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FOREWNORD

The following pages contain, in revised form, a set
of lectures given at Fine Hall in Princeton, New Jersey,
during the fall of 1945. A large part of the matter pre-
sented 1s the product of studies undertaken jointly by
the author and Dr. Maurjce Heins, reference to which is
given in the bibliography. The first chapter on pseudo-
harmonic functions 1s, however, derived largely from the
author's paper on "The topology of pseudo-harmonic func-
tions" Morse (1), while the fourth chapter on "The pener-
al order theorem" contains the first published proof of
the theorem there stated. The present exposition differs
from that in the joint papers, in that in the earlier
papers attention was focused on meromorphic functions and
the proofs then amended to include interior transforma-
tions. (See Stollow (1), and Whyburn for previous.work
on interlor transformations. With Whyburn our transform-
atlons are interior and "light".) In these lectures
pseudo-harmonic functions and interior transformations
are the starting point,and the theorems specialize into
theorems on harmonic functions and meromorphic transform-
ations.

The modern theory of meromorphic functiohs has dis-
tinguished 1tself by the frulitful use of the Instruments
of modern analysls and in particular by its use of the
theories of integration. Its success along this line has
perhaps diverted its attention from some of the more
finitary and geometric aspects of function theory. His-
torically the geometric concepts of Riemann and Schwartz
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contrast with the more arithmetical concepts of Weier-
strass and of the modern school® The present lectures
seek to emphasize again the advantages of geometric )
methods as a complement of other methods.

In the study of boundary values in a statistical
sense, significant finlte topological properties of the
boundary ilmages have been passed over, and the geometric
instruments appropriate for simple generalization not
always used. Passing to non-finitary aspects of the
theory, the critical points of a harmonic function on a
Jordan region, if infinite in number, stand in group
theoretic or topological relation to the boundary values,
assumed continuous, which arithmetic methods are not ade-
quate to reveal. See Morse and Heins (1) III. On turn-
ing ir still another direction of the theory, the topol-
ogical development of pseudo-harmonic functions on the
basis of the topologlcal characterlstics of thelr contour
lines, makes the theory avallable, as Stefan Bergmann has
pointed out, for the study of problems in partial differ-
ential equations not otherwise reached.

However, it 1s not these negative aspects which are
most lmportant but rather the possibility of attack on
new problems of a fundamental nature. One of these prob-
lems 1s the determination of properties of deformation
classes of meromorphlc functions with prescribed zeros,
poles and branch points. See Morse and Heins (2). Here
a connection 1s made between the interest of the topolog-
ist in homotopy theories, and the classical interest in
theorems on normal families, or covering theorems of the
Picard type.

These lectures form merely the beginning of studies
of thits type. It 1s hoped that they may strike a respon-
sive chord in the hearts of those to whom there is an
appeal in the geometric approach. :

*The remarkable work of ILars Ahlfors should be excepted.
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CHAPTER I

PSEUDO-HARMONIC FUNCTIONS

§1. Introduction

We shall consider meromorphic functions F(z) on a
region G (open) bounded by v Jordan curves

(1.1) (Bys «vey BV) = (B).

We shall suppose that F(z) i1s defined on G (the closure
of G), and 1s analytic on G except for poles,and contin-
uous at points of (B). The number of poles of f(z) on G
is necessarily finite.

Alongside of F(z) we shall consider Interior trans-
formations w = f(z) of G into the w-sphere. Such trans-
formations are generalizations of meromorphic functions.
To define such a transformation one begins with a defini-*
tion of an interior transformation in the neighborhood of
an arbitrary point z, of G. Suppose that F(t) 1s a non-
constant, analytic function defined on a neighborhood N
of to' One subjects N to a 1 - 1 continuous sense-pre-
serving transformation

(1.2) t = ¢(z) (to = d(z4))
which maps N onto a neighborhood N1 of Z4- The function

(1.3) P(d(z)) = f(z)
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thereby defineé on Ni is called an interilor transforma-
tionw = f(z) of N1 into the w-sphere. A transformation
w = f(z) defined on G will be termed an interior trans-
formation of G if w = f(z) is an interior transformation
of some nelghborhood of each point of G.

We shall admit the possibility that F(t) have a
pole at to and then say that f(z) in (1.3) is an interior
transformation with a pole at z,. We shall consider in-
terior transformations with at most a finite number of
poles on G, and suppose that f(z) is defined on G and comr
tinuous at points of (B). We do not say that f(z) 1is an
interior transformation on the boundary (B), althouch it
is clear that f(z) might in certain cases be extendcd in
definition so as to be an interior transformation of a
nelghborhood of each boundary point.

We add an example of an interior transformation.
Let F(t) be an arbitrary polynomlal in t. Set z =
x + 1y. Replace t in F(t) by

t=2x + iy = &(z).

The resulting function F(é(z)) = f(z) will be interior
but not analytic.

. Interior transformations have been introduced at the
very beginning not because they are our principal object
of study but because they furnish a convenlent medium for
11lustrating the new topological methods. The zeros,
poles, and branch points of f(z) are a fundamental source
of study in the classical theory of functions. What are
+he relations between thelr numbers under given boundary-
conditions? To what extent do they determine the meromor-
phic function either with or without a knowledge of the
boundary values? Theorems of this type have been glven by
Radé, Stollow, Walsh, Backlund, Lucas and others. Pos-
sibly the simplest of these theorems 1s that of ILucas,

as follows. If P(z) is any polynomial in z, the zeros of -
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P'(z) are found in any convex region which contains the
zeros of P(z). Many of the theorems of the above authors
have their generalizations for interior transformations.
We have referred to branch points. It 1is necessary
to glve this term a meaning in the case of interior trans-
formations. As 1is well known, a non-constant meromorphic
function f(z) 1f restricted to a sufficiently small
neighborhood of a point Z4s takes on every value w in a
sufficiently small neighborhood of Wy = f(zo) an integral
number of times m, W, adone excepted. If m > 1, the in-
verse of f(z) 1s sald to have a branch point of order
m - 1 at the point Wy With the neighborhood of Zy re-
stricted as above,f(z) defines a meromorphic element.
Any interilor transformation obtained from a meromorphic
element by a homeomorphic change of independent variable
will be called an interior element. The totality of
function values w remains unaltered. The neighborhood of
w, 1s covered the same number m of times by the interior
element as by the defining meromorphic element. It 1s
therefore appropriate to say that the interior element

defines a branch point of order m - 1 at W, whenever
m > 1. It is clear that thjs branch point order depends

only on the given interior element and does not vary
with the various meromorphic elements which may be used
to define it. The orders of zeros or poles of an inter-
ior element are similarly defined as the orders of the
zeros or poles of defining meromorphic elements.

Methods. The definition of an interior transforma-
tion is such that f'(z) does not exist in general. The
classical use of the Cauchy integral

4 -
7 dz

1 £
2ni Sé f

to find the difference between the number of zeros and
poles of f(z) within C 1s thus unavallable,at least in
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any a priorl sense. Branch points at ordinary points
cannot be located in general as zeros of f'(z). In the
classical theory f'(z) is elther mull or infinite within
C, or defines a direction represented by arc f'(z).
Vector methods can then be used to locate the zeros of
f'(z), as in the case of one of the proofs of the funda-
mental theorem on algebra. These vector methods fail
in the general theory, at least in the absence of some
effective change of independent varilable in the large.
More important are positive advantages of topological
methods. The classical treatment of boundary values by
means of an integral in general ignores extremal proper-
ties of boundary values, such for example as the extremal
values of |f(z)|. The images gy under w = f(z) of the
boundary curves Bi’ if locally simple, have important
topological properties which more than compensate for the
lack of derivatives. (A closed curve g 1s termed local-
ly simple if it is the contimuous and locally 1 - 1
image of a unit circle.)

In a final section we shall introduce a deformation
theory of interior or meromorphic functions, considering
one-parameter families of such functions

w= F(z, t) (0t <)

where for each t, F(z, t) is an interior transformation
defiged on G, and such that the point w varies continu-
ously on the "extended" w-plane with both z and t. Such
a one-parameter family of interior transformations will
be termed a deformation of F(z, 0) into F(z, 1). We ad-
mit deformations in which the zeros, poles and branch

. point antecedents are held fast, and put functions f(z)
which can be thus deformed into each other, into the same
restricted deformation c¢lass. Deformations are also ad-
mitted in which the number but not the position of the
zeros, poles, and branch point antecedents are held fast.
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Topological invariants of the admissible deformations
have been determined which characterize the deformation
classes whether restricted or unrestricted. A question
of great Interest 1s whether the deformation classes
defined by a use of meromorphic functions alone are
identical with those defined when the more general inter-
lor transformations are used. Detalls will not be given.
For proofs see Morse and Heins (2).

In general one seeks to distingulsh those basic
theorems on meromorphic functions which can be estab-
lished for meromorphic functions but not for interior
transformations. One such theorem is the Liouville theo-
rem that a function which 1is analytic in thg finite
z-plane and bounded in absolute value, is constant. This
is not true if stated for interior transformations. One
can indeed map the finite z-plane homeomorphically on the
interior of the circle |w| < 1 by the interior transform-
ationw = z/(1 + |z[|); defined for every finite 2.
Clearly f(z) is not constant. On the other hand, we shall
see that many theorems hold equally well for meromorphic
functions and interior transformations.

§2. Pseudo-harmonic functions
The study of meromorphic functions leads naturally
to harmonic functions. In a simllar manner the study of
interior transformations leads to functions which we shall
call pseudo-harmonic and shall presently define.
We begin by considering the function

(2.0) U(x, y) = log I£(z)]

in case f(z) 1s meromorphic. As 1s well known this is
the real part of log f(z) and is accordingly harmonic
whenever the continuous branches of log f(z) are analytic.
Thus U(x, y) 1s harmonic at every point z = x + 1y not a
zero or pole of f(z). let z = a be a zero or pole of
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f(z). Then f(z) admlits a representation
£(z) = (z - a)"A(z) (A(a) # 0)

where A(z) 1s analytic at z = a. Nelghboring z - a, U
thus has the form

mlog [z -~ al + w(x, ¥y)

where w (x, y) is harmonic. The function U has a loga-
rithmic pole at z = a. More generally one considers har-
monic functions of the form

k log lz - al + w(x, 7) (k # 0)

where k 1s real but not necessarily an integer.

The critical points of U in (2.0) in the ordinary
sense are the points at which Ux = Uy = 0. By virtue of
the Cauchy-Riemann differential equations, when f(z) # 0
each such critical point 1is a zero of

d fi'(z
—-d—zlog f(Z)-f—(jz‘yl,

and 1s thus a zero of f'(z). Thus the zeros and poles of
f(z) are reflected by the logarithmic poles of U(x,y) and
the zeros of f'(z) by the critical points of U,

Before coming to the definition of a pseudo-harmonic
function, it will be helpful to give a description of the
level arcs through a given point (xo, yo) of & non-con-
stant harmonic function U. We are concerned with the
locus

(2.1) U(x, ¥) - Ul(xg, ¥g) =0
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nelighboring (xo, Vo). The harmonic function U 1s ths
real part of an analytic function f(z). If Zy =
Xq + 1y4, f(z) - f(zo) vanlshes at z, and has the form

(2.2) £(z) - £(z,) = (z - z;)"A(z) (A(z,) # 0.)

We shall meke a conformal transformation of a neighbor-
hood of z, following which the desired level curves will
appear as straight lines. This conformal transformation
has the form

(2.3) w=(z - z)a'/M(z),

where any continuous single-valued branch of the mth

root may be used. The transformation (2.3) 1s locally
1 - 1 and conformal neighboring Zys since at Z4

aw _ ,1/m
az = A (zp) # 0.
In terms of the variable w,

f(z) - £(z4) = w®.

If w = u + 1v the required level lines are the level
lines through the origin of

R(u + 1v)® (R = Real part)

for example, 1f m = 2, the level llnes of w? - v2, If
(r, 8) are polar coordinates in the w-plane

w2 = r™(cos mo + 1 sin me).
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Thus by virtue of the transformation from (x, y) to
(u, v) to (r, o)

(2.4) U(x, y) - U(x,, ¥o) = ™cos me.

In the (u, v) plane the required level lines are
rays on which cos mé = 0. There are 2m of these rays,
each making an angle of n% with 1ts successor. For ex-
ample, if m = 1, the directions are X, 2& , If m = 2 the

2’ 2
directions are .
L

that 1s, the lines of slope +1. 8Since our transformation
from the (x, y) plane to the (u, v)-plane was conformal,
it follows that the level curves through (xo, yo) consist
of m curves without singularity, each making an angle of
lfm- at (xo, yo) with its successor. Another way of putting
this result follows. '

'I‘HEOREM* 2.1, Let (xo, yo) be a point at which U 1is
harmonic. BSuppose U 1s not constant. There exists an

arbitrarily small neighborhood N of (xo, yo) whose clo-
sure 1s the homeomorph of a plane circular disc such that

locus

(2.5) U(x, y) - U(xo: YO) =0

-

corresponds to a set of om rays leading from the disc
center and meking successive sectors of central angle %.
As a varisble point crosses any one of these level lines
(except at (xo, yo)) the difference (2.5) changes sign.

*Theorem 2.1 stated for pseudo-harmonic functions will be
termed Theorem 2.1a.
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The first statement of the theorem ls an immedilate
consequence of the mapping of the (x, y)-plane into the
(u, v)-plane as above. One chooses the disc r g ry in -
the (u, v)-plane with r, o small that the mapping of the
(x, y)-plane into the (u, v)-plane is 1 - 1 and conformal
for r g ry. The second statement of the theorem follows
from (2.4) and the fact that cos mé6 changes sign with in-
creasing 6 whenever it vanishes.

With U non-constant, the smallest value of m in the
theorem is 1, in which case there 1is but one non-singular
level curve through (xo, yo). A particular consequence
of the theorem is that U can never assume a relative max-
imum or minimum at a point (xo, yo) nelghboring which 1t
is harmonic.‘ For one sees that U(x, y) - U(xo, yo) is
both positive and negative in every neighborhood of
(x45 ¥g)-

Definition of pseudo-harmonic functions. ILet
u(x, y) be a function which is harmonic and not identi-
cally constant in a neighborhood N of & point (xo, yo).
Let the points of N be subjected to an arbltrary sense-
preserving homeomorphism T in which N corresponds to an-
other neighborhood N' of (xo, yo) and the point (x, ¥)
on N corresponds to a point (x', y') on N'. It will be
convenient to suppose that (xo, yo) corresponds to 1itself
under T. Under T set

(2.6) u(x, y)=U(x', y').

The function U(x', y') will be termed pseudo-harmonic on
N'. This definition will be extended to the case where
u(x, y) has a logarithmic pole at (xo, yo). In this case

u(x, y) =k log Iz - zyl + w(x, y) (k¢ 0)

where w(x, y) 1s harmonic in a neighborhood of (x,, yo).

i
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1]

Under the above homeomorphism T, relation (2.6) defines
what 1s termed a pseudo-harmonic function with logarith-
mic pole at (xo,yo). More generally, we shall admit func-
tions U(x, y) which are pseudo-harmonic, except for log-
arithmlic poles, in some neighborhood of every point of
the region G and are continuous on the boundary of G.

With the above definition of a pseudo-harmonic func-
tion, it 1is clear that the level curves of a function U
which 1s pseudo-harmonic in the neighborhood of a point
(xo, yo) of G are such that Theorem 2.1a holds (i.e.,
Theorem 2.1 with "pseudo-harmon'c" »eplacing "harmonic").
As a corollary it follows that a psecudo-harmonic function
assumes a finite relative maximum or minimum at no point
of G.

§3. Critical points of U on G.

Points of G at which U < ¢ will be said to be below
¢; those at which U > ¢, above ¢c. ILet (x ) be a
point of G not a logarithmic pole and set

0’ Yo

U(xo, yo) = C.

Refer to Theorem 2.1a. Thils theorem gives a canonical
representation of the level arcs of U ending at (xo, yo).
The neighborhood N of (xo, yo) of Theorem 2.1a will be
termed canonical. Any one of the open, connected subsets
of N bounded by two successive arcs at the level ¢ and
the intercepted arc of the boundary of N will be called a
gsector of N. There are m sectors of N below ¢, and m
sectors above ¢. If m = 1 the point‘(xo, yo) will be
termed ordilnary, otherwise critical. When m ) 1 the num-
ber m - 1 will be called the multiplicity of the critical
point (xo, yo) of G. For our purposes the essential top-
ological characteristic of these critical polnts is the
existence of two or more sectors of a canonical nelghbor-
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hood below U(xo, yo). We shall find that there are
boundary points wilth thls same characteristic. Such crit
ical points will be called saddle points to distinguish
them from other types of critical points such as points
of relative minimum of U on (B).

When U(x, y) 1s harmonic, a necessary and sufficlent
condition that a point (x ) of G be critical is that,
at (x4, ¥4),

0’ Yo

U, = Uy =0
In fact we have seen that if U is the real part of f(z),
and f(z) - f(zo) has a zero of the mth order, there are
just 2m level rays of U(x, y) tending to (xo, yo). Thus
the order m - 1 of vanishing of f'(z) is the multiplicity
m -1 of (xo, yo) as a critical point of U. ‘

At a boundary point of G the partial derivatives
Ux’ U of a function harmonic on G do not in general
exist. This is true of pseudo-harmonic functions at all
points of G. Thus classical methods are ilnadequate to
characterize the boundary points of G as critical points
of f(z) both in the case where U 1s harmonic and pseudo-

harmonic on G.

§%. Critical polnts of U on (B)

Examples. Since we are dealing with pseudo-harmonic
functions no generality will be lost if we subject G to
a homeomorphlism T by virtue of which the boundary Jordan
curves become circles. This 1s on the supposition that
the values of U are taken equal at points which corres-
pond under T. We suppose accordingly that each boundary
curve 1s a circle. let B be a boundary circle and let
U(i) be the function defined by U(x, ¥) on.B
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Boundary conditions* A. We shall assume that U(i)
has at most a finite number of points of relative extre-
mumonBy (1 =1, 2, ...v).

Between these poilnts of extremum U(i) 1s monotonic-
ally increasing or decreasing on Bi’ As a consequence of
this we shall show in the next section that a sensed
level arc of U 1s elther closed or leads on continuation
to a point on (B). We shall show in §5 that the number of
level arcs which terminate at any one boundary point is
finite, and that the number of boundary points at which
more than one level arc terminates 1is finite. We shall
continue in the present section with a number of examples
illustrating the various possibilities.

Example 1. Let G be a region on which y > 0,bounded
by a circle tangent to the x-axls at the origin. Let U
be the real part of 23, that 1s the function

U(x, y) = x(x® - 33°).

The level lines of U through the origin are the y axis
and the lines x = + V3y. Thus the negative x-axis lies
in a sector on which U < 0 and the positive x-axis in a
sector on which U > 0. It 1s readlly seen that U in-
creases on the boundary circle B as the origin 1s passed
with increasing x. The origin is thus not an extremum
of the boundary function defined by U. On a neighborhood
of z = 0 relative to G consisting of points on G within
a sufficlently small distance of z = 0, the subsets of
points of G below ¢ lke on two distinct components (con-
nected sets) or sectors. The origin will then be called
a saddle point of multiplicity 1. This example shows
that a boundary point which affords no extremum to U(i)
can be a saddle point in the above sense.

*Various less restrictive boundary conditions will be
treated later.
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Example 2. Boundary points at which U assumes a
relative minimum will be regarded as critical points. To
illustrate such a point, let G be the region of Example 1
and let U= y on G. U is always positive, and on G has a
minimum 0 at the origin. We regard the origin as a crit-
ical point of U.

If, however, U= -y, U assumes a relative maximum at
the origin and we do not regard the origin as a critical
point of U. The reason for thls distinction between max-
imum and minimum points on (B) is as follows. Let Uc
represent the point set on which U S c. As ¢ increases
through & minimum value of U, the number of connected
pleces of Uc increases by 1. That 1s, Uc changes its
topologlcal character. However, as ¢ increases through a
maximum value of U, there is on that account no topolog-
ical change in Uc‘ Nelghboring a boundary point (xo, yo)
of relative maxinum, Uc enlarges as ¢ increases to
U(xo, yo), and when ¢ U(xo, yo) there 1s no change in
U, neighboring (xo, yo).as ¢ increases. A strict analy-
sis of this situation will appear in a later section.

Example 3. A boundary point may be a saddlepoint of
-U but not of U, Iet U= x° - y2 on the region G of
Example 1. On the circular boundary B1 of G it appears
that U(1) has & relative minimum at z = 0, but that
z = 0 18 not a point of relative minimum of U on G. There
are two level curves tending to z = 0 on G. On any cir~
cular neighborhood N of z = 0, relative to G, of suffici-
ently small radius the subset of points below 0 consists
of just one component. By virtue of the general defini-
tion of boundary critical points as we shall give it,

z = 0 1s then an ordinary point. Note that U has a crit-
ical point at the origin, in the classical sense. On
thls same region, -U will give rise to two sectors below
0 on arbitrarily small circular neighborhoods of z = 0.
The origin will accordingly be regarded as a saddle point
of -U but not of U.
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These examples show that the topological concept of
critical point 1is "relative" both to U and to G.

In our terminology the critical points of U shall
include the interior and boundary saddle points of U, to-
gether with the points of relative minimum of U. Until
rithmic poles. When the case in which there are no loga-
rithmic poles has been fully treated there is a simple
device which reduces the case of a logarithmic pole to
the case already treated.

To distinguish between critical points as used in
the above sense, and critical points as defined by the
vanishing of the first partial derivatives, one might
call the latter differential critical points and the for-
mer topological critical points. In these lectures we
shall drop the adjective "topological®”.

§5. Llevel arcs leading to & boundary point Z,
not an extremum point of U.

This section 1s concerned with the level curves of
U in the neighborhood of Zy. To that end it 1s desirable
to Introduce a simple neighborhood D of Zy. Suppose
that z, is on the boundary circle Bi' Set

(5.1) (x4, ¥4) = c. (zy = x4 + 13,)

Iet D be the intersection with G of an open circular disc
centered at Z4 and such that D intersects no boundary
circle (B) other than B,, and that on the Intersection w
QiBiQ-B.d_D: U'ch_._]-IQEZ()'

The final condition on D can be fulfilled by virtue
of the assumption that U(i) has at most a finite number
of points of extremum on Bi’

Each point of D at the level ¢ has a canonical
neighborhood N in the sense of Theorem 2.1a. By a cross
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arc of such a nelghborhood will be meant an arc of N at
the level c, glven by the sum of diametrically opposite
reys In Theorem 2.1a. If a point z of D is ordinary,
there 1s just one such cross arc on N. If the point z is
& saddle point of multiplicity m, there are m + 1 such
cross arcs.

Note that an arc at the level ¢ on D is necessarily
simple. Otherwise it would bound one or more regions R
on D. On any such region R, U would not be constant by
definition of & pseudo-harmonic function, and would ac-
cordingly assume an extremum value at some point of R.
This is impossible as we have seen.

We are concerned with the "continuation" of an arc
at the level c.

Maximal arcs at the level c. The locus U = c on any
closed subset of D can be covered by a finite set of
canonical neighborhoods of the type of Theorem 2.1a.
Accordingly, the locus U= ¢ on D as a whple can be
covered by -a countable set of canonical nelghborhoods

Nn (n=1, 2, ...)

of points Pn on D with the following properties. The
points Pn are distinct and the sets Nn are on D. Any
given closed subset of D intersects at most a finite sub-
set of the neighborhoods Nh. The diameter of the nelgh-
borhood Nﬁ tends to 0 as Pn tends to the boundary of D.
An open simple arc g of D at the level ¢ will be
termed maximal if it 1s the sum of cross arcs of a sub-
set of neighborhoods Nn and has no first or last cross
arc. The existence of such a maximal arc g containing a
preassigned cross anc follows from the fact that the end
points of any glven cross arc k are on another cross arc
(of the given set) which intersects k in a simple arc.
This process of enlarging a simple arc which 1s the sum
of a finite number of cross arcs will lead by a countable
number of steps to an open simple arc g which is maximal
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in the above sense. An open simple arc such as g can be
represented in the form

(5.2) z = a(t) (o<t <)

as the 1 - 1 continuous image of the t interval. The
basic properties of these maximal arcs g at the level c
are as follows.

let w be the boundary of D on the circle Bi’ and w,
the remalning boundary of D.

(a) As t tends to 0 or 1, the distance of a(t) from
w + w, tends to o.

This is an lmmediate consequence of the fact that g
1s simple and accordingly never enters a neighborhood Nm
twice, while in any infinite sequence of different neigh-
borhoods Nm, the distance of Nm from w + W, tends to 0
as m becomes infinite.

(b) When t tends to 1, a(t) tends to w, or else w,
(not both), and if a(t) tends to w it tends to Zy. Sim-
ilarly when t tends to 0.

Any 1imit point on w of points of g must lie at
the level ¢ and hence coincide with Z4. Points on w
the level ¢ cannot be connected to Z, at the level c,
among points arbitrarily close to w + w,. Otherwlse
there would be a whole boundary arc of w at the level c.
If a(t) tends to was t tends to 1, 1t cannot also tend
to w, . It accordingly tends to Zqe

(c) If a(t) tends to z, as t tends to 1, then a(t)
tends to w, as t tends to 0. Similarly on interchanging
1 and o.

Otherwise g could be closed by adding its two limit-
ing end points at Z, and hence bound a region on D, which
is impossible.

For similar reasons 1t 1s clear that two maximal
arcs g both of which have an end point at z, carmot in-
tersect in any other point of D.

1a.t
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(d) There are at most a finite number of maximal
arcs g with an end point at z,.

Iet K be the intersection with D of a circle with
center at z, and with a radius less than the maximum rad-
ius of'D drawn from 24- If a(t) tends to z,as t tends
to 1 (or 0) 1t follows from (c) that a(t) t.endq to w,
t tends to 0 (or 1),so0 that g intersects K. The points
on K at the level ¢ form a closed set S on D since the
intersection of K with (B) 1s not at the level c. The
points of S can be covered by a finite number of canon-
ical neighborhoods Nn on D possessing a finite number of
cross arcs. Since maximal arcs on D are simple, the num-
ber of such arcs intersecting K 1s at most the number of
such cross arcs and accordingly finite.

(e) There 1s,at least one maximal arc g on D with
an end point at z,.

The point Z, is not an 1solated point at the level
¢ since z, is not an extremum point of U. There 1is ac-
cordingly a sequence zZ, of points at the level ¢ on D
which tend to Z,as n becomes finite. If infinitely many
of these points lie on any one maximal arc g, g must have
an end polnt at Zy- This is the only possibllity. Other-
wise there would be infinitely many maximal arcs g, with
points arbitrarily near z,. These arcs would tend to w,
as t tends to 0 or 1, and would intersect K. But we have
seen that there are at most a finite number of maximal
arcs intersecting K; (e) follows.

(f) Points at the level ¢ not on maximal arcs with
an end point at z, are bounded away from z,.

The proof of (e) implies thils fact.

as

§6. Canonical neighborhoods of a boundary point z,
not an extremum point of U

Iet the positive extrinsic sense of a plane Jordan
curve g be that sense in whicn the order of interior
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points 1s 1 with respect to g.

LEMMA 6.1. Let T be an arbitrary homeomorphism of a
Jordan curve g, onto a second Jordan curve g, which pre-

of the closed domain S1 bounded by g, onto the closed
domain 82 bounded by g, which agrees with T on g, -

That some sense preserving homeomorphism of 51 onto
32 exists, is well known. To verify that this homeomor-
phism can be prescribed on the boundary subject to the
condition of preservation of the extrinsic sense of the
boundary, one merely has to note that the lemms is true
when S1 and 52 reduce to the same circular disc H. If
r and 6 are polar coordinates with pole at the center of
H, T can be represented by a continuous and increasing
fynction F(6), with F(e) = F(e + 2x). The transformation

(6.1) 8' = F(8), r' =r,

defines the required homeomorphism of S1 onto S2 in the
case S1 = 32 = H. In the genergl case one first maps S1
and 82 onto a circular disc, then maps this disc onto 1t-
self with the prescribed mapping on the boundary. The
required mapping of 81 onto 82 is obtained from these
mappings.

To return to the principal problem refer to the
neighborhood D of Z, @s described in the preceding sec-
tion. (Cf. §5) Let

(6.2) h1, ey hn
be *the "meximal arcs" on D which approach Z4e Recall that
these arcs do not intersect on D other than in their end
point z,. Let
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(6.3) Py oo, P

be thelr end points on the boundary w, of D not on (B).
Recall that w, is a circular arc at a constant distance
from z 0 The fact that the arc h,. approaches a definlte
P. on w, follows from the fact that the points on w, at
the level c¢ of z, can be covered by a finite number of
canonical neighborhoods Nm with a corresponding finite
number of cross arcs.

Let P0 and Pn+1 be the end points of w, on the
boundary B1 of G, and suppose that the notation is such
that the points (see Fig. 1)

(6.4) Pos Pyy vees Pys Py

Figure 1. (n = 3)



20 I. PSEUDO-HARMONIC FUNCTIONS

appear on the boundary of D in the order defined by its
positive sense.

It follows from the preceding lemma that there
exlsts a homeomorphism T between D and a semi-disc H

(6.5) (rg1, 0886 <n)

in which Z, corresponds to the center r = 0 of H, the
arc of D on B1 corresponds to the dlameter of H, while
the arc h j corresponds to & ray on H on which

Rl

(6.6) enﬁj (3j=1, ..., n)

The arcs hj divide D into a sequence of disjoint regions,

Ry Ry oves Ry

with z , 1=j_1 and Py on the boundary of R.. One first
maps each arc h. homeomorphically onto the corresponding
ray (6.6)., Consistently with this (lLemma 6.1) one then
maps ﬁj homeomorphically onto the jt‘h of the domalns Iinto
which the semi-disc H 1s dlvided by the. rays (6.6). This
glves the desired homeomorphism T.

In the representation of D by H the polnts at the
level ¢ othHer than those on the rays (6.6) are bounded
from r = 0,30 that a suitable semi-disc r r, {1of H
will represent no polnts of D at the level c¢c other than
on arcs tending to z 0° Hence one has the brincipal the-
orem.

THEOREM 6.1. Let Z, be a point on (B) which is not
isolated among polnts at its level c¢c. There exlsts a
canonical neighborhood N of Z, relative to G whose closure
1s the homeomorph of a semi-disc H such that z, corres~
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ponds to the center o of H, the intersection of N with
(B) corresponds to the diameter of H, while the points of
N at the level c¢ are represented by n rays (n > 0) ema-
nating from o. These rays divide N into n + 1 regions or
sectors on which U - ¢ alternates in sign. Each point
other than zZ, 0on these rays represents an ordinary point
on the locus U = c.

A boundary point Z, which 1s not isolated among
points at its level ¢ will be called ordinary if there
is at most one sector below c¢ in a canonlcal neighborhood
N of Zqe Otherwise Z, will be called a critical point or
gaddle point of multiplicity m - 1, where m is the number
of sectors of N below c.

An interior point P at the level c of G will be
called a multiple point if there is more than one arc of
the locus U = ¢ through P. An interior point is’'a multi-
ple point 1f and only if it is a saddle point.

It is otherwise for boundary points. A boundary
point P will be called a multiple point 1f there 1s more
than one arc of the locus U = c tending to P. As has
been seen 1n examples, there can be multiple points on
(B) which are not saddle points of U. Naturally every
saddle point on (B) i1s a multiple point. One sees at
once that every multiple point P on(B)is a saddle point of
U or of -U, and of both U and -U if the number of sectors
in a canonical neighborhood of P exceeds three.

§7. Multiple points.
The basic theorem here is the following:

THEOREM 7.1. The set of multiple points of the
level lines 1is isolated.

An interior multiple point P 1s isolated, for if co-
ordinates in terms of which U is harmonic are chosen 1in



22 I. PSEUDO-HARMONIC FUNCTIONS

a neighborhood of P then the multiple points are differ-
ential critical points of U. The subset of multiple
points at any one level ¢ is also isolated, due to the
nature of the locus U = ¢ in a canonical neighborhood of
a boundary point. Thus a boundary point Z, at the level
¢ could be a 1limit point of multiple points only if it
were a limit point of multiple points not at the level c.
We may confine ourselves to the case where Zy 1s a limit
point of multiple points below the level c.

To continue, one needs the notion of a U-trajectory.
By a U-trajectory we shall mean any simple arc on which U
1s increasing or decreasing. The exlistence of a U-tra-
jectory through any ordinary interior point P of G 1is
immediately demonstrated. One selects, in a neighborhood
of P, coordinates (x, y) in terms of which U is harmonic,
arranging it so that Uy # 0at P= (x4 yo). Clearly the
arc through (xo, yo) on which y = Yo 1s a U-trajectory.
If P 1s a boundary point, any sufficiently short arc of
the boundary (B) terminating at P is a U-trajectory.

IEMMA 7.1. The multiple points of the level lines
are bounded away from any boundary point Z, which is not
an extremum point of U. '

To prove this, let R be a sector of a canonical
neighborhood of Z4- Such sectors are of two types: an
ordinary type in which there are two arcs on the boundary
of R at the level c of z, and which terminate at z,, and
a boundary type in which there 1s just one such arc on
the boundary of R.

Case I. The sector R 1s not of boundary type.

Without loss of generality we can suppose that R 1s
below the level ¢ of Z,. We seek to prove that there are
no multiple points on R below ¢ clustering at z,. Let h,
and h2 be the two boundary arcs of R at the level c ter-
minating at Z4e Iet inner points P1 and P2 of h1 and h2
respectively,be jolned on R by a simple arc k which 1s a
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U-trajectory nelghboring P1 and Pe respectively. The arc
k will divide R into two reglons of which one, R,, will
contain 24 If e 1s a sufficiently small positive con-
stant, there will be just two points Q1 and Q2 on the
boundary of R, at the level c-e lying respectively on
sub-arcs of k neighboring P1 and P2. Hence there can be
but one simple "maximal arc" on R, at the level c-e. For
the end points of such an arc must lie at Q1 and Q2 re-
spectively, and the existence of a second such arc w im-
plies the existence of a region on 31 bounded by arcs at
the level c-e. There can accordingly be no multiple
points on R1 at the level c-e, for the existence of such
a multiple point implies the existence of two or more
simple maximal arcs at the level c-e.

Thus multiple points do not cluster at z, on R in
Case I.

Case II. The sector R 1s of boundary type.

As in Case I one supposes that R is below c. The arc
h1 is chosen as in Case I as a boundary arc of R at the
level ¢ terminating at Z4s and P1 1s taken as an inner
point of hl. let P, be joined on R by a simple arc k to
any boundary point of R below ¢, with some sub-arc of k
neighboring P1 a U-trajectory. The arc k again divides R
into two reglons of which, R1, will contain Zy. If e is a
sufficlently small positive constant there will again be
just two points Q1 and Q2 on the boundary of R1 at the
level c-e, and the proof 1is concluded as in Case I.

This establishes Lemma 7.1.

To establish Theorem 7.1 in general we must still
consider neighborhoods of boundary points Z, which are
points of relative extrema of U. It will be sufflclent to
consider the case in which Zs affords a relative maximum
"to U.

Any sufficiently small neighborhood N of Z, relative
to G will be below ¢, with N below ¢ except at Z,. If e
is a sufficiently small positive constant the set of
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poincs on the boundary of N at the level ¢-e will consist
of just two points on (B). It follows as in the proof of
Lemma 7.1 that the multiple points of the level 1lines do
not cluster at Zy- We thus have a result complementing
the preceding lemma:

IEMMA 7.2. The multiple points of the level lines
of U are bounded away from any boundary point which 1s a
point of relative extremum of U.

Theorem 7.1 now follows from Lemmas 7.1 and 7.2.
The proofs of the preceding two lemmas ensble us to
infer another result of use later.

THEOREM 7.2. let z, on (B) be a point of relative
extremum of U. There exists a canonical neighborhood N

of Z, whose ¢losure is homeomorphic with a semi-disc,
such that z, corresponds to the center of the disc, the

boundary of N which is on (B) corresponds to the straight
edge of the semi-disc; the boundary of N which is on G 1is

at a level c, # c such that the points of N,excepting )
all lie between the levels ¢ and c,-

From the 1sclated character of the multiple points
of the level lines of U one infers that the number of
such multiple points is finite. Hence the number of
saddle points of Ufor of -U)ls finité. Any such saddle
point 1s called a critical point of U. Points of rela-
tive minimum of U, but not points of relative maximum,
are also termed critical points of U. Thus the critical
points of U are finite in number. The function -U has
the same interior critical points as U, but does not
agree with U in all 1ts critical points on (B).

_We_shall suppose that each canonical neighborhood N
of a point z, on G is so restricted in dismeter that,
with z, alone excepted, there are no critical points of U
or -U on N.
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§8. The sets Uc and their maximal boundary
arcs w at the level c.

The set of points at which U 1s at most ¢ will be
denoted by U,. Such a set 13 closed. Its boundary will
include the set of points,denoted by [U = c], at which
U =—c. It will also include any arcs of the boundary (B)
of G which are below c.

A maximal boundary arc w of U, at the level ¢ will
now be defined. Any simple boundary arc of U, at the
level ¢ can be unambiguously continued until it enters a
canonical neighborhood N of a boundary point*P or of a
saddle point*P of G. 1In either case the arc enters N at
the level ¢ on the boundary h of a sector S of N below c.
If P 1s a boundary point and if 8 is a sector of boundary
type (cf. §6), the arc w shall end at P. Otherwlse the
arc shall continue with the other boundary arc of S at the
level ¢. So continued there will result an arc W which
is either a cycle or else has its two end-points on (B).

Such an arc may have multiple points at saddle points
of U. At such multiple points two or more locally simple
branches of w have the multiple point in comgpon without
crossing. The type of continuation which defines w is
different from that used to define the simple meximal arcs
on the neighborhood D of §5. Two different maximsl bound-
ary arcs w may intersect in a finite number of saddle
points. At these points the two arcs do not cross.

Any one of these arcs w will be given as the locally
1 - 1 continuous image P(t) of a real interval (0 {t 1)
in case w has end points, or of a circle of length 1 with
P(0) = P(1) in case w 1s a cycle. In the latter case t
can be regarded as the arc length on the circle.

In the case w contacts itself at multiple points, it
will be convenient to introduce a covering w* of w in
which each such multiple point is teken as many times as
it occurs on w. More precisely, one replaces P(t) by the

*we suppose P at the level c.
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pair (t, P(t)). These palrs represent w* ina 1 - 1 con-
tinuous manner; taken 1in this manner w¥* 1s the homeomorph
of the interval (0 { t { 1) or of the unit circle,accord-
ing as w has or does not have end points.

* The set Uc will similarly be replaced by a covering
set Ug with the various curves w* ag 1ts boundary arcs at
the level ¢. More precisely, this means that two sectors
S1 and 52 of a canonical neighborhood of a saddle point
P0 at the level c¢c, both of which belong to Uc and which
intersect in Po, willl be regarded as without intersection
when belonging to Ug.

It will clarify the following sectlons to note the
lemma.:

IEMMA 8.1. The maximum distance of points on the set
at the level ¢ + e, from the point set at the level ¢
tends to zero as e tends to O.

Were this lemma not true there would exist an in-
finlte sequence of points z, at levels tending to ¢c as n
became Infinite, while zn tended to a point Z, on G not at
the level c. This would contradict the continulty of U at

z,. Hence the lemma is proved.

§9. The Buler characteristic Ec

The Euler characteristic of a 2-cnmplex 1s defined as

~a, +a
where ay is the number of 1-cells (1 = 0, 1, 2) in the
complex. The set Uc may contain a finlte number of iso-
lated points of relative minimum of U at the level c. A-
part from these points Uc can be broken up into a finite
set of 2-cells with their bounding 1 and 0-cells. We
shall admit as 2-cells the homeomorph of any convex poly-
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gon, regarding the vertices and edges of this image as
0 and 1-cells respectively. Lét Kc then be a complex
representing Uc and let Ec be the Euler characteristic
of Kc‘

The fact that a complex Kc representing Uc exists
- for each ¢ will appear later as we let ¢ increase through
the various critical values of U. In particular it fol-
lows from Theorem 7.2 that as ¢ increases through a rela-
tive minimum of U, a disjolnt 2-cell is added to Kc cor-
responding to each boundary point at which U assumes the
relative minimum c¢. It willl also appear that a cémplex
Kc representing Uc can be obtained from any complex Kc-e
representing Uc-e by adding a finite number of cells,
provided e > 0 is sufficiently small. Or again, if e is
sufficiently small and Kc is given, one can obtain Kc+e
from Kc in the same manner.

We shall have occasion to subdivide various 1-cells
of Kc' The resulting change in Ec is null since the ad-
dition of a 0-cell at an immer point of a 1-cell is com-
pensated for by the fact that the 1-cell 1is replaced by
two 1-cells. Note also that a 1-complex representing a
gimple closed curve has the same number of 0-cells as
1-cells and so contributes nothing to the Euler charac-
teristic. Accordingly when a 2-cell A, 1s added to Kc on
account of an increase of ¢ through a relative minimum of
U, with A2 not conmnected to the other cells, then Ec in-
creases by 1.

As will be seen in the next section, the only changes
in Ec which occur as ¢ Ilncreases through the range of
values of U are the increases described in the preceding
paragraph and the changes in the characteristic caused by
changing from Ug to Uc when ¢ is the level of a saddle
point. Iet Kg be a complex representing Ug and differing
from Kc in that a 0-cell covering any saddle point P at
the level ¢ appears in Kg & number of times equal to the
number m of sectors of a canonical neighborhood of P be-
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low ¢ with a vertex at P.' To obtaln Kc from'Kg one thus
replaces the 0-cells of K; covering P by a single such
0-cell and modifies the Incidence relations accordingly.
The total decrease in passing from Eg to Ec on account of
such saddle points equals the sum of the multiplicities
of the saddle points at the level c.

The value of Ec when Uc is empty is 0. The value of
E, when Uc includes the whole of G is 2 - v, where v 1s
the number of boundary arcs of G. This final value 2 - v
of Ec must equal the algebraic sum of the changes in Ec
as ¢ Increases through all values of U. Thus 1t will ap-
pear that

(9.1) 2 -v=m-S -3

where

m = the number of points of relative minimum of U

S= " " " gaddle points of U on G

g = " " " " " L] non (B)
counting saddle points according to thelr multiplicities.
Until §12 1s reached, we are assuming that there are no
logarithmic poles. To finish the proof of (9.1) one must
show that the only changes inEc as ¢ increases arise
from the addition of the disjoint cells corresponding to
the points of relatiVe minimum of U and the changes from
Kg to Kc when there are saddle points at the level c.

This is the objective of the next two sectlons.

§10. Obtaining Kg from Kc-e

Given c, we impose four conditions on e. The first
condition 1s that neither U nor -U have critical values
on the interval

c-egU<Kc (o <e)



§10. OBTAINING K¥ FROM K,_, 29

Let w* be any maximal boundary arc of K% at the level c.
There may be several such arcs w* at the level c, but by
convention these arcs have no intersection, although
their projections on,Kc may intersect in saddle points at
the level c¢. Corresponding to each arc w* 1et_HW(e) be
the subset of points of Ug which is connected to w* on
Ug among points at which

c-egUlec

We suppose e so small that no set HW(e) 1s connected in
this way to more than one of the arcs w*.

We also suppose e so small that points of (B) which
are covered by any Hw(e) are saddle*points at thelevel ‘
¢ 1n case w* 1s a cycle; and in case w* is not a cycle,
make up two disjoint U-trajectories T and T on U ter-
minating at the end points P and P of w* together with
a subset (possibly empty) of saddle points at the level c.

The fourth and last condition on e 1s that e be so
small that the boundary of Hw(e) at the level ¢ - e con-
gist of a single arc. That this condition can be satis-
fied may be seen with the aid of the construction used in
§7 to establish the i1solated character of multiple points.
For that purpose, let P be an arbitrary point of w*, N a
canonical neighborhood of P, and S a sector of N below c¢
with an arc of w* on its boundary. Let h1 and h2 be two
U-trajectorlies in S emanating from points of w*. If e is
sufficiently small there will be a unique arc in S join-
ing a point of h1 to a point of h2 at the level ¢ - e.
Now w* can be banked with a finite number of successively
overlapping sectors S of the above type. Distribute U-
trajectories such as h, and h2 along w* so that succes-
sive U-trajectories lle in the same sector S. By the
reasoning of Iemma 7.1, 1t appears that e can be taken so
small that any arc at the level ¢ - e which meets one of
these U-trajectories meets all of them in the order of the

*Saddle points of U or of -U.
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feet of the U-trajectories on w*. The fourth condition
on e can thus be satisfied.
Let e, be a positive constant such that for

(10.1) 0<e<e,

all the conditions on e are satisfied for each boundary
arc w¥,

let g(e) be the boundary of HW(e) at the level c - e.
The curve g(e) 1s simple. When not a cycle g(e) has end
points P1 and P2 on (B); Hw(e) is then bounded by a Jor-
dan curve formed from g(e), T1, w¥*, and T2. It is ac-
cordingly representable as a 2-cell. The vertices of
this 2-cell shall include P1, P2, the points of w* which
cover saddle polnts and any vertices of Kc-e which appear
on g(e). The additlion of such a 2-cell along a single
arc g(e) causes no change in the Euler characteristic of
Kc—e'

In the case g(e) 1s a cycle, w* with g(e) bounds a

topological annulus on Ué. This annulus may be broken
up into 2-cells. Its O-cells should include the points
of w* covering saddle points topether with the O-cells of
K, On g(e). The addition of such an annulus to Koo
along g(e) makes no change in the Euler characteristic.

Corresponding to each point of relative maximum of U
at the level ¢ there must be added to K,_o to obtain K¥

a 2-cell on which

c-egU(ec.

This 2-¢ell is added along a single arc of Kc—e and causes
no change in the Euler characteristic.

If there are m, points of relative minimum of U at
the level ¢, it 1s clear that on this account Ec-e must
be increased by m, to obtain Eg. It remains to prove the
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following lemma:

LEMMA 10.1. The set UX may be obtained as the sum
of Uc-e’ the points of relative minimum of U at the level
¢, the sets Hw(e) corresponding to the various maximal

boundary arcs w* of Ug (e < e, ), and the 2-cells corres-

let H be the set of polnts of Ug not given by the
sum in the lemma. Suppose H not empty. On H

(10.2) c-e<dUK<ec.

The set H 1s both closed and open relative to the set
C = Ug - Uc—e gince C - H has thils property. Since C
includes all of 1its limit points not at the level ¢ - e,
H includes a point P at which U has a maximum on H.
Since H is open relative to C and (10.2) holds on H, H is
open relative to G; hence the point P is a relative maxi-
mun of U on G as well as on H. Such a maximum is contrary
to the first condition on e. Hence H is empty and the
lemma is true.

We thus have the following theorem:

THEOREM 10.1. If e 1s a sufficiently small positive
constant

3%
Ec = Ec-e +m,

where m, 1s the number of points of relative minimum of U

at the level c.

§11. The variation of Ec with increasing c.

The theorem of the last sectlion needs to be supple-
mented by the following theorem:
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THEOREM 11.1. If e 1s a gufficilently small positive
constant
/
(11.1) E, = E,

The maxlmal boundary arcs of Uc used in the preced-
ing section are not adequate for the purpose of proving
this theorem. They should be replaced by maximal bound-
ary arcs w+ of Uc with "continuation" through saddle
points taken along the boundaries of sectors gbove ¢
rather than below c. As previously, a sector S above ¢
with vertex at a boundary point P of (B) will be said to
be of boundary type if there ts but one boundary arc of
8 which tends to P at the level ¢. An arc w+ which en-
ters a sector S which is above ¢ and is of boundary type
shall terminate at the vertex P of this sector.

One then conslders the sets H,, (e) for which

(11.2) c{Uc+e

and which are connected to the respective arcs w+, re-
stricting e essentially as in the preceding section. As
a consequence, these sets Hw+(e) will either be represent-
able as distinct 2-cells or topological annuli having a
boundary arc at the level ¢ in common with Kc and causing
no change in the Euler characteristic when added to Kc.
Corresponding to each point of relative minimum P of U at
the level c, Uc contalns P as an 1solated 0-cell, and if
e is sufficiently small Uc+e includes a 2-cell which
forms the closure of a canonical nelghborhood of P on
(11.2). This change from Uc to Uc+e causes no change in
the Euler characteristic. Theorem 11.1 follows.

Thus as ¢ Increases from a value for which UG is
empty to a value b for which Ub = G, the only changes in
Ec occur when ¢ passes through a critical value c¢c. For
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e sufficiently small,
Eg = Ec-e +m

as stated in Theorem 10.1, where m, 1s the number of
points of relative minimum at the level c. If S¢ is the
number of saddle points of U at the level ¢, counting

these polnts acéording to thelr multiplicities, then

EcmEg-sc

since U is obtained from U* by identifying 8¢ O-cells
with other- O-cells. Hence

We have seen in Theorem 11.1 that Ec+e = Ec for any suf-
ficiently small e. Hence the total algebraic change in
Ec as ¢ increases through all values of ¢ ism -8 - 8
where S, s and m are as defined in §9. We thus have the
basic theorem.

THEOREM 11.2. If U has no logarithmic poles, S .
saddle* points on G, s saddle points on (B), and m points
of relative minimum, then

2 -~v=m-95 -3

*Always counting saddle points with their multiplicities.
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§12. The principal theorem under boundary conditions A.

We now include logarithmic poles at interior points
of G and begin with the following lemma:

LEMMA 12.1. If Z, 1s a pole of U(x, y) there exists
a set of coordinates (u, v) admissibly representing a
neighborhood N gi_zo such that the level curves of U in

the (u, v) plane are circles with center at Zy in N.

For simplicity, suppose that zy = 0. One can refer
the neighborhood of the origin to coordinates (x1, y1)
with Z, =X+ iy1 such that U becomes a function

(12.1) k log |z1| + kR[F(zI)], [R = real part]

where k 1s a real non-null constant and F(z) is analytic

in z, at z, = 0. The function (12.1) can be written in

the form

F(z1)

(12.2) k log [z, e

The transformation
w=u+ iv = z, e

is 1 - 1 and conformal neighboring the origin. By virtue
of this transformation the given pseudo-harmonic function
tekes the form

(12.3) k log |w]

in a sufficiently small neighborhood of w = 0, and the
level lines are the circles w = constant.
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The principal theorem may be stated as follows:

THEOREM 12.1. Let U be pseudo-harmonic except for
logarithmic poles on a limited region G bounded by v
Jordan curves, with U continuous at points of the bound-
ary (B) of G. If the function defined by U on (B) has at

(12.4) M+m-8S-g=2-v
]

where M is the number of logarithmic poles of U on G, m
the number of points of relative minimum of U, while 8
and s are respectively the number of interior and bound-
ary saddle points of U each counted with its multiplicity.

To prove the theorem we shall replace G by a region
G, from which each pole P of U 1s excluded by a new
boundary curve B(P). To define B(P) refer a neighborhood
of P coordinates (u, v) as in Lemma 12.1 so that the
level curves neighboring P are circles with center at P.
In this neighborhood take B(P) as a small circle contain-
ing P with a center not at P. The poles P may be ex-
cluded in this way by new boundaries which do not inter-
sect each other or the original boundaries. Iet U, be
the function defined by U on G1. The numbers m and s be-
longing to U on G will be replaced by numbers m, and s,
belonging to U, on G, .

It will appear that

(12.5) m=-8=m - 8,.

Given the pole P, two cases must be distinguished accord-
ing as |w| of Lemma 12.1 increases or decreases with in-
creasing U near P. If |w| increases with U, 1t is seen
that U, has a point of minimum relative to §1~2p the
boundary B(P), and a saddle point relative to G1 of
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multiplicity 1 at the point on B(P) at which |w| is a
maximum. The level lines |w] = constant mske this clear.
The contribution to m -8, from such a pole 1is thus
1 -1 or 0. Itis similarly seen that when |w| decreases
with increasing U neighboring P, U1 has no critical
points on B(P). Hence (12.5) holds as stated.

The number S 1s the same for U1 on G as.for U on G.

If v, 1s the number of boundaries of G,
(12.6) 2—v1=m1-s1-s=m-s-s
in accordance with the theorem of §11. The theorem fol-

lows from (12.6) and the relation vy =V + M.

COROLIARY. Under the hypotheses of the theorem

S-M{v-2+m

In particular, when there are no poles and just one
boundary ’

(12.7) Sm-1.

Examples. We shall show that equallty may occur in
(12.7) while at the other extreme S can be zero and m an
arbitrary positive integer.

To that end, let

U = R(Z®) = ™ cos me.

Taking U on the disc r { 1, the boundary values cos mé
have m points of minimum at the level -1, and m points of
maximum at the level 1. These points of maximum of

cos mé give maxima of U. The origin is a saddle point of
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multiplicity m - 1. Thus

S=m- 1.

In our second example we shall suppose that U = y.
The domain G of definition of U shall be of the form

f,(x) £v¢ fe(x), 0xg (n+1)r
with
fl(x) = -sin’x
. 2 X
fg(x) = gin i

On the boundary y assumes 1ts absolute maximum at the
point

= (n+1) - -
XO = > T yo— fe(xo) = 1.

On the curve y = f1(x), y has n + 1 relative minima and n
relative maxima on the open interval [0, (n+1)ml. The
level curves of U are the lines y = constant,and it 1s
seen that each of these maxima of y = f,(x) (;lve saddle
points of y relative'to G. Thus

S =0, m=n-+1, 8 =n, v = 1.

A particular tonsequence of the theorem is obtained
by comparing -U with U. If S, M, m and s refer to U,
then S and M will be the same for -U. On comparing
(12.&) for U with (12.%) for -U it is seen that

S - m =8 -m
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where "-" refers to -U. In general, the boundary saddle
points of U and -U will differ as sets and in individual
multiplicities.

The function U must either have a logarithmic pole
on which U becomes negatively infinite or else m 2 1.
The number v 2 1. The integers M, S, s are positive or
zero. The relation in Theorem 12.1 must also be satls-
fied. There are no other relations between these integers
as'may be shown by constructing a harmonic function which
realizes an arbitrary set of integers satlisfying the
above relations.

§13. The case of constant boundary values

In many important epplications the harmonic function
inder consideration is constant on one or more of the
poundaries, as for example in the case of a Green's func-
tion. To modify our previous results to take care of
such a case the fundamental relation (12.4) will be writ-
ten in the form

(13.1) M-8S=2-v+ 1

and I termed the boundary index. Under Boundary Condi-
tions A, I has been evaluated as s - m. More explicitly,

I= EKsi - my) (L=1, «.v, V)

where my is the number of points of minimum of U on Bi
and 84 the number of saddle points of U on Bi‘ One can
then properly term 8y ~my the contribution Ii of B1 to I.
We continue with the evaluation of I in the following
theorem.

THEOREM 13.1. If Boundary Conditions A are satisfied
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remaining boundaries Ci U 1s a constant relative extre-

Sj - m, of the boundaries which satisfy Conditions A,
with no contribution from the boundaries Ci'

To establish the theorem, we refer to the variation
of the Buler characteristic Ec with ¢ as described in §11
and show that when c varies through the level cy of Ci
there 1s no change in Ec on account of Ci‘

Suppose in particular that cy is a relative maximum
of U. Let N1 be a neighborhood of C1 relative to G in
the form of a topologlical annulus so near to C1 that Ni
includes no boundaries of G other than Ci and no poles of
U. If ¢ is a sufficlently small positive constant the
locus U = cy ~ e includes a closed curve C? on Ni‘ The
curve C? must be non-bounding on Ni since U has no extre-
ma on Ni' Hence C? must be simple, and together with Ci
bound & topological annulus Ri on Ni' In passing from
the complex Kc-e to Kc as in §11, the addition of R1 to
Kc__e will make no change in the Euler characteristic. In
case Cy is a relative minimum of U the analysls is simi-
lar,on noting that the Euler characteristlc of an annulus
is zero.

The theorem follows.

Recall that the Green's function for G has a con-
stant maximum value zero on each boundary and a logarith-
mic pole at which U becomes negatively infinite at a pre-
scribed point of G. We thus have the following conse-
quence of Theorem 13.1.

COROLIARY 13.1. The Green's function for G has
v - 1 saddle points,counting these saddle points with
thelr multiplicities.

L3
. In this espplication M= 1, and I = 0, so that
S=M+Vv-2-I=v -1 as stated.
Boundaries C on which U is a constant ¢ but not
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necessarily a relative extremum,mske a contribution to I
which can be evaluated. One supposes in thils case that
U 1s pseudo-harmonic on a neighborhood of C relative to
the (x, y) plane. There will be at most a finite set of
points Q on C to which arcs at the level ¢ tend from G.
The number 2o of such arcs will be eveh, and the integer
owill be termed the level index of C relative to G. 1In
counting the numb:r of arcs tending to C from G, arcs
tending to different points of C are counted as different,
and arcs tending to the same point Q of C are counted as
different if they appear as different radial arcs on a
canonical neighborhood of Q.

We need a description of the level arcs on G neigh-
boring C. We shall represent a neighborhood of C rela-
tive to G as the closed join of a sequence of sectors
nelghboring C and between successive level arcs tending
to C. These sectors will be of two types; a V-type of
gector lying between two level arcs which tend to the
same point of C, and an R-type of sector between two
level arcs h and h' tending to different points Q and Q'
of C. A V-type of sector and its level arcs are readily
described; for the composition of f with an appropriate
homeomorphism of a nelghborhood of Q leads to a harmonic
function with saddle point at Q. Thus the V-types of
gsectors which arise from harmonic function with a saddle
point at Q can serve as models of V-type sectors in gen-
eral.

As a model of an R-type of sector, we shall use a
rectangle H in which the stralght lines parallel to the
base of H will serve as representatives of the level arcs
of U. More explicitly, let h and h' be two level arcs of
U on G tending to points Q and Q' of C between which lies
an arc k of C. Ilet G be cut along h and h' to form a
domain K. We suppose h and h' so chosen that there are
no level arcs of U other than h and h' on K tending to k.
There exlsts an arbitrarily small neighborhood N of k
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relative to K,with N the homeomorph of H and with level
arcs of U on N corresponding to parallels to the base of
H on H. The base of H corresponds to k preceded and
followed respectively by sub-arcs of h and h'. The sides
of H correspond to U-trajectories emanating from points
of h and h' respectively.

The principal theorem 1s as follows.

THEOREM 13.2. let U be pseudo-harmonic on a reglon
which includes G in its interior, except for logarithmic
poles on G. If Boundary Conditions A are satisfied on
a subset of the boundaries and if U is a constant cy on
each remaining boundary Ci,then the boundary index I of
(13.1) is

(13.2) E(sj

_mj) +Ec'i

when s. - m. is summed over the boundaries on which Con-
ditions A are gatisfied, and the level indices o, are
summed over the boundaries Ci on which U is constant.

Each boundary Ci is replaced by a nearby simple
closed curve C' such that Boundary Conditions A are satils-
fied on C' relative to the modified domain G'. To that
end C' is drawn so that U on C' (denoted by Ui) increases
or decreases on C' without exception except for one point
of relative maximum of Ui on C' in each sector above Cys
and one point of relative minimum of Ui on Ci in each
séctor below cy- The relation of Ci to the level arcs of
U, as shown by the respective sector models, proves that
the points of relative maximum of Ui on Ci are saddle
points of U relative to G' of multiplicity 1, while the
points of relative minimum of Ui on Ci are ordinary.

. The sectors above cy and below cy alternate, and the
number of sectors above cy is o, . The theorem follows
from the results established earlier under Boundary Con-
ditions A.
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An example. Consider the harmonic function

1 4+ 322

U(x, y) = log (lz] £ 1).

z(3 + x°)

It will be seen in §21 that M= 3 and S = 0 on |z] < 1
while U= 0 on |z] = 1. The arcs at the level 0 tending
to the circle |z] = 1 from the region |z| < 1,include two
arcs tending to z = 1 and two arcs tending to z = -1.
Thus o= 2 = I. The relation

M-8S=1+1I=3

1s satisfied.



CHAPTER II

DIFFERENTTABIE BOUNDARY VAIUES

§14. Boundary conditions A, B, C.

These conditions are defined as follows.

Boundary Conditions A require thatv the boundary val-
ues of U have a finite number of points of extremum. The
boundaries admitted are arbitrarv Jorcdan curves.

mmmmaMMMmB require that a neirhborhood N

of (B) in the (x, y) plane exist over which U can be ex-

The boundaries are sunposed repular
Boundary Conditions C require that Conditions A and

B be satisfied.

Recall that a function U(x, y) is of class C' on a
region R 1if U and U_ exist on R and are continuous. A
function of class C' is ordinary on R if U2 + U2 does not
vanish on R. An arc is termed regular if 1t is repre-
gentable in the form

x = x(t); vy = y(t) (a {y<0D)

where x(t) and y(t) are of class C' and

*Conditions B or C can be replaced by the conditions that
some neighborhood N of (B) possess a coordinate system
wilth respect to which U satisfies Conditions B or C and
in terms of which the boundary is regular. We refer to
these new conditions as Generalized Conditions B or C.
The only coordinate aystems which willl be admlitted are
%hose)obtainec by a sgense-preserving. transformation from
X, ¥).
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x'2(t) + y'2(t) # 0.

A closed curve 1ls termed regular if each sub-arc is regu-.
lar. Oné can always take the arc length as parameter on
a regular curve.

Under boundary conditions B, U has a non-null grad-
ient g at each point of 1ts boundary. This gradient is
the vector whose components are Ux’ U.. A point P on the
boundary will be termed entrant if ¢ enters G, or more
precisely 1f ¢ may be obtalned from the positive tanpgent
to (B) at P by rotating the tangent throush a positive
angle less than 7. Recall that the exterior boundary of
G 1s o%dinarily so senscd that its order with respect to
g point within it is 1, while the other boundaries of G
are sensed so as to have an order of -1 with respect to
points within. A boundary point P at which the pradient
cdoes not lie on the tanpent and which is not entrant will
be termed emerpent.

At points P at which U is of class C' and ordinary
the rradient i1s orthorional to the level curve through P,
as one sees from the relation

dex + Uydy =0

which holds along the level curve. Under boundary condi-
tions B.or C we shall ordinarily represent the boundary
values as a function of the arc length s on the boundary
considered. With boundary values so represented a neces-
sary and sufficlent condition that the ¢radient be normal
to the boundary at a point P is that the s-derivative of
the boundary value function be null at P. For this con-
dition means that the tangential component of the radi-
ent vanishes. Each toundary point P at which the gradient
1s not normal to the boundary 1s ordinary relative to G in
the sense of the earlier sections. For on the extended
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neiphborhood of P there is a single repular level arc
through P making a non-zero angle with the tangent to the
boundary at P so that there is but one level arc tending
to P on G. P is then clearly nelther a point of extremum
of U nor a saddle point.

There remain the boundary points at which the s-de-
rivative of the boundary values U1 vanish. We shall
treat such points first under Boundary Conditions C, and
shall establish the followlne lemma:

LEMMA 1%.1. Under Boundary Conditions C,” & minimum
of U occurs only at an entrant relative minimum gi_Ui,
and a saddle point only at an entrant relative maximum of
Ul. Bach saddle point has the multiplicity 1.

To prove the lemma we enumeratc the different cases
aralnst the type of point (ordinary, minimum, saddle
point relative to G).

The Case The type of point, rel. G
(a) An entrant maximum of vt A saddle point
(b) An emerrent maximum of Ui A maximum of U
(¢c) An entrant minimum of Ul. A minimum of U
(d) An emergent minimum of Ut An ordinary point
(e) An ordinary point of Ui An ordinary point

The key to the proof lles in the fact that in the
extended neighborhood of the boundary point P there 1s
just one arc at the level ¢ of P passing through P. This
level arc intersects the boundary Bi only at P neighbor-
ing P. On G neighboring P there are accordingly two, one,
or no arcs at the level ¢ terminating at P. The only pos-
sible saddle points have the multiplicity 1.

Case (a). The two boundary arcs tending to P nelgh-
boring P are below ¢ while the inmer normal is above ¢

*The extension of this lemma to Generallized Conditions C
is obvious. The notion of an entrant or emergent gradi-
ent is then relative to the coordinate system used.
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neighboring P. Hence there are two sectors below c¢ with
vertex at P. Thus P is a saddle point relative to G.

Case (b). The function U comes under Case (a) rel-
ative to the complement of G. Hence there is but one
sector on G neighboring P, and thils sector 1s below c.

Case (c). The function -U comes under (b) relative
to G, so that -U has a maximum at P and U a minimum.

Cagse (d). The function -U comes under Case (a)
relative to G, so that relative to U there is just one
sector below ¢ on G with vertex at P.

Case (e). Neighboring P one boundary arc 1s below c
and one above c¢. There must then be an even number of
gectors on G with vertex at P. Since this number of
sectors 1s at most three and not zero, it must be two.
Thus P 1s ordinary.

The lemma follows and leads to a new theorem:

THEOREM 14.1. Under Boundary Condition C the num-
bers m and s in the relation

M-S=2-v+sg -m

mum and maximum respectively of the boundary values.

This theorem holds equally well for Generallzed
Conditions C with "entrant" interpreted in terms of the
coordinate system used.

Computational use of Theorem 1k4.1. A particularly
simple application of Theorem 14.1 1s the determination
of the number and position of the zeros of F'(z) when
F(z) is analytic with at most logarithmic singularities.
The following example will illustrate the procedure and
the boundary data necessary for the calculation. Let

N

F(z) = %— + 22

- iz + log z.
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It 1s required to find the number of zeros of F'(z) for
which [z] < 1.
One uses polar coordinates (r, 6) and sets

R[F(z)] = w(r, 0).

Then the boundary values of u may be found from the equs-
tion
I

u=L Qﬁg_gg + 1% cos 26 + » sin 8 + log r

on setting r = 1. On plotting u(1, e).as indicated 1in
Fig. 2, it is found that ue(l, 0) = 0 at six values of e:

0 < a, < a, oo Cgg<2m

To find out which, if any, of these values of & is ex-
trant, one evaluates

u, = r’ cos 48 + 2r cos 26 + sin e + % y

when r = 1. It 1s found that u,(1, ai) < 0 only at ag SO
that the boundary point (r, 6) = (1, aé) alone is entrant.
Since thls point affords a minimum to u it follows that
in Theorem 14.1, m= 1, s = 0 and M= 1. The relation

M-8S=14+8-m

yields the result S = 1., Hence F'(z) vanishes just once
forr { 1.

A computation of the above character takes less than
fifteen minutes On using other circles r = r, one can
locate the value of r representing a root of F' = 0 with
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any required degree of accuracy.
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Figure 2.

§15. Boundary conditions B

Our fundamental relatlon has been written in the
form

\

(15.1) M-8S=2-v+1I

where I has been evaluated under Boundary Conditions A as
the difference s - m between the number of boundary sad-
dle points and the number of relative minima of .U, and
under Boundary Conditions C as the difference s - m be-
tween the number of entrant points of relative meximum
and minimum of the boundary values. We term I, as de-
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fined by (15.1), the boundary index of U, and shall find
a method for evaluating I uncer Boundary Conditions B asg
well as under Conditions A.

In the treatment of this case we shall need the no-
tion of a line element defined by a point (x, y) and pair
of direction cosines (a, b),

a% + b° = 1.
The line element shall be a point
(15.2) (x, ¥y, a, b)

in Cartesian L-space, and the distance between two line
elements shall be the ordinary distance between the
points in k-space representing the line elements.

We shall need the Frechet distance between two
curves. See Fréchet (1). We consider the case of an
arc’ £,

(15.3) X, (t), y,(t) (a {t D)

given as the continuous but not necessarily 1 - 1 image
of a line sepment. Let &, be a second arc with a parame-
ter u ranging on an interval (¢, d). Let T be any homeo-
morphism between the intervals (a, b) and (¢, d) with a
corregponding to ¢, b, to d. Under T there will be a
maximum distance D(T) between points which correspond
under T. The Fréchet distance between the curves g, and
g, 1s taken as the greatest lower bound of F(T) as T
ranges over all homeomorphisms between the intervals

(a, b) and (c, d). This number will be called the
O-order distance as distinguished from a 1st-order dis-

*The case of a closed curve is similar
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tance to be defined next.
Suppose that g, and g, are regular so that t and u
may be taken as arc lengths. Then

(15.3.1) [x, (£), 3, (8), x{(8), (y!(t)]
and
(15.3.2) [xy(u), y,(u), x4(u), yh(u)l

become curves in k-space composed of line clements tan-
gent, respectively, to g, and g,. The Frlichet distance
In 4-space between the curves (15.3.1) and (15.3.2) will
be called the 13t order distance between £, and 8o

We shall consider transformations of coordinates
neighboring a point (xo, yo) which admit the form

u=u(x, y)
(15.4)
v=yv(x,vy),

where u(x, y) and v(x, y) are of class C' on a neighbor-
hood of (xo, yo) and the Jacoblan

J = uxuy - uyvx
1s not zero at (xo, yo). One restricts the transforma-
tion to a circular neighborhood N of (xo, yo) on whose
closure the transformation is 1 - 1 and the Jacoblan is
not zero.

Let s be the arc length in the (x, y) plane and 8,
the arc length in the (u, v) plane. If dx and dy are
differentials along a regular curve g in the (x, y) plane,
then along the image of g
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(15.5) ds? = Bax® + eFaxdy + Gdy?
where
_ .2 2 - 2 2
E = Up + Vy F uxuy + vay G = Ve + Vy'
Since

EG -FP=J%40

the right member of (15.5) 1s positive definite. It 1s
bounded from zero if (dx, dy) are directlon cosines,
that is, if ax2 + dy® = 1. A line elemenc of the type

(15.6) (x, y, dx, dy) (ax? + dy® = 1)

.

emanating from a point (x, y) on N is transformed into a
line element

(15.7) (u, v, %lsl'{‘%%;)

which variles continuously with the element (15.6) for
(x, y) on N. Here du, dv, 632 are to be regarded as
polynomials in the directlion cosines (dx, dy) with coef -
ficients dependent on (x, y). The polynomial ds is
bounded from zero as & function of the elements (15.6)
for (x, y) on N.

" Considering Boundary Conditions B, let P = (X, yo)
be an arbitrary point of the boundary of G. We make a
transformation T(P) of a neighborhood of P of the form

(15.8) u=TU(x,y) v=h(x-x) +k(y -3y,
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where
h=-U_, k=10, (at (xo, yo)).
This choice of h and k has as a consequence that
J=12+ U§ # 0 (at Xy, ¥q)-

Thus J 1s the square of the length of the gradient of U
at P. By hypothesis U is ordinary at each boundary point
so that J # 0 at P.

The transformations T(P) thus form a family of trans-
formations varying continuously with the point P on (B).
At the initial point P of each transformation J # 0. The
domain (B) of P 1s closed and J varles continuously with
(x, y) and P. Therefore there exists a constant T, which
is so small that on the closure of the circular neighbor-
hood N(P) of P of radius ry the transformation T(P) is
1 - 1, with a Jacobian which is both bounded and bounded
from zero for (x, y) on N(P) and P on (B), while both
T(P) and its inverse transform line elements contimu-
ously,uniformly with respect to the parameter P on (B).

Iet B' be a particular boundary curve in the set (B).
We shall prove the following lemma:

IEMMA 15.1. Under Boundary Conditlons B there exists
a rerular curye B" within an arbitrarily small first or-
der Fréchet distance e from a glven boundary curve B'_of
the set (B) such that Boundary Conditions A are satisfied

" on B".

Iet r* be any positive constant less than the. radius
ry of the nelghborhoods N(P). Let

(15.9) P, «ous Py
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be a circular sequence of points of B' such that the arc
of B' from Pi to its successor has a length at most r*.
If U(P) = U(Q), for any two successive points P, Q of the
sequence (15.9), let P or Q be slightly displaced so that
U(P) # U(Q). We thenjoin.Pi to 1ts successor by an arc
hi which is straight in the space (u, v) defined by the
transformation T(Pi). The level curves of U in the space
(u, v) are the parallel straight lines on which u is
constant; therefore on each arc hi U 1s strictly monotone.
The arcs hi of the circular sequence combine to define a
curve B*. A corner in B¥ at a point Pi will be rounded
off by a small circular arc in the coordinate system

(u, v) defined by T(Pi); this is particularly simple be-
cause. the arc hi 1s straight in the coordinate system

(u, v). The resulting regular curve will be denoted by
B".

The curves B' and B* can be put into 1 - 1 continmu-
ous correspondence by maeking the end points of hi corres-
pond to the end points of the arc of B' which hi replaces,
completing this correspondence over hi by linear inter-
polation with respect to arc length on B' and B*¥. A
homeomorphism between B* and B" can be similarly defined
resulting in a homeomorphism between Bfand B".

The curve B" depends on the choice of r#*, upon the
preliminary displacement (if any) of the points Pi from
positions on B', and on the rounding off of the cormners
of B¥. If r* 1is taken sufficiently small, and the points
Pi are displaced through correspondingly small distances,
then the resultin:; curve B" will lie within the prescrib-
ed 1st-order Fréchet distance of Bf. At any rate, this
is clear for corresponding sub-arcs of B' and B" in a
local coordinate system (u, v); and it then follows in
thé piane (x, y) by virtue of the way in which line ele-
ments are transformed under the transformastions T(Pi).
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§16. The vector index J of the boundary values

We are assuming that Boundary Conditions B hold. A
vector index J1 of U will be defined on each boundary Bi'
The vector index J of the whole boundary shall be the sum
of its indices Ji' .

By an entrant covering W of B1 will be meant any

points of Bi at which the gradient g of U is normally
emergent, and whose interiors are disjoint and include
all points of B1 at which g 1s normally entrant.

The whole of a boundary Bi may belong to W. The set
W may be empty if, for example, there are no entrant nor-
mal gradients. Under Conditions B the feet of entrant
normal gradients on Bi form a closed set at a positive
distance from the set of feet of emergent normal gradl-
ents. It follows that an entrant covering W of Bi always
exists under Conditlons B.

Iet g be the gradient of U at a point s of Bi‘ The
vector projection of g onto the tangent to Bi at s will
be denoted by €q- Iet h be any arc of an entrant cover-
ing W. An end point s of h will be termed tangentially
entrant relative to h if gq is directed toward the inter-.
ior of h; otherwise s will be termed tamnentially emer-
gent relative to h. It should be noted that under Condi-
tions B, 8g is never null at an end point of an arc h of
W, since such an end point never bears a gradient which
is normal to Bi' "

The vector index Ji of U on Bi will be taken as the
number of tangentially entrant end points of arcs of W,

*To take care of the special case in which every gradlient
is entrant on a boundary B1 we must admit the whole of B1
as a possible arc of W.

##A generalization of this vector index termed the "alter-
nating characteristic” has been defined by Morse for n-
dimensional vector fields. See Morse, (3).
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A first lemma follows:

IEMMA 16.1. The vector index Jy of Uon By is inde-

Corresponding to any two entrant coverings W1 and w2
of B1 let W be an entrant covering which coincides with
W1 + W2 as a point set, and whose set of O-cells (1. e.,
arc end points) is the sum of the 0-cells of W1 and We.
Then W, or W2 can be obtained from W by a finlte sequence
of steps of the following sort:

1) Removing an arc of W which bears no entrant nor-
mal gradient.

2) Removing two coincident end points as end points.

Operation (1) does not alter the vector index of Bi
since one end point (1f the arc is not Bi) of the arc re-
moved must be tangentially entrant and the other end point
tangentially emergent. The vector index of the arc re-
moved is thus 1 - 1 = 0. The removal of Bi as an arc of
W causes no change in Ji' Operation (2) does not alter
the vector index of B1 since the end point which is re-
moved must be tangentially entrant relative to one abut-
ting sub-arc and tangentially emergent relative to the
other.

This completes the proof.

LEMMA 16.2. The vector index J; of a boundary arc
B, equals the vector index of any simple regular curve Bj
which lies within a sufficlently small positive 1st order
Fréchet distance e of Bi and replaces Bi as a boundary
curve.

Iet T be a homeomorphism between B1 and Bi such that
corresponding elements have a distance at most 2e. If e
is sufficiently small, the image on B{ of an entrant cov-
ering of B1 will define an entrant covering of B{ such
that corresponding end points of corresponding arcs h and
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and h!' of the covering will both be tangentially entrant

or both tangential emergent relative to h and h' respec-

tively. The lemma now follows from the c¢ofinition of the
vector index of a boundary curve.

IEMMA 16.3. Under Boundary Conditions” c,

entrant points of relative maximum of U;, and m; is the
number of entrant points of relative minimum of Ui’

Iet h be an arc of an entrant covering of B, . If h
has end points there are three cases:

Case (a). Both end points of h are tangentially en-
trant relative to h.

Case (b). Both end points of h are tangentially e-
mergent relative to h.

Case (¢). One end point of h is tanpentially en-
trant and the other tangentially emergent relative to h.

In case (a) the contribution to J; 1s 2 on account
of h's end points, and -1 on account of h. The net con-
tribution is 1. In Case (a), U1 increases as h is enter-
ed from either end. Hence the number of points of recla-
tive maximum of Ui on h exceeds the number of points of
relative minimum by 1. These extremum points are all en-
trant. Hence the contribution of h to 8y - my is 1, or
equal to the contribution of h to Ji. In Case (b), h
contributes -1 both to 8y - my and to Ji' In Cuse (c),

h contributes 0 both to 8y - my and to Ji'

In the special case in which h coincides with\Bi,
every extremum point of Ui 1s entrant so that 8y ~my =
Jy = 0.

The principal theorem of this sectlon can now be

*0Or the Generalized Boundary Conditions C.
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proved.

THEOREM 16.1. _____neiggborhoo of the boundary (B)
admits coordinates (u', v') in terms of which Boundary

of the boundary as determlned in terms Qi these coordin—
ates,then

M-3=2-v +J.

Replace each boundary curve Bi by a boundary curve
B{ which lies within so small a firit order Fréchet dis-
tance of B that the vector index Ji of Bi equals the
vector index of B' In accordance with Lemma 15.1 one
can take B' 80 that Boundary Conditions C are satisfied
on.Bi One takes Bi S0 near Bi that all of the poles and
saddle points of U lie within the region bounded by the
curves B{. It follows from Lemms 16.3 that on Bi

(16.1) 8y ~my = Ji (L1=1, 2, «v., n).

But according to Theorem 1k.1

n
(16.2) M-S=2-v 4+ (3

= my )

The theorem follows from (16.1) and (16.2).
An example. Consider the function

U(x, y) = x2 - y°

on the dilsc |z| { 1. The boundary points (i1, 0) bear
emergent normal gradlients, and the boundary points

*Relative to the space of the coordinates (u', v').
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(0, +1) bear entrant normal gradlents. We take an en-
trant covering of the boundary which includes all bound-

ary points at which y2 2 x2, employing two entrant arcs.
Thelr end points are tangentially emergent, so that the

vector index of the boundary is -2. Thus
S=2-v4+J=1-2= -1,

§17. The vector index J as the degree
of a mep on a circle

We shall prove the following theorem:

THEOREM 17.1., If B1 1s a regular boundary in a
neighborhood of which Boundary Conditions B are satisfied,
then as a point s traces Bi in its positive sense any con-
tinuous branch of the angle 6(s) from the interior normal
at s to the gradient at s, increases by eﬂJi,where Ji is
the vector index of B,.

Remark. This variation of 6(s) is called the degree
of the map on the unit circle defined by 6(s). It has
not been used to define J for several reasons. First, as
has been seen in the preceding section, J defined as a
vector index 1s immedlately comnected with the distribu-
tion of extremum points of the boundary values and the
earlier evaluations of J. Secondly, the generalization
of the vector index to n-dimensional vector distributions
cammot be readily reduced as in Theorem 17.1 to the de-
gree of a map. Pinally, what is most significant, the
vector Index as defined in the preceding section can be
defined in related terms when the normal to Bi and the
gradient fall to exist. The hypothesis that U is ordinary
is replaced by the hypothesis that the level curves as
extended over the boundary are without self intersections
near the boundary. The concepts of entrant and emergent
gradient can be usefully modified iIn terms of Increasing
or decreasing U or U1 with appropriate hypotheses 1imit-
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ing the boundary. The generalized vector index then be-
comes a kind of integral. -

Proof of the theorem. Neither the degree of the map
defined by e(s) nor Ji will be changed if B1 is replaced,
as in §15, by a regular curve B{ which has a sufficiently
small 1st order Fréchet distance from B; and on which Comr
ditions A as well as B are satisfled. As constructed in
§15, B{ is such that on B{ the gradient coincides with
the interior normal only at entrant points of extremum of
Ui(s) on Bi, and at these points an appropriate branch of
8(s) changes sign. We can choose s'= 0 so that 6(0) # 0,
mod 2n. As s increases 6(s) = O,mod 2mw,at only a finite
number of points of Bj. The theorem depends on the fol-
lowing lemma:

IEMMA 17.1. If k 1s an arbitrary arc of an entrant
covering gi,B{Aggg_contribution of k to J1 equals the
number of points of k at which 6(s) increases through 0,
minus the number of points of k at which 6(s) decreases
through 0,as k is traversed in its positive sense, taking
8(s) mod 27 on the interval -n< 6 .

If k = Bi the contribution to Ji is zero and the
lemma 1s clearly true. Apart from this case the lemma is
a consequence of the following statements:

1) As s traverses k, 6(s) never equals T, mod 2T.

2) At an initial point of k which is tangentially en-
trant, 6(s) lies between 0 and -7, mod 2m.

%) At a terminal point of k which is tangentially en-
trant, 6(s) lies between 0 and 7t, mod 2.

4) At an initial point of k which is tangentially emer-
gent, 6(s) lies between 0 and 7, mod 2.

5) At a terminal point of k which 1s tangentially emer-
gent, ©6(s) lies between 0 and -T, mod 2m.

The cases which can happen are [(2) (3)] [(2) (5)]

[(3). ()] [(%) (5)].
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If, for example, (2) and (3) occur, 6(s) must in-
crease through O,mod 27m,as s lncreases over k. On the
other hand, k and its end points contribute 2 - 1 = 1 to
Ji in this case. Thus the lemma holds in this case.

The other cases are simllar. The lemma and the the-
orem follow.

let g: u=u(s), v=v(s), be a regular, .sensed
closed curve in the (u, v) plane,not intersecting the
origin. Let s be the arc length along g with 0 { s { oo
Let N represent a neighborhood of g on g's positive side.
Recall that the positive side of g includes the points
into which the immer normal projects. This normal is ob-
tained on rotating the positive tangent through 90 de-
;rees. We do not suppose that g 1s simple. When g has
multiple points 1t 1is clear that one must regard N as a
kind of Ricmann ribbon following along g. For this pur-
pose points on g and the corresponding points on N will
be reparded as distinet 1f assoclated with different par-
amcter values s with 0 { s { . We shall consider the
function

w4+ ve = U(u, v).

Iet J be the vector index of g relative to the function
U(u, v) on N, with J defined by an entrant covering of g.

IEMMA 17.2. Let N be a neighborhood of the regular,
closed curve g on the positive* side of g. If J is the
vector index of u® + v° evaluated on g relative to N, q
the order of ¢ relative,to the origin, and p‘ggg_agggla;*

order of g, then J=q - p.

*Attention is called to the fact that an interior trans-
formation f which is locally 1 - 1 nelghboring (B), car-
ries the positive side of a boundary B, into the positive
glde of any repular image of Bi The sense-preserving
character of f enters 1n.this way.

See §18 for definition.
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The proof of Theorem 17.1 applies. The direction of
the gradient of u? + v2 13 that of the radius vector from
the origin to g,so that the gradient on g makes q revolu-
tions as g 1s traversed. The tangent to g makes the same
number of revolutions as the interior (or exterior norm-
al). The lemma follows from Theorem 17.1 extended to the
case at hand.



CHAPTER III

INTERIOR TRANSFORMATIONS

§18. locally simple curves

The curves presently to be admittec as bouncary
imares are continuous and locally simple imares |

(18.1) x(t), y(t)

of a circle with angular parameter t. The condition of
local simplicity impiies that there exists a positive
constant e so small that an arc of g on which |at] < e is
simple. Iet d(e) be the minimum diameter of the set of
sub-arcs of g on which [At] > e. It is clear that d(e)
is positive. PFor any sub-arc h of g whose diameter 1is
less than d(e) 1t follows that |At] < e so that h is
simple. Any constant e, such that each sub-arc of p of
diameter less than e, is simple will be called a norm of
local simplicity of g. Any set of locally simple curves
admitting the samc norm e, will be termed uniformly
locally simple.

It is convenlent to set

z(t) = x(t) + iy(t).

Let D(t) be a continuous positive functiorrbf t at most
n/2 and such that any arc of g for which

*We suppose that D(t), x(t) and y(t) have the period
2n in t.
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to 2t 2ty - Dty)

is simple. Any continuous branch of the many-valued
function

(18.2) arc [z(t) -z[t - D(t)]]

will change by a quantity 2pmw as t increases from 0 to 2T,
where p is an integer. It 1s supposed that g 1s des-
cribed in the positlve sense, as t lncreases.

It 1s clear that the above integer p is independent
of the difference D(t) as conditioned above. Glven two
choices,Do(t) and D1(t),one could introduce the deforma-
tion,

D(u, t) = uD,(t) + (1 - u)Do(t) (0Lugm),
where u increases from 0 to 1. We have
D(o, t) = Do(t), D(1, t) = D1(t).

For intermediate values of u, D(u, t) lies between Do(t)
and D1(t), and so 1s admissible if Do(t) and D1(t) are
admissible. If D(t) in (18.2) 1is replaced by D(u, t), the
angle in (18.2), properly chosen, becomes a continuous
function of t and u. The integer p must then be inde-
pendent of u and thus independent of the choice of D(t)
among functions D(t) conditioned as above. We term p
the angular order of g. If g is regular,2np is the angu-
lar variation of the tangent as g 1s traversed in the
positive sense.

A family of locally simply closed curves
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z = f(t, a) = x(t, a) + iy(t, a)

(18.3)
(0 £t < 2m) (a, £ag a,)

will be termed an admissible deformation,if f(t, a) is
continuous in (t, &) and the curves of the family are
uniformly locally simple. Under this deformation the
curve z = f(t, a1) 1s admissibly deformed into the curve
z = f(t, a2). If e is a sufficiently small positive con-
stant one can take D(t) = e for all the curves of the
famlily. The angle (18.2) will then vary continuously
with the parameter a. Thus the angular order p will re-
main constant throughout the deformation.

The angular order p of a positively sensed Jordan
curve 1s 1. For the same curve traced n times in the
positive sense, p = n; and, traced n times in the nega-
tive sense, p = -n. The figure eight traced in either
sense has the angular order 0. We shall presently see
that any two locally simple curves with the same angular
order can be admissibly deformed into each other.

The following lemma is needed.

IEMMA 18.1. In & set S of uniformly locally simple
curves any curve which is sufficiently near a Jordan
curve g in the sense of Fréchet 1s simple.

If the lemma werc false there would exist a sub-
sequence g, of curves of B tending to ¢ in the sense of
Fréchet, with a multiple point Pn on gy tending to a point
P of g. Suppose that cevery sub-arc of a curve of S of
diameter at most e is simple. Let h be an arc of ;. con-
taining P in its interior, with a dilameter less than e/2.
For all n sufficiently lar;e there will be a sub-arc hn
of p 90 close to h in the sense of Fréchet that the di-
ameter of hn is less than e, while the arc i = hn iz
bounced from P. Such an arc hn'will be gimple and for n
sufficiently larre must contain P ; otherwise P would
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have a limit point other than P. But for n sufficiently

large, Pn on hn cannot be a multiple point of gy since

for such n, hn is simple and 8y ~ hn 1s bounded from P.
This contradic¢ction implies the lemma.

§19. Interlor transformations

We shall consider transformations w = f(z) which
map G into the w-plane. These transformations shall be
interior (except for poles) in the nelghborhood of each
point of G, and shall be continuous at points of (B).

The image of the boundary curve Bi will be denoted by 84+
We shall assume that the curves g4 do not intersect w = 0.
Two sets of boundary conditions will be used.

I. Under Conditions I the transformation f(z) shall
be 1 - 1 in some neighborhood (relative to G) of each.
point of (B).

A point Z, whose 1image w, is a branch point 1is
called a branch point antecedent. Such a point will be
called primary if f(z) has nelther pole nor zero at Zye
Branch point antecedents which are zeros or poles of
f(z) will be céiled secondary.

We shall study f(z) by studying the pseudo-harmonic
function '

U(x, y) = log If(z)].

At each zero or pole of f(z), U has a logarithmic pole.
The function U is continuous at points of (B) since f(z)
does not vanlsh there. The following notation should be
recalled:

n(0) = The number of zeros of f(z) on G

n(o)y= " " " poles of f(z) on G

po= " " "  branch point antecedents of
f(z) on G
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M = The number of logarithmic poles of U on G

3= " " " gaddle points of U on G.
Poles, zeros, branch point antecedents and saddle points
are counted with their multiplicities, but loparithmic
poles are counted singly.

IEMMA 19.1. n(0) + n(co) - p=M-S8.

The number M is the number of zeros and poles of
f(z) on G counted sinyly. The number S is the number of
primary branch point antecedents counted according to
their multiplicities. The number R of secondary branch
polnt antecedents counted according to their multiplici-
ties 1s the sum of the absolute orders of the zeros and
poles of f(z) diminished by 1 for each pole or zero, that
is diminished in toto by M. Thus

R = n(0) + n(oco) - M.
The total number of branch polnt antecedents is then
R+38=[n(0o) +n(oo)] -M+ S,

On equating this number to p, to which 1t is equal by
definition of M, one obtains the lemma.
The following lemms will be established in §28.

LEMMA 19.2. Corresponding to any locally gimple,
closed curve k there 1s a sequence kn of rezular closed
curves which tend to k in the semse of Fréchet, which are
uniformly locally simple, and which have the same anpular
order as k.

Theorem 19.1 is fundamental:
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THEOREM 19.1, Under Boundary Conditions T

n(0) + n(co) ~p=2 -v +q - D,

the images of the boundary curves under the interior
transformation w = f(z).

The formal structure of the proof may be seen by
first supposing that the image curves ¢y are regular.
These curves lie in the (u, v) plane. In terms of the
coordinates (u, V)

% log (u2 + v2) = V(u, v),

U(x, y) = log. Iwl =
V being defined by this equation. Thus U satlsfies the
Ceneralized Boundary Conditions B. (See §14). That is,
V(u, v) 1s locally of class C' and ordinary,and the
boundary gy is regular. Let J be the resultant vector
index of V(u, v) along the boundary images ¢, . It
follows from Theorem 16.1 and Lemma 17.2 that

M-S=2-v+Jd=2-V +Qq-~D.

It is immaterial whether the curves 81 have multiple
points or not.

In general the boundary imeges will not be repular,
but the boundaries B1 can be admissibly modified as
follows so that this regularity condition holds.

We first simplify the problem by supposing that the
curves Bi are circles. No generality is lost thereby,
since a homeomorphic mapping of G onto a domaln bounded
by circles will not change the character of f(z) as an
interior transformation nor the values of the intepgers
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appearing in the theorem. The theorem will remain true
or false according as it 1s true or false on replacing
each boundary curve B1 by a concentric circle Bi on G
gufficiently near Bi‘ To that end, Bi need only be so
near B that
(a) the new boundarles B do not intersect,
(b) the subreglon G* of G bounded by the circles
B"L contalins all of the zeros, poles, and branch
point antecedenus of f(z),

(¢) the transformation f(z) is one-to-one on some
neighborhood (relative to G)of each point of
G on or between Bi and Bi'

When B satisfies these conditions, a deformation of
Bi into B through concentric circles will correspond
under w = f(z) to an "admissible" deformation of the
imafe 34 of Bi into an image gi of Bi. The curve 51 will
have the same order and angular order as 81+ Thus the
characteristic intepers appearing in the theorem will be
unchanged. It accordinpgly suffices to prove the theorem
for the modified repion G*.

By virtue of Lemma 19.2 there exists in the (u, v)
planc a regular closed curve g{, arbitrarily near gi in
the scnse of Fréchet, with the angular order of gi, and a
norm ¢ of local simplicity independent of the nearness of
F! to pi The antccedent B’ of gi will have a norm of
local simplicity inoependenx of its nearness to B if Bi
lies within the closure of a neiphborhood of B on which
w= f(z) is locally 1 - 1. In accordance with Lemma 18.1,
B' must be simple 1if sufficiently near Bi. We can ac-
cordingly suppose B!,so near B that the preceding three
conditions (a), (b) and (c) on B are satisfied by Bi
[except of course the condition that B{ be a circle].

For the new region bounded by the curves Bi the character-
istic integers in the theorem will then be the same as
originally. But we have seen that the theorem holds for
regular boundary images. Hence the theorem holds in gen-
eral.
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§20. First applications and extensions

Example 1. The fundamental relation
(20.1) n{(o0) + n(foo) ~p=2-v+q-p

under Boundary Conditlons I is illustrated trivially by
the function z™ defined on |z| { 1 with m > 1. Here the
integers in (20.1) are respectively

m+0-(m=-1)=(2-1)+m-m.

Example 2. The most fruitful source of 1llustration
of (20.1) for v = 1 is found in simply connected sub-
regions R of a Riemann surface S spread over the w-plane,
with R bounded by a curve g which is simple on 8. The
domain R can be mapped 1 - 1 and continuously onto the
disc |z| { 1. The resulting mapping functionw = f(z)
is interior. If g passes through no branch point of 3,
its projection g, on the w-plane 1s locally simple. In-
deed, f 1s then locally 1 - 1 neighboring the boundary
lz| = 1.

As an example, consider the two-shéeted Riemann sur-
face with branch points at w = 0 and w = 2. ILet the
sheets S1 and 32, cut along the real axis fromw = 0 to
w = 2, be joined in the usual way to make S. The point
at infinity has a one-sheeted neighborhood on S1 and also
on Se‘ The surface S 1s simply comnected since both S,
and 52 are the homeomorphs of hemispheres with circular
boundaries corresponding to the cuts. Joining two such
hemispheres along theilr circular boundaries obviously
gives a sphere homeomorphic to 3.

Any simple closed curve g on 3 divides S into two
reglons cach the homeomorph of a circular disc. We shall
take g as a curve whose projection on the w-plane 1s a
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figure-eight with vertex at w = 1 and with loops which
encircle w = 0 and w = 2 respectively. (See Fig. 3,
where S1.and S, are pictured separately.)

o = ,‘
5 0 N )
A ™ |

2 \\_’/ 2

Flgure 3.

One has two choices of the region R bounded by g.
We have chosen the region shaded in Fig. 3. On sheet
S1, R includes all of S1 except the interior of the loop
on S1. . On 82, R includes only the interior of the loop.
The region R 1s single-sheeted except over the loop en-
clrcling w = 0; in particular R 1s single-sheeted neigh-
boring the point at infinity. If w = f(z) maps |z| £
onto R the integers in (20.1) are respectively

n(o0) +n(®) ~-p=14+q-0p

2 +1 =-1T=14+1-0.

Example 3. Divide S by a circle on S, of radius 3
with center at the origin. Let R be chosen as the region
which includes w = 0 on 3,. Then R includes all of 82
and the substitution in (20.1) takes the form
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®

2 + 1 —2=14+1-1.

For any point w = a not on the image (g) of (B), let
g(a) denote the total order with respect to a of (¢).
Relation (20.1) can theén be extended as follows.

THEOREM 20.1. Under Boundary Conditions I and for
arbitrary points w = a and w = b not on the image (g) of
(B),

(20.2) n(a) + n(b) -p =2 -v + q(a) + q(b) - p.

In particular a may equal b; if one or both of the polnts

a and b 1s infinite, (20.2) still holds, provided one
sets q(oo) = 0.

Since any finite point w = a not on (g) can be taken
as the origin, it appears from (20.1) that

(20.3) n(a) + n(oo) ~p =2 -v + q(a) - p.
If lal is sufficiently large

n(a) - n(oo ) a(a) = o.
Hence (20.3) implies the relation
(20.%) on(oo) = p+ (2 -~ v) - p.

On multiplying the relation (20.3) by 2 and subtracting
(20.4) one finds that )

(20.5) en(a) = p+ (2 -v) + 2q(a) - p
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for any a not on g. The relatlion (20.5) taken for b in-
stead of a, and added to the relation (20.5) glves (20.2)
as stated, and the theorem is proved.

Relation (20.2) gives (20.5) on setting a = b, and
(20.4) on setting a = b = co. On subtracting relation
(20.5) for a, from (20.5) for b, one obtains the order
relation,

(20.6) nfa) - n(b) = q(a) - q(b),
which speclalizes into
(20.7) n(a) - n(o) = q(a).

Relation (20.2) implies each relation stated. _
The order relation (20.6) has been established uncer

Boundary Conditions I. It can be immediately extended

as follows: '

THEOREM 20.2. The order relation

(20.8) n(a) - n(b) = q(a) - a(b)

holds if Boundary Conditions I are replaced by the condi-
tion that f(z) be continuous on the boundary (B), and
w=2aand w=">b do not 1lie on (g). The boundaries can be
taken as Jordan curves.

To prove this theorem we can suppose that the bound-
aries (B) are circular and replace each boundary Bi by a
nearby concentric circle Bi on which there are no branch
point antecedents. This 1is always possible since the
branch point antecedents are isolated on G. We suppose
Bl so near By that the antecedents of w = a or b lie on
the modified reglion G*. Boundary Conditions I hold for
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G*, and Theorem 20.2 implies that
(20.9) n(a) - n(b) = q,(a) - q,(b),

where q, is the total order relative to the images gy of
the modified boundary. But

'

(20.10) q,(a) = q(a) q,(b) = q(b)

gince the new circular boundaries B1 can be deformed
through concentric circles into the original boundaries
Bi,and-the 1mage gi of B1 wlll thereby be continuously
deformed into the image g4 of B1 without intersecting
wW=ao0rw=>b. Relation (20.8) follows from (20.10) and
(20.9).

The order relation is well known in the theory of
meromorphic functions. In the speclal case in which there
are no poles, relation (20.2) becomes n(a) = q(a). For
this relation in more general situations, see Kuratowski,
p. 358. One can apply the order relation to generalize
Rouché's theorem: (Titchmarsh, p. 116):

Rouchd's Theorem. If f(z) and g(z) are analytic
within and on a closed contour C and

(20.11) lg(z)l < If(2)]

zerog within C.

In the generalization, Theorem 20.3 below, the func-
tions are merely continuous on the boundary, and interior
within. The condition (20.11), which requires that g(z)
be nearer the origin w = 0 than f(z), 1s unnecessarily
restrictive. For example, z and 1z have the same number
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of zeros within the circle |z| = 1 but do not satisfy
(20.11). A generalization follows.

THEOREM 20.3. If for every real t for which
0t <1, f(z) + tg(z) is an interior transformation
of G which is continuous on (B), and if on (B)

(20.12) f(z) + tg(z) # o,

then n(0) - n(oo) is t same for f(z) as for f(z) + o(z).

Condition (20.12) 1s satisfied when (20.11) is satis-
fied; for whenever (20.11) holds

Ite(z) £ lg(z)] < 1f(z)]

so that (20.12) holds.

As t varies from 0 to 1, the boundary images under
w = f + tg vary continuously, never passing throuch w = 0.
Hence the order q(0) of the boundary is independent of t.
Thus

n(0) - n(m ) = q(0)

both for f(z) and g(z) + f(z). Rouché's Theorem follows
in case n(oo) = 0 and v = 1.
The fundamental theorem of algebra is a trivial ‘con-
sequence of Rouché's theorem. See Titchmarsh, p. 118.
The following existencc theorem will be useful.

THEOREM" 20.k. Corresponding to an arbltrary sensed,
rerular, analvtic, closed curve « (in reneral not simple)
ther: oxists a function f(z) which is meromorphic on

*This theorcm is included amory the hitherto unpubl:shad
results of Morsc and Heins.
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G=[lz] {1],continmious on B = [|z]| = 1] and such that
the image of B under f 1g ¢ with f' # 0 on B.

let g be referred to its arc length s. Without loss
of penerality we can suppose that the total length of
is 2w. The curve g will then have the form

w=u(s) + 1 v(s)="F(s) (F'(s) # 0)

where u(s) and v(s) are real for s real, and analytic,
with a period 271 in the comblex variable s in a neighbor-
hood of the serment 0 { s { 2% of the real s axis. Sub-
Ject to the transformation v = eis,set

F(s) = H(Y).

The function H(m) so obtained 1s real and analytic in.q
at each point n of the circle,|q| = 1,and maps this cir-
cle in a locally 1 - 1 way onto g. The function H(y) can
be glven a Laurent development,

e n
Hn) =2 an",

=00

in an annulus which includes the circle lql = 1 in its
interlior. Set

n n
Hy(m) = 2% &l -

If m exceeds a sufficiently large integer N, the
anteccedent in the m-plane of g in the w-plane under the
transformation

w=H (1) (m > N)
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is a simple, regular, analytic curve B . For m >N

let qm(z) map the interior of B in the z-plane in a dir-
ectly conformal manner onto the interior of Bm in the
n-plane. This map may be conformally continued without
singularity into a map which transforms B ina 1 - 1
mamner onto B . For any m > N the transformation

W= H M (2)] flzl < 14

maps B in the z-plane onto g in the w-plane, and satisfies
the theorem.

In proving the preceding theorem no attempt has been
made to control the number of zeros and poles of the
transformation f of the theorem. Relations (20.4) and
(20.5) are of course necessary for any point a not on g.
The numbers n(a), n(oo), and p are never negative,and
this imposes further conditions on the integers which
gatisfy (20.4) and (20.5). The problem of determining
the extent to which one can prescribe both g and p and
still satisfy the theorem is of considerable interest.

A topological invariant. Let g be an arbitrary loc-
ally simple curve in the finite w-plane. Iet the w-
sphere be subjected to a sense-preserving homeomorphism T
which carries g into a second curve g' in the finite
w-plane. Let a be an arbitrary point of the w-sphere not
on g,and let a' be the image of a under T. Let q(a) and
q'(a') be respectively the orders of a and a' with res-
pect to g and g', and let p and p' be respectlvely the
angular orders of g and g'. We have the theorem.

THEOREM 20.5. Under the homeomorphism T of the w-
sphere

(20.13) eq(a) - p = 2q'(a') - p'
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where a' 1s the imape of a under T,and where the lmage &'
of g under T is assumed to be in the finite plane. The

orders (p, q) refer to g, the orders (p', q') Lo ¢'.

We shall presently show that every locally simple
curve g can be admissibly deformed (cf. §18), among
curves arbitrarily near ¢ in the sense of Fréchet, into a
repular, analytic curve. During such a deformation the
orders appearing in (20.13) will be unchanged, provided
of course that the deformatlon has been on a neighborhood
of g which excludes a. It will accordingly be sufficilent
to prove the theorem for repular, amalytic curves g.

Corresponding to any such regular, analytic curve g,
Theorem 20.4 affirms the existence of a functlon f which
is meromorphic,on G = [|z]| g 1], continuous on B =
[lz| = 1] and such that the image of B under w = f(z) 1s
g. If T is of the form w' = F(w) then under T, f(z) may
be replaced by F[f(z)]l,arain an interior transformation
of G. If n', p' refer to the new function Ff, then

(20.14) 7 n'(a') = n(a) plo= u,
Relation (20.5) tor the new functlion takes the form
(20.15) en'(a') = p' + 1 + 2q'(a') - p'.

Relation (20.15),taken with (20.14) and (20.5) gives
(20.13).

The integer 2q(a) - p is thus a topologlcal invari-
ant of the locally simple curve g under homeomorphisms T
of the sphere. It is not difficult to glve a direct
proof of this fact independent of the theory of interilor
transformations.

Relation (20.13) may be specialized in a number of
ways. In particular,let c be the antecedent of counder T.
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On setting a = ¢ one sees that

q'(a') = q'(0) = 0,

and (20.13) yields the result

(20.16) p = p' + 2q(c).

~Relation (20.16) combined with (20.13) yields the follow-
ing corollary.

COROLIARY. If T(c) = oand a is an arbltrary point
not on g, then

(20.17) p = p' + 2q(c), q(a) = q'(a') + q(c).

Relation (20.17) 1s of the nature of a linear trans-
formation from the pair [p, q] to the pair [p', q'] where
the coefficients in the transformation depend only upon T.
As a final speclalization suppose that T transforms the
finite plane into the finite plane. Then ¢ = © and
q(c) = 0 so that (20.17) takes the formp = p', a =q'.

An example. Let T be the transformationw'= L. Let
¢ be the positively sensed unit circle |z| = 1. Then g'
1s the negatively sensed unit circle and

p=1 p' = -1 c=0 q(ec) = 1.

If one sets a = 0, then a' = o anc q'(a') = 0, q(a) = 1.
Relations (20.17) are satisfied.



CHAPTER IV

THE GENERAL ORDER THEOREM

§21. An example
The relation

(21.1) o2n(a) - =2 - v + 2q(a) - p

has been established under the conditions that the in-
terior transformation f be locally 1 - 1 neighboringfeach
point of the boundary (B),and that the point a not lie on
the boundary images (g). In this section the hypothesis
that f be locally 1 - 1 neighboring each point of (B)
will be replaced by the hypothesis that the boundary
images be locally simple. With this change, pm in

(21.1) must be glven a new Interpretation. Theorem 24.2
and 1ts proof were presented for the first time in lec-
tures at Princeton University in December 1945.

The only relation of character similar to (21.1)
which the author has found 1s that of Stollow (2).
Stoilow's is concerned with a region with a single bound-
ary B. The image of B ls assumed to be a closed Jordan
curve g in 1 - 1 correspondence with B by virtue of f.
The transformation f is assumed interior on G. Apart
from notation, Stoillow affirms that :

(21.1) n(o) + nfcw) - M = 1.

*Relative to G.
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Stollow seems to be assumins other conditions on f near
the boundary, as hisz proof shows. Without such addition-
al assumptions, the thcorem would be false as we shall
indicate by an example. A first impression would b» that
one had merely to let p include the count of branch point
antecedents on B. This, however, would be incorrect if
one counted branch points in the ordinary way, as our
cxamle will show. A more serious limitation, in the
case of a function which is meromorphic on G and merely
continuous on @, is that the term "branch point" on B is
either without meaning or requires extensive preparatory
analysis.

As we shall see, the Stoilow hypothesis that r be
the 1 - 1 continuous imape of B under f can be replaced
by the hypothesis that ; be a locally simple lmaze of B
for which

q(0) = p.

Relation (21.2) then holds if m be properly interpreted.
The counter-example. Consicder the transformation

1 4+ 32°
(21.3) f(z) = flz| < 1},

z(3 + z°)

Within the unit circle f vanishes at just two points,

N
]
+
.
.

and has a pole at z = 0 only. ILet z be the conjurate of
z. When |z| =1, zZ =1 and

-42+5
If] = 1Z°f| =
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so that the image of the circle |z| = 1 1is on the cir-
cle |lw| = 1. It remains to show that the circle |w] = 1
is the 1 - 1 imagce of the circle {z| = 1. To that end
note that '

5(1 - 29)2

' =
£ 2%(3 + 2%)8
Thus f' has a double zero both at z = 1 an¢ -1. But z =
1 and -1 are fixed points of f. Hence the open scmi-
circles of |z| = 1 on which y 1s respectively positive
or negative are either the 1 - 1 images of themselves or
of each other. But the points z = + i are fixed points
of f so that the mapping of the circle |z| = 1 into the
circle |w|l =1 18 1 - 1.

The transformation f is thus interior on [lz] 1}

and transforms the circle |z] = 1 ina 1 - 1 manner onto
the circle |w| = 1. For points z on |z| < 1

n(o) = 2, n(w ) = 1; M =0,

and relation (21.2) is not satisfied. For points z on
Izl £ 1, and with the ordinary interpretation of p,

n(o) = 2, n(oo) = 1, Moo= L,
and (21.2) is apain not éatisfied.

§22. Locally gimple boundary images

1et f be an admissible transformation of G, con-
tinuous on U and interior on G. Let B; be a Jordan
curve bounding G, given as the homeomorph of a circle )
C with angular paraméter t. Under Boundary Conditions
II the image 84 of Bi under f shall be the contlnuous
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and locally 1 - 1 image of the circle C. It is not e-
nough that gy "cover" a locally simple curve. Boundary
Conditions II require that the correspondence, estab-
lished by f between any arc of B1 for which |At]| is suf-
flclently small and its image arc on 84 be 1 - 1.
Boundary Conditions II would not be satisfied if, as t
increased, the image point on g4 remained fixed for any
interval of t, or if this image point traced an arc in
one sense and immedlately thereafter retraced this arc
in opposite sense. For example g4 might trace a circle
one or more times in several senses or even in one sense,
and still not satisfy Boundary Conditions II.

Under Boundary Concitions I (§19) each point P of B
is required to possess a neirhborhood N relative to G
whose w-imase under f 1s in 1 - 1 correspondence with N;
more briefly we shall cay that Boundary Concitions I re-
qQuire that f be locally 1 - 1 at each boundary point P.
Bourncary Conditions I refer to a nei hborhood of P rela-
tive to G, Boundary Conditions II refer to a neighborhood
of P relative to (B). Both Boundary Conditions I and II
require that w = f(z) be 1 - 1 on the relative nei:-hbor-
hoods to which they refer. Boundary Conditions I imply
Boundary Conditions II, but the converse is not true.

We here introduce two definitions that will be of
use in the following section. Recall that a Jordan re-
glon R 1s a re;ion bounded by a closed Jordan curve g.
The positive sense of ¢ in the w-plane is the sense cor-
responding to which the order”of each interior polint is 1
A simple sensed arc b on the Jordan curve ¢ will be said
to have the Jordan region R on its left or right accorc-
ing as the sense of b arrees or disasrees with the posi-
tive sense of .

Iet W be an (m + 1)-leaved branch element each shect
¢f which covers a Jordan neighborhood N of a point wvof
the w-plane. Iet b be a simple, sensed arc throurh W,
which separates N into two Jordan resions of which N1
fhat is the "order of g relative to the interior point".
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lies to' the right of b. The connected subregion of W ob-
tained by removing a single sheeted copy of N1 from W
will be called a partial branch element of multiplicity m.
Zero 1s admitted as a value of m. A semi-circle with Wo
on the center of its dlameter would be a partial branch
element of multiplicity ¢. The continuous image under
the transformation

(22.1) W —w0=reei

of the pairs (r, e) for which

(22.2) 0 <6< (em+ 1)w, ogrgry, (ry > 0)

is representable as a partial branch element Em of multi-
plicity m. It is clear that any two partial branch ele-
ments with branch polnt W, and multiplicity m admit a
homeomorphism in which LA corresponds to itself and
points which cover the same point w correspond to points
of 1like character. One could In fact define a partial
branch element of multiplicity m as the continuous image
of the preceding element Em under a homeomorphism which
carries distinct sheets into distinct sheets and points
which cover the same point w into points of like char-
acter.

The multiplicities of partial branch elements can be
formally determined in certain cases. Suppose that z, is
on (B) and that f(z) 1s analytic at zo,while f(z)—f(zo)
vanishes at Z, to the nﬁh order. If two regular arcs of
(B) intersect at Z, 8O as to make an angle A at Z, within
G, and if

omm < nA < 2(m + 1)T,

then m is the multiplicity of the partial branch element
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at f(zo). If the boundary is regular at Z, and n =
2r + 1, then m = r. In general,the multiplicity m cannot
be determined by such formal processes, but 1s a priori
characteristic of the interior transformation.

An example. In the example of the preceding sec-

tion, the points 2y = &I correspond to partial branch
elements of multiplicity 1. The difference f(z) - f(zo)
vanishes to the third order for Zy = #£1.

§23. The existence of partial branch elements

We shall show that the hypothesis that the boundary
images gy are locally simple implies thdat the transforma-
tion 1s "locally 1 - 1" (cf. §22) at each point of (B)
with the possible exception of a finite number of points
P of (B), and that the image under f of some neighborhood,
relative to G, of each such exceptional point P is a
partial branch element. The truth or falsity of such a
theorem will clearly be independent of any sense-preserv-
ing homeomorphism F of the w-sphere, leaving the point oo
fixed, with which f may be composed to form a new interior
transformation F[f(z)]. It 1s an essential advantage of
the topological methods of proof which we follow that no
generality is lost upon replacing f by the new Interior
transformation.

The following lemms affords a particular homeomor-
phism F.

IEMMA 23.1. Corresponding to any simple arc k
(closed) there exists a sense-preserving homeomorphism F
of the w-gphere, which leaves the point o fixed and maps

k into a straight arc.

To obtain F, one joins the end points of k by a
simple arc so as to form a Jordan curve g bounding a
Jordan region R. Let R be mapped by a homeomorphisnrH
onto a rectangle Q in such a manner that k goes into a

*Sense-preservinp
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side k2 of Q. Iet the complement CR of R on the w-sphere
be mapped by a homeomorphism H' onto CQ in such a manner
that the maps H and H' are identical on g. (Cf. Lemma
6.1.) We suppose moreover that H' leaves the point o
fixed. The maps H and H' combine to define the homeomor-
phism F affirmed to exist in the lemma.

In this section polar coordinates (r, 6) will be
used in the w-plane with pole at w = 0. We are assuming
that the boundary images g; under w = f(z) are locally
simple. Attention will be focused on an arc h (closed)
of (B) so small in diameter that its image under f is a
simple arc hf in 1 - 1 correspondence with h. Use will
be made of the preceding lemma by virtue of which hf may
be assumed to be gtraight.

The analysis will be made simpler by supposing that
lies on a ray 6 = 6, and does not intersect w = 0.
We begin with the following lemmsa.

nf

LEMMA 23.2. The antecedents on G of branch points
of f—1 have no limit point at immer points of the bound-
ary arc h, and the points of h at which f faills to be
locally 1 - 1 are isolated.

f

The image h™ of h under f is on the ray 6 = 8y SO
that the pseudo-harmonic function

U(x, y) = log |f(z)| = log r

will have no extremum at an imner point of h. In accord-
ance with the proof of Theorem 7.1 the saddle points of U
on G cannot cluster at any immer point of h. Hence the
antecedents on G of branch points of faj cluster at no
imner point of h. It remains to show that the points of
h at which f fails to be locally 1 - 1 are 1lsolatéd.

Iet P be any imner point of h at which just one
level curve X of U terminates. (See Fig. 4.) The points
of h which are not of this type are isolated on h (cf. §7).
We shall show that f 1s locally 1 - t at P.
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Set U(P) = ¢c. Iet X be so limited that each of its
points are ordinary points of U. Let Y be a U-trajectory
through the end point of X not on h, with U taking on the
values

c-e{U c+e (e > 0)

onY. If e 1s sufficiently small there will be one and
only one level curve (r constant thereon) passing from an

P

Figure L.

arbitrary point on Y to a point on h, as seen 1n 87, and
these level curves will cover a neighborhood N of P rela-
tive to E,with one and ohly one curve through each point
of N. On each such level curve the transformation f is

1 - 1. For there can be no antecedents of (ordinary)
branch points on N if there 1s only one level curve
through each point of N.

The map f is 1 - 1 for z on N. 1In fact,each level
arc on N corresponds in the w-plane to an arc of a circle
on which r is constant, while arcs on N emanating from
different points of Y are at different levels and so cor-
respond to arcs of circles with different radii r. As
noted previously, the correspondence between a particular
level arc on N and its image 1s 1 - 1. Thus f is 1 - 1 on
N. The lemma follows.
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The inverse of w = f(z) for z on N 1s continuous.
This follows from a well-known theorem which states

that a 1 - 1 continuous transformation of a bounded closed
plane set has a continuous inverse. See v. Kerékjdrts,
D. 3k,

Inner points P of h are either ordinary with respect
to U on G, or else are saddle points with respect to U on
G. In the former case we have Jjust seen that f 1s
locally 1 - 1 at P. The following lemma completes the
analysis in the small.

LEMMA 23.3. Each saddle point of U on G at an in-

ner point of h possesses a nelghborhood (relative to G)
whose Riemamnn image is a partial branch element.

We consider the case in which P is a saddle point of
U. Iet U= c at P,and let S (open) be a sector of a can-
onical neighborhood of P relative to U. The argument
used in the proof of Lemma 23.2 suffices to show that
there exists a nelghborhood V of P, relative to S, whose
points,not at the level ¢, are covered by a family of
level arcs at different levels of U, with just one arc
through each point of S on V., Iet Vf then be the image
of V under f. We distinguish between the cases in which
S 1s and 1s not of boundary type (cf. §7.) Set (r, 6) =
(r eo) at f(P).

Case A. The sector S is not of boundary type.
Suppose that 3 is below ¢, or in terms of r, below Ty-
In Case A there are two arcs, a and b, on the boundary of
S at the level r, with end points at P. As z approaches
P on a and recedes from P on b, f(z) traces an arc of the
circle |w| = r, approaching f(P) on |w| = r, from one
gide and receding from f(P) on the other. That f(z) does
not approach and leave f(P) on the same sub-arc of |w| =
r, may be seen as follows: Such a double tracing of an
arc of the circle w = r, occurs only 1f a continuous

branch of

OI

0
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6(z) = arc f(z),

evaluated as a function of z on the arc (a b),has an ex-
tremum at P. In such a case the level arcs onV on
which r 1s sufficiently near r, but below r, would bear
a similar extremum of 6; that is, the correspondence be-
tween these level curves on V below r, and their images
could not be 1 - 1 no matter how near the level r was to
ry. This 1is contrary to the fact that there are no crit-
ical points of U on 3, and that f. is accordingly locally
1 -1 on 3.

Thus the property of the level curves of V below r
of being iIn 1 - 1 correspondence with their images ex-
tends to the curve at the level r, on the boundary of V.
It follows that there exlists a nelighborhood V of P rela-
tive to 8 whose image V' under f is of the form,

0

ro2ryry-e
(23.1)
8, + € 08,6,

with V and vf homeomorphic under f, provided e is a suf-
ficiently small positive constant.

On the other hand, S may be above r
be taken in the form ,

o* Then.Vf may

ro + e > T2
(23.2)
8, + © >80 8, - e,
with 7 and V% homeomorphic under f.

Case B. The sector S_;g_g;,boundagx type. Recall
that the image of h under f 1is an arc hf on the ray 6 =
8y- Let hf be given a positive sense derived under f
from the positive sense of h. Let k1 and k2 be the two



§23. THE EXISTENCE OF PARTIAL BRANCH ELEMENTS 89

arcs of nf into which nf 1s divided by f(P),with k, pre-
ceding k2 in the positive sense of hf. Case B breaks up
into four sub-cases as follows.

I. S is above ry, k, is on st
II. 8 is below ry, k, is on gt
III. S is above ry, k, is on st.
IV. S 1s below ry, k, is on 5'.

Analysis similar to that presented under Case A
yields the following result. For a sufficiently small
positive constant e the image Vf of a neighborhood V of
P relative to S may, be taken in the respective forms,

\

I. rg+epr2r

8,2 00 8, - €

II. ro2rpr,-e

6, + © > 826,

III. ry+e yr2 r,
By + € ) 0208,

V. r, 2r > ro - e

8,208, - ¢

It is observed that 6, 2> 6 in I and IV while 6, e
in II and III. An explanation of this in the typical
Case I is as follows: On the boundary of Vf in I, k, is
followed by an arc k' on which r = ry. Taken in its

positive sense k, has VI on its left (cf. §a2), since its
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antecedent on h has V on 1ts left, and f preserves orien-
tation. But k' follows k, on the boundary of VI and will
accordingly have Vf on 1ts left. Since r 2 r, on Vf inT
k' will have Vf on its left only if decreases from 6,

on k'. Hence 1n the representation I of V s 84 2 6 must
hold rather than 8, § o.

The preceding neighborhoods V of P relative to the
respective closed sectors S of a canonical nelghborhood
of P can be successively joined in clockwise order to
form a neighborhood N of P relative to G. The respective
images V of these neighborhoods V joined in correspond-
ing clockwise order around f(P) yileld the image N of N
under f. In this unlon each Vf except the last will be
Jjolned to its successor along an arc of the circle |w| =
r, with an end point at f(P). Successive images Vf will
1ie on opposite gldes of the circle |w| = ry, and the
initial and final images V will lie on opposite sides of
this circle,since nf 1s a straight arc passing through f(P)
on & = 8,. The angle at f(P) on an image Vf under Case
A is m, and under Case B is w/2. The total angle at f(P)
on Nf is of the form (2m + 1)N, and V- may be regarded as
a partial branch element of multiplicity m.

This completes the proof of the lemma.

§24. The order, angular order theorem

The lemmas of the last section apply to any arc h of
(B) so small in dlameter that its image under f 1s g
simple arc hf in 1 - 1 correspondence with h. A finite
set of such arcs suffices to cover the whole of (B) in
such a manner that every point of (B) is an inner point
of such an arc. We draw the following conclusion.

THEOREM 24.1. If the images (g) under the interior
transformation f of the boundaries (B) are locally sim-
ple then f 1s locally 1 - 1 relative to G at all but a
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finite number of points on the boundary (B), and each ex-
ceptional point on (B) has a neighborhood relative to G
whose Riemann image under f 1s a partial branch element.

If F(w) 1s a sense-preserving homeomorphism of the
w-gphere, with the point w = 0 a fixed point, then the
function f1(z) = F(f(z)] will be said to be w-equivalent
to f. If f is defined on G and has locally simple bound-
ary images, f1 is defined on G and has locally simple
boundary images. The total angular order p of these
images 1s the same for f1 as for f, as has been seen in
(20.18). We shall use this result in proving the follow-
ing principal theorem.

THEOREM 2k4.2. If the boundary imeges (g) are local-
ly simple and do not intersect the point w = a,then

(24.0) en(a) = 2 - v + p + 29(a) - p,

where n(a), q(a), v, and p are as previously defined, and

gi_f_l, evaluated as in §22 in the case of partial branch
elements.

let Pk (k =1, ..., n) be the antecedents on (B) of
boundary branch points whqse multiplicites m, are posi-
tive. The transformation f is locally 1 - 1 relative to
G at each other point of (B). Let u' be the sum of the ‘
multiplicities of the ordinary branch points with antece-
dents on G. We shall replace each curve By of (B) by a
Jordan curve which traces Bi in its positive sense making
a detour hk on G around each point Pk on Bi'

The detour hk will be a simple arc on G which re-
places a simple arc of (B) through P, and will be more ex-
plicitly defined as follows. Given Py let fk(z) be an in-
terior transformation which is w-equivalent to f and which
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is such that the image under f, of some arbitrarily small
simple boundary arc of (B) through P is a straight arc bk
in the w-plane. That fk exists follows from lemma 23.1.
There exists a neighborhood Nk of Pk relative to G such
that the Riemann image of Nk under fk 1s a partial branch
element of multiplicity m . Set w, = fk(Pk). Let the de-
tour hk around Pk on G be teken so that its image under
fk 1s circular in form, with center at Wy and subtends
an angle at Wy of -(amk + 1)m, beginning at a point of bk
which precedes W, on bk’ and ending at a poilnt of bk
which follows w, on bk‘

The respective detours hk can be made so near the
points Pk that for the region G* which is enclosed by the
new boundaries the numbefs n(a), q(a), and W' for f will
be the same as for G. Boundary Conditions I will be sat-
isfied by f and the new boundaries. Iet p' be the total
angular order of the images of the new boundaries, under
f. Since Boundary Conditions I are satisfied by f on G*

(24.1) en(a) = 2 - v + M' + 2q(a) - p'.
We shall show that

(2k.2) P=p' + pH- p.

This amounts to showing that

(24.3) p=rp'+2m.

If the boundaries (B) are altered by taking the de-
tour hk it follows from the nature of the image of hk un-
der fk that the angular order of the boundaries will
thereby be decreased by m, ; from the invariant character
of angular order under our w-homeomorphisms, as indicated
by (20.17),1t is clear that the angular order of the
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boundary images under f will be decreased by the same
amount. The boupndaries (B) can be altered by taking the
detours hk in succession. On summing the changes in
angular order (24.3) results. Hence (24.2) holds and
(24.0) results on adding (24.1) and (24.2).

The proof of the theorem is complete.

Example. The functlon f(z) given in (21.3) has two
boundary branch points with antecedents z = +1. The cor-
responding partial branch elements have multiplicities 1,
and the relation,

n(0) + n(w) -~ p =1,

is satigfied in the form ,

§25. Radd's theorem generalized

A theorem' in Titchmarsh

The theorem of Radd states that there exists no
(1, m) directly conformal map w = f(z) of G onto itself
when m > 1 and the number of boundaries v > 1. Branch
points are not excluded. In such a map each point w = a
on G is such that n(a) = m. It is relatively easy to
show, as Radd does, that the map f(z) can be extended so
as to be continuous on (B),and such that each curve Bi is
mapped onto some curve B. of (B) covered m times. The
angular order of the exterior boundary of G covered m
times 1s m. The other boundaries are covered m times but
in the opposite sense relative to their interiors; hence
their angular orders as boundary images (¢ ) are all -m.
The total angular order of (g) is thus (2 - v)m. our
generalization of Radd's theorem is confined to the case
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where v > 2, and is as follows:

THEOREM 25.1. In the case in which ﬁgg number of
boundaries exceeds 2, n(oo) = 0, and the boundary images
(g) are locally simple, it is impossible that the total
angular order of the boundary lmages be (2 - v)m with
m > 1 for any interior transformation defined on G.

No assumption is made here as to the values of n(a).
The boundary images may intersect themselves and each
other. In the case where (B) is a set of circles and f
1s analytic, it 1is not assumed that f(z) is analytic on
(B).

We make use of Theorem 24.2 according to which

en(a) = p+ 2 - v + 2d(a) - p

for a not on (g). We set a = and p= (2 - v)m. It
follows that

(25.1) Moo= (v - 2)(1 - m).

Since p 2 0 this condition is impossible when v > 2 and
m > 1. The theorem follows.

When v = 2 it is seen from (25.1) that p= 0. For
v=2andm) 1, a (1, m) interior transformation of an
annulus onto 1tself is clearly possible. Here is a dif-
ference between the theory of interior transformations and
meromorphic functions, because as Radd has shown there is
no directly conformal (1, m) transformation of the annulus
onto itself for m > 1. Rudd establishes this by extending
the transformation over the whole plane by repeated re-
flections in the circular boundaries, arriving at the re-
sult that the only (1, m) directly conformal transforma-

tion of the anmulus into itself is a rotation.
L]
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It appears that when v > 2 Radd's theorem is essen-
tially topological, but that when v = 2 it belongs prop-
erly to conformal mapping theory..

A theorem in Titchmarsh (p. 122) is of interest. A
curve on which |f(z)| equals a positive constant is there
called a level curve of f.

THEOREM 25.2. If f is analytic within and on a reg-
ular Jordan level curve C and has n zeros within C, then

f!' has n -~ 1 zeros within C and never vanishes on C.

The proof can be given with the aid of Theorem 2k.2,
but an even simpler proof is obtained on setting

(25.2) U(x, y) = log |f(2)]

and making use of Theorem 13.1. The harmonic function U
assumes a constant maximum on C since U becomes negative-
ly infinite at each of the zeros of f. In the relation

M-S=1+1I

M= nand I = 0 in accordance with Theorem 13.1. Hence
S=n-1..Thus f' has n - 1 zeros within C.

U can have no critical point on its level curve C
without assuming its maximum on other level curves cross-
ing C. This is impossible. Hence f' never vanishes on C.

The following generalization of Theorem 25.2 goes
deeper 1n that f is taken as interior on R instead of
analytic. The strong assumption that f is analytic on C
is replaced by the condition that the image of C under f
is locally simple. The conclusion that f' does not van-
ish on C is replaced by the conclusion that f is locally
1 - 1 relative to R at each point of C. The theorem fol-

lows.
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THEOREM 25.3. let C be a Jordan curve bounding a
finite region R. If f(z) is an lInterior transformation

level curve of f and the_image of C under f is locally
simple, if finally, f has n zeros on R, ‘then p=n - 1
and f is locally 1 - 1 relative to R at each point of C.

One makes use of the pseudo-harmonic furtction U of
(25.2) and concludes exactly as in the proof of Theorem
25.2 that f has n - 1 branch point antecedents within C.

To show that f is locally 1 - 1 at each point of C
use 1s made of Theorem 2k.2 by virtue of which

(25.3) 2n(0) =1 + p+ 29(0) - p.

Here n(0) = n = q(0). The image of C is a circle |w| =
ry traced n times without reversal of sense,since this
image is locally simple. Thus p=n, m = n - 1. Hence
there are no partial branch elements of positive multi-
plicity and the transformation f 1s locally 1 - 1 at each
point of C.



CHAPTER V

DEFORMATIONS OF LOCALLY SIMPLE CURVES
AND OF INTERIOR TRANSFORMATIONS

§26. Objectives

It has been seen that the order q (with respect to
w = 0) and angular‘order p of a locally simple clased
curve g are significant characteristics of g when g ap-
pears as the image of a boundary of G under an interior
transformation f. There exist locally simple curves for
which p and q are arbitrary integers as we shall see.
The meaning of p will be revealed by the theorem that any
locally simple sensed curve with the‘angular order p can
be admissibly deformed (cf. §18) into a figure eight if
p=20, and if p # 0 into a circle C traced p times, tak-
ing account of the positive sense of C. No two of these
models can be admissibly deformed into each other.

The meaning of the pair (p, gq) will be brought out
by the use of O-deformations of g. O-deformations of g
are admissible deformations of g in which neither g nor
its images intersect the origin 0. Corresponding to any
pair of integers (p, q) there is a canonical curve g(p,q)
into which a curve with the invariants (p, q) can be 0O-
deformed, and no two canonical curves g(p, q) correspond-
ing to different pairs (p, q) can be.O-deformed into each
other.

The meaning of the invariant p of a locally simple
closed curve is made clearer by the definitlon of the
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+

product of the deformation classes of such curves. The
groups G of such classes with respect to multiplication
is shown to be isomorphic with the additive groups J of
integers, with a deformation class ¢ in G corresponding to
the integer p in J which equals the angular order of the
members of c¢. The unit class in G is composed of locally
simple curves admissibly deformable into the figure
elght. The groups G of O-deformation classes of locally
simple curves which do not intersect w = 0,is similarly
shown to be isomorphic with the additive groups of pairs
of integers (p, q). The unit class in G turns out to be
the class of locally simple curves which are O-deformable
into a figure eight neither loop of which encircles the
originw = 0.

The study of the deformation classes of locally
gimple curves 1s a necessary introduction to the study of
deformation classes of interior transformatlons or mero-
morphic functions which have a prescribed set of zeros,
poles, and branch points, on a fixed region G. In §34
we shall refer to this problem and to the results already
obtained. It 1s sufficient to say that it leads to the
heart of the modern theory of meromorphic functions,in-
volving the "normal families" of Montel and the extensions
of the Picard Theorem. See Morse and Heins (2). Apart
from this, the substance of this chapter is a self con-
talned development of the "homotopy" theory of locally
simple closed curves.

The following section introduces the concept of
p-length of curves. This 1s a necessary aid in the repre-
gentation of deformations of closed curves. By means of
the theorems there proved the possibility of an admissible
representation of such deformations is made to depend upon
certain conditions ed%ily recognized and in general ful-
filled, thus avolding a detailed description of the rep-
regsentatlion in each case at hand.
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' §27. The p-length of curves.

Parameterization of curves by means of arc length
fails when the length is infinite. ZEven when finite, the
length need not vary continuously with the arc. To meet
this need a special parameter called m-length (see Morse
(2)) 1s introduced. It is an extension of a function of
gets defined by Whitney (1). Whitney's definition ap-
plies to families of non-intersecting curves, The pres-
ent extension is not so restricted and in this difference
lies the most of the difficulty. See also Fréchet (2).

The curves considered lie on a metric space M with
points p, q, r, etc. Distance between points p and q
will be denoted by pq. Here pgq = 0 if and only if p = q,
while

(27.1) pa £ pr + Qr.

That pq = qp follows readlily from (27.1).
let t be a number on a closed interval

(0Lt a) (0 < a).

Iet f(p, t) be a single-valued numerical function of p
and t,for p on M and t on (0, a). The function f(p, t)
is termed continuous at (po, to) if f(p, t) tends to
f(po, to) as a limit, as p tends* to Py on M and t tends
to t,. The continuity of a point function ¢(p, t) CM
is similarly defined. .

A continuous map p(t) of t on (0, a) into a point
p(t) of M is termed a curve, or more preclsely a paramet-
erized curve (p-curve). We shall admit only those p-
curves for which p(t) is constant on no sub-interval of
(0o, a). A second such p-curve

. p = q(u) (0 {ughb)

*More precisely as (p, t) tends to (p,, to).

.
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will be said to define the same curve on M as p = p(t)
if there exists a sense-preserving homeomorphism between
the intervals (0, a) and (0, b) by virtue of which q(u) =
p(t).

Definition of mp-length of a curve., Iet a curve h.
have a representation p(t). Let T

(27.2) t, Lt £ £ty (n)> 1)
be a set of values of t on the interval (0, a),and let
(27.3) (Pys Pps vvs Pp)

be the corresponding admigssible set of points p(t) on M.
We consider the number

min Py Py,q (L=1, ..., n-1).

As the t-values (27.2) vary on (0, a) we introduce the
number

m (h) = mg._x [min Py Py,ql- .

Following Whitney set

@

m,(h) m,(h) . m,, (h)

= +
Fn 2 I 8

+ ese o

We term py the (total) u-length of the curve h. Observe
that the sum of the numerical coefficients 1s 1.

Certain properties of mn(h) and Ph will be enumer-
ated. Iet d be the dlameter of h. Then
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(a) m (h) { d and py, £ d
(b) ‘ mn(h) tends to 0 as n becomes infinite
(c) m,(h) 2 m . (h).

Statements (a) and (b) are obvious. Statement (c)
is proved as follows. A sequence Py of (n + 1) vertices
on h becomes a sequence of n vertices on removing one
vertex Py Since n > 1 the vertex removed can be chosen
so as not to affect the value of

(27.4) mﬁé Py Pyg (1=1, ..., n).

It follows that the values of (27.4) to be maximized by
varying the n values ti will include all the values to be
maximized by varying n'+ 1 values t,, so that (c¢) will
hold.

Let p(t) be the p-length of the p-curve on h defined
by parameter values on the interval (0, t), with p(0) = o.

(@) The p-length m(t) is a continuous function of t.

Corresponding to a sequence of n values t{ on the imr
terval (0, t') with t' > 0 one can choose a sequence of n
values t{ so as to divide an interval (0, t") near (0, t')
in ratios equal to those in which (0, t') 1s divided by
the values ti. Every admlssible sequence of n values t{
of t on (0, t") will be obtained in this way,and can be
regarded ‘as determined by the corresponding sequence of

values ti. It 1s thus clear that

mn(t) = max [min Py pi+1] (1 =1,.. ,n-1)
T i

will vary continuously with t. The contimuity of wu(t)

follows from the uniform convergence of the series de-

fining p(t).
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(e) The p-length is an increasing function of t.

It 1s immediately clear that pn(t) never decreases as
as t increases, since each sequence of n values t{ on
(0, t') is also on (0, t") for t" > t'. To show that
u(t") > pu(t') we shall first show that for n sufficiently
large,

(27.5) m,,, (") 2m(h'),

where h' and h" refer respectively to the p-curves p(t)
with intervals (0, t') and (0, t") respectively. Without
loss of generality we can suppose that

(27.6) - p(t') # p(t")

since a slight decrease of t" will insure this, and since
relation (27.5) for the altered t" insures its truth for
the original and larger t". With (27.6) holding, it
follows from the triangle 1neqﬁality,

(27.7) o < p(t') p(t") < p(t) p(t') + p(t) p(t"),

that the right-hand member of (27.7), considered as a
function of t on the interval (0 { t { t'),has a positive
minimum 2c.

Corresponding to an admissible set of n values t{ of
t on (0, t'), an admissible set of n + 1 values of t; on
(o, t") will be obtalned by adding tg*1 as t' if

p, p(t') 2 ¢,

and as t" otherwise. In the latter case

p, P(t") 2 ¢
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by virtue of the definition of ¢. In elther case

Pp Py 2

If n is sufficiently large, say n 2 N, then on h'
max min Py Py, {ec (Lt=1, ..., n-1)

so that the addition of a new point Ppy1 on h" will cer-
tainly not lead to a smaller max min (1 =1, ...,n > N).
Hence (27.5) holds as stated.

However, for some n sufficiently large,

(27.7.1) m (b)) <mp(h'),

since mn(h') tends to zero with 1/n. A comparison of
(27.5) and (27.7.1) shows that for some sufficiently
large n

(27.8) my,,(ht) <mpy g (0.

Since (27.8) with the equality added holds for all n it
follows that

p(t') < p(e"),

and the proof of (e) 1s complete.

By virtue of (d) and (e) the relation between an
admissible parameter t end the p-length M(t) 13 1 - 1 and
continuous. Hence the glven curve h admits a representa-
tion

(27.9) p = q(pn) = plt(p)] [0 {m £ m(a)l
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where t(p) 1s the inverse of u(t). To indicate the de-
pendence of this representation on the curve h as well as
.on the p-length the representation will be written more
explicitly in the form

(271.10) p = q(h, p) (0oL nryle

It is at once clear that the function q(h, p) and end
value Py, are Independent of the particular p-curve used
to represent h.

A curve h is a class of p-curves H whose representa-
tions are deducible one from the other under homeomorph-
isms of their parameter. The Fréchet distance HK between
two p-curves 1s well defined, and by virtue of its form
is independent of admissible changes of parameter in H
and K. We can accordingly éet hk = HK and be assured
that this definition of the distance between two curves h
and k 1s Independent of admlssible representations H and
K of h and k respectively. The distance hk satisfies the
relation

hk  hr + kr.

Moreover hk = 0 if h = k.

A pair (h, p) in which m is on the interval (o, ph),
and h on the space F of curves with a Fréchet metric,will
be termed admissible. We shall regard q(h, p) as a func-
tion of admissible pairs (h, p). A first theorem of im-
portance follows:

THEOREM 27.1. If h and k are curves for which hk <
e, then

(27.11) Iry = Ryl £ 2e. (e > 0).
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Corresponding to a sequence of n points py on h,
there exists an admlssible sequence of n points r; on k
such that

Py Ty {e (Lt =1, 2, «.., n),

and each admissible sequence r; on k can be so obtained.
It follows from the triangle inequality that

1Py Pyyq =Ty Tyl £ 20,
and hence that

(27.12) Im (h) - m (k)| £ 2e.

The sum of the numerical coefficients in the series de-
fining p-length is 1. Relation (27.11) accordingly fol-
lows from (27.12).

The principal theorem follows:

THEOREM 27.2. The point function q(h, p) is contin-
uous In its arguments on the domailn of admissible pairs
(h, P)-

We shall prove q(h, p) continuous at (ho’Fo)’ et e
be an arbitrary positive constant. We shall show that
there exists a positive constant d such that,if (h, u) is
admissible and

(27.13)  hhy<d , Ip-pl <d,
then
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To that end we subject d to two conditions:

(1) Tuke d  g/2.: If h h, < d there will exist a
homeomorphism Td between p-parametrizations of h and h,
in which corresponding points have distances less than d.
If the point p on h thereby corresponds to M, on ho,then

(27.15) a(h, p) alhg,py) < £

in accordance with the nature of Td'
(2) 'The second condition on d is that it be so
amall that whenlp1 - pol < 3d

(27.16) Q(ho: }‘1) Q(ho: Po) < 'Z—'

This condition can be satisfied by virtue of the contin-
uity of q(ho, M) in p.

With d so chosen, I say that (27.14) holds for ad-
missible pairs (h, p) satisfying (27.13). Let u satisfy
(27.13), and let M, on ho correspond under Td to pon h.
Recall that

(27.17) a(h, p) athy, py) &

The first term on the right is less than e/2 in accord-
ance with condition (27.15) and the second likewise,pro-
vided (27.16) is applicable; that is, provided

(27.18) Ipy = pol < 3d.

But under Td a point p on h will correspond to a pointp1
on h0 such that
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Ip = pmyl (24

in accordance with Theorem 27.1. Hence (27.18) holds,
(27.16) is applicable, and (27.14) holds as desired.

A particular corollary of the theorem 1s that when
the Fréchet distance hk = 0, then h = k. It follows from
Theorem 27.1 that when hk = 0,p = H},80 that when (h, p)
1s admissible (k, pu )} i1s admissible. It follows from
Theorem 27.2 and the condition hk = 0,that for each ad-
missible p

q(h, p) qlk, p) = 0,
so that
Q(h,#)‘—‘q(k;n) (OS}ls}lh).

Thus h and k have a common admissible parameterization so
that h = k. The corollary may be given the form

COROLIARY. A necesgsary and sufficient condition
that hk = 0 is that h = k.

The equality h = k is, of course, the equallty of
two classes of p-curves.

§28. Admlssible deformations of locally
simple curves
We must define deformations of p-curves,as distin-
guished from deformations of curves glven as classes of
p-curves (parameterized curves). A 1-parameter family of
sensed closed p-curves of the form

(28.1)  u+iv=w=1(e, t), (t;8t <ty ty<ty)
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with t constant and e varieble, 0 { 6 2w, on each
curve, with

f(e + 2w, t) = f(o, t)

and f(e, t) continuous in 6 and t, and with the set of
p-curves uniformly locally simple, will be said to define
an admigsible deformation of the p-curve

w= f(e, to) into the p-curve w= f(e, t1).

. The following lemma shows that the possibility of de-
forming a p-curve of a curve class 2o into a p-curve of a
curve class g, is independent of the parameterizations of
2o and € which are selected.

IEMMA 28.1. Any two representations of an admissible
curve g can be admissibly deformed into each other.

Suppose that

(28.2) w = F(8) (0 { 8¢ 2m

is one representation of g, and corresponding to the
homeomorphism for which

8' = h(e) h(e + 2w) = h(8) + 2w (0 { 8 eam,

(28.3) w'= F(h(e))= H(8)

is a second representation of g. For each value of t on
the interval 0 { t { 1 the equation 6, = t h(e) + (1-t)e
defines an admissible change of parameter from & to 6,,

e, increasing with 6 and

e1(e + 2m) = e](e) + 27,
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The deformation

w = F[t h(e) +l (1 - t)el

1s admissible and deforms the p-curve (28.2) into the p-
curve (28.3).

It 1s accordingly legitimate to refer to admissible
deformations of curves as well as of p-curves.

To establish the existence of an admissible deforma-
tion of a curve &0 into a curve g, one must be assured of
gome representation of the deformation of the form (28.1).
For example, suppose one deforms a polygon by moving its
vertices continuously, keeping the polygons uniformly
locally simple by keeping the lengths of the edges bounded
from zero and keeping any edge from intersecting an ad-
jacent edge in more than a poéint. Is the resulting family
of polygons representable as a deformation? It 1s clear
that the polygons move continuously in the sense of
Fréchet. Does it follow that they can be parameterized
after the manner of (28.1)? Theorem 28.1 gives an answer.

We are admitting curves with representations p =
p(e) in which p(6) 1s constant on no sub-interval of
0 6 en. A 1-parameter family g (o g t { 1) of such
curves will not in general be given with a representation
of the form (28.1). We admit the possibilility that g de-
pend upon t Iin no continuous mamner. With thils understood
the following theorem is relevant.

THEOREM 28.1. _Let g, (0 {t 1) be a 1-parameter
family of admissible, sensed closed curves, with t con-
stant on each curve. A necessary and sufficient condition
that the family g, admit a representation

w=f(e, t) (0{oem; 0t 1)

in which f(e, t) is continuous in © and t and has the
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period on in 6,1is that there exist a point Qt on g, such
that the arc Gt obtained by cutting g at Qt vary contin-
uously with t in the sense of Fréchet.

That the condition is necessary is immediately ob-
vious on setting Qt = f(o, t).

To prove the condition sufficient we refer each arc
gg to 1ts p-length, measuring the m-length from Q& and
setting

8

’_1=-——J
27

where Hy is the total p-length of the curve gt. The re-
sulting representation f(e, t) of the curves g will have
the required form in accordance with Theorem 27.2, at
least for 0 { & { 2~ But f(0, t) = f(2r, t),and f(e, t)
can accordingly be extended in definition so as to have
the period 2mn in 6. The theorem follows.

By a broken analytic curve will be meant a finite
sequence of regular analytic arcs. An analytic arc 1s
representable in the form ’

x = x(8) y = y(8),

where x(8) and y(6) are real analytic functions. Neigh-
boring a corner P of a broken analytic curve we shall
suppose that the two arcs intersecting at P,intersect only
at P. Two closed analytic arcs intersect either in a
finite number of points, not at all, or in a sub-arc of
the arcs. Any locally simple closed curve can be admis-
81bly deformed into a broken analytic curve or a regular
curve, as we shall see. We begin with a lemma.

IEMVA 28.2. Let a be a gimple arc and b a sub-arc
of a whose end points B, and B, are inmer points of a.
There exists an open, simple, regular, analytic arc c
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whose end points are B1B2 and which intersects a in B1
and B, only. If a 1s regular and analytic at B, (or B2),

at B1 (or Be)’ There exlists an admissible deformation of
b into ¢ in which B1 and B2 are fixed and b is deformed
through simple arcs which intersent a only in B, and B2.
The arc ¢ and the deformation of ¢ into b can be taken on

an arbitrarily small neighborhood of b.

To prove the lemma let g be a simple closed curve of
which a 1s a sub-arc. ILet the finite reéion bounded by g
be mapped in a 1 - 1 and directly conformal manner onto
the interior R of a unit circle. In this mapping let b'
be the image of b on the unit circle. Let k' be a circu-
lar arc joining the end points of b' within R,and let k
be the antecedent of k' under the conformal transforma-
tion T. It is clear that k can serve as the arc c of the
lemma. If k' is deformed into b' through a family of cir-
cular arcs jolning the end points of b', the antecedents
of these circular arcs under T will define a dqformation
of the kind required in the lemma. If the arc a is regu-
lar and analytic at B, (or B,) the transformation T'is
directly conformal with a non-vanishing Jacobian at B1
(or B2). See 0Osgood (p. 719). The arc k 1s accordingly
analytic in som? neighborhood of- B, (or B2).

The lemma follows.

In proving that any locally simple closed curve g
can be admissibly deformed into a broken analytic curve
arbitrarily near g in the sense of Frechet, use will be
made of a representation of g as a clrcular sequence

-

s tres By (n) 2)

(28.4) a,, a
of arcs any successive thrée of which form a simple sub-
arc of g. Such a sequence will be called an n-gseguence.
The minimum distance 4, between any two successive ver-
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tices (end points of arcs of the sequence) of (28.4) will
be called the vertex norm of the sequence. A vertex norm
dn 1s a norm of local simplicity of g; for any sub-arc of
g whose dlameter 1s less than dn is a sub-arc of some se-
quence of two successive arcs of (28.4) and hence simple.

The curve g will be continuously deformed through a
family gt, 0t 1, of n-sequences. It is understood
that the vertices of the n-sequence g are deformed through
the vertices of gt. The minimum of the vertex norms of
the n-sequence gt, for 0 { t { 1, will be a positive num-
ber which is a norm of local simplicity of the curves of
the deformation g'. '

The concept of an n-sequence and its vertex norm per-
mits the enunciation of the following useful lemma.

LEMMA 28.3. Let g be a locally simple closed curve
representable as an n-sequence with a vertex norm ke.
For any set Q of locally simple curves which are repre-
sentable as n-sequences with successive vertices within a
distance e of the respective vertices of g, 2e is a norm
of local §;mplicitv;

This follows from the fact that the minimum dlstance
between successive vertices of the given n-sequences ex-
ceeds 2e.

We come to a major theorem.

THEOREM 28.2. Any locally simple, closed curve g can
be admissibly deformed on an arbitrarily small Fréchet

neighborhood of g into a broken, analytic curve g',
through a family of curves whose norm of local gimplicity

let g be represented by the n-sequence (28.4) with a
vertex norm of 4e. The required deformation will be .
through a family of n-sequences, of which the initlal se-
quence will be the sequence (28.4). In accordance wlth
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the preceding lemma the family will have a norm of local
gimplicity 2e, provided the deformation of the vertices
of (28.4) displaces each vertex by a distance less than e.
By virtue of Lemma 28.2,g can be admissibly deformed
into a closed curve g, in such g manner that a, is de-
formed into a simple arc a{ joining the end points of &),
analytic and regular at its interlor points, while the
remainder of g remains fixed. We can suppose that the

deformation of a, has been through arcs so near a, that

(28.5) 3;: Bos +eey 8y

is an n-sequence, as well as its antecedents in the def-
ormation of g into g,.

Without chang}ng g, as a whole, or altering aj, ey
ans the arcs a; and a, of (28.4) will be slightly shorten-
ed and extended respectively on g, near their common end
point. Let a? and aé be the arcs thereby replacing a;
and a,- By virtue of Lemma 28.2, the curve g, can be ad-
migslbly deformed into a closed curve g, in such & manner
that aé 1s replaced by a simple arc ag which is regular
and analytic in its Interior and at 1ts initial end point,
that the remaining arcs of g, remain fixed, and that,

STRRERVI- N

(28.6) a?, ag, a
is an n-sequence, as well as its antecedents in the def-
ormation of g, into g,.

One then operates on aj; and 8z in (28.6) as upon a]
and a, in (28.5), obtaining a new n-sequence

(28.7) a;, sg, a;, 85 +ovs B
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and then upon a;, a), in (28.7), and so on until an n-
sequence

"
2 n-2° %n-12 8p

ay, ag, a;, ceey a
.18 reached. The arc &, 1s then slightly enlarged at both
ends at the expense of a? and a"_1, and deformed as above
into a simple regular analytic arc aﬁ. The resulting
broken analytic curve g' will satisfy the theorem, provid-
ed merely that the above deformations have been on a suf-
ficiently small Fréchet neighborhood of g and the vertices
of g in (28.4) have been displaced by distances less than
e. That this 1s possible is seen from lLemms 28.2. In
accordance with Iemma 28.% a norm of local simplicity of
the family of n-sequences through which g 1s deformed 1s
then 2ze.

The proof of the theorem is complete.

THEOREM 28.3. Any admigsible broken analytic curve g
can be admissibly deformed into a regular curve.

The theorem will be proved by removing the corners of
g by local deformations.

To that end let A be a corner of g, and let h be a
simple arc of g which contains A as an inner point but
which 1s otherwise without singularity. With A as a cen-
ter let C be a circle of so small a radius that C inter-
sects h in just two inner points M and N. The arcs AM and
NA of h together with a circular arc of C will form a
curvilinear triangle D which together with its interior
can be mapped homeomorphically onto the interior and
boundary of an isosceles triangle D', conformally at all
interior points and with vertices corresponding to verti-
ces.

Iet A' be the image of A on D'. Let K denote the
circle inscribed in D', and let k be that sub-arc of K
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whose end points are on the sides of D' incident with A!
and which is nearest A'. Iet k, be the sub-arc of D'
which contains A' and has the end points of k. The arc k
can be admlssibly deformed into the arc k1 on the domain
bounded by k and k.. The inverse of the above conformal
map transforms this deformation Into an admissible deform-
ation of h into a regular arc.

It 1s clear that the above deformation of g can be
made on an arbitrarily small Fréchet neighborhood of g.

The following theorem is needed.

THEOREM 28.4. Any closed curve g with a regular rep-
regentation

w=u(e) + 1 v(e) (0 &< 2n)

can be_admissibly deformed on an arbltrarily small Fréchet
neighborhood of g into a regular, analytic, closed curve.

let (r, ) represent polar coordinates in the plane
of a complex parameter z = x + 1 y. ILet U(r, 6) and
Vfr, o) be functions which are harmonic in the coordinates
(x, y) for r { 1, continuous for r { 1, and satisfy the
conditions

v(e).

U(1, 8) = u(e) v(1, 8)

Such functions are given by the Poisson integral with
boundary values u(e), and v(e) respectively. Since u'(e)
and v'(e) exist and are contimuous, Ue(r, 6) and Ve(r, 8)
exist and are continuous for r g 1, ag is well known. If
r, { 1 1s any constant sufficiently near 1,the family of
curves (r constant) for which

w="U(r, 8) + 1 V(r, o) (ry {rg1)
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are regular for r, {r <1 and analytic for r, {rr.
This family will then admissibly deform g into the curve
of the family for which r = r, in accordance with the re-
quirements of the theorem.

. §29. Deformation classes of locally
simple curves.

We have seen that any locally simple, closed curve
can be admissibly deformed Into a regular curve. It has
also been seen that two locally simple curves which can
be admissibly deformed into each other must have the same
angular order p. We shall establish the converse of this
statement.

For the special case of regular curves Theorem 29.1
has been proved by Graustein and Whitney. See Whitney
(2). The Interpolatlon procedure of Whitney is used here
with simplifications. In particular, our proof does not
distinguish between the cases p = 0 and p # 0. The proof
by Morse and Heins (1), I, 1s combinatorial in character
and suggests the possibility of generalization to the
case n » 2. The following lemma 1s a necessary prelimin-
ary to the theorem.

IEMMA 29.1. Let m(s) be a continuous, non-constant,

0 s <1 with Im(s)! = 1. Then the complex number

. 1
(29.1) K= fms)ds
0

has an absolute value (K| < 1.

If K = 0 the lemma is true. If K # 0, let a = arc K.
Then K e 1% 1s the real number
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1
K¢ = Rle %m(s)] ds.
0

Thus K* is the real average of a real continuous function
whose absolute value is not constant and is at most 1.
Hence |K*| < 1 and the lemma follows.

THEOREM 29.1. Any two locally simple, sensed closed
curves with the gsame angular order can be admissibly de-
formed into each other.

By virtue of the results of the preceding section it
will be sufficlent to prove the theorem for two regular
curves g, and g, with the same angular order p. A contin-
uous movement of g, or g, as rigid bodies 1s clearly an
admissible deformation, as is a continuous family of
gimilaerity transformations of g, or g,- We can according-
1y suppose that g, and g, have the same total length 1,
and that the point s = 0.on both curves is the point z = 0
in the complex z-plane, while the positive tangent to both
curves at 8 = 0 is the positive x-axis.

With this understood suppose that g, and g5 have the
respective representations

z = h(s) z = k(s) (0{s<1)
in terms of their arc length s, and that
(29.2) h(0) = k(0) = h(1) =k(1) =0
(29.3) h'(0) = k'(0) = 1.

The complex numbers h'(s), k'(s) have unit absolute values
and so can be represented as polnts on a circle C of unit
radius with center at the origin of a comp;ex plane. Let
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C' be the unending simply-comected 1-manifold which
covers C. Let Hs be a sub-arc of C' which leads from a
point covering h'(s) to a point covering k'(s), which var-
ies continuously on C' with s, and whose length reduces to
zero when s = 0. Such a sub-arc HS is uniquely determined
for each value of s. For each value of the time t on the
interval (0, 1), let m(t, g) be a complex point on HS
which divides Hs’ with respect to length, in the ratio of
t to1 - t. For each s

(29.4) m(o, s) =h'(s) m(1, 8) =k'(s).

Without loss of generallty we can suppose that for
.some small positive constant e and for 01< s <e

(29.5) 0X< arc h'(s) < om, 0< aré*k'(s) { om.

Since h'(0) = k'(0) = 1, (29.5) can be made to hold by
subjecting 2 and 8, to a sultable small admlssible def-
ormation affecting polnts near s = 0 only. Relations
(29.2) and (29.3) are to remain valid.

The proof proper begins at this point. The deforma-
tion of €, into &, will be defined by the family of curves

8
(29.6) z =1f(t, s) = [m(t, s) - K(t)] ds
0
where K(t) will be determined as the average
1
(29.7) K(t) = § m(t, s) ds
0

of m(t, s) with respect to s. In accordance with (29.5)

0 < arc’ m(t, s) € 2n (0 <s<ey,

*For a suitable choice of the arc.
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and since m(t, 0) = 1, m(t, s) 1s identically constant as
a function of s for no constant t on (0, 1). It follows
from the preceding lemma that |K(t)] < 1. '

The curves 8 of the family are closed. This 1s a
consequence of the identities

f(t, o) =0 f(t, 1) = o.

The second identity holds by virtue of the choice of K(t).
The curves of the family are regular. To see this
note that

(29.8) 2y = m(t, 8) - K(t) # 0

since |K| < 1. The derivative z, 1s a vector tangent to
g at each point of oA with the possible exception of the
junction point at which s = 0 and 1. At this junction
point (29.8) gives a value of 1 for z_, both when s = 0
and s = 1, since

S,

(29.9) m(t, 0) =m(t, 1) =1 K(0) = K(1) = 0.

We shall verify the relations (29.9).

First m(t, 0) = 1, since the arc Hs reduces to the
point 1 when s = 0. When s =1, Hs similarly reduces to
the point 1 as a consequence of the hypothesis that £,
and g, have the same angular order. Hence m(t, 1) = 1.
Finally

1 1
K(0) = § m(o, s) ds = § h'(s) ds =0,
o] 0

gince h(s) represents a closed curve. Similarly K(1) = 0,
since k(s) represénts a closed curve. Thus (29.9) holds
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and 8 has no corner at s = 0 and 1. Thus g is regular
without exception.
It follows from (29.6) that

£(0, 8) = h(s) £(1, 8) = k(s)

so that f(t, s) admissibly deforms g, into g,- The proof
of the theorem 1s accordingly complete.
A curve C% of the form '

z = iD® (n=+1, +2, .., 0 e 2n)

has the angular order n. The curve c® glven by
z=2g8in26 + 1 sin ® (0 { 8¢ 2n)

1s a figure eight of angular order 0. One has the follow-
ing theorem .

' THEOREM 29.2. A locally simple, sensed, closed curve
with the angular order p is admissibly deformable into the
canonical curve C™ if and only if p = m.

§30. The product of locally simple curves.

The notion of the product of two locally simple
curves g, and 8, will be defined under certaln conditions
(A) which we shall specify.

Let £, and g, be represented in terms of a parameter
u in a locally 1 - 1 manner with a period w 1in u. Sup-
pose that g, and g, intersect in a point Q represented by
u = 0 on both curves. By the cross joln g of g, and g, at
u = 0 will be meant the curve obtalned by tracing g, from
u=0 to u= w, then g fromu = 0 to u =w identifying
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the Qoint u=w ong, with the po%nt u=o0ong,.

In order that the join g be locally simple it is
necessary and sufficient that there exist a simple arc h1
of g, containing u = 0 in its interior and a simple arc
h2 of g, containing u = 0 in its interior,such that the
two composite arcs of g obtained from h, and h2 are simple
Suppose that u = 0 divides h, into arcs a' and b' with a'
preceding u = 0. Similarly suppose u = 0 divides h2 into
arcs a" and b", with a" preceding u = 0. We term a' and
a" lncoming arcs and b' and.b" outgoing arcs. See Fig. 5.
If then the arcs h1 and h2 are sufficlently limited an in-
coming arc intersects neither outgoing arc except at Q,

and an outgoing arc intersects neither incoming arc ex-
cept at Q, provided g is locally simple.

(A) We shall assume that 815 & and the cross join g
simple arc k through Q which,in a gufficiently small
nelghborhood of Q intersects sufficiently limited incoming
and outgoing arcs of g, and g, only in Q,and separates the
incoming arcs from the outgoing arcs.

We shall denote the angular order of a locally simple
curve r by p(r) and prove the following theorem.

THEOREM 30.1. When (A) holds, then

(30.1) r(g) = p(g,) + p(g,).

We state without proof the fact that when g, and g,
and the cross join g are locally simple and (A) does not
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hold, then the incoming and outgoing arcs, if sufficiently
limlited, intersect only at Q with the incoming arcs sep-
arating the outgoing arcs. This case can be described as
one in which £, and 8, contact with contrary senses, and
it can be shown that

(30.2) r(g) = p(g;) + plg,) + 1.

We make no use of this relation.

Proof of 30.1. Relation (30.1) is obvious in the
special case in which the two incomlng arcs are identilcal,
and the two outgoing arcs are ldentical. The proof of
(30.1) consists in showing that this special case arises
after a preliminary admissible deformation of €15 8y and
g nelghboring the point Q with parameter u = 0. The
point Q 1s held fast during this deformation.

let C be a circle with center at Q so small that
both of the incoming arcs and outgoing arcs in (A) inter-
gect C, while the arc k in (A) intersects C both before
and after its intersection with Q. Without loss of gen-
eraglity we can suppose that the arcs a', a", b', b", each
intersect C in one end point, and that k is a simple arc
with end points on C but otherwise within C. See Fig. 5.

Figure 5.
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Let D be the disc bounded by C and let R be the
(open) subregion of D bounded by k and containing the in-
ner points of a' and a". Let a be a simple open arc
which lies on R:and which is identical with a" on some
terminal sub-arc X of a", and with a' on some initial sub-
arc Y of a'. It is clear that a can be deformed on R
into the open arc of a' through a family of simple arcs
on R each of which has Y as an initial sub-arc and Q as a
terminal point. This deformation can be regarded as an
admissible deformation of g, and of g. The fact that Y
is unmoved insures that the moving arcs do not intersect
their complements on g, and g so as to violate the condi-
tion of uniform local simplicity. We can accordingly
suppose that the incoming arcs on g, and g, are identical
on some sub-arc X terminating at Q. Similarly, we can
suppose that the outgoing arcs are identical on some sub-
arc beginning at Q. For a situation of this sort, rela-
tion (30.1) is obvious, and the proof of the theorem is
complete.

§31. The product of deformation classes.

The product g8, of two locally simple, sensed,
closed curves has been defined under the following circum-
stances.

(1) Sultably parameterized the curves g, and = in-
tersect in a point Q represented on both curves by &a para-
meter value u = 0.

(2) The "cross join" of g, and g, at u= 0 1is local-
ly simple.

(3) There exists a simple arc k with Q as an inner
point such that sufficlently limited simple arcs of g, and
€5, preceding u = 0 on g, and g regpectively, are separ-
ated by k on some neighborhoods of Q from sufficiently
limited arcs of g, and g, following u = 0, and intersect k
only in Q.
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When (1), (2) and (3) are satisfied the "cross join"
of g, and g, is termed the product €8, of g, and g,. We
have seen that

(31.1) r(g,8,) = plg;) + p(g,).

Iet the class of all locally simple closed curves
which are admissibly deformable into a locally simple
closed curve h be denoted by [(h]. We term [h] a deforma-
tlon class. All curves of [h] have the same angular
order. Glven two deformation classes

the product ¢, will be defined: Iet g, and g, be
curves of [h1] and [h2] regpectively for which the pro-
duct 1s defined by a "cross join" of g, and g, at some
point Q. Curves g, and g, for which g8, is defined for
some point of intersection Q always exist. One can in
particular take &, and g, as regular representations of
[h1] and [h2] tangent in the positive sense to each other
at a point of intersection Q. The conditions for the ex-
1stence of g g, are then satisfied.

We define the product c,C, as the deformation class
[8182] and show that this deformation class 1s independ-

PR

ent of the choice of g, and g, among curves of [h1] and

[h2] for which 8,8, is defined.

let g{ and gé be two other curves of [h1] and [h2]
respectively for which g{gé is defined. Then

r(g,) = p(g{), p(g,) = plgy)-

It follows from (31.1) that
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r(g,8,) = rlgjes).

We make use of the theorem that any two locally simple
curves with the same angular order can be admissibly de-
formed into.each other, and infer that

(g,8,]1 = [g{g}].

The product ciC, is thus uniquely defined as a deforma-
tion class.

Iet the angular order of the curves of a deformation
class ¢ be denoted by P(c). Previous resulfs can be sum-
marized in the following lemma.

LEMMA 31.1. There is a 1 - | correspondence between
the multiplicative domain of deformation classes ¢ and the
integers p, in which ¢ corresponds to P(c) and

(31.2) P(c102) = P(c1) + P(cg).

As a consequence of this lemma one can prove the
following theorem.

THEOREM 31.1.* The deformation classes ¢ form an
abelian group G isomorphic with the additive group J of in-
tegers 1n which c¢ corresponds to P(c).

Commutativity in G. That C,¢, = C,Cy follows from
the fact that

*This theorem is an abstract consequence of Lemma 31.1
independent of the interpretation of c¢ as a deformation
class. The proof which we give is in reality a proof of
this abstract principle. :
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P(c1c2) = P(cgcl)

in accordance with (31.1),and the fact that there is but
one class ¢ with a given P.

Associativity. That
(31.3) cqleges) = (eqcp)cy

follows from the identity of the angular order P of the
two sides of (31.1).

The unit element e. We define e in G as the class
e for which P(e) = 0. That

ce = eC = C

follows from the equality of the angular order of ce, ec,
and e.

The inverse ¢ '. We define ¢! as the class whose
angular order is -P(c). That

(31.4) e =c¢ c=¢

then follows from the equality of the angular order of
the terms in (31.4).

The proof of the theorem is complete.

We note that e is the deformation class of the figure
eight. When [g] is a given deformation class the inverse
class 1s [g '] where g”' 1s g reversed in sense. This
does not follow from the nature of ggf1, for in fact this
product is not defined, but rather from the fact that the
sum of the angular orders of g and g ! 1s zero.

Certain special relations are of interest. If g is a
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sensed regular curve gn'will be defined for n ) 0 as g

traced n times 1n the positive sense, and for n < 0, as
g traced -n times in the negative sense. Let g' be the
reflection of g in the tangent to g at a point u= 0 on
g. The product gg' will be denoted by go. We have the
relation

(31.5) (g% (& = (g™

where n and m are arbitrary integers.. This follows from
the equality of the angular order of the classes on the
two sides of (31.5).

§32. O-Deformations. Curves of order zero.

An admissible deformation none of whose curves inter-
sect the origin 0 will be called an O-deformation.

The previous admissible deformations in the w-plane
have kept the angular order p invariant, but have permit-
ted deformations through the point w = 0. The order q of
the given curve with respect to w = 0 could accordingly
change. In the case in which one is deforming an inter-
ior transformation w = f(z), one does not wish to admit
new zeros during the deformation. Suppose,for example,
that f(z) 1s defined on a region G bounded by a single
Jordan curve B with a locally simple image g under w =
f(z). T1f one wishes to avold the introduction of new
zeros of f(z) one should deform g so that the moving
curve g, never intersects w = 0. If one uses O-deforma-
tions this will be accomplished, both p and q remaining
invariant. ,

We accordingly seek canonical curves under O-deforma-
tions operating on a locally simple curve g which does
not intersect the point w = 0. In the important problem
of finding canonical forms for interior transformations
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with a prescribed number of fixed zeros, poles, and
branch point antecedents a first step-1s to get canonical
curves for the boundary images. The deformations to
which the interior transformations will be subjected will,
in theilr effect on the boundary images, be O-deformations.
The classification of boundary images in deformation types
under O-deformations will not be fine enough for the ulti-
mate homotopic classification of interior transformations.
It is a study of first necessary conditions, a division
into classes which nust be still further subdivided in
later developments. However the canonical curves under
O-deformations correspond in a one-to-one way to the pairs
of integers (p, q) as apgular order anc order of g. These
canonical curves reveal the meaning of the pairs (p, q).

We start with the case in which the order q = 0,and
prove the following lemma.

IEMMA 32.1. Let g be a locally simple, regular curve
which does not intersect w = 0 and whose order q = 0. Let
R be a point of g and E a line element tangent to g at R.
There exlsts a repular O-deformation of g onto an arbitrary
neighborhood of R leaving R and E unchanged during the
deformation.

let (r, ©) be polar coordinates in the w-plane. ILet
g be referred to arc length s as a parameter, with b the
total length of g. Without loss of generality we can sup-
pose that R is the point w = 1. The curve g admits a rep-
resentation of the form

r=r(s) 6 = 68(s) (0 {s<Db)

in which r(s) and e(s) are continuous in s. Moreover,
6(0) = 6(b) by virtue of the fact that q = 0 on g. We
can suppose that s = 0 at R and that 6(0) = 0.

In the deformation D which we shall define, the time
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t shall run from 0 to 1 - e,where e is an arbitrarily
small positive constant. Under D the point w on g shall
be replaced by the point w1_t where the particular branch
of w"t to be used is defined as follows. The polar co-
ordinetes of w' ¥ shall be

(r(s)1'%, (1-t) e(s) (0t ¢ 1-e)

thus giving the image at the time t of the point at
[r(s), 6(s)] when t = 0. The point R is represented by
s = 0, with (r, ) = (1, 0),and is fixed under D. The
transformation from w to w1-t for a fixed t is conformal
at w = 1, that is, at R. The branch which we have used
near w = 1 carries the direction 6 = 0 into itself. It
follows from the conformality that the direction E at R
is unchanged during D.

The final image of g under Dwhen t = 1 - e will con-
gist of the points (r1, 61) for which

r, = re(s) 8, = eo(s) ,

and will be on an arbitrary neighborhood of the point r =
1, 8 =0, if e is sufficiently small.
The proof of the lemma is complete.

We can now prove the following theorem.
[

THEOREM 32.1. Let g be a locally simple sensed curve
which does not intersect the origin and whose order q = 0.
If p 1s the angular order of g there exlsts an O-deforma-
tion into a canonical curve cP where CP is a positively
gsensed circle C, traced p times when p # 0 without encir-
cling the origin, and C° 1s a figure eight of which nei-
ther loop encircles the origin.

Without loss of generality we can suppose that g is
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regular, since there exists an admissible deformation of
g into a regular curve, and since this deformation can be
chosen so as to dlsplace the points g by so small dis-
tances that the point w = 0 is not reached. With g regu-
lar, one can apply the preceding lemma and so O-deform g
into a regular curve g, on an arbltrarily small neighbor-
hood of a point R on.g. Iet T1 be an admissible deforma-
tion of g, (Cf. Theorem 29.2) into a curve of the deforma-
tion type specified in the lemmas T1 may not be an O-def-
ormation. But if one first sufficiently contracts g, and
1ts images under T1, towards R as a center of similarity,
the curve g, into which g, 1s contracted will be O-def-
ormed, under the deformation T2 into which T1 is con-
tracted, into the required canonical form. A preliminary
deformation contracting g, into g5 is of course necessary,
and we can suppose that g, is on so small a neighborhood
of R that this contraction is an O-deformation.

The Theorem follows.

Note. It 1s of Importance for a proof of Theorem
33.1 that the final deformation T2 can be taken as one
which holds fast the point R of g and the element E tan-
gent to g at R.

§33. O-Deformations. Curves of order q # O.

let g be a locally simple curve which does not inter-
sect w = 0. We shall be concerned with canonical forms
for curves such as g under O-deformations. No generality
will accordingly be lost if g is replaced by a regular
curve into which g may be O-deformed. We accordingly sup-
pose that g is regular.

Let (r, ) be polar coordinates in the w-plane. The
curve g lies on an annulus

rKr < r, (ry > 0)

in the w-plane. It will be convenient to represent this
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annulus by a gtrip M in a plane of rectangular coordinates
(r, ). This strip 1s bounded by the straight lines r =

r, andr=r2. If w=u + 1iv we have

us=1Tcos 6 v =1r gin eo.
Let g be referred to its arc length s, with b the total
length of g. let R(s) be an image point on M of the point

s on g, with R(s) defined and continuous for 0 { s { b.
Let 6(s) be the value of & at R(s). We have

8(b) - 0(0) = 2qn

where q 1s the order of g.
We shall prove the following lemma.

IEMMA 33.1. If g # O the cnrve g can be O-deformed
into a product

(33.1) cdx,

where C 13 a circle with center at w = 0,and X 1s & sensed
regular curve positively tangent to c4 at a point Q at
which c? is cross-joined to X to define the product cox.
The order of X is 0,and the angular order 1s p - q.

As previously we suppose that g is regular and repre-
gsented on the strip M by an arc Z defined by R(s) on M,
with 0 { 8 £ b. See Fig. 6. There is at least one point
s = a on Z at which the value of r(s) on Z is an absolute
minimum rye With proper choice of s = 0 on g, a differs
from 0 and b. We can suppose that r(s) = ry at no point
of Z other than s = a. A suitable O-deformation of g
which moves points of g near the point s = a will bring

this about. More precisely we can suppose that for values
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of g for which
(33.2) a-2¢s8sfa+2e (e > 0)

(where e is an arbitrgrily small constant) Z is a para-
bolic arc Z' on M with vertex at R(a) and with vertical
axis. Let Z" be the complement of Z' on Z. We can sup-
pose Z' such that on Z', r(s) is less than its value at
any point on Z". The unbrocken curve 1n Fig. 6 represents
Z.

To continue we shall suppose that g > 0. If g < 0
one could reverse the sense of g and obtain a new curve g'
for which q > 0. The truth of the Lemma for g' implies
its truth for g.

We shall deform the sub-arc

(33.3) a{s{a+z2e

of 7, keeping the remainder of Z fixed. The time t shall
vary on the interval 0 {t { 1. We cut Z at s = a and
move the. sub-arc

al{s<a+e

of Z to the right with a 8-speed of 2qm (0 { t { 1). We
f111 in the gap between the point R(a) and the moving arc
by a straight line segment on r = r,. The moving sub-arc

of Z finally reaches g position 2qm units to the right of
its initial position. The points on the sub-arc

(33.4) a+e{sa+z2e

will be moved to the right through variable distances with
each point at a constant r level, holding the point
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R(a + 2e) fast and moving R(a + e) as stated above; the
movement of the sub-arc defined by (33.4) can be made so
that the deformation of g is regular. The terminal image
of the arc (33.3) is shown by a dotted line in Fig. 6.
This deformation, made in the (r, o) plane, is car-
ried back to the w-plane. The horizontal line onr =r
leading to the right 2qm units from s = a (Fig. 6),
ylelds the curve €Y of the lemma. The residual curve X
has the order 2ero, since the total order of g is invari-
ant under an O-deformation, and the order of & product

0’

ap . s=a Zq"

Figure 6.

of two curves is clearly the sum of the orders of the fac-
tors. The curve X 1s also regular and tangent to c? at
the point of g originally represented by s = a. The angu-
lar order of X must be p - q since the angular orders of
the factors must sum to p.

The proof of the lemma 1is complete.

The principal theorem 1s as follows.

THEOREM 33.1. If g is locally simple and has an or-
der q # o, then g can be O-deformed when p - g # 0 into &
product
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(33.5) cd P (p - a#o0)

in which C 1s a positively sensed circle with center at
the origin and C1 is a circle tangenm*gg_c but not encir-
cling the origin. When p - q = 0, the canonical curve
can be taken as C%. Whenp - q # 0, C, is intermally or
externally tangent to C according as q and p - q do or do
not have the same sign.

To prove thils theorem we start with the product cd x
of Lemma 33.1. Iet E be the line element tangent to X at
the point R at which X 1s cross joined to C%. The curve
X can be regularly .O-deformed (Cf. Theorem 32.1 and Note)
through a famlly Xt of regular curves with fixed R and E
into a curve

cb™d (p - q#o0)

(of the required type) when p - g # 0, and into a figure
eight when p - @ = 0. In the case p - @ = 0 neither loop
of the figure eight can encircle the origin, since the
order of Xt is constantly 0.

In the case In which g = 1 it is easy to see that the
product of C and the figure eight 1s O-deformable into C.
In this deformation one moves only the figure eight and a
small arc of C neighboring the point of cross junction.
This same O-deformation can be applied when C 1s replaced
by Cc4. The canonical curve thus reduces to C% when P -q
= 0.

The proof of the theorem is complete.

COROLIARY 33.1. If g, and g, are two locally simple
curves with the same order q and angular order p, then g,

*Both C and C1 are taken counter clockwise. The sense of
Cd depends on the sign of g. Similarly with a power of C1.
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and g, are matually O-deformable into each other.

This follows from the fact that €, and g, are 0-
deformable into the same canonical curves.

Iocally simple curves g in the w-plane which do not
intersect w = 0 and which are mutually O-deformable into
each other form a set termed an O-deformation class c, or
simply an O-class. The order q and angular order p of
curves of ¢ are the same and may be denoted by Q(c) and
P(c) respectively. In order that two O-classes ¢, and c,
be identical it is necessary and sufficient (Corollary
33.1) that

P(c,) = P(c,) Q(c,) = Q(cy,).
The canonical forms show that there is an O-class with

prescribed orders (P, Q).

Theré 1s accordingly a 1 - 1 correspondence between
0-classes ¢ and pairs of integers (P, Q) in which c cor-
responds to [P(c) Q(c)].

Let c, and c, be two O-classes. The product c,c, can
be defined as the O-class of the product €85 of any two
curves g, of ¢4 and &, of Cy for which £,8, is defined.
Given c, and c, the O-class c,c, so defined is unlque,
since the pair

2

P(c)
Qtc)

P(c,) + P(ca)
Q(cy) + Qlc,)

is unique. The orders (P, Q) of ¢, and c, are thus added
1ike vectors to obtain the orders of €qCp- As in §31 we
can then establish the following theorem:

THEOREM 33.2. The O-deformation classes ¢ with the
above definition of product,form an abelian group G iso-
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morphic to the additive group of pairs of integers (P, Q),
with ¢ corresponding to [P(c), Q(c)]. The unit element
in G ls the O-deformation class of a flgure eight neither
loop of which encircles the origin.

§34. Deformation classes of meromorphic
functions and of interior transformations

In this last section a brief introduction will be
glven to a deformation theory under which the theory of
functions of a complex variable presents a new aspect.
No proofs will be gilven.

We shall consider interier transformations-f from
the open disc S = []z]| < 1] to the complex w-sphere, in
which f has a finite set of zeros,

8ps 85 +oes By (r > 0),

a finite set of poles,
8L,r +ees 8y (n)>1),

and branch point antecedents ,

by eees bp (n 2 0).

We shall assume that the zeros, poles and branch points
have the multiplicities 1. The case in which these multi-
plicities exceed 1 can be similarly treated provided that
the orders remain constant during the proposed deforma-
tions of f. The case in which n =1 or 0 is exceptional
and will be omitted in this introduction. These exception-
al cases offer no difficulties. We are also supposing
that there 1s at least one zero. In the case in which
there are no zeros, but poles, one can replace f by its
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reciprocal. The zeros, poles, and branch point anteced-
ents will form an ordered set of points

(34.1) (@) = (&g, 875 ey 8ps By, ooy D)

which will be termed a characteristic get.
Admissible f-deformations. We shall admit deforma-
tions D of f of the form

(34.2) w="F(z, t) (lz] <1, 0t <)
with t the deformation parameter, and
F(z, 0) = f(z) (lz] < 1).

We require that F map (z, t) contimuously into the w-
sphere and reduce to an interior transformation for each
fixed t. lLet (at) be the characteristic set of P at the
time t. We require that the points of (qt) vary contin-
uously with t on S, and remain distinct and constant in
number and character, as t varies from 0 to 1, and re-
turn respectively when t = 1 to some, but not necessarily
the same, one of the characteristic points of f of 1like
character. In the case in which (at) is independent of t
the deformation of f 1is termed restricted.

In this introduction we shall assume that the def-
ormations are restricted. Two interior transformations
f1 and f2 which admit a restricted deformation into each
other will be said to be in the same restricted deforma-
tion class.

The invariants Ji' Given an admissible interior
transformation f of S with the characteristic set (a) it
1s possible to define n numbers
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Ji(f, a) (1=1, ..., n)

which are invariant under restricted deformations of f,
and which have the property that, if f1 and f2 are two
such deformations of S with the same characteristic set
(et), and if

J (£, @) =J(f,, @) (L=1, ..., n)

then.f] and f2 are in the same restricted deformation
class. If F 1s a particular interior transformation of S
with the characteristic set (a), and f 1s an arbitrary
transformation of this character, then

(3“-3) Ji(f’ G.)=J1(F, a) +I’i (1=1,,..., n)

where ry is an integer. The ri's moreover can be pre-
scribed as integers,and it can then be shown that there
exists an interlor transformation of S with the character-
istic set (a) and invariants (J) given by (34.3). There
is accordingly a countably infinite set of restricted
deformation classes with invariants given by (34.3),
holding F fast and varying the integers ry.

In addition it can be shown that there 1s a meromor-
phic transformation f in each restricted deformation
class, and that two meromorphic transformations f1 and f2
in ‘the same restricted deformation classes admit a re-
stricted deformation into each other of meromorphic type,
that is, through interior transformations of S which are
meromorphic.

Thus one has the remarkable fact that the addition
of the interior transformations to the meromorphic trans-
formation does not introduce any new restricted deforma-
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tion classes or permit the amalgamation of any classes.
This 1s not at all obvious, since there are simple do-
mains of definition other than 3 for which it 1is not true.

Concerning the topological definition of the invar-
iants Ji a brief comment will be made. One starts with a
simple arc hi which joins a, to ay and which intersects
no other characteristic point,and considers the image h{
of hi under f. The invariant Ji 1s a numerical topolog-
ical characteristic of h{ which is independent of the
cholce of the simple arc hi and of restricted deforma-
tions of f. 1Its definition involves the extensions of
the notions of angular order and order of a locally,
simple, sensed closed curve to a difference order d(k) of
a locally simple sensed arc k, which jolns two prescribed
points. The baslc notions which we have developed in the
last two sections appeér again with a variation appropri-
ate to the case at hand. Like angular orders difference
orders take on a countably infinite set of values.

Covering properties of sequences of meromorphic
transformations of S. One is always concerned with char-
acteristic differences between the theory of meromorphic
and interior transformations. Such differences occur in
the way in which a sequence [fk] of meromorphic trans-
formations which includes at most one transformation from
each restricted deformation class,covers the w-sphere with
its respective images of S, as compared with a similar
gequence of interior transformations.

We term the sequence [fk] model if its members are
meromorphic, possess the characteristic set (@), and for
different integers k belong to different restricted def-
ormation classes. We shall be concerned with the set W of
points w = fk(z), (k =1, 2, ...), on the w-sphere given
by meromorphic trensformations in a model sequence [fk].
When the characteristic set (a) includes both zeros and
poles the set W covers every point of the w-sphere Infin-
itely often.
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No such property holds for a sequence [f, ] of in-
terior transformations in general. In fact, one can
choose an arbitrary closed set H on the w-sphere such
that H does not include w = 0 and w = o ,and then define
an interior transformation f with the characteristic set
(a) in an arbitrary restricted deformation class,so that
no point w = f(z) for z on S lies on H.

In the case in which the characteristic set contains
zeros and no poles, the set W of a model sequence covers
each point of the w-sphere infinitely many times ( w = oo
excepted) provided fk does not converge uniformly to zero
on every compact subset of S. More Intimate covering
theorems of this character have been established.

These covering properties of model sequences reflect
the "stiffness" of meromorphic functions as compared with
the flexibility of interior transformations. These cover-
ing theorems are an immediate consequence of theorems on
"normal families" once the basic analytic properties of
the restricted deformatlion classes have been discovered.
An extended account of this deformation theory has been
written by Morse and Heins (2) and will presently appear.
The definition and characterization of these deformation
classes leads to a variety of new problems.
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GLOSSARY

Angular order p, 63.
Branch point: definition of, 3; order of, 3; partial, 83.
Boundary index I, 38.

Boundary Conditions: A, 12; B, C, 43; generalized, 43;
I, 65; II, 81.

Canonical neighborhood: see neighborhood, canonical.

Critical point: definition of, 10, 21, 24%; multiplicity
of, 10, 21.

Curve: regular, h4; p-curve, 99; m-length of, 100.

Deformations: of interior transformations, 4; of locally
simple curves, 108.

Emergent boundary point, bLi; tangentially emergent, 5k.
Entrant covering, 5k.
Entrant boundary point, 4k; tangentially entrant, 5.

Fréchet distance, L49g.
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Index: boundary index I, 38; vector index J, 54; level
index o, yo.

Interior transformation: definition of, 2; branch point
of, 3; deformation class of, 137.

Length: p-length, 100.

Meximal arcs: at level c, 15; maximal boundary arcs Uc’
25.

Multiple point: of level curves, 21.

Neighborhood, canonical: of interior point, 10; of bound-
ary point 20, 2i.

O-deformations, 97.
Partial branch element, 83.

Pseudo-harmonic function: definition of, 9; logarithmic
pole of, 10.

Regular curve, Lk.

Sector: of canonical neighborhood, 8, 10, 21; of boundary
type, 22.

U-trajectory, 22.


















