THE BOOK WAS
DRENCHED



UNIVERSAL
LIBRARY

OU_162950

Advddll
1VSHIAINN



DIFFERENTIAL
CALCULUS

SIIANTI NARAYAN









DIFFERENTIAL CALCULUS



— ————————

(Review published in Mathematical
Gazette, London, December, 1953

THE book has reached its 5th edition in 9 years and it
can be assumed that it meets all demands. Is it the revie-
wer’s fancy to discern the influence of G. H. Hardy in the
opening chapter on real numbers, which are well and
clearly dealt with ? Or is this only to be expected from
an author of the race which taught the rest of the world
how to count ? _

L "':i * *

The c_ou‘r:'sé' fbiic;wed i“s., :c6mprehensive and thorough,
and there is a good chapter on'.curve tracing. The author
has a talent for clear e'xp_osition, and is sympathetic to the
difficulties of the be;ginﬁér.-

A * *

Answers to examples, of which there are good and ample

selections, are given.
¥ * : *

Certaianly Mr. Narayan‘s command of English is
excellent......Our own young scientific or mathematical
specialist, grumbling over French or German or Latin as
additions to their studies, would do well to consider their
Indian confreres, with English to master before their
technical education can begin.
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Preface to the Tenth Edition

The book has been revised. A few more exercises drawn from
the recent university papers have been given.

30th April, 1962, SHANTI NARAYAN

PREFACE

This book is meant for students preparing for the B.A. and
B.Sc. examinations of our universities. Some topics of the Honours
standard have also been included. They are given in the form of
appendices to the relevant chapters. The treatment of the subject
is rigorous but no attempt has becn made to state and prove the
theorems in generalised forms and under less restrictive couditions as
is the case with the Modern Theory of Function. It has also been a
constant endeavour of the author to see that the subject is not pre-
sented just as a body of formulae, This is to see that the student
does not form an unfortunate impression that the study of Calculus
consists only in acquiring a skill to manipulate some formulae
through ‘constant drilling’.

The book opens with a brief ‘outline of the development of
Real numbers, their expression as infinite decimals and their repre-
sentation by points ‘along a line. This is followed by a discussion
of the graphs of the elementary functions x*, log x, €2, sin x, sin~1x,
ete. Some of the difficulties attendant upon the notion of inverse
functions have also been illustrated by precise formulation of
Inverse trigonometrical functions. It is suggested that the teacher
in the class need refer to only a few salient points of this part of the
book. The student would, on his part, go through the same in
complete details to acquire a sound grasp of the basis of the subject.
This part is so presented that a student would have no difficulty in
an independent study of the same.

The first part of the book is analytical in character while the
later part deals with the geometrical applications of the subject.
But this order of the subject is by no means suggested to be rigidly
followed in the class, A different order may usefully be adopted at
the discretion of the teacher.

An analysis of the ‘Layman’s’ concepts has frequently been
made to serve a8 a basis for the precise formulation of the corres-
ponding ‘Scientist’s’ concepts. This specially relates to the two
concepts of Continuity and Curvature.
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Geometrical interpretation of results analytically obtained have
been given to bring them home to the students. A chapter on ‘Some
Important Curves’ has been given before dealing with geometrical
applications. This will enable the student to get familiar with the
names and shapes of some of the important curves. It is felt that a
student would have better understanding of the properties of a
curve if he knows how the curve looks like. This chapter will also
serve as a useful introduction to the subject of Double points of a
curve,

Asymptote of a curve has been defined as a line such that the
distance of any point on the curve from this line tends to zero as
the point tends to infinity along the curve. It is believed that, of all
the definitions of an asymptote, this is the one which is most natural.
It embodies the idea to which the concept of asymptotes owes its
importance, Moreover, the definition gives rise to a simple method
for determining the asymptotes.

The various principles and methods have been profusely illus-
trated by means of a large number of solved examples.

I am indebted to Prof. Sita Ram Gupta, M.A., P.E.S., formerly
of the Government College, Lahore who very kindly went through the
manusecript and made a number of suggestions. My thanks are also
due to my old pupils and friends Professors Jagan Nath M.A.,
Vidya Sagar M A., and Om Parkash M A., for the help which they
rendered me in preparing this book.

Suggestions for improvement will be thankfully acknowledged.

January, 1942 SHANTI NARAYAN
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CHAPTER I
REAL NUMBERS
FUNCTIONS

Introduction. The subject of Differential Calculus takes its
stand upon the aggregate of numbers and it is with numbers and
with the various operations with them that it primarily concerns
itself. It specially introduces and deals with what is called Limiting
operation in addition to being concerned with the Algebraic opera-
tions of Addition and Multiplication and their inverses, Subtraction
and Division, and is a development of the important notion of Instan-
taneous rate of change which is itself a limited idea and, as such, it
finds application to all those branches of human knowledge which
deal with the same. Thus it is applied to Geometry, Mechanics and

other branches of Theoretical Physics and also to Social Sciences such
as Economics and Psychology.

It may be noted here that this application is essentially based
on the notion of measurement, whereby we employ.numbers to
measure the particular quantity or magnitude which is the object of
investigation in any department of knowledge. In Mechanics, for
instance, we are concerned with the notion of time and, therefore, in
the application of Calculus to Mechanics, the first step is t6 correlate
the two notions of Time and Number, i.e., to measure time in terms
of numbers. Similar is the case with other notions such’ as Heat,
Intensity of Light, Force, Demand, Intelligence, etec. The formula-_
tion of an entity in terms of numbers, i.e., measurement, must, of
course, take note of the properties which we intuitively associate with
the same. This remark will later on be illustrated with reference to
the concepts of Velocity, Acceleratiop; Curypiiixe, ete.

The importance of numKe#T&%e‘sﬂidy of ¥Re’subject in hand
being thus clear, we will in somé of the fallawing-articles, see how we
were first introduced to the notion of number and how, in course of
tnme, this notion came to-be subJected to a series of genemhsatlons

‘It is, however, not intended to give here any logiecally connect-.
ed amount of the development of the system of real numbers, also
known as Arithmetic Continuum and. only a very brief reference to
some well known salient facts will suffice for our purpose. - An
excellent account of - the - Devekopment of numbers is glven in
‘Fundamentals of ‘Analysis’ by Landau.

It may also be mentioned here that even though it satxsﬁes @
deep philosophical need to hase the theory part of Calculus on the
notion ‘of number alone, to the entire exclusion of every physxcal
basis, but a rigid insistence on the same is not within the scope of
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this book and intuitive geometrical notion of Point, Distance, ete.,
will sometimes be appealed to for securing simplicity.

1-1. Rational numbers and their representation by points along &
straight line. '

1-11. Positive Integers. It was to the numbers, 1, 2, 3, 4, etc.,
that we were first introduced through the process of counting certain
objects. The totality of these numbers is known as the aggregate of
natural numbers, whole numbers or positive integers.

While the operations of addition and multiplications are_un-
restrictedly possible in relation to the aggregate of positive integers,
this is not the case in respect of the inverse operations of subtractior
and‘division. Thus, for example, the symbols :

23,23
are meaningless in respect of the aggregate of positive integers.

1-12. Fractional numbers. At a later stage, another class of
numbers like p/q (e.g., }, 3) where p and ¢ are natural numbers, was
added to the former class. This is known as the class of fractions
and it obviously includes natural numbers as a sub-class : g being
equal to 1 in this case.

The introduction of Fractional numbers is motivated, from an
abstract point of view, to render Division unrestrictedly possible and,
from concrete point of view, to render numbers serviceable for
measurement also in addition to counting.

1:13. Rational numbers. Still later, the class of numbers was
enlarged by incorporating in it the class of negative fractions includ-
ing negative integers and zero. The entire aggregate of these numbers
is known as the aggregate of rational numbers. Every rational
number is expressible as p/q, where p and ¢ are any two integers,
positive and negative and q is not zero.

The introduction of Negative numbers is motivated, from an
abstract point of view, te render Subtraction always possible and,
from concrete point of view, to_facilitate a unified treatment of
oppositely directed pairs of entities such as, gain and loss, rise and
fall, etc. ‘

1'14. Fundamental operations on rational numbers. An impor-
tant property of the aggregate of rational numbers is that the
operations of addition, multiplication, subtraction and division can
be performed upon any two such numbets, (with one exception which
is considered below in § 1:15) and the number obtained as the result
of these operations is again a rational number.

This property is exprepsed by saying thpt the agy-egate of
rational numbers is closed with respect to the four fundamental
operations.

115. Meaningless operation of division by zero. It is important
to note that the only exception to the above property is ‘Division
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by zero’ which is a meaningless operation. This may be seen as
follows :— '

To divide a by b amounts to determining a number ¢ such that

bc=a,

and the division will be intelligible only, if and only if, the determi-
nation of c is uniquely possible.

Now, there is no number which when multiplied by zero pro-
duces a number other than zero so that a/0 is no number when a=£0.

Algo any number when multiplied by zero produces zero so that 0/0
may be any number.

On account of this impossibility in one case and indefiniteness in
the other, the operation of division by zero must be always avoided.

A disregard of this exception often leads to absurd results as is
illustrated below in (i).

(i) Let x=6.
Then :
x2—36=x—6,
or (x—6)(x +-6)=x—6.
Dividing both sides by x—6, we get
x46=1.

64+6=1, ie., 12=1.
which is clearly absurd.

Division by x—6, which is zero here, is responsible for this
absurd conclusion.

(ii) We may also remark in this connection that

236 —6 6
xx‘—ﬁ ___(x (ngi;— ) =x-6, only when x-£6. e (1)

For x=6, the left hand expression, (x?—36)/(x—6), is meaning-
less whereas the right hand expression, x--6, is equal to 12 so that
the equality ceases to hold for x=6.

The equality (1) above is proved by dividing the numerator
and denominator of the fraction (x2-—36)/(x —6) by (x—6) and this
operation of division is possible only. when the divisor (x—6) £0, i.e.,
when x£6. This explains the restricted character of the equality (1).

Ex. 1. Show that the aggregate of natural numbers is not closed with
respect to the operations of subtraction and division. Also show that the

aggregate of positive fractions is not closed with respect to the operations of
subtraction.

EX. 2. Show that every rational number is expressible as a terminating
or a recurring decimal.

To decimalise p/q, we have first to divide p by g and then each remainder,
after multiplication with 10, is to be divided by g to obtain the successive
figures in the decimal expression of p/q. The decimal expression will be
terminating if, at some stage, the remainder vanishes. Otherwise, the process
will be unending. [n the latter case, the remainder will always be one of the
finite set of numbers 1, 2,...... ..y ¢—1 and so must repeat itself at some stage.
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From this stage onward, the quotients will also repeat themselves and the
ecimal expression will, therefore, be recurring.

- The student will understand the argument better if he actually expresses
some fractional numbers, say 3/7, 3/13, 31/123, in decimal notation.

Ex. 3. For what values of x are the following equalities not valid :

N X . X—al

0 <=t , () g =xta

een 1—X .. 1—cos x X
(iii) ~1—v_—_—\lx~-=l+4x. @v) —nx = tan 5

1'16. Representation of rational numbers by points along a line
or by segments of a line. The mode of representing rational numbers
by points along a line or by segments of a line, which may be known
as the number-axis, will now be explained.

We start with marking an arbitrary point O on the number-
axis and calling it the origin or zero point. The number zero will
be represented by the point O.

The point O divides the number axis into two parts or sides.
Any one of these may be called positive and the other, then negative.

0 Y, Usually, the number-axis is

— o) A drawn parallel to the printed
. lines of the page and the right

Fig. 1. hand side of O is termed posi-

tive and the left hand side of O negative.

On the positive side, we take an arbitrary length OA4, and call
it the unit length.

We say, then, that the number 1 is represented by the point 4.

After having fixed an origin, positive sense and a unit length on
the number axis in the manner indicated above, we are in a position
to determine a point representing any given rational number as
explained below :—

Positive integers. Firstly, we consider any positive integer,.
m. We take a point on the positive side of the line such that its
distance from O is m times the unit length OA. This point will be
reached by measuring successively m steps each equal to OA starting
from O. This point, then, is said to represent the positive inte-
ger, m.

Negative integers. To represent a negative integer, —m, we
take a point on the negative side of O such that its distance from d
{8 m times the unit length OA.

This point represents the negative integer, —m.

Fractions. Finally, let p/q be any fraction ; ¢ being a positive
integer. Let OA be divided into g equal parts ; OB being one
of them, We take g point on the positive or negative side of O
according as p is positiye or negative such that its distance from O is
p times (or, —p times {f p is negative) the distance OB.

The point so,oﬁfj;.ixied represents the fraction, p/q.
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If a point P represents a rational number p/q, then the measure
of the length OP is clearly p/q or — p/q according as the number ig
positive or negative.

Sometimes we say that the number, p[q, is represented by tho
segment OP.

+1-2, TIrrational numbers. Real numbers. We have seen in the
last article that every rational number can be represented by a
point of a line. Also, it is easy, to see that we can cover the line with
such points as closely as we like. The natural question now arises,
«Is the converse true ?”’ Is it possible to assign a rational number
to every point of the number-axis ? A simple consideration, as de-
tailed below, will clearly show that it is not so.

Construct a square each of whose sides is equal to the unit length
OA and take a point P on the number-axis such that OP is equal in
the length to the diagonal of the square. »
It will now be shown that the point P B
cannot correspond to a rational number
i.e., the length of OP cannot have a
rational number as its measure. 0O AP

. Fig. 2.

If possible, let its measure be a rational number p/q so that,

by Pythagoras’s theorem, we have

P\? . . K
( q ) =12+12=2, Le., p2=2q2. .u(l)

We may suppose that p and g have no common factor, for, such
factors, if any, can be cancelled to begin with.

Firstly we notice that
(2n):=4n?, (2n+1)2=(4n?+4n)+1

go that the square of an even number is even and that of an odd
number is odd.

From th
Therefore, p it

& Let, the

2
gtion (i), we see, that p® is an even number.
Wt be even.

sbe equal to 2n where n is an integer.
. 4n?=2q2 or q*=2n2,
~ Thus, g2 is also and so gjs even.
Hence p and ﬂmmoéﬁfactor 2 and this conclusion con:
tradicts the hypothe#is that theqe no common factor. Thus the

measure 4/2 of OP is not a rationa umber. There exists, therefora,
@ point on the number-axis not corresponding to any rational number.

. Again, we take a point L on the line such that the length QL
is any rational multiple say..p/q, of OP, :
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A The length OL cannot have a rational measure. For, if possi-
ble, let m/n be the measure of OL.

P oM _mq
p V2= " or 4/2= np

which states that /2 is a rational number, being equal to mg/np.

Thisis a contradiction. Hence L cannot correspond to a
rational number.

Thus we see that there exist an unlimited number of points on
the number-axis which do not correspond to rational numbers.

If we now require that our aggregate of numbers should be such
that after the choice of unit length on the line, every point of the
line should have a number corresponding to it (or that every length
should be capable of measurement), we are forced to extend our sys-

tem of numbers further by the introduction of what are called irra-
tional numbers.

We will thus associate an irrational number to every point of
the line which does not correspond to a rational number.

A method of representing irrational numbers in the decimal
notation is given in the next article 1-3.

Def. Real number. A number, rational or irrational, is called a
real number.

The aggregate of rational and irrational number is, thus, the
aggregate of real numbers.

Each real number is represented by some point of the number-
axis and each point of the number-axis has some real number,
rational or irrational, corresponding to it.

Or, we might say, that each real number is the measure of some

length OP and that the aggregate of real numbers is enough to
measure overy length,

1:21. Number and Point. If any number, say x, is represent-
ed by a point P, then we usually say that the point P is x.

Thus the terms, number and point, are generally used in an
indistinguishable manner. :

1-22. Closed and open intervals. seta, b be two given numbers
such that a<b. Then the set of numbers x such that aK{x<(bis
called a closed interval denoted by the symbol [a, b].

Also the set of numbers x such that a<x<b is called an
open interval denoted by the symbol (a,b).

The number b—a is referred to as the length of [a, b] as also of
(a, b).

1-3. Decima) representation of real numbers. Let P be any
given point of the number-axis. We now seek to obtain the decimal
representation of the number associated with the point-P.
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To start with, we suppose that the point P lies on the positive
side of O.

Let the points corresponding to integers be marked on the
number-axis so that the whole axis is divided into intervals of length
one each.

Now, if P coincides with a point of division, it corresponds to an
integer and we need proceed no further. In case P falls between two
points of division, say a, a+1, we sub-divide the interval (a, a+1)
into 10 equal parts so that the length of each part is ;4. The points
of division, now, are,

a, a+5, a+Fgreeeennnn. , a+ %, a+1.

If P coincides with any of these points of division, then it corres-
ponds to a rational number. 1In the alternative case, it falls between
two points of division, say

a a;+1
a+'»]--(17, a+ ll-o——,
ie.,
a.ay, a.(a;+1),
where, a,, is any one of the integers 0, 1, 2, 3,......... , 9.

We again sub-divide the interval

into 10 equal parts so that the length of each part is 1/102.
The points of division now, are

a, a, 2 a,+1

a+10 >4+ +102‘ a5 + 1o "'+10 +10£ T

The point P will cither coincide with one of the above points
of division (in which case it corresponds to a rational number) or will
lie between two points of division say

a,+1
a+ {5+ b+ 10
ie.,
a.a,a,, a.a,(a;+1),
where a, is one of the integers 0, 1, 2,......, 9.

We again sub-divide this last interval and continue to repeat
the process. After a number of steps, say », the point P will either
be found to coincide with some point of division (in this case it
corresponds to a rational number) or lie between two points of the
form

a a,+1
“+10+103+""" mﬂ’“+ 0 +1o*Jr + os
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ie.,
a.a,a,......0,, Q.0,0503......(a,+1),

the distance between which is 1/10* and which clearly gets smaller
and smaller as n increases. : ' :

The process can clearly be continued indefinitely.

The successive intervals in which P lies go on shrinking and wil}
clearly close up to the point P.
This point P is then represented by the infinite decimal

a.a,a,a;......
Conversely, consider any infinite decimal

......

and construct the series of intervals

la, a+1], [a.a,, a.a,+ 1], [a.aya,, a.a,a,+1],......

Each of these intervals lies within the preceding one ; their
lengths go on diminishing and by taking n sufficiently large we can
make the length as near to zero as we like. We thus see that these in-
tervals shrink to a point. This fact is related to the intuitively
perceived aspect of the continuity of a straight line.

Thus there is one and only one point common to this series - of
intervals and this is the point represented by the decimal

Combining the results of this article with that of Ex. 2, §1-1,
p- 3, we see that every decimal, finite or infinite, denotes a number which

is rational if the decimal is terminating or recurring and irrational in the
contrary case.

Let, now, P lie on the negative side of O. Then the number
representing it is

—A.0)0ge. . Byeveres
where

a.0,05...00u8p0uee..

is the number representing the point P’ on the positive side of O such
that PP’ is bisected at O.

Ex. 1. Calculate the cube root of 2 to three decimal places.

We have 13=1<2and 22=8>2.
1<";/2<2.
We consider the numbers

1,1°'L,1°2,...... , 1'9, 2,

which divide the interval [1, 2] into 10 equal parts and find two successive num~
bers such that the cube of the first is <2 and of the second is >2. We find that

(1'2)*=1728<2and (1'3)*=2'197>2,

K 1:2<}/2<13,
Again consider the numbers
1-2,1°21, 1°22...... , 1°29,1-3,

which divide the interval [1-2, 1:3] into 10 equal parts.
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We find that
(1-25)*=1-953125<2 and (1-26)*=2'000376> 2.
o 1:25<3/2<1-26.
Again, the numbers
125, 1:251, 1752, . ...... , 1:259, 126
divide the interval [1-25, 1-26] into 10 equal parts
Wefind that
(1-259)2=1-995616979<2 and (1-26)3=2-000376>2
1-259<3/2<1-26.
Hence
R/2=1259........ ,
Thus to three decimal places, we have
A:‘:/2= 1-259.
Ex. 2. Calculate the cube root of 5 to 2 decimal places.

Note. The method described above in Ex. 1 which is indeed very cum-
bersome, has only been given to illustrate the basic and elementary na.ture-of
the problem. In actual practice, however, other methods involving infinite
series or other limiting processes are employed.

14, The modulus of a real number.

Def. By the modulus of a real number, x, is meant the number
x, —x or 0 according as x is positive, negative, or zero.

Notation. The smybol | x | is used to denote the modulus of x.

Thus the modulus of a number means the same thing as ite
numerical ot absolute value. For example, we have

3] =3;] —31=—(—3)=3;]0] =0;
[5—7 | =]7—5]| =2.

The modulus of the difference between two numbers is the

measure of the distance between the corresponding points on the
number-axis.

Some results involving moduli. We now state some simple and
useful results involving the moduli of numbers.

141, lath| < [a]+|b],

i.e., the modulus of the sum of two numbers is less thar: or equal to the
sum of their moduli,

The result is almost self-evident. To enable the reader to see

its truth more clearly, we split it up into two cases giving examples-
of each.

Case 1. Let a, b have the same sign.
In this case, we clearly have

| a+b|=| a|+]| b].
eg., | T4+3|=( 7]+][ 31,
and | =7=3|=]1-=7]+1-3].
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Case II. Let a, b have opposite signs.
In this case, we clearly have
lat+b| <|a|+]b l,
eg,  4=|T-3|<|7|+|3]|=
Thus in either case, we have
lat+b| < la|+]|b].
1-42, | ab | =]|a| . |b],
e.g., the modulus of the product of two numbers is equal to the pro-
duct of their moduli,

e.g., | 43 | =12=] 4]|.] 3];
| (—4)(=3) | =12=| —4] .| =3 ;
| (—4).3) | =12=]|—4]|.| 3].
1-43. If x, a, 1, be three numbers such that
| z—a | <I, .(4)
" then

(a—h<x<(a+))
i.e., X lies between a—1I and a--1 or that x belongs to the open interval

(a—-l a+l).

The inequality (A) implies that the numerical difference between
a and x must be less than /, so that the point x (which may lie to the
right or to the left of @) can, at the most, be at a distance / from the
point a.

- ¥ Now, from the figure, we clearly
+ s ’
a-¢ a a+b see that this is possible, if and only
Fig. 3 if, x lies between a—/ and a-+1.

It may also be at once seen that
. | x—a | <!
is equivalent to saying that, x, belongs to the closed interval
[a—1, a-+1].
Ex. 1. If|a—b]| <l,| b—c| <m, show that
|a—c | <l4+m.
We have | a~c | = |a—b+b—c| < |a=b| + | b—c| <l+m.
2. Give the equivalents of the following in terms of the modulus
potation :
() —1x3- i) 2<x<5. (i) =3 xT- (W) I—E<x<U+e.
3. Give the equivalents of the following by doing away with the modu-
lus notation:
@) | x=2]<3.Gi) | x+1] <2 G 0< | x—1] <2
4. Ify=|x|+ |x—1], then show that

1—~2x, for 20
y=<1, for 0<x<l.
: 2% - 1, for x2>1.
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1'5. Variables, Functions. We give below some examples to
enable the reader to understand and formulate the notion of a vari-
able and a function.

Ex. 1. Consider two numbers x and y connected by the relation,

y= \/(1 _xZ),
where we take only the positive value of the square root.

Before considering this relation, we observe that there is no
real number whose square is negative and hence, so far as real num-
bers are concerned, the square root of a negative number does not
exist.

Now, 1—x2 is positive or zero so long as x* is less than or
equal to 1. This is the case if and only if x is any number satisfying
the relation

—1<x(l,
i.e., when x belongs to the interval [—1, 1].

If, now, we assign any value to x belonging to the interyal
[—1, 1], then the given equation determines a unique corresponding
value of y.

The symbol x which, in the present case, can take up as its
value any number belonging to the interval [—1, 1], is called the
independent variable and the interval [—1, 1] is called its domain of
variation,

The symbol y which has a value corresponding to each value .of
x in the interval [—1, 1]is called the dependent variable or a function
of x defined in the interval [—1, 1].

2. Consider the two numbers x and y connected by the relation,
y=(x—1)/(x—2).

Here, the determination of y for x:=2 involves the meaningless
operation of division by zero and, therefore, the relation does not
assign any value to y corresponding to x=2. But for every other
value of x the relation does assign a value to y.

Here, x is the independent variable whose domain of variation
consists of the entire aggregate of real numbers excluding the number
2 and y is a function of x defined for this domain of variation of x.

3. Consider the two numbers x and y with their relationship
defined by the equations :

y=x% when x<0, -.(7)
y=x when 0 x<1, )
y= l/x when x>1. ...(fii)

These relations assign a definite value to y corresponding to
svery volue of x, although the value of y is not determined by a single
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formula as in Examples 1 and 2. In order to determine a value of
¥ corresponding to a given value of x, we have to select one of the
three equations depending upon the value of x in question. For
instance,

for x=—2, y=(—2)?=4, [Equation (i) .- —2<0
for x=}, y=1} " [Equation (if) " 0<}<1
for x=3, y=%} [Equation (iii) *.- 3>1.

Here again, y is a function of x, defined for the entire aggregate
of real numbers. ' :

This example illustrates an important point that it is not neces-
sary that only one formula should be used to determine y as a func-
tion of x. What is required is simply the existence of a law or laws
which assign a value to y corresponding to each value of x in its
domain of variation.

4. Let
y=x!.
Here y is a function of x defined for the aggregate of positive
integers only. '
5. Let
y=1x]|.
Here we have a function of x defined for the entire aggregate of
real numbers. : :

It may be noticed that the same function can also be defined as
follows : ,

y= X when x>0,
y=—x when x<0.
6. Let
y=1/q, when x is a rational number p|q in its lowest terms r
y=0,when x is irrational.

Hence again y is a function of x defined for the entire aggre-
gate of real numbers.

1-51. Independent variable and its domain of variation. The
above examples lead us to the following precise definitions of variable
and function. If x is a symbol which does not denote any fixed number
but is capable of assuming as its value any one of a set of numbers,
then x is called a variable and this set of numbers is said to be its
domain of variation.

152, Function and its domain of definition. If to each value of
an independent variable x, belonging to its domain of variation, there
corresponds, by any law, or laws, whatsoever, a value of a. symbol, y,
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then y is said to be a function of x defined in the domain of variation of
x, which is then called the domain of definition of the function.

1:53. Notation for a function. The fact that yis a function of
& variable x is expressed symbolically as

y=£(x)
and is read as the ‘f” of x.

If x, be any particular value of x belonging to the domain of
variation of x, then the corresponding value of the function is denot-
ed by f(x). Thus, if f{x) be the function considered in Ex. 3, § 1'5,

p. 11, then ,
‘ f—2)=4; fiH)=%; f3)=3.
If functional symbols be required for two or more functions,

then it is usual to replace the latter fin the symbol f(x) by other
letters such as F, G, etc.

1:6. Some important types of domains of variation.

Usually the domain of variation of a variable x is an interval
{a, b, i.e., X can assume as its value any number greater than or
equal to @ and less than or equal to b, i.e.,

ax<b.

Sometimes it becomes necessary to distinguish between closed
and open intervals,

If x can take up as its value any number greater than a or less
than b but neither a nor b i.e, if a<x<b, then we say that its
domain of variation is an open interval denoted by (a, b) to distin-
guish it from [a, b] which denotes a closed interval where x can take
up the values a and b also.

We may similarly have semi-closad or semi-opened intervals
[a, b), a<x<b; (a, b], a<x<b
a8 domains of variation.
We may also have domains of variation extending without
bound in one or the other directions i.e., the intervals
(—o0, bl or x<b; [@a, 0 ) or x>a ; (—ow, ) or any X.

Here it should be noted that the symbols —o0, 0 are no
numbers in any sense whatsoever. Yet, in the following pages they
will be used in various ways (but, of .course never as numbers) and
in each case it will be explicitly mentioned as to what they stand for.
Here, for example, the symbol (—w , b) denotes the domain of vari-
ation of a variable which can take up as its value any number less
than or equal to b.

Similar meanings have been assigned to the symbols
(@, ©), (—o, o).

Constants. A symbol which denotes a certain fixed number is
called a constant.
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It has become customary to use earlier letters of the alphabet,
like a, b, ¢ ; «, B, ¥, a8 symbols for constants and the latter letters
like x, y, z ; u, v, w as symbols for variables.

Note. The following points about the definition of a function should be
carefully noted :

1. A function need not be necessarily defined by a formula or formulae so
that the value of the function corresponding to any given value of the indepen-
dent variable is given by substitution. All that is necessary is that some rule or
set of rules be given which prescribe a value of the function for every value of
the independent variable which belongs to the domain of definition of the func-
tion. [Refer Ex. 6, page 12.]

2. It is not necessary that there should be a single formula or rule for the
whole domain of definition of the function. [Refer Ex. 3, page 11.]

Ex. 1. Show that the domain of definition of the function

1/v/[(1—x)(x—2)]
is the open interval (1, 2).
For x=1 and 2 the denominator becomes zero. Also for x<1
and x>2 -the expression (1 —x) (x—2) under the radical sign becomes.
negative. ‘

Thus the function is not defined for x1 and x>2. For x>1
and <2 the expression under the radical sign is positive so that a
value of the function is determinable. Hence the function is defined
in“the open interval (1, 2).

2. Show that the domain of definition of the function ~[(1—x) (x—2)] is
the closed interval [1, 2].

3." Show that the domain of definition of the functions
1/9x, 1/9(=x)
are (0, o) and (—oo, 0) respectively.
4. Obtain the domains of definition of the functions
(i) N(2x+1) (i) 1/(14-cos x) (iii) V(142 sin x).
1-7. Graphical representation of functions.
Let us consider a function
y=f(x)
defined in an interval [a, b]. o« (D)

To represent it graphica,ll.y, we take two straight lines X'OX
pnd Y'OY at right angles to each other as in Plane Analytical
Geometry. These are the two co-ordinate axes.

We take O as origin for both the axes and select unit intervals
on OX, OY (usually of the same lengths). Also as usual, OX, OY
are taken as positive directions on the two axes.

To any number x corresponds a point M on X-axis such that

OM=x.
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To the corresponding number y, as determined from (i), there
corresponds a point N on Y-axis such that

ON =y

Completing the rectangle OM PN, we obtain a point P which is
said to correspond to the pair of VA
numbers x, y. W’

Thus to every number x be-
longing to the interval [a, b], there N
corresponds a number y determined v
by the functional equation y=f{x)
and to this pair of numbers, x, y
corresponds a point P as obtained
above. Fig. 4

£X,Y)

o = M X

The totality of these points, obtained by giving different values,
to x, is said to be the graph of the function f(x) and y=*#(x) is said to
be the equation of the graph.

Examples

1. The graph of the function considered in Ex. 3, § 15,
page 11, is

v o

VA&

‘2/ /e
a\\ +
o ,/‘f’ uoiet\.l

<

0 x

Fig. §

2. The graph of y=(x?—1)/(x—1) is the straight line y=x+41
excluding the point P(1, 2).

’ /%/2)
/

~ 4 X

Fig. 6

3. The graph of y=x ! consists of a discrete set of points
(1, 1), (2, 2), (3, B), (4, 24), etc.



16 DIFFERENTIAL OALCULUS

“vi P o 4. The graph of the fupcti‘on
”) (x, when 0 x<}
.f: \& f(x)=< 1, when x=}
P 1'— ‘ h : v 1,
5 » x when $<x<
' is as given.
Fig. 7

S. Draw the graph of the function which denotes the positive
square root of x2.

As 4/x%=x or —Xx accordmg as x is positive or negative, the
graph (Fig. 8) of 4/x2? is the graph of the function f{x) where,

J’ x, when x&Z0 ;

Six)=
[ —x, when x<.
YA YA
0 X 0 X
Fig. 8 Fig. 9

The student should compare the gra,ph (Fig. 8) of 4/x® with the
graph (Fig. 9) of x.
The reader may see that
. vxi=|x]|.
6. Draw the graph of
y=|x|+|x—=1].
We have

ﬂ‘ —Xx+4+1—x=1—2x when x<0,
y= x+1—x=1 when 0 x<1,
X+x—1=2x—1 when x>/l.
Thus we have the graph as
drawn :
The graph consists of parts of
Q1) ()] 3 straight lines
5 - y=1=-2x, y=1, y=2x—1
. % corresponding to the intervals
SN : (— ®, 0], [0, 1], [1, ®).

Fig. 10
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7." Dawn the graph of

[x]
where [x] denotes the greatest integer not greater than Xx.
We have 0, for 0 <x<1,
y 1, for 1 <x<2,
2, for 2 {x<3 and so on.

The value of y for negative values of x can also be similarly
given,

The right-hand end-point of each segment of the line is not a
point of the graph.

Y\
—0
—0
o 7
m—
—Q
—o0
Fig. 11.
Exercises
1. Draw the graphs of the following functions :
1, when x <{0 3 x, when 0Cx<4$.
DS = { —1, when x>0 () f(X) =3 1—x, when } <x<lI.

hen0Cx<%;
x, when 0 <{x <<% [ X W <
Gii) f (x) = { - e @) f(x) =< 1,when x=4;
2—x, when $<x<1 L 1-x, when 4<x<1;
. . [ 1/x, when x<0 :

(v)f(x) - I .X2, when xgo'. (W)f(x) - < 0’ when x=0 ;

| VX, when x>0 [ —1/x. when x>0.
2. Draw the graphs of the following functions :

2 —1)2
0] —V; . @ x+ vixﬁ ll)
wi) x + ‘J(x-:)z + d;x 22)z
G x+ v(x D? V=2 N3,

1 (x=2) " x—3
The positive value of the square root is to be taken in each case.
3. Draw the graphs of the functions :

@ |xi. @)y x|+ |x+1]. Gi) 2| x—1]+3}x+2].
4. Draw the graphs of the functions :
@) [x1%- Gi) [x]+[x+1]

where [x] denotes the greatest integer not greater than x.



CHAPTER II

SOME IMPORTANT CLASSES OF FUNCTIONS AND
THEIR GRAPHS

Introduction. This chapter will deal with the graphs and some

simple properties of the elementary functions

x", a*, log, x ;
sin x, cos x, tan X, cot X, sec x, cosec X ;
sin-1x, cds-lx, tan™'x, cot-lx, sec—lx, cosec—lx.

The logarithmic function is inverse of the exponential just as the
inverse trigonometric functions are inverses of the corresponding
trigonometric functions. . The trigonometric functions being periodic,
the inverse trigonometric are multiple-valued and special care has,
therefore, to be taken to define them so as to introduce them as smgle-
valued.

2-1. Graphtcal representation of tke function

xn .
n being any integer, positive or zegatzve

We have, here, really to discuss a class of functions obtaine by
giving different integral values to n.

It will be seen that, from the point of view of graphs, the whole
of this class of funetions divides itself into four sub-classes as
follows :—

(i) when n is a positive even integer ; (ii) when n is a positive odd
integer ; (iii) when n is a negative even integer (iv) when n is a negative
odd integer.

The functions belonging to the same sub-class will be scen to
have graphs similar in general outlines and differing only in details.

Each of these four cases will now be taken up one by one.

- 2:11. Let n be a positive even integer.

The following are, obviously, the properties of the graph
YA ; of y=x" whatever positive even integral
value, n may have.

(i) y=0, when x=0 ;

) =1, when x=1 ;
LNDA A1) ;=l, when x=—1,
- The graph, therefore, passes
[7] ‘X through the points,
0(,0), 4(1,1), 4" (-1, 1).
- ' - e (i) y is positive when x is posi-

tive or negative. Thus no point on the
graph lies in the third or the fourth
quadrant.

18

(n, a positive even integer)
Fig. 12.
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(iii) We have
y=x"=(-x)"

so that the same value of y corresponds to two equal and opposite
values of x. The graph is, therefore, symmstrical about the y-axis.

(iv) The variable y gets larzer and larger, as x gets larger and
larger numerically. Moreover, y can be made as large as we like by
taking x sufficiently large numerlca,lly The graph is, therefore, not
closed.

The graph of y=x", for positive even integral valne of n is, in
general outlines, as given in Fig. 12. page. 18.

2:12. Let n be a positive odd integer.

The following are the properties of y=x", whatever posxtlve
odd integral value n may have.

(i) y=0, when x=0; ” Y“,
y=1, when x=1; - '
y=—1, when x=-1
The graph, therefore, passes A1)
through the points
0(0,0), 4 (1, 1), 4 (~1,—1). .y )0 X
(ii) y is positive or negative
according as x is positive or nega-
tive.
Thus, no point on the graph y=xn
lies in the second or the fourth (n, a positive odd integer)
quadrant. ' Fig 13

(iiiy The numerical value of y increases with an increase in the
numerical value of x.

Also, the numerical value of Y can be made as large as we like
by taking x sufficiently large numerically.

2-13. Let n be a negative even integer, say, —m, (m>0).

Here,
Y 1 1

y:'-x” = ——.i“_"”z'-;'?"‘ .

The following are the-
properties of y=x" whatever
negative even integral value,
n, may have

LAY | \awn

[7) X (i) Determination of y

for x=0 involves the meaning-

. less operation of division by

v=x"_(n, a negative even integer) 0 and so y is not defined for
Fig. 14 x=0.
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(ii) y=1 when x=1o0r —1, so that the graph passes through
the two points 4 (1, 1) and 4’ (—1, 1).

(#ii) y is positive whether x be positive or negative. Thus no
point on the graph lies in the third or in the fuurth quadrant.

(iv) We have

y=x"=(—xJ",

80 that the same value of y corresponds to the two equal and
opposite values of x. The graph is, therefore, symmetrical about
y-axis.

(v) As x, starting from 1, increases, x™ also increases so that y
decreases. Also y can be made as small as we like (i.e., as near zero
a8 we like) by taking x sufficiently large.

Again, as x, starting from 1, approaches zero, x™ decreases so
that y increases. Also y can be made as large as we like by taking x
sufficiently near 0. :

The variation of y for negative values of x may be, now, put
down by symmetry.

2:14. Let n be a negative odd integer.

Y4

>

The statement of the various
properties for this case is left to the
reader. The graph only is shown
here. (Fig. 15)

A(L1)
o 2:2. Before considering the

Py 0 X graphs of other functions, we allow
W ier

ourselves some digression in this
article to facilitate some of the
later considerations.

2:21. Monotonic functions.

= ” . .
r=x Increasing or decreasing functions.

{n, a negative odd integer)

Fig. 15. :

Def. 1. A functiony= f(x) is called a monotonically increasing

function in an interval if it is such that throughout the interval a larger

value of x gives a large value of y, i.e., an increase in the value of x
slways causes an increase in the value of y.

Def. 2. A function is called a monotonically decreasing function,
if it is such that an increase in the value of x always causes a decrease
in the value of the function. .

Thus, if X, and X, are any two numbers.in an interval such that

Xa > Xy,
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then for a monotonically increasing function in the interval

S(x5)>f(x,)

and for a monotonically decreasing function in the interval

S(xa)<f(xy)
) A function which is either monotonically increasing or decreas-
ing is called a monotonic function.

~ Ex. Show that for a monotonic function f(x) in an interval (a, b), the
fraction

[f () —f(x)) (X3 =-x)) .
keeps the same sign for any pair of different numbers, x,, x, of (a, b).
Tllustration. Looking at the graphs in §2'1, we notice that
x" is

(/) monotonically decreasing in the interval (—o0, 0) and mono-

tonically increasing in the interval [0, co] when n is a positive even
integer ;

(ii) monotonically increasing in the intervals [—oco, O], [0, o0 ]
when n is a positive odd.integer.

(iii) monotonically increasing in the interval (—o0, 0) and mono-
tonically decreasing in the interval (0, c0) when 7 is a negative even
integer.

(iv) -monotonically decreasing in the intervals (—oo, 0), (0, c0)
when n is a negative odd integer.
2-:22. Inverse functions.
Let

y=/(x) (1)
be a given function of x and suppose that we can solve this equation
for x in terms of y so that we may write x as a function of y, say

, x=¢(y). .--(2)
Then ¢(y) is called the inverse of f(x).
This process of defining and determining the inverse of a given

function may be accompanied with difficulties and complications as
illustrated below :—

(i) The functional equation (1) may not always be solvable for
x as a function of y as, for instance, the case
y=x242x8,
(iiy The functional equation (1) may not always determine &

unique value of y in terms of x as, for instance, in the case of the
functional equation

y=1-+x2 «--(3)
which, on solving for x, gives . L
x=1v(—1), C ee(4)
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8o that to each value of y there. correspond two values of x. This
situation is explained by the fact that in (3) two values of x which
are equal in absolute value but opposite in sign give rise to the same
value of y and so, conversely, to a given value of y there must natur-
ally correspond two values of x which gave rise to it.

We cannot, therefore, look upon, x, as a function of, y, in the
usual sense, for, according to our notion of a function there must
correspond just one value of, x, to a value of, y.

In view of these difficulties, it is worthwhile to have a simple
test which may enable us to determine whether a given function
y=f(x) admits of an inverse function or not.

If a function y=f{(x) is such that it increases monotonically in an
interval [a, b] and takes up every value between its smallest value f(a)
and its greatest value f(b). then it is clear that to each value of y
between f(a) and f(b), there corresponds one and only one value
of x which gave rise to it, so that xis a function of y defined in the

interval [ fla), f(b)].

Similar conclusion is easily reached if ¥ decreases monotoni-
cally.

Illustrations of this general rule will appears in the following
articles.

2-3. To draw the graph of
X
y=x"
n being any positive or negative integer.

From an examination of the graph of y=x" drawn in § 2'1, or
even otherwise, we see that y—x"

(i) is monotonic and positive in the interval (0, ) whatever
integral value n may have ;

(ii) takes up every positive value.

Thus, from § 2:2 or otherwise, we see that to every positive
value of y there corresponds one and only one positive value of x
such that

y=x" or x=y" .
Thus

.y
x=y"

determines x as a function of y in the interval (0, ©); x being also
always positive. :
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The part of the graph of y=x", lying on the first quadrant, is

1
also the graph of x=y * .

YA Y

5
n

"S’

O
9.5@
[/] X
when n is a positive integer. when n is a negative integer.
Fig. 16. Fig. 17.

1
To draw the graph of y=x" when x is independent and y
dependent, we have to change the point (4, k) in

1
x::y i
to the point (k, h) i.e., find the reflection of the curve

1
x=y"
in the line y=x. This is illustrated in the figure given below.
Cor. x”/9 means (x?)1/9 where the
root is to be taken positively and x is also Y\ ,
positive. )
Note. It may be particalarly noted that 'f’ /
in_order that x1/* may have one and only one g’ e, ,
value, we have to restrict x to positive values o7

only and x1/” is then to be taken to mean the v, A
positive nth root of x. 7 ‘f’//

It is notenough to say that xI/® js an ,
ath root of x ; we must say the positive nth root o
of the positive number x. [9) X

For, if n be even and x be positive, then x
has two nth roots, one positive and the other
negative, so that the nth root is not unique and
if n be even and x be negative, then x has no nth when n is a positive integer.
root so that x1/» does not exist. Fig. 18.

Thus x and x!/# are both positive.

2:4. The exponential function a*. The meaning of a* when q is
positive and x is any rational number, is already known to the
student. (It has also been considered in § 2'3 above). To give the
rigorous meaning of a* when the index, x is irrational is beyond the
scope of this book. However, to obtain some idea of the meaning of
a”® in this case, we proceed as follows :
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We find points on the graph of y=a* corresponding to the
rational values of x. We then join them so as to determine a conti-
nuous curve. The ordinate of the point of this curve corresponding
to any irrational value of x as its abscissa, is then taken to be the
value of a* for that particular value.

. Note. The definition of a* when x is irrational, as given here, is incom-
plete in as much as it assumes that what we have done is actually possible and

that also uniquely. Moreover it gives no precise analytical way of representing
a® as a decimal expression. .

Graph of y=q4*. 1In order to draw the graph of
y=a*,
we note its following properties :—

241, Let a>1.

() The function ¢* is always positive whether x bz positive or
negative.

(if) It increases monotonically as x increases and can be made as
large as we like by taking x sufficiently large.
(iif) a®=1 so that the point (0, 1) lies on the graph.
(iv) Since a*=1/a~*, we see that a® is positively very small when
. X is negatively very large and can
YA S Yy y g

be made as near zero as we like
provided we give to x a negative
N value which is sufficiently large nu-

5
(o merically.

1 ’0'36

0 X With the help of these facts,
we can draw the graph which is
as shown in (Fig. 19).

Fig. 19.

242 LetO0O<a<l.

(i) The function a* is always positive whether x be positive
or negative.

(ii) Tt decreases monotonically as x increases and can be made
as near zero as we like by taking Xx YA
sufficiently large.

(iii) a®=1. Therefore the point
(0, 1) lies on the graph.

(iv) Since a*=1/a~*, we see that N z
a* is positively very large when x is 292
negatively very large. Also it can be 0 >

made as large as we like if we give to x
a negative value which is sufficiently
large numerically.

Thus we have the graph as drawn Fig. 20.
in (Fig. 20).
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Note 1. In the case of the function a* it is the exponent x which is a
variable and the base is a constant. This is the justification for the name
‘“ Exponential function’ given to it. For the function x”, the base is a variable
and the exponent is a constant.

Note 2. a* never vanishes and is always positive :
Ex. Draw the graphs of the functions :
G 2% @y 2 @y 2T Gy 27 R
2:5. Graph of the logarithmic function
y=]0gaX H
a, x being any positive numbers.
We know that
y=a*
can be written as
x=log,y. .
We have seen in § 24 that y=a* is monotonic and takes up

every positive value as X increases taking -all values from —oo
to 4o .

Thus to any positive value of y there corresponds one and only
one value of x.

In the figure of § 2'4, we take y as independent variable and
suppose that it continuously varies from 0 to oo . Thus we see that

(i) x monotonically increases from —x to o, if a>1;

(if) x monotonically decreases from o to — , if a<Z1.

Also, x=0 for y=1.

Considering the functional equation

y=log,x,

we see that as the independent variable x varies from 0 to co the

dependent variable y monotonically increases from —w« to o if a>1
and monotonically decreases from o« to —-o if a<{l.

Also, y=0 for x=1.
We thus have the graphs as drawn.

YA
%
e
W
C~
(o)
3
2
<.
g
0 7] X
Fig. 21. Fig. 22.

Note. The graph of y=log,x is the reflection of y=a* in the line y=x.
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Some important properties of log,x.
- We may, now, note the following important properties of
y=log,x.

. (i) log,x is defined for positive values of x only and the base a
is also positive.

(ii) If a>1, log,x can be made as large as we like by taking x
sufficiently large and can be made as small as we like by taking x
sufficiently near 0.

For a<'1, we have similar statements with obvious alterations.
(iii) log, 1=0.

When a>1, we have, log,x>0, if x>1, and log,x<0, if x1 ;
When a<1, we have, log,x<0, if x>>1, and log, x>0, if x<1.

2:6. Trigonometric functions.

It will be assumed that the student is already familiar with the
definitions, properties and the nature of variations of the fundamental
trigonometrical functions sin X, cos x, tan x, cot x, sec x and cosec X.
The most important property of these functions is their periodic
character, the period for sin x, cos x, sec X, cosec X being 2z and that
for tan x, cot x being 7.

We will only produce their graphs and restate some of their
important and well known properties here.

2:61. y=sin x.

YA
1) 1)
2’ (7’

m (2"»0)[ -
/ 0D 0 mT-w\/ X

F )

Fig. 23.
(i) It is defined for every value of x.

(if) It increases monotonically from —1 to 1 as x increases from
—7[2 to /2 ; it decreases monotonically from 1 to —1 as x increases
from (2 to 3x2, and so on.

. (i) —1 < sin x <1, ie, | sin x | <1, whatever value x may
ave.



GRAPHS 27

2:62. y=cos x.

YA
c2m,1) (0ol1) W27, 1)

(% -Zo Zo @r,\o)‘
[4] K/ X

-1 (m,=1)

Fig. 24.
(i) It is defined for every value of x.

(i) It decreases monotonically from 1 to —1 as x increases from
0 to 7 ; and so on.

(iii) | cos x | <1 whatever value x may have.

2:63. y=tan x.
YA
I 1 " '
1 I|
S ' /
:'."lN o il N
| 1 i : ) b :
YA VAR
! ! ! ' \eno
C2moy e7oy oo N
: i | |
S
| I ' '
. ! !
' ' N !
Fig. 25.

(i) It is defined for all values of x excepting
cveee—3m, —§m, =37, —im, i, §7, R, Ima
i.e., (2n+1)7/2, where n is any integer, positive or negative. It fact
it will be recalled that for each of these angles the base of the right- -
angled triangle which defines tan x becomes 0 and so the definition of
tan x, as being the ratio of height to base, involves division by O
which is a meaningless operation.
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(#) It increases monotonically from —w to 4 as x increases

om —1/2 to /2 ; it increases monotonically from —o to 4o as
X Increases from #/2 to 3n/2, and so on.

(i) It can bb made positively as large as well like provided
we take ,

x<7(2 and sufficiently near to it ;
and can be made negatively as large as we like provided we take
x>—m[2 and sufficiently near to it.

2:64. y=cot x.

Fig. 26.
(i) It is defined for all values of x excepting
veeees—4m, —3m, —27, —m, 0, m, 27, 3m, 47,......

i.e., nm, where n has any integral value, since for each of these angles
the height of the right-angled triangle which defines cot x is zero and
the definition of cot x being the ratio of base to height involves
division by zero.

(ii) It decreases monotonically from o to —o0 as X increases
JSrom 0 to 7 ; it decreases monotonically from o to — o as X increases
from 7 to 27 ; and so on. :

(iii) It can be made positively as large as we like provided
we take

x>0 and sufficiently near to it ;

and can be made negatively as large as we like provided we take
x<0 and sufficiently near to it.
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YA

a3
2
x
z_
==
3
2

==3

o
X

— - —f e} - g —

o\n @mbn

[

(-M,-1)

Fig.
It is defined for all values of x excepting
...... —37, —i7, —im, dw, 37, 3w,
i.e., (2n+1) w/2, where n has any integral value, since for each of

these angles, the base of the right angled triangle which defines

sec x is zero and as such the definition of sec x involves division by
zero,

(if) | sec x | >1 whatever value x may have.

(iii) It increases monotonically from 1 to o when x increases
from O to 7/2; it increases monotonically from —w to —1 when x
increases from 7/2 to 7, and so on.

(iv) It can be made positively as large as we like by taking
x<7/2 and sufficiently near to it ;
and can be made negatively as large as we like by taking
x>m[2 and sufficiently near to it.
2:66. y=cosec x.

YA
!

K
N
)
U
8

(‘57’1) (gd)

Ty |2

— v o e e e e e o T —— —
e s S

Fig. 28.
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(#) It is defined for all values of x excepting
venees—37, —27, —,.0, w, 27, 3m,......

i.e., n, when n has any integral value.

(if) | cosec x | > 1 whatever value x may have.

(iii) It decreases monotonically from —1 to —o as x increases
from —=/2 to 0 ; it decreases monotonically from o to}l as x in-
creases from 0 to /2.

(iv) It can be made positively as la.rge as we like by taking
x>0 and sufficiently near to it ;
and can be made negatively as large as we like by taking
x <0 and sufficiently near to it.

2-7. Inverse trigonometrical functions. The inverse trigono-
metrical functions

gin-1x, cos-1x, tan-lx, cot—lx, sec-lx, cosec—1x

are generally defined as the inverse of the corresponding trigono-
metrical functions. For instance, sin-1x is defined as the angle whose
sine is x. The definition, as it stands, is incomplete and ambiguous
a8 will now be seen.

We consider the functional equation
X=sin y .. (D)
where y is the independent and x the dependent variable.

Now, to each value of y, there corresponds just one value of x
in (i). On the other hand, the same value of x corresponds to an
unlimited number of values of the angle so that to any given value
of x between —1 and 1 there corresponds an unlimited number of
values of the angle y whose sine is x. Thus sin™lx, as defined above,
is not unique.

The same remark applies to the remaining trigonometric func-
tions also.

We now proceed to modify the definitions of the inverse
trigonometrical functions so as to remove the ambiguity referred to
here.

2:71. y=sin-x.
Consider the functional equation
X=sin y.

We know that as y increases from —7/2 to n/2, then x increases
monotonically, taking up every value between —1 and 1, so that to
each value of x between —1 and 1 there corresponds one and only one
value of y lying between —mr;2 and 7/2. Thus there is one and only
one angle lying between —=/2 and 7/2 with a given sine.
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Accordingly we define sin-1x as follows :—
sin-1x is the angle lying Y,
between —=r/2 and 7/2, whose 4
sine is x.
To draw the graph of
=gin-1x,
we note that
(i) y increases monotoni- 0
cally from —7/2 to =/2 as x
increases {from —1 to 1.
(if) sin-10=0,
gin-1 1=7/2, sin”1(—1)= —=/2. (—1,-%0
(iti) sin-!x is defined in
the interval [—1, 1] only.
We, thus, have the graph as drawn.

Note 1. We know that if z=sin y, then z varies monotonically taking up
every value between —1 and 1 as y increases from @2 to 37/2, 37/2 to 57,2, and
so on. Thus the definition could also have becn equally suitably modified by
restricting sin—'z to any of the intervals (n/2, 3n/2), (37,2, 6n/2) instead of
(—=n/2, 7/2). What we have done here is, however, more usual.

Note 2. The graph of y=sin-1z is the reflection of y=sinz in the line
y=ax.

2'72. y=cos™x.

Consider the functional equation

X=cos J.

We know that as y increases from 0 to , then x decreases
monotonically taking up every valuc between 1 and —1. Thus, there
is one and only onz angle, lyinz between 0 and 7, with a given cosine.
Accordingly we define cos~'x as follows :—

cos-1x is the angle lying between 0 and 7, whose cosine is x.

n
(l"z")

™
Y

Fig. 29.

Y To draw the graph of
-1,77) y=cos™1x,
we note that
o
(i) y decreases monotonically
from 7 to 0 as x increases from
0 G0 X —lto L
(ii) cos~! (—1)=m, cos™! 0=m/2,
Fig. 30, cos™! (1)=0.

(iii) cos-1x is defined in the interval [—1, 1] only.

Note. We know that z=cos y varies mondtonically, taking up every
value between —1 and 1 as y increases from = to 27, 27 to 37 and so on. Thus
the definition could also have been equally suitably modified ty restriciing
cos=!  to any of the intervals, [7, 27, [27, 37] etc., instead of (0n).
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273, y=tan—!x.
We consider the functional equation
‘ x=tan y.

We know that as y increases from —7/2 to /2, then x increases
monotonically from —oo to oo taking up every value. Thus there is
one and only one angle between —7r/2 and /2 with a given tangent.
Accordingly we have the following definition of tan-1 x :

tan™'x is the angle, lying between —m;2 and 7/2, whose tangent

is x
YA ‘
Vag
___________________ Y=z __
0 X
== ge--—--- L
=5
Fig. 31
To draw the graph (Fig. 31) of
y=tan-! x,

note that y increases monotonically from —#x/2 to «/2 as x in-
creases from —oo to o and then tan-! 0=0.

274, y=cot-! x.
Consider the functional equation
x=cot ).
We know that as y increases from 0 to 7, then x decreases
monotonically from 40 to —o taking up every real value. Thus,

there is one and only one angle between 0 and 7 with given cotan-
gent.

In view of this, we define cot-! x as follows :
cot=% x is the angle, lying between 0 and 7, whose cotangent is x.

Fig. 32
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To draw the graph (Fig. 32) of
y=cot-! x,
we note that y decreases monotonically from = to 0 as x increases
from — o to o and cot-! 0=m/2.
275. y=sec 1x.
Consider the functional equation
x=gec y.

We know that as y increases from 0 to /2, thén z increases

monotonically from 1 to  ; also as y increases from 7/2 to 7, then
X increases monotonically from — o« to —1.

Thus, there is one and only one value of the angle, lying between
0 and 7, whose secant is any given number, not lying between —1
and 1. The following is, thus, the precise definition of sec 1x :—

sec-1 x is the angle, lying between 0 and 7, whose s2eant is x.

To draw the graph of ‘

y=sec™! x,
we note that y increases from 0 to 72 as x increages from 1 to co and
y increases from 7/2 to 7 as X increases from — oo to —1. Also
sec-1 1=0, and sec-! (—1)=mr.

YA
-1, 7)
- /7

Va8
e ey R Y=z _
" /
0 (1,0 X

Fig. 33

2:76. y=cosec-Ix.
‘Consider the functional equation
Xx==cosec .
We know that as y increases from —m/2 to 0, then x decreases
monotonically from —1 to — o and as y increases from 0 to /2, it
decreases monotonically from oo to 1. Thus there is one and only one

value of the angle lying between —w/2 and 7/2 having a given
cosecant. We thus say that

cosec™! x is the angle, lying between —i/2 and #/2, whose
cosecant is x.
To draw the graph of
y=cosec~! Xx.
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we note that y decreases from 0 to —a/2 as x increases from — o to
— 1 any y decreases from 7/2 to 0 as x increases from 1 to oo.

YA

‘—\ 0 Xr

-1-71
SRy

Fig. 34

Ex. What other definitions of tan—'x, cot-!x, sec-'x and cosec-1x would
have been equally suitable.

Note. The graphs of y=sin-lx, cos-lx, tan-lx, cot~lx, sec-x and
sosec—1x are the reflections of y=sin x, cos x, tan x, cot x, sec x and cosec x
réspectively in the line y=x.

2-8. Function of a Function. The notion of a function of function
will be introduced by means of examples.

Ex. 1. Consider the two equations
u=x2 (1)
y=sin u. (2}
To any given value of x, corresponds a value of u as deter-
mined from (1) and to this.value of u, corresponds a value of y as

determined from (2) so that we see that y is a function of 4 which is
again a function of x, i.e., y is a function of a function of x.

From a slightly different point of view, we notice that since the
two equations (1) and (2) associate a value of y to any given value
of x, they determine y as a function of x defined for the entire aggre-
gate of real numbers.

Combining the two equations, we get

y=sin x?
which defines y directly as a function of x and not through the inter-
mediate variable u.
Ex. 2. Consider the two equations
U=sin x, wo(1)
o y=log u. «.(2)

The equation (1) determines a value of u corresponding to every

given value of x. The equation (2) then associates a value of y to

bhis value of u in case it is positive, But we know that u is positiv
if and only if x lies in the open intervals :

sersresnrennsn(—4m, —37), (=27, —m), (0, @), (27, 37) w.(3)
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Thus these two equations define y as a function of x where the.
domain of variation of x is the set of intervals (3).

General consideration.
Let
u=f(x),
and
y=9¢(u),
be two functional equations such that f(x) is defined in the interval
[a, b] and ¢ (u) in [c, d].
Let, further, each value of f(x) lie in [c, d].
Clearly, then, these two equations determme y as a function of
x defined for the interval [a, b].
2:9. Classification of functions. Algebraic and Transcendental.
Any given function is either
(i) Algebraic or (ii) transcendental.

A function is said to be algebraic if it arises by performing upon the
variable x and any number of constants a finite number of operations
of addition, subtraction, multiglication, division and root extraction.
Thus,

y=x2+7x+43, y=(Tx242)/(3x*+5x2%), y=4+/(x+34/x34 4/X)
are algebraic functions.
A function is said to be transcendental if it is not algebraic.

The exponential, logarithmie, trigonometric and inverse trigono-
metric functions are all transcendental functions.

Two particular cases of algebraic functions. There are two speci-
ally important types of algebraic functions, namely,

(i) Polynomials ;

(ii) Rational functions.

A function of the type

Ax”4-axm @y XAy

where a,, a,,......... ) i BTe constants and m is a positive integer,
is called u polynomial in x.

A function which appears as a quotient of two polynomials
such as

A X™ +a X" 4.+ A X +a,,
byx" +-byx"-1+4...4+b,_ X+,

is called a rational function of x.

A rational function of x is defined for every value of x exclud-
ing those for which the denominator vanishes.
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Exercises
1. Write down the values of
(i) sin-1§, (i) tan-1(—=1),  (iii) sec™l 2,
2. For what domains of values of the indepzndent variable are the following.

(iv) cos-1 (—9d).

functions defined :—
() sin-14x. (i) log,sin x.
(i) sin-14x is defined only for those values of x for which

[Sol.
- WK1
and this will be the case if, and only if,
0LxLl,

80 that sin-14x is defined in the interval [0, 1].
(ii) logsin x is defined only for the values of x for which

sin x>0

{.e., in the open intervals
i , n), (2, 37),......

or generally in (2a7, 2n+1 m) ; n being any integer.
@) log [ (1+x)/(1—x)].

(iii) log sin-1lx.
O log [ (x+1)/(x—1)] (vi) log (tan—'x
(vii) (sin x)*. (viii) (logg x)=.
(ix) log [x+N(x*—1) 1. (x) x tan-1lx.
1 " 1
(Xll) S~l~nas-—_—éo—ss~é

&) JeID eI ]
1 .y a¥+a-*®

(xiii) =X (xiv) e (a>0).
3. Find out the intervals in which the following functions are monotoni-

cally increasing or decreasing : —

) 2~. i) B~ @iy 3

4. Distinguish between the two functions
)

Xy m—

()

v 41 ) 2sin x.

%/~



CHAPTER III
CONTINUITY AND LIMIT

Introduction. The statement that a function of x is defined in a certain
interval means that to each value of x belonging to the interval there corres«
ponds a value of the function. The value of the function for any particular value
of x may be quite independent of the value of the function for another value of x
and no relationship in the various values of a function is implied in the defini-
tion of a function as such.

Thus, if x,, x; are any two values of the independent variable so that
f(%,), f(xs) are the corresponding values of the function f(x), then | f(xe)—f(xy) |
may be large even though | xs--x; | is small. It is because the value f(xs)
assigned to the function for x=x, is quite independent of the value f(xy) of the
function for x=x;.

We now propose to study the change | f(xy)—f(x;)| relative to the
ch?nge | x3—x; | by introducing the notion of continuity and discontinuity of
a function.

In the next article, we first analyse the intuitive notion of continuity that
we already possess and then state its precise analytical meaning in the form of
a definition.

3-1. Continuity of a function at a point. Intuitively, continuous
variation of a variable implies absence of -sudden changes while it
varies so that in order to arrive at a suitable definition of continuity,
we have to examine the precise meaning of this implication in its
relation to a function f(x) which is defined in any interval [a, b]. Let,
¢, be any point of this interval.

The function f{x) will vary continuously at x=c if, as x changes
from ¢ to either side of it, the change in the value of the function is
not sudden, i.e., the change in the value of the function is small if
only the change in the value of x is also small.

We consider a value c-+h of x belonging to the interval [a, b].
Here, 4, which is the change n the independent variable x, may be
positive or negative.

Then, f(c+h)—f(c), is the corresponding change in the depen-
dent variable f(x), which, again, may be positive or negative.

For continuity, we require that c-+h)—f(c) should be
numerically small, if h is numerically small. This means that
| fle+h)—f(c) | can be made as small as we like by taking | A |

sufficiently small.

The precise analytical definition of continuity should not involve the use
of the word small, whose meaning is definite, as there exists no definite and
absolute standard of smallness. Such a definition would now be given.

To be more precise, we finally say that

A function f(x) is continuous at x=c if, corresponding to any
positive number, ¢, arbitrarily assigned, there exists a positive number 8

such that
Lfle+h) — fle) | <z
37
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JSor all values of, h, such that
[ k| <s.

This means that f(c+h) lies between f(c)—e¢ and f{c)+e¢ for all
values of & lying between —3§ and 8.

Alternatively, replacing c+h by x, we can say that

' Jf(x) is continuous at x=c, if there exists an interval (c—8§, c+8)
around ¢ such that, for all values of x in this interval, we have
. . fle)—e< f(N)<f(c)Fe
¢ being any positive number arbitrarily assigned. A
Meaning of continuity explained graphically. Draw the graph of
‘the function f(x) and consider the point P[c, f(c)] on it.
Draw the lines
y=fle)y—e, y=f(c)+s (1)
YA which lie on different sides of
the point P and are parallel to
Y=fle )% X-axIs.

Here, ¢ is any arbitrarily
P, assigned positive number and

@ J=f()-€ measures the degree of close-

w + S/ ness of the lines (1) from each
o \y other.

. 2! 2) = The continuity of f{x) for

x=c, then, requires that we
should be able to draw two
Fig. 35. lines
xX=c—8, x=c+3§, ...(2)
which are parallel to y-axis and which lie around the line x=c¢, such
_that every point of the graph between the two lines (2) lies also
" between the two lines (1).

3-11. Continuity of a function in an interval. In the last
articles, we dealt with the definition of continuity of a function f(x)
at a point of its interval of definition. We now extend this definition
to continuity in an interval and say that

A function f(x) is continuous in an interval [a, b}, if it is continuous
at every point thereof.

Discontinuity. A function f(x) which is not continuous for x=c is
said to be discontinuous for x=c.

The notion of continuity and discontinuity will now be illustra-
ted by means of some simple examples.

Examples
1. Show that
fix)=3x+1
is continuous at x=1,
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Here,
f)=,¢

Six)—f(1)=3x+1—4=3(x—1).
We will now attempt to make the numerical value of this
difference smaller than any preassigned positive number, say ‘001,
(i) Let x>1, so that 3(x—1) is positive and is, therefore, the
numerical value of S(x)—A1).

and

Now
[ f1x)—=/A(1) | =3(x—1)<-001,
if
’ x—1<-001/3 -
de., if
x<<14-+001/3=1-0003. (i)

(if) Let x<1, so that 3(x—1) is negative and the numerxcal
value of f(x)—f{(1) is 3(1—x).
Now

| fx)—A1) | =3(1—x) <001,

if
1—x<-001/3,
ie., if '
1—-001/3<x,
or .
1—--0003<x.

Combining (i) and (ii), we sec that
[ fix)—=/(1) | <001,
for all values of x such that .
1—0003 < x <1 +4-0003.

The test of continuity for x-=1 is thus satisfied for the parti-
cular value ‘001 of e. We may similarly show that the test is true for
the other particular values of ¢ also.

The complete argument is, however, as follows :—

Let ¢ be any positive number. We have

| f)—=A1) | =3 | x—1].
3| x—1] <e

Now

if
| x—1] <¢/3,
e, if
1—¢/3 < x < 1+4¢/3.

Thus, there exists an interval (1—e/3, 14-¢/3) around' 1 such
that for every value of x in this interval, the numerical valne of the
difference between f(x) and f(1) is less than a preassigned positive
number €. Here 8=s/3.

Hence f(x) is continuous for x=1.,

Note, It may be shown that, 3x+1, is continuous for every value of x.
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2. Show that f(x)=38x242x—1 is continuous for x=2.
Let € be any given positive number. We have
f12)=15.
| /(x)—f(2) | = | 3x2+2x—1—15 |
=!lx-2| |3x+8].
We suppose that x lies between 1 and 3. For valuesof x
between 1and 3, 3x4-8 is positive and less than (3-3-48)=17.

Thus when
l<x<3,
we have
| fix)—f12) | <17 | x—2].
Now
17 | x—2 | <e,
if
) | x—2 | <e/17.
Thus, we see that there exists a positive number ¢/17 such that
| f(x)=f12) | <e
when
| x—2 | <e¢/17.
Therefore f(x) is continuous for x=2.
of x Note. It may be shown that 3x%+42x—1, is continuous for every value

3. Prove that sin x is continuous for every value of x.
It will be shown that sin x is continuous for any given value of
X ; say c.
Let € be any arbitrarily assigned positive number. We have
< | fix)—f(c) | = | sin x—sin ¢ |
X+t X—c

= |2 cos 5= sm_?

= l2 cosx——2t—({ i:s;infg—i‘E
Now cos'%*—-f\
Also ’sm—x‘<.—-_..

|
(From Elementary Trigonometry)
Thus we have

‘ sin X—sin ¢ \ =2 \cos x_;—fl ‘sin x—;.c
X—c
2
Hencee | sin x—sin ¢ | <e when | x—c | <.

<2.1.

= [x-—c‘l.
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Thus, there exists an interval (c—¢, c-¢) around ¢ such that for-
every value of x in this interval

| sin x—sin ¢ | <e.

Hence, sin x is continuous for x=c and, therefore, also for-
overy value of x ; ¢ being any number.

4. Show that sin® x is continuous for every value of x.
Let € be any given positive number.

We have
| fix)—flc) | = | sin’x—sin®c |
= | sin (x+c¢) | | sin (x—c} |
< | sin (x—0) |
<Jx—c].
| f(x)—f0) | <e,
when

| x—c | <e.
Hence, sin? x is continuous for x=c and, therefore, also for-
every value of x ; ¢ being any number.

5. Show that the function f(x), as defined below, is discontinuous-
at x-=4%.

[ x, when 0 x<} ;
f(x)=<1, when x=1% ;
1—x, when }<x<1.

The argument will be better grasped by considering the graph:
of this function.

The graph consists of the point P (}, 1) and the lines 0A, AC:
excluding the point A. Our intuition Y¢ pd
immediately suggests that there is a dis- z>4)
continuity at A ; there being a gap in the
graph at A. A

Also, analytically, we can see that ¥, ‘9\‘,
for every value of x, round about x=3%, __ .
Jf(x) differs from f{}) which is equal to 1, 0 B ¢ X
by a number greater than § so that thers .
is no question of making the difference Fig. 36.
between f(x) and f (}) less than any posi-
tive number arbitrarily assigned.

Therefore f(x) is discontinuous at x=4}:

3-2. Limit. The important concept of the limit of a function
will now be introduced.

For the continuity of f(x) for x=c, the values of the functxon
for values of x near c lie near f{c). In general the two thmgs viz,

(i) The value f{c) of the function for x=:c, and
(if) the values of f(x) for values of x near c.
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are, independent. It may, in fact, sometimes happen that the values
of the function for values of x near ¢ lie near a number / which is not
equal to f(c) or that the values do not lie near any number at all.
Thus, for example, we have seen in Ex. 5, above, that the values of
the function for values of x near } lie near § which is different from
the value, 1, of the function for x=4. In fact this inequality itself
was the cause of discontinuity of this function for x=%.

The above remarks lead us to introduce the notion of limit as
follows : ’

Def. lim f( X ) =l
X—>c
A function f(x) is said to tend to a limit, 1, as x tends to c, if, cor-
responding to any positive number ¢, arbitrarily assigned, there exists
a positive number; 8, such that for every value of x in the interval
(c—3, c+38), other than c, f(x) differs from | numerically by a number
which is less than ¢, i.e., ~

[ fix)—1] — <,
for every value of x, other than c, such that
| x—c | <8.
Right handed and left handed limits,
lim f{x)=L lim f{x)=I
x—> (c+0) x —> (c—0)

A function f(x) is said to tend to a limit, I, as x tends to, c, from
above, if, corresponding to any positive number, ¢, arbitrarily assigned,
there exists a positive number, 8, such that

[ fix)=1] <s
whenever
c<<x<c+4.
In this case, we write
llmf(X)=1,
x—> (¢+0)

and say that, / is the right handed limit of f(x).

A function f(x) is said to tendto a limit, |, as x tends to ¢ from
below, if corresponding to any positive number, ¢, arbitrarily assigned,
their exists a positive number, 8, such that

[ fix)—1 | <e,
whenever
c—d<x<ec.
In this case, we write
lim fix)=I
x — (c—0)

and say that, J, is the left handed limit of f(x).
From above it at once follows that
lim f (x)—.=l,

X —>C
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if, and only if|
lim f(x)=Il= 1lim f(x)
x —>(c+0) x - (c—0)
It is important to remember that a limit may not always exist.
(Refer. Ex. 3, p. 46)

Remarks 1. In order that a function may tend to a limit it is necessary
and sufficient that corresponding to any positive number, €, a choice of § is
possible. The function will not either approach a limit or at any rate will not
bave the limit /, if for some ¢, a corresponding § does not exist.

2. The question of the limit of f(x) as x approaches ‘c® does not take
any note of the value of f(x) for x=c. The function may not even be defined for
X=Ce

3-21. Another form of the definition of continuity. Comparing
the definitions of continuity and limit as given in § § 3-1, 3'2, we see
that

f(x) is continuous for x =c if, and only if,

lim f(x)=f(c).
X —>¢

Thus the limit of a continuous function f(x), as x tends to c¢, is
equal to the value f(c) of the function for x=c.

We see that a function f(x) can fail to be continuous for x=c
in any one of the following three ways :—

(i) f(x) is not defined for x=c ;

(i) f(x) does not tend to a limit as x tends to c, i.e.,

lim f{x) does not exist.
x—>c

(iii) lim f(x) exists and f{c) is defined but
X —>C
lim f(x) f(¢).
Examples
1. Examine the limit of the function
x-1
x—1
as x tendsto 1.
The function is defincd for every value of x

—xz_l—-x-f—l when x=£1
. y— x'—-_"‘—lﬁ'—' F .

Case 1. Firstly consider the behaviour of the values of y for
values of x greater than 1.

Clearly, the variable y is greater than 2 when X is greater
than 1.
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__If x, while remaining greater than 1, takes up values whose
difference from 1 constantly diminishes, then y, while remaining

gl:ea:ter than 2, takes up values whose difference from 2 constantly
diminishes also.

_ In fact, difference between y and 2 can be made as smail as we
like by taking x sufficiently near 1.

For instance, consider the number ‘001.
Then

| =2 | =y—2=x+1—2<"-001.
if x<1-001.
Thus, for every value of x which is greater than 1 and less than

1:001, the absolute value of the difference between y and 2 is less than
the number ‘001 which we had arbitrarily selected.

Instead of the particular number ‘001, we now consider any
positive number e.

Then
y—2=x—-1< ¢,
if
x<l+ e
Thus, there exists an interval (1, 14¢), such that the value ofy,

Sfor any value of x in this interval, differs from 2 numerically, by a

ng;mber which is smaller than the positive number ¢, selected arbitra-
rily.

Thus the limit of y as x approaches I through values greater than
1, is 2 and we have

lim y=2.
x —>(140)

" Case II. We now consider the behaviour of the values of y for
values of x less than 1.

When x is less than 1, y is less than 2.

If, x, while remaining less than 1, takes up values whose
difference from 1 constantly diminishes, then y, while remaining less

than 2, takes up values whose difference from 2 constantly diminishes
also.

Let, now, ¢ be any arbitrarily assigned positive number, however
small.
We then have
| y—2 | =2—y=2—(x+1)=1—x< ¢,
if . 1—e < x,

80 that for every value of x less than -1 but >1—¢, the absolute
value of the difference between y and 2 is less than the number ¢.
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Thus there exists an interval (1—¢, 1) such that the value of y,
j_'or any x in the interval, differs from 2 numerically by a number which
is smaller than the arbitrarily selected positive number c.

_ Thus the limit of y, as x approaches 1, through values less than
1, is 2 and we write '

lim y=2.
x = (1—0)

Case III. Combining the conclusions arrived at in the last two
cases, we see that corresponding to any arbitrarily assigned positive
number ¢, there exists an interval (1—e¢, 1<=s) around 1, such that
for every value of x in this interval, other than 1, y differs from 2
numerically by a number which is less than ¢, i.e., we have

[y=2]<e
or any X, other than 1, such that
| x=1] <e.
Thus

lim y=2,0r,y > 2asx — 1.
x—>1

2. Examine the limit of the function
y=x sin X,
as x approaches 0.
Casel. Let x > 0, so that y is also > 0, if we suppos
x < m2. :
For 0<x<m[2, we have
8in x <X,
%0 that
x sin x<x?, if 0<x<7[2.
Let ¢ be any arbitrarily assigned positive number.
For values of x which ara positive and less than 4/¢, we have
x? <e
g0 that for such values of x, we have
x sin x<e.
Thus there exists an interval (0, 4/¢) such that for every value
of x in this interval the numerical value of the difference between
x sin x and O is less than the arbitrarily assigned positive number

¢, 80 that we have a situation similar to that in case I of the Ex. 1
above. Thus

lim x sin x=0.
x = (040)

Case II. Let x<Z0 so that y>0, if we suppose x> —=/2.

The values of the function for two values of z which are equal
in magnitude but opposite in signs are equal. Hence, as in case I,



46 DIFFERENTIAL CALCULUS

we easily see that for any value of x in the interval (—4/¢, 0)
the numerical value of the difference between x sin x and 0 is_less
than e.

Hence lim x sin x=0.

x — (0-0)

Case III. Combining the conclusions arrived at in the last two
cases, we see that corresponding to any positive number ¢ arbitrarily
assigned, there exists an interval (—4/¢, 4/¢) around 0, such that
for any x belonging to this interval, the numerical value of the
difference between x sin x and 0 is <,

ie., | x sin x—0 | <e.
Hence lim x sin x=0.
x—>0

Note. It will be seen that the inequality | xsin x—0 | <eis
satisfied even for x=0. But it should be carefully noted that no
difference would arise as to the conclusion

lim x sin x=0,
x—>0
even if x=0 were an exception.
Again, we see that for x=0, the value of the function is
0s8in0=0
which is also its limit as x approaches 0. Thus in this case, the limit

of the function is the same as its value. Thus this function is conti-
nuous for x=0.

The function (x2—1)/(x—1), asconsidered in Ex.1, possesses
a limit as x approaches 1, but does not have any value for x=1, go
that it is discontinuous for x=1.

3. Examine the limit of sin (1/x) as x approaches 0.
Let . )
y =sin (1/x)
8o that y is a function defined for every value of x, other than 0
The graph of this function will enable the student to understand
the argument better.
To draw the graph, we note the following points :—

(i) As x increases monotonically from 2/ to oo, 1/x decreases
from /2 to 0 and therefore sin (1/x) decreases monotonically from
1t00;

(ii) as x increases monotonically from 2/3m, to 2/m, 1/x de-

&reases monotonically from 37/2 to w/2 and therefore sin 1/x increases
monotonically from —1 to 1 ;

(iii) as x increases from 2/57 to 2/37, I/x decreases monotoni-
cally from 57/2 to 3w/2 and therefore sin 1/x decreases from 1 to
— | :
and g0 on.
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Thus the positive values of x can be divided in an infinite-
number of intervals

(2 2] T2 2] (2 2] [2=]
Tttt Twe bm P Ubme ﬁ—]’[&n’ x P La L

such that the function decreases from 1 to 0 in the first interval on
the right and then oscillates from —1 to 1 and from 1 to —1

alternatively in the others beginning from the second interval on
the right.

. It may similarly be seen that the negative values of x also-
divide themselves in an infinite set of intervals.

(-—-oo _2 2 _ 2772 __ﬁ’*_,]
x|l T 3w ) 3n’ br |

such that the function decreases from 0 to —1 in the first interval
on the left and then oscillates from —1 to 1 and from 1 to —1

f.lft‘ernately in the others beginning from the second interval on the-
eft. :

Hence, we have the graph (Fig. 37) as drawn.

‘ The function oscillates between —1 and 1 more angl more
rapidly as x approaches nearer and nearer zero from either side, If
we take any interval enclosing x=0, however small it may be then

for an infinite number of points of this interval the function assumes.
the values 1 and —1.

Ya

2 2
50 ) tio )

Fig. 37.

There can, therefore, exist no number which differs from the
function by a number less than an arbitrarily assigned positive number
for values of x near 0.

Hence

lim (sin 1/x) does not exist.
x—>0

This example illustrates an important fact that a limit may not
always exist.

Note. The function considered above is not continuous for
x=0. Neither is the function defined for x=0 nor does its limit
exist when x tends to zero. :
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4. Examine the limit of
.1
X 8in —
L's
as x approaches 0.

‘Obvieusly the function is not defined for x=0. Now, for non-
zero values of x

X sin %—’:] x|

.1
sin ~—x—[< | x|
so that

.1 .1y
xsm—x——O xsm?§<]x]<s

when
| x—0 ]| =]x]| <e.
Thus, we see that if, ¢, be any positive number, then there
exists an interval (—¢, €) around 0, such that for every value of x in

this interval, with the sole exception of 0, x sin (1/x) differs from 0
by a number less than ¢.

Hence
lim (x sin L =0
x—>0 X ) -
In fact, as may be easily seen, the graph of
1
y=xsin —

oscillates between
y=xand y=—x
as X tends to zero.
This functien is not continuous for x =0.

3-22. Infinite limits and variables tending to infinity. Meanings
of

() lim f(x)=w (@) lim flx)=— o;
. X=>C —>C

Def. A function f(x) is said to tend to o, as x tends to c, if,
corresponding to any positive number G, however large, there exists a
positive number 8 such that for all values of x, other than c, lying in the
interval [c—8§, ¢ +38],

f(x) > G.

Also, a function f(x) is said to tend to —eo , as x tends to c, if,
Zorresponding to any positive number G, however large, there exists a
positive number 5 such that for all values of x in [c—8, c+8] exclud-
ing c, ~

fix) < —G.

Right handed and left handed limits can be defined asin § 3-2,

p. 42.

We shall now consider some examples.
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Examples

Iim (-—i—z> =w.

x—>0
The function is not defined for x=0. We write y=1/x3,

. Casel. Let x>0. If x, while continuing to remain positive,
diminishses, then 1/x2 increases.

Also, 1/x? can be made as large as we like, if only we take x
sufficiently near 0 and greater than it.

Consider any positive number, however large, say 10°.
Then

1. Show that

1/x2>108, if x <1/10%,
so that for all positive values of x<1/103, we have
y>108.

Instead of the particular number 10® we may consider any
positive number G.

Then

1/x2>G, if x<<1/4/G.

Thus, there exists an interval [0, 1/4/G], such that for every
value of x belonging to it, y is greater than the arbitrarily assigned
positive number G. Hence

lim (1/x¥)=oo0.
z—>(0+0)

Case Il. Let x<<0. Here also y is positive. If, x while conti-
nuing the remain negative, increases towards zero, then 1/x? also
increases. _

Also if, G be any arbitrarily assigned positive number, then,
for every value of x in the interval (—1/4/G, 0), we have

1/x2>G,
go that 1/x? tends to oo as x tends to 0 through values less than it
and we write in smybols
lim (1/x?)=w.
x —'1(0‘—0)

Case III. Combining the conclusions arrived at in the last two
cases we see that corresponding to any arbitrarily assigned posi-
tive number G, there exists an interval [—1/4/G, 1/4/G], around 0,
such that for every value of x (other than 0) belonging to this inter-
val, we have

1/x2>G.
Thus
lim (1/x*)=w, or (1/x?)->w as x—>0.
20
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2. Show that

. 1 . 1
lim ——=w, lim — =0
z=(040) *  _ z—>(0-0) ¥
lim 1 does not exist.
z—>0 X
The function is not defined for x=0. We write y=1/x..

Case I. Let x>0s50 that y is positive. If x, while continuing
to remain positive, diminishes, then 1/x increases.

Also, if G be any positive number taken arbitrarily, then
1/x>G, if x<1/G.
Hence
lim (1/x)=00 when x—(04-0).

Case II. Let x<0 so that y=1/x is negative. Ifx, while con-
tinuing to remain negative, increases towards zero, then y=1/x
decreages and numerically increases.

Algo, if G be any positive number taken arbitrarily, then
1/x<—G, if x>—1/G.
Hence
lim (1/x)=—o00 when x—(0—0).
Case ITI.  Clearly when x—0, lim (1/x) does not exist.

3-23. We will now give a number of definitions whose mean-
ings the reader may easily follow.

(i) A function f(x) is said to tend to a limit I, as x tends to o
(or —), if, corresponding to any arbitrarily assigned positive number
€, there exists a positive number G, such that
[ f(x)—1] <e,
Jor every value of x>G, (x<—G).
Symbolically, we write
lim f(x)=1I when x—>w, [lim f(x)=1 when x—>—o0 ].

(ii) A function f(x) is said to tend to o , as x tends to « (or —o)
if, corresponding to any positive number G, however large, there exists
a positive number A such that

f(x)>@, for x> A, (<—A).
Symbolically, we write
lim f(x)=0 when x—>w, [lim f(x)=0 when x—>—o )]
The reader may now similarly define '
lim f(x)=—o when x—o ;lim f(x)=—w when x—>—cw
Note 1. Instead of o, we may write 4o to avoid confusion with —eo.

Note 2. Rigorous solution of apy problem on limits requires that the
problem should be examined strictly according to the definitions given above in
terms, of ¢'s, §’s, G’s et¢c. But in practice this proves very difficult except in some
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DR

very elementary cases. We may not, therefore, always insist on a rigorous
solution of such probelms.

Exercises .
1. Show that the following limits exist and have the values as given :

() lim (2z43)=5. (i) lim (3x—4)=2.

z—>1 z—>2
(lii) lim  (2*+3)=4. @) lim (2a%+2)=2l1.

z—>1 z—>3
» lim (1/z)=%. ) lim 1/2z+3)=¢.

£—3 z—>0

2. Show that .

() 5z+4is continuous for z=2,

(ii) #2342 is continuous for z=3.
Also show that two functions are continuous for every value of .
3. Examine the continuity for 2=0, of the following functions :

® f(z)={“i':?, when z5£3

xr—
6, when z=3,

() flz)= { sin —.;1_—, when 2540
0, whenz=0,
4. Prove that cos z is continuous for every value of z.
5. Show that cos? 2 and 24z +2* are continuous for every value of z.

6. Draw the graph of the function ?(z) which is equal to 0 when zL0;
to 1 when 0<z<{1 and to 2 when 2>1 ; and show that it has two points of
discontinuity.

7. Iavestigate the points of continuity and discontinuity of the following
function :—

f(x)=(z*/a)—a for x<a, f(a)=0, f(z)=a—(a'/z), for z>a.
8. Show that V

f(@)=cos - when z7£0 and £(0)=1.

is discontinuous for z=0.

9. Show that
lim tanz=o, lim tan 2=— 2
z2—>(}n—0) z—>(n+0)
but lim tan« does not exist.
z—>(3n)

[Refer § 2:63, p. 27]

10. Show that
lim logx=-— ¢o,
z—>(0+0)

[Refer §2'5, p. 25].
11. Examine
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[If x tends to 0 through positive values, then 1/z tends to e and, therefore,
21/%* tends 10 .

If x tends to 0 through negative values, then 1/x tends to — o and there-
fore, 2'® tencs to 0.

Thus
_1_ a1
lim 2% =o0, lim 2*%=0
z—>(0+0) z—>(0—-0)
but
1
lim 2*
. z—>0
doesnot exist.]
12. Show that 1
lim 27%* 0.
z—0
13. Show that if
f(@)=I[=],

where [z] denotes the greatest integer not greater than =, then

lim  f(x)=0, lim  f(z)=1,. lim f(=) does not exist.
z—>(1-0) x—>(1+0) x—>)

What is the value of the function for x=1? [Refer Fig. 11, p. 17]

14. Explain giving suitable examples, the distinction between the value of
the function for x=a and the limit of the same as z tends to a.

15. Give an example of a function which has a definitc value at the origin
but is, nevertheless, discountinuous there.

3:3. Theorems on limits.
Let f(x) and ¢(x) be two functions of x such that

lim f(x)=I, lim ¢(x)=
T—ra T—>a

Then

G)  lim [f{x)+e(x)]=lim f{x) +lim e(x)=I-+m,
x->a X—>a x—>qa

i.e., the limit of the sum of two functions is equal to the sum of their
limits ;
(i) 11m [f(x)=¢(x)]=lim f(x)—lim ¢(x)=I—m,
xT—>a X—>a
i.e., the Ilmlt of the difference of two functions is equal to the difference
of their limits ;
(iii) llm [f(x)—o(x)]=lim f(x) . lim ¢{x)=Im,
X—>a X—>a
i.e., the hmzt of the product of two functions is equal to the product of
their limits ;
(iv) lim [ f{x)=¢(x)]=lim f (x)=lim ¢(x)=I+m, (m#0)
r—>a X—>a xX—>a
i.e., the limit of the quotient of two functions is equal to the quotient of
their limits provided the limit of the divisor is not zero.
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These results are of fundamental importance but their formal
proofs are beyond the scope of this book.

These results can easily be extended to the case of any finite
number of functions. .

Note. Inversion of operations. A beginner who notices the above state-
ments for the first time may fail to see any meaning in them and he may not be

able to appreciate the significance of the same. In order, therefore, to help
him do so, some observations seem to be necessary here.

In mathematics we deal with different types of operations and some-
times the mathematical expressions are subjected to two or more operations
and in such a case the order in which the operations are made must be taken
into account. It cannot just be assumed that the order can be changed at will
without altering the final outcome, i.e., the final result may not be independent
of the order of the operations.

The fact is that in each case the question as to whether the inversion of
the order of operations is or is not valid has to be separately examined in
relation to the nature of the operations.

We now examine the following statements :—
(i) log (m+n) =log m+log n.

(i) sin (A+ B) #sin A+sin B.

(iii) ax(b+c) =axb+axc.

In (i) we find that the two operations involved, viz., that of addition
and taking of log are not invertible.

Similar is the case in (ii)) where we have the operations of adding and
taking of sine.

In (iif), however, we see that the two operations of addition and multi-
plication are invertible.

The theorems in this article amount to asserting the validity of the in-
version of the operations of taking the limits with each of the four operations of
addition, subtraction, multiplication and division.

The reader is advised to think of other similar cases also.

3-4. Continuity of the sum, difference, product and quotient of
two continuous functions.

Let f(x), ¢(x) be any two functions which are continuous for
X=a, so that
lim f(x)=f(a), lim ¢(x)=¢(a).
X —>a T—>a

From the theorems in § 33, we see that
lim [ f(x)+¢(x)]=lim f(x)-+lim ¢(x)
_)

X —> a. x-—>a
(a) +¢(a)
=value of [ f(x)+¢(x)], for x=a,

so that f(x)+¢(x) is continuous at x=¢.

The continuity of f{x)—¢(x) and f(x)¢(x) may similarly be
proved.

For the quotient, we have

fim L&) _HmAX) e Tim p(x)z20.

x — g (X) " lim ¢ (x) x—>a
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fa _ [ &)

=T(Ej ...va,lue‘ of )’

go that f(x)--¢(x) is also continuous at x=a, provided
lim ¢(x)=¢(a)£0, when x — a.

Thus, the sum, the difference, the product and the quotient of two
continuous functions are also continuous (with one obvious exception
in the case of a quotient).

341, Continuity of elementary functions.

We have seen in Ex. 3, p. 40 and Ex. 4, p. 51, that sin x and
eos X are continuous for all values of x.

Hence from §3-4, above, we see that

- : sin x cos 1
tan Xx= ——, cot x=——, 8eC X= , cosec X=
cos X gin x cos

for x=a,

are also continuous for all those values of x for which they are defined ;
points of discontinuity of these four functions arise when the denomi-
nators cos X, sin x become zero and for such values of x, these func-
tions themselves cease to be defined.

Also it may be easily seen that, x, and a constant are continu-
ous functions of x. Thus by repeated applications of the results of
§3'4 aboye, we see that every polynomial

%" +a,5" 1+ +a,,

is a continuous function for every value of x and that every rational
function

apx" +a,x"*1+... +a,
byx™+byx™1 ... +b,,

is a continuous function of x for every value of x except those for
which the denominator becomes zero.

- Finally the functions, sin—?! x, cos~! x, tan™! x, cot~! x, sec™! x,
cosec~! x, log, x, a* are continuous for all those values of x for which
they are defined. This is geometrically obvious from the graphs

drawn in Chap. II. Analytical proofs are beyond the scope of this
book. o ‘

35, Some in{pbrtant prép’erties of continuous functions,

3:51. Let f(x) be continuaus for x=c and f(c)£0. Then there
exists an interval [c—8, .c+-8] around ¢ such that f(x) has the sign of
f(c) for all values of x in this interval.

., Tts truth is obvious if we remember that a continuous function
does not undergo sudden changes so that if f(x) is positive for any
value ¢ of x and also continuous thereat, it cannot suddenly become

negative and must, therefore, remain positive for values of x in a
certain neighbourhood of c.
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" In the formal, precise manner, it may be proved as follows ;

To every positive number ¢, however small it may be, there will
correspond a positive number § such that '

Sle)—e<fix)<flc)+e

for every value of x such that ‘
c—8<x<c+3. o

Let f(c)>0. 1In this case we take e any positive number less
than f(c) so that f{c)—e and f(c)+¢ both are positive, Thus, f(x) lies
between.two positive numbers and is, therefore, itself positive when
x lies between ¢c—§ and c+38. ’ ‘

Lt fc)<0. - Hence f(c)—e is already negative and f(c)+s will
be negative if e<—f(c). Thus in this case if we take ¢ any positive
number which is smaller than the positive number —f{c), then we see
that f(x) lies between the two negative numbers f(c)—e¢ and f(c)+e
and is, therefore, itself negative when x lies in the  interval

[c—8, c+8]. N

Hence the theorem.

Note. This simple but important property of continuous functions will
be used in the chapters on Maxima, Minima and Points of inflexion.

3:52.  Let f(x) be continuous in a closed interval [a, b] and let
f(a), f(b) have opposite signs. Then f(x) is zero for at least one value of
x, lying between a and b. o ' «

Its truth is intuitively obvious, for, a continuous curve y=f(x)
going from a point on one side of x-axis to.a point lying on the other
cannot do so without crossing it. S

Its formal, analytical proof is, however, beyond the scope of
this book. - Ny N , L

3:53. ' Let f(x) be continuous in a closed interval [a, b]. - Then
there exists points ¢ and d in the interval [a, b], where f(x) assumes its
greatest and least values M and m, i.e., '

fle)=M, fid)=m.
The proof is beyond the scope of this book.

. .. -The.theorem states that there is a value of a continuous funec-
tion graater than every other of its values and as also a value smaller
than every other value.

A discontinuous function may nof possessgreatest or least values
as we now illustrate. :
' Consider the function defined as follows-:—
I—x, for 0<xl
f('-x‘)t§§,—— ‘-fot x.=0,
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Its graph consists of the point C(0, }), and the line AB exclud-

.

ing _the point B. The function possesses no greatest value; 1 not being

YA a value of the function. If we consider
any_value less than 1, however near 1 ;
B it may be seen that there is a value
, of the function greater than that value.
;e This is explained by the fact that
0 A > the function is not continuous in the
interval (0, 1) ; x=0 being a point of

Fig. 38. discontinuity.

Note. This property will be required to prove Rolle’s Theorem in Chap.

Example
Show that

7® 13

l]m =nan_1$
x—=>a”

when, n is any integer.
We cannot write
. x"—a"® lim(x*—ar)
lim — == G x—a
x> gX—a im(x—a)
In the present case the limit of the numerator 1s also zero.

Case 1. Firstly suppose that n is a positive integer. By actual
division,

, for lim(x—a)=0.

x" —an

x—a
the equality being valid for every value of x other than a. As the
limit does not depend upon the value for x=a, we can write

=x""1 L x"2qL...... +a»1

im X T = lim (¢ fxm2a ..., Fa).

T —>a a T —>a
Being a polynomial, the function
x4 x""2q 4 ...... +an1
is continuous for every value of x and, as such, its limit when x — a
must be equal to its value for x=a. Thus
x’l__an
xX—a

lim =a*"14-a"2a+......4a"1=na""!

X —>a
Case II. Now suppose that nis a negative integer, say —m,
where m is a positive integer. We have
x*—g" x”—a™"™ a™—x" 1

== {(— B
xX—a x—a xX—a a™x™
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X" —q™ 1
X—a anxm™’
x"—a® X" —q™
lim —=—lim ——— lim ——
x—>a *—@ x>a *T4 xgq @X
e=—mag™-1. =—ma—"-1=ngr-},

a”a™

employing Case I and the fact that 1/a™x™ is continuous for x=a.
In the Case II, we must suppose that a£0.

Exercises
1. Show that
1 im XTx _ ii i X=3x+2 3
R R S e
ii im NA+x)—1_ ; : S 3x-2x4x 3
@id) :1_11}10 E 0. (@v) xl_];r; At e i1 g
2. If
3
f=ErZEFXE2 hen xo —2 and f(—2)=k
X4+ x—2

find k& so that f(x) may be continuous for x=—2.
3. Show that

lim sin(x+A)=sin x.
h-—->0

3:6. Some important and useful limits.

3:61. Limiting value of x* when n tends to infinity through posi.
tive integral values ; x being any given real number.

(i) Let x>1.
We write x=1--h so that h is positive.

By the Binomial theorem, we have

(L+hy =1 +4nh4 0

:F—l—)hz-{—. . .+{l_(.n:_}l'_'.;ll_hn
where each term is positive.

21 n! ’

Hence

xn=(14h)">1+nh. ‘

As (1 +nh) tends to infinity with », therefore x» also tends to
infinity. )

To be more rigorous, we consider any pre-assigned positive aumber G.
Then

1+nh>G, if n>(G—1)/h.
If A be apy positive integer greater than (G—1)h, then
x">G for > A so that x”-» e When n—oeo.
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(#i) Let x=1. Here x*=1 for all values of n and therefore x* 1
in this case.
(iii) Let 0<x<1. Here, also, x™ is positive.
We write x=1/(1 +h) so that & is a positive number.

As before
(14-h)*>1+nh.
w1 1
.. O0<x"= TG <- e

Now 1/(1 4+nh)->0 as n tends to infinity. Therefore x"—>0 as
n-» .

To be more rigorous, we consider any positive number . Then

1
I h<t, if l+nh>-——te . 1fn>(———-l>ah

If m be any integer which is > (———l )!h, thea

x"* <€ for n_>m.

Thus we see that x”, which is always positive, lies between —e and €
n2>m so that for 0<x<1
lim x#=0 when n—>c0.

(iv) Let x=0. Here x*=0 for all n s0 that x*—0.

(v) Let —1<x<0. Here x is negative so that x» is positive
for even values of n and negative for odd values, We write x=—a
8o that a is a positive number less than 1. - -

Absolute value of x” is a”, i.e.,
| x* | =a™.
But a"—0. Hence
x"—0.

~ (vi) Let x=—1. Since x" is alterna.tely —1 and 1, therefore it
neither tends to any finite limit nor to 4 oo in this case.

(vii) Let x<—1. Here, again, x" is alternatively negative and
posntlve But in this case it takes values numerically greater tha.n
any assigned number. Hence x* does not tend to a limit. :

Thus, we see that lim x», when n— w, exists finitely if, and only
if, S
.o —1<x< 1.

Also itisOif —l<x<l,ie.,if | x| <landis lforx_. 1.

-3-62. Limiting value of x*/n !, when n tends to infinity - through
positive integral values and x is any gzven real number.

Let x be positive-and let m; m-+1 be the two consecutxve
integers between_which x lies so that we haye ., .

mgx<m+-1.
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We write
*_x X x o x  x o x ¥
n! 172 "3 M ml m+2
x X x
Lt =7 -5
8o that p is a positive constant.
x : X x
Also, each of ——- +2 e U e is <?11':F’1'
e x,l‘ < X n—m_ p X
0=%1<P ‘iﬁﬂ) “(_____ <m+1>
m41l

_k<m+1'>

where k is a positive constant independent of n.

Since, x/(m+-1) is positive and <1, thercfore when n—ow ,

lim ( nT-fyl' )”:0 [§ 3-61]

m being a constant.

\

Hence
x'l
lim n—'~=0, when n—>ow .

Again, let x be any negatlve number say —a, so that « is posi-
tive. We have

a'l
nl

X _[(=1) "oz"

n ! nl

'l ﬂ
Now, since a ~—>0 we see that — also->0

X" -
Hence - lim — =0,
n—veo !

whatever value X may have.

Here, of course, n tends to infinity through positive integral
values only

3-63. Limltmg value of

(1+—)

when n tends to mﬁmty through posmve uztegral values.
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Step 1. By the Binomial Theorem for a positive integral index,
we have
4 2 NETA)

(1""") =1+n. —‘+ 1.2.3 T

n--])(n—2) ..(n——n+1) 1
1.2.3... "

= )J’u:’.(l~ )(1"',2,—)
Foeeenn + 122-‘7( 1__n_>< 1_7><1_ n’;—1>.

The expression on the right is a sum of (n+1) positive terms.

n(n—l) 1, nn— -1)(n—2) 1

n

Changing n to n+1, we get
1%\

(1+n+1 =141+ il‘—2(1—-—n——lﬂ)+ .....

i3 .....1.(n+1) ( 1_(n—11-1 )( 1- h%) """ ( 1—7:%)

Here, the right-hand side consists of the sum of (n42) positive
terms. Also

1 1 2 2 3 3
— — 1——= S —_—— e ] — — _
1 <1 | 1 ’ n <1 n ' 1° 1 n Ql n+1 yreseee

80 tha.t each term in the expansion of

1 \"#
( 1+ n+1 )
is greater than the corresponding term in the expansion of

1 \*

(145)"

Thus, we conclude that
1 nyl 1 \*
( | ) >< 1+71—)

for all positive integral values of n, i.e., (1+1 /n)" inereases- monotoni-
cally as n increases.

Step II. We have
S i ek 5)0-2)
Foe T35 (l—-——-)(l-— —Xl-n_ -) ()
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1 1 1
<41+ 5+ya3t+i33

141 1 1 1
<l+ +_2—+§TZ_+'"+2.2.2...(n——1) factors

1 1 1
=l+14+5+ 5+t oo

—{)* 1 .
‘=1 4 ——:l*i_—_(%g—vz 3 - -é;:i— <3, for all n. ...(li)

”
Thus we see that (1 + -711- ) steadily increases as n takes up

successively the series of positive integral values 1, 2, 3, etc., and re-
mains less than 3 for all values of n.

”
Hence ( 1+ —ch ) approaches a finite limit asn — .

Note 1. From (i) and (ii), we see that

2<<1+ LY,

for every value of n so that the limit is some number which lies between 2 and 3.

. The mere existence of the limit of (1 41/n)”* has been shown here and at
this stage nothing more can be said about the actual value of the limit which is
denoted by e, except that it lies between 2 and 3.

. The reader will be enabled to appreciate the argument better and also
begin to feel a little more acquainted with, e, if he calculates the value of

an=(1+ -—:l— )"

for various successive positive integral values of n.
e.g.,
ay=2, a,=2 25, az=2'37, a,~2 441.
In Chapter IX it will be shown how the value of ¢, correct to any number
of places. can be determined without much inconvenience.

.. Note 2. The proof for the existence of the limit has been based on an
intuitively obvious fact that a monotonically increasing function which remains less
than a fixed number tends to a limit. The formal proof of this fact is beyond the
scope of this book.

Cor. I. Lim (141/x)*=e, when x tends to infinity taking all the
real numbers as its values.

If x be any positive real number, then there exists a positive
integer n such that

nx<n41.

1 1 1
. 72 TR

1 1 > 1
or l+";‘>1+ ‘Tx‘“ 1+;1Ti’
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»
or 14+ — 1 ) (
() (1 5) > ()
(In case the base is greater than 1, raising a greater number to a greater
power, does not alter the_direction of the inequality.) _

We thus have

(14 D)0 1500 15004070 )

Let x > 0. Then nand (n41) - e« through positive mtegra.l
values. We know that

nl—i-?oo '+ _"_)—-1:1—1-3100 <1+ n+1>

Jim (14 ) =emtin (14 =)

n4l

Therefore

. E)mw (1+ “>‘=e.
Cor. 2. lim (1— - ) =e.

Z =) — 0

Let x=—ysothat y > 4+ » as x >—wo. We have
(4470377 (2
(o Y = )

o tm () = [ 5 H(+ )]
i (14,27 i (1452)
=e . l=e.

Cor. 3. ' lim (1+z)1/z=e when z - 0.

Let z=1/x so that x -4 o« or
positive or negative values.

Now

—e according as z — 0 through

im (142 = lim <1+ «) =e
z > (040) x—>00
and

lim (142 "= lim (1+ .-) =e.

z - (0-0) > —®w
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A lim (]. +Z)1lz =g,
z—>0
' 1/x . x \a/x )1a 1/a
Cor. 4. lim (1 x = lim { 1 - } =e -
x—>0 + a) z—>0 ( + a)

Note. In higher Mathematics the number ‘¢’ is taken as the base of
logarithms which are then called Natural logarithms. The base e is generally
not mentioned so that log x means log, .

3-64. To show that
a*—1

.xl-l—]:lo —~a}-_=log, a.
Let a*—1=yso that y > O as x = 0.
We have
a*=1+y,
or
x log a=log (14-y), i.e., =x log (1+)/log a.
Hence
a*—l_ y
x  “log (1+y)/log a

1

=1 A |
~ . log (1 2
» og (1+y) og

=loga. - ~——— =log a. ,_____.__1,.-_.__1 T
y g (1+y) log (1+4Y)
o lim -aw-;c———--l-: lim | loga 1 1 :]
=0 y =0 log(1+3)
=Jog a . lim 1 iy
=0 log (143)
1
=log a. - - 1]y
lim log (1+4)
y—>0
=lo ! =log a
- g a. @'— g .
3-65. To show that y, ,
-1,
lim xA—a . (a>0)

z->a X8
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Let x=a(1+y) sothat y — 0, as x — a.
L (V) Ll VIO £ ) e 8
X—a ay Y

Again, we put
A4y —1=z50 that z — 0, as y - 0.

vo (14YA =14z or A log (14y)=log (1+2).
xA —a)‘ — a(A_l) V4

t TTx=Za y
0D,z log (142
- log (14-2) y
_ATY, oz Aleg(14y)
B log (1+2) y
-1 1
= a(A ) ’ 1 1/2 . 7\ log (1+y) /y
log (14-2)
Hence
A g\ - 1
lim {?ﬁ- =7\a)\ ! lim - - 1)z hm log a+y) 1
z->0 X*X—4a z=0 loa(l+z)

__AaX—I . A__IE_ . log e_____AaA—'l.

3.66. lim 2% —1, as proved in books on Elementary Trigono-

- Examples
1. Show that
F)= (1439 when x=20.
f(0)=e®
is continuous for x=0.
Now .
lim f(x)=lim (1+3x)1’3":|'

z—>0 z—->0

so that lim flx)=e3=A{0).
. z—>0

Hence the result.
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2. Show that
1
f(x)=(e*"—1)/(e-?1 +1) when x£0,
f(0)=0

is discontinuous at x=0.

When x tends to O through positive values, then 1/x—-c and

1
therefore ¢* — -+ o. Thus

' 11
3 .
lim e —1_ lim = ——— =_}:9_=1.
z—>(0+0) 1 z—>(0—0) 1_}__1, 140
e* +1 e‘}'

When x tends to O through negative values, then 1/x—> —oo

1
and therefore e * —0. Thus

Hence we see that
lim f(x)% lim f(x)
z—>(0+0) © z—>0-0)

eo0 that lim f(x)
z—>0

does not exist.

Hence the result.

3. Show that
(x=1__ .
fx)=1 14el/x=1D when x£1
10 when x=1,

is continuous for x=1.
Now, as may easily be seen
]

lim e*-1 =¢, lim e*!=0.
z—>(140) z—>(1—-0)
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Thus

lim f{x)=0, m  f(x)=0.
z->(14-0) 2—>(1—0)

lim f(x)=0=/(0)
z->1
Hence the result.

4. A sum of P rupees is given on interest at the rate of r% per

annum. What will be the amount after t years, when the interest is
being continuously added ?

Supposing that the interest is added after every nth part of a
year, the amount after ¢ years will be

P ( 1 +10;)n>m

The required amount is its limit as n— ».

We have
( tr/100
r \¢tn < r 100n/r
() =1 (113
+lOOn L 1+100n
. 1r{100 . .
which — Pe as n -» o and is thus the required amoun .
Exercises
1. Prove that
singr  a : tan x
9) lim e, @) lim ~ =L
® x_,osmbzz b =0 =
1—cos 2

DI} =

@iy lim - g
z—>0 i

2. Examine whether or not the following functions are continuous ag

z=0,

sin when 0.

0 f(x)-—-{ e e
1, when 2=0,
sin 2% when 2-£0,

(i) f(ﬂ"%” = #

1, when =0,
tan 2x when z=£0.
(iii) f(z)= 3z

’ when 2=0.

) @)= {(1 +21%  ghenazto:
1,

‘whenz=0,
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v)f(x)={ (1+22) / when 270,

e?, when 2=0,
—1/x?
(vi) f(m)={ e , when 27,
1, when z=0.

( —l/x

(vii) fi@)= { I when 27 0,
i~ > when z=0.

Ir el/m’
( viii) f(x)=< e , when x7£0.
1, . when z=0,

3. Show that

sin (xﬁ;lll)_q!n—-x:cos .

lim
h—0
Carefully state the results you employ.
4. Show that
@) (/22232 ... ... -+ n/n?)—>§.
and @) (13/n34-28' 31528 n3 + . . . . -+ 0¥ [n—4,
when n—w through positive integral values.
5. Draw the graphs of the functions

——I/m’ 1/:1r:2 2l /”.

3-7. Note on Hyperbolic Functions. In analogy with Trigono-

metric functions, the Hyperbolic functions are defined in the following
manner :—

er—e—* ez+e_x
siph x=--—"" ; coshx="," ;

_sinhx e*—e™ cosh X e'4e*
tanh X=C hx =e* +e =’ coth x=co hx — es—e=
‘ 1 2 2
sech X= - .~ ~=———" cosech x= ... - -=————

cosh x “e*4e®
3-71. Graph of sinh x.

sinh x ~ e*—e—="

The following properties of sinh x will enable us to draw the
graphs :—
(i) sinh x is continuous for every value of x.

(ii) “sinh 0——~~;:?o =0..
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1

ec—
z__ z B
@iii) sinh x=-— 5 ¢ = ‘,e

-

and as x increases from 0, e* monotonically increases and 1/e®
monotonically decreases. Thus as X

YA increases from 0, sinh x monotonically
increases.
(iv) lim (sinh x)=o0.
X—> 00
> . e r—e®
o Xr (V) sinh (—x) = ———T——‘
= —-?-:-2-6—2 = —sinh x.
-5y, Thus we have the graph as
J Sénhx shown, in general outlines. (Fig. 39).
Fig. 39

3-72. Graph of cosh x.
(i) cosh x is continuous for every value of x.

(ii) cosh 0-—~-'—+:Q_ . YA

e*— e"’

W[5 0]

and as seen above (e”—e—“)/2 monotonically 0
increases, as x increases from 0. Thus cosh x

monotomca.lly increases as Xx increases
from 0.

(iii) cosh x=-

" (iv) lim cosh x= o
X—> 00

(v) cosh (—x)=cosh x.
Hence the graph as shown.

3-73. Graph of tanh x.

(¥) tanh x is continuous for every value of x, the denominator
(e®*+e~®) not vanishing for any value of x.

(ii) tanh 0=0.
ef—e® 2e-* "~ - 2
(#ii) tanh x-:e,+ —,=1— e'+e“°=l—

(e +e®)
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g0 that tanh x increases as x increases from 0 onward.

0 X
y=tanh »
Fig. 41
. et—e* . 1—e2*
iv) lim tanh x = lim ————=lim ——5=1.
( )x—->oo X e L 1€
(v) tanh (—x) = —tanhx.
We may note that
| tanh x | <1,

for every value of x.

Note. The graphs of coth =, sech zand cosech z have not been given,
The reader may, ifhe so desires, draw the same himself.

374. Some fundamental relations. The following fundamental
relations can be at once deduced from the definitions :

(@) cosh?x—sinh®*x =1,
(2) 1—tanh’x =sech2x.
(3) coth*x—1 =cosech?x.
(4) cosh®x+-sinh®x =cosh 2x.
~(5) 2 sinh x cosh x =sinh 2x.

3-8. Inverse h).'perbolic functions. In this section we obtain the
logarithmic expressions for the inverse Hyperbolic Functions :

ginh-! x, cosh—! x, tanh-! x, coth—! x, sech™® x, cosech™ x,

which are defined as the inverses of the corresponding hyperbolic
functions. This will also necessitate a slight modification of the de-
finitions so as to make them single-valued.

A. Let
y=s8inh™1x,
8o that y is the number whose sinh is x.
x=sinh y = }(e¥—eY) i.e., e¥—2x.e¥—1=0
Lo e¥=x44/(x24+1) or y=log [x++/x2+1)].
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It is easy to see that x+ 4/(x2+-1) is positive and x—4/(x?+1)
is negative for every value of x, positive or negative. Also we know
that the logarithm of a negative number has no meaning in the

field of real numbers so that [x— 4/(x2+ 1)] has to be rejected. Hence
we have

sinh™!x =log[x + 4/(x34-1)]
B. Let )
y=cosh™Ix,

We willsee that there are always two values of y whose cosh is
a given number.

Now
x=cosh y=4} (e¥ {-e7Y) i.e., e —2x.e¥ - 1=0.
e¥=Xx4+/(x*—1) or y=log [x4+/(x2—1)].

Here we see that both X+4/(x2—1), and x—4/(x2—1) are
positive and real when x>1 so that in this case » has two values.

For x>1, we have

x+4/(x2—-1)>1
and
1
— )= . .
X '\/(x 1) - x+'\/(x2——l) <1)
80 that
log [x+4-4/(x2-—1)]>0, and log [x— +/(x2—1)]<O0.

To avoid this ambiguity, it is usual to modify the definition of

cosh™ x a little and say that cosh-! x is the positive number y whose
cosh is x so that we have

cosh™ x=log [x 4 +/(x2—1)].

Note. The ambiguity referred to here is a consequence of the fact that
in x=cosh y two values of y give rise to the same_value of x so_that to a given
value of x correspond two values of y which gave rise to it. (Refer § 3°72).

C. Let :
y=tanh™x, where | x | <Il.

Y__ o y
x=tanh y=2” 8o that 14x L ")

+ev I—x eV
Thus
y=tanh—1x = % log 1+x

1—x
It is-easy to see that )
(14x0)H(1—x)>0, if | x | <l.
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We may similarly show that

D. coth-lx—--;— log x+: | x| >1
Hx+1)/(x—=1)]>0, if | x | >1.

E. sech-ix— 1+‘/(1 =) [o<x<1).

F. cosech-1x=Jog - li\/(l-{—xz)

wherc the sign of the radical is positive or negative according as x is
positive or negative.

Ex. 1. Show that sinh x tends to « or —o according as x tends to

% Or —oo,

2. Show that cosh x tends to oo whether x tends to % or to —oo.
3. Show that tanh x—> 1 or - — 1 according as x tends to o or

4. Show that
sinh (x+y)=sinh x cosh y+cosh x sinh y
cosh (x+y)=cosh x cosh y + sinh x sinh y.



CHAPTER 1V
DIFFERENTIATION

4-1. Introduction. Rate of Change. The subject of Differen-
tial Calculus which had its origin mainly in the geometrical pro-
blem of the determination of a tangent at a point of curve, has
rendered possible the precise formulation of a large number of physi-
cal concepts such as Velocity at a point, Acceleration at a point,
Curvature at a point, Density at a point, Specific heat at any tem-
perature, etc. each of which appears as a Local or instantaneous Rate
of change as against the Average Rate of Change which pertains
to a finite interval of space or time and not to an instant of time
and space.

The fundamental idea of Local or instantaneous Rate of Change
pervading all these concepts underlies the analytical definition of
differential co-efficient.

4-11. Derivability. Derivative. We consider a funetion f(x)
defined in any interval (a, b). Let ¢ be any number of this interval
so that f(c)is the corresponding value of the function. We take
c¢+h any other number of this interval which lies to the right or left
of ¢ (i.e., c+h> or <c) according as h is positive or negative. The
value of the function corresponding to it is f(c-+h).

Now, h, is the change in the independent variable x, and
| fie+hy—fie)
is the corresponding change in the dependent variable f{c).

The expression [ f(c-+h)—f{(c)]/h, which is the ratio of these two

changes, is a function of & and is not defined for ~=0 ; ¢ being a fixed
number.

It is possible that the ratio tends to a limit as & tends to 0.
This limit, if it exists, is called the derivative of f(x) for x=c and
the function, then, is said to be derivable for this value.

Def. f(x) is said to be derivable at x=c if ,.
lim e+ —fe) € .
h—>0 h

exists and the limit is called the Derivative or Differential co-efficient of
the function f(x) for x=c.

The limit must be the same whether & tends to zero thyough
positive or through negative values. The function will not be’deri-
vable if these limits are different.

The function f{(x) is said to be finitely derivable if its derivative
is firiTo.

'\(‘\

72
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Ex. 1. Show that x? is derivable for x=1 and obtain its derivative
Jor x=1.
Let
f(x)=x2 so that f(1)=12=1,

To find the derivative for x=1, we change x from 1 to 1+h se
that the function changes from 1 to (14-A)2. '

Change in the function=(1--h)2—1=2h4 A2,
f (1+’2— f( 1,) =2}_’_2‘_}£2 =2+ h, [as h#0]

which approaches 2 as & approaches 0.
Hence f(x) is derivable and its derivative is 2 for x=1.
Ex. 2. Show that | x | is not derivable for x=0.
Let
S(x)=| x | =0 that f{0)=0.

It will be shown that the limit of [f(0+k)—f(0)]/h does not
exist, when & tends to 0.

Now
h, ifh>0;
fy=| _p  ifnZo.
h - h =

according as h is positive or negative.

Hence, [ f(0+h)—f(0)]/h — 1 as h — 0 through positive values
and —>—1 as & — 0 through negative values.

Thus [ f(0+h)—f(0)]/h approaches different limits when A
approaches 0 through positive or negative values so that it does not
tend to a limit as A tends to 0.

Hence | x | is not derivable for x=0.
Ex. 3. If f(x)=x sin %— when x0
f(0)=0,

show that f(x) is continuous for x=0 but has no differential co-efficient
for x=0.

We have
.1 .1
f(x)-—f((]):x sSin ?—-0=x Sin .—x .

o L=A0) | =|xsin —
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.1 o
=|x]| | sin < | x|

Thus if ¢ be any pre-assigned number, we have

| fix)—f(0) | <ewhen|x—0] <e.
" ‘Hence )

lim f(x)=0=£(0)
- x=>0

go that f(x) is continuous for x=0.
Again
)

1

X 8SIn —--
Jo-f0)_~ " x _ L
x—0 X X

and, as seen in Ex. 3, p. 47, lim sin (1/x) does not exist when x — 0.
Thus j(x) has no differential co-efficient for x=0.
' Ex. 4. Find the derivatives of

() 2x*+3x—4 for x=5/2. (ii) 1/x for x=S.

412, Derived function. In §4'11, we have defined the
derivative of a function f{x) for a particular value, ¢, of the indepen-
dent variable. Instead of considering a particular number c, we, now,
consider any number x and determine

when h - 0

where x is kept constant in the process of taking the limit. We
suppose here that the limit exists whatever value x may have provi-
ded it belongs to the interval of definition of the function.

This limit which is a function of x is called the Derived function
of Derivative of f(x) and is denoted by f*(x).

Derivative of function is also called its Differential co-effi-
cient,

The symbol f*(c) then denotes the derivative of f(x) for x=c.

Examples

1. Find the derivative of x2.
Let

f(xj=x’.
['(x)=lim M}%:——-‘M when A — 0
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Gk

= T when h—>0

= lim (2x+ h)=2x.
"h—>0

Thus 2x is the derivative or the derived fun-ction of x2.
Puting x=1, we get
=2,
which is the derivative of x? for x=1 and agrees with the result of
Ex. 1, § 411, p. 73.
2. Find the differential co-efficient of 1/x.
Let

)=/
fr(x)=lim ‘/("-ffh)“ﬁ/?-‘ when h — 0.

\/(V—l-h) A/ XNV (x+h)+ /%
=tim (¥ h X\/(x+h)+\/x)
m V(x+h)+ V= ZJx’ when x £0.
We start afresh to find derivative at x=0. We have
£1(0)= f (0+h)—f ©) _ Vh

lim lim L ®
1 Yo — P
h—0 h—>0 \/h ’

when'h — 0 through positive values ; 4/h being not defined for nega-
tive values of h.

Ex. Find the derivatgi:{és of .
(l') 1/(x*+3). @i 1/4x. @iii) x* (iv) ax3+bx+c.

4 13. Another notatxon for the Derivative. In this notation the
changes in the variables x and y are denoted by the composite sym-
bols 6x and 8y respectively, so that

8y =f(x+8x)—f(x).

The derivative i.e., lim (8y/8x), as 8x — 0, 1s then denoted by

another composite symbol dy|dx.

Thus

d_y_» = lim f(fj_ 8%)— f(x) when 8x — 0
dx &x
Again, the value f(c) of the derivative of y=f(x) for any parti-

cular value. ¢, of x is denoted by ( d?)x —c.
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Note 1. dy/dx is a eomposite symbol denoting lim §y/§x and is not to be
regarded as the quotient of dy by dx which have not so far been defined as sepa-
rate symbols. :

Note 2. The changes px and §y ia x, y are also known as increments.
. dy dy _2x
Ex. 1. Find (‘3}) x=0 and dx whe:xy ¥l

Ex. 2. If y=<(x*+1), find (dy/dx) when x=—1.

4-14. An important theorem. Every finitely derivable function
Is continuous.

Let f(x) be derivable for x=c so that the expression
[fc+B)y—f(e)lh
tends to a finite limit as 4 tends to 0. We write

fieth—fiey=ETN D,

o lim [fle+h)—fic))=lim (f_(,ctf.'})l_—ﬂ_c)xh>
h—0 h—0

= lim ff_‘i'_ﬁz:f(ﬁ)_ X lim (h)
h—0 h—0
=£(¢) x 0=O0.

Hence

im f(x)=fc).

1
x->c

lim fle4+h)=£c), i.e.,
h—0

_ Therefore f(x) is continuous at x=c.

Cor. If f(x) is derivable for every point of its interval of defi-
nition, then it is continuous in that interval,

Note. The converse of this theorem is not necessarily true i.e., a function may
be continuous for a value of x without being derivable for that value. For
example, the function i

y=1lx|
is continuous but not derivable for x=0. [Ex. 2, 3 page 73}

Ex. 1. Show that the function | x | + | x—1 | is continuous for every value
of x but is not derivable for x=0 and x=1.

. Ex. 2. Construct a function which is continuous for every value of x but
is not derivable for three values of x.

Ex. 3. Show that f(x)=x?sin (1/x) when x-£0, and f(0)=0, is continuous
and derivable for x=0.
[For mor examples and exercises refer to the appendix to this chaptor.)
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4-15. Geometrical interpretation of a Derivative. To show that
f'(0), i.e.,
:b:)
dx x=C

is the tangent of the angle which the tangent line to the curve y=f(x)
at the point P[c, f (c)] makes with x-axis.

We take two points P[c, f(c)] and Q[(c+h), flc+h)] on the
curve y=f(x).

Draw the ordinates PL, QM and
draw PN | MQ. We have
PN=LM=h
NO=MQ—LP

=fle+h)—fc)
e tan/ XRQ=tan / NPQ
NQ
= PN
= fleth)—f()
h

and

e (1)

Here, / XRQ is the angle which the chord PQ of the curve
makes with the X-axis. .

As h approaches 0, the point Q moving along the ourve
approaches the point P, the chord PQ approaches the tangent line
TP as its limiting position, and / XRQ approaches / XTP which we
denote by .

On taking limits, the equation (1) gives

tan ¢ =f'(c). :
Thus f'(c) is the slope of the tangent to the curve y=f(x) at
P[e, flc)]. :
Cor. The equation of the tangent at any point P[c, f(c)] of the
curve y =f(x) is
y—f(c)=f"(¢)(x—c).
Note. The student should note that it.is not necessary for every curve to
have a tangent line at every noint thereof. The existence of the tangent demands

the existence of the derivative and wehave seen in Ex. 2, and 3, § 411, p. 73
that every function is not derivable for every value of x.

For example, we know that | x | is not derivable at x=0. The
ourve y= | x | cannot therefore possess tangent at (0, 0).

This fact may be seen directly from the graph Fig. 8, p- 16 also.

Ex. 1. Find the slope of the tangent to the parabola y—x? at the~
point (2, 4).

Derivative of x? iz 2x and its value for x=2 is 4. Hence the
required slope of the tangent is 4. )

Ex. 2 Show that the tangent to the hyperbola y=1/x at (1, 1) makes an
angle 3n/4 with x-axis.
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Ex. 3. Find the equations of the tangents to the parabola y=x3 at the
points (-1, 1) and (2, 4). :

4-16. [Expressions for velocity and acceleration of a particle
moving in a straight line. Every thinking person is aware of
the concepts of Velocity and Acceleration of a moving point. The
difficulty arises in assigning precise measures to them. In practice,
velocity at any instant is calculated by measuring the distance
travelled in some short interval of time subsequent to the instant
under consideration. lhis manner of calculating the velocity cannot
clearly be precise, for different measuring agents may employ different
intervals for the purpose. In fact this is only an approximate value
of the actual velocity and some approximate value is all that we need
in practice. The smaller the interval, the better is the approximation
to the actual velocity. .

In books not employing the method of Differential Calculus,
velocity at any instant is defined as the distance travelled in an
infinitesimal interval subsequent to the instant. Now there cxists
no such thing as an infinitesimal interval of time. We can take
intervals of time as small as we like and in fact interval with dura-
tion smaller than any other is conceivable. The definition as it stands
is thus meaningless. A meaning can, however, be attached to the
above definition by supposing that the words ‘velocity’ and ‘infinitesi-
mal’ in it really stand for approximation to the velocity’ and ‘some
short interval of time’, respectively.

The precise meaning to the velocity of a moving particle at any
instant can only be given by employing the notion of Derivative.

4-161. Expression for velocity. The motion of -a particle
along a straight line is analytically represented by a functional

equation
s=f(1),

where, s, represents the distance of the particle measured from some
fixed point O on the line at time .

Let P be the position of the particle at any given time f. Let,
again, Q be its position after some short interval 8¢, and let PQ=3s.

The ratio 8s/8t is the average velocity over this interval and
is an approximation to the actual velocity at P. We know intuitively
that better approximations will be obtained by considering smaller
values of &t.

We are thus led to define the measure of the velocity at P as
being equal to

lim %, ie q‘-g— .
810 or’ 7T dt
Hence, if v denotes the velocity, we have
by REBO=AO,

St—0 t

V=
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4:162. Expression for acceleration. Let v be the- velocity at
any given time ?, and let v-4-8v be the velocity after some short
interval of time 8¢ : dv is the change in velocity during time &¢.

The ratio 8v/8t is the average acceleration during this interval
8t and is an approximation to the actual acceleration at time f. The
smaller values of 8t will correspond to better approximations for the

acceleration at time 7. We are thus led to define the measure of
acceleration as

Tim dv ie dv
5t—>0 TR
_Ex. 1. Find the velocity and ao&eleration (7)) at the end of 3 seconds,-
(i) initially, in each of the following cases :—
(@) s=1*4+2t+3. (b) s=1j@¢-+1). (€) s=A(@+1).

Ex. 2. A particle moves along a straight line such that ‘s’ is a quadratic
function of ¢ ; prove that its acceleration remains constant.

Ex. 3. [fs=13-21"431—4, give the position, velocity and acceleration of
the particle at the end of 0, 1, 2 seconds.

4-2. The remaining part of this chapter is devoted to determin-
ing the derivatives of functions. Somec general theorems on differen-
tiation which are required for the purpose will- also be obtained’
in § 4:3. To provide for illustrations of these gencral theorems,

we obtain, in this section, derivative of x* where « is any realk
number.

L

421. Derivative of constant.
Let ‘

y=c,
where, ¢, is a constant.

To every value of x corresponds the same value of y, so that the-
increment 8y, corresponding to any increment 8x, is zero,

Sy 0
: sx =V
. dy .. 8 . de
KR = lim S_x—_'o’ e 4o =0.

Note. Looking at derivative as the rate of change, this result appears-
almost intuitive, as the raté of change of anything which does not change is
necessarily zero.

The result may also be geometrically inferred from the fact that the slope-

of the tangent at any point of the curve y=c, which is a straight line parallel to~
x-axis, is 0.

422, Derivative of x* where a is any real constant number,
S y=x%,
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Let 8y be the increment in y corresponding to the increment &x
in x,

y+8y=(x+8x)* ,
y=(y+8x)* —x*,

8y _(x8a)* —x* _(x+8x)% —x*
8x 8x T (xFéx)—x

4D _ i XX —x

E—sx_,o (X—I-SX)—:;{- i

(x48x)* —x*

(e+8x)—>x (XH8X)—x
(§ 365, p. 63)

—ax®— 1.

Hence
d(x*)

(Tf = xa—l,

where a is any real number, rational or irrational.

Another method. The derivative of x* for rational values of a
can also be obtained without employing the general limit theorem of

§ 3-65.
Case I. Let « be any positive rational number, say, p|q.

Here
8y _(x_{,_ax)ﬁlq_.xﬁlq.
x 8x
" We write
z=xllq so that z9=x.
‘Then
z+82=(x+8x)1/q or (z468z)9=x-+5x.
. 8y _(z+82)*—2*
" 8x  (z-+48z)7—z9
Let 8x — 0 so that 8z also — 0.
. y _ i, @827 —2?
R = lim (2 482)T—29 when 8z — 0,
y =1 P b
= lim = +pz"1(82)+ 1.t (82)7—2 when §z — 0.

-294q2971(0z) +-...+(82)7 —29
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A1 —_ —
LELP g P Sp=ala_p  pla—1
q291" ¢ q q

oL —
= aX .

~ Casell. Let « be any negative rational number, say —p|q ; p, q
being both positive. We have

by (xox) Pl xRl

X = ST

Writing z=x'/7 and z+8z=(x+8x)'/9, we obtain

Sy (bt z—(ztez) |
8x —  (z+8z)7—z2 T z(z48z)?[(z48z)7—29]
Let &8x — 0so that 8z — 0 also, As before, we get
dy
dx = zez TP
=Pzt L st = L x-piatmgx™ T
q q q
oot g1 —p_ 1
Ex. 1 (l) -vd;c—*-— 4} == %x == m.
2
(ii) dS;) =2x?-1=2x
1 —3

it d<\/x) d(x ) i—1 $

() =4 ax = =—ix

(iv) jl;‘;;—e— =exé-1,

4-3. Some general theorems on differentiation.

4-31. Derivative of the sum or difference. Let u, v be two
derivable functions of x.

Denoting their sum by y, we write
y=u+v' -o'(i)
Let du, 8v, 8y be the respective increments inu, v, y, corres-

ponding to an increment 38X in X so that x, u, v, y become x4-8x,
u+8u, v+38v, y+8y respectively. We have

Y 48y=u-+8u4v-43v. 7))
Subtracting (i) from (ii), and dividing by 8x we get
8y du v

8 ~ 8x T éx
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Let 8x — 0.
) .8y .. rdu éu lim
N lim S =lim <S§c+33c) : +hm 8x ,
Cor dy _du  dv
ax ~ax taxe

We may similarly prove that
du—vy) du dv

dx T dx " dx:
Generalisation. By a repeated application of the results
obtained above, it can be proved that if uy, u,,......, 4, be any finite
number of derivable functions and

y=u1:tu2:!:u3:tu4:t ----- +u,,
then
dy du, duy, du,
ax dx :t d i dx:{: --------- LYY j: dx
We thus have the theorem : Algebraic sum of any finite number of

derivable functions is itself derivable and the derivative of the sum is
equal to the sum of their derivatives.

Ex. 1.
d(x34x1)  dx® PR
0 = dx +d“ 32 42x.
(vie L) ud ot
.. V/x/)  dx diﬁ___ -3 1\ —8
(i) e = == (=g TS
1 1 x+1
e R b
2x2% 2x* 2x3
x341 x? 1
d( B ) d<'3cj+'3c>
() T dx dx
dx dx—1
=dx T dx
1 21
=l (—rt=l— ="
Ex. 2. Find the derivatives of
. N o xixtl (L4 x)4
0) 1—3% (ii) 1:_’; . (iid) J-‘«—j%i-—. (iv) (-«;3’;%‘—3
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4:32. Derivative of a product.
Let

y=uy
where u, v, are two derivable functions of x.

-Let 8u, &v, 8y, be the increments in u, v, y respectively corres-
ponding to the increment §x in x. We have

Y+ 6y=(u+du)(v+4ov)
=uv+u.8v4v.5u-+8u.dv.

8y =u.8v 4-v.8u+du.dv,
or

Sy & du v
Su =t g TV ax T gy

Let 8x — 0. Then 8u also — 0 ; for u, which is a derivable
function, is continuous.

dy .. v Su 8v
dx _llm[: U ot o --8u. 855:' when 8x — 0

=1im( u—i: )+1im( y. g—;‘)-i—lim su. lim -7

X
y dv du dv__ dv g{lf_
=4 g TV a0 g = T axe
¢ dwy) _ dv o du
dx ~ M dx "Vax - (0

Thus we have the theorem :—The product of two derivable
Sunctions is itself derivable and its derivative is the sum of the two

products obtained by multiplying each function with devivative of the
other.

The derivative of the product of two functions=first functionx
derivative of the second 4 second function x derivative of the first.

The result (i) may also be re-written as
ldy 1du 1adv . ]
T de = u dx + 5 dx’ if u£0, v=£0.

Note. It may be noted that the operations of differentiation and multi-
plication are not invertible.

; duy) _, du dv.
e, Tdx 7 dx dx

Cor. 1. Generalisation. Directive of the product of any finite
number of derivable functions.

We first take

Y =t Uplly = (U Uy)lhy.
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d du d(u,u
7&_@,1“2) 2y S
du
'-‘ul.“a d *tu (”1 S l)
du du du,
= iy c—i}g ity g ity
On dividing by y=u,u,u;, we obtain
1 dy 1 du 1 duy 1 du,

dxTu, dx " uy dx Tuy, dx°

By repea.ted application of this result, we obtain
) ldy 1 du1 1 du,

1 du,

y dx — u, dx u2 dx+ ----- +de—
r=n 1 d u, r=n
l=r=lfl;': (‘{k_ N Whel‘e y=u1u’uan-u" 3 u"

r=1
Cor. 2. Derivative of cu, where ¢ is a constant and 4 any deri-
vable function of x. Let
y=_cu.

dy dc
255=C o T ax

= C 3 +u0_ 1u

dx
Hence

d(cu) '
dx dx

() AV g VE A0

=(14Xx) {x—%+\/x 1
14-x 14-3x
=g x TV¥=g x
@) d(3x%) _ 3dx?

—_— x2= xl
dx dx 3.3 9
2. Fiad the derivatives of

() x+2)3+x). (i) (x+2)2(2x—3). (i) Qx+3)*(Q2Nx+3/4x)
4-33, Derivative of a quotient

Let

y=ufv, : (v#0)
wte'e u, v are two derivable functions of x such that v is not zero
for the value of x under consideration
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W%have
u-38u i
yH8y=" s ()
gy YU v vou—udy
Y= vEey TV T e
u
Sy  ex 5%
or F

&x = vy Fev)
Now, v, being a derivable function of x, is continuous.
Hence
v —>0as x - 0.

"( v) ay _ :: —u ((ll):.
v/_dy -

so that derivative of the quotient of two functions

Thus

=[Derivate of Numer. (Denomr.)

— (Numer.) (Derivative of Denomr.)] - Square of Denominator,

X dx d(1+x)
Cd(ie) e xS
Ex. 1. (i) —— = TFor
(1+4x).1—x.1 1

= (T4x)E ’"=(1+‘?cj"'

I G P
1+x dx.

(i)
(1+x’})’
(H—x%) “x% < dx ‘* %\/x—i-x.
= [1+x%]a =(TFvAp
2. Obtain the derivatives of
3x+4 L x+1 xhﬂ-x:j
@ Gy W ey G "4t

Note 1. Being a derivable function, v is continuous. Also, we have

supposed t1 at v%0 for the value of x under consideration. There is, therefore,
an interval around x such that v»0 for any point of the interval. (§3'51, p.54.)
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) Thus if we suppose x+§x to lie with'n this interval then, the correspon-
ding value of v, i.e., v+8§v=£0. This fact justifiss division by v+§v in step (i).

Note 2. The importance of the results obtained above in § 4'3 lies in
the fact that the derivative of any function which is an algebraic combination
(i.e., built up through the operations, of addition subtraction, multiplication snd
division of several others is itself expressible as an algebraic combination of the
derivatives of the latter.

4-34. Derivative of a function of a function. If y=f(u) and
u=d¢(x), soy is a function of x,*then
_dyﬁ_ dy ] du
dx ~ du dx’
¥ and ¢ being derivable junctions of u and x respectively.

Let 3x be any increment in x and 8u the corresponding incre-
ment in ¥ as determined from u=¢(x). Again, corresponding to the
increment Su, in u, let 8y be the increment in y as determined from
y=flu). We write

' 8 sy u
Sx ou T 8x
Let 8x — 0 so that Su — 0.
lim (\_ lim (¥, i‘i)
Sx >0 \8x /) §x >0 \ u " 8x
_lim %  Lim S
T Su->084 Sx—>00x
Hence
dy dy du
dx ~ du "~ dx
The result is capable of immediate generalization. Thus if
y=fu), u=¢ (v), v=4(x)
be three derivable functions so that y is a function of x, we have
dy dy du dv

dx Tdu T dv Codx
Ex. Find the derivatives of
@) v(1+x2), (i) v/ [(14x)/(1==)].
(i) We write u=1-4x2 y=u’}.
. du dy -} o —3
. ~d§—‘2x, du =3u “=3}(14x) =

Hence
dy dy du X 3 X = _x
dx du " dx % ( 1 2) 2 \/(1+x2)'
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or, without introdueing u, we have

da/(14-x2)  d+/(14x?) d(1+x%)
dx T dl+4x%) " dx

=310 Baxmxy/ (1400,
(ii) Let u=—1—i-§~, y—.—.u%-

1
d(1+ x) d(1—x)
du__ (I=x) = 27y
dx — (1—x)2
_(=x0)1-(4x)(=1) R
(1—x)2 —(I=x7’
-dy 1 14-x é
w— o =2 (00)7
Hence .
dy dy. +X)—~ _ 1 L
dx " du"d = (g0 (1—x3
or, directly
1—{— l—{—x 1+x
d\/<l—x \/ 1 X
= 1—+x ) dx
d<1 x)
(l4+x\—% 2 1
=I\=x)  (I—xF “

A= 1 pnta—x¥

Ex. Find the derivatives of

(i) (ax+b)". @) 1/(14+x3). @ii) ~N(ax*+2bx+c).
NG =Nt 1) a’—x’ p lmaVax

@ arnrve—n o O \/<a"+x’ ‘ 1+a®/x

o XY(x2—4)
(v“) q(.xg_l) .

4-35. Differentiation of inverse functions. Let y=f(x) be any
function derivable in its interval of definition. We suppose that it
admits of an inverse function

x=¢(),
as explained in §2:22, p. 21.
We have to find a relation between f’(x) and ¢'(y).
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Let 8y be the increment in y corresponding to the increment

8x in x, as determined from y-=f(x). The increment dx in X corres-
ponds to the increment 8y in y as determined from

x=9(y).
We have
_b% & 8x 1
1==% "o & 5y =syjsx’
Let 8x — 0.
Ex A ._17,_. or ii'y. .fix =1
dy = dy|dx dx ~dy
iaen, f’(x).¢'(y)=1-

Thus dy/dx and dx|dy are reciprocal to each other.
Ex. Verify the theorem for y=x? when x=2.

4-:36. Differentiation of functions defined by means of a para-
meter. We consider two derivable functions

x:f(t), y=‘P(t),
of ‘t'.

Assuming that x=f{f) admits an inverse .function t=y(x) (§2-22)
we obtain

y=9¢[Y(x)],

so that y is a function of x.

By the rule for the differentiation of a function of a function
(§ 4-34), we have -

dy dy dt

dx ~dt " dx’

Also ——_1 [ ]

dy dy dx ¢'(t)
dx = dt, =1

Note. ‘¢’ is called a parameter.

Ex. 1. Find dy|dx, when x=at?, y=2at.

We have

.
* .

dx dy
dT—2at G =2a.

dy _dyjds 1
dx = dt/

a — €’
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2. Find dy/dz, whea
—t A2t cn o 3at _ 3at*
(i) x=am"gt y—b ]t—:i_—_t—g' (ll) x-_IE-T-.t.” }’—’l_'_t.'
i 2att 2at®
WD 2= 1 ¥ Y= [

o =\ (57D, v/ (550):

4-4. Berivatives of Trigonometrical functions. The symbols
8x and 8y stand for the increments in x and y and will always be
used in this sense without any frequent mention of their meanings.

441, Derivative of sin x.

Let
y=sin X,

, 8y ___sin (x—{-ng)-—sin X
tt x T 8x

_ 2 cos §(2x4-8x) sin $5x

— T T T sx-

=c08 (x }36x) Su;;:fc.
Lody . . sin $8x
e =lim cos (x +§5x) . lim Tyex when 6x — 0.

As cos x is a eontinuous function, we have, when éx — 0,
lim cos (x +38x)=cos X.

Also when 8x — 0, lim S-!r—l—%&-)f-:- .
$6x
o Zﬁ ==CO0S X.
Thus
d (sin x)=c0s X
dx
4:42. Derivative of cos x.
Let
y=cos x
. 8y  cos (x48x)—cos x
v x0T &x
—2 sin }(2x 48x) sin $8x
= - - Sx Tt o -
— —sin (x4 }ox) B 3X

tox
As sin x is a continuous function, we have, when 6x — 0
lim sin (x+448x)=sin x.
dy . . . sin 38x
o ——=lim [—sin (x4+36x)] lim — =
dx 8z—>0[ i 52—>0 30X

= — gin x.1== —sin x.
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Thus d_y(cos__x__)= —sin x.

dx
Ex. 1. Find the derivatives of

(i) sin 2x. (ii) cos? x. (i) +/(sin 4/%).
(i) Let y=sin 2x.
We write
u=2x, so that y=sin u.
i’% = ZZ . %—:cos u.2=2 cos 2x.

or briefly
d(sin 2x) d(sin 2x> d(2x)

B Tdex) |t dx =c?s 2x . 2=2 cos 2x
(i) Let y=cos® x=(cos x)3.

We write .

- U=cos x s0 that y=u3.
—Zi: Zz . gg =3u?(—sin x)=—3 cos?x . sin x.
or, briefly
d(cos? x) _d(cos x)? _d(cos x)° d(cos x)
dx — dx T d(cosx) " dx
=3 (cos x)2 X (—sin x)=—3 cos? x . sin X

(iif) Let y=+/ (sin 4/x).
We write U= \/x=x% v=sin u,

8o that y=\/v=v%.
dy dy dv du
dx = dv ' du " dx

=1 v cosu. 3 xt
cos /X 1
=t Gin /%) vx
or, briefly

dy/(sin 4/x) dy/(sin 4/Xx) dsin 4/x dy/x
T Tdx T T dsimyx | dvx | dx

=} (sin \/x)_&. cos 4/X. Qx'—*
1 cos 4/X

T 4T Wx/Gin vx)
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2. Find dy|dx for t=m/|2, when
x=2 cos t—cos 2t, y=2 sin t—sin 2¢.

‘We have
g’;‘_ = —2 sin t—(—sin 2¢)(2)=—2 sin ¢ 4-2 sin 2¢,
dy < 1) b
dt =2 cos t—(cos 21)2=2 cos t—2 cos 2t,
dy _dy dx _ 2(cos I—cos 21)
dx = dt, df = —2(sin t—sin 2¢)

Putting  71=m/2, we obtain

)t 7r/~

3. Find the derivatives of
@) sin”x, (ii) cos mx, Giii) sin X7, (iv) cos* x

E“’il X . Si_n2X T 242 ,
(v ) vi) 1 +cos x° (vii) cos N(ax*+2bx+c)
(viii) sin”x. cos”x.
4. Fin_d dy|dx, when
(i) x=a(cos t+tsint), y=a (sint—1t cost).
(i) x=3cost—2 cosdt,y=3sint—2sind¥¢
(fii) x=acos’t, y=asin® ¢. (D.U. 1955)
4-43. Derivative of tan x.
Let
y=tan x
8y tan (x+8x)——tan x

- 8x — o 8x

smﬁ(_iiﬁ)_c_) sm X

__ cos (x +8x) cos X
&

sin (x +8x) cos x—cos (x X +8x) sin x
T 778x cos (x+6x) . cos X

=

__sin (x+43x—X)
= "8x. cos (x +o0x). COS X

1 B 1 sin 8x
= cos (x+8x) " cos x ° &x
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. dy 1 1 et
X — COS X €OS X
Thus q-E:P—x)=sec3 X.
Or, we write
y=tan x= L;C so that
dy cos X. d (;;n__x) —sin x. d_(c‘;);;_x)
ax=— cos? x

€08 X. COS x+sm X. sm X

- “cos? x
1
=—(— =8ec? X.
cos? x
d(cot x
444, 9 £ ) _cosec? x.

dx
Its proof is left to the reader.
Ex 1. Find the derivatives of
(i) tan x+cotx. (u) sin x. tan 2x. m‘i) x tan x cot 2x..

., tan x—cot x l—tanx (1 cosx
() tan x+cot x' (v) v (1 +tan x (vi) V l-1-co:’. x
4-45, Derivative of sec x.

Let

1
=8€C X=-—.
y cos X

1 1
) 8y cos (x+8x) cos x
o &= 8x
€08 X—cos (X -+5x)
=8x. cos (x-F8x). cos x
2 sin } (2x+8x) sin } 8x
= 5x. cos (x+6x) cos X

1 sin % 8x
cos x " cos (x+48x) ° 46x

=sin(x+3} 6x)

1
“ Q:sin X. —-—l— . ——=tan X sec X.
' dx cos X ° €os x
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‘Thus dLS e‘i-~’f-)~=tsm X sec X.
dx

Or, we write

80 that

_ 1
V= os %

d —_ —_ .
_}_)_=cos x 0—1 (—sin x)=tan X 560 X.
dx cos? x

4-46. ‘Kﬁ;iﬁc_i)= —cot X cosec X.

Its proof is left to the reader.
Ex. Find the derivatives of
(if) VIsec (ax+b)].

(i) cosec? 3 x.
(iv) sec (cosec x).

(iii) secN(a+bx).

4-5. Derivatives of inverse trigonometrical functions. The precise
definitions of inverse_trigonometrical functions as given in § 2:7, p.
30 will have to be kept in mind to obtain their derivatives.

4-51. Derivative of sin~! x.

Let
y=sin~1 x so that x=sin y.
‘—i-)-c——cos
dy =8
dy 1 1 1
or dx=cosy T V(I—sin®) T (1=

whers ths sign of the radical is the same as that of cos y.

By the def. of sin™! x, we have

—r)2<sin XL 7w/2, ie, —ml2<y<n/2
80 that cos y is positive.
d(sin-! x) 1
Hence ‘—dr= —\7(—1‘:—_)(?)_'

4-52. Derivative of cos-! x.

Let
y=cos~! x so that x=cos y.

X .
=—S8Iny

. d
o dy
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d,y_ —1 _ -1 -1
dx “siny + v (T—=cos?y) — £4/(1—x%)

where the sign of the radical is.the same as that of sin y. By the
def. of cos-! x, we have

or

0 cosIx Km ie., 0Ly

Also if y lies between 0 and #, then sin y is necessarily positive.

d(cos~1 x) 1-
Hence i T y1=x)
4:53. Derivative of tan! x
Let
y=tan~! x so that x=tan y.
dx =sec? y
j-};‘ —
(2)_ 1_“ 1 1
or dx “sect y=Iftan?y —I14x%°
d(tan—! x) _ _1
Thus X Sixe
) d(cot! x) 1
44 T T T I

Its proof is left to the reader.
4:55. Derivative of sec™! x.

Let
y=sec™! x so that x=sec y.
dx
dy =gec y tan y
dy 1
or ‘dx ~sec y tan y
-1 1 1
= Tsec yy/(sect y—1) x\/(x2 1)’
We take, +, sign before the radical and write
‘%}— =XV(_J%2—~1) (Refer note below)
Thus
d(sec! x) 1

X —xvxe—1)
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Note. This note is intended to show precisely what sign should be
chosen before the radical. Now it is clear that the sign before the radical is

the same as that of tan y. By the definition of sec—*x. [Refer §2'75, p. 33],
we have

0 secx<n/2 ; 1r/2<SCC“x<rr
ie., 0Cy<m[2; n[2<ym.

When x is positive so that it lies in the interval [1. e]. theny lies bet-
ween 0 and 7/2 and so tan y is positive ;

When x is negative so that it lies in the interval, [— o0, —1], then y lies
between n/2 and 7 and so tan y is negative.

Thus the sign of the radical is positive or negative aceording as x is posi-
tive or negative. Hence

dy 1 1

Ex—' xd(x’ ) if x>0 and =— *x‘q(xz_*l)-‘ l‘fx <0.
so that
iIX—=~-— : for every admissible value of x
dx | x| (x*=1y , '
d(sec*l x) |
Thus dx | x| A *J(x“ 1)
4:56. Derivative of cosec! x.
Let
y=cosec™! x so that x=cosec y.
X
N dy = —cot y cosec y
or 1
dx —  cosec y cot y
—1 —1

= 5500 y4/(cosec? y—1)~ iA}c‘V(}ci: 1)

We take, -4, sign before the radical and write

dy —1
dx = /(=1 ¢
) d(cosec™! x) 1
Thus - dx“ .- =—-x~\/(x2:~‘i).

Note. The sign before the radical is the same as that of cot y.
By the definition of cosec™1x, we have

-—n/2<cose<:“1x<0 ; 0<cosec™lxg /2,
ie., -m2y<0 ;0<y<1r/2.

When x is positive so that it lies in the interval [1, o], then y lies bet-
ween 0 and #/2 and so cot y is positive ;

when x is negative so that it lies in the interval [o0, —1], then y lies bet-
ween —n/2 and 0 and so cot y is negative.
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N _

Thus the sign of the radical is positive or negative according as x is posi-
tive or negative. Hence we have

dy -1
d—x-—W if x>0 and = Jc\/xa,___nfx<0

80 that we can write

%- T7] :’ =Ty for every admissible value of x.
d(cosec-lx) 1

Thus T T X TNE=

Ex. 1. Find the derivatives of

(i) sin—4x. (i) V(cot—14x).

@) tan™(14+x)/(1—-x)]. @iv) tan—'(cos vx).

(v) sec™ixt. i) cosec“(x'}).

—x1 x sin'x
-1

(vit) cos (x Ixt) (viii) A=

ey d4x . —1f a+b cos x)
(ix).tan 1—4x ‘ (x) cos b+acos x

Ex. 2. Find dy/dx when

=sin— -1
x=sin h\/(l—i—t’) y=cos 4(1+t’)

4-61. , Devivative of log, x. (a, x are both positive)
Let
y=log, x
3y __log,(x—{-Sx)-—log,.x
ox ox
1 x+4-8x
=8'Tx- loga ( x )
1 ’x
~5 5% low (15
X
1 dx \¢x
e 2
. dx\dx ‘
Now lim ( 1+———) =e, (§ 3+63, cor. 3)
Sx—0 x
d(log, x)_dy _ 1
Thus dx’““ =dx =—i— log‘, €.

Cor. Let a=e so that
y=log, x=Ilog x
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“Thus d(log x)= _,1__
dx X
4-62. Derivative of a®.
Let y=a*
Sy & +8x & a8x 1
o = = a”*. .
8x ox 8x
5x
i)") —_—-'ax . llm a_“':::'!“‘
dx Sz—>0 OX
=a* log,a. (§3-64, p. 63)
Thus d(a”)

% =a* log,a.
Cor. Let a=—e so that y=e*.

dy .

~dx-e“’ log,e—-e .

Thus -(—l—(ej—)— =e*,
dx

Ex. Find the derivatives of :—
(iv) log[sin (log x)].

() logv(z*+x +1).
(vi) log tan (3x +1n).

(vii) log(sec x+tan x).

W) 4/(a""),

T L
(Vlll) ‘l'()'"g*x‘

(x) logyo(sin—x%).

(xi) loglx+ N(x*+a%)].
(xii) log(e™* +e-"%).

(xiii) a** sinx.
a+b tan x
a—b tan x

Derivatives of hyperbolic functions.
4-71. Derivative of sinh x.
Let

(xiv) e'z/“}T (xv) log

ef—e~*

2

y=sinh x=

%:—.t—;.i-x[ﬁ(e‘—e‘“)]-=}(e”+e-")=cosh X.
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Thus Sl(s-i!‘—l}~ b )=cosh X,
dx

4-72. Derivative of cosh x.

Let
y=cosh x= -e»z-j_e_—x
2
d T __e—-%
7% ——~e~---~2—€ =sinh x
Thus d—(-cosh §)=sinh X
. dx
4-73. Derivative of tanh x.
Let
sinh x
y=tanhx= 0 ¥
d(sinh x) . d(cosh x}
‘ dy —cosh x. - dx —gngh X . fJ%-» |
v dx — cosh? x
' _cosh x.cosh x——sinh x.sﬁiph x
= cosh? x '
cosh? x—sinh? x 1 —sech? x
=" "cosh® x T coshZx ¢ -
Thus (—l(!-a-nlx)=sech2 X.
dx
474, dcothx)_ _  osch? x.
dx
Its proof is left to the reader.
4-75. Derivative of sech x.
Let
|
y=sech X= %
. dz __cosh x.0—1.8inh x
e dx — cosh? x
=— ilﬂ}l-x—= —tanh x sech x.

cosh?® x
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Thus d§§;c~l-l-§) —tanh x sech x.
476. | “(E‘_’;;“_h %) _ _coth x cosech x.

Its proof is left to the reader.
Derivatives of inverse hyperbolic functions.
4-81. Derivative of sinh-! x.

Let
=sinh-1 x so that x =sinh y.
dx !
'Zj)— =cosh y,
or d)f,, 1 1 1

dx =cosh y=F /(T st )= £ /(T +2)
where the sign of the radical is the same as that of cosh y which we
know, is always positive, (§ 3:72, page 68).

d(sinh—? x) 1
Hence ix = A%y
4-82. Derivative of cosh-1 x.
Let
y=cosh™ x so that x =cosh y.
7 sinh y,
or dy - 1 1

dx ~sinh y =+ +/(cosh® y-l)—i\/(x” 1)’
where the sign of the radical is the same as that of sinh y.

Now, cosh~? x i.e., yis always positive so that smh y is posmve
(§ 3'71, page 68).

d (cosh-! x) . 1
Henco dx T (xE=1y
4-83. Derivative of tanh-1x. [ | 2z | <1].
Let C .
y=tanh-! x so that x=tanh y.
dx R C
d—y—*-—SGCh Yy, .
dy 1 1 _ 1
or dx “gech? y~ I—tanh®y 1—x?
d(tanh-1x) . 1
ThuS . "—‘a-x"'*“' 1 X' .
d(coth-! x)
484, T ==--——--1 Jlx|>1.

Its proof is left to the reader.



100 DIFFERENTIAL CALCULUS

4-85. Derivative of sech-! x,

Let
y=sech~! x so that x=sech y.
gyi-———-sech y . tanh y.
or dy 1
dx — sech y tanh y

—1 —1
=t 5ech y. +/(I—sech?y) — ix\/(l —x?)’
where the sign of the radical is the same as that of tanh y.

But we know that sech-!x, i.e., y is always positive, so that
tanh y is always positive.

-1

Hence d_(_sef;‘x_l‘) == (_11: =

4-86. Derivative of cosech-! x.

Let

=cosech~! x so that x=cosech y.

ng =—cosech y . coth y.

or y 1

dx cosech y . coth y

—1 —1
= Eosech y . 4/(cosech? y 1 1) = Exo/(x341)’
when the sign of the radical is the same as that of coth y.

Now, y, and therefore coth y is positive or negative according
a8 X is positive or negative.

dy -1 S T
a;‘:x\/_(x;‘,:}?i)' if x>0 and —'—:;\‘/—(XT’—-{:IV) if x<0.
d(cosech! x) -1

Thus

R Y V(S

for all values of x.
Ex. Find the derivatives of

(#) log (cosh x), i) esmh’x’ (iif) tan x . tanh x.

491. Logarithmic differentiation. In order to differentiate
a function of the form u”, where u, v are both variables, it is
necessary to take its logarithm and then differentiate. This process
which is known as logarithmic differentiation is also useful when the
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function to be differentiated is the product of a number of factors.
The following examples illustrate this process.

Ex. 1. Differentiate x™ % ,
Let y=x5in r

log y=16g (x5i" ¥ ) =sin x . log x.
Dlﬂ'erentlatmg, we get
1 dy ) 1
y " =C08 X . log x+-sin x. %

Hence fd.y = xSln Jc(cos x . log x-}-m—t—l«ff

Ex. 2. Differentiate [x"®" % +(sin x)°** *].

We write y=x'31 % 4 (gin x)°°% 7,
Let u=x'1n 2, - (1)
and v=(sin x)°* ¥, 4 .(2)
80 that y=u-+v

dy_du dv,

dx=dxtdx

From (1), we obtain, taking logarithm,
log u=tan x . log x.

1 du_ ec? x . log x+tan x 1,
u dx= S - log X+ T x
du taozx tan x
i g 2 nkad
i.e. =X (sec x.log x+ - p” ) «(3)

From (2) we obtain, taking logarithm
log v=cos x . log sin x.

1— . -v-——sin Xx . log sin x-+ cos x i CO8 X
) v dx - 108 ‘sin x
) dv ) os® x
ie., dx =(sin x (—sm X log sin x+ e < e(4)

Adding (3) and (4), we obtain dy/dx.
Ex. 3. Differentiate
Ha—2ni

(2—3xtE—dx)t
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Putting it equal to y, and taking logarithms, we obtain
log y=4 log x-+-3 log (1—2x)—} log (2—3x)—# log (3—4x).
Differentiating, we obtain
1 .dy 1 1 2 -2 3 -3 4 —4
7 =2 xT3 o34 2S5 3
l 4 9 16

9x ~3(1—2xT4(2—3x) T5E= 4x)

dy _ [m _4 9 ]
dx=7 | 2x T30=2x) T42=3%) +5(3 4x)

Ex. 4. Find the differential co-efficients of :

(i) (cos x)1°8*, i) (1 +x-1)% (ir?} e
(%an 2%t ¥4 (cot )13 X, % ') (log x)7+ (sin—* x50 *,
(1 —x)1/2 (2—x?)?/3 XV (x+4)
(vi) 3P A (G—xa)ss (vi) N(x3+3)

(viii) sin x . e® . log x . x*,

492. Preliminary transformation. In some cases, a preliminary
( transformation of the function to be differentiated facilitates the pfo-

cess of differentiation a good deal, as is illustrated by the following
examples. -

Ex.1. Differentiate

sin—l ) 2f_
14x%
Putting x=tan 6, we have
=gn-1.2— x
2 tan 0 . . ‘
-1  — ain-1 —90— -1
=sin- 1 tan sin~1 (sin 29)=260=2 tan-1 x,
dy _ 2
dx T 14X
Ex. 2. Differentiate
e YAED=V(1=2),
v V(IF+x)+/(1=x)

Putting x=cos 6, we have

v/(14-x)=14/(1 +cos a)=’\/ (2 cos‘-g->=\/2 cos ;g_.
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\/(l—x)-.——-\/(l—cos 0)=*\/<2 sin® g_)=\/2 sin g

cos 0- —s8in

e y=tan-1 2 2
cos 9 +sinA87
2 2
. l1—tan g»
=tan~!
1+tan——
. - T _”0
=tan étan ( 4 9 }
= Z _— g ==‘14r~*—-‘§ cos~1lx
dy 1

_d'i=§_\/—(l":3c7).
Ex. 3. Find the differential co-efficient of

[3

tan—! —g% with respect to sin™* 1 -_2;;2- (P.U. 1954, 1956)

2x 2x
—tan—1 =~ —sin—1 .
Let y=tan 1 — z=sin"t y——y
Putting x=tan 0, we see that -
2 tan @
— - 2N -1 —_9n = -1
y=tan 1 —tan3 e_tan (tan 20)=29=2 tan—! x.
. 2 tan ¢ . .
—gin-1 < 22019 __gin-1 —90=— -1y,
v (sin 20)=20=2 tan—1 x

dy 2 dz 2
dx S1x? dx T I4xt

: dy _dy dx_,
" dz =dx dz
Also otherwise, we have

y=z,
8o that %}zi =1,
Ex. 4. If /(1 —x®)++/(1 —=y*)=a(x—y), prove that
dy _~/(1—)%), :
= (T =) (D.U. Hons. 1949 ; P.U. 1952)

Putting x=sin § and y=sin ¢, we have

4/(1—sin? )+ /(1 —sin? ¢)=a(sin §—sin ¢)
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or cos 0-+cos g=a(sin 6 —sin é)

qC080+cosd 2 cos §(6+4) cos § (6—4)
" sin 0—sin ™ 2 cos }(§+¢) sin  (6—¢)

cot }(§—p)=a
or . 3(0—¢)=cotla

‘ 0—¢=2cotlaq
sin-1 x —sin-1 y=2 cot-1 a.

Differentiating, we get

1 1 dy_,
VA=) (I dx
or .d)f_M.
dx— 4/(1—x?)
Ex. 5. Find the differential co-efficients of
+(i) tan=1 lixx,. (D.U. 1952) (i) sin=! (3x—4x?).
VXx— . _ 1 e 1/2
, (i) tan-? ‘1*-}-{;5% . \ (iv) tan™! m%:—i) .
1—x? iy NPERY
/‘ (v) cos—? I-F_J% « (vi) tan™?! lf‘j‘(a:)‘
L (vii) sin=1pxv(1 —x)afx(1 —x1)}] (D.U. Hons. 1954)

[Show that this is equal to sin~'x—sin™! yx].

Ex. 6. Express in their simplest forms the differential co-efficients with
respect to x of
acos x—bsin x .. 1 (3x—x?
bcos x+asinx/) (i) tan 1-3x* )

(P.U. Supp. 1938)

4-93, Differentiation <ab initio’’. To differentiate ¢‘ab initio”’
or, from first principles, means that the process of differentiation is
to be performed without making any use of the theorems on the
differentiation of sums, products, functions of functions etc., nor is
any use to be made of the differential co-efficients of standard forms.
We have already had numerous illustrations of it.

() tan—!

Ex. 1. Differentiate sin-1x ‘ab initio’. (D.U. 1955)
Let y=sin-1x,

y+8y=sin-1 (x4 8x).

We have . x=sin y

and x+8x=sin (y-+8y)

80 that 8x==sin (y+38y)—sin y.
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Thus
oy
8x ~ sin (y+8&y)—sin y~ 2cos (y-+35y) sin}sy
cos (y+-43y) \sin } 8y
Let 6x — 0 so that 8§y also —0.
dy 1 1 1 1
dx — cosy " cosy (1=x%)
EX. 2. Find, from first principles, the differential co-efficient of

A/ sinx.

Let
Y=4/sin x.
Y+8y=+/sm (x +8x)“,
5)_/_ V/sin (x —}—Sx) 7\/sm x

ox — Sx
_ Vsin (XF8x)—/sin x v/sin (xF89)+ Veinx_
8x \/sm (x48x)+4/5in x
__sin (x+8x)——smx - 1 L
8x \/siﬂ (x+8x)+4/sin x
sin § 8x_ o _1______*_«
=cos (x+3ox) - 18x " A/sin (x+8x)++/sin x
Let 8x— O,
dy 1 .
dx —CO8%. 1 '?——_——\/Sin .
1 cos X
=% Vsinx
Ex. 3. Find, from first principles, the differential coefficients of :—
(#) sin x2. (ii) sin? x. @fii) Nx. (D.U. 1953)
@) esinx. w) AL (vi) tan—'x.

Exercises
Find, from first principles, the differential coefficients of :—

1. e(x’) . 2. <(tan x). 3. xsinx.
4. tan x3, 5. sec—x,
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Find the differential co-efficients of : —

6. X.cos™ix 7. Gx!=NN(1+xY
tN(l—x2) . x  °
xV(x*—4q* x x
«l(x’—atj")‘ 9. b tan“‘(—; tan—?! 7-)-
3 3
10. 7 11. tan —1 _u“_;
l—a* X
12. tan—1_SO8 X 1 ((1=cos x\}
tan 1+sin ~ 13. tan 1<1+cos x)

-8 4

14, O— 2x) (1430 ° (1—4x)‘.
((l—6x) (1+7x) (l—8x)
5

. (xx)x. 16. ).

3 .
17. [1—x®? . sin-1x. 18. log [tanh (3x)].
NI N(1—xY)
19. tan= v —x%

1+4-tan x )
20. V (l—tan X 21. sin—-1[2ax~(1 —a2x?)].

22. lolog sin x.

23. x log x . log(log x).

. -1
24. tan—! -—Z%gzg—:;. 25. (sin x)cos x,
— a3 — a3 ‘
26. e~ % . sin (x log x). 27. sin—? ( e” — ™ )
ax —Q %
e e
1 V(H-x’)—l in1_ 2
;8. tan—-* ——©—~ ’29. sin~* i g9 -
30. log [,e’< ] 31. log (I—Jf-‘—"‘).
1 xsina )
y 32. tan T=xcosa

33. 9x*sin (3x—7) log (1 —5x).
34. %*cos (b tan-! x).

35. log [1 —ql-@r”/smal.

436. cot x coth x. 37. xa® sinh x.
— cos 3x 1 \xt
38. cos—? V(cos' , 39. (1 + T) .
i C(ax*+c) :
-1 Pt haadh S i A
)@"' cos V c(Ax*+C) 1’
41. Find the differential coeﬁcicnt of :—

—x9]— i3 -1 3\/(l—x’)—x
$1oglx+3/(1 —x%)] tan M=
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42. Differentiate
O | x4 xN241 1 L XN2
D 335198 s it vz T s
i Lgog o x=d 1 2xtl
() 3 log Jrarrin +a3t0T 43¢
43. Find dy/dx when
sin’ ___cos*t _
0 x = N(cos 21) 7~ "Y(cos 2) » at r=n/6.
(i) x=sin tN(cos 2t), y=cos tv(cos 2t).
" (iii) x=a(cos t+log tan §¢), y=asin ¢.
44. If xV=e¢®-Y, prove that dy/dx=log x/(1+log x). (P.U. 1955, 56)
(Differentiate logarithmically) .

LS. Differentiate sin® x with respect to (log x)*. (D.U. 1950)
46. Differentiate x5 * with respect to (sin x)*. (P.U. 1959)
47. Differentiate tan—"{{v(I+x?)—1)}/x] with respect to tan-! x.

(P.U. 1956)

1 y"f’)
48, Find %when x=etan ( x3 )

49. Differentiate

NI +x?)—~N(1—x?)

NI+ x3) + V(1 —x?)

with respect to cos—1 x2. (D.U. Hons. 1949)

tan—!

tan x

50. Differentiate (log x) with regard to sin (m cos—! x.)

(P. U: 1955, 56)
51. Differentiate the determinant.
fi(x) @y(x) ¥i(x)

F(x)=| fi(x) Py(x) Pux)
i fo(x) Ps(x) Ps(x)

From first principles
we have

fi(x+h) Py(x +h) ¥i(x+h) Silx) °1(x)' ¥i(x)
Fx+h) —F(x)=| fi(x+h)  @x+h)  $s(x+h) — fix)  @ulx)  ¥ax)

[ i
file+h)  Rxth)  Fx4+h) D filx)  ei(x)  ¥sx)
HEED-fi(x)  @(x+h)—0(x)  Plx+h)—y(x) |

i

=| fy(x+h) Py(x+h) ¥alx+h) l
Silx+h) @s(x+h) Ys(x+h)
H(x) o ey(x) Py(x)

+| filx+h)—f(x)  @a(x+h)—=Dy(x)  Py(x+h)—P5(x)
Sao(x+-h) Py(x+h) ¥a(x +h)
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fi(x) ®y(x) ¥y(x)
+| fa(*) Py(x) ¥a(x)

S+ B)—fo(x)  @s(x+h)—@y(x)  Pax+h) =pa(x)
Dividing by 4 and making 4 tend to zero, we get

Lo ey Ho e 4 1 H @ $
Fiix)=|f, @ ¥, +: fif e ¥ ‘+ fi ® ¥
[ s @ ¥ | fi o3 ¥ Vi @ ¥
The rul’e can be easily extended to the case of determinants of any order.
APPENDIX

EXAMPLES
1. Show that
f(x)=x2 sin (I/x) when x#0
f10)=0

is derivable for every value of x but the derivative is not continuous for
x=0, (D.U. Hons. 1954)

1 1N 1
For x-£ "(x)= 2 S
or x40, f'(x)=2x sin ot coq(x /< x2>
1
\"

1
=2x 8in - —coO8 - *
X

For x=0, we have
1
f—fo)_* %
x—0 X

. |
=Xx sin -xr—->Oasx—->O.

f'(0)=0.

Thus the function possesses a derivative f'(x) for every value of
x and is given hy

f(x)=2x sin )1‘ —cos )IC< when x£0
f'(0)==

We have to show that f’(x) is not continuous for x=0. We write

1 .1 | 1
cos 3‘——=2x SIH?f-(2l 8in —- —C08 ) (1)



DIFFERENTIATION 109

Here
. .1
lim { 2x sin —-—)=0.
x-0 x
In case
lim f'(x),
x—0
ie., lim (2x sin - —cos -1—>
x>0 X X

had existed, it would follow from (1) that lim (cos 1/x) would also

x—>0
exist. But this is not the case.

Hence lim f'(x) do3s not exist. Taus f'(x) is not continuous
x—>0

for x=0.

2. Examine the continuity and derivability in the interval
(—w , ) for the following function

J(x)=11in — o0 <<x<0,
S(x)=1+sin x in 0K x <3,
S(¥)=24(x—1m)? in rx < . (Mysore)

The function f(x) is derivable for every value of x except

perhaps for x =0 and x=m/2. Thus wa shall now consider x=0 and
x=u/2.

Firstly we consider x =0.

Now f(0)=1+-sin 0=1.
lim f(x)=1 and lim fix)= lim (l4sin x)=1
x—(0—0) x—(0+40) x—>(0+0)
. lim f(x)=1=A0),
x—>0
Hence f(x) is continuous for x=0.
Again, for x <0,
f(_xl:f@__l___l—o
x—0 — x
so that

lim JO=A0) o
x—>(0-0) *—0
Also for x>0

f(x)—f(0) 14sinx—1 sinx
x—0 = x—0 = x
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80 that

fx)=f0) _ sinx g

Iim
x—0 x—>(0+0) X

x—>(0-+0)
Thus
SO0, o f0—A0)

lim )
x—>(0+40) x—0 x—>(0-0) X—

Hence the function is not derivable for x=0.
Now we consider x=m/2.
We have
£ )=2+tGn—ime=
lim f(x)= lim (I14sin x)=1+41=2,
X—>(47w—0) X—>(3w—0)
lim J(x)= lim

x—>(}7+0) x— (37 +0)
lim  f(x)=2=f(7]2).

x->n]2
Hence f(x) is continuous for x=m/2.
Again, for 0 x< 3,

SxX)— f3n) _ (1+4sin xX)—2 l—sin x
ox—3m C x—3m dr—x

[2+(x—}m)¥]=2.

.
LY

Putting }7w—x=1, we see that
1—sin x 1—sin (Am—1t)

Cim—x T T
_ l—cos t_2sin® 3t 8in 1
’ 4 =sin §¢ Tt

so that
1—sin x
lim —_— =
x—>(jn—0) IT—X
For x> i,
f(x)-“f(%’ ) _ 24 (x—3mn)2—2
x—3in X—%
=x—«}vr .
Jx)—fdm) _

x3r

lim
x—>(}n+0)
. J'(3m) exists and is equal to 0.
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Exercises
1. Discuss the existence of f’(x) and f”/(x) at the origin for the function
f(x)=x?sin ~L- when x=£0,

f(0)=0
(B.U. 1953 ; D.U. Hons. 1952)
2. Examine the differentiability of the function

.1
f(x)= x™ sin Y when x40, m>0

f(x)=0 when x=0
at the point x=0. Determine m when f’(x) is continuous at the origin.
(D.U. Hons. 1952)

" 3. Determine whether f(x) is continuous and has a derivative at the origin
where

24+xif x>0
fe)= 2—x ifxzo. (B.U)
4. Show that
)= x|+ [x-1]
is continuous but not derivable for x=0 and x=1.

5. Examine the function

AlX_—1ix

S =x=p=——pz> *¥*0
* el x_H—l X
f(0)~=0

as regards its continuity and the existence of its derivative at the origin.
(D.U. Hons. 1951

6. Discuss the continuity and the differentiability of the function f(x)
where '

0, when x is irrational or zero

fx)= »
3 when x= g’ a fraction in its lowest terms.
(D.U. 1953)
. - .. sin (x?)
7. Find from first principles the derivative of f(x) =— x when x-£0
and f(0)=0 at a point x=0 and show that the derivative is continuous at x=0,
(B.U. 1953)

8. Show that the function
f(x)=x{1+1 sin (log x*)} ; for x0, f(0)=0
is everywhere continuous but has no differential co-efficient at x=0.
(B.U. 1952)

1 .
9. If f(x)=x tan—! > when x0 and f(0)=0, "show that f(x) is continu-
ous but not derivable for x=0.
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10. Is the function
. 1
f(x)=(x—a)sin - = for x=0

X—a
f(@)=0

continuous and differentiable at x=a ? Give your answer with reasons. (
P.U.)

11. Discuss the continuity of f(x) in the neighbourhooa of the origin when
f(x) is defined as follows :

(i) fix)=x log sin x for x>0, and f(0)=0,

(i) f(x)=e!!* when x0 and f(0)=0. (D.U. 1955)
12. A function f(x) is defined as being equal to --x®, when <0, to
5x—4 when 0 <x1, to 4x*—3x when 1<x< 2 and to 3x+4 when x=2;

discuss the continuity of f(x) and the existence of f“{x) for x=0, 1 and 2.
(D.U. Hons. 1957)



CHAPTER V
SUCCESSIVE DIFFERENTIATION

5-1. Notation. The derivative f'(x) of a derivable function
S(x) is itself a function of x. We suppose that it also possesses a
derivative, which we denote by f’/(x) and call the second derivative of
JS(x). The third derivative of f(x) which is the derivative of f*/(x) is
denoted by f’"(x) and so on.

Thus, the successive derivatives of f(x) are represented by the
symbols,

TS I il €3 Y
where each term is the derivative of the preceding one.

Alternatively, if y=f{(x), then d”y/dx» also denotes the nth
derivative of y. Sometimes
Yy )Y y 2 y Jrev e e ’ y e
are used to denote the successive derivatives of y.
The symbols
d;ty
/@), [d)?" x=a,

denote the value of the nth derivative of y=f(x) for x=a.

or y,(a)

Examples
1. If x=a (cos 40 sin §), y=a (sin §—8 cos ), find d2y|dx3,
We have

g;i=a (—sin 64sin 040 cos §)=a 0 cos 8,

g';« =a (cos §—cos 0- 8 sin §)=a 0 sin 8,

dy dy db _dy f‘.ii——

T A= " dx “dojdg — o O
?
- ‘aiTx}; —gec? 0 ch‘ [Note this step]
3
=gec? 0. 1 _secs

ageosd af
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2. If y=sin (sin x), prove that

Zz}; +tan x g}i +y cos? x=0. (D. U. 1953)
We have

—g—y- =cos (sin x) cos X,

g—; —sin (sin X) cos x cos x—cos (sin x) sin x

= —sin (sin x) cos? x—cos (sin x) sin x.
Making substitution, we see that
& y -+tan x g;i +y cos? x=0.

3. Change the mdependent variable to @ in the equation
d?y 2x dy ‘

S e e
by means of the transformation
x=tan 0. (P. U. 1932)
We have
& =+ a5 s ~ao] == 0.

dzy . de dy .y dy db
axt =—2cos fsing. I aé»-—l-cos 0 dor  dx

2
=- 2 cos 0 sin §cos® g . 217+CO82 0. goi . cos? ¢

= —2 sin 6 cos® §. da ~-~+cos‘0 fiﬁ};

Substituting the values of x, dy/dx and d*y/dx? in the given
differential equation, we see that it becowmnes

_ — a9y, 2tang os? dy
2 sin § cos? § ;- +-cos 0d0‘+1+ta g °08* 05
4
) =0,
(1+tan’0)’

or —2gin § cos® 0 +cos‘ 6. d6’+2 sin 9. cos® § - dy +cos40 y=0

or de’ +y._0
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4. If ax3+2hxy+by* +29x42fy+c=0, show that

d?y  abc+2fh—naf?—bgd—ch?
= (hx+0y+4)? ' Rl

Solving the given equation as a quadratic in y, we get
by+hx-1f= [(H*—ab)x*+ 2(hf — by)x + (fr—be)t

c b ey —abyr (b —bg)x-(fr—be) T

X [2(h*—ab)x+2(h/—bg)]
___(__ —ab)x+( hf—bg) (1)
hx+by +f

Differentiating again, we get

oy (B—ab J(hx+by +)— <h+b Y. )[(hz—ab)x—}—(hf-—bg)]
dxt = : - (hx+by+f)

Substituting for b Zﬁ +h from (1), we get the ‘required
result.

Exercises

dy Zlogvc 3

y=--—=, show that deE ="

2cos x
sindx

Show that y=x tan x satisfies the differential equation

~ cos?x Zx«—2y+2x—0

If y=[(a+bx)/(c +dx)}, then 2y,y;=3y,".

-
(1 y=alog (sin x), show that y, =
:

5. If x=2 cos t—cos 2tand y=2sin t—sin 2¢, find the value of d*y/dx?
when t=4}n, (P.U.)

£ If x=a sin 29 (14-cos 20), y-—a cos 29 (1—cos 29), prove that

[+ (dyldx)] T _
d’y/d 3

F1f y=(1/x)%, show that y, (1) =0.

=4q cos 36.

hfph—-a’ cos?9 4 b? sin%g, pr(;ve that

252
p+ f,;, 2 ?— (Rajputana)
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g, 1f y=x log [(ax)-1+a-1], prove that
x(x+1) - d.y +x ~—-y 1.
102 If x=sin ¢, y=sin pt, prove that
(1—x%) 3;’,1 - x “z +p¥=0. PU)
1. Change the independent variable to z in the equation

Z{ +cot x Zi +4y cosec’x=0
by means of the transformation
z=]og tan ix.
12. Ifyis a function of x and x=1/z, show that

dy , dv _, wydy
dz b da =i g

d2y
dz3°

dy

3 AR |

[

8. Show that
dx 1 | dix _  d¥lde
dy ='¢7§/€k Y dyt T (dyidx)®
and find the value of d®x/dy?® in terms of dy/dx, d*y/dx?, d3y[dx®.
Also show that

L+ G DL G

d”x
dx' _ dy*

5.2, Calculation of the nth derivative. Some standard results.
521, Let y=(ax+b)™
y,=ma(ax+b)™1,
Ye=m(m—1)a*(ax+b)™-2,
Yy=m(m—1)(m—2)a*(ax-+4b)"-3,
80 that in general
Ya=m(m—1)(m—2)......(m—n-1)a"ax4-b)m-».

In case, mis a positive integer, y, can be written as

Gy )1 ar(@x+bymr,
go that, the mth derivative of (ax4-b)™ is a constant viz., m [ g™
and the (m+1)th derivative along with the other higher successwe
derivatives are all zero.
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. Cor. 1, Putting, m=—1, we get
Ya=(—1)(-2)...... (—n)a*(ax+b)-1-»,

" 1

"(axib) (— 1y by
- A= (axgby
Cor. 2. Let y=log(ax4-b). —
_ a
=axtb

Hence V= (=D"(n--1) !an .

N

d*{log(ax+b)}__(—1)*"'(n—1)! a” .

dx» T (ax+b)*
5:22. Let
y=a"*,
yi==ma™® log a,
ya=m?a™* (log a)?,
so that, in general
y,,=m"a""(log)z%)".
Cor. Pﬁtting ‘e for a, we get
EC)
5:23. Let
y=sin (ax+b).
yi=a cos (ax-+b)=a sin (ax+ b4 ),
yp=a? cos (ax-+b+3m)=a? sin (ax+b+%1r);
ya=a? cos (ax+b+2n)=a?® sin (ax+ b+ 3m),
80 that, in general
d sin (ax-+ )

& ~=a"sin[ax+b+ nT”:]

5-24. Similarly
d” cos (ax+b)

$25. Let
y=e®*sin (bx+c).
KR yy=ae®® sin (bx+c)+ €% b cos (bx+ ¢)
=¢%[a sin (bx+c)+b cos (bx- c)).

axr =a" c()s[ ax-+ b4 nzi:l

Yy
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In order to put y in a form which will enable us to make the re-

quired generalisation, we detarmine two constant numbers r and
¢ such that

a=rcos ¢, b=rsin ¢
r=14/(a*+b?, ¢=tan-1(b/a).
Hence, we have oo
»=re®* sin (bx+c+¢).

Thus y, arises from y on multiplying by the constant r and
increasing the angle by the constant ¢.

Thus similarly :
Yya=r2e®® sin (bx +c+2¢).
Hence, in general

n azr g}
& [e% sin BX+O_rn eossin (bx -+ o)

where
r=1+/(a%2+b?), 9 =tan-1(b/a).
5:26. Similarly

dfe’ ?:ﬂ(bx+c)]= (az—l,-bz)%'l e*Z cos (bx+c+n tan™1 :)

5:3. Determination of nth derivative of Algebraic rational func-
tion. Partial Fractions. In order to determine the nth derivative of

any algebraic rational function, we have to decompose it into partial
fractions.

Sometimes it also becomes necessary to apply Demoivre’s
theorem which states that

(cos @117 sin 0)"=cos nfLi sin ng,
where n is any integer, positive or negative, and i=+/(—1).

Examples
1. Find the nth derivative of
xz
(x+2)(2x +3)
Throwing it into partial fractions, we obtain
_oox o 1r,_ & 9 ]
(x+2)(2x+3)~ 2‘[ T x+2 +oxrs -
, a ¥ (=1)'m!.8 (=1)"n!.2".9
'dx~[(x+2)('2‘f+3) =T 22y TRk )

(=1yni[ 9.2" 8 ]
= ”‘2"“[(3255?3)"—“"(x+2)"+‘ .
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2. Find the differential co-efficient of
x
x2fa?’
We have
X x
x2+a? =(3c¥ aix—a)

=+ Zaitival)

Z;;(Eé%z) (~12)”n'[(x ; l)"ﬂ‘l'l'(x-{—al z)"+1]

To render the result free from ‘i’ and express the same in real
form, we determine two numbers r and g such that

X=rcos 0, a=rsin 9.
r=4/(x24a?), §=tan™(a/x).
. 1 1 . . —(n+1)

(¥ Zq i =pan - (08 0—ising)

=;n£1 [cos (n+1)8+4i sin (n41)6],
ond 1 1 . —(nt1)

(v iy =g (cos 8-+ sin 6)
=,Tri1'ﬁ [cos (n+1)8—isin (n4-1)6].

Hence ' ' !

n_ % -
d (x2—}—a2 (—1)*n! .cos (n41)8
dxn = rntl

where
=4/(x%+at?), §=tan-! (a/x).

Exercises
L
1. Find the nth differential co-efficients of

(D.U. Hons., 1954) x+1

(i) ‘*—‘t
@) G= l)‘(x )t

2. Find the tenth and the nth differential co-efficients of

x'+4x+1 3G
Proe—x—2 P.U-y

0 o n(x =2’
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3. Find the nth differential co-efficients of

x .. 1
® 143x4+2x% @) x‘—a"
. 1
x (D) s T ) FrerT
4. Show that the nth differential co-efficient of
1
fEwre
is
$#(—=1)*(n 1) sin™+'g[sin (n+ 1) —cos (n+1)9 )
+(sin 9 +cos §)—n-1]. where §=cot-1x.
5. Prove that the value of the nth differential co-efficient of x*/(x*-1)
for x=0is zero, if n is even, and —(n!) if n is odd and greater that 1. P.U.)
6. Show that the nth derivative of y=tan-1 x is
(=1)7-1 (n—1) ! sin n (}n—y) sin” (= ). (P.U. 1935)
7. Find the nth differential co-efficients of
. 14+x x sin a
-1 LTX i - _XSINC
() tan o (ii) tan-1 I—xcosa '

8. If y=tan-1 x, show that
& m(a=1) L cos [y +(n—1) ] cos” y P.U. 1953)
9. If y=x(x+1)log(x+1)3 prove that

dny 3(—1)2-1 (n—3) ! (2x+n)
dxn— (x+1)r-1
provided that n<3.

10. If y=x log 35:}—_1" prove that

x—n x+n
Icf(“”"(”‘z) =1y~ (x+1)"]

5-4. The nth derivative of the product of the powers of sines ard
cosines. In order to find out the nth derivative of such a product,
we have to express it as the sum of the sines and cosines of multiples
of the independent variable. Example 1 below, which has been
solved, will illustrate the process.

Ex. . Find the nth differential co-ejﬁcien’s of

(i) cost x. (i) e*® cos? x sin Xx. (D.U. 1951)
i) We know that
‘oos’ e 1 +c2os 2x

& cost x= (1_-_}-_03;_21)3
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cos 2x cos? 2x
4 Fy t—g—

=344 cos 2x+§(1+cos 4x) °
=3-+4 cos 2x-}} cos 4x.
a gc_os_x__é 2" cos ( 2x+—~~>+»} 4" cos ( 4x+ )
(ii) cos?x sin x=4}(1 +cos 2x) sin x
=1} sin x4-}.2 sin X .cos 2x
=1} sin x +} (sin 3x—sin x)
=} sin x4} sin 3x.

Hence

Hence

d

d.:"( e*? cos?x sin x) = } (e"’ sin x)+} (e“' sin 3x
— L LOPPR. -1
=} (a’+1)* e” sin <x+n tan™! a )

-}-i(aﬂ_*_g)%n &% gin <3x+n tan—! _‘3’_).

2. Find the nth differential co-efficients of
(i) sindx. (ii) cos x cos 2x cos 3x.
(i1) sin%x cos? x. (iv) €® sin‘x.
(v) e*® cos x sin? 2x.

5'5. Leibnitz’s Theorem. : The nth derivative of the “product of
two functions. If u, v be two functions possessing derivatives of the
" nth order, then

This theorem will be proved by Mathematical induction.
Step I. By direct differentiation, we have
W)y =uy+uv,
and (wv)y=uy +uy, +uv, +uv,
' =ugv+2C,u,v, + 2Cyuv,.
Thus the theorem is true for n=1, 2,

Step II. We assume that the theorem is true for a particular
value of n, say m, so that we have

(V) =tV +"Cihp_1V1 +"Colh g3t e
+ mcf—lu"l—"f'lvrﬂx + mcrum-rv' + veseee + ”C.uvﬂ.
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Differentiating both sides, we get
(V) mir =Wy V1l v, +"C, th v, +"Cy Uy Vg
+m02um~l Va +m02.u'}n—2v3+~.. +.’"G'r—-1 Uy pt2Vr—1
+mC"“1 Um—yt+1 Vr +mCr Upp—p+1 v,+"'C,, Upp—y Vr+14""""+

=Upmiy VH(147C ), v +(7Cy+7C) Uy Vatoneeent

(mlCr—q + mCr)um—r +1 Vs, + et ’"Cm UV i1
But we know that

mCr-l +mcr= MHC"
14-7C,=1+m="+1C,,
"C,=1="+1C, ..
o (W) =Upy V"0, U,V F7HC, U, Vot
i O TR T SIS S o O ) S

from which we see that if the theorem is true for any value m of n,
then it is also true for the next higher value m+1 of n.

Conclusion. In step I, we have seen that the theorem is true
for n=2, Therefore it must be true for n=2-+1, i.e., 3 and so for
n=3+41, i.e., 4, and so for every value of n.

Examples
1. Find the nth derivative of x* ¢® cos x. (P.U.)

To find the nth derivative of x2 ¢® cos x, we look upon e” cos x
a8 the first factor and x? as the second.
(x2 €® cos x),=(ée” cos x),x2+"C,(e” cos X),—,.2X
+"Cy(€® c08 X),—3.2
—241.6% cos (x+n tan-11).x2

12D o o (x4-n—1).ban1 1)2x
n(n—l) &n—2
+

€ cos (x+n—2 tan-11).2
= 25('1—2) e’[: 2x2 cos (x +n %—)

+2'f.nx cos ( x+n—-l ___) +n(n—1) cos x+n_ )]

2. If
y=a cos (log x)+Db sin (log x),
show that
x2)f'n+a+(2”+1)x}’n+1 +(n’+l)yn=0'
(D.U. 1952)
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Differentiating, we get
_—asin (log x) b cos (log x)
T T x
or xy,=—a sin (log x)+b cos (log x).
Differentiating again, we get 4
a cos (log x) éﬁi_n_@?_g  X)

xy2+y1'—"_—‘— x X
or x(xyq+y,)=—I[a cos (log x)+b sin (log x)]=—y
or X%y, +xy;+y=0.

Differentiating n times by Leibnitz’s theorem, we obtain
X210 +"CL.2X. Y u114+"Ca. 2.V + XV 1 +"Cr Ly + 7 =0

or XY g+ (204 1)XY sy + (12 41)y, =0
Exercises
1. Find the nth derivative of
(i) x"e®. (ii) x3 cos x.
(iii) e**[a*x®—2nax+n(n+1)]. (iv) €® log x.

(P.U. 1954, 56y
2. If y=x?sin x, prove that
dry . . nx nw
e = (x2—n?+n) sin < x+—2—>—-2nx cos ( x+——72~).
3. If f(x)=tan x, prove that

£™(0)—"C,f"=2(0) 4-"C,f*~4(0)...=sin _"2’£..

[P.U. Supp. 1936}
[Write f(x) cos x=sin x and apply Leibnitz theorem.]

4. Differentiate the differential equation
(1—x2) —‘-12){--x +ay=0,
dx? dx
n times with respect to x. (D.U. 1950)
S. _Find the nth derivative of the differential equation

dx‘+x dx +(a’—m’y =0.

5-6. Determination of the value of the nth derivative of a func-
tion for x=0. Sometimes it is possible to obtain the value of the nth
derivative of a function for x =0 directly without finding the general
expression for the nth derivative which cannot, in general, be
obtained in a convenient form. Examples 1 and 2 below which have
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been solved will make the procedure cl:ar. As will be seen in Ch. IX,
the values of the derivatives for x=0 are required, to expand a
function by Maclaurin’s theorem.

Examples
1. Find the value of the nth derivative of ¢™ S0 X for x=0,
Let y=em sAin‘lx v (1)
m sin~x m
yl=e ¢ ‘/(l_xgs" oo (2)
or (1—x2)p 2=m?y3,

Differentiating, we get
(1—x2) 2y,y,—2xy,*=2m?yy,.
Dividing by 2y,, we obtaain
(1=x?)y,—xy, =m?y. e (3)
Differentiating # times by Leibnitz’s theorem, we get
(l_xz)yn+2_2nxyn+l_n(n—1) n= xyn+1_‘nyn=m2 n
(l_xz)ywl-a_ (2n+ 1 ) XYn+1 _(,,a_{_mz)yn:().
Putting x=0, we get
Yn H(O):(nz'i"m’)yn(o)' . (4)
From (1), (2) and (3), we obtain
Y(0)=1, y,(0)=m, y,(0)=m?.
Futting n==1, 2, 3, 4, etc. in (4), we get
V3(0)=(12+4m?) y,(0)=m(1*+m?) ;
Y4(0)=(2:+m?) y,(0)=m?>(22+m?) ;
¥5(0) = (3% +m?) y3(0)=m(1*+m?)(3*+m?) ;
Yo(0)=(42+m?) y,(0) =m*2%-+-m?)(4*+m?).
-In general
m?(22 4+ m?) (42 +m?)...[(n—2)24-m?], when n is even,
ya(0)= gm(l”—}-mz) (324-m3)...[(n—2)2+m?], when n is odd."
(P.U. 1955)
2. If y=(sin~! x)?, prove that
=) 872 ¥ 50 . (1)
Differentiate the above equation n times with respect to x.
Also find the value of all the derivatives of y for x=0.
- - (P.U. 1955)
Differentiating  y=:(sin-? x)2, we get

2 sin™? x ' ‘
= : Cee |
N v (1__.?‘-3)_' _ ‘ ) .\2)
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<o (1=x2) y,2=(2 sin—! x)2=4y.
Differentiating again, we get

2(1—x2) y1yy—2xy,2=4y,. (3}
Dividing by 2y,, we get
(1—%?) y,—xy,—2=0 wo(4)

which is (1).
Differentiating this n times by Leibnitz’s theorem, we obtain

1
(1=X2)Y a1y, (—2x)+ "2 )"( 2)—=XYp11—ny, . 1=0.

or (l—x,) yn+2-(2n+l) xyn+1_'nzyn=0- .. (B)
Putting x=0, we obtain
Vn+2(0) =n’yn(0)' "'(6)
From (2), ¥,(0) =0.
From (4), ¥,(0)=2. )}

Putting n=1, 3, 5, 7 successively in (8), we see that
O0=y,=y3=Ys=YVs=......

Again, putting n=2, 4, 6...... in (6), we see that
74(0)=22y,(0) = 2.22 ;
7(0)=42y,(0) =2.22.42 ;
¥5(0)=62y4(0)=2-22.42.62,

In general, if n is even, we obtain
V(0)=2.22-47.62.. (n—2)%, when nz£2.

Note. The result (5), obtained on dividing (4) by 2y,, is not a legitimate
conclusion when y,=0, which is the case when x=0. Thus, it is not valid to-
derive any coanclusion from (5) and (6) for x=0.

But these results may be obtained by proceeding to the limit as x—0 in-
stead of putting x=0. This may be shown as follows :

We can easily convince ourselves that the derivative of every order of y
as calculated from (2) will contain some power of (1—x?) in its denominator
and will therefore be always contiauous except for x==11, so that lim y,=y,(0) -
and lim y,=y,(0), as x—0.

Exercises
1. Ifu=tan~!x, prove that
du
3 —
(1+x%? i 42 =0
and hence determine the values of the derivatives of u when x=0 (M.T.)

2, If
y=sin (m sin~! x), show that
(A =x"ypta=Qn+ Dxypiy+ (2= moyy
and find y, (0). (P.U. 1958
3. Find y, (0) when y=log [x+ (1 + x?))].



126 DIFFERENTIAL CALCULUS

4. Ify=[{x+<(1+x%]™, find y,(0).

5 If
) y=eM cos™1x
show that

(1 =x*)yasa~(2n+1)x yp4y—(n*+ m?)y, =0
and find y,(0). m " (D.U. Hons. 1953)

6. If y=(sinh“x)" prove that
(1-x9 ¢ e T (2at1)x x Y b d"" =o0.
Hence find at x=0 the value of dny/dx”, (B.U.1952)
Exercises

1. Show that if
x(1—=x)y,—(4—12x)y,—36y=0
then
x(1=x)ynta—[4—n—(12=2n)xX]yp4,—~ (4—n)(9—n)y,=0.
(B.U.)
2. If y, denotes the nmth differential co-efficient of e%* sin bx and
d=tan™! (b/a), prove that
yn=(a sec 9)"e% sin (bx+n9y).
Also show that
Ynia—-2ayp+{a*+b¥)yy_y=
3. If y=(A + Bx) cos Kx+(C+ Dx) sin Kx, prove that

dy d’y
I +2K’ 5 + K4y =0. (M.T.)
4. Find the third differential co-efficient of
tan—1 %X
tan =) (P.U.)
5, Prove:that
dt o__ 12x*—3
JF"J(I-*-X')— ) (B.U.)
6. Show that if u=sin nx+cos nx, then
Upy=n"[14+(—1) sin 2nx]§
when 1, denotes ths rth differential co-efficieat of u with respect to x.
(Lucknow)
7. Show that
dan . log X 1 1
T\ x ) (—1)n n+1<logx-—l—--——-—s—-......-——n—)
(P.U.)

at 8. Prove that

(sm_x) i[p sin'( X+ f';-) +Q ( cos x+ -g—)] L xn+t

-where P and Q stand for

xt—n(n—-1)x7=2+ n(n—1)(n—2)(n=3)xn—44 ... ..,
and nxtl—n(n—1)(n—2)xn"34..... .
cespectively.
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9. Find the value of nth derivative of

x3—x
(_xz'__4')a
for x=0. ( Trinity College
10. Prove that if x=cot 9, (0<9 <n), then

dng -1 \
= =(—1)""Yn—1) ! sin nf sin"g ;

where n is any positive integer.
11. If

dn
I,= o (x” log x).
Prove that
Iy=nlp+(n—1)!
and hence show that

=n! (log x+1+—;—-+——;—+ ...... =) (D.U. Hons. 1949)

dn_ n dn_l n—1 n—1
Iﬂ dx" 1 dx (X 0g x)=;{7i:x("x log x+x )
d n—1
= d.f"“l(x "tlog x)+d n—1 (x"—l) :nly 4+ (n—1) 1]
Rewriting this relation as

In _ I 1

Al (-1t
and replacing n by n,n—1,...., 3, 2, we get the required result.]

12, If y=i:;. (x? -1)n, show that

(x2=1)ypta+2xyp41—nln+ 1)y, ==0. (P.U. 1957)
Hence show that y satisfies the Legendre’s equation
- dy —2x - d Y.+ n(n+1)y=0.
" 13. If U, denotes the nth derivative of (Lx+ M)/(x*—2Bx+ C)., prove
at
28x+C 2(x—B) _
(ﬂ+1)(n* 2) ﬂ+|+ n+l Un+1+U" 0 (M.U.)
14. If y=x%"?, then
dn 1 d? d
—d;'%:=—2—n (n—-])d)—‘};-—n(n-—2) e +——(n—-1)(n 2)y.
(Agra, P.U., D. U 1955)
15. If
of Y x\"
cos(5 ) =tos()
prove that

x? +(2n+1)x +2nty,=0.
Ynit i y'i D.U. Hons., and Pass, 1949 ;
"P.U. 1958 Sept. )
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16. If
=(tan™? x)*,
then

(x* +1)’d e +2x(x3+1) -—:

Deduce that

(e d e (dnt2)x(x* 1) +2n 2(3x-+1)

d n+1

+2n(n nea-1)x 2 +n(n 1)¥(n— 2)d o =0

dxn=1
(Birmingham)
17. If
x=:tan (log y),
prove that
(1 {-x’)d ,,+‘+ 2nx— 1)d " tnn—1) @ dxn Y =0. (B.U.Y
1 _ 1
18. 1 y? +y ™ =2x,prove that
(x*=1)ynta+ 20+ 1)xpg 41 +(n* —m?)y, =0,
“where y,, denotes the nth derivative of y. (D.U. Hons., 1947 : P.U. 1959)
19. If y=e¥*" cos x, show that
Yan+a(0) —4ny24,(0) +(2n—1)2n y,_(0) =0.
20. If y=(1+x’)’!m sin (m tan—1x), show that
Yan(0)=0and y;n+,(0)=(—1)" m(m—1)m-2)....(m—2n).
21. If y=sin (m cos~14x) thea

4n®—
xn_x:xoy;:l W’ (B.U., D.U., 1955)

22. lfx+y=1 prove that
" (enym)=n ! [y~ (1C) YAtk +(PCe R+ (—1)nxn)

(D.U. Hons. 1950 ; M.U.)
23./ By forming in two different ways the nth derivative of x's, prove

dx"

that
n(n—1y n’(_n_— )’(n -2)* 2n!
l+ 1. + 1’ 23 + 33 —t. -('i—!i'
[Equate the nth derivative of x?* with the nth derivative of the product
of x® and x» and put x=1]. (Lucknow)

24. Prove that
(sin’ Gd—:- )” sin¢=n"!.sin (n+1) 9 . sinntig,
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25 If y—;,l—, prove that

ad
_(=1)mn! 1 (—=1)*n!  2cos((n+1)o+En]
Yn= 3q? T (x—a)nts 3a¢ (x”+ax+a’)i n+1)
—tan~1 9Y3.
where ¢ =tan ox Ta
Tzt . £
26. Ifu= ,+ 1 and tan 0—-2)”_1
show that
d*u 4 sin [(n4 1) —3n]
-.,__"__:‘_< (_1)1.,, 1 —_— IV
dx V3 (xz_i_x_*_])*(”'i‘l)

(D. U. Haons. 1946)



CHAPTER VI
GENERAL THEOREMS

MEAN VALUE THEOREMS

Introduction. By now, the student must have learmt to dlstmgulsh
between theorems applicable to a class of functions and those concerning some
particular functions like sin x, log x etc. The theorems applicable to a class of
functions are known as gzneral ‘theorems.

Some general theorems which will play a very important part in the
following chapters will be obtained in this chapter. Of these Rolle’s theorem i3
the most fundamental. ’

1. Rolle’s Theorem. If a function f(x) is derivable in an
fnierva [a b], and also fla)=f(b), then there extsts at least one value
‘¢’ of x lying within [a, b] such that f(c)=0.

_ The function f{x) being derivable in the interval [a, b] is con-
tinuous, (§ 414, p. 76). By virtue of continuity, it has a greatest
value M and a least value m in the interval, (§3:53, p. 55) so that

there are two numbers ¢ and d such that >
_f(C)‘-‘—‘M, f(d)_
Now either M=m, .. (i)
or M#=m. . (i)

When the greatest value coincides with the least value as in
case (i), the function reduces to a constant so that the derivative
f'(x) is equal to O for every value of x and therefore the theorem is
true in this case.

When M and m are unequal, as in case (ii), at least one of them
must be different from the equal values f(a), f(b). Let M=f{c) be
different from them. The numbe:r ‘¢’ b2ing dlﬁ'erent from a and b,
lies within the interval [a, b].

The function f(x) which is derivable in the interval [a, b] is, in
particular, derivable for x=c, so that

when i = 0

exists and is the sam2 when 4 — 0 through positive or negative values.
As f{c) is the greatest value of the function, we have

fle+h < flo)
whatever positive or negative value & has.
Thus
ﬂfﬂ'h)ff(ﬁ) <0 for h>0, )

130
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and
S *'hz“f ()50 for h<o. ()
Let h — 0 through positive values. From (1), we get
‘ f(e) 0. ' -(3)
Let h — 0 through negative values. From (2), we get
f'(c) >0. ...(4)
The relations (3) and (4) will both be true if, and only if .
f’((.‘)=0.

The same conclusion would be similarly reached if it is the
least value m which differs from f(a) and f(b).

Hence the theorem is proved.

Geometrical Statement of the theorem.

If a curve has a tangent at every poin: thereof, and the ordinates
of its extremities A, B are equal, then there exists at least one point P
of the curve other than A, B, the tangent at which is parallel to x-axis.

In this geometrical form the theorem is quite self-evident, as
the student may himself realise by drawing some curves satisfying

the conditions of the statement.
: {

) v B
Y4 —rx YT P ,
- 7N B
A/. .B ' | Al Lﬁﬁ :
E ! . B
I s . SR
F;ig. 43 Fig. 44.

This intuitive consideration is also sometimes regarded to be “a
proof of the theorem.

Note 1. Tt will be seen that the point ‘c’ where the derivative has been
shown to vanish lies strictly within the interval [a, b], so that it coincides

neither with @ nor with b.  In view of this fact, the theorem is gzner+lly stated
as follows :—

If a function f(x) is such that
1. It is continuous in the closed interval [a, b],
2. ' It is derivable in the open interval (a, b),

3. f@=f().

then, there exists at least one point ‘c’ of the open interval (a, b), such that f'(c)=0
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. Note 2. The conclusion of Rolle’s theorem may not hold good for a
function which does pot satisfy any of its conditions.

To illustrate this remark, we 'c_onsider
}qr the fu]nction y=f(x)=| x| m the interval

’ it is continuous in[—1, 1] and f(1),
f(—1) are both equal to 1. T
1ts derivative f/ (x) is 1 for 0 <2< 1 and
—1, for —1< x < 0, and does not exist for
x=0, so that f’(x) nowhere vanishes.
R (Ex. 2.p. 73)
0 X The failure is explained by the fact that
| x | is not derivable in [—1, 1], in as much as
the derivative does not exist for x=0, which is
a point of the interval.

Fig. 45.
Ex. 1, Verify Rolle’s theorem jor
(i) xtin[—1, I]. (i) x(x+3)e” ¥in [—3, 0].
(i) Let

S(x)=x% s0 that f(1)=1=f(—1).
Also, x? is derivable in [—1, 1].
The conditions of the theorem being satisfied, the derivative
f'(x) must vanish for at least one value of x lying within [—1, 1].

Also directly we see that the derivative 2x vanishes for x=0
which value lies within [1, —1]. Hence the .verification.

(ii) Let

J(X)=x(x+3)e™ b
We have
A(—3)=0=A0),
and f(x) is derivable in the interval [—3, 0]. We have

f'(x)=(2x+3)e"’3x +x(x+3)e” 1}"‘(— 1)
_(=x*+x+6) e ix
= 5 .

Putting f(x)=0, we get
—x’+xi+- 6=0.
This equation is satisfied by x=—2, 3. Of these two values of
x, for which f"(x) is zero, —2, belongs to the interval [—3, 0] under
eonsideration.
Hence the verification.

Ex. 2. Verify Rolle’s theorem in the interval [a, b] for the functions
(i) log [(x*+ab)/(a+ b)x].
(i) (x—a)®(x—b)" ; m, n being positive integers.
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Ex. 3. Verify Rolle’s- theorem for the functions
(i) sin x/e® in [0, 7] ; (i) €® (sin x—cos x) in [n/4, Sn/4).

Ex. 4. By considering the function (x—2) log x, show that the equation
x log x=2—x is satisfied by at least one value of x lying between 1 and 2.

6-2. Lagrange’s mean value theorem. If a function f(x) is deri-
vable in the interval [a, b], then there exists at least one value ‘c’ of x
Jying within [a, b] such that
f(b)—f(a)
g
To prove the theorem, we define a new function ¢(x) involving
S(x) and designed so as to satisfy the conditions of Rolle’s theorem.
Let

=f'(c).

#(x)=f(x)+ Ax,

where A4 is a constant to be determined such that

e(a)=¢(b).
Thus
fla)+Aa=f(b)+ Ab.
b—a

Now, f(x) is derivable in [a, b]. Also x is derivable and, 4, is a
constant. Therefore, ¢(x), is derivable in [a, b] and its derivative is

f(x)+A..
Thus, ¢(x) satisfies all the conditions of Rolle’s theorem. There
is, therefore, at least one value ‘¢’ of x, lying within [a, b] such that

¢'(c)=0.
0=¢"(c)=f"(c)+ 4, i.e., A=—Ff"(c),
or —-f(—bz,:%‘" =f'(c). o (i)

Another form of the statement of Lagrange’s mean value theorem.
If a function f(x) is derivable in an interval [a, a+h)], there exists at
least one number <@’ lying between 0 and 1 such that

f(a+h) =f(a) +hf’'(a--6h).

We write b—a=h so that h denotes the length of the interval
[a, b] which may now be written as [a, a4 h].

The number, ¢, which lies between a and a+h is greater than
.a by some fraction of A, so that we may write |

c=a-6h,

‘where @ is some number between 0 and 1. Thus the equation (i)
becomes

S (f‘_t’_’.}i:ﬂ_‘i) —f"(a+oh),

or : f(a+h)=1f(a) +-bf'(a-{- 6h). [0<b<1]
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Geometrical statement of the theorem. If a curve has a tangent
at each of its points, then there exists at least one point P on the
curve such that the tangent at P is parallel to the chord AB joining its
extremities. : ,

5
—\\.
&

B

y

S
N—..
2
b

Fig. 46. Fig. 47.

We will now see the‘equivalenée of the analytical and geometri-
cal statements.

If fix) is derivable in [a, b], then the curve y=f(x) has a
tangent at each point of the curve lying between the extremities
A4 [a, f(a)] and B [b, f(b)].

The slope of the chord 4B—7)=/14).

Let P be the point (c, f(c)) on the curve ; ¢, being such that

f(z)_f(‘_’l =f"(c). ... (i)

b—a
The slope of the tangent at P=f"(c).

From (ii), we see that the slopes of the tangent at P and the
chord AB are equal.

Thus there exists a point P on the curve the tangent at which
is parallel to the chord 4B.

Note 1. Now [f(b)—f(a)] is the change in the function f(x) as x changes.
from a to b so that [f(b)—f(a))/(a—b) is the average rate of change of the
function f(x) over theinterval [a, b]. Also f/(c) is the actual rate of change of.
the function for x=c. Thus the theorem states that the average rate of change of
a function over an interval is also the actual rate of change of the function at
some point of the interval. In particular, for instance, the average velocity
over any interval of time is equal to the actual velocity at some instant belong-
ing to the interval ; velocity being rate of change of distance w.r. to time. This
interpretation of the theorem justifies the name ‘Mean Value’ for the theorem.

.. Note 2. If we draw some curves satisfying the conditions of the theorem,
we will realise that the theorem, as stated in the geometrical form, is almosy
self-gvident,
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Ex. 1. If
S(x)=(x—1)(x—2)(x—3) ; a=0, b 4,
find the value of c. (D.U. Hons. 1954)
We have
f1b)=f(4)=3.2.1=6,
fla)=/10)=—6,
fo—flay _12 _,
b—a 4
Also
J1(x)=(x—2)(x—38)+ (x—3)(x —1) +(x— 1)( 2
=3x2—12x+11.
Consider now the equation
TO=Ale)_p
ie., 3=3c’—12c+11.
or 3c2—12¢4-8=0
: cbt3v3 6-243
o g CH

Taking 4/3=1'732..., we may see that both these values of ¢’
belong to the interval [0, 4].
Ex. 2. Verify the mean value theorem for
@) log xin [1, e]. . @) x3in [a, b].
(iii) Ix*+mx+nin [a, b].
Ex. 3. Find ‘¢’ of the mean value theorem, if
fix)=x(x—1)(x—=2) ; a=0, b=4}.
(D.U. Hons. 1951)

Ex. 4. Find ‘¢’ so that f’(c)=[f(b)—f(a)]/(b—a) in the following
cases :—
(i) f(x)=x*—3x—1;a=—y, b=22,
@) fiIX)=~(x*—4) ; a=2, b=13.
(iii) f(x)=e€®; a=0, b=1.
Ex. 5. Applying Lagrange’s mean value theorem, in turn to the func-
tions log x and ¢%, determine the correspondmg values of § in terms of @ and A.
Deduce*hat '
B __
() 0<(log (141 —x—1<1 ; @0<lLig oL <1

Ex. 6. Explain the failure of the theorem in the interval [—1, 1} when

f)=1/x, (x5£0) ; f(0)=0.
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6:3. Some important deductions from the mean Valye theorem.
Mesaning of the sign of Derivative. We consider a function f(x)
derivable in an interval [a, b]. Let x,, x, be any two points belong-
ing to the interval such that x,>x;. Applying the mean value
theorem to the interval [x,, X,], we see that there exists a number £

between x; and x, such that
£(x5) ~1(x;) = (X,—x,)f'(£). ()
6:31. Let f(x)=0 throughout the interval [a, b].
From (i) we get
Sx)=11xy),
where x,, x, are any two values of x. Thus we see that every two

values of the function are equal. Hence f(x) is a constant. We
thus prove :—

) “If the derivative of a function vanishes for all values of x in an
interval, then the function must be a constant.

This is the converse of the theorem, “Derivative of a constant is
zero,”

Cor. If two functions f(x) and F(x) have the same derivative for
every value of x in [a, b] then they differ only by a constant.

We write
B(x) =£(x) —F(x).

&' (x)=1"(x)— F'(x)=0.

Hence, ¢(x), i.e., f(x)—F(x) is a constant.

6:32. Let f'(x)>0 for every value of x in [a, b).

From (i), we get

Sx)—f1x))>0 i.e., flx) >f1x3) ;

for, x,— x, and f” (£) are both positive.

Hence f{x) is an increasing function of x. We have thus
proved : — : : :

““A function whose derivative is positive foF every value of x in an
interval is a monotonically increasing function of x in that interval.”

6:33. Letf'(x) <O for every value of x in [a, b].

From (i), we get ‘

SX)—f(x) <0 i e., f(x5) < f(x%1) 5

for, x,—x, is positive and f'(£) negative.

Hence f(x) is a decreasing function of x. We have thus
proved :—

““A function whose derivative is negative for every value of x in an
interval is @ monotonically decreasing function of x in that interval.”
Note. The above conclusions remain valid even if f’(x) vanishes at the

sngl paints a, & of the interval, for the ‘c’ of the mean value theorem never
ouingides a,,m;b.%_ :
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6:4. Cauchy’s mean value theorem. If two funétions f(x) and
F(x) are derivable inan interval [a, b] and F'(x)#0 for any value of x
in [a, b], then there exists at least one value ¢’ of x lying within [a, b],

such that
Jb)=fla) _ J(e),
F(b)—F(a)~ F'(c)
Firstly, we note that [F(b)—F(a)]540 : for if it were 0, then
F(x) would satisfy the conditions of the Rolle’s theorem and its deri-
vative would therefore vanish for at least one value of x and the
hypothesis that F’(x) is never 0 would be contradicted.

Now, we define a new function ¢(x) involving f(x) and F(x)
and designed so as to satisfy the conditions of Rolle’s theorem.
Let
o(x)=/(x)+ AF(x),
where A is a constant to be determined such that

v(a)=9(b).
Thus

fla)+ AF(ay={(b) + AF(D).
. ___ f)—fla) FlaVt
. A=— F(b)— Fla) * for [F(b)— F(a)]£0.
Now, f(x) and F(x) are derivable in [a, b]. Also 4 is a constant.
Therefore, ¢(x) is derivable in [a, b] and its derivative is .
f(x)+AF/(x).
Thus, v(x) satisfies the conditions of Rolle’s theorem. There is,
therefore, at least one value, ¢, of x lying within [a, b] such that
$'(c)=0.
0=¢'(c)=f"(c)+AF'(c),
or fle)=—AF(0),
Dividing by F’(c) whichs£0, we get
fi(e) _ fib)—1f(a)
F'(c) ~ F(b)—F(a)
Hence the theorem.
Another form of the statement of Cauchy’s mean value theorem.
If two functions f(x) and F(x) are derivable in an interval [a, a+th) and
F'(x)7#0, then there exists at least one number 6 between 0 and 1,
such that
fla+m)—fla) _f'(a+6h) o<1
Fa+h—Fa) =F(a+oh) (0<f<1)
The equivalence of the two statements can be easily seen as in
the case of Lagrange’s mean value theorem.
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Note. Taking F(x)=x, we may easily see that Lagrange’s theorem is
oanly a particular case of Cauchy’s. ‘

Ex. 1. Verify the theorem for the functions x* and x* in the interval
[a, b] ; a, b being positive.

Ex. 2. 1If, in the Cauchy’s mean value theorem, we write for fix), F(x) ;
() x2, x ; (i) sin x, cos x ; (iii) €%, e=* ; show that in each case ‘c’ is the arith-
metic mean between a and b.

Ex. 3. If, in the Cauchy’s mean value theorem, we write for f(x), and
F(x), ¥x and 1/+x respectively then, c, is the geometric mean between a and b,
and if we write 1/2% and 1|x then, ¢, is the harmonic mean between a and b.

6'S. Examples
1. Show that
x8—3x2+42x-2
is monotonically increasing in every interval.
Let
, S(X)=x3—3x24-3x+2.
[(x)=3x2—6x4-3=3(x—1)2
Thus f*(x)>0 for every value of x except 1 where it vanishes.
Hence f{x) is monotonically increasing in every interval.
2. Separate the intervals in which the polynomial
2x3—-15x2+36x 41
is increasing or decreasing.
Also draw a graph of the function.
Let
y=f(x)=2x3—15x2436x-+1.
S'(x)=6x2—30x+4 36=6(x—2)(x—3),
so that
f(x)>0 for x<2 ;
f(x)<0 for 2<x<3 ;
S'(¥)>0 for x>3 ;
S'(x)=0 for x=2 and 3.
Thus, f'(x) is positive in the interval (— o, 2) and (3, ®) and
negative in the interval (2, 3).
Hence f(x) is monotonically increasing in

the intervals (— o, 2][3, ) and monotoni-
cally decreasing in the interval [2, 3].

To draw the graph of the function, we
note the following additional points :—

(i) f2)=29; (i) f(3)=28 ;
(iii) f0)=2,
(iv) flx)>—o0 88 x> —o.

(v) fix)>+w as x>+,
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3. Show that .
x/(14x) < log (14+x) < x for x > 0.
We write
x
flx)=log (1+x)— 1x

’ 1 l - x .
S O= 1 (2P~
Thus  f'(x) > 0 for x > 0 and =0 for x=0.
Hence f(x) is monotonically increasing in the interval [0, o ].
Also f10)=0.
f(x) > f(0)=0 for x > 0.
Hence f{x) is positive for every positive value of x, so that
log (14x) >‘x/(1+x) for x > 0.
Again, we write [
F(x)=x—log (1-+x),
80 that F'(x)=1—1)(14x)=x/(14X)
Thus, F'(x) > 0 for x > 2 and is 0 for z=0.
Therefore F(x) is monotonically increasing in the interval
[0, ©]. Also F(0)=0.
F(z) > F(0)=0 for z > 0.
Hence F(x) is positive for positive values of x, so that
x > log (14x) for x > 0.

Exercises

1. Show that
(i) x/sin x increases steadily from x=0 to x=n/2. (P.U.>
(if) x/tan x decreases monotonically from x=0 to x=n/{2.

(iif) the equation tan x—x=6 has one and only oneroot in (—{n, 4n).
(B.U. 1952)

w
g

2. Show that x—sin x is an increasing function throughout any interval
of values of x. Determine for what values of @, ax—sin x is a steadily increas-
ing function. : MU

3. Determine the intervals in which the function

(X +6x3+17x*+ 32x+32)e®

is increasing or decreasing.

4. Separate the intervals in which the function

x*+x+1)/(x*--x+1)

is increasing or decreasing.

5. Determine the intervals in which the function (4—x%* is increasing:
or decceasing. Also draw its graph. '

; - _X -1
(iv) tan x>1+*x, if0 < tan~'x <



140 DIFFERENTIAL CALCULUS

6. Find the greatest and least values of the function
‘ x8—9x? 4-24x in [0, 6].
7. Show that x—! log (1 +x) decreases as x increases from 0 to «.
8. Show thatifx > 0,
2

® X3 <log (14+x) < x — ;- -
2 2(1+x)
i x, X Xt x®
@) x 9 '-3(l+x) <log(14+x) <x— 5 + 3 (B.U. 1953)
9. Show that

x < —log(l—x) <x(1-x)tfor0 < x<1.
10. Prove that ¢~ lies between
1—xand 1 —x+3x2

11. Show that sin x lies between
3

x
*~6
12. If0 < x < 1, show that

2
2x < log : e 2x(1+i. Tii@)'

x3 x5
and x— ¢ + 99 °

X

Hence taking x= n > Ordeduce that

,,1 -
2n+1’
- ._.1,,_
€<(l+ %)n-}-‘} <e'€12n(n+l)

(D.U. Hons. 1951)
13. Show that
tanx_  x .
14. Show that
x—1>logx > (x—1)x71,
and x*—1> 2xlogx >4 (x—1)—2logx
for x> 1 (M.T.)
15. If f(x) is derivable in the interval [a—h, a-+h], prove that
(i) fla+h)—fla—h)=h[f"(a+9,h) + [ (a—6:h)],
where0 < 9, < 1;
(ii) fia+h)—2f(a) +fla—h)=h{f'(a+6:k)—f'(a—6sh)]
where 0 < 6, < 1.
# 16. The derivative of a function f(x) is positive for every value of x in an

interval [c—Ah, c], and negative for every value of xin [c, ¢c+h] ; show that f(c)
is the greatest value of the function in the interval [e—h, c+h]).

6'6. Higher mean value theorem or Taylor’s development of
function in a finite form, If a function f(x) possesses the derivatives
FUx), f(x), f7'(@),e.....f "(x), up to a certain order n for every value of
x in the interval, [a, a-++h], then there exists at least one number 8,
between 0 and 1, such that
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flat W=fla) +hf"(@)+ ) @ ,f"’(a)+ ......

T hnl;, fr-Ha) 47 fr(at-oh).

We define a new function ¢(x) involving f(x) and its drivatives

f'(x), f "(X)5enen.. , J7(x) designed so as to satisfy the conditions for
Rolle’s theorem. Let

o(x)=f@)+a-+h—x) f'(x) + {4F] h= ")—z—f“(?)+ ......
Feeet (“4('”"*1’)‘ S C2. h—x)"

where A4 is a constant to be determined such that

?(a)=<p(a+h).
Thus we get 4 from the equation

, o, h*t h”
f(a)+hf (a)+2",“ f (a)+ oo (n IST (a )+ ;1 ‘!" A
=flath)  ..(i)
Now, it is given that f(x), f'(x), f'(X),...... , f™1(x) are derivable
in the interval [a, a--h].
Also, a+h—x, (a+h—x)?2 !, ... (a—{-h—-x)"/n ! are deriv-

able in [@, a4-h]. Therefore ¢(2) is  derivable in [a. a-4h]. Also
#'(@)=f"(2)—f"(z)+(a+h—2z)f"(x)—(a+h—z) f*(x)
+(a+h —~x)? ) — (a+h+X) @)+

oooooo

__(a+h—x)"-?

I g R by
n— D

s WA D ey ot

= Ura- 4,

ether terms cancelling in pairs.

Thus ¢(x) satisfies all the conditions for Rolle’s theorem. There
exists, therefore, at least one number 6 between 0 and 1 such that

¢'(a+6h)=0
0=va+ o= Lm0 {frasom—a
i1 — )1

e (n l)! —[f"(a-*-ﬂh) A]
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S"(a+6h)=A ; for (1—§)£0.
Spbstituting‘ this value of 4 in (i), we get

S+ =A@+ @y @+ ook f4E)

1) !
h" L ..
| + " fr(a+6h). [0<6<1] .G
The (n+1)th term
. pn
. 7S "@+0h)
is called Lagrange’s form of remainder after n terms in the Taylor’s

expansion of f(a+#h) in ascending integral powers of h.

Note. Taking n=1 we see that Lagrange’s mean value theorem is only
a particular case of the Taylor’s development obtained here.

Cor. Maclaurin’s development. - Instead of considering the in-
terval [a, a-+h], we now consider the interval [0, 2] so that we change
a to 0 and h to z in (ii) We get

f(x)-f(O) 2f" (O)Ju FO) e + i ’1‘! .
C : ... (iii)

which holds when '‘the function f(x) possesses the derzvatn es

F1X), £7(X)yennenennn S (x

in the zm‘erval [0, x]

The formula (lll) is known as Maclaurin’s development of f(x) in
{0, x] in the finite form with Lagrange’s form of remainder..

6+7. Taylor’s develOpment of a function with Cauchy’s form of
remainder. If @ function f(x) possesses the derivatives f'(X), f(x)...... ,
f"(x) up to a certain order n in the interval [a, a+h), then there exists
at least one number § between 0 and 1 such that

f(a+f2)%f(a)+f(a)+2*!f (@) + eeveeet (:" ;) ! f" ' ()

h*
+otyy (L=0) S "(a+0h),
We define a new function ¢(x) as follows —
¢ o(x)=fla)+ (ath—x) fix) + 9T

—x -1
+(f%”,;"_—_Tf—,)—~f~~l(x)+(a+h—x>A,

where A is a constant to be determined such that

¢(a+h)= ¢(a).
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Thus, we get 4 from the equation
h? hr-1 - .
_f( a+h )=ﬂa)+hfl(a)+27 f“(a)—,— ........ + (n._‘-l)“!f"_l(a)—*-h A....(l)
It is easy to see that ¢(2) is derivable in [a, a+-h].

Hence ¢(x) satisfies the conditions for Rolle’s theorem so that
there exists at least one number 9 between 0 and 1 such that

¢’(a+6h)=0
S h— x)7-1
‘Now, “"(z):(atn—“lx)) [ fHatoh)—A;
other terms cancelling in pairs.
0o’ ’l __(h—6h )"‘lf,l B — A
; -t "e
ie., ‘ A= (n’_ul)!(l—o) 1fn(a + gh).
Substituting this value of 4 in (i), we get
n o, hr-1
flatH=fa)+hf@) - '\ 1@+t [ )
Il" n-fn .
Fn—1y1 470 ‘f'(a+9h) ()

The (n41)th term
h* n-1£.
—1)! (1—6)"'f“(a6h)

is called Cauchy’s form of remainder after n terms in the expansion
of fla+h) in ascending integral powers of 4.

Cor. Maclaurin’s development. Changing a to 0 and 4 to x in
(ii), we get

=L O+ PO+t

xn-1 n
n—1y1/" 7O

xﬂ
+(n__1) ! (1_0) *1f"(0x)
which is known as Maclaurin’s development of f(x) in the interval

{0, x] with Cauchy’s form of remainder after n terms. It holds when
f(x) possesses the derivatives f'(x), S7(X)yeneen. , f*(x) in [0, x].
Ex. 1. Show that
x? a3 xn—1 X Gx
63'=l+x+'ﬂ‘+?-!+--....+ (_':i-)—!-+n!e
Here f(x)=e*. Therefore f*(x)=e*.

SO=f1(0)=..=f "10)=1, fr(gx)=e®*"
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Substituting these values in (iii) ( § 67, p. 142), we obtain the reéult,
Ex.2. Show that, for every value of x

X

i : x° n—1 "
8iN X=Xy g e +(—-1) PEiuka

Xt
(—-1) T sin fx

x’ x‘ n
cos x=l-—i4i+ﬂ —vreeeeF(=1)" it

(=1)r+ _’i”_ﬂ_. sin gx.
(2n+1)!
Ex. 3. Show that

2 3 n—1
log (1+x)=x——";~ +-§~— ........ +(—=1)n"3, S

(1)1, %"
T
Ex. 4. Find, by Maclaurin’s theorem, the first four terms and the re
mainder after n terms of the expression of e%% cos bx in terms of the ascending
powers of x.



APPENDIX
Examples

1. Show that the number 6 which occurs in the Taylor’s theorem
with Lagrange’s form of remainder after n terms approaches the limit
1[/(n4-1) as h approaches zero provided that fr+!(x) is continuous and
different from zero at x=a. (D.U. Hons. 1950)

Applying Taylor’s Theorem with remainders after n terms and
(n+1) terms successively, we obtain

hrn—1

S @R =F @ @ v L a4 a0,
S @D =S @) ety 7@+ G s a8
These give

 praton=2" i U feat e,

(n+1) !
or fria-+om—fra)= fr S at0'h),

Applying Lagrange's Mean Value Theorem to the left-hand side,
we have

n " ___h_ n ’
6hf "+ (a+6 Bh)*n-ﬂf +1 (a+6'h).
_ 1 f™ia4-6'h)
or 0_n+i " frl(a+4-6"h)
Let h - 0.

1

lim 0=n+1-

2. Show that
x2> (1+4x) [log (1+x)]2 for x>0.
Weput  fix)=x*—(1+x) [log (14 x)].
f/(x)=2x—1. [log (1-4+x)]*—(14x). 2 log (1 +x).[1/(1+x)]
=2x—[log (14x)]2—2 log (1+4x).

The form of f’(x)is such that we cannot immediately decide

as to its sign. We, therefore, proceed to determine the second deri-
vative.

145



146 DIFFERENTIAL CALCULUS

S (x)==2—2 log (14+x).1/(1 4+ x)—2/(14-x)

—o[ X~ x—log (1+x)
=T 1+x
which is >0 for x>0. (See Ex. 3, p. 139)
.. f’(x) is monotonically increasing in the interval [0, o).
Also
J'(0)=0.
Therefore

f'(x)>0 for x>0,
. Hence f(x) is monotonically increasing in the interval [0, o).
Also
f(0)=0
Therefore
f(x)>0 for x>0.
Hence
x3>(14x)[log (14-x)]2 for x>0.
3. If ¢"(x)>0 for every value of x, then
P30+ x9) 1< R0 () + #(x2)]1,
for every pair of values of x, and x,.
Suppose that x,> x,.

(%, Txa)lz
l | i |
X & £ Xg
We write
#(%1) + #(x2) +20[ (X1 +-%5)]
=(0(X)— ¢ 3{(X,+ x9)}] —[23{x1 4+ X3)} — #(x,)]. (1)

Applying Lagrange’s mean value theorem to the function ¢(x)
for the intervals [x,, (x,4X,)/2] and [(x,-+X,)/2, x,] we see that there
exist numbers £,, £, belonging to the two intervals respectively, such
that

. #(¥a) = $[3(xs Hx9) = [Xa — (¥ +x5)1"(§2) = 3(Xa — x1)#" () -(2)
an
[23(y 1 Xxg) — (X)) =[3(X, +%,) —%,]¢'(§)) = 3(X3—X%;)?'(&4) ..-(3)
Thus from (1), (2), (3), we obtain
(%) 1 9(xg) — 20[3(%, +X;) =13 (Xe —%1)[9"(£2) — 2" (£4]- (4)
Applying the mean value theorem to the function ¢’ (x) for the -
mterval [g,, £,], we see that there exists a numer % such that

¢’ (§a)—9' (E)=(6a—&1)9" (7). v..(5)
From (4) and (6), we obtain

[o(*) +o(*o)]—@ld(xy+ %) 1=3(Xa—X;)(§a — £1)9" (7).
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Since x,—x,;, £,—¢&; and ¢’’(7) are all positive, we obtain the
required result.

Exercises
1. Show that ‘9’ (which occurs in the Lagrange’s mean value theorem)
approaches the limit § as ‘4’ approaches 0, provided that f’’ (a) is not zero.
(P.U. 1949 ; D.U. Hons. 1949)

[It should also be assumed that f’/(x) is not continuous.]
2. Show that
fla+h)=f(a)+hf"(a)+3h*f""(a+ Oh),
where § lies between 0 and 1 and prove that

lim 9=4,
h—>0
specifying the necessary conditions. (C.U. Hons. 1953)
3. Assuming f'’(x) continuous in [a, b], show that
b— ’
F©~fla) F——f) =5 =Hc—aNc—b)f""(£),
where ¢ and g both lie in [a, b]. r.U.)

. (Take ®(x)=f(x)+Ax+ Bx® and determine A, B such that
@(a)=9(b)=9(c).

Now apply Rolle’s Theorem to the intervals [a, c] and [c, ].]

4. Thesecond derivative f’(x) of a function f(x) is continuous for
a<x<b and at each point x, the signs of f(x) and f’/(x) are the same. Prove that
if f(x) vanishes at points ¢ and d, where a<Cc<cd<(b, then it vanishes everywhere
between c and d. (B.U. 1952)

5. f(x), P(x) and ¥(x) are three functions derivable in an interval (a, b) ;
show that there exists a point £ such that

I 1) ®'(&) ¥'(€)
f(a) ® (a) ¥ (a) |=0 (a < § <b)-
£ (b) by " ¥ O

Deduce Lagrange’s and Cauchy’s mean value theorems.
6. Prove that -
lim JGth=2f1x) +f(x—h)
im o
h—>0

=f"(e),

if f//(x) exists.

7. Discuss the applicability of Rolle’s Theorem when
(i) f(x)==tan x and a=0, b=n,

(ii) f(x)=2+(x—1)§ and a=0, b=2.
(iid) )"(x)=(x—-c)?t—-c§L when a=0 and b=2c¢
(iv) flx)= T:_;-i—;_%; and a=—1, b=1



CHAPTER VII
MAXIMA AND MINIMA
GREATEST AND LEAST VALUES

7-1. In this chapter we shall be concerned with the application
of Calculus for determining the values of a function which are greatest
or least in their immediate neighbourhood technically known as
Maximum and Minimum values. A knowledge of these values of a
function is of great help in drawing its graph and in determining its
greatest and least values in any given finite interval.

It will be assumed that f(x) possesses continuous derivatives of
every order that come in question.

‘

Maximum value of a function. Let, ¢, be any interior point
of the interval of definition of a function f(x). Then we say that f(c)
is & maximum value of f(x), if it is the greatest of all its values for
values of x lying in some neighbourhood of ¢. To be more definite
and to avoid the vague words ‘Some neighbourhood’, we say that
f(©) is a maximum value of the function, if there exists some interval
(¢c—8, c--8) around c such that

| fle)> fix)
for all values of x, other than c, lying in this interval.

e This, again, is equivalent to saying that
| ! | fic) is a maximum value of f{x), if

c—8 ¢ 48 floy> fiethyie, fle+h)—fic) <0

for values of h lying between — § and 8, i.e., for values of & sufficiently
small in numerical value.

Minimum value of a function. f(c) is said to be a minimum value
of f(x), if it is the least of all its values for values of x lying in some
neighbourhood of c.

This is equivalent to saying that f(c) is a minimum value of f(x)
if there exists a positive 8 such that

f&) < fic+h), ie., fie+h)-fie) > 0

for values of h lying between —§ and §, i.e., for values of h sufficiently
small in numerical value.

Note 1. The term extreme value is used both for a maximum as well as
for a minimum value, so that f(c) is an extreme value if f(c+h)—f(c) keeps an
invariable sign for values of h sufficiently small numerically.

148
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Note 2. While ascertaining whethec any value f(c) is an extreme value or
not, we compare f(c) with the values of the function for values of x in any
immediate neighbourhood of ¢, so that the
values of the function outside the neighbour- Ps
hood do not come into question at all.

Thus, a maximum value may not be the 7
greatest and a minimum value may not be the
least of all the values of the function in any
finite interval. In fact a function can have
several maximum and minimum values and a
minimum value can even be greater than a
maximum value.

A glance at the adjoining graph of f(x)
shows that the ordinates of points P,, P,, Py
are the maximum and the ordinates of the points .
P,, P, are the minimum values of f(x) and that Fig. 49. e .
the ordinates of P, which is minimum is greater than the ordinate of Py which is
a maximum.

7-2. A necessary condition for extreme values. To prove that a
necessary condition for f(c) to be an extreme value of f(x) is that
i'(c)=0.
Let f(c) be a maximum value of f(x).

There exists an interval (c—8, ¢+38), around ¢, such that, if,
¢+h is any number, belonging to this interval, we have

]
:
]
1]
)
1
]
[}
;
Ly X

SF------G

.\?L_--
) S

fle+h<fie),
Here, h may be positive or negative. Thus
A=) g ¢ h>o, e ()
— 1 .
f——(c—‘t-};z)«ﬂ >0 if h<O. (1))
If h tends to O through positive values, we obtain from (i),
f(c)K0. ... (iii)
If h tends to 0 through negative values, we obtain from (ii),
f(€)>0. )
The relations (iii) and (iv) will simultaneously be true, if and
only if
f(e)=0.

It can similarly be shown that f’(c)=0, if f(c) is minimum
value of f(x). .
Cor. Greatest and least values of a function in any interval. The

greatest and least values of f(x) in any interval [a, b] are either f(a)
and f(b), or are given by the values of x for which f'(x)=0.

The greatest and least value of a function are also its extreme
values in case they are attained at a point strictly within the interval
80 that the derivative must be zero at the corresponding point.

The theorem now easily follows.
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Note 1. Geometrically interpreted, the necessary condition
for extreme values obtained above states : ‘“Tangent to a curve at -a
point P where the ordinate is a maximum or minimum is parallel to
x-axis.” <

When stated in this geometrical form, the theorem appears
almost self-evident. [Refer Fig. 48 ; p. 149.] '

Note 2. The vanishing of f (c) is only a necessary but not suffi-
cient condition for f(x) to be an extreme value. To see this, we consider
the function f{x)=x3 for x=0.

For value of x greater than 0, f(x) is positive and is, therefore,
greater than f(0) which is 0 ; and for values of x less than 0, f(x) is
negative and is, therefore, less than f(0).

- Thus £(0) is not an extreme value even though f’(0)=0.

Note 3. Stationary value. A function f(x) is said to be stationary .
Jor x=c if the derivative f(x) vanishes for x=c, i e., if f'(c)=0; also
then f{c)is said to be a stationary or a turning value of f(x). The
term stationary arises from the fact that the rate of change (%)
of the function f(x) with respect to x is zero for a value of x for which
f(x) is stationary.

It will be noted that a maximum or a minimum value is also a
stationary value but a stationary value may neither be a maximum
nor a minimum value.

Ex. 1. Find the greatest and least values of

x4 —2x3—6x24-6x+41
in the interval [0, 2].

Let
S(x)=3x%—2x3—6x24-6x4-1.
f(x)=12x3—6x2—12x4-6
: =6(x—1)(x+1)(2x—1).
Thus

f'(x)=0 for x=1, —1, }.
The value x=-—1 does not belong to the interval [0, 2] and is
not, therefore, to be considered.
Now

f(1)=2, f(})=39/16.

. J0=1, f2)=21.
Thus the least value is 1 and the greatest value is 21.
Ex. 2. Find the greatest and least values of
x4—4x3—2x74-12x+1

Also

in the interval [-2, 5}. .

Def Change of Sign. A function is said to change sign from
positive to negative as x passes through a number c, if there exists
some left-handed neighbourhood (c—#, ¢) of ¢ for every point of
which the function is positive, and also there exists some right-
fhanded neighbourhood (c, c4h) of ¢ for every point of which the
unction is negative, :
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A similar meaning with obvious alterations can be assigned to

the statement ‘A function changes sign from negative to positive, as
X passes through c”.

It is clear that if a continuous function f(x) changes sign as x
passes through ¢, then we must have f(c)=0.

‘Ex. 1. Show that the function
P(x)=(x+2)(x—1)*2x—1)(x—3)

changes sign from positive to ncgative as x passes through 4 and from negative

to positive as x passes through —2 or 3 ; also show that it does not change sign
as x passes through 1.

Ex. 2. Show that the function
P(x)=Q2x+3)(x+MHx—2)(x—1)3
changes sign from positive to negative as x passes through —4 and 1 and from
negative to positive as x passes through — % and 2.
72. Sufficient criteria for extreme values. 7o prove that f(c) is
an extreme value of f(x) if and only if f'(x) changes sign as x passes
through ¢, and to show that f(c) is a maximum value if the sign

changes from positive to negative and a minimum value in the contrary
case.

Case I. Let f'(x) change sign from positive fo negative as X
passes through c.

In some left-handed neighbourhood of ¢, f’(x) is positive and so
f(x) is monotonically increasing in his neighbourhood. (§6:32, p. 136).

Therefore f(c) is the greatest of all the values of f(x)in this left-
handed neighbourbood.

In some right-handed neighbourhood of ¢, f'(x) is negative and
so f(x) is monotonically increasing in this neighbourhood (§ 633,
p. 136). Therefore f(c) is the greatest of all the values of f(x) in this
right-handed neighbourhood.

Hence f(c) is the greatest of all the values of f(x) in a certain
complete neighbourhood of ¢ and so, by def., f(c) is a maximum value

of f(x).

Case II.  Let f’(x) change sign from negative fo positive as X
passes through c.

It can similarly be shown that in this case flc) is the least of all
the values of f(x), in a certain complete neighbourhood of ¢ and so,
by def., f(c) is & minimum value of f(x).

Case III. If f'(x) does not change sign, i.e., has the same sign
in a certain complete neighbourhood of ¢, then f(x) is either mono-
tonically increasing or monotonically decreasing throughout this
neighbourhood so that j{c) is not an extreme value of f(x).

Note. Geometrically interpreted, the theorem states that the tangent to
a curve at every point ina certain left-handed neighbourhood of the point P
whose ordinate is a maximum (minimum) makes an acute angle (obtuse angle)
and the tangent at any point in a certain right-handed neighbourhood of P makes
an obtuse angle (acute angle) with x-axis. Incase, the tangent on either side of P

makes an acute angle (or obtuse angle), the ordinate of P is neither a maximum
nor a miaimum.
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Ex. 1. Examine the polynomial
10x8 —24x54-15x4 - 40x3-+108
for maximum and minimum values.
Let
f(x)=10x¢—24x5 4 15x4—40x34108.

f(x)=60x5—120x%4-60x3—120x2

=00x%(x3—2x24-x—2)

=60x(x241)(x —2)

Thus, f'(x)=0 for x=0 and x=2 so that we expect extreme
values of f(x) for x=0 and 2 only.

Now,
for x <0, f(x)<0;
for 0<x <2 f(x)<0;
for x>2, f1(x)>0.

_ Here, f'(x) does not change sign as x passes through 0 so that
£(0) is’neither & maximum nor & minimum value.

Also, since f’(x)changes sign from negative to positive as X
passes through 2, therefore f(2) = —100 is a minimum value.
Ex. 2. Find the extreme values of
x4—8x34-22x2—24x+1
and distinguish between them.
Let
Y=f(x)=xt—8x3422x2—24x 41,
[(X)=4x3—24x3+44x—24
=4(x*—6x2+11x—6)
/4.» ‘ =4(x—1)(x—2)(x—3)
so that S (x)=0 for x=1, 2, 3.

H X Therefore, f(x) can have extreme values
i for x=:1, 2, 3 only. ’
' Now, for x<1, f(x)<0;

|
J
3

for 1<<x <2, f1(x)>0;
for 2<x<3, f'(x)<0;
(1,8) (3,8 for x>3, f'(x)>0.

Fig. 50 Since f’(x) changes sign from negative
to positive as x passes through 1 and 3,
therefore f(1)=—8 and f(3)=—8 are the two minimum values.

———— e ]

Again since, f’(x) changes sign ft:om pos'ftive to negative as x
passes through 2, therefore, f(2)=—"1 is & maximum value.
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Ex. 3. Find the extreme values of
5x%+18x5+415x¢—10.
Ex. 4. Show that the maximum and minimum values of
(x+1)(x+4)/(x—1)(x—4)
are —9and —1/9 respectively.
Ex. 5. Show that
9x5430x4+35x%+15x2+1

is maximum when x=—2/3 and minimum when x=0.

[—2 2]Also, find its greatest and least values in the intervals [—2/3, 0], and
Ex. 6. Show that
X8—5x445x3—1
has 2 maiximum value when x=1, a minimum value when x=3 and neither when
x=0, (D.U. 1948)

7-4. Use of derivatives of second and higher orders. The derivatives
of the first order only have so far been employed for determining and
distinguishing between the extreme values of a funection. As shown
in the present article, the same thing can sometimes be done more
conveniently by employing derivatives of the second and higher
orders.

All along this discussion it will be assumed that f(x) possesses
:ontinuous derivatives of every order, that come in question, in the
neighbourhood of the point c.

7-41. Theorem 1. f{(c) is a minimum value of f(x), if
f'(c)=0 and f"(c)>0.
Applying Taylor’s theorem with remainder after two terms, we

get
Sle-Hhy=fic) +hf(€)+ S "(e+ouh) ; 0<b<1)

fle+h)—fe) =y e+, e fo=0

As the value f"'(c) of f"(x) is positive for x=c, there exists an
interval around, c, for every point of which the second derivative is
positive. (§ 3:51, p. 54)

Let c+h be any point of this interval. Then, c4-6,h, is also a
point of this interval and accordingly f"'(c +-6,h) is positive. ~Also
h3/2 | is positive.

Thus wo see that there exists an interval around ¢ for every
point_c-+h, of which, f(c +h)—f(c) is positive, ie., Sle)<flc+h).

Hence f{c) is a minimum value of f(x).
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7-42. Theorem 2. f(c) is a maximum value of f(x), if
f(¢)=0 and f"'(c)<O0.
As in theorem 1, we have by Taylor’s theorem,

Fle+h)=(e) +hf () +—r S(c+e5h),

ie., e +h)- fle)= - f"(c+0.h)

As f"(c) is negative, there exists an interval around ¢ for every
point of which the second derivative is negative. Thus as in jshe
preceding case, there exists an interval around c for every point,

¢-+h of which f(c4+h)—f{(c), is negative, i.e., f(c)>f(c+h);
Hence f(c) is a maximum value of f(x).
7-43. General Criteria. Let
f©)=f"(c)=...=f"1(c)=0, but fr(c)>0,
Then f(c) is
(i) a minimum value of f(x), if f*(c)>0 and n is even ;
(ii) a maximum value of (x), if f* (¢)<<0 and n is even ;
(iii) neither a maximum nor a minimum value if n is odd.

Applying Taylor’s theorem with rémainder after n terms, we

fle+hy=fie)+hf'(c) +2L2! (G RS (nhf;)- 0

hn
oy [M(e+0h) 5 0<b,<1
80 that because of the given conditions,

fe+hy—fie)=—

n!

Sr(c+4-6,h).

~ Asfn (c)=0, there exists an interval around ¢ for every point

x of which the nth derivative f*(x) has the same sign, viz., that of
f™(e). .

Thus for every point, ¢-+-h, of this interval, f?(c4-0,#) has the
sign of f (¢).

Also when n is even, h*[n ! ; is positive, whether, h, be positive
or negative and when nis odd, h*/n !, changes sign with the change
in the sign of h.

Hence, as in the preceding cases we have the criteria as stated.

Note. The result proved in § 7°41 and § 7°42 is only a particular case of
the general criteria established in.,, 7'43 above.
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Examples

.

Find the maximum and minimum values of the polynomial
8x5 — 15x%410x2.
Let J(x)=8x5—15x4-}-10x2,
: f(x) =40x*—60x% +20x
=20x(2x3—3x241)
=20x(x—1)%(2x+41).
Hence f'(x)=0 for x=0,1,—1.
Again S"(x)==160x3 — 180x24-20
—20(8x3—9x241).

Now, f"(—})=—45 which is negative so that f{—})=1} is a
maximum value.

1.

, Again, f"(0)=20 which is positive so that f(0)=0 is a minimum
value,

As f"(1)=0, we have to examine f”’(1).

Now F1"(x)=480x2— 360x.

' S""(1)=120 which is not zero.

Hence f(1) is neither a maximum nor a minimum value.

2. Investigate for -maximum and minimum values the function
sin x 4-cos 2x.
Let
y=sin x4-cos 2x. .. (7)
dyldx =cos x—2 sin 2x
=cos X—4 sin X cos X.
Putting dy/dx 0 we get
cos x=0 or sin x=1}.

We consider valués of x between 0 and 2w only, for the given
function is periodic with period 2.

Now cos x=0gives x= ;;r and 3;

and sin x=} gives x=sin"! } and wr—sin! },
sin~! } lying between 0 and /2.

Now d?y|dx? = —sin x—4 cos 2x.

For x=m[2, d%y/dx*=3 which is positive ;
For x=3m/[2, d*y/dx2=5 which is positive ;,
For x=sin! } and w—sin~1 {,
d?y|dz3= —sin x—4 (1—2 sin? x)=—15/4
which is negative.

N P N
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Therefore y is a maximum for x=sin™ }, 7—sin—! }and is &
minimum for x=m/2, 37/2. )

Putting these values of x in (i), we see that §, § are the two
maximum values and 0, —2 are the two minimum values.
Exercises
1. Investigate the maximum and minimum values of
(i) 2x3—15x2+36x+10. (P.U. 1945)
(if) 3xt—4x3+5.

2. Find the values of x for which x®—6ax3+9a’x*+q® has minimum
values. (a>0).

3. Determine the values of x for which the function
12x5—45x4+40x3+6
attains (1) a maximum value, (2) a minimum value. (P.U. 1941)
4. Find the maximum value of (x—1)(x—2)(x—3). (PU. 1939)

5. Find the maxima and minima as well as the greatest and the least
values of the function y=x3—12x2+45x in the interval [0, 7].
- (P.U. 1942)

. 6. Find for what values of x the following expression is a maximum or
minimum :
2x3—21x2+36x—20.

Find the extreme values of x3/(x¢+1).

weo¥ Show that (x+1)?/(x+3)® has a maximum value 2/27 and a minimum
value 0,

9. Show that x® is minimum for x=¢"1.
10. Show that the maximum value of (1/x)2 is e!/%.

11. Find the maximum value of (log x)/xin <x<oo. (P.U. 1955)
12. Find the extreme value of g% l—a”—zc. (a>1).

13. Find the maximum and minimum values of x-+sin 2x in 0 << x < 2.

14. Find the values of x for which sin x—x cos x is a maximum or a
minimum.

15. Find the maximum and minimum values of
: x—sin 2x+ % sin 3x,
in(—r<x<n)s

16. Show that sin x (14-cos x) is a maximum when x=4n.
17. Discuss the maxima and minima in the interval [0, n] of the sums
(i) sin x+3 sin 2x+4 3 sin 3x.
(ii) cos x+3% cos 2x + % cos 3x.
Also, obtain their greatest and the least values in the given interval.
18. Find the minimum and maximum values of
(i) sin x cos 2x. (i) a sec x+b cosec x, (0<a<b).
(iii) sin x cos®x. (iv) €® cos (x—a).

19. Show that (3—x)e*®*—4xe®—x has no maximum or minimum value
for x=0.
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20. Find the maxima and minima of the radii vectors of the curve

ct a? b
A= sintg T costg (Delhi, Aligarhy
21. Find the maximum and minimum values of x*+y? where
ax®+2hxy +by*=1.

[Taking x=rcos @, y=rsin 6, the question reduces to finding the ex-
treme value of r2, where

:T=a cos?9+2h cos 6 sin § + b sin? 9]

7-5. In the following, we shall apply the theory of maxima
and minima to solve problems involving the use of the same. It will
be seen that, in general, we shall not need to find the second deriva-
tive and complete decision would be made at the stage of the first
derivative only when we have obtained the stationary values. In this
connection, it will be found useful to determine the limits between

which the independent variable lies. Suppose that these limits are
a, b.

If y is O for x=a and x=>0 and positive otherwise and has only
one stationary value, then the stationary value is necessarily the
maximum and the greatest.

If y > o as x — a and as x — b and has only one stationary
value, then the stationary value is necessarily the minimum and the
least.

In connection with the problems concerning spheres, cones and
cylinders the following results would be often needed :

1. Sphere of Radius r.

Volume = §nr3. Surface =4xr".
2. Cylinder of height, h, and radius of circular base, r.
Volume=mnr3h. Curved surface=2wrh. .

The area of each plane face =mr2.

3. Cone of height, h, and radius of circular base, r.
Semi-vertical angle=tan™ (r/h),
Slant height =+/(r*-+h?),
Volume=23nrh,
Curved surface=nr/(r*+h%). _
Here cones and cylinders are always supposed to be right
circular.
7-6. Application to Problems.
Examples
1. Show that the height of an open cylinder of given surface and
greatest volume is equal to the radius of its base. '

Let r be the radius of the circular base ; A, the height ; S, the
surface and V, the volume of the open cylinder. Therefore,

S=ar*42nrh, wo.(i)
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V =arrih, (1))
Here, as given, S is a constant and V is a variable. Also, h, r

are variables. Substituting the value of h, as obtained from (i), in
(ii), we get

—arr? —y8
V =nrt %;’r’ - S’2 , ... (i)
which gives V in terms of one variable r.
v S—3qr
ar — 2

80 vauy ur jur=v only when r =4/(S/3w) : negative value of r being
inadmissible. Thus V has only one stationary value.

As V must be positive, we have
Sr—ar® > 0, i.e., Sr > 7wrd or r > 4/ (S/7).

Thus r varies in the interval (0, 4/ (S/7)).

Now V=0 for the points r=0 and 4/ (S/7), and is positive
for every other admissible value of x. Hence V is greatest for
r=4/ (S/3x).

Substituting this value of r in (i), we get

S
S—7, -

— 2
h=S wr? 37

27r S
2"\/3&
_25 1 /31!_ S
‘3'%"\ S=N\/ 3n "

Hence h=r for a cylinder of greatest volume and given surface.

2. Show that the radius of the right circular cylinder of greatest
curved surface which can be inscribed in a given cone is half that of the
cone, o

Let r be the radius OA4 of the base and h, the height OV of the
given cone.

L/ We inscribe in it a cylinder, the radius
of whose base is OP=Xx, as shown in the
figure. We note that x may take up any value

S W between 0 and r.
To determine the height PL, of this
cylinder, we have

PL PAi PL r—x

ov=ox """ =7
== A pL=h_(’;r:f)

Fig. 51. .
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If S be the curved surface of the cylinder, we have

S=2r, 0p.pL = 2WHI=X) I 1y )
ds 2zh .
=T (r—2x) =0 for x=r/2.

Thus S has only one stationary value.

Now S is0 for x=0 and x=r and is positive for values of x
lying between 0 and r.

Therefore S is greatest for x=r/2.

3. Find the surface of the right circular cylinder of greatest
surface which can be inscribed in a sphere of radius r.

We construct a cylinder as shown in the figure. OA is the
radius of the base and CB is the height of this cylinder.

Let / AOB=0, so that @
lies between 0 and /2.

o

. aB:cos 0.

.. OA=OB cos @=r cos 6.
AB

°.* OB':SID. 0,

. AB=OBsin f=r sin 4.
If S be the surface, we have
S=2w. OA*+27.0A4.BC,

=27r¥(cos?d+sin 26)...(1)
s __ ., :
. :17’=27rr (—2 cos @ sin 842 cos 26)
=27r}(2 cos 20—sin 29).
=, dS[d§=0 gives
2 cos 20—sin 20=0, i.e., tan 26=2. «e(2)
Let, 6,, be a root of tan 29=2.
As tan 20,=2, .. sin 26, =2/4/5 and cos 20,=1/4/5.
From (1) ,we see that
when §=0, S=27r? ; when f==/2, S=0,

)
when 9=0,, S=2772 (.li‘i‘;s—“ﬁ—‘+sin 2,)

7"'2(5+5\/5)
= “‘—"‘"‘_‘5__"“‘“‘

which is greater than 37r2.

2
Hence 7_‘L(§i51/_§)_is the required greatest surface. (Cor. p..149),
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. ‘4. Prove that the least perimeter of an isosceles triangle in which
a circle of radius r can be inscribed is 6r4/3. (P. U. 1934)

We take one vertex A4 of the triangle at a distance x from the
centre 0. Let AO meet the circle at P. The two tangents from A
and the tangent at P determine an isosceles
triangle ABC circumscribing the given circle.

We have OL=r.
AL=+/(0A2—0L*)=4/(x2—r2),
L Also BP=AP tan / BAP
r =AP tan / LAO
0 OL r
Z ’ =AP. -=(r +x).m .
B Fig.z. ¢ If, p, denote the perimeter of the triangle,
we have
p=AB+AC+BC
=2AB+42BP
=2(AL +LB) +2BP
=2AL+4BP, (for, BL=BP)
2
4(r+x)r —9 (x+r) i)

= 2'\/(x2“'7’2)+ ‘\*/(x'z'_rz)“ \7(}2272) .
. dp 2(x+r).\/(xz——rz)—x(x+r)2(x2—rz)_*
A i Xt 13

_ xR —rt) = x(x4r)?

(x2—r%)3
(x-+r)2x—2r)

=2 > T
(x2—r2)¥
so that dp/dx=0 for x=2r ; negative value, —r, of x being in-

admissible.
Now, x may take up any value >r only, o that it varies in

the interval (r, o).
From (i), we see that p — o as x — r.
Again, dividing the numerator and denominator by x%, we get
= 2x(1+r]x)?
T V/(I=rxt)
go that p — o also a8 x>,

Hence p is least for x=2r. Putting this value of x in (i), we
gee that the least value of p is 6r4/3.
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5. A cone is circumscribed to a sphere of radius r ; show that
when the volume of the cone is a minimum, its altitude is 4r and its

semi-vertical angle sin~t 4. (Madras 1953 ; P.U. 1930)
We take the vertex A of the cone at a distance x from the
centre O of he sphere. -(See Fig. 53. p. 160).

By drawing tangent lines from A, as shown in the figure, we
construct the cone circumscribing the sphere.

Let the semi-vertical angle BAP of the cone be §.
Now, if v be the volume of the cone, we have
v=3w . BP?. AP,
which will be now expressed in terms of x. We have
AP=A0O+OP=r-x.
OL r

. . _OL_r . _r _
Since sin ¢ =04 x’ tan 0 V(R—rY)
. BP
Again, since ZP—tan 0,
r
BP=AP tan §=(r4x) . VT
252 2
Thus p— (r+x) r wri(x+r)?

T3er—ry) FHN= g0y
dv__wr¥(x+r)(x—3r)
dxT 3(x—=r2
Thus dv/dx is 0 for x=3r.
Here x can take up any value>r and v - « when x -5 r and
when X —» . Thus v i3 minimum and least for x=3r.
Hence, for minimum volume, the altitude of the cone
=AP=r-}3r=4r,
and the semi-vertical angle 6
=sin' L =sin-1. =gin-? 3
.X

[}

6. Normal is drawn at a variable point P of an ellipse
xaybt =1 ;
find the maximum distance of the normal from the centre of the ellipse.
(P.U. 1935)
We take any point P(a cos 6, b sin §) on the ellipse ; 6 being
the eccentric angle of the point.

The equation of the tangent at P is czs 0+y 535_1_8 =1,

b cos 6
Therefore, slope of the tangent at P= ~disne
a sin 6

Hence, slope of the normal at P=, boosd
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Thercfore equation of the normal at P is

. asin §
SO y—b sin 0=Ec—08~0~ (x—a cos §),
Or- 2" “ax‘gin —by cos =(a2—b?) sin 0 cos f.

... If, p, be its perpendicular distance from the centre (0, 0), we
obtain - - ‘

__(a®—Db?) sin 6 cos @

P= (@ sin® g-+b* cos* By ol
2 — a2 qind
B —(ar—pry P oot 0= sin* 0

(a% sin? 04-b? cos? 0)%
Putting dp/d§=0, we get

b b
tan46=-a§, ie., tan =4 /\/(—a—)

Because of the symmetry of the ellipse about the two co-ordi-
nate axes, it is enough to consider only those values of 6 which lie
between 0 and 7/2 so that we reject the negative value of tan g.

Now, p=0 when 6=0or 7/2 and pis positive when 0 lies
between 0 and 7/2. Therefore p is maximum when tan g=+/(b/a).

Substituting this value in (i), we see that the maximum value of
pis a—b.

7. Assuming that the petrol burnt (per hour) in driving a motor
boat varies as the cube of its velocity, show that the most economical

speed when going against a current of ¢ miles per hour is 2 ¢ miles per
hour.

Let v miles per hour be the velocity of the boat so that (v—c)

miles per hour is its velocity relative to water when going against
the current.

Therefore the time required to cover a distance of d miles

d .
= - hours.
v—C

The petrol burnt per hour=*kv3, where k is a constant. Thus
the total amount, y, of petrol burnt is given by

y=k v _a
v—¢C v—C
W _ g 300—0)—1.07
R Ot P

Putting dy/dv=0, we get v=0 and 3¢: Of these v=0 is in-
admissible. -

Also y —» oo when » s c and when v —» .
Thus v=74c¢ gives the least value of y.
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Exercises

1. Dividea number 15 into two parts such that the square of one
multiplied with the cube of the other is a maximum.

2. Show that of all rectangles of given area, the square has the smallest
perlmeter. ’ .

. . 3. Find the rectangle of greatest perimeter which can be inscribed ina
circle of radius a.
4. If 40 square feet of sheet metal are to be used in the construction of

an open tank with a square base, find the dimensions so that the capacity is
greatest possible. (

. 5. Afigure consists of asemi-circle with a rectangle on its diameter.
Given that perimeter of the figure ,is 20 feet, find its dimensions in order that
its area may be a maximum. (Patna, Allahabad)

. 6. A, Bare fixed points with co-ordinates (0, a) and (0, b) and Pisa
variable point (x, 0) referred to rectangular axes ; prove that x*=gb when the
angle APB is a maximum. (P.U. 1935)

7. A given quantity of metal is to be cast into a half-cylinder, i.e., with
a rectangular base and semi-circular ends. Show that in order the total surface
area may be minimum the ratio of the length of the cylinder to the diameter
of its circular ends is 7/(7+2). (Aligarh 1949)

8. The sum of the surfaces of a cube and a sphere is given ; show that
when the sum of their volumes is least, the diameter of the sphere is equal to
the edge of the cube.

9. The strength of a_beam varies as the product of its breadth and the
square of its depth. Find the dimensions of the strongest beam that can be
cut from a circular log of wood of radius a units. (D.U. 1953)

10. The amount of fuel consumed per hour by a certain steamer varies as
the cube of its speed. When the speed is 15 miles per hour, the fuel consumed
is 4% tons of coal per hour at Rs. 4 per ton. The other expenses total Rs. 100
per hour. Find the most economical speed and the cost of a voyage of 1980

e

miles. (P.U. 1949)
11. Show that the semi-vertical angle ofthe cone of maximum volume
and of given slant height is tan—?~2. (D.U. 1952)

12. Show that the right circular cylinder of the given surface and maxi-
mum volume is such that its height is equal to the diameter of its base.

13. Show that the height of a closed cylinder of given volume and least
surface is equal to its diameter. . "

14. Given the total surface of the right circular cone, show that when the
volume of the cone is maximum, then the semi-vertical angle will be sin™* £,

15. Show that the right cone of least curved surface and given volume
has an altitude equal to 42 times the radius of its base.

16. Show that the curved surface ofa right circular cylinder of great-
q:slt1 curved surface which can be inscribed in a sphere is one-half of that of the
sphere.

17. A cone is inscribed in a sphere of radius r ; prove thatits volume as
well as its curved surface is greatest when its altitude is 4r/3.

18. Find the vclume of the greatest cylinder that can be inscribed in a
cone of height 4 and semi-vertical angle a. (D.U. 1955)

19. A thin closed rectangular box is to have one edge n times the length
of another edge and the vojume of the box is given to bev. Prove that the

least surface s is given by
= 54(" + l)'V.c (’oUc)
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~ 20. Prove that the area of the triangle formed by the tangentat any
point of the ellipse x2/a*+ y*/b*=1 and its aves is aminimuu for the point

(a/~2, b~2).

21. Find the area of the greatest isosceles triangle that can be inscribed
in a given ellipse, the triangle having its vertex coincident with one extremity
of the major axis. (Allahabad 1939)

. 22. A perpendicular is let fall from the centre to a tangent to an ellipse.
Find the greatest value of the intercept between the point of contact and the
foot of the perpendicular.

23. A tangent to an ellipse meets the axes in P and Q ; show that the
least value of PQ is equal to the sum of the semi-axes of the ellipse and also
that PQ is divided at the point of contact in the ratio of its semi-axes.

24. N is the foot of the perpendicular drawn from the centre O on to the
tangent at a variable point P on the ellipse x*/a®+y*/b*=1 (a>b). Prove that
the maximum area of the triangle OPN is (a®~b%)/4.

25. One corner of the rectangular sheet of the paper, width one foot, is
folded over so as to just reach the opposite edge of the sheet ; find the mini-
mum length of the crease.

26. If f'(x) exists throughout an interval a<<x<Ch, prove that the great-
est and least value of f(x) in the interval are either f(a) and f(b) or are given by
the values of x for which f’(x)=0.

A grocer requires cylindrical vessels of thin metal with lids, each to con-
tain exactly a given volume V. Show that if he wishes to be as economical as
possible in metal, the radius r of the base is given by 2n3=V,

If, for other reasons, it is impracticable to use vessels in which the dia-
meter exceeds three-fourths of the height, what should be the radius of the base
of each vessel ? (P.U.)

27. A tree trunk, [, feet longis in the shape of a frustum of a cone the
radii of its ends being a and b feet (a>b). 1tis required to cut fromita beam
of uniform square section. Prove that the beam of the greatest volume that
can be cut is al/3(a—b) feet long. (Agra ; P.U.)

28. Find the volume of the greatest right circular cone that can be des-
cribed by the revolution about a side of a right-angled triangle of hypotenuse
1 foot. ‘ (P.U. 1940)

29. A rectangular sheet of metal has four equal square portions re-
moved at the corners, and the sides are then turned up so as to form an open
rectangular box. Show that when volume contained in the box is a maximum,
the depth will be -

1 {la+b)—(@—ab+ b9},
where a, b are the sides of the original rectangle. (Banaras 1953)
30. The parcel post regulations restrict parcels to be such that the length
plus the girth must not exceed 6 feet and the length must not exceed 33 feet
Determine the parcels of greatest volume thatcan be sent up by post if the

from of the parcel be a right circular cylinder. Will the result be affected if the
greatest length permitted were only 1§ feet. (Patna)

31. Show that the maximum rectangle inscribable in a circle is a square.
(P.U. Suppl. 1944)



CHAPTER VIII
EVALUATION OF LIMITTS
INDETERMINATE FORMS
81. We know that x — a,

fix) lim lim f(x)
lim 2=
F(x)~ lim F(x)
go that this theorem on hmlts fails to give any information regarding
the limit of a fraction whose denominator tends to zero as its limit.

Now, suppose, that the denominator F(x) - 0 as X — a.

The numerator f(Xx) may or may not tend to zero. If it does
not tend to zero, then f(x)/F(x) cannot tend to any finite limit. For,
if possible, let-it tend to finite limit, say I. We write

fix)= Ff((,f) Fix),

80 that, in this case, we have

Jx)
Fx)

Thus -we have a contradiction.

Three types of behaviour are possible in this case. The fraction
may tend to 4 o, or — o, or its limit may not exist. For example,
when x —> 0, (so that the limit of the denominator in each of the
following cases is 0), we see that

(i) im (1/x?)=+ o ; (@) lim (1/—x%)=— ;
(iii) lim (1/x) does not exist. '

The case where the limits of the numerator of a fraction is alse
zero is more important and interesting. A general method of deter-
mining the limit of such a fraction will be given in this chapter. For
the sake of brevity, we say that a fraction whose numerator and
denominator both tend to zero as x tends to a, assumes the indetermi-
nate form 0/0 for x=a.

It may be of interest to notice that the determination of the
differential co efficient dy/dx is itsolf equivalent to finding the limit
of a fraction §y/dx which assumes an indeterminate form 0/0.

Other cases of limits which are reducible to this form will also
be considered in this chapter.

In what follows it will always be assumed that f(x), F x) and
$(x) possess continuous derivatives of every order that come in
cuestion in a certain interval enclosing x==

if lim F(x)<0

lim f(x)=lim . F(x) J_hm x) .lim F(x)=1.0=0.

)

185
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8-2. The Indeterminate form »—g~ . To determine

lim [ f(x)/F(x)
X=->aq
when :
lim f(x)=0= Iim F(x),

x—>a x—>a
As f(x), F(x) are assumed to be continuous for x=a, we have
fla)= lim f(x)=0; F(a)= lim F(x)=0.
x—>a x—>a
By Taylor’s theorem, with remainder after one term, we have
fla+hy=fla)+hf @+6,5) =hf'(a-+6,B),
F(a+h)="F(a)+-hF'(a+6';h)=hF'(a+¢',h).
Hence . . _
i JEO_ o fath
R, B =, 5, Fah)
—lim Jletoh) _ S
h—o F(a+6'h)” F(a)
This argument fails if F'(a)=0. The case when F’(a)=0 but
f'(a)»0 has already been discussed in § 81,
Now, let f'(a)=F"(a)=0.

Again, by Taylor’s theorem with remainder after two terms,
we get

if F'(a)<0.

fa+h=fla)+hf'ta) + b f(atoy= "' fatom,

. 2 ' 2
F(a+h)=F(a)+hF"(a) +_gTF"(a +0',h)=g——! F'(a+0'4h).
Henceo
im )= iy Sf@th)
xh—rfa F(x) - hl-ina_F(a'*'h)
= lim L.@+eh) _ ['@)
b0 F'(a+0'sh)y F'(a)’

The case of failure which arises when F'’(a) =0 can be examined
as before- In general, let

fla)=f@=f"@=.....=f+Ya)=0
F@)=F'(a)=F"(a)=......=F1(a)=0 ;

if F*'(a) 0.

and
Fn(a),«0.
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By Taylor’s theorem, with remainder after n terms, we get

fla+hy=fla)+hf(a)+.. +(n 1),f"-‘(a)~~ fr(a+6,h)

=i‘1_ fr(a+6,h).

Fla+h)=Fa)+hF'(a)+.. +( )F"—l(a)+ S Fat6' )
={':‘"i F"(a—}—e'”h)
Hence

f(a) Sla+h)
li arn)
roya FG) =350 Fathy

— lim fYa+8.h)  fo(a)

i >0 Fra6'.h)=Fn(a) ’ , for Fn(a) 0.

Ex. 1. Determine lim € ¢ 5;5’1105 (1+x) , where x — 0.
f(x)=e*—e *—2log (1+4x), f(0)=0,
F(x)=x sin x ; S F(0)=0.
2 ,
{ f'(X)::.e"'-.}—e—'— 1*_;—.; , e f(0)=0,
F'(x)=x cos x+sin X, F'(0)=0.
2
" X =ez— —® e T c o S " O =2,
Again {f() e+ (1) f(0)
F''(X)=—x 8in x+2 cos X, oo F0)=2.
lim € e*—e"—2 log (1+x) _2_ Y
x->0 X 8in x 2

The process may be conveniently exhibited as follows :—
lim e’—e ——2. log (1+x)
x —0 X sin X

— Lim €2+
T x>0 XcosXx-+sinx
= lim e”_e—x+2/(1+x)a—£
x>0 —X 8in x+42 cos X~ 2
Ex. 2. Find the values of a and b in order that
* lim x(1+4a cos x)--b sin x
x—=>0 x®

ay be equalto 1. DU, 1944, 1959)

C=1,
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The function is of the form (0/0) for all values of aand b.

x(14-acos X)—b sin x

lim =

x>0
- I+a cos x—ax sin x— b cos X

x>0 3x? '

The denominator being 0 for x=0, the fraction will tend to a

finite limit if and only if the numerator is also zero for x=0. This
requires

14+a—b=0. . (1)
Again supposing this relation satisfied, we have
lim l+a cos x—ax 2sun x—b cos x
x -0 3x

. —2asin x—ax cos x4b sin x
= lim - -2 - : :

X—>a 6x
— lim —3a cos x+ax ‘sm X+b cos X
x—0 6
b—3a
— 6 .
As given, b—;i:}a =1, i.e., b—3a=8. ...(2)
From (1) and (2), we have
a== 0 s b_—.. E

Ex. 3. Determine the limits of the following :

-~ 1+log x— )
(i) gﬂzgx.:{ (x -»1). ) 2 (x> . (PU)
iy Sohx—x o). vy Yelog et (o ).

$in X—X COS X cosh x—cos x

log (1--x?)
) logcos x

03— ¢—ar
(vi) Jog (1-£bx)’ (x = 0).
(D.U. Hons, 1952)

(x = 0).

Ex. 4. Evaluate the following :
X _
()  tim XETIBUEN (h o 05a iy tim ¥ 08 ¥Tlog (14x)
x>0 X x—>0 X
(D.U. Hons. 1951, P.U. 1957)
e” sin x —x —x?

, . 1 1
(iii) hm m (D.U. 1953) (W)xl—l-TO * x log (1+x)}.
(D.U. 1953)
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Ex. 5. If the limit of
sin 2x+-a sin x
——7——-— ’
as x tends to zero, be finite, find the value of a and the limit. (P.U.)
8:3. Preliminary transformation. Sometimes a preliminary
transformation involving the use of known results on limits, such as

lim %% ¥, tim 0 ¥

x—>0 ¥ x>0
simplifies the process a good deal. These limits may also be used to
shorten the process at an intermediate stage.

Ex. 1. Find lim 1A X=Cc0s X4log (1=X) ", )
X tan®x
The inconvenience of continuously differentiating the denomi-

nator, which involves tan?x as a factor, may be partially avoided as
follows. We write

14-sin X—cos x+log (1 —x)

X tan®x
__ L+4sin x—cos x4log (1—x) X )’
- ' Xy " \tan x
T 1+sin X—cos x+log (1 —x)
im P
%=>0 X tan®x

o . _ . 2
lim 14-sin x cosnx-i-log (1 x). lim ( X >

x—=>0 x3 x—0 tan x
L +sin x—-coskx-{—log‘(li—-x) 1

= |

x>0 x3
— lim 14sin x—cos x+log (1--x)
x—0 x3

To evaluate the limit on the R.H.S., we notice that the numera-
tor and denominator both become 0 for x=0.

l4-sin x—cos x log (1 —x)

lim
x—0 x3
cos X f-sin X1y 0
- .lino 3 ' )
1
. ~-8in X 4-cos x '(l——x)ﬁ 0
= lim - T .
x>0 X
. )
—c08 X—8in X—
= lim SITA=AF_ 31
8 6 2

x>0
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Ex. 2. Evaluate the following :—
cosh x—cos x_

lim .
>0 XsinXx
We have
cosh x—cos x cosh x—cos x X
Xsin x x3 " sinx
| gcls_h__)f.-:c'cggc = lim g@_{:ﬁx
x-—>0 XSsinXx x—>0 x? " x—>0 8in X
| __ Jing 005k X—cos X
x—>0 x3

Since the numerator and denominator are both zero for x=0,
therefore _
cosh x—cos x lim sinh x-4-sin x
= 1nn A--Sin A
X x—>0 2x
cosh X+cos X

= lim - —-— .
x—>0 2

=1,
Ex. 3. Determine the limits of the following functions :—
x?+2 cos x—2
@ xsinx (x —0).
sin x—log (e” cos x)
@) xsin x » (x—>0).
x—log (14-x) +x)
i) =y Cosx
sin 2x+2 sin®x—2 sin x
(v) cos X—costx

lim —

x—>0

(x = 0). (iv) log (1—x) cot nx, (x — 0).

, . (x = 0).

iy BLE=E T s 0), i) BEXZX (o s 0).

8:'4. The Indetermine form —z—-. To determine
lim [ flx)[F(x)],
x—>a

when
lim f(x)= o = lim F(x).
X—>q X—>a
*Let f'(X)/F'(x) > | as X —a. It will be shown that f(x)/F(x)
also — 1.
Suppose, x>a. As f'(x)/F'(x) - I, when x — a, we make it
arbitrarily near ! by taking x sufficiently near a, say between a, and

a+3d.

[*Another proof is given in the following sub-section.]
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We now take any two numbers c and x which lie between a
and a8 and apply Cauchy’s mean value theorem f(x) and F (x) for

the interval (¢, x). We thus have
fo=fo)__ 1) 0
F(x)—F() — F(§)”’
where £ lies between ¢ and x and, therofore, between a and g+ 8.
We re-write () as
Jx) (1=f(0)1f1x) 7_ L&) T T €T 7
F(x) |_L1—F(c)[F(x) F'(g) a x a4
or
S _1=F()[F(x) f(¢)
Flx)™ 1=f(0)ftx) F'()
Keeping ¢ fixed, we make x — a. Then f(c) and F(c) are fixed
and, by our hypothesis, f(x) and F(x) tend to infinity.
1—F(c)[F(x)
Therefore, T=fo)lfix) — 1 as x—>wo. Thus f(x)/F(x) can be

~

made arbitrarily near !/ by taking x sufficiently near a so that it —»/
as X —> a through values greater than a.

Similarly, it may be shown that f(x)/F(x) - [ as X - a through
values less than a.

Hence p P
im JX) L)
O T PR
when
lim f(x)= o = lim F(X)
X—>qa X—>a

Note. The above investigation rests on the hypothesis that f'(x)/F’(x)
tends to a limit as x = a. This part of the hypothesis necessarily implies that
f'(x)/F’(x) has a meaning for values of x near a so that f“(x), F’(x) both exist

and F'(x)»0 for such values. This justifies the use of Cauchy’s meap value
theorem in the above investigation.

8:41. A proof of the above result is also often given as follows :—
lim f(x)= o and lim F(x)= o0,

.1 : 1
RN lim m=0 and lim T(x—)no.
1
Now lim {,%%:lim qfl (%-)
fx)

F'(x)

i DO

).



172 DIFFERENTIAL CALCULUS

-t (4T ) [f T3,

Let
lim [ f(x)/F(x)]=1 where /0 and /5 .
. from (1), we get

1=k 1im £,

f'(x)
. S(x) S(x)
or lim (%) =l=lim (x) (2)
Supposing now 1=0.
im0, J(x) +F(x)
l4+1=lim P 4-1=lin i

Applying the above result,
i JOOHF(xX) (x)+b”(x)
[+4+1=1im *- T = lim" P

or [|=lim

(x )
i) (3)
Finally let | = so that

. F(x) _
lim 7(?)_ 0. -

By the preceding result,

F(x) F(x
7x) —~hm 7
f'(x)

) =2 .(4)
Hence we see that always ‘

fx) _ o f ) <
P =™ pr) ()
when lim f(x)=% =lim F(x).

Note 1. Thc above second proof is incomplete in the sense that it
assumes that lim [f(x)/F(x)] exists. The first proof did not assume this
existence. :

Note 2. While evaluating
L flx)
lim
Fixy
we must try to change over to the form 0/0 as soon as it may be conveniently

possible, for, otherwise we may go on indefinitely without ever arriving at the
end of the process.

0=Ilim

).
)’
lim

lim

- when it is of the form —;—
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i log (x -._)
Ex. 1. Determine lim Tg ey as X—>a.

Here, the numerator and the denominator both tend to  as X
tends to a.

R |
. x—a
hm %‘35(& al = lim =
og (e"—€%)  y5q €
e’ —e°
e—et (
= lim - 2
x—a € (x— a)
I e’ e®
T ihe fx—a)teE e
Ex. 2. Determine the limits of the following functions :
logsin x tan x < ‘>
(n - cot x ; (x->0). (ii) tan 3% X ->
(iii) ' log tan X

olo

)

.\ log tan 2x
=, (x = 0). (iv) Tog tan x [ (x—>0).
() IOgtanxta" 2x, (x —> 0).
[Hint' log tan 2x=108 tan 2 ]
tan x log tan x

(vi) log (1—=x) cot (x7/2), (x = 1).
8:6. The indeterminate form 0-c0 .

lim [ f(x). F(x)],

X—>a

To determine

when

lim f(x)=0, lim F(x)=x«
r—a x—>a
To determine this limit, we write

Jx) _ Fx)
X).F(x)=
SO =11k = 1 fy
so that these new forms are of the type 0/0 and o /oo respectively
and the limit can, therefore, be obtained by § 8:2 or by § 8:4.

In this case, we say that f(x).F(x) assumes the indeterminate
form 0'w0 at x=a.

Ex. 1. Determine lim (x log x), as x—0.

We write
_log x
x log x= 1%
. - .. logx (oo
lim (x log x)= lim -
x-—)O( &%) x—>0 1/", <°°>

1
= lim === lim (—x)=0.
x—0 " x—>0

xﬂ
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The reader may see that writing

x log x= _x
(1/log x)

which is of the form (0/0) and employing the corresponding result of
§ 8:2 would not be of any avail.”

nave Note. We know that 1/x does not tend to a limit as x — 0. In fact we
A7
lim ! g Hm ! o —
x->(04+0) 2 x-(0—0) X
Again, lo

8 x is defined for positive values of x only so that there is no
making x — 0 through negative valyes while determining

lim (x log x).
x—>0

Thus, here x - 0 really means x — (04+0)so that 1[x does tend to a limit.
Ex. 2. Determine the limits of the following functions :

(i) x log tan @, (x — 0). (if) x tan (n[2—x), (x = 0).
(iii) (a—x) tan (nx{2a), (x — 0).

question of

8:6. The Indeterminate for w0 —w . 7o determine

xlim [ f{x)—F(x)],
when
lim fix)=w = lim F(x)
xX—>a X -8
We write
1 1 ) 1
5=F={ 705~ 7y ) 7y 7y

so that the numerator and denominator both tend to 0 as x tends to
a. The limit may now be determined with the help of § 8+2.

In this case, we say that [f(x)—F(x)] assumes the indetermi-
nate form o0 —o0 for x=a.

Note. In order to evaluate the limit of a function ‘which assumes the
form, co —oo, it is necessary to express the same as a function which assumes
the form 0/0 or o /eo.

Ex. 1. Determine

, 1 1
lim {x-—z — Iog =) } A8 X -9 2,
We write

1 1 _log (x—=1)—(x—2)
x—2  log(x—1) (x—2)log (x=1)"
and see that the new form is of the type 0/0 when x — 2.

. 1 1 . log (x—1)—(x—2

x-»3 LX—2 log x—2 (x—2)log (x—1)
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. The numerator and the denominator are both 0 for x=2. On
usmg the method of § 8-2, we may show that the required limit is

T'
Ex. 2. Determine the limits of the following functions :

”(x Tx®— l) b = 0).

i) (5 Y, (x> ; x_cos (x[a)
(i) ( x oot ) (x = 0). [erte cot =3 xla)
-—1 ”
(i) @ —cot® x), (x> 0) (in ™ s, (x> 0).
( ) ) v ( 2nx —l)x )

87. The Indeterminate forms, OO’ 1% s ooO- To determine

lim [ f(x)F<x)] as X - a,
when
(i) lim f(x)=0; lim F(x)=0.

(i0) lim f(x)=0; lim F(x)=
(iii) lim f(x)=o0 ; lim F(x)=0.

We write

y——-[f(x)]F(x),

so that
log y=F(x).log f(x).
In each of the three cases, we see that the right hand side

assumes the indeterminate form Q. o and its limit may, therefore, be
determined by the method given in § 8-5.

Let lim [F(x).log f(x)]=1.
X —>a

RN lim log y=I,

or log lim y=/ or lim y=¢"

Hence lim [ f(x)F(x)]=e’

or brevity, we say that [ f(x)F(x)] assumes the indetermi-

nate forms 0° , 1%, o 0 respectively for x=a.



176 DIFFERENTIAL CALOVLUS

Ex. 1, Determine

lim (x—a)**as x - a. (0O form).
Let y=(x—a)*"a.

log (x—
log y=(x—a)log(x—a)= 9197((;:%) . (_:%_)

. . log (x—a)
lim log y= lim --S"—°
xX-a € x—>q 1/(x—a)
1
= lim =% lim —(x—a)=0.
X —>a —1 . X—a
(x—a)?

Hence log lim y=0, ie., lim y=e’=1
Thus lim (x—a)®*-%=1 when x—a.

Note. Here it is understood that x tends to a through values greater
than a, for otherwise the base (x—a) would be negative and (x—a)®*-% would
have no meaning.

EXx. 2. Determine

2
lim (cos x)llx as x — 0.
2
Let y=/(cos x)l/x :
log cos x 70
lim logy= lim 82X
x—>0 x—>0 X
—tan x 1
= lim - o = — o,
x ->0 ~ 2
-1
log (lim y)=—%or lim y=e *
x>0 x—>0
LR
Hence lim (cos x)l/x =e °
x—>0

Ex. 3. Determine the limits of the following functions :—
() x2, (x - 0). Giy X170 (x> 1), (P.U. 1923)

i) (cot )M X (x 5 0). (iv)- (sin x)180 ¥ (x 5 n[2).
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2x+1\x
x+1

cot x

) ™ (x=0). i) (1+sin 0°°" ¥, (x—0).

H —2
(vii) (s-'_‘;h_’ﬁ)" , (x->0).  (D.U. 1949)

- 1 J—
wiiiy 71 (xs1). (P.U. 1951)
Exercises
Determine the limits of the following functions :
er—e % log x
1. x’smx » (x =>0). 2. 53 y (x — 00).

3. 14-x cos x—cosh x—log (1+x) , (x = 0).
tan x—x

4 log (1 +x) log (1—x)—log (1—x?)

Xt , (x > 0).
5. ( 2x® +2x sinh x) (x —0).
1—x+log x
6. 1= v(2x— ),(x—->1).
7. (2x tan x—m sec x), (x — n/2),
1
8. (cot x)log x’ (x — 0). (sm x) , (x = 0).
" i
0. AT (’;/4 L, (x> ).
1——(8x3)
1 | i . 2
11. oiés-;)_c_slm ’,‘), (x = 0). 12. (sin x)tan * x —> nj2).
13, (cos ax)?’™, (x > 0).
14, (1—x)l /108 U=2) " ).

15.

[2 (coshx 1) l/x, (x — 0).

,(x —>a). (BU.1953)

tan (ﬂ‘ )
X 2a
16. (2— x )

sec?
NP 2—bx
17. ( sin 2—ax> , (x = 0).
sin x ®
a —a _XT=X
18. Og sin_x' (x - ﬂ/2). 19. x_'l_log x (x—’ l)‘

20. (sec x)°° ¥ | (x — n/2). 21, Q—x0™2 (o 5,
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1—4 sin? (nx/6) ab—bo
22, l~—x— — ,(x -> I) 23. G bb, (a - b)

u, (Wattta\IE o g

(l+x)l/x-—e
X

25, ,(x=0).

1x_
5-1-*’9--,;, eHex (o)

26.
(D.U. Hons. 1959)
[For solutions of Ex, 25 and Ex. 26 by Infinite series refer §9-5, p. 185]

IogS ec ¥ 4008 X

27, y (x = 0).

logsec xcos Qx

28, «x [( 1+~;—>x-—e“ ],(x—> ).
X [( 1__.3 )_x_< H.-%)x],(x - ®),

30. f (x) =y ] x - a).

31 E\nluate
. sinxsin~lx—yx?
lim —= -

x—=>0
R If

f(x)=e—1/x! , X#0
f10)=0,
show that th= derivative of every order of f(x) vanishes for x=0, i.e.,
f™0)=0, for all n,
33, Discuss the continuity of f(x) at the origin when

f(x)=x10 sin x for x>0and f(0)=0
(D.U. Hons. 1955)



CHAPTER IX
TAYLOR’S INFINITE SERIES
EXPANSIONS OF FUNCTIONS

9-1. Infinite Series. Its convergence and sum.
Let

Uy, Uy, Ugyueeeenenny Upuvanen ..

be an infinite set of numbers given according to some law. Then a
symbol of the form

U4 Uy +ug+...... +u,4-.........
is called an infinite series. Here each term is followed by another so
that there is no last term.

If we add the first two terms of this infinite series, and then
add the sum so obtained to the third, and thus go on adding each
term to the sum of ths previous term, we sze that, as there is no
last term of the series, we will never arrive at the end of this process.
In the case of a finite series, however, this process of addition will be

completed at some stage, howsoever large a number of terms the series
may consist of. '

Thus, in the ordinary sense, the expression ‘Sum of an infinite
series’, has no meaning. A meaning is assigned to this expression by
employing the notion of limit in the manner we now describe.

Let S, denote the sum of the first n terms of the series so that
S, is a function of the positive integral variable n. If S, tends to a

finite limit S, as n tends to infinity, then the series is said to be conyer-
gent and S is said to be its sum,

In case, S, does not tend to a finite limit, we say that the series
does not converge.

The question of the sum of a non-convergent series does not
arise.
We may find an approximate value of the sum of a convergent
infinite series by adding a sufficiently large number of its terms.
Illustrations. Consider the infinite geometric series
14r4r24r3 4 .....+r"4.eee.
We know that

—pn
S"=1~1'_£r' , when rel ;
Sp=n when r=1.

179
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We have now to examine lim S,, when n — o .
[Refer § 3-61, p. 57].
For r=1, S,=n which tends to «.
For r| < 1, lim r*=0, so that lim S,=1/(1—7).
For r> 1, lim r*=cw and, therefore, lim S,=w®.
For r< 1, lim r* and, therefore, lim S, does not exist.

Hence, we see that the infinite geometric series converges if and
only if | r | < 1, and the sum of the infinite series then, is 1/(1—r).

9 2. Taylor’s infinite series. We suppose that a given function
f(x) possesses derivatives of every order in an interval [a, a-+h].

Then, however large a positive integer n may be, there exists a
number 6, lying between 0 and 1, such that

fla+h)=fla)+hf'( a)+2,f" )4 +(n 1--),fﬂ 1(a)+R,

where Rn=T'— f"(a+0h).
(Taylor’s development with Lagrange’s form of remainder.)
We write
: ’ h2 " h" 1
Sa=fla)+hf' @)+, | f(@)+...... i) S @)
8o that

fla+h)=S,+R,.
Suppose that R, — 0,as n — o, It is then clear that
lim S,=f(a+h),

n—>00
so that we see that the series

, he , hn-1
fla)+hf'(@)+ o | (@ +...... + n=1)1 fa)+......

converges and that its sum is equal to f(a+-h).
Thus we have proved that

(i) if f(x) possesses derivatives of every order in the interval.
la, a+H) and

(ii) the remainder
k.
ﬂf (a+0h)s

tends to 0 as n tends to infinity, then

fla H=fl@)-+h @+ @)+t o) (1)
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This is known as Taylor's theorem for the development of

f(a+h) in an infinite series of ascending integral powers of h, i.e.,
power series in h,

The series (1) is known as Taylor’s series.

9:3. Maclaurin’s infinite series. Putting O for a and x for h in
the Taylor’s infinite series, we see that if

(i) f(x) possesses derivatives of every order in the interval [0, x]
an

(ii) the remainder

:a;- f(6x)

tends to 0 as n tends to infinity, then

J(x)=2£(0)+xf"(0) {,‘2, F{() E 5?-f"(0)+... r(2)

This is known as Maclaurin’s theorem for the development or

expansion of f\x) in an infinite series of ascending integral powers of
X, l.e., power series in X.

The series (2) is known as Maclaurin’s series.

~ Note. Itmay besesn that instead of considering Lagrange’s form of
remainder, we may as well consider Cauchy's form.

9-4. Formal expansion of functions. We have seen that in order
to find out if any given function can be expanded as an infinite
Taylor and Maclaurin series it is necessary to examine the behaviour
of R, as n tends to infinity. To put down R,, we require to obtain
the general expression for the nth derivative of the function, so that
we fail to apply Taylor’s or Maclaurin’s theorem to expand in a
power series a function for which a general expression for the nth
derivative cannot be determined. Other more powerful methods
have, accordingly, been discovered to obtain such expansions when-

ever they are possible. But to deal with these methods is not within
the scope of this book.

Formal expansion of a function as a power series may, however,
be obtained by assuming that it can be so expanded, i.e., R, does
tend to 0 as n tends to infinity. Thus we have the result :

If f(x) can be expanded as an infinite Maclaurin’s series, then

J(x)=£(0)+xf"(0)+ ’2‘2! f70)+ ... wo(D)

Such an investigation will not give any information as to the
range of values of x for which the expansion is valid.

To obtain the expansion of a function, on the assumption that
it is possible, we have only to caloulate the values of its derivatives
for x=0 and substitute them in (1).
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In the Appendix, we shall obtain the expansions of
€, sin X, cos X, log (1+x). (14x)"

without assuming the possibility of expansion by actually examining
the behaviour of R, for the functions.

In the following, however, we obtain these and other expansions
by assuming the possibility of expansion.

9-41. Expansion of e”.

Let
flx)=e".
SH(x)=¢e>.
Thus
f7(0)=e’=1. ,
* Substituting in the Maclaurin’s series, we obtain
x? X3 X"
E=14X4 57ty Fenet py F - . (1)

which is known as Exponential Series.
Cor. 1. Changing x into x log a in (1), we get
& log a '

a®*=

This result may also be obtained directly by employing Maclau-
rin’s series.

Cor 2. Putting, 1 for x, we obtain
1 1 1 1
e=ldpytgitg tar T

from which we may obtain the values of, e, upto any number of
decimal places.

9-42. Expansion of sin x.

Let
f(x)=sin x,
f(x)=sin (x+ n—;—)
Thus
fr0)=sin 7,

f10)=1, f*(0)=0, f"'(0)=—1, f""(0)=0, etc.,
8o that we see that the values of f*(0) for different values of n form
a successively appearing periodic cycle of four values

1,0, —1,0.
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. Making these substitutions in the Maclaurin’s series, we obtain
the sine series.

. xs x5 n x2n+1 )
sin x—x-"'3—!+g-r—'......+(—l) (2ﬂn':}-‘I) !+.cquoo
$:43. We may similarly obtain the cosine series :
xz x‘ n x2ﬂ
cos x=1—§—[- +Z—I-—-......+(—]) (2“n)! +uouo
9-44, Expansion of log (14x).
Let
J(x)=log (1+x).
oy (—1H)(n=1)!
SH9= " (g
Thus

fr0)=(=1)"1n-1)!
S f0)=1,f"(0)=—1,f""(0)=2"!, f""'(0)=—3 ! and s0 on.
Making substitutions in the Maclaurin’s series, we obtain the
Logarithmic Series :

log (1+x)=x—'3g¥ +f;— —3% Frre H (=12 fn— Fornens
9-45. Expansion of (14-x)™.
Let
S(x)=(1+x)™ .
s frx)=mm—1)......(m—n+1) (14 x)™"
Thus
f™0)=mm—1)..... (m—n+1).

S O)=m, f7(0)=m(m—1), f""(0)=m(m~1)(m—2), ete.
Making substitutions, we obtain the Biromial Series’:

- —1)...(m— 1
(1+x)"=1+4mx+ m(";! D X2, + m(m= ”h |(m -pi)x"-}-..

In case m is a positive integer, we obtain a finite series on the

right,
Note 1. If we examine the behaviour of R,, as is done in the Appendix,
we can show that (i) the Exponential, sine and cosine series are valid for every
value x, (ii) the Logarithmic Series is valid for —1<x<1I, and (iii) the Binomial
Series is valid for —1<x<1.

Note 2. In the following we shall consider some more cases of expan-
sions of functions, in each case assuming the possibility of expansion: It will
be seen that in some cases we may also obtain the expansion by vsing any of

the series obtained above.
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Examples

1. Assummg the possibility of expansion, expand, tan x, as far
as the term in x5,

Let
f(x)=tan x.
<o f!(x)=sectx=1tan?x.
f"(¥)=2 tan x sec?x
=2 tan x(14-tanx)
=2 tan x42 tan3 x.
S"(x)=2 sec?x 46 tan2x secx
=2 (14tan?x)+6 tan2x (1 4tan?x)
=28 tan?x 46 tanix.
S%(x) =16 tan x sec?x-24 tandx sec?x
=16 tan x (1-4tan%x) 424 tan3x(1--tan’x)
- =16 tan x {40 tan3x4-24 tan®x.
S¥(x)=16 sec?x +120 tanx secx}-120 tanix sec?x.
Thus '
f(0)=0, f"(0)=1, £"(0)=0, f'""(0)=2, f*(0)=0,*(0)=16
Substituting these values in the Maclaurin’s series § 9-4, we
obtain
tan x=x +7Lx3 + —2—x5 +..
3 15

2. Assuming the possibility of expansion, expand f (x)=em sin~tx
in ascending integral powers of x.

In Ex. 1, § 56, p. 124 we proved that

Fu(0)= m2(22 4-m?)(424+-m?)......[(n— 2)2 +m?] ; neven
" m (124-m?)(324+m?)......[(n—2)2+m?] ; nodd.
Substituting these values in the Macla.urm s series, we get
in—-1 2 2 2(92 2
em sin x=l+mx+ x2+m(l +-m ) +m (2 +m ) X

3. Use of known series. By Maclaurm stheorem or otherwise
find the expansion of
sin (€—1),
upto and including the term in x4,

First four derivatives are neaded to expand the given function
by Maclaurin’s theorem upto the term required.

‘The required expansion can also be obtained by employing the
Exponential and the sine series and thus avoiding the process of cal-
culating the derivatives which is often very inconvenient.
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3

2 4
ew=1+x+’2i,_+f-‘- +?‘—!+.-..

e—1 —-x+ + + +

=z, say.
Now, sin (¢*—1)=sin z
3 -
2z Z
+°
3151

=(w+grHyTti e )

5
=Z—

1 xz X3 \
—3——'(x+2——'+3——!+.... /3+.‘.-

x2 x3 | xt 1 3, 3 4
=gttt e ()
x2 Hx4
=.\'+~:—2--"_—21 ........

9'5. Use of infinite series for evaluating the limits of indeter-
minate forms. The following examples will illustrate the procedure.

Examples

L 2
1. Find lim & S0 X770 D.U. 1953
Md)fgfo x2+4x log (1—x) ( )
Using the infinite series for €, sin x and log (1—X), we obtain
lim €® sin X —x—x*?
x>0 X*+x log (1—x)

(1—{—x+ ‘-;—‘!x2+; i )( )—x~x2

= lim
x—0 xﬂ_x( x‘_J‘, _+. -

|87
>
—b—-
i
N~

(L+x)1"—e+gex, (D.U. Hons. 1954)
(Cf. Ex. 25, Ex. 26, p. 178)
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Let y=(1+x)1/x

1
log y=—x—log (14x)

(x—~-~~ +4_7- . )

or y=e

e 1 X 11X
el: 2+ o e

X llx2
lim (,1_%_")_1_6:? lim <1 2 24 '">_e

(i)
x—>0 X x—0

. 17— g1
(ii) hm(l-*—-fx) e -e+’ex=lim

_1le
24 °
Exercises
(In the following, the possibility of expansion may also be assumed)
1. Prove that

{ ] 2 9
¢®*cos bx=1+ax+ - —~~2b x4 “(”"3.,'?[’) X4

2y poyBn
(a tb! T cos (n tan—! g-- -)+, .
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2. Prove that

25 h3
e%2 sin bx=bx+abx’+-31b3~,—b-—- X3+ ...,
“ @+t )
+— nt x® gin (n tan ;1—)+...
3. Obtain the nth term in the expansion of tan~? x in ascending powers
of x. (P.U. 1951)
4. Show that cos? x=1—x"+3x4—_2x* . ...

5. Prove that e® sin® x=x*4+x3+1x4. ...
6. If y=log [x+ v¥(1+x?)], prove that

d?y dy
I 2 g—
(45 g+ gy =0-

. Differentiate this n times and deduce the expansion of y in ascending
powers of x in the form

ey Lo 13 x5 1 3 5 X
YEXT Y 3T 4 ST T T4 T 6T
(P.U. 1937)
7. If y=sin log (x®2+2x+1), prove that
(x4 1)*Yntat @n4D(x+1)yp41+ (n*+ 4)y=0.
Hence or otherwise expand y in ascending powers of x as far as x*

8. Prove that

2 N3 «N2.42
A AT U L VT
22042, .2n=2) o,
+ £ "o ! xint ..
9. Show that
-1 2 2 20,2
Jntan x=l+mx+2—m! Xy m(n;! 2) x5y p:j(z_! -8) .
10. Obtain the following expressions : —
(i) log tan (37 +-x)=2.x+_§x3+!sx“+. e
.. . x? x3 x4
(ii) log (1+sin x)=x— 9 +—6—_-l-2—.+ ......
x  e*41 1 x? 1 x4 1 x®
Wiy 5 g p =g aT 30 4142 6!
tanx _ x* T 4
(iv) log N 3+ gy ¥ +..
x X 1 x? 1 x4
W ==t 2w a0

. 1 X3
. -1 s ]
(vi) sin"x=x+ 3 3

iy I S 1,
(vii) log sec x= 2_x+ 12 x4 45 x'+.... (D.U. 1953)
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(viii) logsin (x+h)=log sin x+h cot x—-:—r cosec? x

L 2 cot x cosecix —
+57 - 2 cob x cose

n2z
2

+(h sin z)’—il—;—:;—z——--

(ix) tan~!(x+h)=tan"lx+hsin z slln_iz —(hsin 2)* by

when z=cotx,

11. Obtain the expansion of sin x in powers of x as far as x*.
P ¢ P (D.U. 1949)

12. Obtain the first three terms of the expansion of log (1+tan x) in
powers of x. (P.U. 1955)

13.  Apply Maclaurin’s theorem to find the expansion of e*/(¢®+1) as far
as the term in x3, (D.U. 1955)

14. Expand log sin x in powers of (x—3).

[Write log sin x=log sin (3+x—3) and replace x by 3 and Aby x—3 in
the expansion of log sin (x+h) in powers of A.]

15. Expand 3x3—2x%*{x—4 in powers of x—2.
16. Show that

. sin x
R . - 1 JUR e —
(f) lim 'x-—is;!!fx e (i) lim x—esinx =1.
x—>0 x—>0
Giiy lim (ITOVe—etiextitext __ Te
x—>0 x? S 16

17. Obtain by Maclaurin’s theorem, the first four terms of the expan-

X COS X

sion of ¢ in ascending powers of x, Hence or otherwise show that

Appendix
We shall now obtain the expansions of
e, sin x, cos x, log (14-x), (14+x)”
without making any assumption as to the possibility of expansion,
Expansion of e”,

Let f(x)=e€®. Therefore, f*(x)=¢€”, so that f(x) possesses deri-
vatives of every order for every value of x.

Taking Lagrange’s form of remainder, we have
x’l
A
We know that whenn - o0,

x*n!—0 (See § 362, p. 58)
whatever value x may have.

xn

S . e®
n! ’
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R,—~>0asn—>w.
Conditions for Maclaurin’s inﬁnite expansion are thus satisfied.
Also fH0)=e'=

Making substitutions in the Maclaurin’s series, we get

x? X3 xn
=1+x+2! “}" 3! +--o- +'h“! +oo--
which is valid for every value of x.
Expansion of sin x.
Let f(x)=sin x. » f(x)=sin (x +3n7),

so that f(x) possesses derivatives of every order for every value of x.
We have

xn n

niaw X" nm
ol f (0x)_fh—!— sm(ex—{- 5 )

. « sm ( Ox+ w)ﬁ [ x"

we see that R, >0 asn — for every value of x.

Thus the conditions for Maclaurin’s infinite expansion are
satisfied, Now

R,=
Since

] x”
lRﬂl='n|

fr(0)=sin " .

2
Making these substitutions in the Maclaurin’s series, we get

sinx=x——3! + 51— 77 +.

which is valid for every value of x.

Expansion of cosx. As above, it may easily be shown that

x2 x4 X8
cos x=1—2 i+ 31— 61 +. .0

for every value of x.
Expansion of log (1--x).
Let
fix)=log (1+x).

We know that log (1-+x) possesses derivatives of every order for
(14x)>0, ie., for x>—1.

Moreover

frn= (=D ! (x>—1).
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If R,, denotes Lagrange’s form of remainder, we have
xn X "
Ro=27 f6x)=(=1"" (35z) -

() Let 0 < x <1, so that x/(1+6x) and, therefore, also,
[x/(146x)]* is positive and <1, whatever value n may have.
Since, also, 1/n — 0, as n -> o, we see that R, — 0.

Thus
, R, —> 0 asn — o0 when 0{x1.
(i) Let —1<x<0.
In this case x/(146x) may not be numerically less than unity
8? Itthat we fail to draw any definite conclusion from Lagrange’s form
0. ne
Taking Cauchy’s form of remainder, we have

8 Re= i A= (0x)

e 1 1—g \n-1
R AR AR m;) :
Here (1—9)/(14-6x).is positive and less than 1, and
o 1
e ST x|
Also
xr—>0asn—»> ©. (§ 3-61, p. 57)
. R, —~>0asn —»> .

Hence, the conditions for Maclaurin’s theorem are satisfied for
—l<xl.

Also

SH0)=(=1)""(n—1) .
Making these substitutions in the Maclaurin’s series, we get
x2 x3 xt
log (1+x)=x— "2‘+——3——T+ ce

for —1<x1.

Expansion of (1-+x)” ; (m is any real number).
Let
fx)=1+x)".

When m is any real number, (14 x)"” possesses continuous deri-
vatives of every order only when 14-x>0, i.e., when x> —1.

Now,
frx)=mm—1)(m—2)......(m--n41)(14x)"n,
We notice that if m is any positive integer, then the derivatives
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of f(x) of order higher than mth vanish identically and thus, for
n > m, R, identically vanishes, so that (14x)” is expanded in a
finite series consisting of (m 1) terms.

If mbe not a positive integer, then no derivative vanishes
identically so that we have to examine this case still further.
If R, denotes Ca.uchy’s form of remainder, we get
R,= = 1 T (1—8)2 f(6x)
xn
=1y | (L=8)r=2 m{m—1)...(m—n +1)(1 +4x)™n

- nmm-—-1)(m—n+1)/ 1—6 \*?

- -1 \14ex) (1HEO7
Let
—l<x<lie, | x| <l
Also
0<o<l
0 <1—0 < 146x,
or 0 < (1 +0x> <1
n—1
or 0< (1 +6x) < L ()
Let (m—1) be positive.
Now
0 <140x < 141=2,
0 < (1+06x)m-1 < 2m~1 ()
Let, now, m—1 be negative.
Now, since
ox>— | x|,
1+6x>1— | x|,
or

(146x)" 11— | x | )=
*Also we know that
m(m—1)...(m—n+1)
(n—1)!
Thus, R, > 0asn - cowhen | x| < 1.

The conditions for Maclaurin’s expansion are, therefore, satis-
fied. Now

x* — 0 when [ x| < 1.

f(0)=mm—1)......m—n+1),

¢efer to the foot note on the next page.
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Making substitutions, we get
-1
A+x)"=14mx+—5— (2 ; ) x4

when —1 < x < 1.
Ex. 1. Justify the Maclaurin’s expansions of
€9% sin bx, 3% cos bx, tan™! x.
_ Ex. 2. Show thatlog x and cot x cannot be expanded as Maclaurin’s
series.

Ex. 3. Show that the Maclaurin’s infinite expansion is not valid for
f(x) where

m(m— l(m 2 X3

Fx)=e 1% Ghen x50 and £(0)=0.
[Refer Ex. 32. p. 178.]

*To prove that when | x| < l
mm—1)....(m—n+1)
(n— 1)!

Changing n to n+41, we get

Up= x"— 0as n — oo,

mm—1)..(m—n
Unmgpy="m = Dxn+1
,_u"_'*'.l_:"_'.—:.’,’x;:_.( ]— rn_\ )x
Up n ’
[u m
or ;+‘i_‘l——[|x|—>|x|asn—>oo
n

As | x| < 1, we can find a positive number £ < 1, and a positive integer
p such that ( [%'i? : < k, for n > p. Thus
n
[prr | < Kk |up|
| upra| < k|upsil

S @00 cs0 0000000 0cc00c 00000ttt

€00 000000000 100000000 100000000000 000

lup | < k| up_y|.
Multiplying we get
lun|<kn—ﬁ|“pl =k”luﬁlkp.
Now | up | [k?is a constant and k® — 0 as # — oo,

| un | and so also uy — 0 as 7 —> co.



CHAPTER X

FUNCTIONS OF TWO VARIABLES
PARTIAL DIFFERENTIATION

10:1. The notions of continuity, limit and differentiation in
relation to functions of two variables, will be briefly explained in
this chapter. A few theorems of elementary character will also be
proved.

The subject of functions of two variables is capable of exten-
sion to functions of n variables, but the treatment of the subject in
this generalised form is not within the scope of this book. Only a
few examples dealing with functions of three or more variables may
be given.

10-2. Functions of two variables. As in the case of functions
of a single variable, we introduce the notion of functions of two
variables by considering some examples.

(i) The relation

z==1/(1—x2—)?, (D)
between X, y, z, determines a value of z corresponding to every pair
of numbers x, y, which are such that x24y21.

Denoting a pair of numbers x, y, geometrically by a point on
a plane as explainedin § 1'7, p. 14, we see that the points (x, y) for
which x%2+y2<1 lie on or within the circle whose centre is at the
origin and radius is 1. '

The region determined by the point (x, y) is called the domain
of the point (x, y).

Now, we say that the relation (1) determines z as a function of
two variables, X, y defined for the domain bounded by the unit circle
x34y2=1.

(i) Consider the relation

z=y/[(a=X)(x—b)] +v/[(c—)—d)], (2)
where a<b ; c<d.

Now (a—x)(x—b) is non-negative if a{x<b and (c—y)(y—d)
is non-negative if cy<d.

The points (x, y) for which a{xh, e y<d determine a
rectangular domain bounded by the lines

x=a, x=b; y=c, y=d.

The relation (2) determines a value of z corresponding to every
point (x, y) of this rectangular domain. Thus z is a function of x
and y defined for the domain.

193
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(iii) The relation
—Xx2_ 2
z=e X TV
determines z as a function of x, y defined for the whole plane.

In general, we say that z is a function of two variables defined

for a certain domain, if it has a value corresponding to every point (x, y)
of the domain.

The relation of functionality is expressed by the symbols f, ¢
etc., as in the case of functions of a single variable, so that we may
write z=f(x,y), (X, ), ete.

Ex. Determine the domains of definition of
(i) z=1/[log x+log y]. (i) z=xV4y=.
10-3. Neighbourhood of a point (a, b).
number. The points (x, y) such that
a—d<xLa+s, b—dyLh+d
determine a square bounded by the lines

X=a—0§,x=a-+48 ; y=b—3§, y=b-3.

Its centre is at the point (a, b). This square is called a neighbour-

hood of the point (a, b). For every valuc of, §, we will get a neigh-
bourhood.

10:4. Continuity of a function of two variables.
Let (a, b) be any point of the domain of definition of
z=f(x,y).
As in the case of functions of one variable, we say that f(x, y)
is continuous at (a, b) if for points (x,y) near (a, b), the value

f(x, ) of the function is near f(a, b) i.e, f(x,y) can be madc as
near f(a, b) as we like by taking the points (x, y) sufficiently near

(a, b).

Formally, we say that f(x, y) is continuous at (a, b), if, corres-
ponding to any pre-assigned positive number ¢, there exists a positive
vA number § such that
y:bts I fx, y)'_f(a, b) l <e
K for all points (x, y) in the square
a—dLxLa+s, b—dLyLb+s.
Thus for continuity at (a, b), there
exists a square bounded by the lines
x=a—8,x=a+48; y=b—98, y=b+8
such that, for any point (x, y) of this
square, f(x y) lies between
fla, b)—e, and f(a, b)+¢

Fig. 54 where ¢ is any positive number, however
’ small.

Let § be any positive
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10 41. Continuity in a domain. A4 function f(x, y) is said to be
continuous in a domain if it is continuous at every point of the same.

10-42. Special Case. Let f(x, y) be continuous at (a, b) and
let € be any positive number, however small. Then there exists a
square bounded by the lines
Xx=a—8,x=a+8;y=b—8, y=b+3

such that for points (x, y) of the square, the numerical value of the
difference between f(x, y) and f(a, b) is less than .

In particular, if we consider points of this square lying on the
line y=>b, we see that for values of x lying between a—38 and a--§,
the numerical value of the difference between f(x, b) and f(a, b) is less
than e. Also, such a choice of § is possible for every positive number
<. This is equivalent to saying that fiz, b)is a continuous function
of a single variable x for x=a.

It may be similarly shown that f(a, y) is a continuous function
of y for y=>b.

Thus we have shown that a continuous function of two variables
is also a continuous function of each variable separately.

10-5. Limit of a function of two variables.

lim fix, y)=1, as (x, y) = (a, b).

A function f(x, y) is said to tend to the limit I, as x tends to a
and y tends to b, i.e , as (x, y) tends to (a, b), if, corresponding to any
pre-assigned positive number ¢, there exists a positive number § such
that

| fix, p)—1] <<
for all points (x, y), other than (a, b), lying within the square,
a—8<xLa+8 ; b—-8<y<b+4.
This means that corresponding to every positive number e,

there exists a neighbourhood such that for every point (x, y) of this
neighbourhood , other than f(a, b), f(x, ) lies between /—¢ and [--e.

10-51. Limit of a continuous function. Comparing the defini-.
tions of limit and continuity as given in § 10-4, and § 105, we see
that f(x, y) is continuous at (a, b), if and only if

lim f(x, y)=fla, b) as (x, y) - (a, b),
ie., .
the limit of the function=actual value of the function.

The same thing may also be expressed by saying that for conti-
nuity at (a, b), we have
lim fla+h, b+k)=f(a, b)
as (h, k) - (0, 0).
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10-6. Partial derivatives,
Let

Z—":f(x, y)’
Then

lim f_(a_—f—ll,b) _._I(_q_’ b), as h— 0,

if it exists, is said to be the parttal derivatives of f(x,y) w.r.t. x at
(a, b) and is denoted by

(_g’z( )(a, b) or f (a, b).

It will be seen that to find the partial derivative of f(x, y) w.r.t.
x at (a,b), we put y equal to b and consider the change in the
function as x changes from a to a4/ so that

0z
5;) (a, b)
is the ordinary derivative of f(x, b) w.r. to x for x=a.
Again,
fla, b+k)—fla, b)
k
if it exists, is called the partial derivative of f(x, y) w.r. to y at (a, b),
and is denoted by

lim ask - 0

(—i; >(a, b) or f, (a, b)

so that (:;j )(a, b)

is the ordinary derivative of f(a, y) w.r. toy for y=b.

If f(x, y) possesses a partial derivative w.r. to x at every point
of its domain of definition, then the values of these partial derivatives
themselves define a function of two variables for the same domain.
This function is called the partial derivative of the function w.r. to x
and is denoted by 9z/gx or f(x, y) or simply f,.

Thus

- Sa(x, y)_lnmf(x+h yh) % 9) ash -0,

where y is kept constant in the process of taking the limit. We can
similarly define the partial derivative of f, w.r. to y which is denoted
by oz/oy, fu(x, y) or fy,

10-61. Partial derivatives of higher orders. We can form partial
dcerivatives of 9z/px and 9z/ay just as we formed those of z.
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Thus we have

9 QZ_), 2 ai)
X \ox / oy \ix
which are called the second order partial derivatives of z and are
denoted by
2 2
gx-zz) asai or fzg, f,t
respectively.
Similarly the second order partial derivatives

25 56

are respectively denoted by
oz oz
oxaoy  9y*
Thus, there are four second order partial derivatives of z at
any point (a, b).

The partial darivatives 52z/9y ox ani 52z/9x 3y are distinguished
by the ordzr in which z is successively differsntiated w.r. to x and
y. But. it will be seen that, in general, they are equal. The proof
is given in the Appendix.

10:7. Geometrical representation of function of two variables.
‘We take a pair of parpendicular lines OX and OY. Through the
point O, we draw a line Z'OZ perpendicular to the XY plane and
call it Z-axis.

Any one of the two sides of Z-axis may be assigned & positive
sense. Lengths, z, will be measured parallel to this axis.

The three co-ordinate axes, taken in pairs
determine three planes, viz, XY, YZ and ZX
which are taken as the co-ordinate planes.

Let z-=f(x, y) be a function defined in any
domain lying in the XY plane.

To each point (x, y) of this domain, there
corresponds a value of z. Through this point,
we draw the line perpendicular to XY plane
equal in length to z, so that we arrive at another

rf, f?2

oWyt

P(x.y2)

(x)y»b)

point P denoted as (x, y, 2), lying on one or the Y
other side of the plane according as z in positive
or negative. Fig. 55

Thus to each point of the domain in the XY plane there corres-
ponds a point P. The aggrezate of the points P determines a surface
which is said to represent the function geometrically.
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10:71. Geometrical interpretation of partial derivatives of the
first order.

Let
Z=f(x, »). "'(i).

We have seen that the functional equation (i) represents a surface
geometrically. We now seek the geometrical interpretation of the-

partial derivatives
5], =[]
ox ar b ¢y _as &

The point P[a, b, f(a, b)] on the surface
corresponds to the values a, b of the indepen-

Y/
s
‘w’ dent variables x, y.

If a variable point, starting from P,
—
0/

X changes its position on the surfacc such that y
remains constantly equal to b, then it is clear
that the locus of the point is the curve of inter-

y section of the surface and the plane y=b.
Fig. 56
On this curve x and z vary according to the relation
z=f(x, b).
Also, (g; ) is the ordinary derivative of f(x, b) w.r. to x for
(a> d)
X=aq,
Hence, we see that ( 0z > is the tangent of the angle which
0X (as b)

the tangent to the curve, in which the plane y=>b parallel to the ZX
plane cuts the surface at Pla, b, f(a, b)], makes with X-axis.

Similarly, it may be seen that ( g;) is the tangent o/ ie
(@ b)

angle which the tangent to the curve of intersection of the surface and
the plane x=a makes with Y-axis.

10-8. Homogeneous Functions, Ordinarily, f(x, y) is said to be
a homogeneous function of order n, if the degree of each of its terms.
in x and y is equal ton. Thus

" X"+ a,x" 1y a X2y 4 A XY Ayt oo (i)
is a homogeneous function of order n.

This definition of homogeneity applies to polynomial functions
only. To enlarge the concept of homogeneity so as to bring even

transcendental functions within its scope, we say that z is a homoge-
neous function of order or degree n, if it is expressible as

x"f(y[x).
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The polynomial function (i) which can be written as

Lot 20 (3 Vrtal 2]

is a homogeneous function of order n according to the new definition
also. The functions

x* sin (p/x), (/¥ +4/X)/(y+X)

are homogeneous according to the second definition only. Here the
degree of x" sin (y/x)is n. Also

y
vrave VAU 1V
y+4x x[l_{__}_;_:l H_i

10 81. Euler’s theorem on Homogeneous Functions.

If z be a homogeneous function of .x, y of order n, then

0z oz
X Z.
ax TV oy ="

)
Smmes(] Yrer(L) x4
(2 (2)

w B (E) e ())
Thus

so that it is of degree — 1.

We have

0Z 3 92 _pxnf( Y V=
Xox TV oy _nxf( x >
Cor. If z is a homogeneous function of x, y of degreen, then.
0 19 2 02 __pon_
X T2 axﬁy +y ay’ =n(n—1)z
Differentiating

=nz, (1)



200 DIFFERENTIAL CALCULUS

partially with respect to x and y separately, we obtain

0z 0%z 0%z 0z
ox T ax2 Yoxoy =" ax -+ (2)

0%z a’z 0z
i — -‘h"'. CERS 3
ayax+ £+ = @)
Multiplying (2), (3) by X, y respectively and adding, we obtain

2 25
2 077 +2xy 0’z +y2 0% =n(n—1)z,

ox? axay oy?

where we have employed (1) and assumed the equality of §%z/gxgy
and 32z/pyox.

Examples
1. If
u=x?tan"'-L —y? tan-? bl ,
x y
prove that
= ’ D.U. 1953; P.U.
“oxoy xz+y2 ¢ )
We have
LI 1 1 a X e
ay TR x TR B T
1 +'72' 1+ 75‘“
3 3
X Xy —2y tan™! —

REESTRE RS

X
=X—2y tan™! — .
Y y

Pu_ o ()
axgy~ ox\ 9y
1 1
=1-—2y 2 . —7
14+
w
2 2
—1— 2 Y

YT _352?}3* '
2. If
— e v_l‘_____'.____“ R
Vet
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show that
2 2 2
27‘: i gy‘; 222‘-=°- (D.U. 1952 ; P.U. 1949
We have
s _3

==y ) T 2x= x4 T,

0%u —1 -3

Sy =T (YD) P Iy

Similarly or by symmetry
azu 93 -—5
o7 S Gk o i B SO C St S IS

oy?
o%u 2 2 2 “% 2( y2 2 2 "'1"
Car= (WY YT 32(x 4y T

Adding, we obtain the result as given.
3. If
31,8
u=tan-'" 7 ,
X—=y
prove that
ou ou .
X — --- =sin 2u.
ox 7 oy
Here u is not a homogeneous function. We, however, write
3+y e LX)

z=tan U= -— =
_ =2 1-(/x)
80 that zisa homogeneous function of x, y of order 2.
-~ —=2z, (1
+y ay (1)
But
Agz?:sec?u %% ; %Z— =sec2u -%l—;- «.(2)

Substituting in (1), we obtain
sec”u( x——— +y - Z~)=2z=2 tan u,

ou au 2 sm u

4y o

. 2
or o = cosu - cos®u=sin 2u. «(3)
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Exercises

1. Find the first order partial derivatives of

(i) tan~'(x+y). (if) €9 sin by.

(iii) log (x*4+y?).

2. Find the second order partial derivatives of

(iy 7. (ir) et
(iif) tan (tan~lx--tan~1y).
3. Verify that
u ou
axdy ~oyox
when u is
R ..
(i) sin 5 (ii)

(iii) log (ysin x-+x sin y).
4. Find the valuc of
1 9z 1 9%

ad axz +- b’ ay..
when

@x*+ b’y —c’2’=0.
5. Verify Euler’s theorem for

(i) z=ax*+2hxy+by*. (i)
\iii) z=sin™! ;—+tan"1 y . (iv)
1, 1
x"+y
V) z====.
X" 4 y¥

6. If u=f(y/x), show that

V(T+x2+)%)

z=x" log o

z=(x*+xy+y*)

xi"i +y g; -0. (D.U. 1950 ; P.U. 1954)
7. If z=xy f(x/y), show that
x0%_ - (P.U.)
8x +y 3y 2z.
3
8. If z=tan (y+ax)+(y—ax)7, find the value of
’z _p 0z (P.U. 1945
ol )
‘9. Ifz=tan—1(y/x), verify that
Oz ¥z _ P
i (P.U.)
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&
10. If zx+y)=x?+ )%, show that

0z 9z \? 2z 9z
oz _ocy o — = _97), Allal.ated
| ) =+ (- E-) (dllal atedy
11, If z=3xy—y*+(y*— 2x)% verify that
Pz _ 9z ¥z ¥z _( 9z M.T.
axay  9yox and ax* 9y* (axay> ( >

: 2+ yz au au

12. =log X 1Y Ly My

2. Ifu=log Xty prove that x ax +y 2y 1

2
13. (a) If u= sm‘lxxj'ﬁ show that x "-+y P =tan u. (P.U. 1954y

(b) If u==sin-1 Vx_""y, show that
NX-+AY

9= o= .. .U. 1955
/ xax +y e 0. (P.U. 1955)
14. If z=f(x-} ay)+¢(x—ay), prove that
Pz _ .07
2y* axt’

15. If z=(x+y)+(x+y)o(y/x), prove that

7z 9
X axz” _ayazx> =Y (ay- axa»)

16. If u=f(ax2+ 2hxy+by2) v= cP(ax2+2hxy+by ), prove that

ACEORICED, (M1

e ’4’ ﬁnd the value of n which will make
1
—5 . - =-~ . M.T.
o <r P 3.‘ . ( )

r?

17. If 9=¢"

18. If u=f(r) where r=<(x2+y?), prove that
2 1 ,
2u 0 =P+ 1)

x*
19. If u=log (x*>+y*-}-z%), prove that
x Qu_Pu__ P
dyez dzgx ~ * gxay”
20. If V=r™ where r’=x2+y%+ 2%, show that
v v vV
axa + 2 +a 2

38 3
21, Ifu=tan—' >37_  find

=m(m+1)r™—2,

20" 3}1_ 2.3_ ...H , 1953
xa,+2xaxay+ 2yt " (D.U. Hons. )

[Refer Ex. 3, p. 201]
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Differentiating (2), w.r. to x and y, we get

_.afz _ 2 u N\ 2 o

P =2 sec? u tan u< 3;) +sec’u Pyl

;Qﬁzu_ 2 ?u u 2 3’u_
3y3x—2 sec’ u tan u P 33f_+ sec’u ayox
7’z ou \* du
b =2sec’u tan u (37) +sec®u el

As z is a homogeneous function of x, y of order 2, we have, by Cor. § 10°81
e. 199,

9’z 9’z 9%z
2 ve 2 V& -
xa——~x2 +2xyaxay +y 25" =2(2—1)z=2z.
Making substitutious, we obtain
2 232“ . azu 2 8’u
S€C M[ X 3}— +2xy-axa}:- +y a__y—z_]
: (B pay B W e (]
+2 sec’u tan u [x ( 8x) +2y o0 Gty ( o) |=

Using (3) p. 201, we obtain

2 2 2
secy [x”»a;‘: +2xyéi;y + g;;] =2 tan u—2 sec®« tan u . sin® 2u.
3 2 2
x”g;l: +2xyaa;;—}; +y* g;f: =(1—4 sin®) sin 2u.
22. If
[ o " y§ ~P
u=sin™!\ ~ 73— -,
Ut 4yt ]
show that
' u u *u tanu
2 v v % ShadiNR S obbl 2
By Ty T 10 ( 13 + tan'u ) (D.U. Hons. 1949)

1082, Choice of independent variables. A new Notation. To

introduce the new notation, we consider a particular case. Suppose
that

X=rcos 0, y=rsin 0 ; .. (i)
apd we are required to find 9x/or.

Before beginning partial differentiation, we have to ask our-
selves a question. ‘What are the independent variables ?” Hitherto
the notation has always been such as to suggest readily what the
independent variables are and no ambiguity was possible.

In the present case we have four variables x, y, r, § connected
by two relations so that any one of them may be expressed in terms
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of two of the remaining three. Thus, x may be expressed in terms of
(a)r, 9 ;or(b)yr,y;or(c)8,y.

In case (¢), ¢x/or has no meaning. Incases (a)and (b), where
9x/or has a meaning there is no reason to suppose that the two values
of (px/or) as determined from them, where we regard ¢ and y con-
stants respectively, are equal. Some modification of the notation is
therefore necessary to distinguish between these two values.

For the sake of distinction, these two values are respectively

denoted as
ox ] [ex ]
or 6, Lar Jy.

x . .
Thus [%;]9 means the partial derivative of x w. r. to r when

r, 0 are the independent varialles.

From x=r cos @, we have
ox
[:—37:, 0—cos 0.
" 0x .
To find [—a—r :ly, we have to express x in terms of r and y.

From (i), we obtain

r2=x2+4y2so that x=4/(r?—y?).

ax r r _

) =T
Th Q’i:] ex
e [ar 6 7 or Jy

Ex. 1. If x=rcos @, y=r sin ¢, find the values of

o) (5 )e L3 )e L0 )e LG )y [ )

(P.U. 1938)

Ex. 2. vis the volume, s thecurved surface, h, the height and r the
radius of the circular base of a right circular cylinder, show that

W[5 [ ]2 a5 ) =2)

Ex. 3. Explain the meanings of the partial differential co-efficients gx/gr
and ar/agc where x, y are the rectangular cartesian co-ordinates of a point and
r, § are its polar co-ordinates. Prove that

_:;;%g;’? ._.+[(%>"+ (%)2] (P.U. 1936)
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Ex. 4. Prove that

9 _9logr) _  #logr) 1 i
oy o T g T s
where
x=rcos3 g, y=r sin 0.

10'9. For the following developments, it will be assumed that
f(x, y) possesses continuous partial derivative w. r. to x and y in the
domain of definition of the function.

1091, Theorem on Total Differentials. We consider a func-
tion
Z=f(x) y)' "(i)

Let (x, y), (x+8x. y+38y) be any two points so that §x, 8y are
the changes in the independent vnriables x andy. Let 8z be the
consequent change in z.

We have
z48z =f(x |-&x, y-+8y). ... (i)
From (i) and (i), we get
dz=f(x+ix, y+8y)—f(x, y)
=[flx -&x, y4+8y)—f(x +&x, y)]
+Hfx X, y)—fx yil i)
so that we have subtracted and added
fix +&x, p).

Here the change 8z has been expressel as the sum of two
differences, to each of which we shall apply Lagrange’s mean v.lue
theorem.

We regard f(x+48x, y) as a function of y only ; x |-&x being
supposed constant, so that by the mean valuz theore.n,

fx+4-8x, y-1-8y) —f(x +&x, y) =&yf, x +-¢%, y+0,°y).
We write
fy(fo‘S-x: y+0l8y) _—fy('xi }’):52 o--(iv)

so that ¢, depends on 8x, 8y, a1d bxcause of the assumed continuity
of fy(x, y) tends to zero as &x and 3y both tend to 0.

Again we regard f(x, y) as a function of x only, y keinz sup-
»posed constant, so that by the mean value theorem, we have

Sx +8x, y)—f(x, y)=8xf,(x +6,¢x, p).
We write
fx(x+028x: y)-"fx(x: y) =& ...(V)

80 that €, depends upon 8x and, because of the assumed continuity
of f,(x, ), tends to 0 as 8x tends to 0.
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From (iii), (iv), (v), we get

8z=258xf,(x, ) 1—8}f,, (%, ) +£,8x +¢,8y
oz
=ax . 8X +~ 8y +€,8x4-2,8).

—— .A—__J L._Y__J

Thus the change 8z in = consists of two points as marked. Of

these the first is called the differential of z and is denoted by dz.
Thus

0z .
dz.:'g; 8x+ ...(VI)
Let
=X
so that

dx=dz=1.8x=38x.

Similarly, by taking z=y, we show that
dy=dy.

Thus (vi) takes the form

oz Y
dz=2% gx 1% g
ax X Ty &Y

It should be carcfully noted that the differentials dx and dy of
the independent variables x and y are the actual changes 8x and 8y, but
the differential dz of the dependent variable = is not the same as the
change 8z ; it being the principal part of the increment §z.

Cor. Approximate Calculations. From above we sce that the
approximate change dz in z corresponding to the small changes §x and
Syinx,yis

0z 0-

'a dx +- ay dy,
which has been denoted by dz.
Examples

1. Find the percentage error in the area of an ellipse when an
error of 4 1 per cent, is made in measuring the major and minor axes.

If a, b, A denote semi-major axis, semi-minor axis and area of
an ellipse respectively, we have the relation

A=mab.
oA _ ., 8A_
Here = b, b= Ta.

dA=mzbda+madb.
Since we are given that

a b
9a= 1500 0= 100"
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wab mab 24
d4=T50+100=T00 °

Therefore the percentage of error in 4=2.

2, The sides of an acute-angled triangle are measured. Prove
that the increment in A due to small increments in a, b, ¢ is given by the
equation

be .sin A . 84=—a(cos C8b+-cos BSc—8a).

Supposing that the limits of error in the length of any side are
=4 per cent, where u is small, prove that the limits of error in A are
approximately

+1:15(ua?/bc sin A) degrees. (M.T)
From elementary Trigonometry, we know that
2 2__ 2
2 cos Azéjfc. @
be

Here A is a function of three variables, a, b, c.

—9sin 4. d4=2b% Tf.(::c'ifg:f‘_?) db
2_0,2.’?_7:92 ’%jff:f‘i) de— ig da.
or —2sind. dA= ‘Zg;tbg;f_czdb_*_cf_—%‘fb“_mdc_ gg da.
_ 2ab o0 C b +3»c—“g;;3i?dc— 7)2?", da.

<. besin A . dAd==—a(cos C . db+cos B. dc—da).
The limits of the errors db, dc, da are
+bu/100.  4cu/100,  d-ap/100.

As the triangle is acute-angled, therefore cos B, cos C are
positive, Therefore the limits of the error dA are

—a(bcos C+ccos B+a) u  —a(—bcos C—ccos B—a)

besinA  "100° be sin 4 100
. 2q? b di
he- Fhcsin 4™ 1o TACIAns
r 27 s 180 degrees
° Thesind 100  x 9°8
or 4-(1'15) _pa degrees approximately
' bc sin 4 “%8 PP ’
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Exercises

1. Find the percentage error in calculating the area of a rectangle when
an error of 2 per cent is made in measuring its sides.

2. Show that the error in calculating the time period of a pendulum at

any place is zero if an error of +m per cent be made in measuring its length
and gravity at the place.

3. Ina triangle ABC, measurements are taken of the side ¢ and angles
4, B and length a is calculated from these measurements. If Ac, A4, AB
are the small errors in these measurements, show that the error A« in a is
given by
csin B sin 4 .
Aa = sin? (Aﬁj_Bj AA+ sin (AV'{-‘BT Ac—acot (A+B)AB.

4. ABC_is an acute-angled triangle with fixed base BC. If 8b, &c, §4
and 8B are small increments in b, ¢, A and B respectively, the vertex 4 is given
a small displacement 8x parallel to BC, prove that

(i) ¢8b+b8c+bc cot A §A4=0. (i) ¢c6B+sin BSx=0. (M.T)

5. The area of a triangle whose sides are a, b, cis A. Prove that the
error corresponding to errors 8a, 8b, &c in the sides is approximately given by

2A8A=5*8p—s8q9—abcSs,
where 2s=a+b+c, 2p=a’+b*+c?, 3g=a*+b*+c3. (M.T.)

6. The work that must be done to propel a ship of displacement D for a
distance s in time ¢ is proportional to

s'-'D§I2.

Find approximately the percentage increase of work necessary when the dis-
placement is increased by 19, the time diminished by 1%, and the distance
diminished by 3%.

7. The height 4 and the semi-vertical angle « of a cone arz measured, and
from them A4, the total area of the cone including.the base, is calculated. Ifh
and « are in error by small quantities 84 and dx respectively, find the corres-
ponding error in the area. Show further thai if a=n/6, an error of +1 per cent
in h will be approximately compensated by an error of —0°33 degree in a.

(M.T.)
10-92. Composite functions.
Let
==fix,y); ()
and let
x=9(f) _ (7))
y=4(1), .. (i)

so that x, y arc themselves functions of a third variable ¢.

The functional equations, (i), (ii), (iii) are said to define z as a
composite function of t. :

Again, let x=g(u,v,), <.(i0)

y=y(u, v); «.(v)

so that x, y are functions of the variables #, v. Here the functional

equations (i), (iv), (v) define zas a function of u, v, which is called
a composite function of u and v.
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1093. Differentiation of composite functions.
Let

z =f (x 194 )’
possess continuous partial derivatives and
let xX=¢(1),
y=y(1),
possess continuous derivatives. :

Then
dz 3z dx gz dy

4t = ox T Tyt

‘Let t, t48t be any two values. Let 8x, 8y, 8z be the changes
in x, y, z consequent to the change §¢tin f. We have

x+8x=9(t+38t), y+8y=y(t+81)
z+48z=f(x+8x, y+8y)
dz=f(x+¢x, y-+8y)—f1x, y)

=[fx+8x, y +8y)—f(x, y+8y)]
+[f1x.y +89)—f1%, »)}
Asin § 10°91, p. 207, we apply Lagrange’s mean value theorem
to the two differences on the right, and obtain

dz=8xf(x+0,¢x, y+8y)+ 8yfu(x, y+6,8y),
(0<6,, 6, <1).
8z & ) ,
—gf—= a)zi SA(x40,8x, y+8y)+§ Su(x, y+0,8y). ...()

Let 8¢—0 so that éx and §y—0.
Because of the continuity of partial derivatives, we have

lim (x40, 8%, yH8))=fix, M=

( 8x, 87)->(0, 0) Ty’
. z
im  fulx, y+0,89)=fu(x, ¥)= g—
Sy—>0 y

Hence, in the limit, (i) becomes
dz 9z dx gz dy

9 Tox at toy Coar - 0
Cor1. Let
z=f(x, »),
possess continuous first order partial derivatives w.r. to x, y.
Let
x=¢<u’ v,),
y=1y(u, v),

possess continuous first order partial derivatives.
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To obtain 9z/ou, we regard v as a constant so that x and y may
be supposed to be functions of # only, Then, by the above theorem,
we have

02 0z 09X , 0z

ou=ox " ou Ty’

It may similarly be shown that
JOZ 0L 90X L 0Z @y
ov oX " ov 9y T v’

Examples

ay
ou

1. Find dz|dt when
z=xy?+4x%y, x=at? y=2at.
Verify by direct substitution.

Now
0Z o 0z
== 2xy, ——=2x z,
ax =7 +2xy, 2y y+X
dx dy
'di——2at, 37—2(1.
Substituting these values in (ii), § 1093, p. 210, we get
Ziz_ =(y2+2xy) 2at +(2xy +x%)2a
=(4a® +4a%13) 2at + (4% +-a®t*)2a
=a3(16134-1024).
Again

z=x2y +xy%=2a%15 +4a3t4.
%~=10a8t4+16a8t3=a1('16ﬂ +-108Y).
Hence the verification. .
2. <z is a function of x andy. Prove that if
x=eu +e—|l’ y=e—u__ eu,.
then
0z 0z 0z 0z A
9292 _x 2292 D.U.1955; L.U.
au" v =% ax Yoy ( )
We look upon z as a composite function of u, v.
0z _ 9z 9x oz 0y
ou~ ox '\au oy = ou

=___— . . e-“ ;

0x oy
Pz _pz x oz Y
ov ox " v "oy’ ov
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_— .___ai e—“_az

STt Ty
Subtracting, we get ‘
02 _82 _3Z u pon O g
gu gy —ox & TE)T gyleT =€)
- 0z ac
ox 8}’
3. IfH=f\y—z, z—x, x—y) ; prove that,
oH oH oH _
ox T oy T ez
Let
U=y—2,V=2z—X, W=X—J,
so that

H=f(u, v, w).

We have expressed H as a composite function of x, y,

oH oH pu oH v oH ow
ox “ou * ox Tov toax Tow " ox
aoH oH oH
—_ .0+ & ("IHW‘ 1
_ _0H  oH .
= v +aw A ."'(l)
Similarly
oH __ oH ©oH
o T ow o
oH _ _oH | 9H
az ou +av '

Adding, we get the result.

4. H is a homogeneous functton of x, y, z of ordern ; prove
tha‘t ‘ : ’
S oH | _oH

v o HE e =

[This is Euler’s theorem for a homogeneous function of three
independent variables.] We have -

: H_x"f[x , x] xf(u, v) where y[x=u, z/x=v.
oH 4 wf(3f ou_ of ov
A% =nx""f(u, v +x (6“ ax oy ax) .
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But
ou_ _y o _ _z
ox — T xTax T T xx
Hence
o -1 . n-2 —_—
% nx"1f(u, v)—x < au +z ov
Again
ﬁ:xn <8f . ou 8f 9_")
oy ou oy " ov 0y
of ou 1 v
—x7-1 )f - = - . 0'
X ou > Ot oy x " 9y
Similarly
oH__, ., of
0z ov
0 Aygf 2 mof (u ) =ne

10-94. Implicit functions. Let f(x, y) be any function of
two variables. Ordinarily, we cay that, since on solving the equation

. flx, y)=0 ee(f)
we can obtain y as a function of x, the equation (i) defines y as
an implicit function of x.

There arises a theoretical difficulty here. Without investigation
we cannot say that corresponding to each value of x, the equation (i)
must determine one and only one value of y so that the cquation (i)
always determines, p, as a function of x and in fact, this is not the
case, in general. The investigation of the conditions under which
the equation (i) does define y as a function of xis not, however,
within the scope of this book.

Assuming that the conditions under which the equation (i) de-
fines y as a derivable function of x are satisfied, we shall now obtain
the values of dy|dx and d2y|dx? in terms of the partial derivatives 3 f[ox,
9 floy, 0*flox?, 8® floxoy, 0*f]oy® of of > w.r. to x and y.

Now, f(x, y) is a function of two variables x, y and y is again
a function of x so that we may regard f(x, y) as a composite function
of x. Its derivative with respect to x is

of dx of dy ie., of  of dy
ox dx}'dy Tdx ax+ax dx °

Also f (x, y) considered as a function of x alone, is identically
equal to 0. Therefore its derivative w.r. to x is 0.

6f of dy
Hence + 5% dx =0,
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dy oflex _ fo
——= e T — ‘L ’ lf On
&= ~oflay =7y
Differentiating again w.r. to x, regarding 9f/ox and 3f[oy as
composite functions of x, we get

ie.,

( o ) o o dy )
dy _ _ 8x‘+ayax ay ax axoy oyt T dx
= ‘ )
azf<f)_ oY of af+§3[(gf_=
_ox*\oy/  “oyox' oy "oy oy*‘ex/.
(Y
oy
Hence
d f o
di __f_.'c ’ ...(ll)
v
and
dzy £.2(6,)2— 20, 1.5, +1,%(f,)
l @ (f,)° . ... (iii)

Without making use of § 10:93, we may obtain dy/dx also as
follows :

Now f(x, y)=0.

Let 8x be the increment in x and 8y the consequent increment
in y, so that :
f(x+8x, y+8y)=0.

Sf(x+8x, y+8y)—f(x,y)=0,

.or
S(x+8x, y-+8y)—f(x, y+8y)+f(x, y+8)—f(x, y)=0.
8xfo(x-6, 8x, y+8y)+8yf,(x, y+8, 8y)=0,
or
8y _ _ falx+6,8x, y+8y)
Sx fﬂ(x, y+oly)
Let 8x — 0 ,
d f, .
o= —f »if 0.
. Example
Prove that if y¥*—8ax?+4-x3=0, then
d2y 2q%x3

dx2+ y5 —5— =0.
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Let
S(x, y)=y3—3ax24x3 =0.
Jo=—6ax43x2, f,=3y%;
fa:2= —'6a+6x: f:c” =O)fy2 =6y.
Substituting these values in (iii), on p. 214, we get
d¥ _ 6()c—a)9y4—$—(3x2 2—6ax)?6y
dx? - 27ys o
_9 (x—a)(3ax®—x3) 4 (x2—2ax)*
yS
azx?
=_2 e

d%y  2q%x?
Thus dx? +—~ys«=0,

Or, directly, differentiating the given relation w.r. to x,

3y? Zi =6ax—3x2,

° d)_z _ 2ax—x?
g dx"‘ »o
. _(2a—2x)y2—2y(2ax—x?) dy|dx
: e dx2 y4
(2a—2x)y%—2y(2ax — x2)(2ax — x?)[y?
—— y4 T -
%(a—x)y?—2(2ax—x2)2_  2a2x?
=-- y5 o T ys" ’
as before.
Exercises

1. fu=x—y% x=2r—3s+4, y=—r+8s-S5, find gu/9r.
2. If z=(cos y)/x and x=u*—v, y=e". find 9z/3v,

} sinu _cosy _Cos X
3. Ifz= cos v’ “sinx V=g ¥ , find 9z/3x.
4. fu=(x+y)/(1—xy) ; x=tan (2r—s?), y=eot(r’s), find Ju/ds.

4. Find dy/dx in the following cases :—

@) * sin (x—y)—(x-+3)=0. (i) ¥* =sin x.
(iii) (cos x)¥ —(sin y)*=0. (iv) xV==
(v) (tan x)V 4y T=q, (P.U. 1955)
6. If F(x, y, z)=0 find 9z/9x, 9z/3y. (P.U. 1938)
7. If z=xyf(v/x) and z is a constant, show that
£ (y[x) _x[y +x(dy|dx)) (PU. 1934)

fOIx)  Yy—x(dy/dx)]
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8. If f(x, y)=0, ¢(y, 2)=0, show that
af op dz _of ¢

L9, . . P.U.
Wy 9z dx 9x Uy
9. If xv(1—y%)+yv(1—x%)=a, show that
LA S (P.U. 1935)
X (l x2 5
10. If u and v are functions of x and y defined by
x=u+e ?sinu, y=v+e=? cos u,
prove that
u _9v
o _ov P.U. 1936)
y ox ( )
11. If A, B, C are the angles of a triangle such that
sin® A+sin® B +sin? C=constant,
prove that
dA _tanC—tan B
dB tan A—tan C (P.U. 1937y

12. If ax*4 2hxy+by?-+2gx 4-2fy + ¢=0, prove that

d*v _ahc P2fgh—~af*—bg*--ch®
dx® thx-Eby +£)?

13. Show that at the point of the surface
x*yVzR=c

e ]
axqy x log ex |.

14. Find d®y/dx* in the followingcases :—

() x3+y%=3axy. (P.U.) (ii) x| y*=4a’xy.
(i) x*+y*=>5a’xy. (iv) x> yS=>5a3x2.
15. Uf fix, y)=0 and f, =0, prove that

dx - _fU d’x ;_fwa(f” 2fzyfzf” |’f” f)g
dy fe ’ dy? . (fz)?

where x=y=1z,

16. Given that
f(x, y)=x3+y%—3axy=0, show that
dy dx _  4a®
b dxt ' dyt ~ xy(xy—2a%°
17. If u is a homogeneous function of the nth degree in (x, y, z) and if
u=fX,Y, 2),

where X, Y, Z are the first differential co-efficients of, u, with respect to x, y, z
respectwcly, prove that

3y Z " n— 1“
(Delhi Hons. 1950)
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APPENDIX

EQUALITY OF REPEATED DERIVATIVES

A. 1. Equality of f,, and f,,. Tt has been seen that the two
repeated second order partial derivatives are generally egualt They
are not, however, always equal as is shown below by considering two
examples. It is easy to see a priori also why f,, (a, b) may bo diffe-
rent from f,, (a, b).

We have
JSw(a, b)= lim f’/(a'*—h'lb)—fy(a- b) .
h—>0 1
Alsofy(a_},.h, h)=lim Sfla--h, b-}-kk)._f(aj_h’ b) ’
k>0
and  f,(a, b)= lim J(a, b_'i‘_k)__kf(a"b)-
k—0
e Sola, by=lim  lim 4R DEE) —f<a+l;. b)—fla, b+k)-+fa, b
’ h->0 k >0 1k
. (N, k)

= lim lim
h—0k—0 hk

It may similarly be shown that

, Say.

Sfya, b)= lim lim $(h I,\’) .
k-~>0h—>0 hk

Thus we see that f,,(a, b) and fy,(a, b) are repeated limits of the
same cxpression taken in different orders. Also the two repeated
limits may not be equal, as, for example

. ) h—k . h
lim lim +—; = lim =1,
l:—>0k—>011+k h—>0 h
and lim lim -h_k = lim ‘ =1

k—0h—0htk ;0 Kk

Examples
1. Prove that f,, f,, at the origin for the function
_ Xp(x*—y?)
f(x: y) - x”—{-y’ >
when z, y are not simultaneously zero and (0, 0)=0. (D.U. Hons. 1954)
We have f,,(0, 0)= lim ﬁ’—((’_‘t"-zf,’l) —/v(0, 0) (1)
h

-0
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Also  £,(0, 0)= lim fo, 0+k)k— £(0, 0)
k—0

— i SO R=A0,0) _ 0
k—>0 -k k->0 k
snd  f, (h,0)= lim -f("’0+’;c)—f(h, 0)
k—>0
hk(h2—k?) _

= li
nyo k(XK =

Thus from (1), (2) and (3)

h—0
f;,,,(O, 0)= hhm ,-h___l

Aga;in £,:(0, 0)= lim 10, 0+k)—f£,(0, 0)
k

>0 k
Also  £,(0, 0)= hlimof(o +h. O)h—f(o, 0)_ tim,
and  £,0, k)= 1 f(0+h k,)2 —£(0, k)
hk(hz—kﬁ)

= HETR) T T
From (4), (5) and (6),

JSyz(0, 0)= lim -—k_(_) -1

k—>0 k
Thus £,,(0, 0)=15£—1=£,(0, 0),
2. Show that ‘
Sey(0, 0)£1,:(0, 0),

where f(x, y)=x2 tan"1 —i:—-_ y? tan-1 ;

if xy=£0 and is zero elsewhere.
We have -
f0, 0= 1im D O=(0.0),
h—> 0

W

fi(h, 0)=1lim

k—>0

fih, k)—[th, 0)
k

= lim ,_!_(hﬂ tan—1 lch—‘ —k® tan—!
k—>0

k

£)

(2)

=0,
.(3)
. (4)
=0, . .(5)
...(6)
(B.U. 1953)
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. tan-1k/h h :l
= tan~kIM _k tan-t -
o ( klh )~k tant

=h .1—0=h, for [tan—'t/t] —last— 0.

k
10, 0)= lim h—h—(-)-_l
h—0
We may similarly show that
Ju:(0, 0)=—1.

Hence the result.

A. 2. Equality of f,, and f,,. Theorem. If z=f(x, y) possesses
continuous second order parttal derwatnes 02z/oxoy and 9%z[gy9x, then

0¥z 0%z
axay ~oyox
Consider the expression
o(h, &) ~f(e+h, y-+ k)~ (e, Y) 1%, y-+R)HE, D).
For the sake of brevity, we write
P(x)=f(x, y+k)—[(x, y), .o(1)
so that
o(h, k)=(x +-h)—(x). (2)
By Lagrange’s mean value theorem,
Y(x+h)—(x)=hy’(x +6,h). 0<g,<l. ...(3)
Also .
¥ (X) =%, y+k)—fux, ¥). --(4)

<P(h' k)=h[fx(x+alh7 y+k)_fz(x+01h) y)]‘ "(5)

Again applying the mean value theorem to the right side of (5),
we obtain

(‘p(h, k)=hkfyz(x+'01 h’ y+02k)° 0<02<l’
Thus
k
i(z;{')=ﬂ'=(x+0‘h’ ¥ +65k). -+-(6)

Again considering F(y)=f(x-+h, y)—f(x, y) instead of y(x) and
proceeding as before, we may prove that
h, k
=Tl y +040) . (T)

Sey(x+0, b, y+02k)—‘f¢v x+403h, y+6.k).
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Let h - 0 and k — 0. Then, because of the assumed continuity
of the Partial Derivatives, we obtain
f;lx(x9 y)=f;w(x9 y)'
A. 3. Taylor’s theorem for a function of two variables.

If f(x, y) possesses continuous partial derivatives of the nth
order in any neighbourhood of a point (a, b) and if (a+h, b+k) be
any point of this neighbourhood, then there exists a positive number 6
which is less than 1, such that

Sla+h, b+k)=fla, b)+( h ;5 +k :day) fla, b)

ox oy
1 P o \n-1
e +(7l;- '< h ax +k ay f(a, b)
1 i o \"*
+}{g.< h gg+k~ay)f(a+9h, b+-pk). (0<f<1).
Lemma. .
We write

, =f(x, y);
and
x==a-}ht, y=b-+kt,

so that z is a function of ¢.
Now, we have, by § 10-93, p. 210, _

dz oz dx oz dy

dt =Tax " dr ey " dt

o0z oz 0z oz

Now, we agree to write

oz oz
hooe K o E( h

in the form of the operator

0 0
ox +k oy )~

0 0

> hatk oy

operating on the operand z.
dz 0 0
. a=(h g Te5) 2
This equality shows that the operators
d : 9 0
~dt“ and h-é—;x +k "a—y—
are equivalent.
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Employing the equivalence of these two operators, we obtain

51 (0)

d a a

”(h_‘“‘“ (h' x Tk, )

If, now, we a,gree to wrlte
(b fovte )0 S 3)m fevs ),

we have
d?z 0 0 \*
Ezz:( h 6.* +k ay ) z.
Continuing in this manner, we see that
0 0

dnrz
dt"=< hoox TH oy

where the operator

)

ox
implies the repeated application of the operator
9\
- k
< T oy )

n times. Thus we have arrlved at the following result :
If z=f(x, ) and x =a--ht, y=b-+kt, where a, b, h, k, are cons-

tants, then
dnz 0
= ( h-, oy ) -
Proof of Taylor’s Theorem.
We write
f(x, y)=fla+ht, b4-kt)=g(1),

and apply Maclaurin’s theorem to the function g(f) of the single

variable ¢.
There exists a positive number § between 0 and 1 such that

....................

7o,
9(t)=g(0)-+29'(0)+ 5 ,-9"(0) +
1 - n
Foeet gy O 9700,
For t=1, this becomes (0 <8<l ..3)

(D=0 +g'O)+ 4, "(0)
1
+ e +(n—.l) ! gﬂ-l(o)_!_ n!

--------

g"(6).
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Now
g(l)=fla+h, b+k).
" 9(0)=f{(a, b)

Also since

0=k otk 2=)fx,9),
O =(h 5otk o), b),

2
0'O=(h g+k 5 ) fla,b),

n-1
0= h 2 +k aa;) fla, b),
7(0)=( B sk =) Rat-h, b-+6k).

Substituting these valuesin (i), we have the Taylor’s theorem’s

as stated.
Exercises

1. Show that
K =i 02 007 4 4a 02
(i) (h +k =12 7, +2hk S0 i S

—pa 0%z 0%z
)z-—h‘ o Tk s
. 0°z d*z

+IK? S5 HRTS

(i) (h Stk -a;

2. By mathematical indication or otherwise, show that

oz . 0"z
(h 3% +k ~aa-) z= h"a ,,+”C1h" lkax,.:_lé}-l' ------
. Aan
+..+ "Cyhn_'k’ a*a’;:zrayr F ..
o™z
.............. +k" —-.
+ o

3. Show that
(i) sin x sin y=xy— -;[(x‘+3xy’) cos 9z sin gy
+(y®+3x%) sin 9x cosgy];0< 9 <1,

(i) e%* sin by=>by+abxy
+1 e¥[(a®x® - 3ab®xy®) sin v+ (3a*bx’y—b%*) cos v},

where u==afx, v=>b0y.
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MAXIMA AND MINIMA
A. 4. Maxima and Minima of a function of two variables.

Def. Maximum value. f{a, b) is a maximum value of the function
S(x, »), if there exists some neighbourhood of the point (a, b) such that
Jor every point (a-+h, b-+-k) of this neighbourhood,
f(a, b)>f(a+h, b+K).

Minimum value. f{a, b) is minimum value of the function f(x, y),
if there exists some neighbourhood of the point (a, b) such that for
every point (a+h, b4-k) of this neighbourhood

f(a, b)<f(a-+h, b+ k).

_ Extreme value, f{(a, b) is said to be an extreme value of f(x, y),
if it is a maximum or a minimum value.

A. 41. The necessary conditions for f(a, b) to be an extreme
value of f¢x, y) are that
fx(as b)=0, fy(a, b)=0.

If f(a, b) is an extreme value of the function f(x, y) of two
variables x and y then, clearly, it is also an extreme value of the
function f(x, b) of one variable x for x=a and as such its derivative
Jf.(a, b) for x-=a must necessarily be zero.

Similarly we may show
that
f(a, b)=0.

Note 1. As in the case of single variable, the conditions obtained above
are necessary and not sufficient. For example, if f(x, y)=0 when x=0 or y=0
and f(x, y)=1 elsewhere, then

fx(oa 0)=0’ fV(O, 0)=0,
but f(0, 0) is not an extreme value.

Note 2. Stationary value. A function f(x, y) is said to be stationary for
x=a, y=>b or f(a, b) is said to be a stationary value of f(x, y) if

fz(a: b)=09 f!l(ar b)=0.

Thus every extreme value is a stationary value but the converse may not
be true. .

A. 42, Saufficient conditions. To show that
fz(a: b)=0’ fll(a’ b):o’
and
f:ﬂ(a) b)=A’ fxl/(a' b) =B fyz(a, b)=c
then
(i) f(a, b) is a max. value if AC—B?*>0 and A <0,
(ii) f(a, b) is a min. value if AC—B*>0 and A>0,
(iii) f(a, b) is not an extreme value if
AC—B2*<0,
(iv) the case is doubtful and needs further consideration, if
AC—B3*=0.
It may be noticed that 420 if
AC—B2>0.
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- By Taylor’s Theorem with remainder after three terms, we
obtain '

fath, b+iy=fia, b+ h g +k ) fia b
| 1 )
+4( % ai +k a’ay“)f(“’ b)

1 0 2 \°
(b gk ) Slatoh, byob),

or  flath, b+k)—fla, b)=Ff, (a, b)+kf, (d, b)
+3[h*f.2(a, b)+2hkf . (a, b)+K*f* (a, b)]
+ [P 3 (u, v) + 31Ky (u, v)+3hES 2 (u, v) +-k3f3(u, v)],
where u=a-60h, v=>b-}6k.
Now '
f«(a, b)=0, fy(a, b)=0.
Also, we have written
fmz(a’ b)=A:f:rv (a, b)=B"fII2(a’ b)=C
fla+h, b+-k)—f(a, b)=3(Ah*+2Bhk - Ck?) 4o,
where p is of the third degree in 4 and k.
We assume that for sufficiently small values of h, k, the
sign of
3}(Ah®*++2Bhk-+Ck?)4-p
is the same as that of
Ah?4-2Bhk 4 Ck2.
Case 1.

Let AC—B?*>0. In this case neither 4 nor C can be zero. We
write

Al -2BRk -+ Ch? = [( Al BK)*--(AC— Bk,

Since AC— B2 is positive, we see that
(Ah+ Bk)?4-(AC — B¥)k?
'is always positive except when
Ah+Bk=0, k=0.
i.e., when h=0, k=0, when it is zero.

Thus we see that Ah%?4-2Bhk-+Ck? always retains the same sign
which is that of A. T .

Thus f(a, b) is an extreme value in this  case and will be a
maximum or minimum according as A is negative or positive.
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Case IL
Let AC—B%<0.
Firstly, we suppose that 440, We write

Ah*+2Bhk 4 Ck?*=[(Ah+ Bk)*+ - B%)k?/A.
Since AC— B? is negative, we sce that thl% expression takes up
values with different signs when k=0 and when Ah-} Bk=10;

Thus in this case f(a, b) is not an extreme value.
'The proof is similar when C5£0, ‘
In case A=0 as well as C=0, we have

Ah? - 2Bhk + Ck?*=2Bhk,

so that the expression does assume values with different signs and
accordingly f(a, b) is not an extreme value.

Case III.
Let AC—B?*=0.
Suppose that 45£0. We have
Ah*+2Bhk+ Ck?=[(Ah+ Bk)*+(AC — B?)k?]/ A
=(Ah+Bk)?/A.
Here the expression becomes zero, when
Ah+ Bk=90,
so that the nature of the sign of
fla+h, b+k)-fia, b)
depends upon the consideration of p. The case is, therefore, doubtful.
If, now, A=0 then, because of the condition 4C= B2, we' must
have B=0.
Ah?*+ 2Bhk+ Ck®=Ck?,
so that the expression is zero when k=0 whatever A may be. The

case is again doubtful.
Examples

1. Find the extreme values of
xy(a—x—y).
We write
flx, y)=xy(@—x~y)=axy— Xl —xp%
folx, y)=ay—2xy—y?,
Su(x, y)=ax—x¥—2xy.
A=f:ca(x: y)=-=2y,
B=f,(x, y)=a-2x-2y
C=fv2(x, J’)= —_-
We now solve the equations f,=0 and fy=0.



224

DIFFERENTIAL CALCULUS

Thus we have
ay—2xy—y*=0,
ax—x3—2xy=0. }
These are equivalent to
y(a—2x—y)=0, x(a—x—2y)=0,

so that we have to consider the four pairs of equations, viz.,

y=0, x=0 ;
a—2x—y=0, x=0 ;
y=0,a—x—-2y=0;
a—2x—y=0, a—x—2y=0.
Solving these, we obtain the following pairs of values of x and

y which make the function stationary :

(0, 0), (0, a), (a, 0), (3a, 3a).

For (0, 0),

A=0, B=a, C=0 so that AC— B? is negative.
Thus f(0, 0) is not an extreme value of f(x, ).

For (0, a),

=—2a, B=—a, C=0 so that AC—B? is negative.
Thus f(0, a) is also not an extreme value of f(x, y).

We may similarly show that f(a, 0) is also not an extreme

value of the function.
For (}a, }a),

A= —3%a, B=—}a, C=—%a so that AC— B3 is positive.

Thus f(3a, 4a) is an extreme value and will be a maximum or

a minimum according as, 4, is negative or positive, i.e., according as,
a, is positive or negative.

or

The extreme value f(}a, {a)=%as.

2. Find the extreme value of
2(x—y)2—xt—y4, (D.U. Hons.)
We write f(%, y)=2(x—y)2— xt—y4.
: L%, p) =4(x—y) —4x2.
Su(x,y)=—4(x—y)—4)*.
f2(x, y)=4—12x2,
f.:rv(x’ y) =—4.
fitx, y)=4—12y%
We now solve the equations f,=0, fy =0, which are
4(x—y)—4x3=0, (1)
——4(x—y)—4y*=0.§ e (2)
Adding these, we obtain
—4(x34+ %) =0
(x+y)(x*—xy+y*) =0,
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which shows that

either X4y=0
or © X:—xy4y2=0.
We have, thus, to consider the two pairs of equations, viz.,
xX—y—x3=0
x+y=0§ 0--(3)
X—y—x3=0
and x*—xy +y* ==0)S -e(4)

The equations (3) give the following pairs of solutions :
(0, 0), (\/2’ —‘\/2)» (—\/23 Vv2).
The equations (4) give only (0, 0) as the real solution.
For (0, 0),
A=4, B= —-4, C=4 g0 that AC—B2=:()

and accordingly this case needs further examination.

For (v/2, —4/2)

A=-—20, B=—4, C=-—20 so that AC— B?is positive.

<. flv2, —4/2) is an extremo value and is, in fact, a maximum
value a8, A, is negative.

We may similarly see thatf(—4/2, 4/2) is also a maximum
value.

Note. The case which arises when x=0, as well as y=0 can be disposed
of by an elementary consideration as follows:

Now f(0, 0)=0. .
For points, (x, 0) along x-axis, where y=0, the value of the function
=2xd — xt=x%2—x?)
which is positive for points in the neighbourhood of the origin.

Again for points along the line, y=x the value of the functions —2x!
which is negative.

Thus in every nclghbourhood of the point (0, 0) there are points where
function assumes posmve values i.e., >f(", 05 and there are points where the
function assumes negative values i.e., <f(0, 0).

Hence f(0, 0) is not an extreme value.
3. Find the minimum value of
x4 y2 422
when
ax+by+cz=p.
We write
u=x+y4-22,
go that we have to find the minimum value of a function of three
variables x, y, z which are connected by a single relation, viz.,

ax+by+cz=p.
We re-write this relation in the form
z=(p—ax—by)/c,
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8o that z has been expressel as a function of x and y. We now
obtain

(p—ax—by)*

u=x2yt P

where, u, has been expressed as a function of two independent vari-
ables x and y.

We have
a
ux(xs y)=?x'— c? (p*ax ——b)') ’

2,
uy(x/ y)=~y— >C2 (,(p—ax_by)‘

Equating to zero these two first order partial derivatives, we
obtamn

x=ap/(a*+b*+ c?),

=bp/(a*+b2+c?).
Again, we have
‘)a2
A=ul(x, y)=2+"—, >
2ab
B Ugy(X, ) c2? ’
2b2
C=ul(x, y)=2+ 2

4C—Br=4(14 2/<1+ cz)_““z”?

=4 (l+ e T )

Since AC— B? is positive and, A4, is also positive, therefore, u, is
minimum for the values of x and y in question. The minimum value
of, u, therefore, is

Pl b 3.
Exercises
1. Examine the following functions for extreme values: —
(i) y*+4xy+3x3+4x3, (if) y2-+x2y+axt.
» (iii) x*+xy+y*+ax+by. (iv) x%y*(12—3x—4y).
v) xIy(x+2y—4). (vi) (x2-ty2)eSX +2%%
(vii) 3x*—y* x> (viii) 2x%y-+x*—y*4-2p.
(ix) 2 sin (x+2y)+3 cos (2x—y). (x) x3y¥(1—x—y).

(B.U. 1952)
2. Find all the stationary points of the function
x34-3xy?—15x2—15y*+72x,
examining whether they are maxima or minima. (D.U. Hons. 1952)
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3. Find the shortest distance betweean the lines
(x—x) [ly=(y—y))[my=(z—z,)[n,
(x —X3)[lag=(y —y3)[ma=(z—2z3) n;.

A.S5. Stationary values under cubsidiary conditions. 7o find the
stationary values of

u=f(x’ .V, z, W)- | "'(l)

where the four variables x, y, z, w are subjected to the two subsidiary
conditions

#(X, y, 7, W)=0 w(2)

P(x, ¥, z, w)=0 ..(3)

Now, we can look upon the equations (2) and (3) as determin-

ing any two of the four variables x, y, z, w in terms of the remaining
two. We may suppose, for the sake of definiteness, that (2) and (3)
detérmine z and w as functions of x, y. Thus wuis a function of x,
¥, z, w where z and w are functions of x and y so that u is essentially
a function of two independent variables x and y. Therefore for
stationary values of, u, the two partial derivatives of, u, with respect

to x and y, obtained after z and w have becn replaced by their values
in terms of x and y, are respectively zero.

Equating to zero the partial derivatives of, u, with respect to
x and y, we obtain

fz"f‘fz gi +fw aw =0 , .. (4)
fy+Sfe %+ﬁu g;v =0. «.(5)

Again, differcntiating (2) and (3) partially with respect to x and
v, we obtain

¢,+¢3 +¢,,- ¥=0 ...(6)
yttn 0 e 00 =0, ee(7)
barb e 0l 0y =0. e (8)
¢y+¢ea},wwa; ~o. (9)

If, now, 9z/3x. ow/ox, 8z/3y, ow/dy be eliminated out of the six
equations (4)—(9), we shall obtain two eliminants, say,
F(x,y,z, w)=0, _ ...(10)
Fy(x, y, z, w)=0. «.(11)
Then the four equations (2), (3), (10) and (11) determine the
values of the unknowns x, y, z and w for which u is stationary.
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Note. This method for determining stationary “values of a function
under subsidiary conditions outlined above is umsymmetrical in character in
regard to its treatment of the variables involved. This defect has been remedied
by Lagrange who has given a symmetrical method based on the introduction of
certtgm-undetermined multipliers. This method is explained in the following
section. . ;

A. 51. Lagrange’s method of undetermined mnlfipliers. We
multiply the equations (6) and (8) of the preceding section by A, and
Ag respectively and add to (4), so that we obtain ‘

(fet 2192+ M) (S + A1 2o+ Nathe) g%

F(fuF Mot Ag¥e) %% —0. ..(12)

Again, we multiply the equations (7) and (9) of the preceding
section by A, and A, and add to (5), so that we obtain

ot Myt M)+ (fet Nt D) 3

“Y
+(.fw+)\1¢w ‘|‘/\2$[/w) g; =0, --.(13)
We, now, suppose that A; and A, are determined so as to make
Set+ N9+ N =0, ...(14)
S+ MNP+ Aot =0. ...(15)
With this choice of the values of A, and A,, the equations (12) and
(13) give
So A9+ Neh,=0, ...(16)
Jot N8y + 0y =0. - (17)
The equations (2) and (3) of the preceding section along with
the equations (14), (15), (16), (17) determine values of A;, A;, and of
x, ¥, z and w, which render u stationary.
If, now, we write '
g=/=+Ne+ Az
we see that the equations (14) to (17) are obtained by equating to zero
the four partial derivatives of g, with respect to x, y, z and w so that
all the four variables are being treated on a uniform basis. 1In practice,

therefore, the necessary equations are to be put down by setting up
the aquxiliary function g.

Note. The method outlined above is applicable to a function of ary
number of variables which are subjected to any set of subsidiary conditions.

Examples
1. Find the lengths of the axes of tke section of the ellipsoid
X2a?+y2|b3+-22[c*=1, by the plane Ix+my-+nz=0.
Let (x, y, z) be any point of the section, We write
ri=x24-y34 28, ooe(i)
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We have to find the stationary values of r2, where X, y, z are
subjected to the two subsidiary conditions

Zx3jg?=1, Zix=0. o (i1)
We write

9(x, ¥, 2)==(x*+y+2%) 41, (Z: + ;,;':Jr“?i'“l ) +y(Ix +my+nz).

Equating to zero the partial derivatives of g(x, y, z) w.r. to
X, y and z, we obtain

ge=2x 4225 1 =0, . (i)
2

gy=2+3 +mag=0, e )

ye=22+2t~‘f— +nhg=0. e (V)

The equations (ii), (iii), (iv) and (v) will determine the values of
An Ag, X, ¥, z. These values of X, y, z, when substituted in (i), will
determine the stationary values of r2. These operations amount to
eliminating A,, As, X, y and z from (i), (ii), (iii), (iv) and (v).
We multiply (iii), (iv) and (v) by x, y, z respectively and add so
that, on making use of (i) and (ii), we obtain -
2r24-2,,=0 or \=—r2

With this value of »;, the cquations (iii), (i) and (v) can be re-
written as

I 2
T,
1- :
m. 2y
r: Xy
— bt
n 2z
— N
1—— s
Multiplying these by /, m, n respectively and adding, we obtain
12 m? n?
i 7T =0,
@ T e

which is a quadratic in r* and determines, as its roots, the two
stationary values of r3.
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The geometrical considerations, now show that these two
stationary values of r?, are the squares of the semi-axes of the section,
in question.

2_ lf‘ u=a3x2+b3y2+c322
where

~++

show that the stationary value of u, is given by
x=2Xala, y=2alb, z=2Xa|c.
We write

1 1 1
9(x, y, 2) =a’x* b2 4¢3z <x T, T -1 )

Equating to zero the partial derivatives of g(x, y, z) wr. to
X, yand z, we obtain

2a%x— %:O, 2b3y—~;: =0, 2¢3z— ‘7__\2:0.
These give
IA=aBx3=h3y3 = %3,
or ax=by=cz. wo (i)
The equation (i) along with the given subsidiary condition
21/x=1, determine x, y and z.

Exercises

1. Find the minimum value of x?+y*-} z? when
(i) x+y+z=3a.
(di) xy+yz+zx=3a’.
(iii) xyz=as.
2. Find the extreme value of xy when
x*+xy+yt=a’
3. Find the greatest value of ax + by when
X3+ xy 4 y?=3k2 (D.U. Hons. 1953)
4. Find the perpendicular distance of the point (a, b, ¢) from the plane
Ix+ my+nz=0,
by*the Lagrange’s method of undetermined multipliers.
5. Which point of the sph:re Jx*=1 is at the maximum distance from
the point {(2,1,3)? .
6. Find the lengths of the axes of the conic
" ax*+2hxy+ by =1.
7. 1na plane triangle, find the maximum value of
cos A cos B cos C.
" 8. 'Find the extteme values of
x4yt 2t
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subject to
., Y.z
x4 2 T 3 =:2,
3x4+2y+2z=0,

9. Show that the maximum and minimum values of, r?, where
ri=a’x?+ b2+ c?z%, x2+y?+z*=1and Ix+ my+nz=0
are given by the equation

2 2 2
"a’z'{‘-rﬂ ¥ »_'Hru_.( . ,cg"_,rz -0, (D.U. 1955)
10. If two variables x and y are connected by the relation
ax®*+by*=ab,
show that the maximum and the minimum values of the function
x'z +xy +y2
will be the values of § given by the cquation
4(9—a)(§ —b)=ab. (D.U. Hons. [957)

Miscellaneous Exercises
1. Find the points of continuity and discontinuity of the following
functions : —
f(x)—-=-—1l— for x=0, f(0)=0.

1-¢"

2. Determine the points of continuity and discontinuity of the functioa
f(x) defined by
Hifoge<y

fin )-t)ego, ifr=}%
t—1, if <t

where n is any integer. (B.U.1352)
3. Determine the points of discontinuity of
nx
tan Xl (C.U. Hons. 1954)
4. Draw the graph of
n
y= lim
n —» oo X"+l

and find the points of discontinuity.
5. Determine the points of discontinuity of

(i) [xj+[=xD) (i) | x | +[x].
2

il tan-1 )

(iii) nl—Too ( , tan nx)

6. Show that the function ?(x) which is equal to 0 when x=0; to{—x

when 0<x<#% : to } when x=4 ; to §—x when $<x<1 ; and to 1 when x=1, has
three points of discontinuity which you are required to find. (Patna)

7. Examine the continuity of the function
1

z
_f(x)=e .sm(llx),x#o’
' x

14" .
f(0)==0. (D.U. Hons. 1947)
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. 8. Find dB/dA where A, B, C are the angles of a triangle and satisfy the
relation

sin B sin C+sin C sin A+sin A sin B=h,

where, A, is constant.
.1,._ d* /]
vawl(r)

9. Find
ri=gq? cos 29.
10. If ax®+2hxy+by?=1, prove that

dy,) Yy dy) b @—ny o0,

in terms of r, when

11. Find
" 1 BU
&7 2w s akat ) )
12 dr .
. lf y=e” 'dxh‘ (x e x)’
show that
+(1—) ., +1y=0. (M.T.)

13. If y=cos (m sm“x) prove that

Au) (1-—-x?) ——-—x - -{my 0,

(i) (1—x?) d‘;,;}: (2n— ) : + [m*—(n—1)% g-",—,iy=o'

If y can be expanded in a series of ascending powers of x, prove that
when m=6,

y=1—18x24+48xt—32x5..... (M.T.)
14. 1If -
' _log (x-}( l+x')]
B N+x%

prove that

(l+x’) dy +xy=1

Assuming that y can be expanded as a series
Aot ayx+ax*+. ... tagx™+. ...

prove that

. a,=0, a,=1 and for m>1
w 246....2m
@n=0, aup=(=1)" LG
15. If ¢* €°3? cos (x sin ) can be expanded in ascending powers of x,
show that the co-efficient of x® is cos ne/n ! (B.U.
16. (a) Give the first three non-vanishing terms in the expansion of
sin™? (% sin x).
(b) Show that the expansion upto x* of x/sinh x is
1— X 14x4

AL (B.U.)
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17. Use Taylor’s theorem to prove that the only function f(x) satisfying

:—j—=—f(x) for all x, f(0)=:—1, f(0)=0,
is given by
foy=1=F 4y . . adink

(D.U. Hons. 1952)
18. Prove that whatever the functions fand g,

6) z=xf(x+y)+yg(x +y)
satisfies the relation

9’z o’z 32
et ot
(i) z=xf(y[x)+&(y/x),
satisfies the relation
o 82 2z _

ax ’+2xy éxayJr »
19. Given that z is a function of u and », while
u=x*-y:—2xy, v=y,
prove that the equation

oz

(x i) ax

+(x - v)a

is equivalent to 9z;9v=0.

r 0 0! P , 0 _
= L4 gi]* ar (o aD*O'

(B.U. 1955)
21. If u=sin ! ‘J;i ‘:'yy, then
Qu Pu |, u _ sinucos2u (P.U. Hons.)
“ ax* 2 ax3y + 9yt = 4coslu
22. Prove that if u is a homogencous function of the nth degree 1n X, y, z,
then
;o qu , u =nu.
Yoty oy +2g;
Prove also that z
azu azu a ll )
(axa + - ay,. + 32’) riu)=22n+-3) utrt ( ot + 5 +- a5 )
where

ety 2, (P.U. 1935)

13. Iff(r)=r"* (a+log r) where r=(x*+y*+2%),
show that

o N 0 0 _ .
aﬁ(’r) a);fr) b a)ﬁ:) + &~o. (B.UY)
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o'y ov
24. If oxt =rk 5

has a solution of the form

Ae” % sin (wt—bx).

prove that
a=b=A(}rwk).
25. u=log (x3+y3 —x%y—xy?), prove that
() QL4 % _p(xiy).

ox "oy
o 0°W 0wt | 0% _ s
(if) b +2 axay T oyt =—4(x+y)" (B.U. 1952)
26. Show that if a=0 and f(x)=log (1+x)then ‘9’ of the Lagrange’s
mean value theorem is a continuous function of, 4, which decreases steadily from
1 to 0 as, A, increases from —1 to o,
27. Show that
(i) x<log [1/(1=x)1<x/(1—x) where 0<x<1.
. X , X .
(i) 1+ 211 <N(I+x)<1+ 5 , where —1 <x<0.

28. A slight error 3x is made in measuring the semi-vertical angle of a
<one which circumscribes a sphere of radius R. Find the approximate error in
the calculated volums of the cone and show that, for a given 8z, the least value
of the error is

647R
75
29. 1If the three sides a, b, ¢ of a triangle are measured, the error in the
angle A, due to given small error in the sides, is

3
. V5.9«.

_ _sinA da db dc
A= nBsine o OtC  —cotB
—_ 12" — =22 . pp—3T
30. Find lim l—ae™i—be*e-ce o)

1—ae®—be*®—ce%s

when
(i) a=3,b==5,c=4; (ii) a=3,b=—4,¢c=2;
(ii) a=3, b=-3, c=1.

ind lim ¥ log (sin x/x)*+x°
3L Flndx]l_ll]o(k—sinx)(l—cosx)' (B.U.)

o (I4x)e (1 —x)e?
32. Find lim ‘x(j;‘_)jq)—_fz;,:—lg. (B.U.)

x—
33. Obtain .
, . 1 \tanx ., ,. e‘f—g_‘f_a_?_ i lim stl_n“l_/_,gﬂ
(  tim x) i lim ey ) Jim S
. . tan(sin x)—sin (tan x) D.U. Hons. 1955
34. Fmdx]i“oﬁnx—xcosx—&sin’x' (D.U. Hons )

35. Exarriie where the following functions are continuous for x=0.

(i) f(x)=t%-ﬁ—, when(x#0), f(0)=:1.
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log (1—x?)
log cos x ’

(ifi) f(x)=(cos )5 ¥ | (x0), £(0)=1/ve.
36. Having given that the fraction

(2) flx)== (x0), f(0)=1.

(tan x—xeS'™ ¥ 4 x24 3xsyixn :
maintains a finite non-zero limit as x tends to zero, prove that n must be equal
to 5. (Indian Police 1932y

37. Find the maximum values of the function
(= 3x+2)/(x*+ 3x+2). (P.U. 1938)

38. Sketch the curve
y=sin x+} sin 2x. (P.U. Hons. 1943)
from x=0 to x =27, indicating correctly the positions of maxima and minima,
if any, of the function.
39. Show that the function
A(x—171—9(x+1)1
has a single maximum and a single minimum value and that the function does
not lie between its maximum and minimum. Draw the graph of the function.
40. Find the maximum and the minimum values of (1—x)%e®.

Show that e*— (1 +x)/(1--x) steadily decreases as x increases from —oo
to I and that it has one and only one minimum for values of x between x=1 and
X=+o0, (P.U. 1938)

41. Prove that }(35 sin*x—40 sin®xc+ 8) ranges in value between unity
and —2 and has also # as a maximum value. )

42. Show that ¥(x)=4 sin x tan x--log sec x is positive and increasing in

the interval 0 <x<n/2. (M.T.)
43. Find the maxima and the minima of, y, where

(ay +b)(cy +d)~1=sin? x+2 cos x+ 1 and (ad—bc)=0. (B.U.)

. 44. If xt—axy*—a’y=0, prove that y is maximum where 3xy444*=0 and

a minimum where x=0. (B.U.)

45. Draw the curve r=a(2cos §+cos 34). Show that the extreme
values of the radius vector are 3a and a/3v3.

46. The sum of the surfaces of a cube and a sphere is given. Show that
when the sum of their volumes is least, the diameter of the sphere is equal to
the edge of the cube.

47. Given the volume of a right cone ; required its dimensions when the
surface is least possible.

_ 48. Prove that the volume of aright_circular cylinder of greatest volume
which can be inscribed in a sphere, is ¥3/3 times that of the sphere.

49. An ellipse is inscribed in an isosceles triangle of height /& and base
2k and having one axis lying along the perpendicular from the vertex of the
triangle to the base. Show that the maximum area of the ellipse is ¥3nhk/9.

50. A sector has to be cut from a circular sheet of metal so that the
remainder can be formed into a conical shaped vessel of maximum capacity.
Find the angle of the sector. M.U.)

51. Find the greatest rectangle which can be described so as to have two
of its corners on the latus rectum and the other two on the portion of the curve
cut off by the latus rectum of the parabola.

52. Find the greatest and least values of (sin x)3'" * (B.U.)



CHAPTER XI
SOME IMPORTANT CURVES

111, The following chapters will be devoted to a discussion of
such types of properties of curves as are best studied with the help
of Differential Calculus. It will, therefore, be useful if we acquaint
ourselves at this stage with some of the important curves which will
frequently occur.

11-2. Explicit Cartesian equations of Curves. A few curves
whose equations are of this form have already been traced in Chapter
II. We now trace another very important curve

X
y=c cosh e

which is known as Catenary.

The following particulars about the eurve will enable us to
trace it :— :
(i) Since

X 1 -
cosh —é—=2_[ e*'C e x/c:],
on changing x to —x, we see that

y=c cosh ~§—=c cosh (- -i >

80 that the two values of x which are equal in magnitude but oppo-
site in sign give rise to the same value of y.

Hence the curve is symmetrical about y-axis.

(ii) When x=0, y=c so that A (0, c) is a point on the curve.

(i) »3:‘% =sinh —‘:—, which is positive when x is positive.
Thus, y is monotonically increasing in [0, ).

Also, [%]x— 0=0, i.e., the slope of the tangentis, 0, for
x=0 so that the tangent is parallel to x-axis at 4 (0, ¢).

Y‘“ Hence if the point P(x, y) on the
: curve starts moving from the position
4(0, ¢) such that its abscissa increases,

' then its ordinate also increases. Also
. since y — o when X — w, the curve is

not closed.
1) >X . .
The curve being symmetrical about
y-axis, we have its shape as shown in the
adjoining figure.

238
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Note. In books on Statics it is shown that the curve in which a unifor-
mally heavy fine chain hangs freely under gravity is a Catenary.

11:3. Parametric Cartesian Equations of Curves.

Let f(t), F(t) be two functions of ¢ defined for some interval.
We write ‘

x=fit) wur(i)
y=F(t) «o.(i)

To each value of ¢, there corresponds a pair of numbers x, y as
determined from the equations (i), (ii). To this pair of numbers x, y
there corresponds & point in a plane on which a pair of rectangular
co-ordinate axes has been marked. Thus the two equations associate
to each value of, ¢, a point in the plane. The two equations (i) and
(ii) then constitute the parametric equations of the curve determined
by the points (x, y) which arise for different values of the parameter t.

The point P on the curve corresponding to any particular value,
t, of the parameter is denoted as the point P (¢) or simply ‘¢’.

We assume that the reader is familiar with the standard para-
metric equations of a parabola and the Ellipse so that we may only
restate them here. Afterwards the parametric equations of a Cyecloid,
Epicycloid and Hypocycloid will be obtained from their geometrical
definitions.

11-31. Parabola. The parametric equations

x=at?, y=2at
represent the parabola having its axis along x-axis and the tangent
at the vertex along y-axis, and latus rectum equal to 4a.

The point P(f) describes the part 4BO of Y
the parabola in the direction of the arrow-head D

a8 the parameter, f, continuously increases from
—oo to 0. 77

For the vertex O, t=0. Again, the point >X
describes the part OCD of the parabola in the 0
direction of the arrow-head as the parameter ¢

continuously increases from 0 to oo, N
. | Fig. 58
11:32. The Ellipse. The parametric equations
X=a ¢o0s 0, y=>b sin ¢
Y. represent the ellipse whose axes lies
along x-axis and y-axis and are of
o . lengths 2a, 2b, respectively.

The point P(f) describes the
»X parts AB, BA', A'B, B'A of the ellipse
in the direction of the arrow-head as
the parameter, §, continuously incre- .
ases in the intervals (0, im), (im, m)
(m, & 7), (3, 27) respectively.

Fig. 59,
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11:33. Cycloid The Cycloid is the curve traced out by a point
marked on the circumference of a circle as it rolls without sliding along
a fixed straight line,

Let the rolling circle start from the position in which theé
generating point P coincides with some point O of the fixed line X" X.

Y4 Take the point O as origin and
the fixed line as x-axis. When the
rolling circle has rolled on to the
C position shown in the figure, the
M generating point has moved from O
oL 1 b/ >X to P(x, y) so that

Fig. 60 Ol=arc PI.

V

—

Let, a be the radius of the circle. Let, §, be the angle between
CP and CIso that it is the angle through which the radius drawn to
the general point has rotated while the circle rolls from the initial
to its present position. Thus arc PI=ag. We have

x=QL=0I—LI=0I—PM=ad—a sin §=a(f—sin ) ;
y=LP=IM=IC—MC=a—acos §=a(l—cos g).

Thus x=a(9—sin 6)
y=a(l—cos 6)
are the parametric equations of the Cycloid ; 6 being the parameter.

. Note. While the circle makes one complete revolution, the point P
describes one complete arch OV O of the Cycloid, so that ¢ increases from 0 to
27 as the point P moves from O to O’.

The position V' of the generating point which is reached after the circle
revolved through two right angles is shown as the vertex of the Cycloid.

The Cycloid evidently consists of an endless succession of exactly con-
g;u(;,nt portions each of which represents one complete revolution of the rolling
circle.

11-:34. Epicycloid and Hypocycloid. 7The curve traced out by
a point marked on the circumference of a circle as it rolls without slid-
ing along a fixed circle, is called an Epicycloid or Hypocycloid accord-
ing as the rolling circle is outside or inside the fixed circle.

We shall first consider the case of an Epicycloid.

Let O be the centre and, a, the radius of the fixed circle. Let

“the rolling circle start from the position in which the generating

point P coincides with some point O of the fixed circle. We take the
puint O as origin and OA as X-a is.
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The generating point has moved on from 4 to P (x,y) when
the rolling circle has rolled on to the
position shown in the figure so that Y4

arc AI=arc PI.

Let /AOC=g, /ICP=4 o2

af=arc Al=arc PI=>b¢ “
ie., é=aglb.

Here, 6§, is the angle through
which the line joining the centres of
the two circles rotates while the rolling
circle rolls from its initial to its present
position.

Pixt,y)

Fig. 61.

/. NCP=,/0CP—/OCN
=¢—(4m—0)=0+¢—}m.

Therefore
.\‘=0L
=0ON+NL
=O0ON+MP
=0C cos 0+4-CP sin (6 +¢—13m)
=(a+-b) cos 6—b cos (6-+4¢)
==(a-+-b) cos § —b cos a_:b 0 ;
y‘:iLP
=NC—MC
=(a-b) sin 8—b cos (6 +¢—}w)
=(a-+4b) sin §—b sin (9-+¢)
==(a+Db) sin 6—b sin (H;)b 6.
Thus x=(a-}b) cos §—b cos ﬂ-;-b 9,
y=(a-+b) sin §—b sin a-l{)—b 0,

are the parametric equations of the Epicycloid ; § being tbe para-
meter.

The tracing point would describe an Hypocycloid, if the rolling
circle were within the fixed circle. Its equation can casily be
obtained by changing b to —b in the equations of the Epicycloid.

Thus

x=(a—b) cos 6+b cos ‘_):bf_ 0,

y=(a—b) sin 6-+b sin ‘l_fba_,_ 0,

are the parametric equations of the Hypocycloid.
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In making one complete revolution the rolling circle will des-
cribe 2bx of the length of the circumference of the fixed circle.

Let the ratio a/b of the radii of the circles be a rational number
D/q in its lowest terms so that

% =£q} , i.e., aq=>bp or 2na.q.=2xb.p.

This relation shows that in making, p, complete revolutions,
the rolling circle describes the circumference of the fixed circle g,
times and then the generating point returns to its original position.
Therefore the path consists of the repetition of the same, p, identical
portions.

In case a/b is irrational, the tracing point will never return to
its original position and so the path will consist of an endless series
of exactly congruent portions.

Some Particular cases of Epicycloid and Hypocycloid.
(i) For a=D>b, the cquations of the

epicycloid become
m x=2a cos §—a cos 20,
y=2a sin §—a sin 24.

\ In this case the generating point will
-~ return to its original position after the roll-
Fig. 62. ing circle has made one complete revolution.

The shape of the curve is shown in the adjoined figure.

(ii) Four cusped hypocycloid. If a=4b, the equations of hypo-
cycloid become

x=% a cos §+}a cos 38,
y=3% a sin §—}a sin 34.
Now,
cos 30=4 cos® §—3 cos @, sin 36=3 sin 6—4 sin3 g.
x=a cos® §, y=a sin3 ¢,
arc the parametric equations of a curve known as four cusped
hypocycloid or astroid. Y

Here a/b=4 so that the path consists B
of the repetitions of four portions. The
thickly drawn curve ABA’B’ gives the

path of the point. , A
For the points 4, B, A’, B’ the values A
of g are 0, /2, 7, 3m[2 respectively. X

Eliminating 6 between the parametric
equations of this curve, we obtain

x8 +J’§ =dt y Fig. 63.
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-

whicl} is‘ also the form in which the equation of a four-cusped hypo-
cycloid is sometimes given.

Ex. Show that hypocycloid becomes a straight line for a=2b.

.11-4. Implicit cartesian equations of curves. If f(x, y) be a
function of the two variables x and y, then

f(‘x: y) =O‘

is the implicit equation of the curve determined by the points whose
co-ordinates satisfy it.

Cu1:vcs whose equations are of the form f(x, y)=0 possess
many points of interest not offered by curves with explicit equations
of the form y=F(x). :

In the following, we consider only rational algebraic functions

f(x, y) so that the form of the equation, when arranged according
to ascending powers of x and y, is

)
+bgX -+-byy
+egx? o xy +c,)2
+dgx3+-d X%y +dyxy? +-d,y?
__{__ luxll+ len~—l})+lzxn—2y2 + . +Inyu=0.
The same equation may, in a concise form, be written as

gty -ty F Uy Aty 1y =0, ‘
where, u,, represents the general homogeneous polynomial of the kth
degree in x and y.

The degree of any term means the sum of the indices of x and
y in that term and the degree of the curve means the highest of the
degrees of each term.

Branches of a curve. If, in the rational algebraic equation
f(x’ y) =O

of degree n, we replace x by any fixed value, then there will result
an equationin, y, whose degree will be less than or equal to n. On
solving, this equation will give as many values of, y, as is its degree.
Thus with the given value of, x, as abscissa there - will be as many
points on the curve as are the differont real roots of the equation.
As, x, goes on taking different values, each of these points will sepa-
rately describe what is known as a branch of the curve.

We now trace a few important curves. In each case we have
to examine how, y, will vary as x, starting from some fixed value,
increases or decreases.
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1141, (x2+y*)x—ay?=0. (a > 0). Cissoid of Diacles.
We write the equation as

yz(a_x);—_xs’

ie., y= ix/\/[‘a'_xx],

so that, we see, that to a value of x correspond two values™ of y
which are equal in magnitude but opposite in sign. The two values
of y determine the two branches of the Cissoid which are symmetri-
cally situated about x-axis.

We consider one branch,

e/

and the form of the other branch can be seen by symmetry.
We have

dy _ (Ja—x)y/x
dx ~—(a—x)y/(a—x) "
The following particulars about the curve will enable us to
trace it :— *

(i) The expression X/(a—Xx) under the radical is negative when
x is negative or when X is greater than a and is positive when Xx lies
between 0 and a. Thus for y to be real, x must lic between 0
and a.

Hence the curve is entirely situated between the lines x=0
and x=a.

(ii)-‘When x=0, y=0 80 that the  branch passes through the
origin.

(iii) dy|dx=0, when x=0 or 3a. The values 3 a of x is outside
the interval [0, @] of the admissible values of x.

Thus the slope of the tangent at the origin to the branch is 0
so that the branch touches the x-axis at the origin.

(iv) For values of x between 0 and a, the value of dy/dx is

positive so that the ordinate y monotonically
increases. ‘

Also,as x > a,y - x.

x=a

Hence we have] the "shape of the
*X curve as shown, the. two symmetrical
branches lying in the first and the fourth
quadrants.

) Note. Itis important to notice that origin
is a point common to the two branches and the
. two branches have a common tangent there.

O B

Fig.
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1142, (x?+4y*)x—a(x?—y?)=0, (a>>0). Strophoid.
We write the given equation as '
y¥ia-+x)=x*a—x),

ie., y=+4x /\/[a-}-x

so that we sec that to a value of x there correspond two values of
¥ (giving rise to two branches) which are equal in magnitude but
opposite in sign. The two branches of the curve are, therefore,
symmetrically situated about x-axis.

We have
dy — a?—ax-- x?
dx T (a+x)4/(a?--x2)

Some particulars which enable us to trace the curve will now
be obtained.

(i) The expression (a—x)/(a4-x) under the radical is positive
if and only if x lies between —a and a.  Thus the curve entirely lies
between the lines X=—a and x=a.

(ii) When x=0 or a, both the values of y are 0 so that the
points (0, 0) and (a, 0) lic on both the branches.

(iii) When x=0, dy/dx=4-1so that the slopes of the two tan-
gents at the origin to the two branches are 4-1. Hence y=x and
r=—Xxare two (h,stmct tangents to the two branches at the origin.

For both the branches dy/dx tends to infinity as x —> a so that
at (a, 0) the tangent to either branch is
parallel to y-axis. 4 9

(iv) dyldx==0 for values of x given

x=-a

R I S P .- ey

by

at—ax—x*=0,
ie., for X =—a(l-L4/5)/2.

The value —a(l+4/5)/2 does not
belong to the interval [—a, a] of the ad-
missible values of x. .

Thus for both the branches, Fig. 65.

dy,/dx=0
for x=—a(l-y/5)]2

=a(y/5—1)[2

only.

(v) When x->—a, y—>+aw forone branch and —oo for the
other.

Hence we have the shape of the curve as shown.

Note. Both the branches of the curve pass through the orizin and have
distinct tangents there.
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1143, ay?—x(x+a)?=0, (a > 0).
Clearly, .
Vay=+/X(x+a), v/ay=—+/x(x+a),
are the two branches of this curve.
dy 112 a 2x4-a
Mo =k v ] =
(i) The point (—a, 0) lies on both the branches. To no other
negative value of x corresponds a real value of y.
¢ The value of dy/dx is not real for
(—a, 0).
(#i) (0, 0) lies on both the branches.
Also, dy/dx tends to infinity for either branch
ia,o) as X — 0. Thus y-axisis a tangent to the
0 > two branches at the origin.

(iif) As x takes up positive values only
one value of dy/dx is always positive and the
other always negative. Thus the ordinate j
for one branch monotonically increases and
for the other monotonically decreases.

Fig. 66. (iv) When x — oo,
Y = o for one branch and ——o for the other.
Also when x — oo,

dl:j: : 10[3‘/” ?_ | tends to infinity.

dx 2 T3 Nz
_This shows that as we proceed to infinity along the curve. the
tangent tends to become parallel to y-axis. This is possible if and
only if at some point, the curve changes its concavity from down-
wards to upwards.
We have the shape of the curve as in Fig. 66.

Note. The peculiar nature of the point (—a, 0) on the curve may be
carefully noted. This point lies on either branch, but no point ir its immediate
neighbourhood lies on the curve.

1144, x3—ay?=0, semi-cubical para- )

»bola. :
The discussion of this equation which is
very simple is left to the student.

Its shape is shown in the adjoined 0 >X
Fig. 67.

11-45. x3-4y3—3axy=0. Folium of Des- .
cartes Fig. 67.

Tt will be traced in Chapter XVIII.
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.. Important Note Putting y=tx in the equation y*a—x)=x* of the
Cissoid, we obtain
at® _ at? ,
142 > 77 1ie
which are its parametric equations ; ¢ being the parameter.
We may similarly show that

X ==

x=q A= =a -t
B EY A T
x=at?, y=at3;
. dar 3at”
T 1’ YT 14w
are the parametric equations of the Strophoid, Semi-cubical Parabola and Folium
respectively.
~ This method of determining parametric equations is not general and
applies only to such curves as we have here considered.
11'5. Polar co-ordinates. Besides the cartesian, there are other
systems also for representing points and curves analytically. Polar
system, which is one of them, will be described here,

~ In this system we start with a fixed line OX, called the initial
line and a fixed point on it, called the pole.

If P be any given point, the distance OP=r is called the radius
vector and / XOP=0, the vectorial angle. 'The two together are re-
ferred to as the polar co-ordinates of P.

11-51.  Unrestricted variation of polar co-ordinates. If we were
concerned with assigning polar co-ordinates to only individual points
in the plane, then it would clearly be enough to consider the radius
vector to have positive values only and the vectorial angle 6 to lie
between 0 and 27. But, while considering points whose co-ordinates
satisfy a given relation between r and 6, it becomes necessary to re-
move this restriction and consider both r and 6 to be capable of vary-
ing in the interval (—o , ). The necessary conventions for this will

be introduced now.
The angle, 6, will be regarded as the measure of rotation of a

line which starting from OX revolves round it ; the measure being
positive or negative according as the rotation is counter-clock-wise

or clock-wise.

To find the point (r, §) where ris negative and, 8, has any
value, we proceed as follows :

Let the revolving line starting from OX revolve though 8. We

produce this final position of the revolving line backwards through
O. The point P on this produced line such that OP= | r| is the

required point (r, 6).
The positions of the points (1, 97/4), (—1, 9w/4), (1, —97/[4),
(—1, —97/4) have been marked in the diagrams below.
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Pa,on/4) 0
\*—%X
. p.
0 X (]:_9"/4)
Fig. 68. Fig. 69.
0, —X
SV
N
L
Fig. 70. Fig. 71.

It will be seen that according to the conventions introduced
here a point can be represented in an infinite number of ways. For
example, the points (—1, w/4), (1, 57/4), (1, 2nw+5w[4), (nis any
integer), are identical.

11 52. Transformation of co-ordinates. Take the initial line
O X of the polar system as the positive direction of X-axis and the
pole O as origin for the Cartesian system The positive direction of
Y-axis is to be such that the line O X after revolving through /2 in
counter-clock-wise direction comes to coincide with it.

Let (x, y) and (r, ) be the cartesian and polar co-ordinates res-
Y4 P pectively of any point P in the plane.

From the A OMP, we get
OM|OP=cos @, i.e., X=r <0S § .. (1)
Y MP|OP =sin g, i.e., y=r sin ¢ .. (i)
f:) . The equations (i) and (ii) determine the
0 T M >X  cartesian co-ordinates (x, y) of the point P in
terms of its polar co-ordinates (r, ) and vice

Fig. 72 versa

11 6. Polar Equations of Curves. Any explicit or implicit re-
lagjion between, r and 6 will give a curve determined by the points

whose co-ordinates satisfy that relation.

Thus the equations
r=f(6) or F(r, §)=0

]-

determine curves.

The co-ordinates of two points symmetrically situated about the
fnitial line or of the form (r, 6) and (r, —0) so that their vectorial
angles differ in sign only.
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Hence a curve will be symmetrical about the initial line if, on
changing # to —¢, its equation does not change. TFor instance, the
curve r=a(l +4cos ) is symmetrical about the initial line, for,

r=a(l4cos §)=a[l -+cos(—6)].
It may be noted that
r=a represents a circle with its centre at the pole and radius
a ; and
60=> represents a linc through the pole obtained by revolving
the initial line through the angle b.

A few important curves will now be treated. To trace polar
curves, we generally consider the variation in r as § varies.

11'61. r=a(l—cos g). Cardioide.

(/) The curve is symmetrical about the initial line.

(ii) When =0, r=0.

(iii) When 6 increases from
0 to m/2, cos § decreases from 1 to

O and, therefore, r increases conti-
nuously from 0 to a. When g=m/2, - Vi >X
e < 0
(iv) When 6 increases from N
w(2 to 7, cos 6 decreases from 0 to N .
—1 and, therefore, r increases from Raien
ato2a. When g=m, r=2a. Fig. 73

The variation of 8 from = to 27 nerd not be considered because
of symmetry about the initial line.

Henceoe the curve is as shown.

Ex. Trace the curve r=a{l+cos §).

11:62. r?=a?cos 20. Lemniscate of Bernouilli.

It is symmetrical about the initial line and so we need consider
the variation in r as g varies from 0 to 7 ouly.

We consider positive values of r only.

(i) When =0, r=a.

(ii) When 6 increase from 0 to m/4, 26 increases from 0 to 7/2
so that cos 24 decreases from 1 to 0 and, therefore, r decreases from

ato .
When @=m/4, r=0.

Y4 '

T T oL (iii) When § increases from /4 to
AN R /2 and from /2 to 3[4, cos 26 remains
! (el negative and so ris not real. Thus no
X point on the curve corresponds to these

e ~ values of 4.

,f’ ' . When 9 =3n/4, r=0.

‘ AN (iv) When 6 increases from 3w /4 to

Fig. 74 w, 20 increases from 37/2 to 2w to that
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cos 26 increases from O to 1 and, therefore, r increases from 0 to a.
Hence we have the curve as shown.
It is easy to see that the point P will describe exactly the same
curve even if we take, r, to be negative.
The curve consists of two loops situated between the lines
0=m/4, §=37/4.
To obtain the cartesian equation of the lemniscate, we re-write
the polar equation as
r’=a?(cos?f— sin%0)
or
ri=a?(r® cos?f — r? sin2f).
Therefore, we obtain
(X34 y2)= a3(x*—y?)
which is a well-known form of the equation of the lemniscate and is
of the fourth degree.

11:63. r™=a™ cos mo,
Y fOI‘ m=1, —1, 2, -2, i’ ”—%
(1) For m=1, we have

r=a cos @
7{‘7 or r2=ar cos 0

OW ie., x2+y3=ax,. . .

Z which is a circle (Fig. 75) with its centre at

Fig. 75 (a/2, 0) and radius (a/2).

(2) For m=—1, we have YAr

r-1=q™! cos (—0),

or a=r cos 0
i.e., a=Xx

which is a straight line perpendicular
(Fig. 76) to the initial line and at a distance,

a, from it. 0 X;
(3) For m=2, we have
r2=q? cos 26,
which is lemniscate. Fig. 76.
Y4 (4) For m=—2, we have
r-3=a-2 cos (—20)
or a®=r2 cos 20
=r?(cos%6 —sing)
or at=x%—y3,
e »X which is known to be a rectangular
<O hyperbola (Fig. 77). To trace this
curve, write its equation in the form
r2=— a? .
cos 260

Fig. 77
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and note the following points about it :—
(i) It is symmetrical about the initial line.

(if) When 9=0, r=a. When 6 increases from O to 7/4, r in-
creases from g to « .

(iii) When 6 varies from 7/4 to 3n/4, r remains imaginary.

(iv) When 6 varies from 37/4, to 7, r decreases from » to a.
(8) For m=1}, we have

rt—at cos 30

or r=acos?} 9,
or 2r=aq(l+-cos §),
which is a Cardioide.

(6) For m=—}, we have

r—%z—-a_%cos(—a}ﬁ)

0
ie., aézr%(cos 16)
or a=rcos® } 0 /
=r(1+-cos 6)/2

9

-

or ra =I+COS 0’ Fig. 78.

which is known to be a parabola (Fig. 78).

. To trace this curve (Fig. 78), we re-write its equation in the
orm

2a
= 1+4cos 6
and note the following points about it :—
(i) It is symmetrical about the initial line.

(i) When 6=0, r=a. When 6 increases from 0 to 7, 1+4-cos @
decreases from 2 to 0 and, therefore, r increase from a to o .

11-64. r=-af, (a>>0). Spiral of Archimedes.
() When §=0, r=0, so that the curve goes through the pole.
(i) When g increases, r increases.
Also,
when § > + o, r — 4o,
when § > — o0, r— —x.

Thus the curve starting from
the pole goes round it both ways an
infinite number of times. The con-
tinuously drawn line corresponds to
positive values of 6 and the dotted
one to negative values of 6.
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11-65. r6=a, (a>0). Hyperbolical Spiral.
Here
r=a/ 8.
(f) ris positive or negative according as g is positive or negative.
(1)) When | 6 | increases, | r | decreases.

Also
when | 0| > 0,]|r| - =».
when | § | >, |r| = 0.
(iii) Now r=alf

r sin §=(a sin ¢)/0
or y==(a sin 6)/0 which - a as § - 0.

' The ordinate of every point
on the curve approaches a as 6
approaches 0. We thus have the curve
as drawn.

S\ Y . .
W G The continuously drawn line
- corresponds to positive values of 6,
Fig. 80. while the dotted one corresponds to

negative value of 6.

11-66. r=aeb0, (a, b>0). (Equiangular Spiral)

(i) When =0, r=a.

(ify When 0 increases, r also increases.

Also when § - o, r - o ; wheng§ - — =, r —>0.

(iii) r is always positive,

We thus have the curve as drawn.

The justification of the adjective X
“Equiangular’ will appear in Chapter XTI,
Ex. 1. p. 269.

Fig. 81
» 11:67. r=asin 39, (a:>0). Three leaved rose. (D.U. 1949)




SOMF. IMPORTANT CURVES 253
(i) When #=0, r=0. As ¢ increases from 0 to 7/6, 39 increases
from 0 to 7/2 and, therefore, r increases from 0 to a.
(ii) As @ increases from /6 to w3, r decreases from a to 0.

(fii) As 6 increases from 7/3 to =[2, r remains negative and
numerically increases from 0 to a.

(iv) As 0 increases from /2 to 2m/3, r remains negative and
numerically decreases from a to 0.

It may similarly be shown that as 6 increases from 27/3 to
57/6 and from 5m/6 to w, the point P (r, §) describes the second loop
above the initial line.

If ¢ increases beyond 7, the same loops of the curve are repea-
ted and we do not get any new point.

11-68. r=asin 20. Four leaved rose.

The discussion of this equation is lefi to the reader. Tts shape
only is shown in figure 83.

Fig. 83.



CHAPTER XII
TANGENTS AND NORMALS

(Introduction. This and the following chapters of the book will be de-
voted to the applications of Differential Calculus to Geometry. The part of
Geometry thus treated is known as Differential Geometry of plane curves.]

Section I
Cartesian Co-ordinates
12-1. EQUATIONS OF TANGENT AND NORMAL.

12-11. Explicit Cartesian Equations. It was shown in Ch.
IV § 4'15, p. 77 that if y be the angle which the tangent at any point
(X, y) on the curve y=f(x) makes with x-axis, then

.,
tan Yy = _d.xT -—~f (X).
Therefore, the equation of the tangent at any point (x, y) on the
curve y=f(x) is
Y—y=AF"(x)(X—x), ()
where X, Y are the current co-ordinates of any point on the
tangent.
The normal to the curve y =f(x) at any point (x, y) is the straight
line which passes through that point and is perpendicular to the

tangent to the curve at that point so that its slope is, —1/f"(x).
Hence the equation of the normal at (x, y) to the curve y =f(x) is

X—x)+{'(x)(Y—y)=0.
12-12. Implicit Cartesian Equations. For any point (x,y) on
the curve f(x, y)=0 where af/ay.# 0, we have
dy __ oflex
dx offey
Hence the equations of the tangent and the normal at any point
(&, y) on the curve f(x, ¥)=0, are

¥ vy F _oandx—x) I —(y—yy O _
(X=x) T =Y) 5y =0andX—x) o —(—y) . =0.
respectively.

Cor. A symmetrical form of the equation of the tangent to a
rational Algebraic curve. Let f(x, ) be arational algebraic function
of x,y of degree n. We make f(x, ¥) a homogeneous function of

254
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three variables x, y, z by multiplying each of its terms with a suit-
able power of z. Then by Euler’s theorem, (§ 1081, p. 199) we have

Ay W

ax 52 =nf(x, y, z)=0

ie.,
of af L of
o T T
8o that the equation
af of
X— +(Y—y =0
(X=X)ox TX=0) 3,
of the tangent takes the form

of of of , of of
X Y “V=x -z Y.
0Xx + oy ox +y oy 0z’
or
of of ,.of
X Y S = =
0x + oy + 0 0.
or
of of
Y ©1+729 —o,
+ oy + cz

where, for the sake of symmetr), the co-efficient = of 3f/oz has been
replaced by Z.

The symbols Z and = are to be both put equal to unity after
differentiation. '

This elegant form of the equation of the tangent to a rational
algebraic curve proves very convenient in practice.

12-13. Parametric Cartesian Equations. At any point ‘¢’ of
the curve x=f{1), )= F(t), where f'(1)£0, we have
dy dy dt F'(r)
dx = dt Tdx Tf)
Hence the equations of the tangent and the normal at any point
‘t’ of the curve x=f(t), y=UF(t) are
[X—f()]F"()—[Y—F(t)]f"(t)=0,
and
[X—1())f' () +-[Y—F(t)]F'(t)=
respectively.
Examples

1. Find the equations of the tangent and the normal at any point
(x, ) of the curves

(i) y=c cosh (x/c). (Catenary) (ii) x™a™+y™/b"=]1.
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(i) For y=c cosh (x/c), we have

dy
dx

. X
=sinh "-.
c

Hence the equations of the tangent and the normal at any

point (x, ), i.e., (x, ¢ cosh x/c) are

Y —c cosh =(X—x) sinh

?
and
(Y—c cosh :) sinh ); +X—x=0,
respectively ; X, Y being the current co-ordinates.
(if) Let fix, }’)E%,;-;_-—Jbi; —1=0.
of _mx»7t - of _mym
ox T am  ogyT 0™
Hence
dy 2 f/ax b7 xm-1

dx = offoy = amymt
Therefore, the equation of the tangent at (x, y)

or
Xxm-1 me—l X ym

. \'_‘—lm“ + pm =&m +bm ="
for (x, y) lies on the given curve.
Also, the equation of the normal at (x, y) is

a”ym-1
Y"‘y bmxm 1(X X)
or
X—x Y—y

bm = am},‘p}i"_’i .

Another method. The given equation is of degree m.

it homogeneous, we get

XTI
f(X,J’, Z)—am+bm z%,

so that
of _mxmt of mymt o of L oma

ox— a™ ' 9y b @y

Making
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Hence the equation of the tangent is
X.mxm-1 Y mym-1

— — e —Z.mzm-1=(, (cor. § 12-12, P- 254)
Putting Z=z=1, we obtain
Xx’m—l me-—l
am + bm :1’

as the required cquation of the tangent.

2. Find the equations of the tangent and normal at =mx/2 to the
Cycloid

x=a(f§—sin ), y=a(l—cos 0).

We have
dx . 0
o —all—cos g) =2 2 ,
0 a(l—cos g)=2a sin 9
a’g =gq sin #=2a sin g cos 9"
dy dy d§ dy .dx — ot 6
dx —do " dx T d9 i de 2
Thus
dy s
—(1*:\—‘“:1, for 0: 2 .

Also, for §=m/2, we have x=a(mw/2—1) and y=a. Hence the
equation of the tangent at 8 =m/2, i.e., at the point [a(7/2—1), a] is

Y—a=1[X—a(}w—1)] or X—Y=}amr—2a,
and the equation of the normal is
Y—a=—1[X—a(}m—1)] or X+ Y=law.
3. Prove that the equation of the normal to the Astroid
Aiyiodd
may be written in the form
X sin ¢—y cos ¢+a cos 2¢=0.
Differentiating
Apy_db, weli)

we get

or = -
dx 13
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Therefore the slope of the normal at any point (x, y)

_idph
But the slope of the given line=tan ¢.
We write
xé/y§=tan é. v (1)

Equations (/) and (ii) have now to be solved to find x and y.
They give
»8 tantg +y8=d,
or
y§=a% cos?g, i.e., y=a cos3p.
Substituting this value of y in (ii), we get

x} —a¥sin ¢, i.e., X =a sin3¢.

Thus tan ¢ is the slope of the normal at (a sin3¢, a cos®$). The
equation of the normal at the point is

sp— SiD & 3
y—acosdp= P <I)(x a sin’g),
or
Y cos ¢—acosté=x sin ¢—a sin'¢,
ie.,
X sin ¢—y cos ¢ a(cos?p—sin2p)(cos?p--sin3p)=0,
ie.,

X sin ¢—}) cos ¢-+a cos 2¢=0,
which is the given equation.

4. Find the condition for the line

x cos 0+ sin =p, eoo(l)
to touch the curve -
xmjam 4 ym[bm=1. oo (i)
In Ex. 1, (ii) page 255, it was shown that the equation of the
tangent at any point (x, y) of the curve (ii) is

Xxm-1  Yym-1
» gt p=1; ... (iii)

where X, Y are the current co-ordinates.
We re-write the equation (i) in the form
X cos 6+Y sin §—p=0, ()
taking X, Y as current co-ordinates instead of x, y.
The equations (iii) and (iv) represent the same line,
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xm—1 ym-1 1
a”cos 0~ b™sing- p’

or
a® cos 6 \1/(m—1) b™ sin §\1/(m—1)
X=( —- - — .. y y= .
G ) =05
The point (x, y) lies on the given curve. Therefore

EIﬁ(q"{_;qsﬁ >m/(m—1) " blﬂ}_(lﬁ_;:)iri)m/(m—l):h
or

(@ cos )™= L (b sin gy™(m—D_ml(m—1),

which is the required condition.

5. Show that the length of the perpendicular from the foor of the
ordinate on any tangent to the Catenary

y=c cosh (x|c),
is constant.

Equation of the tangent at any point (x, y) of the Catenary is
X sinh x/c— Y (¢ cosh x/c—x sinh x/c)=0 (See Ex. 1. p. 255).
The foot of the ordinate of the point (x, y) is the point (x, 0).
The length of the perpendicular from (x, 0) to the tangent

__X sinh x/c—0+(c cosh x/c—x sinh x/c)

4/(8inh? x/c+1)
__¢ cosh xfe
cosh x/c ’

which is free of x, y and is, therefore, constant.
6. Show that the length of the portion of the tangent to the astroid
x%'-}-y%=a§,
intercepted between the co-ordinate axes is constant.
Differentiating the given equation, we get
2 x——§+ 2 y—g} dy

3 3 dx ’
o dx xi

Therefore the equation of the tangent at any point (x, y) is

}
Y—y=—"% (X—x),

1
X3
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or

The tangent (i) cuts X-axis where Y=0. Hence its intersection
with X-axisis

Apdat) o).

Similarly, on patting X=0 in (i), we find that its intersection
with Y-axis is

B, y3db).
Therefore AB= \/[x?;aé —l—y%a;] = \/[43 (x?i +y§)]

= '\/(a%a%)———“a,

which is free of x and y and is, therefore, a constant.

Exercises
1. Find the tangent and normal to each of the following curves :—
(i) y*=4ax at (a, —2a). (i) x?[a*+y?/b%==1at (x’, y').
{iii) xy=c? at (cp, c/p). (iv) (x2+y*)x—ay*=0 at x=a/2.

) (x*+y*)x—a(x?—y*)=0 for x=—13a/5.
(i) x3(x—y)+at(x+y)=0 at (0, 0).
(vii) x=2a cos §—acos 29, y=2a sin § —a sin 29 at §=n/2.
(viii) c*(x*+y*)=x’* at (c/cos 6, c/sin §).
2at? _ 2ar®
1502 Y"1y
2. Find the equation of the tangent to the curve c*x®+y*)=x%? in the
form x cos® §+y sin® §=c.
3. Show that the tangent to the curve 3xy?—2x%y=1 at (1, 1) meets the
curve again at (—16/5, —1/20).

_4. Prove that the equation of the tangent at any point (4m?, 8m®) of the
semicubical parabola x3=y® is y=3mx—4m® and show that it meets the curve
again at (m®, —m?), where it is a normal if 9m*=2. (D.U. Hons., 1957)

5. Find where the tangent is parallel to X-axis and where it is parallel to
Y-axis for the following curves :

() x3+y3=ad. (i) x3+y3=3axy. (Folium)
(i) 25x%+12xy 44yt =1.
6. Find the equations of the tangent and the normal to the curve
» y(x—=2)(x—3)—x+7=0
at the point where it cuts X-axis. (Delhi 1948)
7. Show that the line
x cos §-+y sin §—p=0,

(ix) x= atr=4.

will touch the curve
x7yn — gMmin=0,
if
PN mTrn=(m4-n)"+n a+ncos” g sinn 9.
(P.U. 1951)
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8. Tangent at any point of the curve (x/a)% +(y/b)§L =1 meets the co-

ordinate axes in 4 and B. Show that the locus of the point with (04, OB) as
co-ordinates is

xz/az+yz/bz___ 1
9. Show that the tangent at any point x, y) on the curve
ym=axm--l+ xm’
makes intercepts

ax ay
(m—Dyatmx 2™ ez

on the co-ordinate axes.

10. Prove that the sum of the intercepts on the co-ordinate axes of any
tangent to

’ Nx+Ny=+a
is constant.
11. Prove that the portion of the tangent to the curve

x+@—yY_ og 8t ",‘;’?T,Zz,),

a
intercepted between the point of contact and X-axes is constant.
12. Show that the normal at any point of the curve
x=acos §+ab sin 9, y=a sin §—ag cos §
isat a constant distance from the origin. (B.U.)»
13. Show that the length of the portion of the normal to the curve
x=a(4 cos® §— 3 cos §), y=a (4 sin® §—9 sin 9)
intercepted between the co-ordinate axes is constant,

14. Show that the tangent and the normal at every point of the curve
x=ae® (sin §—cos 9), y=ae6 (sin §+cos §)
are equidistant from the origin.

15. Show that the distance from the origin of the normal at any point of
the curve

x:ac6 (sin 30 +2 cos 16), y=ae9 (cos $6—2 sin §9)
is twice the distance ol the tangent.

16. Show that the tangent at any point of the curve
x=a(t+sin t cos 1), y=a(1+sin 1),
makes angle 1 (7+2f) with X-axis.

17. Tangents are drawn from the origin to the curve y=sin x, Prove thay
their points of contact lie on x?y*=x%—y* (D.U 1953y

18. If
p=Xx cos §+y sin g,

An n
GY Gy

pn=(a cos 9)n+(b sin g).

touch the curve

prove that

(P.U. 1941 ; D.U. 1955y
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\A!L The tangent at any point on the curve x*+y*=2a® cuts off lengths p and
g on the co-ordinate axis ; show that

P i+g 3=2"%a"3, (P.U.)
20. The tangent at any point P(x;. y,) of the curve '
y=x3—x3

meets it again at Q. Find the co-ordinates of the mid-point of PQ and show
chat its locus is

y=1—9x+28x*—28x3. (B.U.)
21. Prove that the distance of the point of contact of any tangent to
zameM“1=y21n _az‘m,

from the origin as the segment of the -x-axis between the origin and the
dangent.

22. Show that the normal to the curve
5x5—10x*+x+2y+6:=0
at (0,—3) is tangent at the two points where it meets the curve again.
23. Show that the tangent to the curve
25x54-5x4 —45x3 —5x2+2x 4+ 6y—24=0.
at (—1, 1) is also a normal at two points of the curve.

12-2. Aungle of intersection of {wo curves.
Def. The angle of intersection of two curves at a point of

intersection is the angle between the tangents to the two curves at that
point.

Examples
1. Find the angle of intersection of the parabolas
: y2=4ax, 0]
and
x*=4by, ... (i0)
«at the point other than the origin,
We have
x4=16b%y2=16b% ; 4ax=64ab%x,
or
' x(x3—64ab?)=0.
» e x=0 and 4a%b§'.

Substituting these values of x in (ii), we got
y=0 for x=0 and y=4a§b’} for x=4a? b8,

Therefore (0, 0) and (4a}b§, 4a§b§) are the two points of
intersection,
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Differentiating (i), we get
2ydy|dx=4a or dy|dx=2a]y.
Therefore, for the curve (i),
(dyjdx) at 4(abb%, aabdy =abj2nh.
Differentiating (ii), we get

_ap Y
Ax=4b ax or —;

Therefore, for the curve (ii),
(dyldx) at (4a%,b§, 40%1;5) =2a%/b i.

Thus, if m, m’ be the slopes of the tangents to the two curves,
we have

m=a%‘/21.1%, m'’ =2a%/b%.

The required angle

2a%_ aili
—tan-1 m—m’ —tan-1 ¥ 2b% a"‘ibk
=tan 1 fmm = an —7 1= — .
1¥}.ua" ) a 2((1 -—4}—-[)3)
bS 2pd

2. Find the condition that the curves
ax®4-by:=1, ax*+4by?=1,
should intersect orthogonally.
Let (x’, »') be a point of intersection so that we have
ax'?4+-by'?=1,
ax'*+by?=1.
x'3 ' 1
—b+b,” —a,+a_ab,—a,b’
or
x'3=(b,—b)/(ab,—a\b), y'*=(a—a,)/(ab,—a,b).

Differentiating the first equation, we get

d d ax
2ax+2by aﬁ—=0 or ai—:-— By

dy __ o
dx ] x, y) b
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Similarly for the second curve
dy _ax
dx] (', »') by
For orthogonal intersection, we have
—ax’ —ax’
by X by
Substituting the values of x’, ' in (i), we obtain
aa,(b,—b) , bb,(a—a,)

or
b—b a—aqa,
bb, + aa, =0,
ie.,

as the required condition,

Exercises

1. Find the angle between
" (i) x*—y*=a? and x*+-y*=aqa2.
(ii) y*=ax and x3+)3=3axy.
2. Prove that the curves
x3+2xy*—10a%x + 12a%y + 3¢ =0,
y34+2xyt—5atx —a®=0,
interesect at tan—1(88/73) at (3a, —2a).

~=—1, i.e., aa;x'2+bby'*=0.

(P.U. 1955)

3. Find the condition for y=mx to cut at right angles the conic

ax?+2hxy+by*=1.
Hence find the directions of the axes of the conic.

12:3. Lepngths of the tangent, normal, sub-tangent and sub-

normal at any point of a curve,

Let the tangent and the normal at any point (x, y) of the curve
meet the X-axis at T and G respectively. Draw the ordinate PM.

and the normal respectively.

— Clearly
M ¢ X / MPG=y.

Fig. 84 Also

0

tan ¢=%'

Then the lines TM, MG are called the
sub.tangent and sub-normal respectively.

The lengths PT, PG are sometimes
referred to as the lengths of the tangent
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From the figure, we have
(i) Tangent=TP=MP cosec y =y+/(L4cot?))

/(5]

(ii) Sub-tangent=TM = MP cot, ¢_y dy
(iii) Normal=GP=MP sec y=y4/(1-+tan?y)

-vA/[1+(&)]

(iv) Sub-normal=MG=MP tan =y :L.

X
Exercises
1. Prove that the sub-normral at any point of the parabola
3
yl=4ax

is constant.
2. Show that the sub-normal at any point of the curve
y1x2=az(x2_az)
varies inversely as the cube of its abscissa.

3. Find the length of the tangent, length of the normal, sub-tangent
and sub-normal at the point §, on the four cusped hypocycloid

x=qa cos%9, y=a sin3g.
4. Show that the sub-tangent at any point of the curve
XMyt = gM+n

varies as the abscissa. (Banaras)

5. Show that for the curve
x=a+b log [b+ v(b* —y?)] —N(b*—)?),
sum of the sub-normal and sub-tangent is constant, (P.U. 1938)
6. Show that for the curve

y___hn—i e——h’x’ ,

the product of the abscissa and the sub-tangent is constant.
7. Show that the sub-tangent at any point of the exponential curve
y=ae*/®
is constant.
8. For the catenary
y=c cosh (x/c),
prove that the length of the normal is y*/c. (P.U. 1941y
9. Prove that the sum of the tangent and sub-tangent atany point of
the curve
eVla=x3—qg%,
varies as the product of the corresponding co-ordinates.

10. Show that in the curve
=a log (x*—a%),
the sum of the tangent and the sub-tangent varies as the product of the co-
ordinates of the point. [Compare Ex. 9 above]. (D.U. 1952)
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12-4. Pedal equations or p, r equations.

Def. A relation between the distance, r, of any point on the
<urve from the origin (or pole), and the length of the perpendicular, p,
JSrom the origin (or pole) to the tangent at the point is called pedal equa-
tion of the curve.

. 12:41. To determine the pedal equation of a curve whose Car-
Tesian equation is given,

- Let the equation of the curve be

4 Cy=Ax). )
N Equation of the tangent at any
point (x, y) is
c,y) Y—y=f"(x)(X—x)
or

Xf'(x)=Y +[y—~xf"(x)]=0.

v-f . j& If, p, be the length of the perpendi-
0 X cular from (0, 0) to this tangent, we
have
Fig. 85.
p P
VILf2(x)]
Also

ri=x2%4y2, o (i00)
Eliminating x, y batwe3n (i), (i) and (iii), we obtain the
required pedal equation of the curve (i),
Example
Find the pedal equation of the parabola
y:=4a(x+a).
Tangent at (X, y) is
2a
Y“J’-"-'--}T A(X=Xx)
or
2aX—yY+(y*—20x)=0. eo(i)

The length, p, of the perpendicular from the origin to the
tangent (i) is given by
_ y*—2ax
P= ety
4a(x+-a)—2ax

= V[4a +a(x+a)
2a(x+2a) "
= V[ki‘d(xé'{:_é'a')]_\/[a(x—*-za)]' (i)

80
ri=x+4yl=x244a(x+a)=(x +2a) woo( i)
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From (ii) and (iii), we obtain

pr=ar,

which is the required pedal equation.

1.
is

2.
is

3.
is

4.
is

5.
is

6.
is

Exercises

Show that the pedal equation of ellipse
,lea’+y2/b2=l,
1 1 1 re
Pt a o T g

Show that the pedal equation of the astroid
x=a cos%9, y=a sin3g,

rl=q?— 3172-
Show that the pedal equation of the curve

x=2acos §—a cos 29, y=2a sin § —a sin 24,

9(I‘2—02)= 8[)2-
Show that the pedal equation of the curve
.\'r:aee (¢ 6 (

sin §—cos §), y=ae” (sin §+cos 9),

r= \]2p.

Show that the pedal equation of the curve
x=a (3 cos §-- c0s39), y=a (3 sin § —sin3g),

3p*(Ta*—r¥)=(10a*— r®)3.
Show that the pedal equation of the curve
cHx? Fy=xH"
1/p*+3]r2=1/c%
Section 1I

Polar Co-ordinates

12'5. Angle between radius vector and tangent.

Let P(r, §) be any given point on the curve.
Take any other point Q(r+8r, 6-+88) on the curve. Produce

OP to L.

267

(P.U. 1955)
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Let PT be the tangent at P and let LLPT=¢.

.. Let / LPQ=u so that L LPT=¢is the
0 limit of « as @ - P, We have
TL LOPQ=m—a.

Also

P /L OQP=/ LPQ— / POQ=u0—30.
Applying the sine formula to the
AOPQ, we get
0 —>X oQ _sin LOPQ
Fig. 86 OP “sin L 0QP
or
r4ér sin(m—a) = sin  «
r  sin («—8¢) sin (x—ag)"
6r  sina 1
r . sin(a—89)
_ sin o—sin (=30
o sin (a—80)
_ 20—89 . &9 1
=2 cos T2 "2 &in (a—88)
or
1 8r _cos (x—486) sin 480
r 89  sin(a—39) 180
Let @ -> P so that 80 —0,8r-» 0, and « — ¢.
Therefore
| 1 dr_cosd
r dd  sing’
or
do
tan ¢ =r i

Cor. Angle of intersection of two curves. If ¢,, ¢, be angles
between the common radius vector and the tangents to the two curves
#t a point of intersection, then their angle of intersection is

| 951""152 l .

Note. Precise meaning of ¢. For a point P of the curve,

r=1(6),

¢ is precisely defined to be the angle through which the positive direction
of the radius vector (i.e., the direction of the radius vector produced) has to
rotate to coincide with the direction of the tangent in which 9 increases. The
direction of the tangent in which, §, increases is taken as the positive direction
of the tangent.
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Examples

1. Show that the radius vector is inclined, at a constant angle to
the tangent at any point on the equiangular spiral

r = aeb?, . ()
Differentiating (i) w.r. to 6, we get
dr _ bo__ . do _1
-d—o--_.b . ae’V=br,ie., r dr =b
tan ¢>=ll)
or é= tan~! !

b b
which is a constant. This property of equiangular spiral justifies the
adjective ‘Equiangular’. [Refer § 11'66, p. 252]
2. Find the angle of intersection of the Cardioides
r=a(l+-cos 9), r=>b(1—cos 6).

Let P (r, 0,) be a point of interscction. Let ¢,, ¢, be the angles
which OP makes with the tangents to the two curves.

For the curve r=a(l+4-cos 8) we have

dr .
dp = —asm a,
or
d@ __ _a(l+cos 6 2 c(_)_sl 9/2 oot 0
Tar T asin0 —  zsin0)2.c0s §/2 T 00 2
tan ¢=tan ( ")' 5- (i >,
or
T 0
p=—7+ 0
Hence
6
¢1— : L
For the curve r=b (l—cos 6), we have
-dr~ =b sin 6
dg =2
or
dp b(1—cos s 6) 0
tan ¢=r dr ~  bsing =tan 9
0
¢="2 .
Hence

$9=

M!l?
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Therefore, ¢, —¢, =n/2 and hence the curves cut each other at:
right angles.

Exercises
1. Find for the curves
(i) r=a(l—cos §). (Cardioide). (if) r™=ag"™ cos m§.
(iii) 2a/r=1+cos 9. (Parabola) (iv) r™=ag™ (cos m9 +sin mg).

2. Show that the two curves
ri=qa?%cos 20 and r=af{l 4 cos )

intersect at-an angle 3 sin™? (3/4)71".
3. Show that the curves r™=a™ cos mg, r™=a™ sin m§ cut each other

orthogonally.
4. Find the angles between the curves
(i) r=ab, ro=a; (i) r=afl(14-9), r=al(1+6% ;
(iii) r=a cosec® (§/2), r=>b sec* (§/2) ;
(iv) r=alog 9, r=a/log 6 ; (v) r¥sin 29=4, r*=16 sin 26 ;

(vi) r=ae , re =b.

5. Show that in the case of the curve r=a (scc §--tan 6), if a radius
OPP' be drawn cutting the curve in P and P’ and if the tangents at P, P’
meet in T, then TP=TP'. (M.U.)

6. Show that the tangents to the cardioide

r=a(l4-cos §)
at the points whose vectorial angles are /3 and 2n(3 are respectively parallel and
perpendicular to the initial line.

7. The tangents at two points P, Q lying on the same side of the initial
line of the cardioide r=a{l +cos 0), are perpendicular to each other ; show that
the line PQ subtends an angle n/3 at the pole.

8. Show that the tangents drawn at the extremities of any chord of the
cardioide r=a(l+cos §) which passes through the pole are perpendicular to

each other.
9. If two tangents to the cardioide r=a(1+cos @) are parallel, show that
the line joining their points of contact subtends an angle 273 at the pole.

10. Show that
_ dy dy
tan ~¢<xax—y)/<y3x4-x )
(Agra 1952)

126:. Length of the perpendiculer from pole to the tangent.
From the pole O draw OY perpendicular to the tangent at any point
P (r, §) on the curve r=f(8) ; Y being its foot.

Let OY=p
From the AOPY, we get
)
P ___.
(r,8) y =in ¢
or
0 p=r sin ¢,
\/, X which is a very useful expression for p.
y We now express, , in terms of the co-
Fig. 87 ordinates r, 6 and the derivative of, r, w.r. to

. We have
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dp
tan ¢=r a

1 r - -
sin = Ui T (drfdeyy

r2

P=E i drdoyy

.
Dy

which we can write as

1 r2y(dr/do)r 1 1 /dr\? .
p= o =g (do)' (1)
Yet, another form of p will be obtained, if we write
r=1/u,
so that
dr 1 du
de = u do-
Substituting these values in (ii), we get
1 du \2
F4_:u2+< do ) (1)

12:7. Lengths of polar sub-tangent and polar sub-normal. Let
the line through the pole O, drawn perpendicular to the radius
vector OP, meet the tangent and normal at P in points T and G
respectively.

Then, OT, OG are respectively called the polar sub-tangent and

polar sub-normal at P, 1
From the AOPT, we get G Prroy
~Q~T:tan ] 0 / ,
or ’ —X
or
OT=OP tan ¢=r? % \
»
Hence polar sub-tangent \
, 40 dé 1 A
=r? - — —-" where u= . A\l
dr du r e
From the AOPG, we get Fig. 88
gg= cot ¢,
or
OG=OP cot ¢
=r t . _d'; -_— .dr .
r dg — do
dr 1
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Note. The lengths PT and PG ara sometimes called the lengths of the
polar tangent and polar normal at P. We have

2
PT=0P sec ¢=r+[1+tan® ¢]=r/\/ [l+r’ ( Zf ) ]

) crtset A /[ s ()]
PG=O0P cosec ¢=r[1+cot cp]—\/[ r+ (do) :

12-8. Pedal equations. 7o obtain the pedal equation of a curve
whose polar equation is given.

Let
r=f(6) be the given curve. © (i)
We have
1 1 1 dr \2 ..
=t (21"0' : «.(id)

Eliminating 8 between ({) and (ii), we obtain the required pedal
equation of the curve.

The p=dal equation is sometimes more conveniently obtained
by eliminating 6 and ¢ between (i) and

d
tan ¢=r df ,
p=r sin ¢.
Exercises

1. Show that for the curve

r k2—r?
@=cos 1 k -—/\/[‘ r‘z‘ ],

the length of polar tangent is constant.

2. Prove that for the curve
r-1=A49+B,
the polar sub-tangent is constant.
3. Show that for the spiral r=a3j, the polar sub-n>rmal is constant.
4. Find the polar sub-tangent of
(i) r=a(l+cos §). (Cardioide) (i) 2a/r=1+eco3 9. (Conic)
(iiiy r==ad?/(9—1).
5. Show that for the curve : r=ae

polar sub-normal ' .o oo 0
polar sub-tangent ’

be*,

6. Find the polar sub-normal of
@) r=ald ; (i) r=a+bcos 9.
7. Find p for the curve

r=ae |(1+6).
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8. Find the pedal equation of r™=a™ cos mg.
Logarithmically differentiating, we get

m dy o
T mtanm @
d
tan g=r d’;—=-—cot m@=tan (37 + mg).
or ¢:_-,ln +mg.
Thus p=rsin p=r (sin 31 +m@;=r cos mg.

r=q™ [: or pa™=rmtl.

which is the required pedal cquation.
9. Find the pedal equations of

() r=alg. (i7) r::aco cote
(it7) ljr=1+ e cos §. (iv) r= af.

(v) r- a(l+4 cos g). (vi) r- asinmg.
(vii) r(l—sin $6)* a. (viii) r=a+b cos 6.

(ix) r™==u™ sin m@-+b™ cos m.

10. Prove that the locus of the extremity of the polar sub-normal of the
curve r=f(g) is the curve

r=f'1§—3im).
Hence show that the locus of the extremity of the polar sub-normal of
the equiangular spiral r ae™ s another cquiangular spiral. (P.U. 1940)
11. Prove that the locus of the extrenmuty of the polar sub-tangent of the
curve
1
+/(6)-0
’
is
u f'(in16).

Hence show that the locus of the extremity of the polar sub-tangent of
the curve

r- (14 tan 46)/(m-F n tan 46)
is a cardioide. (Allahabad 1943)

12. Show that the pedal equation of the spiral r=zasech ng is of the
form .
1 A -
—, = +B. (Delhi 1949)

re



CHAPTER XIII
DERIVATIVE OF ARCS

13-1. On the meaning of the lengths of arcs. The intuitive
notion of the length of an arc of a curve is based upon the assumption
that it is possible for an inextensible fine string to take the form of
the given curve so that we may then stretch it along the number
axis and find out the number which measures its length.

This assumption, which is not analytical, cannot be the basis
of analytical treatment of the subject of lengths of arcs of curves.

Also to define lengths of arcs analytically is not within the scope of
this book.

Hence we have to base our treatment on an axiom which con-
cerns the numerical measure of lengths of arcs and we now proceed
& to give it.

Axiom. If P, Q, be any two points on
~a curve such that the arc PQ is throughout its
7“ length concave to the chord PQ, then

Chord PQ <arc PQ<PL+-QL,

] where PL and QL are any two lines enclosing
the curve.
Fig. 89
An important deduction from the axiom. If P, Q be any two
points on a curve, then

lim - arc -PQ =

0 — p Chord PQ™

To prove it. we take Q so near P that the arc PQ is everywhere
concave to the chord PQ.

Let PL be the tangent at P.
Draw 90
QL | PL.
Let / LPQ=a ; we have
chord PQ <arc PQ <PL+LQ,

1.

i 1 arc PQ PL LQ
< ¢hord PQ<PQ T PQ’ «
or PQ z
arc .
1< WQ<COS a--sin a, Fig. 90

ool
274
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Let Q — P so that chord PQ tends to the tangent PL as its
limiting position and a — 0.

From (i), we get

b MCPQ
Q—>P chord PQ
for
(cos a+sin a) -> 1 as a = 0.

132. Length of arc as a function. Let y=f(x) be the equation
of a curve on which we take a fixed point A4.

To any given value of x corresponds a value of y, viz., f(X) ;
to this pair of number x and f(x) corresponds a point P on the curve,
and this point P has some arcual lengths ‘s’ from 4. Thus ‘s’ is a
function of x for the curve y=f(x)

Similarly, we can see that ‘s’ is a function of the parameter ‘¢’
for the curve

x=f(t), y=F(t), (Parametric Equation)
and is a function of @ for the curve
r=£(6). (Polar Equation)

13-3. Cartesian Equations. 7o prove that
dy \?
-V ()]

y=[(x).
Let ‘s’ denote arcual distance of any point P(x, y) from some
fixed point 4 on the curve.

We take another point Q(x+438x, y +8y) on the curve near P.

for the curve

Let an arc 4Q =s5-438s so that Y1‘
arc PQ=24s. 9
From the rt.-angled APQN, we Ap oY
have SNl
PQ?=PN?4 NO?
=(8x)%+(8y)?,
or >
PQ . 0 L MX
(Sx )— +( ) Fig. 91
or

chord PQ 8y
Faro ) G)=1+(% )
Let Q - Pso that in the limit

(%Y=11(2%)
- £y=lu( )
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We make a convention that for the curve y=f(x), °s” is measur-
ed positively in the direction of, X, increasing so that, s, increases
with x. Hence ds/dx is positive.

Thus we have A
d / dy \?
o =V [ 1+<di‘> ]

taking positive sign before the radical.

Cor. 1. If x=f(y) be the cquation of the curve, then ‘s’ is @
function of y and, as above, it can be shown that

ds dx \?

dy = \/[ 1"L<’dy') ]
Cor. 2. From the right-angled A PNQ, we have
PN  8x arc PQ
PQ T &s ° chord PQ

Let Q — P so that / NPQ — i, where ¢ is the angle which the
positive direction of the tangent at P mnkes with X-axis.

cos / NPQ =

dx dx
o €os Y= ds'lsds'
Hence
dx
cos Y= ds
Similarly, we can show that
. dy
Bn = g

13'4. Parametric Equations. To prove that
ds dx \* sdy \?
dt =\/[< dt ) +(dt'> ]

x=f(1), y=F(1).
Let “s’ denote the actual distance of any point P(f) on the
cwrve from a fixed point 4 of the same.

We take another point Q(¢+48f) on the curve. Let x46x,
y 48y be its co-ordinates. :

Let

[or the curve

arc. PQ=3s.
From the A PNQ, (Fig. 91, p. 275), we get
PQ*=PN*{ NQ*=(dx)*+ (8y)3,



DERIVATIVES OF ARCS 271
CRy=Ca)+( ),
(e (3 V= )+ (3 )

Let @ - P so that in the limit

o=+ (@)

We measure ‘s’ positively in the direction of, ¢, increasing so
that ds/dt is positive. Thus

a =V}

13'5. Polar Equations. 7o prove that
ds R dr \2
w=N )]

r=f(0).
Lot ‘s’ denote the arcusl length of any point P(r, 9) from some
fixed point 4 on the curve.
We take another point Q(r4-8r, A--36) on the curve near P.
Let arec AQ =s5+8s so that arc PQ=3és.

or

for the curve

Q
W)
s
Pirye)
(Y]
0 >X
Fig. 92
Draw PN | 0Q.
Now ‘
PN|OP =sin 89 so that PN=r sin 8¢.
Again

ON|OP==cos 8§ so that ON=r cos 30.
Hence NQ=0Q—ON
=r-}-8r—r cos 88
=r(l—cos 86)+ or
=2r sin?} 50+4-8r.
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From the A PNQ, we get
PQ*=PN2+4+N@?
=r? gin® 80+ (2r sin®}80 - 8r)?.
Dividing by (86)2, we get
(chord PQ ) < )2 _ sm 80

arc PQ
. sin 89 = or
+(r . sin }486. 360 +354 )"
Let Q — P. Therefore

2

ds\* ., dr
—d‘d*> =re. I+< r,Oxl—l-— dB

We measure ‘s’ positively in the direction of 9 increasing so
that ds/dg is positive Thus

“do —V[ e+ (_" _]

Cor. 1. If g=f(r) be the equation of the curve, then ‘s’ is &
function of r and, as above, it can be shown that

£V [ ()]

~ . PN  rsin 8¢
Cor. 2. sin LPN=, 0="PG
_,5ind 8  arcPQ
—' 8¢ ° ¢s ° chord PQ

Let Q — P so that / PQN — ¢ where, ¢, is the angle between
the positive directions of the tangent and the radius vector.
do

5 o sSin ¢=r. 1. "a.'s;* .1

. dg
sm ¢=r —d‘s*—"

Again, cos [_PQN:%%

2r sin? 38945
=T



EXERCISES
_ 2r sinzg}éo‘_-_}-&_' . ,.§,8_ - are PQ
- 8 8s  chord PQ
. sin 389  ér \ &0 arc PQ
=( rsin 490 5" +55) 55 - ohord PC

Let Q - P
dr \ df
cos ¢—(r.0. l+*210 *ES—.
or
cos ¢=- :: .
Exercises
1. Find ds/dx for the curves .—
(i) y=c cosh x/c. (ii) y=a'log [a*/(a®—x?)].
@iii) 31y=x*a—x). (iv) x3=ay’.
(v) 8a’y*=x%a?—x?). i) 3ay*=x(x—a).

(vii) 4ay+2a® log x=xt.
2. Find ds/dy for the curve
[4'x*+y*)—a’]3=2Tasy*
3. Show that yds/dy is constant for the curve
C XAN@ YY) o, @ FNet =y
a y
4. Find ds/dg for the following curves, § being the parameter : —
(i) x=acos g, y=>b sin 9 (Ellipse)
(ii) x=a cos® g, y=sin3g. (Astroid)
(iii) x=a (9—sin §), y=a(l—cos g). (Cycloid)

(iv) x=ae® sin 0, y=ae‘9 cos 4.
(v) x=a(cos §+0 sin g), y=a(sin 6—0 cos 9).

8, Find ds/d9 for the fo'lowing curves : —

279

() r=a(14+cos 9). (Cardioide). (ii) r*=a® cos 29. (Lemniscate)

(iii) r=aee cota (Equiangular spiral)

(iv) r=ag. (v) r=a(9*-1).
i) r=a/(6*—1)
(vii) r™=a™ cos m@. (Cosine spiral).
(viii) r™=a™ (cos m@+sin mg).
6. Show that for the hyperbolical spiral rg=a,
ds _ N(r*+a")
dr r
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7. Show that r ds/dr is constant for the curve

o1 v (k3—r?)
§=cos k ’ .
8. Show that lm. f is constant for the curve :

Nr r
o=2 [A/ (")~ A/ (70))
a a
9. If p, and p, be the parpandiculars from tho origin on the tangent and
aormal respectively at the point (x, yi, and if tan ¢ :dy/dx, prove that
py=X sin ¥~y cos ¥, and p;=:x cos ¥ -y sin ¥ ;
hence prove that

__dp,
Pr="gy

10. Show that for any pedal curve p=£(r),
ds _r
dr — N(r’—p*)~



CHAPTER XIV
CONCAVITY ; CONVEXITY
POINTS OF INFLEXION

14-1. Definitions. Consider a curve y=f(x) and any point
P[c, f(c)] thereon.  Draw the tangent at P.

We suppose that this tangent is not parallel Y-axis so that
f(¢) is some finite number.,

Now there are three mutually exclusive possibilities to con-
sider : —

=

| de YI /
X ,L*"X 0 X

Fig. 93 Fig. 94 Fig. 95

(i) A portion of the curve on both sides of P, however small it

may be. lies aborve the tangent P (i.e., towards the positive direction
of Y. axis).

0

In this case we say that the curve is concave upwards or
convex downwards at P. (See Fig 93).

(i) A portion of the curve on both sides of P, however small
it muy be, lies helow tho tangent at P (ie., towards the negative
direction of Y-axis).

In this case we say that the curve is concave downwards or
convex upwards at P. (See Fig. 94).

(iii) 'The two portions of the curve on the two sides of P lie on
different sides of the tangent at P, ie., the curve crosses the tangent
at P. Inthiscase we say that Pis a point of inflexion on the curve.
(See Fig. 95).

Thus, the curve in the adjoined

figure 96 is concave upwards at every Y}
point between P, and P, and concave
downwards at every point between Py \ ) I
and Py, B 5
4
P, and Pjarc the points of in- ~ Q| >X

flexion on the curve.

Fig. 96

281



282 DIFFERENTIAL CALOULUS

From these figures, it is easy to see that the curve changes the
direction of its bending from concavity to convexity or vice versa as a
point, moving along the curve, passing through a point of inflexicn.
This property is also sometimes adopted as the definition of a point
of inflexion.

. Note. The property of concavity or convexity of a curve at any point
is not an inherent property of the curve independent of the position of axes.
Upward and downward directions, as also positive and negative directions of
Y-axis, are fixed by convention and have no absolute meaning a;tached to
them. But this is not the case for a point of inflexion. The point where a
curve crosses the tangent is an inflexional point so that its existence in no way
depends upon the choice of axes.

14-2. Criteria for concavity, convexity and inflexion. 7o deter-
mine whether a curve y=f(x) is concave upwards, concave downwards,
or has a point of inflexion at P [c, f(c)].

We take a point Q[c+h, f(c+h)] on the curve y=f(x) lying near
the point P[c, f(c)].

The point Q lies to the right or left of the point P according as
h is positive or negative.

Draw QM | X axis meeting the tangent at P in R.

The equation of the tangent at P is

y=fle)=£"(c) (x—c),
and therefore the ordinate MR of this tangent corresponding to the
abscissa c4-his

Sfe)+hf (c).
b6
v 9
| p/
' R
0 A;[ LM X 0 >X
Fig. 97 Fig. 98.
Y4
Q p
R
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Also, the ordinate MQ of the curve for the abscissa c4-h is-
fie+h. :
RQ=MQ— MR=f(c+h)—f(c)—hf"(c).
For concavity upwards at P, (Fig. 97).
MQ > MR, ie., RQ, is positive when @ lies on either side ‘of P.
For concavity downwards at P, (Fig. 98).
MQ < MR, ie., RQ is negative when @ lies on either side of P.
For inflexion at P, (Fig. 99).

RQ is positive when Q lies on one side of P and negative when:
@ lies on the other side of P.

Thus, we have to examine the behaviour of RQ, i.e.,
Sfle+h)—fle) —hf'(c)
for values of, &, which are sufficiently small numerically.

By Taylor’s theorem, with remainder after two terms, we have-
hr .,
fle+h) =fle) +hf () + o S (c+65h),

hr
RQ=~-2! S (c+6,h).

Case 1. Let f"(c) > 0.

As the value f"(c) of f"(x) is positive for x=c, there exists an-
interval around c¢ for every point x of which the second derivative
[’(x) is positive. (§3'51, p.54). Let c+h be any poiut of this-
interval. Then c+¢,his also a point of this interval and accordingly
S "(c+85h) is positive,

Also

h?[2 ), is positive.

RQ >0,
for sufficiently small positive and negative values of h.
Hence the curve is concave upwards at Pif f"(c) > 0.
Case II. Let f"(c) <O.

In this case we may show, as above, that RQ < 0 for sufficiently”
small positive and negative values of 4.

Hence the curve is concave downwards at P if f" (¢) <O.
Case III. Let £"(c)=0 but f " (c)70.
By Taylor’s theorem, with remainder after three terms, we-
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‘have

o ? |
fe+m=fe)Hhf @+ 1 Fr(e+ 1) frietodh,
80 that

. ha .
RQ= 31 fl//(c+ 93}1), fOI‘f"(c):O_

There exists an interval around ¢ for every point x of which

J”(x) has the sign of f”(c). Let c+h be any point on thie interval.

Then ¢+ @,k is also a point of this interval and accordingly f*'’(c+ f3h)
has the sign of f*"'(c)

But 433 ! changes sign with the change in the sign of h.

Thus RQ changes sign with the change in the sign h. Hence
.the curve has inflexion at P if f""(c)=0 and f"* (c)#0.

Case IV. Generalisation.
Let

F(©)=f""(0)=......=f"1(c) =0 but f(c)=0.

By Taylor’s theorem, with remainder after n terms, we have
hr hm

et = f)Hhf €+ oy, SOt L)) SO

[n
+ oy Fret0uh)

(

—f)+hf )+ 1 fretaub,
.80 that

RQ: ::': f"(C+ 0,.’1).

There exists an interval around, ¢, such that f™(c+460,h) has the
sign of f™(c) or every point c+h of this interval.

Also I*[n! changes its sign or keeps the same sign while the
sign of, h, changes, according as n is odd or even.

Thus RQ changes sign if z is od.1 and keeps the sign of f*(c), if
nis even,

Hence if n is odd the curve has inflexion at P ; if n is even, it is
concave upwards or downwards according as f*(c) > 0, or <0.

. 14:3. Another Criterion for poiats of inflexion. We know that

a cnrve has inflexion at P if it changes from concavity upwards to

concavity downwards, or vice versa, as a point moving along the curve

passes through P, i.e., if there in a complete neighbourhood of P such

-that at every point on one side of P, lying in this neighbourhood, the
.¢urve is concave upwards and at every point on the other side of P



CONCAVITY, CONVEXITY, INFLEXION 285-

the curve is concave downwards. We thus see that the curve, has in-
flexion at P[c, f(c)], if f"(x) changes sign as x passes through c. -

. Note. We have alrrady remarked that the position of the point of in-
flexion on a curve is independent of the choice of axes so that, in pariicu'ar, the
positions of x and y axes may be interchanged witnout affecting the positions of”
the points of inflexion on the curve. Thus the points of inflexion may also be
determined by examining d*x/d)* just as we examine d’y/dx*. For ponts where
the tangent is parallel to X-axis, 7 e., where dy/dx is infinite, it bccomes neces-
sary to examine d*x/d®y instead of d*y[dx*.

14'4. Concavity and convexity with respect to a line. Let P be
a given point on a curve and, /. a straight line not passing through
P. Then the curve is said to be coneave or convex at P with respect
to I, according as a sufficiently small are containing P and extending
to hoth ‘sides of it lies entirely within or without the acute angle-
formed by, /, and the tangent to the curve at P.

P

P /
/ ¢

Fig. 100 Fig. 101

Thus the curve is convex to ! at Pin Fig. 100 and concave i
Fig. 101.

In the next section, we deduce a test for concavity and convexi-
ty with respect to the X-axis.

14:41. A test of concavity and convexity with respect to the X-axis..

" i

U

Fig. 102 - ' " Fig. 103

From the examino:t_ion of the fignres 97, 98 and the figures 102,
103, we deduce the following :—

(i) A curve lying above the axis of X (s that the ordinate y is-
positive) is convex or concave with respect to'the axis of x according
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as it is concave upwards or downwards, i.e., according as d2y/dx? is
positive or negative.

(ii) A curve lying below the axis of x (so that the ordinate y is
negative) is convex or concave with the respect to the axis of x accor-
ding as it is concave downwards or upwards i.e., according as d2y/dx3
is negative or positive.

Thus, in either case, we see that a curve is convex or concave at
P with respect to the axis of x according as

dzy
Y dx?
iis positive or negative at P.
Examples
1. Find if the curve
y=log x,
s concave or convex upwards throughout. (P.U. 1932)
Now
dy _ 1
ax — x
d?y 1
=
which is always negative.
0 (1,0) X> Hence the curve is concave downwards,
i.e., convex upwards throughout.
Note. We know that y=log x is negative or posi-

I tlve accordmg as 0<x<1 orx >1. Thus for 0<x<1,
%y |dx?® is positive and for x> 1, yd®y [dz* negative, 50 that
Fig. 104 the curve is convex w.r. to x-uxis if 0<x<1 and concave
8 w.r. to z-axis if x>1.

2. Show that y=x? is concave upwards at the origin.

We have
dy dzy d3y d4y
_a;_=4 X3, E =12x2, y o =24x, ek =24,
80 that
dz ds3
. 73;.____‘1;: =0 a.nd ¢0 but positive at (0, 0). ‘

_ Therefore the curve is cdnca.ve upivards at the origin.
3. Find the ranges of values of x for which
y=x'—6x34+12x24+5x+7
is concave upwards or downwards.
Also, determine its points of irflexion.
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We have
Y 45— 18x24-24x-+5
dx ?

d?y 0
o =12x2—36x+24=12(x—1)(x—2).

dx
Now,
2

for x<1, gy>0 forx—-l,d2 =0 ;
2 2

for 1<x<?, j}; <0; for x=2, z}: =0,
2

for x>2, gx—"_:>0.

Thus the curve is concave upwards in the intervals [—o0, 1), "’
42, « ] and is concave downwards in the interval [1, 2].

It has inflexions for x=1 and x=2.

Therefore (1, 19) and (2, 33) are the two points of inflexion on
the curve.

4. Show that the curve (a®--x2)y=a2x has three points of in-
flexion.

- Here
dy aZ(a2+x2) oazxz az(az—x’) ,
dx = (a® +x2)? = (a*4x2)2
A% _ o = 2@ X7 —4x(a%+x?) (a2 —x?)
dx? (a%+x?)t
_2x(3a3—x2) "az(x \/3a)x(x+\/3a)

(a:+x2)3 -~ (az x:)a
.. dtyldxt=0 for x=4/3a, 0, —4/3a.

It is easy to see that d2y/dx? changes sign as, x, passes through
<each of these values. Hence the curve has inflexions at the corres-

ponding points. '
Thus
(v/3a, 4/3a/4), (0, 0), (—+/3a, —+/3a/4)

are the three points of inflexion of the curve.

5. Find the points of inflexion on the curve
x=(log y)®.
Here, y, is the mdependent and, X, the dependent, variable,

dx . 1
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dix 1 3
dps =0l0gy . o=, (log y)?
3 log
=" 27 (2=logy).
d*x[dy?=0 if log y=0 or log y=2,

i.e., if
y=e°=1 or e2
" Thus we expeact points of inl2xion on the curve for y=1 and’
et. Again
R S
Therefore

(55), =0 (55, e & 0.

Hence y=1 and ¢? give points of inflexion, so that (0,1) and’
(8, ') are the two points of inflexion.

Exercises

1. Show that y=e® is everywhere concave upwards.

2. Examine the curve y==sin x for coacavity and convexity in the-
interval (0, 2n).

3. Find the ranges of values of x in which the curve
y =3x"—40x34-3x—20
is concave upwafds or downwards. Also, find the points of inflexion.
4. Find the ranges of the values of x in which the curve
y= Xx*4{-4x i{-5,e7%
is concave upwards or downwards. Also fiad its points of inflexion.

5. Find the intervals in which the curve
y=(cos x-+sin x)e®
is concave upwards or downwards ; x varying‘in the interval (0, 2n).

6. Find the points of inflexion the curves

(i) y=ax®+-bx?+ox t-d. . (78) y=(3—x)/(3x+1).
(517) x=3p8—4p3-45. (4v) x=(y—1)y— 2)(y —3).
2( — . 3
(v) y=zz_:xzx? (vi) y= a-x} o
— l.
(”i.") y=x=+;x+2’ (viii) y=be (xla)
lix) xy=a? log (y/a). (x) y—-x?log (x3/e®).
&xi) yr=x(x+1)% (D.U. Hons. 1947)

(xi1) a¥yr=x*a®—x*). (D.U. Hons. 1955)
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Also, obtain the equations of the inflexional tangents Jto the curves (i),
(¢if) and (xi).
7. Show that in the curve

ye=(1 [hy2me X 12h*
the abscissae of the points of inflexion are +A.
8. Show that the line joining the two points of inflexion of the curve
Yix—a) x¥x-+a)
subtends an angle /3 at the origin.
9. Find the values of, x, for which the curve
54y:=(x-- 5)*x3~10),

has an inflexion and draw a rough sketch of the curve for —6<x<3, making the
inflexions, M.T.);

10. Show that the curve
ay?*=x(x—a)(x—b)
has two and only two points of inflexion.
11. Find the points of inflexion on the curves
(i) x=a(20—sin @), y=a(2—cos §).
(%) x==a tan t, y=~asintcost.
'(iil) x==2a cot 9, y==2a sin?g.

12. Show that the abscissae of the points of inflex'on on the curve
= f(x) satisfy the equation

[f'(x) 2=2f(x)f (). (P;-U )
13. Show that the points of inflexion of the curve
y*=(x—a)Xx—b)
lie on the line .
3x+a=4b. : (Luck:?ow)



CHAPTER XV
CURVATURE
EVOLUTES

15-1. Introduction. Definition of Curvature. In our everyday
language, we make statements which involve the comparison of bend-
ing or curvature of a road at two of its points. For instance, at
times, we say, “The bend of the road is sharper at this place than at
that.” Here we depend upon intuitive means of comparing the
curvature at two points provided the difference is fairly marked. But
we are far from intuitively assigning any definite numerical measure
to the curvature at any given point of a curve. In order to make
‘Curvature’ a subject of Mathematical investigasion, we have to
assign, by some suitable definition, a numerical measure to it and

this has to be done in a way which may be in agreement with our’
intuitive notion of curvature. This we proceed to do.

We take a point @ on the curve
lying near P.
Let A be any fixed point on the
curve. Let
arc AP=s,

arc AQ=s-3s,

A

8o that
arc PQ=3s,

Let ¢, y+68y, be the angles which
the positive directions of the tangents
at P and @ make with some fixed line.

The symbol, 8¢ denotes the angle
Fig. 105 through which the tangent turns as a

point moves along the curve from P to
Q through a distance 8s. According to our intuitive feeling, 8y will
be large or small, as compared with &s, depending on the degree of
sharpness of the bend. : '

This suggests the following definitions :—

(i) the total bending or total curvature of the arc PQ is defined to
be the angle &y ;

(ii) the average curvature of the arc PQ is defined to be the
catio 8y|8s ;

and (iii) the curvature of the curve at P is defined to be

lim ¥ ;. 9
Q.l.,p g5 e ds

290
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Thus, by def., dy/ds is the curvature of the curve at any point P

15-2. Curvature of a circle. - To prove that the curvature of
acircle is constant,

Intuitively, we feel that the curvature of a circle is uniform
throughout its circumference and that the - larger the radius of the
circle, the smaller will be its curvature. It will now be shown that
these intuitive conclusions are consequences of our formal definition
of curvature.

Consider any circle with radius, r, and centre O.

Let P, Q be any points on the .
circle and let are

PQ = §s.

Also let L be the point where the
tangents PT, QT’ at P and Q meet.

We have

L POQ=/TLT =8y,
From Elementary Trigonometry

arc PQ . 3s
" OP ‘= / POQ, ie., -—r-=8¢.
B _1

s~ r’
Let @ — P so that in the limit, we have
dyp 1
ds ="
Thus the curvature at any point of a circle is the reciprocal of
its radius and is, thus, a constant.
Also, it is clear that the curvature, 1/r, decreases as the radius
¢ increases.

15:3 Radius of curvature. The reciprocal of the curvature
of a curve at any point, in case it is 5£0, is called its radius o curv-
ature at the point and is generally denoted by, e, so that we have

ds
p= dy "

Thus the radius of curvature of a circle at any point is equal te
its radius.

15-31. The expression ds/dy for radius of curvature is suitable
only for those curves whose equations are given by means of a
relation between s and y. We must, therefore, transform it so that
it may be applicable to other types of equations such as Cartesian,
Polar, Pedal, Tangential Polar. etc.

It may be remarked that in the case of Cartesian and Polar
equations, the fixed line will be taken as X-axis and initial line res-
pectively.. For the curye y=f(x), the positive direction of the tan-
gent is the one in "which, X, increases, and for r=f(6) the positive-
direction of the‘t‘angal}g is the one in which, g, increases.
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Ex. Find the radius of curvature at any point of the following :—
(i) s=c tan y (Catenary). (ii) s=4a sin y (Cycloid).
(iii) s=4a sin §y (Cardioide). (iv) s=c log sec y (Tractrix).
(v) s=a log (tan y +sec ) +a tan J sec y (Parabola).
15:-4. Radius of curvature for Cartesian Curves.
15 41. Explicit equations : y=f(x).

Now,
dy
tan ¢ = a5
Differentiating, w.r. to s, we get
sec? 4’ d¢ d2y . dx
“dx " ds’

- ds

ds (l+tan2¢)¢7k

&
dx?

w=n/ [+ ()
(13-3, p. 275)

where the positive sigu is to be taken before the radical.

: rdy \273
o L) T o
sl ey T Ty A

dx?

Cor. The radius of curvature, e, is positive or negative
according as diy[dx* is positive, or negative ie., according as the
curve is concave upwards or downwards. Also the equatlon (A
shows that curvature is zero at a point of inflexion.

Note. Sincz the value of p is independent of the choice of X-axis andk
Y-axis; interchanginz x and y we see that, p, is also given by -

L GV

Thls formula is speclally useful when thc tangent is perpendicular to
K*axis in which case dx/dy=-0. :

5- 42. Implicit equations : f(x, y)=0.
At nomts where 3ﬁ6yJ-fy¢0fwe have, (§10-94, p. 213)
N
dx' S fi

But, we ha.ve

"Hence
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@y __ SO =Y LA P
dx? (fy)?
Substituting these values of dy/dx and d2?y/dx? in the formula
A) above, we get

e LL2HCAE
S =2 fo l A1)

vhere the sign is 4- or — according as f, is negative or positive.

«.(B)

. Note. ™ The form of the formula (B) shows that the expression -for p will
etain the same form at points where f,=0 but f;>0, The exceptional case
thich arises for the points where f;and f, become simultaneously 0 will be
onsidered in chapter X VII.

15-43. Parametric equations : x =f(t), y=F(t),
At points where  f7(f)=0, we have

dy F'(t) : )
dx = f'@)° ()
dy_fOF 0—F@ofe 1
dx*™ [P 1)

Substituting these. values of dy/dx and d?y/dx? in the formula
A) above, we get

Iy +FEy)E
P LR = F O ()

vhere the sign is 4 or — according as f'(f) is positive or negative.

e (€)

Note. The formula (C) shows that the expression for, p, will retain the
ame form for the points where f7(¢)==0 but F’(£)=0).

15-44. Newtonian Method. /1 a curve passes through the
yrigin and the axis of x is tangent at the origin, then

. X2
hmz—’—’—, asx —> 0

rives the radius of curvature at the origin.

Here we obtain the values of y, and y, at the origin.
dy
n(0)= (?155 )(0, 0=

Now, x2/2y, assumes the indeterminate form 0/0 as x — 0.

3 9

lim = lim o ( -9—)

x>02V x->0 2 0
11

= lim — = - ..
x -»0Y2  Yal0)
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Also, from the formula (A4) of § 15:41, we have at the origin

(140) * i
¥2(0) T,(0)
Thus at the origin where x-axis is a tangent,

p= lim (—21;7’)

=

x—>0
It can similarly be shown that at the origin where Y-axisisa
tangent,
2
x—>0 ‘<X

These two formulae are due to Newton.

1545. Generalised Newtonian Formula. If a curve passes

through the origin and X-axis is the
tangent at the origin, we have

Y

P . x4yt Xy
lim 2 -—hm(2y +-5-
(. H xa
Fig. 107 =¢p, at the orgin.

Here, x24y2=0P?, is the square of the distance of any point
P(x, y) on the curve from the orlgln O and, y, is the distance of the
point P from the tangent X-axis at O.

Interpreted in general terms this conclusion can be stated as
follows : (see Fig. 108.)

If OT be the tangent at any given point O of a curve, and
PM, the length of the perpendicular drawn from any pomt P to the
tangent at 0 then the radius of curvature
at O P

op?
2PM’

when the point P tends to O as its limit.

=lim——
0 M
Fig. 108
Note. It will be proved later on in § 17°31, on p. 332 that the tangent

at the ongm lying on a curve is obtained by equating to zero the lowest degree
terms in its equation.

Examples

1. In the cycloid
x=a(t+sin t), y=a(l—cos ¢),
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OURVATURE
prove that
p=4a cos % (P.U. 1944)
We have
dx dy .
E_a(1+cos 1), g =asint.
ﬁd!._ b_a__s‘m__ts _ 2 sir} t/2 cos t/2 —-ta.n'—t—
de —a(l+cost) 2cos?tf2 T 27
dﬂy l g ¢ dt
) 22 I e N
= L sec? * ! -1 L
o2 2.2acoss"‘ t_ZE'cos4t
2 2

= [1+(dy/dr) 2]" — (I+tan? 30% _ 45 0os L.
dty|dx? 1 1 2
'47“ .

cost —
2

2. Show that the curvature of the point (3al2, 3a[2) on the
Folium x3+y3=3axy is —84/2[3a.
Differentiating, we get

dy dy
2 3 “J
3x24-3y dx =3ay+3ax dx *
dy dy .
2 ,9% *
or X34y = ay+ax ax )]

dy
o )4 10 ="

Again, differentiating (i), we get
d’y _ dy
3 — [
2x+2y[ ] +y dxa = dx + +ax dxz
Substituting 3a/2, 3a/2, —1 for x, y, dy/dx respectively, we get

(540,10 =5

Hence the curvature at (? , @

2
_[ d*yldx® ]_ 8\/2‘
[1-(dyldxy
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3. Find the radius of curvature at the origin of the curve
x3—2x%+-3xy?—4y34-5x2—6xy 4 Ty2—8y=0.

It is easy to see that X-axis is the tangent at the origin.
[Refer note § 15-45, p. 294]
Dividing by y, we get
2 2
x. ’}‘7 — 2x2 4 3xy—4y?5 ’fy- —6x4Ty—8=0.

Let x — 0 so that lim (x2[y)=2p.

x—>0
0.2p45.2p —8=0,
or p=4/5.

Exercises

1. Find the radius of curvature at any point on the curves :—
(i) y=c cosh (x/c) (Catenary).
(ii) x=a (cos t-I-t sin t), y=a(sin t—¢ cos t).

(i) x8 198 —af . (Astroid) (D.U. 1953)
(iv) x==(a cos t)It, y=(a sin 1)¢.
2. Find the radius of curvature at the origin for
((l) x‘——y*—}-x“—y’-%x*—y“-{—y::O.
(ii) x3y—xy3-1-2x%y—2xy*-+2y*—3x%4-3xy —4x=0.
(iii) 2x8-4-3yt+4x%y -+ xy—y?4-2x=-0, (P.U. Supp. 1939)
3. Show that the radius of curvature of any point of the astroid
Xx=a cos® @, y=asind g
is equal to three times the length of the perpendicular from the origin to the
tangent. (Andhra 1951)

4. Show that for the curve
x==q cos § (I+sin @), y=a sin § (1-}-cos §),

the radius of curvature is, a, at the point for which the value of the parameter
is —n/4,

5, Show that the radius of the curvature at any point of the curve
x=t—c sinh T’ cosh t?, ‘y==2¢ cosh ~:~
is, —2c cosh? (t/c) sinh (t/c), where ¢ is the parameter.
6. Show that the radius of curvature at a point of the curve
x=ae ¥ (sin §—cos 9), y=az 8 (sin §-cos 6)
is twice the distance of the tangent at the point from the otigia.
7. Prove that the radius of curvature at the boint
(—2a, 2a) on the cutrve xy=a(x*+y?) is, —2a.

8. Show that the radius of curvature of the Lemniscate
) (x24y?)2=a¥(x2—)%)
at the point where the tangeat is parallel to x-axis is ¥2a/3.
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9. Prove that the radius of curvature at the point (2a, 0) on the curve
(x’-%y’)’—‘-’fX(x’-l-y’)—a“y:O.
is (65)7 a/(536).

10. Find the radius of curvature for (xla)—+(y/b)=1 at the points
where it touches the co-ordinate axes. :

11. Show that the ratio of the radii of curvature at points on the two
curves

[xy=a®, x3=3aty,

which have the same abscissa varies as the square root of the ratio of the ordi-
nates.

12. Show that the radius of curvature at each point of the curve
x=-a(cos t-+log tan §/), y=asint,

is inversely proportional to the length of the normal intercepted between the
point on the curve and the X-axis. ‘

13. Show that 3v3/2 is the least value of | p | for y=1log x.
14. Find the point on the curve y =e® at which the curvature is maximum,

and show that the tangent at this point forms with the axes of co-ordinatesa
triangle whose sides are 1n the ratio 1 : v2 : v3. (Rajputana 1951)

15. Show that the radius of curvature of the curve given by
x2y=a(x*-+a?(N5)

is least for the point x=-a and its value there is 9a/10. (B.U.)
16. Prove that for the ellipse x*]a®4-y?/b®=1,
p=a’t’|p*;
, being the perpendicular from the centre upon the tangent at any point (x, y).
(P.U. 1944)

17. Prove that for the ellipse
x*a®-+-y?|b*:1, p=CD?*[ab

where CD is the semi-conjugate diameter to CP. (Madras 1953)

18. Employ generalised Newtonian Formula to show that the radius of
curvature at any point of the ellipse x?/a®-|-y*/b?==1 is equal to
__(normaly®

(semi-latus rectum)? *
19. The tangents at two points P, Q on the cycloid
x=a(§—sin @), y=-a(l—cos §)

aro at right angles ; show that if p,, p, be the radii of curvatures at these points,
then

.- pa’=16a".

e 270.q Find the points on the parabola y*=8x at which the radius of curva-
ure is 7.4,
T

21. (a) Prove that if, ¢ be the radius of curvature at any point P on the
parabola y*=4ax and S be its focus, then p? varies as (SP}%. (P.U. 1952)

(b) py, po'are the radii of curvature at the extremities of a focal
qhord of a parabola whose semi-latus rectum is / ; prove that

(Pl)_§ +(92)—§=(l)—§
22. Show that in the curve -
x=3 a(sinh u cosh u +-u), y=a coshu,

if the normal at P(x, y) meets the axis of x in G, the radius of curvature at P is
equal to 3 PG. (B.U. 1954)
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23. If x, y are given as functions of the arc s, show that
dylds  dx|ds

1 d“x
=G +(20)"
Find p for the catenary
x=c log [s+ V(c*+s?)], y=(c*+s?).
24. Show that for the curve s=f| (x),

=[GV 1) )l

25. Prove that for the curve s=ce* ’ c,

c9=s(s’—c’)i
Find p for the curve s*=_8ay. (Patna, 1952)

15:46. Radius of curvature for polar curves : r=1(9).

also, show that

Here we are to express ds/dy in terms of r and its derivatives
with respect to 6.

From the figure, we see that

v =0+4.
dy _dg  d¢
as—as Tas
d0 dé dp
‘ +d9 *ds
+ (1)
Fig. 109 < d")
r
Now, tan ¢=?r-'
dy
dr dr , d?r
dp ag 'dg  d@
sec’qszi%—: (cir —
i)
. dr:\ d*r [dr _y der
d do* " gt
L 4o, . (2)

a9
"l 5T
Also

/\/[a+ ar ] (§ 135, p. 277) w(3)
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where positive sign is to be taken before the radical.

From (1), (2) and (3), we obtain |

[ dr d*r ]
(d0 )_ r dH’
v [ G | G
dr d?r
r +2( do) "
)T
Therefore
= (rztr.l.i
ri42r2—rr,
where

r,=dr[df and ry=d?r|d6*.

Cor. Since curvature is zero at a point of inflexion, therefore-
at a point of inflexion on & polar curve,

r2+2r2—rry=0.
15-47. Radius of curvature for pedal curves.

We know that y=0-+4¢.
‘f;ﬁ =~§f +Zf . eos(i)
Differentiating w.r. to r, the relation
p=rsin ¢,
we, have
-gil=sin é+r cos ¢—Zf’
=sin ¢-r cos ¢ Z~¢ . %:—

Now sin ¢=r —%5, co8 = Zr (§ 13+5, Cor. p. 278)

dp dr ds dé

=T 74!T+’ s dr ds

do .
T +ds )_h from (i),
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dr
or T =r-"
P dp
Note. The relation $=¢--4 is true yvhatei"er be thé position of the point
on a curve and the tangent at it relative to the init.al line. We can satisfy

ourselves on this point, it we examine a few different curves, keepingin view
the following conventions :—

0 is the angle through which the positive direction of the initial line has
to rotate tocoincide with the positive direction of the radius vector ; ¢ is the
angle through which the positive direction of the radius vector has to rotate to
.coincide with the positive direction of the tangent which is that of, g, increasing;
¥ is the angle through which the positive direction of the initial line has to
rotate to coincide with the positive direction of the tangent.

Fig. 111
For Fig. 110.

/. POT=n—9, [ OTP=y—w, / OPT=m-—¢.
A% T—g+y—mT—dp=m,
or y=0-4¢.

For Fig. 111.

/ POT=0—m, / OTP=2m—y, / OPT=4.
0—m42n—y-+p=m.
or y=0-+¢.

15-48. Radius of curvature for tangential polar equations. A
relation between p and ¢, holding for every point of a curve, is called
“Tangential polar equat.on.

The perpendicular drawn to the
tangent at any point (x, y) from the ori-
gin makes angle, y—m/2, with z-axis.

» Also p, is the length of this per-
Py - pendicular. :
Therefore the equation of the tan-
V-5 ., gentat P is
0 < p=X cos (y—}m)+Y sin (y—}m),
Fig. 112 0

Y

>

p=Xsiny-Ycosy ;
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X, Y being the current co-ordinates of any point on this tangent.
Since the point P(x, y) lies on this tangent, we have

, . p=X sin y—y cos ¢ (i)
which is a relation between y, p, x, y for any point on the curve.

Differentiating (i), w r. to ¢, we get
——‘-13~——x 3 ) t,b—l—-dx iny — b cos ¢
do = co3 Y4y sin dy siny W .

_ dx dx ds _ dy . dy ds .
Now dy =ds " dy TP eos ¥ dy ~ ds ‘—d-«ph—p sin ¢

Zﬁ =X cos8 Y4 ) sin gl;+p cos Y sin Yy —»n sin ¢ cos ¢

=X cos Y-y sin ¢, weo(Ei)
Differentiating (ii) w.r. to ¢, we get
dz . d dy .
3@1; =—X sin Y-y cos P+ d; cos ¢+-d$ sin ¢
= —X8in ¢y 4-y cos Y 4-p cos2y I p sin%y
=—X sin Y +-) cos J--p.

2
p=Xx sin y—y cos Y- :114:_’

d2
or ’ P;=p+—~d;:2 .

Example

For the curve r™=a™ cos m@, prove that.

a"l

ENCER B
. First Method. By logarithmic differentiation, we obtain

mdr sinm 6
r T de =___m cosméo

r= ZZ =—r tan mé.
d?r

2= gy

' - dr
= —rm sec?. mg—tan mb.
rm sec?. mf—tan A

= i sée® mo 4-r tanimy.
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(r®-+r? tan? ma)%
T rt-2r? tan? m6+r2 m sect mo—r? tan® mo
(See § 15-46, p. 298\

"“Hence p=

_ risec®mp
r? sec® mf-mr? sec? mo

_ r _ 1 am
T (m+1) (cos mt) — m+1° ym17

Second Method. Its pedal equation, as obtained in Ex. 8
page 273 is

pam=rm+l

d, 1

= (met 1)
dr

Hence _r7p
ram™ 1 am
Fmrhym T (m1) "t

Exercises

1. Find the radius of curvature of the cerve r=a cos nf as a function of
w. Also, show that at a point where r==a its values is a/(1+n?). (P.U.)

2. Find the radius of curvature at the pomt (r, 8) on each of the follow-
iing curves :— ]
(i) r=a. ‘ (iiy ro=a. (iii) r*=a"sin ng

(iv) 0=3’ir—’—;—€2—) —cos*‘—gw. (vi) r(14+cos §)=a.

3 Find the radius of curvature of the curve r=a sin ng at the origin.
(Allahabad)

4. Prove that for the cardioide r=a(14cos §), p*/r is constant.
(P.U. 1954 ; D.U. 1955)

5. Find the radius of curvature at the point (p, r) on each of the
following curves :—
(i) p*=ar. (ii) 1/p*=A|r*+B. (iiiy pXa*+b*—r*)=ab*
6. Find the radius of curvature for the ellipse
p*=a® cos®p+b? sin® .
» 7. Find the radii of curvature of the curves
(i) p=asin ¥ cos ¥.

mlim+1) _ ml(m+1) so M
(y " a sin m+1 ¥.

8. Show that at the points in which the Archlmedean spiral r= ao inter-
sects the hyperbohcal spiral r@=a, their curvatures are in the ratio 3 :
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9. Ifg, psbe theradii of curvature at the extremities of any chord of
the cardioide

r=a(1+4cos 0),
which passes through the pole, then
pr*+ps?=16a%/9.

. 10. Find theradius of curvature to the curve r=a (14cos §) at the
point where the tangent is parallel to the initial line.

11. A line is drawn through the origin meeting the cardioid
r=a (1—cos @) in the points P, Q and the normals atP, Q meet in O ; show
that the radii of curvature at P and Q are proportional to PC and QC.

12. Find the points of inflexion on the curves
@) r=a6*/(§*—1). (i) r*9=as. (See Cor. § 1546, p. 299)
13. Show that (a, 0), in polar co-ordinates,is a point of inflexion on
the curve r—aeg/(l +6).

14. Show that the curve r=a@” has points of inflexion if and only if, n
lies between 0 and —1 and they are given by 9=t v[—n(n+1)].

15. Show that the curve re®=a (146) has no point of inflexion.

16. Prove that for any curve.
rle=sin @[1+de/dg],

where p is the radius of curvature and tan @==rdf/dr.
(P-U. 1951 ; Delhs 1948)

17. 1If the equation to a curve be given in polars r=£(9) and if u= —~:—

prove that the curvature is given by

<d92 +u ) sin®Q.

Deduce or otherwise prove that the curvature is given by

1 dp
rodr’ (Bombay)
18. The curve r=qed Ot cuts any radius vector in the consecutive
points P, Pg,vennnnnnnnns » Pu. Ifp, denotes the radius of curvature at P, ,
prove that
1
m—n %8
is constant for all integral values of m and n. (Delhi Hons. 1947)
19. Prove that in the curve
r*=a*sin 29.
the tangent turns three times as fast as the radius vector and that the curvature
wvaries a3 the radius vector. (Delhi, 1949)

15-5. Centre of curvature for any point P of a curve is the
point which lies on the positive direction of the normal at P and is at a
distance, ¢, from it.

The distance, p, must be taken with a proper sign so that the
normal of eurvature liés on the positive or negative dlrectlon of the
centre acoording as, ¢, is posmve or negative.
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The positive direction of the normal is obtained by rotating the .
positive direction of the tangant (the positive diraction of the tangent

to y=f(x) is the one in which X increases) through w/2 in the anti-
clockwise direction.

Y Y-
N #T
W 7
L_T.
0 A 0 X
Fig. 113 Fig. 114

Y
N

T
Oéﬁ/x

Fig. 115 Fig. 116

" From an examination of the figures above, we see that the-

centre of curvature at any point of a curve lies on the side towards which
the concavity is turned.

15:51.  7To find the co-ordinates of the centre of curvature for any
point- P(x, y) of the curve y=f(x).

Let the positive direction of the tangent make angle, ¢, with
X.axis so that the positive direction of the normal makes angle-
Y 4 /2 with X-axis.

The equation of the normal is
X—x Y—y-

- 3 r’
or: . .
X—x Y-y _,
—siny T ecosy ' L
where X, Y are the current co-ordinates of any- point on the ‘fior--
mal and, r is the variable distance.of the variable:point (X, Y} from
*, ). |
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Thus the co-ordinates (X, Y) of the point on the normal at a
distance, r from (x, y) are ~
(x—r sin ¢, y-+r cos ¢).
For the eentre of curvature,
r=0¢p.
Hence, if (X, Y) be the centre of curvature, we have
X=x—psin y
’ ..(4
Y=y-+p cos y. } “
But, we know that

W

_h _ I+
VI VS Sy 7T
X=x—*a;&ﬂuY=y+';1ﬁ

2 ]

Another method. If C be the centre of curvature for P, we
have

sin ¢ =

Pc=9. w
Also, / NCP=m|2— / NPC ¢

=7/2—(n|2—/ XTP) > >
=/ XTP=y. {

X=0M=0L—ML N ,
=OL—~NP - Y
=OL—PC sin ¢ |
=X—p sin {.

Y=MC=NM4NC /
=LP+NC | oy
—=LP+4PC cos y o v M ¢
=)--p cos y. Fig. 117

Substituting the value of sin ¢, cos ¢ and p, we can obtain the
values of X and Y. :

15:52. Evolute. The locus of the centres of curvature of a
curve is called its evolute and a curve is said to be an involute of its
evolute.

15:53. The circle of curvature of any point P of a curve is the
circle whose centre is at the centre of curvature C and whose radiu
is |p|. :

The eircle of curvature will tlearly touch the curve at Pand its.
curvature will be the same gs -that of the curve.

15:54. Chord of curvature drawn in'a given direction for any
int of a curve is the chord of ' the circle of curvature through the-
point drawn in the said direction. .= -
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We will now determine expressions for the lengths of some
important particular cases of the chords of curvature.

() - Let PT be the tangent and C the

YT K) centre of curvature for any point P of a curve.
6 w, We draw the circle with € as centre and
R JP  PC asradius. o
PR and PQ are chords of this circle parallek
to X-axis and Y-axis respectively.
\ Clearly, / RSP=y=/ SPQ.
U 7 X Now, PR=PS sin / RPS=2p sin y.
Fig. 118 Thus, the chord of curvature || X-axis
=2p sin .

Also, PQ=P8 cos / SPQ=2p cos y.
Thus the chord of curvature || Y-axis=2p cos {.

(i) O is the pole. PT is the chord
of the circle of curvature through the
pole O. ' (1)

P8 is the chord of the circle of

curvature perpendicular to the radius
vector OP,

Clearly / TQP=¢=/ SPQ.
. PT=PQ sin / TQP=2¢ sin $. . X
Thus, the chord of curvature through () X
the pole=2p sin ¢. Fig. 119
" Also, PS=PQ cos / SPQ=2p cos o,
Thus, the chord of curvature | radius vector =2 P cos .

P 0y

Examples

1.  Find the co-ordinates of the centres of curvature at any poin#
(x, ) of the pcrabola y*=4ax. Hence obtain its evolute.

Differentiating, we get

dy i dy 2a
2Y,3x~—4a, e =5
® | - dty 2 dy 4a*

| dxi— Tyt Tgx T Ty
g f.(X,.Y) be the centre of curvature .

2 (145
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y? -&-4a2 2ax +-4nx4-4a?

=x+ 2a L zd - —3x+2a- oo (')
4a®>

Y o

=rt—az

-5 |
,-H:f\

—y Y t4d)

- 4a*

8
y3 (4ax)‘l 2x3 .

=i~ Fie =F - @

To find the evolute, we have to eliminate x from (i) and (ii).

Thus,
4x3 4 r X—2a\3
2_ -—— == _—
Yi= a a ( 3 )
or 27aY:=4(X—2a)3,
is the required evolute.
2. Find the evolute of the four cusped hypocycloid

x=acos? 8, y=asin3 g, i.e., x§+y§=a%.

We can easily show that

dy Ay 1,
= an 0 ; Te= =3a sect @ cosec 6.
tan A (1 4-tan? 8)
— 3 T
X=acos® 6+ sect g coseo @
=a cos®){-3a sin® § cos g, e (0)
4+ 2
Y= a sin%g + ! b

sec‘o cosec 9

=a sin® §-3a cos? ¢ sin 6. N (1))
To eliminate 9, we separately add and subtract (i), (ii). There-
fore

X+ Y=a (cos §+4sin )3 or (X+ Y)*:a* (cos §+sin b).
X—Y=a (cos §—sin §)® or (X— Y)‘l‘=a* (cos 6—sin 8)
On squaring and adding, we obtain
X+ V¥ H(x—7)f =24,

as the required evolute.

3. In the curve y=a log sec (x/a), the chord of curvature parallel
to Y-axis is of constant length,
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dy x x
Here = = ~. o=,
tan ¢ ax tan a V] a
dy 1 x
Al - = - 2 T
80, = a sec a"
- 1 4+ tan? 2
2% pP=aq-—— ( ta?___x/a) =a seoi .
sec? x/a a
chord of curvatura parallel to Y-axis
X
=2p cos Yy=2a sec X cos — = 2a,
a a
which is constant.
Exercises
1. Show that the evolute of the ellipse
x=acos §, y=>bsin 9
is .
@of + ep? =@-s0%
2. (a) Show that for the hyperbola x*a®—y?/b2=1,
@ X=(a?+b%)x3, b*Y=—(a?+b%))",
apd the equation of the evolute is
(ax)§ —-(by)§ =(a"‘+b2)§. (P.U.)
(b) Prove that the evolute of the hyperbola
2xy=a?,
is
(x+y)g —-(x—y)§ =243, (P.U. 1955)

3. Show that the evolute of the tractrix
x=a (cos t+log tan 3¢), y=a sin¢
is the catenary
y=a cosh (x/[a).
4. Prove that the centres of curvature at points of a cycloid lie on an
equal cycloid. (P.U. Supp. 1944)

5. Show that (21a/16, 21a/16) is the centre of curvature for the pomt
(3al2, 3a/2) of the Folium x3+y3=3axy.

6, Show that the centre of curvature of the point P(a, @) of the curve
x44y*=2a%xy divides the line OP in the ‘ratio 6 : 1 ; O being the origin of
co-ordinates.

7. Show that the pzirabolas
y=—x2+x+1, x=—y*+y+1
have the same circle of curvature at the pomt (1, 1.
8. Show that
(x—1a)*+(y—1a)’=1a?,
is the circle of curvature of the curve

Vx4 Jy=4c,
at the point (a/4, a/4).
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9. Find the circle of curvature at the origin for the curve

x+y=ax2+by?+4-cal. (Delhi Hons. 1951)
10. Show that the circle of curvature at the origin of the parabola
2
is
’ x2+y2=a(1+m?)(y—mx ). (D.U. 1955)

11. (a) Show that the circle of curvature, at the point (am?, 2am) of the
parabola y2=4ax, has for its equation :

x24-y2—6am?x —4dax+4amdy =3a*mé. (D.U. Hons. 1957)
(b) Find the equation of tgle cir;:le of curvature at the point (0, 5) of

the ellipse it =L (D.U. Hons. 1959)

12. Show that the radii of curvature of the curve
x=ac® (sin §—cos 0),y=aee (sia §+4cos §),
and its evolute at corresponding points are equal.

13. Find the radius of curvature at any point P of y=c cosh (x/c) and
show that PC=PG where C is the centre of curvature at P and G the point of

intersection of the normal at P with x-axis. : (Allahabad)
14. Show that the chord of curvature throush the pole of the equiangular
spiral r=ac™® is 2r.

15. Show that the chord of curvature through the pole of the equiangular
spiral r=aeb6 is bisected at the pole.

16. If ¢y and cy be the chords of curvature parallel to the axes at any

point of the curve y=ae*!®, prove that
1 1 1
(a)z (2'1;)2 = 25{;. (P.U. 1948)
17. If cy and ¢y be the chords of curvature parallel to the axes at any
point of the catenary y=c cosh (x/c), prove that
4cU(c 2+ ey®)=cst,
18. Show that the chord of carvature through the pole of the cardioide
is ﬁr. r=a(1—cous 6).
19. Ifc, and cg be the chords of curvature of the cardioide r=a(1+cos §)
through the pole and perpendicular to the radius vector, then
3(c,2+c02)=8a.c,—.
20. Show that the chord of curvature through the pole of the curve
r™=a™ cos m@,

8 2r((m+1). (Gujrat 1952)
21. Show that the chord of curvature through the pole for the curve
p =f (’ ):
is
2f(DIf'(r). (Lucknow)

22. Show that for the curve p=aeb' , the chord of curvature through the
pole is of constant length.

23. For the lemniscate r=a? cos 29, show that the length of the tangent
from the origin to the circle of curvature at any pointis r«3)3. (BU.)
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24. If P is any point on the curve r2=a® cos 29 and Q is the intersection
of the normal at P with the line through O at right angles to the radius vector
OP, prove that the centre of curvature corresponding to P is a point of trisection
of PQ. : ' (L.U.)

25. If Pis any point on the curve r=a (14cos §) and Q is the intersection
of the normal at P with the line through the pole O perpendicular to OP, prove
that the centre of curvature at P is a poiat of trisection of PQ remote from P.

26. The circle of curvature at any point P of the Lemniscate r2=q?® cos 26
meets the radius vector OP at 4, show that

OP: AP=1:2;
O being the pole.
_27. py, paarethe radii of curvature at the corresponding points of a
cycloid and its evolute ; prove that p,2--p,2 is a constant.

28, Show that the chord of curvature through the focus of a parabola is
four times the focal distance of the point and the chord of curvature parallel to
the axis has the same length. (Rajputana 1952)

29. Prove that the distance between the pole and the centre of curvature
corresponding to any point on the curve r"=a" cos ng is

O Gt Vg 4

(n-+1)rn-1
15-55. Two important properties of the evolute.

If (X, Y) be the centre of curvature for any point P(x, y) on
the given curve, we have

X=x—psiny, Y=y-p cos .
Differentiating w.r. to x, we obtain

X d . de
71x_=1_p cos i H£~~-51n Y ax
_y_dsdxdy . dp
==& dx Y gy
., de
=—siny 4 we (i)
dy dy . d de
dx =ax "Psiny 713‘?'*’““ ¥
_dy ds dy dy de
= ax Tdy ds de TV gx.
de ..
=C08 lJJ ‘z; : oes (ll)
o~ From (i) and (i),
o dy
T =t ¢. ()]

2.

.~ Now, dY[dX is the slope of the tangent to the evolute at P’
and, —cot y, is the slope of the normal PP’ in the original curve at
P. By (ii) the slopes of two lines, which have a point P’ in common,
are equal, and therefore they coincide.
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‘Thus, the normals to a curve are the tangents to its evolute.
Again, we square (i) and (if) and add.
d{\’ 2 dY\2 fjp ]
ax) Hax) =( a5 ):

Let, 8, be the length of the arc of the evolute measured from
one fixed point on it upto (X, Y) so that

43)2 dX)2 qr)a

dx) ~\dx) "\dx

Here, x is a parameter for the evolute.
. dl8\? rdp\? .
e (‘—‘:) = JX) 9 ...(l'v)

dS d»

d)—:' peed ‘—d_x— N o, (”)’

or
S= e "I'c:

where, ¢, is constant.

Let M,, M, be the two points on the
evolute corresponding to the points L,,
L, on the original curve. Let ¢, P, be
the values of, ¢, for L, L, and §,;, 83 be
the values of S for M,, M,.

: S =0 +¢, Y
Sg=p,-+-c.

Thus

8, —8;=P2— Py,
ie., arc M,M,=difference between
the radii of curvatures at L,, L,.

Fig. 120

Thus, we have shown that difference between the radii of
curvatures at two points of a curve is equal to the length of the arc of the
evolute between the two corresponding points.

Note. We suppose that S is measured positively in the direction of x, in-
creasing so that dS/dx is positive. Also, dp/dx is positive or negative according
as, p, increases or decreases as x increases.

Thus

s _ de _de
dx =dx ° " dx
according as, p, increases or decreases for the values of, x, under consideration.

Tt is easy to see that the conclusion arrived at in this section remains the

same if we consider dS/dx=—dp/dx instead of dS/dx==dp/dx. It should, however,

be noted that the conclusion holds good only for that part of the curve for which
¢, constantly increases or decreases so that dp/dx keeps the same sign.
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Ex. - Find tte length of the arc of the evolute of the parabola
yi=4dax
which is intercepted between the parabola.
The evolute is

27ay=4(x—2a)s. (Ex. 1, p. 30)

" Let L, M be the points of intersection of the evolute LAM
and the parabola.

To find the co-ordinates of the points
of intersection L, M, we solve the two
. equations simultaneously.
We get
27a . 4ax=4(x—2a)3,
or
x3—6ax?—15a3x— 8a%=0.

Now, 8a, —a, —a are the roots of
. this cubic equation of which x==8a is the
Fig. 121 only admissible value ; —a being negative,
(8a;'44/2a), (8a, —44/2a) are the co-ordinates of L, M.

If (X; Y) be the centre of curvature for any point (X, y) on the
parabola,we have

, X =3x42a, Y=—y3/4a3. (Ex. 1, p. 306)
hus A(2a, 0) is the centre of curvature for O(0, 0) and
L(8d, 4+/2a) is the centre of curvature for P(2a, —24/2a).
The radius of curvature at O =04=2a.
The radius of curvature at P=PL=64/3a.
MRS arc AL=PL—0A=2a(3+/3—1).
Hence the required length MAL=4a(34/3—1).
Ex. 2. Show that the whole length of the evolute of the ellipse
xVa* 4yt b2=1
is 4(a®/b~—b%[a)s
- Ex. 3. Show that the whole length of the evolute of the astroid
x=a c08%9, y=a sin®) '
is 12a.



CHAPTER XVI
ASYMPTOTES

161. Definition. A straight line is said to be an Asymptote of
an infinite branch of a curve, if, as the point P recedes to infinity along
the branch, the perpendicular distance of P from the straight line
tends to 0.

Illustration. The line x=a is an asymptote of the Cissoid

Yi(a—x)=x3. (See § 11-41).

It is easy to see that as P (x, y) moves to infinity, its distance

from the line x-=a tends to zero.

Ex. What are the asymptotes of the curves
y=tan x ; y=cot ~ ; y=sec x and y==cosec X.
16-2. Determination of Asymptotes. We know that the equation
of a line which is not parallel to X-axis is of the form
y=mx--c, we(ip
The abscissa, x, must tend to infinity as the point P(x, y)
recedes to infinity along this line,

We shall now determine, m, and, ¢, so that the line (i) may be
an asymptote of the given curve.
YA Y;L
7).

>
L4

7, "X 0 X

Fig. 122 Fig. 123
If p=MP be the perpendicular distance of any point P(x, y)
on the infinite branch of a given curve from the line (i), we have

L y—mx—c
P=aTmy

p—>0asx—>ow,

lim(y—mx—c)=0,
which means that, when x - .

lim(y—mx)=c.

Now

313
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Also,

Y[x—m=(y—mx). (1/x).

lim (y/x—m)=lim (y —mx). lim 1)x=c. 0=0
or .

lim (y/x)=m,
-when x — o0,
Hence

m= lim (y/x),c= lim (y—mx).
X —>® X —> ®

We have thus the following method to determine asymptotes
‘which are not parallel to y-axis :—

(i) Find lim (y|x); let lim (y|x)=m.

X —> 00 X = ®
(ii) Find lim (y—mx) ; let lim (y—mx)=c.
X = o0 . X—>®

Then y=mx -c is an asymptote

The values of y will be different according to the different
‘branches along which P recedes to infinity, and so we expect several
values of lim (y/x) corresponding to the several values of y and also
several corresponding values of lim (y—mx). Thus a curve may have
more than one asymptote.

This method will determine all the asymptotes except those
whieh are parallel to Y-axis. To determine such asymptotes, we
start with the equation x =my --d which can represent every straight
line not parallel to X-axis and show, that when y — o

m=lim (x/y) and d=Ilim (x—my).

The asymptotes not parallel to any axis can be obtained either
way., -

Ex. 1. Examine the Folium
x3 4y3—3axy=0, “ona(d)
for asymptotes.
The given equation is of the third degree.
To find lim (y/x), divide the equation (i) by x®, so that

; (%) e

Let x -> co. We then get

14m3=0 or (m+1)(m*—m+1)=0.
m=-1,
The roots of m2—m-+1=0 are not real.

1
4
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To find lim (y—mx) when m=—1, ie., to find lim (y+x), we
put y+x=p so that, p, is a variable which . ¢ when X - o,

Putting p—x for y in the equation (i), we get
X3 -4(p—x)*—3ax(p—x)=0,
or
3(p+a)x*—3(p*+ap)x+p*=0,
which is of the second degree in x.

Dividing by x2, we get
1 1
3(p+a)—3(p®-ap). > +p3. - =0

Let x - oo. We then have
3(c+a)=0 or c=—a.
Hence
=-—X—a or X+y+a=0,
is the only asymptote of the given curve.
If we start with x=my-d, we get no new asymptotes. Thus

x+y+a=0,
is the only asymptote of the given curve.
Ex. 2. Find the asymptotes of the following curves :
() x%x—y)+ay?*=0. @ii) x*+-y3=3ax%
(iii) y3=x3-+ax2.

16'3. Working rules for determining asymptotes. Shorter
Methods. In practice the rules obtained below for determining
asymptotes are found more convenient than the method which in-
volves direct determination of

lim (y/x) and lim (y—mx).

Firstly we shall consider the case of asymptotes parallel to the

co-ordinate axes and then that of oblique asymptotes.

16:31. Determination of the asymptotes parallel to the co-ordi-
nate axes. :

Asymptotes parallel to Y-axis.
Let ,
x=k ()
be an asymptote of the curve, s0 that we have to determine k.

Here, y, alone tends to infinity as a point P (x, y) recedes to
infinity along the curve. ‘
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. The distance PM of any i)oint P(x, y) on the curve from the
line (i) is equal to x—k.

Y4 or

M lim x=k when y - o,
which gives k.

lim (x—k)=0 wheny —

Thus to find the asymptotes parallel to
Y-axis, we find the definite value or values ky
k,, etc., to which x tends asy tends to .

0 - >X Then x=k,, x=k,, etc. are the required
asymptotes.
Fig. 124 We will now obtain a simple rule to

obtain the asymptotes of a rational Algebraic
curve which are parallel to Y-axis.

We arrange the equation of the curve in descending powers of
y, 8o that it takes the form

YPH(X)+ Y"1 (X) F Y 2o (X) Faurernene =0 ; e (B)
where
$(x), $,(¥), $o(x), ete.,
are polynomials in x.
Dividing the equation (i) by y™, we get
$(X)+(1/y). $1(X)+(1/32). $a(X)+eeeeeee. =0. o (i)
Lety - 0. We write
lim x=k.
The equation (ii) gives
$(k)=0,
so that, k, is a root of the equation ¢(x)=0.

Let k,, k, etc., be the roots of ¢(x) =0. Then the asymptotes
parallel to Y-axis are :

x=k,, x=Kk,, etc.

From algebra, we know that (x—k,), (x—k,), etc., are the
factors of ¢(x) which is the co-efficient of the highest power y™ of y
in the given equation.

Hence we have the rule :—The asymptotes parallel to Y-axis are
obtained by equating to zero the real linear factors in the co-efficient of
the highest power of, y, in the equation of the curve,

The curve will have no asymptote parallel to Y-axis, if the
co-efficient of the highest power of, y, is a constant or if its linear
factors are all imaginary.

Asymptotes parallel to X-axis. As above it can be shown that
the asymptotes, which are parallel to X-axis, are obtained by equating
to zero the real linear factors in the co-efficient of the highest power of,
x, in the equation of the curve. .
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1632, To determine the asymptotes of the general rational
algebraic equation

Un+Un_1+U _2+. ooooo +U2+U1+Uo:—':0, '.c(i)
where, U,, is a homogeneous expression of degree, r, in x, y.

We write U, in the form
U=x'¢,(y[x)
where ¢,(y/x) is a polynomial in y/x of degree, r, at most.
So we write (i) in the form

WL (R (L
+xty( L) +40(L)=0. .

Dividing by x*, we get
‘l’n( % )+‘5lc—¢n-—1(‘£‘)+;l§¢n—g( ;:‘)‘*' cee

st () + o (3)=0. ..

On taking limits, as x-»o , we obtain the equation
én(m)=0, (i)
which determines the slopes of the asymptotes. '

Let m, be one of the roots of this equation so that $.(m;)=0.
We write

y—m,X=p,, i.e.,%— ==m1+.1%.
Substituting this value of y/x in (ii), we get
xﬂ(ﬁ"( ,nl +-p£l- ) +x'—l¢ﬂ—.l ( ml +% )+x”_’¢n_’ ( ml+£x;l')+ .o
. - :
Lo +x¢l( ’nl+‘gx—l'>+¢o< m1+—il—)=0.
Expanding each term by Taylor’s theorem, wo get

2
o galm)+ B om)+ Bt ]

Tl-x"_l[ Pna(my) ‘+'L;l_¢'”-l(ml)+ s :‘

“+x"-=|: Su_a(my) +’3;;¢'..;.<hé,')'+...':| +...=0.
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Arranging terms according to descending powers of x, we get
XPpu(My) +X"[Pyba’ (My) +ny(M0)] ‘

—< p!2 // P U
+xn > ¢ n(My) 4Dy’ n1(M;) s m;):|+--=

Putting ¢n(m,)=0 and then dividing by x"-1 we get
[P1¢'n(m,) +¢n—l(m|)]

+ 7‘}5" (my) +p1¢" 51 m;)'{'?gn o(m, )]—-— +....=0.. (V)

Let x - oo. We write lim p,=c,. Therefore

€4 n(M;) +-@p_y(m)=0, R (vi}
or
n— ml . ’
6= ——i,;zfﬂl) —)~, if ¢'n(m,;)£0.
Therefore
n_1(My)
y=m= By
is the asymptote corresponding to the 310pe m,, if ¢',(m,)7£0.
Similarly
Pn_1(Ms) Pn1(m;)
X —— H X — PR t ()
YRR g my) P T T g mg) O

are the asymptotes of the curve corresponding to the slopes m,, m,
etc., which are the roots of ¢,(m)=0, if ¢'.(m,), ¢',(m;), etc., are
not 0.

Exceptional case. Let ¢'(m,)=0.

If ¢'n(m,)=0 but $,_,(m,)0, then the equation (vi) does not
determine any -value of ¢, and, therefore theve is no asymptote cor-

responding to the slope m,.
Now suppose
@ n(my)=0=¢n_,(m,).
In this case, (vi) becomes an identity and we have to re-
examine the equation (v) which now becomes

[pl ",.(m.)+p,¢n A(m)) +¢,._2(m1):|+|: L

On taking limits, as x > o, we see that ¢, is a root of the equa-
tion -
(€¥2)¢" a(my) +€,8"n_y(m,) - ‘f’n-z(mgﬂ)_,?.o., ‘
which determmes two values of ¢,, say ¢,’, ¢,”’, provided that

e #"n(my)£0.
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Thus
y=mx+c,, y=mx+c,",

are the two asymptotes corresponding ‘to the sloPe m,. These are-
clearly parallel. :

This is known as the case of parallel-asymptotes.

Important Note. The polynomial +4,(m) is obtained by putting
x=1 and y=m in the highest degree terms x"¢,(y[x), and Gy (M),
$n-o(m), etc., are obtained from x"-1¢,_,(y/x), x*~2p._o(¥/x), etc., in a
similar way.

I x ymples

1. Find the asymptotes parallel to co-ordinate axes, of the
curves :

(i) (x2+y)x—ay?=0. (i) X% —a¥(x?4+y%)=0.
(i) The co-efficient of the highest power y* of y is x—a. Hence
the asymptote parallel to y axis is x —a=0.

The co-efficient of the highest power x3 of x is 1 which is a con-
stant. Hence there is no asymptote parallel to x-axis.

(ii) The co-efficient of the highest powar y* of y is x2—a?,
Also, ‘
‘ x%-—a*=(x—a)(x 4a).
Hence
x—a=0, x+a=0

are the two asymptotes parallel to y-axis.

It 'may similarly be shown that y—a=0, y +-a=0 are the two-
asymptotes parallel to x-axis.

2. Find the asymptotes of the cubic curve

2x3—x2y +2xy% 4 y3—4x2 |- 8xy—4x +1=0.

Putting x=1, y=m in the third degree and second degree terms:

separately, we get
ds(m)=2—m—2m?>-m3, $,(m)=—4-48m.
The slopes of the asymptotes are given by
dg(m) =md®—2m*—m+-2=:0,

or
(m4-1)(m—1)(m—2)=2.
cm=—1,1,2
. Again, c, is given by
. cp’s(m) -+do(m) =0,
de.,

o(—1—4m +3m?) +(~-4 +8m) =0.
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Putting m=-—1, 1, 2, we get c=2, 2, —4 respectively.
Therefore the asymptotes are
Y=—X-42, y=x+2, y=2x—4.
3. Find the asymptotes of
x3—x2y—xy?+y3 +2x2—4y*+-2xy +x+y +1=0.
Here ¢q(m)=1—m—m?+m3=(1—m)—m*(1—m)
=(1—m%)(l—m)=(1—m)*(1+4+m). -
¢o(m)=2+2m—4m?,
The slopes of the asymptotes, given by ¢4(m)=0, are 1, 1, —1.
To determine ¢, we have
. ¢4's(m)+4(m) =0;
ie.,
c(—1—2m+3m?)+(2 +2m—4m?)=0. ...(i)
For m=—1, this gives c=1 and therefore, y=—x+1 is the
corresponding asymptote.

For m=1, the equation (i) becomes 0. ¢+0=0 which is identi-
cally true. In this exceptional case, ¢, is determined from the
equation.

(c*[2). @' (m)-+cd’o(m) +¢,(m) =0,
de.,
(c?/2)(—2+-6m) +c(2—8m) +1(1 +m)=0.
For m=1, this becomes
2¢*—6c+2=0, i.e.,, c=(34/5)/2.
" Hence y=x+4(344/5)/2 are the two parallel asymptotes cor-
responding to the slope 1.

We have thus obtained all the asymptotes of the curve.

‘ Exercises
Find the asymptotes parallel to co-ordinate axes of the following curves : —
1. yx—a¥(x—a)=0. : 2. x%y—3x2—~5xy+6y+2=0.
3. y=x[(x2-1). 4. a%/x24+b3[y =1,

Find the asymptotes of the following curves : —

5. x{y—x)2=x(y—x)4-2.

6. x%(x—y)2-+a2(x2—y?)=alxy. (D.U. 1952)
T. (x=y)Ax2+y2) =10 (x—y)xt-+12y2+2x+y=0. (P.U)
8. x2y+4xy?+xy+y2+3x=0. (P.U.)
9. (x—y+1)x—y=2)(x+y)=8x—1. - " (PU.)
10. Y—x®y+2x2—y+1=0. - (P.U)
11, ylx—y)2=x+y. (B.U.)

12, 2PE—pP=( A (8.U)
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13, piy—1)2—x2--1. (LU
14 xy?=(x4y)2. (LU)
15, (x+y)(x—y)(2x—y) - 4x(x~ 21)-+-4x -0. (L.U.)
16. xy?—x2y—-3x2—2xy-| y2{ x—2y4-1 0. (L.U.)
17, 2x(y—3)2=3y(x—1)2 (Agra)
18. (y—a)2(x2—a%)=x'-a'. (Lucknow)

19. (x+y2x2+xy+y?)=a’x%| a¥y--x).
20. y* -3y x-xy—3a2+ y2—2xy--3x2 4+ 5=0.

21 (x—y)Xx—2y)lx ~3y) --2a(x* = y?) - 22%(x - 2y)(x-1-¥)=:0,
(Dehi Hons. 1950)

22. yz,:x4/(a2 —x2). (P.U. 1955 Supp.)
Show that the following curves have no asymptotes :—

23, xtbyt-a¥(x2-y?). 24, y%-.x(x +1)2

25. a'y%=:x%2a—x). 26.  x3(y*x%)--a¥(x?- y?).

217. Find the equation of the tangent to the curve x8-|-y3:=3ax? which is
parallel to its asymptote.

28. Anasymptote is sometimes defined as a straight line which cuts the
curve in two points at infinity. Criticise this definition and replace it by a
correct definition. (P.U. 1955 Supp.)

16-:33. Some deductions from § 16-32.

(i) The number of asymptotes of an algebraic curve of the nth
degree cannot exceed n.

The slopes of the asymptotes which are not parallel to Y-axis
are given as the roots of the equation ¢,(m)=0 which is of degree n
at the most.

In case the curve possasses ons or more asymptotes parallel to
Y.axis, then it is casy to sec that the degree of ¢, (m)-=0 will be
smaller than n by at least the same number.

Hence the result.

(ii) The asymptotes of an algebraic curve are parallel to the lines
obtained by equating to zero the factors of the highest degree terms in its
equation,

Let, m, be a root of the equation ¢,(m)=0, so that the line
y —m;x=0 is parallel to an asymptote.

By elementary algebra, (y/x—m,) is a factor of ¢,(y/x) and
hence, y—m, X, is a factor of x"¢,(y/x), ie., U, Also conversely,
we sec that if, y—mx, is a factor of U, thenm, is a root of
da(m)=0.

In case the highest degree terms contain, x, as a factor, then a
little consideration will show that the curve will possess asymptotos
parallel to x=0, i.e., to y-axis.
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(iii) Case of parallel asymptotes.
In this case, m,, satisfies the three equations
¢n(m) =0, ¢’ﬂ(m) =0, ‘ﬁn-).(m) =0.

Since ¢,(m) and its derivative ¢',(m) vanish for m=m,, there-
fore, by elementary algebra, m; is a double root of ¢,(m)=0 and
therefore, (y—m,;x)? is a factor of the highest degree terms U,,.

Also, since m, is a root of ¢, _,(m)=0, y—m,x is a factor of the
(n—1)th degree terms U, _

Thus, we see that in the exceptional case of § 16:32, a twice
repeated linear factor of U, is also a non-repeated factor of U,_;.

There will be no asymptote with slope m,, if m, is a root of
dn(m)=0, ¢'n(M)=0 but not of $,_,(m)=0, ie., if (y—mx)? is a
factor of U, and y—m,x is not a factor of U, ;.

Note. The results obtained in the paragraphs (ii) and (iii) above enable
us to shorten the process of determining the asymptotes as shown in the
following examples.

The first step will always consist in factorising the expression formed of the
highest degree terms in the given equation.

Examples
1. Find the asymptotes of the Folium
x34y3—3axy=0.
The curve has no asymptotes parallel to co-ordinate axes.
Factorizing the highest degree terms, we get
(X +p)(x*—xy +)?)—3axy =0,

so that, y-+x, is the only real linear factor of the highest degree
terms,

Hence the curve has only one real asymptote which is parallel
to the line y +x=0 whose slope is —1.

We have, now to find, lim (y+x), when x - o and y/x - —1.
We have

3ayx 3a. (y/x)
X= Il i S e
y+ —xy+y* L= (y[x)+(yfx)?
In the limit, we have

. —3a
lim (y—}-X)———‘l——"'IT*_"' =—a "‘(i)
y=-—x—a,i.e., y+x+a-=0,
is the only real asymptote of the folium.
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1t is easy to see that we could have eliminated the step (i), and
simplified the process by saying that the required asymptote is

: 3a(y|x)
x=lim  —— -2
AR ST R (TR
when x — o and y/x - —1.
2. Find the asymptotes of
x3+4x2y L4xy?+5x24-15xy 102 —2y -+1=:0.

Equating to zero the co-efficient of the highest power y* of y,
we see that

4x4-10=0, i.e., 2x --5=0,
is one asymptote.
Factorising the highest degree terms, we get
x(2y +x)2+5x2+15xy +-10y*—2y +1=0.

Here 2y 4-x is a repeated linear factor of highest degree terms,
i.e., 3rd degree. There will, therefore, be no asymptote parallel to
2y +x==0if (2y +x) is not a factor of the 2nd degree terms also.
But this is not the case. In fact, the equation is

X(2y 4-X)245(x +y)(x 4-2y) —2y +1==0.
Therefore, the curve has two asymptotes parallel to
2y +x=0.

We have now to find lim (y +3x) when x — o and y/x - —}.
Let lim (y +3x)==¢ so that lim (2y +x)=2c.

Dividing by x, the cquation becomes
(2y +x)24-5(2y +x)(1+y/x) —2y/x +1/x=0.
In the limit,

4c4-5.2c(1—3)—2(—4) +0==0, (i)
or 4c24-5¢4-1=0 :
* c=—3%, —-1.
Hence y=—4}x—tand y=—4x—1,
ie., 4y +2x4+1=0 and 2y +x42=0,

are the two more asymptotes.

It is easy to see that we could have eliminated the step () and
simplified the process by saying that the asymptotes are

@y +x)2 +5(2y +x). lim (L +/x) + lim (—2p/x +1/x)=0,
ie.,
(2y4x)2+-5(2y +x). $+1=0 or 2(2y +x)*+5(2y +x)+2=0,
which gives
2y 4+x+2=0 and 4y 4-2x+41=0.
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3. Find the asymptotes of
(X =P)2(x*+p%)—10(x—y)x2 4+12y* +2x +) =0. (P.U.)

The asymptotes parallel to the two imaginary lines x* +y2.=0
- are imaginary. To obtain the two asymptotes parallel to the lines
x—y=0, we re-write the equation, on dividing it by (x24-»?), as .

U 12000 2)xylx Ux_
T s B 7

We take the limits when x -> o and y/x — 1. Therefore the
asymptotes are

. 1 .12 2 12/x4-y|x.1/x
(x'—.}")z"lO(x"‘y) lim i%—(y/x)2+ lim - (y/x)ljg_(l{;/—;—)‘é}i/ : / =0,
ie., (x—y)*—5(x—)»)+6=0,
ie., X—y—2=0, x—y—3=0.

4. Find the asymptotes of
(x—y+2)(2x--3y +4)(4x -5y +6) +5x —6y +7 =0.

The asymptote parallel to x—y 4-2==0 is

5x--6y 4-7

-— - - 1 - . e = —— '.‘L‘.()
Xoyb2tlim o g g ax oy 16)
when x -> @ and y/x - 1,
. ) 5—6y/x-+T7)x 1 J ,
C P LD A =)
ie., X-—-y+24+lim [\2——3y/x-H/x)(4~5y/X~}—G/X) - (
or X —-y-+2=0,

as the limit is zero because of the factor 1/x.
Similarly, we can show that
2x—3y +-4=0, +x---Hy-|-6 =0
are also the asymptotes of the curve.

16'4. Asymptotes by Inspection. If the equation of a curve of the
nth degree can be put in the form
}‘”' -+»F —9 == O,
where F,_, is of degree (n—2) at the most, then every linear factor of
F,, when equated to zero will give an asymptote, provided that no

straight line obtained by equating to zero any other linear factor of F,, is
parallel to it or coincident with it,

Let ax +by +c=0 be a non-repeated factor of F,. We write
F,,=((1x ‘*‘by +C)Fn—1a

where F, , is of degree (n—1). The asymptote parallel to
ax+-by+c=0 is
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ax +by +c-+4lim ;,j"f’ =(),

n-1
when x - 0 and y/x — --a/b.

To determine the limit (F, _,/F,-,), we divide the numerator as
well as the denominator by x"-1 and see that 1/x appears as a factor

8o that F, ,/F, ,->0a3x - o,

Thus

ax+-by +c=:0,
is an asymptote,
_ Exercises

Find the asymptotes of the following curves -

1. xylx-+y)=a(x2—a?).
(x—=1)(x=2)(x+y)+x% } x41==0.

L o

8 —x34-y24- x4 y--x4 1=0.
x(y2—3by + 2b2)=y*—3bx%+b>.
X3 +6x%y F11xy> -6y +3x2 4 12xy +11y*+-2x +3y +5=0. (rU.»
X33y x)% + 3y +2)(x2 +32) +9y2 +6xy +9y—6x+9 =0,
(Y2 +xy—2x02 4 (y2 4+ xp —2x2)(2y Lx)—=Ty2 —19xy -23x2+-x +2y | 3:=0,
x(y--3)%=-4y(x--1)%
(@4-x)%(b%+ x)-=x2y2,
10 p® - Sxp®+8x2y—4x3—3p24 Oxy--6x%4 2y - -2x +1 -0,

LI N

© & N o

16-5. Intersection of a curve and its asymptotes.

Any asymptote of a curve of the nth degree cuts the curve in (n—2)
points,

Let y =mx--c be an asymptote of the curve

X"Pa(p[X) +X71by (P]X) +X"hn o(P[X) +ooires =0,

To find the points of intersection, we have to solve the two
equations simultaneously.

The abscissae of the points of intersection are the roots of the
equation

Xn(m +-c/X) +x" 1, (M +C[X) + X" 2P _o(m4C[X) +oee e =20, (i)

Expanding each term by Taylor's theorsm and arranging
according to descending powers of x, we get

Xiga(m) +1¢p'nlm) +pao(m)]x* 1+
[(4€°¢" M) €' py (M) +u-g(M)]X 2+ oos 1. =0.  oou(i)



326 DIFFERENTIAL OALCULUS

As y=mx+c is an asymptote, the co-efficients of x" and x"-?
are both zero.

Thus the equation (ii) reduces to that of (n—2)th degree and,
therefore, determines (1—2) values of x. Hence the result.

Cor. 1. The, n, asymptotes of a curve of the nth degree cut it
in n(n—2) points.

Cor. 2. Ifthe equation of a curve of the nth degree can be put in
the form F,+F,_,=0 where F,_, is of degree’(n—2) at the most and
F, consists of, n, no:1-repeated linear factors, then the n(n—2) points of
intersection of the curve and its asymptotes lie on the curve

Fﬂ_2=0-

The result follows at once from the fact that F,=0 is the joint
equation of the, n, asymptotes. At the points of intersection of
the curve and its asymptotes, the two equations F,=0 and
F,+F,_,=0 hold simultaneously and therefore at such points we have

—9=0
n—g .
Particular cases
(i) For a cubic, n=3, and therefore the asymptotes cut the

curve in 3(3—2)=3 points which lie on a curve of degree 3 —-2=1,
i.e., on a straight line.

(i) For a quartic, n—=4, and, therefore the asymptotes cut the
curve in 4(4—2)=8 points which lie on a curve of degree 4—2=2
i.e., on a conic.

Examples
1. Find the asymptotes of the curve
x%y—xy*4+xy +y?+x—y=0 (P.U. 1955)
and show that they cut the curve again in three points which lie on the
line :
x+y=0. (P.U. 1940)

The asymptotes of the given curve, as may be easily shown
are

y=0, x=1, x—y +2=0.
The joint equation of the asymptotes is
x—1)(x--y+2)=0,
ie., x%y—xy%4-xy +y*—2y=0.
The equation of the curve can be written as
Xty —xy*+xy +y2—2y +(x+y)=0.
Here
Fy=x%y —xyt+xy 4y —2y, {=x+y.
Henee the points of intersection lie on the line
Fi=x+y=0.
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2. Show that the asymptotes of the quartic
(x*—4y*)(x2—9y%) +5x2y —5xy°— 30y3+xy +7y?—1=0,
cut the curve in the eight points which lie on a circle.
The asymptotes of the curve are
X+2y=0, x—2y+4+1=0, x—3y=0, x+3y—-1=0,
so that their joint equations is
(x+2y)(x—2y+1)(x—3y)(x+3y—1)=0,
ie., (x*—4y?*)(x2—9y%) - 5x2y — 5xy2— 308 — x24 xy +6y%=0,
The equation of the curve can be written as
(¥ —4y?)(x*—9y%) {-5x%y — Bxy?—30y3 — x24-xp +-6y? - (x* +-y2— 1) =0,
Hence the points of intersection lie on the circle
x24y2—1=0,

3, Find the equation of the cubic which has the same asymptotes
as the curve

X3—6x2y+11xy2—6)34-x+y41=0.
and which passes through the points (0, 0), (1, 0) and (0, I).
(Delhi Hons. 1948)

We write
Fy=x3—6x%411x)*—6)3
=(x—)(x—2y)(x—3y).
F=x+y+1.
The equation of the curve can be written in the form F3+F;=0
where F; has non-repeated linear factors. Thus Fg=0 is the joint

equation of the asymptotes of the cubic.
The general equation of the cubic is of the form

Fy+4ax+by+c=0,
or
x3—6x2y4-11xy?—6y3+ax+by+c=0,
where ax +by -}-¢ is the general linear expression.

In order that it may pass through the points (0, 0), (1, 0) and
(0, 1), we must have

c=0,
14a=0ora=-—1,
—6+b=0 or b=6,
Thus the required cubic is
x3—6x2%y 4-11xy?2—6y3 —x 4 6y=0.
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Exercises
1. Show that the asymptotes of the cubic
xX3—=xy2—2xy+2x—y=0,
cut the curve again in points which lie on the line
3x--y=0.

2. If aright lme is drawn through the point (g, 0) parallel to the asymp-
tote of the cubic (x—a)*—x2y=0, prove that the portion of the line intercepted
by the axes is bisected by the curve. (CU))

3. Through any point P on the hyperbola x2—y*=2ax, a straight line is
drawn parallel to the only asymptote of the curve x2+y%=3ax? mecting the eurve
in 4 and B ; show that Pis the mid-point of 4AB.

4. Show that y =x+a is the only asymptote of the curve
x¥(x—y)+ay?=0.

A straight line parallel to the asymptote meets the curve in P, Q; show
that the mid-point of PQ lics on the hyperbola

x(x—y)+ay=-0.

5. Find the equation of the straight line on which lie threc points of
intersection of the cubic

X342x2y—xy2 23 1 42 2xv by 10

and its asymptotes.

6. Find the asymptotes of the curve

4x4 —13x2y2 4+ 9yt + 32x%y — 42y —20x? + T4y? 56y +4x + 16 -0,
and show that they pass through the intersection of the curve with y*+4x-=0.
(D.U. Hons. 1953)
7. Find all the asymptotes of the curve
3x34-2xty —Txyr+2y2 ~14xy +Ty*+4x 4 Sy-=0.

Show that the asymptotes meet the curve again in three points which lie
on a straight line, and find the equation of this line. (D.U. Hons. 1952)

8. Find the equation of the cubic which has the same asymptotes as the
curve

x* -6x% i 11xy*—6y® +x-+y+1- O,
and which touches the axis of y at the origin and passes through the point (3, 2).

(Delhi Hons. 1949, 1955)
9. Find the asymptotes of the curve

4(x8 + y4) — 17x%2— 4x(4y% — x?) + 2(x* ~ 2) -0,

and show that. thcy pass through the p)mts of intersection of the curve with the
ellipse x®+4y?= (Delhi Hons. 1951, 1959)

10. Find the asymptotes of the curve
(2x—3y+1)%(x+y)—8x+2y 9--
and show that they intersect the curve again in three points, which lic on a

straight line. Obtain the equation of the line. (D.U. Hons. 1957)
16:6. Asymptotes by expansion. 7'o show that
y=mx+4c

is an asympotate of the curve :
y=mx+c-+A[x+B[x*--C[x3+...... « (1)
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Dividing by x, we have
Y[x=m 4c|x-+A[x? 4+ B[x34+C[x* 4 ...

s0 that when x—>x

lim (y/x) =m. . (2
Also from (1) we have
(y—mx)=c+4A[x+4-B/x*+C[x3+ ... ..
80 that when x—x ,
lim (y—mx) = c. ee(3)
From (2) and (3). we deduce that
y=mx+-c

is an asy mptute of the curve (1).

167. Position of a curve with respect to an asymptote. 7'0 find
the position of the curve

y=mx+-c +A[x-+ B/x*4-C[x3+4-...
with respect to its asymptote
y=mx--c.
Let A540. l.et y, and y, denote the ordinates of the curve and
the asymptote correspondinfr to the same abscissa x. We have

\—Vy=A[x+B[x*4+C[x3+4..

=(1/x)(4 l—B/.\*—I—C/)r—} . ..) (1)
By taking x sufficiently large, we can mako
B/x+4C[x*+

as small as we like. We suppose that x is so large numerically that
this expression is numerically less than 4.  Thus, for sufficiently large
values of x, the expression

A-+B/x+Cjx* -D[x34 .. .. ..(2)
has the sign of 4.

Thus if A be positive, the expression (1) is positive for suffi-
ciently large values of x so that, from (1) we deduce that when x is
positively sufficiently large, then y,—y, is positive, i.e., the curve lies
above the asymptote and when x is negative but numerically large,
»—V, is negative, i.e., the curve lies below the asymptote.

Similarly, we may deduce that if 4 be negative, then the curve
lies below the asymptote when, x, is positive but sufficiently large
and lies above the asymptote when, x. is negative but sufficiently
large numerically.

Let A=0, B#0 ; we have
N—=Ye=(1/x*}(B+C/x--D[x*+....).

As above we can show that for numerically sufficiently large
values of x, the expression

B+Clx+D[x*+. ...
has the sign of B. .
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In this case, the curve lies on the same side of the asympotate
both for positive and negative values of x ; it will be above or below
the asymptote according as B is positive or negative.

If B=0 and C£0, we will have a situation similar to that of
case (1).
Ex. Find the asympotates of the curve
=x(x—a)(x—2a)/(x+3a),
and determine on which side of the asymptotes the curve lies.

We have

y= :l-.,\/ [ X(x ;2(;529)
)

=:}:(1—f; g )( )(1 3a ;Z)
g

Thus we have two values of y, viz.,

y=—Xx-+3a—3a%x. ...
Therefore
’ y=x—3a, y=—x+43a
are two asymptotes.
The difference between the ordinate of the curve and that of
the asymptote y=x—3a being
ratx—.... .. .
we see that the curve lies above the asymptote when x is positive
and below it when x is negative.
It may similarly be seen that the curve lies below the second
asymptote when x is positive and above it when x is negative.
It is easy to see that
=-—3a
is also an asymptote of the curve. To find the position of the curve
Jelative to this asymptote, we suppose that
Xx=—8a+Aly+B/y*+C[y*+......
Substituting this value of x in the equation of the curve, we

have

(A2 4 S ]

=[ —3a+ 7+...][ —da+t _’;.+:“: —-Ba+ -% +]
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Equating the co-efficients of like powers of y, we have
A4:=0.
B=-—-60ad?, etc.

60a®
Xe=—3a— “2? F e

The difference between the abscissae of the curve and the
asymptote x = —3a, for the same value of y, being
—60a%(y2+......,

which is negative whether y be positive or negative, we see that the
curve lies towards the negative side of x-axis.

'Ex.2. Find the asymptotes and their position with regard to the
following curves : —

(i) x34y3=3ax2. (if) x3}-y3=13axy. i) xXx—y) +y%=-0.
16'8. Asymptotes in polar co-ordinates.

Lamma. The Polar Equation of a Line. 7'he polar equation of
any line is

p=r cos (6 - a),

where, p, is the length of the perpendicular from the pole to the line and
a, is the angle which this perpendicular makes with the initial line.

Let OY be the perpendicular on the
given line ; Y being its foot.

We are given that (r,0)
OY=p; / XOY=a.

If P (r, 6) be any point on the line, we

have
/. YOP=0—a.
Now, %?;:cos / YOP. 0 —X
Fig. 125.
p/r=cos(8—a), i.e., p=r cos (6 —a),
which is the required equation of the line.
To determine the asymptotes of the curve
r=f£(0), ..
we have to obtain the constants, p, and, a«, so that any line
=r cos (0—u), .. (#)

is the asymptote of the givey curve.
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Let P(r, §) be any point on the curve

(7).
raPX\y Draw OY | the line (ii).
Draw PL, | OY and PM | the line
(ii).
Now,
PM=LY
——V =0Y—-0L
0 ] “ =p—OPcos(f§—a)
Fig. 126. =p--rcos (6—a). ..(ii)

Now r—oo0 as the point recedes to infinity along the ourve. Lot
6— 6, when r— co.

We have
PM p
r - r
Now when r - o0, PM —» 0 so that

— cos (f--«).

Plr\/[ PM. — —>0 and p
. lim cos (e-a):
or lim (g —a)=mn/2,
or 0,—a=m/2, ie., a=0,—m2
This gives a.

Again, p=0Y is the polar sub-tangent of the point at which the
asymptote touches the curve, i.c., the point at infinity on the curve. This
may be seen as follows : —

Join the pole O to the point at infinity on the curve i.e., draw
through O a line parallel tothe asymptote. This line is the radius
vector of the point at co.

Draw through O a line perpendicular to the asymptote meet-
ing it at Y. Then, by def. OY is the polar sub-tangent of the point
at infinity on the curve. (§ 12:7, p. 271).

Thus

1
p=— du]f) _g, whereu—_r

» Note Without employing the notion of the polar sub-tangent and the
point at infinity, the value of p, may aiso be obtained as follows : —

From (iii) we have, when r— oo,
p=lim [r cos (6 —a)] ‘
=1lim [r cos (§—0,+7/2)]
=lim [r sin 0—0)]= lim °.0.@:=0)
0,—>9 tir
which is of the form (0/0).
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p= lim S8(0:_0)
0-.“)1 S J
r¢2 do

= lim [ r“f—{e]=lim[— 4‘{] where u==-——1
6"901 dr (lll r

Hence the asymptote is

lim(-— fig >=r cos (0—a)

"¢
= rcos( 60—0,+ 3 )

r sin (6,—6).
where ¢, is the limit of g as r— w0 i.e., as u—0.

I

Working rule for obtaining asymptotes-to polar curves.

Change r to 1)u in the given equation and find out the limit of 0
asu— 0,

Let 0, be any one of the several possible limits of ¢.
Determine (- db/du) and its limit asu — 6 and 9 9,.
Let this limit be p.
Then
p=r sin (6,-0),
is the corresponding asymptote.
To draw the asymptote.

Through the pole O draw a line making angle (8, —}m) with the
initial line ; on this line take a point Y such that

OY =lim ( —db|du).

The line drawn through Y perpendicular to QY is the required
asymptote,

Examples
1. Find the asymptote of the hyperbolic spiral r@=a.
Here
0--alr—au so that § — 0 asu > 0.
Here
6y==lim 9--0.
Since u=_0|a,
we have
duldi=1ja or db/du=a.
Therefore

--a=r gin (0—0)=--r sin ¢,
ie., r sin g=a,
is the asymptote.
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2. Find the asymptote of the curve

a
“j—cos 6’
Here
1
u= = (§—cos 6).
When u — 0, (4—cos 6) — 0 so that cos § - }.
0,=+m=/3.
Now,
du 1 dg a
H=a 0~y ="sme
e ——je—>—— 2; as&»%,
u
and v
—df 2a s
du 43 20—y

2a A . o .
_‘—/g-:_-r sm(T—O ), ie., 4a=r(4’/3 sin 0—3 cos ¢),

2a . 7 . o .
and ‘737 =r sin (-- 3 —0 ), i.e.,, —4a=r(1/3 sin §+3 cos 9),
are the two asymptotes.

Exercises

Find the asymptotes of the following curves : —
ao 2 p=3a sin 0 cos 0

o=y "=sin® 64-cos® o'
3. r=ascc 0+b tan 9. (P.U.) 4. r*=a?(sec? g+cosec? 9).
5. rsin 20=acos 3p. 6. 2r2=tan 2.
7. r0cosg=acos?20. (P.U.) 8. rsinng=a. (P.U.)
9. r"sin ng=a". 10. r=atan 0.
11. r=alogo. 12. rlog 0=a.
13. r(1- ee )=a. 14. r(g2—n®)=2ag.
15. rsin6=aed . 16. r(w+e)=aee .

17. Find the equation of the asymptotes of the curve given by the

equation
rfn(0)+r" " fn(0) + ... +£6(0)=0
' (P.U. Hons., 1938)

18. Show that all the asymptotes of the curve

r tan ngp=a,
touch the circle
) r=aln.

19. F;nd the asymptotes of the curve
r cos 20=a sin 30. (Delhi Hons., 1948)



CHAPTER XVII
SINGULAR POINTS
MULTIPLE POINTS, DOUBLE POINTS

17-1. Introduction. Cusps, Nodes and Conjugate points, The
cases of curves considered in § 11'4, p. 243 show that curves with
implicit equations of tho form f(%, y)=0 exhibit some peculiarities
which are not possessed by the curves with explicit equations of the
form y="F(x). These paculiaritics arisc from tho fact that the equa-
tion f(x, ¥)=0 may not define, y, as a single valued function of x.
In fact, to each value of x corresponds as many values of y as is the
degree of the equation in y, and these different values of y give
rise to different branches of the curve.

We recall to ourselves the following three curves considered in

§114,
]
t Yt L]
N E] d
YP‘_ ! m'\ I ®
lfl? ;g N “\ § P -1
| e 7
:H H: P
1 ' *X
! v DN
0 : ‘rx : - N
] : H
: /.
1 )
2
Fig. 127. Fig. 128.

(i) Origin is a point common to the two branches of the Cissoid
(Fig. 127)

yia—x)=x3, (§ 11-41)
and the two branches have a common tangent there.
Such a point on a curve is called a cusp.

(i) Origin is a point common to the two branches of the Stro-
phoid (Fig. 128)

(X2 -y x —a(x?—y?) =0, (§ 11-42)
and the two branches have different tangents there,
Such a point on a curve is called a node,

335
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(iii) (-b,'())is a point common to the two branches of the
curve (Fig. 129)

ay?—x(x+ayp?=0 (§ 11-43)

and the two branches have imaginary tangents there. There is no
point in the immediate neighbourhood of the point (—a, 0) which
lies on the curve. Here, a, is positive.

Such a point on a curve is called an isolated or conjugate
point.

Y4

_ 2.0 X

Fig. 129. ‘
17-2. Definitions.

Double points. Cusp. Node. Conjugate point. A point througi
which there pass two branches of a curve is called a double point,

A curve has two tangents at a double point, one for each
branch,

"The double point will be a node, a cusp or an isolated point
accordmg as the two tangents are different and real, coincident or
imaginary.

Multiple point. A point through which there pass, r,‘ branches
of a curve is called a multiple point of the rth order so that a curve
has, r, tangents at a multiple point of the rth order.

Thus a double point is a multiple point of. the second order.
,A multiple point of the third order is also called a triple point. A
multlp]e point is also, somotimes, called a singular point.

17-3. A simple rule for writing down the tangent or tangents
at the origin to rational algebra.lc curves is obtained in the following
article.

17-31. Tangents at the origin. The general equation of rational
algebraic curve of the nth degree which passes through the origin O,
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*\ia_vhen arranged according to ascending powers of x and y, is of the
orm

(b,x+b,p) +(c,x2+Coxy +¢,¥?) +(d X3 +dp X2y +. )+ a0 =:0, ...(0)

where the constant term is absent. ™

Let P(x, y) be any point on the curve. The slope of the chord
“OPis y[x. Limiting position of the chord OP, when P — O, is the
tangent at O so that when x — 0 and y — 0,

lim (y/x)=m,
ds the slope of this tangent.

From (i), we have, after dividing by x,

( b,+b, % ) -}-(clx +c,y +c3y. %) H(dyx®+daxy 4. ) Feee= .
On taking limits, when x — 0, we get

b, +bym=0 so that m= —b,[b,, if by;#0.
Hence
Y|x=~-b,/b,,
ie.,
b,x+b,y=0, oee(i)
is the tangent at the origin. This may be written down by equating
to zero the lowest degres (first degree) terms in the equation (i).

If b,=0 but b,%0, then, considering the slope of OP with
reference to Y-axis, it can be shown that the tangent retains the same
form.

Let b, =b,=0 so that the equation takes the form

(€ X% 4-CoxY 4-€39%) (A, X3 +dp XY - vun) Foee =0, ... (i)

Dividing by x? and then taking limits as x- — 0, we get

¢, +cm+4cgm?=0, ee(iV)
which is a quadratic equation in, m, and determines as its fwo roots
ithe slopes of the two tangents so that the origin is a double point in
‘this case.

The equation of either tangent at the origin is
y=mx, . . .(V)

‘when m is a root of (iv). Eliminating m between (iv) and (v), we
obtain

€, X% HCyXy +€3y*=0, (7))
a8 the joint equation of the two tangents at the origin. This can be
written down by equating to zero the lowest degree terms in (iii).

The equation (vi) becomes an identity if ¢,=c,=¢;=0. In this
«case the second degree terms, also, do not appear in the equation of
the curve. It can now be similarly shown that the equation of the

tangents can still be written down by equating to zero the terms of
the lowest degree which is third in this case.
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In general, we see that the equation of the tangent or tangents at
the origin is obtained by equating to zero the terms of the lowest degree
in the equation of the curve.

The origin will be a multiple point on a curve whose equation
does not, at least, contain the constant and the first degree terms.

Illustrations.
(i) The origin is a node on the curve
x3-4y%—3axy=0,
and x=0, y=0 are the two tangents thereat.
(if) The origin is a cusp on the curve
(x*+y?)x —2ay*=0,
and y=0 is the cuspidal tangent.
(iii) The origin is an isolated point on the curve
a2x? +b2y% = (x2 4 y2)2,
and ax+-iby=0 are the two imaginary tangents thereat.
(iv) The origin is a triple point on the curve
2y5 +5x5 —3x(x2—y?)=0,
and x=0, x=y, x=—y are the three tangents thereat.

Exercises
Find the tangerts at the origin to the following curves :—
1. (x%+y%)2=4axy. 2. y%(a?—x%)=x%(b—x)2.
.3 (xB+y%)(2a—x)=b%x. 4. a*(x2—y%)=x2y%
5. (x2+42)0=a%(x2—y2)2.
Example

" Find the equation of the tangent at (—1, —2) to the curve
x24+2x24-2xy —y*+5x—2y =0,
and show that this point is a cusp.

We will shift the origin to the point (—1, —2). To do so we
have to write

x=X—-1,y=Y-2,
where X, Y are the current co-ordinates of a point on the curve with
' reforence to the new- axes. The transformed eqation is
(X—1P42(X—1)2+2(X—1)(Y—2)— (Y —2)2+5(X—1)—2(Y—2)=0,

or
—X?4+2XY—Y2=0.

Equating to zero the lowest degree terms, we get
—X242XY—-Y?=0, i.e., (Y—X)*=0,
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which are two coincident lines, and, therefore, the point is a cusp
and the cuspidal tangent, i.e., the tangent at the cusp with reference
to the new axes is

Y—X=0. ‘

To find the equation of the cuspidal tangent with reference to
the given system of axes, we write
X=x+1, Y=y+42.
Hence the tangent at (—1, —2) is
+2)—(x+1)=0, i.e., y=x—1.

Exercises
Find the equations of the tangents to the following curves :—
1. yAa*+x%)=x*a*—x?) at (+a, 0).
2. (x—2)2=y(y—1)2at (2, 1). :
3. x*—4ax®—2ay®+4a%x2+3a2y?—a*=0 at (a, 0) and (24, a).
4

. Show that the origin is a node ; a cusp or a conjugate point on the
curve .

yi=ax>+ax®,
according as, a, is positive, zero or negative. (Delhi Hons. 1950)
17-4. Conditions for any point (x, y) to bea multiple point of
the curve
f(x, y)=0.
In § 10:94, p. 213, we have seen thatat a point (x, y) of the
curve

S (x, y)=0, .
the slope of the tangent, dy/dx is given by the equation

dy
fm+fﬂ d:X-'—_ , .(1)

At a multiple point of a curve, the curve has at least two
tangents and accordingly dy/dx must have at least two valuesat a
multzple point.

The equation (1), being of the first degree in dy-/dx can -be
satisfied by more than one value of dy/dx, if, and only if, :

Ja=0, ,=0

Thus we see that the necessary and suﬁ?czent conditions for any
point (x, y) on f (x, y)=0 to be a multiple point are that
fa(%, ¥)=0, f(x, y)=0.
To find multiple points (x, y), we have therefore to find. the values
of (x, y) which simultaneously satisfy the three equations

.fl:(x’ )_0: f;(xs y)—‘o’f(x)‘ y) —-0.
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17-41. To find the slopes of the tangents at a double point.

Differentiating (1) w.r. to x, we have

dy dy \ dy dy
S o g +(Foth G ) g o gin =0

so that at the multiple point, where f,=0, f,=0, the values of dy/dx
are the roots of the quadratic equation

dy \?2 dy .
$dx ) o HE=0 e(®)

Incase f,2, f.,. f,}, are not all zero and f,=0=f,, the point (x, y)
will be a double point and will be a node, cusp or conjugate according
as the values of dy[dx are real and distinct, equal or imaginary i.e.,
according as

(fxr)z_‘f;czfyz>01 =0, <O0.
If f,2=f,y=f,2=0 ; the point (x, y) will be multiple point of
order higher than the second.

Example
Find the multiple points on the curve
_ x4—2ay3—3a?y?—2ax%4-at=0.

Also, find the tangents at the multiple point.
Let  f(x, y)=x%—2ay%—-3a%y?—2a%x%+{at.
o fulx, y)=4x3—4datx.

folx, y)=—6ay*—6aty.

fox, ¥)=0 gives x=0, a, —a.

1(x, ¥)=0 gives y=0, —a.
Hence the two partial derivatives vanish for the points

0, 0) (0,—a), (g, 0), (a,—a),(—a, 0), (—a,—a).
Of these the only points on the curve are
(a, 0), (—a, 0), (0,—a).

Hence these are the only three multiple points, on the curve.

To find the tangents at the multiple points, we proceed as
follows :—

First method.

We have

[2=12x2—4ad f =0, f2=—12ay—6ad.
Since at (a, 0).
. fx’=8a"fxy=Osfy2=—6azs

therefore, by the equation (2), the values of dy/dx at (a, 0) aré given

by
—8a*(dy|dx)?*+8a%=0,
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ie., dyldx=-2/+/3.
The two values being both real, the point (, 0) is a node. The
tangents at (a, 0) are
y==%(2/v/3)(x—a).
It may similarly be shown that the tangents at ( —a, 0) and

(0, —a) are
y=++/4(x+a), yt+a=+tv3ix.
Second method. Differentiating the given equation w.r.to =z,
we get,

4x3—6ay?y, —6ayy, — 4a%x =0,
which identically vanishes for the multiple points.
Differentiating again, we get
12x%—12ayy,2—6ay®y,—6a%y® —6acyy, —4a®=0.
From this we sec that
(i) for (a,0), y?2=%, ie., y;=44+/3.
(ii) for (—a,0), y,2=2, ie., y,=+4+/2.
(iii) for (0, —a), y,2==%, ie.,y,=++%.
Knowing the slopes of the tangents, we can now put down their
equations,
Third method. To find the tangents at (a,0), we shift the
origin to this point. The transformed equation is
(x=X+a, y=Y+0)
X+a)t—2aY3—-3a2Y?—2a% X +a)?+at=0,

or
X444X3%a—2aY3+4a2X?—3a2Y2=0.
The tangents at the new origin are
4a%2X2—3a%Y?2=0,
or

Y=44/(4/3)X.
The tangents at the multiple point (a, 0), therefore, are
y=%+/(4/3)(x—a).
It may similarly be shown that
y=4+/(4[3)(x+a) and y+-a=+4/(2[3) x,

are the tangents at the multiple points ( —a, 0) and (0, —a) respec-
tively. ’

The three mutiple points on the curve are nodes.

Exercises

Find the position and nature of the multiple points on the following
curves i—

1. x%x—y)+y2=0, (D. U. 1951)

2. yr=x4ax?. (D.U.1950; P.U.)

3. xt4y*—2x343y2=0. (P.U.)
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xy?—ax?t+2a2x—a*=0.
Cyi=(x—1)(x—=2)%

ay?=(x—a)¥(x—b)2.

xt—4ax3+2ay*+ 4a%x2—3a2y2—qat =0.

X3+ yP—12x—27y+70=0.

x4+4ax3+4a2x2—b2y2—2p3y —at —b4=0.

. X+ y(y+4a)+2x*(y—5a)2=>5a2x2.
. X34-2x24-2xy—y2+5x—2y=0.

Qy+x+1)2—4(1—x)5=0.
(x+yP—2 y—x+2)2=0.
(y*—a?)?+x4(2x+3a)2=0.

x%y%=(a+y)*(b*—y? ; distinguishing between the cases b§a.
(D. U. Hons. 1953)

(B.U.)
(P.U)

(P.U.)
(P.U))

(P. U.)

Find the equations of the tangents at the multiple points of the
following curves :—

16. xt*—4ax®—2ay*+4a%x2+3a2y:—at=0.
17, x8—8x*+12x2y+16x2+ 48xy+ 4y2— 64y =0.
18. (y—2) =x(x—1)%
19.

Show that each of the curves

(x cos a—y sin a—b)*=c(x sin a+y cos «)?,

for all different values of «, has a cusp : show also that all the cusps licon a

circle.

17

=
<

‘5. Types of cusps. We know that two branches of a
curve have a common tangent at a cusp. There are five different
ways in which the two branches stand in relation to the common
tangent and the common normal as illustrated by the following

figures :—

Fig. 130
Single cusp of 1st species

Fig. 132
Double cusp of st species

Double cusp of 2nd species

Single cusp of 2nd species



SINGULAR POINTS 343

Fig.
Point of oscu-inflexion

In Fig. 130, the two branches lie on the same si.e of the com-
mon normal and on the different sides of the tangent.

In Fig. 131, the two branches lie on the same side of the nor-
mal and on the same side of the tangent.

In Fig. 132, the two hranches lie on the different sides of the
normal and on the different sides of the tangent.

In Fig. 133, the two branches lie on the different sides of the
normal and on the same side of the tangent.

In Fig. 134, the two branches lie on the different sides of the
normal but on one side they lie on the same, and on the other on
opposite sides of the common tangent. One branch has inflexion at
the point.

It will thus be seen that the cusp is single or double according as
the two branches lie on the same or different sides of the common nor-
mal.  Also it is of the first or second species according as the branches
lie on the different or the same side of the common tangent.

Examples
1. Find the nature of the cusps on the following curves :—
(i) y2=2x3, (if) y2—x1=0. (iif) (y—4xt)r=x".

(f) =0 is the cuspidal tangent. Since x cannot be negative,
the two branches lie only on the same side of the common normal
so that the cusp is single. See Fig. 130.

3
Again, y=4x7 so that to each positive value of x correspond
two values of y which are of opposite signs and hence the two
branches lie on different sides of the common tangent and the cusp is
of first species.

(i) Two branches of y?*—x%=0, are the two parabolas y—x*=0
and y+x3=0 which lie on different sides of the common tangent
y=0 and extend to both sides of the common normal x=0. Thus
the origin is a double cusp of first species. See Fig. 132.
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YA (iii) Here

7
y=4x*4x?,
where the two signs correspond to the two
X branches ; y=0 is the cuspidal tangent.
0 Since x cannot take up negative values,
Fig. 135 the two branches lie only on the same side
18. of the common normal and the cusp, there-
fore, is single.

~ Now, one value of y is always positive and, therefore, the cor-
responding branch lies above X-axis. Again

3
4x2>x7, if 4>x7 e, if 48>,

Thus, for the values of x lying between 0 and 4§, the second
value of y is also positive and, therefore, the corresponding branch
lies above Y-axis in the vicinity of the origin. Thus the cusp is of
the second species.

2. Show that the curve
V2=2x2y4x3y4-x3,
has a single cusp of the first species at the origin.  (Delhi Hons. 1949)
Equating to zero the lowest degree terms, we see that the
origin is a cusp and y=0 is the cuspidal tangent.
‘We re-write the given equation in the form, quadratic in y,
Y2 —yx¥(2+-x)—x3=0,
and solve it for y, so that
yo PN LY b

" For positive values of x, we have
X2+ X) 44X > X2+ X)?,
or
V[X42+x)2 - 4x3]> x2(24X),
8o that to positive values of x correspond two values of y with

opposite signs. Thus the two branches lie on opposite sides of x-axis
when Xx is positive.

» Again, we have
x4(2+4x)%2 4 4x3=x3(4 - 4x+4x34x3).
For values of x which are sufficiently small in numerical value,.
4-4-4x+4x24+x3
is positive, for the same — 4 when x — 0.

Thus for negative values of x which are sufficiently small in
numerical value,
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x3(4+44x+4x2 4 x3),
is negative so that the values of y are imaginary. Thus x cannot
take up negative values.

Hence the curve has a single cusp of first species at the origin..

Exercises
Find the nature of the cusps on the following curves :—
1, x¥x—y)+y*=0. 2. x}(x+y)—y*=0,
3. x34)3—-2gy2=0, 4. a'y’=x52a—x).
5. (y—x)2+x8=0. 6. x*—ayxi—adx’y+aty*=0.

7. x—ax%y—atx?y+a*y?=0.
8. Examine the curve
x5416x2y—64y2=0

for singularities. (Delhi Hons. 1948)
.. 9. Provethat the curve x>+ y3=ax? has a cusp of the first species at the
origin and a point of inflexion where x=a. (Lucknow Hons. 1950)-

10. Show that the curve
y*=(x—a)*(2x—a)
has a single cusp at (a, 0). (D.U. 1955)-
17'6. Radii of curvature at multiple points. The formula for
the radius of curvature at any point (x, y) on the curve f(x, y)=0,
as obtained in § 15-42, page 292, becomes meaningless at a multiple
point where f,=f,=0. At a multiple point we expect as many values

of, p, as its order. Of course, thesc values of g may not be alk
distinct.

The following examples will illustrate the method of determin-
ing the values of ¢ at such points.

Examples

1. Find the radii of curvature at the origin of the branches of the
curve .

V44 2axy?=ax®+x4.

Here, 2xy?=x3, i.e., x=0, y= 4 (1/4/2)x are the three tangents
at the origin so that it is a triple point.

To find, p, for the branch which touches x=0, wa
find lim(y%/2x). To do this, we write
V¥2x=p,, ie., x=)*2p,,
and substitute this value of x in the given equation. Lim p,=p is

the radius of curvature of the corresponding branch at the origin.
We get

2ay4 yﬂ y&
L 0 A 7.
Y+ 2p, a 9913+16p1‘

or
. 2 4
1+ 4 Y Y.

S RS T
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Let y — 0 so that we have 1+4-a/p=0.

Thus, p, for this branch=—a.

To find, p, for the other branches we proceed as follows.
Suppose that the equation of either branch is given by

y=£(0)+xf"(0) +2~’$f"(0)+ e

Ve have, ere
J(0)=o0.
Also we write f'(0)=p, f/(0)=g. Thus we have
y=px+3igx:+....
Making substitution in the given equation, we get
(Px+3gx®4. ... )4 F2ax(px+igx2+ ... . )2 =ax34-x4
Equating co-efficients of x3 and x4, we get
2api=a, p*42apq=1.

These give
=1 _3v2,
ve T8
1 34/2
P=—ri5 9=—"g4 "

for the two branches.
2. Show that the pole is a triple point on the curve
r=a(2 cos §+ cos 30),
and that the radii of curvature of the three branches are
V/3a/2,a[2, v/3a[2.
The radius vector, r, vanishes for the values of, 8, given by
2 cos §+cos 36=0,

ie.,
2 cos -+ 4 cos® §—3 cos §=0,
or
cos 0 (4 cos® §—1)=0,
or

cos =0, cos §=4}, cos §=—1}.
Thus, r=0 when 6==/3, w/2, 27/3 so that the pole is a triple
point.



SINGULAR POINTS : 347

We now proceed to find p. We have
ry=a(—2 sin §—3 sin 36), ry=a(—2 cos §—9 cos 39).

For §==/3,
r=—4/3a, r,=8a;
for g=mx/2,
r,=a ry=0;
or §=2m(3,

ry=—4/3a, r,=—=8a.
Also, r=0 for each of these branches.
Putting these values in the formula

. 3
= (r_+r,'2,)_2_,..
T 2rti—rry
we get the required result.
Exercises
1. Show that the radius of curvature at the origin for both the branches
of the curve
y¥a—x)=x*(a+x)
is v2a.
2. Find the radius of curvature at the point (1, 2) for the curve
(r—2)¢=x(x—1)2
3. Find the radii of curvature at the origin of the two branches of the
curve given by the equations

y=t—1t3, x=1—12 (P.U.)

(For the origin t=+1, so that the two branches correspond to these two
values of ¢).

Find the radii of curvature at the origin of the following curves :
4. x*+y3=3axy. (Folium).
5. x2—3xy—4y2 4y +yix+x5=0,
6. xS+4ax?y?—axsy—2a2xy?+a®y®=0
7. Show that (a, 0), in polar co-ordinates, is a triple point on the curve
r=a(1+2 sin $9),
and find the radii of curvature at the point.



CHAPTER XVIII
CURVE TRACING

18-1. We have already traced some curves in Chapters IT
and XII. The general problem of curve tracing, in its elementary
aspects, will be taken up in this chapter.

It will be seen that the equations of curves which we shall trace
are generally solvable for y, x or r. Some equations which are not
solvable for y or x may be rendered solvable for r, on transformation
from Cartesian to Polar system.

182. Procedure for tracing Cartesian Equations.
1. Find out if the curve is symmetrical about any line. In this
connection, the following rules, whose truth is evident are helpfol : —

(/) A curve is symmetrical about X-axis if the powers of y
which occur in its equation are all even ;

(ii) A curve is symmetrical about Y-axis if the powers of x
which occur in its equation are all even ;

(iii) A curve is symmetrical about the line y=x if, on inter-
changing x and y, its equation does not change.

II. Find out if the origin lies on the curve. If it does, write
down the tangent or tangents thereat. In case the origin is a multi-
ple point, find out its nature.

II1. Find out the points common to the curve and the co-ordinate
axes if there be any. Also obtain the tangents at such points,

- IV. Find out dy|dx and the points where the tangent is parallel
to the co-ordinate axes. At such point, the ordinate or abscissa

generally changes its character from increasing to decreasing or vice
versa.

V. Find out such points on the curve whose presence can be easily
detected.

VI. Find out points of inflexion. (It may not always be neces-
sary).

VIL. Find out multiple points, if any, and their nature.

VIII. Find out the asymyptotes and the points in which each
asymptote meets the curve,

IX. Find out if there is any region of the plane such that no part
of the curve lies in it.

Such a region is generally obtained on solving the equation for

348
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one variable in terms of the other, and find out the set of values of
one variable which make the other imaginary.

X. If possible, solve the equation for one variable in terms of
the other and find out, by examining the sign of the derivative, or
otherwise, the ranges of the values of the independent variable for
which the dependent variable monotonically increases.

Important Note. The student must remember that a mere knowledge of
symmetry, asymptotes, double points, etc., will not enable him to trace a curve,
this knowledge being only piece-meal ; asymptotes indicate the nature of the
curve in parts of the plane sufﬁc1ently far removed from the origin and the
tangent at any point gives an idea of the curve in the neighbourhood of the
point. To draw a curve completely, it may be necessary to solve the given
equation for one variable, say, y, in terms of another and then to examine how
y varies as x varies continuously. For this purpose the examination of dy/dx
proves very helpful.

Examples

18 3. Equations of the form
y2=f(x).
1. Trace the curve
Y@+ x?)=x%(a®—x?).
We note the following particulars about this curve :—
(i) Tt is symmetrical about both the axes.

(if) Tt passes through the origin and y= :{:x are the two tan-
gents thereat. Thus the origin is a node.

(iii) It meets X-axis at (a, 0), (0, 0) and (—a, 0) and meets Y-
axis at (0, 0) only. The tangents at (a, 0) and (—a, 0) are x=a and
= —a respectively.

—92%2__ x4
() e
(a2+x2)2(a2 _xz)
-‘which becomes zero, when
a*—2a%x2—x4=0, ie., when x?=(—144/2)a

Thus the only real values of x for which dy/dx vanishes are

+/(—1+v/2)a.

(v) It has no asymptotes.

(vi) Solving the equation for y, we re-write it as

x¥(a*—x) a?—x?
=“a(f;£3c‘f‘ o y=sx A/ [;;—,;—]

We see that, for y to be real, a>—x* must be non-negative and
therefore, x must lies between —a and a. Hence the entire curve lies
between the lines x=a and x=—a.
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Conclusion. In order to trace the curve we have to connect
the above isolated facts. We proceed to do this now. The curve
Y4 being symmetrical about both the axes,

F we firstly consider the part of the curve
S\ lying in first the quadrant where x, y
Y are positive and

a2— x2

o . y_xV[a~+x2]'

0 (a,0) X When x=0, then y=0. When
X increases, starting from 0, then y,
which is positive, also increases and
goes on increasing till X=4/(—14-4/2)2

Fig. 136. where dy[dx=0, i.e., where the tangent
is parallel to X-axis. Since y=0 when

x=a, we see that when x increases from 4/(—1+44/2)a to a,y

decreases.

Fig. 137

The variable x cannot take up values greater than a, for, then,
y is not real. Thus the part of the curve in the first quadrant is as
shown in Fig. 136. The curve being symmetrical about the two axes,
its complete shape is as shown in Fig. 137.

2. Trace the curve
Yi(x—a)=x¥x+a).
(i) It is symmetrical about X-axis only.
(ii) It passes through the origin and y +x2._0 ie., y:}-:x—

are the two imaginary tangents thereat. Thus the origin is an iso-
la.ted point. :

(iii) It meets X-axis at (—a, 0) and (0, 0) and y- axm at the
origin only ; x=—a is the tangent at (—a, 0).

" Ay _,  X—ax—a
w #7 w—at e’

which vanishes when
Since x2—ax—a?=0, i.e., when x=% (14£+/5)a.
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For x=(1—+/5)a/2, which lies between —a and a, y is not real.

See (vi) below]. .
(v) y==4(x+a) and x=a are its three asymptotes.
2 _ g2
(vi) Since yi=Xx2 xXta_ X —d

x—a=% (x=ay
we see that, for y to be real, x>—a? must be non-negative, i.e., must
be > a and < —a.
Hence no part of the curve lies between
x=a and x= —a.

(R

/7
7
‘y

--/--- cocwan

\oj

4
4
x®

Fig. 138
Conclusion. The curve being symmetrical about the X axis, we

consider the part of it lying in the first two quadrants where y is
positive so that we have

—L=)

where we consider 4 or — sign according as x is positive or nega-
tive.

When x=—a, y=0. * Also x=—a, is the tangent at fhe cor-
responding point (—a, 0).

Let x vary continuously from —ato —o. Then, since dy/dx
is not 0 for any of these values of x, and y=—(x-+a) is an asymp-
tote, we have the part of the curve in the second quadrant as shown
in Fig. 138.

For values of x lying between --a and a, y is not real.
Since x=a is an asymptote and dy/dx=0 for x=(1+4+/5)a/2,
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‘we see that y, starting from o, goes on decreasing as X increases
‘from a to (144/5)a/2. As x increases from (1-+4/5)a/2 to «, ¥
again goes on increasing and, y=x +4a being another asymptote, we
.have the part of the curve in the first quadraat as shown.

The curve being symmetrical about the X.axis, its complete
shape is as shown in Fig. 138.

We thus have the curve as drawn.
Note. Thecurve appears to have two points of inflexion, apparently
necessitated by the fact that the curve could not be asymptotic to the lines

»=1=(x+a) unless it changes the direction of its bending after leaving the point

—a, 0) where it touches x=—a. In fact, by actual calculation, we see that
A—2a, 2a/3) and (—2a, - 2a/~3) are its two points of inflexion.

3. Trace the curve
Vixt=x*—a’
‘(i) It.is symmetrical about both the axes.

(i) It does not pass through the origin.

(iii) It meets X-axis at (a, 0) and (—a, 0) but it does not meet
Y-axis at any point ; x=a and x = —a are the tangents at (a, 0) and
«(—a, 0) respectively.

dy a?
) Ze=% aye—ay
which never becomes zero.

(v) y=41 are the t wo asymptotes.

From § 16:31, p. 319, it appears that x=0 is also an asymptote,
Ibut it will be seen below that it cannot be an asymptote.

(vi) Writing the equation in the forms

2__ 2 2
3_X'—a o P
x 7 1—)?
‘we see that for x and y to be real, we have

x2—aq® > 0,ie,x <—aorx>a
-and

1—y? > 0,ie,=1<y<l.

As no pact of the curve lies between the lines x=—a, and x=a
1no branch of the curve can possibly be asymptotic to x=:0.

Conclusion.
=A/[5]

Consider
vwhich correspends te the part of the curve in the first quadrant.
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.For the. values of x lying hetween 0 and. @;:y.ia not.reah.,
If x=a, y=0 so that (a, 0) is‘a point on the curve 4ndX==a;as
seen above, is the tangent there.

As x increases from a onwards, y, which is positive must con-
stantly increase ; dy|dx being never zero.

Since the line y=1 is an asymptote, the part of the curve in
the first quadrant can now be easily shown.

The curve being symmetrical about both the axes, its complete
shape is as shown in the Fig. 139.
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Fig. 139
4. Trace the curve »
yi=(x—a)(x—b)(x—c).

We suppose that a, b, ¢ are positive and in ascending order of
magnitude so that we have to consider the following four cases :—

(i) a<b<e. (i) a=b<ec. (iii) a<b=c. (iv) a=b=c.
Case . a<b<ec.

() Tt is syﬁlmetrical about X-axis.

(ii) It does not pass through the origin.

(iii) It meets X-axis at (a, 0), (b, 0) and (c, 0), but it does not
meet Y-axis; x=:a, x=>b, x=:c arc the tangents at (a, 0), (b, 0), (¢, 0),
respectively.

(iv) It has no asymptotes.

(v) When x<a, y*<0, ie., y is not real ;
when a<x<b, y*>0,
when b<x<¢, y*<0; ie.,y is not real ;
when x>c, y2<0.

Hence, no part of the curve lies to the left of the line x=a and
between the lines x=>b, x=c.

(vi) As y® vanishes for x=a and x=b, it must have a maximum
for some value of x between a and b.
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(viii) As x increases beyond c, y® also constantly increases, for
each of the three factors then increases.

Y]

Fig. 140
We have

2y %=3x2—2(a +b4-c)x 4(ab+bc +ca),
vdy _ 3x®—3(a-b4-c)x-+(ab-tbct-ca)

dx — T 2y/i(x—=a)(x—b)(x—c)]
=xé- 3—2(a+b+-c)(1)x) +-(ab+bc +ca)(1/x?)

VI(T—a])(1=bjx(1~c/x)]

or

which - o0 as x — .
Thus the curve tends to become paralle] to Y-axis as x -» o0 .

Since the curve, in departing from (c, 0), where the tangent is
parallel to Y-axis, must again tend to become parallel to Y-axis, we
see that the curve must change its direction of bending at some
point between (¢, 0) and o ; and as such must have a point of
inflexion.

Hence, we have the curve as shown in Fig. 140.

It consists of an oval and an infinite branch.

Case II. a=b<c. The equation, now, is
yr=(x—a)(x—c).

Y4

0] (.o

Fig. 141



CURVE TRACING 3535
It is easy to show that (a, 0) is an isolated point, as if the oval
of case I shrinks to the point (a, 0).

The curve consists of an isolated point and an infinite branch
and can be easily drawn. (Fig. 141 on the preceding page).

As in case I, it can be shown that the curve has two points of
inflexion.

Case IIl. a<b=c. The equation, now, is
Yi=(x—a)(x—b)2.

Fig. 142

Tt is easily shown that (b, 0) is a node and
y=x4+/(b—a)(x—b)
are the nodal tangents.
The curve may now be easily drawn. (Fig. 142).
CaselV. a=b=c. The equation, now, is
yi=(x—a).

)

0 @0

Fig. 143
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It is easy to see that (, 0) is a cusp and "y=0 is. the ouspidal
tangent.

The curve may bz easily drawn. (Fig. 143):
S. Trace‘thev cissoid
_ yi{a—x)=x3,

"This curve has already bsen considered in § 1141, p. 244 also.
(Sec Fig. 64, p. 244).

We note the following particulars about the curve :—

(i) Tt is symmetrical about x-axis.

(#i) It passes through the origin and y?*=0, i.e., y=0, y=0

are the two coincident tangents at the origin. Thus the origin is a
cusp. '

(iii) It meets the co-ordinate axes at the origin only.
(iv) x==a is the only asymptote of the curve.
(v) Since

yr=x3)la—x),

we gee that y* is positive, i.e., y is real only when x lies between
and a.

. ~.(3a—x) \/x
(vi)
dx (a— x)

which vanishes when x=3a or 0.

But x=32a is outside the range of admissible values of x. Thus
dy/dx vanishes at no admissible value of x except x=0.

Combining all these facts, we may easily see that the shape of
the curve is as shown in Fig. 64, p. 244.

Note. The student would do well to learn to trace the curves given in
§§11°42, 11-43 also by the methods of this chapter.

6. Trace the curve ,
x34-y8==3ax?, (a>0).
(i) It is neither symmetrical about the cofordma.te axes nor
about the line y=x.
(ii) Origin is a cusp, and x=0 is the cuspidhl tangent.
(iii) Tt meets X-axis at (0, 0) and (3a, 0) but meets Y-axis at
ghe origin only ; x=3a is the tangent at (34, 0).

(iv) y+x=ais its only asymptote and the curve meets the
asymptote at !
(a/3, 2a/3).
(v) x and y cannot both be negative.
(vi) Now, y*dy|dx=x(2a—x) and, therefore,
dy|dx=0, for x=2a.
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Solving for y, we obtain

‘=[x’(3a—x)]§.

h¢
N RS ;
~ \\ E
0 S
mw

Fig. 144,
If x=0, then y =0 and Y-axis is the tangent there.

If 0 <x<3a, then y>0, and if x increases from 0, y also in-
creases ; y will go on increasing with x till x=2a where dy/dx=0.
When x increases beyond 2a, y will constantly be decreasing ; y=0
for x=3a and is negative for x> 3a.

We now consider the negative values of x.

If x is negative, y is positive and constantly goes on increasing
as X increases numerically, i.e., as X varies from 0 to —co.

Also, y + x=a is the only asymptote of the curve.

Taking all the above facts into consideration, we see that the
complete curve is as shown in Fig. 144,

18-4, Equation of the form y*+yf(x) 4 F(x)=o.
7. Trace the curve
X(x—y)+y*=0

(i) It is symmetrical neither about the co-ordinate axes, nor
about the line y=x.

(i) Origin is a cusp and y =0 is the cuspidal tangent.
(iii) It meets the co-ordinate axes at the origin only.

(iv) y=x+1 is the only asymptote of the curve. It meets the
curve at (—}, $).

(v) We re-write the equation as a quadratic.in y and solve
it. We have

-

y‘—yx"*'xs:os
or yo BEVEAG=4)
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80 that y is imaginary if x3(x—4) is negative i.e., if x lies' between 0

and 4.
Y (/

Fig. 145,
Thus, there is no part of the curve lying between the line x=0
and x=4.

(vi) y=8 when x=4 for both the branches, and x=4 is the
tangent at the point.

The following additional remarks about the two branches of
curve will facilitate the process of tracing the curve.

Now -« y= ’F’i'_\/“(?i‘,‘,-‘i_’is), ="2+\/[";(""‘4)] s G)
and y= x?— \/();4 -4x3) ?:)/_[’2{(1‘74)], s (i)

are the two branches. They meet where x*—4x3=0, i.e., where x =0
or 4.
Thus the two branches meet at the points (0, 0) and (4, 8).
Consider the branch (i).

When x, starting from 4, increases, then y is pos1t1ve and also
constantly increases.

Also, when x starting from O decreases, and takes up negative
"values whose numerical value increases, then y is positive and con-
stantly increases.
Now, consider the branch (ii).
When x>4, x!—4x? is positive and 4/(x*—4x%) < 4/x4=x? and,
therefore, y is positive. Also, when z, starting from 4, increases, y
decreases in the beginning.

When x <0, x*—4x3 is positive and 4/(x%—4x3)>4/x4=x3 so
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that y is negative. Also, when x, starting from O, decreases, then y
numerically increases. Thus we ha,ve the shape as shown in Fig. 145.

18:5. Polar curves.
8. Trace the curve

XY
i€a)
Fig. 146.
We first consider positive values 6§ only. We have
dr 2a0

d9-=ilﬂ—}——”82)”
which is always positive so that r, constantly increases as, 6, in-
creases.

Also,
. =0 when §=0:
Again we have

ap? .

e =.6"+1 which — g as 6 - oo.

Thus r, starting from its initial value 0, constantly increases as
0 increases and approaches, a, as 9§ — oo so that the point (r, 6)
approaches nearer and nearer thecircle whose centre is at the pole
and radius equal to a.

The circle is shown dotted in the Fig. 146.

The figure shows the part of the curve corresponding to the posi-
tive values of 6 only, and the part of the curve for negative values
is its reflection in the initial line.

9. Trace the curve
r=a(sec §--cos 6).
Here
14-cos? ¢
r=a<c 86 + cos 8) cos §
(i) The curve is symmetrical about the initial line.
(ii) r cos g=a, i.e., x=a s its asymptote.
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(iii) ‘d&“""a sm,gso that g—l—- is pos;tlvp ‘when § lies between
6 and 7/2.
Y 3
r |
]
' ]
iy Lo
. \
o X
e
] ‘«
1 .
]
i
i
i

Fig. 147.

When 6 =0, dr/d6=0 so that $="/2 and, therefore, the tangent
is perpendicular to the initial line at the point (24, 0) .

Also, r=2a, when §=0 and r — o0 as 6 — /2.

Hence we see that when g increases from 0 to 4w, or monotoni-
cally increases that 2a to oo and the point P(r, §) describes the part
of the curve drawn in the first quadrant.

. When @ increases from 4w to w, r, remains negative and de-
creases in numerical value from oo to 2a and so the point P(r, 6)
describes the part of the curve as shown in the fourth quadrant.

As the curve is symmetrical about the initial line, no new
point will be obtained when @ varies from 7 to 2.

- 18'6. In the case of some curves it is found convenient to
make use of the polar as well as the Cartesian form of their equa-

tions. Some facts are obtained from the Cartesian and the others
from the Polar form.

Curves whose cartesians equations are not solvable for z and

», but whose polar equations are solvable for r, are generally dealt
with in this manner.

10. Trace the curve

xtityt=ar(x?—y?).
(i) Tt is symmetrical about both the axes.
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(ii)" Origin is a node on the curve and y =4 x are the nodal
tangents. o

(fii) It meets X-axis at (0, 0) (@, 0) and (—a, 0), but meets
Y-axis at (0, 0) only ; x=a and x=—a are the tangents at (a, 0)
and (—a, 0). :

(iv) It has no asymptotes. }

On changing to polar co-ordinates, the equation becomes
g acos20 '

"~ cos*f-+sin%6’
(v) We see that
, dr  8a?® sin® 6 cos® §
dA =" {eost g+ sint O)F

80 that dr/dd remains negative as § varies from 0 to w/4 and there-
fore r decreases from a to 0 as 6 increases from 0 to = /4.

(vi) As 0 changes from w/4 to w/2, r?remains negative and
therefore no point on the curve lies between the lines §=w[4 and
4=m/2. ‘

Fig. 148.

As the curve is symmetrical about both the axes, we have its
shape as shown. (Fig. 148).

11. Trace the curve

yti__x‘_*_xy:o, (P.U.)
(i) It is neither symmetrical about the co-ordinate axes, nor
about the line y=x.

(ii) It passes through the origin : x=0, y=0 are the two tan-
gonts thereat so that the origin is a node.
(iii) It cuts the co-ordinate axes at the origin only.
(lv) y=x, y=—Xx are its asymptotes.
On transforming to polar co-ordinates, we get
ri=1} tan 20.

(v} When @ increases from 0 to /4, 20 increases from 6 to
/2, and, therefore, r? monotonically increases from 0 to co.
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When 6 increases from m/4 to /2, tan 26 and therefore also
r* remains negative and, thus, there is no part of the curve lying
between the lines =/4 and =w/2.

‘ . Fig. 149.
When § increases from /2 to 3mw/4, r? increases from 0 to co.

When 0 increases from 3m/4 to w, r? remains negative and so

there is no part of the curve lying between the lines §=3w[4, and
O0=m

We can similarly consider the variations of r? as ¢ increases
from 7 to 2.

Hence we have the curve as drawn. (Fig. 149)

12. Trace the Folium of Descartes
x34y3=3axy.
(i) Tt is symmetrical about the line y=x and meets it in the
point (3a/2, 3a/2).

(i) It passes through the origin and x=0, y=0 are the tangents
there so that the origin is a node on the curve.

(fii) Tt meets the co-ordinate axes at the origin only.
(iv) x+y+a=0is its only asymptote.
(4) x, y cannot both be negative so that no part of the curve
lies on the third quadrant.
o  Ontransforming to pola.r co-ordinates, we get
3asin 6 cos 0
= Cos® §+sin® 6
Now, r=0 for =0 and §="/2.
dr  3a(cos g—sin g)(14-sin 6 cos 64-sing cos?y)

a0 = " "(cos®g +sind g)F
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which vanishes only when
cos 0—sin =0, i.e., tan =1. i.e., §=n/4 or 5m/4.
For g=n/[4, r=3a/+/2.

X

Fig. 150

Thus r monotonically increases from 0 to 3a/4/2, as § increases
from 0 to m/4, and monotonically decreases from 3a/4/2 to 0, as @
increases from 7/4 to «/2.

Again as ¢ increases from 7/2 to 37/4, r remains negative and
numerically increases from 0 to oo so that the point (r, §) describes
the part of the curve shown in the fourth quadrant. (Fig. 150).

As ¢ increases from 37/4 to m, r remains positive and decreases
from oo to 0 so that the point describes the part of the curve shown
in the second quadrant.

It is easy to see that we do not get any new point on the curve
when, ¢, increases from 7 to 2.

13. Find the double point of the curve
x4 yt—4atxy,
and trace it, (P.U. 1955)
T.et

S(x, p)=xt4yi—daxy.
fax, y)=4(x>—ay),
Sulx, y)=4(y*—a’x).
Putting f,==0 and f,=0, we have
x3—a%y=0, yt—a?x=0.
o y'—aty=0,
or y=0, +a.

Thus we see that f, and f, vanish at the points (0, 0), (a, a)
(—a, —a). Of these only (0, 0) is a point of the curve so that the
origin is the only double point of the curve.
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To trace the curve we note the following particulars abont it :—
(i) It is' symmetrical about the line y =x and meets it at

(++/2a, £+/2).

Fig. 151

(u') It passes through the origin and x =0, y-=0, are the two
tangents there.

(iii) It meets the co-ordinate axes at the origin only.
" (iv) It has no asymptotes.

(v x and y cannot have values with opposite signs, for such
values make 4a2xy negative whereas x*--y* is always positive. Thus
the curve lies in the first and fourth quadrants only.

(vi) On transforming to polar co-ordinates, we have
r’=4a® sin g cos §/(sing +cos*g).

. ({r‘ (cos o—smia)(cos“e +-sin%g 44 sin*g co3?q)

do ~— (8in%g -cos%g)?
80 that dr/dg=0 if and only if
tan g=1, i.e., §=m/4 and 5n/4.
Thus we have the curve as drawn (Fig. 151).

18:6. Parametric Equations. The following examples will illus-
trate the process.

14. Trace the curve ,
x=a(@ +sin 9), y=a(l+cos §),
as, 9, varies in the interval (—m, m).

YL
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We have
dx dy .
do =a(1l4-cos 9), —(—1—0———0 8in §.
. dy _ 0
.. I = = —tan —- o5

Since dx/dg is positive for every value of g, we see that as, g,
increases, x will always increase. Also, dy/dg is positive when, g, lies
in the interval (—m, 0) and negative when, ¢, lies in the interval
(0, w). Therefore y constantly increases as ¢ increases from —ar to 0
and constantly decreases as, ¢, increases from 0 to .

The following table gives the corresponding values of 6, X, ¥,
and dy/dx :—

N —7 Intermediatel 0 | Intermediate s
‘ 1 ! !
X . —am incrcases | 0 increases | ar
I
. |
y 0  increases | 2a | decreases | 0
: | 5
dyldx ' oo 0 ‘ o)
i
Since for § = —m, we have x=—am, y=0 and dy/dx—=00, we see

that the point A(--am, 0) lies on the curve and the tangent thereat is
parallel to Y-axis ; when g increases from --7r to 0, x and y are both
increasing so that the point P(x, y) moves to the right and upwards
till it reaches the position V(0, 2a) corresponding to §=0 where, dy/dx
being 0, the tangent is parallel to X-axis.

When ¢ increases from 0 to 7, x increases but y decreases so
that the point moves to the right and downwards till it reaches the
position A4’(am, 0) corresponding to §-=7 where, dy/dx being infinite,
the tangent is parallel to Y-axis.

Thus the point P(x, y) descmbos the curve AV A’ as ¢ mcreases
from —ar to 7.

It is easy to see that the point P(x, y) describes congruent por-

tions to the right and to the left of the portion AVA’ as g varies in
the intervals

«.(—b7, —=37), (=37, —m7), (m, 37), (37, 57)......
15. Trace the curve

x=a sin 2¢(14-cos 2¢), y=a cos 29(1—cos 2¢).
We have . .

dx Cdy .
o =4a cos 39 cos § ; ¥ =4a cos 3¢ sin .

: dy _
.o T -—tan a
This shows that . Y=0
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The following table gives corresponding values of ¢, x, y and
dy|dx. ’ ,

91 0 | Inter- 7/6 | Inter- w/3 | Inter- n/2
mediate mediate mediate

x| 0 ] increases ?1‘:{39 | decreases V3a decreases | 0

4
a 3a :
Y] O | increases | 4~ decreases |~ 7~ decreases | —2a
dyldx] 0 1/4/3 \/3 o0
0 |7/2 | Inter- 27 | Inter- Ky Inter- m’
mediate "3 | mediate 6 mediate

X 0.] decreases _%3_‘1 decreases __3%@3 increases | 0
y | —24a] increases _..:i:“ increases Zg" decreases | O
1
dyldx|. e —4/3 T3 0

With the help of this table of values, we have the curve as
shown. (Fig. 153).

_Since x, y are periodic functions of ¢, with 7 as their period, the
values of x, y will repeat themselves as § varies in the intervals

(m, 27), (27, 37), ete.,
so that the same curve will be traced.

4 Fig. 153
The curve has 3 cusps viz., 4, Band C.
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Exercises

Trace the following curves : —

1. 3ay*=x%(x—a).

3. ay*=x(a?—x?).

5. y2=x%(4—x?)

7. x%yP=(a+y)\a>—»?).

8. y(a?+x®)=a2x. (B.U)

9. x*(y*+4x?)=a%(x*—y?).

11. y¥a*—x¥)=a’x.

13. y*’x=a%a—x).

15. y¥a’+x?)=ax2.

17. yx=a(x2—q?).

19. yix2=x2-1.

21. a*2=x%2a—x)(x—a).

23. y(2x—1)=x(x—1).

25, 36y%=(x2—1)%(7T—x3p.
Trace the following curves : —

27. r=a+bcos 6.

29. rcos §=asin 3.

31. r=alogyg.

33. r=aé® sin ¢.
Trace the following curves : —
35, x%+y5=>5ax2y?.
37. xt=ay*-—axyt.
39, x(y—z)=(y+x)(y%+x2).
Trace the following curves : -
40. y*=2%x+a).
42. @/x*—b¥y*=1.
44. axy=x—al.

2. yE=x(x+1)%
4. 4a'y?=x%(2a—x).

30. r2cos §=a?sin 36.

32. rlog @=a.

34. r=a(p —sin g).

36. (x2+y?%)(x—a)2=a2x2.
38. xt+yt=dazxy?

41. x34yd=gt.
43. x3+y3=a?x.
45. a2[x:—b¥y?=1.

367

6. x(x2+y%)=a(x*—y?). (D.U. 1955)
(P.U)
10. a%y'=x*a%—x?). (D.U. 1955)
12. y(xt—1)=2x—1.
14, ay*=x(a*+x*).
16. y:x=a(x2+a?).
18. y2x2=x241.
20. y%(a?—x2%)=x*.
22, y¥Ax+2)=x+1.
24. y2=(x2+1)2(2—x?)2.
26. x=(y—1)(y—=2)(y—-3). (PU.)
28. r cos® 9=a cos 2§. (L.U)

46. Show that the curve x%(x+y)—y2=0 has a cusp at the origin and a
rectilinear asymptote x+y=1 and no part of the curve lies between the lines
x=0 and x=—4 and that it consists of two infinite branches, one in the second
quadrant and the other in the first and fourth. Give a sketch of the curve.

Trace the following curves :—

47. xy*=(x+y). (L.U.)
49. xX(y+1)=yXx—4). (P.U.)
51, 2xy=xi+4y?

48. y(x—y)?=(x+y).
50. y=x(x2—m?2y?),
52. xty*+(y2+4xy+3x%)=0.

(B.U.)
(B.U.
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53. y(1—x})(2—x)2=x(1-x). . 54. r(1-+6)=as.
55. Show that no part of the curve
x?y+xy*+xy+y?+3x=0,

lies between x=—4 and X=—1 or between x=0 and x=3 ; give a skétch of the
curve. (M.T.)

56. Show that the cubic
xyt—x%y—3x2—2xy+y?+x—2y+1=0,
has double point at (0, 1) ; find its asymptotes and sketch the curve.
Trace the following curves :—
i+ 87, x=alg—sin 0), y=a (1—cos ¢). 0L oK 2}
58. x=a(0+sin ¢), y=a (1—cos ). (- O *)
59. x=a cosy, y=>b sin® 6.
60. x=acos®¢, y=a (sin 3649 sin 6).
61. x=a(3 cos0—cos%®), y=a (3 sin g—sin®0).
62. x=a(cos 6+9 sin 6), y=a(sin 0—¢ cos 6). 0oL 2m)
63. xJa=log (14cos 6)—cos ¢, y/a=sin 6.
64. x=alog| (sec0+tan 6) | , y=alog { cosec 6+cot0) | .

65. x/a=2sin0-log | (sec g+tan6) |,
y/b=2 cos g—1o0g | (cosec g+cot 6) | .

66. x=a cos 6 ; y=a(2+sin ¢) sin2 6/(34cos 6).
67. x=a(sin g+ % sin 30), y=a (cos 6—$ cos 30).
68. x=a(0+sin 6 cos §—sin 8), y=a(cos?0—cos 6). (0o 27)



CHAPTER XIX
ENVELOPES

19-1. One parameter family of Curves. If f(x, y, «) be.any
function of three variables, then the equation C

f (%, y, a)=0,
determines a curve corresponding to each particular value of «.

The totality of these curves, obtained by assigning different
values to «, is said to be a one-parameter family of curves. :

The variable, «. which is different for different curves is.said to
be the parameter for the family.

Illustration.
(i) The equation
x24y*—2ax=0,

determines a family of curves which are circles with thelrcentres
on X-axis and which pass through the origin. Here, @, is the
parameter. ‘

(if) The equation
y=mx—2am--am?,

determines a family of straight lines which are normals to the
parabola

y:=4ax,.
Here the parameter is m.

We now introduce the concept of the ervelope of a one-
parameter family of curves by means of an example considered in the
next article,

19:2. Consider the family of straight lines
y=mx--alm, ~ ees(d)
where, m, is the parameter and, a, is some constant.

The two members of this family corresponding to the para-
metric values m, and m;+ ém of the parameter, m, are

e

(- y= (m1+5’")x+m +5m

369
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We shall keep m, fixed and regard &m as a variable which
:;end: towards 0 so that the line (iii) tends to coincide with the
ine (ii). :

The two lines (ii), (iii) intersect at (x, y), where
o= 8 ___,_a(2m+3m)
my(my+8m)’ 7 m,(m,-8m)

As 6m — 0, this point of intersection goes on changing its posi-
&ion on the line (ii) and, in the limit, tends to the point

(e )
m?’ m,

This point is the limiting position of the point of intersection
of the line (/i) with another line of the family when the latter tends
%o coincide with the former.

*which lies on (ii).

There will lie a point, similarly, obtained, on every line of the
family. The Jocus of such points is called the envelope of the given
Samily of lines.

To find this locus for the family of lines (ii), we notice that the
«co-ordinates (X, y) of such a point lying on the line ‘m’ are given by

x__a 2a
._ma’ y_ m .

Eliminating m, we obtain
yi=4ax,
as the envelope of the given family of lines.

19-3. Definition. T'he envelope of a one-parameter of family of
curves is the locus of the limiting position of the points of intersection
of any two curves of the family when one of them tends to coincide with
the other which is kept fixed.

19-4. Dectermination of Envelope, ILet
fix, y, «)=0, N0
Jbe any given family of curves.
Consider any two members
f(x' Y, d)=0
and
' f(x, Y, a+8“)=05 . (il')
«orresponding to the parametric values « and a+8a«.
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The poeints common to the two curves (i), (ii) satisfy the
equation
f(x: Y, a+8“)'—f(x> Y, «)=0,
or '
fix,y, aJrs;L—f(x’ Y, @) _g (i)
Let 8« - 0. Therefore the limiting positions of the points,

common to (i) and (ii) satisfy the equation which is the limit of (iii)
viz.,

Ja(x, y, ¢)=0. )

Thus the co-ordinates of the points on the envelope satisfy the
equations (i) and (iv).

Let the elimination of « between (i) and (iv) lead to an equa--
tion

$(x, y)=0.
This is, then, the required envelope.
Rule. To obtain the envelope of the family of curves
J(x,y, ¢)=0,
eliminate, «, between
f(x, y, «)=0, and fa(x, y, «)=0,
where fx(x, y, «) is the partial derivative of f(x, y, &) w.r. to «.
If, on solving the equations (i) and (iv) for x, y, we obtain
x=¢(a), (V)
y=1y(a), .. (vi)

then (») and (vi) are the parametric equations of the envelope ; a
being the parameter.

Illustration. To find the envelope of the family of lines

y—ax—ala=0, A . . (vii)
we eliminate, «, between (vii) and
—Xx+aja?=0, . . (viii)

which is obtained by differentiating (vii) w.r. to «.
The eliminant is
yi=dux,
which is the envelope of the given family of lines.

This conclusion agrees with the one already arrived at ‘ab
initio’ in § 19-2,
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19-5. Theorem. The evolute of a curve is the envzlope of its
normals. :
PR, QR are the normals and PT, QT' the tangents at two
points P, Q of a curve. L is the point of intersection of the tan-
! gents.
T / PRQ=/ TLT' =5y,
R - arc PQ=%s.
Applying sine-formula to the A
Q PRQ, we get

PR sin / RQP
~_ sY PQ ™ sin / PRQ
- P
]l:ig 154L —T or  PR=sin / RQP. Eiﬁ%q?

chord PQ &8s 8y

=sin LRQP . "a-,rc——P—-Q—— . —S-l‘p . m—
Let @ - P, so that / RQP - / RPT=mw/2.
Lim PR=sin—- . 1. -j‘l . 1=p.
Q—>P 2 Y

Thus the limiting position of R which is the intersection of the
normals at P and Q is the centre of curvature at P.

Hence the theorem.

19-6. Geometrical relation between a family of curves and its
envelope,

19-61. To prove that any singular point of any curve of a given
Samily is a point on its envelope.

We have to show that if for any point on any member of the
family :

f(x, y, 1)=0, ()
we have
fe=1=0,
then, for such a point, we will also have
fa=0. '

From (i), we get

of of of
- -—-—-d -—-d =,
Exdx+ qy YT 5 =0
Putting
0 flox=0 floy=0, we get
aﬂaa=00
Hence the result.
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. Thus the locus of the singular points of the curves of a family
is a part of its envelope.

19.62. ' To prove that, in general, the envelope of a' family of
<urves touches each member of the family.
Let

f(xs y’ 0«)20, "‘(i)
be a given family of curves. ‘
Its envelops is obtained by eliminating a between (i) and

Sa(%, ¥, a)=0. wou(FE)
Let _
;:ff fgg (i)

be the parametric equation of the envelope obtained by solving (i)
and (i) for x and y in terms of «.

The equation (iii) satisfy the equation (i) identically, i.e., for
every value of a.

We differentiate (i) w.r. to a, regarding x, y as functions of «,
80 that we obtain

of dx of dy of _
dx dx Ty dn tou =
which, with the help of (ii), becomes
of of i\ .
% ¢'(a) + 25 Y (a)=0. ...(iV)
The slope of the tangent at an ordinary point (x, y) of a curve
‘a’ of the family is

Also the slope of the tangent at the same point to the envelope
(iii) is y'(a)/§' ().

We see from (iv) that these two slopes are the same. Thus
the slopes of the tangents to the curve and the envelope at the com-
mon point are equal. This means that the curve and the envelope
have the same tangent at the common point so that they touch.

Note. If for any point on a curve, 9 f/9x and g f/oy are both zero, then
the above argument will break down, so that the envelope may not touch a
curve at points which are the singular points on the curve.

Cor. 1. We know that a straight line and a conic cannot have
a singular point. Hence we can say that the envelope of a family of
straight lines or of conics touches each member of the family at all their
common points without exception.
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Examples
1. Find the envelope of the family of semi-cubical parabolas
YT y’—(x +0~)3=0. .o (",

Differentiating (i) w.r. toa, we

get e

" 3(x4a):=0. .. (i)

Eliminating o between (i) and

_— (ii), we get
0 y=0,
which is the required envelope.

We already know that y=0is

i cus of singular points i.e., cusps,

Fig. 155 ' f)};'e(il;)and also igt toucl?es each member

of the family.

2. Find the envelope of the family
x}(x—a)+(x-+a)(y—m)*=0,
where a is a constant and m is a parameter.
Differentiating w.r. to m we get
—2(x 4a)(y—m)=0.
Eliminating m, we get
x}(x—a)=0, $
which is the envelope. )
~ Thus the envelope consists of two
ines
x=0 and x=a.
If we trace the given curves

x}(a—x) " Fig. 156
(y—mp=—r—-=>"s
X+a

we will find that y-axis (x=0) is the locus of its singular points and
x=a is tangent to each curve.

3. Considering the evolute of a curve as the envelope of its
normals, find the evolute of the ellipse x*/a®+y?|b*=1.

The equation of the normal at any point (@ cos 6, b sin 6) on
the ellipse is

ax _be .
cosf sinf

Thus, (i) is the equation of the family of normals, where 6 is
the parameter.

Differentiating (i) partially w.r. to 8, we have

axsin @ by cos @ .
s 0+ g =0 ()

az"'bz. .‘o(i)
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To obtain the envelope, we have to eliminate § between (i) and
(ii). From (ii), we get

tan 0_____(by )}
(ax)t
!
P . M (a;) -
viant+enh Vit + enh

Substituting these values in (i), we get
+(ax)f + e a0t +Enhit =a—b,
or ti(axt+enti=(@—b),

or (ax) & (o)t =(a2— )}
which is the required evolute,
4. Find the envelope of the family of ellipses
xaty2[be=1,
where the two parameter a, b, are connected by the relation
a-+t+b=c;
¢, being a constant. (B.U. 1954y
We will eliminate one parameter and express the equation of

given family in terms of the other. We have
b=c—a,

so that
x3 y? .
XX (i
@ Tl ay 1, (ty
is the equation of the family involving on parameter a.
Differentiating (i) partially w.r. to a, we have

—2x2 2y? c—a
—a =0 or - =,
a T(c—a)d a X3
which gives

a=cxdjd 1yb),

c—a=cyd 8 438,
Substxtutmg these values in (i), we get

x*(xg +y§‘)2+y§(x§ +y§)z =c?,
or (x§ +y§)s =3

or X i +y§ =C i s
which is the required envelope.
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inis &y . Lind the envelope of the family of lines

xla+ylb=1, ('))
where the parameters a and b are connected by the relation
ar4br=ch, .’ o (i)

Here, if, as in the example above, we ehmvnate one para.meter.
the process of determining the enveIOpe 'will become rather tedious.
This tedioysness may be ayoided in the following manner.

We ponsxder, /b ds a funotlon of, a, as determined from (ii).
Dnﬁ'erentmtmg (i) and (ii) w. r. to the parameter, a, we get

x y - db
— + 7)3 . ,‘%—:_—0, ...(m)
db . .
an- 1+b"-1 2= =0. N (1))
From (iii) and (iv), we eliminate db/da and get
= ”)

rE iy SREE
The equation of the envelope will, now, be obtained by elimi-
nating a and b from (i), (ii) and (v). Now (v) gives
x/a y/b xlaty/b 1

= [From (i) and (ii)]

bn - an+bn
*arl=xcm or a=(xc")l/(n+l) ,

bn+1:ycn or b:(ycn)]/(n+1) ,
Substituting these values in (ii), we get

(eemy D) | emnl D) _
or '
YD) on(n1) _ nj(n-+1)

as the required envelope.
6. Show that the envelope of a circle whose centre lies on the
parabola y*=4ax and which passes through its vertex is the cissoid
y¥(2a+-x)+x3=0. (B.U. 1953)
Now, (at?, 2at) is any point on the parabola. Its distance from
the vertex (0, 0) is
4/(a?t4 +4a%?),
Thus, the equation of the given family of circles is
(x—at?)® 4 (y—2at)®==a’t* {-4a%t?,
or :
x2+y2—2at*x —4aty=0. oen (Vi)
Differentiating (i), w.r. to ¢, we get ‘
—datx—4ay=0, or t=-—y[x.
Substituting this value of 7 in (i), we get the reqmred envelope.
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7. Find the envelope of straight lines drawn at right angles. to the
radii vectors of the Cordioide.
r—_‘—a(l +-cos 0)7.
through their extremities.

Let P be any point on the curve. If a be its vectorial angle,
then its radius vector OP=:a(l +cos a). i

The equation of the line drawn through P at nght angles to the
radms vector OP is

r cos (6 —a)=a(l +-cos a). : ..(1)-
The angle « is different for different straight lines.
Differentiating (1) w.r. to «, we get

r sin (§—a)= —a sin a. ..(2)

To eliminate («) from (1) and (2), we re-write them as
(r cos §—-a) cos a-}-r sin 0 sin a=a. ..(3)
r sin § cos a—(r cos § —a) sin a=0, .. (4)

Now, (4) gives
tan a=r sin §/(r cos 6—a).

r sin § rcos §—a
+/(r*+a*—2ar cos 6)’ €08 &= (r*+a®—2ar cos §)
Substituting these values in (3), we obtain

(r cos §—a)*+-r*sin*g
v (rt+a:—2ar cos ¢)

.o sina=

or
r24-a*—2ar cos §=a? i.e., r==2a cos 6
which is the required envelope.

Exercises
1, Find the envelope of the following families of lines :—
(i) y=mx+'a>m®+ b?), the parameter being m ;
(ii) x cos® g+ y sin® g=a, the parameter being ¢ ;
(iii) x sin 0—y cos p=ap, the parameter being ¢ ;
(iv) x cos™0+ysin™ g=a, the parameter being 0 ;
(v) y=mx +amP, the parameter being m ;
(vi) x cosec p—ycot g=c.
2. Find the eavelope of the family of straight lines x/a+y/b=1 where
a, b are connected by the relation
(i) a+b=c. (ii) a?+b2=c2. (iit) ab==c*,
¢ is a constant.
3. Find the envelope of the ellipses, having the axes of co-ordinates as
principal axes and the semi-axes a, b connected by the relation
(i) ab=c2 (i) a®+b2=c2.
4. Show that the envelope of the family of the parabolas,
N(x/a) + N(y[b)==1
under the condition

() ab=c? is a hyperbola having its asymptotes coinciding wntl} axcslgss)
(ii) a+b==cis an astroid.
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' S. Considering the evolute of a curve as the envelope of its normals,
find the evolute of the parabola y2—4ax.

6. Prove that the equation of the normal to the curve

x?f +yiL =aiL l
may be written in the form x sin #—y cos $+a cos 2¢=0 and find the envelope
of the equation of the normals. (P.U. 1944)

7. Find the equation of the normal at any point of the curve
x=a(3 cos 1—2 cos® 1), y==a(3 sin ¢—2 sin® )
and also find the equation of its evolute. (P.U. (Supp.) 1936

8. From any ‘point of the ellipse x%/a®+y?/b%=1, perpendiculars are
drawn to the axes and their feet are joined ; show that the straight line thus
formed always touches the curve

ot +omE =1 (B.U. 1952)
9. Find the envelope of the curves
x3[a® cos 6+ b¥[y? sin 0=1.

10. Circles are described on the double ordinates of the parabola y2=4ax

as diameters : prove that the envelope is the parabola 2=4a(x+ a).
prove the P P V=P, (Supp.) 1935]

11. Show that the envelope of the circles whose centres lie on the
rectangular hyperbola x2—y2=q? and which pass through the origin is the

lemniscate
r2=4q2 cos 20. (B.U. 1955)
12. Find the envelope of the circles described upon the radii vectors of
the cllipse x2/a®-+)2/6%=1 as diameter. ‘
13. Find the envelope of a family of parabolas of given latus rectum and
parallel axes, when the locus of their foci is a given straight line
y=px+q. (P.U. 1937)
14. Shnw that the envelope ol the straight line joinigg the extremities of
a pair of semi-conjugate diameters of the ellipse x2/a2+y*/b*=1 is the ellipse
x%[a%+ y2[b%=1]2. . ’ R
15. Find the envelope of straight lines drawn at right angles to the radii
vectors of the following curves through their extremities :
(i) r=a+bcos 0. (ii) r™=a"™ cos np.
(iii) r=aed Ot *, (B.U. 1953)
16. Find the envelope of the circles described on the radii vectors of the
following curves as diameter :
(i) Ilr=1+-e cos 0. (if) r®=a" cos no.
17. Find the envelope of the curves
X" [gM | ym [pm=1,
where the parameters a and b are connected by the relation

a4 hP—cP. (P.U. 1955)
. i i —a)%+y2=a? has no envelope.
18. Show that the family of circles (x—a)?+y (P.U. 1942)

Miscellaneous Exercises II
1. Show that all the curves represented by the equation
XL yn ab \n
a e T (a?b ’
for different values of n, touch each other at the point x=y=ab/(a +b) and that
the radius of curvature at this point is

(a+ b')% +nla+b)2. (D.U. 1956)
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. 2. If the polar equation of a curve be r=a sec* 3, find an expression fox
its radius of curvature at any point.

3. Show that
x=a(cos 0+ ¢ sin 0), y=a(sin 6—0 cos 0},

is the involute of a circle.

4. Find the radii of curvature of the curve

a‘yr=a’x*—x*,

for the points x=0 and x=a.

5. Ifa curve be given by the equations

2e=(11+2)+ V(12—=21), 2y=~(12 +2)— (' —21),

find the radius of curvature in terms of ¢.

6. Ifacurve passes through the origin at an inclination, a, to the axis
of x, show that the diameter of curvature at the origin is the limit of

(x*+y?)/(x sin a—y cos «)

when x = 0. Hence show that the radius of curvature at the origin of the curve:
. y*+2ay—2ax=0,
i8 —2+2a. *

. 1. 1fp,, ¢, be the radii of curvature at the extremities of two conjugate
semi-diameters of an ellipse semi-axes a, b, prove that

(p;§+ Ps §) ab b%=a’+b’. (Delhi Hons. 1948 ; P.U.}

8. Show that the projections on the X-axis of radii of curvature at the
corresponding points of y=log cos x and its evolute are equal.

. 9. If Pis any point on the curve r™=g™ cosmpand Q is the intersec-

tion of the normal at P with the .line through O at right angles to the radius

vector OP, prove that the centre of curvature corresponding to P divides PQ in
the ratio / : m.

10. The equation of the equiangular spiral is r=aed °°‘. ®. Prove that if
O be the pole and P any point on the curve, then a straight line drawn through
O at right angles to OP, intersects the normal at P in C such that PC is this
radius of curvature at P. : (M.U.y

11. Show that the normal to the Lemniscate

r*ga’ cos 20

at the point whose vectorial angle is x/6 is perpendicular to the initial line and
that the centre of curvature at the point at a distance ¥2a/12 below the initial
line.

12. Show that a point P on the curve

x=3 cos 0—cos?, y=3 sin 6—sin’g

where 9=m/4, the normal- passes throvgh the origin O and that the centre of
curvature at P divides OP internally in the ratio 4 : 1. B.U

13. Show that the pole lies within the circle of curvature at every point.
of the cardioide = a(l+cos g), and that its power with respect to it is r/«3.

14. Find the co-ordinates of the point in which the circle of curvature of’
the parabola y*=4x at the point (%, 2r) meets the curve again.

The circles of curvature of a fixed parabola at the extremities of a focal.
chord meet the parabola again at Hand K; prove that HK passes through &
fixed point. (Indian Police 1935)

15. p, ¢’ are the radii of curvature of an ellipse and its evolute at corres-

ponding points P, P’ A is the area of the triangle which the tangent at P makes:
with the axes ; show that p/p’ varies as A.

16. Prove that the maximum length of the perpendicular from the pole
on the normal to the curve r=a(t—cos g) is 4v3a/9. (B

17. For what points on the curve xy*=a'(a—x) is the square of sub-tan-
gent maximum.
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18. Show that the tangents at the points of inflexion of the curve
Y (x+a)y=x*(x—a) ‘

are
5x+343y—4a=0, --(B.U.)
19. Find points of® inflexion on -
x(xy—a®)i=0". (M.T.))

20. Find the co-ordinates of two real points of inflexion on the curve
Yi=(x—-2)(x-5)
and show that they subtend a right angle at the double point.

. 21. If O.is a fixed and Q, a variable point on a given circle whose centre '
is C and if 0Q is produced to Pso that QP=2. OC, prove that the radius of

curvature of the locus of P at the point Pis .
soc.cpt | (B.U)

curve 22. IfO is the extremity of the polar sub-tangent ata point P of the
<cu

r=a tan (8/2).

r=a(l+sin 0). . (BU).
23. Find polar sub-tangent and polar sub-normal at aany point of the

piove that the locus of Q is.

curve

r=a6*/(1+0% ;
show that the polar sub-tangent constantly increases as 6 increases and the
polar sub-normal attains its maximum value 3v3a/8 at the point (a/4, 1/3).

'24. Show that thecircles of curvature of the parabola
yi=4ax
for the ends of the latus rectum have for their equations
x%+y2—10ax + 4ay—3a*=0,

and that they cut the curve again in the point (9a, T 6a). (P.U.)
25. Show that the centre of curvature at every point of the curve
r=a(g—sin 0)

where it meets the positive side of initial line is the pole.

. 26. Show that the co-ordinates of the centre of curvature may be given
in any of the following ways :—

o[ g s
.. 1-+(dx/dy)? 14 (dy/dx)?
@ [+ S5 e ]

d?r[dx® d2r[dx?
("‘) [ i’ dzx/d};g‘ ’ % "dgyld;f‘].
27- Show that the area of the triangle formed by a tangent to the cissoid
yH2a—-x)=13,
its asymptote and X-axis is greatest for ;he/: point given by
=3af2, -
28. Find the equations of the tangents to the curve
. x(y+1)=y*x—4)
pirallel to the line y=x.
29. Trace the curve
r==a(1+cos @)
and prove that the greatest distance of the tangent to the curve from the middle

point of the axis is ¥2a. (PU.)
30. Show that the length of the perpendicular from the foot of the
osdinate to; normal at any point of the curve

. x=a(sinh 29—2¢), y=4a cosh @,
is constant. :
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31. Show that for the curve
x|a=:1og (14-cos §)—cos §, y/a=sin 9,

the portion of the X-axis intercepted between the tangent and the normal at
.any point is constant.

32. F_ind the nature of the double poiut on the curve
+1)2=(x—1)%(x—4)
and show that it has two real points of inflexion. (P.U)

33. Show that the pedal equation of the curve
. y2(3a—x)=(x—a)?
is
pHr?+15a%)=9a%(r?—a?).
34, Show that the tangential pedal equation of the curve

ot + ol =1
is
1/a? sin® Y 4-1/b% cos? y=1/p2. (B.U. 1955)
35. If on the tangent at each point of curve, a constant length be
measured from the point of contact, prove that the normal to the locus of the

point so formed passes through the corresponding centre of curvature of the
given curve.

36. Show that there is a curve for which the circles
(x—a)2+y2—2y cosh a+1=0,
as the parameter ‘a’ varics, are the circles of curvature.

37. Prove that the distance from a fixed point Py(x,, y,) to a variable

point P on the curve f(x, y)==0 is stationary when PP, is normal to the curve
at P.

38. The tangents at any point ‘¢’ of
x=a(@+sin §), y=a(1+4 cos )

is normal to the curve at the point where it meets the next span on the right,
prove that cot (8/2)=mn/2.

39. Show that the locus of the intersection of perpendicular tangents to
the Astroid

X=a cos®g, y=asin%g
is the curve
2%+ =a’(x2—y?)?; (D.U. Hons., 1959)
and the locus of the intersection of perpendicular normals is the curve
(x3+ y*)2=8a2x2y2,
40. For the curve

. x=a(2cos t+cos 2t), y=a(2 sin ¢—sin 2r),
find the equation of the tangent and normal at the point whose parameter is#
and show that

(1) the tangent at P meets the curve in the points Q, R whose parameters
are "‘it and "—i’)

(ii) QR is constant,
(iii) 1he tangents at Q and R intersect at right angles on a circle,

(iv) the normals at P, Q and R are concurrent and intersect on a concentric
circle.

41. P, Q are any two points on ay?=x® such that PQ always passes
through a fixed point (ar?, at?) lying on the curve ; show that the locus of the
point of intersection of the tangents at P, Q is the parabola

(3tx+2y)%+2at?y=0.
42, Tangent at any point P of the Folium x%+)?=3axy meets the curve

again at Q ; show that
) cot® [XOP+ tan [ XOP=0,
where OX is X-axis.
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43. Show that x=a/4 is a bitangent of the cardioide

r=a(l—cos ). (Birmingham)
44. The envelope of the straight line -

. L
x cos ¢+y sin g=a(cos ng) "
4s the curve whose polar equation is
N {1—n n 1—n
/{1 ) /( ) cos T2 n L 0.
45. Show that the radius of curvature of the envelope of the line
X cos a+y sin a=f (a),

(@) +f"(w),
.and that the centre of curvature is the point
=—f"(a) sin a—f"(«) cos « |

‘is

y=f"(«) cos a—f"(x) sin « | (M.U.)
-36. Discuss the nature of singularity at the origin of the curves,
() y2=x4(x2—1). (if) x5—a(x2—ay)2=0. (B.U.)

47. Show that the curve
by*=x? sin%(x/a)
has a cusp at the origin and an infinite series of nodes lying at equal distances
from each other.
48. Trace the following curves :—
(i) r=a(2 cos g-+cos 30). (ii) y*—2c%%+a%x2=0.
{iii) x=alcos t+log tan §t). y=asin t.

49. The tangent to the evolute of a parabola at the point where it meets
~the parabola is also a normal to the evolute at the point where it meets the
evolute again.

50. If p be the radius of curvature of a parabola at a point whose distance
-measured along the curve from a fixed point is, s, prove that

(Lo _[#]' -

51. Ifpand p’ be the radu of curvature at corresponding points of a cusp
.and its evolute, and p, g, r first, second and third differential co-efficients of y
‘with respect to x, prove that

~

o _ 2nad—r(1+p%
LA 2
[Hint. p’=d2s/dy2.]
52. Show that the radius of curvature ata point of the evolute of the
~curve
=q" cos ng,
-corresponding to the point (r, ¢) is
(:;11)2 r sec n tan np.
53. (a) Show that the curve
™ x4 —2x2y—xy2—2x2—2xy+ y?—x+2y+1=0
‘has a single cusp of the second kind at the point (0, —1).
(b) Show that the radius of curvature of the curve f(r, )=0 is
r cosec ¢
T dy
14— a6

and the chord of curvature perpendicular to the radius vector is 2p cos ¢ where
# denotes the radius of curvature. (D.U. 1956)



. ANSWERS
{Pages 4—67.)
Page 4,

Ex. 3. (i) 0. (ii)a, i) 1, (iv) nm ; n being any integer.
Page 9.

Ex. 2. 1'710.
Page 10.

Ex. 2. (i) | x—1]| <2 (i) | x—3 | <5

(iti) | x—2 | <5. @) | x—=1 | <e. -

Ex.3. (i) —l<x<b. (i) —3<x<L. (i) —1<x<3, x£1.
Page 14.

Ex. 4. (i) (—3%, »)

(ii) The entire aggregate of real numbers excluding the numbers
{2n+-1)w, where n is any integer.

(iii) The sct of intervals
(@n—})m, (2n+Y)x],

when n is any integer.
Page 36.
1. (i) =/6. (ii) —=/4. (iii) w[3. (iv) 27;/3.
2. (@) {0, 1). (ii) The set of intervals [2nm, 2n+1w].
(iii) [0,1). (iv) [—1,1]. _‘(_V)_ [—, —1], [1, 0] (vi) [0, ]
{vii) The set of intervals (2nw, 2n+-1a), (viii) [1, ©]. (ix)[l, o]
(x) [—o, ®], (xi)[—ow,—2],[—1, o]. (xii) The entire aggregate
of real numbers excluding the numbers (n4-})w. (xiii) [—1, 1].
(xiv) [—, 0], [0, o ].
3. (i) Increasing in [—oo, o). (ii) Decreasing in [—o, @ ].
(iii) Decreasing in [—o,0] and in [0, o ]. iv) Increasing in
{—o, 0] and decreasing in [0, o ]. (v) Increasing in the set of inter-
vals [(2n— })w, (2n+4-})7] and decreasing in [(2n+4})w, (2n+3)m7].
Page 51.
3. (i) continuous. (i) discontinuous.
6. Discontinuous for x=0 and x =1,
7. Continuous for every value of x.
Page 57.
2. -5
{Pages 66—67.]
2. (i) continuous. (ii) discontinuous. (iii) continuous.
383
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(iv) discontinuous. (v) continuous. (vi) discontinuous.
(vii) discontinuous, (viii) continuous. :
Page 74. '
Ex. 4. (i) 13. (i) —%.
Page 75, §4-12.
Ex. 1. (i) —2x/(x*4-3)% (i) —1/2x%. (iii) 3x%, (iv) (2ax+b).
Page 76.
Ex. 1. 2, 2(1—x?)/(1+x2)2 Ex. 2. —1/4/2.
Page 78. ‘
Ex. 3. 2x+y+1=0, 4x=y-+4.
Page 79.
Ex. 1. (4)8,2;2,2 (b)—1/16,1/32; —1, 2.
(c) 1)4, —1)32;1/2, —1/4.
_ Ex.3. —4,3, —4;-2,2,2;2,17,8.
Page 83.

Ex. 2. (i) (x—1)/2x7. (if) (2x~ 845x"T3)/12.
(i) (3x4x—1)2xF  (iv) (14+7x)/6°.
Page 85. :
Ex. 2. (i) 2x+5. (if) 2(x+2)(3x+5).
(i) (2x-+3)%(10x—3)/2x7.
Page 86.
Ex. 2. (i) —(4x+5)2 (i) —x(x+2)-3.
(i) [ xF) - 5(eF— %) o3 41~ By
Page 87. :

Ex. 2. (i) an(ax4-byn-t. (i) —2x/(1+4x%)2
(iii) (ax+b)/+/(ax®+2bx+c).
(v) —2x/4/(x4—1)[x*+v/(x*—1)].

() — X )
@—x@ra® | sxdaxdy
P e e
(e 1)3er—a)’}
Page 89
I L | . 2t—14
Ex. 2. (i) - {QT" (ii) TE-'-Ttt‘

3t+13

o)

() (42r—1)21.
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Page 91.
Ex. 3. (i) msin™1x cos x. (ii) —m sin mx.
(5ii) mx™-1 cog x™, (iv) —sin 2x.
(v) (x cos x—sin x)/x2. (vi) sin x.

(vii) —(ax4-b)(ax2+2bx-4-c)"¥ sin 4/(ax24 26z + ).
(viii) (m cos® x—n sin? x) sin™-1x cos" 1x.
Ex. 4. (i) tan 1. (ii) cot t. (#i)) —tan ¢
Page 92, I
Ex. 1. (i) —4 cosec 2x cot 2x.
(ii) cos x tan 2x+42 sin x sec? 2x
sin 4x—8x sin® x_

ces / D gin 2
(W) g cos® X sin 2x (%) 2 sin 2x.
1 . g X
¢) - v/[(cos 2x)](cos x +sin x) (vi) § sec®
Page 93.

(i) —9 cosec?® 3x cot 3x. (ii) %a\/[sec (ax+b)] tan (ax +-b).
(iii) b sec 4/(a-i-bx) tan y/(a-|-bx)/\/(a+ bx).

(iv) —sec-(cosec x) tan (cosec x) cot x cosec X.

Page 96. .
. ! 1
Ex. 1. (l) 2\/(x—-x2)' ”) 4(1*X)\/X\/(cot"1.\/x)'
1 . sin 4/x 1 9 ‘
. 1"+'3c‘-" M= ayx - eoyx @ ey
.. 2 1 -1
(vi) r)\/(x TR (vii) Tl (viii) x\/((l xx)-;-;u{_‘_)_c
. 2 \/(bz_az)
(1) - Wx(14-4x) (x) b+-acos x
Ex. 2. 1.
Page 97. . .
Ex. (i) cot x. (i) —0 (l;’g ). i) €™ F | cos x.
2 1 .
(i) cot (lo x) ) 2(xf-:—x+1) (vi) 800 x.
e**.2x log x-—e* av¥ log a

(vii) sec x. (viii)

ECTE WS A/ ()
2x. log,e

, 1 .
(%) \‘/h(l-‘—;.'x‘)“fsin"“'x’ . (xiQ) \/-(m)- (xii) m tanh mx.
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Page 97.

;v(ax)
2 2 _ 9 vy -- .
(xiii) a*(sin® x . log a®-}-8in 2x). (xiv) 3 %/(a-x-
2ab _
() G Gost x— b sin? x
Page 100.
o
Ex. (i) tanhx. (i) sinh 2x eSP° X

© (iii) sec® x tanh x 4-tan x sech? x
Page 102.

Ex. 4. (i) (cos x)log X [(log cos x)/x-~tan x. log x].

(i) (L4-x71)*[log(l +-x-1)— (1 +4-x)~1]. (iii) e xx x* log e.\'.l

(iv) (tan x)COt X cosocx log (e cot x) -

(cot )P X ceczy log (e tan x).

(v) (log x (log log ’C+l z x) !

(sin! “)Sin x(cos x. log sin 1 x - sin X >
o - Cy/(1--x?) sintl x
(vi) g {:' . oA 0®
P e L T2 0 TRE ) T o)
1623 7
A4 x|

wits

(vii) (2x44-15x2.1-36)/3(x*4-3)* (\- : 4)
(viii) sin x . " . log x . X% [cot x 4 (x log x)~* }-log e°x|.

Fage 104.

. 2 3 | |
Ex. 5. 0) e ) iy U o e v 1 8
2

(v) + 4% ™)y L

o _ L 24/X—/(14X)
) 24/%(1 4 X) vi) 2vxy(L: )
Ex. 6. (i) - . (ii) 3/(l-+~x?.

Page 105.

Ex. 3. (i) 2x cos x2 (if) sin 2x. (fii) 1/24/x.

(iv) S0 X cog x, (v) e\’/x/Q\/x. (vi) 1/(14x2).
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Page 105.
2 2
1. 2", 2 fﬁcﬂj—""t X). 3. (x cos x i-sin x).
-1
4. 2xsecix®. 5 - . , .
| X |/ (x2--1)
Page 106.
6 cos~Ix - x4/(1-- x%)
. (1--x2)372
T e
: XAV'(]'_{_'Xz)' : (xz__a2)'3/2()¢2:;4a4)1;2
2 -
9. @b x zL‘llt:m 1 ) *(12 ]
a? | x? (t.:m-l > ‘ +x
a
X ) 1 1
10. ¢ . x".log ex. 11. 3 xes(l Lxyen
12. Y 13. L
14 (1—2x)3(1 - 3x)-33 (1 — 4x)4/°
(- hx)“‘(l*7\')‘0/7(1-—e~x)7"’
5 6 1T 4 9 16 7
[l—-(ix’ Pegx T1 R TTB(1 <20 THL E3x) (1 -y |

15. x(.\‘3 +h log (ex®).

16. |1 {-xlog xlog ex]x('\. Jrvod .
17. 1 X% 3xy (1 -x¥)sinly, 18.  cosech x,
X 1
’ . 0. . .
19. v (1 xh 2 (cos x—-8in X)y/(cos 2x)
<) o ’
a4 22, 105X ot x L log 10,

vl ax?)
23. log (¢ log x) - log x . log log x.
(@*-~b%) sin x

H (@1 b*)(14-cos® x)-4-4ab cos x o
N .‘—l ] ¥ . . ;

26. ¢ ax* [cos (x log x) . log ex —2ax sin (zx log X)].
1 2a°x
27. a sech ax. 28. o(14x?) ° bt
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x2—1 1 sin a
0. ey M. —i=m 3\ _2xcos at i
Page 106.
33. 9x*sin (3x—7).log (1—5x) X

4 —_—
[*;—[108(1—5)5)] 1 (‘— )+3 cot (5x—17) ]
34.  e*[a(1 +x2) cos (b tan—1x)—b sin (b tan—1x)]/(14x%).

n/sin x
35, _ncosec X . cot xe ) v
2[1_‘/( 1—e —n/sin. x)] \/[1 —n/sin x]
36. —cosec?® x. cbth x—cosech? x. cot x.
37. ¢*sinh x+xa® sinh x log a +xa® cosh x.
38. /3//(sec x)+/(sec 3x).
2 ’
39. (1-{— __1_-.>x [2x log (l+ }C)_l-f)%f]
m 0/(4c—aC)
VI(ax?t+c)(4x*+0)]
41. (l—x3)—§_
Page 107.
42, (i) 1(x*+1). (i) x/(x3—1).
43. (i) 0. (if) —tan 3t. (iii) tant.

45. x sin x cos x/log x.

sin x—1 .
46, x (sin x+x cos x log x)

(sin x)x_1 (x cos x4sin x log sin x)
47. 4. 48, x(2+2 tanlog x+-sec® log x). 49. —}.
2 )~
© = — /(1) (log x)tan x[sec? x log(log x)-}itan‘Jrc(x log x)71]

Page 111.
1. f'(0) exists but f*/(0) does not.

2. Differentiable at x=0 for m > 2. f’(x) is continuous at
the origin form > 3.

3. f(x) is continuous but does not have derivative at the origin.
5. f(x) is continuous but not derivable at the origin.

6. Continuous when x is irrational or zero and discontinuous
for other values of x. Differentiable for no value.

1. f1(0)=1.

m cos (m cos™1 x)
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Page 112, .
10. Continuous but not differentiable for x=a.
11. (i) Continuous. (ii) Discontinuous.

12. Discontinuous at 0 ; denva,ble at 1 ; continuous 'but non-
denva.ble at 2.

Page 115,
5. —-3)2.
Page 116. '
dzy
. 11. d22+4y 0.,
Page 119,

16 . ~1 o
(x__2)n+l ‘(x—l)"+1_]

.. (—l)"n ! 3 ) 1
. @) 4 [‘(x'_';‘))'nﬂ a (x+42)+1 ]

1 2(n+1)
(iit) (1™ n (x— ,)”_H (x+l)ﬂ+1 + ( 1)n+z .

1 1
10! [(x~i)“"Jr (X411 (x4 :|

1 1 1
Crmt [ oigm e gepapn )
Page 120.

3. ) (—1)rn !l: (x '_i_ll)n-il — (2.‘(—2{—1)"“]'
. (=Drn! 1 . 1
() ° 4 (x—ay  (x4a)ril
2 sin [(n+-1) cot~Y(x/a)
(@ )("+l)/2

1. () (=1)yn!

, n>2,

o 2(=1)r it
§ 1)8, wh
(iii) /3 sin (n--1)8, where

r=J/(x*+x+1), §=cot=! [2x+1)//3].

(=h)rn sin (n *'1 0] where

!
(iv) .r’f+'1"". [cos (n+4+1)0—-
r=/(x*+4-x- l), =cot;‘1 [(2x+1)/3).
7. (i) (=1)*(n—1)! sin" § sin nf, where §=-cot1x.
(ii) (—=1)"}(n—1) ! cosec” « sin” § sin ng, where
@ =cot}[(x—cos a)/sm «}.
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Page 121,

2. (i)} sin (x4} m)— Ag sin (3x-Linm).
(u) 32" cos(2x +}nmr) cos(4x +3nm) 46" cos(6x-+3nw)].

(i) 25 [2 cos (X 4-3nm)—3 cos (3x +}nm)-- 5" cos(bx +inw)].
(i) [3€* 453" cos (x+n tan-1 2)
17008 (4x 4-n tan 1 4)]/8.

) e |'25"}” cos (x-+n tan—1 r.})—~13"}n cos (3x-+n tan 1 3)
in

--29%7 cos (5x +4-n tan ! 3)].
Page 123.
. n* . nA(n--1)3 ”
1. () e"[x“ i 1 xn 1 7(2-!-,) B R
-1y ... .. 12
n! .

(i) X3 cos (X 4-}nm) +3nx% cos [x-4(n--1)7)
-t 3n(n—1)x cos [x +}(n—2)m] 4
n(n—-1)(n--2) cos [x+3(n -3)w].
(iii) a2, 5%, x*
(v) e[log x 4-"c;x 1—regx 2 e, 21 x3
e (=) me, (a—1) U x M.
4 (LX), —(204-1)Xp, 0y (@ -n2)y,=0.
S XWure +(2n L)Xy, (P aR -m)y, =0,
Page 125,
L Upa(0) =0 ; Uy (0)=(— 1) 2n 1.
2. Yon(0)=0 5 Yauia(0)=m( 12 m)(32 m2).. [(2n ~1)*- mp].
3. Ygu(0)=0; Vpoy (0)=(--1)* . 12, 32 52 . (2n—1)2.
Page 126. § 5°6.
4. Yy, (0)=m*(m?- - 2%)(m2—42) . [ [(m*—(2n-2)*] ;
Vant1(0) =m(m?® —12)(m?--32)(m*--5%) . . [m>*—(2n--1)?].

Yaniy=— m'n-/z (124+-m?)(324-m?) .. ..[(2n—1)%4-m?].

Von ::emﬂ/zm%’.2 +m2) (42 4+m?) ... . [(2n—2)2 - m?].
6. Yoani1=0, Ypu==(—~1)""1 2,22 42 62 ... (2n—2)2
Page 126.

4. (1-2x2)/(! —xz)g.
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Page 127.

9. If niseven, y,(0) =0 : if nis odd, y,(0)-=n! (3n—5) — )ﬂ+4
Page 135.

Ex. 3. c=(6—-/21)/6.

Ex. 4. (i) 1. (i) 4/5. (i) log (e --1)
Page 139,

2. For a1, the function is steadily increasing: for a{—1,
the function is steadily decreasing

3. Increasing in [-—2, —1] and [0, 1] ; decreasing in (-~ ,-—~2]
[--1,0], [1, o).

4. Increasing in [«—l l'| decreasing in (—oo, —1],and [1, ).
5. Decreasing in (-~ , —2] and [0, 2]; increasing in [—2, 0]
and 2, «).
Page 140.
6. 36, 0.
Page 144,

a?—he? a(u? —3b2
4. % cos bx 14 ax-i ?) ‘_ —x2.4- ( ‘; \ )x3_

«

----- (a2 -+ b?) b e’ xcos< bgx +-n tan"‘-g——)-

Page 150.
Ex. 2. 136, —N.

Page 153.
Ex. 3. max. —8 ; min. -10, 26.
EX. 5. 55/27,1:1109, --27.

Page 156.

1. (i) max. 38 ; min. 37. (if) min, 4.
2, Max. for x =2a and minimum for x-—=0 and x==3a.
3. Max. for x-=1, min. for x—=2.

4. 2,/3/9.

5. max, 54, min. 50 ; least 0, greatest 70,

6. max. for x-=1, min. for x=6.

7. max. for x =4{/3 ; min. for x-=—14/3.
11. e,
12. min. value : log [(¢e—e) log a]/log a
13. max. values: (2w 43,/3)/6 ; (87 -3,/3)/6.

min. values : (47 —34/3)/6 ; (10w—34/3)/6.

14. max. for x=nm where n is an odd positive or even negative
integer, and minimum for x=nw where n is an even positive or odd
negative integer.
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Page 156.

15. min, values : —}(57+3,/342), 27 —3,/342).
max. value : {(—w+3/3—2), +(57+3,/342).
4v243
6 b

17. (i) min. value \—/74—?3 ; max. values

least value O ; greatest value}\gét Z.
(if) min. values : —}, —§ ; max. values : 1 — /%,
least value : —38 ; greatest value : %t

18. (i) min. —1, —2/34/6 ; max. 1, 2/3,/6.

(if) min. (a§ —}—b%:’ )% ;  Inax. —-—(a§ —}—b% )%.

(i) min. 0, —2/3./3 ; max. 0, 2/34/3.
_atm/a) (a-+m/4)
(iv) min.—i.‘./,_j__,_‘ JmElm e B 2nm |
where n is any integer.
Page 157.

20. max. c%/(a+b).
21. The required values are the roots of the quadratic equation
(@a—r=2)(b—r-2)=h? inr.
Page 163.
1. 9,6. 3. Sq. whose each side=/2a.
4. +/(40/3), +/(40/3), 3+/(40/3).
5. Diameter of the semi-circle=40/(m +4) ;
Height of the rectangle=:20/(m +-4).
9. Breadth y/%a, depth {/§a.

10.  15(3)% miles per hour, 19800(2)% rupees.
18. 47 A tan? o

Page 164.
21. 3/3ab/4. 22, a-b. 25, 3,/3/4.
26. (3v/8m)}. 28 2./37/27.

30. Length 2 ft., girth 4 ft. ; yes, length should now be 1% ft.
and girth 4} ft.

Page 168.
Ex.3. (i) —%. (ii) m®[2e.  (iii) }. (iv) 4 (v) 2.
(vi) 2a/b.
Ex. 4. (i) &. (ii) }- (i) —3.  (iv) }.
Page. 169.

Ex. 5. a=-—2;limitis —1.
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Page 170.
Ex. 3. (i) . (i) —}. (i) 1.
(iv) --2/w. Change cot x to cot }mx. (v) 4.
(vi) 1. (vii) 3.
Page 173.
Ex. 2. (i) 0. (ii) 3. (i) 1. (iv) 1. (v) L. (vi) 0.
Page 174.
Ex. 2. (i) 0. (i) 1. (iii) 2a|=.
Page 175.
Ex. 2. (i) }. (i) 0. (iii) §.  (iv) =2/6.
Page 176.
Ex. 3. (i) 1. (ii) €. (i) 1. (i) 1.
Page 177. [§87].
(v) e. (vi) e. (vii) eé. (viii) e.
Page 177.
1. 4. 2.0. 3. —%. 4 3% S . 6. —1. 7. —2.
8 1. 9.0 % 10, 5 11 - 2. 12. ¢}
13. ¢ 92 14 0 15 oF 16. 27
17. ¢ 9P 18. alog a. 19. 2. 20. 1.
21. & 22 \3al6. 23. log (e[b) log be.
Page 178.
1
24, (aaya4...a,) " . 25. —e¢/2. 26. lle/24. 27. 16.
28. —la%s. 29. a2e°. 30. f"(a)/2f'(a). 31. .
33. Continuous at the origin.
Page 187. )
(= T)rx2ntl
3. S 2n41
2 5 3
2 x3_ 4 __ Cxd 6
7. v-2x x 3x}—~x 3x~}—2x
Page 188.
x2 x4
11. 1+x+‘T*~g .
1 ., 2 4 I x x3
12, X o X® - g X*. 13. 5+ 4 4g-

—93)2
14. log sin 34 (x—3) cot 2—-»("—‘—»?-’-) - . cosec? 3+

2
__2)3
_(f‘g—?f)— . cot 3 cosec? 3.
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15. 14429(x-—2) +16(x—2)4-3(x --2)3.

Page 188.
x2 3
17. 1+4+x+4- CR § .
(Read e® —e* %5 X jnplace of e—e* €08 ¥).
Page 202.
1 1 1

Dy
(if) ae®* sin by, be®* cos by.
) (atyny Gorgy
2. (i) €Y, —e", —e" Y, et Y,
(i) ye™) w2y yy 1),
e(x”) XV-1 14 (14-x¥) log x¥|.
XY XV -1[14-(1+4-x¥) log x¥].
™) X (1) (log x)2.
iy LAY 2Ax4y) - 2Axty) - 2x(LF XY

(I=xp)?" (1—=xp)® (1—xp)*’ (1—xp)*

4. 1/cz. 8. 0.

Page 203.
17. —3.

Page 205.

Ex. 1. - rsin 6, cos 6, r cos g, sin g, - r cosec g, cosec §.
Page 209,

2. 49, 6. - -3%.
Page 215.

1. 4x--2y. . 2. (cos y—xy sin y)/x?

3. —(u cot X cos u sin y 4z sin v sin x)/(cos v sin y).

4. —(1x2)(14p%)(2s+72)(1—xp)
5. (i) [y+x2%cos (x—y)])/[x+x2 cos (x—Y)].
(i) (cot x—yx¥-1 log y)y/x¥(y log x log y +-1).
(i) - sin y(y sin x 4-cos x log sin y)
cos x(sin y log cos x—x cos y)’
(iv) y(y—x log y,/x(x—y log x).
) y(tan x)V-1 secx —cosec®x log y( y)“’f s
- log tan x (tan x)¥ --cot x(y)®t *-1
6. (i) %% = oFlox 0z oFfey.
) ~ T oFloz oy T oFloz
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Page 216.

, 2ax ... 2adxy(3at-{-x%y?
14, () yz)a, (i) (Zix yis)ay )
o 6adxy(2a8 4-a3)° 6asx%(ad +x3)
¢ - (z}z)‘sx v‘)a) G (1”
Page 228,

1. (i) min. at (3, —%). (if) min. at (0, 0) if ¢ > - §.
(iii) min. at [§(b-2a), }(a -2b)].

(iv) max. at (2, 1). (v) min. at (2, }).
(vi) min. at (0, 0), (=1, 0). (vii) max. at (—2, 0).

(viii) No extreme value.
(ix) max. at [{7(1-4-4m-4-12n), tx(l +-4m |-2n)|,
min. at [y 7(7+4m4-12n), 2w(1-4.2m +-2n)],
where m and n are integers,
(x) max. at (L, 1).
2. max. value 112 at (4, 0) ; min. value 108 at (6, 0).
Page 229.

3. 2(x; xp)(mng mny) 4 Z(myny- mghy)?.

Page 232. .
1. (i) 3a°. (if) 3a=. (i) 3a®.
2. -—a? (min.) and §a® (max.)
3. 2k,/(a®--ab - b%).
4. (al+4-bm Jr-cn)/\,’ 12 m? | n?).
S.

2
<_\,/'1'4' . ~/14 RV 14)

6. Nquares of the semi-axes are the roots of the quadratic
1
N 2
/a - g><b- r") h2in r2,
7. }. 8. 3% 3. ’
Miscellaneous Exercises
Page 233.

1. Zero is the only point of discontinuity.

2. n+}, where n is any integer, are the only points of dis-
continuity.

3. (2mA-1)/(1--2m), m being any integer and x= 1.
4 1, -1

5. (i) All integral values of x.
(i) All integral values of x.
(iii) x==0.
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Page 233.

6. x=0,3, 1.

7. Discontinuous at the origin.
Page 234,

g, ®in(C—A)4sin B(cos 4—cos O) 9. 32

" sin (B—C)+sin A(cos C--cos B)’ B
(=1)*n! .
11. sin (n+1) g sin"+! g, where

a™+? gin™+ 2«
tan 0=a sin a/(X-}-a cos a).
-1_438 1
16.  §x—iL-x3—  1.x5,

Page 236.
30. (i) 1; (i) --1; (iii) —1.
31. 2. 32. 3.
33. (i) 1. (i) 2a/b. (iii) 0.
34, —2,

35. (i) continuous, (if) discontinuous, (iii) continuous.

Page 237.
4—34/2 4432
37. 4532 max., 1-3y/2 min.
38. max. at /3 and min. at 5m/3.
40. 4/e max. and 0 min.
43. (3d—b)/(a—3c) is a max. (min.)and ~(b+d)/(a-ic)isa
min. (max.) if, ad-- bc, is positive (negative).

47. Height:2(3v/7r)%, radius:(l/\/2)(3v/1r)§ where v is the
volume of the cone.

50. 27{1—(4/2/3)} radians.

51. The vertices of the rectangle are

(3 vy (@) (a=35) (5. 3)
y2=4ax being the equation of the parabola.

. 1
52. The greatest value is 1 and the least value is (l/e) e )
Page 260.

1. (i) x+y+a=0, x—y =3a. )
w (ii) b2x'x+-a%y'y=azb? ; aty’(x—x')=b2x" (y--¥').

(i) x+pry=2cp ; pPx—py=c(p*—1).

(iv) 4x4+2y—a=0 ; 2xF4y=3a.
(v) 81x4-8y+49a=0 ; 8xF31y-+42a=0.

(vi) x4+y=0; x—y=0. 0
vii) x+4+y=3a ; x—y-+a=0.

(siiii; xtojés 0-+y sinayf)::c ; x 8in® .~y cos® g4 2¢ cot 26:=0.

(ix) 13x—16y=2a ; 16x 413y =9a.
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Page 260.
5. (i) (0, a) ; (a, 0). (if) (/2a, 3/4a) ; }/4a,3/2a)

w (2358 ek +1)
6. x—20y=17, 20x+y=140.

Page 262.
1—2x;,  2x,—7x.247x,3
Page 264.
1. (i) m/4. (i) tan—! 3/16.

3, (i) m*h4m(a—b)—h=0. The roots of this quadratic equa-
tion in, m, are the slopes of the two axes.

Page 265.

3. asin? g, a tan g sin? @9, a sin? g cos @, a sin3® ¢ tan §.
Page 270.

1. (i) 9/2. (i) w[24-mg. (iii) w[2—@/2. (iv) w[44-mg.

4. (i) w/2. (i) tan™13. (iii) /2. (iv) tan—1[2e/(e®2—1)]
(v) 2m/3. (vi) /2.
Page 272.
4. (i) 2a cos® }§ cosec 3g. (if) 22 .. iy O
' - AT esin g ’ 62 -
6. (i) —alp2 (if) —b sin §.
7. p=ae/(146)v/(2+26%).
Page 273.
9. () 1/p?=1[r*41]a® (ff) p=rsin a.
oo 1 (e2=1) -
W) pg=—""p"F 4
(v) 1/p2=1/r2+a?[rs. (v) r’=2ap?
(vi) ri=p¥a*m*4-(1—m?)r2). (vii) ar®=4p*.
(viii)  r*=(b*—a%*4-2ar)p’. (ix) r™+l=p /(a®™ | b2™)
Page 279.
1. (i) cosh )c( . (u) a’+x* .
. 3x—4a 4a+9x
) n2@=ax)) ®) \/ (Fia
2x2—3a? 3x+a
) V8a%(at—x¥)] - i) v(12ax)

(viti) (x*+a?)/2ax.
2. aﬁ(a 3‘-*—2y§‘)/4xy%.
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Page 279.
4. (i) y/(a® sin%*g+-b? cos?g).
(if) 3 sin @ cos @ ,/(a® cos?g-+b? sin%g). (iii) 2a sin }4.

(iv) V2a & (v) ag.

5. (i) 2acos g/2. (i) ay/(sec 29). (i) acosec a e? ¥,

(v) ay/(1+6%). (v) a(6*+1).  (vi) a(g>+1)/(6* ~1)*
(vii) a™[r™ 1. (viii) \/2a™[rm-1,
Page 288.
2, Concave downwards in |0, 7] and upwards in [7, 27].

3. Concave upwardsin [ -2, 0] and [2, o); concave down-
wards in ( --o0, —2] and [0, 2]. Tnflexions at (—2, 198), (0, - 20),

(2, —238).
4. Concave upwards in (- - - 1] and [1, oc] ; concave down-
wards in[—1, 1]. TInflexions at( 2e) and (1, l()/e)

5. Concave upwardsin [0, 7r‘/4] and [5w7/4, 27w] and concave
downwards in [7 /4, 57/4].

6. (i) For 2-=-—b/3a. (ify (0, 0), (1, 0), (- -1, 0).
(iit) (5, 0), (3%, §). (iv) (0. 2).
(v) For x =-—a and a(2-;-, 3).
(vi) For x- 0 and +ay/3. (vii) For x=- 2and 1+ 3.
(viii)y For x ---a/\/2. (ix) (%ae' 3 (le%)'
(x) (1, 3). () ( g0ty ,; )

(xii) (0, 0).
Inflexional tangents to (if) are x-fy: -0, x---2y4-1--0
Inflexional tangents to (iii) arc x- 5 and 3(9x-46y) 151,
Inflexional tangents to (xi) are 9xF3./3y -1 0.
Page 289.
9. Forx= -2,(—4-1-4/18).

2w \} 3a
[ (47”1-; 3 ._2 ; :]

m)(—{-\”a -+ 3“ . (0, 0). (iii) (Jf )(: Za).

Psge 292.
Ex. (i) ¢ sec” . (i) 4acos . (iii) Lacos jy.
(iv) ¢ tan . (v) 2a sec®).
Page 296.
1. (i) y*/c. (ii) at. (iii) 3(a.ry)"1’ . (iv) —a(r? +-l)"2§/r4,

2. (@) —1/2. (i) 1.
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Page 297.
10. 2a%/b, 2b?/a.
14. [—(log 2)/2, 1/4/2].
20. (3, +3).

Page 298,
23.  (c?+4-s?)/c. 25. +/[8a(2a—})].
Page 302.
(,.-z_*_aznz__nzrz)g . a(l+02)% .. a(l462)2
re e agme c 2 () (25467 () e

(iil) ar(n1)rm=t (i) A/(r2—a?). () +/(8r)]y/a.
3. an/2. 5. (i) 2p3at. (if) r*/Ap3. (itiy a*b?|p®
6. ab?jps.

) . m
7. ) 3p. (i) A cosec? <m+| v )

Page 303
23 . o .. .
10. —y— a 12, (i) (Baj2. i \ 3. (ii) (£+4/2a, 1/2).
Page 309.
9. (a--b)(x*-}-y?*)=2x 4+2y.
Ih2__ 2
1. (a) x®Ly? 2(b h @) ¥y (b’ —2a%)=0. 13. 2e.

Page 315.
Ex.2. (i) x yia=0. (i) x ty=a (iiiy vy x4-a)3.
Page 320.

1. x=0, y--fa. X2, Xx=3, y=3.

2.
3 xeatly =0 4, x=4a y=4b.
5. x=0,y=x, y=x+1. 6. y=xta, x=ta.
y=x -2, y=-x--3 8 Xxil=0,y=0x:y=0
9., y.oox 3, pe=x 42 X gy=0,
10, y=0,yix==t]l.
1. y==0, y=x£t4/2.
12, Xty==t4/2, X-o b1 p=t],
Page 321

13, y=0, ytx=1. 14, x=1.

15, x+4y=2 y=x42, y=2x 4.

16. y-1-3=0, x+1=0, y=x !4,

17. x=0, y=:0, 2y—2x =6, 18. x.-ta y4{x=a.
19. x+4yta=0.

20. 4(y—x)4-1=0, 2(y +x)=3, 4(y +3x) +9==0.

N
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Page 321,
21. x=y+a, x=y+2a, 2y=x-+14a, 3y=x—13a.
22, x=+a.
27. x+ty=4a.
Page 325.
1. y=a,x=0, x+y4a=0. 2. x=1, x=2, X +y+1=0.
3. 3(y—x)+2=0. 4. y—x=0.
S. x+y+1=0, 3y+x—1=0, 2y +x+1=0.
6. 3y+x=(—5+4/106)/9.
7. y4+2x42=0, y4+2x—1=0; y—x43=0, y —x—2 =0.
8. x=0, y=0, 2y=4x43, 4x4+2y=15.
9. xty-+a=0, x=0.
10. y=x, y=2x+41, y=2x2,
Page 328.
5. 3y+x=1. 6. y=zxx+41, y=1§x-+4.
7. 6(y—x)+7=0, 2(y—-3x)4-3=0.
3(2y+x)+5=0, 106y —381x+4105=0.
8. x3—-6x%y+11xy3—6)3—x=0.

9. y=2x3+41, y=—2x—1, x=2p, x+2y=0.
10. x+4-y=0,2x--3y—1=0, 2x—3y+3=0, 4x -6y +9=0.
Page 331.
Ex. 2. (i) x4y=a. The curve lies above or below the asymp-
tote according as x is positive or negative.
(ii) x +y+4a=0. The curve lies above the asymptote both for
positive as well as negative values of x.
(5i) y=x-+1. The curve lies above or below the asymptote
accordiug as x is positive or negative.

Page 334,
1. —a=rsin (1-6). 2. a-++4/2rsin (6 +}m)=0.
3. rcosftb=a. 4, rcos §ta=0, r sin fta=0.
S. 2rsin g=a, 20=mr. 6. 4==+m/4.
7. rsin §=a, w(r cos §)+2a=0.
. mm a . :
8. rsm( 0———n—) i cos i where mis any integer.
9. nf@=mn where m is any integer.
10. rcos §==za. 11. 9=0.
12. a=rsin (0 —1). 13. y+4a=0. 14, y+4-a=0.
15. System of parallel lines yzaemrwhere nis any integer or
zero.
16. yew+a=0.
f”—l(o) : .
17, =z205% =r sin (6;—0), where 6, is any root of the equa-
Jul0y)

tion f, (9)=0. :
19. a=2r (cos §—sin §), a+2r(cos g +sin §)=0.
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Page 338.
1. x=0, y=0. 2. bx=4ay. 3. x=0.
4, y=+4x. 5. y=+4x.

Page 339,
1. x=+a, 2. V—-1)=+4(x—-2).

3. V3 =v2(x—a); 2(x—2a)=1+/3(y—a).
Page 341,

1. Cusp at (0, 0). 2, Cuspat (0, 0).

3. Node at (0, 0).
Page 342,

4. Node at (a, 0). .

5. Node at (2, 0).

6. (a, 0) is a node, cusp or an isolated point according as b/a
is less than, equal to or greater than 1.

7. Conjugate point at (a, 0).
8. Conjugate point at (2, 3).
9. Conjugate point at (—a, —b).
10. Cusp at (0, —4a).
117 Cuspat (—1, —2).
12. Cusp at (1, —1).
13. No multiple point.
14. (0, J-a) are triple point : (—3a, +a) are cusps : node at
(—a, 0).
15. (0, —a) is a double point ; being a node, cusp or conjugate
point according as b>a, b=a or b<a.

16. y—a=4(2//3)x; y=1V(2[3)(x—a);

y—a=£(2/3)(x—2a).
17. y—2=4-(2y2)(x—2).
18. x—y+4+1=0, x+y=3.
Page 345,
1. Single cusp of first species.

2. Single cusp of first species.
+3. Single cusp of first species.
4. Single cusp of first species.
5. Isolated point.
6. Double cusp of second species.
7. Oscu-inflexion.
8. Oscu-inflexion.
Page 347.
2. 2\/2. 3. 24/2 for each. 4. 3a/2 for each.
5. 22/17, 5y/2. 6. a, —a/2, —-5*a.

1. 3/2a, $/24, §a.
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Page 377. ‘ . :
1. (i) x%a®+)%/b%=1. (5) c3(x24y2)=x2%2,
(iii) x==a cos §+ag sin g, y=a sin g--a g cos §.
iy 2B 2E—m) _ 2)(2--m)

(V) (p—1)#2x?+4-p* ay?-1==0.
(vi) x2—y2=c?.

2. (i) x%+y%=c%. (i) x%+y§=c§. (iii) 4xy=c2.
Page 378.
3. (i) 2xy=c> (ii) xLy+c=0.

5. 27ay*=4(x—2a)’.

6. (xpit—yt=zad 7 Adpiiual,
9. x?/a®4y?/b2=1.

12, (x24y%)2=atx? b2y, .

13. The straight line p*x—py--(a+4-ap®+pq)=0.

15. (i) r2—2br cos 0+ (b%—a?)=0.

(i7) rnl(l~n)=a n/(1—n) cos (————lﬁn 0 )

(iit) r sin oc:ae(a ~m/2) cot a e‘9 cob a'
16. (i) r¥(e*—1)—2/ er cos §4-212=0.
(i) rn/(n+1)=a nj(n+1) cos 1£{0-71 .

Page 379. }
17. ¥"Plm+p) _ mplim+p)_ mpl(m+p)

Miscellaneous Exercises II.

Page 379.
2. 2a sec® (/2). 4. -jal2; —a.
3 N /t
5. 1nrr—3)=.
Page 380.

14.  (9¢2, —6¢).
17. (3a, +a).
225b5 44818 ,
. (Gigr swrses ) 20. (6, £4)
Page 381.
w28, y=x4-4.
32. (1, —1) is an isolated point ; (5, 3) and (5, —5) are tha
two points of inflexion.
36. x=a—tanh a, y-=sech a is the required curve.
Page 382.
40. x sin }1-ty cos §t==a sin $¢, x cos }t—y sin }/=:3a cos 3.
47. (i) Isolated point. (i) Single cusp of second species,
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A

Acceleration, 79
Angle of intersection,

—of two curves, 262, 268
Approximate calculation, 207
Arcs, 274

—, Derivative of, 274
Astroid, 212, 257
Asymptotes, 313

— by expansion, 328

—by inspection, 324

—parallel to axes, 315

Cardioide, 249
Catenary, 238, 259
Cauchy’s Theorem, 137
Cissoid, 244
Closed interval, I3
Composite functions, 209
Concavity, 281
Conjugate point, 336
Convexity, 281
Continvity of elementary functions, 54
Continuous functions, 36, 194
—, propertics of, 54
Curvature, 290
—, Centre of, 303
—, Chord of, 305
—, Circle of, 305
—, Radius of, 291
Curve Tracing, 348
Cusps, 336
Cycloid, 240, 257

D

Derivative, 72
—, of arcs, 274
—, Partial, 196
—-, Sign of, 136, 150
Determinant, 107
Differentials, 206
Differential Coefficient, 72
Differentiation, 72
—, Logarithmic, 100
~—, of function of a function, 86
—, of implicit functions, 209
—, of inverse functions, 88
—, Partial, 196
—, Repeated, 217
—, Successive, 113

Discontinuity, 38
Double points, 336

E

Fnvelopes, 369
Epicycloid, 240
Equations,
—, Implicit, 243, 254
—, Intrinsic, 291
—, Parametric, 255, 276
—, Pedal, 266, 272
—, Polar, 248, 277, 298
—, Tangential polar, 300
Equiangular spiral, 252, 269
Euler’s Theorem, 199
Evolutes, 305, 310, 372
Expansions, 179
Extreme values, 148

F

Folium of Descartes, 246, 362
Functions, 11

—, Algebraic, 35

—, Composite, 209

—, Continuous, 37

—., Exponential, 23, 97

—, Homogeneous, 199

—, Hyperbolic, 67, 97

—, Implicit, 209, 292

—, Inverse, 21, 88

-, Inverse Hyperbolic, 70, 99

—, Inverse Trigonometric, 30, 93

—, Logarithmic, 25, 96, 100

—-, Monotonic, 20

—, of a function, 34, 86

—, of two variables, 193

—, Transcendental, 35

—, Trigonometric, 26, 89

G

Geometric Interpretation, 77, 131, 197
Graphical representation, 14
Greatest values, 149

H

Homogeneous functions, 199
Hypocycloid, 240

Implicit Functions, 209, 292
Indeterminate forms, 165, 185
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Infinite limits, 48 Points, Stationary, 150, 223

—, series, 179 Polar coordinates, 267, 277, 331, 359
Inflexion, 281

Interval, Closed, 13, 55

—, Open, 13 R
Inversion of operation, 53 Radius of curvature, 291, 345
—, vector, 267
L Remainder, 142
’ Repeated derivatives, 217
Lagrange's Theorem, 133 Rolle’s Theorem, 130

—, multipliers, 230
Least values, 149

Leibnitz’s Theorem, 121 S
Lemniscate, 249 Series, Binomial, 183
Limits, 41, 195 —, Taylor’s, 140, 220

—, Indeterminate, 165 —, Maclaurin’s 142

—, Right handed, 42 * Sign of derivative, 136, 150

—, Left handed, 42 Singular points, 335

Smallest values, 149
M Spirals, 251, 252

Stationary values, 150, 223

Maximum value, 148, 223 Strophoid, 245

Minimum value, 148, 223 Subsidiary conditions, 229
Mean value theorem, 133, 137 Sub-tangent, 264
Modulus, 9 Sub-normal, 264
Monotonic functions, 20 Successive differentiation, 113
Multipliers, 230
N T
. Tangent, 254 )
Newtonian Method, 293 Tangcntial Polar equations, 300
Node, 336 Taylor’s Theorem, 140, 220
Normal, 259 Theorem, Cauchy’s, 140
Numbers, Irrational, 5 —, Euler’s, 199
—, Rational, 2 —, Lagrange’s, 133
—, Real, 6 —, Leibnitz’s 121
—, Maclaurin’s 142
o —, Mean value, 133, 137
. —, Rolle’s, 130
Open interval, 13 —, Taylor’s, 140, 220
—, on limits, 52
P Total differentials, 200
Parametric equations, 255, 276, 293, 364 v
Partial differentiation, 196
Pedal equations, 266, 272 Values, Greatest, 149
Points, Conjugate, 336 —, Maximum, 148, 223
—, Cusp, 336 - —, Minimum, 148, 223
—, Double, 336 —, Smallest, 149
—, Node, 336 —, Stationary, 150, 223
—, Multiple, 335 Variables, 11
—, of inflexion, 281 Velocity, 78

—, Singular, 335
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