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PREFACE

HE new quantum mechanics is perhaps most noted for its triumphs

in the field of spectroscopy, but its less heralded successes in the
theory of electric and magnetic susceptibilities must be regarded as one
of its great achievements. At the same time the accomplishments of
classical mechanics in this field must not be overlooked, and so the first
four chapters are devoted to purely classical theory. Most of the com-
parison with experiment regarding dielectric constants is included in
one of these (Chap. ITI). This can be done without making the com-
parison obsolete because the new quantum mechanics has restored the
validity of many classical theorems violated in the old quantum theory.
On the other hand, the analysis of experimental magnetic suscepti-
bilities cannot be attempted until the quantum chapters, since the
numerical values of magnetic susceptibilities are inextricably connected
with the quantization of angular momentum. At the outset 1 intended
to include only gaseous media, but the number of paramagnetic gases
is so very limited that any treatment of magnetism not applicable to
solids would be rather unfruitful. Therefore, salts of the rare carth and
iron groups are examined in considerable detail. A theory is developed
to explain why, as conjectured by Stoner, inter-atomic forces obliterate
the contribution of the orbital angular momentum to the magnetic
moment in the iron group. Chapter XII includes the aspects of ferro-
magnetism so far amenable to the Heisenberg theory, which has at last
divested the Weiss molecular field of its mystery. This means that here
the discussion is centred on the thermal behaviour of the saturation,
rather than on hysteresis and retentivity. As far as practicable, I have
striven throughout the volume to avoid duplication of the existing
literature, especially Debye’s Polar Molecules and Stoner’s Magnetism
and Atomic Structure.

In the preface to a book on theoretical physics it is customary for
the author to express the laudable but, alas, usually unwarranted hope
that the volume will prove simultaneously rigorous to mathematical
readers and intelligible to the non-mathematical, at least provided the
latter omit the particular sections where the density of equations is
excessive. At any rate this has been the aim of the present volume, and
I hope that it has not fallen too far short. A detailed knowledge of
quantum mechanics or of spectroscopic nomenclature has not been pre-
supposed—only an elementary acquaintance with the Schrodinger wave
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equation. The necessary perturbation theory and theorems of spectro-
scopic stability are developed in Chapter VI. Here I have tried to
correlate and intermingle the use of wave functions and of matrices,
rather than relying exclusively on the one or the other, as is too often
done. Tt is hoped that this chapter may be helpful as a presentation
of the perturbation machinery of quantum mechanics, quite irrespective
of the magnetic applications.

I am much indebted to the Guggenheim Memorial Foundation for a
travelling fellowship which enabled me to visit many European institutes
for theorctical physics. I wish to take this occasion to thank the staffs
of these institutes for their cordiality and helpful discussions. The list
is rather extensive—Cambridge, Leipzig, Munich, Gottingen, Berlin,
Zurich, Copenhagen, Leiden, Utrecht, Groningen, Bristol, Paris. I am
also indebted to the University of Wisconsin for extension of leave which
permitted me to attend the sixth Solvay Congress, devoted to magnet-
ism, and to Professors W. Weaver and J. W. Williams of this university
for valuable criticisms on Chapters I and III respectively. I also wish
to thank Miss A. Frank and Mr. R. Serber for assistance in some

of the computations and in proof-reading.

JH.V.V,
DEPARTMENT OF PHYSICS,

UNIVERSITY OF WISCONSIN,
June, 1931.
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SYLLABUS OF NOTATION

BesIipEs symbols which are standard usage, such as e, i, m, E, H, the following
notation commonly oceurs in the present volume:
= constant term in the Langevin-Debye formula y = N (a + 3’221,) Usually o«

arises from induced polarization or diamaguetic induction.

B = Bohr magneton = 0-9174 X 10"* e.m.u. (= 4-95 Weiss magnetons). (The so-
called ‘molar’ Bohr magneton number is LB = 5564 e.m.u.)

e,,m, = arbitrary charge or mass, whereas e = 4-77 X 109 e.s.0.,m = 9:04 X 108 gm,

& = Hamiltonian function (to be distinguished from the magnetic field H).

k = ‘molar polarizability > 4mLP[3NE.

L = Avogadro number 6-064 x 1023, (Occasionally L is also used for the Lagran-
gian function or for the azimuthal quantum number.)

my (or m,) = component of an individual molecule’s total magnetic moment,
inclusive of both induced and permanent; parts, in direction of the applied
field H (or of the z axis).

M = Ny = magnetic moment per unit-volume. (B — H +47M.)

@ = permanent moment of the molecule. (On pp. 1-17 only, p instead denotes
the magnetic permeability.)

pepr — ‘effective Bohr magneton number’, defined in terms of the susceptibility
by the relation poy = (34T /NB*). We throughout use Bohr rather than
Weiss magneton numbers because of the former’s more elemental physical
significance. Note that the empirical number p. 4 has no connexion with
the permanent moment p except when Curie’s law is oheyed.

N ==number of molecules per unit-volume (= 2-706::10" per c.c. at 0°C,,
76 em.).

pg = component of an individual molecule’s total electric moment in direction
of the applied ficld f.

P = Npj == electric moment per unit-volume. (D - Ji+4xD.)

§’ = spin quantum number for entire crystal (used in Chap. XII) to be distin-
guished from spin S of a single atom.

x = susceptibility per unit-volume (clectric or magnetic). ypo= Ly/N  sus-
ceptibibity per gramme mol.

Expressions in bold-face type are vectors. Single bars denote time average for

a single molecule. Double bars denote statistical average over a very large number

of molecules. Equations involving entire matrices are numbered in angular

parentheses, e.g. Eq. ¢(12,. A dotted equality such as py = mh[2r means that

2 is a diagonal matrix whose characteristic values are m, /27, i.e.

pP(nsn’) = dnsn)mgh [2r.
For explanation of spectroscopic nomenelature and quantum numbers sce § 40
(atoms) and § 63 (molecules).



1
CLASSICAL FOUNDATIONS

1. The Macroscopic versus Microscopic Field Equations
The conventional Maxwell equations are

12B 1 oD
curlE = — s curlH_—;(élwi—]-E), (1)
together with divD == 4mp, divB=0. (2)

We shall term these the ‘macroscopic field equations’ as they do not
aim to take direct cognizance of the atomicity of matter or electricity.
Throughout the volume all expressions printed in bold-face type are
vectors. Between the four field vectors there exist the so-called con-

stitutive relations 2 . E _ @
E H »

which may be regarded as defining the dielectric constant ¢ and the
permeability u.! The ratios € and p are, except for ferromagnetic media,

1 The logically minded will immediately object that Egs. (3) do not really define ¢
and p, inasmuch as the solutions of Kqs. (1) and (2) and henco the left sides of (3) are
not per se unique, because (1), (2) involve four unknown vectors E, H, D, B rather than
two as in vacuo. Tho solutions of (1), (2) become unique as soon as we know something
about the nature of the ratios (3), but this is clearly arguing in a circle, and (3) cannot
serve simultaneously as an auxiliary relation and as a definition. This inability to give
& simple and rigorous definition of € and p is inherent in the macroscopic field equations,
but is a purely academic difficulty, as from a practical standpoint there never seems to
have been any particular ambiguity in knowing in simple cases what is meant by &
dielectric constant or magnetic permeability. T'wo ways of avoiding the looseness in
definition immediately suggost themselves. One is to assume, as ono always does, that
¢ and p are independent of position in homogeneous media, and also of timo in static or
in monochromatic phenomena. For electromagnetic waves of given frequency tho ex-
spressions ¢ and p are then constants of the homogeneous body, which are not calculable
from (1), (2) but which can be determined once for all by observing once through experi-
ment which particular values of the constants are true experimentally—i.e. verifying
which values of the otherwise indeterminate ratios B/H and D/E are actually realized.
Woe thon rogard e and p at a given point in a non-homogencous body to be the same as they
would in a homogeneous body of the same density and material throughout as at the
given point. If thoe electromagnetic waves are not monochromatic we would have to make
a harmonic analysis into tho various Fourier components, and knowing the € and u for
oach component, find tho total solution by the principlo of superposition. The other way
of avoiding the looseness is to appeal to the microscopic point of view and define ¢ and
# by means of (8), (11), and (12). Although this is more rigorous from a postulational
standpoint, it does not seem as desirablo to follow, since most physicists have felt in the
past, and still feel, that the task of the microscopic theory is to explain dielectric con-
stants and magnetic permeabilities alrcady mecasured macroscopically rather than to
dofine something not alrcady known. We therefore aim in the present chapter to analyse
or dissect the macroscopic equations from the microscopic standpoint, rather than to
synthesize from microscopic to macroscopic phenomena.

3695.3 B



2 CLASSICAL FOUNDATIONS L§l
independent of the field strength for sufficiently small fields, and in
general we must have such an independence, or at least a known
dependence on the field strength, before Eqs. (1), (2) become unambiguous
enough to be useful. We suppose throughout the volume that the
medium is isotropic; in crystalline media directional effects make it
necessary to use six dielectric constants or permeabilities instead of
one, and D, B cease in general to be parallel to E, H respectively as
presupposed by (3).

Of course € and p depend on many factors, notably on the tempera-
ture, density, chemical constitution, and frequency, as well as on the
field strength if great. The theoretical description of their modes of
dependence is the main aim of the present volume. This description is
accomplished by means of the molecular theory of matter, and especially
by means of the dynamics governing the electrons within each atom or
molecule. The dawn of the twentieth century brought to light the
elcotrical origin of matter, unknown to Maxwell when he developed his
macroscopic equations in 1861-73. This electrical origin implied that
by probing down to sub-atomic distances it should be possible to
formulate the equations of electrodynamics in terms of charges in vacuo
without the introduction of ponderable dielectric and magnetic media.
H. A. Lorentz? therefore proposed and studied what we shall term the
‘microscopic field equations’

16h 1 P—
curle == ~ o curlh_a (417,0 v—|——%), (4)
dive -=4mp’, divh=0, (5)

which are similar in structure to the macroscopic equations in vacuo
(where, of course, B = H, D = E), except that instead of the ponderable
current density i Lorentz introduced the convection current density
p'v due to motion of the charge density p’ with the vector velocity v.
The microscopic fields e, h and charge p’ arc not the same as the macro-
scopic fields or charge, and have therefore been printed in small letters
or else designated by a prime. Eqgs. (4), (5) are more fundamental than
(1), (2), (3), as (4), (5) are supposed to hold at every point ecither inside or
outside the molecule, whereas (1), (2), (3) are essentially statistical in
nature, and the expressions E, D, H, B, p which they involve must be
correlated in some way with averages of microscopic fields and charges
over a large number of molecules. How this correlation is achieved will
be discussed in the two following sections.

® Cf., for instance, H. A. Lorentz, The Theory of Electrons (Leipzig, 1916). His original
papers were publishod considerably earlier in the Proceedings of the Amsterdam Academy.



I§2 CLASSICAL FOUNDATIONS 3
2. Correlation of the Microscopic and Macroscopic Equations.

The Fundamental Lemma on the Significance of Molecular
Moments

Let e and h denote the averages of e and h over a ‘physically small’
element of volume; i.e. an element too small to be accessible to ordinary
methods of measurement but nevertheless large cnough to contain a
very great number of molecules. Throughout the volume we shall use
double bars to designate statistical averages involving a large number
of molecules, to avoid confusion with time averages for a single mole-
cule, for which a single bar is used. It turns out (sce § 3) that E and B
are identical with the microscopic fields averaged over such a volume
element, so that

E=F§, B-=:h. (6)
It is to be noted that the electric and magnetic cases are not entirely

parallel, as by analogy with the electric one we should expect H rather
than B to enter in (6).3

In order to describe the statistical significance of D and H or of the
constitutive relations (3) in terms of the microscopic theory, let us, as
customary, write D — E-+4xP, B-- Hi4xM. 7)

The expressions P and M so defined are called respectively the electric
and magnetic polarizations (or intensity of magnetization), while the

quotients P o1 M -1 ®)
E 4 X HT 4 Xm
arc the electric and magnetic susceptibilities y, and x,,. Let us form
the expressions r,
P €nol == J‘J‘J P d’l), (9)
130

and p:”fp'rdv, mﬁ;;”fp'[rxvjdv, (10)
1M - AL

in which the integration is to include only the charge which belongs to
a single molecule, as indicated by the subscript ,;;. In gencral molecules
may overlap each other, but we are to suppose that the charges per-
taining to individual molecules can still be identified as such. The origin
for the radius vector r is to be taken at the centre of gravity of the

3 Tho appearance of B rather than I in (6) shows that B rathor than H is the funda-
mental field vector, so that it would seom preferable to write the microscopic equations
with the notation b instead of h, and to retain B rather than H to denoto the common
valuo of B and H ¢n vacuo. However, wo do not make these changes, in order to conform
more closely to most of tho oxisting litcrature, which regards H as the fundamental
magnetic field vector.

B2



4 CLASSICAL FOUNDATIONS I §2
molecule, whose velocity we shall suppose negligible. If the molecule
is electrically neutral, the integral in (9) vanishes and the origin for 7 is
then, as a matter of fact, immaterial in the first integral of (10). The
expressions p and m defined by (10) are called the electric and magnetic
moments of the molecule. The integrands of (9), (10), of course, vanish
except where the element of integration falls inside an electron or
nucleus of the molecule. In the conventional electron theory it is
customary to think of the dimensions of the clectrons and nuclei as
negligible. Then the integrations may be replaced by a summation over
all the discrete charges ¢; constituting the molecule, making

1
ol = 2, €i» pP—=2er; m ‘:%zel[rix vl (11)

Throughout the volume e, is used to denote a discrete charge of undeter-
mined sign and magnitude, while e without a subscript is used for the
numerical magnitude 4-770x 10-19 e.s.u. of the charge of an electron.
Thus e; is equal either to —e or --Ze according as the discrete particle
is an electron or a nucleus of atomic number Z. The contribution of
a particle to the magnetic moment is scen to differ from ity angular
momentum m[r; X v;] only by a factor e;/2m,c equal to half the ratio
of its charge e; to the product of its mass m; and the velocity of light c.
We shall later see (end of § 33) that in many respects the time average
of the electronic distribution in the new quantum mechanics can be
treated like a classical ‘smeared out’ or continuously distributed charge
pervading all space. C'onsequently the use of the integration (9), (10) in
place of the summation (11) no longer secms an abstract academic
refinement, as it did prior to Schrédinger’s work.

It will be proved in § 3 that the expressions P and M defined in (7)
are equal respectively to the average electric and magnetic moments
p and im per molecule multiplied by the number N of molecules per

c.c., 80 that P Np, M — N5 (12)
This immediately furnishes the desired correlation formulae for D and
H, as by (6), (7), and (12),

D =&|4nNp, H-=h—4zNm.
By the term average moment per molecule we mean the molecular
moment averaged over all the molecules in a ‘physically small’ element
of volume. This is equivalent to the time average moment for an

individual molecule if all the molecules are alike except for phase. If
they are of several different classes, i.e. form a chemical mixture, the
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average denoted by the bars in (12) can be regarded as the mean of
the time averages for single molecules of the various classes, weighted
according to their relative abundance. In non-homogeneous media the
term ‘number of molecules per c.c.” is to be understood to mean the
‘number-density’, i.e. the number of molecules which there would be
in unit volume if they were distributed throughout a unit volume with
the same density as that with which they actually are distributed in the
immediate vicinity of the point at which the polarization is being com-
puted. The information conveyed by Eqs. (12) must be regarded as
a very important lemma on the physical or macroscopic significance of
the mean molecular moments, as it interprets the distinetion between
D and E or between B and H in terms of simple properties (10) of the
molecules. Because of their simple connexion (12) with the average
moments of individual molecules, the polarizations P and M are often
called the specific moments per unit volume.

Egs. (12) underlie all theories of dielectric or magnetic media, and hence
are fundamental to the rest of the book. This concept of the polariza-
tion of the molecule as the cause of the departures of € and p from
unity is by no means a purcly twenticth-century concept, and was
intimated by Faraday. In 1836 Mossotti* pictured the molecule as a
conducting sphere of radius @, on which the charge would, of course,
readjust or ‘polarize’ itsclf under the influence of an applied field, thus
making the molecular moment different from zero. If the electric
susceptibility x, is small compared to unity, he thereby showed that
xe== Na®. 1t seems almost too hackneyed to mention that the values
of @ obtained from this simple equation (together with the observed N
and y,) are comparable in magnitude with the molecular radii in kinetic
theory. This is illustrated by the following table, taken from Jeans’s
Electricity and Magnetism :

Molecule He i, 0O, Ar N, CO (0, N,0O CH,

a (Mossotti) 060 092 1-17 1118 1-20 126 1-40 146 160 <10 cm.

a (Kinetic Theory) 1-12 1-35 182 1-83 191 190 2:30 231 278 x10-* cm.
The agreement is remarkably good in view of the crude nature of both
values of @, but some similarity in orders of magnitude is perhaps not
so startling after all because a freely circulating swarm of electrons
probably readjust themselves somewhat like the charge on a conductor,
and the rigorous quantum theory formula to be developed later proves
to involve the atomic diameter dimensionally in the same way as

4 0. F. Mossotti, Sur les forces qui régissent la constitution intime des corps (Turin 1836).
An account of his theory is given in Jeans’s Electricity and Magnetism, p. 127.
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Mossotti’s formula. Passing now to magnetism, Ampére’s picture of
a magnetic molecule as containing a continuous circulating current
(instead of the more modern electron circumnavigating the nucleus) is
well known, and Weber in 1854 was able to elaborate this Ampérian
concept to give the beginnings of a molecular theory of magnetic media
just as did Mossotti for the electric case. We, however, shall prove
Eqgs. (12) with the aid of the more modern Lorentz electron theory,
even though these relations were suspected and to a certain extent
established at earlicr dates.

To complete the corrclation of the macroscopic and microscopic equa-
tions we must state how the macroscopic and microscopic currents and
charges are connected. We assume that the velocity of the centre of
gravity of a molecule is negligible. The convection current then arises
entirely from the migration of conduction electrons, rather than of
molecular ions, and the current and charge densities are given by the
expressions i NG, p— Ni —Ne, (13)
where N, is the number of conduction electrons per c.c., and v, is their
velocity. Similarly N denotes the number of molecules per c.c., and
€., is the mean value of their net charge (9). The term Né,; could,
of course, be written equally well as N, &,.,, if now N, , denote the
number of ions (exclusive of free electrons) per c.c., and &, be their
average charge, which is much larger than the average molecular charge
as most molecules are ncutral. We thus regard the conduction clectrons
as distinct entities from the molecules. There is actually probably no
such sharp cleavage between free and bound electrons, and the con-
duction electrons may in reality be itinerant valence electrons which
migrate from atom to atom, making transient stops at each. The use of
such idealizations as perfectly free conduction clectrons and stationary
molccular ions does no harm as far as our investigations of dielectric
and magnetic media are concerned. As a matter of fact it is possible
to establish a statistical connexion between the macroscopic and micro-
scopic equations even when the centres of the molecules are in motion.
This has, indeed, been done by Lorentz.5 It is, however, then necessary
to complicate the macroscopic equations by the addition of ‘convection
terms’ arising from the mass motion of the ponderable magnetic or
dielectric media, and such considerations of the electrodynamics of
moving media are unnecessary for our purposes.

® H. A. Lorentz, Encyklopedie der mathematischen Wissenschaften, Band V2, Hoft 1,
p. 200 ff,
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3. Proof of the Preceding Correlation Formulae®7?

This proof is probably most easily given by using the macroscopic scalar
and vector potentials, @ and A respectively, together with the analogous
microscopic potentials ¢ and a. From these potentials the electric and
magnetic vectors are derivable by means of the formulae

E— —grad0—1%  B_cula; :
¢ ot
12 (14)
a
e= —grad$— @ h = curla.
The differential equations for determining the potentials are
O30 = —4n[p—divP], DA-—:——%—’[i+%’-[~ccurlM];
[4
4 (15)
¢ = —4mp’, Daz——?ﬂp’v,
together with the auxiliary conditions that
. 1ob o lop
dWA—l-g-a—t-—O, (hva-{—E?t-—O. (16)

The symbol (71 denotes the d’Alembertian operator

2 o2 o2 . 1 9%
To prove (15) one substitutes (14) in the field equations (1), (2) or (4), (5).
One finds that the first set of equations in (1) or (4) is identically
satisfied by the substitution (14), while the second set and (2) or (5)
yield (15) by a well-known procedure (viz. taking the curl of the equa-
tions and using (16) and the identity curl curl A = grad div A—V?2A).

¢ The formulation and proof of the statistical corrclation of tho macroscopic and
microscopic equations is due originally to Lorentz. Sce, for instance, tho preceding
reference. Our method of proof is, however, somowhat different from his, although both
invoko tho aid of the scalar and vector potentials in the fashion (21). Wo use the Taylor’s
expansion (24) rather than a somewhat artificial comparison of positive and negative
charge elements at tho same point. In this particular respect our treatment resembles
that in Mason and Weaver, The Electromagnetic Field, though obtained independently.
For still other proofs of the correlation see Abraham, Theorie der Klektrizitat, 4th ed.,
vol. ii, pp. 224-38; Swann, Electrodynamics of Moving Media, pp. 44-54; Frenkel, Lehr-
buch der Elektrodynamak, ii, p. 10,

7 Throughout the present scction in considering the macroscopic equations wo do not
include surfaco phenomena such as surfaces of discontinuity between two media, con-
ducting surfaces, surface chargos, &c. The surface terms could, of course, be added,
but would only make the equations more cumbersome, and their omission involves no
loss of generality, as surface discontinuities can always be regarded as limiting cases of
continuous volume changes.
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The solutions of (15) are

®— f f f {P,_—c;;'zl_’} A, A= f f f {iHP/?tc;? curl M} .,

[l ]

where the brackets { } enclose functions that are to be evaluated at the
retarded time {— R/c, and where R denotes the distance from the ele-
ment of integration dv to the point at which the potentials are being
calculated.

(17)

Proof of the Solutions (17). Tho scalar equations and scalar components of the
vector equations in (15) are all of the type form [ — —4mq(x,¥,2,t). Now an
equation of this type form is identically satisfied by ¢ .- [{f{g}/R dv. Without
giving a rigorous proof of this solution, we may note with Jeans® that it bocomes
quito evidont when wo obscrve that f = Q(¢—R/c)/R is a solution of (14 -= 0,
and corresponds to a point charge ¢(¢) at the origin, as i becomes infinito there
like Q(t)/R, the retardation effects disappearing on account of B = 0. Similarly
the solution corresponding to a series of charges @, at various points distant R,
from the point of observation is 5 Q,(t— R, /c)/ R, and passago from discrete point
singularities to a continuous charge distribution yields the desired integral
formula.

It remains to show that the solutions (17) fulfil the auxiliary conditions (16).
Wo shall consider only the microscopic case, as the macroscopic is analogous.
We must prove that

i ([0 o

where the subscript P means that the differentiations involved in taking the
divergence are with respect to the coordinates of the terminal point of the vector
R drawn from @ at dv to P, the point of observation. Similarly, the subseript ¢
will denote differentiation at the initial point. Now at /> the expression {p’v/R}
involves the coordinates of the terminal point P only through the denominator B
and implicitly through R in the rctarded time ¢~ R/c. On the other hand, this
expression involves the coordinates x, %, z of the initial point @ through pv’ as
well as through R in the two fashions just described. Henco

divy [{_PR")] —div, [{—%‘Q]+Rl—{divq oY), (19)
whore the brackets outside the div mean that the retarded value of the time is
to be substituted after, rather than before, the differentiation. Now the equation
of continuity or indestructibility of charge is

{divep'v} { ‘%} =0. (20)

When we substitute (19) in (18) and use (20) all terms cancel except that coming
from the first right-hand member of (19), and this integratos to zero, since by
Green’s theorem the volume integral over all space vanishes if the integrand is
tho divergence of a vector which vanishes properly at infinity.

8 J. H. Jeans, Klectricity and Magnetism, 4th ed., pp. 571-2.
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The desired statistical correlation of the microscopic and macroscopic
theories is obtained by assuming that the macroscopic potentials equal
the microscopic ones averaged over a ‘physically small’ (cf. p. 3) element
of volume. This means that
¢ = g—l;, A==1a. (21)
Formulae (6) are direct consequences of (21) and (14), as it is easily
established that the order of averaging and of space or time differentia-
tion is interchangeable.

The interchangeability of the averaging and time differentiation is obvious
since the space and time coordinates are independent. To prove® the inter-
changeability with space differentiation take the ‘physically small’ region over
which the average is evaluated as a sphero of volume @ with centre at 2y, ¥y, 2.
Let 2, 9’, 2’ be coordinates with origin at this centre and let f(x,y,2.t) be any
function (including the components of a vector) which we are interested in averag-
ing. Now the macroscopic differentiations, i.e. differentiations after averaging,
involve small virtual displacements of the centre of the sphere without changing
the ra,nge of values of the coordinates «’, ¥, 2’ relative to the centre. Hence

(),V O gjf fdxdy'dz’ = ."ff —dx'dy’dz’ whlle» ——fff —=dux'dy’dz’.
o

The identity of the two expressions is now an immediate consequence of the fact
that the function f is of the form f(xy+', 3+ ', 20+ 2", 2).

It remains to show that (12) and (13) also follow from (21). The first
step in doing this is to transform the formulae for the macroscopic
potentials by means of the two following vector identities: 1011

”f( grad-— 3 —-dwp) (zn_f”dw( )(h'—”
f”( curlM— M\<grda,-) (zv_f”mm_(h,_“nxmdq

in which n denotes a unit vector along the exterior normal to the
surface clement dS. The surface integrals disappear, as we may sup-
pose the magnetic and dielectric matter bounded in extent, so that
P =M = 0 on the surface of a sufficiently great sphere. Thus the first
part of (17) becomes

o= [J] e i)
. i+oPjot 1
A= [ [ R" rmxgmma g o

® This proof is taken from Frenkel, Lehrbuch der Elektrodynamik, ii, p. 4.

10 ¥or proof of the second identity of (22), which is not a particularly common one,
see Abraham, Theorie der Elektrizitat, 4th od., vol. i, p. 76.

11 All tho differentiations in 1q. (22) et seq. are to be taken at the element of integra-
tion dw, but for brevity we no longer write in the subscript @ used in (19), (20).

(23)
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We must now throw the microscopic formulae for ¢ and a into a form
somewhat analogous to (23). Let us consider the portion of the micro-
scopic potentials which results from integration over a single molecule,
indicated by the subseript ;;;. The radius vector R from @, the position
of an element (of integration) of the molecule to the point of observa-
tion P, is the vector-difference of the radius vector R, from the centre
of gravity of the molecule to P and the radius vector r = iz-+jy-+kz
from this centre to the given element. As7/R is small, we may devclop
1/R in a Taylor’s series:

1 1 01 01
“R'"'I%;+( axR“l*./ayR—i- R);::R,,‘*" :——+r grad +
Thus by (17) 5 —fff o R 1 "

1M = {Fo Pr-g fo} s

a '——'cl ffj {p’v (%——l—r -grad Ri)} dv.
0 0

Using the definitions (9) and (10), and the fact that R, is constant with
respect to the integration, we now see that

b —{p2) {p~gmd1—§;}. (26)

A convenient formula for a analogous to (26) is obtained only after
a certain amount of juggling involved in using the relations

®_ f f f % b gy — — f f f (divp'v)r do — f f f pvdv, (27a)
~_: —-”f (divp’ v)r( grad )dv
_ j f f [ (r grad - )+r(v gmd_)]dv (27b)
l »grad—- ] f f f [ (r grad L ) r(v- gradR;)]dv, 27¢)
where K- f f J' p'r(r-gradE)dw, (28)

and where p and m are defined as in (10). The velocity v in (10), to
be sure, was defined as relative to the centre of gravity of the molecule
rather than relative to a fixed system of reference as in (17), but this
distinction is of no consequence, as we have supposed the velocities of
the centres of gravity of the molecules to be negligible. The inter-
mediate forms of (27a,b) follow from the equation of continuity (20),

(24)

(25)
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and the final forms by partial integration.? Eq. (27c¢) is obtained from
the second expression of (10) by using the vector identity
AX[BxC]=B(A-C)—C(A-B).
After use of (27a,b, c), the second equation of (25) may be written
au = { ) (mcema )+ (5 (29)
We have so far considered only the contribution of one molecule.
Actually we desire the total contribution of all molecules in a ‘physically
small’ volume element dv. This total contribution is the average con-
tribution of one molecule multiplied by the number Ndv of molecules
in dv. The term ‘average’ as here used means the space average over
the different molecules in dv, but if the various molecules differ only
in phase, it is the time average for a single molecule over a very long
time interval. If there are several classes of molecules it may be con-
sidered the weighted mean of the time averages for the different mole-
cules. When such an average is made, the last term in (29) becomes
negligible, for ok/ot — [k];f/ (t;—t,), and this is exccedingly small if
ly,—t, is made very large and if k remains bounded in magnitude, as it
will in virtue of the definition (28) (certainly at least in periodic or
multiply periodic phenomena). Similar considerations would also per-
mit the omission of the first term of (29), but this is unnecessary for
the establishment of the correlation, and if the assumption of haphazard
phases is not fulfilled the omission of the first term of (29) would be
a more scrious offence than that of the third, as it is of lower order in
1/R. Having found the contribution from dv, we must next sum over
all the ‘physically small’ volume clements dv. Without appreciable
error this summation may be replaced by a macroscopic integration,
to be carefully distinguished from the previous microscopic integration

12 The formulac obtained by partial integration seem to be most easily verified by
writing out the components of the integrand in scalar notation rather than by manipula-
ting the integrand by tho appropriate vector identitics, which would be rather compli-
cated. Tho simplicity in the scalar method results from the fact that the components of
r are merely z,y,z. The integrand of the x component of (27a) before the partial integra-
tion for instance,is —x (ds;" -+ ‘2(’; ; vt dg:,) ,and the final formis obtained by integrating
the first, socond, and third terms of this integrand partially with respect to =z, y, 2z
respectively. The surface integrals in tho partial integration of course disappear for the
same reason as in (22). Tho nocessity for the partial integrations in (27a, b) and also
in (18) can be avoided if one uses point singularities rather than continuous distributions,
i.e. (11) rather than (9), (10). If this is done, it is convenient in performing tho time
differentiation to travel with a particle rathoer than romain at a fixed element dv, so that
the charge is to bo regarded as independent of ¢, whereas R is to be considercd as varying
with ¢ in the fashion v=dR/dt.
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over one molecule. In this new integration, expressions such as Ry, p, m
may be considered to vary continuously with the macroscopic co-
ordinates fixing dv, even though these expressions were previously
defined in a discrete fashion.’® As all parts of molecules in dv are, from
a macroscopic standpoint, located at virtually the same distance from
the point of observation P, the subscript may be omitted from R,. At
the same time that we perform this macroscopic integration we must
add in the contribution of the conduction electrons, for which the
Taylor’s expansion is unnecessary, as their dimensions, and hence their
moments, may be considered negligible. In this way we find that

= f f f {i\@ﬂ?]l_;ivié_} dv + fff {Nﬁgmd _llt} dv,

= f f J {:_@V_gﬁ?cc;N?M dv + j f f {N“_nix grad%} dv.  (30)

The desired results (12) and (13) now follow on using (21) and comparing
the structure of (23) and (30).

The reader has perhaps noticed that all the foregoing correlation of
the microscopic and macroscopic electromagnetic theories is only
approximate, due to neglect of terms beyond 1/R2 in the Taylor’s
expansion. Such terms are usually unimportant® because molecular
radii are small compared to distances of observation. Otherwise the
ordinary macroscopic equations would presumably not be found to be
valid experimentally. The omitted terms are sometimes characterized
as representing ‘multipoles’. The omitted term in ¢ of lowest order,
for instance, is readily shown to be Ng/R3, where ¢ is the ‘quadrupole

moment’ J‘ J‘ f p'r2(3cos?0—3) dv,

13 Qno is perhaps a bhit solicitous about the error incurred in treating R, p, m, &c.
as continuous functious in view of tho fact that molecules are discrotely and irregularly
distributed, ospecially in a gas. Statistical theory shows that the root moean square
deviation of the number of molecules in dv from its mean value Ndv is (Ndv)t. Tho
relative crror involved in ironing out tho fluctuations and substituting a continuum is
thus at most of the order (1/Ndv)t, and requires that dv be not too small or the medium
too rarefied. For this reason dv cannot woll be reduced beyond a cortain value dv,, but
then there is a relative error of the order (dv,)}/R 1n substituting an integral for the sum.
As N is of the order 10 in gases, and as R is 1 cm. or greater in most macroscopic
problems of interest, both (1/Ndv)} and (dv)}/R may be made small by taking dv about
1012, For furthor discussion of the legitimacy of tho substitution of macroscopic integra-
tions for suinmations see Mason and Weaver, The Klectromagnetic Field, Chap. [, Part 11T.

14 Wo do not introduce the spinning electron, with its finite magnetic moment, until
the quantum chapters.

15 Retention of these higher order terms is, however, vital in molecular theories of
the cquation of state.

Rl
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6 being the angle between r and R. The terms of highest order in 1/R
which have been retained are of order 1/R?, and are the ‘dipole’ ones,
as the potential due to a discrete dipole of vector moment P is

1
P gradﬁ. (31)

Instead of tracing through the details of the connexion with the micro-
scopic theory, it is seen by direct comparison of (23) and (31) that the
term in @ which is the correction for dielectric action can be interpreted
as due to a continuous space distribution of dipoles of specific moment
P per unit volume. This explains why the existence of molecular
dipoles in dielectrics could be inferred in the nineteenth century before
the advent of the Lorentz electron theory. Similar remarks apply to
the magnetic case, as the vector potential of a discrete magnetic dipole
of moment M is M X grad(1/R).

4. Relation between Index of Refraction and Dielectric Constant

Tt is a matter of common knowledge that the index of refraction » is
connected with the diclectric constant ¢ and magnetic permeability p
according to the relation I (32)

provided we use the term dielectric constant, as we already tacitly have
throughout the chapter, in a generalized sense to mean the ratio of
D to E in periodic fields rather than in the restricted sense to denote
just this ratio in static phenomena. Now gases of a high refractivity
usually show very little magnetic polarization, so that without much
crror we may take w=1. In other words, in gases the magnetic sus-
ceptibility is usually small compared to the clectric, and then (32)

becomes e (33)

Discussion of the experimental confirmation of (33) will be deforred until
Chapter 11I. The theorctical validity of (32) can be seen as follows. Let us sup-
pose that the radiation is monochromatic, and that the medium is homogencous
and infinite in extent. This is somewhat of an idealization, as a dielectric or
magnetic medium never extends to infinity, but in a sufficiently large homogeneous
medium the velocity of propagation of disturbances is virtually tho same as though
the medium extended indefinitely. In such an ideal medium e and p may be
regarded as constants independent of «, ¥, 2, #, so that

0D /ot = edE /ot, curl B = p curl H, &e.
If wo make the substitutions E’ = et E, H’ : utH, p’ == p/e!, i’ - i/e}, which may
be regarded as changing the scale of measurement of unit magnetic and electric
poles, the field equations (1, 2) reduce to

,  low , 1 P AN T f divH —
curl E =— d‘--,curlH mz(&ni ~|~W),d1vE = dmp’, divH’ = 0,
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provided ¢’ = ¢/(ep)t. These are equations of the same type form as for a vacuum
except for the change of scale just noted, and for the fact that the coffective
velocity of propagation is ¢/(eu)t. Now the index of refraction n is defined as the
quotient of the velocity of propagation ¢ in wacuo to that ¢’ in the material
medium—hence Eq. (32).

5. The Local Field

It is desirable to know the effective average field to which a molecule
is subjected when a macroscopic ficld E is applied. This effective field
is not the same, even in the mean, as the macroscopic E despite the
fact that by (6) the vector E is the space average of the microscopic
field e over a ‘physically small’ volume element. The explanation of
this paradox is that the effective field in which we are interested is that
in the interior of a molecule, whereas the space averaging presupposed
in the relation E—=@¢ is over regions both exterior and interior to
molecules. The effective field within a molecule may be resolved into
two parts: first, the internal field exerted by other charges within the
same molecule, and second, the remainder due not only to the applicd
electric field but also to the attractions and repulsions by other mole-
cules, usually polarized under the influence of the external field. The
first part is not our present concern, and could, of course, be calculated
from the Coulomb law immediately we knew the configurations of the
charges in the molecule. The second part we shall term the local field.
Under certain simplifying assumptions the local field can be shown to be

e =E+ 7" (34)
The expression (34) is sometimes called the Clausius-Mossotti formula
for the local field. We shall not prove (34), as this is tedious and is
frequently done in the literature.’® The usual derivations assume that
the molecule in question can be considered to be located at the centre
of a spherical cavity in the dielectric, and that further the diameter of
the cavity is large compared to the size of a molecule. The reader will
recall that the field within a cavity is a function of the shape of the
cavity. It has the value (34) at the centre of a spherical cavity, whereas
it equals E within a needle-shaped cavity whose axis is parallel to E,
and D = E4-47P within a slab-shaped cavity whose surfaces are per-
pendicular to E. The term 47P/3 in (34) is sometimes spoken of as the
‘inter-molecular field’, and is a correction for the fact that the other
molecules of the dielectric cxert an average force on the given molecule
when the dielectric is subject to an electrie field. This is due, of course,

16 Cf., for instanco, H. A. Lorentz, The Theory of Electrons, section 117 and note 54.
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to their acquisition of an electric polarity, so that the resultant field
which they exert at the centre of a spherical cavity no longer vanishes
on the average as it would by symmetry (at least in isotropic media)
without an external field to create a preferred direction. We here, as
elsewhere in the book, assume that there is no residual polarization
when the applied field vanishes. Otherwise it would be necessary to
add a constant term to the right side of (34). Residual or permanent
polarization of a dielectric, which would be the electric analogue of
‘hard magnetism’, is not an unknown phenomenon, but is usually feeble
and found only in complicated solids, a discussion of which is beyond
the scope of the present volume.

An important and simple experimental confirmation of (34) is furn-
ished by the variation of the index of refraction with density in gases.
At ordinary field strengths the average electrical moment may be taken
proportional to the local field:

(35)

:ﬁ' = @y = (E"l‘ 4”P)7

3

where « is a constant independent of the density. On elimination of
p, P by means of (8), (12) and use of (33) the relation (35) becomes

Z:TV(nZ—I)E — a(141n2—1)E.

The number N of molecules per c.c. is proportional to the density p.

Hence

% ::1-; = 4%%\7 %, a constant independent of density. (36)
This is the so-called Lorenz-Lorentz formula, as it was proposed in-
dependently by L. Lorenz and H. A. Lorentz, both in 1880.17 The most
thorough experimental test of (36) has perhaps been made by Magri,1®
who varied the density by using pressures of from 1 to 200 atmospheres.
According to Magri’s data, the left side of (36) has the following values
at different densities:

Density 1 1484 4213 6924 9616 123:04 14953 17627
L n—1
p n?4-2

2
5-’-‘-31“07 (1953) (1853) (1976) (1988) (1098) (2005) (2015) (2023)

%107 1953 1947 1959 1961 1961 1956 1956 1953

17 H. A. Lorentz, Ann. Phys. Chem. 9, 641 (1880); L. Lorenz, bid. 11, 70 (1880).

18 T.. Magri, Phys. Zeits. 6, 629 (1905). The various mcasurements given in the
above table wore all made at 14°-15° C. except that the reading at unit density is at 0° C.
Thus practically all the change in donsity is from varying the prossure rather than
temperature.
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The unit of density is the density of air under standard conditions. The
values in parentheses are those which would be obtained by taking
the local field to be identical with the macroscopic field E, thereby
making the denominator 3 instead of n2-4-2. It is scen that the rigorous
or first formula yields values which are much more nearly constant than
with the second formula, thus confirming the correction term 4#P/3 for
the inter-molecular field in (35). Formula (36) as applied to dielectric
constants (i.e. with n? replaced by €) has also been verified for several
gases up to 100 atmospheres by Tangl and others.1?

A much more severe, in fact unreasonably hard, test of (36) is
obtained by examination of whether its left side has the same value in
the liquid and vapour states. The agreement in the two states is sur-
prisingly good in view of the fact that (36) cannot be expected to hold
accurately in liquids because of association effects and the like. Tn
water, for instance, it is found that at optical wave-lengths the left side
of (36) changes by only about 10 per cent. in passing from the liquid
to the vapour state, whereas the density changes by a factor over 1,000.
In the static case of infinite wave-lengths, however, all traces of agree-
ment between the two states are lost in polar materials like water. For
non-polar substances the change in (36) between the two states is
practically negligible (see p. 59 for numerical data).

Our primary concern is gaseous media, and at any ordinary pressures
(up to 10 atmospheres or more) the term #%--2 in the denominator of
(36) can be equated to 3 in gases, thereby making the left side of (36)
become 4my,/3p (cf. Kq.(8)). Consequently we shall, for simplicity, hence-
forth make this approximation throughout the volume, unless otherwise
stated. If, however, one should wish at any time to make the above
‘Clausius-Mossotti’ correction resulting from the difference between the
macroscopic and local fields, one has only to substitute 3(e —1)/4ar(e - 2)
for the susceptibility y, in the formulae for susceptibilities given
throughout the book. This remark applies to all formulae except those
which relate to saturation effccts and which thus do not take the
polarization as proportional to field strength. In the study of liquids
the correction for the difference between the local and macroscopic
fields is important. In some instances a formula such as (36) scems to
be applicable to liquids, but our feelings must not be hurt when we
discover that (36) fails completely, at least in the static case, in the

1 Tangl, Ann. der Physik, 10, 748 (1903); 23, 559 (1907); 26, 59 (1908); also Occhia-
lini, Phys. Zeits. 6, 669 (1905); Waibel, Ann. der Physik, 72,160 (1923); Occhialini and
Bodareu, Ann. der Physik, 42, 67 (1913); K. Wolf, Phys. Zeits. 27, 588 and 830 (1926).
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so-called polar liquids where agglomeration or association effects arc
important. The formula (34), on which Eq. (36) is based, is derived
on the assumption that the arrangement of molecules is haphazard and
that the inter-molecular distances are large compared to molecular
diameters. These assumptions are clearly not legitimate in such polar
liquids.

We have so far considered only the local electric fields. Under
the same assumptions as are made in the usual derivation of (34), the
local magnetic field can be shown to be hy,e, —=H--(47M/3). The
expression (u—1)/p(n--2) should then be independent of the density.
However, in gases the permeability is so nearly unity, and magnetic
measurements are so difficult that there is no experimental material
adequate to test whether u-2 should occur in place of 3 in the de-
nominator. On the other hand, in solid magnetic bodies local fields are
apparently encountered which are tremendously larger than H+4- (47 M/3);
otherwise we would never have ferromagnetism, and the cause for this
will be discussed in Chapter XII. Thus in the magnetic case a correction
of the type considered above in the electric case is either negligible or
inapplicable. Consequently we shall not go to the refinement of making
this correction and writing 3(u—1)/4m(u -+ 2) in place of y,, in the formulae
for the paramagnetic and diamagnetic susceptibilities given later in
the book.

6. The Force Equation
To formulate a dynamics governing the motion of the charges within
the molccule it is first necessary to have an expression for the forces
exerted upon them. This is furnished by the fundamental ‘force
equation’

F; == e,e+Z[v;xh], (37)

postulated by the clectron theory as the vector force F; exerted on
a charge (clectron or nucleus) moving with the velocity v; and subject
to electric and magnetic fields e and h respectively. We here and for
the balance of the chapter regard the dimensions of the clectrons and
nuclei as negligible, so that they can be treated as point charges. The
total fields e and h may be resolved into two parts, viz. the internal or
‘intra-molecular’ portions exerted by other charges in the samc mole-
cule, and the remaining or external parts exerted by the rest of the
universe. '

If we neglect retarded time effects, the internal fields at the point
3695.3 C
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occupied by the charge e; can be derived in the usual fashion (14) from
the scalar and vector potentials

e; v

¢iint=;77j’ alint=;i cjrzj
(cf. Eq. (17)), where 7,; denotes the distance between the charges e; and
e;. It is seen from Eqs. (14) and (37) that the terms in the force which
arise from the internal vector potential are of order 1/c? in the velocity
of light ¢, cven though the vector potential itself is of order 1/c. Terms
of this order are usually very small, and, in fact, are comparable with
the relativity corrections and retardation effects in the scalar potential
¢, so that for our purposes we are fully warranted in dropping them,
and it would be deceptive to include them without including the other
effects of the same order. With their neglect the internal forces become
entirely electrical in nature and can be expressed in the simple fashion

F;= —grad,V (38)
in terms of the electrostatic potential energy function
y eie'
; _—.Z_%_;:.}Zej%mt (39)
i<j j

ase;grad ¢t = grad; V. Here the subscript in grad, indicates that the
differentiation in the gradient operator is with respect to the coordinates
x,, Y;, 2; of the charge e;. Use of V instcad of the ¢,/ has the great
advantage that it is necessary to use only one potential function for
the whole molecule rather than one for each charge.

The external part of the ficld will fluctuate with the approach and
recession of other molecules, especially at the time of the so-called
collisions of kinetic theory. However, we have mentioned in the pre-
ceding section that in gases the average values of the external fields
arc equal to the expressions for the local fields given in (34) (and an
analogous magnetic expression). As gases usually have small polariza-
tions, we agreed to neglect the differences between the local fields and
the macroscopic fields. The combined internal and external force can
therefore be considered to be

F;= —grad; V—eigrad(bi—%‘ %—I—%[vi Xeurl A;|,

where ®;, A; are the macroscopic scalar and vector potentials evaluated
at the point z;, y,, z;, at which the charge e, is located. If we equate
force to mass times acceleration, the explicit formula in scalar notation
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for the x component of motion is, for instance,

oV ob; e oA, [ (aA aA_,‘) N (aAn oAz‘)]

mE; = -—-____e._____..____-|___
w oz;  ox;

(40)

ox %Y,

7. The Lagrangian and Hamiltonian Functions
The differential equations of motion (40), together with the analogous
y and z equations, are equivalent to the Lagrangian system of equations
d ol oL _
dtog, ogq,
provided we take the Lagrangian function to be

L —_gzmw—l/-ze(wrz Yitv,-A)). (41a)

The number of coordinates ¢, is, of course, three times the number 4 of
particles constituting the atom or molecule. The identity of (40) and
(41) can be established immediately by specializing the ¢, to be (‘ar-
tesian coordinates xy,..., Ay Ypseons Yo Bprees By then

(41)

,i (ViA;)) =& ‘(1:-1" Ui Ejﬁ"" +7; ﬂi‘
ar; ox; ox; ox;
Lo 14 o es, @
[{3 [{ s (4
—— A) == ‘“.— ‘” ‘” Ly
i 7 V) = RN T

With these relations Eqs. (41) follow (hroctly from (40). Thc last part
of (42) expresses the fact that in the total differentiation with respect
to ¢, the vector potential A must be supposed to involve the time not
only explicitly through ¢ but also through the position «x, y, z. As the
Lagrangian form of the equations of motion is preserved under any
point transformation, Eqs. (41) will also be valid in any system of
generalized coordinates since they are valid for Cartesian coordinates.
1f we introduce the generalized momenta
b= ?1{ (43)

oy’
and if we express the function

ﬂ = gz)k(ik—L

in terms of the ¢, and p; rather than the ¢, and ¢, then # is called

the Hamiltonian function. To avoid confusion with the magnetic field

H, we throughout print the Hamiltonian function in secript type. 1t
ce
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is immediately seen that in Cartesian coordinates

Ly e 4 Voo VRS
K= ; Zz{n‘i[(pm_‘c'An) + (pm ;.:Au;) +
(A [V D e (a9)

as in the Cartesian system by (41a), (43)
Py == M, ‘EAL. (45)

General dynamical theory 2 tells us that the 3y second-order equations
(41) are equivalent to the 67 first-order Hamiltonian equations
dqy oK dp,_ 0K (46)
dt  opy dt aq;
Without appealing to the general theorems of dynamies, the identity
of (46) with (40) or (41) can immediately be established by writing out
the equations (46) explicitly in Cartesian coordinates, where # has the
form (44). The first set of the Eqs. (46) then give us the definitions
(43) of the momenta. When these definitions are substituted in the
second set of Eqs. (46), we immediately obtain (41) if in the term
dp, Jdt == md2a;[di*+ed A Jedt we remember to introduce the total ¢
derivative after the fashion (42).

The preceding cquations are rather more general than nceded for
most of our work, as they apply to variable and non-homogencous
impressed ficlds, which can be simultaneously cleetric and magnetic,
whereas our main interest is in constant fields. If we assume that the
applied electric and magnetic ficlds both have the z dircction and have
constant magnitudes & and /I independent both of time and position,
then 21

O = — Iz, A4,=—= -YHy, A, — Hux, d,=—0, (47)
and (44) becomes

H = 2 { (Px.‘l‘PyH‘Pz‘) Le i

He H? .
I i) + oy 0T | Y 48)

20 E. T. Whittaker, Analytical Dynamics, Chap. x.

21 The choice of potentials in (47) is not the only one which will yield tho desired con-
stant fields %, H. We could, for instance, tuke 4, = 0, A, = Hz, 4, == 0. The latter
choice would, however, make the Hamiltonian function havo a moro compheatod and
less illuminating form, although it would still equal the energy (51). The choice (47) is
the simplest, probably because it makes the scalar magnitude of A indepeudent of a
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That (47) gives the potentials appropriatc to this special case can im-
mediately be verified by substitution in (14). Even the case of parallel
coexistent constant electric and magnetic fields is more general than
usually needed, as we usually deal with entirely electric or entirely
magnetic applied fields. Tt is, however, convenient to include both
cases in a single equation. The Hamiltonian function appropriate to
a purely magnetic constant field Il can, of course, be obtained by
setting /' — 0 in (48), and vice versa.

Our main interest throughout the book i in the electric and magnetic
moments p, m defined in Eqs. (11), and especially in their components
P mp in the direction of the applied field.?? Fortunately these are
obtainable from the Hamiltonian function by simple differentiations, as

P = _o# My = _o#

bR e

The first of these relations is immediately obvious from (48), as hy (11)

Pr=2 ez;. The second is only a trifle more difficult to establish, as
in Cartesian coordinates

oM < e
ol —2 {"m ('( Py J‘px')—— ( +‘/L)}

(49)

=Z§g(xiz'i—yiax~) =m, (50)

by (45), (47), (11). The relations (49) will apply not merely in C‘artesian
coordinates, but also in any sct of ‘canonical coordinates’ that preserve
the Hamiltonian form (46), provided the formulae of transformation
from the Cartesian to the new coordinates and momenta do not involve
the fields # or H. This proviso is necessary in order that holding fast
the C(artesian coordinates and momenta in the differentiation be
equivalent to holding fast the new ones. It is met in the case of the
usual ‘positional coordinates’ and momenta defined by an ‘extended

rotation around the z axis. The lack of uniqueness in the definition of A, @, and so of
the Hamiltonian function in electric and magnetic fields occasions no real ditticulty, as
the different choices moroly yield different fully equivalent canonical forms which can
bo obtainod from each other by a contact transformation (and in somo cases a shift of the
origin for the enorgy).

22 We use the notation pg., my rather than p,, m, for the components of tho moments
P, m in tho direction of tho applied fields i order to avoid confusion with the Cartesian
momenta p,. Tn writing our Hamiltonian functions wo use a scalar rather than vector
notation for the clectric and magnetic fields. This is something of a change from the
voctor notation used in the preceding sections, but tho various vector relations are usually
of no particular intevest in our use of the Hamultonian technique, and so it scems simplor
to restrict E and H to dircctions along the = axis rather than to complicato our Hamil-
tonian functions with scalar and vector products.
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point transformation’
ox; Y, 02;
QL=Qk(x1"",zn)’ Pk=2 (5?1” + 8(]1 +9—qkpz,),

as such a transformation obviously docs not depend on the fields ¥ or
H in any way.

The numerical value of the Hamiltonian function (44) or (48) is the
same as that of the ordinary total, i.e. kinetic plus scalar potential

energy THV4 S e, =5 Y mvitV4 3 ed,, (51)
as can be verified by substitution of (45) in (44). The reason why the
energy formula (51) has no terms containing the magnetic field H is,
of course, that magnetic forces do no work, so that the constancy of
energy can be sccured without the addition of such terms. This may
at first seem contrary to the fact that the Zceman effect shows that
the energy of an atom is not the same in a magnetic field as in its
absence, but the solution of the paradox is that during the creation of
the field, when dH|dt - 0, the ficld equations (1) demand that there be
a concomitant electric field, which does work just sufficient to account
for the encrgy displacements in the field. It may also seem strange that
the field H is involved in (48) but not in (51). This difference is due to
the fact that in a magnetic ficld the canonical momenta necessary to
preserve the Hamiltonian form are oL/é¢g, and not 07'/ég,, i.e. in Car-
tesian coordinates are ma;4-¢, 4, [c and not m&; (cf. liq. (45)). This
distinetion is nicely illustrated in Larmor’s theorem.

8. Larmor’s Theorem?

This theorem states that for a monatomic molecule in a magnetic field
the motion of the electrons is, to a first approximation in H, the same
as a motion in the absence of I except for superposition of a common
precession of frequency He/4mmc. This may be proved as follows. Let
us specify the Z electrons of the atom by cylindrical coordinates p;, z;,
¢;, whose axis is the direction of H and whose origin is at the centre of
gravity. We suppose the nucleus to have such a large mass that it can
be regarded as coinciding with the centre of gravity. The Lagrangian
function is by (41 a,) and (47), supposing £ =0,

~ 1
L= Z’"‘;I (@ +p; |P¢¢’z)+z o pigi—-V.

In place of the ¢’s, let us introduce new coordinates:

Y1=¢1 Y2 = bs—by, V3= b3~y (52)

2 J. Larmor, Aether and Matter, p. 341.
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The Hamiltonian function is then

! 3 1
. gl 2 (p2,+p,2,‘+z§c) F g, PaH PR+

1 2 He
+2ml o? (pyl—; p,,,) T omePrt 871102 z pitV, (53)
since all the electrons have the same value —e/m of ei/m,, and since

oL . .
Py, = gj =Mm;p; (74+71+ 6) (#£1), Ppi= m; pg, Py = M2y

2

Dy, =My Py (7’1""2m16)+Z i (y‘+y1+2m c) Z "iPi (ng 27’“’)

(54)
Now the potential energy V(p,,...,2y,..., y3,...) does not involve ,, as it
depends only on the relative positions of the coordinates. Thus 8.4 /éy,
vanishes, making y, an ‘ignorable coordinate’, and y, hence has a con-
stant value independent of ¢ (cf. Eq. (46)). If we disregard terms in H2,
then with any given value of p,, the equations of motion for the other
3Z—1 pairs of canonical variables are precisely the same as in the
absence of the field. Hence, noglecting quadratic terms in H, there
exists a solution in which p,,...,2;,..., ¥,... are the same functions of the
time as in the absence of the field. However the angular velocity

y = 0M[op,, is now - (p},1 Z py‘) . The addition of the term

involving If means that with a given value of p, and a given solution
for the other 3Z— 1 pairs of canonical variables, the valuc of the angular
velocity of electron 1 is augmented by an amount He/2mc. As the
angular displacements y,,... of the other electrons are measured relative
to an apse line containing electron 1, it follows that the entire system
precesses about the axis of the field with an angular velocity He/2me.
The corresponding frequency of precession is, of course, He/4mmc. Thus
Larmor’s theorem has becn established, but it has been necessary to
(@) disregard squares of the field H. (b) neglect the motion of the nucleus,
and (¢) suppose the molecule to be monatomie, as it was assumed in
(53) that all particles not on the coordinate axis have a common value
—e[m of e;/m;. It is seen that the Larmor precession is essentially a
correction for the different significance of the canonical momenta in
terms of velocities with and without the field. It can be shown * that
if the magnetic field is applied slowly and uniformly, then p,, does not

2 P, A. M. Dirac, Proc. Cambr. Phil. Soc. 33, 69 (1926).
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change, i.e. is an ‘adiabatic invariant’ during the creation of the field,
whereas the ordinary angular momentum ¥ m, p} §;, which differs from
(54), is not. When the field is thus adiabatically applied, the motion in
the field can be proved 2425 the same (neglecting [1%) as the actual
motion before the existence of the field, except for the superposition
of the Larmor precession. We proved above merely that it resembled,
except for this precession, some dynamically permissible motion for
H = 0, not necessarily the actual original motion.

9. The Fundamental Theorem of Statistical Mechanics

The theoretical formulae for the electric or magnetic susceptibilities,
which result from substitution of (12) in (8), involve the average
moments p or M of a large number of molecules not necessarily all in
a similar condition. Such avcrages can be calculated if we know the
statistical ‘distribution function’ or probability that the molecule have
any particular configuration. To determine such a distribution function
is a problem in statistical mechanics. A probe into the foundations of
classical statistical mechanics 26 is beyond our scope, and we shall be
content to give the fundamental result without proof. Let g,,..., q;,
P15.-., Py be any set of ‘canonical’ coordinates and momenta, i.e. a set
which satisfies Hamilton’s equations (46) and which suffices to determine
the positions and velocities of the various particles composing the mole-
cule. Then the probability that a molecule be in the configuration

(915 q1+dQI)"'(p/’ Z’/‘l“l’]’/)
is Ce~#k"dy,...dq,dp,.. dp,, (55)
where (q,, q,-+dq,) means that ¢, falls between ¢, and ¢,--dq,, &c., and
where # is the Hamiltonian function. This is the so-called Boltzmann

distribution formula. The value of the constant C is determined by the
requirement that the total probability be unity, and hence

1 p
L f f MK dq,...dq,dp,...dp,. (56)
An immediate corollary of (55) is that the average value of any function
f of the p’s and ¢’s is
f=C f f Je-#T dq,...dg,dp,...dp,. (57)

Most often we shall want the function f to be either the electric or
magnetic moment defined in Eq. (11). Thus by (8), (12), and (49) the

25 J, H. Van Vleck, Quantum Principles and Line Spectra, p. 303.
28 See, for instance, R. H. Fowler, Statistical Mechanics, Chap. II.



L§9 CLASSICAL FOUNDATIONS 256

electric susceptibility is
P _Np, _NC OH ey
Xe=g = 2= f f 0% et dqy...ap,, (58)
with an analogous formula for the magnetic susceptibility. This result
may also be written

xﬁz_v:_}gz_n;;z where Z — f f KT dq,.dp,.  (59)
The cxpression Z is called by Darwin and Fowler the ‘partition func-
tion’, and is also sometimes termed the ‘sum of states’, as a translation
of the name ‘Zustandssumme’ which it is given by German writers.

A feature particularly to be emphasized in connexion with Eqs. (55)-
(58) is that it is immaterial how we choose the coordinates and momenta
q1---» D as long as they be a ‘canonical set’ satisfying Hamilton’s equa-
tions (46). They might, for example, be Cartesian, polar, or parabolic
coordinates and momenta, or the morc general ‘action and angle
variables’ used in perturbation theory. This indifference of (55)-(58) to
the choice of coordinates is duc to the well-known fact that any contact
transformation,?’ i.e. any transformation which preserves the validity
of the Hamiltonian form (46), has unit functional determinant. Hence

dqy..dp;=d@,...dP, (60)

where p, ¢ and P, @ are respectively the old and new variables.

It can be objected that the derivations of the Boltzmann distribution
formula (55) given in statistical mechanics are not without loopholes
if one looks hard enough for them. The fundamental assumption made
to obtain (55) is that the ‘picking out’ of numerical values for co-
ordinates and momenta for any particular molecule is a lottery or
random proposition, subjcct only to the requirement that the total
energy of an assembly of molecules (e.g. box of gas) has a given value.
On this basis it can be shown that the Boltzmann distribution is not
merely the most probable, but that it is infinitely the most probable,
and hence is what Jeans terms a ‘normal property’ of the system.?
Many of the common brief treatments of statistical mechanics, to be
sure, merely calculate the most probable configuration without de-
monstrating its overwhelming probability or normal property, but

3 W, Gibbs, Elementary Principles in Statistical Mcchanics, Chap. I (extended point
transformations only); A. Szarvassi, Ann. der Physik, 60, 501 (1919).

2 According Lo tho so-called ‘crgodic hypothesis’, which supposes that all assemblies
having tho samo encrgy have the same life-history, the Boltzmann formula would be

inescapable. Unfortunately, Plancherel and also Rosenthal have demonstrated the
impossibility of ergodic systems (Ann. der Physik, 42, 796 and 1061, 1913).
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recent very complete and elegant work of Darwin and Fowler 2° shows
very convincingly that the Boltzmann distribution is always a normal
property. Thus this distribution is inescapable unless we assume that
nature has a peculiar preference for configurations which would be
abnormally improbable in the lottery described above.3® As long as we
retain a classical theory with continuous distributions rather than use
a discrete quantum mechanics, we can therefore feel reasonably safe in
resting our calculations of the susceptibility on (59).

2 C. G. Darwin and R. H. Fowler, P’hil. Mag. 44, 450 and 823 (1922) and soveral later
papers, especially by Fowlor. A detailed account is givon in Fowlor’s book Statistical
Mechanics.

30 The Pauli exclusion principle and Fermi-Dirac statistics in tho now quantum
mechanics do indeed show that only configurations corresponding to antisymmetric wave
functions are realized physically despite the fact that they oftentimes represent but
a small fraction of the classical phase space. This rostriction, however, is usually un-
important for our purposes, as we shall deal mainly with media sufficiently rarefied to

make the Fermi-Dirac interferenco offects unimportant, and so wo use Boltzmann
statistics throughout except in §§ 80-1.



II
CLASSICAL THEORY OF THE LANGEVIN-DEBYE FORMULA

10. Polar versus Non-Polar Molecules

In the study of dielectric phenomena, molecules are commonly divided
into two categories called ‘polar’ and ‘non-polar’, also sometimes
termed ‘homopolar’ and ‘heteropolar’. A molecule may be defined as
polar if it has a permanent clectrical moment, i.e. an electrical moment
which is on the time average different from zero even in the absence
of external fields. A molecule without such a permanent moment is
termed non-polar. To find the permanent moment one must retain out
of the total moment Y e;r; only the constant part which remains on
averaging over the ‘internal’ motions of the clectrons relative to the
nuclei.! All atoms and molecules contain instantaneous moments which
fluctuate with the positions of the electrons. Hence the mean square
of the electric moment is never zero, but on the other hand the square
of the mean may vanish, and if it does the molecule is non-polar.

As a simple example of this classification, we may mention that all
diatomic molecules composed of two identical atoms, such as N,, O,,
&c., are non-polar. This is quite obvious from symmetry considerations.
Diatomic molecules composed of unlike atoms, e.g. HCI, are in general
polar, as the charge therein will not distribute itself symmetrically with
respect to the two ends of the molecule. Triatomic molecules are
ordinarily polar. A few exceptions such as CO, will be discussed in § 20.
Molecules with more than three atoms may be non-polar if highly
symmetrical, as in e.g. CCl,, CH, (sce §§ 19-20). Monatomic molecules
are always non-polar, as on the average the electrons are symmetrically
located with respect to any plane containing the single nucleus.

We have not yet mentioned how to decide cxperimentally whether
or not a molecule is polar, instead of appealing to our preconceived ideas
of a molecular model. There arc many cxperiments, both physical and
chemical, which furnish tests for the existence of permanent moments,
but probably the best of these consists in the measurement of dielectric
constants. If the field is not so extremely strong that it requires con-
sideration of ‘saturation effects’, i.c. if we can treat the diclectric
constant as independent of field strength, then it will be shown that

! This pormanent moment is to be measured relative to axes fixed in the molecule,

for the ‘external’ rotations of a molecule as a whole make the axis of molocular polarity
continually point in a different direction relative to axes fixed in space.
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the electric susceptibility y, = (e—1)/4~ is given by the expression
2

xe= (ot fi7) M
which we shall call the Langevin-Debye formula. Here & is the number
of molecules per c.c., T is the absolute temperature, and « is a constant.
The permanent electrical moment will throughout be denoted by p, and
hence the existence of a non-vanishing second term in (1) is a criterion
for a polar molecule. We shall henceforth omit the subscript e or m
from y, as ordinarily it will be clear from the context whether we are
studying an electric or magnetic susceptibility. Tq. (1) assumes that
x is small compared to unity, as it ordinarily is in gases; otherwise x
should be replaced by 3(e—1)/4m(e~-2) in accordance with the correction
for the local field given in § 5.

The second term of (1) disappears if the molecule has no permanent
moment. Hence the dielectric constant of a non-polar gas should be
independent of temperature provided the density is maintained con-
stant. It is often convenient to work at constant pressure rather than
constant density when 7' is varied, and then the number N of molecules
per c.c. is a function of 7'. The part of the temperaturc variation of the
dielectric constant duc merely to changes in density may be eliminated
by using the quotient y/N, which is the ‘susceptibility per molecule’,
or clse the expression Ly/N, which is the ‘susceptibility per gram mol’
or ‘molar susceptibility’. Here L has been used to denote the Avogadro
number. One therefore has the following fundamental result: in a non-
polar gas the molar susceptibility should be independent of 7', while in
a polar gas it should be a linear function a-+0(1/7") of 1/7'. This agrees
well with experiment. From the experimental values of the coefficient
b together with the relation b = Lu2/3%k following from (1), it is possible
to deduce quantitatively the permanent electrical moment of the mole-
cule. The numerical valucs of the moments so obtained will be con-
sidered in § 19.

Before proceeding to the mathematical derivation of (1) it is perhaps
illuminating first to discuss qualitatively the physical nature of the
phenomena responsible for each of the two terms of (1). The existence
of a susceptibility requires that the molccules have an average electrical
moment in the direction of the applied field. This does not require an
average or permanent moment before the ficld is applied, as the intro-
duction of the field may distort or ‘polarize’ the molecule, since the
positive charges are attracted in the direction of the field, and the
negative ones repelled. The electrical centres of gravity of the positive
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and negative charges will then no longer coincide, as they did before
the field was applied if the molecule is non-polar. Due to this deforma-
tion effect, the molecule thus acquires what is termed an ‘induced
moment’ or ‘clastic polarization’. In addition there will be a contribu-
tion to the susceptibility resulting from the permanent moment of the
molecule, if it is polar. Even the mean electrical moment of an assembly
of polar molecules is zero in the absence of external fields, since in the
absence of orienting influences the molecular axes will have a random
spacial distribution. To a given number of molecules oriented in one
direction there will be an equal number oriented in the diametrically
opposite direction. Hence, on averaging over a very large number of
molecules the net moment is zero. Not so after the field is applied.
Each polar molecule will be subject to a torque which tends to aline
its axis of polarity parallel to the field. All the permanent molecular
moments would aline themselves perfectly parallel to the field, were
they not prevented by the centrifugal or gyroscopic forces due to mole-
cular rotation, and also perhaps by the disturbing influences of molecular
collisions. Both these influences which prevent perfect alinement be-
come more potent with increasing temperature, and will usually be
referred to as ‘tcmperature agitation’. Fortunately, an exact examina-
tion of the forces arising from the temperature agitation is unnecessary,
as the great beauty of the method of statistical mechanics is that it
yields the state of equilibrium between the orienting influence of the
field and the temperature agitation without specializing the mechanism
by which the equilibrium is secured. Although there is perfect aline-
ment only at 7' = 0, at any other temperature there is a predominance of
the parallel over the anti-parallel alinements of the axes of polarity with
respect to the field, as the former have a lower potential energy and hence
a larger Boltzmann probability factor. Thus the orientation effect always
enhances the susceptibility if the molecule has a permanent moment.

From the foregoing discussion one immediately suspects that the first
term of (1), which is independent of the temperature and which is found
in both polar and non-polar molecules, is due to the induced polariza-
tion; and that the second term, which disappears at 7' = oo and which
is found only in polar molecules, is due to the orientation of the per-
manent dipoles. This indeed turns out to be the case. Incidently,
Eq. (1) would make it appear that the susceptibility became infinite in
polar molecules at the absolute zero, but this is not really the case, as
at low temperatures higher powers of the field and the resulting satura-
tion effects not included in (1) must be considered.
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The idea of induced polarization is an old one, as it was even used,
for instance, in Mossotti’s theory discussed in § 2. The suggestion that
part of the electric susceptibility might be due to alinement of per-
manent moments, resisted by temperature agitation, does not appear
to have been made until 1912, by Debye.2 A magnetic susceptibility
due entirely to orientation of permanent moments was suggested some
time previously, in 1905, by Langevin,® and the second term of (1) is
thus an adaptation to the electric case of Langevin’s magnetic formula.
Hence we term (1) the Langevin-Debye formula. (In the electric case,
a formula such as (1) is commonly called just the Debye formula, but
we use the compound title Langevin-Debye in order to emphasize that
the mathematical methods which we use to derive the second term of
(1) apply equally well to magnetic or electric dipoles.) Despite the
earlier appearance of the orientation theory in the magnetic case, we
nevertheless first present this theory in the present chapter on electric
polarization. We do this in order to defer until a later chapter certain
rather delicate points in the classical theory of magnetic susceptibilities.

11. Rudimentary Proof of the Langevin-Debye Formula

We shall first give the conventional, rather crude derivation of (1). To
obtain the first term of (1) we may follow the usual line of least resistance
in classical theory and regard each charge in the atom or molecule as
having a position of static equilibrium and subject to an isotropic linear
restoring force when displaced therefrom. This naive depicture of an
atom or molecule as a collection of harmonic oscillators is not in agrec-
ment with modern views of atomic structure as exemplified in the
Rutherford atom, but yields surprisingly fruitful results. The restoring
force on a harmonically bound charge e; is —a;(r;—r;), where a; is
a constant and r;—r,, is its vector displacement from the equilibrium
position. The force on the charge in an electric field E is ¢;E. Hence
for static equilibrium between the internal restoring and external
electric forces, r;—r;, equals ¢;E/a;, and the induced clectrical moment
e;(r;—r;) is Ee?/a,. The total induced moment in the molecule is then
E > e}/a;, where the summation extends over all the charges in the
molecule capable of displacement from equilibrium positions. Since the
susceptibility is the total moment per c.c. divided by field strength
(Eqgs. (8) and (12), Chap. I) the susceptibility arising from the induced
polarization of the elastically bound charges is Na, where « is an

2 P. Debye, Phys. Zeits. 13, 97 (1912).
3 P. Langevin, J. de Physique, 4, 678 (1905); Annales de Chimie et Physique, 5, 70
(1905).
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abbreviation for 3 e?/a,, a constant which is obviously independent of
temperature. We have thus obtained an expression of the same form
as the first term of (1).

To obtain the second term we suppose that the molecule has also
a permanent moment y, or in other words an electrical polarity even
when the charges are at their equilibrium positions. If @ be the angle
between the axis of polarity (i.e. direction of the permanent moment)
and the applied field, then the part of the susceptibility arising from
the permanent moment is clearly

A waost, @)

where the double bar means an average over all the molecules in a
physically small element of volume (cf. Chap. I). In the absence of the
field, positive and negative values of cos6 are cqually probable, as
already mentioned, and the expression (2) vanishes. Let us boldly omit
the kinetic energy of the molccule and regard the Hamiltonian function
as consisting merely of the potential energy —uk cos 8 of the permanent
moment of the molecule in the applied ficld £. Then by a rather loose
application of the Boltzmann distribution formula (55), Chap. I, the
probability that a dipole axis fall within an element of solid angle
dQ =sin 9 d0d¢ is proportional to erEesdkTdQ and (2) becomes (cf.
Eqs. (56) and (57), Chap. 1)

Nu ([ cosf erficos® KT dQ Ny [f (cos§ + pk cos®0[kT+-...) dQ 3)

B [ erHeos0 T gQy CEffQyda T

Here on the right side we have developed the exponents as power series
in K, and have carried the expansion only far enough to include the
first term which does not vanish on integration. As the average value
of cosd over a sphere is zero, the quotient of the two integrals on the
right side of (3) is, except for a factor wH/kT, merely the average of
cos?d over a sphere. This average is 1/3, and hence the approximate
value of (3) is Nu?/3kT, which is the second term of (1), thus finishing
the proof.

As a matter of fact, the integrals in (3) are readily evaluated in closed
form without resorting to a series development. If we make the sub-
stitution ¢ = uk cos/kT and cancel the trivial integral over ¢ from
numerator and denomjnator, the left side of (3) becomes

N;L_[qe‘ldq Nl"
E

11_ N,
cothz — “H L), (4)
Ex j' et dq [ x] &
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where cothz = (e*-}-e~%)/(e*—e~%) and where x is an abbreviation for
the dimensionless ratio pE/k7T. The expression enclosed in square
brackets is often called a Langevin function and commonly denoted by
L(x). The series expansion of L(z) for small values of z is Je—Lad+...
and hence (4) agrees with the second part of (1) when we keep only the
first term in this development. On the other hand, for very large values
of z, the asymptotic valuc of cothz, and hence of L(z), is unity. It
thus follows that the polarization due to orientation, viz. Ey =N wL(x),
becomes Ny if the field strength is enormously great or if the tempera-
ture is exceedingly low. This limiting or ‘saturation’ value N w is what
we should expect, as under such extreme conditions the dipole axes all
aline themselves parallel to the ficld,
making the cosine factor unity in (2).
A graph of the Langevin function is
shown in Fig. 1. Near the origin the
3 curve is a straight line, so that the
Fi(u L polarization is linear in the field
strength if not too great. This is the
portion of the curve in which only the first term in the expansion need
be considered, and in which (4) can be replaced by the second part of
(1). On the other hand, the fact that for large x the curve is asymptotic
to a horizontal line shows that the polarization by orientation cannot
exceed the saturation value Npu.

12. More Complete Derivation of the Langevin-Debye Formula*
The preceding proof of the Langevin-Debye formula cannot be regarded
as satisfactory, since in forming the Boltzmann distribution factor
e~#kT the kinetic cnergies of rotation and vibration were entircly
omitted from the Hamiltonian function #. In dealing with the induced
polarization, the charges were supposed in static equilibrium between
the forces of restitution and the applied field. On the other hand, in
order to make possible the Boltzmann distribution in the orientation,
it was necessary to suppose a ‘kinetic statistical equilibrium’ between
the impressed electrical forces and the forces of temperature agitation.
The only position of static equilibrium for the permanent dipoles would
be when they are all parallel to the applied field; hence the assumption
¢ In writing the present section the writer has been aided by the discussion of distribu-
tion functions and Gans’s theories of magnetism given by Wills in Theories of Magnetism
(Bulletin No. 18 of the National Research Council). Gans’s mathematical transformations

and use of momentoids show considerable resemblance to the devices which we employ,
but he treated rather different problems and assumed more symmetry in the molecule.
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of static equilibrium would yield the saturation moment Nu even for
infinitesimal fields, an absurdity. It is clearly illogical to include the
temperature agitation in the rotational problem connected with the
permanent dipoles, as one must of necessity, but to neglect this agita-
tion in the vibrational problem connected with the induced polarization.
Furthermore, although the temperature agitation was implicitly recog-
nized in the orientation or rotational problem, it was cxplicitly neglected
in omitting the kinetic encrgy of molecular rotation from the Hamil-
tonian function. This omission is made in much of the literature,
including Langevin’s original paper, and it is fortunate that the
Langevin-Debye formula (1) is obtainable regardless of whether one is
painstaking enough to include the kinetic energy terms in the Hamil-
tonian function.

We shall therefore begin afresh and re-derive (1), taking cognizance
of the kinetic energy. Also we shall frec ourselves from the restriction
that the forces binding the charges to their equilibrium configurations
be isotropic. This restriction was a bad one, as few, if any, molecules
have such perfect symmetry that displacements in all directions can be
regarded as equivalent. Let the small vibrations of the charges about
their equilibrium configurations be specified by a set of normal co-
ordinates £,, &,,..., &, cqual in number, of course, to the number of
degrees of freedom of the elastic vibrations. We may suppose the
clectrical moments p,., p,, p, along the principal axes of inertia «’, y,2
to be linear functions of the normal coordinates, so that

Pr — F'.r'+ Z: Cri fi (5)

with analogous formulac for the moments along the ’ and 2’ directions.
Here pu,, 1. p, which are the terms remaining when the displacements
¢, vanish, are, of course, the components of the pcrmanent moment
along the three principal axes. The other terms, which are inside the
summation sign, represent polarization acquired in virtue of the clastic
vibrations.

Let 0, ¢, ¢ be a set of Eulerian angles specifying the position of the
principal axes of inertia x’, 4, 2’ which are fixed in the molecule, relative
to another set of axes z, y, z which are fixed in space. Here 6 is the
angle between the z and 2’ axes, while ¢, ¢ are respectively the angles
between the nodal line (i.e. intersection of the zy and 2'y’ planes) and
the z and z’ axes respectively. We suppose the field in the z direction.
The coordinate z is connected with z’, y’, 2’ according to the relation

z=sinfsinya’ +sinfcospy’ + cosfz'. (6)

3595.3 D
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The kinetic energy of rotation of the molecule regarded as a rigid body is

Tror = 34,02 +4,08+ 4,02, (7)
where 4, 4,,, A, are the principal moments of inertia, and Q,., Q,,, Q..
are the 2, ', 2’ components of angular velocity. The expressions for

these components of angular velocity in terms of the Eulerian angles
and related velocities are as follows: 3

Q, = 0cosy+ $sinfsinyg, Q. = dcosysingd — fsing, Q, =+ cosh.

@8)
The Hamiltonian function is
(1 1 1 A .

#= (oo P g O g )+ S b HA S gl 9)

—E[(uy+ X cpié)sinbOsing +(u,+ Y ¢, €;)sinf cos -+
+(pt+ X czi€i)cos 6],

where .

P = cosy py+-sin i cosec 0 (py — cos 0 py), (10)

Q = — sinys pg+ cos cosec 0 (pg — cos 0 py), R —py.
The first term of (9) is the kinetic energy of rotation of the molecule
regarded as a rigid body, sometimes dubbed the ‘asymmetrical top’.
It is obtained in the usual way by first expressing (7) in terms of 8, ¢, 4,
6, ¢, ¢ by means of (8), and then passing from 6, ¢, ¢ to the canonical
momenta py, pg, py defined by the relations py= 07'/00, &c. The
next two terms are the kinetic and potential encrgies of the small
vibrations, and of course consist entirely of the sum of squares. The
remainder of (9) is the potential energy

— Efyp, cos(x’, 2)-+p, cos(y’, 2)+p, cos(z’, )] (11)
due to the applied electrical field. In writing this electrical potential
energy in (9) we have utilized (5) and have expressed the direction
cosines involved in (11) in terms of the Eulerian angles by means of (6).

Even the rather formidable expression (9) is not a rigorous Hamiltonian func-
tion, as it assumes that the vibrational and rotational kinetic energies enter in
a strictly additive fashion, which is not true. Actually the molecular distortion
accompanying the small vibrations will constantly cause slight variations in
the moments of inertia A4,, A4,, A4,, so that they are not really constants of
the molecule. Also, reciprocally, the centrifugal forces from molecular rotation
ought really to be added to the linear restoring forces acting on the coordinates
£, £y A rigorous Hamiltonian would, among other things, involve cross
products’ in the momenta of the form d,, PP where p, denotes any of the rota-
tional momenta pg, pg, Py, and where the coefficients d, are functions of the various
positional coordinates. However, all these corrections for the mutual interaction

® Cf., for instance, Born, Atommechanik, p. 30, or Webster, Dynamics, p. 275. The
notation of these writers differs from ours in an interchange of the angles denoted by ¢, .
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of the rotation and vibration are small if the stiffness coefficients a, for the normal
vibrations are so large that the amplitudes of these vibrations are small. Hence
(9) involves no serious orror if the elastic vibrations are supposed small, and with-
out such a supposition the dynamical problem would, of course, be unmanageable.

Eq. (59) of the preceding chapter shows that the susceptibility is
determined as soon as we cvaluate the ‘partition function’

7= f f f eI dp, dpg... Apgdpydpydé,dt,.. dodgdy.  (12)

It is convenient to change three of the variables of integration from
Pg> Pg> Py to new variables P, @, B, which are given in terms of pg, py,
py in (10). The expressions P, @, R are sometimes called ‘momentoids’.®
They are not canonically conjugate to 0, ¢, i, but equal the instanta-
neous angular momenta about the three principal axes of the molecule.
For this reason the rotational kinetic energy takes the exceedingly
simple form given in the first term of (9) when expressed in terms of
P, @, R, whereas (10) shows that it would be exceedingly cumbersome
if expressed cxplicitly in terms of the true canonical momenta. The
functional determinant of the transformation to the momentoids is
most easily evaluated by calculating its reciprocal?

P OR cosi sin s cosec — sinycotf
1 ?( QR singg  cosyhcosecd —cospeotf| == —.
A O(pg.pgpy) 0 0 . sin 6
The expression (9) for the energy is of the form
f(P, @, R, pg,..)+9(0,,4, &, ). (13)

1t is this separability into two parts, depending respectively on the

momentoids together with the vibrational momenta, and on the co-

ordinates, which makes the momentoids so useful. If the truec momenta

Pgs P> Py Were introduced as variables in place of P, @, R, this separation

would not be possible, as (9) shows that then 8, ¢,  would be involved

in the kinetic energy. The partition function now factors as follows:
L= Ul Ty [ e T APAQd Ripydpy, ..

Zy == J J e~9Ik7sin 0 dOdpdipd € dE,... .

8 Cf. Jeans, The Dynamical Theory of Gases, 3rd ed., p. 97.

? The trunsformation oquations (10) involve tho varwables 6, ¢, ¢ as well as
Pas Pgs Py Py @, R, but it is immediately verified that the complete sixth order
Jacobian d(ps, by, Pys 05 6, $)[0(, Q, R, 8, $, 4) is the same as tho third order ono
(D 1s Pys Py)[O(P, @, R) in viow of the fact that the old and new 8, ¢, ¢ are identical.
This makes a third order under-determinant in one corner of the sixth order one equal
to zero, and the sixth order detorminant factors into two third order ones equal
respectively to unity and sin 6.

D2
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The important thing is that the factor Z, is independent of K, and so
makes no contribution to the susceptibility, for Iliq. (59), Chap. I, is

NkTalog Z _ NkT é(log Z,+log Z2)
“E R T E oK
The factor Z, can henceforth be omitted entirely. The physical mean-
ing of this result is that the susceptibility is the same as though the
kinetic energy were omitted entirely, provided we retain the ‘weight
function’ sinf in the integrand of Z,. Tn the present problem this
weight function arises from transformation of the kinetic part of the
problem, as in the original system of canonical variables the volume
element was dpgdpgdp dp;,...A0dddipd§, ..., whereas after the transforma-
tion it becomes sin6dPdQd Rdp;,...d0d¢dypd¢,.... In the conventional
Langevin theory (§11) this weight function is inserted because an
clement of solid angle is of the form dQ — sin 6 dfd¢ (cf. Kq. (3)). How-
ever, rigorous statistical mechanics do not allow us to proceed in such
a fashion without justification, as the statistical theory tells us that the
weight function is unity (or some other constant) in the complete
macroscopic phasc space involving both the position and momentum
variables, but tells us nothing about distributions in a space of half as
many dimensions involving only the coordinates of position. There is
thus quite an amusing and illuminating contrast between the way the
factor sinf makes its appearance in the present section and in the
preceding one (§ 11).
In order to cvaluate the term in the moment which is proportional
to E, we must expand Z, to terms in K2, To this approximation we have

42 M-f J‘e“""tfzﬂkT[l_‘_L(A p.r I_A” p” +A,. Py )+

(14)

kT
B .
4. B El";l,f ) +] §in 0 dOdpdydt,... (15)
by (9) and (11). Herc we have used A, A, A, as abbreviations for the

three direction cosines in (11). The integration over the Eulerian angles
6, ¢, 4 is readily performed, either by substituting the explicit formulae
for A, Ay, A, in terms of 6, ¢, ¢ by means of (6) or without doing this
by observing that the mean square of any direction cosine is 1/3, while
the mean of the first power of a direction cosine or of the product of
two different dircction cosines is zero. Furthermore,

oo 4
[eBede,—0, 28 f e g, = J eBE dg,. (16)

-
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The first of these relations is obvious from the fact that its integrand
is an odd function of £;, while the second is obtained by partial integra-
tion. On taking 8 = a,/2k7', formulae (16) show that the integral over
the £; of p2 = [p,+ I ¢ &]? is identical with the integral of

po4ET 3 2 ifay.
Hence (15) becomes

2, 1.¢2,. e,
[1+HM,,(M, +pi kT z @:ﬁ'ﬁ&))] X

x [ e xalfar sin g d0dpdpdt,.... (17)

It is unnecessary to cvaluate the integrals in (17), as they are indepen-
dent of /7 and hence make no contribution to (14). The disappearance
of the linear terms in K from (17) could have been predicted, as the
susceptibility and hence by (14) the partition function must depend on
the magnitude but not on the sign of K, so that Z, can involve only
even powers of K. From (14) and (17) it follows that the susceptibility
is 2y NkT/(1-+yE?), where 1-}-y K2 is an abbreviation for the factor outside
the integral sign in (17). We may neglect yE2 in comparison with 1 in
the denominator, as we have agreed to retain only the part of the
susceptibility which is independent of field strength, and have already
made approximations of this order. Hence

x-- N 2 (':7’1+C;~1’l—|‘('::"l4 I N(.“‘i""l"ﬂ"} Bz) . (18)

) SR
3a;

LT
el

This is the desired result, the same as (1), since p%+p2+p2 is the
square of the magnitude of the permanent moment u of the molecule,
and since the summation in the first part of (18) consists solely of terms
independent of 7', and so is a constant, say «, independent of tem-
perature. Ifin particulnr the oscillations are due to isotropically bound
charges e;, then c¢,;—=c,;=:c,;=¢; and the expression for N« is
N Y e}/a;, the same as given in the first paragraph of § 11.

13. Derivation of a Generalized Langevin-Debye Formula®
We shall now deduce a very general form of the Langevin-Debye
formula. This proof is intended, and should be very casy, for readers
familiar with the use of ‘action and angle variables’ in dynamics and
perturbation theory.® Suppose that we have a multiply periodic dyna-
8 J. H. Van Vleck, I’hys. Rev, 30, 60 (1927).
® For details on the dynamical technique involved in the use of angle and action

variables see Born’s Atommechanik or Chap. XI of the author’s Quantum Principles and
Line Spectra.
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mical system with f degrees of freedom, specifiecd by 2f canonical
variables w},..., w}, JY,..., J}. We assume further that the w”s and J%’s
are respectively true angle and action variables for the system in the
absence of the field . When K = 0 the w{’s are thus linear functions
vit+e} of the time ¢, while the J9's are constants (which incidentally
in the old quantum theory would be equated to integral multiples of ).
The z-component of electrical moment will be a Fourier series:1

P z 7)(:’7)62111'(7114’)_ (19)
T

We use the same notation as in Born’s Atommechanik (i, p. 86, &c.).
Thus (rw) is an abbreviation for 7 w, 47w, ... -7w,, and the subscript
747o...7; i8 abbreviated to 7. The summation is f-fold, and extends over
all positive and negative values of the integers 7,...r;. The complex
amplitudes p© are, of course, functions of the J's as well as the +’s,
and »© is the conjugate of p%¥. Classical statistical mechanies (c.g.
Eq. (57) or (58), Chap. I) shows that if an electric field K is applied
along the z direction, the susceptibility is 1t
N f..{pe #ET dJOQu®
X= g [ o T g Joda
where dJ%w? denotes an element of volume dJ{...dJpdug...dw) of the
‘phase space’. Also # denotes the Hamiltonian function in the field
E, and equals H,—Ep, (cf. Eq. (48), Chap. T), where p, is given by
(19), and A is the Hamiltonian for K =— 0. The ‘unperturbed’ Hamil-
tonian A is a function only of the J%'s, whereas & involves also the
w%’s through p_. 1t is to be clearly understood that we are kecping the
original canonical variables w,..., w}, JY,..., J? defined in the same way
as for K -= 0. Since the transformation from a Cartesian to the w?°, J°

(20)

10 Wo henceforth use ordinary italic type p for the components of clectric moment,
In the preceding section (§ 12) a special type p was employed to avoid confusion with
the generahized momenta p,, &c.

1 Limaits of Integration in Eqs. (20), (21). 1f we integrated over the entire phase space in
the J°, w® system the limits of integration for each of the ws in (20) or (21) would bhe
from —w to + o, as all of the w"s may increase without limit. However, since the
system is cyclic in each of the w"s with unit period, it is clear that wo will obtain the
corroct statistical average if wo take tho lnmits of integration for ocach of the w"’s as zero
and unity. Another way of saying the same thing is that Cartosian variables are multiploe
valued in the w®s, so that the entire Cartesian phaso space corresponds to only ono
period for tho w®s.

The limits of integration for the J%s can usually bo taken as 0 and -}- 0 by proper
choice of the fundamental periods. (The limits, howover, are —oo and 4w for JO's
associated with both left- and right-handed rotations, as, for instance, in the case of
a J° associated with an axial component of angular momentum.) The preciso form of
the limits for the J®s is immaterial for us, as the bars in (22) automatically denoto an
average over the entire J° space.
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system is thus not modified to take account of the field E, the w®’s and
J%s will cease to be true angle and action variables, i.e. cease to be
respectively linear in ¢ and constant, after the field & is applied. The
wYs and JO’s will, however, remain canonically conjugate, and we can
apply (20) because it is a fundamental theorem in statistical mechanics
that the a prior: probability is proportional to the volume occupied in
the phase space, regardless of what 2f variables we choose as con-
stituting the coordinates of this space provided only they are canonical;
this is because all ‘contact transformations’ have unit functional deter-
minant, as already explained in § 9.

Now e~HkT — g~Fo—EpJIkT — o~HkT (14 Fp, [kT--...), and hence, if
we keep only the part of the susceptibility which is independent of &,
Eq. (20) becomes N [...[ pleHIRT 470qud

X=F0 ... ] PTG Jo0
Herc we have assumed that the polarization vanishes when K = 0, i.e.
that the numerator of (20) vanishes when J is replaced by #,. Other-
wise the body would exhibit a ‘permanent’ or ‘hard’ polarization, a
phenomenon not usually encountered in dielectrics, at least not to an
appreciable degree, although it is quite common in ferromagnetism.
Ordinarily this assumption of no residual polarization is fulfilled by
reason of symmetry, as in a gaseous medium there is no preferred
direction in the absence of external fields.

Now since the square of two multiple Fourier serics is itself such
a series, p2 may be expressed as a multiple Fourier series in the ws.
On integrating over the w? part of the phase space, the contributions
of all terms in this multiple Fourier development of p? vanish except
the constant term (p2),, for integrals of the periodic terms in the w?s
taken over a period are zero. By the rules for multiplying together two
Fourier series term by term, (p2), equals > p©p&), which is, of course,

(21)

a function only of the J%’s. Eq. (21) now becomes

N o[ (pRe kT dJo  Np?
X"k [ fe #lkigjo = kT’
where p? denotes the statistical mean square of p? in the absence of
the field E, i.c. the average over only the J° part of the phase space,
weighted according to the Boltzmann factor, of the time-average value
of p? for a molecule having given values of the J%s. Now if the applied
electric field E is the only external field, all spacial orientations will be
equally probable when E = 0, and the mean squares of the z, y, and z



40 CLASSICATL THEORY OF THE LANGEVIN-DEBYE FORMULA II, § 13
components of moment will be equal. This will also be true even when
there are other external fields (e.g. a magnetic field) besides the given
electric field provided, as is usually the case, these other fields do not
greatly affect the spacial distribution. We may hence replace p? by
one-third the statistical mean square of the vector moment p of the
molecule. Thus we have Np?
X= sl
which is a sort of generalized Langevin-Debye formula. Tt is much more
comprehensive than the ordinary Eq. (1), since the statistical mean
square moment in (22) must not be confused with the time average for
an individual molecule, and is in general a function of the temperature.
Eq. (22) gives the same temperature dependence as the ordinary
Langevin-Debye formula (1) only if we make certain specializing
assumptions concerning the nature of the multiply periodic dynamical
system, such that the mean square moment pZ becomes a linear function
AT+ B of the temperature. Such a specialization can be achicved by
assuming, as in § 12, that the molecule can be represented by a model
consisting of harmonic oscillators mounted on a rigid, freely rotating
framework of moments of inertia A4 ., 4,, 4,. Then the instantaneous
moment p is a linear function of the normal coordinates §;, so that the
components of p along the principal axes of the molecule are given by
expressions of the form (5). With the model of § 12 the molecule is
supposed to have a permanent moment of invariant magnitude p, so
that there is no distinetion between p? and u2. Furthermore,
E=0, £&=0, o =T. (23)
The first two of these relations are obvious since positive and negative
values of the displacements of the oscillators from their equilibrium
positions arc equally probable. The third relation of (23) is the well-
known classical equipartition theorcm that the mean of the potential
energy 1a, ¢} of each normal vibration is 3&7. Eqgs. (5) and (23) show
that p2 = p2-+kT 3 c%;/a;, &c., and so (22) becomes identical with
(18), the desired result. It is seen that the present method, although
requiring more dynamical background, furnishes a much briefer means
of deriving (18) than that given in the preceding section (§ 12). The
present method is equally rigorous, as the kinetic encrgy terms are
included in the Hamiltonian function, although it is not even necessary
to write out their explicit form. The rotational part Nu2/3kT follows
particularly casily from (22), as the calculation is not a bit more com-
plicated for the most unsymmetrical molecule, with three unequal

(22)
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moments of inertia, than for symmetrical ones. We have secn fit to
include both methods of deriving (18), partly because they furnish an
interesting contrast, and partly because some readers may not be
familiar with action and angle variables. The method of these variables
is exceedingly compact and general, but for this very reason perhaps
does not furnish as much physical insight as the more explicit and
longer representation by means of the ordinary Eulerian and normal
‘positional’ coordinates and momenta used in § 12.

A model such as we have used, in which the electronic motions are
represented by harmonic oscillators, is not compatible with modern
knowledge of atomic structure. We know that actually the electrons
are subject to inverse square rather than linear restoring forces, and
move in approximately Keplerian orbits instecad of executing simple
harmonic vibrations about positions of static equilibrium. In fact Earn-
shaw’s theorem in electrostatics tells us that there are no such positions
for all the charges. In actual molecules, to be sure, the motions of the
nuclei, in distinction from electrons, can be regarded as approximately
simple harmonic motions about equilibrium, as the nuclei are sluggish
because of their large masses, but for this very rcason the amplitudes
of their vibrations are so small that the contribution of these oscillations
to the susceptibility is usually small, though not always negligible. This
will be shown in § 15. Hence the part of the molecular motion which
is really simple harmonic is of secondary importance for susceptibilities.
Inasmuch as we have deduced a generalized Langevin-Debye formula
for any multiply periodic system, the question naturally arises whether
Eq. (22) cannot be specialized in a fashion appropriate to a real Ruther-
ford atom instead of to a fictitious system of oscillators mounted on
a rigid rotating framework. This, however, is not possible. The reason
is that in classical statistics the cnergy ordinarily ranges from 0 to oo,
whereas in a Rutherford atom it ranges from 0 (the valuc for infinitely
loosely bound electrons) to —oo (the value for infinitely tight binding).
The numerical value of the cnergy is the same as that of the Hamil-
tonian function /&, and hence the Boltzmann probability factor Ce-#/kT
increases without limit as the energy approaches — oo, so that the total
integrated probability C f...[ e~**T dutdJ® cannot equal unity, as
required by (56), Chap. I, unless C==0. Thus, although (22) sum-
marizes rather elegantly all the results of classical statistics applied to
susceptibilities, the practical advantages of the increased generality of
(22) as compared to (1) or (18) are somewhat restricted because of the
inherent limitations in classical theory.
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DIELECTRIC CONSTANTS, REFRACTION, AND THE
MEASUREMENT OF ELECTRIC MOMENTS

14. Relation of Polarity to the Extrapolated Refractive Index
Tn the present chapter we shall examine the experimental confirmation
of the Langevin-Debye formula derived in Chapter II, but it will first
be nccessary in §§ 14-18 to discuss some related topics in the theory of
refractive indices.

In § 4 we saw that the static dielectric constant should equal the
extrapolation of n2, the square of the index of refraction, to infinite
wave-length. That » is really a function of frequency or wave-length
can be seen from the following very clementary form of the Drude
dispersion theory.! Suppose that a particle of charge e;and mass m, is
harmonically and isotropically bound to a position of equilibrium. If
a; and r;—r? denote respectively the cocfficient of restitution and the
vector displacement from equilibrium, the particle’s equation of motion
when subjeet to an incident clectromagnetic wave of frequency v, is

m, f”&'al—a,(rt—rz) = ¢, Eqcos 2myt, (1)
where E,; is the vector amplitude of the clectric field of the wave.
Eq. (1) is merely that of a forced harmonic vibrator, and as the natural
oscillation frequency of the particle is v; = a}/2mm?, the solution of (1)

may be written o eEqcos 2mygt
r.—rf—

CE Aty
The total induced polarization of the molecule isp = Y e,(r;—r?), where
the summation extends over all its charges. Hence the index of refrac-
tion is given by
2 ~ 4nP 47N, P

wil— E Eocos ..m'vot 2417"‘1)11(1/ 2 vd)’ @)
Eq. (2) yields a dispersion curve of the familiar Sellmeier form charac-
teristic of classical theory. It is well known that by proper adjustment
of the natural frequencies v; and of the effective charges and masses
e;, m;, £q. (2) can be made to represent quite well the observed variation
of refraction with frequency. There is, however, the difficulty that the
values of ¢; and m; which must be assumed are not the true values of
either electronic or nuclear charges and masses. We shall see in § 82

1 Cf., for instance, Drude, Theory of Optics, Chaps. V-VI1I.
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that the quantum mechanics also yields a dispersion curve of the
Sellmeier type, but without this difficulty in the interpretation of the
constants. Kq. (2) might be generalized by assuming that the restoring
forces are non-isotropic, somewhat along the lines of the model used in
§ 12. This generalization has commonly been made in the literature,!
and is, of course, necessary for optically anisotropic media. It will,
however, be omitted here to avoid devotion of too much space to
antique models based on positions of static equilibrium for the electrons.

We are interested especially in the behaviour of Eq. (2) in the region
of infinitely long incident waves. Here v, — 0, and (2) becomes

n2—1=4aN Y e?/dnmp}.

On comparing with the valuc of « derived for the isotropic model in
the first paragraph of § 11, we see that n2 —1 == 4nNa. Hence, according
to (2) the square of the index of refraction extrapolates for infinite
wave-lengths to the part 1-{-47Na« of the dielectric constant arising
from the induced polarization rather than to the complete dielectric
constant 1-}- 47N (x+p2/3kT). The reason is, of course, that in the pre-
ceding paragraph we have neglected entirely all polarization by orienta-
tion. We ought thercfore to add to the right side of (2) a term O(u, vy, T')
representing the orientation effect, and reducing to 47wNu?/3kT when
vy ~= 0. We shall not give the eaplicit caleulation of O, as this is more
difficult in the periodic as distinet from the static case owing to the
necessity of having a statistical theory of non-conservative systems.
Tven without such a calculation it is quite apparent that the term O
must be negligible at ordinary optical frequencies, since the electro-
magnetic forces associated with visible light oscillate so rapidly in sign
that they do not act in any direction long enough to orient the molecules
in that direction.2 The orientation term O would first become significant

2 Simplo dimensional considerations show that the orienting effect of the ficld on the
permanent dipoles is negligible at optical wave-lengths. Optical frequencies are very
large compared to the frequencies of collisions or of molecular rotations. Hence tho
tomperature cannot enter into the contribution of the orientation to the optical index
of refraction. In other words the forces resisting the orientation of dipoles by fields of
high frequency are inertial rather than statistical. If [ and p denote respectively tho
moment of inertia and electrical moment of the molecule, tho part ni— 1 of the refraction
due to tho orientation effect will involve the arguments I, p, N, v,. As the dimensions
of these oxpressions are respectively mil2?, mY2 [%2[t, I-3, ¢-! and as nft— 1 is dimensionless
and is linear in N, it must be given by an oxpression of the form const. Nu*/Iv3. This
is also quite ovident by comparison with (2), as u, I are the rotational analogues of the
expressions e, m found in rectilincar problems. The contribution of the permanent
dipoles {o tho static dielectric constant is of the order Nu?/kT'. The orientation effoct

is therefore smaller in the periodic than in the static case by a ratio of the order ¥7'/Iv3,
or 10-4 as kT ~10°13, I~ 10, p,~ 1015,
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in gases when the incident frequency is comparable with the rotation
frequencies of the molecule. This requires a frequency far in the infra-
red (10 to 100 microns). Hence a series of measurements of indices of
refraction made at optical frequencies will reveal practically no trace
of the orientation term, and so the extrapolation of such data to infinite
wave-length will yield only the part of the dielectric constant exclusive
of the orientation effect.

2
N@ +3—'%.)

N@ +fep)

gy

We have attempted to illustrate this graphically in Fig. 2. The curves T
and TT represent respectively the values of n2-—1 exclusive and inclusive
of the orientation effect. The theoretical values of the intersection of
these two curves with the axis of zero frequency arc respectively No
and N(a+p2/3kT). If the molecule is polar the curve TL will lie con-
siderably above curve I in the region of very small frequencies, as it
contains a large contribution from orientation. This contribution is,
however, rapidly blotted out when the frequency is increased, so that
the two curves arc sensibly the same when the incident frequency
exceeds the natural molecular rotation frequencies. The actual disper-
sion of the material is given by curve IT rather than curve I, but any
one attempting to extrapolate to zero frequency a series of measure-
ments made in the optical region, represented by crosses in the figure,
would naturally follow curve I, since the measurements do not sensibly
reveal the rise in the actual curve near the origin vy = 0. In drawing
curves I and 11 of Fig. 2 we have supposed that the molecule’s natural
frequencies all lie in the ultra-violet, in order not to complicate the
curve with ‘resonance catastrophes’ in which some of the denominators

in (2) become zcro.
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The fact that the natural extrapolation of optical refractivities follows
curve I rather than curve II furnishes a second method of experi-
mentally determining electrical moments which is an alternative to the
first method, that of temperature variation of the diclectric constant
alrcady mentioned in § 10. Let n2 be the extrapolation of the square
of the index of refraction to zero frequency, exclusive of the orientation
term which is undetectable in the optical region. Let € be the measured
static diclectric constant, which of course includes the polarization
arising from orientation of permanent dipoles as well as the induced
polarization. Then

o __4mNp?
Mo = g 3)

as the Langevin-Debye formula (1), Chap. 11, shows that 47 Nu?/3LT
is the part of e arising from the orientation effect. Hence, knowing
N, € and the temperature and density, the clectric moment can he
determined without the necessity of varying the temperature. The
numerical values of the electric moments obtained by the two methods
will be compared in § 19.

15. Effect of Infra-red Vibration Bands. The ‘Atomic Polariza-
tion’.
There is sometimes considerable discrepancy between the values of the
clectric moments deduced by the two methods, or, what is the same
thing, the value of 7% —1 deduced by extrapolation does not agree with
the value of 4wNa deduced from the temperature variation of the
dielectric constant. To account for such disagrecments it has often been
suggested3 that the dielectric constant is appreciably influenced by
infra-red absorption bands associated with vibrations of the nuclei and
revealed in the ordinary ‘vibration spectrum’ of molecules such as HCI.
Suppose, for instance, that the molecule is diatomic. Let m.y be the
effective mass mym,/(m;-+my) of the nuclei, vy, be the frequency of
vibration of the nuclei along their line of centres, and ey be the corre-
sponding cffective charge, which is defined as the rate of change du/dr
of the magnitude of the electrical moment p with the inter-nuclear
distance 7. The contribution of this vibration to n? is
NeZy

4)

B (v —v3)”

3 Cf., for instance, Dobyo, Handbuch der Radiologie, vi. 620, ‘Polar Molecules’, p. 43;
L. Ebert, Die Naturwisscnschaften, 14, 919 (1926); H. A. Stuart, Zeits. f. Physik, 51,
499 (1928); Sanger and Steiger, Hel. Phys. Acta 2, 144 (1929).
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This can be seen from Eq. (2); the factor 4, however, must be inserted
because the vibration under consideration has only one degree of free-
dom rather than three as does the isotropic oscillator assumed in
Eqgs. (1), (2). The result (4), incidently, remains valid with quantum
mechanies, as the classical and quantum theories yield identical results
for the harmonic oscillator, and as there is no nced of improving our
model of the nuclear oscillations in the new theory inasmuch as the
nuclei, in distinction from electrons, really do have positions of static
equilibrium.* By (4) the contribution of the infra-red vibration to the
static dielectric constant, corresponding to vy == 0, is Nely/3mm g2, .
Because of their large masses, the nuclei vibrate slowly, so that the
frequency v,y is in the infra-red, and very small compared to the
incident frequency v, if v, is in the visible region. By (4) the contribu-
tion of the nuclear vibration to n? in the latter region is approximately
— NeZy[3mmgvi, and hence negligible in comparison with its contribution
to the static dielectric constant. Thus the apparent extrapolation of
measured optical refractivitics to zero frequency will not include the
effect of the infra-red vibration band, besides also, of course, omitting
the polarization by orientation of permancnt dipoles, as previously
mentioned. This is illustrated by curve 1II of Fig. 2, p. 44. This curve
is drawn inclusive of the contribution of this band, while the other
curves are exclusive. Optical measurements indicated by crosses would
clearly not reveal the difference between curve TIT and 1 or II. The
curve 11, of course, shows a discontinuity at the resonance point
vg == vy, The part of the polarization arising from the difference be-
tween curves TII and 11 is sometimes termed ‘the atomic polarization’,
as it is due to oscillations in the positions of the atomic masses (or more
accurately nuclei) within the molccule, in contrast to the ‘electronic
polarization’ due to changes in the electronic positions without appre-
ciable motion of the nuclei.

The foregoing shows that because of the infra-red nuclear vibration,
the term 47N in the static dielectric constant should exceed n% —1 by

an amount Nez, (5)
T
37Tmoﬂ‘vvih

477Noc—(n‘;'°— l) o=
The predicted sign of this difference is that found experimentally in the
majority of cases. In HCI, for instance, Zahn’ finds 47N = 0001040

4 Strictly speaking this statement is not true, as there arc always rapidly varying
instantaneous forces on the nuclei due to the continual changes in the positions of the
electrons. Such forces, however, vanish on averaging over tho clectronic periods of
motion, which arc very short, and henco are inconsequential.

5 C.T. Zahn, Phys. Rev. 24, 400 (1924).
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at 0° C., 76 cm., whereas extrapolation of (.. and M. Cuthbertson’s®
dispersion data gives the smaller value 2 —1 = 0-000871.

Determination of ey from Absorption Intensities. Tn order to evaluate
(5) it is necessary to know the magnitude of e, which need not be at
all like the charge of an clectron or nucleus, as it is by definition not
the charge of a single particle, but rather the differential cocfficient
du/dr of the total molecular moment by inter-nuclear distance. For
a non-polar diatomic molecule, for instance, e, is zero. One method
of determination of e ; is by measurement of the absolute intensities of
infra-red vibration bands, usually studied in absorption rather than
emission. The absorption coefficient is proportional to (n—py)? and
hence very approximately to eZy(r —r}). The most accurate infra-red
intensity measurcments are probably those of Bourgin? for HCI, who
finds that here e, == 0-86 % 10-1%e.s.u. Introducing this value of e.; and
the values myg—= 1-62X10-2, v, — 882 1013 of the cffective mass
and vibrational frequency of HCl, we find that the right side of (5) is
only 1:5x10-%, whereas we have seen that the experimental value of
the left side is 1-7 X 10-%. Values of the effective charge have also been
calculated by Dennison?® for HBr, CO, CO,, NH,, CH, from various
intensity measurements. These values are all less than one-fifth the
charge 4-77x10-10 of an elcctron; correspondingly, the expression (5)
should be of the order 10 8, and hence negligible.® Of course, absolute
intensities and hence values of the effective charge are hard to measure
with precision, but to account for a discrepancy between 4wNoa and
nZ—1 as large as that 1-7x10* in HC], for instance, the effective
charge would have to be about 87 10 10 instead of 0-86 < 10-1? ¢.s.u.
Since the absorption coefficient varies as e%;, the measurement of the
absorption coefficient would have to be in error by a factor 100.

As an instance of the difliculty of making accurato absolute, as distinet from
relative, intensity measurements, we may cite tho inability to deduce reliable

values of the olectric moment from the absolute intensities of ‘pure rotation’
absorption lines in the far infra-red (not to be confused with the vibration lines

8 C. and M. Cuthbertson, Phil. Trans. Roy. Soc. 2134, 1 (1913).

7 D. G. Bourgin, Phys. Rer. 29, 794 (1927). Dennison deduces from Bourgin’s absorp-
tion data the effoctive charge 0-949 X 10-1%e.s.u. (Phys. Rev. 31, 501, 1928). He claims
this to be more accurate than Bourgin’s original value 0 828 .1071°, Still later Bourgin
raised slightly his own estimate to 0-86 X 101° (Phys. Rev. 32, 237, 1928). For our pur-
poses it makes no appreciable difference which value is used.

8 D. M. Dennison, Phil. Mag. 1, 195 (1926).

® This quantitative calculation of the contribution of the infra-red vibrations to the
dielectric constant by means of the effective chargos yielded by absorption measurements
was first made by the writer, Phys. Rev. 30, 43 (1927). The difficulty of tho negligible
contributions thus obtained appears to be too commonly overlooked in the litorature.
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in the nearer infra-red). The amount of absorption or emission in the pure rota-
tional spectrum is proportional to the square of the electric moment u, (rather
than of e.s) and so should yield the numerical value of u if absolute absorption
measurements can be made. An attempt to determine p in this fashion was first
made by Tolman and Badger,'® using Czerny’s absorption data on HCL!t
(Explicitly they calculated the intensity from the moment rather than the
moment from the intensity, but tho two calculations are simple converses.)
The value thus found for the clectrical moment of the HCI molecule is less than
one-third the standard value 1-03 X 1071® obtained from Zahn’s measurements of
the temperature variation of the dielectric constant. Subsequently Badger!*
repeated Czerny’s experiments in the hope of removing this discrepancy, but
instead increased it, as ho found an absorption only one-half as great as Czerny’s.
Thus the absolute measurements of absorption inteusities in the pure rotation
spectrum are apparently in error by a factor about 10 to 20. The determinations
of absorption in the vibration spectrum which are used in calculating the effoctive
charge are presumably much more reliable, as they are in a much easier spectral
region loss far out in the infra-red. Even the vibration intensities, howover, are
difficult to measure as exemplified by the fact that Bahrs’ and Burmeister’s early
intensity data on HCI yielded according to Dennison’s caleulations® an absorption
coefficient only onc-sixth as great as that furnished by Bourgin’s rocent work.
The latter is presumably much more accurate, and Bourgin himself explicitly
states!® that he does not think that thore can he anything like enough error to
permit an appreciable vibrational contribution to the dielectric constant in HCL

Thus the measurements on absorption intensitics, if at all accurate,
show that in molecules such as the hydrogen halides, the polarization
due to infra-red vibration is too small to have any bearing on the
discrepancy between the extrapolated square of the refractive index
and the part of the dielectric constant due to induced polarization.

Determination of e.q from Infra-Red Dispersion. A series of dispersion
measurements in the infra-red should definitelv settle whether the
atomic polarization does really give an appreciable contribution to the
dielectric constants. That is to say, such measurements would enable
one to calculate the ‘effective charge’ by means of formula (4) and the
values of e thus obtained would presumably be much more reliable
than those deduced from absorption coefficients. Unfortunately the
available determinations of refraction sufficiently far in the infra-red are
rather limited in number. Koch!t measured the refractive indices of
0,, H,, CO, (C0,, and CH, at 6:709x and at 8-678u, while Statescu 15

10 Tolman and Badger, Phys. Rev. 27, 383 (1926). In reading this paper, also rof. 12,
the clectrical moment should be caleulated by means of Eq. (1), Chaptor 11, rathor than
by a formula of the old quantum theory which thoy give.

1L Czerny, Zeits. f. Physik, 34, 227 (1926).

12 Badger, Proc. Nat. Acad. 13, 408 (1926).

1 D, . Bourgin, Phys. Rev. 32, 249 (1928).

14 J, Koch, Nova Acta Soc. Upsala, 2, No. 5 (1909).
1 J, Statescu, Phil. Mag. 30, 737 (1915).
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even succeeded in measuring CO, at a wave-length as long as 1319y,
and in addition supplemented Koch’s data for CO, by various measure-
ments between 1 and 11u. The data are thus much more complete for
CO, than for any other gas.

Koch’s work on H, and O, failed to reveal any anomalies in the
infra-red, as was undoubtedly to be expected since non-polar diatomic
molecules have no pure vibration spectra. The value 1-000332 which
he found for the index of refraction n of CO at both 6-7u and 8-7u
was slightly lower than that in the optical region (e.g. 1-000335 at
0-589u) and agreed quite well with the value 1-000327 which would be
obtained by extrapolation of optical data with neglect of vibrational
resonance points. This is particularly significant since the fundamental
band of CO is at 4-65y, so that Koch’s measurements extended beyond
the vibrational singularity. The slight discrepancy between 1-000332
and 1-000327 may be merely experimental error or perhaps indicate
that there is a very small contribution 0-000005 of the atomic polariza-
tion to n—1 or 0-00001 to n2—1. Such a contribution is of no con-
sequence for our studies of dipole moments, as it is smaller than the
precision with which dielectric constants can be measured experi-
mentally. Even such a very small contribution, if real, would demand
an effective charge of the order 0-9¢, whereas Dennison® estimated
0-13¢ from the absorption data of Burmeister 1 and of Coblentz.1?

A more striking result is obtained in carbon dioxide. The following
values of the index of refraction are found by Koch or by Statescu at
various wave-lengths:

A= 10 20 30 40 50 67 87 11 13-19

(n—1)x10% = 441 434 418 289 532 484 458 447 400

The behaviour is thus different from that given by an ordinary optical
dispersion formula which takes no cognizance of infra-red resonance
points, and which predicts a steady and very gradual decrease of # from
its value 1-000449 at optical wave-lengths (NaD lines) to a value
1.000441 at infinite wave-lengths.’® The anomalies shown by the table
at 4:0 and 5-Op are due to the influence of the vibration band at 4-3pu.
The abnormally low value 1-000400 of n at the longest wave-length

16 B. Burmeister, Verh. d. D. Phys. Ges. 15, 589 (1913).

17 W. W. Coblentz, Investigations of Infra-red Spectra, Part I, Carnegie Institute of
Washington, 1905.

18 Here, and also in the preceding discussion of CO, we make the extrapolations by
means of the dispersion formulae given for CO, and for CO by C. and M. Cuthbertson,
Proc. Roy. Soc. 974, 152 (1920). These formulae are typical of those based only on
measurements in the visible and ultra-violet regions.

3605.3 B
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13-19 is undoubtedly because of another known vibration band at
14-9u. Reference to curve III, p. 44, shows that the index of refraction
should be abnormally low on the short wave-length or high-frequency
side of a resonance point, but high on the long wave-length side. Hence
if measurements were available beyond 14-9u, they would record a
value of » considerably larger than the value 1.00044 given by an
ordinary optical dispersion formula. Fuchs® has made a very careful
comparison of the existing dispersion data for CO,, and has proposed
a dispersion formula which represents the experimental points in the
infra-red as well as optical region. The characteristic feature of his
formula is that, besides the ordinary terms due to resonance with visible
or ultra-violet frequencies, it contains two terms of the form (4) in which
the resonance wave-lengths are taken as respectively 4-31u and 1491y,
and in which the effective charges arc taken to be 2-28e and 0-Gle,
where e = 4:77% 1019 ¢.s.u. Dennison8 deduced an effective charge of
only 0-09e for the 14-9u vibration from the measurements of absorption
intensities by Coblentz? and by Rubens and Aschkinass.® Since deter-
minations of absorption coefficients are probably much more difficult
to put on a quantitative basis than those on dispersion, and since the
absorption coefficient varies as the squaro of the effective charge it thus
appears that existing measurements on ahsorption coefficients for the
14-9 band in CO, are too small by a factor no less than (0-61/0-09)* or
almost fifty, despite the fact that the data of Coblentz? and of Rubens
and Aschkinass,? according to Dennison,? agree with each other to within
20 per cent. Evidence that Fuchs’s larger values of the effective charge
are correct is furnished by the behaviour of the dispersion formulae
at infinite wave-lengths. An ordinary dispersion formula such as
that of Cuthbertson, which includes no atomic polarization, yields
n2,—1==1-000882, whereas Fuchs’s formula with the two infra-red
resonance points yields #2—1==1-000975. The value which Zahn?*
finds for the dielectric constant of CO, under standard conditions is
1-000968, while Stuart 2 finds 1-000987. Hence, according to the Cuth-
bertson formula, the expression (3) is appreciably different from zero,

19 O, Fuchs, Zeits. f. Physik, 46, 519 (1927). Woe interpret Fuchs’s formula in terms
of an effoctive charge different from e rather than in terms of an ‘effectivo number of
dispersion electrons® p; per vibration, which has no real physical significance, as p; is
not an integer. Our effectivo charge is connected with his number p, according to tho
relation (e.n/e)? = 3p;, The factor 3 appears in this relation becauso he assumed the
vibrations have three dogrees of freedom rather than one.

20 Rubens and Aschkinass, Ann. der Physik u. Chem. 64, 584 (1898).

21 C. T. Zahn, Phys. Rev. 27, 455 (1926).
22 H, A. Stuart, Zeits. f. Physik, 47, 4567 (1928).
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and yields an electric moment 0-18 X 10-18 e.s.u. for the CO, molecule,
whereas, according to the Fuchs formula, the expression (3) is zero
within the experimental error and then CO, has no electric moment.
This point was first noted by Wolf.28 It is the consensus of opinion that
the carbon dioxide molecule is without an electric moment, as this is
shown, for one thing, by Stuart’s?? investigation of the temperature
variation of the dielectric constant. The large effective charge assumed

by Fuchs is, as we have seen, in nicc quantitative agreement with
this view.

It may be noted that the Fuchs’s dispersion formula has only two infra-red
resonance points. It is well known that the (!0, molecule has numerous other
infra-red vibration bands besides thoseat 4-3u and 14-9u.2 The fact that the disper-
sion moasurements can be fitted quite well with only two resonance points must
mean that these other vibrations have very low effective charges, or, much more
probably, have low amplitudes on account of being ‘combinations’ or ‘harmonics’
rather than fundamentals. It is particularly noteworthy that the measurements
at 2y and 3y can be fitted without including any term due to resonance with the
quite pronounced absorption band at 2-72.

In his dissertation (Upsala, 1924), not available to the writer, Torston Wetter-
blatt is reported to have explored the dispersion in the vicinity of 2-72p, and to
find only a very slight anomaly when very close to this band, thus indicating pretty
clearly that it is & harmonic or combination rather than a fundamental. In general
a triatomic molecule has thrce fundamental modes of vibration, but the third
fundamental may not show up in dispersion because it is an ‘inactive’ or ‘sym-
metrical’ mode of vibration which gives riso to no oscillating electric moment.
As montioned by Wolf, the absence of a third intense resonance point in the
infra-red dispersion lends considerable weight to Kucken’s suggestion®¢ that CO,
has an ‘inactive’ fundamental vibration at about 8u. Inactive fundamentals
are still allowed as Raman lines, and this 8y vibration does indeed play & lead-
ing part in the Raman effect of COj,, although the behaviour is irregular because
of a complicated ‘porturbation’ by the harmonic of another vibration.?

The tremendous discrepancy between the effective charges deduced
from absorption and from dispersion measurements for the 14-9 band
of CO, makes one sceptical whether any information about the order of
magnitude of the atomic polarization can be deduced from existing
absorption data. Perhaps the best appraisal is that the effect of the
atomic polarization on the dielectric constant is negligible in stable
diatomic molecules, but not necessarily in molecules with more than
two atoms. Our grounds for suggesting a smaller atomic polarization
for diatomic than for polyatomic molecules are that: (@) there are no

» K. L. Wolf, Zeits. f. Phys. Chem. 131, 90 (1927).

2 See, for instance, the analysis by A. Eucken, Zeits. f. Physik, 37, 714 (1926) ; based
on absorption curves by Schaefer and Phillips, ibid. 36, 641 (1926).

% Seo K. Wermi, Zeits. f. Physik, 71, 260 (1931).

E2
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very glaring discrepancies for diatomic molecules between the electric
moments deduced from (3) and from the temperature variation of the
dielectric constant (see table, § 19); (b) Bourgin’s recent determinations
of absorption intensities in HCl are probably more accurate than the
early work of other investigators on CO,; (c) the dispersion measure-
ments reveal a considerably smaller effective charge for CO than for
the 4-3u vibration of CO,; (d) one of the various fundamental vibrations
in a polyatomic molecule usually has a longer wave-length and hence
gives a smaller denominator in (5) than the sole vibration in a diatomic
molecule. For the latter reason the 14-9u vibration makes almost as
large a contribution to the atomic polarization of CO, in the Fuchs
formula at infinite wave-lengths as does the 4-3u vibration, despite the
fact that the latter has a considerably larger effective charge.

Evidence that the atomic polarization is appreciable in polyatomic molecules
is not confined to CO,, but is also revealed by the limited number of infra-red
dispersion measurements available for methane (CH,), viz. n = 1.000419 at
6-55T and n = 1000450 at 8-678u. These measurements are, of course, insufficient
to disclose the proper dispersion formula, but if the anomalies which thoy exhibit
are attributed to the influence of the vibration band at 7-7u, tho effective charge
must be roughly 0-20¢,%¢ again larger than the effective charge 0-095¢ deduced by
Dennison® from the absorption measurements by Coblentz. An effective charge
0-20e for this vibration, will remove about one-tenth of the discrepancy between
Siinger’s value?” 0-00096 for e—1 and the value 0-00086 for (n*—1), obtained
by extrapolation of optical dispersion data without considering the atomic
polarization. As Sdanger’s investigation of the temperature variation of the dielec-
tric constant of CH, shows that it has no electric moment, the discrepancy should
disappear completely when proper corrections are made, and the other nine-
tenths of the discrepancy may be either experimental error or due to additional
infra-red resonance points besides that at 7-7u.

It may be noted that in diatomic molecules such as HCI, often the discrepancy
botween 7%, — 1 and 47 No is only a fraction of 47 No and that « itself is often small
compared to u*/3kT. Then either a small experimental error in the absolute
value of the total diclectric constant or ¢lse in the elcctric moment, i.c. in the
temperature coofficient of €, will suffice to explain away the discrepancy between
47Na and n3—1. In HCI, for instance, an increase in the moment from Zahn’s
value® 1-034 to 1-06 X 108 e.s.u. (which corresponds to an error of 6 per cent. in
the temperature coefficient of ¢/N) will increaso the contribution of the permanent
dipoles to the dielectric constant enough so that the remainder 47 No to be ascribed
to the induced polarization is decreased to a value 0-000871 in accord with optical
data. The discrepancy is also removed if, instoad of changing u, we assumo that
the correct value of € at 273°, 76 cm. is 1-:00399 rather than 1-00416. In arnmonia
the polarization due to the permanent moments so far overshadows the induced

26 To generalize the vibration formula (4) to molecules with more than two atoms, in
particular CH,, it is necessary to replace m; by my(g,/g:)/F}, where F; and g,/g; are
dissymmetry and statistical weight factors oxplained in Dennison’s paper.®

27 R. Singer, Phys. Zeits. 27, 556 (1926).
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polarization that an increase of only 0-3 per cent. in the moment, a change clearly
within the experimental error, will diminish Zahn’s?! value 0-000768 for 47N« to
a value 0-000729 in accord with the Cuthbertson® dispersion data.

Often improvement in experimental technique in the temperature variation
mothod has increased the values of the electrical moment and hence decreased
the apparent excess of 4wNa over n% —1. A rather extreme example is the case
of ethyl ether. From a study of old data by various experimenters on the tempera-
ture variation of its dielectric constant, Debye concluded in the Handbuch der
Radiologie (vi, p. 625) that its electric moment was p = 0-84 > 1078, and that its
value of 477La/3 was 38 em™. In order to make closer connexion with the usage
in the literature, we here give the value of 4wLa/3 where L is the Avogadro
number, instead of 4wNa. The expression 4mLa/3 is called by Debye the induced
molar polarization, or better, polarizability, and will be denoted by thoe letter k.2
It differs from 47 Na only by a factor L/3N depending sololy on density, and has
the advantage of being a molar quantity not roquiring the specification of pressure
or torporature. The value of (n2,—1)L/3N obtained by extrapolation of disper-
sion data is about 22. (Debye originally gave 22:8, but Stuart suggests that a more
accurate value is 22-0.2?) The discrepancy between 22 and 38 was so great that
elsewhere tho writor considored it too great to attribute to experimental error.®
The possibility of sufficient experimental error seemed particularly unlikely
because in ethyl ether the polarization by orientation is only a little over half the
total polarization, so that « should be relatively insensitive to an error in the
electric moment u. lowever, careful recent experiments on the temperature
variation of the dielectric constant of ethyl ether have recently been made by
Stuart®® and by Sanger and Steiger.! Stuart finds p = 1-144 0-03X 1078,
Ko == 25+9, while Sanger finds g — 1-1540-01<X 1071, 4, 26-1 in closc agreement
with him. If one uses these results the discrepancy between the values of «
obtained from dielectric constants and from extrapolation of dispersion data is
only 39 or 41 as compared to 16 with the old data. Both Sénger and Stuart
consider that even a discrepancy 3-9 is larger than the experimental error in ko,
which they consider to be about 1-5. They therefore make the traditional sugges-
tion that the refractive extrapolation is in error bocause of infra-red absorption
bands. Ono cannot, nevertheless, help but. wonder whether still further improve-
ments in experimental refinement might remove all the diserepancy between the
static and optical values of k,. This is unlikely in view of the excellent agreement
betwoen Stuart and Sanger, especially as their apparatus represents a high degree
of experimental refinement, in marked contrast to the earlier work.

8 Wo use the letters x, k, in place of Debyo’s I, I, to denote respectively the total
and induced molar polarizabilities, as we reservo the letter P for the electrodynamical
polarization vector dofined by the rvolation D —- E {-47P. Wo shall refer to «, x, as
‘molar polarizabilities’ rather than ‘inolar polarizations’. This change from Debye’s
usage seems advisable since thoso quantities measuro the specific ability of the material
to acquire polarization, rathor than tho total polarization, which depends on field
strength.

2 Reeont moasurcments of tho dispersion of ethyl ether by H. Lowery (Proc. Lond.
Phys. Soc. 40, 23, 1928) give a value of n2,— 1 about 1 per cont. lowor oven than that
used by Stuart.

30 H. A. Stuart, Zcits. f. Physik, 51, 490 (1928).

31 R, Sanger and O. Steiger, Helv. Phys. Acta 2, 136 (1929); also especially revision
given by Sanger in Phys. Zeits. 31, 306 (1930).
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16. Independence of Temperature of the Index of Refraction
Since we have seen that at visible frequencies the refraction results
practically entirely from induced rather than permanent molecular
moments, the optical index of refraction should not vary with the
temperature except through the density. Such invariance is demanded
by Eq. (2) and is also obviously to be expected by analogy to the
temperature behaviour of the static dielectric constants of molecules
devoid of permanent dipole moments, as in the optical region the per-
manent polarity of a molecule is ineffective. The most thorough
examination of the temperature variation of the index of refraction
appears to have been madc by Cheney.32 He measured the refractive
indices of air, Ny, NH;, CO,, and SO, over a temperature range 0-300° C.
and found that over this range the temperature coefficient of n2—1
(or of n—1, as n?—1 is approximately 2(rn—1)) did not differ from the
temperature coefficient of the density within the experimental error of
1 or 2 per cent. in n—1. In other words, if v denotes the specific volume,
the product »(n—1) remained constant with respect to temperature.
The constancy of this product is sometimes spoken of as the Dale-
Gladstone law.

Slight departures from the Dale-Ciladstone law are to be expected if the struc-
ture of the molecule changes somewhat with temperature, as, for instanco, due
to dissociation, centrifugal expansion, &c. Meggers and Peters? find, for instance,
that in the wave-length region 7500- 8700 A, the temperature coefficient of n— 1
for air is exactly the same as that —0-000367 of the density, but that the former
coefficient increases in numerical magnitude to —0-000387 when the wave-length
is diminished to 2500 A. Theso measurements are probably very accurate, though
made over the very limited temperature range 0 30° C. The departures from tho
Dale-Gladstone law which they find at 2500 A are perhaps hecause air has an
absorption hand in the ultra-violot. Cthanges in temperature will alter tho distribu-
tion of molecules among different quantized rotational speeds, and hence shift
slightly the position of the maximum intensity in an absorption band, as the small
molecular rotation froquencies are superposed on the electronic frequencies.
A very small change in the location of such & maximum will, of course, materially
affect the dispersion near resonance. On this view anomalies such as found by

Meggers and Petors would have been absent if they had worked on monatomic
vapours, devoid of the molecular rotation.

17. Dispersion at Radio Frequencies

We have treated only the two limiting cases of fields which are either
static or else too rapid for orientation effects, without considering the
gradual transition between the two cases. As alrcady mentioned, the

32 E. W. Cheney, Phys. Rev. 29, 292 (1927).
33 Meggers and Petors, Bulletin of the Bureau of Standards, 14, 735 (1917).
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transition takes place in gases in the region of the natural molecular
rotation frequencies, located in the far infra-red. Formulae for disper-
sion in this region, based on the Kramers theory (§ 82) and quantum
mechanics, have been given by Debye,?* but unfortunately there is not
yet any experimental data adequate to test them. The most interesting
feature is that the refractive index should display abrupt discontinuities
when the incident frequency is resonant to any of the molecular rotation
frequencies, which, because of the quantization, assume a discrete rather
than continuous range of values. These discontinuities have, for sim-
plicity, been ironed out in drawing curve III of Fig. 2.

More stimulating and fruitful in experimental confirmation is the
dispersion of liquids and solids at low frequencies. A classic theory of
this has been developed by Debye? (not to be confused with his work
on gases just mentioned). He assumes that the resistance to the orienta-
tion of molecules by impressed fields arises primarily from a viscous
force which, it is to be especially noted, is taken proportional to the
angular velocity rather than angular acceleration, and which is probably
a convenicnt approximate mathematical embodiment of the resisting
effect of collisions. This viscous force is supposed more important than
the inertial or acceleration reactions of the individual molecules, such
as centrifugal force, which would be present even without collision
phenomena. Because of this viscous retarding force, there is a definite
upper limit to the rate at which a field can orient a molecule, just as
in mobility theory there is & maximum velocity of migration of ions,
since the resistance is proportional to velocity rather than acceleration.
Because of the large amount of viscous resistance, Debye finds that an
incident field would not have an appreciable orienting influence on
molecules in a liquid unless the incident wave-length were so very long
as to be in the short radio rather than far infra-red region. His theory
is very elegant, but would take us too far afield into liquids for the
present volume, and also would require us to enter into the statistical
theory of the Brownian movement, or its equivalent. Debye’s theory
accounts nicely for the critical maxima of the absorption and of the
dispersion dn/d) in a certain frequency region, and especially for the
variation of the maxima with temperature. These phenomena permit
the calculation of the ‘relaxation time’ in which the molecules would
de-orient themselves if a static field were suddenly removed. Debye

3 P.Debye, Polar Molecules, Chap. X ; also further unpublished work by Manneback.
35 P. Debye, Verh. d. D. Phys. Ges. 15, 777 (1913), Polar Molecules, Chap. V; J. H.
Tummers, Dissertation, Utrecht, 1914. -
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also has extended his frictional theory to apply to solids, thereby
explaining some of Errera’s 3¢ interesting experiments on the anomalous
dispersion of solids for waves of very long radio frequencies. Although
many of the dielectric phenomena are explicable by treating the solid
as a liquid of very high inner friction and viscosity, such a picture of
a solid does not seem consonant with modern views of crystalline
structure, and so Debye 3 modifies his frictional theory to allow the
molecules to take up only certain particular orientations in solids. On
the latter view the electric polarization of ice, for instance, is due to the
fact that one H,0O molecule in five million in the ice crystal ‘turns over’
when an electric field of one volt/cm. is applied.

It is rather striking to compare the orders of magnitude of the regions
of anomalous dispersion due to interaction with molecular rotations in
gases, liquids, and solids. The critical wave-lengths in the three cases
are measured respectively in microns, centimetres, and kilometres. The
corresponding values of the relaxation times for the liquids and solids
are of the order 10-1° and 10-% sec. respectively. It is clearly to be
understood that we are here discussing only the effect of the molecular
rotation. The anomalies in dispersion due to resonance with nuclear
vibrations and electronic motions are, of course, in the near infra-red
and ultra-violet.

18. The Dielectric Constants of Solutions
A pure polar liquid cannot in general be treated by the standard
Langevin-Debye theory. One reason for this is that in such a liquid
the local field ejoc,; is not at all the same as the macroscopic field E
or even the Clausius-Mossotti expression E4-47P/3. Liquids have such
high densities that the polarization P may be much larger than E, and
hence the difference between ey, and E is very great. Thus, until
an adequate theoretical expression is available for the local field in
dense media in which the inter-molecular distances are comparable with
the molecular diameters, any attempts to determine quantitatively the
intrinsic molecular polarity by measurements on pure liquids will be
deceptive. An attempt, to be sure, to derive a theoretical expression
for the local field in liquids has been made by Gans,?® somewhat by
analogy with the Weiss-Gans theory of magnetization. The faultiness
of the underlying assumptions is cvidenced by the fact that the electric

36 J. Errera, J. de Physique, 5, 304 (1924); Polarisation Diélectrique, pp. 127-30.

37 P. Debye, Polar Molecules, p. 102.

38 R. Gans, Ann. der Physik, 50, 163 (1916) ; R. Gans and H. Isnardi, Phys. Zeits. 22,
230 (1921); H. Isnardi, Zeits. f. Physik, 9, 1563 (1922).
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moments deduced by various experiments from pure liquids with the
aid of the Gans theory are very frequently at variance with the values
deduced by other more reliable methods, and hence should be guarded
against in appraising the literature.® A particular complication in polar
liquids is the probable existence of association or clustering, whereby
several molecules combine to form a temporary unit very likely having
a resultant moment quite different from that of a single molecule.

Much valuable information on electric moments can, however, bhe
derived by studying dilute solutions of polar molecules in non-polar
solvents, as first suggested by Debye. Such a solvent is assumed not
to contribute to aggregation effects, and to influence the local ficld only
by adding a term 4#P,/3, in accordance with the Clausius-Mossotti
relation (Eq. (34), Chap. I). We shall suppose the solute so dilutely
dissolved that its contribution to the local field is also given by this
relation. The total local field is then

4nP,+ 4P
e]ooal'“E+ i + " % (6)
Here the subscripts 1 and 2 refer to the solvent and solute respectively.
Since the solvent is supposed non-polar and the solute polar, the
Langevin-Debye theory gives for the total polarization

P-- P1+P2::{ 1a|+V(a2+?LT)} Tocals 7

provided we neg]ect saturation terms. If we introduce the ‘mol frac-
tions’ fy = Ny/(Ny {-Ny), fo = Ny/(N;+N,). then

e f1€P___ , == - f;LPA , (8)
FiMy Hfo M SiM+fo M,
where L is the Avogadro number, p is the density, and M,, M, are the
molecular weights of the two constituents. On using (6), (8) and the
definitive relation P/E = (e—1)/4m, we find that (7) becomes

VAL e fen 9

€- I 2 P
with the abbreviations
47 Loy 4n L o4 ,,L
= - -5 8 3002
3 Ky 3 (az—}—&LT) 54 X 1020, 1 6-18 X 10 Uik
(10)

3 For instance, the very full compendium on electric moments given by O. Bluh in
Phys. Zeits. 27, 226 (1926) does not emphasize which values of tho moments tabulated
therein are unreliable on account of being deduced from measurements on pure liquids.

Ky =
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The left side of (9) is termed the molar polarizability of the mixture,
and will be denoted by «,,. As f; =1—f,, Eq. (9) demands that «,,
be a linear function of the concentration of the solute when the latter
is varied. Actually this is usually not the case, as shown, for instance,
by the following graphs taken from Debye’s Polar Molecules.4® In each
instance benzene is utilized as the non-polar solvent. In only one of
the threc cases, viz. ethyl ether, is the experimental curve the straight
line demanded by (9). The reason for the departures from linearity is,
of course, simply because with high concentrations of the polar solute

L /{'f'i [ g 1 i I 0 | | TR
<024 6 8 fl 02 46 8Tf) 02 4 6 8 fI
L- frt— {_J Ethyl ether in benzeno. Nitrobonzene in benzeno.
1
Ethyl alcohol in benzene, Fra. 3.

the contribution of the latter to the local field cannot be caleulated by
the Clausius-Mossotti relation.

From the various polarizability-concentration curves for the different
materials valuable information can be obtained on the processes of
association present in a polar liquid.4' Any discussion of this subject
is clearly beyond the scope of the present volume. The cases in which
the curves are concave upwards and concave downwards evidently indi-
cate quite different types of association. If one imputes all the curva-
ture to the solute rather than the solvent, then the graphs will enable
one to determine the molar susceptibility of the solute as a function
of the concentration. Instead of being independent of the concentra-
tion, as the simple theory would demand, it is found in some cases to
increase, some to decrease, and in some instances to increase and then
decrease as the concentration of the solute is gradually increased from
zero to unity. The theorctical interpretation of such differences is at
present a little obscure, but they should be valuable clues to future
theoretical investigation.

Tt is interesting to note that for non-polar substances the molar

40 P, Debye, Polar Molecules, pp. 46-7.

1 Cf., for further details, P. Debye in Marx’s IHandbuch der Radiologie, vi. 663 ;
L. Ebert, Zeits. f. Phys. Chem. 113, 1; 114, 430 (1924)
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polarizability (e—1)M/(e+2)p is almost identical in the liquid and
vapour states, whereas for polar materials it has widely different values
in the two states, presumably because of association in the liquid.
Zahn, for instance, finds that it cquals 3-869 and 4-395 respectively
for O, and N, gas, while the corresponding values in the liquid state
arc 3-878 and 4-396, respectively determined by Werner and Keesom
and by Gerold.#? As an cxample of the great difference between the
molar polarizabilities in the two states in the case of polar materials,
we may cite that (e—1)M/(e-}2)p equals 4 and 18 respectively for water
in the vapour and liquid states. The discrepancy between the values
of (n?—1)M/(n*+-2)p for water in the two states is, nevertheless, only
about 10 per cent. at sodium wave-lengths, as alrcady mentioned in
§ 5, which clearly shows that association cffects arc unimportant at
optical frequencies.

If the departures from lincarity in Fig. 3 are attributed solely to
characteristic polarity effects, the curves should be straight lines in two
cases: («) binary mixtures of two non-polar materials, (b) binary
mixtures of either polar or non-polar materials in which the optical
refractivity rather than static dielectric constant is investigated, and
at sufficiently short wave-lengths to suppress orientation effects. In
this latter case a formula analogous to (9) should be applicable, except
that € is replaced by =2, and that the theoretical expressions for the
«’s are no longer (10) but are instead proportional to the expressions
(2). The predicted linearity for case (@) is well confirmed experimentally,
as, for instance, in Krchma and Williams’s 43 work on mixtures of benzene
and carbon tetrachloride. As regards case (D), refractive data for various
binary mixtures show that the experimental values of (n*—1)M [(n*+2)p
for these mixtures usually do not differ by more than a few parts in a
thousand from the values calculated on the basis of linearity.

Reverting now to the dielectric constants of polar solutes in non-polar
solvents, it is only at very low concentrations of the polar material,
i.e. the extreme left portions of the graphs in Fig. 3, that therc is any
approach to gas-like conditions and that formulae such as (9) should
be applicable. However, the asymptotic behaviour at zero concentra-

42 For referencos see Zahn and Miles, Phys. Ren. 32, 502 (1928). The good agreement
in the two states was apparently first noted by Ehert and Koesom, Proc. Amsterdam
Acad. 29, 1888 (1926). The valuo quoted for liquid N, is determined from refractive
data rather than from the static dielectric constant.

43 Krchma and Williams, J. Amer. Chem. Soc. 49, 2408 (1927); cf. also Grutzmacher,
Zeits. f. Physik, 28, 342 (1924).

4 Cf, for instance, Schutt, Zeits. f. Phys. Chem. 9, 349 ; Hubhard, ¢bid. 74, 207 (1910);
also especially Hojendahl, Dissertation (Copenhagen, 1928), p. 27.
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tion should agree with (9). Hence, if a straight line is drawn tangent
to the experimental curve at the origin, its equation should be

k1,0 = (1—fo)es+fars.

The intercept of the extrapolated tangent line with the right-hand axis
fi=0, f;=1 gives the value of x,. Hence, by determining the rate of
change of the diclectric constant when small amounts of a polar material
are dissolved in a non-polar solvent, one can find the molar polarizability
of this material. To determine the electric moment one must isolate
the two terms of «, representing the induced and dipole polarization.
This can be done in either of two ways: either by measuring the tem-
perature coefficient of the dielectric constant of the weak solution, or
else by extrapolation of refractive data for the polar material, which,
as explained in § 14, enables one to determine the induced molar
polarizability 4mLa,/3. Because aggregation cffcets are not important
at optical wave-lengths, the refractive measurements need not be made
in solution, but instead can be made on the pure polar liquid or, better
still, on its vapour.

In some cases it may happen that no refractive data are available for the mate-
rial in question. In such cases the contribution 47N« of the induced polarization
is sometimes determined by one of the two following approximate methods:
(1) calculation of the refraction of the material from that of its constituent atoms
or radicals by tho additivity method, highly elaborated to allow for the different
kinds of chemical honds (see § 21) ; or (2) assumption that tho diclectric constant
€wua in tho solid state, if available, is the same as n?,. The theoretical work of
Debye® and the experiments of Krrera and Wintsch? show that in a truly
static field €4y, is much larger than 2%, unless tho tomperature is much lower than
the melting-point. In the case of ice, for instance, the dielectric constant is near tho
melting-point about the same as that of water, or about 80, so that the molar
polarizability (€una  1)M [p(ewna+2) is about 18, whereas (n? -1),,M [p(n?,-]-2) == 4.
This difficulty can, however, be at leust partially overcome by measuring tho
dielectric constant of tho solid well helow the freezing-point and ab radio fre-
(uencies, which are large compared to the ‘relaxation frequency ’ of the solid, and
hence too great to permit alinement of tho dipoles in the solid. The dielectric
constant of ice, for instance, is only 4-6 at —2° C. when the wave-length is 8 kilo-
metres. The corresponding molar polarizability nevertheless still has an excossively
high value 10, as --2° C. is too near the melting-point to frecze in the dipoles
completely.

19. Numerical Values of the Electric Moments of Various
Molecules. Comparison of the Different Methods

The material thus far presented has revealed four methods, T, 1T,

L Iy, for the quantitative determination of a molecule’s electric

moment. These methods are:

I;,s- This consists in measurement of the dielectric constant of a gas
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or vapour over a range of temperatures. If the measurements of the
dielectric constant at various temperatures, when reduced to a standard
density, say that at 76 cm., 273°K., can be represented by a formula
of the form e—l:A-{-%, (11)
then it follows immediately from the Langevin-Debye formula (1),
Chap. 1I, that the electric moment is given by
3kB\}
- (41;N) =1-10X 10718 x Bk,

I In the second method the dielectric constant need be measured
at only one temperature. The electric moment is then deduced from
comparison with extrapolated refractive data, through the aid of Eq. (3).
This method is precise only if the ‘atomic polarization’ due to the infra-
red bands is negligible, or in the rarc event that dispersion measure-
ments are available which include the effect of these infra-red vibrations.

Teop g The third and fourth methods are similar to the methods
Lsr II,,s except that the measurements are made in the fashion ex-
plained in § 18 on dilute solutions of the material in a non-polar solvent
instead of in the pure gascous or vapour state.

All these methods were originally suggested and stimulated by Debye.
The method I, has recently been used extensively by Zahn,
Siinger, 6. 47,4849 Stuart,®. 51.52 Braunmiihl,*® and others. Method 1I,,,
has been most comprehensively applied by Hojendahl,’ using measure-
ments of dielectric constants of various gases made by Pohrt in 1913.5%
In the table we have tried to supplement Hojendahl’s calculations by
applying the method to some of the more recent determinations of
dielectric constants. Method I, has been employed by Miss Lange 56

4 C. T. Zahn, Phys. Rev. 24, 400 (1924) (HCl, HBr, HI, H,, O,); 27, 455 (1926)
(CO4, NHj, SO, N,); Zahn and Miles, ibid., 32, 497 (1928) (CO, COS, CS,, H,S); Zahn,
ibid. 35, 1047 (acetic acid); 35, 848 (1930) (revision for CS,).

46 R. Sanger, Phys. Zeits. 27, 556 (1926).

47 R. Sanger and O. Steiger, Helv. Phys. Acta 1, 369 (1928); 2, 136 (1929).

48 R. Siinger, Dipolmoment und chemische Struktur (Leipziger Vortrige, 1929), p. 1.

4 R. Sanger, Phys. Zeits. 31, 306 (1930).

50 H. A. Stuart, Zeits. f. Physik, 47, 457 (1928).

st H, A. Stuart, Zeits. f. Physik, 51, 490 (1928).

52 H, A. Stuart, Phys. Zeits. 31, 80 (1930). This article quotes unpublishod measure-
ments by Fuchs.

53 H, v. Braunmiihl, Phys. Zeits. 28, 141 (1927).

54 K. Hojendahl, Studies of Dipole-Moment, Coponhagen, 1929; brief summaries in
Phys. Zeits. 30, 391 (1929); Nature, 117, 892 (1926).

55 G. Pohrt, Ann. der Physik, 42, 569 (1913).

5 L. Lange, Zeits. f. Physik, 33, 169 (1925). Most of Miss Lange’s determinations
are really a hybrid of methods I and II.



62 DIELECTRIC CONSTANTS, REFRACTION, AND THE III, §19
and especially by Smyth 57 and associates, while IT, has been utilized
for a very large number of substances by Williams 58, 59 60 and co-workers.

It is not the purpose of the present volume to discuss the technique
of experimental methods, but we may nevertheless mention that prac-
tically all the recent observations of dielectric constants are made by
a ‘heterodyne’ method, in which the periods of two oscillating circuits
are adjusted to be virtually identical. One circuit contains only known
resistances, inductances, and capacities, while one unit in the other
circuit is a condenser containing the gas or solution whose dielectric
constant is desired. The beat phenomenon enables one to determine
when the periods of the two circuits approach equality. The period of
the first circuit can be calculated from its known constants, while con-
versely from the thus determined period, the hitherto unknown capacity
of the condenser in the sccond circuit, and hence the desired diclectric
constant, may be found. The use of the vacuum tube is the cornerstone
to the successful application of the heterodyne method. Most measure-
ments of diclectric constants, and especially their temperature varia-
tions, made prior to 1920, before perfection of the technique of the
vacuum-tube circuits, are not as a rule very reliable.$* Hence in our
table we have not included the results of Biideker,%2 Jona,® and others,
although the importance of their pioneer work must not be overlooked.
Pohrt’s % measurements of the diclectric constants of gases at mainly
one temperature are possibly somewhat more accurate than usual for
early work, although the resulting moments are very often somewhat
high, perhaps beeause method 11 neglects the ‘atomic polarization’.

The four methods described above are at present the most dependable
ways of determining quantitatively the dipole moments of molecules.

57 C. P. Smyth and 8. O. Morgan, J. Amer. Chem. Soc. 49, 1030; 50, 1547 (1928);
C. P. Smyth and W. N. Stoops, ibid. 50, 1883; C. P. Smyth, 8. O. Morgan and J. C.
Boyco, ibid. 50, 1536 (1928).

% J. W. Williams and Krehwma, J. Amer. Chem. Soc. 49, 1676, 2408 (1927); Phys.
Zeits, 29, 204 (1928); Williams and Allgeicr, J. Amer. Chem. Soc. 49, 2416 (1927);
Williams and Ogg, ibid. 50, 94 (1928); Williams and Schwingel, 1bid. 50, 362 (1928);
summary and references to tho appropriate individual papers for each mixture in Phys.
Zeits. 29, 174, 683 (1928), or the following reference®.

% J. W. Williams, Molekulare Dipol te und thre Bedeutung fur die chemische
Forschung. This is Band 20, Heft 5 of the series Fortschritte der Chemvie, Physik, und
physikalischen Chemie.

8¢ C. H. Schwingel and J. W. Williams, Phys. Rev. 35, 855 (1930).

81 For a description of typical experiinental arrangements, see, for instance, Williams,
l.c. 5 or Estormann’s and Suck’s articles in Ergebnisse der exakten Naturwissenschaften,
VIII.

82 K. Badeker, Zeits. f. Phys. Chem. 36, 305 (1901).
8 M. Jona, Phys. Zeits. 20, 14 (1919).
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It must not, however, be inferred that there are not other experiments
which should in principle permit the numerical determination of these
moments. We have already mentioned on pp. 47-8 that the electric
moment can be directly calculated from absorption coefficients for the
pure rotation spectra in the far infra-red if these coefficients can be
measured with quantitative precision, but there is apparently some
enormous unknown systematic error which has as yet prevented this.
Raman and Krishnan % have met with some success in deducing dipole
moments from a combination of data on the Xerr effect and on the
depolarization of light, but the complete theory of these effects is
extremely complicated (cf. § 83), and it is hard to say whether the
moment can accurately be deduced from the experimental measure-
ments in as simple a manner as implied by their formulae, although the
latter are doubtless approximately correct. In some cases the electric
moments have been deduced from the amount of electrostriction.s
Determinations of clectrostriction are, in fact, mercly one way of
measuring the dielectric constant. Saturation effects have been used
to calculate the dipole moment (sce § 22), but they are far too small to
measure with precision, and furthermore they yield the moment only
if one assumes that the induced polarization is a strictly linear function
of field strength so that saturation is evidenced only in the orientation
term. Attempts % have been made to calculate the molecular moments
from the potential differences at interfaces betwcen two materials, on
the assumption that this difference is due entirely to a surface-layer of
dipoles. The results thus obtained arc not quantitatively reliable, and
this is not surprising, as the molecules may not be 100 per cent. oriented
as assumed in the simple theory, and especially there may well be at
the interfaces a tremendous amount of molecular distortion and induced
polarization.s? Accurate measurement and analysis of the Stark cffect
or, what is more or less equivalent, of the electrical Stern-Gerlach
effect, should in principle permit the calculation of the electric moment
provided onc can resolve the contributions of the induced and per-

¢ Raman and Krishnan, Phil. Mag. 3, 713 (1927). They deduce the moments
1-04 X 108 and 1-66 x 10718 for HCl and CH,Cl rospectively. Reference to tho table shows
that the agreement with values obtained by the standard methods is much better for
HCl than for CH,CL.

& Q, E. Frivold, Phys. Zeits. 22, 603 (1921); O. E. ¥rivold and O. Hassel, ibid.
24, 82 (1923); Klicfoth, Zeits. f. Physik, 39, 402 (1926). Kliefoth finds no electric
moment for O, and N,, and the values 1-7:< 108 and 0-20x 108 for 80, and CO,
respectively.

6 Rideal, Surface Chemistry, pp. 236~7, Cambridgo University Press, 1926.

87 Frumkin and Williams, Proc. Nat. Acad. 15, 400 (1929).
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manent polarizations.®® The Born-Lertes rotation effect has also been
used to calculate the electric moment, but the results have not been
particularly successful.®®

It would clearly be an unnecessary duplication to tabulate all the
molecular electric moments which have been determined by any of the
four main methods, as very complete tables, up to date at the time of
this writing, have been given by Debye in the German edition of his
Polar Molecules with a subsequent supplement published in 1930,7 by
Hojendahl in his dissertation,’ by Williams in his monograph Dipol-
momente und ihre Bedeutung fiir die chemische Forschung,® and by
Estermann and by Sack in Band VIII of Ergebnisse der exakten Natur-
wissenschaften (1929).” In the accompanying table we have attempted
to include only the common inorganic molecules which have been
measured and a selected group of organic ones. In making the selection
for the latter we have aimed to list the molecules whose moments have
been determined by the greatest number of different observers, and
especially by as many of the four methods as possible. It is hoped that
our placing in juxtaposition the results of the various methods in a
single table rather than in scparate ones will enable the reader to
estimate more quickly the accuracy and consistency of the different
types of observations. Attempts have sometimes been made to give
the moments to one more significant figure than given in the table, but
the light of experience, especially as revealed in the continual incon-
sistencies between the different observations, seems to show that very
often the experimenters underestimate their errors, and a determination
of the moment to within 5 per cent. must be regarded as quite satis-
factory. We have appended question-marks to some of the values which

6 Yor further discussion of the Stark offect in relation to molocular structure see the
end of § 37. Tho attompt of R. J. Clark (Proc. Roy. Soc. 1244, 689 (1929)) to deduce
electric moments quantitatively fromn his measurements on tho electric Stern-Gerlach
offect appears erroneous to the writer, as he assumes the dipoles are alined either parallel
or antiparallel with respect to tho field. Actually tho theory of the Stark effect for non-
monatomic molecules shows that at any ordinary ficld strength the orienting effect of
the fiold is very small because of the molecular rotation; this is evidenced by the fact
that (71), Chap. VI has j in the donominator.

6 P, Lertes, Zeits. f. Physik, 6, 56 (1921).

70 The very comploto table of moments prepared by Sanger for the Gorman translation
(Polare Molckeln, pp. 191-8) was unfortunately not ready for the original English edition.
The two ‘Nachtrags’ to the tablo aro sold separately. A full table of moments has just
appeared in Smyth’s now book, Dielectric Constant and Molecular Structure.

1 Besides these roferences we may montion that rocent measurements on the dipole
moments of certain organic moleculos and interesting discussions of the relation of
dipole moment to chemical and physical properties are given by various writers in
Dipolmoment und chemische Struktur (Leipziger Vortréige, 1929).
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seem particularly doubtful, and asterisks to values which are probably
zero within the experimental error. The various investigators differ
considerably in their usage in giving explicitly numerical moments
which are virtually zero, and in some cases the observations which we
have listed as exactly zero would yield moments about as large as those
with asterisks if an attempt is made to calculate small moments literally
from their data. In such instances the molecules are in all likelihood
non-polar.

Let us turn now to some of the specific items in the table. The
vanishing electric moments reported for A, H,, N,, O, are to be expected,
since monatomic molecules and diatomic molecules composed of two
identical atoms are thcoretically non-polar. For this reason the finite
moments recorded for Br, and I, are hard to believe. The moment
0-40 X 1018 found by Miss Anderson ?? for bromine is based on measure-
ments in the pure liquid rather than gascous state, and readings were
taken only over the very limited temperaturc interval 0°-30°. For these
reasons her results do not scem very conclusive. Even if the tem-
perature variation of the susceptibility per molecule for Br, is real, it
need not imply an electric moment if the induced polarization changes
with temperature.”® Such a change is not allowed for in the usual
simple theory, but in relatively unstable molecules such as the halogens
it is not inconceivable that there be a change due to the centrifugal
expansion with increasing temperature, to say nothing of the possibility
of a small amount of dissociation. It is significant that Miiller and
Sack ™ find that the moment of the iodine molecule becomes zero when
hexane is uscd as a solvent, so that the apparent non-vanishing moment
found with benzene as the solvent is doubtless due to some sort of
spurious association effect. The true moment of the I, molecule is thus
zero in all probability, and this is hence also presumably true of F,,
Cl,, Br,.

Except for the figures given in bold-face, no attempt is made to
include the atomic polarization in using the methods IT,,  and IT.;. It
is seen that on the whole the figures in the second and fourth columns
agree quite well with those in the first and third, sometimes about as
well as the different observations by the same method. Thus the cal-
culation of the clectric polarization does not seem ordinarily to be very

73 Annie I. Anderson, Proc. Lon. Phys. Soc. 40, 62 (1928).

78 The possibility of temperature variations duc to other causes than a permanent
dipole moment is discussed at length by L. Ebert in Dipolmoment und chemische Struktur
(Leipziger Vortrage, 1929), although primarily for large, complicated molecules,

74 H. Miller and H. Sack, Phys. Zeits. 31, 815 (1930).
3595.3 ¥
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ELEcTRIC MOMENTS OF SOME REPRESENTATIVE MOLECULES IN E.S.U.
(All values to be multiplied by 10-18)

[Superscripts givo footnote reference to the obscrver]

M;thod

Method

Method

Method Solvent used in
Molecule I g I1 g I II,, |solution methods
Argon 053 ..
Hydrogon (H,) 053 0 .. ..
Nitrogen (N,) 0578 07 07 Pure N,
Oxygen (O,) 07 07 .. 077 Puro O,
Bromine (Br,) .. 0-4072 | 10?™ | Pure Br,
Todine (T,) 1-27%8 Benzene
2 1-0? e ”
N . .. 0" Hexane
Hydrochloric acid (HCI) 1-034 1-067®
Hydrobromic acid (HBr) 0-79% | 0-807®
Hydriodic acid (HI) 0-384 0-4178
Carbon monoxide (CO) 0-12% | 0-1478
(0-12)
» 0-127% 27
” 0-10148 0-1378
(0-11)
Carbon dioxide (CO,) 0-1475%3 ..
. 0-06%%5 | 0-177%(0)
. 00050 | 0-187%(0)
Nitrous oxido (N,0) o8 013
s Qs 01778 .. ..
Carhon disulphide (CS,) (80,45 .o 0-06*5%% | Benzene
" 080 02878 0-08*58 | Hoxane
Sulphur dioxide (S0,) 1-614 1-6378 ..
Water (H,0) 1-84 4 1-81°% 1-81%2 | Bonzene
Hydrogen sulphide (H,S) 1-10%8 0927 ..
”» 0-93 4 0947
Ammonia (NH;) 1-4883 14778
. 1-44 4 14478
Acetyleno (C,H,) 084
Ethylene (C,H,) 084
Ethano (C,H,) oM ..
Mothane (CH,) 0% 0-187
Methylchloride (CH;3Cl) 1-69% 2 | 1-89%¢
. 1-8648 1-9078 ..
» 1-8952 .. .. ..
Methylene chloride 1-5914¢8 1-557% | Benzone
(CH,CI,)
»» 1-6187 .. .. .
Chloroform (CHC,) 0-9548 117 1-0557 .. Hexane
s 1-0588 .. 1-10% | Benzeno
” .. 115% | CCl,
Carbon tetrachloride (CCl,) Q4 0% Benzene
Tin iodide (Sn1,) 0%8 '
Ethyl ether (C,H;),0 .. .. .. 1-22% | Benzeno
" 1-145 | 1.217 1-15% | 1.92m08|
2 1-15% 1-24% | CCl,
” 1-12¢ .. ..
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Method Method | Method | Method | Solvent used in
Molécule Toun II,,, I Il |solution methods
Methyl ether (CH,),0 1-29% 1-3378
» 1.3247 1-377
s .. 1-2388
Propyl ether (CsH,),0 0-8647 1-2486 .. .. ..
Acetone (CH;COCHj;) 2-9451 | 2.88% .. 2-70% | CCl,
» .. 2.9786 .. 2.7280 ..
Benzene (CgH,) .. 0-33 286 .. 0-06% | CCl,
» .. .. (A .. Pure benzene
" .. .. .. o010 | cs,
v .. .. .. 0-08% | Hexane
Fluorbenzene (C{H F) .. .. .. 1-39%2 | Bonzene
’ .. .. .. 1-459 »
Chlorobenzene (CgH;Cl) .. .. 1-52%7 1-55% | Hexano
" . .. .. 1-525% | CS,
» .. .. .. 1-5558 Benzene
» .. .. .. 1-5693 »
» .. .. .. 1-5774 »
» .. .. . 1-6157 »
Hexano
Bromobenzene (CgH;Br) . .. .. 1-565* | Benzeno
' .. .. .. 1-51% "
» .. .. .. 1-5274 s
. .o .o .. 14993 »
Todobenzene (CgH,I) .. .. .. 1-30% »
. .. .. .. 1-2592 "
Nitrobenzeno (CgH;NO,) .. .. .. 3-89% | Hexane
' .. .. . 3-89% | CS,
,, .o .. .. 3 90% | Benzono
’ .. .. .. 3-84% s
Hexane (CgH,,) .. . .. 0-10% .
. .. .. .. 0-08° | CCl,
s .. .. 057 .. Pure Hexane
Ethyl alcohol (C,H;OH) 1-70% 1.7288 . 1-74% | Benzene
“ . . .. | 163% |ccl
Mothyl alcohol (CHZ;OH) 1-689 1.738 .. 1-64° | Benzeno
’ .. .. .. 1-67% | CCl,
n-Propyl alcohol (C;H,0H) | 1-66% .. . 1-53% | Benzene
iso-Propyl alcohol .. .. .. 1-75% | Benzene
iso-Amyl alcohol (C;H,,0H) .. .. .. 1-85% | CCl,
" .. .. .. 1-62% | Benzene

75 Magdalena Forro, Zeits. f. Physik, 47, 430 (1928).

76 To show how oxactly € and n%, agree for H,, O,, N,, and hence how precisely method
Il shows that these gases must bo non-polar, wo can here give some of the measure-
ments of n%, ande. For hydrogen the valuo of n2, yielded by various dispersion measuro-
ments, including the infra-red data of Koch, is 1-000273 ; tho corresponding values of the
dielectric constant aro 1-000273 (Tangl, Ann. der Physik, 23, 539, 26, 59 (1907-8),
1-000263 (Fritts, Phys. Rev. 23, 345, 1924), 1-000259 (Braunmihl),’® 1-000265 (Zahn).%®
For nitrogen, the value of n% ranges from 1-000580 to 1-000589 according to the
observer, whilo Fritts finds € == 1-:000555, and Zahn obtains € = 1-000581. Kor oxygen
n%, is very approximatoly 1-000530 (Lowery®?), while ¢ = 1000507 (F'ritts), 1-000518
(Zahn)*s.

77 That method IL, gives zero moment for N, and O, just as woll as method Il is

¥F2
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greatly impaired by the omission of the atomic polarization in method
IT, except when a high degree of accuracy is desired. In particular in
the halogen hydrides and ammonia, the good agreement between the
two methods shows that in these molecules the atomic polarization must
be small, as also indicated by absorption measurements (§ 15). In the
case of propyl ether, on the other hand, the atomic polarization must
be enormous if the observations in both columns are dependable, which
is doubtful. In a few instances, the moments recorded by method IT
are actually smaller than those given by method I, and in such cases
the discrepancy cannot be blamed on the atomic polarization. More
often, however, method II seems to give slightly larger moments than
method I, thus furnishing evidence for a certain amount of real ‘atomic

shown by the fact that N, and O, have almost exactly the same molar polarizabilities in
the liquid and gaseous states. See p. 59.

8 Calculated by the writer from comparison of extrapolatod dispersion data with the
measurements of the dielectric constant made by the observer listed in the column
directly to the left in the same row. These calculated values are very often only approxi-
mate. The values of n2, have usually been obtainod from dispersion formulae given
by C. and M. Cuthbertson (Proc. Roy. Soc. 83, 171 (1909) (SO,, H,8); 97, 152 (CO,
CO,, CH,), Phil. Trans. Roy. Soc. 213, 1 (1914) (Br,, HCI, HBr, HI, N,0, NH;). As
long as infra-red resonance points are not included, it would make little dufferenco if
we used the visible dispersion data of other observers (e.g. the more modern data for
CHCI,, ethyl ether, methyl ether, and acetono given by Lowery??) as the discrepancy
between tho different refractive measurements is usually small compared to the error
in the measurements of dielectric constants. More refinod calculations appear useless as
long as the amount of atomic polarization is uncertain, but the results which are tabulated
suffice to show that in any case this polarization cannot be very large (excopt perhaps in
propyl ether).

 Forro finds a value of € for CO smallor than n%,. This must bo experimental error,
as it would yield an imaginary moment in method II. Similar remarks apply to the data
of Ghosh, Mahanti, and Mukhorjee® on CS,.

80 P, N. Ghosh, P. C. Mahanti, and B. C. Mukherjee, Zeits. f. Physik, 58, 200
(1929).

81 Calculated from Zahn’st> data by Stuarts!.

82 J, W. Williams, Phys. Zeits. 29, 204 (1928); but with the revisions we doscribe
on p. 69.

8 H. E. Watson, Proc. Roy. Soc. 1174, 43 (1927).

84 C. P. Smyth and C. T. Zahn, J. Amer. Chem. Soc. 47, 2501 (1925).

8 8. C. Sircar, Ind. J. Phys. 3, 197 (1928).

88 Calculated from Pohrt’s data’s by Hojendahl®.,

87 P, C. Mahanti and R. N. Das Gupta, J. Ind. Chem. Soc. 6, 411 (1929).

88 J. Rolinski, Phys. Zeits. 29, 658 (1928).

8 O. Hassel and E. Naeshagon, Zeits. f. Phys. Chem. 4B, 217 (1929).

9 1,. Meyer, Zeits f. Phys. Chem. 88, 27 (1930).

51 A. Parts, Zeits. f. Phys. Chem. 48, 227 (1929).

92 P, Walden and O. Werner, Zeits. f. Phys. Chem. 2, 10 (1929).

9 Bergmann, Engel, and Sandor, Zeits. f. Phys. Chem. 108, 106 (1930).

% L. Ebert and H. Hartel, Naturwissenschaften, 15, 669 (1927).

9 J. B. Miles, Phys. Rev. 34, 964 (1929).

9 J. D. Stranathan, Phys. Rev. 31, 653 (1928).
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polarization’. Especially convincing evidence is furnished by the figures
in bold-face type, which are calculated with the dispersion data of
Koch, Statescu,!® and Fuchs,!® and thus, unlike the other values by
method I1,include the effect of the infra-red vibrations. Their data have
been fully discussed in § 15, and modify the results with method II
sufficiently to remove all the discrepancy with method I in the case of
CO and CO,.

It is noteworthy that when different solvents have been tried in the
solution methods, the values of the electric moment are, as shown in
the table, virtually independent of the type of solvent which is em-
ployed. This gives assurance that the moments obtained by using solu-
tions have a real physical significance. When the same material has
been measured both in the gascous state and in solution, the moments
obtained are seen to be the same within an experimental error no greater
than the discrepancies among the different measurements for one kind
of state. There is thus little evidence that molecules have a different
‘effective moment’ in solutions than in the gaseous state, a suggestion
which has sometimes been made. 1f it were necessary to assume such
an ‘effective moment’, its value would presumably depend on the nature
of the solvent, whereas actually the moments found for a given molecule
are seen from the table to be virtually independent of the solvent,
except perhaps in the case of I, mentioned above. The variations with
the type of solvent are remarkably small, and clearly less than the
experimental error. The determination of the moment of the water
molccule by the solution method requires special mention. It is hard
to achieve with precision, as an exact knowledge of the rather low
solubility of water in benzene is necessary. Williams formerly used the
value of the solubility given by Hill, Jr., which was in substantial
agreement with earlier work by Groschuff and by Richards, Carver,
and Schumb.?” He thereby originally reported an electric moment
1:7x 10-18 ¢.s.u. for the water molecule.82 However, he informs the
writer that when new, as yet unpublished, solubility determinations
made by Cohen and Weyling at Utrecht and also by Rosenbaum at
Wisconsin are utilized, he obtains the higher value 1-814-0-05x 10-8,
The agreement of the latter with Singer’s value 1-84 X 10-® measured
in the vapour state is closer than onc has any right to anticipate in
view of experimental uncertainties, especially neglect of the atomic
polarization in method II.

97 Groschuff, Zeits. f. Elektrochem. 17, 348 (1911); Richards, Carver and Schumb,
J. Amer. Chem. Soc. 41, 2019 (1919); Hill, Jr., ibid. 45, 1143 (1923).
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20. Dielectric Constants and Molecular Structure

By revealing the electric moments of molecules, measurements of the
dielectric constants of chemical compounds often shed considerable light
on the configurations in which the constituent atoms are grouped to
form the molecule. Of course, the value of the electric moment alone
does not enable one to determine the exact dimensions and geometry
of the molecule, but it does disclose whether or not the atoms are
arranged in a symmetrical way. The absence of an electric moment,
of course, means a high degree of symmetry. The classic example of
this is the once much-mooted subject of the model for the CO, molecule.
Although early dielectric work on CO, seemed to demand an electric
moment, the recent experiments of Zahn4 and especially Stuart,’ as
well as use of method 1I with Fuchs’s1? dispersion formula explained
in § 15, shows quite definitely that the (0O, molecule has no electric
moment. Hence this molecule must be collinear, with the carbon atom
at the centre and equidistant from the two oxygen atoms. The tri-
angular and the unsymmetrical collinear models which have sometimes
been proposed would clearly lead to an electric moment. A symmetrical
collinear model for ('O, is also demanded by other cvidence than that
on diclectrics. This other evidence has been nicely summarized by
Wolf, and includes (¢) X-ray analysis of the structure of solid CO,,?
(b) the rotational specific heat of CO,, which has? the value approxi-
mately R rather than 3R/2 calorics per mol, thus showing that there
are only two moments of inertia appreciably different from zero,
(c) absence of a third intense resonance point in the infra-red dispersion
(p- 51), showing that one of the fundamental modes of vibration must
be symmetrical.

As sulphur and oxygen are in the same column of the periodic table,
one would expect the CS, molecule to be symmetrical and collinear if
this is truc of CO,. Williams’s measurements % on CS, in solution, also
more recently those of Ghosh, Mahanti, and Mukherjee, *of Zahn,
and of Schwingel and Williams % on (S, in the vapour state, do indeed
yield a zero moment for the (S, molecule. In some of these papers 80, 60
determinations are also made for N,0, and here also the moment proves
to be zero, so that the nitrous oxide molccule is collinear. The per-
ceptible, though small, moments reported for CS, and N,O respectively
in earlier work of Zahn and Miles 45 and of Braunmiihl® doubtless arose
through experimental error.

98 J. do Smedt and W. H. Keesom, Proc. Amsterdam Acad. 27,839 (1924) ; H. Mark, Zeits.
[ Elektrochemie, 31, 523 (1925) ; H. Mark and E. Pohland, Zeits. f. Krist. 61, 293 (1925).
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The table shows that H,O and SO, have quite large moments. The
polarity of water is also well known from other phenomena, such as
association in the liquid state. The models of the H,0 and SO, mole-
cules must therefore be either triangular or unsymmetrical if collinear.
The unsymmetrical collinear model encounters serious dynamical diffi-
culties,® at least in the case of H,0, and the triangular model for this
molecule is the generally accepted one.

Band-spectrum analysis,'® also perhaps chemical evidence,!! reveals
that the correct model for the ammonia molecule is a pyramidal one,
with the N atom at the vertex, and the H atoms at the corners of the
base. Such a model would have a moment along the axis of the pyramid,
in agrecment with the polarity of € v1o°
NH, revealed by the observations on  eco CHig
dielectric constants. 800

The sequence CH,, CH,Cl, CH,Cl,, ™
CHCl,, CCl, is one of the standard .|
illugtrations of the valuable informa- .| _//TCH'CI
tion on molecular structure revealed ool a——o——e—e——>—Clith
by dielectric constants. Fig. 4 shows 2o}
Siinger’s observations of the dielectric ' - CHe
constants of thesc materials as a % =5 e
function of temperature at constant Fug. 4.
density. The horizontal character of the curves for CH, and CCl,
shows clearly that these gases are non-polar. The methane and carbon
tetrachloride molecules are thus highly symmetrical. The necessary
symmetry can be secured by supposing that the four hydrogen or
four chlorine atoms are at the corners of a regular tetrahedron, with
the carbon atom at the centre. The valencics of the carbon atom thus
have the tetrahedral geometry so dear to the organic chemists. A pyra-
midal model analogous to that for ammonia, which has sometimes been
suggested 192, is clearly out of the question, as it would be unsymmetrical.
A coplanar model with the carbon atom at the centre of a square would

9 Sco Debye, Polar Molecules, p. 63 ff.

100 (3, A. Stinchcomb and 1. F. Barker, Phys. Rev. 33, 305 (1929); Barker, ibid. 33,
684; R. M. Badger and C. W. Cartwright, ibid. 33, 692 (1929).

101 A, Hantzsch and A. Werner, Ber. d. D. Chem. Ges. 23, 11 (1890); cf. A. W.
Stowart, Stereochemistry, p. 197. This stercochemical evidonco does not perhaps uniquely
domand a pyramidal model, but at loast shows that all three nitrogen valencies cannot
be in the same plane.

102 K, Weissonberg, Phys. Zeits. 28, 829 (1927); Ber. d. D. Chem. Ges. 59, 1526
(1926) ; Naturwisscnschaften, 15, 662 (1927); also Ebert, Naturwissenschaften, 15, 669
(1927) and ref. 104 ; Henri, Chem. Rev. 4, 189 (1927).
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be non-polar as well as the tetrahedron, but is very unplausible from
chemical and other grounds.19® Also it would not explain the polarity
of CH,LCI, if one makes the natural assumption that alternate corners
are filled by Cl and H atoms respectively. As one passes through the
sequence CH,, CH,Cl, CH,Cl,, CHCl;, CCl, by replacing one H atom
by one Cl at some corner of the tetrahedron, it is clear that with the
tetrahedral model perfect symmetry is not sccured except at the
starting-point CH, or except when all the H atoms have been replaced
by Clin CCl,. This is in agreement with the finite electric moments
found by Siinger for CH,Cl, CH,Cl,, and CHCl,.

Tt may be mentioned that whereas molecules of the type Ca, are
non-polar if « is an atom, polar molecules of the structure Co, are
known when « is a complicated radical rather than a simple atom. The
molecules
C(CH,0(0)CCHjy),, C(COOCH,),, C(COOC,Hjy),, C(OCH,),, C(OC,Hy),
are, for instance, revealed by their dielectric constant data'®* to be polar,
having respectively the moments 1-9, 2-8, 3-0, 0-8, 1-1 X 10-18. On the
other hand, the moments of C(CH,Br),, C(CH,Cl),, C(CH,I),, C(N,0),
are found to be zero, showing that Ca, can sometimes be non-polar even
when « is not an atom. The existence of electric moments for any
molecules of the type Ca, at first sight scems quite paradoxical in view
of the non-polarity of methane. A pyramidal model for polar molecules
of this form has been suggested 192 as a solution of the paradox, but it
seems highly improbable that the carbon valences can have a tetra-
hedral geometry in some instances and pyramidal in others. A much
more plausible solution, proposed by Hojendahl% and by Williams,¢
is that in molecules of the form Ca, the axis of electric moment of « need
not coincide with its axis of valency if « is a complicated radical. Let
us suppose that the angle between these two axes is 6, and that the
axes of valency coincide with the axes of symmetry drawn from the
centre of the carbon tetrahedron to its four vertices. The dipole axes
are then free to rotate around the axes of valency subject only to the
constraint that the angle between each corresponding pair of axes have

103 Band spectrum evidence has been claimed to disqualify the tetrahedral model of
methane (V. Guillemin, Ann. der Physik, 81, 173 (1926)), but Dennison finds band spectra
consistont with the tetrahedral model (4strophys. J. 62, 84 (1925); also do Boer and
van Arkel, Zeits. f. Physik, 41, 27 (1927)).

104 L, Ebert, R. Eisenschitz, and H. v. Hartel, Naturwissenschaften, 15, 668 (1927);
Zeits. f. Phys. Chem. 1B, 94 (1928). Cf. also J. W. Williams, Phys. Zeits. 29, 686 (1928).

105 K, Hojendahl, Dissertation (Copenhagen, 1928), p. 60.

108 J, W. Williams, Phys. Zeits. 29, 271, 683 (1928); J. Amer. Chem. Soc. 50, 2350
(1928) ; Dipol te und thre Bedeutung, p. 46.
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the given value 6. In other words, we have what is sometimes called
a ‘pliable’ bond, which is a sort of socket in which the radical is free
to turn. The dipole axes tend to set themselves in the position of
minimum total energy subject to this constraint, and it is altogether
probable, especially in view of the mutual interaction between the
various dipoles, that in such a position the four « dipole axes are not
arranged with sufficient symmetry to mutually compensate one another,
and hence to yield zero resultant moment for the complete molecule. It
is interesting to note that in all the polar molecules yet found of the
type Co, the radical « contains an oxygen atom, so perhaps the presence
of the oxygen atom is responsible for the non-coincidence of the dipole
and valency axes of «.

Instances in which polar radicals compensate cach other very com-
pletely and which are thus the exact reverse of the examples cited in
the previous paragraph are furnished by the group of ketones, of the
form «—CO—a’. The following of these ketones,

CH,;—CO—C,H,, CH;—CO0—C,H,,
CH,;—CO—C,H,, CHy;—CO—CgH s,
CH,—CO0—C,H,,, ¢,H,—CO0—C,H;,,
CyH,—CO—C,H,, (CH,),—CO—C(CHy),,

have been found by Wolf 197 to have electric moments not differing by
more than 2 or 3 per cent. from that 2:71 x 10-18 of acetone
(CH;—CO—CH,).

The obvious inference is that the electric moment is due entirely to the
CO radical, and that the dipole moments of the other radicals com-
pensate each other completely. It may be noted, however, that here
the CO radical has a very much larger moment 2-7x10-8 ¢.s.u. than
that of a free CO atom (0-1x10-8), so that the (‘O radical in the
ketones presumably borrows or loans electrons to or from the attached
radicals in order to have a different structure from the free ('O atom.
According to Estermann,1°® benzophenol ((¢H;—CO0—C(4H;) has an
electric moment 2-5 X 10-18, about 10 per cent. lower than Wolf's values
for the ketones. The difference is perhaps due to distortion of the CO
structure by the polarization forces from the radicals, or may be experi-
mental error, as Estermann measured the pure liquid. All the alcohols
have approximately (within 20 per cent.) the same moment, 1-6 X 10-18,
which is probably due to the OH radical.

w1 K, L. Wolf, Zeits. f. Phys. Chem. 2B, 30 (1929).
108 J, Estermann, Zeits. f. Phys. Chem. 18, 134 (1928).
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It is interesting to note that Smyth and Stoops1%? find all nine isomers
of heptane (C,H,5) to be non-polar® Errera1l! has investigated the
various isomers of acetylene dichloride and finds that the cis and
so-called asymmetrical forms have moments 1-89 and 1-18x 1018 re-
spectively, while the trans form has no moment. More recently Miiller
and Sack " find 1-74 X 10-8 for the cis form. This is in nice qualitative
agreement with the structural formulae

H H Cl H H da

c ., - «, R

Cl 1 Cl H ¢l H
(cis) (asymmetrical) (trans)

which have been sometimes assumed by the organic chemists. 1f one
measures the dielectric constants of these isomers in the solid state well
below the melting-point and with a sufficiently high radio (heterodyne)
frequency, the same polarization is found with all three isomers.1'2 The
reason is, of course, that under these conditions the relaxation time is
too large to permit the dipoles to orient themsclves in the ficld, so that
there remains only the induced polarization which is independent, or
very nearly so, of the symmetry of the atomic grouping in the molecule.

The molecules obtained by substitutions in the benzene ring have had
their geometry very thoroughly studied with the aid of dielectric con-
stants, probably more than any other class of chemical compounds.
The benzene molecule itsclf is non-polar, as one expeets from the con-
ventional coplanar hexagonal model which the chemists have for the
benzene ring. ‘Mono-substituted’ benzene molecules, of the type-form
CgHyo, which are formed from the benzene molccule by substitution of
an atom or radical « for one hydrogen atom are found to be invariably
polar, as one might cxpect. ‘Di-substituted’ molecules, of the form
CgH iy, are found to be polar if the two «’s are substituted in the ortho
or meta configurations, but not if substituted in the para configuration
as long as o is an atom or one of certain types of simple radicals. 13

10 G, P. Smyth N. and W. Stoops, J. Amer. Chem. Soc. 50, 1883 (1928).

110 For structural diagrams and an account of tho rather complicated geometrical
synunetrics which must be assumed to oxplain this non-polarity seo Debye, olare
Molekeln, pp. 59-60 (not in Engl. ed.).

1L ). Krrera, Phys. Zeits. 27, 764 (1926) ; also the discussion by Estermann in Dipol-
moment und chemische Struktur (Leipziger Vortrage, 1929), p. 36.

12 J, Krrera, Polarisation Diélectrique (Paris, 1928), p. 106.

13 For brevity we do not give, even in our table, the values of the electric moments
of all the numerous benzene dorivatives. For theso seo various tables by other writers

cited on p. 64; some new doterminations when the substituents are halides havo been
made by Bergmann, Engel, and Sandor, Zeits. f. Phys. Chem. 108, 106 (1930).
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The meaning of these various configurations is explained by the fol-
lowing structural diagrams:

O 0 0
\) N NS
ortho meta p;:'a

The results on the electric moments are exactly what one should expect,
as the ortho and meta arrangements are unsymmetrical, while in the
para arrangement the two « atoms are diametrically opposite and there
is perfect symmetry. On the other hand, the diclectric constant data
reveal that molecules of the para form can be polar if the «’s are
certain complicated types of radicals. Williams, in fact, finds that
p-hydroquinone diethyl ether and p-hydroquinone diacetate have
clectric moments 1:7x 1018 and 2-2x 10-'8 e.s.u. respectively.14 The
ordinary structural formulae, viz.

10,0 SOCH, H,000)0C_ DO(0)UCH,
which are given to represent the para configurations of these molecules,
would at first thought lead one to expect a zero moment, as the two
sides of the substituted benzene ring appear equal and opposite in
character. The solution of the paradox is probably similar to that of
the polarity of certain molecules of the type Co,, viz. that the axis
of polarity of a radical need not necessarily coincide with its axis of
valency. Hence, in a polar molecule of the form p-CgH,a,, such as the
two hydroquinone compounds mentioned above, the dipole axes of the
radicals « need not necessarily fall in the plane of the benzene ring.
Attempts have even been made to calculate from the observed moments
the angles of inclination of the dipole axes to the benzene ring, and
especially the angle between the dipole axes of the two like radicals
present in the polar para compounds, but as yet the only sure con-
clusion is that these two axes do not make an angle of 180° with each
other, for otherwise there would be complete compensation of the
moments and no polarity. The fact that some other angle than 180°
is the most stable appears somewhat startling from a dynamical stand-
point, as dipoles tend to set themselves antiparallel. Very likely there
is no angle of static equilibrium, but instead a continual internal pre-

114 J, W. Willians, Phys. Zeits. 29, 683 (1928); A. Weissberger and J. W. Williams,
Zeits. f. Phys. Chem. 38, 367 (1929).
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cession or oscillation of the molecule which makes the angle between
the two dipoles a periodic function of the time.

The question of the existence of such internal precossions has been the subject
of considerable discussion in the literature. The assumption of a chemical bond
which is merely a socket in which the radical can turn freely is usually termed
the hypothesis of free rotation (freie Drehbarkeit). The most extensive examina-
tion appears to have been made in the case of ethylene dichloride ((1H;C—CH,Cl).
As pointed out by Williams!5 and by Eucken and Meyer,!¢ the observed moment
is intermediate between the value zero, characteristic of the antiparallel alinement,
and the value calculated under the assumption of free rotation. Hence it would
appear that here the radicals ClH, are not entirely free to turn and exhibit a
preference for the antiparallel configuration, although also rotating (or perhaps
vibrating) through other configurations. Also X-ray and electron diffraction data't?
show that the molecule spends most of its time in cortain particular configura-
tions, perhaps favouring antiparallel alinement. If the potential energy resist-
ing the free turning is comparable with £7', the dielectric constant should no longer
be a linear function of 1/7. This is shown by the general quantum-mechanical
analysis of dieloctric constants to be given in Chapter VII, in which the Debye
formula is obtained only if the separation of energy levels is very small or very
large compared to k7. An analogous discussion of the departures from linearity
on the basis of classical mechanics has been given by Meyer.!*®* Until recently
existing experimental data!? did not seem adequate to test whether tho dielectric
constant of ethylene dichloride, and other molecules where partial rotations are
suspected, aro really accurate linear functions of 1/7'. Some curvaturo is ap-
parently exhibited in the measurements of Meyer, but not in those of Ghosh,
Mahanti, and Gupta. Very recent measurements by Smyth and Walls'!? seem
to show quite conclusively that there are pronounced departures from linearity
in tho case of ethylene dichloride. Sénger reports strict linearity, but perhaps
this is because he did not use as low temperatures as Smyth.

Unlike ethylene dichloride, acetylene dichloride (HCIC = CCIH) shows distinct
isomers (cf. diagrams, p. 74), and this is direct experimental evidence that in the
latter there is no appreciable internal rotation. To explain this, it has commonly
boen suggested that a carbon double bond is much more rigid as regards turning
than asingle bond. A theoretical basis for this rigidity has been given by Hiickel'*®
by means of quantum mechanics.

Considerable work has been done on developing a quantitative
‘vector’ theory of the electric moments of the disubstituted benzencs.

us J, W. Williams, Zeits. f. Phys. Chem. 138, 75 (1928).

18 A, Bucken and L. Meyer, Phys. Zeits. 30, 397 (1929).

u7 P, Debye, Phys. Zeits. 31, 142 (1930) (report of experiments by Bowilogua and
Ehrhardt; R. Wierl, ibid. 31, 366 (1930). Wierl’s data seem to indicate two equilibrium
positions, whereas the X-ray measurements apparently reveal only one. Sanger'!® claims
that none of these diffraction measurements are really precise enough to decide whether
or not there is froe rotation.

18 T,, Meyer, Zeits. f. Phys. Chem. 88, 27 (1930).

19 Meyer, l.c.; Singer, Phys. Zeits. 32, 21 (1931); Smyth and Walls, J. Amer. Chem.
Soc. 53, 534 (1931); P. N. Ghosh, P. C. Mahanti, and Sen Gupta, Zeits. f. Physik, 54,
711 (1929).

120 K, Hiickel, Zeits. f. Physik, 60, 423 (1930).
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Let us suppose that the electric moment I due to the substitution of
an atom or simple radical o in the benzene ring is directed from the
centre of this ring to the position of the hydrogen atom replaced by a.
An analogous assumption will be made about the moment I’ due to
substitution of another atom or simple radical «’. If, then, the two
substituents «, o be inserted simultaneously, thus forming a disub-
stituted benzene, and if the dipole moments due to these two sub-
stituents be supposed not to distort each other, then clearly the resultant
moment of the molecule is, by the law of vector addition,

p=[I12+ 1?4211 cos d1t, (12)
where ¢, the angle between the two constituent dipoles, is respectively
60°, 120°, and 180° for the ortho, meta, and para positions respectively.
Eq. (12) was first proposed by J. J. Thomson 12! in 1923, but it remained
for other investigators to make a proper examination of the experi-
mental validity of his suggestion (12), as unfortunately proper data
were not available at the time of his paper. The first adequate experi-
mental tests were made by Errera!??2 and by Smyth and Morgan,1%
while only slightly more recently a very great number of benzene com-
pounds have been examined in the light of (12) by Hojendahl® and
by Williams 3 and co-workers. Some typical results for the dichloro-
benzenes are shown in the following table:

0-CH,Cl, m-CgH,Cl, p-CH,Cl,

. 225X 10-18  1-48x10-# 0 (0-4x10-e.5.u.)
Preare (Ba. 12) 2:65 1-53 0
Heato (S- & H.) 213 1-42 0

The prefixes o-, m-, p-, of course, refer to the ortho, meta, and para
states respectively. The first row gives the experimental moments
obtained by Smyth and Morgan by the method IL, (see p. 61), while
the second row gives the values computed from Eq. (12). As the two
atoms which are substituted in the benzene ring are both chlorine
atoms, I equals I’ in Eq. (12), and the moments given by (12) reduce
to the simple expressions v3I, 7, and 0 for the o-, m-, and p-states.
The value employed for I is 1-53 X 10-?8, which is a mean of experi-
mental values found by Williams and others for monochlorobenzene
(see table, p. 67). The agreement between the calculated and observed
values, while by no means perfect, shows that (12) has at least approxi-
mate validity for the compounds in question. The agreement between

121 J._ J. Thomson, Phil. Mag. 46, 513 (1923).
122 J, Krrera, Comptes Rendus, 182, 1623 (1926); Phys. Zeits. 27, 764 (1926).
123 Smyth and Morgan, J. Amer. Chem. Soc. 49, 1030 (1927).
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the two sets of values would be perfect if the angle 6 in (12) were taken
as 85° and 122° for the ortho and meta states instead of 60° and 120°.
These alterations in angle are in the direction one would expect, as two
dipoles tend to set themselves antiparallel, but do seem excessively large
as regards the ortho state.

Apparently a more probable explanation of the departures of the
angles from 60° and 120° is the induced polarization created by the
forces between the different parts of the molecule. In other words, the
field from one part polarizes the remainder of the molecule. This mutual
induced polarization has been studied quantitatively by Smallwood and
Herzfeld.'?* They endeavour to calculate quantitatively the resulting
correction to Kq. (12) in the case of halogen-substituted benzenes under
the assumption that the angles are 60°, 120°, &c. They find that the
agreement with experiment is usually considerably improved. This is
illustrated in the above table for dichlorobenzene, where the values given
in the last row are inclusive of Smallwood and Herzfeld’s correction for
induced polarization. These are seen to agree with experiment much
better than those without this correction.

Numerous applications of (12) to other disubstituted benzenes could
also be cited, notably those containing the NO, radical or other halogens
than Cl as the substituents. As an example of a benzene derivative
containing two unlike atoms we may consider Hojendahl’s observations
and calculations 3 on the chloronitrobenzenes, viz.

0-CIC(H,NO,  m-CICGH,NO,  p-CICH,NO,

. 4-25% 10-18 3-38 1018 2:55% 10-8e.s.u.
Hento 478 3-26 211
Hww. 378 318 236

The values taken for I and I’ in (12) are the moments 1:64 and
3:75x 1018 which Hojendahl found for monochlorobenzene and nitro-
benzene respectively.1?s In the last line we have listed the experimental
values observed independently by Walden and Werner.126

124 H, M. Smallwood and K. F. Herzfeld, J. Amer. Chem. Soc. 52, 2654 (1930). See
also Bergmann, Engel, and Sandor, 1.c.9?

125 The calculated values would be subject to slight revision if one used for I and I’ the
values of the moments of the C4H;Cl and CgH;NO, molecules as determined by other
investigators than Hojendahl. These other doterminations aro listed in tho table on
p. 67. The newer measurements are prosumably moro accurate, but tho resulting changes
are not large onough to throw much additional light on the validity of (12). ¥or instance,
Sack, due to differont assumed I, I’, gives 4-76, 3-30 and 2-25 X 1018 for the calculated
valuos for the three isomers of chloronitrobenzene, and 3-61, 4-10 and 4-20 for those of
nitrotoluene (Ergebnisse der exakten Naturwissenschaften, viii. 345 (1929).

126 P, Walden and O. Werner, Zeits. f. Phys. Chem. 28, 10 (1929).



1II, § 20 MEASUREMENT OF ELECTRIC MOMENTS 79
The case of nitrotoluene is particularly interesting, as it is necessary
to suppose that here I and I' have opposite signs. Hojendahl finds the
moments 0-43<10-18 and 3-75x 10-18 for toluene and nitrobenzene
respectively, but these measurements fix only the absolute values and
not, the signs of the moments for the toluene and NO, radicals, and to
obtain any kind of agreement with his observations for the nitrotoluenes
it is necessary to take I= 4-0-43x 10718, I’ = —38-75%10-18 (or else
I=—0-43X10718, I'== 375X 10718, as only relative signs are of
interest). The agreement with experiment is then quite good, as shown
by the following table. The cxperimental values on the last line are
those of Williams and Schwingel.58
o-CH,C,;H,NO, m-CH,(;;H,NO, p-CH,CH,NO,

Fohs(Hoj) 3:6410-18 — 4:-31x10-18 e.s.u.
Feato 3-56 3-98 418
fowa, 375 1420 4-50

By way of summary we may give a table taken from Williams of the
atoms whose effect on the moment in benzene substitutions has been
found capable of approximate calculation by means of (12), at least in
some cases. The table gives the values of the contributory moments
I which according to Williams1?? must be used for each of them. For
purposes of comparison the electric moments which are obtained when
these various atoms or radicals arc substituted for a hydrogen atom in
CH, and H,, are also given when available:

SH 70
NO, C OH Cl Br I OCH;C CH; NH,
\ \ 2
NO O1L

%10 —39 —28 —17 —15 --15 -.13 —12 —09 404 +15
pX108(CH) 31 16 20 19 16
1% 1018( Her) 14 10 08 04 15

Questions of sign have no significance in the last two lines, as only one
constituent dipole is involved in CHyx or Ha, The agreement between
the various lines in the table is surprisingly good, and shows that cach
substitution does often have approximately a characteristic dipole
moment. The deviations in the hydrogen halides are to be expected,
as here merely an atom, non-polar by itself, is substituted, and the
moments in such cases must be due entirely to distortion of the clec-
tronic distributions.

The discussion in the preceding paragraphs has undoubtedly con-
veyed an impression of excessive optimism regarding the universal
approximate validity of Eq. (12). The numerical examples which we

127 J, W. Williams, Dipolmomente und thre Bedeutung, Tables X and XI. We have
added the value of I for iodine given by Walden and Werner.
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have given are some of the most favourable ones, and in some cases
the agreement is very poor. For p-nitraniline (O,N—C¢H,—NH,), for
instance, use of (12) with the values of I, I’ given in the table yields
1:5—(—39) = 54 X 108, whereas the observed value5* is 7-1x 10-18,
showing that the mutual distortion between the two constituent radicals
must be very great. A much more flagrant example of the inadequacy
of (12) is furnished by the fact that the dipole moment of OH must be
assumed to have different signs in different cases. In both the cresols
(CH3—ClgH,—OH) % and chlorophenols 12 (CI—C¢H,—OH) the dipole
moment is found to be distinctly greater in the para than in the meta
or the ortho configuration. Hence the OH radical must make contribu-
tions of the opposite signs to those of CH, and of Cl. But reference to
the table shows that CH, makes a positive contribution and Cl a
negative one. Hence OH behaves negatively in one case and positively
in the other. As regards the example we have given, the anomaly in
sign might be blamed on CHj or on C1, but comparison with a number of
other examples shows that it is in all probability to be attributed to OH.
Fogelberg and Williams 3 have recently found that similar anomalies
also are unavoidable for NH,. When such anomalies in sign arise,
Eq. (12) ceases to have much meaning. It is probable that the escape
from the dilemma is that the electric moment of the OH radical does
not fall in the plane of the benzene ring. This has already been men-
tioned in connexion with the finite moment found for certain hydro-
quinone compounds where (12) would demand zero. A radical of this
type Hojendahl in his dissertation calls an ‘inclined group’, in distine-
tion to the ‘positive’ and ‘negative’ groups to which (12) is applicable.
In the case of inclined groups, the gecometric addition of the dipole
moments of the various radicals to obtain the resultant moment of the
entire molecule must be made in three rather than two dimensions, and
then the usual so-called ‘vector models’ of the polarity of the benzenc
substituents based on vector addition entirely in the plane of the
benzene ring of course lose all meaning. In short, the approximate
applicability of (12) to benzene substituents is for a limited class of
compounds rather than a universal property, and doubtless this will be
increasingly revealed by the continual extension of the experimental
measurements to include more and more of these substituents.

128 Smyth and Morgan, J. Amer. Chem. Soc. 49, 1036 (1927) (their calculations utilized
earlier experimental measurements by Philip and Haynes, J. Chem. Soc. 87, 998 (1905)) ;
cf. also Williams and Fogelberg, J. Amer. Chem. Soc. 52, 1356 (1930).

120 J, W. Williams, Phys. Zeits. 29, 683 (1928).
130 Fogolberg and Williams, Phys. Zeits. 32, 27 (1931).
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The data on the symmetrical trisubstituted benzenes are particularly
interesting because of the light they shed on the structure of the benzene
ring. It is found that mesitylene,58 1,3,5 triethylbenzene,5 and 1,3,5-
tribromobenzene,? have zero moments within the experimental error.13!
As implied by the suffixes 1,3,5, the substituent atoms or radicals
replace every other hydrogen atom in the benzene ring. If the benzene
ring is really a ring, i.e. six atoms evenly spaced in a plane, no electrical
moment should result for these compounds. On the other hand, struc-
tural formulae proposed by Kérner, Baeyer, and Ladenburg 32 would
require a three-dimensional instead of coplanar model, and would lead
to a finite electric moment for all symmetrical trisubstituted benzenes,
contrary to experiment. In particular, the model in which alternate
hydrogen atoms are in different planes, and in which the familiar
hexagon is thus replaced by two triangles in parallel planes, must be
rejected.

A study of the dielectric properties of the derivatives of diphenyl,
which contains two benzene rings, has led to interesting information
on the coupling between the two rings, but this would take us even
farther afield into organic chemistry.133

A detailed knowledge of electronic motions and distributions would enable one
to calculate directly by pure dynamics the moments of simple molecules and radi-
cals, but so far the attempts made in this direetion have heen rather unsuccessful.
The reader should particularly guard against the idea that the moment of a
molecule such as HC1 is anything like ery, where e is the chargoe of an electron and
74 is the distance between the nuclei. The moment er, is, perhaps, what one would
naively expect if one used the picture which has sometimes been given of HCL
as having a proton at one end and a negatively charged chlorine ion at the
other, so that the molecule would be merely H' (1. The value of r, for the HC1
moleculeis 1-28 X 1078 ¢m.,!3% and hence ery is 6-11 X 107® e.s.u., whereas the actual
moment is only 1-03 X 1071813 The reason the actual moment is so small is that

131 The moments found are of tho order 0-2 X 10718 or less, which may be considered
virtually zoro. Sym-trinitrobonzene seems to have a real clectric moment of approxi-
mately 0-8 X 1078 e.s.u.

133 Korner, Gazz. Chem. Ital. 4, 444 (1874); Baoyer, Ann. der Chemie, 245, 103 (1888);
Ladenburg, Ber. d. D. Chem. (es. 2, 140 (1869).

133 See J. W. Williams, also Williams and Weissberger, J. Amer. Chem. Soc. 50, 2332
(1928), Zeits. f. I’hys. Chem. 3B, 367 (1929); summary in Dobye, Polare Molekeln
(German ed. only), p. 66.

134 From band spectra; Birgo, International Critical Tables, v. 414.

135 C, T, Zahn, Phys. Rev. 24, 400 (1924). 1t may be noted that the moment 1-03 x 1018
e.s.u. found experimentally by Zahn for HCI is almost exactly the product eeur, = 1x 10718
of the inter-nuclear distance r, aud the effective charge 0-86 x 101° found by Bourgin
from spectral intensities for the infra-red vibration of HCl. This has sometimes been
quoted as proof that Bourgin’s value of the effective charge is very approximately correct,
but there is no roason why the moment u should bo identical with eeqry. As a matter of
fact the two expressions aro not even of comparable magnitude in CO if the effective

3695.3 G
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the hydrogen atom does not lose all its charge to the chlorine atom. Another way
of saying more or less the same thing is that a proton at distance 7, from a chlorine
ion would attract some of the latter’s negative charge and thus polarize the ion
greatly. K. T. Compton and Debye!®® have both examined whether perchance
the actual moment is approximately er,—oE, where o is the polarizability of the
chlorine ion as deduced from refractive data, and where E is the Coulomb field
e/r3 which the H nucleus would exert at the geometric centre of the Cl~ ion.
Actually the value of « is so large that the term o is greater than ery, and the
molecule ‘over-polarizes’ itself, an obvious absurdity. The absurdity has doubt-
less arisen because the polarizability deduced from refractive measurements
applies only to fields which are sensibly constant over the dimensions of an atom
or ion, whereas a proton so close to the Cl- ion as ry = 1:28 X 10" cm. gives rise
to a highly divergent Coulomb field which is much larger on the near than on the
far side of the chlorine ion. Furthermore, it is quostionable whether it is a good
approximation to consider HC1 as derived from H*--Cl~ rather than H-Cl, for
recent developments in the quantum mechanics seem to show that the valence
in HCI is perhaps more non-polar than polar in nature. At any rate Compton’s
and Debye’s calculations show that it is eminently reasonablo that the actual
moment be very much smaller than er,.

21. Optical Refractivities and Molecular Structure
We have seen that a certain degree of success has attended the calcula-
tion of the moments of complicated molecules by the vectorial addition
of the dipole moments of the constituent radicals or groups. The optical
refractivity of a chemical compound, or, what is essentially 137 cqui-
valent, the ‘induced’ part 47mNa of its dielectric constant, can be
calculated on the whole more accurately and morc generally than can
the dipole moment from the propertics of the constituent atoms or
radicals. The greater simplicity in the synthesis of the induced rather
than permanent polarization of a molecule is to be expected, as each
atom is capable of induced polarization, whercas permanent moments
arise only from complicated interactions between atoms. In other
words, induced polarization is to a considerable extent a purely atomic
property. If this is true, the index of refraction n of a chemical com-
pound should be capable of calculation from the indices n; of the
constituents in the same way as for a mixture without chemical combina-
tion, so that by considerations similar to those used in obtaining (9),
k=3 nk; (13)
where 7; is the number of atoms or radicals of type 7 contained in
charge 4 X 10°1% = 0-9¢ deduced from infra-red dispersion (see § 15) is correct, for then
een?’y = B X 10718, whereas u = 0-1 x 10718, Molecules with more than two atoms can have
vibration spectra without having a permanent moment, so that in them there is no im-
mediate connexion between the moment and effective charge.

136 K. T. Compton, Science, 63, 53 (1926); P. Dobye, Polar Molecules, p. 62.
137 Provided, as is ordinarily the case, the atomic polarization is comparatively small.
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a molecule of the compound, and where k£ and k; are the so-called
‘molar refractivities’,

_ Mn*—1 _ Mn?—1

Y = A ot A
of the compound and of a typical constituent, which have densities and
molecular weights p, M and p;, M, respectively. The scalar nature of
the addition in (13) is to be contrasted with the vectorial addition of the
dipole moments involved in an equation such as (12). The absence of
vector propertics simplifies the study of the refractivities of chemical
compounds, but at the same time makes it much less illuminating on
molecular structure than the study of dipole moments.

The refractivities of various classes of molecules have been extensively
analysed in the light of (13), especially in the nineteenth century. To
quote from a book-review by C. P. Smyth: 138 ‘The polarization induced
within the molecule, that is, the molecular refraction, was discussed so
often a generation and more ago that it is now commonly regarded as
an outworn subject and dismissed with a cursory treatment as a neces-
sary preliminary to the discussion of the dipole polarization.’” As a
typical illustration of the early work with (13), we shall consider some
calculations made by Landolt%? in 1862—-4. Like many other investi-
gators in this field, he defined the molecular refractivity by means of
the Gladstone-Dale formula k'= (n—1)M/p instead of the Lorenz-
Lorentz one k:=(n*—1)M/p(n?+2). If n—1 is not too large, the
difference between the two formulae is small except for a constant
factor 2/3 which is of no interest in connexion with study of an additivity
rule such as (13). The scries cxpansion of (n?—1)/(n?+42) in n—1 is
2[(n—1)—}(n—1)%+...]. Thus to the first approximation the two
formulae are the same except for the constant factor, while the dif-
ference in the second approximation is small because of the factor 1/6.
Landolt found that by assuming the following values of %' for the
constituent atoms

k=500, k=130, k==300, (14)
he could account nicely for the refractivities of certain compounds of
these elements by using the additivity rule ' =Y n,k. This is shown

in the following table:

CHO CH,0 CHO, CH;;,0, CHO, C,Hyu0, CHO
¥ cate 132 36-0 21-2 51-6 36-4 82-0 25-8
b 132 361 211 516 36-2 821 261

138 C, P. Smyth, Phys. Rev. 34, 166 (1929).
138 TLandolt, Pogg. Ann. 117,353 (1862); 122, 545 (1864) ; 123,596 (1864) ; also especially
123, 626 (1864) and Ann.der Chem. 4 Supp. p. 1. Summary on p. 38 . of Eisenlohr’s book,!s!
G2
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In order to avoid confusion we have added primes to k to designate that
the Gladstone-Dale rather than the Lorenz-Lorentz definition of the
molar refractivity is used. It is to be emphasized that an equation
such as (13) will not account for the refractivities of all compounds
containing C, H, O if the values (14) for the constituent refractivities
are used. Briihl 140 found in 1880 that the indices of refraction of certain
other compounds of these elements could be approximately calculated
by assuming that each double carbon bond contributed an amount K
to the molecular refractivity. This makes k' = Y nk;+ 7K, where 7 is
the number of double bonds. The calculated and observed values are
then as follows:

CHO CH,;,0 CHO, GH,, CH; CH, CHy CHy CHO CH,;,0
7 1 1 1 1 2 2 3 3 3 3
E cate 272 421 350 392 386 461 429 503 0532 682
% ot 271 422 351 393 387 450 422 501 532 688
The compounds with three double bonds are of the so-called aromatic
type. The contributions of the various atoms are taken by Briihl to
have the following values slightly different from (14):

kg = 4-86, kyy = 1-29, kp == 2-90, K = 2-0. (15)
It must be mentioned that neither the atomic refractivities given in
(14) or (15), nor the data in the tables, are the most recent or
highly refined values, but the later work discriminates betwcen many
different types of bonds, and would take us too far afield into organic
chemistry.141 Oxygen, for instance, is attributed different refractive
cquivalents in diffcrent types of compounds. The introduction of num-
berless such complications makes one feel that the highly developed
elaborations and ramifications of (13) are to a certain extent numerical
juggling. Complicated additivity rules are, of course, extremely useful
in enabling one to calculate in advance the approximate value of the
refractivity of a chemical compound whose dispersion has not been
measured, but do not seem to have any very elemental physical signi-
ficance. Also, it must be cautioned that such rules apply only to certain
particular types of chemical compounds, especially the organic, and that
their success is not at all universal. The artificiality of the additivity
technique is nicely shown by the fact that the atomic refractivity of
approximately 1-3 which must be assumed for hydrogen in applying
the rules is not the same as either the actual refractivity 2:5 of the

140 Briihl, Ann. der Chemie, 200, 139 (1880).
141 For g very comprehensive survey of additivity rules and the refractivities of organic

chemical compounds see F. Eisenlohr, ‘Spektrochemie organischer Verbindungen’
(Chemie in Einzeldarstellungen, Band III).
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hydrogen atom, calculated by quantum mechanics, or half the refrac-
tivity 3-1 of the hydrogen molecule.142

The reader should not confuse the atomic refractivities which enter
in the application of additivity rules to organic compounds with the
‘ionic refractivities’ which enter in similar applications to solid salts
and ionic solutions. The ionic refractivities have much more physical
significance, as they are presumably identical with those of free ionized
atoms, whereas we have seen, especially in the case of hydrogen, that
there is no necessary immediate connexion between the atomic refrac-
tivities utilized in the organic compounds and the true refractivities of
free atoms. In order to permit use of the results of quantum theory,
estimates and discussion of ionic refractivities will be deferred until § 52.

22. Saturation Effects in Electric Polarization
Throughout the chapter we have supposed the field sufficiently small
so that the moment is proportional to field strength. This is a condition
usually fulfilled except in exceedingly strong fields. If ¢, denote the
effective local field to which the molecule is subjected, an accurate 143
representation of the polarization as a function of field strength will
involve a power series of the form

P = Np = N[aye, o+, e+ -] (16)
The ordinary approximation is obtained by retaining only the first term.
Eq. (16) involves exclusively odd powers of e, since in an isotropic
medium the polarization changes sign with the field strength. If only
the polarization due to orientation of the permanent dipoles needed to
be considered, the values of the coefficients a,, a,,... in the development
(16) could be obtained by expanding the Langevin function defined
in (4), Chap. II, as a power series in the ratio % x = pe, . /kT'. Actually
there are also terms resulting from the induced polarization, and

142 Theso molar rofractivies 2-6, 3-1 ara the values of (n—1)M/p corresponding to the
theoretical dielectric constant 1-000225 for atomic hydrogen (see § 48) and the measured?s
dielectric constant 1:000273 of H,. The first resonanco lines of both H and H, are so
far in the ultra-violet that the refractivitics in the optical region differ very little from
those for infinite wave-lengths.

143 FEven an expression such as (16) seems to the writer to involve some error, as the
mean value of the cube of the effective field to which the atom is subjected is not
nocossarily tho cubo of the moan effective field, &e. In other words, a different expression
for ejo, may be nocossary for each power in the dovelopment. However, tho error from
this source is negligible, as all the terms but the first in the development (16) are extremely
small, and so a small correction to them is insignificant.

144 In Eq. (4), Chap. II,  was dofined as the ratio pE [kT instead of uejc/kT bocause
we did not there bother to distinguish between the local and macroscopic fields. The
distinction is, however, vital in considering saturation effects.
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especially its interaction with the orientation effects. Even in the
strongest field obtainable experimentally, it is sufficient to include only
the first two terms of (16). The first term a, is, of course, the expression
a+p2/3kT which we have encountered so often, while further calcula-
tion, which we omit, shows that the dependence of the second term on
the temperature is of the form
4
“1:%4‘](%1+kzi;,2—45;:373- (17)

The constants g, ¢,, ¢, are expressible in terms of the dynamical charac-
teristics of the model (i.e. matrix amplitudes in quantum mechanics),
but are too complicated to be given here. The values of ¢,, ¢;, g, were
first calculated by Debye 143 in classical theory, using the conventional
model (§ 12) of harmonic oscillators mounted on a rigid rotating frame-
work. Recently Niessen,46 using the quantum mechanics, has given
general formulae for these g-coefficients without the necessity of making
any special assumptions concerning the nature of the electronic motions.
It may be remarked that the coefficient g, vanishes, in either quantum
or classical theory, if one makes the unreal supposition that the elec-
tronic motions can be represented by simple harmonic oscillators, and
so ¢, appears in Niessen’s calculations but not in Debye’s. If these
oscillators be supposed isotropic as well as simple harmonic, the coeffi-
cients ¢, and ¢, also vanish. In an actual molecule all the ¢’s are
different from zero if it is polar, while only the terms q,, ¢; remain if
it is non-polar. The reason for this is that g, and part of ¢; are due
entirely to the induced polarization, while the remainder of ¢, and all
of g, arise from the interaction between the induced and permanent
polarity, provided there is any of the latter. It is clear that the tendency
of the permanent dipoles towards alinement parallel to the field destroys
the random orientation, and so changes the induced polarizability if the
molecule is optically anisotropic. Because even the induced moment
tends to aline itself in the field, the term ¢, does not vanish even in
a non-polar molecule. The ‘interaction terms’ g,, ¢, are closely related
to the Kerr effect, as the latter effect is the alteration in optical
refractivity due primarily to orientation in a static electric field. The
final term —pu%/45k37% in (17) is duc exclusively to the permanent
moment, and is the same as obtained by series expansion of the Langevin
function.

In order to measure the effect of electrical saturation, it is usual to

15 P, Debye, Handbuch der Radiologie, vol. vi, p. 764.
u¢ K. F. Niessen, Phys. Rev. 34, 253 (1929).
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measure the change in the moment P or in the dielectric displacement
D = E+4nP when an already large field E is changed to E-4dE with-
out altering its direction. It is therefore convenient and customary to
define the dielectric constant in a strong field as the slope dD/dE of
the D-E curve rather than as the ratio D/E of its ordinate and abscissa.
If we assume that the local field has the Clausius-Mossotti value
E-+-47P/3, then

Han Pl % — et 1277(?9;2)‘%@2, (18)
where ¢, is the ordinary dielectric constant for small field intensities,
i.e. the value of dD/dE at the origin £ = 0. To obtain (18) we sub-
stitute e,,= E-+4nP/[3 in the first right-hand term of (16), and the
approximate value e, = E(e,+2)/3 in the second term; we then solve
the resulting equation for P and calculate d(E 4w P)/dE, noting that
3(eg—1)/(eg+2) = 4nNay,.

The effect of the correction or ‘saturation’ term in (18) which is pro-
portional to 2 is very hard to measure, as it is exceedingly small, and
appreciable only in such strong fields that it is difficult to eliminate
error due to the effect of electrostriction on the size of the apparatus.
As a numerical illustration let us, following Debye, 47 consider the case
of ethyl ether; here ¢, = 4:30, NV == 5-83 X 102!, p1 == 1-14 X 10~18, and (18)
reduces at 71'=293 to dD/dE = 4-:30—0-25X 10-8E2 provided we
neglect all but the last term of (17). In this formula the field strength
must be expressed in electrostatic units, and hence in a field of 10,000
volts/em. = 33 e.s.u. the correction term is only of the order 10-6 as
large as the main term 4-30. The reality of the saturation effect appears
to have been first demonstrated by Herweg.¥8 He even attempted to
evaluate the constant a, in (18) from the amount of saturation observed
experimentally, and hence determine the electric moment u, assuming
that the last term in (17) is predominant. He thus obtained a moment
1-20x 1018 e.s.u. for ethyl ether, in exccedingly good agreement with
the value 1-14 X 10-18 obtained by other, more standard, methods (see
table, p. 66). It is hard to believe that this agreement is anything but
accidental, for the derivation of moments from the amount of saturation
is very difficult, not merely because the small saturation effects are very
hard to measure with precision, but also because the first three terms
of (17) are in reality not negligible, and further it is necessary to work

147 P, Debye, Polar Molecules, p. 111.
us J, Herweg, Zeits. f. Physik, 3, 36 (1920); J. Herweg and W. Potzsch, bid. 8, 1

(1922) ; An earlier attempt at measuring the saturation effect was made by S. Ratnowsky,
Verh. d. D. Phys. Qes. 15, 497 (1913).
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with pure liquids, where the Clausius-Mossotti expression for the local
field is probably a poor approximation. Hence it appears undue optim-
ism to expect quantitative rather than qualitative results from existing
saturation experiments. The saturation effect has recently been
measured for a number of materials by Kautsch,¥® and by Gunder-
mann.}® Kautsch finds that for ethyl cther, chloroform, and mono-
chlorobenzene, all polar molecules, the saturation term in (18) proves
to be negative. In hexane and benzene, Kautsch and Gundermann
respectively find this term too small to detect, and in carbon disulphide,
which, like hexane, is non-polar, Kautsch finds it has a small positive
value. This is in nicec agreement with theory, as in highly polar mole-
cules, the last term in (17), which is invariably negative, probably
predominates, while in non-polar molecules only the first two terms of
(17) remain, and these terms are probably small and usually positive.

It has commonly been supposed that an clegant indirect way of
observing saturation is furnished by the lowering of the diclectric con-
stant of a liquid when a readily ionized salt is dissolved therein. Such
a lowering is attributed by Debye and Sack ! to the saturation of the
molecules of the liquid by the intense fields arising from the dissolved
ions. Clearly the effective susceptibility is not that appropriate to the
applied field alone, but rather the much lower susceptibility appropriate
to the resultant field obtained by compounding vectorially the applied
field and the much larger ionic field. However, the experimental results
have never been very consistent. The most recent experimental work,
that by Wien,®2 seems to show that the dissolved ions raise rather than
lower the dielectric constant. This, if true, is contrary to the earlier
results of Sack, who found a lowering proportional to the 3/2 power of
the valence of the dissolved salt, in accord with his saturation theory.
If the results of Wien arc accepted, the saturation effect is presumably
still present, but masked by an increase of the susceptibility due to
some other cause.

us T, Kautzsch, Phys. Zeits. 29, 105 (1928); measurements on water, glycerine, and
othyl ether have been made by F. Malsch, Ann. der Physik, 84, 841 (1927).

150 H. Gundermann, Ann. der Physik, 6, 545 (1930).

151 P, Debyo, Polar Molecules, Chap. VI (includes references to other literature);
H. Sack, Phys. Zeits. 27, 206 (1926); 28, 199 (1927).

152 Unpublished work of Max Wien, communicated to tho author by Professor
Falkenhagen.
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THE CLASSICAL THEORY OF MAGNETIC
SUSCEPTIBILITIES

23. Conventional Derivation of the Langevin Formulae for Para-
and Diamagnetism
In Chapter IT it was seen that if the molecule has a permanent electrical
moment of magnitude p, and if further the molecule is supposed rigid
and hence incapable of induced polarization, the electric susceptibility
is given by the expression  Npe .
X =T )

Let us now suppose that the molecule has a magnetic instead of electric
moment, or, in other words, is a tiny permanent magnet. These mole-
cular magnets will tend to aline themselves parallel to an applied
magnetic field H, but are resisted by the ‘temperature agitation’ men-
tioned in § 10. By applying exactly the same physical reasoning and
mathematical calculations as in Chapter 11, except that the polarization
is magnetic rather than electric, one concludes that the magnetic
susceptibility is also given by an expression of the form (1), which
is the Langevin formula for paramagnetism. According to Eq. (1)
the paramagnetic susceptibility should be inversely proportional to the
temperature, provided the density is kept constant. This relation is
known as Curie’s law, as it was discovered experimentally and enun-
ciated by Curie! before it was obtained theoretically by Langevin.? Of
course this law is not without numerous exceptions and refinements,
which unfortunately tend to increase in number with improvements in
experimental technique, but nevertheless Curie’s law represents on the
whole pretty well the gist of a large mass of experimental data for not
merely gases, but many liquids and solids.! Of the two common para-
magnetic gases, oxygen obeys Curie’s law quite accurately right down
to the temperature of liquifaction,® whereas nitric oxide shows appre-
ciable departures for reasons to be given in § 67. From the magnitude
of the temperature coefficient of the susceptibility it is possible to
deduce the magnitude of the permanent magnetic moment of the mole-
cule, in the same fashion as in the electrical case. A discussion of the
numerical values so obtained experimentally for u will be deferred until
1 P, Curie, Ann. de Chim. et Phys. (7) 5, 289 (1895); Huvres, Paris 1908, p. 232.

2 P, Langovin, J. de Physique, (4) 4, 678 (1905); Ann. Chim. Phys. (8) 5, 70 (1905).
3 P, Curio, L. c.! and more recent other work to be cited and discussed in § 66.
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Chapters IX-XI as the theoretical estimates of p with which they
are to be compared are very intimately connected with the quantization
of angular momentum. Just as in the electrical case, Eq. (1) holds only
in fields inadequate for saturation effects, and in very strong fields the
right side of (1) should be replaced by NuH-*L(uH/[kT), where L(z) is
the complete Langevin function cothz—(1/x), which has already been
discussed and graphed on p. 32. The saturation effects are easier to
detect experimentally in the magnetic than in the electric case, and for
gadolinium sulphate, in particular, Woltjer and Onnes* have, by using
very low temperatures and high fields (1-31° K. and 22,000 gauss), suc-
ceeded in making the magnetic polarization reach over 80 per cent. of
the saturation value Ny corresponding to perfect alinement of all the
molecular magnets parallel to the field. These measurements will be
discussed more completely in § 61 after we have developed the quantum
theory of magnetism.

Eq. (1) always makes x>0 and hence accounts only for para-
magnetism. How can we explain the existence of diamagnetic media,
which have susceptibilitics y <<0? In his celebrated paper Langevin
answered this by showing that one indeed obtains diamagnetism if one
considers the induced rather than permanent magnetic moment of the
molecule. Such a result was also intimated, though less precisely, at
considerably earlier dates by Weber and others. In Chapter I, especially
Eq. (11), we saw that the magnetic moment of an orbit is proportional
to its angular momentum. Suppose now that the molecule is ‘non-
gyroscopic’, i.e. has no electronic angular momentum in the absence of
external fields (except the feeble electronic part of the angular momen-
tum due to ‘end over end’ rotation of the molecule as a whole). If now
a magnetic field is applied, the electronic motions are modified, and an
‘induced’ angular momentum is created. The electronic orbits around
the nuclei in many respects resemble a current undamped by resistance,
and Lenz’s well-known law states that currents induced by a magnetic
field have such a sense that their magnetic fields tend to oppose the
original field. The induced angular momentum thus has such a sign
that the total microscopic magnetic field is less than the applied macro-
scopic field I/, and hence by Eq. (6), Chap. I, the magnetic induction
B is less than H, making the material diamagnetic. These qualitative
arguments may casily be made more precise if the molecule is mona-
tomic, so that we can utilize Larmor’s theorem (§ 8). The more general

4 H. R. Woltjer and H. Kamerlingh-Onnes, Leiden Communications, 167¢ (or Versl.
Amsterdam Akad. 32, 772, 1923).
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non-monatomic case will be treated in § 69. If p,, z;, ¢, be cylindrical
coordinates of the electrons with the z axis coincident with the direction
of H, then Larmor’s theorem tells us that p;, z; are the same functions
pi(8), 2;(?) of the time as for a motion characteristic of H = 0, while the
angular velocities ¢; about the axis are of the form $0(t)+ He/2me, the
extra term He/2mc representing the Larmor precession. The angular
momentum 3 mpld; of the atom thus becomes (He/2c)3 p? if we
suppose that Y mp?d,= 0 when H =0, or, in other words, that the
atom has no permanent angular momentum. The summations, of
course, extend over all the electrons in the atom. As the ratio of
electronic magnetic moment to angular momentum is —e/2me (Eq. (11),
Chap. I), the field thus creates a_magnetic moment — He? > p?ldme.
The susceptibility is hence —Ne2 Y p?/4me, where the double bar in-
dicates a statistical average over a very large number of molecules. If
the orientations of an assembly of atoms are random,® then clearly the
statistical mean of p? == a?-}-y? is two-thirds that of 12 == a2 4-y24-22. If
the molecules are all alike in size, there is no difference between the
statistical mean 3} over a large number of molecules, and the time-
average > r* for a single molecule. Thus we find

N L N
X e 2,7 @
which is Langevin’s formula for the diamagnetic susceptibility in the
form given by Pauli.® .

Ono may also obtain Eq. (2) very simply by using Eqs. (48) and (49) of Chap. I.
If one assumes that there is no paramagnetism, so that Eq. (48) contains no
linear term in H, then it is a direct consequence of these equations that the
susceptibility x - = Nm,/H is &
X+ —N 6’)".0_} r: (2 a)

since the averago of x2-| % is §r2. Tho particles involved in the summation consist
of the nuclei and clectrons. The nuclei have such large masses compared to the
electrons that their contributions to (2 a) may be neglected, inasinuch as (2 a)
involves the masses in the denominator. In the case of electrons we can set
e, = —e, my = 1, and (2 a) thus becomes identical with (2).

This second method of proof is short and does not explicitly use Larmor’s
theorom. We havoe nevertheless first given tho proof based on his theorem because
such a proof is the usual one and gives more physical insight into the diamagnectic
offoct. Also the shorter proof is perhaps a little misleading becauso it gives the

5 Tho random orientations will be slightly upset by the applied field, but the corroction
to tho diamagnetism on this account would only give a very small term.

¢ W. Pauli, Jr., Zeits. f. Physik, 2, 201 (1920). Langevin’s original paper gave the
correct basic formula priori to the spacial averaging, but in performing this average
Langevin inadvertently took tho moan valuo of 2+ y? as }r2 rather than $+2, thus giving
an expression half as great as (2).
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impression that (2) is valid even without Larmor’s theorem. This, however, is not
the case, as when his theorem is inapplicable, the linear terms in H in (48), Chap. I,
cannot be disregarded. For this reason Eq. (2) cannot be applied to molecules,
as will be discussed more fully in § 69.

Instead of the volume susceptibility y it is common practice to use
a ‘molar susceptibility’ x,,, similar to the molar electric suscepti-
bilities mentioned in Chapter II. The molar susceptibility may be
defined as the quotient obtained by dividing by the field strength the
polarization of one gramme mol of the material rather than that of one
c.c. Clearly x,,, is given by an expression identical with (2) except that
N is replaced by the Avogadro number L. Whenever the material is
monatomic, the molar susceptibility is also sometimes termed the atomic
susceptibility.

There are two things particularly to be noted about Eq. (2): first,
that it predicts that the diamagnetism per molecule be independent of
the temperature provided the molecules always retain the same sizes,
and, second, that the amount of diamagnetism should be propor-
tional to 3 72, or approximately to the combined areas of the various
orbits. The invariance of the diamagnetic susceptibility with respect
to temperature was observed experimentally by Curie even before the
Langevin theory. The molar susceptibilities of phosphorus, sulphur,
and bromine, for instance, are independent of the temperature within
the experimental error. For a great many elements, however, the
independence of temperature is only approximate,” and in a few
instances there arc very marked alterations in the diamagnetism at
certain critical temperatures. Perhaps the worst offender is bismuth.
Above its melting-point its atomic susceptibility has the constant value
—7-3% 10-%, but at this point the susceptibility changes abruptly to
about —200x 10-¢ and becomes even more highly diamagnetic as the
temperature is lowered still further. D¢ Haas and van Alphen have
just found ® a most remarkable periodic variation of the susceptibility
of bismuth with field strength at the temperature of liquid hydrogen.
These departures from the simple invariance of temperature and field
strength predicted by the Langevin formula need not worry us too

7 Stoner, Magnetism and Atomic Structure, p. 285, gives a comprohensive tablo of the
sign of tho ternperature coefficients and amounts of diamagnetism for the different chemi-
cal elements. The tomperature variation of diamagnetism at low temporatures has
recently boon measured for N, and H, by Bitter, Phys. Rev. 36, 1648 (1930). He finds
a very large variation in the caso of hydrogen, which is hard to understand from a
theoretical standpoint, and he suggests that his measuromont on this gas ought to bo

ted.

8 W. J. de Haas and P. M. van Alphen, Leiden Communications, 212 a (1931).
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much. In the first place small variations with temperature can be
understood on the ground that the sizes of the orbits are not invariants,
so that Y 7} changes somewhat with 7. Of course the tremendous
anomalies found in bismuth cannot be interpreted on the basis of any
ordinary orbital contraction or expansion, but then bismuth has always
been a black sheep because of its anomalous behaviour as regards
electrical and other properties in the solid state. Ehrenfest and Raman ®
have stressed that perhaps its large diamagnetism when solidified is due
to the orbits extending around several atomic nuclei and hence having
large diameters. The variations with field strength at low temperatures
are presumably due to some sort of resonance between the radius of
curvature of the clectron’s path in the magnetic field and inter-atomic
distances. It is to be particularly emphasized that the large variations
of diamagnetism with temperature are all found in the liquid or
especially the solid state. The simple Langevin theory should be applic-
able primarily to gases, and their molar diamagnetic susceptibilities are
indeed invariant of the temperature, or at least very nearly so.

From the absolute magnitude of the susceptibility it is possible to
deduce an estimate of the sizes of the orbits. When numerical values
are substituted for e, ¢, m, L, the formula for the molar susceptibility
following from (2) is Xmop == —2-832 1010 3 72, 3)
Now the diamagnetic susceptibilities observed experimentally are
usually of the order of magnitude 10-8Z, where Z is the atomic number.
As there are Z electrons that contribute to the sum in (3), the expression
(3) becomes of this order of magnitude if the electronic orbits have on
the average radii of the order 10-8 em. This is in nice agreement with
the cstimates of molecular radii obtained by kinetic theory and other
methods. It is to be clearly understood that the value of the orbital
radius which we have deduced is only a crude average over all classes
of orbits. The valence orbits may be somewhat larger than the estimate,
while the innermost ones will usually be considerably smaller. Quanti-
tative calculations of susceptibilities by means of (3) will be considered
more fully in Chapter VIIL.

In case the molecule has a permanent magnetic moment, the dia-
magnetic term (2) ought really to be added to the right side of (1) to
obtain a complete expression for the susceptibility. It is always to be
remembered that diamagnetic induction is & universal characteristic of
all atoms and molecules, although the diamagnetic terms are usually

9 P, Ehrenfest, Physica, 5, 388 (1925); Zeits. f. Physik, 58, 719 (1929); C. V. Raman,
Nature, 123, 946 ; 124, 412 (1929).
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overshadowed by the paramagnetic ones if the molecule has a per-
manent moment. Thus in rough determinations of paramagnetism it
is not necessary to add (2) to (1) unless the paramagnetism happens
to be quite feeble, for strongly paramagnetic substances have molar
susceptibilities of the order 10~ or greater, whereas diamagnetic sus-
ceptibilities are ordinarily of the order 10-¢ to 10-5. In accurate
measurements or calculations, the correction for the diamagnetic part
of the susceptibility should always be made if one wishes to deduce the
purely paramagnetic susceptibility from the observed susceptibility.
The diamagnetic susceptibility cannot, of course, be measured separ-
ately, but can be estimated theoretically with accuracy sufficient for
the correction, as it is a small one. When the diamagnetic term is added,
Eq. (1) of the present chapter becomes of the same form as (1), Chap. II,
if now N denotes the right side of (2). The diamagnetic correction term
thus resembles the second term of (1), Chap. II, arising from the induced
polarization in the clectrical case, inasmuch as both are independent of
the temperature, and are due to distortion of the electronic motions by
the applied field. The analogy is, however, a very incomplete one, for
in the electrical case « is positive rather than negative and not generally
small in magnitude compared to the term p?/3k7T arising from the per-
manent dipoles. Also somewhat different models have been used in the
electric and magnetic cases, as in Chapter IT we assumed the electrons
had positions of static equilibrium, whereas we now picture them as
circulating in orbits to endow the molecule with angular momentum.
This inconsistency is an inherent classical one, and will be removed only
in the quantum mechanical treatments given in later chapters.

24. Absence of Magnetism with Pure Classical Statistics

If we could stop at this point, we should feel exceedingly happy, for
the simple Langevin theory has been shown to explain nicely many
of the experimental phenomena, especially the difference between the
temperature effects in para- and diamagnetism. However, in 1919 Miss
van Leeuwen1? demonstrated the remarkable and rather disconcerting

10 J, H. van Leeuwen, Disscrtation, Leiden, 1919. A comprehensive summary is given
in J. de Physique, (6) 2, 361 (1921). The work which we quote is ospecially that given
on pp. 372-4 of the summary. Besides the study of the magnetisin for the gencral
atomic dynamical systemn, Miss van Lecuwen also examines special models in which the
electrons are replaced by continuous currents. These models seem much less satisfactory
than the general dynamical method which we have reproduced. She mentions and dis-
cussos at some length the fact that a susceptibility different from zero can be obtained
if in statistical mechanics thore is imposed somo auxiliary condition (Nebenbedingung)
which restricts to a definite numerical value some other function of the dynamical
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fact that when classical Boltzmann statistics are applied completely to
any dynamical system, the magnetic susceptibility is zero. We shall
refer to this result as ‘Miss van Leeuwen’s theorem’, but we must
mention that other investigators* had previously predicted zero mag-
netic susceptibilities under certain conditions, but it remained for Miss
van Leeuwen to review critically the whole subject of susceptibilities in
classical theory. There is no analogous theorem on null susceptibilities
in the electrical case. One immediately wonders how Miss van Leeuwen’s
theorem can be reconciled with the fact that the simple Langevin theory
predicts a susceptibility which can be either positive or negative, but
not in general zero. The answer is that the conventional Langevin
theory is open to the objection that it assumes a priori that the molecule
has a definite ‘permanent’ magnetic moment which is the same for all
molecules of similar chemical composition. As magnetic moment is
proportional to angular momentum (if all the circulating particles are
identical), we are thus supposing that the electronic angular momentum
of the molecule has one definite value. Actually this cannot be the case
with pure unadulterated classical statistics, as they always give a con-
tinuous range of permissible values to all coordinates, and hence to the
angular momentum. Thus the electronic angular momentum should
have all values ranging from —oo to 4-co. Similarly in the diamagnetic
term, the radius of a given orbit can have a continuous range of values
rather than the one particular size presupposed in the Langevin theory.
In other words, it was not legitimate just before Eq. (2) to replace the
double bars denoting the statistical average by the single bars denoting
the time average for an individual atom. The relative prevalence of the
different values of the angular momentum and radius should, of course,
be determined by the Boltzmann probability factor e #/*”. In the con-
ventional derivation given in § 23, we have thus frozen (‘ankylosed’, as
Jeans terms it) the electronic motions to one particular size and shape,
rather than admitted the infinite number of possibilities allowed by

variables of the assombly of molecules besides its total energy. There is, however, no
known justification for the imposition of such an extra condition in assemblics such as
are encountered in the theory of magnetism.

11 'W. Voigt, Ann. der Physik, 9,115 (1902); J. J. Thomson, Phil. Mag. (6) 6, 673
(1903). The mathematics of the theory of magnetic susceptibilities have been extensively
doveloped by R. Gans in a number of papers: Gétt. Nachr., 1910, p. 197; 1911, p. 118,
Verh. d. D. Phys. Ges. 16, 780, 964 (1914); Ann. der Physik, 49, 149 (1916), summary
by Wills in Theories of Magnetism (Bulletin 18 of tho Nat. Res. Counc.) Gans’s work
contains stimulating features, but the type of magneton which he assumes can scarcely
be reconciled with modern knowledge of atomie structure. Many of Miss van Leeuwen’s
results were proviously obtained in Bohr’s dissertation (Copenhagen, 1911), but this
unfortunately is probably rather inaccessible to most readers.
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real classical statistics. One thus has to modify, or rather supplement,
the classical statistics by an auxiliary condition (Nebenbedingung) that
the angular momentum of the molecule be restricted to a particular
value, and such a restriction appears highly artificial, to say the least.
Of course the fact that the electronic motions do not contribute to the
specific heat shows that rcal classical statistics cannot be applied to
them, but it is nevertheless, from a logical standpoint, not at all satis-
fying to apply, as the Langevin theory does, the classical distributions
to the ‘external’ degrces of freedom specifying the rotation of the
molecule as a whole, but not to the ‘internal’ or ‘electronic’ degrees
of freedom. When one tries to be consistent and apply the classical
Boltzmann distribution to all coordinates necessary to specify the con-
figuration of the system (assuming this to be possible—actually it is not
in real atoms, as we shall sec in § 27), the paramagnetic and diamagnetic
parts of the susceptibility exactly compensate each other.

The proof of Miss van Leeuwen’s theorem is very simple. The mag-
netic moment of the molecule in any dircction, say z, may be taken to

. . ;

be a linear function m, :,;1“’\‘ g )

of the generalized velocities ¢,,..., ¢, corresponding to any set of Lagran-
gian positional coordinates adequate to specify the configuration of the
molecule. The coefficients will in gencral be functions of the ¢’s. These
remarks are obvious in Cartesian coordinates, as here

1 . .
m; = %2 e(®: 9, —Y,)

(Eq. (11), Chap. I), and the linearity in the velocities is preserved under
any ‘point’ transformation to another set of generalized coordinates.
The magnetic moment per unit volume in the direction z of the applied
field is (Eq. (57), Chap. T)

M,=CN f j S ay GueH*T dg,...dgdp,...dp,. (5)
Let us consider any particular term a;¢; in the summation. By Hamil-
ton’s equations ¢; == d#/9p;, and hence it is clear that of the 2f integra-
tions, the one over p; can immediately be performed for this particular
term, as the integrand is merely —kTo(ae~*%")/0p;. If a and b denote

the two limits of integration for p;, the contribution of the term under
consideration to (5) becomes

—CNkT [...f [a,.e-mmv]:::z dgs...dgdp,..dp; dp; . dp,.  (6)

‘We now suppose that the energy becomes infinite when the momentum
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p; assumes its extreme values a or b. The fulfilment of this condition
is the essential requirement in Miss van Leeuwen’s proof, and is
obviously realized in a Cartesian system, as Cartesian momenta can
range from — oo to + 00, and when the momentum is infinite the kinetic
energy is, of course, also infinite. Thus we appear quite warranted in
assuming that [aje””/k"']:: = 0 regardless of the values of the remaining
variables g,..., py..., P;_y, Py1y-... Hence the contribution (6) of a typi-
cal term of the summation in (5) is zero, and as this demonstration is
applicable to all terms, we see that (5) does indeed vanish. This null
result holds quite irrespective of the presence of an applied magnetic
field, as nothing in the proof requires that # be independent of H.

25. Alternative proof of Miss van Leeuwen’s Theorem

It has occurred to the writer that the null susceptibility with pure
classical theory can also be demonstrated by the following method as
an alternative to Miss van Leeuwen’s own one given above.l? Let us,
for simplicity, use a Cartesian system. The magnetic moment is

f f e~ dudydzdp dp dp,

where drdydz means dx,dx,...dy,dy,...dz,dz,..., with an analogous inter-
pretation of dp,dp,dp.. We have here used p" as an abbreviation for
the expression m;#;, which is not the same as the canonical momentum
Py =ma;+eA,[c, as alrcady cxplained in §§ 7-8. The p° are essen-
tially the velocity coordinates, as they differ from the velocities only
by the constant mass factors m;. Now when expressed in terms of the
canonical variables x, y, 2, p,, p,, p, the Hamiltonian function #
involves the magnetic field H as a parameter, whereas when expressed
in terms of the z, y, 2, pY, pY), pY it does not involve H explicitly, as it is
exactly the same function of its arguments as for H = 0. This has been
seen in § 7, cspecially Eq. (51), and is associated with the fact that
magnetic forces do no work, making the energy the same function of
position and velocity as in the absence of the field. This expression
A* cannot be regarded as a true Hamiltonian function, as the variables
2,..., p,..., unlike z,..., p,,..., do not satisfy Hamilton’s equations. For

» (7

12 Since writing the present soction, the author has learned that this alternative proof
somewhat resembles one in Bohr’s dissertation (Copenhagen, 1911) as Bohr also notes
that absonco of magnetism is a consequenco of the fact that the functional determinant
(8) is unity.

3595.3 H
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clarity we attach an asterisk to J# when it is expressed in terms of the
p° rather than p. In view of the foregoing,

K= H*x,y,2,p% p%, p8)  whereas M = H(x,Y,2, Py Py» s H).
Because of the independence of A* of H, it is convenient to change
the variables of integration in (7) from the p,, p,, p, to the pl, p), p?.
Because the transformation equations are of the form

pg;xpn'l‘f(xs’ ,2), X, =X, (i=1,...,1)
the functional determinant

P> Py Per %, Y5 %) 8)
3(2’2’1’2’ ng z,Y,2)
of the transformation is unity.!® Hence
dp dp dp dxdydz = dpldpldpldxdydz,

or in other words, the ‘weight’ is thc same in the pJ...x... as in the
p...%... space. This is the crux of the whole proof, and enables us to
calculate simply distributions in the pl...z... space. We could not have
done this at the outset, as the theorems of statistical mechanics relate
fundamentally to the ‘phase space’ of the canonical variables p,...x...
rather than to the space of the position and velocity ones. We now
see that Eq. (7) retains its validity if we write #* in place of & and
dpldpYdp? in place of dp,dp dp,. Becausc of the kinematical significance
of the p°® as proportional to velocities, the limits of integration for the
p° are independent of H. From this and the fact that o.4#*/0H = 0, it
thus follows that by changing the variables to the p° we have made
the right side of (7) completely independent of H. This means that the
moment is the same as in the absence of the magnetic field, and hence
is zero, since an isotropic, non-ferromagnetic body supports no out-
standing moment when H = 0.

As a corollary of the above, it follows that the probability that the
system be in a configuration corresponding to the element

dpdpldpldadydz,
in which pQ, falls between pf, and p? +dpl,, &c., is
Ce~#*IT dpddpdpldadydz.
The distribution of values of the coordinates and velocities is thus the

same as in the absence of the magnetic field, since A* is independent
of II. (The distribution of the canonical variables p,,..., @,..., on the

13 Because the coordinates , ¥, z aro the same in the old and now system of variables,
this determinant is equal to the smaller determinant d(p., 2y P:)/(p% PYs P2), Which is
obviously unity. The identity of the large and small determinants is similar to that
mentioned in footnote 7 of Chap. 11I.
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other hand, given by Eq. (55), Chap. I, involves the magnetic field
through #.) The Maxwell distribution of translational velocities for
free particles is, for instance, unmodified by a magnetic field. It is clear
that the statistical mean of any function of the variables pg, 9, P,
, y, z which does not involve H explicitly is unaltered by application
of a magnetic field. This may be regarded as a generalization of Miss
van Leeuwen’s theorem, and her null result on susceptibilities is merely
the special case that the function is 3 (e;/2mc)(x; pl,—y; pL,)-

We have already mentioned that the reason that Langevin obtained
a non-vanishing susceptibility is because he did not apply the Boltz-
mann distribution to the internal or electronic degrees of freedom of
the molecule. We may now amplify this point a little farther. Of the
f generalized coordinates in Fq. (5), three, say q,, gs, ¢5, Will, in the
general polyatomic molecule, be what we may term ‘external’ coordinates,
which specify the orientation of the molecule as a whole, as, for instance,
the Eulerian angles in § 12. The remaining coordinates g, g5,... will be
internal coordinates. (We do not need to include coordinates specifying
the translational motion of the molecule as a whole, as in Chapter I we
agreed to consider the centre of gravity of the molecule to be at rest.)
Now in the usual derivations of the Langevin formula, the Boltzmann
distribution is applied to the canonical variables g,, g5, 3, P;, Pa, Ps but
not to qg,..., py,.... Conscquently the usual results (1) and (2) so obtained
ought therefore for consistency to be integrated over these remaining
variables. When we combine the paramagnetic and diamagnetic parts,
the complete susceptibility should thus be given by the formula 14

f [ (i3 ) - »
f fe_M“PJd‘I«l Adqdp,...dp,

Here p and the r; are to be regarded as functions of g,,..., p,,... rather
than as molecular constants as in the ordinary Langevin treatment.
Miss van Leeuwen’s theorem tells us that when the integration is per-
formed the para- and diamagnetic parts of (9) always cancel. Eq. (9)
is not general enough to show the full sweep of Miss van Leceuwen’s
theorem, since the latter assurcs that the para- and diamagnetic effects
always compensate to all powers of H, whereas (9) does not aim to

9)

14 In writing Eq. (9) wo uso the slightly modified form (2a) of (2) which was given
on p. 91. KEq. (2a) includes the feeble contribution of the nuclei to the diamagnetism,
without which the cancellation of tho two parts of (9) would be very approximate rather
than exact.

H2
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include saturation effects and gives only the part of the susceptibility
which is independent of field strength.

It is perhaps illuminating to verify explicitly for a very simple
dynamical system that the two parts of (9) cancel, without appealing
to the general proof. Let us suppose that we have a particle of charge
e and mass m constrained to always remain at a distance ! from a fixed
centre. Let us further assume that the particle is subject to no other
force except that of constraint, so that it will move in a circle with
a constant angular velocity Q. The radius 7 of the orbit will have the
constant value /, and our example is thus not illustrative of the most
general case in which » is a statistical variable. The magnetic moment
el*Q)/2c is, on the other hand, such a variable, as a molecule can acquire
any amount of angular velocity Q. By the equipartition theorem, the
statistical average of the kinetic energy imi2Q?is k7, since the particle
has two degrees of freedom. Now in this example the square of the
magnetic moment differs from the kinetic energy only by a constant
factor e?/2mc®. Hence the statistical mean square of the magnetic
moment, such as results from the integration in (9), is u? — kTe%2/2mc2.
The proportionality of this expression to 7' cancels the 7' in the de-
nominator of the Langevin formula, and we have indeed

23k T — €2 [6me? — 0.

26. Absence of Diamagnetism from Free Electrons in Classical
Theory
In § 25 we have shown that a magnetic field does not influence the
Maxwellian distribution of translational velocities. This result is of
particular interest when applied to free clectrons, e.g. either stray
electrons in a gas or conduction electrons in a solid. Of course when
a magnetic field is applied, free clectrons no longer move in rectilinear
paths, but instead describe circular orbits about the direction of the
field. One usually associates Maxwell’s distribution with rectilinear
motions, but it is not at all incompatible with the existence of such
circular trajectories. Now since the Maxwellian velocity distribution is
unaltered, the mean moment of the free electrons is uninfluenced by
a magnetic field, and hence they cannot give either a paramagnetic or
diamagnetic effect. Numerous attempts,!® to be sure, have been made
in the literature to show that frec clectrons behave diamagnetically, but
if classical statistics are applied in their simplest and most direct manner

15 J. J. Thomson, Rapports du Congrés de Physique, Paris 1900, p. 149 ; E. Schrodinger,
Wien. Ber. 121, 1305 (1912); J. N. Kroo, Dissertation, Gottingen, 1913, Ann. der Physik,
42, 1354 (1913); H. A. Wilson, P’roc. Roy. Soc. 974, 321 (1920).
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given above, their contribution to the magnetic moment is nil. This
appears to have been first shown by Bohr,'¢ and has also been observed
by Lorentz and Miss van Leeuwen.

This absence of a diamagnetic susceptibility from free electrons at
first thought appears quite paradoxical. If each electron describes a
circle about the field, it certainly possesscs angular momentum about
the centre of the orbit, and the sense of the rotation is such that the
attendant magnetic moment is opposite to the field, apparently giving
diamagnetism. However, the magnetic moment involved in the sus-
ceptibility is not the magnetic moment of each electron with respect to
the centre of its particular orbit, but instead the combined magnetic
moment of all the electrons with reference to some one common point
chosen as the origin for measuring angular momentum. In the schematic
figure on p. 102, in which the magnetic field is supposed perpendicular
to the plane of the paper, electron 2 clearly gives a diamagnetic moment
with respect to point A4, clectron 3 with respect to point B, &c., but
what we need is the combined moment of electrons 1, 2, 3..., with respect
to some one point, say B. Now when electron 2 passes through the
small element enclosed by the dotted square, its angular momentum
relative to B is just equal and opposite to that of electron 1 when it
passes through this element. Since actually electrons are distributed
on the average continuously through space rather than with their orbits
end to end as in the figure, it is clear that to every given electron
passing through a given point in space with a velocity in a given direc-
tion, there is another electron describing another circle and passing
through the point with an equal velocity in an exactly opposite direction.
In case the body containing the electrons is bounded in extent, the
electrons near the boundary cannot describe complete circles but are
reflected from the boundary (indicated by the heavy line). Instead,
they describe cuspidal paths, such as are illustrated for electrons
numbered 1 in the diagram. These boundary clectrons are very vital, as
without them there would be diamagnetism. An electron 1, for instance,
is needed to compensate electron 2 at the point where their orbits touch.
Fig. 5 is, of course, entirely too naive, but perhaps does afford some
sort of a physical illustration of the general null result derived in § 25.
It may be noted that in § 25 we did not need to use specifically the fact
that the orbits are circles. This illustrates the beautiful freedom of the

16 N. Bohr, Dissertation, Copenhagon, 1911. H. A.Lorentz, Gottinger Vortrdge uber die
kinetische Theorie der Materie und der Elektrizitit (Leipzig, 1914), p. 188; J. H. van Leeu-
wen, Dissertation, Leiden, 1919, p. 49; J. de Phys. (6) 2, 361 (1921).
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statistical method from the nccessity of inquiry into the details of
the motion of a dynamical system; only the Hamiltonian function is
required. It might seem as if the characteristics of the bounding surface
might make a difference in the proof. In Fig. 5, for instance, we assumed
specular reflection at a cylindrical boundary of radius R. However,
the boundaries for the spacial co-
ordinates did not enter in the
demonstration, and the medium
could, in fact, be infinite in extent,
or of a different shape or degree
of smoothness than in Fig. 5.
Also the electrons can suffer col-
lisions.'” The molecules move so
slowly relative to the electrons
that the former may be considered
fixed scattering centres, and no
harm is done in the proof if it is
supposed that the potential energy
of the electrons becomes very large
at certain points, which consequently act as such scattering centres.
A potential barrier is also required at the boundary to reflect the electrons.

Of course in a true theory, quantum modifications must be taken into
account, and it will be shown in § 81 that in quantum mechanics there
is a diamagnetic effect from free electrons, not to mention the spin
paramagnetism (§ 80). Thus the theorem on the absence of diamag-
netism is valid only in classical theory.

Fia. 5.

27. Inapplicability of Classical Statistics to any Real Atomic
System
Let us now revert to atoms and molecules rather than free electrons.
Needless to say, the zero susceptibilities predicted in §§ 24-5 are not
the rule experimentally. In the theory the only escape from zero
moment is not to apply the Maxwell-Boltzmann distribution to all
coordinates and momenta, but instead to restrict their ranges of per-
missible values. Such restrictions are effectively ‘quantization’, and we
now anticipate the inevitable need of a quantum theory. Even in the
electrical case the complete application of classical statistics to all

17 Miss van Lecuwen notes that the collisions might conceivably cause the free elec-
trons to contribute to the suscoptibility, provided somo other function of the assembly’s
dynamical variables besides the total energy remains constant during the collisions.
Cf. note 10.



1V,§27 CLASSICAL THEORY OF MAGNETIC SUSCEPTIBILITIES 103
degrees of freedom gives rather absurd results, though nothing as
striking as a null susceptibility. For if we assume a statistical distribu-
tion of electrons among orbits of various sizes, some molecules of a given
chemical composition would be large, others small. Such a concept as
the familiar atomic diameter in kinetic theory would be impossible, and
also, more especially for our purposes, that of the permanent molecular
moment. Instead we could speak only of the distributions of values for
the diameters and moments, and we could employ only the statistical
mean square moment (somewhat as in Eq. (22), Chap. II), which would
in general vary with temperature and ceasc to be useful.

All these things, along with the specific heat difficulty, force the con-
clusion that classical statistics give only nonsense when applied to the
internal or electronic degrecs of freedom of the molecule. Another con-
sideration which shows this even more urgently is the following. In the
classical Boltzmann distribution formula it is ordinarily supposed that
the numerical value of the energy or Hamiltonian function 4 can range
from 0 to co, as the total integrated probability C f...fe-#kT dq,...dp,
can then be made to converge to unity by proper normalization of the
amplitude constant C. However, for real motions of the electrons, the
energy approaches —oo when an electron is close to the nucleus, and
0 when it is removed to infinity. The energy thus ranges from —oo
to 0 rather than from 0 to co. When # approaches — oo the Boltzmann
probability factor increases without limit. In a hydrogenic atom, for
instance, the probability becomes infinite in the fashion e##r*T ag one
approaches the nucleus, which we suppose located at the origin r = 0.
It is thus infinitely more probable that the electron be infinitely close
to the nucleus than anywhere clse. The total integrated probability can
clearly be finite only if we nonsensically take the amplitude C to be
zero, and suppose the probability is infinitesimal of the electron being
anywhere but right at the nucleus. In other words, we have a collision
catastrophe, which is a little reminiscent of the ‘ultra-violet catastrophe’
in the classical theory of black body radiation, whereby the Rayleigh-
Jeans formula u, == 8m2T/c® demands that the cnergy density u,
increase without limit as we go to higher and higher frequencies.
Modern physics shows a good deal of parallelism between matter and
radiation, and they both have their catastrophes in classical statistics.
The absurdities arising from non-convergence are frequently emphasized
in connexion with the radiation problem, but, as the writer has men-
tioned elsewhere,’® do not seem commonly enough appreciated as

18 Cf. J. H. Van Vleck, Quantum Principles and Line Spectra, p. 14.
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regards the application of classical statistics to the Rutherford atom.
1t is because of this inherent limitation in classical theory that it has
always been necessary in the classical theory of induced polarization to
use not a real Rutherford atom but instead, as in Chapter I, an un-
plausible model consisting of electrons oscillating harmonically about
positions of static equilibrium. The limited range of molecular models
which can be used in classical statistics makes Miss van Leeuwen’s
theorem rather academic, but nevertheless it is occasionally useful for
other problems besides proving the absence of diamagnetism from
classical free electrons.

To summarize, the success of the Langevin and Debye theories shows
that classical statistics give good results when applied to the external
(i.e. rotational) degrees of frecdom of the molecule. On the other hand,
when one attempts to apply classical statistics to electronic motions
within the atom, the less said the better. Hence, in the following
chapters we must seek a quantum mechanics which constrains the
electrons to move in certain discrete stationary states instead of giving
a classical continuous distribution of orbits near the nucleus, but which
when applied to rotational degrees of freedom gives nearly the same
statistical results as classical theory except perhaps at very low tem-
peratures.



\'

SUSCEPTIBILITIES IN THE OLD QUANTUM THEORY
CONTRASTED WITH THE NEW

28. Historical Survey

To some readers it may seem like unburying the dead to devote a
chapter to the old quantum theory. Every one knows that the original
quantum theory developed by Bohr in 1913 has been refined and in
a certain sense replaced by the new quantum mechanics of Heisenberg,
Schrdinger, Born, and Dirac. However, there is perhaps no better field
than that of electric and magnetic susceptibilities to illustrate the
inadequacies of the old quantum theory and how they have been
removed by the new mechanics. We shall merely summarize the results
of applying the old theory, without giving any mathematical analysis.
Also, we shall contrast descriptively with these results some of the out-
standing features of the new quantum mechanics of susceptibilities,
thereby giving a qualitative account of some of the new improvements
which may perhaps satisfy some readers who do not wish to read the
mathematics in the two following chapters.

The old quantum theory was probably more successful as applied to
magnetic than to electric susceptibilities. In the first place, inasmuch
ag it substituted discrete for continuous distributions, it clearly removed
the difficulty found in the classical theory (§ 27) of the overwhelming
probability of orbits infinitesimally close to the nucleus. The smallest
allowed quantum orbit had instead a finite radius. Also consistency no
longer demanded zero susceptibility, as Miss van Leeuwen’s theorem
was no longer applicable. Furthermore, the old quantum theory (sup-
plemented by the spin anomaly) was not very far from predicting
quantitatively the magnetic moments u of atoms. To do this correctly
it would have to yield the formula for the anomalous Zeeman effect.
Landé?! indeed gave a semi-theoretical derivation of his celebrated
formula for this effect, but besides introducing the anomalous factor
two in the magnetic moment of what he called the atom-core (but which
we now know is electron spin), he found it necessary to give certain
quantum numbers half-integral instead of integral values, and also even
then to insert an extra term —} in order to get agreement with experi-
ment.2 The old quantum theory was thus patched almost beyond

1 A, Landé, Zeits. f. Physik, 15, 189 (1924).
2 This was bocause the expression J(J +1) characteristic of the true quantum mechan-
ics was interpreted as J12—}, where J* is a half quantum number J +}.
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recognition, but Landé’s work nevertheless distinctly showed that he
was hot on the track of a true theory of the anomalous Zeeman effect,
since supplied (§ 42) by the new mechanics. There were other difficulties
in the old quantum theory of magnetic susceptibilities, especially the
troubles with weak and strong spacial quantization. These troubles will
be discussed more specifically in connexion with dielectric constants,
but the difficulties found in the electric case are usually also reflected
in the magnetic one.

One of the best-known and most characteristic features of the quan-
tum theory is the phenomenon of spacial quantization. By this is meant
the fact that according to the quantum conditions the molecule can
only assume certain particular orientations in space. The particular
condition responsible for the spacial quantization is usually the require-
ment that the angular momentum of the molecule along some direction
fixed in space be an integral or half-integral multiple M of &/27. Here
M is called the ‘equatorial’, ‘axial’, or (even in the electric case!) the
‘magnetic’ quantum number. A direct experimental confirmation of
spacial quantization is furnished by the well-known experiments of
Gerlach and Stern® on the deflexion of atoms in a non-homogeneous
magnetic field. (The field must be non-homogeneous to give a transla-
tional force on a magnetic dipole.) The discovery of a discrete rather
than continuous set of deflexions in these experiments is conclusive
evidence that the atoms can only orient themselves in particular direc-
tions under the influence of an applied field.

Because of the spacial quantization, one immediately expects the
dielectric constant to be given by a different formula than in classical
theory, where random orientations are assumed. This, indeed, proved
to be so in the old quantum theory. Pauli? treating polar molecules as
rigid non-gyroscopic rotating dipoles (the so-called ‘dumb-bell’ model
for molecules such as HCI), found that the electric susceptibility was
still given by a formula of the form

Cu?
x=1(Tn+a) M
as in classical theory, with p the moment of the molecule, and C a pure

3 Gorlach and Stern, Zeits. f. Physik, 9, 349 (1922) and numerous subsequent papers
by Gerlach and others. The ordinary Stern-Gorlach experiment is performed with mag-
netic fields. The analogous oxperiment with electric ficlds is more difficult, but has
racently boon performed by E. Wrede, Zeits. f. Physik, 44, 261 (1927) and by J. Ester-
mann, Zeits. f. Phys. Chem. 1,161 (1928), Dipolmoment und chemische Struktur (Leipziger
Vortrige 1929), p. 17; Ergebnisse der exakien Naturwissenschaften, viii. 279.

¢ W. Pauli, Jr., Zeits. f. Physik, 6, 319 (1921).
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number. However, the numerical factor C' no longer had the value 1/3
found in classical theory, but was instead 1-54. Later, progress in the
analysis of band spectra made it increasingly apparent that the quan-
tum numbers involved in the theory of the rotating dipole should be
given half-integral instead of integral values to agree with experiment.
Pauling® therefore revised Pauli’s calculations by introducing half-
quantum numbers. The result was still another value of C. These
vicissitudes in C are listed in the following table, together with the
corresponding values of the electrical moment p of the HCl molecule
deduced by applying the formulae to Zahn’s® measurements on the
temperature variation of the dielectric constant of HCl. The changes
in C, of course, profoundly affect the value of u deduced from such
experimental data.

‘ ' Corresponding Value of
i | Electrical Moment p of

Value of Constant C. " Form and Year of Theory. | HCU Molecule.
1 | Classical, 1912 | 1.034% 1078 o5,

1-54 ' Whole quanta, 1921 | 0-481x10718

4-57 . Half quanta, 1925 . 0-332x 10718

1 . New mechanics, 1926 | 1-034x 10718

The last line gives the results obtained with the new quantum mechanics,
which will be derived in detail in the following chapters. It is seen that
this new dynamics restores the factor 1 characteristic of the classical
Langevin formula. After quite a history, the computed electrical
moment of the HCl molecule thus reverts to its original value. In
general, the susceptibilities obtained with the new quantum mechanics
are more closely akin to those of the classical theory than are those
obtained with the old quantum theory. For this reason we were able
in Chapter II1 to discuss fairly completely the theoretical interpretation
of experimental material on dielectric constants without deferring the
discussion to the quantum chapters. It will be noted that in the old
quantum theory, the discrepancy with the classical value of C persisted
regardless of the temperature. Such a discrepancy did not seem
plausible even before the discovery of the new mechanics, as the corre-
spondence principle led us to expect usually an asymptotic connexion
of the classical and quantum results at high temperatures. In the old
quantum theory the value of the numerical factor ' was not a universal
constant, as it was very sensitive to the nature of the model employed;

5 L. Pauling, Phys. Rev. 27, 568 (1926).
¢ C. T. Zahn, Phys. Rev. 24, 400 (1924).
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a gyroscopic 7 rather than a dumb-bell model would, for instance, furnish
a different C than 1-54 or 4-57. On the other hand, we shall see that
the new mechanics always yield C' =} without the necessity of speci-
fying the details of the model, and the generality of this value of Cis
one of the most satisfying features of the new theory.

29. Weak and Strong Spacial Quantization

A difficulty particularly characteristic of the old quantum theory is
found in what is sometimes termed ‘weak’ and ‘strong’ quantization.
Spacial quantization cannot be effective unless it has some axis of
reference. In the calculations of Pauli and Pauling cited above, the
direction of the electric field is taken as such an axis. If the electric
field is the only external one, this choice for the axis of quantization
has a good dynamical justification, for then the angular momentum
about this particular axis, and no other, remains constant after applica-
tion of the electric field. On the other hand, in the absence. of all
external fields, the components of angular momentum in all directions
remain constant, and there is no reason for choosing one direction in
space rather than another for the axis of spacial quantization. The only
escape from this ambiguity is to assume that in the absence of external
fields the orientations of the atoms are random instead of quantized.
Suppose now a field is gradually applied. As there are no impulsive
forces to suddenly change the orientations of atoms, their spacial dis-
tribution should presumably remain random for exceedingly weak fields.
The constant C would then have? a value different from either of those
calculated by Pauling or Pauli, and it is only when the field becomes
strong enough for spacial quantization that their computations become
applicable. If the spacial quantization is supposed achieved gradually,
the term ‘weak quantization’ has sometimes been used to designate the
case in which the quantization has only been acquired to a slight extent,

7 By a gyroscopic molecule we mean one with an angular momentum about the axis
of symmetry. In the ‘symmetrical top’ gyroscopic model which has often been used to
represent the behaviour of symmotrical polyatomic molecules, Manneback showed that
the constant C has the asymptotic value } even in the old quantum theory, but that
considerably higher temperatures are required than in the new mochanics in order to
make this asymptotic valuo a valid approximation; Phys. Zeits. 28, 72 (1927).

8 One's first guess by classical analogy would be that the constant ¢ would be } with
random orientations (weak quantization) in the old quantum theory. Pauling showed
that instead C would be zero under these circumstances if tho non-gyroscopic dumb-bell
model is used. The reason for this is that with such a model thoe classical polarization by
orientation is due entirely to contributions from very slowly rotating molecules, and with
a minimum of a half-quantum unit of rotational angular momentum, there are no mole-
cules sufficiently slow to contribute. This difficulty is overcome in the new mechanics;
for details and references see § 45.
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and ‘strong quantization’ the case in which the quantization is nearly
perfect.® There should thus be a change of susceptibility with field
strength due to the transition from weak to strong spacial quantization.
This is not to be confused with the variation of susceptibility with field
strength due to saturation effects, i.e. the effect of terms beyond the
first power in the series development of the moment in terms of the field
strength. The transition from weak to strong spacial quantization
would involve the passage from one such series development to another
one with totally different coefficients, and in either series only the
coefficient of the linear term in £ is ordinarily of interest. Saturation
effects are found only in exceedingly large fields, whereas any changes
in susceptibility attendant to passage from weak to strong quantization
would be found in considerably smaller fields, at least at low pressures,
for reasons given below. As far as the writer is aware, there is no
experimental evidence for a variation of susceptibility with field strength
in the peculiar fashion which would be characteristic of the change in
quantization in the old quantum theory.

It is apparent that at least in the old quantum theory one needed
some sort of a quantitative estimate of how large a field is required for
spacial quantization. Such an estimate was usually made by assuming
that a quantum condition is ‘completely’ or ‘strongly’ fulfilled if the
frequency with which it is associated by the correspondence principle
is large compared to the frequencies of any disturbances which upset
the regular motion of the molecule in a stationary state. Such dis-
turbances were deemed due to the transitions of the molecule to other
stationary states and to interruptions by collisions. In the ‘dumb-bell’
model of a dipole gas, the collision disturbances arc the important ones,
and the probability of transitions due to the absorption or emission of
radiation is relatively slight. According to these ideas, the spacial
quantization should be achieved when the frequency of precession about
the field, which is the frequency associated with the ‘cquatorial quantum
number’, is so large that the atom can persist through several periods
of precession without molestation by collision. As the mean free time
between collisions is of the order 10-1° sec. under standard conditions,
and as the Larmor precession frequency is 1-40 X 108 H sec.~1, a field of
the order 10,000 gauss should on this view be required to establish
spacial quantization at atmospheric pressure, while at low pressures,

® For papers on the old theory of weak and strong quantization see Ehrenfest and
Breit, P’roc. Amsterdam Acad. 25, 2 (1922); Zeits. f. Physik, 9, 207 (1922) ; Ehrenfest and
Tolman, Phys. Rev. 24, 287 (1924); Slater, ibid. 26, 419 (1925).
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where collisions are less frequent, a considerably smaller field would be
required. The sharpness of Zeeman patterns at comparatively high
pressures indicates that these estimates are perhaps too high. Just how
large an electric field is required for spacial quantization is not quite
clear, due to the complication that non-gyroscopic molecules exhibit
only a quadratic Stark effect (§ 37). At any rate, either in the magnetic
or electric case there should be certain critical pressures at which there
is a pronounced pressure variation of the susceptibility per molecule due
to the passage from ‘weak’ to ‘strong’ spacial quantization attendant
on changes in the collision intervals. At one time it was thought that
there was evidence for such a variation in the diamagnetic susceptibility
of H,, N,, CO, and CO,. This result was named the ‘Glaser effect’ in
honour of its discoverer. He found ! the molar diamagnetic suscepti-
bility for these gases to be approximately three times larger at low than
at high pressures. Theoretical physicists!! interpreted this as meaning
that with spacial quantization the average value of x2-+y2 was greater
than £r2, its mean with random orientation. When one particular axis
is chosen as that of spacial quantization the different coordinate axes
are not on a parity in the old quantum theory, and so there was no
apparent reason why 2, y2, 22 could not have mutually different values,
thus making x>+ y?2 different from the value 72 supposed in the classical
cquation (2), Chap. IV. On the other hand, it is hard to see how the
effect could be as large as found by Glaser, because the average of
2242 cannot possibly exceed 7%, and so even with spacial quantization
the molar susceptibility should not be more than 1-5 times the classical
or high-pressure value, whereas Glaser found a value 3 times as great.12

The reader may well feel that such changes of susceptibility are very
‘unphysical’, as they have no analogue in classical theory, contrary to
the usual expectations from the correspondence principle. Now for-
tunately it is found that the new quantum mechanics removes com-
pletely this bugbear of weak and strong spacial quantization. It is
a very remarkable fact that in the new mechanics the susceptibility
is invariant of the choice of the axis of quantization, as we shall see in
§ 46. Asrandom orientations are equivalent to a haphazard distribution
of the axes of quantization, the susceptibility is the same with and

10 A, Glaser, Phys. Zeits. 26, 212 (1925); Ann. der Physik, 75, 459 (1924); 78, 641
(1925); 1, 814; 2, 233 (1929).

11 Mathematical theories of the Glaser effect in the old quantum theory have been
attempted by Debye, Phys. Rev. 25, 586 (1925) (abstract) and by Breit, J. Washington
Acad. 8ci. 15, 429 (1925).

12 This difficulty is also noticed by Stoner, Magnetism and Atomic Structure, p. 276.
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without spacial quantization. If the reader has felt that our presenta-
tion of weak and strong quantization in the old quantum theory was
somewhat mystifying (as indeed it had to be, as physicists themselves
were hazy on the details of the passage from one type of quantization
to another), he need now no longer feel alarmed, as the new mechanics
gives no susceptibility effects without some analogue in classical theory.

30. Spectroscopic Stability in the New Quantum Mechanics

The theorem of the new quantum mechanics in virtue of which the
question of weak versus strong spacial quantization becomes of no
consequence for susceptibilities is termed the ‘principle of spectroscopic
stability’ and will be proved in § 35. The term is not a particularly
happy one. It was originally introduced by Bohr!3® to designate the
concept that a magnetic field should not influence the polarization of
secondary radiation excited by temperature radiation or some other
isotropic source. Later Born, Heisenberg, and Jordan 4 used the term
to denote the invariance of a certain sum of matrix elements of the
system of quantization, as this sum entered in the polarization problem
studied by Bohr. Precisely this sum enters in the theory of suscepti-
bilities, and for a mathematical formulation of the principle as a ‘sum-
rule’ the reader will have to wait until § 35, as we have not yet developed
sufficient mathematical background. If a physical rather than mathe-
matical definition of the principle of spectroscopic stability is desired,
it can for our purposes be considered identical with the idea that the
susceptibility is invariant of the type of quantization, or in the special
case of spacial quantization, that summing over the various quantized
orientations is equivalent, as far as results are concerned, to a classical
integration over a random orientation of orbits. It is indeed remarkable
that a discrete quantum summation gives exactly the same answers as
a continuous integration. This was not at all true in the old quantum
theory. In virtue of the principle, we can feel sure that in the new
quantum mechanics the average of 22-+4y? over the various allowed
spacial orientations is 272, just as though the orbits could have random
directions. Another example is that the average of the square of a

13 N. Bohr, The Quantum Theory of Line Spectra, p. 85. It is clearly to be understood
that whon the oxcitation is by a dirocted beam of light rather than by primary radiation
coming simultaneously from all directions, the secondary radiation may cxhibit an out-
standing polarization materially influenced by magnetic fields. The subject of spectro-
scopic stability is intimately connected with the polarization of resonance radiation in
magnetic fields; for discussion and references see J. H. Van Vleck, Quantum Principles and
Line Spectra, pp. 177 ff.

14 Born, Heisenberg, and Jordan, Zeits. f. Physik, 35, 590 (1926).
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direction cosine is }, even though the angle can only take on particular
values.

The reader should not form the impression that the principle of
spectroscopic stability applies only to spacial in distinction from other
types of quantization. It assures equally well the invariance of the
susceptibility of all questions concerning the choice of the system of
quantization. Or, in more precise technical language, if the dynamical
system is initially ‘degenerate’, the spectroscopic stability shows that
the susceptibility is invariant of the manner in which the degeneracy
is removed. As an example, the hydrogen atom should have the same
dielectric constant in weak fields, in which polar coordinates are needed
to separate the variables in the relativistic Schrodinger equation, as in
strong fields, in which parabolic coordinates are required even without
the relativity corrections. Another example of spectroscopic stability
is the invariance of magnetic susceptibilities of the Paschen-Back effect.
In a very powerful magnetic field the orbital and spin angular momenta
are quantized separately rather than only collectively relative to the
axis of the field, and corresponding to this there is a complete re-
organization of the Zeeman patterns, known as the Paschen-Back
effect, but no change in the susceptibility. A big alteration in the
Zeeman effect without any attendant change in the susceptibility may
at first thought scem almost an impossibility, but it must be remem-
bered that the position of any given Zeeman component of a spectral
term involves only one value of the magnetic quantum number, whereas
the calculation of a magnetic susceptibility always requires a summa-
tion over all the stationary states corresponding to all possible values
of the magnetic quantum number. The sum thus encountered is in-
variant of the Paschen-Back reorganization, even though the individual
energy-levels of which the sum is composed are altered. Similarly even
in the new quantum mechanics the matter of spacial quantization still
enters in the Stern-Gerlach effect, for this effect relates to the properties
of individual Zeeman states, in contrast to the statistical nature of
susceptibilities.

What now becomes of the Glaser effect, which if real would contradict
the principle of spectroscopic stability ¢ Glaser’s experiments were
repeated by Lehrer!® and by Hammar,'®* who found the molar dia-
magnetic susceptibility invariant of the pressure, and the effect hence
non-existent. In other words, the susceptibility per unit-volume, which

15 K. Lehrer, Ann. der Physik, 81, 229 (1926).
16 C. W. Hammar, Proc. Nat. Acad. Sci. 12, 597 (1926).
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is proportional to the density, is a strictly linear function of the pressure.
We must, however, remark that Glaser, despite the criticisms that
have been made of his work, still claims that his effect is real.? The
experiments of Lehrer and Hammar were performed at almost exactly
the same time as the new mechanics was developed far enough to show
the theorctical non-existence of the Glaser effect. It must have saved
physicists a great deal of time and worry that the new results in theory
and experiment came practically hand in hand.

As emphasized by Ebert,!® the fact that the same electric moments
are obtained by the vapour and by the solution methods, also the fact
that non-polar materials have the same molar polarizabilities in the
gaseous and pure liquid states (sce p. 59), is a nice confirmation of
the spectroscopic stability characteristic of the new mechanics. In the
old quantum theory, on the other hand, one might expect different
results in the liquid and vapour states, because in the liquid the colli-
sions are more frequent and the quantization hence ‘weaker’.

Before closing this scction we must caution the reader not to attach
too much physical reality to the spacial quantization discussed above,
as the new mechanics does not endow orbits with as much geometrical
reality as previously. Since in the new theory there is no detectable
difference between weak and strong quantization as far as suscepti-
bilities arc concerned, the question of the mechanism by which spacial
quantization is acquired loses much of its former interest.

31. Effect of a Magnetic Field on the Dielectric Constant
The influence of a magnetic field on the dielectric constant (or of an
clectric field on the magnetic susceptibility) was ludicrously large in
the old quantum theory because of the spacial quantization. Ordinarily
in studying dielectric constants, the quantization can be taken with
respect to the axis of the applied electric field. Suppose, however, a
powerful magnetic field is applied simultaneously, and at right angles
to the electric one. If the former is made sufficiently large, it will make
a stronger bid for the axis of spacial quantization than the latter. This
axis then becomes perpendicular to the clectric field, and under such
17 Hammar!® suggests that Glaser’s anomalous results may be duo to absorption of
wator as an impurity on the test body, while H. Buchner (4nn. der Physik, 1, 40, 1929)
attributes them to systematic variations in the temperature of this body. He shows that
an undetected temperature alteration of the order 0-01° to 0-1° C. might oxplain the
anomaly. Theso contentions are answered at length by Glaser in Ann. der Physik, 3,
1119 (1929). Recently Bitter finds very convincing evidence in support of Hammar’s
claim that the anomaly is due to water (Phys. Rev. 35, 1572, 1930).

18 L. Ebert, Naturwissenschaften, 14, 919 (1926).
3595.3 1
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circumstances the old quantum theory yielded a dielectric constant
radically different from that when the axis of quantization is parallel to
the electric ficld. This has been shown by Pauling.!®* He demonstrated
that a crossed magnetic field would make the constant C in Eq. (1)
negative, an absurdity. Only a comparatively feeble magnetic field
would be required. If the clectric field were 100 volts/cm., the magnetic
one would only have to be 1 gauss. The smallness of the necessary
magnetic field relative to the electric one is a consequence of the fact
that molecules such as HC120 have a first-order Zeeman effect but only
a second-order Stark effect. An innocent little magnetic field of only a
few gauss should thus in the old quantum theory change the sign of
the temperature coefficient of the dielectric constant, and make the
clectric susceptibility negative in so far as the orientation rather than
induced polarization is concerned. This is what one might term extreme
spectroscopic instability. Needless to say, such a cataclysmic influence
of a magnetic ficld on the dielectric constant is not found experi-
mentally. Mott-Smith and Daily 2 showed that a field of 4,800 gauss
did not alter the electric susceptibilities of NO or HCl within the
cxperimental error (8 per cent. in NO and 1 per cent. in HCI). Also
a few months previously Weatherby and Wolf# found an analogous
lack of effect of a magnetic field of 8,000 gauss on the electric suscepti-
bilities of He, O,, and air (within 10 per cent. in He and 0-4 per cent.
in O, and air). The results for HCI and NO are perhaps a little more
dircetly significant because they relate to polar substances, such as were
assumed in Pauling’s theory.

As a matter of fact, cven the complication of a crossed magnetic field is not
really required to yield the absurdity of a negative C in Eq. (1), provided one uses
half-quantum numbers in the old theory. Pauling, to be sure, found the positive

1% T,. Pauling, Phys. Rev. 29, 145 (1927).

20 Tho magnetic moment of a diamagnotic molecule such as HCl is doveloped solely
in virtue of rotation of the molecule as a whole, and so the corresponding Zeeman effect,
though of tho first order, is only m /M times the ordinary atomic Zeeman offoct. Hoere
m[M is the ratio of tho clectronic to effective nucloar mass. Even though minute, this
first order Zeoman offect is larger than the second order Stark effect. The first order
Stark effect disappears as long as the molecule is non-gyroscopic, as will bo scen in Eq.
(64) of § 37.

21 I,, M. Mott-Smith and C. R. Daily, Phys. Rev. 28, 976 (1926). We give the percen-
tago error in the eloctric susceptibility rather than in the dielectric constant. The error
in the susceptibility is the more significant becauso the dielectric constants of gases are
nearly unity. Consequently a high procision in moeasuring the dielectric constant (1 part
in 100,000 for NO, HC1; 1 in 500,000 for He, 0,) is nocessary to determine the suscepti-
bilities as accurately as mentioned above. The absence of the converse effect, the altera-
tion of magnotic susceptibilities by an electric ficld, has been proved by Mott-Smith for
HCl and NO (Phys. Rev. 32, 817, 1928).

22 B, B. Weatherby and A. Wolf, Phys. Rev. 27, 769 (1926).
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value C = 4-57 already tabulated on p. 107 by assuming half-quantum numbers
and no magnetic field. However, he took the a priori probability of a rotational
state J to be p; = 2J+42. Here J denotes the integral rotational quantum num-
ber of the new mechanics ; i.e. J -} is the half integral effective rotational quantum
number of the old theory. Modern experimental knowledge of band intensities and
the Zeeman effect, as well as the theoretical dictums of the new mechanics, demand
that instead the a prior: probability should be p; = 2J+1. When the calculations
are made with p; — 2J-1, the constant C turns out to be negative instoad of
+-4-57when H = 0. It is for this reason that Pauling preferred to use p; = 2J+-2.
With either choice of p, the application of a crossed magnetic field alters the sign
of 0. Thus if Pauling’s theory is modified by taking p; == 2J 1, a magnetic field
of a few gauss abruptly makes C positive.

In the new quantum mechanics the choice of the axis of spacial
quantization is no longer of importance, and so a magnetic field should
be almost without effect on the dielectric constant, in agrecment with
the experiments reported above. We say ‘almost’ rather than ‘com-
pletely’ without effect because a tremendously large magnetic field may
still slightly distort the dielectric constant. This distortion is closely
akin to a saturation effect, as it is proportional to the square of the
magnetic field. It is thus negligible in any field of ordinary magnitude,
and increases very gradually when the magnetic field is increased to
a tremendous value, quite unlike the abrupt alterations reported in the
old quantum theory. The order of magnitude of this distortion effect
in the new quantum mechanics is precisely the same as in the classical
theory. Consequently, if we are interested in seeing qualitatively about
how large should be the influence of a magnetic field on the dielectric
constant, we may make a classical calculation. This will be given in
the next paragraphs. Such a classical digression may appear out of
place in a chapter on old quantum theory, but it seems advisable to
discuss magnetic distortion of the dielectric constant once for all.

We shall use the same model and substantially the same notation as
in § 12, except of course for the addition of a magnetic moment. Let
1> B pg and p¥, p¥, p¥ be respectively the components of permanent
electric and permanent magnetic moment along the principal axes «’,
y’, 2’ of the molecule. To facilitate printing, we here and henceforth
use subscripts 4 5 5 in place of the previous ., ,, .. The small induced
diamagnetic moment will be neglected, and the various coefficients con-
nected with the induced electric polarization will be taken as in § 12,
The angle between the applied electric and magnetic fields will be
denoted by Q. The direction cosines of the angles which the principal
axes of the molecule make with the field & will, as in § 12, be denoted
by A, Ay, A, while those of the angles which these axes make with H

12
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will be denoted by A;, A;, A;. Because of the potential energy of the
permanent magnetic moment in the field H, we must add to the
Hamiltonian function (9), Chap. II, the extra term

—H(Apf Ay pl+Agpf). 2)
We must now develop the partition function (12), Chap. II, as a power
series in the two variables E and H, instead of in the single variable K.
This development will take the form

Z = Zy(\+ Ay B2+ AggH2+ A BA+ Ay BPH?+ Ay H +-...),  (3)

where Z, is the partition function in the absence of external fields. The
factor Z, is of no importance for us as it is independent of £ and H.
If we did not want the distortion or saturation effects it would have
sufficed to stop with the second rather than fourth order terms. The
omission of all odd powers of E and H from (3) requires some comment.
It is obvious that there can be no terms proportional to E*H! when s--¢
is an odd integer, for on physical grounds the susceptibility, and hence
Z, must be unaffected if we reverse simultaneously both £ and fII. The
disappearance of such terms can also be verified by performing the
integration over the Eulerian angles. Terms for which s and 7 are both
odd are omitted on the ground that it is equally probable that the
electrons rotate in cither a left- or right-handed sense about the direc-
tion of the clectric moment. This idea of the equal probability of both
senses of rotation is easily seen to imply that Z must be unaltered if
the sign of I1 is reversed, and will be discussed more fully in § 70 on the
non-existence of a magneto-clectric directive effect.
The first two coefficients in (3) have the values

1 .
Ay = 62 [,;%+,43+;.¢§+M'(au+ 0‘22‘|"°‘33)]»
) (4)
A02 == 6’62T2 [I"’ll‘2+f";2+”’:z]'
The first of these formulae has already been included in (17), Chap. II,
and the derivation of the second is entirely analogous except that the

polarization is magnetic rather than electric. In (4) and subsequent
equations we use the abbreviations o;; for the ‘polarization coefficients’:

c2 c2 CpCy
=D T, apy=> M, -_—z v ge.  (4a)
ai ai a‘i

By adding the magnetic term (2) to the Hamiltonian function, and
carrying the development of the exponent farther than in (15), Chap. II,
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the coefficient A,, in (3) is found to be

Z
Ay = ZZ,k—l'lz_ﬁf f [P AL +PAs P2 X

X [p¥A +p¥ Ayt p¥Ag]2e—2 b2k Tsin 0 dOdpdydE,...  (5)
where Z, is a constant independent of E, introduced just before
Eq. (14) in Chapter II, and where the p; are the components of com-
bined permanent and induced moment, as given in Eq. (5), Chap. II.
By (14), Chap. T1, and (3) the electric susceptibility is

2A20+2A22”2+4A40F 2 2
Xol—NkT 1+A20F2+A02H2+ - "‘N[a'el+bH —} "‘(+COIE +"')]' (6)
where Ay = 2kT Az = _}i:%’lz_‘Tw_F?‘l!—'_“;ﬁfﬁs?,

b= 2kT(Ap—AgaAy), Co = 2kT (24— A3).
We are not at present interested in the purely electrical saturation term
cqli?, and we have hence not made the rather laborious calculation of
A4-2 On use of (4) and evaluation of the integrals in (5) it proves that
the explicit formula for b may be written

22
b— WT2[3 cos2Q—1] Z [(ﬂ —u?) (-’L‘L,TF] +°‘ii_°‘ﬁ) +

i>j
+6utn *("‘”f+a,,)] (7
In a similar fashion we find that the magnetic susceptibility is

Xmog = N[Onag+0E2 ... (FCppagH2H--.0)], (8)
where b is defined as previously and
— T Ay =" +§‘l§;+“ , = 2T(2Ag—AR,).
Comparison of (6) and (8) shows that the correction for magnetic dis-
tortion of the electric susceptibility has the same coefficient b as the
corresponding term for electric distortion of the magnetic susceptibility.
This identity of the coefficients would be true even with quantum-
mechanical refinements. It may be noted that by (7) the coefficient b
has opposite signs for parallel and crossed fields (given by Q=0 and
Q = m/2 respectively) and vanishes at the critical angle4
Q =cos W} = 541°.

3 The saturation coefficient cq has been calculated with this model by Debye, in
Handbuch der Radiologie, vi, p. 779.

# In the old quantum thoory Pauling found because of the spacial quantization

a factor 3 cos?0—1 even in the main term aq of (6), and this is why his calculations gave
such a tremendous anisotropy of the dielectric constant in & magnetic field.

Ainag
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Coefficients of the form «;; (i #£j) in (8) can be made zero by proper
choice of axes as (4a) shows that such coefficients are constructed of
cross-product terms like the familiar ‘products of inertia’; or, in other
words, the axes z’, y', 2’ can be made to coincide with the principal
axes of Debye’s polarization ellipsoid.?®> There is only one common
paramagnetic gas which is polar, viz. nitric oxide, and its electric
moment is very small. Consequently the interplay between the per-
manent magnetic moment and the induced electric one probably gives
the most likelihood of experimental detection, and in the following
numerical estimates we shall assume the molecule non-polar, making
py = py = pg = 0. The distortion coefficient b is then inversely propor-
tional to the square of the temperature and vanishes for all values of
the angle Q if the molecule is optically isotropic (o; == oy = g3, 0ty = 0,
1 #j). Use of low temperatures would thus greatly favour the detection
of the distortion, which is of course small. Most molecules have an
electric polarizability a,; of the order 1023, while a molecule with a Bohr
magneton of permanent magnetic moment has p* = 0-9 X 10-20. Hence
if the molecular dissymetry is so large that ratios such as (u}2—p¥?)/u¥?,
(q—0a)/ay, &ec., are comparable with unity, the coefficient b is of the
order ag,u*?/90k2T? or 10-3/T2, as k=1-37X 10716, The percentage
alteration in the electric susceptibility by a magnetic field is then of
the order 10-1°H?/7?, while that in the magnetic susceptibility by an
electric field is of the order 10-°K£2/T, where E is measured in eclectro-
static units. These alterations are too small to have yet been detected,
although it scems probable that with the recent technique of powerful
magnetic fields, the magnetic distortion of dielectric constants will be
observed before long. Also it is much casier than the converse effect
of an electric field on magnetic susceptibilities, due primarily to the low
rating of volts in electrostatic units. According to the above estimates,
a magnetic field of 10,000 gauss would change the electric susceptibility
by about one part in 107 at ordinary temperatures, while an electric
field of 10,000 volts/cm. (= 33 e.s.u.) would alter the magnectic sus-
ceptibility only by about one part in 10%. The purely electrical satura-
tion effects for such a field strength are also of the order one part in 105,
as already mentioned in § 22. A comparable distortion by a magnetic
field certainly does not seem beyond the possibility of future detection,
but on the other hand our estimates of this distortion may be a little

25 Cf. Debye, l.c., pp. 760 ff. In Chap. II we took the z’ y’, 2" axes to be the principal
axos of inertia, but as the kinetic part of the problem has been eliminated (cf. § 12), we
are now at liberty to take them as the principal axes of the Debye ellipsoid.
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too high because the molecular dissymmetry is not as great as we
assumed.

We shall now mention qualitatively what modifications of the above
results (6), (7), (8) are to be expected in the new quantum mechanics.
The calculation of the distortion cocfficient b has not yet been made in
the new theory, but careful perusal of Niessen’s 26 quantum-mechanical
calculation of the somewhat related saturation coefficient c,; reveals the
general type of result to be expected. If we still were to assume that
the clectrons vibrate harmonically about positions of static equilibrium,
formulae of exactly the type (6), (7), (8) would doubtless still remain
valid, as the quantum and classical theorics almost always give identical
results for the harmonic oscillator. The quantum mechanics, however,
frees us from the need of such an unreal assumption, and enables us to
represent the electronic motions in their full dynamical generality. In
the gencral case the dependence of the distortion coefficient b on the
temperature would be of the form g,+gq,/T ¢,/ T%+ ¢,/ T rather than
q2/T?+q5/T® as in (7). Here the expressions gy, ¢;, ¢,, ¢ would be fune-
tions of the matrix clements and characteristic spectroscopic frequencies
of the molecule, and would resemble Niessen’s expressions, ¢o, g1, g2, ¢5
in their general type of structure, though numerically different as he
calculated the expansion of ¢, rather than b in 1/7.27 The dependence
of the coefficient b on angle through a factor of the form 3cos2Q—1
can be shown to remain valid only as long as we assume the molecule
has the same moments p¥, p¥, p¥ in its normal and excited states.
Actually this will not be the case, so that we cannot expect b to vanish
at Q = 54:1°, although it may well be small at this angle. These diver-
sities between the classical and quantum results in the dependence on
temperature and on angle arc not so much duc to inherent differences

26 K. F. Niessen, Phys. Rev. 34, 253 (1929).

# The calculation of the magnetic distortion is moroe difficult than that of the clectric
saturation offocts in quantun mechanies bocauso of the fact that the various components
of magnotic momont do not commute with each othor in matrix multiplication, or with
the various components of olectric moment. In a second paper (Zeits. f. Physik, 58,
63 (1929) Nicssen has purported to give a computation of the magnetic distortion of
the part of the dicloctric constant resulting from tho permancent dipoles. He assumncs
that the samo commutation (Vertauschung) relations apply to tho low frequency or
‘permanent’ part of tho magnotic moment as to the total magnetic moment. This need
not bo the case, as those relations apply in genoral to complote matrices rather than to a
portion thereof (T'eilmatrizen). Niosson’s calculations aro corroet from a formal mathe-
matical standpoint onco his initial assumption is granted, but it is hard to imagine any
molecular model to which this is applicable. Instead it is quite conceivablo that in a
polyatomic moleculo tho permanent magnetic moment consists entiroly of diagonal
elements when measured in the @', y’, 2’ system, in which caso the peculiar quantum
terms found by Nicssen would be completely wanting.
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of the two types of theories as to the more general model which can be
utilized in the quantum theory. Because of the fact that the matrix
calculations involve (in a sense ‘scramble together’) all the states of the
molecule even though one is interested only in the normal state, it is
not necessary to choose a molecule which has u* different from zero
in the normal state in order to obtain the paramagnetic distortion
of electric susceptibilities or the converse effect. Instead one could
employ a normally diamagnetic molecule, as such molecules are usually
paramagnetic in excited states. For this rcason nitric oxide should no
longer be the sole polar molecule capable of a distortion of the dielectric
constant by a magnetic field. The general order of magnitude of the
distortion coefficient b is probably about the same as calculated above
classically, and hence it still remains too small to be detected in experi-
ments of the same precision as those of Wolf and Weatherby or Mott-
Smith and Daily.

Although we have especially emphasized the null results of these
investigators, it must not be inferred that the dielectric constants of
no substances whatsoever have yet been influenced by magnetic fields.
The experiments of Friedel, Jezewski, and especially Kast 2 show that
the dielectric constants of certain ‘mesomorphic’ substances (anisotropic
liquids) are perceptibly altered by magnetic fields, to a greater extent
than we would expect from the above calculations. Tn fact some of
these substances thus distorted are merely diamagnetic rather than
paramagnetic! This does not necessarily contradict the theory; for, as
noted by Ornstein,? liquid crystals are probably built out of large com-
plexes (‘elementary crystals’) rather than out of ordinary free molecules
such as assumed in the theory intended primarily for gases. If each
elementary crystal has a large moment and is oriented as a unit by
external fields, it is clear that abnormally large effects may be expected.
Particularly convincing evidence on this point is furnished by the
scattering of X-rays. Investigations of Professor G. W. Stewart, which
are to be published shortly, show that in mesomorphic liquids the inter-
ference pattern is greatly changed by a magnetic field, whereas that in
ordinary liquids or solids is not. This is only comprehensible if large
groups of molecules, perhaps entire elementary crystals, are oriented
en bloc by the field in the mesomorphic materials.

Closely akin to the influence of a magnetic field on the static dielectric

8 E. Friedel, Comptes Rendus, 180, 269 (1925); Jozowski, J. de Physique 5, 59 (1924);
W. Kast, Ann. der Physik, 73, 145 (1924); also sec discussion by E. Bauer, Comptes
Rendus, 182, 1541 (1926) and Errera, Polarisation diélectrigue (Paris, 1928), pp. 150-1.

2 L. 8. Ornstein, Zeits. f. Physik, 35, 394 (1926) ; Ann. der Physik, 74, 445 (1924).
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constant is the influence of such a field on the optical refractivity. The
latter has been observed by Cotton and Mouton and others,® who find
different refractive indices when the magnetic field is parailel and per-
pendicular to the electric vector of the light wave. The difference in
the two cases is found to be proportional to the square of the field, as
one should expect by analogy with the result (6) for static fields. This
‘Cotton-Mouton effect’ is the magnetic analogue of the Kerr effect, and
is not to be confused with the familiar Faraday rotation of the plane

of polarization (§ 84) which is linear in H and hence much easier to
measure.

3 A. Cotton and H. Mouton, J. de Physique, 1, 5 (1911); Ann. Chim. Phys. 19, 153;
20, 194 (1910); Raman and Krishman, Comptes Rendus, 184, 449 (1927); Proc. Roy. Soc.
1174, 1 (1927); M. Ramanadham, Indian J. of Physics, 4, 15, 109 (1929); Cotton and
Dupouy, Comptes Rendus, 190, 630 (1930) ; Cotton and Scherer, ibid. 190, 700 ; Salceaunu,
ibid. 190, 737; 191, 486; Zadoc-Kahn, ibid. 190, 672; general survey by Cotton in the
procoedings of the 1930 Solvay Congress.
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QUANTUM-MECHANICAL FOUNDATIONS

32. The Schrodinger Wave Equation
Schrodinger’s equation!

h @
‘#(Z":"é?l,, 91"")‘#11“147:»‘/’;»:0 (l)

is to-day so celebrated that we introduce it without further ado. Here
M is the operator which is obtained by replacing each momentum p,
by 2"’ aZk in the classical Hamiltonian function H(py,...;¢y,...). In case
generalized coordinates are used, it is advisable to make the substitution
of operators for momenta before rather than after transforming from
Cartesian to generalized coordinates, as the direct formulation of the
wave equation in generalized coordinates by extrapolation from classical
theory encounters serious difficulties and ambiguitics resulting from the
non-commutativeness of multiplication by ¢ and o.../0g.2 For an
ordinary atomic or molecular system, subject to external electric and
magnetic fields E, H directed along the z axis, the expression for the
operator # in Cartesian coordinates is

ki
LI I
"y:i:l{ 8n°m; (dx‘+ay az2) — Moz —
Heh 14 Hez 2
Wnc( i—@—i—yiax) LG+ @

This can be seen by comparison with the classxcal Hamiltonian for a

similar system given in Eq. (48), Chap. I. Here e;, m; are the charge

and mass of a typical particle (nuclcus or electron), and V is the ordinary

internal electrostatic potential energy JE e;e;fry; (cf. Eq. (39), Chap. 1).
PR

Unless otherwise stated, relativity corrections and, until § 38, internal
magnetic forces are always neglected.
Solutions of (1) are required which are single-valued, vanish at infinity,

1 For a full discussion of the properties of the Schridinger wavo equation, see, for
instance, Schrodinger’s original papers assombled in Abkandlungen zur Well hanik,
or its English translation, Wave Mechanics ; also Condon and Morse, Quantum Mechanics ;
Frenkel, Wellenmechanik ; Sommerfeld, Wellenmechanischer Erginzungsband ; Ruark and
Urey, Atoms, Molecules, and Quanta.

2 For a good critical exposition of this difficulty see I3. Podolsky, Phys. Rev. 32, 812
(1928).
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and are finite and twice differentiable over the whole of coordinate
space, except perhaps for a few isolated points at which the solution
becomes infinite in such a way that the integral [...[ 4, |2 dv converges
to a finite value even when these points are included. Solutions i,
which meet these demands are called ‘characteristic functions’ (Eigen-
funktionen) of (1), and constitute the ‘wave functions’ of conservative
gystems in quantum mechanics. In the interest of simplicity we
throughout the chapter consider only conservative systems, rather than
the more general case in which ¢ appears explicitly and the energy-
constant W, is replaced by the operator — 2%’; _i 6% Eq. (1) will in general
admit solutions which are characteristic functions only if the energy-
constant W, has certain particular ‘characteristic values’, which furnish
the quantized energies to be used in the Bohr frequency condition
hv=W—W"

Two wave functions ¢, i, representing states of different energy are
orthogonal, i.e. possess the property that

ff Ppddv=0, (' #n) (dv=dede,. dz), 3)

where the integration is to be extended throughout the coordinate space.
Here and throughout the rest of the volume the asterisk * denotes the
conjugate imaginary; thus ¢ denotes the conjugate of .. To establish
(3) we first observe that ¢, and ¥ satisfy respectively the equations

H. '/’n_u,n 'ﬁn =0, H* "/':’_Wn’ '/’:’ =0. (4)

The second of these equations is equivalent to & ., —W, .4, = 0 since
a complex expression and its conjugate vanish together; it is unneces-
sary to attach an asterisk to W in passing to the conjugate as W is
a real number.

In order to distinguish clearly between operator functions and
ordinary algebraic functions we shall insert a period between the
operator and the subject of the operation cxcept when the operator is
written in full in terms of differentiations. Such a period is, of course,
not to be confused with the dot involved in the scalar product of two
vectors printed in bold-face type.

To continue the proof of (3) we multiply the first equation of (4) by
Pk, the second by i, subtract the resulting expressions, and integrate
over the coordinate space. This yields

W W) [ [ hn do =[] GEH pu—fubt* g2 Do (3)
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The right side of (5) is most readily proved zero by specializing® # to
be the operator (2), as this side then becomes

=3 [ (st w2t
+ Heh [x( 9‘/f——./1n o ) yi('/h. aﬁ —*/'na'ﬁ”)]}dv, ©

4mimc ™ oy, dy,
and partial integration, as in Green’s theorem, shows that an expression
such as (6) vanishes, assuming that i, # vanish in the usual way at
infinity. Thus the right-hand member of (5) ecquals zero, and hence
the validity of Eq. (3) is demanded as long as the energies W,, W, are
different so that the factor (W,—W,.) does not vanish in (5). Even
wave functions belonging to states of coincident energy, as in a de-
generate system, can be made orthogonal by taking proper linear com-
binations (see Eq. (32) below). That it is possible to choose wave
functions for degenerate systems in such a way that they are orthogonal
is also obvious from the fact that degenerate systems are limiting cases
of non-degenerate systems in which the difficulty of coincident energies
is not encountered. Thus we may henceforth without loss of generality
suppose that the wave functions belonging to different states are ortho-
gonal regardless of whether or not these states all have different
energies.
Because Eq. (1) is linear, the §’s all have arbitrary constant amplitude
factors, which are, however, conveniently normalized by imposing the
requirement that

[l Waltdo =1, (2= ). o

33. Construction of the Heisenberg Matrix Elements by Use of
the Wave Functions
Many readers will recall that before Schrodinger developed his wave
equation, the quantum mechanics were first formulated in a matrix
language by Born, Heisenberg, and Jordan.* The so-called Heisenberg
matrix elements are readily constructed if we know all the characteristic
functions of the given dynamical system. Suppose we desirc these
elements for an arbitrary matrix function f(gy,...;p;,...) of the co-
3 Moro generally, it can be shown that the wave functions are orthogonal whenever
the Hamiltonian operator is ‘Hermitian’ or ‘self-adjoint’. See P. Jordan, Zeits. f.
Physik, 40, 818 (1927).
4 Heisenberg, Zeits. f. Physik, 33, 879 (1925); Born and Jordan, sbid. 34, 858 (1925);

Born, Heisenberg, and Jordan, ibid. 35, 557 (1926); Born and Jordan, Elementare
Quantenmechanik.
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ordinates and momenta. The procedure is as follows. Construct from
f the operator f(ql,...; 2—% ;!: ,) by substitution of 5% d_Zk for each p,.
If we let this operator operate on a typical wave function, we thereby
generate a function f.i,. Itis to be clearly understood that while f is
an operator, f.i, is an ordinary algebraic function of the coordinates
¢y,---. It can be shown that the complete set of wave functions corre-
sponding to all possible stationary states constitutes a ‘complete’
(vollstiindig) orthogonal set, such that any arbitrary function may be
expanded as a series in these functions.? Hence we may expand f.¢,

as a series in the ¢, so that
f‘ '/’n = g.f(n’; n)‘/’n" (8)

It will be proved, and this is the fundamental theorem of the present
section, that the coefficients f(n'; n) in this expansion are the Heisenberg
matrix clements® (exclusive of the time factor). That is, f(n';n) is the
element associated with a transition between a state characterized by
a set of quantum numbers 7’ to one characterized by a set of quantum
numbers n. Here the letters n’, » in general each signify more than one
quantum number since a dynamical system with several degrees of
freedom requires several quantum numbers to specify a stationary state.

Proof. To show that the f(n’; n) defined by (8) are really the Heisen-
berg matrix elements we must show that they possess all the charac-
teristic properties of the latter. This means that we must show that
they: (@) obey the matrix algebra, (b) obey the quantum conditions,
(c) make the energy a diagonal matrix, (d) are Hermitian if f is a func-
tion only of the ¢’s but not the p’s. The meaning of these terms will be
explained when we shortly discuss the individual items (), (b), (¢), and ().
Born, Heisenberg, and Jordan? show that all the characteristic features
of the matrix theory, including the validity of the canonical Egs. (46),
Chap. I, as matrix equations, follow uniquely from (a), (b), (c), and (d) if
one impose the additional requirement that the time factor e?7i®’n¥ of
a matrix element have its frequency determined by the Bohr frequency
condition hv(n'; n) = W,,—W,, where the IW’s are the diagonal elements
H(n;n) of the energy matrix. As we use (8) to define merely the
amplitude part of the Heisenberg matrix elements, it will clearly be

5 The proof of the ‘complete’ property in case the wave equation is of the so-called
Sturm-Liouville type is given in Courant-Hilbert, Methoden der Mathematischen Physik,
Pp. 278, 284, 291, 336, 337.

¢ This correlation between the wave and matrix theories was first established by
Schrédinger, Ann. der Physik, 79, 734 (1926) and by Ekhart, Phys. Rev. 28, 711 (1926).

7 Born, Heisenberg, and Jordan, Zeits. f. Physik, 35, 664 (1926).
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permissible to insert a time factor e?7™n¥ of the above type. Hence
it only remains to show that (a), (b), (¢), and (d) follow from (8).

(@) The proof of the addition law (f+g)(n’;n) = f(n';n)+g(n';n) is
trivial, as the coefficients in the expansion of (f4-g) ., in the fashion
(8) are clearly the sums of the coefficients in the expansions of f.3, and
¢ ... The proof of the matrix multiplication law

(f9)n";m) = gf n’;n)g(n’;m) 9)

is only a trifle more difficult. We note that the function f.g. ¢, may be
expressed equally well as

(fg) . ‘/’n = 2 (fg)(n”’ n)‘/’n”’ (10)
or as n

f’ (g . l)b'n) =f‘ g g(nl;n)‘/’n’ = g {g(n’; n) gf(n”; n’)‘/’n”}
=3 S s mr. (1)

The result (9) follows on comparison of coefficients in (10) and (11).
The matrix multiplication is non-commutative, as in general

(fg)n';n) £ (@f)(n'; m).
(b) The quantum conditions on the coordinate and momentum
matrices g, p, are

h
Pl WPe=5—-1  Pe@—Pr="0 (L#F), (12)

PrPr—Pi1Pi =0, %8—0% =0, 13)
where the elements of the unit matrix 1 are given by 1(n;n)=1;
1(n';n) =0 (n #£n').

Notation. If an equation is assigned a number, this number will
throughout the rest of the volume be enclosed in angular rather than
in round parentheses, e.g. (12) rather than (12), in case the equation is
an equation between entire matrices rather than ordinary algebraic
quantities. Not all expressions appearing in such a matrix equation
need necessarily themselves be matrices, as some of the constants of
proportionality may be ordinary numbers, like A/2xi, for instance, in
(12). An equality between matrix elements, as distinet from entire
matrices, will not be given the distinctive numbering, as the occurrence
of indices such as (n;n’'), &c., indicates clearly that we are dealing with
matrix elements.

To prove the first relation of (12) from (8) we observe that

o o\, @ o,
(@Qk—%é;q—k) o= @(% '/’n)"‘%gé; = Yp
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The operator (%!I}c‘"%a%) is thus equivalent to multiplication by
& k

unity, and for the particular case f= p;q;—q; P;, the right side of (8)
reduces to the single term (h/2nt),, whence

fm;n)="h[2mi,  f(n';n)=0 (n' #£n),
The remainder of the conditions given in (12-13) are obviously fulfilled
since

&lfn . Py _ Py
=0 CED g gl

(c) By a dlagonal matrix is meant one whose clements vanish except
when 7' =n. If the encrgy or Hamiltonian function # is to be a
diagonal matrix, then the expansion (8) must reduce for the special
case f= H to K.y, = H(n;n),, the right side thus consisting of but
a gingle term. Comparison with (1) shows that this is merely the
Schrodinger wave equation, as W, is simply another notation for
H(n;n). Thus his wave equation is equivalent to the requirement that
the energy be a diagonal matrix.

(d) A matrix f is termed Hermitian if f(n;n') is the conjugate f*(n'; n)
of f(n';n). Before discussing the Hermitian property it is convenient
to derive a formula for the coefficients in the expansion (8). To do this
we multiply Eq. (8) by some *, say %., and integrate over the entire
coordinate space. In virtuc of the orthogonality (3), only the particular
term n’ = " remains on the right side after performing the integration,
and this term becomes f(n"; ) in virtue of the normalization (7). Hence

f(n";m) = j f PEF, dv. (14)

If we use the expansion for f.i,, analogous to (8), multiply by %,
integrate, and take the conjugate, we find that

Frmn) = [ [ uf*. gt o, (14a)

k% = . If the operator f is a function only of the generalized

0
20 (9 ll‘n) QI (qlc 99— Qk)‘l’n =0.
('}

coordinates ¢; and not of the momentum operators 2% % , then f* is
e O

identical with f since we may ordinarily suppose that ¢ does not occur
in any f explicitly, but only through the momentum operators. Also,
with this restriction on f, the operator f degenerates into an ordinary
algebraic function f, so that ¢, f. ¥, = ¥, f.4,. The expressions (14a)
and (14) are then identical, demonstrating the Hermitian property for
the particular function f= g, or, more generally, for any function of
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the g,’s alone. It will be noticed that the normalization (7) has been
used in proving (d) though not in (@), (b), and (c). It is clear that the
normalization must be involved somewhere, for otherwise the matrix
clements defined by (8) would not be unique, as each wave function
would have an arbitrary constant factor C, corresponding to the fact
that C, 4, is a solution of (1) if ¢, is one.

In case p, is a Cartesian momentum m,z;+ ¢4, /c, it is readily shown to be Horrmi-

tian, merely by using (14), and making a partial integration with respect to g,
as follows:

h Xk
Py(n"3n) = ff¢:”2Ln@ g%: dg, ...dg,= ff%(—— 2’—;@) aa—'l;;' dq, ...dg, = p*(m;n").
If, however, p, be a canonical momentum in an arbitrary system of generalized
coordinates, it need not necessarily be Hermitian. In such a system the volume
element will take tho form Adg, ...dq, instead of the Cartesian form dg, «..dg, used
above, where A is the functional determinant of the transformation from the
Cartesian to the generalized systom. Partial intogration with respoct to g, will

o1 %

lead to an integrand — 5:;.:/:,, [oa‘/;:” A4 g%], and the Hermitian property is
sccured only in the special case that 0A /og, — 0. As a matter of fact, the genera-
lized momenta can always be made Hermitian by taking the wave function to be
Yt = Ak rather than ¢, and the wave equation to be that satisfied by ! rather
than . One then takes the generalizod volume element as dg,...dg, rather than
A(lql...dqf. Jordan® has shown that this amounts to introducing a normalization
in the definition ot the canonical momenta which are otherwise ambiguous as
regards an arbitrary additive function of the coordinates.

Evon if we use a Cartesian system, so that the p’s as well as ¢’s are Hermitian,
an arbitrary function f(p,.q,) will still not in general be Hermitian. To see that
this is true, we need only note that if f and ¢ be any two Hermitian matrices which
do not commute in multiplication, such as f= g;, g = p,, their product will not
be Hermitian. In fact the matrix law of multiplication (9) shows that if f, g be
any two Hermitian matrices

(FgI*(n"sm) = X fHn";n)g¥(nsn) = 3 g(n; n') f(n'; 07) = (gf Jn; n")
n »

so that the necessary and sufficient condition that their product be Hermitian is
that these matrices satisfy the relation fg = gf. One sees, however, that the pro-
duct fg-+gf which involves what we shall call ‘symmetrical’ multiplication of f
and g, is indeed Hermitian. Thus matrix functions constructed from a Hermitian
set of coordinates and momonta, such as Cartesian ones, by repeated applications
of addition and symmetrical multiplication will always be Hermitian. It is in
general such symmetrical or ‘Hermitianized’ matrices which should be used in
quantum mechanics. The related operators are termed ‘self-adjoint’ or ‘real’.
The quantum conditions<(12)-<13) can be made to appear Hermitian by multiplica-
tion through by ¢, as i(fg—gf) is Hermitian if f, g are. The electrical and magnetic
moments are necessarily Hermitian, since

\ e e e
p=23er, m, = 2 %L‘é [?/t (pq_ g‘ Ah) % (pln— c—' Aw)] ’

8 P. Jordan, Zeits. f. Physik, 37, 383 (1926); cf. also Podolsky, l.c.?
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with analogous formulae for m,, m, and since therefore no non-commutative
multiplications are involved in constructing these moments from the Cartesian
p.’s and g,’s. We suppose throughout the remainder of the volume that the
Hamiltonian operator is always taken of a self-adjoint form, permitting us to set
H(n;n')==H*(n’;n).

Eq. (14) is exceedingly useful, as it yields the Heisenberg matrix
elements by a simple quadrature when the wave functions are known.
We shall refer to it so frequently that it is convenient to give it a special
name, and we shall therefore call it the ‘fundamental quadrature’. If
the reader is more fond of or familiar with the ‘wave’ than with the
matrix formulation of quantum mechanics, he can take (14) to be
definition of matrix elements without knowing anything more about
them, and we have then proved the attributes (@, b, ¢, d) for these
elements. Even if one tries to avoid explicit use of the matrix language
and employ a purely wave picture, the wave functions inevitably appear
in quadratures of the form (14), or equivalent expansions (8), especially
in perturbation theory, so that the introduction of the matrix elements,
even though not explicitly so called, is unavoidable. For our purposes
it would really suffice to define matrix elements by means of (8) or (14)
without bothering to show that they are the same as Heisenberg’s
matrix elements, but the proof of the identity of Heisenberg’s definition -
and the definition (8) or (14) in terms of wave functions, is so often
omitted in texts on quantum mechanics, despite its simplicity and
fundamental significance, that its incorporation in the present chapter
is, we hope, not too much out of the way. If, as in this chapter, the
wave functions are used primarily in connexion with the expansion (8)
or quadratures (14), these functions become primarily tools for cal-
culating the matrix elements, and arc not given as much physical
interpretation as they deserve, but this formal procedure seems better
than going to the other extreme and constructing, as is sometimes done,
hydrodynamical models of the molecule which localize and distribute
the electronic charge with a definiteness contrary to the Heisenberg
uncertainty principle. A diagonal Heisenberg matrix element f(n;n)
has the physical significance of being the average value of f over all
phases of the motion in a given stationary state. Only such an average,
and not instantaneous values in a stationary state, are accessible to
measurement. The well-known significance of |, | as proportional to
the statistical charge density in a system with only one electron, can be
obtained from the fundamental quadrature (14) by taking f to be unity
in a small volume element dv and zero everywhere else. Non-diagonal

elements are important only as intermediaries to the calculation of the
3595.3 K
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diagonal elements of other functions, or of the same function under
different conditions. It is not the purpose of the present volume to
inquire further into the broad questions of interpretation in quantum
mechanics, which would take us too far aficld into transformation
theory, but instead to find the procedure for calculating energy-levels
such as are involved in the study of electric and magnetic suscepti-
bilities.® This requires primarily the development of two things: per-
turbation theory and the theorem of spectroscopic stability. The
aspects of the quantum mechanics which we present are perhaps rather
formal, but in the last analysis a theory is most ‘physical’ when it
permits the calculation of a large number of experimentally observable
quantities in terms of a few fundamental postulates. The triumph of
the quantum mechanics is probably due more than in any one thing
to its success and utility in making possible the formal numerical cal-
culation of encrgy-levels and spectral intensitics.

In the hydrodynamical formulation of the quantum theory, the expressions for
the charge and current densities for a system with a single electron are taken to
be respectively!®

eh
47rim

whore A is the vector potential, and & is a normalizod solution of the generalized

2
= —edd* and p'v— — (@* grad & —d grad &*) — — ADD*, A
p P me

wave equation obtained by replacing W by the operator— 2—’;1 (% in (1). Tho hydro-
dynamical theory is not without its attractions. For instance, the charge and
current thus defined satisfy the equation of continuity. However, difficulties are
encountered in the generalization to systems with more than one electron, as with
7) particles it is necessary to use a 3x-dimensional geometry, which has no direct
physical significance. Also the spontancous radiation in the hydrodynamical
theory, while in nice accord with the Bohr freqquency condition, turns out to
be proportional to the concentrations of electrons in both the final and initial
states rather than to that in the initial state alone.!!

Eq. (10), Chap. I, shows that in any hydrodynamical theory, the electric
and magnetic moments of a stationary state containing only one clectron are

respectively J- f J‘ prdv and gz J‘ J‘ f [r3<p'V] dv. (B)

The moments yiclded by substitution of (A) in (1) are the same as those obtained
by our own standpoint, in which we take the average moment of a stationary
state to be one of the diagonal elements of the appropriato Heisenborg matrix,
and which we shall later prove equivalent to defining the moment. by means of

® For the postulational foundations of quantum mechanics, see Dirac’s book, The
LPrinciples of Quantum Mechanics, in this series.

10 Cf., for instance, Schrodinger, Ann. der Physik, 81, 137, 82, 265 (1927); Gordon,
Zeits. f. Physik, 40, 117 (1927).

11 For exposition of this difficulty seo, for instance, Sommerfold, Wellenmechanischer
Ergdinzungsband, p. 58 ; Condon and Morse, Quantum Mechanics, p. 90.
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Eq. (46) to be given subsequently. It is obvious in the electric case that (B)
furnishes the sameo electric moment as that which we use, for if the atom is in
a definito stationary state, then & =ij,e~2m"!/* and with this restriction the first
integral of (B) becomes identical with the fundamental quadrature (14) when in
(14) we set f — —er. The proof of the identity of the two standpoints in the
magnetic case is similar,'? except that a partial integration of one torm in the
integral is necossary. In this case we tako in (14) for the @ component

e h o ¢ h 0 e
f - *m[”(z—ﬂa+z‘4=)‘z(§a @*"af‘v)]

since in a magnetic field ma = p,+- SA“’ &c. and since m, — —e(yz—zy)/2c.

It may bo cautioned that in general tho hydrodynamical theory yiolds correctly
only expressions which are linear in the charge or current. The reason for this is
that it really gives only the average charge and current distributions of a station-
ary state, since by tho uncertainty principle tho instantaneous distributions at
a given point of space cannot be specificd once the cnergy has a definite value.
Unloss one remembers this, the hydrodynamical theory can be quite misleading.
For example, in the hydrogen atom one oasily verifies that in the hydrodynamical
theory the angular momentum is directed entirely along tho z direction, if this is
the ‘axis of cuantization’ along which the angular momentum is given the
quantized value mh /2. One can, however, verify by matrix methods (cf. Egs.
(75)—(7)) that the squares of the .z and y components of angular momentum are then
really not zero (excopt in  states). The explanation is, of course, that the square
of tho mean and thoe mean of the square are not tho same. The moan of the first
power, such as is yielded correctly by the hydrodynamical theory, is indeed zero
for tho w and y components, but the mean square is not. As another example, the
hydrodynamical theory yields zero current whenever the wave functions are real
except for the time factor, provided thero is no magnetic field H. This is scen
by setting & -ife TmWatlh ofy — ik A =0in (A). This does not mean that tho
electron is stationary, but only that it is as likely to bo moving in any given
direction as in its opposito.

34. Perturbation Theory 13

Let us suppose that the Hamiltonian function consists of two parts: a
main part A° which is characteristic of the ‘unperturbed problem’, and
a small ‘perturbative potential’ (Storungsfunktion) AAFO-L @4
Here A is some small numerical parameter in which we suppose a series
development can be cffected. For our particular purposes the per-
turbative potential will usually be the terms added to the Hamiltonian
function by application of a constant external electric or magnetic field,
and A will be proportional to the field strength. Asusual in perturbation

12 The identity of tho hydrodynamical with the matrix viewpoint as rogards magnetic
moments has also beon noted by Bitter, Phys. Zeits. 30, 497 (1929), and previously for
tho special case of hydrogen atoms by Formi, Nature, 118, 876 (1926).

13 The perturbation theory of quantum mechanics was first given by Born, Heisenberg,
and Jordan, Zeits. f. Physik, 35, 565 (1926) and by Schrodinger, Ann. der Physik, 80,
437 (1926).
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theory, we shall assume that the complete set of normalized charac-
teristic functions and characteristic values )%, W° are known for the
unperturbed problem. As the y° for the unperturbed problem constitute
a complete orthogonal set, the wave functions ¢ for the perturbed
problem may be expanded in terms of the unperturbed ones, so that

o= g S’ n)py. (15)
We now substitute the expansion (15) in the complete wave equation
(HOHAHOLNHOL ) o, — W, i, =0 (16)

which we wish to solve. We may utilize the fact that the %, are solu-
tions of the wave equation

HO A — Wl =0 (17)
for the unperturbed problem, and that by (8)
HO e =3 HOn"; 0 Yo, (18)
<

where the H#V(n";n') are the matrix elements of the part H#M of the
perturbative potential calculated in the system of quantization of (i.e.
with the wave functions of) the original unperturbed system. When we
utilize (15), (17) and (18), Eq. (16) reduces to an expansion

2 AW 3”0 ) FAHD(n" ')+ N HO(n"s ') —3(n' ;0" )W, }S (n's )l = 0
n",n

in terms of the unperturbed wave functions, with constant coefficients.
Now if such an expansion is identically equal to zero, the coefficient of
each i in this expansion must vanish separately. Hence

3 [ 8(0" s ')+ AR )4 O’ s ') —3(n” W, 1S m) = 0.
" (19)

Here, as customary, 8(n”;n’) means that §(n';n')=1, 3(»n";n’)=0,
n” #n'. In the short-hand of matrix notation, the totality of homo-
geneous linear equations (19) for determining the S(n’; n) arc equivalent
to the single-matrix equation (HO4+AHFOLNRHEL )S—SW =0,
where S denotes the whole matrix whose elements are the S(n';n).
Since there are an infinite number of states n or n/, the simultaneous
equations (19) for determining the S(n’;n) are infinite in number and
so clearly can be solved only by successive approximations.
Non-degenerate Systems. A dynamical system in quantum mechanics
is termed degenerate if two or more cnergy-levels coincide. If the
original system is non-degencrate we may develop the coefficients
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8(n';n) and energy W as power series in A in the following fashion:
S(n';n) = 8(n';n)4+ASV(n’;7)+-A28@(n’; n)+-..., (20)
W, = WO AW L2 W@ .. (21)
The fact that 8°n’;n)=8(n’;n) is a consequence of the circumstance
that ¢, reduces to g for A= 0. We now substitute (20) and (21) in
(19) and equate to zero the coefficients of successive powers of A. We
shall carry the calculation only through terms of the second order in A.
The equations obtained by equating to zero the first and second powers
of A are respectively
(W2—W2)8Dn"; n)+ HO(n"; n)—8(n"; n)WD = 0. (22)
(W —W)8B(n"; n)+ HO(n"; n)+
+Z [AHOn";n")—8(n"; n' YW1 ]SO(n';n)—8(n"; n)WD == 0. (23)
n

The solution of (22) is clearly

W(p" -
WD = HOmin),  SO(m;n) = Zo5m)

= T (n" #£n), (24)
where v(n;n") denotes a frequency of the unperturbed problem, which
is, of course, given by the Bohr frequency condition

hv(n;n") = Wo—Wo= —hv(n"; n). (25)
Thus v is really +°, but omission of the superscript simplifies the printing
and is not likely to cause confusion in this particular case. The first
relation of (24) is the expression in the new quantum mechanics of the
well-known theorem, also true in the old quantum theory,* that the
perturbed energy is to a first approximation the original energy W° plus
the perturbative potential averaged over an unperturbed orbit. We
have already mentioned that diagonal matrix elements such as H#®(n;n)
are to be interpreted as average values. When we substitute (24) in
(23) we obtain the second-order results:

+ HO(n: n )\ HO (!«

D (26)

F RO ) HO ) HO(n”;m) O m)

8®(n";n) =

hv(n"; ) (n; n) {hv(n";m)}2
(2), ", (1), ", .
+ﬁ‘i(n.,ﬁkﬂi§?%iﬁlﬂ“""’"’ (" £m). (27)

The primes over the summation signs mean that the states n’ =« and
n" =n are to be excluded from the summation.

14 For exposition of this theorem in the old theory, and references, see J. H. Van Vieck,
Quantum Principles and Line Spectra, p. 203.
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The equations (22) and (23) do not suffice to determine the diagonal
elements S®(n;n) or S®(n;n) of the matrix S. These diagonal elements
are, in fact, arbitrary unless one requires that the wave functions be
normalized. Let us suppose that the wave functions for the unperturbed
problem are normalized, i.e.

jj |2 do = 1. (28)

Let us seek to make the perturbed wave functions also normalized, so
that they satisfy equation (7). 1f we substitute the expansion (15) in
(7) and utilize (28), (3) (with y*’s), the normalizing condition (7) becomes

Z S*(n';n)S(n';n) = 1. (29)

On substituting the development (20), Eq. (29) becomes
1--228D(n; n) A 28D (n; n)+- > SW*('; ) SO ;n)]4... =1,
n

whence SO(n;n) =0, S®B(n;n) = —} > SO*@/; n)SV(n';n).
e

Both the perturbed and unperturbed wave functions are orthogonal, as
our proof of Kq. (3) by means of (), (5), (6) is general. If one sub-
stitutes (15) in (3) and utilizes at the same time the orthogonality
property (3) applied to the unperturbed wave functions, one obtains
3 S*@sn)Sn) =0, (0 #n) (30)
.
a result which may also, of course, be verified explicitly to terms of
the sccond order in A by use of (24) and (27). Egs. (29) and (30) are
equivalent to the single matrix equation
§*8§=:1,
where S is the ‘transposed’ matrix % formed from S by interchanging
initial and final indices, so that S(n';n) = S(n;n'). Since the product
of §* and 8 is a unit matrix, the matrix §* is the reciprocal of the
matrix 8, i.e. Sx— g1 @31

A matrix possessing the property (31) is termed ‘unitary’. Tt does not
in general have the Hermitian property S = S* as this would require
8-1=8.

Degenerate Systems. The preceding calculation fails in case the unper-
turbed system is degenerate, as there will be states of coincident
unperturbed energy, so that some of the denominators in equations
such as (26) or (27) will be zero. To avoid confusion, we shall henceforth
use a double index 7z, m rather than a single index n to specify a sta-

16 Ty, the literature S* is often called the matrix ‘adjoint’ to S, and denoted by St.
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tionary state. The letter m will signify the totality of quantum numbers
which are without effect on the unperturbed energy. Such quantum
numbers are, of course, found only in degenerate systems. The letter
n will designate the remaining quantum numbers. Thus two stationary
states having the same » but different m’s will possess the same original
energy, so that frequencies of the type v(nm';nm) will be zero. In
a degenerate system an arbitrary linear combination

7
= 3 SO (32)
m =

of the wave functions of all the states having the same energy is still
a solution of the original wave equation, as all the 0,, having the same
n satisfy the same unperturbed wave equation (H°—W?)y8, — 0. We
suppose for concreteness that there are r states of coincident unper-
turbed encrgy, which will be represented symbolically by giving the
index m or m' the values 1, 2,..., . The number » will in general be
a function of ». It is to be especially noted that whereas the summation
in (15) was over an infinite number of stationary states, that in (32) is
over a finite, restricted number, as in any ordinary degencrate system
only a finite number of states coincide in energy and so r is a finite
number. Because of the arbitrariness (32) in the unperturbed wave
functions we are not in general justified in supposing that

SO(nm’; nm) == 3(nm’; nm)

by analogy with Eq. (20) for degenerate systems. Instead S° will possess
terms which are non-diagonal in m (i.e. of the form m’ s£m). To deter-
mine these terms we substitute (32) in (16), use (18), and equate to
zero the coefficient of the first power of A, remembering that then the
cocfficient of each  must vanish separately. This is tantamount to
adapting (19) to the case (nm;nm') and yields

zr [HD(nm”; nm’)—8(m"; m" )W D8 (nm’ ;nm) = 0, (m" = 1,...,r). (33)
m'=1
Although the original system of equations (19) was infinite, (33) is a
finite set of r simultaneous homogeneous linear equations for deter-
mining 8%nl;nm), S°(n2;nm),..., S°%nr;nm). The various equations
belonging to a set are obtained by setting in turn m" =1, 2,..., ». In
other words, we have a finite number 7 rather than infinite number of
simultaneous equations. Each value of n, i.e. each family of originally
coincident levels, has its own characteristic set of such simultaneous
equations. Now a set of homogeneous linear equations admits a non-
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trivial solution only if the determinant of the coefficients is zero. This
requirement gives the determinantal or ‘secular’ equation

HOl;n)—-WO  HVn2;nl) HOn3;nl) . FHVnr;nl)

Hnl;n2) HV02;n2)—WO HV(n3;n2) . HV(nr;n2)

HO(n1;n3) HOn2;n3) HOmI;nd)—WD . HOmr;nd) =0 (34)
. HV(nl; nr) HD (n2; nr) J#“’(n3;n;') L .};‘“;(m:; n.r)-‘— W

or in briefer notation

| B nm’)—S(m",m WD =0  (m',m"=1,2,..,r). (34a)
Eq. (34) or (34a) is an algebraic equation of degree r and so has r roots
for the unknown WL, The resulting values of WO+AWY) are the first
approximations to the perturbed energy values of the family of states
in question. If these roots are all distinct, the perturbation has com-
pletely removed the degeneracy, otherwise not. In case the roots are
not all distinct, difficulty due to degeneracy may be encountered in
higher order approximations, but discussion of this is beyond the scope
of the present chapter, and the treatment of degeneracy which is
removed only in higher-order terms is a fairly obvious extension of the
method we have given for the first order.!6

Having found the values of W{.) we may substitute any one of them
in (33) and then determine the S%nm’; nm) by solving these equations,
which will be consistent with cach other because (34) is satisfied.
Eqgs. (33), to be sure, determine only the ratios of the S°(nm’; nm), but
their absolute values may be found by invoking the aid of the normaliza-
tion (29).

Even after solving Eqs. (33), and thus finding the W) and
S(nm’; nm), the complete solution of the wave equation has not been
obtained, as in substituting (33) for (19) we have considered only the
interaction between states of the same n but different m. Actually one
must include also the effect of the matrix elements in the Hamiltonian
function of the form H®(n'm’;nm), where n' £ n (also the effect of all
of #® and higher-order terms). To obtain the complete solution we
choose the sums (32) as new unperturbed wave functions ;5. We may
then proceed as in a non-degenerate system, and build up a power-
series solution of the form (20), with of course the understanding that
the ¢'0’s rather than 9's are to be used in equations such as (18) or (15).
When we employ the §'0’s rather than ¢?’s, the difficulties characteristic
of degenerate systems no longer appear, at least in low-order approxima-

16 The procedure when the degeneracy is removed only in the higher orders is given
by the writer in Phys. Rev. 33, 467 (1929), and more fully by Born and Jordan, Elemen-
tare Quantenmechanik, pp. 209 ff.
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tions, for use of the linear combinations (32) with coefficients S°(nm’; nm)
determined by (33) makes diagonal in m the portion of the energy
matrix for which n = »’; in other words,
HO =Wt S O
n,m'(n'/n)

The energy is affected only in the second approximation (26) by the
portion of H#® for which n' #n. Hence to a first approximation the
energy is given by solution of (34), and the effect of the ‘high frequency
elements’ n’ # n is only secondary.

Nearly Degenerate Systems. A case which commonly arises, and of
which we shall give a specific example in Eq. (101), is that in which
some of the unperturbed energy-levels, while not coincident, neverthe-
less lie so close together that their separations are comparable in
magnitude with the perturbative potential. A series of the usual type
(20) for non-degencrate systems cannot then be used at the outset, as
some of the denominators Av(nm;nm’) in (26) would be nearly zero. We
here use the notation nm ; nm’ to denote states of nearly the same energy.
The procedure is quite similar to that in degenerate systems, and con-
sists in finding a linear combination (32) of a finite number of unper-
turbed wave functions which will dispose of the troublesome ‘low
frequency elements’ n =#’, m % m’ in the Hamiltonian function. It is
readily seen that the secular equation now becomes
(W2, 8’3 ")+ NHO (" mm’)—3(m”; m" YW, ,] = 0

(m',m"=1,...,r) (35)
instead of (34) or (34a). Here the W0, are the unperturbed energy-
levels, and W, is the approximate cnergy inclusive of the perturba-
tions, which cannot here be conveniently expressed as a power series
in A. Such a development is useful only if there is little tendency
towards degeneracy, or else complete degeneracy. (We must, however,
mention that even in the intermediate case of near degeneracy, the
secondary influence of the high frequency elements n’ 4 n can still be
handled by the series method.)

35. Matrix Elements of a Perturbed System. Proof of Spectro-
scopic Stability

The matrix elements of any function f in the perturbed system are given

by the fundamental quadraturc (14) if we use in (14) the normalized

functions appropriate to the perturbed system. If we substitute in (14)

the expansions

Pome =3 S*n"m"; n"m" Wk s Ypm = 2, S'm’; nm ).
e n'm’
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similar to (15) for the perturbed in terms of the unperturbed wave
functions, then (14) yields

fm"m”; nm) = z S*(n”’ ;0" m")fo " m”; n'm’)S(n'm’; nm), (36)
n'm’ m'm

where the fo(n"’m’’;n'm’) are the matrix elements evaluated for the
unperturbed system, given by

fo (nmmm n'm f J.'/’n m"’f ¢:L 'm’ dv.

In the brief matrix language (cf. Eq. (31)), Eq. (36) may be written

f=R*fo8 = 8-1fo8. 37)
The matrix 8§ formed by the coefficients of the expansion of the per-
turbed in terms of the unperturbed wave functions is called the trans-
formation matrix. Thus we can evaluate the matrix elements of any
function for the perturbed system if we know all the clements of the
same function for the unperturbed state, and if in addition we know
the transformation matrix. The formula (36) or (37) will be entirely
accurate if we know the transformation matrix accurately, and approxi-
mate if we know it only approximately by confining ourselves to low
powers in the development (20).

The transformation matrix 8 need not necessarily be used in con-
nexion with the effect of a perturbation exerted upon a system. Another
common use is in transforming from one system of quantization to
another in a degenerate system not subject to perturbations that remove
the degeneracy. We have already mentioned that in such a system any
linear combination (32) of the wave functions of the states of identical
energy is still a solution of the wave equation. When we pass from one
set of wave functions ¢, to another set ¢/, by constructing arbitrarily
such linear combinations, we make what is called a ‘canonical’ trans-
formation.'” Such a transformation amounts to changing the system of
quantization, as the latter is not unique because of the ambiguity arising
from the degeneracy. A familiar specific illustration is change in the
direction of spacial quantization, which is arbitrary in the absence of
external fields. Because we are now using instead of the infinite series
(15) only the restricted sums (32) over the states of identical energy,
the transformation matrix will now be diagonal in 2, i.e. will have no

17 Dirac notes (Quantum Mechanics, p. 82), that one must be careful in dealing with
transformations to note whether one is making a change of variables or a change in the
representation, i.ein what wo call tho system of quantization. He proposes the names
‘contact’ and ‘canonical’ to designate the former and the latter types of transformation.

In the earlier literature both types of transformation were indiscriminately termed
canonical transformations.
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‘high frequency’ elements in which n’ -4 n. Hence (36) may be written,
on readjusting the prime notation,

fm;n'm') = z S*(nm”; nm) fo(nm”; n'm™)S(n'm"” ;s n'm’).  (38)

m
From (38) it is seen that
2 f(nm;n'm’)f*(nm; n'm )-—= S {fo(nm"; n'm"”") X
m,m’ m,m”,m'” ;mv,mv
X fO* (nmiv; n'mv)S*(nm"; nm)S(n’m’" n'm")S(nmv; nm)S*(n'mv; n'm')},

(39)
where we write m1v for m"”, &c. Now in the present case the normaliza-
tion and orthogonality relations (29), (30) yield

> S*(nm”; nm)S(nmiv; nm) = §(m”; miv). (40)

The inversion of initial and final indices as compared with (29)—(30) is
legitimate since S* = 8- and since we have S8-1=1 as well as
8-18=1. There are, of course, equations similar to (40) in which 2, m,

m”, mwv are replaced by n’, m’, mv, m" respectively. Thus (39) reduces to

> fom;n'm)fmm;n'm’) =Y foam”;n'm”)f*(nm";n'm’”). (41)
m.an’ m’;m'"

"

Now on the right-hand side we may replace m”, m”’ by m, m’, for this
is only a change in the notation for the variable of summation. Also
the product of a complex number and its conjugate equals the square
of its absolute magnitude. Hence (41) may be written

2 |ftnm;n'm )l2=mZm,If°(nm;n'M')lz- (42)

m,m’
This rather formal identity of the sums in the two systems of quantiza-
tion is the mathematical expression and formulation of the theorem of
spectroscopic stability, whose far-rcaching physical significance has
already been discussed in § 30. It doubtless seems to most readers a far
ery from the abstract mathematical result (42) to its superficially not
at all related physical interpretation given in § 30. To bridge the gap
one must examine its application to spacial degeneracy, which will be
discussed in the next few paragraphs, and also especially the specific
use of the theorem in the proof of the Langevin-Debye formula, which
will not be given until § 46. Before proceeding to the discussion of spacial
degeneracy we may note that the theorem (42) applies to all types of
degeneracy, not merely to the particular type involved when the direc-
tion of spacial quantization is ambiguous. Also, we may further note
that the expression (42) is invariant even when n=n', for there is
nothing in the above demonstration which requires n £ 2'. With n = »’
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the summation in (42) extends over the various transitions within a
multiple level rather than over those between two multiple levels.

Application to Spacial Degeneracy. The most important application
of (42) in calculating susceptibilities is to the case where the degeneracy
arises from the absence of an external field, so that one direction in
space is as good as another. Then the various values of the indices
m and m' correspond to different values of the axial (often called
‘equatorial’ or ‘magnetic’) quantum number belonging to a system of
multiple levels whose components differ from each other only in that
they represent different ‘quantum-allowed’ orientations relative to the
axis of quantization. Ordinarily m then measures the component
angular momentum of the entire molecule in the direction of this axis,
in multiples of the quantum unit /27 of angular momentum. The
canonical transformation of the type considered above now simply
involves a rotation of the coordinate axes, and means that the direction
of spacial quantization is shifted from one direction in space to another.
Clearly, if A is any vector, the double sum (42) has by symmetry the
same value whether we take f equal to any one of the three components
4,, A, A, provided we average (42) over all possible directions for the
axis of quantization, for after the average there is no preference between
the «, y, and z directions in the absence of external fields. But we have
proved an expression of the form (42) invariant of the axis of quantiza-
tion, and hence the average over all directions for this axis is unneces-
sary. Thus (42) always has the same value with f equal to 4,, 4, or
A,. Hence it follows that

S A mm;n'm)2=% 3 |A(nm;n'm’)|% (43)
mm’ m,m’

where

|4 (nm; n'm) |2 = | A (nm; n'm) 2+ | Ay (nm; n'm) P4 A (nm; n'm”) 2. (44)
The expression (44), and hence (43), is clearly invariant of the choice
of axis of quantization. There are, of course, equations analogous to
(43) for the y and z components. Eq. (43) shows that summing over
the axial quantum number has the same cffect as a classical integration
over random orientations, inasmuch as each Cartesian component con-
tributes one-third of the total. Thus a quantum average over a discrete
series of ‘allowed’ orientations is equivalent to a classical average over
a continuous distribution of orientations.

An example or two will perhaps make these results more concrete.
If A be a unit-vector matrix, then 4, may be regarded as the cosine of
the angle between this vector and some fixed direction in space chosen
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as the z axis. In other words, 4, is then a matrix representing a direc-
tion cosine. Eq. (43) shows that the mean value of the square of a direction
cosine 18 one-third when we average over the various allowed orienta-
tions relative to the axis of quantization. This is the same mean value
as classically.

Another simple illustration of (42) is furnished by the theory of
diamagnetism. 1t can be shown (see p. 91) that the diamagnetic
susceptibility of an atom is proportional to z2-+y? if the magnetic field
is applied in the z direction. Now the avcrage value of x? for the
state n is 1 1

— z x}(nm;nm) = — |e(nm;n'm’)|2 (45)

In m "
Here we have utilized the matrix multiplication law (9). Hence #' is
to be summed over all possible states, including »’ = n. The ‘a priori
probability’ g,, is the number of different values of m belonging to the
multiple state »n. The multiplicity is, of course, due to the fact that
the axial quantum number m may in general assume a variety of values
for a given assignment of n. A diagonal matrix element x*(nm;nm) is
the time average of x2 for a component state having a particular value
of m. Summation over m followed by division by g,, is necessary in order
to yicld the mean taken over the various components. Now (45) is
an expression of the form (43) summed over », and there are, of course,
similar expressions for the ¥ and z components. Hence by (43) the
average values of 22, y2, 22 arc equal, and since 72 = x2--y%>4-2%, we can
take #?--y® = &2, just as in classical theory. This has an important
experimental application, as it shows that x%24-y? has the same mean
value as £r2, with or without spacial quantization, so that it is immaterial
whether or not there are frequent collisions to upset the spacial
quantization. Thus there should be no variation .of the diamagnetic
susceptibility per molecule with pressure due to change in the collision
frequency, and hence no basis for the Glaser effect (§ 29) on the ground
of change in quantization.

Application to the Intensities of Speciral Lines. Eq. (42) has an
important application to the intensities of spectral lines. Let us suppose
that the initial and final levels involved in the emission of a spectral
line are both multiple, but that the spectral instruments do not have
sufficient resolving power to reveal the multiplet structure. The ob-
served intensity is then the sum of the multiplet components and is
thus proportional to the sum of the squares of the matrix elements
for the electric moment over all values of the subordinate indices m, m’
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consistent with given n, n’. In other words, the intensity is proportional
to an expression such as (42). If the multiplet structure is very narrow,
it is very easily distorted (as in the Paschen-Back effect), and its pattern
completely changed. By Eq. (42), however, the intensity in the entire
pattern is the same as without the distortion. A magnetic field, for
instance, should not affect the intensity of spectral lines unless we care
to isolate the intensities of individual Zeecman components.!8

Invariance of the Spur. If we take n' =n, m’ —=m in (38), sum over
m, and then use (40), we have the very useful relation

S fm;nm) =3 fo(nm;nm).

m m
The sum involved in this equation is called the ‘diagonal sum’ or ‘spwr’
of the sub-matrix (Teilmatrix) formed from f by considering only the
elements connecting the family of states of given n but variable m.
The spur of any finite matrix is thus an invariant of a canonical trans-
formation. The infinite matrices formed by varying n as well as m do
not in general have bounded diagonal sums, as the sum is now an
infinite onc over both n, . Hence the spur relation cannot be employed
when the transformation matrix is not diagonal in n, unless perchance
it involves only a finite number of states.

The invariance of the spur requires that the sum of the roots of the
secular equation equals the sum of the diagonal elements of the Hamil-
tonian function calculated in the original system of representation, i.c.
in the unperturbed system of quantization. This is true inasmuch as
(33) takes the form W® = SO-1#MS0 in matrix language, so that the
roots of the sccular equation are merely the diagonal elements of the
energy matrix when transformed into diagonal form. Thus the sum of
the roots of (34) is 3 H#®(nm; nm), and of (35) is X [ W), +AHO(nm; nm)].

m m

Without using the invariance of the spur, these values can also be
verified by expanding the detcrminants in (34) or (35) so as to yield
an explicit algebraic equation W’+a,W"-'+...4-a, of degree r. The
sum of the roots is, of course, —a,, which is found to have the values
given.

Notation for Diagonal Matrices. A special symbolism will be con-
venient for diagonal matrices, i.c. matrices whose only non-vanishing
elements are the diagonal elements. A dot over the equality sign will

18 Tf the multiplet width is at all different from zero, the case is, to be sure, that of
near rather than complete degeneracy, and the transformation matrix will usually con-
tain cloments not diagonal i n, so that (42) is not rigorously applicable, but theso ‘high
frequency elements’ aro usually small, since the corresponding denominators in (24) aro
rolatively small, and so (42) is a good approximation.
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mean that the left-hand side is a diagonal matrix and that the right
side gives the diagonal elements of this matrix. Thus py == mh/2x, for
instance, is an abbreviated way of saying that pgy(nm;nm)=mph/2m,
pg(nm;n'm’) =0 (0’ #mn,m’ #m). A symbol resembling an cquality
sign as much as possible has been desirable because the physicist likes
to picture the diagonal elements of a physical quantity represented by
a diagonal matrix as the values which it can assume in the stationary
states. Thus one speaks of the axial component py of angular momen-
tum as being mh/2w in a stationary state. On the other hand, the
equality sign without the modification of the dot over the equality sign
would not be mathematically correct as one cannot equate an entire
matrix (the left side) to a diagonal element thereof (the right side).
A bar is unnecessary to designate the time average of a function capable
of representation by a dotted equality, as its matrix consists solely of
diagonal elements and hence it is constant with respect to time.

The diagonal elements of a diagonal matrix are called its charac-
teristic values. We tacitly consider throughout the volume only
matrices in what is called the ‘Heisenberg scheme of representation’ in
the parlance of the transformation theory of quantum mechanics. We
do not need to occupy ourselves with the theorem of transformation
theory® that any matrix can be brought into diagonal form if we are
willing to sacrifice the diagonal form of the Hamiltonian function.
When we say an cexpression is a diagonal matrix we mean that the
diagonal form can be achieved without impairing the diagonal form of
the energy. This restriction is nccessary because we are dealing with
conservative systems; otherwise every matrix would be potentially a
diagonal matrix.

36. Formulae for the Electric and Magnetic Moments of a
Stationary State

The average electric and magnetic moments in any given stationary

state are obtainable from the formulae for the energy by a simple

differentiation, viz.

.ﬁEnm: Pg(nm;nm) = — _ajy'nm’ m]lnm = mp(nm;nm) = — 22;"’"','

The bar denotes the time average for a given stationary state, and is,

of course, the same as a diagonal element of the Heisenberg matrix for

the electric or magnetic moment. Thus if the scries development of the

energy in the field strength is W = WO+ EW®+ E2W@ .| then
py(nm;nm) = — W —2EW@ ... (47)

(46)
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To obtain specific formulae for WM, W® ... we use (24) and (26). We
assume that the system is non-degenerate or, if degenerate, that it has
had the troublesome ‘degenerate elements’ n=mn', m #%m' eliminated
from the Hamiltonian function by finding a new set of wave functions
by a proper linear transformation (32). In case the only external field
is the given electric or magnetic field, the degeneracy difficulty due to
the arbitrariness of spacial orientation in the absence of the ficld is
avoided by taking the direction of the axis of quantization as identical
with the direction of the applied field. The matrices representing the
components of electric and magnetic moment in this direction are
readily shown to be diagonal in the axial quantum number m.

We shall first derive formulae for W® and W® in the electric case.
As usual, we suppose the applied field along the z axis. Here we may
take the parameter A to be the field strength E, and comparison with
Eq. (2) shows that

ﬂ(l) = — z eizi = - pE, ‘#(2) =0. (48>

Except for sign, the matrix elements H#®(nm;n'm’) involved in the
perturbative potential EA® are thus identical with those p(nm;n'm’)
of the electric moment, provided the latter are calculated in the absence
of the field, as indicated by the superseript °. This proviso is necessary
since the unperturbed wave functions are used in the definition (18) of
the elements H#M(nm;n'm’). These clements may be calculated by
means of the fundamental quadrature (14) taking f= ez;, and the
wave functions to be those of the unperturbed state. By (24), (26),
and (48)

2
WD = — pf (im;nm),  WiE = Z U;;m ) ™I (a9

and hence by (47) and (49)

P m) = o ) 42 "}j((fb—”jnf‘n—’fn))' (50)
since -
pY(m; n'm’)p(n'm’; nn) = plh(nm; w'm’)pl*(nm; n'm’) == |ph(nm;n'm’) |2
in virtue of the Hermitian property of the electric moment matrices,
and since by (25) v(n'm’;nm)= —v(nm;n'm’). The presence of the
second right-hand member of (50) means that the average electrical
moment p,(nm;nm) of an atom or molecule in the presence of the field
is not the same as the average pji(nm;nm) for the same stationary state
in the absence of the field. This is, naturally, because the presence of
the electric field distorts the electronic (and nuclear) motions, and
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polarizes the atom so that there is an induced moment, given by the
second term of (50).

In the magnetic case we have A= H, and Eq. (2) of the present
chapter or Eq. (48), Chap. I, shows that

HO(nm;n'm') = —m(nm;n'm’),

e2
HOmmn'm') = > 5 @4yt nmsn'm’), (51)

8m,c?
where mf,(nm;n'm’) denotes a matrix element of Z Q:;{ . (x: Py, —Y:Dz)
13

evaluated in the unperturbed state, i.e. an element of the magnetic
moment in the absence of the magnetic field. The presence of the
second-order term H® in (51) is because (2) contains a non-vanishing
quadratic term in H, which has no analogue in the electric case. Pro-
ceeding as before, we find from (24), (26), (46), and (51) that

my(nan; nm)

s i (nm; n'm’)|2 e (x?+y?
= mgy(nm; nm)+-2H z [-%I]f((n:ﬂ;,—;bﬁ))'l —H Z "'(4;,:;2?/ ) o m).
n'm’ ’ i
(52)

The last term of (52), which is not paralleled in (50), is a diamagnetic
one, as can, for instance, be seen by comparison with the classical theory
of magnetism previously given on p. 91. As we have mentioned on
Pp. 22-4, this third term is essentially a correction for the fact that in
a magnetic field the ‘canonical angular momentum’ P, = ;p, —y,;p,,
is not the same as the true angular momentum m(x;y,—y2,). Hence
in the field a matrix element m;,(nm;n'm’) of the true magnetic moment
is not the same as Y (e;/2mc)F, (nm;n'm’). This distinction disappears
1

when the field is absent, so that mf;(nm; n'm’) = }i (e;/2mc)PY (nm; n'm').

Proof of Egs. (46). Having shown at some length how Eqgs. (46) may
be used to calculate the moment of a stationary state, it remains to
give the proof of these equations. To do this, we note that Eqs. (49),

Chap. I, viz. _oH " _oH
Pe="pm "M "o

are valid in quantum mechanics provided pg, my, # are interpreted
now as matrices, indicated by the angular parentheses around the equa-
tion number, and provided in the differentiation the matrix elements
of # are calculated for the system of representation appropriate to

a particular field strength, say K, (or H,), rather than the variable one
36956.3 L

(83)
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o+ AE (or Hy+AH). The reason that these equations are still valid
is that the derivation of (49), Chap. I, from (48), Chap. I, involved no
operations (such as the multiplication ¢; p,) which are non-commutative
in quantum mechanics, and so the various steps in going from (48) to
(49) in Chapter I retain their validity in matrix as well as ordinary
algebra. Let now the electric field be changed from E; to E,+AE.
The term added to the Hamiltonian function is then (0#/0E)AE,
neglecting squares of AE. Further, if now we take A = AE, instead of
A= E as previously, the change AW in the quantized energy is to a first
approximation in AE by (21) and by (24) the average or diagonal
value of the term added to the perturbative potential. Thus to this
approximation we sce, using (48), that

AW, =AE %‘z (nm; nm) = — A Epg(nm;nm),

and passing to the limit AK = 0 we obtain the first relation of (46).
The proof of the second relation is similar.1®

Egs. (46) and (53) are not to be confused, as W is the energy appro-
priate to any given field strength, and is always a diagonal matrix,
whereas # is the Hamiltonian function expressed in the system of
quantization appropriate to one particular field strength E,, and is not
a diagonal matrix when E s« K. Eq. (53) gives the matrix representing
the instantaneous value of the moment, whereas (46) gives the time
average. Because the distinction between (46) and (53) is a little subtle,
some readers may prefer to take (46) to be the definition of the average
moment, rather than falling back upon the definition of moment given
in Eq. (11), Chap. I. This alternative is not without its advantages,
and is sometimes used in the literature. However, if we regard (46) as
a definition of the average moment, rather than as a consequence of
(11), Chap. I, it is not at all obvious that the average moment per
molecule, when multiplied by the number of molecules per c.c., is
identical with the macroscopic polarization vector P given by the
familiar macroscopic relation D = E-4«P. In other words, we have

1 In parforming the differentiation in (53 it is cssential that the systom of representa-
tion, i.e. of quantization, for /& bo held fast to that appropriate to a particular field
strength K,. Similarly Eqs. (49) of Chap. 1 are valid only in systems of coordinates
obtained from Cartesian ones by transformations which are independent of the field
strength E, but which can nevertheless involve the constant parameter E,. Relations
similar to (46) are readily proved valid in the classical or old quantum theory by essen-
tially the same method as that which we use in the new. Then W,,, denotes the energy
exprassad as a function of the angle and action variables wy, J; appropriate to the varia-

ble field strength, and so W, is independent of the w; corresponding to the fact that the
energy is a diagonal matrix in (46) but not in (63).
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proved Eqgs. (12), Chap. I, viz.

P =Np, M = Nm, (12, 1)

from the definition (11), Chap. I, rather than from (46) of the present
chapter. Even so, some readers may object that there is still a lack
of rigour in our proof of the fundamental theorem (12, I) from (11),
Chap. I, in the quantum mechanical case, as our proof of (12, I)in § 3,
which was inevitably rather long, was an entirely classical one, so that
we are now reasoning only by analogy with classical theory. Apparently
a completely rigorous justification of (12), Chap. I, would require a
quantum theory of the electromagnetic field,2° which is a very intricate
subject beyond the scope of the present volume. However, one can
always be almost certain that classical averages are replaced by diagonal
matrix elements in quantum mechanics, and this is all we have used.
As a matter of fact, considerable of the work in Chapter I can be
repeated in the matrix language, at least when the fields are constant
in time, taking E, H, D, B, &c., to be now matrices, and in this way
one can see that the validity of the relations (12, I), with p, m defined
by (11), Chap. I, is virtually unavoidable even in quantum mechanics.

37. The Rotating Dipole in an Electric Field 2

It is customary to treat the ‘end-over-end’ rotation of a diatomic
molecule by using a simplified, idealized model, sometimes called the
‘rigid rotator’ or ‘dumb-bell model’. The behaviour of this model in
an clectric field furnishes a simple illustration?? of the perturbation

20 A tentative form of such a theory has been given by Heisenberg and Pauli, Zeits.
f. Physik, 56, 1, 59, 168 (1929), but is not without objections; (cf. Oppenheimer, Phys.
Rev. 35, 461 (1930).

21 This problem was troated more or less simultaneously by Mensing and Pauli, Phys.
Zeits. 27,509 (1926) ; R.de L. Kronig, Proc. Nat. Acad. Sci. 12, 488 (1926) ; C. Manneback,
Phys. Zeits. 27, 563 (1926) ; and J. H. Van Vleck, Nature, 118, 226 (1926) (abstract only).
The wave equation for the rotating dipole in the absence of fields was first formulated
and solved by Schrédinger, Ann. der Physik, 79, 520 (1926). The behaviour in fields so
powerful as to prevent the use of tho usual perturbation theory has been considered by
Brouwer, Dissertation, Amsterdam, 1930 ; cf. also Lennard-Jones, Proc. Roy. Soc. 129 a,
598 (1930).

22 If the reader desires a still simpler example of perturbation theory, he may consider
the rotating dipole in two dimensions subject to an electric fiold in the plane of motion.
The unperturbed wave functions are then simple sines or cosines, and the development
(15) of the perturbed wave function takes the form of a Fourier series, consisting ex-
clusively of sine or cosine terms. The wave equation for the perturbed problem is of the
form known as Mathieu’s equation, and is similar to the wave equation for the two-
dimensional simple pendulum, which has been discussed qualitatively by Condon, Phys.
Rev. 31, 891 (1928). Our three-dimensional wave equation (54) is, of course, like that
of the spherical pendulum. Despite the very simple form of the two-dimensiona lequation,
its characteristic functions cannot be expressed except in series, as there are no closed

L2
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theory given in § 34. If we neglect the molecular vibrations, the nuclei
of a diatomic molecule remain at a constant distance 7, from each other,
and so the end-over-end rotation may be expected to resemble that of
a dumb-bell of length r, with masses M,, M, at the two ends, equal to
the masses of the nuclei. The moment of inertia is then
M, 1M2A-r2.

MM,
If the molecule is polar, we may suppose that there is a constant dipole
moment p along the axis of the dumb-bell. Let 8, ¢ be the usual polar
coordinates specifying the position of the axis of the dumb-bell relative
to a fixed direction in space, which we shall suppose to be the direction
of an applied electric field E. The Schrodinger wave equation is then

2 2 2
- sﬁzj [si;(ié% (Sine%) +snl?20 g¢‘/;+ 8221 (Wpk cos 0)“‘] =0. (54)
Eq. (54) is the specialization of the general wave equation (1) appro-
priate to our particular model.

The term —pE cos 6 is clearly the potential energy V of the dipole in the applied
field E. The derivation of the first two terms of (54) is somewhat more compli-
cated. The classical Hamiltonian function for the kinetic energy of a rotating
dipole is 1

S [vh 28 (55)
31 L7 sing)

and if we replace py, pg by ho...[2mwi00, hd...|2miod tho first term of (54) would be
(—h2/8m2l)o%f/e62. The difficulty is the one mentioned at the beginning of § 32,
namely, that the transceription into the operator language is ambiguous because
9.../00 does not commute in multiplicationw ith f(). The classical Hamiltonian can
be written equally well as

I=

L ypasinny+ P4 56
37 LsingPo ™2 0Pg sin®6)’ (56)
since in any ordinary algebra py sin 8 = sinfp,. Eq. (56) yields (54) on replacing
momenta by operators in the fashion describod above. That we should use (56)
rather than (55) can be seen from a rule given by Schrodinger? for setting up his
wave oquation in generalizod coordinates. Schrodinger first derived his rule by
a variational method, but it is tantamount to throwing the Laplacian into
generalized coordinates. In spherical coordinates the Laplacian operator is
10 4 1 o/. ,0 1 o
V= (") i 20 (0 59) + e
formulao for these ‘Mathiou functions’. The problem which we are treating may be
regarded as tho generalization of the Mathieu problem to three dimensions. In the
hypothetical two-dimensional problem the factor in the Langevin Debye formula is }
rather than }, and the states for which j#0 make a negative rather than positive
contribution to the susceptibility, whereas in § 45 we shall see that they do not contribute
at all with the three-dimensional dumb-bell model.
3 K. Schrodinger, Ann. der Physik, 79, 748 (1926).
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and we obtain the first two terms of (54) on assuming that oys/or = 0, suggested
by the fact that the inter-nuclear distance r is constrained to the constant value
7o- This way of treating the constraint is more heuristic than rigorous, as (1) was
intended for free particles. A better way of deriving (54) is to use the completo
quantum-mechanical representation of molecular motions, taking into account
the electronic and vibrational as well as rotational degrees of freedom. An
elaborate theory has beon developed by Born and Oppenheimer?! for treating
these different degrees of freedom by methods of successive approximations,
beginning with the motions of largest onergy, viz. the ‘electronic’ motions rela-
tive to fixed nuclei. It finally turns out that the end-over-end motion is given
approximately by (54), provided that the molocule is in what band spectroscopists
call a T state, and provided oven then that we negloct ‘wobbles’ due to nuclear
vibrations, to departures of the instantaneous forces exerted on tho nuclei by the
electrons from the average of these forces, &c. These wobbles are important in
tho precise spectroscopy of rotational fine structure, but are unimportant for us.
By a I state we moan a stato with no electronic angular momentum about tho
axis of figure (seo § 63 for further details). All common diatomic molecules except
NO havo X states for their normal or ‘ground levels’.

Unperturbed System. The unperturbed system we can take to be that
in the absence of the electric field. When we set E = 0 the differential
cquation (54) becomes that of surface harmonics, and can be shown to
have a solution having the necessary properties of single-valuedness,
&ec., outlined in § 32 only if the constant 8721 W /h? has the value j(j+1),
where j is an integer, so that 2

JG+1)h?
W, = et (57)
The corresponding solutions are
27+1 :
M == J ( ‘7‘:; (j)fim;'n_) P (cos B)eim9, (58)
wh Pr@) = L 1wty I a1y 59)
ere () == 2’3-! x dani (x2—1). (

The integer m can take on any integral value in the interval
—j<m< +j.
The functions (59) are called associated Legendre functions, and the

ordinary Legendre polynomials are comprised as the special case m = 0.
The radical is included as a constant factor in (58) to make the solutions

% Born and Oppenheimer, Ann. der Physik, 84, 457 (1927), or Condon and Morse,
Quantum Mechanics, p. 153.

25 We use small letters for the quantum numbers in the present section despite the
fact that the latest usage in molecular spectroscopy demands capitals. We do this for
two reasons: first, bocause tho recursion formulae, &c¢. would be rather awkward with
capital subscripts and second, bocause the present ‘rotating dumb-bell’ is not necessarily
to be taken as representing accurately an actual molecule.
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normalized to unity. If we use the usual 8-symbol, the normalization
and orthogonality properties can be expressed in the single equation

[] 95298 deo = 8(m3 'm). (60)
Here the element dw = sin6dfd¢$ of solid angle replaces the volume
element dv in equations such as (3). It is not our purpose to show that
(57) and (58) are the characteristic values and characteristic functions
of (54) when E = 0, or that they fulfil (60). In fact, it is not our aim
to discuss how accurate solutions are found in the rather limited number
of cases in which the wave equation is exactly soluble, but rather how
approximate solutions are obtained for a perturbed system if the unper-
turbed one has been solved precisely. The necessary proofs connected
with (57)-(59) will be found in all standard treatises on spherical har-
monics, not to mention many recent texts on quantum mechanics,?®
although it may be mentioned that often the treatments side-step the
task of showing that (57) and (58) (or linear combinations thereof of
the form (61)) are the only characteristic values and functions. How-
ever, thorough investigation shows that the most general surface har-
monic of degree j, i.e. the most general solution of (54) for E =0, is
obtained by taking an arbitrary linear combination
4
p= 3 anth (61)

=—j

of the ‘tesseral harmonics’ (58) over all values of m consistent with
given j. Eq. (61) is an illustration of the general theorem (32), and the
arbitrariness (61) is thus to be expected since m is a ‘degenerate’
quantum number not appearing in the energy formula (57). The non-
appearance of m in (57) expresses the fact that the spacial orientation
of the axis of rotation is immaterial in the absence of external fields.
The quantum numbers j, m have the following physical interpreta-
tion. The square of the total angular momentum P of the molecule is
P2=j(j+1)W*/4n®. The component angular momentum py about the
axis of the polar coordinate system is py == mh/27. To prove the first
of these statements we have only to use (57) and to note that the
energy W has the value P?/2I in terms of angular momentum. To
prove the second statement, take f in the fundamental quadrature
(14) to be the operator Ad...[2mid$ corresponding to py. As by (58),
9nu/0d = imyl,, the integral (14) then differs from the normalizing
relation (60) only by a factor mh/2n, and hence py is a diagonal matrix
whose elements are py(jm;j'm’) = 8(jm; j'm’)Ymh/2w. The energy, of

26 Cf., for instance, Sommerfeld, Well hanischer Ergd gsband, § 2A.
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course, depends on the total angular momentum rather than on its
component in a particular direction. The latter component merely deter-
mines the spacial orientation. The energy formula, (57) is a very familiar
one in band-spectroscopy. As j(j4-1) = (j-+3)2—1 the energy is, apart
from an unimportant additive constant, the same as though we used
half-quantum numbers in the energy expression jzh?/8n2I of the old
quantum theory.

Perturbed System. When E 0, it has not been found possible to
obtain accurate solutions of (54), and it is necessary to resort to the
methods of perturbation theory, which yield the first few degrees of
approximation very casily, if we take A= E. The first step is to cal-
culate the elements of the perturbative potential A#® == —pEcosd. In
virtue of (14) these are given by

HO(Gm; §'m’) = —pcos 8(jm; j'm') = —p [ ...[ Yk o8 09 do.  (62)
Now the associated Legendre functions obey the recursion formula
(Zj+-1)cos § Py (cos §) = (j+m) P y(cos 6) + (j—m+1)P7}y(cos0),

which by (58) is equivalent to the following relation between our
normalized wave functions:

(j—m)(j+m) (J—m+D)G+m+1)
oot [t gy P

The integral (62) is thus reducible to two integrals of the form (60),
and so one finds that

" _ TP P—m?
cosd(jm; j—1m) = cosb(j lm’Jm)—A/(2j-{:_1)(2j;l) -

4 L) — 08l it Lo i) | TP
cosf(jm; j41m) = cos0(j+1m; jm) = (2 3)@+1)

and that all other elements vanish.

The fact that the non-vanishing elements are all diagonal in m shows
that the degeneracy difficulty (i.e. appearance of clements diagonal in
Jj but not in m) is avoided by taking the axis of quantization identical
with that of the applied field. It has thus been allowable to use (58)
for our initial wave functions instead of the more general linear com-
binations (61). As by (62) and (63) A contains no diagonal elements
in our problem, Eq. (24) shows that

W =0. (64)
The summation in (26) reduces to but two terms, whose associated
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frequencies are by (25) and (57) v(j;j41) = h(F2F1—1)/8x%. By
(62) and (63), Eq. (26) yields
WE—p > [99?_%9;@3’@12 _ gl ) —3m? ]
ol W) B LG +3)
(65)
The case j= 0 requires special consideration. Here the summation
reduces to a single term j' = j+1 = 1. There is no term j' =j—1= —1
as states of negative j are non-existent, and as one can also verify from
(63). Thus i _ #c0s0(00310) P _4ntlp? (66)
vo hv(0;1) 3h2
Spectroscopic Stability. From (63) and the rule (9) for matrix multi-
plication it follows that the diagonal elements of cos?f are
2j242j—1—2m2
DESTCES
This gives the time average of cos?0 for one particular stationary state.
To obtain the average of cos?0 over all the different allowed spacial
orientations one must take the mean over the 2j-+1 different allowed
values of m ranging from —j to +j. Now

3 Z m? = (Zj+1)j(j+1). (68)

""""‘

cosf(jm; m) = 3 [eos(jm;jm)]? —=
ei

This formula for the sum of squares of integers is one we shall have
frequent occasion to use. It is readily proved inductively as follows.
Assume it holds for a given j. Then it also holds for j+1 as

6(j+12+(Z+1)j(+1) = (Z+3)G+ 1 +2).
To complete the proof we need merely note that (68) is obviously
correct for j =0 or j = 1. From (66) and (68) it follows that

== 1

cos?f = 11 2 cos?0(jm; jm) =3 (69)
Mol
in agreement with the statements made in § 30 and § 35 that the square
of a direction cosine has the same mean value 1/3 in quantum mechanics
as in classical theory.

The Symmetrical Top.?” Another, somewhat more general model
27 The unperturbed wave equation for the symmetrical top was first solved by Reiche
and Rademacher (Zeits. f. Physik, 39,444 ; 41, 453 (1926)), by Manneback (Phys. Zeits. 28,
72, 1927), and by Kronig and Rabi (Phys. Rev. 29, 262 (1927)), although Dennison had
previously obtained formula (70) by matrix mothods (Phys. Rev. 28, 318 (1926)). The

perturbed levels (72) in an electric field wore obtained by R. de L. Kronig (Proc. Nat.
Acad. Sci. 12, 608 (1926)), and more especially by C. Manneback, I.c., and Debye and
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which has been used to represent molecular rotations is that of the
so-called symmetrical top, which is a rigid body having two equal
moments of inertia I and a third moment of inertia C. As compared
to the rigid dumb-bell, the symmetrical top has an extra degree of
freedom and moment of inertia, connected with rotation about the axis
of symmetry and hence with the moment of inertia C. In the absence
of external fields the wave equation for this model proves to be
rigorously solvable, and has the energy
2 [i(i1)—A2 2
Wy =g [MEE (70)
where A is a quantum number specifying the angular momentum about
the axis of symmetry. Perturbation calculations, which we omit, show
that the change in energy produced by a field £ is given by
EWO4 RO .,
with
wm_ _ pmA
Win = =j(j+ 1y (71)
e e Mt e | Y
"R P14 G+ +1)+3) [

under the supposition, of course, that the dipole moment coincides in
direction with the axis of symmetry of the top.

The symmetrical top model has two applications to actual molecules.
It can be shown 2 to represent (apart from an unimportant additive
constant independent of j, m) the rotational energy of a diatomic mole-
cule in IT, A, ®,... electronic states corresponding to A == 1, 2, 3,.... The
3, states which can be represented by the dumb-bell model are com-
prised as the special case A =0, where (70), (71), (72) reduce to (57),
(64), (65). In applying the symmetrical top to diatomic molecules, the
term A2/C of (70) must be dropped, as it is included in the internal or
electronic energy of the molecule. This term would, in fact, be meaning-
less, as the moment of inertia of a diatomic molecule about its axis of
figure is virtually nil, being due entirely to the small electronic masses,
and is not constant in time, as the electrons are continually moving.
A second and simpler application of the symmetrical top model is to
represent the rotational motion of a non-collinear polyatomic molecule
with two equal moments of inertia, i.e. molecules such as NH;, &c. In
this case the quantum number A is associated with a rotation of the
whole molecule about the axis of symmetry, whereas in the previous

Manneback (Nature, 119,83 (1927)), who considered Egs. (71)—~(72) explicitly in connexion
with the Stark effoct as well as implicitly in connexion with dielectric constants.
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application it was only an ‘electronic quantum number’ which deter-
mined the electronic level rather than the position within the band.
A polyatomic molecule has two rotational quantum numbers j, A which
can take on arbitrary integral values subject only to the restriction
|A] <j, and hence it possesses exceedingly complicated band-spectra.
Stark Effect. Eqs. (64) and (71) reveal an important distinction:
namely, that there is no first-order Stark effect for an ordinary un-
excited diatomic molecule in a 3 state, but that there is such an effect
for a diatomic molecule not in a 2, state, or for a polyatomic molecule.28
Unfortunately, adequate measurements on the Stark cffect, i.e. dis-
placements of spectral frequencies in electric fields, are wanting in
molecular spectra, but it would be exceedingly gratifying if such
measurements could be made, as we would then be able to verify the
theoretical predictions of equations such as (64), (65), (71), (72) on the
energies of individual stationary states in electric fields, not necessarily
the electronic ground-levels, whereas measurements of dielectric con-
stants test only the statistical average of the energies of the various
component rotational states of the ground-level only. In other words,
Stark-effect measurements will isolate individual values of the quantum
numbers j, m, whereas susceptibility determinations will not. The
technique of Stark-effect observations in molecular spectra is, of course,
a difficult one. The second-order Stark effect, which is the only type
found in % levels, is so very small in any ordinary field strength that
it would be hard to measure with any precision, and even the first-order
effect in other levels or in polyatomic molecules is very minute except
for the first few lines of a band, inasmuch as the rotational quantum
number j appears in the denominator of (71). Hence, incidentally,
experiments on the electric analogue of the Stern-Gerlach effect 22 will
produce only very small deflexions in molccules. It must be mentioned
that besides the second-order term (65) or (72) due to the permanent
dipoles, there is also another second-order term due to the induced
polarization, not included in our simple models. Experiments on the
quadratic Stark effect would measure only the sum of the two terms.
However, if the molecule should happen to be nearly isotropic optically,

28 The first-order effect in such molecules should, however, appear only when the energy
due to the external electric field is large compared to the so-called ‘A-type doubling’.
See § 70. This restriction doos not appear in Eq. (71), as the model is too simple to take
account of the A-doubling phenomenon. If hAy(5) denote the width of the A-doublet,
the true formula is +(}A%A%-+E*WM)i instead of (71), where W is defined by (71);
cf. W. G. Penney, Phil. Mag., 11, 602 (1931).

2 For roferencoes to such experiments sec note 3, Chap. V.
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the induced portion would depend but little on m, and determinations
of the relative in distinction from absolute displacements of the Stark
effect components should then furnish a test of (65) or (72).

38. The Electron Spin

The writer begins this scction with considerable trepidation, as the
theory of the spin is neither particularly simple nor particularly rigorous.
The concept that an electron has an internal degree of freedom about
which it is free to spin has been extraordinarily fruitful in clarifying
the analysis of spectra. This idea is due primarily to Uhlenbeck and
Goudsmit,?® although the spin has been proposed in other connexions
at earlier dates by Compton, Kennard,? and others. The theory of the
electron spin may be presented in two ways, viz. by means of what we
shall call a semi-mechanical model or by means of Dirac’s ‘quantum
theory of the clectron’.

In the semi-mechanical model, matrix expressions for the spin angular
momentum are written down by analogy with the orbital angular mo-
mentum matrices, with certain postulates regarding the occurrence of
a half-quantum of spin per electron which will be explained below. It
is further assumed that the ratio of spin magnetic moment M, to spin
angular momentum P, has twice the classical value —e/2mc for the
ratio of orbital magnetic moment to orbital angular momentum, so that

M, e

P me (73)
The assumption (73) is made to explain the fact that in experiments on
rotation by magnetization (the Einstein-Richardson-de-Haas effect) as
well as on the converse magnetization by rotation (Barnett effect), the
ratio of magnetic moment to angular momentum has approximately
the value (73) instead of the classical orbital value.32 The anomalous
ratio (73) for the spin is also required by the anomalous Zeeman effect,
as will be seen more fully in § 42. Landé3® found that his celebrated
g-formula could be explained, except for certain characteristic modi-
fications resulting from the new quantum mechanics not understood

30 Uhlenbeck and Goudsmit, Die Naturwissenschaften, 13, 953 (1925); Nature, 117,
264 (1926).

31 A. H. Compton, J. Franklin Institute, 192, 145 (1921); E. H. Kennard, Phys. Rev.
19, 420 (1922) (abstract). Kennard’s note is often overlooked ; in it the spin was proposed
explicitly in connexion with the gyromagnetic anomaly.

32 For description of these gyromagnetic experiments, and references, see Stoner,
Magnetism and Atomic Structure, p. 184.

33 E. Land$é, Zeits. f. Physik, 15, 189 (1923) or Back and Landé, Zeemaneffekt und
Multiplettstruktur der Spektrallinien, pp. 43, 79.
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prior to 1926, by assuming that the atom contained a rather mysterious
‘atom-core’ (Atomrumpf) whose ratio of magnetic moment to angular
momentum has the value (73). This mystical ‘atom-core’ now turns
out in reality to be the spin.

Besides the arbitrary character of its postulates, the semi-mechanical
model has the drawback that it is able to describe only to a first
approximation (i.e. through terms of the order 1/c?) the internal mag-
netic forces of the atom. That is to say, it does not furnish an adequate
dynamics of the interaction of the spins with each other and with
orbital forces. Practically, this is not a serious handicap, as the terms
of higher order 1/¢* are entirely too small to be of any consequence in
the optical region, although they are large enough to be observable in
the case of X-ray doublets in heavy atoms. The interaction of the spin
with external magnetic fields, which is our particular concern, is handled
perfectly well by the semi-mechanical model. However, an approximate
theory of internal magnetic forces is never as satisfying logically as an
exact theory, and because these forces are only approximately described,
the Hamiltonian function used in the semi-mechanical model does not
behave properly under a Lorentz transformation, and so does not meet
the requirements of the special theory of relativity.

Tt is this need of relativity invariance which led Dirac to the discovery
of his brilliant ‘quantum theory of the electron’.3* In the case of a
system with one electron, he boldly replaced the single second-order
Schrodinger wave equation by four simultaneous first-order wave equa-
tions, involving the use of four wave functions. In a system with f
electrons there would be 4f wave functions, but the extension of Dirac’s
theory to many clectron systems is at present in a rather unsettled state,
and this is one reason we do not incorporate it in the present volume.
Previously to Dirac, Pauli had shown that the existence of two wave
functions per electron, and of two corresponding simultaneous second-
order equations, was necessary in order to interpret in wave language
the spin matrices of the semi-mechanical model. One wave function
corresponds in a certain sense to the alinement of spin parallel to the
axis of quantization, and the other to it anti-parallel. Four wave func-
tions arc twice too many, and in order to vest them with a physical
interpretation it seems necessary to interpret certain states as repre-

# P, A. M. Dirac, Proc. Roy. Soc. 1174, 610; 1184, 351 (1928); or The Principles of
Quantum Mechanics, Chap. XIIT. The explicit calculation of the susceptibility of an
atom with one valence eloctron by means of Dirac’s four simultaneous equations is given
by Sommerfeld in the report of the 1930 Solvay Congross. The results are the same as
with the semi-mochanical model except for terms teo small to be observable.
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senting an electron of negative mass. If Dirac’s quartet of wave func-
tions were separable into two non-combining pairs, i.e. into pairs such
that integrals of the form (14) always vanish if the two wave functions
belong to different pairs, the difficulty would not be so serious. Actually
the two pairs of wave functions do ‘combine’, so that in the ordinary
quantum-mechanical interpretation of wave functions there is a non-
vanishing probability of the mass of the electron changing sign, an
obvious absurdity. This difficulty is probably the most serious flaw in
the logical framework of present-day quantum mechanics,3® and very
likely will not be cleared up until the long-awaited theory is evolved
which explains the differences in mass of the electron and proton. How-
ever, Dirac’s theory is marvellously successful in explaining all spin
phenomena. After setting up his four first-order equations, Dirac
magically extracts all the properties of the spin, such as the anomalous
ratio (73). His equations have the necessary relativity invariance, and
give the internal magnetic interactions exactly rather than approxi-
mately. They yield spin doublets of exactly the same width as Sommer-
feld’s relativity doublets in the old quantum theory, thus yielding one
of the most amazing fortuitous coincidences in the history of physics.
The previous semi-mechanical model gave this coincidence only to terms
of the order 1/c? inclusive.

To many readers it will doubtless appear a step backwards that we
shall dismiss Dirac’s theory after this cursory qualitative discussion, and
present the quantitative aspects of the spin entirely with the aid of the
older semi-mechanical model. However, besides the difficulty of the
physical interpretation of the superfluous pair of wave functions, Dirac’s
theory, with its four simultaneous equations, has necessarily a certain
amount of mathematical complexity, and the semi-mechanical model
is easier to visualize—more ‘anschaulich’ as the Germans say. This pro-
perty makes results on susceptibilities easier to remember and interpret,
and perhaps less liable to computational crrors if the semi-mechanical
model is used. There is no loss of rigour, as it can be shown that Dirac’s
theory yiclds the same matrices for the spin energy in an external
magnetic ficld as the previous Uhlenbeck-Goudsmit model. We can
thus regard Dirac’s theory as the most refined way of deriving the

35 Dirac (Proc. Roy. Soc. 1264, 360 (1930)) has made the bold but interesting sugges-
tion that the states with negative mass may be nearly ‘all full’, as the Pauli exclusion
principle allows each state to occur only once. What we interpret as ordinary electric
neutrality is then really a maximum, infinite chargoe density of electrons with negative

mass. and a proton is a vacancy or ‘hole’ in the infinity of negative states. This idea,
however, encounters many serious difficulties, and its ultimate significance is uncertain,
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matrix elements of the spin, which in the semi-mechanical model are
taken as sheer postulates. Our omission of derivation of the spin matrix
elements by Dirac’s method is in accord with our policy of not attempt-
ing to solve dynamical problems exactly, but only to show how the
perturbed energy can be approximately found once the matrix elements
of the perturbative potential are known. One reason that we use the
semi-mechanical model is that while Dirac’s quantum theory of the
electron is discussed in most recent texts on quantum mechanics,
Heisenberg and Jordan’s very compact and elegant treatment of the
anomalous Zeeman effect by means of the pure-matrix theory is too
generally ignored.

We shall present the semi-mechanical model in the pure matrix
language, without giving the allied wave functions, as the latter do not
help in setting up the appropriate secular equations (35). The first
attempt at finding wave functions associated with the spin was made
by Darwin.3® In natural analogy with orbital motions he supposed that
there was an azimuthal rotational coordinate ¢, associated with pre-
cession of the spin axis. The wave function would then contain a factor
eim$s, where m, is a quantum number specifying the axial component
of spin angular momentum. Unfortunately this function then does not
have the necessary property of single-valuedness, as for a single electron
m, has the values 4-} instead of being an integer, and etibe+2m £ gkids,
Because of this difficulty we speak of the Uhlenbeck-Goudsmit model
as ‘semi-mechanical’ rather than ‘mechanical’. As a matter of fact
Darwin ingeniously found that spin matrix elements could be calculated
by means of the fundamental quadrature (14) even with multiple-valued
wave functions, but this appears a little fortuitous. Pauli® later showed
that the difficulty of multiple-valuedness could be overcome by taking
the arguments of the wave functions to be the axial component s, of
spin angular momentum instead of a rotational coordinate. The Dirac-
Jordan transformation theory indeed permits us to use any set of
coordinates and momenta as arguments of the wave function, which is
a special case of a ‘probability amplitude’. Now s, has only the two
discrete characteristic values +-3(h/2mw), whereas ¢, assumes a con-
tinuous range of values. A function whose argument only assumes two
values is equivalent to a pair of functions, so Pauli’s scheme involves
two wave functions per electron. For definition of the operators corre-
sponding to spin angular momenta, which cannot be expressed as

38 C. G. Darwin, Proc. Roy. Soc. 1154, 1 (1927).
37 W. Pauli, Jr., Zeits. f. Physik, 43, 601 (1927).
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differentiations, and for modification of the fundamental quadrature
(14) to include summation over the discrete spin characteristic values
as well as integration over the continuous orbital coordinates, the reader
is referred to Pauli’s paper ® and closely allied work by Darwin.3¥ The
treatment of the anomalous Zeeman effect either by the Pauli operators
or by Darwin’s multiple-valued wave functions is, of course, only super-
ficially different from that with matrices (§ 42). All methods inevitably
lead to the same sccular equation.

39. Orbital and Spin Angular Momentum Matrices
First let us consider the matrix elements of the orbital angular momen-
tum of a single electron in a central field. Although we are now aiming
to study the spin, these orbital elements will be useful for purposes of
comparison. It is well known that in a central field the wave functions
of a single electron, neglecting spin, are
_ (2I+1)(l—my)! i

in= Bor). [ E W Pcos ims, (74)
where P7" is an associated Legendre function (59), and where R is a
radial wave function, which we suppose normalized separately to unity,

so that T |Rp)?r2 dr = 1. The factors involving 0, ¢ in (74) are the same
0

as in (58), and the present calculations of angular momentum matrices
are similar to those for the rigid rotator of § 37, except that the notation
I, m, rather than j, m is now used because the angular momentum is
purely orbital and electronic. The quantum number [ is the familiar
azimuthal quantum number having the values 0, 1, 2,... for s, p, d,...
electronic states. The maximum value of ! is n—1, where n is the
principal quantum number. The non-vanishing matrix elements of the
z, ¥, and z components of orbital angular momentum are

(3 at,) (nlmy4=1; mlmy) = [1(141)—my(m,3-1)]E,

L (nlm; nlm;)) = my. (75)

Here and throughout the balance of the volume we measure angular
momentum in multiples of the quantum unit %/27, as this saves con-
tinually writing /27 on the right-hand side of equations such as (75).
Also we give the x and y components in the x4y combination, as this
makes the formulae more compact and simpler. To prove the relations
(75) we take in turn f in the fundamental quadrature (14) to be one of

# C. G. Darwin, Proc. Roy. Soc. 1164, 227 (1927).
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the following operators:

1[[ & _o\,.[ & _o\] 1 .,[..0 2
(,2 .2 OO\ 2 lesis[ i 2 oot l
i[(yaz zay)iz(zax xaz)] 7 [:Hao °°wa¢]’

! [x 2 _y 2.] 12

i oy Tox| dad
The operator on the second line is, for instance, that corresponding to
the z component of angular momentum, since [, has the value zp,—yp,
in terms of the components p,, p,, p, of linear momentum, and since
the operator to be identified with p, is h2.. /2702, &c. The factor h/27
can be dropped because of our choice of units. In (76) we have also
stated the form which the operators take when transformed in an ele-
mentary way to polar coordinates. The integrals are readily evaluated
if we use the relations 3
0
%
E— ML:(@':}: 1)]_' Pzl (cos )eimzDg,

(l—my)!

% Pyu(cos B)eim$ = im, Pii(cos §)eimud

(76)

exid [iia%—cott‘) ] Pyu(cos B)eimé

obeyed by the associated Legendre functions, as then the integrals are
reducible to linear combinations of integrals of the type form (60).
From (75) one, of course, finds that

P(nlmg;nlm) = 3 [|1(nlmy; ndmng) |2+ |1, (ndmy; nim;) | 2]+ [1,(ndmy; nim,) ]2

mi=my+1
=1(I+1), (77)
in agreement with the value of the square of the angular momentum
given in § 37.

Angular Momentum Matrices for Spins Subject to Individual Space
Quantization. Let us hypothetically imagine that the spins are subject
to no forces whatsoever from within the atom. If now an external
magnetic field is applied, it will exert the only forces on the spin axes,
which will hence be quantized individually relative to the direction of
this field. By analogy with the orbital case, the matrix for each spin

3% The second relation is trivial and the first relation with the upper sign is readily seen
to be an identity when one makes the substitution (59). The first relation with the lower
sign is poerhaps most readily established inductively, as by differentiating the relation
with respect to # = cos § and using (59), one can verify that if the relation is true for any
given my it holds also for m; one unit larger. To complete the proof one has only then to

note that the formuls is true for the easy case m;= —j+1. Egs. (75) follow when we
express the formulae in terms of the normalized 's instead of the P’s, as on p. 151.
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angular momentum can be assumed to be of the form (75), except that
1, m; are replaced by quantum numbers s, m, determining the resultant
spin angular momentum of an individual electron and the axial com-
ponent thercof. It is further supposed that for cach individual electron
8 =1}, so that m,, which can range from —s to +-s, has only the two
values +4-}. This is demanded by the fact that two deflexions are found
experimentally in the Stern-Gerlach effect for hydrogen atoms or alkali
atoms,*® which, of course, resemble hydrogen in having only one valence
electron. All such atoms arc normally in S states, so that the magnetic
moment is entirely due to spin and must have two positions of quantiza-
tion to give two deflexions. The result s = } is also demanded by the
fact that the alkalis have a doublet multiplet-structure. The doublet
structure requires two orientations of the spin, here relative to internal
rather than external fields.

By substituting s, m, for I, m, in (75) and further setting s =},
m,= -1 we sec that with individual quantization, the spin angular
momentum matrices of any electron are 4

(sr—8)(— 15 3) = (s, +is))(F —H) — 1,

(k) = —s:(—3—3) =14 (78)
We here, for brevity, writc in only the indices mg, m} in which the
matrices are not diagonal. 1t is to be clearly understood that experi-
mentally it is impossible to achieve a magnetic field so extremely
powerful that the ‘internal forces’ exerted on the spin can be neglected
in comparison therewith, except for the valence clectrons of light atoms
in unusually strong fields producing a Paschen-Back effect. Hence the
case represented by (78) is an idealized one, but it is nevertheless useful

40 Phipps and Taylor, Phys. Rev. 29, 309 (1927); Wrode, Zeuts. f. Physik, 41, 569
(1927), and references to earlier literature. The old quantum theory would give a third,
undefloctod boam contrary to oxporimont, unless one ruled out m; — 0 as sometimes
proposed. For in tho old theory the lowest state of hydrogen had I — 1, making
m;= —1, 0, 41, as compared to tho new m;+2m, == 2m, = 41.

41 Eqs. (78) are really the starting point of the Pauli operator theory.?” From Egs.
(78) one can verify the celebrated ‘ Vertauschung’ relations

Sy — 88z = 7:8:: SySz— 8%y — 7:81; 89— 825, = 1:8,
for the matrices representing the various components of spin angular momentum.
Analogous formulae for I can be demonstrated from (75) or more elegantly, dircctly from
the quantum conditions (12) (cf. Dirac, The Principles of Quantum Mechanics, p. 138).
Those relations measuring the non-commutativeness of the multiplication of various
components of s or of 1 aro very important for the cstablishment of general theorems
involving angular momentum, but we shall not have particular occasion to use them.
Angular momonta of difforent clectrons, also the spin and orbital angular momenta of

tho samo oloctron aro commutative, so that S gy Sy, — I*‘Iv]_[vjlr, — 0(i#j)
st‘lyj'—lyjsz‘ = 0 including j —= <.
3595.3 .
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in exhibiting the simplest form of the spin matrices, and permits the
most clementary formulation of the Pauli exclusion principle (viz. that
no two electrons have the same =, I, m;, m,). The appearance of half-
quantum numbers, of course, shows a fundamental difference as com-
pared to orbital motions, but all the necessary so-called boundary
conditions on the matrices (zero probability of transition to non-existent
states) are fulfilled quite as well with half as with whole integers. In
fact, in the carly days of quantum mechanics, Born, Heisenberg, and
Jordan 42 could not discriminate between whether half or whole quantum
numbers should appear. (Their investigations demanded unit spacing
of the values of m, from —s to 4-s. This is possible if, and only if, s is
an integer or half-integer.)

40. Russell-Saunders Coupling, Spectroscopic Notation, &c.
In the previous section we have neglected internal forces, but actually
there arc powerful forces of this character tending to couple together
the various angular momentum vectors of the atom. The simplest
assumption is that the energy of interaction between any two vectors
is proportional to the cosine of the angle included between them or,
what is equivalent, to their scalar product. The Hamiltonian function
will then contain terms of the form
iy S bl 1 C1S:* Sk (G k=1,..,7), (79)
where 7 is the number of electrons in the atom. Throughout the rest
of the volume all cxpressions in bold-face type are to be construed as
vector matrices, i.e. vectors of which each component is a matrix rather
than an ordinary number. The proportionality constants a;;, by, ¢y
will in general be functions of all quantum numbers (such as, for
instance, m, [) other than those quantizing the relative orientations of
the vectors involved. The expression a;]l;-s;, for instance, means the
energy associated with the force which the orbital angular momentum
of the ith excrts on the spin of the kth electron. Ordinarily it turns out
that |@;;| >3 |ay], k #1, meaning that the orbital angular momentum
of a given electron interacts more strongly with its own than with other
spins. 1t can be shown that43 _
h2Z gze? 1
= i 75 80)
42 Born, Heisenberg, and Jordan, Zeuws. f. Physik, 35, 600 (1926). They have since
beon able to prove that the orbital m; must be a whole integer by matrix methods
without using the wave functions (74). See Elementare Atommechanik, p. 162.

4 L., H. Thomas, Nature, 117, 514 (1926); Phil. Mag. 3, 1 (1927); J. Frenkel, Zeits. f.
Physik, 37, 243 (1926). Formula (80), which is of course also yielded by Dirac’s ‘Quan-
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where 7 is the distance of the clectron from the nucleus, provided the
given electron is not so highly perturbed by other electrons but that it
may be regarded as moving in a Coulomb field. Although the validity
of the cosine law (79) is only approximate, and can be justified theoreti-
cally only with the aid of many simplifying assumptions, the departures
from (79) need not cause us concern, as the general different types of
quantization which we delineate by means of (79) are significant even
when (79) is not strictly applicable. Actually, the coupling of the
I vectors often departs widely from the cosine form given in the second
term of (79). Also our arguments arc not affccted by the fact, to be
discussed in § 76, that the constants ¢;;, coupling the various spin vectors
with each other are duc primarily not to magnetic forces but to the
Heisenberg cxchange effect.

Russell-Saunders Coupling.** If the constants a, b ¢ in (79) are all
of the same order of magnitude, the problem of the cnergy and nature
of the atomic motion becomes one of extreme complexity. Very often,
however, the factors a; (including 7= k) are small compared to the
factors b;,, or to the factors c;, or both. Tn other words, often the
interaction between spin and orbital angular momenta is small com-
pared to the interaction of orbital angular momenta among themselves,
or else of the spins among themselves. Then the spins form a resultant
S, and similarly the orbital angular momenta form a resultant L. If
no external field is applied, the vectors S and L arc compounded
together to form a resultant J. The corresponding quantum number
J can assume the range of values

J = |L-—8|, |L—8+1],..., L4-8—1, L+-8. (81)
The number J measures the resultant spin plus orbital angular momen-

tum of the atom. Its projection along the axis of quantization is the
‘magnetic quantum number’ M, which can have the valucs

M= —J, —J+1,.., J—1, J (82)
and which determines the component of total angular momentum in
the direction of the axis of quantization, which we take as the 2 direc-

tion. The present case of Russell-Saunders quantization is illustrated
in (b) of Fig. 6. All such attempts at geometrical pictures should not,

tum Theory of the Electron’ with appropriate approxunations, differs by a factor 2 from
what one would oxpect from elemontary, over-simplified calculations.

4 For more complote discussion of tho various coupling possibilities in this so-called
‘vector model of the atom’, and comparison with experimental speetroscopy, seo
Pauling and Goudsmit, T'he Structure of Line Spectra. Russell and Saunders first sug-
gested their type of coupling in Astrophysical Journal, 61, 38 (1925).

M2
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however, be taken too seriously, as in quantum mechanics angular
momentum vectors are matrices rather than ordinary geometrical
magnitudes. We shall frequently use rather loosely geometrical terms
which must not be taken too literally, and which aim merely to indicate
heuristically the analogues in classical mechanics. Thus we may say in
a certain sense that the maximum and minimum values of J in (81)
correspond respectively to § and L being mutually parallel and anti-
parallel, and the maximum and minimum values of M in (82) to J being
parallel and anti-parallel to the axis of quantization. However, the

rnsl Sl
¢,

m

<

M,
4

I1¢. 6.

inadequacy of this gcometrical interpretation is shown by the fact that
the matrices for both L and S always contain non-vanishing components
perpendicular to J.% Also, the matrix clements for JZ and J2 never
vanish for any state, indicating that there are always components of
J perpendicular to the axis of quantization, so that the alinement is
never perfectly parallel or anti-parallel relative to this axis. Whenever
we use terms such as *S and L form a quantized resultant J’, or that
‘J measures the total angular momentum’, this does not mean that the
resultant angular momentum is equal numerically to the inner quantum

45 Thiy is a consequenco of the fact that in Hq. (88) tho elements (JM; J+41M) and
(JM ; J - 1M) nover vanish simultancously, excopt in the trivial caso that S or L is zoro.
These elements are seen by the correspondence principlo (§ 41) to arise from the part of
S or L which is perpendicular to J, inasmuch as non-diagonal elemonts in .J correspond
to classical trigonometric terms involving tho froquoncy w; of procession about J (ef.
Eq. 95). This froquency cloarly appoars only in the perpendicular in distinction from
parallel components. (The first and second terms of (93) or (95) embody respoctively
the parallel and perpendicular components.)
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number J. Instead, the square of the total angular momentum is a
diagonal matrix of elements J(J--1) rather than J2, with analogous
relations for § and L, so that

L2 = L(L+1), S2= §(S41),  Jr=J(JH4-1). (83)
On the other hand, the projection of the total angular momentum J in
the direction of the axis of quantization is a diagonal matrix of elements
M rather than [M(M+1)]t. This may seem rather paradoxical, but the
reason for the difference as compared with (83) is that we are dealing
with a component of angular momentum in a single direction rather
than with the sum of squares of three Cartesian components.

The maximum values of L, S are, of course, Y I; and Y s;=}n,
where 7 is the number of electrons. The minimum values are the
smallest expressions of the form 3 4-I; or 3 4-s; obtainable with any
choice of sign: e.g. L, = |l;—/,| for a system with only two electrons,
while more generally 8,;, = 0 or }, depending on whether 7 is even or
0dd.* The quantum numbers S, J, and M are half-integral or integral
according as the number of electrons is odd or even, whereas L is always
integral. For given § and L, the various values of J give the various
components of a multiplet level. For cxample, the two upper levels
involved in the D lines of sodium both have L =1, § =}, but one has
J == 1, the other J =1}, and their difference in energy is such as to
make the two D lines differ by 6 Angstroms. By (81) the number of
multiplet components is 2841if L> S, or 2L4-1if L < S. The multi-
plicity of a spectral system is by definition 25+-1. The full multiplicity
is not developed in levels for which L << 8. For instance, if S=:2,
L = 1, the multiplet level has only three components, but is still spoken
of as a ‘quintet level’. In Russell-Saunders coupling the multiplets
conform approximately to a cosine law of the form

MO = HOLAL-S, (84)
80 that WY = WO LA[J(J +1)— L(L+1)—8(8+1)]. (84a)
Here #% denotes the part of the Hamiltonian function which is in-

dependent of the coupling between L and § and which hence does not
involve J. Eq. (84a) has been obtained from (84) by using the vector

addition relation  yo__ (L+S)? = L24S242L-S (85)

4 In case thero are ‘cquivaleut’ clectrons, i.e. olectrons with identical n, I, not all
combinations of L and S predicted by this rule are compatible with the Pauli exclusion
principle. For instance, with two equivalent p electrons (I, = I, = 1) this rule gives
L=0,1,2;8=0,1,ie.15, 38, 1P, 3P, 1D, 3D, but out of those six terms only the throe
18, 3P, 1D aro in accord with the Pauli principlo. For details on which states must be
ruled out see Pauling and Goudsmit, l.c.,4* or Hund, Linienspectra, p. 118.
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together with (83). It can be shown that S and L ‘commute’ in multi-
plication, so that in (85) it has been unnecessary to distinguish between
S-L and L-S. The constant factor 4 is not the same as that a;; given
in (80) for a single clectron, but can often be calculated in terms of the
a;; for the individual electrons by methods developed by Goudsmit.s?
A multiplet is called ‘regular’ or ‘inverted’ according as A >0 or A < 0.

Spectroscopic Notation. In the now commonly accepted notation due
primarily to Russell and Saunders,*® a spectral term is indicated by
a symbol such as 152 25225 3p 64 3F,. (86)
The small letters give the azimuthal quantum numbers of the individual
electrons, and the numbers preceding them their principal quantum
numbers. The superscripts following each small letter give the number
of electrons of each type. Thus in (86) there are two clectrons having
n=1,1=:0,twohavingn = 2, [ == 0, six having n == 2, [ == 1, one having
n=3,1-=1, and onc having #n-= 6, I = 2. Kach clectron, of course, has
a spin s = }, which it is unnecessary to record in the notation. The
value of the capital letter gives the value of L, with the usual under-
standing that S, P, D, F, @,... mean respectively L=0, 1, 2, 3, 4,....
The subscript attached to the capital letter is the value of J, and thus
fixes the multiplet component. The superscript preceding this letter is
the multiplicity 281, and has the values 1, 2, 3, 4... for singlet, doublet,
triplet, quartet... terms. Very often the small letters specifying the
quantum numbers of the individual clectrons are omitted, in fact almost
invariably those of electrons in closed shells. Otherwise the notation
would be too cumbersome for a heavy atom such as uranium. Thus in
the alkaline earths one gives only the quantum numbers of the two
valence electrons. The normal state of magnesium, for instance, may
be written as 3s2 18, and a singlet state in which one electron is excited
to a 3p level as 3s3p 1P, omitting ten electrons in closed shells which
were written out explicitly in (86). Since L == [ when the second valence
clectron remains in its normal s state, it is not really even necessary in
these examples to list the individual quantum numbers of the valence
electrons, so that the terms given in the preceding sentence are usually
written as merely 318, 31P (also as 118, 21P or even 118, 11P as,
unfortunately, there is at present considerable diversity in usage in the
choice of origin for the so-called ordinal number). When both valence
electrons are excited, as in (86), this is sometimes indicated by attaching

47 8. Goudsmit, Phys. Rev. 31, 946 (1928).
48 For complete details on approved spectroscopic nomenclature seo report of an
informal committee on notation in Phys. Rev. 33, 900 (1929).
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a prime instead of writing out the quantum numbers of the two
individual electrons.

It is to be emphasized that the above notation is intended only for
Russell-Saunders coupling. Spectra possessing this type of coupling are
sometimes termed ‘normal multiplet structures’, and fortunately they
are characteristic of the simpler types of spectra, as, for instance, the
alkalis, alkaline earths, and earths, except perhaps for complicated cases
in which more than one electron is excited. Russell-Saunders coupling
is also the rule in the iron and rare earth groups, so that it is the only
type of quantization which we need consider for our magnetic work.
Two commonplace illustrations of Russell-Saunders coupling are atoms
with one valence electron, where L, S are identical with [, s; and inert
gas atoms in their normal state, as completed shells (K, L, M shells, &e.)
have zero resultant L, 8, making them magnetically dead, so that they
are in a sense Russell-Saunders quantized to a null resultant. Excited
inert gas atoms have exceedingly complicated spectra and do not con-
form to any simple system of quantization.

Angular Momentum Matrices for Russell-Saunders Coupling in Weak
Fields (b, Fig. 6). Let us suppose that external fields are either absent or
too weak to upset the tendency of L, S to form a quantized resultant J.
Let us as usual take the z axis as the direction of spacial quantization.
Then the non-vanishing elements for the z components of orbital and
spin angular momentum can be shown to be

S(TM; TM) = ﬁ}+ IO+ D481~ LA D], ]
r (87)
L(JM; JM) — 27(:}+1) [J(J+1)+ L(L4+1)—S(S+1)]M,

SAIM; J+1M)= S (J+1M;J M) =,

LT M3 J+1M) = LI +1M; TM) = —f,
where (J+ L+8+2)(—J +8+ L)(J +8— L+1) x - (88)

fo/[ X(J+L—=8+D)(J+M+1)(J—M+1)|
4(J+1)%2J +1)(2J +3) J

Elements of the form (J—1M; J M), &c., are, of course, obtainable from
(88) by lowering JJ one unit. From (87) and (88)it followsthat S,+ L,= M,
as is to be expected from our previous remarks regarding the signi-
ficance of the magnetic quantum number M. Formulae could also be
worked out for the xz and y components, but are not needed for our
work.4®

4 The z and y components differ from the z only as regards their factors depending
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Paschen-Back Effect, and Angular Momentum Matrices for Russell-
Saunders Coupling in Strong Fields (c, Fig. 6). Suppose that a magnetic
field is applied which is so strong as to produce a change in energy
large compared to the coupling energy AL-S, but at the same time
small compared to the terms cyS;* Sy, byl;-1; in (79). Then the spin
and orbital angular momenta will continue to have quantized resultants
S, L respectively, but L and S will no longer form a quantized resultant
J, as the field is by hypothesis strong enough to overpower the inter-
actions between L and S, but not between the s; or between the 1,
among themselves. Instead, L and S will be scparately quantized with
reference to the field, as illustrated in (¢) of Fig. 6. The projections of
L and S along the direction z of the applied field are diagonal matrices
whose non-vanishing elements are respectively M, and Mg, where
M, = —L,...+L;My= —8,...,4+8. The sum M; -+ Mis the magnetic
quantum number M previously used. Asone might expect,the formulae
for the matrix elements of S, 8,, S, and L,, L,, L, are similar to (75)
except that I, m, are replaced by L, M, or 8, Mg Thus their non-
vanishing elements are

(Ligbi L) (LM, 5 LM ) = [ DL 1) — MMy 4 1),
L(LM;; LM,)= My;
(8,518, (S My 15 SMg) == [S(S+1) — My(Mg£ D],
S(LM; LM ) = M.

From (89) and (90) it, of course, follows in a fashion similar to (77) that
L2, S2 are diagonal matrices as given in (83), but J == L+-S is no longer
quantized as in (83), and (87) and (88) are replaced by (89) and (90)
since now L, S are not coupled together to give a constant resultant.

The distortion in the spectroscopic multiplet structures and Zeeman
pattern when a powerful magnetic fiecld causes a passage from the
quantization (b) to (c) in Fig. 6 is called the Paschen-Back effect. A still
more powerful field might in principle overpower all the interactions
in (79) and so give space quantization for individual electrons, studied
in § 39 and illustrated in (a), Fig. 6, but we have already mentioned
that sufficiently powerful ficlds to do this cannot usually be built
experimentally.

7+ Coupling. If the terms of the form ayl;- s, in (79> are large copared to the
other terms ¢S, . Sy, byly . L, agl;. s; (¢ # k) then the spins no longer form a quan-
tized resultant S, or the orbital angular momenta a quantized resultant L. Instead

(89)

(90)

on M and independent of L, S. Such factors are easior to work out than those independent
of M, and so aro commonly found in text-books (e.g. Born and Jordan, Elementare
Quantenmechanik, p. 160).
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the I; and s, of an individual electron form a quantized resultant associated with a
quantum numberj; = {;-+}, so that each electron has, so to speak, its own private
or individual inner quantum number. The total angular momentum of the whole
atom is conserved, and this is expressed by tho fact that the various j vectors
form a quantized resultant J, whose projection in the direction of the axis of
quantization is M. This is illustrated in (d) of Fig. 6. Angular momentum
matrices, and various stages of the Paschen-Back effoct can be worked out for
J+J coupling, but we omit them, as this type of coupling is much less common than
Russell-Saunders coupling, especially in the case of the ‘normal’ or ‘ground’
levels such as are involved in the study of magnetic susceptibilities. The jj
coupling is most likely to be realized in heavy atoms or in atoms which are
multiply ionized. The reason for this is that the internal magnetic forces rospon-
sible for the constants a, in <79 increase rapidly with the effective nuclear
charge. In order for j-f coupling to oceur it is usually necessary for there to be
more than one ‘uncompensated’ electron having I+ 0 and so certain atoms may
exhibit this type of coupling in excited states even though they do not in the
normal level. For instance, high members of the ‘primed’ series of the alkaline
earths, which represent excitation of both electrons, show some tendency towards

J-J coupling.

41. Classical Analogue of the Angular Momentum Matrices,

and the Correspondence Principle
We have stated that Eqgs. (73) and (78) are the basic spin postulates,
andso equations such as (87) and (88) or (89) and (90) should be derivable
from (78) and the related orbital formula (75). Eqs.(89)and (90) are con-
siderably easier to deduce than (87) and (88), although we shall not give
the derivation of either. Formulae more or less equivalent to (89) and (90)
were deduced in the early days of quantum mechanics by Born, Heisen-
berg, and Jordan, and by Dirac with matrix and ‘g-number’ methods
respectively, as a consequence of the ‘Vertauschung’ relations satisfied
by angular momentum matrices.’® Their papers considered explicitly
the compounding of orbital rather than spin angular momenta, but
their results are readily adaptable to the spin because of the parallelism
between (75) and (78). When there are several electrons, the proof of
(89), which forms a part of what Dirac calls ‘the climination of nodes’,
is much more complicated by means of the Schrodinger wave functions
than by use of non-commutative algebra, and the derivations of (89)
and (90) by means of wave functions which have so far been published
all involve rather abstruse group-theory considerations.®!

50 Born, Heisenberg, and Jordan, Zeits. f. Physik, 35, 603 (1926); Dirac, I’roc. Roy.
Soc. 1104, 561 (1926).

51 Weyl, Gruppentheorie und Quantenmechanik, p. 156; 5. Wigner, Zeits. f. Physik,
43, 624, 45, 601 (1927) ; Neumann and Wigner, ibid. 47, 203, 49, 73 (1928). One must

not confuse formula (89) for the rosultant of several electrons with the easily proved
similar formula (75) for one electron.
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Eqs. (88) have seldom 5'* been explicitly given in the literature, but
are adaptations of general intensity formulae derived on semi-empirical
grounds by Kronig, Russell, and Sommerfeld and Honl%2 just before
the advent of quantum mechanics. The details of the adaptation are
explained in an accompanying footnote, and were carried out by E. Hill
in work unpublished except in abstract.53 These semi-empirical formulae
have been justified quantum mechanically by Dirac,5 so that their use
implies no loss of rigour.

It is a general characteristic of the Heisenberg matrix elements that
they merge asymptotically into the coefficients in classical Fourier
expansions when the quantum numbers become very large.5 It is easy
to work out the classical amplitudes for various precessions of the
angular momentum vectors, and it is illuminating to verify their
asymptotic agreement with our previous quantum-mechanical formulae
(87), (88), (89) and (90). This serves as an interesting check, but, of
course, not a derivation of these formulae.

First consider case (c), Fig. 6. Here L has a constant component M,
along the z axis. Hence L2+ L2 equals L2—M%, as in the old or
‘classical’ quantum theory the square of the total angular momentum

12 Kormulae substantially equivalent to (88) have, however, been given by Rosenfeld
in his paper on the Faraday cffect, Zeits. f. Physik, 57, 835 (1929), cspecially his Eq. (75).
Ho derives them by a group method due to Neumann and Wagnor, tbid. 51, 844 (1930).

52 R. de L. Kronig, Zeits. f. Physik, 31, 885; 33, 261 (1925); H. N. Russell, Proc. Nat.
Acad. 11, 314, 322 (1925) ; Sommerfeld and Honl, Sitz. Preuss. Akad. 9, 141 (1925).

5 E. Hill and J. H. Van Vleck, Phys. Rev. 31, 715 (1927). To got the matrix elemonts
or ‘amplitudes’ for L given in (87) and (88) from Kronig’s formulae, one takes the Kronig
formulae for Zeeman components relating to transitions of the form AL == 0, given on
p. 893 of his paper, and normalizes his constant B in such a way that L2 = L(L+-1).
This gives B == }, as his elements sum to 4BL(L+1). Kronig’s K, R, J are the same
as L+, S+4, J-+4 in our notation, and his elements are intensity ones, and hence pro-
portional to the square of ours. The Kronig elements for AL = 41 do not need to be
considered for our purposes, as L has no component perpendicular to itself. The formulae
for S given in (87) and (88) follow on interchanging L and S, with allowance for phase
difference of 180° in the parts of L and S perpendicular to J, or more simply, on
noting that L-+8S = J.

% P. A. M. Dirac, Proc. Roy. Soc. 1114, 281 (1926). Alternative mothods of derivation
have recently been given by Kramers, Proc. Amsterdam Acad. 33, 953 (1930) and by
Guttinger and Pauli, Zeits. f. Physik, 67,7154 (1931). Kramers employs the group theory
of invariants, while Guttinger and Pauli use elementary matrix algebra. Their proof
unfortunately appeared too late to include in the present volume.

5 For exposition of Bohr’s correspondencoe principle sce N. Bohr, The Quantum
Theory of Line Spectra, or for a more elementary discussion, Ruark and Urey, Atoms,
Molecules, and Quanta, Chap. VI. That amplitudes (i.e. matrix elements) in the new
mechanics do really merge asymptotically into classical Fourier coofficients has been
shown by C. Eckart, Proc. Nat. Acad. 12, 684 (1926) and by J. H. Van Vleck, 7bid. 14,
178 (1927); the related questions of convergence have been covered by Jeffreys, Proc.
Lon. Math. Soc. 23, 428 (1924) ; cf. also Eckart, Zeits. f. Physik, 48, 295 (1928).
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is L? rather than L(L+1). If ¢ be the angle between the x axis and
the projection of L on the zy plane, then L,= (L?*—M%)tcosd,
L, = (L*—M%)tsind. But we may write ¢ = 2mrw yi-}-¢,,, where ¢, is
a trivial epoch constant, and where w,, is the frequency of precession
of L about the z axis, i.e. the frequency associated with the quantum
number M ;. Thus

Ly+iL, = (L2—M3)tet@riogliian, L,= M. (91)
Now according to Bohr's correspondence principle, a quantum-
mechanical matrix eclement approaches asymptotically a coefficient
in a classical multiple Fourier expansion

z A'r ot 2T+ Towe M L€ 7, ., (92)
1T

provided we select the particular overtone for which each 7, (v = 1, 2,...)
equals the change (i.e. difference between initial and final index) in the
quantum number associated with the frequency w;. Comparison of (89)
and (91) shows that the requirements of the correspondence principle
arc indeed fulfilled, as L(L-+1)—M (M, +1) is asymptotically the same
as L2—M?% if L, M, are very large. The fact that in (89) all the ampli-
tudes for L,, L, vanish unless M = M; 41 is an expression of the fact
that the first part of (91) is a special case of the general series (92), in
which all amplitudes for L,, L, vanish unless = +1. The diagonality
of (89) in all quantum numbers other than A{,, is because (91) involves
a sole frequency w,,, i.e. is simply rather than multiply periodic. The
proof of the asymptotic identity of (90) with classical theory is entirely
analogous, as S, M, simply replace L, M.

In case (b), Fig. 6, 8 and L precess around J, and J in turn precesses
around the axis z of quantization. Let Q be the angle between the
plane determined by the vectors J, S, L, and the plane determined by
the vector J and the z axis. Then from the geometry

8, = Scos(8S, J)cos(J, z)4- S sin(S, J)sin(J, z)cos Q. (93)
But Q = 27w;t+-¢;, where w; is the frequency with which S, L precess
about J, and further

e oy JESE—L2 gy M

cos(S,J) = -~ 58J cos(J, z) = 7T (94)
Thus (93) becomes

g — M(J>+ 82— L?) - feletmiod & g2miad-e], (95)

s 2
where ] _ 2J
o J(‘J+L+Sx—J+L_+S><J+_S_—~L>g,+,_b—sz<J—Mz§-,f,+M_>
el ° o T o 16J4
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and we sce that the three non-vanishing amplitudes in (95) do indeed
agree asymptotically with the corresponding elements of S, in (87)
and (88). The proof for the elements of L, instead of S, is entirely
similar.

It is possible, in the following elementary way, to obtain the diagonal
elements (87) from the constant term of (95) exactly rather than
asymptotically, thus achieving what Fowler terms a ‘refined’ applica-
tion of the correspondence principle. The constant term of (95) is the
classical value of J(J2S2—L2)

2J2 '
Now with the Russell-Saunders coupling presupposed in case (b), Fig. 6,
J,, J2, L% and S? arc all diagonal matrices, i.e. constant in time, and
hence (96) is also diagonal. Furthermore,

(L)W JM; T M) == 1| JHSM; JM)
because J2 is diagonal. Also J,= M. When we interpret (96) as a
matrix expression, and substitute the values (83) of the elements, we

have indeed the first equation of (87). The proof of the second equation
of (87) is similar.

(96)

42. The Anomalous Zeeman Effect in Atomic Spectra
Once the matrix elements (87) and (88) or (89) and (90) are granted, the
formulac for this effect are very easy to deduce by the perturbation
theory of § 34. Eq. (48), Chap. I, which corresponds to the wave Eq. (2)
of the present chapter, gave the Hamiltonian function exclusive of spin.
If we neglect the motion of the nucleus, we may take e;/m; = —e/m,
and then the part of this function which is linear in H may be written
(Heh/4mme) L, where L, is the component of orbital angular momentum,
measured in multiples of 2/2w, in the direction z of the applied field.
To incorporate the spin, we add a term (Heh/2mmc)S, duc to the action
of the external field H on the spin, not to mention new spin terms
in the part H° of the Hamiltonian function which is independent of H.
The factor e/2mmc rather than e/4mmc appears in the spin term propor-
tional to H because of the anomalous ratio (73) of spin magnetic moment
to angular momentum. Thus if we neglect the ‘diamagnetic’ part
H?? > (x74-y?)/8mc?, which is quadratic in H, the Hamiltonian func-
tion is Heh

M — AL Lorme (L,+28,). 97)

For arbitrary couplings of the spin, i.e. arbitrary values of the constants
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a, b, ¢ in (79), the problem is excessively complicated.?® We shall there-
fore henceforth assume that the atom has Russell-Saunders coupling.
If we further assume the ‘cosine law’, then A is of the form (84), but
this extra restriction is unnecessary. As our unperturbed system let us
take that of the atom in the absence of the external field. Then by (87),
(88), and (97) the non-vanishing elements of the perturbative potential
are

ABOTM ;T M) — Ileh [1+J(J+1)+S(S’+l)—_l)(L—l—l)]M’

2J(J+1)

nc o -

AHOTM; J+1 M) = I@f( 1, M),

(98)
ABO(TM; T — 1M)_.» f(J 1, M),

where f(.JJ, M) is defined as in (88).

If there were no spin, ie.if 80, J = I, as is the case in singlet
spectra, then f would vanish and the perturbing potential would consist
solely of diagonal elements Heh M /4mmc. This can also readily be seen
to have been the casc if we had omitted to insert the anomalous factor
2, so that we had L, S, rather than L_4-28, in (97). The energy would
then be given rigorously (neglecting the small diamagnetic effect to be
discussed in § 43) by the formula

IIeh

W= 5 M
drme

There would then be only a normal Lorentz triplet v = v, vy4-He/4mme,5
since the selection principle for the magnetic quantum number allows
only AM =0, 4-1.

Actually the perturbative potential is not a diagonal matrix except
when S or L vanishes. 1f the applied field is small enough compared
to the multiplet width to permit a serics development (21) in the para-
meter A = II, then Egs. (24) and (26) show that the energy is

Helr .y H (MR (=1, 30P
=Wt ™ 1617-'m2c"'{hv(./ J+0) T (i T=1) } » (99)

01(1+1)

56 The g-factors and honce the energy to a first approximation in H have heen given
for j-j and some limiting forms of coupling other than Russell-Saunders by Goudsmit
and Uhlonbeck, Zeits. f. Physik, 35, 618 (1926).

57 Wo supposo the reader at least a little familiar with the theory of the normal
Ziooman effoct, and the seclection rules. Sco, for instance, Ruark and Urey, Atoms,
Molecules and Quanta, pp. 138, 143, 568.
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The frequencies appearing in the denominator of (99) are those separat-
ing adjacent levels in a multiplet. If we assume the cosine law expressed
inEq. (84a), then 2hv(J; J 4-1) = — AT (2J -1)4, but this specialization
is unnecessary and it is better to substitute the experimental values of
the multiplet intervals in (99), as the cosine law seldom holds precisely.
In applying the Bohr frequency condition to get the spectroscopic
frequencies predicted by (99), one must not forget that the selection
principle allows only AJ =0, 4-1; AM =0, -}-1.

The first-order term in (99) is the familiar Landé g-formula.’® The
presence of second- and higher-order terms is too commonly overlooked.
The second-order term is, to be sure, ordinarily so small with the values
of H used experimentally that it is confirmed by only a very limited
amount of spectroscopic evidence, but is often quite important in the
study of magnetic susceptibilities (vide §§ 56—9). The second-order terms
were calculated in the old quantum theory by Landé himself,5 and the
form (99) which they take in the new quantum mechanics was obtained
by Hill and Van Vleck.’®% The physical significance of the second-
order Zeeman term is that there is a component of magnetic moment
perpendicular to the axis J of angular momentum, since the moment
vector (—e/2mc)(L+2S) clearly is not in general parallel to L4S
because of the factor 2. The ordinary first approximation involved in
the Landé g-formula utilizes only the component of magnetic moment
along J, since by (24) the perturbed energy is to a first approximation
the perturbative potential averaged over an unperturbed orbit, and
such an average introduces only the component of moment parallel to
J. This is most quickly seen by consulting the classical Eqgs. (93), (94),
(95), as the constant term in (95) involves S only through the projection
Scos(8,J) along J, and similarly for the contribution of L.

Landé has shown that the second-order term in H is confirmed by
a certain amount of direct spectroscopic evidence on the Zeeman effect,
despite the smallness of this term in ordinary fields. The agreement
with experiment is somewhat improved by using formula (99) instead
of Landé’s analogous formula with the old theory. This is illustrated
by the following table for the Mg triplet, 5184, 5173, 5167 A at 38,900

58 For tho abundant spoctroscopic ovidence confirming the y-formula soe, for instance,
Back and Landé, Zeemaneffekt und Multiplettstruktur.

0 A, Landé, Zeits. f. Physik, 30, 329 (1924).

80 Tq. (99) has also been given indepondently for the special caso of triplets by A.
Zwann, Zeits. f. Physik, 61, 62 (1928). Extensive calculations of tho energy-levels of
triplets at intermediate fiold strongths by numerical solution of the sccular equation,
here a cubic, have been made by K. Darwin, Proc. Roy. Soc. 116a, 264 (1928).
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gauss, which is the most comprehensive example quoted by Landé.
The entries in the table are the ratio ¢ of the energy separation between
components with the second-order terms to the separation without this
term. Experimentally this ratio is determined from the dissymmetry
between the two sides of the Zeeman pattern, as the departures of the
ratio from unity gauge the distortion from a strictly linear or sym-
metrical pattern:

0157014 O11— 00 Mg 75 M5~ Tg 7y O3 03— 03 02— 0y
Qobs 0-89 1-11 1-02 1-00 0-96 1-04 0-96
qr.andé 0-92 1-08 1-01 0-99 0-98 1-02 1.01
Quew 0-89 1-11 1-02 1-00 0-96 104 097

The notation of the components is explained in Landé’s paper.?® Out
of the fifteen ratios recorded in his table, we give only the seven which
are changed by the new mechanics. The writer is indebted to E. Hill
for his calculation (unpublished elsewhere) of the above g, from
Eq. (99).

Eq. (99) ceases to be a good approximation when the field is so
powerful, or the multiplets so narrow, that there is an appreciable
tendency towards a Paschen-Back effect, i.e. considerable progress in
the passage from casc (b) to case (c) in Fig. 6. We must then use the
perturbation technique for nearly degenerate systems. By Eq. (35) the
energy-levels are the roots of the secular equation

AFO(TM; J' M)+8(J; J' (WS —W)|=0, (101)

where J,J’ = @, Q+1,..., L8 with @ — |L—S|if |L—8| = |M|, while
Q= |M|if |M| > |L—S8|. Each value of M furnishes a different secular
equation. Eq. (98) shows that the determinant involved in (101) has
zeros everywhere except along the principal diagonal and eclements
adjacent thercto. Iven so, (101) cannot in general be solved explicitly,
as it furnishes an algebraic equation of order L+S—@-+1. Hence it is
solvable in an elementary way for all allowable values of M only for
the case of doublet spectra. Then (101) yiclds a quadratic equation
for W, whose roots arc 6t
.

W — hiv, {M:{:% A/ [1 + (2_1‘%14)&,;*” (AA:) “ Fconst.,  (102)
as can be seen by specializing (98) and (101) by setting § = §, J = L4 4.
Here Av denotes the doublet scparation in the absence of the field and

81 The case M = --(L-}) requires special consideration, as hore the secular oquation
is linear instead of quadratic, and has the solution W = 4-(L+1)hAv,+3hAv-+const.,
the samo as (102) only if one makes the proper choice of sign for the radical, which is
arbitrary for other values of M. The physical significance of this is that only one of the
doublet components can have M — 4(L |-}), a8 M cannot oxceed J in magnitudo.
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Av, is the normal Lorentz displacement Av, = He/4mmc. Eq. (102) has,
rather fortuitously, the same form as Sommerfeld’s adaptation®? of
Voigt’s classical formula based on a model not in accord with modern
knowledge of atomic structure.

The quantum mechanics of the anomalous Zeeman effect was first given by
Heisonberg and Jordan.®* One slight difference, however, may be noted between
their procedure and that just given. They use as the unperturbed system of
quantization that appropriate to a magnetic field powerful enough to give a
Zoeman effect large compared to tho multiplet structure, and hence separate
spacial quantization of S and L, as shown in (c), Fig. 6. The energy due to the
external magnetic field is included in the unperturbed system, and the coupling
forces between S and L troated as a perturbation, just the reverse of what we
have done. Thus with the cosine law (845, the perturbing potential is AL -S.
If tho oxternal field is really so strong that (c), Fig. 6, is a good approximation,
one may roplace AL - S by its mean value, which is readily seen% to be AM Mg
with the separate processions of S and L. Thus for very strong fields, which
produce a complete Paschen-Back effect, the energy-levels are

W ooy 5‘:—,’1‘6(% F2M)+ A M, Myt.... (103)
Moro accurate formulae than (103) can, of course, bo obtained by taking into
account the non-diagonal terms arising in the Hamiltonian function for case (c)
because L - S is not identical with L-S. Eq. (21) then takes the form of a power-
series development in a parameter of the order A/hAv, instoad of the order
hAv,[A as in (99). Here Ay, is the ‘normal’ Zeeman displacement He/4mrme, and
A gauges the magnitude of the multiplet interval. Thus the neglected terms in
(103) are of tho order of magnitudo A%/kAv,. The development (103) in A /kAv,
is, of course, a poor approximation if 4 /hAv, is large, i.e. if the field is not great
enough for an almost complete Paschen-Back effect, and ono can instead use the
perturbation technique for noarly degenerate systems, and set up the proper
secular oquation. This Heisenberg and Jordan proceed to do. Their secular
equation, heing figured from (c) rathor than (b) in Fig. 6 has a different super-
ficial appearance from (101), but must yield tho same algebraic equation for W
as (101), since the mothod based on the secular equation is always rigorous
regardless of whether or not the assumed initial system of quantization is a close
approximation to that appropriate to the actual ficld strength. A direct general
proof has not yot been given that the two secular equations are the same, or what
is partially equivalent, that our secular equation has asymptotically the roots
(103) for very large H, or that Heisenberg and Jordan’s secular equation has
asymptotically the roots (99) for small H%. Such a proof would bo of interest

%2 Sommorfeld, Atombau, 4th ed., p. 672.

8 Heisonberg and Jordan, Zeits. f. Physik, 37, 263 (1926); see Darwin, l.c.%® for the
transcription into wave languago.

8 This can bo scon classically by taking the constant term of tho multiple Fourier
series for L,S.+4L,S,+ I8, obtained by multiplying (91) with the corresponding
formulae for the components of S; or quantum mechanically by the taking diagonal
eloments of this scalar product whoen formed by multiplying together the matricos whose
elements are given by (89) and (90).

85 To show rigorously that tho two secular equations are the same one would have to
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only as mathematical manipulation, since the physical knowledge of the various
appropriate quantizations assures the results must be the same with either method.
In the particular case of doublets, it is, of course, directly verifiable that either
secular equation yields the same (uadratic equation (102), which agrees asymp-
totically with (99) and (103) specialized to S = }, J = L4-}. Heisenberg and Jor-
dan treat weak fields soparately, and deduce the first-ordor terms in (99) by the
same quantum-mechanical refinement of the constant term of (95) as that already
discussed aftor (95). The first-order terms in (99), and hence the celebrated Landé
g-factor, aro deducible in this elementary fashion involving only the quantum
formulation of tho cosine law, whereas, as already mentioned, the derivation of
tho non-diagonal elements (88) and henco of the second-order torms in (99), which
are the only thing of consequence not given in Heisenberg and Jordan’s eventful
paper, arc more difficult. Their use of case (c), Fig. 6, as compared to our use of
(b) for the point of departure for deducing the rigorous secular equation has the
advantage in that the matrix elements (89) and (90) are easier to deduce from the
basicspin postulate (78) than are thenon-diagonal elements (88) of (87) and (88), but
the disadvantage in that with ordinary field strengths case (c) is a poorer approxi-
mation to the true state of quantization than (b), and so furnishes a less natural
starting point even though use of (¢) entails no loss of rigour or generality. Our
use of (b) rather than (¢) perhaps frees us a little more readily from the specializa-
tions appropriate to the cosine law. We have, for instance, shown that tho Voigt
formula (102) is valid without the assumnption of the cosine law made by Heisen-
berg and Jordan, but this isnot at all surprising when it is remembered that the
doublet case inevitably leads to a quadratic secular equation.

We have mentioned that, except when S -- }, it is impossible bocause of
algobraic difficultios, to trace readily tho transition of individual roots of the
secular determinant from (99) to (103) as the field is made very great. However,
it is quite easy to verify that the sum of all the roots of the secular determinant
pass properly from one limit to tho other. As mentioned on p. 142, this sum is the
‘spur’ or diagonal-sum of the Hamiltonian matrix. Reference to the diagonal
eloments of the determinant (101) shows that this sum must be linear in H, so
that W oy +o,H, (104)

J

where «; and a, are constants independent of H. Explicit formulae could be given
for oy and a,, but are rather cuinbersome inasmuch as it is nocessary to differen-
tiato between different cases dopending on the relative magnitudes of S, L, M.
Now it is not hard to verify that Eqs. (99) and (108) yield identical values of o,
or of a,. With (103) we of course sum over all values of M, M consistent with
given M rather than over J. That (104) is linear in H i the so-called principle
of permanence of I'- and g-sums,% which was known on semi-empirical grounds
before the advent of quantum mechanics. The terms I'-sum and g-sum are used
to designato the parts of (104) which are independent of H and proportional to
H, i.e. the parts o, and o, H respectively.

provo that their roots whon expanded in some paramoter, say 2Av, /A, are the same to all
powers in H rather than merely to the socond power given in (99). The identity to the
first power has been shown hy Darwin.3¢
8 For olaboration of these permanence principles, see Back and Landé, Zeemaneffekt
und Multiplettstruktur, pp. 62-82. For oxplicit verification of tho invariance of oy
seo the writer's Quantum Principles and Line Spectra, p. 244. Pauli has shown (Zeus.
3695.3 N
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43. The Diamagnetic Second-Order Zeeman Term

Finally, we must not fail to note that besides the term in (99) propor-
tional to 112, there is another kind of quadratic term in I7 which we have
so far neglected, viz. that arising from the term 3 II%¥(x}-+y?)/8m,c?
in Eq. (48), Chap. I, or Eq. (2) of the present chapter. If we call this
term A24®, and if we remember that diagonal matrix elements have
the physical significance of being time averages, Kq. (26) shows that
its effect on the energy is approximately

H?%?
osi 2, @A), (105)

provided degeneracy difficulties are not encountered. We have assumed
the nucleus at rest at the origin, so the sum is only over the clectrons,
for which e; = —e, m;=m. The expression (105) is very small unless
one or more of the orbits is very large. Let us suppose for simplicity
that there is only one electron not in a closed shell. Then (105) is very
small compared to the quadratic term in (99) unless the valence electron
has a very large prineipal quantum number #». The magnetic coupling
is very small for such an orbit, as the factor 4 = a,, in (84a) can be
shown to vary as » 3. Thus under the conditions, viz. high ficld strength
and large orbits, under which (105) might be capable of observation
spectroscopically, there is certain to be separate spacial quantization
of the orbit and spin, and (105) must then be added to the energy
expression (103) rather than (99). Thus the two types of quadratic
terms are never simultaneously of importance. When the spin is
quantized separately, the time average (105) can be calculated as though
the spin werc entirely absent. By setting f = 22-}-%? in the fundamental
quadrature (14), and taking the ¢’s to be of the central form (74), it
follows 87 that for an electron moving without spin subject to a central

field, one has . romio]_ 9
w?4-y? = r? %l_?tgl 2+,2_’m1J
(21—1)(204-3)

f. Physik, 16, 155 (1923)) that tho permanence of g-sums permits calculation of the
g-factors for wouk fields from tho strong field formula (103), assuming the linear torm in
H 1o bo proportional to M in weak ficlds.

87 Bocause the wave functions (74) are products of the form R(r)S(0, ), it follows from
(74) that (I —cos%) — 731 —cos*d). Also tho value of cos? has alrcady been caleulated
in Eq. (67), as the factor S(0, ¢) is identical in form with the wave functions of tho
‘dumb-bell” used m § 37. Incidently, group theory considerations show that the depen-
denco of x’;‘—l—y? on My is of the form A-+BM} whonever there is Russell-Saunders
coupling and soparate spacial quantization of S evon though the dynamical problem is
that of many electrons rather than one (cf. H. A. Kramers, Proc. Amsterdam Acad. 32,
1179 (1929)).

(106)
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The mean square radius 72 depends on the nature of the central field.
It can be shown % that if it is Coulomb,

— h? 2 [5 3ll+1 1]

" () ™[5 e 2| (o)
Unfortunately this value is never rigorously applicable to our Zeeman
‘problem, for if the field is Coulomb the system is degencrate in the
azimuthal quantum number J. Instead of using (106) one must then
set up a secular equation, which has been given by Halpern and Sexl
and which proves to be not explicitly solvable except for the uninterest-
ing case of small values of n. If on the other hand the field is non-
Coulomb, (106) is not accurate. It will perhaps be an approximately
correct expression for a non-Coulomb central ficld if one uses in place
of n the so-called effective quantum number »*, defined by n* =n—A,
where A is the ‘quantum defect’ in the Rydberg formula R/(rn—A)? for
a spectral term. To avoid degeneracy difficulties, the expression (106)
must be small compared to the departures from Coulomb character,
which decrease rapidly with increasing n, as RB/(n—A)*— R/n?~ 2A R/n3.
Fortunately the casc of greatest interest, that of small values of / along
with great values of » as in e.g. high numbers of the principal series of
sodium, is accompanied by comparatively large values of A, at least in
the alkalis.

We shall not discuss this matter further, as suitable experimental
evidence on the Zeeman cffect of very large orbits, needed to test the
theory, is wanting. The quadratic term (105) is of vital importance for
the theory of diamagnetism, but the theory of this does not involve
or test experimentally the mathematical problems connected with the
degeneracy, as the susceptibility involves only the statistical average
over all orientations, permitting us to replace x2-%2 by 272, regardless

% The result (107) is obtained by using & method doveloped by Waller for evaluating
the mean value of any power of r in Keplerian motion (Zeits. f. Physik, 38, 635 (1926)).
The rosult is, of course, tho samo as evaluation of the fundamental quadraturo (1) with
[ — 7%, n = n’, which is todious if done by ordinary methods.

% Q. Halpern and Th. Sexl, Ann. der Physik, 3, 565 (1929). The analogous problom
in the old quantum theory was considered by Burgers, Dissortation, p. 106, also Halpern,
Zeits. f. Physik, 18, 352 (1923), and likewise was not solublo in closed form. The ordor
of magnitude of the quadratic effect arising from (105) has been estimated by E. Guth,
Zeits. f. Physik, 58, 368 (1929). Ho finds it cannot give a displacement of more than
0-08 A. for the 13th Balmer line of hydrogen, in a field of 30,000 gauss, whereas the
normal first-order displacement is 0-19 A. TIf wo went to still higher lines the quadratic
term would soon becomne more important, as it varies as n%. All tho writors consider
primarily hydrogen, although the alkalis, where the degenoracy difficulties aro less
bothersome, would appear likewise easier to test experimentally.

N2
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of the type of quantization. For the particular case when (106) is
applicable, one can verify that the statistical average x2-y2 is §r% not
only by virtue of the general proof of spectroscopic stability, but also
by direct evaluation of the summation over m; by means of Eq. (68),
as already virtually done in Eq. (69).



VII

QUANTUM-MECHANICAL DERIVATION OF THE
LANGEVIN-DEBYE FORMULA

TuRoOUGHOUT the present chapter we shall suppose that we are dealing
with electric rather than magnetic polarization. The few modifications
necessary to adapt the analysis to the calculation of magnetic instead
of electric susceptibilities will be given in § 53.

44, First Stages of Calculation

In § 36 we showed that if an atom or molecule is in a given stationary
state n, j, m, the time average of its electrical moment in the direction
of the applied field ¥ is given by the formula

polmmnim) = — 2V — WO, IEWE, ., ()
where the IV§), are the coefficients in the development
I/V;zjm = Wg,jm'i' W&lﬁnE_‘_ W%')mEz‘l‘ (2)

of the cnergy in terms of the ficld strength E. We now use three
indices to specify a stationary state, rather than two as in most of
Chapter VI, inasmuch as later in the present chapter it will be nccessary
to distinguish between three kinds of quantum numbers. Eq. (1) gives
only the moment for a single stationary state. The total polarization
or moment P per unit volume is the statistical mcan over all stationary
states, weighted according to the Boltzmann factor e-"m/*T and
multiplied by the number N of molecules per c.c Thus
> po(njm; njm)eVisnlkT
P=N"m S etk 3)
. nym
Eq. (3) is, of course, the quantum analogue of (58), Chap. I. We assume
here, and clsewherc unless otherwisc stated, that the medium is suffi-
ciently rarcfied so that one may usc the Boltzmann instead of the Fermi
statistics. This assumption is fully warranted cxcept for conduction
electrons in solids. That the probability of a state is proportional to
the factor e-"un*T follows from exactly the same sort of statistical
premises as in classical theory,! discussed on p. 25. The only difference
is that there is now a discretc rather than continuous distribution of
configurations. It is to be understood that we employ as many quantum
numbers as degrces of freedom even though some of them are really
1 See R. H. Fowler, Statistical Mcchanics, Chap. I1.
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superfluous in degenerate systems, and we regard states of different
quantum numbers as distinet even though they happen to have coinci-
dent energics. We adopt this convention to avoid the necessity of
introducing an ‘a priori probability’ or ‘statistical weight’. If instead
we treated a family of states of coincident energy as a single state, we
would have to take the Boltzmann factor as g,,e""w/*T rather than
e WunlkT where the weight g,; is the number of states so coinciding.
We can immediately substitute (1) and (2) in (3), and by expanding

W

the exponentials as serics e-TumlhT — g=WanlkT (1 _ " aimp__  \Vin g
P &7 s

we can then develop the numerator and denominator as power series
in #. We shall neglect saturation cffects, and so consider only the
portion of the susceptibility y = P/E which is independent of field
strength. This means that we need develop the numecrator of (3) only
to the first power of K inclusive, and retain only the portion of the
denominator which is independent of E. With this approximation
S (WD RT)—2 W3, el

x=N (4)

& -1V SnlkT
nym
In deducing Eq. (4) from (3) we have assumed, as is always done in
calculations such as the present, that
Lo T I
z pg(nj»m,njm,)e WomlkT — z — Wizljzne nim == (), (5)

nym
or, in other words, that the medium does not possess a ‘permanent’ or

‘residual’ polarization per c.c. in the absence of the ficld E. This
assumption clearly involves no loss of generality, as such residual effects
are ordinarily found experimentally only in crystalline dielectrics, which
are beyond the scope of the present volume. Also, from a theoretical
standpoint, the expression (5) clearly vanishes on symmetry grounds if
we neglect inter-molecular forces, for in the absence of all fields there
can be no preference between directions parallel and anti-parallel to .
In solids there are in reality important inter-molecular fields, but if
these directions are random, the sum (5) still vanishes by symmetry on
averaging over a tremendous number of molecules. 1f there is some
other applied external field, namely, say, a magnetic field, which remains
even in the absence of the given clectric field E, one might think that
(5) could be different from zero due to alinement of molecules in this
other field, but in § 70 on the non-existence of a magneto-electric
directive cffect we shall show that at any rate a magnetic field cannot
make (5) appreciably different from zero.
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45, Derivation of the Langevin-Debye Formula with Special
Models

Tq. (4) is the initial stage in the calculations of the susceptibility in
quantum theory. Before one can proceed farther it is necessary to
examine the structure of the formulae for W® and W®. The completion
of the calculation was first achieved simultaneously by Mensing and
Pauli, Kronig, Manneback, and Van Vleck 2 for the special model of the
‘rigid rotating dipole’ or ‘dumb-bell’, whose characteristics have been
cxplained and energy-levels determined in § 37. As two quantum num-
bers suffice for this model, we may omit the index n in Eq. (4), and
take j and m to be respectively the inner and axial or magnetic quantum
numbers, just as in § 37. Now in § 37 we supposed that the electric field
E is the only field to which the molecule is subjected, so that the energy
in the absence of ¥ is independent of spacial orientation, and hence
¢, has a value W? independent of m (cf. Bq. (57), Chap. VI). Also
we showed that this model had no first-order Stark effect, i.e. W) =0
(Kq. (64), Chap. VI). For a given value of j, there are 2j4-1 possible
values of m, viz. --j, —(j—1),..., 5. Thus Eq. (4) reduces to

SL3 Wigleier

=—2eNJ »_
§ S (G+1)e Wi ©
2
Now by Eqgs. (65) and (68) of Chapter VI,
4
S WR=0 (j#0) (7)

m- -
In other words, even the second-order energy vanishes on averaging
over all values of the quantum number m consistent with a given j. An
exception is the lowest rotational state j = 0, in which the summation
involved in (7) reduces to the single term
4nu2f
3h?
(cf. Kq. (66), Chap. VI). Herc p and [ denote respectively the mole-
cule’s dipole moment and moment of inertia.
Eqs. (7), (7a) bring to light the very remarkable fact that all the
contribution to the susceptibility comes from the molecules in the lowest
rotational state j:=—: 0.2 This result is the very interesting quantum

W = — (7a)

2 For references, see note * of Chap. VI.

3 This result cannot hold when higher powers of the ficld strength, and the resulting
saturation effects are considered, as in infinitely strong fields all molecules, regardless
of 7, alino themsclves practically parallel to the field and contributo an amount u to
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analogue of the fact that with the dumb-bell model in classical theory
only the molccules whose total energy is less than uE contribute to the
susceptibility. This property of the model in classical statistics was
shown by Alexandrow and by Paulit In other words, classically the
susceptibility arises entirely from molecules which possess so little
energy that they would oscillate rather than rotate through complete
circles in case their axis of rotation happened to be perpendicular to
the axis of the field. Most molecules, of course, have some angular
momentum about the axis of the ficld, so that their axes of rotation
are not perpendicular to the field, and we mention the perpendicular
case only because it admits a particularly simple interpretation ana-
logous to the two types of motion for a simple pendulum. As the
temperature is increased, the fraction of molecules which are located
in the ‘lazy’ states that contribute to the susceptibility will steadily
diminish, and hence we can see qualitatively why the susceptibility due
to permanent dipoles decrcases with increasing temperature. It must
be cautioned that these theorems, both quantum and classical, that the
susceptibility arises entirely from molccules of certain particularly low
energics, are peculiar tothe ‘dumb-bell’ model. In the general dynamical
system to be considered in § 46, or even in the symmetrical top model,
which is almost as simple as the dumb-bell, the higher rotational states
will make some contribution to the susceptibility. Even then usually
the bulk of the contribution comes from molecules with small rotational
energies, since all rotational motions show at least a little resemblance
to that of the dumb-bell, and since the susceptibility experimentally
almost invariably decreases with increasing temperature. In the old
quantum theory the susceptibility did not arise uniquely from the
lowest rotational state even with the dumb-bell model, and this is per-
haps one reason why the old theory gave such nonsensical results on
dielectric constants (§ 28).

When we substitute (7) and (7a), and utilize the familiar expression
J(F+1DR2/872I (Eq. (57), Chap. VI) for the field-free encrgy of the rigid
rotator, the quantitative expression (6) for the susceptibility becomes

SN u2l/3h?
g, TN : ®)
z (2j+ l)e—f(i-i-l)h'lSn’IkT
=0

the polarization P. This is also ovidont from the classical analogy, as when K is arbitrarily
large even the higher rotational states have original kinetic onergies small compared to
wE, and so then correspond to classical motions which contribute to the susceptibility.

4 W. Alexandrow, I’hys. Zeits. 22, 258 (1921); W. Pauli, Jr., Zeits. f. Physik, 6, 319
(1921).
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If the temperature is sufficiently high so that most molecules have
fairly large values of j, as is ordinarily the case, the summation in the
denominator of (8) does not differ appreciably from the integral

et LT

oo
o= 8T KT (5 —
! 2je dj 52

The formula (8) for the susceptibility, with this approximation, becomes
x = Np?/3kT, which is exactly the same as the part of the classical
Langevin-Debye formula which arises from the permanent dipoles.
Characteristic deviations from the classical theory will, however, be
found at low temperaturcs, where the summation cannot be replaced
by an integral. In classical theory it is not legitimate near 7'=- 0 to
neglect saturation effects and consider only the first term in the expan-
sion of the Langevin function (4), Chap. II, as the ratio « = uH/kT
becomes very large. At T = 0 the classical theory will by (4), Chap. 1T,
give the full saturation polarization Nu for infinitesimal ficlds, and
hence an infinite susceptibility for such fields. On the other hand, the
quantum theory expression (8) for the susceptibility has the finite value
8n2Nu2l[3h* at T'— 0, as here only the state j — 0 gives a significant
term in the denominator of (8). Thus even at the absolute zero the
polarization is proportional to the field strength unless the latter is
exceedingly large.

After the asymptotic derivation of the Langevin-Debye formula for
the dumb-bell model, the next calculations of the susceptibility were
made for the symmetrical top model (p. 153) independently by Kronig
and by Manneback.®? Here also it is found that the susceptibility has
asymptotically the Langevin-Debye value at high temperatures. We
shall not give the details of the calculations, as the results are all a
special case of the gencral derivation to be given in § 46. We may,
however, mention that it is unnecessary to replace the summation over
the quantum number A used on p. 153 by an integration, as A drops
out of the formulae on integrating over j. Hence the results apply for
cither usc of the symmetrical top model mentioned on p. 153, viz. cither
to represent the rotational motion of a polyatomic molecule with two
equal moments of inertia, in which A is a quantum number assuming

5 R. de L. Kronig, Proc. Nat. Acad. 12, 608 (1926); C. Mannchack, Phys. Zeits. 28,
72 (1927). These writers considered the application of the model to polyatomic molecules.
The application to diatomic molecules was treated by the writer, the details being unpub-
lished except in abstract (Nature, 118, 226 (1926)). Kronig and Manneback summed over

A so that their publications do not show explicitly that each value of A contributes the
same susceptibility.
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a large and sensibly continuous range of values like j at ordinary
temperatures, or to represent the motion of a diatomic molecule not in
a 2 state, in which A is regarded as a fixed electronic quantum number.

Induced Polarization. We have so far considered only the part of the
susceptibility arising from the permanent dipoles. It is clear that the
contribution of the induced polarization (p. 29) should also be con-
sidered. If we adopt the common but rather cowardly artifice of
attributing the induced polarization to a set of isotropic harmonic
oscillators, the calculation is, as usual, particularly simple. The wave
equation for a harmonically bound particle of charge e; and mass m;
subject to an impressed field E along the z direction is

o2 %) o3 2p2

ek gt T W — a2y e 0. O
If we make the substitutions 2’ ==z--e;E/a,, W' —= W-1e}Fi%/a;, this
wave equation is of exactly the same form as in the absence of the
field. Hence the characteristic values in the field differ from those in
its absence by an amount fefH/a;, so that® WO =0, WO = —e?/2q,,
W® -= 0, (k= 3,4,..). By Eq. (1) the polarization of one oscillator is
Fe?la;,. To obtain the total polarization per unit-volume we must sum
over all the oscillators in the molecule and multiply by the number of
molecules per c.c. Weighting of the various states in accordance with
the Boltzmann factor is unnccessary because the polarization of the
oscillators has turned out not to involve the vibrational quantum
numbers. If we set «— > e}/a;, and if we assume that the induced

7
polarization from the oscillators can be superposed additively on
the polarization previously calculated for the permanent dipoles, we

have the full Langevin-Debye formula
x—=N(1 +a). (10)
kT

46. General Derivation of the Langevin-Debye Formula?’
The models used in the preceding scetion to obtain Eq. (10) are clearly
too special, cspecially the ascription of the induced polarization to

8 Ono can also verify as a nice easy examplo of perturbation theory that Eqs. (24)
and (26), Chap. VT, when specialized to the harmonic oscillator, give these same expres-
sions for WM or W®. This is done in Condon and Morse, Quantum Mechanics, p. 122.
These writers also give and solve the wave Eq. (9) as above. The displacement —}e2E?/a,
in cnergy caused by the field £ is, incidently, exactly the total internal and external
potential energy in the classical theory at the position 7 = ¢;F/a; of static equilibrium
between the electric field and the restoring force.

7 This method was given by J. H. Van Vleck, Phys. Rev. 29, 727 (1927).
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harmonic oscillators, which involves the same kind of crude over-
simplification as the first or preliminary classical treatment given in
§ 11. In the present section we shall therefore give a general derivation
of the asymptotic validity of the Langevin-Debye formula at high
temperatures, which frees us from the necessity of using special models.
Thus in dealing with the polarization due to the permanent dipoles,
we are no longer compelled to assume that the molecule has two equal
moments of inertia, as in the symmetrical top model. Also, especially,
the induced polarization can arise from real elec-
tronic motions rather than from harmonic oscillators.
The vibrations of the nuclei arc, to be sure, very
approximately simple harmonic, but have been
shown in § 15 to give only a very small portion of
the total induced polarization, which is mainly elec-
tronic. The gencral derivation is really simpler than
the special ones, and is illuminating in that it shows
generally under what conditions departures from the
Langevin-Debye formula should be expected, and
hence what is the meaning of such departures when
observed experimentally (cf. § 47).

The only two assumptions which it is necessary to make in the general
demonstration are that the atom or molecule has a permanent moment,
and that the moment matrix involves only frequencies which are ‘low’
or ‘high’ compared to k7'/h. What is meant by the latter terminology
may be explained more fully as follows. We shall classify a state as
‘normal’ if its Boltzmann distribution factor e~"/7T is appreciably
different from zero, i.e. if its excess of energy over the very lowest state
is either smaller than or comparable with k7'. An ‘cxcited’ state is one
which has such a small Boltzmann factor that its probability of being
occupiced is negligible, and whose energy thus exceeds the energies of
the normal states by an amount large compared to k7. An energy-level
diagram illustrating graphically the delineation into normal and excited
states is given in Fig. 7. In order for the Langevin-Debye formula to
be valid, it is vital for the clectrical moment to involve no ‘medium
frequency’ elements, which involve cnergy changes of the same order
of magnitude as k7'. Thus here and throughout the remainder of the
volume, the equipartition allowance AT of energy enters as the unit for
determining whether an energy change is ‘large’ or ‘small’ for our pur-
poses, or in other words, whether a frequency is ‘high’ or ‘low’. It is
essential that the spacing between consecutive normal states or energy-

n'#n
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levels be small compared to £7'. In Fig. 7 an interval such as b—c must
be much less than £7'. It is not necessary to demand that the energy-
difference between two widely separated normal states, such as a—c in
Fig. 7, be small compared to kT, as ordinarily there will be selection
principles which require that the matrix elements connecting two nor-
mal states be zero, or at least very small, unless the two states are
adjacent, or nearly so (cf. the familiar selection rule Aj = 0, 4-1 for the
inner quantum number, as a special example). It is clear that it is
impossible to require that the energy-differences of two widely separated
normal levels such as a—c be small compared to k7, as the equipartition
theorem demands that at high temperatures the average excess of rota-
tional encrgy over the very lowest state be k7T itself. At very low
temperatures the ‘unit’ &7 will become much smaller, and the separa-
tion between adjacent normal states will become comparable with k7.
Special calculations, depending on the model, must then be made, which
yield a more complicated variation with temperature than that given
by the Langevin-Debye formula. An example of a case where such
calculations are required will be encountered in § 67 in connexion with
the magnetic susceptibility of NO. Dielectric constants do not appear
to have been measured at low enough temperatures to make the correc-
tions to the Langevin-Debye formula appreciable, as will be discussed
more fully in § 47.

The various normal levels usually result from giving the molecules
different amounts of ‘temperature’ rotation about their centres of
gravity, different orientations relative to the external fields, or from
allowing the spin axis of the electron to assume different orientations
relative to the rest of the system. Hence the frequencies v = (W, —W,)/h
associated with transitions between any two normal energy-levels W),
W, are connected by the correspondence principle with classical fre-
quencies of rotation or precession. Thus another way of stating the
fundamental assumptions is that the molecule possesses a permanent
moment which hag precession and rotation frequencies all small com-
pared to kT'/h. Tt is to be understood that such terms as preccssion
are not to be taken too literally in quantum mechanics, as the atom
has no ordinary space-time geometry. It is immaterial for the proof
how many frequencies are superposed, i.e. how complicated the motion.

The low- and high-frequency elements will be found to contribute re-
spectively the first and second terms of the Langevin-Debye formula (10).
Thus the high-frequency elements of the moment matrix are responsible
for the induced polarization term, while only the low-frequency elements
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contribute to the permanent dipole term which is inversely proportional
to temperature. The hypothesis of a permanent dipole moment means
that the square of the low-frequency part of the moment matrix has
the same value p2 for all the normal states. This is not at all a drastic
assumption, as it is involved in all permanent dipole theories, and with-
out it the expression p in (10) would have no meaning. In non-polar
molecules p may be regarded as having the special value 0, and then
the moment matrix will contain exclusively elements of the high-
frequency type.

Let p= 3 e;r; be the vector moment matrix of the molecule. A typi-
cal element (exclusive of the exponential time factor) of its component
in the direction of the applied field may be denoted by pg(njm;n'j'm’
Such an element is associated with a transition from a state specified
by indices n, j, m to one by »’, j', m’. We shall let the first of the three
indices be identificd with quantum numbers (e.g. ‘electronic’ and
‘vibrational’) which have an effect on the energy large compared to
kT, so that one particular value of this index gives states of especially
low energy. This value will be denoted by n, and yields the normal
levels of the atom or molecule. The sccond index § or j corresponds to
quantum numbers (c.g. ‘inner’, ‘rotational’, ‘spin’) whose effect on the
energy is comparable with or smaller than k7. We do not, however,
include in the second index the ‘axial’ (also called ‘equatorial’ or
‘magnetic’) quantum number which specifies the spacial orientation by
quantizing angular momentum about some fixed direction in space.
Instead, the third index m or m' is to be considered as representing the
axial quantum number. Thus the various component levels of the
normal state correspond to fixed n but different values of j and m,
whereas the cxcited states have an index »’ different from n. It is
clearly to be understood that each index, except the third, in general
symbolizes more than one quantum number. Hence we designate =, j, m
as ‘indices’ rather than quantum numbers. Our proof is thus by no means
confined to systems with three quantum numbers or degrees of freedom.

If we substitute in Eq. (4) the formulac for W®, W® given in Eq. (49)
of Chapter VI, generalized to three rather than two indices (or what is
equivalent, substitute in (1) the formula for the perturbed moment
given in (50) of Chapter VI and expand as in § 44), the formula for the
susceptibility becomes

(]
X= BZ([W("J"‘ smgm)® Z 2|p(njm; Mm)l]e_u,.,,.:kqv} (11)

o hv(njm;n i'm’)
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with the abbreviation N
B=__ —.
e~V nlkT
2

(12)

In (11), as in § 34, the prime means that the state ' =n, j' = j, m' =m
is to be excluded from the inner summation.

Eq. (11) is a perfectly general expression for the susceptibility not
requiring either of the two fundamental hypotheses of a permanent
moment, and of the existence of solely ‘low’- and ‘high’-frequency
elements in the moment matrix. It is perhaps well to restate these two
hypotheses in equation form. The latter of them is that

[hv(njm;n'y'm’)| 2> kT (' #£mn), (13)
and that pg(njm;nj'm’)=0 unless |[hv(mgm;nj'm’)|<ZkT }
To exhibit most explicitly the significance of the other hypothesis of
a permanent moment, it will be convenicnt to use a distinetive notation
for the unperturbed matrix elements of the low-frequency part of p.
We shall therefore use p to denote the matrix formed from p° by
dropping the high-frequency elements n’ 4n associated with transi-
tions to excited states, so that

o (gms gm’) == pd(ngm; nj'm’) (@q—=,y,2). (14)
It is unnecessary to use an index » or ' in p, as it is formed from those
elements of p° in which the first index has the same value # in both the
initial and final states. The matrix p is thus just a small square out of
the larger matrix p° and is what Born and Jordan call a “Teilmatrix’.
The assumption of a permanent moment means that the scalar magni-
tude of the vector matrix p is constant with respect to time, and the
same for the various normal states. The vector p will usually not be
constant in direction. Hence the individual Cartesian components p,
ys i Will vary with time, having ‘low’-frequency elements arising from
the various precessions and rotations. These time variations, however,
drop out of the scalar magnitude p which is independent of j, m, and
thus S 3 mglgmim (fmt s fm) = 8(jm; 'm ), (15)
q=x,y,s ). m
with 8 as on p. 132, In other words, p2? is assumed to be a diagonal
matrix whose elements are all equal, and in the terminology of Dirac
it would be called a ‘c-number’, which is the squarc of the moment p
entering in Eq. (10).
In terms of the distinctive notation introduced for the low-frequency
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elements, Eq. (11) becomes

— B e am )12 o—W Symlk L
X D, it e

—op NV lme(im;igm’) l‘ie_u'.'.’,...lk:r'_;_ (16)

hv(ngm; ng’m’
e T (I 5

+2B Ipa(mgm; WM e

121 ’ h
m’; njm
Joma, g m (£ n) hv(w'g'm”; njm)

Here the first two and third lines represent respectively the contribu-
tions of the low- and high-frequency elements. To bring out the fact
that the third line is inherently positive, we have here introduced the
positive or emission frequencies hv(n'j'm'; njm) in place of the negative
or absorption frequencies hv(njm;n'j'm’). In (16) we have written
|t g(jm; jm) |2 for [ug(jm;jm)]?, which is legitimate since the diagonal
elements of Hermitian matrices are real.

The terms in the summation in the second line of (16) may be grouped
together in pairs of the form

P.— 28 { (s (G101 2ms) {2e_1r,?,,,,,llk1' [1se(Jama; Jyma) [ e-u'{.‘,_.mlk'r} .
1 hv(ngymy; njymy) hv(nggmy; ngym,)
(17)

Now iy, (jams; 5my) is the conjugate of py,(jim,; joms,), and so has the same
absolute magnitude. Also the denominator of the second term of (17)
is the negative of that of the first term. We next make the substitution
Woume = W4, - hv(ngymy; mjym,) in the second exponential of (17) and
develop this exponential as a power series in the ratio

_ hv(ng my; njym,)

== i . (18)

w

Then (17) becomes

P,= lge (G Gota) |7 WK T[1 - 1 —w— b —Ju®...]. (19)

2B

- wkT'

If the fundamental hypothesis (13) is valid, w will be a very small

quantity, and we may without scrious crror neglect terms of the order

w? and beyond in the bracketed factor of (19). With this approximation,
(19) is the same as

B . . 0 Al . . 4 -0 i
Py = kT[ll‘y(]lmli]zmz)|23"W"""“IM + [pga(Joma; Jimyg ) |2 e k1 ] (20)

It may be objected by some readers that by giving the molecule suffi-
cient quanta of rotation, the ratio (18) may be made as large as we
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please, as the separation of consecutive cnergy-levels for the simple
dumb-bell model by Eq. (57), Chap. VI, increases linearly with j. In
other words, the spacing of the normal levels is not uniform as in Fig. 7,
but becomes steadily greater as we go to higher normal states. For-
tunately, however, this consideration gives no trouble, for the numerical
magnitude of the exponent in the Boltzmann distribution factor e-'*/«T
increases much more rapidly than w. (One varies approximately as the
square, the other as the first power of the rotational quantum number.)
Hence terms for which w is comparable with unity will have such a
small exponential factor or probability that they can be disregarded.
As still further assurance that the higher powers of w can be discarded
under the hypothesis (13), we shall give in § 47 the quantitative correc-
tion to the Langevin-Debye formula which results when the develop-
ment is broken off after w* rather than w? This correction proves to
be very small if the fundamental hypothesis (13) is valid.
When we utilize (20), Eq. (16) becomes

X D, liagmim)e it
Jsm, ), m
+28 pagms wTm)E wgger, (1)
N~ hv(n';n)

fm,ny )’ sm/(n’ 7-m)
where now the first sum includes the diagonal elements njm; njm.
The first two lines of (16) have been melted into a single line in (21),
as the first line of (16) supplies just the diagonal clements wanting from
its second after the simplification (20).

In writing (21) we have introduced two simplifications. Firstly, in
the second line we have replaced v(n'j'm’;njm) by a number v(n';n)
independent of the indices j, m, j', m’. This is clearly allowable as the
separations between the various normal states are by hypothesis small
compared to the interval between normal and excited states, and hence
the ‘high’ frequencies v(n';n) (n’ #n) are affected but little by j, m,
j', m'. Secondly, we have replaced WY;,, by an expression WY; which
is independent of m. This presupposes that the influence of orientation,
i.e. of the axial quantum number m on the unperturbed energy W5;,,
is small compared to k7, a condition which is certainly fulfilled with
a high degree of precision in gases. In fact the ideal case ordinarily
considered is that in which the molecule is subject to no external field
except K, and then the unperturbed cnergy (i.e. the energy in the
absence of E) is independent of orientation, so that the index m has

absolutely no effect on W9. To allow for the possibility of simultaneous
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electric and magnetic fields, or inter-molecular fields in liquids and
solids, we admit the more general assumption that W9;,— WY, is not
identically zero but small compared to k7'. Thus our derivation of the
Langevin-Debye formula is applicable to solids provided, of course, the
two fundamental hypotheses given on p. 187 are fulfilled, and provided
the effect of orientation is small compared to £7'. In other words, the
‘turning over’ of an atom or molecule against the inter-molecular field
must require the expenditure of an amount of work considerably less
than LT. This condition is really already embodied in our second
fundamental hypothesis, as the requirement |[W3;,—W3;./|<kT is a
special case of (13).

It was proved in § 35 that in virtue of the high degree of spectroscopic
stability characteristic of the new quantum mechanics, an expression
of the form s | A (s wim) 2

m,m

is invariant of the direction of the axis of quantization, and equals

LS |A(ngm;n'j'm’) |2, where |A(njm;n'j'm’) 2= 3 |4 (njm;n’j'm’)|2
m,m’ q=LY,2

This consequence of spectroscopic stability is vital, as it underlies the

gencral occurrence of the factor } in the temperature term of the

Langevin-Debye formula. Let us suppose that the field £ is along

the z axis. Then by taking A:==p (n=n') and A =p° (n#n'), one

sees that (21) may be written

___ B e Ao I\ (2 o—FF KT
X—§k11 z |f"(.7"b7.7 m )| € 4 +

Jm,j,m’

[p(ngm;n'g'm')|2 0
2 i Wik 22
+3B hnin) ) (22)

3
Fmaw, )’ m’ (v £-n)
Simplification of Low-frequency Elements. From the rule for matrix
multiplication (Eq. (9), Chap. VI) it follows that

> lu(gmsgm) 2 = (ui4pi+p)Gs5) = v*(:J)- (23)
J,m

Here the right-hand side is a diagonal element of the matrix p?, which
is the square of the absolute magnitude of the vector matrix p formed
from the complete moment p by deleting the high-frequency clements.
The index m is not nceded on the right side of (23) because the
magnitude of a vector is independent of its spacial orientation.

Now if the hypothesis of a permanent moment is valid, we may apply
3595.3 0
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Eq. (15), which makes (23) independent of j, and the first line of (22)
becomes Bu?
1%
§icT
Now we have already supposed that W?Um can be replaced by WY, in
the exponential factors, and so the sum in (24) is identical with the
denominator of (12). Hence (24) is simply Nu2/3kT, which is the
‘temperature part’ of the Langevin-Debye formula (10). It is clear that
if the hypothesis of a permanent moment were not valid, the first line
of (22) would become instead

N BRI
3kT ze-u WET T 3k

Jm

- WHAT, 24)

(25)

Here u? denotes the statistical mean square of the moment u, i.e. the
time average u?(j;j) of u2 for a given state j, m, with this average in
turn averaged over all the normal states weighted in accordance with
the Boltzmann factor. Eq. (25) represents a sort of generalized Langevin
formula, somewhat analogous to the generalized classical expression
which we derived in (22), Chap. IT.

Simplification of High-frequency Elements. The important thing about
the second line of (22) is that for given N it is independent of tem-
perature and so may be denoted by a constant Nu, as in Eq. (10). The
demonstration is an easy consequence of the ‘sum-rules’ 8 for intensities,
applied to absorption rather than emission, for it is the essence of these
rules that an expression of the form

2 1p°(ngm;w'm)|? (26)
im’

is independent of the indices j and m. The sum-rules were first estab-
lished on semi-empirical grounds, but the work of Born, Heisenberg,
and Jordan, and of Dirac shows that they are required by the quantum
mechanics,® provided j is associated with the one type of precession

8 For references and description of the sum-rule sce Pauling and Goudsmit, T'he
Structure of Line Spectra, p. 137. The ordinary statement of the sum-rulo for the inner
quantum number is that the sum of the intensities of the multiplet components which
have a common initial (or else common final) stato j is proportional to its a priori
probability g;. This statement, however, presupposes a summation over m inasmuch as
the Zeeman components are assumed unresolved. The sum-rule for the magnetic quan-
tum number shows that all the g; components of the state j contribute equally to the
sum over m. Consequently when, as in (26), we do not sum over m, but only over m’,
the factor g; cancels out.

* Born, Heisenberg, and Jordan, Zeits. f. Physik, 35, 605 (1926). P. A. M. Dirac,
Proc. Roy. Soc. 111a, 281 (1926). The former deduce the formulae of Goudsmit and
Kronig for the intensities of Zeeman components. Dirac proves the more difficult formu-
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ordinarily identified with the inner (or rotational) quantum number.
Actually we have already stated that the index j may correspond to
several quantum numbers, and hence represent the effect of several
superposed precessions: e.g. simultancous precessions resulting from
interaction with electron spin and from molecular rotation. However,
Dirac® notes that there is no difficulty in extending the proof of the
intensity- or sum-rules to systems that are composed of any number
of parts, and that so contain any number of precessions, provided the
parts are coupled together by ‘secular’ forces which do not distort
the motion but which instead give rise only to pure precession. This
result is also obvious from the correspondence principle, inasmuch as
the sum-rule is the quantum analogue of the fact that classical ly the
intensity of radiation is not appreciably affected by precessions which
do not sensibly alter the sizes and shapes of the orbits. This rules out
centrifugal expansion and similar effects, but their effect is only sub-
ordinate, as we shall see more fully in § 47. The observed existence of
a term in the diclectric constant which is independent of temperature,
also especially the allied independence of the index of refraction of
temperature 1%, discussed in § 16, must be regarded as indirect but
nevertheless very good experimental evidence for the validity of the
sum-rules.

From what has been said in the preceding paragraph we may replace

(26) by an expression [p®(n;2’)|? independent of j and m, and so the
second linc of (22) reduces to
~,

(VY INT SN

e N [P n))B _n-;:J/m'\.

o ~ { hv(n';n) Ze | (27)
n'(n’ £n) Hm

The double sum in this equation is, as before, the same as the denomina-
tor of (12). Thus (27) becomes an expression

Na—3N [p°(u; 13’_)_[_2’ (28)
w2 hv(n';n)

which is independent of 7' and which constitutes the ‘constant’ part

of the Langevin-Debye formula. Combination of the simplifications

affected in the high- and low-frequency parts of (22) yields the complete

Langevin-Debye formula (10).

lae of Kronig, Russell, Sommerfeld and Honl (noto 5%, Chap. VI) for intensities in
multiplets. These formulae contain more information than the sum-rules, but necessarily
demand the validity of the latter.

1% The proof that refractivities in the optical region are independent of temperaturo
is similar to that of Eq. (28). Cf. Phys. Rev. 30, 41 (1927).

o2
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Review. Now that the proof is over, it is perhaps well to caution
against the misconception prevalent among many physicists that the
reapportionment of molecules among the different stationary states due
to alteration of the Boltzmann factors by the applied field is responsible
for the term of the Langevin-Debye formula which is inversely propor-
tional to 7', and that the distortion of the motion within a stationary
state gives rise to the term independent of 7'. Actually the distortion
usually contributes to both terms, if we use the word ‘distortion’ in the
sense of any change in the motion produced by the field, such as, for
instance, alteration in the end-over-end rotation. (Alteration in the
internal structure of the molccule, such as stretching of the orbits, &c.,
as distinct from changes in the motion of the molecule as a whole, or
perhaps its coupling to the spin, does, to be sure, give a term indepen-
dent of 7'.) In fact, in the dumb-bell model (§ 45) it was not necessary
to consider the reapportionment at all, i.c. it was adequate to take
W = W? in the Boltzmann factors, as the first-order Stark effect W®
vanished. (Note that in § 44 we showed that to obtain the portion of
the susceptibility independent of field strength, the energy is necded
to the approximation W® in connexion with the moment factors
(1) involved in (3), but need be carried only to the approximation W
in the Boltzmann factors.) It may seem rather surprising that distortion
without reapportionment can give rise to a term inversely proportional
to T', but the situation is roughly the following. The ‘low-frequency part’
of the distortion of the moment by the applied field may be enormous
because of the ‘low frequencies’ v(njm; nj’m’) in the denominator, but the
different normal states would just compensate each other as regards
this part, except for their differences in the value of the unperturbed
Boltzmann factor, which after series cxpansion are found to have the
effect of introducing k7' in the denominator in place of v (cf. Eq. (19)).
Only in the special case of the magnetic susceptibilities of atoms without
spin or else with very wide multiplet structures does the 1/7" term arise
entirely from W® without the aid of the low-frequency part of W®
(cf. Eq. (13), Chap. IX). The popular misconception has doubtless
arisen as an incorrect gencralization of this special case. The high-
frequency part of W®, of course, gives the term independent of 7'.
Case of a Simultanecous Magnetic Field. The expression (28), also of
course the permanent moment p, does not involve the index m, or the
direction of the axis of quantization, and so the choicc of this axis
cannot influence either term of the Langevin-Debye formula. Hence,
unlike the old quantum theory (§ 31), a magnetic field cannot distort
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the dielectric constant merely by changing the direction of the axis of
quantization. Instead a magnetic field will influence the dielectric con-
stant only through higher-order terms, which we have neglected and
which arc analogous to saturation effects. Because of the spectroscopic
stability characteristic of the true quantum mechanics, these small
terms will be proportional to H2, and of the same order of magnitude
as we calculated in § 31 with classical theory.

Special Case that E is the only External Field. In case other external
ficlds, such as, for instance, the magnetic one just considered, are absent,
the axis of quantization will coincide with the direction of E. The third
index m will then have no influence on the energy in the absence of E,
and consequently all frequencies of the form v(njm;njm’) will vanish,
as it is understood throughout that the frequencies v appearing in the
denominators are to be calculated for the unperturbed system. Never-
theless, there will be no trouble with zero denominators,! inasmuch
as the matrices p, or pg will contain no elements in which m s m/’,
since the component of moment in the direction of E clearly cannot
involve the frequency of precession about the direction of £, which is
the frequency associated with the quantum number m. Thus the
summation over m’ may be replaced by the substitution m’ = m.

47. Limit of Accuracy of the Langevin-Debye Formula

It is clear that if the temperature is diminished sufficiently, the separa-
tion of the normal levels cannot continue to remain small compared to
kT. Hence at low temperatures there should be appreciable departures
from the Langevin-Debye formula, which is, strictly speaking, in quan-
tum mechanics only an asymptotic formula valid at high temperatures.
This has already been emphasized in § 45 in connexion with the ‘dumb-
bell’ model. It was shown that for this model, Eq. (8) is a rigorous
expression (neglecting saturation) for the susceptibility, valid right
down to 7' = 0, whereas the Langevin-Debye formula is not. One could
form an idea of the range of temperatures over which the latter formula
is substantially valid with this model by determining the critical tem-
perature at which it begins to depart appreciably from Iq. (8). We
shall not do this, but instead shall give an approximate correction for
the departures from the Langevin-Debye formula with a more general

1 Conceivably there might be degeneracios other than the spacial one, and which give
rise to zero denominators. There is, however, no difficulty, as the degeneracy may be
removed by applying a hypothetical infinitesmal ficld which removes the degeneracy,

and the theorem of spectroscopic stability shows that the results are invariant of tho way
the degeneracy is removed.



198 QUANTUM-MECHANICAL DERIVATION OF VII, § 47
model of a molecule, with three moments of inertia none of which are
necessarily equal. This correction consists in determining the effect of
the retention of terms to w* inclusive rather than to w? as previously
in the serics expansion made in the bracketed part of Kq. (19). A
rigorous formula would involve the retention of all terms in this expan-
sion, but such a formula would be intractable and unilluminating except
for simplified models such as the dumb-bell or symmetrical top. The
temperatures at which the terms in %2, w? begin to appreciably modify
the susceptibility are evidently the temperatures at which we may begin
to expect appreciable corrections to the Langevin-Debye formula. We
shall not give the details2 of the calculation of this second approxima-
tion to the susceptibility by including the effect of w3, wt, but shall
merely state the result, viz.

Nou2
X = [1—f(T)]4-Na, (29)
kT
where
R of L 1Y, (1, 1), (1 1

J(T)= 43;2;1,2‘1.:1‘ ["'”’('E"{'E) +piy (‘C,’f“z) +:U',:’(Z +E)J' (30)
Here A, B, C denotc the moments of inertia of the molecule about its
three principal axes 2', ¥', ', and p, p,, py are the components of the
permanent moment p along these axes. For either the ‘dumb-bell’ or
symmetrical top models, i.c. for either diatomic or symmetrical poly-
atomic molecules, we may take p, = p, p,=p,==0, A =B =1, and
(30) then reduces to

h? 1-:32 10-39

N — —_—

) =sgamr= ~Ir

The factor 1—f(7') evidently enters in (31) as a correction to the
Langevin-Debye formula. To obtain a numerical estimate of its im-
portance let us consider the particular case of HCl. Substitution in
(31) of the value I=2:65X10-4gm. cm.2 appropriate to H(1 yields
J==50/T, so that at room temperatures f(T') is only 0-016. To make
the correction as great as 5 per cent. it would be necessary to reduce the
temperature to 100°K., or below the freezing-point of HCI, which is
obviously not feasible. (iases which have low boiling-points, and which
hence might be measured when the denominator of (31) is small, are
invariably non-polar (e.g. O,, H,) or nearly so. CO and NO are two

12 See J. H. Van Vleck, I’hys. Rev. 30, 46 (1927). The correction (31) appropriate to
diatomic and symmotrical molecules has also been deduced by Kronig and by Manne-
back (l.c®, also ref. 21 of Chap. VI) by a different method than ours. In the case of the
dumb-bell model their method consists in finding a somewhat better approximation to
the denominator of (8) than merely replacing the sum by an integral as on p. 185. An
analogous method is also used for the symmetrical top.

(31)
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common slightly polar gases which have relatively low boiling-points,
but this feature is more than offset by their moments of inertia being
over five times that of HCl, so that the values of f(T') obtainable
experimentally for them are even smaller than for HCI.

These numerical considerations show that the correction f(7') to the
Langevin-Debye formula is ordinarily far too small to be of conse-
quence, and experiments would have to be very sensitive to detect the
departures from linearity which it occasions in the graph of y against
1/T at constant density. The main value of the calculation of the
second approximation involving f(T') is hence primarily to reassure us
that in the case of dielectric constants the asymptotic agreement of
classical and quantum theories is nearly completed at any temperatures
ordinarily obtainable (barring possible ‘internal rotations’ in organic
molccules discussed on p. 76). (In magnetism, because of the spin
multiplets,’® we shall later sce that there may be important deviations
from the classical Langevin law even at room temperature.) The cor-
rection factor 1—f(7") does modify slightly the experimental values of
the electric moment determined by the method I which was described
in § 19. In this method p is ordinarily calculated from the temperature
coefficient of y in the vicinity of a room temperature 7Tj, and hence
with the correction u? must be increased by a factor about 1--2f(T})
to give this coefficient the same value as previously. Correspondingly
the effect of this correction is to increase the contribution of permanent
dipoles to the susceptibility by a factor [14-2f(Tp)J[1—f(Ty)] ~ 1+(Tp)
and hence to diminish N«, as determined by method I, by an amount
Np2f(Ty)/3kT,. In case most of the susceptibility arises from the per-
manent polarity, this diminution in « may reduce slightly the dis-
crepancy between the values of Na determined by methods I and IT
(vespectively temperature variation and extrapolation of optical data),
discussed at length in §§ 14, 15, 19. In HCI, for instance, the correction
raises the value of p with Zahn’s temperature data from 1-034x 10-18
to 1-050 x 10-18, and correspondingly diminishes 47N« from 0-00104 to
0-00099, in somewhat better accord with the optical value 0-000871
furnished by method II.

13 Spin multiplets comparable with kT' may oxist in the present electrical case, but
do no harm. This is primarily because the electrical momont has no matrix eomponents
betwoen states which differ sololy as regards the alinement of the spin relative to the
rest of the molecule, thus avoiding the complication of ‘medium frequency olements’.
Although the multiplet structure thus does not influence the electric susceptibility, it
does modify the Stark effect, as the latter involves the stationary states individually
rather than collectively in summations.
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Correction for Centrifugal Expansion. Because of centrifugal force the momentu
is never rigorously ‘permanent’, i.e. tho same for all rotational states as supposed
in § 46, but increases slightly with the rotational quantum number and hence with
T. We may calculate quantitatively the correction resulting from this effect by
replacing the first term of the Langevin-Debye formula by the more geneml
expression (25), which does not assume a permanent moment. To evaluate u2 lot
us take a diatomic molecule whose nuclear separation, moment of inertia, and
clectrical moment are respectivoly 7o, Iy, and p, when the molecule is at rest,
completely devoid of rotation or vibration. If now the molecule rotates with an
angular velocity w, the centrifugal force Mrw? must equal tho restoring force
4732 M (r—r,). Here v is tho frequency of vibration, supposed simple harmonic.
A small expansion of the molecule by an amount r—r, increases the electrical
moment by eq(r—r,), where e.q is by definition the ‘effective charge’ (see p. 47).
Consequently we have approximately

== p2- HoPen r.,w‘ = pi -t peur 7ok

Oyt Tmv?

since classically the mean of the rotational kinetic energy §/w? is kT, and quan-
tum mechanically this value is valid at ordinary temperatures, as thoy are high
cnough to make rotational specific heats have substantially the classical equi-
partition magnitude. The effect of centrifugal expansion is thus only a contribution
LoCen 7o/ 372 v? to the constant o in Kq. (10). This contribution is, unlike the correc-
tion (31) previously considered, as important at high as at very low temperatures,
but is usunally quite negligible. In HCI, for instance, if we use Bourgin’s value
(§ 15) of the effective chargo, the centrifugal expansion gives rise to only 1 per cent.
of a, and so may be neglected without appreciable error.

Correction for Vibrational Distortion. By supposing a permanent moment we
have assumed that the electrical moment is independent of the vibrational quan-
tum number or else that all vibrational states but the lowest have negligible
Boltzmann factors. The latter assumption is sufficiently warranted in ordinary
stable diatomic molecules such as HCl at ordinary temperatures, but compli-
cated polyatomic molecules may have some of their vibrational degrees of freedom
less firmly bound, and so sometimes be in higher vibrational states where the
moment of inertia and hence the electrical moment is appreciably different from
in the normal state. This effect has been considered in considerable detail by
Zahn.1* The correction can again be calculated approximately by replacing the
first term of (10) by (25). Forstable diatomic molecules such as HClit is readily seen
to be of the same order of magnitude as that for rotational distortion and likewise
independent of the temperature. In complicated polyatomic molecules where the
vibrations are of large amplitude and not simple harmonic, this vibrational correc-
tion may be moro important and yield a complicated temperature dependence.
We have already mentioned on p. 76 that in molecules possessing pliable bonds
there will be departures from this formula if the radicals are only partially free to
turn. Thisis closely akin to the effect considered by Zahn, the difference being that
the non-rigidity is due to twisting rather than stretching.

Correction for Saturation. By neglecting terms beyond E? in Eq. (2) we have
disregarded all saturation effects. The effect of including terms through E* in (2)
" 14 Q. T. Zahn, Phys. Rev. 35, 1047, 1056 (1930). His Kq. (10) is essentially the same as

(25). The departure from the Debye formula which he finds experimentally in acetic
acid is probably due to molecular association; cf. Phys. Rev. 37, 1516 (1931).

=pat 2pCen(r— 1)

’
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has been calculated by Niessen'® for the general quantum dynamical system, with
the two same fundamental hypotheses as in § 46. His results, ospocially the mode
of temperature dependence have already been discussed in § 22. The numerical
estimates there given show that the saturation effocts are very small at the largest
field strengths E yet obtainable experimentally, but have nevertheless been
detected by Herweg and others (§ 22). We may mention that if ono considers only
the permanent dipole moment, or in other words retains only the low-frequency
part of the total moment p, then Niesscn has shown that it is possible to calculate
asymptotically the effect of all powers of E in Eq. (2). He f{inds that then the com-
plete Langevin formula NL(uE /kT) (Eq. 4, Chap. 1I) for the polarization is valid,
but it may be cautioned that this result applies only when the correction for
saturation is larger than, or at least of greater interest than, corrections such
as (30) for the finite magnitudo of rotational energy intervals. In other words
saturation is the main correction if pk 3-&7T” and KT'<? kT, where 1" is the
molecule’s ¢ characteristic tempoeraturo’ k2 /872l k. Existing experiments on clectric
saturation are not made at fields so large that pk »>k1", although made at
temperatures for which 7 <& T'. Under these conditions one can still use Niessen’s
value of the correction for saturation, as the corrections for finite intervals and for
saturation are approximately additive if neither of them is great.

Comparison with Experiment. As the quantum mechanics has re-
stored the Langevin formula under ordinary conditions, the comparison
with experiment, and deduction of numerical dipole values from the
latter, proceeds as in classical theory, and so the material given in
Chapter T1T is still applicable. The discussion of the effect of infra-red
vibrations proceeds exactly as in § 15. We have seen on pp. 30 and 186
that the classical and quantum theorics give exactly the same value
3 e?/a; for the polarizability « of a system of isotropic harmonic oscil-
lators. The identity of results is also readily established 16 in the more
general case of periodic rather than static impressed fields, and of one-
dimensional harmonic oscillations along the figure axis instead of
isotropic ones. Spectroscopic stability shows that the factor ! arises
from the spacial orientation, regardless of the type of spacial quan-
tization or molecular rotation.'” Thus (4), Chap. III, which was

15 K. F. Niessen, Phys. Rev. 34, 253 (1929).

16 See Phys. Rev. 30, 44 (1927).

17 Complete similarity with classical results on harmonic oscillators is an almost
invariable characteristic of the new mechanics. On the other hand, the ‘anharmonic
correction’ which results bocause the restoring forees on the nuclei aro not strictly linear,
has a different offect on the susceptibility than in classical theory. S. Boguslawski (Phys.
Zeits. 15, 283, 1914) and K. Czukor (Verh. d. Deut. Phys. Ges. 17, 73 (1916) showed
that classically this correction modifiod somewhat tho nature of the temperature depen-
dence of tho dicloctric constant, whereas in quantum mechanies it merely alters slightly
the magnitude of «, inasmuch as (28) is a perfectly general expression for the contribu-
tion of high-frequency elements. Such a divergence from classical results is, of course,
only possiblo becauso the vibrational energy intervals, as distinct from the rotational,
are usually large comparoed to k7' in stable diatomic molecules. The vibrational intervals
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our focal point for discussing infra-red vibrations, still retains its
validity.

cease to be large compared to 7' when there is an appreciable vibrational specific heat.
The correction which then results to the Langevin-Debye formula is, however, very
slight, as the nuclear vibrations are usually very nearly simple harmonic, and solution
of Eq. (9) has shown that harmonic oscillators have exactly the same polarizability in
all stationary states. The form of temperaturo dependenco is altered only by super-
position of the anharmonic correction and that for the excitation of higher vibrational
states than the lowest.



VIII

THE DIELECTRIC CONSTANTS AND DIAMAGNETIC
SUSCEPTIBILITIES OF ATOMS AND MONATOMIC IONS

I may seem strange that we mix electric and diamagnetic suscepti-
bilities in the same chapter, but in the monatomic case it is convenient
to discuss them together because of parallelism in the rigorous theory

for hydrogen and in the adaptation to other atoms by the method of
screening constants.

48. The Dielectric Constant of Atomic Hydrogen and Helium
As the electrons are on the time average symmetrically located with
respeet to any plane containing the nucleus, atoms and monatomic ions
have no permanent moments, and so have only the term Nx of the
Langevin-Debye formula which arises from ‘high-frequency’ matrix
elements (cf. Chap. VII). It has so far been possible to determine the
numerical magnitudes of u and « for molecules only by the experimental
methods of § 19, but on the other hand it is easy to calculate by pure
theory the absolute value of « for monatomic hydrogen.

"The rigorous proof that atoms have no permanent moments runs as follows.!
n the absence of external ficlds, the wave equation of any atom or molecule com-
posed of 7 particles is invariant with respect to the substitution

= —u, Y= —Yy 2= —z, (= L.,q). (A)
Henco its solutions i, may always be chosen to be either oven or odd as regards
the substitution (A). The conjugate ¥ is even or odd like . and ¥y, is then
even. If we take f = Xeg;, n’ = n in the fundamental quadrature (14), Chap. VI,
its integrand i, YrZer; is odd with respect to the substitution (A) and so the
integral is zero when taken over tho entire coordinate space. Hence theunperturbed
electric moment of any atom or moleculo has no diagonal clements. To be sure,
Eq. (1) of this chapter and (71) of Chap. VI display first-order Stark effects,
which would scem to imply the existence of such elements, but (1) neglects the
relativity and spin precessions,? and the ‘symmetrical top® model used to obtain
(71) is too simple to includo ‘A-typo doubling’ (see note 28 of Chap. VI and § 70).
To prove that there is no permanent moment we must show that the moment
matrix has no low-frequency as well as no diagonal elements. Thore can bo no
low-frequency clements if the separation of all levels, other than those differing
only as regards spacial quantization or of quantization of spin relative to the rest

1 K. Wigner. Zeits. f. Physik, 43, 646 (1927).

* For calculation of tho Stark effect of atomic hydrogen to a first approximation inclu-
sive of these precossions seo R. Schlapp, Proc. Roy. Soc. 1194, 313 (1928); V. Rojansky,
Phys. Rev. 33,1 (1929). Because of a fortuitous degeneracy with respect to the azimuthal
quantum number I, the cxcited states of atomic hydrogen in the new quantum mechanics
retain a portion of their lincar Stark effect even when the relativity and spin corrections
are included. This was not true in the old quantum theory.
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of the atom, are separated by intervals large compared to k7'. In other words this
condition is that there be only one ‘normal electronic’ level. This is ordinarily
the case in atoms, as clectronic absorption frequencies are certainly large com-
pared to kT, but not in molecules, as there is always a sequence of closely spaced
rotational lovels. Although we have thus shown the desired result that ordinary
atoms have no ‘dipole term’ proportional to 1/7'in the Langevin-Debye formula,
such a term would befound for excited hydrogen atoms. Such atomsare cxceptional
because of degeneracy with respect to the azimuthal quantum number I. The
calculation of the 1/T term for excited hydrogen is, of coursoe, a purely academic
affair, which we omit, as susceptibilities involve onlynormal states, and the normal
state of hydrogen has only the one l-value 0, and hence no bothersome degeneracy
and no first-order Stark effect even in Eq. (1). When there is near degeneracy, an
experimentally obtainable field may greatly distort the symmetry properties of the
wave function, and so the linear Stark effects predicted by (71) of Chap. VI and
by (1) are a good approximation to reality in strong fields. In non-hydrogenic
atoms the effect of I on the cnergy is usually large, and there is no first-order Stark
effect, except perhaps for a few excited states of very small quantum defect. The
kinematical meaning of this is that non-hydrogenic atoms have fast orbital
precessions owing to the departures of the field from C'oulomb character, whereas
hydrogen atoms have only the slow relativity precession which is easily stopped
by an applied field resulting in tho alinement of the semi-major axis in this field
and a first-order Stark effect.?

To determine the moment of hydrogen in a definite stationary state
one has only to calculate to terms in £2 the characteristic values of
its wave equation in an electric field—in other words, to compute its
second-order Stark effect. This has been done by Wentzel, Waller, and
Epstein? with neglect of relativity corrections and spin, which permits
a separation of variables and which does no harm for the normal state
owing to the absence of fine structure (cf. end of fine print, p. 213).
They find

__ __ChRZ*> 3h*n(n;—n,)E
W= =" wmez

nihSE?
1024702853

3 For this calculation see J. H. Van Vleck, Proc. Nat. Acad. 12, 665 (1926); and
especially revision in footnote 31 on p. 37 of Phys. Rev. 30 (1927).

4 For amplification and references on this distinction between hydrogenic and non-
hydrogenic atoms see Ruark and Urey, Atoms, Molecules, and Quanta, pp. 147, 343, or
the writer’s Quantum Principles and Line Spectra, pp. 62 and 131. A wealth of theoretical
and experimental work on the border-line case of the Stark effect of non-hydrogenic
atoms, especially neutral Ho, so highly excited that the field is nearly Coulomb, has been
performed by J. 8. Foster and by Miss Dewey, Proc. Roy. Soc. 117A, 137 (1927), Phys.
Rev. 30, 770 (1927), and references; also Y. Fujioka, Sc. Rep. Phys. Chem. Res. T'okyo,
10, 99 (1929).

5 G. Wentzel, Zeits. f. Physik, 38, 527 (1926); I. Waller, ibid. 38, 635 (1926); P. S.
Epstein, Phys. Rev. 28, 695 (1926).

[1702—3(n,—n,2—9m3+19], (1)
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where n,, n,, n; are & set of parabolic quantum numbers, such that the
principal quantum number % is n,-+n,-+|ng]+1, while n; quantizes the
angular momentum about the field and so is similar to the quantum
number m, of § 39.

The normal state of hydrogen has n, =n,=mn,=0, Z=1, so that
by (1) its moment —aW /0K is 9hSE[128n%%m® = 6:63 X 103K, with
the usual neglect of saturation effects resulting from higher powers of
E not included in (1). Its polarizability is thus « = 6-63x 10-25, The
corresponding numerical value of the ‘molar polarizability’ 47La/3
introduced on p. 53 is « = 1-68, and of the dielectric constant at 0°,
76 cm., is e = 1-000225. Unfortunately it has not yet been possible to
make a direct cxperimental confirmation of these unambiguous theoreti-
cal values, as it would be necessary to have a gas composed entirely of
monatomic rather than molecular hydrogen.

The diclectric constant of neutral helium has been calculated indepen-
dently and simultaneously by Atanasoff® and by Hassé.” Both utilize
the fact that the perturbed wave functions of the normal state are of
the form o == y%(ry, 75, 710)+ B2y f(ry, 7, 710) +-22f(rs, 71, 715)} (neglecting
E?, E3, &c.) and determinc f by the Ritz method, while they take °
from the work of Hylleraas. The dependence on the coordinates can be
shown to be necessarily of this form by extension of Wigner’s methods,
though this is not demonstrated explicitly in either paper.® If one uses
Birge’s ‘most probable values’ of the atomic constants, Atanasoff’s
solution yields e = 1-0000653 at 0° C., 76 cm., while Hassé’s first calcu-
lation gives 1-0000691 in excellent accord with the cxperimental value
1-0000693. This gratifying agreement, however, turns out to be rather
accidental, as in his second paper Hassé finds 1-000079, using a pre-
sumably more accurate unperturbed wave function ,. Still more
recently, a theoretical value 1-0000715 is reported by Slater and Kirk-
wood,? also by the Ritz method. The diversity in results secms to arise
largely because the calculations are exceedingly sensitive to the choice
of the unperturbed wave function.1®

§ J. V. Atanasoff, Phys. Rev. 36, 1232 (1930).

7 H. R. Hassé, Proc. Camb. Phil. Soc. 26, 542 (1930); 27, 66 (1931).

8 The proof consists in showing that y) involves a rotational group (‘Darstellung’)
of tho type L = 1 since ¢° is of tho typo L == 0 and &) is proportional to cos §. Properties
of the rotational groups aro developed by Wigner, Zeits. f. Physik. 43, 640 (1927).

? Slator and Kirkwood, Phys. Rev. 37, 682 (1931).

10 By a well-known theorem, the Ritz method always yields too high a value for the
total energy, but one cannot tell whether it yields too high or too low a value of tho
coefficiont of K2, as the E? torm is only a portion of the total cnergy. Henco it may
yiold too small or too large a dielectric constant. A small alteration in §° can make
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49, The Diamagnetism of Atoms, especially Hydrogen and
Helium

In considering diamagnetism, we may suppose the atoms in singlet S
states, as otherwise there is an overwhelming paramagnetism. In such
states the paramagnetic terms in the Hamiltonian function, which were
given in Eq. (97>, Chap. VI, and which yicld a perturbative potential
proportional to the first power of H, disappear completely. This is so
inasmuch as in afoms the squares of the orbital and spin angular
momenta are respectively L(L--1) and S(S--1), and consequently in
the 18 states, which have S = L = 0, there cannot be even an instan-
taneous magnetic moment in the absence of external fields. It may be
cautioned that molecules have such a moment even in 1% states, and
for them the following formula (2) must be modified, as will be done
in § 69. In 18 atoms, there remains only the diamagnetic term in the
perturbative potential, which is proportional to H2, and the magnetic
moment is entirely an induced one coming from the Larmor precession.
The resulting change in cnergy due to this term was scen in Eq. (105),
Chap. VI, to be (e?/8mc?) 3 (x2+y?)H?; and furthcrmore, it was shown
in § 35 that on averaging over the different spacial orientations one
may replace 22-+y2 by %r2 because of spectroscopic stability. This, of
course, assumes that the Boltzmann factor is sensibly the same for the
different allowed spacial orientations, which it surely is in gases, and
also in solids as long as the energy of orientation in the solid’s inter-
molecular field is small compared to k7. If we suppose that the atoms
are all in the same stationary state except for spacial orientation, as is
usually the case because the first excited states involve energy incre-
ments large compared to k7', it is unnecessary to average over different
electronic states weighted in accordance with the Boltzmann factor.

The susceptibility L(—o W/aHS /H per gramme mol is then

2 — —
- ;m];z z = —2832X 101 2, )

Xmol =

where 72 is the time-average value, i.c. the diagonal matrix clement for
the state under consideration. Eq. (2) is exactly the same as the Pauli
form of Langevin’s formula in classical theory, already given in (2),
Chap. IV. Thus again the new mechanics restores a classical formula.
Eq. (2) is valid regardless of whether or not the atom is hydrogenic.
For hydrogen-like atoms, we may, however, procced farther and use

a considerable error in the coofficient of 2, as only the unperturbed onergy is stationary
with respect to the paramecters varied in obtaining the unporturtbed wave function.



VIIL, § 49 SUSCEPTIBILITIES OF ATOMS AND MONATOMIC IONS 207
the formula for the mean value of 72 given in (107), Chap. VI, and then

2 2
Yoy = — 2832 1010(4"2726%) [§n4— 33+ 1)+ }n?]

Y _a[572—3n%(1}-1)-}-n?
— —0-790x 10 G[MM AR ] 3)
The normal state of atomic hydrogen has n=1,1=0, Z =1, and thus
its molar diamagnetic susceptibility is —2-37 x 10-%. This value cannot,
of course, be tested directly because of the difficulty of dissociating
molecular hydrogen, also because monatomic hydrogen has a 28 normal
state and hence would be highly paramagnetic because of the spin.
Instead we have only Pascal’s!! indirect value —2-93 X 10-%, obtained
by applying the additivity method to diamagnetic organic compounds
containing hydrogen. Exact agreement cannot be expected, as we have
seen in § 21, on refractivitics, that the analysis of compounds by assumed
additivity rules does not necessarily furnish true atomic properties. The
error, however, is probably not so great as to permit the discrepancy
by a factor about 3% which there was between his value and that
—0-79x 10-¢ furnished by the old quantum theory (p. 210). Thus
Pascal’s result must be regarded as distinct evidence favouring the new
mechanies in preference to the old.

Direct Calculation of 72 from the Wave Functions for Helium. Turning
now to non-hydrogenic atoms, the theorctical calculation of diamagnetic
susceptibilities is much easier than of the electric, as in the diamagnetic
case it is only necessary to know the unperturbed wave function of the
normal state. Once this is known, the requisite mean value needed for
(2) is given by the simple quadrature

f f Y2 3 72 do, (4)

the integration of course being over the coordinate space of all the
electrons. On the other hand, to make calculations of electric suscepti-
bilities such as were quoted on p. 205 one must know the effect of the
perturbing electric field on the wave function. This is because the per-
turbing potential was lincar in the field rather than quadratic as in the
magnetic case; and so to obtain the energy to the second power of
the field strength, as necded for susceptibilities, it was necessary to find
a second rather than a first approximation to the effect of the perturba-
tion, which demands knowledge of the wave functions to the 1st rather

than Oth approximation in Z.

1t A. Pascal, numerous reforences listed in Jahrd. d. Rad. und Elcktr. 17, 184 (1920);
cf. also Weiss, J. de Physique, 1, 185 (1930).
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The requisite quadrature (4) has been performed for neutral helium
by Slater,'? using a wave function which he shows to be a good ap-
proximation to the three-body problem of the normal state of helium.
He thus finds y,,,, = —1-85 X 10-%, in gratifying accord with Hector and
Wills’ experimental value —1-88x 10-8. The discrepancy is less than
the experimental error, as well as less than the amount of uncertainty
in our knowledge of the helium wave functions. The quadrature for
helium has also been evaluated independently by Stoner!® with Har-
tree’s wave functions. He finds x,,,; = —1-90 X 10-9, likewise in exceed-
ingly good agreement with experiment.

Direct calculations of 3 2 from the wave functions obtained with
the Hartree method of the self-consistent field 14 have been made for the
alkali ions and for Cl- by Stoner.® His results will be given in § 52.
Similar calculations are at present wanting for other heavy atoms.
Because it is easy, it is tempting to try calculating the mean value of
72 and hence the susceptibility for the gencral heavy atom by means
of the Thomas-Fermil® charge distribution p. In the Thomas-Fermi
theory the mean value of > 72 is e-! [[[ pr? dwdydz, where the integra-
tion is 3 rather than 3Z-dimensional as in (4). One thus finds that
Xmo1 = —10~% Z3, where Z is the atomic number, and where the factor
10-5 has been estimated by a very crude numerical quadrature.l® This
formula is not in accord with experiment, as according to Tkenmeyer
(§ 52) observed susceptibilitics in heavy atoms fit roughly the formula
Xmo1 = — 08X 10-8Z. The disagreement is not surprising, as the Thomas-
Fermi ficld is primarily a good approximation to the distribution of the
large number of inner clectrons, rather than the few outer electrons
that contribute the bulk of the susceptibility. The sensitiveness to
errors in the outer distributions is illustrated by the fact that, according
to Stoner, 33 per cent. of the susceptibility of C1- comes from the 3-46
per cent. of the charge at a distance greater than 2:06 A from the
nucleus. Better results than with the Thomas-Fermi charge distribu-
tion are obtainable not only by the more refined Hartree self-con-
sistent field, but also by the method of shielding constants to be now
given.

12 J, C. Slater, Phys. Rev. 32, 349 (1928).

13 E. C. Stoner, Proc. Leeds Phil. Soc. 1, 484 (1929).

1 D, R. Hartree, Proc. Cambr. Phil. Soc. 24, 89, 111, 426 (1928).

15 1, H. Thomas, Proc. Cambr. Phil. Soc. 23, 542 (1927); E. Fermi, Zeits. f. Physik,
48, 73; 49, 550 (1928).

152 This proportionality to Zt has also been noted by T. Takeuchi, Phys. Math. Soc.
Japan 12, 300 (1930).
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50. Adaptation to Other Atoms by Screening Constants
Because direct tests on monatomic hydrogen have so far been precluded
by the difficulty of obtaining complete dissociation, the best existing
way of testing the formulae for the susceptibilities of hydrogen atoms
is to apply them to non-hydrogenic atoms by using screening constants.
As a rough approximation one may assume the orbits are like those of
hydrogen except that the effective nuclear charge is Z, e instead of the
true charge Ze. The simplest illustrations are the helium atom and
hydrogen molecule, even though the latter is not an atom, as each
contains two electrons and so may be assumed to behave like two
hydrogenic atoms in the normal state n=1 but with the effective
charge Ze. The formulae for the cnergy, dielectric constant, and
diamagnetic susceptibilities are, then, respectively
= —27-1Z%volts, e=1+40-000450Z3f, xnq= —4T74%X10-¢Z 2

These may now be equated to the experimental values,!8 viz.

(He) W = —78-8, € = 1-0000693, ., = —1-88 X 10-5;

(Hy) W = —31-4, € = 1-000273, x50 = —3-94 X 10-5,
We then have three independent estimates of the effective charge Z 4,

as fo 17 .
llows Effective Charge Z 4

From: Energy. Dielectric Constant.  Diamagnetism.
Ho 171 (1-71) 1-59 (1-10) 1-59 (0-92)
H, 1-08 (1-08) 1-14 (0-78) 1-11 (0-63)

16 The value 1-:0000693 for Hoe is that obtained by Herzfeld and Wolf, Ann. der Physik,
76, 71 and 567 (1925), by extrapolation of tho optical refraction, and is probably more
accurate than direct determinations. Tho value 1:000273 for H, is that obtained by
Tangl; it is for 0° C. rather than 20° C., contrary to the statement in the Landolt-
Bornstein tables (5th ed., p. 1041), and so is in good agreement with dispersion data.
The diamagnetic values are those of Wills and Hector, Phys. Rev. 23, 209 (1926); also
Hector, ibid. 24, 418. Their moeasurcments are the only reliable ones at prosent available
for He, whilo in the case of H, thoy reassuringly agree within 2 per cent. with an indepen-
dont determination by Soné, Phil. Mayg. 39, 305 (1920). A much higher value 5-1x 10°®
for H, is reported by Lohrer, Ann. der Physik, 81, 229 (1928), but he himself statos this
may not bo accurate because of uncertainties in calibration. A value even higher than
Lohrer’s is apparently indicated by the graphs in a proliminary paper by C. W. Hammar,
Proc. Nat. Acad. 12, 594 and 597 (1926), but here likowiso it is not clear whether there
has been an accurate calibration of absolute values.

17 This table is taken from Proc. Nat. Acad. 12, 662 (1926). The calculations of tho
theoretical dielectric constant 1-000225 of atomic H from the Stark effect formulae of
Wentzel, Waller, and Epstein, and of its diamagnetism (3) from the quantum-mechanical
mean square radius wero given independently by the writer in this paper and by Pauling,
Proc. Roy. Soc. 1144, 181 (1927). Inreproducing the table slight revisions in the numerical
values have been made due to uso of Birge’s recent estimates of the most probable values
of the atomic constants (Phys. Rev., Supp. July 1929). We have not, however, made the
corresponding small revisions due to these now atomic constants in quoting Pauling’s
numerical calculations on the following pages.

3695.3 P



210 THE DIELECTRIC CONSTANTS AND DIAMAGNETIC VIII, § 60
The results which would have been obtained with the old quantum
theory are included in parentheses. In the new mechanics the values
of Z., obtained by the different methods are seen to be roughly the
same, and vastly more consistent and reasonable than with the old
theory. Exact agreement between the various estimates cannot be
expected even in the new, since screening constants are only crude
representations of the interplay between electrons. Calculations of the
dielectric constant of He by the Ritz method and of the diamagnetism
of He directly from the wave functions have already been mentioned
in §§ 48 and 49, and, of course, represent a much higher degree of refine-
ment. A similar improved calculation of the diamagnetism of H, by
means of wave functions has been made by Wang and will be described
in § 69.

To calculate the values in parentheses it has been necessary to know the old
formulae analogous to (1) and (3). These can be shown to be
chRZ® | 3h*n(n,—n,)E nihSE?

W =t gtz — 108am gl T 3= e —0niZ), - (1a)
5nd— 3n2l’2
—_ 0. -6l

Xamat = — 0-790 X 10 [ 5 ] (3a)

where n = n,-}ny+|n;| and where n; and I’ are axial and azimuthal quantum
numbers one unit larger in numerical magnitude than in the new mechanics. Thus
the normal state of hydrogen has |nj] = 1, or I’ =1, and S, P, D, F terms mean
respectively I’ = 1, 2, 3, 4 as compared to = 0,1, 2,3. In (la)and (3a) we have
tacitly supposed the field strong enough for spacial quantization in the electric
case, but not in the magnetic. In the old quantum theory one cannot use the

Pauli formula (2) unless one assumes random oricntations, as otherwise 22 y? + §r%
and one has all the ‘Glaser effect’ difficulties discussed in § 29. If instead one
assumed spacial quantization in the magnetic field H, one would have a?4-y%=1r?
for the normal state, the susceptibility would be increased by a factor §, and the
values in parentheses in the last column would become 1:13 and 0-78. This would
demand a powerful field, as diamagnetic effects are quadratic in H. Similarly
other old values for use in the second column could be obtained if we supposed the
electric field too weak to effect spacial quantization, or to overpower the relativity
corrections, there being thus a double degeneracy difficulty.

The divergence between (1) (3), and (1a) (3a) is, of course, most accentuated for
small quantum numbers, and hence for the state n = 1 such as is involved in the
table. For normal monatomic hydrogen (1a) and (3a) give e—1 = 0-000050,
= (0-528 X 1078)2 as compared to the new ¢— 1 == 0-000225, 7% = 3(0-528 X 1078)s,
In other words the quadratic Stark effect and mean square radius for the normal
state of hydrogen are respectively 4} and 3 times as large in the new mechanics as
in the old. For larger values of n, the discrepancies are, naturally, much less pro-
nounced, and so we shall not bother to include a comparison with the old theory
in the discussion that follows of gases heavier than He. We may mention that for
the excited states of hydrogen, the new formula (1) is favoured over the old (1a)
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by a certain amount of direct, though difficult experimental spectroscopic evidence
on the second-order Stark effect.!

Application to Heavier Atoms. The most comprehensive and searching
application of Eqs. (1) and (3) to non-hydrogenic atoms by using
screening constants has been made by Pauling.’® He considers primarily
inert gases and ions with ‘closed’ electron shells, owing to the difficulty
of obtaining reliable experimental data on other monatomic media. By
the Pauli exclusion principle no two electrons have all their quantum
numbers the same, and as the axial spin quantum number m, can have
the two values 43 (cf. § 38), there are exactly two electrons for each
set of orbital quantum numbers in a given complete shell. Thus one
can find the total Stark effect for such a shell by multiplying Eq. (1) by
2 and summing over all positive integral values of n,, n, (including zero)
and positive or negative of n; consistent with given n = n,+n,+ |ng| 1.
Insertion of the Boltzmann distribution factor e-"/*T would be ex-
traneous, as we have here really a case of the Pauli-Fermi-Dirac
statistics, although this name is rather formidable for the simple idea
that orbits either occur twice or else practically not at all. - On per-
forming these summations® and remembering that the moment is

= —0W/oE (Eq. (46), Chap. VI) one thus finds for the ‘molar
polarizability’ « = 4nL 3 pg/3E of an atom which has all shells com-
pleted up to n = n' inclusive

(5n8+Tns ) _o. 518 Tn®
641r5esm3 Z —ale)t 0-281 z (Z—onyr (5)

Similarly, on noting that for given I there are 2I--1 possible values of
my; and two of m,, one finds from (3) for the molar diamagnetic sus-
ceptibility

S 2(214-1)(5n2—312—31+1
s —o7ms10+ S § [HEHDERZACAED]
n=11=0

In these equations we have assumed that the true nuclear charge Z is
screened by an amount o, which may depend on » in (5) and on both

18 Besides work quoted by Wontzel and Waller see also H. R. v. Traubenberg and
R. Gebauer, Zeits. f. Physik, 54, 307, 56, 254, 62, 289; Naturwissenschaften, 17, 442
(1929); C. Lanczos, ibid. 18, 329 (1930); M. Kiuti, Zeits. f. Physik, 57, 658 (1929).

1 1. Pauling, Proc. Roy. Soc. 1144, 181 (1927).

2 To perform this summation one notes that n,—n, and n, can each assume integral
values ranging from —(n—1) to n—1, and that the weight of any given value of n;—n,4
is 2(n—|ny—n,|) and of ny is 2(n—|ny|). These weights follow from counting the
number of values of n,, ny, 1, consistent with given n and with given n;—n, or ng, and
then multiplying by 2 on account of the spin. The resulting sums can be evaluated by
means of Eq. (17a) of Chap. IX. Passage from (5) to (7) involves multiplication by
(21+1)/n? as there are 2n? electrons in a complete shell and 4/ 2 in & closed sub-shell.

P2
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n and [ in (6). There is an important distinction between (5) and (6).
Eq. (5) supposes that if a shell of principal quantum number n occurs
at all, it has its maximum allowance 2xn2 of electrons. Such a shell we
shall call ‘completed’. On the other hand, in (6) it has been assumed
that if any state of given » and [ is present, it has its full quota 41+2
of electrons, but it has not been necessary to assume that all values of
1 are represented which are possible for a given n. In other words, for
a given n in (6) we have summed over ! up to some value [,, which is
not necessarily as great as n—1. A full group of electrons with given
n and ! we shall call a ‘closed’ shell or sub-shell, as its resultant angular
momentum is zero by the Pauli principle. A closed shell is with this
usage not necessarily a complete shell, as it may be a subdivision of
the latter. The outermost shells of inert gases beyond neon are closed
rather than complete. Pauling assumes that (5) may be apportioned
pro rata among the constituent closed shells composing a complete one,
and makes use of the fact that practically all the electric polarizability
comes from states with the maximum occurring value of n. He thus
uses the formula

[/
o > (5n84-Tnt)(214-1)
K_02812‘; Gof (7)

where now we write simply n rather than nt for the maximum n. In
our opinion Eq. (7) is not rigorous, since the principle of spectroscopic
stability applies only to complete shells, as elaborated below. However,
the use of (7) probably does not introduce serious error, as the method
of screening constants itself is but an approximation.

Eq. (1) is based on a separation of variables in parabolic coordinates peculiar
to a Coulomb field, and does not apply to non-Coulomb central fields, such as
Hartreo!4 has shown can be so chosen as to portray fairly well non-hydrogenic
atoms. Although (1) fails completely for individual states in such fields, it does
nevertheless yield a first approximation when one sums over all the states in a
closed shell. This can be seen as follows. Consider first the part of the perturbative
potential due to an electric field which is diagonal in n. Its effect on the energy
is yielded by solution of a secular equation of finite order, embodying all the
states having a given n. By the ‘invariance of the spur’ (p. 142) the sum of its
roots is invariant of the system of quantization, and so there is no trouble arising
from degeneracy, at least for diagonal elements in 7, when we sum over a complete
shell, but this does not apply to incomplete though closed shells. Incidentally,
this sum is readily verified to be zero in the present problem, meaning that the
first-order Stark effect characteristic of a Coulomb field, also the part of the
second-order effect which has hy(nl;nl-+1) in the denominator in a non-Coulomb
central field, disappears on summing over a complete shell.

Consider now the effect of non-diagonal elements in n having any given initial
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and final values of n, say n, n'. Their effect on the energy of the state n, I, m; is, by
(26) of Chap. VI, given by an expression of the form
g > Pt wVmi)[?, (8)
hv(nl;n'l")
vVm,

Now if wo sum this expression over all values of [, m, consistent with n, and if we
can neglect the dependence of the frequency in the denominator on ! (as we can
approximately unless there are very great departures from Coulomb character),
the sum is invariant of the system of quantization, by Eq. (42) of Chap. VI.
(Here I, m; and l', m; correspond to m and m' of (42), Chap. VI.) Thus the sums
could be equally well taken over a set of parabolic quantum numbers of given n or
n' instead of over I, m;. Here again the invariance applies only to complete shells.

It is evident that it is much less warranted to use (7) for incomplete than
complete shells. Even with complete shells there is some lack of rigour as soon as
one lets the screening constant o depend on [, as this implicitly assumes that (5)
can be apportioned pro rata to different I’s. The resulting error is, however,
probably no greater than other unavoidable errors, such as, for instance, those
resulting from the assumption that tho denominator of (8) does not depend on I.

The normal state of hydrogen, discussed in § 48, has no fine structure and so it
is not even necessary to sum expressions such as (8) over [, m, (in distinction from
V,m;) to establish invarianco of the system of quantization. Thus Eq. (1) gives
the Stark effect of the lowest state of hydrogen regardless of whether or not the
field is able to overpower the relativity correction. This has also been verified by
Epstein®' by making the perturbation calculation for the wave equation in polar
coordinates. He finds the'same result € == 1:000225 as ours.

Pauling calculates the screening constants ¢, in an interesting fashion
by means of the old quantum theory, but with the substitution of
I(l+1) for I2. The various groups of electrons are assumed to influence
each other like surface spherical distributions of electricity. Thus he
makes approximate allowance for the large ‘penetration’ effects, but
not for the smaller polarization terms to be given in § 51. He neglects
all powers above the first order in o/Z, which seems legitimate in
view of the approximate character of the calculations. The following
table gives the values he thus calculates for the screening constants for
the electric susceptibility of various closed configurations first reached
at the listed atom or ion. The table also gives for comparison the
‘experimental’ values of these screening constants which are deduced
from observed values of the dielectric constant or polarizability of the
atom or ion in question by means of Eq. (7).22

2L P, 8. Epstein, I’roc. Nat. Acad. 13, 432 (1927).

22 The oxporimental values of the refractivitios for tho inert gases used by Pauling
are those of C. and M. Cuthbertson, Proc. Roy. Soc. 84a, 13 (1911), extrapolated to
infinite wave-length by Born and Heisenberg.?¢ The values for Cut, Ag+, Au+ are derived
by the additivity method from Heydweiller’s data on salt solutions, with details as
explained by Pauling, and are, of course, somewhat less certain than the direct measure-
ments on the inert gases.
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o9 Calo. %) Expt.

He (n=1;1=0) 0-391 0-397

Ne (n = 2;1=0,1) 4-45, 564 431, 550
Ar (n=3;1=0,1) 970, 10-99 11-11, 12-40
Kr (n=4;1=0,1) 21-28, 2292 2669, 28-33
Xeo (n=5;1=0,1) 3429, 36-63 4226, 4460
Cuf(n=3;1=0,1,2) 144, 161, 195 14.9, 166, 20-0
Agt(n = 4;1:=0,1,2) 257, 27-5, 311 322, 33.9, 375
Aut(n=5;1=0,1,2) 460, 481, 524 599, 62:0, 66-3

The Cut, Ag+, Aut ions which are involved are, of course, in closed 18
states. The values separated by commas represent the various sub-
shells having the same n. As Eq. (7) involves a sum over I, the ‘experi-
mental method’ is not able to isolate the individual ,;’s connected by
commas, and in making the calculation from observed data for column
2, Pauling assumes that their separations are as given by his theory in
column 1. Thus only a comparison of the means rather than differences
of the values separated by commas serves as a real test of the theory.
The agreement between the theoretical and experimental values is on
the whole quite gratifying, especially for He and Ne. For He it is no
greater than the experimental error. It must, however, be mentioned
that a small error in ¢ reflects itself in a much greater percentage error
in k, as (7) involves Z—o to the inverse fourth power. Thus, if one
attempts to compute « for the rare gases from Eq. (7) with the ‘cal-
culated’ values for the screening constants given above, one obtains the
following results, which show a rather wide discrepancy with observed
values in the case of heavy atoms.

He Ne Ar Kr Xe
x cale. 0-508 1-14 172 0-72 0-88
K obs. 0-513 0-995 4132 6-25 10-16

Pauling also makes analogous theoretical calculations of the screening
constant to be used in the formula (6) for diamagnetic susceptibilities.
We shall not give his numerical results in detail, or enter upon certain
rather elaborate distinctions between his procedures in the electric and
diamagnetic cases. We must, however, not neglect to mention that his
theory yields different screening constants for the same configuration
for use in (6) than in (7), and it is to emphasize this distinction that '
we have used different notations o™ and o in these two equations.
He finds smaller screening constants in the diamagnetic than in the
electric case, in agreement with experiment as rcgards sign of the
difference. Thus Pauling’s calculations represent considerable refine-
ment in certain respects, though not in others. The agreement with
experiment is of about the same order as in the electric case, with
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greatest divergence for the heavy atoms, as shown by the following

table for the inert gases: 2
He Ne Ar Kr Xe
Xma X 10° obs. 188 67 181 370 590
Xmo X 10° cale. (Pauling) 164 57 136 172 254
Xma X 10° cale. (Slater) 164 56 185

On the last line we add the susceptibilities obtained by using a general
system of screening constants recently proposed by Slater.?¢ Zener 2
calculated these screening constants by the Ritz method for the first
period (He-F), while Slater extrapolated them to heavier atoms. They
do not possess the refinement of being designed specifically for dia-
magnetism, but probably possess a more immediate wave-mechanical
basis than those of Pauling.

51. Polarizability of the Atom-Core from Spectroscopic Quan-
tum Defect

Born and Heisenberg %8 first derived the following rather ingenious way

of determining ionic polarizabilities spectroscopically. If one valence

electron moves in a much more highly excited state than all other

electrons, spectral energy-levels can be represented by the well-known

Rydberg-Ritz formula __ chRZ o
=T m—by )
where R = —2n?met/ch?, and Z,=1 in arc, 2 in spark, 3 in doubly

enhanced spectra, &c. The quantum defect A, which measures the
amount of departure from a hydrogen-like formula, owes its origin
primarily to three causes: (a) penetration of the inner regions of the
atom by the excited electron, (b) the Heisenberg exchange effect,
(c) polarization of the atom-core. By the atom-core is meant the ion
obtained by stripping the atom of its valence electron. The effect (a) is
preponderant if the perihelion distance of the excited electron is small.

2 The cxperimental values quoted for Ho, Ne, Ar are those of Hoctor and Wills, while
those for Kr, Xe are only indirect determinations from Koenigsberger’s work on salt
solutions. The theoretical values are not the same as those which Pauling gives in his
table VI, as the latter are based on semi-empirical shielding constants obtained by analogy
with experimental refractive ones rather than from pure theory. It may be cautioned
that while Pauling neglects tho contribution of all but the outermost shell in the calcula-
tion of rofractivities, he is obliged to include that of some of the inner shells in the
calculation of the diamagnetism. He mentions, for instance, that the next to the outer-
most shell of xenon contributes only 4 per cent. of the total refractivity, and hence can
be approximately neglected in the optical case, whereas it contributes 20 per cent. of the
diamagnetism.

28 J. C. Slater, Phys. Rev. 36, 57 (1930).

25 (. Zener, Phys. Rev. 36, 51 (1930).

26 Born and Hoisenberg, Zeits f. Physik, 23, 388 (1924) ; or Born, Atommechansk, p. 191.
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If, however, its azimuthal quantum number exceeds a certain value,
usually greater for heavy than light atoms, the orbit is nearly non-
penctrating, and the effect (¢) then may give rise to most of A. To
calculate this polarization effect (¢) we proceed as follows. If the radius
r of the valence electron’s orbit is large compared to the dimensions
of the atom-core, this electron will exert a sensibly homogeneous electric
field e/r? on the rest of the atom, and so induce a dipole moment «e/r?
in the core, where « is the latter’s specific polarizability. This dipole
will in turn react on the valence electron with an attractive force
F(r) = 2ae?/r5, since a dipole of strength p gives a field 2u/r® at points
along its axis. Thus the potential energy [ F(r) dr due to polarization
of the atom-core by the valence electron is

1 ae?
Vor = —35 o (10)
If we regard this as a perturbative potential superposed on the ordinary
Coulomb attraction, and if we neglect squares of «, then the change in
quantized energy due to (10) is by (24), Chap. VI,
1 2\ 4
W — —%aez.;f -—-%aezZ3(4l;Z:w ) ;
X [—— - ! ] (11)
23—+ 5D+ 20— 30+HDE+HD]
Here we have inserted the time average or diagonal element of 1/rt
obtained #* by evaluating the integral (14), Chap. VI, with hydrogenic
wave functions and with f=1/r*. Now the departure of (9) from the
Coulomb value is approximately —2AchRZ}/n3, assuming that only
the first term in the Taylor’s development in A need be retained.
Comparing this with (11) we see that

_oe? (AnimeP\t 3 1

~san ") 2 L=y oo por )

= 1-34 K ZY...]. (12)
The parts of the quantum defect which are independent of #» and pro-
portional to 1/n? are known as respectively the Rydberg and Ritz
corrections. In the second form of (12) we have substituted numerical
values of the atomic constants and introduced the ‘molar polarizability’
i = 4w Lo/3.

The simplest test of (12) is furnished by the spectra of neutral helium
and of ionized lithium. Here the atom-cores are respectively Het and

27 For details of the evaluation see I. Waller, Zeits. f. Physik, 38, 635 (1926).
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Li++, which are exactly like the normal hydrogen atom except that the
nuclear charge is 2e or 3e instead of e. Hence, by the theory of the
dielectric constant of hydrogen given in § 48, the values of the molar
polarizability « should be respectively 1-68/16 and 1-68/81. Substitution
of these «’s in (12) then yields the following quantum defects compared
to the observed 28 for the P, D, and F serics of He and Li+.

He: P He: D He: F Lit: P Lit: D
A cale. 0-056— 0-0026— 0-00045— 0-044— 0-0021 —
—0-04n°2 —0-005n2 —0-002n°2 —0:03n°2 —0-004n°2
A obs. 0-029 0-0025 0-001 0-020 0-0022

We have omitted S states as too penetrating, and have taken the mean
of the experimental values of A for par- and ortho-helium (or Li+), as
the par-ortho distinction is due to the Heisenberg exchange effect and
taking this mean can be shown approximately equivalent to neglecting
this effect. The agreement is at least qualitatively good. More pains-
taking computations of Sugiura?® based on systematic perturbation
theory rather than the assumed polarization effect (11) yield A = 0-022,
0-031, 0-020 for the ortho-par means of He 2P, He 3P, and Lit+ 2P
respectively.

The calculations for He and Li* given in the preceding table were
made by Waller and by Wentzel (for He only) soon after the advent of
the new mechanics. Analogous calculations in the old quantum theory
were unsuccessful, as helium always was its stumbling-block. Born and
Heisenberg 26 showed that somewhat better results attended its applica-
tion to the alkalis and analogous ions. The formula for A in the old
theory was exactly like (12) except that the bracketed factor was
(3/21'5)—(1/2n%'3) (with I’ as on p. 210) because of a different mean
value of 1/rt. The following table compares values of the molar
polarizability « obtained by the old and new mechanics from the
spectroscopic quantum defects for the neutral alkalis and hence singly
charged atom-cores.

Lit Nat Kt Rb* Cst
x cale. (new theory) 0-09 0-48 1-97 761
x cale. (old, int. I’) 0-80 1-03 4-27 1651
x calc. (old, half-int. 1) 0-19 0-53 2-21 851

He Ne A Kr Xe
x obs. 0-51 0-99 413 6-25 10-2

28 The experimental values for Li+ aro from Werner, Nature, 116, 574 (1925); 118,
154 (1926).

2 Y. Sugiura, Zeits. f. Physik, 44, 190 (1927); the direct experimental values for He
2P, He 3P, and Lit 2P, ortho-para means aro 0-0274, 0-0278, 0-0207, whereas the table
gives the experimental Rydberg correction which best approximates experiment for all
values of n.
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The question-mark indicates that the spectroscopic data for Cs are some-
what uncertain. Since the nuclear binding charge is larger, the polariza-
bility of an alkali ion should always be lower than that of the preceding
inert gas, which is directly revealed by ordinary measurements of the
gas’s dielectric constant. Reference to the table shows that this con-
dition is met in the new mechanics but not in the old without the
artificial introduction of half-quantum numbers—another victory for
the new theory. The reason that Born and Heisenberg found half-
quantum numbers worked better is now apparent, as the denominators
in the bracketed part of (12) are the same as 2(I-+3)5, 2n?(l-+3)% if in
each case we keep only the two highest powersin . Thisis a special case
of Kramers’ 30 theorem that half-quantum numbers in the old quantum
theory are a better approximation to the new mechanics than are whole
integers. The table shows an unusually large difference between the
old and new theories for Lit+, mercly because the values are here cal-
culated from P, rather than from F terms as for the others. The
difference is naturally greater for [ =1 than I = 3.

A crucial test of (12) is found in the examination of whether the
different spectroscopic values of A for the different non-penetrating
terms of a given atom all yield the same value of x from (12). This test
was extensively applied by Schrédinger 3 in the old theory. He found
it was not well fulfilled, and this is also true of the new. Constancy of
« is unfortunately secured over only a limited range of terms or series.
The following examples of Li+ and Mg*+, in which we revise some of
Schrodinger’s calculations in accordance with the new mechanics, are
typical and by no means the worst.

2P 3P 4P 5P 3D 4D 6D 6D 4F  GF
Lit  «=0-096 0-094 0093 0-094 0-068 0-076 0-011 —004 -—022 -—13
MgH+ x = 0-398 0434 0-447 0450 0194 0-195
The negative values for Lit+ are, of course, nonsense. Eq. (12) does
rather better in the dependence on Z than that on =, I, as in § 52 we
shall see that values of « deduced from (12) decrease in approximately
the correct fashion as we go from left to right in an iso-electric sequence.

Comparison of the value 0-28 for Mgt+ given in the table on p. 222 with the
values given above shows that Born and Heisenberg’s and Schrodinger’s estimates
of the polarizability of the Mg+ ion by the spectroscopic method do not agree,
even when one uses only the latter’s estimates from F terms. This discrepancy,
which is not as bad as that between them for some other ions, exemplifies the
rough character of the method, and arises in part because Schrédinger calculated

30 H. A. Kramers, Zeits. f. Physik, 39, 828 (1927).
31 K. Schrédinger, Ann. der Physik, 77, 43 (1925).
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the polarizability by equating (12) to the entire experimental quantum defect for
individual terms while Born and Heisenberg took a ropresentation of the experi-

mental data by the Ritz formula RZ;/(n+a-+b/n?)* and equated a to the corre-
sponding part of (12).22 Test of the theory by examination of the values of b is
more difficult, as b is hard to determine accurately experimentally. According to
(12) the ratio —b/a should be respectively 0-67, 2, 4 for P, D, F terms (1-3, 3, 5-3
according to the old quantum theory). Some experimental values are: P terms, Li
0-63; D terms, Na 2-4, Mg* 2-2, Al++ 2.6, Sit++ 2.4; F terms, Na 3-2, Mg+ 3-6,
Al++ 3.6, Sitt++ 4-8.

If a frequency of motion (in the quantum sense) of the excited electron
nearly coincides with an absorption frequency of the atom-core, clearly
it is no longer a good approximation to regard the latter as subject to
a static in distinction from periodic A
polarizing field. Near such coinci- *
dence we may surmise that A is =z
abnormally large because of the il
resonance. Such resonance pheno- i 5 & 7 8 © 10 # 1w p

mena do not exist in alkali spectra, | /’l"——‘
as ions homologous to inert gases
have absorption frequencies too far
in the ultra-violet, but are actually Fra. 8.
sometimes found in the spectra of atoms or ions with two valence
electrons. An example is shown in Fig. 8, from Schrodinger’s paper,
in which the observed quantum defect is plotted against the principal
quantum number 7 for the 3F terms of Al*. The similarity to anomalous
dispersion curves is obvious. As the lines 32D-63F and 33D-7°F of Al+
have wave numbers 43,000 and 47,700 cm."! respectively, it appears
that Al++ might have an absorption line near 46,000 cm.1, and the
important line 128-22P of the Al++ spectrum does indeed have a wave
number 53,918. (The latter line is written 38 —3P if the principal quan-
tum number is used as the ordinal number.) Exact agreement of the
resonance point with an Al*+ line cannot be expected, as the presence
of the valence electron doubtless displaces somewhat the frequencies of
the atom-core. Schrodinger shows that the observed variation of A can
be nicely fitted by an ‘undamped’ dispersion curve.

= "T-04+3- 1/ (vE—v?),
with vy =46,000 cm.-1. The value 3-1 is about one-eighth that of
the corresponding constant in the dispersion of sodium, which is very
reasonable since Al++ should be harder to polarize than Na+. This

32 Both Born and Heisenberg and Schridinger obtain the experimental values of the
quantum defect from a comprehensive paper by A. Fowler, Proc. Roy. Soc., 1034, 413
(1923).
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beautiful resonance phenomenon, discovered by Schrodinger in the last
days of the old quantum theory has been too much overlooked in
the commotion of the new, although at the beginning of the latter it
was considered quite noteworthy, though now perhaps commonplace,
that the resonance frequencies in this phenomenon are those given by
the Bohr frequency condition rather than the orbital frequencies of the
old quantum theory. The need of more often using defects A with
resonance points in spectroscopy has recently been emphasized by
Langer.?® We may also point out that this Schrodinger phenomenon is
quite like the so-called ‘perturbations’ in band spectra,3 wherein
irregularities in the bands are found when rotational levels of two
electronic states nearly coincide. If H,, be the matrix element of the
Hamiltonian function giving the interaction between two states other-
wise of energy W,, W,, then the secular equation (Eq. (35), Chap. VI)
has the solution W = }(W,+W,) L 4[(W,—W,)>+4H3%,]t. When W, £ W,
the effect of H; on W is thus of the second order, but at the point
W, = W, it becomes of the first order. There is, then, a kink in the
energy-curve at this point quite similar to that of a damped dispersion
curve, or to the state of affairs in Fig. 8. This figure thus shows that
there are ‘perturbations’ even in atomic spectra. The analysis of the
secular problem connected with the inter-electronic interactions is, of
course, a more complete way of handling the polarization phenomena
than is the description by means of Eq. (10). This is especially true
near resonance, as the dispersion analogy is only a more or less quali-
tative one. The perturbation analysis for the F terms of Al+ is to be
given in detail in future papers by Langer and by Whitelaw. They
show that a 3p3d 3 F term (not previously classified as a vagrant) intrudes
itself among the members of the F series, otherwise of the type 3snf *F.
The interaction with this intruder distorts the other members and
accounts for the irregularities in A and especially for the anomalies in
multiplet widths. (This stray term is usually mislabelled 73F). Do not
confuse with the 73F term of the revised notation used on p. 219.)

52. Ionic Refractivities and Diamagnetic Susceptibilities
The polarizabilities of ions which are iso-electronic with the inert gases
may be obtained in the following four ways:

(@) Application of the additivity method to salt solutions.

(b) Application of the additivity method to salt crystals.

33 R. Langer, Phys. Rev. 35, 649 (1930).
3¢ R. de L. Kronig, Zeits. f. Physik, 50, 347 (1928) (theory); J. Rosenthal and F. A.
Jenkins, Proc. Nat. Acad., 15, 381, 896 (1929) (experiment).
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(¢) Use of the theoretical Eq. (7) with screening constants.

(d) The spectroscopic method of § 51.

Method (a) has been extensively used by Heydweiller,3 and by Fajans
and Joos % with Heydweiller’s measurements, while (b) has been used
by Wasastjerna,3? and by Born and Heisenberg 26 with Spangenberg’s 38
measurements. As already intimated, (c) has been employed by Paul-
ing,!® and (d) by Born and Heisenberg,?® and by Schrodinger.3® Each
method has its limitations. Those of (¢) and (d) have already been
described. With (a) and (b) it is always necessary to assume some one
ion as having a known refractivity, so that by subtracting this from
that of the salt one obtains the refractivity of the other ion. Different
values will, of course, be obtained depending on what values are
assumed for the known ion. In the solid state (method b) the ions may
well be considerably distorted by the inter-atomic forces, while in (a)
there is always a more or less uncertain correction for the effect of
hydration, or, in other words, for the distortion and saturation of the
surrounding water molecules of coordination. This is especially evidentin
the light of the work of Sack and others (§ 22) on saturation effects in ionic
solutions, but these effects are not nearly as large for the optical region
as for the static case considered in § 22, as the bulk of the static satura-
tion effect is due to polarization by orientation. The polarizabilities or,
what is the same thing, the ‘refractivities’ which we shall give in the
following tables are usually for infinite wave-length, but fortunately
differ but little from those in the ordinary optical region (sodium D lines)
as the absorption lines of inert gas configurations are well in the ultra-
violet. Hence in methods (a) or (b) the refractivities should be deter-
mined in the optical region, to rule out large orientation effects on the
water molecules in (@) and the effect of atomic (i.e. crystalline) vibra-
tions in (b). An extrapolation of the ionic refractivity thus obtained to
infinite wave-lengths can then be made if desired.

The approximate character of the additivity methods is shown by the
fact that different refractivities for a given ion are obtained depending
on the particular salt used. According to Born and Heisenberg, the
values obtained for Na+ from various salts are respectively 0-48 (NaF),
0-53 (NaCl), 0-51 (NaBr), 0-33 (Nal), utilizing respectively assumed
values for the contributions of the F-, Cl-, Br-, and I- ions.

35 Hoydweiller, Phys. Zeits. 26, 526 (1925), and reforences to carlier work.

3¢ Kajans and Joos, Zeits. f. Physik, 23, 1 (1924); K. Fajans, Zeits. f. Elektr. 34, 502
(1928).

87 Wasastjerna, Comm. Fenn. 1, 7 (1913); summary in Phys. Ber. 5, 226 (1924).

38 Spangenberg, Zeits. f. Krist. 53, 499 (1923); 57, 517.
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In the following table we compare by way of illustration some values
for the refractivities of ions iso-electronic with neon which have been
obtained by the various methods.

IONIC REFRACTIVITIES

F- NO N&"' Mg-l- + A1++ + si+ +++
(a) (Fajans & Joos™) k=250 (1000 050 028 017 o1
(b) (B. & H. from Spang.®®) 261 (1:00) 046
(c) (Pauling®®) 2:66 (1-00) 046 024 014 0-08
(d) (B. & H., Spectro.?) (100) 049 028 015 0-10

The value in parentheses is C. and M. Cuthbertson’s direct measure-
ment 22 of the refractivity of gaseous neon. The decrease in the re-
fractivity as we go from left to right in the sequence is in good accord
with the variation as (Z—o)~* predicted theoretically by (7), since
(@), (b), (2) agree quite well with (c).

For the determination of ionic diamagnetic susceptibilities methods
like (a), (b), (c) are available. Until recently the only calculations
by the additivity method (2) were those of Joos3? from old measure-
ments of Koenigsberger and others. Recently, however, new determina-
tions of the diamagnetic susceptibilities of alkali and alkaline earth
halides in solution have been made by Ikenmeyer,% and of the halogen
acids by Reicheneder.#t The measurements with the acids have the
advantage that the isolation of the individual ionic contributions by
the additivity method is unique, inasmuch as the diamagnetism of H+
is clearly zero. The method (b) based on measurement of solid salts has
been extensively used by Pascal.#2 In the following table, which com-
pares typical results with the various methods, we use Pauling’s1?
resolution of Pascal’s data into the contribution of the individual ions.
This differs from that originally proposed by Pascal, as a different con-
tribution for the Na* ion is assumed as the starting-point. Still other
resolutions have been proposed by Weiss.!* As illustrative of method
(¢) we include purely theoretical calculations by Stoner,1® in which the
mean value of 72 needed for Eq. (2) is calculated by Hartree’s method
of the self-consistent field.43

3 Joos, Zeits. f. Physik, 19, 347 (1923); Joos and Fajans, ibid. 32, 835 (1925).

40 K. Ikenmeyer, Ann. der Physik, 1, 169 (1929).

41 Reicheneder, Ann. der Physik, 3, 58 (1929).

42 Pascal, Comptes Rendus, 158, 37; 159, 429 (1914); 173, 144 (1921). For other
measurements on solid salts see Landolt-Bornstein’s tables and Pauling’s commont on
P. 203 of his paper.

43 'We for brevity omit from our tables the various estimates of refractivities and dia.
magnetic susceptibilities of doubly charged alkaline earth ions, See the original paper
for these.
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MOLAR DIAMAGNETIC SUSCEPTIBILITIES X 10°
Lit* F- Nat Cl- K+ Br- Rb+ I- (st

(@) (Joos) 13 115 65 195 145 306 605

(a) (Tken.) 40 139 104 204 169 348 313 493 457
(a) (Reich.) 21.9 325 50-2

(b) (Pascal & Pauling) 02 103 652 241 145 346 232 486 370
(c) (Stoner) 55 404 301

The molar susceptibility for an inert gas should, of course, be inter-
mediate between those of the corresponding halogen and alkali ions,
which should be respectively greater and smaller. In view of Hector
and Will’s® very careful values 1-88, 6-7, and 18-1 for He, Ne, and A,
it would appear that Tkenmeyer’s determinations for Li+ and Na+ are
somewhat too high. Tkenmeyer finds that for a given column of the
periodic table the molar susceptibility is almost exactly a linear func-
tion# (¢;Z--c;).10-% of the atomic number, where c, is respectively
5+9, 24, and —3-5 for halogen, alkali, and alkaline earth ions, and c, is
0-80 for all three. In the light of Eq. (2) this means, since c, is small
compared to c,Z except near the top of the periodic table, that the
mean square radius per electron is approximately 0-80x 10-16/2-83 or
(0-53 X 10-8)2 for all except the very lightest atoms.% This must mean
that the effect of increasing nuclear charge and increasing mean quan-

tum number nearly compensate as regards  as we go down the periodic

table. It is to be understood that this value 72 is the mean over all
classes of electrons. The outermost or valence electrons will have much
larger values. Joos3? notes that if one assumes that the outermost shell
is responsible for practically all the diamagnetism, then his values of
Xmo yield atomic radii 0-54, 071, 0-80, 0-92 X 10-8 cm. respectively for
Na+, F-, K+, Cl-, which are in remarkably close agreement with the
ionic radii 0-63, 0-75, 0-79, 0-95 X 10-8 respectively deduced by Fajans
and Herzfeld % from the grating energies of salt crystals. Only a rough
agreement could be expected, as the discrepancies in the table show
that there is considerable uncertainty in the diamagnetic measurements,
while the estimate from grating forces is a purely classical one not
utilizing the quantum ‘exchange forces’.

4 In our opinion these linear relations should not be taken too literally ocxcept perhaps
for heavy atoms. In fact his analogous relation for the alkaline earths extrapolates into
a paramagnetic susceptibility for Ba++, an absurdity. Ikenmeyer assumed the coefficient
¢ to be the same for all ions in order to isolato their individual contributions in the salts,
and this perhaps explains why his values for Na* and Lit are too high.

4 H. Kulenkampff, Ann. der Physik, 1, 192 (1929) notes that this is exactly the radius
of a one quantum hydrogen orbit in the old quantum theory. However, any agreement
beyond that in order of magnitude is clearly fortuitous.

46 K. Fajans and K. F. Herzfeld, Zeits. f. Physik, 2, 309 (1920).



224 THE DIELECTRIC CONSTANTS AND DIAMAGNETIC VIII, § 52
One could go on with no end of numerical discussion on the best
way of juggling the results in additivity methods, and we shall close
by reproducing a semi-empirical table of ionic refractivities and dia-
magnetic susceptibilities given by Pauling, which is probably as reliable
as any. The values of the refractivities are obtained by assuming that
the direct experimental values for the inert gases can be extrapolated
to other members of an iso-electronic sequence by assuming a formula
like Eq. (7) except that the effective charge is taken to be
Z—o+aNZ—Z,)
instead of Z—a!9). Here oy is determined from the experimental « for
an inert gas of atomic number Z = Z;, and a{) is a small, more or less
empirical correction term, which is determined so as to best fit experi-
ment in some cases (solution values for the Br- and I- ions) and by
extrapolation in others.4” The values for the diamagnetic susceptibility
are calculated from Eq. (6), but with the assumption of an effective
charge Z—o{™-+a{P(Z—Z,). The values of ¢}’ and a{} are not deter-
mined from experimental diamagnetic measurements, but by alteration
of his theoretical o{' described on p. 213. This is accomplished by
analogy 48 with the alterations in the theoretical o{¢ necessary to secure
agreement with the experimental refractivities, and by adaptation of
the empirical a{9. This analogy involves some rather bold extrapola-
tions, and so the diamagnetic part of the table is probably not as
dependable as the refractive part.

47 The extrapolation is performed by assuming empirically that (in going from ono
row to another of the periodic table) the expression a9 is proportional to the difference
between the theoretical and experimental shielding constants for the inert gases given
in the table on p. 214.

4 Pauling alters the calculated imperfection in shielding of an outer group by any
given inner group by the same empirical factor as was required to give agreement with
experimont on refractivities. For details see p. 201 of Pauling’s paper.
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IX

THE PARAMAGNETISM OF FREE ATOMS AND
RARE EARTH IONS

53. Adaptation of Proof of Langevin-Debye Formula given in

§ 46
The general proof of the Langevin-Debye formula was given in Chapter
VII explicitly only for electric polarization, but can be applied to the
magnetic case merely by substituting everywhere the magnetic moment
vector m = — (L +2S)he/4mmc for the electric moment vector p used
in §§ 44 and 46. There are, however, two points which require comment.

In the first place, besides the paramagnetic part (L,+-2S )Ileh/4mmc
(§ 42) of the Hamiltonian function, there is ever present the diamagnetic
term proportional to > (¥2+y?) which has been discussed in §§ 43 and 49,
and which has no analogue in the electric case. Thercfore, to all formulae
for the susceptibility calculated by the methods of Chapter VII, we
must add the expression for the diamagnetic susceptibility given in
Eq. (2), Chap. VIII.

The second point is the following. The magnetic moment in general
consists of two parts, viz. the ‘orbital’ and ‘spin’ portions. In the
different ‘normal states’ (cf. p. 187) these two parts may be inclined
to each other at different angles. This will be the case if the normal
states embrace a spin multiplet whose components are separated by
intervals small compared to kT, as these different components corre-
spond to different relative alinements of L and § ranging in atomic
spectra from the ‘anti-parallel’ alinement J = |[L—S| to the parallcl
one J = L+8 (cf. § 40). Because of this flexibility in the coupling of
L and § we cannot in general suppose that the resultant magnetic
moment is ‘permanent’, i.e. the same for all normal states, and so we
cannot always effect the simplification made in passing from Eq. (22)
to (24) in Chapter VII. Instead we must use the more general expression
(25), Chap. VII, for the contribution of the low-frequency elements,
which does not require the hypothesis of a permanent moment.

If, then, we make only the fundamental assumption that the moment
matrix involves only elements whose frequencies arc cither small or
large compared to k7'/h, the analysis in § 46 shows that the formula for
the susceptibility is N;—f B
X= g5t N 1
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where u? is defined as in Eq. (25), Chap. VII, and is thus the time
average of the square of the low-frequency part p of the magnetic
moment vector, this average itself being averaged over the various
normal states weighted in accordance with the Boltzmann factor
e"WHlkT, The term N in (1) is the joint contribution of the high-
frequency elements of the paramagnetic moment,and of the diamagnetic
effect, similarly arranged. Consequently by (28), Chap. VII, and (2),

Chap. VIII !
O(m+m’)|2 —
Noa=gy 3 IRmmE_ N oy (2)

hv(n';n) ~ 6me?

In practice the diamagnetic correction given in the second term of
(2) is relatively small if the material is really paramagnetic, as usually
molar paramagnetic and diamagnetic susceptibilitics arc respectively of
the orders 10-4-10-2 and 10-%-10-5. Consequently we shall henceforth
omit writing the diamagnetic term except when we explicitly consider
diamagnetism in § 69 and § 81. Of course allowance for diamagnetism
ought to be made in the most refined calculations of paramagnetic
moments from observed susceptibilities. Most of the experimental
measurements of the susceptibilities of paramagnetic salts which we
quote in the balance of the volume, also the ‘effective Bohr magneton
numbers’ deduced therefrom, are corrected for the diamagnetism of the
anion but not that of the cation. In other words, the quoted suscepti-
bilities are the measured susceptibilities of the compound augmented
by the absolute magnitude of the diamagnetism of the non-paramagnetic
ingredient (anion), but not that of the paramagnetic ingredient itself
(cation). One reason why the correction for the diamagnetism of the
cation is usually omitted in the literature is that the diamagnetism of
rare earth ions is rather hard to estimate quantitatively.2

It is convenient to introduce as a unit of magnetic moment the Bohr
magneton oh

B = T = (0-91744-0-0013) X 10-2erg. gauss~. 3)

1 We tacitly assume that the intornal spin of the electron gives riso to no diamagnetic
term. There is no term of this character in Dirac’s ‘quantum theory of the electron’,
and irrespective of the latter it appears quite obvious that any such term would necessarily
be negligibly small since the orbital diamagnetic term is proportional to 72, and since the
radius of the electron is negligible compared to that of an orbit.

# It must be cautioned that even though the diamagnotic correction is inconsequential
for the given atom or ion itself, it can well be exccedingly important in solutions, since
ordinary solvents are diamagnetic, or in salts of high ‘magnetic dilution’, where the
diamagnetic atoms or ions greatly outnumber tho paramagnetic. In these cases the total
diamagnetism can clearly be appreciable compared to the paramagnotism.

Q2
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Then the formula for the molar susceptibility corresponding to (1) takes
the numerical form

—, — i
Xmol = L (Igziq’l:‘i"a) =0-1241 %-{—6064 x 108y
= 4)
= 0-00506 “_,;;’.;_ 6-064 X 10875,

where p, denotes the low-frequency part of the magnetic moment
measured in Bohr magnetons. If instead of the molar we used the
susceptibility per unit-volume at 0°C., 76 cm. in the gaseous state, the
numerical factors in the first and second forms of (4) would become
respectively 5-54x 1076, 2:705% 10" and 2-258X10-7, 2-705x 10'°,
Since the Weiss magneton is so commonly found in the literature and
is in a sense also a convenient measure of moments, we have given in
the second line of (4) the form which the formula takes if we measure
 in multiples of the Weiss magneton 1-853 X 10-2! e.m.u.? Historically
it looked for a while? as if all atoms and molecules might turn out to
have moments which are integral multiples of the Weiss magneton.
Although many molecules are still found to have moments which are
integral multiples of the Weiss magneton within the experimental
error,® this is probably purely fortuitous, for therc are many reasons
for believing the Weiss magneton phenomenon to be spurious. In the
first place, the Weiss magneton is 1/4-95 as large as the Bohr magneton,

3 The Weiss magnoton is often multiplied by the Avogadro number L to yiold what
may be termed a molar Weiss magncton, of magnitude 1123-5 e.m.u.  We here givo tho
value of the Weiss magneton which Weiss proposed in 1911, as this is tho Weiss unit
usually utilized in the hterature. Later (1924-9) he raised the estimate to 1125-6 per
grammo mol. (cf. Weiss and Forrer, Annales de Physique, 12, 279 (1929) ) ; while still more
recently Cabrera suggests 1124-9-1:0-3 per mol. or 1-855-1-0-5 X 10°2* per atom as the most
probable value (Report of tho Solvay Congress, 1930). Our numerical value 0-917 x 10-20
of the Bohr magneton number embodies Birge’s estimate of tho most probablo values of
the atomic constants, and yields a molar Bohr magneton number of 5564 o.m.u. In the
literature the 3ohr magneton seems to be very often taken as 4-97 rather than 4-95 Weiss
magnetons, or as 0-921 instead of 0-917 < 10 e.m.u., due to use of older values of ¢/m
and k. We employ the spectroscopic value 1-761 3107 of e/m, generally conceded more
reliable than the higher value sometimes furnished by the deflexion method.

4 P. Weiss, J. de Physique, 5, 129 (1924); Annales de Physique, 12, 279 (1929) and
references to earlier work.

6 In this connexion we must not fail to mention that Cabrera has collected somo 160
measurcments of susceptibilities, primarily in the iron group, and finds that the vast
majority of them seem to yield Weiss magneton numbers which do not deviate from
integers by more than 4-0-1 (Report of the 1930 Solvay Congress). On tho other hand,
existing attempts to extract integral Weiss numbers fromn measurements on the rare
earth group appear forced and artificial, quito irrespective of the clash of such attempts
with quantum mechanics.
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and so has no fundamental theoretical significance. Secondly, many of
the apparent Weiss magneton numbers are fairly large (20 or so), so
that the integral property is not very convincing unless the experiments
are very precise. Finally, as noted by Stoner,® the Weiss magneton, if
really fundamental, should manifest itself more clearly in gases than in
solids or solutions, whereas the two common paramagnetic gases O,
and NO have moments which are non-integral multiples 14-2 and 9-2
respectively of the Weiss magneton. Hence we shall not mention the
Weiss magneton furthor. At the same time it must be cautioned that
onc must not expect magnetic moments to be integral multiples of the
Bohr magneton cither, duc largely to the fact that in the new quantum
mechanics, the absolute value of the angular momentum is (J2--J)/2x
rather than an integral multiple J of h/27.

Tt will be desirable to discuss separately the limiting cases that the
spin multiplets are very narrow or very wide compared to k7. These
cases are particularly illuminating, and it is only to them that Egs. (1)
or (4) are applicable. It must be cautioned that not infrequently one
encounters experimentally multiplet spacings comparable to k7', con-
trary to the assumption of only low- and high-frequency elements basic
to the validity of (1) or (4). Thus, as already mentioned in Chapter V1I,
the Langevin-Debye formula is not as universal in the magnetic as in
the clectric case.

54. Multiplet Intervals Small Compared to k7

We shall throughout the balance of the chapter assume that the atom
has Russell-Saunders coupling (§ 40). As stated in § 40, this supposition
is usually fully warranted in the normal states involved in the calcula-
tion of susceptibilitics. Then the orbital and spin angular momentum
vectors are constant in magnitude but not in dircetion, and the squares
of their magnitudes have respectively the values L(L-+1) and S(S+1)
(Eq. (83), Chap. VI). We throughout measure angular momentum in
multiples of k/2m, as in §§ 39-42. In the absence of external fields the
resultant angular momentum L+-S will be constant both in direction
and magnitude, and constitutes what Dirac calls a ‘constant of the
motion’, whereas the vector L+4-2S which is important for magnetism
will not be, due to the continual precession of L and S about J. This
is illustrated in Fig. 9. In this precession the component (b-¢ in Fig. 9)
of L+2S, which is perpendicular to J = L+ S, will clearly not be con-
stant in direction. However, the only periodic or non-diagonal elements

¢ K. C. Stoner, Magnetism and Atomic Structure, p. 159.
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in the moment vector m = —pB(L--2S) are those associated with the
precessions of L and S about J. Thus m is diagonal in all quantum
numbers other than the inner quantum number J and the magnetic
quantum number M. This, incidentally, is not true in molecules
(Chap. X), and is also the underlying reason why the numerical para-
magnetic susceptibilities of non-hydrogenic atoms can be calculated so
much more definitely than the electric, as the electric moment vector
p involves other quantum numbers,
such as, e.g., the principal quantum
numbers, in a complicated way.

The preceding paragraph shows
that when the multiplet intervals are
small compared to AT (i.e. kine-
matically when the precession of L
and S about J is slow), the elements
of the moment vector m are entirely
of the low-frequency type. In other
words, in the notation of Chapter VI
we can dispense with the index n and
take j to be identical with the inner
quantum number J. Kq. (2) then
shows that the part N« of the susceptibility vanishes if we neglect the
second or diamagnetic term. Now in the absence of high-frequency
elements there is no distinction between p and the complete moment
vector —B(L-+28S), so that

pE = (482 L2 HLTS)Be, (5)

Since the temperature factor e-°*” for the various multiplet com-
ponents may be disregarded under the supposition of intervals small
compared to k7, the statistical average of the product L-S may be
taken as zero in very strong fields, where S and L are quantized
separately relative to the axis of the field (case ¢ of Fig. 6, § 40), and
hence have no correlation between their directions if we average over
all orientations. Furthermore, the statistical average of this product
is invariant of the field strength and hence vanishes in all fields if it
does in very strong ones, for use of one of the spectroscopic stability
relations given in § 35 (viz. the ‘invariance of the spur’, p. 142) shows
this average is invariant of the mode of quantization if the system is
made degenerate with respect to J, M by neglecting the energy of
interaction between L and S, and between H and both L and S. We

F1a. 9.
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can also verify directly that the statistical average of L .S vanishes in
weak fields, since by the ‘cosine law’ (Egs. (84), (84a), Chap. VI) this
average is proportional to the sum?

LtS

s (@D +1)—S(8+1)— L(L+1)],

J-1L-5
which is readily verified to be zero. The factor 2J--1 appears since it
is the a priori probability or number of M-components belonging to
a given value of the inner quantum number J.

The first two right-hand members of (5) are diagonal matrices having
characteristic values 4S(S4-1)p% and L(L+1)8? invariant of J, so that
double bars over them are unnecessary. We have just proved the third
member is zero. Hence the cxpression (1) for the susceptibility becomes

X gg[ww—]-l)-{-L(L—{—l)]. )

Eq. (6) may also be derived in the following elementary way for very
strong fields adequate to produce a Paschen-Back effect. In such fields
we may use the quantum numbers Mg, M; explained in § 40. The
cnergy of a stationary state is then W+-HB(M,+2M )+ AM, - Mg
(Eq. (103), Chap. VI), and its component of moment in the direction
of the applicd field is — (M +2M)B. The susceptibility is, of course,
obtained by averaging over all states weighted with the Boltzmann
factor (cf. Eq. (3), Chap. VII). If the multiplet widths are negligible
we may neglect the term in the energy depending on A, and then the
susceptibility is

+8
S (L2 e-prat 2T
NB a1, m&-s ’

X=" g S e B 2T
. 7)
AL 48 (
M e-RIALIT 9 M e-2BHMsIkT
__NB ML;L L M,g—s 5° .
T H 3 e-fHMLkT T +-= S e BHMSET

We now cxpand the exponents as power series in H, and retain as in
§ 44 the non-vanishing terms of lowest order in numerator and de-
nominator. Then (7) becomes
_NB T MY 43 MY
X=75r [2_L_+‘1 T 951 ] ®)
This agrees with (6) when we cvaluate the sums by means of (68),
Chap. VI

7 The sums can bo ovaluated by using the formulao of Eq. (17a), § 56.
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The preceding elementary derivation of (6) was given only for fields
adequate for a Paschen-Back effect, but the principle of spectroscopic
stability, not to mention our first derivation of (6) by the methods of
Chapter VII, assures us that this expression for the susceptibility is
invariant of the field strength (neglecting, as everywhere, saturation),
and hence the formula will hold even when the field is not able to
produce a Paschen-Back effect, or only a partial one.

Since Eq. (6) is so obvious in strong fields, the writer has been fre-
quently misquoted and misunderstood ever since he first proposed (6),
even though he then explicitly said that (6) applied to all fields. Con-
trary to statements often made, the validity of (6) does not by any
means imply M, Mg quantization, and holds also with the J, M
quantization, which is a better approximation at usual field strengths.
The Paschen-Back effect will usually change the formulac for individual
Zeeman components (cf. Eqs. (99) and (103), Chap. VI) but will not
alter the expression for the susceptibility. To dispel all doubt we shall
in § 56 also prove Eq. (6) for weak ficlds in an elementary though
tedious way that does not utilize spectroscopic stability.

55. Multiplet Intervals Large Compared to kT

When the separation of the multiplet components is large compared to
LT, only the one component which has the lowest energy is a normal
state, and the double bar is no longer needed in (1). The matrix cle-
ments of m now are all of the high-frequency type unless AJ = 0. Thus
J may be identified with the index n used in Chapter VII, while the
index j of VII may be omitted. The low-frequency part of m is now
only the part which is parallel to the resultant angular momentum J
and so does not involve the now rapid precession of L, S about J.
Hence

(LS
= [+
[S(S+1)— L(L+41)4-3J(J+1)]2
=F rW{EARY =gB*J (J +1),
where g is the Landé g-factor
S(S+1)+J(J +1)— L(L-1)
- 2J(J 1) ' ®

Here we have utilized, as in (84), (85> of Chapter VI, the cosine rela-
tions 2L - J = L2+4-J2—S2 and the fact that J? = J(J+1), &c. The dot
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over the equality sign has the same meaning as on p. 142. Eq. (1)

now becomes 202
X =NM‘.’iD+NQ, (10)

The constant N« no longer has the value zero, as in (6) (except for the
neglected diamagnetic part), but is instead
NB [ F(J+1) F(J)
No = - S [Pt Ju M S
= B2 +1) [hV(J+1 i) h(J; J——l)]’ (1)
with the abbreviation

Q) = L[S Lok 12 ST (S— L)1) (12)

The existence of this « is a concomitant of the second-order Zeeman
term in (99), Chap. VI, not to be confused with the diamagnetic second-
order Zeeman term of § 43. The presence of «, or of the second-order
term in (99), is due to the component b-¢ in Fig. 9, which now con-
tributes only to the part of the susceptibility that is independent of
temperature rather than as in § 54 to the ordinary Curie part propor-
tional to 1/7. Usually the normal state is a minimum or maximum of
J, depending on whether the multiplet is regular or inverted (p. 166),
and then the second or first term respectively of (11) vanishes, as can
be verified from the formula (12) for F.

To prove formula (11) one might work out the expressions for
L,+28,, L,+28,analogous to those for L,+28,in (88), Chap. VI, and
add their squares together in the fashion (44), Ch. VI, to get the resultant

amplitudes 7n°(J;J'):BJ{ > W(LA428)(7; J')]z} needed for (2).
q=T.) %

Another way, however, which is fundamentally very little different but
is casier after one has once deduced the Zeeman formula to the sccond
order in (99), Chap. VI, is as follows. The contribution of the second-

T
order part H2W® of (99) to the susceptibility is —2N 3 W®/(2J41)
M=lg

by (4), Chap. VII, inasmuch as under the present hypothesis of wide
multiplets there is only one normal unperturbed value of J, and so the
sum in (4), Chap. VII, reduces mercly to one over M. The result (11)
now follows on substitution of the expression for W® obtained from
(99) and (88), Chap. VI, and on evaluation of the sum over M. The
terms proportional to M2 are, as usual, summed by means of (68),
Chap. VI, while the other terms are very simple to sum.

Only the first term of (10) is ordinarily given in the literature. Due
to the frequency factors in the denominator of (11), the second term



234 THE PARAMAGNETISM OF FREE ATOMS IX, § 56
N« will ordinarily be small compared to the first if the multiplet is
really wide compared to k7', unless perchance the normal state involves
an abnormally low value of J, so that a-b is small compared to b-c in
Fig.9, p. 230. The latter case does, however, occasionally arise, as will be
shown and elaborated in connexion with the susceptibilities of Eu+++
and Sm+++ in §59. The first part of (10) is usually deduced in an
elementary way analogous to the proof of (6) by means of (7), (8). If one
uses only the first-order Zeeman formula W,+ MgBII for weak ficlds
instead of the one for strong fields and supposes that only one value of
J represents a normal state, then one sees that in place of (7) one has

z ];[e-gﬁH M|kET
Ngﬁ M=-J (13)

X=— S e—0BHMAT
The rest of the procedure, which converts (13) into the first part of (10),
is entirely similar to that explained after Eq. (7), the only essential
difference being that g8 now replaces g.

We must not forget to mention that the first part of (10) was obtained
by Sommerfeld & and others in the old quantum theory. In that theory
the Landé g-formula for the first-order Zeeman cffect was taken as an
empirical fact, and so the derivation by means of (13) could be used.
There is, however, an important difference in the interpretation of (10)
in the old and ncw mechanics. If 6 denote the angle between the
magnetic field H and the low-frequency part p of the magnetic moment
vector, then in a weak field the first-order energy is Wo— |u|H cos§. If
one uses this expression instead of the equivalent form 1,4 MgBH and
weights the various values of cosf in accordance with the Boltzmann
factor, then one finds after the usual serics expansion of the exponentials
(e.g. as in § 44 or as in passing from (7) to (8)) that, except for satura-
tion, the susceptibility is given by the expression

x=NEZZ

2cos-'G
kT
In the old quantum theory, the value of u? was considered to be g?g2J2
as the magnitude of the resultant angular momentum of the atom was
Jh/27. On using this value, and equating (14) to the first part of (10),
one sees that the mean value of cos?§ was given by

(14)

(Old) s =3 ", (new) c_—osz():%. (15)

Here we have also included for comparison the analogous result with

8 A Sommerfeld, Atombau, 4th ed., pp. 630-48 and referonces.
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the new mechanics, which one knows must be 4, but which one can
also obtain by equating (10) and (14) with p?= ¢282J(J+1). The old
value in (15) is one of the typical violations of the principle of spectro-
scopic stability which were so common in the old theory. This difficulty
did not affect the susceptibility as long as there was spacial quantiza-
tion, for then Eq. (10) was valid in the old theory, and the only difference
compared to the new mechanics was that the same value of the product
ym was apportioned in a different way between its two factors. If,
however, inter-atomic collisions were frequent, due to high temperature
or density, it would not be reasonable to assume spacial orientation in
the old theory. Instead one would have to assume random orientations
and use the second value in (15), which, when substituted in (14) with
p=gBJ, gives x = Ng*2J2/3kT instead of (10). Thus the susceptibility
might vary with density or field strength, contrary to experiment, and
again the new interpretation is superior. Also in the old theory the
formula (6) would be valid only in fields powerful enough for a Paschen-
Back effect.

56. Multiplet Intervals Comparable to ;7

Let us now turn to the general or ‘intermediate’ casc in which the
effect of the inner quantum number J is comparable with k7. Then
out of the total number of atoms a certain portion N, will have any
given value J of the inner quantum number. Their contribution to the
susceptibility will be given by the expression (10) with N replaced by
N,, since (10) still applies as long as all atoms under consideration have
the same /. We must now, however, add the contributions of the atoms
with various different valucs of J. The number N, is determined by
the Boltzmann temperature factor, and is hence proportional to
(2J 4 1)e~WilkT  inasmuch as for a given J there are 2J -1 component
states having different values of 2. Thus

N ST {380+ DJ3kT] o )20 4 e ier
x= == . (16)
3 (204 1)e-Wilkr

Herc subscripts have been attached to g and « to show explicitly that
they are functions of J.

It is clear that (16) should reduce to (6) in the limiting case of very
narrow multiplets. This may be verified as follows. If the dependence
of W°on J is negligible, it suffices to strike out entirely the exponential
factors from the denominator and from the first term of the numerator,
assuming for simplicity that the origin of the energy is at J = 0. With



236 THE PARAMAGNETISM OF FREE ATOMS IX, § 56
the second term the procedure is not so simple, as by (11) the o«’s
approach infinity when the multiplets become very narrow. One can,
however, evaluate the second sum in the numerator in the limit
(W, .a—W,)/RT =0 by using exactly the same type of expansion as
in passing from (17) to (20) in Chapter VII. One thus finds that in this
limit, (16) is the same as

N 3 [g3 BT+ 1@ )EF)] a7

XZ3r T S (20F)) '
This expression can be verified with a bit of labour to be identically
equal to (6) if one introduces the explicit expressions (9), (12) for g and

F and uses the following formulae for the sums of series:

i x:(n+1)n zxs=7’(n+l)(2?"‘ifl),

z=1 - 6

5 ni(n41)2 1 =2
2R="000 Zn:(.’c—l—l)—n—i—l

in which = assumes consceutive integral values from 1 to n. These
formulae are readily proved inductively in the same fashion as explained
for (68), Chap. VI, which is essentially the second of these relations.

Laporte and Sommerfeld?® use for narrow multiplets the expression obtained by
omitting the }' terms in (17). Their expression differs but little from the more
rigorous and also more simple formula (6), the reason heing that b-c¢ is usually
small compared to «-b in Fig. 9. For instance, Laporte and Sommerfeld calculate
offective Bohr magneton numbers 2:92, 4-35, 4-97, 5-23, and 5-92 respectively for
narrow 2D, 3F, 4F, 3D, 88 multiplets, which are of asymptotic interest in the ivon
group, whereas (6) gives 3-0, 447, 5-20, 548, 5:92. In quoting their results for
narrow multiplets in the iron group in § 72 we shall throughout give values modi-
fied in accordance with (6).

Before we can use formula (16) it is necessary to know quantitatively
the multiplet intervals in order to evaluate the denominators in (11).
These intervals should, of course, be taken if possible from direct
spectroscopic data on the multiplets in question, but unfortunately such
data are often not available for the type of ions encountered in para-
magnetic solutions (§§ 58, 59). It is then necessary to resort to a
theoretical expression for these intervals, and one uses the ‘cosine law’
(Eq. (84a), Chap. VI)

W, == JAJ(J 4-1)+-constant, (18)

together with the proper value of 4. All the paramagnetic ions yet
encountered scem to owe their magnetic moments to an incomplete

(17a)

% O. Laporte and Sommerfeld, Zeits. f. Physik, 40, 333 (1926); O. Laporto, ibid. 47,
761 (1928).
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shell of ‘equivalent electrons’, i.e. electrons with similar n, I. Further-
more, when all electrons not in closed groups are equivalent, the Hund
theory of spectral terms tells us that the normal or ‘lowest lying’
electronic state has the maximum multiplicity allowed these electrons
by the Pauli exclusion principle, and also the maximum L consistent
with this multiplicity. (Specific examples will be cited in § 58.) With
this specialization it will be shown in the next paragraph that an
immediate application of Goudsmit’s theory ! for calculating 4 yields
% (19)
A= £33
where a,, is the A-factor which would result were only one clectron of
the group present. The plus or minus sign is to be used according as the
group is less than or more than half completed.’? As the number of
electrons in a completed sub-shell is 47-}-2, the value of A4 is, in other
words, positive if 5 << 2l4-1, and negative if y > 2l+1, where 7 is the
number of electrons present of the type under consideration. The theory
thus predicts that the multiplets of the normal state be respectively
regular and ‘inverted’ for the first and second halves of the sequence
formed by addition of consecutive electrons of the group. This rule is
in good accord with experiment wherever spectroscopic measurements
are available on multiple normal states. An abundance of such measure-
ments is available for the iron group, though usually for no tas high
a degree of ionization as directly involved in the study of paramagnet-
ism. The value of a,, for a hydrogenic atom is
4y = Loamie

U 3 1) (20 4-1)

This is equivalent to the well-known ‘relativity’ or ‘spin’ doublet
formula, and follows from Eq. (80), Chap. VI, after the mean value of
1/r3 involved thercin is evaluated with hydrogenic wave functions.’® Tt
is assumed that a non-hydrogenic atom can be approximately repre-
sented by introducing a screening constant ¢ into the hydrogen formulae.
Instead of giving directly the value of A, it is often convenient to use
the ‘over-all’ multiplet width 2Av =W, .x—Wonim, Which by (18)
is SA[(L+8S)(L+8-+1)—|L—S8|(|L—8|+41)]. The multiplets involved
in the normal states which we need to deal with all have S <{ I.. Hence

10 K. Hund, Linienspektren, Chap. V.

11 8. Goudsmit, Phys. Rev. 31, 946 (1928). Eq. (19) is also derived by O. Laporte in
Handbuch der Astrophysik, in, p. 643.

12 At tho point 7 —= 2I-{-1 at which the group is half complete, there is no trouble from
ambiguity in sign, as here the ‘lowest lying’ state is an .§ one without multiplet structure.

13 Seo Heisenberg and Jordan, Zeits. f. Physik, 37, 263 (1926).

(20)
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by (19), (20) the expression for the ‘over-all’ width when expressed in
wave numbers rather than ergs is

S(2L+1) (+ay,) 5-82(2L-+1) _

“he 28 T %i'ﬁl(l?r(l)(zl"-]fl') (Z—o)lem™. (21)
The factor 5-82 follows from substituting explicit numerical values for
the constants e, b, m, ¢. It is perhaps well to reiterate the distinction
between [ and L. The former is an azimuthal quantum number measur-
ing the angular momentum of a single electron, while L measures that
of the whole incomplete group.

Derivation of Eq. (19). By application of the principle of permanence of I'-sums
(§ 42) or invariance of the spur (§ 35) to the passage from J, M to M,, M,
quantization (case (b) to (¢) in Fig. 6, § 40) one has, in virtuc of Eqs. (84s), (103),
Chap. VI, the relation

2 AT 1) - KL+ 1) —8(S+1)] - 3 AM, M

1
Ay =
& “Vtotal

where Za'. means a summation over all the states consistent with given S, L, M.

By a similar application to tho passage from M,, My to m, m, quantization
(case (c) to (a), Fig. 6), one has 3, AM; My= 3, 3, a,,m,m,, where 3, means a
b i b b

summation over all the states consistent with given M, My, n, I, even though
involving different L or S, and where ¥, means a summation over all the individual
i

equivalent electrons, which we suppose 7 in number. In the first application the
summation sign 3, can be omitted when M = J = L8, as there is then just ono

a
term, and the relation becomes merely ALS = AM, M,. Similarly, in the second
application, the summation 3, can be omitted when M, = L, My= S, S -= 17,

L]

and when L has the maximum value Ly, which according to the exclusion princi-
ple is consistent with this 5. This is true because there is never more than one
multiplet of the type S = {7, L = Ly, One then has AM, My= }a,, M,, as
each my, is necessarily } when Mg = }7. Thus combining the special cases of the
two applications one has ALS —= lu,, L or A = ay,/2S. This is the desired result
for the first half of the sequence. In the second half the exclusion principle
demands § < 37 so that the preceding method cannot be used. Instead, the value
A = —ay, /28 follows as a special case of Goudsmit’s general result that 4 values
are reversed in sign in passing from the first to second half of tho sequence. It is
to be cautioned that we give in (19) only the formula for the lowest-lying multiplets
rather than Goudsmit’s necessarily more complicated relations and derivation for
the general multiplet.

57. Susceptibilities of Alkali Vapours.

Unfortunately none of the preceding theory can casily be tested directly
upon gases, as the only monatomic gases are the inert ones, which are
diamagnetic. There are, to be sure, many materials whose vapours
should be paramagnetic. However, the susceptibilitics of vapours are
very hard to measure, because of the difficulty of obtaining a sufficiently
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high, as well as accurately known, vapour-pressure. As far as the author
is aware, the only quantitative determination of the susceptibility of
a monatomic paramagnetic vapour is Gerlach’s measurement* on
potassium vapour. He finds that for temperaturcs between 600° and
800° C. corresponding to vapour-pressures of from 0-5 to 30 mm., the
molar susceptibility of potassium vapour obeys Curie’s law and is
0-38/T'. The normal states of alkali atoms are 28 ones, and so by Eq. (6)
the theorctical molar susceptibility is LB%kT = 0-372/T. It is, of
course, here not necessary to worry about the width of the multiplet,
as a multiplet structure is wanting in 8 states. The agreement between
the observed and theoretical Curie constants is extremely gratifying,
as Cerlach’s experiment is extremely difficult and he does not claim an
accuracy of more than 10 per cent. Incidentally, this good agreement
is a nice confirmation of the correctness of the assumed vapour-pressure
curve, and shows that potassium vapour must be primarily monatomic
at the temperatures employed. If diatomic, the vapour would be dia-
magnetic, as the normal state of the K, molecule is of the type 3.
Dissociation theory indicates that the fractional number of atoms asso-
ciated into molecules at the temperatures employed by Gerlach should
be15 of the order 10-2, and so the neglect of molecular association is
not a dominant experimental error. Incidentally, magnetic measure-
ments should be a sensitive means of determining the degree of mole-
cular association when appreciable. Hence it would be of interest if
Gerlach’s experiments could be extended to conditions where there is
more molecular association, viz. to still higher vapour-pressures (which
means higher temperatures) in potassium, or to sodium or lithium.
Compared to potassium, molecular association at a given p, T is
favoured in Li and Na by their molccules having higher heats of dis-
sociation (about 1-2 and 0-8 volt respectively) than that of K (about
0-6 volt).1¢

58. Susceptibilities of the Rare Earths

Because of the difficulty of obtaining paramagnetic materials in the
vapour state, the best that can usually be done is to study the suscepti-

14 'W. Gerlach, Atti del Congresso Internazionale dei Fisici, 1, 119 (1927).

15 Cf. R. W. Ditchburn, I’roc. Roy. Soc. 1174, 486 (1928), or Gibson and Heitler’s
formula given on p. 175 of Ladenburg and Thiele, Zeits. f. Phys. Chem. 7, 161 (1930).

1¢ Loomis and Nusbaum, Phys. Rev. 37, 1712 (1931); (Li,): Loomis, Ibid. 31, 323
(1928); Kinsey, Proc. Nat. Acad. 15, 37 (1929); Polanyi, Schay, and Ootuka, Zeits. f.
Phys. Chem. 1B, 30 (1929), 78, 407 (1930); Ladenburg and Thiele, l.c., all Na,. H.
Ootuka, Zeits. f. Phys. Chem. 78, 422 (1930) ; Ditchburn, L.c.18; A. Carrelli and P. Prings-
hoim, Zeits. f. Physik, 44, 643 (1927); W. O. Crane and A. Christy, Phys. Rev. 36, 421
(1930), all K,.
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bilities of solutions containing paramagnetic salts, or of these salts in
the solid state, preferably hydrated. One hopes that in some of these
cases the ions responsible for the paramagnetism may be so nearly free
as far as orientation is concerned that the calculations for the gaseous
phase may be utilized. We shall later see that disturbances from other
atoms prevent realization of this hope in most instances. In the first
place the number of paramagnetic ions is rather imited. In most atoms
the only incomplete shells with an outstanding magnetic moment are
those belonging to the valence electron, and in solution or in salts the
atom is stripped of these valence electrons, leaving only ions with closed
shells. For instance, Na or Cl atoms each contain an odd number of
electrons, and are thus paramagnetic, but in NaCl or in solutions con-
taining NaCl, the sodium and chlorine atoms respectively lose and
capture one electron, yielding only closed configurations. The reason
that solid pure alkali metals are not appreciably paramagnetic is rather
complicated and will be considered in § 80.

There are, however, certain well-known places in the periodic table
in which inner as well as outer groups of electrons are in process of
formation, These cases are found in the iron, palladium, rare earth,
and platinum groups, where respectively sub-shells of ten 3d, ten 4d,
fourteen 4f, and ten 5d electrons have not been completely filled.!?
Generally speaking, atoms in these groups lose all the valence electrons
of their outer incomplete shells when in solution or in salt compounds,
but not necessarily the clectrons of the inner incomplete shells, so that
paramagnetism may result. For instance, the Sm atom contains five
4f, two 5d, and one 6s electrons, besides other electrons not in closed
shells. This atom usually reacts trivalently, so that in, e.g., Smy(S0,);,
solid or dissolved, it loses the 5d and 6s electrons, but keeps the five 4f
ones. To quote Bohr,'” ‘On the whole a consideration of the magnetic
propertics of the elements within the long periods gives us a vivid
impression of how a wound in the otherwise symmetrical inner structure
is first developed and then healed as we pass from one element to
another.’

The one case wherc one might expect the gaseous theory to apply
better than usual is to salts or solutions containing the rare earths.
The rare earths as a rule exhibit a trivalent behaviour, losing their two

17 We assumne the reador has at least a littlo familiarity with Bohr’s well-known theory
of the perodic table. See, for instance, N. Bohr, The Theory of Spectra and Atomic
Constitution, Essay 3. The relation of magnotic properties to the structure of the periodic
table has also been extensively discussed by Ladenburg, Zeits. f. Electrochem. 26, 263
(1920); Zeits. f. Phys . Chem. 126, 133 (1927).
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6d and one 6s electrons as in the typical example of Sm cited above.
Thus the paramagnetism of rare earth ions arises from the 4f electrons,
and such electrons are well in the interior of the atom, far more so
than, c.g. the 3d clectrons in the iron group, as the 4f electrons are
surrounded by eight electrons (viz. two 5s and six 5p) of higher principal
quantum number, whereas the ions of the iron group of the type in-
volved in paramagnetism have no electrons of principal quantum
number greater than 3. Thus we must not become too surprised in § 72
at the complete failure of the ordinary gaseous theory in the iron group.
The nearly identical chemical properties of the different rare earths,
despite the fact that they have different numbers of 4f electrons ranging
from 0 to 14, is direct evidence that these electrons are but little affected
by the fields from other atoms, and hence by their neighbours in solu-
tions or solid compounds.

Before one can calculate the susceptibilities of rare earth ions it is
necessary to know the values of the quantum numbers L, S, J to be
used in the equations of §§ 54-6. This information as to the ‘lowest
lying’ spectral term is supplied by a theory of Hund.'® When there
are a number of equivalent electrons, the possible spectral terms are
rather severely limited in number by the Pauli exclusion principle, and
Hund supposes that out of the possible terms that of highest multi-
plicity has the lowest energy. In case several values of L are possible
when the multiplicity 281 has its maximum value, then the greatest
L consistent with this S is assumed to give the least energy. All other
states are assumed to have so much greater energy that they are not
normal ones. For example, with two equivalent f electrons, the Pauli
exclusion principle can be shown to admit the 8, 3P, 1D, 3F, 1@, 3H, 11
and to rule out the 38, 1P, 3D, 1F, 3G, 1H, 31 states. Out of the former,
the 3H term alonc is a normal state under Hund’s assumptions. The
normal states which he obtains with various numbers of equivalent
f electrons are shown in the table in the next paragraph. Generally
speaking, Hund’s assumptions are well confirmed spectroscopically,
though in the particular case of the rare earths direct spectroscopic
evidence is as yet wanting, so that here the only experimental con-
firmation is by means of the magnetic theory itself. A first-order
perturbation calculation by Slater 18 has confirmed theoretically Hund’s
assumptions in the case of the iron group, and similar confirming
calculations could doubtless be made for the rare earths.

It is, of course, necessary to know something about the effect of J as

18 J. C. Slater, Phys. Rev. 34, 1293 (1929).
3595.3 R



242 THE PARAMAGNETISM OF FREE ATOMS IX, § 58
well as of L, S as above, on the energy, so as to determine whether to
use the theory of § 54, 55, or 56. Hund!® himself first calculated the
susceptibilities under the assumption that the multiplets are very
wide compared to k7. As discussed in § 56 (Eqgs. (18), (19), &c.), the
component with minimum or maximum J is alone supposed to be
a normal state depending on whether the multiplet is respectively
‘regular’ or inverted, i.e. whether in the rare earth ions the number of
4f electrons is less or greater than 7. The results of Hund’s calculations
made by formula (10) without the term N« are shown under the column
headed ‘Hund’ in the following table and in Fig. 10. Various experi-
mental values are shown for comparison. The entries throughout are
what we shall call the ‘effective Bohr magneton number’, defined by
the equation 3kT

Mot = N B2 . (22)

It is to be clearly understood that the p.y thus defined is a function of
temperature if Curie’s law x = const./7' is not obeyed. Thus under
Hund’s assumptions py should be independent of 7', but not if instead
the term N« of (10) is important, or if it is necessary to use the ‘inter-
mediate formula’ (16). The experimental values given in the table, also
the theoretical values of Van Vleck and Frank (V. V. & F.), where
different from Hund’s, relate to room temperatures. The juxtaposition
of theoretical and experimental values of p,y is mercly one way of
comparing the calculated and observed absolute susceptibilities, as pqy
is proportional to x*. A ‘theoretical’ or ‘experimental’ p.q is obtained
according to the kind of valuc of y which is used. Only when Curie’s
law is obeyed, is either the theoretical or experimental pqy defined by
(22) to be identified with the permanent moment pu of the atom.
Cassiopeium (Cp), of course, has a complete shell and so has no
paramagnetism. Stefan Meyer’s value 2-77 is for Pr++++ rather than
Cet+t, and its moderately good agreement with the values for Cet+++
by other observers is in fair accord with the Sommerfeld-Kossel rule
that ions with equal number of electrons often have very similar pro-
perties.? The smaller and larger values for Sm and Eu in the column
V.V. & F. correspond respectively to use of values 33 and 34 for the
screening number o in (21), as will be elaborated in §§ 59, 60. For the

19 F. Hund, Zeits. f. Physik, 33, 855 (1925).

20 Cabrera and Duporier®® find a suscoptibility for PrO, which gives an effective Bohr
magneton number 2-24 for Prt+++, or 2:74 if the Weiss modification of (22) is used, in
which T is replaced by T4 A.
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other ions it makes no appreciable difference which of these values
is used.

THEORETICAL o EXPIGRIMENI;:.‘I; ;::;rl.‘ Boxg@ MAGNETON
—_— - - “e"
V.V. Z. &
& Cabrera?® | Meyer® | J.® | Decker®® | Williams*®
Y fon® | Term | Hund I, Sulph. | Sulph. |Sulph. Sol. Oxide
La 18 0-00| 0-00 diam.
Ce 4f 2Fy,| 2:54| 256 239 277 | 237 210 0-23?
Pr 42 3H, | 3-58| 3-62 360 347 | 3-47| 341 2291
Nd 4% 4y, | 3:62| 3-68 3-62 351 | 352 345 343
m a4 °1,. | 268 283 O RN .. . ..
55 |

Sm 45y, | 0-84 {igg: 154 | 132 | 153 163 1-57
Fu 4% ", 1 000 {:;:‘:)?} 361 312 | .. .. ..
Gd 17 &8 7-94| 7-94 82 | 8l 7-81| 1786 7-46
Th 4f8 F, 97 97 96 . 90 9-4 98 ..
Ds At gy 106 | 10:6 103 10-6 .. 109 100
Ho 4000 1106 | 106 05 ¢ 104 L103 ] 104 | 100
Er A" 96 96 95 94 96 9:5 9-2
Tu 420 | 16 76 72 75 .. ..
Yh AR, | 45 4.5 +4 | 46 4-4 15 ..
Cp 411 000 000 diam. |dam.| 12? 0-49?

The experimental results call for some comment, especially in view
of the different materials used. Cabrera, St. Meyer, and Zernicke all
made their measurements primarily 28 on solid hydrated sulphates of
the form M,(SO,);. 8H,0. Decker used solutions in which sulphates
were dissolved, except that nitrates instead were dissolved for La, Ce,

21 Throughout the balance of the chapter we omit attaching three plus signs to the
abbreviations for the chemical clements, and it is to bo uniformly understood that we
are concerned with trivalent jons unless otherwise stated.

22 B, Cabrera, Comptes Rendus, 180, 668 (1925).

2 St. Meyer, Phys. Zeits. 26, 51, 478 (1925).

2 Zernicko and James, J. Amer. Chem. Soc. 48, 2827 (1926).

2 H. Decker, Ann. der Physik, 79, 324 (1926).

26 B. H. Williams, Phys. Rev. 12, 158 (1918); 14, 348 (1919); 27, 484 (1926).

27 In the calculation of the effective Bohr magneton number from experimental data
there may be slight differences in the method of computation beeause different writers
use different values of tho atomic constants in (22), and especially different estimates of
tho dinmagnetic corrections. We have not attempted to iron out these small inconsisten-
cies, as we give in tho table the effective magneton numbers quoted by Hund from
Meyer’s and Cabrera’s older data, and by Decker from his own work, while the calcula-
tion is our own for the other data, including that given on p. 245. Zernicke and James
make tho claim that the proper diamagnetic correction raises Meyer's value for the molar
susceptibility of Sm to 960x 108, which gives a magneton number 1-51 in improved
agreoment with other observations.

8 Cabrora, howover, used a ponta- rather than octohydrate for Ce. Moyer used oxides
rathor than sulphates for Tb and Tu.

R2
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and Pr. The good agreement of the values for solid sulphates with
those for solutions and with the theoretical values for gases must mean
that even in solids the ions are virtually free as far as the 4f electrons
are concerned. The similarity of the results with oxides, which have
been measured not only by Williams but also by Cabrera and Duperier,?®
to those for sulphates, is especially remarkable, as oxides are firmer
chemical compounds than sulphates, and lack the ‘magnetic dilution’
of hydrated sulphates. The strikingly low value which Williams finds
for Ce presumably means that he had largely 3° CeO, rather than Ce,0,,
ag Cet+++ should be diamagnetic like Lat++, or clse possibly that by

HMets
10—

SR N O Y O N A N O
LaCe Pr Nd Il Sm Eu Gd Tb Ds Ho Er Tu Yb Cp

Fia. 10.

exception the inter-atomic forces on the 4f electron are here so large
that the gaseous theory no longer holds. The rather wide discrepancies
between some of the experimental values on the sulphates themselves
are probably duc to use of different samples or preparations of the rare
earth salts, since the experimental error is due far more to difficultics of
chemical purification than of magnetic technique. Zernicke and James?
suggest that close agreement between two different observers does not
necessarily imply that more weight should be attached to their results,
but may simply arise because they used salts from the same original
source of preparation. Cabrera and Duperier,? on the other hand, find
remarkably consistent and reassuring values even with salts of different

2 Cabrera and Duperior, Comptes Rendus, 188, 1640 (1929).

30 Although trivalent valencies are the rule for the rare earths, there are exceptions
near the beginning of the sequence, and the oxides Ce0Q,, Ce,();, Ce 0, are all known to
exist. See Hevesy, Die seltenen Erden vom Standpunkte des Atombaues, pp. 52, 74.
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preparation, which are given in detail below. Impurities doubtless
explain the paramagnetic moments sometimes reported for Cp, also the

abnormally low value found by Williams for Pr,0,, but not confirmed
by Cabrera and Duperier.2?

Additional Experimental Values. Unfortunately space compels us to omit in
the table the older measurements by Du Bois, Urbain, and Wedekind. For a good
summary of this older work, and refercnces, see Zernicke and James, L.¢.2* Roughly
speaking, the older determinations agree fairly well with the newer work, but
differ erratically in a few instances. Measurcments in the Leiden laboratory on
Gd, Er, Ds, Ce will be cited on p. 254. The data of Freed® yicld Pen — 1-57 for
Sm at room temperatures. Zornicke and James measured anhydrous as well as
hydrated Gd, (80,)y, finding the same effective magneton number 7-8 in both cases.

It is particularly interesting and noteworthy that in addition to Cabrera’s
earlier work®? on hydrated sulphates given in the table, Cabrera and Duperier?®
have recently also measured the anhydrous sulphates and oxides, often from
different sources of preparation. Their results for anhydrous sulphates and oxides
yield in (22) the following effective Bohr magneton numbers: Pr, 3-47t, 3-32%;
Nd, 3-52t, 3-40*; S, 1-58t, 1-50*; Ku, 3-541, 3-321; Gd, 7-9t, 7-71; Tb, 9-6t,—;
Ds, 10-3t, 10-2!; Ho, 10-4t, 10-2t; Iir, 9-4t, 9-3t; Tu, 7-0f, 6-8t; Yb, 4-3t, 3-9t,
The first and second values are respectively for anhydrous sulphates and oxides,
and the 1 * Il denote preparations obtained respectively from Auer v. Welsbach,
Prandtl, and Urbain. Zernicke and James, and Williams used salts prepared
respectively in the New Hampshire and Illinois laboratories, while Cabrera’s,
Meyer’s, and Decker’s measurements reported in the table are with salts prepared
by Auer v. Welshach (except that Decker’s, Ce, Pr, Nd were by Prandtl).

In case the temperature variation is in accord with the Weiss generalization
X = C[(T+A) of the Curie law, it is probably preferable to deduce the effective
Bohr magneton number from experiment by using a modified form of (22) in which
T is replaced by 7'+ A, provided A is really duo to inter-atomie forees rather than
primarily (asin Sm, Eu) to natural multiplet structures. 1f we apply this modifica-
tion to Cabrera’s measurements on the anhydrous sulphates and oxides, the only
data refined enough to permit use of this modification, one obtains the following
offective Bohr magneton numbers instead of those given in the preceding para-
graph: Pr, 3-76, 3-71; Nd, 3:79, 3-71; Gd, 7-9, 7-9; Tb, 9-7, —; Ds, 10-5, 10-5;
Ho, 10-6, 10-5; Kr, 9-6, 9-5; Tu, 7-5, 7-2; Yb, 4-8, 4-5. (In the cases of Pr, Nd,
Tu, Yb, Cabrera and Duperier {ind that 1/ is not really a lincar function of 7' as
implied by the Weiss formula, but as a rough approximation we take A equal
to the value of —(d log x/dT')* —T at room temperature.)

59. The Special Cases of Europeum and Samarium

(The trivalent ions are to be understood throughout. Cf. note 21.)

It is seen that Hund’s calculations agree with experiment, within the
discrepancies of the latter among themselves, except for Sm and Eu,
where his theoretical values are much too low. Hund?® himself, and
also Laporte,3 have suspected that this is perhaps because the multiplet

3t 8. Freed, J. Amer. Chem. Soc. 52, 2702 (1930).
32 (. Laporte, Zeits. f. Physik, 47, 761 (1928).
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intervals in Sm and Eu are not really infinitely large compared to £7'.
This requires us to make a more careful examination of multiplet
structures by means of (18). This formula shows that the various com-
ponents are not evenly spaced, and instead crowd together for small
values of J, as by (18) the interval between two consecutive components
J, J+1 equals A(J+1). Now if the multiplicity 284-1 is fairly large,

0
'_____..
s 22—
2
3_.__.
y—— 6
6"'""—" 4—_
'z'—— S
. g 4 5
3.___._
z
z 2
o .
Je4t—— 3 J0 36

Pr Sm Eu Tob

(1=kT at 293°C =205cm™)
Fia. 11,

and if L and S are nearly equal, so that J ;, = |L—S] is small, the
separation between the components with the two lowest values of J
may well be small compared to k7', even though the ‘over-all’ multiplet
width is considerably greater than £7'. This is just the situation which
arises par excellence in Eu, and to a lesser degree in Sm. In Eu the
interval between the lowest multiplet components is only 1/21 of the

over-all width, as for a 7F term

Y max(Imax 1) —Jninimin+1 )] = 16X7—0=2l, Junt1=1
The corresponding value for Sm is 7/55. The multiplets for Eu and Sm
are illustrated in Fig. 11 (Grotrian diagrams). The cases of Pr and Tb
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are also shown for comparison as illustrative of ions in which the lowest
interval is an appreciable fraction (5/11 in Pr, 6/21 in Tb) of the total
width and in which Hund’s calculations are confirmed experimentally.

To proceed further it is now necessary to evaluate quantitatively the
multiplet intervals by determining the screening constant ¢ in (21) from
X-ray data. This data must be taken from atoms heavier than the
rare earths, as X-ray emission lines terminating in the 4f level are
observed only after the 4f group is complete, so that there is an initial
concentration of electrons in higher levels.3 Such a method is, of course,
rather indirect, but a check on its accuracy is furnished by comparison
with the iron group. Inthe latter, opticaldata are available on screening
constants for incomplete shells as well as X-ray data for complete ones,
and it is found that the screening constants for triply charged ions of
the former never differ by more than one or two units from the standard
values of the latter. This is naturally in a sense a special case of the
well-known Bowen-Millikan result on the similarity of X-ray and optical
multiplets. The uncertainty in the X-ray determinations of o is, how-
ever, somewhat larger in the rare earth (4f) than in the iron (3d) group.
Wentzel gives 3444 as the value yielded by these determinations in
the case of the 4f shell,3 while Coster® gives 33. In the table and
elsewhere we have generally given the effective magneton numbers
obtained both by taking o = 34 and o = 33. The screening number, as
a matter of fact, is more accurately determined by the magnetic
measurements themselves than by the X-ray data. This will be shown
particularly clearly when we study the temperature variation in Sm
(§ 60). Screening numbers in the ranges 30-32 and 35-38 definitely will
not fit the experimental magnetic mcasurements on Sm, even though
within Wentzel’s estimate of the X-ray precision. Substitution of the
value ¢ = 34 in (21) makes the over-all multiplet width 5,360 cm.— for
Eu and 7,320 cm.~! for Sm. The corresponding values of the intervals
between the two lowest components are 5,360/21 = 255 cm.~! and
7,320(7/55) = 932 cm. !, while somewhat higher values are obtained if
we use o = 33. In either case these intervals are not very great com-

33 (onsiderable work is in progress on the spectra of rare earth salts, whose analysis
may ultimately yield the desired multiplet structures directly. Sec S. Freed and F. H.
Spedding, Nature, 123, 525 (1929); Phys. Rev. 34, 945 (1929). A certain amount of
X.ray data is available for some rare earths themselves, but this is for the neutral atom
rather than trivalent ion and also the multiplet structures have not been adequately
resolved and analysed ; see E. Lindberg, Zeits. f. Physik, 50, 82; 56, 402 (1928-9).

84 G. Wentzel, Zeits. f. Physik, 33, 849 (1925).

3 D, Coster, in Miller-Poulliets’ Handbuch der Physik, ii. 2057.
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pared to k7', inasmuch as k7' is 0-6987 cm.~ when expressed in wave
numbers, and is thus about 200 cm.~! at room temperatures. It is
therefore necessary to use the accurate ‘intermediate’ formula (16)
instead of the asymptotic one (10). The explicit forms which (16) takes
for Eu and Sm are respectively

(Eu) Xmol
_ 01241 244-(13-50— 1-5)e~" 4 (67-5r — 2:5)e - (1800 —3-5)e 0 ..

2T 1+43e-*4-5e~3c}-Te~6r | .
(Sm) Xy (23)
_0-1241 214y 4 3-674(42:9y+0-82)e~"/ 4 (142y— 0-33)e-100+ ...

yT ‘ 3-+de~W e 104

where x and y are respectively 1/21 and 1/55 of the ratio of the over-all
multiplet width (in ergs) to kT. If o:= 34, then x = 365/T, y = 191/T',
while with o= 33 the values are x = 418/T, y = 220/T. We give the
formulae in a form not requiring these specialized values of = and y to
allow for the fact that in the future the multiplet widths will doubtless
be known more accurately.

When formula (23) is used, effective Bohr magneton numbers of 3-51
and 1-65 respectively are obtained for Fu and Sm if o= 34, while
3:40 and 1:55 result if o= 33. Either of thesc values is in as good
agreement with experiment as for the other members of the rare-earth
series,? so that the agreement is now quite satisfactory for the entire
series. Reference to the table in § 58 shows that the confirmation in
Eu and Sm is particularly close if one accepts the other experimental
values in preference to St. Meyer’s. It is altogether probable that his
values for Sm and Eu are too low,3 especially in view of the very
careful recent work of Cabrera and Duperier.

Calculations for the other rare earths can also be made by mecans of

36 These theorotical values wero given by Miss Frank and the writer, Phys. Rev. 34,
1494, 1625 (1929), and clearly show that explanation of the susceptibilitics of Eu and
Sm does not require modification of the Bohr-Hund configurations for theso ions. Such
modifications, whereby the numbers of 4f clectrons in Sm* ++ and Eu*+* were takon to
be different from 5 and 6 respectively, were formerly debated because Hund’s original
calculations did not agree with experiment; cf. Hevesy, Die seltenen Erden, p. 44 and
references.

37 Cf. especially Cabrera and Duperier’s additional recent measurements given on
p. 245, also Zernicke and James’ contention given at the end of note 2. Their value for
Sm should presumably be quite accurato, as they used the same preparation of Sm as
employed for an atomic weight dotermination (Stewart and James, J. Amer. Chem. Soc.
39, 2605, 1917). Meyer?® intimates that the usual values for Eu may be high on account

of contamination by Gd, but this is disputed by Cabrera,?® who states that in his own
work the impurity is Sm, which would lower rather than raise the susceptibility.



1X, § 69 AND RARE EARTH IONS 249
the accurate formula (16) instead of the asymptotic one (10), and the
resulting values are given in the column of the table marked V. V. & F.
The corrections other than those for Sm and Eu already studied are
important only in the rare and magnetically unmeasured element Ill.
The absence of any revision in the bottom half of the table is because
here the multiplets are inverted, so that the relatively narrow intervals
separate only components which are excited rather than normal states.
The diagram for Tb, for instance, is similar to that for Eu turned upside
down (cf. Fig. 11).

It is to be emphasized that in Eu and Sm it is very essential that
one does not omit the commonly forgotten term «; in (16). Laporte 32
showed that without this term the effective Bohr magneton number for
Eu is only 1-7 instead of 3-51. As the susceptibility varies as the square
of this number, the second-order Zeeman effect hence contributes about
3/4 of the susceptibility of u. The kinematical origin of such an
abnormal situation can readily be comprehended from Fig. 9, p. 230,
for if J is very small compared to S and L, as in Eu, then sin(J, 8) is
substantially unity, and the component b-¢ in Fig. 9 is much larger
than the ordinary component a-b.

60. Temperature Variation in the Rare Earths—The Gyro-
magnetic Ratio

The dependence on temperature for Sm and Ku is quite different from
that given by Curie’s law, as it is necessary to usc the ‘intermediate’
formula (16) instead of (10). The variation with temperature of the
effective Bohr magneton number for Sm computed by Miss Frank 38
from (23) and (22) is exhibited in the table on p. 250.

The experimental values of various observers are included for com-
parison. The agreement with experiment is gratifying when it is
remembered that the observations are made on solids rather than the
theoretical ideal gas state. In particular, the ions in the oxides are
doubtless far from free. The deviations from theory at low temperatures
revealed by Freed’s measurements need not cause concern, as they are
to be attributed to ‘cryomagnetic anomalies’, i.e. distortion by inter-
atomic forces in the solid. We shall elaborate in Chapter X1 the idea
that the values for free ions should apply only as long as the work
required to ‘turn over’ an jon against the inter-atomic forces is assumed

38 A. ¥rank, Phys. Rev., in press. In Proc. Lon. Phys. Soc. 42, 388 (1930), W. Suck-

smith also has noticed that tho anomalies in the temperature variation in Sm and Eu
aro to be attributed to Van Vleck and Frank’s second-order Zoeman correction.
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small compared to kT, a supposition clearly not warranted if the
temperature is too low.

ErrecTiVE Bour MAGNETON NUMBERS FOR Sm!iF

Reg Theory e Fxperiment
Y 39
Williams®® Freed® _Cﬂfrlf_tt_:l)u P
r oc—=33 | ¢ — 3¢ (oxicle) (hyd. sul.) (owide) (anh. s.)
0° K 0-84 0-84
20 0-91 092 .- ..
74 107 1-09 .. 0-91
85 1-09 1-12 .. 0-96 .
112 1-16 1-20 . 1-08 .
123 1-18 1-23 1-08 ..
170 1-29 1-35 .. 1-26
205 1-37 1-43 .. 1-35
240 1-44 152 .. 1-44 .. ..
203 1-556 1-656 1-58 1-57 150 1-58
375 1-73 1-85 177 . 1-69 .
400 1-78 191 .. . 175
500 2-00 2-15 .. .. 1-97
543 209 2-25 214 . 2-06
600 220 238 .. .. 2:17
800 2-58 2178
1000 2-91 314

A particularly interesting feature in Sm is that somewhat above room
temperatures the susceptibility should reach a minimum and then
increase slowly as the temperature is raised still further, in marked
contrast to the usual Curie decrease with increasing temperature. This
is shown in Fig. 12,

From (23) Miss Frank finds that the temperature at which this
minimum is located is approximately 7', — 0-0628(Z—o¢)%, e.g. 386° K.
with ¢ =34 or 444° with o= 33. Precise expcrimental observation
of this temperature would thus determine the scrcening constant o
accurately, but such precision would be difficult as the curve is so flat
near the minimum. The measurements of Cabrera and Duperier * do,
however, definitely show that there is oxperimentally a minimum
somewhere between 350° and 425° K., perhaps at 400°. Furthermore,
Williams finds a lower susceptibility at 375° than at either 293° or
543°. This is a striking confirmation of an unusual feature of the
theory.

# The experiental values by Cabrera and Dupericr given in the tables for Sm and
Eu at various temperatures are obtained from a personal letter from Professor Cabrera
giving moro detail than rof. 20,

40 The writer is indebted to P’rofessor Cabrera for porsonal communication of this fact,
not stated in the papor of Cabrera and Duperier.
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The theoretical effective Bohr magneton numbers for Ku at various
temperatures are shown in the following table, along with the data of
Sabrera and Duperier.

)<I’O1O‘.IO6 Sm e chﬂ']o6
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* Cabrera & Dup (Oxide)
1800 O Cabrera & Dup (Anh sul)
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The corresponding curves of susceptibility against temperature are
shown in Fig. 12. Unfortunately no experimental data arc available for
Eu at low temperatures, which would be particularly interesting, as
the cffective Bohr magneton number should approach zero at T —= 0.
This, however, does not mean that the paramagnetic susceptibility of
Eu vanishes at the absolute zero. When the inner quantum number J
vanishes, as in the lowest multiplet component of Eu, the first term of
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(10) disappears, to be sure, but the second term N« is abnormally large.
Thus in the vicinity of 7'=0 Eu should have a molar susceptibility
about 7:1x10-3 (¢=33) or 81x10-3 (¢ = 34) independent of tem-
perature.

Reference to Fig. 12 shows that use of a screening number 34 probably
gives results in better accord with experiment than does 33 as regards
the temperature at which the minimum is located in Sm, although the
precise location of the experimental minimum is rather uncertain. Cer-
tainly o = 34 fits the absolute values of the experimental susceptibility
for Eu better than o= 33, if the anhydrous sulphate is considered a
closer approach to gaseous behaviour than the oxide. In Sm the abso-
lute values, in distinction from location of minimum, are perhaps in
better accord with o == 33 than with o= 34. This neced not be con-
sidered a contradiction, as any departures from gaseous behaviour tend
to lower the susceptibility, and hence make the apparent o less than
the true ¢. The screening constant o should be somewhat greater (per-
haps 0-:3 more) for Eu than for Sm, due to shielding by the additional
4f electron. As Sm has a lower paramagnetic susceptibility than the
other rare earths, the omitted correction for the diamagnetism of the
cation is more important than usual here, though still small.

This correction would raise the experimental points in Fig. 12, but cannot be
estimated preciscly. It is perhaps about 3010 per mol. This corresponds
approximately to Pauling’s estimate —3810 ¢ of the diamagnetism of La''*,
which resembles Sm' *+ except for the absence of the five 4 f electrons and a corre-
sponding diminution of Z by five units. The 4f clectrons contribute less to the
diamagnetism than the surrounding 5s, 5p, shells. The diamagnetic effect of
the 4f group is perhaps roughly counterbalanced by the fact that it screens the
outer shells only imperfectly, thus contracting the 5 quantum orbits. If this is
true, the diamagnetism of La and Sm is of the same order. The estiinate —28 X 1078
furnished for Sm' ! ! by Slater’s screening constants (§ 50) is also in accord. The
low magnitude — 20 x 10 found experimentally by Meyer for the susceptibility
of H{O, suggests that even the estimate —30 107¢ is excessive for Sm. (Hf¢+
resembles La®! except for addition of the complete shell of 14 4f electrons.) As the
molar susceptibility of O~ ~ is —13 x 10°%, his determination would demand that
Hf** be without appreciable magnetism, but possibly his low value is due to
counterbalancing of the true diamagnetism by paramagnetic impurities.

It is interesting to contrast the temperature coefficients — y—dy/dT
of the susceptibilities of Sm and Eu at room temperatures with the
value 1/293 predicted by Curie’s law. The theoretical value for Sm is
1/1517 (o == 33) or 1/2525 (o = 34), while the experimental determina-
tions arc 1/1600 (Williams26), 1/1700 (Zernicke and James?), 1600
(Freed®). For Eu the corresponding theoretical values are 1/542
(o = 33) and 1/525 (¢ = 34), while Cabrera and Duperier find 1/522 and
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1/500 for the oxide and anhydrous sulphate respectively. The agree-
ment is as good as can be expected. The abnormally small value for
Sm is because increasing temperature increases the concentration of
ions in the states with larger values of the inner quantum number J
and hence larger magnetic moments. This effect tends to offset the
decrease with increasing temperature due to the factor 7' in the usual
Curie denominator. In Eu the lowest state J = 0 has an abnormally
large second-order term Na, so that promotion to higher values of J
does not increase the susceptibility as much as in Sm. This is reflected
in the temperature coefficient being nearer the ordinary Curie value in
Eu than in Sm.

The rare earths other than Ku, Sm, and Ill should conform very
approximately to Curie’s law and have a temperature coefficient about
1/293 at room tempcratures, as for these other ions the difference
between the columns headed Hund and V.V. & F. in the table of § 58
is negligible. In Nd, for instance, Miss Frank’s calculations show that
the correction for the effect of the multiplet structure only changes this
coefficient from 1/293 to 1/303, while for the remaining ions Hund’s
calculations apply still more accurately and the changes are smaller
still. Some experimental results on the reciprocal of the temperature
coefficient in the vicinity of 293° XK. for ions in various salts are given
in the following table.

— x/(dx/dT) Coc Pr Nd Gd Tb Ds Ho Er Tu Yb
Anh. Sulph. Cabreratt .. 344 341 292 206 304 301 304 322 369
Hyd. Sulph. Z. & J.2 290 358 348 305 327 .. 320 252 .. 292
Oxido | Cobrerat! (438) 366 344 306 316 312 307 308 330 390

|\ Williams?® .. .. 337 305 .. 308 .. 306 .. ..

The discrepancy betwecn different observations on the same salt shows
that the experimental error is considerable. The deviations from 293
are, in most cases, relatively small, and, when real, are doubtless caused
primarily by inter-atomic forces in the solid, and so shed no particular
light on the ideal gas theory, but do reveal how much the orientations
of the ions are constrained by inter-atomic forces. It is usually found
that the temperature variation of the susceptibility can be fairly well
represented at least over a range of a few hundred degrees and barring
possible anomalies at very low temperatures by the Weiss generaliza-
tion x = C/(T'+A) of the Curie formula. The value of A is approxi-

41 Computed from Cabrera and Duperior’s empirical formulae x = —k+4+C/((T'+A)
given in ref. 2°. An earlier paper (J. de Physique, 6, 252, 1925) gives other temperature
coefficients differing by 5 per cent. or so in some cases. Zernicke and James report a value
283 for anhydrous Gdy(SO,),.
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mately —x(dx/dT')-1—T, and is thus about 50 for, e.g. Nd. Tf the
inter-atomic forces are adequate to produce this large A in Nd, they
should produce deviations between theory and experiment in Sm at
low temperatures, of about the order of magnitude found experimentally
(p. 250).

Because T oceurs in the denominator, measurements at very low
temperatures are particularly desirable. At Leiden Ds,0,,22 CeF,,% and
Ery(80,)38H,0 4 have been measured down to the temperature of liguid
hydrogen (c. 14°K.) and Gdy(S0,)38H,0 %5 down to that of liquid helium
(1-3°K.). Usually the law y = C/(T'+A) is found to hold remarkably
well down to the lowest temperature studied, with the following values
of A: Ds,0,, 16; CeF;, 62; Ery(S0,);8H,0, 1-9; Gdy(S0,),8H,0, 0-0 (or
possibly 0-26). In CeF,, however, pronounced deviations appear below
65°K. The corresponding experimental values of the cffective Bohr
magneton number p.; are 10-6, 2-51, 9-0, 7-8, in quite satisfactory agree-
ment with the theoretical values 10-6, 2-54, 9-6, and 7-9 respectively.
These results yield temperature coefficients 1/309, 1/355, 1/295, 1/293
respectively for Dg,0;, CeFy, Bry(S0,);8H,0, (Gd,),(8S0,),8H,0 at room
temperatures. The agrecment with Zernicke and James’s value 1/252
for Er,(S0,);8H,0 (sce table) is poor, but the latter observers do not
claim a high degree of precision, so that 1/295 is doubtless very close
to the true value. The measurements at low temperatures are parti-
cularly interesting because they reveal the order of magnitude of the
inter-atomic forces tending to orient the 4f orbits in the rare earths,
which turn out to be surprisingly small. When the multiplet structure
is so wide that the Langevin formula should hold for the ideal gas state,
as is the casc in the rare earths except for Ill, Sm, Eu, the thcoretical
considerations of Chapter VIT show that departures from the Langevin
or Curie law should first be expected in a solid when the temperature
becomes so low that the encrgy required to ‘turn over’ an atom against
the inter-atomic field becomes comparable with &£7'. Thus FA is a

42 Onnes and Oosterhws, Leiden Communications, 129b, 132¢.

43 'W.J. de Haas and C. J. Gorter, Leiden Cominunications, 210¢, or PProc. Amsterdam
Acad. 33, 949 (1930).

44 W. J. de Haas, E. C. Wicrsma, and W, H. Capel, Leiden Communications, 201b or
Proc. Amsterdam Acad. 32, 739 (1929).

45 H. R. Woltjer, Leiden Communications, 167b; H. R. Woltjer and H. Kamorlingh
Onnes, tbid. 167c; carlier work, mostly at higher temperatures, by Onnes and Porrier
and by Onnes and Oosterhuis, Leiden Communications, 122a, 129b, 140d. Jackson and
Onnes find that gadolinium ethyl snlphate oboys Curie’s law x = C[7 down to T' = 14° K.,
the lowest temperature they employed for this material (Leiden Communications, 168a
or Comptes Rendus, 177, 154, 1923) ; the value of C yields an effective magneton number
7-5, nearly tho same as for the hydrated sulphate.
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measure of the orientation energy in the crystal. In the case of Nd
ions, for instance, this energy is of the order 30 cm.-1, as here A = 50,
while k7/hc¢ = 0-7T ecm.~t. The fact that the unmodified Langevin
formula holds so beautifully for hydrated gadolinium sulphate right
down to the temperature of liquid helium is a consequence of the fact
that the Gd ion is in a 8§ state and has a paramagnetic moment only
in virtue of the spin, so that questions of orbital dissymmetry do not
arise. This point will be claborated in §§ 73-74. That Ds,O4 and (e,
have a larger A than Er,(SO,),8H,0 is probably becausc hydration
causes ‘magnetic dilution’, and also because oxides and fluorides are
firmer compounds than sulphates.

The GQyromagnetic FEffect. Besides the ordinary measurements on
susceptibilities, the theory for the rare earths is confirmed by evidence
of another sort, viz. the limited amount of data available on the gyro-
magnetic effect® for these materials. To magnetize a body to the
extent demanded by our formulae, it is necessary to supply the atoms
with angular momentum. The atoms can sccure this angular momentum
only by stealing it from the body as a whole. Such a theft demands
that the body acquire a mass rotation if it is at rest before the ficld is
applied. (The angular momentum supplied by the field can be shown
very generally to be only of the order of magnitude corresponding to
the Larmor precession, regardless of whether his theorem is applicable.
Hence the field only supplics a small fraction % of the necessary angular
momentum, where £ is of the order of the ratio of diamagnetic to para-
magnetic susceptibility.) A free atom’s angular momentum in the direc-
tion of the field is M#A/2w, if measured now in ordinary rather than
quantum units. The total angular momentum demanded per c.c. by

. Mh - >
the atoms is thus N o eTWIRT [ o~ WIRT  As W = WY+ Mg,BH,
/Z'II 2 /Z

this expression may be simplified as in passing from (13) to (10). The
complication of a term analogous to N« in the susceptibility formulae does
not enter in dealing with angular momentum, as the angular momentum
is a constant of the motion not perturbed by the field except for a small,

46 For an account of the ordinary gyromagnetic experimonts and references, sce
Stoner, Magnetism and Atomic Structure, Chap. VIII. This, however, is not recent enough
to include Sucksmith’s oxperiments on paramagnotic matorials. Another summary, by
Woiss, is given in tho report of the 1930 Solvay Congress.

47 This point has caused considerable uncertainty in the literature, as it has sometimes
been incorroctly conjoctured that tho field might supply an appreciable fraction of the
angular momentum, thus invalidating the gyromagnetic experiments. The writer hopes
to discuss this subject more fully in a future paper.
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essentially diamagnetic correction which we have neglected (viz. the
difference between p, and ¥ m;pf¢; in an analysis such as that in § 8).
The ratio 6 of the angular momentum to the magnetic moment xH is
thus found to be

2me Z 9, (J4-1)(2 +1)e-WilkT
T eXg3d( J 1) 43k T, B2](2J+ 1)e- W ikT

after use of the formula (16) for x. It can be shown that the expression
given by (24) is also the same as the ratio H/Q in the converse (Barnett)
experiment on magnetization by rotation, where H is the magnetic field
which would produce the same magnetization as rotation of the solid
with an angular velocity Q.

If the multiplet is small compared to k7', (24) reduces to

_ 2me [28(S+1)+ L(L+1)]
e [4S(S+ l)-{—L(IJ—f—l)]

(cf. Eq. (6)). Ifitislarge compared to T, and if the terms proportional
to a; may be neglected, then 6= 2mc/g,e, where g, is the ordinary
Landé g-factor. In dysprosium the theoretical value of g, is 1-33.
Sucksmith’s determination of the gyromagnetic ratio 6 for Ds,0y
yields g =1-284-0-07. The agreement is especially gratifying when
it is remembered that gyromagnetic experiments arc vastly more
difficult in paramagnetic than in the ferromagnetic bodies usually
measured.

In Sm and Eu it is, of course, necessary to use the ‘intermediate’
formula (24) without simplification, and the gyromagnetic ratio should
vary with temperature. The numerical magnitudes of the values of
(24) appropriate to various temperatures will be found in Miss Frank’s
paper.3 At T = 0 the ratio vanishes for Eu, while at room temperatures
0 = 0-270 mc/e if o = 33 or 0-306 mc/e if ¢ = 34. Measurements bravely
undertaken by Sucksmith® on Eu at 7' = 293 have not yet achieved
quantitative accuracy but definitely favour in a qualitative way these
values as opposed to the higher value 1-33 mc/e which would be ob-
tained if one forgot the terms proportional to «; in (24) contributed
by the second-order Zeeman effect.

Giyromagnetic measurements are at present wanting on rarc earths
other than Ds and Eu.

(24)

48 W. Sucksmith, Proc. Roy. Soc. 1284, 276 (1930).
4 W. Sucksmith, papor presented at 1930 meeting of British Association.
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61. Saturation Effects

Hitherto we have supposed the field strength sufficiently small so that
only the portion of the moment per c.c. which is linear in the field H
need be retained. However, in the limiting cases of multiplets which
are exceedingly narrow or wide compared to AT there is no difficulty
in obtaining closed expressions for x even when the latter cannot be
treated as independent of II. Namely, the right-hand sides of (7) and
(13) can be summed without the necessity of expanding the exponents
in scries as previously. The denominator of (13) is summed by making
the substitution x=e'’fHIkT and using the elementary formula
oI (14+a+t224-...+a?) = (w~/ —ax’ '1)/(1—x) for the sum of a geometric
progression. Differentiation of this formula with respect to » yields
a relation which sums the numerator of (13). Onc thus finds that
(13) becomes

l] H
MI1=NJ!IBBJ(' Zg, ), (25)
with the abbreviation
9 b
B,(y) - “;j' 1 coth (“Ig}_?/) —_ 7_71.7 coth '_zyj (26)

In Eq. (25) we have given the formula for the magnetic moment M,
per unit-volume instead of the susceptibility. This difference is trivial,
as M,, = Hy. Tt is convenient to have a name for the function (26),
and so we shall call it a Brillouin function, as it was employed in the
new quantum mechanics by Brillouin,® although also previously used
in the old theories by Debye® and others. One can also similarly
evaluate Kq. (7) for narrow multiplets accurately, which becomes
M, = 2N SBB(2SBH [kT)+NLBB,(LBH|KT). This formula, however,
is not especially useful, as temperatures low cnough to permit experi-
mental production of appreciable saturation effects do not warrant the
assumption of multiplet intervals small compared to k7.

When J becomes very great and B is imagined to become small to
keep BJ finite, the Brillouin function passes over asymptotically into
the classical Langevin function L(x) == cothx—(1/x) in the following
way, }im B,(y) = L(y). The saturation moment predicted by (25) and

=00

(26) is NJgB, or N(J/J-+1)'pn B, where p.y is the effective Bohr mag-
neton number for weak fields, defined in the fashion (22) applied to (10).

50 1,, Brillouin, J. de Physique, 8, 74 (1927).

51 P, Debye in Marx, Handbuch der Radiologie, vi. 713 ; also Stoner, Magnetism and
Atomic Structure, p. 116, Introduction of the term ‘ Debye function’ might lead to con-
fusion with his specific hoat function.

3505.3 s
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The Langevin expression M;, = NuL(uH [kT) gives a saturation moment
Npoy, which is (J41/J)* times greater than that given by the Brillouin
for the same value of g, i.e. for the same initial slope of the magnetiza-
tion curve. This difference is readily understandable, as the maximum
(i.e. saturation value of the) z component of angular momentum is
P,= Jh[2m, so that cven here P2, P? never vanish, inasmuch as
P4 P24 P? = J(J+1)h*47* Thus even the ‘most parallel’ alinement
of magnetic moment is in a certain scnsc nccessarily incomplete in
quantum mechanics. On the other hand, in the clectric case complete

o= . . . e e e
M,
Npresr 81
7 -
6.
5
4_.
3._.
20 e (erene Asymptotes)
7
Za kN
[ SN IS SN RN U
1 2 3 4 5 6 7
Hpesr
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Fra. 13.

alinement of the permanent electric moment vector of the molecule is
possible, as in § 47 we mentioned that the complete Langevin formula
for electric polarization is obtained when saturation effects are con-
sidered (assuming the rotational fine structure to be narrow compared
to kT). The difference between the magnetic and electric cases may
seem strange, but Niessen 52 shows that it is due fundamentally to the
fact that the various Cartesian components of angular momentum do
not commute with cach other in matrix multiplication, whercas the
components > e;x;, > e;y;, > €;z; of clectric moment do. Various typical
Brillouin curves are contrasted with the Langevin onc in Fig. 13. The
ordinates and abscissac are taken as M, /Nuy, Huor/kT rather than
My, H, in order to make all curves have the same initial slope 1/3.
The dotted line is drawn for later use and explanation in § 77.

52 K. F. Niessen, Phys. Rev. 34, 253 (1929).
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To test Eq. (25) one has the celebrated Leiden measurcments*s on
hydrated gadolinium sulphate. As far as the writer is aware, thesc arc
the only observations on true ‘gaseous’ saturation produced directly
by the applied magnetic field, rather than through the agency of the
molecular field as in ferromagnetic solids. The saturation is made
appreciable by the use of a material with a comparatively large p.q
(7-9), and also primarily by the use of exceedingly low temperatures
(down to 1-3°K.). At room temperatures the deviations due to satura-
tion are too small to be detectable even with Kapitza’s machinery
(300,000 gauss)! Distortions from the theoretical gaseous behaviour
are minimized by using a material whose paramagnetic ion is in an §
state and which has a high ‘magnetic dilution’ in virtue of the eight
water-molecules of hydration. The experimental results have usually
been interpreted in terms of the classical Langevin function, but the
Brillouin one By,(78H[kT') should, of course, be used instead. The value
7/2 of J in Gd is sufficiently large that the difference between these
two functions is not great. With the latter the saturation moment is
0-88 Ny instead of Nuoq (== 7-94NB). The experimental points are in-
dicated by crosses in Fig. 13. At the highest ficld strength and lowest
temperature used by Woltjer and Onnes the magnetization reached
0-84Npyy, or about 95 per cent. of the full saturation allowance,
0-88Npy. The theoretical value at this H and 7' is 0-831Npq, whereas
the Langevin value is 0-859Np.q. Reference to the figure shows that
the agrecement of experiment with the theoretical curve is very grati-
fying. As remarked by CGiauque, it is even better than with the
classical Langevin formula. In fact, Woltjer and Onnes were puzzled
with the perceptible, though small, deviations from the latter.

62. Lack of Influence of Nuclear Spin

The ‘hyperfine’ structurc of series spectra makes it certain that nuclei
possess internal spins, having an angular momentum of the same order
of magnitude as that of electrons.?* However, the narrowness of the
hyperfine structure shows that the attendant magnetic moment is only
of the order 1038, where B is the Bohr magneton 55 he/4mme. The direct

53 'W. F. Giauque, J. Amer. Chem. Soc. 49, 1870 (1927). See this paper for numerical
calculation of tho Brillouin function for Gd at various field strengths.

¢ For a good discussion of the hyperfine structure and attendant ovidence on the
magnitudo of nuclear spin and magnetic moment seo Pauling and Goudsmit, T'he Struc-
ture of Line Spectra, Chap. XI.

8 This small valuo for tho magnetic moment of the nucleus is in part understandable
because the ratio of charge to mass of a nucleus is of the order 10 times the correspond-
ing ratio for an electron. Thoro is, howover, the difficulty emphasized by Kronig

s2
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effect of the nuclear spin on the susceptibility is clearly negligible, as
it should be of the order 10-8NB2/kT or 10-°e.m.u. per gramme mol.
at ordinary temperatures, whercas even diamagnetic susceptibilities
are of the order 10-8 or greater.

One might inquire whether the nuclear spin could indirectly modify
the susceptibility by causing the ordinary extra-nuclear (i.e. orbital
-+ spin) angular momentum to be quantized in space in a different way.
If I be the quantum number measuring the nuclear spin angular
momentum, then in the absence of external fields the resultant of I and
J has a quantized value F, just as L and S form a quantized resultant
J in case (b) of Fig. 6, § 40. Here J and F measure the total angular
momentum of the atom respectively exclusive and inclusive of nuclear
spin. Because the interaction of I and J, which yields the hyperfine
structure, is small, an external ficld of ordinary magnitude could easily
produce a Paschen-Back effect, so that I and J would have separate
spacial quantization, analogous to case (¢) for L, S in Fig. 6. If onc
did not have spectroscopic stability, as, for instance, in the old quantum
theory, this would be an excellent opportunity to detect experimentally
a dependence of susceptibility on field strength in virtue of the change
in quantization. However, the analysis in Chapter VII and especially
in § 54 of the present chapter has made it sufficiently apparent that
such an cffect will not exist as long as the ‘hyper-multiplet’ width is
small compared to £7'. This condition is always met in practice (except
possibly at the temperature of liquid helium) as the hyperfine structure
Av,,,, is of the order 1 cm.=! or less. Just as we showed that liq. (6)
applied in either weak or strong fields, onc can prove that when the
nuclear spin is considered the susceptibility is

2

— VB I+ 1)+ g U 1] @7)
regardless of whether the field distorts the hyperfine structure, provided
only that one supposes that hAv,, /kT is small. As the nuclear g-factor
(Naturwissenschaften, 16, 335, 1928) that nuclei known from atomic weights to contain
an odd number of electrons possess only this small magnoetic moment. In ordinary (i.e.
extra-nuclear) atomic dynamics there is always an odd multiplicity and hence a non-
vanishing spin magnetic moment of the order of magnitude of a Bohr magneton g,
whenever thero is an odd number of electrons. Consequently the mechanics within the
nuclous must be still more complicated than the ordinary quantuin dynamics, pre-
sumably in virtue of the closo packing and very high velocities. If the spin magnetic
moments of electrons within the nuclei did not very nearly compensate each other, our
whole theory of susceptibilities would be upset, as it would be forced to involve nuclear

properties (isotope offects, &c.) rather than just the configurations of the extra-nuclear
electrons.
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Juue 18 Of the order 10-3, the additive term in (27) due to nuclear spin
is negligible, and so the susceptibility can be calculated with disregard
of the nuclear spin. In (27) we have supposed for concreteness that the
ordinary (not hyper) multiplet is wide compared to kT, and that satura-
tion effects do not need to be considered, but the extension to other
cases occasions no difficulty.



X
THE PARA- AND DIAMAGNETISM OF FREE MOLECULES

63. Spectral Notation and Quantization in Diatomic Molecules
Except in §§ 68-70, we shall consider exclusively diatomic molecules in
the present chapter. Probably the most important distinction between
quantization in atoms and in diatomic molecules is that in the latter
the resultant orbital clectronic angular momentum is no longer constant
in time and is thus incapable of quantization. Instead the combined
field due to the two nuclear attracting centres has axial rather than
central symmetry, and so only the parallel component of this angular
momentum is conserved. This component can, however, be given a
quantized value A. When we use the terms ‘parallel’ or ‘perpendicular’
in the present chapter we always mean relative to the axis of figure of
the molecule, and we always measure angular momentum in multiples
of the quantum unit A/27. A term is called of the X, II, A, ® type
according as |[A| =0, 1, 2, 3, &e. Asin § 40, small letters are used if it
is desired to isolate the quantum numbers of individual electrons. Thus
a notation?! such as

1802 2pm 5f5 3@, (1)
which is the molecular analogue of (86), Chap. VI, means that there are
two electrons having n=1, [=21=0, one having n=2, [ = |A| == 1,
and one having n=_5, I ==3, |A| = 2; furthermore, especially that the
total orbital angular momentum A =3 A about the axis of figure is 3
and that the multiplicity 2841 is 3. Here 8 is the resultant spin, » is
the usual principal quantum number, and ! measures approximately an
electron’s total angular momentum, while A does the parallel component
thereof. This significance of the quantum numbers /, A is only an
asymptotic one appropriate to small departures from central character,
as the inter-electronic interactions destroy the constancy of an indi-
vidual electron’s angular momentum even to the parallel component.
Besides the quantum numbers revealed by (1) therc is the nuclear
vibrational quantum number v, and the rotational quantum number J
which orders the band structure and which determines the complete
molecular angular momentum due jointly to nuclear and electronic
orbits and to electron spin.

1 For a fuller account of approved notation in molecular spectra see R. 8. Mulliken,
Phys. Rev. 36, 611 (1930). The paper in which the writer first gave most of the theory
in the present chapter (Phys. Rev. 31, 587 (1928)) used an carlier notation in which Greek
letters were less in vogue than now.
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The matrix elements of the perpendicular components of orbital
electronic angular momentum can readily be shown? to be exclusively
of the type AA = +1. Essentially this point was already proved for
a very special case in (75), Chap. VI, when allowances are made for
differences in notation.2 As molecular fields are far from central, the
effect of the quantum number A on the energy is usually very large
compared to &7T'; or, interpreted kinematically, the electronic orbital
angular momentum vector precesses very rapidly about the axis of
figure. This means that these perpendicular components contain ex-
clusively high-frequency matrix elements, and so by the theory of
Chapter VII contribute to the susceptibility only a small additive term
which is independent of temperature, and which we shall usually neglect
except in §69. Hence the square of the low-frequency part of the
orbital moment is proportional to A2 instead of L(L-1) as in the
atomic case when the multiplets are narrow.3

We must now consider the spin. Hund4 has emphasized that we
must distinguish between two kinds of coupling of the spin axis relative
to the rest of the molecule, which he designates as types (@) and (b).
In (a) the energy of interaction between the spin and orbital angular

? The = axis in (75), Chap. VI, corresponds to the axis of symmetry and so my; to A
(or better still to A). Kq. (75) was very special in that it assumed only one electron and
central rather than merely axial symmetry. The substitution of axial for central sym-
metry does not affect the factor involving ¢ m (74), Chap. VI, although it in general inakes
tho factor involving 6 different. This change will alter tho explicit form of the elements
Amy — 1L:1 but does not modify the vanishing of other elements, our present concern.
The goneralization to more than one eleetron is accomplished by noting that in the
coordinate system used in (52), (53), Chap. T, the wave function involves y, only through
an exponential factor; cf., for instance, Kronig, Band Spectra and Molecular Structure,
p. 20.

3 At first thought it may appear as though A(A4-1) should appear in place of A2, as
a similar combination appears so often in quantum mechanies. However, the square
under consideration is one of a constant component rather than of the entire magnitado
of a vector, and so proves to have tho same value A2 as in the old quantum theory. (In
tho hydrogen atom, for example, tho square of the z component of orbital angular
momentum is m not my(m;+1), if for simplicity we assume no coupling with the spin,)
Similarly, the square of the parallel spin component is X2 not X (X+1). On the other
hand, the squares of the angular monenta associated with the quantum numbers J, K,
S aro J(J4-1), &e., as these numbers measure resultants, rather than components.

4 I, Hund, Zcits. f. Physik, 36, 657 (1926); 42, 93 (1927). We omit many other types
of coupling which as a rule occur in excitod rather than normal states. For these see
Hund, l.c., also Mulliken, Rev. Mod. ’hys. 2, 60 (1930). For instance, the magnetic
interaction botwoen spin and orbit destroys the rigorous constancy of the parallel com-
ponents of spin and orbital angular momenta even for a stationary molecule, although
not affecting that of the sum measured by €. For this reason, the quantwm numbers
A, X sometimes cannot be used, but we assumo that the distortion through this cause is
negligible. This is warranted for the molecular states with which we shall be con-
cerned.
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momenta is large compared to that between the spin and the angular
momentum due to rotation of the molecule as a whole, and consequently
the spin axis is firmly quantized relative to the molecular axis. The
parallel component of spin angular momentum can then be assigned
a quantized value . The various values %= —8,...,4+-8 yield the
different components of a multiplet.> The notation Q is employed for
the sum A+3. Thus Q gives the parallel component of spin and orbital
angular momentum combined, and can be used in place of ¥, to specify
the multiplet component. In notation such as (1) the value of Q is
indicated by a subscript after the final (ireck capital, but this subscript
has a direct meaning only in case (@). In (1), for instance, Q = 4, and

Case (a). 3 Case (b).
Fia. 14,

50 3 =Q—A =1. In (b) the magnetic coupling between spin and orbit
is overpowered by the centrifugal forces caused by the molecular rota-
tion. The spin axis then no longer makes a fixed angle with the axis of
figure. Instead the angular momentum of the molecule exclusive of spin
is first quantized to a resultant K, and then K and S are compounded
vectorially to give the total angular momentum determined by J. This
is shown in (b), Fig. 14. Large rotational quantum numbers favour case
(b), especially in light atoms where the multiplets arc narrow and the
magnetic coupling is easily broken down.

As in Chapter IX, it is convenient to consider the limiting cases of
multiplets which are very small or very large compared to LT

64. Multiplet Intervals Small Compared to 7

Tn this case the matrix elements of the spin will be entirely of the low-
frequency type, for the only motion of the spin vector relative to the
rest of the molecule is a precession about the axis of figure, whose
frequency is correlated with the multiplet intervals. The square of the
low-frequency part of the moment is therefore identical with the square
of (2S+L,,,)8. Furthermore, the statistical average of the product

5 Do not confuse the quantum number X and X states. This double burden of the
letter X is approved usage.
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S-Ly,, is zero, for with narrow multiplets we may neglect the Boltz-
mann temperature factor, so that the components in which the signé
of % is the same as or opposite to that of A have the same weight.
Furthermore, we have S2== 8(S+1) and L2,.= A% Thus the expres-
sion given for the susceptibility in (1), Chap. IX, becomes, with neglect
of the small term Na,
_ Mg
X= sir
Formula (2) will apply regardless of whether the coupling is of type (a),
type (b), or intermediate, provided only that the multiplets are small
compared to kT. This is just another example of the ‘spectroscopic
stability’ or invariance of the susceptibility of the mode of quantization
so0 long as the magnitudes of frequencies relative to £7'/k are unaltered.

[48(8+1)+A2). 2

65. Multiplet Intervals Large Compared to ;7'

Here the coupling will in general be of type (a), whereas in § 64 it could
be of either type. This is true because cases (z) and (b) arisec when the
multiplets are respectively very large and small compared to the spacing
between the different rotational energy-levels, and because, further, this
spacing is usually small? compared to k7.

In the present case of wide multiplets the quantum number 5
assumes in the normal state only the one value which gives the lowest
energy. The matrix elements representing the perpendicular component
of spin belong exclusively to the neglected ‘high-frequency’ category,
for they represent transitions® AY, = 41 to other multiplet components
which must now be classed as excited states. The square of the low-
frequency part of the moment is thus identical with the square of the
parallel component of orbital and spin moment combined, and is thus
(A+2X)28% By (1), Chap. IX, the susceptibility is hence

Np2?

= A423)2 3
X= g At @)
¢ The introduction of the quantum number I presupposes coupling of type (a) and
80 ostensibly restricts our proof to this case. However, the principle of speetroscopic
stability or invariance of tho spur assures us that the statistical average of the product
S'Lyar will be invariant and hence zero with other types of coupling. For type (b) this
can also be verified explicitly by averaging the diagonal matrix elements for this product
in (b) given by Hill and Van Vleck, Phys. Rev. 32, 250 (1928); especially their Eq. (17).

? Cf. the observation on p. 192 that w is usually small compared to W [kT.

® The quantum number X plays the same role for spin as A for orbit. Analogy to the
orbital cage studied in note 2 thus shows that the perpendicular spin elements will be
exclusively of the form AY = +1.
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66. The Oxygen Molecule

The only two common paramagnetic gases are O, and NO. Other im-
portant diatomic molecules have 13 normal states and are diamagnetic.
The case of the oxygen molecule is interesting because it is para-
magnetic, despite containing an even number of electrons.” Its normal
state is of the type 3%, constituting something of an exception to the
Heitler-London valence rule that saturated valences yield singlet con-
figurations. The 3% character of the normal state was first known from
its magnetic behaviour (Eq. (4) below) but has subsequently been con-
firmed spectroscopically in a careful analysis of oxygen bands by
Mulliken.10

Molecular 3 states are practically devoid of multiplet structures,
although experimentally 1 and theoretically * they do have a small fine
structure, of the order 1 ecm.~! or less, if there is an outstanding spin,
asin oxygen. Hence the susceptibility can certainly be calculated under
the assumption that the multiplet structures are small compared to £7".
With §=1, A =0 Eq. (2) yiclds a value

8LB>  0-993
Xmol= g =
for the molar susceptibility, corresponding to an effective Bohr mag-
neton number 8! == 2:83. As usual, L denotes the Avogadro number.
At 20°C., Eq. (4) gives a molar susceptibility 3-39x10-3. The value
observed by Bauer and Piccard,!? which seems to be usually accepted
as the most accurate, is 3-45x 10-3. The carly determinations of Curie 13
yield 3-35x 102 when recalibrated 14 on the basis of 0-72 X 10-8 rather
than 0-79 X 10~ ag the mass susceptibility of water. Still other observa-
tions arc: 3-31 X 10-% by Onnes and Oosterhuis,!s 3-33 X 10-2 by Soné,*
3:48X10-3 by Wills and Hector,'” and more recently 3-34x10-% by
® All odd molecules are necessarily paramagnetic. Paramagnetic even ones are very
rare except in the monatomic case of incomplete inner shells (cf. § 58). By analogy with
0, one would expect S, to have a 3X ground state and be paramagnetic. This is con-
firmed spectroscopically by Naudé and Christy, Phys. Rev. 37, 490 (1931).

10 R. 8. Mulliken, Phys. Rev. 32, 880 (1928).

1 H. A. Kramers, Zeits. f. Physik, 53, 422, 429. The fine structuro in X slates is
somewhat greater for S>-} than for § = 4. In tho latter case there is only the very minute
‘rho-type doubling’, of the order 0-01J em?, duo to rotational distortion; cf. J. H. Van
Vleck, Phys. Rev. 33, 497 (1929).

12 Bauor and Piccard, J. de Physique, 1, 97 (1920).

13 P. Curie, Ann. Chim. Phys. 5, 289 (1895) ; (luvres, p. 232.

14 Cf. Stoner, Magnetism and Atomic Structure, p. 126.

5 H. Kamerlingh Onnes and E. Oosterhuis, Leiden Communications 134 d.

16 T, Soné, Phil. Mag. 39, 305 (1920).
17 Wills and Hector, Phys. Rev. 23, 209 (1924).

(4)
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Lehrer,'8 also 3-42 X 10-2 by Woltjer, Coppoolse, and Wiersma.1%20 Tt is
thus not improbable that Bauer and Piccard’s value is slightly too high.

Before the writer’s theory with the new quantum mechanies, it was observed by
Sommerfeld,?! Stoner?2, and others that the susceptibility of the oxygen moleculo
is the same as that of an atom in a 3$ state. Such an atom likewise gives formula
(4), since the atomic and molecular formulae (6), Chap. IX and (2), X, respectively
are the same for § and X states, and these only. This can be seen by comparing
(2) with (6), Chap.IX. The atomic formula for S states is usually derived in an
clemontary way (cf. Eq. (7), Chap. IX) under the assumption that the spin is
quantized relative to the applied field. Hence in the old quantum theory it was
obvious that (4) would apply to an oxygen molecule only in the event that the
applied field is ablo to hreak down the coupling of the spin relative to the rest of
the molecule. (This coupling is of the type (b), Fig. 14, as the oxygen multiplet
structure is very narrow.) In other words, tho field must be adequate for a
Paschen-Back effect. The triplet width for the normal oxygen molecule is about.
1:4 cm™!, whereas the normal Zeeman displacement is 4:67 X 10-°H ¢m-!, and so the
magnetic field would have to be of about the order of 10% gauss to produce a com-
plete Paschen-Back effect. Ordinary experimental ficlds thus become of just the
transition range in which the susceptibility would presumably change with field
strength in the old quantum theory because of the change in quantization. The
principle of spectroscopic stability or our derivation of (4) by the gencral theory
of Chapter VII shows that the susceptibility will, however, be invariant in the new
mechanics. Derivations of (4) by the elementary method (7), Chapter IX, without
appealing to this principle are obviously inadequate.

Particularly significant is the mode of temperature variation. As the
multiplet structure is almost negligible in width, Curie’s law should be
obeyed with considerable accuracy. This was first verified by Curie!?
himself over the range 290°-720°K. At lower temperatures the validity
of this law was confirmed approximately for oxygen over the interval
143°-290° K. by Onnes and Oosterhuis.’® Recently more refined experi-
ments have been made by Woltjer, Coppoolse, and Wiersma® down to
157° K. and by Stossel 2 down to 136-5°K. Both sets of observations
agree in showing that Curie’s law is at least very nearly valid. Stossel
finds no perceptible departure from this law even at 136-5° K. Woltjer,
Coppoolse, and Wiersma, on the other hand, contend that even after

18 F. Lehrer, Ann. der Physik, 81, 229 (1926).

1 H. R. Woltjer, C. W. Coppoolse and E. C. Wiersma, Leiden Comm. 201 or Proe.
Amsterdam Acad. 32, 1329 (1929).

20 They do not givo oxplicitly their absoluto determination of the susceptibility, but
this may bo obtained by calibrating all their observations by means of their * 1st series’,
instead of by comparison with Bauer and Piccard, and then extrapolating to zero
pressure.

2t A, Sommerfeld, Atombau, 4th ed., pp. 630 ff.

22 . C. Stoner, Phil. Mag. 3, 336 (1927).

23 R. Stossol, Ann. der Physik, 10, pp. 393-436 (1931). The writer is indebted to
Dr. Stissel for communication of his results in advance of publication.
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their data are extrapolated to zero density to avoid interference cffects
between molecules, there is below 175°K. a small deviation of 2 per
cent. which is beyond the experimental error. This is not alarming. In
the first place the experiment is a difficult one and no deviation is found
by Stossel. Secondly, the theory has involved three distinet approxima-
tions: (1) disregard of the additive term N« due to high-frequency
elements and to diamagnetism (cf. Eq. (2), Chap. IX); (2) assumption
that the spacing of rotational states is small compared to k7, or, in
other words, that the ‘characteristic temperature’ A2/8721% of the mole-
cule is negligible compared to 7'; and (3) assumption that the multiplet
structure is likewise of negligible width.

Of these (1) probably is to be most seriously considered, as the other corroctions
appear exceedingly small. If one assumes that Nojygy is about 0-04, then
Xas1/x—T /291 increases from 0 at 7' = 291° K. to about 0-01 at T = 150° K., in
accordance with the Leiden observations.!* This makes the graph of this difference
against 7' concave downwards, whereas experimentally it scems to bo upwards,
but the curvature is a second-order effect which is very hard to measure. Such
a valuo of No appears rather large, some 200 times larger than wo shall calculate
in § 69 for tho effect of the high-frequency elements in H,. Howeveor, as the normal
state of the O atom is of the type 2/°, tho oxygen molecule is composed of *P
atoms rather than 1§ like H,, and so the perpendicular orbital component
responsible for these elements might conceivably be considerably greater than in
H,. The agreement on absoluto values is made somewhat worse by assuming this
Na as the caleulated susceptibility at room temperature becomes about 2:2 per
cent. greater than Bauer and Piccard’s value, instead of 1-8 per cont. lower, and
deviates still more from the lower values found by most other observers.

A wealth of Leiden data 2 exists on the susceptibility of liquid and
solid oxygen, both pure and diluted in different amounts of N,. Great
variations with density and abrupt discontinuities at certain critical
temperatures are reported. Betweern these critical points a law of the
Weiss form y = C/(T'4-A) is usually obeyed, where A increases rapidly
with the concentration in numerical magnitude. (This Weiss gencraliza-
tion of Curie’s law must also be used even for the gascous state when
at very high pressures.) Only the extrapolation to zero density, obtained
by dissolving the oxygen in successively greater amounts of nitrogen, is
of interest for the present theory, where forces between the molecules
are disregarded. It is gratifying that within the rather large experi-
mental error the extrapolations to zero density for the liquid conform
to a Curie formula with the same constant C' as for oxygen gas. We
may note parenthetically that the existence of a A term in the Curic
denominator which increases in magnitude with density is in at least

# A. Perrier and H. Kamerlingh Onnes, Leiden Comm. 139. Good summary on pp.
141-4 of Stoner’s Magnetism and Atomic Structure.
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qualitative accord with Heisenberg’s theory of ferromagnetism to be
developed in Chapter XII (cf. Eq. (39) of XII).

67. The Nitric Oxide Molecule
Nitric oxide gas furnishes the most striking confirmation of our entire
theory, both because the NO band-spectrum furnishes unambiguous
term-assignments and because the doublet width is comparable with
kT and so furnishes a test for the finer points of the theory. The
normal state of the NO molccule is known spectroscopically 2 to be
a regular 2l doublet of width AAv approximately 26 120-9 em-1. The
effective magneton number for very high temperatures is 2, as scen by
taking §==%, A=1in Eq. (2). Eq. (3) shows that at very low tem-
peratures the effective magneton number is zero, for the lower doublet
component has 3, = —}, A =1. The susceptibility observed by Bauer
and Piccard!2 and by Soné?? at 20°C. is 1:46 X 10-3 per gramme mol.
These measurements yield an effective Bohr magneton number 1-86
intermediate between the two asymptotic values just calculated. This
is not surprising, for k7' is about 200 cm.~! at room temperature, making
hAv/ET about 0-6. Thus ordinary temperatures fall in the critical region
in which the doublet width AAv is comparable with k7', and in which
deviations from Curie’s law should hence be cxpected. To verify the
theory quantitatively, it is neccssary to make calculations for the more
complicated intermediate case, rather than the asymptotic ones pre-
viously considered. Such calculations will be made on pp. 271-2. It
will there be shown that the effective Bohr magneton number (defined
by Eq. (22), Chap. IX) is the following function of temperature:
—_—e —&

et —= 2 J(l P ) with o =" 175, 5)
At 20°C. this yields 1-836. The discrepancy of about 1 per cent. with
the experimental value 1-86 of Bauer and Piccard and of Soné is not
cxcessive in view of experimental difficulties in absolute determinations,
and of the fact that the theory itself involves certain small approxima-

2 (f,, for instance, R. T. Birgo, Nature, Feb. 27 (1926) ; Jenkins, Barton, and Mulliken,
Phys. Rev. 30, 150 (1927).

26 Wo take the doublet interval as 120-9 em?, rather than the value 124-4 quoted by
Jonkins, Barton, and Mulliken, as for our purposes it is better to use energy differences
which are inclusive rather than oxclusive of the term —h2Q2%/8x%] in the rotational
onergy. (This term has been encountered in Eq. (70), Chap. VI, but we there neglected
spin, so that A appearcd rather than €).) It makes little difference which value is used, as

(5) shows that the corresponding change in the effective number of Bohr magnetons is

only % per cent.
27 T, Soné, T'ohoku Univ. Sci. Reports, 11, (3), 139 (1922).



270 THE PARA- AND DIAMAGNETISM OF X, §67

tions (viz.items (1) and (2), p. 268; also other approximations mentioned
in notes 4 and 30).
When the theoretical formula (5) was first developed by the writer,

CALCULATED AND OBskkRvED MAGNETON NuMBers ¥or NO As A
FuNcTiON OF TEMPERATURE.

Temp. | pea Cale. pren Obs. Temp. | poq Cale. Py Obs.
0-0°K. 0-0 .. 238-4°K. 1794 | (1-794)(W.,deH.,&C.)

50-0 1-098 .. 250-6 1-807 | (1-807) (St.)
100-0 1-489 .. 289-2 1-833 | 1-841 (St.)
112-8 1-546 | 1-535(W.,doHL, & C.2%)] 290-2 1-834 | (1-834) (Ah. & 8.)
135-5 1-624 | 1.627 (8t.%) 292-1 1-836 | 1-852 (W.,deH., & C.)
157-2 1-678 | 1-679 (St.) 296-0 1-837 | (1-837) (Bit.)
165-4 1-605 | 1-691 (W., deH., & C.)| 350-0 1-864 ..
178-0 1-718 | 1-713 (St.) 500-0 1-908
194-7 1741 | 1-732 (Ah. & S.2) 1000-0 1-955
216-0 1771 | 1768 (Bit.*®) ® 2:000

2 O,

Hest

X Wiersma, de Haas & Capel!

Q 4 7 >|< Calibration points

o
Z

, :2 QOAnaroni & Scherrer
g A\ Bitter
© e Stossel
3

o | | 1 || 1 o 1 -

0 50 100 180 200 250 800 350
T

g, 15.

there existed only the experimental data at room temperatures, so that
it was then impossible to test the predicted dependence of magneton
number on temperature or, in other words, the deviation from Curie’s
law. Subsequently this has been tested by Bitter,?® by Aharoni and
Scherrer,?® by Stossel,? and by Wiersma, de Haas, and Capel,?® each

8}, Bitter, P’roc. Nat. Acad. 15, 632 (1929).
20 Aharoni and Scherrer, Zeits. f. Physik, 58, 749 (1929).
298 Wiersma, de Haas, and Capel, Leiden Communications 212b.
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to a lower temperature than the preceding. As the boiling-point of NO
is 142°K., it would be very difficult to go much below the lowest
temperature 112-8 employed by Wicrsma, de Haas, and Capel. The
cffective magneton numbers yielded by (5) for various temperatures,
together with the experimental values reported by these different
observers, are shown in the table opposite, and in Fig. 15. We,
for brevity, include only two of Wiersma, de Haas, and Capel’s
measurements at ten tcmperatures intermediate between 112-8° and
292-1°,

The experimental measurements are all relative ones made on the
ratios of the susceptibilities at differcnt temperatures rather than on
absolute magnitudes. In the table and figure, the data of Bitter, Aharoni
and Scherrer, Stosscl, and Wiersma, de Haas, and Capel have been cali-
brated so as to make them fit exactly the theoretical values at 296°,
290-2°, 250-6°, and 238-4° K. respectively.

This quantitative verification of the deviations from Curie’s law in
NO must be regarded as a convincing proof of the correctness of the
quantum theory of magnetic susceptibilities in gases. These deviations
form a marked contrast to the validity of this law in O,. They are
rather more striking than indicated in the figure, as the Curie constant
varies as the square of the effective magneton number. It may be
mentioned that although the effective magneton number vanishes at
T = 0, the product p2;/T" remains finite there, and in consequence the
theoretical molar susceptibility approaches the finite limit

ALBY3hAv = 287 10-% at T'= 0.

Proof of Eq. (5). As explained in § 63 we may neglect tho perpendicular com-
ponent of orbital magnetic moment beeause changes in the electronic quantum
number A give rviso only to very high frequencies. On the other hand, we must
not forget the perpendicular component of spin moment, because the effect on
the energy of the spin quantum number X is comparable with XT' (cf. p. 269).
The sano is also true of Q, sinco Q = X+ A differs from X only by an additive
constant -}-1 in a 1L stato. As wo have discarded transitions to excited orbital
states, all clements diagonal in Q will bo of the low-frequency type, as they involve
at most only changes in the molocular rotation j. EKlements involving transitions
in € conneet the various spin components (here only two in number), and so are
of the ‘medium frequency type’. We must now adapt the work of Chapter VII
to admit a ‘medium frequency * quantum number Q in place of the high-frequency
one n. With this modification tho expression in magnotic notation corresponding
to (22), Chap. VTI, retains its validity if one adds a sumnmation over the quantum
number Q inasmuch as there is an appreciable Boltzmann factor for all values
of Q. Also the low-frequency moment will now involve Q as a parameter, so that
the notation m%(Cym; Qj'm’) is bettor than u(jm;jm’). By (22), Chapter VII, the



272 THE PARA- AND DIAMAGNETISM OF X, §67
susceptibility is thus®

z |nL (Qgm; Qj’n /)lze—w"(mukr_‘_

3LT Q] ©
+ 2B |m"(Q_1m,§1'j'm’)| woapir,
3 QT £ hv(Q';Q)
with the abbreviation (cf. Eq. (12), Chap. VII).
N
B =g wam )

& WUQN/KT
Q4m
The summations over Q and )’ each embrace only the two values }, which
give the two doublet components of tho 2II state. The index j may be identified
with the molecular rotational quantum number J, while m is the component of
J along the field.

The first and second lines of (6) ariso respectively from the parallel and perpen-
dicular components of moment. This follows from the fact that changes in Q
are identified kinematically with processions about the axis of figure and so
appear only in the perpendicular component. Hence we have

j%/ [mO(Qgme; QF'me’)|2 == Migee(Q; Q) = (A4-2X)282 === (14 1)282, (8)

since by the foregoing and the rules for matrix multiplication the sum in (8) is
the square of the parallel component of combined spin and orbital moment.
Similarly

> | MOt Q7'M )|2 = Mipery(Q; Q) == 4(S24S—22) = 282, 9)

’miQ’ £ )

where 7., is the perpendicular component of purely spin moment. The value
of My is that given in (9) since the square of the total spin magnetic moment
is the sum of the squares of the perpendicular and parallel components, and since
tho square of the parallel spin component is 4%°8% . B2 (as ¥ =. +}). Theso
results would not be true if any part of the spin were of the discarded high-
frequency type such as all the perpendicular orbital component, but actually the
motion of the spin axis is very closely that of a regular precession about the axis
of figuro without appreciable nutations. Now »(3;1) - —v(};3) = Av, and also
we may set W(3,7) = W(},7)4-hAv as v(3jm; }jm) is approximately the doublet
width Ay. Since furthermore, the expressions (8) and (9) have values independent
of §, m, the sum over 7, m is by (7) a common factor which can be cancelled from
numerator and denominator of (6). With these observations substitution of
(7)~(9) in (6) yiclds (5). (‘The effective magneton number involved in (5) is of course
defined as in (22), Chapter 1X.)

68. Polyatomic Molecules
We saw that in diatomic molecules the perpendicular component of
orbital moment was of the high-frequency type. When the molecule

30 Fq. (6) assumes that to a sufficient approximation v(Q’j’m’; (Q2jm) can bo replaced
by v(€Y;£}), as an cquivalent assumption was made in (22), Chap. VIL. As Q has less
eoffect on the encrgy than an electronic quantum number n, the resulting error is some-
what larger than in the case of electronic frequencies. The ensuing error in the sucepti-
bility is hard to estimate with precision, but is perhaps 1 per cent.; sce Phys. Rev. 31,
footnote, p. 611 (1928) for details.
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is polyatomic, i.e. contains more than two atoms, the entire orbital
moment will be of this type unless the molecule has unusual symmetry.
The first step in demonstrating this is to prove the following theorem:

The existence of a mean magnetic moment for an atom or molecule in
the absence of external fields implies the existence of at least a twofold
degeneracy, 1.e. at least two states of identical energy. The proof is as
follows. If the degeneracy is completely removed, the wave functions
are necessarily real in the absence of external magnetic fields. For when
one supposes all the electrons are subject to only electrical forces (which
can be external as well as internal to the atom), the wave equation does
not involve 7 == ¥—1, ag the potential energy is a real function, while
the kinetic energy involves the imaginary momentum operators only
in squares. 1t can also be shown that ¢ occurs only in squares even
when the magnetic coupling between spin and orbit is included. Hence,
if it is possible to utilize what we shall call ‘complex’ wave functions
of the form P(x,,xy,...)+1Q(ry, Ty,...), where P and @ arve different
(i.c. linearly independent) real functions of the coordinates, then the real
and imaginary parts must separately be solutions of the wave equation
belonging to the same encrgy. The existence of two such linearly
independent solutions would, of course, require at least a twofold
degeneracy. Furthermore, whenever the wave functions are real, the
average or diagonal part of the orbital angular momentum is zero, for

if we take »" =mn and take f to be the operator corresponding to any

0
component of magnetic moment, say L, = rl(’a Y ) the funda-
Y

mental quadrature (14) of Chaptel VI vanishes, as it contains then as
one factor either the expression [x/;* %’” dy or f g l/l" dx, which is

clearly zero when i == o, if s, vamshos at infinity in the fashion proper
to the characteristic functions for bound electrons. This argument no
longer applies if s, is complex, as then ¢ = 45,. Hence the existence
of some degeneracy is a necessary, though not a sufficient, condition
for the existence of an average unperturbed magnetic moment.

In diatomic molecules there is the twofold degeneracy associated
with the fact that the sense of rotation about the axis of figure is
immaterial, or, in other words, that the states +Q and --Q give the
same cnergy (neglecting a small rotational distortion effect to be men-
tioned in § 70). This is why diatomic molecules could have (barring this

distortion) a constant orbital magnetic moment parallel to the axis of
3595.3 T
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figure. In polyatomic molecules, however, there is no axis of symmetry
about which the angular momentum is conserved, and this type of
degeneracy is no longer encountered. In some cases the nuclei may be
arranged with such a high degree of symmetry that some other de-
generacy appears in its stead. The symmetry conditions necessary for
this have been studied in detail by Bethe,3! and his work will be further
discussed in § 73. He studied ostensibly the effect of different sym-
metries in external fields, but his arguments are so general that they
relate equally well to the fields arising from nuclei in polyatomic mole-
cules. He shows that even if the fields are highly symmetrical, usually
the states of lowest quantum number still do not admit complex wave
functions. Hence we may assume that ordinarily in the normal states
of polyatomic molecules the diagonal elements of the orbital magnetic
moment are zero, (This is true even when the moment is referred to
axes fixed in the molecule so that the frequencies of molecular rotation
are avoided.) As all electronic quantum numbers in molccules usually
have an effect on the energy which is large compared to k7', the non-
diagonal elements of the orbital moment will be entirely of the high-
frequency type. As there are no diagonal elements, this completes the
proof that only such a type occurs,

Molecules with a Resultant Spin. If the molecule has a spin quantum
number 8 different from zero, virtually all the paramagnetism will
result from the spin, as we have seen that all the orbital moment is of
the ineffective, high-frequency type. The multiplet structure which
couples the spin relative to the rest of the molecule will usually be small
compared to k7', for it becomes an effect of the second order, as in the
>, states of diatomic molecules, rather than of the first order, as in the
ordinary case of atoms and diatomic molecules notiin 3. states. This small
size of the multiplet structure is a consequence of the fact that the
average orbital moment vanishes. This will be shown in the analysis in
§73.32 The spin is thus composed entirely of low-frequency elements, and
is entirely free as far as the susceptibility is coneerned. The latter is hence

— ANBS(8+1)
7Y,

where Na is the small residual effect of the high-frequency orbital

+Na, (10)

3t H. Bethe, Ann. der Physik, 3, 133 (1929); Zeits. f. ’hysik, 60, 218 (1929).

32 In adapting this analysis to the present context, the ‘spacial separation’ (§ 73) is to
be considered due to the dissymmetry in tho ficld from the molecule’s own nuclei rather
than to an external field. 1t is thus probably greater than for the external casoe considered
explicitly in Chap. X1, so that the inequality (4) of XI is more apt to be satisfied.
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elements (Eq. (2), Chap. IX). All odd polyatomic molecules should
presumably conform to this formula (unless some unusual case should
arise where the orbit is less completely quenched, or else the spin is
more firmly bound than we have anticipated). Experimental data for
odd molecules are apparently available only for Cl0, and NO,.

The molar susceptibility observed by Taylor 32 for ClO, in solution at
20°C. is 1:34 X 10-4, while (10) gives 1-27 x 10-4if we take § =}, « = 0.
The discrepancy is scarcely greater than Taylor’s estimate of the
experimental error as 5 per cent. Furthermore, part of the difference
might be due to the effect N« of the high-frequency clements, which
could conceivably be larger than in diatomic molecules. The appro-
priate value of S cannot yet be deduced spectroscopically for polyatomic
molecules, but we can note that our assignment S =} is consistent
with the fact that ClO, has an odd number of electrons. Very likely
due to ionization or polymerization, the C10, molecule loses its identity
in solution, but the theoretical result 1-27 x 10-4 is still applicable if one
ionic unit of spin quantum number } is formed for each molecule of
Cl0, which is dissolved.

On the other hand, Soné #* finds that at 20° C. the NO, molecule has
a molar susceptibility 42-1x 10-4, a value less than one-fifth that given
by (10) with S=1. Perhaps this low value is to be attributed to
polymerization or some other spurious cause, for new measurcments
on NO, have just been completed by . Havens, at the University of
Wisconsin, and he finds a susceptibility which agrees with (10) (taking
8 = }) within 5 per cent., which is less than the experimental error.

Molecules without a Resultant Spin. When a polyatomic molecule has
a spin quantum number zero, the commonecst value for even molecules,
there remains only the contribution of the orbital moment’s high-
frequency elements, represented by m®(n;n’) (n' #n) in the notation
of Chapter 1X. The susceptibility is thus given by the expression (2),
Chap. IX, viz.:

2 0, 2
Kot = — gy > T3 2 s i (11)

hw(n';n)
per gramme mol., and so should be very small and independent of tem-
perature. The material is diamagnetic or paramagnetic depending on
whether the first or second term of (11) is the greater. Nitrous oxide

(N0), for instance, is found to be diamagnetic, showing that here the
first term has the greater magnitude. A more interesting and less

33 N. W. Taylor, J. Amer. Chem. Soc. 48, 854 (1928).
T2
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common situation arises when the second term of (11) predominates.
The substance should then have a feeble paramagnetism independent
of temperature. Examples of materials containing complex ions which
exhibit this behaviour will be cited on p. 302. These ions, of course,
occur in solution or in solid salts, rather than as a gas, but they seem
to have a distinet and fairly stable existence, so that they may be
classed with gaseous polyatomic molecules for our purposes.

Invariance of (11) of Origin. The reader has possibly wondered what
point should be used as the origin for computing », m in equations such
as (11). This choice is immaterial, as (11) is invariant of the origin. To
see this, let us change the origin of z, for instance, by an amount 3z.
The resulting change in the right side of (11) is

,.I_’?. 5 [ 282 20%(n; n) - (82)2] +

Le2b‘x po(n; ' )[pY(n'; 0" )x0(n"; n)—pd(n';n")g%(n"; n)]
T gmict qZII~%7tZ’n{ hv(n';n)
[Pg(% n" ) n" ') —pa(n; n")go(n”; 0 ) p(n' s m)+Swpl(n; n)pl(n's n)
hv(n';n) }
(12)
inasmuch as (letting g denote y or z) da(n;n) = 8z, dx(n;n’) = 0 (v’ #£ n),
3p, =0, m, = +(e/2mc)(px—p,q), &c., where p,, p,, p, arc the com-
ponents of linear momentum. To simplify printing we have supposed
that there is only one elcctron and have neglected the part of m, due
to spin; but removal of these restrictions occasions no difticulty. (As
the radius of the electron is negligible, one can take 8s = 0 in the spin
terms.) The frequency factors may be removed from the denominator
by utilizing the relations
py(n;n’) = —p,(n';n) = 2mimv(n; n')y(n; '), &e.
The expression (12) can be shown to vanish identically if we simplify
the products by using repeatedly the quantum conditions and com-
mutation rules given in {(12), (13) of Chap. VI, applied to Cartesian
coordinates. (See e.g. Eq. (4), Chap. XI1I, for the explicit form of the
first relation of (12), Chap. VI, in Cartesian coordinates.)

69. The Diamagnetism of Molecules

The fact that most gases are diamagnetic shows that ordinarily the
first term of (11) is the greater in magnitude. It is therefore now con-
venient to turn to consideration of the diamagnetism of molecules. Our
discussion will include both diatomic and polyatomic molecules, for
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both are governed by formula (11). The only difference is that in the
former the high-frequency matrix elements m%n;n') (n' % n) arise only
from the perpendicular component of orbital moment, while in the
latter the components along all three of the principal axes of the mole-
cule will contribute such elements. If a diatomic molecule is dia-
magnetic, it is in a 13 state, and the parallel component vanishes.
Previously we neglected the fecble paramagnctic contribution of the
perpendicular component, given by the second term of (11), but in
dealing with small susceptibilities such as diamagnectic ones,? its inclu-
sion is necessary.

Without the second term, Eq. (11) would be the ordinary Langevin
formula for the diamagnetism of atoms in the form given by Pauli
(cf. Eq. (2), Chap. IV). Because of this term, however, Pauli’s formula
does not apply to non-monatomic molecules.® This is closely connected
with the fact that the validity of Larmor’s theorem is confined to atoms
(§ 8). Because the additional term is inherently positive, Pauli’s formula
will always be an upper limit to the diamagnetism, and estimates of the
mean square orbitalradii deduced from observed susceptibilitics by means
of this formula will tend to be somewhat too large except in atoms.

One may inquire whether the second term of (11) can ever vanish,
but this is possible only in atoms. The disappearance of this term would
require that all the matrix elements P(n;n’) of the orbital angular
momentum originating in the normal state » equal zero. As

Pn;n) = Z P(n;n')P(n'; n) = Z |P(n;n')|?, (13)

this in turn demands that the mean squarc angular momentum P2?(n;n)
vanish for the normal state. The mean angular momentum P(n; ) can,
to be sure, vanish for diatomic molecules, but the mean square P%(n;n)
cannot. By taking in (14), Chap. VI, f to be the operator corresponding
to the square of the orbital angular momentum, it is not hard to show 3¢
that P%(n;n) can vanish only if the wave function be invariant under
a rotation of the coordinate system for the electrons without a corre-
sponding rotation of the coordinate system for the nuclei. In case there

3 Wo novertheless neglect the paramagnetic term contributed by the molecular
rotation, as we throughout disregard tho contribution of tho nuclei to the susceptibility.
Due to their large masses this term is in itself siall compared oven to (11); see F. Bitter,
Phys. Zcits. 30, 497 (1929) for ostimate. Furthormore, it is largely compensated by the
diamagnetic contribution of the nuclei. This is true becauso the rotational quantum
numbers are so large that we can almost use tho classical theorem (§ 24) on tho cancelling
of dia- and paramagnetism, as far as the nuclei are concerned.

35 Contrary to an incorrect statement once made by the writer, Proc. Nat. Acad. 12,
662 (1926). 8¢ For details see J. H. Van Vleck, Phys. Rev. 31, 600 (1928).
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is only one electron, this requirement may be more simply stated by
saying that ) must be a function of r alone. In any case, this demand
can be satisfied only if the nuclear ficld is centro-symmetric. The
latter, however, implies that there is only one attracting centre, i.e. an
atom. In diatomic molecules, the physical interpretation of this non-
disappearance of P%*n;n) is that the two nuclei together exert a torque
which causes fluctuations in the perpendicular component of orbital
electronic angular momentum. The combined electronic and nuclear
angular momentum is necessarily constant, but there are continual
transfers back and forth between electrons and nuclei.

As to the relative magnitude of the second term of (11), the fact that
reasonable estimates of orbital radii can be obtained even in molecules
by means of Pauli’s formula shows that often this term must be
fairly small compared to the first. Also Pascal’s discovery 37 that the
additivity method can be used to represent the diamagnetic suscepti-
bilities of many organic compounds can only mean that atomic orbits
are but little distorted by these molecular bonds, and that here the
influence of the second part of (11), which is an interference cffect
between atoms, is subordinate.38

Quantitative calculation of the two parts of (11) has been attempted
only for the hydrogen molccule. Even here, direct evaluation of the
sum over the excited states n’ would be excessively difficult, and it is
necessary to adopt the artifice of replacing the variable denominator
v(n';n) by a constant v;. Then v, is a sort of mean absorption frequency
which refractive data3® lead one to take as 1-23R, where R is the
Rydberg constant. The elements of orbital magnetic moment differ from
those of the angular momentum measured in multiples of 4/2#, only
by a constant factor 8. With the aid of the multiplication rule (13) the
second term of (11) now becomes

Le? h? Le? [ h?
bty L ™) (4,,2') = 0271 0 (mm
Miss Frank and the writer® showed that with Wang’s4! wave func-

37 Pascal, various papers in Ann. Chim. Phys. 1908-13.

38 In this connexion we may cite particularly a paper by ¥. W.Gray and J. Farquharson,
who examine critically the departures from additivity observed for various compounds,
Phil. Mag. 10, 191 (1930). Cf. also Gray and Dakers, ibid. 11, 81, 297 (1931).

3 If, following Unsdld (Ann. der Physik, 82, 380 (1927)), we replace 1/v(n’;n) by
v(n’3n)/43; in Eq. (28), Chap. VII, the summmation in the latter equation is readily per-
formed in virtue of the quantum conditions. See Eq. (4), Chap. XIII. The evaluation
of v, is then achieved by equating (28) to the observed electric susceptibility of H,.

4 J. H. Van Vleck and A. Frank, Proc. Nat. Acad. 15, 539 (1929).

41 8, C. Wang, Phys. Rev. 31, 579 (1928).

)2P2(n;n). (14)
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tions for the normal state of the hydrogen molecule, its mean square
angular momentum P?n;n), which can be evaluated by the usual
quadrature (14) of Chapter VI, is 0-394. This makes the expression
(14) 0-51 X 10-% per mol. Wang* calculated the first term of (11) to
be —4-71%x 10-8. The computed molar susceptibility of H, is hence
—4:20% 10-8. The experimental values% are —3-94< 10-¢ (Wills and
Hector) and —3-:99x 10-¢ (Soné). The agreement with these is quite
satisfactory since the wave functions are not accurately known.

Although the second term of (11) is only a little over 10 per cent. of
the first in H,, it is quite probable that it is a somewhat larger fraction
in other molecules where the nuclear field is less nearly centro-sym-
metric. That H, departs less from atomic symmetry than most mole-
cules scems to be evidenced by the fact that it alone among molecules
has a normal Verdet constant in the Faraday effect (§ 84). It is to
be cmphasized that there is no sharp dividing-line between diamagnetic
molecules and feebly paramagnetic ones, mentioned in § 68, where the
second term of (11) predominates. One would expect this term to be
particularly large for molecules formed out of atoms not of the 18 type,
and also molecules for which Mulliken’s united atom, formed by
collapsing the nuclei together, is not of the type 18, for in these cases
there is an overwhelming paramagnetism at large and small inter-
nuclear distances respectively.

70. Absence of Magneto-Electric Directive Effects
It has often been conjectured 44 that especially in diatomic molecules
with both electric and magnetic moments parallel to the molecular axis
of figure, application of a magnetic field would produce electric as well
as magnetic polarization, and that vice versa an electric field would
magnetize the body. There would then be what may be termed a
magneto-electric directive effect. The ground for this belief is the idea
that when the molecules are oriented by an applied field of either nature,
the electric and magnetic dipole axes would be alined together.
Actually, experiments endeavouring to detect this effect have always
yielded null results, even in liquids and solids.?4¢ The only important
diatomic gas for which such an effect might be expected is NO, for

42 S, C. Wang, Proc. Nat. Acad. 13, 798 (1927).

4 Wills and Hector, I’hys. Rev. 23, 209 (1924) ; Hector, ibid. 24, 418 (1924); T. Sons,
Phil. Mag. 39, 305 (1920).

4 Debye and Huber, Physica, 5, 377 (1925); Debye, Zeits. f. Physik, 36, 300 (1926).

4 Perrior and Borel, Archives des Sciences, 7, 289 and 375 (1925); Szivessy, Zeits. f.
Physik, 34, 474 (1925); A. Perrier, Physica, 5, 380 (1925).

4 A. Huber, Phys. Zeits. 27, 619 (1926).
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nitric oxide is the only common polar paramagnetic gas. The electric
moment of the NO molecule is, to be sure, so small that it has not yet
been measurcd quantitatively, but is undoubtedly different from zero,
as the N and O atoms are not identical. The very sensitive experiments
of Huber % show that cven when extremely intense magnetization is
produced by applying a magnetic field to liquid NO, there is no observ-
able electric polarization.

Despite the considerations advanced in the first paragraph, there is
no difficulty in explaining theoretically why experiments invariably
reveal no directive effect. The standard explanation is one first pro-
posed specifically for NO by de Haas,*? though previously suggested by
Piccard 8 in conmexion with experiments on certain solids. D¢ Haas
suggests that there are two kinds of NO molccules, in which the electrons
circulate respectively clockwise and counter-clockwise about the axis
of electric polarity. These left- and right-handed molecules would pre-
sumably be present in equal amounts. There is then on the average no
corrclation between the directions of electric and magnetic moments,
and hence no magneto-clectric directive effect.

Recent developments in the theory of band spectra, too complicated
for us to give in much detail, show that this explanation by Piccard
and de Haas is not quite correct. There are indeed two kinds of NO
molecules, corresponding to the two components of what spectroscopists
call a A-type doublet,?® but each kind is in itself both left- and right-
handed at once. There would thus be no dircctive effect even if we
could isolate one of the kinds. The existence of such ‘ambidextrous’
molecules is a characteristic quantum effect which cannot very well be
explained in terms of ordinary geometrical pictures. It arises because
the molecular rotation removes the degeneracy associated with the
identity of energies for the states Q, —Q in a stationary molecule. The
correct wave function proves to be a linear combination of those corre-
sponding to the states Q and —Q. The parallel component of electronic
angular momentum is thus of indeterminate sign, though of definite
numerical magnitude ||, when referred to an axis having invariably

47 W, J. de Haas, Kon. Akad. Wet. Amsterdam, 35, 221.

48 A, Piccard, Archives des Sciences, 6, 404 (1924).

4 This was formerly called a o-type doublet. The term Q-typo doubling would be the
most oxprossive, as with spin the signs of A and X must be reversed together to give the
degeneracy in a stationary molecule. For theory of this doubling see R. do L. Kronig,
Zcits. f. Physik, 46, 814; 50, 347 (1928-9), Band Spectra and Molecular Structure,
Chap. 1I; J. H. Van Vleck, Phys. Rev. 33, 467 (1929); R. S. Mulliken, 4bid. 33, 507

(1929). The A-doubling is superposed on the much coarsor true multiplet structure,
such as e.g. the spin doublot in NO, and should not be confused with the latter.
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the N atom on one given end and the O atom on the other. We talked
in § 63-7 as if this component were constant in both magnitude and
sign, which we now see it is not, but this inaccuracy is admissible on
two grounds. First, the frequency of oscillation in sign is measured by
the width of a ‘A-type doublet’, and is hence very small compared to
kT, so that this component always remains of the very low-frequency
category and hence as good as constant as far as the magnetic suscepti-
bility is concerned. Secondly, it would be equally logical to say that
the clectric moment of the molecule fluctuates in sign relative to tho
magnetic axis of the molecule, as the choice of axis is somewhat
arbitrary. If onc uses axes fixed in space the fluctuations in sign prove
to be in the electric rather than magnetic moment.®® This is because
the two A-doublet components are respectively even and odd with
respect to the transformation (A), p. 203, and so have no first-order
Stark cffect, as there explained, although there is a first-order Zeeman
one. A very powerful electric field, however, produces a Paschen-Back
transformation on the doublet and gives a first-order Stark effect.®! The
hypothesis of Piccard and de Haas is then correct. In any field strength
there is on the average no correlation between the electric and magnetic
axes, and hence no dircctive effect.

50 Ay the rotational {frequencios enter in the direction cosines connecting a coordinate
system fixed in spaco with one fixed in the molecule, expressions which average to zero
in one system do not necessarily in the other. Note that tho mean angular momentum
relative to axes fixed in tho molecule definitely vanishes in a diatomic molecule only in
virtue of removal of the degeneracy by tho molecular rotation ; in a stationary one it 1s
really ambiguous bocause any lincar combination of tho wave functions for the states
Q, —€ could be used. On the other hand, in a polyatomic molecule, the disappearance
(§ 68) is due to dissymmetry in the nuclear field, and so found oven in stationary
molecules.

51 Cf. Penney, Phil. Mag. 11, 602 (1931).
Y



XI

THE PARAMAGNETISM OF SOLIDS, ESPECIALLY
SALTS OF THE IRON GROUP

71. Delineation of Various Cases

We shall stress primarily only the new quantum developments rather
than the innumerable classical theories of magnetization in solids. As
the present and following chapters are a digression from our intent
to study only rarefied media, and as the quantum theory of magnetism
of solids has so far achieved success more in the bold qualitative outlines
of the phenomena rather than quantitative detail, we shall not docu-
ment the experimental measurements quite as completely as in the two
preceding chapters. A whole volume would be required to digest the
copious experimental work on the iron family alone.

Different solids can exhibit susceptibilities of entirely different
natures, and it may be well to outline in advance the various cases
which can occur and in what materials they arc commonly found.

(@) Instances where the inter-atomic forces are so small that the
magnetism can be calculated by treating the atoms of the solid to be
as free as in an ideal gas. The criterion for this is that the work required
to orient an atom against the inter-atomic forces be small compared to
ET. This case is exemplified remarkably well by rare earth salts, which
have consequently been discussed at length in Chapter IX on free atoms
and ions. As noted to the writer by Professor Bohr, the extraordinary
freeness of the 4f orbits is revealed not only by the magnetism but also
by the sharpness of the spectral lines from rare earth salts. This can
only mean that the 4f wave functions of the various rare earth atoms
project out very little from the interiors of their respective atoms and
s0 ‘overlap’ other atoms only very slightly even in the solid state.

(b) Solids or solutions in which inter-atomic forces quench the orbital
angular momentum but leave the spin free. This is what probably
occurs in most salts of the iron group, as we shall see in § 72.

(¢) Solids in which there is such strong internal magnetic coupling,
i.e. such wide multiplets, that irrespective of the Heisenberg exchange
effect the inter-atomic forces of necessity quench the spin angular
momentum when they do the orbital. It is hard to distinguish experi-
mentally between this case (c) and (e), (f) below, but case (c) is possibly
sometimes realized in some salts of the platinum and palladium groups

§ 7).
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(d) Solids in which the Heisenberg exchange forces tend to aline the
spins parallel and so create ferromagnetism. This is, of course, the case
of iron, nickel, cobhalt, also a few alloys which are ferromagnetic.

(e) Solids in which these forces have the opposite sign from that in
(4) and so tend to aline the spins antiparallel and destroy magnetism.

(f) Materials in which the spin angular momenta compensate each
other because of the restrictions imposed by the Pauli exclusion prin-
ciple rather than because of the exchange effect.

In cases (e¢) and (f) any orbital angular momentum is ordinarily
quenched as in (b). Hence in (c), (¢), and (f) the orhital and spin
magnetic effects are both largely destroyed, so that these cases all give
feeble paramagnetism, or cven diamagnetism. One of these cases must
be the commonest of all, as most elements (distinct as from salts)
exhibit only a feeble paramagnetism, if any, in the solid state.
Cases (¢) and (f), which will be discussed in § 80, are more probable
than (c).

We throughout use the term ‘quenched’ when the constancy of
angular momentum is so completely destroyed by inter-atomic forces
as to blot out, most of the paramagnetism which would be found in the
ideal gas state. The distinction between the various cases is, of course,
usually not a hard and fast one. Besides (a)—(f) there is also the trivial
case of solids composed exclusively of atoms which are in 1S states when
free and which are hence without appreciable magnetism.

The Heisenberg ‘cxchange’ or Austausch forces! play a very important
role in the magnetism of solids, especially in ferromagnetism. As far
as the present chapter is concerned, it will be sufficient to say that the
exchange forces have the effect of introducing a very strong coupling
between the spins of paramagnetic atoms or ions. Diamagnetic atoms
or ions have no resultant spin and so do not give rise to any exchange
forces tending to orient the spins of other atoms. The mathematical
basis for these statements will be given in Chapter XII. The important
thing for present purposes is that the exchange forces become of sub-
ordinate importance in media of considerable ‘magnetic dilution’, i.e.
media in which the density of paramagnetic atoms or ions is low because
the great majority of the atoms are diamagnetic. Such media are the
primary concern of the present chapter, and so it seems best to defer
until Chapter XII the detailed description of the nature and workings
of the Heisenberg exchange effect.

! W. Heisonberg, Zeits. f. Physik, 38, 411 (1926); 49, 619 (1928).



284 THE PARAMAGNETISM OF SOLIDS, XTI, § 72

72. Salts and Solutions Involving the Iron Group

Pure solid elements of the iron group have high magnetic concentrations
and large exchange effects, leading to the ferromagnetic phenomena to
be discussed in the next chapter. On the other hand, most salts in-
volving ions of the iron group are only paramagnetic, except possibly
at extremely low temperatures. In these salts the magnetic dilution is
usually sufficient to warrant neglect of the exchange forces. This is
perhaps obvious only if the salt is in solution, or is highly hydrated
in the solid state. However, it is found that in true salts (not oxides)
the susceptibility is usually affected comparatively little (not over 10
per cent. in many cases) by whether or not water molecules are present
to increase the magnetic dilution.

One is first tempted to try calculating the susceptibilities of salts of
the iron group in the same fashion as for the rare earths, viz. under
the assumption that the paramagnetic ions arc perfectly free. The
general nature of the procedure with the aid of the Hund spectroscopic
theory has been fully explained in connexion with §§ 58 and 59 on the
rare carths, and so need not be repeated. The difference is that the
incomplete inner group is now one of 3d rather than 4f clectrons.?
The comparison of theory with experiment is given in the table on
p- 285, which corresponds to that in § 58 for the rare carths.

The values in the columns headed Av = 0 and Av = coare those obtained
from the asymptotic formulac (6) and (10) of Chapter IX applicable
respectively to multiplets which are very narrow and very wide compared
to k7. These limiting cases were first studied by Laporte and Sommer-
feld.> The column ‘actual Ay’ gives the values obtained at 293° K.
by means of the accurate formula (16), Chap. I1X, which must be used
when the multiplet widths are comparable to k7. Such calculations
were first made by Laporte,? and the reader is referred to his important
paper for the details of the estimates of the screening constants o used
to determine the multiplet width by means of Eq. (21), Chap. IX. As
a rule the values of ¢ represent only a slight extrapolation from optical
or X-ray data on other atoms and ions. The calculations in the column

2 For details of the spectroscopic theory of the iron group see Hund, Linicnspektren,
§ 33. Besides the 3d clectrons and the closod groups alroady completed at argon, the
neutral atoms of the iron group contain from one to two 4s clectrons, but these 44 olectrons
are presumably the first to be lost when there is any ionization, so that all the ions
involved in the table have only argon-like shells plus the 3d cloctrous.

3 0. Laporte and A. Somnmerfeld, Zeits. f. Physik, 40, 333 (1926). Somewhat similar
calculations have also been made independently by Fowler, and the results briefly given
in his Statistical Mechanics, p. 303.

4 0. Laporte, Zeits. f. Physik, 47, 761 (1928).
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ErrEcTIVE BoHR MAGNETON NUMBERS FOR IoNS OF THE IrON GRrOUPS

T'heoretical poy Experimental py
Actual | Spin
Term Ion Av-=0{Av—=00| Av | only | Solutions | Salts

3dOLS Ki..ver 0-0 0-0 0-0 0-0 0-0 0-0

Sc! b 3-0 1:565 2-57 1-73 .. .
3d® 2Dy, 512 {'l‘i‘ i 3-0 1:55 218 | 1-73 .. ..

Vit 30 1-55 178 | 173 1-75 1-79
323 {'l‘i b+ 4-47 1-63 3-36 | 2-83 .. .
’ b \ARE 447 1-63 273 | 2-83 | 2:76-2-85

vir 5-20 0-77 360 | 3-87 | 3-81-3-86 i
342 ‘]"._,/2,. {Cr' Ik 520 0-77 2-97 3-87 | 3-68-3-86 | 3-82

Mn!'!t 5-20 0-77 2-47 3-87 | 4:00 .
3d4°D,.. Cr't 5-48 0-0 4-25 | 490 | 4-80 ..

g Mnti! 548 00 3-80 | 4-90 .. 5-05

345 88 MntF 5-92 5-92 592 | 592 | 5-2-596 | 585

Foti+ 592 5-92 592 | 592 | 594 5-4-6-0
3d*5D, Fet* 5-48 670 6-54 4-90 | 5-33 50-5-5
3d7 ‘]"0/2 Co!! H:20 6-64 6-:56 | 3-87 | 4-6-5-0 4-4-5-2
ROLE O Ni'! 4-47 5-59 556 | 2:83 | 3-23 2:9-3-4
3d* 2Dy, Cu't 3:0 3-55 353 | 1-73 | 1-8-2:0 1-8-2-2

‘actual Av’ are inclusive of the term «; in (16), Chap. IX, which
Laporte neglected. This term is much less important in the iron group
than in the rare earths Sm+++ and Eut++ (§ 59), and has an appreciable
influence only in Vi+, Cri+t, Mnt+i+, Cri+, Mn++t, where Laporte’s
original values were 3-23, 2-61, 2-01, 374, 3-16 instcad of 3:60, 2-97,
2-47, 4-25, 3-80. The values given in the table for Sct++-V+++ inclusive
are only slightly higher (about 5 per cent.) than Laporte’s, while those
in the bottom half are identical with his, as here the inversion of the
multiplets makes the effect of « negligible. The rare earths other than
Sm and Ku had such wide multiplet widths that the magneton number
could be calculated without appreciable error under the supposition of
multiplet widths extremely great compared to k7', but comparison of
the columns ‘Av = 00’ and ‘actual Av’ shows that this is very often not
the case in the iron group. This is, of course, because here the atoms
are lighter than in the rare earths, and the multiplets thus narrower.
Because the multiplet widths are more precisely known, the present
theoretical calculations for frec ions of the iron group should be more
accurate than for the rare carths, but comparison of the columns ‘actual
Av’ and ‘experiment’ shows that the agreement with observations on
5 The experimental magneton numbers quoted in the table are the same as those given
by Stoner in a survey in Phil. May. 8, 250 (1929), except that wo have added Freed’s

measuroments on the vanadium jon to bo cited in § 74. A very complete documentation
of experimental data is given by Cabrera in the report of the 1930 Solvay Congress.
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salts and solutions is miserable, in marked contrast to the situation in
the rare earths. One must therefore grope for some other explanation
of the measured susceptibilities. As noted by Sommerfeld,® Bose,” and
Stoner,? the latter are represented quite well if we use the formula
_ g

instead of the theoretical expressions based on the ordinary spectro-
scopic theory for free ions. Here S is the spin quantum number for the
appropriate spectral term listed in the table. For instance, S is 3/2 for
Cr+++, as the multiplicity 2841 of a *F term is 4. The magneton
numbers calculated from (1) are given in the column marked ‘spin only’
and are seen to be in fairly good agreement with experiment.

Mechanism for Leaving Only Spin Free. Our problem is now to
obtain a theoretical justification for Eq. (1), which gives the same
susceptibility as though we substituted 8 for D and F terms throughout
the first column of the table, with the multiplicity unaltered. Two
possibilities immediately suggest themselves. One is that the Hund
theory of the assignment of spectral terms is in error, and that the ions
in question are normally all in § states even when free. This proposal
appears to have actually once been made by Sommerfeld, but is now
abandoned by him. In our opinion it must be quite definitcly rejected,
as there is an abundance of experimental spectroscopic evidence for
the correctness of the Hund theory in the iron group, not to mention
Slater’s perturbation calculation ® which confirms the Hund predictions
on the lowest-lying terms. In fact, S terms of the necessary multiplicity
are not allowed by the Pauli exclusion principle, unless one supposes
that there is some other incomplete group besides that of the equivalent
d electrons.

Ancther possibility, and one which we advocate, is that the assign-
ment of spectral terms is correct, and that the theoretical calculations
in the column ‘actual Av’ would be confirmed by experiment if measure-
ments could be made on atoms or ions which are really free. The
absence of such a confirmation is to be attributed to the fact that the
existing observations are not on vapours or gases, but instead on solu-
tions or salts, where there are inevitably large inter-atomic forces. If,
then, these inter-atomie forces quench the magnetic effect of the orbital

¢ A. Sommerfeld, Atombau, 4th ed., p. 639, or Phys. Zeits. 24, 360 (1923); Zeits. f.
Physik, 19, 221 (1923). T D. M. Bose, Zeils. f. Physik, 43, 864 (1927).

& E. C. Stoner, Phil Mag. 8, 250 (1929).
% J Q. Slater, Phys. Rev. 34, 1293 (1929).
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angular momentum but leave the spin free, one will have precisely the
expression (1) for the susceptibility. This point has been particularly
emphasized by Stoner. The whole problem thus resolves itself into
showing that from a theoretical standpoint it is reasonable to expect
that the inter-atomic forces have a quenching effect of this type which
blots out the orbital magnetic moment but not the spin. Stoner 8 showed
that the necessary quenching could be obtained if one assumes that the
inter-atomic forces are equivalent to extremely large random magnetic
fields which are rather mysteriously supposed to act on only the orbital
angular momentum. A somewhat similar assumption of random mag-
netic fields was successfully used in Kapitza’s theory 10 of the influence
of magnetic fields on electrical conduction, although the true explana-
tion of Kapitza’s experiments is much more complicated. Stoner did
not propose his calculation by means of random magnetic fields except
in a preliminary, suggestive way. It should not be taken literally, as
inter-atomic forces are, of course, primarily electrostatic rather than
magnetic in nature, and the magnetic portion would be much too weak
to do the requisite quenching. In the following section, however, we
shall show that precisely the type of quenching that leads to Eq. (1)
ensues if each atom or ion is subjected to sufficiently asymmetrical
clectrical forces.1% Tn our opinion such asymmetrical electrostatic fields
are probable, and are the real explanation of the quenching phenomena
first proposed and roughly described by Stoner. The reason why, on
the other hand, the ordinary theory for free ions is applicable to the
susceptibilitics of rare earth salts is doubtless, as already stated, that
their 4f electrons are sequestered in the interior of the atom and so are
not influenced nearly as much by neighbouring atoms as the 3d clectrons
involved in the iron group.

73. Quenching of Orbital Magnetic Moment by Asymmetrical
External Fields

In a solid or liquid, the electrons of a given atom may to a first

approximation be regarded as in an inhomogeneous external electric field

which represents to this approximation the effect of other atoms on

a given atom. This method has been extensively used by Bethe ! and

by Kramers,'? and is admissible inasmuch as the other atoms are

10 P, Kapitza, Proc. Roy. Soc. 1234, 342 (1929).

108 During the printing of the present volume this point has also been emphasized in
a paper by Pauling, J. Amer. Chem. Soc., 53, 1367 (1931).

11 H, Bethe, Ann. der Physik, 3, 133 (1929); Zeits. f. Physik, 60, 218 (1930).

12 H. A. Kramers, Proc. Amsterdam Acad. 32, 1176 (1929).
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approximately in the same configuration as in the absence of the given
atom. Let us expand the potential energy of any electron of the
given atom in this external field as a Taylor’s serics about the centre
(nucleus) of the atom. The terms of successive order in the expansion
usually involve the inter-atomic separation (‘grating spacing’) to suc-
cessive negative powers so that the series converges rapidly. 1f there
are similar equidistant atoms on either side of the given atom the lincar
terms disappear from the expansion, and the ‘cross’ products in the
quadratic terms can, of course, be made to vanish by a proper rotation
of axes. The terms of lowest non-vanishing order in the expansion of
the external potential energy are then

A3+ B yi+C 32, 2

where the summation extends over all the electrons of the given atom.
We do not necessarily claim that a simple quadratic form like (2) is
a good quantitative representation of the interactions between atoms.
However, only a rough qualitative portrayal, which is conveniently
accomplished by means of (2), is needed to show that sufficient dis-
symmetry will quench out the magnetic effect of the orbital angular
momentum.

Until further notice we shall negleet the spin and also any dissym-
metries occasioned solely by higher-order terms in the Taylor’s expan-
sion than (2). We assume throughout that the external fields are never
strong enough to destroy appreciably the Russell-Saunders quantization
of the atom. In other words, electrostatic forces within the atom are
supposed greater than forces from without the atom, so that the squares
of the orbital and spin angular momentum are approximately L(L4-1)
and S(8+1), even though we shall sec that the spacial quantization is
greatly disturbed by the external fields.

Case A = B C. If all three coefficients in (2) are equal, then the
atom is as freely oriented in a solid as in a gas. The ideal magnetic
theory for free atoms or ions should then apply.

Case A= B, B # C. In casc two of the three coefficients are cqual,
say A and B, the component of orbital angular momentum which is
parallel to the z axis is conserved, and can be assumed to have a
quantized value M, (in multiples of 4/27) as the 2 axis now becomes
one of symmetry. On the other hand, the matrix elements of the z and
y components of angular momentum will be exelusively of the form
AM; = +1 (cf. Eq. (89), Chap. VI). In other words, L, is a diagonal
matrix, while L,, L, contain no diagonal elements. If the effect of M,
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on the energy is large compared to k7', which means that
|4—C| 35 > kT,

then the contributions of L,, L, to the susceptibility when calculated
by the methods of Chapter VII will be entirely of the high-frequency
type, and hence will be relatively ineffective, as they then give terms
having the high frequencies instead of £7' in the denominator (cf. Eq.
(28), Chap. VII). Thus only the contribution of the z component
L,= M;, remains. If one assumes that the axcs of symmetry of the
micro-crystals can have a random spacial distribution, as in, e.g. a
crystal powder, then on neglecting high-frequency elements one easily
finds that y = NM%/3kT. Hence, supposing |A—C|x2> kT, one has
x = 0 or x = N L?/3kT according as the minimum in energy corresponds
to a minimum or maximum in |[M;|. In the former case the normal
state has M, = 0; in the latter, M; = + L. The present situation is
similar to that in the well-known Lenz-Ehrenfest 13 classical theory of
magnetism, which was developed under the assumption that the atom
has two positions of equal potential energy in a crystal, corresponding
to the fact that in the present case A == B this energy is independent of
the sign of M;. If one included higher-order ‘saturation’ terms in the
field strength one would obtain the so-called Ehrenfest function as an
expression for the paramagnetism.!* Under the present supposition
A == B, only two of the three components of orbital angular momentum
are necessarily quenched. The third or z component is also quenched
if one assumes that the level M, = 0 is alone a normal state, but it is
doubtful whether this could be the case universally enough to explain
the widespread applicability of (1). In the following paragraphs, how-
ever, we shall show that all three components are indeed quenched if
instead we assume that all three coefficients 4, B, C are unequal, so
that there is complete dissymmetry.

Case A, B, C All Unegqual. Here the important fact is that the spacial
degeneracy is completely removed. This is true inasmuch as (2) leads
to the same secular problem as that of the asymmetrical top, which is
non-degenerate unless two or more of the coefficients in the quadratic
form are equal. For this observation the writer is indebted to Professor
Kramers.15 Quite irrespective of the formal mathematical analogy to

13 W. Lenz, Phys. Zeits. 21, 613 (1920); P. Ehrenfest, Proc. Amsterdam Acad. Dec.
18, 1920, or Leiden Communications, Suppl. 44b.

14 For elaboration on the Ehrenfest function sce p. 712 of Debye’s article in vol. vi
of the Handbuch der Radiologie.

18 The Hamiltonian function involved in the problem of the asymmotrical top is
the quadratic form aPg,+bP},+cP2, where E,, I, B, are the components of angular

3595.3 U
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the asymmetrical top it seems quite obvious that there is no remaining
degeneracy when all three coefficients become unequal, as there was
only the twofold degeneracy My, = 4 |My| even when two coefficients
were equal. In the present case there is no axis of symmetry about
which the angular momentum is conserved, so that there is no longer
this degeneracy associated with the equivalence of left- and right-
handed rotations about such an axis.

Now in § 68 we showed that when the degeneracy is completely
removed it becomes necessary to use real wave functions, and that
hence the average magnetic moment is zero. Thus when the coefficients
in (2) are all unequal, the orbital magnetic moment matrix contains no
diagonal clements. If the separation of energy-levels occasioned by
removal of the degeneracy is large compared to k7', the contribution of
the orbital angular momentum to the susceptibility will be entirely
of the high-frequency type (Eq. (2), Chap. IX) and hence relatively
small. Hence, if the coefficients A, B, C in (2) are sufficiently large
and unequal, the magnetic effect of the orbital angular momentum
becomes practically entirely quenched. The residual cffect of the high-
frequency elements never disappears entircly but becomes negligible if
the spacial separation is of the order 10® to 10* cm.* or greater. Here
and elsewherc we use the term ‘spacial separation’ for the difference
in energy between the various non-degenerate states into which the
energy-levels are scparated by (2) or by an asymmetric inter-atomic
field in general. Tf, on the other hand, the spacial separation is small
compared to k7', the general theorem of Chapter VIL shows that the
orbital angular momentum will make its full contribution to the sus-
ceptibility.

Even though the potential (2) is probably not a close quantitative
momentum referred {o the principal axes, and whore @, b, ¢, are half tho reciprocals of the
principal moments of inertia. A general thooromn of group theory shows that tho resulting
secular problem is similar to that of {2 inasmuch as z, y, z and E,, I, I,, transform
similarly under a rotation of axes. The term ‘secular’ is hore to be construed as moaning
that wo retain only the portion of ¢2) which is diagonal in L; otherwise the dynamical
problem arising from <2, is more complicated than that of the asymmetrical top. The
rotention of only the diagonal clements is equivalent to our assumption that (2> does not
destroy the Russell-Sannders coupling. The quantum numbers J, A in the asymmetrical
top correspond to L, Mg in {2); this is a formal mathematical rather than physical
correspondence; the asymmetrical top involves as a third quantum number a spacial
quanturn number physically somewhat similar to My, but this does not enter in its
secular problem. That the asymmetry removes the degencracy as regards the sign of A
has been shown indopendently by Kramers and Ittmann, Zeits. f. Physik, 563, 553 ; 58,
217; 60, 663 (1929-30), and rather more oxplicitly by Wang, Phys. Rev. 34, 243 (1929);

cf. especially his Eq. (12). The formal correspondenco of the quantum numbers J, A and
L, My, appears particularly cloarly in tho work of Klewn, Zeits. f. Physik, 58, 730 (1930).
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approximation to the perturbing effect of other atoms, the preceding
considerations nevertheless make it evident that sufficiently large and
unsymmetrical external fields will quench the contribution of the orbital
angular momentum to the susceptibility. In regular crystals it is usually
necessary to retain higher-order terms than the second in the Taylor’s
expansion in order to reveal the exact degree of symmetry. An elaborate
investigation of the effect of external fields of various types of crystalline
symmetry has been made by Bethe, and readers interested in details
are referred to his papers.! He finds that there can be at most only
arhomboidal symmetry if the spacial degeneracy is completely removed.
Ordinary tetragonal, cubic, or hexagonal symmetries will not remove
all the degencracy. With these types of symmetries at least two of
the coefficients in (2) are equal, but when higher-order terms in the
Taylor’s development are included (e.g. the fourth-order terms
D3 (x!4-yt+4-2}) if there is cubic symmetry) then there is no longer an
axis of symmetry about which angular momentum is conserved, and
no component of the latter is what Dirac terms a ‘constant of the
motion’. Bethe shows6 that nevertheless there is still a partial de-
generacy, so that it is possible to use complex solutions and obtain an
average magnetic moment, leading to an expression for the suscepti-
bility of the form NC/3kT, where in general 0<< C<< L(L-1)82 so
that there is only a partial quenching. For instance, he finds that an
F term is split by an external field with cubic symmetry into two triply
degenerate states and one single or non-degenerate state. The orbital
magnetic moment can be completely quenched only if the single or
non-degenerate state has so much less energy than the multiple ones
that it alone is a normal state.'? The situation is thus somewhat ana-
logous to that when 4 ==B, B3 C in (2), as there we found the
quenching was complete only if the state M, = 0 had much less energy
than the pairs of states corresponding to cach |M;|>0. Thus suffi-
ciently large external ficlds of rhomboidal or lower symmetry always

18 H. Betho, Zeits. f. Physik, 60, 218 (1930).

17 Kven if the degeneracy is not completely removed, so that two or more wave func-
tions, say I, @, represent states of identical energy, it can sometimes happen that there
is no magnetic moment, as tho most general linear combination of 1’, @ may still yield
a non-maguetic state. In other words the ability to use complex wave functions is a
necessary but not sufficient condition for tho existence of magnetic moments. For
instance, Betho shows that a D term splits in a field with cubic syminetry into one triply
and ono doubly degenerate stato, but the doubly degenerato state is non-magnetic so that
the orbital magnetic moment is quenched if the doubly degenerate state has the lower
energy. With tetragonal instoad of cubic symmetry, however, the multiple lovels are
necossarily magnetic, according to Bethe’s analysis.

U2
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quench completely, while with more symmetry the quenching is com-
plete only if certain states are the lowest lying.

Bethe shows that when an average magnetic moment persists despite
the absence of an axis of symmetry (i.e. when there is more than
rhomboidal but less than axial symmetry) that there can be a first-order
Zeeman effect but that the selection rules are no longer the usual ones,
and unusually large changes are permitted in the spacial quantum
number, which no longer has the usual kinematical significance as pro-
portional to a component of angular momentum. Bethe’s theory finds
a direct confirmation in Becquerel’s observation of abnormally large
Zeeman effects in certain crystals containing rare earths. The external
fields which Bethe utilizes to explain Becquerel’s 18 observations do not
necessarily contradict the calculation in Chapter IX of the suscepti-
bilities of rare earth ions on the assumption that the latter are free,
as these fields might produce a spacial separation small compared to
kT, and hence not quench the orbital angular momentum as far as
susceptibilities are concerned. Bethe shows that the appearance of the
anomalous Zeeman lines is not contingent on the absolute value of
the spacial separation, but only on the ratio of the fourth- to second-
degree terms in the Taylor’s expansion of the potential. This ratio must
not be too small compared to unity. We have repeatedly emphasized
that susceptibilities depend on second- as well as first-order Zceman
terms, and so are not necessarily altered when the usual spectroscopic
Zeeman patterns are changed. A more serious difficulty is that Bethe
needs fields with more than rhomboidal symmetry to explain Becquerel’s
results. If onc assumes that crystals involving iron ions have fields of the
same symmetry but of much greater magnitude than Becquerel’s rare
earth compounds so that the separation of non-coinciding levels becomes
greater rather than smaller than k7', the quenching of orbital angular
momentum would not in general be as complete as needed for the
validity of Eq. (1). Independently of Becquerel’s work, Eq. (1) is found
to be valid in crystals of the iron group in which it is known that there
is morc than rhomboidal symmetry. An example is NiO, which con-
forms roughly to (1), at least at room temperature, but which has cubic
symmetry like NaCl. Unfortunately X-ray analyses of crystal structure
seem to be wanting for the sulphates of the iron group, for which the
magnetic data are the most complete. When (1) is found to apply
despite more than rhomboidal symmetry, the simplest?” explanation is
that for some reason a ‘single’ level lies below the multiple ones, a pos-

18 J, Becquerel, Zeits. f. Physik, 58, 205 (1929).
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sibility discussed at the end of the preceding paragraph, (Do not confuse
this use of the terms ‘single’ and ‘multiple’ as regards the splitting due
to inter-atomic fields with the ‘singlets’ and ‘multiplets’ introduced in
connexion with spin fine structure.) The fact that most molecules are
diamagnetic indeed seems to indicate that in complexes the non-
magnetic states usually have the least energy.

In solutions there is surely no difficulty in believing that the fields
have the degree of dissymmetry required to quench the angular momen-
tum, for in liquids the atoms are doubtless rather irregularly spaced.
The coefficients 4, B, C in (2) might even be regarded as functions of
the time which vary with the approach and recession of atoms from
each other. Also linear as well as quadratic terms in z;, y;, z; may be
required. However, it is quite possible that in solutions the ions are
not free, but attach themselves to water molecules, their so-called water
molecules of coordination. In fact many chemists believe that an ion
has the same definite number of water molecules attached to it in solu-
tions as in‘the hydrated solid salt. A divalent ion containing iron, for
example, would then really be of the form Fe++.nH,0 rather than Fe++,
The theory of polyatomic molecules ought, then, really to be invoked.
This point has been particularly emphasized by Freed.!® The magnetic
theory for molecules has been discussed in Chapter X and shows a cer-
tain amount of resemblance to the various cases just presented. For
instance, a diatomic molecule is somewhat similar to the case 4 = B,
B # C, as there is an axis of symmetry and the orbital magnetic moment
perpendicular to this axis is blotted out, while the parallel component
is quenched only if one particular state (viz. the X state A = 0) falls
below the others in energy. A molecule with more than two atoms is
similar to the case in which A4, B, C are all unequal, since we showed
in § 68 that in general the orbital magnetic moment is largely quenched
in unsymmetrical polyatomic molecules. This, we now see, is because
all symmetry in the ficlds is lost in complicated molecules. Of course,
the electrons in a molecule circulate freely from one atom to another,
so that the representation of inter-atomic forces within the molecule as
equivalent to a constant external field on each atom is but a poor
quantitative approximation, but this does not affect the symmetry
considerations. Furthermore, the individual atomic configurations
probably preserve their identities rather more in complexes such as
Fe++.nH,0 than in true molecules, as these complexes are doubtless -
held together by weak polarization forces rather than true valence

19 8. Freed, J. Amer. Chem. Soc. 49, 2456 (1927).



294 THE PARAMAGNETISM OF SOLIDS, XI, §73
forces. One might wonder whether it would not be possible to find
a solvent in which the dissolved ions did not form such complexes, as
then the ions would be less disturbed and it might be possible to test
experimentally the theory for free ions. Unfortunately, however, the
ability to attach molecules of coordination is probably the criterion
for solubility, as well as for the dissociation of the dissolved salt
into ions.

It is conceivable that in certain solids the unit of crystalline structure
is the molecule rather than the atom, in which case the considerations
of the preceding paragraph or of Chapter X can be used. It is, of course,
impossible to delineate sharply the point at which molecules or clusters
begin to be formed in solids or liquids, and the representations by
external fields and by isolated molecular entities are only asymptotic
ones, but it seems quite safe to interpolate to intermediate or transition
cases the result that sufficient dissymmetry quenches the orbital mag-
netic moment.

We have ostensibly assumed throughout that the atom of the iron
group loses all of its s electrons and cxists in a definite ionic form.
However, the quenching considerations based on symmetry clearly
apply equally well in the event of non-polar or ‘coordination’ bonds in
which these electrons are merely shared or even traded, provided only
that they are so grouped as to have zero resultant spin, thus leaving
only the d electrons not in closed configurations.

We have gone to considerable length to show that inter-atomic forces
can quench out the magnetic effect of the orbital angular momentum.
The question now arises as to why the spin is free and unquenched.
There is no difficulty in understanding that forces from other atoms do
not perturb the spin. The only inter-atomic forces which can have an
appreciable oricnting influence on the spin are the exchange forces
between paramagnetic atoms or ions, cited on p. 283. It was there
explained that the media studied in the present chapter are of sufficient
‘magnetic dilution’ to make this influence unimportant. We must,
however, show that the spin is free as regards the magnetic forces
which arise from within the atom and which are responsible for spin
multiplets. (Magnetic forces betwecn different atoms are, of course,
negligible.) These internal magnetic forces will not quench the spin
magnetic moment if the spin multiplet width in the ideal gas state is
small compared to the spacial separation defined on p. 290. To show
this let us take as an unperturbed system the atom without spin in
a powerful external asymmetrical electronic field such as is embodied
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in (2). Introduce as a perturbing potential the magnetic coupling
A'L-S 3)
between spin and orbit (cf. Eq. (84), Chap. VI. To avoid confusion
with coefficients in (2) a prime is attached to 4 in (3)). This case is, of
course, unlike the ordinary ideal gas one, as the orbital magnetic moment
has been already greatly distorted by the external potential (2) and no
longer has matrix elements of the form (88) or (89), Chap. VI. In fact
the quenching effect considered above has robbed L of all diagonal
matrix elements. By (24), Chap. VI, this means that to a first ap-
proximation in A’, the perturbing potential (3) has no effect on the
energy. When the second approximation (26), Chap. VI, is considered,
however, (3) causes energy displacements of the order of magnitude
A'%[hv,, as L, 8 are of the order unity. Here kv, is an expression of
the order of magnitude of the ‘spacial separation’, or of |A—B| Y a7,
assuming |A—B| < |4—C| < |B—C|. Thus the effect of the internal
magnetic coupling is of the order A'%/hv,,,, to be contrasted with the
order 4’ for free ions. The theory of Chapter VI1I, especially the remarks
on p. 193, show that the spin will make its full contribution (1) to the
susceptibility, provided that the work required to ‘turn over’ the spin
is small compared to k7. The only force interfering with the freedom
of orientation of the spin is the coupling arising from (3). Thus the

requirement is that 20 A2 < RT oy, @)

In the ions of the iron group with which we are concerned, the over-all
multiplet width ranges from about 4 x 102 (Ti++*) to 2 103cm.~1 (Cut+).
The corresponding values of A’ are roughly 1-6 X 10% to 0-8 X 103cm."".
Large departures from (1) (or more precisely from the Weiss formula
(6)) seem first to appear when 7' is reduced below about 70°K. (see
p. 304), or in terms of wave numbers when k7' is less than 50 em.-1.
Hence, for (4) to be satisfied down to this temperature, the spacial
separation must be of the order 10° to 10* cm.™, or 01 to 1 volt. This
requires fields of the order 107 to 10° volts/em., as x, y, z are of the
order 108, Fields of this magnitude are perhaps not unreasonable,
although they seem a bit high. In particular the higher estimatc of
1 volt is plausible only if the ions are intimately attached in complexes,

20 The inequality (4) must bo satisfied in order for the spin to bo free even if tho
quenching of the orbital angular momentum ensues not hecauso of complete dissym-
metry, but because a non-magnetic component might have the least energy when there
is more than rhomboidal symmetry. The incquality (4) is still nceded, as the non-
diagonal matrix elements of L, such as are involved in the second approximation to the
effect of (35, never vanish regardless of the amount of symmetry or of quenching.
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so that the inter-atomic forces are large. It is perhaps well to compare
(4) with the requirement that the spacial separation be large enough
to quench the orbital angular momentum, which is

hvgep > KT (5)
At room temperatures in the first half of the iron period the multiplets
are of the same order of magnitude as k7, so that fulfilment of (5)
ensures that of (4). At lower temperatures and in the second half where
multiplets are wider, (5) is a less severe condition than (4), as it only
demands spacial separations of the order 103cm.-1,

It is to be emphasized that our estimate by means of (4) and (5) of
the magnitude of the spacial separation required to quench the orbital
momentum and still leave the spin free is only a very crude one, and
may well be in error by a factor, say 10 to 102, If, for instance, one
used in the left side of (4) the ‘over-all multiplet width’ produced by
(3) in free ions, rather than the proportionality factor 4’, one would find
the spacial separation would have to be 1 to 10 volts, which seems
rather too high. However, we believe the estimate by using A’ comes
closer to the truth, as what counts is the differences rather than absolute
values of the energies of the various spacial spin quantizations produced
by (3). The differences may well be considerably smaller than the
absolute values. We must further caution that (4) and (5) cease to be
good approximations when the multiplet structure for free ions is not
small compared to (2), as then it is not allowable to treat (3) as a small
perturbation superposed on (2). Hence we must not rely too exactly
on (4) and (5) near the end of the group (Ni++, Cu'+) where the
multiplets are wider.

‘We must mention that even if the inequality (4) is not satisfied, the
spin can sometimes be at least in part free, as some degeneracy may
exist even in the secular problem connected with the superposition of
(8) on {2). Kramers?! shows that all states remain doubly degenerate
when there is an odd number of electrons. This is because the inner
quantum numbers for free ions are then half-integral, so that there is
a ‘Zweideutigkeit’ in the representation of rotational transformations
by group theory.?2 Even the persistence of this double degeneracy will
leave the spin only partly free, except in doublet spectra, where it is
very much freer than usual. Partial freedom of the spin when (4) is not
satisfied would not explain an accurate validity of (1), but might mean
that the departures from (1) are not very great even if the left side of

21 H. A. Kramers, Proc. Amsterdam Acad. 33, 959 (1930), especially § 2.
2 Cf. pp. 153ff. of Bethe’s first paper.
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(4) is somewhat greater than the right. The table on p. 304 shows that
CuS80,.5H,0 (an odd ion, 2D type) obeys Curie’s law closer than
NiSO,.7H,0 (even, 3F). This is a beautiful manifestation of Kramers’
degeneracy effect.

Bethe estimates that the spacial separation in crystals is of the order
250 cm.~! if caused by fourth-order terms in the Taylor’s expansion.
He informs the writer that this estimate should be increased by a factor
about 10 if the dissymmetries already appear in the second-order terms
such as (2). There is also a further increase by a factor Z? in the second-
order terms if the ions have a Z-fold rather than single ionization. The
size of the second-order terms then agrees well with our estimate from
(4), but Bethe supposes ionic crystals, and so for our purposes his
estimates ought to be lowercd if the units in solvents and hydrated
salts are primarily neutral rather than ionic. One would conjecture
that the dipole-fields from water molecules might be responsible for
part of the quenching in solutions. On the other hand, Bethe does not
consider clusters, which would raise the estimates. An obvious difficulty
occurs should Eq. (1) be found valid in crystals of sufficient symmetry
(c.g. cubic) so that the dissymmetry is occasioned only by the fourth-
order terms, as then one has only a spacial separation of the order
260Z%cm. 1,

Joos® has particularly emphasized in connexion with the problem
of magnetism that the colours of solutions containing ions of the iron
group must be associated with transitions between different energy-
levels of complexes, as these ions when free have no normal absorption
lines softer than 1300 A. If the characteristic colours are due to transi-
tions between different levels which we have ascribed to spacial separa-
tion, the latter must be about 2 or 3 volts, in good agreement with our
upper estimate from (4). There is sometimes good evidence that similar
associations are formed both in crystals and in solution, and this per-
haps explains why the susceptibilities also are often so similar. The
absorption spectra of cobalt compounds, for example, leads to the con-
clusion that both in solids and solutions the cobalt ion is associated
with four groups in the blue compounds and with six in the red.*

74. Further Discussion of Salts of the Iron Group
In the present section we shall cite a number of experimental facts
(@)—(k) which can for the most part be nicely correlated in a qualitative

2 3. Joos, Ann. der Physik, 81, 1076 (1926); 85, 641 (1928).
2 Quoted by Stoner from R, Hill and O. R. Howell, Phil. Mag. 48, 833 (1924).
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way with the theory just developed in § 73, and which seem to preclude
any other explanation of the susceptibilities of the iron salts. Probably
the only alternative that warrants any consideration is that the orbital
angular momentum is not fully quenched, but that the multiplet inter-
vals are greatly distorted in solution or solids, and the susceptibility
thus altered. However, a very serious objection to this alternative is
that some experimental susceptibilitics fall outside the limits for in-
finitely narrow or wide multiplets in the latter half of the iron group
(see table, § 72). The only escape would be the highly improbable sup-
position that in the solid or liquid state the multiplets become turned
‘upside down’ as compared to the gaseous state, and thus become
regular rather than inverted in the last half of the period. (To illustrate,
the limiting magneton number for Cu*+ for Av = co would then become
1-55, the value for an infinitely wide regular 2D multiplet; cf. Set+ in
table.)

Many of the points which we now give as favourable to Eq. (1) have
already been mentioned by Stoner,® though not with exactly our
quenching mechanism, and we have found the discussion in his paper
very helpful in writing the present section.

(a) Near Constancy of the Magneton Number in an Iso-electronic
Sequence. Reference to the table in § 72 shows that as we pass down
the sequence V++, Cr+++, Mn+ | ++ the magneton number should decrease
in the ideal gas state (cf. column ‘actual Av’). This is because the
multiplet width is increasing. On the other hand, the experimental
susceptibility for Mnt+ is apparently higher than for Crit+. Hence
all traces of the natural multiplet structure must be pretty well
quenched.

(b) Small Variations with Concentration. If the anomalies in suscepti-
bility were due to a fortuitous alteration (as distinct from quenching)
of the multiplet structure by inter-atomic forces, there should pre-
sumably be tremendous variations with the precise character of the
inter-atomic fields, and hence with the concentration, nature of solvent,
or nature of salt in solid compounds. There are some variations, but
they are usually comparatively small, at least relative to the discrepancy
between experiment and theory (‘actual Av’, p. 285) for free ions, as
reference to the upper and lower limits to the experimental values given
in the table of § 72 will show. Even the same salt may behave differently
according to its thermal treatment. The extensive investigations of
Chatillon® yield magneton numbers for the cobaltous ion ranging from

2 A. Chatillon, Annales de Physique, 9, 187 (1928).
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4-4 to 5:2. Birch 2 has measured the magnetic moment of the cupric
ion under no less than twenty different conditions (different solvents,
concentrations, solid compounds, and temperature intervals) and finds
the magneton number ranges from 1-8 to 2-0, so that the total variation
is 10 per cent.?” On the other hand, de Haas and Gorter?? have
recently found that solid CuSO,.5H,0 follows the Weiss-Curie law
(Eq. (6), p.- 303 ) almost perfectly even down to 14° K., with pey = 1-92
and with A only 0-70.

Variations of the order of magnitude of those mentioned in the pre-
ceding paragraph are understandable on the ground that the external
fields such as (2) may not be adequate to quench the orbital angular
momentum completely. Even if the inequality (5) is fulfilled, there is
always some residual cffect of the high-frequency elements which may
vary from one material to another. Also it is quite likely that the left
side of (4) is not entirely negligible compared to the right side, so that
the spin is not completely free. In some cases Eq. (1) is a remarkably
good quantitative approximation. For V+t++ V+++ V++ in solution
Freed® finds 1:745, 2760, and 3-805-3-855, respectively for the effective
Bohr magneton numbers, whercas the theoretical values predicted by
(1) arc 1-732, 2-828, and 3:873. Freed cven endeavours to distinguish
between vanadium ions which have attached an oxygen atom to them
and those which have not. Freed thinks his value given above for V4 +++
is probably really for VO++ rather than frec V++++, but that the other
values arc for free ions, except for water molecules of coordination.
The valuc quoted for V+++ was for the green variety. Freed suggests
that the brown variety involves really VO+ instead of V+++, but the
magneton number which he finds for it is 2-813-2-848, and thus in even
closer accord with (1) than for the green variety. If the V+++ion really
attaches itself to an O atom to form a diatomic ion, the latter must be
in a 32 state to explain the validity of (1). Perhaps the unusually good
agreement for the vanadium ions is because (4) is better fulfilled in the
first than second half of the iron period, as the multiplets are narrower.
Also reference to the table shows that the discrepancy between (1) and
the values ‘actual Ay’ is, rather fortuitously, unusually small for the
V ions, so that the susceptibility would be only slightly altered even if
the quenching is only partial, provided, however, the ions are mona-
tomic rather than diatomic. For this rcason Freed’s data on vanadium

26 Birch, J. de Physique, 9, 137 (1928).

27 For further comparisons of the magnoton numbers for the saine ion in different salts

see the table to be given in item (k).
27 W, J. do Haas and C. J. Gorter, Leiden Communications 210d.
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perhaps do not furnish quite as crucial a test of (1) as would equally
careful measurements on other ions,

(c) Experimental Values often Intermediate between (1) and Those for
Free Ions. This should, of course, be the case if the quenching is only
partial. Reference to the columns ‘spin free’, ‘actual Av’, and ‘experi-
ment’ in the table of § 72 shows that this is indeed usually the case,
especially in the last half of the period, where the divergence between
the values ‘spin free’ and ‘actual Av’ is greatest. Occasionally some of
the experimental values lie outside these limits, but not very far. As
the quenching condition (5) is better fulfilled at low temperatures, one
might expect the beginning of a transition from (1) to the values for
free ions to manifest itself as the temperature is raised. Stoner notes
that a limited amount of experimental data seems to reveal just this
situation. Theodorides 28 finds a magneton number 3-2 for Ni'+ in the
temperature interval 15-125° C., and 3-4 for 150-500°C., to be compared
with the values 2:83 and 5-56 given respectively by (1) and Laporte’s
theory for free ions.

(@) Experiments on the Gyromagnetic Effect. This is one of the most
satisfying arguments. Such experiments on rotation by magnetization,
or the converse, yield a g-factor approximately 2 2 when made as usual
on Fe, Ni, Co, or alloys thercof. Now 2 is just the g-factor characteristic
of the spin alone, and so is indicative that the orbital magnetic moment
is completely quenched. The usual experiments are, to be sure, made
on the ferromagnetic pure metals and alloys rather than the para-
magnetic salts now being studicd, but since ferromagnetism is a spin
phenomenon (§ 77) there can be but little doubt but that the quenching

3¢ Theodorides, Dissertation, Zurich, 1921; Comptes Rendus, 171, 948 (1920); J. de
Physique, 3, 1 (1922). Honda and Ishiwara find that the graph of 1]y against T' for
CuCl, is non-linear with the concave side of the curvature towards the 7' axis (Sci. Rep.
Tohoku Univ., vols. 3-4) and Birch finds a similar curvature for Cu80, between 10 and
537° C. This is the type of curvature to bo expected if the magneton number is boginning
to change from the ‘spin only’ value 1-73 to that 3-53 appropriate to froe ions. Birch
gives a magneton number 1-82 for CuCl, in solution from 0-40° and 2-0 from 40--85° C.
This difference gives, however, a rather exaggerated impression of tho amount of curva-
ture, as the magnoton number is taken by Birch to be proportional to [x. (T'+A)]i and
there are noarly compensating changes in A, which he gives as respectively —10 and + 65
in the two intervals. If the magneton number is taken proportional to (xT')t i.c., without
the Weiss modification in the Curio formula, it has nearly identical values, viz. 1-85 and
1-86 in these two intervals.

2 Tt is usually stated that gyromagnotic expoeriments yield a g-factor which is 2 within
the experimental error. However, the very careful recont work of 8. J. Barnett and
L. J. H. Barnett (J. Amer. Acad. 60, 127 (1925); Phys. Rev. 31, 1116 (1928) ) yiolds a
g-factor 1.87 for pure iron, quite definitely less than 2. This is doubtloss because the orbital
magnetic moment is not complotely quenched. The g-factor for a free Fei *+ ion is 2,
but that for Fot+ is 3/2, and both types of ions are perhaps present.
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on the orbital part is similar in both cases. Also particularly pleasing
is the fact that gyromagnetic experiments made instead very recently
by Sucksmith30 on a paramagnetic salt containing Cr*++ still reveal
a g-factor 2, in marked contrast to the agreement of his gyromagnetic
experiments on the rare earths with the theory for free ions (cf, § 60).

(e) Confirmation in Fet++ and Mn*+, These ions are in 8 states, so
that there are no questions of multiplet structure, and Eq. (1) gives the
same result as the theory for free ions. Hence the calculations should
hold more closely than usual. Now it is noteworthy that Mn++ does
indeed have a remarkably constant magneton number. In a careful
study of solutions of the chloride, sulphate, and nitrate, Cabrera 3 and
his collaborators have found in each case a number close to 5-92
independent of the concentration. On the other hand, a variation of
nearly 10 per cent. in the magneton number of the Fe++! ion is observed
when solutions of different concentrations or acid content are prepared.
Perhaps this variation is due to chemical effects, such as the attaching
of water molecules of coordination, or possibly, a suggestion made by
Stoner, a partial formation of diamagnetic complex ions.

(f) Complex Salts. Therc are many so-called complex salts in which
the ion of the iron group is known to be present only as one of the
constituents of a complicated radical.®? Very often such salts have
susceptibilities which can be approximately represented by (1) if S is
given the proper value. For instance, [Cu(NH,),(NO,),] and also other
similar complex cupric salts usually have magneton numbers somewhere
between 1-8 and 2-0; Cr(NH,)eI; and other chromie salts numbers from
3-4 to 3-8; and Ni(NH,)¢Br,, &c., numbers ranging from 2-6 to 3-2. These
values arc nearly the same, though usually somewhat higher than those
1-73, 3-87, and 2-83 given by (1) with § respectively 1/2, 3/2 and 1.
These are just the values of S for isolated Cu*+, Cr+++, and Ni++ ions,
and this suggests that the iron group ions often have a fairly indepen-
dent existence even in the complex salts. Hence in () we shall draw
freely on the temperature data for complex salts. Tn any case the
obvious interpretation is that the complex radical has a nearly free
resultant spin, and that any excess over (1) is due to an only partial
quenching of the orbital angular momentum.

There are, however, many complex salts, e.g. KMnO,, K,Cr,0,, many

30 W, Sucksmith, paper communicated to the British Association, 1930.

31 B, Cabrera and A. Duperier, J. de Physique, 6, 121 (1925).

32 For further discussion of complex salts see Stoner, Magnetism and Atomic Structure,

pp. 326 ff. ; Wolo and Baudisch, Nature, 116, 359, 606 (1925) ; S. Shaffer and N. W. Taylor,
J. Amer. Chem. Soc. 48, 843 (1926); Rosenbohm 3
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ferrous complex salts, and some sixty cobaltamines measured by Rosen-
bohm, which are either diamagnetic or only feebly paramagnetic. The
obvious explanation is that here the resultant spin of the complex ion
is zero. This is allowable, as in each case the latter contains an even
number of electrons. The spins of the individual constituent atom-ions,
in so far as they have an isolated existence, need not be zero, but only
the vector sum over the entire radical.

(g) Feeble Paramagnetism of Certain Salts. Some of the complex salts
cited in the preceding paragraph are feebly paramagnetic instead of
diamagnetic. For instance, after allowing for the residual diamagnetic
effects, Rosenbohm 33 finds that the molar susceptibility of the hexa-
mines, pentamines, tetramines, and triamines of cobalt are respectively
approximately 55x 10-8, 60 10-5, 73 10-6, 97X 10-6. The ordinary
paramagnetic susceptibilities which we have previously been treating
are of the order 10-2 or greater. It seems reasonable to attribute this
feeble paramagnetism to the residual effect of the high-frequency matrix
elements, or, in other words, to the fact that the quenching of the
orbital angular momentum is necessarily imperfect. This idea finds a
beautiful confirmation in the fact that such fecble paramagnetism is
usually found experimentally to be independent of the temperature,34
or nearly so, in accord with the general theorem of Chapter VII that
high-frequency matrix elements give a contribution to the susceptibility
which is independent of temperature. In this connexion the second
term of Eq. (11), Chap. X, and remarks relating thereto should be
consulted, as it was there found that the feeble paramagnetic term is
unavoidable when the molecule or ion contains more than one atom.

Ladenburg 3% has emphasized that certain ions which are in 18 states
when free sometimes seem to exhibit a small paramagnetism when in
compounds which is usually independent of temperature. For instance,
S¢,0,, Ti0,, V,05, CeO, all seem to exhibit paramagnetic susceptibilitics
(after allowance for diamagnetism) of the order 10-5 to 10~ per gramme
mol. independent of temperature, despite the fact that Sc3+, Tit+, V5t
and Ce*+ ions all have 18 configurations. Such mecasurements are neces-
sarily unprecise and difficult because of the smallness of the effect and
uncertain estimate of the diamagnetism, but seem quite definite for

33 Rosenbohm, Zeits. f. Phys. Chem. 93, 693 (1919).

34 See T. Ishiwara, Sci. Rep. Tohoku Univ. 3, 303 (1914) ; . Weiss and Mlle P. Collet,
Comptes Rendus, 178, 2147 (1924); 181, 1051 (1925); 182, 105 (1926) ; KFreed and Kasper,
J. Amer. Chem. Soc., 52, 4671 (1930). Freed oxplicitly mentions the agreement of his

observations on temperature variation with Kq. (11), Chap. X, or its equivalent.
% R. Ladenburg, Zeits. f. Phys. Chem. 126, 133 (1927).
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V5+ in view of the careful work of Weiss and Mlle Collet.?* Other con-
vincing data have recently been given by Freed.3* Such small residual
paramagnetism finds its explanation along the lines of the preceding
paragraph. Here the important thing to note is that in complicated
molecules the inter-atomic forces not merely quench most of the orbital
paramagnetism if the constituent atom-ions are not in 1§ states when
free, but can actually create a small paramagnetism if they are all in
18 states and hence diamagnetic when isolated from each other. This
is because the square of the orbital angular momentum never vanishes
(and hence cannot be S(S84-1) with S = 0) when there is more than one
nuclear centre, as explained in § 69.

(k) Approximate Conformance of Temperature Variation to the Weiss
Law. It is a remarkable and illuminating fact that the temperature
variations of the susceptibilities of most salts involving the iron group
are represented rather well down to a certain critical temperature by
the so-called Weiss formula,

_ ¢

X= T—ﬁ’
in which Curie’s law is generalized by addition of the constant A to
the denominator. In view of (1) the approximate value of the constant
C'is usually 4NB2S(8-+-1)/3k. Whole pages could be devoted to recording
the values of C and A reported by different investigators, not always
in overly good accord with each other.® We shall content ourselves by
giving in the following table some of the measurements made by Jackson
and others at Leiden,® as the Leiden data usually extend to lower
temperatures than elsewhere, and so furnish a more crucial test of (6),
usually revealing the temperature below which (6) fails.3® Instead of

(6)

36 For an excellont survey of the different experimental determinations and references,
see Stouner, Magnetism and Atomic Structure, pp. 127, 132-7, 144-9, or Cabrera, l.c.5

37 The measurements for the nickel and cobalt salts (except chlorides) given in the
table are by Jackson, Leiden Communications 163, or Phil. T'rans. Roy. Soc. 224, 1
(1923). The values for the forrous salts are as quoted and calculated by Jackson from
earlier Leiden work. The papers on the chlorides are cited in notes 42 and 44 below. The
results on the ferric and manganous salts are taken from a variety of the Leiden papers
(Communications 129b, 132e, 139e, 168b) mostly by Onues and Oosterhuis. For Cut+
see rof, 27a. The determination for Cry(S04);KgS0, . 24H,0 is by de Haas and Gorter,
Leiden Communications 208c.

38 In the early days of the old quantum theory several attompts were made to explain
the deviations from Curie’s law at low temperatures as found at Leiden, by quantizing
the rotation of a free diatomic molecule. See, for instance, F. Reiche, Ann. der Physik,
54, 401 (1917); S. Rotszajn, ibid. 57, 81 (1918). These attempts do not seem to have any
physical significance, as an ionic crystal surely does not consist of such freely rotating

moloculos.
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giving the Curie constant C, we give in each case the effective Bohr
magneton number defined by p.p = (3kC/NB2)%,

A Het A Petr
MnSO, . . . . 24 583 MnSO, . 4H,0 . . 0 5-87
Fey(SO4); . . . 8l . . ..
FeSO, . . . .31 516 ¥eSO, . TH,0 . . 1 5-22
CoSO, . . . . 4b 5-09 CoS0,.TH,0 . . 14 5-05
NiSO, . . . . 79 321 NiSO,.7H,0 . . —59 205
CuSO, . 53H,0 . . 0-7* 191
Cry(SO)K,S0, . 24H,0 . —0-2% 383 e, . . . —326 361
MnSO,(NH,),S0, . 6H,0. 0% 589 MnC, . . . 0 56l
Foa(S04)s(NH,),80, . 24H,0 0% 584 s ..
FoSO,(NH,),S0, . 6H,0 3% 5565 FoCl, . . . —20 -
CoSO,(NH,),80, . 6H,0 . 22 500 CoCl, . . . —33 503
NiSO,(NH,),80, . 6H,0 . 4 321 Nio, . . . —61 317

As a rule the values of A given in the table are found when substituted
in (6) to yield a formula which represents the experimental data fairly
well down to about 65-135° K. Below this critical region of temperatures
Eq. (6) usually ceases to be valid, and the cryomagnetic anomalies
discussed below begin to set in. In a few cases, however, Eq. (6) with
the constants as given in the table is found to hold quite well down to
the lowest temperature investigated (usually about 14°K.). These cases
are indicated by asterisks in the table.3?

As regards the theoretical interpretation of A, it is quite clear that
it is not usually an atomic property, but is due primarily to distortions
by inter-atomic forces. This is shown, for one thing, by the fact that
A varies so much with the compound in which a paramagnetic ion of
given valence occurs, in marked contrast to the comparative constancy
of the magneton number p,y. Chlorides, for instance, usually yield a
negative A, and sulphates a positive one. As a rule the values of A are
lower in compounds of high ‘magnetic dilution’, such as the hydrated
sulphates and amono-sulphates in the table. Heisenberg’s theory, which
we shall discuss in Chapter X1II, shows that the exchange forces between
paramagnetic atoms or ions have the effect of adding a constant A to
the denominator of the usual Curie formulae, thus yielding an expres-
sion of the desired form (6). We have, however, already mentioned
that the cxchange forces probably play only a subordinate effect in the
ordinary salts, and if all of A is due to the exchange effect, then A
should vanish when the magnetic dilution is high. Reference to the
table, on the other hand, shows that A is still appreciably different

3 In tho cases of MnSQ,, MnSO,.4H,0, FeSO,.TH,0, and NiSO,(NH,),S0, . 6H,0,
the doviations from (6) at low temperatures are, however, considerably loss pronounced
than for the other salts not designated by asterisks in the table.
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from zero even for some of the highly hydrated salts. One therefore is
probably safe in attributing only a part of A to the exchange effect,
and the balance to distortion effects involving the orbital angular
momentum, probably because the inequalities (4¢) and (5) are not ful-
filled with any great precision, although the requisite mathematical
theory has not yet been developed to show that the temperature
dependence is of the form (6).4°

This view that A is often due mainly to the influence of orbital angular
momentum finds support in the fact that A is usually smaller in the
manganous and ferric than in most other salts. The Mn++ and Fet+++
ions are in S states and hence devoid of orbital angular momentum.
Hence, only the part of A arising from the exchange effect should still
remain, and this dishppears at infinite magnetic dilution. This is in
beautiful accord with the fact that A is zero for MnSO,(NH,),S0, . 6H,0
and Fe,(S0,);(NH,),S80,.24H,0 within the experimental error. The
latter of these (alum), with its 24 water molecules, of course represents
an unusually high degree of magnetic dilution. Furthermore, for these
two salts Curie’s law holds right down to the temperature of liquid
hydrogen, without the usual irregularities setting in at about 70°K.
We can, so to speak, say that in the salts of the iron group the orbital
magnetic moment and all traces of gaseous multiplet structure are
pretty well exterminated, manifesting themselves only indirectly in A
and in irregularities only at very low temperatures. In Mn++and Fe+++
there are no multiplets to exterminate, and this is reflected in the closer
applicability of Curie’s law than for other ions, except possibly Cut+.

The data on A which we have previously quoted have been for solids.

40 Without a detailed calculation it can boe predicted that tho theoretical oxprossion for
the susceptibility can be developed in a series of the form y = %4— % + g,% ... when

we consider corrections to (1) resulting from the fact that the left sido of (4) is not negligible
compared to tho right side, but at the sane time negloct any error resulting from the fact
that tho condition (5) may not be well fulfilled. This development is the same as (6) to
terms of the order T2 if we take A = —a,[C. It is not clear without lengthy computa-
tions of a,, as whother or not this development and that obtained by expansion of (6)
differ appreciably in the terms of order 7, T4, &c., also how much tho development is
spoiled because (5) is never ideally fulfilled.

In this connexion we may mention that a development of the susceptibility in descend-
ing powors of T is likewiso obtained in the thoory of Cabrera and Palacios, An. Soc. esp.
Fis. Quim. 24, 297 (1926). They also have the iden that part of the suscoptibility of the
free ion is suppressed by inter-atomic forces, but in our opinion tho numerical values of
the coefficients in their series devclopment are in error because they overlook the fact
that the socond- as well as first-order Zeeman torms contribute to the Curio term of the
susceptibility whon the frequencies in the perturbation denominators are small compared
to kT /h.

3595.3 X
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The experimental data on A in solutions are rather hard to analyse,
as there are complicated variations of A with acid content, with the
temperature interval (indicating that here (6) is really not a good
formula), &c. Generally speaking, A changes but slowly with con-
centration, and does not vanish at infinite dilution. This is theoretically
comprehensible if there are certain clusters or complexes which main-
tain their existence at any dilution. The fact that the value of A
depends somewhat on the nature of the negative radical of the dissolved
salt indicates that the cluster apparently sometimes has a more com-
plicated structure than Fet+t.nH,0, &c. Cabrera and Duperier #* find
that A is about —23 to —28 for aqueous solutions of manganous salts.
This is rather puzzling, as the Mn*+ ion is in a 88 state when free, and
hence should presumably be affected but little by the surrounding
molecules of hydration. In our opinion the data on hydrated solid salts
furnish a more reliable and more easily analysed test of the theory than
do the measurements on solutions. In particular, the determinations of
A in solutions are often based on such restricted temperature intervals
that they lack much significance (cf. end of note 28).

1t is to be understood that (6) is not claimed to be an entirely accurate
representation of the temperature variation even at room temperatures
and higher. Instead A must itself be regarded as a slowly varying func-
tion of the temperature, in line with the transition effects mentioned
at the end of item (¢). One fact, however, stands out sharply, namely,
that the large departures from Curie’s law do not appear experimentally
in the first half of the iron group which should appear theoretically in
the ideal free or gaseous state because the multiplets are comparable
to kT. Reference to the table on p. 285 shows that in the upper half
of this table the effective magneton numbers for the free state calculated
for ‘Av= 00" or T'=0 are quite different from those calculated for
‘actual Av’ or ordinary temperatures. One can, for instance, calculate
the following effective magneton numbers for free Cr+++ and Cr++ at
various temperatures.

T= 0 20 50 80 150 293 400° K.
Or'* ¥ pgg == 078 0-95 118 1-44 2-04 2.97 3-37
Ort! gy = 0 174 2.52 2-90 3-51 425 4.55

Analogous departures from Curie’s law in the free state do not come
in question in the second half of the iron period, as herc the inversion
of the multiplets makes the intervals between the lowest components

41 B, Cabrera and A. Duperier, J. de Physique 6, 121 (1925). For further information
on the values of A for solutions seoc Cabrera’s articlo in the report of the 1930 Solvay
Congress, also Stoner, Magnetism and Atomic Structure, p. 127.
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large compared to k7. Unfortunately there is a dearth of data, especially
at low temperatures, on the temperature behaviour of the moments of
the ions in the first half. In particular, no adequate temperature data
are available for Cr++ and Mn+++, which resemble Eu+++ inasmuch as
the free magneton number drops to zero at 7' = 0. However, Woltjer 42
finds that CrCl, obeys the formula y = NB%(3:61)2/3k(T —32-5) down to
about 136°K. The susceptibility thus increases more rapidly with de-
creasing temperature than according to Curie’s law, whereas we have
seen above that the effective magneton number of the free Crtt+ jon
instead diminishes with decreasing temperature, giving a departure from
Curie’s law in the opposite direction. This difference shows vividly how
‘un-gas-like’ are conditions in salts of the iron group, in marked contrast
to the rare earths. De Haas and Gorter find Cry(SO,),K,S0,.24H,0
follows Curie’s law almost perfectly down even to 14°K. Turning to
measurements at somewhat higher temperatures, Honda and Ishiwara 43
find that CrCly, Cry(S0,);, and Cr,0;.7H,0 all approximately obey
Curie’s law throughout the entirc temperature range about 100-800° K
they studied, barring oxidation effects at high temperatures and
Weiss A-corrections important only at low temperatures. This is in
accord with the theory of § 73, whereby the quenching effect cffaces
the multiplet structure, and yields Eq. (1), thus restoring Curie’s law.

Cryomagnetic Anomalies. We have already mentioned that (6) fails
below a cortain critical temperature, usually about 70°K. This is at
least in part understandable on the ground that the inequality (4) is
less apt to be fulfilled at low temperatures, so that the coupling between
spin and orbit becomes more important. Usually below the critical
temperature the susceptibility increases less rapidly with decreasing
temperature than predicted by (6), which is just what we should expect
if the spin ceases to be free.

At very low temperatures more anomalies than merely departure
from the simple temperature variation (6) sometimes manifest them-
selves. It is found that at the temperatures of liquid hydrogen the
susceptibilities of CoCl,, CrCl;, FeCl,, and NiCl,, also Fe,(SO,),, are all

42 H. R. Woltjer, Leiden Communications 173b.

43 7. Ishiwara, Sci. Rep. T'ohoku Univ. 3, 303 (1914); Honda and Ishiwara, ibid. 4,
215 (1915). They find that the susceptibility of Cr,0, decreases only very slowly as the
temperature is raised, in marked contrast to CrCl; or CryO3. 7TH,;O. The meaning of this
is not clear. The departure from Curio’s law for Cry0; are, to be sure, in the same direc-
tion as for the free Cr! ! ion, but it is hard to believe that in the oxide the Crt ++ ion
is more free than elsewhere, although it is conceivable that thero is different crystalline

symmetry in the other salts. In general, the behaviour in the vicinity of 1000° K. is very
irregular for the different chromic salts presumably because of chemical offects.

X2
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dependent on the field strength H, in some cases increasing (NiCl,,
CoCl,), in others decreasing (CrCly) or even increasing and then de-
creasing (FeCl,) as the field strength is increased.# One has here a sort
of incipient ferromagnetism, but not true ferromagnetism, in that there
is no saturation or enormously high susceptibility. The explanation is
probably that the exchange forces between magnetic ions, which
Heisenberg shows can create ferromagnetism, may be vital at very low
temperatures even though not at higher ones, as the importance of
interaction energies is always gauged by comparing them with k7'. This
seems plausible since the chlorides have less magnetic dilution than
many salts, so that exchange forces may be relatively more important
than in the others.

We must not give the impression that all compounds of atoms of the
iron group with atoms not belonging to this group are not ferromagnetic
except possibly at very low temperatures. Ishiwara,® for instance, finds
thab certain nitrides of Mn are ferromagnetic above room temperatures.
The forces tending to create ferromagnetism are thus here stronger than
in the chlorides; possibly this has something to do with the fact that the
normal state of the N atom is a quartet state. Pyrrhotite (approxi-
mately Fe,S;), magnetite (Fe;0,), haematite (Fe,0;), and the Heusler
alloys are well-known examples of ferromagnetic compounds consisting
only in part of atoms of the iron group. Generally speaking, the sul-
phides and oxides of this group, even when merely para- rather than
ferromagnetic, often do not conform at all to Eq. (1) (cf. note 43). This
is in marked contrast to the rare earths, where the oxides behave ncarly
as regularly as hydrated sulphates (§ 58). Oxides have less magnetic
dilution and more symmetric and simple crystal structures than salts
composed of a variety of atoms, so that we need not be surprised that
they often do not obey Eq. (1).

It may be noted that Williams ¢ finds that at room temperatures the
pure rare earth metals, in distinction to the salts thereof, exhibit sus-
ceptibilities dependent on field strength. This is probably the same
sort of phenomenon as that of the chlorides of the iron group at low
temperatures, as a true state of intense ferromagnetism has not been
reached but yet y depends on H. That pure rare earths are thus less
ferromagnetic than pure iron is doubtless because the deep sequestering

4 Woltjer and Onnes, Leiden Communications 173; Woltjer and Wiersma, bid.
201a. The dependence on field strength at low temporatures was first observed in ferric
sulphate by Onnes and Qosterhuis, ¢bid. 129b.

45 T, Ishiwara, Sci. Rep. T'ohoku Univ. 5, 63 (1916).

¢ E. H. Williams, Phys. Rev. 29, 218 (1927).
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of the 4f orbits makes the inter-atomic exchange forces smaller than in
the iron group.

Crystalline Dissymmetries. The data which we have previously quoted
have been for powders or other preparations in which the various
crystalline axes cannot be isolated. In a few cases it has been found
possible to use single crystals and so measure susceptibilities along the
different crystal axes. Different salts behave quite differently. (We, of
course, discuss primarily only paramagnetic crystals; ferromagnetic are
much more complicated.) Three distinct cases which arise are:

(I) Magnetically isotropic crystals. Asan example, gadolinium ethyl
sulphate 97 is found to obey Curie’s law with the same constant for all
three axes to within one part in a thousand.

(II) Crystals in which the constant C in (6) is the same for the
different axes, but the constant A is different. As an example, Jackson 48
finds that CoSO,(NH,),S80,.6H,0 has A =9-8, 52, 15 respectively for
various axes. Usually, though not invariably, the magnitude of A is
least along the axes along which the atoms are spaced most sparsely,
in accord with the general proposition enunciated by Onnes and
Oosterhuis that A decreases when the ‘magnetic dilution’ becomes
greater. This is in qualitative agreement with our interpretation of A
as due to inter-atomic forces, although a quantitative theory for crystals
is wanting.

(TII ?) Crystals in which the Curie constant C has different values for the princi-
pal axes. Jackson and de Haas' report that in MnSO(NH,);S0, . 6H,0 the
effective Bohr magneton numbers are 6:9, 5-9, and 4-6 for the three principal axes.
As regards theory, the analysis of Chapter VII will yield Curie’s law with different
constants for the different axes if one abandons the isotropy relations given on
p. 193, Chapter VII, and instead makes the supposition that the effect of the
quantuin number 2 on the energy is large compared to kT. Then only the
diagonal clements of the moment matrix contribute appreciably to the sus-
coptibility. This, however, would involve cuenching most of the susceptibility
of the freo ion, and seems irroconcilible with the fact that Jackson and Onnes find
that the mean susceptibility for all threo axes has the same value as for the free
ion. An even greater difficulty is that it is hard to imagine appreciable forces
causing magnetic dissymmetry when the ions are in § states, as are those of Mn*+,
Furthermore, according to the measurements of Rabi,*** the magnetic anisotropy
of MnSO,(NH,)yS0,. 6H,0 at room temperature does not oxceed one per cent.,
which is convincing evidence that the constant C does not really depend much
on the axis. It is thorefore noteworthy that very recently K. 8 Krishnan 4

47 Jackson and Onnes, Leiden Communications 168a (1923).

48 T,. C. Jackson, Leiden Communications 163; Phil. Trans. Roy. Soc. 224, 1 (1923);
226, 107 (1926). 49 Jackson and de Haas, Leiden Communications 187.

waT_T. Rabi, Phys. Rev. 29, 174 (1927).

#bK. 8. Krishnan, Zeits. f. Physik, 71, 137 (1931).
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claims to have found a computational error in the paper of Jackson and de Haas,
and states that when proper corrections are made the dissymmetry proves to be
of the usual type I1.%

One would expect the magnetic dissymmetries in crystals to be due
primarily to distortion effects involving the orbital angular momentum
at least indirectly. The magnetic moment may well arise almost entirely
from the spin magnetic moment and the anisotropy be in conjunction
with the coupling of orbital and spin magnetic moment within a given
atom. This coupling may have some disturbing effect because the left
side of (4) is not negligible compared to the right, and necd not be
isotropic when the orbital angular momentum is exposed to an external
field. The anisotropy of the crystal then makes itself felt directly on
the orbital angular momentum, and hence indirectly on the spin. The
beginnings of a theory based on this idea may be detected in interesting
recent work by Powell,®! though primarily in connexion with ferro-
rather than paramagnetism. He subjects the spin to a Weiss molecular
field having the same symmetry as the crystal. This may be regarded
as a crude portrayal of the fact that the coupling (3) of spin and orbit
will indirectly subject the spin to forces having the same type of sym-
metry as the crystal if the orbit is itself first quenched by the crystalline
fields associated with (2). Powell’s model is, of course, merely a sub-
stitute for the real dynamics connected with (2) and (3), but he shows
that it can account quite nicely for certain crystalline dissymmetries
in the magnetization curves of iron and nickel.

It should be particularly noted that the exchange forces between
atoms, which create effectively a coupling between spins, do not create
any magnetic anisotropy in the crystal. This is one of the consequences
of Heisenberg’s theory of ferromagnetism (§ 77) and is onc of our main
reasons for attributing the anisotropics to effects involving the orbital
angular momentum.

This idea that orbital distortions cause most of the magnetic aniso-
tropy scems to be nicely confirmed by the almost perfect magnetic
isotropy of crystals of gadolinium ethyl sulphate. The Gd+!+ ion is in
a 8S state and so has none of the complications coming from orbital
angular momentum. Also, Rabi%®® finds manganous salts much more

50 Besides the measurements on cobalt ammonium sulphate quoted above, Jackson
measured the three principal susceptibilities of NiSO, . 7TH,0, while Foex had previously
measured those of siderose. (Annales de Physique, 16, 174 (1921). In each case tho dis-
symmetry was found to be of the type IT rather than III.

5t ¥. C. Powell, Proc. Roy. Soc. 1304, 167 (1930). Fowler and Powell, Proc. Camb.
Phil. Soc. 27, 280 (1931).
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isotropic magnetically than nickel, cobalt, or ferrous ones. This is
what one would expect since the Mn+*+ ion is in a ¢S state.

Even without coupling to the orbits, there can be some slight aniso-
tropy in the part of the susceptibility coming from the spin because
of the purely magnetic forces between the spins of different atoms. By
a classical calculation, whose results no doubt hold in quantum
mechanics, Becker 52 has shown that no anisotropy arises from this
cause as long as the crystal is cubic. Also, Kramers % has shown that
even in an S state a fine multiplet structure, interfering somewhat with
the freedom of the spin, comes into existence as soon as the atom is
subject to a non-central field. Both these potential causes of magnetic
anisotropy are second-order effects, as magnetic forces between different
atoms are small, and as the Kramers fine structure effect is very narrow.
However, there are reasons for believing that erystalline dissymmetries
in magnetization are themselves a secondary thing in origin.

75. The Palladium, Platinum, and Uranium Groups

Here respectively 4d, 5d, and 6d inner shells are in process of develop-
ment. The structural situation is thus like that in the iron group in
that the incomplete shell is one of d electrons, with a capacity of ten.
The table on p. 312 sets forth the available experimental data, in
comparison with the theory for free ions, and with the assumption that
the spin only is effective, which was found so fruitful in the iron group.
We include as ions illustrative of the various configurations only the
smattering assortment with various valencies, for which experimental
data are available. The salts employed by Cabrera,’ by Bose,% and by
juthric and Bourland 5 are the ordinary anhydrous chlorides, except
that the values in parentheses are for oxides, and except for the values
by Bose to which asterisks are attached. The latter arc respectively for
KTaF,, Th(CO,),, K,W(OH)CL;;, U(C,0,),, KsMoClg. 12H,0, K;W,Cl,,
2IrCl, . 3H,0. Thus the values designated by asterisks usually represent
measurements on more complex salts of more magnetic dilution than
the other data. The value for Mo+ (M0O,) is by Berkman and Zoeller 57
52 R. Becker, Zeits. f. Physik, 62, 253 (1930); related other work by G. 8. Mahajani,
Phil. T'rans. Roy. Soc. 228, 63 (1929); N. 8. Akulov, Zeits. f. Physik, 52, 389 ; 54, 582;
57, 249; 59, 254; 64, 559, 817 (1930); L. W. McKeehan, Rev. Mod. Phys. 2, 477 (1930);
Nature, 126, 952 (1930). 53 H. A. Kramers, Zeits. f. Physik, 53, 422 (1929).
54 B. Cabrora, Atti del Congresso (Como) Internazionale dei Fisici, i. 95 (1927).
55 D. M. Bose, ibid. p. 119, or Zeits. f. Physik, 48, 716 (1928). Besides the data given
in the table, he finds a magneton number of 3-71 for Mo+ in Mo(SCN)g(NHj), . 4H,0.

5 A. N. Guthrie and L. T. Bourland, Phys. Rev. 37, 303 (1931)
57 8. Berkman and H. Zoeller, Zeits. f. Phys. Chem. 124, 318 (1927).
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Ion Theoretical poy Experimental oy
Guthrie
Free | Spin &
Term. | Pd.Gr. | Pt.Gr.|Ur.Gr.| Ion | only |Cabrera®™ | Bose®® | Bourl.5®
18 .. TaSt | Th'* | 00 | 00 .. diam.* .
42Dy .. .. .. 1-55 1-73 .. .. ..
Mot .. .. | 163 283 | (02 ..
AR, .. Wit .o 1-63 2-83 .. 1-8*
.. .. Ut 1-63 2:83 .. 2-4%
. Mot++ .. .. o1 | 387 . 3-6%
of2 .. wiikl . | 077 | 387 . 0.4%
d**D, |Rutt't| .. .. oo | 490 .. .. (06)
Rut+i .. .. 592 5-92 2:1 0-3 1-8
d°¢s .. Qsttt .. 592 | 592 .. diam. ..
.. Irt* .. | 592 | 592 . 19 (0-7)
Rht+F .. .. 670 | 4-90 0-3 0-4 (0-4)
455D .. Ost+ .. 670 | 490 | 04 .. ..
4 .. Ipt++ .. 670 | 490 | 03 0-5% diam.
.. Pt .. .. .. .. diam. | diam.
&' Fyp, . .. .. | 664 | 387 .. ..
a3p, Pd+t .. .. 5-59 2-83 | 0-1 diam.
.. Pttt .. 559 | 2-83 diam, diam.
@Dy, .. .. .. | 355 173

rather than Cabrera. In connexion with the measurements on ox1dcs,
we must remember that even in the iron group the oxides often had
a different and more complicated behaviour than the ordinary salts.
Consequently data on oxides can scarcely furnish a crucial test of the
theory.

The column headed ‘spin only’ gives the magneton numbers yielded
by Eq. (1), while the theoretical values for free ions have been calculated
under the assumption that the multiplets are infinitely wide compared
to kT, permitting the use of Eq. (10), Chap. IX, with a=0. This is
legitimate since in the Pd, Pt, and U groups the multiplets are much
wider than in the iron group.5®

The agrecment between the mecasurements of Cabrera and Bose is

% X.ray data show that the screening constant for the multiplets involved in the Pd
group is about 24. This shows that the multiplets are here roughly about 6 times as wide
as in the iron group, so that Mo+++ and Ru*+++ should have about the same magneton
numbers at room temperatures as Cr+! F and Crt+ respectively at 50° K. Reforence to
the table on p. 306 shows that the theoretical values for Mo!++ and Ru¢' thus bocome
approximately 1:2 and 26 when the corrections for finito multiplet width are considered.
This value for Mo*++ is not enough greater than that for Ay = o to shed much light
on the glaring general discropancy between theory and experiment, whilo in the case of
Rut +++ experimental data are available only for the oxide. The corresponding change
in the Pt and U groups is even less important, as the multiplets are still greater. The
correction for finite multiplet width would be significant if adequate measurements were
available for the d* configuration, which is much thoe most sensitive to this correction.
In configurations other than d? and d4 this correction becomes of subordinate importanco.
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none too good,® but the data are adequate to show that the magnetio
behaviour of the Pd, Pt, and U groups is exceedingly complicated, and
that here the susceptibilities do not conform except in isolated instances
either to the theory for free ions so successful in the rare earths, or to
the ‘spin only’ theory characteristic of the iron group. This is the exact
opposite of the frequent conjectures made before the recent experiments
that the heavier atoms with incomplete 3d configurations would be
more amenable to theory than the iron group because the multiplet
structures are wider and hence less easily distorted.

An outstanding characteristic revealed by the table is the very low
experimental susceptibilities, especially in the second half of the period.
One naturally seeks to explain this on the ground that the ‘internal
magnetic’ coupling (3) is stronger than the inter-atomic forces respon-
sible for the spacial separation, so that an inner quantum number J
can still be employed even in the presence of (2). One can then show
that the spacial separation will tend to quench the total angular
momentum rather than just the orbital part, for it is now necessary to
treat the perturbations in the order (3) followed by (2) rather than (2)
by (3), and so the argument used in § 73 to demonstrate quenching of
orbital angular momentum now demonstrates quenching of the total
angular momentum. Kven should (3) not be larger than (2), it is quite
possible that the inequality (4) is not satisfied, so that the spin is not
free and the susceptibility is hence low. On this view that the spacial
separation should leave the multiplet structure intact in heavier atoms
one would expect the theory for free ions to be more nearly applicable
than the assumption that the spin only is free. This is supported by
the fact that the susceptibilities of Rut+, W+++, and W4+ conform much
more closely to the values calculated for ‘free ions’ than for ‘spin only’,
but the latter assumption seems to succeed better in Mo+++ and U4+,

A probably insuperable objection to the explanation attempted in the
preceding paragraph is that abnormally low susceptibilitics are observed
for Ru'++, Os+++, and Ir4+, despite the fact that these ions are in &S
states. This is in marked contrast to the close conformity to theory
of the analogous Fe+++, Mn*+ ions in the middle of the iron group. In
S states it is, of course, no longer possible to impute the quenching of
magnetic moment to ordinary (i.e. non-exchange) inter-atomic forces

5 Perhaps a little of the discrepancy is due to differont assumptions concerning the
corrections for diamagnetism which are omitted in some cases. The latter become of
course, relatively more important when the effective magneton numbers are as small as

they are for many of the salts in the table. However, the diamagnetic corrections are
inadoquate to shed any light on the discrepancies between theory and experiment.
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which act upon the orbital angular momentum and hence indirectly on
the spin if the multiplets are wide. Three possibilities seem to present
themselves: (a) that the Hund theory of spectral terms is inapplicable
and that the lowest-lying term for d® is here not an S one; (5) that the
exchange forces between paramagnetic atoms are sufficiently large to
quench the spin after the fashion to be explained in § 80; (c) that the
ions do not exist in monatomic form, but instead form complexes or
molecule-ions of zero resultant spin, possibly through electron-sharing,
or something of the kind, so that one might have, e.g. W, instead of
W ions. Alternative (@) does not seem likely, although some slight
anomalies in the position of spectral terms have been found in the Pd
and Pt groups.®® Cases (b) and (c) resemble each other in that both
suppose that the exchange forces tend to create units of zero resultant
spin, in one case micro-crystalline, the other molecular. If (b) is correct
the anomalies should disappear if the ‘magnetic dilution’ is increased
by adding more water molecules of hydration, or otherwise, while in
(c) the anomalies should still persist when this is done, as the molecular
units still remain. (This difference is really the definition of the distine-
tion between (b) and (c).) Measurements for Rut++, Os*+*, Ir4+ in salts
of different degrees of magnetic dilution would thus be of considerable
interest, as in the anhydrous chlorides so far employed the density of
paramagnetic atoms is probably sufficiently high so as not to preclude
the explanation (b). However, (c) seems more probable, as the possi-
bility of molecular units is cited by both Cabrera and Bose. Cabrera
notes that Werner and Pfeiffer have remarked that there is considerable
physical-chemical evidence that the halides of Fe, Co, Ni are true salts
that can be dissociated clectrolytically, but that in those of Ru, Rh, Pd
and of Os, Ir, Pt the atomic clustering effects seem to be predominant,
and it is questionable whether their halides are truly saline in nature.

It will be noted that in the iron group as well as in the groups now
under consideration the ideal theory for free ions seems to apply some-
what better in the first than in the second half of the period. This
seems reasonable, as the inter-atomic perturbing forces may well in-
crease with the number of electrons in the incomplete group.

One point at least stands out clearly. When none of the simple
formulae are obeyed, Curic’s law should not be followed, and Cabrera
does indeed find complicated temperature variations for the salts of tho

% Cf. Hund, Linienspekiren, diagram p. 166. Tho peculiarities are found in the arc
spectra, and are presumably much less likely to occur in the doubly and triply enhanced
spectra.
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Pd and Pt groups which he has studied. In general, the graph of 1/y
against 7' is curved rather than linear as given by (1) or (6). Usually
the susceptibility decreases somewhat as the temperature is increased,
but in one case (PdCl,) it actually increases. The susceptibilities of
RhCl,, IrCl,, OsCl, are nearly independent of temperature, suggesting
immediately the predominance of ‘high-frequency elements’. On the
other hand, Guthrie and Bourland find that RuCl, follows Curie’s law
with A == 37.

Further experimental data on the different salts of the Pd and Pt
groups are greatly to be desired. Without them further discussion
would be too speculative.



XII

HEISENBERG’S THEORY OF FERROMAGNETISM.
FURTHER TOPICS IN SOLIDS

76. The Heisenberg Exchange Effect
An outstanding characteristic feature of the new quantum mechanics
is the so-called ‘Austausch’ or exchange effect, first discovered by
Heisenberg.! It is concerned with the degeneracy associated with the
possibility of two electrons trading places, and is best explained by
considering first a system with only two electrons and with neglect of
spin. First suppose that the electrons do not influence each other and
that they are subject to fields derived from similar potential functions,
so that the Schrodinger wave equation is

VYAV Ve g0m) Vg m)]¥ =0, (1)

A solution of this equation is

\FI = ‘P;c(xb Y zl)ly;n(xz’ Ya» 52)’ We= IVI‘:‘{_IV;N’ (2)
where ¥, ¥, are solutions of the Schrodinger equation for a single
electron subject to a potential ¥, as in the absence of interaction it is,
of course, possible to consider each clectron separately rather than
together as in (1). We shall suppose the wave functions ¥}, 'V, are real,
orthogonal, and normalized to unity.? The physical interpretation of
solution (2) is that electron 1 is in the state £ and electron 2 in the
state m (not necessarily states belonging to the same atom). This solu-
tion is, however, not the only one belonging to the energy W,-+W,,.
An alternative solution is clearly

‘PII = lIfk(xz’ Y2 ze)‘lj;n(‘vl’ Yo zl)’ W= u’k'I'Wm’ (3)
in which the electrons have traded places as compared to (2). More
generally, any linear combination of (2) and (3) is a solution. The
question now arises as to what is the proper combination to use when
the degeneracy of interchange is removed by adding to the potential
energy in (1) a potential energy V,, of interaction betwcen the two

1 W. Heisonberg, Zeits. f. Physik, 38, 411 (1926). The same effect, was also discovered
almost simultaneously by Dirac, Proc. Roy. Soc. 1124, 661 (1926).

2 The restriction to real solutions involves no ossential loss of generality for our pur-
poses, and avoids the necossity of introducing complox cocfficients in equations such as
(4) or for distinguishing between J;, and Jy;. The requirement of orthogonality is usually
not met in the important case that k, m relate to differont atoms, but the rosulting error

is not great if the wave functions of the different atoms do not overlap too much (cf.
Heitler and London, Zeits. f. Physik, 44, 455 (1927)).
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electrons, which we may suppose symmetrical in the coordinates x;, y;,
2, and %y, ¥, 25, Most readers doubtless already know that the answer
is the ‘symmetric’ and ‘antisymmetric’ combinations

1 1
Foym = Ei(lprf'\yil)’ Fone= i fr— ). 4)

One way of proving (4) is to note that (4) diagonalizes the energy as
far as the exchange degeneracy is concerned, since one can easily show
that the fundamental quadrature (14), Chap. VI, vanishes if 4, 4, are
respectively symmetrical and antisymmetrical or vice versa, and if f is
a symmetrical function, such as Vj,. Or one can set up the secular
cquation corresponding to the pair of wave functions (2) and (3). This is
WotKyp— W Jiz

Jis Wo+ K, o.—W
where W, is the energy in the absence of the interaction term Vi,
and where

=0 (5)

K= [ WiV Wy dvydn, = [...[ a3y Wiy ooy, (6)
Jyp= f j Y, V;q Wip doydo,. 7)

The solutions of (5) are
[’V == ]”’0“{" K12+J;[2, W = m+K12—Jl2’ (8)

and correspond respectively to the solutions S(I;1)= S(II;1) and
S(L;2) = —S8(II;2) for the simultancous linear equations of type (33),
Chap. VI, associated with the determinant (5). This agrees with (4).
If we grant (4) instead of using perturbation theory the result (8), of
course, follows directly from the fundamental quadrature (14) of
Chapter VI on taking n’ = n, f = V;, and using one of the wave func-
tions (4).

The Pauli exclusion principle demands that one use only antisym-
metric wave functions.? The symmetry properties, however, are pro-
foundly modified by inclusion of the spin. 1f we neglect the ‘magnetic’
coupling between the spin and orbital angular momenta, the wave
functions are the product of the orbital and spin ones. Therefore, when
the orbital wave function is symmetrical, the spin one must be anti-
symmetrical and vice versa. Now it can be shown that in a two-electron
problem the spin wave function is symmetrical when the spin quantum
number § is 1 and is antisymmetrical when it is 0.2 In other words, the

3 The interprotation of the exclusion principle in terms of the symmetry of the wave
functions appears to have first been given by Heisenborg and by Dirac, l.c.t

4 Cf, for instance, Dirac, The Principles of Quantum Mechanics, p. 214, or Sommerfeld,
Wellenmechanischer Erginzungsband, p. 274,
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triplet and singlet spectra (e.g. ortho- and parhelium) are respectively
antisymmetrical and symmetrical in the orbital part of the wave func-
tion. Let s, and s, be the spin angular momentum vectors of the two
electrons, measured in multiples of the quantum unit /27 as in previous
chapters. The characteristic values of the matrix (s,+s,)?, the square
of the magnitude of their resultant, are S(S--1), with § equal to 0 or 1.
(By the characteristic values of a matrix are meant its diagonal elements
after it is converted into a diagonal matrix by a proper canonical trans-
formation. Cf. § 35.) Now s? and s} are invariably diagonal matrices
whose diagonal clements are all }(3+1)=1%, as the spin quantum
number for one electron is invariably }; in other words, s} and s} are
‘c-numbers’ in Dirac’s terminology. As (s;+8,)%==s}4-8}+2s,'s, it
now follows that the characteristic values of the scalar product s,-s,
are 3(0—2.3)= —3% and }(2—2.%) =} corresponding respectively to
S =0 and 8 =1, or to the symmetric and antisymmetric orbital solu-
tions. The characteristic values of the potential energy V,, of inter-
action between the electrons are scen from (8) to be K,,+J;, and
K,,—J,, respectively for the symmetrical and antisymmetrical orbital
solutions, as the remaining terms in the Hamiltonian function have
the characteristic value W, independent of the symmetry. Thus the
matrix ¥, has the characteristic value K,,+J;, when s,-s, has the
characteristic value —3, and K,,—J,, when the latter has +}. Tn
other words, Vj,— K 3-+3J15+2J1,8, S, has the characteristic values
zero. Now a matrix whose characteristic values arc all zero is identically
zero regardless of the system of representation, as any canonical trans-
formation applied to a null matrix clearly still gives only a null matrix.
Consequently we have the matrix equality
Vig= Ky3—1J13— 23,8, Sy, 9
which applies regardless of whether the matrices in question have been
transformed to diagonal form.
Eq. (9) shows that the two electrons behave as though there were
a strong coupling between their two spins which apart from an additive
constant is proportional to the scalar product of these spin angular
momenta, or to the cosine of the angle between the two spin vectors,
The latter is precisely the dependence of angle found in one term? of
the mutual potential energy of two dipoles, so that the exchange cffect
has a partial semblance to a very powerful magnetic coupling between
the spins. This is not at all the same as saying that actually there is

5 The mutual potential energy of two dipoles is yi; « pa /13— 3(py * £)(pg * r)[/r®. Thus only
the first term is of the type form {10).
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a real magnetic coupling of such magnitude, as the actual magnetic
forces are so very weak that we have neglected them entirely in the
present connexion. The semblance of large direct coupling between the
spins is only because the exclusion principle requires one type of orbital
solution when the spins are parallel and another when they are anti-
parallel. Nevertheless, the interpretation (9), due to Dirac, of the
exchange effect as formally equivalent to coupling between spins is
exceedingly useful, as it enables us to picture and also to follow quanti=
tatively the workings of the exchange effect by means of the vector
model. The large par-ortho energy scparations were shrouded in
mystery before the new mechanics, as they require the constant of pro-
portionality J,, in the coupling (9) to be fairly large. This trouble now
disappears, as J;, is an exchange integral rather than a small magnetic
factor.

Let us now pass to systems with more than two electrons, say a
crystal composed of N atoms each having Z electrons. The exchange
degeneracy now becomes exccedingly complicated. It is, in fact, (NZ)!-
fold rather than twofold as above, since in order to treat the inter-
atomic forces such as interest us for magnetism in solids it is necessary to
consider the permutations of electrons not necessarily in the same atom
of the crystal. Even the problem of the Z!-fold exchange degeneracy
for a single atom is complicated. Regardless of the number of electrons,
the Pauli exclusion principle requires that the wave functions still be
antisymmetric in any two electrons if both the spin and orbital co-
ordinates be interchanged, but they will no longer in general be sym-
metrical or antisymmetrical in the orbital and spin parts considered
separately. (The latter characteristic is peculiar to systems with only
two clectrons.) Kq. (9) shows that this is equivalent to saying that the
spins of two clectrons taken at random in the crystal (or even in the
same atom) will not in general be parallel or anti-parallel, a result which
scems quite obvious. The proper linear combinations of the (NZ)!
original wave functions are usually deduced by rather involved group
theory. We owe to Dirac® and Slater? the elucidation that this is not

¢ P. A. M. Dirac, Proc. Roy. Soc. 1234, 714 (1929), or The Principles of Quantum
Mechanics, Chap. XI.

7 Another method of avoiding group theory has been given by Slater, Phys. Rev. 35,
509 (1930). Slater’s mothod could doubtless be used to obtain the mean values (22-3)
which wo caleulate in § 78. In fact it is used by Bloch (Zeits. f. Physik, 57, 545, 1930)
and Pauli (Report of the 1930 Solvay Congress) to obtain the mean energy (22), or its
equivalent, but they do not give the more difficult computation of the mean square
energy (23). Dirac’s and Slater’s procedures resemble each other in that their strength
arises from recognizing at the outset that the exclusion principle severely restricts the
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really necessary because the exclusion principle limits so severely the
allowable ‘characters’ in the group theory. Dirac points out that the
important results can instead all be obtained in an elementary way from
the fact that Eq. (9) shows that any two electrons k, ! in the crystal
can be considered as having their spins coupled together by a potential
of the form —2J;8;° 8, (10)
where the coupling constant or exchange integral J;;, will depend on the
states assumed to be occupied by these two electrons, k and I, before
allowing for the permutations. We here drop the first two right-hand
terms of (9) as they do not depend on the orientations of the spin, and
are of no interest for our problems in magnetism. These terms should,
of course, be added when one requires absolute, as distinct from
relative, energies. When there are more than two electrons, solution of
the exchange degeneracy does not transform the matrix (10) into
diagonal form, but only the expression

=23 Jusi sy (11)
which is the total exchange energy of the crystal except for the additive
term —1 ¥ Jj, which we have dropped. The summation is over all the
3N Z(N Z—1) pairs of electrons in the crystal. The fact that individual
terms in the sum (11) are not diagonalized does not impair the kine-
matical representation {10) of the exchange effect, as wo have already
mentioned that the validity of (9), which is basic to (10), (11), is
invariant of the system of representation. We shall, for instance, show
that use of (11) yields the mean values employed by Heisenberg in his
theory of magnetism.

It is clearly to be understood that (11) is only an approximation, in
that it embodies only the ‘exchange’ secular problem connected with
the interaction between the various members of a family of (VZ)! states
having the same original energy, and neglects the interaction with the
infinity of states with other unperturbed energies. An analogous ap-
proximation in the two-electron problem was made in (4)-(9). In other
words, we use (32) rather than (15) of Chapter VI, i.e. we seek to express
the perturbed wave function as a linear combination of a finite number
of unperturbed wave functions, whereas an infinity is required for a
complete development. This means that by solving the secular problem
connected with (11) the energy is obtained only to a first approximation
in a parameter A proportional to the coupling forces between electrons,

symmetry character. Slater’s method is very powerful for computing purposes whon
spacial degeneracy in the orbital motion must bo considered, but does not give quite as
much kinematical insight as Dirac’s.
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This not only suffices to give all the essential qualitative features of
the exchange effect, but is often a fair quantitative approximation in
the case of inter-atomic forces, our primary interest. In the latter case
the related integrals such as (6) and (7) are usually small since the wave
functions of different atoms overlap but little. The most important
thing for magnetism, however, is merely the fact that the exchange effect,
though entirely orbital in nature, is, because of the exclusion principle, very
sensitive to the way the spin is alined, and is formally equivalent to ‘cosine
coupling’ between the spin magnets of the various atoms.

A very vital point is that the alinement of the spin of a given atom
having a non-vanishing spin is not influenced by the interaction with
atoms which have closed shells of electrons and are thus in 1§ states.
It is not correct to say that the exchange effects disappear entirely
between a pair of atoms if at least one of them is in a 1§ state, as there
isin any case the additive exchange term —3}.J;, which we have dropped
in going from (9) to (10). This term, however, does not involve the spin
and so is not of significance for our magnetic work. The significant
part of the exchange energy for us does, however, vanish if one of the
atoms is in an S state. To prove this® consider the interaction of a
given electron % of one atom with a closed shell of 7 similar electrons
(¢ =1,...,7) in another atom. According to (10)the part of the exchange
energy depending on alincment of the spin is —2Jy,s,- g s;. This

vanishes, as z s, is zero for a closed shell. In other words, for our
purposes (viz. neglecting terms which have no alining effect on the
spin), the exchange forces can be considered as existing only between
the paramagnetic atoms or ions of a solid. These forces will thus be
subordinate if the material has a high ‘magnetic dilution’, i.e. consists
primarily of diamagnetic rather than paramagnetic atoms. Hence,
exchange effects have played only a subordinate role in the preceding
chapter.

8 The proof here given that the exprossion <10) vanishes on being summed over a closed
shell is a bit incomplete in that it takes no cognizance of the fact that in actual atoms the
orbital spacial degeneracy is superposed on the exchange degeneracy. The extension of
Dirac’s procedure to include the formoer degeneracy will be given in a future paper by
the writor, where Dirac’s and Slater’s methods will be compared in detail. It will there
be shown that full generality can be achieved by allowing the coefficients J;, to be matrix
functions of the orbital angular momentum vectors. A wave function for a closed shell
can be constructed by superposition and lincar combination of wave functions based on
m,, m;quantization (case (a), fig. 6, § 40), and the vital point is that X s; - s 1= 0 on summing
over the two values m, = -} of m, possible for given m;. Another proof that closed
shells do not influence spins of other electrons has beon given by Slater,? using considera-
tions closely related to these.

3595.3 Y
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77. Heisenberg’s Theory of Ferromagnetism®

The explanation of ferromagnetism has long been a conundrum. The
early work of Ewing, subsequently amplified by Honda and others,®
showed that many of the phenomena of hysteresis and of magnetization
in crystals could be described by assuming a large potential energy
between adjacent molecular magnets. Also Weiss, in his well-known
theory,!! showed that many properties of ferromagnetic media, especi-
ally the thermal ones, could be imputed to a local field of the form
H+qM. The portion ¢ M proportional to the intensity of magnetization
M is called the ‘molecular field’. The great difficulty, however, has been
that tremendously large values must be assumed for the constant g, of
the order 10%, quite different from the value 4m/3 calculated under
ordinary electromagnetic assumptions (§ 5). The magnetic forces be-
tween molecules are clearly too feeble to account for such enormous
values of g, or for the large amount of interaction between molecular
magnets in the Ewing theory. Classical electrostatic forces lead to
interactions of the right order of magnitude, but do not give the desired
linearity of the Weiss molecular field in M or, what is more or less
equivalent, the right dependence of the Ewing interaction cnergy on
the angle between the elementary magnets.!?

This dilemma has been beautifully solved by the quantum-mechanical
exchange forces described in § 76. These forces are electrostatic, but
because of the constraints imposed by the Pauli exclusion principle are
formally equivalent to a tremendously large coupling between spins.
In fact, reference to Eq. (10) or (11) shows that this coupling is pro-
portional to the cosine of the angle between two spins, just as in the
classical theories of Weiss and Ewing. Even without the following
further analysis the empirical successes of these theories are thus already
qualitatively understandable.

A crystal is nothing but a large molecule. Hence, if we neglect the
usually subordinate, purely magnetic coupling between spin and orbital
angular momenta, the total spin of the entire crystal is conserved, like

% W. Heisenberg, Zeits. f. Physik, 49, 619 (1928).

10 J, A. Ewing, Proc. Roy. Soc. 48, 342 (1890); Proc. Roy. Soc. Edinb. 47, 141 (1927);
K. Honda and J. Okubo, Sci. Rep. Tohoku Univ. 5, 153; 6, 183; 13, 6 (1919). Sum-
maries by Terry in Theories of Magnetism (Bull. Nat. Research Coun. No. 18), p. 144
or by McKechan, Rev. Mod. Phys. 2, 477 (1930).

1 P, Weiss, J. de Physique, 6, 667 (1907); 1, 166 (1930). A good survey of the Weiss
theory is given in Theories of Magnetism, p. 114, or Stoner’s Magnetism and Atomic
Structure, p. 75.

12 ¥or further discussion of this and rolated points and of the magnitude required for
g see p. 703 of Debye’s article in Handbuch der Radiologie, vol. vi.
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that of an ordinary free molecule, and its square has the characteristic
values S’(8’-1), where S’ is a whole or half-integer according as the
number of electrons in the entire crystal is even or odd. Also, if we
continue to neglect the magnetic forces in comparison with the larger
clectrostatic ones, the energy of the crystal will not depend on the
orientation (as distinct from the absolute value of) its resultant spin.
The truth of these propositions can be scen by invoking the formal
similarity of a crystal to the arbitrary polyatomic molecule. Or they
can be established more fundamentally by proving that the square
S'2= (3 s;)? of the total spin of all the electrons of the crystal, also
any Cartesian component thereof, say §;, commute in matrix multi-
plication with the part (11) of the energy which involves the spin. This
can be seen from the commutation rules given in note 41 of Chapter VI.
Since S’2, S, commute with (11) and with cach other, it follows that
S’2, 8, can be assigned their characteristic values 8'(8'+1) and M in
a stationary state. Instead of S, we could equally well choose S, or §,,
for this spacial quantization, and this implies that the energy is inde-
pendent of the orientation of S’ relative to the crystal, a result already
quoted in § 74.

At this point it is perhaps well to say a word on notation. We employ
primes, as in S’, M}, &c., to distinguish ‘crystalline quantum numbers’
and other expressions which relate to the entire crystal, regarded as
one big molecule. Quantum numbers written in capital letters without
primes, such as 8, M, refer to a complete single atom, while those
written in small letters, such as s, m,, are, as usual, for a single electron
within the atom.

If a magnetic field is applied along the z dircction, the z component
of the crystal’s spin assumes a quantized value M. Let us suppose
that the crystal is composed of n identical atoms each having a given
spin 8. The maximum value of §’ is then nS. The number of states
Q(My) of the crystal having a given M is best obtained by imagining
a field so strong as to break down inter-atomic coupling and give cach
atom individual spacial quantization of spin and orbit. That ordinary
laboratory fields are not adequate to do this is immaterial since we are
merely counting the number of terms. Each atom, then, has a spacial
spin quantum number M, and Q is clearly the number of different
combinations of the M consistent with the condition Myy=3 M. In
case S = 1, the expression for Q takes the simple form

iy n!
UM = (P AL — 35" a2
Y2
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as here in-+My atoms must have M= 4%, and {n— Mg must have
Mg = —1%; hence Q is merely the number of permutations of » things
between two classes. For arbitrary § it is readily found that
Q(M;) = coefficient of x5 in (x54-25-14-... 4 x—5)n, (13)
The number of states w of the crystal having a given resultant spin
8 (') = Q(8')—Q(S'+1), (14)
since M= —48',...,4+8’, so that Q(M7) contains all states having
8'> |Myg|. In ferromagnetism we are interested in quite large values
of §’. In this region Q(8") >Q(8'+1), so that approximately
w(8') = Q). (15)
The physical significance of (15) is that the great bulk of the states of
a given Mg have 8’ = | M|, provided |M}| is fairly large.
Heisenberg’s calculations appear to assume that the atoms are in §
states, but this is not really the case, as it is only necessary to suppose
that the orbital angular momentum is quenched after the fashion
explained in § 73. He also assumes that a given atom has an appreciable
exchange coupling only with adjacent atoms, and possesses z such
neighbours equidistant from it. Thus z= 2 for a linear chain, 4 for
a quadratic surface grating, 6 for a simple cubic grating, 8 for body-
centred cubic, and 12 for face-centred cubic. Let us further suppose
that the valence clectrons, or electrons not in closed shells, are in similar
states. The part of the Hamiltonian function which involves inter-
atomic spin coupling, and which we shall denote by A4, is then
H=-=2J ¥ §;8, (16)
neighbours
Here J is the exchange integral (7) between two valence clectrons of
adjacent atoms, and the summation cxtends over all neighbouring
pairs of atoms. The result (16) can be seen from (9) or (11}, since
> s, 8, =28, >8=_5,-S;if k and [ refer to different atoms 7 and
j and if we sum over the valence electrons of both atoms. Closed shells
contribute nothing to (11) or (16), as explained at the end of § 76, while
exchange effects between electrons of the same atom merely give an
additive constant to the energy as far as we are concerned, since we
may suppose the inter-atomic forces not large enough to destroy the
quantization § of the spin of each individual atom.
The fundamental problem of Heisenberg’s theory of ferromagnetism
13 The number w here given does not include the spacial degeneracy factor 28”1

which results becauso different orientations yield identical energies in the absence of
external fields.



XII, § 77 FURTHER TOPICS IN SOLIDS 325
is to calculate the characteristic values of (16) and hence the energy
states belonging to various resultant spins of the crystal. Before
explaining the mathematical details of how this is done, or rather
circumvented, it will perhaps be illuminating to consider qualitatively
three limiting cases.

1. J/kT>1. Here the exchange coupling is so exceedingly great
that the state 8’ =n8 of maximum crystalline spin has much less
energy than all other states of less S8’ and hence is the only normal
state. By regarding the whole crystal as a single molecule of spin #S,
its susceptibility is seen to be (2n8B/H)B, ((2nSBHkT), where B, is
the Brillouin function defined in § 61. As the number n of atoms is very
great, virtually any field is sufficient to make nBH/kT >1, and so
B,o=1, thus giving the full saturation magnetization 2nSB8. The
crystal is then, so to speak, infinitely ferromagnetic. In fact it would
possess a magnetic moment even without an external field. This diffi-
culty is, of course, avoided by supposing that our crystal is really a
micro-crystal and that the macro-crystal is composed of a large number
of micro-crystals, whose spins have random orientations and hence
compensate each other without an external alining field.

2. |J/kT|<1. Here the inter-atomic exchange coupling is negligible,
and the susceptibility will be y = 4N S(S--1)82/3k7, disregarding the
here negligible saturation effects. This is the case which arises in para-
magnetic iron salts (Chap. X1). We may here remark that the derivation
of the Langevin-Debye formula given in Chapter VII can still be applied
if the unit of structure is the (micro-) crystal instead of individual
atom. We showed in Eq. (6), § 54, that the orbit and spin made the
same contribution to the susceptibility as though both were entirely
free, provided only their interaction energy is small compared to k7.
Similarly, one can show that the susceptibility is the same as that coming
from the individual atomic spins, considered separately, provided only
the inter-atomic exchange couplings are small compared to &7

3. J/kT < —1. Here J is negative and the energy will be lowest
when as many spins as possible are anti-parallel, and the normal states
are those of least §’. The inter-atomic coupling thus here erases practi-
cally all the paramagnetism, as will be discussed more fully in § 80.

Even ferromagnetic bodies conform to case 1 only asymptotically at
T'=0. In such bodies the state §'=n8 of maximum spin for the
crystal does, to be sure, represent the least energy,'4 as when the spins

14 Another proof that the state of maximum spin is an extremum in energy has been
given by Teller, Zeits. f. Physik, 62, 102 (1930).
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are all parallel, each term in the summation (11) has its minimum
characteristic value (assuming J > 0). However, whereas there is only
one state with the maximum spin 28, there are by (13)-(15) n—1 states
of spin 8’ =nS8—1, approximately n2/2 states of spin nS—2, &ec. This
increasing number of states as 8’ is diminished from its maximum is
important for two reasons. First of all, strength of numbers will
partially offset the smaller Boltzmann factors for spins less than the
maximum. In other words, the probability of the crystal being in some
state having a given §'<nS may be appreciable even though the
probability of its being in one particular designated state of this S’ may
be negligible. Secondly, all the states with a given S’ <nS8 do not have
the same energy, and a few favoured ones may have quite low energies,
even though they can never lie as deep as the state S’ = nS. Whereas
the infinitely ferromagnetic case 1 is thus too much of an idealization,
it may nevertheless well be that most of the crystals have very large
resultant spins. This seems to be the characteristic of ferromagnetic
materials. A field of ordinary magnitude is then not able to produce
the true saturation magnetization 2nS8B, as this would require that the
field be able to convert the crystal into the state 8’ =S, and only
enormous fields can have an appreciable effect on the distribution of
8’ as distinet from Mg However, it is possible at the same time to
have HS'B/kT >1, though 8'<nS, HB/kT <1, so that the field is
able to aline the spin of the crystal in its direction. There is then
what we may term a state of pseudo-saturation, which is the saturation
observed in the laboratory and which will be discussed more quanti-
tatively on pp. 334-6. This pseudo-saturation, of course, approaches
asymptotically the true saturation at 7'= 0. On the other hand, if the
temperature is raised sufficiently, case 2 above will become a better
approximation than case 1, in agreement with the well-known experi-
mental fact that ferromagnetism is obliterated if the temperature is
raised above a certain critical point, called the Curie point.

We must now seek to make these ideas more quantitative. If Z be
the partition function

7= 2 eI — 3 e-0V"+2My BIDKT (17)
then the magnetic moment per unit-volume in the direction of the field
His

N, ologZ
= g 18
M - kT ol (18)

These relations are readily seen to be the equivalent of (3), Chap. VII,
or the quantum analogue of (59), Chap. I, applied to the magnetic



XII1, § 77 FURTHER TOPICS IN SOLIDS 327
rather than electric moment. In the second form of (17) we have utilized
the fact that the magnetic moment is assumed to come entirely from
the spin, so that the crystal, regarded as one big molecule, possesses
a Zeeman term 2M BH (cf. Eq. (103), Chap. VI). As usual N denotes
the number of atoms per c.c., so that N/n is the ‘density of micro-
crystals’; Eq. (18) involves N /n rather than N as in previous chapters
since our unit of structure is now the (micro-) crystal rather than the
atom.

The precise determination of the unperturbed energy-levels W' be-
longing to a given value of the spin §’, i.e. the determination of the
characteristic values of (16), is virtually impossible, as it involves
solution of a secular problem of degree w (cf. Eq. (14)). Heisenberg
therefore makes the approximation that the discrete succession of w
energy-levels belonging to a given S’ can be replaced by a continuum.
He further supposes that this continuum is distributed according to the
Gaussian error law about the average energy for the spin S, which we
shall denote by W,,. Thus he takes the number of states of the erystal
of given spin which have energies between Wy +x and Wg+2x+dz in
the absence of the field H to be

w(8')

(2m)ia, & 4. (19)

The mean encrgy Wy and the constant Ag which determines the Gaus-
sian ‘spread’ will be calculated later as functions of 8’. The partition
function (17) now becomes

+oo s
1 ;Z [w(S ) Wikt j e~k T)-z243 Jo. Z e_zM;,ﬁH/kT]_ (20)

M=

As M}, 8’ are large numbers, the summations over M, 8’ may be
replaced by integrations. The integration over My is immediate, and
here to a sufficient approximation we may take

e—zM;BH/k’I‘I L e __(2SBHIT,
If we perform also the integration over x, Eq. (20) is transformed into

7 T

sgp | @S eFI I Tes T 4" (21)

The Special Case 8 = }. Following Heisenberg, it is best to consider
first the case S = } of atoms with only one electron each not in a closed
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shell. We shall show in § 78 that here 15

Wom —Z57, (22)

2, (W—4872)(3n2—48"2)

8n3 ’
The prevalent states have sufficiently large values of in4S’, so that
the Stirling approximation a! ~ 2% can be used for the factorials in (12),
and (15) can be employed instead of the exact formula (14). By (22),
(23), and (12), Eq. (21) now reduces to

2
AS‘

(23)

z=FT [ gerqs, (24)
where 28H
, 2HBS' 28 T(n?—487%)(3n2—48")
PS8 = "p =t TewkEre

+nlogn — (3n+8")log(in+8)—(dn—8")log(}n—8’). (25)
As the integral (24) cannot be evaluated in closed form, it is necessary
to have recourse to the method of steepest descents. This method
hinges on the fact that the integrand of (24) has a sharp maximum at
the value of S’ which maximizes f(S’) and which we shall denote by
St. Tt can be shown that the equation
a _
4s’ =0 (26)
for determining St has either (@) one real root, a maximum of f(S’),
or (b) three real roots which give respectively a maximum, a minimum,
and a subordinate maximum. The correet root to use then is, of course,
the dominant maximum. If we stop with quadratic terms in the
Taylor’s expansion of f about 8’ = 8, Eq. (24) becomes

kT

9BH ‘eﬂsn @7)

+o
2 B [ ory
where y = 8'—8", —2a = d?f/dy?|,.,. The limits for y are not really
-+ 00, but this is immaterial owing to the sharp peak of the integrand at
y=0. The expression (18) for the magnetic moment is now, by (25)
and (27), N
M= 281135, (28)

15 In comparing results such as (22), (23) with Heisenberg’s paper, it should be noticed
that our n is the same as 2n in his notation, and that he retains the additive term in the
exchange energy which is independent of spin and which we dropped in passing from

<9> to {10},
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since in performing the differentiation involved in (17) the implicit
dependence of f(8t) on H through S8t (which is a function of H) may
be disregarded in virtue of (26), so that df/dH = 2BS'/kT. Also the
dependence of the factor 1/Hat in (27) on H can be considered negligible
compared to that of e/, as f>1. With these observations Eq. (28) is
obtained immediately. The physical significance of (28) is that St is
so great that the spin S’ ~ St alines itself parallel to the field.

It is convenient to use dimensionless measures of the moment, and
also of the importance of the exchange integral J, by introducing special
notations {, y respectively for the ratio of the moment to its true
saturation value at 7' = 0, and for the ratio of zJ to k7. Thus

[ M 8t _zJ

T2NBS w8 VT RT
In the present case S = }, but we shall later use (29) also in the general
case of any 8.

On working out the explicit form of (26) by means of (25) and using
the new notation (29) it is found that

(29)

2 2
{=tanhy, withy— [,i{,l + 5c(y—g) +L L~ aH b+l (30)

This is Heisenberg’s final result, which will be discussed after the next
paragraph.

The Qeneral Case of Arbitrary S. Unfortunately it has not yet been
possible 18 to calculate the mean square deviation Ag of the energy for
given 8’ from its mean value Wy except for the special case S = } of
only one valence electron per atom. For § > }, one can therefore not
yet calculate the susceptibility even under the assumption of the Gaus-
sian distribution of characteristic values. Instead one must make the

16 An attempt to extend the calculation of Ay to the case of atoms with arbitrary S
has been made by Heisenberg in his article in Probleme der modernen Physik, p. 114
(Sommerfeld Festschrift, edited by Debye). Unfortunately, this article is marred by an
error, and when appropriate corrections are made, the group theory method there used
fails to give a result on Ag except for S = }. The calculation of Wy, on the other hand, is
entirely correct. (Details of the error are as follows. It consists in overlooking the fact
that in the case (2) considered by Heisenborg at the top of p. 119 his expression b;? 7’
will have different values when T, 7" define transpositions from the common element
to elements located in a common second atom or to elements in entirely different
atoms. This is allied to the fact that even when j, I are in difforent atoms from 4, the
mean value of (s;-4)(s;s;) is different when j, I are in the same atom or in different
ones, as a constraint is imposed by the resultant of the spins for a single atom being S.
Analogous difficulties are encountered in case 3. The number of different kinds of b's
is thus greater than Heisenberg recognized, and this complication makes them incapable
of calculation in the manner sought.)
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still eruder supposition that all crystalline states of the same spin have
the same energy W. Then W is the mean energy appropriate to the
spin §’, which can be calculated by very elementary means for any S.
This mean will be so shown in § 78 to have very approximately the
value given in Eq. (22), regardless of the magnitude of S. As the pre-
ceding detailed analysis for the case S = } has made it clear that the
prevalent states aline themselves parallel to the field, it will not be
necessary to carry through the niceties of the method of steepest
descents, and we can take the partition function to be
QS'BH N
Z=3 w(S)e e (31)

Because of the sharp maximum of the summand at some particular 8’,
denoted as before by 8, it will suffice to retain only terms through the
first order in the Taylor’s expansion about S*, so that (31) becomes

G- S w(S)e (st (32)
As we may use the approximation (15), the expression (32) is, in virtue
of (13), merely

ySt2 S~1) _(S__—l)y 2ﬁSH

Z=e¢ n (eVte S +...+e 8 e, with y= +-2y82¢.

(33)
This rather elegant observation is due to Heisenberg.'” In the present
method we assume ad hoc that there is an overwhelming probability
that the crystal be in the state |M (| =8"==8t. Hence the moment
given by (18) must be the same as 2881(NV/n) or 288N{ (cf. Eq. (29)).
In view of (33) this means that

t=Byly), withy 2Biﬂ+ 2yS2 ~all4-be, (34)
where
—1)elS-Duls ~S+1yls -
By(y) = Sett (S—1)eS-DWS |-, | (— S+ 1)e-S+ IS 4 (— §)ev

g'(e1l+e(s l)ulh_}_ +e( »S'H)ylh_|_e—u)

_ 2841 (28Y Y y
Y th( 28 2s°°thzs

17 W. Heisenberg, [.c.?, also espocially Sommerfeld Fostschrift, p. 122. It will be noted
that quite apart from the neglect of Agr wo have used a different method of calculation
for the case of arbltrary S than for the case 8 == §. Our procedure for S = %, based on
steepest desconts, is taken largely from Fowler and Kapitza, Proc. Roy. Soc. 1244, 1
(1929) while that for any S follows more nearly the original papers of Heisenberg. The
latter method avoids the nocessity of using Stirling’s theorem, but does not give such a
good justification for the assumption of a sharp maximum without some further study,
such as was given in Heiscnberg’s original paper.? Wo purposely use for variety one
method in one case and one in the other.
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The expression Bg(y) is what we called the Brillouin function in § 61.
When S =}, Eq. (34), of course, reduces to (30), provided we neglect
the part of y in (30) which is quadratic in y. This part resulted from
the Gaussian spread of energy-levels, now omitted.

Discussion of Eqs. (30) and (34). Either of the pairs of simultaneous
equations (30) or (34) bears an obvious relation to the classical Weiss ones

t=1L), withy—="TH0 (35)

obtained by taking the argument of the Langevin function
L(y) = cothy—1/y

to be proportional to the applied plus molecular field H4-gM. In fact,
(34) is identical in form with the Weiss expression, except for the
difference, characteristic of quantum theory, that the Brillouin function
occurs in place of the Langevin one.'® We explained in § 61 how the
Brillouin function merged asymptotically for very large quantum num-
bers (or fictitiously small %) into the Langevin. A classical analysis
starting with (16) would thus yield the Weiss result® (35), provided
one overlooks the distribution of energies for crystalline states of identi-
cal angular momentum. The major role of quantum mechanics is thus
to provide a rcal mechanism, viz. the exchange effect, for (16). The
term in (30) which is cubie in £ or M is a refinement resulting from the
Gaussian spread, and finds no analogue in the Weiss theory, but is
unimportant, at least from a qualitative standpoint. Like other writers,
we henceforth for simplicity omit this term in discussing the workings
of Eqs. (30) or (34).

The exposition of how Eqs. (30) or (34) yield the ferromagnetic
phenomena of the Curie point proceeds largely as for the Weiss expres-
sion (35), and so need be given only briefly here.20

The simultaneous equations (30) or (34) will have a real positive
solution for { even if the applied field II is zero, provided the propor-
tionality constant b, which measures the effect of the apparent molecular

18 KEvon before the advent of the new quantum mechanics the substitution of the
Brillouin for the Langevin function in the Weiss theory was proposed and studied by
Debye, in Handbuch der Radiologie, vi. 718. Theo justification of Eqgs. of the form (34)
by means of the exchange mochanism was first given by Heisenberg in the Sommerfeld
Fostschrift, p. 122.

19 In seeming contradiction, Tsing found that classically thero was no forromagnetism
regardloss of tho crystalline arrangement (Zeits. f. Physik, 31, 2563 (1925)). This, how-
evor, was because Ising arbitrarily took the coupling between elementary magnets to be
proportional to p, p,, rathor than to tho complete scalar product p;ug.

2 For elaboration of the details of the Weiss theory seo the roferences cited in note 11.
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field, is sufficiently large. This is most easily seen graphically, as the
solutions of (34) for H =0 are the intersection of £ = By(y) with a
straight line { = y/b passing through the origin in a {-y diagram., There
will be a real positive solution provided the slope tan ¢ = 1/b of this line
is positive, but less than the initial slope tan = (dBg/dy), of the
Brillouin curve. This is illustrated in Fig. 13, p. 258, for the case 8 = }.
The critical temperature at which 0 == ¢ is the Curie point. Below this
temperature, ¢ is less than 6, and there is a solution of the type { >0
when H = 0, so that spontaneous magnetization is possible. Above this,
¢ exceeds 8, and the only real, non-negative solution is the non-magnetic
one { = 0, showing that here the strength of numbers of the crystalline
states with 8’ ~ 0 more than offsets the fact that some of the states
with larger spins have lower energies. In other words, the prevalent
states have large spins below and small spins above the Curie point,
and correspondingly there is ferromagnetism below and only para-
magnetism above.

To derive a quantitative expression for the Curie point, and for the
paramagnetism at high temperatures, we expand the Brillouin function
as a power series in y. Kqs. (34) then become

_ 1(8+1) 1 2BSH = 2J28%
U5 Y rom et 30
The cubic term could be omitted for present purposes, but is retained
for later use in § 79. As explained above, the first-degree portions of
the two equations of (36) must become identical for H = 0 at the Curie

point 7;,. Hence 2Jz
To—= 3 S(84+1). (37)

[2S+1)*—1]y%, with y=—

If instead we used (30), we would similarly find
2J

The observed Curie temperatures are roughly of the order 103°K., and
in view of (37) or (38) this means that the atoms in ferromagnetic bodies
must be close enough together so that the exchange integral J is of the
order 103k or about 0:1 volt, which does not seem unreasonable.
Behaviour above Curie Point. Above the Curie point it is adequate
to retain only the linear portion of (36). The elimination of y between
the two parts of (36) can then immediately be performed, and it is
thus found on using (37) that the expression for the susceptibility

T, =
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x = 2NBS{/H may be written
__ 4NB*8(84-1),
T BkKT-T,)
If instead one uses the Gaussian refinement (30), the corresponding
formula proves to be the same as (39), specialized to S = 4, only if z is
large and if in addition the temperature is high.

Eq. (39) is in good agreement with experiment, inasmuch as the
susceptibilities of ferromagnetic bodies are usually found to exhibit a
temperature dependence of the form y = C/(T+A) above the Curie
point. Also the constant A is often found to be roughly equal to the
negative of the Curie temperature 7., but there is sometimes the com-
plication, not envisaged by (39), that A changes at the various poly-
morphic transitions. For instance, in iron, one of the worst offenders,
C has respectively the values 2-21, 1-53, 4-03, and 0-25 (per gramme
mol.), and —A the values 1047°, 1063°, 1340°, and 1543°K. in the
intervals 1047-1101°, 1101-1193°, 1193-1668°, above 1668° K. (Fe 8,,
Ba, v, 8). Nickel behaves much better, as it conforms quite accurately to
a formula with C = 0-325, A = —645 from 689-1173°K.; above 1173°,
however, departures seem to set in.2! Typical experimental values of
T, for Fe and Ni are respectively 1042° K. (Terry) and 637° K. (quoted
by Weiss). Different determinations vary by as much as 20°, and
Weiss states that on the whole 7}, seems to be about 20° less than
—A in Ni.

We have seen in § 74 that a formula of the form x = C/(T'+A) often
represents quite well the temperaturc behaviour of purely paramagnetic
bodies, such as iron salts, over considerable temperature ranges. When
A is negative this implies, according to (39), that the paramagnetic
body is really a ferromagnetic one, but with so low a Curie point that
the ferromagnetic properties are not exhibited at ordinary temperatures.
Some of the ecryomagnetic anomalies cited on p. 307 lend some support
to this view, but on the whole not as many traces of ferromagnetism
are actually found at low temperatures as one would then expect. More
often A is positive, and on Heisenberg’s theory this simply means that
the Curie temperature is negative. According to (34), (37) this will be
the case if the molecular field (i.e. the part of y proportional to ) is
negative. The question of the sign of this temperature will be discussed
on p. 336, and we shall there sce that onc would expect negative tem-

39)

1 The oxperimental data above the Curie point arc discussed by Stoner in Magnetism
and Atomic Structure, p. 149 and ref. 23 ; also in the reports of Weiss and Cabrera for the
1930 Solvay Congress.
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peratures to be the more common. However, these considerations on
paramagnetic atoms may be a bit irrevelant when the atoms are not
in § states, as we have seen in § 74 on salts of the iron group that the
primary cause of A is probably here not the exchange effect but the
incomplete quenching of the orbital angular momentum. On the other
hand, the rough equality of —A and 7T}, in real ferromagnetic media
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above the Curie point must mean that in the latter, A is really due to
the Heisenberg exchange effect.

Behaviour below Curie Point. In this region { can be determined as
a function of the ‘reduced temperaturc’ 7'/7}, by numerical solution
of (34). The resulting curves for various values of S are shown in
Fig. 16. Owing to the use of {, T'/T;, instead of M, 1" as variables, the
curves are uniquely determined, and do not involve / and N as para-
meters. This absence of parameters constitutes the so-called ‘law of
corresponding states’, a famous result of the Weiss theory (which
behaves like § = c0), and is seen to hold in quantum mechanics only
for materials with the same atomic spins, as the curves do depend on
8. As explained on p. 326, the spontaneous magnetization represented
as a function of temperature in Fig. 16, is not the experimental residual
magnetization in the absence of any applied field, but rather the experi-
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mental saturation value, which we dubbed the pseudo-saturation
magnetization. No adequate theory has yet becn developed for the
magnetization curves in weak fields or, in other words, for the transi-
tion from the compensation of the micro-crystals at H = 0 to the state
of pseudo-saturation.?? According to the preceding thcory this transi-
tion should take place with infinite rapidity, and there should be no
hysteresis; this defect perhaps arises because the magnetic forces be-
tween particles have been neglected in comparison with the exchange
ones. The former forces are, to be sure, usually subordinate, but might
be important during unstable equilibria involved in sensitive readjust-
ment processes such as are involved in the study of hysteresis and
retentivity.

Magneton Numbers. The experimental saturation values for nickel
and iron are represcnted respectively by dots and crosses in Fig. 16.
The experimental points for nickel are seen to fit the quantum curve
for 8==1} better than the original Weiss curve.?® Also, the Curie
constant for nickel above the Curie point agrees approximately with
that obtained by taking S =} in (39), as the experimental magneton
number is 1:62 from 689-1173° K., and 1-91 above 1173° K., while
N(4-}3-3=113. For cobalt, p.y=321, —A=1404° from 1443-
1514°K., and poq = 2-93, —A = 1422° from 1514-1576°K., while the
theoretical poy is 2-83 for 8 ==1. The existence of an apparent spin
quantum number } for Ni, and possibly 1 for Co, is a bit hard to
understand theoretically, as neutral nickel and cobalt atoms contain
respectively even and odd numbers of electrons, and so should have
respectively integral and half-integral §. Perhaps the explanation of
this dilemma lies in the fact that metals are composed of ions and con-

22 The greatest progress along this line appears to have heen made in the classical
theorios of G. S. Mahajani, Phil. T'rans. 228, 63 (1929); N. 8. Akulov, Zeits. f. Physik,
54, 582; 57, 249, 254; 64, 559, 817; 67, 794; 69, 78, 822; and R. Becker, ibid. 62, 253
(1930). Discussion of these papers is beyond the scope of our chapter, primarily on
quantum dovelopments. We may, however, mention that the question as to whether
a demagnetized crystal rcally consists of spontaneously magnetizod micro-crystals has
been the subject of considerable controversy. Besidos the papers of Akulov on this
subject seo also intoresting articles by Frenkel and Dorfinann, Nature, 126, 274 (1930);
McKeehan, ibid. 126, 952 (1930). A very intercsting study of single crystals has
recently been given by Webster, Proc. Lon. Phys. Soc., 42, 431 (1930). Ho deduces
convincing ovidence that the micro-crystals are really spontaneously magnetized. The
magnetization curves for single crystals are much moro amenablo to theory than those
for other ferromagnetic bodies.

23 A particularly careful comparison of theory and experiment for nickel has been
given by F. Tyler, Phil. Mag. 9, 1026 (1930). An excellent résumé of the status of the

theory of ferromagunetism in comparison with experiment is given by Stoner in Phil. Mag.
10, 27 (1930).
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duction electrons rather than of ordinary neutral atoms.2¢ If the
conduction electrons are sufficiently free, the magnetic effect of their
spins virtually disappears because of the Fermi-Dirac interference
effects to be considered in § 80. If, then, an odd number (most likely
one) of electrons are detached from each neutral atom of Ni or Co to
become conduction electrons, the residual ions might have the desired
values of S. A further difficulty is that the saturation moment of Ni
at T =0 is found 25 to be about 40 per cent. lower than the value NB
which would be expected on the basis of §=1}. The value for Co is
probably about 10 or 20 per cent. lower than that 28 corresponding
to S = 1. Possibly these irregularities are because interaction with the
conduction electrons hinders complete alinement of the spins of the ions.

The variations in the Curie constant of iron at the polymorphic
transition points are clearly too complicated to explain by any simple
theory. There is thus, all told, no adequate existing theory of the
numerical magneton values in ferromagnetic media, although the values
of Ni and Co are, as we have seen, not entirely unreasonable.

Question of Sign of T,,. To permit a ferromagnetic solution of Egs.
(30) or (34) it is essential that the Curie temperature 7}, be positive.26
Otherwise the condition 0 << ¢ < 8 is incapable of realization, as negative
or imaginary temperatures have, of course, no physical meaning. The
absence of a positive T, means either that the molecular field is
negative, and so opposes ferromagnetism, or else is positive but too
small to have an appreciable effect. Eq. (37) shows, if one makes the
crude assumption of identical energies for all crystalline states of
identical spin, that the necessary and sufficient condition for ferro-
magnetism is that the exchange integral J be positive. Heisenberg
estimates that J can be positive only if the principal quantum number

2¢ The noed of considering ionic magnotic units even in metals has beon emphasized
by Stoner, Proc. Leeds Phil. Soc. 1, 55 (1926). Stoner is ablo to account more or less
quantitatively for the various moments of nickel above the Curie point on the assumption
that Ni, Ni+ and Nit! atoms are present in the ratio 3: 1: 1, but this supposition seems
rather arbitrary. Another interpretation of the magneton numbers in nickel has very
recently boen given by A. Wolf, Zeits. f. Physik, 70, 519 (1931). He suggests that two
states of the neutral nickel atom alternate in the crystal structure.

25 The experimental saturation magnectization for Ni extrapolated to T = 0 yields
a moment almost exactly 3 Weiss magnetons per atom, whereas the theoretical value for
S = } is 1 Bohr magneton or 4-95 Weiss magnetons.

26 Ferromagnetism clearly cannot exist without a critical Curie temperature at which
it disappears (though not necessarily discontinuously). For at very high temperaturos
the inter-atomic interactions become of negligible consequence and the ordinary formu-
lae for paramagnetism in gases become applicable. Hence by raising 7' sufficiently, one
can always reach a point at which the ferromagnetism is effaced from a body.
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n i 3 or greater, in agreement with the fact that ferromagnetism is not
found in the first two Mendeleef periods, but the fact that the normal
state of O, has a spin quantum number 1 rather than 0 seems to require
that J can sometimes exceed zero even when n = 2. This exception is
not surprising as Heisenberg’s estimates of the sign of the exchange
integrals are only very crude ones. The whole Heitler-London theory
of valence % is based to a large extent on the idea that stable chemical
compounds as a rule (barring, e.g. O,) have as small spins as possible,
implying that commonly J < 0.

Even when J > 0, there may still fail to be a real Curie temperature
if one assumes a Gaussian distribution of energy-levels. Reference to
(38) shows that with the latter distribution a real 7}, is achieved only
if 22> 8. Ferromagnetism should then exist only if each atom has at
least eight neighbours. Heisenberg cites in nice confirmation of this
theory that the common ferromagnetic crystals Fe, Ni, Co are either
body-centred cubic (z = 8) or face-centred (z = 12). However, as men-
tioned to the writer by Dr. Wiersma, there are known ferromagnetic
alloys and compounds in which the atoms of the iron group which are
responsible for the ferromagnetism have themselves the simple cubic
arrangement, and so have z=6 if we consider only neighbours with
outstanding spins. Such exceptions are not discomforting, as they can
conceivably be explained on three different grounds: () the Gaussian
distribution may be but a poor approximation to the actual distribution
of energy values; (b) ferromagnetism may be due to free rather than
bound electrons; (c) the behaviour may be substantially modified by
the presence of an orbital magnetic moment.

Alternative (a) seems the most likely. The accuracy of the Gaussian

hypothesis can be tested by calculating (W —Wg)® or (W —Wg)* with
the methods of § 78 (or their group-theory equivalent) and examining
whether these fluctuations agree with those obtained with the Gaussian
distribution after the constant determining the spread has been obtained

from (W—Wg)%. This has been done in unpublished work of Peierls, by
the group method. His calculation shows that actually the Gaussian
assumption is a poor approximation, but does not give enough further
information to permit any real improvement in the theory. The only
service of the calculation with the Gaussian distribution is to show
qualitatively that there are other criteria for ferromagnetism besides
a positive exchange integral.

37 'W. Heitler and F. London, Zeits. f. Physik, 44, 4565 (1927); Heitler, ibid. 46, 47;
47, 835; London, ibid. 46, 455 (1928).
8595.3 I'A
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Improved Method of Calculation near T = 0. Although a rigorous
solution of the w(S’)-dimensional secular problem connected with (16)
is impossibly difficult, a very ingenious approximate method of solution
has been developed by Slater.2® Unfortunately, space will not permit
us to give details. The essence of the method is that by throwing away
relatively few of the elements in the secular equation it can be thrown
into a form which can be solved rigorously. In this way closed expres-
sions for the different energy values belonging to a given 8’ can be
obtained. It is, of course, far preferable thus to obtain the individual
energy-levels than a rough distribution curve for all the levels regarded
as a continuum. Unfortunately, Slater’s solution is only a good ap-
proximation when §’ is nearly equal to its maximum value nS. Hence
it is useful for ferromagnetism primarily at very low temperatures,
where the pseudo-saturation is nearly the true saturation, or the pre-
valent spins nearly the maximum spins. It does not thus aid in studying
the phenomena of the Curie point. Slater did not consider his solution
of the secular equation in connexion with the problem of ferromagnet-
ism, and the application to the latter has been made in an important
paper by Bloch.?? The results, which relate entirely to atoms having
8 =}, are as follows. A linear chain, the quadratic surface grating, and
hexagonal surface grating, should all not exhibit ferromagnetism. These
results are the same as with Heisenberg’s Gaussian calculation, as the
number of neighbours is less than eight. For simple cubic and body-
centred cubic crystals, Bloch finds that there can be ferromagnetism.
This is an advance over the Gaussian method, as we saw that the latter
did not allow ferromagnetic simple cubic crystals. The refinement of
the method is evidenced by the fact that it predicts ferromagnetism for
simple cubic but not for hexagonal surface gratings, despite the fact
that there is the same number, six, of neighbours in each; thus the
arrangement as well as number of neighbours is important. Bloch cal-
culates that in a simple cubic crystal the moment { should approach
its saturation value 1 in the following fashion:
3/2 e
{=1-a (i)T;) : , wherea= nZl (4";53,2 = 00587, 0,= k{ (40)
For the body-centred cubic he finds the same form of temperature
dependence but a different value of the coefficient a. Eqs. (34), on the
other hand, give an asymptotic solution of the form { = 1— §-1e-37/(S+1T

28 J. C. Slater, Phys. Rev. 35, 509 (1930).
2 F. Bloch, Zeits. f. Physik, 61,206 (1930). Summary by Pauli in Report of the 1930
Solvay Congress,
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in the vicinity of 7' = 0, regardless of the form of crystalline arrange-
ment, provided only a positive molecular field is granted. As (40) is
surely more accurate than (34) near 7' = 0, the true theoretical curves
should be drawn somewhat differently than in Fig. 16 in the immediate
vicinity of 7'/T, = 0. They should still remain horizontal at 7' = 0, but
exhibit a more pronounced downward curvature at this point. There
are not adequate data available at extremely low temperatures to test
experimentally this modification. (Data 3 at ordinary low temperatures
favour an empirical formula of the form { = 1—«, 72—, T¢—..., but con-
ceivably higher-order terms in T'/T},, neglected in obtaining (40), might
make the theoretical formula sufficiently resemble the empirical one
over a limited temperature range somewhat higher than covered by
Eq. (40).)

Possibility of Ferromagnetism from Free Electrons. A variant of
Heisenberg’s theory has been given in another paper by Bloch.3! Here
he assumed that the electrons whose exchange effects give the ferro-
magnetism are the free rather than bound electrons. This corresponds
to using the wave functions characteristic of the Sommerfeld 32 theory
of conduction instead of the Heitler-London theory of valence. The
type of crystal structure, of course, then does not enter. Instead Bloch
shows that free electrons will give ferromagnetism if, and only if, the
tendency towards ferromagnetism is able to conquer the tendency of
the Fermi statistics or the Pauli exclusion principle to suppress the spin
paramagnetism of free electrons, an effect to be discussed in § 80.
Assuming that there is one free valence electron per atom, and that
the temperature is below the critical degeneracy temperature of the
Sommerfeld theory, Bloch shows that this requires that the inter-atomic
distance be not less than 0-22h%/me®= 0-5. 10-7cm. This is only a
rough approximation, but it is noteworthy that the actual inter-atomic
distances are considerably less than this critical value in the alkalis,
thus giving insight into why the latter are only feebly paramagnetic.
Stoner 3 further points out that if ferromagnetism were due to free
electrons, the Curie point would have to be higher than the critical
temperature of the Sommerfeld conduction theory, and this would yield
absurdly high Curie points.

Summary. Although it is not yet possible to formulate quantitatively
the exact criteria for a positive molecular field, all the foregoing con-

30 Weiss, J. de Physique, 10, 354 (1929).

31 F. Bloch, Zeits. f. Physik, 57, 545 (1929).

32 A, Sommerfeld, Zeits. f. Physik, 47, 1 (1928).

33 E. C. Stoner, Proc. Leeds Phil. Soc. 2, 50 (1930).
z2
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siderations make it clear that ferromagnetism is possible only if the
exchange integrals are positive, and even then only under very special
conditions of crystalline arrangement and spacing. This agrees with
the fact that relatively few materials are ferromagnetic.

78. Proof of Formulae (22) and (23) for the Mean and Mean

Square Energy
These formulae were first derived by Heisenberg with the rather in-
volved machinery of group theory, but we shall show that Dirac’s
kinematical interpretation of the exchange effect as equivalent to a
coupling (9) between spins frees us from the need of using this.

The square of the resultant crystalline spin vector is

2V §? .S, = S8
(wholezcrymlsi) =28 +1% S;-8; = 8'(8'+1). (41)

Now the square S? of the spin of any atom ¢ is a number S(S-+1), and,
further, if we average over all the different states belonging to a given
spin, the mean value (i.e. mean diagonal element) of S;-S; will by
symmetry be independent of the indices %, j, provided ¢ #j. There are
n terms in the single and n(n—1) in the double sum in (41), as the
crystal contains » atoms. Therefore 3¢

55 = 5§ +1)—n8(8+1)
S;'S;=—— win—1) . (42)
The sum in (16) contains by definition {nz terms, and so (16) becomes
Wy— T = “;E]”l [8/(8"+1)—n8(S+1)]. 43)

In ferromagnetism we are interested in states which have large spin,
go that 8’ is of the order #n. On the other hand, S is of the order unity,
as one atom contains only a limited number of electrons. Also, it is
only necessary to retain the terms of highest order in n, and with this
observation (43) yields (22) immediately.

We shall riow calculate the mean square deviation A%, but with the
specialization § = s = }, which was not needed for (43).3% When one

3 The bars throughout § 78 are to be construed as denoting averages over all the states
belonging to a given S, with all such states weighted equally. Such averages should not
be confused with the usual statistical averages wherein the various states are weighted
with the Boltzmann factor.

3 Besides the usual case of one valence electron per atom, the present calculation is
applicable to atoms which are one electron short of & closed configuration, as here S = }
even though § is not identical with the spin s of an individual electron. Nevertheless it
has seemed better in the ensuing equations to denote the spin of quantuin number } by
& rather than S in order clearly to distinguish that the formulae, except Eq. (44), do not
apply with an arbitrary S substituted for s.
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squares (16) one encounters three distinct types of terms having
respectively two, three, and four unlike indices. It is very important
to note that these three types hence have different mean values. When
one counts the number of times these different kinds of products occur,
one sees that the mean square of (16) is

FE=4J2| (5,78 P+ nz(z—1)(5; - 8;)(8; 80+
2
2 e ———
._I... (Z;?:l;v _— nz2 + E;—z) (Si * Sj)(sk * Sl)] . (44)

Here and henceforth it is to be understood that no two subscripts are
identical, so as to free us from the necessity of writing out explicitly
i34, i1, &e. On p. 318 it was shown that the scalar product s;-s;
of two clectron spins has the characteristic values , —2, and so always
satisfies the algebraic equation (s;-s;—1})(s; s;4-}) = 0, quite indepen-
dently of whether or not one uses a system of representation in which
this product is a diagonal matrix. Hence
S'(8'+1)—4n
omn—1)
In the second form of this relation use has been made of (42) with
S=s=1}. The algebraic equation satisfied by S;-S; would be of
higher order than the second if we did not take S=1}, as S;'S;
has 28--1 characteristic values, and this explains our making such a
restriction.

The first kind of term in (44) is now evaluated. The method for the
sccond is similar. We observe that the square (s;+s;4-s;)? of the
resultant of three elcctron spins has the characteristic values S3(S;4-1)
with 8;=1, 3. As s?=$, therefore x=s;-s;48;'8;+8;"s; has the
characteristic values —2, 4% and so always satisfies the algebraic equa-
tion #%=&. On squaring the left side of this equation one has three
terms of the form (4,4)? and six of the form (¢,5)(s, k). Hence, with the
aid of (45),

(808780 = 4y — 3681 ==

(8;°8))2 = —18;-8;+ = "[

]+ (45)

(46)

To find the third term of (44) we note that in virtue of formula (41)
for the resultant crystalline spin, we have
(3882 =[8'(8"+1)—in],
asnow Y S? = $n. Here the summation extends over the entire crystal.
On reckoning the number of times the different kinds of terms occur
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in squaring out the left side, we find that

2n(n—1)(8;* 8, +4n(n—1)(n—2)(s;" 8;)(8; 8;)+
+n(n—1)(n—2)(n—3)(s;-8;)(s;-8,) =[S (S'+1)—§n]2. (47)
Substitution of (45) and (46) in (47) now yields

Grapa = Al TG LD =2 (qg)

The mean square deviation is

AL = FE—W3. (49)
One can now substitute (45), (46), and (48) in (44) and then in turn
(43) and (44) in (49). One then finds the Heisenberg result (23) if one
keeps only the terms of highest order in 8’ or n. These terms are those
which increase as the first power of » or S’ when n and §’ become very
great. To be sure, the highest-order terms in 42 and W2 both increase
as n?, but they cancel each other in (49). To the approximation under
consideration one may ignore the distinction between #—1 and » in the
denominators of (45) and (46), but in squaring (43) and in (48) one must
use the somewhat better approximations (rn—1)-2~ (n4-2)/n3 and
[n(n—1)(n—2)(n—3)]-*~ (n-+6)/n® respectively, as the correspond-
ing terms in (49) are larger. In this fashion one finally arrives
at (23).

One assumption which may well have bothered the reader is that we have sup-
posed that all the scalar product termsin {16 have the same mean value as given
in (42), despite the fact that <16> involves only neighbouring pairs, whereas we
obtained (42) by averaging over all pairs of atoms in the crystal, whether adjacent
or not. The legitimacy of this procedure is not immediately obvious, as the
presence of the coupling potential (16> might conceivably make the mean of
8, - §; for interacting pairs (4, j neighbours) different than for the non-interacting
pairs not involved in <16>. Superficially this might seem the more likely since in
the actual system of quantization the expression {16} is a diagonal matrix when the
sum is taken over interacting pairs rather than over any arbitrary 3nz pairs. The
following argument somewhat resembling one of Dirac’s* removes this objection.
The average value in question is proportional to the ‘spur’ or diagonal sum of the
(8”)-dimensional matrix representing S, - S, for given S’. The invariance of the
spur (§ 35) shows that this average is invariant of the mode of quantization, and
by a proper transformation one can make a sum analogous to (16> a diagonal
matrix for any }nz pairs, rather than for the actual interacting pairs (neighbours).
In virtue of this invariance such transformations will not affect the average of
any S,-S,;. Therefore the mean value of S;- S, does not depend on whether it is

3 P. A. M. Dirac, Proc. Roy. Soc. 1234, 730 (1929), or The Principles of Quantum
Mechanics, p. 211.
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included in {16, and so all pairs are on a par as regards their mean values, regard-
less of whether or not they are neighbours.®” One can similarly justify the
assumption made in using (45), (46), (48) in connexion with (49) that these various
mean products are the same regardless of whether 4, j, k, [ are neighbours.

79. Magneto-caloric and Magnetostrictive Effects

Since a body in a magnetic field has a different energy than in its
absence, and since the amount of magnetization changes with tem-
perature, the application of such a field will produce a change in the
specific heat. If measured per gramme mol., this change, which we shall
call the ‘magnetic specific heat’, is given by

Gv—cg = L'?‘ (W__-WO) = L:T [szalog Z/Zo] )

oT or (50)

where W and Z are respectively the mean energy per molecule and the
partition function in the presence of the field, and W9, Z° are the
corresponding expressions in its absence.

The third law of thermodynamics requires that the entropy & remain
finite at 7' = 0. As the specific heat at constant volumé is ¢, = T9S/oT,
this means that the specific heat must approach the limit zero at 7' = 0.
Contrary to this law, the magnetic specific heat in the Langevin theory
has the non-vanishing value Lk at 7'= 0, as is seen by using in (50)
the Langevin partition function

] . kT . uH
0 H cos OIkT ="' ginh ™
Z|Z %feﬂ sin @ do #HsmhkT.
0

On the other hand ¢,—¢) is indeed zero at 7'= 0 if one employs the
Brillouin function demanded by quantum mechanics, for the Brillouin
partition function is38 (x-7J—a711)/(1—=x), where x = e—9B1/kT and this
makes (50) vanish at 7'=0. The compliance of the magnetic specific
heat in quantum mechanics with the third law still remains true even if
a Weiss molecular field is included to represent the effect of the Heisen-
berg exchange coupling, or if the Bloch modification of the Heisenberg
theory appropriate to low temperatures is introduced. We omit explicit
proofs, as all such results are merely special cases of the quite obvious
result that any quantum distribution gives zero specific heat at 7' = 0.

37 This is not to be construed as meaning that all pairs have the same mean value in
problems whero constraints are imposed on certain groups of olectrons, such as e.g.
Heisenberg’s calculation cited in noto 16. For instance, in atoms with S>> §, the mean
of s8-8, is different for inter-atomic than intra-atomic electron pairs bocause we con-
strain S to one particular value rather than average over all values of S consistent with
given S’.

38 This partition function is the same as the denominator evaluated on p. 257.
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In fact, quantum partition functions are discrete summations ¥ e-W/kT,
so that near 7' = 0 the expression log(Z/Z°) is very approximately of
the form — (W;— WY{)/kT, where W,— W9 is the change in energy pro-
duced in the lowest state by the field. This form makes (50) vanish,
whereas the classical distribution functions involving integration rather
than summation do not have this property. The physical significance
is that near 7' = 0 the molecules are not raised out of their quantum
state of very lowest energy (including the spacial orientation of least
energy) by increasing the temperature infinitesimally from the absolute
zero. Instead 47" must be made comparable with the excitation energy
of the next state before ¢, becomes appreciable.

The magnetic specific heat predicted by (50) is observed qualitatively
in some ferromagnetic materials, usually with an adiabatic experimental
method, whereby application of the field produces a change in tem-
perature. We shall not give details, which have been discussed by
Weiss,? and which he shows are nicely explained by his molecular fields.
As we have seen that Heisenberg’s theory gives results substantially
equivalent to the Weiss theory (except for the difference between the
Langevin and Brillouin functions), there is no difficulty in understanding
in a general way these Weiss thermo-magnetic effects.

Even in the absence of a magnetic field, there should be a discon-
tinuity in specific heat as one passes through the Curie point, a result
first noted by Weiss.3® In terms of the Heisenberg theory, this is
because the states of high resultant spin are probable for the crystal
below the Curie point, while those of very low spin gain the upper hand
above the latter. In other words, the prevalent spin S' is large for
T< T, but is very small for 7' > T, as the crystal loses its spon-
taneous magnetization above the Curie point. To calculate this dis-
continuity in ¢J it will suffice, as a first approximation, to assume that
all states of the same crystalline spin possess the same energy. An
equivalent assumption was made in the original work of Fowler and
Kapitza.®® Also we may neglect the statistical distribution of various
values of §’, as we saw in § 77 that the probability had a steep maximum
at 8’ = 8. Thus for T< T, we may take aWa equal to the expres-
sion W, given in (22), with ' = St, while for 7' > T}, we take W = 0.

3 Weiss and Beck, J. de Physique, 7, 249 (1908) ; Weiss, Piccard, and Carrard, 4rch.
des Sci. Phys. et. Nat. 42, 379 (1916); 43, 113 and 199 (1917); P. Weiss, J. de Physique,
2, 161 (1921); Weiss and Forrer, Annales de Physique, 15, 153 (1926) ; Stoner, Magnetism
and Atomic Structure, p. 289.

4 R. H. Fowler and P. Kapitza, Proc. Roy. Soc. 1244, 1 (1929).

41 The factor n appears here because (22) relates to a crystal of n atoms.
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Here, of course, we have disregarded additive terms in the energy which
do not involve the spin interaction, and so are continuous at the Curie
point. The discontinuity in specific heat at the Curie point is thus

At — %’lim roon, o?a’.;,_ 0= —L2J 8 ag, - (51)
by (22) and (29). The value of 2(2/eT is found by differentiation of the
first relation of (36) with respect to 7' after setting y = 22J 82{/kT.
Since { approaches zero when 7' does 7}, this gives

1(841) 1 (2zJ)2d{2 [(2S+1)4—-1]
7= T

3 8§ T, \kT.) dT 720
and so, after use of (37), Eq. (51) becomes 42
0 s [(2SH1P-1
Ac) = 3Lk [(2s+l)é+l . (52)

As Lk~ 2cal., the numerical values given by (52) for some particular
values of S are as follows in calories/gramme mol.;

Acd==3-0 (S=1}), 40(S=1), 441(S=3), 50(S=00). (53)
The value for § = cois, as we should expect, the same as in the classical
theory of Weiss. Some experimental values are 43

A =22 (Ni), 61 (Fe;0,), 68 (Fe). (54)

42 Fowler and Kapitzaf derived (52) for tho case §=}. Tho general oxpression (52)
appears to have been first obtained in unpublished work of Landau, quoted by Dorfmann.?
Stoner notes that, in the case of S = }, inclusion of a Gaussian distribution makes the
theoretical valuo lower than (52) and so makos for poorer agreement with experiment
(Phil. Mag. 10, 27 (1930)). The resulting disagreement is not, however, as bad as repre-
sented by Stoner as his formula contains an extrancous factor } because of an algebraic
error. With tho Gaussian distribution the theoretical value for S =} is

:?’;‘:[J(J .-§)~1+-z]~

We have already mentioned that this distribution is not an especially good approxima-
tion, though doubtloss better than neglecting the spread entirely, and so we need not be
worried at quantitative discrepancies with experiment.

4 Theso experimental values are from Woiss, Piccard, and Carrard, l.c.,*® except that
the determination for Ni is by Mme Lapp, Annales de Physique, 12, 442 (1929). The
agreement on Ni is ameliorated if, following Weiss, ono writes (51) in tho form

Ac) = — }TC-1d(2LBSn)?[dT,
and uses meroly empirical values of tho Curie point T, the Curie constant €, and the
saturation magnetization 2L8St/n. The discropancy is then only a few per cent. Accurate
agreement with the theoretical form (52) of (51) is clearly out of the question since the
saturation magnetization is only 0-6 as largo as that to be expected from § = 3.

By measuring changes in the Thomson heat, Dorfmann, Jaanus, and Kikoin (Zeits. f.
Physik, 54, 277, 289 (1929)) report & discontinuity of 2:9 cal. mol. in the ‘specific heat of
electricity ’ of nickel at the Curio point. The agreement with (53) for § = } is closer than
the probablo accuracy of (53), as (53) neglects entirely the ‘spreading’ of energies for
given S’. Also, especially therc is the further difficulty that the discontinuity in the
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The agreement between (53) and (54) as regards order of magnitude is
gratifying. As the calculation is only a crude one, we need not worry
over the want of quantitative agreement, or the fact, sometimes urged
against the theory, that the experimental discontinuities are somewhat
gradual rather than perfectly sharp at 7' = T;,. As also seen on p. 335,
nickel seems to accord much better to S = } than any other value of S,
but too much weight should not be attached to this fact as precision is
wanting in both theory and experiment.

The transition from large to small crystalline spins naturally implies
a change of volume at the Curie point. Fowler and Kapitza 4 calculate
that the order of magnitude of this change should be about 1 per cent.,
in accord with experiment. The reader is referred to their interesting
paper for details. The sign of the observed change is such as to require
dJ[dV >0, or that the exchange integral increase with the volume.
This seems at first thought a little mystifying, as one would expect |J|
to be greatest at small volumes, but is in accord with a theoretical
prediction of Slater 28 that states of low crystalline spin have the least
energy if the atoms are close enough together. This is more or less
equivalent to saying that J would become negative if the volume were
sufficiently diminished, although this statement is a little misleading,
as Slater’s whole argument is based on the fact that the Heisenberg or
Heitler-London perturbation theory is a poor approximation at small
inter-atomic distances, so that one should use instead a method de-
veloped in Bloch’s theory of conduction. In support of his view that
sufficient concentration precludes ferromagnetism, Slater cites4t the
fact that in ferromagnetic bodies the ratio of the orbital radius of the
3d electrons to the inter-atomic distance in ferromagnetic bodies secems
to be smaller than the usual ratio of the radius of the valence orbits to
this distance in most materials. Fowler and Kapitza emphasize that
the sign and small magnitude of the volume change at the Curie point
show quite conclusively that the forces between the electrons which are
responsible for ferromagnetism cannot be the ‘cement’ which holds the
solid together. Instead, forces between other groups of electrons, pre-
sumably the outer or true valence electrons, as distinct from the
‘ferromagnetic’ electrons in inner incomplete shells, must be invoked.
olectrical spocific heat has the opposite sign from that which one would expect on
ordinary elementary views. Hence the thooretical significance of Dorfmann’s interesting
measurements is at present a little obscure. In particular, they cannot be rogarded as
forcing the conclusion that the electrons responsible for ferromagnetism are conduction

electrons.
4 J. C. Slater, Phys. Rev. 36, 57 (1930).
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The same conclusion is reached independently on different grounds in
Slater’s work on cohesion.

The ordinary phenomenon of magnetostriction, i.e. the change in size
observed on actually magnetizing ferromagnetic bodies, must be related
to the change in volume at the Curie point in the same way as the
thermo-magnetic effects of Weiss are related to the change of specific
heat at this point. Both the Curie-point phenomena are primary effects
resulting from the obliteration of the spontancous molecular fields (or
rather their quantum equivalents), whereas the others are secondary
ones resulting from the superposition of the external on the molecular
fields. Fowler and Kapitza show that in view of the observed magnitude
and sign of the volume change at the Curie point, the observed magneto-
strictive effects are of the right sign and order of magnitude (viz. the
relative change in length calculated for iron on pseudo-saturation is
3:5x 1075, as compared to 2 10-5 observed by Webster).

80. Feeble Paramagnetism

Numerous solids exhibit a feeble paramagnetism, which is comparable
with diamagnetism in order of magnitude, and which is often indepen-
dent of temperature, even though spectroscopic theory shows that the
same materials would be strongly paramagnetic and conform approxi-
mately to Curie’s law if present in the gaseous state. The researches
of Honda and of Owen 5 show that a great many pure solid elements,
e.g. the alkalis and earths, are of this category.

There is no difficulty in understanding theoretically the existence of
such feeble paramagnetism. There arc two possible explanations, viz.
on the ground of inter-atomic interactions, which we shall consider first,
and on the ground of the degencracy phenomena in the Fermi-Dirac
statistics. Actually both effects are doubtless to a certain extent super-
posed, but they are too complicated to discuss when together.

Inter-atomic Interactions—°Exchange Demagnetization’. We have
shown at length in § 73 that if the spacial separation due to inter-atomic
interaction is large compared to kT, the orbital magnetic moment is
largely quenched, leaving only a small residual effect, due to ‘high-
frequency matrix elements’, which has the desired independence of
temperature. Unless the atoms happen to be in singlet states, it is also
necessary to have some mechanism for quenching the spin. One pos-
sibility is the existence of such an intense magnetic coupling between
spin and orbit within the atom that the inequality (4), Chap. XI, is

4 K. Honda, Ann. der Physik, 32, 1027 (1910); M. Owen, bid. 37, 657 (1912).
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reversed. The inter-atomic forces are then unable to loosen sufficiently
the coupling between spin and orbit, and the spin magnetic moment
can hence be quenched along with the orbital (cf. p. 313). This is likely
only in very heavy atoms, where the multiplet structures are wide,
whereas many feebly paramagnetic solids are light (e.g. aluminium) or
even exist in S states devoid of multiplet structures (e.g. the alkalis).46
A further difficulty is that Kramers’ theorem (p. 296) shows that the
quenching of the spin is necessarily only a partial one if the atom
contains only an odd number of electrons.

It is probable that the spin is more commonly quenched through the
operation of the Heisenberg exchange effect. If the exchange integral
J is negative, this effect favours the states of low crystalline spin, and
so tends to efface any paramagnetism which would be present in the
gaseous state. We then have ‘exchange demagnetization’, the exact
opposite of ferromagnetism. Kxcept for the change in sign, the discus-
sion proceeds entirely as in Heisenberg’s theory of ferromagnetism. If
we neglect the refinement of the ‘spread’ of energy-levels belonging to
a given §’, the susceptibility will be given by the expression (39), which
can always be used since now always T > T, as T;;<<0. The molar
susceptibility will thus be given by the expression

4LS(S+1)B%_ \ 10aS(S+1)

Xmor = ~gpop_7ry = 0496 A
22J 8(S+1)
g
(cf. (37)). This susceptibility will be of the order of magnitude 10-5-10-4
observed experimentally in feebly paramagnetic media, provided one
assumes that T, is of the order —10% The temperature dependence
is then very subordinate, as A> T'. Such a value of T, or A requires
that the exchange integral J be about —1 volt, a larger numerical value
than in Heisenberg’s theory of magnetism, where T, ~ 103, J ~ 0-1 volt.
This difference does not seem too unreasonable, as the exchange
integrals between the true valence orbits, especially the highly eccentric
s ones, may well be larger than between the nearly circular d orbits
responsible for ferromagnetism. Also one has Slater’s?:# somewhat
allied suggestion that the ratio of the orbital radius to the interatomic
distance is less than usual in ferromagnetic media.

Two points may be mentioned as favouring the above. One is that

48 The alkali atomns have 2S ground states, and hence have strong spin paramagnetism
(given by Eq. (59) § 80) when free. The normal levels of earth atoms, such as Al, are of
the type 2P and hence possess both spin and orbital moments.

where A=—-T,=—
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the relative abundance of feebly paramagnetic materials as compared
to ferromagnetic is in agreement with the Heitler-London idea that the
common bonds have negative J, also with Slater’s proposition that low
crystalline spins predominate at high densities—not to mention the fact
that the Gaussian calculation, &c., shows that even with positive J the
exchange effects may still not lead to ferromagnetism without the proper
crystalline arrangement, number of neighbours, &c. The second point
is that many feebly paramagnetic media, notably, of course, pure ele-
ments, are composed solely of naturally paramagnetic ions, so that
practically all neighbours have exchange couplings between their spins.
This is in marked contrast to the salts of the iron group, where we saw
that the large magnetic dilution made the exchange effects subordinate
and the spin hence free. We must, however, caution that there also
exist feebly paramagnetic complex ions, whose feeble paramagnetism
persists irrespective of the extent to which these ions are diluted in
other media. Such ions involve the theory for polyatomic molecules,
as discussed on pp. 272 and 293, and so are not to be confused with
the present discussion of solids composed of simple atoms. We can,
however, say that in the theory of these ions the complex ion is a unit
of structure corresponding in a certain sense to the whole micro-crystal
in the present discussion.

Fermi-Dirac Statistics. Pauli has shown 47 that it is possible to explain
the quenching of the spin in solids in quite a different way without
invoking the exchange forces between electrons if one assumes that all
the electrons not in closed shells participate to a certain extent in con-
duction or, in other words, are at least partially free, so that they can
be considered as wandering in, say, a cubical box of volume V =13,
Each electron has then three translational quantum numbers n,, n,, ng
besides a fourth quantum number m, which gives the component of
spin along some axis. The Pauli exclusion principle states that no two
electrons have all four quantum numbers the same. At the absolute
zero the totality of electrons, regarded as one big system, will be in the
state of lowest energy. In the absence of external fields the dependence
of the energy on m, can be disregarded, and if there are n conduction
electrons this means that at 7' = H = 0 there are two electrons for each
of the n/2 combinations of the quantum numbers n,, %y, n3 which yield
the least energy. Each combination of these numbers, i.c. each transla-
tional state, we shall call a cell. Because of the exclusion principle, two
electrons in the same cell differ as to the sign of m, and compensate

@ W, Pauli, Jr., Zeits. f. Physik, 41, 81 (1927).
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each other magnetically. Any paramagnetic alinement of the spins in
a magnetic field, whereby more electrons have m,= —} than m, =},
can be secured only by ‘boosting’ some of the electrons out of the n/2
originally occupied cells, and giving them higher values of the quantum
numbers #n;, 7y, n3. We now see qualitatively why much of the para-
magnetism is suppressed in the Fermi-Dirac statistics based on the
exclusion principle.

The readjustment in the distribution among the cells in a magnetic
field does, however, take place to a certain slight extent even at low
temperatures, leaving a small residual paramagnetism. The latter may
be calculated at the absolute zero without delving into any of the
intricacies of the Fermi-Dirac statistics,® such as, for instance, what is
meant by temperature, which can no longer be defined as proportional
to the mean translational kinetic energy. We shall follow a simple and
elegant method due to Frenkel.#® At the absolute zero the distribution
is, of course, that of minimum energy. When a magnetic field is applied,
this is no longer that in which the electrons are paired in the »/2
originally lowest cells. Instead we may suppose that the n/2—Fk cells
of least original energy have their full quota of two magnetically paired
electrons, but that the next succeeding 2% cells each have a single
electron with m; = —}. As k< n, we may to a sufficient approximation
regard these 2k cells as equally spaced in unperturbed energy, with the
same spacing AW as that in the vicinity of the highest originally occu-
pied cells, which we shall call the critical spacing. The change from
the original complete pairing to the new distribution involves an increase
of amount kAW in the “unperturbed’ part of the energy, as taking an
electron from cell in—x to }n-t-x changes this energy by an amount

k
22AW, and to a sufficient approximation Y z==k2/2. However, this
Z=1

change in the distribution diminishes by an amount 248H the part of
the energy due to the magnetic field, as ‘turning over’ an electron from
m, =% to m,= —% gives an alteration —gBH = —2BH. The value of
k appropriate to the absolute zero is that which minimizes the total
energy kAW —2BkH +constant, and is hence k = BH/AW. As 2k elec-
trons now have spins alined along the field, the susceptibility per

unit-volume is
2k 2
X= __ﬁ = _~ﬁf_ . (55)
VH VAW
48 For oxposition of these statistics seo, for instanco, Fowler’s Statistical Mechanics
Chap. XXI.

4 J, Fronkel, Zeits. f. Physik, 49, 31 (1928).
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The value of the critical spacing AW will depend on whether we
consider the conduction electrons as absolutely free, or consider the
binding effect of the atoms through which they migrate. We shall first
treat the case that they are absolutely free, as in Sommerfeld’s theory
of conduction. Here the unperturbed translational wave function of
an electron is ¢ = A sin(mn,x/l)sin(mn, y/l)sin(mngzfl) as it vanishes at
the walls of the box and satisfies the appropriate wave equation
h2V%)+ 8n*mW i = 0 provided
7 PR+ ndtnd)
8mli?
There is one cell at each corner of unit cubes in the n;, n,, n; space,
and so the number of cells with energies inferior to some given value
W,nax i8 approximately the volume (44/3)(2ml2W ,,, [h?)%2 of one octant
of a sphere of radius (8ml*W . /h?)}}. The critical energy, or energy of
the highest cell occupied at T' = H = 0, is (h?/8mi?)(3n/7)*3, as it defines
an octant of volume n/2. The spacing AW of the cells near the critical
upper limit is 2dW/dn = (h?/6mi?)(9/n?n)t. Substitution of this value

of AW in (55) yields 12mpB2(n\} (m\}
=225

where n/V is the number of conduction electrons per unit-volume. This
is Pauli’s celebrated formula, which marked the beginning of the quan-
tum theory of electrons in metals. It will be compared with experiment
at the end of §81. By considering a second approximation in the
Fermi-Dirac statistics of free electrons, Bloch  has shown that a more
accurate formula than (57) is

(my, g, g > 0). (56)

12m (n\¥(7\} 647V m3k2T?
x:ﬁz S =EN ) =/
R \V) \3 9Inht
— 220x10-4(2) ~1.03x 10772 (). (58)
Vv n

As n/V is of the order 10%2, the second term is negligible compared to
the first at ordinary temperatures, so that (57) can be regarded as an
adequate approximation or, in other words, it is legitimate to treat the
electron gas as completely degenerate. The independence of tempera-
ture predicted by (57) or (58) is approximately confirmed in the
measurements of McLennan, Ruedy, and Cohen,®! which extend down
to —190°C.

50 F. Bloch, Zeits. f. Physik, 53, 216 (1929).
51 J. C. McLennan, R. Ruedy, and E. Cohen, Proc. Roy. Soc. 1164, 468 (1927).
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As an alternative to the standard Sommerfeld theory based on free
electrons, Bloch 52 has developed a theory of conduction based on bound
electrons. Such electrons can pass from one atom to another because
of the remarkable fact that in quantum mechanics there is a finite
probability of a particle traversing a peak of potential energy greater
than its own energy. In Bloch’s theory an electron is in a ‘valley’ of
potential energy when bound in an atom, and is continually playing
leap-frog from one valley to another, thus giving an electric current.
Bloch shows that the ‘over-lapping’ of the wave functions of adjacent
atoms removes the degeneracy associated with the fact that electron-
levels are identical in identical free atoms. An electron playing leap-frog
thus has a variety of closely spaced encrgy states cven though it has
only one normal state when in a perfectly isolated atom. If the total
splitting of these closely spaced levels (i.e. the ‘critical energy’ or total
energy spread Wy of the n/2 different levels occupied at 7' = 0) is large
compared to k7T, the ‘degeneration’ will be practically complete, and
the susceptibility will be given by the expression (55), as the various
steps used in the derivation of (55) retain their validity. The constant
AW will, of course, have a different value than that calculated for free
electrons in the preceding paragraph. Thus, if the over-lapping of the
wave functions of adjacent atoms is sufficient, Bloch’s theory also will
give a feeble paramagnetism independent of temperature. This is
encouraging, as Bloch’s conduction mechanism probably comes closer
to reality than that by free electrons in many cases. It must, however,
be cautioned that it is not at all certain whether the ‘over-lapping’ in
his theory is in many cases adequate to make the splitting or diffusion 53
W, in the ground state large compared to £7'. If inadequate, Eq. (55)
no longer applies. In the limit W, < kT, the susceptibility is given by
the same formula, B
= vk
as in the Boltzmann statistics, and the solid is strongly paramagnetic.

In the Sommerfeld theory for free electrons, Eq. (59) also, of course,
applies to the analogous limiting case (h2/8ml2)(3n/=)43 < kT, which is

52 F. Bloch, Zeits. f. Physik, 52, 555 (1928).

8 This diffusion W, in Bloch’s theory is not to be confused with tho ‘spacial separa-
tion’ introduced in § 73, and will usually be much smaller than the latter or than the
corresponding diffusion or critical energy (h2/8m)(3n [xV )} for free electrons. The ‘spacial
separation’ is associated with the removal of the spacial degeneracy for a single atom,
and gives a splitting into 2L+ 1 components (neglecting spin). The Bloch diffusion offect
involves & further division of each of these 2L+1 components, removing the degeneracy
associated with the fact that these components are otherwise the same for all atoms.

. (89)



XII, § 80 FURTHER TOPICS IN SOLIDS 353
usually realized only at extremely high temperatures. We have seen
that the susceptibilities of rare earth and iron salts can be treated by
the Boltzmann statistics. We now see that this implied that in these
salts the Bloch leap-frog effect was so small that the Fermi-Dirac inter-
ference effects were negligible. Another way of saying the same thing
is that the electrons could be regarded as firmly bound to an individual
atom, for Bloch’s theory is a sort of intermediary between that for
isolated atoms and that for free electrons. This is in accord with the
fact that these salts are much poorer conductors and have higher ioniza-
tion potentials than, for instance, the feebly magnetic alkali metals.

81. The Diamagnetism of Free Electrons in Quantum Mechanics

Landau® has discovered the very remarkable fact that the orbital
motions of free electrons give a diamagnetic contribution in quantum
mechanics, whereas we saw in § 26 that classically they were without
such an effect. This difference is a little hard to explain intuitively,
but arises from the fact that the boundary electrons have different
quantized velocities than those which do not touch the walls of the
vessel, and so the magnetic moments of these two types of electrons
do not compensate each other as in classical theory. (Classically, both
types have the Maxwell-Boltzmann distribution of velocities.)

The calculation is most casily made by using cylindrical coordinates
p, 2, ¢, with the applied magnetic field along the z direction. The 2
component of motion can then be disregarded for our immediate pur-
poses, as there is no force on the electron in this direction. We have
then to deal with the two-dimensional wave equation

K2 (% ey 1 d¥ Heh o [(e*H%? .\,
sl 5 5o o) i 24+ (omes )40 60
as can be seen, for instance, by introducing cylindrical coordinates into
(2), Chap. VI, and then ignoring the z degree of freedom. As the solu-
tions of (60) are clearly of the form ¢ = em%f(p), the term in (60) which
is proportional to 2i/o¢ has merely the effect of displacing W by an
amount hen,H/4nmc. Without this term, Eq. (60) is identical in form
with that of a two-dimensional oscillator of frequency v = He/4mmec.
The characteristic values of the latter are well known % to be

(2ny+ [y |+ 1)hv,

84 I, Landau, Zeits. f. Physik, 64, 629 (1930); also given by Pauli in the report of the
1930 Solvay Congress.

85 Soe, for instance, Condon and Morse, Quantum Mechanics, p. 78.

3595.3 A
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where n;, n, are integers. Hence, as § = he/4mmec,

W = (ny-+ ny |+ 2ny+- 1)BH. (61)
Thus a free clectron, even when not enclosed by bounding walls, has
a discrete rather than continuous spectrum in a magnetic field. The
magnetic moment corresponding to the stationary state (61) is

ow

) o —(ny+[my | +2ny+1)B. (62)

Classically the azimuthal quantum number n, has the geometrical
significance

n=" ), (63)

where r is the radius of the circle described by the clectron under the
influence of the field, and d is the distance of its centre from the origin
p==0. To prove (63) we have only to note that 5

Py = m{@j—yi)— He(z?+y?)/2
and that classically we may take

Py == nih/2m, x = xy+rcos(Het/mc), Y == Yo+ rsin(Het/mc),
as in the field the electron moves with an angular velocity 3 He/mc in
a circle about some point Z, y,. Of course the geometry of (63) is not
to be taken too literally in wave mechanics, but will clearly have at
least an asymptotic meaning for large quantum numbers, by means of
which the most probable position of the statistical charge density can
be approximately located.

In point of fact we must consider not ideally free electrons, as above,
‘but rather those enclosed by some vessel, as we saw on p. 101 that
reflection at the boundary played a very vital role. It is most con-
venient to take the vessel as a cylinder of radius R, with axis parallel
to the field. In order to avoid the complication of distortion of charac-
teristic values by the wall, the only case readily treated is that in which
the classical radius of curvature r == ,/(2mc2W/e2H?) is much smaller
than R for the great bulk of electrons. (Whether the susceptibility
would be the same in the case r > R is at present uncertain, although
the concept of spectroscopic stability suggests that perhaps it would
be.) Since in Boltzmann statistics the prevalent energies are of the

5 That this is the proper definition of the canonical goneralized momentum associated
with the coordinate pg can be seen from the theory given in § 8.

57 Note that this angular velocity, which is readily deduced by clementary mochanics,
is twico that corresponding to the Larmor frequency. This difference arises because
Larmor’s theorem neglects second order terms in H.
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order k7', this condition r < R becomes

R>\/(2mc*k T [e2H?) = 3-13 X 10-2T'/I1,

an inequality clearly satisfied for ordinary values of 7', H, and R. Out
of all the clectrons within the vessel a fraction of the order /R have
‘boundary’ orbits which classically hit the wall. This shows that in
quantum mechanics the overwhelming majority of common stationary
states will not have their characteristic values appreciably distorted
from (61) by the influence of the boundary, although therc may be
a very slight distortion because some of the charge wanders outside
the classical limits,
Boltzmann Statistics. If we use Boltzmann statistics, the partition
function is
~1

2
7= e~(nd Il 2n, 4 DBHIKT ‘”_e;_lc 15 z e~@n BT (64)

ﬂl'*—ﬂtglﬂllhc N2==0 =
Here the choice of the limits used in the summation over n, requires
some discussion. Positive valucs of n, have been omitted because if
R >7, only a negligible number of electrons have r.»>d or, in other
words, centres near the origin p==0. It is very vital that, following
Landau, we have taken the lower limit for the summation as —weH R2/hc
rather than —oco. This value is obtained on the ground that the centre
of the orbit cannot be distant more than approximately R from the
origin, and so we can exclude all values of n, which by (63) would give
d > R. The sum over n, in (64) is readily evaluated, as it is merely
a geometric scries, and one finds Z = dn?R2mBHA2|(efHIKT — o-PHIKT),
The moment per unit-volume is

=Tk ?g’gz (65)
and is hence
o _ﬁlé[cothﬁ{ /’;g] = " Lpmpe, (66)

where L(y) is the usual Langevin function, but the presence of the
minus sign means that there is dia- instead of paramagnetism. In the
limit & = B = 0 the right-hand side of (66) reduces to zero, in agreement
with the fact that classically there is no diamagnetism for free electrons.
This asymptotic agreement with classical theory can also be verified by
replacing the sum by an integral in (64), as then Z becomes independent
of H. For the usual case BH <kT, Landau’s formula (66) reduces to
x=M/H = —nB?/3VET, and so the orbital diamagnetism is one-third
Aa?2
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as great as the spin paramagnetism (59), making the total resultant

susceptibility 2n82/3VET.
The moment (66) is not the same as that furnished by the more immediate
formula S, (—0W/oH)e- Wit
M= g Tt S e WiT ’ (67)
Ny, M0

if we use the same limits of summation as in (64) and same enorgy values as in
(61). Eq. (67) then yields a preposterously large diamagnotism (viz. the first term
alone in Eq. 66), as each of the states (61) has a strongly diamagnotic moment
(62). This difference as compared with (66) arises because in (65) part of 6Z/oH
comes from the fact that in (64) the limits of summation, or number of states,
as well as the energy-levels W are functions of H. (In our previous work Z involved
H only through W and as a matter of fact we derived (65) only for this special
case, cf. p. 25). To obtain a proper expression for the moment by means of (67)
it is very essential to include the ‘boundary’ electrons which are reflected at the
walls of the cylinder (cf. Fig. 5, § 26). These electrons are few in number, but
have enormously greater moments than do the inner orbits—so much greater infact
that they completely neutralize the latter in classical theory. If (66) is correct,
the term in (65) resulting from the dependence of the limits on H must be the
same as that which results from inclusion of the boundary electrons in (67).
Another way of saying the same thing is that Landau’s use of (65) without
boundary electrons to obtain (66) implies that these elcctrons make a negligible
contribution to (65) despite the fact that they make a large one to (67). The
states n, < —weHR?|hc are those representing boundary electrons,® so that when
they are included, the partition function contains a constant rather than variable
number of states, and so involves H only through W. There would thus be no
doubt as to the applicability of (65) were the boundary electrons included therein.
1t is obvious that Z itself would not be appreciably affected by including the
boundary statos, since, though great in number, they have such high encrgies that
only a negligible fraction, of the order /R, of the total number of electrons are
located therein. It is, however, not quite so obvious (although justifiable on closer
examination) that the boundary states make a negligible contribution to 0Z /oH,
since they havo abnormally large moments —oW [0H. It is therefore reassuring
to show that the moment (66) can also he calculated from (67). We shall follow
a variant of a method due to Teller.?® As R >>r, the magnetic moment of a bound-

58 This is most casily seen by regarding the wall as equivalent to a fictitious central
field which is zero for p < B but which increases to a very large value when p slightly
exceeds B, The dynamical problem is then one in central ficlds, where n,, n, are respec-
tively the azimuthal and radial quantum numbers. All positive and negativo values of
n, are allowable in this problem, and the range of values of n, not absorbed by the inner
electrons must be due to the boundary electrons. Values of n, less than —axeHR?/hc
rapidly take tho electron into the region where this fictitious field is large, and so give
large energios.

5 1. Teller, Zeits. f. Physik, 67,311 (1931). Our proceduro differs from his in the use
of a cylindrical rather than infinite plane boundary. Still another method, which is quite
simple, has been given by Darwin (Report of the 1930 Solvay Congress or Proc. Camb.
Phil. Soc., 27, 86). Instead of using bounding walls, or the equivalent sudden repulsive
field cited in note 58, he introduces a radial linear restoring force —ap which, of course,
becomes large only gradually. The wave equation for this system in a magnotic field is



XII, § 81 FURTHER TOPICS IN SOLIDS 357
ary electron is approximately % (—e/2¢)2mww,, B* where w,, is the frequency with
which this electron creeps around the complete circumference of the wall.
Further by the correspondence principle we have w,, = dW [hon,, a well-known
kinematical result in the old quantum theory.t! As the radius R of the cylinder
is large compared with the radius of an ordinary orbit, hw,, /W is very small.
Hence with given ny the states belonging to different consecutive values of n, lie
very close together, and the summation over n, for the boundary electrons may
be replaced by an integration. Hence the expression (67) becomes

HR® © R? —amell I he W,

el lv —@nytvpmpr _TEY é Walny, ) 4T

~ e z (2ng+-1)Be—tmivE Tie ng:o ényg B g—Wpm.na) kT p,

M= I S = —— I
v " (meHR?[hc) 2 e GngtDRUIET .

(68)
Here the first term in tho numerator arises from the overwhelming number of
inner electrons, and tho second from the houndary ones, whose energies Wy(n,, n,)
would be difficult to determine explicitly. The summation overn, from —meH R*/he
to —1 has already been performed for the former, and we have omitted tho
contribution of the latter to the denominator, which is clearly negligible on account
of tho high values of W,. The integration of the second term over n, can immedi-
ately be performed. Furthermore W; has the value w0 at n;, — — and the
value (61) at n, = —meHR? ke, as at the latter limit the orbits just begin to touch
the walls of the cylinder and so do not have their energies appreciably distorted
from (61). The second term in the numerator thus becomes k7'/H times the
denominator, and so the boundary electrons contribute the second term of the
Langovin function in (66). Tt is casily seen that now the exprossion (68) assumes
the desired value (66).

Fermi-Dirac Statistics. In actual solids the calculations should be
made with the Fermi-Dirac rather than Boltzmann statistics. Here
also the orbital diamagnetism proves to be one-third as great as the
spin paramagnetism. Landau has shown that this is true regardless of
whether or not the degenecracy is complete, but we shall give an ele-
mentary proof in which complete degeneracy is assumed, so that all
orbital states may be supposed occupied by two electrons up to a certain
critical energy W, and vacant thereafter. A similar assumption was
made on p. 349 and is amply warranted at ordinary temperatures, for
readily intograted, as the harmonic form is preserved, and in the limit a = 0 Darwin
finds the same expression for tho susceptibility as Landau’s.

60 The boundary electrons havo inordinately large moments becauso they encircle the
origin whon they make a circuit of the wall (Cf. Fig. 5, § 26). Hence in their caso we may

replaco mp’d; by mR’q; — 2#mR%w,. On the other hand, the inner electrons usually do

not encircle the origin, so that they have $== 0; their resultant moment (62) is due
entirely to the fact that p is different at different points of the orbit, a factor of subordi-
nate importance in the case of the boundary eloctrons.

o1 Cf, for instance, J. H. Van Vleck, Quantum Principles and Line Spectra, p. 298.
"This relation will be a good approximation with the new mechanics, as the quantum
number 7, is large for the boundary electrons.
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the density of electrons in ordinary conductors is sufficient to make
Welk of the order 104°C. Unlike the case of the Boltzmann statistics,
the component of motion in the direction z of the field H cannot be
entirely forgotten, as the exclusion principle can be applied only when
we consider all components. If the cylinder has a length 7, the charac-
teristic values of the energy associated with the z component are
h?n3/8mi? (cf. Eq. (56)), and consequently therc are v8BmIZW, Jh* values
of ng for which this part of the energy does not exceed any given limit
Wiy As there are two possibilities for the spin quantum number, and
as a state is occupied if the z component does not require more cnergy
than Wy— W, the weight of a given state n,, n, of motion in the z, y
plane is 2f(W), where f= V8mi¥(Wo,—W)/h? if W <W,, and f=0 if
W > W,. As previously, we usc W to denote only the z-y part of the
energy. In Eq. (68) we must now replace the Boltzmann exponential
factor by this f(W). The integration of the boundary term over n, can
be performed in the same fashion as previously explained in the Boltz-
mann case. The expression for the moment thus becomes

ﬁ 2 [ (2”0'1‘1)(”0—”2)}‘*“10 (ne—my)? ]

- I_/ o Z (no—ny)t
with 2no+1== Wy/BH. Ttis adequate to replace the sum by an integral
in the denominator, but the numerator vanishes in classical theory, and
here it is necessary to use the more accurate approximation formula 52

(69)

. Vot }
$ Fle)= | P@) do—§ (@)L, Ba. (69) thusgives M = —nBj4Vn,,
x U b

-t
By filling twice the n/2 lowest orbital states, one finds
Wy = (h2/8m)(3n/mV )32,
This is, as we should expect, the same value of W, as we calculated on
p- 351 in the absence of the field. It is thus finally found that (69)
becomes y = —4mp*h~2(nm?/9V )13, so that the resultant susceptibility
inclusive of both spin and orbit has two-thirds as large a value as (57).
It is to be emphasized that all these results apply only to electrons
which are absolutely free. As soon as an electron becomes tightly bound
# Cf. Runge and Willers in Encyl. der Math. Wiss. ii. 2, 92. We apply this approxima-
tion formula to our function F' despite the fuct that this F has a discontinuity in its first
derivative at n, = ng since we must take F = 0 for ny > ng. The justification for so doing
lies in the fact that this discontinuity disappears as soon as one makes any allowance,
however small, for the offect of temperature. In other words, if 7' is greater than 0, but

small compared to W,/k the distribution function diminishes exceedingly rapidly but not
discontinuously in the vicinity of W = W,.
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to the atom, its diamagnetism will be given by the ordinary atomic

formula —e%2/6mc? (cf. Eq. (2), Chap. VIII), even though occasionally
it plays leap-frog from one atom to another. The freak case of bismuth,
in which the electron seems to migrate around frequently from one
atom to another, and so has an abnormally large radius and dia-
magnetism, has already been cited in § 23. In general one has no
adequate theory for the intermediate case of feebly bound electrons.

It is tempting to calculate the susceptibilities for the alkali metals
under the assumption that the valence electrons are completely frec
and conform to the Fermi-Dirac statistics. It is essential to include
a correction for the diamagnetism of the residual positive ions (Nat,
&c.), which can be estimated by any of the methods given in § 52. This
ionic diamagnetism we denote by y, in the following table, while y_,
denotes two-thirds the expression (57), multiplied by the volume of
a gramme mol. of the metal. We use Pauling’s estimates of ., for Li+,
Nat, and K+, but lkenmeyer’s for Rb+ and Cs* as the method of
screening constants is probably more reliable for light atoms and the
additivity method for heavy (see § 52).

CALCULATED AND OBSERVED MOLAR SUSCEPTIBILITIES OF ALKALI METALS

Li Na K Rb Cs

X_o Cale. 68x10% 102x10C¢ 157x106 18:2x10¢ 21-5x 108
x Cale. —0-6 — 42 —16-7 —31-3 —45-7
Xma Cale. 50 6-2 — 10 —131 —24.2
Xemot Obs.2

Honda & Owen*®  3.5-21 12 16-23 6 —13

Sucksmith®? .. 14 20 6 — 3

McLennan, R. & .. 14 19 17 28

o5t
Lane* .. 15 21 18 29
Bitter®s 26 . .. .

The discrepancy between the different observations shows that experi-
mental as well as theoretical precision is difficult. It is possible that
the susceptibility varies considerably with the physical treatment
accorded the specimen, as Bitter ¢ finds that stretching increases the
susceptibility of copper almost 50 per cent. Hence no quantitative
agreement with simple theory can be expected. The experimental
values are invariably greater than the calculated, and this fact is
probably to be explained on the ground that the electrons are not
entirely free. Very tightly bound electrons have the strong spin para-
83 'W. Sucksmith, Phil. Mag. 2, 21 (1926).

6 C. Lane, Phil. Mag. 8, 354 (1929); Phys. Rev. 35, 977 (1930).
85 F. Bitter, Phys. Rev. 36, 978 (1930).
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magnetism (59), which is 0-372/T per gramme mol., and so even feeble
binding might make the free value (57) too low. Also the exchange
effects discussed on p. 348 may be important. At any rate, there is no
difficulty in understanding qualitatively the marked contrast between
the feeble paramagnetism of the solid alkali metals, and the strongly
paramagnetic behaviour of their vapours, evidenced by Gerlach’s con-
firmation of (59) in potassium vapour (§ 57).



XII1
BRIEF SURVEY OF SOME RELATED OPTICAL PHENOMENA

82. The Kramers Dispersion Formula
This formula for the index of refraction n is!

2] — vl D IRGT) R e
n l_.87rB; Hol'3 e—vi] e Wi (1)

with B— 5 e.fVTVW. )
The frequency of the incident light is denoted by v,, and its wave-length
we suppose large compared to the atomic or molecular radius. The
index [ or I' denotes the totality of quantum numbers necessary to
specify a stationary state, and the expressions pY(J;!') are the unper-
turbed matrix elements of the component of the atom’s or molecule’s
electric moment in the direction of the electric vector E of the primary
beam.

Eq. (1) was first obtained as an extrapolation from classical dynamics
by means of the correspondence principle, but has since been deduced
more rigorously with quantum mechanics.? It is hence the formula for
dispersion. Classical theories of dispersion based on naive harmonic
oscillators owe their measure of success to the fact that cach term in
(1) has the same ‘Sellmeier’ form of dependence on the frequency v, as
a conventional oscillator of appropriately chosen charge e; and mass m;,
viz. e}fm;= 8a%(l';1)|pp(;1')|2/A.

Some features of (1) on which we may comment briefly arc the
following:

(@) Presence of Negative Terms. Any term with v(l’;l) <0 has a
negative value of e?/m; for the corresponding fictitious or ‘virtual’
oscillator. Such a term is said to give ‘negative dispersion’.® This can

1 H. A. Kramers, Nature, 113, 673; 114, 310 (1924); H. A. Kramers and W. Heisen-
berg, Zeits. f. Physik, 31, 681 (1925). Excopt for the negative terms the formula was first
proposed by Ladenburg, Zeits. f. Physik, 4, 451 (1921).

2 See Born, Heisenberg, and Jordan, Zeits. f. Physik, 35, 570 (1926), or Born and
Jordan, El tare Quant hanik, p. 240; P. A. M. Dirac, Proc. Roy. Soc. 1144, 710
(1927) ; E. Schridinger, Ann. der Physik, 81, 109 (1926) ; Soramerfeld, Atombau, Wellen-

hanisher Erginzungsband, p. 193.

3 The negativo terms are difficult to detect experimentally because of the difficulty
of obtaining a sufficient concontration of atoms in excited states, but scom to be definitely
established in neon. See Ladenburg, Carst, and Kopfermann, Zeits. f. Physik, 48, 15,
26, 51, 192 (1927); Kopfermann and Ladenburg, ibid. 65, 167; Ladenburg and Levy,
ibid. 65, 189 (1929).
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exist only when there is an appreciable concentration of atoms or mole-
cules in excited states, as v(I’;7) is necessarily positive if / is the lowest
state. For this reason the negative dispersion is hard to detect experi-
mentally.

(b) Behaviour in Limst h = 0. In this limit, as well as in that of very
large quantum numbers, Eq. (1), of course, merges asymptotically 4 into
the classical dispersion formula for the corresponding dynamical system,
which is in general a ‘multiply periodic one’, not a harmonic oscillator.
This requirement was, in fact, the clue to the initial discovery of (1).

(c) Isotropic Media. If there are no fields other than that of the
incident light, and if the dispersion is by a gas or even an isotropic
liquid or solid, a spacial averaging may be performed by means of the
principle of spectroscopic stability as on p. 193.

(@) Invariance of Temperature. Eq. (1) is a general expression not
yet requiring the hypothesis of § 46, that the quantum numbers can be
divided into three categories n, j, m such that the effect of the index
n on the energy is large, while that of j, and of the magnetic quantum
number m, is small compared to kT'. If we make this hypothesis and
also that (c¢) of isotropy, the procedure on pp. 193-5 reduces (1) to
8w N Z v(n';n)[po(n; w') [2 3)

n2—1=—
v(n'snp2—vi

' #n)
provided further that the incident light is far enough from resonance
to permit assuming that the denominators in (1) are insensitive to the
indices j, j'. At constant density the expression (3) is independent of
temperature. This is in accord with experiment (see § 16). Eq. (3),
of course, involves the resultant amplitudes p°(n;»’) in place of com-
ponents thereof as in (1). The expression 873|p%n;n')|?/3h? is the same
as the Einstein absorption probability coefficient® B, _,,. for the transi-
tion n—>n', with unresolved fine structure j, 5'.

(e) Behaviour in Limit vy= 0. When v,= 0, Eq. (3) is the same as
the induced or non-polar part 4mNa of the static dielectric constant
(see Eq. (28), Chap. VII). This agreement seems trivial to-day, but was
not secured in the last days of the old quantum theory in which refined
applications of the correspondence principle were used to obtain the
dispersion formula (1) for periodic fields, but in which straight classical

4 For proof seo Kramers and Heisenberg l.c.}, or J. H. Van Vleck, Phys, Rev. 24, 347

1924).
( 2 ?or discussion and references on the Einstein A and B coefficients and their relation

to the dispersion formula see Born and Jordan’s Elementare Quantenmechanik, p. 240,
or the writer’s Quantum Principles and Line Spectra, pp. 120, 161.
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dynamics were used to calculate the orbits to be quantized in the
analogous static case of the Stark effect.

(f) Behaviour in Limit vy = co. For very short incident wave-lengths
Eq. (1) reduces to the classical Thomson formula for the dispersion by
free electrons.® This means that, as we would expect, impressed forces
of very high frequency are resisted more by the electron’s own inertial
reaction than by the forces binding the electron to the rest of the mole-
cule. We shall give only the very simple proof appropriate to a one-
electron system, although the theorem is much more general. Here the
matrix elements of p, arc the same as those of —ez if we suppose £
directed along the z axis. If we use Cartesian coordinates in the quan-
tum condition pyq,—q,py, = h/2ni (Eq. (12), Chap. VI) we may take
9 = 2, D= m#, so that p,(1;1') = 2mimv(l; 1)2(L; V). Asv(l;l') = —v(l';1),
we then have (p;q,)(;7) = —(¢, p)(?;?). The diagonal elements of this
condition thus yield the ‘Thomas-Kuhn relation’?

’ I h
41rm12v(l;l)]z(l,l)|2= — 5 (4)
Eqgs. (4) and (2) show that (1) will reduce to the Thomson formula #
Ne?
2__ = e——
w1 " (5)

provided we can neglect »(I;1)? in comparison with v in the denomina-
tors, as will be the case if the incident frequency is large compared to
the atom’s absorption frequencics. To prove (5) classically, we observe
that the solution of the differential equation mz = —eE for a free elec-
tron in a periodic field K = E,cos 2wyl is 2 == eB/4n?my?, plus arbitrary
terms Ai+C not of interest to us. Hence n?—1=47P/K = —4xNez|E
has the value (5).

(9) Explicit Values of (3). The various terms in (3) have been evaluated
numerically in certain cases. Podolsky ? and later Reiche 1 showed that
in normal atomic hydrogen (3) becomes

n2—1=2-25X 10~4(14-1-228 X 10-19052+1-65 X 10-20A;44-...)
at 0°C., 76 cm., provided the incident wave-length A, is large compared
to that 4/3R= 1216 A of the softest absorption line, thus permitting

¢ This asymptotic connexion was first proved by Kramers, Physica, 5, 369 (1925),
although in the old quantun theory Reiche and Thomas, also Kuhn,? proposed sumina-
tion rulos equivalent to (4) in order to secure this connexion.

? Thomas, Naturwissenschaften, 13, 627 (1925); Thomas and Reiche, Zeits. f. Physik,
34, 510 (19256) ; Kuhn, dbid. 33, 408 (1925).

# See, for instance, A. H. Compton, X-rays and Electrons, p- 205.

® B. Podolsky, Proc. Nat. Acad. 14, 253 (1928).

10 F. Reiche, Zeits. f. Physik, 53, 168 (1929).
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use of a series development in descending powers of A,. Explicit calcula-
tions of (3) are usually difficult because in general the summation
symbolizes an integration over the continuous spectrum beyond the
‘series limit’ besides the usual summation over the discrete one. Podol-
sky dodged this integration by an ingenious method due to Epstein,?
while Reiche showed great computational skill by performing it ex-
plicitly. The various terms of (3) have also been estimated for some of
the alkalis by various workers.!? They confirm the experimental result
that the first line of the principal series far overshadows succeeding
lines in intensity. It is also calculated that the part of the dispersion
due to the continuous spectrum is less important than in atomic
hydrogen; the computed ratios of the continuous part to the total at
very high incident frequencies being respectively: Li, 0-24; Na, 0-04;
H, 0-44. This difference is primarily because the normal states of alkali
valence electrons have principal quantum numbers greater than unity,
for the corresponding value for the Balmer series of hydrogen is 0-12,
against 0-44 for the Lyman series.13

(k) Quadrupole Effects. Eqs. (1) or (3) embody only the dipole part
of the radiation. Both theoretically 14 and experimentally ! the quadru-
pole part sometimes gives an appreciable effect, though usually very
small.

(¢) Raman Scattering. Eqgs. (1) or (3) give the dispersive effect of the
Rayleigh scattering, or resonance radiation which is emitted on return
of the atom to its original state after excitation. There is also the now
famous Raman scattering, first predicted by Smekal and by Kramers
and Heisenberg,® in which the scattered light differs from the incident
by an atomic (or molecular) frequency v(l';l), and which arises from
fluorescent radiation, either Stokes or anti-Stokes, whereby the atom
reverts after excitation to a different state than the initial. As the
Raman radiation has a different frequency from the primary, it does

1 P, 8. Epstein, Proc. Nat. Acad. 12, 629 (1926).

12 Hargreaves, Proc. Cambr. Phil. Soc. 25, 75 (1929); B. Trumpy, Zeits. f. Physik, 57,
787 (1929) and earlior papers (Li); Y. Sugiura, Phil. Mag. 4, 495 (1927) (Na).

13 Y, Sugiura, J. de Physique, 8, 113 (1927).

14 A.Rubinowicz, ’hys. Zeits. 29, 817 (1928) ; Zeits. f. Physik, 53, 267 (1929) ; Bartlett,
Phys. Rev. 34, 1247 (1929); A. K. Stevenson, Proc. Roy. Soc. 1284, 591 (1930).

15 W. Prokofjew, Zeits. f. Physik, 57, 387 (1929).

16 A. Smekal, Naturwissenschaften, 11, 873 (1923); 16, 612 (1928); Kramers and
Heigsenberg, l.c.! The experimental literature on the Raman effoct is too copious for us
to cite, but we may mention that probably the most careful measurements on gases, as
distinct from liquids, are those of Rasetti, Proc. Nat. Acad. 15, 234, 515 (1929); Phys.

Rev. 34, 367 (1929); Dickinson, Dillon, and Rasetti, ibid. 34, 582 (1929); and of Wood
and Dieke, Phys. Rev. 35, 1355 ; 36, 1421 (1930).
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not react coherently with the latter to give a dispersive effect or altera-
tion of the primary velocity of propagation, and can be observed only
by analysing spectroscopically the scattered radiation. The intensity
of a Raman line of frequency v,+v(l;1') can be shown proportional to

the expressi()n P— " ", q
(pg(l’ l”)plyo'(l ;l ) p(l)g‘(l’l )Pg(l ;l )) 2. (6)
I

Lot OB 3 |2 (s i)

Here the pi(l;1') are the matrix elements of the various Cartesian com-
ponents of the unperturbed electrical moment; while the p%(l;1’) are
those of the component along the incident electric vector E. As (6)
involves the products p°(Z;1")p°(l"; ') rather than |p°(;1')|2, a nccessary
condition for a Raman line is that it involve a displacement of cnergy-
levels obtainable by superposition of two consecutive allowed transi-
tions. Tt need not be a possible emission or absorption line. The
necessary condition just given is not also a sufficient one, as the various
product terms in (6) may have such phases as to ‘interfere destructively’,
i.e. cancel each other when the summation is performed, even though
they do not vanish individually. For instance, it can be shown1? that
the only Raman displacements for the rotational quantum number J
in molecular spectra are AJ =0, 4-2; the displacement AJ = 41 is
impossible, ecven though there be @ (AJ = 0) as well as P, R branches
(AJ = 41) in the absorption or emission spectra. For a harmonic
oscillator the cancellation of the various terms in (6) (individually of
the form An =0, 4-2) is so great that there is no Raman effect. The
purely nuclear motions in diatomic molecules are to a first approxima-
tion simple harmonic. Hence the observed Raman displacements in the
vibrational quantum number » in such molecules (usually Av= 1)
must owe their origin to ‘intermediate states’ I” which represent ‘clec-
tronic’ rather than just vibrational excitation. When there are electron
transitions, the vibrational selection rules are governed by the Franck-
Condon principle, and are more complicated than for tho harmonic
oscillator. This principle sometimes allows large transitions in » in
electronic absorption bands, but the interference effects are such 8 that
the only appreciable Raman lines are those for which Av=1 (‘funda-
mental’) or Av = 2 (first harmonic). The latter should be much fainter
than the former, and neither of them nearly as intense as the Rayleigh
line Av = 0.

17 E. C. Kemble and E. Hill, Proc. Nat. Acad. 15, 387 (1929); this article contains an
excellent survey of the theory of the Raman effect.

18 C. Manneback, Naturwissenschaften, 17, 364 (1929); Zeits. f. Physik, 62, 224; 65,
574 (1930); J. H. Van Vleck, Proc. Nat. Acad. 15, 754 (1929).
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83. The Kerr Effect

When a static electric field £’ is applied (besides, of course, the periodic
field £ of the incident light), the medium no longer has isotropic
refractive properties. Instead, it becomes birefringent and the index of
refraction n has a different value n, when £’ is applied perpendicular
to K than that n, when it is applied parallel thereto. The existence of
this difference, i.e. influence of an electric field on dispersion, is known
as the Kerr effect, and has been investigated in quantum mechanics
by Kronig?!® and by Born.2® The derivation of the Kramers dispersion
formula (1), though not particularly difficult, would require us to
develop the quantum mechanics of non-conservative systems. This is
our main reason for omitting all mathematical analysis in the present
chapter. We must, however, mention that once Eq. (1) is granted, the
calculation of the Kerr effect is a straightforward, though rather tedious,
piece of static perturbation theory. One simply uses in (1) not the
amplitudes and frequencies for a free molecule, but rather those appro-
priate to a molecule in a constant electric field E’. These can be found
by means of Eq. (37) and other relations of §§ 34-5, treating £’ as a per-
turbation parameter. The system perturbed by £’ becomes in turn the
unperturbed system for calculating the polarization and attendant
dispersion (1) produced by the periodic field £. If onc makes the usual
hypothesis, that the molecule’s frequencics are all either small or large
compared to kT/h, it is finally found that

m—t = NE?(c+ 4 72), )

T 7T

where ¢, ¢,, ¢, are complicated sums of matrix clements involving also
the incident frequency v,. Calculation of explicit numerical values for
€y, €1, €3 would be very tiring, if not difficult, and so the quantum
mechanics of the Kerr effect has as yet yielded little more than classical
theory.?! The constant ¢, vanishes if the molecule is non-polar or mon-
atomic. The constant ¢; also vanishes for atoms in states devoid of

19 R. de L. Kronig, Zeits. f. Physik, 45, 458 (1927); 47, 702 (1928).

20 Born and Jordan, Elementare Quant hanik, p. 259.

21 We do not attompt to include any of the classical theory of tho Korr and Faraday
effocts, or the experimental work. A good survey of this is givon by Ladenburg in the
Muiller-Pouillot’s Lehrbuch der Physik, 11th ed., vol. ii, second half, Chaps. XXXVI1-XL,
Much of the experimental work, especially in tho caso of the Kerr effect (oxcopt Stuart’s
recent data?®), is for liquids rather than gases, and then there is the complication of
posgible association. Also the Clausius-Mossotti corrections, which we have omitted,
then become important.
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angular momentum.?? The Kerr effect should hence usually be larger
and vary more rapidly with temperature in polar molecules. It isindeed
found experimentally that n}—n? varies less rapidly with temperature
than 1/T in non-polar molecules (also in the polar ones bromo- and
chlorobenzol). On the other hand, it varies more rapidly than 1/7T in
the polar materials chloroform and ethyl ether, showing clearly the
effect of the term c,. It is particularly striking that recent experiments
of Stuart? on the Kerr effect in gases show that after reduction to
constant density n?—mn? is very nearly proportional to 1/72 in ethyl
chloride and methyl bromide (polar), and to 1/T' in carbon disulphide
(non-polar); in these cases the non-vanishing term of highest order in
1/T (c, in polar, ¢, in non-polar molecules) thus has a preponderant
influence. The second-order dependence on the field strength K’ de-
manded by (7) as well as by all earlier theories is, of course, confirmed
experimentally. '

84. The Faraday Effect

If the applied field is magnetic rather than electric, one has formulae
analogous to (7) with E’ replaced by H and with ¢, =0 unless the
molecule is paramagnetic. This is the Cotton-Mouton or Voigt effect,*
already discussed, like the Kerr effect, in § 31 for the static case or
limit vy = 0. Becausc of the second-order dependence on I, it is hard
to measure, and the cxperimental data are rather meagre.

Far more important is the fact that a magnetic (but not an electric)
ficld applied parallel to the direction of propagation of the incident light
produces a rotation of the plane of polarization. This is the so-called
Faraday effect, which is of the first rather than the second order in H.
The rotation © in a length z is thus given by a formula of the form
® = RHx. The factor of proportionality is called the Verdet constant,
and is the same as mvy(n,—n_)/He, where n_, n, are the refractive
indices for left- and right-handed circularly polarized beams. Ele-
mentary classical theory based on Larmor’s theorem and a rather too
simple atomic model yiclds the so-called Becquerel formula %

dn

0= CHxvo—— with C = -2 (8)
2me

# Wo are unable to agroo with the statement on p. 267 of Born and Jordan’s Elemen-
tare Quantenmechanik that ¢, vanishes for all typos of atoms.

# H. A. Stuart, Zeits. f. Physik, 55, 358; 59, 13; 63, 533 (1929-30), especially p. 538
of 63.

2 A survey of existing experimental work will appear in Professor Cotton’s paper in
the roport of the 1930 Solvay Congress.

2 H. Becquerel, Comptes Rendus, 125, 679 (1897).
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Faraday Effect in Atoms. A quite complete quantum-mechanical
treatment in the monatomic case has been given by Rosenfeld.?¢ His
calculations use many of the same general sorts of perturbation devices
as in our preceding chapters, especially frequent use of the principle of
spectroscopic stability and the measuring of multiplet intervals relative
to kT'. The results reduce to simple forms only in limiting cases, which
we denote by (a), (b), (c).

(@) Multiplet width small compared to k7T and incident light well
outside the multiplet. By the latter condition we mean that vy—v(n’;n)
is large in magnitude compared to the size of the multiplet, so that
there is no especially small denominator or large ‘resonance effect’ for
one particular multiplet component. Here Rosenfeld finds that

_ 4meN Hav} Z {v(n sm)|pns )2 | f(L, L)|p%(r;n')|? !:(_L_.*'_l)} 9)
"~ 3me® Bv(n'; n)2—vi]? v(n';n)2—v3 kT |

The terms of (9) which are respectively independent of and inversely
proportional to the temperature are usually, following Ladenburg,?
called the diamagnetic and paramagnetic parts of the Faraday rotation,
but this is not to be construed as meaning that they have opposite
signs, for this is not necessarily the case. The factor f in the second
term has the value 3/4(L+1), —3/4L, or —3/4(L?+4 L) according as the
change L'—L in the azimuthal quantum number in the transition
n—>n'is 1, —1, or 0. As n?2—1~2(n—1), comparison with (3) show:
that the diamagnetic part of the rotation is given exactly by Becquerel’s
formula (8). In this particular case the spin anomaly has thus com-
pletely cancelled out, a result previously found in the old quantum
theory by Darwin.2® The need of adding a paramagnetic term to that
given by Becquerel’s formula was stressed by Ladenburg.?” As it con-
tains the factor L(L4-1), this term disappears if the atom is in an §
state, regardless of whether there is a spin paramagnetism.?®

(b) Tncident light very close to resonance with one particular multiplet
component.?® Here we may omit the refractive effect of all lines but

26 1, Rosenfeld, Zeits. f. Physik, 57, 835 (1930).

?? R. Ladenburg, Zeits. f. Physik, 34, 898 (1925). The possible oxmtonve of a para-
magnetic torm appears also to have been intimated in previous work of Drude, Becquerel,
and Dorfmann. 28 C. G. Darwin, Proc. Roy. Soc. 112a, 314 (1926).

2 The explicit oxpressions for f contain a factor L in the denominator in the case of
the transitions L—>I—1 and L —> L, but this occasions no difficulty even in S states
(L = 0), as the amplitudes p®(n;n’) vanish for these transitions if L = 0. States of nega-
tive L are, in fact, non-existent, while the non-existence of the transition L = 0—> L =0
is a well-known selection rule.

30 We, however, suppose throughout that the incident light is well outside the
Zeeman pattern, i.e. that v(n’;n)—y, is large in magnitude compared to He/4mme.
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this particular component. The expression for the rotation proves
to be3t

__41reNijv(2, 0/nrre np! it 2[» flv(n,jl;nj) N
= - 3’”;6_2_ lp (":77”.7 )l [I‘I(—’;Lj‘_?’,nj)z__:;gjz_}-

H5 ) )] 00

Because it contains a second rather than a first power of v(n'j’; nj)2—vi
in the denominator, the diamagnetic part gives greater resonance than
the paramagnetic, and so predominates except at very low temperatures.
The paramagnetic part is present whenever the atom has a magnetic
moment, and, unlike the previous case (a), remains even in an § state
if the Jatter has a spin moment. Since in the present case one term in
the summation in (1) has much the greatest resonance, Eq. (1) shows
that vydn/dv, is proportional to v}/(v(n'j’; nj)®—v3)®. Hence the form of
dependence on frequency for the diamagnetic part is such as to ensure
the validity of Becquerel’s formula (8), but in general with an ano-
malous value of C, viz. ef,/2mc?. The expressions f, f,, y; in (10) are
functions of the quantum numbers which are too complicated for us
to give explicitly, but we may mention that f; can be computed in an
clementary manner 32 in which it is only necessary to consider the per-
turbing effect of the magnetic ficld on the frequencies and not on the
amplitudes. In all other cases, e.g. (@) and (¢) where therc is less
resonance to one particular component, it is vital to consider also the
perturbations in amplitudes; neglect of this fact has led to many
erroneous articles in the literature. The anomalous factor f; proves to
be just the ratio of the mean Zeeman displacement for the various
transverse components, weighted according to their intensity, to the
normal Lorentz value He/4mmec. The most extensive experimental
measurements for the present casc (b) appear to be those of Kuhn.3?
From the observed rotation he is even able to deduce the Einstein
probability cocfficients.

(c) Multiplet large compared to k7', incident light outside the multi-

31 The existenco of the part of (10) involving the factor y;, also the third term of (11),
which is of similar form as regards dependenco on v,, appears usually to be overlooked in
the litorature. This sort of term is, roughly speaking, tho parallel of the part N« of the
susceptibility which is indopendent of temperature (cf., for instance, Eq. (1) of Chap.
IX). Except in exceptional cases it will henco be of subordinate importance compared
to the torm of ‘Curio form’ which is inversely proportional to temperature.

32 Kor typical explieit calculations sce the following reference to Kuhn.

33 W. Kuhn, Math. Phys. Comm. Dan. Acad. vii. 12, 11 (1926).

3696.3 Bb
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plet. Here the dependence of © on 7' and v, is of the form

= Ay(n;n) Ay(n’;m) Ay(n’;n) 3
0= NHavg z [[v('rl/;l'n)z—vg]2 + T[v(’l:'; n)2—1g] +v('n'?; n)z—v;‘,]’ )

po
and Becquerel’s formula is not in general valid even with an anomalous
value of C.

Faraday Effect in Molecules. Here an adequate analysis is wanting,
although the beginnings of a theory for diatomic molecules have been
made by Kronig.¥ About all one can say is that the dependence on
vo and T is of the general form (11), assuming one is not close to
resonance with any one line. The second term vanishes in a non-
paramagnetic state. It is a curious fact that the rotation for many
molecules is represented quite well by a formula of the Becquerel form
(8) but with an anomalous value of C. The anomaly in C usually ranges
from 0-50 to 0-70, but for H, it is 0-99, so that the unmodified Becquerel
formula applies almost perfectly to hydrogen.® Eq. (11) gives a more
complicated dependence on v, than (8) even with an anomalous value
of C. The ability to represent many molecules approximately by the
latter probably means that the second and third terms of (11) are
usually small compared to the first, and that a group of absorption
lines having nearly equal values of »(n’;n) have a predominant effect
on the rotation. Oftentimes the dispersion and rotation are measured
in the visible, while the lowest absorption lines are in the ultra violet;
then Eq. (8) is not greatly different from a dispersion formula with only
one assumed molecular frequency.

Experimental Confirmation of Paramagnetic Term—Saturation Effects.
At very low temperatures the paramagnetic part, if present, should
preponderate. This is confirmed especially well in the measurements of
Becquerel and de Haas% on mixed crystals (tysonite and xenotime)

% R. de L. Kronig, Zeits. f. Physik, 45, 508 (1927).

% Kor an excellont compilation of the exporimontal values of the constant C see
Darwin and Watson, Proc. Roy. Soc. 1144, 474 (1927). These writers find that the
behaviour of oxygen is anomalous, and its rotation cannot oven be represented by a
formula of the general form (11), at least if one assumes that, there is only one important
absorption frequency »(n’; n). The experimental work is also well surveyed in Laden-
burg’s article alroady cited.?! In this articlo it is einphasized that in media in which the
infra-red vibration bands aro known to contribute appreciably to the dispersion, a
formula of the form (8), even with an anomalous C, is found to be applicable only if ono
replaces dn[dv by dn’[dv, whero n’ is the part of the rofractive index not arising from
these bands. It is also then necossary to insert a correction factor (n+ 2)?n’ [(n'+4-2)%n
whose origin is closely related to that of the ordinary Clausius-Mossotti correction in the

case of static dielectric constants (§ 5). See pp. 2150, 2163 of Ladenburg, [.c.2!
3 J. Becquerel, Le Radium, 5, 16 (1908) ; Becquerel and Onnes, Leiden Communications
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containing rare earth atoms among the ingredients. We saw in Chapter
IX that from a magnetic standpoint the rare earth ions behave as if
free even when in solid compounds. Because of a factor v(n';n)2—v?
rather than [v(n’;n)2—vE]? in the denominator, the paramagnetic rota-
tion, unlike the diamagnetic, should change sign on passing through an
absorption band, and this is verified experimentally.3? The theoretical
proportionality to 1/7 is found to hold only approximately. In the
case of tysonite the deviations from this law are not great (about 10 per
cent.) down to 20° K., but the rotation at temperatures of liquid helium
is about one-third less than one would expect if it were inversely pro--
portional to the temperature. In xenotime the measurements show
quite definitely that the rotation does not involve H and 7 only through
the ratio H/T.

At very low temperatures one encounters the complication that the
Faraday rotation is no longer linear in H, and instead saturation effects
begin to enter, as SH/kT is no longer small compared to unity. This
saturation is indeed found by Becquerel and de Haas 38 at liquid helium
temperatures. From the curvature of the saturation curves information
can be deduced concerning the apparent Bohr magneton numbers.
Unlike the case of susceptibilities, such information cannot be deduced
from the initial slope, as the numerical values of the amplitudes and
hence the absolute magnitudes of the right sides of Eqgs. (9) and (10)
are unknown. It can be shown thdt when saturation effects arc con-
sidered, the paramagnetic parts of the rotations in cases (@) and (b, c)
become, as we would expect, proportional to B (BLH/kT) and
B,(g9,JBH[ET) respectively instead of being linear in H/T' as in Egs. (9),
(10), and (11). Here B(y) denotes the ‘Brillouin function’ defined in
§ 61. The elements responsible for the rotation in the mixed crystals
tysonite and xenotime are cerium and gadolinium respectively, at
least at the wave-lengths used by Becquerel and de Haas. In view of the
Hund theory of the rare earths (§ 58) one should expect the saturation

103 ; Becquerel, Onnes, and do Haas, ibid. no. 177 ; Becquerel and de Haas, ¢bid. no 193,
or Zeits. f. Physik, 52, 568; 57, 11 (1929); also further referonces cited in note 40.

37 J. Beequerel, Phil. Mag. 16, 153 (1908). The change in sign is found at ordinary
temperatures, but with very low values of 7' he finds that the absorption band scems to
separato into two components such that the rotation is positivo on both sides of one
component, and negative on both sides of the other. Tho phenomena at low temperatures
thus seem to be more complicated than contemplated by the usual simplo theory. As the
diamagnetic part of the rotation is nocossarily positivo, at least in atoms, the observation
of a negative rotation in certain cases, notably TiCl;, must mean that in these instances
the influence of the paramagnetic part is quite appreciablo.

38 Becquerel and de Haas, Zeits. f. Physik, 52, 678 ; 57, 11 (1929), or Leiden Communica-
tions 193, 204.

Bb2
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curves for tysonite and xenotime to be proportional to By,(158H/7kT)
and B;,(7BH/[kT) respectively. Actually, at the temperatures of
liquid helium they are found to be proportional to B,,(BH[kT) and
B,,(TBH|kT) respectively. As mnoted by Becquerel and de Haas,
Schiitz, and especially Kramers,* one obtains the empirical curve for
tysonite if one assumes that the inter-atomic fields are so powerful as
to quench the orbital angular momentum and leave only the spin free.
The theory of § 73 shows that sufficiently large unsymmetrical fields
will do this, but in our opinion any explanation by this mechanism is
purely spurious. Because of the larger multiplet widths, even groater
fields would be required than in the iron group (cf. especially Eq. (4),
Chap. XI), whereas the close conformity of the susceptibilities of the
rare earths to the gaseous theory undeniably evidences that the f shells
in rare earth ions are remarkably frce. Instead, the clue to the satura-
tion curves in tysonite is, we-believe, to be found in the investigation
of the distorting effects of fields, probably not of axial symmetry, which
are larger than, or at least comparable with, k7 at the temperature of
liquid helium, but still very small compared to the multiplet structure.
This only requires fields whose effect is of the order 10 cm.—%, and there
is then no contradiction with susceptibility measurements at higher
temperatures.! An explanation on this basis is now being attempted
by Kramers in place of his original theory.

As regards xenotime, Kramers% has shown that one obtains the
empirical curve if one assumes that the spin S == ] of the gadolinium
atom is subject to an inter-atomic axial field sufficiently large to make
My = 4] the only normal state at the temperature of liquid helium.
There is the obvious difficulty that such a field, if purcly clectrostatic,

* Schiitz, Zeits. f. Physik, 54, 731 (1929).

40 H. A. Kramers, Proc. Amsterdam Acad. 32, 1176 ; 33, 959 (1920-30), also Kramers
and Becquerel, bid. 32, 1190 (1929); Beequerel, de Haas, and Kramers, ibid. 32, 1206
(1929).

4! Busceptibility measuremoents just completed at Leiden (Commanication 210¢) by
de Haas and Gorter show that in the case of CeF, the Weiss-Curio formula x— CH(T+A)
holds quite well down to about 70° K, with A = 62, and with a value of (! which yields
& magneton number 2 52 in excellent accord (19%) with the Hund theory (§ 58). Tho
value of A and the temperature 70° at which the cryomagnetic anomalies begin to appoar
are, as we should expect, considerably higher than for the hydrated sulphates usually
moasured. As the composition of tysonite is (La, Co, Nd, +4-Pr)F, it is more analogous to
the fluoride of cerium than to the sulphato, and so the susceptibility measurements
demand, rather than preclude, an external energy of about 50 ¢!, In short the measuro-
ments of the saturation rotation in tysonite are made at such low temperatures that
one would hence expect great cryomagnetic anomalies, and so one cannot infor any

contradiction between these measurements and the ordinary Hund thoory of sus-
ceptibilities.
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would have to be very large, as the energy coupling spins to electric
fields is a second-order effect.*? Possibly exchange forces between para-
magnetic atoms and also inter-atomic magnetic forces have some
influence; in this event the ultimate theory will be quite involved. At
any rate the rotation measurements show indisputably that the spin
of the gadolinium atom is much less free in xenotime than in hydrated
gadolinium sulphate or gadolinium ethyl sulphate, where the suscepti-
bility measurements confirm the gascous theory remarkably well even
at very low temperatures.

Further Faraday measurements on other materials at very low
temperatures are in progress at Leiden. The saturation curves are
apparcently obtained more easily in this manner than by direct deter-
minations of susceptibilities. Careful analysis of these curves should
ultimately yield valuable quantitative information on the inter-atomic
ficlds in rare earth crystals. )

Polarization of Resonance Radiation. As the Faraday rotation is
linear in H, it is appreciable only at large field strengths. On the other
hand, a small field, 100 gauss or so, often has a tremendous effect on
the polarization of resonance radiation. An elaborate theory of the
polarization of scattered radiation was developed by Heisenberg and
others4® in the old quantum theory by means of the correspondence
principle, and the new quantum mechanics has justified the method.
The large influence of a small magnetic field (also of the hyper-fine
structure 4) on the polarization of scattered radiation does not contra-
dict the principle of spectroscopic stability, though we have seen the
latter demands that only exceedingly large magnetic fields appreciably
distort the diclectric constant or index of refraction. This difference is
because the principle in question imposes restraints on the total inten-
sity but not on the polarization of the secondary radiation, except when
there is excitation by isotropic rather than directed primary radiation.

4 An additional difficulty is that S states are without any paramagnetic rotary powsr
if ono neglects tho influenco of the inner quantum number J on the energy. However,
tho oxcited states of the Gd ion may well have such large multiplet widths that one is
not justifiod in replacing »(n’j’; nj) by v(n’; n) and then the paramagnetic part can persist
evenin S states. It still seoms a bit suprising that the great rotation found in Gd is thus
due entirely to distortion of the orbital motion by the spin.

4 'W. Heigenborg, Zeits. f. Physik, 31, 617 (1925); for further reforences and dis-
cussion see Ruark and Urey, Atoms, Molecules, and Quanta, pp. 353-60, or the writer’s
Quantum Principles and Line Spectra, pp. 171-9,

4 A, Bllett, Phys. Rev. 35, 588 (1930).
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Absorption intensities, 47, 50, 51, 362,

Additivity relations, 57, 60, 77, 825, 207,
220-5.

Alkalis: diamagnetism and refractivity of
ions, 222-5; magnotic suscoptibility of
solid, 347, 348, 359, 360;-—of vapour,
238, 239 ; quantum defect, 217; Zeeman
offect, 179.

Aluminum spectrum: resonance pheno-
menon, 219,

Aminonia molecule, 52, 71.

Angle and action variables, 37, 146.

Angular momentum: charactoristic values
of, 165; commutation rules for, 161;
Fourier series for, 171; matrices for,
159-62, 16772 ; behaviour in molecules,
262-4, 274, 277-81; quantization of,
106, 150, 164-5; quenching of orbital,
273-4, 287-97, 314, 324, 334; relation to
magnetic momont, 4, 155, 174, 255, 256,
300; true ». canonical, 23-4, 145, 354;
see also spin.

Anisotropy, magnetic (in crystals), 309-
11

Association, molecular, 17, 57, 58, 65, 294,
314; see also comploxes.

Atom-core, polarization of, 215-20, 222,

‘Atomic polarization’, 46, 51, 52, 68.

‘ Austasch’, see exchange offoct.

Axis of quantization, 108, 114, 115, 140,
196.

Azimuthal quantum number, 159, 166,
203-4, 238, 354.

Band spectra: relation of dielectric con-
stant to, 45-53, 72, 280.

Benzene molecule and derivatives, 72-81.

Birefringence, see Kerr effoct.

Bismuth, diamagnetic susceptbility of, 92,
93.

Boltzmann distribution formula, 24-6, 96,
99, 102-4, 181, 196, 353, 355.

Brillouin function, 257-9, 325, 331, 332,
343, 371, 372.

Canonical: coordinates, 25; transforma-
tion, 138.

Carbon bonds, 72, 76, 84.

CO,4 molocule, 49-52, 70 ; CS,, 70; CCly, 71.

Centrifugal expansion, 200.

Characteristic: functions, 123 ; valuos, 123,
143.

Charge: ‘offective’, 45, 47-52, 81, 200;
electronic, 4 ; statistical density of, 129,
131, 354.

ClO, molecule, paramagnetism of, 275.

Chromium salts, 285, 301, 304, 306~8.

Classical theoory and statistics, 1-104;
absence of magnetism in pure, 94-102;
inadequacy of, 102; quantwun analogies
with, 169-72, 184.

Clausius-Mossotti formula, 14, 16, 56, 87,
370.

Cobalt: puro metal, 335, 336; salts, 285,
297-9, 302, 304, 309.

Commutation rules, 119, 127-8, 161, 166,
258, 323.

Comploxes, 293, 295, 301, 306, 314; com-
plex atoms, 301, 304, 349.

Conduction eloctrons, 6, 100-2, 336, 339,
346, 349-60.

Contact transformation, 25, 138.

Continuity, equation of, 8, 10, 130.

Copper salts, 285, 297, 299, 300, 304.

Correspondence principle, 169-72,
109, 110, 357, 361, 362, 373.

Corresponding states, Weiss theorem of,

107,

Cosim; law, 162, 165, 174, 177, 230 2, 236,
318

Coupling: j-j, 168; Russell-Saunders,
163-8, 173, 178, 229, 288; spin-orbit,
163, 237, 264, 267, 282, 295, 313, 317,
348 ; spin-spin, 311, 163, 237, 283, 318,
335; typos (a)-(b) in moleculos, 263.

Cryomagnetic anomalies, 249, 307-8, 333,

372.

Crystalline ficlds, 287-97, 309-11, 314-15,
372, 373.

Crystals, 2, 309-11, 323; liquid, 120;
mixod, 370-3; singlo, 335.

Cubic symmotry, 291, 311, 324, 337, 338.

Curie’s law, 89, 239, 249, 253-4, 267, 269;
Woiss modification, 245, 253, 288, 300,
308-9, 314-15, 333, 372.

Curio point, 326, 331- 3, 336-9, 344-8.

Current density in quantum mechanics,
130.

Degenerate electron gas, 349-52, 357-9.

Degenerate systems, 134-7, 112, 124, 182,
280; noarly degonerate, 137, 175, 179;
non-degenerate, 132-4;  invariance
thoorems in, 139-42; relation to symn-
metry of field, 290-7, 273, 274; required
with odd no. of electrons, 296, 297, 348.

Density, dependenco on, see Clausius-
Mossotti formula, dilution.

Diagonal: matrices, 127, 142-3, 171, 172;
matrix olements, significanco of, 129,
143 ; sum (invariance of), 142, 177, 342.

Diamagnotism: of atoms and ions, 90-4,
99, 206-15, 220-5; of froo electrons,
100-2, 353-60; of molecules, 276-9;
pressuro dependonce, 110, 113; dia-
magnetic correction to paramagnotic
susceptibility, 227, 243, 252, 359;
diamagnetic Zeeman term, 178-80.

Diatomic molocules: electric moment, 27,
66 ; magnetic moment, 262-72, 276-81;
spectral notation, 262; dumb-bell and
top models, 147-55, 183-5, 32-7, 116.
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Diolectric constant, 1; of atoms, 27, 2035,
209-25; determination of wolocular
moments by, 60-9; effect of magnotic
field on, 113-21, 196; rclations to mole-
cular structure, 70-82; relation to
rofractive index, 42-53, 60; saturation,

85-8; of solutions, 56-60; see also
Langevin-Debyo formula.
Diffraction, electron and X-ray by single

molecules, 76.
Dilution, magnetic, 244, 255, 259, 268,
283, 294, 304-5, 308, 309, 314 321.
Dipole moment, detennina.tion of numeri-
cal values, 60 -82.

Dipole, models for rotating, see dumb-bell,
top.

Directive offoct, magneto-clectric,
279--81.

Dispersion, see refractive index.

Doubling: A-type, 154, 203, 280; p-type,
266, relativity, 157, 161, 203; see also
multiplets.

Dumb-bell model, 106, 147-52, 183-5, 196,
198.

Effeetive: charge, 45, 47-52, 200; mag-
neton number, see magneton nuinbers.

Electric moment, see moment, clectric.

Electrons: diamagnetism of free, 100-2,
353-60; Dirac theoory of, 156-8;
‘oquivalent’, 165, 237, 241; foeble spin
paramagnetism in oondu(-tors, 349-53,
359 -60; relation to furl'omagnetism,
339; spin of, 155-65, 172, 199, 203, 204,
226 ff., 317.

Electrostriction, 63.

Lthyl-other molecule, 53, 87, 88, 367.

Ethylene dichloride molecule, 76.

Europeum, 242, 243, 245 -9, 251-3, 256.

Kxchango effect, 316-21, 282, 283, 310,
324, 331, 348; exchange integral, 332,
336, 337, 346-8.

Exclusion principle, 26, 162, 165, 211,
237-8, 241, 282-3, 317, 339, 349, 358.

182,

Faraday cffect, 36773, 279 ; saturation in,
371-3.

Formi-Dirac statistics, 26, 339, 347, 340-
52, 357-60.

Ferromagnetism:  Hoisenborg's  theory,
322-47; incipient, 308; caloric effocts,
343-7.

Field: intoratomic erystalline, 287--97, 193,
249, 253-5, 309-11, 314, 372; local, 14,
56,+567; Maxwoll equations for, 1; self-
consistont, 208, 222; Woeiss molecular,
322, 310, 331, 333, 347.

‘¥'reo rotation’, 73, 75-6, 199.

Frequoencies, ‘high’ ». ‘low’, 187-90, 193,
194, 229, 264; fecblo effect of ‘high’ in
magnetism, 227, 268, 275, 278, 302, 315.

g-formula, Landé, 155, 173, 174, 177, 233;
g-sums, 177.
Ga:;gollix:l;imn, 258-9, 90, 243, 253-5, 310,
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Gaussian distribution of energies, 327, 329,
331, 337, 338, 345.

Group theory, 169, 170, 178, 205, 296, 320,
329, 340.

Gyromagnetic offect, 255-6, 165, 300.

Hamiltonian: equations, 20, 24, 25, 125;
functions, 19 -23, 34, 97, 122, 172.

Harmonic oscillator, 30, 41-2, 46, 86, 119,
186, 201, 361-2.

Heisenberg: oxchange effect, 316-21;
matrices, 124 ff., 143; theory of ferro-
magnetism, 322-47.

Helium: diamagnetism, 207-9; dielectric
constant, 205, 209, 214 ; quantum defoct,
217.

Hermitian matrices, 127, 128, 134.

Hund: cases (a) and (b); 263-4; theory of
spectral terms, 237, 241-3, 248, 284,
986, 371, 372.

Hydration, effect of, 221, 293, 294, 297,
305, 306.

Hydrodynamical model, 129-31.

Hydrogen atom: dielectric constant, 203,
205, 209 : diamagnetisin, 206-7 ; disper-
sion, 363, 364.

Hydrogen molecule: diamagnetism, 209,
278-9; dielectric constant, 66, 67, 85,
209; Faraday effect, 279, 370.

HCl moleculo, 47, 48, 81 107, 114, 200.

Hypoerfine structure, 25 9—6[, 373.

Hysteresis, 335.

Ice, dielectric constant of, 56, 60.

Index of refraction, see refractive index.

Induced polarization, 29, 60, 68, 78, 83, 86,
90, 186; see also refractive index.

Inert gases, diamagnetism and refractiv-
ity, 214, 215, 225.

Infra-red vibrations, 45-53, 69, 201, 370.

Tntensities: absorption, 47, 50, 51, 362;
sum-rules for, 141-2, 170, 194, 195.

Interval rule, see cosino law.

Tons: complex, 293, 301, 304, 359; fields
dueo to, 88, 297 ; paramagnetism of free,
226-61 ; refractivities and diamagnetism
of, 220-5.

Irou pure metal, 333, 336, 345 ; salts, 240,
282-311.

Isomors, diclectric constant of, 74.

Tsotropie and anisotropic media, 2, 120,
309-11.

Kerr offect, 363 -4, 63, 86.

Lagrangian function, 19, 22,

Langevin-Debye formula: proof of, 30-41,
89-90, 99, 181-97, 226-9, 325; limit of
accuracy of, 197-202; dipole moments
from, 60-82; generalized form, 40, 194;
see also Curie’s law, magneton numbers.

Langevin’s formula for diamagnetism, 90,
206, 2717.

Langevin function, 31, 32, 257-9, 343, 356.
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Larmor’s theorem, 22-4, 90-2, 109, 277,
354, 367.

qumds, dxelectm'c constant of, 56-6, 59,
88; crystalline (mesomorphic), 120.

Macroscopic and microscopic viewpoints,
1, 3, 71, 146.

Magnetlc qua.ntum number, 106, 140, 144,
161, 163, 189, 197.

Magnetization by rotation, 2556-6, 155,
300

Magneto-caloric effects, 343-7.

Magnetons, Bohr and Woiss, 227-9.

Magneton numbers, offoctive Bohr, 242,
243, 285, 304, 312, 335; also 245, 250,
251, 264, 266, 270, 298-301, 371-2.

Magnetostriction, 347.

Manganous ion, 285, 301, 303-9, 313.

Matrices, 124 ff. ; asymptotic behaviour of
elements, 170; characteristic valucs,
143; diagonal, 127, 142-3; Hermitian,
127, 128, 134; lugh and low frequency
elements 187—90 193, 194, 229, 264,
275, 302; multiplication law, 126, 128;
notatlon, 126, 142; relation to wavo
functions, 124-31; spur, 142; trans-
flormatlon, 138 ; transpose, 134 ; unitary,
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Methano molecule, 52, 71--2, 79.

Microcrystal, 325 ff., 335.

Models: dumb-bell, 106, 147-52, 183-5,
196, 198; top, 152-5, 184-5, 32-7, 40,
108, 198, 289, 290; ‘vector’, 76- 80, 164,

Molar: maguneton number, 228; polariz-
ability, 53, 58, 59, 225, susceptibility,
217, 92, 225.

Molecular field, see field.

Molecules: diamagnetism of, 276-9 ; dipolo
moments of, 66, 67; Faraday offect for,
370; models for, see models; para-
magetism of, 262-81; polar v. non-
polar, 27; polyatomic, 272-6; spectral
notation for diatomic, 262-4 ; structure
of organic compounds from diclectric
constant, 272-82.

Moment, electric: definition, 4, 5; deter-
mination of numerical valucs, 60-82;
differentiation formulae for, 21, 25,
143-7; ‘permanent’, 27, 28, 187, 190,
194, 203.

Moment, magnetic: definition, 4, 5;
differentiation formulae for, 21, 2.),
143 7; of nucleus, 259-61 ; permanont
89, 95, 2263 qucnchmg of orbital;
273—4, 287-97, 310, 324; relation to
angular momentum, 4, 155, 174, 255,
256, 300; see ualso magneton numbers,
spin.

Momenta, generalized, 19, 22, 126.

Momentoxds, 35.

Multiplets, 165, 175, 236-8; Goudsmit’s
formula, 237, 238; interval rule, see
cosine law; in molecules, 262-4, 266,
269 ; paramagnetisin for narrow, 229-32,
264-6; for wide, 232-5, 242, 243, 265;
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for intermediate, 235, 248, 271-2, 306;
regular and inverted, 166 237, 249, 285
quenching in solids, 295 305--7

Nickel : pure motal, 333, 335, 336, 345, 346 ;
salts, 285, 297, 300, 303-4.

Ni;ric oxide molecule, 269-72, 114, 280,

81.

NO, molecule, 275 ; N,0, 66, 70, 275.

Normal states, 187, 237, 239, 241, 243,
285.

Nuclear vibrations, 45-52, 200-2, 365.

Nucleus; spin of, 269-61 ; unimportanco in
magnetism, 269-61, 277.

0dd number of clectrons: degencracy with,
296, 348; molecules with, 266, 275.

Operator functions, 123, 125 ; self-adjoint,
124, 128-9.

Orbital magnetic moment, quenching of,
2734, 287-97, 314, 324, 334,

Organic molecules, 72-85, 207.

Origin, invariance of, 4, 276 ; roflection in,

Orthogonality, 123, 124, 139, 316.

Oscillator: anharmonie, 201; harmonie,
30, 41, 42, 46, 86, 119, 186, 201, 362,
365 ; virtual, 362.

Oxidos, 244-5, 249-51,
307-8, 312.

Oxygen molecule, 266-9, 66, 67, 337,

253, 2565, 292,

370.

Palladium group, 311-15.

Paramagnetism: of frce atoms and ions,
226-61; classical theory, 89, 94; above
Curio point, 333; diamagnotic correc-
tion, 227, 243, 252, 359 ; feoble, 275, 283,
302, 339, 347-63, 359-60; of iron salts,
282-311; of diatomic molecules, 262-72,
279-81; of polyatomic molecules, 272-6;
of platinum, palladium, and uranium
groups, 311-15; of rare earths, 239 -59;
of solids, in general, 282 3, 347,

Partition function, 25, 35, 116, 320, 343,
344, 355, 356.

Paschen-Back effect, 168, 112, 142, 175,
231, 232, 235, 260, 267, 281.

Pauli principle, see exclusion principlo.

Permanent moment, 27, 28, 95, 187, 190,
194, 203, 226.

Perturbation theory, 131-43; degenerate
systomns, 134-7; noarly degenerate, 137;
non-dogenerate, 132-4; illustrations,
147-52 ; sum-rules, 137 -43, 177.

Perturbations in spectra, 220.

Porturbative potential, 133.

Platinum group, 311-15,

Polarizability : molar, 53, 58, 59, 225; from
quantum defoct, 215—»20 225.

Polarization ; definition, 8, 146; ‘atomic’,
46, 51, 52, 68; induced, 29, 60, 68, 78,
83, 86, 90, 186; of resonance radiation,
111, 373; see also moment, refractive
index.
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Polyatomic molecules, magnetic suscepti-
bility of, 272-6.

Potassium: solid, 359-60; vapour, 239.

Potential, crystalline, 288-97.

Precessions, 263—-4, 164, 171, 188, 195, 230,
232, 272,

Quadrupole terms, 12, 364.

Quantization ; diagrams, 164 ; in crystals,
287-97, 323; in molecules, 262 ff.,
Russell-Saunders, 163-8, 173, 178, 229,
288; spacial, 106, 108-13, 140, 160-1,
176-17, 196-7, 292 ; ‘weak’ and ‘strong’,
108-11; see also, quantum conditions,
quantum  numbers,  spectroscopic
stability.

Quantum conditions, 126, 363.

Quantum defect, 179, 204; polarizability
from, 215-20, 222,

Quantum numbers; azimuthal, 159, 166,
203-4, 238, 3b54; crystalline, 323;
electronic, 154, 189 ; half, 105, 107, 114,
162, 165, 217 ; hyperfine, 260 ; inner, 164,
195, 230, 246 ; large, 170, 179; magnetic
(alro called axial, equatorial, or spacial)
106, 140, 144, 161, 163, 189, 197, 292;
parabolic, 203, 213; radial, 356; spin,
161, 163-5, 189, 323; vibrational, 189,
200, 365 ; indices nym defined, 289.

Quantum theory, old, 105-21, 161, 210,
217, 234, 267, 362.

Quenching: of orbital magnetic moment,
287-97, 314, 324, 334; of spin, 347 53,
313-14.

Radicals, moments of, 75-80.

Radii, atomic or molecular, 5, 92, 179,
223-4, 277, 278, 346, 348,

Raman effect, 51, 364-5.

Rare earths, 240 ff.; Faraday effect,
370-3, susceptibilities of pure metal,
308; susceptibilities of salts, 239-59,
282; Zeeman effect, 292,

Refractiveindex : of atoms andions, 214-25
(table, p. 225); dependence on density,
156-16; in infra-red, 48-563; at radio
froquencies, 54-5, 60 ; Kramers formula,
361-5; of liquids, 55, 59-60; offect of
magnetic field, 121, 367-73; effect of
electric field, 366 ; relation to dielectric
constant, 42-53, 60 ; relation to molecu-
lar structure, 82-5; temperature in-
variance, 54, 195, 362.

Relativity theory of electron, 156-8, 203- 4.

Relaxation time, 55, 56, 60.

Resonance radiation, 364 ; polarization of,
111, 373.

Ritz method, 205, 215.

Rotation: by magnetization, 1565, 255-6,
300; Faraday, 367-73, 279; ‘free’
(around chemical bonds), 73, 75-6, 199;
molecular, 32 ff., 48, 55, 147-55, 188,
192, 277,

Russell-Saunders coupling, 163-8, 173,
178, 229, 288,
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S-st;tes, 239, 255, 301, 305, 310, 311, 313,
324

Salts: complex, 301, 304; diamagnetism
and refractivity, 220-5; paramagnetism
of iron, 282-311; of Pd, Pt, Ur, 311-15;
of rare earths, 239-59.

Samarium, 242-3, 245-53, 256.

Saturation, 32; electric, 85-8, 185, 200;
paramagnotic, 90, 257-9; ferromag-
netic, 326, 334-6, 338 ; magneto-electric,
115-21; in Faraday effect, 371-3.

Screening constants: for multiplets, 237,
247, 250-2; for refractivity and dia-
magnetic caleculations, 209-15, 224.

Secular equation, 136, 142, 175-6, 179, 220,
338.

Selection principles, 174, 188, 365.

Shells: complete and ‘closed’, 211-15,
225 ; incompleto, 240-3, 284.

Solids: delineation of various magnetic
behaviours, 282-3; diamagnetism, 93,
357-9; foeble paramagnetism, 347-53;
ferromagnetism, 322-47; paramagnet-
ism, see iron, rare earths.

Solutions: diamagnetism of, 222-5, 227;
dielectric constant of, 56-61, 69; para-
magnetism, 240, 243, 268, 284-5, 293,
306

Spacial quantization, 106, 108-13, 140,
160-1, 176, 196-7.

‘Spacial separation’ due to erystalline
fields, 290 ff., 295, 352.

Specifiec heat, magnetic, 343-7.

Spectroscopic: nomenclature, &e., 162-6,
241, 262 ; polarizability determinations,
215-20, 222.

Spectroscopic stability, 111-13, 137-42,
152, 193, 230, 232, 368, 373.

Spin, electron, 155-65, 172, 199, 2034,
226 ff., 317; quenching of, 347-53,
313-14; ‘spin only’ hypothesis, 285-311,
324; of wholo crystal, 323 fi.; see also
coupling (spin-orbit or spin-spin).

Spin of nucleus, 259-61.

Spontancous magnetization, 325,
335.

Spur, invariance of, 142, 177, 212, 342,

Stark cffoct, 63-4, 154-5, 199, 281, 363;
atomic hydrogen, 203-5, 209-11, 213;
second order, 114, 154, 204, 210-11.

States; see normal states, partition func-
tion, S-states.

Statistical mechanics, 24-6, 95, 102-4,
181-2; Fermi-Dirac, 339, 347, 349-52,
357-60.

Storn-Gerlach offect, 63, 64, 106, 112, 154,
161.

Sulphates: iron growp, 297, 299, 300,
3045, 307, 309, 310; rare earths, 243-5,
250-5, 259 (Gd).

Sum-rules, 139-40, 142, 193-5; g-sums,
177; y-sums, 177, 238.

Summation formulae for series, 152, 236,
358.

Symmetry of field, relation to magnetic

332,
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moment, 273-4, 288-97, 309-11; cubiec,
291 ; rhomboidal, 2912 ; tetragonal, 291.
Symmetry of wave functions, 317-18.

Tomperature dependence: of electric sus-
ceptibility, 28, 76, 185, 198 ; of magnetic
susceptibility, 89, 92, 93, 249-55, 266,
269-71, 303-9, 314-15, 333, 334, 351,
372; of refraction, 54, 195, 362 ; see also
cryomagnetic anomalies, Curie’s law.

Thermo-magnetic effects, 343-7.

Thomson formula, 363.

Top: asymmetrical, 32-7, 40, 115, 198,
289-90; symmetrical, 152-5, 108, 184,
185, 198, 203.

. Transformation: canonical, 138; contact,
%5, 138; matrix S, 138, 134 ; theory, 143,

58.
‘Turning over’ of atom, 193, 249, 254, 295.
Tysonite, 370-3. ’

Unitary matrices, 134.
Uranium salts, 311-15.

Vanadium ion, 2853, 299.

Vapours, suscoptibilities of, 238-9.

Vector model: of atom, 162-5; of dipole
moments in molecules, 76-80.

SUBJECT INDEX

Vordet constant, 279, 367.

Vibrations, molecular, 45-52, 201, 365,
370. . .

Wave equation, Schrédinger, 122, 316.

Wave functions, 123; ‘complox’ needed
for magnotism, 273-4, 290-1 ; normaliza-
tion, 124, 134; orthogonality, 123, 124;
porturbed, 132 ff., 205; rolation to
matrices, 124-31; spin, 156-8; sym-
metric and antisymmetrie, 317-18.

Water: polarity of, 16, 60, 69, 71; see also
hydration.

Weiss: goneralization of Curio’s law, 245,
253, 288, 300, 303-9, 314 15, 333, 372;
magneton, 228-9 ; molecular field theory
of ferromagnetism, 322, 331, 334, 335,
344-5.

Xenotime, 370-3.

Zeeman: effect anomalous, 172-7, 155,
158, 159; in crystals, 292; in molecules,
114, 281; normal, 173; second-order,
174-5, 233, 249, 256, 305; dinmagnetic
second ordoer, 178-80 ; see also g-formula,
Paschen-Back effect.
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