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Preface

THIS VOLUME CONTAINS THE FUNDAMENTAL THEORY ON WHICH
sampling methods are based together with derivations of the formulas
and proofs of statements made in Volume I. Volume I gives the prin-
ciples and methods of sampling and their applications to various types
of problems, and states without proof the formulas appropriate to the
methods presented. The two volumes combined are an attempt to pro-
vide a comprehensive presentation of both sampling theory and practice.

The first three chapters of this volume present the fundamental the-
orems on probability, expected values, and variances that are needed
in the development of the sampling theory in the remaining chapters.
Chapters 4 through 11 contain derivations, proofs, and some extensions
of theory for the corresponding chapters of Volume I, and provide a
convenient summary of sampling formulas. These chapters have been
designed primarily to facilitate reference from Volume I, and therefore
suffer somewhat in continuity. They do not contain a discussion of
the application of the results derived; for this the reader is referred to
Volume I. Chapter 12 discusses some of the practical implications of
the treatment of response errors in surveys, and develops a theory for
the methods described. Applications of recent developments in decision
theory have not been included.

Readers desiring only the ability to understand the derivations of
sampling formulas can apply the theorems of Chapters 2 and 3, without
proof, as they are introduced in the proofs given in Chapters 4 through
12. Many will wish to have the fuller command of the methods and
the ability to extend them that comes through understanding the theory
in Chapters 2 and 3, where proofs of the theorems are given.

For the most part, the mathematical background assumed for this
volume is college algebra, although some calculus is used for a few of
the proofs.

For textbook purposes, the following suggestions may serve as guides
in the organization of courses in which proofs are given. For courses
with proofs either volume can serve as the text, the choice depending
on the emphasis desired; the other can serve as a reference book and
provide supplemental material for the teacher. A one-year course may

vii
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begin with Chapter 1 of either volume, the development of selected the-
orems from Chapters 2 and 3 of Volume II as indicated in the introduc-
tions to those chapters, followed by Chapters 4 through 6 and selected
materials from Chapters 8 through 12 of either volume. The appropri-
ate additional theorems of Chapters 2 and 3 may be developed as they
are needed. For a one-semester course, material from Chapters 1
through 6 and 11 may be sufficient. Throughout Chapters 4 through
11 of this volume some of the sections are footnoted “May be deferred.”
For these, in particular, it may be convenient to read the theorems but
omit the proofs if only selected materials are to be covered.

Most of the theory of sample survey design is an immediate conse-
quence of statistical theory that has been developed and extended by
many persons over a long period of years. No attempt has been made
to trace or give credit in the text to original sources of sampling theory,
except for quite recent developments. Over and above the specific
credits noted in the text we are highly indebted to Miss Blanche Skalak
and Dr. Margaret Gurney for their assistance in preparing this volume.
Miss Skalak developed a number of the proofs in Chapters 4 through
11, wrote up most of the proofs, and reviewed and made numerous help-
ful suggestions on the entire manuscript. Dr. Gurney reviewed the
manuscript, made many helpful suggestions, and prepared the index.

Morris H. HANSEN

WiLLIAM N. HURWITZ

WiLLiaM G. MApow
May, 1953
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CHAPTER 1
Introduction and Definitions

1. The scope of the theory of sample surveys. The contents of this
chapter. (The theory of sample surveys is concerned with developing,
analyzing, and improving methods of formulating the information wanted
from a sample survey, selecting the sample, obtaining the information from
the sample, translating that information into statements relating to the pur-
poses of the survey, and evaluating the accuracy of those statements,

As a preliminary to considering the parts of the theory of probability
and mathematical expectation that are needed for the effective study of
the statistical characteristics of sample surveys, we shall, in Sec. 2-5 of
this chapter, introduce some of the more important definitions. In Sec. 6
we shall discuss why probability methods of selecting samples should
be used.

2. Definitions of population, element, and list.( By a finite population,
&7, is meant any well-defined set or class containing a finite number of
elements, A;, A,, - + -, Ay. These elements may be plants, farms, persons,
blocks, counties, businesses, electric light bulbs, insects, and so on. ) The
population will then consist of certain of these elements: the plants of a
certain kind in a specified field, the farms of over a specified size, the
unemployed persons in the United States, the blocks in a specified city,
the counties in which coal is mined, the grocery stores in a specified state,
the United States income tax returns for a stated year, the electric light
bulbs produced in a given plant during a stated period of time, the insects
in a given field. (Thus, to define a population we must be able to state
the kind of elements of which it consists and to give rules for including or
excluding any particular element. These rules may take the form of an
enumeration of the elements of the set or may be a statement of the
conditions the elements must satisfy.

When the elements of a population have been numbered or otherwise
identified, we call that population together with its identification system
a list. (In some other stydies of sample surveys the word frame is used
as we use the word /ist.)/ For example, if the population consists of the
blocks of a specified city, we may obtain a map of that city on which the
blocks and streets are outlined and assign numbers to the blocks. The

1



2 INTRODUCTION AND DEFINITIONS Ch. 1

map and numbers constitute a list. If the blocks were numbered in a

different order, we would have a different list. Similarly, if the population

consists of the cards in a file, the list is determined by a particular arrange-

ment of the cards. For two lists to be the same they must consist of the

same elements with the same identifications; consequently, a smglc
pulation may yield many lists.

For some methods of selecting samples the order in which the popula-
tion is arranged in a list will not affect the precision of the information
obtained, whereas for others the order of arrangement may influence the
precision considerably.

We have introduced the term list because the recommended methods
of selecting samples will all involve the use of some form of list. With
such lists, it is possible to select a sample of elements from the population
with known probabilities of selection, a prerequisite of the sampling theory
to be considered. We will ordinarily select a sample of elements by
selecting the numbers that identify them. Thus, if we were selecting 2
elements out of a population of 10 elements, we might identify these 10
elements by the numbers 1, 2, * - -, 10, select 2 of the 10 numbers, and
say that the sample consisted of the elements identified by these numbers.

Sometimes the list is such that any of several numbers in the list identify
the same element of the populationJ Suppose that we want to select a
sample of law firms and use as a list the names given in a register of
lawyers. Then, if a law firm has 10 lawyers in the register, any of 10
numbers will identify that firm.

The numbering of the elements of the population need not be simply
1,+ - +, N, but may for various administrative and other reasons be more
complicated. For example, a given household in a city may have 2
numbers that jointly identify it—the number assigned to the block on
which the household is located, and the number assigned to the household
within the block.

3. Definitions of characteristic, elementary unit, and population
of analysis. Ezla characteristic of a population is meant any quantity
or relationship\relating to the population)

Ilustration 3.1. lustrations of characteristics.

POPULATION SOME CHARACTERISTICS

All persons in a city. Average height; total income; per cent of
income spent on food at different. levels of
income; number of females; distribution
of total income among families by size of
income; attitude towards taxes; intentions
to purchase refrigerators; relation of
education and amount of crime.
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POPULATION CHARACTERISTICS
Electric light bulbs produced ~ Number of defective bulbs; average duration
on a given date in a given of burning of bulbs; variation in length
plant. and intensity of burning of bulbs; relation-

ship of all these quantities to the order of
production of the bulbs for each machine
producing them.

We mean to give to characteristic the broadest possible meaning. It may
or may not be numerical. It is anything we may wish to learn about the
population.

Sometimes it will be convenient to speak of the characteristics of the
elements of the population, i.e., the total income of all persons in an area,
the height of the person, whether the bulb or the group of bulbs is defective,
angd so on.

Often, particular interest will center on a particular class of elements
for which frequency distributions or averages of the characteristic are
desired. The particular elements for which such distributions or averages
are desired will be referred to as the elementary units. A characteristic
of an elementary unit may be an attribute, e.g., a person is male or female;
or a value of a variable, e.g., the income of an individual or of a family.
Since the same survey may yield different characteristics, it may also refer
to several elementary units, e.g., the person and the family. Usually the
objectives of the survey will determine both the elementary units and the
population consisting of them. The population whose elements are the
elementary units is called the population of analyszvs

Illustration 3.2. Suppose that the population of analysis consists of all
families in the District of Columbia. Then we may say that X, Y;, Z,
are the respective characteristics—food expenditures, rent expenditures,
and income in a specified period for the ith family, 4, in the population
which consists of all N families 4;, + - -, Ay in the District of Columbia.

We will then say that X; is the value of the characteristic X for the ith
element, A4, of the population. For example, Z; is the value of the
characteristic Z, total income, for the jth family in the District of
Columbia.

Exercises

3.1. Suppose that the population of analysis consists of N electric light bulbs
and the characteristic is the proportion of defective bulbs. Define a numerical
characteristic for each of the bulbs such that, if you know the value of this
characteristic for each element of the population, you can compute from these
values and the size of the population the characteristic of the population.

3.2. State a population of analysis and define two characteristics of the
population.  Also define characteristics of the elements of the population so that
you can compute the characteristics of the population from those of the elements.
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3.3. Suppose that the population of analysis consists of 5 families, A;, 4,,
* * +, A5, and that the values of X, ¥, and Z, designating, respectively, food
expenditures, rent expenditures, and total income for these families, are as
follows:

Family X Y z
1 10 20 110
2 15 15 200
3 13 18 80
4 18 25 90
5 24 16 70

Compute the following characteristics: total expenditures for food and rent,
total income, and per cents of income spent on food and rent.

4. Definitions of terms such as sample, sampling plan, and sampling
unit. A sample is a subset of a population selected to obtain information
concerning the characteristics of the population,yi.e., if the population
consists of the N elements A, Ay, * - -, Ay, then the sample will consist
of some of these elements, e.g., 4;, A3, A5, + -+ <. We shall be concerned
only with probability samples, i.e., all elements of the population have a
known probability of being included in the sample. (Probability is dis-
cussed in Sec. 4, Ch. 2.) We select a sample and obtain certain informa-
tion for the elements of the sample, say the values of the characteristics
X, Y, Z, and combine this information in such a way that we shall have
useful information concerning certain characteristics of the population.

Sometimes the population used for selecting the sample is the popula-
tion of analysis, but often a different population is defined. For example,
the elementary units may be people but the populations from which we
select a sample are the populations of blocks and families. Thus, some
populations are defined as a result of the problem we are investigating;
others are defined to help us select the sample.

For assistance in selecting a sample we may define several populations
and methods of selecting samples. By the sampling plan we shall mean
all the steps we take in selecting the sample once the population of
analysis is defined.

Illustration 4.1. To select a sample of the families of New York City
we might first define a population consisting of all the blocks in New
York City and select a sample of those blocks. Then we might define
the families living on the selected blocks to be a population and select a
sample of them. Thus, the final sample would consist of familes, but
we would have first selected a sample of blocks to help us select the
sample of families. In picking the first sample we might use as a list a
map on which the streets were shown and the blocks numbered. In
picking the second sample, .., the sample of families, we might construct
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a list by sending people to the blocks selected in the first sample and
having these people list the addresses of all families living on the sample
blocks. Each line on the listing would identify the corresponding family.
(There may be two or more lines for one address, if there is more than one
family at a given address.)

This method of obtaining a sample of families is an illustration of
cluster sampling where the cluster is a city block and the family is an
elementary unit. In general@ cluster sampling we mean that, for
purposes of selecting a sample, we have defined a population whose
elements are groups or clusters of elementary units, and that we will
select a sample of the clusters from that population. Clusters may be
natural, like the blocks of a city, or they may be construct’ey as in
Illustration 4.3 below. -

he elements of the population from which we select the sample are
called sampling unitsJ If, as in Illustration 4.1 of this section, the elements
of the sample selected initially are clusters, and a subsample is taken
from the selected sampling units,bve_often refer to the clusters as primary
sampling units or as first-stage sampling units, and to the elements of which
the second sample consists as second-stage sampling units._} The sample
selected in Illustration 4.1 was selected in two stages, but we sometimes
continue the process to three or more stages. The sample selected at the
second stage is a subsample of that selected at the first, i.e., the sample
obtained in the first selection is defined to be a population from which a
sample is selected at the second stage, and so on. \ We refer to all such
sampling plans as multi-stage sampling plans. )

Illustration 4.2. In order to pick a sample of people living in cities,
we might begin by selecting a sample of counties (the primary sampling
units are counties), then select a sample of cities within the counties
selected in the first stage (the second-stage sampling units are cities), then
select a sample of blocks within the selected cities (the third-stage sampling
units are blocks), then select a sample of families within the selected blocks
(the fourth-stage sampling units are families), and finally select a sample
of people within the selected families. This is an example of a five-stage
sampling .plan./ Counties, cities, blocks, and families are all clusters of
elementary ufiits and are also elements of populations from which samples
are selected. Thus, the counties may be considered to be a cluster of
cities, of blocks, of families, or of people, but also may be considered
elements of a populauon which has counties as elements. The important
thl g is the flexibility with which the words glement and cluster are used,

.,\cluster simply stands for a grouping of €lements that is convenient
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for the selection of the sample, but once the clusters are defined they are
themselves the elements of a population from which we select a sample

In order to avoid confusion in using the terms population, element, and
sample, it is sufficient to state exactly what the elements and population
are for each stage of the selection of the sample. It may be remarked
that, although the population of analysis and, sometimes, the elementary
units that make it up are uniquely determined by the purposes of the
survey, ordinarily there are many ways in which populations may be
defined for selecting the sample to obtain information concerning any
specified population of analysis. Whenever we select a sample, there will
be many possible samples of which we select one to be “the” sample. We
can say that these possible samples are the elements of a population from
which one element is selected to be “the” sample.

Illustration 4.3. Suppose that we are selecting a 10 per cent sample of
the families in a city from a list by first selecting 1 of the first 10 families,
Ay, Ay, - - -, Ay, and every tenth family afterwards. Then, if 4, is
selected, the sample consists of 4,, Ay, Ay, * - 5 if 4, is selected, the
sample consists of Ay, Ajp, Asy, * * *, and so on. Thus, there are 10
possible samples, of which we select 1 to be “the”” sample. Each of these
possible samples is a cluster but not a natural cluster.

Exercises
4.1. Suppose that a population consists of 5 families, 4;, 4,, 4;, Ay, 45,
where A; contains / persons, i = 1, 2, - - -, 5. List all possible samples con-

sisting of 2 families and show the number of persons in each sample.

4.2. A population consists of 10 families living on 2 blocks B; and B,, 5
families living on each block. The 5 families living on block B, are denoted
by Ay, - - -, A5, where the first subscript identifies the block, and the second
identifies the family within the block, and the families consist of 3, 2, 1, 3, 1
persons, respectively; those living on block B, are denoted by A, Ag, * - -,
Ay, and consist of 1, 6, 2, 3, 7 persons, respectively. The sampling plan is a
two-stage plan; the list for the first-stage sample consists of B, and B,, of
which 1 is to be selected. If B, is selected in stage 1, we select 3 elements from
the list 4;;, * - *, Ay5; if B, is selected in stage 1, we select 3 elements from the
list Ay, Agg, * * *, Ags. List all possible samples, showing the number of
persons in each sample.

4.3. State a three-stage sampling plan for estimating a specified characteristic
of a population you define.

4.4, Is there only one population that is “correct” to estimate the values of
certain characteristics for the population? If we wish to estimate total personal
income, can we regard people, families, blocks, or file cards listing personal
income as elementary units of the population?

ag{s. Definitions of estimaﬁ, sample design, precision, true value,
curacy, survey design. " After a sample has been selected we prepare
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estimates based on the sample for specified characteristics of the popula-
tion of analys;g Often, as in estimating the average personal income in
the United Stales, the estimate may be a number, e.g., the average income
is $2350; but also the estimate may consist of an interval of numbers,
e.g., the average income is more than $2200 and less than $2600; and
often the estimates consist of several numbers, intervals, and functions.
The sample design will consist of the sampling plan and method of
estimation.

Although, as we shall see later, there are many estimation equations,
we shall for the present consider only one, the arithmetic mean.

Suppose that the population consists of the five families listed in Ex. 3.3,
and that when questioned they give the data listed in the table in that
exercise. Suppose also that we wish to estimate Z, the average family
income. If we knew the data of Ex. 3.3, we would -calculate
Z = 110 + 200 +580 +90+ 70 = 5—29 = 110. But suppose that we
do not know the data for the population, and in order to estimate the
unknown value, Z, we decide to select a sample of 2 families, learn the
values of Z for these families, and use the average income of these 2
families as an estimate of Z. There are 10 possible samples of 2 of the
elements of the population. These possible samples, the corresponding
values of Z, and the estimates of Z are given in Table 1. Each of the 10
possible samples will yield an estimate of Z.

Table 1. Samples of 2 from a population of 5 elements

Possible samples * Values of Z Estimates of Z
Ay, Ay 100, 210 155
Ay, Ay 100, 80 )
Ay, A, 100, 90_ 95
Ay, Ay 100, 70 85
Ay, Ay 210, 80 145
Ay, A, 210, 90 155
Ay, A5 210, 70 145
Aj, Ay 80, 90 85
Ag, Ag 80, 70 75
Ay, Ay 9, 70 80

By a. measure of precision of the estimate we shall mean a measure of
how close the set of possible sample estimates for a particular sample
design may be expected to come to Z. Such measures of precision, to be
useful, must be approximately known from other information, perhaps
an earlier survey, or it must be possible to estimate them from the sample.
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Ordinarily, we would use an approximate value of the measure of precision
in designing the sample; and then, if we had a reasonably large sample,
estimate the measure of precision from the data obtained from the sample
itself.

It is not enough, however, to consider measures of precision. Was the
information that would have been obtained and listed in Ex. 3.3 correct?
Did some families understate their incomes? Did the interviewer forget
to ask some families about income from pensions and similar sources?
Did the interviewer make a mistake and substitute family 45 for family
A,, which was supposed to be in the sample? By the true value of the
characteristic we shall mean the value that would be obtained if no errors
were made in any way in obtaining the information or computing the
characteristic. By a measure of accuracy of an estimate we mean a
measure of how close the estimate may be expected to come to the true
value of the characteristic. Thus, even a complete enumeration may not
be entirely accurate, but, according to our definition of precision, a
complete enumeration is precise.

By the survey design will be meant the sample design together with
the questionnaire and the method of obtaining the information from
the sample, or, more generally, the method of measurement. Thus, the
survey design includes the plans for all the parts of the survey except the
statement of the objectives. It includes:

(@) The questionnaire,

(b) Decision on method of observation or interview,
(¢c) Sample design,

(d) Choice and training of interviewers,

(e) Assignments of interviewers,

(f) Decisions on treatment of noninterviews,

(g) Estimation equations,

(h) Processing of questionnaires,

(i) Preparation of tables,

(/) Studies of precision and accuracy of information,

as well as instructions and methods followed for carrying through these
operations. It will be seen that each of these parts affects the accuracy
of the information to be obtainedj Since the objective of survey design
is to maximize the accuracy of the estimate (or, more generally, to minimize,
in some sense, the losses that may result from the fact that the estimate
will almost certainly not equal the true value), it follows that the expendi-
tures for the different parts of the survey should be allocated with this
objective in mind.
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6. Why probability methods should be used in selecting samples. There
are many possible methods of selecting a sample from a population.
Some of these depend on the judgment of people who claim to know the
popu.ation; others merely consist in defining the sample to be the part
of the population that is most conveniently available; others (and it is
these that we shall study in the following pages) are based on the use of
the theory of probability. In applying these probability methods, the
following two points must be kept in mind as the justification of their use
and as the condition of their valid application:

(@) Methods of selecting samples based on the theory of probability are
the only general methods known to us which can provide a measure
of precision. Only by using probability methods can objective
numerical statements be made concerning the precision of the results
of the survey.

(b) It is necessary to be sure that the conditions imposed by the use of
probability methods are satisfied. It is not enough to hope or
expect that they are. Steps must be taken to meet these conditions
by selecting methods that are tested and are demonstrated to
conform to the probability model.

It should be obvious that we are not presenting methods based on
probability theory as just one more means of selecting samples. Rather
we assert that, with rare exceptions, the precision of estimates not based
on known probabilities of selecting the samples cannot be predicted before
the survey is made, nor can the probabilities or precision be estimated
after the sample is ob_tained) If we know nothing of the precision, then
we do not know whether to have much faith in our estimates, even though
highly accurate measurements are made on the units in the sample.
Hence, when the information to be obtained is of real importance, it will
be desirable to choose methods based on the use of the theory of
probability,/

(It is sometimes argued that any sample is selected by probability
methods; that the interviewers who select a sample by approaching
people they meet in certain localities are using probability methods when
they do their jobs as they should, not selecting more than designated
numbers from one specified group or another. Such probabilities are,
however, unknown; they may vary from enumerator to enumerator, and
they may vary over time./ It is not adequate to test to see whether the
probabilities seem to be what they should, because the conditions existing
at the next application of the procedure will differ from what they were
during the test. Considerable evidence exists that only carefully tested
methods of selection which are capable of being repeated can be depended
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upon to yield either equal probabilities or any other specified probabilities
of selection.

We ask for greater care in selecting samples than is customary in many
other applications of statistics. Yet in these other branches of statistics
we would ask for such care if it were physically, administratively, and
economically possible as it usually is in survey design. One of the most
important facts about the selection of samples is that, if a list can be
constructed and if proper methods of selection are used, we need not
guess, we can determine the probabilities of selecting the possible samples.
Furthermore, the increases in precision and the ability to measure precision
that thus become available will in general more than repay the cost of
applying t\hese methods.

The uses to which some survey results will be put are sufficiently crude
so that almost any method for selecting the sample will yield satisfactory
information. Obviously, the cheapest method that meets the purposes
of the survey should be chosen., In some instances probability sampling
methods may not be feasible.| Probability statements concerning the
precision of surveys should, however, not be made unless probability
methods have been employed. / It may be very misleading to apply
probability statements to nonprobability surveys. In fact, the need for
such statements might be taken as the test of whether, if feasible, the
sample should be selected on a probability basis.

Exercises

6.1. Assume that a sample of families is selected by means of probability
methods of selection; questionnaires are sent to them by mail, and the informa-
tion is then obtained only for those families that returh the questionnaire. Is
this a probability method of sampling in the sense that there are known proba-
bilities for specified families being in the sample? Can a population be defined
from which it is a probability sample?

6.2. Sometimes a sample of people is selected by first estimating the propor-
tions of the population that are in certain classes, e.g., 52 per cent female, 48
per cent male; then distributing the sample in those same proportions; and
finally asking the interviewers to find specified numbers of people in each of these
categories, these specified numbers being so selected that the total sample is
selected in the correct proportions. What are the problems with this kind of
sampling? Under what conditions would it be good or bad? Is it a probability
method of sampling?



CHAPTER 2

Fundamental Theory—Operations,
Events, and Probability

1. Introduction. In this chapter, we shall give the minimum introduc-
tion to the theory of probability that permits us to develop the theorems
that we need for the theory of expected values. Of these, Theorems 3
and 5 of Sec. 6 (p. 28) on the probabilities of “product” and *“sum”
events, respectively, will be found exceedingly useful.

The notions of probability and the operations of selecting an element
from a population, discussed in Sec. 3 and 4, must be clearly understood
and related to sampling. If not, much of the remainder of this chapter
will appear to be a formal treatment unrelated to reality.

As a preliminary we introduce summation notation in Sec. 2. This
notation is used throughout the volume.

2. Summation notation—why we study summation notation. A know-
ledge of summation notation is very useful in statistics in the following
ways:

(@) It provides a convenient shorthand for expressions that would
otherwise be very cumbersome.

(b) By proving theorems concerning the notation itself we obtain
results that would otherwise need to be proved in many special cases.

The integers. We will refer to the positive integers 1, 2, - - -, the
negative integers — 1, — 2, - + +, and zero as integers.
ummation notation. The symbol Z is the Greek capital letter “sigma”

. M
and is the notation used to indicate summatiﬁ)) The expression 2 f(i)
stands for f(1) + f(2) + - - - + f(M), and the expression =1
M, N i
'21 Elf(i,j) =fL,D+ -+ fLN)+fC D+
+f(21N2)+' ° '+f(Ms 1)+' .t +f(M’NM)

whatever may be the functions (/) and f(, /).
11
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Whenever the summation is from 1 to some indicated value, the “= 1"

N
is omitted below the summation sign. Thus >, has the same meaning as
N i
2. Ifthe lower limit of summation is different from 1, it will be indicated.
i=1
Itlustration 2.1. The heights in inches of 5 people are measured and
turn out to be 67, 72, 63, 68, 70. They are denoted by x,, x,, x,, 74, and

«5. The mean or average height is calculated by
67 + 72+ 63 4 68 +70 340

= 68
5 5
which may be more concisely written
2
F =Lt =68
TS
In general, the arithmetic mean & is defined by the equation
I A
=+ %xl

if there are N observations. It is important to realize that £ is not a
function of i. It would have the same value if & were written:

=z -
<N\ =
&

<

,’L'-z

Exercises
2.1. Show that

¥ N N
ZP:%‘ = ZP;"”; = %kak
i J 3
N 1N
2.2. Evaluate > (x, — &), where & = ¥ >,
T T
x A
23. Ifx, = a,i=1,2,- - -, N, evaluate >, ie., Ja.
i 7

N
2.4. Write out 2 i%r,.
1
5
2.5. If f(i) = a + bx; + cy,, evaluate 3 f(i) in terms of & and 7.
1
N N N
2.6. If 2, = ap, + yg,, where > p, = >gq; = 1, evaluate 2z,
7 T T

2.7. If f(i) = (x,— )%, where i = 1, 2, 3, and x; = 0, 2, = 4, 23 = 2, then
3
evaluate 3 f(i).
1}
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2.8. Show that
1 N

N—
Z X, = zxi— TN
B v

Illustration 2.2. Summation with respect to two subscripts. Let us
M N

evaluate the product >x; >y;. This is, by definition, equal to
i

@+ )+ )

or
B+ oty Tty eyt Y
or

Ty + s 0 - Ty

T Xy XY 0 Yy

_l_- .« .

T XY+ Y+ Tyl

which may be written, according to the definition of summation notation,

as M N
z iny;
1
Hence we have proved that, whatever may be the terms «; and y;, we have
M N MoON
Z sz‘yf =2, 2Y; 2.1
) ? 3

For example, if x;, = log i and y, = j2, we have
M N M N
> >t logi = 3 logi 3j?
) i M

If M = N and y; = x;, then Eq. 2.1 becomes

MM Mo\
22X = (sz) 2.2)
i i
and it is easy to verify from Eq. 2.2 that
M M M 2
St + S, (20 ek
i i+ i

M
where > means that the summation extends over all possible values of

i#j
i and j, excluding those for which i = j, and

M M M 2
Sat 4232, — (>:x) 2.4)

1<j
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M
where > means that the summation extends over all possible values of
i<
i and j for which i < j, so that
M M
2.4%; =22 %2,
£ i<j

For example, if M =: 3, we have

3
2 X%y = BTy + BTy + Ly + Taly + By¥y + Ty
i#]
and
3
20,2 = TyTy + BTy + Ty
i<j
Exercises

2.9. Prove Eq. 2.2 and 2.3 of this section.
2.10. Prove that

M N N M M N
Z Zxﬁ =2 Zw,, = Zyl = sz
1) J 1 ? J

N M
where ¥, = Zx,«,- and 2z, = Zx;,, by writing out the summations and matching

3 k3
terms. (This is called inverting the order of summation.)

2.11. Prove that
M MM

;;xﬂ = ;gj%

by writing out both summations and matching terms.
2.12. Show that in general

M M M
szyi #* ;xigyi

although equality may occur for specified values of the z's and ’s,
2.13. Show that

M M M
20, +y) = 2w+ 2Yi
] 3 13

2.14. Show that in general

ixA

7' 12z,
_;—_i-izzt;/_‘
;yx ,

although equality may occur for specified values of the 2’s and y’s, (This
result is also true when 2 is replaced by M.)
2.15. Show that

M M M M
2(ax; + by = a3} 4 2abTxy; + Byl
t 1 1 1
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2.16. Show that

M
Z(“o + ayxy; + ag%y; + ¢ 0+ agTK)
: M M M
= May + a,2%; + @)%y + 0+ A TKi
1 1 1

= Ma, + a;%,. + * * * + agTg.
where
M M
z,. = ;xl,-, ce o ZR. = Ei:xgg

3. The notion of probability. Experience suggests that many an
dperation is such that, when the operation is carried out under suitably
controlled conditions, it is impossible to predict exactly which of the several
possible results of the operation will occur on a particular performance,
even if one has complete information about the outcomes of preceding
performances. Nevertheless, experience also indicates that we may
expect a high degree of stability in the proportion of times a particular result
will occur in a sufficiently long series of performances of the oper?_i?#
Ilustrations may be found in such operations as tossing a coin or ifi the
production of goods after the process of production is in a state of control.

Our ability to use data obtained from a sample in order to make
inferences about a larger universe from which the sample has been drawn
depends upon our ability to select the sample by means of an operation
having the above-mentioned properties. Experience has indicated that
such operations may be based on the tables of random numbers, and it
is for that reason that. these tables are important in sampling practice.

In order to develop the properties of such an operation quantitatively
to the extent necessary for their application to sampling work, it is con-
venient to associate numerical values with the possible outcomes of the
operation, in the following manner: If the operation has K possible
outcomes Ay, * - -, Ax and n,/n is the proportion of times that the outcome
A, is observed in a series of » trials, and if we can expect the proportion
n;/n to be arbitrarily close to a number P; independent of n provided n
is sufficiently large, we shall say that the probability* of 4, is Py. The
numbers P, are clearly non-negative and their sum is 1, since
o+ tng=n

We shall often refer to a possible result as an elementary event. Thus,
if A,, - + -, Ag are the possible results of an operation, then they also
are K elementary events, one and only one of which will occur when the
operation is performed. If 4; occurs when the operation is performed,

* For a more rigorous development of the theory of probability, the reader
should consult W. Feller (2).
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we say that the elementary event A4, has occurred. We shall denote the
set of all possible results or elementary events associated with an operation
by .

By an event, A*, we shall mean a subset of the set, &, of elementary
events. Thus, 4* may consist of, say, 4, A4, and 4;. We shall say
that the event A* occurs if and only if one of its constituent elementary
events occurs. In the above illustration, 4* would occur if and only if
A, or Ay or A occurred. The event A* may be & itself, or a specific
A,, or any subset of &. The complementary event to A* is designated
by A* and consists of all the elementary events of &7 that are not in 4*
and none of the elementary events of &7 that are in 4*.

Abstraction from experience suggests the following definition of the
probability of an event, since in n performances of the operation the
relative frequency of occurrence of A* will be the sum of the relative
frequencies of occurrence of the elements that constitute A*.

Definition. If A* is an event consisting of the elementary events 4;,
-+ -, 4;, then we define the probability of 4* to be

Prd*) =P, + P, 4+ - +P,

W

where iy, * * -, i, are k of the K integers 1, - - -, K.

Thus, if the set, &7, consists of K possible results all of which have equal
probability, i.e., P; == 1/K, i =1, - - -, K, and if the set A* consists of k
of these elementary events (possible results), then, by the definition of
probability

Pr(4*) = Tk(

Since A* and A* include all elements of &/ and since Pr( /) == 1, it

follows that
Pr(A*) + Pr(d*) =1

4. Probability selection methods and the equal probability selection
method. The operation that is basic in sampling is the selection of one
element from a population in such a way that each element has a known
probability of being selected) To do this, it must be possible to assign
the appropriate probabilities to all possible results of the operation. 1f
the elements of a population are A4,, 4y, * * *, Ag, then the selection of
one element from that population has one of the possible results: A4, is
selected, or A, is selected, or, - - -, or Ag is selected. If each of the
possible results of the selection has a known probability, we say we have
a probability selection methodf@ore specifically, by a probability
selection method we shall mean an operation applied to the elements of a
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population such that when the operation is performed one and only one
element of the population is select;(y the probability that the element A4,
is selected from the population cofisisting of A4y, « +, Ag is P, i =1,
-+ K, P,>0,P +- - -+ Pg =1, where the P, are known numbers.
A selection method is called an equal probability selection method or
epsem if Py = - - - = Py = 1/K, i.e,, if all elements are equally likely to
be selected. The sample itself may be selected by first selecting one
element, then another, and so on, or by defining an auxiliary population
consisting of all the possible samples and selecting one of the elements of
this population to be the sample. A widely accepted practice of assigning
probabilities to the results of a selection method is the use of a table of
random numbers. (See Sec. 8 for detailed description of the properties
of tables of random numbers and illustrations of their use. Chapter 4
of Vol. 1 gives some further illustrations.)

Illustration 4.1. Assume that the elements of the population 7 are
A,, A, A, and that we wish to select two elements from the population
o/ with equal probability. We can select the first element with equal
probability, and then select the second element with equal probability
from the remaining two. In this selection method, the possible results of
the first selection are

Ay, Ay Ay

The possible results of the second selection are
A, or Ay—if A, is selected on the first selection,
Ay or Ay—if A, is selected on the first selection, and
A, or Az—i.f A, is selected on the first selection.

Hence, the possible results of first selecting an element by an epsem, and
then making the second selection by an epsem from among the remaining
two elements in the population, are

B, = A, A, B, == A,, A3
B, = A,, A3 B, = A, A,
B; = Ay, 4, Bg = A3, A,

Instead of selecting the first element from the original population and
then selecting the second element from the remaining elements of the
population, we can also select two elements by defining another population,
44, whose elements are the pairs listed above. We can then select one of
the elements B, By, By, By, B;, or Bg. If, say, By is the element selected
from &, then the sample consists of 4, and 4;. Thus, the elements of &
are the possible samples of elements of &/. Note that, since each pair is
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selected with equal probability, the probability of selecting one of the
elements of & is 3.

The selection method illustrated here is a special case of simple random
sampling without replacement, which is defined later in this section.

Ilustration 4.2. Two coins are tossed. The elements of &7 are 4,, 4,,
Aj, and Ay, where A4, is HH, 4, is HT, 4, is TH, and 4, is TT, and
HH stands for two heads; HT stands for the first coin a head, the second
coin a tail; TH stands for the first coin a tail and the second coin a head;
and finally TT stands for two tails. In this illustration, the operation
consists of tossing two coins; the results of the operation are given by
A, Ay, Ay, and A4, above. Finally, the probability of each of the results
for “true” coins is }.

lustration 4.3. Two coins are tossed. The results of this operation,
Ay, Ay, As, and Ay, are as defined in Illustration 4.2. Also assume that
the coins are “true” so that the probability that one of the results 4,, 4,,
A,, or A, occurs is equal to . Let us now find the probability of
obtaining exactly one head. Thus, A* in this illustration consists of
HT and TH. By the definition of the probability of an event

Pr(4*) =Pgp+Prg=}+1=1%

Similarly, for finding the probability of at least one head, the event A*
consists of HT, TH, and HH. Hence Pr(4*) = %.

Iustration 4.4. Three blocks B,, B,, and B, contain 3, 8, and 1 houses.
To select one block by the method called selection with probability pro-
portionate to size we proceed as follows: select one of the integers
1,2, -+, 12 by an epsem; if the selected integer is 1, 2, or 3, then B,
is selected; if the selected integer is 4, 5, - - -, 11, then B, is selected;
and if the selected integer is 12, then B, is selected. What are the
probabilities of selection for each block?

Since the selection of integers is by an epsem, it follows that Pr(i) = ¢,
i=1,- -+ 12. Hence, by the definition of probability,

Pr(selecting B)) =
Pr(selecting B,) = 1%
Pr(selecting B;) = +;
For further theory and application of probability proportlonate to size
see Ch. 8 (Vol. I and II) and Ch. 9 (Vol. I and II).
a. Definition of sampling without replacement. If a population consists
of N elements, and if a sample of » elements is obtained by first selecting

one of the N elements, and, without replacing it, selecting one of the
remaining N — 1 elements, and, without replacing the two selected
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elements, selecting one of the remaining N — 2 elements, and so on, so
that at the nth selection, there are N — n + 1 elements, then we say that
the sample has been selected without replacement. / Since there are N
possible results of the first selection, N — 1 possibl¢ results of the second
selection, * -+, and N—n + 1 possible results of the nth selection, it
follows that there are N(N— 1)+ + - (N — n + 1) possible results of the
n selections. (This evaluation of the number of possible results follows
from Theorem A.2, p. 37, of the Appendix to this chapter.)

As a special case, if we let N =n, we have n! =n(n—1)(n—2)+ - - 1
as the number of possible orders in which a specified set of » elements
may be selected without replacement. Each possible selection is then
simply an arrangement of the n elements in the order of selection.

%Deﬁm‘t[on of simple random sampling without replacement. If the
method of selecting a sample of » elements from N elements is such that
each of the possible C) n-combinations of elements is equally likely to
be selected, then the sampling plan is called a simple random sampling
plan without replacement or, simply, simple random sampling./ It will
be assumed that the term simple random sampling applies to”sampling
without replacement unless otherwise qualified. The symbol C¥ is the
number of combinations of N things taken » at a time, and is referred to
as the number of n-combinations. (Combinations and permutations are
discussed in the Appendix to this chapter, which should now be read by
the student who is not already acquainted with the subject.)

Thus, a simple random sampling plan is such that each of the C)
combinations has probability 1/CY of being the sample actually selected.
Also, if A* is an event.occurring if any of a specified N 4« combinations
(where N 4. is the number of elements of A*) is selected, then by the
definition of probability (Sec. 3 of this chapter)

Nyx
Pr(4*) = C‘}v

n

For example, if the elements of the population are 4;, 4,, * * +, Ay,
and if A* is the event “the sample of size n contains A4,,” then there are
CY=1 of the C¥ possible samples of  elements containing the element 4,,
NAt = CN:jl, and

C¥-t n
Pr(4*) = =Zn=1 _ =
cy TN

If A* is the event “the sample of size n contains 4,, Ay, * * *, 4,, (or
any other specified m elements),” then

Ciom  mn—1---(n—m+1)

P ==y = v @ —m+ 1)
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Theorem 1. In sampling without replacement, if each of the n-permuta-
tions of N elements has equal probability of being selected to be the sample,
then each n-combination of N elements has probability 1/CY of being
selected.

Proof. There are N!/(N — n)! possible n-permutations of N elements
so that if they have equal probability then each has probability
(N—n)!/N!. Each of the n-permutations is an element of &7. If 4* is
the event occurring if a specified n-combination is selected, then there are
n! elements of & in A*. Hence, by the definition of the probability of
an event (Sec. 3),

_ (N=m! ]
Pr(A4*) = n!—N! :C_;,V

Thus, one way to select a simple random sample of n elements is to
give each n-permutation an equal chance of being selected.

The probability is 1/N that, in a sample selected by simple random
sampling, the element A, is the jth element selected, since there are
N'/(N — n)! n-permutations and the number of possible selections of j
elements such that 4, is not selected before the jth selection and is selected
at the jth selection is, by Theorem A.2 (p. 37) of the Appendix,
(N—1)- - -+ (N—n+ 1), no matter what the value of j. Then

Pr(4; is the jth selected element)
N-=D---N=n+1) 1

TNN=1)---(N—n+1) N

Note that this is equivalent to saying that if » selections are made without
replacement, then the probability of 4, being selected at any one of the
n selections is equal to 1/N. (This probability is also evaluated using
conditional probability in Sec. 7a.)

Similarly,

Pr(A,,- - -, Ay are the first M selected elements)
_ (N=MYN—-M—1)---(N—n-+1)
T NN—=1D N—M+DWN—MN—-M—1) - (N—n-+1)
1
TNN=D- - (N=M+ 1)

(This probability is also evaluated using conditional probability in Sec. 7a.)
¢. Definition of sampling with replacement. ~Assume that the population
sists of N elements. If a sample of n elements is obtained by first
selecting one of the N elements, replacing it, then making a second selection
and replacing the element before making a third selection, etc., until n
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selections are made, then we say that the sample is selected with replace-
ment. } Since there are N possible results in each of the selections, the
nu r of possible results of two selections is N2, of three selections, N3,
and of n selections, N*. Note that there is no testriction to the number
of times a particular element may be included in the sample.

\;1‘. Definition of simple random sampling with replacement. 1f the
sampling is done with replacement, and each element has probability 1/N
of being selected at each selection, then we call the system of selection
simple random sampling with replacement,) Now let us find Pr(4*),
where A* is the event “the sample of size n contains the element A4; at
least once”; we have

N™ = number of samples
(N — 1)* = number of samples that do not contain 4,
N™ — (N — 1)* = number of samples that contain 4, at least once

NN -
— = Pr(4*)

Illustration 4.5. Let a population consist of L sets of elements such
that each element of the population is in one and only one of these sets.
Let the ith of these L sets consist of N, elements, i =1, - - -, L, where
N=N;+--++ Ng. If a simple random sample of n elements is
selected, let us find Pr(A*), where A* is the event “the n elements are so
distributed that n; will fall in class 1, nyin class 2, - + +, ny in class L.”

The number of ways in which n; elements can be selected from N, is
CY«. Hence the number of samples in which there will be exactly », in
class 1, ny in class 2, « - +, ny in class L will be C}:Cs- - - C,‘:’IL. Since
there are CY possible samples of  elements, it follows that

C,I,""C;}','- . Canf
Ca

Thus, if a simple random sample of 10 elements is selected from a
population consisting of 20 elements of one kind and 80 elements of
another, then the probability that the sample contains 4 elements of the
first kind and 6 of the second is
C20CH

ci

Pr(4*) =

Q. Definition of systematic sampling. Let us suppose that a population
consists of the elements Ay, 4,, - * +, Ay arranged in some fixed order
and that the possible samples from the population are defined to be the
subsets Af, AF, - - -, A% of the population, where the elements of A}
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are Ay, Ag iy Asgiss* ¢ Ak i = 1,7+ -, K. (Note that some of
the 4,_;)x.; will not be present if nK << N.) Then, if one of the possible
samples AF, - - -, A% is selected, either by an epsem or with probability
proportionate to the number of elements it contains or by any other
means, we say that a systematic sampling plan is being uzy)

We shall now suppose for simplicity that N = Kn. Then, since each
A; occurs in one and only one of A}, - - -, A%, it follows that

Pr(A, is in the sample) = Pr(A4} containing 4, is the sample)

2zl

1
K
just as in simple random sampling.

Also, note that, whereas there are C¥ possible simple random samples

of n elements from a population of N elements, there are only K = N/n
possible systematic samples of r elements from a population of N elements.

Exercises

4.1. 1t is desired to select a sample of law firms. For selecting this sample an
up-to-date register of lawyers is available. There are N lawyers listed in this
register. To obtain a law firm, it is planned that 1 lawyer be selected by an
epsem, and the firm to which this lawyer belongs will be in the sample.

Does this procedure select law firms by an epsem? What is the probability
of selecting a specified firm containing 1 lawyer, 3 lawyers, k lawyers?

4.2. A city contains 1000 blocks of which 10 are vacant. A block is selected
by an epsem. What is the probability of selecting a vacant block ?

4.3. In a town of 1000 families, 100 consist of 1 person, 300 of 2 persons,
500. of 3 persons, and 100 of 4 persons. One family is selected by an epsem.
What is the probability that it consists of 2 persons? Two families are selected
so that .ll pairs of families are equally probable. What is the probability that
both consist of 3 persons?

Ten families are selected by simple random sampling. What is the prob-
ability that 3 of them consist of 1 person, 4 of 2 persons, and 3 of 4 persons?

4.4, If simple random sampling with replacement is used, then what is the
probability that neither 4, nor A, is obtained in a sample of size n from 4,,
<A N?

5. Product events. Independence. Conditional probability. Let &/ be
the set of possible results A4, - + +, Ax of an operation and let these

K
possible results have probabilities Py, P, * * *, Pg, P; >0, Z_-P,~ =1L

i)
Let A* and B* be two events; i.e., A* consists of certain of the elements
of &/, and B* consists of certair of the elements of &7.
Let A*B* be the product event, i.e., the event that occurs if both 4*
and B* occur when the operation is performed. In other words, the-
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event A*B* consists of all elementary events common to 4* and B* and
occurs if and only if one of these common elementary events occurs.
Consequently, if 4,, - - -, 4,, (where k < K) are the only elementary
events common to A* and B*, we have, by the definition of probability
(Sec. 3),

Pr(A*B*) =P; ++ - -+ P, é.1)

Ilustration 5.1. Population & consists of 4 elements, 4,, 4y, As, 4.
A simple random sample of 2 elements is selected from this population.
The possible samples of 2 elements are

Ay, Ay; Ay, Ag; Ay, Ay Ag, Ag; Agy Ayg; Ay, 4,

Let A* consist of the possible samples containing 4,, and let B* consist
of the possible samples containing A, Then, Pr(4*) = Pr(B*) =},
and Pr(4*B*) is the probability of possible samples containing both
A, and 4, and is equal to }.

THustration 5.2. Two coins are tossed. The event A* is defined to be
“at least 1 head occurs.” The event B* is defined to be “at least 1 tail
occurs.” Then, & consists of the 4 elements HH, HT, TH, and TT;
A* consists of HH, HT, and TH; and B* consists of HT, TH, and TT.
Hence, Pr(A*) = Pr(B*) = . The product event A*B* then consists of
HT and TH, so that

Pr(4*B*) = Pyr + Pyu =}

If A%, - - -, A% are M events, then the product event A} - : « A}
consists of the elements common to all M events.

Definition of independent events. Two events A* and B* are called
independent if and only if

Pr(A*B*) = Pr(A*) Pr(B*)

Tllustration 5.3. Assume that the population consists of the 4 elements
Ay, Ay, As, Ay, and that a simple random sample of 2 is selected from this
population with replacement. The following are the possible samples of
2 to be selected from this population where the element on the left of each
pair listed below represents the element drawn on the first selection and
the element on the right represents the element drawn on the second
selection:

A4, AgA, AgAd, A A,
A4, AgA, Agd, A,
Ay A, Ay A, AgA, A A,

A4, AyA, Ay, AA,
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Let A* be the event that 4; be drawn on the first selection of a sample
of 2. Let B* be the event that 4, be drawn on the second selection of a
sample of 2. Pr(4*) = Pr(B*) = }, since, in 4 of the 16 pairs listed
above, A, is the first selection, and similarly in 4 of the 16 pairs A4, is the
second selection. Now A*B* is the event that 4, be drawn on the first
selection and A4, on the second selection. Hence, Pr(4*B*) = 4. By
the definition of independence 4* and B* are independent events, since
Pr(A*B*) = Pr(A*) Pr(B*) = 4.

Illustration 5.4. Let a dime and a quarter be tossed and let the result
of tossing the dime be listed first. Let the tossing be such that all 4
possible results have equal probability }. Define 4* to be the event
“heads occurs when the dime is tossed” and B* the event “heads occurs
when the quarter is tossed.” Then

Pr(4*) = Pgg +PHT=%

Pr(B*) = Ppg + Prg = %
and
Pr(A*B*) = PHH =i

Hence, A* and B* are independent, since Pr(A*B*) = Pr(A*) Pr(B*).
If the events A* and B* were defined as in Illustration 5.2, then we
would have
Pr(A*) = Pr(B*) = }
and
Pr(A*B*) =}

so that 4* and B* would not be independent.
Exercise 5.1. Show that A* and Bx in Illustration 5.1 are not independent.

Definition of conditional probability. Let A* and B* be two events.
If Pr(B*) > 0, then the conditional probability of the occurrence A*
subject to the occurrence of B* is defined to be

Pr(A*B*)

Pr(4*|B*) = = (B*)

Conditional operation. We shall now consider the following operation,
which we call a conditional operation. Let B* be an event, 0 < Pr(B*)<C 1,
and suppose that the only change in the original operation is.that all
results possible originally which are not contained in B* become im-
possible. Physically, this could be accomplished by skipping any per-
formance in which B* does not occur. Thus, the possible results of the
conditional operation are the elements of B*. We shall denote their
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probabilities by Pr(4,|B*). Then by our previous discussion of the notion
of an operation we have Pr(4,|B*) > 0 and

S Pr(4,|B%) =1
AeB*

where by > we mean the summation over all elements A, that are in B*
AeB*

Note that A4,eB* is shorthand for *‘4, is an element of B*” Also from
the definition of conditional probability it follows that

P,
Pr(4,|B*) = Pr(l;*) if A, is an element of B*

=0 if 4, is not an element of B*

Ilustration 5.5. Assume that the population consists of 5 elements,
Ay, Ap, A3, Ay, and Az Assume that a simple random sample of 2
elements is selected without replacement from this population. We shall
denote the result of the first selection by @, and of the second by a,.
Then the possible samples are given in the following table, where a dash

\;3\2 A, Ay Ay A, A
Al — Vv vV VWV
A4 | v - v Vv Y
A4 | v vV = VvV ¥
A4, | vV vV vV = ¥
4 | v v VvV =

(—) indicates that the sample is impossible and a check (v/) indicates that
the sample consists of the elements shown in row and column headings.
It is clear from the above table that the possible selections for a, depend
on which element is selected for g;. In fact

Pra, = Ajla, = A4,)=0
Pria, = Ajla, =A)=1% ifi#]j

where Pr(a, = A;|la; = A,) is read “the conditional probability that
a, = A; given that (or subject to the condition that) a; = 4,.” Note
that ¢, and a, are random events (discussed more fully in Chapter 3).
Illustration 5.6. Suppose that a population consists of 2 blocks B; and
B, on the first of which are located 3 houses Ay, A5, A3, While on the
second are located 2 houses 4, and 4,,. We first select 1 block by an
epsem, and then from the selected block select 1 house by an epsem.
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Denote the result of selecting a block by b and the result of selecting a
house by a. Then

Pria=Aplb=B)=0 ifij
=3} ifi=j=1
=34 ifi=j=2

where we read Pr(a = A,|b = B)) as the “conditional probability that
the selected house is the second on block i subject to the condition that
the selected block is the jth block.” Here @ and b are random events
(see Chapter 3 for fuller discussion).

Illustration 5.7. Suppose that, of the N persons in a population,
N 4« >0 have incomes over $3000, and N .p+ have incomes over
$3000 and expenditures under $2500. An epsem is used to select one
of the N persons. Then from the definition of the probability of an event
we see that

Pr(the selected person has over $3000 income) = Ve
Pr(the selected person has over $3000 income

and expenditures under $2500) = 1%
Pr(the selected person has expenditures under

$2500 if the selected person has over $3000

. N

income) = —TVAT:%*

Exercises

5.2. A population consists of M blocks, the ith of which contains N; > 0
houses. A house is selected by first selecting a block by an epsem, and then
selecting a house from the selected block by an epsem. What is the probability
of selecting a specific household on block j? What would be the probability
of selecting that house if one house were selected from all the houses by an

epsem?
5.3. Suppose now that, instead of selecting a block by an epsem, we select a
block so that the probability of selecting the ith block is Ny/N, i =1, - -, M,

N=N;+- -+ Nyu. From the selected block a house is then selected by
an epsem. Answer the two questions asked in connection with Ex. 5.2.

5.4. Suppose that a simple random sample of 2 elements is selected with
replacement from the population given in Illustration 5.5. Show that

Priay = Ajlay = A) =}
Pra, = Ajla, = A) =% fori#j

6. Some theorems on probabilities. Let A, - - -, A% be events associ-
ated with a particular operation. Then by AF + - « - + A%, the sum
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event, we mean the event that occurs if at least one of the A,?‘ occurs. By
A¥AY - - - A%, the product event, we mean, as earlier defined in Sec. 5,
the event that occurs if AY, AF, - - -, and 4% all occur.

Illustration 6.1. Let us suppose that N = 10 and that 4,, - - -, 4,
are the 10 spots in Fig. 1. As shown by the figure, 4,, 43, and A4, are

the elements of AY; i.e., if 4;, A3, or A, is selected, then AY is selected.
Similarly, 4, and A, are the elements of AY; A4, Ag, and A4, are the ele-
ments of AY; and A3 and A, are the elements of AY. Then the elements
of AY + A¥ + A¥ + A¥ are Ay, + -+, Ay, Ag * * -, Ay, since if any
element but A4; and A, is selected at least one of the events A¥, A, A%,
and A% will occur. On the other hand, AYAFA¥A¥ can never occur,
since no element is an element of all four of them. We call AYAFAYAY
a null event, i.e., an event that cannot occur. The product event A¥A%
will occur if and only if A4, occurs, while the product event ATAyAY
is a null event. The complementary event to A¥ 4 - - -4 A} is

A¥ + - - - + A¥, which consists of 4; and 4,, and is not the same
as AY + Ay + A} + 4}

Theorem 2. If AY,- - -, A% are events such that Pr(ATA} - - - A%) >0
then Pr(ATAy - + + A¥) > 0 for any integer h < K.

Proof. By assumption, there is at least one elementary event 4, with
probability P, > 0 common to all the events A}, - - -, A%. Any such
event A, will necessarily be common to A4}, - - -, A, so that the sum
of the P; over the elementary events common to A}, * * +, A} will be at
least as large as the sum of the P; over the elementary events common
to A%, - - -, A%.
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Theorem 3. If A%, - -+, A% are events, with Pr(ATAY - - - A%) > 0,
then

Pr(ATA} - - - A%) = Pr(4}) Pr(43|}) - - - Pr(Ag]df - - - A%,

Proof. If K =1, then each side of the equation is Pr(A¥). Suppose
now that the theorem is true for K =j. Then we shall show the
theorem to be true for K =j 4 1, which will complete the proof by
induction. This means that the theorem is proved for any positive
integral value of K by the following steps: The theorem is true if K = 1.
Then, putting j = 1, we show that it follows for K =2. Then the
theorem is true if K = 2, and, putting j = 2, we show that it follows
for K = 3, and so on.

Now, by the definition of conditional probability, treating AT43 « + - AF
as one event, we have

Pr(AYAS - -+ X)) = Pr(AX, || AT+ - - A) Pr(AF - - - 4%)

By the hypothesis of the induction, Theorem 3 is true for K =j. Sub-

stituting for Pr(A}fA} - - - A}), we see that Theorem 3 is also true for
K = j + 1, which completes the proof.
Several events AY, - - -, A% are said to be mutually exclusive if no

element is common to 2 or more of them and are said to be exhaustive
if AY + - - - + A% = the entire population.

Thus, if A* is an event, then A* and A* (the complementary event)
are both mutually exclusive and exhaustive.

Ilustration 6.2. Let us define the event A¥ to be A} + - - - + A}
Then, in Illustration 6.1, A%, - - -, A¥ are exhaustive but not mutually
exclusive. A} and A¥ are mutually exclusive but not exhaustive. The
five events A%, A3AY, A%, A¥AY, and A¥ are both exhaustive and
mutually exclusive.

Theorem 4. If A* is a subset of S/ then

Pr(A*sl) = Pr(4*)

Proof. Every element in 4* is also in &/, and hence the elements in
A*sf are exactly those in 4*.

The following theorem is of considerable importance in calculating
probabilities.

Theorem 5. Let AY, « + +, A% be mutually exclusive events. Then, if
A* =AY + - -+ + A%, it follows that Pr(4*) = Pr(A}) + - + - + Pr(4%).

Proof. Since A* = AY + - - - + A%, and since Af, A}, - - -, A%
are mutually exclusive, the theorem follows immediately if we substitute
for Pr(4*) and Pr(A}Y) + - - + + Pr(A%) the sum of the probabilities of
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the elementary events of which they consist, using the definition of the
probability of an event.

Corollary 1. Let A%, - - -, A% be mutually exclusive, and let B* and
C* be any events. Then, if A* = 4} 4 - - - 4 A}, it follows that

Pr(A*C*|B*) = Pr(A*C*|B*) + - - - + Pr(A%C*|B*)

Proof. Since AY, - - -, A% are mutually exclusive, it follows that
A¥XC*, - - -, AXC* are mutually exclusive. Furthermore, the set A*C*
consists of exactly the same elements as the set ATC* 4- - + + 4 AFC*;
or

A*C* = AYC* + - - - + A%C*
and similarly
A*C*B* = AYC*B* 4 - - - + A}C*B*

where C*A¥B*, - - -, A%XC*B* are mutually exclusive, since Af, Ajf,
« +, A% are mutually exclusive. Then
Pr(A*C*B*)
PrHA*C*|B*) =i ———o—~
rArCH B = =L

= Pr(A¥C*|B*) + Pr(A5C*|B*) 4+ - - + Pr(A%C*|B¥)

An alternative proof for the special case where an epsem is being used
is as follows: Suppose that A¥ consists of N, elements, i=1,- - -, K.
Of these N, elements suppose that N,, are also in C*. Then A*C*
consists of N, elements none of which can be in 4FC*(i # j), since the
N, elements are in 4%, and no element of 4} is also in A¥. Furthermore,
A*C* consists of the Ny, + Ny, -+ - * * + Ng, elements which are both
in one of the A¥ and in C*. Hence, from the definition of the probability
of an event, we have

Pr(A*C*) == Pr(A¥C*) + - + + + Pr(A%C*)

There are several other interesting corollaries to Theorem 5. Of
these we give the two that follow:

Corollary 2. If A¥, - - -, A% are exhaustive as well as mutually
exclusive, then Pr(A*C*|B*) == Pr(C*|B*) and we have

Pr(C*|B*) = Pr(A¥C*|B*) + * * * + Pr(A%C*|B*)
Coroliary 3. If AF, - - -, A% are mutually exclusive, then
Pr(A*C*|B*) = Pr(A}|B*C*) Pr(C*|B*)+- - -+Pr(A%|B*C*) Pr(C*|B*)
= Pr(C*|A}B*) Pr(4}|B*)+- - +Pr(C*|A%B*) Pr(A%|B*)
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7. Some illustratiops of the uses of theorems on independent and con-
ditional probability. g. Evaluation of some probabilities associated with
simple random sampling. We have previously seen that the probability
of any specified possible sample is 1/CY if simple random sampling is
being used) Let us now prove that result and others by conditional
probability.

(1) First, let B} be the event “4, is in the sample.” Then the product
event BXBY - - - B} is the event “A,, 4,, - - -, A, are in the sample”
since the product event occurs if and only if all the component events
occur. By Theorem 3

Pr(BfBj - - - BY) = Pr(BY) Pr(B}|B}) - - - Pr(By|B} - - - Byy)
Now
Pr(BY) = —
VON
Also Pr(Bf|B}) = (n— 1)/(N — 1), since the condition that 4, is in the
sample reduces the problem to one of selecting n — 1 elements by simple

random sampling from a population consisting of 4,, * * *, Ay.
Similarly

n—i
Pr(BX|B¥: - -BX)) =
I'( 1‘ 1 1—1) N—l
so that
nn—1)---1 1

Pr(sample consists of 4, y Ay = NN—D- -(N—ntD) ¥

(2) The probability that 4, is the Kth element selected for the sample
is obtained similarly. Let B} be the event “4; is not obtained at the ith
selection,” i=1, - + , K— 1, and let B¥ be the event “4; is obtained
at the Kth selection.” Then we want to evaluate the probability of
BYB¥- - - Bg, and by Theorem 3

Pr(BYBY - - - BY) = Pr(BY) Pr(B}|BY) - - - Pr(Bk|B} - - - Bf_.)
N—1N-2 N—K+1 1
N N—1 N—K+2N—K+1

2=

lb. Definition of stratified simple random sampling. Suppose -that the
N elements of a population are classified into L strata, the ith of which
contains N, elements, i = 1, - - -, L. Suppose also that simple random
samples are independently selected from each of the strata.) Then we say
that a stratified simple random sampling plan is used.
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It is instructive to compare the numbers of possible samples of size n
when simple random sampling and stratified simple random sampling
are used.

There are CY possible samples of size # from a population of size N
if simple random sampling is used.

Letn==n, +* -+ + ng. Then, from Theorem A.2 of the Appendix,
there are CY'CX:- - - CY+ possible stratified simple random samples
consisting of n, elements from stratum 1, n, elements from stratum 2,
« + -, ny, elements from stratum L.

Clearly, since each possible stratified simple random sample of
n=n, + - -+ + ng elements is also a possible simple random sample of
n elements, it follows that

CZ‘C,IX‘ e C}:f: < Cﬁ’

. . . s .
and, in fact, since every sample of size » will, for some values of ny, « - -,
ny, consist of n, elements from stratum 1, n, elements from stratum 2,
- -, ny, elements from stratum L, we have

NNro o o CNp — N
sehek- - - Cli=C3

where the summation is over all n,, - + -, ny such that n, =0 and
n+--c+np=n

We have already seen that if a simple random sample of size 7 is selected
then the probability that some specified element, say A4, is in the sample
is n/N. If that element is classified into the jth stratum, and if n, elements
are selected from that stratum in the stratified simple random sample,
then the probability that A4, is in the sample becomes n,/N,.

Furthermore, if proportionate sampling is used, i.e., if the sampling
ratio n/N; =f,j= 1, + -, L, then n; = fN, and hence

_m mEr oA 1

f"N,*N1+-~-+NL N

Thus, if proportionate stratified simple random sampling is used, then
the probability of a specified element being in the sample is the same as
when a simple random sample of the same size is selected; whereas, if
the sampling is disproportionate, then, of course, this will not be so in
any stratum for which n,/N; # n/N.

c. Cluster sampling. By a cluster we mean a set of elements that are
treated as a single element for purposes of selecting a sample. For
example, the people within a family constitute a cluster if we select
families, the people or families within a block constitute a cluster if we
select blocks, the people or families or farms within a county constitute
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a cluster if we select counties. Thus, clusters may be small or large.
They are treated as units in selecting a sample.

We have already derived the probabilities needed for simple random
sampling, stratified simple random sampling, and systematic sampling of
clusters. Once the clusters have been selected, however, the selected
clusters may themselves be treated as a population from which a sample
is selected. When this is done, we are using cluster sampling with
subsampling,

Let the €lusters be denoted by A4, 4, * - -, Ay and let the cluster 4,
consist of the elements 4,;, A,,* * *, Ay, i =1, * -, M. Suppose that
we select a simple random sample of m clusters. Then the probability
that we select, say, 4;,- - *, A, is | /CH. Once we have selected A,,* * -,
A, we may treat these clusters as a single population and select a simple
random sample or systematic sample from it, or we may treat the selected
clusters as substrata and select a stratified simple random sample or strati-
fied systematic sample from the strata. We then use Theorem 2 (p. 27)
to calculate the probability of obtaining a specified sample of elements.
This probability is obtained by multiplying 1/C¥ by the conditional
probability of obtaining a sample of elements from the selected clusters.

Suppose that m of the M clusters are selected by simple random sampling
and that from the selected clusters a subsample of #, elements is selected,
again by simple random sampling. Then the probability of selecting a
specified element is

mn

M N,
where N, is the total number of elements in the jth cluster. In the special
case where m/N, = 7i/N, the probability of selecting a specified item is
mi/MN =t n|N, the same probability of selecting a specified element as
existed for simple random sampling and for proportionate stratified
sampling. The probability of obtaining a specified pair of elements
differs, and it is this difference which has a bearing on the relative accuracy
of the three sampling designs.

For simple random sampling the probability of obtaining a pair of

elements is ;\;E—';V_—% For stratified random sampling the probability
depends on whether both elements are in the same or different strata even
if proportionate sampling is used. If both elements are in .the jth
n—1 . . .
stratum, the probability is —'l’—(—'i—l, whereas if they are in the jth and
NV — 1)

kth strata, the probability is f’i % For cluster sampling, if both elements

itk



Sec. 8 THE TABLE OF RANDOM NUMBERS 33

e .omonn—1 .
are in the same cluster, the probability is 7, 17;57\}1_—-—%—), where N, is the
size of cluster and n; the size of sample selected from that cluster, whereas
if the elements are in the jth and kth clusters, the probability is
mm—1) n; n,

MM —1)N, N,

8. Methods of achieving probability (or measurable) sampling plans.

e table of random numbers. By a probability (or a measurable) sampling
plan we shall mean a sampling plan where the elements are selected with
known probabilities. We have already indicated the importance of a list
in selecting samples; i.e., when the list is known, each of the elements of
the population is identified by a number and if that number is selected
then the corresponding element of the population is in the sample. For
this reason, in sampling, we often want to select a sample of numbers.
If we can use a probability selection method for obtaining a sample of
numbers, then our sampling plan is a probability plan for obtaining a
sample from the list or population represented by it. The most important
and frequently used tool in obtaining a probability sampling plan is the
table of random numb(e);s.[

Tests have been perforfied on the tables of random sampling numbers
in common use that make it reasonable to assume that the following
statements are true for all practical purposes:

(1) Each number is the result of performing an epsem.

(2) The selection operations are independent.

It follows from the above two statements that each possible pair of
numbers in the table may be interpreted as the result of performing an
epsem to select one number from 1, - - -, 100, where 100 is said to be
selected if and only if we obtain 00.

The results of 100 performances of the operation can also be used to
obtain the results of 100 tosses of a true coin by referring to an odd
number as heads and to an even number or zero as tails.

Problems on the table of random numbers

(1) Select an integer from 1, - - -, 113 by an epsem. Two methods are in
common use.

Method a. Choose any 3 columns of a table of random numbers* (p. 117,
Vol. I, say columns 5, 6, and 7. As we go down these columns, the numbers
are 422, 044, so that 44 is the selected integer since it is the first integer found
between 1 and 113 inclusive.

Method b. Divide the first number found by 113. Now 422/113 = 3£f%.

* M. G. Kendall and B. Babington Smith, Tracts for Computers, No. XXIV,
Cambridge University Press, second edition, 1946, p. 8.
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Then 83 is the selected integer. One precaution must be taken in using method b.
The basis of this method is that, since all the numbers 001, - - -, 999, 1000
(1000 is denoted by 000) are equally likely in columns 5, 6, and 7, the remainders
yielded by these numbers will occur with equal probability. Yet, we would
obtain 113 if any of the 8 numbers 113, 226, - - -, 904 occurred, whereas 1 could
occur if any of the 9 numbers 1, 114, 227, - - -, 905 occurred. Thus, the numbers
1, - - -, 113 would not be equally probable. We can avoid this difficulty by
passing by the numbers 905, « - -, 999 until a smaller number is reached. In
this way, while preserving the epsem we reduce considerably the number of
numbers to be passed by.

(2) Select three integers from 1 to 113 by an epsem. Let us first note that
the statement of the problem needs clarification. Shall we permit an integer
to occur more than once among the three selected? Since an epsem was defined
in terms of selecting one element, how shall we interpret the selection of more
than one element? Let us answer the second of these questions first. If we
wish to select several elements from one population we can either explicitly or
implicitly define a second population whose elements are the possible selections
of several elements from the first. Then we select one element from the second
population by a selection method that gives to each of its elements the desired
probability that it be selected. Another method is that of choosing one number
at a time until the sample is obtained. Suppose, now, that we do not wish any
of the integers from 1 to 113 to be selected more than once. Then after selecting
44 on the basis of columns 5, 6, 7 we continue on down and reach 9, and con-
tinuing in columns 8, 9, 10 we reach 67. Thus, these are the three selected
numbers. If we had been willing to permit a number to be selected more than
once, and if we had come upon 44 again as the second number as well as the
first, we would have selected it. But, if we did not wish to include the same
number more than once, we would pass over 44 the second time we came upon
it just as though it were a number greater than 113.

Exercises

8.1. Toss 2 coins 100 times. For each toss define the possible results to be
0, 1, or 2 heads. Compute the relative frequencies with which each of these
possible results occurs in the first K tosses, K = 1, 2, - - -, 100. Is there any
tendency of these relative frequencies to become stable? What probabilities
would you associate to each of the 3 possible results?

8.2. Open a book 100 times, trying to do so in such a way that you do not
know at what page you will open the book. If the next to the last digit (for
pages 1, 3, 5, 7,9 we assume this number to be 0) of the right-hand page number
is 0, 2, 4, the result is 0, otherwise it is 1. Calculate the relative frequencies of
0 and 1 for each of the first X performances of this operation, K = 1, - - -, 100,
Is there any tendency of these relative frequencies to stabilize? About what
values? If the relative frequencies do not seem to stabilize what conclusions
would you draw?

8.3. Use a table of logarithms to 4 or more places. If the last digit is odd,
say that the result 1 has occurred. Otherwise the result 0 has occurred. Calcu-
late the relative frequencies of 0 and 1 for each of the first K performances,
K=1,--100. Is there any tendency of these relative frequencies to stabi-
lize? About what value? Repeat this exercise, using the next to the last digits
of the logarithms.
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8.4. Which of the following ways would you regard as most closely approxi-
mating an epsem: (a) by opening a book at various points and using the page
numbers; (b) by using a table of logarithms; or (c) by writing the numbers
on identical-appearing cards or chips, shuffling them very well, and selecting
blindfolded? What are the dangers of employing such methods instead of a
table of random numbers?

8.5. Suppose now that in using a city directory you number all the listed
dwelling units and use an epsem to select one of these dwelling units. Is this
the same as using an epsem to select one of the dwelling units in the city ?

8.6. Suppose that, on the basis of an up-to-date and complete listing of the
population, a sample of say 10,000 is selected by means of an epsem, and ques-
tionnaires are sent to these 10,000 by mail. Of these 10,000 questionnaires,
3000 are returned immediately, 1500 more after one follow-up letter, and 500
after an additional follow-up letter, or 5000 in all. Suppose that these 5000
are kept in a file in the order in which they are received. Several tests are made
comparing the results of these 5000 questionnaires and their serial numbers to
those of the entire 10,000 questionnaires. None of these tests contradict the
assumption that the 5000 questionnaires were obtained by using an epsem.
Should these 5000 questionnaires be treated as though obtained by means of
an epsem from the same population as that from which the 10,000 elements
were selected? What is the danger that the 5000 who returned their question-
naires were essentially selected by an epsem from those who felt strongly about
the subject matter of the questionnaire? Can we by an essentially internal
analysis of a sample ever obtain satisfactory evidence that it was selected by an
epsem from a specified population? Discuss the following: Suppose that a
population is expected to have somewhat more males than females and we want
to estimate the proportion of males in the population by choosing 100 persons
by means of an epsem and using the proportion of males among them. After
the 100 pieces of data are recorded someone loses them, and, being afraid to
admit it, replaces the data by tossing 100 times a coin having probability of
heads equal to .51 and recording male when heads occurs, female when tails
occurs.



APPENDIX

COMBINATIONS AND PERMUTATIONS

Combinations and permutations are introduced so that we can have
convenient tools for specifying certain sets of elements and for counting
the numbers of elements in those sets. The discussion is brief since these
topics will be known to many of the readers of this volume.

Theorem A.l. Suppose that one operation has K possible results A,
-« -, Ag. Suppose that if A, occurs when the first operation is performed,
then a second operation has M, possible results B, * + -, By, i =1,
-+, K. Then, the number of possible results of performing these two
operations is My + My 4+ + -+ M.

Proof. The possible results of performing these two operations may
be denoted by:

AyByy, AB, -t s AlBlM.
ApBy, AyBys, - o, Asznl.
AgBgy, AgBgs, AKBKMK

where the ith row above lists all the M; possible results of both operations
such that 4, occurs when the first operation is performed. Counting the

number of possible results listed, we see that there are M; + - - - + Mg
possible results.
Corollary. If M, = M, ="+ = M, = M, iec., if the number of

possible results of performing the second operation is the same, whatever
the result of the first operation, then the total number of possible results
of performing both operations is KM.

The proof consists in replacing M, by M in Theorem A.l.

Illustration A.1. (a) Suppose that a population consists of 3 blocks,
A, Ay, A, and that 4, contains 2 families, By;, Byp; 4, contains 3
families, By, By, Bps; and A, contains 1 family, By. Then there are 6
possible results of performing the 2 operations of first selecting a block
and then selecting a family from the selected block. These possible
results are:

A1Byy, A\Byy, ApByy, AyBay, AyBy, and AyBy
36
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(b) Suppose that a population consists of 10 elements and that first
one element is selected and then from the 9 remaining elements a second
element is selected. There are 10 possible results of the first operation,
so that K = 10. Whatever result occurs for the first operation, there are
9 possible results of the second operation, so that My =+ + + = M,, = 9.
Hence, there are 90 possible results of the pair of operations.

It will simplify the notation if, in the generalization of Theorem A.1
above to N operations, we assume that whatever may be the results of the
first i — 1 operations, the ith operation has a constant number K; of
possible results. A similar theorem holds when the number of possible
results of the ith operation depends on the actual results of performing
the first / — 1 operations (i = 1, * * -, N).

Theorem A.2. Let us suppose that the ith of N operations has K; possible
results no matter what may be the results of performing the first i— 1
operations (i =1, - - -, N). Then the number of possible results of per-
forming all operations in a specified order is K;K, - + + Ky.

Proof. If N = 2, this theorem has already been proved in the corollary
to Theorem A.1. Then the results of performing the first two operations
may be considered to be those of performing one (complex) operation
with K;K, results so that we obtain (K;K,;)K; = K K,K; possible results
for performing the first three operations. Continuing, the results of the
first N— 1 operations may be considered to be those of performing a
complex operation having K; - - + Ky_; possible results, so that by the
corollary to Theorem A.1 the number of possible results of performing
all N operations is (KK, * * + Ky DKy = KK+« « Ky

Definition of permutation. Let a set consist of N elements 4,, 4,, - * *,
Ay. Then an n-permutation consists of any n of those elements arranged
in a specified order. An N-permutation of N elements is called a
permutation.

Thus, two n-permutations of Ay, - - -, Ay will differ either if they
contain different elements or if they contain the same elements arranged
in different orders. In Illustration A.1 we have proved the following
theorem:

Theorem A.3. The number of n-permutations of N elements is

1

w;mz

Definition of combination. Let a set consist of N elements 4y, 4, * - -,
Ay. Then an n-combination consists of any n of these elements.

Thus, two n-combinations of 4;, * - *, 4y will differ only if they do not
contain exactly the same elements.

NN—1): (N—n+1)=
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Dlustration A.2. (¢) The number of 2-permutations of 4, B, C is 6.
They are AB, AC, BA, BC, CA, CB.

(b) The number of 2-combinations of 4, B, Cis 3. They are AB, AC,
BC. The permutations AB and BA are distinct permutations, but they
are two ways of stating the same combination.

Theorem A.4. Let n elements be selected without replacement from N
elements and let two selections be considered different if they are distinct
n-combinations. Then the number of possible distinct selections, or
n-combinations of N elements, is

_NN—=D:--(N—n+1) N
- n! " n!(N—n)!

Proof. We have already seen (Illustration A.1) that there are
NN—1): - +(N—n+ 1) possible selections of n elements from N
elements without replacement. ~ Consider a specific selection of n elements.
There will be n! possible arrangements or n-permutations of these n
elements, each of which will occur amongthe NN — 1) - - (N—n 4+ 1)
possible selections or n-permutations of N elements, i.e., each distinct
combination gives rise to n! permutations. Thus,

cy

n! - (Number of combinations) = Number of selections
=NN—-1):- - (N—n+1)
or
NN—-1)--+(N—n+1)
n!

Number of combinations = = C¥

which completes the proof.
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CHAPTER 3

Fundamental Theory—Random Variables,
Expected Values, Variances, Covariances,
and Convergence in Probability

1. Introduction. In this chapter we establish the theorems we shall use
in deriving the expected values, variances, and covariances that are needed
for the proofs given in the subsequent chapters. Of these the more
important are the following: (1) The expected value of a sum of random
variables is the sum of their expected values (Theorem 5, Sec. 3, p. 48).
More generally, the expected value of a linear combination of random
variables is the same linear combination of their expected values (Theorem
6, Sec. 3, p. 49). (2) The expected value of a random variable is the
expected value of the conditional expected value of that random variable
(Theorem 14, Sec. 5, p. 61).

Theorems 11 and 12 of Sec. 4 (pp. 56 and 57) on the variances and
covariances of linear combinations of random variables greatly simplify
the problem of deriving variances in a number of practical sampling
designs. Theorems 15, 16, and 17 of Sec. 6 (pp. 65 and 68) on
conditional variances simplify greatly the development of the variance for
a multi-stage sampling design in terms of its components.

2. Random variables—mathematical expectation. a. Definition of ran-
dom variable. The values of one or more variables are usually associated
with the elements of a populatioy For example, if a population consists
of N families 4,, - + -, Ay, then associated with the family 4, are values
of such variables as the age of the head of the family, the number of
children under 18 years of age, and the annual family income. If the
elements 4,, * + :, Ay of the population are farms, then associated with
A;, the farm identified by /, are such variables as the number of acres,
yields of different crops, income, and expenditures. If the elements
Ay, Ay, - - -, Ays of the population are the N* possible samples according
to some sampling plan (see Ch. 2, Sec. 4), then with each A, is associated
the value of the estimate or estimates that will be obtained if that possible

39
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sample is selected to be the sample. The value of any variable, U, that
is associated with A, will be called U;. Thus, in the above discussion U
might stand for age of the head of the family and U; would be the age
of the head of the family identified by 7, or U might stand for estimate
of average family income of this population and U; might be the value of
that estimate for A4,, the ith possible sample. Then, if the probability of
selecting 4, is P;, and if we denote by u the value of U that we obtain

when one of the elements 4,, - - -, Ay is selected, it follows that u has
possible values U, - - -, Uy and
Pr(u= U) = Pr(A,) = P; i=1,"-+N

where Pr(u = U) is read “the probability that » = U,.” It should be
noted that some of the values U,, U,, - - +, Uy may be the same numer-
ically but they are distinguishable by the different subscripts that associate
them with different elements of the population.

In a case such as that described above, we call u a random variable,
i.e., u is called a random variable if it has a finite number of possible

values U,, U,, + + -, Uy and if with each possible value U; there is
associated a probability

Pru=U,) =P; i=1,-++N
where

P,>0 and P+ +Py=1

We can treat any real single-valued function defined on a finite
population as a random variable; the probabilities of the possible values
of the function are the probabilities of selecting the corresponding
elements of the population.

It will be noted that we do not require that the probabilities P; all be
positive. Thus, some of the so-called *“possible values” of u may have
zero probability of being assumed.

Illustration 2.1.  Suppose that N = 5 and that to A, 4,, 4;, 44, and 4,
correspond the values Uy =2, Uy =2, Uy =17, Uy = 6, U; = 3.

Then

Pr(u = U)) = Pr(4,), and Pr(u=2) = Pr(4%)

where A* consists of 4, and A, so that

Pr(u=2)=P 4+ P,
Also
Pr(u << 4) = Pr(4%)

where A* consists of A;, 4,, and A so that

Pru<4) =P, + Py + P;



Sec. 2 RANDOM VARIABLES 4]

Suppose that, in addition to the values of u above, the values ¥, = 8,
V,=3, Va=25, Vy=1, V5 =3 are also associated with the 4;. Then,
if u <4, it follows that A* occurs, where 4* consists of 4;, 4,, 4;; if
v << 6, it follows that B* occurs, where B* consists of A,, A3, A4, and Ag;
if both u<<4 and v <6, then A*B* occurs, where A*B* consists of
only A4, and A;, since only if 4, or A; occurs will we have both u <4
and v << 6. Hence,

Pr(u<<4,v<6) = Pr(A4*B*) = P, 4 P;
Also we can evaluate the conditional probabilities that these random
variables assume certain possible values. For example,
Pr(4*B*) P, + P;

Rr(B¥) ~ P+ Py+ P, + P,

Pr(u < 4|v < 6) = Pr(4*|B*) =

We now need to define independent random variables.

Suppose that u, - - -, u, are k random variables and that u, has possible
values Uy, Uy, * * 5 Uy d =1, - -, k. Then the random variables
uy, - - -, u, are said to be independent, if and only if,

Pr(uy = Uy, tty = Uy » + =yt = U,,)
== Pr(u; = Uu,)P’(“z = Uy): + - Pru, = Uy,)
for all possible values of u;, * * *, u,, where U,,, is any one of the possible
values of u,, d =1, - -, k.
Suppose now that two elements are being selected from a population
consisting of Uj, - - -, Uy. Denote by # and u, the results of the two

selection operations. Now, if we select at random with replacement
(see Ch. 2, Sec. 4c), it follows that

Pr(uy = U, uy = Uy) = Pr(uy = U,)) Pr(uy = U))
1
E

whereas if we select at random without replacement (see Ch. 2, Sec. 4a),
then

j=1,"++N

Pr(ul=U,-,u2=U,)=0 ifizj
1 o s
=-———N(N_ 0 ifi#j
so that in the latter case
Pr(u, = U, uy = U))  Pr(u, = U)) Pr(u, = U))

These results hold not only for two but also for n selections so that,
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whereas the random variables that are the results of the individual selec-
tions at random with replacement are independent, those that are the
results of the individual selections at random without replacement are
dependent.

In Feller (2), p. 87, and Cramér (1), p. 162, will be found simple
examples showing that even if the random variables u,, - - -, u, are
pairwise independent, i.e., u; and u, are independent for all i 5 j, it may
still be true that the random variables u,, * - , u, are dependent. How-
ever, from the definition of independent random variables, it is not
difficult to prove that if u,, * - -, u, are independent then any subset, say
Uy, * * v, Uy b <k, Of uy, - - -, uy, are independent. To see this for, say,
k = 3 we note that by Ch. 2, Sec. 6, Theorem 5 (p. 28) it follows that, if
uy, uy, and ug are independent, and if U,; and Uy,, are particular values of
u; and uy, and u, takes on possible values Uy, j = 1, 2, - * , my, then

My
Pr(u, = Ulfp Uz = Uaz, = ZP’(ul = Unl) Pr(u, = Uz:) Pr(u; = Usi,)
j

= Pr(u, = Ulz,) Pr(u; = Uaz,)
since

ms
Z Pr(uy = Uy) == 1
j

A generalization of the term random variable that will be helpful is the
term random event.

If, when an operation is performed, one of the K exhaustive and
mutually exclusive events (see Ch. 2, Sec. 6) 4}, - * -, A% must occur,
we call the result of that operation a random event, and denote it by a*.
We call 4%, + - -, A% the possible states of the random event.

If Pr(A¥) = P, we will write Pr(a* = A}¥) = P,, where, if a* is a
random event and A} is one of its possible states, the statement “a* = A}*”
is to be read “a* takes on the state A*.”

Thus the result of performing a selection operation to select one of N
elements A,, - - *, Ay of a population is a random event a* having possible
states 4,, * - *, Ay and

Pr(a* = A,)=P;

where P, is the probability that 4, is obtained when the selection operation
is performed.

Iustration 2.2. (@) One of 5 blocks C;, - - -, C; is to be 'selected.
The result of that selection we call a random event with 5 possible states;
these are “C, is selected,” - -+ +, “Cj is selected.”

(b) Two of the 5 blocks are selected by an epsem. Then the result is
a random event having 20 possible states each of probability ;.
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(¢) A sample is selected. Numerical information is obtained for the
sample and an estimate is calculated. Then, the result of the selection
is a random event, and, as previously mentioned, the estimate is a random
variable.

The definition of random event includes that of random variable if by
the states of the event we mean the taking on by the random variable of
its possible values.

Let us consider how a*, the random event, and u, the value of some
variable for the event, are related.

First, although a* need not be numerically valued, # must be, according
to the definitions we have given. The random event may be the selection
of a block or a house or a person or a set of them; but the random
variable must refer to something like the number of families on the block,
the income of all persons living in the house, or the age of the person.

Second, a random event may and often will determine the values of
several random variables. If we denote by U; the number of persons, by
V; the total income, and by W; the total expenditures of the ith family
A,, then the selection of the ith family implies that

u=U, v=V, and w= W,
so that
Pru=U,v="V,w= W)= Pr(@* = A;) =P,

Third, sometimes the elements of the population may be taken to be
numbers. If we wish to estimate the average size of family, then we may
say that the elements of the population are U, U,, - -, Uy, where U,
is the number of persons in the ith family. However, it should be kept
in mind that the probabilities of selection are unaffected by choosing
to represent an element by the values of certain variables for that
element.

Fourth, just as we are interested in the probability of a random event
which consists of several of the elements of &7, so we are concerned with
the probability that u takes on one of its possible numerical values. Let
A} be a subset of the possible values of u. Then, since the values of u
are determined by which of the 4, are selected, it is clear that

Pr(ucA¥) = Pr(a*eA*) .10

where ¢ is read “is an element of,” and A* consists of all elements of &/
such that if one of these elements is selected then u takes on one of the
values contained in A%..
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Let us note that if uy, - - -, u, are random variables, then functions such
as those given below will also be random variables. For example, if

a:ul+. . .+uk
k
and &
2(u;— 0
2 .t
ST T

then 4, cii (where c is a constant), s%, s, s/i are all random variables. To
see this, let us recall that to define a random variable we need only state
its possible values and their probabilities. To find the possible values of
a function of the k random variables u;, - + -, u, we must give to u, * * *, u;
all their possible values. The possible value of the function that occurs
when w, =U,, uy=U,,, -+, u,= U, then has probability
Pr(uy = Uy, * + *, up = U,,,). Usually, Eq. 2.1 is used to evaluate the
probabilities of the possible values of functions of random variables.

Illustration 2.3. Let », have the possible values 0, 1, let u, have the
possible values 1, 2, 3, and let Pr(u; = i, uy = j) = P;;,i = 0, 1,j = 1,2, 3.
Then, if we define u = u, -+ u, it follows that u has possible values
04+1,0420+3,1+4+1,1+2,and1 -+ 3,0rl,2,3,2, 3,4, or more
concisely 1, 2, 3, 4. Also Pr(u=1) = Py, Pr(u=2)== Py + Py,
Pr(u = 3) = Py + Pyy, and Pr(u = 4) = P;3. As an exercise, determine
the possible values and probabilities of wu,u,, and uy/u,.

b. Definition of mathematical expectation. Before discussing the
intuitive meaning of mathematical expectation let us define it and train
ourselves in its computation.

If u is a random variable with possible values U, - - -, Uy and prob-
abilities P, - - -, Py, then the mathematical expectation or expected
value of u is

N
Eu=P1U1+P2U2+' * .+P1VUN=ZPI:U1'

Thus, to calculate the expected value of u, we multiply each possible
value by its probability and add the products thus obtained.

Illustration 2.4. Suppose that u can take on the values 1 and O with
probabilities  and . Then

Eu=1} + 0} =1

Illustration 2.5. Suppose that u; and u, are independent, u, takes on
the values 0, 1 with probabilities } and £, , takes on the values 1, 2, and 3
with probabilities %, 4, and 4, and u = u; + u,. Then, as shown in
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lllustratic;n 2.1, u has possible values 1, 2, 3, and 4; and, using the
assumption of independence, we have

Priu=1)=1}}§ =44
Prlu=2)=14+3t=1
Priu=3)=}§+3t=14
Prlu=4=1}=}
Hence
Eu = 1(zf) + 2(}) + 3G + 4P = 2}

As exercises compute Euyu, and E(u,/u,) for this illustration by determining
possible values and probabilities, and using the definition of independence.

Tlustration 2.6. A population contains M elements, of which M, have
the value U, i =1, - -, K; My ++ +++ Mg =M. One element of
the population is selected by an epsem (Sec. 4, Ch. 2). Let us find the
mathematical expectation of the value associated with the selected element.
Since an epsem is used, the probability of selecting an element that has
value U, associated with it is M,/M. Hence, if u denotes the value
associated with the selected element, it follows that

K Mi
Eu 12 v U;

If the element of the population is selected by a method that gives prob-
ability P,; to the jth of the M, elements that have the value U,, then

Eu = szU:
where M,
P = EPn
i

since P, is the probability that u takes on the value U; (Ch. 2, Sec. 6,
Theorem 5, p. 28).

We now consider the intuitive meaning of expected value. Suppose
that an operauon is performed N times and that U, occurs N; times,
N, +++++ Nxg = N. Then, the average value of u in these N per-

formanccs is
NU+---+N KUK N, U, +
N =y ut

where N,/N is the relative frequency of the occurrence of U, in the N
performances. As the number, N, of performances increases, we expect

+_

a:
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the relative frequencies N,/N to come closer to the probabilities P; so that
a will come close to Eu as we have defined it. Since we will be selecting
samples by methods, such as the epsem, that assign known probabilities
to each of the possible values, it follows that we can calculate Eu and
thus learn to what value the average result of selecting samples by this
same method would be expected to tend. (This result is obtained in
Sec. 7.)

Let us prove two simple theorems about expected values.

Theorem 1. If the possible values of the random variable u are non-
negative, ie., if Uy >0, i=1, - -, N, the expected value of u is non-

negative.
Proof. Since Py, - - -, P, are non-negative, it follows that
N
Eu=3PU,
is a sum of non-negative terms, and hence
Eu>0
Theorem 2. If f(u) and g(u) are two functions of u, where the possible
values of u are U, - + -, Uy, such that
fy<glUy i=1--+N (2:2)
then
Ef () < Eg(w)

Proof. Since
N
Eg(w) — Eftw) = 2P.[g(U) — f(U))]

the theorem follows from Eq. 2.2 and the fact that probabilities are
non-negative.

c. Biased and unbiased estimates. Let u be an estimate and let U be
the quantity we wish to estimate by w. Then, since the value u takes on
is determined by the particular sample that is selected, it follows that u
is a random variable. If Eu = U, we call u an unbiased estimate of U.
Otherwise we call u a biased estimate of U, and refer to the difference,
Eu— U, as the bias.

Then, if u has possible values Uy, ¢ - -, Uy with l;robabilities P,

Py, it will follow that u is an unbiased estimate of > P,U;.

: .

It is not necessarily an advantage to use unbiased estimates, since it
has been found that often they are not as good as biased estimates in the
sense that the biased estimates may tend to come close to the quantities
that one wishes to estimate with higher probability than the unbiased



Sec. 3 THEOREMS ON MATHEMATICAL EXPECTATION 47

estimates. We delay any further discussion of biased and unbiased
estimates to Sec. 7 of this chapter.

Exercises

2.1. (a) A population consists of the 5 elements A;, A,, A;, 4,4, A5 having the
values 1, 1, 3, 5, 10, respectively (say A; represents the ith family and the associ-
ated values are sizes of fami'y, or the 4, are businesses and the associated values
are incomes). One of the elements is selected by an epsem and the associated
value is taken to be an estimate, ». What is the expected value of u?

(b) Select 100 samples of size 1 from this same population, using a table of
random numbers. Compare the average value of the first 10, first 25, first 50,
and all 100 samples with the expected value.

2.2. Repeat both parts of Ex. 2.1 when the element is selected so that the
probabilities of selecting A, A,, A3, Ay, and A4; are .2, 4, .1, .1, and .2, respec-
tively. Of what quantity is « an unbiased estimate?

2.3. Let u have possible values 1 and 0 with Pr(u = 1) = P, and Pr(u = 0)
= Q= 1—P. Calculate Eu, Eu? Eu®, and Ew’, where j > 0.

2.4, Let u have possible values 1, 2, 3, 4, 5 with probabilities , 45, 4, 3,
5. Calculate Eu. Of what quantity is  an unbiased estimate?

2.5. Let u have possible values — 1, 0, 1 with probabilities }, 4, }. Calculate
Eu.

2.6. In Ex. 2.4 calculate Ev® and Eu®.

2.7. In Ex. 2.5 calculate Eu® and Eu®. Of what quantities are u? and u®
unbiased estimates ?

3. Some theorems on mathematical expectation. The following
theorems are helpful in computing expected values, since they reduce the
calculation of the expected values of relatively complicated random
variables to the calculation of the expected values of simpler random
variables.

Theorem 3. If ¢ and d are constants and u is a random variable, then

Elcu+d)y=cEu+d

Note that this theorem implies that Ed = d.

Proof. 1If the possible values of u are Uy, - - -, Uy with probabilities
P, - - -, Py, then cu + d has possible values cU; +d, i=1,++ N
with probabilities Py, - - -, Py so that

N N N
E(cu + d)= ZP‘(CU‘ +d)=c3P,U; + dZP,

= cEu+d

Let u and » be random variables, « having possible values Uy, * - -, Uy,
v having possible values V3, * * +, ¥, and Prlu=U, v="V)) =Py,
i=1,+++ N, j=1,--- M. We consider the occurrence of both U,
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and ¥} to define an elementary event 4, with probability P, i =1, - -,
N,j=1,- - -, M, so that there are NM elementary events, some of which
may have probability zero. Let A* be the event u = U, Then A}
occurs if and only if 4,y or A, or - - - or A, occurs. Hence

Pr(u="U,) = Pr(A¥) =P,y ++ + + + P, = P, 3.0
M
where P,. is, by definition, > P,,. Similarly

Prv=V)=P, 3.2)
where

N
P.}::ZP“
1

Theorem 4. If u and v are random variables then
Eu + v) = Eu + Ev

Proof. From the definition of expected value, we have

NM
E(u + v) = Z ZPn(Ui + V)

r
ZZ UU —+ ZZP‘UVJ
i
N

2 - ZP'JVJ
]
== Eu 4- Ev, from Eq. 3.1 and 3.2 above.

Using Theorems 3 and 4, we proceed to prove two generalizations that
are very important.

Theorem 5. The expected value of a sum of random variables is the sum
of their expected values.

Proof. Let uy, + - +, u, be random variables and let u = Zu Then
we want to show that ¢

Eu = SEu,
i

We prove Theorem 5 by induction, i.c., we prove that if the theorem is
true when r = 1, then it is true when r = 2; and if it is true when r = 2,
then it is true when r = 3; and so on; so that the theorem is proved
for all positive integral values of r. The theorem is an identity if r = 1.
In Theorem 4 we have proved the theorem to be true for r=2. Now
suppose that the theorem is true for all j, j=1, - - -, r——l Let

v= 2 u;; then by the hypothesis of the induction we have E Z Eu
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Also, u = v + u, and, by Theorem 4, we have

Eu = Ev + Eu,
which completes the proof.
Theorem 6. The expected value of a linear combination of random
variables is the same linear combination of the expected values of these
random variables.

Proof. Let w;, * - -, u, be random variables and let ¢, * - -, ¢, be
constants. Let ,
u= Z";":
1

be the linear combination of &y, * « -, u,. Then we want to show that

Eu = }Ec,-Eu,.
By Theorem 5 '
Eﬁc,u, = ZfEc,u,
By Theorem 3 I '
Ecu; = c,Eu,

Combining these results, the proof is completed. It should be noted that
since uy, * - -, u, are any random variables they may be functions of
other random variables, i.e., if v, = fy(v,, - - +, v,), where vy, - + -, v,,

T
are random variables, and if f(v,, - - -, v,) = D¢ fi(vy, * ¢ -, v,), then
i

Ef(vly Y vm) = ZC,Eﬁ(vl, DY vm)v
3
Ilustration 3.1. (a) Let u), u,, and u, be random variables with
3
Eu; = i,and Eu} = 2i%,i = 1,2,3. Letu= Yiu. Then, by Theorem 6,
B

3 3
Eu = YiEu, = 3i* = 14

Also, if v = — u} + 2ul, then Ev = — Eu} + 2Eu} = 14.
(b) Let Elog uy, = by and E10* = b,, and let 4 = 3 log u, + (1.7)10%.
Then Eu = 3b; - 1.7b,.

From'the consideration of Theorem 6 and Illustration 3.1 it will be
clear that, when we wish to calculate the expected value of a linear
combination u of the random variables u,, * - -, u,, we first use Theorem 6
to reduce the problem to one of computing the expected values of the
component random variables u;, + * -, u,. For the computation of these
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latter expected values, it will often be necessary to return to the definition
of expected value.
Illustration 3.2. Let u; have the possible values Uy, + - -, Uy, with

Ny
probabilities Py, * * *, Piy, Py =0, SPy=1,i=1, - - r, and let
i
u=cuy +- -+ cu,
Then, by Theorem 6,
Eu = ¢;Eu; + - - - + ¢,Eu, 3.3)
and by the definition of expected value
N,
Eu =3P, U, i=1-+:-r 3.4
j

Computing the values of Eu, from Eq. 3.4, we substitute them in Eq. 3.3
to obtain Eu.

Further illustrations of the uses of Theorems 3-6 will be found in
Sec. 1, 2, and 4 of Ch. 4.

Exercises

3.1. Let u = 4uy + u,, where Euy = 1 and Eu, = — 7. Calculate Eu.

3.2. Let i be the arithmetic mean of uy, u,, « -+ +, uy, where u; has 2 possible
values, 1 and 0, with Pr(u, = 1) = P;and Pr(u, =0) = 1-— P, i=1,- - -, N.
Calculate Ed. What does Ei become if Py=--+=Py=P? If u is
‘equal to u; + up +* + - + u,, compute Eu. Of what quantity is » an unbiased

estimate ?

3.3. Let u = u} + -+ * + uy, where u; has 2 possible values 1 and 0 with
Pr(u; = 1) = P, and Pr(u; =0) = 1— P;. Calculate Eu. What does Eu
become if Py = - - + = Py = P? Of what quantity is 4 an unbiased estimate?

3.4. Letu = S5uy + 3up, where u; has possible values 1, 2, 3 which are equally
probable and u, has possible values — 1, 0, 1 which have probabilities 3, %, 3.
Compute Eu.

3.5. Let @ be the arithmetic mean of u;, * - -, u,, where u, has possible values
Uy, - - -, Uy for all i and these possible values are equally probable. Compute
Ea. If uis the total of uy, -+ - -, u,, compute Eu. Of what quantity is u an
unbiased estimate?

3.6. Show that, if 7 is the arithmetic mean of «;, - - -, u, and  is their sum,
then it always follows that Eu = nEa.

4. Variance, covariance, mean square error, rel-variance, coefficient of
variation. The variance, 6%, of the random variable u is defined by the
equation .
0% = E(u— Eu)® “4.1)

Thus, if u is a random variable with possible values U, - - -, Uy and
N

probabilities Py, - + +, Py, then o2 = SP(U, — Eu).
i
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It is easy to see that o2 >0, and that o2 = 0 only if U; = Eu for all i
except, perhaps, those having probability 0.
The covariance o, of the two random variables « and v is defined by
the equation
0., = E(u — Eu)(v — Ev) 4.2)

Thus, if u is a random variable with possible values Uy, + + -, Uy and v is
a random variable with possible values V3, - « -, V,,, and if

P;=Pr(u=U,v=1"V)
then

A

Oup =

-Mx=

gp,.,(U,. — Eu)(V; — Ev)
j

Hence

Ouy = Oy

The variance and covariance of random variables are very important
in sampling theory, since measures of efficiency are largely based on them.
Also important in the interpretation of estimates are the standard
deviation, o, which is the positive square root of the variance, the mean
square error, which is defined to be E(u — U)?, where u is the estimate and
U is the characteristic that is being estimated, and the rel-variance, which

is defined to be
2

Uu
G @3)

The positive square root of the rel-variance is called the coefficient of
variation. The relation between the variance and the root mean square
will be found in Theorem 7 below. Inasmuch as the standard deviation,
the mean square error, the rel-variance, and the coefficient of variation
all depend so closely on the variance, we shall not discuss them in detail
in this chapter. However, they are often used in later chapters.

Theorem 7. If ¢ and d are any constants and if U = Eu, V = Ev, then

E@u— ¢)? == ¢t + (U— ¢)? (4.4)

i.e., the mean square error is the sum of the variance and the square of the
bias. Hence, the minimum value of E(u— c)® occurs when ¢ = U.
Moreover,

Eu—ov—d) =0, +U—)(V—d) 4.5)
where o, is given by Eq. 4.2,
Proof. Sinceu—c=u— U+ U—c,
U—cP=w—-UlP+2u—U)U—c)+ (U—cp (4.6)
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Equation 4.4 follows from Theorem 6 and the fact that
EXu—U)YU—¢)=2U—c)Eu—U)=

The fact that the minimum value of E(u — c)* occurs when ¢ = U then
follows from the fact that (U — ¢)? in Eq. 4.6 is greater than 0 whenever
U # c. The proof that Eq. 4.5 holds follows the same reasoning as the
proof that Eq. 4.4 holds. Note that Eq. 4.5 is Eq. 4.4 when u = v and
c=d.

Corollary. If u is a random variable, then

0% = Eu® — (Eu)? 4.6)
Eu? > (Eu)? 4.7
(B > E|u| 4.8)

where |u| stands for the absolute value of 4, ie., |u| = u if 4 >0 and
lu = —uifu<0.

Proof. Equation 4.6 follows from Eq. 4.4 in Theorem 7, with ¢ = 0.
To prove that Eu® > (Eu)* we first note that from Theorem 1

= E(u— U)* > 0. The proof thus follows from Eq. 4.6.

Finally, (Eu?)' > E|u| is obtained from the following:

o}, = E|u|*— (E|u|)? from Eq. 4.6
E|u|?* > (E|u|)* from Inequality 4.7 above
and since |u|® = u?, we have
Ew? > (E|u|)?
and
(B> Elu

Ilustration 4.1. (a) Let u have possible values Uy, - * +, Uy all of which
are equally probable. Then
1 ¥
—S(U,— Uy
— 32— D)
We have already seen that Eu = U. Also, Prlu=U) = Pr{(u—— Eu)?
= (U;— Eu?}. Hence
¥
E(u— Eup = 3~ (U,— Oy
T N
We could also obtain this result by using Theorem 7 with ¢ = 0. From
Theorem 7 with ¢ = 0 we have

= B —U?
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Since Pr(# = U}) = Pr(u = U,) we have
B =150
NGT?
so that

=z|-

¥
ol= ZU?— U
1

Since

N N
(U, — Up = 3U%— NU?

we have the desired result.
(b) Suppose that u has possible values Uy, - - +, Uy, v has possible
values V3, - - -, Vy, and that

Prlu=U,v=V)=0 ifi#j
Pru=U,v=V)=P, i=1-4N
Then, since
N
Prlu=U)=3Pru=U,v=1V)
j

it follows that
Priu=U)=P;
and similarly
Prv=V)=P, i=1-++N

Hence,
N
Eu = ZP,'U.'
i
N
ok = ZP,(U‘ — Eu)?
1
N
Ev =3P}V,
i
N
o2 = SP(V,— Ev)’
1
and

N
Oup = de(Ui - Eu)(Vl - EU)
[

Exercises

4.1, If u has possible values 1 and 0 with probabilities P and Q, then show
that o = PQ.
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4.2. If u has possible values Uy, - - +, Uy and v has possible values V3, - * -,
Va if Pr(u = U, v = V) = 0if i ;k Jr and if the possible values of u are equally
probable, then show that

lNl' 0 _
Guv“NlZ(’z"' )(Vz—V)

4.3. If « has possible values U, - - -, U, where
o,-L1%0, M
’_‘Ni; if i=1-"
and if
N,
Priu=U) = N =1, M
where
then show that
M N
s _ S i T
Ou ;N(U Uy
where
v-133y,
22 U

Theorem 8. If u and v are independent, then Euv = EuEv. Also, if
uy, * * *, u are independent, then Ewu, - + - w, = Eu,Eu, - * * Eu,.

Proof. By definition
N M

Euv = 3 >P,UV;
i
If u and v are independent, then

Pij == P".P,j
where
Py =Pru=1U;), P;="Pr(v="V)

Substituting, we see that
N M
Euv = P, U;SP,V;
i i

= EuEv

To evaluate Eu, * - - u, we note that, if u, - - , u, are independent, then
the product u, * + + u,_, is independent of u,. Hence, by the first part
of the theorem we have Eu, - + - u, = E(u; - - - u,_;) * Eu,. Continuing
this procedure, we finally prove the theorem in k — 1 steps.

Theorem 9. If u and v are independent, then o, = 0.

Proof. From Theorem 7 with ¢ = d = 0, we have ¢, = Euv — EuEv.
Then the theorem follows from Theorem 8.
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It is possible to have ¢,, = 0 without « and v being independent. For
example, let the possible values of u be +- 1, 4 2, each having probability
4, and let ¥ = «®. Then

Prlu=+lLv=1)=Pu=—1Lv=1)=1}
Prlu=+2,v=4)=Prlu=—2,v=4)=1}

and
Pru=1,v=4=0
whereas
Pru=1)=14 and Pr(v=4)=1}
and hence

Pru=1,v=4)#=Prlu=1)Pr(v = 4)

Thus, u and v are dependent. Yet Eu = 0 and Euv = 0 so that o, = 0.
If ¢,, = 0, we shall say that « and v have zero covariance.

Let us define the correlation coefficient p,, by the equation
Puy = 04,/0,0,. Then, if o, = 0, we have p,, = 0, and say that v and v
are uncorrelated.

Theorem 10. The correlation coefficient p,, is such that — 1 < p,, < 1
and p,, = 4 1 if and only if u = c +- dv, where ¢ and d are constants,
except for values of u and v having zero probability.

Proof. Since
E(u— Eu v— Ev)2 =0
Gu Uv

it follows that, if we expand the square, then, from Theorem 6 and the
definition of variance and covariance, we have

1—2p,,+1>0 4.9
1— Puv = 0
ie.,
1> pyy
Similarly, since
E(u—Eu v — Ev)2 =0
g, g,
it follows that
1+ p,, >0

so that — 1 << p,,.
If p,, = 1, then the left member of the Inequality 4.9 is zero, and since

E(u—Eu__v—Ev)2 —0
g, o,
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only if the quantity in parentheses is zero, excluding possible values that
have zero probability, we have

u—Eu_v—Ev

Oy Oy

or

g
u=FEu——*Ev+ Tuy
v a”
Hence, the third part of Theorem 10 is proved, if p,, =1, with
¢= Eu— (o,/0,)Ev and d = o0,/0,. A similar result is obtained if
Pur =— 1.
Remark. Theorem 10 is a special case of the more general theorem

Euv < (Eu*Ev®)'!: for any random variables u and v having finite second
moments.

Just as the theorem on the expected value of a linear combination of
random variables plays a fundamental part in sampling, so does the
theorem on the variance of a linear combination of random variables.

k
Theorem 11. If u = Zc,.u,., where uy, * - *, u are random variables and
1
¢y, * * *, Cy are constants, then
Ek
2 __
Ou = Z Zcicio'um,
i g

where ¢, is the covariance of u; and u;.
k
Proof. Since u— Eu = c/(u;— Eu,), it follows upon squaring both

t
sides of the equation (see Illustration 2.2 of Ch. 2) that

E k
E(u— Euf* = E 2 2 cic(u;— Eu)u;— Eu))
i

M=

k
>eic;E(u;— Eu)(u; — Euy)
i

-

by Theorem 6. Then, the theorem follows from the definition of the
covariance.

The following four corollaries are obvious conclusions from Theorem
11. Their proofs are left as exercises.

Corollary 1. If the u; are uncorrelated, then

k
2 2 .2
0y = Zciaui
1
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Corollary 2. If the u; are uncorrelated and have equal variances, o2,
then k
o} = o?det

B

Corollary 3. If the u; are uncorrelated and have equal variances, o%, and

e .
‘= k
then o2
0’2.='—-
Yk
Also, if u = u; + + * * + u,, then
6% = ko®

Corollary 4. The variance of a constant times a random variable is
the constant squared times the variance of the random variable, i.e.,

2 __ 2.2
6%, = c%?

Illustration 4.2. In stratified sampling the population is first divided
into L classes or, as they are usually called, strata, such that each element
of the population is in one and only one stratum. Then, samples are
independently selected from each stratum. If u = cjuy + -+ - + cpuy,
where u; is based on the sample from the ith stratum, then by Theorem 6
and Corollary 1 to Theorem 9, we have

L
Eu = J¢.Eu;

and :

L
o = Zc,?a?

1
where o is the variance of ;. Hence, the knowledge of the expected
value and variance of each of the u, permits us to evaluate the expected
value and variance of u when stratified sampling is used. The following
theorem is sometimes useful.

k m
Theorem 12. If u = Dcu; and v = > d,v;, then
i i
kEm
Ouy = 2 zcidiau.v,

Proof The proof almost repeats that of Theorem 11. It is obtained
by using Theorem 6 and the fact that, by Tllustration 2.2 of Ch. 2, we have

(u— Ew)(v— Ev) = 2 Zc,.d,(u‘ — Eu,)(v,— Ev,))
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Corollary. If 4, and v,, i # j, are uncorrelated, and k = m, then

m
qu = Zcidiau,v;
i
and if ¢; = d, = 1/m, then

l m
- m lz Uy
The proof is omitted.
Mustration 4.3. (@) If 6%, =% i= 1, -, n, and 0,,, =c, i #}j,

ij=1,-"+ ", n, then

n

n

where i = Yu,/n. To see this, we turn to Theorem 11. To reduce that
i

theorem to this special case, we first put k = n, ¢; = 1/n, thus obtaining

1

2
0y = Uuu,

Mz
\;M:

%l

We have already noted that o,,,, = 0%. Also, it is easy to verify that the
double summation above contains n? terms of which exactly n are of the
form o,,, so that the remaining #*— n = n(n— 1) terms are of the
form o, ,, i #j. Hence

Ul,?

where the first summation has n terms and the second summation has
n(n— 1) terms. Therefore

2 __
0% =

2 c=—

n2 +n(n—21) a? n——lc
n n n n

(b) Let u, have two possible values, 1 and 0, and let Pr(u; = 1) = P,,
Priu;=0)=Q,=1—P,i=1,--n Letu= ic,.u,-. Then, if the
u, are uncorrelated, it follows from Corollary 1 to Théorem 11 that

= Sdad,
In this special case '
= E(u;— Eu* = (1 — PP, + (0— P)*Q, = QiP; + P}Q;
= P,Q(P; + Q) = P,Q,
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Hence
n
03 = ZC?P . 0;
Further illustrations of the uses of Theorems 7-12 will be found in

Chapters 4 and S.

Exercises
4.4. Consider

_ u]+“g+"'+“1|.l
=

. M
where uy, uy, * * *, u,y are random variables. Show that
, 1 ¥
Oy = ]Ti tZo'u,u,
Now assume that u, takes on the values U,y, U,,, * * *, U,y with equal proba-
bility. Show that Ei = U, where
0 1 M N
=N 5 U

Assume, also, that
Priu, = Up, uj= Upp) =0  a#f =1,2,-- N

Then
N - -
Z(Uia - U;)(Uja - U;)
Ouuy = 2 N
where
N N
Z Uia _ 2 Ujx
U, = N and U; = N

Evaluate o3.
4.5, Let u = 3u; + 5u,, where o}, = 2, o}, = .25, and 6,4, = .6. Evaluate
ay.
4.6. Show that
— 0,0, < Oy < 0,0,

for all random variables u and v having finite variances.
4.7. Show that
0 < E|wv| < (Eu®)'h(Ev?)'):

for all random variables.

45. Conditional expectation. The following definitions and theorems
re important in evaluating expected values associated with multi-stage
sampling.

Let P(B*) be the conditional probability that the random variable u
takes on the value U, subject to the occurrence of the event B*, i.e.

P(B*) =Pru=U|B* i=1,-++N
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Then, by definition, the conditional expectation of the random variable u,
given B*, is N
E(u|B*) = ZP,(B*)U,.

In other words, to calculate the conditional expectation we apply the
same procedure as that for the expected value except that we use con-
ditional probabilities.

Illustration 5.1. 'Let # and v be two random variables with
Pru=U, v=V)=P,, i=1+++ N, j=1,+-:, M. Compute
E@ulv = V)). Since v = V; if any of the elementary events u = U,
v=V,i=1,- -, N,should occur, it follows from the definition of the

probability of an event that Pr(v = V;) = ZP,, = P,. Also, by the
definition of conditional probability,
Priu=U,v=1V)

Pr(v = V)

Pru=Ulv="V)=
i i==1,-+ N

Hence, defining B* to be the event v = ¥, we have
S

E@uv="V)= U,

[ P ]

Illustration 5.2. (a) Let # be a random variable with possible values
Uy, -+ -, Uy. Then E(uju = U,) = U,.
Proof. Since

Priu=U,u=Uy) = Priu=U,) ifi=1
it follows that
Pru=Ujlu=U) =1 ifi==1

=0 otherwise

When we substitute in the definition of conditional expectation, the result
follows.

(b) Let u and v be random variables with possible values U, - * -,
Uy, Vy, * * +, V. Then Eo|u = U) = U E@|lu=U)). Ifi=1,

Pru=U,v=1")
Pr(u= U,

Prlu=U,v=V]ju=U)=

= Pr(v = Vjju= Uy
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Ifi+#1,

Prlu=U,v=V,u=U)=0
and hence

Pru=Uyv="V]u=U) =0

Hence, by the definition of conditional expectation, we have
M
Elu = Up) = SULY, Pr(v = Vi]u = Uy)
j

= VE(v]u = Uy)

It is clear that a theorem comparable to Theorem 6 can be stated in
terms of conditional expectations as

Theorem 13/ The conditional expected value of a linear combination of
random variables is the same linear combination of the conditional expected
values of these random variables, the same condition being used throughout,/
In symbols, if uy, + - -, u, are random variables, andu = cyuy + - + * + c,u,,
then ’
E(u|B*) = Jc,E(u,|B¥)

K3

The proof directly parallels that given for Theorem 6. It is left as an
exercise.

Exercise 5.1. Prove theorems comparable to Theorems 3, 4, and 5 stated in
terms of conditional expectations.

Sometimes, the event B* is one of the states of a random event b*.
For example, in Illustration 5.1 the event v = V; is one of the states of
the random event “v takes on one of its possible values.” In such a case
E(v|B*) is one of the values of a random variable. If the random event
b* has possible states BY, - - -, B}, with probabilities Py, - -, Py, we
define E(u|b*) to be the random variable which has possible values
E|B}),j=1,- - *, M, with probabilities Py, * * *, Py. Then, we have
the basic computing theorem:

Theorem 14. { The expected value of a random variable is equal to the
expected value of the conditional expectation of that random variable, the
condition being a random event,) In symbols, if u is a random variable and
b* is a random event, then

M
Eu = E[E(u|b*)] = .P,E(u| B})
. j
where P; = Pr(b* = B}).
Proof. By the definition of conditional expectation

E(|BY) = SUP(B))
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and by the definition of conditional probability
Pr(u= U, b* = BY)
P i

P, i(B;) =

so that M M
SPE@|BY) =3
J

i

N

i U, Pr(u = U, b* = BY)
N (M

= ’ZUi {]2 Pr(u = U, b* = B}*)}

But the event u == U; will occur if and only if one of the elementary
events u = U, b* = Bf, j =1, + -, M should occur. Hence by Ch. 2,
Sec. 6, Theorem 5 (p. 28), we have

M
Pr(u= U) = 3 Pr(u= U, b* = B})
j

so that M N
?:,P,.E(u[B;") = }i:U,- Pr(u = U,)) = Eu

Corollary 1. Let 4 and v be random variables, and let E(u|v) denote
the random variable having possible values E(u|v = V;) with probabilities
Prv=V)),j=1,-+ -, M, where V;, « -, ¥V are the possible values of
v. Then

Eu = E{E(u|v)}
The proof consists in using Theorem 14, the possible state B} being
v="V,j=1,"- M
Corollary 2. With the same conditions as those given in Corollary 1,
Euv = E{vE(u|v)}
Proof. Since, as is shown in detail in Illustration 5.2(b),

Ewlv=V)=V,Eulv="V) j=1-+M
we have
E(uv|v) = vE(u|v)
Then, by Theorem 14
Euv = E{E(uv|v)} = E{vE(u|v)}

Ilustration 5.3. Suppose that a population consists of 3 blocks on
which 5, 6, and 9 families live. A block is selected with probability
proportionate to size, and from the selected block 1 family is selected by
an epsem. Let u be the number of persons in the selected family. Com-
pute Eu. Let b* be the random event having 3 states BY, By, and Bj,
where, if B¥ occurs, the ith block is selected. Then

Pr(b* = BY) = 7y, Pr(b* =B}) =5, and Pr(b* = BY) = &
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since the block is being selected with probability proportionate to size.
Now,
_u

BGIBY) = YUy 7 = 3t

where U,; is the number of persons in the jth family of the ith block,
M, is the number of families in the ith block, and U, is the number of

persons in the ith block. Therefore, by Theorem 14, we have

3
Eu = 3 Pr(b* = B})E(u|BY)
i

3
_ymu 3%
M M, M

-

where
M,
i Pr(b* = BY)

and Eu is the average number of persons per family.
Further illustrations of the uses of Theorems 13 and 14 may be found
in Chapters 4, 6, 7, and 9.
Exercises

5.2. Let v have possible values 0, 1, 2 with probabilities §, 4, 4, and let
E(ulv = i) = ¢;, where ¢, = 3, ¢; = — 1, and ¢, = 7. Then evaluate Eu.

5.3. Let u have possible values U;, - - -, Uy, and v have possible values
Vive = Vaypand let Py=Pru=U,v=V). fU,=ii=1+-- N,
and V;=j,j=1,- - -, M, evaluate:

E@ly < 3), Ewolu+v<4), E@—vu=

6. Conditional variance and covariance. Just as conditional expectation
is useful in multi-stage and other sampling problems, so are the conditional
variance and covariance.

Let u be a random variable and let B* be an event. Then the con-
ditional variance of u, given B*, oﬁ, % is defined by the equation

0% ps = El{u— E(u|B*)}*| B*] 6.1)

Thus to compute the conditional variance we first compute the conditional
expectation and then compute the conditional expected value of the
square of the deviation between the random variable and its conditional
expectation.

The conditional covariance of # and v, given B*, is similarly defined:

e = El{u— E(u| BY){v — E(v|B*)}|B*] (6.2)
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Hlustration 6.1. (a) Let u and v be random variables with possible
values, Uy, * -+, Uyand V3, - - -, Vyy, and let P; = Pr(u = U, v = V).
Then, if Pr(v = V) > 0, it follows that

Pru= Ulv=V) = P”

'J
where
P., == ZPH
1
and

E(ulv = ;)—ZU, P,

Also, using Eq. 6.1 with B* being the event v = V,, we have
N u
Guo-v» =2 Wi E(ulv = V)P
(b) If B* is the event v = V] or V2 or- - +orV, (m<< M), then
m
Pr(u = U,|B*) = 3P,
i

and

Nm
Pr(B*) = Z 2Py
i J
so that
m
2Py
Pr(u= U|B*) = +—
2 2Py
L)
Then N
E(u|B*) = .U, Pr(u = U,|B*)
i
and
m
I Z
Ohipe = 2 v LU; — E(u|B*)]?
‘l %?

(c) Let B* be defined as in Illustration 6.1(b) above. Then

i:I,' . .,N
PI'(“—U",'U—IG,‘B*)—'P {j=1,.--’m

_o [i=L::nN
- j=m+1,--- M
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so that
P, i=1--+N
Pr(B*) ]= ]’. cum

=0 otherwise

Pr(u=U,v=V,|B*) =

and

Pr(v = VIB*)—Zi j=1,+m

! Pr(B*) D
== otherwise
Hence m
E(v|B*) = zV, Pr(v = V,|B*)

and

e = 3 5 e Wi EG|BYIV; — E{ %)

If b* is a random event having states BY, + - -, B}, with probabilities
Py, - -, Py, then by 02;» we mean the random variable having possible
values o2 5, - -, 0% BY, with probabilities Py, - * PM Similarly oy«
is a random vanable havmg possible values o, p#, * * *, Oy 5% With prob-
abilities Py, * - -, Py, Then, from the definition of expected value, it
follows that

Eo}jp = ZPJ'”ﬁlB,*
J

M
Eouvlb* = ZPiqule
J

Nlustration 6.2. In Illustration 6.1(a) let b* be the random event
having possible states B}, « - -, B}, where BY is the event v = ¥, and let

Prp*=Bf)=Prv=V) = ZP“ =P,

Then o2, is the random variable having possible values o}z = 0%y, y,
and

Pr(c%y. = 3|B,*)=P-J j=L M
Also M
Eoly = ?:P-f"ﬁmf

where o7 gx was evaluated in Illustration 6.1(a).
Theorem 15. If u and v are random variables, and b* is a random event,
then

0'3 = EO'ﬁW, + o%’(ulb*) (6.3)
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and
Gy = EGypr + Opumpoim (6.4

Proof. Since Eq. 6.3 is a special case of Eq. 6.4, we shall prove only
Eq. 6.4. Since u— Eu=u— E(u/b*) + E(u|b*)— Eu and v— Ev
= v— E(v|b*) + E(v|b*) — Ev, we have

0y = Elu— E(u|b*)][v — E(v|6*)] + E[u— E(u|b*)][E(v|6*) — Ev]
+ E[E(u|6*) — Eu][v— E(v|6*)] + ETE(u|b*) — Eul[E(v|b*) — Ev]
By Theorem 14 we have
E[E(u|b*)] = Eu

E[uE(v]|b*)] = E[E(u|b*)E(v|b*)]
so that

Elu— E(u|b*)I[E(v]b*) — Ev]
= E[uE(v|b*) — uEv — E(u|b*)E(v|b*) + E(u|6*)Ev]

=0
Similarly
E[E(u|b*) — Eullv — E(|b*)] = 0
Now
Elu— E(u|b*)][v — E(®|6*)] = E0 s
Finally

E[E(u|b*) — Eu][E(v|6*) — Ev] = uupmrim
by the definition of covariance. Hence

a,, = Eauvlb* + O E(ulb%)E(o|b%)
as was to be proved.

Exercises

6.1. Suppose that a random variable u, has possible values Uy, Uy, . . ., Uy,
with equal probability, and that if u; assumes the value U,, then the random
variable u, takes on the possible values U;, U, « - +, Uy, except U, with equal

probability. Show that of, = 0%, where 0* = X (U, — U)*/N.

Hint:
03 = Eoj,ju, + 0kuluy
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N
SU— U
] NU-U;
El =U) = ¥ = 2
el = U = 45— N—1

0-2
oﬁ(“l'“\) Oy 1 (N_ 1)2
where
, NU—u
TN
and, similarly,
N(N—2)
Ea?;,lul = (N— 1)2 2

6.2. Give the details of the proof that
a?‘llul =0
Oyl = 0

For some illustrations of the application of the above theorems in the
evaluation of expected values and variances of estimates for some standard
survey designs, see Sec. 2, Ch. 4; Sec. 1, Ch. 5; and Sec. 1, Ch. 6.

Often, as in sampling designs involving three or more stages, we need
to consider the following extension of Theorem 15.

Let b%, b}, - - -, b% be random events, and denote by

E(ulj")

the expected value of u, given the results of the first j random events,
j=1,--+K

Define

z=Euj)  j=1,"- K (6.5)
so that
z2x = Eu|K) = u
By

2 ...
-y J=1 K

is meant the variance of z; holding only the first j— 1 random events
fixed, so that
ot = Oy = 0%,
Finalily, by
Eo3j-1y:

is meant the expected value of o2;_,,, over all possible states of the first
j— 1 random events. Then we have the following theorem:
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Theorem 16. If u is a random variable, then
2
0y = Eo} -1y + E0}__k-ont+* * * + Eofyy + 0,

where 2, is defined by Eq. 6.5.

The proof is an immediate extension of Theorem 135.

Corollary. In applying Theorem 16 to a K-stage sampling design, u is
the sample estimate and the jth random event is “selection of jth-stage
sampling units,” j =1, 2, - + -, K. Thus, 2, is the conditional expected
value of u, holding the results of the first j stages of sampling fixed;
02 ;-1 is the conditional variance of z;, holding the results of the first
Jj— 1 stages fixed; and EoZ,; ;) is the expected value of this conditional
variance over all possible results of the first j— 1 stages of sampling,
j=1,2,+ - K. Note that zx = u, since the conditional expectation
of u for all K stages fixed is u itself.

The quantity

Eo?;-yy forj=1,2,- - K

is referred to as the contribution to the variance of the jth stage of
sampling.
In multi-stage sampling we use the following notation:

2= EQ@|[l,2,- - -j]) j=12---K

oot = Ok, 2, - i 2, - -1 J =12 K

Thus, for a three-stage design we write

2 2 2 2
0, = Eoyn, 9y + Eogn, 2piny + Okiny

A result similar to Theorem 16 can be obtained for o,,, using the
following notation.

The quantities E(v|j!), w; = E(®| j1), 62, 1i_1y1» O2pa,i-1)1s ETo1(5-1y1» and
Eo,,5-1): are defined as were similar expressions in u and the 2’s; for
example, 0,,,;_1) is the covariance of z, and w;, holding the first j — 1
random events fixed.

Theorem 17. If u and v are random variables, then

Ouo = B0, k-1t + B0y k-2t 7 F EOpi1 + O,

The proof is omitted.
Corollary. A result similar to the corollary to Theorem-16 can be
obtained for o,, by applying Theorem 17 to a K-stage sampling design.
In the application of the theorems above, if one wishes to determine the
contributions from all stages of sampling it may sometimes be convenient
to apply Theorem 15 in successive applications. When one wants to
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determine the contribution to the variance or covariance from a particular
stage of sampling, then the corollary to Theorem 16 or 17 is appropriate.
These corollaries were used in developing the variance for a three-stage
sampling design in Sec. 4 of Ch. 7. The derivation of the variance for a
multi-stage sampling design by a successive application of Theorem 15 is
given in Chapter 9. The latter use makes it possible to indicate, for
example, the contribution to the variance from the first stage of sampling
and the combined contribution from all subsequent stages.

7. The Tchebycheff inequality. Convergence in probability, Consistency.
In the preceding sections, we have developed the tools by which we
compute expected values and variances of survey designs. In order to
utilize these quantities, however, it must be possible to evaluate at least
approximately the probabilities of specified differences between the
estimates and the quantities we wish to estimate. It is to questions
arising from this need that we turn in the present section.

a. The Tchebycheff and Markov inequalities. One of the more remark-
able theorems of the theory of probability is that due to Tchebycheff by
which bounds are derived for the probabilities of the difference between
any random variable and a preassigned value, the latter usually being
taken to be the expected value of the random variable. The Markov
inequality is a generalization of the Tchebycheff inequality.

Theorem 18 (the Tchebycheff inequality). Let u be a random variable
and let ¢ be a constant. Then, for any e > 0,

o + (Eu— c)?
)
0% + (Eu— c)?

g2

Prju—c| > ¢) <

.1
Prlu—cl<e)=1-—

so that if ¢ == Eu the inequalities become
2
[
Pr(ju— Eu| > &) < 8—;

o2
Prlu— Eu| <e)>1——
€

Proof. Suppose that u has possible values Uy, - - +, Uy with prob-
abilities P}, - - -, Py. Suppose that of the N differences U, — ¢, U, — ¢,
<+, Uy— ¢, exactly m of them, say U, —c, * * , U, — c, have their
absolute values > ¢, while the other N — m have absolute values < e.
Then

Prlu—c|>e =P +---+P,
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By definition
N
B(u— of = XP(U,~ of

= 2P(U;— o)
m
> P
since, if |U; — c| > ¢, then (U, — c)* > 2. Hence
e m
E(u— c) > Sp,
&2 i

Now, by Theorem 7 of Sec. 4 (p. 51) of this chapter,
Eu— ¢ = 0> + (Eu—c)?

which completes the proof of the first part of the theorem. The second
part follows from the fact that

Prlu—c|>¢e) 4+ Pr(lu—c| < e) =1

The importance of the Tchebycheff inequality arises from its generality
and its usefulness in proving limiting results. The bound set by the
inequality is valid for any random variable. However, if something more
than the theorem requires is known about the random variable, then
closer bounds can usually be set.

Some general conclusions may be given at once.

Corollary 1 (the Markov inequality). Let u be a random variable.
Then, for any € > 0,

Pr(lu— Eu| > ¢) < Elli—:—kgul—k
and
Pr(lu— Eu| < &) > l—ﬂ-u-—:k—@,—k
ifk>1.

Proof. Since, by the definition of expected value,
N
E|lu— Eu|* = YP,|U; — Eul*
i

the steps in proving Corollary 1 follow exactly those of Theorem 18 and
are left as an exercise.
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Corollary 2. Let u,- - -, u, be uncorrelated and have the same
expected value U and same variance . Then, for any ¢ > 0,

limPr(ja—U| > ¢) =0

Proof. From Corollary 3 to Theorem 11, we have

2
¢
o2 = —

n

Using the Tchebycheff inequality and letting #n — oo, the result is
immediate.

We can easily generalize Corollary 2 to the case where the random
variables u,, - « -, u, are correlated.

Corollary 3. Let Eu, = U, and o,,,, = 0y, i,j =1, - *,n,and let U
be the arithmetic mean of U, U,, - + +, U,. Then, for any ¢ > 0, we have

n
Z_Utf
Pr(lu—U| > ) < 3;’2?
and hence if
n
Z"u
lim%i— =0
n—oso N

it follows that _
lim Pr(la—U| > ¢ =0
n—wo

Exercises

7.1. Let u have possible values 1, 2, 3, 4, S, each being equally probable.
If ¢ = .1, 1, and 1.5, compare the probabilities of the inequality |4 — Eu| > &
obtained from the Tchebycheff inequality with the true probabilities.

7.2. By setting ¢ = 3¢ in Eq. 7.1, show that no more than one-ninth of the
possible results will differ from the average of all results by more than three
times the standard deviation, no matter what the population.

Remark 1. With the aid of the Tchebycheff inequality it is possible to
show in what sense the relative frequencies of occurrence of the possible
values of a random variable tend to the probabilities of those possible values.

Let uy, - - *, u, be n independent random variables each having possible
values Uy, - - -, Uy and probabilities Py, - - -, Py. Then, we say that
uy, * * *, u, are n independent random variables having the same distribu-

tions, i.., same possible values and probabilities. Let v,; be a random
variable having two possible values 1 and 0. Let v; = 1 if and only if
u; = U;and let v;; = 0 otherwise. Then, v, . . ., ¥;, are independent and

Prvy=1)=Pry=Up=P;  [i=1-""N
Prv; =0)=Pr(u; # U)=1—P, \j=1,"""n
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Also, if
n
Z Vij
Vi = -
n

then the possible values of ¥,, are the relative frequencies with which U;
may occur in performing the » operations. Since

EU,-,'=1P¢+O(1_P,')—’=P£

it follows from Theorem 6 that Ev;, = P;. Since oy, = P(1 — P,) for all

J» and since vy, * * *, v;, are independent, it follows from Corollary 3 to
Theorem 11 that

2 P z‘(l —P i)

vm n

Then, from Theorem 18, we have
~ P(1—P)
Pr(|B,, — P;| > &) < —L;;z—‘-

so that
lim Pr(|p,— P >€) =0
n—w0

i.e., the probability that the relative frequency of U; differs from its proba-
bility by more than any positive quantity, however small, will tend to zero
as n increases.

b. Convergence in probability. Consistency. We have already defined
biased and unbiased estimates in Sec. 2 of this chapter. We shall now
define consistency, which is often a more useful property than unbiased-
ness. To do this we shall first define convergence in probability, from
which the definition of consistency follows almost immediately.

Definition of convergence in probability. We call a set of random
variables vy, v,, + + -+ that are identified by the positive integers a sequence
of random variables; i.e., given the positive integer i, there is exactly one
random variable v, that is identified, i =1, 2, - - -.

A sequence of random variables v,, vy, - + * is said to converge in
probability to a random variable or constant v if, for every ¢ > 0,

lim Pr(lv,—v| >¢) =0
n—»a0

or, equivalently,
lim Pr(|v, —v| < e) =1
n—>0

Definition of consistency. A sequence of estimates u;, u,, = * - is said
to be a consistent estimate of U if the sequence u;, u,, * + * converges in
probability to U. Thus, if u;, u,, - - - are uncorrelated random variables
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having a common mean U and common variance ¢2, and if iy, @, - - -
is the sequence of arithmetic means, where

RS L
n

then we have proved in Corollary 2 to Theorem 18 that the sequence of
arithmetic means converges in probability to the expected value U.
Therefore #, is a consistent estimate of U. Also, we have shown in
Remark 1 (p. 71) that the relative frequencies with which each of the
possible results occurs when the same operation is repeated will converge
in probability to the probability of the occurrence of that possible result
as the number of repetitions increases. Thus, the sequence of relative
frequencies 7;,, U5, *+ - - defined in the Remark is a consistent estimate of
P,i=12---N.

In general, the expected value of the limiting value of a sequence of
random variables is equal to the limiting value of the sequence of the
expected values of the random variables. There are some minor excep-
tions, such as in Illustration 7.1 below, but these exceptions cannot occur
if all the variables are constrained to be less than some common upper
bound.

Illustration 7.1. Convergence in probability may occur without the
expected values of the sequence of random variables tending to the
expected value of the limiting random variable. For example, let u,
have two possible values 0 and », and let

—1
Pr(u, = 0) = -
1
Pr(u, = n) = -
n
Then the sequence of random variables u;, u,, - + + converges in prob-

ability to 0, since, for any £ > 0,
lim Pr(|lu,— 0| > &) =0

n-—>00

Eu,,=0(n_l)+n(l)=l
n n

lim Eu, # E (plim u,)
n—x n—x

However,

for all n so that

where “plim” stands for “limit in the sense of probability.”
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The definition of consistency given above is useful when the sampling
is done with replacement or the population is infinite. However, a great
deal of its usefulness is lost when sampling from a finite population.
For example, suppose that a population consists of 2000 elementary units,
classified into two groups each consisting of 1000 elementary units, all
units in the first group being 1’s and all units in the second group being
0’s. Suppose, also, that the sample is obtained by selecting elements
from group 1 until the number of elementary units in the first group is
exhausted and then selecting the remaining elements for the sample from
the second group. Now suppose that the estimate u,, of the proportion
of 1’s in the population is defined to be the proportion of I’s in the sample
of sizen. Thenu,=1,n=1,- - -, 1000, and u, = 1000/n, n = 1001,
- - -, 2000. If the sample were selected with replacement, u, would not
be a consistent estimate of the proportion of 1’s in the population, since
the estimate would always be 1.

To avoid this type of contradiction, we shall make the following assump-
tions for any finite population. We shall require that to meet the defini-
tion of consistency the following two conditions be satisfied:

(1) As the size of sample n increases, the size of population N will also
increase, and for all n and N we will have n < tN, where 0 < ¢ < 1.

(2) As the size of population increases, the quantity U that we want to
estimate will remain constant.

If these two assumptions are made, then the sequence of estimates
discussed in the example above would be inconsistent.

When “lim” is written, we mean the limit as » becomes infinite, subject
to the above two conditions if we are sampling from a finite population.

We give two simple theorems that enable us to prove consistency in
many cases.

Theorem 19. Let Eu, = b, and let 6%, = o2. Then a sufficient con-
dition that the sequence uy, Uy, * + * be a consistent estimate of U is that
both of the following conditions are satisfied:

() lim [, — U| =0

(@ limo2 =0

Proof. By Tchebycheff’s inequality (Theorem 18), we show that
0121 + (b n (j)2

Prju,— U| > &) < o

It follows that if (1) and (2) hold, then the sequence u;, u,, * * * is a
consistent estimate of the sequence U.
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Corollary. If u, is an unbiased estimate of U, n =1, 2, - - -, and if
lim o2 = 0, then u,, u,, - - - is a consistent estimate of U.

Proof. The proof consists of noting that 5, = U in Theorem 19.

The following theorem states that any continuous function of consistent
estimates is itself consistent and the value to which it tends is the same
function of the limiting values of the consistent estimates.

Theorem 20. Let the sequence u,, be a consistent estimate of U,, i = 1,
-« k,andlet f(t;, - - -, t,) be a continuous function of t,,+ * -, t,. Then
the sequence f(uy,, * * *, u,) is a consistent estimate of f(Uy, - - -, Up).

Proof. Since f(t;, - -, t;) is continuous, it follows that, given any
&> 0, we can find 8 > O such that, if |u;,, — U] < 6, « -, |u,,,— Uy| <6,
then | f(uy,, * * 5 W) — f(Uy, + * +, Up)| < e. Hence

Pr[]f(ulm C oy Ugy) —f(UI’ Y Uk)' < ¢
= Pr(luy, — Uy <6, -+ + |y — Uy <0)
Now
Pr(luy, — Uy < 6," + , |uyn — Ui < 6) + Pr(at least one of
the inequalities |u,, — U,| > 8) = 1

since one of the two events in parentheses is certain to occur. Also

Pr(at least one of the inequalities |u,, — U,| = 0)

k
< ¥ Pr(lu;, — U}l = 0)
i
since if the event in the parenthesis on the left occurs, one or more of the
events on the right will occur.  But, since the sequence u;, — U, converges
in probability to zero, i =1, - - -, k, it then follows that the right side
tends to zero, and hence

lim Pr(at least one of the k inequalities |u;, — U;| > 8) =0
so that for any ¢ > 0
hm Pr[lf(ulm Y ukn) —f(Ul’ DY Uk)l < 8] = 1

which completes the proof.

Corollary 1. If f(z,, * - -, ;) is a polynomial in #, * * +, ¢, then
Sy, - - -, w,) is a consistent estimate of f(Uy, + + -, Up) if u;, is a
consistent estimate of U, i =1, - * -, k.

Corollary 2. A rational function of consistent estimates is a consistent
estimate of the same rational function of the quantities being estimated
provided the denominator does not vanish. More formally, if
f(t, - - - 1) is a rational function of #,, + - -, #;, then f(uy,, * * *, Uy,)
is a consistent estimate of f(U,, + + +, U,) for all possible values of
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U,, - - -, Uy except those for which the denominator of f(t;, * - -, #;)
vanishes provided that u,, is a consistent estimate of U, i=1, - * -, k.

Proof. A rational function is continuous for all finite values of its
variables except those for which its denominator vanishes. Hence, if we
exclude the values for which the denominator vanishes, we will be limiting
ourselves to values for which f(#,, - - -, ;) is continuous, and Theorem 20
applies.

It is easy to show that an estimate may be consistent and yet have
infinite variance as n increases. If we consider the sequence of random
variables discussed in Remark 1 of this section, then we have already
shown that u,;, u,, - - - is a consistent estimate of 0, since the sequence
converges in probability to 0. We have also shown that Eu, = 1. Now

— 1 1
Eu,,: (’l )+n2—=n
h n

sothat 62 = n— 1 and hence 62 becomes larger and larger as n increases,
even though u,, u,, + * - converges in probability to zero.

Remark 2. Satisfactory discussions of the normal limiting distribution
may be found in almost any standard text on probability theory. It has
been shown [see, for example, W. G. Madow, *““On the Limiting Distribu-
tions of Estimates Based on Samples from Finite Universes,” Annals Math.
Stat., 19 (1948), 535-545] that these limiting distributions also are valid
for samples from finite populations.



APPENDIX A
SuMs OF POWERS

By the Kth sum of powers about a is meant

M
Si—a)¥ K=1,2,- -
i=1
Ordinarily we shall be concerned with sums of powers about 0 (¢ = 0)
and sums of powers about & (@ = &, the arithmetic mean of zy, * - *, x,).
Sums of powers about 0 will be denoted by 8%, S, - - -, and sums of
powers about Z will be denoted by §8,, S, « - -.
In order to evaluate the S’s in terms of the S*’s let us recall the binomial
theorem for positive integral exponents.
Binomial theorem. If K is any positive integer, then

(@ + b)X = a¥ + CRa¥ b 4 CXa®=2%2 - - - + bK

§CK E—ipi (A
= 4
where

K!

and we define C¥ = 1.

Proof. If K =1 or K = 2, the theorem may be proved by expanding
the parenthesis. Suppose now that the theorem is true-for K. Then we
will prove it to be true for K 4 1. Since it is true for K = 1, this will
then complete the proof for all positive integers. Since (a + b)**+! =
(a + b)a + b)%, and since Eq. A.1 is assumed to hold, we have

K
(a + b)K+1 — (a 4 b) z CiKaK—ibi
i=0
K ' K
= z C,KaK“i‘“bi + z C{‘aK‘ibi“
i=0 =0
= @+ 4 (CK + CH)a¥b + (CF + CHa®'p? +

s 4 (CE + CE_ab® + bE+1 (A2)
17
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Hence we want to evaluate CX; + CEX. Now by the definition we have
K! K!

i+ DIK=i—=1! z'(K—i)!

_ K! ( 1 v 1 )

THK—i—D!'\i+1 K—i

— (K+l)! __CK+]
G+ DI K—i)! i+

Hence we have proved the important equation

CESl—=CK 4+ CE  i=0,- +K;K>0 (A3)

z+1+‘CK

Substituting in Eq. A.2, we have
(a + b)IrH Z Ch+1 K+1—zb1 (A4)
which is the same formula as Eq. A.1 but with K replaced by K + 1.
Hence, the theorem is true for K + 1 if it is true for K. (This is a proof
by induction on K.)
Let us now apply the binomial theorem and some previous results to

obtain some relations between S and S*.
Theorem A.1. If we define Sy = S§ = M, then

Sy = z CH(— 1Y&8% 5 (A.5)
j=0
K L
Sk =73 c].ﬁj;JS K- (A.6)
i=0

Proof. By definition Sy = 2 (x, — @)%, and by the binomial theorem

(@ — D = z‘ CR(— 1Yk~
Hence

K—E EC"( gl
i=1j=

= z 2 CF(— 1)K~ (by Ex. 2.10, Ch. 2)

j=01=1

K M
=5 CK—1)i# Y «F~ (by Eq. 2.1, Ch. 2)
j=0 i=1
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Hence Eq. A.5 is true.  To prove Eq. A.6 replace 2, by #; — & + & in the
definition of 8% and apply the binomial theorem with 2, — % = a, % = b.
This is left as an exercise.

Let us now write out Eq. A5 for K =1, 2, 3, 4.

8, = 8% — Mi=0
8, = SF — 288} + Mz = Sy — MZ®
Sy = S¥ — 3ES¥ + 3BSF — ME® = S§ — 3E8} + 2MZ®
S, = Sk — 45S¥ + 685K — 4BSF + Mz
_ S¥ — 4ESH + 6848F — IMEt

It is easy to verify that the last two terms of Sx will always combine,
since they are

CE_(— DE1ZE-18% 4 (— )X MK
= K(— DE-IMEE 4 (— DEMEE = (— DE-YK — MzE
Also, from Eq. A.6 we have

8F = 8; + Mi = Mz

Sk = 8, + 288, + Mz* = S, + M

S¥ =83 + 38, + 3235, + Mx3 8, -+ 3z8, + Mz

8% =8, + 455; + 6228, + 4:1:381 + Mt

=8, + 48, + 6528, + Mi*

since 8; = 0 as previously shown.

N N

Let us now evaluate > i, > i3, and ?t Let
i=1 i=1

S5 = 31"

then
SN + 1) — SE(N) = (N + Hx (A7)
But also
N
WV + 1) =14 36+ D
i=1
so that
*WN 4+ 1) — 8% (N)—1+Z[(I+I)K—i 1
L4 CESELM) + CESEL) | (A9

4+ CESIN) + N
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Combining Eq. A.7 and A.8, we have
CES%_A(N) + CfS%_o(N) + - - - + CE_S8T(V)

=N+ DF=(N+1) (A9)

=N+ DIV + DE' = 1]
Putting K = 2, 3, 4in A.9, we obtain

28H(N) = (N + DN
383(N) + 38F(N) = (N + 1)(N® + 2N)
4S¥(N) + 68S¥(N) + 4S¥(N) = (N + 1)(N3 4 3N2 + 3N)

so that, as may be verified,

NN + 1
szon = MELD
stany N+ 1;(2N+ ) A0
sxqvy = N+ 17

4



APPENDIX B
MOMENTS

The rth moment of the random variable » about the quantity c is
defined to be
E@u—o)F

If u has possible values Uj, - * -, Uy with probabilities Py, * * -, Py,
then, by the definition of expected value

N
Elu— oy = SP(U;— o

If u and v are two random variables, then the product moment of order r,
s about ¢, d is defined to be
Eu—o(v—d)

If the possible values of uare Uy, * + -, Uy and those of vare V3, + +, Vpy,
and if
P, =Pru=U,v=V)
then
E@u—cy(v—d) = Z EP"(U —oV,—ay

If P, — 0 when i #j, ie., the elementary event U,, V; is impossible if
i # j, then we denote P;; by P; and

E(u— (v — d)f = SP(U,— oy (V;— dy
i=1

where N is the minimum of N and M.
Moments about 0 and about the expected values of the random variables
are the two most important special cases. We define

ux == Eu"
and
By = E(u - E“)'
Also, by definition,
ux = Eu'v®

Hys = E(u— Eu)'(v— Ev)*
81
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Remark. If r is an integer, then by the binomi: | theorem
= = ﬁo(- 1 Clcou =
and P
w—d)® =ﬂz (— DPCidPvs—t
=}
Also
Ww=[u—co+d
é c“(u — o)

and similarly z. oo — dy—
= v — —
8=0 !

Hence, if we let u} = u, we have
r .
=a§0(_ l)acafl'“,uit-a

= 3 CDChppt + (- 0 — D'

Also r
pr = 2 Copt®hr—a
o=

r-2
= 2 Captptr—o + "
as
since
=0

It is left as an exercise to express the u,’s as a linear combination of the
u¥’s and conversely.

IHustration B.1. (a) If © is a random variable having two possible
values 1 and O with probabilities P and Q = 1 — P, then compute u}*
and u;, j =1, 2, 3,4. By definition

uf = Ev = ZP Ui

=PI+ Q=P i=1,-

Similarly
m=PU—Py+ Q=P j=1-""

~ P! + (— 1yQP
= PO(Q" + (— 1yPFY)



App. B MOMENTS 83

Hence
=0

pg = PQ
#s = PQ(Q*— P?) = PQ(Q— P)
#q = PQ(Q* + P?)

(b) If u and v are random variables with possible values 0, 1 and if
Pr(u=i,v=j)=P,ij=0,1, then

u = (Y(DPyy + (1)(O0)Pyg + (0)(1)Pgy + (0)(0)Pgo = Py,
pu = Py(1 — P )1 — Py) + Py(— P )Y(1— P
+ Py(l — P)(— Py) + Poo(— PL)(— P.y)

= P;01.01— PpyPr.Q1— PyoP1Q1 + PooPrPy
where :
P.=Py+Py=Pu=1)=1-0,
P,=Py+Py=Pv=1)=1~—-Q,
(c) Let i be the arithmetic mean of u, « + +, u,. Then, as may be
verified by multiplication,

1
W@ =~ (B + - - - + Eu,)

1 n n
i) = | 5 Bt + 3 Bu)

1#)

I

1
uz(@) = p {

<
R

E +3 z wlu; + Z u u,u,,}

i#] i#j#k

S

n n
‘uz(ﬁ)-——l‘{ZE + 43 Eud u,+3ZEu 2+ 6 > Euluu,
ne\i=1 i#j#k

i= iAj i#)

n

+ 2 Euiu:lukum}

i#FjEk#Em

Also u,(#) is of the same form as (%) but with u; — Eu, in place of u,.

Exercises

B.1. If u has possible values U;, U, with probabilities P, Q, compute u¥, i
j=123,4
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B.2. Verify
@) po = py — p*
Mg = gy — 3upy + 2u°
Ha = p¥ — dppy + 6ptuy — 3t
® pr=p+p?
My = pa + 3y +
=+ dups + Gty + pt

B.3. If u has possible values 1, - - -, N with equal probabilities, compute
¥, py Evalvate uf, p;, j=1,2,3,4,if N = 11.



APPENDIX C
RAPIDITY OF APPROACH TO LMiT
Let f,, be some function of n and suppose that

lim n*| f,| = K < o
n—w

where K is a constant. Then we write

Ju= 007"
and say that f, tends to K with n~*. If K = 0 we will sometimes say
Ju== ola)

Similarly, if £, is a function of n and N and it

lim n#| fon| = K < 0

n, N—w
n <IN
o<t <l
where K is a constant, then we shall also write
Jan = 07"

Of course h may be 0, which we indicate by replacing n* by 1. If

o =0(1) or fy = 0(1) or fuy = 1), then f, or fy or f,y is bounded as
n, N, or both n and N become infinite. Thus if

N —no?
an_N—-l;

N —no? (l)
~—=0/|-
N—1n n

Since by the Tchebycheff inequality

it follows that

) 1 N—no%
Pr(lunN—UN|>£)<;§ N_1n

85
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if i1, is the mean of a simple random sample of n elements from a popu-
lation of N elements having Uy as mean and o% as variance, it follows
that, if o% is a constant or if ¢% = 0(1), then

1
Pr(ji,y— Uy| > ) =0 (;)

It should be noted that even if lim ¢% = oo it may still be that

N—oo

#,x — Uy converges in probability to 0 but the rate of approach may be
less. For example, suppose that ¢% = VNKand n=1tN,0<t<l.
Then

1 N (-9 K

EN—1 1 \/N"O(N_)

Pr(lu”N"" UNI > 8) <

For simplicity we shall now suppose that uy, « - -, u,, vy, * * *, v, are
obtained by sampling the pairs u,, v,, with replacement from a population
such that Eu; = U, Ev; = V, 02 == 0%, 0% = 0%, 0ypp, = Oy i =1, * +,
n. Then, if

it follows that

Also
1 n .
B U = 5| $ B P + 33 B — 0 -
ne \i=1 i#j

+zw—Wwvm—d

1#j#k
:u.’lu 1 )
= = 0 _
n? (n2
if py, = E(u;— U, i=1,- -+, n, and similarly

- 1] 1
E@,— V) = ﬁ:‘; =0 (—)

n2
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if g, = E(v;— V)3. Now

B, ~ UPG,~ V) = | 3 B~ 00— )

+23 B — UR(,— V)

i#j
+ 2 E(;— U)u;— U)v; — V)
t#J
+ 3 Hu— U — U)o V)
t#]#
= _o(=)if E(u;— UP(v;— V)
= \e Mo = i
i=1--n
Theorem C.1. If the random variables u,, - * -, u, are independent and
Euj=U, Eu;— Uy = p;,i=1,-+nj=12,-+(u =0),andif
i1, is the arithmetic mean of uy, * * *, u,, then

N,

] i
lim n? E@@, — Uy = —— u}  ifjis even

’ .
n—>0 o) _l '
2 (5):
]
lim n? E(i,— UY =0  ifjis odd
n—-0

Proof. We can suppose without loss of generality that U = 0. Then

. 1 »
Ej) = pr EQuY (C.h
. B
is a sum of terms like
E@uju}+ - - u}) (€2

where j, +jy 4+ -+ jn =/

If U = 0 then Eu,- =0,i=1,* - -, n, so that any term such as Eq. C.2
with any of the j’s equal to 1 will vanish. Hence we can limit ourselves
to terms in the expansion of Eq C.1 for which each of the j’s is at least
as large as 2. Then

EQujul - - - ul) = pyf,c " (C3)

and in the expansion of Eq. C.1 we will have pu, - - u; With a

nn—1)---(n—h+1)
h!

pendent of n. Now, if j is even, then the maximum value of A will be j/2,

which will occur if j, == - + + = ji, = 2; and if j is odd, then the maximum

times a factor that is inde-

coefficient equal to
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value of & will be (j— 1)/2, which will occur if one of the j’s is 3 and the
others are all 2. Hence, if j is even

nn— 1y - -(n—'§+ 1)

H -4
C; po® | 4 o(n ®)

1
Eﬁf,=;

ol
—
NI~
S——

so that

j 3 i
im R2EiQ == —2- 1.2 I
lim n*Ed, = A if n is even

2
Furthermore C; will be the number of ways of distributing j elements

2
into j/2 boxes each containing 2 elements or

ot
2oap 2
If j is odd, then
j— 1
_ n(n—l)»--(n—f—2—+1) s "
Eﬁ,’,:;l; Cj;_} (j—l), U 2 g} +oln %)
)
But

1 j—1 -3
;j{n(n—- .- (n-——2—+ 1)} =o(n 2
so that, if j is odd. then
i
Eiil = o(n ?)
which completes the proof.
It may be noted that Theorem C.1 holds if we sample with replacement
from a finite population and let the size of population become infinite in
such a manner that its moments are unchanged. It is also possible to

prove theorems like Theorem C.1 for sampling without replacement and
to show that
—itg
E@,— UY(5,— V)?=0n *) ifj+ giseven
jtg+1

=0 * ) ifj+gisodd
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Corollary. If jis odd, then

itl

Ela,— Ui =0(n 2)
Proof. For any random variable w we have

o2 = E|lw]>*— (E|w|}* >0

so that
E|w|? = (E|w])?
and since
ol = e
we have

(Ewd)'ls > E|w|
Hence, putting w = (i, — U)’, we have
Eli, — U) < [E@, — UPTh
and thus
lim n? E|lg, — U) < lim [#' E@, — U)?]h = KJ; < o
P n—rco
j—1

But the order of E|#,— U}’ must be integral. If it were = then

i ) i+ 1
lim n? E]d, — UJ* would be infinite. Hence it must be . "; , which
n—-0
completes the proof.
We can similarly show that if j - g is odd then
_jrg+1
Ela,— UP|5,— V] =0 2 )
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CHAPTER 4
Simple Random Sampling

DERIVATIONS, PROOFS, AND SOME EXTENSIONS OF
THEORY FOR CH. 4 OF VOL. I*

Norte. In this chapter we shall present a number of derivations and proofs
for simple random sampling. ~As indicated earlier, a simple random sample of
n elements (sampling units) is a sample so drawn that every combination of
n elements has the same chance of being selected. Simple random sampling
with replacement is introduced in some cases in order to simplify results and
at the same time to provide approximate theory for sampling without replace-
ment.

Many of the theorems and statements proved in this chapter are applicable
to other types of selection methods. For example, the derivation of the variance
of a ratio of random variables, and the derivation of the variance of estimates
of precision are applicable to more complex systems of sampling.

1. The mathematical expectation of the arithmetic mean of a simple
random sample (Vol. I, Ch. 4, Sec. 7). To prove: A sample mean for a
simple random sample of n units drawn from a population of N units is
an unbiased estimate of the population mean, i.e.,

Ei=2X
where E stands for the mathematical expectation of the expression
following it,

N
2 ZX i

x"=—};—, X’z—}v— (.Y

, is the value of the characteristic obtained on the ith drawing, and X;
is the value of the characteristic for the ith unit in the population. An
estimate is said to be an unbiased estimate of a specified popuvlation

* Appropriate references to Vol. I are shown in parentheses after section or
subsection headings. The number following I- after some equations gives the
chapter, section, and number of that particular equation in Vol. L.

90



Sec. 1 EXPECTATION OF ARITHMETIC MEAN 91

characteristic if and only if the expected value of the estimate is the
population characteristic.

Proof. Since the expected value of a constant times a variable is the
constant times the expected value of the variable (see Ch. 3, Sec. 3,
Theorem 3, p. 47), we may write

Ex Elﬁ lEn
T = n%xi—n 22905

Further, since the expected value of a sum of random variables is equal
to the sum of their expected values (Ch. 3, Sec. 3, Theorem 5, p. 48),
we may write

1 n
EZ =->Fx;, - (1.2)
n

We now need to evaluate Ex;. By definition, the expected value of a
variate, u, is the sum of the products obtained by multiplying each
possible value of u by its probability, summed over all the possible values
u takes on. Applying this definition, we have

Ex, = X,P, + X,Py++ + - + XyPy

1.3
= %Xipi 43
j

where X, - - +, Xy are the possible values of x; and P, - + -, Py their
respective probabilities.

We now must evaluate P;, the probability that Xj, the jth element of
the population, is selected at the ith drawing. This probability can be
written

P N—lN——Z'”N—i—I-l 1 1
" N N—1 N—i+2N—i+1 N
(see Ch. 2, Sec. 6, Theorem 3, p. 28, and Sec. 7a of Ch. 2), where the
first factor is the probability that X; is not selected from the whole popu-
lation of N at the first drawing, the second factor is the probability that
X, is not selected from the remaining N— 1 elements at the second
drawing, and so forth, the last factor being the probability that X; is
selected from the remaining N— i+ 1 elements at the ith drawing.
Evidently P, reduces to 1/N for all values of i, i = 1, + -, n. Therefore
the probability of selecting any element at any drawing is equal to 1/N.
Substituting P; = 1/N in Eq. 1.3, we have

Ev,=—-SX,=X (1.4)
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which shows that the expected value of each observation is the arithmetic
mean of the population if simple random sampling is used. Substituting
X for Ez; in Eq. 1.2, we have

1

RI—‘

e

R

and hence Z is an unbiased estimate of X.

Exercise. Show that, if the sample of » elements is selected from a population
of N elements at random with replacement, then EX = X. Hint: The only
change in the proof occurs in the method of evaluation of P; (Which still has
the value 1/N).

2. The variance of the arithmetic mean of a simple random sampie (Vol. I,
Ch. 4, Sec. 9). To prove: The variance, ¢, of the sample mean of a
simple random sample of n units selected from a population of N units

2

N
without replacement is given by (1 — f) o and if the sample is selected

with replacement, the variance is given by ¢*/n, where

f== 15 the sampling fraction
Z(X. — Xy
2L
N 1 ‘ (2.1 or 1-4.3.10)
N e
Z (Xa - X)2
ot = }_—_N__— (2.2 or [-4.3.9)

X; is the value of the characteristic for the ith unit in the population, and
% and X are defined by Eq. 1.1; ie., if we sample without replacement

- §f =(l ._f) - (2.3 or1-4.9.2)

0'£= N

if we sample with replacement
0% =— 2.4
3= @24)
Proof* The variance of any random variable is defined to be the
expected value of the square of the deviation between that variable and

* See Remark 2 for an alternative proof that does not make use of conditional
expected value theorems.
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its expected value (Eq. 4.1, Ch. 3), i.e.,

o = E(& — Eip
and since, from Sec. 1, EZ = X, we have

o% = F(& — X) (2.5)
Since

-2
RS

T =

=

then Z is a linear combination of random variables; i.e., Z can be written

in the form u =: Jcu, where ¢; = 1/n artd u; =, Therefore, by
B

Theorem 11, Ch. 3 (p. 56),

7] (2.6)

where
6,,=E(x,—A7)(x,—X) i,j=1,2,' N

Equation 2.6 can be rewritten

1r 12
o2 = = ;G’? + = i% oy 2.7

Thus, for a sample of 3, we have
T =j2 + 30, + 4
= 3@, + 2, + )
and the variance of Z is
02 = 303 + o} + 0§ + 01 + 033 + Oy + g + 0y + 033)
= 303 + 0F + 0} + 201, + 2013 + 203)

where 02, 0%, and o3 are the variances of the values obtained on the first,
second, and third selections, respectively. The remaining terms,
G1p = Oy, Oy = Oy, and oy = 0y, are the covariances of the values
taken on by ith and jth selections with i not equal to j. Thus, oy, is the
covariance between the values taken by the first and second selections.
Note that there are 3 variance terms and 6 covariance terms. In general,
for a sample of size n, the first term of Eq. 2.7 will consist of n variance
terms and the second will consist of n(n— 1) covariance terms. The

n
> in Eq. 2.7 denotes the sum over these n(n — 1) covariance terms. Now,
i#]
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since (x; — X)? takes on the possible values (X; — X)?, (Xp— X), - - -,
(Xy — X)2, each with probability 1/N, we have, for of, in Eq. 2.7,

N
of = B, — X = 30— Ry = ot @8)
1
Hence, ¢% = ¢* for all .

Now, to evaluate the second term of Eq. 2.7, we must find
oy = E(x;— X)(x,— X)
By Corollary 2 of Theorem 14, Ch. 3 (p. 62), we can write
E@;— X)(@;— X) = El(x,— D)E{@,— D@ — D) 29

where E{(z,— X)|(x;— X)} means the conditional expected value of
(x;— X) for a fixed value of (x, — X).

To evaluate this conditional expected value, when sampling without
replacement, one must in effect list the possible values of (z; — X)for the
jth selection for a fixed value of the ith selection, and determine their
probabilities of selection. Thus, for N =3, if (z;— X) = (X,— X),
then (z,— X) takes on the values (X; — X), and (X, — X) with prob-
abilities equal to 1/(3— 1) = 4. In general, the probability of (x; — X)
taking on a particular value on the jth selection other than that of
(x,— X)is

= - 1
Prie,— D@~ D) = 57— (2.10)
since, with the ith selection fixed, the only possible values taken on by
(z;— X) are those left after the value taken on by the ith selection is
withdrawn from the population. Hence

. - 1 y _ -
By~ B~ Dl = 5 [S06- D-@- D] @

Since N N ~
S(X,— %)= X, — N =0
x %

Eq. 2.11 becomes
E[@z;— B)|@,— X)) =—

T @D 2.12)

Substituting Eq. 2.12 for E[(x; — X )|(x, — X)] in Eq. 2.9, we have

E(x,— X)?

E(xi—)?)(xj—‘?)':_ N—1
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and from Eq. 2.8

o2
N—-1
for all i and j. Substituting Eq. 2.8 and 2.13 for o? and o,; in Eq. 2.7,
we have

Ez,— X)@,— %) =—

(2.13)

=
= (13’_"1”)" o? (2.18)
Since
NI-V— o=~
tu=N;'“-gn-z~—~(l—f)S;2 @3)

If the sample is selected with replacement, o is equal to the first term
of Eq. 2.7 since o; in that equation

= E@;,— X)x;,— X) = E(x;— X)E@x;— X)=0 (2.15)
Hence, for sampling with replacement,

o=

(2.4)

o2
n
Remark 1. For an estimated total, ' = NZ, the results are
. S2
o} = N1~ f)—
when sampling without replacement and
0-2
oZ = N? —n—
when sampling with replacement. This follows from Corollary 4, Theorem

11, Ch. 3 (p. 57).

Remark 2. Following is an alternate proof which makes use only of
the definition of expected value and basic expected value theorems. Re-
turning to Eq. 2.5, we have

o} = E@E&— X)?

nz(x"— X : 1 n _\2
=E|——| = n—zE{Z (; — X)> (2.16)

Now, the square of an algebraic sum of » items can be written as the sum
of the squares of the n individual items plus the sum of the cross products
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of the n(n— 1) possible pairs of the n items, i.e.,
n _ )2 n - n -
!z (; — X)} =2 @—XP+ ;k(xi" X) (@, — X)

(See also Eq. 2.3, Sec. 2, Ch. 2.) Using this expansion in Eq. 2.16, we
may write

1 n n - -
S S )
12 - 172 - -
=n—2§E(xi—X)2+;l—2i§kE(x,-— X)(x,— X) 217

The probability of obtaining (X, — X)? on the ith draw is the same as the
probability of obtaining X; on the ith draw, namely 1/N. Therefore

N
2 (X;— X)?
B, — Xp = Li—r
N
=0 (2.18)

Consider now the second term in the right-hand member of Eq. 2.17.
When the sampling is carried out without replacement, the probability of
obtaining (X; —X) on the ith draw and (X,, — X) on the kth draw is
1/N(N — 1). This follows from the fact that the probability of obtaining X;
on the ith draw is 1/N and the probability of obtaining X,, on the kth
draw, knowing that X; has been drawn, is 1/(N — 1). Hence

N -
S, XK — X)

E@, — X)@,— X) =" NN—D 2.19)

when the sampling is without replacement. Substituting Eq. 2.18 and
2.19 into Eq. 2.17 gives

N - -
w 2 X = X)Xy — X)

1 L jEm
i%k NWN—1)

n

0% =

Yol =

o+
n

o
=M=

but ¥ ) ¥ e o i
Z X;— XX, — X) = {Z (X, — X)} -2 - X2
JFm J 7
'N -
=—2(X,~—X)’
3
and therefore
n, nn—1 o2
L4 g
n N-—1

_N-n® N-n$ @.3)

3. The covariance and correlation of arithmetic means for a simple
random sample (Vol. I, Ch. 4, Sec. 18). To prove: The covariance,
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03 in a simple random sample of # units selected from a population of
N units without replacement is

o= (1) 22T 6

and if the sample is selected with replacement, the covariance is given by
oxy/n, where N
_MG=RNG=D) N

B N—1 CN-—1 Y

X is the value of a characteristic for the jth unit in the population, Y; is
the value of another characteristic for the jth unit in the population,
# and X are defined in Eq. 1.1, and # and Y are similarly defined.

For simple random sampling, the correlation between two sample
means & and 7 is independent of the sample size and is equal to the
correlation between individual observations, i.e.,

Sxy 3.2

S
Pw = Pxv = ﬁ (33)

Note that o%, which was derived in Sec. 2, is a special case of g
since o, = o2, where o;; is defined by Eq. 3.1 with Z substituted for §
(X substituted for Y throughout). Similarly,

SXX:‘Q?\' and SYY :S?y

Proof. The proof follows steps analogous to those given in deriving
the variance in Sec. 2. Thus, since Z and ¥ are linear combinations of
random variables, the covariance of & and § is (by Theorem 12, Ch. 3,

p- 57)

] n n
Opy = pr ? Opy + ﬁl% Cry (3.9
and since N
S(X,— XXY,— T)
UZ:IIs = N = o‘.XY (3'5)
and .
XY .,
o =" N1 fori #j (3.6
therefore, by substitution in Eq. 3.4, we have
12 12 oxy
R Rie g P

_N—n%(X,-—X’)(Y,.—— Y)__N—
~ Nn N—1 " Nn

S
“Sxy =(1—)2L @)
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where Sy is given by Eq. 3.2. Now, by definition,

-
Pzg == 035, 3.7

and from Eq. 2.3
SxSy

. (3.8)

og05 = (1 =N

and therefore, substituting Eq. 3.8 and 3.1 in Eq. 3.7, we have

_ _ Sxy _ 9xy
Pfﬁ = Pxy = SXSY - 0x0y (3'3)

4. The mathematical expectation of the sample variance for a simple
random sample (Vol. I, Ch. 4, Sec. 12). To prove: In a simple random
sample of n elements s* is an unbiased estimate of S2 if the sample is
drawn without replacement and s* is an unbiased estimate of o® if the
sample is drawn with replacement, i.e., to prove:

(a) Es® = 8% if the sample is selected without replacement.
(b) Es® = o*if the sample is selected with replacement,

where

n .
o Z(:___lﬂ (4.1 or 1-4.3.12)

and 8% and o2 are defined by Eq. 2.1 and 2.2, respectively.
Proof. We note that

n e n g i
Ee— p2@=®_ p 3 p nE “2)
n—1 n—1 n—1
and that
n § Xz
DX n_ §7°
- N 4.
En—_— I n—1N @3)
Now
E#?* = o + X? 4.4
and, when the sampling is without replacement,
N—n
2= o2 from Eq. 2.14
o} N—"n rom Eq
Hence

't ,\72] 4.5

Ena'?2 n[N—n

n—1 n—1LN—1n
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and, substituting Eq. 4.3 and Eq. 4.5 in Eq. 4.2, and recognizing that

= 82, we have
Es? = 82
As an exercise, show that when the sampling is with replacement Es? = o2,
5. The rel-variance of the estimated variance for a simple random
sample* (Vol. I, Ch. 4, Sec. 12). To prove: The rel-variance, V%, of the

estimated variance, s%, of a simple random sample of » units selected with
replacement is given by

—3\ 1

vi=t(p-"=2) <l 5.1)
where

32 . Z(‘xz ’— "2)2

T on—1
A']‘ v \4

8= ’6 ! with L 2= O (5.2 or 1-4.12.7)

and

N B
o = Z(X i X )2
N
Proof. By definition
E(s*— Es** E(s*—d%* Est—o!
(Es?)? - ot - ot
since, by Sec. 4, Es? = o
We now need to evaluate Es®. Apply the following transformation:

ve = (5.3)

r,— X =z
—X=3Z
Then
Est = F(z — 2)2]
n—1
e |Gt — S 4 o] 54
Now
Gotp =+ S g e
T#j

* May be taken up with Chapter 10 instead of Chapter 4.
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where there are n2 terms on the left and » terms in the first sum, and
n% — n terms in the second sum on the right. Also

’2222 = = [224 + 2 z 23z + 2 224 2 z'fz,-zk] (5.6)
e 1#] 14] £k
where there are n3 terms on the left and n terms in the first sum, n(n — 1)
terms in each of the next two sums, and n(n— 1)(n — 2) terms in the
fourth sum on the right. Finally

54——[Zz +4Zzz +3\z2~2
i#j

1#£)
+6 E 2z D 2z zkzm] 5.7
i#j 7k iRk Am
where there are »* terms on the left and n, n(n—1), nn—1),
n(n— 1)(n — 2), and n(n — 1)(n — 2)(n — 3) terms in the five summations
on the right, respectively.

Since we are sampling with replacement, 2,, - - -, 2,, are independent,
and hence, by Theorem 8 of Ch. 3 (p. 54), we have
E222} = E2E2} ifi %)
Ezdz; = E23Ez, = 0 if i # j since Ez; = 0 (5.8)
E22, = E2EzFz, =0 if i # j # k since Ez; = 0

Ezz22.2,, = Ez,Fz B2 Fz, =0  if i % j # k # msince Ez; = 0
Hence, from Eq. 5.5 and Eq. 5.8,

E(C222 = nug + n(n— 1)o?
where u, = Ez}, and o = Ez} = Ezf. From Eq. 5.6 and Eq. 5.8,

g A n—1
E@32) = ; [pa 4 n(n — Do) = =% - (T) ot
From Eq. 5.7 and Eq. 5.8,

—1
Ezt = — [tm4 + 3n(n — 1)g¥] = ,u4 s T ?’(L":;——z ot

Substituting these quantltles in Eq. 5.4 and subtracting o4, we have

Est— ot = [n,u4 + n(n— 1ot — 2y — 2(n— 1ot

1
(n—1y
+ 'L':f-’r 3 (n; 1) ot— (n— 1)20'4]
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4 3
n n—1 n
_ M 0t (n—3)
" n n—1 n G9)
Finall
d V2_Es4—a‘_l(ﬂ_n—3) (5.10)
C T n—1 )

For reasonably large n we may assume (n— 3)/(n— 1) = 1, in which
case V2% is given approximately by

1
Vi=—(B-1 5.1

Remark 1. If the population mean were known and were used in
estimating s2, then

ﬁ(%’ - Xy

2
K} " (5.11)

is an unbiased estimate of o2 and
Vi = i(ﬂ — 1) (5.12)

The proof, which follows the steps above, is left to the reader.

Remark 2. It is tedious but not very difficult to obtain a similar result
for sampling without replacement. The result is:

(N — 1) {(n— 1)2_ n—1

V=13 2
N2(n— 1) n n(N—1)

[(n—2)(n—3)— (n—1)]

_An=Dn—n-—-3)  6(n— D(n—2)(n—-13) 8
n(N— I)(N—2) n(N— I)(N— 2)(N— 3)}

(N— 1 ((n— DN
T NIy {n(N—— p = D +2]
L 2An= D= D= IN 3= Dln— Dn—IN
AN—D(N—2) AN — (N - 2)(N—3)
N¥n— 1)?
M } ¢.13)

From a comparison of Eq. 5.10 and 5.13 it will be apparent why we use
sampling with replacement in approximating the variance of s* whenever
possible.
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Remark 3. When sampling with replacement, the expected value of any
term in which z; appears only to the first power is zero. Hence, an easier
development of ¥;: can be made by recognizing that

n n
sz _z.z,-z,-
T A%

2 i _
s n nn—1)
and
n 2 n 2
Ba) (3)
4_ 7 i#]j
Ef=E n? tE n(n — 1)?

6. The rel-variance of the estimated standard deviation* (Vol. I, Ch. 4,
Sec. 12, Eq. 12.5). To prove: The rel-variance, V2, of the estimated
standard deviation, s, is given approximately by

Vi< ivh 6.1)

and it is desired to investigate the order of approximation.
Proof. Although the proof is expressed in terms of s, the results are
valid for any positive random variable s.
Let Es?2 = o2 Then, since
E(s — 0)? = Es*— 20Fs + o*
= 20(0 — Es)
it follows that

v 2(0—- Es)

o

(6.2)

and hence the investigations of approximations to the bias of s and to
the rel-variance of s may be carried on simultaneously. Furthermore
Eq. 6.2 shows that for any random variable s such that ¢® = Es? # 0 it
follows that

—E (6.3)

g

so that the bias, Es— g, is negative, i.e., the expected value of the
estimated standard deviation is always less than the standard deviation.

It is not difficult to verify, by using the fact that s — ¢% = (s 4+ o)(s — 0),
that the following is true for all values of s and o:

s—o (2— 0% (s®— 0?2 (s2— o)
o 2  8* ' 160°
(52 — 0-2)4

~ ook + o

(s> + 4s0 + 50%) (6.4)

* May be taken up with Chapter 10 instead of Chapter 4.
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Since Es* = ¢? it follows from Eq. 6.4 that

o— Es — 1 s E(s2— o — __1__ - E(s? — %3
14 8ot
1 (s — B)¥s? + 4so + 50%)
+ 160° E (s + 0)* ©3)

Therefore, from Eq. 6.5 we have

o— Es
o

1 1
e (5% — o2 —— E(s?— o%)3
804E(s a?) +l6a° (s2 — o?)

1 E(s2 — 02)4(s2 4 4so + 50?)

= 160 G+ o)t
Since
Kz _o—Es
2 ¢
from Eq. 6.2, we have
| R + — E(s2 — o?)3 (6.6)
2 2)4(2 2
:_1_ (2 — A5 +4sa+5<7)20
8 (s + o)t
Now
52 4 4s¢ -} 502
—_— <5
1< Gt op <
so that
Ve, 1 |43
A _ 2)3 2 — ~2)3
n E(s 2P Vi< 2 8ot a?)

o Et o

1 5
For sufficiently large n, g—E(sz— a?)? and —-—E(sz— ¢?)* are small

relative to (V%)/4, and we can say that V2 is given approximately by } V3.
This is the approximation to V2 for any sample design. For a simpie
random sample of » units we can substitute Eq. 5.10 for V% to obtain

n—3
P=a=1 p—1

vi= 4n = 4n 67
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or —_—
vV, = J p—1 (6.8 or 1-4.12.5)
4n

7. A condition under which the approximation to the coefficient of
variation of the estimated standard deviation is reasonably satisfactory*
(Vol. 1, Ch. 4, Sec. 12). The approximation to the coefficient of variation
of the estimated standard deviation, V, = V/2, as obtained in the pre-
ceding section, will be a reasonably good approximation for sizes of
sample such that V. is less than .3. This is indicated by the following
line of reasoning.

Note that, if we use the approximation to ¥, given in Sec. 6 of this
chapter, an approximation to the confidence limits (limits of sampling
variation) on s with a reasonably large sample would be

a(l:l:t—Vs:)
2 )

Another formula for obtaining confidence bounds for s is
s=oV1+tV, (A))
This follows from the confidence limits for s2, which are o2 (1 + tV,),
and from the fact that s and s* are mathematically dependent.

Values of V,. for several levels of error in the approximation to the
confidence bounds are given in the accompanying table for ¢ = 1, 2, and 3.
In the table r is the ratio of the approximation to the confidence limits
to the limits given by Eq. 7.1, i.e,,

] Ve

+ 2
F = ——

V1 £ tV,
and any value of ¥, less than that shown in the table will yield a smaller
value of r than is indicated in the table for the corresponding values of
tand r. Hence, except when a very high probability is demanded for the
confidence bounds covering the true value, such as that associated with
t = 3, V,,/2 will be a reasonably good approximation for sizes of sample
such that V. is less than .3.

V;» for given values of » and ¢

r=1.10 r= 112 r=114 r=116 r=1.18

1 .59 .62 .65 .67 .69
2 .29 31 .32 34 35
3 19 .21 22 22 .23

* May be taken up with Chapter 10 instead of Chapter 4.
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8. The rel-variance of the estimated standard deviation for a simple
random sample drawn from a bi:omial distribution (Vol. I, Ch. 4, Sec. 12).
To prove: For a binomial distribution, the coefficient of variation of the
estimated standard deviation, s, in a simple random sample of n elements
drawn with replacement is given approximately by

e = R

where P is the proportion in the population having a specified character-
isticand Q =1—P.

Proof. We saw in Sec. 6 that the coefficient of variation squared of
the estimated standard deviation, s, in a simple random sample of n
elements drawn with replacement is given approximately by

8 n—3 .
pe - n—1
¢ 4n

where 8 = u,/o*. For a binomial distribution:

N
X,— P)*
m=¥ — P(1— P)t + Q00— P!
= PQ — 3P2Q? (8.2)
%= PQ (8.3)
and therefore
1
= P—_Q -3 (8.9)
substituting for § in V7 gives
1 (1 4n— 6)
2 . (. )
¢ 4n(PQ n—1 ®3)

9. Size of sample required to estimate the standard deviation of a pro-
portion with a prescribed precision, say ¥, = .1 (Vol. I, Ch. 4, Sec. 12,
p- 131). a. To prove: For n greater than 60, V, is less than .1 if
.20 << P < .80, and it is reasonable to assume that ¥ will be less than .1
when the sample proportion, p, lies between .30 and .70.

Proof. For a binomial distribution, from Eq. 8.5,

1 (1 4n— 6)
2 — | —— 9.1

Ve 4n (PQ n—1 e

Note that V2 decreases as PQ increases, for a fixed n. If we fix the size




106 SIMPLE RANDOM SAMPLING Ch. 4

of sample at n = 60, it follows from Eq. 9.1 that ¥, will be less than .1
for .20 << P<C.80. Moreover, when the sample proportion, p, lies
between .30 and .70, the population proportion, P, is likely to lie between
.20 and .80. Thus, when p = .30 for a sample of 60, then

N PQ A/.20><.30_
p—20,=.30 2Jn =302,/ == =20

and therefore, when p = .30, it is likely that P is greater than .20. Simi-
larly, when p = .70, then .70 4- 20, = .70 + .10 = .80 and it is likely
that P is less than .80. Therefore, we can be reasonably sure that a
sample of 60 will be sufficient to estimate the standard deviation of a
sample proportion or a total which is between 30 and 70 per cent of the
population with a coefficient of variation of less than 10 per cent.

b. To prove: For nP greater than 25, V, is less than .1, and it is reason-
able to assume that V, is less than .1 if np is 35 or greater.

Proof. From Eq. 9.1 above, solving for n, we obtain

: 1
- 2 2___ 2
5t vi- 4+J(4 1% ) 16V (PQ 6)
Y%

1
llI}I)l —IIOP 275
since Q — 1 and we have lim nP = 25 for ¥V, = .1. Further it is reason-
able to expect that nP will be greater than 25 when np is greater than
35, since

p — 20y = 35— 2VnPQ = 35—2VnP = 35—10=25
and therefore nP is likely to exceed 25.

10. A simple random sample of a population contains a simple random
sample of any subset of the population (Vol. I, Ch. 4, Sec. 7). Suppose
that a simple random sample of » elements is drawn from a population
of N elements. Let K be the number of elements belonging to some
subset of the N elements in the population, and let & be the number of
elements in the sample of n belonging to that subset. Then the sample
of k is a simple random sample of the K elements, with the same expected
sampling fraction as the sample of n. That is, to prove:

a. All combinations of k elements are possible samples and are equally
likely.

k n
b. E}=&
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Proof. a. Fix the value of k at k. Then any particular combination
of k, elements among the Cf possible samples of k, from the subset will
occur exactly CY7K times among the C; possible samples of n elements
from N. Therefore, all samples of k;, are equally likely.

b. Let X, = 1 if the ith element belongs to the subset;

= 0 otherwise.

n N
Then >x; = k and J X, = K. Hence,

N
koS ”z;i
X, 14
E — = = = —
x EFxk "k W

11. The rel-variance of the ratio of two random variables (Vol. I, Ch. 4,
Sec. 18). To prove: The rel-variance of a ratio of two random variables
u and w is given approximately by

V2% = V24 V2 —2p,V,V, (1110r1-4.18.12)

Proof. An approximation to the variance of a ratio of random
variables u/w may be arrived at as follows. Let

u— Eu
Au = Eu
then
u = (Eu){l + Au}
Similarly,
w = (Ew}{1 + Aw}
E{z é‘z}z
pr ogw __\w  Ew —E:l +Au 1}2
(upw) = (Eli)z~ (ﬂ,)? T+ Aw
Ew Ew
= E{(1 + Auw)(1 + Aw)t— 13 (11.2)
Now
1
—1_ 2_ ...
15 Aw 1— Aw + (Aw)

which will converge to (1 + Aw)~1if Aw is less than 1 in absolute value.
When Aw converges in probability to zero, it is not necessary that Aw be
less than 1 for all possible values of w in order for the initial terms in
this expansion, when substituted for (1 + Aw)~* in Eq. 11.2, to yield a
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useful approximation to the rel-variance. Thus, Eq. 11.2 becomes
approximately
E{(1 + Aw)[1 — Aw + (Aw)F] — 1}
= E{Au— Aw + (Aw)* — Aulw + Au(Aw)??

Retaining terms of the second order or less, and noting that EAu = EAw
= 0, we have

E{(Au)® + (Aw)* — 28ulw} = V2 4+ VE —2p,,V.V, (11.3)
since

g

EAulAw = 2 — pwVuVu 11.4

uldw EEw) P’ (11.4)

To see that Eq. 11.3 provides a useful approximation to the rel-variance

of the ratio of sample means, for n sufficiently large, we note first that
Eq. 11.3 with u = &, Eu = X, w = §, Ew = ¥ may be rewritten

E—X» @— Y)2 (x— X)g— 7):
E{ Xz - y? Xy
{(x— 556~ Y)}2 4 (11.5)
Also
K\ /X2
ven=5 (-3 [ 72

——;}5E[(i—-)?)—— (7 — Y)] (y_ ) (11.6)

where the first term is Eq. 11.5, the approximation to the rel-variance.
We need merely show that, for some value of n sufficiently large, the
second term of Eq. 11.6 becomes very small relative to the first term.
To do this we note that (see Remark in Sec. 4, Ch. 3, p. 56)

cfe-n-Zo o] (55

g{E[(oz—f)— (G — Y)] [y;YZYT}V' 1.7

Now find a value , which represents the smallest of the sample averages
from the population, and assume all y, > 0, and let us call that value ¥,
By substituting ¥} for 4 in the denominator of the right-hand side of
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the inequality in Eq. 11.7, the inequality is strengthened and the right-
hand side becomes equal to
@7 — 72)2}‘/:

iy
By evaluating the expected values of the terms in Eq. 11.8 we find that
the order of the first factor* is 1/n?, and of the second factor is 1/n, and
therefore the order of Eq. 11.8 is (1/n%)'» = (1/n)"x. Since the first term
of Eq. 11.6 is of the order 1/n, it follows that, for n sufficiently large,
Eq. 11.8 will be small relative to the approximation to the variance.

A similar proof would hold for estimated totals and other sample
estimates.

{E [(92— 526~ Y)] ' (11.8)

*12. An indication of a sufficient condition for the approximation to the
standard deviation (or coefficient of variation) of an estimated ratio to be
reasonably satisfactory (Vol. I, Ch. 4, Sec. 18).f To prove: The approx-
imation to the standard deviation (or coefficient of variation) of an
estimated ratio, r = u/w, will be reasonably satisfactory provided that
V, << .05, or provided that p =V,/V, and ¥V, < .15, where V,, is the
coefficient of variation of the denominator of the ratio, ¥, is the coefficient
of variation of the numerator, and p is the correlation of u and w.

Proof. Fieller] has shown that exact confidence limits, R, and Ry, for
the ratio R = U/W are given by the solution of

(u? — 22) — 2R(uw — 1%,,) + RA(w* — 13%%) =0 (12.1)

where ¢ determines the appropriate probabilities of the normal distribu-
tion, u and w are normally distributed, and s2, s%, and s,,, are the sample
estimates of the variances and covariance of ¥ and w. Then, at the
significance level #, AR, is the relative length of the upper part of the
confidence interval, and AR, is the relative length of the lower part, where

Ri—r
r

AR, =

(12.2)
r— R2

AR, =

We can estimate the rel-variance of a ratio r by substituting sample
estimates for each term in Eq. 11.1; that is, an estimate of V2 is

02 = + V2 — 2p'v,0, (12.3)
u w

* See Theorem C.1 in Appendix C to Ch. 3, p. 87.

1 By Margaret Gurney, Bureau of the Census.

1 E. C. Fieller, Supplement to J. Roy. Stat. Soc., VI (1940-41), 51.
* May be deferred.
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where v2, v2, and p’ are the sample estimates of the rel-variances and
correlation of ¥ and w. With this estimate of the rel-variance, symmetric
relative confidence limits are obtained in the usual manner by computing

r+w, (12.4)

Thus, tv, plays a role in defining confidence limits similar to AR, and
AR,, and we can get a measure of the closeness of the approximation of
Eq. 12.4 to the limits obtained from Eq. 12.1 by comparing tv, with
AR, and AR,. Let

o AR — v, v, — ploywy) + VR — 2ol — p7)
1 tv, (1 — 22y,

—1

w2 + V1 — 2031 — a2)
= s —1 (12.5)

where
b 1—kp'

vrvw - \/l + k2_ 2kpl

k = v,[v,, and b = v — p'v,v, is the sample estimate of the relative bias
of r as an estimate of R (see Eq. 14.1 and Sec. 14-16).

&, is defined analogously for the lower part of the confidence interval
and is obtained by replacing ¢ by —1.

Note that

(12.6)

X ==

= (1 —kp')?
x2 - (1 —_ kpl)2 _I_ k?,(l . plg) (127)

and cannot exceed 1.

If we let ¢ and x be positive in Eq. 12.5, we have the maximum of the
absolute values of ¢, and ¢,, which we shall call &. Then ¢ is monotonic-
ally increasing with increasing @ when v, <1, and for any specified
tv,, < 1 the maximum possible value of ¢ is obtained by setting 2 = 1 in
Eq. 12.5. We then have

¢ (max.) = —1 (12.8)

11—,
Since Eq. 12.8 is monotonically increasing with tv,,, we can set a reasonable
maximum value on ¢, say ¢ (max.) = .15, and determine for a particular
probability level (i.e., a specified f) the maximum value of v, such that
e<.15.

For example, if we specify ¢ = 2.5, we have

1
. —_— .0
11521_2‘5% or v,<<.05
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Thus, for v,, << .05, the use of + tv, as confidence limits will give approx-
imately the same results as obtained (for normally distributed variates)
from Eq. 12.5. This is interpreted as evidence that v, provides a reason-
ably good approximation to the rel-variance of r.

Remark 1. If b = 0, then x = 0 and for ¢ = 2.5 and & (max.) = .15 we
have, by substituting these values in Eq. 12.5,

1

115 > —
T VT =625
or v,, < .15 is sufficient for the approximation to be good.

Remark 2. By substituting + ¢ and the observed values of  and v,, in
Eq. 12.5, the value of ¢ can be determined for any particular sample results.

Remark 3. The results above apply also to the population variance
Vi= Vi+ Vi—2pV,V,, by substituting V%, V3, and p for v}, v}, and p’
in Eq. 12.5.

13. The variance of the ratio of two random variables estimated from a
simple random sample drawn without replacement (Vol. I, Ch. 4, Sec. 18,
Eq. 18.1). To prove: The variance, 62, of a ratio r for a simple random
sample of n units drawn without replacement from a population of N
units is given approximately by

V&% + Ve — 2oy ViV (13.1 or
2 . _ X Y xy¥xVy
o = R¥1 f)( p ) 1-4.18.1)
where
7 X x
r::-;-—-gisanestimateofR:—}:,zi
2 X v
pr_ Sk (X=X
T X (N—DX2
N -
yy =Sy 20— TP
Y=y (N—1DT?
N - -
vy — oSSy SX— BNYi— T)_ Sxy
Pxy¥VxVy = Pxvy Xy (N—DXY T

Proof. By Sec. 11 with u = ¥ and » = § we have

o = RVE = R[VE+ Vi-2p,V: V) (13.2)
By Sec. 2

Vz_S_gz(l_f)‘g_f\':(l‘“f)V?Y
2T xe X a n
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and similarly for ¥}. By Sec. 3

n

K

PeiVeVs = Py }g

= Pxvy

_ =/

= Pxy VxVy

1-f 1-f
§1_7 i n_ Sx n _SY
Y X Y

Substitute these values into ¢? (Eq. 13.2) to obtain the desired result.

14. An approximation to the bias of a ratio estimate (Vol. I, Ch. 4,
Sec. 18). The bias of r = u/w as an estimate of R = U/W, where u and
w are random variables and Eu = U, Ew = W, is given approximately by

RV — puuVuV) (14.1)
To prove:
E(I‘—— R) = R(Vﬁ} - Pququ)

Proof. The procedure for generating an approximation to the bias is
the same as that given in Sec. 11. Here we let

u— Eu
Au = Ea
u = (Eu)(1 + Au) = U(1 + Auw)
Similarly
w = (Ew)(1 4 Aw) = W(1 + Aw)
then

u U U u
E(E_W) ZEW[O + Au)(l 4 Awyl—1]

= E—p%[(l + Aw){l — Aw + (AwpR— (Aw® +« + -} —1]
= %E [1— Aw + (Aw)2 — (Aw)® — Aulw + Au(Aw)2—1]
and, ignoring the terms of order 1/n* or higher, we have
v 2
- - 14.2
AR (142)

In a manner similar to that given in Sec. 11, the remainder term in the
approximation can be shown to approach 0 faster than Eq. 14.2. Hence,
for sufficiently large n, Eq. 14.2 is a satisfactory approximation to the bias.
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Remark 1. Whenever the regression line of 4 on w passes through the
origin, the approximation to the bias is zero.

This follows from the considerations below. The regression line of u
on w is given by

U= U= pu Z—“(w —w) (14.3)

If this line goes through the origin, then

O,

U= Puwo_: w
and
Vv,
Puw = _,;!’.

w

Substituting this value of p,,, in Eq. 14.1, we see that the approximation to
the bias is 0 when the regression of « on w is through the origin.

n
Remark 2. For simple random sampling with r = @/y and @ = J,

n
andy = 2y, the approximation to the bias of r as an estimate of R = X/Y
is given by

15. Decreases in the bias of the ratio estimate relative to the standard
deviation with increasing sample size (Vol. I, Ch. 4, Sec. 18). To prove:
With simple random sampling, the bias of a ratio estimate r = x/y
decreases faster than the standard error of r, and with a moderately large
sample the bias of r will be negligible in relation to its standard error.

Proof. From Eq. 14.3 the approximation to the bias of r is given by

o
A= REL Wy~ prr¥ry) (15.1)

and from Eq. 13.1, the approximation to the variance of r is

1—
o2 = R - f(Vf\f + Vi —2p5pVxVy) (15.2)
Consequently
_A_2 _ 1—f (V% — pxyVxVy)?
a? n Vi+Vi—2pxyVxVy
or

T
A / I—f | (V%= pxy VaVo)
o, n V?" + V%J—“ 2pxyVXy]7

which decreases with increasing n.
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16. Two conditions under which the sample ratio is an unbiased estimate
of the population ratio (Vol. I, Ch. 4, Sec. 18).

a. The ratio r = u/w of two random variables # and w is an unbiased
estimate of R = Eu/Ew when u/w and w are uncorrelated.

n n n n

b. If u= 3z, and w= Yy, the ratio r = D>x,/>y, is an unbiased
estimate of R = X/Y when the conditional expected value of z; is equal
to Ry, for any given y,. This is a special case of a above.

a. To prove:

u Eu

;; = ‘E" when G'(u,w) w = =0

Proof. By definition
u
Clupwy,w = Eu—E ;} Ew
If 0,0y, 0 = 0, then
Eu—EZEw=0
w
and
Eu

u
E-=_"
w Ew

b. To prove:

X
E (?) = — when E(z,|y,) = Ry,
Y
2Ys

Proof. By Theorems 13 and 14 of Ch. 3 (p. 61) we may write

x; 1
R
2Y; 2Yi

E(x|y,) = Ry,

When
it follows that

Zx—E—ZRJl—ER R=
2Y: 2

17. The variance of an average and of a total for a subset of the population
(Vol. I, Ch. 4, Sec. 10 and 16). For the class of populations for which

X, = 0 whenever ¥; =0
Y,=1o0r0

~<I><
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a. To prove: The conditional variance of r == Z/§ for a particular
sample of n units is

N,—n
el
anv

and the expected value of this conditional variance over all samples of n
units is given approximately by
2

R
= (1— Ve) 17.1
ol =(l—f+ V%) fN a17.1)
where f= n/N;
N, is the number of units for which Y; = 1;
n, is the number of such units in the sample;
S§ is the variance among such units;
i.e., N,
2(X— Xy
2 _. g
Sz N, 1 (17.2)
where N,
- 22X
X, = N,
and V2 is given by Eq. 17.9.
An unbiased estimate of X, is
n N,y
Pt 2 2 (17.3)
y 2Y; "o

Ny
In Dz, the x; is the value of the X-characteristic for the ith element in
the sample having y; = 1.
Proof. By definition

o = E(r— Er)?

o Sx)
T i
= E(—”—v— — “1\7;) (17.4)

By Theorem 14, Ch. 3 (p. 61), we may write

2
o2 ——EE,,,(E’” Xf,) (7.5)
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where E, means the conditional expected value for a fixed n, of the
expression immediately following it. By Sec. 2 and 10

Ny 2 N,
e, _) N,—n, 1 2(X,— X))
E, — X, = — 17.6

"'( n ! N, n, N,—1 (17.6)

g

14

From Eq. 17.2, 17.5, and 17.6, we have

(82 S2 1
a?=E(—” ) 85 (E———l—) (7.7)
n{’ g ”9’ Na
Since
— E
n, = (En,)(1 4 An,), where An, = My — 2
En,
and
1
— 1 + An, — (An,)?
14 An, + Bn, — (An)
it follows that
1 1
e . _ 2 ...
En” En, E{l 4 An, — (An,)* + }
—'I—(H V)“'——(1+V (17.8)
- E Ny fN Ny .
since, by Sec. 10, En, = (n/N)N, = fN,.
Furthermore,
Y
Ve =5 (- = = 17.9
e ( /) Pn P ( )
where
P = N, Q0=1-—P
N’ -

Substitute the approximation of E(1/n,) in Eq. 17.7 to obtain the result
given by Eq. 17.1.

b. To prove: The rel-variance of 2/, an estimate of a total for a subset
of the population, where

, N n N n,
T = ™ Ly = " 2%
is approximately
Ve = (1—f) vito (17.10 or 1-4.10.6)

Pn



Sec. 18 REL-VARIANCE OF ESTIMATED VARIANCE 117

where
N
P=- =1—-P
N o
and
N, -
pr _ 2K X,)°
‘ (Na - l)Xf
Proof. By definition
2 _ _22_
(Ex')
Now
Ex' =X
and
=5 %(X X)
R Vo) i A)r
% n N1
where
Sx, Sx
72t 2%
N N

and if N is large, so that we may assume N/(N—1) = I,

N N,
" 1_—_1'(;{%_ 1) _ 1_—_1_‘( Sxt l)
“7 n \NX2 n \NP:X?

N,
M_Al—f[z(z_x_%_ ) 1 ]
T n LP\NXZ ]+P !

2+Q

-5
the result given by Eq. 17.10.

18. The rel-variance of the estimated variance of a ratio estimate* (Vol. I,
Ch. 4, Sec. 21, Eq. 21.6). To prove: The rel-variance, V2, of the esti-
mated variance, s, of the ratio r = xfy for a simple random sample of
n units drawn with replacement is given approximately by

Br—1 + 4rs _ 4pzry VY\/ﬂz —1
n n n

vy = (18.1)

where pg.p is the correlation between Z? and Y;, Z, = X, — RY,, fi;

* May be taken up with Chapter 10 instead of Chapter 4.
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and V are defined in Sec. 5 and 13, respectively, and either

2 2
) ¢ Sy
N v% =

= (v, + vF — 2v,y), with v} "

where s% and s} are given by Eq. 4.1, and

o = Sxv 2, - By, — )

g (n— Dn
or
IZJ(r - x 2y
2 h ;== ik == __'
r=_ (n—l)l , with r; ytandy p
Consider
2 —_ 2 2
g2 ] lZyl(r R) IZz if2, = 2, Ry,

n ny? " nong?

The rel-variance of s,2 will be a good approximation to the rel-variance
of s? for large enough n. The derivation here substitutes r,— R for
r;—r. For the effect in an analogous situation where X is substituted
for Z, see Sec. 5.

Therefore, for n large, n

Z

V: = V2 = Vi, where i =

Sampling with replacement has been assumed for simplicity and will be
a good approximation to sampling without replacement whenever N is
large relative to ».

Proof. By Eq. 11.1, with u = #, w == %,

V(ﬁ/ﬂ’) = Vtz'é + V%’ 2Vu N (18.2)
Consider the first term in the right-hand side of Eq. 18.2,

n2.2 n22
a2 (62

By the procedure used in Sec. 5, we find

1 (paz ) 1
sz_(___ —_= —1 18.3
@ n 0‘% 1 n(ﬂZ ) ( )
Similarly,
’ pr o 9 AVE (18.4)
ﬂ' = i = n .
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where terms of order 1/n? or higher are ignored (see Sec. 6). Finally,

- 2057 Vy \/ﬁz - 1_

. (18.5)

which is left to the reader to be developed as an exercise. Substituting
Eq. 18.3, 18.4, and 18.5 in Eq. 18.2, we obtain Eq. 18.1.

Exercise. Prove that p,s,, = p,,, when

—lz and w——-l-i
n% n%

and n is very large.

19. Condition for the ratio estimate to have a smaller rel-variance than
the simple unbiased estimate (Vol. I, Ch. 4, Sec. 19). To prove: The
approximation to the rel-variance ¥'? of the ratio of two random variables
u/w will be smaller than V2, the rel-variance of an unbiased estimate of a
mean or total from the same sample, when

Ve

- 19.1
P > 5y (19.0)
The proof is left to the reader.
Special case of Eq. 19.1. Let
u=2xz = NZ
wt N
Y Y
and
u "
— =
w
From Sec. 2 it follows that
2
V2 =(1—f) —X (19.2)
Similarly, it follows that
%
Vim=0—1) -~ (19.3)
From Eq. 3.4 of Sec. 3, it follows that
Pz (yiv) = PXY (194

And, substituting Eq. 19.2, 19.3, and 19.4 into 19.1, we see that the
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condition for gain through the use of the ratio estimate z” over the simple
unbiased estimate x” is

¥
cyp > ————
Pxy ZVX

*20. Consistent estimates of averages and variances (Vol. I, Ch. 4, Sec. 12).
To prove: The sample estimate # of X and the sample estimate s* of S2
are unbiased and consistent estimates of X and S?, respectively, where
# and X are defined by Eq. 1.1, s% is given by Eq. 4.1, and S8* by Eq. 2.1.

Proof. The proof that  is an unbiased estimate of X is given in
Sec. 1, and that 52 is an unbiased estimate of S® is given in Sec. 4. Since
o2 and o, approach 0 as n increases, it follows from the corollary of
Theorem 19, Ch. 3 (p. 75), that & and s® are consistent estimates of
X and S

*21. Functions of random variables which are consistent estimates of the
same function of population characteristics (Vol. I, Ch. 4, Sec. 18 and 21).

a. &/j is a consistent estimate of X/Y, where & and § are defined in
Sec. 1, and ¥ +# 0.

b. s/ is a consistent estimate of §/X = ¥, where s is given by Eq. 4.1
and S% by Eq. 2.1, and X 0.

c. s2/F*is a consistent estimate of 8%/X2 = V2 and X +# 0.

d. st = (B§*)v2 4 v3— 2v,,) is a consistent estimate of ¢%, where s2
is defined in Sec. 18, o is given in Sec. 13, and Y 5 0.

The proofs follow immediately from Corollary 2 of Theorem 20, Ch. 3
(p. 75), which states that a rational function of consistent estimates is a
consistent estimate of the same rational function of the quantities being
estimated, if the denominator does not vanish when the quantities
estimated are substituted in the rational function.

* May be deferred.
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CHAPTER 5
Stratified Simple Random Sampling

DERIVATIONS, PROOFS, AND SOME EXTENSIONS OF
THEORY FOR CH. 5 OF VOL. I*

NotE. A stratified simple random sampling plan is one in which the elements
(sampling units) of the population are divided into groups, referred to as strata,
such that each element is contained in one and only one stratum. The sample
is then chosen by selecting a simple random sample of elements from each
sttatum. The sampling fraction may vary from stratum to stratum or may be
uniform in all strata. 1f the sampling fraction is uniform the sampling plan is
referred to as proportionate stratified sampling.

Note that the theory of stratified simple random sampling is equally applicable,
once the sampling units have been defined, whether the sampling units are
elementary units, as assumed above, or clusters of elementary units. Specific
consideration of the theory of cluster sampling is deferred to succeeding chapters.

The notation in this chapter is the same as that followed in Chapter 4 except
that a subscript (&) is added to designate the strata.

1. The expected value, variance, covariance, and correlation of unbiased
estimates from a stratified sample (Vol. I, Ch. 5, Sec. 3). To prove:
a. Estimates of the form

L -
DN,
I

N

T =

(1.1 or 1-5.3.2)

na

are unbiased estimates of X = ZN,,X W N, where &, = x,/n, = Zz,,,/n,, is

a sample mean based on a 51mple random sample of s, units from the
hth stratum, z,; is the value of a characteristic for the ith unit in the
sample from the Ath stratum, N, is the number of units in the hth stratum,

L is the number of strata, N = ZN,,, X, = X,/N, = ZX,“/N,, is the

population mean for the Ath stratum, and X, is the value of the character-
istic for the ith unit in the population in the Ath stratum.

* Appropriate references to Vol. I are shown in parentheses after section or
subsection headings. The number following I- after some equations gives
the chapter, section, and number of that particular equation in Vol. L.

121
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b. The variance of £ is
Ug - T 2N2 ﬁ'ShX (1.2 or 1—5.3.9)

where

8y =t (1.3 or I-5.1.2)

and

¢. The covariance of & and g7 is

Ogy = EN?; hfh Syxv 14

where

By (X — X) (Yo — T)
Sy =3 2 N:)i; : L(L5)

(3

and & and § are sample means for two different characteristics of the units
included in the sample.

It follows, by definition of the coefficient of correlation, that the
correlation between & and ¢ is

prg = 2L (1.6)

Note that the variance is a special case of the covariance, i.e.,
03 = 0z
where oy, is given by Eq. 1.4 with & substituted for 7, and

Six = Saxx
where S, x ¢ is given by Eq. 1.5 with X substituted for Y.
Proof. a. For the hth stratum: &, depends on the sample and is a
random variable, and N,/N is a constant. Consequently Z is a linear
combination of random variables.* If we take the expected value of &,

* A linear combination of random variables is a sum of the form u = Zayu,,
where the u, are random variables and the a, are any constants. Thus, if
u, = /Yy, where x, and y, are random variables, we say that u is a linear
combination of the u,’s but not a linear combination of either the x;’s or the y,’s.
Similarly, if u, = 2§, where b is different from 1, we again say thatL u is a linear

combination of the u,’s but not of the z,’s. In the case of & = > N,&,/N, we
®

let @, = N,/N and u, = &,, and we say that & is a linear combination of the
Ty's.
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we have EZ, = X,, which follows from Sec. 1, Ch. 4. Consequently,
EZ = X, and % is an unbiased estimate of X. This follows since the
expected value of a linear combination of random variables is the same
linear combination of the expected values of the random variables
(Theorem 6, Ch. 3, p. 49), and by substituting X, for &, in Eq. 1.1 we
obtain X.

b. Since the sample selection is carried out independently in each
stratum, &, is independent of &, where & and k designate any pair of
strata, and & is a linear combination of independent random variables.
It follows from Theorem 11, Corollary 1, Ch. 3 (p. 56), that if u is a
linear combination of independent random variables of the form

u = Zayu, (.7

where the a, are constants and the u, are independent random variables,

the variance of u is
o} = Zalo?, (1.8)

Since £ is such a linear combination with a, = N,/N and u, = %,, the
variance of ¥ is

2 ZN h"n
o2 = Ne

(1.9)

where o2, is the variance of &,.
From Sec. 2, Ch. 4, we have (since &, is based on a simple random
sample of n, units from the /4th stratum)

o, =(—f=* Six (1.10)

where S is given by Eq. 1.3; and by substltutmg this result in Eq. 1.9
we obtain Eq. 1.2.

c. Since &, is the mean of a first characteristic of the n,, units included
in a sample from the hth stratum, and , is the mean of a second charac-
teristic for the same r, sampled units, then, from Sec. 3, Ch. 4, the co-
variance of Z, and 7, is S

Ogg = (1—f;) 2EL (1.11)

ny
and, since the samples are selected independently in the respective strata,
the covariances o,,g, = 0 for 4 different from k. It follows from the
corollary to Theorem 12, Ch. 3 (p. 58), that since & is a linear combination
of the random variables Z,, and 7 is the same linear combination of the
random variables 7,,

1 L
Oy = I_VE ZN%O’,A% (1.12)

and, substituting for oy, (Eq- 1.11) in Eq. 1.12, we obtain Eq. 1.4.
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The proof in Part b is seen to be a special case of this result, obtained

by substituting & for 7.

Remark 1. When a proportionate sample is selected, i.e., n,/N, = n/N
= f, the covariance becomes

L
1= f 2NSuxy (L13)

Oz n N
and the variance becomes
L
—F . S3 .
ot =1 f S, with S5, = _——ENI'G & (1.14)

Remark 2. For estimated totals 2’ = ‘,_N,,:c,, andy’ = ZNhyh the results

corresponding to those given in (a), (b), and (c) become

Ex' = X=NX

Opy = N0y

or = N}

poy = 2 = 2 gy

Oz0y 003

2. The variance of the ratio estimate (Vol. I, Ch. 5, Sec. 4). To prove:
The variance of r = &/§ is approximately

Lys L=t

Sz, (2.1 or 1-5.4.5)
N2Y2 n,

o7 =

where
8%, =82, + RS2, — 2Rp,xvSpxSr (2.2 or 1-5.4.6)

and where S3 . and 83, are given by Eq. 1.3, pyxy = Suxy/SuxSuy is

the correlation between X;, and Y,; in the Ath stratum, S,y is given by

Eq. 1.5, and R = X/Y = X/Y. The other terms are defined in Sec. 1.
Proof. From Eq. 11.1, Ch. 4,

o2 = R(Vi+ VE—2p5V,V ) 23)

where V; = o,/X and V; = ¢;/ Y. Then

L
i = R (s L st + g S e,
1 51—
"2N2,;72N% nnfhPhxySnXSny) (2.4
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which follows from Sec. 1, above. Assembling terms, we have

o7 = N2 72 ZNz ;fh (Six + RSy — 2RppxySixSuy)  (2.5)
n

which is equivalent to Eq. 2.1.

Exercise. Show that S}z is the variance of Zj; = X;; — RY;;, i.e.,

51, 2Zis— Zi

Ny—1

3. The variance of the ratio estimate based on the weighted average of
ratios of random variables (Vol. I, Ch. 5, Sec. 4). To prove: The variance
of the estimate L
' 2 Y

Y

I

is given approximately by
L

r’ N«z Y z

f 82, (3.1 or 1-5.4.12)

where
S,ZLZ = S’,zlx + RESI%Y - 2RhPhXYShXShY (32 or 1—5.413)

the terms in S}, are defined in Sec. 1 of this chapter, and r,, = x,/y,, the
ratio of the sample aggregates in the Ath stratum.
Proof. 1t is seen from Sec. 13, Ch. 4, that the variance of r, is given

1— /8%

approximately by 573 Consequently, by Eq. 1.7 and 1.8 with
h

h
a, == Y,/ Y, u, = r,, the variance of
I
2. . VL&, 1—£S
y 8 2B
and, since Y, = N, ¥, and Y = NY, we have Eq. 3.1.

Exercise. Show that S} is the variance of Z,; = X, — R, Y, i.e.,

Z(th Zh)
Skz = N,—1

N
— Z;(Xhi — R Y
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4. Comparison of biases of two ratio estimates, using proportionate
stratified sampling (Vol. I, Ch. 5, Sec. 4). To prove: If A; and A, are
the approximations to the biases of

L
2V
Y

EN %23
ZN WG

respectively, and if o2 and o2 are the approximations to the variances,
then for proportionate stratified sampling:

a. Both A%/o? and A%/o? decrease for increasing size of sample provided
the number of strata, L, is held constant.

b. If the size of sample is increased by increasing the number of strata
(and if the total size of sample is small relative to the population), then
A%/o? decreases, but AZ/o? may increase with increasing sample size.

c. If the number of strata is L, and if the X, and ¥, do not vary widely
between strata, then A, is of the order of L times as large as A;.

d. It follows from Parts ¢ and b that a sufficient condition for A, to be
small relative to o? is that the total sample be large, no matter how
small the average size of sample per stratum. It will be zero if
Puxy = Vux/Vey. A sufficient condition for A, to be small with any
size of sample in a stratum is that p,yy = V,x/V,y for each stratum
(which is the condition for the regression line for X on Y to go through
the origin for each stratum). The bias of r’ can be small for small samples
per stratum under less stringent conditions, but unless the conditions
given are approximately met there is a risk of serious bias if r’ is used.

Proof. It follows directly from Sec. 14, Ch. 4, that the bias of the ratio
estimate r is approximately

and r' =

Ay =R(VE — ppyVeVy) 4.0
and the bias of ' is approxi}rnately
1L
AZ = —Y 2 Yth( V%v — Phay th‘ th) (42)
where
V%x = fh h)\’ Vz = X2 ZN 2 fh th
L x
ZN 1%hs rh = y—:
R== R, ==t
Y’ k Yh
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and the other terms are as defined in Sec. 1, 2, and 3. For proportionate
stratified sampling Eq. 4.1 and 4.2 become, respectively,

1—
A = TfR(Vz;Y = Puxy VexVor) 4.3)
< V(12 R,
1—f ZNYIViy — R Prxvy VixVar)
= = R N7 4.4)
-1 ;f 4 (4.5
1 L 1—
Ay = b 2R, “;‘fl’ (Viv — paxy VaxVav)
h
and, since n,/N, = f,, = f, Y,R, = X, = N, X,, we have
l_fL - 2
A, = W ZXh(VhY = Prxy VaxVay) (4.6)
L_ L_
_ Ld-1) & 2X(Viv — puxrVax Viv) @.7
T oon YL Lo )
zXh
- L_(l,nlﬁ A (4.8)

The values of 4 and A’ are constant for any fixed set of strata.
From Eq. 4.5 and 4.8, and substituting values for ¢? and ¢ for pro-
portionate stratified sampling obtained in Sec. 2 and 3, we have

_f)2 _
TSR o e
A2 n? n
i I =T 4.9)
’ 1 _f ZNhSEZ' ZN)LSIle’
n N
201 — £)2 -
L—(l T4 A2 Lz(—1 f) A?N
A2 n? n
2o 7 == T (4.10)
T 1=f2NSi, 2NS3z
n N

both of which decrease with increasing size of n if L, A, and A4’ are fixed.
Thus, with a fixed set of strata and for samples large enough, the approxi-
mate bias of either r or » will be trivial relative to the approximate
standard deviation.
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L L

Note that, although A42N/5N,S%, and A"N/3N,S3, depend on the
stratification, they are ratios of averages that may not be sensitive to
altering the stratification, and sometimes may be affected but slightly as
the number of strata is increased.

We shall consider the case where AzN/ZN,,S,?,Z and A'2N/2N,,Shz are
about constant as the number of strata is increased. Suppose, now, that
the size of sample is increased by keeping the same average sample take
per stratum, but increasing the number of strata, so that n/L =7 =
constant. This does not affect Eq. 4.9, which still decreases with increas-
ing n, but now Eq. 4.10 becomes

2 ‘2
%2 = "————(fz_f)A ol @11
o m?EN,SE,
which increases with increasing n provided f is small for all sizes of
sample considered.

Also, if the approximate biases are not zero and if we take the ratio of
A, to A,, we have A, s M

T 4.12)
which will be approximately equal to L when 4’ = 4, which latter con-
ditions will hold approximately (from Eq. 4.4 and 4.7) at least when the
X,, the ¥,, and the N, do not differ widely between strata.

Finally, it follows from Eq. 4.9 that A} will be small relative to the
variance with a large enough sample (for any number of strata), but from
Eq. 4.7 it is seen, with 7 fixed, and with p,xy # Vjx/V,y, that A, need
not decrease as n increases unless the sampling fraction becomes large; but
a sufficient condition for A, to be zero or small is that p,xy = V,x/Vyy
for all A.

It appears reasonable to assume that relationships essentially similar to
those given above may hold in practice for disproportionate sampling
designs, although the exact relationships have not been developed.

5, Difference between the variances of two ratio estimates (Vol. I, Ch. 5,
Sec. 4). It is shown below that the difference between the variance of

L -
, oo %N wn

2N
and the variance of

5
o thh
"=y
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is given by
at—a} —-—Z Y/2: ﬁ[Vlly(Rh—R)z

—2R,(Viy — Prxy VaxVar) R, — R)]  (5.1)

Note that the first term in brackets in Eq. 5.1 is positive and will increase
as the variation in the R, increases, and the second term involves the
approximations to the bias of the r, and will be small when the approxi-
mate biases are small, i.e., when the p,xy = V,x/V,y. This is an
indication that the larger the difference among the stratum ratios, the
greater the gain in using #’ rather than r, so long as the second term is
small. However, if the second term is large relative to the first, then the
use of r’ should be avoided.

Derivation of the difference o2 — o2 is as follows:

The variance of r is given by Eq. 2.1. The variance of ' is given by
Eq. 3.1. The difference is

fh

(Shz—Siz) (5.2)

— o Z
i
Now
Sz — Sz = Six + R*Siy — 2Rpnx v SuxSuy
— (Six + RiShy — 2Rupux vSaxSay)

= S%Y(R2 - szl) - ZPI:XYShXShY(R - R,)

= YiVir(R,— Rp?
-2 )712»Rh( V%Y — PrxvVaxVar)(Ry,— R) (5.3)

Substituting Eq. 5.3 into Eq. 5.2 and substituting Y = NYand ¥, = N, ¥,
we obtain Eq. 5.1.

6. Total population variance expressed as a sum of components (Vol. I,
Ch. 5, Eq. 5.6). To prove: For a stratified sampling design the variance
between elementary units in the population, o2, can be written as the sum
of the variance between the stratum means, o%, and the variance between
elementary units within strata, o2, i.e.,

o* = o} + o, (6.1 or I-5.5.6)

where
L N, o
o2 — m—l—x) 6.2)

N
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L -
2NNX, — X)?

of = 780 (63 or 1-5.5.4)
L NA — 2
X, —
o = Z_Z(';v—-—"’-”-)- (64 or 1-5.5.7)

Proof
Not = 3 (K — £ = 5 S0 — X + (B — D
= 35— B + 25 3Ky~ BNFam X) + 3 3K — XY
and, since 3(X,,— %,) = 0 for each stratum, and since

Z j()zh_‘ 1‘-’)2 = ZN;.(X’;.~ 1‘7)2
we have
L Ny

- L - -
o = 2200 B | SN X7

— o+ o}

7. Gain due to stratification using proportionate sampling (Vol. I, Ch. 5,
Eq. 5.3). To prove: The absolute gain due to stratification with pro-
portionate sampling is

1— S2
o} — o}, = p, / (a%— -ﬁw) (7.1 or 1-5.5.3)

where ¢f is given by Eq. 6.3, and

- Xy (7.2)

where o2 represents the variance of & for a simple random sample, and
o3, represents the variance of & based on a proportionate stratified sample.
Proof The variance of a sample mean based on a simple random
sample of n elements is (from Ch. 4, Sec. 2)
f N 1-f N

st 1—
2: —_— _—— 2 2 _ 2
d=U-N =" T =@t (3

where of is given by Eq. 6.3 and ¢}, is given by Eq. 6.4.
The variance of a sample mean based on a proportionate stratified
sample of n elements is (from Sec. 1, Remark 1)

S2
o} =(1—f)>* (7.4 or 1-5.3.10)
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Therefore,

d-of =L )

Assume that N is large enough that the approximation N/(N — 1) = 1 is
good, and the N, are either so large, or so nearly constant, that the
approximation N,/(N, — 1) = N/(N — 1) is satisfactory. Then

N

N—1

S - a5 )
2_ 2 2 _ 2| _ 2 2 __ 2
2 — Og o) Ly ; oy + oy, 17-—-10"’,

o =82 82 =

2
Oy

. n N—-1""

= (o %) (.1)

8. Variance between the stratum means with random grouping of elements
into strata (Vol. I, Ch. 5, Sec. 5). To prove: If strata are formed by a
random grouping of elements, the variance, 0%, between the stratum means
is approximately equal to S2/N.

Proof. 1If the N, elements in the hth stratum were obtained by dis-
tributing all N elements of the population at random among the L strata,
so that N, elements were put into the Ath stratum, h =1, + - -, L, then
EX, = X, and

L L L
ZNh(X-I - X-)Z zNhX-'% — zNhEY,Z -
2= F 2 = N ¢ T~ el N 2"
a3 N E N N X
L N— —
2N, (‘82 Nh-l- Xz)
_ NN, _ e
o N
L N—N,
Se——h L
_Z N ZN,,X2__)zz
o N N
_Sz(L—l) __§~2L——1
N N L

Sz
= 7 if L is large.
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Also, from Sec. 4, Ch. 4, ES} = 82 where S8} is given by Eq. 1.3, provided
the strata are made up by random assignment of the units in the popula-
tion, and therefore ES? = S2, where S2 is given by Eq. 7.2, or 8% = 82
for a reasonably large population.

It follows that o} = S%/N provided there are enough strata that
LL—1) = 1.

9. Optimum allocation to strata (Vol. I, Ch. 5, Eq. 8.1). To prove:
The values of #, which minimize the variance

== 2N2 1=t 83 o1
ny
subject to the condition
L L
Sa,=n or pn,—n=20 9.2
are
S
n, = LN A (9.3 or 1-5.8.1)

ZN hgh

where S, is given by S,, 8,2/ ¥, or S,/ ¥, depending on the form of the
estimate. B
Equation 9.1 is the variance of # (Eq. 1.1) when 8% = 53 as defined by

Eq. 1.2; it is the variance of
L

__ 2N,
=L

ZNhgh
when Sﬁ = 82,/¥? and S}, is defined by Eq. 2.2; and it is the variance

of r' = ZY,,r,L/Y when S2 = 52,/ 72 and 8%, is defined by Eq 3.2. The
form of the variance, and thus of the optimum values of #,, is the same
for totals estimated by multiplying the above estimates by a constant.

Proof. To obtain the minimum & subject to a fixed size of sample we
set up the Lagrangian F.* i.e., we define the function

F=Fy+ }F, + JgFy 4+ + * + 4F, ©9.4)

where Fy is the function to be minimized, F, is the relationship determined
by a first condition to be imposed, F, is the relationship determined by a

* For a discussion of the Lagrange method of obtaining a relative minimum
or maximum value of a function subject to conditions see E. Goursat and
E. R. Hedrick, Mathematical Analysis, Vol. I, Ginn and Co., 1940, p. 128,
Sec. 61, or other texts.
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second condition to be imposed, etc.; and 4, and Z,, etc., are Lagrange
multipliers whose values are obtained as a part of the solution.
In the present problem F, is the variance to be minimized and is given

by Eq.9.1; F; = Zn,t — n is the condition to be imposed (from Eq. 9.2).
There are no other conditions. Consequently, in this particular problem,
we have

1 Si _
F= zN( N,,) A — n) ©.5)

We ascertain the optimum values of the n, by taking derivatives of F
with respect to the n, and setting each of the derivatives equal to zero.
This gives L equations in L 4- 1 unknowns (the n,’s and 2). The con-
dition given by Eq. 9.2 makes L +- 1 equations. With as many equations
as unknowns we can solve them simultaneously to obtain the values for
the n, that minimize (or maximize) F, subject to the condition F;. One
can examine the results in cases where there is any doubt to ascertain
whether the solution gives a minimum or a maximum value for F;,. Thus,

OF NS
L) =0 (h=1,
= Nt + ( L)
or
N,S,
n, =22 9.6
S (9.6)

Summing over the L equations, we have

L 1 ZN,,
2 = \/l N

L —
and from Eq. 9.2 we substitute n for n, and solve for V4. By substi-
tuting this value for V7 in Eq. 9.6, we obtain
NS,

n, =7

ZNhSh

n 9.3)

To see that the substitution of n, given by Eq. 9.3 yields a minimum
we note that the variance

N2§? = 2N2 (1_N)§;2,

ny
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can be written as

L L NS \2
N2§@® = — SN, 52 + zn,,( ": ")
h

NhSh
ny,

L L 2 L
=—3SN,8% 4+ 3n, ( K) + 2KSN,S, —nk? (9.7

where K is a constant. The second term of the right-hand member of
Eq. 9.7 is the only term involving the n,’s. Therefore, 6* will be at a
minimum when this term is zero, i.e., when K = N,8,/n, or

ry = —K‘i ©.8)

and, summing both sides forh =1, 2, - -, L,

L
2N,

L
Smy=n= K

or

L
— ZNhSh
n

K

When this value of K is substituted into Eq. 9.8, we obtain Eq. 9.3, the
values of n, which make 6* a minimum.
The variance at the optimum is given by

L

L
Sy L
X {(.ZAZ-_') - ZN,LS%} (9.9 or 1-5.8.5)

o? (opt.) =
which is obtained by substituting Eq. 9.3 in Eq. 9.1.

10. Gain of optimum allocation over proportionate stratified sampling
(Vol. 1, Ch. 5, Eq. 8.6 and 8.7). To prove: The relative gain over pro-
portionate stratified sampling of optimum allocation of a fixed size of
sample to the strata is given by

o? (prop.) — o2 (opt.) V%
= U 10.1 1-5.8.6
Feopy  a—parvy (0TerBee

V3,
ey (10.2)
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where

L
1z N,S3
&= 2 SN, — By = 2 g

o%,

VZ» ==
LEN S
Wn
S =& 2k

Proof. We have already seen that

L L L
1—f3NS: _ SNSE SN

2 -
o (prop) = === Nn N
(é S )2 i Sz

NS, NS
o® (opt.) = N’;n — th
Then, it follows that L
NS 8
o® (prop.) —¢®(opt.)  Nn n
= 7
o (prop.) N—n SN,
Nn N

_ o%,
- L
(1—f)SN,S3N

L
Substituting o%, + S2 for SN,82/N and dividing numerator and denomi-
nator by 52, we get Eq. 10.1.

11. Optimum allocation with variable costs between strata (Vol. I,
Ch. 5, Eq. 12.1, 12.2, and 12.3). To prove: The optimum allocation to
strata of a sample of elements when the cost of including a unit in the
sample varies from stratum to stratum is

NSV C,
= %n (11.1 or I-5.12.1)
Z(N hs h/ vch)

where n, the total size of sample, is determined to yield (1) 2 minimum
variance when the total expenditure is fixed, or (2) a minimum expenditure
when the precision is specified at &

ny,
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For case 1: P
L
n=s ¢ _zN"__” (11.2 or 1-5.12.2)
SNEVG, VG
For case 2:
LV T vV
Z(N 5V C) (N BYVE) (11.3 or I-5.12.3)
N2g? + S“N S2

Proof. The variance of an estimated average or ratio from a stratified
random sample is (see Eq. 9.1)

62_—2N f;.)-;—"‘zN (nl,, i_;.)

The cost of the survey is assumed to be of the form
L
C=2Cm

(1) To determine values of n, which minimize the variance subject to
a fixed total cost, C, we set up the Lagrangian F:

z N2S2 (—— ﬁ) + A(ZC,,n,,— o))

OF 1 N,,§2
EBn,,__N2 n} + 26 =0
Solving for n;,, we have _
M 1
"7 NVG, Vi
and
L ~ —
Lo Z(Nhsh/\/cn)
n=n,="——"-—"
NV2
Substituting for V7, we have
_ _NSVG,
nh = —L————: n
2NV Cr)

L
When the total cost is fixed at C == 3 Cyn,, we have

ZNhS VG, .
zuv,.sh/\/ Cy)
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and the optimum # is given by Eq. 11.2.
(2) To determine the values of n, that minimize the cost subject to a
prescribed precision, &, we set up the Lagrangian F:
L ) 1z, g2 11 .
F=2Cm+ 4|73 2NiSi m N T
Proceeding as in (1) above, we find that the optimum values for the n,
are, again, as given by Eq. 11.1.
When the precision is fixed at
oL (308

N2
we have, by substituting for #, its optimum value,

L
- zN,ﬁ%)
h
~ L e
yoe_ & (VISEINSIVE,
nN,S,/VC,
and the optimum # is given by Eq. 11.3.

L
)—zm&

12. Sample estimates of population variances (Vol. I, Ch. 4, Sec. 14).
To prove:
a. A consistent and unbiased estimate of 83y as given by Eq. 1.3 is

< )
52, = 28 B (12.1 or [-5.14.1)
n,—1
b. A consistent estimate of S, as given by Eq. 2.2 is
s2p = Six + 13y — 2rsixy (12.2 or I-5.14.2)

where 52y and s%, are given by Eq. 12.1, and

B %(x,,,. — Z)Yni — Fn) (12.3)

Sixy = ny— 1
c. A consistent estimate of 82, as given by Eq. 3.2 is
S%z = S)%X + r;%S%Y —_ 2rhshXY (124 or 1—5.14.3)

d. An unbiased estimate of o% as given by Eq. 6.3 based on a propor-
tionate stratified sample is

DG L Ei (1 _ Nﬁh) S;X] 129
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where s7y is given by Eq. 12.1 and 77 = n/L. Note that for large 7 the
second term of Eq. 12.5 can be neglected.

e. An unbiased estimate of ¢% as given by Eq. 6.2 based on a propor-
tionate stratified sample is

53—y (12.6)

T h i

where
1L,
2 _ 2
Shx == 2MiShy
n o

Note that for large n the second term of Eq. 12.6 can be neglected.
Proof. The proofs are left to the reader.
Hint: The proofs for Parts a, b, and ¢ follow the same reasoning as
given in Sec. 20 and 21 of Ch. 4. The proof for Part d follows from
noting that

L
E>n (%, — &2 =E; Ln,,x 2 — nEz?
"

= Z”h(af, + X3) — n(e} + X?)
and the proof for Part ¢ follows from noting that

EZZ(%—?G)** Z ZX;“ n(oz + X?)

hz

13. Variance for stratification after sampling (Vol. I, Ch. 5, Sec. 16,
Remark 3). Suppose that we have a simple random sample of # units.
Classify the units of the sample into L classes. Let x;; be the value of
the ith unit in the Ath class. Let N, be the known number of units in the
hth class in the population, and let #, be the number of units in the Ath
class in the sample.

Construct the estimate

F= 13.1)

3%
h

s.M,

1
N

:r

It is easy to show that & is an unbiased estimate of the population mean
X, if we exclude all samples in which one or more of the n, is zero.
The variance of £ may be obtained in the following way. First, we
note that
= E@#— X)* = E{E,(Z— X)%}

where E, denotes the expected value for a fixed set of values ny, ny, - - -,
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ng. But E, (£ — X)?is then the variance of a sample mean based on a
stratified sample with n, elements from stratum k. Therefore,

- 1 L N,—n,S?

E(f— X)2=—SN2—2 24

S
_ 1 2321 12 S2
_ﬁ—z%Nh h;h"yv‘;%Nh h

To find the expected value of this expression, we need to evaluate E(1/n,).
This can be evaluated exactly,* but the exact value has a complicated
expression. It can be shown, however, that

1 1 l—fN—N,‘}
E—=— —_——
ny ho{1+ n N,

This follows from Eq. 17.8 and 17.9 of Ch. 4 with P == N,/N and
Q =1—P. Hence,
o = E{E,(f— X)?}
1 L NiS: ll—f%NﬁSﬁN-Nh_
n N,

1 L
= - — YN,82
NZz /N, = N2 f N, N‘l}‘N" h

and, by substituting 82 = XN, S}/N, f = n/N, and Q, = (N — N})/N,

L
2
03 = ln——I(Sf,, + :—i—z—%’i&) (13.2 or I-5.16.1)
We note that the first term is precisely the variance for a proportionate
stratified sample selected from the strata defined earlier, and that the
second term is positive. Hence, the variance for stratification after
sampling is larger than the variance for proportionate stratified sampling.

We note further that for a sufficiently large average sample size per
stratum, 7, the second term will be small compared with the first term,
since the second term is of the order of 1/i as large as the first. Unless
7i is sufficiently large, however, the net effect of such an approach by
“stratification after sampling” may substantially increase the variance
over the usual estimate with simple random sampling.

14. Increase in variance arising from duplication of a subset of elements
(Vol.1,Ch. 5, Sec. 16, Remark 4). To prove: Suppose that from a random

* Frederick F. Stephan, “The Expected Value and the Variance of the Recip-
rocal and Other Negative Powers of a Positive Bernoullian Variate,” Annals
Math. Stat., XVI (1945).
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sample of n elements we select a random subsample of », elements, dupli-
cate these n; elements, and add them to the original sample. Then the
mean based on the »n + n; elements is an unbiased estimate of the
population mean, and its variance is greater than the variance of the mean
based on the original 1 elements by the approximate factor

1432
n

n 2
(1+%)
. n
Proof. Let the elements in the random subsample have the values
Xy, %y, * * *, T, and the remaining elements in the sample have the values

Zn 41 * * ' T, The estimate of the mean based on the sample of n + n,
elements is then

2

= Zx—}—} %Hx, 2“+Usa

= = , Say.
n-+n n+m

Now,

Ex =

X+ (n—n)X]

=X

so that &' is unbiased. Also

2 = ————(40% + o + 4
0% (n + nl)z( Ou n 0y + Uu'u)
Clearly,
N—n
ok = N ! S%
and
N—(n—n)
o = ——T'I‘ (n— n)S%
It is readily shown that
Oyp = — nl(n n]) S2

N
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Hence, we have
Nn (1 + 31;1) —(n + my)?

R
oy =
(n+n)? N
For the original sample of n, the variance of the mean is
N—n?S3
o= nox
N n
so that
o2 N ( n )2( . nl) n
2z 1432} —
o2 N—n\n+n + n N—n

If N is large compared to n, we have

1430
n

()
n

The relative loss in efficiency is thus

m(_m
o2 —o02 n n
Fd z .

&9»'“?”

This has its maximum value (for 0 < ny/n < 1) when ny/n = §, and for
this value of n,/n, the loss in efficiency is .125.
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CHAPTER 6

Simple One- or More Stage
Cluster Sampling

DERIVATIONS, PROOFS, AND SOME EXTENSIONS OF
THEORY FOR CH. 6 OF VOL. I*

NOTE. A simple cluster sampling plan is a sampling plan in which (a) the
elementary units of the population to be sampled are grouped into clusters,
such that each elementary unit is associated with one and only one cluster;
and (b) a sample is drawn by using the clusters as sampling units and selecting
a simple random sample of the clusters. The clusters are referred to as
primary sampling units (psu’s) or as first-stage sampling units.

If all elementary units in the selected clusters are included in the sample, the
sampling plan is a one-stage sampling plan. If a subsample is selected from
each of the selected psu’s, with a uniform fraction of the second-stage sampling
units selected from each primary unit included in the sample, the sampling plan
is referred to as a simple two-stage cluster sampling plan. Additional stages of
sampling can be introduced.

In this chapter we develop the theory for these simple cluster sampling designs
and for certain extensions of them. Attention is given to optimum sample
design with different cost functions. Measures of homogeneity are defined,
and their effect on optimum two-stage sample design is considered.

For simplification in some proofs sampling with replacement is assumed.
The results obtained are to be regarded as approximations to those for sam-
pling without replacement in cases where the sampling fractions involved are
not too large.

Some notation used in this chapter. The notation in this chapter is an
extension of that in Chapter 4, with the listing units (second-stage units)
in this chapter corresponding to the sampling units in Chapter 4. Thus,
N in this chapter is the total number of second-stage units, and N, is the
number in the /th primary unit. The N units are here regarded as grouped

* Appropriate references to Vol. I are shown in parentheses after section or
subsection headings. The number following I- after some equations gives
the chapter, section, and number of that particular equation in Vol. I.

142
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into M clusters that serve as primary sampling units. The basic notation
of this chapter is as follows:
M = Number of first-stage units (or primary sampling units) in the
population.
m = Number of first-stage units in the sample.

N; = Number of second-stage units (or listing units) in ith first-stage
unit in the population.

n; = Number of second-stage units in the sample from ith first-stage
unit in the sample.

X;; = Value of X-characteristic for jth second-stage unit in ith first-
stage unit, i =1,* - -, M,andj=1,- - -, N,.

x;; = Value of X-characteristic for jth second-stage unit in the sample
from ith first-stage unit in the sample, i =1, * -, m,and j = 1,
oy Ny

Y;; and y,; are defined similarly for a second characteristic.

Sums are indicated by dropping subscripts.

N M II{D{:
X, =X, X=3X,=33X,
J K3 v g

ng m m n,
X, = 2%y, B = 2T = D, 0y
j 1 i
M m
N=3N, n=2n
1 k]

Ratios are
R=X]Y, R;=XJ]Y,

r=aly, re =2y,
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Simple unbiased estimates of totals are =’ and «;, where

' is the estimate of X') See Sec. 1 for further
x; is the estimate of X; definitions of these estimates.

Furthermore
_/i = m/Ms _f21 = ni/Nz

and when f;; is constant for all i
fo=fu = EA|N
f=fifs = En|N

1. The variance and covariance for a two-stage and for a multi-stage
sampling design (Vol. I, Ch. 6, Sec. 6). a. Variance of simple unbiased
estimate for two-stage sample. To prove: Let us first consider the simple
case of a population consisting of M first-stage units with N, second-stage
units within the ith first-stage unit. Assume that a simple random
sample of m first-stage units is selected, and a simple random sample of
a; second-stage units is selected from the ith selected first-stage unit.
Suppose that the estimate made from the sample is

and

Mm MmN_n.
== =—>—x, 1.1
m;xl m;.nz?,tj ( )

where z;; is the value for the jth selected second-stage unit from the ith
selected first-stage unit. We shall show below that Ex’ = X, where
M N,

X=22%,
i

and X, is the value of the jth second-stage unit of the ith first-stage unit
in the population. We shall also show that the variance of 2’ is

M2M—m MY N}N,—n,
oy = M Sty + ‘;; m N, Szzx (1.2)
where M
(X, — X
=1 (1.3)

Ny -
S, — Ry
Sy = L (14)
N—1
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and M N
N, ZXz X ZXH X
X. = SX F—i = ¥ =i—== .
=3k R=ir=gn R=ig-=T a9

where

Then, by Theorem 6 of Ch. 3 (p. 49),
, oMz,
Ex' = -r; ;Exi

Now Ex, by Theorem 14 of Ch. 3 (p. 61), is equal to E(Ex|b* = B)),
where E(x}|b* = B;) means the conditional expected value of z;, knowing
that the ith sampled first-stage sampling unit is the jth first-stage unit in
the population. For short we shall call E(z;|p* = B;) = Eaj. Hence

Mm Mm Mm N, ™
Ex' = — YEx; = — YE(Ex) = — E(E.—‘ )
m ; Xy m 21: ( le) m % i n; jzxif
Mm™ N;n Y M
_Asptilhisy _ZSpx:
m ,2 n; N,.‘?; Y m 12 v
where X}; and X/ are to be distinguished from X, and X; defined above

in that they are random variables and take on different values dependent
on which first-stage unit is selected in the sample. The values of X; and
X, are uniquely associated with the ith first-stage sampling unit in the
population. Finally, from Sec. 1 of Ch. 4, we have

Mm Mm 1M _
EX =—3SEX,=—>—=—>X,=MX=X
o mzz ! m‘?M%’

We now wish to express the variance of 2’ in terms of the two com-
ponents, one being the contribution arising from the first-stage sampling
and the other from the second-stage sampling.

By Theorem 15, Ch. 3 (p. 65), with u = 2’ and b* = [1], where the
expression |[1] is used to indicate a fixed sample of first-stage units, we
may write

of = Eofy + ohwiny (1.6)

In this case, o2y, is the conditional variance of 2’, holding the first-stage
units constant; E(z|[1]) is the conditional expected value of 2’, holding
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the first-stage units constant; and o}, is the variance of these con-
ditional expected values over all possible samples of first-stage units.*

Consider the first term in the right-hand member of Eq. 1.6. The
variance of @’ for a fixed set of first-stage units in the sample is the variance
of (M/m)x", where x” is the estimated total for the fixed set of m psu’s,
with each of the m psu’s now serving as a stratum. Consequently, by
Sec. 1, Ch. 5, the variance of ' for the fixed set of primary units is

o = ZN2 ;V * S%ix
Hence, by Theorem 6, Ch. 3 (p. 49),

M2 m N —n,
Ec%yy = o EYN?——

e sl Y (1.7

since

is a random variable having M possible values, each with probability
1/M. Equation 1.7 is equal to the second term in the right-hand member
of Eq. 1.2 and represents the contribution to the variance due to sampling
second-stage units within first-stage units.

Consider now 6%, ;) in Eq. 1.6, which represents the first-stage con-
tribution to the variance. Now,

, M m =
me|im =2 £{(3vz) )
m i
N
where Z; = Jx,/n; is the sample average per second-stage unit from the
J
ith first-stage unit in the sample. Since the first-stage units are held
constant, they can be regarded as strata, and from Sec. 1 of Ch. 5 we have
, Mm -, M™
E@|[1]) = ;;tZNiXi =m %:Xi

* Note that Theorem 16 (p. 68) could have been applied in this case, also,
and with exactly the same steps as with Theorem 15. Theorem 16 has an
advantage when more than two stages of sampling are involved (as in Sec. 4
of Ch. 7).
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where the primes are used to indicate that X;and X are random variables
(values for the ith first-stage unit in the sample). Hence, by Sec. 2 of
Ch. 4

M
M—m 2(X,— X)?
2 = 4 = !
Oy = U(ﬂg X") = M? pr. =1 (1.8)

mq

which is equal to the first term in the right-hand member of Eq. 1.2 and
represents the contribution to the variance due to sampling first-stage
units. Therefore, substituting Eq. 1.7 and 1.8 into Eq. 1.6, we obtain
Eq. 1.2.

If the second-stage sampling fractions are umform, ie, miN;=f,
= En|N, for all first-stage units, the variance of 2’ becomes

M—m N—
0k = M? M Sy + N2 S§\ (1.9)
where 82y is given by Eq. 1.3, and
1 ¥ N, 1
Six = NZN——-—-—IZ(X” =X, . NSEix (1.10)
and the rel-variance of 2’ is given by
oy M-m ., N—#_ . (L.11 or
Vi=52= "3m Bt T Wi 1-6.6.4)
where
N D G ¢
B2 — X Wz____-\:’ X==, ==
XY Ve w XN

and where, in Eq. 1.9 and 1.11, 7 is the expected number of listing units
in the sample per psu in the sample.

b. Covariance of simple unbiased estimate for two-stage sample. To
prove: The covariance of 2’ and ¥’ for a two-stage sampling design is

Oy = E@ — Xy — Y)
M2M—m MMNZN,—

“m M l}:Y*mzln,- N,

T

i

Saixy (1.12)

where 2’ and ¥’ are defined by Eq. 1.1, and where

M
S~ XYY~ 1)
Sixy = Y (1.13)
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N _ _
Z(Xii—' X)(Y;—Y)

Spixy = T (1.14)

with X;, X,, X, and X defined as in Eq. 1.5, and with Y, Y, Y,and Y
similarly defined for the Y-characteristic.
The component of the covariance of 2’ and y' due to first-stage
sampling is
M:M—m
m M

Sixr (1.15)

and the component of the covariance of 2" and ¥’ due to second-stage
sampling is
M g NiN,—n;

mT n;, N,

So.xv (1.16)

Proof. The proof that the covariance, ¢, for a two-stage sampling
design is given by Eq. 1.12 follows the same steps as used in Part a to
prove that o2 is given by Eq. 1.2 and is left to the reader. Note that
Eq. 1.12 becomes Eq. 1.2 when we substitute values of X for the corres-
ponding values of Y. Thus, by this substitution Syxx in Eq. 1.13
equals 825 in Eq. 1.3, and Sy, x x in Eq. 1.14 equals 82 in Eq. 1.4. It
follows that

— o2 (1.17)

¢ Y

vy
As in Eq. 1.9, when uniform sampling fractions are used, the covariance
becomes

M-—-m N—rn
Mm Sixy + N? Nt Sexv (1.18)

Oy = M?

where S, xy is given by Eq. 1.13,
1 M
Syxy = X,ZNi‘Szixr (1.19)
2

and 7 in Eq. 1.18 is the expected number of listing units in the sample
per psu in the sample.

¢. Rel-variance of a ratio for two-stage sample. To prove: Let the
estimate of the ratio be

r =

X
= 1.20)
v (
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where ' is defined by Eq. 1.1 and ¥’ is similarly defined for the Y-
characteristic. Then the rel-variance of r can be written as

1 M2M— m 1 MMN:N,—
V2 = — — - = 'Sz )
"Xt m X m ; n, N, "% (1.21)
where
82 = 8%y + RS2y — 2RS, xy (1.22)

with 8%y defined by Eq. 1.3, 82} similarly defined, S,xy deﬁned by
Eq. 1. 13 and R = X/Y, and where

8% = Shix + RSG5y — 2RSyxy (1.23)

with 8% x defined by Eq. 1.4, 8%, similarly defined, and 8,,x, defined
by Eq. 1.14.
Proof. By Sec. 11 of Ch. 4, we have

pr e % +"2 2% (1.24)
rTxrTy: Sy

where o2 and o2 are given by Eq. 1.2, and o, is given by Eq. 1.12.
By making the substitutions indicated above for ¢%, 0%, and o, in
Eq. 1.24 and combining the first-stage contributions to the variance and
covariance for X and Y, we obtain the first term of Eq. 1.21. Similarly,
combining the second-stage contributions, we obtain the second term of
Eq. 1.21.

When uniform sampling fractions are used, i.e., n,/N; = f, = EA/[N, the
rel-variance of r becomes

M—mB* N—7aWw?

V2 = — 1. 1-6.6.10
r Mm+1Vmﬁ (1.25 or 1-6.6.10)

where
B? = B% + B} — 2By, (1.26 or 1-6.6.11)
with
Six

Bxy = )1?’*;’ (1.27 or 1-6.6.8)

S, xy given by Eq. 1.13,

B} = Bxx, B} =Byy
and

W2= W% + Wy — 2Wyy (1.28)
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with

Wyy = —2F — o LHIY (1.29 or 1-6.6.9
XY 37 )

S, x v given by Eq. 1.14,
W?\' = Wxx, W%’ = Wyy

and where in Eq. 1.25, 77 is the expected number of listing units in the
sample per psu in the sample. Equation 1.25 follows directly from
Eq. 1.21 with n/N, = Ei/N.

d. Variance of simple unbiased estimate for multi-stage sample. The
variance for a simple random sample of m first-stage units selected without
replacement from M first-stage units can be expressed in terms of the
contribution to the variance from the first-stage units and the combined
contribution from all subsequent stages of sampling.

m

Let Ju,/m be an unbiased estimate of U, where u, is an estimate
obtained from the ith selected first-stage unit of a sample of m first-stage
units, i = 1, 2, - + -, m; and also let

Eu,=U, j=12,-++M

where E; designates a conditional expected value for the ith.selected
primary unit (which is, say, the jth unit in the population of psu’s).
To prove:

M—m 1 M
d=———— 0} + —— Do} 1.30
0z (M_ l)m ovy “* Mm %o—m. ( )
where
1 M _
0%=—A;IZ(U.~—~ Uy (1.31)
o}, = E(u;— Eu,) (1.32)

M
and Yo} /Mm represents the contribution to the variance from all
i

subsequent stages of sampling.
Proof. By Theorem 15, Ch. 3 (p. 65),

of = Eoj) + 0% (1.33)
where the second term represents the contribution to the variance from
first-stage sampling, and the first term represents the contribution from
all subsequent stages of sampling. From Sec. la,

M—m
ai'(“l[l]) = (m O‘%, (134)
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Also, since the subsampling is carried out independently in each psu,
and since the first-stage units can be regarded as m strata when the m
first-stage units are held constant, it follows that

’ m 1 m
Chy = Z Efu;,— Eu))* = v 205,
'l« 1

From Theorem 6, Ch. 3 (p. 49), we have

]mlM

Ea?illl] = z Oiu, = 2. zom,

1 M
2;1—? (1.35)

Substituting Eq. 1.34 and 1.35 into Eq. 1.33, we have o7 as given by
Eq. 1.30.

2. Estimates of the total variance and of the total covariance for a multi-
stage sampling design where the first-stage units are selected with simple
random sampling (Vol. I, Ch. 6, Sec. 7, Remark). Assume that it is
desired to estimate the total variance and covariance of unbiased
estimates from a multi-stage design without estimating the components of
the variance and covariance.

a. The estimates s and s;; given below are unbiased estimates of the
total variance and covariance as long as there are at least two first-stage
units in the sample, selected with replacement. The subsequent stages of
sampling are not restricted either as to the number of stages of sampling
or the method of sampling, so long as the u; are unbiased estimates of U,
where u; is an estimate made from the ith psu in the sample, and the
subsampling in any psu is independent of that in any other psu.

Let u,, u, * * *, u,, be m unbiased estimates of U made from each of
m independently selected psu’s.

To prove:
m
2(uy— ay?
g - j———‘ 2-1
S m(m — 1) @n
is an unbiased estimate of
o = E@— Uy (22)
where m
= 2l

%]
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Proof. From Corollary 1 of Theorem 11, Ch. 3 (p. 56),
1

0% = - o2 (2.3)
where _
o2 = Eu;,— U)? 2.49)
From Sec. 4 of Ch. 4, we have
Es?2 = o2 2.5)

b. Assume that u; and & are unbiased estimates of U, w; and W are
unbiased estimates of W, i=1, 2, -+, m; and m of the M primary
units are independently selected by simple random sampling with
replacement.

. m
To prove- s — 2w — a)(w; — W) .6)
w“w m(m—1) ’
is an unbiased estimate of

The proof is left to the reader.

c. Assume that a simple random sample of m first-stage units is selected
without replacement.

To prove: M

d M o 20‘2“'
Es?2 = — =2 : 2.7
T I m + Mm @7

S

g,

M . =% iuaw,

Eszp = Tuw gy d 28)

The proof is left to the reader. As the following hint indicates, the only
complication is the need for using finite sampling corrections.
Hint: Use the following equations:

g(ui - 12)2 1

Esi = E- - SE — mER
B i — 1) m(m—l)(z “ "’“)
Eiz = o2 + U2

M
2
. M—m Zioi,,‘

- == 2
%= o~ m T Mm

E%uf = m(c? + U?)
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Note that Es2 is not an unbiased estimate of ¢% given by Eq. 1.30, but the
bias will be small if m/M is small.
d. Assume that a simple random sample of m first-stage units is selected,

m
and let & = Yu,/m. Assume, further, that a simple random sampie of
m’ units is selected from the m first-stage units originally selected. Let

i Z-ﬁ,i and 2= Z(u — &)
m m(m' — 1)
To prove: If the m and m’ units are selected without replacement,
Es? = Est = 62 29
where s is given by Eq. 2.1 and &3 is given by Eq. 2.7.
Proof. The proof follows from the fact that

g0 Xy
m —1 m—1

3. Estimates of the total variance and rel-variance for a two-stage design
(Vol. I, Ch. 6, Sec. 7).

a. Let 2’ be given by Eq. 1.1; then,’if M is large relative to m, a con-
sistent estimate of o% (Eq. 1.2) is

g@i — 2y
e &
2= Tl G.1)

where

(3.2)

and m’ is the number of first-stage units selected by simple random
sampling to estimate the variance. The remaining terms in Eq. 3.2 are
defined in Sec. 1.

To prove: Es? = ¢%, when M is large relative to m.

Proof. The proof follows from Eq. 2.7 and 2.9, where it has been
shown that

2 z m,
L 9y 4 (3.3)

Es'? — %
ST A m T Mm
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where
2w, Oy
VT T M
and
O't?uf = Eu;— Eu,?
Now let
u,=2, and a=2=2
Then
U, = MX;
since

2 = Mx; and Egx;= X,
and U = MX =ZX,. Also,
I S Z(QQ — Q)?

ST e — 1)

(3.4)

Remark 1. It will be convenient for use in subsequent sections to let

m (zi— &)?
st =355 =Sy (.5)
and
m.
L2
T = ’
m
From U; = M X, it follows that
M (X, — X)
P 3.6
Hence, Mo%/(M — 1) = M2S%, where S}y is given by Eq. 1.3.
From u; = 2, we have
o, = E(u; — Egf = ME(, — X}
N;— n,
= M?2N? N 2.x 3.7

where 8%, ¢ is given by Eq. 1.4. Substituting Eq. 3.6 and 3.7 in Eq. 3.3,
we have

Es}? = Es? = M? S”‘+ 2N2 S lige (3.8)

N; i

Note that Es.? approaches o2 as given by Eq. 1.2 when M is large relative
to m. The second term of Eq. 3.8 is the same as the second term of
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Eq. 1.2. The ratio of the first term of Eq. 3.8 to that of Eq. 1.2 is
M/(M — m), which is near 1 for M large relative to m. Then, for M
large relative to m,

V2 =L (3.9

is a consistent estimate of V2 (Eq. 1.11), where s;2 is given by Eq. 3.1
and 2’ by Eq. 1.1.

Remark 2. The proof that s? is a consistent estimate of o%, with M large
relative to m follows immediately from Sec. 2a, when it is recognized that
having M large relative to m is equivalent to sampling the m units with
replacement. Thus, it was shown in Sec. 2a that

-
Z(u' - 17)2
Esf = EL—— = gt
S mm’ — 1) 4
If we let
M
u =M n_: ]Ex”
and
o MTN, % ,
=—=5—="5x, =2
! m’ ; n, % N
then it follows that
Esp = o}

b. When the sampling fractions within first-stage units are uniform for
all first-stage units and m’ = m, the estimate % (Eq. 3.9) becomes

m
2w — &)} Sex
e 3.10
m(m— 1)@ mz? (.10
where
m

SZX — Z(z, — i)z
¢ m—1

This can readily be verified by making the following substitutions which
hold in this special case:

3.11)



156 SIMPLE CLUSTER SAMPLING Ch. 6

For this case a more accurate estimate of the rel-variance is

Sex
vg,:(l—f)'ﬁ (3.12)
The reader can verify that this estimate is a closer approximation of V%
than is s2; /mi?.
Note that s% as given by Eq. 3.5 with m" = m and a uniform sub-
sampling fraction is related to s2; as follows:

% *S\fz

Note also that s2, as defined by Eq. 3.10 is referred to as the variance
between ultimate clusters, and v2 as given by Eq. 3.12 or 3.10 is referred
to as an ultimate cluster estimate of the rel-variance of 2’. The term
ultimate cluster is used to denote the units in the sample from a primary
sampling unit.

¢. We shall next consider an estimate of the rel-variance of r == 2y’
for a two-stage design. The rel-variance of r is given by

2 2
oy 21'2‘7

2 -
Ve X2 yr Xy

From Sec. 2b, and with terms defined in Part a above, an unbiased
estimate of g, is

. Z(ﬁ — NG -9 M@ - —-§) M
=T - 1) m m—1 m Sxv G13)
Similarly m w
o 20— M —§)» M
2 = = = — = = — s} 3.
K mm —1) m m'—1 m Y (3.14)
Therefore, a consistent estimate of V2 is
52 52 s 1 M2
@22 W gy e 1
Lr xlz + ylz xlyl x’z m (3 5)
where
52 = 5% + r¥%% — 2rsxy (3.16)

with the 577, 5;?, and s, defined by Eq. 3.1, 3.14, and 3.13, respectively.
When the sampling fractions within first-stage units are uniform for all
first-stage units and m’ = m, the estimate above (Eq. 3.15) becomes

2 Sex Sty Sexyv
v,=ﬁ+;§‘2—2;w7?j (3.17)
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where siy/mi? is defined in Eq. 3.10 above, s?y/mj? is similarly defined,
and

Sexv }:(x-‘ — Iy, — %)

mxiy = m(m — 1)&j (.18)
An improved estimate is
1 - /‘ (Szx S2Y 2S XY)
2 oS (X 4 Ze¥  LleX¥
7 w3 + 7 2 3.19)

which should be used when the over-all sampling fraction, f, is large.

Remark 3. An estimate of S%, the variance between listing units in the
population, may be made from a cluster subsample as follows:

Z_Z'_E%%E)_z (3.20)

Although s?is not an unbiased estimate of 2, its bias will be trivial whenever
the number of primary units in the sample is large. Thus, when the primary
units are equal in size, i.e., N; = N,

] } 3.21)

S2 N—l

— Q2
§ N
and the remainder term will be small for m (and thus N and n) large.
(The terms in Eq. 3.21 are defined below.) Equation 3.21 follows readily
from the fact that

m Ny
EY Zx,,—naz-an’
and _ ~
Ex? = ok + Xx?
where
o M—mat N-noh
T M—1m N-1mi
o = ot + o3
M _
0.2=2(Xi_/‘,)2
o M
M N,
ol =Z__Z__,_____(X — X
v MN
o — ot — a®/N
T (V- 1oy N
X, — X)
2 2 i
*=518 N
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4. Estimates of the components of the rel-variancez of a ratio estimate
for a two-stage sampling design (Vol. I, Ch. 6, Sec. 7). Consistent
estimates of the components of the rel-variance of a ratio, r, for a two-
stage sampling design may be made as followys: The estimate, r, is given
by Eq. 1.20. The rel-variance of r is given ty Eq. 1.21.

a. To prove: A consistent estimate of the w’ithin-psu component of the
rel-variance, i.e., of the second term in Eq. 1.24, is

”'i: lﬁz __N i M 52
1 M2“n, N, % @
2% m m’ ’
where m’ is the number of units selected from the m first-stage -units for
estimating the variance,

53 = shix + rP%y — 2rsixy 4.2
with
}(x, Z) Y. — Yo
Seixy = : n — 1’ 4.3)

2 . 2
Sx = Syxx and sy = s,y

Proof. The within component of the rel-variance may be rewritten

M 2
1 M2 [ZN NN. lsg']
Yo | “4
Now,
SLN_tg
-— p : 4.5)

is an unbiased estimate of the term in brackets in Eq. 44. We need to
find a consistent estimate of S%;, for Eq. 4.5 to be a consistent estimate of
the term in brackets in Eq. 4.4.  Since the n, elements are a simple random
sample from the N, elements, it follows from Sec. 4, Ch. 4, that

2@ — 22Xy — ¥) - (4.6)

iXY
1 26X}

Esyxy = E;

where S,y is defined by Eq. 1.14. Similarly, E;s%,x = S%x and
Esky = Si;p. Since, also by Sec. 21, Ch. 4, r is a consistent estimate of
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R, s%; is a consistent estimate of S%;, and

™ N*N,—n,

2 P 53,

’

m

§2 = 4.7
is a consistent estimate of the term in brackets in Eq. 4.4. Also, since
z’ is an unbiased estimate of X, Eq. 4.1 is a consistent estimate of the
within component, namely, Eq. 4.4.

For a simple two-stage design with uniform sampling fractions, the
rel-variance whose components we wish to estimate is given by Eq. 1.25.
In this case m/M =f,, n/N,=f,, ® =z|fsfo = nZ/fifo, ¥ = ylfifs
= nylfifp, and n=mia. When m' = m, the estimate of the within
component (Eq. 4.1), with the above substitutions, becomes

1—f;
—=p? 4.8
mn @8
where
w2 = w% + wh — 2wy (4.9 or [-6.7.6)
Sexy
Wy == —
XY y
1™ n, ™ )
Saxy =~ 2, > @y — )W~ ¥) (4.10)
n i n,— 1 j

2 2
wh =wxx and wy =wyy

Six = Sxx and  sfy =S5y
b. To prove: A consistent estimate of the between-psu component of the
rel-variance, i.e., of the first term in Eq. 1.21, is
1 MM —m
x22m M

(s*— ) @.11)

where § is given by Eq. 4.7,
52 = s% + 3% — 2rsxy (4.12)
s%, s%, and sy are defined in Eq. 3.5 and 3.13.
Proof. From Eq. 3.8 it follows that

M NEN,—n
zn N, i

i i

Es% = 83y + I

S%ix
(4.13)
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Since also
MNEN,—n
2 n iN ‘ngl

2 — Q2. : : 4.14
Esy = Sy + 7 4.14)

MN2N,—n

2 ;1 —N. 'Spixv

Esyy = Sixy +— A} (4.15)

and r is a consistent estimate of R, it follows that s% is a consistent

estimate of
M NEN,—

>Ry
$+—1—7?——- 4.16)

where 8% is given by Eq. 1.22 and 83}; is given by Eq. 1.23. Hence, the
term in parentheses in Eq. 4.11is a consmtem estimate of S}, and, since
2’ is an unbiased estimate of X, Eq. 4.11 is a consistent estimate of the

between-psu component.
For a simple two-stage design, with uniform sampling fractions, the
estimate of the between-psu component (Eq. 4.11) when m’ = m becomes

];ﬁ b2
m

where
b2 = b% + b% — 2byy (4.17 or 1-6.7.11)

with
1
bxy = 5{3—7 [s.xv — Al — f)sax¥] (4.18 or 1-6.7.13)

s.xy defined by Eq. 3.18,

=% s Y
= Y= m
bfvszx, bﬁf-“—'bry

Remark. When the number of second-stage units used to estimate the
variance is nj, not necessarily equal to »;, the estimate of the within-psu
component is given by Eq. 4.1 with

(5 P @19)
n
"'y n'y
7= 250 and 7, = 2Yi
n ni
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The estimate of the between-psu component is given by
1 M2M—m, ,,
2 m M $2—1s% (4.20)
n'y
where 52 is given by s? with 2] = (N,/n{)>2,; and y; is similarly defined.
CNINi—m
arg 2 n; N, St

L S\ S @.21)
m

The estimate of the total variance is obtained by adding the estimates of
the components.

5. Rel-variance of a ratio estimate expressed in terms of J, the measure
of homogeneity; an estimate of § from the sample (Vol. I, Ch. 4, Sec. 8). a.
To prove: For a simple two-stage sampling design (see Note oi p. 142)
the rel-variance of r given by Eq. 1.25 is approximately equal to

1

__f P21 + 6(7 — 1)] (5.1 or 1-6.8.6)
mii
where V2 and & are defined by Eq. 5.4 and 5.5 below, and in Eq. 5.1
through Eq. 5.10, 71 is the expected number of listing units in the sample
per psu in the sample.
Proof. From Eq. 1.25, the rel-variance of r is
M—mB* N—iW?

pre M2

Mm+Nmﬁ

(5.2 or 1-6.6.10)

and if m is small relative to M
M—1B N—# _I{/_z

P —— = 5.3
& M m N mn (5:3)
where B2 and W2 are defined by Eq. 1.26 and 1.28. By definition
M—1 N-1
2= 2 — W2 . -6.8.10
1% Bt (5.4 or 1-6.8.10)
and
MA; g ?ﬁz
=— 5.5 or 1-6.8.11
(N—1)V3N ( )
From Eq. 5.4 and 5.5 we obtain
M—1 &
— B = N— 5.6
o B=Fl+Had-1 (5-6)
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and
Wz = V%1 — §) 5.7

If we substitute in Eq. 5.3 for B2 from Eq. 5.6 and for W2 from Eq. 5.7
and simplify, we obtain

.. I® -
V= —I[1+ 66— 1] (5:8)
mn

It is easy to show, also, that

Ve = I”;fm[l + 8(i— 1)] 5.1

and ordinarily Eq. 5.1 is a closer approximation to Eq. 5.2 than is Eq. 5.8.
The reader can readily verify this by showing that the differences are

B2m—1
_ _m—1 9
Eq 58— Eq. 52=> — 69
N—- we (Bzm—l)
— —_ 2 e ) - — —_
Eq.5.1—Eq.52 =% (B N) 1D\

(5.10)

and that Eq. 5.10 is smaller in absolute value than Eq. 5.9 provided
m > 1 and B*— (W?*N) > 0, as will commonly be the case.

Exercises
5.1. When N, = N, show that

—1 V2 - V2
where
Vi= V% + VY —2Vxy (5.11)
and
M N, _ _
2 Z(Xu )Y, —Y) .12)
WN-DXY
Vi=Vxx, V¥ =Vyy (5.13)
5.2. Assume that N, = N for all i and define
m ng
7= asln
mn
Show that

yi = I_IVX[I ¥ 8Gi— 1)) (5.14 or 1-6.8.1)
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where

M N, -
V\,___ZZ(Xiv_X)z: N o*

(N—DX*  N—1x¢ .13
__a—aoN_
é= . (5.16)
and .
of = Z——(’?'A; X)° (5.17)

b. A consistent estimate of é (Eq. 5.5) can be made by substituting
consistent sample estimates, term for term, for the population values
involved in the definition of 6. A simpler but equivalent estimate
(provided M is large) is given by Eq. 5.18.

To prove: A consistent estimate of ¢ is

sk sy
st 4 A@— 1)s2

’

(5.18 or 1-6.8.14)

where
se = Siy + 123y — 2rs.xy

with s%y, %y, and s,y defined by Eq. 3.10 and 3.18, and where
st =82+ risk, — s,y (5.19)

with siy, 53y, and s,y defined by Eq. 4.10.
Proof. We first note that if M is large, Eq. 5.5 can be written as
S?— NS2
6= o—te—=— 5.20 or 1-6.8.13
ST+ AN—ns  OXerteal
since, in Eq. 5.5,
st
Bz = T
N—1
prepry XLy
+ N

with

where we assume (M — 1)/M = 1 and where 83 is given by Eq. 1.22,
82 = 82, + RS2, — 2RS,xy with S, 5y given by Eq. 1.19, 835 = S, v x
and 8%, = S, We shall now show that the expected value of the
numerator of &' is a consistent estimate of f2 times the numerator of ¢
and that the expected value of the denominator of &' is a consistent
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estimate of 3 times the denominator of 4, and the proof that ¢ is a
consistent estimate of ¢ follows immediately from Theorem 20, Ch. 3
(p. 75). Let

ng -
N; 2
2= fis

where s% is given in Eq. 4.12. From Sec. 46 with the substitution
n,/N; = f,, it follows that s? is a consistent estimate of

2 | Q2 N(]—fz) 2
fi|st+ ML

It follows from Sec. 4a that s3 is a consistent estimate of SZ.
It follows from Theorem 20, Ch. 3 (p. 75), that the numerator of ¢',
(s2— 7is3), is a consistent estimate of

J4S:— NSp
and the denominator of &, [s? -+ (/i — 1)s3], is a consistent estimate of

JHST + N(N = DS]]

6. The measure of homogeneity when the primary units are equal in size
(Vol. 1, Ch. 6, Sec. 8, Eq. 8.3). The measure of homogeneity, o, between
listing units (second-stage units) within primary units when each primary
unit contains N listing units is the intraclass correlation and is given by

o} — o?|N
0= = oyN (6.1 or 1-6.8.3)
where o? and o? are defined below.

When a population is composed of equal-sized primary units (in terms
of listing units) and when a single primary unit is drawn at random and
two listing units are drawn at random from this primary unit, the intraclass
correlation is defined by

_ E(x,;— /.\__,)(xzk - A:/)
VE@;— X):VE@wy,— X)?
From Sec. 2, Ch. 4, with n = 1, it follows that

6.2)

M N -
S, Xy
Ex;— X2 = ——‘L'X‘I‘ﬁ———- = g% (6.3)
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Substituting Eq. 6.3 into 6.2 gives

80% = Ex,, — X)(xy— X)
By Theorem 14 of Ch. 3 (p. 61),

N = =
~ 2 (Xy— X)Xy — X)
802 = EE(x; — X)(x,, — X) = E*2&

NN—1)
M N - -
Ejgk(X X)X — X)
- MN(N—1)
M N -
5 [{?(X,j— of -0 x|
- i | (6.4)
MNN—1)

Equation 6.4 can be rewritten as follows:

M _ _ M N _
g2 = 2(X;— X)z_ 22X — X))

M MNN—1)
0.2
g2 w
BTN
where
N 1 x5 =
o = A—{{Z(X — X)»?, and of = WA 2 (Xy— X)?
and hence
2 2N
5 — %ﬁ{vn (6.5)
¢
and since o2 = o2 + o2 it follows that
2 _ 2
5 BN 6.1)
(N— DN

*7. Relationship between 6 for primary units and o for ultimate clusters
(Vol. I, Ch. 6, Sec. 8, pp. 262 and 266). To prove: The measure of
homogeneity, &, for listing units within primary units is approximately
equal to the expected value of the measure of homogeneity, d,, for listing
units within ultimate clusters when the ultimate clusters are formed by
proportionate sampling of listing units within primary units. An

* May be deferred. This development is given to illustrate more correctly
the properties of ultimate clusters. Section 5 suffices to show that a consistent
estimate of ¢ is readily available from ultimate clusters.
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ultimate cluster is defined as all the listing units included in the sample
from a selected primary unit.

Proof. Let
M—1 B2 — E
M N
61 = m (7.1 or I-6.8.11)

where 72 is defined by Eq. 5.4, B2 and W?are defined as in Sec. 1; and let
MK—1, % [MK—I \ ag]
5 — MK b Eﬁ;E MK " B a2

2T (A—1)YER  El(i— 1)0ER) '

where K = N/E# is the number of ultimate clusters into which the listing
units in each primary unit could be grouped without replacement, where
the expected value is over all possible sets of ultimate clusters, and where

b} = b3x + b3y — 2boxy (7.3)
with

(MK— )XY

(1.4)

bzxr =

pR— b —
b2X - b2XX’ b2Y - bZ)’Y

X,,; is the value of the X-characteristic for the jth listing unit in the ath
ultimate cluster of the ith psu, Y,,; is similarly defined for the Y-charac-
teristic,

X=XK, Y-=TK

n; = N,/K is the number of listing units per ultimate cluster in the ith
primary unit,

z‘;g:Mf{;]ngr"—_lw; (1.5)
and
wh = wix + wiy — 2woxy (7.6)
with .
| oarr 2= XV — ¥.,)
Woxy = ]_\,'f,—)'—; ; %:”o’ n— 1 7.7
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We will show

MK [M-1 we
2 __ 2 — ) —
Eb: MK—-I[ I B+ (11 ﬁ] (7.8)
and
Ew? = W2 (1.9)

where f, = 1/K and, in Eq. 7.8, i = foN. Substituting these expected
values into Eq. 7.2, making use of Eq. 7.5, and simplifying, we obtain
M—1 ., &
0, = M N_ 0
*TT@-nPN

Eb3 = Eb3y + Ebjy — 2Ebyxy (7.10)

Consider first

Now

M K
MK 3 SEX,Y,— MKXY
e ~ 7.
Eboxs MK—1 MKYXY .10

Now, X,, and Y, are ultimate cluster totals for the ath ultimate cluster
n, n
in the ith primary unit, i.e., X, = 2 X,y and Y, = Yy, where X,;

and Y,,; are values for the jth listing] unit in the jath ljxltimate cluster of
the particular subdivision into ultimate clusters. Since the ultimate
clusters are formed only within primary units and all possible subdivisions
are considered, X,, and Y;, are the sample totals for a simple random
sample of #, listing units from the N, listing units in the ith primary unit.
Hence,

N;—n;

N;

Substituting Eq. 7.12 in Eq. 7.11, using n; = N//K, X = XK, Y= YK,
and simplifying, we obtain

EXiaYza =

nSuxy + m XY, (7.12)

M M
MK |2 = XY= T) | (1—/fo) ZNSuxy
Ebyxy =

MK—1 MXY fi NXY
MK [M—1 WXY]
- |=——B., 1 —f)—— 7.13
MK—I[ M xy + (1) ii (7.13)

where in Eq. 7.13 and also in Eq. 7.14 and 7.15, /i = foN. Substituting
X for Y in Eq. 7.13,

Eng =

MK [M—l

B4l f)ﬁ‘] (7.14)
MK—1l M 79 g ’
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Similarly,

MK —1
o~ s [

B+ (1— LV—z’i] (7.15)
MK—1 ¥ /e il '

Substituting Eq. 7.13, 7.14, and 7.15 into Eq. 7.10, we obtain Eq. 7.8.
Consider now
Ew} = Ewix + Ewly — 2Ew,xy (7.16)

Since the n; elements are a simple random sample from N; elements, we
have, by Sec. 4, Ch. 4,

MK M
Z 2. nSyuxy E NSyxy
Ew. = - =W 7.17
2 XY NTT NIV Xy (71.17)
When X is substituted for Y, we obtain
Ewiy = W% (7.18)
Similarly,
Ewyy = WY (7.19)

Substituting Eq. 7.17, 7.18, and 7.19 into Eq. 7.16, we obtain Eq. 7.9.

8. Some physical properties of frequently occurring populations, and
values of & under specified conditions (Vol. I, Ch. 9, Sec. 8, and Ch. 6,
Sec. 8).

a. Many actual populations are characterized by the following physical
properties:

i. The elements within a cluster are positively correlated with regard
to a specified characteristic.

ii. Clusters containing large numbers of elements have greater internal
heterogeneity than clusters containing small numbers of elements.

iti. Increasing the size of the cluster brings in correlated elements (e.g.,
in population or agriculture surveys, larger clusters are formed by
including households or farms in adjacent areas).

The first of these properties is widely recognized, and the losses of
efficiency through the use of large whole clusters as sampling units are
frequently cited. The second and third properties hold just as commonly
in actual populations, and ordinarily for the same populations for which
the first property holds.



Sec. 8 PROPERTIES OF COMMON POPULATIONS 169

The presence of these physical properties leads to the following mathe-
matical relationships which have been found useful in making choices
among alternative sample designs.

(1) The sizes of the primary sampling units, V,, are negatively correlated
with the J,, the measures of homogeneity among the elements
within the primary units, where 9, is defined as either

E@,— Rea— %) 1 [ oo S, X)z]
0 = E(x,;,— X)? oo K= X = N(N 1)
or

6,-;‘(2{—_)/?)2
T

(2) The N; and N0, are positively correlated.

(3) The N, and o} are positively correlated, where o7 is the variance
among elements in the ith primary unit.

(4) The N, and o%/N, are negatively correlated.

The use of these relationships can often determine the choice among
alternative sampling procedures in situations where more specitic charac-
teristics of populations are unknown. The relationships, of course, do
not necessarily hold, and exceptions to them will be found.

b. The following values of the measure of homogeneity (Eq. 5.5) hold
for a population of clusters for the conditions specified:

(1) The maximum possible value for ¢ is
6 (max.) =1 8.1)

if all listing units in any cluster are alike in that the values of the
characteristics X,; and Y,; are uniform for all listing units in a
cluster, but have some different values in different clusters. The
clusters need not be uniform in size.

(2) The minimum possible value for 9 is

. 1
0 (min.) = — 1 8.2
The minimum value of ¢ is obtained when B% in Eq. 5.5 is equal to 0.
This will occur

(i) if the clusters are equal in size, the estimate is a simple unbiased

estimate of a mean or total, and X; = X for all /; and
(i) for a ratio estimate when X,/Y; = R for all i.
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(3) If the clusters are equal in size, i.e., N; = N, and if the primary
units are formed by randomly grouping the population of listing
units into M clusters of N listing units each, then

d=———=0 3

N_1 8.3

(4) For any specified distribution of cluster sizes, Ny, Ny, * * *, Ny, if

the N, listing units associated with the ith cluster are a simple

random sample from all listing units in the population, then, for the
ratio estimate z/y,

1+ vy
d=————">5-=0 .
N—(14V%) @4

For a simple unbiased estimate

ey vy
vy (1 - -) -2
Y, A
o= N (8.5)

VZ) i
V _ 2
(R

Note that Eq. 8.4 and 8.5 reduce to 8.3 when N, = N.

The proof of the above theorems is left to the reader.

*9, Relationship of the measure of homogeneity for second-stage units
within primary units to the measures of homogeneity for elementary units
within primary units and within second-stage units (Vol. I, Ch. 6, Sec. 8,
Eq. 8.16). To prove: The measure of homogeneity, d,, for second-stage
units within primary units bears the following relationship to the measures
of homogeneity, 6, and d,, for elementary units within primary units and
for elementary units within second-stage units, respectively:

AL+ 8(K— D] — [1 + 6(K— 1)]
(N — D1 + 8(K— )]
L[4 6(K— D] [1 + 8K~ 1)]
(N — DL + 0(K— 1]

In the population, M is the number of primary units;

op = ©.1)

(9.2 0r I-6.8.16)

M
N = 3N, is the number of second-stage units;

M M N,
K = 3K; =3 YK, is the number of elementary units.
* May be deferred.
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A single bar denotes an average per primary unit, a double bar denotes
an average per second-stage unit, and a triple bar denotes an average per

elementary unit. By definition,

M1, T3

M " N M—1 N-1
6_—_-———_ — 2 = 32 ——l/V2
LW -—n3NT T M Rl e

B} = Biy + B}y — 2B xy

M
X =X)(Y,—Y)
LXY = (M—1DXY

B%x = Brxx B%r =B yy
Wi =Wix+ Wiy—2Wrxy

MoON, N _ _
Z F-—l Z (Xu'_ Xi)(yu - Yz)
Wixr =———3%7

b — . P I—
WLX - WLXX’ WLY - WLVY

Also,
M_—IBﬁ_Zi
M K M1 K—1
6 = —————1; 2= B2 — W2
YU&k-1)ykT Y M it
B2 == B
W% = W%x + W%Y— 2Wixy
MK, MoKy = =
ZE‘:"‘ 22Xy — XY, — YY)
WIXY = - ==
KXY
Wix=Wixx, Wiy = Wiy
and
N—1 Bg_v?g .
N K N—1 K—
0y = ===} V2=_"__ B4 —— W?
2= ROk P N aTTR

B} = By + Biy — 2Byxv

9.3)

(9.4)

9.5)

(9.6)
©.7)

9.8)

9.9

9.10)

©.11)
9.12)

(9.13)

(9.14)

(9.15)

(9.16)
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(Xu _ X)( _ Y)

B. 9.17
XY = v I)XY 9.17)
Biy = Byxx, Bjy = Byyy (9.18)

W2= Wiy + ng, — 2Woxy (9.19)
Z EK _ l Xul /\:;17)( ul :Y:ij)
Wexy = 4 == (9.20)
KXY
Wix = Woxx» Wiy = Wayy 9.21)
P2vE N
Ae=it——— P2 — B2 (9.22)
T

Proof. From the pairs of equations 9.3, 9.10, and 9.15 we readily
obtain Eq. 9.23, 9.24, and 9.25 as follows:

_ 2
Mlp - V_ [+ 0,(N — 1]

M
s N — 1)BIN
T (N— 1§B§/N( N) 2 [+ 6, (N—-1] (923
— 2
MM : Bi = & (L + (K — 1] (9.24)
—_ 2
NN 1 B? = =2 [l 4 05K —1)] 9.25)

Since B} = B}, the right-hand member of Eq. 9.24 == the right-hand
member of Eq. 9.23, and by substituting Eq. 9.25 for (N — 1)BE/N in the
numerator of the right-hand member of Eq. 9.23, we obtain

" 72 V3

e 21+ (K- 1)] = mNKU + 8(K— DI + 6,(N—1)]

9.26)

If we solve Eq. 9.26 for 6, we obtain Eq. 9.1. In most cases A will be
close to 1. In fact, when the primary units are equal in size and also the
second-stage units are equal in size, then 4 == 1.

10. Optimum values for a simple two-stage sampling design with a simple
cost function (Vol. I, Ch. 6, Sec. 16). For a simple two-stage sampling
design, the optimum number of primary units, m, and the optimum
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expected size of ultimate cluster, /i, subject to a fixed expected total
expenditure, C = Cym + Cymii, are

opt.m = =———— 10.1
P C, + Gyt (10.1)

and
opt. i = G wr G146 (10.2 or
PRAENGBE—wiN NG o 1-6.16.2)

where d is given by Eq. 5.5 and B? and W? are defined in Sec. lc, and 7
in Eq. 10.1 is the optimum 7.

Derivation. The rel-variance of a simple two-stage design (see Sec. 1,
Eq. 1.25) is

B2 i\ w2
V2ﬁ(1—1"—)—~ (1——_)—— 3 or 1-6.6.
2 o)+ %) - (103 0r 1-66.10)

To obtain the values of m and 7 which make ¥? a minimum for a fixed
total expenditure, set up the Lagrangian F = V?2 +4 J(Cym + Coymii — C).
Then the solution of the equations, dF/om == 0, dF/i = 0, and the cost
equation will give the optimum values. Thus

oF B W w?

o= e =+ AC + G =0 (10.4)
om m=  mn m°

IF w2

— = —— 4 ACym = :
on i 109

Multiplying Eq. 10.4 by m and subtracting Eq. 10.5 multiplied by 7, we
obtain

B2— W?N
m? = ———— .
m C, (10.6)
From Eq. 10.5
W
m? = -C—2n_—2 (]0.7)

Equating the right-hand members of Eq. 10.6 and 10.7 and solving for 7,
we obtain the optimum 7 as given in Eq. 10.2. Then opt. m is obtained
by substitution of this result in the cost equation.

*11. Optimum values for a simple two-stage sampling design with a more
general cost function (Vol. I, Ch. 6, Sec. 18, 19).* For a simple two-stage

* This development and the proof of convergence are due to B. J. Tepping
and B. Skalak.
* May be deferred.



174 SIMPLE CLUSTER SAMPLING Ch. 6

sampling design, the optimum expected size of ultimate cluster is

G
P + C‘l—-é (11.1 or

C

=0 +C,

a 179 1-6.18.1)
8

w2 .
C, B*—W3N G,

n=

where the expected total expenditure is C = CyVm + Cym + Cymii and
where m, the optimum number of primary units, is determined to yield
either (¢) a minimum error when the total expenditure, C, is fixed, in
which case

2 —
m:%, or 2Vm=a (11.2 or 1-6.18.3)

and

A/lJr‘;gc,JFCZn_1

G G
- 11.3 or 1-6.18.2
4 C, + Gy (1.3 or )

G

or (h) a minimum expenditure when the precision is specified as ¢, in
which case

. W2 W2

B— = 4 —

B 7T ;A/4@(1+1—61) (114 or

a= [4 +§j = e s 7) 1-6.19.2)
Y7

where 6 is given by Eq. 5.5 and B2 and W? are defined in Sec. lc.

The optimum solution for /i and m subject to the condition of fixed
cost is obtained by substituting any guessed value for a in Eq. 11.1, then
substituting the resulting value for 7 in Eq. 11.3, then substituting the new
value for a back into Eq. 11.3, and continuing this process until successive
solutions for 7 and a yield the same values to the desired accuracy. Then
the final a is substituted in Eq. 11.2 to solve for the optimum value of m.
The optimum values subject to a fixed variance are obtained by a similar
process, using Eq. 11.1, 11.4, and 11.2.

It can be shown that this iterative process will converge, but the proof
is beyond the scope of this book.

Derivation of the terms used in the iterative process. The rel-variance
of a simple two-stage design (see Sec. 1, Eq. 1.25) is

m 7l

B ( -) w2
2 - =) - — =) —
|4 (1 ) + |1 %) o (115 or 1-6.6.10)
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To determine the values of m and # which minimize the precision subject
to a fixed cost we set up the Lagrangian Fy:

Fo = V24 ACoVm + Cym + Cymii — C)

To determine the values of m and A which minimize the cost subject to a
prescribed precision, ¢, we set up the Lagrangian F:

Fo=pu(Vi—g¢) +C

Then
JF, w? oF, . 1
Elg=—;n—'§+lC2m=0:—£w1th2:; (11.6)
IF, B w: W ( Gy ) JF,
om  m: mi mN +4 m TG GA)=0= om
1
with 2 = ; (11.7)
From Eq. 11.6 we obtain
W2
Im* = o (11.8)
2

Multiplying Eq. 11.6 by # and subtracting Eq. 11.7 multiplied by m, we
obtain
B*— W2IN

T (Co2Ym) + €,

2

m (11.9)

Equating Eq. 11.8 and 11.9, solving for 7, and substituting 2Vm = a, we
obtain the optimum # given in Eq. 11.1.  The alternative forms involving
6 are obtained by using the rel-variance in terms of ¢ as given in Eq. 5.1
of Sec. 5. For the case in which the cost is fixed we obtain a as given in
Eq. 11.3 above by recognizing the cost equation as 2 quadratic in V.
For the case in which the precision is fixed we obtain a by setting V7 as
given in Eq. 11.5 (or for the alternative form V2 as given by Eq. 5.1) equal

to ¢ and solving for m. Then a = V4m.

REFERENCES

(1) M. N. Ghosh, “Expected Travel among Random Points in a Region,”
Calcutta Stat. Assn. Bull. 6 (1949), 83-87.

() R. J. Jessen, “Statistical Investigation of a Sample Survey for Obtaining
Farm Facts,” Iowa Agr. Exp. Stat. Res. Bull. 304 (1942).



176 SIMPLE CLUSTER SAMPLING Ch. 6

(3) P. C. Mahalanobis, “A Sample Survey of the Acreage under Jute in
Bengal,” Sankhya, 4 (1940), 511-530.
(4) P. C. Mahalanobis, “On Large-Scale Sample Surveys,” Phil. Trans. Roy.
Soc., Series B, 231 (1946), 329-451.
(5) Eli S. Marks, “A Lower Bound for the Expected Travel among m Random
Points,” Annals Math. Stat., 19 (1948), 419-422.
(6) Garnet E. McCreary, “Cost Functions for Sample Surveys,” unpublished
thesis, Iowa State College, Ames, Iowa, 1950.
(7) F. Yates and 1. Zacopanay, “The Estimation of the Efficiency of Sampling
with Special Reference to Sampling for Yield in Cereal Experiments,”
J. Agr. Sci., 25 (1935), 543-577.
(8) U. S. Bureau of the Census, Sampling Staff, 4 Chapter in Population
Sampling, U. S. Government Printing Office, Washington, D. C., 1947.
(9) W. G. Cochran, Sampling Techniques, John Wiley & Sons, New York,
1953, Chapters 9 and 10.
(10) W. E. Deming, Some Theory of Sampling, John Wiley & Sons, New York,
1950, Chapter 5. -
(11) F. X. Schumacher and R. A. Chapman, Sampling Methods in Forestry and
Range Management, Duke University, School of Forestry, 1942, Chapter 6.



CHAPTER 7

Stratified Single- or Multi-stage
Cluster Sampling

DERIVATIONS, PROOFS, AND SOME EXTENSIONS OF
THEORY FOR CH. 7 OF VOL. I*

Nore. The theory for stratified cluster sampling with one or more stages
of sampling is presented in this chapter. Topics covered include the estimate
of the variance and its components, gains due to stratification with cluster
sampling, and the optimum design under selected cost conditions.

It is sometimes necessary to isolate the contribution to the total variance
attributable to a particular stage of sampling or to express the variance in terms
of the contribution from each stage of sampling. This chapter indicates a
procedure which makes it possible to write down the variance of sample esti-
mates for any number of stages of sampling in terms of the components of the
variance.

The notation in this chapter is the same as that introduced in Chapter 6
except that here a subscript (4) is added to designate the strata.

1. The rel-variance of a ratio estimate for a two-stage stratified sampling
design (Vol. I, Ch. 7, Sec. 5). Assume that we have a population con-
sisting of L primary strata, M, primary units in the Ath stratum, and N,
second-stage units within the Aith primary unit. Assume, further, that a
simple random sample of m, first-stage units is selected from M,, and a
simple random sample of 7, second-stage units is selected from the N,
in the hith primary unit. Now let

% ’

, X,

z A

A (L
y ’

Y

r =

>M~

* Appropriate references to Vol. I are shown in parentheses after section or
subsection headings. The number following I- after some equations gives
the chapter, section, and number of that particular equation in Vol. I.
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where

M, ™ M,m

v h ’ r_ h ’

Zy, = s Yn =T 2Yni
my m;

and
, . ¢ m:
Ty = Zwm, Yni = Zym
Rp;

where z,;; and ¥,,; are the values of the X- and Y-characteristics for the
hijth second-stage unit in the sample.
To prove: The rel-variance of r is

1 LM:M,—m, 1 LM, % » N2, N, — ny,;
S Sz — Thi i —hi Thi g2
Z my, Mh + Xzz 2 My Ny 2
(1.2 or I-7.5.3)
where
lh = Sth + RlehY — 2RSthY (1.3 or 1—7.5.4)
with
Sxy = Z(X"' = XY — V) (1.4 or I-7.5.6)
M,—1
2 2 X
8hx =Suxx Shy =Sury, R= %
X, Y,
7 — 2n LY
"y and Y, = M,
Also,
St = Shuix + R:S%y — 2RSpnixy (1.5 0r1-7.5.9)
with

N _ _
Xois — Xn)(Yyi; — Yo
Sonixy = 2y NX’”)( lmi Y (1.6 or I-7.5.11)

2 — 2 —
SzhiX - S2MXX’ S2Ml’ — S2hiYY

= X, = Y,

e d 1

X N, an Yo N,

Proof. From Ch. 4, Sec. 11, the rel-variance of r is
2= VI VE—2V,y (1.7
where
a2 a2 Gy

V2 = —2— pi=—Yt_— and V,, =-—t—
Y U(ERY OV  (ByYY (B )EY)

L
First, by Theorem 5, Ch. 3 (p. 48), Ex' = >.Ex;, and by Sec. 1, Ch. 6, it
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follows that Ezj, = X, when we recognize that x;, is glven by z’in Eq. 1.1,

Ch. 6, with the subscript 4 added. Hence, Ex’ = ZX = X. Similarly
Ey =Y.
By Eq. 1.8, Ch. 5,

L L L
= Yo%, of =20k, and o,y = D0,

Now o2, is given by Eq. 1.2, Ch. 6, with the subscript 4 added provided
we assume that 2’ in Eq. 1.1, Ch. 6, is an estimate of a stratum total;
o%, is similarly defined; and o,,,, is given by Eq. 1.12, Ch. 6, with the
subscript 4 added. Assembling the terms representing the first-stage
contribution to the variance gives the first term in Eq. 1.2. Similarly,
assembling the terms representing the second-stage contribution to the
variance gives the second term in Eq. 1.2.

When the second-stage sampling fractions are the same for all first-stage
units in a stratum, i.e., ny;/Ny; = fo,, and m,/M,, = fy,, then the over-all
sampling fraction in the Ath stratum is f;, = fi,fan the estimate (Eq. 1.1)
becomes L

(1.8 or I-7.5.13)

and the rel-variance of r becomes

1k MiM,—m N2 N,—i
V2 - h h h ZYh e hS .
r X2 my, Mh S Z mhnh N 2h (l 9)
with 8%, given in Eq. 1.3, M,
ZNhtsgh'
82, = == 1.1 -1.5.
2, 7, (1.10 or I-7.5.15)

and 83,; given in Eq. 1.5.
Equation 1.9 may also be written

1 L, M,—m, B} iszﬁh—ﬁh w: (Lllor

Ve = X2 ——t 1
FE TRl M, mh+ X2 TR g, 1-7.5.16)
where
S S
B = —A_,—%, W= ‘,5\,—]2:
X, = X,
X, =2, =2
" Mh Xh Nh

and where in Eq. 1.9 and 111 7, =f;,N, is the expected number of
listing units in the sample per psu in the sample for the Ath stratum.
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2. The estimate of the rel-variance for two-stage stratified sampling
(Vol. I, Ch. 7, Sec. 6). An estimate, v2, of the rel-variance, V2 (Eq. 1.2),
for a two-stage stratified design in which a simple random sample of at
least two first-stage units is selected within each stratum and a simple
random subsample of second-stage units is selected is given by

1 L M?
L sl 2.1 or I-7.6.1
Uy 22 % m, Se'n ( r )
where
Sty = Stz + Sty — 2Senxy (2.2 or 1-7.6.2)

Soney = 2 ;‘n;“’ﬁ(?"f —9) 23 or 1-7.6.5)

’ N hi ’ " , ’
Ty = Ty, Ty = 2 Ty/my,
oY;

¥y; and §;, are similarly defined,
2 2
Senx == Senxxs  Seny T Senyy

m;, is the number of primary units from the /ith stratum used in estimating
the variance and may be smaller than m;,. This result follows immediately
from Sec. 3, Ch. 6, with the subscript / added to each estimated variance,
since

1 L
V= e S(o%, + R, — 2Ro,,,,)

When the sample is self-weighting within strata (i.e., /Ny = fons
my/ My, = f1, and f;, = fiafon), sZ, Eq. 2.2, becomes

1
e sczh (24)
Son
where
2 2 2 .
Seh = Sehx + rzsclzl' - 2".3(.,1_(1,- (2'5)
@i — To) (W — 1)
Senxy = * o 1” (2.6)
h
ma mh
me’ 2 Yni
= 1 - 1
Ty = —— e
h m;' s yh m;b

2 2
Senx = Sanxx and Sgy = Sayy
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An estimate of ¥? which is more accurate than Eq. 2.1 is

1
B= 201 % 52, .7 or 1-7.6.6)

Note that, when L = 1, and when s%, is estimated from the m, units in
the sample, Eq. 2.7 reduces to Eq. 3.19, Ch. 6.

3. Estimates of the components of the rel-variance of a ratio for a two-
stage stratified sampling design (Vol. I, Ch. 7, Sec. 7). Consistent
estimates of the components of the rel-variance of a ratio, r, for a two-
stage stratified sampling design may be made as follows: The estimate, r,
is given by Eq. 1.1. The rel-variance of r is given by Eq. 1.2.

A consistent estimate of the within-psu component of the rel-variance,
i.e., of the second term in Eq. 1.2, is

Y N2
E«"Nm- Nyi— "MS
2 2ht 2
_1_ LM~ m; Ny L z % P G.1)
22 m m, T x2cm, " ’

h h R

where m), is the number of first-stage units from the Ath stratum used in
estimating the variance and may be less than m,,

3 = Shhix + By — 2Saixy (3.2
with -
2 (@355 — ) Ynis — Yna)
ny;— 1

(3.3)

Sonixy T

2 2
SEhix = Semixx> and Sty = Somvy

Equation 3.1 follows from Sec. 4, Ch. 6, when the estimates in that chapter
are assumed to be estimates of the variances for the Ath stratum, and
from the fact that the variance of a stratified sample sum is the sum of
the within-strata variances.

A consistent estimate of the between-psu component of the rel-variance,
i.e., of the first term in Eq. 1.2, is

1 LMiM,—m,
— S5 EaTh Ther g 34
2 2 m,, Mh (sc h Sh) ( )
where §2 is defined in Eq. 3.1 and s, is defined by Eq. 2.2. This result
follows immediately from Sec. 4, Ch. 6, and the fact that the variance for

a stratified sample sum is the sum of the within-strata variances.
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4. The rel-variance of a ratio estimate for three- or more stage stratified
sampling (Vol. I, Ch. 7, Sec. 12). To prove: The rel-variance of a ratio,
r =a'ly’, for a stratified sampling design with K stages of sampling can
be expressed as the sum of K terms each representing the contribution
from one of the stages of sampling. In the special case of three-stage
sampling, it will be shown that the rel-variance of x'/y" is equal to

My Ny, ‘Q}m Onis — Gnis
=Eq 1.2+ — i hi_dwigr - (4.1)
q X2 Z mh ; nhz ; ‘Ihu Qhu s

where Eq. 1.2 represents the contribution from each of the first two stages
of sampling and where the last term of Eq. 4.1 represents the contribution
to the rel-variance from the third stage of sampling. The notation is
defined below.

Proof. From Sec. 11, Ch. 4, we have for the rel-variance of a ratio of
random variables

o2 n oy 20,

VT By (EyR  EXEy

VE=VL VL2V,

(E o (6% + R%% — 2Ro,,,) 4.2)
where
_E_X
T Ey Y

For a stratified population and a simple random sample of units at each
stage of sampling L
¥ = 2,

where x; is the simple unbiased estimate of X, the Ath stratum total.
For three stages of sampling the simple unbiased estimate of X, is given
by Eq. 4.8, and this form of estimate is extended to obtain the simple
unbiased estimate for any number of stages of sampling. Similarly,

’ L !
Y =2
From Sec. 1, Ch. 5,

L

Z Oy Z Oy and oy, = Zo'z',y',‘ 4.3)

We shall now indicate how to apply Theorem 16 to express o2, in terms
of the contribution to the variance for the Ath stratum from each stage of
sampling. The developments for o2, and g,,,, follow exactly the same
steps. By Theorem 16, Ch. 3 (p. 68), with u = ), 2, = E(xz;] j), the
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contribution to the variance in the hth stratum from the jth stage of
sampling is
Eo%in, e, i (4.4)
In Eq. 4.4 the symbol
2y = E(x;:l[l7 29 3’ tt 9./]) (45)

is the expected value of x;, considering the units selected at the jth stage
of sampling as strata. Since the jth-stage units are selected from the
(j— Dth-stage units, etc., regarding the jth-stage units as strata implies
that the units selected at all previous stages are also fixed. Now

O, 2,3, - j—11 (4.6)

means the variance of z; (Eq. 4.5), where the variance is evaluated within
the units selected at the (j — 1)th stage of sampling. If a simple random
sample of jth-stage units is selected from each (j — 1)th-stage unit in the
sample, the units selected at the (j— I)th stage of sampling can be
regarded as strata; and, from Corollary 1 to Theorem 11, Ch. 3 (p. 56),
we can write down the conditional variance of any linear combination of
random variables. The final step of taking the expected value of Eq. 4.6
makes use of the theorem (Theorem 5, Ch. 3, p. 48) that the expected
value of a sum is equal to the sum of the expected values, or, more gener-
ally, Theorem 6, Ch. 3 (p. 49), for a linear combination of random
variables. The above steps make it possible to write down the contribu-
tion to the variance from any stage of sampling for any linear combination
of random variables, as will be illustrated below.

Consider the evaluation of Eq. 4.4, for the contribution to the variance
from the third stage of sampling. We must then evaluate

EO'?.!“’ 2] (47)
where
2y = E(x|[1, 2, 3])

Suppose that M, and m, are the number of first-stage units in the Ath
stratum in the population and in the sample, respectively; N,; and n,,
are the number of second-stage units in the hith psu in the population
and in the sample, respectively; and Q,,;; and g,; are the number of
third-stage units in the hijth second-stage unit in the population and in
the sample, respectively. Then

M;, 2 Ny " Oy %
oD D M

noi Phi G Gnis k

7y = 2y = E3|[1, 2, 3]) =

(4.8)
M, ™ N, ™ ,
== 2 = > Tz

my, i Ny oj
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where %, is the value of X for the hijkth third-stage unit in the sample,
and

, Q i Qhiy

hu - = z hijk (49)

Irii &

is the sample estimate of X, ;, the value of X for the hijth second-stage
unit in the sample. By Corollary 1 to Theorem 11 of Ch. 3 (p. 56),
since we can regard the second-stage units in the sample as strata,

M2 ™ NE, ™

Gf,m,z] ng n}:”; o (4.10)
]

and since a simple random sample of third-stage units is selected from
each second-stage unit in the sample, we have

Q 1. ,
o, = Ohy —p— q"”’Séh,,x @.11)
hii'Thii
and O _
X — Xoi)?
Sthiix = 2 Knin — X é”" — ,1\',”,) (4.12)
hij

By Theorem 6, Ch. 3 (p. 49), the contribution of the third stage of
sampling in the Ath stratum is

Mh mh len Ny R

2 . th qhu
03y, = Eoy 1,91 = 20— =g ix

my My, T nfy Ny 5 OnisGnis
Nlu thi qhu
0%, 8243 (4.13)
mh ; ny; 27: QMJ Im s

In the same way we can show that the third-stage contributions to

o2, and o, are, respectively,
1”. N 1 Nh‘ Q 1, 1
Ugy’» == Z — 2 Ohis by — G jSShuY (4.14)
my & Ny Onisdnis
and
M Ny O
Cuc = 3 Sop, Qg @y
i Jj hijdnij
where
Qris = =
% (XhiJ'k - Xhi!)( Yhi:’k - Yhii)
Sariivy = (4.16)
3hii XY thj —1
and

ng,}— = Sahiﬂ' Y 4.17)
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L
Now, the third-stage contribution to the variance of ' = 3z, is, by

Eq. 4.3, L
S 0%, = 0% (4.18)
h
Similarly, I
205, = Ohy (4.19)
h
L
Ello':h:’.u’. = Ogyy (420)

We now have from Eq. 4.2 that the third-stage contribution to the rel-
variance of #'fy’ is

1
X,—Z (Ggr' + Rzagy' - 2R63x’v')

L M, M O2.. L — .
z _M_Lz Z _N_l_z_z 5 &xz QMJ Gnis S%MI (4.21)

1
2 : ~
X2 my T My 5 Ghii Ohis

where
8%, = St x + RES5,y — 2RSmuxy 4.22)

In Sec. 1, the rel-variance of r = «'/y’ was developed for a two-stage
design. Hence, the terms of Eq. 1.2 represent the contributions from the
first and second stages of sampling. Tt follows that V2 for a three-stage
design (Eq. 4.1) is given by Eq. 1.2 + Eq. 4.21.

5. Gains due to stratification with cluster sampling and a comparison
with gains due to stratification with simple random sampling of listing units
(Vol. I, Ch. 7, Sec. 4). To prove: For a proportionate stratified random
sample of equal-sized clusters from equal-sized strata, the relative gain
due to stratification is given approximately by

L = =
2K XPN
Lo*[1 + &N —1)]
From Sec. 7 of Ch. 5, the relative gain due to stratification when a simple

random sample of listing units is selected from the same strata is
approximately

(5.1 0r1-7.4.1)

L == =
2(X— X
Lo?
The ratio of Eq. 5.1 to Eq. 5.2 is equal to

__N
T+ o —1)

(5.2 or 1-7.4.2)

(5.3)
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and is the factor by which the relative gain due to stratification with
simple random sampling of listing units must be multiplied in order to
obtain the relative gain due to stratification with cluster sampling providing
the same strata are used for both simple random sampling of listing units
and for cluster sampling.

In Eq. 5.1 and 5.2,

M N
Xhis - .
p = 2 %{ N’"’ is the average per listing unit in the Ath stratum.

St

N = the number of listing units per cluster.

M = the number of clusters per stratum.
? =

L
> X,/L is the average per listing unit over all strata.
L M N

X, — X
0% = —ZLZL%’——X)— is the population variance for a simple random

sample of listing units.

& = the intraclass correlation among listing units given by Eq. 6.1,
Ch. 6.

Proof. From Remark 1, Sec. 1, Ch. 5, the variance of a mean for a
proportionate stratified sample with equal-sized clusters from equal-sized
strata is

L
1— 382
0% = —mf b L"X (5.4
where
m m ., m
S=mTw "I
0
>( Xy — X3)
83 = 2 Kol P (5.5)
M Y i X) - =
=51 [ "M + (X — x)z] (5.6)
where Xui = Xpif/ N
Thus,

1—f [§ $ By SF 17)2]
0,2 . hi + h

1= M 2 ()
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Now, the variance of a mean for a simple random sample of m clusters
is (see Sec. 2, Ch. 4)

£33 R
1— Xi— X)
2 hi
2=y M (58)
which may also be written, from Sec. 5, Ch. 6,
PP el [1+ 6(N— 1) (5.9
2 m N

Hence, the relative gain
oi—o3 . Eq.57—Eq.538
o Eq. 5.9

is given by Eq. 5.1.

6. Optimum values for a two-stage stratified sampling design with
variable sampling fractions and a simple cost function (Vol. I, Ch. 7, Sec. 9).
To prove: For atwo-stage stratified design with variable sampling fractions
among strata and proportionate sampling within sample first-stage units
in a stratum, the optimum expected size of ultimate cluster, 71, and the
optimum number of sample primary units, m,, for a stratum, when the
expected cost of the survey is

L L

C = SCpmy + 3 Coumyhi, (6.1 or 1-7.9.1)
and the total expenditure is fixed, are
C 82 C w? (6.2 or
oot. /i, = N A/ 1 2h ) h

P T N Gy B NSt N Cu B WHR, 1792

CN, 8o,V C
opt. my, = WSl ¥ Con (6.3 or 1-7.9.3)

Z[(Clh + Coni)Ny 2n/”h\/czh]

where 8%,, S%,, BZ, and W} are defined in Sec. 1, and where C,, is the cost
per first-stage unit in the sample from the hth stratum, C,, is the cost
per second-stage unit in the sample from the Ath stratum, and where

A in Eq. 6.3 is the optimum value.
Proof. The rel-variance for a two-stage stratified design with uniform
second-stage sampling fractions within strata is (see Eq. 1.9)
1 LM} M,— 1 — i,

= — Zr g o Z

—=8z 6.4
m, M, mhnh Nn €4

where the terms are defined in Sec. 1. To determine the values of m,
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and 7, which minimize V'? subject to a fixed total expenditure C, with the
cost of the survey given by Eq. 6.1, we set up the Lagrangian F:
L L
F=V7+ AECumy + SCopmyi,— C)

Then the solution to the equations dF/dm, = 0, dF/di, = 0, and the cost
equation will be the optimum. Now

OF  MiSL  NiSh o NRSE,

- — -+ A(C onfly) == .
om,  X’m: Xmin, T *miN, + Uy + Cuty) == 0 (6.5)
oOF N3S3,
= 4 ACymy, = .
o T X ACymy, =0 (6.6)
From Eq. 6.6 we obtain
~NiSE
AxXimg = 12 (6.7)
('2h h

Multiplying Eq. 6.5 by m,, and subtracting Eq. 6.6 multiplied by 7,, we .

obtain , -
}»sz lebfh N)fS‘jh/Nh
2 s 2

Clh

Equating the right-hand members of Eq. 6.7 and 6.8 and solving for 7,
substituting M,N, = N,, we obtain the optitnum 7, as given in Eq. 6.2.
The alternative form of 7, is obtained by making the substitutions
Bf2l Sih/ch and W: Sﬁh/xh

Now, substituting

(6.8)

1 NilSy
my, = —= —————
" VI X,V Gy

from Eq. 6.7, into the cost equation and solving for V4, we obtain

Vi= 3Cu + Cui) 8 [ (69)
”h\/ Can
Substituting Eq. 6.9 into Eq. 6.7 and simplifying, we obtain the optimum
my, as given in Eq. 6.3.

7. Optimum values for a two-stage stratified sampling design with
variable sampling fractions and a more complicated cost function (Vol. I,
Ch. 7, Sec. 11). a. Consider again the situation in Sec. 6 but with an
added term Cy4/m in the cost function measuring the travel and perhaps
other costs of the survey, i.e.

L L
C = Coyv/m + 2Cymy, + 2 Coumyiiy, (7.1 or I-7.11.1)
with m = Zm,.
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To prove: The optimum #, is
NhS2h — XhWh
Xa,,\/ E—g,, X ah\/ _C—z—,,

opt. 7, = (7.2 or I-7.11.5)
and the optimum m,, is

C2
opt. my = —22% (1.3 or I-7.11.6)

4d? 3 a,

where a, and d are determined from the Eq. 7.4, 7.5, and 7.6 below,
following a process of successive approximation similar to that described
in Sec. 11, Ch. 6.

M, = X, _ -
'Yh V83, — NS, ',‘_,h VB — WiN,

a _ (7.4 or
" Vd+ G, Vd+ Cy, 1-7.11.2)
L NS, ]
zclhah + 2 }M V Cy
b ESS
Zah
> (7.5 or I-7.11.3)

L L X,
2.Cuay + 27 W, VG

T.
2.

A/+—b—1

where S2,, S%,, B:, and W}, are defined in Sec. 1.
Proof. In this case the Lagrangian F is

(7.6 or I-7.11.4)

I L
F=V?+ ACyV'm + 3 Cypmy, + ZCopmifiy, — C)
with V2 given in Eq. 6.4. Then

IF M%S%h N}%SEIL N}%Sgh + l( Co

m,  X°mi — + Cy, + Copftn) =0

oy xmi  X°mih,  X*miN, 2m + G+ 2hnh)
.7

dF N33

S = Yema T ACum =0 (7.8)
h h
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From Eq. 7.8 we obtain
Axem: 8%,

2 -2
Nj Conly

(19)

Multiplying Eq. 7.7 by m;, and subtracting Eq. 7.8 multiplied by 7,, we

obtain % Sﬁ
aXm2 N2N
Th_ h Th (7.10)
NG L.
wm "

Equating the right-hand members of Eq. 7.9 and 7.10 and solving for 7,
we obtain

— 4+ C.
- _ 2Vm "o
= Con 85— N,S%,

(1.11)

Substituting Eq. 7.4 and 7.6 into Eq. 7.11, we obtain the optimum 7, as
given in Eq. 7.2. Now, if we let

L L
2.Ciamy + 2.Conmyfiy,
m

=b (7.12)

then the cost equation may be written
C=CyVm + bm
Considering the cost equation as a quadratic in V'm, we obtain

—Cy+ VCZ+4Ch

Vm = > (7.13)
and
Co b
= d = 7.6
2Vm A/ R (0
%;
Now, solving Eq. 7.8 for m,. we obtain
NS
pry = 22 T (7.14)

C VIXmVC, Vi
Substituting Eq. 7.11 for 71,, we obtain a, as given in Eq. 7.4. Further,

a

DM~

>

L
Sy, = m = (7.15)

3
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B L
Hence, substituting 1/V'1 = m/Sa, into Eq. 7.14, the optimum m, is

2
=14 Co%(om EBq. 7.6) (1.3)
2ay  4d*3a,
and substituting a,/V/Z for m,, NySp/XVAV Cy, for myi, from Eq. 7.14,
L

and Sa,/V2 for m from Eq. 7.15, into Eq. 7.12, we have b as given in

Eq. 7.5.
b. Suppose that the cost of travel between psu’s varies from one stratum
to another and thus the cost function is expressed as follows:

L L L
C = 2CuVmy, + 2Cymy, + 2Comyi, (7.16)

The rel-variance is again of the form given in Eq. 6.4. Then the optimum
values of m,, and 7, for a fixed total expenditure are as follows:
2

ok
opt. my, = 4-;,—% (7.17 or 1-7.11.10)
S, = 2 m.
opt. fi, = Nl NhA/ . Smi : (Con/2Vmy) + Cya
Xa, V' Cy, Sin— NS Ca 7.18 or
(

— [-7.11.11

— ____X"W" — Wi (COh/Z\/mh) + Cn )
Xa,V Cy, B — WiIN, Con

where a, and d, are determined from the following iterative equations:

M, e X R,
#‘Vm -A—j B, — WiIN,  (1.19 or

a, = — = — I-7.11.8)
and R Vi, T Cn,
C,
d — Oh
LYY my,
L I NS
(zclhah + 2 hX% v Czn) Conl \/a—n 720
= L 2 )7 % N,Sp L (ér
(Zcoh‘/;h) +4C |\ 2Cnap+2 5% Con —zcoh‘/;; M 1-7.
11.9)
L LY _
(Zcmah + Z’f W,V Czh) Con/ \/ah
= A —\2 3 LY, —\ L _
J (ECMV%) +4C (zclhah + 2:“; Wh\/Czh) - ZCOh\/ah
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The derivation of these formulas follows the same general steps as the
derivation of the optimum values in Part a above and is left to the reader
as an exercise.

8. Optimum values for a stratified sampling design with joint use of
one- and two-stage sampling, variable sampling fractions, and a simple cost
function (Vol. I, Ch. 7, Sec. 10). To prove: For a stratified sampling
design with two-stage sampling in L, strata and one-stage sampling in L,
strata and with the sampling fraction within first-stage units, #,,/ N, equal
to fy, then the optimum my, m,, and /i, when the expected cost of the
survey is

L, L, Iy
C = Sm,Cpp + SmyiiyCon + SmCy (8.1 or I-7.10.1)
h h k

and the total expenditure is fixed, are

M8,
opt.m, =——a (8.2 0r [-7.10.2)

Ve,

V8 = N,S2
opt. m, = w a (8.3 or 1-7.10.3)
Vi
' Vi S%h Cu

t. 7, = 2k 1 8.4 or 1-7.10.4
OP% T N’LA/ Sih'— Nl.Sgh Czh ( o )

Ly - L _
a=C(| (ZM)»\/CM\/SM - Nhsgh + ZNh‘Szn\/Czn -
h h ,
Ll .
SMS,V c,;) (8.5 or I-7.10.5)
3

Proof. The rel-variance of the design is

pe = 1L M2 M, — th2 1L N,, N,, 7y, s
X2y m, M, Xz myfiy, Nh
1 L M,f M,—m,
82 8.6
XZ k My Mk ( )

where 2, and S%, are defined in Sec. 1 and S} is defined as 8%, but over
the L, strata. The Lagrangian F is

L, La L
F= Vf + 2(2C1hmh + 2 Conmytiy, + 2.Cymy— C)
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Then s - 2

53'% - A;};il?? - ,\I’V;;fg;h ;:’:S;/%, + MCyy, + Copin) =0 (8.7)

%ﬁ - ﬁ:fz;, + MCm) =0 8.8)

58,%‘ = 1;{5:% + MC) =0 (8.9)
From Eq. 8.8, we obtain s i

MX}; =i (8.10)

Multiplying Eq. 8.7 by m, and subtracting Eq. 8.8 multiplied by 7, we
obtain

AmpX® NSt — SN,

Ny Ca
Equating the right-hand members of Eq. 8.10 and 8.11 and solving for
#i,, we obtain the optimum 7, as given in Eq. 8.4. From Eq. 8.9
MS, 1
m, = —— —= (8.12)
VG xVi

Let 1/(XV'7) == a to obtain m, as given in Eq. 8.2. Now, solving Eq. 8.8
for m,, we have

(8.11)

NS 1
my, == —— _— "=
iyV Cop XV'A
and, substituting 1/(XV'1) = aand i, from Eq. 8.4, we obtain the optimum
m, as given in Eq. 8.3.
Finally, substituting Eq. 8.2, 8.3, and 8.4 into the cost function and
solving for a, we obtain a as given in Eq. 8.5.

(8.13)
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CHAPTER 8

Control of Variation in Size of Cluster in
Estimating Totals, Averages, or Ratios

DERIVATIONS, PROOFS, AND SOME EXTENSIONS OF
THEORY FOR CH. 8 OF VOL. I*

Note. When primary sampling units vary in size, i.e., in the number of
elementary units or listing units that they contain, some methods for control
of variation in the size of cluster in the selection of a sample and in the estima-
tion are sometimes useful. The derivations in this chapter relate to this prob-
lem. Ordinarily, the use of some method for controlling the variation in size
of cluster is much more important in estimating totals than in estimating ratios,
although many of the results for which proofs are needed and are given in this
chapter deal with the problem of estimating ratios.

1. Sample estimates and their variances for a two-stage sampling design
when first-stage units are selected with varying probabilities (Vol. 1, Ch. 8,
Sec. 14). To prove: If first-stage units are selected with varying proba-
bilities, with replacement, and with any second-stage sampling fractions,

1 ™
===

2P, (1.1)

is an unbiased estimate of the population total X, where x; = N,x,/n, is
an unbiased estimate of the psu total X;, P; is the probability of selecting
the ith psu on a single draw, m is the number of psu’s in the sample, N,
is the total number of second-stage units in the ith psu, and », is the number
subsampled from the ith psu. The ratio r = 2'fy’, where 2" and ¥’ are
defined by Eq. 1.1, is an estimate of R = X/ Y.

The rel-variance of r (and of z” as a special case) is

Vi=Vvi4+vi-2v,, (1.2)

* Appropriate references to Vol. I are shown in parentheses after section or
subsection headings. The number following I- after some equations gives
the chapter, section, and number of that particular equation in Vol. I.

194
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< Xi Y; MN?N,-——n,.
_ZPi(E— )(F"‘Y).*—Z"’ Sixy (1.3 or

; P, N,
V' — 3 1 [ -8. X
i mXY mXY 1-8.14.7)
with N, B ~
(X;;— X) Yy — 1)
Sixy = 2K, N"‘_(l ! (1.4)

2 2 _
Ve="Vye and Vi =1V,

Remark. The estimate given by Eq. 1.1 would be unbiased for samples
drawn with varying probabilities, P; for the ith psu, whether or not the
psu’s were selected with replacement. The variance, given by Eq. 1.2
and 1.3, holds only for sampling with replacement but may be a satisfactory
approximation for sampling without replacement, especially if no P; is
large relative to 1, and if m/M is small.

Proof. By Theorem 6, Ch. 3 (p. 49),

m oon
Ex':E—l— - N S,
m< Pn;’;
1™ N, ™
=E—S—SEuzx.. 1.5
2 P 2B (15)
and since
| L ¢!
Eaxﬁz'](/;;/"ijzjv‘l

where X}; and X; are used to indicate the fact that X7; and X; are random
variables depending on the result of the ith selection of first-stage unit,

I»xX, 1™ X;
EXy =E—>—==—-SE—
v mEi:P,. m% P,
lmM X.
=— P—=X
m%%'P,.

Similarly, Ey’ = Y.
Consider now V,,, = 0,,/XY. By the corollary to Theorem 17,
Ch. 3 (p. 68), with K = 2 and u = 2/, w =y, we may write
Oy = Eopyipu + Oreprein (1.6)

where [1] refers to a fixed set of first-stage units in the sample. Consider
the first term in the right-hand member of Eq. 1.6. Since for a fixed set
of m first-stage units the sampling from one of the units is independent of
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the sampling from any other first-stage unit in the set, then, by the corollary
to Theorem 12, Ch. 3 (p. 58),
1 =1
Oeyin = 2 < —P? RN

Since within the ith selected first-stage unit the #; units are a simple
random sample from the N, units, then by Sec. 3, Ch. 4,

N, —n,
a2 Ve i
Oyt = Ni N, Sixv
Hence,
m
Eoyyny = ,? P2 Ol
mMp N» —
1 K
54 s, 1.7
g < Nzni iXY

which when divided by XY is equal to the second term in the right-hand
member of Eq. 1.3.
Consider now the second term in the right-hand member of Eq. 1.6,

namely, gy )
By Theorem 6, Ch. 3 (p. 49),

Ilm 1N~ 1mX;
E@|) = —2E &~ ay=—2 3"
@I = 5 2B 5 750wy = 2 3
Similarly,
1mYy:;
Ey|l) = -2
') m % P,
Therefore,
TE@IDEI0D T Ty my, 1y, (1.8)

'”iP‘ m 'y Py

and since the m first-stage units are selected with replacement, X}/P, is
independent of X;/P;, and by the corollary to Theorem 12, Ch. 3 (p. 58),

m

l
Eq. 1.8 = " ZUX'” Y (1.9)
P Pw’ Pw

Since the probability of selecting the ith first-stage unit is P,
EX_

i 1 b

Similarly,
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Therefore,
og, y.=E (L’— )(5— Y)
Fer b P
no(X Y, )
"%P‘ (Pi— )(Pi— Y (1.10)

Equation 1.10, substituted into Eq. 1.9 and divided by XY, is equal to
the first term in the right-hand member of Eq. 1.3.

2. Determination of optimum probabilities for a two-stage sampling
design in which the first-stage units are selected with replacement, the
sample is self-weighting, and a simple cost function is used (Vol. I, Ch. 8,
Sec. 14). To prove: Consider a subsampling design in which primary
units are sampled with replacement and a subsample of listing units is
selected within sample psu’s. Suppose that the population consists of L
size classes with M), primary units in the hth size class and N, listing units
in the hith psu, and that P, is the probability of selection of a primary
unit in the Ath size class on a single draw. Then the estimate r = x'ly,
where 2’ and ¥’ are given in Eq. 1.1 may be written

Mai

PR A R @1

L
where m = Sm, is the number of psu’s in the sample, and n,, is the

h
number of elements included in the sample from the Aith psu if it is drawn.
If also the sample is self-weighting, i.e., Py(,,/N,;) = k, then f=mk
is the over-all sampling ratio, r = «/y, and the rel-variance of r becomes

1 (LM L. NSE
vie L[5 M- msm+ B @2
h
where

My 2
P (5-5)

AR b 23)

M,

M, 9
ZNMSZM

8, = - (2.4)

M,N,
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with 82,; defined by Eq. 1.5, Ch. 7, and where

L
’ZMhN”'Sgh _ 1 My
=1 and N, = 37 2N @.5)

The optimum values of P,, m, and k subject to a fixed total cost and
L
subject to the condition SM,P, = 1, where the cost function is

L
C = Cim+ Cym>P,M,N, + CymkN (2.6 or 1-8.14.8)

are given by

A — NS,
"L AN '
Su J B
C; + ClNh

k= ViSi/Gy (2.8)

L AZ_NS2
MA/-—"—L?:'—‘
2M, C; + CiN,

L —
m = C/(Ci + C;ZPthNn + CykN) 29

For a particular fixed system of probabilities the optirum k is

L
s2 (c; + C’I'%P,,M,,N,,)

k= (2.10)

”L 1
Clz ;‘ Mh(A% - Nhsgh)
h Ly

and the optimum m is as given by Eq. 2.9.
Proof. If the estimate is given by Eq. 2.1, the rel-variance is (from
Sec. 1) V2 = V2 + V2 —2V,,, with terms defined as follows:

L M» X, Y.,
e ()
”=%§ " Ph Ph
i mXY

é%‘N%iNm_”mS
2hi XY
% T Pn Npfni

= (2.11)

+
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Substituting X for Y in Eq. 2.11, we obtain Vi, and substituting Y for
X, we obtain Vf,,. 144 may also be written in the following form:
1

M ¥ NE, Nyy — iy
V?*_[Z "A2+zz e M Do g |

2.
mX? P, P, Npn 212)

Substituting ny; = kNy/P,, for a self-weighting sample, we obtain V2
as given in Eq. 2.2.
To obtain the values of Ph, m, and k which make V2 a minimum subject

to a fixed total cost and ZPth = 1, we set up the Lagrangian F:
h

L L
F=Vit+a, (c;m + CImS P, My, + CymkN — c) + /12( S M, P, — 1)
h h

Then the solution to the equations dF/P, = 0, dF/ok = 0, dF/om = 0,
OFjd2, = 0, OF/d2, = 0 will give the optimum values of P,, m, and k.

OF IMM—FSW ., 0 o
S e BCmM, + My =0 219
oOF 1 N82

< 1
%= Em CymN =0 (2.14)
OF 1 [ZMA:— NS3

. [Z 7( h 2h + 2]
am _ mX P,, k

L
+ 2 [c; + C/SP,M,N, + csz] =0 (2.15)
h

8F/8/1 =0 is the cost condition, and OF/dA, =0 is the condition
ZPth = 1. From Eq. 2.14,
8%
==
Com2 X 2k?
Multiplying Eq. 2.13 by P,/m, summing to L, and subtracting Eq. 2.15,

we obtain
G _S
C, mX3k?

dp = mCid =

Substituting these values of 4, and 4, into Eq. 2.13 and solving for P;,
we obtain
(A2 — NuS3) Gk

2.16
CETANE ¢19

Pi =
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L L NS, VG,
ZM"P”—IMZM",\/CV{—CIIV s, k

_ 1

_iM A2 — N,S% VG,
"N Ci+ GRS

/\/ Nhsgh
- @7
2 w, [B=H Sz,,
C1 Ci+ GiN,

Substituting Eq. 2.7 into Eq. 2.16 and solving for k, we obtain the
optimum k as given in Eq. 2.8. And, solving the cost equation for m,
we obtain the optimum m as given in Eq. 2.9.

For a particular fixed system of probabilities, we have the Lagrange
equations 2.14 and 2.15, and the cost condition. Solving these equations,
we obtain the optimum k& as given in Eq. 2.10. This solution is straight-
forward and is left to the reader.

and

Hence,

3. Optimum values for a two-stage stratified sampling design with a
uniform over-all sampling fraction and a simple cost function, and a com-
parison of optimum probabilities with stratification by size as a control on
variation in size of psu (Vol. I, Ch. 8, Sec. 12 and 14). To prove: For a
two-stage stratified design with a uniform over-all sampling fraction the
optimum 7, and m, when the cost function is of the simple form

L
C=Cim+ C;SmN, + CofN (3.1 0r 1-8.12.1)

and the total expenditure is fixed, are

- Ci + CiN,
. == R e————— .2 —~0O. 2.
opt. 7, N"S“/Q(S%h—— AN (3.2 or I-8.12.2)
and
N, M8 —NS% fVC, (33or
M —_— ==
R M G T O, 5 18125
where

L 2
2N,

S2 =
2 N

(3.4 or 1-8.12.3)
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and the optimum f'is

opt. f= c8,

1L R _
VG SVETT O, MV — BySE + VNS,
(3.5 or 1-8.12.6)

Proof. When the sample is self-weighting, i.e., f= fiafor, the rel-
variance given by Eq. 1.9, Ch. 7, becomes

1 L(f, 1 X1
V$=5(—22(—}ﬂ—1)MhSih+;;27

where 82, is defined by Eq. 1.3, Ch. 7, and S3, is defined by Eq. 1.10,
Ch. 7. The cost function may be written

(1 "‘fzn)Nh‘Sgn (3~6)

L
C=3(C, + c;Nh)thf 4 CyfN (3.7)

Jon

To obtain the values of f,, and f which minimize ¥} subject to a fixed
total expenditure set up the Lagrangian F:

i .
F(fonfy2) = V2 + 2 {z(c; + CINOM, /-j;, +CyfN— c}

Then the solution of the equations dF/dfy, = 0, IF/Jf = 0, and the cost
equation 3.7 will give the optimum values as shown below:

OF  MSh NSh €L+ CINIMLS

3. " xr =2 =0 3.8
oA X XY fon S8

L L L

F _ IMSifun _ 2NiShr n > NSnfon
f X3 X3 X
L

42 [Z—-———-—(C‘ +fC‘N")M" T CGN[{=0 (39

2h

Multiplying Eq. 3.8 by f5,, summing to L, and adding Eq. 3.9 multiplied

by f, we obtain
L
NS
M= ZC—-](—;—;—; (3.10)
2
From Eq. 3.8
lfz - (th - NhSEn)_fgh (3.11)
XHC; + C1N)

Equate the right-hand members of Eq. 3.10 and 3.11 and solve for the
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optimum expected size of ultimate cluster in the Ath stratum, 7, = N, fors
to obtain Eq. 3.2.
Now, since m,, = M,f]f,, substitute Eq. 3.2 for N,fy, to obtain the
optimum m, given in Eq. 3.3. Substitute Eq. 3.3 into the cost function
L

for m = >m, and for m, and solve for f to obtain the optimum f given
in Eq. 3.5.

Comparison of optimum probabilities with stratification by size. 1If the
stratification is by size and the strata are the size classes used in Sec. 2,
then 8%, and S2 in Sec. 2 are the same as S3, and S in this section. We
saw in Sec. 2 that the over-all sampling fraction is f = mP,#A,/N,. Hence
mP, is comparable to m,/M,. Note from Eq. 2.7 and Eq. 3.3 that mP,
and m,/M, are proportionate to quantities that differ only in that A} in
Eq. 2.7 replaces 8%, in Eq. 3.3. The difference between A} and 5%, is
approximately

so that the two expressions are approximately the same whenever the
X,/ Y, do not vary a great deal from strawum to stratum.
Proof. From Eq. 2.3,

1 M X.. X\2 1 M
A?;:_Z Y??i (—hl__) =—Z(Xhi_RYM)Z

M, Ye Y M,
1 M
= ﬁ‘ Z(X?n' + RY}; — 2RX,,; i) (3.12)
B

with R = X/Y. From Eq. 1.3, Ch. 7,
Sin = Sihx + stin}' - 2RSthY
1 % 2 72 zM" 2 21 f V2
= (M—h___l')‘ Zi.Xhi— M, Xi + R ‘ZYM‘_ RM, Y}
M, o
— 2R3 X3 Y + 2RM, X, Y,,) (3.13)

For M,, large, so that the assumption M, = (M, — 1) is valid,

= = _ (X, X\*?
Ale_S%h=(Xh'_RYh)2= Y§ (?i—})

4. Comparison of V2 (Eq. 5.4 of Ch. 6) and V2 (Eq. 5.11 of Ch. 6) (Vol. ],
Ch. 8, Sec. 1 and 11, also Vol. I, Ch. 6, Sec. 8). To prove: For the class
of populations described in Sec. 8, Ch. 6, we may expect that P2/vy > 1,
where P2 is given by Eq. 5.4 of Ch. 6 and V2is given by Eq. 5.11 of Ch. 6.
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Proof. V?%and V2 can be restated in the forms

M o N—1M N, N -
INZY Iy 22
Pr=i—ry —t 4.1
MN2X? NX? @
Moo, M B
2NZ 2 (Zy—Z)
Vie b 1l
M Nk “2

where for ¥? we have assumed that N is large so that N/(N — 1) is very
close to 1, and

Zij = Xij_RYu (43)
¥
Z,=37Z,;=X;,— RY, 4.4)
j
and
5, -4 45
TN (C)]

The last term in Eq. 4.1 will be nearly equivalent to the last term in
Eq. 4.2 provided the N, are moderately large (it may be about equal
under less stringent conditions). When these last terms are about equal,

then
M — _M -
pe_p2 = w
B MN2X?

_ On NG

T MN2X?

(4.6)

where oy, y, 7 is the covariance of N; and N,Z% For the class of
populations described in Sec. 8, Ch. 6, this covariance is positive, and
thus for many common sampling problems

Illustrations are given in Case Study D of Ch. 12, Vol. I. (Compare,
also, Sec. 2, Ch. 9, where it is shown that sampling with probability
proportionate to size, under the same conditions, gains over sampling
with equal probability.)

5, Effect of variation in size of cluster in estimating totals (Vol. I, Ch. 8,
Sec. 4). Consider a one- or more stage cluster sample design with a
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uniform over-all sampling fraction, f, and with m primary units included
in the sample; it is desired to estimate X. If a simple unbiased estimate,
a', is used, where

’

xr =

1
-z (5.1)
. /

and x = Du; is the aggregate value of the X-characteristic for the units
in the sample, then,

Vi = VE4 V2 2p,,V,V, (5.2 or I-8.4.1)

m
where n = >n; is the number of elementary units in the sample, or some
other aggregate measure of size associated with the units in the sample,
and where V2 is the rel-variance of z/n, ¥? is the rel-variance of n, and
p,n s the coefficient of correlation of r and n.

Exercises

5.1. Show that Eq. 5.2 holds approximately and that the last two terms
become zero if the sample selection is made in such a manner that, if two or
more stages of sampling are used, the first-stage units are selected with proba-
bility proportionate to N;, the size of the ith unit.

5.2. Let n, = f,N,, where N, is the size of the ith first-stage unit, and where
the first-stage units are a simple random sample. Show that the last two terms
of Eq. 5.2 vanish if the estimate (z/n)N is used.

Remark. The importance of the relationship given by Eq. 5.2 is that it
separates the rel-variance of an estimated total into a component due to
the variation in size of cluster and a component representing the variance
that would arise if the problem were to estimate the ratio z/n. The variation
in size of cluster usually has much less effect on the variance of a ratio than
on an estimated total based on an expansion of the sample by the reciprocal
of the sampling fraction, and therefore the latter two terms in Eq. 5.2
represent the principal contribution of variation in size of cluster. The
last term will often be small, in which case the contribution of the variation
in size of cluster is given approximately by V5.
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CHAPTER 9

Multi-stage Sampling with Large Primary
Sampling Units

DERIVATIONS, PROOFS, AND SOME EXTENSIONS OF
THEORY FOR CH. 9 OF VYOL. I*

Note. So far as the theory is concerned, there is no distinction in multi-stage
sampling whether the primary sampling units are large or small. However,
some principles and methods become more important with large psu’s, and
these are emphasized in this chapter. They include substratification in sampling
second-stage units, extensive use of varying probabilities in the selection of
primary units, inclusion of a small number of primary units in the sample per
primary stratum, the determination of optimum sizes of strata, and allowance
for travel within psu’s by a separate term in the cost function.

Of course, the theory introduced here for large psu’s is applicable to any
problem in which the principles are applied, whatever the size of the psu’s.

Some notation used in this chapter.

X052 = value of the X-characteristic for the higjkth third-stage unit
in the population; i.e., X, is the value for the kth third-stage
unit in the jth second-stage unit in the ath substratum in the
ith primary unit in the Ath primary stratum.

Zpian = value of the X-characteristic for the higjkth third-stage unit
in the sample.

Y o a0d Y405, Tepresent similar values for a Y-characteristic.

Numbers of sampling units and strata are as follows:

. IN THE SAMPLE IN THE POPULATION
Number of third-stage units in Aigjth

second-stage unit Qhias Qhiai
Number of second-stage units in ath
substratum of hith primary unit Npia Nia

* Appropriate references to Vol. I are shown in parentheses after section or
subsection headings. The number follewing I- after some equations gives
the chapter, section, and number of that particular equation in Vol. L

205
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IN THE SAMPLE IN THE POPULATION
Number of substrata in hith primary

unit Dy, D,,
Number of primary units in th stratum  m, M,
Number of primary strata L L

With the notation above the following additional notation is defined:

IN THE SAMPLE IN THE POPULATION
Qriaj Qnias
Lpins = %xhiaﬂc Xpias = 2}:. Xpiasn
TNpia Nia
Thia = Z Zhiaj Xhia = Z Xhias
J i
L L
¥ =37, X=73X,
;3 h
Nhria Niia
Qhia = Z_qnm Ohia = Z Ohias
j
L L
q =24 0 =20,
h h
L L
m=>m, M=3M,
x 3
Average values per third-stage unit
Tpiai = ZhiailGniai X nias = Xniasl Qniai
z= z/q X = X/Q

Average values per second-stage unit

Tpia = Tnia/Mnia Xnin = XnialNnia

T =zx/n X =XIN
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IN THE SAMPLE IN THE POPULATION
Gria = GnialMhia Ohnia = Qnial Nnia
g=gq/n 0=0QIN
Average values per primary unit
Ty, = Ty/my, —h = X,/M,
Z = x/m X = XM
ii = njm N=N/M
Average values per primary stratum
X=xL
= mjL M= M|L
N=N/L
Ratios
r=ualy R=X|Y
= TulYn Ry, = X,/ Y,
i == TpilYn Ry = Xyl Yis

(If no substrata are used the a is omitted, and if no primary strata are
used the 4 is omitted.)

Simple unbiased estimates of totals are

2’ is estimate of X,
See Sec. 1 for further definitions of these

x;, is estimate of X, estimates

x; is estimate of X, etc.

P,; = probability of drawing ith psu from hth stratum in a single draw
(i.e., for a sample of 1 psu).

Sampling fractions are
Sriai = Gniasl Qnias is the third-stage sampling fraction.

Jria = Mial Nuia is the second-stage sampling fraction in the ath sub-
stratum.

fis a uniform over-all sampling fraction.

= Py friafnias fOr three-stage sampling with a uniform over-all
sampling fraction.
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*1. The rel-variance of a ratio estimate for a multi-stage stratified sampling
design (Vol. I, Ch. 9, Sec. 14 and 26). a. General case. Assume that we
have a population consisting of L primary strata, M, psu’s in the Ath
primary stratum, and D, substrata in the ith psu of the Ath stratum.
Then an estimate of R = X/Y is given by

L1m1
—_ 2.
4 hmrmsz "
==t (1.1)
Y 53—1—% ! Y
o mniPhi I

where m, is the number of first-stage units included in the sample from
the hth stratum, P,; is the probability of selection of the ith psu of the
Ath stratum on a single draw, and @}, and ¥}, are unbiased estimates of
X,, and Y,,. Assume further that the first-stage units are selected with
replacement but that the second- and subsequent stage units are selected
without replacement.

To prove: We shall show that

Vi VL4 Ve —2V,, (1.2)
with
é 1 s i ll'g 1
—_ —_S 0.
- _ < m, rXY N “my, 4 Phi EHY Y (l 3)
ey XY XY ’
V=V, and Vy =1V,
where

e Xi Y, 1
Spxy = ZPM‘ (;L - Xh) (_I-'%* Yh) (1.4)
i hy ha

and o,,,,,, is the covariance between z}; and yj,, the estimated totals for
the ith psu in the Ath stratum.
Proof. From the general theorem on the rel-variance of a ratio (see
Ch. 4, Sec. 11), the rel-variance of r may be written
VE= Vi = Ve + Vi—2V,, (1.5)

We shall show that V,,, is given by Eq. 1.3. By definition,

Lo 903
Vey = 2% (16)
Since the sample is drawn independently from stratum to stratum,
L
Gx’y' = %Gz’w’a (1'7)

* May be deferred.
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where

=t Ll L1531y (18)
= & Py o Yn = m, & Py, Yni .
and

Exy; = Xy, Eyyi = Yni 19

To evaluate g, ;,, we make use of Theorem 15, Ch. 3 (p. 65), which
expresses the covariance in terms of a contribution from sampling first-
stage units and a contribution from sampling within first-stage units.
Thus, from Theorem 15, Ch. 3, with u = x;, v = y;, and the random
event b* being the selection of a set of m, first-stage units, we have

Oys = E0pyyain + Om@iinEwsInD (1.10)

where o, ) Tepresents the covariance between ), and y}, within fixed
first-stage units, and Eo,, ., is the expected value of this conditional
covariance. In the second term of Eq. 1.10, E(z}|[1]), which we will also
write as E,2;, represents the conditional expected value of x;, for a fixed
set of first-stage units, E(y}|[1]) is similarly defined, and o, z, £y, is the
covariance between first-stage units within strata.
Consider the evaluation of ogy, 5.y, By Theorem 14, Ch. 3 (p. 61),
Ejx, = ! %—l- E,x;
1*e — m, 5 Phi hi%hi
where E with a subscript represents the conditional expected value of the
expression following it for the fixed values represented by the subscripts.
Since x;; is an unbiased estimate of X,

Bz, =51 (L11)
[(11*r — mh ’ Phi hi .
Similarly,
E .y, = L % L Y,
wn my, 5 Py, M
Therefore, since the psu’s are selected with replacement,
1 ™
aEu]z’., Enws — ;{2. Z 0&4, Y (112)
h t Af PM
Now,
Xy Mo Xu
ZHM_Ssp ZM_x
P hi ? M P hi "

since the probability of selecting the hith primary unit is P,,. Similarly,
E(Yp/Py) = Y.
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Hence,
L m (X, Y,
O gy, Buw's — —"T: < E (—P-:— - Xh) ('i,hl - Yh)

3 e (3 ) (- )

=— SP:\7——-X)-——7,
my, » P, " Py '

= —1— S (1.13)

= m, AXY .

where S, xy is given by Eq. 1.4.
Consider now the evaluation of Eoy, - By Eq. 6.2, Ch. 3,

Orryain = E [(x'h — By~ Emymm] (L.14)

Since the sampling is carried out independently within the selected
primary units, the conditional covariance, Eq. 1.14, becomes

1 ma l , ,
2 vy @hi — Xnd)Yni — YM)IU]]

Oz yillt] = E I:;,—% 5 Phi

1 ’ ’
"4 Ehi}-,h?'(xhi— X)W — Yo

22 Oy’
¢P§ MY
and
1 M 1
Eoy = — 3 o Opny
¥'al(1] ='\yY
AN mh S Phi MY A

(1.15)

Substitute Eq. 1.13 and 1.15 into 1.10 and then substitute Eq. 1.10 into
Eq. 1.6 to obtain ¥, as given by Eq. 1.3.

b. The rel-variance of r for a three-stage design with substratification.
For this design r is given by Eq. 1.1 with

Dh, 1 e 1

2 2 ¥

o Jhia 3 fhiaj m
where fhia = nMa/Nhia’ f;lia! = qhiai/QMaJ" Nhiu is the number of second-
stage units in the population in the ath substratum in the hith psu, Qpa;
is the number of third-stage units in the population in the hiajth second-
stage unit, 7y, and g, are the corresponding numbers in the sample,

Dy, ,
= 2 Thia (1.16)
a

/ p—
Lpi =

IMas

and 2, = O ZTpiasre  The Y are similarly defined.
¥
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V2 is given by Eq. 1.2 and 1.3 with
D Naia = Mhia Shiaxy

oz, N3
e z “ Niia Npig

a ey iaj t‘aS aj X
1+ 3 Mo Q%.an"’ Tnia) DXV (g 17)

a Npiq Ohias Dhiar
where
Naa _
Z (Xht‘al - Xhm)( Yht’ai - ?hi-l)
Shiaxy = 1.18
MaXT No—1 (1.18)
Nhla Nhlﬂ
_ Z Xha‘ad Z Yhiai
X = —L———’ Y P =,
" N T N
and

Qhtas = =
% (Xhza:lk - XMM)( Yhiajk - Yha‘aj)

ShiaiXY = Orins — (1.19)
hiaj
QMU QMII
_ Z Xhiase = % ) S
Xniag = = Ypigy =
N thaa w thai

Equation 1.17 may be obtained by applying Theorem 15, Ch. 3 (p. 65),
t0 0, ,,. The details are the same as written out in Sec. 1 of Ch. 7 and
Sec. 1 of Ch. 6 and are left to the reader.

Note that by combining corresponding terms of V3., V3, and V., we

may write the rel-variance as follows:

1L 1 L1 M 1Dy Npia — pia S2;
2 - L 2 2 N, ia hia “hia
Ve X;: ngm zpmg: e Nhia Rhia
1 2 1M 1 Dy Onias — Gnia Shias
e S =S — Q3,,, —H—2 =2 (1.20
X%,zm,,;P Ea: Npiq z ot Qrias Gntas )

where
=825 + RS}y — 2RS,xv (1.21 or 1-9.30.1)

S’e.‘-a = S’zn-ax + RzS?iiaY - 2RShiaXY (1.22 or 1‘9.30.2)
S;Zmzi = Siwx + RzS%mY — 2RS)iasxv (1.23 or 1-9.30.3)

c. Special case when P,; = 1/M,, (i.e., equal probability of selection of
psu’s within a stratum) and the sampling of primary units is made without
replacement. 'The evaluation of the covariance proceeds exactly as above
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for the contributions from the second and third stages of sampling.
However, the evaluation of the first-stage contribution is made under the
assumption that the psu’s were drawn without replacement, and with
equal probability of selection within a stratum, whereas in Part a it was
assumed that the psu’s were drawn independently (with replacement),
and with varying probabilities of selection within a stratum. Hence, by
substituting 1/M,, for P,; in Eq. 1.11 and then recognizing that m, primary
units are selected without replacement, we have for the first-stage
contribution

M, ™ ma
£ (235, x) (235, 1) 1.29
and, recognizing again that the covariance of ZX,,,/m,, and ZY,,,/mh is
given by the procedure of Sec. 3, Ch. 4, we have

M ?(Xhi - Yh)( Yhi - h)
m,,M,, M,—1

Eq. 1.24 = M} (1.25)
Thus, 0, ,, is given by Eq. 1.25 plus Eq. 1.15 with 1/M,, substituted for P,;.

d. V? for a three-stage design when we have a self-weighting sample with
my, = i for all h, with the second-stage sampling fraction small relative to
1 and with constant third-stage sampling fractions. In this case the rel-
variance may be written

B Wi 0-qWy

VPes— 4 — 4 Fx - 2
r m+mﬁ—l 5 mag (1.26)
where
B? = B% + B} — 2By
L My YV L
S3h (2 0)(P-n) 38
B Pln P?u _ h
Xy = LXY LXY
B%=Byxy and B} = By,
L
_ 2% ZYh
L= 7 and P = 7
and

Wi=Wix+ Wiy —2Wyxy
L M, Dy

; 2 zNhiaShiaXY
h_ i a
NXY

Wixy =
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Wix = Woxx and Wiy = Wypy
We=Wix+ Wiy —2W,xy

and where in Eq. 1.26 and throughout this subsection, 7 = f,0 is the
expected number of third-stage units in the sample per second-stage unit
in the sample, and 7/ = fN/fym is the expected number of second-stage
units in the sample per primary unit in the sample.

L My Da Naia

%; ? JZ thadshiaJXY
oxY

Wix=Woxx and Wiy = W,y

WwXY =

i

These results follow from Eq. 1.20 with the appropriate substitutions,
namely,

m
=m=_‘
my I
lmﬁliaz 1
f= 1 = mphifhia hiaf
Qo
q
fm‘ai =ﬁi:5
X=L{=NX=0X
Y=LY?=NY=0QY

n=mi, q=miq

2. Conditions under which a gain is to be expected by using probability
proportionate to size (Vol. I, Ch. 9, Sec. 11). To prove: For many
common populations, and with a fixed number, m, of primary units in
the sample, a smaller variance will be obtained by sampling with prob-
ability proportionate to size than by sampling with equal probability, but
the relative reduction in variance will not exceed V%/(1 + V%).

Proof. Consider drawing a sample, with replacement, of m psu’s from
a population of M psu’s, and making the estimate r = 'y’ (Eq. 1.1).
Then, from Eq. 1.2 and 1.3, the between-psu contribution to the rel-
variance of r can be stated in the form:*

* See also Sec. 4, Ch. 8, for a related comparison.
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(@) If the psu’s are sampled with equal probability:

M
Vi= — o SNYE,— RT)?
1 M
= g 2N} @
where
d, = X,— RY, 2.2

(b) If the psu’s are sampled with probability proportionate to size
(pps):
V= — = SN(X,— RV
| b—mMﬁx—,gz (X o)
- gzv a2 .3
T mMN xS '
Then we gain by using pps whenever V- V>0, or whenever
mN2X¥V?:— V}) > 0. Notice that

= 1 M M
mR RNV VD = 2o (SNt~ FSwal) 2.4

is the covariance of N, and N;d” and will be positive whenever N, and
Nd? are positively correlated, which is the case for the commonly
encountered class of populations described in Sec. 8 of Ch. 6.

Also, for this class of populations, i.e., when N, and Nd} are positively
correlated but N; and d? are negatively correlated, the intercept of the
least-squares regression line of N,d? on N; is positive, and consequently

Ve— Vi
Vi
where F% is the rel-variance of the sizes of the psu’s. This follows since,
if w = ¢ + du is the regression of w on u, the least-squares value of the
intercept, ¢, is W — (0,,,/UV?%), where Ew = W and Eu=U.
In our case U; = N; and W, = Nd}. Therefore,

<Vi 29

M M M 9
L _ N IN?— N3Nd:

M MNVY (2.6)
Then the condition of a positive intercept, ¢ > 0, is
M . M M .

2Nd; > N — NINd; (2.7)

M MNV%,
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from which it follows that
v:i—y?
Vi

<V (2.8)

1t also follows that
y2_ p? V2
a 5 b < N -
Vi 14 V%

2.9

3. When to equalize the sizes of the strata (Vol. I, Ch. 9, Sec. 8 and 24).
To prove: A rule of thumb which will provide a rough guide to the
optimum sizes of strata when a constant number of psu’s are selected
from each stratum is to make the strata equal in terms of X, when the psu
rel-variances are about the same and remain about the same on adjusting
the sizes of strata.

Proof. Assume that the population is divided into L strata. Assume
further that the strata are grouped into G classes so that the strata within
a class have about the same rel-variances between psu’s within strata. If
there is no subsampling, an estimate of X can be written

G o T X
ohi
where X, is the total for the ith psu in the /4th stratum of the gth group,

and 7, = my, is the number of psu’s in the sample from each stratum
in the gth group.

2 1L ;e
Oy = Z ;ﬁ_‘ zXathh (32
g Mg h
where

Mo X p 2

- Pﬂhi (;;_l!f_ Xah)
le =2 o 3.3)

& Mﬂhxzh .

If, by a shift of some of the psu’s from one stratum to another within
the gth group, the B, remain about the same for all L, strata, then the
values of X, which will minimize o2 are determined by finding the values
of X, which will minimize

L, L,
> X%,BZ, subject to the condition that > X, = X,
h h

This minimum is given by the solution to

oF OF

aXM=0 and 8_2:—_—0
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where
L, Lv
F: ng/Lth + l (’ZXO’L— Xﬂ)
(]

and where 2 is the usual Lagrangian multiplier.

Hence, the minimum is obtained when X, is proportionate to 1/B§,,,
and if the B, are constant, X, should be made the same for all strata in a
group. It follows that if the B, are the same for all g and 4, and i, is
the same for all strata, then X, should be made the same for all strata.

The psu contribution to the variance with multi-stage sampling is the
same as Eq. 3.2 above, and consequently the same values for X, minimize
the between-psu variance with multi-stage sampling.

Remark. Similar results can be shown for ratio estimates. Note, also,
for ratio estimates that if the variances are about equal in the different
strata, instead of the rel-variances, then the Y, should be equalized instead
of the X,,. Often the Y, are known, and the X, are not, and the X, and
Y, are highly correlated. Then the measures of size to be equalized in
practice would be the Y.

4. The estimate of the rel-variance of ratio estimates when more than
one primary sampling unit is taken from each stratum (Vol. I, Ch. 9, Sec. 27).
As was pointed out in Sec. 2, Ch. 6, when it is not of interest to estimate
the components of the variance for a multi-stage sampling design, an
unbiased estimate of the total variance and covariance of # and w as
estimates of U and W is given by Eq. 4.1 whenever the sampling at the
first-stage level is carried out with replacement and at least two first-stage
units are included in the sample. Thus, an estimate of gy is

S (g — @Y(w; — )

Suw = —_r;t—(Tn—:T)_ (4‘1)

and
Es;z = 045 4.2)

where m is the number of primary units in the sample.
u; is an unbiased estimate of U.

m
24

i = *— is an unbiased estimate of U.
m

Il

w, is an unbiased estimate of W.

m
2W; _
— is an unbiased estimate of W.

W:
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a. Multi-stage stratified design with variable fractions. In a multi-stage
stratified sampling design with either fixed or variable sampling fractions,
we have within each stratum

ma x;' ™ yr )
25 25
LI O R R ¥ /
U= - xh’ w= h
my, my,
U=x, W=7,
and
m [ .
3 (2 m) (L)
Sap = 8y = A Dnd P 4.3)
e oA my(m,, — 1) '
Also,
Esz' AY'n = afl’ (VA (4'4)
Hence,
L
;:sz’»y’»
L LU, 4.5
zy ml ‘1/1 ( )
is a consistent estimate of V.. Further,
v2 = v, and 'vf, =V (4.6 or 1-9.27.3)
are consistent estimates of V2 and V2, respectively, and
v = vy + v — 20y @.7)

is a consistent estimate of ¥ given in Eq. 1.2.

b. Fixed over-all sampling fraction. In a multi-stage stratified sampling
design with a fixed over-all sampling fraction the estimate v, in Eq. 4.5
above becomes

L g;(xm — Z)(Yni — Fn)

13 my— 1 @38
m mxij

Yoy _
m

This follows readily by making the appropriate substitutions as follows:
J = muPifriafrias

! D Mria Qrie
Ti _ MnTpi . N
= witha,, = 2, 2 g Zhiasn
e j

Py, f



218 MULTI-STAGE SAMPLING Ch. 9

m;x;n. ma
z,
;Pm_g M__Z:_)_;___mhzh
my, f f S/
x
& =2
my,
7
£ =—
m
Ii
x
xfzii'gi_;n' .
" My T Py, S f

and similarly for the Y-characteristic. Further,

2 __ 2
v; =0, and V) =v,,

and
o=l + 02— 2v,,
becomes
v + vy — 20, 49)
m

Equation 2.7 of Ch. 7 becomes identical in form with Eq. 4.9 above if,
in Eq. 2.7, the finite multiplier is close to 1 and if a uniform over-all
sampling fraction is assumed.

*S. An estimate of the rel-variance of ratio estimates when only one
primary unit is taken from each stratum (Vol. I, Ch. 9, Sec. 15, Eq. 15.1,
and Sec. 28). a. When only one primary unit is selected from each
stratum, it is not usually possible to obtain a consistent estimate of the
variance. However, it is possible to obtain an estimate which tends to
be an overstatement, and, for many practical problems, the overstatement
will not be serious. The procedure is to combine the strata into G groups
with L, strata in the gth group. Assume that we are estimating the
rel-variance of r == x'[y’, where r is defined by Eq. 1.1.

To prove: We shall show that an estimate of the rel-variance of r that
tends to be an overestimate is

) V2= vi, + 'I):: — 20,y (5.1
where

g2l b S(g-tg) ey
T atGL— 15\ 4, ‘

* May be deferred.
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. Sy . __1___ (i Lg L ’ ﬂﬂ ’ ’ _/ip_h ’ (5'3 or
va:’y' - x’y’ - x,y: p Lg— 1 hZ zyh w.A, xy ygh - Ag ?/a 1—9.28.2)

4 —_—
Loy =

P ghi
and where x,; is an unbiased estimate of a total for the ith psu in the
sample from the hth stratum of the gth group, P,;; is the corresponding

probability of selecting the psu, and Exj, = X,,; A,, is some measure
associated with the ghth stratum that tends to be highly correlated

L, L
with X,,; «, = D), and 4, = 3 A,,; the y,, and y, are similarly
h h

defined; and v = v, is given by Eq. 5.2 or 5.3.

Proof. (1) In order to prove that v? tends to be an overstatement of
V2 and to indicate the mathematical conditions for the bias to be small
we assume for now, and prove in (2), that

ES:I _ __1_~ (i Lv —1 + Vfl,(n - 2VA,(A)_¢7’,/'W % 02
C(Ex'R T X4 L,—1 IR

where

Vi

o(A),y “.n"“, - /i' 0,2"

with

and where
L,
ZAI?’)
2k
4o L,, A-%
Now, for sufficiently large samples (from Sec. 15, Ch. 4), E(s%/x"®) is
approximately equal to Es2/(Ex')?, and consequently EvZ is approximately
equal to Eq. 5.4. We shall assume that the term V% — 2V gy, ot
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is small relative to L, — 1 (as will be the case if the strata do not vary
widely in size within groups). It follows that

22 T

L A 2
(X,m— = X,) (5.5)

X2 L—l,l 4,

and since the last term of Eq. 5.5 is positive, v% tends to be an overstate-

ment of ¢2/X2% = ZZ %, J X2

Similarly, we can obtain

B, — B3 = LS5,
wy T 'y - XY iy Ty o
1 & L, Lv( A )( A,, )
— X,— X, Yp— 2 .
+ XY%LV'" 1 % gh Ag g gh A” Yﬂ (5 6)
and finally
53 Esi
Ev} = E;% = (?LW ;.7

From Egq. 5.5, 5.6, and 5.7 we have
Ev} = Ev + Evl — 2Ev,,,

7 1 ¢, G
%0:'” + 72 Z Zoll'u -2 XY% %Gx'ull'm

sl () =5 (-G
|\ X=X, )= | Y——F 7, 5.

- Lg__l < X gh Ag g Y gh Ag g ( 8)
Since the sum of the first three terms of Eq. 5.8 is 6%, and the last term
is positive, Eq. 5.1 tends to be an overstatement of the rel-variance of
2y

(2) It remains to show that Eq. 5.4 holds. We consider the variance
rather than the covariance for simplicity in notation, and the reader can
follow the same steps to develop an analogous relationship for the
covariance.

-4

Ly
E(%x;i 22%,, ”"x’+ jg ;2) (5.9)

g

>
=27
Consider the first term in the right-hand member of Eq. 5.9. Since, in

general, Eu® = o2 + (Eu)?, it follows that

sz;%. - Z(a, LX) (5.10)
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Consider next the second term in the right-hand member of Eq. 5.9:

A
EZ h—@ml (2 h z—ﬂx’)
Zg A a/ A,, ol
ah 2 L Agn L L'Aah 2
"'2 (1,»+th)+zA—XﬂhZXah_zz_X
h ] 13 h

BNEATY

and, finally, the third term in the right-hand member of Eq. 5.9 is given
as follows:

L, 42
Ez —Lx’z ( ;gﬂ;—l)(ag,, + X3 (5.12)
7

Substitute Eq. 5.10, 5.11, and 5.12 into 5.9 and simplify to obtain 5.13.

2 g L, L Ao 2 2 & Az vh o2
Est =73 > th—-—';t—Xa + o3, 1’{—%142 —22 [
P v

] La_ L%
(5.13)
where
02 = Zorz "
Note that
L, A2 2
LAy L+ V, 510
h Ag L,
and
L,
%Aahax By 0.2
y, = ——4 (l + Vg, ot .) (5.15)

Substituting Eq. 5.14 and 5.15 into 5.13 and collecting terms, we obtain
Eg. 5.4.
b. When the sample is self-weighting, the following relationships hold:

U
o Ty _ Tan
xh -

Py S
xl’
x,’,:7
2 =-= E
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and similarly for the y’s. Substituting these relationships into Eq. 5.3
above, we obtain
¢ L, & A A

g

mLy

*6. Rel-variance for a self-weighting sample in terms of measures of
homogeneity (Vol. I, Ch. 9, Eq. 17.1). To prove: The rel-variance as
given by Eq. 1.26 can be restated as follows:

P2 V2 _ (6.1 or
2 . 1 _ 2 7 — )

v, = mQ [14 60— D]+ miig [1 + dy(g — D] 1-9.17.1)
where 8, and 8, are measures of homogeneity and are defined by Eq. 6.3
and 6.6, and where P2 and V2 are defined by Eq. 6.4 and 6.7, and where,
in this section § = Eq is the expected number of third-stage units in the
sample per second-stage unit in the sample, and 7 == Ef is the expected
number of second-stage units in the sample per first-stage unit in the
sample.

Proof. o
Ly et YU

. = - (6.2 or I-9.14.1)
m  mn Q mngq
where the terms in Eq. 6.2 are as defined in Sec. 1, d.
Consider first B2 By definition, for M large,
e
I
"

ot Q_g_l we (6.4 or 1-9.17.2)

6 = (6.3 or 1-9.17.6)

From Eq. 6.3 and 6.4, ?
2
B = -Q-l [1+ 00— D] 6.5

Consider next W} and W2, By definition,
W2
Mg

L

(6.6 or 1-9.17.8)

* May be deferred.
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7=t Qé’ Ly (6.7 or 1-9.17.7)
From Eq. 6.6 and 6.7,
P2 N
Wi = 5—“’ [1+ 80— 1) (6.8)
and
Wy = Vi1 — &) (6.9)

Substitute Eq. 6.5, 6.8, and 6.9 into Eq. 6.2 and simplify to obtain Eq. 6.1.

*7. Optimum allocation for a fixed total expenditure for a self-weighting,
three-stage stratified design (Vol. I, Ch. 9, Sec. 19 and 20). To prove:
For a three-stage stratified sampling design which is self-weighting and for
which also the sampling within second-stage units is constant, the
optimum m, #, and g subject to a fixed total expenditure are given by the
iterative formulas 7.3, 7.4, and 7.5 below. The rel-variance for the
design is given by

2 2 A5 2
pro B W Qo We gy 1914y
m  mn 0 mig
where the terms are as defined in Sec. 1, d. The expected cost of the
survey is given by

C = Cy\/mm + Cym + Cymit + Cymr/5; + miig (12)
The optimum values are given by
g= ——EV—!’———_\/—CL_ + G, (7.3 or I-9.19.1)
VWE—WEIQAN 2Vi

a =1k + VIKCVA + Cyt + 77 + Cy + k)
(7.4 or 1-9.19.2)
where k = C2/C and a = Co/2Vm,

1w,
Ai=o—

- / Ez;f_” +CG4a  (150r1-9.193)

Proof. To obtain the values of m, 7, and § which minimize the error
subject to a fixed cost, set up the Lagrangian F:
F= V24 ACyVm + Cym + Comii + CymV7i + mig— C)
* May be deferred.
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Then the solution to the equations dF/dm = 0, dF/di = 0, JF/9g = 0,
and the cost equation gives the optimum values.

OF B Wi Q—q W? G, ) _
om  m mm O mzr'lzi-l—}b (2\471 +C1+C2n+C3\/r—z+nq) =0
(7.6)
F w: 0—§ wi ( Cym =)
% mE B mﬁ2l7+l C2m+2\/'_i+mq =0 (1.7)
%" map = (7.8)
From Eq. 7.8:
2
ImiiE = V;;’ (7.9)
From Eq. 7.7:
2
Wi+ Zﬂ— U
P S — (7.10)
Gt -2y g
Y
From Eq. 7.9 = 7.10: *
J=—— A/ S +C (71.3)
1= VW —wgN v '

Multiplying Eq. 7.6 by m and subtracting Eq. 7.7 multiplied by 7, we
obtain

(7.11)

1 1(c0 ) csx/ﬁ)
im® B

— + C; +
2vVm ! 2

Substitute for Am? from Eq. 7.9 and let Co/2V/m = a to obtain 7 as given
by Eq. 7.5. Treating the cost function as a quadratic equation in the

V'm, we obtain

Vi =

— G, 4+ VC2 4 4C(C, + Cyi + CVi + 7)
2(Cy + Cyii + CyVii + 7ig)

G

2Vm

Remark 1. Note that if we use the approximation to V7 given by Eq. 6.1
with

and = q is given by Eq. 7.4

2 2 —_
%:1, %:1, and L_'*'_Q;é@__l)=61
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the optimum values are given by -

. %G
9‘~/ 5 (2«/?.“2)

which is identical with Eq..7.3 above, where d, is defined by Eq. 6.6, and

_ 1 18, (cVi )
=z P - L
n qJ 5, ( 2 +C +a

which is approximately equal to Eq. 7.5. above.

Of course, a4, given by Eq. 7.4, retains the same form since the cost
function is unchanged.

Remark 2. If the cost can be expressed by the simplified cost function

C = Cyn + Cymit + Cyming (7.12 or 1-9.19.5)

The optimum values are given explicitly by

- Wy G_ [1=58G (.13 or
q9 \/___—WE—— Wi/_é C, 9, C, 1-9.19.6)

_ IWWA/FI L1 [T=4,¢

n=z—7 | == (7.14 or 1-9.19.7)
9 BNC, ¢ 6, Cy

C

m (7.15 or 1-9.17.8)

T C+ Coii + Cig

Remark 3. If the precision of the survey is fixed at £ = ¥, the numbers
of units in the sample yielding a minimum cost are given by Eq. 7.3 and
7.5 with a now given by Eq. 7.16 below in place of Eq. 7.4

eCy

2
ZA/B2+;;(W§—E=E) +,_,—LW3,,

a=

0 (7.16 or 1-9.20.1)

. eCy
— 8
14 A/ 6, + Q_g + 1—772
[ iig
with V2 = V% + ¥V} — 2Vxy, and Vyy is the within-strata rel-covariance
for a simple random sample of listing units, V% = Vyx, and V¥ = Vyy.

The development follows the same lines as given above and is left to the
reader.

*8, The variance of ratio estimates by specific subclasses that can make
use of both current and past information (Vol. I, Ch. 9, Sec. 23, and Vol. I,
Ch. 12, Case Study B). Let ;, and ¥, be unbiased estimates of X,, and
Y,,, which are aggregate values for the acth subclass of a population,

* May be deferred.
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a=1,2,-- k,andc=1,2,- I with

k l k l
Xc=2Xac’ Xa=2Xac! YczzYac’ Yazzyac
a ¢ a ¢

Assume that z, is an unbiased estimate of Z,, an aggregate value for the
cth class of some related characteristic, perhaps for a past date, and
assume that the Z, and the Y, are known from sources other than the
sample.

An estimate which makes use of both sets of known data for the
specific subclasses is

”m

The variance of
and is

can be approximated by the method of Sec. 11, Ch. 4,

l A
ok, = J[XYVE +3VE —4V, ., + D)+ YAVE +3VE —4Vy . + 1)
¢
—2X,Y(1+3 Vg’., - 2Vﬂ',z'., - 2Vx’ﬂ’a + Vx’.ﬂ’a)]

b3 XA+ VA V4 Vet Ve,
e ~Vrri=Verri— Ve~ Veurd
+ PP+ VE A+ VE 4Vt Vo,
~Vor.— Vora— Vour,— Vo)
—2X 0,0+ V2 4+ V2 + Vyro+ Vaug.
— Vo= Vori—Vor.— Vol 8.1)
where

fold LJ Xa ’

Y= g_Y:yac
and where V2 = E(u— Eu)?/(Eu)? is the rel-variance of u, and V,, =
E(u— Eu)(w— Ew)/(Eu)(Ew) is the rel-covariance of » and w, where u
and w are the various random variables indicated by the subscripts in
Eq. 8.1.

The estimate of the variance is obtained by substituting sample estimates

for each of the terms in Eq. 8.1 above.
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The danger of increasing the variance if an estimate of the type given
by «” is carried into too many subclasses is discussed in Ch. 5, Sec. 13.

*9, Reduction in variance due to stratification, when psu’s are large
(Vol. I, Ch. 9, Sec. 8). To prove: Stratification will usually introduce a
relatively larger reduction in the primary unit contribution to the variance
when the psu’s are large than when they are small. It is assumed that
the same strata are used for both large and small psu’s.

Proof. Assume that we have L strata. Let us denote the average size
of the large clusters within a stratum by N, and assume that aN,,, = Nys,
the average size of the small cluster, where a < 1.

If we let
’ L Mh o
r = % m, lthi
then
My _
L Z(Xhl - Xh)z
. Y A —
. M- m; PoM,—1
Vi = Tim + 9.1)
SM, X

h

when m,, = kM, and m, = number of psu’s in the sample from the hth
stratum, M, = number of psu’s in the population from the hth stratum,
and

L L
M, m
A__% h Yi_l_/ A—%h
- » - y M=
L M L

If the M, are large, then
- M —1i ZE(X,— X M- [ZZ(X,,,.— XP  IMyX— )?)2]
T Mm Mx? Mm MX? Mx?
9.2)
But the rel-variance of a simple random sample of m psu’s is approximately
M —m E2(X,; — X2
Mm Mx:
and the relative gain due to stratification is
IMu(X— X [ZE(X, — X7
Mx? MX?

9.3)

* May be deferred.
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Assume that in the equations given above we let M, = M, for the
number of large clusters in the stratum and = Mg for the number of
small clusters in the hth stratum. Moreover, we let M = M, for the
number of large clusters in the population, and M = Mg for the number
of small clusters in the population. Then, since M,;, = N,/N,;, and
M,s = N,/aN,;, it follows that M,;/EM,; = M,s/EM,s. Similarly,
X,s = aX,; and Xg = aX;. Therefore,

EMy (B — X EMys(Fps — XoF
M X3 M X%
or the numerator of Eq. 9.3 remains the same for the change in the average

size of cluster. From Ch. 6, Eq. 5.6, the denominator of Eq. 9.3 can be
written as

P2
7, L+ 0~ ] 04
for large clusters, and as
7%
7. L+ 8s(Fs— D] ©5)
s
for small sizes of clusters, and the ratio of Eq. 9.4 to Eq. 9.5 is
NP3 [+ 8, (N, — 1) ©6)
NoP% 11 + 0s(Ns— 1)
(1—4g)

It follows, if V2 = V%, 6, > 0, 8./03 < 1, and (Ng/N;) < =3,y
— 0L
that Eq. 9.6 is less than unity and hence the relative gain from the stratifi-
cation is greater for large clusters than for small clusters.
The reader can show that in the case where the estimate is «'/y’ = r,
the relative gain is given by

IM X, — Xp  EM(Y,— ¥P 2ZMX,— X)(¥,— Y)

MX? MY? MXY ©7)
I — X EX(Y,— PP 255X, — XYYy — ¥)
MX? MY? MXY

and when ¢ is defined by Eq. 5.5 of Ch. 6, the relationship in Eq. 9.6
holds. It is for the ratio estimate that the assumption that P2 = V%
will usually hold.

*10. Consistent estimates of the components of the rel-variance when
more than one psu is selected with replacement from each stratum (Vol. I,
Ch. 9, Sec. 30, 31, and 32). We will consider a three-stage stratified

* May be deferred.
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sampling design for which the estimate is given by Eq. 1.1 and 1.16 and
the rel-variance is given by Eq. 1.20. Assume that we have a sample of
m;, psu’s from the Ath stratum, n};, second-stage units from the ath sub-
stratum in the hith psu, and ¢},,, third-stage units in the Aigjth second-stage
unit, for estimating the components of the rel-variance.

a. To prove: A consistent estimate of the contribution to the rel-variance
due to sampling third-stage units, i.e., the third term of Eq. 1.20, is given by

A g 2
LET 17 1 2Ny Nusa "2 5 Chins — Ghias Shias
" Z I Z P2 2 Z hiaj (101)
22T mymy, T PR Mg Mg Ohias hias
where
2 2 2.2
Sinai = Shiix T PShiaiv — 2rShiaixy (10.2)
with
Q'ray = =
2_ @niasr — Thiad) Yniase — Ynias)
Shiaixy = ; 1 (10.3)
Ghiai —
= Q'ras X, = @hias .
= niaik, = Yhiaix
Tpiay = 20 = Ynis = 2
k  Gniaj b Ghiaj

2 _ 2 _
Shiaix = Sniaixx AN Shiy = Suuivy

We will show that Eq. 10.1 with 2’ replaced by X and s},,; replaced by
8%,.; (defined in Eq. 1.23) is an unbiased estimate of the third-stage
contribution to the rel-variance. Then we need to show that z'2 is a
consistent estimate of X2, and sZ,,; is a consistent estimate of S, for
Eq. 10.1 to be a consistent estimate of the third term of Eq. 1.20.

Proof The expccted value of Eq. 10.1 with 2’ substituted for X and
St,q; substituted for S,,,a, is, by Theorems 6 and 14, Ch. 3 (pp. 49 and 61),
equal to

m 1 Du Nz N: e Q g a Szn‘a
Z Em Pz 2 he bt z EhzaiQth Zhial__Thiod qM ! _hial
i

ni a pia Miia 3 Ohias Ghias

-
s]_.

XI=
=M

1 “ Nhta _hia ,z Nﬁ' thj thai qhza:l Shm!

Pi a Mpia ”hia j th ) thl ‘hm

I

=

m’s Ma
22

51_

5L
m,

=M

= the third term of Eq. 1.20 (10.4)

Now, by Sec. 21 of Ch. 4, r 1s a consistent estimate of R. Since the
Ghias UNts are a simple random sample from the Q,,,; units in the popula-
tion, §,.,;xy iS an unbiased estimate of S,,xy (by Sec. 3, Ch. 4).
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Similarly, s}, is an unbiased estimate of S},,;x, and sy, is an unbiased
estimate of SZ,,,;-. Since also #’ is an unbiased estimate of X, then, by
the corollary to Theorem 19 and Corollary 2 to Theorem 20, Ch. 3 (p. 75),
Eq. 10.1 is a consistent estimate of the third term of Eq. 1.20.

b. To prove: A consistent estimate of the contribution to the rel-variance
due to sampling second-stage units, i.e., the second term of Eq. 1.20, is
given by

’ 2
_!_ & _1_ LM“LD’"Ng Niia = Muia Shia 10.5
9 z ’ ZPz hia N ( . )
T2y mymy i Lpia nia  Mhia
where
2 __ a2 ~2
Shia = Shia — Shia (10.6)
and
A2 — Az A2 a
$ria = Shiax + r28hiay — 2Spiaxy (10.7)
with
"’Alﬂ ’ -t ’ -
Z ®nias — Tnia) Yhias — Tnia)
e _
Shiaxy = 1 (10.8)
hia
@'pias
’ th‘ad
Thiai = 7 2 Tniage (10.9)
hiaj
N nia
!
Xy s
_ z hiaj (10.10)
Lhiag = 7
nhia
Yhias and ;. similarly defined, and
C Rux=3$ and iy = Sriary
hiaX — PhiaXX hial hiaV ¥
and where
’ !’ 2
e QOhiaj — Ghiai Shias
z Q%iai Q ql
~ J hiaj hiaj
3= (10.11)

’
Bhia

Proof. 1t follows from the same considerations made in Eq. 10.4
that the expected value of Eq. 10.5 with ' replaced by X and s}, replaced
by 82, (defined in Eq. 1.22) is the second term of Eq. 1.20. We wish
now to show that s2,, is a consistent estimate of S;;,. By Sec. 3, Ch. 6,
we have

’
Ig‘ s Oniaj — Ynias Shiaxy
hiaj ’
¢ g j Ohias Ghias (10.12)
EpioSniaxy = Shiaxy T N, R
1a
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By Theorems 6 and 14, Ch. 3 (pp. 49 and 61), and Sec. 3, Ch. 4,

,
N 0 Qhias — Ghias Shiasxy
hiaj 7
3 _ 3 Ohias riai
Eyidnaxy = N (10.13)
hia

Hence, subtracting Eq. 10.13 from Eq. 10.12, it follows that

EriaSniaxy = EniaSniaxy — EniaSniaxy = Shpiaxv (10.14)

Similarly, s2;, is an unbiased estimate of 8}, x, and 5%,y 1s an unbiased
estimate of 82,,-. Since also r is a consistent estimate of R, s}, is a
consistent estimate of SZ,,.

c. To prove: A consistent estimate of the contribution to the rel-variance
due to sampling first-stage units, i.e., the first term of Eq. 1.20, is given by

1 L1
-5 —s2 B
o % oy sa (10.15)
where
s2=8-5 (10.16)
=8ty + 2y — 2dxy (10.17)
with
™ g ™t Yhi
’ 4 z P ’ e
Sy = —— mz(f"—— P 9"—‘—2"}”“' (10.18)
XY my— 15 \Py; my, Py m, .
Du N, . L™
Ty =2, 'hm > x;n‘ai (10.19)
a Mhia

and ) ,; given by Eq. 10.9. The definition of y), is similar to that of 2.
Finally, §2 in Eq. 10.16 is

’ 2 ’ ’
L, 1m 1 DuNZ, [NM,,—— Mhia Miia <

. ; 10.20
Nh{a hia + Nhia hta] ( )

1 L1 . .
Proof. From Sec. 4 it follows that T m 5y is a consistent estimate
h h
of V2, the rel-variance of r for a sample of m;, ny,, and Ghia; Sampling
units, i.e., V2 is given by Eq. 1.20 with n,,, replaced by Hpio and G0,
replaced by Ghias
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. 11, . .
From Part b above it follows that o » o 5% is a consistent estimate of :
h Ty

i é_l Ig«:‘ _1_ Dz" N2, th‘a—”;zia_sjg
X2 h My g Pm’ a Nhia L
5 My T Pri ' Mha hia i Qhias Ghiaj
1 £ 1 M | D Nau Qriai — Gniai Shias
+ LIS LYY o, S e 1021
X2 % m, T Py e mal Onias  Gnias

Equation 10.21 can be shown to be equal to the sum of the second and
third terms of Eq. 1.20 but with n,,, replaced by #;,, and g, replaced by
qniai Therefore, a consistent estimate of the total rel-variance minus a
consistent estimate of the second and third terms combined will be a
consistent estimate of the contribution to the rel-variance due to sampling
first-stage units, i.e.,

is a consistent estimate of the first term of ¥;2, which is the same as the
first term of V2.

*11. Optimum values for a three-stage stratified design (Vol. I, Ch. 9,
Sec. 6 and 26). To prove: The values of m,, the number of psu’s in the
sample from the Ath stratum, of f;, = M0/ Npia, the sampling fractions
for second-stage units, and of f;;4(», the sampling fractions for third-stage
units, with

thia =

fhza(j) tha ’ where thza Nln’a
(i.e., the sampling fractions for third-stage units are assumed to be
constant for all second-stage units in the higth substratum), which
minimize the variance subject to a fixed total cost, are given in Eq. 11.7 to
11.10 below. The cost condition is given in Eq. 11.5 below. It will also
be shown that a uniform sampling fraction is optimum when S0/ Capig
is a constant for all 4, i, and a.

The rel-variance of a'/y’ for a general three-stage stratified design with
varying probabilities of selection of primary units is given by Eq. 1.20 in
Sec. 1. If we specify that a uniform third-stage sampling fraction be

* May be deferred.
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applied to all second-stage units within a substratum of a selected psu,
i.e., if we let

o= bz{hia —
hia(g Qma hiaj
the rel-variance may be written
1 [L1 L1M 1 DN,
Vz,,=—[ —A — > — 3 —H(S2 N
@) T ye %mh nt %mhgl,’“ %: Fria (Shia— th whia)
L 1M1 D1 |
+ 225 e Q agsz a] 11.1
§mh zZPm ?f,. Jhiats) waania| (111
where
NAM
2 thafsgiai
Sonia = 1——— (11.2)
tha
with 8%, given by Eq. 1.23, and where
Slzn'a = Izn‘aX + RzS%iaY - 2RSMaXY (11.3)
which is also given by Eq. 1.22,
A - Sz Z Z thaShm (114)
th a

where S} is given by Eq. 1.21, and other terms are as defined in Sec. 1.
Assume the following cost function:
h DM

C= chmn + th ZP hi 2 M4:aConia

My Dy,
+ th ZP hi Z MhiaTniaCania (1L.5)

where C,, is the cost per primary unit for the Ath primary stratum, Cy,,
is the cost per second-stage unit in the ath substratum of the ith primary
unit in the hth primary stratum, and Cgy,, is the cost per listing unit for
the hiath substratum, and g,,, is the expected number of listing units in
the sample per second-stage unit in the sample in the ath substratum of
the hith psu.

The cost function may also be written as follows:

L L M, Dy
C= zh:clhmh + thn ZP wt 2 NatofniaConta
(2 a

L M, D
+ %mn Z_P w2 N, Mafhiaémafnmmcsr.ia (11.6)
13 a
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The optimum values subject to a fixed total cost are given as follows:

1 /A,
m= N (1.7
1h
f - ___I_ Clh Sﬁia_ éhiagtzvhia (11 8)
e Pht' C2hia Ah ’
Cznia S?uhta
ia(s) = G = & 11.9
fh @ A/Cshia S}zu'a - thgima ( )
where
1 L My Dy =
\/I - E (z \/ClhAh Z Z Z Nhia \/Slzzia - tha Stzuhza vczhia
L M), D‘A‘l ~
%: Z 2. QniaSunia \/Csma) (11.10)

Proof. To obtain the optimum values we set up the Lagrangian F: -
F = XV, + 4 (Cost function — C)

Then the solution of the equations dF/dm,, = 0, dF/df5:0 = 0, OF/fpiais)
= 0, and the cost condition, Eq. 11.6, yields the optimum values given in
Eq. 11.7 to 11.10. The process of obtaining the solution, using the
Lagrange multipliers, is illustrated in Sec. 7 above and in Ch. 5, Sec. 9,
and is left to the reader.

Note that the optimum over-all sampling fraction is a uniform over-all
sampling fraction when S2,,,/Cj,.., is constant, since for a uniform over-all

sampling fraction
J = mP; friafriati

and, substituting the optimum values for m,, f,,, and f,(;), we obtain

vlf . whm
v Cahia

12. Adjustment for changes in probabilities when initial sample is selected
with varying probabilities.* Given a population classified into strata;
one unit is selected from each stratum with a specified probability. It is
desired to determine a method for drawing a sample of units with probabili-
ties differing from the original probabilities of selection, but still retaining
a maximum number of the originally selected units in the sample. The
method is applicable, for example, when probability proportionate to a

* This result is due to Keyfitz (3).
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measure of size has been used in the initial selection of a sample, the
measures of size have since been brought up to date, and it is desired to
redraw the sample, using the more recent measures of size, and still
retain as much as possible of the original sample.

Hllustration of method: Consider one of the strata, and assume that the
population consists of units 4, B, C, and D with original probabilities
of selection equal to «, f, y, and ¢ and new probabilities equal to a, b, c,
and d. Assume that a > o, b > ff, ¢ <y, and d < 4. In this case, if
either A or B was chosen originally, it would be retained in the sample.
However, if C or D was originally selected, some chance of rejecting it
must be introduced. The appropriate probability of rejecting C or D
would be (y — ¢)/y, or (6 — d)/d, respectively.

Suppose that C is the one which was originally selected. We may then
determine from a table of random numbers whether or not to reject it,
by selecting a random number between 0 and 1. Cis retained in the sample
if the random number js between 0 and (y — ¢)/y. If the random number
is greater than (y — c)/y the original sample selection is retained.

If we have determined that C (or D) is to be rejected, our next problem
is to choose between A and B. The choice is made by selecting another
random number between 0 and 1 and determining whether or not it is
between 0 and (a — o)/(@ — « + b — ). 1f so, A4 is selected; if not, B is
selected.

The proof that this method yields a sample with probabilities of selection
proportionate to a, b, ¢, d, and that it results in the minimum probability
of change from the original sample, is left to the reader. The extension to
any number of units in the stratum is immediate.
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CHAPTER 10
Estimating Variances

DERIVATIONS, PROOFS, AND SOME EXTENSIONS OF
THEORY FOR CH. 10 OF VOL. I*

Norte. This chapter contains some relationships (in addition to those given
in Ch. 4) useful for evaluating the precision of variance estimates. Some
methods are also given for simplifying the estimation of variances from sample
returns. Additional methods are given in Ch. 10 of Vol. 1.

1. The rel-variance of the estimate of the rel-variance and of the coefficient
of variation with simple random sampling (Vol. I, Ch. 10, Sec. 5). a. The
rel-variance of the estimated rel-variance based on a simple random
sample of n units drawn with replacement from a population of N units
is

2 3172
V,,;EJFQ/A’———‘%/X Vi (1.1)
n n n

where

5N
[

M=

8

<
3
|
)
21
II
|

2w, — &)? |l
2 __ =t 7 — 2
S=TT1 e
N N
o 2= X (X — By
- N y M4 = N

N
= AN DL g 2X,

N
2= RP
: N
* Appropriate references to Vol. I are shown in parentheses after section or

subsection headings. The number following I- after some equations gives
the chapter, section, and number of that particular equation in Vol. I.

236
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and where ; is the value for the ith unit in the sample, and X; is the value
for the ith unit in the population.

The proof follows the same steps outlined in Sec. 18 of Ch. 4 for
deriving the rel-variance of the estimated variance of a ratio, and is left
to the reader.

b. The rel-variance of the estimated coefficient of variation based on a
simple random sample drawn with replacement is

_ 2 732 2
V;fﬁﬂ——l—}-z—‘-‘:—w—*f—”- (1.2 or I-10.5.1)

This follows immediately from Part a and from Sec. 6, Ch. 4.

Sampling with replacement is assumed here for simplicity and will be
a good approximation for sampling without replacement whenever the
number of sampling units in the population is large relative to the number
in the sample.

2. The rel-variance of the estimated variance for a stratified random
sample (Vol. I, Ch. 10, Sec. 7 and 9). To prove: The rel-variance, Vx.,,,

of the estimated variance, s%, with a stratified random sample of n = Zn,,
units when N,, is large relative to n,, is

L -3
Ve, = 5 SNi— (ﬁh— "——i)sg (2.1 or [-10.7.3)
x ok h -

where

2 =SN; @2
with

Ny
2. — Ty)
5= t— (2.3 or [-5.14.1)
n,—1
and
L S2
= >Ni— ; (2.4 or I-10.7.2)

h
with

N _
S — Ty
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and

Map
/3» = g:‘

N, _
S (X — Xy

1
g = ————
" N,

and x,, is the value of the ith unit in the sample from the Ath stratum,
and X, is the value of the Aith unit in the population. The n, represent
the number of units in the sample from the N, units in the Ath stratum.

Proof. By definition,

g, 3:

V .
( Est )2 (2.6)
By Theorem 6, Ch. 3 (p. 49), and Sec. 4, Ch. 4,
. Vo
= SN} =83 =5% @2.7)
I m,
By Corollary 1 to Theorem 11, Ch. 3 (p. 56),
ZNh 2 (2.8)
and by Sec. 5, Ch. 4, with N, large relative to n,,
n,—3
zN4 L ﬂh_”:_lsél .9
Z == nh nh h .

Substituting Eq. 2.7 and 2.9 into 2.6, we obtain Eq. 2.1. It follows that
V% = V2%, where = a'/N

Remark 1. If proportionate stratified sampling is used, i.e., f, = m/N,
= n/N = f, s becomes

2

ZN,,sf,
sy = —_—=

N (2.10)

N
— 52, where sz =

f

and V4, = Vi, and with the substitution f, = f, we have

ZN, ( [ B 3) Si
Vi, = Nng;,, —1 Q.11 or 1-10.7.6)
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where
_IN,S}
- N

Remark 2. If proportionate stratified sampling is used and also the
strata are of equal size, i.e,, N, = N, and hence also n, = i, and the
within-stratum variances are all the same, i.e., S = §2 for all A, then
S% = 82, N = N/L, and Eq. 2.11 above becomes

S

1{5 n—13
zg = - —_ -
Vi, n(ﬂ 5—1) (2.12 or I-10.9.1)
where L
5 _ 2l
p= LSt

Remark 3. If proportionate stratified sampling is used and also the
By’s are the same for all strata, say f, = f8,, for all A, then Eq. 2.11 above
becomes

Buo— 1 ZN,Sh

Vi, = T AS @.13)
w
and since
TN,S2\ 2
ZN,,( P— ——"—l‘)
po—— N/
" N ENhS?L 2
N
. ZNIAS}‘t . 1
T NS4,
we may write
Ve, = ﬂw—;—l (I + Vi) (2.14 or 1-10.9.2)

*3. Optimum allocation to strata of a subsample for estimating the
variance of a stratified random sample (Vol. I, Ch. 10, Sec. 9). Suppose
L

that the original sample consists of a stratified random sample of n = >n,
sampling units with variance S = §N§(S,2,/nh), where S is givenhby
Eq. 2.5. Suppose also that we wish tg estimate the variance 8%, from a
subsample, n' = I:Zn;,, of the original sample.

To prove: The variance of the estimated variance, af.,,, will be cldse to
the minimum when the subsample is allocated as follows:

N,%Sﬁ» ﬂh" l/nh W
SVISIVE = Tjn)

h

ny, == (3.1 or 1-10.9.3)

* May be deferred.
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where
n'»
L N2 Z(xm )
s = % . l———-—l— 3.2)
h
and from Eq .2.9
—3
L N3 (ﬂ"— "y, — 1)
2 =y 2\ —7—) S .
Op, :i: 2 w n (3.3)
LN (B — 1
=2 n—z" (ﬁhn, ) S8, for nj, reasonably large
h
h h G.4)
and
fr=" (3.5

Proof. To obtain the values of #, which minimize the variance (Eq. 3.4)
7

subject to the condition that Zn,'z = n', we set up the Lagrangian F:

L N4 L
F= Z N (—,—-—-1-) Si+ 2 (Zn}, — n')

n; n,
Then the solution to the L 4 1 equations, dF/n, = 0 and Zn,, =1, in

L -+ 1 unknowns (the n, and 1) will yield n, as given in Eq 3.1. The
solution is straightforward and follows the same steps used in Sec. 9, Ch. 5.

4. The rel-variance of an estimated variance based on random group
totals (Vol. I, Ch. 10, Eq. 16.3). To prove: a. An unbiased estimate of the
population variance based on a simple random sample of » units drawn
without replacement from a population of N units may be obtained by
subdividing the n == tk units in the sample into ¢ random groups of & units
each and computing s, based on the variance in the f random group totals,
ie.,

Es? = §2
where

= 2(@, —&)[k(t—1) 4.1
g
= the value of the ith observation in the sample in the gth group

k
T, = 2%, is the total value of the characteristic for the k

1
observations in the gth group



Sec. 4 RANDOM GROUP METHOD 241

¢
F = Jx,ft
g

N

(X, — Xy
2 —
8=

and where X, is the value for the ith unit in the population and
X = ZX,/N.

b. The rel-variance of s is given by Eq. 4.2 whenever the sampling is
with replacement or the sampling is without replacement and the number
of units in the population is large relative to the number in the sample. -

ye, = ; (ﬂ,, — z—:%) (42 or 1-10.16.3)
where
B k-1
—g i 43
B % +3 % 4.3)
.7
f='a
St — Xy 3 (= Rp
X, — _
—=t 2 — &\t T
Hy I , and o N
Proof. a. Consider first Esj:
1 t
2 _ 2 (e 4.4
Es; K= 1) (%Exa LtEE ) 4.4)

Since 2, is a total from a simple random sample of k units (from Sec. 2,
Ch. 4),

= N—k
Exl = kX2 4+ k TS?
and since & = k&, where & = Za,/n,

Ei’2:k2)?2+k2N—n—Sj

N n

It follows, by substituting these results in 4.4, that
Esj = 8? 4.5)
Similarly, if the sampling had been with replacement, we would have

Es}=o? 4.6)
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Ch. 10
b. Consider next V% when the sampling has been done with replace-
ment. By definition,
o%,  Esi— (Esp?
g A i ol U el 2 4.7
“TERET (EP @D
We may also write s} as
t
Z(iﬂ - 5)2
=k -V—t——l—— 4.8)
where
¥ . ra
k- r= ; n

Make the following transformation

x,— X =2,

oo o ke
Ty — :zvziz_lz‘i
— t z
F—X=2=3-
g 1
Then
2 k : 5
=777 2G,— 27 49
— 1y
and
. k2 t _ -2 2
ESI‘7 = —(?—:l—z'E [Z(ZU— 2)]
k2

(t— 1)2 [(222) — 2132 252 + 12z4] (4.10)
The first term in Eq. 4.10 becomes

t 2 t t
E (zz;) — ESH 4 ES 23
[ [ g#h

¢ izai ' t %zﬁ. : izhi ’
e\ () T

gk k
which by Sec. 5, Ch. 4,
k —
- [,“4 + 3( 1)04]

& B + t(t— 1)

4.11)
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The second term in Eq. 4.10 becomes
2
t

c(oeie) e[ (] 3

t 2
()
t\y
which by Eq. 4.11 above
S P l)a“] o
=2 [k" S — +2u-1) & 4.12)

The third term in Eq. 4.10 becomes
_ 1 £\ ] t t
Er?8 = = E (%zy) =5 E (%z;‘; +3> zgzﬁ)

g+h

which by Sec. 5, Ch. 4,

1 [nue 3k— 1o
1l
Combining Eq. 4.11, 4.12, and 4.13 into 4.10 and simplifying, we obtain

We—1) . =243
E¢=§5+(kt)¢+ s (4.14)

Substituting Eq. 4.6 and 4.14 into 4.7, we obtain

]+ya—n£} (4.13)

1[1p,  3k—1) 1-3]
Vzas_ —';4' —_
& t_ka4+ k t—1
C1[B L 3%k—D z—ﬂ
—t_k+ k r—1
1f t—3
= [p-= ¢2

Exercise 4.1. By the procedure indicated in Sec. 2, extend V3, to a stratified
sampling case where random groups are set up in each stratum.

*5, The variance of the estimates of the components of the variance
in a two-stage sample design with 7 elementary units in the sample from
each first-stage unit in the sample, N elementary units in the population in
each first-stage unit, and the sampling carried.out with replacement at each
stage of sampling (or small sampling fractions) (Vol. I, Ch. 10, Sec. 6).

* May be deferred.
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a. To prove: The variance of an estimate of the between component of
the variance is

o m—3
o — P % 40%o? 208,  mA—1 40,0
s m Am—1)  m@2@i—)m—1)  ma
. - (5.1)
72 2
where s = 2E— f-_'ﬂ is an unbiased estimate of
m—1 a
Sx—2p 33w,y
M (X, — Xy S S(ay; — &
S2 — — T 2 J 1.
=1 T T T ma—D
(X, — X o
po = 2 6 = BIR— By

N
o = E(Xij— Xi)z.
1] N s

The proof is left to the reader.

Hint: Let
xz::Y‘i’a,‘i‘A“
where
6,=X,—X, and A, =z,—X,
Then
o 2@ O 2 2@ )
T om—1 fim(i— 1)
m n m
oy 2Se-dEo® T2 S0
m—1 m—1 mi(i— 1) m(m—1)
where .
Zai ZAi;i }:A—,-
=4+, A,=1—, and A=-"—
m ] m
Now
m—3

m _ 2 " _0-4__
E[Z((si—é)z—aﬁ] ::’41: D

m—1 m



Sec. § VARIANCE OF COMPONENTS 245
Also

m m
Z(éi — 5)(—5: — K) . Z‘szzi _ izjaiAi
m—1 T om m(m— 1)
and
m < 6 e -‘ 2
. [mi A B S
m m(m — 1) i mii(m — 1)
mn 12
[Z 2 A A, C gt
E i j#l — w
mi(i — 1) mi(i — 1)
and
"'3 _ 2
|: %ZinAj o 20'3|
m(m— 1) m(m — 1)i?

b. The variance of an estimate of the within component of the
variance is

1 ( i — 3)
2 = — — ] 5.2
Usw mii Mauw Gwﬁ_ 1 ( )
Exercises
5.1. Prove that
m—3
. o= ob Paw O [m(s— 27) — 3]
O, =+ —"FS——= | =
m mn®  mn m—1
2 2 N
4 dodow  Sove | 00, (54
nim—1) mn mn
where m
2 Z(‘iz _ 5)2
¢ m—1

Show that, when 7 =1, V2%, = o%/(Es$)? reduces to the rel-variance of 52,

n
where 52 = D (x; — £)%/n, and its rel-variance is given by Eq. 5.1 of Ch. 4.
5.2. Show that the covariance of s and s}/ is

4
qw 3Uw 20’,5,, O 52q?
Os, st i = og— — ot 5 (5.4
mn®  mn mit mn

5.3. For a simple random sample of n elements show that

Uy = Haw + 4EO;pui3 + 6ESI0} + pigy (5.5)
and

¢t = o} + 20fa}, + o (5.6)
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*6. Use of known stratum means and totals in estimating variances (Vol.I,
Ch. 10, Sec. 19). a. To prove: When the stratum means are known, an

unbiased estimate of 2, the average within-stratum variance for a pro-
L

portionate stratified random sample of n = >n, units, is
h

M

> (@ — Xn)?
L N2 2;( h h)
Nh Nh—l ny

where n, is the number of units selected from the hth stratum, and

(6.1 or 1-10.19.1)

L
2NSE
92 = L ~ (6.2 or 1-5.3.8)

where 82 is defined by Eq. 2.5.

Proof. By Theorem 6, Ch. 3 (p. 49),
1L NP I >
Es? = — > —2— — YE@®,, — X,
Sw N 7 N)L _ l nh % (xhz h)

Since X, is known, the probability of obtaining (%,; — ¥,)? is the prob-
ability of obtaining z,,, namely, 1/N,. Therefore,

- 1 % o
E(x) — Xof = N Z_,(Xm‘_ Xy
h v

and
l L N Ni _
2 h X, — 2
Esw N% Nh_ 1 ;( hi h)
1L .
— 5 SN = 5

b. To prove: When the stratum totals are known, an unbiased estimate
of B%, the between-psu contribution to the variance for a multi-stage
stratified sampling design in which m, primary units are selected with
replacement from the Ath stratum, is:

1 L1m (X, 2

where P,; is the probability of selecting the ith primary unit from the Ath
stratum, L
22X,

h

R=4r

* May be deferred.
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X}, is the total of the X-characteristic in the ith psu of the Ath stratum,
L M, X, ; 2
>3 (32~ x,)
hi

B = I5? (6.4)

Proof. By Theorem 6, Ch. 3 (p. 49),

1 L 1 m X 2
EbY = 75 E( o )
¥=1g2 m 2E\p, %
. . X3 2
Since X, is known, the probability of obtaining (-1;1'-'— Xh) is the
hi
probability of obtaining X}, namely, P,,. Therefore,

Xh M, X, 2
c{ti ) o ()
(Ph; h z ht Pm Xh

and
Eb% = B%

7. Confidence limits for the median and other position measures* (Vol. I,
Ch. 10, Sec. 18). Letx 4 and x be the estimated Ath and Bth percentiles
of a distribution derived from a sample where A is less than 50 per cent
and B is greater than 50 per cent. Let p be the percentage of items in the
sample which are less than 0, the true median.

To prove: The x4 and zp constitute confidence limits for 0 with the
following probability:

Pr(x 4 <0 <xp)=Pr(4 <p<B)

Proof. Let us assume that a given population is arrayed by size. The
point 0 (the true median) divides the population into two equal parts.}
Let us assume further that a sample is drawn from this population, and
by proper weighting of each sample item a reflection of the original
population is obtained and ordered by size. This is illustrated graphically
by the cumulative frequency curves in Fig. 1. The solid line is the cumu-
lative frequency curve of the population; the dashed line represents the
cumulative frequency curve derived from a sample.

Now let us draw two arbitrary horizontal lines across the graph to
represent the limits 4 and B. Then, since these curves are nondecreasing,
6 is within the limits 2 ; and z if and only if p is within the limits 4 and B.

* Proof developed by Ralph S. Woodruff (4).
t Note that this condition is not met where more than a negligible proportion
of the population has a value exactly equal to 0.
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Symbolically, this can be expressed as
Pr(x 4 <0 <xp)=Pr(Ad <p < B)*

Since it is often possible to make meaningful statements about probabilities
on the right-hand side of this equation, the limits on the left-hand side
constitute usable confidence limits for the median. For example, if
simple random sampling is used, the probability of p falling within the
limits 4 and B can be calculated by summing appropriate terms of the
binomial distribution (either directly or by means of tables of the
incomplete B function). More generally, if large samples are used (with

100
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240 xp
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FiG. 1

any type of probability sample design), the distribution of p will often be
near normal and a usable estimate of ¢} can frequently be derived from
the sample.t In this case we can obtain meaningful confidence limits for

* For the application of this principle with simple random sampling, see, for
example, “On Confidence Ranges for the Median and Other Expectation Distri-
butions for Population of Unknown Distribution Form,” by W. R. Thompson,
Annals Math. Stat., 7 (1936), 122-128; “‘Order Statistics,” by S. S. Wilks,
Bull. Amer. Math. Soc., 54 (1948), No. 1, p. 14; and A. M. Mood, Introduction
to the Theory of Statistics, McGraw-Hill, 1950, pp. 388-389.

+ Theoretically ¢}, should be the variance of the percentage of items less than
0, the true median. Since in practical problems § is not known, the value
of o} must be estimated as the variance of the percentage of sample items
less than 6, the median derived from the sample distribution. Where large
sam}zales are used, the substitution of 0’ for 0 has little effect on the estimate
of a3.
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the median by choosing our arbitrary limits 4 and B so that 4 = 50 per
cent minus Ko, and B = 50 per cent plus Ko, (K being any positive
number).

The method can be applied directly to other position measures as well
as the median.
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CHAPTER 11

Regression Estimates, Double Sampling,
Sampling for Time Series, and
Other Sampling Methods

DERIVATIONS, PROOFS, AND SOME EXTENSIONS OF
THEORY FOR CH. 11 OF VOL. I*

Note. Many of the developments presented in this chapter can be applied
as variants or extensions of the methods already introduced. Included among
the topics covered are alternative methods of estimation; double sampling
(often referred to as two-phase or multi-phase sampling); techniques for selec-
tion of sample units that introduce negative correlations in the selections between
strata, and thus have the effect of extending the depth of stratification; an
approach for estimation of characteristics of each unit in a population from a
sample of such units; and sampling for time series.

1. The difference and regression estimates (Vol. I, Ch. 11, Eq. 2.1, 2.7,
2.2, 2.10). a. The difference estimate. To prove: The difference
estimate, Eq. 1.1, is an unbiased estimate of X, and its variance is given
by Eq. 1.2

Proof. Let 2’ and ¥’ be random variables that are unbiased estimates
of X and Y, and let k be any arbitrary constant. Then the “difference
estimate” of X is

2y =2 + k(Y —1vy) (1.1 or I-11.2.1)

Since 2’ and y’ are unbiased estimates of X and Y,
Ex] =Ex + k(Y—Ey)y= X

and hence the difference estimate is an unbiased estimate of X.

* Appropriate references to Vol. I are shown in parentheses after section
or subsection headings. The number following I- after some equations gives
the chapter, section, and number of that particular equation in Vol. 1.

250
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The variance of @} is
o = E{@ + 2%k’ (Y — ') + K(Y — )%} — X*
= 0% + k2, — 2kp,,0,0, (1.2 or I-11.2.7)

b. The regression estimate. To prove: The regression estimate, Eq. 1.4,
is a consistent estimate, and its variance is

0} = a1 — pl,) (1.3)

when z’, ', and b are consistent estimates of X, Y, and f, respectively.
The values of X, ¥, and B, defined below, can be estimated from sample
designs described in this book, such as stratified sampling, cluster sampling,
and multi-stage sampling. In each case, one should investigate the
precision of the approximation of Eq. 1.3.
Proof. Let

xy =& + (Y —y') (1.4 or I-11.2.2)
and let

8=+ AY—y)

Since«’, ', and b are consistent estimates of X, Y, and B, it follows from
Corollary 2, Theorem 20, Ch. 3, that x, is a consistent estimate of X. To
obtain the variance of x; we can write

xy =2 + (- Y—Y)
so that
E(wy— X)? = of, + 2E@; — XY —y)b—h)

+EG— Y —y)P (1.5)

The variance of 2; is given by substituting # = p,,0,/0, for k in Eq. 1.2
and is equal to

ok = o1 — pZy) (1.6)
where
= Ty
Pev = G,

If E(@, — X)?is to be approximated by o, = o}, the remainder term is
2E@;— XXY—y)b—p) + Eb— Y —y) 1.m

and it remains to show that, for a sufficiently large sample size, these
terms are negligible compared to 3. Thus, if &’ is an estimate of the
total X from a simple random sample of size n, o} is of the order 1/n.
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By the inequality given on p. 56, Ch. 3,
E@,— X (Y —y)b— )
< [E(b— BPEE, — XY —y' 1™
< [E(b — BFIMEQ@S — X HECY —y)"
Since %, and ¥’ are arithmetic means, it follows that
E@, - X)t = 0(n)
E(Y = y)t =003
where 0(n2) indicates that the term is of the order of 1/n* in n so that
[E@; — X)h = 0~
[ECY = /)T - 00
Also, since b is u ratio estimate, we have

Ep—pR o 6n 20, .
Elb — P AR it 1 T

2 x> U4 s
f Oyy Uy Oxyyy
Since
and
——l ’6 —t 2
0, = O(t), 6, = 0"
we have
Eb— B2 (o, g\
- ﬁ f; ( L __li_g _I\_ OUI —;) - O(I’l“l)
p? Oyy Oy
Thus

Eb-— py =0 Y
and this analysis would indicate that
E@— X)(Y —y')b— f)is 0(1™")

However, since products and ratios of arithmetic means must have integer
orders, it foilows that this term is at least of order n~2, and this term will
be small relative to o}, for sufficiently large n.
Also
E(b— PAY —y' ) < [E(b — pYPEY —y)1"

- [0(n~2)0(n))":
= 00r)
and we have the second term of the remainder (Eq. 1.7):

E(b— B Y — y')? of order 0(n?)
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Then
a:: = o'% + 0(n~?) (1.8)

and the entire remainder term will be small relative to o} for sufficiently
large n.

2. A consistent estimate of the regression coefficient, 5 (Vol. I, Ch. 11,
Eq. 2.6, 2.15, and 2.16). Let the regression coefficient of 2" on y" be
defined as follows:

_Ee =X —Y)

b= =5~ 1y @1
or for stratified sampling as:
L
E Z(Z;‘ — X h)(y;o - Yh)
p =1 22)

17
E %(.7/;» — Y2

Then, a consistent estimate of 3 is given by the ratio of consistent estimates
of the numerator and of the denominator of Eq. 2.1 or 2.2.

In the special case where
mn X
hi

2P,
X, = ——

my,
and

'_.
Y =

72'“ ‘Km ’ )hi ’
~ 1 7 hi
: h )

h mh(mh - 1)

then

(2.3)

is an unbiased and consistent estimate of the numerator of Eq. 2.2, and

(Y, ,)2
> Y
L g(Pm "

(2.4)
5 my(m,—1)

is an unbiased and consistent estimate of the denominator of Eq. 2.2.
Therefore b is a consistent estimate of f3, where

__Eq.23

e (2.5)
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3. Variance and optimum allocation for double sampling with regression
estimates (Vol. I, Ch. 11, Eq. 3.1-3.5). To prove: Suppose that an
estimate of X is wanted from a sample, that § is the average value of
some related characteristic obtained at low unit costs from a large sample
of size n selected by simple random sampling, and that &’ is the sample
average of the X’s obtained from a smaller sample of size #’, also obtained
by simple random sampling, which is a subsample of the larger sample, of
size n. Similarly, 7’ is the sample mean of the Y’s for this same subsample.
Then an estimate of X, using the regression estimate with simple random
sampling, is

=& 4+bG—7) (3.1 or I-11.3.1)

where b is the estimate of f, the coefficient of regression of « on y, i.e.,

n

2, — )y, —7)
2y — 7

a. The variance. The variance of & is given approximately by

b= (32 or I-11.3.2)

s (-5))
A e . -11.3.
o = =g (1— (3.3 or 1-11.3.3)

where p is the coefficient of correlation between X, and Y.
Proof. By Sec. 1, Ch. 11, for sufficiently large #’, the variance of
estimate 3.1 is given approximately by the variance of

j// — i‘l ‘l" ﬂ(g_gl) (3.4)
The expected value of estimate 3.4 is
E{E@&'|[n)} = X (3.5)

and hence estimate 3.4 is unbiased.
The variance of estimate 3.4 is derived from Theorem 15 of Ch. 3
(p. 65), which, as applied to this problem, states that

2 2 2
0 = O + 0 (3.6)

The variance of £’ is equal to the variance of the expected value of &’
for a fixed sample of n units plus the expected value of the conditional
variance of Z” for a fixed sample of # units. The first term on the right-
hand side of Eq. 3.6 is the variance of & = E(&’|[n]) and is, assuming
sampling with replacement, .

Sk

2 _Px
OE@#|[n]) =

. (3.7)
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The second term of Eq. 3.6 is

Eo'm[n] = E (51 + %% — 2Bsxy)

Y+ £8% — 288xv)

_ —n 2(1 — 2
—= 8%(1— ) (38)

Then Eq. 3.6 becomes

e —

which is approximately equal to the variance of Eq. 3.1.
b. Optimum allocation for a simple cost function. Assume a simple cost

function:
C = Cin+ Con 3.9

where C; is the unit cost of including an element in the large sample, C,
is the unit cost of including an element in the small sample, and C is the
total cost, varying with the number of elements in the sample; C, is
assumed to be considerably smaller than C, for the design to have
ptactical significance.

To prove: The optimum values of n and »’ such that the variance,
Eq. 3.3, is minimized subject to the fixed cost, C, are:

C

opt. n = Y (3.10 or I-11.3.4)

PN

C, +C A/ —

! ’ Pt Gy

and
L 1= G

opt. n' = nA/ =G, (3.11 or I-11.3.5)

Proof. Define the Lagrangian function:
8% n ,
F(n,n', 1)-—-—- 1— p? 1——; + MCyn + Con’ — C)

An expression for n in terms of V/2 is obtained from setting dF/dn = 0,
and an expression for »’ in terms of V2 from dF/on’ = 0. Substituting

these expressions for n and ' in Eq. 3.9 yields the expression for V2
independent of n and #’.  From this it follows that n and »’ are given by
Eq. 3.10 and 3.11.



256 OTHER SAMPLING METHODS Ch. 11

4. Condition for cost and variance of single and double sampling designs
to be equivalent (Vol. I, Ch. 11, Eq. 3.6). To prove: The optimum
double sampling design with the regression estimate will have the same
cost and variance as for a single (simple random) sample design with a

simple unbiased estimate when
4C,C

2 4.10r1-11.3.6
A TaarGA ( )
Proof. The variance of the double sampling design having the minimum
variance subject to a fixed cost, C, is expressed by substituting the optimum
values of n and n’ from Eq. 3.10 and 3.11 into the expression for the

variance, Eq. 3.3.  Under these conditions 3.3 becomes:

L _
0% (opt) = 4 [pVC + V= Gyl 42)
where the cost function is presumed to be

’ 1_P2 Cl
C=Cpn+ Cn' =Cin+ Cyn =
[

(4.3)

The variance of a single (simple random) sample of, say, m units is

§2

o3 == 449
The cost of such a single sample is assumed to be
C=Cym (4.5)
From Eq. 4.4 and 4.5, we have
2 ‘qi'
& =26 @.6)

We have now to find the condition under which the variances 4.2 and 4.6
are equal when their total costs 4.3 and 4.5 are equal. It follows that
the variances will be equal with equal total costs when Eq. 4.1 holds.
If we require now that only the costs of these two designs be the same
and determine the condition for which the optimum double sampling
design has a smaller variance than the single sample, we have from
Eq. 42 and 4.6
S5

: S2. A,
o —at = —5‘ C,— ?‘ [pVC, + V(1= pHCl2 > 0

It follows that this inequality holds for
4¢,C.
2 > LAt et SN
FrGror
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Therefore, for values of p that satisfy this inequality, the double sampling
design shows a gain over the single sampling design.

5. Variance and optimum allocation for double sampling with stratifica-
tion (Vol. I, Ch. 11, Eq. 3.8, 3.9, 3.11-3.16). It is desired to estimate a
total characteristic, X, from a population of N units, where N, of these
units have a particular characteristic, Z, and the remaining N, = N — N;
units have the characteristic W (i.e., they are non-Z’s), and it is assumed
that stratification into the Z and W groups would be advantageous.
(For example, the units might be farms or business establishments, and
the characteristic Z might apply to those establishments larger than some
specified size; or the distinction between the Z’s and W’s might be that
the Z’s responded to a mailed questionnaire within a specified period of
time, and the W’s did not, etc.)

Using a double sampling approach, an initial large simple random
sample of n units is drawn from the population of N. 1In the n units,
n, are found to possess attribute Z, and from the remaining n, units
having attribute W a simple random subsample of n, units is selected.
The total sample size is n; + n,.

a. The estimate. To prove: If x, is the aggregate of a characteristic for
the n, units in the sample with attribute Z and x, for the #;, units ultimately
included in the sample with attribute W, then an unbiased estimate of X is

= - -+ llx, (5.1 or I-11.3.8)
f /
where f = n/N is the sampling fraction for the initial large sample of units,
and k -= ny/ny is the reciprocal of the subsampling fraction.
Proof.  Estimate 5.1 may also be written

where x,; represents the characteristic for the ith unit in the sample with
attribute 7, and @,, for the ith unit in the subsample with attribute W.

The conditional expected value of the estimate 5.1 for a fixed sample
size of m, units from a fixed set of n, units is

ny

, N ny
E(@'|n, nb) = — 22y, - — 2y,
n n

1

Nno,
==X, (5.2)

1

where X represents the characteristic in the ith unit in the initial sample
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regardless of whether it has attribute Z or W. The expected value of
Eq.3.2is ELEG |y ri)] = B’ = X

and estimate 5.1 is therefore unbiased.
b. Variance. To prove: The variance of estimate 5.1 is given by

N—n

02 = N? » S + %(k— DN,S; (5.3 or I-11.3.9)
where
N —
S(X,— Xy
=i
N—1
with
N
o
X =i
N
and
N,
2(Xp — Xy)
82 =1
Ny—1
with
by
2.}(21'
X, ="
2 N,

Proof. The variance, Eq. 5.3, is derived by use of Theorem 15 of
Ch. 3 (p. 65), which, as applied to this problem, states

2 __ 2 2
Oy = gE(z’In,, n'y) + Eax’ln,, "'y (5‘4)

the variance of 2’ is equal to the variance of the expected value of «” for
a fixed number, ny, of units from a fixed sample of n, units having attribute
W plus the expected value of the conditional variance of #’ for a fixed
number, nj, of units from a fixed sample of n, units having attribute W.

The first term on the right of Eq. 5.4 is merely the variance of estimate
5.2, which is Nen

Nn

NZ

82 (5.5)

The conditional variance of 5.1 for a fixed number, ny, of units from a
fixed set of n, units having W is .

2 _ - 2

, _m—n 2T

O-I‘|”|. "y f2 ny — ]

(5.6)
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where

The expected value of Eq. 5.6 for a fixed number, ny, of W units is
nyk— 1)
7

There is still the condition on formula 5.7, however, that it is the variance

for a fixed sample size of n,, so that the expected value of 5.7, which is
the second term on the right of Eq. 5.4, is

5.7

k—1 o
EO'E'In,, = f2 I%N2S§
N
= (k — 1N,S3 (5.8)

From Eq. 5.4, 5.5, and 5.8, we have the variance of estimate 5.1 as given
in Eq. 5.3.

c. Optimum allocation of sample sizes for minimum cost subject to a
fixed variance.

(1) The following simple cost relationship is assumed:

C = Cyn + Cyny -1 Coiy (5.9 or I-11.3.11)

where C is the total cost of the survey less any fixed overhead costs that
do not vary with the allocation of the sample.

C, is the unit cost of selecting and examining a unit included in the
large sample and determining whether it is included at the full
rate or not.

C, is the additional cost per unit for the units that are included at
the full large sample rate but not in the subsample.

C, is the additional cost per unit of the subsampled units actually
included in the subsample.

Let us now determine the optimum allocation for a fixed error and
minimum expected cost. The expected cost is given by the expected value
of Eq. 5.9, ie.,

C2P2)

EC—"n(Co+C1P1+T

where P, is the proportion of all units that have attribute Z; P, = 1— Py.
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If we specify that the standard error of estimate 5.1 be equal to &, the
values of n and k which minimize the expected cost are

A S2
n=~n {1 + (k— 1P, q—;} (5.10 or 1-11.3.12)
K

82— P,S3 C
k =A/ 22 2 5.11 or I-11.3.13)
P G 1 (CoPp

where

. NS2
- . -11.3.14
n 5T @M (5.12 or 1-11.3.14)

is the size of sample that would be required to achieve the specified
accuracy with a simple random sample.
This is seen by constructing the function
GoPy

Fonk,7) = n [Co 4P, + _k_]

N—n N
Nn S2 4 " (k— 1)N,S3 —82]

]

Setting JF/dn and dF/3k equal to zero and eliminating A and n, the
expression 5.11 for k follows. An expression for # in terms of k follows
from setting dF/0A = 0. This expression is easily shown to be Eq. 5.10,
where the value of 7, given in Eq. 5.12, satisfies the relationship

N—n
2 — N2 S2 5.13
¢ NA (5-13)

Exercise 5.1. Assume that we have a population consisting of L strata with
M, first-stage units in the Ath stratum, and N,, second-stage units in the Aith
first-stage unit. Assume that a simple random sample of mj first-stage units
is selected from the M, units in the Ath stratum, and n,,; second-stage units are
selected from the hith first-stage unit in the sample. Assume further that

my, n, . . . L. .
A Ay = fp, i.., a uniform sampling fraction is used in the Ath stratum, and

M), Ny
that
My Eny
Nu N,
where
m
iy = i
my
and

My
. M,
Nh == Z]‘%, and Nh = ZN;“’
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Let L my
Z Z"m =n
i

the total number of second-stage units in the sample, represent the initial sample
of a double sampling design. Assume that n; of the n units in the sample are
from class 1, i.e., have some specified characteristic (such as being large farms
or large stores or respondents to a mailed questionnaire) and are retained in
the sample, and that the remaining n — n; = n, cases in the initial sample are
in class 2, i.e., do not have the specified characteristic, and that we draw a simple
random sample of 1 in k from those remaining n, cases.

Now, in the Ath stratum, let (dropping the subscript /)

mn: km"u
;% 1J+ 221211

where z,,; = X,; if the ijth selection is a member of class 1,
== 0 otherwise.

.\l_

Zy,; = Xy, if the ijth selection is a member of class 2,
= 0 otherwise.

n, is the number of elements in the ith first-stage unit in the sample.
ny, is the number of elements subsampled from the n,, elements in class
m
2, with Dy, = ny.
1

N, is the number of elements in class 2 in the ith first-stage unit.
Show that
oy = Eoxn,2 + Shuin, 2

where the first term of the right-hand expression is the expectation of the condi-
tional variance of 2 for a fixed set of m first-stage units and a fixed set of n,
observations in the ith sample first-stage unit and is equal to

Mk—1_n
Eo% 1,2 = — -f* EZN»,Y,z
where '
m N 2
Z z X217
m Nsi Xzi"‘ . m
Z Z ZN‘lz
a2 ] 1
T3 T ™
2N21 -
i

and the second term of the right-hand expression is the variance of the condi-
tional expected value of «’ for a fixed set of m first-stage units and a fixed set
of n; observations in the ith sample first-stage unit and is equal to

N—En

— "5+ N2 g S

k@i, 2p = M?
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where

M
Z(Xi—z?)z
2 T
St ="
and
§i= 13 P S, - g
w"‘Nl i - ] k2

where X,, is the value of X for the jth element in the ith first-stage unit, and
X, = ZX ,; is the value of X for the ith first-stage unit,

ini

— X;
X, ="—, and X—-Z——

N’

*6. Estimate and variance of Latin-square design (Vol. I, Ch. 11, Eq.
4.2-4.8).* Suppose that a population consisting of M = L2Mf units is
classified into L “columns” of LM units each, and that each column is
classified into L “rows” of M units each. Let the L* parts into which the
whole population is thus classitied be called “cells,” so that each cell
consists of M units. Select a cell at random from the first column.
From the second column select at random any cell except that in the row
selected from the first column. Continue ih this way, selecting at random
in the rth column a cell from any of the L — r + 1 rows not selected for
columns 1, 2,- + -, (r—1). In each selected cell, choose at random one
of the M units. There will then be m = L units in the sample.

Let x,,; be the value of the ith unit selected from the cell in the ath
row in column b, and consider the estimate of the total

11
¥ = bZZ b = (6.1 or I-11.4.1)

R
\.:—-

L
f
where f == m/M is the sampling fraction, and z is the aggregate value of

a characteristic for the units in the sample.
To prove: =’ is an unbiased estimate of

L LM
X=322 ZX@.
a b
and the variance of 2’ is
~9

ot = — (@ — )+ f’j (6.2 or I-11.4.3)

T

* This result is due to Jerome Cornfield and W. Duane Evans.
* May be deferred.
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where

L L
2 = L2 3 (X, — X)? = Lid?
a b

L
7 = [35(X,.— X) = Lia?

L L
L M Z Z Z(Xabz ab)2 = L4M202w
a b i
with

ab = Z aby Xab - Xab/M X ZXab’

X-b = ZXabv j;-b = X-b/L) X == EXa-
a

and
X = x/L?

Proof. (a) Since 1/f = LM,
L 11

Lot
Ex' = LME 3, 3 2w, = LM 2.2,
a b i b
_L11 1 L LN
=ILM == > Xuni
252D 5 5 K
L L M
:ZZZXGM X
e b

Thus, =" is an unbiased estimate of X.

(b) We now consider the variance of x’. We may write

. 2 2
= Eoy. + Ohirie

sM_‘

263

(6.3)

where o}, denotes the condmonal variance of 2’ for a fixed selection of
cells and E(x |c) denotes the conditional expectation of z’ for a fixed

selection of cells.
We first note that

E@'|c) =
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where X,, denotes the population total for the cell selected in the ath
column.
To evaluate a5, we write

L1 2
E{E@|c)— Ex'}* =E (L S>X— }
a b
L 1 2
~ IE (2 %‘Xab) —xe (6.4)

Now consider

) 5 () (5] 0

a#c

ate

L L
"
Yut2 1 \4

L1k, 1 L
:'g %Xab+z LL— 1)~ ZXame

= % é %Xﬁb + L(Ll~ 1) [(%X"')z_ %Xz']
- L(Ll— 1)% [(:,%X“”)z“ ‘%X:b]
1 L1 _ L _ 3
— e A (Bn e In) 1 @9

= L _
where o2 is the variance among the cell totals.

o? is the variance among the means per cell from the columns.
o is the variance among the means per cell from the rows.

Now consider
o, = E{[¢' — E@|o}|c} 6.7)
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For a sample of one unit per cell
L 1
ot = D 5 3%
a
where

1 ¥ .
o = I 2(Xapi— Xon)*
1

265

and is the variance within the cell selected in the ath column. Now

L 1
Boty, = DT SE 0,

L 1L
= L2M2 Z Zo’ab

Combining these results into Eq. 6.3, we have

(6.8)

1 ; A -
e

where

3
b

=p/:~

| QR
%

gn

is the average variance within cells.

(6.9 or 1-11.4.7)

1t therefore follows from the definitions of m, 67, ;, G; given above that

1
o = (¢ — 6

T om—1

G2
6% — G3) -+ -’; 6.2)

It should be noted that this approach easily generalizes to other

experimental designs.

*7, The optimum allocation of sample and the optimum weights for
estimating a ratio from a stratified sample (Vol. 1, Ch. 11, Sec. 6). To
prove: Consider a population divided into two strata and let

’ xz
r=w-; + Wy =
Y, Y2
where
N n, l n
T =— an Yo == 2
n ny g

1 1

are estimated aggregates for stratum I, and
’ NZ & ’ N2 o
Ty =—= 2% Yo = 2Y;
Ny ¢ Ny

* May be deferred.

(1.1)
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are estimated aggregates for stratum II, and are unbiased estimates of
X,, Y,, X, and Y,, respectively; the n, constitute a simple random sample
from the N, elements of stratum I, the n, elements constitute a simple
random sample from the N, elements of stratum II, and the selections are
made independently from the two strata. Also, w; and w, are weights to be
applied to the stratum estimates, where wy + w, = 1. Then

N,— o N, Y,\2
E(r—R? = w? . ‘S2 w3 12V2n 2282+ (R,— Ry? (w1~—}—,‘) (1.2)
where
X.
R, == and R,==2
1 L 2 Y2
and
Y, X
Fro(-F) n=r=3
= Ri(Vix + Viyr — 2Vixy) (1.3)
8% = RY(Vix + Viy — 2Vexy) (7.4)

and V2, V2, and ¥,y are the rel-variances and covariance in the first
stratum of the X,, and Y;,, and the terms are similarly defined in the
second stratum. Moreover, the values of wy, Wy, ny, n, which minimize
estimate 7.1 subject to the condition that w, + w, = landn, + n, = nare
determined by

S2
82— 8,8, + n [—— (R, — R2)2———}

- Nz (7.5 or
1 REE 1-11.6.3)
(Sy— 8 +n [(Rl — Ry — Ni - ﬁ:]

Y 82
— 88, +n [—YL (Ry— Ry — I—V—E]

5 §_[ Y, i?]
[ (R — Ry*— Ng] 8, (R‘_Rz)z(l—}')_N1

(1.6 or I-11.6.4)

n =

The optimum value of w, is obtained by subtracting w; in Eq. 7.5 from
1 and of ny by subtracting the value of n, in Eq. 7.6 from n.
Proof. For sufficiently large values of n; and n,,

E(r— R? = E[wi(r, — R)* + wi(r;— Ry)Y]
+ iRy — R) + wy(Ry — R (1.7)
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where

’
x
and r, =2

r %
1=

1 Y2
By substituting the values for

N, —
E(r,— R? = ~L=T1g;

Ny
and
Ny—n
E(ry— Ry)* = ]2\’2’12 283
here S%is gi 82 * and 22 5
where 8% is given by Eq. 7.3 and S} by Eq. 7.4,* and Y R+ {1— 57 R,

for R and 1 — w, for w, in expression 7.7 above, we obtain

St 8 83 S}
fiw) = 4 G ) + 0w (255
1 2

1 h—m

Y2
+ (wl — —}7) (R,— R,y (7.8)

If we set OF/dn; = 0 and dF/dw, == 0 and solve for n, and w,, we obtain
Eq. 7.5 and Eq. 7.6.

Exercises

7.1. Find the optimum values of w; and w, for fixed values of n;, n,. The
solution to this problem is appropriate when the sample allocation is predeter-
mined.

7.2. Show that as (R, -~ R,)? increases, and if the other terms are not sub-
stantially affected, the optimum value of w; approaches Y,/Y.

7.3. Show that
St 83
R + -
N, 1 N, 2
if it is assumed that the first stratum was made up by drawing a random sample
of N, establishments from some very large population for which the ratio
X,/Y, = R, and in which the variance defined by Eq. 7.3 was equal to 5%, and
if the second stratum was made up in an analogous manner from another
population in which X,/Y, = R and S} was the variance defined by Eq. 7.4.

7.4. Show that if

E(R,— Ry)* =

(R ——R)2*ﬁ+évg (see Ex. 7.3)
1 =N TN, e Ex. 7.
83— 818, + 3 (1St - P8
Wi lopt) = &8¢

* From Vol. II, Ch. 5, Sec. 3.
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Under these conditions, .and if the first stratum is made up of large establish-
ments and the second stratum of small establishments, so that ¥, = Y}/N, is
larger than P, = Y,/N,, show that w; (opt.) increases as ¥; increases relative
to ¥,, and, as a practical matter, for ¥, large enough relative to ¥, (and for
the other terms constant), the optimum values are then

wi=1, wy=0

ny=n, ny=

See Vol. I, Ch. 11, Sec. 6, for a discussion of this case.

8. Sampling on two occasions (Vol. I, Ch. 11, Sec. 7). Consider a
population of N units in existence over a period of time, where N is large
relative to the sizes of samples to be drawn or sampling with replacement
is assumed.* Suppose that on the first of two occasions a simple random
sample of » units is selected. Retain a simple random sample of Pn of
these units for the second occasion, and supplement these by a simple
random sample of Qn independently selected units, where P + @ = 1.
Thus, the second sample is also of size n. Let

¢’ = mean per unit for the first period, for the £ units that are coinmon
to the two samples.

& = mean per unit for the first period, for the Qr units that are in the
first sample only.

#' = mean per unit for the second period, for the Pn units that are
common to the two samples.

4" = mean per unit for the second period, for the Qn units that are in
the second sample only.

a. An estimate of the mean. We wish to estimate ¥, the mean for the
second period, by a linear estimate of the form

§ = ai’ 4 bF + ¢y’ + di”
Since EZ” = EX = X and Ej” = Ej’ = Y, we find that
Ej=@+bX+ (c+d)Y
If we now require that 7 be an unbiased estimate of ¥, we must have

at+b=0, ¢c+d=
so that
§=a@ —&)+ g + (- ®.1)

* N large relative to n (or sampling with replacement) is assumed for sim-
plicity and as an approximation. The results can be extended to the case where
n/N is large relative to 1 and the sampling is without replacement.
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The variance of ¥ is

0 =at (l + 1) Gogd, (g Jweatr g
Q n Pon Q =n P n

where o% is the population variance of an individual observation in the
first period, &% is the population variance in the second period, and p is
the correlation between the first and second periods for an observation
on the same sampling unit.

We wish to choose values of a and ¢ that minimize ¢5. Equating to
zero the derivatives of o} with respect to @ and c, it follows that the
optimum values are

_ _PPQ oy
1= 0%toy (8.3)
P
c= l—:—-’é?‘;; 8.4)
Thus, the estimate with optimum values for @ and ¢ may be written
PPQ [ = P - Q(l - QPZ) —n
= P¥ TFie 8.
G l_szwx(ac )+ = ot + = 0% g (8.5)
and its variance is
2 1 __ 52
o 1= e (8.6 or I-11.7.3)

7o nl— P2Q2

Equating tq zero the derivative of ¢%, with respect to Q, we find that for
a fixed sample size n the variance of ¥, will have its minimum value if
we choose
— n2
_l=vi=p ‘2 P 8.7)
Note that, if oy = oy, the estimate given by Eq. 8.5 is somewhat
simplified, but its variance is unchanged. Note, also, that an estimate
for the first occasion is given by Eq. 8.5, simply by interchanging X’s and
Y’s if the estimate for the first occasion can await a time until data for
both occasions are available.
b. Estimates of the change. One possible obvious estimate of the
change ¥ — Xis
A =Py —%)+ Q7 — ") (8.8
whose variance is

(6% +0% — 2Ppox0y) (8.9)

oA =

X |-
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If we consider the more general linear estimate of the change of the form
ai’ + b¥ + iy + dy”

subject to the condition that this provide an unbiased estimate of ¥ — X,
we find that we must take a + b=—1, ¢ +d=1. Following the
same procedure as for the estimate of the mean in the second period, we
find that the estimate that minimizes the variance is

1— 2 = =
2, - =g+ - )
PQp [_ Oy o o ﬁ]
+1T 0% @ x)om @ —179) . (8.10)
In the special case that o, == a,, the estimate is greatly simplified to the
form
P Q( P v =
A, = — ')+ g — & 8.11
—or 7 —7) —r @ ) (8.11)
The variance of A, (Eq. 8.11) is
2(1 — p)o?
oh = 8.12
> (1= 0p) ¢12

and its development is left as an exercise.

Note that the estimate of change given by Eq. 8.10 is exactly the
estimate that would be obtained if both X and Y were estimated from
Eq 8.5 and the difference ¥, — &, were computed as the estimate of
Y- X

It is also to be noted that for p > 0 Eq. 8.12 is a minimum for @ = 0,
i.e., the variance will be minimized if the units on both occasions are
identical and p is positive.

c. Estimate of the sum of the means. By the same approach, we obtain
as the optimum estimate of ¥ 4 X the statistic

1 2
=2 §?w+%+ R D
POp | o Oy | v nOs
+1_Q2P2[( x) +(1/ y)ay]

In the special case that o, = ¢,, the optimum estimate is again greatly
simplified, so that it may be written

o+ p)

11 0p @& +7")

W= g @D T o

The variance of z, is readily obtained.
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Note that 2z, = %,, + 7,, where §, is given by Eq. 8.5, and Z, is given
by Eq. 8.5 with X’s and Y’s interchanged.

d. Joint estimates of change and the means. It has been seen that, if
the required timing of the survey estimates is such that the results from
the samples for both occasions can be used in preparing estimates for
each occasion, then the use of Eq. 8.5 to obtain estimates of the mean
for each occasion also results in an estimate of the sum and of the
difference that is the best linear estimate (i.e., smallest variance) that can
be made from the data from the two samples. Often, however, estimates
must be made for the first occasion before sample results from the second
occasion are available; the initial estimate must be made from the first
sample only, and it may not be feasible to revise this initial estimate.
Thus, suppose that we have estimated the mean on the first occasion as

PE + Q&

Suppose then that we wish to estimate both the mean on the second
occasion and the change from the first to the second occasion in such a
way that the estimated change is the difference between the estimated
means. Let us denote the estimated mean on the second occasion by 7
and the estimated change by A, and require that these are to have the

forms: § = a¥ + b + o + df’

-

A= ex + fi" + gy + hy
where the coefficients are constants. We have already required that
A=g—=
If we require further that Ejj = ¥, j and A may be written
§=(e+ PV —(e+ P& +cf + (1—0F
A=et' —(e+ D& +cf + (1 -0y

It may be useful to determine the constants e and ¢ so as to minimize a
linear function of the variances of 7 and A. Without loss of generality,
we may minimize o + wo
where w is a specified positive number. The solution to this problem is
straightforward and yields

P (o
__P 2, ——"—1)
e 1—Q2p2(w+1Q'° Qpaz

__ P (2 % )
‘1—Q2p2(w+1a,+1
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In the special case that o, = o, and w =1 (i.e., we wish to minimize
03 + o), the estimates are thus

PO Q) PREOD
I=20—gp ¢ T gt TN

— 02%p2
A PRA200- O o o PREOD o

2(1— Q%) 21— Q%)
*9, Sampling for a time series* (Vol. I, Ch. 11, Sec. 7). a. The
sample model. From a universe of size N, twelve independently selected
samples are chosen at random, each of size n. One of the twelve is
enumerated in the first month of each calendar year, a second in the
second month of each calendar year, a third in the third month, and so
forth, the twelfth being enumerated in the twelfth month of each calendar
year.
During the enumeration, each member of the sample reports both
sales for the current month and also sales for the month previous to the
current month. After each enumeration a simple unbiased estimate z,
is made of the total sales for the current month, and from the same
enumeration a simple unbiased estimate of total sales is also made for
the previous month, ¥ — 1. Let «, and ¥,_,, respectively, represent these
estimates as obtained on the uth enumeration.

b. A composite estimate and its variance.

(1) The estimate. An estimate, z/, of the total sales for the latest
month, u, is given by

x:;/ = K(x;:—-l 4, — yu-—l) + szu .1
where K + Ky = 1 with 0 < K<< L.
The estimate may also be written as
z, = Ky + (&, — K1) (.2
In the special case where K = 1, an estimate analogous to a chained
estimate results, while K = 0 makes the estimate the simple unbiased
estimate.

(2) Variance of the monthly total, z;. To obtain this variance, we
shall first express the estimate for the latest month, u, in terms of all the
simple unbiased estimates of totals which have been made.

Since, in general,

o = Kxl | + (@, — Kyiv)
we can write, after multiplying both sides of this equation by K",
Kotz = Kv=+1a | + K2, — Ky;-y) (93

* By Max A. Bershad, Bureau of the Census.
* May be deferred.
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Substituting z; = x; — Ky, ;, and summing both sides of 9.3 from the
first month (i = 1) through the latest month (i = u), we have

® w K2
U—i M . . —1
> K-l =3 K*= "’ + 3 K"z,
i=1 i=1

i=1

u—1
= >_ Ku-iz! + z Kv=iz, 9.4)

i=

Cancelling the similar terms on both sides of Eq. 9.4,
xy = K*xy + > K* %2, 9.5)
i=

But if we take, as the initial estimate (for the first month) in this time
series, ¥y = Kz, + z, = ,, Eq. 9.5 becomes

u
xy = K" o, + 3 K* %, (9.6)

=2
In the following it is assumed that the variances of the estimates z; and
y, are equal and are the same from month to month (i.e., o} = o2 = o).
Similarly, it will be assumed that the monthly correlations between x; and
¥, are all equal to p. Remembering that all the z’s are independent
of one another except those for months which are a year apart (or
multiples of a year) and taking

at = ot + K22  —2Ko

) Ty Yo
as
- 2
= (1 —2Kp + K*»o? 9.7)
Tororw = Orziw T KOy = KOy — Koy, 0.,
as
= (1 — K)%pyp,02  for integral r 9.8)
when o =0 — = = pyg,0°
Xiy Tooter Yio1s Yior-rer Ziy Mi1oa2r Tioagry Vit 12r¥z
and
2 __ 2
02 = 0% 9.9

we have from Eq. 9.6, ignoring the yearly correlations with z;,

u
O’ == K2(u l)a. + 0.2 z Kz(u 1) + 2 Z 0.2 12 z Ku—zKqu]zr—z (910)
=2 = i=12r+2
Substituting j = u — i, we have
u—2-—12

— Kz(u 1)0.2 + 02 ZKZJ + 22 O, 1m12r z KJKJ+121' (911)

]0
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Performing the indicated summations, and substituting Eq. 9.7 and 9.8
in 9.11, we have

Kl(u ~1)
o2y = K" Vg? + 6%(1 — 2Kp + K2) —e
1— K2(u~1—12r)
+ 2= Ko} 3 Kby~ 012
r=

When u is large and when terms involving the twelfth or higher powers of
K can be ignored, Eq. 9.12 becomes

2(1——2Kp+K2)

— (9.13)

o2y =
To find the value of K that makes o2, a minimum, the derivative of ¢%,
with respect to K is taken and set equal to zero. It is found that

9.149)

minimizes crf;”; and, substituting this value in 9.13, we find that at its
minimum
o = 2 V1— p? (9.15)

ua

Denote as x, the special case of #, which is obtained when K = 1.
Then from Eq. 9.2
CL‘ - xu l+xu Yur (916)

Since Eq. 9.13 does not apply when K is equal to 1, we must refer to
Eq. 9.12. Substituting K = 1 in Eq. 9.12 and remembering that the

. 1 — Kﬁ(u—fl)
pm e !
we have
o3, = o3l + 2(1 — p)u— 1)] 9.17)

"

In the special case of K =0, K, = 1, z,
estimate x,, with variance o2

3 Variance of the month-to-month change, x,, — x, ;. From Eq. 9.6,
we may write

A" = m__ o KU Z(K_ l)xl +z + Zz(Ku i Ku—lf—i) (9.18)

becomes the simple unbiased

= K" YK — )2, + 2, + z (K'— K1y (9.19)
i=1

u-j
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— 2 (u-2)
o2 = G2KX (1 — K) + o¥(1 — 2Kp + K?) [1 + (' KK ) S Kﬁ)]
1

u-12r-2
+ 2( ) (1 — K)*? [ S K'%py,, Z Kz’}
K r=1
(0=KP 5« i
- Z—K— a2 %IK” Prar (9.20)
Equation 9.20 ignores yearly correlations involving ;. Performing the
indicated summations, we have

_ K‘z(u—‘l) 1—- K

i = 3K D1 — K + o%(1 — 2Kp + K?) [2 T 5( )]

1—
_, (=K

2 Kl"r 1 K2(u -12r-2)+1 21
K(1+K) Z prar [L -+ 1 9.21)

When u is large and when terms involving the twelfth or higher order of
K can be ignored, Eq. 9.21 becomes

. 1 — 2Kp + K?
O-ZAI// = 20’5 [“—T;‘l?*] (922)

Comparison with Eq. 9.13 shows that
odn = 2(1 — K)o%y (9.23)

In the special case where K =1, the variance of the difference

x, — x,_, becomes on substitution in Eq. 9.21
o = 20%(1 — p) 9.230)

In the special case where K = 0, the variance of the difference between
two independent simple unbiased estimates becomes

02A = 20?

(4) Variance of the total of 12 months, " = > . Since by Eq. 9.6

3

i=u—1I1
x) = K* 1z, + 2 Kzu_J (9.6a)
j=0
u 1—10‘“) 1— K" uz2 S 1— K"
— . K—ll K4 K —-lzx
#=2 “‘7( —x ) g K2R Ty 1

(9.24)
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' 1 /] — Ki+1\2 w-2/] _ K12\2
o, = o? [ > ( ) 3 ( ) Kzu—u)]
’ % 1— K + 122 1—- K
1— Klz]z
K2u—12)
1- K

11 — K12 jil
F23 0 | 3 (L) () dorn
,zl A=k /1=K

+0§,[

+

u—2~12r (1_K12)2 i1 11] 9.2

Y Chnla .25
j=12 1-K (0.25)
The above ignores yearly correlations with the initial value, z,. Per-
forming the indicated summations and substituting Eq. 9.7, 9.8, and 9.9
in 9.25, simplifying, and then dropping terms in K of the twelfth order or
higher, assuming u to be large, Eq. 9.25 becomes

. 14 K2— 2pK 2K K
s (S (- %) <2 ] 029

In the special case of K = 1 and u = 12, there are no yearly correlations,
and the variance of the annual total is derived by utilizing only the first
term in the coefficient of ¢? and the o2 term in Eq. 9.25.

After evaluating the indeterminate forms, and, because 2, is one of the
first 12 terms, summing the coefficient of o7 only through 10, we have

12-2
o= S (j I+ 122
j=0
21— p)G:(IZ—- 1)12([)2(12)~ 1] + 1222
(12— D2(12) — 1]}

2 —

= 12%; {l +(1—-p) 312) (9.27)

In the special case where K = 0

. 12-2 0-2

ot =023 (1) + % = 1202 = 122?; (5.28)

j=0

"

(5) Variance of the month-to-month-a-year-ago change, x, — x, .
From Eq. 9.5 or 9.6a, we may write

x’” —_— x;’"_]z = z zu_,K7 z Zue jK] 12(1 —_ Km)——x Kv— 13(1 Klz)
= (9.29)



Sec. 9 SAMPLING FOR A TIME SERIES 271

v

The variance of x, — z),_,, is equal to

o [ % K¥ 4 (Klz 5 1)2 S?zl@’] + o KX (K — 1)

i=0 K iz

1 12
+22 O'z,z—lzr[ 2 K (K 1) Kitizr
=0

et K12
u-2-12r (K12 1\2 it
-+ j=212 ( K ) K’K? ] (9.30)

Ignoring yearly correlations with the initial value z;, performing the
indicated summations, dropping terms of high order of X, assuming large
u, and simplifying, we obtain
2 1
2 o

g = OF T + 20, ,_1s (~ ke Kz) 9.31)

Substituting Eq. 9.7 and 9.8 in 9.31 yields
2

o fopd
Cyrtn = T (= 20K + K= 2p(1 = K] (932)

For the special case where K = 0, Eq. 9.32 becomes
21 — pra)a (9.33)

c. An analogous composite estimate and its variance. Analogous to the
composite estimate

A&, = K@,y + 2, —y,) + K, O.0
is the estimate .
il = Koy = 4 Ko, 039
.7/ u—1

"

The variance of 4z, can be written as
4%, = Kg[("s::’,, + "gu + O'iu.l) + 200, 20 Oayu ™ Ty )]
+ Kiot)
+ 2KK2[61511, Tu + Otz ™ Oy, x.,] (9.35)
The variance of gz, can be written as

E m E 2
2 (M) K(Vi, + Vi 4+ Vi)

m =

e Eyu—l
+ Z(Vx:ﬁh T T Vw&”.n, Yuor qu, yu--n)]
+ (E2,K3[VZ]
Ex)] (Ex,)* 9.36
+ l( ) 2KK2(VI§.”-“1- =+ Vr.., [ Vuu .,1.,) ( )

Eyu—l
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Now, if Ex}), Ex;/_,, Ex,, and Ey, , are approximately equal in level, and
if both 31des of Eq. 9.36 are divided by the square of this level, the
resulting equation will be 9.35 with Vs in place of o’s.

For ready reference, the following table shows the equation numbers
of the variances of estimates based on ,z;,, which are given in this section,
and the corresponding equation numbers of the analogous rel-variances

based on gz, which are given in Vol. L.

Equation number of the variance of
the specified estimate
Estimate
In Vol. I, based In this volume,
on pr;, based on

Monthly level 7.23 9.17
Annual level 7.25 9.27
Monthly change 7.27 9.23a
Monthly level 7.30 9.13
Monthly change 7.33 9.22
Annual level 7.35 9.26
Month-a-year-ago change 7.36 9.32

Remark 1. It will be readily noticed from Eq. 9.1 or 9.34 that the com-
posite estimate, 2, does not involve ¥,, an unbiased estimate for the same
month. The reason, of course, is that the observations necessary to make
this estimate are obtained during the (« 4 1)st enumeration, at which time
observations for both x, ,; and y, are obtained simultaneously at very little
additional cost for obtaining %,. Consequently, as a general rule, y, is
obtained one month too late to be used in making the estimate % for the
uth month.

However, in many circumstances, it is possible to obtain the observations
for y, in time to be used for the uth estimate. (If one were willing to pay
for obtaining ¥, and x,,, separately rather than together, this could always
be done.) When ¥, can be obtained in time, an improved estimate for
monthly level over Eq. 9.1 is

z K
= K[xu 17 Yu- 1] + xu + ( P) Yu (9-37)
where as before, y, as well as x, is an unbiased estimate of the sales for the
VT =2
uth month and K = 1———-——;‘——&
The different variances of 7, can be derived by methods similar to those

used for zj;. The variance of the monthly level of sales, for example, is
smaller than that of z7, and will be found to be

ol = a, Kyi—p 9.38)
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(These latter results coincide with the results given by H. D. Patterson in
““Sampling on Successive Occasions with Partial Replacement of Units,”
J. Roy. Stat. Soc., Series B, 12 (1950), 241-255, for 50 per cent overlapping
sample.)

Remark 2. If the sample model is altered so that the sample for any
month is independent of that for any other month (i.e., the samples for
the months of one year are not repeated in subsequent years), then it can
be shown that the best linear unbiased estimate 27/ for month u (z being
large) of the form

"

Ty = gy + A1Ty—y + ApTy_g + 0+ a7y
. . . = bYu1— bl — @yt
is the composite estimate (9.1).
on

Similarly, the best linear unbiased estimate xy” for month « (4 being large)
of the form

xy = Ay, + Ty + QT+ AT
+ by + b1Yu1 + baYus + 0 A byt
is the composite estimate 9.37.
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CHAPTER 12

Response Errors in Surveys®

1. Role of nonsampling errors in determining survey design. As discussed
in Ch. 2 of Vol. 1, the nonsampling errors in a survey involving original
collection of data may often be a more serious problem than the sampling
errors.(_Many of the limitations placed on our choice of sample designs
arise out of response error rather than sampling error considerations
(more precisely, arise from the joint consideration of response and
sampling errors). As an example, one basic limitation imposed by the
Census Bureau in designing its Current Population Survey (Case Study B
in Ch. 12 of Vol. I) was that there be a full-time supervisor for each
primary sampling unit. This limitation had a very substantial influence
upon the cost equation for the CPS and, in consequence, upon the
ultimate decision regarding the number of psu’s to be used. The decision
to have a full-time supervisor for each psu was not based on sampling
considerations but on the belief that close supervision of the interviewing
process would reduce nonsampling errors. Fewer supervisors would, in
fact, have allowed the use of more psu’s and a reduction in the sampling
error. Implicitly, such a decision assumed that the reduction in response
error achieved by increased supervision outweighed any increases in
sampling error which might result. ~Actually, very few data are available
for determining whether, in fact, decisions made on the nonsampling
features of survey design contribute to an improvement in the over-all
accuracy and value of a survey.

The paucity of dependable data on response errors is unquestionably
the greatest present obstacle to sound survey design. In survey after
survey, losses in sampling efficiency are taken on the basis of quite dubious
assumptions about the magnitudes and distributions of response errors.
Frequently, this point is obscured by the implicit (practically *“‘uncon-
scious™) nature of survey designers’ assumptions regarding response error.
{_For a demonstration of the relationship between response and sampling
errors in survey.design, the student is referred to an article,t “A Case

* This chapter represents a minor revision of a paper by Morris H. Hansen,
William N. Hurwitz, Eli S. Marks, and W. Parker Mauldin (9).
1 Marks, Mauldin, Nisselson (7).
280
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History in Survey Design: The Post-Enumeration Survey of the 1950
Census.” This article outlines the numerous decisions which had to be
made and indicates the mixture of opinion and habit which had to be
relied on in making such important decisions as those on questionnaire
design, interviewer selection, length and type of interview, and training
and supervision of interviewers_j

Although work on the measurement of response errors is relatively new,
several excellent analyses of sources and types of error are available. A
summary of the main sources of response errors is included in Ch. 2 of
Vol. 1. For more extensive discussions of this topic the student is referred
to papers by Deming (3), Marks and Mauldin (6), Marks, Mauldin, and
Nisselson (7), and Ackoff and Pritzker (1). Mahalanobis (5) has devel-
oped several important techniques for measuring and controlling response
errors, particularly those arising from the interviewer.

Most of this chapter is devoted to the explicit formulation of a mathe-
matical model for “response errors.”* An essential preliminary to such
a formulation is a determination of some of the important requirements
that a mathematical model should meet in order to make it conform
reasonably well to actual survey conditions. One important feature of all
survey designs is the estimating procedure.ghe processes of sampling,
data collection, coding, and tabulating intPoduce ‘“‘errors™ into survey
results. These errors may be affected by the choice of an estimating
procedure. The present chapter does not involve consideration of the
relationship between response errors and choice of estimating procedures

2. Some requirements on a mathematical model for response errors. ( In
defining “error” we start with an “estimate” and a *‘value estimated.”
The “‘estimate” is some value determined from the survey data and, for
any particular survey, is a definite number but varies trom survey to
survey. In many surveys, the “value estimated” is not defined explicitly,
and the problem of survey design is complicated by vagueness regarding
what is being measuregd However, if the aim is orderly planning of a
survey rather than catch-as-catch-can methods, it is essential that the
“value estimated” be defined precisely.

Estimating an average or aggregate. A common type of “value
estimated” in social surveys is one which is an average or an aggregate of
the values for the individual elements that make up the population.
Each element of the population has attached to it some value of a variable,

* In the broadest sense, “response error” as used here includes both processing
and data collection errors. The present chapter is oriented primarily towards
data collection errors, but most of the discussion is directly applicable to the
control of processing errors.
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and we want to know the average or the aggregate for some or all these
values. For the present, we shall consider only the case in which we are
estimating an average or aggregate for all the population elements, or
an average or aggregate for a subgroup of the population, where the
mgmbers of the subgroup are identified as such without error.

In making a sample survey to estimate a population aggregate or
average, we observe the values of some of the population elements and
derive the estimate from these observed values. The fact that we have
selected for observation some but not all the elements ordinarily introduces
some error (sampling error). In addition, we frequently find that there
are response errors in the individual observations. Thus, even if we were
to observe all the elements of the population (i.e., take a census), we would
usually have an error in our estimate of the population average or
aggregate.

It should be noted that errors of nonresponse play a peculiar role.
Failure to secure a response can be considered a sampling bias on the
assumption that the *“‘nonresponse” elements have a zero chance of
inclusion in a sample. Failure to secure a response can also be considered
a response error, since any estimating procedure involves assigning values
to the nonresponse elements either implicitly or explicitly; e.g., estimating
the population average on the basis of the respondents alone is equivalent
to assigning the average of nonresponses a value equal to the estimated
average.

The concept of “individual true values”” 1In defining the “value to be
estimated” we shall define a true value for each of the individuals who
make up the population and define the value to be estimated as an average
or aggregate of these individual true valu?(\The individual true value
will be conceived of as a characteristic of the individual quite independent
of the survey conditions which affect the individual response. Thus, age
is usually defined as a time interval between two events, and this definition
is quite independent of how we determine an individual’s age. It should
be remembered, however, that the number you get when you ask a person
his age is not necessarily the true value for the age as defined. The
respondent may not know his “true” age. Sometimes he does not know
exactly the age of his wife or others for whom he may report. Even if
he does know the correct answer, he may misunderstand the question or
become confused in “recall,” or he may purposely give an incorrect
answer.

Difficulties of ascertaining individual true values., For some variables
(e.g-, age or sex) a survey may get the true values for a large proportion of
the individuals. For other variables (e.g., income, brand preference, or
purchases) the true values may be obtained for a much smaller proportion
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of the population. A survey rarely gets the true values for all the indi-
viduals regardless of the characteristic measured. Frequently, by a
sufficient expenditure of well-directed effort we can come much nearer to
the true value. /For example, in many countries the determination of age
could invol¥€ an examination of birth or baptismal certifications, or of
primary school records if no birth certificate exists, or of the first census
in which the individual was listed if neither birth certificate nor primary
school record exists. Exhaustive record searches might give the true age
for most individuals, although there would obviously be persons for
whom we could find no records and other individuals whose records were
inerror. The searches would, of course, be relatively expensive compared
with methods ordinarily used for determining age.

Criteria for a definition of true value. There are many cases in which
we might encounter tremendous difficulty in defining a “true” value
(entirely apart from the problem of determining the value once we have
defined it). What, for example, is a person’s “true intelligence,” “true
attitude toward revision of the Taft-Hartley Act,” or “true brand prefer-
ence for cigarettes”? No definitive answer can be given to these questions.
We would suggest, however, three criteria for the definition of “‘true
value”:

(1) The true value must be uniquely defined.

(2) The true value must be defined in such manner that the purposes
of the survey are met.

(3) Where it is possible to do so consistently with the first two criteria,
the true value should be defined in terms of operations which can
actually be carried through (even though it might be difficult or
expensive to perform the operations).

It is possible to define true value in such manner that a survey is subject
to no (or negligible) response error. It will be useful to consider such
definitions of “true value” in the light of the criteria listed above. For
example, we could define a person’s “‘attitude toward revision of the
Taft-Hartley Act” as the alternative (in a set of six alternatives) that he
first selects after an accredited interviewer for the survey has asked him:
“What do you think of the Taft-Hartley Act?”” We could define a
person’s birthplace as the answer recorded for him by an interviewer who
is instructed to ask: *“In what state or foreign country were you born?”
These definitions meet (or, with a little expansion, can be made to meet)
two of the three criteria: i.e., they are unique and are defined in terms of
operations which can be carried through. In most cases, however, they
will not be acceptable as “true values.” There might, perhaps, be survey
directors who would accept these definitions as the things they really
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want to measure, but most consumers of data are after something less
dependent or the particular interview conditions (even though results of
this type may be quite acceptable as approximations to the true value).
We may want to know how a person s likely to act toward a Congressman
who favored or opposed the Taft-Hartley Act, not what his casual reply
is to a rather vague question asked by a person whose motives and
sponsorship may generate a very complex reaction in the respondent.
We may want to know where a person was actually born, not what gets
recorded as his birthplace when the interviewer fails to ask the question
properly, or the respondent misunderstands the question, or the inter-
viewer misinterprets the answer.

Use of an expected response value to approximate the true value. In the
examples cited (and in many other cases) it may be impossible to define
a true value which meets all of the three criteria listed. Often, however,
we can define a value which meets the first two criteria and can at least
define an operation whose “expected value” will give a satisfactory
approximation to the true value. An example is a study done by the
Bureau of the Census. After the 1950 Census of Population was com-
pleted by the large number of personnel hired as enumerators, carefully
selected and highly trained interviewers recanvassed a sample of areas,
taking with them a record of the original enumeration, looking carefully
for persons missed in the original enumeration, and checking a sample of
those persons who were enumerated in the area to make sure that they
should have been enumerated. The individuals who did the recanvass
were (in general) well-trained, conscientious, and thoroughly familiar
with the rules that prescribe which persons are to be enumerated in a
given enumeration district. The recanvass procedure did not, of course,
insure a “perfect”” measurement for each individual, but it came nearer
to doing so than the procedure used originally.

Consider interviewing each individual a large number of times under
exactly the same conditions as the recanvass. This would yield a popula-
tion of responses for all individuals. We might draw a sample of
individuals and then a sample of one of the possible responses from each
of the individuals in the sample. In practice, the conditions for subsequent
interviews might change because of the conditioning effect of earlier
interviews, but we can conceive of a set of independent recanvass inter-
views of a respondent and can regard the particular interview made on
the recanvass as a sample from this set. The expected value of an
estimate from this sample could be regarded as approximating the true
value. For a reasonably large set of such observations, the estimates
made from the recanvass would then be close to the “true population
count.”
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The concept of an individual response error. The term individual
response error will be used here to denote the difference between an
individual observation and the true value for the individual. For
example, the survey might want age as of last birthday as a difference in
whole years between date of birth and some specified date (say April I,
1950). If one of the persons covered by the survey was born April 1,
1897, but in 1950 is reported as 50 years old, the “individual response
error” would be 3 years.

A less obvious case of response error is the failure to report an
individual in a census of population (or in a sample survey used to
estimate total population). Here the “true” value (the value the census
is trying to obtain) is 1 (1 person), the value obtained for this individual
is 0, and the response error is 1. Since the direction of error may be
important, it would be better to call this an error of —1I. Similarly,
cqunting the same individual twice would be an error of +1.

Variance and bias of response errors. As here defined, an “individual
response” is the value obtained on a particular observatioy(e.g., the
result obtained in a specified measurement or interview by‘a specified
interviewer with a specified respondent at a given time). Qj_nder slightly
different conditions, therefore, the value of the individual response might
be different. Thus, the individual response is influenced by the conditions

f the observation or interview or written response.

The variability of ipdividual responses has ofter been treated in terms
of random variation/ Although this approach has certain defects, we
shall adopt it for purposes of the present analysis. Consequently, the
response error of a particular individual in a given survey will be thought
of as having an expected value (the individual response bias) and a
random component of variation around that expected value. Similarly,
the aggregate or average of a set of responses for different individuals will
have a response bias and a response variance which will be determined
by the response biases and variances for the population of individuals.

Essential conditions of a survey. To say that an individual response is
a dom variable is not, however, sufficient—we must define somewhat
more precisely the universe of individual responses involved. For this
purpose we shall consider all responses obtainable under certain
“essential” conditions. In general, these conditions are “specified”
(either implicitly or explicitly) by the survey design. As a minimum a
survey design must specify the subject of inquiry, the method of obtaining
information (interview, mail inquiry, direct observation, etc.), and the
method of recording the information (checking a box, entering a figure,
writing a description of the response, etc.). These specifications may be
general or speciﬁc.]
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Particular surveys may involve additional specifications, e.g., that the
survey be tdken during a particular period. There are also *‘essential”
conditions of a survey which arise implicitly as necessary consequences of
the explicitly specified conditions. For example, if we specify that a
survey of individual income received during 1949 be taken during April
1950, there is implicit in that specification a certain “recall” situation for
each respondent and a relationship of this *“‘recall” situation to income-
tax-filing activities. If we also specify that responses be obtained by
interview, the fact that the survey is to be done in April 1950 implicitly
specifies a certain condition of the labor market and this may impose
restrictions on the type of interviewer obtainable. The compensation
paid and training given to interviewers, the wording of questions to be
asked, and the sponsorship of the survey are frequently a part of the
specified survey conditions, and these specifications determine, in turn,
other conditions which will distinguish this response situation from other
response situations.

On the other hand, there are usually present, at the time of any response,
conditions which may affect that response but which are neither specified
survey conditions nor the direct consequences of specified survey condi-
tions. If the survey design specifies the types of interviewers, the sponsor-
ship of the study, the compensation offered, and the hiring procedures
used, these specifications may make it certain that John Jones will be
interviewed by one of a certain class of individuals (e.g., persons over 30
years of age who have had at least 2 years of high school education and
some experience as interviewers for other surveys), but the exact identity
of the interviewer may still vary within the limits of the specified class.
The survey design may instruct the interviewer to ask certain questions,
but it cannot insure that the questions will always be asked in exactly the
same way. The survey design may specify a certain approach to respond-
ents, but it will not specify how that approach will be received by a
respondent who happens to be interrupted while she is doing the family
laundry.

In general, the survey specifications (explicit or implicit) restrict the
range of response variation but by no means eliminate variation com-
pletely. Under some conditions the range of variation may be narrow;
under others it may be wide. Similarly, the response errors may be
compensating in character or they may be more or less systematic in
direction, thus creating a response bias. The expected value of the
response errors and the random component of variation around that
expected value may be regarded as determined by the essential survey
conditions.

In practice, some of the essential conditions of a survey will be difficult
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to separate from the unessential ones, but the fact that some are essential
and others are of an accidental character needs to be recognized.
Basically, the “essential conditions” of a survey are those variables which
we are consciously trying to keep uniform over all cases covered. The
“uniformity” may be in a rule rather than being absolute/(e.g., in a study
of sex behavior, we might require that female interViewers interview
female respondents and male interviewers interview males),{ but the
important point is that we deliberately attempt to bring these conditions

*“under control’j (or are forced by circumstances to accept a uniformity
in certain conditions). @ften the problem of improving survey design
will be to identify and deal with some of the more important essential
conditions.

In contrast to the essential conditions of the survey, the “random
errors” are controlled not by the introduction of uniform rules and
procedures but by taking several units—several clusters, several elements
for the variables]discussed in earlier chapters, several interviewers for the
“interviewer Variance” discussed in this chapter, or several coders or
punchers when we are dealing with “‘coding or punching variance.” qlhe
use of “scores” based on several questions in attitude surveys and Other
psychological measurements is another example of the control of random
variation by increasing the number of unitsfin this case the number of
questions).

Q:errelation of response errors when interviewers are used. 1t would be
convenient to assume that in any particular survey the random component
of the response error for one individual is uncorrelated with the random
component of the response error for another individual. Unfortunately,
such an gssumption does not accord with known facts about response
variatioﬁ In particular a mathematical model which postulates inde-
pendentTesponses of all individuals will not fit a survey which uses inter-
viewers unless the interviewer is assumed to have no influence on the
response. If we were to assign at random a different interviewer to each
individual, the effect of the interviewer on the response would be
uncorrelated for any two obtained responses. Ordinarily, however, a
given interviewer obtains and records the responses for a number of
individuals, and often we have reason to believe that the errors made by
a particular interviewer are correlated. Even casual observation of an
interviewer at work reveals the presence of interviewing patterns distinctive
to that interviewer. In an inquiry about labor force status an interviewer,
who implies by his manner that he does not expect to find a housewife
with children gainfully employed, may tend to record fewer employed
women than an interviewer who seems to insist that every adult should
be gainfully employed.
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The present analysis uses a mathematical model which assumes that
responses are uncorrelated if they are obtained for different individuals by
different interviewers. However, there may be correlation between
responses even when both the individual and the interviewer are different.
For example, the presence of a common supervisor or participation in the
same training class may result in correlated errors for two different
interviewers (unless these common influences are specified as essential
conditions). Correlation between responses obtained by different inter-
viewers may also be introduced in processing; e.g., the same clerk may
make similar errors in coding both responses. We shall assume that these
correlations are small and can be neglected, although the model could be
extended to include them.

Specification of a mathematical model* The discussion thus far
presented leads to a mathematical model for the analysis of response
errors in which we have:

(a) A population of N individuals and a population of M interviewers,
both of which will, for convenience, be assumed to be large.

(b) Associated with each individual, a true value.

{c) A set of essential survey conditions which determine for a particular
individual and interviewer the expected value of a random variable.

(d) Zero correlation between the random components of responses for
two different individuals with two different interviewers.

(¢) The order of interviewing respondents by an interviewer either
randomly determined or not affecting the responses.

In many surveys interviewers are available to interview only certain
classes of the population and only in certain geographic areas. We shall,
therefore, conceive of our interviewers as divided into L groups with M,
interviewers in the sth group who are available to interview a particular
N, individuals and no others. Where all interviewers are available to
interview all individuals, L = 1, M, -= M, N, = N.

3. The effect of interviewers on the variance of sample estimates. Effect
ofresponse errors on estimates of sample variance. One major advantage
possessed by probability sampling as compared with the other types
of sampling is the possibility of estimating the sampling error from
the sample. In situations where the sample results are uniquely deter-
mined by the act of selecting the sample individuals (i.e., given the fact
that the ith individual is in the sample, there is one and only one

* See also Sec. 7a of this chapter.



Sec. 3 EFFECT OF INTERVIEWERS ON VARIANCE 289

value to be ascribed to the ith individual) there is, of course, no
question of our ability to estimate sampling error from a reasonably
large sample.

When the individual responses are subject to error, we shall see that,
with appropriate methods, the sampling variance of a statistic such as a
mean or total will reflect the response variation as well as the error due to
including only a sample of individuals. Appropriate analysis of the
sources of error will point to the methods for minimizing the total variance.
However, although the use of probability sampling will insure that the
variance of the individual true values will be appropriately reflected in the
variance of a sample estimate, the accurate reflection of response variance
will depend on the applicability of whatever mathematical model is
assumed.

The response bias of a statistic such as an estimated mean or total will
not be reflected in the variance of a sample statistic, although its effect,
if it can be estimated, will be reflected in the mean square error and its
influence on accuracy thus taken into accour;t) Response bias is not
per se a “sampling” problem, i.e., bias arising”from response errors is
ordinarily independent of the sample design and is, in fact, of the same
magnitude for a study involving a complete canvass of the population as
it is for a sample survey if both the complete canvass and the sample
survey are taken under the same essential conditions. Postponing to a
later section the consideration of response bias, we shall examine first the
other component of survey error, i.e., the variance of a sample estimate,
and shall examine particularly the contribution of the interviewer to this
variance.

e design of a survey to evaluate response variance due to interviewers.
In evaluating sampling variance we must consider the particular technique
of drawing a sample and making an estimate from this sample. In studies
which involve the use of interviewers we must consider also some specified
technique for selecting the interviewers and assigning them to the various
individuals included in the sample.

Actually, survey practice in the making of interviewer assignments is
far from standard. A common pattern is to group the units selected in
the sample by geographic areas and then to assign the units in a given area
to one or more interviewers, making the different interviewers’ assign-
ments approximately equal. The sampling units may be individuals or
clusters, but in either event, in surveys in which interviewers are used,
costs of travel and time required for identification of the sample usually
suggest some clustering of the assignments to interviewers. This clustering
of interviewer assignments led to the introduction of interviewer groups
into the population specifications outlined above. In terms of the specified
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mathematical model, this practice can be approximated by the following
sample design: )

(@) n of the N individuals in the population are selected at random
without restriction. *

(b) m, interviewers are selected at random without restriction from the
hth interviewer group to interview those sample individuals selected
who are available for interview by this interviewer group. Let’

L

m = Ym, = the total number of interviewers selected.
h

(¢) An equal number, 7, of individuals is assigned to each of the m
interviewers. The 7 individuals assigned to any interviewer are a
random subsample of all the sample individuals available for
interview by this interviewer group.

The applicability of these conditions to actual surveys will be considered
later. The conditions stated apply reasonably well to many surveys.

It should be noted that n,, the number of sample cases drawn which
will be available for interview only by interviewers in the sth group, is a
random variable. In designing a survey we could decide to use a fixed
number of interviewers from the 4th group and adjust the size of assign-
‘ment given each interviewer. For example, if we were using 2 interviewers
for a given group and happened to draw 84 sample cases available to this
group, we could give each interviewer 42 cases; if we drew 76 individuals,
each interviewer would be assigned 38, etc. Another method of deter-
mining interviewer assignments is the one used here, i.e., to fix the size
of the assignments and let the number of interviewers vary. The restric-
tion that the size of the interviewer assignment be fixed does not represent
any great loss of generality, since the variance of most sample estimates
will be about the same whether the size of assignment or the number of
interviewers in a group is fixed.

The sample estimate and its mean square error.t Assume that a simple
random sample of » units is selected from a population of N units. Let
Zy;; = the value obtained for the jth sample unit by the ith sample inter-
viewer in the Ath (population) group. Let the sample mean be

L my n

22 2%

Z=

%

3.0

* We shall restrict this discussion to simple random sampling. The results
can be extended to stratified and cluster sampling.
t See Sec. 75 for derivation of the formulas presented in this section.
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With the survey design specified, £ would be used as an estimate of the
true population mean ¥. The mean square error of & is:

MSE & = B% + of (3.2)
where By = Ez — Y.

EZ% = the expected value of Z.

Section 76 shows the derivation of an expression for ¢3 as approx-
. * .
imately* equal to: . o ox
o = A= X
n m
(33)

% n—mox;

n n m

Here o% represents the “total variance” of individual responses around
the mean of all individual responses in the population; i.e., it is the
variance over all responses for all individuals to all interviewers in the
interviewer group, and over all interviewer groups, and ¢y, is the co-
variance between responses obtained from different individuals by the
same interviewer (this covariance being taken within interviewer groups
since independent selections of interviewers are made from each inter-
viewer group). If we divide the covariance ox; by the average variance
of responses within interviewer groups, we have d, the intraclass
correlation; ie., & is the correlation between responses of different
individuals for the same interviewer. Thus:

oy = ohy + Ohy (3.4)
§ =Xt (3.5)
Oux

where o2 is the variance of responses within interviewer groups (taken
over all responses of every individual to every interviewer
in the group).

o;y is the variance of expected responses for interviewer groups,
i.e., between average values for interviewer groups.

The sampling design used is, in effect, to sample “clusters” of responses
(the responses obtained by each of the interviewers) and, within sample
clusters, to subsample 7 responses (such that no two responses are for the

* Assuming that N is large relative to # and that the interviewers used in the
hth group are a random sample from a potential infinite supply of such inter-
viewers.
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same individual). The sxmllarlty to cluster sampling may be more
apparent if we express o} as

2

1

of = =% [1 + 8(i — )] + Dx (3.6)

In the above expressions, o}x/n represents the variance arising because
individuals were sampled independently of the 1nterv1ewer groups If we
had only one interviewer group (L = 1), 6%y = 0 and 0%y = 0%, so that

= [1 + 6(aA— 1) (X))

and if we sampled individuals w1thm interviewer groups, so that the
mtervwwcr groups served as strata, o2 would be given by Eq. 3.7, but
with o2, substituted for o%.

This formula is identical with that for the variance of a sample mean
when we draw m clusters of 7 elements each (or sample m clusters of equal
size and subsample 7i elements from each cluster). There are, of course,
differences from straight cluster sampling arising from the restriction that
we must sample only one response for any individual, but the basic
sampling principles are analogous.

Estimates of variance from the sample.* From the sample we can

obtain unbiased estimates of oy; and o%. These estimates are,
respectively,

L m, ™ _ _ L my % _
2 2@ — TP 2 2 2 @iy — Tns)’
s :hmh—li __h ) (38)
Xt m n(A—1) '
L ma 7
x
4 22307 emsn (3.9)
X n—1 n—1) m '
where
me
Ty = L— = average for the ith sample interviewer in the Ath group
(3.10)

my n mn _
2 inm zxm
xh —_ ___l.._.
myfi my,

= sample average for the hth group (3.11)

* For derivations of the formulas in this and the following sections see
Sec. 7c.
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Thus, an unbiased estimate of o2 is

L mv 7
2 2 2@ny; — %P
2 k1] (n— m)s_zg
5= n(n— 1) + n—1) m (12)

Contribution of interviewers to the variance. It should be noted that the
effect of using interviewers is to introduce into the variance of & a term
involving the intraclass correlation within interviewers’ assignments. Except
as indicated below, the techniques given in Vol. 1 and in earlier chapters
of Vol. II for estimating the variance of Z (and of other sample estimates)
from a sample disregard the contribution of this intraclass correlation.
If we disregard the intraclass correlation within interviewers’ assignments,
the estimate of the variance of £ would be the first term of Eq. 3.12. It
can be seen that the result will usually be an underestimate in cases where
there is a noticeable interviewer contribution to the total variance.

If m = n, each interviewer interviews only one unit, and there is, of
course, no effect of the intraclass correlation. In this case the formulas
for the variance given in earlier chapters include any interviewer contri-
bution to the variance.* On the other hand, the larger the interviewer
error, or the more individuals we assign to an interviewer, the more
important it is to use Eq. 3.12 to estimate the variance of &.

Equation 3.12 is useful in indicating the effect of interviewer error upon
the variance of a sample mean. Where there is no need for a separate
estimate of sy, Eq. 3.12 can be written as

L ny, — 1 m» _ . L _ -
2 1 Z(-L'hz — ) 2n(Ey, — )
s2 — n My — T h (3 13)
! m(n— 1) n(n—1) ’
and, if L =1, m
2, — z)
5i= m (3.14)

* A study director would not ordinarily assign a single individual to an
interviewer, but, with cluster samples, a single cluster might be assigned to one
or more interviewers. Where an interviewer or group of interviewers is assigned
to a single cluster, the estimated variance between ultimate clusters, by the
usual analysis, will include interviewer variance. Thus, with large-cluster
sampling, discussed in Chapter 9, it may often be true that one or more inter-
viewers will work in only a single primary sampling unit. In this event, the
“ultimate cluster” estimate of the total variance will include the appropriate
interviewer contribution to the total variance (see, for example, Sec. 4 and 5,
Ch. 9, and Sec. 15 and 28, Ch. 9, Vol. I). Where more than one cluster is
assigned to an interviewer, we can estimate the interviewer variance separately
by the methods given here.
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The covariance, oy, reflects the effect on response of the interviewer

and the interaction between interviewer and respondent. If the observa-
tion is of a type which permits a large effect of the interviewer on the
response, the contribution of the term involving o x; to the variance of £
may be quite substantial. In many cases, however, o x; will be negligible.
We might, for example, expect a large variance among interviewers for
estimates of farm acreage under corn, where the interviewer does the
estimating by direct observation without measurement. Where the
farmer furnishes information to the interviewer on the number of cattle
on a farm, there may be little or no effect of the interviewer on the response
and oy; may be negligible or zero.
7" Reducing interviewer contribution to variance. Where interviewer
contribution to the variance is important, it may be possible to reduce this
contribution significantly by training and adequately supervising the
interviewers, and this should be the first line of atta Sometimes,
however, training of the interviewers beyond a certain point will have
very little effect on interviewer variances. Instead of trying to make
additional reductions in interviewer variance by increased training and
supervision of the interviewer or using other (and perhaps expensive)
techniques to obtain greater interviewer uniformity, we might devote our
attention to another method for reducing the effect of interviewer variance
on our final estimate. From Eq. 3.3 it will be seen that, for fixed values
of oy, the effect of interviewer variance on o2 decreases as we increase
the number of interviewers. Thus, if cost were not a factor, maximum
accuracy with this sample design would be obtained by assigning one
individual to each interviewer.*

Determining the optimum number of interviewers. With the ordinary
survey which has a fixed total budget, increasing the number of inter-
viewers will increase costs and will require a reduction of expenditure at
some other point,}e.g., reducing the expenditure per interviewer or per
individual or redticing the number of individuals included in the sample.
When the cost function is simple, as in Eq. 3.15, optimum values of n
and m can be readily determined by joint solution of the cost and variance
functions. With more complicated cost functions, the optimum values
can be determined in the same way as for subsampling designs (see
Chapters 6, 7, and 9).

* This statement is subject to the limitation that response bias and variance
between interviewers remain fixed. Ordinarily, it will not be possible to make
extreme changes in size of interviewer assignment without changing the response
bias and interviewer variance, but the analysis is acceptable within reasonable
limits of variation.



Sec.3  EFFECT OF INTERVIEWERS ON VARIANCE 295

We shall consider the case in which the cost is given by

.

C=Cn+Cym (3.15)
where C = total budget for the survey, excluding fixed overhead costs.
C, = cost per elementary unit included in the sample.

C, = cost per interviewer used in the survey.

With this cost function and the variance given by Eq. 3.3, the optimum
values of n and m are

e pp——
n= aA/i’_&_."_& (3.16)
Cl
m—a A/%—21 (.17)
where
C

(3.18)

a =
V(o —ox) + Vo,

Some illustrations. Assuming that cost functions are known or can be
roughly approximated, application of the technique may be illustrated by
data from two studies where interviewer assignments were randomized.
However, for a satisfactory estimate of interviewer variance, we will need
more interviewers than the numbers used in the studies mentioned here.
The interviewer variance estimates of Tables 1 and 2 (pp. 297 and 298)
are based on a very small number of cases and are, therefore, quite
unreliable. They are presented only for purposes of illustration.

The Indian Statistical Institute has pioneered in the design of surveys
so as to make possible the evaluation of response variation associated
with the interviewer. Methods similar to the survey design described in
this section have been used for some time by the Indian Statistical
Institute to control and measure the effects of the *“human agency.”
Some of these techniques are described by Mahalanobis (5). One such
design was used in an inquiry to determine the economic conditions of
factory workers in an industrial area at Jagaddal. The entire area was
divided into 5 subareas. Within each subarea 5 independent random
samples of structures were selected for interview. Each of the 5 samples
was assigned to a different interviewer, but the same 5 interviewers
worked in all § subareas.

This design is similar to the one described above. In this case all
interviewers are (presumably) available to interview the entire population,
so that L = 1. There is a stratification within interviewers’ assignments
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(the sampling by subareas). Results are presented on a “family” basis,
although the sampling unit used was actually a structure and thus might
involve a cluster of families. To simplify the use of Mahalanobis’ data
for illustrative purposes, we shall ignore the stratification and clustering
and treat the sample of families as if it were an unrestricted random
sample of the population surveyed, the families being the individual
members of this population. )

Mahalanobis did 3 studies in the Jagaddal area (in 1941, 1942, and
1945), all involving approximately the same design. He also reports a
study using a similar design (5 subareas but only 4 interviewers) carried
out in the Nagpur in 1942-43 by M. P. Shrivastava. Table | shows
estimates of 0% and ¢y, for various characteristics made from the results
of these surveys, assuming an unrestricted random sampling design.
With a suitable cost function, these variance estimates can be used to
determine the optimum number of interviewers. Suppose, for example,
that C (the total survey budget) was $2000, that C, (the cost per family)
was $2, and that C, (the cost per interviewer for training, supervision,
travel to the five areas to be enumerated, etc.) was $80. With these
values (and the cost function C = Cyn 4 Cym) the optimum number of
interviewers, m, and the optimum number of families, n, would be those
shown in the last 2 columns of Table 1. The analysis would point to the
use of somewhere between 5 and 8 interviewers for the Jagaddal study
and to about 5 interviewers for the Nagpur study. It should be remem-
bered, however, that the estimates sy ; are based on 4 degrees of freedom
for the Jagaddal study and only 3 degrees of freedom for the Nagpur
study. These estimates are, therefore, subject to a high sampling variance.
As a matter of fact, the values reported for sy, are entirely consistent with
a zero value for oy;. This situation points to the need for using the
results of more interviewers if we wish to make reliable estimates of
interviewer contributions to the variance from the sample.

If the cost per interviewer, C,, had been taken as $4 instead of $80,
the optimum number of interviewers for estimating monthly per capita
expenditures in Jagaddal would have been 49. In this case the use of
only 5 interviewers would mean an 80 per cent increase in the variance
of our estimate as compared with the optimum.

A small experiment similar to those of Mahalanobis was conducted in
Baltimore by the Bureau of the Census as part of the December 1947
Current Population Survey. In this study, segments (small areas) were
selected for interview in the Baltimore area. These segments had an
expected size of 6 households. The households in 25 of the segments
were divided into 2 sets of alternate households. Two interviewers were
assigned to each of the 25 segments and given (at random) 1 of the sets
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of households for interview. Interviewers 4 and B shared 6 segments,*
interviewers B and C shared 5, interviewers A and C shared 5, and
interviewers D and E shared 9.

The situation in this study is approximated reasonably well by the
specified mathematical model if we assume that interviewers 4, B, and C
were drawn from one interviewer group and interviewers D and E from
another. The sample design is, of course, different, but the difference
requires only minor modifications of the formulas presented above.

Table 1. Some examples of interviewer covariances and of optimum
determination of number of interviewers

. Optimum number*
Estimate " f:
of i Estimate of:
inter- f total
Study Characteristic viewer ol to .
covariance | Variance | lInter- | Indivi-
s sk viewers | duals
Xl
m n
Jagaddal, | 1. Monthly expenditure
1942 (rupees per capita) 1.01 171.0 8 680
2. Consumption of cereals
(pounds per head per
month) A3 100.8 5 800
Nagpur, | 3. Total monthly expendi-
1943 tures .80 399.1 6 760

* Values giving minimum variance subject to the cost restriction that 2n -+ 80m
= C = 2000.

To determine the optimum allocation of resources for the Baltimore
study design, we let n equal the number of segments and assume costs of':

C = total budget = $400.
C, = cost per segment (using one interviewer to cover each segment)
= §6.
C, = cost per interviewer = $7.
Table 2 shows the values of s% and sy; determined from the Baltimore
study data and the optimum values of # and m with the cost function of
Eq. 3.15. In the Baltimore study 2 interviewers were assigned to each

segment. The optimum values n and m were determined for the case in
which only 1 interviewer is assigned to any segment.

* To simplify calculations, 1 of these segments was eliminated at random.
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It will be noted that sy; is negative for 3 of the 5 characteristics.
Negative values of sy frequently will be obtained when oy is near zero
(since sy is an unbiased estimate of ox,) and are particularly likely to
occur when sy is based on a small number of degrees of freedom (i.e.,
relatively few interviewers), making the variance of sy relatively large.
Where sy, is negative, we have taken o as zero in estimating 0% and the
optimum values of n and m. In these cases, of course, the optimum
requires that m be as small as possible (i.e., m = 2, the number of
interviewer groups).

Table 2. Variance estimates and optimum values of » and m for the
Baltimore study conditions

Characteristic to be estimated

It Persons Persons Persons
em employed at | operating
Total under Total P ;
nonfarm job | own busi-
persons l4fyears employed | "5 . wagi'ts ness or
ot age or salary | profession

Variance and covari-
ance estimates

sk 64.5 4.98 34.3 44.0 1.51

Sxr 1.04 — .68 —.013 1.28 — .14
Optimum values

n 58 64 64 56 64

m 7 2 2 9 2

s¥ 1.23 .078 54 .90 .024
Variance of & with

n=64andm=2 1.51 .078 .54 1.32 .024

n==62and m=4 1.28 .080 .55 1.01 .024

=57andm=8 1.24 .088 .60 91 .026
n=48and m= 16 1.39 .104 1 .96 .031
n=31and m= 31 2.08 .161 1.11 1.42 .049

For 2 characteristics (total persons and persons employed at a nonfarm
job for wages and salaries) there is some contribution of interviewer error
to the total variance. For these characteristics the optimum is fairly
broad, i.e., for m between 4 and 16 the variance of will be within 13 per
cent of the optimum.

4. Use of the specified mathematical model in minimizing the effect of
both bias and variance. The preceding section indicates a method for
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determining the optimum under fixed essential conditions. In many cases
where it is evident that a particular survey technique is subject to sub-
stantial response bias, alternative techniques may be available that will
reduce the bias. We must, of course, consider the relative cost of such

ajternatives.

éChoosing a single sampling design. 'We may have a choice of alternative
methods, each with different essential conditions, response bias, and
optimum values of n and m. For a fixed total cost we can determine the
optimum values of # and m for each such method. Then the optimum
method among those examined is the one which gives the lowest mean
square em;lz For example, experience in determining farm expenditures
by direct qliestioning of farm operators has shown that the results are
often subject to considerable error. Determining farm expenditures by
other techniques, such as detailed examination of purchase records, may
be more accurate but considerably more expensive. We can determine
the optimum for direct questioning and for detailed examination of pur-
chase records, subject to a fixed total budget, and select the method which
gives the lower mean square error. The optimum method for one budget
leyel may be different from that for another budget level.

Use of double sampling. In some cases, instead of using a single
method, a combination of two methods in a double sampling design may
prove more efficient/ For example, we could interview a relatively large
number of cases (possibly even the entire population) by one of the cheaper
(and less accurate) methods and reinterview a subsample by one of the
more expensive methods. Such a double sampling approach is likely to
be useful in instances where methods with low response bias cost many
times as much as methods with higher response bias.

Suppose that our original sample is drawn as described in the previous
section and we have sampled » individuals and m interviewers (m,, from
the Ath group). For this sample, we obtain responses z,;; under the
essential conditions of the initial survey, which we shall designate as
essential conditions X. For the subsample we take (at random) an equal
number out of the individuals assigned to each interviewer, giving a
subsample of »’ individuals. For the subsample we shall use a set of
L' interviewer groups (which may or may not be the same as the original
interviewer groups). We draw m’ interviewers (m;, from the pth group) in
such manner that an equal number of interviews can be given to each
interviewer. It will be noted that the interviewers for the subsample are
drawn independently of those for the original sample and that m’ can be
less than, equal to, or greater than m. For the subsample we have the
responses ,,; obtained by the original interviewers and we also have
responses z,,; obtained by the second set of interviewers under essential
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conditions Z. We may use as an estimate* of the true population mean ¥:

. Xz
i= 4.1
where & = mean of the x,;; values for the entire sample of # individuals.
Z’ = mean of the z;,; values for the subsample of #" individuals.
Z' = mean of the z,,; values for the subsample of n” individuals.

Actually, it might be more efficient from a sampling viewpoint to draw
the m’ interviewers for the subsample of clusters as a subsample of the m
interviewers used for the original sample of clusters. However, the main
purpose is to reduce the response bias, and this may mean the use of
better-qualified or better-trained interviewers. Consequently, the second
set of interviewers may be drawn from a different population of inter-
viewers.

The mean square error with double sampling.t It is assumed that
interviews under conditions Z are more expensive than under conditions
X and that method Z has a considerably smaller response bias. For the
specified mathematical model, the mean square error of z will be
approximately

R , u Vv W
MSE? = B} + Z* (— + -+ —,) 4.2
n n m
where
Z=EZ = E%
X = Ei = EX’
B, =Z-7Y
_ 2pxz0x0z 0% — axg
U= %7 T2 4.3)
% —a
V= Ljéﬂ -U (4.9
[
W= -éz—z’ 4.5)

pxz = the correlation between the expected X and Z values
for the same individual

* This estimate 7 is, of course, a ratio of random variables and is biased but
consistent.
t For the derivation of the formulas presented in this section, see Sec. 7d.



Sec. 4 MINIMIZING BIAS AND VARIANCE 301

An optimum double sampling design. With a combination of two
methods there is, in general, a set of optimum values for #, n’, and m'.
As in the preceding section we shall consider only the case where the cost
function is simple and the optimum values can be determined directly.
We shall assume the cost function:

C=Cpn+ Com+ Cqn’ + Cy’ 4.6)
where C; = cost per individual under conditions X.
C, = cost per interviewer under conditions X.
C, = cost per individual under conditions Z.
C, = cost per interviewer under conditions Z.

C = total survey budget (excluding any fixed overhead costs).

Since MSE of z does not involve m (to the order of approximation used
in Equation 4.2*) but the cost increases with m, the optimum design would
call for making m as small as possible. Usually, the minimum number
of interviewers will be determined by administrative considerations, i.e.,
an interviewer can be expected to complete a certain number of interviews
a day, and, if the survey results must be available at some specified time,
we must give an interviewer no more than the number of cases he can
complete within the time period allowed. If, then, we decide that an
interviewer shall not do more than ty interviews, the smallest value we
can give to m is m = n|tx, and the optimum values of #, n’, and m’ are

ne—a UC @7

aG+=

Ix
n=a é (4.8)
w
m=a E, 4.9)
where

¢ (4.10)

a= —
JU(C1+§3) + VVCy + VWC,
X

* Equation 4.2 is an approximation which ignores terms of the third and
higher order. Where m, n, m', or n' is small, some of these terms may be
appreciable and the approximation to o3 may be poor.
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Using the optimum values in the equation for MSE of Z (Eq. 4.2) will
permit us to compare a combination of Methods X and Z with either
method alone or with other methods and combinations to determine the
optimum design.

Estimation of variances and biases. 'We must, of course, have some idea
of the costs and of the values of U, ¥, W, and B,. We can estimate X
and Z from a sample (using & as an estimate of X and £ as an estimate of
Z). The variances can be estimated by means of Eq. 3.8 and 3.9, and an
unbiased estimate of py,0 50 is provided by

n
rmts

2 Tniftpgy — NETZ
I

p— (4.11)

PxzSxSz =
Estimation of the response bias, By, is a more difficult problem since
this error involves the unknown true population mean Y. However, a
satisfactory comparison of several methods can sometimes be made ir
instances where one is justified in assuming a negligible response bias fo:
the method which is considered most accurate and (from previous exper-
ience or a pilot sample study) estimating the differences in expected value
between this most accurate method and the other methods considered.
For example, if Method Z is one which is subject to negligible response
bias, as an estimate of bias for some other method we can use either

' (4.12)
(4.13)

> S
1]
R R
Wy Wy

b\':=

These estimates are, of course, subject to sampling error, and formulas
for the variances are given in Sec. 7e.

Hlustration of jointly minimizing variance and bias. To illustrate the
technique for determining the method which minimizes the mean square
error, we shall use a problem which involves estimating the average dollar
inventory of a group of retail stores. Let us assume that the population
consists of all retail stores in a large city and that our budget for the
survey is $15,000, of which $2500 has been set aside for fixed overhead
(so that C = 12,500). We shall also assume that the maximum assign-
ment to an interviewer, !y, is as shown in Table 3. Suppose that pilot
studies and previous experience give cost, variance, correlation, and
response bias estimates for five different techniques and that we wish to
determine which technique (or combination of two techniques) to use.
Let us assume that the estimates of unit costs, response bias, and variances
for each technique are as shown in Table 3 and the correlations, pyg,
for each pair of techniques are as shown in Table 4. We shall take

¥ = $100,000.
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Table 3. Cost factors, maximum assignments, biases, and variances
for a study of retail store inventories

Unit costs Square root of vari-
Maxi _ | ances and covariances
(dollars) ass?x,llnr:q‘::t Response bias| (thousands of dollars)
gl (thousands of
Method Per | per inter- ol
Per | . viewer ollars)
inter- By —
stgre view ty ox P
1 C2
1 0y 25 100 - 11.0 83 25
2 2 50 60 - 60 80 15
3 6 | 100 40 ~25 76 10
4 12 | 150 35 — 8 73 9
5 20 150 35 — 6 7 6

Table 4. Correlation between expected values of individual responses (p y ;)

Method
Method
1 . 2 3 4
2 .79
3 .82 .84
4 .84 .87 91
5 .85 .88 92 95

Table 5 shows the mean square error which would be obtained for each
method and each combination of methods, using with the single sampling
method the values of n and m given by Eq. 3.16 and 3.17 and with the
double sampling method the values of n, #’, and m’ given by Eq. 4.7, 4.8,
and 4.9 with m = n/tx.

The optimum, if only a single method is employed, is to use Method 4
with n = 723 and m = 25. However, double sampling permits a further
reduction of 35 per cent in the MSE by using Methods 1 and 5 with
n=3480, m =35, n' =382, and m' =21. In many cases double
sampling will not give gains of this magnitude over a good single sampling
method. It should be noted that the figures in Tables 4 and S are
hypothetical and are used only to illustrate the methods.

In situations of this type it may frequently be necessary to increase
expenditures per unit many times in order to reduce the response bias
from 10 per cent to 2 percent. For example, the A. C. Nielsen Company,
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which compiles data on sales of commodities by retail stores, has found
that it can obtain sufficiently accurate reports on sales only by personally
checking physical inventory and purchase invoices. ~As another example,
the Bureau of the Census reinterviewed a sample of respondents, using
in the reinterview professional personnel from the Washington office.

Table 5. Comparison of minimum mean square errors for five alternative
methods (and combinations of them)

Minimum mean square
Methods n m n m' error for the indicated
method

1 12,022 380 — — 123.2
2 3,197 122 — — 39.8
3 1,350 44 — — 12.7
4 723 25 — — 11.1
5 508 16 e — 12.5
1and 2 5,242 52 1,869 123 39.7
1and 3 4,382 44 883 50 11.2
1 and 4 3,582 36 503 31 7.6
land 5 3,480 35 382 21 7.3
2and 3 1,521 25 690 41 13.8
2and 4 1,340 22 392 27 10.1
2and 5 1,329 22 302 18 9.5
Jand 4 703 18 260 23 13.1
3and 5 718 18 201 16 12.0
4and 5 481 14 129 14 * 15.7

The average cost per interview was of the order of 7-times the average cost
for the original interview, and there was a significant increase in the
accuracy of certain items such as coverage of persons. On the other
hand, in some cases increases in expenditure may yield only small gains
in accuracy or large gains for some items and small gains for others. In
the same study by the Bureau of the Census, the per cent distribution
into 10-year age groups, for example, was practically identical for both
interviews, with none of the 10-year age groups differing by more than
1 of 1 per cent from the original interview to the reinterview. If the
primary aim of the survey were to obtain an accurate per cent distribution
by age, the more expensive method would not be justified.

Frequently, it is also possible for very small increases in expenditures
to produce large gains in accuracy. In one instance, for example, the
Bureau of the Census in its Current Population Survey had been getting



Sec. 5 UNCORRELATED AND COMPENSATING ERRORS 305

a large number of persons erroneously reported as not in the labor force.
A revision of the questions asked added nearly 2 million of these “missed”
persons to the labor force (2). The revision added practically nothing to
the cost of the survey.

Thus, there is no “typical” relation between cost and accuracy. Each
survey presents its own picture. The method outlined is general in its
applicability, although the answers obtained will vary.

It should be noted that the work of determining the “optimum” design
can frequently be shortened by eliminating from consideration alternatives
which are obviously inefficient. For example, Method 5 in the illustration
above involves a cost per store two-thirds greater than that of Method 4,
but the response bias for the two methods differs by only a trivial amount.
The higher expenditure per unit in Method 5 improves the values for
individual stores, but the individual response errors of Method 4 are
largely “compensating” in nature. Although the combination of Methods
1 and 5 gives the lowest MSE, the result does not differ appreciably from
that for Methods 1 and 4. Thus, consideration of both Method 4 and
Method 5 was really unnecessary in selecting an optimum.

5. Effect of uncorrelated and compensating response errors. A con-
sideration of the specified mathematical model leads to the conclusion
that response errors that are uncorrelated with each other and compen-
sating in character do not necessarily need any special attention in survey
design whenever the purpose is to estimate a mean or total for the total
population or for a subgroup when the members of the subgroup are
identified without error. Furthermore, in this case, the formulas pre-
sented in previous chapters for estimating sampling error reflect the re-
sponse error properly and no special attention need be given to the
presence of response errors. This situation is, however, often assumed
to exist without valid evidence. It is not at all uncommon for the results
of the survey to be justified on the basis that “some of the errors were
positive and some were negative, so that the net effect is undoubtedly
close to zero.” Of course, it is not possible to assume that just because
there are both positive and negative errors their effect is necessarily
compensating, and such an assumption can very often lead to erroneous
conclusions. Moreover, as we have already seen, if the response errors
are correlated with each other (as within the work of a single interviewer),
the variance is increased and the chances of errors being compensating
are reduced. However, let us consider the situation where there is
evidence that the errors are, in fact, compensating and uncorrelated.

The essential points can be seen more easily with the very simple
situation in which the response errors are uncorrelated for any two
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individuals in the population and a random sample of individuals is
drawn without restriction and with replacement. The variance of a
sample estimate of the true population mean under these conditions is

ok = ‘:1—1 G.1)

Since X;; = Y, + R,; (where Y; is the true value of the characteristic for
the ith elementary unit of the population, and R;; is the response error on
the jth measurement for the ith elementary unit), we can express o% as

O'ir = GZY + 0'%3 -+ ZpYRUYo'R (5.2)
where o% = variance of the true values.

aﬁe = variance of the response errors, which is composed of the
variance of response errors for an individual around the
individual’s expected response error and the variance in
the expected value of response errors between individuals.

pyr = correlation between the Y, and the R, Note that
PYrOYOR = PyROyO g, Where pyp is the correlation between
the ¥, and the R, the expected response error for the ith
individual.

Response errors are reflected in usual sample variance. We see from
Eq. 5.2 that o% reflects any effects of the responses as well as the variance
of the true values. Similarly, if we estimate 0% by

n
Z(xii — @)
(1

(n—1)
the effect of the response errors will appear in the estimated variance,
since the expected value of s% is equal to o%. Consequently the estimated
variance of the sample mean will include appropriate allowance for the
response variation.

Reducing the effect of response variation. If we assume a fixed total
budget (after deducting fixed overhead), C, then the number of cases
which can be sampled is equal to C divided by the unit cost Cy. Thus,
we have

%=

C
0% = —Cﬁ o% (5.3)
Let us compare the results of Method X (which gives the response X,)
with those of Method Z (which gives the response Z,), assuming that
Method Z has a unit cost C; > Cx, that oy, < o, and that R, = Ry
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= 0. Then, Method Z is preferable to Method X only if

0% < o2 ‘ (5.4)
or if

2

9z _Cx

) < Z, (5.5)

Inequality 5.5 provides a test of the relative efficiencies of two data-
collecting techniques which have either no response bias or the same
response bias. Let us consider a hypothetical example. Suppose that
we have a choice between two methods of estimating a characteristic, both
methods using a simple random sample of families:

For METHOD X For METHOD Z
Cx=8%2 Cz=85
O'RX =10 O'R’ = 2

Prry= 1 Prr,= -l

* op = 10 ‘

Since both methods have the same response bias, Method Z will be
more efficient than Method X only if Inequality 5.5 holds. Using the
figures just presented gives
Cx

P

2

o 108
=4, Z-_" - 49
C, o% 220

A

Thus Inequality 5.5 does not hold, and we gain more by putting our
funds into the larger sample permitted by the lower unit cost of Method X
than by putting them into the reduction of response error permitted by
Method Z (even though this reduction in response error is quite sub-
stantial). It appears that ordinarily any appreciable increase in expendi-
ture to decrease response variation will be unwarranted if there is no
effect on the response bias.

If we are estimating the proportion of the elementary units having a
given characteristic, any expenditure to reduce response errors will be
wasted whenever the response errors are compensating so that Z = X,
since, in this case,

Z=0c4=X1—-X)=2(1-2)

As a practical matter, the difficulty is that there is rarely any assurance
that response errors are, in fact, compensating, and it is not safe, without
extensive investigation, to concentrate on sampling variance and assume
that response errors are of no importance. Even if we were to reduce
sampling error to negligible proportions by taking a complete census, we
might still have a substantial MSE because of response bias.
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6. Applicability of the specified mathematical model. The analysis
presented above applies, of course, only when the conditions of the
specified mathematical model apply. It is important, therefore, that we
examine these conditions in terms of the situations actually prevalent in
typical surveys. With regard to the selection of individuals or other
sampling units for interview, it is feasible to use techniques (e.g., selection
dependent upon a table of random numbers) which give random samples.
However, a determination that individual responses behave like random
variables will require much more experimental evidence than is now
available, and will necessarily be subject to some question.

As previously noted, the conditions which determine the response of
any individual may be regarded as divided into two groups:

(@) Those conditions which are ‘“constant,” “conirolled,” and pre-
determined for a given individual response, e.g., the questions to be
asked, the type of interviewer. We have referred to these as the
essential survey conditions.

(b) Those conditions which are adventitious and “unpredictable,” e.g.,
the mood of the respondent, a momentary distraction which results
in a question being misunderstood.

This division is similar to the division between “assignable (i.e., con-
wrollable)” causes and “residual” causes of variation in discussions of
quality control. We have treated these two groups of factors in the
same way as they are treated in the quality control field. Thus, we
consider the “adventitious” factors as giving rise to a random variable, the
response obtaiied for a given individual being one of the values of this
variate. The “controlled” causes would determine the expected value of
this random variable. They also affect its variance.

It should be noted that the present analysis does not provide for
measuring the response variance of a single individual apart from the
variance between individuals. Such measurement would be feasible
experimentally were it not for the conditioning of the respondent. But,
in practice, repeated interviews on a single respondent are not independent.
Thus, a direct test of the random nature of individual response variation
cannot be made by using the specified mathematical model. We can,
however, determine the total variance and, by applying the specitied
mathematical model in a large number of cases, test its approximation to
actual conditions.

A further assumption, which can be accomplished in fact, but ordinarily
is not, is that the available sample individuals are assigned to interviewers
at random and that, within an interviewer group, the selection of inter-
viewers is independent of the selection of individuals. The survey
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supervisor will usually try to arrange an interviewer’s assignment to
minimize travel costs rather than making up random arrangements, and
definite steps must be taken to make it possible to measure the variable
contribution of the interviewers. More experimental work in this area
is needed. The implications of this entire problem need thorough
exploration, and the analysis presented in the present chapter can
be considered only a step toward a systematic treatment of response
€rror.

It was indicated earlier that the results presented were applicable to the
estimation of aggregates or averages for a total population, or for sub-
groups of the population provided that the assignments to subgroups are
made without error. If the identification of whether a unit is or is not
a member of the subgroup involves response errors, response bias usually
will be present in estimates of subgroup means even when estimates of
the population mean are unbiased, unless the errors involved in identifying
a unit as a member of the subgroup are independent of each other and of
the characteristic to be estimated. The effect of errors of measurement
on correlations has sometimes been considered, but the situations dealt
with ordinarily have been restricted to the case where errors are independ-
ent and “attenuate” the correlation. The effect of correlated errors
requires much more attention than it has been given but is beyond the
scope of the present discussion.

7. Derivations and proofs. a. Description of the population. The
mathematical model used in this chapter for the analysis of response
errors assumes a population divided into N units. The unit may be an
elementary unit or it may be a “cluster” of elementary units (e.g., a
household or a group of households living in an area). The N units are
divided into L “groups” with N, units in the Ath group. There are M,
interviewers available to interview the units in the Ath group (and only
these units). On any particular interview of a “unit” by an interviewer
a response occurs. It is assumed that this response is a random variable
for any interviewer and any respondent; i.e., a given response is con-
sidered to be only one of the possible responses which might be obtained
from this respondent. Let

P, = the probability that the response value Xj,;;; will be obtained
if the ith interviewer in the Ath group interviews the jth unit.

Pyiixums = the probability that responses X, and X, are obtained
(in the Ath group) if the ith and uth interviewers interview
the jth and wth units.
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We have, then
) %:Phiik =1 7.1

Eme hijk = X’m = %P naik X nijk 712

where the sum is taken over all possible responses of the jth unit to the
ith interviewer.
We also have
z zPhijkuvw = ZthJ‘k = ZPhuvw = (71.3)
kow k w

Ehz‘juv(Xhiijhuvw) = kZ ZPhijkuvwXMkahuvw (7-4)

where the sum is taken over all possible responses of the jth unit to the
ith interviewer and of the vth unit to the uth interviewer, and E,;,, is the
conditional expected value for fixed interviewers / and u, and fixed
respondents j and v. We shall assume that, if i % » and j +# v (i.e., if
both interviewer and respondent are different), the responses obtained are
independent. Thus, if i # u and j # v,

Phi:ikuvw = PhiikPhuvw (7-5)
Ehia‘quhzijhww = X’hiiihuv (7-6)

b. Contribution of interviewer errors to the variance of a sample estimate
from a simple random sample. Let us suppose that the sample design
calls for drawing units from the population as a whole and drawing
interviewers independently within each group. These selections are
made at random. To each sample interviewer drawn from the Ath group
we assign, at random, a certain number of the units in the sample from
the hth group. We fix in advance:

(1) n == the total number of sample units to be drawn.
(2) 7, = the number of sample units to be assigned to each sample
interviewer from the Ath group.

Since the n units are drawn independently of the groups, the number of
units falling in the sample in any group is a random variable. Let us
designate the number of units in the sample from the Ath group by n,.
Since we fix the number of sample units per interviewer in the Ath group
at 71,, the number of sample interviewers to be drawn in this group will
be m, = n,/fi,, and m, will also be a random variable.

Let

%y, = a particular response obtained for the jth sample unit when

interviewed by the ith sample interviewer drawn from the hth
(population) group.
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ma

Z 2 2%nisx .
z= L—“j—— a.n
The summation for k is omitted because only one response is recorded
for any individual in the sample.
Contingent upon drawing a unit from the hth group, the probability that

11
ik = Xpigr 1S — N, M, — Py, and there are n,, values of #,;;. Thus
;Eh(”hxmik)
Ef = +¥—— .
T " (7.8)
En(nyxn, ) = Eh[nhEh(xhiik‘nh)] = Ey(n,Xp) (7.9)
where
Mo M
Z 24 %Pimkxhuk 2 Z_.Xhu
X, =+ == 7.10
" MhNh MhNh ( )
L —
ZXhEh(nh)
Therefore Ef = ’—‘—n—- (7.11)
Since
nN,,
E —
a(ny) = N
I L My Ny
IzNhXh z M Z ZXMJ
- h h htoj v
o= = =X 7.
E% N N , (7.12)
L my 7ia 2
_ Z Z thuk
t=ER— X=E\X+~1——%X (7.13)
n
To evaluate
L my 7ia 2
2 2 2Zpisk
ot=E u;f——— b'e

we shall make repeated applications of Theorem 15 of Ch. 3 (p. 65).
First, let us assume that condition b, is that the sample of households
and the sample of interviewers assigned to the households are fixed.
Then, from Theorem 15,

0% = Ec%y, + Oy (7.14)
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Now, since
. L s iy L my i _
22 thiik 2 Z thii
E L—;f—— | ) = 2+—+-1— (7.15)
n

it follows that

L my 7in L ma __n‘ _ 2
2 Z thiik 2, Z Z.ij
0211»1:5 hmn] _h i lbl

1 L il ia _ 2
= n—2>h:, iEhi {[zj.(xhiﬂc_ Xm)] | bx}

1 L m o .
=" 2 2 2 En@h— Xpin)

nhoij

1 L mn ﬁ’i _ _
+ s % . 2 Episo @nise— Xnis) Enivw — Xun)  (7.16)
1 j#v

where E,; represents the conditional expected value for the interviewers
fixed, E,; represents the conditionai expected value for ith interviewer in
the sample and jth household in the sample, Ej;;, represents the con-
ditional expected value with the jth and vth sample households fixed.
Then, Ec%,, where o3, is given by Eq. 7.16, is

g 1 L m, ﬁh M), 1%,‘; _ )
Eogp, = ;13 E % E X,; ; Aj—fEMj(xMjk — Xyi5)
1 _Lm, f, i,— 1% N . -
+ = E’ # Nﬁ XTL:_I 2, Z Enis,o@nisk — Xnis)@nivw — Xpio)
d hAYR VR T jFEY (7.17)
and since
Em.ji, = En, = n—
mi, N, =n N
we have
2 1 L 1 b(h Na _
Eozp, = ;7\} % J—W—h % thiz‘(xM:ik — Xpip)?
1 Lﬁh_l lMaNh _ _
+ =32 > Epis o @nise — X)) @nivw — Xniv) (7.18)

nN % Ny— 1 M, T %

To complete the evaluation of 0%, we must evaluate 0%z, the second
term of Eq. 7.14.
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Now E(&|b,) is given by Eq. 7.15 and

L my #in 2
?\ z ZXhu
Oy = E ~———;——— b'¢ (7.19)

We can again apply Theorem 15, Ch. 3 (p. 65), to Eq. 7.19 with the con-
dition b, that the interviewers in the sample are fixed. First, let

L my in

2 Z zXhu
a—;:/ — h i g
n
Then
Ty = OF (7.20)
Now, from Theorem 15,
0% = Eo%y, + Oy (7.21)
Since
L ma
%Z th
E(.E'[bz) e At ; (7.22)
where
N _
> X,
X, ="
hi Nh
then
L m _A _ L mn 2
% 2 Z,Xm';t 2’4 27inXni
O,z lb — E 1 '_17 1 - | bz
1 L ma - 2 N
=22k, [Z(X;m th)] (7.23)
n®h oq
N N
1 Lm Z(me_ X
—— P A
n? ‘hz ;n,, Ny
1 Lom iy, Ay, v 74
+ "IE % Z F N —1 Z(X»u X)) (Xpio — X
i IVp Ny j#v
and since

Emyf, = En, = n—=2
myn, n, nN
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we have .

»

. 1 L 1 Maly _ P
E"z’lb.=’N—;'];[" ; E(Xw" ni)

L LS L L e R (Ra— Ka)  (124)
NT‘I z Mh Nh'— 1 il hi hiv hi
and to complete the evaluation of o}, we must find 0%y in Eq. 721
From Eq. 7.22

J

mp

F 3

=-M-

E(&|by) = (7.25)

L ma 2
% Zﬁhxhz _
g = E\™ - (7.26)

n

and

4

If we now let E(¥|by) = &', we can again apply Theorem 15, with the
condition b that the number of interviewers is fixed. Then

0% = Eop, + 05 (7.27)
Now
L m. i M, _ L _
2 Ahlh ZXM 2mXa
E(i‘”lb:}) — h h 1 — h (7,28)
n n
and
L ma L _\2
%z Xm ;ﬁhxh
ofp = E - | by (7.29)
1L
= ;’% n”h [Z(Xm" Xh)]
~ LSS, xy (7.30)
= s M, 5 hi 3 .

since E(X,;— X,)(X,;— X,) =0 when the interviewers are selected
independently (i.e., with replacement).

Now, since
Em.fi, = En, = n—
My, n, =n N
DS R &
Eai’lb = n—]\-[%ﬁ,‘Nh-L—Iuh—‘ (7.31)
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n N

L _ 2 L _ L 2
2mX, B 2mX, ZN;.fh
A =E\* b (1.32)

L n, N,\2 L _ (n, N\ 5 (n; N
_E )?2(_"__") E (_;.__ﬁ) (_f__f) .
% " h N + héth h N Xj n N (7.33)

Now, to evaluate Eq. 7.33, we have for the first term
L_(, N\ N-—n L__N, N,
E Xz(__"__._h)= X2___’!(1___L‘)
%" n N (N—l)n%"N N
_ N—n %1\72‘&‘“ N—n é_zg_ﬁ
N—Dn7 "N (N—1n5 " N2

To evaluate the second term of Eq. 7.33, we first let

The second term then is

L L
E Y XmXpn, = 2 EX\mXn;
h#j h+#j
L <7 i A -~ ~
=S E(EX,X;n,A,7;)
_ hti
Since

L . LA
iy =2n;=0
h i

the second term of Eq. 7.33 is equal to

L _ N, N—n L _ _ N, (N—N, N
- EXX‘?(——"—-)=_ XX_!(____._’)___!‘._
AV TR A T S

L 2 L oo

__N—n < 'jrl_vli___
ST W=D INNT O (N—Dnl N? ‘N?
L
N—n N—n ;Nﬁfﬁ
—_— X2 e S
N_1n® TN—Dn N?
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Combining the evaluation of the first term of Eq. 7.33 with that of the
second term; we find that Eq. 7.33 is equal to

L
>N, X3
N—n (‘?7 h h~)t_’2)
N—1n\ N

and for N large relative to n, we have

L
;:N’A(Xh - X)2
21 e == .l-‘_—- 7n3
T ba) N (7.34)
We finally have, collecting terms,
o} = Eo}y, + Eo%y, + Eo%y, + 0hep (7.35)

where the terms in Eq. 7.35 are defined by Eq. 7.18, 7.24, 7.31, and 7.34.
Equation 7.35, after considerable algebraic manipulation, reduces to

My Ny =
1LN, “ 2 ZEm':(xm;'k— X)?
2 __ j
%=Ly M,N,
M, NA -
1L h 2 m v(‘zhz;k h)(xhww - Xh)
+ -3, — 1 ijre 7.36
2 2= AR (7.3
Now let
My Ny _
L N, Z ZEhij(xhiik" Xy
%-}7 L MN = o% (1.37)
h 1Y)

We note that

M, N, — -
2 2 Epiy o@nijie — X)@pive — Xn)

S )
Onx1 MNN,— 1) (7.38)

is the average covariance among the responses for a given interviewer.
Then Eq. 7.36 can be written

SV

1 1 (in— DN,o,x1
o= ok +- — (7.39)

where ¢% is given by Eq. 7.37 and 0, x; by Eq. 7.38. Assuming

ﬁ’l= =R

Il
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for all 4, Eq. 7.39 becomes

"(Ux —ox) + ! (7.40)
where
o ZN WOnxr
X1 = N

c. Estimates of variunce from sample results. Let

ma 7

S Sy — 8 S B

2 __i_d o
Six = i p— (7.41)
To prove:
Esty = Ohx = E@pi — Xn)z (7.42)
Proof.
ma Ta in ma
Z Z(xhu' - ihi)z 2 zx)m zi%z
Etd—— —=E*d— _F4 (7.43)
myhn, myfiy, my
Since

Ei,, = X, and EZ, = m? + X}
Eq. 7.43 = Un\-i-X,, myo% — X3
= Oix = M, (1.44)

Moreover, from Sec. 2, Ch. 6, the expected value of the last term in
Eq. 741 is

mp _ _
Z(xhi — &)

El—rm‘— = m,o}, (7.45)
Therefore,
Esiy = 0%y (7.46)
To prove:
Esyx; = onxr (7.47)
where

m o _ my 7 _
Z(xhi — &,)? Z Z(xhu — Zpef
i i

m, — 1 myfiy (A, — 1)

Proof. From Sec. 2 of Ch. 6

Spx1 = (7.48)

ma
Z(im - ih)z
E 't—m'—:l— = mhai_ (7.49)
h
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and
s M fn ~ my m_
z ;(xm — &) 2 Zziii inzu
1 _ ) —_ 2
myfi (i, — 1) myy (i, — 1) my(A,— 1)
ma fn
s _
E Z z hij 0.)2”( + X}z:
m,,n,,(n,, - l) A,—1 n,—1
and
mn_z

mh(ﬁh_ 1) ﬁh_ 1 ﬁh_ 1
and from Eq. 7.49 and 7.50 we have

E _ Gix | Moy
X T e I T A1

From Eq. 7.39

oix | (Ain— Dosxy

o =
myfi, mi,

3

Esy,xr = Eq. 7.53, and, substituting Eq. 7.54 for o%, we have

Esyx1 == onx1

To prove:
2 éN,,(Y,, _xyp
Blx =ty
where
St it > M), — g
ng T on—1 nn—1)

Ch. 12

(7.50)

(1.51)

(1.52)

(7.53)

(7.54)

(7.55)

(7.56)

(7.57)

Proof. Now the expected value of the first term in the right-hand side

of Eq. 7.57 is
Lo L
omy(E, — T D
EX =E:r —_ Ez
n—1 n—1 n-—1

L -
2m(of, + X3) n _
=E* — (o3 + X?)
n—1 n—1

(7.58)

(1.59)
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L -
SN,

n—l,. a1 N a—1% aod

L
SN(X, — X

n LN,,2+ n 4 o2
= -0 —
n—1% N * ' n—1 N n—1°%
Since
L
21y
F=2
n

then, by Theorem 15 of Ch. 3 (p. 65),

L L 2
Znitf?. ZnhY 3
= E-X + E\% - X

n? n

Since, as shown above, En, = n(N,/N), it follows that

L 2
ZnhX,h ZNh(Xh X)2
ko e

h

n Nn
We have
L L _ _
2”%‘7;, ZN WXy — X)?
2 __ h Lk
a=E n? 1 Nn
Therefore
L L ¥ o
n,(%, — T)> >N, - X
E%h(h )= n §&62+ n >h.h(h )
n—1 n—15 N * n-1 N
L
1 L ZN h(f A X )2
BT R S
Now
Mn
Z(xm — &) L
Z”h(” _1 2nun— ”h)"%.
E my, —EX
nin—1) n(n—1)
L
Znhndgn Zn’lg:t»
—E2*

n(n— 1) n(n -1

no% . LI
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(7.60)

(1.61)

(7.62)

(7.63)

(7.64)

(7.65)

(7.66)
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L L
2 2 2
;N 10%, %"h"z»
4

n
“n—1 N ~En(n——1) (7.67)

Hence from Eq. 7.65 and 7.67

%Nh(fh — Xy
Es?y = *+——— 7.68
Sbx N (7.68)
Thus, if we let
L L
mshx 20— Dmsyxy 52

s2=2 + L + X (7.69)

n? n® n

where s is given by Eq. 7.41, s, ; by Eq. 7.48, and s3y by Eq. 7.57,

L L
%Nnagx ;(ﬁh — DNyowxy o2

Es — %x
52 nN + nN T n

= o2 (7.70)

s2 can also be written in the forms:

L my 7in L
% Z Z(xm — Iy ;(ﬁh — Dnasaxr
2 __ b i j )
Sz = nn—1) + nn—1) (7.71)
and
L — mn L
2 M 2(&; — £ 2my(E, — E)
52— r m(m, — 1) +L___..__
2 nin—1) nn—1)
When L =1,
S, - ap
g __ i
S5 = m(m — 1) (1.72)
If A, =i =n/m,
L
DniSnxr
Sx1 = 2
n
L m, _ L mn 7 _
z m. — 1 Z(xhl xh) Z z Z(xhu - xhz)
h h i h 1§ (7.73)
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2
2MmiSix
P
s =12

2
+ Sx
L mn %

L
2 2 Z(xm — %)
. h 1 3 +

— &)

n m

— Ny

L My
2m(E), — TR Z” Z(Tm — )
+ h

n—1 n(n—l)

1 ”‘I‘“n_lSX[ (7.74)

L my #t
%:szthzj Ai—1
h

L my @

% 12, Z(xhu - i— 1 (7 75)
5= nn—1) + n_1°X1 )

d. Variance of a mean with a double sampling design. This section
considers a case where n individuals are drawn at random, and from these
n individuals, 7 individuals are assigned at random to each of m sample
interviewers (m, interviewers from the Ath group). For this sample we
obtain responses x,,; under essential conditions X. From the 7 sample
cases assigned to each interviewer we subsample at random i’ cases,
giving a total subsample of n” = mA’. We also have a set of L’ interviewer
groups (which may or may not be the same as the original interviewer
groups). Of the subsample cases n, are available for interview by inter-
viewers in the pth of the L interviewer groups. We draw m(= m'n,/n’,
where m' is determined in advance) interviewers from the pth interviewer
group and assign at random to each of these sample interviewers
#’(== n'|m’) individuals. The second set of interviewers obtains responses
2,4; under essential conditions Z from each of the ' individuals in the
subsample. We use as an estimate of Y, the true population mean,

=2 (1.76)
Z
where
L ma n
2 Z 2Tnis

F=Lt i @7.77)
n
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L my
2 Z 2%nis
= "——nl—— (1.78)

~

L m'y i

Z Z Zzwi

F=t1

nl
The expected value and variance of # have already been derived. The
expected values and variances of #' and 2’ are identical with the values
for a random sample of n’ cases drawn without reference to the sample
of n cases from which £ is calculated. Thus

L1 mm_
s 30
Ei = =AM (1.79)
N
where X,,;; = the expected response value for the jth individual in the
population interviewed by the ith interviewer in the Ath
group under essential conditions X,

and
L] M, N,
Z —]—W_; Z Zz»qﬁ
E=2=2"2 ;V J (7.80)

where Z_,, = the expected response value for the jth individual in the
population interviewed by the gth interviewer in the pth
group under essential conditions Z.
Using the usual approximations to the expected value and variance
of Z gives
. . (EI)(EZ) X2

Ez——“—(-E—gt_;;)——:—‘A:;:Z (7.81)
2 2 , 2 UG s — Cus
o} = 22 [% + “}2 204 %12__ (9, zYZ O3 )] (1.82)
Since o, = o2,
2 __ g2 2 Nopy— opy
gg = 72 [a, 72 0% + %.32_ ﬁ!_?}ffi_.)] (7.83)
and
MSEZ=(Z— Y2+ o2 (7.84)

It will be noted that the bias of 2 is approximately (Z— ¥). Thus, if
Z is closer to Y than is X, 2 may be a better estimate of ¥ than 7, even
when the variance of Z exceeds the variance of &.
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As previously noted, the variances of #' and Z’ are the same as the
variances when the subsample of n’ is drawn independently of the sample

of n. Thus

We also have

where

and

Thus

where

2
0x — 0 Oxr
ol = XX X
n m
2
2 _ Uz*"'zr_*_ Oz1

’ ’

14 m

2
% — o Ox
2 XI X1
=2 A

n m

nn'EXZ = n' E@pipq5) + 0'(0 — 1) E@pi250,)
= ' E@y;2pq;) + 0W'(n— 1NXZ

Eif — E(xhi;zv::)“ Xz L%z
Opy = Ixz
N
>X.Z,

- Xz

oxz = E@nitpe) — XZ =+

(W VETZ = 0 Exppq + 000 — 1)Exy 2,4

= n'Exy2, + 00 — )XZ

Oy == X2

'z nl
a-z(Uil i H)
n m

Xz X2
03— 0z;
V= 7 U
0z

(1.85)

(7.86)

(1.87)

(7.8)

(1.89)

(7.90)

(7.91)

(1.92)
(7.93)

(7.94)

(7.95)

(1.96)

(71.97)

(7.98)
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Unbiased, estimates from the sample of 0% and ox; have been derived
above. Estimates of 0% and o; will have the same form as those for
o% and oy, using the values z,,;. As an unbiased estimate of oy,
we have

w

thﬁzwi nez

= 7.99
Sxz n—1 n—1 ( )

’ ’

n —-r =
Esxz = w—1 (Expiftyq — EX'Z) =

n—1
=0Oxz (7.100)

e. Variance of estimates of response bias. We have considered the case
where samples are drawn as described in Part d (“double sampling”
design), and it can be assumed that Z =Y. In this situation estimates
of the bias of & as an estimate of ¥ are

bx

If
K
Ny

! (7.101)
and

]
n

by=%—2 (7.102)

Thus by is an unbiased estimate of the response bias By (= ¥ — 2)°
The “ratio” estimate by is a consistent estimate of By. For the variance
of by we have

a;fx = o} + o — 204 (7.103)
Substituting values obtained above for o}, 63, and ;. gives

2
ok —0xr  Oxr 93— 0z Oz 20xg
af =t =S =2 = =2 (7.104)
X n m n m n

For the variance of by, we have

a;x = 0% + 0} — 20 (7.105)
and
Op = O (7.106)
Thus
agx = O%x + 0’;’ — o@ (7.107)

2
<o —2° ('—‘1- ——1) (21—” - 1’5—-—“—"—’) (7.108)
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Precision, 7
Primary sampling units, 5
Pritzker, Leon, 281, 325
Probabilities, optimum, 197
Probability, 15
conditional, 24, 59
limits with Tchebycheff inequality,
69
of event, 16
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at ith drawing, 30, 91
variable probabilities, 62, 194
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selection by, 18
theorems on, 15-38
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Probability selection methods, 16
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Product of random variables, 54
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sample size needed to estimate stand-
ard deviation of, 105
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126
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134
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Random event, 42, 61, 65
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relation to random variable, 43
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rel-variance of, 241
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20, 41
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some special ratio estimates, 225
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sampling
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when approximation is good, 109
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sampling without, 18, 41
Response errors, 280
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compensating and uncorrelated, 305
effect of, reflected in variance esti-
mate, 293, 305
individual, 285
interviewer contribution to, 288, 294,
295
mathematical model for, 281
response bias, 285
role of, in determining survey design,
280
variance of estimated response bias,
324
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square, 262; see also Cluster
sampling; Stratified sampling;
Systematic sampling
Root mean square error, 51

Sample, 4, 6
Sample design, 7
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Sampling plan, 4

Sampling unit, 5

Schumacher, F. X., 176

Second-stage sampling units, 5

Self-weighting sample, 197

Sequence of estimates, 72

Shrivastava, M. P., 296

Simple one- or more stage cluster
sampling, 142fF.; see also Cluster

sampling
ﬁple random sampling, 19, 21, 32,
90ff.
compared with stratified sampling,
31, 130
Simple unbiased estimate, 119, 144,
207

Size of sample needed to estimate
standard deviation, 105
Skalak, Blanche, 173
Smith, B. Babington, 33
Stage of sampling, 5, 142
Standard deviation, 51; see also Vari-
ance
coefficient of variation of estimated,
104
confidence limits for estimated, 104
rel-variance of estimated, 102
size of sample needed to estimate,
105
Standard error, see Standard deviation
Stephan, F. F., 139
Stock, J. S., 141
Stratification, after sampling, 138
by size of psu compared with opti-
mum probabilities, 200, 202
effect of, with cluster sampling, 185,
227
_“When to equalize size of strata, 215
Stratified sampling, 30, 121ff.
bias with ratio estimate, 126
cluster sampling, see Cluster sam-
pling
correction for bias in estimation of
total variance, 138
optimum allocation to strata; see
Optimum allocation
proportionate  stratified
124

sampling,

Stratified sampling, stratified simple
random sampling, 30, 121
compared with simple random
sampling, 31, 130
estimate and variance, 57, 121
gain from optimum allocation, 134
gain from proportionate sampling,
130
precision of estimated variance
within strata, 239
proportionate selection, 31
variance with optimum allocation,
134 .
substratification with cluster sam-
pling, 205, 206
to control variation in size of psu,
200
with double sampling, 257
Subsampling, 5, 32
Subset, 4, 16, 28
of a population, 106
variance of an average or total for a
subset, 114
Substitution to accomplish weighting,
139
Successive occasions, sampling on, 268,
272
Sukhatme, P. V., 141
Sum event, 26-27
evaluation of probability of, 28
Sum of random variables, expected
value of, 48
variance of, 56
Summation notation, 11
Sums of powers, 77
Survey design, 8
Systematic sampling, 21

Tchebycheff, 69

Tepping, B. J., 173

Thompson, D. J., 204

Thompson, W. R., 248

Three- or more stage sampling, 182,
205ft.; see also Cluster sam-
pling

Time series, sampling for, 268, 272

Total variance, estimate of, 138, 151,
157, 180, 216, 218, 291

Totals, estimates of, 194; see also Ag-
gregates
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Travel cost, 188, 191
Trend, estimate of, 269, 271, 274, 276
True value, 8, 282
Ts¢huprow, A. A., 141
wo-stage sampling,
Cluster sampling

142; see also

Ultimate cluster, 156, 293
estimate of variance, 156
measure of homogeneity for, 165
Unbiased estimate, 46
Uncorrelated but dependent variables,
55
Uniform sampling fraction, 144, 207

Variable probabilities, 194, 208, 213
adjustment for changes in, 234
optimum, 197

Variance (also rel-variance and co-

variance), 50

comparison of P2 and vz, 202

components of, or contributions to,
144; see also Cluster sampling

conditional, 63

contribution to mean square error,
51

estimates of, see Variance estimates

for cluster sampling, see Cluster
sampling

for double sampling, 254, 257

for simple random sampling, 92, 96

for stratification after sampling, 138

for stratified sampling, see Stratified
sampling; Cluster sampling

in terms of measures of homoge-
neity, 161, 222

of difference estimate, 250

of estimated coefficient of variation,
236

of estimated rel-variance, 236

of estimated standard deviation, 102

of estimated variance, 99, 117

Variance, of estimates for subsets, 114
of linear combinations of random
variables, 56
of ratio estimates by subclasses, 225
of ratios of random variables, 107;
see also Ratio estimate; Strati-
fied sampling; Cluster sampling
of regression estimate, 251
of simple unbiased estimate com-
pared to ratio estimate, 119
with optimum allocation, 134, 137
with varying probabilities, 194, 208
within and between strata, 129
Variance estimates, for cluster sam-
pling, see Cluster sampling
for simple random sampling, 98, 120
rel-variance of estimated standard
deviation, 102
rel-variance of estimated variance,

99
for stratified simple random sam-
pling, 137

from random groups, 240
precision of, 99, 102, 105, 236, 237,
240
with known stratum means or totals,
246
Variation in size of cluster, control of,
194
Varying probabilities, 18, 62, 194, 213

Weighting, by random substitution, 139
optimum weights, 265
Welch, Emmett H., 325
Wilks, S. S., 248
Within strata variance estimates, pre-
cision of, 237
Woodruff, Ralph S., 247, 249

Yates, F., 176, 279

Zacopanay, 1., 176
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