation, 39; of quasi-plane-harmonic
equation, 147; of refraction, 86; of
plastic torsion, 193; of percolation,
204-5; of free stream-lines in hydro-
dynamic theory, 213.

Mesh-side, 11.

Minimum total potential energy, Prin-
ciple of, 45.

Mixed boundary conditions, 81-5, 135—
42,

Modulus of transformation, 108-11, 109,
124, 131, 185; approximate calcula-
tion of, 111.

Moment Distribution Method, 3 f.

Momentum, Conservation of, 218.

Multiple values, 101-2, 104.

Multiplication for avoidance of decimals,
63-4, 114, 121, 157 f, 206, 220, 224.

Multiply-connected regions, 48, 130, 194,
198-9.

Net analogue of plane-potential problem,
40-4, 62, 95; of quasi-plane-potential
problem, 150-2; of plastic torsion,
193; of percolation, 204-5.

Nets, Relaxation, 10, 11, 41; standard

INDEX OF MATTERS TREATED

types of, 10; ‘advance to a finer net’,
11, 50-4, 68; ‘graded’ —-, 98-100,
217-23; hexagonal — of no practical
utility, 36; ‘ultimate’ — , 63.

Nodal points, 11; ‘fictitious’, 73, 74, 76,
100, 101-2, 136-8.

‘Non-dimensional’ and ‘dimensional’
forms, 38, 48, 147, 156, 173, 183-5,
194, 206, 217.

Non-lmear boundary conditions, 213.

Normal gradients specified in plane-
potential problems, 74-81, 100.

Nozzle, Convergent-divergent, 103; flow
of gas through, 180-91.

*One-third rule’: see Simpson’s rule.

‘One-to-ono correspondence’, 104,

Operations tables, 1, 47.

Operators, Finite difference approxima-
tions to some common, 18-24,

‘Optimal’ approximation to the conjugate
of an approximately determined plane-
harmonic function, 116, 133-5.

Orifice plate in a circular tube, 222-3.

Orthodox compared with Relaxation
Methods, 2-3, 5, 10, 217,

QOver-relaxation, 65, 205 f.

‘Qverriding values’ in theory of plastic
torsion, 196.

Overstramed maternial, 197: see Residual
Stresges.

Partial-journal bearing, Pressure-distri-
bution in, 175-80; rejection of nega-
tive pressures in, 175.

Peat: see Percolation.

Percolation through porous media, 86,
201-12; basic thecory of, 202-6; free
surface conditions in, 201; ‘refraction’
in, 210-12; through retaining wall,
201-2, 2069 ; membrane and net ana-
logues of, 204-5.

Percolation coefficient, 202.

Permanent waves, 213.

Permeability, Coefficient of, in percola-
tion theory, 202; see Magnetic per-
meability.

Piston, Temperature-distribution in a,
162-5.

Plane conducting sheet, Flow of electric
current in, 144.

Plane-harmonic equation, 38; —-- fune-
tion, 8, 111, 116-19, 126.

Plane-potential problems, 38-102 ; classes
of, 100; ehmination of singularities in,
111-14.
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Plastic torsion, 193-201, 227 ; membrano
analogue of, 193-5; net analogue of,
193; of I-girders, 198; of multiply-
connected cross-sections, 198-201; of
triangular prism, 196-8.

Plates, Light ‘floating’, in theory of
‘block’ and ‘group’ relaxation, 55, 58 ;
in theory of torsion, 70.

‘Point loading’, 112.

Poisson’s equation, 24, 38.

Polar coordinates, 92, 114,

Pole flux in an electric generator, 92-5.

Polynomal, 14, 42.

— representation, 14, 25, 42, 69, 112,

Practical aspects of the liquidation pro-
cess, 62-5.

Prandtl: see Mombrane analogue.

‘Prandtl roof’, 193-9.

‘Pressure at infinity’, 225.

Pressure-distribution in a plane slider
bearing, 174; in a partial-journal
bearing, 175-80.

Pressure drop, 216.

Principle of Minimmum Total Potential
Energy, 45.

— of Superposition, 112, 135.

Quasi-plane-harmonic equation, 144-50 ;
physical significance of, 144-5; mem-
brane analogue of, 147; relaxational
troatment of, 147-52; relaxation
patterns for, 148-50.

Quasi-plane-potential probleins, 144-92;
classification of, 147.

Rail section transformed into a rectangle,
107-8, 121-5.

Rayleigh, Theory of Sound, 7.

Rectangular section: see Torsion.

Refraction, 74, 85-9, 210-12.

Relaxation, ‘Block’, 45, 55-7,
‘Group’ —, 45, 58.

Relaxation Methods compared with
orthodox methods, 2-3, 5, 10, 217;
compared with iterative methods, 62,
226; concepts of, 45-6; essential
features of, 46, 62; freedom of choice
in, 56f, 226f; indispensable as a
weapon of research, 5, 191, 227; prac-
tical aspects of, 62-5; tentative quahty
of, 226.

Relaxation nets, 10, 11, 41; standard
types of, 10; ‘Advance to a finer net’,
11, 50-4, 58; graded —, 98-100, 217-
23; hexagonal — of no practical
utility, 36, 54.

194;
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Relaxation patterns, 467, 98-100, 155,
157, 167, 187-9; need not be exact,
180, 187; — for quasi-plane-harmonic
equation, 148-50, 1H7.

Reliability of physical data, 2-3, 64.

Relief maps, 9.

Residual forces, 46; self-equilibrating,
55 ; transfer of by strings, 67-8, 87-9,
98, 151-2.

Residual stresses in a bar overstrained
by torsion, 199-201.

Resistance and resistivity, Electrical,
145.

Rotaining  wall,
201, 206-9.

Percolation through,

Saint Venant: see Torsion problom.

Sand: see Percolation.

‘Saucers, Light floating’, in theory of
plastic torsion, 199.

Schwarz-Christoffel transformation, 202.

Seepage, 202-3, 208-9; — face, 203;
junction of freo surface with, 208-9,

Self-equihibrating forces, 55.

‘Selvedge’, 78 f.

Semi-infinite region, Conformal trans-
formation of, 130.

Shearing action in an oval beam, Stress-
trajoctories for, 166-8.

Shock waves, 191.

Sunpson’s rule, 16, 27.

Singulanties, Elmination of, 111-14.

Shder bearmng, Pressure-distribution 1n,
174,

‘Smooth’ functions, 13-15, 112,

‘Smoothing’, 124, 131.

Soap filin, 39.

Soil: see Percolation.

Sound, Velocity of, in a compressible
flud, 183.

Specific heat, 176.

Speed of sound m a compressible fhud,
183.

Square sections: see Capacity, Torsion
problem.

‘Stagnation lovel’, 214, 216, 224,

Stars, ‘Irregular’ or ‘unequal’, 60, 62-3,
67-9, 73—4, 95-8, 103, 137.

Static pressure, 225.

Steam, Flow of, 180f; properties of,
183.

Stress-function, 47, 98, 146, 169.

— -trajectories, 166 ; for shearing action
in a beam of oval section, 166-8; for
principal shear stress i a system of
plane strain, 170-2.
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‘Strings’, 11; transfer of residual forco
by, 67-8, 87-9, 98, 151-2; — crossing
a boundary, loading on, 75-8; ‘half-
tension’ —, 76-7, 8Y9; — of variablo
tension in net analogue of quasi-plane-
harmonic equation, 150-2. ‘String
tension’, 43—4, 55, 150 -2,

‘Strip formulae’ for integration: see
Bickley’s formulae.

Subsonic and supersonic flow of com-
pressible fluid through a nozzle, 189-91.

Superposition, Principle of, 112, 135.

‘Systematic relaxation of constraints’, 1,
4.

Taylor series, 15.

Temperature-distribution, 160; in piston
of internal-combustion engme, 162-5;
in oil-fihn of a partial-journal bearing,
178-80.

Tensor quantity, Graphical representa-
tion of, 169-72.

Thermal analogies, 60 f, 162 f.

— capacity, 160.

— stresses, 161.

Thermometric conductivity, 161.

Torque-twist relation in overstrained
bar, 197-8.

Torsion problem of Saint-Venant, 47,
107; solved for equilatoral triangle,
49-53; for rectangle, 59; for hollow
suare section, 60 ; for pierced triangle,
70-3; for splined shaft, 74; for ellipti-
cal shaft, 84-5; for rectangular shaft
with keyways, 98-101.

Torsion problem for a circular shaft of
non-uniform diaeter, 146, 152-5.

INDEX OF MATTERS TREATED

Torsion problem for an incomplete tore,
155--61 ; solved for square section, 157
9; for circular section, 160-1.

Torsion problem for plastic material,
193-201 ; solved forequilateral triangle,
195-8; for L-soction girders, 198; for
hollow square soction, 199-201.

“Trajectorics’ of shear streas,
170-1.

Transfer of rvesidual force by ‘strings’,
67-8, 87-9, 98, 151-2,

Transformation, Modulus of, 108-11,
109, 124, 131, 185; approxunato cal-
culation of, 111.

Trial and eorror, 216, 222,

Triangular prism, Magnetic lines through,
90--3; torsion of elastic, 49-53, 70-3;
torsion of plastic, 195-8.

166-8,

‘Ultunate’ net, 63.

‘Unequal’ or ‘irregular’ stars, 60, 62-3,
67-9, 73-4, 95-8, 103, 137.

Unicueness of solution, 46 f.

Unit operation, 46.

Variables, independent, Transformation
by a change of, Y4-5, 100, 103, 152,
181.

Vector quanuty, Graphical representa-
tion of, 164-8.

‘Velocity at infinity’, 225,

Viscosity, 172; dependence of, on tem-
peraturo, 176-80.

‘Wakes’ of constant pressure, 225-6.
‘Wanted function’, 2, 8.
‘Waterfall’, 223-4.
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