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PREFACE

This book had its origin when Professor Neville in 1929 passed
on to me some papers left to the Mathematical Association by
Professor Genese. These contained lecture notes and examples
on Grassmann’s methods. Though the notes themselves have
been used but little, a large number of examples from thigYoprce
have been incorporated in the earlier chapters (77, 46, 4, 6, 16
in Chapters 1-v respectively). As I had been interested in this
field for years, I thought it might be worth while to extend the
work beyond the strictly elementary field covered in Genese’s
notes, and to give a coherent account of Grassmann’s methods,
with a number of applications sufficient tojustify their use.

The emphasis on identities is my own, and my aim has been
to express geometric theorems as identities, involving not
co-ordinates but the geometric entities themselves which appear
in the theorems.

It should be mentioned that the methods in the papers quoted
are frequently very different from those in this book, and that
my debt to Baker’s Principles is far greater than that indicated
by the references to that work. i

Numerous accidents have delayed publication. When I left
England in December 1933, the book was ready in the rough.
The duties of a new and congenial post, and, it must be added,
residence in a country where there are no mathematical libraries
and where the external conditions of life, for the newcomer,
severely hamper any sustained mental effort, together made
revision a much longer task than I had anticipated, and printing
did not begin till the spring of the fateful year 1939.

I desire to acknowledge my gratitude to the Library of
University College, London, which for many years was my main
link with scientific literature, to the Library of Hull University
College, to the Library of the Mathematical Association and its
Librarian, and to the Council of Auckland University College
for the help they have given to the Library here, and for the
interest they have shewn in the research work of members of
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the College, to Professor Saddler for criticism of part of the
MS, to my colleague Dr Bullen for valuable assistance with the
proof-reading, to Professor Mehmke for off-prints of papers not
accessible to me.

To Professor Neville my debt is unusually heavy. Not only
was he, perhaps unwittingly, the instigator of the project, but
his criticism of the first draft led me to make considerable
changes in the text, and while the sheets were passing through
the Press, he was untiring, in spite of the troubles of the times,
in detecting errors and misprints, in suggesting amendments,
in verifying and supplying references inaccessible to me here,
and generally, in using his, in some respects, more fortunate
geographical position, to soften my antipodean disadvantages.

Once again it is a pleasure to express gratitude to the Syndics
of the University Press in undertaking to publish such a book
and in such days as these, and to the Staff for the pains they have
taken in the complicated task of printing it.

H.G. F.

A}

September 1940

UNIVERSITY COLLEGE
AUCKLAND
NEW ZEALAND
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Etsi omnis methodus licita est, tamen non omnis expedit

LEIBN1Z, quoted by GRASSMANN
as motto of his Geometrische Analyse



INTRODUCTION

Grassmann’s Calculus of Extension is an abstract algebra with
a wide range of applications; we shall be mainly concerned with
its use in Geometry. In this field it has the same value that
vector methods have in Physics. In the usual analytical geometry
coordinates are used, and geometric entities are represented by
equations involving these coordinates. As a rule, the use of these
coordinates introduces geometric entities, such as axes of refer-
ence, which are strictly foreign to the purpose in hand. In the
method of this book, we use equations involving the geometric
entities themselves, such as points, lines, circles, or quadrics,
and not their coordinates; to prove a geometric theorem is to
prove such an equation, and as in most cases the equation turns
out to be an identity, we have an automatic method for proving
geometric theorems.

Before we can construct such equations we must introduce
operations, which we call addition and multiplication, in the set
of geometric entities, and must find the laws governing these
operations. A simple case is furnished by the ordinary vector
algebra in which vectors are added and multiplied scalarwise
and vectorwise. The addition of points in our work is not unlike
the addition of vectors in vector algebra, but it is more funda-
mental, and the vector algebra can be deduced from the point
algebra, a vector being merely the difference of two points. Itis
the multiplication of points which introduces the essentially
novel feature. The product [ab] of two points a, b is interpreted
as the vector tied down to the line ab, and having a magnitude
equal to the length of the interval ab, and a direction from a to b.
Calling a tied vector a ‘rotor’, it is necessary, before we can go
further, to define the addition of rotors. The theory of this
addition is essentially the theory of statics, these rotors being
analogous to forces. The present algebra, unlike the vector
algebra, distinguishes between vectors, which are differences of
points, and rotors, which are products of points.
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In the first chapter we consider geometry in the plane, in the
second chapter geometry in space, and in setting up the laws
of our algebra we use some simple geometric theorems which
are stated as they are needed. Once the fundamental laws of
calculation have been established, the algebra may be used to
deduce further geometric propositions. Just.as the product [ab]
of two points denotes an interval with a sense along the line
ab, so the product [abc] of three non-collinear points denotes
an area with a sense on the plane abc, and it becomes evident
that there is no need to restrict the work to three dimen-
sions. These products [ab], [abc] are called ‘progressive outer
products’ to distinguish them from products introduced
later.

In dealing with metric and projective geometry we need
another type of product, the ‘inner product’, of which the scalar
product of vectors is the simplest case. If u, v be vectors, the
inner product of , v is denoted by [#|v], and may be regarded
as the vector product of # and |v when |v is a vector perpen-
dicular to v, called the ‘supplement’ of v. The generalisation of
this point of view leads to the definition of the supplement |x
of any geometric entity « and to the extension of the notion of
inner product. In metric geometry of three dimensions, the
supplement of a vector is a ‘bivector’, a quantity analogous to
the outer product of three points but not anchored to a special
plane, but associated with any one of a set of parallel planes; in
projective geometry of three dimensions, the supplement of a
point can be interpreted as the polar plane of the point with
respect to a fixed quadric.

The method of presentation is this: We first apply the
algebra to metric and projective geometry; in dealing with
metric geometry we assume a few propositions and so shew
how the algebra must proceed. We build up the projective
geometry from the bottom, running it parallel with the algebra,
but at one or two places we use some work from the usual
analytical geometry. Our aim at first is to shew the algebra at
work, to illustrate its power and its range. When this has been
done, the later chapters give a logical systematic account of
the algebra in n dimensions; in that portion we can rely on
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Grassmann’s own work,* which was a general theory with prac-
tically no applications of the kind found in this book.

The calculus can be applied to certain parts of algebra and
we illustrate its use in the theory of determinants. It can also
be applied to differential geometry, but as there it practically
coincides with the ordinary vector algebra we omit this applica-
tion. Another important field in which it is of use, is the theory
of Pfaffian differential forms; we do not treat these here.

In dealing with differentiation, in order to avoid the discussion
of points not strictly related to our subject, an old-fashioned
point of view is taken. The difficulties that remain are in no
way different from those in ordinary analysis.

After the general theory has been developed we sketch the
theory of matrices in the service of geometry, and apply the
general theory to circles, ordinary and oriented, and to line
geometry. Finally we introduce the notion of ‘algebraic
product’ of geometric entities and illustrate its use.

The algebra of vectors created by Grassmann and Hamilton
has at last won an established place in Physics. Grassmann’s
methods are of equal use in Geometry, but this application is
less widely appreciated. It is hoped that this book will redress
the balance.

* Particularly the second version of the Ausdehnungslehre (1862), quoted
as A,.



NOTATION
Entities of the same kind are denoted by letters of the same
kind, as follows:

Scalars: small roman letters,
particularly k, 1.

Points, vectors, extensives of step one: small italics, a, b, v.

Lines, rotors, bivectors: capital italics, 4, L.
Planes, leaves: small greek, a, 7.
Transformations, matrices: gothic %, B, a, b.

In order to avoid extra brackets, ,/[] [] is frequently printed
instead of /{[][]}, where [] stands for expressions in our
algebra,
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CHAPTER I
PLANE GEOMETRY

§ 1. Addition of extensives and multiplication by scalars.

The algebra we use in this book is due to Grassmann; it is
an abstract algebra which furnishes useful methods for attacking
geometric questions; it employs an operation called ‘ addition’,
and several kinds of ‘multiplication’. In an interpretation of the
algebra, the elements a, b, ¢, ... of the algebra may represent
points, lines, oriented circles, conics, and so on. In our first
interpretations, they represent points.

In the abstract development of the algebra, we shall call the
elements ‘extensives’. The result of the ‘addition’ of extensives
a, b is denoted by a+b.

The fundamental assumptions for the operation of addition
in the abstract algebra are:

1. If a, b be any extensives, then a+ b is an extensive which
exists and is unique.

(This assumption is subject to a limitation later, § 4, p. 13.
At present we ignore the limitation.)

’

iz If a, b be any extensives, then a+b="b+a.
" #3. If a, b, c be any extensives, then (a+b)+c = a+(b+¢).

Thus we may write a+ b+ ¢ for (a+b) + ¢, without confusion.

4. If a, b be any given extensives, there is a unique extensive
¢, such that a+c = b.

This extensive is denoted by b—a.

Thus a+(b—a)=b, (b—a)+a=0>b. If a+c=a+d, then
c=d.

From these assumptions it follows that, if a, b be any exten-
sives, then a—a=5b—5. For, by 4, there are unique elements
¢, 0y, 0y such that a+o0, =a, b+0,=05, a+c=>. Then, using
2, 3, we have

b+o,=a+c+o,=a+0,+c=a+c=b=>b+o,.

Hence by 4, 0, =0,.
FCE I
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Thus by the definition in 4, a—a=5b—b. It will cause no
confusion if we denote a—a by the same symbol o, as is used
for the arithmetic zero.

Then, for all extensives a, a+0=0+a = a.

We can ‘multiply’ an extensive a by a scalar k, and write the
product as ka.

This multiplication is to satisfy the following assumptions,
where k, k;, k, are scalars, and a, b extensives:

5. ka is an extensive. 6. 1a=a.
7. (klk2) a= kl(kza). 8. (kl +k2) a= k1a+k2a.
9. k(a+b) =ka+kb.

In 8 take k, =1, k, = 0; thence by 4, oa =a—a=o.

With subtraction defined by 4, we may define —a as o—a;
it then follows that (—1) a = —a, (—k) a = —ka.

The above assumptions give the whole theory of addition and
subtraction of extensives and of multiplication of extensives by
scalars, and they exhibit the analogy with ordinary algebra.

By a ‘scalar’ we shall in the first instance mean a real number,
later we shall include complex numbers among scalars.

§ 2. Interpretation of extensives as points of a Euclidean plane.

1. We give an interpretation of the algebra in which a point
is represented by an extensive a, and where ka represents the
same point with a weight k attached, as in statics. A point in the
usual sense must then be regarded as having a unit weight
attached to it, and if a is the point, we may write it either as a
or as 1a. The difference a—b of two points of unit weight will
be interpreted as the vector from b to a. The usual vector
algebra, as far as it concerns addition of vectors, will be included
as a case in this section. In order ‘that it should be seen what
properties are taken from geometry in this interpretation, it is
best to begin, not with addition, but with subtraction.

2. If a, b be points of a Euclidean plane, a—b is to represent
the vector from b to a; its magnitude is given by the length of
the interval between the points. If ¢, d be two points such that
the interval dc is parallel to and equal in length to the interval
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ba, and if the intervals (supposed directed) have the same sense,
the vectors represented by a—b and ¢ —d are identified.

Thus a—b =c—d means that the directed intervals ab, cd
are congruent, parallel, and in the same sense. If now we
assume that the geometric relations of congruence and paral-
lelism between intervals are symmetric and transitive, then the
sign = has the usual properties, namely:

If a—b=c—d, then c—d=a—b. (1)
Ifa—b=c—d,and c—d=e—f,thena—b=c—f. (2)
We now assume the fundamental theorems that if ab, cd be
congruent parallel intervals in the same sense, so are ba and dc,
and so are ac and bd. Symbolically:
Ifa-b=c—d,thenb—a=d—-cand a—c=b—d. (3)

We further assume: if ab be any interval, and ¢ any point,
then there is just one interval ¢d from ¢, congruent to, parallel
to, and in the same sense as ab. This gives:

If a, b, ¢ be points, there is just one point d, such that

a—b=c—d. (4)
Thus a—b=a—c, if and only if b=c; s)
a—b=d—b, if and only ifa=d.} 3

We use the letters u, v, w to represent vectors.

3. Addition of a point and a vector. If a is a point, u a vector,
then a +u and u + a are defined as the point d such thatd —a = u.

Thus (a+u)—a=u,
d a+(d—a)=d, ]‘ (6)
/ (a+u)—a=(b+u)—b.J
a ¢ If a+u=a+v, then u=o. (7)

Take u = b—c; then the equations
d—a=b—c and d=a+(b-c)

are equivalent.
Also, by (6), (3),

(a+u)—(b+u)=a-b. (8)
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4. Addition of vectors. If u, v be vectors, a a point, then a+u
is a point, (a+u)+v is a point.

Also [(a+u)+v]—a=[(b+u)+v]—b.

For, by (8),

[(@a+u)+v]—[(b+u)+v] =(a+u)—(b+u)=a—b.
The result follows by (3).
Hence, for all points a, [(a+u)+9v]—a is the same vector.

We denote this vector by #+v. Then,
by this definition,

e d
(a+u)+v=a+(u+v). VA /A
a Uu b c

We may write these expressions

as at+u+v.
If u=b—a, v=d—c, take e so that d—c = e— b, and we have
atu=>b, atutv=>b+tv=>b+(e—-b)=e, utv=e—a
Thus we have the usual parallelogram law for the addition

of vectors.

Also (b—a)+(e—b)=e—a. (9)
Take fsothatd—c =f—a,thena+v=f,a+v+u=f+u=e,
since f-a=e—bgivese—f=b—a=u.
Thus a+(u+v) = a+(v+u). Hence, by (7),
u+v=v+u. (10)
Hence, by (9), (e—b)+(b—a)=e—a. (11)
By (4), if #, v, w be any vectors, a any point, we can find points
b, ¢, d such that u =a—b, v =b—c, w = c—d. Then (11) gives
(+v)+w=(a—c)+(c—d)=a—d,
u+(v+w)=(a-b)+(b—-d)=a-d.
Hence (u+v)+w=u+(v+w); we write these expressions as
ut+v+w.

5. The nul vector. If a, b be any points, then a—b=a-b
gives, by (3), a—a = b—b. We call a—a the nul vector, or zero
vector, and denote it by o.

By (11), (a—b)+(b—a)=o.
If u =a—b, we denote b—a by —u; thence u+(—u)=o.
We define u—wv as u+(—v). Thus u—u=o.
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6. We now assume that if k be any scalar (real number),
and @b a directed interval, then there is just one point ¢ on the
line ab, such that ac:ab =k, where ab, ac here denote lengths,
taking signs into account. We write, in our notation,

c—a=k(b—a).

7. Sums of points. If a, b be points, x, y scalars, x+y#o,
then x_xigr,b is defined to be the point p such that

x(a—p)+y(b—p) =o.

Thus p is the point on the line ab such that the ratio of its
signed distances from a, bis —y/x; by 6, this point is existent and
unique if x+y#o0. Itis the ‘mean centre’ of weights x, y at a, b.

If a is a point, k a scalar, we regard ka as a ‘weighted’ point,

a point in the usual sense with a weight attached. We call k the
weight of ka. Then, if

xa+yb
Xty =p, (x+y#o),
we can define xa+yb as (x+y) p. Hence —:%, a+;{—_}”—_;’ b=p.
If u is a vector, a a point, k a scalar, we define u +ka, ka+u as

u
k(a+E) .

We can now form sums of vectors and weighted points. The
assumptions of § 1 all hold.

It is now easily shewn that (¢ —b)+¢=a+c—b, using our
geometrical interpretations. Thus it is not now necessary to
treat (a—b) as a whole.

For example, from a—b = c—d, it follows that a+d =b+c,
3(a+d) = 4(b+c), corresponding to the theorem that the
diagonals of a parallelogram bisect each other.

8. If weights x, y, z be attached to points a, b, ¢, then, if
X+y#0, X+y+2z2#0,
xa+yb= (x+y)pt+zc_
x+y ' x+y+z
give xa+yb=(x+y)p, (x+y)p+zc=(x+y+2)q,
xa+yb+zc=(x+y+z)q.
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If x+y+z 30, we can always multiply the weights x, y, z by a
common scalar k, so that kx + ky + kz = 1. This will not change the
position of g, since that depends only on the ratios x:y:z. We can

hence take p=xa+yb+zc, x+y+z=1. (12)

9. We may compare these equations with those used in
analytical geometry.

(a) Take Cartesian axes, and let a, b, ¢, p have coordinates
(kps 1y), (kg 1), (K3, 13), (k, 1), then (12) is replaced by the equations
(x+y+z)k =xk, +yk, +2k;, (x+y+2z)l=xl,+yl,+2zl,
and it may be regarded as a shorthand form of the last two

equations.

() Take moments, round the line bc, of the three weights
X, ¥, z, and of their resultant weight; it is easily found that
X, ¥, z are proportional to the areal coordinates of p, the triangle
abc being the triangle of reference.

If x+y+2z =1, then x, y, z are the actual areal coordinates.

10. To restrict the work to the plane, we assume:

If a, b, c are distinct non-collinear points, any point p can
be put in the form

p=xa+yb+zc, x+y+z=1, forsuitablex,y, z.

11. If a, b, ¢ be non-collinear points, and k, a+k, b +k,c=o0,
then k, =k, =k; = o.

Ifk, +k,+...+k, =0, thenk a +k,a,+... +k, a, is a vector,
and conversely.

12. All this work can be extended to space of any dimensions.
In ordinary space any point p may be written
p=xa+yb+zc+wd, (x+y+z+w=1),

where a, b, ¢, d are independent points, that is, no three are
collinear, and the four are not coplanar.

Examples on weighted points

1. Def. If a, b, ..., p are n points, then (a+b+... +p)/n is their
‘mean centre’. The three medians of a triangle abc meet in a point,
one-third of the way along each median from its base; this point is
the mean centre of a, b, c.
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For, if d is the mid-point of bc, then d = }(b +¢); if g is a point on
da such that, in the customary notation, dg:ga=1:2, then

g=3%(2d+a)=%4(a+b+c).

2. If abcd be a quadrilateral or tetrahedron, the joins of the mid-
points of edges ab and ¢d, of bc and ad, of ca and bd meet in the mean
centre of a, b, ¢, d and are there bisected.

For }a+b+c+d)=43(a+b)+i(c+d)}

= {3 +c)+i(a+d)} = Hic+a) +3(b+d)

3. Menelaus’ Theorem. A line cuts the sides bc, ca, ab of triangle

abc in points [, m, n. If
l=xb+x'c, m=yc+y'a, n=za+z2'b, x+x' =y+y =z+2' =1,
then xyz = —x'y'z'.

For the weighted point y/—x'm = xyb—x'y’a is in Im and ab, and

hence must be the point 7 with some weight attached.* This will

1 0

be the case if, and only if, xy:z’' = —x'y’:z, that is, if xyz = —x"y'z’.

4. Ceva’s Theorem. The lines ap, bp, cp cut the opposite sides of
triangle abc in [, m, n respectively. If

l=xb+xX'c, m=yc+y'a, n=za+z'b,
then xyz =x'y'z’.
For let p = k,a+k,b+kyc, then p—k a =kyb+kgc is a weighted
point on ap and on bc, and hence is the point / with some weight
attached. Thence (k, +k;) / = k,0+ k3¢, whence x:x’ =k, :k;.

S

Similarly y:y’'=ks:k;, z:2'=k;:ky; hence xyz=x'y'z".

5. If d, e, f be the mid-points of the sides of triangle abc, p a point
in plane abe, and if pd, pe, pf be divided at /, m, nin the same ratio
x:y, then al, bm, cn are concurrent.

For let x+y =1, then

l=yp+x3(b+c).
Hence ix.a+l=yp+3x(a+b+c). The result now follows by
symmetry.

6. If d, e, f be the mid-points of the sides of triangle abc, and
ap, bp, cp meet the opposite side-lines in [, m, n, then the joins of
d, e, f to the mid-points of al, bm, cn are concurrent.

For, let p = xa+yb+zc, then (y+z) ! = yb+zc. (Cf. Ex. 4.) Also
d = }(b+¢). Thence

2x(y +2z).3(a+1)+2yz.d =x(y +z).a+y(z +x).b+z(x+Y).c.

* This device is often of use.
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7. If the incircle of triangle abe touches bc in d, then the incentre
lies on the join of the mid-points of bc and ad.

8. Centre of gravity of a quadrilateral area abcd. We assume that
the centre of gravity of a triangle is the mean centre of its vertices.
Let the areas of triangles abc, acd be k,, k, respectively, and let g be
the centre of gravity required.

(i) 3(k; +ky) g =ky(a+b+c)+kya+c+d)

=(k, +k,) (a+b+c+d)—(k,d+k,b)
=(k;+ky) (@a+b+c+d—e),
where (k; +k,) e =k, d+kyb.

Thus e is a point on bd; similarly it is on ac, and hence it is at the

cut of the diagonals; thus we have the usual rule 3g =a+b+c+d—e.

(i) 3g =a+c+f, where b+d=e+f. Interpret this. (Bérard’s
construction.)

(iii) Let g,, g, be centres of gravity of the triangles abe, adc, and
let g,g, cut ac in [; in g, g, take m so that g,/ and mg, are equal in-
tervals in the same sense, then m=g. (Baltzer’s construction.)

For 3(kyg, +k g25) =ky(a+b+c)+k(a+d+c)

=(k, +ky) (a+c+e),
and these expressions represent a weighted point on g,g, and ac;
hence we have a+c+e=3l. But g, +g,—g=%a+c+e); hence
SHit&r=g+l.

9. Given the centroids of the four triangles into which a quadri-
lateral a,a,a5a, is divided by its diagonals, construct it.

g, = ¥(ay+az+a,), and so on. Hence @, =g, + g3 +g,—2g;-

10. If abed be any quadrilateral, plane or skew, and r, s divide
ab, dc in equal ratios, and p, q divide ad, bc in equal ratios, then pq, rs
cut in a point m such that pm:mq=ar:rb and rm:ms=ap:pd.

For let r=xa+yb, s=xd+yc, (x+y=1),
p=xa+y'd, ¢g=x"b+y'c, (x'+y =1)

Hence x'r —xp = yg—y's. The point represented by the equal ex-
pressions xp +yg, x'r +y's is on both lines pg, s which must therefore
cut, even if the quadrilateral is skew. The rest follows at once.

11. The mid-points a,, ..., a, of the sides of a polygon are given.
If n is odd, they determine the polygon; if n is even, there is either no
such polygon, or there is an infinite number.
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For let p,, ..., p, be the vertices, then
bit+p, =2a;, p,+p; =24, ..., py+p, =24,

If n is odd, these give p, = a, —a, +a,—...+a,; thus p, and similarly
all the p are determined. If n is even, and the equations are con-
sistent, we must have a,—a,+a;—...—a, =o. Hence the mean
centre of a,, a;, ag, ... coincides with that of a,, a,, 4, .... If this
condition holds, p, may be taken anywhere, and the other p found.
‘The figure may be in space.

12. A triangle whose sides are to pass through three given points
b, ¢, r and be divided there in given ratios x: 1, y:1, z:1 is, in general,
uniquely determined. But if xyz = —1, then either p, ¢, r are col-
linear, and the problem has an infinite number of solutions, or p, ¢, 7
are not collinear, and the problem has no solution.

Vectors and weighted points

13. If the point p be on plane abe, distinct from a, b, ¢, and the
parallelograms pblc, pcma, panb be completed, then the intervals
al, bm, cn bisect each other.

For b+c=p+l, cta=p+m, a+b=p+n;
hence Ya+1)=3(b+m)=3}(c+n).
14. Points p, g, 7 lie on the side-lines of triangle abc, and
bp:pc =cq:qa = ar:rb;

then the centroid of triangle pgr is the centroid of triangle abe. If
the parallelograms gabl, racm be completed, then 7, gm are each
parallel to the median through a.

For a-r=k(a-b), b—p=k(b-c¢), c—g=k(c—a); k scalar.
Hence a+b+c=p+q+r.
Also r=l=@F-b)+0bB-l)=(r—-b)+(a—q)
=(1—k) (e-b)+(1-k) (a—¢)
=2(1 k) [a—3(b+¢)).
15. If triangles abc, a'b'c’ have their corresponding sides parallel,

the joins of corresponding vertices are concurrent, in the ‘centre of
perspective’, or parallel.

For b-c=k((0'—¢'), c—a=kyc'—a'), a—b=kya' -b');
k,, ko, kq scalars.
Hence (ko—k a'+(kg—k,) & +(k, —ky) ¢’ =o0.
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Now a’, ¥, ¢’ are assumed to be non-collinear ; hence the coefficients
of the last equation vanish. Hence k,=k,=ks=k, say. The first
equations now give a —ka’ = b—kb’ = c —ke'; this is a weighted point
on aa’, bb’, cc’, if k # 1, while if k=1, we have the parallel case.

16. If triangles abc, a'b'c’, a"'b"’c’’ have corresponding sides parallel,
the centres of perspective of the triangles in pairs are collinear.
For, if these centres be s, s’, s/, then, by Ex. 15, we can let

(1-k)s=a—-ka, (1-k')s'=a -k'a’, (1-k")s" =a"-k"q,
a-b=k(a'-b), a'-b=k'(a"-b"), a'-b"=k"(a—b).
Hence kk’k” =1, and Menelaus’ Theorem (Ex. 3) applied to triangle

r 1

aa’a” gives the result.

17. (Bobillier.) If abcd be any quadrilateral, and p, g be points on
ad, bc such that ap:pd=ab:dc=bq:qc, then pq is equally inclined
to ab, dc.

For if x, y be the lengths of sides ab, cd, then

(x+y)p=ya+xd, (x+y)qg=yb+xc.
Hence x+y)(p—9q)=y(a—b)+x(d—c),
x'+y ™) (p—g) =x(a—b)+y '(d—o).
But the last two terms represent unit vectors along ba, cd respectively.

Hence p—q is a vector along the bisector of an angle between ba
and cd.

Cor. A bisector of an angle of a triangle divides the opposite
side in the ratio of the sides containing the angle.

18. If the triangle pqr has its sides qr, rp, pq respectively parallel to
da, db, dc, then there is a point f such that fp, fq, fr are respectively
parallel to be, ca, ab.

For let d=xa+yb+zc, x+y+z=1,
then g—r=ki(a—d), r—p=Kk,(b—d), p—q=ks(c—d);
k,, ky, k; scalars.
Hence o =k a+kyb+kyc—(k; +ky +k3) (xa+yb +zc).

But as 4, b, ¢ are non-collinear, their coefficients, in this equation,
vanish. Thus

kl = x(kl + k2 + kS)) k2 = y(kl + k2 + k3)) k3 = Z(kl + kz + k3)'
Now consider f=xp+yg+zr, x+y+z=1.
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We have p—f=y(p—q)+z(p-r),

(ky +kp +kg) (p—f) =ky(p—g) +ks(p~7)
=kyky(c — d) —k,k3(b —d) = kykg(c —d).
Hence pf is parallel to bc; and so on.

19. If x, y, z be lengths of chords of a triangle which meet inside
the triangle and are parallel to the sides of lengths a, b, c, then

xa~! +yb-l4zc! =2.

20. Parallel lines are drawn through the vertices of a triangle; the
intercepts on these parallels between a vertex and the opposite side-
lines have lengths x, y, z. Then x"'+y~!+2z! =o.

21. If a, b, ¢ be non-collinear points, and
xja+y,b+z¢, X,a+Yy,b+2,¢

be vectors (and hence x;+y, +2, = X, +y,+2, =0), then they are
parallel if, and only if, x,x; ! =y,y;'=2,2;, and then these ratios
equal the ratio of the magnitudes of the vectors.

For, let b—a = u, c—a = v, then y,u +z,v = k(y,u +2,v) holds if,
and only if, the given vectors are parallel. But then, as u is not a
multiple of v, we have k=y,y;!'=z,2z; .

22. Masses x, y, z at a, b, ¢ are displaced to d’, b, ¢’. We can
choose x, y, z so that the centre of gravity is not changed.

For there are scalars kj, k, such that c —¢’ =k,(a—a’) +ky(b—b’).
Hence kja+ky,b—c =k,a’ +k,b' —¢'.

23. Desargues’ Theorem. If abc, a'b'c’ be triangles with distinct
vertices and aa’, bb', cc’ meet (in p), then the cuts q,, q,, g5 of the corre-
sponding sides are collinear, if these cuts exist.

For scalars k;, ky, k; can be chosen so that

p=kia+(1-k))a =kb+(1-ky) b’ =kyc+(1-kg) .

Thence kob—kgc = (1 =kg) ¢’ — (1 —k,) &'.

Thus each of these expressions equals (k, —k;) ¢;, where ¢, is the
cut of bc and b’c’, if it exists.

Hence k,b —kyc = (k, —k;) ¢;, and so on. Adding these:

(ko —ks) g1 + (ks —k,) g5+ (k; —k;) g3 = 0.

Hence either ¢,, g,, ¢5 are collinear, or k; =k, =k; =k, say. In the

latter case, we have k(b—c) = (k—1) ()" —¢’), and similar equations;

the corresponding sides of the given triangles are then parallel.
Investigate the case when k, =kg#k,.
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§ 3. Points at infinity.

1. If a, b be points, and x, y positive scalars, x#y, then
xa—yb is a point, of weight x—y, dividing the interval ab
externally in the ratio y:x. If this ratio tends to unity, the
weighted point xa — yb moves off to infinity, and its weight tends
to zero. This suggests that we make our Euclidean plane pro-
jective and interpret a — b as the ‘point at infinity’ on the line ab.
This interpretation will be used as well as that in the previous
section.

As the weight of a—b is zero, there is nothing in this inter-
pretation which corresponds to the magnitude of a vector.
Nevertheless, we shall distinguish between the symbols k(a — b)
and a— b, though both represent the same point at infinity, just
as we distinguish between kp and p. The sum of two points at
infinity is another such point; as all such points (in a plane) are
sums of two such points with appropriate weights, we shall say
they lie on a line, the ‘line at infinity’.

For if a—b, a—c, a—d are distinct points at infinity, then
a, ¢, d are non-collinear, and hence there are scalars x, y, z
such that b =xa+yc+zd, x+y+z = 1. Then

a—b=(x+y+z)a—(xa+yc+zd)=y(a—c)+z(a—d).

2. Congruence. If a, b be any extensives, then a=5b means
there is a scalar k such that ka=b. We say a, b are ‘con-
gruent’.

Two weighted points are congruent when they have the same
position and differ, if at all, only in their weights. Two vectors
are congruent, when their directions are parallel, and they differ,
if at all, only in magnitude or sense, or both.

Any two non-zero scalars are congruent.

3. Graphical theorems. Such a theorem involves only the joining
of points and the cutting and parallelism of lines (and planes),
and not, for example, lengths or their ratios, or the measures
of angles. In proving such theorems, it is useful to ‘absorb
weights’ and denote a weighted point by a single letter. Thus in
the proof of Desargues’ Theorem, which is a graphical theorem,
in Ex. 23 above, we may absorb weights k,, 1 —k, into the points
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a, a', that is, we may replace k, a by @, and so on. The proof
then runs as follows:

abe, a'b'c’ are triangles with distinct vertices; aa’, bb', cc’
meetinp. Hencep=a+a" =b+b" =c+c'. Henceb—c=c"-b'.
This is therefore a weighted point ¢, at the cut of bc and b'c’.
We have then ¢, =b—c, and similarly ¢, =c—a, ¢ =a—b.
Hence g, +¢,+¢3 = o, and so q,, ¢,, g3 are collinear.

By thus absorbing weights the line at infinity is not dis-
tinguished from any other line. The method is extensively used
in Baker’s Principles of Geometry.

Example 24. Leta,, ..., a, be points in a plane or space of any dimen-
) 4 1 a, be pot P P y
sions. Let b,, be any point on line a,4,, b,, on a,a;, ..., b,_;, on
a,_,a,. Let c,,; be the cut of 4, b,; and b,,a;; c,;, be the cut of a,b,,
and b,;4,, ..., thep @, €134 b3 b3y, €153a, are concurrent, and so on.
For absorb weights, so t.hat b,2.= a4ty bpypn = n_;t+a,.
Thence ¢;,, =a, +4a,+4a,, since t!ns point is on b,,a3‘ and a,b?s;
€134 = @, +a;+a,. The lines mentioned therefore meet in the point
a,+a,+a,+a, (Mehmke.)

§ 4. Outer multiplication of two extensives of step one.

1. We now introduce the distinctive feature of Grassmann’s
algebra. The ‘outer product’ of two extensives a, b is of a dif-
ferent nature from the extensives themselves, in the sense that
the product cannot be added to @ or to b. We first proceed
abstractly, and subject the notion of ‘outer product’ to the
following laws:

If k, k,, k, be scalars, and g, b, ¢ any extensives, then

1. The ‘outer product’ of a and b, taken in this order, exists,
and is unique, but is of a different nature from a, b in the sense
that it cannot be added to them, though it may be added to
similar products. This restriction on addition is the one men-
tioned in § 1. The outer product of a, b, in this order, is denoted
by [ab] or [a.b].

2. [a.kb] = k[ab]. 3. [ka.b] =k[ab].
4. [a(b+c)] = [ab] + [ac]. 5. [(b+c) a] = [ba] + [ca].
6. [aa] =o. '

7. If a#o0, then [ab] = [ac] if, and only if, b = c.
From 6, writing a+b for a, we have [(a+b)(a+b)] =o.
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Hence, by 4, 5, [aa]+[ab] + [ba] + [bb] = 0, whence, by 6, we
have

8. [ab] = —[ba].

If 8 be assumed, then only one of 4, 5 need be assumed.

By 4,5,6, [a(a+b)]=[ab], [(a+b)a]=/[ba].

By 2, 3, [k, a.ky 0] = k, ky[ab].

If p =k,a+ky,b+..., then [pp]=o. .

Except for 6, 8 and their consequences, these laws are ana-
logous to the laws of multiplication in ordinary algebra. The
fundamental extensives, with which we began, are said to be
of the ‘first step’. An outer product [ab] of two of these is an

extensive of the ‘second step’.
Only extensives of the same step can be added together.

2. Interpretation when a, b, ... represent points. In this case,
the product [ab] will be interpreted as an interval anywhere on
the line ab, but not elsewhere, with a length equal to that of the
interval ab, and with a direction from a to b.

Thus [ab] = [cd] shall mean that a, b, ¢, d are collinear, the
intervals ab, cd are of the same length, and the direction from
a to b is the same as that from ¢ to d.

If a, b, ¢, d are collinear, we shall interpret ¢ d
[ab] + [ac] as [ad], where the length of the inter- 57
val ad, taking signs into account, is the sum of a 3
those of ab and ac. If a, b, ¢ are not collinear,
we interpret [ab] + [ac] as [ad], where abdc is a parallelogram.

Putting it shortly, [ab] is interpreted as a vector, anchored to
a line, with the parallelogram law of addition. Vectors, anchored
to lines, we call ‘rotors’.

It is now necessary to see that, with these interpretations, the
assumed laws of outer products are obeyed.

Of these laws, 2, 3 are definitional, necessary because our
points may be weighted.

Let abdc be a parallelogram, p the cut of its diagonals. Since
the diagonals of a parallelogram bisect each other, [ap] = 4[ad],
[ab] + [ac] = [ad], by our definitions. But §(b+c) = p, hence

[ap] = [a.4(b+¢)] = $[a(b+)]-
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Comparing these, we find that 4 is satisfied in this case. When
a, b, ¢ are collinear, it is simpler, taking p as the mid-point of
the interval bc.

A slightly more complicated argument shews that, from our
interpretation, [a (i, b+ k)] = (k, +Ky) [ap],
where (k; +k,)p = k, b+k,¢, and k;, k, are scalars with k; +k,#o.
The case when k, = —k, is considered later.

The laws 6, 7 are clearly satisfied in our interpretation. We
can see 8 independently; if [ba] = [ac], then a is the mid-point
of be, hence [ab] + [ac] = o, whence 8.

That the addition of those products, which have a first or a
last factor common, satisfies the associative and commutative
laws, follows from 4, 5 and the associative and commutative
laws for extensives of the first step. Or again, it may be verified
in the interpretation, since these laws have been shewn for the
addition of vectors, and hence hold for the addition of rotors
which proceed from the same point. The addition of rotors in
general is considered later.

Itis a common practice in geometry, in dealing with intervalsin
the same line, to take one direction as positive, and if abis an inter-
val to write ab = —ba. We go further, and regard ab as a product
of a and b, and set up laws for the addition of such products.

3. The method obviously has applications in statics, if we
interpret [ab] as a force, represented in magnitude, direction,
and line of application by the interval ab. If cd is an equal,
parallel interval with the same sense as ab but not on the line
ab, then the product [cd] does not represent the same force as
[ab], but an equal and parallel force; for [ab] represents a rotor,
tied down to a line. The untied vector is represented by b—a.
In ordinary vector analysis, the vector and rotor are often not
distinguished in the symbolism, and the existence of a simple
notation for each is one of the advantages of the present method.

4. [ab]+[bc] = [ac] if, and only if, 4, b, c are collinear. In
particular a, b, ¢ need not all be distinct.
The equation can be written

[ab] + [bc] + [ca] = o.
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5. Note on notation. As at present we are using only outer
multiplication of extensives, in addition to their multiplication
by scalars, we can often omit the bracket [ ] without confusion,
and write ab instead of [ab]. Later, when other types of multi-
plication are introduced, it will be necessary to restore the
bracket.

Examples. 25. Leibniz’ Theorem. Let
kia, +k,a,+... +kya, = (k, +k, +... +k,) g,
where the k are scalars. Multiply by any point p:
k,[a,p] +k,[a,p] + ... +ky[anp] = (k, +k, +... + k) [gp].
Hence the sum of the rotors k,[a, ], k,[a,p], ..., k,[a,p] is the rotor

(k, +k,+...+k;) [gp], where g is the centre of gravity of weights
k, ata, k, at a,, ..., k, at a,.

26. If abpq be any quadrilateral, and /, m the mid-points of ap

and bg, then (@+p) (b+q) = 2l.2m = 4lm.

27. The mid-points of the diagonals of a complete quadrilateral
abpq are collinear, on the ‘diameter’ of the quadrilateral. (Cf.
Ex. 30.)

For, let aq, bp cut in ¢, ab, pq cut in r. Let

2l=a+p, 2m=b+q, 2n=c+r.
Then ab+aq +pb+pq = (a+p) (b+q) = 4lm,
br+qgc +bc +qr =(b+q) (c+7) = 4mn,
ra+ca+cp+rp =(c+r)(a+p) = 4nl.
Add these equations, note that ab + br + ra = o, since a, b, r are col-

linear, and the similar equations. Thence Im+mn+nl=o0, hence
1, m, n are collinear.

28. If in the previous example, the parallelograms abdg, arec be
completed, then the mid-points of ap, ad, ae are collinear. Shew this
directly.

§ 5. Outer products of three extensives of step one.

1. In the abstract algebra we form ‘outer products’ obeying
the following laws:
If a, b, ¢ be extensives of step one, and k,, k,, kq scalars, then

1. The ‘outer product’ of a, b, c, in this order, exists, is
unique, and is denoted by [abc] or [a.b.c].
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2. This outer product is also the ‘outer product’ of [ab] and ¢,
also of @ and [bc]; in symbols

[abc] = [[ab] c] = [a[bc]], or [abc]=[ab.c]=[a.bc].

3. [k, a.kyb.ksc] =k, ko ks[abc].

4. [ab(c+d)] = [abc] + [abd].

Since [ab] = — [ba], we can deduce, from 2, 3, [abc] = — [bac],
for [abc] = [[ab] c] = [—[ba] c] = [[(—b) a] c] = — [bac].

Similarly [abc] = —[acb]. Hence we can deduce

5. [abc) = [beca] = [cab] = — [bac] = — [cba] = —[acb].

In particular, if two or all of 4, b, ¢ are congruent (§ 3-2), then
[abc] = o.

From 4, 5, we deduce

6. [a(b+c)d] = [abd]+[acd], [(a+b)cd]=/[acd]+[bcd].

We also assume

7. [a(be +df)] = [abe] + [adf].

2. Interpretation when a, b, c, ... are points in one plane. When
we are dealing with points in one plane, we interpret [abc],
[[ab] ¢] and [a[bc]], each as twice the area of the triangle abc, and
take it as positive or negative, according as the order of a, b, ¢
round the triangle is counter-clockwise or clockwise. Thus [abc]
is a scalar. The geometric fact which makes this interpretation
possible is that in any triangle the product of the altitude and
the base is independent of which line is chosen as the base.

We must now verify that the above laws hold with the present
interpretation. Of these 3 is definitional, necessary because we
use weighted points.

To verify 4. Let }(c+d) =m, and let p,, p,, p; be the lengths
of the perpendiculars from m, ¢, d on to ab, each with its sign;
then p, = 4(p,+ p3). If 1 be the length of ab, we have

[abe] = pol, [abd] = psl, [abm] =p, 1.
Hence 4.

By a similar argument, we can verify, if k; #k,,
[ab(k, ¢ +k,d)] = k,[abc] + k,[abd].

FCE 2
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Our conventions on sign give § at once, and 6 follows. As
those products are scalars, their addition needs no definition.
We consider 7 below.

3. If our geometric interpretation is valid, then [abc]=o, if,
and only if, a, b, ¢ are collinear. We can deduce this from the
general rules, if we assume that some products of three exten-
sives do not vanish.

For if a, b, ¢ be collinear, there are scalars k,, k, such that
¢ =k,a+k,b, and then [abc]=o0, by 3, 4, 5.

Conversely, if [abc] =0, and [abd]+0, and hence d is a point
not on the line ab, then there are scalars k;, ko, kg such that
c=k;a+ky,b+ksd. Hence, by 3, 4,

[abc] = k,[aba] + k,[abb] + ks[abd] = ks[abd].

But [abc] =0, [abd] #0, hence k; =0, so that ¢ is on the line ab.
As a corollary, note that if [pab]=o for all p, then a=b,
[ab]=o0.

4. We have [pab]=[pcd] for all p if, and only if, [ab] =[cd].
For if [pab]=[pcd] for all p, then putting p=a, we have
[acd]=o0. Hence a, ¢, d, and similarly b, ¢, d, are collinear. Hence
either a=b, or there are scalars k, ..., k,, such that
c=kja+kyb, d=kga+kyd,
whence

[ed] = (ki ky—koks) [ab], [ped] = (ki ky—koks) [pabd].

Hence, either k,k,—k,k; =1 and then [ab]=[cd], or [pab]=o,
for all p, and [pcd]=o for all p. The latter alternative gives
[ab]=o0, [cd]=o.

Conversely, if [ab] =[cd], then [pab] =[pcd], for all p.

5. In the statical interpretation where [ab] is a force or rotor,
[abc] is its ‘moment’ round ¢, and the laws represent well-known
theorems on moments in statics.

6. If a, b, c, d be four (coplanar) points, then
[abc] d—[bed] a+ [cda] b—[dab] ¢ = o.
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For, if all four points are collinear, all the terms vanish, and
if, say a, b, ¢ are not collinear, then there are scalars k;, kj, k;
such that d = k;a+kyb+ksc. Then

[dbc] = ky[abc], [dca] = ky[beca] = ky[abc],
[dab] = kq[cab] = ks[abc].
Hence [abc] d = [dbc] a + [dca] b+ [dab] c,

which is equivalent to, and an important variant of, the formula
to be proved. It can be regarded as a statement of the relation
between weights and areal coordinates mentioned in § 2-9.

7. Multiplying the last formula, outer multiplication, by
[pd], we have

[dbc] [pad] + [dca] [pbd] + [dab] [ped] = o,
connecting any five coplanar points.
8. In the last formula of 6 the sum of the coefficients of

a, b, ¢ must be [abc], the coeflicient of d. Hence for any four
coplanar points,

[abc] = [dbc] + [dca] + [dab].

This is easily shewn directly, in the geometrical interpretation.

9. We now consider law 7; in our interpretation, if we sup-
pose the rotors be, df lie along lines with a common point p, we
can write them as pg, pr; and we have to consider

[a(pg+pr)] = [apq] + [apr].
Let e=3(g+7), then since [aee] =o,

2e=g+7, [age] = [aer], [pge] = [per].
By 8,

[pge] = [apq) + [age] + [aep] = [apq] — [ape] +[age],

[per] = [arp] + [ape] + [aer] = [ape] —[apr] + [aer].
Hence [apq]+ [apr] = 2[ape] = [a.2pe] = [a(pg+pr)].
For the case when the rotors are parallel, see § 6-11.

Notation. We shall at present often write abc for [abc].
2-2
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Examples. 29. Menelaus’ Theorem. Using the notation of Ex. 3,
p- 7, we have Imn=o0, hence

(xb+x'c) (ye+Y'a) (za+2'b) = (xyz +x'y’z") [abc] = o,
xyz+x'y'z’ = o,
30. The mid-points of the diagonals of a complete quadrilateral are
collinear.
For, using the notation of Ex. 27, p. 16,

abr = pgr = aqc =pbc =o.
Hence 8[lmn] = [(a+p) (b+q) (c+7)] = abc + agr + pbr + pgc
= (abe — gpc) —(arg —pbr) = o,

since abc — gpc and arg — pbr each equals twice the area of the quadri-
lateral abpq.

31. The mean centre of b, ¢, ¢, 7, and of similar sets, lies on the
diameter of the quadrilateral.

For b+q)(c+r)(b+g+c+r)=0.

32. If s is any point on the diameter of the quadrilateral abpq,
then sab + spg equals the area of the quadrilateral.

For 4lm = (a+p) (b +q), slm=o0. Hence sab+spq = sqa+sbp, and
the sum of these is twice the area of the quadrilateral.

33. If ab'ca’bc’ is a (plane) hexagon, the diameters of the pairs of
quadrilaterals (c'ab’ca’, ca'bc’a), (ab’ca’d, a'bc'ab’), (b'ca’bc’, bc'ab’c)
meet in three points which lie on a line. (The quadrilateral ¢’ab’ca’ is
the one with sides ¢'a, ab’, b'c, ca'.)

For let ¢’a, a’c meet in d, then the diameters of ¢’ab’ca’, ca’bc’a are
respectively (' +d)(c+a)=—ab" +b'c+da+dc,
(@+c)(b+d)=a'b-bc’ +c'd+dd.

If the point p is on both these diameters, then by addition:
[p(b'c+c'a+a'b—bc’ —ca’—ab')] =o.

Assume that the sum of rotors in the last expression can be re-
duced to a single rotor. The underlying theory is given shortly.
Hence, by symmetry, the cuts of the diameters in question lie on
the line , , , , , ,
bc+ca+a'b—bc’ —ca' —ab'.
34. The points d, e, f are the mid-points of the sides of triangle
abc, any line through a cuts de in 7 and df in m. Then bm is parallel
to ¢n, and bn, cm, ef are concurrent.
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35. From any point p in bc parallels are drawn to ab, ac forming a
parallelogram pgar. If pg, pr cut the median through a in m, n, then
bm, cn, qr are parallel, when ¢ is on ac, r on ab.

36. If [p(ca+ab)] = [abc], then p lies on be.
37. If d, e, f be the mid-points of the sides of triangle abc, and p
be any point in its plane, then pad + pbe + pcf = o.
38. The triangles abc, a, b, ¢, are coplanar. From a point p vectors
are drawn:
u=aj—a=ay—p, v=b-b=by—p, w=c¢c,—c=c;—p.

Then a,b,¢, = a, b, ¢, + abc +twice the area of a,cb, ac,b.

For take p at a, then (Mehmke.)

aybyc, =(a+a,—a)(a+b,—b)(a+c;,—c)
=a,b,c, +(a,bc+a;ca+a,ab) + (a,chb, +a,b,a +a,ac, +a,c,b).
39. If d, e, f be points on bc, ca, ab dividing these intervals in the
ratio k:1, then  [dpf]:[abc] = k3+1:[k+ 1],
If d,, e, f; be analogous points with k,:1 for the ratio, and if

1, m, n be the cuts of ¢f and e, f,, of fd and f,d,, of de and d, ¢}, then
al, bm, cn are concurrent if, and only if, kk; = 1.

40. If ay, b, ¢, be variable points on the side-lines of triangle abc,
forming a triangle of constant area, then if aa,, bb,, cc, be divided at
a,, by, c, in the same ratio, the triangle a,b,c, will have constant area.

(Mehmke.)

41. If ad, be, cf are chords of a triangle abc cutting in pairs in
b, ¢, 1, then, denoting lengths by bars,

(i) def:abc = (bd.ce.af +cd.ae.bf) :bc.ca.ab.
x (ab.bc —bf .bd) (be.ca—cd .ce).

Use bc.d =dc.b+bd.c, and so on. Ceva’s Theorem is a special
case of (i).

42. If abcd be any quadrilateral, and @b, cd cut in f, and bc, ad
cut in e, then f?.ﬁ:ﬁ.f?:ﬁ;.e‘i:&.?&

For we can find scalars x, y, z, w such that

xa+yb+zc+wd =o.
Then f=(xa+yd)/(x+y) = (zc +wd)/(z+ W),
[f6] = x(x+y)~! [ab], [fd]=z(z+w)! [cd].
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43. Area of pedal triangle of abc. If A, B, C be the angles of th{
triangle, the foot of the altitude from a is

(cot B.c+cot C.b)/(cot B +cot C).

Outer multiplication of this and two similar expressions gives the
result

.

2 cos A cos B cos C.[abc].

44. If r be the in-radius, hy, h,, hy the altitudes of a triangle, then
r-' =h{l+h; ! +hyl

45. Tangential coordinates. 1f aa', bb', cc' be parallel intervals of

lengths 1, 1y, 13, and

p=xa+yb+zc, g=xa +yb'+zc’, x+y+z=1,
then p—g = (I,;x+l,y+132) v, where v is the unit vector parallel
to aa’.

Hence, if 1;, 1,, 1; be the distances of 4, b, ¢ from any line, then the
distance of p from that line is 1;x+l,y+13z. Thus p with areal
coordinates (x, y, z) is on the line if |;x +1,y +13z = o. The ratios of
the scalars 1, 1,, I, are the ‘ tangential coordinates’ of the line.

Hence the tangential coordinates of any line (the point-coordinates
being areals) are the ratios of the perpendiculars from a, b, ¢ to the line.

46. Resultant of forces. The resultant of the forces 1,[bc], l[ca],
1,[ab] is along the line whose equation, in areal coordinates, is
Lx+Ly+lz=o0.
For the moment of the forces round p, =xa+yb+zc, is
1,[pbe] +1,[ pea) +15[pab] = (1, x + 1,y +152) [abe],
and this moment vanishes if, and only if, p is on the line of action of
the resultant. The case when 1, =1,=1; is considered! ater.

47. Determinants. 1f

p=xa+y,b, q=x2a+y2b,} 0
a=kjc+lid, b=kyc+l,d,
then p = (x,k; +y,kg) e+ (x1; +y,12) d,: (i)
g = (x2k; +Y, k) € +(Xp1; +,15) 4.

From (i),
[29] = (%, Y2 =%, Y1) [ab] = (x1y2—%2¥1) (k1 ~kyl,) [cd].
From (ii),
[pq] = (%, k; +y1 k3) (%21; +¥,15) — (% 1; +y112) (x2ky +Y2ky)) [ed].
Comparing these, we have the usual rule for the multiplication of
two-rowed determinants.
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48. If

p=xia+y1b+zic, g=Xa+yb+2z¢, r=x3a+y3b+25¢,
then (Pl = x i = |[abe].
X2 Y2 Z
X3 Y3 %3

An obvious extension of Ex. 47 gives the rule for the multiplication
of three-rowed determinants. Also note

[29] = (122 —Ya2z1) [be] + (21X, — 25%,) [ca] + (%, Y2 — X2 Y1) [4B].

49. If a,, a,, ..., a, be any points, not necessarily of unit weight,

and ¢, ¢,, ..., ¢, be points of unit weight, and
(k;+...+k)a=k,a,+... +k a,, (kscalars),

then 2k, k, k3[al a,a;] [e;c,¢5] = 2k, Xk k,[aa a,] [ac,c,].

If also (ky+...+k)) e =k, +...+k,cp,
then 2k k,[aa, a,] [ac,c,] = 2k k,[ca, a,] [cc,c,].  (Neuberg.)

50. Prove that, if a, b, ¢, p, ¢, r be points, then

[abc] [pgr] = [abg] [crp] + [abr] [cpq] + [acp] [bgr]
+ [beq] [arp] + [ber] [apg],

and interpret it as a theorem on determinants. (Use § 5-6.)

§ 6. Outer products which involve vectors.

So far we have only considered outer products of points; we
now consider outer products which involve vectors, thus filling
gaps left in §§ 4, 5.

1. Outer product of a point and a vector. If a, b, ¢ be points
(of unit weight), then b—c is a vector; we define [a(b—c)] by
means of the equation :

[a(b—¢)] = [ab] —[ac]. (1)

If [ad] = —[ac],
then  [a(b—c)] = [ab] + [ad]
and the figure shews that [a(b—¢)] must /-~~~ ’
be interpreted as the rotor through q,
whose vector is the vector b—c. Note that, if f be the point
such that f—a = b—c, then [a(f—a)] = [af], and hence

[a(b—c)] + [ac] = [a(f— a)] +[ac] = [af] + [ac]
= [a(f+¢)] = [a(a+b)] = [ab].
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Our definition gives us therefore the usual relations betweef}
sums and differences.

We define [(b—c¢) a] = [ba] — [ca].

Hence, if v is a vector, a a point, then [av] = —[va].

The law, corresponding to § 4 (7): if [p(a—bd)] = [p(c—a)],
then a—b = c—d, holds here.

If a is a point, v a vector, k a scalar, then [a.kv] = k[av].

If p is a point, u, v vectors, then [p(u+v)] = [pu] +[pv]. For,
we can find points a, b, ¢ such that u=a—b, v=b—c. Thus
u+v = a—c, and the result follows at once.

Thus, if k, k, be scalars, then

[p(ku +k, v)] = k[pu] +ki[p].

2. Outer product of two vectors. If a, b, p, ¢ be points (of unit
weight), we define the outer product of vectors a—b, p—gq by
the equation

[(a—b) (p—q)] = [a(p— )] - [6(p - 9], (2)
where the right-hand side is the difference of two equal rotors,
parallel and in the same sense. This difference has not yet been
introduced; it is a new type of magnitude called a ‘bivector’.
Like the rotor, it is of step two.

There is a point ¢ such that p—¢ = a—c, then

[(a—b) (a—c)] = [a(a—c)] - [b(a—c)] = —[ac] - [ba] + [be].
Hence [(a—b) (a—c)] = [bc] + [ca] + [ab]. 3)

3. If a—b, p—q be parallel vectors, then a4, b, ¢ are collinear.
Hence, by (2), (3) and § 44, [(a—5) (p—g)] =o.

The outer product of two parallel vectors is zero.

Conversely, if [(@—b)(a—c)] =o, multiply the right-hand
side of (3) by a, and we have [abc] =0; hence @, b, ¢ are col-
linear. Hence, if the outer product of two vectors is zero, they are
parallel.

4 If u, v be any vectors, [uv]= —[vu], by (3), since
[p4] = —[gp] for points.

Also, if k is a scalar,
[u.kv] = [ku.v] = k[uv].
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Also, since ku+k'v is a vector, we have
[(a—b) (ku+k'v)] = [a(ku+k'v)] — [b(ku + k'v)]
= k[au] —k[bu] +k'[av] —Kk'[bv]
= k[(a—b) u] +k’[(a—b) v].
Thus for any vectors u, v, w,
[w(ku + k'v)] = k[wu] + k' [wo].

5. Quter product of a rotor [ab] and a vector v. Since [bv] is
a rotor, the product [a.bv] is already defined as twice the area

of the triangle whose vertex is @ and whose base is given by
[6v]. The geometric interpretation gives at once

[a.bv] = —[b.av].
We define the product of ab and v by the equation
[ab.v] = [a.bv].

Then, since [a.bv] = —[b.av], we have [ab.v] = —[ba.v].

6. Outer product of a point and a bivector. Using (3) and
§ 5-8, we have

[p-(a—b) (a—c)] =[p.(bc+ca+ ab)]
= [pbc] + [pca] + [ pab] = [abc].
This scalar, independent of p, is called the ‘moment’ or ‘magni-
tude’ of the bivector [(a—b) (a—¢)].

7. Equality of bivectors. 'Two bivectors R, R, will be regarded
as equal (and each can be replaced by the other in any equation)
if [pR,]1=[pR,), for all points p.

Thus if the moment of a bivector is zero, the bivector is the
outer product of any two parallel vectors.

If abdc is a parallelogram, its area equals the moment of
[(b—a) (c—a)]. Thus a non-zero bivector can be represented by
any parallelogram in the plane, with a suitable area and sense.
Thus [abe] = [apg] and [(6—a) (c—a)] = [(p—a) (g—a)] imply
each other.

If w is a bivector of unit moment, any bivector is of form
ko, where k is a scalar, its moment. Thus though a bivector is
not a scalar, any equation between bivectors can be replaced by
one between scalars, by omitting w.
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8. The sum of two bivectors. If w is the unit bivector, the two

bivectors can be written k; w, k,w (k,, k, scalars). Their sum is
(k; +k,) .

9. The sum of a bivector and a rotor. If [ab] be the rotor, then
by suitable choice of ¢ the bivector can be put in the form

[(c—a) (b—a)] = [e(b—a)] - [a(b-a)],
while [ab] = [a(b—a)]. Hence we take the sum to be a rotor,
through ¢, equal and parallel to [ab].

10. The sum of two parallel rotors. If parallel vectors ku, k'u,
(k+k’#0), act at p, ¢ respectively, then since
[pu] = [(p—7) u] + [ru],
the rotors k[pu], k’[qu] can be written
k[(p—7r)ul+k[ru] and Kk'[(g—7) u]+Kk'[ru],
where 7 is any point.

[p-ku]+[q.k'u] =Kk[(p—r) u] +k'[(g—7) u] +k[ru] + k'[ru],
by 1, 4 = [(k(p )+ K (g—7) ]+ [r(ku+ K'u)].
Take 7 so that (k+k') r =kp+k’q, then

[p.ku]+[q.kK'u] =[r.(k+K’) u],
which corresponds to the rule in statics for adding parallel
rotors, and gives at once

[p-ku]+[g-k'u] = [(kp+K'q) u],

which is a case of the distributive law, so far missing.

11. If a be a point, R, R, parallel rotors, then

[a(R, + Ry)] = [aR,] + [aRy). (1)

For if S be a rotor not parallel to R,, R,, then R, — S, R,+ S
are not parallel; hence, by §5-9,

[a(R, + Rp)] = [a(R, = S+ S+ Ry)] = [a(R, — S)] + [a(S + Ry)]

= [aR,] - [aS]+ [aS]+ [aR,] = [aRy] + [aRy).

Hence (i) holds for all R, R,.

12. Sum of any number of rotors. If R, R,, ..., R, be any

number of rotors, we can find points p, and vectors v, such that
R; =[p;v;), (i=1, ..., n). Then if p be any point

R, = [pv]+[(p:—p) vi].
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Now [(p; —p) v] is a bivector and hence equals k;w for some
scalar k; where w is the unit bivector. Hence the sum of the
rotors is

[po]+...+[pv] +k 0+ ... +kw
=[p(v;+... +v,)]+(k, +... +k,) 0.

The first term is a rotor through p, or zero. If it is not zero,
we use g and find that the total sum is a rotor. If it is zero, the
sum is the second term, i.e. a bivector, or zero.

13. If we adopt the interpretation in which b—a represents
not a vector, but a point at infinity, then b — a, d — ¢ will represent
the same point at infinity, if and only if ab and cd are parallel.
From this point of view, it is clear why their product should be
zero then. If the lines ab, cd be not parallel, then [(b—a) (d—¢)]
will represent a rotor along the line at infinity. Each such rotor
is a scalar multiple of any fixed rotor along that line.

14. If 7, j be two fixed independent vectors in a plane, and
u, v any vectors therein, we can find scalars x,, X,, y;, Y, such that

u=xi+y,J, v=Xi+Y,j,
and then [4v] = (xy2—%2¥1) [5]-

This analytical expression corresponds to the representation of
a bivector by an area. The moment of [uv] is the product of the
magnitudes of #, v and the sine of the angle from % to v.

15. Since [(b—a) (c—a)] = [b(c — a)] —[a(c — a)], and the two
terms of the last expression represent equal and opposite parallel
rotors, therefore bivectors correspond to couples in statics, their
moments or magnitudes to the moments of couples.

Examples. 51. The area of the quadrilateral abed is [(a —¢) (b —4d)].
52. If ab(c +d) = cd(a+b), then ad, bc are parallel.
[(b+d) (c—b) (a—d)] =o.

53. The parallelograms apgr, abcd are of equal area; p is on ab,
r is on ad; pq, c¢d cut in s; ¢b, rq cut in ¢. Then aq, s, ¢ are col-
linear.
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For (s—a)(t—-a)=((s-p)+(p—a)) (t-b)+(b—a))
=(s—p)(t-b)+(p—a)(b-a)
+(s=p) (6—a)+(p—a) (t-b)
the first two terms vanish; the last two, with the hypothesis, give
the result.

54. If abcdef is a hexagon such that ab, cd, ef can be displaced along
themselves so as to form a triangle, the same is true of bc, de, fa.
(Hamilton.)
For, if p is any point, then

ab+bc+cd+de+ef + fa
=(a=p) (b-p)+(b—p) (c—p)+... +(f—P) (a—D).
The right-hand side is clearly a bivector; so is ab+cd + ef by hypo-
thesis; hence so is bc +de +fa.

55. If abc...qa is any closed (plane) polygon, then ab+bc+ ... +qa
is a bivector whose moment is twice the area of the polygon. (If the
polygon crosses itself, some areas are, of course, reckoned as negative,
and some positive, according to the sense in which the perimeters
are described.)

56. The vertices of two triangles abc, def lie on parallel lines
ad, be, cf. Then abc + 2def = aef + bfd + cde.

57. What inferences can be drawn from the equations?
(i) pla—bd) =cd, (ii) p(a+b)=cd,
(iii) (p—a) (p—b) =(c—a) (c—b).

58. Through a fixed point a line is drawn to meet two parallel
lines in p, g. Through p, ¢ parallels are drawn to given lines. Then the
locus of their cuts is a line.

59. A line drawn through the vertex a of a parallelogram abcd
cuts ¢b, ed in p, ¢; a line through ¢ cuts ab, ad in 7, s. Then pr, ¢s are
parallel.

For let b—a=u, d-a=wv,

p-b=kv, g—d=luy, r-b=ku, s—d=1lv.
Then

o=(p—a)(g—a)=(u+ko) (v+1u) =uv+kl.ou = (1 ki) [uv].
Hence kl=1. Similarly, k1, =1.
(p—7) (g—5) = (kv —k, u) (lu—1,v) = kl[ou] +k, 1, [uv] = 0.
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60. The side-lines ab, cd of a quadrilateral abcd meet in e; ad, bc
meet in f. If the bisectors of the angles at e, f are parallel, they are
parallel to the bisectors of the angles between ac and bd.

61. The parallel case of Pappus’ Theorem. If a, b, ¢, a’, b', ¢’ be any
points, then
(a=b') (@ =b)+(b—C") (b —c)+(c—a') (' —a)
=(b'c"+c'a’ +a'b’)—(bc+ca+ ab).
Now, if 4, b, ¢ be collinear, and a’, &', ¢’ be collinear, both terms on
the right-hand side vanish; hence if bc’ is parallel to 6'c, and ca’
parallel to ¢’a, then ab’ is parallel to a’b.

62. To find the resultant of any number of coplanar forces.
A rotor is equivalent to a parallel rotor through any arbitrary
point and a bivector. For

ab = p(b— a) +(ab +bp + pa).
Let P, O, R be the forces, and let b—a, c—b, d—c be vectors
parallel to the vectors of the forces. Let f be any point, and [/ any
point on the line of action of P. Draw the line /m parallel to b—f to

cut the line of Q in m, say; draw mn parallel to ¢ —f to cut the line of
R in n, say. Through /, n draw parallels to @ —f and d — f respectively.

P

Let a-f=u, b—f=uy, c—f=u;, d—f=u,
First, suppose lu,, nu, cut in s. Since P =[(b—a), and so on,
P+Q+R=Il(b—a)+m(c—b)+n(d—c)
=1(ug —uy) +m(us —up) + n(uy — us)
= (l—m) uy+(m—n) us+nu, — luy = nu,—lu,,
since I —m is parallel to u,, and m —n to u;.

Hence P+ Q+ R = s(u,—u,;). Thus s is a point on the resultant.
The magnitude and direction of the resultant is given by

u,—u, =d—a.

Next, if u;, u, be parallel, then nu, —lu, is a bivector (or couple).
Similarly for any number of forces.
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63. Define a zigzag line as a broken line having alternate parts
parallel; if two parallel zigzags be inscribed in the same given angle,
then their intersections lie on another zigzag inscribed in an angle
with the same vertex.

64. Construct F = 2bc + 3ca—4ab; i.e. find the resultant of given
forces along the sides of a triangle. Let 7/ = 3c+4b, 3m = c+2a,
then F = 2bc +7la = 6bm + 3ca. Since L is on bc, and m on ca, there-
fore F is a rotor through / and m. In fact 2F=21lm.

16. If u, v, w be any vectors in a plane, then
[vw] u+ [wu] v+ [uv] w = o. (1)
This is to be interpreted thus: the bivectors [vw], [wu], [uv]
are multiples, 1,0, 1,0, l;0 of the unit bivector w. Then the
equation means |, #+1,v+ 13w =o.
Proof. If u, v be not parallel, we can find scalars k;, k, such
that w =k, u+k,v. Thence
' [od] = ky[ou] = —ky[uo], [ow] = —kj[uo].
These give equation (1), for the left-hand side vanishes when
they are substituted.
If u, v be parallel, then [uv] =0, u=kv for some scalar k. Then
[vw] u+ [wu] v = [vw] kv +k[wo] v =0,
since [vw] = — [wo].
17. For four coplanar vectors u, v, w, r we have from (1)
[vw] [ur] + [wu] [vr] + [uv] [wr] = o. (2)
If they be all of unit length, and ¢ =u/,70; 0='0,/;0; ¢=w/,\r,
then by the end of 14, p. 27, we have, from (2),
sin ¢ sin ¢ = sin (6 + ¢) sin (6 +y) —sin 0 sin (6 + ¢ + ).
If 0 =m/2, this agrees with the addition formula for the cosine.
If u = u;i+u,j, (u, U, scalars), and so on, then
[uv] = (u;v2—u,vy) [5]
and (2) gives the identity in scalars:
(uy va—uyvy) (Wi Ty — Wory) + (Vi Wo = Vo Wy) (U Ty —Uspry)
+ (W uy—wauy) (Vi rp—Vory) = 0.
Replacing u,/u, by u, and so on, this becomes the identity
in scalars:
(u=v)(Ww=r)+(v—w) (u-r)+(w—u) (v—r)=o0.
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§ 7. Supplements of vectors in a plane.

1. If u be a vector in a fixed plane, we define its ‘ supplement’
in that plane as the vector obtained by rotating it with un-
changed magnitude, through one right angle in the positive
direction, and we denote this supplement by |u.

2. Let 7, j be two unit vectors, and |{=j; then, if ||/ means
the supplement of |, we have*
li==4 lli=~-4 |lj=-j. (1)
If u = x,i+x,, easy geometry gives
Iu =X li+X2 |j = —X2i+xl]‘.
Thence if v, v, be any vectors, ki, k, any scalars, we have
(k21 + ko v;) = ki |v) +ky 0y, }
[(R1+2y) = [v1+[vy,  [(01—0p) = |0 — [0
With « as above,

()

= =i+, |j = = xii = = —

3- If u, v are vectors, so are |« and |v; if @, b be points, we
write the product of the vectors a—& and |« in the form
[(a—b) |4], and we write the product of the point a and the
vector |u in the form [a|u]. Then, by § 6,

[(a—0) |u] = [a]u] - [blu], [a|(u—v)]=[a|u]~-[a]e],
[a(k, u+k;0)] = ky[a|u] +ko[a]v].
We have not defined |p when p is a point, and so we cannot say

|(p—q) = |p—|g, when p, g are points, since the right-hand side
is not defined.

4. Inner products of vectors. With vectors i, j as above, [4]
is the unit bivector; in any equation which involves vectors only,
it may be replaced by unity.

If u, v be vectors, the outer product [u.|v] of the vectors u
and |v, which we shall write [u[v], may be regarded as arising
from the vectors u and v; we say it is the ‘inner product’ of u

* Thus taking the supplement is analogous to multiplying by y/—1 in
the complex plane. For many interesting and ingenious aﬁl?lications of the

complex variable to geometry see F. Morley and F. V. Morley, Inversive
Geometry (1933).
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and v. Since it is the outer product of vectors # and |v, it is a
bivector, but as we shall take [j]=1, it will be found that we
can treat [u|v] as a scalar, in all equations in which it enters.

5. The laws on outer products shew that the inner multi-

plication of vectors is distributive over addition:
[u](o+w)] = [u|o] + [u|w];

also  [ili]=[4]=1, [jli]=-[l=1, [lj]1=[jld=o.

6. Inner multiplication of vectors is commutative,

[u]e] = [v]u].
For, if u =u;i+u,j, v =v,i+v,j, then
[#]2] = [(u;2+uzj) |(vyi+vyj)]
= [(uy2+uzj) (vij—Vai)] = u; v +upvy.

Thus this type of multiplication has two of the important pro-
perties of ordinary algebraic multiplication. But it has not all

the properties of the latter, since [{|j]=o0, although neither z
nor j is zero.

7. If u, v denote the magnitudes of u, v, and 6, ¢ their
inclinations to 7, then

u=ucosf.i4+usinf.j, v=vcos¢.i+vsingd.j,
[#|v] = uv(cos 6 cos ¢ +sin 6 sin ¢) = uv cos (¢ —0).

The inner product of #, v is the product of the magnitudes
of u, v and the cosine of the angle between them.

The magnitude of a vector is taken always as positive. If
u=—u', we have [u|v] = —[u’| 2], agreeing with the fact that
the angles ,v and #', v are supplementary.

Compare the inner product with the outer (§ 6-14):

[uv] = uv(cos @ sin ¢ —sin 6 cos @) [j] = uv sin (¢ —6).

The inner product vanishes when the vectors are perpen-

dicular, the outer when they are parallel; and only in these cases,
if the magnitude of neither vector is zero. Also [|u.|v] = [uv].

8. We write u? for [u|u]; then u? is the square of the magni-
tude of ». Thus if a, b are points, then (a—b)? means

[(a—b)|(a—b)].
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If u, v are vectors, then
(e—v) = [(2—2v)|(u—v)] = [u|(@—2)]-[v|(z—2)]
= 12— [u|v]—[v|u] + v* = u? — 2[u|v] + 2
Thus if a, b, c are points, we have the extension of Pythagoras’
Theorem:

(b—c)? =(a—b)*+(a—c)®—2[(a—b)|(a—c)].

§ 8. Identities in vectors.

Since inner multiplication is distributive and commutative,
all algebraic identities which involve only two factors in each
term are true here.

1. If a, b, ¢, d are vectors, then

[(@a=8)|(c—d)]+[(b—¢)|(a—d)]+[(c—a)[(b—d)] =o.

As this involves only the differences of vectors, it will also be
true when a, b, ¢, d are points; for take any fixed point p, then
a—b=(p—b)—(p—a), and we can apply the formula to the
vectors p—a, p—b, p—c, p—d.

To interpret the formula, take a, b, ¢, d as the vertices of a
quadrilateral; then, if bars denote lengths,

ab.cd cos (ab, cd)+bc .ad cos (b, ad)+ ca.bd cos (ca, bd) = o.
(Carnot.)

In particular, if ab is perpendicular to ¢d, and bc to ad, so is
ca to bd.

2. If m;, m,, ..., m, be scalars, and a,, a,, ..., a,, p be points,

and g=(m,a,+m,a,+...+mya,)/m,

where m=m;+m,+...4+m,#0,
then m(p—a,)?*+...+my(p—a,)?
=my(g—af+...+my(g—a,)+m(p—gP. (1)

This is the theorem of parallel axes for moments of inertia of
coplanar particles. The formula is easily verified when p, g, a,,
..., @, are vectors, and as it only involves their differences, it is
true when they are points.

Since m#o, the right-hand side of (1) is not independent
of p, and therefore the locus of a point p which moves so that

the left-hand side is constant is a circle, centre g.
FCE 3
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If m=o, but 2m, a; #o0, the locus is a line, for then
E‘l m,(p—a))? = E; my((p—a)?—(p—ay)?)

=2 3 m{(p— 4@ +4,) | @ =)
If Xm;a;=0, and hence Xm;=0, then 2m,(p—a;)? is in-
dependent of p.
3. 2[(@a-b)|[(c—d)] = (a—d)*+(b—c)*~(a—c)*~(b—d)%,
where a, b, ¢, d are points or vectors. Hence, for points,

2ab..cd cos (ab, cd) = ad?®+ bc? — ac® — bd?.

4 (@=d)+(b—0)f—((@—b)+(c~ ) = 4l(a—d)| (- )],
where a, b, ¢, d are points or vectors. Hence, if a, b, ¢, d be
a tetrad of orthocentric points, then

(a+b—c—dP=(a—b+c—dP=(—a+b+c—d);
so that, if n = }(@+b+c+d), then
(n—¥(a+d))* = (n—§(b+d))?
=(m—$(c+d)?=m-}b+o)=...,

and the mid-points of the six joins of a, b, ¢, d lie on a circle,
centre 7, the nine-point circle.

Since (a—d)+(b—c) = 2[}(a+b) — }(c +4d)], the first formula
gives: if the joins of the mid-points of the opposite sides of a
quadrilateral are equal, the diagonals are perpendicular, and

conversely.

5. [(@a+b—c—d)|(b+d—a—c)]=(b—c)*—(a—d)>.

If the joins of the mid-points of opposite sides of a quadri-
lateral are perpendicular, the diagonals are equal, and conversely.

It is easy to give the general interpretations of 4, 5. Those of
6, ..., 9 are clear.

6. If e=3(a+c), f=3}(b+d), then

(a-b)%+(b—c)?+(c—d)*+(d—a)?
= (@—cP +(b—dft+4le—f ).
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7. (@+b+c+d)?+(a+b—c—d)*
+(a—b+c—dP+(—a+b+c—-ad)?
=(—a+b+c+d)P+(a—b+c+d)?
+(a+b—c+d)*+(a+b+c—d)?
=4(a®+ b2+ 2 +d?).
8. (a—b2+(b—c)?+(c—a)*+(a—d)*+(b—d)*+(c—d)?
=(—a+b+c—dP+(a—b+c—d)*+(a+b—c—d)>
9. 4(@®+8*+c*+d?)—(a+b+c+d)?
=(a—b)?+(b—c)?+(c—a)
+(a—d)?+(b—d)*+(c—d)%

The last has an interpretation only for vectors.

10. If a, b, c be collinear points, then

(@=p) (b—c)+(b—p)* (c—a)+(c—2)* (a—b)
is a vector along ab which is independent of the position of p.
(Stewart.)

11. With the notation of 2, put p=a,, a,, ..., @, in turn in
equation (1), and add the resulting equations after multiplica-
tion by m,, m,, ..., m, respectively, then

m ¥ mg-a)= % mme-a), (<s). (2)

Also, by addition of the resulting equations (1):
r'Zs (m,+m,) (a,—a,)*=n Zt] m,(g—a)*+m g (g—a.)? (r<s).
This with (2) gives
m? 3 (g-a,)’ =m X (m,+m,) (2, —a,)’
‘ —r; E m,my(a,—a,)? (r<s). (Lagrange.)
In particular, for n points of unit weight,

ny (g_ar)2 =X (ar_as)z! (r<s).

12. If a, b, ¢, d be points, then (§ 5:6)
[bed] a + [cad] b+ [abd] c — [abc] d = o.

3-2
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The sum of the weights [bed], [cad], [abd], —[abc] is zero.
Hence 11 (2) gives

[dca] [dab] (b— c)? + [dab] [dbc) (c — a)? + [dbc] [dca) (a— b)?

= [abc] ([dbc] (a—d)? + [dea] (b—d)? + [dab] (c —d)?).

13.  [bed] (a—p)*+[cad] (b—p)*+ [abd] (c - p)?

= [bed] (a—d)? + [cad] (b—d)?
+ [abd] (c — d)? + [abc] (d—p)*.

14. If u is a unit vector, i.e. if =1, and v is any vector,
then v can be resolved into a vector [# |v] # along u, and a vector
[4v] | perpendicular to u.

For by 6-16 (1), [vw]u+ [wu]v+ [uv]w =o.

Put |u for w, then
[uv] lu=[ulu] v—[v|u] u=v—[v|u] u;
for since u, |u are both vectors, we have
[lu.4] = — [u. |u] = — [u]u].
Since [uv] may be regarded as a scalar, we may write [uv|u]
for [uv] |u. Thence
v=[v|u] u+[uv|u], ifu?=1.
15. If u, v, w, r be any four (coplanar) vectors, then similarly
[u|v] w+ [uv |w] = [u|w] v+ [uw|v],
[i]s0] [o1r] ~ [s30] [or] = [u]"] [o|eo] ~ [ur] [ows], CE. 617 (2)
(W +9°) (@*+7%) = ([u|w] - [v[r])? + ([uew] + [vr])?
+([u]r] —[o]e])® + ([ur] + [ow])*.
If in the last we put
u=ai+bj, v=ci+dj, w=ai+b,j, r=ci+d;j,
where a, b, c, d are scalars, we have a formula which expresses
(a®+b?+c2+d?) (aZ+ b} +c2+d}) as the sum of four squares.

Examples. 65. The angle in a semicircle is a right angle.

For  [(p—a)|(p—0)] = (p—¥(a+b)?~(3(a—b)7

66. If [u|(u,+u,)] = [u,|u,] +x,x,, where u, u,, u, are vectors
and x,, x, the magnitudes of #,, u,, then u bisects the angle between

u, and u,. If all the vectors proceed from one point, their ends are
collinear. The internal bisector corresponds to the upper sign.
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67. A parallel to the base bc of a triangle abc cuts ac in e and
ab in f; then the radical axis of the circles on diameters be, ¢f is an
altitude of the triangle.

For, if p be either cut of the circles, and

(c—e)=k(c=a), (b-f)=k(b-a),

then [(p-B)(p—e)l=0, [(p-O)|(p-f)]=o0.
Hence [(p=0)|(p—)]+[(p—b)|(c—e)] =0,
(=) |(p=b)]+[(p—)[(6-f)] =o.
Hence [(p-0)[(c—e)] = [(p—c)|(6-1)],
[(p=b)[(c—a)]+[(p—c)|(a-b)] =o.
Hence, by 81, [(p—a)|(b=c)] =o.

68. Bobillier’s Theorem. Ex. 17, p. 10. We have
(t+k)p=a+kd, (1+k)g=b+ke
for some scalar k. Let u, v be unit vectors along ab and dc, then
(1+Kk) [(p—q) (u~2)] = [(a—b) (u—2)] +k[(d—¢) (u—)]
= —[(a—b) v] +k[(d—c) u].
Now pg will be equally inclined to ab and dc if the first expression
vanishes, that is, by the last expression, if ab=k.dc.
69. If g, h, s be the centroid, orthocentre and circumcentre of a
triangle abe, then g, h, s are collinear.
(i) =5 =(c—s)% (i) [(a=h)|(b-c)] =0, (i) 3g=a+b+c.
From (i), [(b+c—25)|(b—c)] = o. Hence (ii), (iii) give:
[(@a+b+c—h—25)|(b—c)] =0, [(3g—h—2s)|(b~¢c)]=o.
Similarly [(3g—h-25)|(c—a)] =0, [(3g—h—2s)|(a—bd)] =o.
But as a non-zero vector cannot be perpendicular to three (or even
to two) non-parallel (coplanar) non-zero vectors, we must have

3¢ =h+2s.
The join of s, g, h is the * Euler line’ of the triangle.

70. If four lines be such that the Euler line of the triangle formed by
the first three is parallel to the fourth, the same is true for any three of

the lines and the other line. (Zeeman).
For let u, v, w be the vectors b—c¢, c—a, a—b; then u+v+w=o.
Now [w]u] [u]|v] @+ [u|v] [v|w] b+ [v]|w] [w]u] ¢

is a weighted point at &, say. We first shew that 4 is the orthocentre
of triangle abc.
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For h—a=[u|v] [v|w] (b—a)+[v|w] [w|u] (c—a),
(2 -a) |(b—0)]= —[u]v] [v]w] [w]|u] + [v]|w] [w]«] [v[4] =o.
Similarly  [(k—b) |(c~a)] =0, [(h—c)|(@—b)]=o.

Let ! be the vector parallel to the Euler line of the triangle abc;
consider the rotor

L = [v|w] [u|]] [bc] + [w]u] [0|7] [ca] +[u]v] [w]] [ab].
Then, using the value of & above,

[LA] =[]+ [ |1 + [w|1]) [abe] = [(#+v +w)|I] [abc] = o.
Thus L goes through %, and it will be the Euler line of abc, if it also
goes through a+b+¢, that is, if

[o]e] [u|0] +[w|u] [v|]] + [u]] [w]]] = o.
Now this condition is symmetric in », v, w, [; for instance, it can be
R )] folu] + o] [u|w] + [o]u] [!]2] =o.
Hence the statement.
71. Circles of Apollonius. If p moves so that the distances of p

from fixed points a, b are in a fixed ratio, then p describes a line or
circle.

For,if s=4(a+b), a~s=u, p—s=v, (p—b)?=k(p—a),
k scalar, then
(u+v)? =k(v—u)?, (v+lu)?=(12—1)u? = constant,
where 1 = (1 +k) (1 —k)~!. Hence (p — (s —1u))? is constant.
72. The circles whose diameters are the diagonals of a complete
quadrilateral are coaxal.

For let the sides ab, cd of the quadrilateral abdc cut in e, and let
ac, bd cut in f. There are scalars x, y, z, w such that

xa+yb+zc+wd=o0, Xx+y+z+w=o.

Hence xa+yb = —zc —wd is a weighted point on @b and cd, that is,
at e. Hence xa+yb = (x+y)e. Similarly xa+zc = (x+z) f.

Let s be either cut of the circles on diameters bc, ad, and let
a,=a-s, b, =b—s, and so on. Then

[6,]c,] =0, [a|d)]=0, xa,+yb,+zc,+wd,=o.
[ei 1 fil = [(xa, +yby) |(xa, +2¢))] = [xa, |(xa, + yb, + 2¢,)]
= —[xa,|wd|] = o.

Cor. If through a point d in a plane abc perpendiculars are drawn
to da, db, dc cutting be, ca, ab in p, g, r, then p, q, r are collinear.
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73- If @, b, ¢, d be the vectors represented by the sides of a
quadrilateral, taken in order, and [a|c]=[b|d], then the diagonals
are perpendicular, and conversely.

For [(a+0) [(a+d)] =[a |(a+b+d)]+[b]|d]
=[a|(@a+b+c+d)] =o.

Similarities (74-82)

74. Directly similar triangles are described on the sides of a
polygon, taken in order; then the mean centre of the new vertices
coincides with that of the vertices of the polygon. (Laisant.)

For, if a,, a,, ..., a, be vertices of the original polygon, the new
vertices are

b, =xa,+ya,+z|(a,~a,), b, =xa,+ya;+z|(a;—a,), ..,
b, =xa, +ya, +z|(a;—a,),
where x, y, z are scalars, and x+y = 1.
Hence bi+b,+...+b, =(x+y) (e, +a,+... +a,)
=a,+a,+...+a,
Cor. b —a; =xa,+ya,—a,+z|(a,—a,) =y(a,—a,)+z |(a,—a,).

We can write the right side as (a, —a,) 2, where U is an operator,
which, acting on a vector u, produces yu +z|u, to be denoted by #2.

Clearly (u+v) A = u + v, that is, the operator is distributive over
addition.

An operator like %, which turns a vector through a fixed angle, and
multiplies its magnitude by a fixed scalar, is called a ‘similarity’.

75. If pbe, gca, rab be directly similar triangles described extern-
ally on the sides of triangle abc, then [ap] +[bg] + [cr] is a bivector
(or zero).

For p=xb+yc+z|(c-b), g=xc+ya+z|(a—c),
r=xa+yb+z|(b—a),

where x, y, z are scalars. Take any point s, and leta, = a—s, b, = b—s,
and so on, then

P =(x+y)s+xb +yc, +z|c,—z|b, [sa] =[sa,] = —[as].
Expand [ap] = [(s +4,) p], and similar expressions, then
[ap] + [bg] + [cr] = (x+Y) [sa, +sb, +s¢; +a; s+ ;s +¢, 5]
+(x=y) (byc; +¢ya,+a, b))
=(x~y) [byc; +c1a, +a by].
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76. If u=b—c¢, v=c—a, w=a—>b, then v?+[v|w]+w? equals
the expressions obtained by cycling », v, w. Hence the centres of the
equilateral triangles described externally on the sides of any triangle
are the vertices of an equilateral triangle.

77. If the diagonals of abcd are equal and perpendicular, the
vertices of directly similar triangles described on the sides of the
quadrilateral form a quadrilateral of the same kind. ~ (van Aubel.)

Fora—c = |(b—d), |(a—c) = d—b. The vertices of the new quadri-
lateral are a+(a—5b) A, b+(b—c) A, and so on, where A is a simi-
larity. The joins of opposite vertices are parallel to the vectors

u=a—c+(@a-b—c+d)A, v=b—-d+(b—-c—d+a).
Thence

lo=|(-d)+[{(b-c—d+a) W = (a—c)+{|[(b-d) +|(a—c)} A

=a—-c+(a—b-c+d)A=u.

We have assumed that, for any vector w, (jw) A= |(=wA). This is
easily seen to be true. (See § 10, p. 5I.)

78. If p, q, 7, s be the centres of squares described externally on the
sides of any quadrilateral abcd, then the intervals pr, qs are perpen-
dicular and equal in length. (van Aubel.)

For p = }(a+b) +4|(a-b), and so on.* Hence, using ||v = —v,

p-r=¥a+b—c-d)y+i|(a-b-c+d),
g—s=§b+c—d—a)+}|(b—c—-d+a)=|(p-7)

79. If d, e, f be the centres of squares described externally on the
sides of triangle abc, then the mid-points of the sides of abc are the centres

of squares described internally on the sides of def. (Neuberg.)
For d=Ya+b)+%|(a=b), e=3(b+c)+4|(b—c).
Hence (d+e)—|(d—e)=a+e.

8o. If abe be a trlangle and perpendiculars ap, cg be drawn to

ab, cb, so that bap -bcq, ap:ab = cq:ch, then cp, ag meet on the
altitude of the triangle from b&.

81. If a,b,c,, a,b,¢,, ..., a,b,c, be directly similar triangles, and
D, ¢, r be the mean centres of ay, ..., a,, of by, ..., b, and of ¢, ..., c,
then triangle pgr is similar to a, b,c,.

* We might of course have —$}| instead of +%| throughout. One sign
corresponds to externally, the other to internally described squares; which
to which depends on sign of [abc].
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82. If a and 4, traverse similar systems, then a,=p+(a—a;)
traverses a system similar to them. Consider the following proof.
If a,, b, correspond to a, b, then

(a—a))—(b-b)) = (a-b)—(a,—b) = (a—b) (F-9)
where J —& is an operation on vectors w, such that
wW(JF-C) =w—-uC.
If p moves on a line (or circle), and s is a fixed point, spq a triangle

of fixed species, then ¢ moves on a line (or circle).

83. Fundamental theorem on three-bar-motion. (Cayley and
Clifford.) The figure is made up of rods jointed at the joins. In the
first position ay, s, 4, lie on a straight line parallel to ab, on which
¢, ¢, lie. Similarly for the other rods. Then we prove that, during the
deformation, abc remains similar to a fixed triangle.

02 b‘

For, let A be a similarity which turns ¢; —¢, into ¢, —s, then
(by—s) N =b,~b,, (s—a)A=s5—a,,
(a—=b)A=(a—c;+c;—cy+c,—b) A

=(a=6) U+(e; =) A+(c,—H) A

= (b~ ) U+ (¢, —¢) U+(s—a) A

=by—b +¢c,—-s+s5—a,

=b,~b +a-by+b—c=a-c.
Hence, if a, b be fixed in the second figure, then, though s can move,
¢ will be fixed. Now, if ac,, ¢,¢c,, c,b be three bars jointed at ¢y, c,,
and if @, b be fixed points, then any point, such as s, rigidly attached
to ¢, c, describes ‘ three-bar-motion’. The above shews that the same
motion is given by the bars ab,, b,8,, b, ¢, and by the bars ba,, a, a,, a,c.

Cor. The triangle ab, ¢, remains similar to a fixed triangle.

84. Forces at the vertices of triangle abc perpendicular to, and
proportional to, the opposite sides balance.
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For let s be any point, and put* ¢, =a—s,b,=b—s, ..., and so on,
then b—c = b, —¢,,
v [(6—c)=b,~]ey,

a|(by,—c))+b|(c;,—a)+al(b,—¢;)=(s—a) |(b,—¢,)+... +... = 0.
Cor. Similarly for polygons of 2n +1 sides, and, if we draw two
perpendiculars from each vertex, for polygons of 2n sides.

85. If al, bm, cn be ordinates to some line lmn, then forces at
a, b, ¢ parallel and proportional to mn, nl, Im are equivalent to a
couple of moment [abc].

86. Forces at the mid-points of the sides of a polygon perpen-
dicular to, and proportional to them, balance. Forcss at the vertices
of a polygon perpendicular to, and proportional to the diagonals
joining adjacent vertices, balance.

87. Orthologic triangles. If the perpendiculars from the vertices of
triangle abc on to the sides of triangle pqr meet (in w), then the perpen-
diculars from the vertices of triangle pqr on to the sides of triangle abc
are concurrent.

For take any origin s, and let @—s = 4, and so on, then

[(@-w)|(g-n] =0, [(b-w)|(r—p)] =0, [(c—w)|(p—g)]=o-
By addition  [a|(g—7)]+[b|(r—p)] +[c|(p—g)] =o.

Hence [@,[(gy —7)] +[By | (ry = p)] + [e1 [(Pr — )] = o,
which can be written

[2:1(6y ~ )]+ (g1 (e, — )] +[ry[(a, = 8,)] = o,
whence [pl6—-0c)]+[gl(c—a)]+[r|(a—b)] =o.

Pairs of triangles in this relation are called ‘ orthologic’. The way in
which the vertices correspond is relevant.

88. If triangles a,a,a; and b,b,b; be orthologic, and ¢,, ¢,, ¢;
divide a,b,, a,b,, a;b, in the same ratio, then ¢, c,c; is orthologic
to a,a,a; and b, b,b,, and if d,, d,, d, divide a,b,, a,b,, a;b, in the
same ratio, then ¢, ¢, ¢, is orthologic to d, d,d,. Two triangles inversely
similar are orthologic. (Casey.)

8. If @', ¥', ¢, ..., ¢’ be the feet of perpendiculars from p to the
sides ab, bc, cd, ... of a polygon abcd ..., then the locus of p such that
the area of @b’ ... ¢’ is constant is a circle, or line.

For [a''p] + [a'b'b] = 2[a’b'm], (where 2m = p +b)

= 2[m(m - ') (m—b)]. ()

* This method is of frequent use. We say we are taking s as origin.
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Now (m—a'y?=(m—b")? =(m—>b)>.

Hence the magnitude of (i) is (6 —p)? sin 2B, where B is the angle
at b. Hence

4areaa’b’c’ ...—2 area abc ...
=}sin2A.(a—p)?+4sin 2B.(6-p)%+....
Hence the locus of p is a circle, or line. (§8-2, p. 33.)
go. If a, b, c, d be four points, the perpendicular from the mid-
point of ab to cd cuts that from the mid-point of bc to ad in a point

collinear with the centroid g of a, b, ¢, d and the circumcentre
of abc.

For [(a+8)|(c-d)]~[(b+¢)|(a~d)]
—[(a+8)|(a-8)] - [(6+¢)| (b—c)] = 4[g]|(c —a)].
91. Through a fixed point o inside a circle, centre ¢, radius a,
two perpendicular lines are drawn to cut the circle in p, g; if the
rectangle oprg be completed, then the locus of 7 is a circle.

For let p, = p—o, and so on. Then, if #, be any variable vector,
starting from o, the equation of the circle is

u?—2[u,|¢;] =a?—cl.
Hence pi—2[pile] =gi-2[g|c] =%~}
But [p, |¢,]=0. Hence
(Br+a ) —2[(pr+q) o] +ef =222 —cf; (1, -¢))? =222 -}
92. If p, g be any points on a circle, s a fixed point of the plane,
and the parallelogram psgr be completed, then the perpendicular
from 7 to pq goes through a fixed point.

For take the centre o as origin, and let s;, =s—o, and so on. Let
s’ be the reflection of s in o, then

si==s, nEs=p+q, [(n+s)|[(p-9)]=pi-9i =0,
[y =) [(pr—qu)] = .
93. If p, ¢ be points on a circle abc such that
(p-a)’+(p—b)+(p—c) =(g—a)*+(g— by’ +(g—¢)?,
then pq is perpendicular to the radius through the centroid of abc.
94. If 2(p—a)’+(p—b0)*+(p—c)*=(a—b)?+(a—c)’, and p lies

on be, then p is either the mid-point of be, or the foot of the altitude
from a.
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95. If & is the orthocentre of triangle abc, and u, v, w be vectors
from & to a, b, c, then [v|w] = [w|u] = [u|v] =k, say. If r be a variable
vector from £, the equations of the circumcircle and nine-point circle

are r’—[r|(u+v+w)]+2k=o0
and r—3r|(u+v+w)+ik=o.

If g is the centroid of the triangle, the circle on diameter gh, the
circumcircle, and the nine-point circle are coaxal.

96. Ifois the circumcentre of triangle abe, and u, v, w vectors from
0to a, b, ¢, then u+ v+ is the vector of the orthocentre.

97- If a,, a,, a;, a, be points on a circle, 4,, ..., k, orthocentres of
434, ..., a)a,a,, then the quadrilaterals 4,...k, and a,...a, are
congruent.

98. Distance between points in areal coordinates.
If p=xa+y,b+zic, g=x,a+y,b+z,0,
X +tY1+2 =X+Y,+2, =1,
then P—g=(x,=%) a+(y,~y,) b+(z,—2,) ¢
=(Y1-Y2) (6-a)+(z,~2,) (c—a),
(29 = (V1 —y2)* (6 —a)* + (2, — 2,)* (c - a)?
+2(y1 =) (2 -2,) [(b—a) |(c —a)]
= (1 —¥2)* € +(z; —2,)* b* +2(y; —¥,) (2, — z,) bc cos A
= —a¥(y, —Y,) (2, —2,) = b¥(z, — 2,) (x, — %,)
=C%(x; —Xy) (Y1 —¥2),
where a, b, c are the lengths of the sides of the triangle.
99. Forces whose vectors are lu, mo, nw act along the sides of

triangle abc, in order, where u, v, w are unit vectors along the sides.
To find the magnitude of the resultant R.

R? = (lu + mv + nw)?
=124+ m?+n?+2mn cos (7 —A)
+2nl cos (77 — B) + 2lm cos (7 —C),
where A, B, C are the angles of the triangle.
In trilinear coordinates, the line of action of the resultant is
Ix+my+nz =o. (Cf. Ex. 46, p. 22.)

If (x, y, z) be the trilinear coordinates of any point g, the moment
of the resultant round g is Ix, +my, +nz,. This gives at once the
formula for the distance of ¢ from the line Ix + my +nz = o.
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10o. If u, v be vectors, and 6 the angle from u to v, then
[uv] =avsin 6, [u|v] = @D cos b,
where #, ¥ are the magnitudes of #, v. Hence cot § = [E:‘ l;;].
If v is changed in sign, the right-hand side is not changed in value;
neither is the left-hand side, since @ is increased by +7. Thus it is

best to regard 6 as the measure of the cross between the lines of the
vectors. Interchange of # and v alters the signs of both sides.

101. If a—0=u, b—o =uv, then the circle aob is described by the
end of the vector r from o which satisfies

r’—[(u+v)|r] =k[(b—a) 7], k= cotaob.
For, if p be on the circle, then <Jboa = bpa, where < denotes
the cross
(=) l@=n] _, _[ulo]
[((u—7)(v—7)] [uv]

102. If 0, a be fixed points, and v is a variable unit vector from o,
then

a—[(a—-o0) |v] v lies on the circle on diameter oa.
103. (i) In a triangle abc with angles A, B, C,

[(c—b) =cot C.(a—b)+cot B.(a—c), cotA =%__b)_].

For, if ap is the altitude from g, and k, y, x be the lengths of ap,
bp, cp, then

le=8)=(x+y) k' (@a=p), (x+y)(a—p)=x(a~b)+y(a—o).

(ii) Hence, with areal coordinates x, y, z, the line whose tangential
coordinates are ((m—n)cot A, (n—1I)cot B, (1-m)cotC) is per-
pendicular to the line whose coordinates are (I, m, n). For the con-
dition that ¢ is on the former line is

[g((m —n) cot A.(c~d)+(n—1) cot B.(a—c¢)
+(1-m) cot C.(b-a))] = o.
104. (i) If b—a=u, c—a=v, then |(c—b) = k,u +k,v, where
_ [u]v] -2 _[ul|v]—u?
ol P [ue]
(i) If d = k; b +ky¢, k) +k, = 1, then denoting crosses by <,
cot<Xadc = k, cot<(dac+k, cot<Ldab = k, cot<Labc +k, cot<Lach.
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For if w = k,u +k,v = d —a, then since Jabc =L (u, v—u),
[#](v—u)] [o|(x—2)]
———= cotJach=—7,
2 IR

k, cot<Xabc+k, cot<Lach _[ﬁ|[(v—]u)] = cot<{adc.

(iii) The join of x,a+y,b+z,¢ and x,a+y,b+2,c makes with bc
an angle 6, where
cot =((z,—2;) cot C—(y,—y,) cot B) (x,—x;)7".
105. Pothenot’s problem. If the sides of triangle abc subtend
angles 6, ¢, Y at p =xa+yb+zc, (x+y+z = 1), then, taking
[abc]=1, u=c—b, v=a—-c, w=b—a,

cot<Xabc =

we have x(cot A —cot 0) = yzu® + zxv? + xyw®.
This and the two analogous equations will determine x, y, z.
For [uv] = [vw] = [wu] =1, [bc] +[ca] +[ab] = 1,
[(p—5) (p—o)] = [pb] — [pc] + [bc]
= x[ab] — z[bc] — x[ac] — y[bc] + [bc]
= x([bc] + [ca] + [ab]) = x,
~l(p=B)I(p—€)] = = [(z1—xw) |(xv —yu)]
=yz.u? +zx.0% +xy.w? + x[w|v],
since #+v+w =0,
cot A= —[w|v], cot@ = —x"Y(yz.u?+2x.v? +xy.w*)—[w]v].
106. Find the locus of points at which two given collinear in-
tervals subtend (i) equal angles, (ii) supplementary angles.

107. Chords of a triangle abc are drawn through the isogonal of
the centroid, (b—c)%.a+(c—a)?*.b+(a—b)?.c, =s, parallel to the
sides. Their ends then lie on a circle. If p, g, r be the feet of the
perpendiculars from s to the sides, then s=p+g+7.

108. If x(b—c) +y(c —a) +z(a—b) is antiparallel to bc, then
(b—a)? (z—x) = (a—c)* (y—x).
If x,a+y,b+2z,c and x,a+Yy,b+z,c are isogonal conjugates, then
X, %g/(b =) = y¥s/(c — @) = 2,2,/ (a— b)*.
1 I 1
(c—a)z'a+(a—b)2'b+(b—c)2
Xpab = pbc = pca = cot~(cot A +cot B +cot C).

For . cotXpab = [(b—a) |(p —a)] = [abp].

109. Brocard points. If p= .c, then
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Let K=1/(c—ay+1/(a-b2+1/(b—c)?
K[(6-a) |(p-a)]

=(_a_Lb5§(b_a)2+—b_Lc)—2[<c—a)|(b—a)1

((b—c)?+(c—a)*+(a—b)?)

T 2(b-op
=(—bj;)-2 ([(c—a) |(a—8)] +[(a—b) [(6—e)]+[(6—c) |(c-a)]),
Klabp] = oy b [abc]
Hence cot<pab = cot A + cot B +cot C.

110. A generalisation of Simson’s line. Through a variable point p of
plane abc parallels are drawn to oa, 0b, oc, where o is a fixed point ; these
cut be, ca, ab in d, e, f. To find the locus of p when 4, e, f are collinear.

Take o as the origin of vectors, and let

a—o=u, b—o=v, c~o=w, d=p+ku, e=p+kyv, f=p+k;uw,
then [def] = [(p +k,) (p+Kyo) (p+kyw)] = o.
But [uvw] =0, hence
ki Yow] + k5 wu] +k; [uv]=o.
Now d=p+ku=xa+yb+zc+k(a—o), (x+y+z=1),
is independent of a.
Hence if o=xa+yb+zc, (x,+y,+2 =1),
then k, = x(x;, —1)~'= —x(y, +z,)"!. But [ow]=x, ....
Hence the equation of the locus is
x(y1+2) X7 +y(z +%) y +2(x, +y,) 27! =o.
In particular, if o be the orthocentre,
X;:y;:z; = tan A:tan B:tan C,
and the equation becomes that of the circumcircle.

111, If a line through the centroid of triangle abc meets ab, ac
in p, g, then bp/pa+cq/qa = 1.

112. If through any point p parallels to ag, bg, cg (where g is the
centroid of abc) meet be, ca, ab in d, e, f, then

pdjag +pe|bg + pfjcg = 3/2.
113. If d, e, f be the mid-points of bc, ca, ab, and p is any point

on ef, while 8p, fd meet in g, and cp, de in r, then gr goes through the
centroid of abc.
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§ 9. Identities connected with circles.
1. For any points in a plane, (§ 5:6:8),
[mbc] (a—q) +[mca] (b—g) + [mab] (¢ —q) = [abc] (m—q).
Take g = §(p +0), and multiply by p — o, inner multiplication,
then (@~ p)— (a—0)?) [mbe] + (b—p)*— (b—0)?) [mcal
+((c—p)* — (¢~ 0)*) [mab]
= ((m—p)*— (m—o0)?) [abc].
If a, b, c are on a circle, centre o, and (a—0)? =r?, then
(a—p)? [mbc] + (b—p)? [mca] + (¢ —p)? [mab]
= ((m—p)*— (m—o0)*+r?) [abc]
= ((m—p)*~k) [abc], (1)
where k is the power of m in the circle abc.
If m is also on this circle, then

(a—p)? [mbc]+(b—p)? [mca) +(c—p)? [mab]
= (m—p)* [abe], (2)
connecting four concyclic points a, b, ¢, m and any point p.
In (1), take m=p, then, if k is the power of m in the circle abc,

k[abc] + (a — m)? [mbc]
+(b—m)? [mca] + (c —m)? [mab] =o. (3)
In particular, if m, a, b, ¢ be concyclic,
(a—m)? [mbc] + (b —m)? [mca] + (c —m)? [mab] =o. (4)
2. We can write this in terms of the vectors
a-m=u, b—-m=v, c—m=w.
Since [mbc] = moment of bivector [(b—m) (c—m)], we have
w?[vw] + v?[wu] + w¥uv] = o, (5)
so that (4) states that the moment of a certain sum of bivectors
is zero.
3. We can also deduce (5) from § 6-16:
[vw] u+ [wu] v+ [uv] w = o. (6)
Let m' —m = d, where m’ is the point on the circle opposite
to m, then [u|d] = 2, since

[#|(u—d)] = [(a—m) |(a—m')] =o. (Ex. 65, p. 36.)
Multiply (6) by |d, and then (5) follows.
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4. Interpretations of (4), (6). If we turn u, v, w in (6) through
a right angle,
[vw] |u+ [wu] |v+ [uv] |w =o.
Hence, by (5),

[uv] w?+ [wu] v = — [vw] u? = [wu] [u|v] + [uv] [u|w].
Hence
[olo—u)] _[wlw=1)] [ole-1)]_[w|@-u)]
[uv] [uw] ° [o(v-w)]  [ww-u)]’

Thus <(mba = < mca, the fundamental angle property of a circle,
expressed in terms of crosses.
Again, if m, a, b, ¢ be in order on a circle, (4) gives
mb .mc .sin bmc .ma® — ma.mc .sin amc . mb?
+ma.mb sin amb.mc? = o.
But sin bmc = bc: diameter, by the angle-property; hence if we

divide the last formula by ma.mb.mc, we obtain Ptolemy’s
Theorem.

5. From (4) and § 8-12, we have: if m, a, b, ¢ be concyclic
points,
[mca] [mab].(b—c)®+ [mab] [mbc].(c —a)?
+ [mbc] [mca] .(a—b)* = o.
If m =xa+yb+zc, this gives the usual equation for the
circumcircle:

x W b—c)+y c—a)y+z Y (a—b)>=o0.

Examples. 114. If p is any point on the circle abc, then

. —a)’sin2A+...+...
1S constant. (P ) + +

115. If the vectors of a, b, ¢ from any origin be u, v, w, then the

vector of the circumcentre of abc is
(v - o) |u+(@? — ) |v+(u? — 0?) |u],

if [abc]=1.

The equation of the circumcircle is, if  is a variable vector,

r? —(u¥[r(v — w)] + v*[r(w — u)] + w?[r(u—v)])
= u*[ow] + v’[wu] + w?[uv].
FCE 4
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116. If a, a,, as, a, be four points in a plane and A, the power of a,
for the circles a,a;4,, and so on, then
Ajlaa5a,] = — Ajfa aza,] =Ag[a aya,] = — A [a)a,a5).
117. With the same notation AT! +A; ! +AJ!'+A ! =o.
118. Circles with centres g, b, ¢, d cut a given circle orthogonally;
P,, Py, P;, P are the powers of any point for the circles, then
P,[bcd] + Py[cad] + P;[abd] =P[abc].

§ 10. Transformations of vectors.

1. If @ is any operation which turns vectors into vectors, and
u is any vector, we may denote by Su, or by 4@, the vector
produced by &. Thus the operation of taking the supplement,
denoted by |, gives [# when performed on u; the operation
denoted by U on p. 39 turned a vector through a constant angle
and multiplied its magnitude by a scalar constant. Whether we
write ©u or ¥& is a matter of convenience. The latter is the
form we shall usually prefer.

2. If k.uG =ku.©, for all vectors u and scalars k, and
uS+v8 = (u+v) &, for all vectors u, v, then & is a ‘linear
operator’, or ‘linear transformation’.

3. If &, T, R be operators such that uS+uT = uR for all
vectors u, we say R is the ‘sum’ of G, T, and write S+3T = R.

Clearly €+T=3F+C, (E+T)+U=C+ET+N).

If for all vectors u, (u€) T = uR, we say R is the ‘sequence-
product’ of &, T in that order, and write 8T =%R.

Clearly (%)l = &(ZN), but it is not necessarily true that
eT=TC.

Wehave S(Z+U)=6GT+SU, (T+N)S=TES+US.

4. A ‘direct similarity’ @ is a transformation which turns
figures into directly similar figures. It is always of form such
that #© =k, u+k,|u, where k,, k, are scalars. It is determined
when the transform of one vector u is known.

If T is another direct similarity, and uT =lu+1,|u, 1, 1,

scalars, then (g4 ) — (k, +1,) u+ (ky+1,) .
Hence ©+ T is a direct similarity.
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The similarity &, which is such that ¥& =u for all vectors «,
is called the identity, and is denoted by J; then €F=36=6
for all &.

If &, T be as before, then

(@) =k lutk, ||lu=k, |u—kyu,

and |#.& =k |u+ky||u=k|u—kyu
Hence |(4©) = |u.&.
Also

(#8) T = (kju+k,|u) T =k uT +ky(|u) T =k, uT +k,|(uT)
=k Lut+kly|lutky|(ut+l,|u)

= (k; L, =k 1) u+(k I +k,1y) [ (1)

But, by definition, (&) T = u&I. Hence ST is a similarity.

5. A set of operations which is such that the identity J is in
the set, and the product of any two operations is in the set, is
called a ‘group’, when

(a) For any operations &, ¥, U of the set, (ST) U = S(TU).

(b) If & is any operation of the set, there is an operation &'
in the set, such that 861 =616 =g.

&1 is called the ‘znverse’ of S. If for all operations &, T of
the set, 8T =TS, the group is ‘abelian’.*

6. The set of direct similarities forms an abelian group. The
necessary conditions for this all follow at once from (1), except
(b), which we shew thus: if in (1) we assume that © and hence
k,, k, are given, and we take 1, 1, to satisfy

Lk} +k3) =k, Lp(k+kf) = —ky,
then k -k, =1, kl+k] =o.
Hence uST =u for all u; that is, 8T =3.
7. The operation of taking the supplement is clearly a
similarity, and if we write u% instead of |, the equation

|u.& = |(u®) of 4 becomes (¥B) S = (¥S)P; hence PS=SP,

which is a special case of 6.

* Subsections 2, 3, § are clearly general, and can be taken to refer to
transformations applied to any extensives.

4-2
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8. If © is a similarity, and v = 4&, then & is fully fixed by
the vectors v, u, and the fact that € transforms v into %. An
obvious notation is to write

="

a —a . .
, means that abe, a'd’c’ are directly similar

Then ;= ‘- b,

triangles, for this is the case if, and only if, both sides of the
equation represent the same similarity.

c—a (' —-a c—a b-a
9. Ifb-— =3 ,,th en =g
For,if c—a=(b—a) &, (¢'—a’) T =c—a, then
C’—a’:(b’_a’)@;

hence b—a=(c—a)&!=('~-a")TE&1=(b—-a)SIE.
But 8T =T, by 6; hence
GIGC1=ICC 1=, (b—a)=('-d)T.

u u
10. If u;, v, u,, v, be vectors, and v—‘ =-2, then each of these
1 Y

Ky +kyty (k,, k, scalars).

ko, +ky vy’
For, if u; =v,&, u,=v,&, then

kl U, +k2u2 = (kl (21 +k27)2) 6.

quotients equals

. The product of the similarities ! and “2 is 2!, Hence
Uy “3 “3

“ .1—‘? . Thus the symbols for similarities can be multiplied

Uy U “3
like ordmary scalars

If -=G, then - =@&1. If uY = vB, then % = BAL.

12. If a, b, d’, b’ be points, the point ¢ such that the triangles
cab, ca’b’ are directly similar is ¢ = a+ (b —a) &, where
a'—a

® T G=a=0-ay
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For, if there is a similarity & such that

—a=(b-a)S, c—a' =('-a)G,
then a'—a=(b—a)—('—a'))S, c=a+(b—a)C.
The first of ‘these gives ©. We also have
c=a+(a'—a)&’, where © =(_bﬁ——a’)'

For, take u = (b—a)—(b'—a’), then u& = a’'—a, u&' =b—a,
and the formulae for ¢ agree, if (b—a)© = (¢’ —a) &', that is, if
uS'©=uBG&’, which is true by 6.

13. So far, we have considered similarity transformations on
vectors only. If a, b, a’, b’ be given points in a plane, then the
correspondence & in which the fixed points a, b correspond to
a', b respectively, and p corresponds to p’, is a ‘direct simi-
larity’ if, and only if, the triangles pab, p’a’d’ are directly similar.
We write a©=a’, and so on.

Then, if g, 7 correspond to ¢’, ', we have, using 10, 11,

a—p a'-p a—q_ a'—q’
a—b a-b’ a-b a-b"’
p—q_p—q p-r_p v p—q_p—¢
a-b a-b' a=b a-b"’ p—rp—r'
Thence the triangles pgr, p'q’r’ are directly similar.

'The point ¢, such that c& =g, is the ‘self-corresponding’ point

of ©; it is given by 12.

’

14. If a,, a, describe directly similar systems, and a,a,a; be
directly similar to a fixed triangle, then a, describes a similar
system, and the three systems have in pairs the same self-corre-
sponding point. (Petersen-Schoute.)

For, let a;, b,, ¢, be points of the first system, a,, b, ¢, corre-
sponding points of the second system, and let a,a,as, b, b,b;,
¢, ¢,¢4 be directly similar triangles.

Let a;—a, =(a,—a,) &,
then by—by = (b,—b) &), 3, =(—¢1) &y

Let ¢,—a, =(b;—a,) S, then cy—a,=(b—a,) 6,
by 13, since the first and second systems are similar.
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Then
3—ag=c+(c;—¢) €, —a,—(a,—a)) &,
=c¢—a1+(6—ay) €, —(c,—a;) €,
= (b —a;) 8+ (b, ~a,) €8, — (b, — a)) GC,
=(b,—a)) (8-68))+(b,—a,) G,
by—a3 = (b,—a;)+(by—b,) &, —(a,—a,) &,
=(b—a)) (F—©))+(b,—a,) &,.
Hence (b3 —as) © = ¢;— as, since 8&,=6, S, by 6.
This proves the first part.
The self-corresponding point for the first two systems is

P_al+(a2 al)(b _al) (b _az)

b,—a
= a2+ (@ =) G

-a))’
The self-corresponding point for the first and third systems is
by —a
a .
) =)~ (bs— )
This is the same as p, by 11, since

a, +(a3 -

b —a . (by—a;)— (b3 —a,)
(by—ay)— (b, —ay) b, —
(a3—a;)—(b3—by) as— ‘11

= — = @
((a3—a,)~(bs—b,)) &;! ' ay—a)’
The self-corresponding point for the second and third systems

is b,—a
@+ (35 a)

—ay)’
and this can easily be shewn to equal the second expression for p.

§ 11. The regressive product of two rotors in a plane.

1. Let the lines ab, cd meet in p, then [abp] = [cdp] = 0. Let
p =k,c+Xk,d, then k,[abc] + k,[abd] = o, and this gives the ratio
k,:k,, and hence the position of p. Note the geometrical inter-
pretation of this result. )

The ‘regressive product’ of any two rotors [ab], [cd] is denoted
by [ab.cd], and is defined as follows:

[b.cd] = [abd] c— [abc] d. (1)
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Thus if the lines of the rotors meet, this product is their point
of meeting, with a weight attached equal to

[abd] - [abc] =twice ‘area’ of quadrilateral acbd = [(b—a)(d—c)].

If the lines are parallel, then [abd]=[abc], and the product is
a vector.

Earlier outer products will be distinguished from this type
of outer product by being called progressive’. The dot on the
left-hand side of (1) is the symbol for multiplication.

2. By§s6,
[abc] d = [bed] a+ [cad] b+ [abd] c. (2)
Hence, by (1), [ab.cd] = [acd] b~ [bcd] a. 3)

This and (1) are the fundamental formulae, and the only ones
that need be remembered. From (1),

[cd.ab] = [cdb] a— [cda] b = [bcd] a— [acd] b.

Hence, by (3), [cd.ab) = —[ab.cd]. (4)
Since [ab] = — [ba], we have, by (1),
[ab.cd] = —[ba.cd] = [ba.dc]. - (5)

3. If A, B be rotors, their regressive product is [4.B]. We
omit the dot when no ambiguity results, and write [4B]. If k
is a scalar,

[kA.B]=[A.kB] = k[AB],l

(6)
[AB] = -[B4)], [AA4]=o0.]
If 4, B, C be rotors, then, by (1), (3),
[(4+B) C] = [AC]+[BC],| )

[C(4+B)] = [CA}+[CB].]
4. An important special case of (1) is
[ab.ac] = [abc] a. 8)

If we assume this and (6), and the formulae derived by cyclic
permutation, for one set of non-collinear points, and further



56 PLANE GEOMETRY [cHaP.

that regressive multiplication is distributive over addition, we
can deduce (1). For let d =xa+yb+zc. Then

[cd] = x[ca] +y[cb], [abd]= z[abc],

[ab.cd] = x[ab.ca] +y[ab.cb] = —x[ab.ac] —y[bc . ba]
= —x[abc] a—y[abc] b = —[abc] (xa+ yb)
=[abc] (zc — d) =[abd] c — [abc] d.

5. If we multiply (2), which is an equation between weighted
points, by a,
[abc] [da] = [cad] [ba] + [abd] [ca]
= [dac] [ab] —[dab] [ac].

Write [ab] =L, [ac] =M. Then, since by (8),

[LM] = [abc] a, [d.LM]= [abc] [da),
we have [d.LM] = [dM] L—[dL] M. ()

As two rotors whose lines meet can always be written in form
[ab], [ac], therefore (9) holds for such rotors.

If L=[ab], M =][pq] be parallel rotors, then, by (1), [LM] is
a vector [abp](p—q); and [d.LM] = [abp][d(p—q)] is a rotor
through d parallel to L and M and of magnitude [abp] pq, where
bars denote lengths.

We can shew (9) in this case also.

Let N be a rotor whose line cuts the lines of L and M, and
let P=M—N. The lines of P, L cut.

Then [LN]+[LP]=[LM], [dN]+[dP]= [dM],
[d.LM] = [d.LN]+[d.LP)]
= [dN.L]—[dL.N]+[dP.L] - [dL.P]
= [dM.L)—[dL.M].

6. Note that if a, b are points, and L a rotor, then [ab.L] and
[a.bL] are not equal, for the first is a weighted point at the cut
of [ab] and L, and the second a weighted point at a, since [5L]
is scalar. Hence the associative law for multiplication need not
hold for products which involve both progressive and regressive
multiplication.
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7. [bc.pa]+ [ca.pb] + [ab.pc] = 2[abc] p. (10)
This follows from [bc.pa] =[abc] p—[pbc]a, and similar

formulae, and

[abc] p = [pbc] a+[pca] b+ [pab] c.
8. [[ab.bc].ca] = [ab.[bc.ca]] = [abc]?. (x1)
For [ab.bc] = [abc)b, [[ab.bc].ca) = [abc][b.ca] = [abc]?,
[bc.ca] = [bea] ¢ = [abc] ¢, [ab.[bc.ca]] = [abc]?.

We can hence write [ab.bc.ca] for each of these expressions.

9. If any of the letters in (1) represent vectors, we assume
this equation as the definition of regressive multiplication in
this case. For example, if L is a bivector, we can write (1) as
[L.cd] =[Ld] c—[Lc] d. Then, since [Lc]=[Ld], we find that
[L.cd] is a vector. If L, M are bivectors, [LM]=o0. (Cf.§ 14°1.)

10. If L, M, N be rotors or bivectors, then
[LM.N]=[L.MN].

A product which involves only regressive multiplication of exten-
sives of step two is associative.

For, if the lines of L, M, N do not have a common point
(finite or at infinity), this follows by (11); and if they have such
a common point p, both products vanish, for then we can find
points /, m, n such that L=[pl], M =[pm], N=[pn]. Then

[LM] = [pim]p, [LM.N]=o,
[MN] =[pmn]p, [L.MN]=o.

Conversely, if [LMN]=o, then the lines L, M, N have a
common point; for if they met in three distinct non-collinear
points, then (11) shews [LMN]#o.

[LMN]=-[MLN]=[NLM]=.... (12)
11. The ‘dual’ formulae to (8), (11) are: if A, B, C be ex-
tensives of step two,
[AB.AC)=[ABC] A,
[4B.BC.CA] = [ABCP. (13)
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To prove these, let A=[bc], B=[ca], C=[ab], then
[AB] = [bc.ca] = [abc] ¢,
[AC] = [bc.ab] = —[ab.bc] = — [abc] b,
[AB.AC] = [abc]? [bc].
And, by (11), [ABC] = [abc]?.

This proves the first one of (13), the second follows like (11).
If 4, B, C are concurrent, both sides of both formulae vanish.

12. We can now write (2) in the form

[ABC) d = [dA] [BC]+ [dB] [CA]+[dC] [AB].
The dual to (2) is
[ABC] D =[DBC) A+[DCA] B+[DAB] C, (14)
from which follows, if 4 = [bc], and so on,
[abc] D = [Da] [bc] + [Db] [ca] + [Dc] [ab]. (15)

With this compare § 5, Ex. 46. We can deduce (14) by taking
D =k, A+ky,B+k;C, as in § 5:6 for the case of points.

13. From (8) we were able to prove (1). Hence, from (13), we
can deduce [AB.CD]=[ABD]C—-[ABC] D (16)
for any four rotors (or blvectors) in a plane.Thus each formula
has its dual.

14. If a, b be points, L =[cd], we can write (3) in the form

[ab.L] = [aL} b—[bL] a. (17)

The dual is [4B.[]=[AlB-[Bll 4. (Cf.(9).) (18)

If M is of step two, then, since [ab] is of step two, we have,
by (12), [[ab.L] M] = [ab.LM],
and, by (17), [ab.LM] = [aL][bM]-[bL][aM]. (19)

This is self-dual.

15. From (135),

[abc] L = [aL] [bc] + [bL] [ca] + [cL] [ab]),
[abc]) [LMN] = [aL] [bc. MN]+[bL] [ca. MN]+[cL] [ab. MN]
= [aL] ([bM] [cN]—[bN] [cM])+ ... +...
=| [aL], [aM], [aN]
[6L], [bM], [bN] I (20)
[cL], [M], [eN]
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Examples. 119. If a, b be points, u, v vectors, and the lines au, bv

cutin e, then c= a+[——(a_b) i u=b+ [b-a)u] u].v.
4] [u?]

For' [au.bv] = [auv] b—[aub] v = [auv] b+ [a(b—a) u] v,
of weight [uv]. Cf. §6-6.

120. The centre of gravity g of the quadrilateral abcd is

[(ab + dc) (ad + bc)] + [ac . bd].
121. If a, b, c be the lengths of the sides of triangle abc, then
[bc.ca]l =absiny.c. (y=Lacb.)

122. If abed be a cyclic quadrilateral, and P, Q,, P,, O, be unit
forces along ab, dc, da, cb, then P,+Q,, P,+Q, act along the
bisectors X, X, of the interior angles between the opposite sides
produced.

If A, B, C, D be the angles of the quadrilateral,

(X, X5] = (P + Q1) (P + Q)]
=[P Py] + [P, Q5] +[Q1 Q2] +[Q1 P2]
=sin A.a~sin B.b+sin C.c~sin D.d
=2sin A.}(a+c)—2 sin B.}(b+4d).
Hence the bisectors meet on the diameter of the quadrilateral. They
cut at right angles, for if p, is the vector of P, and so on,

[(21+9) [(P2+92)] = [£1122] +[1192] + 41192 + 91| 25) = o

123. If we have two inversely similar polygons, and the joins of
corresponding vertices be divided in the ratio of corresponding sides,
the points of division are collinear.

124. In general [ab.cd.ef] and [abc] [def] are not equal. If,
however, they are equal, and b, e lie on cd, then bcde is a harmonic
range.

If [ab.cd.ef]=][a.bed.ef], then the points [ab.cd], b, a, [ab.ef]
form a harmonic range.

§12. Desargues’ Theorem, Pappus’ Theorem and related theorems.

When we deal with graphical theorems (p. 12), we shall make
no distinction between elements at infinity (vectors, bivectors)
and other elements. In any metric interpretation, the distinction
must be restored.
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1. [LMN][bc.L..ca.M. .ab.N]
= [abc] [a.MN..b.NL. .c.LM]. (21)

As always, capitals represent extensives of step two, small
letters extensives of step one, the repeated dots serve both as a
sign for multiplication, and as brackets.

For, by (17), [bc.L] = [bL] c—[cL] b.

Hence the left side (21) equals

[LMN] [bL.cM.aN —cL.aM .bN] [abc].

By (9), [a.MN] =[aN] M —[aM] N.

Hence the right side of (21) equals

[abc] [aN .bL.cM —aM .bN .cL] [LMN].
Hence (21) follows. We can rewrite it, by putting

L=[bc), M=[ca'], N=[a'd],
then [LMN]=[a'b'c']%
and [bc.b'c'. .ca.c’a’. .ab.a'b’]
= [abc] [a'b'c"] [aa’ .Bb .cc’].  (22)

If one side vanishes so does the other; hence Desargues’
Theorem: if the corresponding sides of two triangles cut in collinear
points, then the joins of corresponding vertices are concurrent, and
conversely.

The presence of the factor [abc] [a’b’c’], on one side, shews
what modifications are needed, if we merely take two triads of
points. The direct theorem has to be restricted, but not the
converse theorem. The identity (22) has an interpretation when

the two sides do not vanish. This is of a metric nature, easily
obtained from (8), (1) and Ex. 121, p. 59.

2. A necessary and sufficient condition for triangles abc, a'b’c’
to be in perspective, with a, b, ¢ corresponding to a’, &', ¢’, is,
putting L=[b'c], and so on,

[aN .bL.cM] = [aM .bN .cL).

If they are also in perspective with a, b, ¢ corresponding to
b,d,a'then 1)) p0f eNY=[aN.bL.cM].
Hence, then,  [aL.bM.cN]=[aM.bN .cL].
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Thus the triangles are then also in perspective with a, b, ¢
corresponding to ¢, a’, b'.

Hence triangles doubly in perspective in this cyclic way are
triply in perspective.

3. The last fact also follows from the identity:
[aa’ .bb' .cc'] +[ab’ . bc' .ca'l +[ac’.ba' .cb'] = 0. (23)
To prove the latter:
[aa’ .bb' .cc’] = [aa'b'] [bec') — [aa'b] [b'cc’]
= [aa'b'] [bec'] — [cb'c’] [aba'].
Similarly, or by cycling a, b, ¢ and a’, ¢/, ¥/,
[bc".ca’.ab’] = [bc'a’] [cab’] —[aa'b] [bec'],
[cb'.ac’ .ba'] = [cb'c"] [aba'] — [bc'a’] [cab'].
Adding these equations, we have (23).
If we had cycled a', ¥, ¢’ in the first of the three, we should

have obtained an expression which does not obviously vanish,
though by (23) it must do so.

4. We can also deduce (23) from the following, by cycling

a', b, ¢’ and adding:
[abc] [aa’ .bb . cc']
= [a’ca] [b'ab] [c'bc] —[a’ab] [b'bc] [c'cal. (24)
To prove (24):
[abc] @’ = [a'bc] a+[aca] b+[a’ad) c,
[abc] [aa’] = [a'ca] [ab] + [a’ab] [ac].

Write down the formulae obtained by
cycling a, b, c; then the outer product
of their left sides, and of their right
sides, gives (24) if [abc] #0. When

[abc] =0,
(24) 1s easily shewn.

As the figure shews, (23) gives Pap-
pus’ Theorem: if aa’, bb', cc’ concur and ab’, bc’, ca’ concur, then
ac’', ba', cb’' concur.

So enunciated, the theorem involves only six points explicitly.
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5. If we enunciate the theorem so as to bring in all the nine
points, we have, changing their names: if a, b, ¢ be collinear, and
a, b, ¢’ be collinear, and all distinct, then the cuts of ab’, a'b, of
be', b'c, of ca', c'a are collinear.

This follows from the formula
[bc'.b'c. .ca’ .c'a..ab’.a’b]

= [aa'b’] [bb'c"] [ec’a’] [abe] — [abb'] [bec'] [caa’] [a'b'c’].  (25)

To shew this, use [bc’.b'c] = [bb'c’] ¢ —[bec’] b’y and similar
formulae ; multiplying these together, we get the left-hand side
of (25), and the right-hand side together with the following on
the right-hand side:

([aa’b’] [ad’c] [bb'c’] [cc'b] —[bb'c'] [bba] [cc'a’] [aa'c])
+two similar expressions.

This sum cancels out,
Brianchon’s Theorem for the corresponding special case is of
course given by the dual formulae, such as
[A4'.BB'.CC'1+[AB'.BC".CA’]
+[AC'.BA’.CB'] =o. (25)

6. We now consider the right-hand side of (25) in detail.
The sign changes when @', b are interchanged, or &', ¢ are inter-
changed, or ¢, a are interchanged.

If a, b be interchanged, the sum of the old and new expres-
sions is

([aa’d'] [bb'c’] — [ba'b’] [ab'c"]) [cc’a’] [abe]
+([cac'] [bea'] —[bec'] [caa']) [abb'] [a'b'c'].
Now [aa'b'] b+ [a'bb’] a+ [bab’] @’ = [aab] b'.
Hence [aa'd’] [bb'c’]+[a'bb"][ab'c’]+ [bab] [a'b'c'] = o.
Hence the bracket () in the first term equals [abb’] [a'b'c’].
Similarly, the bracket () in the second term equals — [cc’a’] [abc].

Thus the expression vanishes; and so (25) merely changes
sign when a, b are interchanged. Similarly if , c or ¢, a be inter-
changed. Thus, in all, if any two letters are interchanged, and
hence if any permutation of the letters is made, (25) changes at
most in sign. Hence Busche’s Theorem: if a, b, ¢, a', b, ¢’ be



I, 12] PLANE GEOMETRY 63
any six points in the plane, then [bc' .b'c. .ca’.c'a. .ab’.a'b] is at
most changed in sign when the points undergo any permutation.
We can easily deduce Pappus’ Theorem again from this. For
if we interchange b, ¢’, the left-hand side of (25) becomes
' [c'b.bc. .ca’ .ba. .ab’.a'c'];
now if a, b, ¢ are collinear, and a’, b’, ¢’ are collinear, this is

congruent to [¢’b.b’c. .c..b"] = 0. Hence the original expression
then vanishes.*

The metric interpretation of Busche’s Theorem is: if abca’d’c’
be a simple hexagon, then the product of the lengths of the sides,
the sines of the three angles at which the opposite sides cut, and
the area of the triangle whose vertices are at these cuts, is in-
dependent of the order in which the points g, ..., ¢’ are taken.}
(Cf. Ex. 121, p. 59.)

7. We could have proceeded as follows: Let
a =xja+y,b+zic, b =x,a+y,b+1z,0¢,
¢ =xza+y3b+z5c, [abc]=1.
Then  [b'c.bc’] = XyX3.a+ X350+ Xp25.¢ = x, %5y,
where pr=a+x3'y,.b+x3z,.c.
This and similar equations give
[6'c.bc’. .c'a.ca’. .a'b.ab’] =kd,

where k=X, X, X3y, Y2Y321 2223,
d=| xi! x3! x3!
—1 y=1 =1
Y1 Y2© Y3
Z;-I Z?Tl 23—1

A permutation of a’, b’, ¢’ will at most change the sign of d.

8. Since [aa’.bc] = [aa’c] b—[aa’b] ¢, and so on, we have
[aa’.bc. .bb' .ca. .cc’.ab]
= [ad’c] [bb'a] [cc’b] [abc] — [aa’b] [bb'c] [cc’a] [abe]. (26)
Dually, we have a similar formula,
[AA".B'C'..BB'.C'A'..CC'.A'B']
=[4A'C') [BB'A'1 [CC'B'][A'B'C’]
—[AA'B'][BB'C'][CC'A'] [A'B'C).

* H. Liebmann, Synthetische Geometrie (1934).
+ Mehmke, Prace Mat. Fiz. 29 (1918), p. 67.
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Now let A=[bc], A'=[b'c’], and so on, then
[AA'C) = [bc.b'c’ .a'b'] = [bb'c] [a'b'c'),
[AA'B’] = [bc.b'c’ .c'a’] = [cc'b] [a'b'C’).
Hence from these and similar formulae,
[AA'.B'C'..BB'.C'A'..CC'.A'B’]
= ([bb'c] [cc’a) [aa'b] — [cc'b) [bb'a] [aa'c]) [a'b'c'P.
By (26), this gives us
[abc) [A4'.B'C'..BB'.C'A’..CC’.A'B’]
= —[aa’ .bc. .bb .ca. .cc’ .ab] [a'b'c'].
Hence Bricard’s Theorem: if the cuts of aa’, bb’, cc’ with the
opposite sides of triangle abc are collinear, then the joins of the

points AA’', BB', CC' witk the opposite vertices of the triangle
a'b'c’ concur.

9. [pa’.bc..pb’.ca..pc’.ab] [a'b'c"]
For =[pa.b'c’..pb.c'a’ . .pc.a’b’] [abc]. (27)

[pa’ .bc. .pb' .ca. .pc’.ab)
= ([pa'c] b— [pa'b] ) ([pb'a] c—[pb'c] a) ([pc'b) a—[pc'a] b
= ([pa’c] [pb'a] [pc'b] — [pa’b] [pb'c] [pc'a)) [abe),
and the first factor is not changed in value when dashed and
undashed letters are interchanged.
If abc, a'b'c’ be coplanar triangles, and p a point such that
pa', pb', pc’ cut be, ca, ab respectively in collinear points, then
pa, pb, pc cut b'c’, c'a’, a'b’ respectively in collinear points.

10. Ifpa’, pb', pc’ cut be, ca, ab respectively in collinear points,
and also cut ca, ab, bc respectively in collinear points, they cut
ab, be, ca respectively in collinear points.

Forif we putpa’ =A’, bc=A4, ..., then (25') shews the theorem.

11. [abc)? [pa.b'c'..a'...pb.c’d’ . .b'.. .pc.a’b . .c']
+[ab' P [pa’ .be. .a...pb .ca..b...pc’.ab. .c]=o.
For [pa.b'c'..a') = —[pac’] [a'b']—[pab’] [c'a’],
[pa.b'c..a'...pb.c’a’. .b'...pc.a’'b . .c']
= [pb'c.pc’a.pa’b—pbc’ .pca’ .pab’] [a'b'c'].
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Bricard. If the cuts of pa, pb, pc with the sides b'c’, c'a’, a'b’ of
triangle a'b’c’ when joined to the opposite vertices give concurrent
lines, then the cuts of pa’, pb’, pc’ with the sides bc, ca, ab of tri-
angle abc when joined to the opposite vertices give concurrent lines.

§ 13. Sextuply perspective triangles.

1. Convention for multiplication. A continued multiplication
like [apMgL] is always to be interpreted as follows: the first
factor is multiplied by the second, the product by the third
factor, the product so resulting by the fourth factor, and so on.
The associative law need not be true.

2. Projection in a plane. Points on a line L are projected
from p as centre on to the line M, and back again from the point
q as centre on to L. If a is a point on L, it is projected into
[apM] on M, and back again to [ap}gL] on L. ¢ p

[apM] = [aM] p—[pM] a, M
[apMq] = [aM] [pq] - [pM] [ag],
l[apMqL] = [aM] [pgL] - [pM] [agL]
= [aM][pqL]+[pM] [¢L] a,
since [aL] = o. e b L

Now [pgL] is a weighted point 7, say, at the cut of [pg] and
L, and [pM] [¢L] is a scalar k, say.

Hence b = [apMgL] = [aM] 7+ ka; and if a, a, become b, b,,
then la+1, @) becomes a point congruent to 15+1,5,.

3. If, by the above process, a becomes b, b becomes ¢, and
¢ becomes a, then

b=[aM]r+ka, c¢=[bM]r+kb, a=[cM]r+ke, (1)
a = [cM]r+Kk[bM] r+k2[aM] r +k3a.

Hence k*=1; by (1), if k=1, then r is a vector, or point at
infinity. We have always that c+ kb +k2a is on M, where k3=1.

4. Sextuply perspective triangles.* We have seen that triangles
may be triply perspective, and that if triangles abc and a'b’c’
are in perspective (corresponding vertices are always written in
corresponding places), then, omitting bracket [ ],

aa’b’ .bb'c’ .cc’a’ = ac’a’ .ba'b’ .cb'c’. (2)
* We assume our field of scalars is complex.
FCE 5
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If also bac and a'b’c’ are in perspective, then

ba't' .ab'c’ .cc’a’ = bc'a’ .aa’b’.cb'c’.

Multiplying together the right-hand sides, and the left-hand

sides of these, we have an equation which can be written:
[ec’a’Plac’a’ .bc'a’ .cc’a’ = [cb'c’Plab’c’ .bb'c’ .cb'c’.  (3)

If also cba and a'b’c’ are in perspective, in which case so are

ach and a'b’c’ (§ 12-2), then each function equals
[ca’d']3jaa’b’ .ba’b’ .ca'b'. (4)

If also bca and a’b’c’ are in perspective, then so are cab and

a’b’c’, and from (3), (4), and similar equations,
[eb'c'P:[ec’a’P:[ca’d']? = [ab'c’3:[ac’a’): [aa’b']?
= [bb'c’)}:[bc’a’ P : [ba’b' .

Take ¢ =a’+b'+¢', and [a'b'c'] =1, then we find [cb'c'P=1,

and so on. Hence
[ab'c'P =[ac'a’P® = [aa'b')?; [bb'c']P = [bc'a’P = [ba'b']>.

Let a=ka' +kb'+ksc', b=1a +1L,b' +15¢,
then K=ki=ki=l=B=B=1

Since a, b, ¢ are distinct points, if we take ky=13=1, which
can be secured merely by adjusting weights, we have

k,=¢, ky=€2 1, =¢* l,=¢, where €=1, e#1.
Hence we have the standard case
a=ca +e2b’'+c', b=¢c%a'+eb'+c', c=a +b+c.
Examples. 125. The triangle whose vertices have areal coordinates

(x,7 2), (¥, 2 %), (zx,y) is triply perspective with the reference
triangle abc.

For [a(xa+yb+zc)] + [b(ya +zb +xc)] + [c(za +xb +yc)] = o.
126. If p,=[b,a,.b;a,]=[b,4,.b aj] [b,4;.b,a,] be the perspec-
tive centres of two tnply perspective tnangles a,a,a, and b, b,b3,

when i, k, j take the values 1, 2, 3; 2, 3, 1 3, I, 2, tlzen DiD.Py 18
triply perspective to both.*

* Jahnke, Crelles Journ. 123 (1901), p. 42.
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§ 14. Regressive products involving bivectors in a plane.

1. As the regressive product of rotors in a plane has been
defined, the regressive product of bivectors has been implicitly
defined, since a bivector is the difference of two rotors, and
multiplication is distributive. But as each bivector is a multiple
of the unit bivector w, and as [ww] =0, the regressive product of
two bivectors is always zero.

2. If w be the unit bivector, a, b, ¢ any points of unit weight,
then [wa] =1, [Wb]=1, [w(@a—b)]=o,
[w.ab] = [wb] a—[wa] b =a—b.
Hence if w be multiplied by any point, it gives its weight; if it
be multiplied by any vector, it gives zero; if by any rotor, it gives
the vector of that rotor.

3. We now consider equations involving vectors and their
products only, we can hence replace @ by 1. Then if u, v
be vectors, [uv] is to be treated as a scalar. We define the supple-
ment of a scalar as itself, and hence write |[uv]=[uv]. Since
|u is the vector u turned through a positive right angle, we have

[|u. |0] = [ue] = |[uv]. (1)
4. In the spread of vectors, a regressive product is of type
[v,v,.u,v,], and each factor [u, v,], [u,v,] is ascalar. The product
hence equals [«,v,] |[#,v,], which we usually write as [©, v, |u,v,]
and by (1) it can be regarded as obtained by multiplying
[#;7,] by |u, and the result by |v,.
[uo]? = wo* —[u|o]?, (2)
[0y [uy 5] = [1, |ug] [0 |05] — [0, |p] [y |©5]- (3)
For, by § 6-16,
[4,0,] w+ [v,w] u, + [wu;,] v, =o.
Take w=|u,, then since [|u,.u,] = —[u, |u,], we have

[y21] (4 = [ |up] v, — [y |u5] wy. 4)
Multiply this by |v,, and we have (3), of which (2) is a special
case.
5-2
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Examples. 127. If w is a variable vector,  a fixed vector, and
[w|%] =u?, then all points o+w, where o is a fixed point, lie on a
line perpendicular to u.

128. To find the cut of the lines given by [w|u] =4, and [w|v] =22,
where u, v are known vectors from o. The vector w, to the cut is
determined by

[u|v] w, = [w, |v].|u—[w,|u].|v =22 |u—u?.|o.
129. If a, b be points, %, v unit vectors, k,, k, scalars, to find the

cut of (a+k,u)|u and (b+k,v)|v.
If w is the unit bivector, this cut is, since [ww] =0,

[(a|u+k o) (b|v+kyw)] = [a|u.b|v] +k[w.b|v] +ky[a|u.0].

Now [a|u.b|v] is a point ¢ with weight [|u.|¢] = [uv] =sin (4, v).
The second and third terms reduce to —k,|v and k,|u.

Hence the cut is [uv] c—k, |v+k,|u.

130. If squares be described on the sides of any triangle abc
exterior to the triangle, and if their sides which are parallel to the
sides of the triangle be produced to form a triangle def, then ad, be, cf
are concurrent.

For the side opposite to ab is

[(a+|(a—)) (5+ |(a—8)] = [ab] + (a—b)2 w.
This side cuts the side opposite to ac in
d = [abc] a+(a—c)? (a—b)+(a—b)? (a—c).
Thence [da] = (a—c)? [ab] + (a=b)? [ac],
and this line goes through
(b—cPa+(c—a)lb+(a—0b)?c. (Cf. Ex. 107,p. 46.)

§ 15. Supplements of rotors in a plane.

1. We have already defined the supplements of vectors in
a plane. We define the supplement of a rotor as the supplement
of the corresponding vector, but confusion is saved if, for this
new supplement, we introduce a new sign {.

[ab] = |(b—a).
If L, M, ... be rotors, then
WL+M+..)=JL+|{M+....
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We shall not at present define the supplement of a point, so
that [LM] has no supplement, unless L, M are parallel, in which
case [LM] is a vector, and has a supplement in the old sense.

" 2. [LIM]=[M|L]. (1)
- For, if L=[ab], M =[cd], 0=(abj\cd), and v be a vector per-
pendicular to and equal to d —¢, we have, if bars denote magni-
tudes,
[LVM] = [L|(d—c)] = [abr]
= ab.v sin (ab, v) = ab.cd cos 6.

If a, b, ¢, d be points, then |[cd] is a point at infinity, or
vector; hence

[a[b \cd]] = [ab Vcd]. (2)
3. a | [bc]+b |[ca]+c |[ab] = o. 3)
For this is equivalent to Ex. 84, p. 41.

If L, M, N be rotors, and so {L, {M, |N are points at
infinity, or vectors, then

[MN L] = [M L] N—[N |L] M. @)
We can write Ex. 72, p. 38, as the formula
[d \ad.bc]+[d \bd.ca] +[d \cd.ab] = o. (5)

To shew this, since [d | ad] is a line, we have, using (2),
[d \ad.bc] = [cd {ad] b—[bd |ad] c.

4. Orthopoles.* 1f A, B, C, L be rotors, then [BC|L] is a
rotor from the cut of B, C perpendicular to L; hence [BC |L.L]
is at the foot of that perpendicular on L:

[BCL.L. A]+[CA|L.L. |B]
+[ABVL.L.|C]=0. (6)

If we put [BC]=a, and so on, (6) says: if p, q, 7 be the feet
of perpendiculars from the vertices a, b, ¢ of a triangle to any line
L, then the perpendiculars from p, q, r to b, ca, ab respectively are
concurrent (or parallel). The point of concurrence is the ‘ortho-
pole’ of L for abc.

* For this treatment, cf. Daniéls, Ens. Math. 20 (1918), p. 97.
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To shew (6),
[BCJLl=[B|L]C-[C L] B.
Hence [BC|L.L)=[B|L][CL]-[C|L][BL],
[BCIL.L.|A])=[B|L][CL|A]-[C|L][BL 4]
=([ByL][CVA]-[CVL] [BiA]) L
+[C{L][A\L]1B—-[A|L][B{L] C,
from which (6) follows at once.
The orthopole itself is the regressive product of any two of
the lines, namely (omitting obvious brackets),
[AVL.BVL.C|L]([AVL][BC]+...+...)
+[BVA.C|\L-C|A.B|\L].[B\L.C|L].[AL]+...+....
A|L, B|L, C|L are linearly dependent, and thus L occurs

effectively three times in each term. Thus if the orthopole is
given, there are three corresponding lines.

5. Leta, b,¢c,a’, b, ¢’ be points, and [bc] =4, [6'c']=A4’, and
so on.
The identity of § 12:3 (23) holds between any six points or
vectors. Thence
[aVA".b\B'.ciCl+[byA’ .c\B .a|C’]
+[c{A".a|B .b{Cl=0. (7)
Hence if a'b'c’ be orthologic to abc and to bca, it is so to cab.

6. Since \b'c’, Jc'a’, {a'b’ are points on the line at infinity,
therefore, if a, b, ¢ are collinear, the identity § 123 (25) gives

[alc'a’ . bib'c". .bla'b'.clc'a’..c\b'c’.ala'b]=0. (8)

a’

q c’ a

L)) SEPR.

bl

Let a, b, ¢ be collinear points on the sides b'c’, c’a’, a'b’ of
triangle a'b’c’. Then [a |c'a’.b |b'c’] is the orthocentre of
triangle abc’. Thus (8) shews that the orthocentres of triangles

abc', bea’, cab’ are collinear. Similarly, the orthocentre of a’b’c’
is on this line.
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If g=blb'c" . b'c, r=cb'c’.b'c’, then [gla'b’ .r|c'a’] is the
orthopole of the line ab’c’ for a’bc. Since [gra]=o0, we have
an equation similar to (8):

[alc’a .qib'c"..ala’b .rb'c'..qla'b .ric'a’]=o.
But [q 1b'c1=[b b,
thence [a {c'a’.q{b’c'] is the orthocentre of abc’;
[rib'c'l=[c |b'c],
thence [ala'b’ .7 |b'c’] is the orthocentre of ab’c; [gla'b’ .7 |c'a’]
is the orthopole of ab’c’ for a’bc.
Hence the orthopole of ab’c’ for the triangle a'bc, and similarly

the orthopole of each line for the triangle formed by the other three,
lies on the line of orthocentres.

7. Through any point p draw perpendiculars P;, P{ to the
sides of triangles abc, a’b’c’. Through the vertices of the triangles
draw lines Q;, O; perpendicular to the corresponding P;, P{;
then if the Q; concur, so do the Qf. (Daniéls.)

Such questions as the following are best treated by means of the
space representation of circles considered later.

Examples. 131. If a line goes through the circumcentre of a
triangle, its orthopole is on the nine-point circle.

132. The orthopole of L for abc has the same power in all pedal
circles of points on L with respect to abc.
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CHAPTER II
GEOMETRY IN SPACE

§16. Weighted points in space, their sums and products.

1. The considerations of § 2, to the place § 2:10, where we
restricted the work to one plane, hold in space of any dimensions.
To restrict the work to three-dimensional space, we define:

Def. The points a, b, c, d are ‘independent’ if they are distinct
and not coplanar. (Hence no three of them are collinear.)

We then assume (§ 2-12):

If a, b, ¢, d be independent points, and p any point, we can
find scalars x, y, z, w such that

(x+y+z+w)p=xa+yb+zc+wd, x+y+z+w#o. (1)

Then p is the centre of gravity of weights x, y, z, wat a, b, ¢, d
respectively; further x, y, z, w are proportional to the tetra-
hedral coordinates of p with respect to the tetrahedron abcd.

It follows that, if 4, ..., a; be any five points, we can find
scalars ki, ..., ks, not all zero, such that k,a; +... +ksa; = o.

Def. Two weighted points are ‘independent’, when they differ
in position; three weighted points are ‘independent’, when they
are not collinear.

2. Outer products of two and of three points. These products
are to obey the laws of §§ 4, 5. They represent extensives of
steps two and three. Sums of extensives of the same step are
to obey the laws of § 1. Extensives of different steps are never
added.

The outer product [ab] of two points a, b of unit weight, in
this order, is an extensive ‘of step two’, and shall represent the
rotor along the line ab in the direction from a to b, and of
magnitude equal to the length of ab. Thus [ab]=[cd] if, and
only if, a, b, ¢, d are collinear, the sense from a to b is the same
as the sense from ¢ to d, and the intervals ab, cd are equal in

length.
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If k be scalar, then [ka.b] = [a.kb] = k[ab], and each repre-
sents the rotor [ac], where a, b, ¢ are collinear, the sense from
a to b is the same as that from a to ¢, and the length of the
interval ac is k times that of the interval ab.

The work in § 4 on the addition of rotors which proceed
from the same point requires no change; the sum of two is
defined by the parallelogram law, the fundamental laws of
addition are then satisfied, and as before

[a(b+c)] = [ab] +[ac], [(b+c) a] = [ba]+ [ca],
[ab] = —[ba], [aa] =o.
Sums of rotors, whose lines do not meet, are considered later.

If a, b, ¢ be non-collinear, and of unit weight, their outer
product [abc], in this order, is an extensive ‘of step three’, and
shall represent a ‘leaf’, that is, a portion of the plane abc
situated anywhere in the plane, with a sense of rotation attached,
the sense being given by the circuit of triangle abc, when its
sides are traversed in the order bc, ca, ab; the magnitude of the
portion of the plane shall be twice the area of triangle abc, and
will be called the ‘magnitude of the leaf”.

If a, b, c be collinear, we define [abc] to be zero. Conversely,
if [abc] =o, then a, b, ¢ are not independent.

Thus, if a, b, ¢ be non-collinear, then [abc] = [def] if, and only
if, the six points involved are coplanar, the areas of triangles
abc, def equal, and the senses of description the same.

If ky, k,, ky be scalar, then [k,a.k,b.k;c] = k, ko ks[abc].

We regard [abc] also as the outer product of [ab] and ¢, and
as the outer product of a and [bc]. Since [ab] = —[ba], this
leads to

[abc] = [bea] = [cab] = — [bac] = — [cba] = —[ach], (2)
in agreement with our conventions connecting sign and sense of

description.
We denote leaves by Greek letters , 8, ....

3. Sense of a tetrahedron. Let abed be a tetrahedron. Con-
sider the sense of description when the sides of triangle abc are
traversed in order bc, ca, ab, and consider the sense of direction
from the plane abc to the vertex d. If these two senses are
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related like the rotation and translation of a right-handed screw,
we say the volume of the tetrahedron is positive; if in the con-
trary sense, negative. Thus, for example, abcd and cbad are to
be regarded as tetraheda with equal and opposite volumes.

A

b c
4. The outer product [abcd] of four distinct points a, b, c, d of
unit weight is defined to be the scalar equal to six times the
volume (taken with its sign) of the tetrahedron abcd.
Hence, if any two letters of [abcd] be interchanged, the sign
of the product is reversed; if three be cyclically permuted, the
product is not altered; if four be cyclically permuted one place,

the sign is reversed.
For example:

[abcd] = — [bacd] = — [abdc] = — [acbd] = — [dbcal,

[abed] = [bead] = [cabd] = — [cbad]
= —[bacd] = — [achd], J (3)

[abed] = — [beda) = [cdab] = — [dabe].

The second line should be compared with (2).

Of the twenty-four permutations of the letters in [abed],
twelve give a product equal to [abed], and twelve a product equal
to —[abed]. The first set of permutations result from an even
number of interchanges, the second from an odd number.

If a, b, ¢, d are coplanar, we define [abed] to be zero. In
particular, this is the case, if any of the points coincide, or any
three are collinear.

Conversely, if [abcd] =o, then a, b, ¢, d are not independent.

5. Ifone of a, b, c,d be multiplied by a scalark, then we assume
that [abed] is, in consequence, multiplied by k.

6. Distributive laws. For any points
[abc(d + €)] = [abed] + [abee].
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For if p;, p,, p be the lengths of perpendiculars from d, e,
3(d+e) to plane abc, then 2p = p, +p,. But
[abed], [abce], [abc.}(d+e)]
are respectively the products of twice the area of triangle abc by
P1» P2» p- Hence, by considering volumes, the result follows.

Similarly [abc.k,d]+ [abc.k,e] = (k, +k,) [abep],

where k,d+k,e = (k, +k,) p.
Thus, [ab(e+f) d] = —[abd(e+f)] = — [abde] — [abdf]
= [abed] + [abfd],

[a(b+f) cd] = [abcd] + [afcd],
[(a+f) bed] = [abed] + [ fbed).
7. The associative law is to hold for our products. Thus
[abed] = [a.bed] = [ab.cd] = [abe.d] = [a[bc] d].
This may be taken as the definition of such products as
[ab.cd], [a.bcd).
That this is possible is a consequence of our sign conventions,

which allow us to treat, say, [ab] and [cd] as wholes, and the
distributive laws.

8. If [abc] = [def], then [abcp] = [defp] for all points p. This
follows from our geometric interpretation.

Conversely, if [abcp] = [defp] for all points p, then [abc] = [def].

For take p=d, then [abcd] = [defd] = 0. Hence d, and simi-
larly e, f, are on the plane abc. The geometric interpretation
(volumes and areas) then gives the conclusion.

9. The sum of two leaves whose planes cut, or coincide. Let the
planes have the line @b common, then since the leaves may be
represented by any area of the right size and sense in their
planes, we may take them to be [abc] and [abd] for suitable
points ¢, d.

If then p = }(c+d), we have for all points q,

[abeq] + [abdg] = 2[abpg],
and we define the sum of [abc], [abd] as 2[abp]. Thus we have
the distributive law

[abc] + [abd] = [ab(c +d)).
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Similarly, if k,c+k,d =(k,+k,)p, k,# —k,, then for all
Points 4 [4b k, cq] +[ab.k,dg] = (k, +k,) [abpg],
and we write
[ab.k,c] + [ab.k,d] = (k, +k,) [abp].

10. If n <3, the points a,, ..., @, are not independent if, and
only if, there are scalars k, ..., k,, not all zero, such that

k,a +...+k,a,=0, k,+...+k,=o0.

For, take n=4: if k,a, +... +k,a, =0 and, say, k, #0, multi-
ply by [a,a,a,], then k/[a,a,a,a,]=0. Thence [a,a,a;a,]=0,
the four points are coplanar.

If a, a,, a, be independent, and a, depend on them, then
for some scalars k, (k,+k,+k;) @, =k;a,+k,a,+k;a,. Take
k, = —(k, +k, +k,).

If a,, a,, a; be not independent, take k, =o. Treat the cases
n=2, 3 like n=4.

If n 2 5, the points are never independent.

11. The geometric definition of our products gives, for any
points p, a, b, ¢, d,

[pbcd] — [pacd] + [ pabd] — [ pabc] = [abcd] 4)

or [pbed] + [aped] + [abpd] + [abep] = [abed]. (5)

Also  [abed]p = [pbed] a+ [apcd] b+ [abpd] c + [abep] d, (6)
[abed] p + [bedp] a+ [cdpa] b+ [dpab] ¢ + [pabc] d = o.

We can deduce these without invoking geometry afresh:

If a, b, ¢, d be independent, we have (1) for some scalars
X, Y, Z, W.

Multiply (1) in turn by [bcd], [acd], [abd], [abc], then, if

s=x+y+z+w,

s[pbcd] = x[abcd],

s[pacd] = y[bacd] = — y[abcd], ] )
s[pabd] = z[cabd] = z[abed], J 7
s[pabc] = w[dabc] = — w(abcd].

Hence s([pbcd] —[pacd]+ [ pabd] — [ pabc]) = s[abed].



11, 16] GEOMETRY IN SPACE 77
If s#o0, this gives (4).
If s=o, then [abcd]=o0. If then, say, w#o, multiply the
left-hand side of (4) by w:

[(pbc — pac + pab) (—xa —yb —zc)] — w|[pabc]

— X[ pabc] — y[ pabc) — z[ pabc] — w[pabc]
—s[pabc] =o.
Hence (4) holds generally.

To deduce (6), multiply equations (7) by a, —b, ¢, —d

respectively, and add. Then (6) follows if s#o0. The case
s=o0 can be treated as before.

From (6) we deduce, on multiplication by p, [pq], [pgr],
[pbed] [ap] + [aped] [5p]

+ [abpd] [cp] + [abep] [dp] = o, 8)
[pbed] [apq] + [aped] [bpy]
+[abpd] [cpq] + [abep] [dpg] = o, 9)
[pbed] [apgr] +[aped] [bpgr)
+ [abpd] [cpgr] + [abep] [dpgr] =o.  (10)
If d=gq, we have the oft-used formulae:

[bepq] [apgr] + [capq] [bpgr] + [abpq] [cpgr] = o,

(11)
[bepq] [apq] + [capq] [bpg] + [abpy] [cpg] = o-

(12)
Examples. 1. The incentre i of a tetrahedron abcd is on the join of
the centroids g, g, of the tetrahedron and of its surface.

For, if x, y, z, w be the areas of the faces, and s =x+y+z+w,
then

4g=a+b+c+d, si=xa+yb+zc+wd,
sg, = 3x(b+c+d)+3y(c+d+a)+3z(d+a+b)+iw(a+b+c).
Hence

483 =1
current.

2. The lines [(a+b) (c +d)], [(a+¢) (b+d)], [a(b +c +d)] are con-

For they can be written

- [(a+b) (a+b+c+d)], [(a+c)(a+b+c+d)], [a(a+b+c+d)].
Thus the joins of the mid-points of opposite edges of a tetrahedron,

and the joins of each vertex to the centroid of the opposite face, all go

through the centroid of the tetrahedron.
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3. The line through xa + yb + zc + wd which cuts ac and 4d is
[(xa +zc) (yb +wd)].

4 If [p1q] +[P292] +[P3gs] =0, then the lines of [p,q,], [P24],
[£s¢5] are coplanar, and either concurrent or parallel.

We have not yet defined the sum of rotors whose lines do not meet.
At present we treat them formally. Multiply by [p,p,], then

[p19:03951=0. Hence g3, and similarly g, ¢,, lie in plane p,p,ps.
If p,g, and p,q, cut in a, then multiplication by a gives [ap;g5] =o0.

Hence p;q4 goes through a.

5. If any plane through the centroid g of a tetrahedron abcd cuts
the edges ad, bd, cd in p, g, 7, then ad.pd~' + bd.qd ' +cd.7d™ = 4.
(Bars denote lengths.)

For,let (1+x)p=xd+a, (1+y)g=yd+b, (1+z)r=zd+c.

Then, since [pgrg] =0, we have

[(xd+a) (yd +b) (zd+c) (a+b+c+d)] =o,
whence (1—x—y—z)[abed] =0, x+y+z=1.
Multiply (1+x) p = xd + a by d, then (1 +x) [pd] = [ad].
6. Exhibit the leaf 2[bcd] — 4[cad] —2[abd] + [abc] as the product

of three points, and find where its plane cuts the plane of bcd.
The leaf is

[(a+2d) (b—4d) (c —2d)] = 3[(6—2¢) (c —2d) (b + 2a)].
7. If a, b, ¢, are collinear, and a', b', ' are collinear, then the
diameters of the quadrilaterals aa'bb’, bb’cc’, cc’aa’ meet in a point.
For [(a+0')(a'+b)+[(b+") (0" +¢c)] +[(c+a’) (¢’ +a)]
= [bc] +[ca] +[ab] — [b'c'] —[c'a’] — [a'b'],
and this is zero on account of the collinearity.
8. If abcd be a skew quadrilateral, and p, g, 7, s points on its sides,
such that
p=xa+x'b, ¢g=yb+y'c, a+b
r=zc+z'd, s=wd+wa,
then
[pgrs] = (x'y'z'W' —xyzw) [abed]. a+d

Hence pg, rs meet, if and only if

-

xyzw =x'y'z'w’, c+d
and this depends only on the ratios in which p, g, 7, s divide the sides.

If we absorb weights suitably, we can take p =a+b, ¢ =b+c,
r=c+d, s=d+a, the point of meeting m is then a+b+c+d.
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The lines [(a+b)d], [b(d+a)], [me]
meet in the point ¢+b+d.
This gives a theorem on the generators of a hyperboloid of one

sheet, and proves that a certain triad of Pascal lines meet in a point.
(Baker, Principles, 111, p. 44.)

9. If p, ¢ move uniformly along two lines, and r divides the
interval pg in a fixed ratio, then the locus of 7 is a line, or a fixed point.
The points which divide in a fixed ratio, the joins of any two points,
one on each of two fixed lines, lie in a plane.

10. Any plane through the mid-points p, r of the opposite edges
ab, cd of a tetrahedron abed divides any other pair of edges in equal
ratios, and bisects the volume of the tetrahedron.

If the plane cuts bc and ad in g, 5, and ¢ =x,b+X,¢, s =y, d +Y,a,
(X, +X, =y, +y, = 1), then, as in Ex. 8, we have x,y, =x,y,, hence
X1 =Y X =Y

The volume on one side of the plane is

[apgs] +[asqr] + [ager] = §(Xyy1 + X, ¥, + %)) [abed] = §[abed].

§ 17. Vectors, bivectors, and trivectors in space.

1. We have alrecady considered in § 2 the equality, and the
addition, of vectors. As in the plane, if 4, b, p are points of unit
weight, and therefore a—b is a vector, then [p(a—b)] is the
rotor through p parallel to the vector.

If [p(a—bd)] = [p(c—d)] for all p, then a—b =c—d.

2. If u, ..., uy be any vectors, we can find scalars ki, ..., k,,
not all zero, such that k%, +... +kyu; =o.

Forwe canwrite u; = a—b,,u, = a—b,,u3=a—bs,u, =a-b,,
where a is any fixed point, and the b are taken suitably, If the
b are independent, then (k,+...+k,)a=k, b +... +k,b,, for
suitable scalars k, ..., k.

If the b are not independent, we can find k such that

k b, +k,b,+ksbs+kyb, =0, k,+k,+k;+k,=0.
Hence k,u, + ... +k,u, = 0 in both cases.

3. The outer product of two vectors u, v is a ‘bivector’ [uv].
As u, v each determine a set of parallel lines, they together fix
a set of parallel planes, and [#v] may be considered to lie on any
of them. We define the equality of bivectors as in § 6-7:
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If [(5- ) (c - a)] = [(p4) (4— )], then [abc] = [apg], and con-
versely. We may accordingly represent the bivector [(b—a) (¢ — a)]
by any area, in one of its parallel planes, whose magnitude and
sense are the same as those of the area representing [abc].

If @ be any extensive or combination of extensives for which
a magnitude is defined, we denote that magnitude by mag .

Thus if u, v be vectors and #=magu, T=magv, then
mag [uv] = % sin (u, v), where (%, v) is the angle from  to v.

As in the plane [uv] = — [vu]; [uv] =0 if, and only if, u, v are
parallel or u =0, or v = 0.

The difference of two equal and parallel rotors au, bu is a
bivector [(a—b) u].

The sum of two bivectors is a bivector. For if u be any vector,
we can draw the planes of the bivectors through %, and find
vectors ¢;, v, in these planes such that the bivectors are [uv,],
[uw,]. Their sum can be defined as [u(v, +v,)].

4. The outer product of three vectors u, v, wis a ‘ trivector’ [uvw].

[(6—a)(c—a)(d—a)] and [(p—a)(g—a)(r—a)]
are defined to be equal, if [abed] =[apqr].

Hence, if [uvw] = [#, v, w,], the tetrahedron with vertex at any
point a and edges from a equal and parallel to the vectors u, v, w
is equal in volume and sense to the tetrahedron with vertex
at a and edges from a equal and parallel to the vectors u,, v, w,.
This volume, multiplied by 6, with its proper sign, is the
‘magnitude’ of the trivector.

[uvw] = — [vuw] = [wuv], and so on, as for points in a plane.

We may also consider [uvw] as the product, not defined so
far, of u and [vw] or of [uv] and w;

[uvw] = [u.vw] = [uv. w] = [w.uv].

If &' =(wu, uv), f=(w,u), vy=(u, v) be signed angles, then
geometric formulae for areas and volumes give us

mag [uvw] = mag . mag v.mag w.sin £ sin y sin &'.
5. The product of a point and a trivector. The ‘moment’ of
[(b—a) (c—a) (d—a)] round p is defined to be

[p(b~a) (c—a) (d-a)].
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It is independent of p, for assuming the distributive law, it equals
[pbcd] + [apcd] + [abpd] + [abep]

= [abcd] = magnitude of trivector.

If v =p—gq is a vector, I a trivector, we define

[l]=[(p~9 I'] = [pl']-[q]'].
The outer product of a vector and a trivector is therefore zero.
The outer product of any four vectors is zero.

6. If a, b, c, d be independent points, and b—a=u,c—a =1,
d—a = w, then any vector 7 is of the form » =k, u+k,v+k,w,
the k scalars.

For r can be written as f—a, where

f=xja+...+x,d, (X;+...+x,=1).
Hence 7 = Xy(b — a) +x4(c — a) + x4(d — a),
as required.

Hence any bivector [rs] is a linear combination of [vw], [wu],
[uv], and any trivector [rst] is a multiple of [uvw].

7. Let 2 be a trivector of unit moment, the ‘unit trivector’.
Then any trivector is a scalar multiple of 2. Thence two
trivectors of equal magnitude are identical.

Hence if [abed] =[ab'c'd],
then [(b—a)(c—a)(d—a)] =[(b'—a)(c'—a)(d' -a)].

In any equation which involves only vectors and their pro-
ducts, a trivector may be replaced by its magnitude, that is, may
be treated as a scalar.

If u, v, w are vectors, we define

mag [uvw)
N O
8. The product of a point p and a bivector U is a leaf whose
plane goes through the point and is parallel to the planes of the
bivector, and whose magnitude equals that of the bivector.
For U can be written [(a—p) (b—p)], by suitable choice of
a, b. Hence [pU]=[pabd].

FCE 6

sin [uvw] =
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If a vector u be parallel to the planes of a bivector U, then
[U]=o.

The product of a rotor and a vector is a leaf whose plane goes
through the line of the rotor and is parallel to the lines of the
vector. For its magnitude, see 10 below.

9. The definition in 3 gives the distributive law
[u(v+w)] = [uv] + [uw].
If U be a bivector, an argument, similar to that in § 5-2, shews
[U@+w)] = [Uv]+ [Uw].

10. Difference of leaves. [abc]—[abd] (cf. § 16-9) is inter-
preted as [ab(c —d)]; let p be a point such that c —d = b—p, then

[ab(c —d)] = [ab(b—p)] = —[abp],
[abc] + [abp] = [ab(c + p)] = [ab(b +d)] = [abd].
Thus the usual relations between sums and differences hold.

11. Sum of two parallel leaves. Two parallel leaves can be
written in the form k,[auv], k,[buv], where k,, k, are scalars, a, b
points, #, v vectors. If k; +k,7#o0, their sum is the parallel leaf
[(k,a+k,b) uv]; if k, +k, = o, their sum is the trivector k, [wuv],
where w =a—b.

12. Since [abc]+ [dba]+ [dcb] +[dac] can be written as
[(a—b) (b—c) (c—d))], it is a trivector. If the perimeters of the
faces of the tetrahedron abcd be each described in the positive
sense given by the terms [abc], ..., then each edge is described
once in each of its two directions.

If the outer products of a sum of leaves by three independent
vectors vanish, the sum is a trivector or zero.

13. For any vectors u,, u,, us, u,,
(pugteg) uy — [y ugtes] up+ [ uyuy] ug— [y uyus] uy = o.
For we can find scalars k,, ..., k,, not all zero, such that
kju +...+kyus=o0;
hence k,[u, uguy] +ko[uyuguy] = o.
This and similar equations give the ratios of the k.
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Thus, if vectors u,, ..., #, are in equilibrium, then
u+...tu,=o0

gives
magw, _magu, _  magu; _  magu
sin [u, uqu,) sin [u,uzu,]  sin [uyu,u,] sin [u,u,u,]"

(Mobius.)

Examples. 11. If an ordinary polyhedron be taken, and leaves be
placed on its face-planes whose magnitudes are the areas of the faces,
and whose senses are so adjusted that when the perimeters of the faces
are described in the positive sense, each edge is described once in
each direction, then the sum of the leaves is a trivector. This adjust-
ment of the senses is always possible when the polyhedron is two-
sided, as the term is used in topology, and only in that case.

12. If oa, 0b, oc be edges of a parallelepiped, then its diagonal
od cuts the triangle abc at its centroid, and is trisected there.

13. If a line through the centroid g of a tetrahedron abcd cuts the
planes bcd, acd, abd, abc in p, g, r, 5, and if the lengths of gp, gq, gr, g5,
taking account of signs, be x, y, z, w, then

x Tty l+zl+wl=o.
For, if v be a unit vector along the line, then p = g +xv (x scalar),
[pbed] = o, [gbcd] +x[vbed],
[vbed] = —x~'[gbed] = — }x~![abcd),
and so on. Then

[v(bcd — acd + abd — abc)] = o
gives the result.

14. 'The points @, b, ¢ and d, = xa +yb + zc, are projected from p to
a\,\b,c,d,whered =x'a’+y'd’+2'¢’. Then Ix'x~' =my'y~! =nz'z"!,
where 1, m, n are scalars depending only on the position of the
planes abc, a'b'c’.

15. If through the mid-points of the edges be, ca, ab of a tetra-
hedron abcd parallels be drawn to the opposite edges, they meet in
a point on the join of d to the centroid of abcd.

16. If v = p—o, where o is a fixed point, p a variable point, u a
fixed vector, [vu] a fixed bivector U, then the locus of p is a line
parallel to .

If the lines corresponding to [vu;]= U, and [vu,] = U, cut, then

(4 U]+ [, U] =o.
6-2
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17. If u, v be unit vectors along two lines, in plane e, which in-
tersect and are equally inclined to plane g, then [Uu] =[Uv], where
U is a bivector parallel to . The vector u—v is along the cut of
a and .

18. If w be a variable vector, u, v fixed vectors, all from a fixed
point, and if @ = u + ko, then the end-point of w describes a line as
the scalar k varies.

The shortest distance between two lines represented by w,
=u, +kv,, and w, = u,+kv,, has a length

mag [(u, —u,) v, v,]/mag [, v,].
For if the line of the shortest distance cuts the lines in points p, ¢
which correspond to the following values of w:
w, =u +k v, w,=u+k,0,
then p—q=w —w, =u —u,+k v, —k,v,;
[(2—9) v1%5] = [(# —4,) v, V5] ;
mag [(p —q) v,v,] = mag [v,9,] ],
where 1 is the length of the perpendicular from p on to the plane
through g parallel to the plane of [, ,].

19. If any transversal cuts the faces of the tetrahedron abcd in
points a', b, c', d' on the faces opposite a, b, ¢, d, then the mid-points
of the intervals aa’, bb', cc’, dd' are coplanar, on the ‘median
plane’.

For, let u =xa+yb+zc+wd, (x+y+2z+w =0), be a unit vector
along the transversal, and

p=xa+yb+zic+wd, (x,+y,+z+wW, =1)
be any point on the transversal. If the transversal cuts bcd in
a’ =p +ku,
then [a'bed] =0, k= —[pbed]/[ubed] = —x,x7!,
x(a+a') =xa+xp—x,u.
Similarly for y(4 +4’) and so on. Hence

x(@a+a)+...+...+w(d+d)
=(xa+...+wd)+(x+...+wW)p—(x,+... +W)u=o.

20. From a line and five planes we get five median planes for the
five tetrahedra; these planes meet in a line. From a line and six planes
we get fifteen median planes; these meet in a point.

(Serret, Géométrie de direction, p. 237.)
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21. Parallel lines through the vertices a, b, ¢, d of a tetrahedron cut
the opposite faces in a'b’c’d’; then [a'b'c'd"] = — 3[abcd].

For let a—-a=u, b-b=u,
and so on. Then [ u,] =0 (parallel vectors).

[a'b'c'd'] = abed +u, bcd — uyacd + uyabd — u abe.
But &’ lies on bcd, hence
[(@+u,) bed] =0, [u,bed] = —[abed].
Similarly, [u,acd]=[abcd], and so on.

§ 18. The supplements of vectors in space.

1. Let 7, j, £ be mutually perpendicular unit vectors, such
that [7j&] is the unit trivector 2. In dealing with equations which
involve only vectors and their products, we can replace 2 by
unity.

Any vector u is of form u =li+mj+nk; 1, m, n scalars.

2. If u be any vector, we denote its ‘supplement’ by |u, and
define it as follows:

[i= [k, |j=[k], [k=[g].

If u=li+mj+nk, then |u=I|i+m|j+nlk.

3. Wewrite I=[jk], J=[k], K=][j]

If U be any bivector, we denote its ‘supplement’ by |U, and
define it as follows:

| I=i, |J=j, |K=k.

If U=U+mjJ+nK, then |U=I1|{I+m]|]J+n|K. (176)

The supplement of a vector is a bivector; of a bivector, a
vector. If we take the supplement of the supplement, we have
||é=|I=4%, ||[I=|i=1, and so on; hence ||u=u, ||U=U. This is
different in sign from the corresponding result in the plane
(§ 7-2); the significance of the difference will be seen later.

|(u+v)=|u+|o, |(U+V)=|U+|V.
4. If u =1i+mj+nk,
then |u = 1[jk] + m[ki] + n[] =1"'[(lj — mi) (Ik —ni)].
Now li+myj is the projection of # on the # plane, lj —mi is
perpendicular to and equal to this projection, and it lies in the
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i plane; li+nk is the projection of # on the ik plane, 1k —ni is
perpendicular to and equal to this projection, and it lies in the
ik plane. Thus lj —mi and 1k —ni are both perpendicular to .

Hence the planes of |u are perpendicular to u; dually, the lines of
|U are perpendicular to U.

5. The outer product [#.|v] of  and |v is written [#|v] and
is called the ‘immer product’ of u and v. Similarly for [U|V].

We have
[l =Gk =1, [jl]=1 [kIK=1.
U= 1J]=[KIK]=1.

The inner product of two distinct elements of ¢, j, k is zero.
Similarly for I, J, K.

[u|u] = [(1Z4 mj + nk) |(IZ+ mj + nk)]
= [(li + mj + nk) (1[jk] + m[kz] +n[z])]
=P+m?+n?

Hence, by elementary geometry, [#|u] is the square of the
length of the interval from the origin which represents u. Hence
+/[#|u] = mag u, the square root being taken with positive sign.

By our definitions, # and |# are related in sense like the
translation and rotation of a right-handed screw. This with the
end remark of 4 shews that the result of the operation of taking
the supplement of u is independent of i, j, k

6. If u=l+mj+nk, v=17+m’+n'k,
then [#]|v] =1I'+mm’+nn’,
whence [#|v]=[v|u]. Similarly [U|V]=[V|U], for bivectors.

Invoking the formula in solid geometry for the angle between
two directed lines, we have

[#|v] = mag u.mag v. cos (4, v),
[u|v] =0, if, and only if, , v are perpendicular, or # = 0, orv = 0.
7. If v is any vector, mag v=mag |v. Hence if [v=7V, then
mag V' =mag |V.
For if u be a vector perpendicular to the planes of the bivector

[u,u,], and in such a direction that [uu, u,] is positive, then, by
§ 17°4, mag [uu,u,] is the product of mag » and mag [u, u,].
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Now if  is a unit vector, then [#|«]=1. But [u|u] is the outer
product of the vector u and the bivector |u, and u is perpen-
dicular to the planes of |#. Hence in this case mag |u = 1.

Hence in general mag u = mag |4, mag ku = magk|u.
We often write  #2 for [u|u], U? for [U |U].

8. If o =xi+y,j+zik, v, =3%0+Y,j+2,k,
'03 =X3i+Y3j+23k,
then
[9195] = (V122 = Y221) [JR] + (21X — 2,%) [Ri] + (X, Y2 — X, 11) [5]
[019,] = (V12— ¥22)) i +(51X—2,%))]  +(X,Y2—%Y)) &

Hence mag |[v,v,], and hence mag [v,9,], equals the square
root of

(V122= Y221)? + (21 X2 — 25 %, )P + (X, Y2 — X, 1)
If U, V be bivectors, then [U|V] = mag U mag V cos (U, V).

9. The outer product of [v,v,] and vy = X3i+y3j+ 23k is

[vivws]=|x y1 2z |.
| X2 Y2 22
' X3 Y3 Z3

10. If Vis a bivector, and p,, p,, p;, 0 points, and bars denote
lengths, then
[V(ps—0)] = mag V.op;.cos (ops, | V),

[(21—0) (p1=0) (2 =) -
= 0P, .0p, sin (0p;, 0p,).0ps sin (0ps, 0P, P,).

§ 19. Regressive products of bivectors in space.

1. There is a correspondence between many of the formulae

so far developed and those for points in a plane. This is exempli-
fied in the table:

Point a Vector u
Rotor [ab] Bivector [uv]
Leaf [abc] Trivector [uvw]
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The reason for the correspondence is obvious when vectors
in space are replaced by points on the plane at infinity. Later on,
we shall find something in the plane corresponding to the inner
product of vectors.

To the formula for points in a plane,

[bed] a—[cda] b+ [dab] c —[abc] d = o,
corresponds that for vectors in space,
[vwr] u — [wru] v+ [ruv] w — [uvw] r = o.

2. To extend this analogy, we define the ‘regressive product’
of two bivectors in the spread of vectors. Corresponding to the
formula in a plane:

[ab.cd] = [abd] c —[abc] d;
we define the ‘regressive product’ of the bivectors [uv], [wr] as

follows: [uv.wr] = [uvr] w— [uvw] 7. (1)

Thence [uv.wr] = [uwr] v — [vwr] u. (2)
Thus [uv.wr] is a vector parallel to the planes of [#7] and to
the planes of [wr]. Hence it is a vector parallel to the cuts of any

two planes of the bivectors.
If U, V be bivectors, then

[UV]=-[VU], [UU]=o. 3)
[U.wr]=[Ur]w-[Uw]r; [wr.Ul=[wU]r-[rU]w. (4)
3. o] = (. |o].

For if u, v be parallel, the planes of |u, |v are parallel and both
sides vanish.

If u, v be not parallel, then any two planes of |u, |v respec-
tively meet in a line, and we can find vectors u,, u,, w such that
|u=[wu,], |v=[wu,], where u,, u, are in a plane of [uv]. Then
the angles (u, v) and (u,, #,) are equal in magnitude and sign,
and w is perpendicular to #, u,, u, v. We can take w to be a
unit vector.

Then mag u = mag [wu,] = mag u,,
mag v = mag u,, |[uv] =k,
where k = mag [uv] = mag u.mag v.sin (u, v)
= mag u, .mag u,.sin (u,, u,).
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But [|u.|?] = [we, . wu,] = [wu, u,) w,
[ou, u,] = mag u,.mag u,.sin (u,, u,).
Hence |[uv]=[|u.|v].
4. If U, V be bivectors, then |[UV]=[|U.|V].
For if U=|u, V =|v, then, by 3,
[UV] = [lu.]o] = |[ue]-
Take supplements, then
[(UV] = [uo] = [|U.|V],
since u=|U, v=|V.
5. If U, V be bivectors and |U=u, |V =9, then, by § 18-7,
mag [UV] = mag |[UV] = mag [|U.|V]
= mag [uv] = mag u.mag v.sin (%, v).
But sin (u, v) =sin (U, V). Hence
mag [UV] = mag U.mag V .sin (U, V).
The derivation shews how the angle (U, V) must be chosen.

6. The outer product of a vector w and a bivector W is the
scalar [w|w,], where |W=w,, W=|w,.

If U, V, W be bivectors, and u,, v,, w, their supplements,
then [UV] is a vector w, say, and the outer product of [UV]
and W is the scalar [wWW]. Hence

[UV. W] =[w|w] = [w|w] = [|w.w]
=[[[UV].w]=[[U.|V]w]
= [u,v. 2] = [, 0,w,].

Similarly [U.VW]=[u,v,w].

Hence [UV.W]=[U.VW], and each may be written [UVW].

7. We define the ‘supplement’ of a scalar as the scalar itself.

Then |[wW]=[|w.|W]. For, if |W=w,, we have

W] =[wW] = [w|w] = [w @] = [[v.] = [jw.|W].
Hence also
|[wow] = [Ju.|[vw]] = [Ju|v|], [[UVW]=[U|V|W].

Note that while (§ 17-4) we have [u|v]=[|v.u], we have

§17:3) [w|V]=-[[V.u].
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8. If u, v, w, r be vectors, then with the usual convention on
multiplication (§ 13-1), [uv|w.|r] means the result of multi-
plying [uv] by |w, and the result by |7, both multiplications being
outer. Since the associative law holds for bivectors by 6, the
result is the product of [uv] and [|w.|v], that is, of [uv] and
[[er].

We denote this product by [uv|wr]. It is a scalar. Hence,
by 7,

[uv|wr] = |[uv|wr] = [|uv. ||wr] = [|uv.wr] = [wr|uv].
By s, this gives
mag [uv|wr] = mag uv.mag wr.cos (uv, wr).
9. If u, v, w be vectors, not necessarily coplanar, then
[ow]u] = [o|u] w—[w]u] o. (s)
For, let U=|u, then, by (4),
[ow.U] = [vU]w—[wU] .
Take supplements, then, since

[[ow|u] = [|low.u] = — [u|vw],
we have

[ufons] = [e0]a] [ — o 1] joo = [u]os] [~ [u]e] | (6)
Multiply (5) by |r, where 7 is any vector, then

[ow|ur] = [v|u] [w|r] - [w|4] [0]r]. (7)
In particular, writing [vw)]? for [vw |vw], we have
[ow]? = v2? ~ [v]w]”. ®)

By (5), (6), (7)

[u]|vw] + [v |wu] + [w|uv] = o,
[vw |u] + [wu |2] + [uv |w] = o, (9)
[vw |ur] + [wu|vr] + [uv|wr] = o.J
10. Also
[r|u] |ow +[r|v] |wu+[r|w] juv = [uww] r.  (10)

For, if u, v, w be independent, there are scalars k, not all
zero, such that

[uvw] r = k, |[ow] +k, |[wu] + kg |[uv].



1, 19| GEOMETRY IN SPACE 91
Since [uvw] is scalar, this gives
[uvw] [r|u] = k, |[vw] |u =k, |[vwn] = k,[vwu] = k,[uvw)].

If u, v, w be not independent, their outer product vanishes,
and the proof is easy.
From (10), (8) we have

[wowP =| [uu], [ule], [u]w] |-  (x1)
[v]«], [v]o], [v]w]
[wlu], [w]v], [ |20]
Also, if u, v, w be vectors, U, V, W bivectors, then
[uvw] [UVW] =| [uU], [uV], [uW]|. (12)

U], [2V], [oW]
[@U], [@V], [@wW]

For any vectors u, v,

v =ul2 [v]u] u+ui,‘, [uv|u]. (Cf.§814.)
11. Since [u|v]=1v cos (1, v), where bars denote magni-
tudes, (11) gives

[uvw]? = #0%%? (1 — cos? & — cos? B — cos? y + 2 cos & cos f cos y),

where a = (v/,\w), B =(w/,\u), Y= (“/,\U)- From (7), (9),
sin (v, w) sin («, 7) cos (vw, ur)
= cos (v, u) cos (w, ) —cos (w, u) cos (v, 7), (13)
sin (u, ) sin (v, w) cos (uv, vw)
= cos (u, v) cos (v, w)—cos (¥, w), (14)
sin (v, w) sin (u, 7) cos (vw, ur)
+sin (w, u) sin (v, r) cos (wu, vr)
+sin (u, v) sin (w, ) cos (uv, wr) = o.

12. Many formulae in a plane which involve only vectors and
their inner products hold when these vectors are in space, and
we have in each case a dual formula obtained by replacing each
vector by a bivector. For example,

[(@=8) |(c—d)]+[(b—c) |[(a—d)]+[(c—a) |(b—d)] =o.
If a, b, ¢, d be vectors, this is shewn in § 81, and as only the
differences of vectors enter, it holds also when a, b, ¢, d are
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points. Hence if ab is perpendicular to ¢d, and bc to ad, then so
is ca to bd. The identities of § 81 to §8-11 have immediate
applications to space figures. Thus from (8:4): if in a tetrahedron
bc is perpendicular to ad, then the join of the mid-points of ca
and bd has the same length as the join of the mid-points of ab
and cd, and conversely.
Again
[((a+8)—(c+d)) [(b—c)—(a—d))] = (6—¢)* ~(a—d)?

gives us: if bc, ad are of equal length, the join of the mid-points
of ab and cd is equally inclined to them. (Cf. chap. 1, Exs. 17
and 68.) From this and Ex. g, p. 79, we have a theorem of
later use:

If a line is displaced in space, the mid-points of the joins of
corresponding points lie on a line equally inclined to the two
positions of the given line.

13. If p, p, be any points and u, u;, v, v, any unit vectors,
and [u|v]=[u, |v,), then the plane through the mid-points of the
joins

pp (p+ku)(p+kuy), (p+1v)(p+1), (k,1any scalars)
is equally inclined to the planes

[p(p+ku) (p+1v)] and [p(p, +ku) (p; +1v))].
For, by (7)

[(u+u,) (v+2)) |(uv0—2,v))]

= [(u+wu) |u] [(v+2) |0] = [(u+u;) |[2] [(v+ ) |4]
~[(u+u) |w] [(v+2y) |v)]+ [(w+w) |0] [(v+2) [] =0,

for the terms cancel, by hypothesis, on multiplying out.

Cor. If a plane pqr be moved into position p,q,r,, the joins of
corresponding points have their mid-points on a plane equally
inclined to pqr and p,q,r,. (Cf. § 103.)

There is an exceptional case when u = —u,, v = —v,, the
mid-points then all coincide.

Examples. 22. (i) If g is the centroid, o the circumcentre of the
tetrahedron abcd, and p a point such that g is the mid-point of op,
then p is the cut of planes through the mid-points of the edges abcd
perpendicular to the opposite edges.
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For let a; = a—o0, and so on; then
ai=bi=ci=dj, g =Ha+b+c;+d), p =28
[(3(a, + b)) — ¥(a, + b, +¢, +d))) (e, —dy)] = —}(c, +dy) (e, —d))]
=}df-cf) =o.
Hence the join of p to the mid-point of ab is perpendicular to cd.
(i1) If g is one-third of the way from g along gp, then ¢ is the centre

of a sphere through the centroids of the faces of the tetrahedron and
through the points one-third of the way from p to the vertices.

For 91 =3(2g,+p,) =¥(a, + b, + ¢, +4d,),
whence (¢ _f1)2 =(q “11)2:
where fi=30b,+¢,+4d,), I, =3(2p,+4d).

23. If the opposite edges of the tetrahedron abcd be at right angles,
then its altitudes meet, in % say. Take A for origin, a, = a—h, and so
on. Then the six products [a,|b,], [a,|c,], ... are all equal. Let k be
their common value, then

[6,c1d\] ay =k|[([byc,] + [c, 4] +[d, by]).
The point 4 is the cut of the shortest intervals between the edges.
The equation of the circumsphere is (r being a variable vector
from h as origin) = 4lrlg,] +3k =o.
The square of its radius is }(a?+... +d?); its centre is 2g —h.
The mid-points of the edges and the feet of the perpendiculars
from A to the edges lie on the sphere (with 7 as before),
r?—2[r|g]+k=o0.
The sphere of Ex. 22 now goes through the orthocentres of the
faces and its equation is
3 —4lrla]+k=o0
and the radius is one-third of the circumradius. This sphere, the

circumsphere, and the sphere on diameter kg have a common
radical plane [r|g,] =k.

24. If the opposite edges of the tetrahedron abcd are equal, the
centroid and circumcentre coincide, and conversely.

For take the circumcentre as origin of vectors, then @} =b}=c}=d}
and (a, — b,)? = (¢, — d,)? and so on, give

[a,]6,] =[e,]d)], [b]a]=[a]d], [ala]=1[b]d]
Hence (a,+b,+c¢, +d,)* = 4a] + 4([a, |6,] +[a,|c|] +[a,|4)])
= 4la,|(a, + b, +¢, +4d))].
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Thus the vector g, is perpendicular to g, —&;, where
48, = q +bl +cl +dl‘

Similarly, g, is perpendicular to g, - 4,, g, —¢,, g, —d, ; hence g, =o.
Conversely, if g,=o, then a;+b, = —¢, —d,; squaring, we have
[a,]b,]=[c, |d,], and herice (a, —b,)? = (¢, —d,)? and so on.

25. We can generalise Ex. 22 to higher spreads. If a,, ..., a, be
tndependent points in a spread of step n, and g their centroid, then a
hypersphere goes through the centroids of the faces of the simplex
ay, ..., a,, and it is homothetic to the circumsphere, the centre of the
homothety being g, and its ratio 1:n— 1.

Fora,—g=(n-1)(g—(a,+... +a,)/(n—1)).

If through the centroid of a boundary simplex of step n— 2, we draw
a prime perpendicular to the opposite edge, all these perpendiculars go
through a point m and (n—2)(g —o) = 2(g —m), where o is the circum-
centre of the simplex.

If the simplex a,, ..., a, is such that its n altitudes cut in a point h,
then m=h, and the sphere through the centroids of the faces goes through
the feet of the altitudes and divides the intervals from h to the vertices
tn the ratio 1:n—2. (Mehmke.*)

26. If at the vertex d of a tetrahedron abcd we draw perpendicular
planes to ad, bd, cd, they cut the opposite edges in collinear points.

27. If u is perpendicular to U = [vw] #0, it is perpendicular to
o and w.
For o = [vw|u] = [v|u] w—[w|u4] v, and v, w are independent.

28. If oa, ob, oc be mutually perpendicular lines, then the foot A
of the perpendicular from o to the plane abc is the orthocentre of

triangle abc.
For, take o as origin, and let A, =h—o0, and so on. Then
[a,b,|h]=0. Hence, as in Ex. 27, [a,|h,]=[b,|h]=0. But

[a,[6,] = [b,]e)] = [e1]@)] = o.
Hence [(6; —¢;) |(#, —a,)] = o, and so on.

29. If v is equally inclined to the coplanar vectors u,, u,, u, it is
perpendicular to their plane.

For [v]w] = [v]uy] = [v]|uy]
gives [©](4 —u5)] = [v](u, —u3)] = 0.
[v](u; —uy) (uy —u3)] = o.

¢ Sitz. Heidelberger Akad. der Wiss. (1931), 10 Abh.
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30. If u, u,, u;, u, be four vectors from a point on a sphere to
four other points on the sphere, then

[upusug) uf — [ugugu,] uf + [ugu, uy) uf — [u,uus) uf = o.
(Ct. §9(5).)

31. Through a fixed point o inside a sphere three perpendicular
intervals op, og, or are drawn to the sphere, and the box opgrs is
completed, where s is the vertex opposite to 0. Then the locus of s
is a sphere concentric to that given. (Cf. Ex. g1, p. 43.)

32. If through a point of space go perpendicular planes a and «,,
and perpendicular planes £ and f,, then the plane through [¢f] and
[«, 8] is perpendicular to that through [«3,] and [, 3]. (Analogue of
Hesse’s Theorem, § 26-6.)

33. If a, f be intersecting planes, p any point on «, and the per-
pendicular line to « at p cuts £ in ¢, and the perpendicular to f at ¢
cuts @ in 7, then ¢r is perpendicular to the cut of «, f.

For, if u is the vector of the cut, then [(g—p)|u] = o, [(r—¢)|u] = o.
Hence [(p—7)|u] =o.

34. If abed be a tetrahedron, such that altitudes from b, c intersect,
then bc is perpendicular to ad.

35. If op is perpendicular to oab, and oc to ab, then the planes
opc, oab are perpendicular.

For, take o as origin, and let p, = p —o, and so on, then

[a[p) =[]l =0, [e|(a—8)]=o.
Hence  [pyc,|(ab, +b,p, +p1a))] = = pi[b|c)] +pilay |e}]
=pilla,—by)|e] =o.

36. If oabc be a tetrahedron and faces boc, coa, aob be mutually
perpendicular, then [b,¢,]% + [¢,4,]* + [a, ;)7 is the square of the area
of abc, where a; = a—o, and so on. (Square [,¢,]+... +..., and use
le1a]a 8] =0, ....)

37. If p, g be the centroids of the faces bcd, cda of the tetrahedron
abcd, then the radical plane of the spheres on diameters ap, bg bisects
¢d and is perpendicular to ab.

For let 0 be a common point of the spheres, and hence on their
radical plane. Take o as origin, then [p,|a;]=[g, |5,] =0; hence

[(6y +¢,+d))|a] =0, [(c;+d +a})|b] =0,
[(ey +dy)[(a,=8)] =o.

But ¢, +d, is a vector from o through the mid-point of ¢d, while
|(a —b) gives a plane perpendicular to ab.
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38. If the opposite edges of a tetrahedron be equal, then (i) the
faces are congruent triangles, (ii) the opposite dihedral angles are
equal, (iii) each edge is equally inclined to its opposite edge, (iv) the
four solid angles are congruent.

For, take the circumcentre as origin, then (b, —¢,)? = (a, —d,)?
gives [b, led=[a,|d,].

Similarly [¢, |a,]=[b,|4,], [a,]5,]=[c,]d,]. Hence

() (byey+eyay+ai b)) = (b, +¢,d, +4d,5))
(ii) [by¢,d,|a,c,d)] = [c,a,b,|d,a,b)].
(iii) [ab.cd] = [bc.ad].
() [(4~a) (4, —b) (4, - )] = —[(a, - b)) (2, —¢)) (@, —))]-

39. If a, a,, a;, a, be arbitrary points, and ki, ..., k, scalars, then
Zk;(a, —p)? is constant as p varies, if, and only if, g, ..., a, are
coplanar, and k,, ..., k, are proportional to

[a:a3a,], —[a1a3a)], [aa5a,], —[a,a,a4].
40. If p=xa+yb+zc+wd, x+y+z+w=1, then
xpa® + ... + wpd? = Zxyab® = —power of p for sphere abcd.

41. If u, v, w be vectors, the vectors equally inclined to their lines
are multiples of vw.u + wu .v +uv .w, where ¥v = mag [4v], and so on.
42. If abcd be a tetrahedron, the foot p of the perpendicular from
d to the plane abc is given by V2d —[abcd] |V, where
V = [bc] +[ca] + [ab).
For, since |V is a vector perpendicular to plane abc, we can let
d—p =k|V (k scalar); then [V(d—p)] =kV?2 But
[(V(@d—p)] = [(bc +ca+ab) (d—p)]
= [bed — acd + abd — abc] = [abed] 2.

43. If u,, u, be vectors, V' a bivector, k a scalar, then if [vy]=V,
o+ will describe a line, and if [v|u,] =k, then o+ will describe a
plane. To find where the line and plane cut, we have v given by

[V |uy] = [ow |u5] = [v|ug] uy — [, |u] © = kuy — [, |u] 0.

44. Planes given in a similar way by [v|y] =k, (i=1, 2, 3) meet

in the point o + w, where
[y up 5] |0 = K [y 5] + Ky[ug 14y ] + ko[t 5]

45. If [ou]=V,, [vuy] =V, give two skew lines (as in Ex. 43), and

a line through o meets them in p, g, then

1 I
Q‘P-(W;u—zﬁ—mu.])m Val
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For the direction of pgq is given by [V, V,]. Thence
p—o=k[V\V,], g—o=K[V,V],
k[V\Vouw] =[(p-0)u]=V,, K[V V5] =V,
But iVew] =Vl Vo= [Vou] V= = [Vou] V).
46. The condition that p = o +xi + yj + zk should lie on the plane
[(0+))(0+mj)(0o+nk)] is xI'!'+ym-!+zn~!=1,
47. The line [o(l + mj + nk)] cuts the plane
[(0+1,2) (0+m,j7) (0 +n,k)]
in p, where  (lIy!+mm{!+nn;?!) (p—0) =i + mj+nk.
48. If k is the magnitude of the rotor
1[6c] + m[ca] + n[ab] + p[ad] + q[bd] + r[cd],
then —-k®’=(n-l-q)(l-m-r)(b—c)®+...+...
+(p+q+r){(m—n-p)(d-a)i+...+..}.
49. The centre of the sphere through the points q, b, ¢, d is

d {at|[6yc)] + 6 [[c,a)] + ¢} |[a, ]},

I
" 2[a by}
where ay=a—d, b=b-d, ¢ =c—d.

For, if o is the centre, and o, = 0 —d, then

(0,—a))* = (0—d)’ = o},

thence at=2[a,|o).
Now |[6,¢,], |[c1a;], |[a,8,] are not coplanar, hence

o, =k|[bye,]+K |[c;a] +k" [[a,8)], af =2[a|o,] = 2k[a, b,¢,].

so. If V), V,, Vj, V, be the bivectors of the faces of a tetrahedron,
taken with senses as in Ex. 11, p. 83, then

VE+Vi+2[V |V,] = VE+Vita[V,|V,],
Vi=Vi+Vi+Vi+a[Vs|V]+2[V,|V,] +2[V,|Vy].
The determinant, whose term in the (r, s) place is [V | V], vanishes.

§ 20. Geometry of vectors from a point, and geometry on a sphere.

1. If we take a sphere, centre o, radius unity, we can associate
each vector from o with the point on the sphere where its line
cuts the sphere, and give to the point a weight equal to the
magnitude of the vector; thus interpreting the geometry of
vectors as a geometry of points on a sphere.

FCE 7
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If then a, b be points of unit weight on the sphere, and
a, =a—o, b, =b—o, the point a+b on the sphere will have a
weight whose square is

a}+b}+2[a, |b,] = 2(1 +[a,|b,]) = 4 cos? §(ay, b))

We take as the angle (a,, 4,) that of the minor arc on the sphere
between a and b.

Hence the weight, taken positive, of a+b& is not 2, but
2 cos }(a, b), and the position of a+b is at the mid-point of the
minor arc ab. This assumes that a, b are not antipodal; if they
are antipodal, then a+b =0, a = —b.

Similarly, if a# —b, then the weight of a—b is 2 sin }(a, b)
and its position is the mid-point of the arc complementary to ba.

2. The outer product [ab] on the sphere, of two points a, b of
the sphere, of any weight, is to correspond to the outer product
of the corresponding vectors. Hence we represent [ab] by the
great circle through 4, b, with a sense and magnitude equal to
the sense and magnitude of the bivector.

3. If u, v, w be any independent vectors, then [uvw]#o.

_ow] o _Mwu] L |[#2]
Let ) u —[@], T = [wow)]’ w = {uvw]’ (1)
Then [u|w]=[z|v]=[w|w]=r1. (2)
[uvw]? |[v'w'] = [wu.uv] = [uvw] u.
Hence [v'w’] =[u|—vl;v—]’ [urw] [W'ov'w’] = 1. 3)
_ ] _ '] _ [#v]
“= [Wow] = [Wo'w] w= [uWv'w] (4)

If u, v, w now represent points on the sphere, then |4, |v, |wwill
represent the sides of the polar triangle of uvw. Let a, 3, v be
the angles between u, v, w; &', #, v’ those between #’, ¥/, w';
then, by § 174, denoting magnitudes by bars,

[uvw] =% 9@ sin f sin y sin &’

Similarly, [#'v'w’] =%'7'% sin B’ siny’ sin a.
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Hence
sina’ sinf’ siny’ [uvw] 1 sa
sina sinf siny #%o® sinasinfsin 'y M, say, (s)
sina_sinf _siny [u'v'w’] I .

= = = —_ =m-

. ! : ’ M ’ —_lt ) * 7 _: e ’ .
sina’ sinf’ siny’  #@'7'wW ‘sina’sinf’siny
. 5 r e e o e,
sin? &’ wvw] #'T'W sina’sin B’ sin

Hence (o] psiny

sinf  [uv'w'] %ow  sinasinfBsiny |
The last factor on the right-hand side is sin® &'/sin® , hence
sina’ _ [Wv'w'] uvw 6)
sina  [uvw] ‘wWo'w'"

4. Since [vu|uw] = [u|v] [u|w] —u?[v|w],
we have, as in § 19,
sin f sin y cos &' = cos f cos y —cos .
Thus  cos & = cos f cos y —sin f sin y cos &',
cos f} = cos y cos a—sin 7y sin a cos £, 7)
cos Y = cos & cos f—sin a sin £ cos y'.
Dually cosa’ = cos ' cos ¥y’ —sin £’ sin ¢’ cos «,
cos ' = cos ¥’ cos &’ —sin Y’ sin &’ cos f3, 8)
cos ¥y’ = cos a’ cos B’ —sin a’ sin g’ cos Y.
In comparing these formulae with those given in most text-
books on spherical trigonometry, we must note that a’ is an
exterior angle of the trihedron formed by «, v, w.* We shall

shew that all formulae of spherical trigonometry can be deduced
from (7).

Examples. 51. The bisector of the vertical angle of a spherical
triangle divides the base into intervals whose sines are as the sines of
adjacent sides.

For, as the magnitudes of the bivectors [ab], [ac] are sin (a, b),
sin («, ¢), the bisector of angle bac is sin . [ac] +sm v .[ab], and this
goes through the point sin £.c+siny.b.

52. Since [a|bc] +[b|ca] + [c|ab] = o, the altitudes of a spherical
triangle abc concur, in A, say. Those of the polar triangle a'd’c’ also
concur in &, where |[bc] =4’, and so on.

The points [bc.b'c], [ca.c’a’], [ab.a'b’] lie on a great circle. Since
|[a|bc)=[|a.bc] =[b'c’ . bc), this great circle is along |h. (Cf. § 266.)

* This change in usage was proposed by Grassmann.
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53. The analogues of Ceva’s and Menelaus’ Theorems involve the
sines of arcs, instead of the lengths of intervals.

54. [abc)? = [ab]? [ac]? — [ab]ac]®.

[abc] = sin a.sin p, where p is the arc-length of the altitude of
abc from a.

[ab]ac] = sin B sin y cos &'.
Hence sin? a sin? p = sin® £ sin? y —(sin # sin 7y cos a')?
=sin? § sin? y sin® a'.
55. If @, b, c be on a great circle, and p any point (on the sphere),

then sin bc.cos ap +sin ca.cos bp +sin ab.cos ¢p = o.
(Stewart.)

56. [b|ca.c|ab] = [a|b] [c|a]|bc +[b]c] [a|b] |ca+[c|a] [b]c]|ab.
Hence [b|ca.c|ab] = [c|ab.a|bc] = [a|bc.b|ca].
Hence if abc be a spherical triangle, and a’d’c’ its polar triangle, then
sin #siny [bb' .cc’]=cos B cosysina.a’ +...+....
But aa’ is perpendicular to bc, bb’ to ca, and [a|bc.b|ca] repre-
sents the orthocentre of the triangle, which is therefore at
tana.a’ +tan .6 +tany.c'.

57. If two diagonals of a complete quadrilateral be quadrants, so
is the third.

58. If the diagonals of a spherical quadrilateral bisect each other
in s, then the cuts of opposite sides are distant a quadrant from s; if
the diagonals are also equal, these cuts are distant a quadrant from
one another.

59. If the sides ab, ac of a spherical triangle have a total length
equal to half the circumference, then the median throygh a is a
quadrant.

60. If d, e, f be the mid-points of the sides of traingle abc, and
be cuts fe in a’, then the arc a'd is a quadrant; if ed is a quadrant, so
are ef and fd.

For [ef1=[(a+b) (a+c)] = [ba] + [ac] + [b¢c],
a’ =[bec.ef]=[abc] (b—c), [@'|d]=[(b+c) |(b—¢c)] =o.
If also [d|e] =0, then [e|f]=0=[d|f]; for
[(b+¢) [(c+a)] = [(c +) [(a+b)].

61. Ifd, e, f be on the sides b¢, ca, ab of a triangle abc, and ad, be, cf
are concurrent, then [ef.bc], [fd.ca], [de.ab] are on a great circle,
and b, d, c, [ef.bc] are harmonic.



11, 20, 21] GEOMETRY IN SPACE 101

62. The polar circles |a, |5, |c of a, b, ¢ cut bc, ca, ab respectively
in points on the great circle

[ela] [a(8] [bc] + [a[8] [b]c] [ca] + (6] [c]a] [ab] = o.

63. If ay, a,, a;, ... be fixed points on a sphere, k|, ky, ... constant
scalars, then the locus of p, such that k;cos a;p +k,cos @,p+... is
constant, is a circle.

64. If aa’, b, cc’ be chordal arcs of a spherical triangle abc
meeting in p, then
sin pa’. cos pa

— 4. 4..=1
Sin aa

65. To find the circumcentre of triangle abc.

[(5+c¢) |(bc +ca+ab)] = [(b+c) |(b—c) (b—a)]
=[6+c)|(b-a)].|(b—c)=[(b+¢) |(b—c)].|(b—a)
=[(b+e)[(6-a)].|(6—c)=|(6~0).

Hence the circumcentre is at the point |(bc + ca + ab).

It is obvious that many formulae, theorems, and proofs in
the plane, apply without change to the sphere, when ‘line’ is
replaced by ‘great circle’. For instance Desargues’ Theorem
and Pappus’ Theorem and most of § 12 apply.

Furthermore, pole and polar, for a conic in a plane, corre-
spond on the sphere to point and great circle distant a quadrant
from the point. From these interpretations a wealth of theorems
can be deduced from those on conics, but it is not worth while
actually to state them.

Readers familiar with elliptic geometry in the plane can also
translate the above exercises into this field.

§ 21. Deduction of formulae in spherical trigonometry.*

1. All quantities in this section are scalar.

We deduce all formulae from § 20 (7), in particular we can
obtain (5), (6), (8), and also Napier’s and Delambre’s analogies:
(9), (10), (11) below.

cos & = cos f cos Y —sin £ sin y cos a',]
cos # = cos y cos & —sin ¥ sin & cos /', (7)
cos Y = cos & cos #—sin « sin S cos 'y'.J’

* Study, Sphdrische Trigonometrie (1893).
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tan }(@ +4') cot by’ = —cos §(a—B)fcos a+h).  (9)
tan }(e’ —B’) cot 4y’ = —sin (@ — B)/sin (x+F). (10)

sin }(8'+7) _cos(B—y) sind(F—v)_ _sin3(8~7)

sin §a’ costa ’ sin $a’ sin Y&’
cos }(F'+y') _ _cos¥(f+y) cos }(B —y)_sin¥(B+y)
cos 3o’ cos da ’ cos a’ sinfa

For in (7) substitute (11)

cot ja=1, cotif=1, cotly=1, } (1)
cotfa’=L,, cotif’=L, cot}y =L,
Then cos & = (1} — 1)/(1Z + 1), sin « = 21, /(13 + 1), and so on.

\

n n, n
Put xT; =1L,1,, = L1, ITZ =1,1,; '
(r1”)
N'l — N?. _ N3 _
N‘O - LZLS’ N—o = LBLD i\TO = Lle»J

where n,, N, are arbitrary non-zero quantities. Then (g), (10)
and the similar formulac correspond to

no—ny _ _No—N; n,—n; __N,—N, (12)
ny+ng N, +N,;’ n,+n, No+N,’

and the formulae obtained by cycling the subscripts 1, 2, 3,
while (11) corresponds to the facts that

Sothy M=y o Mmhy o Mydfy
N,+N,’ "N,-N,” "N,-N, N,+N, '3
Do sin 38" sin 3" cos ja
N, sin 3fsin }y "cos 32’
We wish to shew these, and the dual formulae, from (7).

Now in the present notation, the first equation of (7) is

-1 =_(l§—1)(l§—1)___ 4,1 _L%—-l

B+1r (B+1)(1Z+1) (Z+1)(3+1)'L3+1°

each equal (14)

Hence
L!z-—1= I I+l§l§—l§l'f’—_l%!§=n5+nf:p_.§_:r_1~§
Li+1 2Ll B+1 2(ngn; +nyng) ’
L2 (no+n, —n,+n;) (ng+n, +n, —n,)
' (=ng+n,+n0,+n) (ng—n, +n,+1ny)
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The second and third formulae of (7) give similar equations
for L2 and L2. Multiplying these together in pairs, and selecting
a square root,* we get, since L,L,=N,/N,:

Ny _ mo—n+np+ng

N, —np+n,+n,+n,’ (15)
and the equations obtained by cycling the subscripts 1, 2, 3.
From these we easily obtain (12), and so (9), (10).

So far Ny, n, have been arbitrary non-zero numbers. We
now take 2Ny= —ng+n,+n,+n,;
thence, by (15), 2N;=ny—n,+n,+n; ' (16)

- I

Similarly 2N,=n,+n, —n,+n,,

2N3;=ny+n;+n,-n,.

Solving these we have the ‘dual’ formulae:

2ny= —Ny+ N, + N, +N,,’

2n =N, —N; + N, +Nj, l (17)
- I

2n,= Ny+N, -N,+Nj, } 7

2ny=N,+N,; +N,-N;.

Further, n,+n, =N,+N,, n;—n,=N,—Nj,

ny—n, =N, —N;, n,+n;=Ny+N,.
Hence the fractions in (13) equal unity. As the duals of (7), (9),
(10), (11) have the same connection with (17), as those formulae
themselves have with (16), there is no need to consider the duals
separately, and it only remains to shew (5) and to prove that the
fractions in (13) do equal (14), that is, that (14) equals unity.

To shew (5), we have

sina’ Ly(13+1) _ ngn;+mn,n; Nj L,L,L,

sina L(Li+1) NoN,+N,N; nZ" LI ’
and since nyn; +n,n; = Ny N, + N, N;, we have
sina’ sing’ siny’ N3 L,L,Lg
Gnz—sinf siny m  1LL 08
which is (5), except that we have not yet found the value of m.
* This selection gives the formulae for the classical spherical triangles, in

which all sides and interior angles have magnitudes between o and =. Cf.
Study, L.
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To shew that the fractions (14) equal unity; the coefficient
of ny/N, in (14) equals the values obtained by cycling «, 8, ¥
and &', ', 7', by (18). Hence its square equals

sin $a’ sin $’ sin 3y’ cos 4a cos 34 sin 1y’
sin }a sin 4 sin 3y “cos }a’ cos $4' sin §y
_ hbl siny’ N
"L, L,Lysiny n2’
by (18). Hence the fractions (14) equal unity. The fixing of the
sign requires considerations into which we cannot enter.*

2. From (7), we deduce
(sin &’ sin # sin y)? = sin? f# sin? y —(cos f# cos y —cos a)?
=1-—cos? @ —cos? f—cos?y
+2cosacosfcosy. (19)
But by § 19°11
[uvw)[uvw
= /(1 —cos?a —cos? f—cos?y+2 cosacos fcos y) =n,
say. Dually
[u’vlw,]/ﬂlﬁ’w’
= /(1 —cos? &’ —cos? f’ — cos?y’ + 2 cosa’ cos B’ cos y') = n’,
say.
From (19) and its dual we have
sina’sinffsiny =n, sinasinfsiny’ =n’,

and hence, as in § 20, we get (5).

§ 22. Regressive multiplication in space.t
1. We write the ‘regressive product’ of the leaf [pqr] and the
rotor [ab] as [pgr.ab] or [ab.pgr],
and define it by the equation
[pgr.ab) = [ab.pgr] = [pqrb] a[paralb. (1)
If the rotor and leaf intersect, the right-hand side represents
a weighted point at the cut, for it is clearly on [ab]; and it is on
* Study, l.c. ‘

t This multiplication must be distinguished from regressive multiplication
of bivectors in vector-spreads, § 19.
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[pgr], for if the right-hand side be multiplied by [pgr], the
result is zero.

From the identity, § 16:11 (6),
(pgrb] a—(pgra] b = [abgr] p+ [abrp] g+ [abpq] 1,
we deduce
[pgr.ab] = [ab.pgr] = [abgr] p +[abrp] g+ [abpg] 7. (2)
2. If 4 is a rotor, « a leaf, (1), (2) give
[a.ab] = [ab.a] = [ax] b—[ba] a = [ab] a—[xa] b, (3)
(pgr-A] =[A.pgr] = [Agr] p+[Arp] g +[Apg] 7. (4)
3. Writing 4 for [pq] in (1), we have
[Ar.ab) = [ab.Ar] = [Arb] a—[Ara] b= —[Abr] a—[Ara] b.
Substitute p, ¢ for a, b in this, and add to (4), then
[4.-pgr]+[pq.Ar] = [Apq] 7,

or, writing B for [pq]

[A4.Br]+[B.Ar] =[AB]r. (5)
4. A special case of (1) is [ab.aqr]=[abgr] a.
Let [ab]=A, [agr]=a, then [Ax]= [abgr]a.

Hence mag [Aa] = mag A.mag «.sin (4, ).

[Ax] =0 if, and only if, either A=0 or a=0 or A4 lies on x.
5. If A, B be rotors, a, f leaves, k scalar, then (3), (4) give
[A(x+P)] = [Ax]+[4f), [(A+B)a] = [Aa]+[Ba], (6)

[k4.a] = [4.ka] =k[dz], [Ax]=[24]. (7
6. If [ab] and [pqr] be parallel, then [apgr] = [bpgr]; hence
[ab.pgr] = [apgr] (b~ a),

which is a vector.
If [ab] lies on [pgr], their regressive praduct is zero.

7. The ‘regressive product’ of two leaves [abc], [pgr], in this
order, is written [abc.pgr], and is defined thus:

[abe . pgr] = [abep] [gr] + [abeq] [7p] + [aber] [pg)-  (8)
If the leaves cut, the product represents a rotor along their
cut, for it is clearly on the plane pgr, and if we multiply the
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right-hand side by [abc] regressively, and use (2), we get as the
coefficient of a,

[abcp] [begr] + [abeq] [berp] + [aber] [bepg] = o, by §16 (11).

Similarly, the coefficients of &, ¢ in the product vanish. Thus
by (3) the expression (8) represents a rotor in plane abc.

If abc and pgr be parallel, then [abcp] = [abcq] = [abcr], and
the product [abc.pgr] is a bivector, being a multiple of

lgr]+[p] + [Pq)-
8. A special case of (8) is
[abc . abd] = [abcd] [ab].

Hence, if a, £ be two intersecting leaves, then, since they can
always be put in the form [abc], [abd], we have, if a, / intersect,

mag [af] = mag &.mag f.sin (2, §).
9- [2(B+7)] = [af] + [27),
(kx.f] = [«.kB] =k[af], [2f] = —[Pa].

10. We have deduced all our results from (1), (8). Now, if
we assume the positions of [pgr.ab] and [pgr.a] are at the cuts
mentioned, we can deduce (1), (8) from the following:

Genese’s rule. If I, m, n be points, or rotors, or leaves, provided
they are not all rotors, and provided [In] is a scalar, we have

[{.mn] = [In] m—[Im.n]. (10)
To deduce (1). Let [ab.pgr]=ka+k’d (k, k' scalar), then
[a..ab.pgr] =k'[ab].
Now, by (10) [a..ab.pgr] = [apgr] [ab].

Hence k' =[apgr]. Similarly, k=[pgrb]. Hence (1) follows.
To deduce (8). Let

[pgr.a) = k,[qr] +k,[rp] + ksl pgl,  (Ky, ko ky scalars),
then [p..pgr.a] = k,[pgr].
By (10) [p..pqr-a] = [pa] [par]-

Hence k,=[pa]. Similarly we can find k,, k; and deduce an
equation equivalent to (8).

(9)
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11. The formulae (3), (5) are special cases of Genese’s rule
Dual to them, we have

[#8.a] = [aa] f—[fd] 2, (11)
[4.Ba)+[B.Ax] = [AB] a. (12)
We deduce these, of course, without use of the rule:
For (11). Take a=[pgr], f=[pgs], then by (8)
(4] = [pgrs] [pq]-
Using § 16 (12), we find
(28.a] = [pgrs] [pga) = — [pgar] [pgs] — [pgsa) [par]
= [wa] 4~ [fa] a.
For (12). Let A, B cut a in a, b. We can write
A=[ap], B=[bq], a=[abc].
‘Then [Ax] = [ap.abc] = —[pabc] a,
[Bx] = [bq.abc] = —[qabc] b,
[4.Bx]+[B. Aa] = —[qabc] [apb] — [pabc] [bga]

= [abgc] [abp] + [abep] [abq]
= —[abpq] [abc] = [AB] «.

Cases when parallelism occurs are treated the same way,

using vectors or bivectors when necessary.

12. All cases of (10), it will be found, have now been shewn

from (1), (8), except
[a.By] =[ay] B—[aB.y].

Since [a.By] = —[By.a], since a, [By] are points, we can
write this [aB.y] = [ay] B+ [By.a]. (13)

To prove (13), let B=[pq] cut y=[pbc] in p, then

[aB.¥] = [apq.pbc] = [apbe] [pg] + [gpbc] [ap]
= [ay] B+ [qpbc] [ap],
[By.a] = [pq.-pbc. .a] = [pgc] [pa] = [gpbc] [ap].

13. [Lx.B]=[L.2f]. (Genese’s rule does not apply, since

[Lp] is not scalar.)

For let L cut 2 in p, and B in ¢, and let L=[pq]. Leta, g cut
in ab, then we can take a, b so that a=[pab], f=Kk[qab].
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Then [Lec. ] =k[pgq.pab. .qab]

by (r) = k[pabq] [pgab] = k[pqgab]’,
[L.aB] =k[pgq. .pab.qab]
by (8) =k[pq.pabq.ab] = k[pqab]*.
Similarly [aL.f] = [«.Lp].
14. [o.By] = [af.7]. (14)

Each product can therefore be denoted by [«¢fy]; it represents
a weighted point at the cut of the three planes.

15. [abe.afy] =| [aa], [af]), [aY] [ (15)
(6], [56], [bv]
[ca], [cB], [ev] |
[AB][abcd] = [Abc] [Bad] + [Acd] [Bab] + [Adb] [Bac]
+ [Bbc] [Aad] + [Bcd] [Aab] + [Bdb] [Aac], (16)
[abc.abd . acd . bed)] = [abed] [ab. acd .bed] = [abed]®.  (17)
General formulae of this nature will be proved later.

16. Multiplication by the unit trivector 2 annihilates a vector
or a bivector, reduces a point to its weight, a rotor to its vector, a
leaf to its bivector.

For 2 is the difference of two parallel equal leaves. It may
not be put equal to unity, except in a formula which involves
only vectors and their products. Hence

[ab.2] =[a) b—[bR2] a=b—a, since [bR]=[a2]=1.

[abc. Q2] = [af2] [be] + [b82] [ca] + [c£2] [ab]
= [bc] + [ca] + [ab].
Examples.
66. [bc.aqr]+[ca.bgr] + [ab.cqr] = 2[abcq] r — 2[abcr] q.

67. [abp.cq] —[abg.cp] +[pgb.ac] —[pga.bc] = 3[pgab] c.

68. If two tetrahedra be in perspective, that is, if the joins of corre-
sponding vertices concur, then the lines of intersection of corresponding
face-planes are coplanar. '

For if abecd be one tetrahedron, p the centre of perspective, then
the vertices of the other will be points a’, &', ¢’, d’ given by

(1+k)a =p+ka, ..., (1+k) d =p+k,d,
where k;, ..., k, are scalars. Hence
[6'c'd) = [p(ksky[cd] + Kk ky[db] + Ky kq[be])] + ky k3 ky[bcd].
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This plane cuts [bed] in the line
kyk,[cd] + k, ko[db] + Kk, k;[bc].
There are four such lines, and they all lie in the plane
kykyky[bed] -k, k;k[acd] + k, ko k,[abd] —k, k,k,[abc].

It is clear that, if we had absorbed weights, we could have omitted
the scalars k. This absorbing of weights is often advantageous in a
descriptive theorem, i.e. one not involving metric notions. Thus we
have, if a, b, ¢ have suitable weights,

a=p+a, bV =p+b ' =p+c, d=p+d,
[abe.a’b'c"] = [abe.(pbe + pca + pab + abe)]
= [abep] ([be] +[ca] +[ab]),
which lies in the plane
[bcd] — [acd] + [abd] — [abc].

69. If triangles abc, a'b'c’ are in perspective from d, then the cuts of
ab’c’, a’bc and of bc'a’, b'ca, and of ca’¥’, c'ab, and of abe, a'b'c’ are
coplanar.

For adjust weights so that a’ =a+d, b’ =b+d, ¢’ =c+d, then

[@’bc.ab'c’] = [a'ab’c’] [bc) + [bab'c’] [ca’] + [cab’c’] [a'D]
= [dabc] [bc] + [badc] [ca] + [cabd] [ab]
+ [badc] [cd] + [cabd] [db]
= [abed] (—[bc] + [ca] + [ab] + [¢d] — [bd]).
Similarly,
[b'ca.bc’a’] = [abed] (- [ca] + [ab] + [bc] + [ad] — [cd]),
[¢’ab.ca’'b’] = [abed] (—[ab] + [be] + [ca) + [bd] — [ad]).
The sum of these is
[abed] ([bc] + [ca] + [ab]) = [abc.a'b'c'].

vo. If [aa’.bcd), [bb' .cad], [cc’ .abd], [dd’ .abc] are coplanar, then
[@'..bcd.b'c'd), [b..cad.c’'d'd’], [c'..abd.a'b'd’], [d'..abc.a’b'c’]
are concurrent. (Fontené.)

71. A bisector of a dihedral angle of a- tetrahedron divides the
opposite edge in the ratio of the areas of the faces containing the
angle.

The plane bisecting the angle along bc is

a =k, [abc] + ky[dbc],
where k; :k, is the ratio of the areas of [dbc], [abc]. It cuts ad in
p=[a.ad] = [abed] (k,a+k,d).
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72. If a, b be points, u, v vectors, then
[alu.b|v] = [a|uv] +[(b—a)|v]. |u.
For [a|u.b|v] =[a|u.(a+b—a)|v]
=[a|u.a|v]+[a|u.(b—a)|v]
= [a|uv] +[(6~a)|7] |4,
since the product of a point and a trivector, [a.(b—a)|v], is a scalar
[(6—a)|v), and the product of four vectors is zero.
Or thus: Since [a|u.b|v] is the cut of planes [a|u], [b]7] it is in
direction |[uv]. Hence [a|u.b|v] is obtained from [a |[«v]] by adding
to it a bivector which is a multiple of |u:

[a|u.b|u] = [a|uv] +k.|u=[bluv] +k.|2.

Hence k|u=[(b—a)|uv] +K'|v,

k|[uz] = [(b—a)|u2] |v = [(b - a)|] | [ue],
since [luv.|v] = [|uve] = o.
Hence k =[(b—a)|z].

Cor. 1If V,, V, are bivectors, then
[aV,.0V,) =[a.V\ V,]+ V\[(b—a) V,).

73. If five edges of a tetrahedron abcd meet (or are perpendicular to)
five corresponding edges of a second tetrahedron (ab corresponding to
a't’, and so on), then the same is true for the sixth pair of edges.

74. If abcd and a'b'c’d’ are tetrahedra, and perpendiculars from the
vertices of the first to the corresponding faces of the second (a corre-
sponding to b'c'd’, and so on) are concurrent, then perpendiculars from
vertices of the second to corresponding faces of the first are concurrent
and the plane through ab perpendicular to a'b’, and the similar planes
are concurrent.
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CHAPTER III
APPLICATIONS TO PROJECTIVE GEOMETRY

§ 23. Foundations. Cross-ratio.

1. Projective geometry in the strict sensec knows nothing of
the lengths of intervals or of the size of angles, nor of order
relations such as those indicated by such words as ‘between’,
‘inside’, neither does it distinguish between parallel and non-
parallel lines, for any two coplanar lines are assumed to meet.

It is possible to build up projective geometry abstractly from
our point of view.

The elements with which we begin are ‘weighted points’, and
we allow as an operation the multiplication of a weighted point
a by a scalar k. The result of this operation is written ka. We
assume that the scalars k constitute a field, that is, they obey
the laws of addition, subtraction, multiplication, and division
of ordinary algebra. In particular, this field may be the field of
real numbers, or the field of complex numbers.

We assume the laws of § 1.

Elements which differ only by a scalar factor are called
‘congruent’; we use the sign = for ‘is congruent to’. Two con-
gruent extensives are said to have ‘the same position’. If a, b are
non-congruent weighted points, elements of form ka+k'd
(k, k’ scalars) constitute a ‘line’. Thus a, b, c are in the same line
if, and only if, there are scalars k, k’, k", not all zero, such that
ka+k'b+k"c=o.

Thus two non-congruent points fix just one line on which they
lie, and a line is fixed by any two of its non-congruent points.

If a, b, ¢ be not on the same line, elements of formka+k'b+k’’¢
constitute a ‘plane’. 'Thus a, b, ¢, d are on the same plane if,
and only if, there are scalars k, k', k", k’"’ not all zero, such that
ka+k'b+k"c+k''d=o.

Thus three non-collinear points fix just one plane on which
they lie, and a plane is fixed by any three non-collinear points



112 APPLICATIONS TO PROJECTIVE GEOMETRY [CHAP.

on it. If two points lie on a plane, so do all points of the line
through them.

If the field of scalars k is the real field, we have a ‘real’
plane; if it is the complex field, a ‘complex’ or ‘imaginary’
plane. If a, b, c be non-collinear points of a complex plane, and
k, k’, k"’ be restricted to be real, the set of points ka+k'd+k"’c
constitute a real plane, which is a portion of the complex plane.

In precisely the same way, we can introduce spreads of higher
dimension.

2. Outer products. We cannot now define [ab] as in the
previous chapters, because we are not to use the notion of
length. The only distinction we have drawn so far between
pairs of points is to divide them into congruent and non-
congruent pairs.

If a, b are congruent, we define [ab] as zero.

Thus [aa] =0, [a.ka] =0, [ka.a]=o.
We assume the distributive laws:
[a(kb +1c)] = k[ab] +1[ac],
[(kb+1c) a] = k[ba] +1[ca].
These have not an immediate interpretation in the usual
projective geometry, but as they give
[(a+b) (a+ b)] = [aa] + [ba] + [ab] + [bb],
and since the left-hand side is zero, and [aa] =[bb] =0, we have
[ab] = — [ba].
We assume, k being a scalar,
[ka.b] = [a.kb] = k[ab].

We assume the outer product of three points is associative,
and since [aa] =0, we assume [aab] =o for all points b.

We assume that, if any one of &, b, ¢ be multiplied by a scalar
k, then [abc] is so multiplied.

These, with [ab] = — [ba], shew that [aba], [baa] vanish for all
points b. Also [abc] = — [bac] = [bca] = ... as before.

Finally, we assume the distributive law:

[(ka+k’b+k"c) pq] = k[apg] + k'[bpg] + k"[cpg].
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Now if a, b, ¢ are collinear, there are scalars k, k’, k", not all
zero, such that ka+k'd+k"c = o. Suppose k0. Then
o = [(ka+k'b+k"c) bc] = k[abc].
Hence [abc]=o.
Conversely, as in § 5-3, if we assume some products of three

points do not vanish, we can shew that if [abc]=o0, then q, b, ¢
are collinear.

3. Regressive products. We wish the regressive product of
two congruent lines to be zero, and of two non-congruent
lines to be a weighted point on both. We secure this if we

assume [ab.ac] = [abc] a.

The proof in § 11-4 of the general formulae for regressive
products there given is valid here, if we assume that regressive
multiplication is distributive over addition.

There should now be no difficulty in extending the work to
space.

Although the interpretations of sums of weighted points in
terms of centres of gravity, of outer products in terms of lengths
and areas are foreign to projective geometry, yet as our formulae
are capable of these interpretations, we shall on occasion mention
the metric interpretation of our formulae.

4. Def. If a, b be any non-congruent extensives of the same
step, the extensives ka+k’b, where k, k’ are any scalars, form a
‘pencil’ or ‘range’.

[It is usual to speak of ‘pencils’ of lines, and of ‘ranges’ of
points.]

If we do not distinguish between congruent extensives, we
can denote elements of a pencil or range by ka+ b, where k is a
varying scalar.

The range ka+k'b includes the extensive @ as one of its
values. In order that ke +k’b and ka +b should have the same
set of values, we must therefore assume that ka+#4 can take
the value . We make this assumption as an explicit convention,
and say ka+b=a, when k = oc.

If py, p», P3, P4 are in a pencil, say p, = k;a+b, then

[212:] = (kya+0) (kpa+b) = (k; —k;) [ab].

FCE 8
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Def. The ‘cross-ratio’ of the extensives p,, p,, Ps, P4 in a
pencil, taken in this order, is denoted by R(p,, p,, ps, P4), and

defined to be [£12:] [P324)/[P225] [Pap1],

or (ky —ky) (ks —ky)/(ky —ky) (ks —k,).
- Thus the cross-ratio of the coplanar lines [pa], [pb], [pc], [p4]
s [pab] [ped]/[pbe] [pda).

If the cross-ratio is — 1, the extensives form a ‘ harmonic’ set.
If p, =kja+1,b (i=1, ..., 4), the definition gives at once
kL, —k,1) (k31 —ky15)
R =( 1227 %21) (Kg2y ~ %ey)
(P122PaPO) = (1,1, "yl (k1)

lk
R(ap, bp,) = T;if

5. These cross-ratios are clearly not changed when any of
the extensives involved are replaced by congruent extensives;
they depend only on the positions of the extensives. Thus, by
absorbing weights, we can take four extensives in a pencil to
be a, b, g, g5, where g, = a+b, g, = a+kb. Then R(aq, bg,) =k'.

In particular, a harmonic set can always be written a, a+b,
b, a-b.

6. Def. Two ranges of extensives are in ‘projective corre-
spondence’ or are ‘projective ranges’, when they can be put into
one-to-one correspondence, such that, if a, b, p,, p,, ps, ... in
one range correspond to a’, &', p{, p5, P, ... in the other, the
extensives can be weighted (i.e. replaced by congruent exten-
wsives) so that then, if p; = a+1;b, we have pj = a’ +1,b'.

Then the cross-ratio of any four extensives in one range
equals that of the corresponding extensives in the other; and if

ki py +kopp+ksps =0, then k;pi+k,psr+kspy=o.

Since any three extensives a, b, ¢ in a range can be weighted
so that a+b = ¢, and then, if d = a+kb is any extensive in the
range, k is fixed by the position of d. It follows that a projective
correspondence between two ranges is determined when we
know the positions of three elements of the second range which
correspond to three in the first.
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7. Double points, or self-corresponding points, of two projective
ranges of points on the same line.

Let the ranges be such that a+kb corresponds to ¢+kd as
k varies.

Let c = a+xb, d = a+yb, then c+kd = (1 +k) a+ (x+ky) b.

This is congruent to a+kb if k?+ (1 —y) k—x = o.

Thus for the case of the complex line, we have two self-
corresponding points, which may coincide. If the line is real,
there may or may not be self-corresponding points.

8. Ifa, b, p,, py, ... and &', b, p, p5, ... be projective ranges,
and if b=b’, the ranges are in ‘perspective’; we can absorb
weights so that b+54' =0, and p+p’' =a+a’, where p, p’ are
corresponding extensives suitably weighted.

For if p = a+kb, then p’' =a’ + kb’ = a’ —kb.

Thus, for example, if the ranges are projective ranges of
points on two lines, the lines joining corresponding points are
concurrent; if they are perspective pencils of lines

(L=A+kB, L' = A'+kB', B=B'),
the cuts of corresponding lines are collinear.

9. If the cross-ratio of the extensives a, b, ¢, d in one range
equals the cross-ratio of the extensives a’, §’, ¢/, d’ in another
range, and we absorb weights so that

at+b=c¢, a+b=c,
then if d = a+kb, we have d' = a’ +kb'.

Thus, if two ranges are in one-to-one correspondence, and
the cross-ratio of any four extensives of one range equals that
of the corresponding extensives of the other range, the ranges
are projective.

10. Hence, if the ranges of extensives R, R,, ..., R, be such
that each is projective to the next following, then R, and R, are
projective.

11. If the planes a, B, v, 8 meet in a common line, their cross-
ratio is the cross-ratio of their cuts with any transversal.
For, by absorbing weights, we can let f=a+7y, § = a+ky,
then R(apyd)=k"!.
8-2
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Let the transversal [pg] cut the planes in p,, p,, ps, Py, then

po=[pg-(2x+7)] = [pg-a]+[pg.7] = P, +15
pa=pi+kps, R(p1papsps) =k

Hence cross-ratio is unchanged by projection and section.

12. v. Staudt’s Theorem. If abcd is a tetrahedron, o, f, 7y, 8
the planes opposite to a, b, ¢, d and L any line, then

R(La, Lb, Lc, Ld) =R(La, Lf, Ly, L9).
For there are scalars k,, 1,, k,, 1, such that
[Lb] =k, [Lal+1,[Lc], [Ld]=ky[La]+1,[Lc].
Hence 1,[Lca] = [Lba], k,[Lac] = [Lbc],
1, k! = [Lab)/[Lbc], l,k3'=[Lda]/[Lcd].
Hence R(La, Lb, Lc, Ld) = [Lab] [Led]/[Lbc] [Ldal,
R(Le, LB, Ly, L8) = [Lap] [Ly3)/[LAy] [Loa].

But [Laf] =[L.bcd.cda] = —[abed] [Led].  (§ 22°13.)

This and the analogous formulae give the theorem at once.

Example. 1. The joins of d to the vertices of a triangle abc meet
the opposite side-lines in p, g, r; if pbp’c, geq’a, rar'b are harmonic
ranges, then p’, ¢', 7’ are collinear.

For we can absorb weights so that a+b+c=d, then b+c=d—a

is a weighted point at p. Hence we can put b+ ¢ = p, thence b—c = p'.
Similarly by suitable weighting c—a = ¢', a—b=7'. Hence

p'+qg+r =o.
§ 24. Conics.

1. If L=A+kB, L' = A"+kB’ be projective pencils of lines
in a plane, given by varying k, then L, L’ cut in a point p which
satisfies  [pA]+k[pB] =0, [pA’]+k[pB’]=o.

Eliminating k, we have

[pA4] [pB] - [#B] [p4'] = o. (1)

If A= A’, the pencils are perspective, and p lies either on 4,
or on a line through the cut of Band B’. If A— A'#B— B’, the
locus of p is a ‘non-degenerate conic’.

Note, in passing, the metric interpretation of (1). Since [pA]
is the distance from p to 4 multiplied by a scalar depending on
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the weight of p and the magnitude of 4, the equation says that
the product of the distances from p to 4 and B’ is in a constant
ratio to the product of the distances from p to 4’ and B.

2. The equation of the locus can also be found as follows:
p=[(A+kB) (A" +kB’)] = a+2kb+KZ, (2)
where a=[A4A4'l#0, 2b=[BA'1+[AB’], ¢=[BB’]#o.
The points a, c are on the curve.

Conversely, if [abc]#o0, a point p satisfying (2) describes a
non-degenerate conic. For write b for 25, for convenience, and
let A=[bc], B=[ca], C=[ab].

Then (2) gives [ap]= C —kB, [cp] =B —k4; pencils [ap], [cp]
as k varies are projective.

A line L cuts the locus (2) in points p such that k satisfies

[aL]+ 2k[bL] +k?[cL] = o,
that is, in two points, if the field of k is complex, and two points
at most, if it is real. These points coincide, and L is a ‘tangent’

to the locus, if [bL)? = [aL] [cL].

3. From equation (1), it appears that the points [AB], [4'B],
[AA’], [BB'] are on the curve. For example, if p=[A4B], then
[pA]=[pB]=o0. Denote these points by a, a’, b, b’, then

A=[ab], B=[ab'], A'=[a'd], B'=[a'}],
and (1) becomes

[pab] [pa’'b’] = x[pab’] [pa’b], x scalar. (3)
Hence, by § 23-4, p moves so that R(pa, pb, pa’, pb’) is constant.
If the curve goes also through ¢’, we can
find x by substituting p=¢ in (3).
Then
[c'ab] [c'a’b’] = x[c’ab’][c’a’B]. (3')
Using this value of x, we have from (3)

[pab] [pa'd’] [ab'c'] [a’bc']
—[pab’] [pa'b] [abc'] [a'b'c'] = 0. (4)
Thus the conic is fixed by the five points a, b, a’, b’, ¢’ on it,
but it must be noticed that these points have been introduced
in different ways.
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4. Consider equations (3), (4), disregarding the method by
which they were obtained. If three of the points a, b, @', ¥/, ¢
are collinear, for instance if [ab’'c'] =0, a term vanishes, in this
case the first. The second term must then vanish, and then either
p is on [ab] or on [a'd], or b is on [ac']=[ab’], or @’ is on
[6'c']=[ab"]. The six points involved thus lie on two lines.

This clearly happens when, in (3'), k=0 orco. If k=1, then

since (§ 5+7)
[pab] [pa’t’] = [pab] [pa'b] + [paa’] [pb¥]),
equation (3) becomes
[paa’] [pbb'] =0,
and again represents a line pair. But, in general, equation (3)
represents a non-degenerate conic, since (1) does so.

5. The point p is on the conic fixed by a, b, a’, b’, ¢’ and given
by equation (4). It was shewn in § 12 that the left hand of (4)
changes sign at most, when two letters are interchanged. Hence
the five points define the same conic, whatever be the order in
which they are introduced. Further, a is on the conic defined
by p, b, @', b', ¢/, because of this property of interchange of
letters. Thus any one of the defining points may be replaced by
any other point of the conic; thus all five may be replaced by
any such five. We have assumed that the left hand of (4) is not
identically zero, and that the conic is not degenerate.

Hence a non-degenerate conic is uniquely defined by any five
of its points. Hence, by (3), the cross-ratio of the joins of a variable
point of a non-cegenerate conic to any fixed four of its points is
constant.

Any five points in a plane, no three collinear, define a non-
degenerate conic. For, if a, b, ¢, d, e be the points, then, by § 23-6,
the projective correspondence between the pencils of lines
through a and through e is fixed when we make [ab], [ac], [ad]
correspond to [eb], [ec], [ed] respectively.

6. Pascal’s Theorem. We have (4) for any six points on a
conic. Write ¢ for p, then

[cab] [ca'b’] [ab'c] [a'bc'] — [cab’] [ca’b] [abc'] [a'b'c"] = o.
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We may change 4, b, ¢ into b, ¢, a, then this becomes
[abc] [aa’b’] [bb'c'] [ec’'a’] — [abb] [caa’] [bec'] [a'b'c’] = o,
or, by § 12 (25),
[bc" .bc. .ca’ .c'a. .ab’.a'b] =o. (5)
Hence this holds if, and only if, a, b, ¢, a’, &', ¢’ lie on a conic,
degenerate or not. This is Pascal’s Theorem.

7. Write p for b in (5) and we have
[pc’ .b'c..ca’ .c'a..ab’.a'p] =o.
Let [b'c]=B, [ca’.c'a]=h, [ab'}=A, then
[pc’'B. .h..A.a'p] =o.

The three main factors represent points, and hence their
product is associative. Hence [pc'Bh..A.a’p]=0. But [pc’Bh],
A, [a’p] are lines, and hence their product
is associative (§ 11-10) and may be written
[pc'BhA.a'p). Now here [pc'BhA), a',p
are points, and so finally [ pc’Bh Aa’p] =o.

Hence if a’, ¢’, A are fixed points, and
A, B lines, and the join of p and ¢’ cuts
B in [pc’B] =g, say, and [gh] cuts 4 in
[¢hA] =7, say, then, if [ra’] goes through p, the locus of p is
a conic. (Note the convention of § 13-1.)

8. Conic envelopes. Dually to 1, the envelope of lines joining
corresponding points a+kb, a’+kb’ of two projective ranges of
points, not in perspective, on distinct lines is a (non-degenerate)
conic envelope. If L be such a join, then

[La] +k[Lb] =0, [La’]+k[Lb]=o0.
Eliminate k, then
[La] [Lb']—[Lb] [La’] = o.

The metric interpretation of this is that L moves so that the
product of its distances from a and-b’ is in a constant ratio to
the product of its distances from 4 and a'.

Itis clear that the development dual to the above can be carried
out in detail. In particular Brianchon’s Theorem, the dual of
Pascal’s Theorem, follows: The lines 4, B, C, 4’, B, C’ touch
a conic envelope, if, and only if,

[BC'.B'C..CA'.C’'A..AB' . A'B] =o. (6)
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9. By (2), any point p on a non-degenerate conic locus
through g, ¢ can be written p=a + 2kb + k2, where b is a suitably
chosen fixed point.

The line

L = [p(b+ke)] = [(a+ 2kd + k%) (b+ke)]
=[ab] + k[ac] + k?[bc]
goes through p, and
[La] =k?[abc], [Lb] = —Kk[abc], [Lc]= [abc].
Hence [Lb])? = [La] [Lc].
Hence, by 2, L is a tangent at p.

Hence at each point of a non-degenerate conic locus there is a
tangent. This tangent is unique. For any line L is of form

k,[ab] + k,[ac] + ky[bc].
By 2, this is a tangent only if k3 =k, k;. Hence then
L =[ab] +k’[ac] + k'?[bc].
If this goes through p = a+ 2kb + k2, then
o = [Lp] = k*[abc] + 2kk[ach] + k'*[abc],
hence (k"= k)>=0, k'=k.

10. The tangents to a non-degenerate conic locus give a conic
envelope.

Take points on the locus in form p = a+ 2kb+k%. 'Tangents
are then of form L=[ab]+k[ac]+k?[bc], and [ab], [bc] in
particular satisfy the condition for being tangents. Now the
dual to 2 shews that all lines of a conic envelope are of form
L = C+kB+k?4, where C, A4 are lines of the envelope and B

a suitably chosen line, and that conversely, if [ABC]#o, then
a line L satisfying this equation describes a conic envelope.

11. If the vertices of triangles abc, a'b’c’ lie on a conic, their
sides touch another conic.
For by § 12 (25), since

we have [bc".bc. .ca’ .c'a. .ab’.a'b] = o,

[aa’d’] [b'c’] [cc’a’] [abc] = [abb'] [bec'] [caa’] [a'b'c’].
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Let a=[BC], b=[CA4], c=[A4B],

a'=[B'C], ¥=[C'A], ¢=[4'B].
Hence [aa'd’]=[BC.B'C'.C'A'l=[4'B'C'] [BCC],
and so on, whence

[BCC']1 [CAA'1 [ABB'] [A'B'C"]
=[CC'A"1 [AA'B] [BB'C'] [ABC].

Hence [BC'.B'C..CA’'.C'A..AB'.A'B] =o.

Examples. 2. The points a, b, ¢, p, g, r are on a conic if

[pab] [prc)/[pbe] [pra] = [gab] [grc]/[gbc] [g7a].
Let p=xa+yb+zic, g=xa+y,b+2,0¢,
r=x3a+y;b+z,c,

then this gives | xi! yi! ozl [ =o.
[ x=1 ¢l -1
X Y2 Zp
=1 -1 =1
X3 ¥s Zz3

3. If p, p3 p3 p1 P2 p3 be a hexagon inscribed in a conic, and

[(p203] =41, [pspi]l =4y [p1 03] = s,
(62051 = AL, [pspi] = 45 [p1 92 = 45,
then [A, 4.4, A4} Ay A3 +[A, A} . 4,4} 4, 4]
+[Ay Ay 4, 45. 4,45 =0
is an identity, § 12 (25"). The first term vanishes by Pascal’s Theorem.
The others give
(2321 P31 [P1 12 23] [P2 2 1] [P1 P2 P5)
=[5 1 P,] [P1 02 03] (P2 Ps 1] [P P2 3]
Cycle p,, p,, ps, then from the last equation and that so obtained,
we have, on division,
(2122 5] [Py 22 3] [P1 2 P5) _ [P1#205) (P2 25 1] (23 21 23]
(2163 1] (D202 21 (P25 P31 [P222 03] [P3 23 23] 1 21 3

which gives Carnot’s Theorem on the ratios of the intervals cut off
by a conic on the sides of a triangle.

4. Two variable points p, ¢ moving on a fixed line L are con-
nected by the relation ¢=psL,s, L, where s, s, are fixed points, and
L, is a fixed line. Prove that these ranges are projective.
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The relation can be written
g=pL,.ss\L+sL,.s,L.p.

Also, if in any one instance, when p3£g, we have p=¢sLs; L, then
sL.s)L;+sL,.s;,L =o. (Univ. of Wales.)

5. If a, b, ¢, d, a;, by, ¢, d, be on a conic, then
[ab.ab,. .cd.c;d)], [bc.bic,..ad.ad)], [ca.c,a,..bd.bd|]

are concurrent.

§ 25. Canonical equation of a conic.

1. We found, for a point p on a non-degenerate conic
thl‘Ollgh a,c psa+2kb+k2c, (7)
where b is a suitably chosen point.

Take 3(a+c)=e,, b=e, 3(a—c) = e, then:

If p=x,€ +Xy6,+ X85, (8)
we have p= (X, +X;) @+ 2x,b+ (x, —X;) ¢, and p is on the conic, if
x3 = (x,+%3) (X, —X;), thatis, —x}+xi+x}=o.

This will serve as the canonical equation of a conic whether
the field of scalars is real or imaginary. If the field is imaginary,
we can make the equation more symmetrical by absorbing the
weight /(— 1) into e,, still keeping (8). The last equation then
becomes x}+x3+x3=o.

2. If the field of scalars is imaginary, any line pq cuts a conic
in two points (coincident or not).

Forif p=Kk,e +koe,+kye;, p =kie +kie,+Kkjes,
then p+1p’ is on the conic x}+x3+x} = o, if

(ky +1k7)? + (ko + 1k5)? + (ks + 1k3)? = o,
a quadratic to determine L.

Whether the field of scalars be real or complex, if
be on the conic +x?+ x3+x3 =0, the usual argument in analy-
tical geometry shews that y, e, +y,e,+Yyse; is on the tangent at
pif £X,¥1+ Xy, +%3y3 = 0.
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3. Def. If the field of scalars is imaginary, two points, not on
a conic, are ‘conjugate’ with respect to the conic, if their join
cuts the conic in two points separating them harmonically; a
point on the conic is ‘conjugate’ to any point on the tangent to
the conic at the point.

If p) =x,e,+x,6,+ %365, p, =y, €, +y,,+y;e; be the points,
then p, +kp, is on the conic +x?+x3+x%=o if

(1 +ky))? + (X +kyo)* + (kg + kys)* =0, (8)

Now by §23-4, if k;, k, (not zero) be roots of this equation, then
P D1 +K Py, Po, Py +Kk, p, are a harmonic range if k k3! = —1,
or k; +k, = 0. Hence the coefficient of k in (8') vanishes:

XY+ Xy, +X3y3 = 0. (8")
If p, be on the conic, we get the same condition, by 2.

If p, be fixed, equation (8"’) shews that p, describes a line, the
‘polar’ of p,; p, is the ‘pole’ of this line.

If the field of scalars is real, some lines through p, may not cut
the conic; the points conjugate to p,, with the above definition,
would then only take up part of the line. We call the whole of the
line the ‘polar’ of p,, and extend the meaning of ‘conjugate’
points so that all points of this line are conjugate to p,.

The equation (8'') shews that if p, lies in the polar of p,, then
b, lies on the polar of p,, and that each point has a unique polar.
Thus if p, g be points on a given line, their polars are fixed, and
the pole of [pq] lies on them, since p, ¢ are on [pq]. Thus each
line has a pole, which is unique.

§ 26. Supplements with respect to a non-degenerate conic.

1. The theory of supplements, so far developed, contains a
gap; the supplement of a point was not defined, unless the point
were at infinity, and then it was another point at infinity. We
now introduce the notion of supplement differently; this and
the previous notion must not be used together, or at least the
two must not be denoted by the same sign in the same investigation.

2. Consider the conic whose equation referred to reference
points e, e, &5 is +x}+x3+x}=o0.

Let E, =[eye3], E,=[e3¢,], Es=[e, ¢,] and take the weights of
e; so that [e,e,e5] =1; then [E| E,Eq]=1.
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If p=x e +x,6,+X;0,, then g=y, e, +y,6,+Yyze; is on the
polar of p if +x,y,+X,y,+X3y5 =0. Now the polar is
+x,E,+x,E,+x3E;, = P, say,
since [¢P] = £x,y1+X2¥2 +X3Y3.
In particular p lies on its own polar, if and only if
+x}+x3+xj=o.
If a line through any point p meets the conic in g, 7, then the

tangents at g, 7 being polars of g, 7 meet on the polar of p. This
is the starting-point of the usual theory.

3. If p=x,e,+x6,+%365, P=1xE +XE,+x,E;,
the signs being taken according to those in the equation
+x2+x3+x} = o, we write p=|P, P=|p, and speak of supple-
ments.
Thus llp=|P=p, [|P=p. (9)
Thus p and P are pole and polar, and as these were defined
geometrically in terms of harmonic section, our definition of
supplement, apart from the weight factor, is independent of the
canonical equation adopted for the conic.
In particular |e, = +E,, |e,=E, |e;=E;.
Since [e, e,e;] =1, we have
[ele] = £1, [e2]e] =1, [esles] =1,
and, of course, [e;le] =0, i#].
Also  |(x,6,+Xpey+X363) = |p = + X E| + X, B, + X3 E;
=X, |e; +Xp|€,+ X3 €3.
Hence, if p, ¢ be any points, k,, k, scalars, then
I(kp+k,q) =k, [p+ky|g. (10)
For, if p = x,€; +X,€,+ X33, ¢ =y, €, + Y, €, + Y363, then
(ki p+kyq) = |((ky X, +koyy) € +...) = (ky X, + Kyy1) [ + .
=ky(x, e, +...) +ko(y leg +...) =k [p+ Kk, [g.
Equation (10) expresses the fact that the polar of a point on
[pq] goes through the cut of the polars of p and ¢. It shews also
that the cross-ratio of four collinear points equals that of their
(concurrent) polars.
Dually, for lines
|(k, L+k, M) =k, |L+k,| M. (11)
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4. Inner products are defined as before, namely, [p|q] is the
outer product of p and |q.
Now take x}+x3+x} = o as the equation of the conic.

If P=X€+Xy6y+ X363, q=y,€+Yy,6+Ys6s
then |g=y,E, +y,E,+y,E,, and so

[2lq] = x,y) + %y, + X33 (12)
Thence [2lq] = [g]p)- (13)
"This product vanishes, if, and only if, p, g are conjugate.
Dually [L|M]=[M]|L)]. (14)

"This product vanishes if, and only if, L, M are conjugate.
(9] = (x2¥3—X3y3) By +(X3¥1 —X,¥3) By + (X, Y2~ X, ¥,) Es,
[2-1g] = (x2y3— X3¥2) &+ (XsY1 =X, ¥3) €2+ (X, Y2~ Xo,) €5,
since [E,E;]=[e, e,e;] ¢, =¢,;, and so on.
Thence \[pg] = [l2- lq]. (15)
Dually [[LM]=[|L.|M]. (16)
5. We define the supplement of a scalar as the scalar itself.
Then, if L =y, E,+y,E,+y,E,, we have
[PL] =Xy, + XY+ X3y, and  [|p. |L] = X,y; +X,¥,+ X3 Ys.
Hence I[pL] = [lp- |L]. (17)
The only one of these formulae which is different from those
in the earlier interpretation (§ 7) is (9), though we have several

extra formulae. The reason for the difference will be made
plain later.

6. We write [a|bc] for [a. |bc], and [ab|cd] for [[ab]|[cd]].

Hence [ab|cd] = [cd |ab].

Thus [a|bc] is a line, the join of a to the pole of bc; it is quite
distinct from [a|b] ¢, which is a point, and from [a|d] |¢, which
is a line.

If |a=A, then

[bc |a] = [bcA] = [bA] ¢ —[cA] b.
Hence [bc|a] = [b|a] c—[c|a] . (18)
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Take supplements. Since bc and |a are lines,

\tbc|a] = [lbc. ||a] = [|c.a].

But |[b¢] and a are points, hence [|bc.a] = —[a|bc]. Hence (18)
gives [albc] = [a]c] [6—[a[é] |e. (x9)
From (18), [bc|a] + [ca|b] +[ab|c] = o. (20)
Let |a=[b'c'], and so on, then [bc|a] is the cut of lines bc, b'c’.
Hence

Hesse’s Theorem. The triangle abc is in perspective with its
polar triangle, that is, with the triangle whose sides are the polars
of a, b, c.

The dual theorem

[BC|A])+[CA|B]+[AB|C] =0

gives the same statement.

The axis of perspective of the two triangles is (cf. § 2o,

Exs. 52, 56),
([la] c—[c|a] b) ([c|b] a—[al|b] ¢)
or  [a]d] [a|c] [be]+[b]c] [b]a] [ca] +[c]a] [¢|b] [ab]-

=. Since [bc], |a, |d are lines, their outer multiplication is
associative. Hence

[bc|a. |d] = [be. |a|d] = [bc|ad].
Multiply (20) on the right by |d, and we have
[bc |ad] + [ca|bd] + [ab|cd] = o.
Hence if abcd be any quadrangle, and bc be conjugate to ad,
and ca to bd, for any conic, then ab is conjugate to cd.
8. If pqr is in perspective with the polar triangle of abc, then
abc is in perspective with the polar triangle of pqr.
For, weighting the points suitably, we have
[p|bc]+[g|ca] +[r]ab] = o,
and hence [bc|p] + [ca|q] + [ab|r] = o.
This also follows from a consequence of Desargues’ Theorem
(§ 12 (21)):
[pgr] [bc |p-calq.ab|r] +[abc] [qr|a.7p|b.pg|c] = o.
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9. Since [bc|p] = [b|p] c—[c|p] b, we have
[b¢1.calg.ablr] = ([alr] [b] 2] [cla] ~ [alq] [b 7] [c| ) [abe].
Hence [a|r][b]p][clq] = [alq] [6]7] [c|£]
is the condition that abc is in perspective with the polar triangle

of pgr.
Hence if abc and pqr, and also abc and grp are in this relation,
so are abc and rpq.

10. The formulae of § 15 can now be reinterpreted. They are

all valid here, since all the properties used in deducing them
hold here. .

Thus § 15 (5) says: The joins of d to the poles of ad, bd, cd cut
be, ca, ab respectively in collinear points.

And (6) says: if the joins of a, b, ¢ to the pole of L cut L in
b, q, 7 respectively, then the joins of p, q, r to the poles of bc, ca, ab
concur.

1. If x,, X5, V1, Yo 2y, 2y, X}, ..., Z are scalars, then the
condition that

[@'6°¢'] [(x,6+%,¢) (y, € +Y18) (2a+2,0)]

+[abc] [(x1 6"+ x5¢") (yic' +yaa’) (zia' +2z3b")] =0
is X1 Y121+ XgYa2Zp + X1y 2] +X3Y525 = 0.*

In the dual formula, which holds under a like condition, put
[ab] for C, [a'b'] for C’, and so on, then the left-hand side equals
[A'B'C][(x,.ca+x,.ab)(y,.ab+Yy,.bc)(z,.bc +2,.ca)]

+[ABC][(x].c'a’ +x5.a'b") (yy.a'b" +y5.b'c") (21.b'c’ +2;.c'a’)].
The condition will be satisfied, if we take
x =[bla), y =[]b], z=][al],
x=[cla],  y.=[alb], z=[b]c],
xp=—[b"a], yi=-[c'b], z=-[a]c],
Xp=—[c'|al, yy=-[e]b], z3=—[b[c].
We apply this to the dual formula. We have, for example,
x,c—x,b=[bla’] c—[c|a'] b= [bc|a'],
x,[ca] +x,[ab] = [bc|a’] a,
thence [a'd'c')? ([bc|a’] a.[ca|b’] b.[ab|c] ¢)
—[abc)? ([b'c’ |a) @’ .[c'a’ |b] &' .[a'}’|c] ¢') = o.
* Daniéls, Ens. Math. 20 (1918), p. 97.

([
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Hence, if the polars of a', b', ¢’ cut bc, ca, ab in p, g, r respec-
tively, and the polars of a, b, ¢ cut b'c, c'a’, a'b’ np,q,r
respectively, and if pa, gb, rc concur, then p'a’, ¢'b', r'c’ concur.

In the earlier interpretation of supplements, this formula has

no place. The dual formula, however, has an interpretation in
the earlier sense, and gives:

If the perpendiculars from a, b, c to b'c’, c'a’, a'b’ cut be, ca, ab
respectively in collinear points, then the perpendiculars from
a, ¥, c tobe, ca, ab cut ¥'c’, c'a’, '’ in collinear points.

Orthologic triangles in § 15 correspond here to triangles each
in perspective with the polar triangle of the other. The ortho-
centre of a triangle corresponds to the centre of perspective of
the triangle and its polar triangle. It is now easy to re-interpret
the rest of § 15.

12. If abe, a'b'c’ be self-polar triangles for a conic, then the six
vertices lie on a conic, and the six sides of the triangles touch a conic.
For k,a=|[bc], kja'=|[b’c'], and so on.

Hence k, k, ky[abc] = |[bc.ca.ab] = [abc]®.
Thus [abc] =k, k,k,. Similarly, [@'d'c']=k] k5 ks

[bc’ .b'c. .ca’.c’a. .ab’.a'b]
=aa'b' .bb'c’ .cc'a’ .abc — abb’ .bec’ .caa’ .a'b'c’

(§ 12 (25))
— Kiksk[ae'] [b]a] [c]5'] [abe]
—k,koky[e 6] [ale] (b]a’] [aB'] = o.

Hence the first part follows by Pascal’s Theorem, the second
dually, or by § 24°11.

13. Def. The extensives a, a;; b, by; ¢, ¢;; ... on the same
range are pairs ‘in involution’ if aa,bb,cc, ... is projective with
a,ab becic....

If there is a projective correspondence between extensives of
a range and extensives of the same range in which a, a;, b, ¢, .
correspond to a,, a, by, c|, ..., then b corresponds to b, and
¢, to ¢, .... For the correspondence is fixed by the fact that
a, a,, b correspond to a,, a, b, and we have

R(aa, bb)) = R(a, ab, b).
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Desargues’ Theorem. If a line L cuts a conic through a, b, c, d
in points p, q, then
[L.ab], [L.cd]; [L.bc], [L.ad]; [L.ca), [L.bd]; p, q
are pairs in an involution.
For R([L.ab], p, [L.bc), q)
= R([abp] - [abq] p, p, [bep] g~ [beq] . 9)
_ labp) [beq] i
[6¢p] [abq]
Now, by §24 (3), L2221 [cdp] _ [aba] [cdy]

[6cp] [dap]  [beq] [dag]’
[cdq] [dap]
[dag] [cdp]’
Hence R([L.ab), p, [L.bc], q) = R([L.cd), g, [L.da), p).
Hence [L.ab], [L.cd]; [L.bc], [L.da); p, q are pairs in an in-
volution on L.

Hence (1) equals

§ 27. The regulus.*

1. Def. A ‘quadric cone’ is the set of points on lines joining
points of a conic to a point not in the plane of the conic.

Def. A ‘regulus’ is the set of lines joining corresponding
points of two projective ranges of points on skew lines.

If a, b, c and &', ¥', ¢’ be any corresponding points on the two
ranges, we may absorb weights, so that c=a+b, ¢’ =a’+¥,
then the points p=a+kb, p'=a'+kb' correspond. Their
Joins H = [pp') = aa') + K([ba']-+ [ab') + (5D,

Let A=[aa'], B=[bb"], C=[cc], then

C—A-B = [ba']+[ab'].
Hence H = (1—k) A+ (k?—k) B+kC.

Hence the lines of the regulus are linear combinations of any

three lines of the system.

Hence any line F, which cuts three lines of the regulus, cuts
them all. The lines of a regulus are called its ‘generators’.

* For a treatment of the regulus, twisted cubic, quadric, and cubic surface
by Grassmann’s methods, see Mehmke, Vorlesungen iiber Punkt und Vektor-
Rechnung (Leipzig, 1913).

FCE 9
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For,if [FA]=[FB]=[FC]=o0, then [FH]=o.

Such a line is a ‘directrix’ of the regulus.

Any point p on a line of the regulus is of the form

p=a+kb+k(a' +kb)=a+kb+k a' +k kb

2. Let L=[ab], L'=[a’b’], then L =[a,BCa,] is a line
cutting B, C, and if we take @, anywhere on 4, then L, cuts
A, B, C, and hence cuts all lines of the

regulus. The lines of the regulus cut L, | a b ¢

in a range of points projective with the

ranges on L, L'. L Ja b \e
For we can adjust weights so that L,

d=a+kb and d’ =a’+kb" are the cuts &g

of D (any line of the regulus) with L and A 8 Cc‘

L', and so that a; = a+k,a’, b, = b+k{b’
are the cuts of L, and A4, B respectively. Let L, cut D in d,.
Now since [a,b,dd'] =0, we have k, =k{ (cf. § 16, Ex. 8). Hence
d+k,d’ = a;+kb,. Thus this point is on both D and L,, and
hence is at d,.

Accordingly d,=a,+kb,, when d=a+kb. Hence the
statement.

3. The argument in 2 shews that lines which meet three
given skew lines cut them in projective ranges; hence such lines
constitute a regulus. Thus the directrices of a regulus form a
regulus, the ‘opposite’ regulus to the given.

4. Lines which are linear combinations of three skew lines
form a regulus, for they meet all lines which meet the given lines.

5. With the above notation, let a=[L, a], #=[L,b], y=[L,c].
Then [Hy] = (1 —k) [47]+(k* k) [By],
[He)] = (1 —k) [Ae,] + (k* —k) [Bey]-

Hence, as H describes the regulus, the point [Hy] describes

a range on L,, which is projective to the pencil of planes through

L, described by [He,]. That is, the cuts of H and L, form a

range projective to the planes through H and L,. Similarly, if

L, be another line cutting 4, B, C, the cuts of H and L, form
a range projective to the planes through H and L,. But the
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cuts of H with L, and L, form projective ranges. Hence the
pencil of planes through H and L, is projective to the pencil of
planes through H and L,, as H varies.

Hence the regulus is the cut of projective pencils of planes
through any two directrices L, and L,.

If H, L cut in p, the plane m=[pL’L, L] goes through H, L
and is the ‘tangent plane’ at p. Also p=[nL’'L,L)]. Thus as p
moves along a generator, p and 77 describe projective pencils.

If p is any point on any generator, [pL’'L, Lp]=o.

Examples. 6. The bisectors of the inner angles of a skew quadri-
lateral are on a regulus; so are the bisectors of two interior and two
exterior angles. The bisectors of the interior angles of a skew pentagon
or hexagon are linearly dependent.*

For if S,, S,, ... be rotors along the sides of an n-gon, then

(Sy _Sz)+(Sz"'S3)+"‘ +(Sy—=S;) =o0.

Take all the rotors of the same magnitude, and we have the results.

7. If the lines L,, L,, L;, L4 lie on a regulus, we can weight them
so that L, +L,+ Ly + L, = o. Then

[LyLy) = [LsLy], [LyLy)+[LyLs)+([LsL\] = o.

Hence [L,L,] [LyL,] +[LyLs] [LyLy] £J[LsLy] [LyL,] = 0.

To save brackets, we always write 4/[] [] for \/([] []).

The last condition is independent of the weight of the lines. We

shall see later, that, unlike the first, it is not sufficient to ensure that
the lines, when skew, lie on a regulus.

8. From a variable point p, two fixed lines L, M are projected on
to two fixed planes a, . If the projections cut each other, the locus
of p is given by [pL.x..pM.f]=o.

If L, M, [xf] are parallel to one plane, the locus contains a line at
infinity.

9. The four altitudes of a tetrahedron are generators of a regulus, the
four perpendiculars to the faces at the orthocentres are generators of
the opposite regulus.

a|[bc + cd +db] - b|[cd + da + ac]
+c|[da+ab +bd) —d|[ab +bc + ca] = o.

10. If a series of parallel planes cuts four generators of a regulus,
the areas of the triangles so formed are in a constant ratio.

* Mehmke, Jahresb. Deut. Math. Ver. 21 (1912), p. 58.
9-2
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11. If p be on the hyperboloid through the altitudes of a tetrahedron -
a,a,aqa,, then a, is on that of pa,a,a,. (Zeeman.)

For, let u,, u,, u;, u, be unit vectors on the altitudes from
a,, a,, a3, a, respectively, and let v be the vector of a transversal of
these altitudes, and p a point on this transversal. Then

p-kv=a+lu, (k] scalars).
Thus  [(p—a)uol =0, [(p-a)uv]=0, [(p—as)uye]=o.
Hence [(p—a) u,.(p—ay) uy.(p—as) ug] = 0.

Multiply by [w,#,u3], and express the product in determinant

form by § 19 (12), then
hjyhpshgy = —hjshgyhyy,  where  hy; = [(p—a;) uuy].

Take [aa,a5a,] =1.

Now [u, u,] = |(a; — a,), and so on, the constant multiplier depend-
ing on the sine of the dehedral angle along a;a, and the length of
that side.

Hence hy, =[(p—a) wu)=[(p—a)|(as—a,)],

[(P—a)|(as—a))] [(p —ay) |(a,— a)] [(P — a3) (2, — a,)]

= -[(p—a)|(a;—a,)] [(p—a5)|(a, —a,)] [(p — ;) |(a5—a,)].
If we interchange p, a, in this, the equation is not altered.

v rr

12. If pgr... and p'q'r’ ... be related ranges on skew lines, any line
L meeting one pair of cross-joins meets an infinite number of other pairs.

Suppose the corresponding points of the ranges are a +kb, ¢ +kd,
for the same k, and let

[L(a+k,b) (c+kod)] =0, [L(a+k,b)(c+k,d)]=o.
Then [Lac] +k,[Lbc] + ko[ Lad] +k, k,[Lbd] = o,
[Lac] +ky[Lbc] + k,[Lad] +k, k,[Lbd] = o.

Since k, #k,, we have, therefore, [L(bc —ad)] = o.
If then L meets [(a@ +k3b) (c +k,d)], it meets [(a+k,d) (c +k,d)].

§ 28. The twisted cubic.

Let E=a+kp, £ =a'+kf', &' =a”’ +kp" be corresponding
planes in three projective pencils of planes. These planes cut
in the point

p=[E6'E"] = a+kb+k*c+k3d, (1)
where a=[aa’a”], b=[fa'a"]+[af'a]+ [ac'F"],

¢=[af'f ]+ [Bo'B 1+ [BB2"), d=[BFB"].
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In the general case, none of these vanish, and p describes a

curve which cuts a general plane 7 in points at which the values
of k are given by

[an] + k[bar] + k?[enr] + k3[dnm] = o,

that is, in three points. The curve is a ‘twisted cubic’. On it lie
the points a, d. Since 8, ', #’ can be taken as any corresponding
planes in the three pencils, d can be taken anywhere on the curve.
Similarly so can the point a.

If we project the points of the curve from d on to any plane 7,
we have

g = [pdy] = [ady]+k[bdy] + K*[cdy] = a, +kb, +K%,, say.

Hence, as p varies on the cubic, g describes a conic; the pro-
Jection of the curve from any point on it is a quadric cone. Taking
two points on the curve, we therefore have the curve as the cut
of two quadric cones which have a common generator, the vertices
of the cones being on the curve, and the common generator
their join.

By (1), k[ pad] = [bad] + k[cad].

Compare this with § =o+kp. Then, as k varies, that is, as
p moves on the curve, [pad] describes a pencil of planes pro-
jective with the pencil a+kp. The line [ad] joining two points
on the curve is a ‘bisecant’. Thence the planes from a variable
point p of the curve to any fixed bisecants form projective
pencils, because all are projective to a +kg.

§ 29. Quadrics.*

1. Two spreads of step two are ‘projective’ when they can
be put into one-to-one correspondence, such that, if 4, b, ¢, p,, ...
in one spread correspond to a’, &', ¢’, p{, ... in the other, these
extensives can be so weighted that if p =a+k,b+kyc, then
p=a +k b +kyc'.

Then if py, p3, ps, p4 correspond to py, py, 3, Pys and

ki p1+kypy+ksps+kepy =0,
then kPl +kyps+kyps+kypy=o0.

* Cf. Mehmke, Vorlesungen, for the argument in 3, 4.
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If p,q, 7, s be any four independent extensives in the first
spread, the projectivity is fixed when the positions of the corre-
sponding ', ¢’, 7', s’ are known. For we can absorb weights so
that p+g+7r=s, p'+¢ +7 =5"; the extensive p' +k,¢' +kyr’
which corresponds to p+k,g+k,7 has then a definite position.

2. Let 4, B, C be three lines, not coplanar, but meeting in d;
then as k,, k, vary, A+k,B+k,C can represent any line L
through d. We have a ‘bundle’ of lines, centre d.

Let «, B, ¥ be three planes, not collinear, but meeting in a;
then as k,, k, vary, a+k;#+k,y can represent any plane 7
through a. We have a ‘bundle’ of planes, centre a.

The two bundles are projective when a line of the first is
made to correspond to the plane of the second with the same
k,, k,. The projectivity is fixed when four corresponding pairs
of independent elements are known.

3. Thus we can assume that 4 goes through a, and that g, y
go through d and hence through [ad] = 4.
The locus of the cuts p of corresponding lines and planes is
a ‘quadric’.
p=[(A+k B+k,C) (x+k, S +k;7)]. Al
Now we can replace C by B+kC, if we ‘L
a

replace y by f+ky. After this substitution,
the coefficient of k, k, becomes

2[BA]+k([BY]+ [CAD)

and since [Bf], [By], [C/] are all at d, we 8
can, by choice of k, make this expression
vanish. We may therefore assume that C, y are chosen in the
first instance, so that the coefficient of k,k, in the expression
for p vanishes.

Then p=a+kb+kyc+ (k3 +Kk3L,) d,
where a=[Aa], b=[Ba], c=[Cx], l,d=[Bf], ,d=[Cy],
where 1,, 1, are fixed scalars, and k|, k, as before, varying scalars.

If k;=k,=o0, then p=a; if k,=k,=00, then p=d. Hence
a, d are on the quadric.

C
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4. We next shew that the centres of the bundles can be taken
at any two distinct points of the quadric.

Let A4, B, C be any independent lines of the bundle of lines,
, B, v the corresponding planes. Take £, v,, 4, so that

A=[fr], B=[pd], C=[on].
Let L=A+k,B+k,C, m =p,+k,8, m=7v,+k,6,
then L = [(B, +k,0) (v +k )] = [mm,].
Let m=a+k,f+k,y,
=X+ X, Ty
= a+X 8+ X7, + k(%0 + B) + ky(x, 6 +7).
Now, if we fix x,, X,, then the planes

a+x B +X7, X048, x,0+7y
are fixed and 7’ describes a bundle as k,, k, vary, projective to
the bundle described by L. Since

[La'] = [m7,7'] = [mym,m] = [La],
the pair of bundles of 7', L give the same quadric as the pair of
bundles of =, L.

Hence the quadric goes through the centre of the bundle of

n’, that is, through the point

q=[(@+x,8,+%,7) (%0 + ) (x,0+7)]
= [(a+x; 8, +x,71) ([BY]+x,[88] + x,[8Y])),
which must accordingly be on the quadric for all x, x,.
Now the plane a+x, 8, +x,7, and the line
[By]+x,[#8] +x,[0y]

describe projective bundles as x,, x, vary, and the cut g of corre-
sponding elements lies, as we have scen, on the quadric. Hence
so does the centre [af,y,]=[aA] of the bundle of planes. But
A is any line of the bundle of lines, hence [¢A] may be taken
anywhere on the quadric. Thus the centre of the bundle of
planes may be taken anywhere on the quadric.

Since we can interchange lines and planes in the argument,
we can also replace the bundle of lines by one whose centre is
any point of the quadric.

Thus in the original formulation we may take the bundle of
lines (instead of planes) through a, and the bundle of planes
through d. Or we may take both formulations together, so that
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if lines 4, B, C correspond to planes «, £, v, then the planes
through BC, CA, AB respectively correspond to the lines

8], [ye], [«A].
5. Conversely, any point p which moves so that
p=a+kb+kyc+(k3l,+k3l,) d,
where 1, 1, are fixed scalars, and q, b, ¢, d independent points,
describes a quadric as k,, k, vary.
For, let a=[abc], [ad]= A, [bd]= B, [cd]=C, and let f3, vy be
distinct planes through ad. We can take weights so that
a=[Aa], b=[Ba], c=[Ca], [By]+[Cp]=0;
then p=[(A+k;B+k,C) (e +k,f+k,7)].
For the right-hand side
=a+k,b+k,c+k3[BF]+k3Cy]; [BA]=[Cyl=d.
6. Any point on a generator of a regulus is of form
p=a+kb+k,c+k k.d,
and this can be written

p=a+i(k +ky) (b+0)+i(k; —ky) (b—¢)
+ 3k, +kp)? - (k; —ky)*] d.

Hence the points on the generators of a regulus lie on a quadric.
If the field of scalars is real, the quadric is a hyperboloid of one
sheet, unless one of its generators is a line at infinity, in which
case it is a hyperbolic paraboloid. This case occurs when the
ranges on the generators are similar ranges.

7. Any plane m which cuts the quadric, cuts it in a conic. For,
if a, d be two points on the plane and quadric, we may take them
as the centres of the bundles. The pencil of lines in 7, which is
part of the bundle of lines through a, is projective to the pencil
of planes through that line through d which corresponds to 7
considered as one of the planes through a (cf. end of 4). This
pencil of planes cuts 7 in a pencil of lines projective to the pencil
in 7 through a. These two projective pencils of lines cut in a
conic (degenerate or not) which lies on the quadric.

8. If the field of scalars is the field of complex numbers, a
line in general cuts a quadric in two points, since a plane through
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the line and a point of the quadric cuts the quadric in a conic.
If a line meets a quadric in three points, the section of the
quadric by a plane through it, being a conic, must be a pair of
lines; hence all points of these lines lie on the quadric.

9. Asetof n lines, or rotors, L,, ..., L, is ‘linearly dependent’,
or ‘dependent’ if scalars k,, ..., k., not all zero, can be found so

that kL +...+k,L,=o.

If no such set of scalars exist, the lines, or rotors, are ‘inde-
pendent’.

IfL, ..., L, be lines, skew and independent, the lines which
meet L,, L,, L, lic on a regulus. If the field of scalars is the
complex field, L, cuts the corresponding quadric in two points
(which may coincide). The lines through these points meeting
Ly, L,, L are the two lines (which may coincide) meeting the
four given independent lines.

10. A line L which is a linear combination of four indepen-
dent lines L,, ..., L, must meet the lines M which meet
L, ..., L, since [ML,]=...=[ML,]=o.

Hence if the field of scalars is complex, these lines L meet, in
general, just two lines, and just one line L in the set of linear
combinations of L, ..., L, goes through a general point of space.
Such a set of lines is called a ‘linear congruence’; the two lines
met by all lines of the congruence arc the ‘directrices’ of the
congruence.

Examples. 13. A right angle moves about its vertex so that its
plane goes through a fixed line through its vertex, and an arm moves
in a given plane. Then the other arm describes a quadric cone.

14. The hyperboloid which contains ab, a'd’, aa’, bb’, cc’, where ¢
is on [ab], ¢’ on [a'b’], has a centre which is the point of concurrence
of diameters of the quadrilaterals aa'bb’, bb'cc’, cc’aa’. (Cf. § 16,

Ex. 7, p. 78.)
15. If L,, L,, M, M,, N be given skew lines, and
[pL, L,.pM, M,.pN] = o,
then p describes a twisted cubic which is the cut of the quadrics
[pL\L,.pN] =0 and [pM,M,.pN]=o.
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These quadrics have a common generator. Similarly, each of
[PLiLy... Ly o pM,M, ... My pN, N, ... Nyo] = 0,
[(PLL;... Loy o pM M, ... My iy o pN, N, ... mireG] =0
gives a twisted cubic* for the locus of p.

To see this, for example, for the last equation, let the first three
factors, which are planes, cut in ¢. Then

[qul+x "‘Lx ‘qum+x Mx oqu+, NI] =p,
and [¢G]=o.
Thus quH»l Ln qM‘.'m-H Mn qN2n+1 - N,
are projective pencils of planes, each projective with the same range
on G.
If the sides of a polygon go through fixed points, and all vertices
but one move on fixed lines, the last vertex describes a twisted cubic.
16. If p, a, b, ¢, a’, b’, ¢’ be on a twisted cubic, then since the
projection of the curve from p is a quadric cone, therefore the lines
[pb'c.pbc’], [pc'a.pea’], [pa’b.pad’]
are coplanar, by Pascal’s Theorem. Let
[pb'c.bc') =1, [pca.ca'l=m, [pa'b.ab’]=n,
[pbc’.b'c) =1, [pca’.c'al=m', [pab'.a'b]=r,
then [II'] is a line through p cutting b'c and bc’. Hence Pascal’s
Theorem gives /', mm’, nn’ are concurrent and coplanar. Hence
[pb'c.bc' . .pc’a.ca’'. .pa’b.ab’. .p] =o. (Chasles.)
As in the proof of Pascal’s Theorem (§ 12 (25)) the equation may
be written

[paa’d’] [pbd'c') [pec’a’] [pabe] — [ pabb’] [pbec’] [ peaa’] [pa’d'c’] = o
or

[pab'c') [pbc'a’] [pea’b’) [pabe] — [ pa’be] [pb'ca] [pc’ab] [pa’b'c’] = o.
The equation represents Weddle’s quartic surface, the locus of
vertices of quadric cones through 4, b, ¢, @', b’, ¢’. The fifteen joins
of a, ..., ¢’ lie on the surface. The ten cuts of pairs of planes through
the points, such as abe, a’b'c’, are also on the surface.t

17. If a variable polygon pp,p,...p,p moves in space so that its
sides pp,, p1Ps ---» Pnp meet fixed lines, and the vertices p,, p,, ..., Py
lie on fixed lines, then p describes a quadric.{

* Caspary, Crelles Journ. 100 (1887), p.

1+ The second of these equations for Weddle s surface is due to Caspary,

Bull. Sc. Math. (2), 11 (188%), 1 re. partie, p. 222.
1 Grassmann, Crelles Journ. 49 (1855), p. 170.
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§ 30. Supplements with respect to a non-degenerate quadric.

1. We have seen that the points of a (non-degenerate)
quadric can be expressed in the form

and hence by
P=Y1b+y:c+ys(a+d)+ys(a—d),
where Lyt +Lys=yi-vyi (1)
As new base-points, take
e, =I7tb, e,=13tc, e3=a+d, e,=a-d.
Then P=X 6, +Xy6,+ X563+ X €y,
where x}+x3—x3+x3=o. (2)

If the field of scalars is the real field, the above assumes that
1;, 1, are positive. If either or both be negative, replace the
negative | by —1, then the signs of one or both of x%, x3 in (2)
become negative.

If the field of scalars is the complex field, we can ignore this
complication, and also replace e; by 4/(— 1) €5, then (2) becomes

x?+x3+x3+x2=o. (3)

For brevity we take this as our equation. The various cases in

real space are obtained when appropriate signs are changed, as
in the work on conics.

2. This paragraph uses the methods of ordinary analytical
geometry. A line is a ‘generator’ of a quadric, if all its points lie
on the quadric. A line is a ‘tangent’ to a quadric at a point p of
the quadric if it is either a generator or has no point save p on
the quadric.

If p=y,e,+... +y,e, is on the quadric (3) and pq is a tangent
at p, where ¢ =z,¢,+... +z,¢,, then

yi+...+yi=o,

and (y,+kz)?+...+(y4+kz,)? =0 is either an identity in k
(then pq is a generator), or has no root save k=o.

Hence  2k(y,z,+...+y,2¢) +k%2}+...+2§) =0

is either an identity in k, or has no root save k=o.
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In both cases ViZ + ... +Y424 =0, (4)
and in the first case, we have also
224+...+zi=0, (y,+kz,)’+...+(ys+kz)? =o0.

Thus (4) is the condition that pq is tangent at p.

From (4) it follows that all tangents at p to the quadric lie on
a plane, the ‘tangent plane’ at p, and all lines through p in this
plane are tangent lines.

Def. Two points not on the quadric are ‘conjugate’ with
respect to the quadric, the field of scalars being complex, if their
join cuts the quadric in two points separating them harmonically.

Ifp=y,e+...+Vses ¢ =26, +... +24¢, be the points, then
as in § 25°3, p, ¢ are conjugate, if and only if

ViZ + ... +Yy4zg =0. (5)

Def. If a point p is on the quadric, any point on a tangent line
at p is ‘conjugate’ to p. Hence (5) is the general condition for
conjugate points.

By (5), if p be fixed, the points conjugate to p lie in a plane,
the ‘polar plane’ of p; p is the ‘pole’ of this plane. Each point
has a unique polar plane.

In real space, as some lines through p may not cut the quadric,
the points conjugate to p may only take up part of a plane. We
call the whole of the plane the polar plane’ of p, and extend the
meaning of ‘conjugate’ so that all points of this plane are con-
jugate to p.

By (5): if the polar plane of p goes through q, then the polar
plane of q goes through p. Hence if p, g, r be on the polar plane
of s, then s is on the polar planes of p, ¢, 7.

3. Let [e,65656] =1,
e =[ee50,], €,=—[ere56)], €3=[e1658,], €= —[e16,85],
then [€,€.€564) = 1.

Ifp=y,e+... +yqey then =2z, €,+ ... +2z,¢, is on the polar
plane of p, if (5) holds. Now this polar plane is

Y16t ... + Y4€4 = 7, s2Y,
for [gr] =y12,+ ...+ Y424 =0.
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Hence if m, m,, m, be the polar planes of p, p,, p,, then if
p =k, p, +k,p,, we have 7 = k, 7, +Kk,7,, and conversely. Hence
if p, g, r be independent points on the polar plane of s, then the
polar planes of p, g,  (on which s lies) are independent. Thus
they have a single common point; the polar plane of any point
on [pqr] goes through this common point. Hence each plane
has a unique pole. Further, our first statement shews that the
polar planes of points on a line, go through another line. 'The
relation between the lines is symmetrical, each is the ‘polar’ of
the other.

4 Ifp=ye+...+y,e;, m=y,6+...4+Y46, and thus p, 7
are pole and polar plane, we write 7=|p and speak of ‘supple-
ments’. In particular,

ley =€y, ...y |es = €4

l(yre,+ .- +yse) = [p=y161+... +ys€s =y |eg + ... +ysles

Hence if p, ¢ be any points, k;, k, scalars, then

I(kip+kqoq) =k, [p+kyg.
As m=|p expresses that 7 is the polar plane of p, the last
equation states the fact, proved above, that the polar planes of
points on a line go through a line.

5. We define the ‘supplement’ of [pq] as [|p. |q], and write
it |[pg]. By the last theorem, the supplement of a line is con-
gruent to its polar line.

[[ese5] = [€2€5] = —[e1e364.€1€264] = —[e,€5656,] [e5€,] = [€, €4].
Similarly,
[e2e5] = [e1 4], I[ese] = [eaes],  |[er€2] = [eseq],
Ile;es] = [e265),  |[e2e4] = [e3e4], I[ese4] = [e16,]-
Thus the repeated supplement
H[eiej] =g ej]'
Hence ||[pg)=[pq], ||L =L for any line L.
pr = ylel+ “ves +y484, q = Zlel+ -..+Z4e4, then
[£9] = (Y223 — Y32,) [e263] + (Y32 — Y1 25) [e3€1]
+(v122—Y221) [ €2] + (Y124 —Ya2y) [€y€4]
+(YoZs — Ya2y) [e264] + (Y324 — Y4 25) [€564].
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We obtain |[pg] from [pq] by interchanging [e,e,] with [e, e,],
[ese,] with [e,e,], [e, e,] With [ese,].

6. We define the ‘supplement’ of [pqr] as [|p.|q.|r] and write
it |[pgr]. Thus |[pgr] is the pole of [pgr], as the cut of the polar
planes of p, g, 7:

l61= [[eze3e4] = [€x636s]= —€}, |e3= =6y |e3=—e3, [6,=—e,
lley=—e, |leg=—€, (i=1,2,3,4).
7. From the definitions of [[pq] and |[pgr], and the fact that

[#q] is a linear combination of [e, e,], [e,es], ..., and so on, and
that [pgr] is a linear combination of ¢, ..., €,, we have

|(kyL+k,M)=k,|L+k,|M for any lines L, M,
|(kyx+ky,0) =k, |a+k,|f for any planes a, S.
For any point p, plane ,
||P= —b H”= -

8. We define the ‘supplement’ of a scalar as the scalar itself.
Thus |[abed] = [abcd]. Since

[le,.le)] = —[er-e] =[er€,], [ler-le] =0,
we have [la.|m] = [am] = |[an].
Similarly [[LM]=[|L.|M].

9. If a, b are points, m,, m, planes, L, M lines, then
[a.16], [m.|m), [L.|M]
are called ‘inner products’ and are written
[a]6], [mlm], [L|M].

All are scalars.

Similarly, [a|7] means [a.|7], and so on.

If |m=b, then

|[a|n] = |[ab] = [|a.|8] = —[|a.7] = [n]a].

If [a|m] =o, then a, 7 are pole and polar plane, for then a=|x.

If [p|q]=o0, then p is on the polar plane |q of g.

We write p? for [p|p], & for [e|a]. If p*=o0, then p is on our
quadric. If a’=o, then the pole of a is on c.

[L|M] = |[L|M]=[|L.||M]=[|L.M]=[M]|L].
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If [L|M]=o0, then L, M are ‘conjugate’ lines, that is, each
meets the polar of the other. In particular,
el =1, [& |€j] =0, [ele]= I:. Lei!ej] =0,
(1#);14,)=1, ..., 4).
[E;|E;] = 1, where E, is any of [e, ¢,], [e, €3], ..., [e;€5].
[Ei|Ej] =0, (i#))
Examples. 18. If in a tetrahedron, two pairs of opposite edges are
conjugate, so is the third pair.
For [bc|ad] + [ca|bd] + [ab|cd] = o, as in § 19 (9).
Def. Two tetrahedra are ‘polar’ to one another, if the vertices of

one (and therefore of each) are poles of the corresponding faces of
the other.

19. The joins of corresponding vertices of two polar tetrahedra lie
in general on a regulus, so do the cuts of corresponding faces.
The first part follows from

[a|bcd] —[b|cda] + [c|dab] — [d|abc] = o. (6)

The second part is the dual, obtained by taking supplements.

To shew (6), let |a=«, then

|[a|bed] = [bed |a) = [bed. ] = [ba] [cd] + [ca] [db] + [dx] [bc]
= [b|a] [cd] +[c|a] [a] + [d]a] [be].
This and similar formulae give (6).

20. For convenience, put |[bed]=a’, |[acd]= — ¥, and so on, then
(6) can be written [aa/] + [bbl] + [CC'] + [dd/] =o.

If three of these lines meet in a point, all do. In particular, this hap-
pens when the opposite edges of the tetrahedron abed are conjugate.
For then (@] = —|[bed .cda] = [abed] |[cd],

[aa’.bb' =[ab.a’d’] =[ab|cd] = o, and so on.

21. The investigation dual to §29 leads to the conclusion: if
k,L,+k,L,+ksL; be a bundle of lines projective to a plane of
points k,p, +k,p, +ksps, (L, Ly, Ly not coplanar, p,, p,, p; not
collinear), then the planes which join corresponding line and point

envelope a surface whose equation can be put in the form (the field
of scalars being the complex field):

x2+xi+x3+x2 =0, where a=x€ +X,6+X365+X,6,
is a plane of the system. Thus « is a plane of the system if a®?=o.
If 8 is any plane, |# is its pole for the quadric; hence, if « touches the
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quadric (i.e. is a plane of the system) its point of contact p satisfies
p*=o. Thus the points on a (non-degenerate) quadric envelope form a
quadric locus.

22. If a, b, c, d be points on a quadric, and p, q be the cuts of tangent
Dblanes at c, d with [ab], and p’, ¢’ be the cuts of the tangent planes at
a, b with [cd], then apbq and cp’dyq’ are projective.

For p={[ab|c]=[a|c]b—[b|c]a, q=[ald]b-[b|d]a,

R(apbq) = [a|c] [b]d] + [b]c] [a|d].

This gives the result, which is a projective generalisation of the
theorem: if a sphere inscribed in a tetrahedron touches plane bed in ay,
and so on, then the angles between a, b, a,c, a,d equal the corresponding
angles in the other faces.

’

10. If the polar lines of qr, rp, pq cut any plane abc in a’, b', c
respectively, and aa’, bb’, cc’ are concurrent, then pp’, qq’, rr' are
concurrent, where p', q', v’ are cuts of [pqr] and the polar lines of
be, ca, ab. *

For [abc.de] = [bcde] a+ [cade] b+ [abde] c,
whence, writing |[g7] for [de], and noting that a’ = [abc|gqr], we
have 4 = [abc |qr] = [bc|qr] a+ [ca|qr] b+ [ab|gr] c.
[aa'] = [calqr] [ab] — [ab]gr] [ca],
[65'] = [ab|p] [bc] - [bc ] [ab],
[ec'] = [bc| pq] [ca] — [ca | pg] [bc].
As these lines are concurrent, we have

[ab|7p] [bc|pg] [calgr] = [ablqr] [bc|rp] [ca|pq],
and the form of this proves the theorem.

11. If the tetrahedron pqrs is in perspective with the polar
tetrahedron of abcd, then abcd is in perspective with the polar
tetrahedron of pqrs.

For  [grs|a] = [g|a] [rs]+[r|a] [sq] + [s]a] [g],

[rsp |8] = [r|6] [sp] + [s18] [pr]+[p 18] [7s].

These cut if ([r|a] [s|6]-[s|a][r|8]) [pgrs]=0,
or since [pgrs] #o, if [rs|ab]=o.

Hence the ‘opposite’ edges of the two tetrahedra are conjugate
lines, and the theorem follows by symmetry.
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12. If a, b, ¢, d be coplanar points on the quadric p*=o, then

V(alt] [c|d] £ y[b]c] [a|d] £ y[c|a] [6]d] = o.

If three of the points are collinear, one factor in each term

is zero. In general
ad=b=c2=d*=o0, kja+k,b+ksc+k,d=o,
(ky, ..., k4 scalars, none zero).

Hence kya+k,b = —ksc—k,d,

ki kola|b] = ksk,[c|d] = + vk kyksky y/[a|b] [c|d],
kgky[e[d]+k, ky[a|d] + k,k,[B]]
= ky[(k,a+k,b+k,¢) |d] = k[ —k,d]|d] = 0.
The first expression in the preceding equation equals
vkikoksky( + J[alb] [c]d] £ y[b]c] [a|d] £ y[c|a] [b]d]).

13. If the sides ab, bc, cd, da of a skew quadrilateral cut a
quadric (which may be a cone) in the pairs of points a,, a,; b, b,;
€1y €95 dy, d, respectively, and if ay, b,, c,, d, are coplanar, then
a,, b,, c,, d, are coplanar.

For using supplements with respect to the quadric, a+kb is
on the quadric if (a+kb)* = o.

Hence, if a+k, b =a,, a+k\b = a,, then k k] = [a|a] = [b]b].

Hence, if

by =b+ky, ¢ =c+kyd, d =d+kya,
b, =b+kie, c¢c;=c+kid, d,=d+kja,
then k kik,kykskik,k; = 1.

But a,, b,, ¢,, d, are coplanar, hence k k,k;k,=1. Hence
kik:k3ki=1, and a,, b,, ¢,, d, are coplanar.

Cor. If the sides of the quadrilateral touch the quadric, and are
not generators, either the points of contact are coplanar, or the
plane through three of them cuts the fourth side in the harmonic
conjugate of the point of contact with respect to the ends of that side.

For the condition that ab touches the quadric is that the roots
of the quadratic in k are equal. Hence [a|b]*=a%?. The point
of contact is a+k, b, where k) = —a®+[a|b]. If b+Kk,c, c+kqd,
d+k,a be the other points of contact, the outer product of all
four is [abed] (1 —k, kok;k,). The conditions of contact give
k k,ksky = 4+ 1 or —1, corresponding to the two cases.
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When the quadric is a cone only the first case is possible. For
consider a conic as a degenerate quadric, and let ab, b, cd, da
each meet it in a point. Draw any quadric 2 with the sides of
abcd as generators and passing through a fifth point of the conic.
Then 2 contains the conic; and the four planes, each through a
side of abcd and the tangent to the conic where the side meets it,
all touch 2 and pass through the pole with respect to 2, of the
plane of the conic. Hence if the sides of a quadrilateral meet a
conic, then the tangent planes through them to the conic meet
in a point. Dually, if the sides of a quadrilateral touch a cone, the
points of contact lie on a plane.

14. A quadric cuts the edges of a tetrahedron abcd in points
such as kj,a+b, a+ky b; the points k,a+b, kjza+c, kjya+d
are joined by a plane which cuts [bed] in a line. The four such lines
are on a regulus.

For [(k,,a+0b) (kjsa+c) (k;ya+d).bcd]
=k,,[cd] +k,3[db] + k,4[bc] = L,, say.

Similarly L, =k,3[da] + ky4[ac] + ko, [cd],
Ly =kyy[ab] +ks,[bd] + ks,[da],
Ly=ky,[bc] +kyo[ca] +kys[ad].
These lines are dependent, if we can find scalars k,, ..., k, such
that kikpy = —koky,  kokyy = —kskgy, kgkg, = +k ks,
kikyg=—kekyy, kokoy = +kekgp, kgkgy = —kykys,
that is, such that
kiky!=—kykiy', kpk3'=—kyka', kski'=+k;ks!,
kiki! = —kg ki, kki!'=+kpkz!, kki'= —kgkgl.

These are compatible if k,,ky3k;, =k 3ks, ks, and so on for
each cycle of three subscripts. The argument in 13 applied to
the triangles abc, bcd, cda, dab proves these relations.

15. Dually, if tangent planes be drawn through the edges of
tetrahedron abed to a quadric, and if ko +f, & +k,, 8 be such
a pair, a, B, 7, 0 being the planes of the tetrahedron, then the
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join of a to the point [(k;,0+ /) (kjsx+7) (kjgax+90)], and
similar joins, lie on a regulus.

We find the same compatibility conditions as in 14.

Hence, in 14, the twelve planes

ky4[abc] + [abd], [abc] +ky3[abd], ...

touch a quadric.

§ 31. The Grassmann cross-ratio of four lines.

1. The Grassmann cross-ratio of four lines 4, B, C, D in
space is defined as

R(ABCD) = [4B] [CD]+[BC] [DA].

If A, B, C, D have two transversals, distinct, cutting them in
a,b,c,dand a', b, ¢, d', then

R(ABCD) = [aba'b'] [cdc'd'] = [beb'c’] [dad’a’] =R, say.
Now

[aba’b'] = mag ab.mag a'b’ . dist (@b, a'b’) .sin (ab, a’d’),
where a, b, a’, b’ are supposed to be of unit weight, and

dist (ab, a'b’) denotes the distance between the lines ab, a'b’.
From this and similar formulae, we get R=rr’, where

r = [ab] [cd] = [bc] [da), 1 =[a'b)] [¢'d]=[b'] [da].

Cor. 1. The Grassmann cross-ratio of four lines in a regulus
is the square of the cross-ratio of their cuts with any transversal.

Cor. 2. Four lines 4, B, C, D of a regulus cut any transversal
harmonically if [AB] [CD]=[BC] [DA]. We say B, D separate
A, C harmonically.

2. If L, L,, L;, L, either lie on a regulus or have a unique
common transversal, then
VUL L] [LsLy] £ y[Ly Lg] [Ly Ly] £ J[Ls Ly] [L2Ly] = o
For first suppose L,, L,, L,, L, have a unique transversal M
consider the regulus through L,, L,, Ls, and let IV be the line of
this regulus through the cut of L, and M. The tangent plane to
the regulus at this point is the plane through N and M. Now

L, lies in this plane, for it must touch the quadric of the regulus,
10-2
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since if it met it again, L,, ..., L, would have two distinct com-
mon transversals. Hence L, is dependent on M and NV, and since
N is dependent on L,, L,, Ls, it follows that L,, ..., Ly, M are
dependent.

If on the other hand L,, ..., L, lie on a regulus, they are
dependent.

Hence, in both cases, there are scalars k;, k,, k;, ks such that
k,L,+k,L,+kyLy+k,L, is either zero, or a rotor A whose line
meets Ly, ..., L,, and no k vanishes.

Then k,L,+k,L,=—ksLs—k L+ A.

Multiply each side outerwise by itself, then

. ki ky[L, Ly] = ksky[L3 L,].
Similarly,

koks[LyLs] =k Ky[Ly L], ksky[LsLy] = koky[LpLy).
Similarly, from
kL, +koLo+kyLy=—k,Ly+ A,

we have  kyko[L, Lo] +kyks[Ly Ls] +k3k [Ls L] = o.
Hence

WLy Ly] (L3 L] £ \[Ly L) [Ly Ly] £ {[Ls Ly] [Ly L] = 0.

This result and method may be compared with 12 of the pre-
ceding section. It is equivalent to the vanishing of the 4-rowed
determinant whose ij-element is [L; L;].

In this form, it easily follows that the determinant equals that
obtained by replacing L,, ..., L, by their polar lines for our
standard quadric.

The two cases are distinguished by the fact that if the lines
lie on a regulus they are dependent, otherwise not.

3. If abed, a'b'c'd’ be two tetrahedra, then R(aa’, bb', cc’, dd")
equals the cross-ratio of the cuts of corresponding planes.
For let a=[bcd], p=—[acd], y=[abd], &= —[abc],
with similar meanings for ', £, y’, ¢’. Then
[aa] = [a.b'c'd'] = [ab'] [¢'d"] + [ac'] [d'6] + [ad'] [b'c'),
1881 = [B.a'¢d] = () [d'a') + [ [a'c'] + [Ba') [¢d],
(e . B8] = (') ('] ~ [ | [Be"]) [a'B'c'd]
= [aff.c'd'|[a'b'c'd].
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Hence the cross-ratio of the cuts of the planes is equal to
[afp.c'd’] [yd.a'b')+[py.d'a’] [0x.b'c].
Since [¢f]=[cd], and the scalar factors involved cancel when
the substitution is made in the last fraction, this cross-ratio
equals [cd.c'd’] [ab.a'b'] +[da.d'a’] [be.bc'],

which is the cross-ratio of the joins of corresponding vertices.

4. If abed, a'b'c’'d’ be any tetrahedra, then the cross-ratio of
the joins of a, b, ¢, d to the poles of the faces b'c'd’, c'd’a’, d'a’b’,
a'b'c’ of a'b'c'd’ for any quadric equals the cross-ratio of the joins
of a', b, c',d to the poles of the faces bcd, cda, dab, abc of abcd.

Forleta, f3, 7y, 6, &', f', v', 8’ be as in 3, then

R(ala', b|f', cly’, d|8") = R(a’ |2, b |3, ¢’ |y, d'|9).
For since
[ale’.b|p'] = —[ab|a'p’] = —[ab|c'd’] [a'b'c'd],
the left-hand side equals
[ab|c'd’] [cd|a’b’] < [bc|d'a’] [da|b'c’],
while the right-hand side equals the expression obtained from this

by the interchange of dashed and undashed letters: but this
interchange does not affect the value of the expression.

5. If abed and a'b'c'd’ be two tetrahedra, and the joins of
a, b, ¢, d to the poles of the faces b'c’d’, c’d’'a’, d'a’t', a’b'c’ of
a'b'c'd’ for any quadric lie on a regulus, then the joins of a’, b’, ¢, d'
to the poles of the faces bed, cda, dab, abc of abcd lie on a regulus.

For, if the joins of a, b, ¢, d to the poles of b'c'd’, c'd'a’,
d'a'b’, a’b'c’ lie on a regulus, then b'c’'d’|a, c'd'a’|b, d'a'b’|c,
a'b'c'|d are dependent lines.

But [b'c’d |a] = [b'|a] [¢'d"]+[c'|a] [d'0']+[d'|a] [6'],
and three similar relations. We can therefore find scalars
k,, ks, ks, k4 such that

ki[d'|a] =ky[a’|d], k[¢|a] = ks[a"|c],
ki[6'|a] =ks[a'|B],  k[e"|8] = ks[b"]c],
ks[d'|c] =ky[c"|d], Ky[b"|d] = ko[d"[b].
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These give the relations, necessary for consistency,

(@[] [6'|a] [¢']B] = [a'[B] [&' €] [¢'|al,
and those obtained by cycling q, b, ¢, d and &', ¥’, ¢’, d’. But
these are unchanged if we interchange the dashed and undashed
letters.

Cor. If two tetrahedra be such that perpendiculars from the
vertices of one on to the faces of the other belong to a regulus, the
relation is reciprocal.

Note. We have a similar theorem when the four lines have a
unique transversal.

6. Def. If f(p) is an extensive, function of extensive p, we
say it is a ‘linear homogeneous function’ when

S, p+k,9) =k, f(p)+ ko f(g),
where k;, k, are scalars, and g any extensive of the same step
as p.

If f(a, b, ¢, d) be a linear homogeneous function of extensives
a, b, ¢, d which vanishes when any two of these extensives are
equal, then it is merely multiplied by a scalar when a is replaced
by a linear combination p=k,a+k,b+k;c+k,d, of a, b, ¢, d.
For f(p, b,¢c,d) =Kk, f(a, b, c,d)+k,f(b, b, c,d)+ ...

=k, f(a, b, ¢, d).

If G, H be polar lines for a quadric, abcd a tetrahedron, and
[aG] meets H in a’, and so on for b', ¢, d’, then the joins of a’, b,
c’, d’ to the vertices of the polar tetrahedron of abcd lie on a regulus.*

For let [aG.H]=ad', and so on;

a’ =|[bed], b" =—|[acd], ¢’ =|[abd], d' = —|[abc],
then S=[a'a"]1+[b'b"]+][c'c"]+[d'd"]
is a homogeneous linear function of a, b, ¢, d, which vanishes
when two of the points coincide. For example, if a=b, then
a=b, a'=-b', '=d" =o.
Hence S is unchanged, save for a scalar factor, when a is

replaced by any point, and similarly when a, b, ¢, d are replaced
by any points.
* Mehmke, Archiv Math. Phys. (3) 18, (1911), p. 370. The method used

here is Mehmke’s. It gives another proof of (6), p. 143 and of all such
formulae. (Take abcd as a polar tetrahedron.)
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Now take a, b on G, then @’ =b"=o0; take ¢, d on H, but so
that a, b, ¢, d are independent and [c|d]=o0; then ¢'=¢, ¢" =¢,
d’'=d, d" =d, since now ab, cd are polar lines.

But in this case S=o0. Hence =0 always.

Cor. If a’, b', ', d’ be the projections of the vertices of the
tetrahedron abed on to a line, then the perpendiculars from a', b’,
¢’, d’ to bed, cda, dab, abc respectively lie on a regulus. (Neuberg.)

7. If [aa']+ [bb'] + [cc'] + [dd'] = o,
and oa=[bcd], f=—[acd], y=][abd], &= —][abc],
with similar meanings for a', £’, ', ¢’, then

S = [aa) + BB+ [yy']+[88'] =o.
For take [abcd] =1, then the coefficient of [bc] in
S’ = [aa’]+[bb'] + [cc'] + [dd']
is [S’ad] = [bb'ad] + [cc’ad] = — [yb']+ [Bc'];
the coefficient of [#'y'] in S is
[Sa’d"] = —[yb']1+[c].

But S’ =0 means that all the coefficients vanish. Hence then
S=o.

Hence if the joins of corresponding vertices of two tetrahedra
lie on a regulus, the cuts of their corresponding faces lie on a regulus,
and conversely . *

Note. We have a similar theorem when the joins have a
unique transversal,

8. If A'=[p'y], B'=[y'a’], C'=[«'f'], we say abc, 2'f'y’
are ‘in perspective’ when aA’, bB’, cC’ go through a line. Let
A=[bc], B=[ca], C=[ab], then: if abc, &'f'y’ are in perspective,
then Aa', BE', Cy' lie on a line.

For, let

o =[ad']+[bB]+[cC], s=[a'A]+[p'Bl+[y'Cl.
Then o contains the cut d’ of a’, #’, y'; express o as a linear
homogeneous function of &', ', y'. Further s lies in the plane
abc; express s as a linear homogencous function of a, b, c.

We find that the coeflicients in the two functions are the same.

Hence, if =0, then s=o0, and conversely.

* Mehmke, Math. Zeit. 35 (1932), p. 618, for the method for 7, 8, 9.
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9. If, in the sense of 8, bcd, cda, dab, abc are in perspective
with f'y'd’, y'&'a’, 8'a’'f', &'f'y’, where &', B’y v', 8" are the
Jaces of a'b'c’d’, then the joins of the corresponding vertices of abcd
and a'b’c’'d’ are dependent.

For, if S = [aa']+ [bb'] + [cc'] + [dd'],
and if o =[bcd], p'=-[dd], ..,
then [Sd'] =[aa'd']+[bb'd'] + [cc’d']

=[af"y']+[by' 2]+ [cd'f] = o.

Similarly, [Sa’], [S6], [Sc’] vanish. Hence S=o.

The converse is true.

10. The tetrahedron abcd is inscribed in a quadric. From any
point p on the section of the quadric by the plane abc, lines are
drawn to the poles q,, q,, g5 of the planes bcd, cad, abd. Then these
lines cut the quadric again in three points coplanar with d.

(Miiller.*)
For take x?=o0 as the quadric. If [pq] cut x>=o0 again in
p+kg, we have
p?=o, (p+kg=o, kg’+2[plq]=o.
Hence the cuts in question are
gt-p-2lplale (i=1,2,3);
the plane through them is
qil?19.] [P |45] [Pg295] + -
+...=2[plq] [ple.] [Ples] [919:95] (D)

Now ¢, =|[dbc], gt = [dbc]* = 2[d|b] [b]c] [c|d],
and if P =xa+x,b+x4¢,
then ~[plg)] = [pdbe] = x,[abed],

= [21g.] = [pdea] = x,[abed],...

[£9:95] = [p- |dca.|dab] = —[abcd] [p|da],
[919:951=14, [9:19:9:d] =0, [dp|da] = —[a|d] [p|d].
Hence the outer product of (i) and d is the sum of three terms

ke gilplqa) [p1s] [p4:95]
= —2[abcd]’ [p|d][a|d] [b|d][¢|d].x;x5[b c],
and it vanishes, since
0 = p* = 2(xp,[b|c] + X3, [c|a] + x, x;[a|B]).

* Crelles Journ. 122 (1900), p. 30. The proof there is geometrical.
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§ 32. Associated points.*

1. If p be a point on a quadric through the lines L, M, N,
then [pLMNp]=o.
If L=[ab], M=[cd], N=[ef], then

[pPLMNp] = [pab.cd.efp]
= [pabd] [cefp] —[pabe] [defp].

Hence the first equation may be written,

[Ldp] [Nep] = [Lep] [Ndp).
2. Ifa,b,c, a', b, ¢’ be general points, let V=0 be the quadric
through the lines aa’, bb’, cc’, W = o that through bc’, ca’, ab’,
and U =o that through b'c, c’a, a'b, then (§ 22-13)

= [paa’ .bb" .cc’p] = [paa’d’] [bec’p] — [paa’d] [b'cc’p]
= [paa’b’] [bec'p] — [pcb'c’] [aba’p].
Similarly, or by cycling a4, b, ¢ and a’, ¢/, ¥’,
= [pbc’ .ca’.ab'p] = [pbc’a’] [cab'p] — [paa'b’] [bec'p),
= [pcb’ .ac’ .ba'p] = [pcb’c’] [aba'p] — [pbc'a’] [cab’p].
Hence U+ V+ W =o0. Compare this with the proof of Pascal’s
Theorem in § 12-3.
Omitting p is equivalent to projecting from a point p of
U, V, W on to a plane not through p, and working in that plane.
3. Nine general points determine a quadrict. As a quadric
is given by an equation of the second degree, three quadrics
Q,=0, Q,=0, Q;=0, in general position cut in eight points
b1s --+» Pg. A quadric through seven of these points is of the form
x, Q; +x,Q, +x;Q; = 0, and hence goes through the eighth point.
All quadrics through seven of the points go through all the
cight points. Such points are ‘associated points’.

4. If a, b, ¢, d, a', b', ¢’, d’ be associated points, there is a
quadric through a, b, ¢, d with generators L=[a'b"], M=[c'd"].
For a quadric through 4, b with generators ., M has equation,
by 1, [Lap) [Mbp] = k[Lbp] [Map], (k scalar).

* Turnbull, Journal Indian Math. Soc. 17 (1928). Proc. Cambridge Phil.
Soc. 22 (1925), p. 481.

+ We take this from analytical geometry, since a general quadratic ex-
pression in four variables has ten coefficients. That a general quadratic
equation in four variables represents a quadric follows from the fact proved
later, that such an expression can be reduced to a ‘sum of squares’.
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If it goes through ¢, then
[Lac] [Mbc] = k[Lbc] [Mac].

Now a, b, ¢ and three points on each of L, M are nine points
determining a quadric through L, M. Its equation is, therefore:
[Lbc] [Lap] [Mca] [Mbp] — [Lca] [Lbp] [Mbc] [Map] = o.
Butas a, b, ¢, d, @', b’, ¢’, d’ are associated points, the quadric
goes through d. Hence we have a relation connecting these

associated points:
[Lbc] [Lad] [Mca] [Mbd]
—[Lca] [Lbd] [Mbc] [Mad] =o0. (1)
5. This is equivalent to
[bc.Ld. .ca.Md. .La.Mb] =o. (2)
For [bc.Ld], [ca. Md] are points p, g, say; [La], [Mb] are planes

% Aand  pg.ap) = [pa] (48]~ [pF] [42],
[pa] = ([Lbd] ¢ —[Lcd] b) [La) = [Lbd] [Lca] + [Led] [Lab]
= —[Lbc] [Lad], by §16 (11).
(98] = —[Mea] [Mbd), [pf] = —[Lbd] [Mbc],
[g] = — [Mad] [Lca).
Hence the left-hand side of (2) is equal to the left-hand side
of (1). Equation (2) expresses a theorem of Hesse.

6. To the left-hand side of (1) add the expression obtained
by interchanging a, ¢, and we have, omitting brackets,
Lbc.Lad. Mca.Mbd — Lca.Lbd. Mbc. Mad
+Lba.Lcd. Mac.Mbd — Lac.Lbd. Mba . Mcd
= (Lbc.Lad+ Lab.Lcd) Mca. Mbd
—Lca.Lbd (Mbc. Mad + Mab. Mcd)
= —Lca.Lbd.Mca.Mbd+ Lea.Lbd. Mca.Mbd = o.
Hence the left-hand side of (1), and hence of (2), changes sign

when a, ¢ and similarly when any two of a, b, ¢, d are inter-
changed.

7. The left-hand side of (1) can be written
[a'b'bc] [a'b'ad] [c'd'ca] [c'd’bd]
—[a'b’ca] [a'b'bd] [c'd’bc] [c'd’ad].
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Cycle ¢/, d’, a and add, then
[a'b'bc] [c’'d’ca] ([a'b'ad] [c'd'bd] + [a'b'c'd] [d'abd]
+ [a'b'd'd] [ac'bd])
—[a’'b’bd] [c'd’ad] ([a'bca] [c'd'bc] + [a’'bcc’] [d'abe]
+[a'b'cd’] [ac'bc]) = o,
since each round bracket vanishes (§ 16 (11)).
Thus three expressions of type (1) are connected by an

identity.
8. Since there is a quadric through L, M, and a, b, ¢, d, we have
R(La, Lb, Lc, Ld) = R(Ma, Mb, Mc, Md),
R(a, b, Lc.ab, Ld.ab) = R(Ma.cd, Mb.cd, c, d).
Hence [Lc.abc], [Ld.abd], [Ma.cda], [Mb.cdb]
are dependent, since they join corresponding points of two pro-
jective ranges. (Zeuthen.*)
9. Ifa,b,c,d,a', b, c,d be associated points, the lines
[abc.a'b'c’], [bed.b'c’d’), [cda’.c'd’a), [da'b’.d ab]

are dependent. (Weddle.)
For let these lines be 4, B, C, D. It suffices to shew that on

each of the eight planes [abc], [a’b'c’], ... lies a line cutting
4, B, C, D.
Now, for example, [abc] cuts D, B, C in the points

[ab.da'b"), [bc.c'd'd’), [da’c.c'd'a.abc],
and these are collinear, since, by (2),
[ab.da'b’. .bc.c'd’b’ . .da’c.c’d’a] = o.
* Acta Math. 12 (1889), p. 362.
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CHAPTER IV

ROTORS IN SPACE, THE SCREW
AND THE LINEAR COMPLEX

§33. Screws.
1. A sum of rotors is called a ‘screw’. Thus a screw is of form

S= [p! vr] + [pzvz] +...+ [ann]’

where p,, ..., p,, are points or vectors, and v, ..., v, are vectors.
It can be reduced to a rotor through a given point p, and another
rotor. For

S= [P(vr+vz+"' +vn)]+[(pl —P) vl]+"' +[(Pn —p) vn]
=[p]+ U,

where v=9v,+v,+...+v, is a vector,
and U=[(p,—p)v,]+-.. +[(pn—P) v,] is a bivector.
Now U can be written in the form [(p —g¢) w], where g is a
suitable point, and w a suitable vector. Then
S = [p(v+w)] —{gu].
Hence S is the sum of a rotor through p and a rotor — [qw].

2. If A+ B = C+D, then [4B] = [CD];

[(A+B)L]=[(C+D)L]
for any rotor L.

For [(A+B) (A+B)] = [(C+D) (C+D)],
[44] = o, [AB]=[BA),

and so on, giving [4AB]=[CD].
These theorems are easily interpreted in terms of volumes.

3. S is a rotor or bivector, if and only if [SS]=o; if also
[SQ]+#o, it is a rotor. A necessary and sufficient condition that S
is a bivector is [SQ2]=o0. (£ is the unit bivector.)

For, if S is a rotor or bivector, then [SS]=o0 at once. Con-
versely, since S can always be put in the form 4 + B, and [SS] is
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then 2[4 B], therefore if [SS]=o0, then 4, B must be concurrent
or parallel, and 4 + B is a rotor or bivector (a couple in statics).

If S is a bivector, then [SQ2]=o0 (§ 22:16); and if S=A4+B,
and [SQ]=o, then the vectors of 4, B are equal and opposite
(§ 22:16), and S is a bivector.

4. If Sisascrew, L arotor of unit magnitude, then [SL] is the
‘moment’ of the screw S round the line of L. This moment equals
the sum of the moments round L of rotors whose sum is S.

If S, S’ be two screws, then [SS'] is their ‘mutual moment’.

If S =1[ad]+m[bd]+n[cd]+]1'[bc]+m'[ca] +n'[ab],
then [SS] = 2(Il' + mm’ +nn’) [abcd].

Hence, if a, b, ¢, d are independent, then II'+ mm’ +nn" =ois
a necessary and sufficient condition that S is a rotor or bivector.

The coefficients 1, m, n, I, m’, n’ are the ‘Pliicker* co-
ordinates’ of .S with respect to a, b, ¢, d.

If the rotors [pgq] and [rs] have Pliicker coordinates 1, m, n;,
I}, m}, n] and 1,, m,, n,, 15, mj, n) respectively, then

[pgrs] = (112 +1,17) + (m; m5 + mymi) + (n, ny + n,n})) [abed].

Hence a necessary and sufficient condition that [pq] and [rs]
are coplanar, is that the coefficient of [abcd] vanishes. If
l,+1,=1,1;+13 =1, and so on, this condition becomes

II'+mm’+nn’ = o,
and in this form it merely means

[(pg+7s) (pg+7s)] = o.

5. If a, b, ¢, d be independent, then any rotor is a linear
combination of [ad], [bd], [cd], [bc], [ca], [ab].

For, if [pq] be the rotor, then p, ¢ are linear combinations of
a, b, ¢, d, and if we multiply out the expression obtained for
[p¢] when these combinations are substituted for p, g, we have
the result.

These six rotors [ad], and so on, are independent. Hence, if
any six independent rotors be given, as they are linear com-
binations of [ad], ..., [ab], any rotor is also a linear combination
of them. (Cf. §53°11.)

* Originally introduced, in a more general form, by Grassmann.
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6. If A, B be rotors, p a point, then, by § 223,
[4.Bp]+[B.Ap)=[AB]p, [A.Ap]=o.
Hence, if S = C+ D, where C, D are rotors, then
[S.Sp] =[(C+D).(C+D)p]=[C.Dp]+[D.Cp]
=[CD] p = }[SS] p.
Hence [S.Sp]=4[SS] p. Similarly, [S.Sa]=}[SS] «.

7. The following can be shewn in the same way:

[abc.S] = [S.abc] = [bcS] a+[caS] b+ [abS] c,
[Sa.bc] = [Sac] b—[Sab] c,
[abc.dS] = [adS] [bc] + [bdS] [ca] + [cdS] [ab].

Examples. 1. If four forces along skew lines be in equilibrium, the
lines are generators of a regulus.
2. If p, a, b, ¢, d be fixed points, and g, 7, ¢ vary so that

[pg] + [77] = [be] + [ad],
then ¢ moves in a fixed plane.
For [bc] + [ad] — [pq] is a rotor, R, say. Then [RR]=o gives

[bead) = [(bc + ad) pg] = [(bcp +adp) q].
But [bcp] + [adp] is a fixed leaf.

3. If 4, is the incentre of the face of the tetrahedron a,a,a,a,
opposite to a;, and p, is the perimeter of that face, and 7,, p,, ...
have similar meanings, then the system of forces

Pi-@1% + Py Gyly + 3. agiy + Py a4,
is in equilibrium.
4. If the lines
lfad]+...+1'[bc]+... and I,[ad]+... +1][bc] +...
intersect, their point of intersection is
(1, + mm] +nn{) a+('m; —1{m) b+ (I'n, —1{n) ¢ + (mn, —m, n) d.
5. The most general screw S such that the points [S.a, a,4,] and

[S.a,a,a,] are respectively the centroids of the triangles a, a,a; and
a,a,a, can be written as the sum of multiples of 4, a, and

—a,a,+asa, +(a, +a, +a;) a,.
For such a system the join of the points [S.a,a;a,] and [S.a,a,a,]
is parallel to the edge q, a,. (Univ. of Wales.)
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§ 34. The linear complex.

We now consider the properties of screws in projective
geometry, and work in projective space, the field of scalars in
this section being either the real or the complex field.

1. If two projective pencils of lines in distinct planes, with
distinct centres, have three pairs of corresponding lines which meet,
then all pairs of corresponding lines meet.

For let L=A+kB, L' = A’ +kB’ be corresponding lines in
the two pencils. We can suppose the pairs 4, 4’; B, B'; A +k, B,
A’ +k, B’ meet; then

[AA'1=[BB]=0, [(A+k,B)(4'+k,B’)]=o0.

Hence [AB']+[A'B]=o0, [(A+kB)(4A'+kB’)]=0 for all
scalars k.

2. If two projective pencils of lines which lie in distinct planes
have their centres at distinct points of the cut of the planes,
and have that cut as self-corresponding line, then the set of lines
meeting distinct corresponding lines is called a ‘linear complex’.

(Other cases of projective pencils besides those in 1, 2 are
considered later.)

Let X =.4+kB, X' = A" +kB’ be corresponding lines of the
pencils, and let B= B’ be along the self-corresponding line. We
can adjust the weights absorbed in X”, 4°, B’, so that B+ B’ = o,
while the first two equations still hold. Then X+X'=4+4".
Hence any line L which cuts X and X’ satisfies [L(4+ 4')] = o.

Conversely, suppose [L(A+ A')] =o. We can find a line Y,
in the first pencil, which meets L; if ¥ = A+k B, then

[LA)+k,[LB] =0, hence [LA]+k,[LB]=o,
hence the corresponding line }’ meets L. Hence L is in the
complex.

Writing S for A+ A’, we have: the linear complex consists of
all lines L such that [LS]=o0, and only of these.

3. Now let S be any screw; consider lines L such that
[LS]=o0, and let B=[ab] be such a line. We can write S in the
form A4, + A,, where A, is a rotor through a; then since [BS] =o,

we have [abA] +[abA,] =o.
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But [abA,] =0,
hence [abA,]) =0; [BA,]=[BA,]=o.
Consider the pencils
L,=A,+kB,, L,=A4,+kB,,
where B=B,=-B,.

All lines L which satisfy [LS]=o satisfy [L(4,+ 4,)] =o.
Hence by 2, they are lines which meet corresponding lines of
the two pencils; the set is thus a linear complex, which we shall
say ‘corresponds’ to the screw S.

4. The linear complex of lines L such that [LS]=o0, where S
is a screw, is the set of lines round which S has zero moment.
These lines are the ‘nul lines’ of S.

If S is a rotor, or bivector (considered as a line at infinity), the
lines L such that [LS]=o0, are the set which meet S. This set is
a ‘special’ complex. It arises from the case in 1, where the
pencils are ‘in perspective’, and the line of S is the join of
their centres.

5. Any screw S can be reduced to a rotor along any given line
which is not a nul line of S, together with a rotor along another line,
the ‘conjugate’ of the given line with respect to the screw or corre-
sponding complex.

For, if L is any rotor along the given line, and we suppose

S=kL+M,

where k is a scalar, and M a rotor, the theorem will be proved
if we can determine k and M. Now

o=[MM]=[(S—KkL) (S—kL)] = [SS]—-2k[SL].
Hence k=[SS]+2[SL], M=S-kL.
The solution exists and is unique, whenever [SL]#o0, that

is, whenever L is not a nul line of S.

6. If Sisascrew, not a rotor, and S = A+ B, where 4, B are
rotors, then the nul lines of S which go through any point p
lie in a plane, the ‘nul plane’ of p for S (or for the corresponding
complex); p is the ‘nul point’ of the plane.
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For, if L=[pq] is a nul line of S, then [Ap]+[Bp] is a plane
a through p, such that

[«g] = [(Ap+ Bp) 9] = [(4 + B) pq] = [Spq] = o.
Hence ¢, and hence L, lies on the plane a.

Conversely, every line in the plane through the nul point is
a nul line.

Thus the nul plane of p for S is [Sp].

7. If q is on the nul plane of p, then p is on the nul plane of q.

For [Sp.q]=—[Sq.p]; if ¢ is on [Sp], then [Sp.q]=o,
whence [Sg.p]=o0, and p is on the nul plane of q.

Cor. All the nul lines which lie in a given plane go through the
nul point of the plane.

8. Six lines* in a linear complex are dependent; that is, there
is a linear combination of the lines which vanishes.

Otherwise there would be six independent lines L, ..., Lg
such that [L, S]=o, ..., [LgS]=0, and since any line is a linear
combination of the independent lines L,, ..., Ls, we have
[LS]=o for all lines L. Let S=A4+B (4, B rotors), then
[AS]=o0 gives [AB]=o0, hence A, B are coplanar. Hence S is
a rotor which meets all lines whatever, which is impossible.

9. If a=[Sp], then [Sa]=[S.Sp]=3[SS]p.
Hence, if S is not a rotor, and o =[Sp], then p=[Sa].

Also [S(ky p, +kop5)] = K, [Sp,] +k,[Sp.]-

Hence, as p moves along a line [p,,], its nul plane traverses
the pencil determined by the nul planes of p, and p,.

10. If [p,p,] is not a nul line for a general screw S, and hence
[Sp,p,] #o0, then [p,p,] and [Sp, . Sp,] are conjugate lines for S.

For, by 5, we can express S in the form S=k,L+k,M,
where L=[p,p,], and k;, k,#0. Then

[Sp1] = ko[Mp,], [Sp.] =ky[Mp,],
hence M=[Sp,.Sp,].
* There is hardly any need in the present investigation to distinguish

between ‘line’ and ‘rotor’. Lines are dependent when, if any non-zero
rotors be placed along them, the rotors are dependent.

FCE II
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Also [Sp,.Sp,] #0, for if [Sp,]=[Sp,], then

[Mp,]=[Mp,], [Spip.]=[Mppo] =0,
contrary to the hypothesis.
We say the lines L, M are ‘conjugate’ lines for the complex
as well as for the screw.

r1. If L, M be conjugate lines for S, and L,, M, be also
conjugate for S, then L, M, L,, M, lie on a regulus.

For, as there are scalars k, k', k, ki, none zero, such that
S =kL+k'M =k, L, +ki M,, it follows that L, M, L,, M, are
dependent.

§ 35. Screws and linear complexes in involution.

In this section we take our field of scalars to be the field of
complex numbers.

1. As the scalars k,, k, vary, the screws k; S, +k, S, form a
‘pencil’ of screws given by the screws ), S,. In this pencil
there are just two rotors, when we ignore magnitudes; their
lines may be real, coincident, or imaginary.

For, if S;, S, be not rotors, then

[k, S; +kySy) (k; Sy +kpS5)] =0

is a quadratic equation for k, :k,. If these roots are distinct, and
hence the lines of the rotors P, Q in the pencil are distinct, then
each S in the pencil is a linear combination of P, Q.

2. In the pencil of screws, we can introduce cross-ratio and
harmonic separation (§ 23).

If S, =k,P+1,Q0, S;=k,P+1,0,
where P, Q are rotors, then the condition that P, O separate
S,, S, harmonically is k, 1, +k,l; = o. If this holds, then
[S1S2] = (k] +ko1y) [PQ] = o.

If [S, S,] =0, we say S|, S, are ‘in involution’.

Two rotors are in involution, if and only if their lines meet.

If two screws are in involution, we say the corresponding
linear complexes are ‘in involution’.
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3. If S, S’ are screws in involution, the nul lines of S are
conjugate in pairs for S'.
For, if L is a line, and [LS'] #0, the conjugate of L for S’ is

_L[ISST g .
S—2 [LS,]L—L,say. §34°5)
If then [LS]=o,
we have [L'S]=[S'S]=o0.

4. The lines which are common to all complexes corre-
sponding to the screws k,; S, +k,S, are those which cut both
rotors of the pencil of screws, for they must be nul lines for all
screws of the pencil. They thus constitute a congruence of lines
(§ 29-10). Through a general point of space goes just one line
of the congruence.

5. Three independent screws S, S,, S; give a spread of
screws k; S, +k,S,+k3S; of step three, or a ‘bundle’ of screws.
The rotors in the bundle are given by the values of k which

satisfy [(ky S; +ky Sy +kgS5) (k; S; +k, S, + kg S5)] = o.

This gives a quadratic equation in k,, k,, ks, and thus there is
an infinite number of rotors in the bundle. If all were linear
combinations of two of them, then S;, S,, S; would also be
linear combinations of these two, and so would not be in-
dependent. Hence at least three of the rotors in the bundle are
independent; if these be L,, L,, L;, then all screws in the bundle
are linear combinations of L,, L,, Ly (since S;, S,, S; are so) and
hence all rotors in the bundle of screws are on the regulus
through L,, L,, Ly; hence all nul lines of the bundle, or all lines
common to the complexes determined by S|, S,, Ss, are on the
opposite regulus.

6. Since any screw is a linear combination of rotors along the
edges of a tetrahedron, and a general linear combination of these
rotors is not zero, therefore screws form a spread of step six.
Any screw can be put in the form k; S, +... +kgSs, where
S, ..., Sg are six given independent screws. Similarly for
linear complexes.

I1-2
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§ 36. The simultaneous use of supplements for vectors and rotors.

I. We return to the consideration of real space. In dealing
with points and vectors in space together, if we defined |[ab]
and |[abc] as the supplements of the corresponding vector b—a
and of the bivector [bc]+[ca]+[ab], we should have, if we
assume that the operation of taking the supplement is dis-
tributive over addition,

|[abc] = |([bc] + [ca] + [ab]) = [((c —B) +(a—c) +(b—a)) =,
which is barren.

Accordingly we define the operation of taking the supplement
of a rotor or a leaf independently, and introduce a fresh sign.

We define {[abc] as the vector v, say, perpendicular to [abc],
with a magnitude equal to mag [abc], and a sense such that
[abco] is positive, and we define |[ab] as the bivector U, say,
perpendicular to @b with a magnitude equal to mag [ab], and
sense such that [abU] is positive.

From this it easily follows that, if «, 8 are intersecting leaves,

Wa+p)=la+ip,

and that if L, M are intersecting rotors,
WL+M)={L+{M.

If we assume these laws generally, it follows that if o, B be
parallel leaves of equal and opposite magnitudes, so that a + /4
is a trivector, then |(x¢+ /) =o0; and if L, M be parallel rotors
of equal and opposite magnitude, so that L+ M is a bivector,
then J(L+M)=o. To preserve the distributive law, we must
therefore take the supplement | of a trivector and of a bivector
to be zero, and we shall assume the supplement | of a vector to

be zero.
For the old supplement |, we have the same rules as before.

2. If © is the unit trivector and P a rotor, « a leaf, then
JP=|[QP], la=|[Ra], WP=o0, lla=o0. (1)
If P, Q be rotors, «, 8 leaves, then
[P {Q] = mag P mag Q cos (P, Q),
[ {f8] = mag a mag g cos (¢, f3),
[PIQ]=[QVP), [xif]=I[Ba] (2)
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3. A screw can be reduced to a rotor and a bivector in a plane
perpendicular to the rotor; either or both of the rotor and bivector
may vanish.*

For, suppose S=4+k ,A, (3)
where A is a rotor, and k a scalar to be determined. By (1), (3),
}S={A. Hence, if k were known, then 4 would be uniquely
fixed by A=S-k|S. (4)

Now, since 4 is a rotor, [AA4] =0, hence

0=[(S-kiS)(S-k|S)] =[SS]-2k[S|S].  (5)
Hence, if [S | S] #0, then k is uniquely fixed, and hence so is 4.
k is the ‘pitch’ of the screw, A4 its ‘axis’.

If [SS]=o0, and [S |S]#o0, then S is a rotor.

If [S | S]=o0, then S is not of form (3), unless S=o0, because

(5), (4), (3) would give [SS]=o0, [4S]=0, [4 {A]=0, and
hence A =o.

If [S}S]=0, and S+#o, then S is a bivector.

A SS
4. We have k =-[—£1 :;] = é_EIS' JES']'
For [S4S1=[S 1 4] =[4 |S]=[4 14],
since I S=JA.
And [SS]=[SA4]+k[S|A4] = [SA]+k[4 4] = 2[S4],
since [SA] = [AS] =[AA4] +k[4 | 4] =k[4 |A4].

5. If A, B, C be three perpendicular concurrent rotors, then
A+ A, B+|B, C+|C, A-|A, B—|B, C—|C are inde-
pendent screws, mutuallyin involution, for [AB]=[A4|B]=o0,and
so on. Hence six independent screws mutually in involution, exist.

Examples. 6. Forces acting at the vertices of a tetrahedron abcd,
perpendicular to and proportional to the opposite faces, balance.
For, take d as the origin of vectors, writing @, = a—d, ... and so on,
then the sum of the forces from q, b, ¢ is
[albc)] +[blcya] +[c|a, b)]
=[(d+a)|bc)] +[(d+b)|c;a] + [(d +¢))|a b)]
= [d|byc\] + [d]|c,a)] +[d]c, ] = [d|(b~-a) (c-a)].

* This proof of Poinsot’s theorem is given by Lotze, Die Grundgleichungen
der Mechanik (1922). This tract uses Grassmann’s methods.
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7. Forces acting at the centroids of the faces of abcd perpendicular
to and proportional to the faces, all inwards, balance.

For, taking d as the origin of vectors, the sum of the forces is
one-third of

[(@+b+¢c)|(bye;+cyay+a, )] +[(b+c+d)| —bye]

+[(c+a+d)|—c,a]+[(a+b+d)| —a,b]
= [a]bc)] +[ble,a)) +[c|a,by] - [d](byc, +¢ya, +ay b)) = o,

as in Ex. 6.

8. If forces act along the sides of a triangle abc taken in order, and
are proportional to the distances of the opposite vertices from a
plane, then their resultant acts along the cut of the planes.

For [abe.a) = [aa] [bc] + [bex] [ca) + [ca] [ab).

§ 37. The mutual moment of two screws.

1. If S;=4+1,4, S,=B+1,|B, then since (§17'5)
[VA.|B]=o0, we have [S,S,] = [4B]+(1,+1,) [4{B].

If k,, k, be the magnitudes of 4 and B, and if ¢ is the angle
between them, and d the distance between them, then

[S,S,] =k k,d sin ¢ +(1, +1,) k, k, cos ¢.

2. f S=A4+1)4=P+Q, where P, Q are rotors, let C be
a rotor perpendicular to P, O and meeting both, then

[CyP]=[CIQ] = [CP] = [CQ] =o.
Hence using | |4 =0, we have [C {A]=o0, [CA]=0.
Hence the common perpendicular of two conjugate lines of S
cuts the axis of S at right angles.

3. f S=A+1}4, and L is a nul line of S, then [SL]=o.
Hence if d is the distance between A4 and L, then

(4] _

[A{L]

Thus to draw a line of the complex which corresponds to S,
through a given point p, we find the foot ¢ of the perpendicular
from p to A and through p draw a line L perpendicular to pq
at an angle (4, L) to A4 given by (6). All lines through p in the
plane of pg and L are in the complex. This could have been
taken as the (metric) definition of the complex.

1= —dtan (4, L). (6)



1v, 36, 37, 38] THE SCREW AND THE LINEAR COMPLEX 167

4. More generally, let S =kP+k'Q, where P, Q are rotors,
k, k' scalars. Then if L be a line of the complex, we have
k:k" = —[QL]:[PL].

Hence the moments of a force along a line of the complex about
two conjugate lines are in a ratio which depends only on the conjugate
lines chosen.

§ 38. The cylindrod.

1. Consider the pencil of screws S=Kk,;S,+k,S,, where
S, S, S, are expressed in standard form:

S=A+x|A4, S,=A4,+x,4,, S,=A4,+%,{4,,
where [A4,|A4,]=[4,|A4,]=1, and suppose [S;S,], [S.S,],
[S, |S,] are not zero. Then

[S181] = 2x,, [S2S,] = 2%y,

[SivSi =[S 48] =1, [S;4S:]=[4,14,] =cos ¢,

¢ being the angle between the axes of .S and S,.
[SS] _ [(k S, +k,S,) (k S; +k, S,)]

Fhen X = [ST8] ™ 2[(k, 8, +5,5,) 4k, S, + K, Sp)]
_x kf+k k[ S Sp] +x,k3
" kZ+2k k, cos ¢ +k2
_ % ki+k kydsin g +k; ky(x, +X,) cos ¢ +x,k3
 K+2kkycosg+ki

2. As k;:k, varies, the locus of the axis 4 of S is given by
A=S8-x|S=k S, +k,S;,—x(k, S, +k,{S,),
with the value of x just found, and is called a ‘cylindroid’.
3. Let P be the rotor which cuts 4,, 4, at right angles, then
[4,P] = [4;P] =0, [4,|P]=[4,|P]=o0.
Hence [PS,]=[PS,]=0, [P!S,]=[PiS,]=0.
Hence for each axis A of screws of the pencil,
[PA] =0, [P{A]=o.
All generators of the cylindroid cut P at right angles.
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4. Suppose G, G’ be two perpendicular intersecting gener-
ators of the cylindroid, if such exist. Then

[GG']=0, [GiG]=o.

Let Y=G+1{G=S8,+yS,,
Y=G+I'|G'=8,+Y'S,.
Then [Y{Y]=0=[YY"].

[Si 4S8+ (y+Y") [Si4Se] +yy'[S2 ¥:S2] = O,} )
[Si S+ +Y') [S1S:] +yy'[S2S2] = 0.
These equations determine y, y’ uniquely in the general case.
Hence, in general, there is one pair of intersecting perpen-
dicular generators.

5. To shew that these generators are real, we must prove
that y —y’ is real. Write the first equation of (7) as
a+2bx +cx? = cz,
where y+y =2x, yy =x2-z,
a=[S; VS]], b=[SS], c=[5S,].

Then (y—y’)2 = 4z, and we have to shew that z is positive.
This follows from

c?z = (cx+b)%?+ac—b?,

ac—b? =[S, 5,1 [S; {S,] =[S, V5]
=[5,5,18,5;]z0.

6. In the pencil of screws, let L, L, be the perpendicular
intersecting axes; let them cut in e, and let ¢, e, be unit vectors
along L,, L,, and e; a unit vector perpendicular to them, with
[eeze5]=1.

We may suppose, without loss of generality, that L, L, are
of unit magnitude, and

S, =L, +k {L,, S;=Ly+ky{Ly,, S=18+1,8,.

Let S=L+k|L. Then L cuts [ee;] at e+ zes, say.

Let L = [(e+ze,) (xe; +ye,)].

Then, since [ese,] = V[eer] = VL,
[ese5] = V[ee] = VL,
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we have L=xL,+yLy,+xz{L,—yz |L,,
S =xL, +yL,+ (kx —yz) {L, + (ky +x2) L, = 1, S; +1,,.
Hence x=1, kx—-yz=kl =k,

y=12, ky+xz=k212=k2y-
These give (k—k,)x=yz, (k,—k)y=xz,

whence we have the equation of the cylindroid in rectangular
cartesian coordinates,

(x2+y?) z = (k,—k,) xy. (10)
Also k(x?+y?) =k;x2+k,y?,
hence k(12+13) =k, 12+k,13,

which gives k in terms of 1, 1,, kj, k,.

It should be noted that according to the definition, given in
2, of the cylindroid, points of the z-axis lie on the cylindroid
only when they lie on generators; in real space such points fill
an interval only, whereas each point of the z-axis satisfies
equation (10).

Examples. g. If v, v,, v5, v, be vectors, and p a point, then

[p]o-(p+y) (p+2s5) (p+7y)]
—[plo-(p+21) (p+25) (P +2,)]
+[plvs-(p+2y) (P +2,) (P+04)]
—[plog-(p+21) (p+22) (p+25)] =0
For, [(p+vy) (p+75) (p+,)]
= [p(v304+ 0,0, + 0, 09)] + [0,0304]
=pV,+k 92, say. (§17'7.)
Now [p|v,.pV,], or p[|v,. V], is the product of p and a vector,
and hence is a rotor. Assume p to be of unit weight.
Also [Pl -k 2] =k, |v,, where k,=][v,057)],
and lo,. Vil = = [Vi|o)] = —[(v39, + 0,0+ 0p25) 1],
[v32,]0,] = [93]v,] vy —[o4]v)] 25
Hence the sum of terms like [|v,. V] has, when expanded, as the
coefficient of v,, the expression
[(v2—vy) |,] + [(w3—0,) [95] + [(v) — ) |vs] = 0.
Similarly, the other coefficients vanish, and the sum is zero.
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Also  [9,230,] |9, — [0, 939,] |9, + [2,2,9,] |95 — [9, 9, 05] |9, = 0.
Hence, if p be any point, abcd a tetrahedron, then the planes through

P perpendicular to the joins of p to a, b, c, d cut the opposite faces in
lines on a regulus.

10. Aline L cuts the faces of abed opposite to a, b, ¢, d in p, g, 7, s
then the lines ap, bq, cr, ds, L are dependent.

11. Screws of pitch k in the spread k; S, +k,.S, + k3 Ss, (S}, Sy, S3
being screws) have axes which lie on a regulus.

For, if Ry, ..., R, be four such screws, and R, = 4, +k|4,, then
there are scalars x),...,x, such that xR, +... +x,R, =o0. Take
supplements.

Thence x; {4, +...+x, {4, =0, hence x; 4, +... +x,4, = o.

In particular, the lines of rotors of the system lie on a regulus.

12. If A4, B, C be rotors, and

[4(B-C)l=0, [4{(B-C)]=0,
then the axis of B— C cuts the line of A at right angles.

Hence deduce the theorem of Petersen and Morley:

If A, B, C be skew lines, and A’, B’, C’' be the common perpen-
diculars of the pairs (B, C), (C, 4), (4, B) respectively, then the
common perpendiculars of the pairs (4, 4'), (B, B’), (C, C’) have
a common perpendicular.

§ 39. Mobius tetrahedra.
1. Anidentity. If a, b, ¢, a’, b', ¢’ be any points, then*
[bca’.cab’.abc’ .a'b'c')+[b'c’a.c’a’b.a’'b’c.abc]=o0. (11)
For [abc’.a'b'c') = [abc’a’] [b'c'] + [abc'b] [¢'a’],
[cab’.abc’ .a’'b'c’] = [abc’a’] [cab'c’] b’ + [abc'b'] [cab’a’] ¢!
—[abc'b'] [cab’c’] a’,
[bca’ .cab’ .abc’.a'b'c’] = [abc'a’] [cab’c’] [bea'b']
+ [abc’b'] [cab’a’] [bea'c’]
= [abc’a’] [cab’c’] [bea'b']
— [abb’c’] [caa’b'] [bec’a'].
Similarly [b'c’a.c’a’b.a’b'c.abc] = [a'b'ca] ['a’bc] [b'cab)
—[@’'b’'bc] [c'a’ab] [b'c ca].
Adding these last two equations, we have (11).
The dual equation, of course, holds for planes.

* We call this the Mébius identity, although it does not occur in Mébius’
works. Nor have I been able to find it stated elsewhere.
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2. If the first term is zero, then bca’, cab’, abc’ meet in a
point, d, say, on a'b’c’. The last term is then zero, and the
planes b'c’a, c’a’b, a’b’c meet in a point d’ on abe.

Hence if abcd and a'b’c’d’ be tetrahedra, and a’, &', ¢’ points
on the planes bcd, cda, dab, and a, b, ¢, d be points on planes
b''d, c'd'a’, d'a'b’, a'b'c’, then d' is on abc. Each tetrahedron
has its vertices on the faces of the other. Such tetrahedra are
called ¢ Mébius tetrahedra’.

3. If abed and a'b’c’d’ are Mobius tetrahedra, then so are
ab’c’d and a’bed’, also a’'b’cd and abc'd’, also a’bc’'d and ab'cd’.

4. Suppose a', b’, ¢’, d’ are on the faces of 4, b, c, d, then
kja'= . +k;,b+k5c+k,,4d,
k' =k,ja . +kyc+kyd,

If [ab'c'd’), [ba'c'd’], [ca’b'd"] vanish, we have

kyskgekin = —Kopskyskas, kgyky ks = —kgikyskys,
k41k12k24 = —kyoky kg
These give k,ky3ks; = —k,3kso ks, hence [da’b’c’]=o0.
For let k;;/k;; =h,;, then
hyshgshyy =hg hyyhyg =hy hpphy = —1.
Since hj;h;;=1, the product of these expressions gives

h;,hyshs; = —1. Thus we have another proof of the existence
of Mébius tetrahedra.

5. Now adjust the weights of &', ¢’, d’ so that
hy=hg=h,=—r1,
then h,, = h,, = —1, and hence hy; = —1.
The determinant of the k; is then skew.

Conversely, if that determinant so modified is skew, then abcd
and a'b'c’'d’ are Mobius tetrahedra.

6. If ad’, bb', cc’ be non-coplanar and uv, u'v’ cut them har-
monically in u, v, w and w', V', w', then the planes abc, ab’c’, a'bc’,
a'b’c meet in a point, and hence, by (11), a'b’c’, a’be, ab’c, abc’ meet
in a point. (Steiner.)
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For we can weight the points, so that a+a’, b+b', c+c¢’ are
at u, v, w, and a—a’, b—b’, c—c' are at ', v, w’. Then, since
[uvw] =0, [W'v'w']=0, we have

[(a+a’) (b+8') (c+c)] =0, [(@a—a')(b-b)(c—c")]=o.
Hence [abc] +[ab'c']+ [a'bc'] + [a'b'c] =0
[a’b'c'] + [a'bc] + [ab'c] + [abc’] = o.

If [a’bc.ab'c.abc’)=d, and [ab’c’.a’bc’ .a'b'c]=d’, then abed
and a’b’c’d’ are Mobius tetrahedra.

7. Ifaline meets aa’, bb’, cc’ inu, v, w,and if ' is the harmonic
conjugate of u with respect to a, @', and if o', w’ have similar
meanings, then [w'v'w’] goes through 4 and d’ defined in 6.

For, weighting points as in 6, [uvw] and [u'v'w’] are respec-
tively:

([@bc] + [ab'c’] + [a'bc'] + [a'bc])

+([@'d'c’] + [a'bc] + [ab'c] + [abc')),
([abe] + [ab’c']+ [a'bc'] + [a'bc))

—([@'b'c’] +[a’bc] + [ab’c] + [abc’]).

Since [uvw] = o, therefore [u'v'w'] is congruent to each of the
expressions in the round brackets, and hence the plane goes
through 4 and 4.

8. If d, d’ be defined as in 6, and a line meets aa’, bb’, cc’, dd’
inu, v, w, p, and if &, v, w’ be defined as in 77, and p’ similarly,
then these four points are collinear. If also a, b, c, d are collinear,
and a', ¥, ¢, d’ collinear, then the generators [uv] and [1'v]
separate harmonically the generators ab, a'b’ on the hyperboloid
through them (§ 31-1).

9. If the joins of corresponding vertices of two tetrahedra
lie on a regulus, then this regulus contains the cuts of corre-
sponding faces if, and only if, the tetrahedra are Mdbius
tetrahedra. (Cf. § 31-7.)

We leave the details of 8, 9 to the reader.

1o0. If Sis a screw, L a line, p a point, then
[SL)p=[Sp.L]+[Lp.S]. (12)
For, S is a sum of rotors, and (12) is true when S is replaced
by a rotor (§ 22-3). Hence (12) holds generally, by addition.
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If §"is a screw and 8’ =L, +L,+..., then adding equations
obtained from (12) by substituting L,, L,, ... for L, we get

[SS°]1p =[Sp.S1+[SP.S]. (13)
In particular (cf. § 33-6)
[ SS]p=[Sp.S]=[S.5p]. (14)

11. If L, M be rotors, p, ¢ points, we have, if L=[ab],
M =[cd],

[Lp.Mq)+ [Mp. Lg) = [Lpg] M+ [Lpe] [dg) + [Lpd] [gc]
+ [Mpg) L+ [Mpa) [bg] + [Mpb) [a]
by § 16 (6). = [Lpg) M+ [Mpq) L~ [LM] [pq],

Applying this to a screw S, the sum of rotors L+ M, we find

[Sp.Sq] =[pS.qS] =[Spq] S—4[SS][pq].  (15)
If in this we write S+kS’ for S, and expand, the coefficients
of k give

[Sp.S'q]+[SPp.Sq]
=[S'pq] S+[Spq] S'-[SS][pg]. (16)
12. From (15),
[Sp.Sq.Sr] = [Spq] [S.Sr]—-3[SS] [pg.57]
= 3[Spq] [SS]7—4[SS] ([Spq] r—[S-pgr))
(by (13), (14))
= §[SS][S.pgr]- (17)
We have used [pgq.Sr]=[Spq]r—[S.pgr], which follows
from (13), by putting r for p and [pg] for S’. Formula (17) is
the symbolic expression of the fact that the nul planes of three
points with respect to a screw meet at the nul point of the plane
joining the three points.

13. From (17),
[Sp.Sq.Sr.St] = 4[SS] [S.pgr. . St]

= —1[SS] [St..S.pgr]
= —3[SS] [St.S. .pgr].

The associative law which has been assumed in the last step
is obvious geometrically when S is a rotor, and hence generally,
by addition. It is a special case of a rule which will be shewn
later from the algebra.
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Now [St.S]=3[SS]¢.
Hence [Sp.Sq.Sr.St] = —3}[SST? [tpgr] = }[SST? [pert]-

All these formulae have duals, when points are replaced by
planes.

14. The dual of (15) is
[Se. SB] = [5.4S] = [SB] S—4[SS] 28] (18)
Let a=5S,, f=cS,. These are nul planes of 4, ¢ for S.
Let b’ =[bS,S]=[aS], ¢ =[cS,S]=[BS]
Then (18) gives
[6'c'1=[S.bS,.cS,] S—3[SS] [6S,.cS,].
By (15),  [6S,.c5,] =[S,bc] S, — 4[5, S,] [bc].
Hence [b'c"] = [bcS,] [SS,]S—3[S,S,] [6cS] S
—3[SS] [6¢5,] S, +1[SS] [S,51] [be],

[ab'c] = [SS,] [bcS,] [aS] - 3[S, S,] [beS] [aS]
—3[SS] [6cS,] [aS,]+1[SS] [S, 8] [abe].
Cycle a, b, c and add, using the dual of (14),
[Sabc.S] = 3[SS] [abc],
and the easily shewn theorem:
[6cS,] a+[caS,] b+[abS,] ¢ = [abc.S|],
and we have*
[ab'c’] +[bc'a’] + [ca’d']
= }[SS] [S,S,] [abc] +[SS,|] [abe.S;.S]. (19)
Hence if [SS,]=o, that is if S, S, are in involution, then
[ab’c’.a’bc’.a’b'c. abc] = o.

15. The nul point of [pS,] with respect to S is [pS,;S]=g,
say. Clearly [pq] cuts the axes of both rotors of the pencil
kS +k,S,.

If ¢ =[p'S, S], then

x¢+x'q' = [(xp +x'p’) 5, S].
* E. Miiller, Monatshefte Math. Phys. 14 (1903), p. 182.
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Hence, as p traverses any line, g traverses a line. Hence the
cross-ratio of p, ¢ and the cuts of [pg] with the rotors of the
pencil is constant. When S, S, are in involution, this cross-
ratio is —1. Hence we have the result of 6 again. The identity
(19) includes this theorem.

§ 40. Screws and quadrics.*

1. If ab be a generator of a regulus, and we denote supple-
ments for the quadric through the regulus by the stroke, then

a*=b*=o0, (a+kb)?=o forallk.
Hence [a]b] = 0.

If ap is a generator of the opposite regulus, then abp is the
tangent plane to the quadric at a, since [a|p]=o0, [a|abp]=o,
and so |a=[abp].

We can take p on ap and weight b, p so that |a=[abp] and
[6lp]=1.

Then  |[ab] = [abp 6] = [p|8] [ab] = [ab],

|{ap] = [abp|p] = [6]P] [pa] = —[ap].

Thus we have a distinction between generators of opposite

reguli. We can take weights so that if L is a generator of the

regulus containing [ab], then |L=L, and it then follows that
if L, is on the opposite regulus, then |L; = —L,.

2. If two lines L,, L, of a regulus be conjugate for a screw S,
then the conjugate for the screw of each line of the regulus is
on the regulus.

For if X be any line, [X is its polar line for the quadric.
There are scalars x,, x, such that S =x, L, +x,L,, and we may
assume |L,=L,, |L,=L,, thence |S=S.

Then the conjugate for S of any other line L of the regulus is

_y 581,
Ls) "~
Since |[L=L, and |S=S, we have |[M=M.

* See Whitehead, Universal Algebra, § 174.
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3. If S=£ +|S, then the rotors in the pencil of screws defined
by S and |S are of form xS +y|S, where

[(xS+y]S) xS+y|S)] = o,

that is, (x2+y?) [SS]+2xy[S|S] = o.

If the solutions of this equation be

x:y=h:k and x:y=k:h,

and be distinct, these rotors are hS+k|S=L, say, and

kS+h|S =|L. Thus their lines are polar for the quadric, and
they are conjugate for the screw S, since
hL—k|L = (h?-k?% S.
4. Hence if Sz +|S, then S is of form L+k|L in general,
where L is a rotor. This form is unique, for if
S=M+k|M, then |S=kM+ |M,
and M, | M are the two rotors in the pencil of screws defined by

S and |S.
The only self-polar screws in this pencil are S+ |S. For, if

S’ =k, S+k,|S=+|S’, then k|S+k,S=+(k;S+k,|S);
hence k; = +k,, S'=8+|S, since S3# +|S.
5. If the solutions of the equation in x/y coincide, then
[$S] = £ [S]S],
the pencil of screws is ‘parabolic’; it contains only one rotor, and
that is self-polar for the quadric, and hence a generator.

6. If a pencil of screws has as its rotors two generators L, L,
of a regulus on the quadric, then all lines of form k,L, +k,L,
are self-polar for the quadric, and the pencil cannot be defined
by a screw and its supplement.

7. In general a linear complex has two lines on a regulus, for
if ab and cd be the two lines L, |L of 4, conjugate for the corre-
sponding screw .S, and polar for the quadric through the regulus,
and if they meet the quadric in 4, b, ¢, d, then ac, ad and bc, bd
are generators of the quadric and nul lines of the screw.

If the pencil S+ |S is parabolic, the two lines coincide in a
generator of the quadric.

If §=|S, the complex contains all lines of one of the reguli
and two of the opposite regulus.
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CHAPTER V
DIFFERENTIATION AND MOTION

§ 41. Differentiation of an extensive with respect to a scalar.

1. If a point p moves along a curve, we can regard p as a
function of the arc s (a scalar) of the curve, measured from a fixed
point of the curve.

If ds is the arc-length between p and p,, then (p, —p)/ds is
a vector along pp,. If we keep p fixed and make p, move along
the curve so as to tend to p, we assume that this vector tends to
a vector along the tangent at p, which is assumed to exist and to
be unique.

The assumptions made are tantamount to certain assumptions
on the continuity of the spread in which we are working, and
on the type of curve with which we are dealing. As it is no part
of our plan to analyse such assumptions, we shall always make,
without necessarily mentioning them, the assumptions necessary
to secure the existence and uniqueness of the limits which we
need.

The limit of (p, —p)/ds, as p, tends to p, will be written dp/ds
and called the derivative of p for s.

This derivative is a unit vector, for as p, tends to p, mag (p, —p)
differs from ds by an amount of order not less than ds2.

2. Example. If o be a fixed point, and 4, j perpendicular unit
vectors, and p = 0+a cos ¢.7+b sin @, then p describes an ellipse,
centre o, as ¢ varies.

dp/ds = (a cos (¢ +7/2).i+b sin (¢ +7/2).5) + ds/d¢
= (¢—o0)+ds/d¢,
where g is the point on the ellipse corresponding to ¢ + /2.

Now-since dp/ds is a unit vector along the tangent at p, it follows
that ds/d¢ is the length of the radius vector ¢ —o, and this vector is
parallel to the tangent at p.

Similarly p =o0+acoshu.i+bsinhu.j, (u scalar)
represents one branch of a hyperbola, centre o.

FCE 12



178 DIFFERENTIATION AND MOTION [cHAP.

3. If 4 be any extensive, which is a function f(7) of a scalar 7,
and if there be an extensive C of the same step as 4, such that,
if h be a scalar, then

f(r+h)—f(r) = h(C+D),
where D is an extensive of the same step as 4, whose magnitude

tends to zero when h tends to zero, then we write, as in the
ordinary differential calculus,
C=dAjdr, dA=dA/dr.dr,
. and dA4 is of the same step as 4.
If A, B be any extensives, functions of the scalar 7, and 4.B

be their outer or inner product, then if 7 be changed to 7+h,
A. B becomes, omitting terms of higher orders,

(A+dA).(B+dB)=A.B+dA.B+A.dB+dA.dB.
Hence d(A.B)=dA.B+A.dB+dA.dB

A
(d B+ Ad)d'r+dAdB

If the magnitudes of dA4, dB tend to zero, so do the magni-
tudes of their outer, and inner, products. Hence

(AB) dAB AiB

Thus for outer products,

g; [4B] {%f.B]JF[A.‘-é’-ﬂ.

For inner products,

diT [4|B] =[%4|B]+[A|‘-1?:|=[A}d?]+[3|‘?4

Also  d[AB]=[A.dB]+[dA.B] = [A.dB]—[B.dA],
d[A|B] = [dA|B]+[A|dB],

2 (apcy=[% BC] [A 9B c] [AB C]

4. Hence, if v be a vector, and, as usual, 2 means [v|v], we
have {42 = [0 |dv] +[dv|v] = 2[v|dv], (not 2[vdv]).

If 92 is constant, then [v|dv] =0, hence v and dv are perpen-
dicular; thus the tangent to a circle is perpendicular to its radius.



V, 41, 42]  DIFFERENTIATION AND MOTION 179
It is easily shewn geometrically, or by the use of ¢, j, that
d|v=|dv.

Then, since v? = —[|v.v], we have
dv? = —[d|v.v] - [|v.dv] = - [|dv.v] —[|v.dv]
= [v|dv]+ [dv|v] = 2[v|dv], as before.
5. -Notation. If an extensive p depends on a scalar 7, we denote
differentiation for 7 by dots (7 may be regarded as the time);

if p be a moving point, we denote differentiation with respect to
arc-length s by dashes. Thus

p=dp/dr, p=dp/dr = d?*/dr?,
p’ =dp/ds, p"" =dp'/ds =d’/ds.

§ 42. Plane curves, curvature, acceleration.

1. Let ¢ = g—o be a unit vector parallel to the tangent at p,
then p’=t¢; let ¢, —o be a unit vector parallel to the tangent at
b1, then p” = lim (g, —g)/ds, as p, tends to p.

Let ds, be the arc-length gg, q
on the locus of ¢, which is a circle. y P h
The figure shews that ds, =dy, % q 7
where ¢ is the angle the tangent

at p makes with any fixed direc- ©
tion. Hence
~ —q 4y

ds, "ds”

We define the ‘radius of curvature’ of the locus of p at p to be
p =ds/dy.

Now lim (¢, —g)/ds, is a unit vector parallel to the tangent at

g to the locus of g, and hence is the unit vector perpendicular
to g—o. Hence

P = lim .=

lim (¢, —g)/ds, = [(g—0) = [#',
v=p"= lp l

The magnitude of ¢’ is p~!.

12-2
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Then, if p—o0=xi+yj (%, y scalar), we have

, dx . dyy . o1 (d%&x)\? (d%y)?
Pr=ggttge ) ,Tff(d? las?)

Example. An angle at which two curves cut equals the supplement
of the angle between their inverses at the corresponding point of
intersection. (The theorem is best stated in terms of crosses.)

If r, s be vectors from o to corresponding points on the curves,
then [r|s] =k?, [rs]=o0. Hence

[Fls}+[r|s] =0, [Fs]l+[rs] =0,
[#1s] = [#s] = = [$|r] = [§r], cot (#, s) = —cot (5, 7).

2. If we regard 7 as the measure of the time taken to describe
the arc, then § is a scalar representing the speed v, say. The
velocity is p=5p' =vp' =vt,
where ¢ is the unit vector along the tangent at p.

Since i = dt/dr = dt/ds.ds/dT = t'v = vp~i|t,
we have for the acceleration,

p=vt+vi=vt+vipl|t.

Thus the tangential acceleration is of magnitude v, the normal
acceleration is of magnitude vZp~1.

3. The angle dy between og and og, is that between p and
p+ pdr, hence W 1 e

S nag Ef.ii’iag?p +5) 0 Y (mag pr
_[£1#]
'lf 581"

Now ds=dr.mag p, hence p = ds/dyr = [p|p]! + [$h].
If we take 7=s, then p=p’'=t, t?=1, p~1=[p'p"'].

4. If p—o=ru (r scalar, u unit vector), 7 any parameter,
and 6 be the angle between u and any fixed direction, then

i=0|u, |d=—9u, ﬁ=i‘u+r12=fu+r9|u,
p—ru+ru+ (r0) |u+r0 - |u)

=(f—r62)u+il;ad;(r20) |u.
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Hence, if the acceleration of p be resolved into components
along the radius vector, and perpendicular thereto, these are

# — rf2 1d L
t—rf? and rd1_(r0).

5. Intersection of normals to a curve. If a, b be points, u, v
vectors, then the cut of the rotors [au], [bv] is
[(a—b) 2] [(6-a)u]

au=b+=
] (o]
(Ex. 119, P. 59.)

Hence, if p be a point, and [pu], [(p+dp) (u+du)] cut in ¢,

then [w(u+du)] c = [u(u+du)] (p+dp) + [dp.u] (u+du),
[.du] ¢ = [u.du] p—[u.dp] u.

This gives the centre of curvature ¢ at p. For take for u the
normal at p, u=|p, then

ds),_ L], (p5),_, B8],
TP wdd TP P55 P ) P

Examples. 1. Cartesian formulae for p. Take p = 0+xi+yj, T=x,
then

p=itdyldc], p=dy/dej, 2=1+(dy/dx)?, [pP] = dy/dx2

2. Polar formula for p. Take p = o+ ru (r scalar, u unit vector),
7=0, then

c=a+

_dp _dr et du dr
Tdé " do d6 = do-

o (dr)r, , . dr dr
P*=|g5) +1 p=@.u+2d—0.|u—m

) du
.u+r|u, since — =|u,

de

i dlu_ldu _
since dﬁ d0_
dr( d d2
Also (8] = ( d;) (d—(}’-r) Use 3.

3. Centre of curvature of an ellipse. Use the notation of §, with
¢=7, hence p=1.
p—o=acosP.i+bsingd.j, u=|p=-bcosgp.i—asing.j,
dp=(—asing.i+bcos@d.j)dp, du=(bsingd.i—acosg.j)dg,
u? = a% sin? ¢ + b? cos? ¢ = b}, say,
[udu] = (ab sin? ¢ + ab cos? ¢) dp = ab.d@, [usr] = ab.
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Substituting, we get ¢ =p+b?/ab.u.
If we put this equal to o+(x,i+Yy,j), and substitute for p, u,
weget  y =al(a?—b2) cos’¢, y, =b-!(b2-a?)sin’g,
p =4/(p—c)? =bijab.,/u? = bi/ab.
4. If y is the foot of the perpendicular from o on to the tangent
at p to any curve, then the locus of y touches

the circle opy. P
For [(p-»(y-0)]=o0.
Hence 7 k

(&' -(y-9]+[(p-»¥]=o.
But p’ (the derivative) is a vector along the
tangent at p. Hence
[Ply-ol=0, [-¥'|(y=o]+[¥|(p-2]=0,
' 13(p+0)-y)] = o
5. If in the figure of the previous example, h, k be the lengths
of 0y, yp, then dh/dy =k, where ¥ is the angle between yp and a

fixed direction.
For p —o = ku—h|u, where u is the unit vector along yp.

Hence

0 h Y

d d d d ds ds
w(ﬁ—0)=d—¢‘-(ku—hlu), H'}TI(p—O)—a;(P—O)alZ;—uw.
Thus
ds dk du dh d dk dh
u—dv =a"—0_‘.u+k a.@-glﬁlu—hd_-!/_f |u—@.u+k|u—d1}.|u+hu,
since gf— = |u, (%lu = —u. Outer multiplication by u gives
dh dh
ko2 Dk
o=ku dl/,u, i k
6. Prove N2t d Jo? = [v]do].

7. If a, b be fixed points, p a varying point, p—a=1v,, p—b =1,
then

(i) If 92+ v} is constant, we have [(v; + ;)| §] = o, where p =0, =7,

(i) If Jo?+o} is constant, then p bisects the angle between v,
and —v,;

(i) If v?/o? is constant, then [p|(v3.v, —v}.v,)] =o.

Interpret these.
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8. Fermat'’s problem. 1If v,, v,, v, be vectors from a point p to
the vertices of a triangle abe, and 1, 1,, 1; their magnitudes, and if
d(l, + L, +15) = o, then Xl ![v,|dv,] =0, and hence Xl !y, = o; the
angles between the vectors each equal 277/3. Distinguish the cases
when all angles of the triangle are less than 277/3, and when one is not.

This solves the problem: to find a point p such that the sum of its
distances from three points is a2 minimum.

9. If p=ka+(1-k)b, g=kb+(1—k)c, where k is a variable
scalar, and [abc] # o, then the point of contact of pg with its envelope
is7r=kp+(1-k)g.

For 7 lies on

[pg] = k¥[ab] + k(1 —K) [ac] + (1 ~k? [bc],
and on the line obtained by differentiating this for k:
2k[ab] + (1 — 2k) [ac] —2(1 —Kk) [bc].
The regressive product of these lines is congruent to
k%a+2k(1 k) b+ (1 -k)?c=kp+(1-k) q.
10. If Imn is a transversal of triangle abc, and its rotor is
X.bc+y.ca+z.ab,
then the intervals mn, nl, Im are in the ratios
(y-2)x:(z=%) y: (x—y) z
If these ratios are constant, then Imn envelopes a parabola.

11. If p is any point on a rectangular hyperbola, centre ¢, and the

perpendicular at ¢ to cp meets the normal at p in 7, then pr is minus
the radius of curvature at p. If pr is produced an equal distance rs,
then s lies on the curve.

12. If pg be one of a set of parallel chords of a rectangular hyper-
bola, centre ¢, then ¢p? + cg® — pg® is constant.

13. Using the formula [$?]}/[pp] for the radius of curvature,
prove that the length of the normal to a parabola at a point p inter-
cepted by the directrix is half the radius of curvature at p.

14. If p move so that the sum of the squares of its distances
pg, pr from two lines is constant, then the normal at p to the locus
bisects gr.

15. Ifr = ccos36.i+csind 6. j, then [#] = —F2 The normal makes
an angle 6 with j. The length of the tangent intercepted by the axes
is c.



184. DIFFERENTIATION AND MOTION [CHAP.

16. A curve is such that if a radius cq is parallel to the tangent at
b, then cp is parallel to the tangent at g. Prove that the area of triangle
cpq is constant.

17. If pogr is a variable parallelogram of constant area with the
angle o fixed in position, then the tangent to the locus of 7 is parallel
to pq.

18. The rod pq slides with its ends on two straight lines through
o, the parallelogram pogr is completed, and s is the foot of the per-
pendicular from r to pq. Then s is the point of contact of pg with its
envelope.

19. If a constant distance pq be taken along the tangent to a curve
at p, the normal to the locus of g goes through the centre of cur-
vature at p. If pg is drawn making a constant angle with the tangent
at p, the same conclusion follows. (Bertrand.)

20. If p, ¢ be corresponding points on a curve and its involute,
and m be the mid-point of pg, then the normal to the locus of m is
parallel to the join of ¢ to the centre of curvature at p.

21. If x is the length of the perpendicular from the origin to the
tangent at p and p —o = u, then
dx _ [w'u"] [u]u]
ds ~  [W?}

§ 43. Tangents to a twisted cubic.*

If p=a+3kb+3k%c+k3q represents points on the twisted
cubic as k varies, then denoting derivatives for k by dots

Yp=>b+2kc+k%, 3p=c+kq.
The tangent T at p is [pp], that is
[ab] + 2k[ac] + k2[aq + 3bc] + 2k3[bg] + k*[cq].

The tangents at q, g respectively are [ab] and [cq]. The ‘rank’
of the curve, that is, the number of tangents which cut a general
line L, is four. For [TL]=o gives four values for k.

* A great deal of the classical theory of the differential geometry of twisted
curves and surfaces can be worked out very simply by the present methods.
But as these methods in this field do not differ greatly from the usual vector
analysis, we omit this work and refer the reader to Weatherburn, Differential
Geometry (Cambridge, 1927, 1930) and Blaschke, Differentialgeometrie, 1
8:(! ed. Berlin, 1930). Also Fehr, Application de la Méthode Vectorielle de

assmann a la Géométrie infinitésimale (Paris, 1896; Geneva, 1907).
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The ‘osculating plane’ at p may be defined as [ppp]; it is

m=[abc] +k[abq] + k?[acq] + k3[bcq],
or, say, d—ky+k?B—kda.

The osculating planes at a, ¢ are respectively & and «. The
‘class’ of the curve, that is, the number of osculating planes
through a general point, is three, and the curve is determined by
the tetrahedron abcq and one other point.

Since 7 can be written as 0+ 3[apg] —k’, the osculating
planes at p, a, ¢ meet on [apq]. The osculating planes at three
points of a twisted cubic meet on the plane joining the three points

Examples. 22. The tangents cut each osculating plane in the
points of a conic touching [bc], [cq] at b, g respectively.

23. The condition

VL L) [Ly Ly + /(Lo Lg] [Ly La] + ¥/ [Lg L] [Lo L) =0
is a necessary and sufficient condition that L,, L,, Ls, L, touch one
and hence an infinite number of twisted cubics. The Grassmann
cross-ratio of L,, ..., L, is the fourth power of the ordinary cross-
ratio of the points of contact of the tangent cubics.

§ 44. Central motion.

1. A point p moves so that its acceleration to a fixed point o
is along po and is a function of the distance po. The vector of
the acceleration is p, its rotor goes through p and is [pp]; for
if v is any vector, the rotor through p with this vector is [po].

If mag (p —0) =r,and F = fr is the magnitude of the force, then

g p=f.(o—p), [ppo]=o,
= Lpbo] = [$po] + [po] = [pbo] = .
Hence [ppo] is a constant scalar h, say.
Since [pp] is the rotor of the velocity, [ppo] is its moment

round o, which is accordingly constant. If @ is the vectorial
angle,

o [p(p+dp) o] _[p.dp-o]
Sind0 = g (p—o).mag (p—0+dp) ~ (p—0)
Hence (p—0)2 0 = [ppo],

h = r%.
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2. If p be the length of the perpendicular from o on to the

tangent, then
. . ., h? . 2h? ,
[ppo] =pp=h, " =15 Z[PIP]=—§P’

by differentiating.
Hence f[p|(p—0)] =

Hence we have the scalar equation
F = fr = h?p-3 dp/dr.

1

2
b8 but [l(p—o)] =L & (-0

P

3. The inverse square law. Suppose F=kr-2, where k is a
constant scalar, r the magnitude of the radius vector, then

B=—kr¥p—o).
(The factor r—* appears because p — o has magnitude r.)
But h = [ppo] = [(p~0) ],

if we replace the unit bivector by 1.
Hence h|j=—ke [(p~0) ] |(p—0)
= ke 3 (25— [pl(p—0)].(p—0)). (§14(4))
Take supplements, and use [p|(p —o0)] = rt, then
hp =kr=! [p—kr=3[p|(p—0)] |(p—0) =kr!|p—ke?E|(p—0).

Integrate, then

hk~1p = r~!|(p —0) + const. bivector (1)

=r"!|(p—o)+e]u, say, (2)

where e is a constant scalar, and # a unit vector.

Now h=[(p—0) p].

Hence  b%k~'=r"'[(p—0)|(p—0)]+e[(p—0)[u]
=r(1+e cos 8),

where [(p—o)|u] =r cos 6.

Hence the path is a conic, with axis u, the centre of force is at
a focus, the latus rectum is 2h?k~1. By (1), the hodograph, that
is, the locus of p +o, is a circle; by (2) the velocity is the sum of
components kh~! perpendicular to op and ekh~! perpendicular
to the axis.
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4. The inverse cube law. Here we have

= —kr¥(p—o). 3)

Hence [$15] = —ke[5|(p— o)1 @
: L 2(p—o0)|dp]

But d T e

Hence, integrating (4), we have
p?=1+kr2 when |, k are scalar constants.
By (3) [(p—0)| ] = —kr 2.
Hence [(p—0)|B1+5" = 1.
Integrating, we have [(p —o)|p] = Ir, where 7 is the time.
Integrating again, (p—0)?=12+m.
Since also p2=h?p~2, by 2, we have for the orbit
h?2p~2—kr2=1. (Cotes’ spirals.)
If ¢ is the angle between the tangent and the radius vector,
_[(p=9)|p) _1r
P (=0 pl TH
If 6 is the angle between the radius vector and a fixed direc-
tion, then
(p—of2f=h, 6=hlr2+m)", 6= fh(lrz +m)-ldr.

These equations fully determine the character of possible
orbits.

Examples. 24. A point describes a spiral r=exp 6 with constant
angular velocity 6 about the origin. Prove that the acceleration is
perpendicular to the radius vector and of magnitude 2r62.

25. If in central elliptic motion, p is a vector to a point, ¢ the
vector along the conjugate diameter, ¢ the eccentric angle of p, then
the acceleration is — p@$?+qg.

26. An ellipse is freely described under a force to a pole o; prove
that the attraction at p varies as op/pm3, where pm is the perpendicular
from p on to the polar of o. If x, y be the coordinates of o referred
to principal axes, then

ct = yb=!(1 —cos ¢) + xa~! sin ¢ — ¢,
where t is the time in the orbit, c=h/ab, and ¢ is the eccentric angle.
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§ 45. General motion of one plane over a fixed plane of reference.
1. Our differentiations will all be taken with reference to the
fixed plane, so that, if p be a point, p is its velocity over the fixed
plane; if @ be another point of the moving plane, then p = a + ku,
where k is a constant scalar, and # a variable unit vector. Then
p=d+ki=d+kolu=d+o|(p—a),
where  is the angular velocity of u referred to the fixed plane.
If p, is the point on the moving plane which is instantaneously
at rest, then p =0, d+w|(p—a)=o,
p=—ovl(py-a)+o|(p—a)=0|(p=p);
[p=w(pi—p), pr=p+u'[p.
2, is called the ‘instantaneous centre of rotation’.
Let ¢ be the point in the fixed plane, which corresponds at
each instant to that point p, of the moving plane which is

instantaneously at rest.
Though p, =o, yet in general we must expect ¢ #0, because

¢ varies in the fixed plane.

2. Ateach instant p=w|(p—0¢),

p=0l(p-c)+|(p=9) p\ _|n
=o|(p—c)—*(p—c)-wlc. 5
Thus p may be resolved into
—wX(p—c) !
due to rotation round ¢ as a fixed
point, & |(p—c) perpendicular to cp tU ¢
due to change of w, and —w|¢ per-

pendicular to the direction of ¢.

3. The normal acceleration of p, that is, the acceleration

along pc, is .
~(p-0 -l (o
2 (2= (,_
=—w¥(p—c)—w (P—oF (p—o).
_[e(p=2)]

This vanishes when o=
N

(-~
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Take 7 so that n—c = —w~!|¢é. Then the normal acceleration
of p vanishes if [(r=c)|(p—c)] = (p—c)?
that is, if p is on the circle on diameter cn.

Then p is in the direction np, and p is at a point of inflexion,
or ‘flex’, on its path.

The locus of points which are at flexes on their paths is a circle,
‘the circle of flexes’.

4. The tangential acceleration of p is

: w[(p—c)|]
o olp=e)==" =g (o=

This vanishes when
(p—c) = w[(p—c)|é].

"T'ake ¢ so that t—c=wol,

then the tangential acceleration of p vanishes when

[(2-9l@E-a]=(p—¢),
that is, when p is on the circle on diameter ct.

The locus of points which have zero tangential acceleration is a
circle. The points are at cusps on their paths.

5. The point ¢ where these two circles cut is the ‘centre of
acceleration’.
At g the acceleration is zero. Let <(ncg=a, then, since n, ¢, ¢

are collinear, (n—¢) o' o
tana =" — = ——-=—.

t—c wo ¢ ?

Since p=o|(p-c)-¥(p—c)—w],

i=ol(g-0)-wig—c)-wl
and §=o0, we have
p=0l(p-9) - (p-9) = (@] - (p—9)

The acceleration of a general point p is composed of —w?(p —g)
along pg and w|(p —q) perpendicular to gp, the angle between
these accelerations being tan—! &/w? = a.

Since n—c = —w™!|¢, we have

p=0|(p=—c)-w(p—c)+ W (n—c) = 0|(p—c) +w*(n—p),
expressing the acceleration of p as the sum of an acceleration
along the path and one along pn.
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6. Since p = (p—q) U, where U = & | —w? we have
Burmester’s Theorem. If p,, p,, ps be three points, and 7, 7,, 75

are chosen so that r,—p, =p,, then the triangles p,p,ps and
7,7,74 are similar.
Since p=w|(p—c), the corresponding theorem holds for

velocities also.

7. The curvature p=! of the locus of p is the magnitude of the
normal acceleration divided by 2, that is

(=22} (o e uttp e

_( Llm=9|(p~ C)]) I

(p—c)? V(p—c)?
_ == +[=9)l(p-0]
(p—cP)?

The numerator equals

[(2=2)I(p =) =[(s—2) (P~ )],

where s is the point where ¢p cuts the circle of flexes.

Hence 1_magls (s zp ).
p (p-o
Examples. 27. If k be the centre of curvature, and x, y, z the
lengths of sc, pc, ck, then
x 1=y 4z,
Deduce Griibler’s construction for k when p, s, ¢ are known : namely,
take any point a; let r=[pa.c(a —s)], then k= [ps.r(a —c)].

28. Mannheim’s construction for the centre of curvature of an
ellipse at p. Let the normal at p meet the major axis in ¢; let the
perpendicular at ¢ to the normal cut 0p in 7, where o is the centre of
the ellipse; then the perpendicular from 7 to the major axis cuts the
normal at p in the centre of curvature.

29. If two vertices of a triangle move on fixed lines, the third
describes an ellipse.

30. Investigate the envelope of a curve carried by the motion in
a plane.
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§ 46. Displacements in space.*

1. A ‘displacement’ in space is a transformation of points into
points which preserves distances and the sense of tetrahedra
unchanged.

Hence it preserves angles, turns lines into lines, planes into
planes, and thus is a linear transformation.

2. Consider a displacement which turns the point o into o,
and vectors a, b, ¢ into a,, b,, ¢;,. Suppose k is a vector not
changed by the displacement, and let u=a,—a, v=2>0,-b,
w=c¢,—c. Then since angles and magnitudes of vectors are
preserved, we have

[h]u] = [k|o] = [k]w] = o.
Hence [uvw] = o.

Hence there are scalars k;, k,, ks such that k,u+k,v+ksw = o,
and they satisfy

k, :k,:k; = mag [vw]: mag [wu]: mag [uv].

(We are assuming that u, v, w are not all parallel; if they are, we
merely have a translation.)

Also  h=|[vw] = |[wu] =|[uv] = |[vw +wu+ uv];
h is the vector of the ‘axis’ of the displacement. We shall see
later that such a vector always exists.

3. If o=o0, is fixed, then each point 0+ xA (x scalar) is fixed,
and the displacement is a rotation round 4 of angle

sin~! (mag [h'ww,] + mag [A'w] mag [A'w,]), (1)

where A’ is a unit vector along %, and w, w, are initial and final
positions of any vector.

4. If 0#0,, then the point p = 0+a becomes p, =0, +a,,

pr=p+(0,—0)+(a,—a)=p+u,

where u, = (0,—0)+(a,—a)=(0,—0) +u

Similarly ¢ =0+, r = 0+ ¢ become ¢+ 9,, r +w;, with similar
definitions. Denote these points by g, 7,.

* For a treatment of kinematics and dynamics by Grassmann’s methods,
see Lotze, Die Grundgleichungen der Mechanik (1922).
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Thus h=|[vw+wu+uv] = |[v,w, +w, 4, +u,9].

Hence Chasles’ construction for the axis. Draw op’, oq’, or’
parallel and equal to pp,, q,, 77;, then the axis is perpendicular
to the plane [p'q’r’].

For, as p’ = o+u;, ¢ =0+, 7' =0+w,, we have

[p'9'7'] = [o(v, 0, + w0y +wyv)) + [0 w],
and this is parallel to [v,w, +w,u,+%,7,], and hence perpen-
dicular to A.

If p, g, r and p,, q,, 1, be projected on to [p'q'7'], the axis goes
through the point which is the centre of the rotation that turns
the projections of p, g, 7 into those of py, gy, 7,

5. If s be any point, the rotor sh becomes an equal parallel
rotor s, k. If these are collinear, then s—s; is parallel to 4,
s—s, = xA (x scalar).

Let s be a point with this property, in plane [pgr]; let
s =k,;p+kyq+Kky7, then s; =K, p,+k,q; +kyr, (since distances
are preserved), where s,, p,, ¢, 7, are the displaced positions of

P97

Thence k,:k,:k; = mag [owk]: mag [wuh]:mag [uvh], (2)
where u=p,—p, v=¢;—¢q, wW=r—T.

Thus s is a definite point of [pgr], and the displacement is
composed of a translation parallel to 4 and a rotation round the
axis sh. The angle of the rotation is given by (1); the magnitude
of the translation is mag [uvw]: mag A.

Hence follows Mehmke’s construction for the axis. 1f p’,q’, 7" be
constructed as before, and ok, which is perpendicular to [p'q'7’],
cuts this plane in /', then by (2), p'q'r’k’ is a figure similar to
pqrs and to p,q,7;s,. Hence s can be found and thus a point on
the axis is known.

§ 47. Motions in space.*

1. Since a displacement in space is a combination of a rota-
tion round an axis L and a translation parallel to L, it follows
that a motion is a combination of a rotation and a translation

* I otze, loc. cit. The geometry of motion is treated by different methods

from the present in the following books: Schoenflies-Stickel, La Géométrie
du mouvement (Paris, 1893); Mannheim, Géométrie cinématique (Paris, 1894).



V, 46, 47] DIFFERENTIATION AND MOTION 193

(or rather of a rotation-velocity and a translation-velocity); the

first is given by an axis and an angular velocity, the second by a
vector 7.

If we place a rotor R along the axis with a magnitude equal
to that of the angular velocity, the velocity of p due to the
rotation is | [Rp], and the velocity due to the translation is | [Vp],
where V is a suitable constant bivector.

The velocity due to both is p = |[Sp], where S, =R+ V, is

a SCrew.

Velocities are compounded by adding the corresponding
SCrews.

2. The velocity system which corresponds to S satisfies
[p VSp] = o, hence the direction of the motion of p is perpendicular
to the plane [Sp), that is, to the nul plane of p for S.

3. Acceleration. Since p = |[Sp],
B = 1[Sp]+ V[Sp) = V[Sp]+ 4[S +Sp].
If p=o, then [Sp]+[Sp] is a trivector or zero, and for this

it is necessary and sufficient that its outer product with three
independent vectors , v, w vanishes:—

[uSp]+ [uS 4Sp] = [p(S | Su—Su)] = o,

and similar equations for v, w.
Hence p is the cut of the planes

[SySu]—[Su], [S4Sv]—[So], [S}Sw]—[Sw].

If these are independent, there is only one point of zero
acceleration.

4. If the motion is the resultant of a translation represented
by the vector r and a rotation represented by wR (w scalar, R
unit rotor, parallel to 7), then

p=7r+w [Rp], p=r+w{[Rp]+w|[Rp]+6|[Rp],
P =t+w |[Rp]+& |[Rp] +w® |[R|Rp]. ()
Let o be any other point of the body, then forming the
equation for o similar to (3), we have

p—0=0[R(p—0)]+0 |[R(p—0)]+ &’ {[R{R(p—0)].

FCE 13
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If g is the point at which the acceleration vanishes, then
B=w [R(p—9)]+0[R(p—9)]+0* {[RIR(p—q)].
Hence the body moves as if the point of zero acceleration were

instantaneously fixed in the body.

Of the terms in (3), © |[Rp] depends on the change of position
of the axis; @ {[Rp] is in the direction p—7, or in the direction
of the motion due to the rotation only, and it is of magnitude
&d where d=dist (R, p); w? {[R | Rp] is a vector of magnitude
w?d parallel to the perpendicular from p to R.

5. As each motion is represented by a screw, therefore, if a
body has freedom two, its possible motions are represented by
a pencil of screws k; S, +k,S,, and each screw of the pencil is
a linear combination of two rotors L, M, real or imaginary.
If we suppose them real, then each possible motion is the result
of rotations round these lines, and the velocity of any point p
is perpendicular to [pLM]. (Schénemann.)

Thus the normals to the surface of possible positions of p
all cut L, M, and so constitute a linear congruence.

If a body has freedom three, an arbitrary general point can
be moved by an infinitesimal motion to any adjacent place, but
if the direction of motion is fixed for one point it is fixed for all.
The rotors of the system of corresponding screws lie in a
regulus, a point on these rotors moves instantaneously only in
a certain plane. (Cf. § 35.)

Examples. 31. The points p,, p,, p; of a straight rod move on planes
obc, oca, oab respectively; p is a point on line p,p,ps. Then the locus of
p is an ellipsoid.

We have py=p+kju, py=p+ku, py=p+ksu,
where ki, kj, k; are fixed scalars, and « is a unit variable vector.
[oabc] u = — [uobc] (a — o) — [uoca] (b — o) — [uoab] (c — o).

[pobc] = —k,[uobc], [poca] = —kjy[uoca], [poab] = —k;[uoab]. (4)
Hence [oabc] u = ki [pobc] (a—o0)

+k; '[poca) (b—0) +ky '[poab] (c—0),  (5)

[0abc)? = ki ?[pobc)? (a—o)?
+2k; k3 [ poca] [poab] [(b—o)|(c—0)] +....
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Hence the locus of p is an ellipsoid,* with its centre at the cut of
the planes.

It is an ellipsoid and not another type of quadric, since p cannot
go off to infinity.

Cor. 1. If the given planes are perpendicular, the principal axes
of the ellipsoid are their cuts.
Cor. 2. If the given planes are parallel to a line, p describes a plane.

Cor. 3. From equation (5), when [pobc]:[poca]:[poab] are given,
the direction of u is fixed.

32. If in Ex. 31, a point p, on the line p,p, also moves in a fixed
plane abe, then the locus of p is an ellipse.

For p,=p+k,u, [uobc]+ [uoca]+ [uoab) = [(u— o) abc].
Now we have (4) and

[pabc] = —k,[uabc],
ki ![pobc] + ky [ poca] + k3 [ poab] — ki [ pabc] = [oabc].
Thus p lies on a plane, and hence by Ex. 31 on an ellipse.

hence

33. If the four normals to the four planes in Ex. 32 at the points
where the line meets them lie on a regulus, motion is impossible.

34. The centres of the various elliptic loci in Ex. 32, for the various
points of a given line, lie on a line A on which the planes cut off equal
intervals; the angle between H and the moving line is constant.

35. If a line moves so that one point of it always moves perpen-
dicular to the line, then this is so for all points of the line.

36. If a triangle moves so that its inclination to a fixed plane is
constant, and its vertices move on planes, then any fixed point of
the triangle describes an ellipse.

37. If a solid moves so that each point describes a plane curve,
the motion is generated by the rolling of a circular cylinder inside
a fixed circular cylinder of twice the radius, and sliding along it, so
that some point of the solid stays in a fixed plane. All paths are
ellipses, which for the points of one line degenerate into lines.

38. When a rod moves in a plane so that two of its points move on
fixed lines, the ellipses described by points of the rod are all of equal
area. When a rod moves in space so that three of its points move on
fixed planes, the ellipsoids described by points of the rod all have
equal volumes.

* This is easily seen by comparison with Cartesian equations.

T2.2
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39. Ifa, b,¢,...and @', ¥, ¢/, ... be corresponding points of a line
in a displacement, then the right-bisector planes of aa’, bb’, cc’, ...
meet in a line equally inclined to ab and a'b'.

40. If a plane o undergoes a motion in which five of its points
describe spheres whose centres are on a plane f, there is a sixth
point of & which describes another such sphere.

41. (i) If a line moves so that all its points move on fixed spheres,
their centres lie on a twisted cubic, or conic, or line.

(ii) Given five positions of a line, there are in general four points
of the line each of whose five positions lie on a sphere.

(iii) If five points of a line stay on fixed spheres, all do.* ‘

(iv) If four points of a line stay on fixed spheres whose centres
are on a plane, any other point of the line stays on such a sphere.

(v) If three points of a line stay on fixed spheres whose centres
are on a line, any other point of the line stays on such a sphere.

42. If two particles move under one another’s influence, the force
between them being along their join, but otherwise arbitrary, then
the tangents to their paths cut any fixed plane in two points whose
join always goes through a fixed point, and the joins of the tangents
to any fixed point cut in a fixed plane.

For three such particles the instantaneous accelerations are
concurrent.

For four such particles, if the forces are any powers of the
distances, the instantaneous accelerations are concurrent if

Tyol3y =TpgT =13 Ty

* Duporcq, Liouville’s Journ. (5), 4 (1897), p. 121.
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CHAPTER VI

PROJECTIVE TRANSFORMATIONS ON
THE LINE, PLANE, AND SPACE

§ 48. Projectivities on a spread of step two.*

1. In chap. 1, § 13-2, we considered a transformation of
points on a line which was produced by  projection and section’.
The result of a finite number of such transformations is a pro-
Jective transformation or projectivity (cf. chap. 111, § 23), for if
the transformation carries a,, a, into b,, b,, it carries k, a, +k,a,
into k, b, +k,b,, and as this is the case for one transformation,
it is so for the result of a finite number.

Thus a projective transformation leaves cross-ratio unchanged,
and is determined when the positions of three transformed points
are known (§ 23), or when the transforms, with weights, of two
weighted points are known.

We now consider these projectivities from the point of view
of linear transformations (§ 10), that is, of transformations
which change k, @, +k,a, into k, b, +k,b, when they change a,
into b;, and a, into b,. The work may then be interpreted also
on linear transformations of vectors in a plane.

If B be a projectivity, and a=5b%, then ka=kb. . We define
the transformation k%8 so that ka=5.k%3.

If P, O be projectivities, then the equation a. k, P +a.k, 0 = b
gives a projectivity between the ranges of a and 4. If this
projectivity is R, we write R =k, B +k, L.

Then AWB+C)=AB+AC, (B+C) A =BA+CA.

2. The projectivity which changes a,, a, into points con-
gruent with a,, a;, and changes p into g, will change ¢ to a point
congruent with p. We are assuming @,#a,. (Cf. § 26:13.)

For if p =1,a, +1,a,, and a,, a, become k,a,, k,a,, then

g=1lkya,+1L,ka,,
and ¢ becomes k ky(l,a, +1,a,)=p.

* H. Grassmann, d.]., Projektive Geometrie der Ebene, Band 1 (1913).
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Thus a projectivity & which interchanges the positions of one
pair of points, is such that for all a, if aS=b, then bS=a.

We can write this as a&%=a, or 82=kg, where k is a scalar,
and ¥ the identical transformation.

We call € an ‘involution’, if @*=kg, though this name is
usually reserved for the case when k= 1. We assume that & is
not a multiple of .

3. If a, b be any points in our line, R, L any projectivities,
then we define:

[ab.BL] = 1([aB.b60] + [aD . bR)).

Herein [@B.5L] is an ordinary outer product of the points
aR, bQ.

Then [k.ab.BQ] = k[ab.BL];

[(a)+a,) b.BR] = [a,6.BR] + [a,6.BQ].

We may therefore regard [ab. Q] as a product of [ab] and L.

To justify this, we observe that [ab.R0)]+[ab] is a scalar,
independent of 4, b. For, if we replace these by k,a+1,4 and
k,a+1,b, then [ab] becomes (k,1,—1,k,) [ab]. Hence, if we
regard [ab.BLQ] as a product of [ab] and [BL], the latter depends
on ‘B, O only.

We denote the scalar [ab.PBQ] +[ab] by [BLQ], and call it
the ‘outer product’ of P and L.

But here we have the commutative law: [B0] = [Q$].

Also [B(D+R)] = [BL] + [BA], [3J] =1.

We may write [{8?] instead of [BR], the square brackets being
necessary to distinguish it from the sequence product (§ 10), for
which no brackets are used.

4. If @ is an involution, then [J&] =0, and conversely.
For if a©&=b, then & =a,

2[ab] [J€] = [a.b@] + [aS.b] = o.

The converse follows by retracing steps.

5. Pencils of projectivities.* If Ps£D, then k, B + k, O describes
a ‘pencil’ of projectivities as the scalars ki, k, vary.

* In accordance with the general use of the sign =, A=B means there is
a scalar k not zero such that A =kB.
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If B, O are both involutions, so is each projectivity of the

pencil, since [JB]=[JL]=o.
In the contrary case, there is still just one involution in the
pencil (ignoring the weight factor in the involution), and it is

given by K, [3%] + k,[30] = o,

and hence is [32] B - [JB] 2.

If we take D=3, we have R—[JFB]J; we call this the
“‘double point involution’ of B.

6. Let S=B-[3PBI,

then since [JB] is a scalar, say k, we have:
Any projectivity can be written in the form B =&+kg,
where & is the double-point involution of .

7. If B=G+k3, then since [J&]=[SJ]=0, we have
[32] =[]+

Let © = S —kg, then [02] = [&2] +k?, [BO] = [S*] -k

If a be any point, then aR = aS+ka; also aB~'=aS—ka,
SNCe 4(@B —kB) = a(G ~kY) (6+KY) = (& - k) =a.
(The products in the last line are sequence products.)

Hence aB, aR~' separate a and aS harmonically.

Also if a is a double point of B, that is, if a=a%, it is a
double point of . Hence the name ‘double point involution’.

8. The projectivities B, L are ‘harmonic’ if [BQ] =o.

Let ¢,%®=a,, e,B=a, eQ=b, eQ=b,;
then [RQ]=o gives  [a,0,]=[a,b,].

(i) Let & be the projectivity which interchanges the positions
of a,, b,, and turns a, into b,; it is then an involution, and it
turns b, into a point in position a,. Hence 0.=%PE&, DS="P.

(ii) Conversely, if 0=, &=, then [BQ]=o0.

For, then & interchanges a,, b, and also a,, b, in position; and
if b=a,&, b,=a,S, we have

2[e,6,.BQ] = [e,B.,0] + [, 0. €,B] = [a,5,] + [b, a,]
= [a,.2,8] +[a,8.4a,] = 2[a,4,] [3&] = 0.
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9. If the involution T is harmonic to P =S +k3, then
o=[PBIT]=[ST), since [§T]=o0. Hence T is also harmonic
to &. The converse is true. Hence the involutions T harmonic
to B are all and only those harmonic to the double-point
involution of B; and if T is harmonic to the involution &, it is
harmonic to & +kS.

10. If P has distinct double points, then an involution T,
which interchanges them, is harmonic to .

For let

d,B=d,, d,B=d, d #d, d3T=d, d,T=d,.
Then

2[d,d,] [TP] = [4,T.4,P] +[d,B.4,T] =0, [TP]=o0.

~ o~

11. By 8, if P=S&’, where &, &' are involutions, then
[@R]=0. We now shew [&'R]=0. We have, for any points
e, ¢, on the line,

2[e,6,] [E"B] = [¢,8".£,E68] +[¢,8€".6,E'].
Choose for e,, e, points whose positions are interchanged by &,
then the last expression is zero, and hence [S"B]=o.

It will be shewn later, from a general theorem (§ 101-2), that
every projectivity on a line is the product of two involutions.

12. If B, & are commutative, that is, if P =P (sequence
product), they have the same double-point involution.

For let R =S +k;3, O =T +k,3, then the condition gives
©&T =TG, where €, T are the double point involutions of B, C..

Let the positions of a, b be interchanged by &; aS=1,5,
bS=1,a. Then aS%=1 1,4, S*=11,3, by 2.

[ab] [&?%] = [a©.b@] = —1,1,[ab] = — [ab] .&2.

As this holds for all such a, b, we have, whenever & is an
involution, [&?%] = — &2

(Since @2 is a transformation, a multiple of J, and [&?] is a
scalar, we ought to write [&?] J = —&?; we omit the J for
simplicity.)

Thus ©T=TG, [6}=-&% [T]=-T%

By 5, ©+% is an involution, hence [(&+I)?] = — (& +I)%
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Hence [6T] + [TC] = — ST —IS; each product commutes.

Hence [€T] = —&T; thus 8T =k, where k is a scalar.

Hence &2T=k&, ,1,T=k&, T=G.

Cor. Two involutions are commutative, if and only if they are
congruent.

13. If ST=kTG and E2=T2%=G, then (8T)*=3, so that
©Zis an involution, U, say. Thence TU=UT =, GU=1US=T.

If we only regard the positions of points, and therefore ignore
the weights of transformations, if two involutions are commutative,
their product is an involution.

Conversely, if 8T=1U, @2=T?=12=3, then

STW=F, UTI=TU=E, USTI=3J, uUS=8u=gq.

By 8 (ii) any pair of @, I, W is harmonic. Each interchanges

the double points of each of the others.

14. If p, g be not double points of the involution &, and they
become x,p+y,¢, X,p+y,q by &, then x; = —y,.

For pS? = (x{+x,y1) p+Yi(X1 +Y2) ¢=P
98 = x5(x, +y2) p+(y3+x,7)) ¢=¢.
Hence if y, #0 or x,#0, we have x, = —y,. If y,=x,=0,

then p, ¢ would be double points of .
Thus if pS=p,, ¢S=q,, 2z2=y,+x, 2w=y,—X,,
then pr=xp+(z+wW)gq ¢ =(z—-wW)p—xq.
Let ©;, D2 D3 be the involutions which change p, ¢ into
b —¢; q, p; ¢, — p, respectively. Then the last formulae give
S =x9;+29, +WDs.
Hence every involution is a linear combination of ©,, 9,, D;-
It is easily shewn that these involutions are commutative, apart
from weights, and hence harmonic in pairs, and that
D192 =95 D203=—91 D1 =9y
0201 =93 Ds2=91 9193 =92
Pi=9i=3 93=-3.
Thus S?=(x2+22—-w?) .
Also x,9, +2,9,+ W, 95, X0, +2,9, + W, are harmonic if,
and only if, X, X, +2,2,— W, w, = 0.
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§ 49. Collineations in a plane.*

1. Def. A ‘collineation’ in a spread of points of any step, or
between two spreads of the same step, is a transformation of
points into points such that if the points (with any absorbed
weights) a,, a,become b;, b,, thenk, 4, +k,a, becomesk, b, +k, b,,
that is, it is a linear transformation (§ 10-2). Collinear points
become collinear points.

2. A plane collineation is determined by the fate of three
independent weighted points. For if a,, a,, a; become b,, b,, bs,
then k, a, +kya,+kya; becomes k; b, +k, b, +kqbs.

Collineations will here be denoted by small German letters;
then if p is the collineation just mentioned, a,p=5,.

3. If we ignore weights, and consider positions only, a
collineation is determined by the fate of four independent points.
For if ¢, e,, e;, e become a,, a,, a;, a in position, we can adjust
the absorbed weights so that

e=¢ t+e,+e, a=a,t+a,+a;.
Then, if ¢,p=a,, e, =a,, e3p=a,, we have ep=a, and if
ay=ay 6, t2a,6,ta365, @) =256+ 136,
a3 = 23,6, +3a36;+ a6
the a;; are fixed by p apart from a common scalar factor; any
other point of position p=x, e, +x,€,+ X3€; becomes
PP=X6D+X,6P +X363D =X, 4, + X385+ X345,
and is fixed in position.

4. A collineation in a plane gives a linear transformation of
lines into lines. We denote these transformations here by
German capitals. But J shall always denote identity.

If p transforms e, e,, ¢; into a,, a,, a5, and q transforms
e,, €, 5 into b, b,, by, then we define [pq], the ‘outer product’ of
P, q, as follows:

[pq] is the transformation which turns [e,e;], [e;¢,], [e, €,] into

$([a.b5] —[a35,]),  $([a3b,]—[a,185]),  3([@1b) - [a501])-
The product is commutative, and the bracket is necessary to
distinguish it from the sequence product.

¢ H. Grassmann, d.]J., loc. cit. Bénde 11, 111.
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5. Thus 2[ab] [pq] = [ap .bq] + [aq.bp].
FOI' let a=klel+k232+k3e3, b=llel+1282+]383,
then [ab] = (kols—ks1,) [e;€5]
+ ksl =k, L) [esey] + (ky 1, — ko 1) [e 5],
2[ab] [pa] = (ky15—ksly) ([aph5] —[a3bp]) + ... + ...
= [(k, a; +kyay +k3as) (1,6, +1,b,+1355)]
—[(ya,+1ya,+15a5) (k) b, +k,b, + k3bs)]
= [ap.bq] = [bp.aq] = [ap.bq] +[aq.bp].
6. We define the ‘outer product’ [pqr] of p, q, ¢ as follows:
For any points q, b, c,
[ap.bq.ct]+[aq.bx.cp]+ [ar.bp.cq]
+[aq.bp .ct]+[ar.bq.cp] +[ap . br.cq)
when divided by [abc] is a scalar independent of q, b, c.
One-sixth of the quotient is [pqr].
6[pqr] [abc]=2[ap.bq.ct], the sum being over all per-
mutations of p, q, 1.

7. We write [p?], [p°] for [pp], [ppp].

If e,p=a, (i=1, 2, 3), then [p®]=[q,4,a,].

If A, =[aya], A,=[asa)], A;=[a,a,],

E\=[ee5],  Ey=lese)], Ez=[eey),
then E\[p?]=[e,p.e59], E,[p*]=[e5p.,p], E3[p?]=[e;p.ep].
Hence [p?] changes E,, E,, E, into 4,, 4, A,.

8. Dually we can define 8], [BOR].

For example, [B?] is a transformation p of points, and we find
[(B°] =[P

9. Pasch collineations: [pJF]=o.

If p be a collineation such that there is one triangle abc with
ap, bp, cp on bec, ca, ab respectively, then there are co* such
triangles. (Pasch.*)

For, by hypothesis,

[ap.bc] + [bp .cal +[cp.ab] = o. (1)

But the left-hand side is 3[abc] [pSG], hence [pFF]=o.

* Math. Ann. 23 (1884), p. 419; 26 (1886), p. 211 ; Kraus, 29 (1887), p. 234.
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Hence (i) holds when any points p, g, 7 are taken for a, b, c.
Take p, g arbitrary—there are co* such pairs of positions—and
let 7 be the cut of [pp.g]and [gp.p]; then [pp.gr] =0, [gp .pr]=0.

Hence by (i), [p.pg]=o0, rp is on [pg].

10. If p is a Pasch collineation, then ap® is on [a.ay], ap*ison
[ap .ap?], ap® is on [ap?.ap®], and so on, P2, 3, ... being sequence
powers. (Gordan.)

For, let b=ayp, c=bp =ap?, then [ap.bc] =0, [bp.ca]=o0.

Hence [cp.ab] =0, and cp, =ap?, is on [a.ap].

The rest is similar.

11. If five of the six vertices of a quadrilateral are on five of
six sides of a quadrangle, the sixth vertex is on the sixth side.

In the plane this is merely a version of Desargues’ Theorem
on perspective triangles. It holds in
space, as the proof shews, though we
only use the plane case. Let five of the 4

vertices of the quadrilateral be on the
sides bc, c¢d, da, bd, ac of the quad-

rangle. By absorbing weights, we can a A b
take the points on bc, ¢d, da to be b +c, m

c+d, d+a. The vertex on bd is then q.d hec
b—d, that on ac is a—c. The join of
b+cand a—c cuts ab in a+b, so does the join of a+d and b—d.

12. If p be a Pasch collineation, and a, b, ¢, d be any four
independent points, there is a quadrilateral whose sides A, B, C, D
go respectively through a’, b, ¢’, d', and whose vertices [BC], [CA],
[4B), [AD), [BD), [CD] le respectively on [ad], [bd], [cd], [bc],
[ca], [ab], where a’=ay, ..., d"=dp.

For we can draw* a triangle whose sides 4, B, C pass through
&', b, ¢’ and whose vertices are on [ad], [bd], [cd]. We can weight
these latter points as a+d, b—d, c+d. Then

[(b—d) (c+d)a]=0, [(c+d)(d+a)b]=0,
[(d+a) (b—d) '] =o.

® Start with any point p on [ad]. Construct g=[pc’.bd], r=[qa’.cd],
p’=[rb’.ad]. Then p, p* describe projective ranges on [ad], because those
points are connected by a series of projections and sections. Now take p at
a git%uble point of these ranges, and the triangle can be constructed by starting
with p.
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Add these together, and use [pgr']+[grp’]+[7pg'] = o, for all
points, then

o = [bca’ + bda’ +cda'] + [cab’ + dab’ + cdb']
+ [abc” + dbc’ + dac’]
= —[abd"] - [acd'] + [¢db'] + [dbc']
= —[abd'] —[acd'] — [bed'] = —[(a+b) (b+c) d'].
Hence d’ lies on the line D=[(a+b) (b+c)]. Take this as the
fourth side. The rest of the Theorem follows as in 11.

13. The case when [ppJ]=o0 is dual to the case just con-
sidered; for if [p2?] =R, we have [BIJ] =o.

14. Collineations p, q with [paJ]=o. If a, b, c be points and
P, q collineations such that there is one hexagon with vertices
by, cq, ap, ba, cp, aq whose opposite sides cut in the points a, b, c,
assumed non-collinear, then there are 0! triads a, b, c, with this
property, and [paJI]=o.

For if [abc] [pqQ] be expanded, the hypothesis secures that
each term vanishes, and since [abc]#0, we have [pqJ]=o.
There are co® triangles in the plane, and hence co! triangles
feh such that five terms of the expansion of [fgh] [pgJ] vanish.
The sixth term then vanishes.

15. If a, b, ¢, a', b, ¢’ be given points, the locus of a point p,
such that [pa], [pa’], [pb], [pb'], [pcl, [pc] are pairs in involution,
is a cubic curve.

If [abc]=[a'b'c'] =0, the curve breaks up into the lines ab, a’b’
and the Pascal line of the hexagon ab’ca’bc’.

For R([pa], [pb], [pc); [pa]) = B([pa), [p), [p'), [pal)

[pab] [pca’] = [pbe] [pa’a] = [pa’d’] [pc’a] + [pb'c’] [paa’].

If [paa’] #0, we have

[pb'c’] [pca’] [pab] + [pbc] [pc’'a] [pa’d’] = o;
hence p describes a cubic locus.

If [abc] =[a'b'c’] =0,
we can absorb weights so that

at+b+c=a"+b'+c' =o.
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The equation then becomes’

[pab] [pa'¥’] ([pab] + [pa’t]) = o,
giving the triad of lines [ab], [a'd’] and [ab’] + [a’b]. The latter
can be written [bc']+[bc], or [ca’]l+[c’a], and hence is the
Pascal line.

16. If a, b, ¢ be any points, and ap=a’, aq=a"’, and ¥’, b",
¢’y ¢’ are similarly defined, we can define projective ranges on
b'¢’ and b”c” by making hd’+ke’ and hd”+ke”’ correspond.
(Weights are now relevant.) These give, by 15, the Pascal line
[b'c¢"1+[b"c'] = L, say.

Similarly, we obtain the Pascal lines:

M =[c'a"]+[c"a’], N=[a'd"]+[a"}"].
Then
[La]+[Mb]+ [Nc] = [bp.cq.a]+[bq.cp.a]
+ terms obtained by cycling p, q, J
= [abc] [pa3]-

Hence if [pq3]=o0 and a be on L, b on M, then ¢ is on N.
There are oo* triangles abc such that abc is inscribed in the
triangle LMN which corresponds to abc. For take a, b arbi-
trarily, then a’,b’, @"’, b"’ are determined, and ¢ can be found from
[La]=o0, [Mb]=o0.

We call LMN an ‘involution triangle’ of p, q.

17. If a, b, ¢, d be four general points, and we weight them
so that a+ b+ c+d = o, and their transforms for p, q be @', b', ¢,
d’ and a”, b”, ¢, d" respectively, we get projective ranges on
corresponding sides of the quadrangles a'd’c’d’ and a''b"'c"’d”,
if we make ka’ 415’ correspond to ka'’ +15". Hence we derive
six Pascal lines:

L - [ ICII]+[ llc/], M= [clall]+ [cIIaI], N = [albll]+[allbl]’
P=[a'd"]|+[a"d], Q=[b'd"]+[b"d], R=[cd"]+[c"d].

Since a'+b' +c'+d =a"’'+b"+c""+d" = o, these six lines
are the joins of four points; for we have, from these equations:
P-M+N=o, Q—-N+L=o, R—-L+M=o0, P+Q+R=o.

Now let p’ be the collineation which turns the points a, b, ¢
into [MN], [NL], [LM], which call a,, ,, ¢,.
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Now, by 16, if [pq3] =0, and if a be on L, b on M, then c is
on N. Hence [p'p'J]=o, by 9, 13.

Also  dp'=—(a+b+c)p’'=[MN]+[NL]+[LM]
= [QR] = d,, say.

Hence p’ transforms a, b, ¢, d into [MN], [NL], [LM], [QR].

But [p'p’F]=o0. Hence there is a quadrilateral ABCD whose
sides pass respectively through a, b, ¢, d and whose vertices [BC],
[CA], [AB], [AD], [BD], [CD] le respectively on a,d,, b,d,,
¢ dy, byc, ¢ a,, a\b,, that is, on P, Q, R, L, M, N. We call
a,b,c,d, an ‘involution quadrangle’ of p, q.

18. Let p, q,  be collineations such that [pqr]=o; let
ap=a', aq=ﬂ”, ar:aur,

and so on. Then there are oo! triads of points a, b, ¢ such
that the hexagon ab’ca’bc’ has its opposite sides cutting in
a’, b"”, ¢’. Conversely, if this is so for one hexagon, then
[par]=o.

If [pgr] =o, there are co* triads a, b, ¢ which are transformed
by p, g, t into triads each inscribed in the involution triangle
of the other two. Conversely, the existence of one such triad
entails [pqr]=o.

If [pqr]=o0, and a, b, ¢, d be any four weighted points, then
a't'cd, a’'b’c"d”, a''b'""'c""'d""" are such that each corresponds
to a quadrilateral whose sides go through the vertices and whose
vertices lie on the sides of the involution quadrangle of the other
two, in the order given in 17. Conversely, one such set of four
points entails [pqr] =o0.*

§ 50. Collineations in space.t

1. Collineations in general were defined in § 49. In space a
collineation turns collinear, or coplanar, points, into such.

A collineation is fixed by the fate of four weighted independent
points, or if we regard positions only, by the transformed posi-
tions of five independent points.

* Kraus, Math. Ann. 29. Pasch, Math. Ann. 26, by other methods.
+ Muth, Math. Ann. 33 (1889), p. 493, by other methods.
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2. If p, q, 1, 8 be collineations, we define [pq], [par], [Pqrs]
by the following equations, where a, b, ¢, d are any four in-
dependent points. It is easily shewn that the expressions
[pal, [par], [pqr3], so defined, are independent of a4, b, c, d.

2[ab] [pq] = [ab.ba] + [aq.bp].
6[abc] [par] = [ap.bg.c1]
+terms obtained by permuting p, g, t.
24[abcd] [pqr8] = [ap .bq.cx.ds]
+terms obtained by permuting p, g, t, 3.

We write [p?], [p°], [p*] for [pp], [ppp], [PPPP].

When points are transformed by p, lines are transformed by
[0?], planes by [p°].

For, if ap=a’, bp=>b, ch=c,
then [ab] [p2]=[a'b’], [abc] [p®]=[a']'c'].

If also dp=d’, then [abcd] [p*]=[a’b'c’d’]. Hence if four
independent points are always transformed by p into indepen-
dent points, then [p*]#0; and conversely.

Thence if [p*]#0, then p has an inverse, and p is ‘non-
singular’.

3. If [pQ3®]=o0, there are oo tetrahedra abed such that, if
a' =ayp,...,d =dp, then a', ¥, ¢’, d’ are on bcd, cda, dab, abc.

If [p33]=o0, there are 0o? tetrahedra abed such that a, b, ¢, d
are on b'c'd’, c'd’'a’, d'a’b’, a'b'c’.

These can be shewn as in § 49-9.

If [pQ33]=[p3J] =0, there are oo’ tetrahedra each in Mdbius
relation to the corresponding tetrahedron.

4. If [p33]=o0, and
a=ap=>b, a'=bp=b=c, a"=cp=0¢'=d, aV=dp=d,
then o = 6[abed] [pQ3] = [a'bed] + [ab'cd]
+ [abc’d] + [abcd’] = [abed'].
Hence, if a be any point, then
[aa’a”ai¥]=o.
Similarly, if [p33]=o0, then

[aa"a'"’alV]=o.
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5. If there is a collineation p between distinct planes «, o',
there is a third plane £ such that if &’ be projected on to « from
any point of f, there results a Pasch collineation (§ 49-9) on a.

For, let [abc]=a, [a'b'c']=a', and let a, b, ¢, d (no three
collinear) and @', &', ¢’, d’ correspond by the collineation, where
d is on o, and hence d’ on &'.

Consider p=[a'bc.ab’c.abc’]. If we project the plane a’ on
to a from p, then, since [pa’bc]=o, and so on, a’, b’, ¢’ are pro-
jected to points a’’, b"’, ¢’ on b, ca, ab respectively; the pro-
jection gives a collineation on , in which g, b, ¢ correspond to
a’, b”, ¢”, and which is a Pasch collineation (§ 49-9).

Similarly we get Pasch collineations by projecting from any

of the points: py=[b'cd.be'd . bed'],
po=|[c'ad.ca'd.cad'],
ps=[a’bd.ab'd.abd'].

Further, if the points ¢, ¢,, g5 give Pasch collineations, so
does k¢, +k,g,+ksgs, for the conditions are [g,a'bc]=o0, and
o on.

It remains to shew that p, p,, p,, p; are coplanar. Take weights
so that d =a+b+c. Then

d=a+b+c;
[6'cd] + [bc'd] + [bed'] = [a’be] + [ab’c] + [abC'].
The last equation and similar ones shew that p, p,, p,, p; are all
on the plane [a'bc]+ [ab’c]+[abc’], which is accordingly the
plane £ required.

6. If a, b, c, d be four points on a plane a, we can weight them
so that a+b+c+d = o; then, if p, q be collineations in space
which transform « into ', &', and a into 4’, @"’, and so on, we

have al+b/+cr+d/ =o0, a”+b”+C”+d” =o.

Let v =[aJ.bp.cq] +terms obtained by cycling , p, g.
Then 7y is called the ‘Z-plane’ of a, o', &”.

If we project a’, ¥, ¢’, a”, b, ¢”’ from any point p on to a,
we shall have in a two collineations p,, g,, connecting a, b, ¢
with the projections of @', b', ¢, and with the projections of
a’, b”, ¢’ respectively (the weights being relevant).

FCE 14
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If aj, bj, ..., c{’ be the projections on «, then _
o} = [a.pa’] = [od] p— (0] @, ..., ¢}’ = [c"] p—[ap] ",
[abicy'p] = [ap]? [ab'e"p].
If p is taken on the Z-plane, then
[p(abicy’ +abl’ci+a’byc]’+a'b]’c, +a”’byc{+a"b]c,)] = o,
and hence with this position of p, we have on the plane «,

[[p,aq,]=0.

7. To construct the Z-plane. Let
fl=bl+cl’ gl=cl+al’ h’=al+bl,
fll — bl’ +CN’ gl! — cll+all, hll — all+bll.
Join a to the lines b'c”, b"'¢’, b'f", b"'f', c'f", ¢’'f’, and we have
planes cutting in lines
[ab’c”.ab"c’), [ab'f”.ab"’f'], [ac'f".ac"f'].
The second of these is
[(ablbll+ablcll) (abllbl+abllcl)]
= [ab’d"” .ab"'c’]+[ab'c" .ab"'b'] + [ab’c"” .ab"'c']
= [ab’b"'(ab"'c’ + ab’c"")] + [ab'c"’ .ab"’¢'].
Hence it lies on the plane ab’c’’ +ab’’c’. So does the third line,
and the first line,

Similarly, from b, ¢ we obtain the planes a’bc” +a’’bc’ and
a’b”’c+a"b’c. These three planes meet in a point on the Z-plane:
ab’c’” +ab’’c’ +a'bc” +a"bc’ +a'b’’'c+a’’b'c.

If we use the point d (= —a—b—c¢) instead of a or b or ¢, we
get three other points on the Z-plane.

8. Degenerate or singular collineations. If [p*]=o,and a, b, ¢, d
be (independent) points, then [ap.bp.cp.dp]=o0, hence their
transforms lie in a plane.

If [p3]=o, their transforms lie on a line; if [p?]=o, they
coincide. Such collineations are ‘singular’ or ‘degenerate’.

9. Correlations and polarities. A one-to-one correspondence
or transformation in space between points and planes, such that

if p, gcorrespond to a, £, then k, p + k, g corresponds to k; & + k, 8,
is a ‘correlation’.
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A correlation turns points of a line into planes of a pencil;
points of a plane into planes of a bundle. It is fixed when we
know the fate, with weights, of four weighted points, or the
positions of the transforms of five points.

An instance of a correlation is a ‘polarity’, which makes a
point correspond to its polar plane with respect to a quadric.

If B, & be correlations, then BL (sequence product) is a
collineation.

The corresponding definitions and results in a plane are clear.

§ 51. The tetrahedral complex.

1. Let L=A+kB, L' = A’ +kB’, where A, B are fixed lines
in one plane, and A4’, B’ are fixed lines in another plane. As k
varies, L and L’ describe two projective pencils. Consider all
lines which cut any two corresponding lines of the pencils.

If the cut of the planes in which the pencils lie is self-corre-
sponding, we know that in this way we obtain a linear complex
(§ 34). Suppose now that the cut of the planes is not self-corre-
sponding and also that the pencils are not in perspective (§ 34).

Let A=[ma], B=[mb], A'=[m'a’], B =[mb].

Any point p on L is of the form a+kb+xm; any point p’ on
L’ is of the form a'+kb'+ym’. The line pp’ which cuts the
corresponding lines can be considered as the join of the points
p+p' and p—p’, that is, of

(a+a")+k(b+b")+xm+ym’
and (a—a')+k(b—b")+xm+y(—m').

It is therefore the join of corresponding points in the collineation
in which the weighted points a+a’, b+b’, m, m’ correspond to
a—a,b—=b',m —m'.

2. A ‘tetrahedral complex’ of lines is the set of lines joining
corresponding points of a (non-singular) collineation which has
just four distinct self-corresponding points,* and hence just
four distinct self-corresponding planes (those joining the self-
corresponding points).

* The question of the number of self-corresponding points in a collinea-
tion will be treated generally later.

14-2
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The tetrahedron whose vertices are the self-corresponding
points is the ‘fundamental tetrahedron’ of the complex.

If ¢ be the collineation, the lines in the complex are of form
L=[p.pr].

Let p’=pr, [p'.p't]=L,, then

L[x?] = [pr.prt] = [p".p"t] = L;.

Now p’ is on L and L,; hence L and L[t?] meet.

Conversely, if [LL,]=o0, where L,=L[t?], and if p'=pr be
the peint where L, L, meet, then

o= [p'L)] = [pr.L[’]] = [pL] [¥].
But [r*]#0, hence [pL]=o0. Hence L goes through p and p’,
and so is a line of the complex.
Hence the complex consists of all lines L which cut the lines
L[x?] which correspond to them in the collineation.

3. Dually, the complex is the set of cuts of corresponding
planes m, m[¢3].

4. All lines through a self-corresponding point, all lines on a
self-corresponding plane are regarded as being in the complex.

The complex is thus the set of lines L such that, if [Lp]=o,
then [L.px]=o.

5. Fundamental theorem. The planes joining a variable line of
the complex to the four self-corresponding points have a constant
cross-ratio. The lines of the complex are cut by the self-corre-
sponding planes in a constant cross-ratio.

For, let #=[r%], and «, £ be any planes; then 4A=[c.aR],
B=[g.pR] are lines of the complex, if az£aR, F£LR.

Let L=[af]=[gs], M=[aR.FR]. Then

M=[gu.st]=[gs] [¢*] = [af] [R?].

Suppose 4, B, L, M do not lie in a self-corresponding plane,

or go through a self-corresponding point. We have

M=L[R*]=L[?].
The lines L, M are axes of two projective pencils of planes,
[Lp], [Mp,], where p, =pt. For

[Mp,]=[Lx?.px] = [Lp] [t*] = [Lp] R.
Let abcd be the fundamental tetrahedron.
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The cuts of corresponding planes [Lp], [M.px] (L, M being
fixed), lie on a regulus through L, M which goes through 4, b, ¢, d.
“The regulus also goes through A, B. For we can take p on 4,
so that pr is on A4, then [Lp] R=[Mp,], where p,=pr; and
[Lp], [Mp,] cut in A, since L, A are coplanar, and M, A are
coplanar. Similarly for B.

Thus A4, B lie on a regulus through q, b, ¢, d; hence

R(Aa, Ab, Ac, Ad) = R(Ba, Bb, B, Bd).

This is the first part of the theorem. The second follows dually
or by § 23-12.

6. If the quadrics corresponding to the polarities B, B, have
Jjust one common self-polar tetrahedron, and p is any point, then
[pB.pB,] describes a tetrahedral complex.

For, let p =a, then pP, =aB~1B,; hence [a.aP~1P,], that
is [pB.pB,], describes a tetrahedral complex, provided that the
collineation !B, has just four self-corresponding points, and
hence just four self-corresponding planes.

Now, if 7B, =, then 7B~ =7P7!, hence 7 has the same
pole for the two quadrics. The theorem now follows from the
hypotheses. :

Cor. The complex consists of the joins of the poles of a variable
plane for the two quadrics, and of the lines whose polar lines for
the two quadrics cut.

7. If the points of a plane a be in projective correspondence with
a bundle of lines whose centre is not on a, then the joins of points
on a to all points on corresponding lines form a tetrahedral complex.

8. Lie’s Theorem. A tetrahedron abcd is inscribed in a quadric
2; the generators through a, b, ¢, d of a regulus X of 2 are aa’, bb’,
cc’, dd'; then a generator L of the opposite regulus X, cuts the faces
of the tetrahedron and these generators in points of an involution.

For, project from a on to [bed]=a. Let e be the cut of  and
the generator of %, through a. Since bb’, ¢c’, dd’ meet [ae], their
projections are [be], [ce], [de]. Let L’ be the projection of L
on «. Then by Desargues’ Theorem (§ 26:13), L’ cuts [bc], [de];
[cd], [be]; [db], [ce] in pairs of an involution. Hence L cuts
[abc], [dd'); [acd], [bb']; [abd], [cc'] in pairs of an involution.
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Cor. 1. The generators of &%, are cut by the faces of abcd in
projective sets of points, for they are cut in projective sets by
the generators of Z.

Cor. 2. If 2 is a cone, vertex p, and a, b, ¢, d points on the
cone distinct from p, and no two be on the same generator, then
the generators of 2 are cut in projective sets by the faces of the
tetrahedron abcd.

For, if L is any generator, then R(La, Lb, Lc, Ld) is constant;
hence by §23-12, L is cut by the faces of abcd in a constant
cross-ratio. Hence:

Cor. 3. If L,, L, be two generators of the cone, their plane
cuts the faces of the inscribed tetrahedron in four lines which
with L,, L, touch a conic envelope.

Cor. 4. Dually, if a non-degenerate conic envelope ¢ be
inscribed in a tetrahedron abcd, and does not lie in any face-
plane, nor touch any edge of the tetrahedron, and if p be any
point on the plane of ¢, not on ¢ nor on any face-plane of the
tetrahedron, then pa, pb, pc, pd and the tangents from p to ¢
lie on a quadric cone.

Cor. 5. If abcd be a tetrahedron inscribed in a quadric, the
generators of the quadric are contained in a tetrahedral complex
whose fundamental tetrahedron is abcd.

§ 52. Congruences of lines defined by planar fields.*

1. Let the distinct planes abc, a’b’c’ cutting in L be related
by a collineation so that p = a+k,b+k,cand p’ = @’ +k  b' +k,c’
are corresponding points for all k;, k,, and suppose the planes
are not perspective for this collineation. Consider the lines [pp'].

Let 7 be any general plane through the corresponding points
p, p’- Then [pm]=o0, [p'm]=o0, give two equations for k,, k,.
Hence on a general plane lies just one line joining two corresponding
points.

2. First, suppose that the planes, though not in perspective,
are such that points on L correspond always to points on L.
If ¢ be any point, denote the corresponding point always by ¢’.

Take a, b, ¢ not on L, and weight so that a—b, b—¢, and hence
c¢—a,are on L. Then so are @' —b', b'—¢', ' —a'.

® Mehmke, Vorlesungen iiber Punkt und Vektor-Rechnung (1913).



V1, 51, 52] THE LINE, PLANE, AND SPACE 215
Let A=[ad"], B=[bb], C=lec'].
Then D =[pp'|=A+k}B+kiC+k([adb]+[ba])
+ky([ac'] + [ca’]) + k  ky([bc'] + [cb']).
A+B—[ab']—-[ba’] = [(a—b) (a'-b")]=L,
B+ C—[bc']—[cb'] = [(b—¢) (b'—C")]=L,
C+ A—[ca'l—[ac'] =[(c—a) (c'—a')]=L.
D=A+k3B+k3C+k,(A+B)
+k ky(B+C)+ky(C+A)—kL (k some scalar)
= (1+k,+k,) (4+k,B+k,C)—KkL.
Hence any line of the set is a linear combination of A, B, C, L,

and hence of any four independent lines of the set.
The set is a linear congruence (§ 29-10).

3. Next, suppose points on L do not always correspond to
points on L. If a=[abc], «’'=[a’b’c’], and t be the collineation,
then, as p describes «, p’=pr describes «’, and ¢=p+kp’,
where k is a fixed scalar, describes a plane f, since four positions
of p on a, being dependent, give four dependent positions of g.
Further, p on a and ¢ on /8 correspond by a collineation. Hence
there are co! planes, cach pair of which gives the same set of
lines as o, o’ give. Such a plane is of form

[(a+ka') (b+kb") (c +ke")],

and its envelope, as k varies, is a ‘cubic developable’.

4. With the assumptions of 3, we have, by 1, that in a general
plane lies just one line of the set. If two lines L,, L, of the set lie
on a plane m, the plane is ‘singular’. Since the lines L,, L, cut
a, a’ in corresponding points, therefore each point of the line
[ma] corresponds to a point of the line [#a'], the points describe
projective ranges on these lines, and their joins envelope a
conic on the plane 7.

In particular, &, &’ are singular planes; for the lines of the set
through any point p of L are [p.pr~'], which lies on «, and
[p.px], which lies on a'.

As a, o’ may be replaced by any pair of planes which give the
same set of lines, therefore, by 3, the singular planes envelope
a cubic developable.
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5. Dually to 3, consider two projective bundles of planes,
with distinct centres,

m=a+k f+ky, 7 =a'+kf+kY,

a plane through the two centres not always corresponding to
such a plane. Through a general point goes one line which is
the cut of corresponding planes. The set of lines is a ‘con-
gruence’, but not a linear congruence. If two lines go through a
point, the point is ‘singular’, and through it go co! lines, and
they lie on a quadric cone.

There are 00! bundles of planes each pair of which gives the
same congruence. The centres of the bundles are singular points,
and are of form [(@+ka') (F+kpA") (y+ky')], and their locus is
accordingly a twisted cubic, of which [aa'], [BA"], [¥Y'] are
bisecants.

6. Conversely, if a twisted cubic is given by
p=a+kb+kic+k3d,
then k~'[ap] = [ab] +k[ac] + k*[ad] = A+ kB +k?C, say,
[dp] = [da] + k[db] +k*[dc] = A" +kB'+k2C’, say.

Thus we have two projective bundles of lines, and two corre-
sponding lines meet on the cubic. Hence any twisted cubic is
the locus of singular points of two general projective bundles of
planes.

Example. If we have three projective bundles of planes, such
that three corresponding planes do not always meet in a line, and
such that the join of the centres of the bundles is not a self-corre-
sponding plane for each bundle, then the cuts of corresponding
planes lie on a cubic surface. The three centres of the bundles can
be taken anywhere on the surface. ‘ (Grassmann.)
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CHAPTER VII
THE GENERAL THEORY*

We now build up the general theory of Grassmann’s algebra
from its foundations.

§ 53. Linear dependence.

1. We begin with any number of elements, which we call
‘extensives of the same step’; we assume that they can be multi-
plied by scalars, and can be added to one another, and that these
processes give definite extensives of the same step as before.
The reader may think of points or vectors of the earlier
chapters.

We assume that the addition of these extensives satisfies the
laws given in §1, in particular, the associative law, and the
two distributive laws with respect to multiplication by scalars;
the same extensive results when any extensive is multiplied by
the scalar o, and no confusion arises if we denote the resulting
extensive by o, though it is a different entity from the numerical
zero.

2. Def. If a,, ..., a, be any extensives of the same step, and
if k,, ..., k, be any scalars, not all zero, we call k,a, +...+k,a,
a ‘linear combination’ of a,, ..., a,.

Def. The set of extensives a,, ..., a, is ‘linearly dependent’ if,
and only if, there are scalars k,, ..., k, not all zero, such that

koa +...+kya,=o. (1)

If there are no such scalars, the set is ‘linearly independent’.

We shall usually omit the word ‘linearly’. Any single extensive,

not zero, will be called, for convenience, ‘independent’. This is,
in fact, involved in the definition above.

3. If r<n, and r of the extensives a,,...,a, be dependent,
so is the complete set. If the complete set be independent, so is
any sub-set.

* This theory is the subject of the first portion of the Ausdehnungslehre
of 1862, referred to as A,.
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4. If the set a, ..., a, be dependent, at least one of these
extensives is a linear combination of the others, and conversely.

For we have equation (1) with at least one coefficient, say k;,
not zero. Divide by k;, and take 4; to the other side of the
equation.

The converse is clear.

5. If the set a,, ..., a, be independent, but a,, ..., a,, b
dependent, then b is a linear combination of a,, ..., a,.

For there are scalars k such that k,a, +...+k a,+kb=o0,
and k cannot be zero, otherwise the set a,, ..., a, would be
dependent. Hence as in 4.

6. If the set a,, ..., a, be independent, and b is not a linear
combination of a,, ..., a,, then the seta,, ..., a,, b is independent.
This follows from 5.

7. If the set a,, ..., a, be dependent, there is a sub-set, which is
an independent set, and such that each of the remaining a is a
linear combination of the extensives of this sub-set.

8. If b is a linear combination of a,, ..., a,, then every linear
combination of b, a,, ..., a, can be expressed as a linear com-
bination of a,, ..., a,. Conversely, if b is a linear combination
of a,, ..., a,, in which the coefficient of a, is not zero, then every
linear combination of a,, ..., a, can be expressed as a linear
combination of b, a,, ..., a

For, if

b=k,a +...+k, c=1b+lLa,+...+1 a, (k |scalars),
then c¢=1ka+(,+k)a,+(+Lk)a+...+(1,+Lk)a,.
And if k, #0, then
a, =k;'b-k, ki 'a,—...—k k'a,.
Hence, if d=m,a, +... + m_a,, then as in the first part, d can
be expressed as a linear combination of 3, a,, ..., a,.

n°

a,,

9. Def. If a, ..., a, be extensives, then the extensives
k,a,+...+k,a,, as the k traverse all scalars, constitute the
‘spread spanned’ by a,, ..., a,. If a, ..., a; be independent, then
n is the ‘step’ of the spread. We denote the spread spanned by
a, ..., a, by#(a,, ..., ay).
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10. If the set b,, ..., b, be independent, and the b be linear
combinations of a,, ..., a,, then we can select n—m of the a, so
that the spread spanned by b,, ..., b, and the selected a is that
spanned by a, ..., a,.*

For, b, is a linear combination of a,, ..., a,, and we may
suppose, renumbering if necessary, that the coefficient of a4, is
not zero. Then, by 8,

&L, a,, ..., a)=S(a,, ..., a,).
We use induction, and suppose, with r <m, that
Ly .o bya,yyy..ya)=SL(a, ..., a,).

Now b,,, is a linear combination of a,, ..., an, and hence of
b, ...,b,a.,,, .., a, Suppose

b=k b, +...+k b+, a., +.. .+l a, (k, 1scalars).
Since the b are independent, not all the 1 vanish. Let 1, #o,
then, by 8,

Fbyy oy b,y ..ya)=F(by, ... b, a.,,, ... a,),

for a,,, is a linear combination of b, ..., b, a,,, ..., @

We can so proceed till r=m.

Cor. 1. If n=m, then #(a,, ..., a)) =<L(b,, ..., b,).

Cor. 2. If m extensives b,, ..., b,, be linear combinations of n
extensives a,, ..., a,, where n<m, then b, ..., b_, are dependent.

For, if b,, ..., b, be dependent, this is true; and if the latter
set be independent, then <(b,, ..., b)=%(a,, ..., a,), and
hence, as b_, ., ..., b,, are linear combinations of a,, ..., a,, they
aresuchof b, ..., b

n*

11. All extensives of a spread of step n are linear combinations
of any n independent extensives of the spread. If a spread of step
n is spanned by b, ..., b, these are independent. (By 10, Cor. 1,
7 9-)

12. Defs. Any n independent extensives a,, ..., 4, in a spread
of step n constitute a ‘basis’ or ‘frame’ of the spread. If
a=k,a +...+k,a, then the scalars k,, ...,k, are the ‘co-
ordinates’ of a with respect to the basis a,, ..., a,,.

* This theorem and its applications below are due to Grassmann (A,, § 20).

In recent literature it is usually quoted as Steinitz’ Austauschsatz (Crelles
Fourn. 143 (1913)).
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13. If A, B be spreads of steps m, n respectively, with bases
a, ..., ayandb, ..., b, respectively, and if 4, B be sub-spreads
of a spread, and have a common spread of step r, then there is a
set of just r independent extensives in the common spread, say
Cpy veny Cr

Hence, by 10, we may SUPPOSE Cy, ..., C;y @piyy +eey Apy 1S @
basis of 4, and ¢, ..., ¢;, b4y, --., b, is a basis of B.

NOW €, ..., €y @y yy» ++er Gy briys ---, by are independent. For
if we had a relation ¢ +a+ b = o, wherein c depends on ¢, ..., ¢;,
and a depends on a,,, ..., a,, and b depends on b,,,, ..., by,
then would b+c%0, a+c#0 (since these are linear com-
binations of the bases of B, A respectively), and hence a#o,
b#o.

Now a is in 4, —b—c is in B; these equal extensives must
therefore be in the common spread; on the other hand, since a
is a linear combination of a,,,, ..., a,,, and since a,.,, ..., @y,
€y .oy ¢, are independent, therefore a is not a linear com-
bination of ¢,, ..., ¢, and hence a is not in the spread mentioned.

Thus we can have no relation of the type c+a+b=o.

The spread spanned by the independent extensives ¢, ..., ¢,
Qrigy ees @y byyys ..y by contains all extensives which are linear
combinations of extensives in 4 or in B or in both.

It is called the ‘join’ of A and B, and its step iss =m+n—r.

Hence:
If spreads of steps m, n have a common spread of step r, and
ajoin of step s, then m4n=r+s

The common spread of two or more spreads is their ‘cut’; the
spread of lowest step containing them is their ‘join’.

14. Def. If A=%(a,, ...,a,) and B=S(b,, ..., b,) have no
common extensive, save zero, then the spread

SFlagy ...y ayy by, ..., by)
is the ‘direct sum’ of A and B.
Def. If a=k,a +k,a,+..+k a,
then kia,+...+ka, (r<n)

is the ‘projection’ of a on ¥(a,, ..., a,) from F(a,,,, ..., a,).
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15. If R, R,, ..., spreads of steps r,, r,, ..., cut in a spread S
of step s, and have R of step r as join, then the spread T of step
r—s, such that R is the join of S, T, cuts Ry, R,, ... in spreads
whose join is of step r—s.

For the cut T of T and R, is of step r; —s. If the T were all
sub-spreads of a spread 7" of step r—s—1, then as S, 7" have
no common points, their join is of step r— 1, and this join con-
tains S'and the T and hence all the R;, contrary to the hypothesis.

16. If the rspreads R, R,, ..., R; be each of step r’, and their
join be R of step r, and their cut be S of step r’' —1, then in an
infinite number of ways we can find points p,, ..., p, which span
R, where p, is in R;.

For, if p,, ..., p,, be independent points, not in S, p, in R,
(i=1, ..., m<r), then r'—1 independent points in S together
with p; span R,. If all points of R, ..., R, were dependent
on p,, ..., p,, these spreads would be in #(p,, ..., p,,), which
therefore would contain S, and hence S(p,, ..., p,) would
contain R,, ..., R aswellas R, ..., R,. Hence m=r.

17. If R, ..., R be each of step r’, and each pair cuts in a
spread of step r’ — 1, then either they all cut in one such spread,
or are all contained in a spread of step r’ + 1.

For, if R, R, cut in S, and R, does not contain S, then the
cuts S, S, (of step r '—1) of R, w1th R,, R, are distinct, and
hence thelr join is R,, for if they were in a sub-space of R,
they would coincide. Hence the Jom of R, R, of step r’ + I
contains R; similarly it contains R, for as R does not cut
R,, R,, R, m the same spread of step r'—i,it cuts at least two
of them i m distinct spreads of step r'—1; and so on.

§ 54. Outer products.*

1. We work throughout in a spread of step n. A product of
several factors is to be interpreted in accordance with the general
convention of § 13-1.

We assume the distributive laws for all products:

a(b+c) d = abd + acd,

where a, b, ¢, d may be any expressions. A combination not
satisfying these laws would not be called a product.

* A, §§ 37-76.
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2. Ife, ..., e, be independent extensives in our spread, their
linear combinations are said to be ‘extensives of step one’. If
b, ¢ be of step one, we assume that [bc] is a unique ‘outer
product’ of b and c; it is called an ‘extensive of step two’.

If r<n, we assume that a,, ..., a, combine to form an ‘outer
product [a,a,...a] of step r’.

We assume that if one of the factors a; is multiplied by a
scalar k, the product is so multiplied. Extensives of step greater
than one will be denoted by capitals.

Our assumptions give us, for example,

[AbeD] + [AadD] = [A(bc + ad) D].

If & is a spread of step n, we assume there is a set of n

extensives spanning the spread whose outer product is not zero.

3. We assume there is a linear relation between the products
[e,¢;], (,j=1, ..., n), which has the same form whatever in-
dependent extensives, instead of e, ..., e, be taken as the basis
of the spread, or in whatever order they are taken.

Suppose this relation is

T kijee;=0, (i,j=1,...,n).
1
Change the sign of ¢, and subtract, then we have
z k,jexej+zl] k, e e, =0, (j,1>1).
i

In this, change the sign of e, and subtract, then
k,ee +k, e,e =o0.
Interchange e, e,, then
k,ee +k, e.e, =o0.
Hence (k,, —k,,) (e,¢, —e,¢;) = 0. Eitherk,, =k, ore,e,=¢,e,.
Butk,,=k,, gives e, e, +e,¢, = 0, unlessk,, =o. Ifk,, =k, =o,
we proceed similarly with €55 €4 -oes € Now we shall assume
that not all the k vanish. But the relation between the e,e¢;
has to hold when the e, are permuted in any way.
Hence, either ee,=ee forallr,s
or ee,+ee =0 forallr,s.
In the latter case, replace e, by e +e,, then
e.e,+ee,+ee +ee =0, henceee =o.
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We take the latter alternative for outer multiplication, and
accordingly assume

[ab] = —[ba], [aa] =0, foralla,b.

Thus [AbeD] + [AcbD] = [A(bc +cb) D] = o.
4. If A be a product of r extensives of step one, then
[...aAb...] can be changed to [...abA...] as a result of r inter-

changes, one corresponding to each factor of 4. As each inter-
change changes the sign of the product, we have

[...adb...]=(—1)[...abA...].
Similarly [...abA...]=(—1)*"[...bA4a...].
Hence [...adb...]=—[...bA4a...].

5. Thus the interchange of two extensives in a product changes
its sign.

6. If a product contains a factor twice, the product vanishes.
7. If A, B, C be products of q, r, s simple factors respectively,
then [ ABC] = (- 1o+ [CAB]
= (__ I)(q+r)8+qr[CBA] = (_ I)qs+sr+qr [CBA].
This follows from 5 by simple counting.

8. Ifb,, ..., b, be linear combinations of a,, ..., a,, then
[6;...5] =Dla,...a],

where D is the determinant of the coefficients of the a in the
expressions for the b.

For, if b=k, a,+k,a,+...+k a, ..,

ror
b=k, a +k,a,+...+k_a,
then [b,...5] = [(k,,a,+k,a,+...+k. a)...
(k,a,+k,a,+... +k,a)],
and if the right-hand side be multiplied out, we obtain [a,a, ... a,]
multiplied by a combination of the k constructed in the same way
as the expansion of the determinant

........................
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9. Ifay, ..., a, be dependent, then [a, ... a,] =0, and conversely.

For, if they be dependent, one can be expressed as a linear
combination of the others; substitute the expression for it in
[4,...a,] and expand, using the distributive law; each term has
a repeated factor and so vanishes.

Conversely, if [4, ... a,,] =0, and it were possible thata,, ..., a,
were independent, we could adjoin extensives @y, ;, @iz -+ @0
so that a,, ..., a, are independent. Now we have assumed that
there is a set of n extensives, say e, ..., &, which span the
spread, and whose outer product is not zero. Bute,, ..., e, are
linear combinations of a, ..., a,. Hence, by 8,

le,...e.] =k[a,...a,] for some scalar k.

But [e, ...e,] #0, [a, ...a,]=0. This gives a contradiction.

10. If a,, ..., am be independent, so is the set formed of all
products A, B, ... of r of these.

For, if k,A+k,B+k,C+... =0, and X be the product of
those a which are not factors of A, then one or more of these
occur in B, C, ..., and so on. Multiply by X, then, using 9,

k, [AX]+k,[BX]+k[CX]+... =0,
[BX]=[CX]=...=0, [AX]#o.
Hence k, =o, similarly k,=o, ... and so on.

Def. If A, B be any extensives, not zero, then 4 = B means that
there is a scalar k such that A=kB. We call 4, B ‘congruent’.

11. If ay, ..., a, are independent, then [a,...ay]=[b;...b,],
if, and only if, L (a,, .., y) =L (b, .., byy)-

Hence the first notation can replace the second.

For, if the spreads coincide, then by 8, [a;...a,]=[b,...b,].

Conversely, if [a,...a,] =Kk[b,...b,], where k is a non-zero
scalar, then [4 .. g b]=Kk[b,...b,b]=0, by 6.
Hence a,, ..., 4, b, are dependent, by 9; hence b, is a linear
combination of the a; similarly, so are b,, ..., b,. In the same
way the a are linear combinations of the b.

12. Def. An ‘elementary transformation’ is one which, applied
to an ordered set of extensives of step one, adds to them a scalar
multiple of one immediately before or after, that is, it changes
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aset(...p,q,...)into (...p+Kkq, g, ...), or into (...p, ¢g+kp, ...),

where k is some scalar.
The result of a series of elementary transformations is an
‘affine transformation’.

13. If [abc...] =[a,b,c,...]#0, then a,, b,, ¢,, ... can be
derived from a, b, c, ... by an affine transformation. Conversely, if
the sets are so related, the outer products are equal.

The converse is immediate. To shew the direct theorem we
need some lemmas.

‘1. By a series of elementary transformations, we can change
(---$rq,...) to (...q,—p, ...). For, denoting change by -, we
can secure

(79> (2+9, 9> (p+¢9-(p+9)
=(p+¢-p)>(p+9-p.—p)> (9 —P)

‘2. Thus we can interchange any two elements of a set, with
a possible change of sign of one of them, for this interchange can
be brought about by a succession of interchanges of neigh-
bouring elements.

‘3. Wecan change (...p, ...,q...)to(...kp, ..., g/k...), where k
is any non-zero scalar, and kp, ¢/k occupy the same places in
the second bracket as p, ¢ do in the first.

For, first, if p, ¢ be adjacent, we can secure

(«oe0rg .. )> (e g+ (k—1)p, ...)

> (ptg+k—1)p, g+ (k—-1)p,...)
=(...kp+q,q+(kk—1)p, ...)

—>(...kp+¢q, g+ (k—1) p—kI(k—1) (kp+9), ...)
=(...kp+gq, g/k, ...) > (...kp+g—gq, g/k, ...)
=(...kp, q/k, ...).

If p, ¢ be not neighbours, we can secure

(.57 8y s gy ) > (L kp, ks, Ly g, L)

and so on. _)("'kp’ 7, k~151 <oy G “'))

‘4. If the set (a, b, ¢, ...) is the same as the set (a’, b', ', ...)
apart from arrangement, then we can change (@, b,¢, ...) to
(xa, b, c,...)by aseries of elementary transformations, where
+ or — is taken according as [abc...]= +[a’d'c’...]. This
follows by -2.

FCE 15
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*5. The change from (...p, ..., q, ...) to (...p+kg, ..., q, ...)
or to (...p, ..., g+kp, ...) (the terms written out being in the
same positions in all brackets) can be brought about by a series
of elementary transformations. This follows by 12 and -4, since
the outer products of the elements in each set are equal.

We can now shew the theorem. If

labe...lp] = [a,b,c,... L, p,] #0,
then, by 11, 4., b,, ..., p, are linear combinations of a, b, ..., [, p.
At least one combination has a non-zero coefficient of a; other-
wise if r is the number of extensives in set a, b, ..., p, then
F(ay, by, ..., p;) would be of step r—1, and the outer product
would vanish. Let a’ be one of a,, b,, ... with
a =kja+xb+..., (k #o0).
Then, by elementary transformations, we can secure
(a,b,¢c,....p) > (kya, b, c, ..., k['p)
> ((kya+x,6+...), b, ¢, ..., k{p)=(a', b, ¢, ..., kT'p).
Thence, using 11,
FL(a, by, ¢y, .. p)=F(a, by ¢, ..., p)=F(d, b, ¢, ..., k{Ip).

Thus ay, b,, ¢}, ..., p, are linear combinations of a’, b, ¢, ...,
ki'p, and at least one combination, say 4’, has a non-zero
coefficient of b.

Suppose b=y a +k,b+..., (k,#0).

Then &' #a’, and by elementary transformations we can secure,
as before, (¢, b, ¢, ..., kip) > (@, b, c, ..., ki 'ky 'p).

So proceeding, we find that, by elementary transformations, we
can secure

(a,0,¢y .., Lp)y—>(a', b, ¢, .., U kT kg k72 p), (1)
where @', ', ..., l' are r—1 of a,, b, ..., p, in some order. The
outer products of the sets in (i) must be equal, and since [abc ... p]
is not zero, a’, b, ..., I’ must be distinct elements of the set
(ay, by, ...y I}, py). Let p’ be the remaining element of the set,

and let p=Kkia' +kyb +...+k'p’.
Then  kk,...k,_,[ab...lp] =K'[a’d’...I'p'], by (i).
Also [a@'b...p" )= +[a\b,...p,] = £ [ab...p].

Hence in (i) we may put +k'~! for k{'k;!t... k!,
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Now, by -5, we can change (a’, ', ..., I, k’~!p) by elementary
transformations to (a’, %', ¢/, ...,p’), and as the latter set is
(ay, by, ..., p,) in some order, we can change it to (a, by, ..., )

Hence, by elementary transformations, we can proceed from
(a, b, ...,p) to (ay, by, ..., £ p,), and since [ab...p]=[a,b,...p,],
the sign before p, in the last set is positive.

Thus the theorem is proved.

§ 55. Outer multiplication of spreads of higher step.*

1. Def. If m<r=n, where n is the step of the basic spread,
the ‘outer product’ of [a,a,...a,] and [a,,,,...a,] is [a,...a].

2. Def. A ‘simple extensive’ is one which can be expressed as
the outer product of extensives of step one. A ‘compound
extensive’ is one which can only be expressed as a sum of such
products.

For example, [a,...q,] is a simple extensive.

(In ordinary space, a rotor is a simple extensive of step two,
a general screw a compound extensive.)

3. If A=[a,...a,]#0,B=1[b,...b],and all a, ..., a,, are in
(b, ..., b,), then there is a simple extensive C such that B=[AC].

For a,, ..., a, are linear combinations of b,, ..., b, and are
independent. Thence we can adjoin a,,, ..., a, so that
[a,...anap,,...a) = [b,...0.].
Then take C=[ay,..-a].

Cor. 1f A, B are simple extensives of steps s,, s, and
8;+s, =n+r, then 4, B have a common spread C of step r
at least,

Thence there are simple extensives 4,, B, of steps s, —r,s,—r
respectively, such that A=[CA4,], B=[CB,].

4. If the sum of the steps of A, B, C be not greater than n, then
[4.BC] = [ABC].
(The right-hand side, of course, means [AB.C] (§ 131).)

For simple extensives, this follows from definitions, thence
for compound extensives by the distributive law.

* A, §§ 78—85'
15-2
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5. If [AB]=o, and a,, ..., ay, b, ..., b, be independent, and
A be of step r, inF(ay, ..., a,) and B of step r, in L (by, ..., by),
where r, =m, r, <k, then A=o0 or B=o.

For [AB] is the sum of certain weighted products of the a, b
of step r, +1,; these products are independent (§ 54'10); hence
as [AB]=o, their coefficients vanish. But these coefficients are
of form x,y;, where x;, y; traverse all coefficients in the expres-
sions for A, B respectively. If B#o, then some y is not zero,
hence all the x vanish, and A=o.

6. If S be any extensive and [aS]=o0, a#o, then there is an
extensive P, such that S=[aP].

For adjoin a,, ..., a, to a such that #(aq, a,, ..., a,) is our
basic spread, then S =k [aB]+k,[aB,]+...+],C;+,C,+...,
where the C do not contain 4, and [aB,], [aB,], ..., C,, C,, ...
are independent.

Since [aS]=o0, we have 1,[aC ] +],[aC,] +... = 0.

But the [aC] are independent, hence 1, =1,=...=o0.

Hence S = [aP], where P=k, B, +k,B, +....

Cor. 1. If S be any extensive, and

[a,S]=[a,S]=... =[a,S] =0,
where a,, ..., a,, are independent, then there is an extensive S,
such that S=[a,a,...a, S, ]. If Sis of step m, then
S=l[a,a,...a,].

Cor. 2. If S is of step m, and [a, S]=[a,S]=...=[a,,S]=0,
then S=o, or [a,a,...a,, ]=0.

§ 56. Supplements and regressive products.*
1. As before, we work in a spread of step n, but we now as-
sume it is spanned by extensives e,, ..., e, and that [e e, ...e,] = 1.
These e will be called ‘basic unities’; an outer product of r
of them will be called a ‘unity of step r’.

2. Def. If E be any unity of any step, we define the ‘supple-
ment’ of E as |[E=[EE'] E', where the factors of E’ are all the
e, ..., e, which do not appear in E, each taken just once.

* A, §§ 86-126.

1?
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The supplement of a scalar is defined as itself.
Thus
le;=[ey-e], ey =—[e.65-- 0], [e;=1e;ee,...6),
[ele]l=1, [e]e]=0, (,j=1, ..., n,i#]j).
3. We note that [EE'] = + 1, the sign depending on the order

of the factors e; if the factors of E’ are rearranged, then the
signs of [EE’] and E’ are either both preserved or both changed.

We have [E|E] = [EE'] [EE'] = 1.
If E, F are distinct unities of the same step, [E|F]=o.
If E is of step r, then |E is of step n—r.

4. Def. If A=k E,+k,E,+...+k E, where E,, ..., E_ are
unities of the same step, then |4 =Kk, |E,+...+k|E. (The
distributive law for |.)

Hence if
A=KE +kE,+...+k.E, B=KE+kE,+...+kE,
then [4|B] =k k] +k,ky+... +k k],
[4]B] = [B|A4].

5. If A is of step r, then ||A=(—1)" A; thus ||[A=A or
(—1)" A according as n is odd or even.

[This explains why for vectors in a plane (n=2), [|v = -,
while in space ||v=12.]

By the distributive law, it suffices to shew the first part for
the unities E. Let F=|E, then [EF]=1, [FE] = (—1)"@-",

|F=[FE]E=(—1)@"E,

Hence ||E = (— 1)@ E. Hence the first part.

'The second part follows, since if n be odd, then one of r, n—r
is even; but if n be even, then r(n —r) and r have the same parity.

6. If E,, E, be unities of steps r,, 1y, and r;+r,>n, then
their outer product as already defined is zero; we define their
“regressive outer product’, denoted by [E| E,], as follows:

Def. 1f E,, E, be unities of steps ry, r,, and r, +r,>n, then

[E, E,] is such that \[E, E;]=[|E, | Es]-
The earlier outer products will now be called ‘progressive outer
products’.
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Since | E,, |E, are of steps n—r, n —r, whose sum is less than
n, therefore [|E, |E,] is a progressive product, and our definition
is significant. The step of [|E, |E,] is 2n—r; —r, (the extensive
itself may be zero). The step of [E,E,] is hence (r;+r,)—n.
Thus we have 7.

7. If A, B be any extensives of steps r,, r,, the step of [AB] is
r, + 1, or (r; +1,) —n, whichever of these two is not greater than n.
8. If A, B be any extensives of steps ry, 1, then
|[4B]=[|4.|B].
(1) For, if r,+r,>n, this is true for unities, by definition,
and hence generally, by the distributive law.

(2) If r,+r,=n, it is again sufficient to prove the theorem
for unities.

(2:1) If E|, E, contain a common basic unity e, there must be
a basic unity which is in neither E| nor E,, and hence which is
in both |E, and |E,. Now the sum of the steps of |E, and |E,
isn. Thus [E, E,] and [|E, | E;] both vanish, and hence are equal.

(2-2) If E,, E, contain no common basic unity, then
|Ey = [E\Ey] Eyy  |Ey=[E,E\] E,, [E\Ep)] =1,
hence [|E\ |E,] = [E\ E,] = |[E, E,].
(3) Lastly, if r,+r,<n, let [A=A4', |B=PB’, then, by 5,
|4’ = (—1)ne- 4, |B' =(—1)0-1) B,
The sum of the steps of 4’, B’ is greater than n, hence
|[4'B] = [|4'.|B] = (- x)e-siresoro [4B]
The step of [A'B’] is n—r;+n—r,—n=n-r,—r,, hence,
by s, [l[A'B’] = (— 1)®-—r—r9txtra) [4'B].
Hence
(._ I)rl(n—r1)+rz(n—r2) I[ A B] = (__ I)(n—r,—-r,)(l'1+r2) [I A l B],
and since
n(n—r)+r0-r)=(n—r-r) (n+r) =2nmn,

this gives I[4B] = [|4|B].
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9. IfE, F, G be unities, and the sum of their steps is n, then
[EF.EG] = [EFG] E.

(1) If F, G contain a common basic unity, then [EFG]=o,
and there is at least one unity, e, say, not in any of E, F, or G; if
[EF]=|0Q, [EG]=|R, then eis in Q and R, hence

[QR]=o, [EF.EG]=[|Q.|R]=|[QR]=o.

(2) If no two of E, F, G contain any common basic unity,

the set contains each basic unity just once; then by 2,
[GEF]=t1, |G=[GEF] [EF],
|F = [FEG] [EG], |[GF]=|[GFE]E.
Hence [EF] = [GEF) |G, [EG]=[FEG]]|F,
[EF.EG] = [GEF][FEG] [|G|F)] = [GEF] [FEG] |[GF]
= [GEF] [FEG] [GFE] E

= [GEF] [EFG] [GEF]E, (since [EF]= +[FE)),

= [EFG] E.

10. Rule of arepeated factor. If A, B, C be any simple extensives,
the sum of whose steps is n, then

[AB.AC]=[ABC] A.

For let a,, ..., a, be any extensives of step one, not neces-

sarily distinct or independent; first assume the theorem is true

when 4, B, C have these as simple factors, arranged in any way;
we shew that then it holds when a, is replaced by

a=ka+..+k.a,
where k,, ..., k, are any scalars.
(1) If a, is in 4, let A=[a,D]. First change a, to k;a,+k,a,,
then 4 becomes
A’ =k,[a,D]+k,[a,D] =k, A+k,[a,D].
(11) If @, is in D, then [a, D]=0, and
[4’'B.A'C] =k [4B.AC] =k[ABCl 4
= [k,ABC1k,A=[A'BC] 4'.
(1-2) Ifa,isin Bor C, sayin B,let B=[a, G], then [¢, DB]=o,
[A'B] = kx[AB]’ [A,C] = k:[AC] +kz[azDC]v
[4’'B.A'C] = k3[AB.AC]+k,k,[4B.a,DC).
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But [4B.a,DC]=[a,Da,G.a,DC] = —[a,Da,G.a,DC]
= —[a,Da,GC] [a,D], by hypothesis,

and  —[e,Da,GC]=[a,Da,GC]=[4BC] (§55-4).
Hence [A'B.A'C]=k[ABC]A+kk,[ABC][a,D]
= k,[4BC] (k, 4 +k,[z, D))

=k,[4ABC1A'=[A'BC] A'.

Hence, if a, is in 4, the hypothesis continues to hold when a,
is changed to k a +k,a,, and hence when it is changed to
(k;a,+k,a,)+k,a,, and so on.

(2) If a, is in B, and a, be replaced by @’ =k, a, +...+k,a,,
let B=a,D, B'=a’D, then

[AB'.AC] =[A Xk,a;D.AC] = Zk,[Aa;D.AC]
= Xk ,[Aa; DC] A, by hypothesis.
But (§55°4)
2k,[Aa,DC] A =[Aa’ DC]1 A=[AB'C] A.

(3) If a, is in C, the proof is similar to that of the last case.

Hence in all cases, a,, ..., @, may be replaced by b, ..., b,
if these are linear combinations of them. For of these b a certain
number (perhaps all) will be independent, and the rest depen-
dent on them. Suppose b,, ..., b, independent, and b, , ..., b,
linear combinations of them. Then we can select m of the a, so
that [a,...a ]=[b,...5,].

Now H(ay,...,a,)=F(b,a,, ...,a,)=F(b,,b,,a, ...,a,)

=...=S(b,y ..., b, a,, .- ay).

ey O

Thus the replacements corresponding to these equations can

be made, and then finally we can replace b, ..., b, a,,,,, -.., a,
by b,, ..., b,.
Now the theorem holds by g, when a,, ..., a, are any basic

unities. Hence it holds generally.

11. Def. A spread S| is a ‘subspread’ of a spread S,, when
each extensive of step one, contained in S|, is also contained in S,.
Then (§ 556, Cor. 1), there is an extensive S, with S, =[S, S,].

12. If A be simple, B, C simple or compound, and if the sum
of the steps of A, B, C be n or 2n, then [AB.AC]=[ABC] A.

For, when the sum of steps is n, this follows from 10, and the
distributive law. When the sum is 2n, let 4’, B’, C' be the
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supplements of 4, B, C. The sum of the steps of 4’, B’, C' is n,
hence [A'B’.A'C'|=[A'B'C'] A'. Taking supplements of both
sides, we have the equation stated.
Cor. Under the same conditions, [4B.BC]=[4BC] B,
[AC.BC]=[ABC]C.
Note. The theorem is not, in general, true, if 4 is compound.
For example, in step four, let 4 = [ad]+ [bc], [abcd] #o, then
[Ab.Ac] = [adb . adc)] = [adbc] [ad],
[Abc] A = [adbc] ([ad] + [bc]))-

13. If A, C be simple, and the sum of their steps is n, and B be
a subspread of A, and hence simple, then*
[A.BC]1=[AC] B, [CB.A]=[CA]B.
For there is an extensive D, with A=[BD].
Hence [A4.BC]=[BD.BC]=[BDC]B=[AC]B.
The same result follows if 4 is a subspread of B.

14. If O, R be simple extensives, not zero, of steps q, r, and

(1) q+r=n, then [QR]#o, if, and only if, q+r is the step
of the join of Q, R,

(2) q+r>n, then [QR] #0, if, and only if, q+r—n is the step
of the cut of Q, R.

For (1). In the first case, the product is progressive, and hence
vanishes if, and only if, the factors of step one in Q, R are
dependent, and then one is a linear combination of the rest.
Hence if [QR] =0, the join of Q, R has a step less than q +r.

For (2). If q+r=n+p, p>o, then O, R have common an
extensive of step p at least; hence there is an extensive A of
step p, and extensives B, C such that Q=[AB], R=[AC], the
sum of the steps of 4, B, C being n.

Hence [QR]=[A4AB.AC]=[ABC]A=[QC]A.

Hence [QR] can vanish, if and only if [QC]=o0, and as the
sum of the steps of Q and C is n, this only happens if the step
of the join of Q and C is less than n; but 4 is a subspread of Q;
hence the join of Q and [AC], that is, of Q and R, has a step less
than n; thus the cut of Q, R has a step greater than q+r—n.

* For brevity we shall often speak of the spread 4, where A4 is a product,
meaning thereby the spread represented by A4.
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15. Generalisation of theory. The above theory holds if,
instead of beginning with e, ..., e,, we begin with any n
independent extensives a, ..., @, of step one, such that
[a,...a,]=1, and define supplement as follows, (where 1 is the
sign of the supplement):

[1A]=[AA"] A’, where A4 is any product of a set of the a,
and A’ the product of the remaining a in any order.

We assume the distributive law, and take the supplement of
a scalar to be the scalar itself.

For the theory will be shewn when we have proved
1[AB]=[1A.1B], where 4, B are products of simple factors,
which are elements of the set a,, ..., a,, and the sum of the
steps of 4 and B is greater than n. This is easily shewn from the
theorems above, in particular from 12 Cor.

Thus, in particular, 12 is independent of the elements used
in defining regressive multiplication. But |4 and }4 need not
be equal.

16. If [PP'|=[AA']=[BB']=...=[a,...a,]=1, and if P, P’,
A, A', B, B', ... are products of simple factors, these being elements
of the set a,, ..., a,, and if P=[ABC...], then P'=[A'B'C’...].

For define supplements by means of the a, then

1P =[PP'] P'=P’', and so on.
{P=[14.1B...]=[4'B"...].

17. If B.=]a,...a,_,a.,,...a,], [a;...a,]=K,
then  [BuBov.-Brssl = [ay...an] K" (m<n).

For [a,...a.8]=[a,...a(a,...a,_,a,,,...a)]
=[a,...a.,a,,,...a)] [a,...a,_], by 13,
=[a;...a,_;] K.

Hence Bubodd=la,...a,_ B, ]1=a;... a, .1 K,
(BBt nal =[2...a, B, ] K=[a, "'an—-3] Kz,

and so on, to
[ﬂnﬂn—l . ﬂz] =a, K3,
BuBoseo B]= Ko
Cor. B;...8]=[a,4;..-a,] K.
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18. Def. A product of extensives which involves only pro-
gressive or only regressive multiplication of the factors is ‘pure’,
the product being taken in accordance with § 13-1.

A product [ABC...L] of step zero, in which AB, AB.C,
ABC.D, ... are regressive, and the multiplication by L is the
only progressive multiplication, will also be called pure regres-
sive. An example of this is [ab.ac.bc] in step three.

A product of two factors is always pure.

A product which is not pure is ‘mixed’.

A product of m extensives is thus pure progressive if the sum
of their steps is not greater than n; it is pure regressive if that
sum is not less than n(m— 1), for then the supplements of the
factors will have the sum of steps not greater than

nm—n(m—1)=n,

and hence the product of the supplements will be progressive.

Pure progressive products, if not vanishing, represent the
join of the spreads represented by their factors; pure regressive
products, if not vanishing, represent the common cut of the
spreads represented by their factors.

19. Pure products obey the associative law, and permutation
of factors at most changes the sign of the product.

For their factors, if simple, can be resolved into factors of
step one or n— 1, according as the products are progressive or
regressive. For factors which are compound, the result now
follows by the distributive law.

20. A pure progressive product [ABC ...] vanishes if, and only
if, at least one pair of the spreads A, B, C, ... has a cut of step
greater than zero; a pure regressive product [ABC...] vanishes
if, and only if, at least one pair of spreads A, B, C, ... has a join
of step less than n.

21. If [ABC] is a mixed product, and A, B, C are simple,
not zero, then [ABC) can only vanish, if either [AB]=o, or
A, B, C have a join of step less than n, or a cut of step greater
than zero.

The last two cases arise when [4B] is a progressive and a
regressive product respectively.



236 THE GENERAL THEORY [CHAP.

22. Conditions that [ABC]=[ACB), where A, B, C are
simple and not zero.

This is the case (1) for pure products and (2) when both
sides vanish, which happens when [4B] and [AC] vanish, or
when the products are mixed and the spreads represented by
A, B, C have a join of step less than n or a cut of step greater
than zero.

The case remains (3) when the product is mixed and not
zero; let then p, q, r be the steps of 4, B, C, then

n<p+q-+r<2n.

If p+q<n, p+r<n, then [4B], [AC] are progressive,
[AB.C] is regressive. Now since [AB]+#o, therefore 4, B have

A . .B
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no common spread; neither have 4, C, but [AB] and C have a
common spread, of step p+q+r—n, and hence they have a
common factor D, say, which must be a subspread of B and C
of step p+q+r—n. Then [AB.C]=D, [AC.B]=D.

If p+q>n, p+r>n, take supplements; we find that B, C
have a join of step p+q+r—n.

If p+q=n, p+rzn, then [4B], C have a common spread
Dand [ABC]=D. Also 4, C have acommon spread F, [AC]=F,
[ACB]=[FB]. Hence, if [ABC]=[ACB], then [FB]=D); thus
B is a subspread of D, and hence of C. (Actually in this case,
[ABC], [ACB] are equal and not merely congruent.)

Hence, if [ABC] is a mixed product, and not zero, then
[ABC]=[ACB], if, and only if, B, C have a cut or join of step
p+q+r—n, or one of B, C is contained in the other.

23. The conditions for the weak associative law [BAC]=[B. AC]
for simple extensives A, B, C are the same as in 22.

(The law is ‘weak’ because it concerns congruence and not
equality.)
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For, since [BA]=[AB], therefore if [ABC]=[ACB], (22)
then [BAC]=[4BC]=[AC.B]=[B.AC];

the last step follows, by 19, since the last two expressions are
products of two factors [AC] and B only, and such a product is
always pure. Conversely, (i) follows from [BAC]=[B.AC].

24. If[A A,...A ] is of step zero, then
[4.4,..4,1=[4,.4,4,_,...4,]
=[4,4,... 4, ,.4,4,_,...4,_)
For, let [4,4,...4,_,]=P,
then [4.4,...4)=[PA,_,A,).

The step of the last product is zero, hence the sum of the steps
of P, A _,, A, is divisible by n, and hence is n or 2n; thus the
product of P, A _,, A, is pure by 18. Hence, by 19,

[PAH—I An] = [PADAI]—I] = [P' AnAn-I]’
[4,4,...4,]=[4,4,...4,_,.4,A4__].

Considering the last expression as the product of [4, 4, ... 4,_,],
A, _,, and [4,A4,_,], we find similarly that it is congruent to
[4.4,...4, ;.4,4,_,4,_,], and so on.

Def. If ay, a,, ..., a, be any extensives, their ‘multiplicative
combinations’ of step r are the outer products of r of them.

25. If a,, ..., a, be independent extensives of step one, and

K =Ja,a,...a,]#0, B=[b,...0]+#o,

and A, ..., A, be the s= (:) multiplicative combinations of
a,..,a,of stepr,and D, ..., D be such that [A; D,]=K, then

KB =Y [BD) 4,
For B=k A, +...+k A, for some k.
. Hence [BD,] = 3, k,[4,D;]. But [4,D,] =o, if j#i.
=1

Hence [BD,]=k[4,D]=kK, KB=3 [BD] A4,
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Cor. If E,; be such that
[E:4]=[a,...a,],
then KB =Z[E,B] 4,.

Def. The scalars K™*[BD,] are the ‘coordinates’ of B in the
frame 4, ..., 4,.

26. If A be of step p, and B=[b,...b ]#0 be of step q, and
p+q=n+r, (r<p,q), and if C, C,, ..., C; be all the multi-
plicative combinations of r of the b, and D, be the product of the
by, ..., by not in C,, the factors being arranged so that [C, D,]= B,

then [AB] = 3[AD,] C,.
b

For, since by, ..., b, are independent, we can adjoin b, ,, .., b,
so that £(b,, ..., b,) is the fundamental spread. Now A is a
linear combination of the multiplicative combinations of
b, ..., b, of step p.

Let 4 = 2x, F, +2y;G,, where F;, G, are simple extensives of
step p, and F; contains just r of the factors b,, ..., b,, namely
those in C}, while G; contains more than r of these, and hence
has in common with each D, (which contains q—r of these b)
at least one of b, ..., b,.

Thus [G;D;]=o, for each i, j. As B has in common with
each G; a spread of step greater than r, we have [G;B]=o for

each j, by 14.

Hence [AB] = Zx;[F; B] = Zx,[F;.C;D,].

Now F; contains all the factors of the set 4, ..., b, which
appear in C;; hence C; is a subspread of F,. Also if i#k, then
[F; D,]=o, since then [C;D,]=o.

Hence, by 13,

[Fi'CiDi] = [FiDi] C = %[Fka] Cki
[4B] = izk‘axx[Flbk] C = %:([(xlFl +Y; Gj) D,\]C, = EE [4D] C,.

27. If A=[a,...a,)#0, B=[f,...8,], where B, ..., 3, are
of step n—1, and r >s, then B is of step n—s, and

[4B] = [4,B] D, +...+[4,B] D,
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where A, ..., Ap are all the p=(:) multiplicative combinations
ofa,..a.ofsteps,and D, ..., D, are such that
[AIDI] = [AzDz] =..=4.
For adjoin a_, , ..., a, so that 4, ..., a, span the fundamental

spread; and form all multiplicative combinations B,, ..., B, of
a, ..., a, of step n—s. Then there are scalars k such that

B=k B, +k,B,+...+k,B, (1)

A B, has at least r—s factors of step one common with A4.
Let B, ..., By, where p = (:), be those B which have just r—s

such factors. Then [AB;]=o, if i>p, by 14. Hence
[AB] =k,[AB,] +... +k,[4B,].

With A, D, as in hypothesis, we have B, =[D, C,], where C,
consists of those n—r factors of B; which do not appear in 4.
Then, using 12, Cor.,

[AB] = [4;D;.D,C] = [4,D,C] D; = [AC\] D,
[4B] = 3 k[AC]] D @

Multiply (1) by A;. The sum of the steps of 4;, B, is n, hence
the'only one of the B, which gives a value not zero is that which
contains only factors absent from A, and this is B;=[D, C,].

Hence [4;B] =k,[4,D;C{]=k,[AC|].
Then, by (2),  [4B]= X [4,B] D,.

28. If A=a,...a)#0, C=[y,...7,], where the y are of step
n—1, then
[AC] =[a,...a,.7,...7,] = la,7.]), [a,7.], - la,7d] |-
[al yl] 4 [al 72] ’ R [az Yr]

....................................

7], [a7.) - [a7]
For, take the outer products g, of a,, ..., a, of step n—1, such
that [a,8,]=(a,...a,], then for some scalars k;; we have

Yi= ?kijﬂj‘ (3)
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[¥,...7.] =det |k;;| [B,...8,]+terms involving other A than
B ..., By, where det | k;;| means the determinant with elements
k;;, as i, j traverse I, ..., I.
Hence [AC]1=[a,...a..y,...7.]
— det | k| [a,--a,-5,...B.]. @
By (3),

[aSYi] = ?kij[asﬁj] = kis[asﬂs] = kis[al "'an]‘
Put [a,...a,]=K.
Hence k;; = [ay7,]+[a,-..a,) = [ay7;] + K.

Substitute this in (4), and we have the determinant of the
theorem, multiplied by [a, ...a,.5;... 8] and divided by K.
But the two latter quantities are equal, for by 17, Cor.

BBl = (@ 6] (a1, 0],
Hence [ay...a..0,...p,] =K

Thus the formula follows.

29. Example. IfR,, ..., R, be independent spreads of steps t,,...,r,
and n=r,+...+r1,, and p be any point of S, the join of all the R,
outside the joins of any m—1 of the R, then through p goes just one
spread of step m which meets each R in just one point.

For, we can find independent points

’ ’ 7 7 7 7
a3, Gy --.y G IN R, a4’ a/, .., a, in R,, ..,
(m) (m (m) 1
a™, a™, ..., a,‘:l) in R,
and can take

r 1 17 17

PR AR WA S RS U A R S R T
+xa{ 4.+ x ),
Then T =[(x;a;+...+x; a;)(xa;+...+x; a]) ...
(xmaglm) 4 4 xff:l)a(r:))]
is of step m; it goes through p and contains one point of each of
R,, ..., R, viz. those given by its factors. It cannot contain more
than one point of R,, for if, for example, it goes through
g=y,a;+...+y, a;,

then [Tgq] =0 would give a relation between spreads of step m+1,
which are independent.
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Nor can any other spread of step m which cuts each R; in just one
point pass through p, for if it did, we should again have a dependence,
by expanding an outer product, between spreads of step m+ 1.

We have assumed T'#0. If T'=o, the factors of 7 are dependent,

and hence p is on the join of m—1 of the R;, contrary to the hypo-
thesis.

§ 57. Condition that an extensive should be simple.* Extensives
of step two.

1. A necessary and sufficient condition that an extensive A, of
step m, in the spread (e, ..., e,) is simple is that [AB.A]=o0
for all simple extensives B of step n—m+1.

Necessity. [AB] is regressive of step one, and if A4 is simple,
[AB]isin A. Hence [AB.A]=o.

Sufficiency. We need only assume

[AE.A] =o, (5)

for all unities E of step n—m+1; then [AB.A] will vanish
for all simple extensives B of that step. Let [e,...e,]=1.
We may assume that 4 contains a term in [e;...e]. Let

mn-m

‘4=k[ex"'em]+ E E krs[el"'er—ler'l"'emem+s]+zliUi’
r=1s-=1 1

where k#0, and each Uj is a unity of step m which contains at
mostm—2of e, ...,e,. Thenif 1Sr<m,

n—m

[A * er em+l b en] = ker + ( —1 )m—r 2‘4 krs em+s = ar’ saY‘
s=1

Since e.e,,,,...e, is a unity of step n—m+ 1, the last equation
and (5) give [a¢, A]=o0, r=1, ..., m.

Since k#o0, therefore a,, ..., a,, are independent, and since
[a,A]=o0, they are elements in A, and as this is of step m, we
have A=[a,...a,), and 4 is simple.

Example. 1f n=5 and m=2, take [e,...e;] = 1. A general extensive
of step two is of form
5
A= 3 alj[elej]! (311 = -—a“).

1,)=1

* See the notes by Study to the edition of the second Ausdehnungslehre
in Grassmann’s Ges. Werke.

FCE 16
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Take B=[e,...e,], then
[4B] =a,5e, +a,5e, + a6, + a6,
[AB.A] = (a,3,5+2y 2, +3,35) [e,€,6] + ...
The condition that 4 is simple is that the four coefficients of this
expression and of the similar expressions vanish.

2. A general extensive of step two in a spread of step n can
be expressed as the sum of at most s=[}n] rotors.*

This is true when n=2, 3, 4, as we know; we assume it for
all n<2m—1, and then prove it for n=2m, 2m+1.

(1) If n=2m, then a sum of m+ 1 rotors can be reduced to a
sum of m rotors, or fewer.

Forlet S=R,+...+R_,,, R =[a;b], (i=1,..., m+1),
where a;, b, are points (extensives of step one).

If a, b, ..., ay, b, be dependent, their joining spread is of
step 2zm—1 at most, and hence, by hypothesis, R, +...+R,,
can be expressed as the sum of at most m — 1 rotors, and hence
S can be expressed as the sum of m rotors or fewer.

If a, b, ..., ay, b, be independent, and, say,

b =kea,+1,b,+...+kya, +1,b,, (k, 1scalars),
then S is the sum of extensives of the form
[al bl] +ki[am+l ai] + li[am+xb!]7 (1 Iy eeey m)

But each of these is in a spread of step <3, and hence gives

a rotor, or zero. Hence S is the sum of m rotors, or fewer.

(2) If n = 2m+ 1, then a sum of m+ 1 rotors can be replaced
by a sum of m rotors, or fewer.

For, let

S=R+..+R,.,, R =[a;b], (i=1,...,m+1).

As before, if a,, ..., b, be dependent, then R +...+R,, is
the sum of fewer than m rotors, and hence S is the sum of at
most m rotors.

If a,, ..., b, be independent, and a,,, b, are in the spread
defined by them, so is R, ,; by the first part, these m + 1 rotors
in a spread of step 2m can be replaced by a sum of at most m

* Rothe, Archiv Math. Phys. Ser. 3, 20, (1913), p. 210. It is the algebraic
form of a theorem on Pfaffian differential expressions.
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rotors. Butif 4., is not in the spread [a,...4_], then a, ..., b,
a,,,, are independent, and we may take

bpr=ka,+1.b, +...+k a, +1 b, +k
Then
Rm+x = kl[am-l-lal] + lx[am+x bx] +eeet km[am+1 am] + lm[am+x bm]’
and S is the sum of extensives of the form
[a;6,)+k[ay, a]+)[a,.,.6], (i=1,..., m).

Each of these is a rotor, or zero, and hence S is the sum of m
rotors, or fewer.

m+lam+l‘

3- If S can be expressed as a sum of r rotors, then [Sr+1]=o,
where [S™+1] means the outer product of r+ 1 factors S. If S cannot
be expressed as a sum of fewer than r rotors, then [S*]#o.

For S=R, +...+R, gives

[S?] =2([R,R]+[R R;] +... +[R_,R]),
[5%] = 6([R, R, R ]+ [R,R, R] + ... + [R,, R, R},
[ST]=r![R,R,...R],

[S*+] =o.

If [S*]=o0, and R;=[a,b,], then b, is in [a,b,a,b, ...a]; hence
S is in a spread of step 2r— 1, and hence is the sum of at most
r—1 rotors,

4. Def. An extensive S of step two is of ‘rank’ r, if it is a
sum of r rotors, and cannot be expressed as a sum of fewer.
'The condition for this is [S*+] =0, [S*] #o0.

5. To express S, of rank r, as a sum of r rotors.

Let 4, be a rotor of rank r, and suppose S =k, 4, + S,, where
S, is of rank r—1, then [S{]=0, [(S—k,;4,)] =o.

Hence [ST]—r1k,[S*4,] =o.

Now [S*] and [S™*4,] are simple, and of step 2r in the same
spread of step 2r. Hence k, is determined by the last equation,
provided [S7'4,]#o0, i.e. if 4, is not in the ‘complex’ in [S7]
such that [S™24 ]=o0. As S, is of rank r—1, we can proceed
with the reduction, and express S in the form S=4,+... +4,,
where S; = S—(A4,+...+ 4,) is of rank r—1i, and [SJZ14,]#o0.

16-2
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§ 58. The spread of step five.* Segre’s figure.
Let R be a spread of step five.
1. If A, B, C, D be rotors in R, then
[AB.CD] = [ABCD]+[ABDC].
For let C={[pq], D=[rs], then
[4B.CD) = [AB.pqrs] = [4Bs] [par] - [4Bp] [grs]
+ [ABg] [rsp] - [ABr] [spg]
— [4Bs] [7C] - [4Bp] [¢D]
+[A4Bgq] [pD] —[A4Br] [sC],
[ABC] = [4B.pq] = [ABg] p—[ABp] g,
[ABD] = [4B.rs] =[ABs]r —[ABr]s.
These shew the theorem.
2. In particular [AB.CA]=[ABCA], since [ABA] =0, and
hence [ABAC]=o.
Hence [AB.AC]=[ABCA], since [CA] = [AC],
[AB.AC.AD) =[ABCA.AD] = [ABCA.DA],

(§ 56:19).
Now [ABC] is a point p, say; [ABCA]=[pA].

Hence [ABCA.DA] = [pA.DA) =[pDA]A = [ABCDA] A.

Thus [AB.AC.AD)] = [ABCDA] A.
Similarly ~ [AC.AB.AD]=[ACBDA] A.
But [AB.AC.AD] = — [AC.AB.AD).

Hence [ABCDA] = —[ACBDA]
— — [ABDCA], similarly.

Hence if any two of B, C, D be congruent, then [ABCDA]=o.
We note also that

[ABCDE] = [BACDE], [ABCDE]=[ABCED],
the latter since [pDE]=[pED] for any point p.

¢ E. Miiller, ‘Beitrige zur Grassmannschen Ausdehnungslehre’, Wiener
Ber. 11 A, 118 (1909), p. 1047.
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3. Associated lines. Let A,, ..., A, be four independent rotors
in R and let

I'=A44=4A4,=TI,, (,k=1...4).
Let By =[I'yI'31'y), By=[l550515],
By=[I'y I’ I's,), By=[ly '),
Cy=[Iyl3 'y, Co=[I34y T3],
Cy=[Ly Iy Ty), Co= (3151,
k, =[4,4,4,4,4)], k,=-[4,A;4,A4,4,],
ky = [A3A,4,4,4;], ky=—[A4A4,4,454,).
Then, by 2, B,=k,4,, ..., B,=k,4,,
[BiC\l =[5y Iy3 '3y Iy
= (L34 g3 T3y ') F12+[—’1141:12F23F34F42] I
S LATTATE AT AV P A
= =k Ly —kgy Ly +kyy L'y,
where k;; is that scalar which is the outer product of I}y, I'y,
Iy, Iy, Iy, Iy, in that order, omitting '};. In interchanging
the I', we note that, since they are of step four, they behave like
extensives of step one.
Similarly, [B,Co] = —kyl'1p+Kkys 3 —kyy Iy
[BsCs]l = koglog—ky Iy +kyy Iy,
[B,Cil = Ky I'y—kogIopg+kyy Iy,
Hence
([B,C\]+[B, ] +[B5 5] + [B4 Cy))
= —kppl1ptKog Doy —Kgy Lgy + Ky I'iy =Koy Lyg +kyy Iy

Now the last expression vanishes by § 56-25. For Iy, I,
I,,, Iy, I'sy, are independent extensives of step four (§ 54:10),
and I}, is a linear combination of them, whose coefficients are
determined as in § 56-25.
or k,[4,C\] —ky[A4,C5] +ky[4;C5] - k,[4,C,] = 0.

Hence if A, ..., A, be any four independent rotors in R, and
C, is the intersection of solids through the pairs A, A3, A3 A,, A, 4,,
and similarly for C,, Cs, C,, then the solids A,C,, A,C,, A3C,,
A,C, meet in a line. (A ‘solid’ is a spread of step four.)

This new line is called the ‘associate’ of 4, ..., A,.
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4. We have
[Fzsrsﬂ = [AzAs-AsAl] = [A3A2A1A3]’ '
[F14F24P34] = “k4A4-
Thus k), = —k,[4;4,4,4;A,] = —k,[A;4,A, 4,44
= k(A3 A4 4, 4, 45] = kgk,.
Similarly
[FSIFIZ] = [AIASAZAI]’ (I To5) = [4,4,454,),
[F14F24] = [A4A1A4A2], [F23F24] = [A3A2A4A2]»
[T31P14] = [A1A3A4A1]»
and we find
kys = —kky, kg =koky, kyy = —kykg, kg =ksk;, kgy = —kk,.
Hence, by 3,
kyky I'ip+ Ky Ry Doy + ko kg I'yy + Ko kg Iy + kgky Ty + K ky Iy = o0
Let L,=ki'4,, L,=k;'4,,
Ly=k3'4;, L,=k;'4,;
then [L,L,}+[L,Ls]+[Ly L]+ [L, Ly]+[LoLy]+[LsLy] = o,

or [(Ly+Ly+Ls+ L)Y =o.

Hence L,+L,+Ly+L, is a rotor. Call it — L.
Then Ly+Ly+Ly=—~L,-Ls,

hence (L Ls]+ [LLy) + [Ly L] = [LLs].

But C, is the cut of [L,L,], [LsL,], [L,L,]. Hence C, is in
solid [L,Ls}, and Ly is in solid [C,L,]. Similarly, L; is in
[C,L,], [C3L,], [C,L,]. Hence L, is the associate line.

Thus #f five lines are dependent, but each set of four of them
independent, then each is the associate line of the other four; con-
versely, the associate line of four independent lines is a linear com-
bination of them.

Clearly any plane which meets four of the lines meets the fifth.

For the plane « and line L meet, if, and only if, [aL]=o0.

5. If A=[bc"], B=[ca’], C=[ab’] be independent rotors, we
can weight the points so that a+b+c+a'+b'+¢’ =o.

There is only one line which cuts 4, B, C, and it is given by
each of the equal expressions

[6+c) (c+a)], [(c+a)(a+b)], [(a+8) (b+c)]
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For example, this line cuts [bc’], since [bc’(b+¢’) (c+a’)] = o.
Now [BCA] = [ca’.ab’ .bc'] = [ca’ab’.bc']

= [ca’ab’c") b—[ca’ab’b] ¢’
= [abca’d'] (b+¢').

Similarly [CAB] = [abeb'c"] (c+a’),
[ABC] = [abcc’'a’] (a+b').
Hence [BCA]+[CAB]+[ABC] = o.

The cuts of 4, B, C and the common transversal are b+c’,
c+a,a+b.
The transversal is [BCA.CAB] or [AB.BC.CA].

6. Let 4, B, C, D be four independent rotors,* and let the
transversals A’, B’, C’ of the triads BCD, CAD, ABD respec-
tively cut them in points ¢,b’,p’; a,c’,q’; b,a’,r’ respectively.

! )I
C b 1 A
c'+ a (i B’
b a LAY
4 q T —D0’
A B C D

Then we can take
A=[b], B=][ca']l, C=[ad"], D=][qr],
A =[cb"], B =[ac’], C’'=[ba’],
and can take weights so that
p=b+ec, ¢=c"+a, r=a+b. (1)
Let p=b+c, gqg=c+ad, r=a+bd,
l=a+a', m=b+b, n=c+c,
L =[aa'], M=1[bb], N=][c],
D' =[(c+a’)(a+d)], E=[(a+a’)(d+b)].

® Baker, Principles, vol. 1v. We have adopted the notation there with
unessential changes.
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Then
A+B+C+D—E =bc'+ca'+ab’
+(c'+a) (a’+b) —(a+a’) (b+b')
=(a+b+c+b +c')a, (2)
A'+B' +C"—-D'+E=a(b+c+a' +b +¢). (3)

So far we have only fixed weights so that (1) is true. We can
adjust them still further so that

P +q+7r =0, or a+b+c+a +b +c' =o.
Then p+g+r=o0, l+m+n=o,
and D’ is the transversal of 4, B, C,
L+M+N—-D+D' =(a+b+c+a' +c')b' =0, (4)
and the right-hand sides of (2), (3) vanish.
Let P=[pp), Q=Igq) R=[rr].
Then P={[(a+a')(b+c)),
Q=[(b+b) (c+a)], R=[(c+c)(a+b)]
A+A'+L—-R+Q=bc"+cb' +aa’ —(a+b) (a’ +b)
+(b+b") (c+a)
=b(ct+a+a +b' +c')=o.

These and similar equations, and (2), (3), (4), shew that the

rows in the following table are associate lines among the
fifteen lines

. E D A B C
E D A B C
DD . L MN
A A L . R Q
B B M R P
C C N Q P

We have also such formulae as
AA'+BB' +CC’'=DD',
A..BC.CD.DB-B..CD.DA.AC
+C..DA.AB.BD—-D..AB.BC.CA =o.
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Examples. 1. Prove generally
[G+) (B +0)]+[(c+a) (¢’ +a)] +[(a+b') (@' + b)]
= [bc] + [ca] + [ab] — [b'c'] — [c'a’] - ['F'].
The right-hand side vanishes when a, b, ¢ are collinear, and a/, &', ¢’
are collinear. Hence

(i) If the lines [ab], [a'b’] are coplanar, we can weight the points
so that a+ 0" =a’+b, b+’ =b +c¢, and then c+a’' =¢’ +a. Pappus’
Theorem follows.

(ii) If the lines are not coplanar, and through a point p be drawn
lines pu, pv, pw to cut (b¢', b'c), (ca’, c'a), (ab’, a'b) respectively, then
Ppu, pv, pw are coplanar.

(iii) If we take points of unit weight and @, b, ¢ are collinear, and
a’, b, ¢ are collinear, then the joins of the mid-points of ab’ and
a'b, of bc’ and b'c, of ca’ and c’a are coplanar.

2. Generally
[(6+¢) (b +¢) aa'] +[(c+ ') (' +a) bb'] + [(a+b') (a’ +b) cc’]
= [abe(a’ +b" + )]+ [a'b'c'(a+ b +c)].
Hence, if a+b+c+a’+b +c’ =o,
b+c'=p,c+a' =q,a+b' =r, b +c=p,’+a=q,ad +b=r,
then [pp'aa’] + [gq'bb’] + [rr'cc’] = o.

Hence if, in step five, p, g, 7 be collinear points on b¢’, ca’, ab’, and
?’s ¢’y v be collinear points on b'c, c’a, a’b, and pp’ meets aa’, and
qq’ meets bb’, then 77’ meets cc’.

3. [(b+C) (a+b)]+[(6"+¢) (¢ +a)] = [aa’]) + [bb] + [cc']-

Hence the transversals of bc’, ab’, of b'c, c’a, and the diagonals
aa’, bb', cc’ are associated lines.
(Baker, Principles, 1v, p. 117, Ex. 2.)
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CHAPTER VIII

APPLICATION OF THE GENERAL THEORY
TO SYSTEMS OF LINEAR EQUATIONS AND
DETERMINANTS

§59. Matrices and linear equations.

1. Def. A “matrix’ is a set of scalars a,,, functions of integers
i, k, where i=1,...,n; k=1,...,m, and n,m are fixed for a
given matrix. Matrices will be added and multiplied in accord-
ance with rules given later. If m = n, we have a ‘square matrix’.
The scalars a;, may be arranged in an array

A A e Ay
L Ay » 4m
A,y An,  eeey Apy

We often indicate the matrix by the notation (a;;) with a speci-
fication of the range of the suffixes i, j.

If (a,,), (i=1,...,n; k=1,...,m), is a matrix, the matrix (a,),
(k=1,...,m; i=1,...,n), obtained by interchanging rows and
columns in the array of the original matrix is called the ‘trans-
posed’ matrix.

2. Consider the set of linear equations for x, ..., x:

a X, +a,X, +...+a,X, =b, ]

2, X+, X+ .+ X, = bn’

where m, n may have any integral values, and all letters denote
scalars. Denote the matrix of the coefficients by (a;;).
Introduce extensive unities e, ..., e,, and let 4,, b be extensives

defined by
a, =aze +ae+...+a,e, (k=1,...,m),

b=b,e,+b,e,+...+be,.
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Then we may replace the n algebraic equations by the equation
X a+x,a,+...+x,a,=b (2)
between the extensives a,, ..., a,, b in the spread Z(e,, ..., ,).
If equation (2) can be satisfied by some x,, ..., %, then b is a
linear combination of a,, ..., a,, and hence is in #(a,, ..., a,,).

Conversely, if b is in this spread, the equations can be solved.
Hence, anecessary and sufficient condition that (1) can be solved is

Sy, ...,a,) =S (a,...,a,,b).

3. Defs. We call the g, the ‘ column-extensives’ of the matrix a; ;.

The ‘rank’ of the matrix is the maximum number of indepen-
dent column-extensives. It is clearly not greater than m, the
number of these extensives.

Hence, a necessary and suficient condition that (1) can be solved
is that the ranks of the matrix a;; and of the matrix formed from
a;; and b; are the same.

4. Ifb, = ... = b, = oinequation (1), we have n ‘ homogeneous
linear’ equations. To solve these we must find scalars x, ..., x,
such that X @+ ... +X,a, = o.

Let the rank of the matrix (a;;) be r<m, and let a,,...,a, be
linearly independent, then a,, ,, ..., a,, are linear combinations of
a,...,a; hence so is x, a. +...+x,4a, if one at least of
X, 4y -+ Xp, 18 DOt ZeTO.

Thus there are definite scalars x,, ..., X, such that

X, a,+x,a,+...+x,4a, =o.

mm =
Hence, if the rank of the matrix (a;;) is r<m, we can take
X ppr -+ s Xy @rbitrary, not all zero, and then these and certain definite

values of x,, ..., X, constitute a solution of the homogeneous linear
equations.

5. If m>n, we can adjoin unities e, ,,...,e toe,...,e,.

In any case if x,,...,X,, constitute a solution of the homo-
geneous or non-homogeneous equations, we call the extensive
x =x,e,+X,e,+ ...+ X e a ‘solution-extensive’.

If x, y be solution-extensives of the homogeneous equations,
so are k,x+k,, (k,, k, scalars). Thus the solution-extensives of
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these equations fill a spread, and since m—r, and no more, of
the x,, ..., x,, can be taken arbitrarily, the step of the spread is
m-r.

Since the order in which the equations are taken is irrelevant,
the rank of the matrix (a,;) is not changed by permutation of its
rows.

6. Return to the non-homogeneous equation in x,, ..., X,
X 4, +X,8,+ ... +Xpa, =b, (2)
and suppose it solvable; suppose also the corresponding homo-

geneous equation is solvable, and let y = y e, +y,e,+... +yn€nm
be a solution-extensive of the latter, so that
Yi4,ty,4,+... +Ynan = 0.

Then if x is a solution-extensive of (2), so is x+y. Conversely,
if u, v be any solution-extensives of (2), then #—v is a solution-
extensive of the homogeneous equation.

Thus we get all solution-extensives of (2), if we add to any one
of them all the solution-extensives of the corresponding homogeneous
equation.

Also by 2, the spread of the solution-extensives of (2) has the
same step as the spread of the solution-extensives of the corre-
sponding homogeneous equation.

7. In the spread F(e,,...,e.), let Ei = |e;, (i=1,...,m), then
the ‘row-extensives’ of the matrix (a;;) are 4,, ..., 4,, where

a E +a E, +...+a E =4, ]

Iim™—m

.......................................... - (3)
a, E +a,E +..+a,E = An.J

nmTm

If, as above, x = x,e,+X,e, + ... +X_ e, is a solution-extensive
of the homogeneous equations, these may be written, if
[e,e, ... €,] = 1, in the form

[A,x] =0, ..., [4,x] = 0. (4)

Suppose just s < n of the extensives 4, ..., 4, are independent,
and take them to be 4,,...,4,, then each x which satisfies
[4,x] = o, ..., [A,x] = o satisfies all equations (4).

Now the step of the spread of solution-extensives is m—r,
hence the rank of the matrix of the first s equations of (4) is r.
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But the column-extensives of the matrix of the first s equations
of (4) have s coordinates, therefore they lie in a spread of step <s,
hence s+ 1 of them must be dependent. Hence the maximum
number r of linearly independent column-extensives of the
matrix is <s. Hence r<s.

The same argument applied to the transposed matrix gives
s<r. Hencer =s.

Hence the rank of a matrix, which was defined as the number of
independent column-extensives, is also the number of independent
row-extensives.

The rank of a matrix is hence the maximum order of the non-
vanishing determinants of its sub-matrices. But it will be noticed
that so far we have not needed the theory of determinants.

8. From 4, if we have n homogeneous linear equations in n
unknowns, and these are solvable by values of the variables, not
all zero, then the determinant of the coefficients of the equations
vanishes.

Conversely, if this determinant vanishes, at least one solution
exists, in which the values of the variables are not all zero. If the
determinant does not vanish, the only solution is that in which the
values of the variables are all zero.

If we have r equations in any number of unknowns, and the
rank of the matrix of the coefficients is r, we say the equations are
‘independent’.

A system of n independent non-homogeneous linear equa-
tions in n unknowns has a unique solution. The equations are
independent if, and only if, the determinant of the coefficients
of the variables is not zero.

mm

9. Tosolve xa,+x,a,+...+x,4a, =b, (5)

when the condition for solvability is satisfied, and the notation
of 2 is used.
From (5) we deduce by outer multiplications in S(e,,...,e_):
x,[a,4,...a,] = [ba,a, ... a,],

xz[a a,...a,] = [a;ba,...a,],

....................... Seceesssvassssssse

Xpla,a,...a,] = [a,a,...a,_,b)

(6)
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First, suppose [a, ... a,]#0; then a,,...,a,, are independent,
and as the condition of solvability is
SL(ay....,ay) =S (a,,...,a,,b),
there are scalars y, ..., y,, such that
b= Via:tY,a,+... + Yy
Substituting this in (6), we find x; =y, (i=1,...,m). Hence the
values of x; given by (6) satisfy (5).

Next, if the rank of the matrix (a;;) is r <m, thenrof a,, ...,a,,
areindependent,saya,, ...,a,,and[a,...a, ] = o,whilea_, , ...,a,,
dependona,,...,q,.

By 4, we can take x_ , ..., X, arbitrary, then (5) gives

X, a,+..+xa.=c, where c¢=b—x_,a., —...—X,a,.
Thence
[a,...a]x,=[ca,a;...a], ..., [a,...a]x,=][a;...a,_.c],

and, as before, these give values of the x which satisfy (5).
Also when x, , ..., X, are given, then x, ..., X, are unique; for
if x7, ..., x| be any set satisfying the equations, then
(Xe=X) g+ .+ (X, —X) @, = 0,
and because a,a,,...,a, are independent, each coefficient
vanishes.

§60. Determinants. General theorems.*

1. If e,e,, ..., e, be unit-extensives, with [e.e,...e ] = 1, and
a,b, ...,l be n extensives in S(e ,e,, ...,e,), where

n n
a= 3 ae, b= Y by, .. I=3lge,,
1=1 1=1 1=1I
(a;, by ..., 1; scalars), (1)

then [ab...l] is that determinant which in the usual notation is
denoted by its diagonal terms thus: |a,b,...1,]|.

The minors of the first row a ,a,, ..., a of this determinant are,
in our notation,

[e bc... 1], [be,c... 1], [beey ... 1], ..., [bed ... le,),
and, in the ordinary notation,
|byes ... Lyfs [byey.. Ll [bye,dy L]y ooy [byc gy |l

* The sections on determinants are to be regarded as illustrative only.
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The co-factors of aj,a,, ...,a,, i.e. the minors with the signs
with which they occur in the ordinary expansion of the deter-
minant, are

[ebe... 1], [e,bc... 0], [egbe.. ], ..., [eqbc ... 1]
Thus, for example,

[e,bc...1] = [e,(bye;+ ... +be,)(ce,+... +cpe,)
v (et +1e))]

'
n.*

= b, by, .., bni[ezeler..en]:— b, b, .., b
Cp € -y G Cp Cp » Cn |
.......................................... i
[ TS b Ly oo Ly |

‘The minor obtained when, for example, the rows b,d,f, ...
are retained and the columns, 1, 3, 4, ... are struck out is

[e,bese df ...].
Again, for example,
lebee,f...] = |b,cf; ... .

(To avoid confusion we omit e from the sequence of letters

a,b,c,d.f,....)

Example. 1f a determinant vanishes, then the co-factors of the
elements of any one row are proportional to the co-factors of the
elements of any other row. If all minors of order m + 1 vanish, then
all m-lined minors formed from any set of m rows are proportional
to the corresponding minors formed from any other set of m rows.

2. The rule for adding determinants is simply the distribu-
tive law:  1opc N+ [abe... 0] = [(a+a)be... 1],

3. Laplace’s expansion and Sylvester’'s Theorem. Consider
[abcd], where a, b, ¢, d are in the spread (e, e,, €3, ¢,) and given
by (1). By §56-25 Cor., we have

[e,ee5e,] [bed]
= [e, bed] [eye5e,] — [e,bcd] [e, e5e,]
+[esbed] [, e5,] — [e,bed] [e, e, 65].
Hence [e e,e5e,] [abed]
= [e, bed] [ae,eqe,] + [e,bed] [e aege,]
+ [esbed] [e, e,ae,]) + [e,bed][e, e263a].  (2)
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If now we take [e, e,e5¢,] = 1, then [e, bed], [e,bed], ... are the
co-factors A}, ..., A, of a,, ..., a,, while

[aeseze,] = a), [ejaese,] = ay,

Hence [a@bed] = a, A, +a,A,+azA;+a A,
the usual expansion.
Next,

[e)ez65¢4] [cd] = [e,64cd] [e,65] +[e,4¢d] [e3e]
+ [eseycd] [e, €,] + [e,65¢d] [¢, €]
+[ese cd] [ere,] + [e,e5cd] [e5e,].  (3)
This is a special case of § 56-25. Multiply by [ab], then we have

[e,e,e5e,] [abcd] = [e e cd] [abeyes] + ... (4)
Now take [e,e.e5e] = 1,
then [e,e4cd] = cyd3—c,d,.

Do this for each term of (4), and we have

[abed] = (c,ds—c3d,) (a; by —a,by) +(c5d, — ¢, d5) (3, by — 2, b))
+(c1dp —c,dy) (a3by—a,bg) +(c,dy —c,dy) (a,b5 —a3b,)
+(cpdy —c,dy) (a3b; —a, bg) +(c3d; —c4dy) (3, by — 2, b))

This is a simple case of Laplace’s expansion. The general
formula follows in the same way from § 56-25.

We could, however, interpret each outer product in (2) or (4)
as a determinant, writing a; for ¢;. We then have a case of Sylves-
ter’s Theorem on the product of two determinants. The general
theorem is given below.

4. Determinants of minors.* In §56-17 take n=4, then if
[abed] = K, we have

[abc.abd.acd.bed] = K3, or [bed.acd.abd.abc] = K3.  (5)
NowifA,, A,, A,, A, be the minors of the first row of [abed], then
[bed] = A [eyese,] + Agley ege,] + Agle, exe,] + Ay[e, 364]-

As there are similar results for the other factors of the left-hand
side of (5), that expression is the determinant of minors. Thus this
determinant equals K3.

* Turnbull, Determinants and Matrices.
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Similarly from
[abc.abd.acd] = aK?, [abc.abd] = [ab] K,

we also derive theorems on the minors of the determinant [abcd].

(Jacobi.)

5. Miiller's generalisation of Laplace’s expansion and of Syl-
vester’s product theorem.*

Let at, a, ..., a, (t=1, ..., p), be p sets of n extensives of
step r,, in a domain of step n. Let AV = [ala} ... al].

n e .
Let A4t, ..., 4! be the s = (r )multxphcanvc combinations of
t

a,a.,...,a of step r, and D¢, D;, ..., D! be such that
[D; Af] = A®.
Let Bt be a non-zero extensive of step r, <n, then, by §56-25,
AYB = ¥ [D{B'] A}, (i runs from 1 to s).

Let B+ be a non-zero extensive of step n—(r, +r,+...+1p),
then [B'B>... B*+'] = 4, say, a scalar.

Hence A®WA® .. AVA = X[D; B*][D3 B?]

... [DRBP][A4} 43 ... A} B>+,
where the sum is over all combinations of values of i,j, ..., k, and
each bracket represents a determinant.

Hence we have a generalisation of Sylvester’s theorem:

If AV A®, .. A®), A be p+ 1 determinants of order n, and A be
split into p+1 sets of say r,,r,,...,1,,1,,, rows, and we write
the first p of these sets with n—r,n—r,,...,n—r, rows of AW,
A A® respectively, to form a determinant, and write the
remaining rows of these determinants with the remaining rows of A
to form a determinant, and then multiply together the determinants
so formed, and add all such possible products, we get AV A® ... APA,
(The signs of the determinants must be properly chosen.)

A special case. Let

AV = AD =, = AP = [eee,...e,] =1,
then A =ZX[D,B'][D;B*]...[D,Br][4;4,... A B**].

* E. Miiller, ‘Beweis einiger Determinantensiitze’, Zeit. Math. Phys.
44, (1899), p. 28. The superscripts are merely distinguishing marks.

FCr 17
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But now the D, A4 are products of the unities,
[D; B, [D;B?), ..., [DB®], [4,4;... A, B*+]

are minors of 4 taken fromr,,r,,...,r,, 1, rows.
The last outer product is zero unless some of ¢, ..., e, appear
twice in it, i.e. unless [D; B'], ..., [D, BP] are taken from distinct

columns. This generalises Laplace’s expansion.

Examples. 1. In determinant notation,
a;|a,bsc,| —a,|a,bsc,| = |a ¢, |.|ash, [ —]a;b,|.|asc,].

¥*
In our notation this is (M.M.* § 180.)

[ae,eqe,] [e, abc] + [e, aese,] [e,abc]
= [aceseq] [¢,e,ab] — [abege,] [e, e ac],
and this follows from
[eqabc] e, + [abee,] ey + [bee, ey] @ + [ce, e,a] b + [, e,ab] ¢ = o,
on outer multiplication by [ae;e,].
2. If |a;b,cyd, | = o, then
|abs|.|ajcdy| =[a;by|. |2 cds| +]a by .| cody].
(M.M. §180.)
3. | laibyl, [asbs|, [ash,]
lajcol, [apcs], [agcy]
laydy|, |apds|, [asd]
The left-hand side, if [e, e,e5e,] = 1, equals
[abese,], [eyabe], [e e,ad] |,
[acesey], [e acey], [e,e,ac]
[adese,], [e ade,], [ e,ad]
and by § 56-28, this equals [bcd. v, y,75], where
71 = laeses], v, =[e1ae,), v; = [eea],
and hence [71727s] = [aesese)] [ae e e)] a.
Thus the original determinant equals
[e, aese,] [e)e5ae,] [abed] = aya,]a, bycyd, |
4. If, in Ex. 3, we write e, ¢,, e;, ¢, for a, b, ¢, d, and vice versa,
we obtain

[e1e;cd], [e\eyad], [e,e,ab] | = —[e,acd][e,abd][e e e5¢,], (6)
[erescd], [e,e5ad], [e e;5ab]
[erescd], [e e,ad], [ee,ab]

= a,a3]a, bycyd, |.

(M.M. §§77, 188.)

* M.M. refers to Muir, Treatise on the Theory of Determinants, revised
by Metzler, privately published, New York (1931).
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or, if [¢,e,e5¢,] = 1, then

lesds], [asdy|, [asby| | =|a,cyd,].|a;,byd,].
[cody|, [2,dy], [apby]
leadsl, lagds],  |agbs] (M.M. §180.)

A formula obtained in this way from another is called its ‘com-
plementary’. For example, the complementary of
[abeye,] [acde,] + [acese ] [adbe,] + [adeye,] [abee, ]
= [ae, e5e,] [abed]
is [eeycd] [e,e5e4a] +[e,e5cd] [eye46,a] + ey 64cd] [, €5¢5a]
= [eyacd] [e,e,e4e,]  (7)
and each of these can be expressed in determinant form.

But we can also replace e, ...,e, by any extensives, and thus
obtain a formula which includes both as special cases.

5. The other general law for formulae involving determinants is
the ‘law of extensible minors’.

Consider any of the above formulae which involves scalars only,
and suppose it relates, for example, to step 4. Consider F(ey, ..., e,),
of any step n. The formula will hold in the sub-spread (e, ..., ¢,).
Thus taking (7), we can prolong the outer products by multiplying
by any extensives fg .../, till they become of step n. Hence, if A be any
extensive of step n—4,

[e\e,cdA][e,e5e,aA) + [e,e5cd ] [e e e0a.4) + [e,e,cd A] [, 6,650 4]
= [e,acdA] [e, e e3¢, A).
Again, (6) is an extension of

lexed], [e,ad], [eyab] | = —[acd][abd][ese5e,],  (8)
[escd], [esad], [e3ad]

lescd], [eyad], [eqab] |

and this follows from § 56-28, since in step 3,
[exe564- .cd.ad.ab] = —[e,e5e,] [cda] [dab].

If we put b =c in (8), and change the notation, we get the
extension, (M.M. §188.)

|agbyc,ds|, |azbgc,dg|, |a;bscyd;| | = —|a;byegd,|?|agbsced, |

|a;bsc,ds|, |a;byc,dg], |a,bse,d,|

| a;b,c,ds |, |a,byc,dg], |a,byc,d,|
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6. [a,aya5a,...]
= [a,4,][a50, ...] - [mas] [0,4,...] +[318,] [2205 -],
(9] [p9a, 2,254, -]
= [pqa, ;] [pgasa, -..] - [pga, as] [Pgaz0; -]
+[pga,a,] [payas---],
(2] [pa,8,a5] = [pga,a;) [pas] — [pga as] [pa,) + [Pgazas] [pa,]-*
7. | [abese,), [beesey), [cdeses] | = [abed] [beyesey] [eezese,]-
[abe,ey), [beeyes],  [cdeges)
[abeyes], [beeses], [cdeyes) (M.M. §§77, 180.)
For, in step 4,
[cd] [beyese,] = [bede,] [e;e5] + [bedey] [eseq] + [bedes] [e ;]
+terms involving [be;]] (i=1,...,4)-
Hence [abed] [beyese,]
= [bede,] [abe,e;] + [bede,) [abege,] + [bedey] [abe, el (9)
Now [bede,) e, + [cde,e,] b+ [dese;,b] ¢ +[e e bc] d +[e, bed)e, = o.
Hence [bede,) [ce,ese,] — [cdeqey] [beese,]
+[e4e,b¢] [cdege,] = 0. (10)
Multiply (9) by [ce,ese,], use (10) and similar formulae, and
we obtain the result.

8. If capital letters denote co-factors, and we use the ordinary
determinant notationt:

Ia,AzAs.szsB,.c3C1C2|= "|31b2C3|~Iazas-babl-clcz|2:
| A,ay25.B,b3b;.Cyci ¢y | = —|a,a5.bsb;.c; ¢y |%
|a,A;.byB,.csCs| = |a,bzc3]{|a1b2c3|2—|azas.b3b1.c,c2 [},
| B,C,.C,A,.A4Bs| = —|a,b2c3|2.lblc,.czaz.asbal,

|AfB§C§|—‘A1A2-BzB3-C3C1 |
= | a,bycy |{] alblc}|—|a;2,.bybg.c5¢, [}

6. A general theorem on determinants whose elements are deter-
minants.}

Let E,, ..., E, be the s = (:_1) outer products, in any order, of

step r of the original unitiese,, ..., e,. These unities of step r may
be regarded as unities of a spread & of step s. Leta,, ..., a, be

# H. F. Baker, Proc. Lond. Math. Soc. (i), 29, p. 141; Am. Fourn. Math.
20, (1898), p. 360.
Muir, Contributions to the History of Determinants, pp. 307, 346, 357.
E. Miiller, loc. cit.
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extensives of &(e,,...,e,), and let 4, ..., 4, be multiplicative
combinations of the e formed in the same way as E,, ..., E, are
formed from the e. Let EJ, ..., E, be combinations of e,, ..., e, of
step n—r such that [E; E{] = 1. Then 4, = % [4,E]E,.

If A4,= [4;,a,...a,], and E;= le,ex, -, ]

and 4 = [a, ... a,], then [4, E{] is the cofactor of 4 derived from
TOWS i,,1,...,1, by suppressing columns k,k,, ..., k,_..

Consider outer multiplication in spread ¢ and denote it by
[lo) and let [E,...E]q, = 1.

Then [4,4,...4,]4=Det[4E], (j=1,...,s; k=1,...,5),

where Det[] denotes the determinant of the outer products
[4,E{] formed in Fle,, ...,e,). Thus this determinant, A, say,
has for its elements the minors of A of order r.

Let b=xa+...+x,4a, (11)

fix i, and denote the multiplicative combinations of a,,a,, ..., a;_,,
b,a,,,,...,a, of step r corresponding to E,, ..., E, by B,, ..., B..

n—1 . - .
Of these, t = (r . ) contain b, and if in them we substitute for b,

then such a B, becomes a sum of extensives 4; in which 4;
appears with coefficient x;. If we form the product [B, ... B ],
then from B, we can omit all terms 4, except 4,. The B which do
not contain b equal the corresponding A. Hence
[B;...B]ly =x{[4,... 4]
But, by (11),
[a,...a,]x, = [a,...a;_.ba;,, ...a,] = A, say.

Hence x; =A4'/A, [B,...B]Jg+4"t=[4,...4]s+4"

Hence this equation holds when all the a are replaced by any
independent extensives in #(ay, ..., a,), if A’ is their outer product.

In particular, take e,...,e, for a,,...,a,, then the fraction
equals unity. Hence [4,...A], = 4.

n—1 . .
Hence 4, = At where t = (r 1) , and this case is Sylvester’s

theorem on compound determinants.
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7. We call 4, above the rth compound determinant of A.
Then a minor of the kth order of A_ is the product of the cofactor of
the corresponding minor in the n—rth compound determinant and

n—1
4, where p = ( m ) (M.M. § 185.)
The mth compound of a product of two determinants equals the
product of the mth compounds of the two factors, element by element.

8. Bazin-Reiss-Picquet. If D, D’ be determinants of the same
order n, and every set of q columns of D be replaced in turn by every
set of q columns of D', and A be the determinant of the square array
thus formed, then

A =D'D’s where r=(n;1),s=(n_l).

q-1
M.M. .
For example,* ( yz02.)
[b.a,...a,), [a,b,a,...a,), ..., [a,4,... a_ba., ..a]
[b,az a,], [a,b,a,.. n], ey [a,a,...a,_b,a. ...a.]
[b . n]’ [albra3 n] [a az"' r—Ibrax+1"'an] l
=[a,...a,]"" [bI brar+l ..oay).

This theorem, of which the last theorem in Ex. 5 is a case, is
an extension of a simple case of our general theorem:
' [b,a,...a], [a,b,a...a]), ..., [a,a,...a,_,b]]
[b,a,...a], [a,b,a,...a], ..., [a,a,...a,,b,)]

@y a), [a.ba;...a], ..., [alaz...ar_,b,],
= [a, .. a]"’[b 5]

and, if we take a,, ...,a, as unities, e, ..., . in step r, this is obvious.

§61. Arrays of m rows and n columns, n>m.
1. The array may be denoted by m row-extensivesa,, ..., a,, in
F(e,, ..., ,) Or by n column-extensives b,, ..., b, in F(e,, ..., ey).

2. Ifin a given array a certain p-rowed determinant is not zero,
but all p +h-rowed determinants which contain it, vanish, then all
p + h-rowed determinants of the array vanish. (M.M. §234.)

* See Muir, History of Determinants, 2, p. 206.
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Consider the case h=1. Take row-extensives a,, ..., a, in
:5"(e-,, ...yé,). We can suppose that [a, ...a,e,,, ...¢,] is the non-
vanishing determinant. By hypothesis, a;, (i=p +1,...,n), is on
each spread

[a,...a56p,,...6,), [a;,...a,e,,.6,,,...0], ...,
[a,...ape, s 0 4],
that is, on n—p spreads of step n— 1. These cut in the spread
(4, ...a,], hence a,,...,a, are in the latter spread, and thus
every product of p +1 of the a,, ..., a, vanishes.
The general theorem is proved by an extension of the argument.

3. Ifin an array of n rows, n+ 1 columns, n—p of the n-lined
minors vanish, and at least one does not, then the array common to
the said n — p minors has all its minors of order n — p vanishing.

(M.M. §238.)

Take row-extensives a,, ..., a, in #(e,, ..., e,,,), and let

A,=lea,..a)], A,=[e,a,...a)), ..., Api; = [0, ... a,].

Suppose 4,,4,,...,4,_, =0, A,_,,,#0, then [a,...a,]#o0,
ande,e,, ...,e, jarein[a,...a,].

Hence [e, ...e,_,] when multiplied by any p of the a,,...,q,
vanishes.

But these products are the minors of order n — p of the common
array.

For example, if n = 3, and

[eia,a,a,] =0 (i=1,2,3), [e4a,aza3] #0,
then e, e,, e; are in [a,4,4,], and [a,a,a,] #0.
Hence [e,e,e,]=[a,a,a,], and the e,-coordinates of a,, a,, a,
vanish.

4. If in an array of n rows and n+ 1 columns, the sum of the
elements in each row is zero, then the principal minors are equal,
apart from sign. (M.M. §250.)

For take column-extensives b,,...,b,,, in F(e,,...,e,), then
b,+b,+...+b,,, = o; thence [b,b,...b,, ] = —[,b,...5,,,].

5. Relations between the m-rowed minors of an array of m rows
and n columns (n > m). (M.M. §240.)
Take column-extensives b,, ..., b, in &(e,, ..., e,); these must
be dependent. Consider the spreads of step m formed from them,
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such as [b,...5,]. Between these there will be relations, and
these will be replaced by relations, and not lost, when we take
by ...,by asey,...,e,. By doing this we fix m? of the coordinates
of b,,...,b, and leave m(n—m) unfixed. These coordinates give

n . . . .
the (m)—-l ratios of the minors in question. Hence between

these minors there are at most

n
( ) —1~m(n—m)
. \m
relations.

For example, in step 3, consider the array of three rows and
six columns corresponding to the column-extensives a, b, ¢, f, g, A.
There are ten relations.

Nine of these are

[abc] [agh) + [acg] [abh] + [agh] [ach] = o
(which is an extension of the relation in step 2:

[be] [gh] + [cg] [6h] + [gb] [ch] = o),
and those obtained by cycling a, b, ¢ and cycling £, g, .
The tenth relation is

[fgh][abe)® = | [foc), [fea), [fad]

[gbc], [gea], [gab]
[kbc), [hea]l, [hab]

Example 9. The following determinant appears frequently in later

work, writing ij for a;;: o 12 13 14

21 0 23 24
31 32 o 34
41 42 43 o©
= (V12.34+4/23. 14 +431.24) (+ + =) (+ = +)(— + +),
where the last three factors contain the same terms as the first
factor, with the signs indicated.
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CHAPTER IX

TRANSFORMATIONS AND SQUARE
MATRICES WITH APPLICATIONS
TO CENTRAL QUADRICS

§62. General notation.
1. Lete,...,e, span a spread of step n, and let a,,...,a, be
n extensives of step one in the spread. Let
a, =a,e+tae+...+3a,6,

a,=a, e +a,e+...+a, e,

....................................

a,=a e +a e, +...+a e. (1)

These can be regarded as the equations of a linear transforma-
tion in the spread which changes e, ...,e, into a, ...,a,. We say
a,, is the ‘coordinate’ of the transformation in the rs place.

The transformation, being linear (§ 10-2), replaces

x=xe+X,6,+...+X,€,

by x,a,+X,a,+ ... +X,a, = a, say.

We denote the transformation by o, and if % transforms x
into a, we write

We have

n n n
i=1 ij=1 j=1

a = x.

Hence the coordinates of x% in the frame ¢, ..., ¢, are
Txay (=1,..,0).
1

We may write (a;;), for the matrix* of equations (1), and omit
n if no confusion results.
We write det 9 for the determinant whose terms are a;;.

2. Since our transformation is linear, we have, if x, y be any
extensives of step one, (x+y)U = xA+yA.

® Throughout the rest of this book all matrices are square matrices.
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If A, B be linear transformations, and
A = ¥ x;a;;¢, *B =X x;bj;e,
L) L)

then *A+xB = 3 x,(a;+by;)e;.
L)
Let x@=zxicijejy Cij _axj+bi_|’
1)
then 2+ xB = xC.

As this holds for all x, we can define A +PB to mean €, when the
coordinate of € in the rs place is the sum of the corresponding
coordinates of %, B. Then (A +B) = xA +xB.

3- A ‘zero transformation’ is one all of whose coordinates
vanish. We denote it by ©. Then x0 =o for all extensives x (of
step one); and if % =o for all x, then A = . We may have xA =0
for some x, and yet A #O. If x=o0, then xA =o for all .

A+D =D+A=A.

4. If k is scalar, we define k¥ so that x.k% = k.xY for all
extensives x, and we define Ak so that x.UAk = k.xA for all
extensives x. Hence if A = (ay;), then kA = Ak = (ka;;).

5. If x, y, = be extensives of step one and y = x%, z = y%B,
then 2 = (x%) B. We naturally wish to write 2 = x. (UYB).
Using components, let y; = Ex a;, 2z = ZyJ i then

lealijk Hence z, = Zx c,k, provided c;, = Ealj bJk

Hence we define the product € of matrices Y = (a, J)m = (by)).,

as (c;;)n, Where ¢ = Y a;;by,, and write € =UAB.
)
Then if y = Y, 2 = yB and AB = €, we have
2=axUA.B=x.UAB = xC.
Also ABD =AB.D, ADB+D)=AB+AD,
A+B)D =AD+BD, AV =0A=D.

But AB =BA need not be true.

We write A? for AU, and A" for Yr—1. .
The rule for multiplying determinants gives

det (AB) = det A.det B.

We call the present type of product of transformations or
matrices, a ‘sequence product’.
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6. The ‘identical transformation’ is the transformation,
denoted by §, which satisfies xQ = x for all extensives x of step one.

If a;; be its components, then a;; = o if i#}, a;; = 1 if i=].
For all transformations %, AF = JA = A.

7. A ‘non-singular’ transformation or matrix U of order n is
one such that its equations (1) have rank n, that is, det%#o.
For such transformations, the equation y = x% has a unique
solution x when y is given. We denote it by x = yU~! and call
A-! the transformation or matrix ‘inverse’ of A.

Since y = x%, x = yA~!, we have, for all x, y; x = xAA,
y = yUA'A. Hence

AAT =AU =F, A )= AB)!'=B"1UAL
The last follows since
AB.B1U = A.BBL. A = YU =

If A = o for some x#o0, then det A = o (§59°8).

If A is non-singular, and AYB = O, then B = O; if B is non-
singular, and UAB = O, then A =O. These follow from the
definition of multiplication and § 59-8.

8. When the frame e,...,e, is given, the transformation U
is determined by the matrix of its coordinates, and if we keep the
frame fixed throughout, there is little need to distinguish between
the transformation and the matrix which represents it. When
frames are changed, the distinction must be considered.

9. If A = (a;;)n be a matrix, the ‘transposed’ matrix (§591)
will always be denoted by A* = (aff),. Thus af; = a;;.

(A*)* =9, (UAB)* = B*A*, det A* = det U.
If X =§ xiei’ 9[ = (aij)n, Eau it el QI = ai’

then &% = ina —Ex aUeJ—-Y‘)\JaJ,e —Zau ;e

Now as x9 represents the extensive whose i-th coordinate is
2 x;a;;, we naturally let Bx represent the extensive whose i-th
i

coordinate is 3 b;;x;, where the b;; are the coordinates of B
i
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Notice that in each case the adjacent suffixes are the same,
Hence U = WAkx, xA* = Ax.
The operation of transposing a matrix is evidently relevant to

a frame; transformations which in one frame correspond to
transposed matrices do not necessarily do so in another.

10. In working with matrices of fixed order n, we denote by
€,; the matrix whose coordinate in the ij place is 1, and all other
coordinates zero.

@ij@jk = (sjlk, @1]@“ = D if l;é_]

Any matrix U of order n can be written in form Za”(EU,
when U = (a;;).

A matrix whose coordinates vanish except those on the
diagonal is a ‘diagonal matrix’. If these elements are a,,...,a,,
we may denote the matrix by diag(a,, ...,a,). Ifa,#0(i=1...n),
its inverse is diag (a]%, ...,a;%).

§63. Elementary properties of matrices of order n.

1. The rank of UB is not greater than the rank of A or B.

For, let the row-extensives of 2 in spread #(e,,...,e,) be
a,...,a, and let the column-extensives of B in the spread
S(E,,...,.E,) be B,,...,B,, where E, = |¢, (i=1,...,n), and
[e;...e,] = 1.

Then the element of AW in the ik place is [¢; B,]. Hence any
t-rowed minor of det (AB) is of form

[aika!], ey [aikat] = [ahaiz...ai‘.Blekz...Bkl],
[altBkl], ey [aitBk]

where ij,i,,...,1, and k;,k,,...,k, are each a set of t distinct
numbers drawn from the set 1 ... n (§ 56-28).
Now if the rank of Aist—1, then [a,ay,..-a;,] = 0, and hence

any t-rowed minor of det AB vamshes Hence the rank of AV is
not greater than the rank of % or 8.

Cor. If Wis non-singular, then AB and B have the same rank
as B.

For, if the rank of B is r, that of AB is <r. Let AB have rank
8; then since B = A~*.AB, we have r<s. Hencer =s.
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2. The secular equation.
If A be a matrix, and k,, k,, ...k, be scalars, then

ko+k A+k, A+ ... +k A

is a ‘polynomial’ in U, where %A% 3, ... are sequence-powers.
These polynomials can be multiplied together like ordinary
polynomials in a scalar x, and, since A™® = AsUA™, they obey the
commutative law of multiplication, as well as the other formal
laws of the algebra of scalars.

Let x be an extensive in (e, ..., ¢,), and A be a linear trans-
formation in this spread, with det%#o0. If x be such that
xW=x, x#o0, we say x is ‘latent’ for U.

If such a latent extensive exists and x = Ax, (A scalar), then
det(A—-AJ) =o.

We call A — AZ the ‘secular matrix’ of A; det(A— AJ) is the
‘secular polynomial’; det (U — AQ) = o is the ‘secular equation’, it
is of order n, the order of U ; a root of the equation is a ‘ character-
istic root’ of U.

If A is a characteristic root of U, and f(N) a polynomial in A,
then f(A) is a characteristic root of f(N), and it corresponds to the
same latent extensive x.

For, if xA = Ax, then 22 = AxU = A%, ..., xA" = A"x.

This is true, also, if A = o. Hence x.f(¥A) = f(A) x.

Cor. If A#o0, then A~! is a characteristic root of A%, and A—™
of A", provided A is non-singular.

For operate on % = Ax by U~*; thenx = AxU~*, A~x = xY .

To each characteristic root corresponds at least one latent ex-
tensive, which may be imaginary if the root is so.

For, if A is a characteristic root, (% — AJ) x = o has a solution
x #0, since det (A — AF) = o (§57°8).

3. Similar matrices.

If 8B is a non-singular matrix, we say % and BUAB ! are ‘similar
matrices’. If U is also non-singular, so is BAB 2.

Similar matrices have the same secular equation, and hence the
same characteristic roots.

For BAB — AF = B(A — AF) B,
det (BAB—* — AQ) = detB . det (A — AY). det BT = det (A — A).
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4. Symmetric matrices.
If x = Zx,e;, y = Zy,e; be extensives in L(e,,...,e,), where
[e,e, ... €,] = 1, and A = (a;;), then

[xA|y] = [.2,: X;a;;€ | zk:}’kek] = ;}Xiaij}’ja (§56-2),
[yUA* [x] = [?A}Yiajiej ll‘:‘ X ] = iE%Yiajixj" iijjajlYi'

Hence [+% |y] = [y2*|+] = [ y2(*], by §56'4.
Thus [x% |y] = [x|yA*]; similarly
[%]y¥] = [+A*|y]. ()
If 7 be a spread of step n—1, and 77 = |y, we have
[xUA.7] = [x.7UA*],
where 79* is the same function of |e,, [e,, ..., |e, that xU* is of
€, €, ... ¢, Hence also [7.4U] = [7A*.x].
A matrix U is ‘symmetric’ if A = A*; then a;; = a;;, for each
ij, and [ | y] = [x|y¥] for all extensives x, y.
A matrix U is ¢ skew-symmetric’ if WA = —A*.

5. The characteristic roots of a symmetric matrix (with real
coordinates) are all real.

For let %A be a symmetric matrix representing a transformation
in #(e,, ...,en); if k be a latent root, then there is an extensive
x#osuch that ¥ = kx. Let X be the extensive whose coordinates
in the frame (e,,...,én) are conjugate complex to those of x.
(Hence if x is real, then x = #.) Let k be the scalar, conjugate
complex to k. Then X% = kx, since the coordinates of 9 are real.

Hence  [x%U|x] =k[x|%], [#A|x] = k[¥|x].

Now U is symmetric.
Hence, by 4, [*% |*] = [¥% |x], hence k = k. Hence k is real.

6. Outer products of matrices.

We generalise the work in §§48-50. If % is a linear trans-
formation or matrix, in &(e,,...,e,), and p’ =pU, ¢' = q¥,
7" = 7Y, where p, g, r are any extensives in the spread, then
[p'q'] = [pU.qU] is a transformation of [pq]. We write

[p'q] = [pq] [¥*]-

Also [p'q'r’] = [pU.qU.7A] is a transformation of [pgr]. We

write [p'q'r'] = [pgr] ().
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Similarly, we can introduce [U], (r=1,...,n). We call [%2],
(3], ... “‘outer powers’ of U. They are linear transformations in
the spreads traversed by [pq), [pgr], ... as p, g, 7, ... traverse
SLley,...,e,).

For example, if L, M, N be rotors in ordinary space, and
L +M = N, then there are points p, g, 7, s such that

=[pgl, M=[pr], N=[ps], s=gq+r
Thence

[pg] (3] + [p7] [¥7] = [pA.qA] + [pA.7U] = [pA. (¢A +7U)]

= [pU.(g+7) U] = [pA.sA] = [ps] [A7].

The matrix [A'] is of order (:) .

If p,g, ..., w be n independent extensives in F(e,, ...,e,), and
P =pY,...,0" = wY, then [pg...w] and [p’q’ ... w'] are scalars;
hence we must regard [U"] as a scalar, whereas [%2], [%3], ..., [20]
with r <n are not scalars but linear transformations.

Ifa, =e¥,...,a, =¢,%, then

[a;...a,] =[e,... e, ] [U"] = [U"], if [e,...e,] = 1.
Hence [%"] is the outer product of the transforms of e,,...,e
by 2.

If A = (a;;), then a; = Za,;e;, hence [A"] = det A.

If G =b¥ ¢, =b0% .. =5,
then [c.cy...ca] = [b,0, ... 5,] [A].

Hence, if det = 1 then the outer product of n extensives is
not altered by the transformation 9.

As in §§48, 49 we can define the outer product [A%B], and show

[A(B+C)] = [AB]+[AC], [AB] = [BA].

The formal laws of ordinary algebra thus hold, but we must

distinguish between 9 and [A].

n

7. If A = (a;)), the ‘adjugate matrix’ of Ais B = (bs;), where
b;; is the cofactor of a; (not a;;) in det .

I‘ his matrix exxsts of course, even if U is singular and we
always have UAB = JF.det A, BA = F.det A. For Eal ;bjx equals
det¥ or o, accordmg asi=k ori#k.

If detA+#o, then B = Y-!.det .
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If € be the adjugate of A — A, then an element of € will be a
polynomial in A of degree not greater than n — 1, with coefficients
which are sums of products of elements of Y.

Hence €=C,+C A+C,A%+...+C _ A,
and A=A € = Jdet(A-AJ) = J-4(A),

where ¢(A) is the characteristic polynomial of .
Hence if H(A) =a, A" +a AT+, . +a,,
then '
AC,+C,A+...+C,_ A1) A, +C,A+...+ € _ A7)
= (@,A%+a, A "+...+a,)F
Equating coefficients of powers of A,
3,¥J=-6,, 3,J= AC,_, - ('Sn—z’
a,J=AC, ,— (‘gn—y o apgy = UC,,.
Hence a,A"+a,ArT+a, A2 +...+a,J
=-AC, _+AC,_ -AE,_,
+ A, —... +UAC, -AC,+AC, = 0.

Hence U satisfies its secular equation. (Hamilton-Cayley.)

8. Change of frame. So far we have kept our frame fixed. If
we take a new frame €/, ..., €, so that the old basic unities referred
to this frame are

n
e; = X bye}, (i=1,...,n), detb;so,
=1

then the extensive x = 2x;e; acquires the form ¥ x;b;;e}, and
i
has coordinates ¥ x;b;;, (j=1, ..., n) in the new frame.
i

If B is the matrix of the b;;, we can say that the coordinates
x; of x in the old frame are replaced in the new by coordinates
of 8, namely 2x;b;;, (j=1,...,n).

Then if, in the old frame, the extensives x, y were connected by
y = &%, then, in the new, they will be connected by y8 = (x8) ¥,
or by y = ¥BUAB!, since det B #o.

Thus the same transformation is represented in different frames
by similar matrices. Hence, by 3, the secular equation is indepen-
dent of the frame.
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9. Ifa,...,a, be extensives satisfying (1) of § 62, namely,
a,=age +a e, +...+ae,
a,=a,e +a,e,+...+a,e,

....................................

. a,=a,e, +a, e +...+a,e,
and if

A4,=a,...a,), 4,=~[a,a,...a,), ..., A, =(-1)""[a,aq,...a,_,],
E =[e,...e,), E,=—[e,e;...e;), ..., Ex=(—1)"[ee,...e,_}],
then 4,, ..., 4, are the transforms of E,, ..., E, by [U>~'].

But if b;; is the co-factor of a;; in ¥, then

4, =a,...a)]
=byle,...en]—b[e e ...e.] +b e e e, ... 6] —
=b,E +b,E,+...+b,E,,

4,=—[aa,...a)]
=b,,E+b,,E,+...+b,E,.

Thus the element of [U*~'] in the ij place is the co-factor
of a;.

If [A"—] be regarded simply as a matrix, it is thus identical
with the matrix A*~* det Y.

The case when 9 is symmetric is specially important, the
matrices [2"'] and A~*det A are then the same. Hence then,
if [p7] = o, where p is of step one, 7 of step n—1, then

[pU.7AT]} = o.

1o. If A is symmetrical, and [pA|p] = o for all p, then
[(p+@A|(p+q)] =o for all p, g. Hence [pA|q] = o for all
b, q and so pA = o for all p. Hence A = O.

If A be any matrix, not O, and [p |p] = o for all p, then since
[p%|p] = [pUA*|p], we have [p(A+A*)|p]=o0 for all p.

Hence A+ A* = O, and A is skew symmetric.

11. Def. The matrix U is ‘orthogonal’ if

A*Y = . 3)
Then det*detA = detJ =1, and since dety = det A*,
we have detq = + 1. According as the upper or lower sign
holds, U is a ‘direct’ or ‘indirect’ orthogonal matrix.

FCE 18
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Since det A #o, therefore A~! exists, and (3) gives
A* =R, AW =AU = G
Hence, by 4, equation (2),
[%2 | yA] = [xAA* |y] = [x]|y]. (4)

Inner products are not changed by an orthogonal matrix.

If W is an orthogonal matrix with real components, its real latent
roots are + 1.

For,if %% = Ax, then [4%|xA] = A%[x|x].
Hence (4) gives A = + 1.
If N, B be orthogonal, sois AB. For A* = A1, B* = B-! gives
(AB)* = B*A* = V1A = (AB)~.
If A = (a;;), is orthogonal, then Za;ja;, = d; =o or 1, ac-
cording asi#k ori = k.
The relations AA* = F, A*A = J can be thus interpreted:

If a;, a,, ..., a, be the column- (or row-) extensives of an ortho-
1 @2
gonal matrix, then

ad=ai=..=a.=1, [a|a] =0, (i,j=1,...,n;i#j).
Hence [aiq]*=1, [aigja]?=1, ..,
(i,j,k=1,...,n; i,j,k... unequal).

Hence [A?], [23], ... are orthogonal matrices.

§64. Linear transformations of wvectors in three-dimensional
Euclidean space.

The vectors are supposed to be all drawn from the same origin.

1. Ifu,v, wbe three independent vectors, and hence [uvw] #o,
and if U be a linear transformation on them, they become %%,
v, @, and [uvw] becomes

[uN. oA . wA] = [uvw] [A3], where [A?] = detA.

We call these linear transformations ‘strains’ and denote det 9
by K, and suppose K#o. Then three non-coplanar vectors
remain non-coplanar. The sign of [uvw] is preserved or changed
according as K>o0 or K<o, and we call the transformation
‘direct’ or ‘indirect’ according as K >o or K <o. As a result of
the strain, the magnitude of any trivector is multiplied by K.
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2. If x beany vector, and %, v, w be independent vectors, then,
by §17-13, [uvw] x = [vwx] u+ [wux] v + [uvx] w.
Hence [uvw]xU = [vwx] uW + [wux] vU + [uvx] wN.
Denote u%, v, wA, xU by «', o', w', x".
If u, v, w be unit orthogonal vectors, then

& = [u|x]u +[v|x] v +[w|x]w' (5)

3. Relation to matrices. Write, for a moment, e, e,, e; for

u,v,w,and let o _ (a)p  * = X €, +Xye, +Xge5;

theﬂ xQI = Exiaijej, ejQI = Zajkek.
i) k

If ¢,, e,, e; be unit orthogonal vectors, then
x; = [e;|x], xU = Y [e;]x]e;A, corresponding to (5).
1
Also  x* =,§'E Xeajee;,  [eAlx] = %ajk[eklx] = %alkxk.
Hence xU* = N [e; A |x] ;.
J

Translating this into the notation of 2, we have
xW* = [e, A |x] e, + [e, AU |¥] e+ [e3 A |x] ey
= [ |¥]u+[v" |x]v+[w |*]w.
'The strain, thus defined, and denoted by ¥, we call the
‘transposed’ strain of . .

Since det A = det A*, a strain and its transposed strain multiply
volumes in the same ratio.

4. x(U=A*) = ([u|x]u’ = [ |x]u)+([v|x] 0" = [0 |x] ©)
([ ]3]w ~ [ [+]w)
= [un’ |¥]+ [vo” [x] + [ww’ |]
= [(u' +vv" +ww') | x].

5. If the vector x is unchanged in direction by the strain 9,
then x (A — A) = o for some scalar A.

Hence det (A —A) = o, which is a cubic in A, and therefore
always has one real root. Hence there is at least one invariant
direction (§63-2).

18-2
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6. A ‘pure’ or ‘non-rotational’ strain is one which leaves (at
least) three mutually perpendicular directions invariant.

If u, v, w be unit vectors in these directions, then uA=u,
i =v, wl=w. Hence, by 4, (A —A*) = o for all x; hence
A = A*.

A necessary and sufficient condition for a non-singular W to be
a pure strain is A = A*. For the necessity has just been shown.
To show sufficiency, let A = A*, then the secular equation
det (A — AJ) = o has all its roots real (§63-3).

Let them be ki, k,, kq, and let u,, u,, #, be the corresponding
invariant directions (§63-2), so that

w, A =kjuy, (i=1,2,3).
Then  kykofu |uy] = [kyuy [kyup] = [ A |up U] = [0 AA* [u,]
= [, %2 |uy] = [kyo, Wuy] = K[y |1,].
Hence, either k, = o, or k; =k, or [y, |u,] = o.
If k=0, then % ¥ =o,
and even if u;, v, w be independent vectors, we have
[, A. oA . wA] = 0.
Hence [u2w] [ W] =0, [U]=o,
and ¥ is singular. We exclude this case.
Hence, if k; #k,, then [, |u,] = o, and hence u,%u,.
Similarly, if ky, k,, ks be all unequal, there is a triad of mutually
perpendicular invariant directions.
If k, =k, #k,, then [u, |u;] = 0 = [u,|u;]. Hence u, is per-

pendicular to the plane of #, and u,; all vectors in this plane
have invariant directions, for

(x4 +X15) W =k, (x, 4, +%,u,), since k, =k,

If k, = k, = k3 = k, say, then all vectors have invariant direc-
tions, since u = ku.

Hencein everycase, if Y = A*, there are (atleast) three mutually
perpendicular invariant directions, and % is a pure strain.

Cor. If k,, k,, ks are unequal, there are only three invariant
directions, for a fourth would be perpendicular to at least two
of the three.
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7. A ‘dilatation’ from the origin is a transformation which
multiplies each vector by the same scalar k, and leaves its direc-
tion invariant. It is represented by the matrix k3.

If [A%] = K+#0, and A = KB, then detB = 1.

Hence any strain U is the product of a dilatation from the origin
and a strain of determinant unity.

8. If three mutually perpendicular unit vectors become such by
a strain U, then any three mutually perpendicular unit vectors
become mutually perpendicular unit vectors, and A-' = W*, that
is, A is orthogonal.

For, if u, v, w and ', ¢/, ', their transforms by U, be each
a mutually perpendicular set of unit vectors, then, by 3,
wWW* = [ |wu+[v |u]v+[w |u]w =y,
VA* =0, W' WU*=w.
Since [uvw] #o therefore A is non-singular.
But, as #” = 49, we have u = »'9!; similarly
o=, w=wA
Hence for all vectors x,
2(U* - A1) = o,
hence A* = AL,

Conversely, if U is orthogonal, it turns perpendicular vectors
into such.

For, if [x|y] = o, A* = AL,
then [ |yA] = [xAA*|y] = [xAA|y] = [x[y] = 0.
9. Orthogonal strains leave the magnitudes of wvectors un-
changed.
For, by 8, putting x =y, we have
[ [xA] = [x|x].

They leave the absolute magnitudes of trivectors unchanged, since
det = +1.

10. Direct orthogonal strains are called ‘rotations’. They
satisfy R* =, [R3] = 1.

A rotation, which is not identity, leaves just one direction in-
variant. For, let the rotation i change the three unit orthogonal
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vectors u, v, w into ¥, v, w’, which, by 8, g, will also be unit
orthogonal vectors:
[uvw] =1, [R]=1, [Wo'w]=r1,
[uvw] [(R—A)*] = [u(R—A).0(R—A).w(R - A)]
= 1—A([uv'w'] + [t'vw'] + [u'v'w])
+ AY([t'vw] + [uv'w] + [uvw']) — A3
= 1= A([u|u]+ [0 |0]+ [w]2])
+X([u 0]+ [0 0]+ [w|w]) - A°
=(1-A){A2+2A+1
= A([u|[w]+ 2|0+ [w @]} (6)
Hence the characteristic roots of i are A = 1, and the roots of
the quadratic factor. Now since :® does not change the magni-
tude of any vector, the roots of the quadratic factor, if real, must
be +10r —1.

If A =1 is a root, then since [u|u], [v|v'], [w|®'] cannot
exceed 1 and their sum is 3, each equals 1, and #, v, w coincide
with #’, v’, w'.

If A = —1 is a root, the other root is also — 1 (since the product
of the roots is + 1), then «, v, w become +u, —v, —w, if u corre-
sponds to the root of the linear factor. The vector u remains
fixed, and all vectors k, v + k,w perpendicular to it are reversed.

If the roots of the quadratic factor are imaginary, A = 1 is the
only real root of the secular equation, and there is only one vector
of invariant direction.

11. Indirect orthogonal transformations.

If 9 be a strain of thiskind, then K = — 1, R = — W isarotation.
Hence these transformations are rotations preceded or followed by a
reversal of the vector, that is, by a reflection in the origin.

If the orthogonal unit vectors u, v, w become #’, v’, w’ by ¥,
then |4’ = —[v'w’], and so on, since [#'v’'w’] = —1. Hence (6)
is replaced by

— 1+ A([u|w]+ [0 0]+ [w]w])
+ A%([u|w']+[v|v]+[w]|w])— A3 =o.
One root is A = — 1, the others satisfy
A2 A-A([u|u']+[2|v]+[w|w])+1 =o.
If these be real, they are both —1, or both + 1, and hence
[u|w]+[v]|v]+[w|w] =—3 or1.
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The first case, (A = —1), gives [u|u'] = [v|v'] = [w|w'] = —1,
and 9 is a reflection in the origin. If A = +1 is one root of the
quadratic, the other is + 1, and the three characteristic roots are’
—1, 1, 1. As in 10, it follows that one vector is reversed, and all
those perpendicular to it are invariant. Thus U is a reflection in
a plane.

If A = —1 is the only real root, no vector is invariant, but one
ismerely reversed. Hence thereis always one vector which isreversed,
and either no vector is invariant or there is a plane of invariant
vectors.

§65. Central quadrics.t

1. If A is a pure strain, (A = A¥*), the corresponding ‘strain
quadric’ is the locus of ends of vectors v such that [v% |v] = 1.
Differentiating, we have

[d(v) |2] + [+ |dv] = o.
Now since U is a fixed matrix,
d(vN) = (v+dv) A —A = dv. .
Since A = A*, we have
[d(=N) |v] = [(dv.A) |v] = [dv |vA] = [vA |dv].
Hence, if [0 |v] = 1, then [0 |dv] = o.

But dv is a vector in the tangent plane to the quadric at the
point 2. (We shall often say ‘the point o’ for the point at the end
of the vector v.) Ilence

The tangent plane to the strain quadric at the point v is perpen-
dicular to 9.

"T'hus the strain quadric is such that the vector from the origin
to any point p of the quadric is turned into a position perpendi-
cular to the tangent plane at p.

Let g be the vector (from the origin) to the foot of the per-
pendicular to the tangent plane at the point v.

Then ¢ = k.o, (k scalar).

Hence

1 = [v|0¥] = [(v—q) |[oA]+[q |2A] = [¢|A] = k[xAP,
k = 1/[oA), ¢* = 1/[vAJ

1 We recall, § 63-4, that if A=*, then [xW|y]=[x]|yA].
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2. The mutually perpendicular invariant directions of U (§64-6)
are along the  principal axes’ of the quadric.

For let u be a vector to a point of a quadric whose magnitude
is stationary with respect to nearby vectors. Then we say u is
along a ‘principal axis’. A plane perpendicular to such an axis is
a ‘principal plane’. [u |u] = 1, u? is stationary.

Hence [ |du] = o, whenever du satisfies [1 |du] = o.

Hence u = ku, (k scalar),

1= [u|u] =ka?, k=1/u?, u(A-1/u2.J)=o.
Hence det(A—1/u2.J) =o.
The roots of the secular equation for W are 1/u?, where \Ju® are the
lengths of the principal semi-axes.

The results of this paragraph and the preceding clearly hold
for space of any dimensions.

3. To find the lengths of the axes of sections made in a direction
perpendicular to a vector v.
If u is the vector along such an axis, then
[uN|u] =1, [u|v] =0, u?is stationary.
Hence [u |du] = o, whenever u satisfies [v |du] = o, [ |du] = o.
Hence u, v, u are coplanar vectors, and the directions of the
axes are given by [u.4.v] = o, as an equation in u.
Further, ¥ = k, v+k,u, for some scalars k,, k,.
Hence 1= [u|u]=kyu?, u(A-1/u?.J)=k,v,
u=KkoUA-1/u.3)"
Hence lo(A-1/u2.F) =0
is the equation in ,/u? for the lengths of the axes of the section
perpendicular to v.

To compare with the usual Cartesian results, we can take the
equation of our quadric referred to its principal axes as

ax?+by? +cz? = 1.

If u be a vector whose components are (X, y, z), and [#9 |#] = 1, then
u( has components (ax, by, cz); hence

A = diag(a,b,c), (A—1/u?.J)=diag(a—r2,b—r2c—r3?),
where r is the length of the vector «.
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The inverse of a diagonal matrix is obtained by inverting its
elements; hence if |, m, n be the direction cosines of v, we have
a—r2)'+m%(b-r2)l+nc-r?) ! =o.
But of course our work holds for the general equation of the
quadric.

4. The locus of the mid-points of the chords of a quadric parallel
to a given vector u is a plane through the origin with bivector |u¥!.

The locus of course goes through the origin; let v be the vector
to one of the mid-points, then for some scalar k

[(0+ku)A|(v+ku)] =1, [(v—ku)A|(v—ku)] =1.

Hence [oW|v] + k[uA |v] + k[0 |u] + k[ [u] = 1,

(oA |v] — k[2A |v] —k[oA |u] + K2 [u |u] = 1.

Thus [4 |9] + [oU [u] = o, but as A = A*, [uA |v] = [vA |u].

Hence [uA|v] =0, [+A|u] =o0.

Thus v is on |#%(, and, further, the locus of mid-points of chords
parallel to v is |29 and contains #. The directions of « and v are
“conjugate’ for U ; the vector u and bivector |4 are ‘ conjugate’.

If [4N.2A] = |w, then [oA |w] = [uU |w] = o.

We may define the points u and v to be conjugate when
[ |2A] = 1, and we may define the locus of points conjugate to

the point « as the ‘polar’ of u. The usual properties of poles and
polars then easily follow.

5. If the normal to a central quadric at a point p, not on a
principal plane, meets the principal planes in p,, p., ps, then the
intervals pp,, pp., pps are in constant ratios.

For let k;, ky, ky be the characteristic roots of % and ,, 2,, 25 the
corresponding principal planes on which p,, p,, p, are supposed
to lie. If v,, v,, v4 be the principal axes perpendicular to a;, &, 2,
respectively, then

o, A=k, [plv]=o0.
Also c(p—p) =pU, c, scalar.

Hence c,[p|v|] = [p%|v,] = [0, A |p] = ky[v,[p]-

But [p|v,]#0. Hence ¢, =k,. Similarly ¢, =k,, c; =k,
where c,, c; are defined like c;. Hence the lengths pp,, pp,, pp,
are in ratios ki ':ky 'k L
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6. Quadric envelopes. If |9 = 7, then 7 is the bivector of the
tangent plane at the point v of the quadric %.

The equation [v |2%] = 1 may be written [v7] = 1.

Hence  [oN.7[A?]] = [o7] [W] = [A®] = A, say.

Let [2A%] = A8, then [rB|7]=1. (1)

This is the equation of the quadric regarded as an envelope
of planes; ¥ is an operator which transforms bivectors into
bivectors, whereas U and ! turn vectors into vectors.

When 8B and UA-! are represented by matrices, their corre-
sponding coordinates are equal, and no harm arises if we write
A-! for B.

If A is a characteristic root of 9, then A-! is a characteristic
root of B (§63-2). The characteristic roots of B are hence the
squares of the lengths of the principal semi-axes of the quadric 8.

We can write (1) as [78.92] = 1. Comparing with [v [v¥] = 1,
we have lo =78, v=|r®.

Hence the point of contact of T with B is |7°B.

Also [o7] = 1 gives

[78.2[B%]] = [B°], or [¢[B7]|o] = [B*].

7. Confocal quadrics. 1f 9 is a pure strain and B = A~ (cf. 6),

then the quadrics whose envelope equations are
[7|7(B—k§)] = 1, (k scalar)

are ‘confocal’ to .

If k is a root of the secular equation for B, the quadric becomes
a ‘focal conic’; for if x is any root of that equation, then x—k is a
root of the secular equation of B —k$, and, when x = k, the
corresponding semi-axis vanishes, by 2.

The locus equation of the confocal is [¢(B —kF)! |v] = 1.

8. Two confocals have perpendicular tangent planes at any
common point.
For the envelope equations of the confocals can be taken as

@Bk =1, FB-kI)[I=1, kk,
The point of contact of the tangent-plane « to the first is

|(B —k,; J); the point of contact of the tangent plane f to the
second is |A(B—k,3).
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These points coincide if
B -k, J) = BB -k, ).
But  [«(B-kJ)|a] =1, [AB-k)IAl=1,
‘ (%8 |a] = [2B|5].
Hence  [A(B-k,J)|a] =1 = [«(B -k, ) | A].

This gives (k; —k,) [ |f] = o, and so [« |#] = o.
"This theorem and proof hold for spreads of any step.

9. There are just three confocals through any point p, not the
centre.

For, if 8 —kJ = € goes through p, then [p[€?] |p] = [€*] by 6,
and this is a cubic equation for k.

Since at least one root is real, at least one quadric is real. The
reality of the other two follows from the next paragraph.

10. If u is any point on a quadric locus U, the principal axes of
the central section which is parallel to the tangent plane at u are
parallel to the normals at u to the other confocals through u.

For let w be the end of a principal axis of the section. This
section is perpendicular to #. Hence, by 3, w, @, Y are

coplanar. w =k uq+k,wN, (k;,k, scalars) (1)

Hence [wq|w] =1, [uA|w] =o. (2)

w' =k, 2A!'=kut+tk,w, wA'-kJ)=ku (3)
Let B = A, then [9(B -k, I)"' |¢] = 1 is the locus equation
of a confocal to .
Now [4 |u] = 1; [w¥ |u] = o, by (2). Hence [w |1] = k,, by (1).
But, by (3), w = k(8 -k, J) ", hence [1(B -k, ) |u] = 1.
Thus the confocal last-mentioned goes through u, and hence

u(B—k,J) !, or w, is parallel to the normal at u to a confocal
through w.

11. The wvectors of U parallel to the normals of (B —k3J)™!, at
points where these quadrics cut, have a constant length if 8 = -1

For, if u be a point of the cut, then #(3 —kJ)~! is the vector
of the normal there. If v is the parallel vector of U, then

[PA|v] =1, ©v=xu(B-kF)!, (x scalar).
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Now [#% |v] = o,

since v is perpendicular to %, by 8 and 1.
Hence (B —kJ) =xu, 9(B-kI)A =x.u,
v—k.o¥W = x.uN, v2—k[oA|v] =x[uA|v] =0, o*=k

12. The centres of curvature at a point on a quadric.t

Let v be on the quadric €. The point p = v+x2€, (x scalar),
is on the normal at v to the quadric locus €. Take x so that p is
at a centre of curvature. This means that a direction dv can be
found on the quadric so that dp = o, that is, so that

do(F+x€)+vC€.dx =0, or dv+o(E1+xF)1dx =o.
But [v€ |dv] =0, hence [v€|v(€!+xJF)!]=o.
Put € = (B —kF) !, then the last equation can be written
[¢(B-kJ)~" [o(B—-(k-x)J)"'] = o.

Thus, by 8, (B—(k—x)J)~! is a confocal to € through v.
Hence, if (B -k, J) 7!, (B —k,J)~! be the two confocals through v,
then x = k—kj or k — k,.

Hence the centres of curvature of € at v are

v+x0€ = v(1+(k—k;) (B -kF)1)
= o(®—k,3) Bk, (i=1,2)

Now  (B-k3J)(B-kJ) = (B-kJ)(B-k3I)

Hence (B-kJ)(B-kI)"' = (B-kI)"'(B-k;J)-

Thus v+x0€ = |(|]o(B-kIF)) (B -k;J),
or a centre of curvature at v is the pole for (B —k;J)! of the
tangent plane at v to (B —kJ)~.

This result extends to spreads of any step.

13. A vector w with imaginary coordinates, such that #? = o,
is called ‘zsotropic’. A square root of a matrix § is a matrix @,
such that @2 = F. We write @ = §*. They will be investigated
later, and are now introduced tentatively. It will be shewn later

that matrices of the form (B —kJ)! for various values of k
commute in multiplication.

1 Joly, Manual of Quaternions (1905), p. 122.
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The point where the confocals of the quadric envelope B,
corresponding to k;, ky, ks, cut is
v = w[(B -k, J) (B-k,J) (B -k J)) = wd, say,
where w?=o0, [w|wB]=o0, [w|wB?]=r1.
For [v]o(B—k,)"]
= [wD} [wDI(B—k, )] = [ D (B -k, ) DI
= [w]w®D(B -k J)'] = [w|w(B -k, J) (B -k;J)]
= kykyw? — (ky +k;) [w |wB] + [w |wB?] = 1.
14. Combining 12 and 13, we have, since a centre of curva-
ture at v of € is v(B -kJF)™' (B —k,J), the surface of centres is

w(B-kF) (B -k JN(B-k
as ky, k, vary.
The corresponding work on conics gives the result:
If A=k, D)!
is a confocal conic through the point v, the centre of curvature
at v for W is vAH(A -k, J)1.
15. Ivory’s Theorem. Consider the confocals
[v(B—-kJ)'|v] =0, (kscalar).
Let €2 =B -k,
then C=(B-kJ), C'=(B-kJ)t €=0C*
We assume (B —kJ)~! represents an ellipsoid. If then it be
referred to its principal axes, its matrix takes the form diag (a, b, c)
where a, b, ¢ are positive scalars. Then diag(y/a,/b,4/c), with

positive square roots, is taken for €1, in that frame. Letr bea
unit vector, then

1 =72=[r(B-kJ) (B -kJ)*|r] = [(B—kJ)! |7(B-kJ)].

Let b = 1Bk,
then [2|p(B-kI)] = 1.

Hence p is on the ellipsoid (B—kJ)~!, which call the
ellipsoid k.

We call p, =7(B-kQJ)}, p,=r(B-k,I) ‘corresponding
points’ on the ellipsoids k,, k,. If one is on a principal plane, so
is the other.
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Let ¢ =rB-kJt =r(B-kJH (*=1)
be another pair of corresponding points, then

[211¢2] = [r(B -k, J)t 7' (B ~k,J)1]
= [rB -k I (B-k,J)|r']
= [M(B -k, 3 (B-k,J)|r] _
= [r(B -k, I 7' (B -k, )] = [2]q.]- (1)
(We have assumed again that (8 —k,J)* and (B —k,J)? com-
mute.)

Also  p} = [r(B -k I (B -k, J)i] = [r(B -k, J) |7],
pE-p% = [f(B-k,J) |r] - ["(B -k, ) [7]
= (k;—k;)7* =k, —k,. (i)
The differences of the squares of the distances of corresponding
points from the centre is constant.

Thus qi—q5 =k, —k,. (ii1)
Hence, by (i), (ii), (iii),
(P1+ @) = (L2 +9)% (P1— ) = (P — @)™

The last gives Ivory’s Theorem: The distance between two
Doints one on each of two confocal ellipsoids equals the distance
between the corresponding points.

The other equation is also easily interpreted.

16. If r be a unit vector, then p = r(B—kJ)! is on the
ellipsoid k.

Keep 7 constant, but let k vary; then p describes a curve, and
the tangent at p to the curve is given by dp = rd(B —k3)}, or, as
in the ordinary differential calculus; dp = — }r(B —kJ)-* dk.

Hence (B —kJ) * or p(B —k3J) ! is a vector along the tangent
at p to the curve.

Hence, as p is on the ellipsoid [1(B ~k3J)~! |«] = 1, the tangent
to the curve at p is normal to this ellipsoid, by 1.

Thus the locus of points on the ellipsoids (B —k3)~! as k varies,
which correspond to a fixed point on the ellipsoid B, is normal to
the confocals, and hence it is the cut of the two other confocals through
the fixed point.

"The corresponding theorem on the hyperboloid of one sheet
presents special features and is treated next.
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17. Smith-Durrande Theorem. If two points be taken on a
generator of a hyperboloid of one sheet, and the corresponding points
on a confocal hyperboloid of one sheet, then the distance between the
first pair equals the distance between the second pair.

For define corresponding points on two confocal hyperboloids
of one sheet as they were definea for ellipsoids in 15; then the
theorem and proof of 16 still hold. (The vector r has now one
coordinate imaginary.)

If p, g be the first pair of points, then for any continuous
change,

2 (p-aF = L6~ (5=

But, if, as the hyperboloid deforms along a series of confocal
hyperboloids, p, ¢ move along points corresponding to p, g, then,
by 16, they move normally to the hyperboloid and hence

[(p-9)f) =0, [(p-9)ld] =0,
provided [pq] is along a tangent plane to the hyperboloid, that is,
provided [pq] is a generator.
Hence (p —¢)? is constant in this case.
If we consider confocal cllipsoids, the formulae of 15 give:

(51— 01— (P2~ ) = 2(ky —ky) —2[py |q,] + 2[P1 9],
[211g:] = [(B -k, J) ' (B -k, J)'] = [(B-K,J) '],
[P:1g.] = [(B—k,3) |7']-

Hence  (py—q1)*—(po— )" = 2(ky—k,) (1 = [r[7']).

But since 7, 7’ are (real) unit vectors, this vanishes only when
ky=k,orr=r'.

18. As the hyperboloid deforms, its points on a principal
plane remain on that plane, since the instantaneous motion of a
point is in the direction of the normal at the point. (The cuts of
the generators with the principal planes describe conics.) Thus
the lengths of the intervals cut on the generators by the principal
planes are constant, and we have a case of the motion of §47,
Ex. 31. The locus of a point on a generator as the hyperboloid
deforms lies on the ellipsoid of that example.

Let p,q, and p,q, be two positions of a moving generator,



288 TRANSFORMATIONS AND MATRICES WITH [CHAP.

where p,, p, are on one principal plane, and ¢,, ¢, on another.
Then p,, ¢, on one hyperboloid correspond to p,, g, on a con-
focal hyperboloid. As in 15, we have p? —¢? = p%—¢3. Since also
(p1—q1)? = (P2 — ¢2)% it follows that the foot of the perpendi-
cular from the centre to the generator maintains a fixed position
on that generator.

Hence if a plane through a point fixed on the generator and
perpendicular to it goes through o in one position, it does so in all.
Hencet any such plane envelopes a sphere, centre o.

Also, by 15, [p, | ¢2] = [p2]| 41]; whence the join of the mid-
points of p,p, and ¢, ¢, is perpendicular to them.

19. From g, it easily follows that the normals at all points of a
set of confocal quadrics are cut by the principal planes in points

P, q, 7 such that the ratio pq: pr is constant.

Thus the cross-ratio of the cuts with the principal planes and
the plane at infinity is constant; we have that case of the tetra-
hedral complex considered in the next section.

20. Let L, M be the generators, through p, of the deforming
hyperboloid. As the hyperboloid deforms, p stays on the ellipsoid
given by the motion of L (cf. 18 and §47, Ex. 31), and also on
that given by the motion of M, and hence on their cut. These
ellipsoids are concentric and co-axial, and through their inter-
section goes an infinite number of such ellipsoids, one of which,
% say, touches at p the plane through p perpendicular to L.

Then L is the normal to % at p. Consider the normal to % at
another point p, on the locus of p; this normal is divided by the
principal planes in the same ratio as L (5), hence it is a new position
of L, for it is easy to shew that these ratios and the given point p,
fix the line.

Hence the planes touching % at points of the locus of p, being
perpendicular to L in its various positions, at a fixed point on L,
all touch a fixed sphere, centre o, by 18.

Thus the locus of p is the locus of the points of contact with the
ellipsoid € of a common tangent plane of € and a fixed sphere, that
is, it is a ‘polhode’.

+ For this and 20 see Mannheim, Géométrie Cinématique (1894), p. 191.
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21. If three perpendicular chords be drawn through a point v of a
quadric Y, then the plane through their ends goes through a fixed
point. (Frégier.)

For, if ), u,, us be three perpendicular unit vectors through v,
then there are scalars k;, k,, k, such that

[(o+ku)A|(v+ku)] =1, (i=1,2,3).
Hence k; = —2[oW |u]+[u;A|u;], since [oA|v] = 1.

The points v + k; u; are on the quadric. The plane through them
goes also through the point

(L@ +kyu) + 10+ kyuy) +13(v +kyus)) (L + 1, + 1)1,
for any scalars 1, 1, 1.
In particular, it goes through the point

0 —2([0U |, ]y + [0U 5] 1y + [0 |5] )
+ ([oy Wy ]+ [0y A 1] + [105 2 |145])

or v—20U +k,
where ko= o, Waey ] + [ U |a] + [ |45

= [, . wyus) + [, Woreg1e) ] + 103 W . w, u,)

=3[, uu5] [UJF] = 3[AJJ],
where we define [AJJ] as in the work in §49. It can be shewn
that this outer product is independent of the frame. See p. 293.

§66. Confocal quadrics from the projective standpoint.

1. Consider the operation of taking poles and polars with
respect to any non-degenerate quadric. In Chap. 111, where we
had only one quadric, this operation was treated in our symbolism
as one of taking the supplement, and was denoted by |. In this
section, we shall distinguish between the operation of taking the
pole of a plane, and that of taking the polar plane of a point.

If o be a plane we denote its pole, for the quadric indicated by
p, by the symbol ap. Thus p is a linear transformation which
turns planes into points.

If p = ap, then @ = pp~T, so that p~! turns a point into its polar
plane for the quadric indicated by .

We need these symbols because we deal with several quadrics
and because we consider perpendicular lines and planes. In the

FCE 19
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metric work in Chap. 1v the vector perpendicular to the plane «
was denoted by | «. Here we adopt a projective point of view,
and so replace the vector by a point at infinity; instead of |, we
accordingly write ae. The symbol e thus represents a degenerate
linear transformation of planes into points, since all planes
become points on the same plane, that at infinity. If  is the
plane at infinity we = o. For ae is on w for all planes «, hence
[xe.w] = o, [we.a] = o for all planes «. Hence we = o.

The transformations p, e are polarities (§ 50-9). If @ touches the
quadric indicated by p, then [ap.a] = o, and ap is the point of
contact.

2. If p is a polarity, then p+ke is a ‘confocal polarity’. It is
convenient to speak of the quadric p, meaning the quadric
envelope of planes a which satisfy [ap .a] = 0. We may then speak
of confocal quadrics p, p +ke.

If w is the plane at infinity, then p is a ‘paraboloid’ if
[wp.w] =0, for then p touches w. Then p+ke is also a
paraboloid. For we = o, [we.w] = o.

If p is a degenerate polarity, that is, if the planes & which satisfy
[ep.a] = o are those touching a cone, then p+ke is also de-
generate.

3. If e is a tangent plane through p to p +ke, then

[0p] =0, [ap+ke).a]=o.
Hence [apa]+k[aex] = o. Thus « envelopes a quadric which
must be a cone, since a always goes through p; and as k is changed,
we get confocal cones.
When we speak of confocal quadrics, we shall assume they are
not paraboloids, or degenerate quadrics.

4. If p+ke is a quadric confocal to p and through p, and S is
its tangent plane at p, then A(p+ke) =p, [#p] = o, whence
[B(p+ke). ] =o. Hence B repeated is one of the cones men-
tioned in 3.

5. Reye axes. The ‘axis’ of a plane a for the confocals p + ke is
the line [ap.ce].

The poles of o for these quadrics, namely a(p +ke), lie on the
axis of a.. Since [ap.ae] is [ap Ja] in the earlier notation, therefore
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the axis of a is perpendicular to a. Or, we can reach this result
thus: since a(p +k, e) —a(p +k,e) =ce, therefore the join of the
two poles is perpendicular to a.

Since we = o, where w is the plane at infinity, therefore any
line through the centre wp of the quadric should be regarded as
an axis, for the point p is on the axis of « if [p.ap.ae] = o, and
this is true for all p when a = w.

6. If L is an axis it is of form L = [ap.ae]; hence
[L.ae] =0, [L.ap]=o.

Hence a line through the pole of a plane with respect to one of the
quadrics and perpendicular to the plane is an axis.

7. The polarity p turns a line L into L[p?], and a point p into
plv°].

If L is the axis of , then [Lp] = o where p = ap. Transform
by p and we have [L[p?].p[p%]] = o, or [L[p*].a] = o, since
plp3]=pp~! = « (§63-9). But [L.ac] = o, or in the old notation,
[L {&] = o, and L[p?] lies on .

Hence L is perpendicular to L[p?]. An axis is perpendicular to
its polar lines with respect to the quadrics.

8. The axis of a goes through ¢ = a(p +ke) for each k. Take
k = —[apa] +[cex]. Then [ge] =0, and hence a touches
p+ke at ¢, but since the axis is perpendicular to a and goes
through g, it is normal to p + ke at g.

Hence each axis, not through the centre, is normal to just one quad-
ric of the system. Each normal to a quadric of the system is an axis.

The foot of the normal is the ‘principal point’ of the axis.
(When the normal is along a principal axis of the confocals,
each of its points is a principal point.)

g. Ifpis the principal point on an axis L, not through the centre,
then L touches two of the confocals through p, for it is normal to
one confocal through p, and the confocals cut at right angles.

'The normals through p to the two confocals just mentioned are
also Reye axes with p as a principal point. Hence, since through
each point, not the centre, go three confocals:

Through each point p, not the centre, goes a triad of perpendicular
axes, of which p is the principal point.

19-2
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10. The axes [ap.ae] through any point p are those which
satisfy [p.ap.ae] = o, as the plane & varies. Put x = ap, then
o =xp~!, and the equation becomes [px.xp~le] =o. Con-
sidered as a locus of points x, this is a quadric, and by construction,
a cone, which goes through the centre ¢, by 5, or since

cp~le = we = o.

The Reye axes through a point p, not the centre, lie on a quadric
cone through the centre.

11. In general, a plane touches only one confocal of the
system p+ke, for in 8, k = —[apa] + [xea] is unique, unless
[apa] = [aea] = o. If a is real, then [aex] = 0 only when a = w.
But if our field of scalars is the complex field, we can have im-
aginary planes « satisfying both equations; such a plane « touches
all the confocals, the points of contact are a(p +ke), and lie on
the axis [ap.ae]. This axis lies on a, since [a. .ap.ae] = o, and it
is perpendicular to a, since [ap.ae.ae] =o. Conversely, an
(imaginary) plane which touches two confocals touches all.

12. Dually to §51-6, if p,, p, be two polarities, the lines
[ap, .ap,] constitute a tetrahedral complex. Our complex of axes
is thus a special case of the tetrahedral complex, as was shewn, in
another way, in §65-19.

Examples. 1. If L is not an axis, the axes of all planes through L lie
on a regulus opposite to the regulus of lines polar to L for the con-
focals.

2. A line is an axis if its polar lines for two confocals are coplanar;
the polar lines for all confocals are then coplanar.

3. The Reye complex includes all lines at infinity on the confocals,
all lines in or perpendicular to the principal planes, the axes of all
conics on any of the confocals, the join of the feet of any two inter-
secting normals to a confocal, and the polar of that join. The axes in
a plane envelope a parabola.

4. Two planes conjugate for two of the corifocals are conjugate for
all and are perpendicular. Two perpendicular planes conjugate for
one confocal are conjugate for all.

Def. A line L is a ‘focal axis’ of a quadric p if any two perpen-
dicular planes which cut in L are conjugate for p.

A focal axis for p is a focal axis for all p +ke.
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5. Let o, # be perpendicular planes through a focal axis of p. We
can find k so that p +ke = q touches a. Hence [axqa] = o, [xqf] = o.
If 1 is any scalar, there is a scalar I’ such that & +1'8 is perpendicular
to a +14, and hence conjugate to it for q. Thus

[(@+1B)e(@+I'B)] =o, [(@+1B)q(e+I'B)] =o.
These give 1#1’, [#qf] = o. Hence f touches q.
Then [af] is a generator of q, for a +x/ touches ( for all x, since
[(x+xp) a(@+xp)] = o.

Thus any focal axis is a generator of some quadric of the confocal

system.

6. Since two planes through L conjugate for a quadric separate
tangent planes through L harmonically, and two perpendicular planes
separate the tangent planes to the circle at infinity harmonically, the
complex of focal axes is a special case of the harmonic complex of lines
such that tangent planes through them to one given quadric separate
harmonically those to another given quadric. This is investigated
later, p. 472.

7. If A, B be matrices of order three, then
det (A—-AB) = [(A-1B)3]
= [W3] - 3A[A2B] + 3A%[AB?] — A3[B3].
Thus [A2B], [AB?] are independent of the frame.
Similarly for matrices of any order.
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CHAPTER X
GENERAL THEORY OF INNER PRODUCTS

§67. Inner products of extensives of step one.

1. If a=ae +...+a,e, and b=be +...+b.e, be two

extensives of step one in #(e,, ...,¢e,), then
[a|b] = a,b,+a,b,+...+a,b,.

We can regard [a|b] as a kind of product of @ and b, for the
distributive law, with respect to addition, holds. We call [a |5] the
‘tnner product’ of a and b.

Similarly, if E, F be extensives of any step <nin%(e,,...,e,),
then [E | F] is their ‘inner product’.

Also [E|F] = [F|E]

2. Def. Two extensives a, b of step one are ‘orthogonal’ if,
and only if, [ |b] = o.
. Def. If A =%(ay...,a,), then an extensive b of step one is
‘orthogonal’ to A if, and only if, it is orthogonal to each of

a,, ...,a; it is then orthogonal to all extensives of step one in 4.

3. If Ais a spread of step r, and a subset of a spread R of step n,
then the set of extensives of R which are orthogonal to A form a
spread of step n—r.

For, if a,,...,a_be a basis of 4, then the equations

[a,]x] =0, [a,|#] =0, ..., [a,|¢] = 0 (r)
are independent, since a, ..., 4, are independent.

Any extensive x which satisfies (1) is orthogonal to all exten-
sives in A, and the extensives satisfying (1) form a spread of step
n-r, (§59'5, -8).

Cor. No extensive, save zero, in &(e,, ...,e,) is orthogonal to

alle, ... e,

4. Def. IfA=%(a,,...,a),B=%L(b,...,b), then Ais ‘ortho-
gonal’ to B if, and only if, each g; is orthogonal to each 4;; then
each extensive in 4 is orthogonal to each in B.

Sometimes 4 is called ‘ completely orthogonal’ to B. It should be
noticed that [4 | B] = ois not a sufficient condition for this relation.
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5. If A, of step r, is a subspread of a spread of step n, then its
extensives are just the solution-extensives of a set of n—r homo-
geneous linear equations in n variables.

For let a,, ..., a, be a basis of the spread 4, and b,,b,,...,b,_,
be a basis of spread B orthogonal to 4.

Then  [bj|la] =0, (i=1,..,r;j=1,..,n—1).

The set of extensives orthogonal to B is the set of solution-
extensives of the equations:

[b,|x] =0, ..., [by_. |%] = 0. (2)
Hence a,, ..., a, are in the set. But the set fills a spread C of step

n—(n—r)=r, and hence a,, ...,a, is a basis of C. Thus C=4,
and the extensives of A satisfy the n —r equations (2).

6. Def. The extensives a,,...,a, of Fe,,...,e,) form a
‘normal frame’ if a} = 1 for eachi=1,...,n, and [, |a;] = 0 when
i#j, (i=1,..,n; j=1,..,n). Then [¢;a])* = [g,0;a,]*=...= 1.

For example, the frame e, ..., e, is normal.

7. If ay, ..., a, is a normal frame in (e, ...,e,), then a,, ...,a,
are independent and hence #(a,, ...,a,) = L(e,, ...,e,).

For, if k,a,+...+ka, =0 (k,...,k, scalars), then inner
multiplication by a, gives k a? = o, and hence k, = o. Similarly
all the k vanish.

Ifa,,...,a,is a normal frame in F(e,, ..., e,) and x is orthogonal
toeachof a,,...,a, then x is in F(a,, ,, ..., a,).

For,if x =k,a,+... +k,a,, (k,, ..., k, scalars), then [x|a;] = o
gives k; = o, (i=1,...,1).

8. Def.* An ‘elementary circular transformation’ of a,, ..., a,
is one which changes two extensives &, b of the set into extensives
of the form

xa+yb, +(xb—ya), where x%*+y%?=1, (x,yscalars),
and leaves the other extensives of the set unaltered.

If x=cosa, y=sina, we call a the ‘angle’ of the trans-
formation.

The change of @, b to —a, b is an elementary circular trans-
formation of angle 7, (x = —1, y = o).

* For 8-12, see A,, §§ 155-163.
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If, in the definition, we take the positive sign in the ambiguity,
we have a ‘direct’ transformation, if the negative, an ‘indirect’
transformation. Transformations which differ in sign only, we
call ‘opposite’.
Def. A ‘circular’ transformation is one obtained by a succession
of elementary circular transformations.

9. By a circular transformation, normal frames (a,b,c,...)
become such, the inner product and the square of the outer product
of any two extensives of the frame are unchanged.

We need only shew this for an elementary circular trans-
formation.

Then (xa+yb)? = x%a?+y%? = 1,
if a?=4 =1, and [a|b]=o0.

Also

(xb—ya)? =1, [(xa+yd)|(xb—ya)] = xy(b*—a?) =o.

If ¢ be any other extensive of the normal frame, then
[(xa+yb)|c] =0, [(xb—ya)|c]=0, [(xa+yb)c]?®=1.
Also [(xa+yb)(xb—ya)] = x?*[ab] — y*[ba] = (x%+y?) [ab] = [ab].

Cor. By a circular transformation, the inner product and the
square of the outer product of any two extensives are unchanged.

10. Ifa,...,a, be anormal frame, and b be in ¥ (a,, ..., a,) and
? = 1, we can change a,, ..., a, by a circular transformation into

a set containing b. Our field of scalars is here assumed to be real.

For, let b=k, a,+... +k,a,, and let, with positive square roots,

k,a,+k,a, VK +k2)c,+k;a,
C,= iy €= a2
2 A N e

_ K+ K )6 tkya,

¢
" k2. +k2)

There is an elementary circular transformation on a,, a, which
changes a, into ¢, ; one on ¢,, a; which changes ¢, into c,, ..., one
on ¢,_,, @, which changes ¢,_, into c,.

Also b= (k+k)c,+ka,+... +kya,

=k +ki+k) e, +ka, +... tkya,
= J(k2+k2+...+k2)c, = ¢,
since b =1, ¢ = 1, and hence k?+ ... +k% = 1. Thus ¢, = b.
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11. If a,b,c,...,p,q and a,b,c,....p,,q, be two normal
[frames of the same step, and the field of scalars be real, we can change
one frame into the other by a circular transformation.

Fora,b,c,... are in £(a,,b,¢c,, ...,p,, q,). Hence by a circular
transformation on a,,b,,... we can replace one of these by a.
Suppose we thereby obtain the seta, b,,c,, ...; this is normal, and
b,c,,... are orthogonal to a, and hence are in &(b,c,,...).
Hence by a circular transformation on b,,c,, ... we can replace
one of these by 4. Suppose we thereby obtain the set b, Cpdyy e
this is normal and ¢, d, ... are in .5/’(03, ds’ ...). So proceeding, we
reach a normal set a,b,¢, ..., p,q" where ¢’ is in the spread #(q),
that is, where ¢ = kq’, (k scalar).

Butg?*=1,¢* =1, hencek = + 1.

If k = —1, we replace the last elementary transformation by
its opposite.

12. If G be any subspread of (e, ..., e,) of step m < n, we can
find a normal set a,, ...,a, such that G = ¥(a,, ...,a,), the field
of scalars being real.

For, let a, be in G, with a? = 1; by a circular transformation
change e, ...,e, into a normal set containing a,. Then a, is
orthogonal to the other extensives of this set, and hence to each
extensive of the spread they span. This spread, of step n— 1, cuts
Ginaspread G, of stepn—1+m—n=m-—1.

Let a, bein G, with @ = 1, then a, is orthogonal to a,. Hence,
by a circular transformation, we can changee,, ..., e, to a normal
set containing a,, a,. Hence a,, a, are orthogonal to the other ex-
tensives of this set,and hence to each extensive of the set theyspan.
This spread, of step n—2, cuts G in a spread G, of step m—2.

Let a, be in G,, with @} = 1, then a, is orthogonal to ¢, and a,,
and so on. Thus in any subspread of ¥(e,, ...,e,), a normal set
of unities can be found, to which can be adjoined other unities,
so that the whole set is normal and spans (e, ..., e,).

Cor. In finding a normal frame for G = &(e,, ..., ¢,), we took
a,in G (of step m), a, in G (of stepm —1), ..., a,, in G, (of step 1);
the freedom of choice is hence

(m—-1)+(m—-2)+...4+1 = im(m—1),
since each extensive is to have inner square unity and this is
one condition on the freedom.
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13. Ife,...,e, and a,, ...,a, are normal frames, spanning the
same spread, and the field of scalars is real, then the frames are
connected by an orthogonal transformation.

For the frames are connected by a circular transformation,
and this is the product of elementary circular transformations;
each of the latter is orthogonal, because the array of its coefficients
satisfies the necessary conditions; and the product of orthogonal
transformations is orthogonal.

14. Orthogonal transformations, and these only, preserve inner
products unchanged; they also preserve outer products of maximum
step unchanged, apart possibly from sign. (Cf. §63-11.)

For, if [x|y] = [« |y¥] for all x, y, then

0 = [x|y]— [ |[yU] = [x |y] — [»AA* |y] = [(x— *AA*) [y]

= [%(J—AA*) |y], for all x, y.
Hence x(§— AA*) = o for all x. Hence AA* = J.

The last part holds, since det¥ = + 1.

15. Any orthogonal transformation, if the field of scalars is the
real field, can be expressed as the product of elementary circular
transformations applied to mutually orthogonal subspreads.

To prove this we extend the field of scalars to the complex
field, by adjoining i = 4/—1.

Let k be a characteristic root of the orthogonal transformation %
(with real coordinates), and let x be the corresponding latent
extensive. We know that if k is real, then k = + 1 and hence
2 = +x(§63-11).

Suppose k is complex, then x is complex, that is, if

x=xe+...+x.€,
then some or all of x,, ..., x, are complex.

Let X;, k denote the numbers conjugate complex to x;, k, and
let ¥ =%.,e +...+X,¢e,, then

#UA =kw, FA=kx, [«A|xYU]=kk[x|x],
[xU |ZA] = [xAA* |x] = [x|x].

Hence kk = 1, so that k is of form e/, (i = \/—1).

But x? = [xUA)? = (kx)? = k?%?, k# +1.

Hence 2 = o. But as x is complex, it does not follow from this
that it vanishes,
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Let x = y+iz, where y, 2 are real extensives, then
o =ux%=y?—2242i[y|z].
Hence y:=2% [y|z]=o.

Thus y, z are real extensives, orthogonal and of equal magni-
tude, and we can take them to be of unit magnitude.

By a circular transformation we can replace e, ...,e, by a
normal frame of which y, z are two members, and such that the
spread 4 spanned by the other members is orthogonal to #(y, ).
This follows from (11).

Now U induces an orthogonal transformation in the spread A.
If this transformation has a complex characteristic root, then in
A we can find real extensives y,, 2, orthogonal and of unit magni-
tude, analogous to y, 2 above, and by a circular transformation
of the unities in 4, we can replace these unities by a normal set,
two of whose members are y,, 2,. Hence y, 2,y,, 2, are mutually
orthogonal.

We proceed thus until all the complex roots of U are exhausted.
If these are 2p in number, we have 2p mutually orthogonal ex-
tensives y, 2, ¥, 2y, -++» ¥p—p» Sp, Of unit magnitude, such that the
whole spread is spanned by these and n—2p other (real) exten-
sives, the whole set being normal, and the spread B spanned by
the last n — 2p extensives is orthogonal to #(y,2, ..., ¥,—1» 2p-)-

Then U induces in B an orthogonal transformation whose
roots are all real, and hence are + 1. In this spread B are n—2p
extensives w such that w? = 1, @Y = + w. We take these as the
remaining unities.

Then #(y, 2), (Y1 2y), -.-» B are mutually orthogonal. The
transformation induced in each of these spreads by % is an
elementary circular transformation.

For example, (y+i2)% = (cosf+isinf).(y+iz).

Hence YU = cosﬁ.y—sin&.z,}
2 =sin0.y+cosf.z2.

(3)

Consider the transformation induced in the spread B. By
arranging the unities, we can write this transformation as

wA=w (i=1,..,8), @A=—w; (j=s+1,...,n—2p).
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The unities of the last set are orthogonal to those of the first,
SINCE  [on; |o0;] = — [0, U |20, U] = — [o0, AA* [w0y] = — [w; |wy],
hence [w; |w;] = o.

The first set gives a spread all of whose extensives are latent,
the second set gives a spread all of whose extensives are multiplied
by —1.

Hence, if the orthogonal transformation has 2p conjugate
complex roots, and r roots equal to 1, r, roots equal to —1,
(2p+r+r, =n), then it is a product of p transformations of
type (3), r identical transformations, and r, transformations which
reverse the signs of all extensives of a certain spread of step r,.

Cor. 1. If n is odd, the secular equation has at least one real
root, and hence there is at least one extensive which is latent or
merely changed in sign by .

Cor. 2. The imaginary roots of the secular equation of an ortho-
gonal matrix of real elements are conjugate imaginary in pairs, and
of form e*ix,

This is incidentally shewn in the proof, since if k is an imaginary
root of the secular equation, so is k.

16. If we interpret the e, ..., e, as vectors in Euclidean space
of dimension n, an orthogonal transformation, since it leaves
inner products invariant, is a ‘rotation’. Hence

A rotation round a point in n dimensions has an invariant line
if n is odd, but not necessarily if n is even.

When the secular equation has p pairs of conjugate complex
roots, the rotation leaves latent p mutually orthogonal planes,
and leaves latent or merely reverses a further set of n — 2p vectors
which lie in a spread orthogonal to all these p planes.

With this interpretation, a ‘reflection’ is an elementary cir-
cular transformation of angle 7, or a transformation which is of
this type for a suitable normal frame.

§68. Inner products of extensives of higher steps.

1. If A, B be spreads of steps r, s respectively, subspreads of
a spread of step n, then the step of |B is n—s, and hence that of

[4|B]is n+r—s Or n+r—s—n=—r—s

according as s>r or s=r.



X, 67,68] GENERAL THEORY OF INNER PRODUCTS 301

If r = s, then [4 | B] is a scalar.
If E, F be distinct unities of equal steps, then

[E|E]=1, [E|F]=o.
We write E? for [E |E], then, if E, ..., E, be unities,
(kB +...+kE) =k +... +k2;

if E, F be unities of any steps, then [E|F]= o, unless E, F
have no common factor.
Further, if [EF]+#o, then

[EF|E]1=F, [F|EF]=E.

2. If A, B be any extensives of equal steps, then [A |B] = [B | 4],

but if they be of steps r, s and r <s, then

[4]B] = (—1)2|[B|4];
thus [4|B] = |[B|A], unless r is odd and s is even, when
[4]B] = - |[B|4].

We can thus always reduce an inner product to the case when
the first factor has a higher step than the second; and this sim-
plifies the formulae.

3. If A, Bbe of stepsr,sandrzs,and 4 = [a,...a], then

(4|B] = [4,|B]D,+...+[4,|B]D,,

where 4,,4,,..., 4, are all the p = (:) multiplicative combina-

tions of step s of a,,...,a, and D,,..., D, are their completing
products, so that

[AIDI] = [AzDz] T = [A

This follows at once from § 56-27.
Cor. Ifr=s,and 4 = [a,...a], B=[b,... 5], then

[41B] =] [a,[b.), [a]8), ..., [a,]b]

......................................

el [aclb), e [ac]B]

where a; = é [4:15,]b;.
=1

D,]=A.

P

__[a’l...a;]

b, b)
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Special cases are:
[ab|c] = [a]c]b—[b]c]a
[abe |d] = [a|d] [bc] + [b|d] [ca] + [¢ |d] [ab]
[abcd |e] = [a|e] [bed] —[b €] [acd]+ [c |e] [abd] — [d |€] [abc].
4. Ifa,a,,...,a, be extensives of step one, and A, 4,, ... their
multiplicative combinations of step s, and B, B,, ... be such that
[AxBI] = [Asz] == [axaz"' a,],
then [4,|B]+[4,|B,]+... =0.* (1)
For firstlet s2n—s, 4,=[a; q,...a;],
where i, i, ..., 1, is some selection of s of the numbers 1, ..., n.
Let B, = (—1)?[4; a;,...a; ], where [4,B/] = [a, ... a,].
We can suppose the factors in 4, and in B, so arranged that
the subscripts are in increasing order
ip<i,<...<iy J;<j,<.- <Jp-s
[4,|B]=(-1)[aa,..-a_laya,...a _]
[4,|B]+[4,|B]+... = Z(—1)°[a; a; ...a; |a;a, ...a;_]
=X(-1)P[a a,...a;,_J|a;a;, ...a;_]la;,_ .. .--a) (2)
The first factor
[a;,a;,--a,_ |aa,...q ]
is a determinant, the sum of terms like
(-1, la]la, la) o la, 1 (3)

where 1,1,,...,1,_, is some permutation of i, ..., 1, .

Since 1,1, ..., L5, jisJzs --»Jns are all distinct, one is least;
suppose it is |, or j,. If we interchange these in (3) and change the
sign, we get a term

(—1)a*t[ay |ay ][ay,]a] .- [a,_ |, ] (4)
which we shall shew appears as a coefficient of some other term
in (2) when the first factor is expanded. If I, <j,, then

11 <jz <j3 <... <jn-s’
and this is clear. If I, >j,, then in order to get [4; |a, ] into its
normal position so that the subscripts 1,,j,,j; .-, jn—g Of the

* See A,, § 183.
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second factors in (4) are in increasing order, we may have to
move it, say, r places to the right. After this change, the suffixes
mentioned are all in increasing order.

Now, if in

[4,B] = [ay,4a,...a,,ay4a,...a; ]
we interchange two 4, and then move both r places to the right,
the expression obtained equals — [a, ... a,]. Hence (4) satisfies
the conditions on coeflicients of terms in (2), and hence is such a
coefficient; and it cancels the coefficient (3).
Thus each term pairs with another and the total sum is zero.
Secondly, if s<n—s, put s(n—s—1) = t, then
[4:1B]+[4,[B,]+... = (= 1) |([B,|4,]+[B,]4,]+...) =0,
by the first part.

Cor. If from a,, a,, ..., a,,, of step one, we form all multiplica-
tive combinations A, 4,, ... of step 2m which contain a,, and
let B,, B,, ... be the complementary combinations, then

[4,|B]+[4,|B,]+... =o.

For, as the steps of 4, B, are even, we have [4, B,] = [B, 4,].
Further B,, B,, ... are all the multiplicative combinations of step
2m which do not contain a,.

Hence 4, is the combination complementary to B,. Hence, in
the last theorem [4, |B,] = [B, |4,] and we need take only half
the terms.

Examples: [bc |a) + [ca |b] + [ab|c] = o,
[ab |cd] + [bc |ad] + [ca |bd] = o,
[abc |d] —[bcd |a] + [cda |b] — [dab |c] = o.

§69. Applications to geometry.

1. If E,...,E, be unities of any step, and 4 an extensive of
that step and the field of scalars be real,let 4 =k, E, +... +k E,,
then 4> = k?+...+k220; and 4* = oif, and only if, 4 = o.

But if the field of scalars be imaginary, these conclusions need

not follow.

2. If, for any step, A% = o only when 4 = o, and in all other
cases is positive, we say the inner products are ‘definite’ for that
step.
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3. If 4, B be of equal step, and not zero, and 42 B?>o,
JA? = a, JB? = b, then we define the angle 4B as the angle in
[4]B]

b’

the interval o to 7, satisfying cos AB = =

4. If a,b,... be of step one, and a?, b?>0, 4Ja? =a, b2 =b
[abc ]

a,b,...>o0, then we define sin (abc...) =
5. If the inner products for the step concerned are definite, then

AB is real.
Let A#B, then if k be a real scalar, (k4 —B)?> o, hence

k242 —2k[A |B]+ B?>o0, forallk.
Hence A2.B*—[A|BP>0, —1<cosdB<1.
6. If a, b be of step one, sin [ab] = sin ab.
[ _, ooy
a%h?

and by definition, sin[ab]=o0, o< ab<m.

~ . —~
For sin®[ab] = = 1 —cos?ab = sin? ab,

Hence sin [ab] = sin ab.
7. If the inner products for step one are definite, and
sin(a,a,a;...) = sin0,
then 0 is real.
For we can adjoin real weights to @, a,, ... so as to secure, in
stepn, a} = a? = ... = a% = 1. We then shew that[a,qa,...q,]* < 1.
We may assume [a,a,...q,]#0; if a,,a,,...,a, is a normal
frame, then [a,...q ]* = 1.

If a, is not normal to all a,, ..., a,, we can find a normal frame
a,b, b3, ..y by, such that

’Sp(al’ 2 3’ ¢ "bn) = y(anaz: -~-!an))
a4 =% 4, +X,b0,+ %, b+ ..+ X400, = X 0,46,
(k=2,...,m; x, not all zero).

n

n
Then 1=a}=x}+Yx}, =Yx2.
r=2 r=2

2 2 2
Hencecici...ci< 1.
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Let ¢ /\Je2 = v,
then [a,a,...a.]" = [a.c,c,...c,]*
=dc...cilev,0;..
Hence we have replaced a,, ...,a, by v,, ..., v,, all normal to a,
and of unit magnitude, and have found

[a.a,...qa P <[a,v,...0.]%
Similarly, if Vg Ugp s Uy be not all normal to v,, we can replace
them by extensives v}, v}, ..., v, in #(v;,9,, ..., V), all normal to
,, of unit magnitudes, and such that

V) <[4, 0,05 v )

[a,0,v... v, <[a,0,v;7 ... o]

Proceeding thus, we finally reach a normal framea,w,, Wy, ooy Wy
such that
[2,a,...a, ] <[a,w,w;...w]* = I.

Hence the theorem. (Hadamard.)

8. If a, b,... be mutually orthogonal extensives of unit
magnitude of any step for which inner multiplication is definite,
and if p=xa+yb+..., then xa® = [a|p], yb?> = [b|p], ....

Hence

x=lalp], y=[BI2} . p=Ilalpla+[b|plb+...
If g=x'a+y'b+...,
then [plg] = [a]p]lalq]+[B|P][Blg]+ ...

Hence cosj/)} = cosz‘;cos@+ cosfbp?cos I;q\+

In particular, 1 = cos? ;; + cos? l;p? +...

9. Ifa,b,c,d, ... be extensives of step one, inner multiplication
being definite, and

a+b+c+d+...=o0, a =[bcd...], b =—[acd..],
then [aa'] = [6b'] = ... = [abcd ...]
and maga:magb:... = sina’:sind’:.... (1)
And if p be any extensive of step one, then
maga.cosap+magh.cosbp+... =0, (i1)

sina’.cosap+sind’.cosbp+... = o. (iii)

FCE 20
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For [acd...]+[bcd ...] = o, hence [acd ...]2 = [bcd ... ]%,
a’c’d?...sin?[acd ...] = b%?d?...sin% [bcd .. ],
a?sin?b’ = b%sin?a’,
and as maga, magb, ..., sind’, sinb’, ... are positive we have (i).
We get (ii) from [a | p]+[b|p] + ... = o, and (iii) from (i), (ii).

10. If A, P be of equal step, and B, Q of equal step, then, if
inner multiplication be definite,

sin 4B sin I@ cos (4B, PQ)
= ¥ cos A P cos B,Q sin 4, sin B, sin P sin Q,

where A4, are of the same step as 4, and are multiplicative com-
binations of the simple factors of 4, and similarly for B,.

If A=[a,a,...a), B=[bb,...b,], then sin A sin B cos AB
equals the determinant whose (i, j) element is cos a; b;.

We leave this as an exercise.

Examples. 1. If a,a,a; and b,b,b, be two triangles in a plane, and
di; = (a;—b,), then —4[a,a,a;][, b,b,] equals the determinant of the
dj; bordered in the first row and column by (o, 1, 1, 1).

Similarly for any step.

If the triangles be in space, [4,a,4,][b,b,b,] is replaced by

[e,a,a;{0,b,b.].

2. Kronecker’s identities. Muir’s statement.*

I, ..., 2m
I, ..., 2m

If be a symmetric determinant, the minor

I, 2, ey I
m+1, m+2, ..., 2m

equals the sum of all the others got from it by interchanging a lower
index with the last upper index.
For example, for m = 3,
123 124 | | 125 | 126
456 | 1356 | | 436 [ | 453
3. The determinant of 6% perpendiculars from six points to six
lines is zero if either the six points lie on a conic or the six lines touch
a conic. (Cwojdzinski.)
* History of Determinants, 4, p. 113. Cf. Mehmke, Math. Ann. 26, (1886),
p- 209.
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4. (—2)1| o I I ... I !I
(g (6] [a18,] ... [a]6,]
1 [4l6] [4b] .. [a]5,]
5 1 [a,]6] [aalby] .- [a4]bi]
=|o0 I I 1
1 (a,—b) (a;—0b,) ... (a,—b,)
I (az_bl)z (az_'b:z)z (az_bn)2

I (an - bl)z (an - bz.)2 e (an - bn)z

If @ = b (i=1,...,n), and we denote minors of the second deter-
minant by [ ], then for suitable choice of the signs of the square roots

[22]t+[33]¢+... +[n+1n+1]t =0,

where [22], for example, denotes the minor of the (2, 2) element.

§70. Quadrics in step n, and their generator spreads.

If in a spread of step n, £ be a linear transformation which
turns points into primes, or spreads of step n—1, then the locus
of points p such that [pp] = ois a ‘quadric’, also denoted by Q..

If [Q"] = o, and 4, ..., a, be independent points, then

[a,...a,][Q"] = [a,9.4,0. ...a,0] = 0.

Hence a,{, ..., 4,0 all meet in a point, and hence the trans-
form of each point is a prime through this fixed point. The
quadric is then ‘singular’ or ‘degenerate’.

Let Q be a non-singular quadric in a spread of step n—and
denote supplements for £ by the stroke.

Let p, be a point on the quadric. Take p, on the quadric and
on |p,; p,#p,- Then[p,|p,]=o. Since the polars of p,, p, are
of step n— 1, they cut in a spread of step n—2. Let p, be on the
quadric, and on this cut, then [p, [p.] = [p,|p;] = o. Thus pro-
ceeding, we get points p, ..., p,, each on the polar of all the others,
and on the quadric, and hence each on its own polar also. If
these points are independent, so are their polars, and then these
cut in a spread of step n—r, which contains the independent
points p,,...,p,. Hencen—r2r.

20-2
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Hence the maximum value of r is the greatest integer in }n.

Every point in the spread defined by p, ..., p, is on the quadric,
since [p;|p;]=0(i,j=1,...,r). The spread is a ‘ generator spread’.

We now construct such spreads.

First, let n be even, and r = }n. Let ¢,,...,¢, be a normal
frame, ¢ = 1, (i=1,...,n). Let

e:+'\/(_l)ez =j11 83+,\/(—I)€4 =jz’ sy zr— +\/(_ zr =jr’
e.—\(—1)e, =7, e3-—V/(—1)e4=j;, vy € —Al(—1)e,

Then jZ=o, j2=o0, [j|jl=0, [jljd=0, [jlj]=o,
(s#t; s,t=1,...,1).

Hence j,, ..., Ju J1s -+ -»Jnj, are on the quadric, and if we select a
set of any n/2 of these elements, not containing j, if it contains 7,
then the spread joining them is a generator spread. If S is any
generator spread, so formed, and S’ is the spread obtained by
changing the j into their corresponding j’, and the j’ into their
corresponding 7, then S and S’ are ‘conjugate’ generator spreads.
They have no common element.

Secondly, if n is odd and n = 2r+1, let e, ...,e, be again a
normal frame, then the generator spreads are given by the same
formulae as in the first case.
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CHAPTER XI
CIRCLES*

§71. Sums of circles. Inner products of circles.

1. Notation. We consider lines and circles in the real Euclidean
plane completed by the adjunction of a single point at infinity, as
in inversion geometry. A line and a point are therefore regarded
as special cases of circles, and we use small latin letters for any
of these figures. At first we shall also have to speak of points in
the old or usual sense, and we shall distinguish these by a dash.
Thus, if p is a point-circle, that is, a circle of zero radius, then p’
will denote its centre, that is, the ordinary point corresponding
to p.

A ‘proper circle’ is one which is not a line; it may be a point-
circle.

We always denote proper circles by the letters ¢, ¢;, their
radii by r, r;, the point-circles at their centres by o, o, the centres
themselves by o', 0}, and this notation will be used without special
mention.

Our circles shall have either positive real or purely imaginary
radii; we can regard a proper circle as a point with a real number
attached, whose square root is the radius.

2. Inner products of proper circles. If c,, c, be proper circles, we
define their inner product by

[e1le2] = [e2]e)] = Y(rf+ 13— (0] —03)%), (1)
where (0] —0,)? means, as usual, the square of the distance from
o] to 05.

In particular, if p is a point-circle, ¢ a proper circle, then
[plc] = [c]|p] = 4(c*—(p"—0)?). (2)

This is the negative of half the ‘ power’ of p’ for the circle ¢, and
it vanishes if and only if p is on the circle.

* Circles were treated by Grassmann’s methods by Cox, Quart. Journ. 19
(1883), p. 74 and 25 (1891), p. 1; Mehmke, ‘ Anwendung der Grassmannschen
Ausdehnungslehre auf die Geometrie der Kreise in der Ebene’, Inaug. Diss.
Tiibingen, 1880. See E. Miiller, Monatshefte Math. Phys. 3 (1892), p. 365;
4 (1893), pp. 1, 93; 7 (1896), p. 77; 9 (1898), p. 269, for sphere geometry in
general, and Study, Math. Ann. 49 (1897), p. 497.
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If o,, 0, be point-circles, [0, |0,] = —}(0] —05)

The inner square ¢% = [c|c] of a proper circle equals r2.

If ¢ be any circle, then ke (k scalar) is the same circle with weight
k attached. The weight k is to be real.

We shall not absorb weights; the weight of ¢ will thus always
be unity, unless the contrary is expressly stated.

3. Sums of circles. If Zk[c; |p] = m[s|p] for all point-circles
P, where ¢,, s are proper circles, we write 2k, ¢, = ms.

If 2’k [¢; | p] = o for all point-circles p, where the ¢; are proper
circles, we write 2k, ¢; = o.

Thus [(k,¢;+kyoco+... +kyc,) | 2]

=kl |p]+ky[ea | P+ ... +Ky[c, [ 2]

By these definitions, we can add equations which involve sums
and differences of proper circles, and multiply them by scalars.

For example, k, ¢, +k,¢, = o implies k; = —k,; hence if k, #o0,
then ¢; = c,.

4. Conditions that Xk, ¢; = o, k; #0. If we replace the points
p', o; by vectors u, v; from any fixed origin to these points, then if
2k, ¢; = o, we have, for all u,

Zky(rf - (u—v;)) = o,
Zk,(r? —v?)+2[u |2k, v,] —u* 2k, = o.
Hence 2k (r?—9?) =0, Zk,v;=0, 2k =o. 3)
These are necessary and sufficient conditions for Xk;¢; = o.

The second condition implies the last, and gives Zk; 0] = o.

5. If Zk,¢; = o, then Zk[c; |c] = o, where ¢ is any proper
circle.
For if v; be the vector from o’ to o, we have, by (1), (3),

22k [c; |c] = Zky(r?+1r2—(0;—0')?) = Zk,(r?—2}) = 0.
If 2k, ¢; = ms, then 2k [¢; |¢] = m[s|c].
6. If [c;|p] = [c;|#), then rf—(p'—0})* = rf—(p’~03), and

conversely. Hence
2[(p’ — 3(0} +03)) |(0] — 05)] = r3—12,
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so that p’ is on a line perpendicular to o] —oj. As the powers of
P’ with respect to ¢; and c, are equal, this line is what is usually
called the ‘radical axis’ of c,, c,.

The radical axes of three proper circles ¢, ¢,, ¢,, taken in pairs,
are concurrent or parallel. .

7. If ke, +kyep+kyey = 0, k; #0, then Zk;0; = o. Hence the
centres o}, 0, 0 are collinear.

Ifalso  [c|p] = [c,|p], then [c;|p] = [cs]p];

for ksles |p] = —ky[e; |p] —kyle, | P]
= —(k; +ky) [, | 2] = ks[c, | 215
hence [e) 2] = [ 2]

Hence, by 6, ¢,, ¢,, ¢; have in pairs the same radical axis. Such
circles are called ‘coaxal’. When ki, k, vary, k, ¢, + k, ¢, describes
a coaxal system.

8. Ifk,c, +kyc,+kyes+kycy = 0, k; #0, there is no restriction
on the centres; but as in 7, if p has the same power for ¢, ¢, ¢, it

has that power for ¢,. Hence the radical axes of pairs selected
from ¢, ¢,, ¢;, ¢, are concurrent or parallel.

9. Given k,¢; +ky¢, = me; (m+#0); to determine ¢, from the
proper circles ¢, ¢,.

By 4, m =k +k,, k,o]+k,0; = (k; +k,) 0.
The centre of ¢, is thus known. It remains to find its radius.

Since ky[ey [Pl +koley | p] = (ky +ky) [e5| 2],
we have

ky(rf = (p" = 01)°) + kor3 — (p" - 03)%) = (k, +ky) (13~ (p"— 03)?),
(ky +kp) 1§ = kyrf +k, 13—k, (p" — 0])?
—ky(p' —03)* + (k; +k,) (p” — 03)"

But  (k;+ky)?(p"—03)* = (ky(p’ —01) + ky(p' — 03))%

Hence
(ky + ko) 1§ = kirf + K3 + K ko(rf + 15— (0] — 03)),  (4)

and this determines ry since k, +k, #o.

In particular, if o;, 0, be point-circles, then o, +0, = 2c; where

¢ has radius ry given by 4r} = — (0] —05)?; the radius is pure-
imaginary.
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We can write (4) in the form
m?%} = k¥c?+k3c3+ 2k, ky[c, |¢,]
or (ky €, +ky6,)? = k¥c +KkEcd+ 2k, ky[c, |c,],
and this could have been deduced as usual from the distributive
law of s.

§72. Improper circles.

1. We cannot have ¢, —¢, = ks, where k#o0, and ¢, ¢,, s are
proper circles.

Let k; = —k,+¢, then (4) becomes

e’r§ = e(er} —ky(r} —r3)) + ky(k, —€) (0] —02)*
Hence, as e—>o0, we have r;—>00, €’r3—k3(o] —03)%

First suppose ¢, ¢, not concentric; then the last result suggests
that we take ¢, —c, as the limit of a circle as its radius becomes
indefinitely great. We shall accordingly interpret ¢, —c, as the
radical axis of ¢, ¢,, with a certain weight or magnitude. This will
be legitimate if ¢; —c, is a multiple of ¢, —c, whenever ¢;, ¢, are
in the coaxal system defined by ¢, ¢,. And this is the case, for if

¢ =ke;+kye, ¢, =mic+mye, ki+k,=m+m,=1,
then c;—cy = (k;—m,)(c; —c,).

We call such a circle difference ¢, —c,, a ‘rotor’.

2. If ¢;—c, =1, we define [/|c] and [c|]] as [c|e;]—[c]c,)-
Hence, if p is a point-circle then [/|p] = o, if and only if p" is on /.

If ¢3— ¢4 = m is another rotor, we define [/ |m] as [/ |c;] — [/ [c,]-
Thence [l|m] = [¢; |es] - [¢; |es] = [e |es] + [ea |es] = [m 7],

P =[1|I] = cf—2[c, [e)] + €3
= rf+ 13— (rf + 1§ — (0] — 03)) = (0] —03)".

Thence the ‘magnitude’ of the rotor I = ¢, —c, is 4/(0] — 03)2.

We take the sense of / so that the rotation from o]0} to [ is
positive.

3. If Zk[s, | p] = m[s|p], for all point-circles p, where s,, s are
proper or improper circles, we write Xk;s; = ms.

If Zk,[s; | p] = o for all point-circles p, where s, are proper or
improper circles, we write Zk;s; = o.
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4. To add rotors [}, I, whose lines meet in o’. We can take
point circles o, 8,, 0y, 8, so that I} = 0, —0,, , = 0,—d,; [,, I, are
along the right bisectors of the joins of the respective centres, and
their magnitudes are the distances between the centres.

Since

[oy |21~ [0, | p]+ [0, | ] — [0, | 2] L2

= [(o1-+0) [21-[(3:+5,) |1,
we have by 3, S
Li+1, = (0, +05)— (8, +0y). N g
But 0, +0,, 6, + 0, are circles of weight (:)1 \?J,_,

two, of equal radii, with centres p’, ¢’ the
mid-points of o]0} and 6105.

Hence (o, +0,) — (6, +0,) is a rotor through o’ of magnitude
2p’q’ perpendicular to p’q’; but this is the diagonal of the paral-
lelogram 1, I,.

Hence concurrent rotors add by the parallelogram law, and
we can deduce the usual laws for the addition of parallel rotors,

if they be not equal and of opposite senses.

5. If the rotors [, I, be parallel, equal, and in opposite senses,
then [, + 1, is a new type of extensive, a ‘bivector’. As in the earlier
work, two bivectors differ only by a weight factor. We denote the
bivector of unit weight by 6.

If ¢, ¢, be concentric circles, ¢ any non-concentric circle, then
¢, —¢, ¢, —c are parallel and equal rotors. Hence

=6 =(c,—c)—(c;—¢)
is a multiple of 6.

Denoting signed lengths by bars, ¢, — ¢ is a rotor of magnitude
070’ through the point @, where the radical axis of ¢, ¢, meets the
line of centres, and ¢, —c is a rotor of magnitude o]0’ through a,
where the radical axis of ¢, ¢, meets the line of centres.

2 2__/_2__1—2_—7—I_l__—!
Now rf—r* = 014> —0'a,?® = 0)0'(0}a, —a,0),
13—r1% = 0]a,2—0'a,? = 0]0'(0} a,—a,0).

Hence 1} —r13 = 0] 0'(0]a, —a,0’ —0}a,+a,0')

= 20,0 .a,4a,.
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Thus, choosing a sign, we may take, when ¢, ¢, are concentric:
¢, —¢y = $(r}—r1})0.

In particular, if o is the point-circle at the centre of ¢, then
¢ —o = }r%0, which we may write as ¢ = o+ }r%0.

6. Thus the spread of circles is of step four, for the points or
point-circles form a spread of step three, and 6 can be regarded
as an extra extensive unit. As we allow r? to take negative values,
the spread of circles can be compared with other spreads of
step four with real coordinates.

The general theory of Chap. viI shews that any circle is a
linear combination of any four independent circles.

7. 2[(e1 =€) |P] = 2[(p —$(01 +03)) |(0] —02)] + 1} — 13
= twice the product of the distance between the centres
and the distance of p’ from the radical axis of ¢, and ¢,.

The signs of the distances are taken as in the formula.

The first part follows at once from §71-2, the second by the
customary geometric argument.

Hence, if / is a rotor of unit magnitude, p a point-circle, then
[Z]2] is the length, with a sign, of the perpendicular from p’ to .

8. If ¢, ¢, be concentric circles, ¢, — ¢, = §(r} —13) 6, we define
[0]] by means of [¢, |p]~ [, |£] = (3 —13) [2|p]; similarly for
[£16). Thus [@]p] = [p|0], and these are independent of the ¢
used in their definitions.

If c = o+ }r%0, then [c |0] = 0®+ }r?[0 |0], buto? = o, [c |0] = }r2,
by §71-2.

Hence [0|p] = 1 for any point p of weight one.

If we form formally the inner square of ¢ = 0+ }r%0, we have

2 = 0?+120|0] + }ri6? = r2+ }rt0°.
Hence we must take 62 = o, and hence [0 |c] = [0 |o] = 1.
Hence [0 |c] = 1 for any proper circle ¢ of weight one.
If ¢,—c,=1, we define [0|]] as [0|c;]—[0]|c,], thence
[6|7] = o for any rotor .

9. If Zk;s, = ms wheres, 5; are any proper or improper circles,
then Zk,[s; |6] = m[s |6].

If Zk;s, = ms, then Zk;[s; |§] = m[s|5], where s, §, s; are any
proper or improper circles.
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10. If ¢, —¢, = c3—c,, and no two of ¢, ¢,, ¢,, ¢, be concentric,
then the pairs ¢, ¢, and ¢;, ¢, have the same radical axis. Also
€ +¢y = cy+c.

Suppose also r; = ryand r, = r,. Then §§71-9 and 72-2 give

(01—0})* = (03— 03)* and (o] —0})? = (05— 0})2.
Hence in this case the centres are at the vertices of a rectangle.
11. If lis a rotor, ¢ a proper circle, then
[Z|c] = [I|o] = moment of / round 0.
For, let = 0, —0,, and by 10 we can take o}, 0}, o’ collinear.

Then
1] = [£](0+£20)] = [!]o] = [0, ]o] — [0, |o]
= —}{(0; — )2~ (03~ 0')?]
= [(0" = 4(01 +03)) |(0] — )]
= product of distance of / from the centre of ¢,
and the magnitude of /.

12. If /, m are rotors, then [m |l] = [m|(0, —0,)] =k. o1 0jcosa,
where l=o0,—0,, magl=o0]0; k=magm, a= iym.
Since [ is along a perpendicular to 0j0}, [m|l] has the same

value as the inner product, in the earlier sense, of the corre-
sponding vectors.

13. Angles. If ¢, c, be proper circles with real radii, or one or
both be rotors, we define the ‘angle’ a between them by

cle

5 2' /lc] (osasm),
where here, and always, the positive square root is taken.

Since [c]|e,] = H(r2+ 17— (0" —0))?),
therefore cos @ will be between —1 and +1 (inclusive), and
hence « real, if

(r+r)?2(0'—01)> and (r—r,)2<(0'—0})%;

the circles then cut or touch. In other cases, a is imaginary and
the circles do not cut or touch.

If @ = o, then (r—r,)? = (0’ —0})? and ¢, ¢, touch internally.

If @ = m, then (r+r1,)? = (0’ —0})? and ¢, ¢, touch externally.

If ¢, be a proper circle, / a rotor, then / cuts ¢ if [c|[]2<¢2.12,
and they touch if [¢|[]? = 2. ]2

cosa =
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In all cases the condition for tangency can be written
[c]|eJ?— %2 = o.

If ¢ touches ¢;, then ¢ touches all circles ke +k, ¢,.

If a = }m, then [c|c,] = 0, and ¢, ¢, cut orthogonally; the circles
may be proper or not. We extend this relation to circles with
imaginary radii; that is, if ¢, ¢, be any circles and [c|¢|] = o, we
say they cut orthogonally.

If p’ is a point on ¢, then the point-circle p touches ¢ and cuts
it orthogonally.

14. If I,m be perpendicular unit rotors, meeting in o’, then
l,m, 0+ 36, 0 — 16 are a set of four mutually orthogonal circles;
the last has an imaginary radius.

For [llm]=o0, [llo]=0, [l|0]=0, [(0+30)|(c—30)]=0.
Their inner squares are + 1 or — 1. Any circle is a linear com-
bination of these four.

15. Thus as a basis of our spread of circles (proper, improper, of
radius real or purely imaginary) we can take four mutually ortho-
gonal circles of inner squares + 1.

Any circle orthogonal to ¢, ¢,, c5, ... is orthogonal to

ki, +kycp+ ...

If ¢,, ¢,, ¢; be independent, there is just one circle orthogonal
to them all.

If ¢, ¢,, ¢3, ¢, be linearly dependent, they have a common
orthogonal circle; in particular, if p,, p,, p;, p; be point-circles,
linearly dependent, then p1, p5, p3, py are concyclic.

§73. Outer products of circles.

Taking as the basis of our spread of circles four mutually
orthogonal circles of inner squares + 1, the general theory of
outer and inner products gives, the pencils and bundles being
weighted:

1. If ¢; #c,, the outer product [c,¢c,] of ¢, and ¢, is the pencil
of circles k, ¢, +k,c,. If ¢, =c,, then [¢,¢,] = o.

2. If ¢, #c,, then |[c,¢,] is the pencil of circles orthogonal to
the pencil [¢,¢,].
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3. If ¢;, ¢,;, ¢; be independent circles, their outer product
[c1¢5¢5] is the bundle of circles k, ¢, +ky ¢, +k;c5; if the circles be
dependent, and hence coaxal, [¢,c,¢;] = o.

4. If ¢}, ¢y, c5 be independent, then |[c, c,¢,] is the circle, with
a certain weight, cutting orthogonally all circles of bundle
[e1€265])- (§7215.)

5. The supplement |c of a circle ¢ is the bundle of circles
cutting ¢ orthogonally.

6. The magnitude of [c,¢,] is 4/[c;¢,)?; the magnitude of
[e16265] is ey 5% (§68-3 Cor.)

We can express [, ¢,]?, [¢,¢5¢5])? by determinants.

If ¢, ¢,, ¢5 be proper circles which meet each other, then

[ei6)? = 23 —[c, |c,)? = r}rd(1 —cos? ) = ririsina,
where a is defined in §72-13.
Hence mag[c,¢,] = r;r,sina.
Similarly, if 0,, 0,, 0, refer to the pairs ¢,¢;, c5¢y, ¢, ¢,, then
mag [¢, ¢,¢3] = 1, 1,r5(1 — cos?6, — cos? 0, — cos? O,
+2cos b, cosb, cosb,)t.

7. [e165¢5¢5] is a scalar, namely 4/[¢,c,c5¢,]%; it can be ex-
pressed as a determinant. It vanishes when ¢, ¢,, ¢;, ¢, have a
common orthogonal circle; in particular, if p,, p,, ps, p, are point-

circles, then [p, p,psp,] = o is the condition that p7, p3, p3, p} are
concyclic.

8. If c is the orthogonal circle of ¢, ¢,, c5, then ¢ = k|[¢, ¢,¢5],
for some scalar k. Hence ¢2 = k?[c, ¢,¢;]%. This gives the weight
left undecided in 4.

9. If 0, 0, be point-circles, then
[0,0,]> = — [0, |0,]* = (0} —02)*)*;
mag [0, 0,] = 4(0; —03)%.
10. If three independent circles ¢, ¢,, ¢; meet in a point, their
common orthogonal circle |[¢,c,¢,] is a point circle, and hence

[c1€2¢5)* = 0. This expression also vanishes if ¢}, c,, ¢; are
dependent, since then [c, c,¢5] = o.
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Conversely, if [c,¢,¢3]? = 0, we have one of these cases.
By 6, if the circles meet, [c,¢,¢5]> = 0 means

1 —cos26, —cos26,—cos? 03+ 2 cos 6 cos b, cosb; = o,
which is equivalent to
6, + 0, + 05 = o (mod 7).

Examples. 1. If ¢, c,, cs be independent proper circles, then
[es¢5] +eser] + [ 65] = [(e— ) (€1 —¢3)]
is the set of lines through the radical centre of ¢, c;, c5; the sup-

plement of the spread is the set of circles whose centre is the radical
centre.

2. Under the same conditions, [(c; —¢,) (¢, —¢3)]? is four times the
square of the area of the triangle formed by joining the centres.

3. Find the point-circles in the coaxal system k¢, +k;¢,.

4. If ¢, c, be point-circles, then k, ¢, +k,¢, has a real or imaginary
radius according as k, :k, is negative or positive.

5. k ¢, +kyc, +kgeq is a point-circle if
k2r2 +k3r2 +k3rd +kyky(rf +ri—d)
+ksk (12 +ri—d?) +k ky(r2 +1rj—-d}) = o,
that is, if
(k, 12 + ko 13 + kyr3) (k; + Ky +kg) = kykydf +ksk, d3 +k, k,d3,

where d, is the distance between 0}, and oj, and so on.

Hence the equation may be regarded as the areal equation in
ki, k,, kg of the circle orthogonal to ¢}, ¢,, ¢;.

If the circles are point-circles, then

k,kyd? +ksk,d2+k k,d} = o;

this is therefore the equation of the circumcircle.
6. The circumcircle of 0] 0305 is, say,
k,0, +k,0, +kyo5+k0, (k,+k,+k;=1).
Hence  k,d3+kyd} = kyd}+k, d} = k;dZ +k,d} = 2k,
k, = 2kd; 'd; ! cos (050} 03),
k, +ky + kg = 16kd;2d;2d;242%, k = {54-d}d}d3.

The radius of the circumcircle is thus }4-'d, d,d,.
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7. If pl, p2 5 Py be concyclic points, then 1£1220304)% = 0;
hence (§30-12)

VP11 2] (23 | 24] £[P2 | 251 [0 ] 24] V3|21 [Pz 104 = 0.

Deduce Ptolemy’s Theorem, and interpret [c,c, e’ =o.

If ¢, ¢, €3, ¢4, ¢5 be any circles, prove that the determinant
whose (ij) term is [¢, |¢;] vanishes. Interpret this.

8. For any four (coplanar) points P ++e» Py, We have, for suitable k,
kypy +kypy +k3py+Kepy+ks0 = 0.

The corresponding vanishing determinant connects the six dis-
tances of the four points. (Cf. p. 307, Ex. 4.)

9. If¢y, ..., ¢, be mutually orthogonal circles, and ' a point on Cyp

and p =k, ¢, +k,¢, + kyc5, then
kirf+kir+kig = o, [c4l(cs—e))] = 2.

Now ¢, —¢, is along 0}0%, and has magnitude equal to the length of
0}0}, say l.

If p is the length of the perpendicular from o} to 0}0}, then
pl = r}. Hence o] is the pole of 050} for ¢, and hence o] 0503 is
a self-polar triangle for c,.

10. If ¢, ¢;, ¢; be mutually orthogonal circles with centres
o}, 0y o0f and ky, ky, ky be the perpendiculars from o, o}, 0} to
a transversal p| p} py of triangle o]0}0}, then k3cz—k2c3' is a circle
of weight k; —k,, centre p}, orthogonal to ¢,. Hence, disregarding
weights, ky(c; +¢,) —ky(c; +¢3) is.the circle on fiiameter o} p}. Hence
the circle orthogonal to ¢, ¢,, ¢y, i.e. the polar circle of o} 0} 0} (Ex. g),

is orthogonal to the circles on diameters o} p}, 0} p}, 0} pi.

11 Ife,, ..., ¢, be mutually orthogonal circles, then ¢, +¢,, ¢, +¢5,
¢3+¢ are circles on diameters o} 03, 0, 03, 0507 and are orthogonal to c,.

12. Ifp,, ..., p, be point-circles, ¢, the circumcircle of p}p} p;, and
so on, let k;p,+...+kp,+0 =o. Multiply by |¢,, and we have
1+k[p,c;] = o. Multiply by |0 and we have k, +k, +k, +k, = o.

Hence [py|e)]™" +[py|ea] " +[5les] ™ +[p4c,] ! = o.

Also k,p1 +... +k,p; = o, hence
kizkg:kg:ky = [ 23 P41: ~ (21 3 PL): 100 9 23 = [0 £ 23]
Hence [pypspillpla] = =[P pspllpsled
=[p10204 [sles] = —[p192051 (P4 ]cy).
(v. Staudt.)
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13. Ifg¢,, ..., ¢, be mutually orthogonal circles, then
rri+...+r;2=o0.

For we can find k; such that k¢, + ... +k,¢, = 0, since circles form
a spread of step four, and ¢y, ..., ¢, are independent (§ 67-7). Multiply
the equation innerwise by ¢, ..., ¢,, @ and we find

kxl’% =1, .u0y kl+k2+k3+k4 = 0.

14. If o}, ..., o} be the centres of four circles, and t?, ..., t] the
powers of an arbitrary point with respect to the circles, then
217 A/ (7 or L L 7 or’ 1 17 _
tf[030} 03] — t3[050}0]] +t[0} 0} 03] — t{[0, 0;05] = const.
If the four circles are orthogonal to a fifth, the constant is zero.
g

15. If p’, ¢’ be points such that all circles through them cut the
circle ¢ orthogonally, we say that the point-circles are ‘Znverse’ for c.
Then there is a linear relation between p, ¢, ¢, say

g=k,p+kye.
But q2 =p=o,
hence 2k, [p|c] +koc? = 0, ky(r2-d?)+k,r? =0,
where d? = (p' —0')%
Hence g=r’p+(d*-rd)c, ¢= —E[icl—‘ﬂc+p.

16. The result of inverting the point-circle p in ¢ and then the
point-circle obtained in ¢, is

g= 4lc | 2] ICEQCI_ZM IP]Cl _3[2{;]”?.

T e 2
31

If [c|]c,] =o, this is independent of the order in which the
inversions are performed.
If ¢, ey, k be circles, and ¢, = ~ 21\ 4e, th
17. If ¢, ¢y, e circles, and ¢, = ==, “k+c, then ¢, ¢, are
inverse circles with respect to k. The centre of % is the inverse of ¢

with respect to k, namely —%[%@k +0.

18. If t?, t2, t2 be powers of the vertices of a self-polar triangle for
a circle of radius r, with respect to that circle, then, if 4 is the area of
the triangle,
t2t2t2 = —44%% 7 4+t 4t =1k
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§74. The six-circles theorem.

The pairs of circles ab, b, cd, da cut respectively in points p,p, ;
0915757y 5, 8y; thenif P, q, 7, s be concyclic, so are p,, gy, 1y, 5,.

For the circles |[bcd], |[cda] are orthogonal to b, ¢, d and to
¢, d, a respectively. Hence |[(a+kb)cd] is orthogonal to ¢, d for
each k.

Let |[bcd] = a,, |[cda] =b,, |[dab] =c,, |[abc]=d,,
then b, +ka,, ¢, +k,b,, d,+Kk,c,, a,+k;d, are orthogonal to the
respective pairs ¢,d; d,a; a,b; b,c for each k. If now we take
k so that (b, +ka,)? = o, these two values of k substituted in
b, + ka, will give the pair of points in which ¢, d cut. The argument
of § 30-13 now proves the theorem, since four points are concyclic
if, and only if, they are dependent.

A special case of the six-circles theorem is the Pivot Theorem:
If points d, e, f be taken on the sides bc, ca, ab of any triangle, then
the circles aef, bfd, cde meet in a point.

§75. The sixteen-circles theorem.*

1. If the circles q,, q,, g3, q, are orthogonal to c,, and q,, g, to c,,
and g5, q, to ¢y, and q,, q, to c;, and q,, g, to ¢}, and g, g, to c3, and
g3, 4o 10 ¢35, and also ¢, ¢5, ¢ to g} and ¢}, ¢,, c; to 3, and ¢}, ¢;, ¢4 to
g3 and c,, ¢,, ¢ to qq, then q;, q1, 95, g3 have a common orthogonal
circle cj, say.

Cq

[We are not now using the convention that a dashed letter
represents a point. The figure is schematic.]
For

q1=|lciees] g=|lacae]s g3=|lereaes), go=lleieres] )

’ 7 7 / ’ ’ P 7 7 /7 (l)
qi=1[e,c2e5), gh=|[erces), g3=|[e1ches), 905|[C1‘72C3],’

* Cox, loc. cit. His proof is different, and it does not connect up with the
* Mdbius identity’.

FCE 271
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and since g, ¢y, ¢,, ¢; are orthogonal to the same circle, we have
[919:9390] = o-

Hence [cicacs.€,65€5.€,€5¢5.€1¢5¢5] = o.
Hence, by § 39,
’ 7 4 ’ 7 7

Taking supplements, we have [g]¢5¢390] =0, hence the
theorem.

2. If ¢y, ¢y, €5 €3, €1, €5, €5 be point-circles, so is c;,.

For, we can adjust weights so that

€] = X|Cq+C3—Cy €5 =XyCp+C —C3, C€3=X365+YCr—C,
and then, since ¢,, ¢}, ¢5, ¢; are dependent, we have y = 1.

We can take the weights of the ¢, ¢’ so that (1) are equations,
and not merely congruences. Then

@ =x|[Ge65], 02 =%|[0es01], 45 =Xs][cocr¢0),
lg; = —x,[¢o¢2¢5), and so on, by § 56-5.
[e1€5¢5] = [e1(x260—€3) (X360 €)]
= —Xy[co, €5] + x5[c€361] + €1 ¢564]
= X,X7 ! [g3— X33 ! g2+ [€16565] (2)
co = |[419295] = |[e1¢2¢3-€1¢263-€16363).
By (2) and similar equations, this equals the supplement of
X, X5 x5 (X + X+ X3) [€,€565 |gags] + .o+ -
= X,(X; +Xo+X3) [€,€5€5.€5€5€¢; €€ 6]+ oo+ ..
=X,€)+XyCy+X3€5.
Hence ¢ = o, if (x,¢; +X,¢,+ X3¢3)? = 0, that is, if
2x;xj[¢; |¢;] = o.
Now 0 = i = 2x[¢g |(e3— &)] — 2[¢z €3]
Hence [c, |¢5] = x,[¢ |(c3—¢,)], and so on.
Zx;xy[e; o] = % X% [(65—€p+ 6~ ¢+ ¢, —€3)] = 0.
As a special case of this theorem in the Euclidean plane, we

have:
The circumcircles of the four triangles formed by four general lines
meet in a point. (Miquel.)
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Examples. 19. Prove the existence of Simson’s line from this
theorem.

Take ¢4, ¢15 925 93 point-circles on circle ¢,, and let ¢, ¢,, ¢; be
sides of triangle 919295 Let ¢}, ¢y, ¢ be circles on diameters %%
9092 9093 Then, since ¢ is orthogonal to ¢, c3, ¢}, it is the point-
circle at the foot of the perpendicular from ¢, to g,g;. Similarly
for g3, ¢ while gy = |[c,c,¢4] is the point-circle at infinity. Then
[41459595] = o shews the existence of Simson’s line. (Cox.)

20. If g, 9, g5, g5 be point-circles on circle ¢, and ¢,, c,, c;,

¢1, €5, ¢3 be circles on diameters ¢yq3, 9391, 9192 9091> %092 9093
then ¢} is the polar circle of ¢,¢;9,, and so on, g that of ¢,¢,¢;-

Hence the four polar circles are orthogonal to the same circle.
(Cox.)

21. If a, b, ¢, d be four points on a plane and p a point on circle abc,
then the inverses of p for the circles bed, cda, dab lie on a circle through d.
Use §31-10.

If we take d at infinity in the inversion-plane, we have essentially the
theorem on the existence of Simson’s line.

22. For that case of the sixteen-circles theorem where the ¢ and
the ¢’ are all points, call ¢; and ¢] ‘opposite’ points. Then the inverses
of a point ¢; in the four circles through the opposite point ¢{ lie on
a circle through ¢,. If we take ¢, at infinity, we have: the centres of the
circumcircles of the four triangles, formed by four general lines in the
plane, lie on a circle through the cut of the circumcircles.

The last can also be shewn from Ex. 1, p. 318 and the analogue
of Ex. 65, p

3. We can state the thcorems in this section as follows:
We know by the ‘Mébius identity’, § 39-1, that it
[€ieacs.€1€565.€16565.€165¢5] = 0,
then [c,c5¢5.€1cy65. ¢ ¢5¢5.€,¢5¢5] = 0.
By 2, we now have also that, if
. ) .
=c?=o0, (i=1,2,3)
and [c1€s65.€,€5¢5.¢,¢5¢5)% = o,
then [e,c5¢5.€1¢,¢5.¢1¢5¢5)? = o.

As a theorem on quadrics, this says: If seven of the ver-
tices of two Modbius tetrahedra are on a quadric, so is the eighth
vertex. The eight vertices of two Mobius tetrahedra are associated
points.

21-2
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§76. Some algebraic lemmas.

1. If u, v, w be any three vectors in a spread of vectors of step
three, denote the matrix

(ulu], [u|o], [u]w] a, h, g
[v|¥], [v]|v], [v|w]] by (h, b, f
[w Iu]’ [w l?)], [w Iw] g: fa C

and leta’, b’, ... be the normalised cofactors of this matrix, that is,
the cofactors divided by the determinant 4 of the matrix. Let

o = v, f= wu, v = v, these being signed angles.
Then [uvw)??=4d, w*=a, v*=b, w?=c,
[v|lw] =f, cosa = f/,/bc.
Letu/, v', w’ be defined by
JA.u' = |[ew], 4.0 = |[wu], JA.w" = |[uv],
and let o = v, g = Wi, v = w'v'.
Then a’ = (bc—f£2)/4, [u'|u']=[vw]}/4 =4,
cosa’ =f'[\/b’c/, [W'v'w'] =471
Hence, by §201(6), :.—lu?z = 4—:;:;:?1 (1)
The roots 4/a, 4/b, 4/c must be related so that
(v/byJc+£) (4byJc—f) = bc—f2,

and so on. We write 4/bc for ,/(bc), and so on.

2. In §21, we took n;, N, as arbitrary non-zero scalars, and
defined n;, n,, ng, N;, N,, N5 by

n;n;! = cot$f cotiy,
N,Ng! = cot}p’ cotiy’,
and so on. We then fixed the value of N, by the formula
2Ny = —ny+n,+n,+n;,

but still left n, arbitrary. (§21(16), (17).)
We shall now define n, by the first of the following formulae;
the rest then follow:
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g = y(241) y{(ybe —£) yea —g) (yab )},
= 44/471\Jabc.sin }a sin } A sin }y,
0, = (247" \f{(ybe ) (Jca + g) (yab + h)}
= 44/47"\Jabc.sin }a cos § 5 cos } v,
n, = (247 {(ybe+£) (yea—g) (Vab+h)} |
= 44/4-! Jabc. cos Y sin § cos Ly,
n = y(247") J{(ybe +f) (yea+g) (ab — h)}

= 44/4-" 'abc.cos J cos 1/ sin 1y,

(2)

where, for example, ,/bc means J/b.4/c, with signs as determined
above.

These formulae give at once:
n§ = aa’+bb’ +cc’ +2f’ /be+ 2g" /ca+ 2h’ \Jab — 1,
n{ = aa’+bb’+cc’ +2f’ \/bc — 2g’ \Jca— 2h’ \Jab 1, '
nj = aa’+bb’ + c¢’ —2f’ 'bc +2g" \/ca— 2h’ Jab — x,J' (3)
nj = aa’+bb’++cc’ —2f’'bc —2g’ \/ca+ 2h’ yab— 1.

From (2) we have

ny+n; = 4,'4-1 /abc.sin Ja cos }(f—7)

= 4471 /abc.cos }a’ sin }(B'+7') sinx cosec 2,
by §21(11).

These and the formulae derived similarly, together with (1)
and § 21 (16), give us the formulae dual to (2) and (3):

No = V(24) {(b’e' - £) ({c'a’ ~ ") (Va'b' =)}
= 4y1./a’b’c’ sin a’sin } B’ sin Ly,
N§ = aa’+bb’ +cc’+2f /b'c’ + 2g c'a’+2h a'b’ —1,
and so on.
Note that

Ny = 3(—=ny+n,+n,+n;) = 2,47 /abe.sin o,
N, = ¥(ng—n; 4+ n,+ny) = 2,11 /abc.sin (0 —x),
and so on, from (2), §21(16), \.vhere 20=a+p3+7y.
Also nyn;nyng = 44a’b’c’, NyN,N,N; = 4.1-'abc,

sinx / ngn;n,n,
sina’ A/NON,NQNB'
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3. We deduce some formulae we need later. We first quote
§21(16), (17).

No = #(—ny+n,+n,+n;), n,=3(—Ny+N,+N,+Nj),

N, = #(ny—n, +n,+n,), n, = }(Ny— N, +N,+Nj),

N, = ¥(ng+n;—ny+n3),  ny =3}(No+N; —N, +N;),

N3 = §(ng+n;+n;—ng),  n3=}(No+N,+N;—Nj).

(3)
These give
n§+nj+n3+nj = N+ N}+N3+Nj,
nd+n?—n}—nj = 2(N,N;—-N,N)),
nf—n}+n}—n3 = 2(N;N, —N;N,),
n§—nj—ni+n3 = 2(N, Nz‘NoNa)v> G

N§+N{—N3—Nj = 2(n,n;—ngn,),
N2Z—N?+N2Z—N2 = 2(n3n, —nyn,),
N3—-N?—-N%+N3% = 2(n;n,—nyn,).
ngn; +n,n; = NyN,; + N, Nj,
and so on, cycling 1, 2, 3.

From (3) and the dual formulae, we get
n3+n}+rn%+n} = — 4+ 4(aa’ +bb’ +cc’),
n?+n}—n3—n} = 8f',/be,
nj—n}+nj—nj} = 8g’ Jca,
n2—n?—n%+nj = 8h’,/ah,

N3+ N%+N2%+N% = —4+4(aa’ +bb’ +cc’),
N3 +NZ-N3%-N32 = 8f,/b'c,
NZ—N2+N3%—-N3 = 8g,/c'a’,
N3 —N%—-NZ+ N2 = 8h,/a’b’".

From §21(11’),(11"") we easily find formulae for cosa, sinc,

and thence can write the duals:

cosa = (nyn3—nyn;)(nyng+ngn;)~,
sina = 2(nyn; nyng)i (n,ng+nyn,)Y,
Sin a’ = 2(NON1 N2 Na)i (N2 N3 + No Nl)_l,
and so on.

(3")
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We deduce

— 0§ +03-+ nj+n3
+2n,n3cosa’+2n3n; cos f'+2n ny,cos Y =4.  (4)

For, by (3), (3"),
4n,ny = N3+ N3 - N3— N3+ 2(N,N, +N,N,),

—nj+n?+n+ nj

= }{N3+ N2+ N3+ N}+2(N,N, - N, N,)
+2(NyN, —N3N,) +2(N,N, — N, N,)}.

(NoN; + N, Nj)cosa’ = N,N; — N N,.

By (3)
Hence the left-hand side of (4) equals

(NG +Nf+ N3+ N3) + }(N2+ N2 — N2 - N3) cosa’
+ 3(N§— N7+ N3 —N3)cos # + 1{N§— N} - N2+ N3)cos y’

= 3(—4+4(aa’ +bb’ +cc’)) + 4(ff +gg’ + hh')
= 2(—1+aa’+hh'+gg’ +hh' + bb' +ff' +gg' + ff' + cc’) = 4.

We also have
N(n;n,+nyn;) (ngn; +nyny) + Ny(n; n, — ngng) (nyn, + ngny)
+ Ny(n3n, —nyn,) (n; ny+ nyng)

= Ny((n;n, —nyny) (n; n; —nyn,) + 4nyn; n,yny). (5)

For this formula is equivalent to
nin,ng( — Mo+ N; + N, + N;) —nfn,ny(N, — N, +N,+N,)
+ngn; n3(N,+ N, — N, + Nj)
+nyn;n3(Ng+ N, + N, —N;) = 4nyn; n,ny Ny,

and the left-hand side of this equals (using 3')
2ngn Ny Ny(—Ny+ 0, + Ny +ng) = 4ngn; n,ny N,

§77. Theory of three circles.
1. Ife,, c,, c; be the circles, we shall denote [¢; |¢ A by the letter

in the ij place in the matrix
a, h, g
(h, y f).

g f c
Thus ¢2 =12 =a, [¢;]c;) =h, and so on. We denote the

normalised cofactors of the elements of the determinant of this
matrix by a’, h’, ... and so on, the determinant itself by 4.
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Thus [e1662 = 4, Aa’ =be—1% = [c,c5)%

We take the signs of 4/a, /b, 4/c so that these quantities are r), 1y, T3,
and we define the angles between the circles, when these meet, by
cosa = f(bc)~t, cosf = g(ca)™}, cosy =h(ab) .

2. If ¢, ¢y, ¢y be independent circles, s the circle orthogonal to
them, first suppose s is a proper circle and assume
s =ky¢, +kycy+kyeg +k0, s2=r2 (1)
This assumption is permissible, since circles form a spread of
step four, and ¢, ¢,, ¢, @ are independent. For if
L + e, +l3ey =0,
then, substituting for & in (1), and then multiplying scalarwise
by s, we find s* = 0. Omit this case.
Multiply (1) scalarwise by ¢, ¢,, ¢5, s, @ respectively,and we have
’-k = akl +hk2 + gk3 = hkl +bkl + fk3 = gkl + sz + Cka,
Hence
—k(a’+h'+g") =k,
—k(h' +b"+f') =k,,
—k(g' +f'+c') =k,
—r¥@’+b +c'+2f +2g"+2h") =1,
—r? = ak?+bk3 + cki+ 2fk, ks + 2gk, k; + 2hk k.
Hence
s=—r((a’"+h'+g) e, +(h"+b +f) e, +(g +f +c)c5) + 120,
where r? is given by (2).
If the orthogonal circle s is a line, then
D11 .k +kytky =0, k(0] ~0§) +ky(0; —0f) = o.
Thus ky(c; —¢3), ky(c,~¢;) are equal parallel rotors in opposite
senses; their sum is a multiple of #, and 52 = o the case omitted.

We assume that a’+h'+g’, h'+b'+f, g'+f'+c’ are all
distinct from zero.

" (2)

3. Introduce circles 4, d,, d, defined by the equations:
(@'+h'+g)d =a'c, +h'c,+ g,
(b’ +b'+ f)d, = h'c; +b'e, +f'ey,
(g'+f+c)d; =g'c, +fc, +c'c,.
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Then (@' +h'+g)[d,|c,] =a’a+h'h+g'g=1,
(@'+h'+g')[d,|c,] =a’h+h'b+g'f =o.

Hence [d,|c,] =—r%k{!, [di|c)] =0, [d\|c;] =o0.

These and the similar equations shew that the circles d,, d,, d;
in the bundle fixed by ¢, ¢,, ¢; are each orthogonal to two of
€1y €y, €3, as well as to s, the orthogonal circle of ¢, ¢, ¢5.

4. We have

@ +0+) [ ]d] = 2, )] = —a'eki,
(R’ +b'+f)[d,|d,] = h'[¢, |d,] = —h'rki},
so that [d,|d,] = a'r*k{2, [d,|d,] = h'r*ki kst

5. Since d,=|[sc;c,], dy=|[sc,¢,], the angle &’ between d,, d;
is given by

ot R
6. Problem of Apollonius. Gergonne’s construction.
If the circle ¢ touches the distinct real circles ¢, ¢,, ¢5, then
[tc;]? =0, [t|c]? =t

For internal touching [t|c;] = \/£2,/c}; for external touching

[tlei] = -y et

Hence [t_lc_ll =+ [t_icgl =+ [{l‘:s_]

il Iy
Now rj 'c, —ry ¢y is a circle whose centre is the external centre
of similitude of ¢,, ¢;. If / is a rotor such that
[Ll(rzle;—r5'e)] =0 and  [l|(r5'ey—ri')] = o,
then [)(r7 e, =13 1e,)] = o.

Hence, by §72-2, the external centres of similitude of pairs of
circles ¢,, ¢,, ¢, lie on the same line /, say, the axis of similitude.

For example, let ¢ be the circle touching ¢, ¢,, ¢; internally; let
s be the circle orthogonal to ¢, ¢,, ¢3. Then

[tl(r7'ee—13'e)] = 0, [s|(rz'ea—r3'es)] = o

Hence ¢, s, [ are dependent, since ¢, #¢;.
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Let ¢ = s+kl, then t—¢, = s—¢, +kl. But z—¢, is the tangent
at the point of contact of # and ¢,, since it is their radical axis
(§71-6). Hence this tangent goes through the cut of / and the
radical axis s—¢, of s and ¢,.

Thus we have the construction: draw the common orthogonal
circle s of ¢}, ¢,, c;. Let the radical axis of s and ¢, cut the external
axis of similitude in p, then the tangents from p to ¢, touch ¢, at
points of contact of the tangent circle required.

7. The tangent circles. Let t, be the circle touching ¢, ¢,, ¢3 all
internally, and let p, be its radius; let #; be the circle touching all
externally and let p; be its radius. Let ¢, be the circle touching ¢,
internally and c,, ¢, externally and let p, be its radius. Let ¢]
be the circle touching ¢, externally and c,, ¢; internally and let p
be its radius. Similarly for ,, 23, 5, #;.

Let s be, as before, the circle, of radius r, orthogonal to ¢, c,, ¢5.

Let ¢ be any one of the tangent circles, and p its radius, and let

t =k,¢,+k,c,+kyeg+ks. (1)

This assumption is permissible if ¢, ¢,, ¢5, s be independent. If
they are not, we shall have 1, ¢, +1,¢,+ 13¢5 = s for some | not all
zero. Inner multiplication by s gives s? = o. Then if 1, #0, we have

Le\cae5] = [seye5],  Kleyca65)* = [scrcs? =0, [€,6565)* = 0.
Hence (§73-10) either ¢,, ¢,, ¢; are dependent or have a common
point. We exclude these cases. By (1), 2 = p?, and

[tle)] = €pry, [tles] = €xpry,  [t]es] = €5prs,
where ¢; are + 1, according to the nature of the tangency.
Inner multiplication of (1) by 0, s, ¢, ¢,, ¢3, t gives, since
r? = a, and so on,

1=k +k,+ks+k, [t|s]=kr (2)
€,pr) = ak, +hk, +gky,|
€,pr, = hk, + bk, + fks, - (3)
€3p13 = gk, + fk, +ckj. )
p* = p(e,k 1y + €K, Ty +€3kgrg) + KPr2, (4)
Hence k, = p(e,a’r; +€,h'r, +€58'ry),
ky = p(e,h'r, +€,b'r, + 63 f'ry), (5)

ks = p(e, g'r) +6,f'r, +€5¢'ry).



X1, 77] CIRCLES 331
—k?r? = p%(aa’ + bb’ +cc’
+ 26,631’ \/bc+2¢4€, g Jca+2¢,€,h’ \Jab— 1)
= p'nf, (6)
say, since a=r}, b=r} c=ri
From (5)
t = ple ry(a’c; +h'cy+g'cs) +€,15(h'c, + by +fcy)
+€315(gc, +f'c,+ 'c5)} + ks
= pleyri(a’+h'+g')d, +e,r(h' +b' +£)d,
+e315(g +f' +c')ds}+ks.  (7)
The expression n; in (6) is n, of §76, if €, =€, = ¢, = 1; it is
nife=1,6=¢=—1;itisn, ife,=1,¢ =€, =—1; it is
ngife;=1,¢, =€, =—1.
For these values # is respectively #, ¢,, t,, t,; if we change the
signs of the ¢ throughout, we obtain #;, ¢, £;, t;.

Examples. 23. We have p;'t,+p;~ 2, =s. Hence the centre of s is
the centre of similitude of #, and #,.

24 ol HpT P P = T T T
(Multiply (7) by 0.)

25. Absorb the € into a, 4/b, J/c so that \a now stands for ¢, \/a
or r; which may now be of either sign, then (3), (4) give

p =krj+kyry +kyrg+p7 k2,
ky(ry —r7'h) +ky(rs —ry 'g) +p7'kr? = o.

From these, and the equations similar to the last, eliminate k,, k,, k,
and deduce

~p~k¥r2d = 2(/bc—f)(,'ca—g)(yab—h) = An2.

26. Form the determinant of the inner products of ¢, ¢,, ¢, 2, 5, and
by expanding it, deduce the last equation of Ex. 23.

27. Discuss the conditions for the reality of the tangent circles.
8. Hart circles. Suppose a circle & of radius 1 can touch ¢,
externally and ¢, t;, ¢5 internally, and let
I7'h = x, €, + X565+ X565+ X5. (8)
Then  [hltg) = —pol, [hlE]=pil (i=1,2,3),
[tla]==-pir, [fle] =pir, [t |es] = pirs.
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Also [#|s] = \/(—1) p{n,r. For by (1), (6), since [c; |s] = o, we
have [#{|s] = kr? = |/(—1) pinyr.
Similarly [2,|s] = /(— 1) ppn,r.
By inner multiplication of (8) by 6, ¢, #}, ..., we have
7' =x +x,+x3+X,
(Po) [ |t] = X 1} +XoTy+Xgr5+xr/(—1) Ny,
(PR [8] = =% 1+ X1y + Xgrg X1y (= 1)1y,

and so on, giving

I = —X I} —Xyly—X3I3 —XI4/(—1)n,,
I = —X I +XoL+X3l3+Xry/(—1)n,
I= XI|—Xylh+Xgly+Xry/(—1)ny,
I = X I +Xylh—Xgly+XI4/(—1)n,.

Using the definitions of N, N}, N, N; in terms of ny, n;, n,, n,
(§76), these give
xr4/(—1) N, = 2, xry/(—1)N| = —2x;r1),
xry/(—=1)N, = —2x,1,, xry(—1)Ny=—2x31,.
Hence, from (8),
—1INgA =N, +15' Ny e+ 17 !Ny e5+2/(— 1) r7ls.
(9)
Now A2 =12, [c, |s] = 0, ¢} =1}, [c,]e;] = r,rycosa, and so on.
Hence, squaring both sides of (9), we must have, for con-
sistency,
— N3+ Nj+Nj+N3
+2N,N,cosa+2N; N, cos f+2N;Nycosy = 4, (10)
and if this is true, then % exists satisfying the conditions set
down.
But the dual of (10) was shewn in §76. Hence (10) is true.*
Hence there is a circle touching ¢, externally and ¢}, #;, #3 in-
ternally. Similarly there are eight circles touching four of the
circles t,, t,, t,, t3, &5, 1], 13, t3 and not orthogonal to s—Hart
systems of the first kind.

* If the circles do not cut, so that «, 8, y are imaginary, we can replace
€os %, ..., ... by their algebraic equivalents in § 76. This remark has genecral
application.



X1, 77] CIRCLES 333
9. Let0be the angle between 4 and c, : multiply (9) by |c,, then
—Njpcosf = N; + N, cos y + N; cos g

=N, +N, nyny— nona_l_Nansnl Nyhy
?nyn,y+nyny N3N, +nyn,
=N, (nyn,— —Ngng)(n;ny— nyn,) + 40N, nyng
’
(n;ny+nyng) (ngn, +nyny)
by §763(5)-

Hence —cos@ = cos # cos y+sin f siny,

m—6 = #—, and similar equations.

10. Hart systems of second kind. The circle
I =y e, +y,6,+y365

of radius I', is orthogonal to 5. Suppose it touches ¢, externally
and ¢] internally, then

I ==Y —Yola—Y3l3 I =—Y I +Y,Ip+Yy3rI3, (11)
(r{=a, r{=Db, ri=c).
Hence —I =Yy I}, O=Y,r,+Yy3r3,

I = yia+y3b+yic+2y,ysf+2y,y,8+2y,y,h
= 1+2Y,y;5(f —r,13) — 2r7 }(y38 + y, h),
f—ryry = grilys '+ hrly;! = (gry—hry) ri ey ly;!
= —(gry—hry) ri'rylys

f—

This circle orthogonal to s and touching #,, #; will also touch
2y, ¢, internally and externally respectively; for the condition for
this is also (11). There are six circles of this kind.

hr
Hence I'-h' = —rylc,+58727 o 3(rl“r2 c—17r7cy).
2T

anmples 28. If we seek the circle which touches #] externally
and ¢, 1), t; internally, we get the equations

— 1 = —X I} = XTI, —XgTy—A/(— 1)xrng,
=1 ==X +X, I +X3T3+4/(— 1) xrn,,
— I = =X I +XoT, —Xgrg—/( — 1) xrn,,

—1 ==X I —XpTy+Xgry—4/( — 1) Xrn,.
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Adding the first two, and the second two, we have
x(n, —ng) = x(—ny—ng), xN, =o.
Hence in the general case, when Nj# 0, we have
X=0, X I =1 X,=X3=0.
Hence the circle sought is ¢;, as it should be.

29. Investigate the meaning of N, = o.

11. Casey’s criterion. If t is any circle touching four in-
dependent circles ¢, ..., ¢,, then [t|¢;]? = #3i.

Let kj;=[elel, bj=1,....4), =13
then, absorbing the sign in r,

[]e] = ry/ky;.
If t =k,c,+kyco+kyc5+k,c,, then inner multiplication by
t, ¢y ..., Cq gives
r=kn/ku+k2«/k22+k3«/k33+k4\/k44’} (12)
ryky = kikyy +kokyp +Kskyg+ koK,
and so on.

Eliminating the k;, we get a determinant which must vanish,
composed of the determinant of the k;;, bordered in the first row
and column by the elements 1, \Kk;;, /Kas, /K3, 4/Kyg-

If we write 1;; = k;; —(k;; k;;)}, it will be found that the deter-
minant factors into

{= (ks = (sl = (3 L) {— + +H{+ — +}H{+ + -},
the terms in each factor being the same, with the signs as in-
dicated.

Hence, if ¢ touches ¢, ..., ¢,, one of these factors vanishes.

In particular, if ¢, is a point-circle, then

(Lizls)t £ (loslyg)t £ (11 1)t = 0
is satisfied by points on a circle touching ¢, ¢,, ¢3, and 1}, 14, 13,
are powers of the point in ¢, ¢,, ¢;.

We could also shew Casey’s criterion, by deducing from (12),
equations such as

(kyz = (kyy ko)) ko + (kyg — (ky Kag)t) kg + (kyy — (kp kg Ky = 0.

These give a four-rowed determinant which factors at once.

The resulting condition can be written

[e16263¢,]% = (Jeb[epe5¢4] —Ned[e) e3cq] +4/c3[cy €5¢4] = Ned[ey €265])
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12. Circumcircles of arcual triangles. Consider the circum-
circles of the arcual triangles formed by the circles ¢, ¢,, c;,
assuming that each two of these circles intersect in two distinct
points, the six points so obtained being distinct.

Let w = k;¢; +Kkyc,+kscg+ks be such a circumcircle, then
since w, ¢,, ¢; meet in a point, we have [wc,¢;]> = o and similar
equations (§73-10).

Now [weyes] = ke, cp¢5] +k[scyc5),

[e1ca63]sc2¢5] = 0, since [s|e|] = [s|e,] = [s]cg] = o.

Hence o = k3[c,c,¢5]2 +Kk2[scyc5]* = k34 +k24a'r?,
where s? = r2,

Hence k?+k%a'r?> = o. From this and similar equations, we
deduce k?a’ ' = kib'~! = kic'! = k2

Let w? = w2, then we can put, for some k’,

4

w ‘ ,
w va'e 4+ yb e +c e+ 4 (= 1) r s,

Thence

"2 = aa’+bb'+cc’+2f yb'c’+2g,c'a’+- 2h \'a’b’ —1 = N,
We may hence take k’ = N, and obtain the eight circumcircles
by choice of signs of 4/a’, \/b’, y’c’. We get nothing more geo-
metrically, if we reverse the sign of \/— 1. Thus:
Nowglw, = ya' ¢, +4/b o+ 4¢" c5+y(— 1) r7ls,
N,wilw, = a" ¢, —/b e, — /¢ g +4/(—1) 1715,

and so on; w,, w, correspond to signs — + — and — — + for the
first three terms on the right-hand side; while wy, ], @5, wj corre-
spond tosigns — — —, —++, + —+, + + —.

The radii are connected by the equation
woltwil+wo 4wyl = wil+wimh+wi 4wyl
With the circles d; as in 3, we have, for w = w,,
[w|d,] = wNg!ya'.(a" +h'+g')7,
[w]|dy] = wNgtyb'.(h'+b’+f)-1,
[w|ds] = wNgtyc'.(g" +f +c')71,
[w]s] =wNgl{(—1)r.
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13. Larmor circles.* We shew there is a circle / of radius], say,
touching w, externally and w,, w,, w; internally.

Suppose 111 = m,d, + myd, + myd; + ms
satisfies these conditions, then
—wo = 1[I |w] = m, [d; |wy] -+ my[d, [wo] +ms[ds |wg] + ms [evo)].
Hence

—N, =m,a".(a +h'+g') +m,/b’.(h"+b"+f)!
+my,/c . (g +f+c) T4+ my/(—1)r.

Similarly

N, = myya'.(a’+h'+g) ' —my/b'.(h'+b"+£{)!
—myac (g +f +c )T 4+m (1)1,
N, = —m,ya’.(a’+h’'+g') '+ myy/b’".(h"+b" + )
—mg/c’ (g +f +c) T +m J(—1)1,
Ny = —m,/a’.(a’+h’+g) ' —=my/b".(h"+ b+ )
+mgc’ . (g +f +¢) T +m y(—1)r
Hence n, = 2m,/(—1)r, n; = —2m;,/a’.(a"+h"+g)7!, ...
1"l = —}n,a’¥@’ +h'+g')d, — 4n,b’"}(h" + b’ +f)d,
—ingc’Hg' +f +¢')dy—34/(—1)r'ngs.
The circle ! will exist if the inner square of one side of this
equals that of the other, that is, if
1 = (m, d, +m,d, +myd; +ms)Z
Now, by 4, dj =a'(a’+h'+g)2 = nf/4m?,
s2=r% [d||s]=0 (i=1,2,3),
[d, |d;] = (@’ + B +g)~ (B + b+ ) = h'n ny/4m, myfa'b".
Hence the condition is
1 = }(n?+nj+nf—nd+2f (b’c’)¥n,n,
+2g’(c'a’)~tnyn, +2h’(a’b’)#n;ny)
which is true by §76(4). .

There are in all eight circles which touch w;, w,, w,, w; and
are not orthogonal to s. These correspond to Hart systems of the
first kind. There are also systems corresponding to the six Hart
circles of the second kind. We leave these to the reader.

* A. Larmor, Proc. Lond. Math. Soc. Ser. 1, 23, (1892), p. 149.
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14. Application to quadrics. Theorems such as those on the
Hartand Larmor circles in the plane can be changed, by inversion,
to theorems on circles on a sphere, and then by projection, to
theorems on plane sections of a quadric.

In our method, this is secured at once by replacing circles by
plane sections of a quadric, supplements being taken with respect
to the quadric. Orthogonal circles are then replaced by conjugate
plane sections, point-circles by tangent planes.

The theorem on Larmor circles becomes: If three plane sec-
tions of a quadric meet in the pairs of points p,, p}; pss Py D3, D3, then
the sections of the quadric by the planes pip3ps, P1P2P3 P1DP2P3s
D1p2ps touch a plane section; so do the sections by the planes
P1P2D3, P1P2DY, P1P2D, P1PDs-

We may of course put the hypothesis in the form that p, ],
DaD3, P3Py are concurrent. The theorem is also true when the
quadric is a cone. (We leave the consideration of supplements
with respect to a degenerate quadric, such as a cone, as an exercise
for the reader.) We could also adopt the dual interpretation,
treating ¢ as a point, and |c as a plane section of a quadric.

Examples. 30. - circle w makes equal ‘ angles’ with d,, d,, d,.
For Nyw-lfw|dy] = Ja'[c, |d,] = o' (2’ + ]’ +g)" = yd3,
NowHw|s] = J(=1)r.
[wld] _ (ol
& T eyt
[wld] _ [w]|d] _[»]dy]
i T OyB T dE
Or we can shew the theorem directly as follows: Let ¢y, ¢,, ¢; cut

in p1, p5, P35 (¢y, 5 cut in p} and so on). Then since s, d,, p, are ortho-
gonal to ¢,, ¢3, they are dependent.

Hence

and so

Let s = xp, + yd,. Multiply this in turn innerwise by , p,, s, then
if w goes through p1, p, p3 we have

[wls] = ylwl|d], [sip] =yld|pds s =x[p]s],
(since [s|d;] = o).
Hence 2 = xy[d, | p,)-
But s? = (xpy +yd,)* = 2xy[p, |d|] +y?d}.

FCE 22
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Hence
2= —yld}, [w|d]*s® = -y w|d]?d} = —[w]s]d},

as before.

3L If ty=—c—cy—c3+ype, 4 =—c,+c+e3+yC,
ty = ¢ —cy+c3+Y,¢, t3 = ¢ +c3—c3+Y36,
then  t,5,t— byt s+ 2t ts— 1yt 1,

= 16¢) €563+ 465036( = Yo~ Y, + Yo +Y3)
+4c36,c(=Yo+Y1— Y2 +Ys)
+4666(— Yot Y1 +Y2—Y3)-

§78. Circles in normal form. Pliicker’s construction.

If ¢ is a proper circle of radius r, then & = cr~! is said to be in
‘normal form’. Then k? = 1. As we still allow pure imaginary radii,
we must allow our circles to be multiplied by pure imaginary
weight factors.

The circles &k, +k,, k,—k, are the ‘inner’ and ‘outer power
circles’ of k,, k,. Since

(R, [(—y = R)] = —[Ro (ki —R2)], [y [(Ry + Ry)] = [Ry | (R, + Ky)],
the power circles bisect the angles between &, and k.
Since [(k,+k,)|(k,—k,)] = o, the power circles cut ortho-
gonally.
If &, k, touch externally, then [k, |k,] = —1, and &k, +4, is
the point-circle of contact. For

(ky+ky)? = k}+ k3 +2[k, |k,] = o,
[k |(By + ko)) = [k, (R, +ky)] = o.

If k), ky, k3 be any circles, in normal form, then the outer power
circles of pairs of them are coaxal, for
. (ky— k) + (ks — k) + (k) — ky) = o.

Let ¢ be any circle touching &, k,, k; with like contact; all
circles of the coaxal system containing the outer power circles
cut ¢ orthogonally, for [t |(k,—k3)] = o, and so on.

In the coaxal system mentioned is a circle a,, say, such that
[%, |@,] = o; then [t|a;] = o and hence [(k, +¢)|a,] = 0. Hence
k, +t, the point of contact of k, with ¢, is on a,, the sign being +
or — according as the contact is internal or external. Thus by
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drawing a,, the circle in the coaxal system of outer power circles
which cuts &, orthogonally, we find the points of contact on &, of
circles touching k&,, k,, k;. Similarly for the inner power circles.
The changes to be made in the earlier formulae, when the
circles are taken in normal form, are obvious. For example if
circles k), k, with real radii cut, then cos (k,, k,) = [k, |k,].

Examples. 32. Four circles &y, k,, k,, k,, taken in cyclic order, are
such that each touches its two neighbours externally. Then their
points of contact are concyclic. (Cf. § 74 and § 30°13.)

For, taking the circles in normal form,

[y [Ro) = [Ry [Rs] = [Rs [Ry] = [Ry[R)] = — 1.
The points of contact are
ky+ky kytky, kytky, k,tk,.
These are concyclic, since
(ki +ky) = (Ry +k3) + (k3 + ky) = (ky + k) = 0. (§73°7)
33. If &y, ky, kg, ky be circles (in normal form) of radii r), r,, 13, 1y,
and each touches each externally, then X2 = 227 Ir;7 L.
For we can find scalars x, ..., x, such that x & + ... +x,k, = 0.
Multiply innerwise by &, &, &, k,, 0, and we find
(1) x,—x,—x3—x, = [0|k] =r{! and similar equations, and
(i) r{lx 4. +r7'x, = 0.
Hence 2y 2+ry 24y = 4(x+x3+x3 +x2),

}: il = 4 XX
1,)
From (i), (ii) we deduce Xx} = 22X, x;. Hence the theorem.
34. If k, k' be two circles, and k,, &, each touch both in like ways,
and k,, k; each touch both in unlike ways, and 6;; be the angle between
k, and &y, then

0,9 £ 0,3 £0,, £ 0y, = 2nm,

if the signs are suitably chosen.

For  [klk]= [K|k]=¢€, [klk]=—[F|k]=¢6,

(klks] = —[K' [ks] = €5, [R|R] = [ |Ry] = €4

where ¢, ..., €, are *+ 1.

Then k—¢€,k,, k—€,k,, k—e3ky, k—€,k, are concyclic; hence, by
§30°12,

VI(k—61k) |(k—6rk)] [(R—e5ks) [(k—€4k)] £ ... ... = 0.

22-2
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This gives V(e &l |Bo] — 1) (€5€4[Rs | Ry] — 1)
/(e3[R k5] — 1) (€164[Ry | Ry] — 1)
+J(es€q[Rs |Ry] — 1) (€264[R, | Ry] — 1) = 0.
Similarly &' —¢,k,, k' +€,ky, k' +€3ky, k' —€,k, are concyclic, and
we have a formula obtained from the last by changing the signs
of €,, €5, Comparing the two, we find

V(e €[k, |Ry] — 1) (63€4[R5 |Ry] — 1)
e A LN TA RS I CYALA LA RS
= t /(€ 6[k) [Ry] + 1) (€364[R3|R,] + 1)
o /(6361[Rs | k)] + 1) (6264[R; |R,] + 1)
To fix ideas, take all the ¢ to be + 1, then we have
sin 6, , sin 30,, + sin 10, sin 40,,
= # cos 30, cos 30, + cos 105, cos 10,,,
cos } (0,5 + 0y) = + cos }(0y, £ 0,),

whence the result.

35. The circles which touch one e-circle of a triangle internally and
two externally meet in a point.

36. For circles in normal form, the inverse of &, in & is
ky—2[k |k ] k.

§79. Steiner’s closure theorem.*

1. Let a, b be real circles, and for convenience of representa-
tion, take a inside b. Suppose all circles are in normal form, and
. let the circle ¢ touch a externally, and b internally. ‘Then

[alc)=—1, [blc]=1; hence [(a+b)|c]=o.
Let a—b = xd, then
[(a+5)|d] = x*[(a+b) [(a—B)] = o.
Hence ¢, d are in the bundle |[(a+5). (§73'5.)
Since d? = 1, we have
x% = a’—2[a |b] +b% = 2(1 —[a|b]). (1)
For all ¢ which touch g, b in the required way,
x[c|d] = [a]|c]-[b]] = —2.

* The treatment which follows is adapted from Mehmke’s dissertation.
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2. Let f be the circle in the pencil [cd] orthogonal to d, then
flies in the bundle |(a+5). Hence

[fld] =0, [fl(a+b)]=0=([f|(a-b)];
hence [fla]l =[f|8] = o.
Thus as ¢ varies, f describes a pencil of circles.
Let c=x,d+y,f,
then 1= =t +yif +axyd|f] = K+yh
Also [c|d] = x;. Hence xx; = —2, and by (i), x, and therefore
y1 have constant values as ¢ and f vary.

3. Letc, ¢, ¢,, ... be successive positions of ¢, and f,, f,, f,, - -
corresponding positions of f. Let each ¢ touch its two neighbours
externally, and we have

¢ =x,d+y,f, ¢ = X d+y. fi, ¢, = X d+Y.f s
[“0161] =[c, ‘Cz] =..=[q Iciﬂ] =..=-L
Hence —1 =x2+y?[f, | fi+,]. Thus [f; | fi.,] is independent of i.

Let it equal cosa.
Then

sin? Jo = }(1 —cosa) = (I-}- -

I —Xx2
X ]b] r—rz)2

1—-x2 x*—g4 I+[a|b] (r,+r,)? dz’
where r, r, are the radii of @, b, and d the distance between their
centres.
'The last fraction is less than 1, hence « is real.

1 +x2)

4. If ¢, =c,, then f, =f,, and as the f are in a pencil, and
[filfi+:] = cosa, we must have nx = 2m# for some integer m.
Conversely, if a be given by the last equation, the sequence of
the f closes, whichever circle f, of the pencil of the f we begin
with, and hence the sequence of the ¢ closes, whichever circle
touching a externally and b internally be taken for ¢,. If 7/a be
irrational, the sequence does not close.

5. The points of contact of the ¢ with one another lie on a+b;
for since [¢, |(a+b)] = o, [¢;,,|(a+b)] = o, we have
[+l [(a+B)] =o.
But ¢; +¢,,, is the point-circle of contact of ¢; with ¢, .
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6. If p, g be the point-circles in the pencil [ab], then every
circle through p, ¢ cuts a, b orthogonally. Through p, ¢ draw g, so
that [g;|¢;] = o, then g; goes through the points of contact of ¢;

witha, b. For 1. 141 = [g,18] = [gylc] = o,

give [g;l@@+c)] =0, [gld—¢p)]=o,
[g;1d] =0, [g;fi] = o.

The last equation shews that two circles g cut at the same angle
as the corresponding f.

7. Pappus’ ancient theorem. Let a, b touch internally, and let
Cps €15 €3y --- touch a, b in unlike ways; let a, b, ¢, have collinear
centres on the line-circle /. Let each ¢ touch its two neighbours
externally. Then [c, |/] = 2n. We leave this to the reader.
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CHAPTER XII

ORIENTED CIRCLES AND
SYSTEMS OF CIRCLES

§80. Sums and differences of oriented circles.*

1. Consider the circles which lie in a fixed plane, all the
elements of which we speak being real, and for convenience take
the plane horizontal. To each circle attach an orientation or sense
of description. When this is reversed, we have an ‘opposite’
oriented circle. Then each oriented circle can be represented by
the point on the vertical line through its centre, at a distance from
the plane equal to its radius, the point being taken above the
plane if the sense of description of the circle is widdershins,
otherwise below the plane. If to a point on the plane we make
correspond a ‘point-circle’ with that point as centre, we have
a one-to-one correspondence between our oriented circles and
points of space.

By a ‘circle’ in this chapter we mean ‘oriented circle’. A rotor
of course always has an orientation. A rotor ‘fouches’, or is a
‘tangent’ to, a circle when it has just one point common with
the circle, and the sense of description of the circle and the sense
of description of the rotor, at the point of contact, are the same.

Two circles ‘touch’ or ‘are tangent to one another’ when they
have just one common point and the senses of description of the
ctrcles at this point are the same.

A circle or rotor ‘touches’ any point-circle whose centre lies in it.

Two circles which do not touch have either fwo common
tangents or nomne.

2. We denote circles by small letters; if o be a point-circle, we
denote its centre by o’; thus 0 and o’ coincide geometrically, but
their natures are different. The point-circle at the centre o] of
the circle ¢; is denoted by o;; if r; be the radius of ¢;, we write
¢; =0, +r1,¢, where ¢ is a fourth unit extensive. The opposite
circle is ¢; = 0, —r; §.

* E. Miiller, Monatshefte Math. Phys. 9 (1898), p. 269.
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In the space representation of 1, ¢ may be regarded as a unit
vector perpendicular to the plane of the circles.

Circles form a spread of step four.

We say the circle ¢ = o+r¢ has unit weight. If k is a scalar,
not zero, then ke = ko+kr¢ is the same circle with weight k.
We do not absorb weights. Our weights are real.

We add circles as follows: If ¢; = o, +r; @, then

kic,+k,c,+...+k,c, = (k,0,+k,0,+...+k,0,)
+(k,r,+k,r,+...+k,r) ¢
= (k,+k,+...+k)¢,

where _c=o0+r9,

(k,+k,+...+k;) o’ =k, 0, +k, o, +... +k,0],

(k,+k,+...+k)r=kr +kr,+...+kr,.
For example, §(c, +¢,) is the circle of unit weight whose centre is
mid-way between o] and o/ and whose radius is §(r, +r,).

If we invoke geometry, it is obvious that, if ¢, ¢, have a pair
of common tangents, then (k,c,+k,¢,)/(k, +k,) touches these
tangents.

3. Ifcirclesc, c,, ..., ¢, be independent, in which case n<4,
then their linear combinations form a spread of step n.

As examples of spreads of step two, we have (i) circles of equal
radii with centres on the same line, (ii) circles touching the same
line at the same point, (iii) concentric circles.

As examples of spreads of step three, we have (i) all circles of
equal radius, (ii) all point-circles, (iii) all circles with centres on a
given line,

4. The formal ‘difference’ of two circles ¢, c, is
€ =6 =0, —0,+(1; —1,) b

We call this a ‘circle-vector’; in the space representation it
corresponds to an ordinary vector.

If € —Cy =C3—0Cy
then 0]—05=03—0;, I —I,=r1;~T1,

Hence, invoking geometry, the common tangents to ¢, and c,,
if they exist, are parallel to the common tangents to ¢, and ¢,.
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Hence we represent ¢, —c, by the two vectors of the common
tangents of ¢, and ¢,, from ¢, to ¢, when they exist. In the

space representation, the vector corresponding to ¢, —c, always
exists.

Circle-vectors form a spread of step three.

5. If o, be any point-circle, then c—o, is a circle-vector w,
which can be represented by the vectors of the tangents from
0] to ¢, if these tangents exist.

Then ¢ = o, +w. We call o, or o, the ‘vertex’ of the circle-
vector.

If 0,, 0, be point-circles, we define 0, — o, as the vector o] —05.

§81. Inner products of circle-vectors.

1. Since circles are of form 0+ k¢, therefore all circle-vectors
are of form v+ k¢, where v is an ordinary vector in our plane.

If v,, v, be such ordinary vectors, [z, |9,] is taken to have its
former meaning in the plane (chap. 1). We define

[@le]l=[e[g]l=0
for all vectors v, and ¢? = —1.
Then, assuming the distributive law, we have for the inner
products of circle-vectors,

(0, +k @) [(23+ky B)] = [z [20] —k; k..

This inner product vanishes, if [, |z,] = k k..

2. If the circle-vectors ¢, +k, ¢, v,+k, ¢ can be represented
by pairs of vectors whose lines touch a circle ¢ = 0+r¢, and the
inner product of the circle-vectors vanishes, then the vertices of
the circle-vectors are conjugate for c.

For, if p/, p’, be these vertices, then by § 803,

c=p+o,+k @ =p,+v,+k, .
Hence v, +k,¢ =0—p,+r¢, v,+k,¢ =o0—p,+r¢.
But (@1 +k @) (v + k. )] = o.
Hence [(0—p))|(0—p2)] = 1% [(o"—p))|(0"—p2)] = r*.

The last equation is the condition that pf, p; be conjugate
for c.
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3. If ¢, =0,4+1,9, ¢, =0,+1,¢, then
(1= €2)* = ((0, = 0y) + (r, — 1) $)* = (01— 03)* — (r, — 1,)*.
Hence (c; —c¢,)? represents the square of the tangential interval
of ¢, and c¢,, if these circles have a real common tangent. It

vanishes if the circles touch; it is negative, if they do not have a
real common tangent.

4. Let the circles ¢}, ¢,, ¢3, ¢, all touch the circle ¢, then
(c—€)? = (c—¢6)° = (c—¢3)* = (c—¢,)* = 0.
But as circle-vectors form a spread of step three, c—¢, c—c,,
¢ —cg, c—c, are dependent. Hence, by §30-12,

vI(e=6) (e —e)][(c—¢3) (e —¢y)]
+ (=) [(c—e)] [(c—¢;) [(c—cy)]
tyle—cy) [(c—c)] (e =) [(c=¢,)] = 0.
But (¢,—c,)* = [(c—c)—(c—¢)) = —2[(c—¢)) [(c —c.)].
Hence /{(c; —¢,)?(c3--¢4)%) £4{(c2—3)* (e~ ¢y))
t/l(e3—€))*(c;— )"} = 0.

This gives Casey’s criterion, § 77-11.

5. If the circles ¢,, ¢, touch, then the circle-vector ¢, —¢, is
their common tangent repeated. Call this type of circle-vector a
‘univector’. If ¢, —c, = w, then ¢, and ¢, + w touch, hence

(c;+w—c,)> =0, w?=o.

The square of a univector vanishes.

Univectors form a spread of step three, but the spread is not
linear; that is, if w,, w,, w, be univectors, k, w, +k,w, + kyw; need
not be a univector.

The condition that it is a univector is that its square vanishes,
and then

kyks[w, |ws] +kgk [ws |w,] + K, ky[w, |,] = 0.

As this is a quadratic in the k, the spread of univectors is quadratic.

§82. Outer products of circles.

1. Working for a moment in a plane with ordinary points and
rotors, we define the ‘power’ of a unit rotor L for a circle, centre
o', radius r, as [o’L] +r.
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If the circle cuts L at angle 6, this power equals cosé. If L
touches the circle, the power is 1. Circles for which a rotor L has
equal powers form a spread of step three.

If ry0] —r 05 o, thefl each rotor through the point r,0] —r, 0,
has equal powers in circles ¢,, c,. This point is the ‘centre of
stmilitude’ of the circles. If r; = r,, the point is at infinity.

The rotor, or b_ivector r,[0303] + r5[0501] + 5[0} 03], if not zero,
has equal powers in circles ¢,, ¢,, c;. It is their ‘ axis of similitude’.

2. Returning to oriented circles, the outer product of three
points* in the plane must be regarded not as numeric, since our
spread is now of step four, but as a multiple of a unit leaf . The
outer product of four points in the plane vanishes. Thus ¢ touches
Lif [o'L] = ra.

"The outer product [¢a] of ¢ and « is taken as 1.

‘I'he outer products [0, 0,], [0, 0,0,], of point-circles, are defined
as the outer products [0} 03], [0] 0303] of the corresponding points.

The outer product of ¢ and a point or rotor is taken formally.

For the outer product of ¢ and point-circles, we take the

denitions:  [go] = (g0, [og] = ~ [4o]
[go,0,] = [¢o]03], [0,0,0] = [¢0,0,].
[$0,0,05] = [@o]05035] = —[0] 0305 6].
If ¢, =0,+r1,¢, ¢, =0,+1,¢0, ¢; =05+13¢, we then have
[eyc2] = [0,0,] + [¢h(r, 0, — 15 0)] = [0,05] + [$P],
where p is at the centre of similitude of ¢, and c..

[ey265] = [0,0,05] + [§(r,[0,05] + rs[030,] + T3]0, 0,])]
= [00005] + [¢M],
where M is along the axis of similitude of ¢/, ¢., ;.
Similarly [¢;cacqe,] = [¢(ry[0,050,] ~r2[050,0/]
+13[0,0,0,] — 1[0, 0,04])].
Thus [¢,¢,¢5] = o if, and only if, o, 0,, 04 are collinear and
M =o.

* It is possible to construct the theory using point-circles throughout
instead of points. ‘The reader will be able easily to modify the above in this
direction, if he so desires.
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We interpret these: if [¢, ¢,¢;] = o, the corresponding points in
the space representation are collinear, hence ¢; is a linear com-
bination of ¢, and c,; an easy calculation shews that ¢, ¢,, ¢; have
in pairs the same centre of similitude.

If [¢, ¢,¢5¢,] = 0, but the outer product of no three of the circles
vanishes, the circles are in a spread of step three, and a similar
argument shews that they have in threes the same axis of similitude.
If the axis be a rotor and one of the circles cuts its line, all cut it
at the same angle.

So far we have only used [¢p] and [¢ M ] formally, and thus have
not interpreted [c,c,], [¢;¢,¢;] themselves. From the general
theory of outer products, [, ¢,] means the set of circles c such that
[, ¢5¢] = o, that is, the set of circles which have in pairs the same
centre of similitude as ¢, ¢,; similarly [¢, ¢,¢5] is the set of circles
which have in threes the same axis of similitude as ¢,, ¢,, ¢;. We
call a set of circles of step three a ‘net’.

§83. Inner squares of nets of circles. Nul nets.
1. If 9, v, v, are ordinary vectors, then
(v+k@)? = 2 —k?,
(2, +1,8) (V24 1, 9)] = [0y 2] +[$(r, 2, —1,0))]
= [v,0,] +[¢u], say.
[fu]f = p*u?— [ |u]’ = —u?,  (§81°1),
[fu|v1v,] = [ |v1] [ |vo] [ |0] [ ]0,] = o
Hence [(v+1,9)(v,+1,9)] = [v,2,]"— 4
= [v,2,] — (r, 2, — 1,2
The square root of this is the ‘magnitude’ of
[(z)+1,8) (v, + 1, 9)].
Define the magnitude of [cc, c,] as the magnitude of
[(c—e)(e—¢r));
and denote its square by [cc, c,]?.
Then, if o' — 0] = v, 0’ — 0}, = v,, we have
[ec&o]? = [(v)+(r—1)) @) (vp+(r — 1) ¢)]2
= [7, '”2]? -[(r - r) U2~ (r —Irz) v ]
= [0, 9, — [r(0} — 03) +1,(0; —0") +r5(0" — o))
=x2—k2,
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where x2 = [00,0,]%, and k is the magnitude of
M = r[o,0,] +1,[0,0] + r5[00,].
But [cc,c,] = xa+k[@R], where a is the unit leaf, and R the

unit rotor along M, the axis of similitude of ¢, ¢, ¢,.
Hence we have the interpretations of x, k.

2. If [¢,c,64)? = o, the net [, c,c4] is a ‘nul net’.

All the circles of a nul net touch the axis of similitude of the net or
the opposite rotor. For the net, apart from its weight, is of form
o+ [@R], where R is a unit rotor along the axis of similitude.

Thus  [(a $R)(o-+1¢)] = & [$Ro]+r[xg]

= [¢( £ Ro—ra)].

If o+r¢ is in the net, this product vanishes and hence

+ [Ro] = ra; hence o0+ r¢ touches R or its opposite rotor.

3. If Vis the unit bivector, then xa + [¢ )] is a net. It contains

o+r¢ if [(xa+ ¢V)(0o+r¢)] = 0. Now [Vo] = «. Hence
[(x2+ V) (0+19)] = [$Vo] +xr[ag] = (xr—1) [2g].

Hence o+ r¢ is in the net ra+[¢V].

The set of circles of equal radius constitutes a net whose axis of
similitude is the bivector V.

As a net is a spread of step three, the above formula shews we
can regard « as the net of all point-circles, instead of as a unit leaf.

4. If v is a vector, then v +k¢ is a circle-vector whose outer
product with [¢}7] vanishes. For
[oV(r+kg)] = [¢}v] =0, since [Fz]=o0.
Hence extending the meaning of ‘net’, we may say, the totality
of circle-vectors constitutes the net [¢V].

5. Any net is now of form .1 = xa + k[¢R]. Hence the totality
of nets constitutes a spread of step four, and we can take four
independent nets 1,, .1, .15, <1, as its basis. In the space repre-
sentation, each net corresponds to a plane, the nul nets correspond
to planes inclined at 45° to the horizontal, since for these x = +k,
if R is a unit vector.

Ifk, A, + koo, + kg A3+ k.1 isanul net, and .1, = x; +[@R}],
then 0= (k Ay +... +k,A,)?

= (k;x;+ ... +kyx) = (ko + ... +k,0,)%
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where v, is the vector of R;, and we may assume v} = 1. Thence
k(1 —x3) +... + k3(1 —x3) + 2k, ky([, |v5] =%, X5) +... = 0.

The spread of nul nets is hence a quadraticspread. In the space
representation, the corresponding planes envelope a (real) circle
at infinity; the quadratic envelope is hence degenerate. We can
verify this latter fact from the equation thus:

Take four independent nul nets, with x; = 1 (i=1,...,4), as
the basis of the spread. Then

S kil o] - ) <o (1)

1,]=

Now the vectors v in a plane constitute a spread of step three;

hence there are scalars kJ, ..., k;, not all zero, such that

4 4

o1/ S A
Ykir, =0, Yki=o.
1 I

Hence Ski([vily]—1) =0 (j=1...,4), (2)

and hence the discriminant of the quadratic (1) is zero, for this
discriminant is the determinant of the equations (2) for the ki.

6. Since a nul net is a set of circles touching a fixed rotor, two
independent nul nets, in general, ‘meet’ in a set of circles touching
the two rotors which define the nets. There is an exceptional case
when these rotors are parallel* and hence differ by a bivector V,
for then the circles must also be in the net [¢}7], and hence, by 4,
would be circle-vectors.

Three independent rotors, no two parallel, define three nul
nets, which ‘meet’ in the circle touching the three rotors.

Four rotors touch a circle when the corresponding nul nets
are dependent; conversely, if four nul nets, given by rotors, no
two of which are parallel, are dependent, the rotors touch
a circle.

If four nul nets are dependent, and the rotors giving two of
them are parallel, so are the rotors which give the other two.

If ¢,, ¢, be circles with common tangents, there are two nul nets
which include all circles of form ¢, + ke,. The rotors corresponding

* That is parallel and in the same sense. This is intended throughout.
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to them are the common tangents of ¢,, ¢,; the two nul nets
are the nets, each given by one of these two common tangents.
(If ¢, ¢, do not have real common tangents, the nul nets spoken
of are ‘imaginary’. We do not consider this case.)

The meets of nul nets are represented by the outer products of
the nets.

§84. Theorems on circles.

1. If ¢}, ¢y, 3, ¢, be circles, and one of the nul nets through each
of the four pairs c,c,, c,c5, €34 C4c, contains a common circle, so
do the other four nul nets.

This corresponds to the six-circles theorem, § 74, and it can be
expressed as follows:

If Ty, T{; be the common tangents to ¢;, ¢y, andif Tyy, Tys, Ty, Ty
touch a circle, then T\,, T34, T5,, T}, touch a circle, (which may be
of zero radius), or they are two pairs of parallel lines.

T'o prove the theorem, denote the nets [¢,¢5¢,], [c3¢4¢,], [4¢,65),
[e,c,¢5] by A}, Ay, 5, Ay; the nul nets in question are then given
by A, £ kody, Ay +kydy, A3+ koA, A,k A, where the k are
properly chosen. If four of these nul nets, one from each pair, be
dependent, the other four are dependent, by §30-13, since the
condition for a net to be nul is that its inner square vanishes.

2. If T\,, Ty, Ts,, Ty, are concurrent, we have a case of 1,
and the same conclusion follows. Another case arises when ¢, is
opposite to cy:

If T,,, T\; meet on a common tangent to ¢, and the opposite of cs,
then T}, Ty and the other common tangent to c, and the opposite
of ¢4 meet.

3. If four circles be arranged in cyclic order, and each touches its
two neighbours, then the tangents at the points of contact touch a
circle. (The cone case. §30°13.)

4. If four circles c,, c,, c;, c, be in the same net, and A, B, C,
A', B', C' be common tangents to the respective pairs ¢,cs, €3¢y,
€, Cay €1 €4y €€y, C3C4, and no two of these tangents be parallel, then
the four circles which touch the triads of rotors ABC, AB'C’,
A'BC', A'B'C are in a net.
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For, denote by A, B, I', A’, B/, I'” the nul nets corresponding
to the rotors 4, B, C, A, B’, C’, then the circles ¢,, c,, c;, ¢, are
[A'BI'], [AB'T'], [ABI''], [A’'B'T""], and as these are in the same
net, we have

[A'BI'.AB'T.ABIV.A’'B'T] = o.

But as A, B, ... are extensives of step three in our spread of

step four, we can apply the identity of Mébius’ Theorem, § 39.

Thence [ABT".A'BIV.A’'BT.ABI'] = o.
Hence the result.

5. Since any four point-circles are in a net, we have:
If we orient in any way the joins of four points, the circles each
touching three of the joins are in a net.

6. If, in 4, one of the nets is nul, so is the other, by §753,
that is:

If circles ¢, ¢y, c5, ¢, touch a line, and A, B, C, A', B’, C’ be the
other common tangents to the respective pairs c,cs, €3¢, €€y, €, Cyy
€5C4, C3¢4, and no two of these tangents be parallel, then the circles
which touch the triads ABC, AB'C’, A'BC’, A’B'C touch a line.

§85. The circle as envelope of circles.

1. Justasin chap. xI, the theory of a spread of points in a plane
was extended to a theory of a spread of circles as point loci, we
may similarly extend the above theory; for the latter, when we
note its space interpretation, is like a theory of a spread of points,
the circles functioning as points.

If, in the notation of previous sections, we write ¢ = 0+r¢, we
shall write s = c+3d%0; this is to represent the ‘system’ of
(oriented) circles whose tangential distance from c is d. The square
of the tangential distance between ¢, = 0, +r; ¢ and ¢, = 0,+1,¢
is defined as (0, —0,)2—(r, —r,)*. It may be negative. Thus d is
real or pure imaginary.

Thus, if d = o, ¢ will now be regarded as a special case of s, as
that system of circles whose tangential distance from ¢, the circle
in the old sense, is zero; that is, ¢ is now regarded as the envelope
of all circles touching it. T'o avoid confusion, we denote the circle
in the old sense by ¢’, in the new sense by c.
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Since a line and a point are special cases of circles, our present
work includes the theory of circles regarded as loci of points and
of circles regarded as envelopes of lines.

Systems of circles constitute a spread of step five.

We use the notation s; = ¢; + 3d?0 for the system of circles
whose tangential distance from the circle ¢] is d;. We call d; the
‘ parameter’ of the system.

2. Addition of systems. If ¢’ is of weight one, we say s is of
weight one; we define addition of systems as follows:
ky s, +kys, = k¢ +kyep+ 3(k, dF + k,d3) 6,
where k¢, +k,c, = (k;+k,)¢; if kycj+kye; = (k) +ky)c3,
the latter addition being defined as in § 8o.

3. Inner product of systems. We define the inner product of
systems as in §71-2, where ¢ here corresponds to a point-circle

therer I = (s I = X +d3—(~6r)),
where (c] —c})* is the square of the tangential interval between
c; and ¢ if the tangent exists, and otherwise is defined as in
§ 81-3.
When d, = d, = o, we have
[e1]e)] = [eale)] = — (el —€2)*

Thus ¢2 = o for all ¢, and [¢, |¢,] = — }(¢c; — )%

Hence [s, |s,] = [c, |co] +3(d}+d3). From this, if the distri-
butive law is to hold, we find that, as in §72, we must take
(? = o, [0]|s] =1 for all systems s so far introduced.

We have s2=d% [s;]c] = ddi+[c]e]

Assume [e |(ky 8, +Ko85)] = Kky[e|s,] +Ko[c |s5,]-

If s* = o, we say s is a ‘nul system’; since then d = o, a nul
system is a system of circles touching a given circle ¢'.

The circle ¢ is in the system s, if [s|c,] = o, for the latter
equation gives

o =[(c+1d0)|e] = —§(c'—c})* +3d%  d? = (=)

In particular the circle ¢} is in the system ¢, if ¢}, ¢’ touch: hence

the condition that c{, ¢’ touch is [¢|¢,] = o.

FCE 23
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4. Parameter of the sum of two systems. If k,+k,#o0, then
k, s, +k,s, is a system of weight k, +k,. If then
151 T K25, Y ght K+ Xy
(ky+ky) s = ks +kys,,
we can find the parameter d; of s,.
Let ¢’ be a point-circle, then
[s1[e] = [e1 |e] + 3df = §(di—1),
where t} is the power of the centre of ¢’ with respect to the
circle c}.
Let t3, t2 be the powers of that point with respect to circles
2 4! p p P
¢5, c3 respectively. Then, since

ky[s, [e]+ky[s, |e] = (k +ky) [s5]],
we have  k,(df—tf) + ky(df — t3) = (k, +k,) (d§ - t3),
that is, (k, +k,)d3 = k,d}+k,d3 —k, t] —k,t3+ (k, +k,) tZ.
Now (k; +ky) (c—c3) = ky(c—¢)) + ky(c—cy).
Squaring,
(k; +ko)* 15 = kitf + ki 65 + 2k ky[(c —¢)) [(c — )]

Hence
(k, +k,)*d}
= k}d?+k2d}+k, ky(d}+d3)
—kit] —k3td —k ky(tf + t3) + (k, + k;)* 3
= kidi+kidi +k ky(df +di+2[(c—¢)) |[(c—¢)] - t§ —13)
= kjd{+k3d3 +k ky(df +d3—(c; —¢p)?),
since

(=) =(c—e) = (=) = f+ 15 —2[(c—e)) [(c—¢,)].
5. Difference of two systems. Now take k, = —k, +¢, then
€’df = €2dj + ek, (df — df) + kf(c, —)* — €k (¢ — )’
Let €~ o in such a way that ed; remains finite and tends to a
finite quantity, then €2d3—>k3(c, — c,)2.
Thus if we take k, = 1, we find
$1 =8 = ¢, — 6+ §(df - d3) 0

is a system whose parameter is infinite.
If I = 5, —s, we define [0 |[] = [0 |s,]— [0 |s,]). Hence [6]]] = o.
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Conversely, if [0 |s] = o, then s is the difference of two systems.
We enlarge the notion of systems to include this case.

We call s a general system if [6[s]#0; hence if s is a general
system of weight unity, then [0 |s] = 1.

6. We say ¢} is in s, —s,, if [c]|s,] = [c]s,]; then
(€ =) —(c'—cp)?
is constant, as ¢’ varies. Let f}, f, be the distances of the centre
of ¢’ from the centres of ¢, ¢, and let t?, t} be the powers of the

centre of ¢’ with respect to these circles. Then, if r, r;, r, be the
radii of ¢’, ¢}, ¢}, we have:

f2—(r—r)?>—f}+(r—r,)* = const.
Hence t} —t3+2r(r, —r,) = 2k,

where k is a constant. But t? —t3 = 2pf, where f is the distance
between the centres of ¢] and ¢} and p is the distance from the
centre of ¢’ to the radical axis of ¢{ and ¢;. Hence (p—kf~!)r!is
constant.

Hence ¢’ has a fixed power in a fixed line parallel to the radical
axis of ¢] and ¢}. In particular, ¢, —c, is the system of circles
with fixed powers in the radical axis of ¢}, ;.

7. The locus of the centres of the point-circles of a general system
s = o+ r¢+ 3d%0 is a non-oriented circle m, concentric with c and
of radius r such that r} = r>+d2.

This is the ‘mid-circle’. If d*>> o, it is cut at the same angle by
all circles of s. For, if r| be the radius of a circle n of the system,
and d, the distance between the centres of m and », then

N
aryrycosmn = rj+ri—d?, d} =d>+(r—r)>
~~
Hence  aryr,cosmn = rj+ri—d?—(r—r)? = 2rr,,
—~
cos mn = rjr,.
If r = o, then the circles of the system cut m orthogonally.

8. Normal systems. 'T'wo systemss, s, are ‘normal’ if [s |s,] = o.
Five mutually normal non-nul systems are independent. For, if
§1y - -+, S5 be mutually normal, and non-nul, and k; s, +... +kss5 = o,
then inner multiplication by s, gives k,sj = o, k; = o.

23-2
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Ifd,..., d5 be parameters of the mutually normal systemss,, ..., s,
5

then 3 d* =o. For, wecantakes,, ..., s as the basis of the spread
I

of systems, then for some scalars X,, ..., X, X;§; + ... +X,§; = 0.
Inner multiplication by s, ..., s, 6, in turn, gives

x, =1, ..,xdi=1, X +..+X=0.

The result follows from this.

Four circles in general position fix one system containing them.
For if 5, ..., 5 be a basis of the spread of systems, and ¢, ..., ¢,
be four circles in general position, then

s -
A?ki[silcj]=° (=1,...,4)
will give the ratios of the k;.

9. If s,,...,55 be mutually normal non-nul systems, then
Es]kls, will be nul if T k?d? =o. As this is quadratic in k;, the

spread of nul-systems is a quadratic spread.
We can take supplements with respect to the set of mutually
normal non-nul systems.

10. We can now apply the general theory of outer and inner
products, and the situation is formally analogous to that in §73
for circles.

Ifs, ..., s, be any four independent systems, the system normal
to them is |[s, ... s,]. If this is a nul system, then [s, ... 5,]? = o.

Thus, for example, the condition that ¢}, ..., ¢j are touched by
one circle, is [c, ... ¢,]> = 0. Using [¢, |¢,] = — §(c] —¢3)%, we again
get Casey’s condition.

If 5, ..., g be any six systems, they are dependent, and we find,
as usual, that the determinant, whose ij element is [s; |s;], vanishes
when the s; are nul systems; this gives a relation between the
tangent intervals of any six circles.

If 5,,...,5; be dependent, then [s;...s5] = o; when the s, are
nul systems, the corresponding circles are in the same system,
and hence, by 7, cut a non-oriented circle at the same angle. The
condition that five circles do this is therefore [c, ... 5] = o.
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If the circles ci, ..., ¢} are in a net, the nul systems ¢,, ..., c,, 0
are dependent. Hence [c;...c,0]* =0 is the condition that
¢}, ..., €3 are in a net. The condition can be written:

(0 I I 1 I |=o0,
1 o kj, ks k-
I ky o ky ky |
I kg kyp o ky
1 ky ky kg o

where k;; is the square of the tangential distance between
¢; and ¢;.

§86. Theorems on circles.*

1. Nul systems can be represented by points of a quadric
spread 2 in a spread of step five. Represent supplements with
respect to the quadric by a stroke. This operation of taking the
supplement corresponds strictly to that above. If ¢ be the point
of 2 which represents the circle ¢, the tangent four-spreadt at
¢ to 2 cuts Z in a three-spread cone (that is, an ordinary cone,
which, like a plane, is a spread of step three). The c0? points of
this cone represent the circles touching ¢’. The circles which
touch another circle also, are represented by points which lie on
a plane section of this cone.

2. The circles c}, ¢, ¢, ¢ touch a circle ¢’; circles €}y, Chs, €3y €3y
touch the respective patrs ¢, cic}, cycy, cycy; circles k), ki, ks, K,
touch ¢ and the respective pairs ¢ o, €12Chsy CogCagy €3yCyy. Then
if ¢\, €4, €3, ¢4 touch another circle besides c', then k, ki, k3, K also
touch another circle.

For ¢/,¢]y,¢)3, 644, ¢4 are represented by a five-point ccy, 6556344y
inscribed in 2. 'The tangent four-spread at ¢ cuts 2 in a three-
spread cone on which lie ¢, ¢,, ¢3, ¢y, &y, &, ks, ky. Since ¢}, ¢}, €5, ¢
touch another circle besides ¢’, the points ¢,, c,, ¢3, ¢, lie on a
plane section of this cone. Now ¢, &, lie on [[cc,,¢,5]; €5, ks, lie
on [[cey€45]; hence [c, k] and [c,k,] lie on |c and on |c,,, and
hence on the plane where these spreads meet. Hence [c, %] and

* For a large collection of theorems, see E. Muller, Fahresber. Deutsch.
Math. Ver. 20 (1911), p. 168,

1 Recall that a four-spread has three dimensions in the usual terminology.
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[cok,) cut. Thus, similarly, [c k], [c2k,), [c3ks), [c4k,] form a
skew quadrilateral, the sides of which cut the cone in points
¢}, €5 €3, ¢4 Which are coplanar, hence the remaining cuts &, &,,
kg, k, are coplanar (§ 31-12); the corresponding circles accordingly
touch another circle.

3. If we take ¢j; as the point circle at a cut of ¢}, ¢j, we have:
If circles ¢, ..., ¢y touch ¢', and c; be a cut of ¢}, c}, and if through
Cloy Co3 we draw a circle k), to touch ', and so on; then, if ¢}, ..., ¢}

’

touch another circle besides c’, so do ki, ..., k).

4. If we take ¢}, ..., ¢} to be lines touching ¢’, then [0 |¢;] = o;
this corresponds to the assumption that ci, ..., ¢} touch another
circle. Hence, if ¢{; be the point where the lines ¢{, ¢j meet, and
k, be the circle through ¢},, ¢, touching ¢’, and so on, then

2 g (1o, Co3 g
1» -+, R touch another circle besides ¢’.

5. If we take ¢}, ..., ¢} to be point-circles on ¢’, they are circles
touching ¢’ and its opposite circle; take c;; as the join of ¢, ¢}.
Then if k; be the circle touching c¢{,, ¢35, ¢’, and so on, then

4 ’

1» k5, k3, R} touch another circle besides ¢'.

6. If ¢}, c5, 5, ¢’ be circles not touching the same circle, and t}, u;
be circles touching c,, c3, ¢'; and similarly for t), u, t;, u3; and if
t1-03 be a circle touching u\t,t;, while t],5, 9y, 155 respectively
touch the triads tuyts, ttyus, uiuyuy, then ty.gs, £y, t1oss trase all
touch the same circle, and with a similar notation t,.y, t).g3, 153,
t1,3 all touch the same circle.

For #}, u}, t;, u; touch ¢ and ¢’; hence the points ¢,, u,, t,, u,
lie on a conic on the cone % in which the tangent four-spread to
2 at ¢ cuts 2. Thus [t,u,], [t,u,] are coplanar; so are [t,u,] and
[t3u5]; so are [tyus] and [t,%,]. But, in general, all three lines are
not coplanar. Hence these three lines meet in a point, for they
all lie in a four-spread.

Hence the sections of the cone € by the planes u,t,2,, t,u,t,,
t,t,us, u uyug touch a section of the cone by a plane #, say.
(§7714.)

Now if a, # be planes which cut the cone in sections that
touch, then the cut of «, f touches 2, since it is a tangent to the
cut of 2 by the tangent-spread at c.
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"Thus |, |, which are lines through ¢, lie in a plane which
touches 2.

Hence each of the lines |u, t,t,, |t u,t,, |¢,t,u,, |u,u,u;, when
joined to |7, gives a plane touching 2; hence each of 2,5, 2,55,
t123 43 When joined to |7 gives a plane touching 2.

Hence these four points lie on a space touching 2.

Hence #}.y3, t],3, 1193 t}-25 all touch a circle.

The rest follows similarly.

7. As a special case of 6, we have: If ¢}, ¢}, ¢} be circles and
t), wy tangent lines to ¢}, c3; t;, u, tangent lines to cy, c,; and t;,
uy tangent lines to c}, c;, and if t.,; be the circle touching the lines
u\ tyts, and so on, then t\.,s, 1,4, 1193 ty0ry touch the same circle and
Liygy Eiragey Elay Elog touch the same circle.

8. Four rotors, each three independent, in a plane fix four circles
each of which touches three of them; the four centres of these circles
lie on a circle. (Steiner-Laguerre.)

For return to the space representation of circles, take a plane
parallel to our horizontal plane, and take a circle on it. Let four
planes which touch the circle meet in threes in points a, b, c, d.
Apply §51-8 Cor. 4. The tangents from the centre o of the circle
to the circle, are lines through the circular points of both parallel
planes; these lines together with oa, 0b, oc, od touch a quadric
cone, whose section by the horizontal plane is a circle.

Now let the parallel plane recede to infinity, and take o in the
direction perpendicular to our horizontal plane. We then have
four planes equally inclined to the horizontal, meeting in a, b, ¢, d
and the projections of a, b, ¢, d on the horizontal plane lie on a
circle.

Take the four planes through the four given rotors, and we
have our theorem.

§87. Extension to spreads of higher step.

Consider a spread of points, of step four, e.g. ordinary space.
‘Then spheres as point-loci are represented by o+ }r20, where 6
is a new unity. The theory of chap. X1 easily extends to this case.

For example, if s, s,, 53, s, be spheres, [s,s,] represents the
pencil of spheres coaxal with s,, s,; [s,s,5;] represents the set of
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spheres through two points, real or imaginary; [[s, s,s;] the set of
spheres orthogonal to these; [s,5,555,] the set of spheres with a
common orthogonal sphere |[s,s,5;35,].

Similarly, we can extend the theory of this chapter. The ex-
pression o+ r¢ represents an oriented sphere, centre o, radius r.
If 5,, s, be oriented spheres, [s,5,] is the set of spheres which have
in pairs the same centre of similitude, and so on.

The expression o+ r¢ + 4d?0 represents a system of spheres
whose tangential distance from o +r¢ is d.

The extension to higher spreads is a trivial exercise, and the
only question of interest is what theorems are valid in particular
dimensions only. This is considered later.

The geometry of oriented spheres in a spread of step four has
an intimate relation to the geometry of the restricted relativity
theory.
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CHAPTER XIII
THE GENERAL THEORY OF MATRICES*

We shall develop the theory of matrices mainly with a view to
geometrical applications, but it will be necessary to give some
investigations whose interest is algebraical rather than geo-
metrical. Our matrices will all be square matrices.

§88. Matrices whose elements are integers.

1. Let 9 = (a;;) be a matrix of order n whose elements are
integers, positive or negative.

An ‘elementary transformation’ of such a matrix is any one of
the following processes:

(1) 'The addition to one row of any multiple of another row;
that is the replacement of a;, for j=1,...,n, by a;;+ka, , where
t, i are fixed, and k is a constant integer;

(2) The addition to one column of any multiple of another
column;

(3) Change of the order in which the rows appear;

(4) Change of the order in which the columns appear;

(5) Change of sign of all elements of any one row or of any one
column.

Consider all the matrices which can be obtained from A by
any number of these operations, and suppose the zero matrix is
not one of them. Of the non-zero elements of these matrices,
there will be one (or more) whose absolute value is not greater
than the absolute value of any of the other non-zero elements of
the matrices. Select a matrix containing such an element, and
permute the rows and columns of this matrix until this element
is brought to the (1, 1) place. Call the element b, .

'Then any other non-zero element of the first row of this matrix
is divisible by b,,; for if one were not, then by adding to its

* See van der Waerden, Moderne Algebra, 2 (1931). Turnbull and Aitken,
Canonical Matrices (1932). The following were published after this chapter
had been written: MacDuffee, Theory of Matrices (Berlin, 1933); Wedderburn,

Lectures on Matrices (New York, 1934). T have made use of the first in
revising §§ 97°14, 100°3, 101.
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column a suitable multiple of the first column (whereby we
obtain a matrix of our set), we could reduce the absolute value of
this element to less than | b,, |, contrary to the definition of b,,.

Accordingly, the other non-zero elements of the first row of our
selected matrix are divisible by b,,; hence, by adding suitable
multiples of the first column to the other columns, we can make
all elements of the first row, except b, vanish. Similarly we can
make all elements of the first column, except b, , vanish.

Suppose this done.

Then b,, divides all non-zero elements b;; of the selected
matrix, thus transformed. For if b;; = b, q+r,and r#0, b;; #0,
we canassume |r| <|b,, |. Add thefirstcolumn to the j-th column,
the element in place (1,j) then becomes b, ; then subtract q
times the first row from the i-th row, the element in place (i, )
then becomes r. But | r| <b,,. As the new matrix is one derived
from A, this contradicts the definition of b .

Thus by elementary transformations, we have brought 2 to
the form in which b, is the only non-zero element of the first row
and first column, and in which b,, divides all other elements of
the transformed matrix.

Consider next the (n—1)-rowed matrix obtained from our
transformed matrix by omitting its first row and column. FFrom
this matrix we obtain, as before, by elementary transformations,
a set of matrices. If the zero matrix is not in this set, we can, by our
elementary transformations, obtain a matrix whose only non-zero
element in the first row and column is the first element. Call it
b,,. As before, any other non-zero element of the new matrix is
divisible by b,,. Also, as the non-zero elements of the old (n —1)-
rowed matrix were all divisible by b, ,, and this property is clearly
not affected by our elementary transformations, therefore b,
divides b,,.

Consider next the (n —2)-rowed matrix obtained from the last
by omitting its first row and column, and proceed as before.

The process will only be arrested if, in the set of matrices
considered at any stage, the zero matrix occurs; if this happens,
we select the zero matrix for the matrix at that stage; if it never
happens, we finally obtain a matrix of one row and column, and
we denote its element by b, .
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When the process is ended, restore all the rows and columns
removed at successive stages. The result is an n-rowed matrix, all
of whose elements vanish except the first r elements of the main
diagonal, where r <n; if these elements be b, ...,b,,, the final
matrix is diag(b,,,b,,, ..., b,,,0,...,0), and each b;; divides the next.

Finally, by transformation (5), make all the b;; positive.

Now our processes do not change the rank of the matrix (§ 59),
because, for instance, they do not alter the number of independent
column-extensives, and since r is the rank of the final matrix, we
have, writing b, for b;;:

The ‘normal form’ of a matrix of integers, of rank r, is the diagonal
matrix diag (b, b,, ...,b,,0,...,0), where each b; divides the next,
and all are positive. This normal form is obtained by elementary
transformations.

2. As in the similar work in §54-12, we could have taken, as
our elementary transformations, the addition to one row of a
multiple of an adjacent row, and similarly for columns, and the
change of sign of all elements of a row or of a column,

3. The operation of adding to the i-th row, the k-th multiple
of the j-th row is the same as the multiplication on the left by
3J +kG;;. The corresponding operation on columns is the same as
multiplication on the right by that matrix. ;;is defined in §62-10.

The operation of changing all signs in the r-th row (column) is
the same as multiplication on the left (right) by

@11+L€:22+ —Grr+ +Gnn'
Now all these multiplying matrices have determinant +1.
Hence

A matrix of integers can be reduced to normal form by multiplying
on the left and right by suitable matrices of determinant * 1.

4. If B is the normal form of ¥, then, from the nature of the
elementary transformations, we can conversely obtain % from 8
by such transformations. Now if one matrix is obtained from
another by such transformations, the k-rowed minors of either
are linear combinations of those of the other, the coefficients
being integers, as is easily seen by considering row- and column-
vectors.
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Hence the k-rowed minors of the normal matrix 8 and those
of %A have the same highest common factor. Call this d,. Then

dk=dk—lbk (k=I,...,I‘),

from the form of ®B.
Now the d are uniquely determined by ¥, hence so are the b.
The numbers b ,b,, ...,b_ are the ‘invariant factors’ of U, they
are uniquely determined by : b, = d, d X, where d; is the highest
common factor of all j-rowed minors of N.

5. Two matrices of integers are ‘equivalent’ if we can pass from
one to the other by a series of elementary transformations. This
equivalence is a transitive relation. Such matrices can be reduced
by elementary transformations to the same normal form; and
the normal form for each is unique, by 4. Hence:

Two matrices of integers are equivalent if, and only if, their normal
forms coincide, and therefore if, and only if, they have the same rank,
and same invariant factors.

Examples. 1. If the elementary operations which refer to rows are
allowed, but not those which refer to columns, then any matrix of
integers can be reduced to the form in which all elements below
the main diagonal vanish.

2. A ‘lattice’ in F(e,, ...,e,) is a set of extensives whose coordi-
nates are integers and such that if a, b be in the set, so are a +5 and
a—>b. (If r is the maximum number of independent extensives in the
lattice, this is usually said to be of ‘rank’ r; we continue to use our
word ‘step’.) The extensives u,, ..., u, are a ‘basis’ of the lattice, if
they are independent, and all extensives of the lattice are lincar
combinations of these, with integral coefficients, positive, negative,
or zero.

Then, if a lattice of step n be given in (¢, ..., ¢,), it is possible to
choose a basis* u = Zbe; (i,j=1,...,m),
such that b;; =0 if i<j.

If we are allowed to change the framee,, ..., ¢, to ¢}, ..., e;, where

€, ...,€, are any independent linear combinations of e, ...,e, with
integral coefficients, then we can choose frame and basis so that
by = o if i #j.

* This is important in the theory of numbers. The connection of lattices
and crystals is obvious.
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§89. Matrices whose elements are polynomials.

1. When the argument of §88 is examined, itis found that not all
the properties of integers have been used, but the following only:

(1) The class of integers is closed under addition, subtraction
and multiplication, and these operations obey the laws of
ordinary algebra.

(2) The formal properties of o and 1 for these operations,

namely: a+o=a, a.0=0, +0=-0, a.I=a.

(3) The relations of ‘greater than’ and ‘less than’ for positive
integers and their properties.

(4) The absolute value of an integer, not zero, is a positive
integer.

(5) Ifa, b beintegers, not zero, such that |a| >| b |, then there
are integers q, r such that a = bq+r, |r|<|b]|.

2. If then we have matrices composed of any elements with
these properties, the above investigation applies. Consider the
set of all polynomials in a single variable A. The variable A and
the coefficients of the polynomials may move either in the real
or in the complex field. The set has the first property, since by
addition, subtraction, or multiplication of polynomials in A, we
get polynomials in A.

For the next property, we regard the numbers o, 1 as special
cases of polynomials in A.

We define, for the present purpose, the ‘absolute value’ of a
non-vanishing polynomial in A, as its degree increased by unity;
thus a non-zero number, regarded as an instance of a polynomial
in A, has absolute value unity; we further define the absolute
value of o, regarded as a polynomial in A, to be zero. The absolute
value of any polynomial, #o, in A is now a positive integer. This
is the translation of property (4) in the present investigation.
Thus ‘positive integer’ has still its usual meaning and (3) carries
over unchanged.

The fifth property now becomes: If a, b be polynomials, not
zero, in A, and the degree of a be greater than that of b, then there
are polynomials g, r in A such that a = bq+r, where the degree
of ris less than that of b.

This is an elementary algebraic property.
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A ‘multiple’ of a polynomial in A will be a product by any
polynomial in A. In §88 we were permitted to multiply a row or
column by + 1, that is, by an integer of absolute value unity.
So here we may multiply any row or column by a polynomial of
‘absolute value’ unity, i.e. by any non-zero constant.

Similarly, a matrix whose determinant had absolute value
unity, in §88, is now replaced by one whose determinant is a
non-zero constant.

Thus the elementary transformations are:

(1) Addition to one row of the product of any other by a
polynomial in A.

(2) Addition to one column of the product of any other by a
polynomial in A.

(3) Change of the order in which the rows appear.

(4) Change of the order in which the columns appear.

(5) Multiplication of any row or column by a non-zero con-
stant.

A matrix whose elements are polynomials in A will be called a
“ \-matrix’. Two such matrices are ‘equivalent’ if one can be
obtained from the other by a series of elementary transformations,
as now defined.

The argument of § 88 as now interpreted gives:

If A be any A-matrix, then there are A-matrices B, €, whose
determinants are independent of A, such that BUC is in normal form
diag(a,,a,, ...,a,,0, ..., 0), where the a are polynomials in A, each
dividing the next, the coefficient of the highest power of A being made
unity. Two such matrices are equivalent if, and only if, they have
the same rank and ‘invariant factors’ a, a,, ...,a. If A, D be
equivalent, then the k-rowed minors of U, and those of D, have the
same polynomial for highest common factor (the coefficient of the
highest power of A being taken as unity in each case), and if this
polynomial be d,, then d, = dy_,3,, (k=1,...,1).

§90. Matrices of real numbers or of complex numbers.

We get another interpretation of §88, if we consider matrices
of real numbers. For

(1) Real numbers are closed under addition, subtraction, and
multiplication.

(2) The formal properties of o, 1 hold.
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(3) The relations of ‘greater than’ and ‘less than’ have their
usual properties; but actually these are not now used.

(4) The absolute value of a real number, not zero, is a positive
real number.

(5) 1fa, b be real numbers, and b # o, we can find a real number
q such that a = bq.

As we may now multiply a row (column) by any real number,
before we add it to another row (column), and since any real is
divisible by any non-zero real, the only relevant distinction
which can be made between the diagonal elements of the normal
form, is between those which are zero and those which are not.
‘Equivalent’ matrices are now simply those of the same rank,
and as ‘normal’ form of a matrix we can take

diag(1,1,...,1,0,0,...,0).

Then, if A be any matrix, we can find matrices 8, € with non-zero
determinant, such that BAC is of normal form.
Similarly for matrices of complex numbers.

§91. Normal forms of symmetric or skew-symmetric matrices of
real or of complex numbers.

If A be either symmetric (A = A*), or skew-symmetric

(A = —A*), and P be any non-zero matrix, then PAR* is sym-
metric or skew-symmetric according as ¥ is so.
1. If % = —A*, let the i-th row be the first which contains

a non-zero element, and suppose this is in the ik place. Then
i#k. Interchange the first and i-th rows, then the first and i-th
columns, then the k-th and second rows, and then the k-th and
second columns. By elementary transformations, we can reduce
the other elements of the new first and second rows to zero (§9o),
and we then obtain a matrix of form shewn, the rectangles with
only zero inside having all elements zero:

Now treat similarly the matrix of ordern—2,
which is obtained by omitting the first two rows _° o
and columns. T'hus proceeding we finally reach,
if n is even, a matrix of form | Jr

o

a(€,, - €,,)+b(E, —C ) +....
Hence there is a matrix 3, with det‘p #o,
such that PAR* has this form; for if QA is the result of any
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elementary transformation on the rows of 9, the same sort of
elementary transformation applied to the columns of any matrix
B gives BO*.

We can also make each of a, b, ... equal to unity.

2. If A = A*, the process of §go, when we treat rows and
columns in the same way, and note the preceding remark, gives
B such that, for some n, RAR* =a €, +a,€,,+... +a,E,,, and
we can also make a, ...,a, equal to + 1. If the field is complex,
we can make them all equal to + 1.

Cor. By a linear transformation on the x, y, a skew-symmetric
form Za;;x, y; (that is, one with a;; = —a;;), of even order, can be
reduced to the form

(XIYZ—XZYI)+ (X3Y4 —X4y3)+
Any symmetric form (that is, one with a;; = a;;) can be reduced,
if the field is complex, to the form
Xy, +X,y,+....
For,if x=xe,+x,6,+..., y=ye,+y,e,+..., A=(a),
then 2a;x,y; = [#%]y],
and if x, y be transformed by B, then [x% |y] becomes
[+BA|yB] = [»BAB*|y],
and we can choose P so that PAR* has the form desired.

If when 2a,;x,y; is reduced to form x,y, +x,y, + ..., there are
just r terms in this expression, the form is of ‘rank’ r.

§92. The minimum equation of a matrix of real or complex
numbers.

1. Since a matrix YU of order n is a linear combination of
matrices §;;, (i,j=1,...,n), and since A%, where s is any integer,
is a linear combination of the same matrices, there is an integer r,
such that J, %, Az, ..., A are dependent, that is, such that there
are scalars k,, k, ..., k. such that

kA +k_ AT+ +kA+k,J =o.
Thus there is an equation
kAT+k _ AT+, +k A+k, =0
satisfied by .
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If (A) is the polynomial of lowest degree, with leading
coefficient unity, such that ¥(A) =o, then ¥(A) =0 is the
‘minimum equation’ of U.

If r is the degree of ¥, then r is the least number such that,
whatever extensive p be taken in the spread of step n on which %
operates, the extensives p, pU, pAU?, ..., pUr are dependent.

2. If Y(A) = o is the minimum equation of U, then Y is the
quotient of the secular polynomial ¢(A) of U when divided by the
highest common factor of the minors of W — AY of order n— 1.

For, first, if f(A) be any polynomial such that f(%) = o, then
f(A) is divisible by ¥/(A). For, if f(A) = q(A) Y(A)+r(A), where
the degree of r(A) is less than that of ¥(A), then since f(A) = o,
Y (A) = o, we have r(A) = o, contrary to the definition of .

Next, let g(A) be the highest common factor of the minors of
A — AZ of order n—1, and let f(A) = §(A)/g(A). We have to shew
that f(A), ¥(A) differ at most by a constant factor.

Let B be the adjugate of A —AZ, (§63-7); then g(A) is the
highest common factor of its elements. Hence B = g(A)M,
where 9 is a matrix of elements not having a polynomial in A
as a common factor. Now

Hence det (- AJ) = &(A).
(A=AF)gA)M = (A-AF)B = (D) JF = g(A)f(V)J,
(A=AZJ)M = f(A) 3. (1)

As this is an identity in A, it remains true when A is replaced
by any matrix which commutes with U, for instance if A is
replaced by % itself. Hence f(A) = o, and by the first part of
the argument, f(A) is divisible by (A).

Next, Y(A)—y(w)=w(A, u).(A— p), where w(A, u) is a poly-
nomial in A, . Put g = 9, then

P(A)3 = —w(A,AN). (A-AJ).
Hence, by (1)
A=A M. ¢(A) = YDA I = —f(A).w(A, A).(A-A).
Now det (A — AJ) is not identically zero, hence
M. P (A) = —f(A). w(A, N).

FCE 24
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The elements of M have no common polynomial factor, hence
Y (A) is divisible by f(A).

Thus f(A) and ¥(A) differ at most by a constant factor.

Cor. U satisfies its secular equation ¢() = o. (Cf. §63-7.)

§93. Canonical forms of transformations.*

In our work in chap. 1X we usually kept the frame (e, ..., e,)
fixed, and it was hardly necessary to distinguish between a trans-
formation and the matrix which represented it. We now seek the
frame in which a given transformation is represented by as simple
a matrix as possible. We recall that a change of frame does not
change the secular polynomial. (§63-8.)

1. Let % be a linear transformation in a spread R of step n.
If p be an extensive in R, and ¥ is non-singular, then p, p¥,
P2, ..., pAn, even if distinct, must be linearly dependent, and
if, say,
pA = pAr+s,  (r,r+s<n) for all p, then As = J.
Hence, in both cases, we can tind m such that the extensives
P, P, pA, ..., pA™ span a spread S such that each extensive of S
is changed by ¥ into one of S. We say S is ‘latent’ for 3.

2. If m is the greatest number so that p, p2, p3, ..., pA™~*
are independent, we can take these extensives as a basis of .S,
and call them e,e,, ...,e,, and then adjoin e, ...,e, so that
e, e, ...,e, is a basis of R.

In the new frame, the transformation ¥ is represented by a
matrix of the form shewn; where the sub-matrices to the top-left
and bottom-right are square matrices of m
rows and n—m rows respectively, and the
rectangle in the top-right is filled with zeros. } ‘
For a matrix of this form, and of this form ' |
only, represents a transformation leaving § |- -—— |
latent. !

For if % = (a;;) is the matrix, it turns ¢; into l
2a;5e;, (§62). R

Since e, A =e, e, A=e, ..., e, A=e,, and ¢, U is a linear

* Weyl, Mathematische Analyse des Raumproblems (1923); A,, §§ 388-390.
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combination of e,,...,e,, say e, U =x,e,+x,0,+ ... +Xnem,
(cf. §59; a, =€, N), the top-left square has form

@lz+ @23 +...+ @m—r,m + xlgm,x + xz®m,2+ -t Xm@m,m‘

3- Let 8" = %(e,: 11645 ---r€,). An important special case
occurs when S’ (as well as S) is latent for 9. The matrix corre-
sponding to the transformation then has a zero-matrix for the
bottom-left sub-matrix.

We then say that the matrix is the ‘direct sum’ of the square sub-
matrices along the main diagonal, that is, of the top-left and
bottom-right sub-matrices.

Similarly, if S or S” have latent sub-spreads, we can, by choice

of frame, further simplify the matrix representing the trans-
formation.

4. If the matrix Mt is the direct sum of matrices M, M,, ..., M,
(in which case It is composed of sub-matrices m, M, ..., M,
arranged along the main diagonal), we write

M =M,OM,®...OM,.

Then detM = detIMN, det I, ...detM,, and the rank of M is
the sum of the ranks of W, M,, ..., M..

The first statement is obvious. For the second, consider
M =M, ®M,. Each non-zero minor of order q of M, which is
not a minor of I, or M, is the product of a minor of M, of order
q —t, say, and a minor of 3, of order t. Thus, if r,, r, be the ranks
of M,, M,, then there is a minor of M of order r, +r, which is

not zero, but any minor of M of higher order 1s zero.

5. We now assume our field of scalars is the complex field, so
that the secular equation has roots in number equal to its degree.

Let @ be a root of the secular polynomial ¢(A) of . There is an
extensive e, such that e, % = e, e, #0. In R take a frame whose
first extensive is e,, the frame being e, ¢, ¢, ..., €. Project R
from e,, that is, consider the subspread & (é;,e;, ..., €}), and let
#,(A) be the secular polynomial of the transformation brought
about by  in this subspread.

Then the matrix of 9, referred to the new frame, has all its
elements in the first row zero, except that in place (1, 1) we have a.

Hence - B(A) = (= Q) $,(A).

24-2
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If e is an 1-fold root of ¢(A), and 1= 2, then ¢ («) = 0,and we can
find an extensive e, 0, independent of ¢ , such thate, % — e, = 0
in the projected space, and hence, as an element of R, e, A —ce,
is a multiple of e,.

Similarly, if 1> 3, we can find e such that e A—oae, is in
S(eye,).

Proceeding thus, we find ¢, such that e, % —ae, is in

FL(ep ey ... e_).

Takee,,e,, ..., e, as elements of the frame of R, and adjoin any
independent elements to form the frame (e ,e,, ..., €,) of R.

Since, if k <1, then ¢, depends on e, ..., ¢,_, only, therefore,
for this frame, the matrix corresponding to the transformation A
has in the top-left sub-matrix of 1 rows, all elements zero above
the main diagonal.

The spread (e, e,, ..., ¢;) is latent for 9. If p is in this spread,
then p(UA —aJ)! = o; for, as is clear by induction, e (A —aJ)" = o,
ifr=1,2,...,1

6. Now let ¢(A) = (o, — A)i(a,— A) ... (a,—A)s, (,, 2, ...,
a, all distinct). We then get spreads S, S,, ..., S, in R of steps
1, 1, ..., I, with secular polynomials (x, -—/\) y (e, ——/\)

(et —/\)‘ respectwely
If p, is an extensive of S, then

pi(UA—,J)i=0, (i=1,..,s). (1)

The spreads S|, S,, ..., S, are each latent for 9. They are
‘unconnected’, that is, if p =p +p.+...+p =0 where p, is in
S, (i=1,...,8),thenp =p, = ... =p =o.

To shew this, express (¢(A))~" in partial fractions:

()" = g,(A) (%, = )" +8,(A) (2, = )" +
+84(A) (o —X,

where g;(A) is of degree <I,—1.

Let fi(A) = gi(A) $(A). (a; — A) ™,
Then f(A)+H,(A)+...+f(A) = 1.
Hence fA)+£,0)+...+£,(A) =3.

Now £,(A), ..., f(A) all have («, — A)': as a factor.
Hence, by (1), 2.fi(¥) =0, (i=2,...,s). Hencep f,(A) =p,.
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Similarly, p,f(A) =0 or p;, according as i#j or i=j,
(i,j=1,...,8).

Thusif p =p +p,+...+p, = o, and we operate on p by f,(),
we find p, = o (i=1,...,5).

Hence each distinct root of the secular equation gives a latent sub-
spread of R whose step equals the multiplicity of the root; these sub-
spreads are unconnected. If the base extensives e, ...,e, are taken
in sets such that each set spans one of these sub-spreads, the matrix
of the transformation in this frame is the direct sum of the matrices
of the transformations in the sub-spreads.

In particular if all the roots of the secular equation are distinct,

the sub-spreads are of step one, and the matrix of the transformation
can be reduced to diagonal form.

7. We next consider one of the latent spreads .S of step 1, say,
the secular polynomial being ¢(A) = (x—A)!. Let € be the trans-
formation in this spread induced by .

Consider the transformation 8 = € —aJ; then the secular
equation of B is A! = o, and each p of S satisfies pB! = o.

Let m be the least integer such that p8™ = o for all p of S, and
let T, T', ..., T,, be the sub-spreads of S such that pB™ = o,
pPB™ T =o, ..., pB = o, p = o respectively for all extensives p in
them. Thus T is S itself; while T, contains o only.

Foreachi=o,...,m—1, T, contains T,,,. Forifpisin T}
then pB™-1-! = o; hence pB™~! =0, and pisin T;.

We shall say that a set of extensives in 7 are independent,
mod T, ,, when no non-zero linear combination of them is an
extensive in T, .

Let r; be the difference of steps of T;,, and T; then r; is the
maximum number of extensives in 7; independent, mod T_,.

1
Also rp+r,+...+r,_ =1L

Take r, extensives @, in T, which are independent, mod T,.
Let 4,8 = a;. Then a;B™' = ¢, B™ = 0. Hence qf is in T,.
Now these a are independent, mod T',; for, if not, then some
non-zero linear combination y of them will lie in T,. But any
linear combination y of the af corresponds to a linear com-
bination x of the a,, such that »8 =y. Then if y lies in T,
we have y8™~* =o0; hence xB™ ' =0, and x is in T,. But

A &4
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a non-zero linear combination of the a, cannot lie in T',, because
these elements of T are independent, mod T',.

Hence the a; are independent, mod T,,. Hence to each set of
extensives in 7T, independent, mod 7', corresponds a set of as
many extensives in T’ independent, mod 7°,. Hence ry<r,.

The r, extensives ¢, B are in T', and are among the set of
r, extensives of T’ independent, mod T,. Adjoin s, =r —r,
extensives of T, to the 4, B so that the set of r, extensives is
independent, mod T,. As before, we can shew that these r, ex-
tensives have transforms by 8 which lie in T, and are linearly
independent, mod T,. Hencer, <r,.

So proceeding, we find ry+r +r,+...+r
e, ..., e, such that

m .1 = | extensives

the first rj are in T, and are independent, mod T',,
the next r  are in T, and are independent, mod T',,

the last r,,_, are in T, _, and are independent of one another.

Hencee,, ..., ¢, are independent, and hence they span S.

If p, be any one of the first r, extensives, then py, p,B, p,B% ...,
0B lie respectively in Ty, T, T, ..., T,,_,. Besides the ex-
tensives p,B in T, there are s, new independent extensives p,
say; and p, p.B, p,B?, ..., p,B™ lie respectively in T, T,,
T,._,- Besides the extensives p,%8?, p,B in T, there are s, new
independent extensives p,, say; and p,, p,B, p,B?, ..., p, B3
lie respectively in T, T, ..., T, _,. If we call any set of extensives
of form p, pB, pB?, ... a ‘chain’, we have r, chains from T, s,
from T, s, from T, ..., s
number of chains is

N

=TIy from T, _; thus the total

m—
ro+s;+s,+ .. +s
= r0+(r1—r0)+(r2_r1)+"'+rm—1 =TIy
8. For example, if 1 =10, and ry=2, r; =3, r, =5, then
m =3, s, = I, s, = 2, and the total number of chains is 5. If

Do Do be the 1y extensives in T)y; p, the extra s, extensive in 7', and
D2 D5 the extra s, extensives in 7, then the chains are

Pos PoB, PoB%; P0s 20D, 0B P 0185 pas P
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Take the elements of these chains as the basis of our spread;
the 10-rowed matrix of the transformation B in the new frame is
then the direct sum of five matrices, each of which corresponds
to one chain. The matrix corresponding to the first chain is

(e} 1 (o}
o (o} I
o o (o}

For, if p,=e,, pyB = e, pyB* = €3, then ¢,B =e,, ,B = ¢,
e;B = 0. 'T'he matrix corresponding to the next chain has the
same form; that corresponding to the next chain p,, ;B is
obtained by omitting the last row and column from this matrix,
and the matrices corresponding to the two last chains each
consist of a single zero.

9. Return now to the original matrix €, which we left in 7.
Since € = B +aZJ, we obtain € from B in our frame, by adding
2 to each term of the main diagonal. In the example of 8 this gives
€ =aJ+6,,+C,;+C,, where J is of order 10. Similarly, in
general, € is reduced to the direct sum of matrices of the form
aJ+€,+C, +...+C,,_, ,, and of diagonal-matrices of the
first order, where « is the characteristic root. Such matrices are
called ‘simple canonical matrices’. The secular polynomials of
these matrices composing the direct sum are the ‘elementary
divisors’ of € —AJ. Thus, in the example of 8, the elementary
divisors of the corresponding € —AJ are

(=AY, (x—A), (x—A)P, x—A, 2-—A

10. By 6 the original matrix was transformed to a direct sum
of matrices, each corresponding to a different root of the secular
polynomial of the matrix; these single matrices of the direct sum
have now been transformed to direct sums of simple canonical
matrices. Thus any matrix in the complex field can, by a change
of frame, be reduced to the direct sum of simple canonical
matrices. We call such a direct sum a ‘canonical matrix’. The
method of derivation shews that this reduced form is unique.

If W be any matrix of complex numbers, we can find a non-singular
matrix R such that PAR ! is canonical. (§63-8.)
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It is convenient to write
U=€C,+€C,+C,+...+C_,,_ +C_, .
Then 12 =G, +6,+C +..+C_,,
W=C,+C,+...+C,_,,,

ulrﬂ_‘ = G:lr’ u: = 0.

If we omit the last row and first column from the matrix
€ = aJ+ U, we obtain a matrix of determinant unity. Hence
the highest common factor of the first minors of € —AJ is 1.
Now the secular determinant of € — A is clearly (& — A)*. Hence
this is the sole invariant factor of € — AJ, apart from unities, and
it is the only elementary divisor.

Hence for simple canonical matrices ¢, and hence for direct
sums of such, invariant factors and elementary divisors of € — AJ
determine each other. And since invariant factors are not altered
by a change of frame, this is therefore true for all matrices.

11. The geometrical meaning of a transformation whose
matrix is aJ+ U, should be noted. If we take a spread of step
three, the extensives e, e,, e;, which we will interpret as vectors,
become respectively ae, +e,, ae,+ e;, ae,. The only vector whose
direction is conserved is e;. We can perform the transformation in

. . I I
two stages, if a # o, first transforming e, e,, e; to e, + L et e

e, and then multiplying all vectors by a. The first transformation
is a ‘shear’. If a = o, the transformation is of course singular.
Omitting this case, we see that aJy + 11, represents a shear in a
spread whose step is the order of the matrix, together with a trans-
formation multiplying all vectors by . It must not be forgotten
that & may be complex.

12. A necessary and sufficient condition that two matrices of
(real or) complex numbers be similar, is that they have the same
canonical form.

Necessity. Two similar matrices (§63:3) represent the same
transformation in different frames, by §63-8, and the canonical
form of the matrix of a transformation is unique, apart, of course,
from the order of the direct sums.
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Sufficiency. If matrices %, B have the same canonical form €,
there are non-singular matrices B, £ such that PAP! =€,
2B0! = €. Hence

PAP! = QBO!, A = P-'ABLO P = {WBR,
where R = R-10.

13. A necessary and sufficient condition that two matrices U, B
of (real or) complex numbers be similar is that Y — AJ, B — L3 have
the same invariant factors.

For, if %, B be similar, there is a non-singular matrix P such
that BAPR--! = B; hence

BEA-A) P! = PAR-AF = B-A3;
hence (§89) A — A3, B — AJ have the same invariant factors.

And if A—AG, B—AJ have the same invariant factors, the

canonical forms of 9, B are the same, and hence 9, *B are similar.

14. If B be non-singular, we define the ‘elementary divisors’
of A — AB to be those of AV~ — 2.

15. A “multiplication’ in a spread is a transformation whose
matrix is similar to a diagonal matrix.

The transtormation U in a spread of step n is a multiplication
if, and only if, it has just n latent extensives of step one.

§94. Geometric applications.

1. If9isa collineation in a spread of step n, and p an extensive
of step one in that spread, and p¥ lies in a ‘prime’ 7 (that is, in
a spread of step n—1), then [7.p%A] = o, and we say p, 7 are
‘conjugate’ for .

Since [7.p] = o, we have [7. A*p] = o, [7A*.p] = o, (§§ 629,
63-4).

Now 2, A* have the same secular equation. Interpreting the
results of §93-6 for the transformation 2* on primes, we have:

To each distinct characteristic root a; of A corresponds a
‘star’ of latent primes, whose step equals the multiplicity 1; of
the characteristic root «;, that is, a set of primes which have a com-
mon spread of step n—1, and none of higher step. This common
spread is called the ‘support’ of the star. The support is of course
latent for .



378 THE GENERAL THEORY OF MATRICES [CHAP.

If p #s an extensive of step one, not in a latent spread corresponding
to ay, so that pN —o; p#o0, then pA —a, p lies on the support of the
star corresponding to o;. For it lies on any prime 77 which satisfies
aW* = o, 7, for

[7(pA—2,p)] = [m.pA] - a;[7p]
= [0 p]—a,[mp] = (U~ m)p] = o,

The ranges formed by p, pO, and the cuts of [p.pN] with the
supports of the latent primes are projective to one another as p varies,
and also projective to the pencils formed by m, n)*, and the joins of
[ . mA*] to the latent spaces.

For the range of points mentioned is

py PN, pU—a p, pA—a,p, ...,
and the pencil of primes is
m, ad*, AA*—o m, mA*—a,m,

This generalises v. Staudt’s theorem (§23-11), since any n
independent points in a spread of step n can be taken as the latent
points of a collineation. The primes through n—1 of the points
are the latent primes.

We have, of course, corresponding theorems for correlations.

2. Involutions. A collineation ¥, which satisfies 9* = J, is an
‘involution’. Since a matrix of form J, + 11, never has J for its
square, therefore, if we reduce W to its canonical form, this form
will be diag(k,,k,, ..., k,).

Then A = diag(k?,k2,...,k2) = J gives each k as + 1.

A=diag(+1, t1, ..., +1).

3. Forexample, in space of step four, we have, besides identity,
the involutions
Ji =diag(—1,1,1,1), ¥, =diag(1, —1, 1, 1),
Fro = diag(—1, —1, 1, 1),
and so on, eight in all, including J.
If e, e,, e;, e, be the vertices of the tetrahedron of reference,
then if b is in e,e,e,, the point ke, +b is transformed by ¥, to the

point —ke, +6. Hence ¥, transforms any point on the join [e, 5]
into its harmonic conjugate with respect to e,, 4.
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"This collineation ¥, is a ‘central involution’. It leaves e, and
all points of [e,e;e,] latent; it leaves all planes through e, latent as
a whole. There are no other latent points or planes.

Next consider J,,. If pisone, e,,and gone,e,, then ¥,,changes
p+kginto —p+kg; hence it transforms any point on the join of
points of e, e,, ese, into its harmonic conjugate with respect to
these latter points.

"This collineation is a ‘ biaxial involution’. It leaves all points of
[e,e.] and of [ee,] latent. The other edges of the tetrahedron are
latent as a whole; the points on them, other than ey, €, €3, ey, are
not latent. T'he lines [e, e,], [e; ¢,] are the ‘axes’ of the involution.

Since }, J, = ¥, (r,s=1,...,4), as is clear from the diagonal
forms, the eight involutions (four central, three biaxial, and
identity) can be expressed in terms of ¥,, ..., ¥,. The relations
between them, such as J, ¥p5 = Fi3, Fi2Fse = =3, all follow

fom 3%, 5.9= TJe FRIK -3

The minus sign in the last formula has no relevance when we
consider only the transformations of positions of points.

4 If W=F, B2=3, AB=BA=C,
then (2=, AC=CEA=2Y, BE =B =9, ABC =3,
and we have three mutually commutative involutions.

For (?=AVB.BA=A2=3, AC =B =9,
and so on.

If W=82=¢2=73, AV =, then BA=C.

For since AV = (¢, we have

A=AV =Y, J=AA=CEBA, € =E>BA=BI.

5. If two distinct central involutions 9, B are commutative,
the centre of each is on the latent plane of the other.

For take the frame ¢, ..., e, so that 9 is in canonical form
diag (—1,1,1,1). Then the equation AV = VA shews that the
first line and first column of ¥ contain zero only, except for the
element in the (1, 1) place. Hence B leaves e, and [e,e,¢,] latent.

Hence the centre of B is either at e,, the centre of %, and then
U, B are identical, or it lies in the latent plane of 9. In the last
case, the centre of U lies in the latent planc of B.
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6. If two biaxial involutions ®,, ®, with axes (4, B) and
(C, D) respectively are commutative, then either the pair 4, B
meet the pair C, D, or these lie on the same regulus and the pairs
separate one another harmonically (§31-1).

For AR, = A%, R, = AR,%,. Hence AR, is latent for &,;
hence either AR, = B and then BR, = 4, or A%, = A and then,
similarly, Bf, = B.

In the latter case, the pair A, B cut the pair C, D, and our biaxial
involutions are derived from the tetrahedron which has A4, B
and C, D as pairs of opposite edges.

In the first case, let p be any point on 4, then p&, is on B. Thus
[p.pR,] cuts 4, B, and by the definition of &, it cuts C, D. Hence
A, B, C, D are dependent and cut any transversal harmonically.

Then®, &, is an involution whoseaxes lie on the regulus through
4, B, C, D and separate both 4, B and C, D harmonically.

If 4,, B,, C,, D, be lines on the opposite regulus separating
one another harmonically, then (4,, B,) and (C,, D)) are axes of
involutions &5, &,, say, and &; &, is an involution; &, &,, &, &,
commute with &,, §t,, ®;%,. In all, multiplying our involutions
together, we get, including J, sixteen commutative involutions
which leave the quadric of the regulus invariant.

If B is the polarity given by that quadric, its products with the
involutions give six nul systems and ten polarities (including ‘B),
in all thirty-two commutative transformations which leave the
quadric latent.

§95. Equivalent pairs of matrices.

Def. 1f %;, Ay, B, B, be matrices whose elements are complex
numbers, the pair %,, U, is ‘equivalent’ to the pair B, B, if there
are matrices B, £, whose elements are complex numbers such
that B, = PALD, B, = PA,LC.

Theorem. If W,, B, be non-singular, a necessary and sufficient
condition that U,, N, be equivalent to B,, B, is that A, — AN,
B, — AB, are equivalent as A-matrices in the sense of § 89.

For let % = A, — AN, B = B, — AB,. Then, if the pair A, A,
be equivalent to B,, B,, the B, L of the definition may be
regarded as simple cases of A-matrices with determinants in-
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dependent of A, and we have B = RAL.. Hence the condition
is necessary.

To shew sufficiency, let %, B be equivalent as A-matrices,
then they have the same invariant factors and there are A-matrices
¢, M with determinants independent of A, such that 8 = QUIM.
We have to shew that there are matrices B, £ whose elements are
independent of A, such that 8 = RAL, for this gives

B, = PALQ, B, =PAL.
I4et 9[1 ‘2[2_1 = @, %l %2_1 = CE-
Then the equivalent matrices € — AJ and
(C-AJ)A =A =AU, =A
have the same invariant factors, and so have the equivalent
matrices D —AJ and (D -AJ)B, =B, - 1B, =B. But A, B
have the same invariant factors, therefore so have € —AJ and
T2

Hence €, D are similar (§93-13), and there is a non-singular
matrix ‘R, whese elements are scalars, such that ® = RER-1.
Let 2 = A;1R-1B,. Then

\‘BQ(ID’ = ‘»B\)[lglg_“]s—l%z = %G%—l%z = :DSBZ = %l’
\39(22 = sB‘s)[z\)lEhlg_l%z = %2.

Note. The investigation of §93, on which the present depends,
assumed essentially the fundamental theorem of algebra. This was
not assumed in §§ 88, 89. It is possible to deduce the results of the
present section from those in §§88, 89, without use of the theory of

similar matrices. The theorem is then shewn for matrices of real
numbers also.

§96. The square root of a matrix.

1. Lemma. If f(x) is a polynomial of degree n>o which does
not vanish when x = o, then there is a polynomial g(x) of degree
less than n, such that (g(x))* — x is divisible by f(x).

For let f(x) = (x—a,)1(x—a,)=...(x—a,)%,
wherea, a,, ..., a;are distinct,and r +r,+... +r, = n.

Let fi(x) = f(x).(x—a;) ™.

Let g,(x) be any polynomial of degree less than r;.
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Then  g,(x) f,(x) +g,(x) £,(x) + ... + g,(x) £(x) = g(x), say,
is a polynomial of degree less than n, and the terms on the left-
hand side, after the first, are all divisible by (x —a,)".

Hence (g(x))? —x will be divisible by (x—a )" if, and only if,
(g(x)f,(x))* —x is so divisible.

Thus if g(x) is to satisfy our conditions, (g;(x) f;(x))* —x must
be divisible by (x —a,)". It remains to choose g (x), g,(x), ---» g(X)-

Now x=,a[r+a (x—a)]}

=c,+c,(x—a)+c(x—a)+...+c_ (x—a) "+..,
where the ¢ depend on a only. Let h(x) be the sum of the first r
terms of this series. Then h(x) is a polynomial in x of degree less
than r, and x — (h(x))? is divisible by (x —a)'.

Let h;(x) be derived in this way from x —a;.
hi(x) _ k(x) | (x—a)ul(x)
fx) " (x—ap T i)

This is obtained by the usual partial fraction decomposition;
the degree of k; is less than r;. Then hy(x) —f;(x) k,(x) is divisible
by (x—a;)".

Hence so is (hy(x))* — (f;(x) ky(x))*,
and also x — (f;(x) ky(x))*.

Take k;(x) for g;(x) above, then g(x) satisties the required
conditions.

Let

2. If W is a non-singular matrix of order n, there is a matrix 3,
which is a polynomial in W, of order less than n, such that B> = .

B of course will be non-singular, but its elements may be
complex numbers, even if those of U are real.

For, let f(A) be the characteristic polynomial of 9 ; then, by the
lemma, there is a polynomial g(A), of order less than n, such that
(g(A))?— A is divisible by f(A). For, since 9 is non-singular, f(A)
does not vanish when A = o.

Now f(A) =o, hence (g(A))>?—A =o. Hence B, =g(™A),
satisfies the conditions. We call B the ‘square root’ of U.

Cor. 1If B, B, be the square roots of U, A, and AU, = A, A,
then BB, = B,B. For B and B, are polynomials in A, A,.
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§97. Correlations, polarities, congruent matrices.

1. Let U be a non-singular correlation, that is, a linear trans-
formation which turns points into primes; and let U be repre-
sented by the matrix (a;;) in the frame (e, ...,¢,). Let

le, =E;, (i=1,...,n).
Let p=x.e+x,6,+...+Xx,€,
g=y.e,tye,t...+yuy,
then pU = ExiaijEj, [p2q] = Exiaijyj[E,er].
1) 1

Hence [pq] is a bilinear form in p, g, or perhaps we should say,
INX, ooy X035 ¥V oees Yoo
Also [PUp] = [PA*p];
[pAg] = 2[p(A+A*) ] + L [p(A—A*) q].
We can regard [p2gq] either as the product of p2 and ¢, or as

the product of p and Aq. [pAp] is a quadratic form, and there is
no loss, if we assume there that 9 = A*,

2. If p = ¢U*, then p, ¢ describe projective figures. For
P = q%R, where R = A*Y -1,

"The *involutory’ points of 9 are the points p such that p = pI(*;
A itself is ‘involutory’ if all points are involutory points of .

In this case, A = kA* for some scalar k; hence

W =KkA, A=k, k=11, A=+A*
If A = A*, we have a ‘polarity’; if A = —A*, a ‘nul system’.
3. If A be a nul system, and 7 = pY, then

[7p] = [pUp] = [pA*p] = — [pAp] = —[mp].

Hence [mp] = o, each point is on its corresponding prime.

Conversely, if cach point p is on its corresponding prime p¥,
then [pAp] = o for all p.

Hence [pA*p] = o, [p(A +A*) p] = o for all p. But A+A* is
symmetrical, thercfore the last equation gives A +A* =L
(§63°11).

If % be non-singular, and A = —A*, then A is of even order.

For [907] = (= 1) (4] = (— 1) 0]

The nul planes of a screw and their nul points (§ 34) are con-
nected by a correlation which is a nul system.
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4. If is nota nul system, then the latent points of B = A*A-!
coincide with the involutory points of 9(, and satisfy p% = kpA*
for some k.

Hence (1 —k) [pAp] = o; hence if k # 1, these points lie on the
quadric [pp] = o.

Thus any latent spread of B, not corresponding to latent root 1,
lies on this quadric.

5. If p, ¢ be transformed by a collineation R, then [pAg]
becomes [PR. 9. gR] = [pRAN*p].

Thus our correlation ¥ is replaced by RAR* (our frame has
not been changed).

The matrices representing A and RANR* are called ‘ congruent’+.
The relation of congruence is transitive. Thus the matrix which
represents a bilinear form is changed into a congruent matrix
by a collineation, or linear transformation in the spread, whereas
a matrix which represents a linear transformation is changed into
a similar matrix (§63-8).

6. If A, B be equivalent and symmetric matrices whose elements
are complex numbers, then U, B are congruent. In fact,if 8 = PAL,
then there is a non-singular matrix R which depends on ‘R, . only,

such that B = RUR*.
For PAC = (PAC)* = THAXR* = THAAP*,
(S -TIR)A = ACP*L.- ).
Let C*-1B = €, then
P*O =C*, CA=AUC*.

Hence C2UA = CAC* = ACHE* = AC*,

Similarly, 3% = AC*3, ..., C"A = AC*",

Hence, if f(x) be any polynomial, then f(C) = Af(E*).
Choose for f(x) that polynomial such that f(€) =D, D? = (,
® non-singular (§96).

Then * = f(E*), DA =AD*, A =D AD*,

B = PAC = PTAD*Q.

t This is the usual term. It has of course no connection with the use in
this book of the term congruence applied to extensives.
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Now Q* 'R =€ =2D?% hence Q*D =PD ! =R, say;
D = R

Hence B = RAR*.
Also Rt depends on ‘B, L only, since R = O*D, D? = Q*1P.

7. Similarly, if U, B be equivalent and skew-symmetric matrices
whose elements are complex numbers, and B = PUL, then there
is a non-singular matrix R depending on B, Q. only, such that
B = RUAR*.

8. If W, B be both symmetric, or both skew-symmetric, and U,, B,
be both symmetric, or both skew-symmetric (the elements being
complex numbers), and the pair W, A, be equivalent to the pair
B, B,, then there is a non-singular matrix R such that

RAR* =B, RAR* =1B,.

For, by §95, there are matrices, non-singular, B, & such that
PALC, =B, PA, L = B, and the R we need depends on B, T
only, and in the same way in the two cases.

If, further, N, B, be non-singular, then the pair %, A, is congruent
to the pair B, B, tf, and only if, A — AU,, B — AB, have the same
invariant factors (7 and §93).

9. If A, B be syminetric or skew-symmetric matrices of complex
numbers, then there is an orthogonal matrix R such that RUAR* = B,
ify and only if, A —AQ, B — AJ have the same invariant factors,
that is, if and only if, N, B be similar.

For, in 8, take %A, = ¥, = J, then RR* = J.

10. If N be a symmetric matrix of complex numbers, there is an
orthogonal matrix R such that

RAR* =a,C,, +a,C,,+... +3,§, = diag(a,,a,,...,a,,0,...,0),

Jor somer,a,a, ...,a. Herer is the rank of A, and a,, ..., a, its
non-sero characteristic roots.

For the canonical form of WU is similar to A, and hence is
symmetric, and hence is a diagonal matrix, since aJ+ 1l is not
symmetric. Let the canonical form be 8 = diag(a,,a,,...,a,...).
The theorem now follows by g.

FCE 25
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11. If A be a symmetric matrix of real elements, there is an
orthogonal matrix R of real elements such that RAR* is diagonal.

For A has its characteristic roots all real (§63-5), and since
R* = R-! we have with the notation of 10, RAR-! = B. Thus if
we consider 9 as a matrix of a linear transformation, it can be
changed to B by a change of frame, and since ¥, B have real
elements, the coeflicients of the transformation which gives the
change of frame are real; thus i has real elements.

12. The matrix of a quadric in vector space can, by an orthogonal
transformation, be brought to the diagonal form. Two quadrics can
be transformed into one another by an orthogonal transformation if,
and only if, their secular matrices have the same invariant factors.
If the quadric is real, the orthogonal transformation is real.

This is only a translation of g, 10, 11. It is a refinement of § g1,
which merely asserted that there was a diagonal matrix congruent
to a given symmetric matrix.

13. Simultaneous reduction of two quadratic forms to sums of
squares in the complex field.

If [xUx], [xBx] be the quadratic forms, B non-singular, a
necessary and sufficient condition that we can reduce both to
sums of square terms (so that %, ‘B are replaced by diagonal
matrices) by a collineation, or change of frame, is that all the
elementary divisors of A — AB are of the first degree.

Necessity. If, by a collineation, A, B become respectively

€ = diag(c,c,,...p¢,), D =diag(d,, d,,...,d,),

thend,, d,, ..., d, #0, since B is non-singular, and the elementary
divisors of € —AD, which are A—c,d;',...,A—c,d;! are not
affected by a collineation.

Sufficiency. By a collineation we can change % into a diagonal
matrix € = diag(c,,c,,...,¢,). Then if A=k, ...,A—k, are the
elementary divisors of A — A, they are also those of € —AD,
where ® = diag(c,k; %, ...,c,k ). llence the pairs A, B and
€, D are equivalent, (§95), and hence, by a collineation we can
change 9, B into €, D, for by 8 the pairs are congruent.

Cor. The forms [x%x], [x*Bx] can be simultaneously reduced to
sums of square terms if, and only if, AB = BIU.
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14. For symmetric, or skew-symmetric matrices, similarity
and congruence imply each other by 9. The following is for
general non-singular matrices.

A necessary and sufficient condition that the non-singular matrices
A, B in the complex field be congruent, is that AU+ U*, AB + B*
have the same invariant factors.

Necessity. 1f B = RUAN*, then

B* = RA*FR*, AV +B* = RAU S U*) R\*.
Thence A + A*, AB + B* are equivalent, and so have the same
invariant factors.

Sufficiency. If AU+ A*, AV +B* have the same invariant
factors, then (§95) the pair (U, A*) is equivalent to the pair
(B, B*), that is, there are matrices, with constant elements, B, O
such that B = PAQ, B* = PUA*L, and hence

B+B* = PA+A*) L, B-B* = PA-A*)L.
But A+ A*, B+ B* are symmetric, and A—A*, B—B* are
skew-symmetric (if either of these vanish, the theorem is already
proved). Hence, by 8, there is a non-singular matrix i such that
A+ A* = R(B+B*)R*,  A—-A* = RV —V*) R*.
Hence adding, ¥ = RBR*.

§98. Collineations as products of polarities.

Every collineation is the product of two polarities, one at least
non-singular.

This will be shewn, if we prove:

Every matrix W is the product of two symmetric matrices, one
at least non-singular.

Our field of scalars is the complex field.

Let € be the canonical form of 9, then A = PER* for some
non-singular B, € = (SIQ-BGZ@(SB(‘B...@(E\, where each €, is a
simple canonical matrix. €; =k3J,+C,,+C,;+...+C_,, for
some r, k, where 3, denotes the unit matrix of order r.

For each €, take a corresponding symmetric matrix P;, where
D, =C,+E,,  +...+C ,andlet D = D,®D,PD...®D,. The
matrices &, D, each have order r, depending on i.

1+ The theorem also holds if A is singular. Muth, Theorfe und Anwend-
ungen der Elementartheiler (1899), p. 143.

25-2
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Then by the meaning of direct sum,

(9,09,0...09,)(€,06,0...06)
Now =9,6,09,6,0...09,6,.

Qi(s"i = k(@x,r'l'@mr—x +...t+ (‘Er, x)
+ @2,1'—1 @r—x,r+ @3yr—2@r—2,l’—'l + A + @r. 1@1,2
=k(€,,+€,,_,+...+C, )+C, +C, . +...+€_,,
and since €}; = €;,, therefore D, €, is symmetric, and DE, being
the direct sum of symmetric matrices, is symmetric, (DE)* = DE.
Let = P*1 PP, then since D* = D, we have
OF = PDIR*, (D)% = PD*IP* = PDIP* = O,
T = P*QOP.
Hence DC = P*TPC = P¥QPEP 1) P = P*(2A) B,
(BC)* = PHLQA)*P.
But D€ = (DE)*. llence A = (VA)*. Thus A = Q1. LA
is the product of symmetric matrices &' and Q.9 and since D
is non-singular, so is £, ~! since this is congruent to ® .

§99. Reciprocal of one quadric with respect to another.

1. Inthe complex field, let § be a non-singular polarity which
turns points into primes. In a fixed frame we can represent g by
a matrix, which we also denote by B. The point p is on the quadric
given by the polarity if [pRp] = o. This is the equation of the
quadric as locus. The tangent prime at p is pR = 7, say; thence
p=7P", and [7.7P- '] =0, or [#B¥'n] =0. This is the
equation of the quadric as envelope.

Let £ be the matrix, in the same fixed frame, representing
another non-singular quadric. If p is on B, and « is its polar
prime for £, then [p.pP] = o gives [p..pPRO'] = o, (§63-9).
But pQ = a, hence p = a1, [x.aQ'PO!] =o.

Hence the envelope of « is a quadric envelope with matrix
R = Q- PO-1. Regarded as a locus, the quadric has matrix
R =0P-'Q.

2. If B, R be given, the problem of finding a reciprocator L,
is essentially that of finding the square root of a matrix.

For PR = (®—'L)?*; and we can find &, a polynomial in
B-'R such that & = PR (§96-2), and then take L, = PE.
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We must shew that the matrix £ is symmetric, otherwise it
will not represent a quadric.

Let & =ky+k, B R+k,(PB*R)*+... +k,(BR)".
Since (P R)* = R*P*— = RP—7, we have
S* =ko+k RP 7+ k,(RB1)*+... +k (RB),
BS =kyP+k, R+k,(RP )R+ ... +k (RP-) R = S*P,
(BO)* = (S*P)* = P*S = PE.
Hence Q* = L.

3. If §, & can be brought simultaneously to diagonal form,
the change of frame which does this, brings R to diagonal form.
For, if P = diag(a,a,,...,a,), O =diag(b,b,,...,b,),

then N = diag(a; 'b?, a;'b3,...,a;'b?) = diag(c,,c,,...,C,),

— h2 = b2
where a,c, =b? ... a,c =Dbi

4 If B, O, N be related so that DRD =P, RPR=CL,

then PO ' = TR '=R\R, PR =R = LP'C,
(BL P =PC ""CR " RPT=3, or S3=3,

when & = RL.

If det(S—J)#o0, then S+ S+ 3 = T, (§62-7),

S+S '+3=L, PO +0P+J=L0, P+L+R=2C.

The geometrical interpretation of these is considered later
(§ 1189, -10).

§100. Self-equivalence of matrices of complex numbers.

1. A necessary and sufficient condition that A = RAL., for some
W, where N, R, O are non-singular, is that the elementary divisors of
the secular matrices of B, . can be put into one-to-one correspondence
so that the corresponding divisors vanish for reciprocal values of A.

For, first, if 9 be non-singular, and A = RPAL,, then

J—AQ = A (P - AF) AL for all A.

Hence the pairs §, £ and B, J are equivalent.

Conversely, if these pairs be equivalent, then there are non-
singular matrices %, B of constant elements, such that

B =AIBY, J=ATY.
Hence P = AB, P = PAL'Y, and A = PALQ.
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Now these pairs are equivalent, if, and only if, the matrices
PB—AF, J— AL have the same elementary divisors; that is, if
and only if P — AJ, £ — A~ have the same elementary divisors.

Hence the theorem if A be non-singular.

We next consider the case when U is singular.

If N be singular of rank r, and PUAL, = N, where B, L are
non-singular, then B has at least r characteristic roots which are
reciprocals of characteristic roots of L.

For let ¥, = diag(1,1,...,1,0,...,0),

J»> = diag(o,0,...,0,1,..., 1),
where there are r unities and n—r zeros in ¥, and n—r unities
and r zeros in ¥,.

Then Fi=5%, F=F» hF =Kt =
By hypothesis and § go there are non-smgular matrices B, €
such that BAC = ¥,.
Let B, =BPB-!, &,=C"'LC, then
Bo F12 = BPB.BAC.C'1CC = B. PAL.€C = BAC = §,.
Let By = FiBo Ji» Tuj= FiTy J;» then
Buln=FiBoJi- /il i = ‘71
Bulo=Fo- B Filo=Fo L =%;
but £, is non-singular, hence B,, = L.
BoLro =B /i lo.- o= Jo=%
but B, is non-singular, hence Q,;, = T.
Hence det (% —AJ) = det (P, — A J,).det (B — A 1),
det (20— AJ) = det(Q,, — A ;). det (2, — A F,).
Also the sub-matrices composed of the first r rows and columns

of B,;, &, are inverses of one another. Henceif ¢}, c,, ..., ¢, be the
characteristic roots of B, , then ci!, c7'!, ..., ¢! are those of L,,,.

2. IfA = PAPR* and U, B be non-singular, then by 1, J— AR*
and B — A have the same elementary divisors. Hence so have
§— AP and P - AZ.

Hence a necessary and sufficient condition that A = PAR*
(B non-singular), for some non-singular U, is that the elementary
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divisors of P—AJ and J— AR are in pairs of equal degree, and
vanish for reciprocal values of A, except perhaps for those divisors
which are powers of A + 1.

"T'he last proviso is necessary, because we only know that the
roots of det (B — A) and of det (P — A~!§) are the same; so that
+1 or —1 might be solitary roots, while if a#1 is a root, then
sois a~l.

3. A necessary and sufficient condition that A = PAP (P non-
singular), for some non-singular U, is the same as in 2.

"This follows by 1. We can also shew the identity of conditions
in 2, 3 as follows:

If there is a non-singular W such that RUP = A, then there is a
non-singular B such that PBR* = B, and conversely.

For, if € be any matrix, then € — AJ, €* — AJ have the same
elementary divisors. Ience there are matrices £, R with
LTER = C*, TR = 3, and hence SEL.! = B*.

Take € =B !*, then, by hypothesis

WA TRA= P! = €* = QETT = QR-1*C
COIPAC, = V1%, ROAT . R* = AL,
Hence B = AL, satisfies the conditions.

4. If W be non-singular, a necessarv and sufficient condi-
tion that non-singular matrices R, L. satisfy RAL, = A, where
det (B + J), det (T + ) #o0, is that there is a matrix I such that

det (A +M), det (A —M) #o0,
Bo=A+M) A=), 8= (A+D)(A-MW).
Proof. Sufficiency. The conditions give
PA-M L = A+M T = A-M,
PERAHM) T = JA-M) = N+,
Adding these RAL. = A. That P+F, L+ are non-singular
follows from the formulae of the next part of the proof.

Necessity. 1f BAL, = 9, and P+ F. L +F be non-singular,
take M = (P+J) 1(R-J), then

W+M = (P+IJ) 7 [(B+I)+(B-JTA = 2(B+J)" B,

A= = (B+3)" [(B+)-(BR- A = 2($+3) %,
Hence A + M, A —IM are non-singular.
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Also (B+IJNM=(P-NYA, PA-M) = A+MWM,
B =U+M)(A-M)~
Since PAL, = A, we have
B-HAR+I) =A-AQ+PA-A = (P+HNAF -,
B+ B-JNAR+I) = AF-2),
ML +F) = AIJI—-2).
Hence (A+M)Q =A-M, D = A+MW)~1(A-M).
5. If @ is symmetric and non-singular, a necessary and sufficient
condition that there is a matrix B, with B+ non-singular, such
that PSP* = S, is that there is a skew-symmetric matrix I, such

that P = (©+I)(S-)7!, with S+3, & — I non-singular.
Proof. Sufficiency. The conditions give
T=-3T* det(S+T)#0, det(S-T)#o,
P*=E-IPF1E+IP=(S+3)'(S-3).
Hence the result follows from 4 with $* for T, I for M.
Necessity. Take T = (B+3) 1 (P-3J)S.
Then, as in 4, &+ T, - T are non-singular.
Also (B+JNT=(P-J6S, RI+T =PES-E,
R=E+IE-3)
Take R=PB+I)I(B+IJ)*
then R, T are congruent, and
R=B-INSB+I)* = (BS-9)(B*+3J)
= PSP*-SP*+PS -
=S -CP*+PE-C = PS -SP*,
R* = SP* - PE = - N.
Hence T* = —T, since R, T are congruent.

Cor. If PIP* =T, T* = - T, det (P + J) #0, det T #o, then
there is a symmetric matrix & such that p = (S+3T)(S-T).

6. Geometric examples.
A linear complex is self-transformed by a biaxial involution
whose axes are any two lines of the complex.
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If through a point on a quadric 2 we draw four planes, the
opposite edges of the complete four-face cut 2 in three point-
pairs of a biaxial involution whose axes are polar with respect to 2.

Opposite edges of two Mobius tetrahedra inscribed in a quadric
2 correspond in a fixed biaxial involution whose axes are polar
with respect to 2.

§ 101. Matrices which are products of involutions.

1. If P =AY, A2 =B? =, then the secular equation of Y is
reciprocal and ‘P satisfies the condition in § 100-2: conversely, if B
satisfies this condition, then R is the product of two involutions.

By an ‘involution’ we mean a matrix whose square is identity;
by a ‘reciprocal equation’ we mean one such that if r 1s a root, then
so is r °1; thus roots occur in reciprocal pairs except that isolated
roots + 1 or -- I may occur an) number of times.

For, if R =AY, A2 = B? = G, then AR = B, VY = AU; hence
PAPR = PB =, detR = detN.detB = + 1. Thus R is non-
singular. Hence ¥ satisfies the condition mentioned.

Conversely, if this condition holds, there is a non-singular
matrix € such that BEPR = €, (§ 100-3).

Then BCE? = PE.PCP = PCER.CP = C.CP = C2B.

But if ¥ = DB, and if f(x) be any polynomial in x, then
BA(?) = (T) B

For, if PT" = "B, (n positive integer), then

\‘Bl\.nfl — ‘En\BE — ‘EHE\B = fDnH\B.

Hence, by induction, D" = T™R for all positive integers n,
and hence, by addition, $f(D) = f(T) R for all polynomials f.

Now we had PE? = €8, hence RBAE?) = f(E*)B.

We can find f so that f(E*) = {§, and ¥ = €2, (§90); § #C, by
construction of f.

Then PF =FL/, FC =f(EH)C = CAE?) = (5,

AE =0FN
Take % = €F~!, then
W=CF'.CF '=CCEF'F'=CF*=3.
Take B = AP, then AY = 4.
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It remains to shew that 82 = §. Now REP = €, PF ' = F 1B,
hence B! = (AP)~! = P1A-! = PIA = P1EF !

=CPF ! =CF P =AP =12.

2. Cor. In particular, a projective transformation on a line is
given, as we know, by a two-rowed matrix, whose determinant
may be taken as unity, if only positions, and not weights, of
points are relevant. The secular equation of the transformation
is then reciprocal. Hence the transformation is the product of
two involutions.

§102. Orthogonal transformations with real coefficients.

1. Any orthogonal transformation with real coefficients is the
product of two involutions, not necessarily real.
By the form of its secular equation (§67-15).

2. Since for an orthogonal transformation 9, we have A2* =,
then  detA.det(A+3J) = det A.det (A*+F) = det (J+A),
det A.det (A —-F) = det A.det (A*-73)
= det(§J—U) = (—1)"det (A-3J),
where n is the order of U.

Hence we have the cases:
For n even:

either det = 1, or det(A+J) =0 and det(A-J) =o.

For n odd:
either detA =1 or det(A+3J) =o,
and either det = —1 or det(A—-3) =o.

Hence for n even, an indirect 9 has + 1 and — 1 as characteristic
roots; for n odd, a direct U has characteristic root + 1, an indirect
A has characteristic root — 1.

3. A necessary and sufficient condition that U is orthogonal, when
W+ X is non-singular, is that there is a skew-symmetric matrix ¥
such that

A=(QF+I(Q-3) 7, det(J+T)#0, det(J-T)#o.
(Cayley.)

By §100-5: As we have assumed, det (2 +3)#o, therefore A

is direct.
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Any orthogonal matrix, direct or indirect, can be put in the
form A=LR+HER-D,
where T=-T% L=g%=¢"1

4. 'The elementary divisors of a real orthogonal matrix are all
linear; any two such matrices are similar, or congruent, if and
only if they have the same secular determinants, and then one

can be transformed into the other by a real orthogonal trans-
formation (§67).

5. If p be a latent extensive for an orthogonal transformation U,
which corresponds to a root x # + 1 of the secular equation of U, then
pr=o.

For pA =ap, op? = [pU|pA] = [pAA*|p] = [p|p] = p*.
Hence if a® 3 1, then p? = o.

If p, q be latent extensives, not both corresponding to root + 1, nor
both to root — 1, nor to reciprocal roots, then [p|q] = o.

For p = ap, ¢ = fig, then

afi[plq] = [pA |qU] = [PAA* |q] = [ 4],
and since af # 1, we have [p|gq] = o.

6. Geometrical treatment of 3.

Let A be a direct orthogonal transformation, then AA* =,
det (A +J)#o. Let p be any extensive, p = p’, (p+p') =¢.

Then p(A+J) =p+p' =29, p=q-2(A+J)" =¢J-2),
say.

Then g-p=qT =1p+p)I, p'-p=(p+p)T.

Hence A-J=A+J) T, AG-I)=3+3,

I=(A+J'A-J), A=RQF+HRQ-P.

It remains to shew that T is skew-symmetric. We have

[(p+p)TI(p+20] = (P’ -P)(P'+P)] =0,
since p* = p2. Hence I is skew-symmetric (§63-10).

Note that (A+F) '(A-F) = (A-J)(A+J),

G+DE- = @-3) @+3).

7. If A, B be direct orthogonal matrices of order three, then

A + B is never of rank two. (Stieltjes.)
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§103. Displacements in space.

If o be a fixed origin, p any point, which becomes p’ by the
displacement %, then

p—o=(p—0)A+r, (1)
where 7 is a vector, and U a direct orthogonal transformation.

When U is an indirect orthogonal transformation, the trans-
formation defined by (i) will be called an ‘indirect displacement’.

From (i), ¥(p+p)—0=p—0)(A+J)+ir.

If 2 is direct, then (§64-10) either —1 is not a characteristic
root or it is a double characteristic root. In the latter case, W +J
is of rank one, and as p varies, the points }(p+p’) are collinear.

If A is indirect, then — 1 is either a simple or a triple character-
istic root (§ 64-11), and A+ has respectively rank two or zero.
Corresponding to these two cases, }(p+p’) lic in a plane or
coincide for all p; for if A = —, then }(p+p') = o+ ir.

Hence, for displacements in space, the mid-points of corresponding
points either fill all space, or lie on a line; for indirect displacements,
they either lie in a plane, or coincide. (Cf. §19-12, -13.)

§104. Inversions.*

1. Consider in a spread of vectors, of step n, the sub-set & of
vectors whose inner squares are unity; all vectors in the present
section are in.#. Consider the transformation of p to ¢ given by

g =p—2[a|p]a, (@)

where a is any vector of the subspread. Since a* = 1, we have

¢* = p*—4la|p} +4la|p] = p.

Hence the transformation is orthogonal and.# is latent. The
transformation is indirect, since, if p,, ..., p, become ¢, ..., ¢,
then [pl “'Pn] = [q( e qn]'

We call this special transformation an ‘inversion’ with ‘centre’
a, and we denote the inversions with centres 4, b, ... respectively

by %, B, ...

* P. F. Smith, Trans. Amer. Math. Soc. 6 (1905), p. 1; Voss, Math. Ann.
13 (1878), p. 320.
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If ¢ = p¥, then from (i) we have o = —aq, [a|q] = —[a|p],
qU = g—2[a|q]a = g+2[a|p]a =p.
Hence A2 = §, so that A is an involution, and as it is orthogonal,
therefore AA* = J, and hence A = A*.

2. Products of distinct inversions.

If P: = pA =p—2[a |P] a, p, =Pl% =P1_2[b|px]b’
then [61p,] = [b]p]—2[a|p][alb],

PUB = p, = p—2(a|pla—2[b|p]b+ 4la b1 a|p]b. (i)

If A # B, we have AV = BY, if and only if [a|b] = o, and then

PUB = p—2[a| pla—2[b|p]b.

If we have n commutative inversions ¥, ..., %, with centres
a, ..., a, then [a;|a;] = &;; = 1 or o according as i = j or i#].
If p be any point, and a,, ..., 4, be independent, we have, from
(@, and " p = [a,|p)a, +[a, |Pla, + .. +[a, | Pl @,

me Q[n = p—z[ax lp] a, —Z[IIZIP] a,—... —z[anlp]an =-p.

The product of n commutative inversions in step n with independent
centres merely reverses the weight of each extensive.

3. IfAB = (€2, then

(ab]=[cd), [a|b] = x[c|d], [alc]=+[b]d].
For we have for all p, by (ii),
[a|pla-+[|p)b~2[a 8] (a] ]
= [c|p]c+[d|pld—2[c|d][c|p])d. (iii)

Multiply the sides of this outerwise by the corresponding sides

of the equation obtained by putting g for p, then we have forall p, g,

[ab| pq] [ab] = [cd | pg] [cd)- (iv)
Take p = a in (iii), and multiply innerwise by d; again take
p = ¢, and multiply innerwise by b. Thence
[alb][b|d] = [alc][c|d), [c|d][b]d] = [a|c][a]t]). (V)
Hence if [a|b]#0, [c|d]#0, then [a|c] = +[b]|d],
and if [a|c]#0, [b|d]#0, then [a|b] = *[c|d].
And if, for example, [a|b] =0, then either [c|d] =0 or
[a]c] = o. Inthe latter case,since [a |b] = 0,and @’ = b* = ¢* =1,
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and a, b, ¢ are dependent, by (iv), we have b = *¢, and then by
(v), [c]d] =o.

Again, if [a|b] = [c|d] = o, putting p = a,d in turn in (iii),
we have

a=[a|c]c+[a|d]d, d=][a|d]a+][b]|d]b.

Hence [a|c]?+[a|d]? = [a|d]*+[b|d]* = 1,
and these give [a |c] = + [b|d].

Thus we have [a|c] = +[b|d] in all cases, and since AB = €D
implies €A = DB, therefore similarly [a|b] = + [c|d].

We can, by choice of sign of d, take the positive sign in

[a]b] = +[c|d],

and then by (v), the sign is positive in the other formula.
Conversely, if [ab]=[cd], [a|b] = + [c|d], then AB = €.

4. If we take ¢ = k;a+k,b, where
¢® = kia®+ 2k k,[a [b] + k36® = ki + ki + 2k ki[a [b] = 1,
and d = —k,a+(k, +2k,[a|b]) b,
then [a|b] = [c|d], d*=1, and hence AV = CD.

Hence we can take ¢ as any vector, of unit square, in the spread
[ab] and then d is fixed; similarly we can take d as any vector in
the spread [ab] and then ¢ is fixed.

The product of three inversions U, B, €, whose centres are depen-
dent, is an inversion. For take d in [ab] so that BE = AD, then
ABE = AAD =D.

5. If a, b, ¢ be independent, we can replace ABE by DEF,
where d is any vector in the spread [abc], and [ef] is a fixed
bivector when d is fixed. (We work in the spread [abc].)

For, let [da.bc]=a,, then DA = D,¥,, where d, is on [da],
then DUAUBE = D, U, BE, where A, BC is a single inversion &,
sayp sothat o - D,@, ABE = DD, 6.

Further, if D6F = DE, F), then €F = €, F,, [¢f] = [e,/,]-
We can take e as any vector in the spread [ef] and then fis fixed.

6. If DEF = D, €, F, = D,6,F, and 4, d,, d, are dependent,
all points being in [def], then [ef], [e, f,], [e,f,] are dependent.
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For, let [¢f.e, fi] =g, then DEF = DE'G, D, €, F, =D, €&

where ¢’ is on [ef], and €] is on [e, f}].

Hence VEGH =D,EGH, DE =2D,E;
d, d,, ¢, e] are dependent on two of them, by 3.

Let DE’ = D, (), as we may, since d, d,, d, are dependent, and
hence d, d,, ¢’ are dependent; then D, 6,5, = DE'G = 2,6,
Hence [e, f,] goes through g. 'Thus we have in [def] a linear trans-
formation of vectors into bivectors, such that if one vector be
taken as the first centre of three inversions giving D7, the other
two centres lic on the bivector corresponding to the first vector.

Since DEF = €D, F = EFD; for suitable T, Dy, the third
centre ¢ lies on the bivector corresponding to the second centre €.

7. The following can now be shewn by induction:

If A A, ... A cannot be reduced to a product of fewer than r
inversions, then a,, ..., 4, are independent, and the product equals
Y, B, ... B,, where b, can be taken anywhere in [a, ... a,], b, any-
where in the spread of step r—1 which corresponds to b, in a
certain linear transformation of vectors into spreads of stepr—1;
b, can be taken anywhere in the spread of step r — 2, which is the
cut of the last spread and the spread which corresponds to &, in
the transformation; and so on. Finally b_ is fixed.

8. Any product of more than r inversions, whose centres are in a
spread of step r, can be reduced to a product of t inversions or fewer.

For, if W, 9, ... %, ... A, ,, be a product of inversions, then,
by 7, U, ‘)I .),H = A ..., for suitable a),...,a], if the
product "l "l .., does not itself reduce.

Ilence ‘)Il A . "l P W =LA,
and so on.

9. An orthogonal transformation in step n can be reduced to
a product of inversions and an orthogonal transformation in
step n—1. T’he weights are supposed to be real.

For, let T = (a;;) be the matrix of an orthogonal transformation.
Since the sum of the squares of the elements in any row is unity,
we havea,, #o forsome tin 1, ..., n. Take the frame so thata,, #o.

Consider the inversion R in the centre sin }6.e.+cos }0.¢,,
for some r#n, the frame being normal.
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If p=p,e,+p,e,+... +pye, we have
PR =p—2[p|sin}f.e.+cos §0.e,](sin46.e,+ cos 30.¢,)
= p—2(sin®46.p,.e +cos? 30.p, .e,
+sin 360 cos 40 (p,.€, + Pp-€;))
=p’ =pLe,+pie,+... +pLe,, say.
Then p] = p;, if i#1,n;
p. =cost.p.—sinf.p,, p, = —sinf.p,—cosf.p,.
Hence IR = (b;;), where b,; = a,; if j #r, n, while
b, =aycosfl—a_  sinf, b, =—a sin0—a, cosf.
Take 0 so that b, = o. Then b 0, otherwise we should have
a}, +a2, = o, whereas a_ #o.
Hence, we have made b, = o, and still have b, #0, and the
other elements of the last row of the matrix TR are as in I.
Thus we can choose inversions R, ..., N, so thatin TR, ... R,
the last row of the matrix is (0,0, ...,c,,), where ¢, = + 1, since
the matrix is orthogonal. For the same reason, the last column is
(0,0, ...,Cpp)-
Hence IR, ... R, is an orthogonal transformation € in n—1
variables.

Hence T =GR NR,_,... R,

10. An orthogonal transformation I in step n can be factored
into n inversions or fewer.

For it is the product of an orthogonal transformation in step
n—1 and inversions; and an orthogonal transformation in step
two is either identity, an inversion, or the product of two in-
versions.

Hence, by induction, T is the product of inversions, of which,
by 8, at most n are required.

It should be noticed that, if n is even, and T direct, it may be
necessary also to reverse the signs of all the variables, after the
product has been formed, if T is to be obtained; for we have
disregarded the weights, and in particular, the signs of our vectors.

Examples. 1. Erect a theory of inversions which preserve vectors
in a spread of step n, whose inner squares are zero, and apply it to
shew that every transformation of points into points, in a plane,
which carries concyclic points into such, may be factored into four
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or three inversions in circles, according as the transformation is
direct or indirect. (Cf. §73, Exs. 15, 16, 17.)

2. Inversion in a system k of circles in a plane. (Cf. §85.)

2[c|k . .
If ¢, =- [Z! ] k+c, then the system ¢, is ‘inverse’ to ¢ with
respect to k. Then ¢? =¢2 If ¢ is a nul system, so is ¢;. Also
[c|k] = =[c, |k]- Thus any circle in the system k is invariant for

the inversion.
If ¢; is a circle of system & which touches ¢, then

[e2]k] = 0 =[5 ]c].
Hence [¢, |c,] = o, therefore ¢, touches the circle ¢| inverse to ¢.

If £ is a set of circles orthogonal to a fixed circle, we have
ordinary inversion.

If & is a nul net of circles, we have a ‘ Laguerre inversion’, a trans-
formation of rotors into rotors, which reverses the sign of one rotor L,
and turns rotors touching an oriented circle into rotors touching
another oriented circle, the original and the transformed circle
having I. as radical axis. In the space representation this trans-
formation corresponds to a reflection in a plane.

3. In the geometry of systems of circles, let ¢’ be a circle in
system k, and not in &,; let ¢ be the inverse of ¢’ in &,; ¢ the
inverse of ¢, in k;; ¢ the inverse of ¢, in k,; then ¢} is a linear
combination of ¢, ¢{, ¢,.

4. -\ transformation of rotors to rotors in a plane, which changes
rotors touching an oriented circle into such, is the product of four
or three Laguerre inversions according as it is direct or indirect.

5. A transformation of points in space into points, which turns
) . . p . .
cospherical points into such, is a product of four or five inversions
in spheres according as it is direct or indirect.

6. We may define Laguerre inversion in space, oriented planes
taking the place of rotors. A transformation which changes oriented
planes into such, and those touching an oriented sphere into such,
is the product of four or five Laguerre inversions.

. A transformation of systems of spheres into systems of spheres
is the product of six or seven inversions in systems of spheres; the
corresponding numbers in the plane are four and five.

8. A collineation inspace is the product of three biaxial involutions.

FCE 26



[ 402 ]

CHAPTER XIV

QUADRIC SPREADS IN SPREADS OF
ANY STEP

§105. Two lemmas on determinants.

If a,x, +a,x, +...+a x, =0,

11 m-'m

g, X, +a,,x,+...+a, X =0
be m equations for x, x,, ..., X, and the matrix of the a;; be of
rank m — 1, and hence det (a;;) vanishes, then the system has only
one independent solution, say x, = B, ..., x, = B, and any
solution is of form x, =kB,, ..., x,, = kB_, where k is a scalar.
Now the cofactors A, ..., A, of a_, ..., a,, give a solution where
ris any one of 1, ..., m. Hence there are scalars A, ..., A, such
that :
AI'I = AI'BI’ Al‘Z = AI'B
Hence
Lemma 1. If A is a vanishing determinant of rank m — 1 and order
m, we can find A, ..., Ay, B, ..., B, such that the cofactors of
elements of the determinant are of form A = A B,, whereB , ..., B,
is a solution of the linear equations above.

Further, if A is symmetrical, then since A B, = A B,, we can
take A, = B, and then A , = A A..

S

A,.=AB, (r=1,...,m).

2) R rm T

Lemma2. If R=|z x x, .. x, |,
YI all aIZ a!m
Ym aml amz amm
m
then R=zA- ¥ A_.x.y,

where A = det(a;;), and A,; is the cofactor of a;; in A.
If (ay;) be symmetrical, and of rank m — 1, then since we can find
A, such that A, = A A, we have

R=- 3 AAxy =— %‘, A x, ; Ay,

r,s=1I
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In particular, if x; = y,, (i=1,...,m), we have

I

R=-— ( 5 A,x,)z.

§106. Quadrics in step n.*

1. Let x* = o be the equation of a non-singular quadric 2 in
a normal frame; let a,, a,, ..., ¢, be independent points, where
a,, ..., a,are on the prime, (spread of step n — 1), tangent to 2 at p.

Then [p|a] =0, (i=2,...,n), p* = 0.

Suppose p = k,a,+k;a, +... +kya,, then k,, ..., k, satisfy

n-n’

k,[a, laz] +k3[az |a3] +...tky[a, la,] = o,

...................................................

ky[a, |a,] +k,[a, |a,]+... +ky[a, |a,] = o.

These equations have a symmetric matrix ([g; |2;]), whose deter-
minant vanishes; for since p=|[a,a;...a,] and [pa,...a,] = o,
we have [a,...a,]* = o.

If the determinant had rank < n— 2, we could satisfy the equa-
tions by an independent set of k, and [a, ... a,] would touch 2 in
another point besides p.

We assume this is not the case.

Then by Lemma 1, we can find k; so that k_k, is the cofactor of
[a.|a]in [a,...a,]>.

Take the k in this way, absorbing weights in a, a,, ..., a,, if
necessary, and then adjust the weight of @, sothat[a, 4, ...a,] = 1.

2. Let ¢ be any point on a tangent prime to 2 through
a, ..., a, , then [ga,...a, ]* =0. Now [ga,...a, ,]* is the
cofactor of a2 in [ga, ... a,]*. Denote this last determinant by d;
then since [a, ... a,]* is of rank n — 2, we can apply Lemma 2 to d.

The top line of d is ¢%, [ga,], [g|a;], .., [¢|a,] corresponding
to z, X,, ..., X, of Lemma 2; the A, of the lemma are now k;.

Hence d=—[g|(k,a,+k,a,+...+k,a,)]* = —[g|p]*
Now |p =K[a, ... a,], where k is some scalar.
Hence d = —k*[qa, ... a,]* = —kid.

* Baker, Proc. Lond. Math. Soc. (2), 9 (1911), p. 177.
26-2
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If now the tangent prime through a,, ..., a,_, is distinct from
that which touches 2 at p, we have d #0, hence k = ,/(—1).

=J(—=1)[a,...a)), [a,|p]l=4(-1)[a,a,...a,]=,/(-1),
[a.|pl =0 (r=2,...,n).
3. To find the other tangent prime to 2 through
la,a;...a,_;a,,,...a,].
Let ¢, = |[a,a,... “,1], oy = —I[a a,...a,_,a., ...,
¢ = (-1 |[a,q,...a_,a,,...a], .
g, = (—1)?*|[aa;...q)], § 36 5)-
Then [a.|g]=1, [a.|¢g]=0, (r#s;r,s=2,...,n),
l[a;l¢] =0, [Plg]=kla|g]=k, (r=2,..,n)
Let a,=q,—ik;'¢?p (r=2,..,n).
Then  a* =g -k 'gZlplg] =0, [af]p] =k,
Hence a; is on the quadric 2. It is also on the tangent prime
through the g, with r#s, since

[aila] =1, [a.|a]]=o0, (r#s;r,s=2,...,n).
Thus af is the point of contact of the tangent prime, other than
through
IP’ g [azag"' r— r+x n]

4. Denote
[a,...a,_,a.,...a,] and [a,...a_,a,,...a,_.a,, .. a)]

by 7. and 7, (=m,,) respectively; (r,s=2, ..., n, here and below).
We have 7, = x [[pa]], x scalar, by the last statement of 3.

Thence 1=[a,...a)] =(—1)[a,am]
= (~1)x{a,a, | paf)
But [a,q,|pa]] = [a,|p][a |a] - [a,|p]a, |a] = y(—1),
since  [a|p] =0, [a]|a]=1, [a]p]=4(-1).
Hence (—1)yJ(—1).x=1, (—1)(—1).7 =|[pd]],
(—1yy(=1).[am] = [a{|pa]] = [a;|a] |p—[a;|p] |4},
la,m ) = 2[a;|a]] (4| p] [p |a] = 2kk,[4}|a]].
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But  lagm] = t[aia,m],
hence [a a7 ])* = 2k k[a]|a].
Now let a,, ..., a, be on the quadric 2, as well as a, ...,a,. Then

the first row and first column of [aa,, ]* are o, [a, |a]], 0,0, ..., 0,
and the second row and second column are [a, |a]], o, [a,|a,], ....

Hence [a; a 7Tr«s]z == [as !a;]z ﬂgs == ”?s'

Hence 2k kal|a]] = —m, (r,s=2,...,n).

§107. The double-six theorem.

1. If 2 be a non-singular quadric, in a spread of step six, and
ay, ..., ag be on 2, and on the tangent prime to 2 at p, and if
aj, ..., ag be the points of contact, other than p, of tangent primes
from [ajasa;a], ..., [a,a3a,a;] respectively, then the prime
[a; ... ag] touches 2.

For [a)...ag]* is a symmetrical determinant of order five,
whose main-diagonal elements vanish. We have to shew that this
determinant vanishes.

Consider any such determinant.1 of order five, and, for brevity,
denote its ij-element by ij. Let A’ be the determinant whose
ij-element is half the cofactor of a;;, a;; in 4, then

A"=| o, 34.45.53, 24.45.52, 23.35.52, 23.34.42 .
| 34-45-53, 5 14.45.51, 13.35.51, 13.34.41
!24.45.52, 14.45.51, o, 12.25.51, 12.24.41
| 23.35.52, 13.35.51,. 12.25.5]1, o, 12.23.31
123.34.42, 13.34.41I, 12.24.41, 12.23.3I, o

Multiply the columns by 12.13.14.15, 21.23.24.25,
31.32.34.35, and so on; then divide the rows respectively by
23.24.25.34.35.45, 13.14.15.34.35.45, ..., and so on.

Thence we find A" = P.4, where P is the product of all the ij.

Now apply this to our determinant [a} ... a;]>. By §106, we
have 2k, ks[a; |a5] = — 733 = —[a,a5a5]% and so on.

Hence the ij-element of [a} ... ag]? is the cofactor of the elements
in places (ii) and (jj) of [a,... ag]? apart from a factor — §k; 'k; 1.

Hence [a}...ag]? is a multiple of [a,...ag]? and since the
latter vanishes, by hypothesis, so does the former.
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2. The theorem of 1 is peculiar to step six.* If n#6, then for
general positions of the a,, on the cut of the quadric 2 and its
tangent prime at p, we have [a] ... a_]*#o.

If |[a;...a,] = p', let [p’a,] cut 2 again in a’, and let [pp'] cut
2 againin q".

Then [a; al"—I +1° n] [P ar] [P ‘a;

Let |[a} ... a;’ =p".

We have p’’? = o, for [pa,p’] cuts 2 in a conic composed of
lines [pa,], [¢"4].

Hence the lmes [¢"a] (r— ..,n)lieon 2. Hence[a)a] ... a;
touches 2 at ¢”’. Hence p”’ = ¢”'.

3. If a non-vanishing symmetric determinant of order six has
its main-diagonal elements zero, and no others zero, and no
principal minor of order four zero, then if five of its principal
first minors vanish, so does the sixth.

4. If in a non-vanishing symmetric determinant of order four,
the main-diagonal elements are all zero, and also the minors of
three of them, then the minor of the remaining element is not
zero, if in any row the elements outside the main diagonal are all
non-zero.

5. If in a non-vanishing symmetric determinant of order five,
the main-diagonal elements are all zero, and also the minors of
four of them, then the elements not on the main diagonal are all
non-zero. If the elements of the determinant are real, the minor
of the remaining element in the main diagonal is not zero.

We leave the proofs of 3, 4, 5 and their geometric inter-
pretation to the reader.+

§108. Screws as elements in a spread of step six.
1. Any screw, in a space of step four, is of form
S =x8)+ ... + %S,
where x; are scalars and S, ..., S; suitably chosen screws. We can
take S, ..., Sg as a system in involution (§ 36-5). Then .S is a rotor,
if, and only if, X2+ xE+ . +xZ =o0. (1)

* Barbilian, Bull Math. Phys. IEcole polytech. Bucarest, 1 (1929), p. 12;
Tzitzeica, ibid. p. 16
+ W. V. Parker, Amer. Math. Monthly, 41 (1934), p. 174.
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If S=x8+...+%S; and T =1y,S,+...+Y6S
then S, T are in involution, if, and only if,
X ¥it+... +Xgyg = O. (2)

2. Now regard S|, ..., Sg as unities in a spread of step six, and
work in this spread. Then (1) is the equation of a quadric 2 in
the spread. We replace S}, ..., Sybye,, ..., ¢, thenas S|, ..., S,
form a normal system, so do ¢, ..., &;. We denote the operation
of taking the supplement in this frame by a stroke.

To avoid confusion we denote the elements of the spread of
step six by small letters, and say that S is a rotor if s2 = 0; Q, R
are in involution if [¢|r] = o.

The outer product of p, g is the line [pgq]; it represents the
spread of screws x; P+x, (), and it meets .2 in points representing
the rotors in this spread of screws.

If p, ¢, r be independent elements, their outer product [pgr]
is a plane which cuts 2 in a conic representing the system of
rotors in the 3-spread of screws x, P+x,0+x3R.

3. The polar 5-spread of an element s, namely |s, cuts 2 in
points which represent the nul lines of the screw S, or the linear
complex given by S; for if p be such a point, thenp? = o, [p |s] = o.
(If P be the corresponding nul line, then in the space of step
four, [PP] = o, [PS] =o0.)

The polar 4-spread of the line [¢7], namely |[¢7], cuts 2 in
points which represent the nul lines of the 2-spread of screws
x, O +x, R, or the linear congruence given by O, R.

The polar 3-spread of the plane [pgr], namely |[pgr], cuts 2
in points of a conic which represent the nul lines of the 3-spread
of screws x; P+x,0+x4R.

Two rotors which intersect are in involution, and hence repre-
sent two conjugate points on 2. Hence two opposite reguli in
space of step four represent two sections of 2 cut out by con-
jugate planes. Hence the rotors and the nul lines of a 3-spread of
screws represent the points of such sections.

Three rotors which are dependent, and hence meet in a point,
or lie on a plane, represent three points on a generator spread of

2 (§70)-
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4. As linear complexes represent planes, we could consider
the inner products of planes. The inner product of two planes
vanishes when the corresponding linear complexes are in in-
volution; the inner product of the poles of the planes then
vanishes; these poles are represented by the screws which give
the complexes; these screws are in involution.

5. The two rotors in the pencil P+kQ coincide when [pq]
touches 2, that is, when

[pg)? =0, or [plqF =p"

The rotors in the spread P+k, O+k, R are given by values of
k,, k, which satisfy (p +k, g+ k,7)? = o. This is a product of two
linear factors when [pgr]* = o, that is, when [pgr] is a generator-
plane of 2. The regulus of rotors contained in P+k,Q+k,R
then becomes a bundle of rotors or a coplanar set of rotors.

If p, g, 7, s be independent, but [pgrs]> = o, then [| pgrs]* = o;
hence the line |[pgrs] touches 2. The two rotors in the corre-
sponding system of screws cut.

In particular, if p, ¢, 7, s be on 2, and hence P, Q, R, S be in-
dependent rotors, then [pgrs]* = o is the condition that just one
rotor cuts P, O, R, S.

If p, q, r, s, t be independent, but [pgrst]* = o, that is, if
[pgrst] touches 2, then the screw conjugate to the screws
P, O, R, S, Tisarotor; hence the screws have a common nul line.

In particular, if P, Q, R, S, T be independent rotors, then
[pgqrst]? = ois the condition that they have a common transversal;
the five rotors then determine a special complex containing them.

By § 108 we now have the double-six theorem in its usual form:
if P, O, R, S, T be general lines cutting a fixed line, and if P’ is the
other transversal of Q, R, S, T, and ()’ is the other transversal of
P, R, S, T, and so on for R’, S’, T', then P’, Q', R', S’, T’ have
a common transversal.

If py, Py --s Ps satisfy [p,p....p6]* = o, then [p,p,... pcl,

being scalar, vanishes. The screws P, ..., P; are dependent; if
they are rotors, they are in the same linear complex.
Hence the condition that rotors P,, ..., P be in the same linear

complex is that det [P; | P|] vanishes.
If py, ..., p; be any extensives, then det[p, | p;] vanishes.
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6. Ifl,1, ..., L be five points on 2, and [I, ... ] does not touch
2, but each of [LLL L], [1,1,0L], [1,,,0,K]), [L.,LK), [L1,L1,]
does so, then the solids which join any four of the points of contact

touch 2.

For let d = [/, ... L]* then d#o0. Let c;; be the cofactor of
LGl in (i, ... )% and let

me=cli+e,l+...+c gl

Then [, 6] = e [l L)+ e [L |+ .. + e [L L] = o,
if r #s, by the properties of determinants.

Hence m} = c.[l,|m]+c,[l,|m]+...+c [k |m]

= c,[l |m,].
But since, for example, [1,/,/, /] touches 2, we have
(LLLLT = o,

or ¢, =o. Similarly c,, =o, (r=1,...,5). Hence m? =o0. The

points of contact are hence m,, ..., m..

But [m,...m]* = (det(cy))*. [/, ... LJ* #o.

‘The minors [m,mm m]*, [mmmm] ... of [m, ... m]* are
proportional to the corresponding minors of [/; ... /]* and hence
vanish.

Hence, if in a spread of step four, the lines L, ..., L, are not met
by a common line, but each four are met by just one transversal
(instead of the usual two), then each four of these five transversals
are met by just one transversal. (Weitzenbock,* Segre.)

§ 109. Spheres in spreads of any step.

1. The distance formula. Lete,, ..., e, be the base-extensives
in a spread of step n, and «,, ..., ©, be vectors to them from any
point; and suppose we can form inner products of vectors.

Let p= % Xj, 9= £Yiei’ (x;, y; scalars),
2x; =1, Xy, =15
then (p—gq)*=(Z(x,—y)u) = ‘Z:J(xi—Yi)(xj —¥;) [ |ug]-

* Amsterdam Proceedings, 31 (1928), p. 133.
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Let 1 = (e;—e)? then I =ui+ui—2[u |u],

2(p—q) = ‘?-u: (xi—vy;) (xj - Yj) (w3 + ui— l%j)

=23 (xi—yy) JZ(XJ —Yj) uj— (xi—y1) (% _'YJ) 1%]'
i . L)

The first term of the preceding expression vanishes, since
2%, =2y, =1.

Hence (p—q)r= "%‘Z(Xi—)’i) (xj“Yj)l?j-

" (Cf. §8, Ex. ¢8.)

Denote the matrix — §(I%), (i,j=1,...,n) by D, and regard it
as representing a polarity in the spread of points, then

(-9 =r-9D(p—9]

In our fixed frame e, ..., ¢,, [pDq] has a meaning when p, ¢
are points. We have [¢; De;] = — 113, [¢; De;] = o.

2. Circumspheres. If ¢ =c,e,+...+cue,, (2c;=1), be the
circumcentre of the simplexe,, ..., ¢, and if p = x,e +... +x,€,,
(&£x;=1), be any point on the circumsphere of the simplex, and
r be the radius, we have

¢ = [(p—) D(p—)].
The sphere goes through e, hence
r2 = [(e,— ) D(e, — )] = [¢Dc] —2[e, Dc].

From this and similar equations, we have

[e,Dc] = [e,Dc] = ... = [e,Dc].
Hence [¢®c] = [(c,e,+...+c,e,) Dc]

=(c,+c,+...+¢,)[e,Dc] = [e, D],
r’=—[e,Dc] = —[,Dc] = ... = —[e,Dc] = —[cDc],
[pDc] = [(x,6,+ ... +x,6,) Dc] = (x,+... +x,) [6,Dc] = —r2.
Hence the equation of the circumsphere is
[pDp] —2[cDp] +[cDec] =13, or [pDp] = o.

3. Haskell’s Pivot Theorem.*
If points be taken on the edges of a simplex and spheres be drawn

through each vertex and the points on those edges which meet there,
then these spheres go through a point.

* M. W. Haskell, Archiv. Math. Phys. (Ser. 3), 5, (1903), p. 278.
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For since the equation of the circumsphere is [pDp] = o, the
equation of any other sphere is of the form [pDp]—[pn] = o,
where 7 is some prime.

This sphere goes through e,, if [¢; 7] = o.

It goes through

by = klj J+kjlei, (k;; jtk=1),
the point on the edge e;¢; as well, if
[(ku e_] +kjlel) m(kij e_l + kjlei)] [(kuej +kjlei) 7’] =0,
that is, if kuk“1”+k,j[e ] =o,
u _|1+ [e 77] = 0.
Hence, if it goes through all p;; as j=1, ..., n, (i#j), then
Zlk;ip;+[p7] = o,
J

or since k;;#o, if

where p=p.e,+...+pe,, (Pi+p,+...+p,=1).
Hence the sphere through e; has equation

[P'DP]‘*'?lfjkjin = 0. (1)

Now all such spheres go through ¢ = q,e, +... +q,e,, where
the q; satisfy

Zj‘.lf,-kj,q,- = }T‘.lgjkaq,- = 2}‘.1§jk53qj <5 D=1 (i)
For —2[¢®q] = ]EJQqu'l%j = izj(kijqiqj'*'k iqi(h)lfj
=2Xkkyq;,
)

by (ii), since I3; = I3,.
Hence ¢ satlsﬁes (1)
Cor. The sphere through p, ..., p, has equation

[6Dp][8; - Pn] = [P, D] [(£p....pu]+ [2.Dp,] [PIPP?. N
too+ [Pa Pl (18 -+ PosP)-

§110. On spreads of even step and odd step.*

1. If p,, ..., ps be dependent extensives in a spread of step six,
and q,, ..., s be extensives in the spread such that [p, ... ps] still
vanishes when any two of the p, are replaced by the corresponding

qi» then [q, 4, ... g5] = o.
* See Baker, Principles, 4, p. 60.
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For weight the p so that p,+p,+...+p; = 0. (i)
Suppose the ¢ not dependent on p,, p., .. , p;.

6
We can let g = X a;p;—v, (ii)
=1

where v is an extensive independent of p,, ..., ps and a;; = o.
Then  [p,p,p30,95] = [, -+ P4 (25696 — V)]
= a56[Py .- PsP] — [P1 -+ P47)
= —agg[Py .- PyL5] =[P - P4?]-
By hypothesis, [192P3P49595] = o
Hence 0 = ag[py ... ps0] =[Py ... Py 255 P;]
= (as5+2g5) [Py --- D5 7.

Hence a;5 = —ags. Similarly
a; = —ay, 1,j=1,...,6).
Thus the coefficients of p, ..., pg, © in the expressions

6
Xa;p—v, (i=1,..,6), pi+...+pg

j=1
form a skew-symmetric determinant A, say. Let A;; be the
cofactor of a;; in this determinant, then by (i), (ii)

Anqi+Ayge+...+Ag g = /p, =0,

since 4, as a skew-symmetric determinant of odd order, vanishes.
Hence [q, ... g5] = o.

2. For a spread of step four, the analogous theorem gives:

If the six joins of p,, p,, ps, ps meet the corresponding six joins of
41> 92, 93, G4 (where, for example, p, p, meets q5q,), then if the p are
coplanar so are the q. This includes essentially the theorem on
the existence of Mobius tetrahedra.

That there is a theorem corresponding to that in 1 for all
spreads of even step and that it cannot be extended to spreads of
odd step, is clear, because it depends on 4 = o.

3. If five of the pairs p;, ¢; in 1 be conjugate for a quadric, so
is the sixth pair.
For denote supplements for the quadric by the stroke, then

(D1 lq]+ 21921+ ... +[P61g6] = o
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4. If m be any prime, and p,, ¢, be as in 1, then
[pi7]gi7] = Z;Aaij[pi m][pym]—[pim] [om], (a;; = - ay;).
% [yl l7] = — X [py7] for]
=—[(pr+p2+... +pg) 7] [v7] = o.

Conversely, if we assume 3 [p;7][g;7] vanishes for all =,

then either [p, g, ... ¢5] = o or the following all hold: [g, ... ¢;] = o,
and [p,g, ... ¢s] vanishes when any one ¢; (i> 1) is replaced by
the corresponding p;.

Hence, if [q, ... 5] never vanishes when any one q is replaced
by the corresponding p, then [q, ... g5] vanishes when any two q are
replaced by the corresponding p.

5. Ifay, ..., o be primes in a spread of step six which go through
a point, and on each line in which four cut we take an arbitrary point,
for example p,,s, on the cut of a), a,, ots, oy, then the five points
arising from five of the o determine a prime by their join; for example,
let f3; be so determined by a.,, ..., o5, then f3,, ..., P meet in a point.*

For Bo=[Pa3ss5-Pr3s5-Pross -Prass - Prass),

5= [P3s6-Pr3ss - Pr2ss-Prass - Prass)-

Thus ), ay, a3, a,, f5, fg meet in p,s,; and so on, so that we
have the situation described on the p, g in 1. For [« ...a5] = o,
and the product also vanishes when any two a are replaced by
the corresponding /. Hence [§, ... ] = o.

6. We now interpret the primes a of 5 (or points in the dual
theorem) as spheres (of step four) in a spread of step five. (Cf.
chap. x1.) Six dependent spheres have a common orthogonal
sphere, corresponding to the point in which six dependent
primes cut. Four spheres have a pencil of orthogonal spheres,
corresponding to the line in which four primes cut. Hence the
theorem of 5 now runs:

If py, ..., ps be six spheres (of step four) in a spread of step five,
and all orthogonal to a given sphere, and we take any sphere
orthogonal to each set of four, for instance p,,3, orthogonal to
P1s Py Pss Py, then the five spheres so associated with five of the

* Baker, loc. cit.
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p: have a sphere orthogonal to them; for example, let p,, ..., p;
fix the sphere g4 in this way; then the spheres g, ..., g5 have a
common orthogonal sphere.

In particular, if we take for our spheres p,, ..., ps, primes in
step five, they are orthogonal to the point at infinity, when con-
sidered as special cases of spheres in the ‘inversion geometry’ of
this step. As the sphere p, 5, take the point-sphere where p,, ..., p,
meet,and so on. The sphere gz orthogonal to the five point-spheres
associated with p,, ..., p5 is then the circumsphere of the simplex
Py ---» ps. Hence the six circumspheres of the six simplexes
obtained from p, ..., ps by omitting each p in turn are orthogonal
to a sphere. But as in §75-2, this sphere turns out to be a point-
sphere. For by Haskell’s Theorem, any five of the circumspheres
meet in a point. Thus esther all six meet in a point, or we have a
figure which is the inverse of a simplex and its circumsphere, and
this is not the case. Hence: .

Kuhne’s Theorem: If six general primes be given in a spread of
step five, the six simplexes obtained by omitting each in turn have
circumspheres which meet in a point.

A similar theorem holds for any odd step.

7. Returning to 5, Kuhne’s Theorem shews that if a quadric
goes through the point where «,, ..., a5 meet, and through all
such points as p,,3,, then it goes through the point where the
[ meet.

This is seen by stating 6 symbolically and interpreting for 5.

§111. Comparison of geometries.

1. We have considered, amongst others, geometries of the
following figures:

(i) Circles ¢ in a plane. These form a spread of step four
wherein ¢? = o, if ¢ is a point-circle; and [¢, |¢,] = o, if ¢}, ¢, be
orthogonal.

(ii) Systems c¢ of oriented circles in a plane. These form a
spread of step five, wherein ¢? = o, if ¢ is a nul system, that is, a
set of oriented circles touching a given oriented circle; if ¢, ¢,
be nul systems, then [c, |c,] = o if the corresponding oriented
circles touch.
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(iii) Spheres ¢ in space. These form a spread of step five,
wherein ¢? = o, if ¢ is a point-sphere; and [¢, |¢,] = o, if ¢}, ¢, be
orthogonal.

(iv) Systems ¢ of oriented spheres in space. These form a
spread of step six, wherein ¢? = o, if ¢ is a nul system, that is, a
set of oriented spheres touching a given oriented sphere; if ¢;, ¢,
be nul systems, then [¢, |c,] = o if the corresponding oriented
spheres touch.

(v) Screws s in space. These form a spread of step six, wherein
s2 = o, if sisarotor; and [s [s,] = oif s, 5, are in involution, which
if both are rotors means that they cut.

2. Thus, if reality conditions be ignored, geometries (iv) and
(v) are equivalent, oriented spheres corresponding to rotors,
tangent oriented spheres to intersecting rotors, as in the Lie
sphere-line transformation.

Each geometry (iv), (v) is also the geometry of a quadric 4
in a spread of step six, and we can regard .2, as a sphere. A linear
complex is the set of lines dependent on five lines; in the spread
of step six this corresponds to the cut of 2 and a spread depending
on five points, that is, to a quadric (or sphere) Z; in the spread
of step five.

Thus the geometry of lines in a linear complex is the geometry
on 2, in a spread of step five; hence it is equivalent to geometries
(ii) and (iii), and to the geometry of oriented spheres linearly
dependent on five oriented spheres.

The lines of a linear congruence are represented by points on
the cut of 25 and a spread of step four, that is, by points on a
quadric Z,. Their geometry is hence equivalent to geometry (i).

3. Forexample: Miquel’s Theorem, §75-2, gives: If four reguli
whose lines are in a congruence contain a common line, then any
two of them have another common line; thus six lines are
obtained. These in threes determine four new reguli; then these
reguli have a common line in the congruence.

4. Kuhne's Theorem interpreted in geometry (v) gives: If six
linear complexes s,, ..., s¢ have a common line, any four have
another common line; if we omit each complex in turn from the
five complexes sy, ..., 5, we thus obtain five lines, through which
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goes a complex sg. From the six complexes sy, ..., 5, by omitting
each in turn, we thus derive six new complexes s, ..., 5. These
have a common line.

From § 110-4, the sets of complexes obtained from s,, ..., 55 by
replacing two s by the corresponding s’ have a common line, and
those obtained from s7, ..., sg by replacing two s’ by the corre-
sponding s have a common line.

5. The double-six theorem gives in geometry (iv) for oriented
spheres: If five spheres touch a sphere, any four have another
tangent sphere, the five spheres so obtained touch a sphere.

In particular: the in-spheres of the five tetrahedra formed by five
oriented planes touch a sphere. For five oriented planes touch the
point-sphere at infinity.

6. If we combine Kuhne’s Theorem interpreted in 4 with the
double-six theorem we have: Grace’s Theorem. If six general lines
L, ..., Iy have a common transversal, any four have another com-
mon transversal; if we omit each line in turn from /,, ..., [ we
then obtain five lines, through which goes a complex sg which,
by the double-six theorem, is a special complex. The six special
complexes s so obtained have a common line, that is, their six
axes meet a line. Thus the six lines obtained from /,, ..., [; (if
these have a common transversal), by the double-six theorem,
have themselves a common transversal.

This can be translated into a theorem on six oriented spheres
which touch a given oriented sphere.

7. If in a spread of step n, &, ...a, be a simple n-gon, and
a,a, cuts x* = o at a,—k a,, then
a? - ZkFS[ar 'as] + klz'Sa: = o;
the product of the two roots k, k/, of this equation is a2/a?.

Hence  (k,k;;k,, .. ky,) (k3 kK, . ky) = 1.
Hence, if n of these cuts, one on each side of the n-gon, lie in a
spread of step n—1, so do the other n; for the condition for this is

k, k,...k,, =(—1)"

127723 °°
8. Dually, if «,, «,, ..., &, be an n-face, that is, n spreads of
step n— 1, then the adjacent @ cutin n spreads a, ., of stepn—2.
Through these draw pairs of tangent primes to the quadric
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x2 = o; if n of these, one from each pair, meet in a point, so do the
other n.

As n—1 of the « meet in a point, we can regard the n-face as
arising from an n-gon by joining each set of n—1 vertices.

9. From 7: If s, ..., s5 be spheres in a spread of step four, taken
in cyclic order, and we consider the point-pairs in the pencil given
by two neighbouring spheres, then if five of these points, one from each
pair, lie on a sphere, so do the remaining five.

Again, if we regard the five spheres as extensives of step one,
they fix a five-face, in which two faces meet in a bundle of spheres
given by three neighbouring spheres. Through such a bundle
will pass two nul spreads of step four, corresponding to the two
points in which the three spheres meet. Hence 8 gives:

If s,, ..., s; be spheres in a spread of step four, taken in cyclic
order, the cuts of three neighbours give five point-pairs; if five points,
one from each pair, lie on a sphere, so do the other five.

This is a generalisation* of the six-circles theorem, in a
different direction from Haskell’s.

10. Note that some theorems, such as Haskell’s Theorem, hold
in spreads of any step; others, such as Kuhne’s Theorem, depend
on the parity of the step; others, such as the double-six theorem
or Hart’s Theorem, are restricted to a single step. This gives a
new and useful classification of geometric theorems. The most
difficult are those in the third class.

Examples. 1. Four lines, with a point on each, give four other
points by the pivot theorem (§74). These four points are concyclic
if the original four are.

2. In a plane, let a,,...,a, be points; L; a line through a;
¢y =[L,L;]; a;; the centre of the circle through a;, a;, ¢;;; a;;, the
centre of the circle through a;;, ay, a. Then points a;;, ay,,
@y, @y lie on a circle with centre ayy,,, say. Also the points a,,,
@iim» Fimi> @imij Pmisc li€ on a circle with centre a,,,,, say. And so
on. The final centres lie on a circle. (Richmond.)

3. In space of odd step, the circumspheres in Kuhne’s Theorem
have their centres on a sphere. (Cf. Ex. 22, p. 323.)

* E. Miiller, Monatshefte Math. Phys. 3 (1892).
FCE 27
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4. Five planes in space with a point on the cut of each pair give five
pivot points. These lie on a sphere. Six planes give six such spheres.
These go through a point. And so on. There is no analogue to
these theorems in a plane.

§112. Circles in space.*

1. If spheres in a spread of step four be regarded as point-loci,
they are represented by expressions of form o+ 1126, where o is
a point, 6 an additional unity. Hence they form a spread of
step five.

If 5, s, be two spheres, then [s, 5,] has previously been taken to
represent the pencil of spheres coaxal with them; it is now more
convenient to interpret it to represent the circle, real or imaginary,
in which s,, s, intersect. Then, if the spheres be represented on
a point-spread of step five, and we denote the point corresponding
to s by &', then [s]s7] is the line in the spread of step five which
represents the circle in which s, s, cut. Similarly, the outer
product of three spheres may be interpreted as the point-pair
at which they meet; this point-pair corresponds to a plane in the
spread of step five.

We use dashed letters to represent figures in the point-spread
of step five.

2. Corresponding to point-spheres s, we have in our point-
spread of step five, points s” such that s"2 = o; these points s’ thus
lie on a quadric 2. Ifs, s, be orthogonal spheres, then [s, |s,] = o;
s{, §5 are conjugate points for 2.

A circle C = [ab] is ‘orthogonal’ to a sphere s, if and only if the
spheres a + kb are orthogonal to s for all k, that is, if

[a|s] =[b]s] =o.

A circle C = [ab] is a ‘ point-circle’ if C? = o; then [a |b]? = a%h?
and the spheres a, b touch internally or externally.

For any circle C, we have [CC] = o; if C}, C, be circles, then
k,C,+k,C, is a circle, if and only if [C,C,] = 0. Two circles
C,, C, are on the same sphere, s say, if and only if they are of
form C, = [s5,], C, = [ss,],and then[C, C,] = 0. When [C, C,] = o,
the corresponding lines C7, C; in the point-spread of step five, cut.

* See Coolidge, Circle and Sphere.
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3. If three circles C| = [a,b,], C, = [a,b,], C; = [a3b;] are
orthogonal to the same sphere, then a,, b,, a,, b,, a3, b; are ortho-
gonal to that sphere. Now the set of spheres orthogonal to the
same sphere is of step four; hence a;, b5 are linear combinations of
a,, b,, a,, b,. Thus C7, C3, C; are lines in the same spread of step
four. Thus the geometry of circles orthogonal to the same sphere
is the geometry of lines in ordinary space.

4. If the circle C, = [ab], contains a point-pair cospherical
with C,, with C, and with C;, then the point-pair is [a,a,as)],
where the spheres a,, b; are such that C; = [a,8,], C, = [a,b,],
C; = [a3b;]. Also [a,a,a5a] = [a,a,a3b] = o. Thence C’ lies in
a plane which meets C}, C5, Cj.

5. Four circles are ‘in general position’, if no two are co-
spherical, no three are orthogonal to the same sphere, and none
contains a point-pair cospherical with each of the other three.

We can now interpret the results of § 58 in the spread of spheres.

Four circles in general position fix a fifth circle ‘associate’ to
them, it is a linear combination of the four.*

If C,, = [a,b,],is orthogonal to asphere a, through C,, = [a,b,],
then [q, |a,] = [, |a,] = o. Hence [C, |C,] = o, and C, is ortho-
gonal to a sphere through C,. Such circles are said to be ‘in
involution’.

Now in the spread of step five, any plane which meets four
general lines meets the associated line; in the spread of spheres
an extensive of form |[s, s,] corresponds to a plane.

Hence any circle in involution to four circles in general position
is in involution to the fifth associated circle.

If C,, C,, C;, C, be four circles in general position, then
[C,C,.C,Cy.C4C\] = D, say, is a circle cospherical with
C,, C,, Cs. Define Dy, D,, Dysimilarly. Then [C, D], ..., [C,D,]
are systems of spheres which have a common circle, that asso-
ciated with C,, C,, Cs, C,. (§58.)

6. If C,, C, be circles on the same sphere a and any sphere
through C,; cuts orthogonally the sphere &, through C, which is
orthogonal to a, we can write C, = [ab,], C, = [ab,).

* The five constitute a ‘ Stephanos pentacycle’.
27-2
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Then [C1 |Gyl = a?[y [b,] - [a]b,][a]by],
[(a+k&,) |b,] = o for all k.
Thus [a|b,] = [b, |b,] =0, [C,]|C,] =0, and the relation is
symmetrical.
Such circles are called ‘orthogonal’.

7. The *foci’ of a circle [ab] are the point-spheres in the pencil
a+kb; hence a+kb is a focus, if a®+ 2k[a |] + k?»? = o. The two
foci are distinct, unless [ab]? = o, that is, unless the circle is a
point-circle.

If a, b are (real) spheres, then [ab]? 2 o, hence a%h? — [a [b]* 2 0;
thus the foci are imaginary, unless they coincide.

If [ab] be a circle with distinct foci ¢, d, then [ab] = [cd].

8. Two circles, not point-circles, are ‘in bi-involution’, if
each sphere through one cuts orthogonally each sphere through
the other.

Then, if [ab], [cd] be the circles, we have

[ale] = [a|d] = [b]c] = [6]d] = o.

Each circle goes through the foci of the other.

Conversely, if C, = [ab] goes through the foci c+k;d, c+k,d
of C, = [cd], then [ab|c] = o, [ab|d] = o, and hence the circles
are in bi-involution.

9. In the representation on the point-spread of step five, the
foci of the circle [ab] correspond to the cuts of [a'd'] and 2.
Two circles are in involution if the corresponding lines are such
that each cuts the polar plane of the other with respect to 2; they
are in bi-involution, if each of the corresponding lines lies in the
polar plane of the other; they are orthogonal, if the corresponding
lines cut, and each cuts the polar plane of the other.

10. The common orthogonal circle of two circles. Any two circles
[ab], [¢d] have a common orthogonal sphere |[abcd], and we may
suppose that @, b and ¢, d are the foci of the respective circles.
The common orthogonal circle is cospherical with each circle.

Since spheres through circles [ab], [cd], respectively, are of form
a+kb, c+1d, we may suppose these latter meet in the required
circle C. Now a—kb is a sphere through [ab] orthogonal to
a+kb, since [(a +kb) |(a—kb)] = a*—k?b? = o, since a* = b% = o.
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And c—1d is a sphere through [cd] orthogonal to c+1d. Any
sphere through our required circle C has to cut a—kb, c—1d
orthogonally, by definition.

Hence [(a—kb)|(c+1d)] =0, [(a+kbd)|(c—1d)]=o.
These give
[a|c]—Kkl[b|d] =0, k[b|c]—][a|d]=o.
If 150, thence
(alc][a|d] = k?[bc] [6|2].
If k#0, thence
[alc][b]c] = *[a|d][b]|d].

If l=0 or k=0, then [a|c] =0. First suppose none of
[a|c], [6]d], [b|c), [a|d] vanish, then we have equal and opposite
values of k, and corresponding equal and opposite values of 1.
Thus we get two circles [(a+kb)(c+1d)] and [(a—kb)(c—1d],
which may be real or imaginary, orthogonal to the given circles
[ab], [cd]. The circles found are in bi-involution (8) since, for
example,

[(a+kb)|(a—kb)] =0, [(a+kd)|(c—1d)]=o.

If [a|c] = o, then [ac |ab] = o, [ac |cd] = o, since a, ¢ are point-
circles (foci). Hence [ac] is then the common orthogonal circle,
if a#c. But then [ac]* = o, hence [ac] is a point-circle. If
[alc] = o, but [b|d]#0, then either k =0, [@|d] =0 or | =0,
[6]|c] =0 or k =1=o0; in the first case ¢, d have a as common
orthogonal point-sphere; in the second case, a, b have ¢ as com-
mon orthogonal point-sphere. We exclude these cases.

If [a|c] = [b|d] = o, but [b]c], [a|d] #0, only the ratio k:1 is
determinate and there is a single infinity of circles orthogonal to
[ab] and [cd]. The latter circles are then called ‘paratactic’.

Finally, if [a|c] = [b|d] = [a|d] = [b]|c] = o, then the circles
are in bi-involution.

11. In dealing with circles orthogonal to two given circles,
the circles and spheres used were all orthogonal to the sphere
|[abed]. Now spheres orthogonal to a given sphere form aspread of
step four, and this spread can be represented on a point-spread
of step four, or ordinary (not necessarily Euclidean) space. Lines
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in the point-spread represent circles orthogonal to the given
sphere, and there is a quadric 2 in the point-spread such that, if
circles C,, C, are in involution, then the corresponding lines are
conjugate for 2, that is, each meets the polar of the other.

Since any two circles, in general position, are orthogonal to a
sphere, we can replace the work in 10 by work on the point-
spread in step four, containing a non-degenerate quadric 2.
This we now do, and for convenience, we drop the dashes from
the letters.

12. Lines in a point-spread of step four.

Denote supplements for the quadric £ by the stroke. If ab, cd
be two lines in the spread, there are, in general, just two lines,
which cut ab, cd, |ab, |cd, and they are polar lines for £. To prove
the latter fact, let L be one of the lines. Then [Lab], [Led], [L |ab],
[L |cd] all vanish. Hence so do [|L.|ab], [|L.|cd], [|L.ab],
[|L.cd]. Therefore |L is the other transversal.

Further, L and |L are conjugate to the four given lines, since
they cut their polar lines. The lines L, |L correspond to the
orthogonal circles of the circles which correspond to ab and cd.

Now consider the case when ab, cd, |ab, |cd are dependent,
but no two meet. There is then a single infinity of lines meeting
all the four.

Let X.ab+y.cd+x'|ab+y'|cd = o,
then x|ab+y|cd+x".ab+y' .cd = o.

Since no three of the lines are dependent, otherwise they
would concur, we have

xx 1 =yy!=xx""1=yy1;

hence xX'=x, Y=y or xX'=-x, y =-y.
Hence, either x(ab+ |ab)+y(cd+ |cd) = o

or x(ab— |ab)+y(cd— |cd) = o.
Hence, either ab+ |ab=cd+ |cd

or ab— |ab=cd—|cd.

We say the lines ab, cd are ‘right-paratactic’ in the first case,
‘left-paratactic’ in the second. It is assumed that they are not
polar lines.
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If p is any point, there is a line through p right-paratactic to
ab and one through p left-paratactic to ab. For, if S = ab+ |ab,
the first line mentioned through p is [pg] where ¢=|[pS]. For
Pq+|pg=ab+|ab gives

pS=[p|rq] = [2lq)Ip—2*.lg. [2|PS]=[pg]-

Two paratactic lines, having an infinite set of transversals
conjugate to both, correspond to paratactic circles, All lines
right-, (left-), paratactic to a given line have a single infinity of
common transversals.

13. If ab, cd be paratactic lines, let ac, bd be conjugate to both,
but be not polars of one another, and suppose none of @, b, ¢, d
ison 2.

Then [ab|ac] = [ab|bd] = [ac|cd] = [bd |cd] = o.

Hence a?[b|c] = [a|b][alc], b*[a|d]=[a|b][b|d],) )

c’la|d] = [a|c][c|d], d*blc] = [b]|d][c|d].)

If [a|b] = o, then [b|c] = [a|d] = o, and either

[a|c]=[bld]=0 or [c|d]=o.

Such cases being excluded by hypothesis, we have

lald _ [ld] — [alB] _ [c|d]
or cosac = cosbd, cosab = coscd.

If we call points a+k, b, c+k,d on [ab), [cd] ‘corresponding’,
when k,:k, = [@|d]:[b]¢c], then the joins of such points are
conjugate to @b and ¢d. For

[ab |(a+k,b)(c+k,d)]

= [ab|ac+k bc +k,ad +k, k,bd]

= k,[ab |bc] + k,[ab |ad]  (since [ab]|ac] = [ab |bd] = o)

= k,([a[b] [b|c] - b%[a|e]) + ky(a?[b]d] —[a |b] [a|d]) = o,
by (i), and the value of k, :k,.

These results can be used to give a theory of Clifford parallels
in elliptic space of step four.
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CHAPTER XV
ALGEBRAIC PRODUCTS

§113. The algebraic product of two points and of two rotors in a
plane.*
1. Asthe basis of our spread we take e, ¢,, e; with [e, e,e5] = 1,

and let E, =[e,e5], E,=[ese,], E; = [ee,]

All products introduced are assumed to be distributive over
addition.

Def. The ‘algebraic product’ of two points a, b (of any weight)
is the point-pair a, b. This product is to be independent of the
order of the factors, and is written {a, b} or {b, a}.

We write {a?} for {a,a}.-When no confusion arises, we may
omit the brackets.

2. We introduce formally such sums as {a, b} + {c,d} +....
The equation {a,b}+{c,d}+... =0
is to mean that, for all lines L in the plane, we have
[aL][6L] +[cL][dL] +... = o.
The equation
{a,b}+{c,d}+... = {a,,b;} +{c|,d}}+ ...
is to mean that, for all lines L in the plane, we have
[aL][bL)+ [cL][dL}+... = [a, L] [b, L]+ [c, L] [d, L] + ....
Hence we have, k being a scalar,
{ka, b} = {a,kb} = k{a, b};
{a,b+c} = {a,b}+{a,c}; {a+b,c}={a,c}+{bc}

If {a, b} = {a,, b}, then a=a,, b=b,, or a=b,, a;=b, since any
line through @ must go either through a, or through b,.

If a, b be any sums of algebraic products, then a =5 and
a—b = o are equivalent equations.

#* E. Miiller, Wiener Ber. 2 A (1922, 1924).
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3. If
a=ke +kye,+kse;, b=1e +1le,+13e5, (k, I scalars),
then {a,b} =k 1 {ef}+...+... + (Kl + k;L,) {e, 3} + ... +....
Hence any sum a of products such as {a, b} is a linear com-
bination of o1y (e}, {eB), {emes) feer)s ferer),

and may be written

3

iw

Let Y ke =4, (i=1,2,3),
=1

3
then iéxk”{ebe’} = Zi]{ei, Z, ke = zi]{ei, a;}.

Hence any sum a of products such as {4, b} can be put in the

‘normalform’ {al, el}+{a2, 82}+{a3’ e3}’

3
where 3 k;e; = a;, for some scalars k;; = k

i=1

Since 2{a;, e;} = {(a;+¢;)* —(a;—¢,)%,

jie

any such sum can be written as the sum of a certain number of
positive and negative squares.

4. To each non-zero sum of algebraic products of points, we
associate an envelope. We illustrate this by examples. With {a, b}
is associated the envelope of lines L such that [aL] [bL] = o; the
envelope is hence the pair of points a, b. With {a,b}+{c,d} is
associated the envelope of lines L such that

[aL][bL]+[cL][dL] = o.
We call this the envelope {a, b} +{c,d}’. And so on.

5. Dually, the ‘algebraic product’ of two rotors L, M is the
rotor-pair L, M; it is denoted by {L, M} or {M, L}. Sums of such
products are introduced formally.

The equation  {L,M}+{P,Q}+... =0
is to mean that, for all points p of the plane, we have

(Lp] [Mp] +[Pp][Qp] +... = o.
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The equation
{L, M}+{P,Q}+... = {L;, Mi}+{P, O} +...
is to mean that, for all points p of the plane, we have

[Lp] [Mp] + [Fp)[Op] + .- = [Lip) [M,p]+ [P ) [Q10] + .-

All the above work has its dual analogue. In particular with a
non-zero sum {L,M}+{P,Q}+... is associated the locus of
points p such that

[Lp]) [Mp]+ [PP][QP]+... = o.

§114. The outer product of algebraic products.

1. Def. The ‘outer product’ of {a?}, {b%} is denoted by [a%)?],
and is defined by [a26%] = {[ab]3), (1)
that is, it is the algebraic square of the rotor [ab].

This is a reasonable definition, for {a?} is a repeated, {b%} is &

repeated, and the outer product of the repeated points is defined
to be the rotor [ab] repeated.

2. Def. If [bc] = L, the ‘outer product’ of {a?} and {L?} is
denoted by [4?. L?], and is defined by
[a®. L% = [aL]>. (2)
This is a scalar, since [aL] is a scalar.
Similarly, we define [L2.4?%] = [La]%
Thence [a?.[bc]?] = [abc]?, [[ab]?.c?] = [abc]?,
or, by the previoﬁs paragraph,
[a®.5%?%] = [a%h?.c?] = [abc]?. (3)
This suggests the following definition:
Def. The ‘outer product’ of {a?}, {b*}, {c*}, in any order, is
written [a%b2c?], and is defined to be [abc]?.
3. Dually, if 4, B, C be rotors, we define
[4°B) = ([ABP), [4°B’C?]=[ABCF.  (4)

The first is the algebraic square of a point, the second is a
scalar.
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4. We have, by the distributive law, k and 1 being scalars,
{(a+Kkb)?} = {a?} + 2k{a, b} + k2{b?},
{c+1dY3) = (¢} + 2Mc, d} + (a3}, } (s)

But, since a+kb, c+1d are points, the outer product of the
left-hand sides is

{[(a+kb) (c +1d)]?} = {([ac]) +k[bc] +1[ad] +k1[bd])2]}.
Square out the last expression, and compare the coefficient of
kl with that in the outer product of the right-hand sides of (5).
This gives
2[{a, b} {¢, d] = {[ac], [6d]} +{[bc], [ad]}, (©)
which we could have taken as a definition. If we equate othe
coefficients, we get instances of this. In particular,

[{a, b} {a, b}] = — }{[ab]*}. (7)

5. Similarly, since

[(a+kb) (L +1M)] = [aL]+k[bL] +1[aM] +kI[bM],
and [(a+kbd)?(L+1M)%]
= [({a?} + 2k{a, b} + k*{b?}) ({L?} + 2{L, M} + 12{M?})],
we have, from (2), by equating coefficients of kI,
2[{a, b} (L, M}] = [aL] [bM] + [bL] [aM]. (8)

This is a scalar; the dual argument shews that it equals
2[{L, M}{a,b}]. In particular,

[{a, 5}{L3)] = [aL] [BL]. ©)

0. [{a%+b%+c* .{L?] = [aL)*+ [bL}*+ [cL]*

We often write {a®+ b + %} instead of {a%} + {b%} +{c?}.

[({a, b} -+ {e, d1).{L*}] = [aL] [bL] + [cL] [4L].

Hence the equations of the envelopes associated with
{@*+b%+c?}, and with {a, b} +{c,d}, are given by the vanishing
of the outer products of these expressions and {L2}. This holds
generally, and the dual also.

7. The ‘outer product’ of {a®} and a rotor L is thus defined:

Def. [a’L] = [aL])a. Dually, [L%a] = [La]L. (10)

As in the preceding section, we can deduce:

[{a,b} L] = ¥([aL]b+[bL] a). (11)
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By § 1133, we now have a meaning for [aL], where a is a sum
of algebraic products of points, if we assume the distributive law.
Dually, if U is a sum of algebraic products of rotors, we have a
meaning for [Ap)].

If % is a line-pair with double point p, then [Ap] = o.

8. By (8), (11),
the outer product of [{a, b} L] and M is [{a, b} {L, M}],

that is, the outer product of {a, b} and {L, M}. (12)

The outer product of [aL] and M is [a{L, M}]; the outer
product of [Up] and q is [U{p, ¢}].

§115. Interpretations.
1. Leta,b, ... be any points, L, M, ... any rotors.
Let a =a%?+b%+..., then a is the name of the associated

3
envelope, and a = 3 k{e;, ¢;}, for some scalars k;; = kj;.
i,j=1

[aL?] = Zk;[{e;, e;3 L?] = Zk5[e; L] [¢; L] = Zk;;1;1

ij Hitj
where L =1, E,+LE,+1,E,, E, = [e,e5], and so on; 1}, 1, 13
scalars.
Thus [aL?] = o is the equation of the envelope associated with
a. It is a conic envelope.
Dually [%p?] = o is a conic locus associated with a sum YU of
algebraic products of rotors.

2. If p, ¢ be points such that [A{p, ¢}] = o, then the equation
[A(p+kgf*] =0, or [Ap*]+2k[U{p,q}]+k*[Ag"] = o,

has equal and opposite roots in k. If these be +k,, then p +k, ¢
are the points in which the line [pg] meets the locus %. These
points separate p, ¢ harmonically.

Hence, if [A{p, q}] = o, then p, q are conjugate points for U.

By § 114-8, the outer product of [Up] and ¢ is [U{p, ¢}]. Hence
if p, ¢ are conjugate points, then ¢ is on the line [p].

Hence [Up] is the polar of p with respect to .

Dually, if a is a conic envelope, L, M rotors, then L, M are
conjugate if [a{L, M}] = o; and [aL] is the pole of L.
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3. Since [aL?] = o, if, and only if, L touches a, therefore
[a[pg)?] = o, if, and only if, ¢ is on a tangent from p. Now
[a[2q]?] = [ap?.4%]. Hence [ap?] is the pair of tangents from p,
regarded as a (degenerate) conic locus.

Dually [UL?] is the cut of A and L regarded as a conic envelope.

Examples. 1. If L, M be conjugate for {a, b} +{c, d}, then
[aL] [bM] + [aM][bL] + [cL]) [dM] + [cM][dL] = o.

Give the geometric interpretation of this.
2. If a®+5% = o, then {a, a} = —{b, b}; hence a=b,anda=b =o.

3. If a2+ 5% +c? = o, and points are allowed complex weights, then
{(a+ib), (a—ib)} = —c% Hence, either a2 +b% =0, 2 = 0, or a+ib=c,
a—ib=c. All cases givea=b=c.

4. If @+ 8% = 2 +d?, then
{(a+c),(a—c)} ={(d+5),(d-b)}.

Hence, eithera+c =o,d+b=00ra—c=d+b,a+c=dFb.
If {a, b} L. = 0 and a#b, then L =[ab).

5. If a®+8%={c,d}, then ¢, d are collinear with a, b and
separate them harmonically.

If [{a, b} {c,d}] = o, the same conclusion follows.

If p+k,q, p +k,q separate p +1,¢, p +1,¢g harmonically where k;, k,
and 1, 1, are respectively roots of

ax?+2hx+c =0, a'x?+2h'x+c’ =o,
then ac’+a’c = 2hh’,

6. If a®+8%2 =c2+d> = e2+f? then a,b; c,d; e,f are pairs in
involution on a line. Three dependent point-pairs are in involution
on a line.

7. If a =k a® +k,0% +kyc?#o,
then afbec] = k,[a?[bc]] = k,[abc] a.

Hence if [abc] #0, then a is the pole of bc for a. Thus abc is a
self-polar triangle of q.

Since every non-degenerate conic has a self-polar triangle, there-
fore by absorbing weights, any conic envelope can be put in the form
a® + b2 +¢?; and this is also true for a degenerate conic envelope con-

sisting of points p, g, since {p,q} = }(p +9)>—}(p —¢)? the points
a, b, c may have absorbed complex weights.
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8. If a =a?+b%+¢2,

then 3[a?] = [ab]? + [bc]? +[ca)?,  3[a®] = [abc]®.

Hence if [a’] = o, then [abc] = o, and ¢ =k,;a +k,b, (k,, k, scalars),

so that a is a linear combination of &2, 4 and {a, b}, and hence, as in

ordinary algebra, is the product of two linear combinations of @ and &,

that is, of two points.

Conversely, if a ={p, ¢}, then clearly [a’] = 0. Hence [a] = o
is a necessary and sufficient condition that o is degenerate.

9. If [aL] =o for some L, then a is degenerate. For take
a = a’+b%+c% then [aL] = [aL]a+[bL]}b+[cL]c. Thus a, b, ¢ are
dependent. The conic is a line-pair, one line being L.

ro. If a =k,a?+k)b? +kyc? +k,d?#o,
then a[cd] = k[acd] a +k,[bcd] b.

Hence, by (12), [a{[cd], [ab]}] = o. Thus [abd], [cd] are conjugate for a.
Hence abcd is a polar quadrangle for a, that is, each pair of opposite
joins is a conjugate pair.

11. If a =k, e +k,6%+ksc®#0, we have a case of Ex. 10, with
k, = ofor all d. Hence if abc is a self-polar triangle, then abcd is a polar
quadrangle, where d is any point.

If a,b,¢; be not a self-polar triangle of q, there is just one point d
such that ¢, b, ¢, d is a polar quadrangle, namely,

d = [a[byc,] a;.alc;a,]by].

12. If a®+02+c? =d?+e?+f?, then algebraic multiplication of

each side by itself gives
[6c)? + [cal® + [ab)? = [ef)? + [ fd]? + [de]>.

The first equation says that abe, def are self-polar triangles for the
same conic. Now if another conic locus € goes through g, then
[€a?] = o. Hence if € goes through 4, b, ¢, d, e, then it goes through f.
Similarly, from the second equation, if a conic envelope touches
[bc], [cal, [ab], [¢f], [fd], then it touches [de].

Hence, if abc, def be self-polar triangles for a conic, their six vertices
lie on a conic, and their six sides touch another.

A necessary and sufficient condition that points a, b, c, d, e, f lie
on a conic is that, after absorbing weights,

A+ +ct =d?+ et +f2
Henceif a, b, ¢c, d, e, f be on a conic, the sides of triangles abc, def touch
another conic and the triangles are self-polar for a third conic.

13. If abed and abpq be polar quadrangles for a conic, then the six
points a, b, ¢, d, p, q lie on a conic.
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14. If a = {a,b} —{c,d} #0, then

[aL?] = [aL] [6L] —[cL] [dL].

Hence the envelope a touches ac, be, ad, bd, since [a[ac]?] = o, and
so on. (Cf. §24'8.)

15. If a, b separate ¢, d harmonically on the conic ¢, then

¢ = [{a, b} .{c, d}].

16. If a is a conic envelope, and [ap?] = o, then a is a point-pair,
one of whose points is p.

17. If a ={a,,e;} +{a,, ;} +{a;, )},

a; =k, e, +ke, +ki3e3, (i=1,2,3),
then [a,¢,] +[a,e,] +[a;e,] = o is equivalent to
ki =k, (,j=1,2,3).

18. If two triangles are sextuply perspective, any vertex is the

polar of the opposite side for the conic through the remaining five

points. (Wieleitner.)
By § 13:4 we can take the vertices of the triangles in the form

a,bc; at+b+c, wa+wlh+e, wla+wb+c,
where WP =1, wW#£I
Let € be the conic through the last five points, then
C{b% = G{c} = C{(a+b +0)3} = Cf(wa+w?b +c)?
= G{(w%a + wb +¢)%} = o, @)
and we have to shew
C{a,b =0, Cla,c} =o0.

The last four equations of (i), when multiplied out, give
@{a,b} = o. Multiply the fourth and fifth by »2, w and add to the first,
then G{a,c} = o.

§ 116. Outer products of conics.*
1. The normal form of any conic envelope a is
{a, e} +{as e} +{ay, €3},
where a; = Zkj;e;, kj; = k;;. (§113-3).

* There is evidently a relation between the outer products of conics
treated here, and the outer products of symmetrical matrices. If the definitions
are compared, it will be found that there are different scalar factors involved.
In each instance these have been chosen for convenience simply.
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Now, if b, ¢ be any points, then

([0 [e;c]} = Z yy{les ), [eneDy,

l| Mu

w

Z{[aic] (e8]} = E k;j{[ej‘] [e:8]} = Z kij{[ejb] [esc]}s

since k;; = k;;. Thus the two expressions are equal.
Hence S [{a, e {6,6}] = } £ ({[a,b], e} + [, e, B1)
= 3 {[a,8), el

- Hence
[({a1 €1} +{ay e} +{as, e5}) ({b1, €1} +{b2 €.} + {b3, €3))]
= {[a,6,] [e1 €21} + - + ({[a2b5], [e5]} +{[a3 by, [es,]}) + ..
= {([@;65] - [a5b,]), [ez€5]} + ... + ... (13)
From this, using (12) and (8), and dropping brackets which
may be understood:
[{ai,e1+ap €5+ a5, e31{by, €, + by, €5+ by, €3} {c), €, + ¢, .+ €5, €5)]
= [a1b,¢3] = [a,b,63] + [a,b5¢,] — [as by ] + [a35, €] — [a, b5 6),
(14)
where, as always, [e e,e5] = 1, and the law of the expression is

the same as for determinants.
In shewing this formula, we need

L) [Eicl = 3 (L) (B,

which is proved like the corresponding one at the beginning of
the paragraph, when 2{L,, E;} is a normal form.

2. The outer product of two conic loci is a conic envelope.
Dually, the outer product of two conic envelopes is a conic locus.
The outer product of three conic loci or of three conic envelopes is
a scalar. These outer products are commutative.

3. We can deduce from (6), by the method in 1,

4l{a, b}{c, d}e.f}]
= [ace] [bdf] + [bce] [adf] + [ade] [bef] + [bde] [acf]-
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Examples. 19. If a ={a,e}+{a, e,}+{as, €5}, in normal form,
then ;[a"’]={[azaal,El}+{[a3a,],Ez}+{[alaz],E3},} (t5)
3a’] = [aa,a].
If A = [a?], then
HU?] = 2({[aza,. 4,4}, .} + ... +...)
= 2[a,a,a5]({a), e,} +{a,, €2} +{as, &5}) = 2[a,a,45] a.
Hence [U?] = 8[a,a,a;]a = 4[a’] a,
[C] = 3[a°] [a¥] = F[a*%
20. If a=ky{b,c}+kyc,a} +ks{a, b}, ki, k,, k; scalars,
then [a[bc]] = A[abe] (kyc +k38), [a[bc]?] = o.
Hence a touches [b¢], and similatly [ca] and [ab].
[a[bc +ca + ab]] = Y[abc] ((ky +ks) @ + (ks +k,) b + (k, +k,)¢),
[a{[bc + ca + ab)%}] = [abc]? (ky +k, +kg).
Hence a touches bc +ca + ab, if k, +k, +k; = o.
a® = = 3k}[bc]?—... — ... + kykg{[ca], [ab]} + ...; a® = §[abc]?k, k,k,.
21. 'The equation of the envelope a is [aL?] = o. The points on

this envelope lie on the locus [a?], whose equation is [Up?] = o, where
[a%] = N, provided [a%]#o0. For, let a = a*+52+¢?, then

[aL] = [aL]a+[bL]b+[cL]c = g, say.
4[q] = [([be]* + [ca + [ab]%) q]

= [beg] [be] + [caq] [ca] + [abq] [ab]
= [abc]([bc] [aL] +[ca] [bL] + [ab] [cL]) = [abc]? L.

Hence if [abc] #o, then if g is the pole of L for a, L is the polar of ¢
for A. Whence a, A = [a2] represent the same conic as envelope and
as locus respectively.

22. If[a’] = o, we know qa is degenerate. If [a?] = o, then a repre-
sents a point taken twice.

§117. Formulae.
1. Consider the scalar [Lc] [Ld][Xc][Xd], where L, X are
lines, ¢, d points.
Let c¢=cye +cye,+c3e5, d=d e, +dye,+dges,
L=1E+LE,+LE;, X =xE +xE,+x4E;.

FCE 28



434 ALGEBRAIC PRODUCTS [cHAP.

Then the scalar is

3 3
2 Loldjxex,d, or Y x6¢ L1 dd, X
ij,k,m=1 i,j k,m=1 (16)

Now any conic envelope is of the form ¢ = ¢2+¢%2+...; any
conic locus is of form & = L2+ L"?+.... Letd =d?+d?+... be
another conic envelope.

A

3 3
c=c+c?+.. = X ccfe, e+ X ocice, e+ .
1, I

L,)=1 1=

(1)

3 .

e=L+L%+..= ¥ L{E,E}+ 3 1;1;{Ei,E,.}+....J
i,j=1 ij=1

Add together all the expressions obtained from (16) when ¢ is

replaced by ¢, ', ¢”,...; Lby L,L’,L", ...,andd by d, d’,d", ....

The sum is 3
. Z= X (€D )ym Xm» (17)

where (c20),., is the (km) element in the matrix ¢2b formed as
the matrix product of the matrices of the coefficients of ¢, &, d,
written in the form (i). The matrix }(c2b + (c®b)*) is symmetric,
and hence it represents a conic; we denote the corresponding
conic envelope by (¢€d). Then (17) can be written

[(c€0){X?] or [(c€d)X?].

The poles of a line X for ¢, d are respectively Z[Xc]c¢ and
2[Xd]d, and these are conjugate for & if

Z[Xc] [cL] [Xd] [dL] = o,

the sum being taken over ¢, ¢/, ..., L, L', ..., d, d, .... But this
condition is [(c&) X?] = o.

Hence (c20) represents the conic envelope of lines whose poles for
¢, b are conjugate for .

In particular, since (cQc) is the envelope of lines whose poles
for ¢ are on &, it is the reciprocal of & for c.

Dually, (AcB) s the locus of points whose polars for A, B are
conjugate for c; (UcN) is the reciprocal of ¢ for N.

If & ={L,L"}, then

(¢€0) = 3({[cL], DL} +{[cL'], [DL]})-



XV, 117] ALGEBRAIC PRODUCTS 435

2. Ifa, b, ¢, d be points, then

[ab.cd] = [abd]c— [abc]d.
Hence {[ab.cd]?} = [abd]?{c?}
+ [abc]? {d?} — 2[abd] [abc] {c,d}. (18)
Now, by (1), (4),
[a?6°] = {[ab]*}, {[ab.cd]?} = [[ab]? [cd]],

and, by (2), [abd]? = [a?b%d?].

Hence, if a =a?+a%+a"?+..., b=5b24+b2+b"2+..., and
similarly for ¢, b, and we substitute a?+ a2+ a2+ ... for a2, and

B2 +b"24+ b2+ ... for b2, and so on, in the first two formulae, and
use the distributive law, we get

[ab] = [(@®+a"2+...) (B2 + b2 +...)]
= [ab]*+[ab']*+ [a'b]? +...,
[ab.cd] = [[ab]* + [ab']2+..., [cd]? + [cd']?+...]
= {[ab.cd]?} + ....
Similarly [abb] ¢, [abc] b are respectively the sums of terms like
[abd]?{c?} and [abc]?{d?}.
Let [ab] = L, then
[abc] [abd]{c,d} = [Lc] [Ld]{c,d}.
The sum of such terms as this is (c2b), where
Q = [ab]*+ [ab' ]+ [@'b)? + ...;
for if [Lc] [Ld]{c, d} be multiplied by X?, it gives

‘ [Le] [Ld] [cX][dX].
Hence, finally,

[ab.cd] = [abd] ¢+ [abc] b —2(c[ab] D). (19)
Similarly, [ab.cdb] = [bed]a+ [acd] b—2(a[cd] b). (20)
3. If we write & for [cd], this gives an equation for (aQb):

2(agb) = [bL]a+[al] b—[abYY]. (21)
In particular, for the reciprocal of & for a, we have
(afa) = [af]a—1[a%]. (22)

4. By (19), (20), we have
[bed] a+ [acd] b — [dab] ¢ — [abe] D
= 2(a[cd] b) —2(c[ab] D). (23)

28-2
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From (20), with ¢ = b = a, [a?] = U, we have
2(a%Ab) = [a?6] a+ [a%] b — [aZ.ab]. (24)
5. Themethod used to obtain (19) is quite general. Toillustrate
it again, take the theorem on points:
[abc] d = [bed] a+ [cad] b+ [abd] c.
Squaring
[abc]?{d?} = [bed)? {a?} + [cad]? {b%} + [abd]* {c*}
— 2[adb] [adc] {b, ¢} — 2[bdc] [bda) {c, a} — 2[cda] [cdb] {a, b}.
Let a=a’+a?+..., b=5b2+b"2+..,
c=c2+c?+..., d=d*+d?+..,

then [abc] is the sum of expressions like [a%h?c?] or [abc]?.
Proceeding as before, we find

[abc] b = [bcd] a+ [cad] b+ [abd] ¢

—2(b[ab] ¢) — 2(c[bd] a) — 2(a[cD] b). (25)
In particular, (a[ad]a) = 3[a%d]a—§[a’]d. (26)
From (25), (20), we have

[ab.cb]+ [bc.ad] + [ca.bd]
= [bed] a+ [cad] b+ [abd] ¢+ [abc] d.  (27)
In particular
[a2.ab] = [a?6] a+3[a®]b, [a%.0?] = %[a%]a. (28)

Hence (24) gives (aAb) = 3[a3]0. (29)
6. From [abc]L = [aL][bc]+ [bL] [ca) + [cL] [ab],
we obtain  [abc] L = [aL.bc]+[bL.ca]+[cL.ab]. (30)

7. From [ab.cd] = [acd]b—[bcd]a = [abd]c—[abc]d,
we obtain
[ab.cd] = (b[ad] ¢) + (a[bc] D) + (c[bD] a) + (b[ca] D), (31)
which can also be deduced from (20) and (27).
In particular,

[0?.¢"] = 4(alac]c), [0%.0?] = 4(a[e’]a).  (32)

8. By (27),
[ab.ab] = [a%0] b + [ab?] a — 4[a%.b2]. (33)
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By (19),
[a2.0?] = 2[a?D] b — 2(bAD) = 2[ab?] a —2(aBa), (34)

where A=[a%], B=][06%.

From these and (32), (33),

[ab.ab] = [ab?] a+ (bAD) = [a2D] b+ (aBa)
= [ab?] a +[a%0] b —2(a[ab] b). (35)
Again, from (20),
[ab.c?] = [ac?] b+ [b6¢?] a —2(alb).

By (27),
2[ac.bc] = —[ab.c?] +2[abc] ¢+ [6c?]a+[ac?] b. (36)
Hence [ac.bc] = [abc] ¢+ (aCb). (37)

9. If 4, B be lines, ¢ a point, then
[AB.c] = [Ac] B—[Bc] A.
Hence [AB.c]? = [Ac]? B®+[Bc)? A% —2[Ac][Bc]{4, B}.
Let [AB] = p, then
[AB.c]? = [pc]? = [p?.¢*] = [4°B%.¢?]; [Ac]? = [4%?).
Taking a = @*>+a'*+..., and so on, and noting that the sum
of such terms as [4Ac] [Bc]{4, B} is (AcB), we have
[AB.c] = [Ac] B+ [Be] A—2(AcB). (38)
Similarly, from [AB.cd] = [Ac] [Bd] —[Bc] [Ad], we have
[AB.cd] = [Ac][Bd] +[Be] [AD] —2[(UcB)d].  (39)
Thence [(AeB) d] = [(ADDB)c]. (40)
10. If a, b be points, L, M lines, and [LM] = p, then
[ab.LM] = [aL][bM]—[bL] [aM],
(@262, LM] = [[ab]?. LM] = [[ab]?.p] = [abp] [aB], by (10),
= ([aL][6M] — [6L] [aM]) [ab]-
But [a®L] = [aL]a, [b*M] = [bM]b.
Hence [a®L.5>M] = [aL][bM][ab],
[a?%. LM = [a*L.b*M] —[a*M .H2L].
Summing for a2, a'?, ..., b?, b'?, ... as usual, we find

[ab.LM] = [aL.bM]—[aM.5L). (41)
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Similarly,
[ab [LM]?] = [ab.LM][LM]
= [aL?] [6M?] + [aM?] [bL7)
—2[a{L, M}][6{L, M}]. (42)
Dually [8.pg] = [2p.Bq] - [2g.Bp], (43)

(2B [pg]°] = [Ap?] [Bg*] + [Aq?] [Bp]
—2[%{p,¢}1[B{p. ¢}]- (44)

§118. Interpretations.

1. As the scalar k varies, A+kB gives the curves of a
pencil of loci. One of these goes through an arbitrary point p,
for [(A+kB)p?] = o gives [Ap?]+k[Bp?] = o, and this deter-
mines k. For all k, A+k®B goes through the common points of
A and B.

2. In general, two curves of the pencil touch an arbitrary line,
for the equation

[(U+kB)2 L?] = [A2L?] + 2k[ABL?] + k?[B2L?] = o
has two roots in k.

3. Desargues’ Theorem. Since the cuts p+hg of [pg] and €

are given by
[€p%] + 2h[E{p, g}] + h?[C¢’] = o, (45)

the cuts of [pg] and the loci %, B, A+ kDY are linearly dependent
point-pairs and hence are in involution (§ 115, Ex. 6).

4. The cuts of [pg] and U, B are given by equations similar to
(45)- These cuts separate one another harmonically, by §115,
Ex. s, if

[2p%] [B¢?] + [Ug?] [B?] - 2[A{p, ¢}1 [B{p, ¢}] = o,

and hence, by (44), if [UB . [pq]?] = o, that s, if [ pq] touches [AB].
The envelope of lines which are cut harmonically by U, B is

thus the conic [A%®B)], called the ‘harmonic conic envelope’ of U, B.
Dually, the locus of points from which tangents to a, b separate

harmonically is the ‘ harmonic conic locus’ [ab] of a, b.
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5. Equation of harmonic locus of a, b.
If a=Zafe;, ¢}, b=2byle;, e, then
[ab] = Za,, b;[{e;, e} {e;, e1}]
(a22b33+a b,,—2a,;b,)[eeJ+...+...

33 22
+2(a,;by—a;b,,~a,, b +a, b ) ee][ee ]+ 4.

6. The harmonic envelopes of ¢ and the conics of pencil a + kb are
in a pencil.
7. 1f 4, B, C be lines, p, g, r points, then
[4BCl[pgr] = [4p], [Ag), [4r]|.
. [Bpl, [Bg), [Br]
i [Cp), [Cq), [C7]
Hence [A2B2C?] [ pgr] is this determinant multiplied by [ABC];
expanding the determinant, thus multiplied, the term

[4p][Bq] [Cr][ABC],
for example, gives [A%p] [B%q][C?r]. Hence we obtain another
determinant, with 42, B2, C?substituted for 4, B, C, in the above.
The usual summing process then gives, expanding as in (14),
(ABE][pgr] = [Ap], [Ag), [Ar] | (46)
[Bp], [Bg], [Br]
[6p), [Gql, [67] |
Dually, we have an expression for [abc] [LMN].
In particular,
3{a?][LMN] = [aL.aM.bN]+[aM.aN.bL]+[aN.aL.bM].
Let aL=p, aM=¢q, aN=r, bL=p’, bM =4, BN =7".
Then, if [a?0] = o, we have
lg7p']+ [7pg') + [Pgr'] = o. (47)
Now, if LMN be a self-polar triangle for a, we have, if L, M, N
be given suitable weights, [¢r] = L, [rp] = M, [pq] =
Hence (47) gives
[L.BL]+[M.bM]+[N.bON] =0
or [b(L?} +{M?%}+{N%})] = o.
" Hence, #f [a%b] = o, and a self-polar triangle of a has two sides
touching b, the third side touches b. Conversely, if there is one such
triangle, then [a?0] = o, and there are 0! such triangles.
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If [a%b] = o, we say a?, b are ‘apolar’.

Again, by (47), f [a%6] =0, and LMN be any triangle, the
triangle whose vertices are the poles of L, M, N for b is perspective
with the triangle whose sides are the polars of [MN], [NL}], [LM]
for a.

If [A2WB] = o, we say A2, B are ‘apolar’. The duals of the above
theorems hold.

If A = [a2], B = [b%], and the conics are non-degenerate, then
[a2B] = ois equivalent to [ab?] = o. Hence, if a self-polar triangle
of a can be circumscribed to b, then any self-polar triangle of b with
two, vertices on a is inscribed to a.

8. By (34), if [a%0] = o, then [a20?] = —2(bAD).

Hence, as a numeric multiplier is merely a weight:

If a2, b are apolar, then the reciprocal of W with respect to b is the
harmonic conic of A, B.

9. If the conditions [a*0] = o and [ab?] = o both hold, and the
conics are not degenerate, we have the following results.

(i) By (33), [ab]? = —}[a%0?]. Hence the harmonic conic of the
loci a, b is the harmonic conic of the envelopes W, B ; it is the reciprocal
of B with respect to a, and of W with respect to b (by 8).

(ii) Write [c?] = € = [ab], then by (26), (a€a) = —g[a’]b;
hence the reciprocal of € with respect to a is b. The conics a, b, ¢
are such that each is the reciprocal of any other with respect to the
third.

(iif) Since [ab] = € = [c?], we have [Oc?] = [ab?] = o; simi-
larly [ac?] = o.

By (i), ¢ = [a%b?], hence [ca?]=[ab?] = o; similarly [c0?] = o.

By (34), [a%?] = —2(c%c) = —2(aCa)=0; [ac]=DB; similarly
[bc]=A.

Hence each of a, b, ¢ is the harmonic envelope of the other two as
loci, each is the harmonic locus of the other two as envelopes; each as
locus (as envelope) is apolar to each as envelope (as locus).

10. Examples. (i). If
a = ky{b, ¢} + ky{c, a} + ks{a, b},
B = ki{B, C} +k3{C, A} +ki{4, B}
and [bc] = A, [ca]l =B, [ab]=C,
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then a touches 4, B, C at k,c +k3b, kya +k, ¢, k, b +k,a respectively,
and B goes through a, b, c.
[aB] = §(k, k; +k,K; +ksky) [abe]?,
[a8?%] = }(k, k] +k, k3 +kgk3)? [abe]t.

The joins of the vertices to the points of contact of a with the
opposite sides meet at k,kga +kgk, b +k, kyc. If this point lies on B,
then k, ki +k,kj +k;k; = o, and hence then [aB] = o, [Ab] = o0 and
we have the case considered in g.

(i) If a=1{a%+1L{h%} +1,{c?}, b = 1{a?} +1{b% +13{c?},
then 3[0%0] = (1115 +1, 1515 + 1, 1,13) [abc)?,

3ab?] = (1, 15015 + 11 L15 +17151,) [abe)?.
If now [a%b] = [ab?] = o, and we take |, = 1}, we find
L=owl, Ij=0l;, =1
If ¢ = 17{a? +15{6%} +15{c®}, and [ab] = ¢?, then
LI +151, = 21517, Lli+151 =211, L1+111, = 21715,
Hence 2 = L15[bc]? + wlsl,[ca]? + w2, 1,[ab]?,
¢ = 1 {a%} + w2,{6%} + wls{c?}. (Cf. §99-4.)

11. Condition that [ab] = o. This means that [abp?] = o for
all points p of the plane.

Suppose, if possible, that [a%]#0, and take p on a, then [ap?]
is the tangent at p repeated. But as [b.ap?] = o, therefore all
tangents to a touch b; hence a=0, and so [a?] = o, contrary to
the hypothesis that [a%] #o.

Hence [a%] = o, and similarly [b%] = o. Hence we can take
a={a,a’}, b ={b>b'}, and then [ab.p?] = 0 means that [ap],
[a'p] separate [bp], [6'p] harmonically for all p.

Hence a, a’ are collinear with b, 4" and separate them har-
monically. (Ex. 16, p. 431, furnishes a special case.)

12. If a, b be non-degenerate, then the equation
{(a—kb)}} =0, or [a%]-3k[a%0]+ 3k*[ab?]—-k3[b3] = o,
is satisfied, in general, by three values, k;, k,, ks, of k; that is,
there are three degenerate conics in the pencil a—kb. These
conics will be point-pairs; let {p,q} be one of them, and let
a-kb={p,q
Then [(a—k,b)[pq]] = [{#, ¢} [pg]] = o, by (11).
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Hence a[pq]=Db[pq], so that [pg] has the same pole for all
conics of the pencil a—kb, (k#k,), and in particular for a —k,b,
a—ksb. Hence the pole of pq is the point where the joins of the
last point-pairs meet.

Hence the joins of the point-pairs in the pencil a—kb form a
triangle self-polar for all conics of the pencil.

If a, b be points not on the conic g, there are points ¢, d such that

a = {a,b} —k{c,d}, (kscalar);
for we need only find the degenerate conics of the pencil
a—k'{a, b}.

13. The poles of a line L for conics of the pencil a+kb lie in
general on a line. For these poles are [aL]+k[bL], and if
[aL]#[bL], they lie on the line [aL.0L]). If [aL]=[0L], they all
coincide at this point; this is the case of 12.

Dually, the polars of a point p for conics of the pencil A+kB
have in general one common point [Ap . Bp], but if [Ap] = [Bp] they
all coincide with this line.

If L is the polar of p for %+ kB, then [L.%Ap.Bp] = o. Hence
this equation in p gives the locus of the poles of L for conics of
the pencil. Since the equation contains p twice, the locus is a
conic, the ‘polar conic’ of L for the pencil.

The polar conic goes through the vertices of the common self-polar
triangle of N and B, for these vertices satisfy [Ap.Bp] = o, or
Ap = Bp.

If s is on the polar conic of L, and [As.Bs] = g, then

[Us.q] =0, [Bs.q]l=o, [Lg]=o.

Hence the polar conic of L is the locus of points conjugate to

points q of L for conics of the pencil A+ kY.

14. Steiner correspondence. To a point p make correspond

the point p’ =[Ap.Bp]. Then
[(Ap-p] = [Bp.pl =0, p=[Ap".Bp'].

The correspondence between p and p’ is involutory and in
general one-to-one. The points of the common self-polar triangle
of A and B are the only exceptional points, a vertex corresponds
to all points of the opposite side. The only self-corresponding
points are the cuts of % and B.
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To points p of a line L, not a side of the common self-polar
triangle, correspond points p’ such that [L.%p’.Bp'] = o. Thus
these lie on a conic circumscribed to the self-polar triangle. To
the lines L + kM of a pencil correspond the conics

[L.90p' . Bp')+k[M.%p'.Bp'] = o

of a pencil. The duals of 11... 14 are clear.

15. If a, b and ¢, d be conjugate point-pairs for U, then
A{a, b} = o, Afc,d} = o. Hence the conic b = k,{a, b} +k.{c,d} is
apolar to 2. But b is in the pencil of conics touching the lines
[ac], [bc] [ad], [bd], and by choice of k,, k, it can be made
={e, f}, where e=[ac.bd], f=[ad.bc]. Hence Afe,f} = o.

Hence, if (a,b), (c,d), (e, f) be pairs of opposite vertices of a
quadrilateral, and two pairs be conjugate pairs for a conic, so is the
third pair. (Cf. § 115, Ex. 10.)

16. By absorbing weights, any four independent points can
be taken as a,b,¢c,d = a+b+c. Then

[bc.ad]=b+c, [ca.bd]=c+a, [ab.cd]=a+b,

@+ +c2+(a+b+c)? = (b+c)?+(c+a)+(a+b)?
(algebraic squares).

Hence, if abcd be a polar quadrangle, then [bc.ad), [ca.bd],
[ab.cd] is a self-polar triangle.
The last identity can be written as a special case of (27):

[ab.cd]*+ [bc.ad]? + [ca.bd]?
= [bed]? a® + [cad)? b% + [abd }? ¢* + [abc)? d>.

§119. Apolar spreads of conics.

1. We may regard {ef}, {e3), {e3), {enesh {ener), e eq) as
unities in a spread of step six. Then any conic envelope a is a
linear combination of these unities.
* Dually, any conic locus is a linear combination of {E3}, {E2},
(D, {Ey By}, {By, By, (E, By

Now, if B, a be expressed in this fashion, and [8a] = o, there
is a relation between the coefficients of B and a, which is linear
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in both sets. Hence, if [Ba,] = o, ..., [Ba;] = o, we have five

linear equations for the coefficients of 8. Hence, if ay, ..., a5 are

linearly independent, then B is fixed apart from its weight.
Thus there is just one conic apolar to five independent conics.

2. If also [Bag] = o, then a, ..., a5 are dependent.

3. If B,, B, be independent, and apolar to q,, ..., a,, also
independent, then all conics of pencil k;8,+k,8,, and no
others, are apolar to q,, ..., a,. This follows from the theory of
linear equations.

If {a,b} is in the system of q,, ..., a,, then B,{a,b} = o,
B,{a, b} = o; hence q, b are conjugate for the pencil k, B, +k,B,.
Hence if a moves on a line, then b describes the polar conic of
a for the pencil.

4. If B,, B,, B, be independent and each apolar to a;, a,, a;,
also independent, then all conics of the ‘net’ k; B, +k,8,+k;B;,
and no others, are apolar to a,, a,, a,.

5. Since a = {a, b} is apolar to ‘B, if, and only if, a, b are con-
jugate points for B, therefore six pairs of points

{a, b, (i=1,...,6),

if conjugate pairs for a conic, are connected by X kl{al, b}=o
for some scalars k;.
If {a;,b;}, (i=1, ..., 5), are five point pairs, and Z ki{a;, b0} =0
1

for some k;, then a,, b, are conjugate points for all conics for which
the remaining four pairs are conjugate pairs. In particular, the
polars of a point p, for all conics with respect to which four given
point-pairs are conjugate pairs, meet in a point.

6. If a,a,a; and b b,b; be polar triangles for a conic, and
a,asag, b,b;bg be another pair of polar triangles for the conic, then
{a;, b}, (i=1,...,6), are dependent.

If {a;,b}, (i=1,...,0), be dependent pairs, and be separated in
any way into two sets, we obtain two pairs of polar triangles for the
same conic, and the twelve sides of these two pairs of triangles form
a dependent set of six line-pairs.*

* Rosanes, Crelles Journ. 9o (1881), p. 303.
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IfL,, ...,L,and M,, ..., M, be two quadrilaterals, and we make
the vertices correspond as follows, [L,L,] to [M;M,], [L,L,] to
[M,M,], ..., [LyL,] to [M,M,), then we have a dependent system
of six point-pairs. If five of the joins of corresponding wvertices
concur, the sixth goes through the common point.*

§120. Nul triads of conics.

1. These are triads of conics a, b, ¢ such that [abc] = o. If ¢
is apolar to the harmonic conic [ab] of a, b, the relation between
a, b, ¢ is symmetrical, and q, b, ¢ is a nul triad.

By (30), if a, b, ¢ is a nul triad, and we take the poles p, g, r of
any line L for a, b, ¢, then the polars of p, g, r for [bc], [ca], [ab]
are concurrent.

If [a{a, b}{c,d}] = o, then a, b separate ¢, d harmonically on a
conic apolar to a; ¢, d are conjugate for the harmonic conic of a
and {a, b}; a, b are conjugate for the harmonic conic of a and {c, d}.

2. If each triad of q, b, ¢, D is a nul triad, then the harmonic
conics of [ab] and [¢d], of [bc] and [ad], of [ca] and [bd] are in a
pencil. By (27).

3. By (39),
[AB.cd] = [Ac] [Bd] + [Be] [Ad] — 2[(AcB) d].
By (49), [(AcB) d] = [(ADV) c].

Substitute [ad], [bd] for U, B, then
2[([ad] c[bd]) D] = [ad?] [bed] + [bD?] [acd] — [ad.bd . cd].

By (28), [cd.D?] = [¢D?] D+ 1[D%]c.
Hence [ab.cd.d?] = [cd?] [abd] + 4[] [abc].
By (27),

2[ab.bd] + [ab.d?] = 2[abb] b + [ad?] b+ [6d?] a.
Hence 2[ad.bd.cd] = —[ab.cd.b?] +2[abb] [cd?]
+ [bcd] [ad?] + [acd] [6D%]
= [bed] [ad?] + [acd] [bD?]
+ [abb] [cb%] - §{abe] [0%),  (48)
4[([ad] c[bd]) d] = [bed] [ad?] + [ac] [67]
— [abd] [cd?] + 3[abe] [D°].  (49)

* Rosanes, loc. cit.
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In particular, (48) gives: if each triad of a, b, ¢, b ts a nul triad,
so is ab, bd, ¢d; if a, b, ¢ is @ nul triad, and they are apolar to H?,
then ad, bd, cd s a nul triad.

If we putb = cin(48), and [b%] = B, [b?] = D, then, if ais apolar
to B, and if a, b are apolar to D, then so is [ad] to [6D]2.

4. By (37), [ac.bc] = [abc] ¢+ (aCb).

Take b = a, and we have: the harmonic conic of a, ¢, the conic
¢, and the reciprocal of € for a are in a pencil.
Next, take ¢ = {p, ¢}, then € = — }[pg]?

(a€b) = [abe] ¢ - H{a[pg], b[pg]i-

Hence #f [abc] = o and ¢ = {p, g}, then [ac.bc] is a point-patr {a, b},
where a = a[pq], b = b[pq].

Conversely, if ¢ = {p,q}, (a€b) = — }{a, b}, then [ac.bc] is a
point-pair, if {[ac.bc]} = o, that is, if ([abc] ¢ + (a€b))? = o.

This gives

[abc] [c.c.{a, b}] — }[{a, b}{a, b}c] = o,

or, by (37), since (a€b) = — 3{a, b},

[[ac.bc]{a, 8} {p, g}] = o.
Hence the harmonic conic of & = [a{p,q}] and I = [b{p,q}] is
a point-pair if, and only if, either p, q are conjugate for [LIN], or
the harmonic conic of {a, b} and {p, g} is apolar to [QIR]. In the
first case, the point-pair is {a, b} where a = a[pq], b = b[pg]. In the
second case, it is the third pair of vertices of the quadrangle abpq.

Examples. 23. If [pg] does not touch a, it has the same pole
for a and for [a{p, ¢}]-

24. If b ={p,q}, [ad] = &, [bd] =M, and r be a common point
of &, M, then [abd] = o is the necessary and sufficient condition that
tangents to &, I at r are harmonically separated by p, ¢, and then
p, q are conjugate for [2IN].

§121. The line at infinity and the circular points.

1. Let ¢, be a fixed point, e,, e, perpendicular unit vectors,
[eoe,€.] = 1. Write i for /—1.

Let j, = e, +1ie,, j, = e, —ie, be called the ‘circular points at
infinity’.
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Denote [e,e,] by U, {j,,/,} by e, then
7172 = —2ilee5), {ji,jo} = {ef}+{ed}, {[/17)%) = —4{UZ,
[Ue] =o, [¢] =0, [¢*] = -5} = 2{U?}.
If p be a point, then [ep?] is the pair of isotropic lines through p.
If p = ey +p, e, + p,eyis of weight one, then[pU] = 1,[p%e?] =2.
If g = ey + q, €, + q, €, is also of weight one, then [e, pg] = p, —q»;
similarly, [e,pq] = q,—p;.

But e = {3} + {e3}. Hence [ep?q?] represents the square of the
distance between p and g.

If v is a vector, [ev?] is proportional to the square of its magni-
tude.

For, if v = k¢, +k,ée,, then

[(ef +e3) (k, e, + kpey)’] = ki[eye)]* +k[e, €] = (ki+k3){U?}.

If L is a unit rotor, [eL?] = 1; [eL], = [¢;L] e, +[e;L]e,, is the
vector perpendicular to L, and [e{L, M}] is the scalar product
of L, M.

2. The circle ¢, centre p, radius r, as an envelope, is given by
(% re.

For [cL?] = [pL]*—r?’[eL?], and this vanishes when the distance
fromptoLisr.

The same circle, as locus, is [¢?], or —2r?[p%]+r'[e?]; hence,
if r#0, its equation, in g, is

[p%eq’] - r*[Ug] = o,
or, if ¢ is of weight one, [p?eg?] —r? = o.
The point-circle, centre p, as locus, is [p%].
Any circle, as locus, goes through j,, 7,; for if

® = [p*e] -r*{U?, then [8jf] = [#j3] =o.

3. If ¢ is any conic, the pole [cU] of U is its ‘centre’. From
§118-13 we have the locus of centres of conics touching four
lines, or through four points.

The ‘director circle’ of ¢ is [ce]; the expression represents a
circle since [cej?] = [ces2] = o.

4. By the last remark of §118-12, any conic ¢ can be put in
the form {f,, f,} —k?, where k is a scalar, and f,, f, points of unit
weight, or vectors, called ‘foc:’.
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If L be a unit rotor, then [cL?] = [f,L][f,L]—k2 Hence the
product of the perpendiculars from f, f, on to a tangent to ¢ is
constant.

If £, is a vector, take it for ¢;, then

(/i fa}e] = {hels Lo} +{Lfre2): [ 2621} = {[f22), U,
[ce] = {[fze2], U}—k*[e] = {[fre,] - 2k*U, U}

Now [f,e,] —2k2U, or [(f,—2k%,)e,), is a line perpendicular
to the direction of e, at a distance —2k? from f,. Hence the
“director circle’ is this line (the directrix), together with the line
at infinity.

5. The conic locus € is a ‘rectangular hyperbola’ if the point-
pair e is a conjugate pair for €, that is, if [C€c] = o.

Thence, if a={f},f,) —k%, then [Ca]=[C{f,fs}].

Hence the conic envelopes apolar to a rectangular hyperbola have
foci conjugate for the hyperbola.

6. The circle loci & = [p2.¢]—r2{U?} form a spread of step
four; those apolar to a conic envelope a form a spread of step
three, the point-circles in this spread are of form [p%¢], and they
satisfy [a.p%] = o.

Hence [ae.p?] = o, so that p is on the director circle of a. Now
three such point-circles will serve as a basis for the spread of
apolar circles, and these point-circles are on [ae], that is, ortho-
gonal to [ae]. Hence the circle loci apolar to a are orthogonal to its
director circle.

If a is a rectangular hyperbola, [a.ae] = o; hence its director
circle is apolar to @, and hence is self-orthogonal, and thus is a
point-circle. The director circle of a rectangular hyperbola is a
point-circle.

7. If ékiai = o, then ék,[ale] =o. Hence, in general, a

spread of conic envelopes of step t has a spread of director circles
of step r.

We have an exceptional case when the [a;¢] are connected by
another linear relation; e.g. conics which touch the sides of a
rectangle form a spread of step two, but have the same director
circle.
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Examples. 25. If ¥, = {p{}—1rie, ¥, = {p3} — drje, where py, p,
are proper points of unit weight, then
(hte] = [pipie] - drilpie?] - drflpie?] = pipy? —ri - 13
Hence circle-envelopes f, ¥’ with centres p, p’, radii r, r,, are
orthogonal if [(f+4r%e) (¥ +4rfe)e] = o.

26. The circle on diameter pq is [{p, g} ¢]. Hence if f,, f, and
fis f; separate one another harmonically on a circle, then the har-
monic conic of any conics with foci f), f, and f/, f; is a circle.

27. The harmonic conic of a, b is a rectangular hyperbola or
degenerate, if and only if [abe] = o, that is, if and only if the
director circles [ae], [be] are orthogonal. For if [ae] is apolar to b,
it is orthogonal to its director circle.

28. The line L conjugate to U for the pencil of conics {a, b} +k{c, d}
touching [ac], [ad], [bc], [bd] satisfies [(a +b) L] +k[(c +d) L] = o, and
hence goes through }(a + b), }(c +d). Thus we have the line of centres.

29. If i ki an = {L) l]}’

then Zki[Lip) = [Lp) [Up)

for all points p. But [Up] = 1, hence Zk;[L,p)? = [Lp].

Then L is the line of centres of the conics ¢ touching L,, L,, L,, L,.
Forif [cLf] = o, (i=1,...,4), then [¢{L, U}] = o.

This may also be seen as follows:*

3k L = H(L+ UP—(L-UP).

Hence a conic touches L,, ..., L,, L+ U, L — U, and the centre is equi-
distant from L + U and L — U, and hence is on L.

If p =[L,L,)], the polar of p is ky[L;p] Ly +k,[L,p] L,, which is
a line through [L, L ].

30. The conic loci through points a, b, ¢, d are of form
€ ={[éc], [ad]} +k{[ca], [6d]}.
If bc, ca are perpendicular respectively to ad, bd, then
[eilbe), [ad]}] =0, [e{[ca], [6d]}] = o;
hence [Ce] =o.

Hence € is a rectangular hyperbola. The conics through four
orthocentric points are rectangular hyperbolas.

® Serret, Géométrie de direction (1869), p. 140.
FCE 29



450 ALGEBRAIC PRODUCTS [CHAP.

The loci of the centres of these conics is, by § 11813,
[U.Np.Bp] = o,

where A ={[bc], [ad]}, B = {[ca], [bd]}.

Since [eA] = o, [eB] = o, ¢ = {j}, Jo}, we have [Wj,.Bj,]1=/,-
Hence [U.%,.Bj,] = o. Thus the locus of the centres is a circle.

31. The diameters of the five quadrilaterals formed by L,, ..., L; are
concurrent.

For, if k,L3+ksLi+...+kL2 ={M, U},

ko L2 +kyg L2+ ... +ky5 1.2 = {M,, U}, and so on,

then kyg{M,, U} ~ky5{My, U} = {kys M, — k3 M,, U}
is a linear conbination of L2, L2, L2, L2, and hence is ={M,, U}. The
point of concurrence is the centre of the conic touching the five lines.

32. The centres of the six conics each of which touches five of the six
given lines L, ..., Lg lie on a conic.

For take points such that L, = ab’, L, =b'c, Ly = ca’, L, = a’b,
Ly =bc', Ly = c'a; and let o; be the centre of the conic touching
all the lines except L;; let M;; be the diameter of the quadrilateral
formed by the lines L omitting L;, L. Then M;;=[0,0;]. But,

§5, Ex. 33, ‘[M12M45-A'123M56"W34M‘“] =0

Hence the theorem follows from Pascal’s Theorem, and the Pascal line
of the hexagon of the centres in the order taken is

be+ca+a'b—bc" —ca' —ab'.

33. The circles in the set of conics k,L}+...+k L3, where
L, ..., L, are lines, include (when k, =o) the polar circle of
L,L,L, and any circle which divides harmonically the diagonals
of the quadrilateral, for example, the circumcircle of the diagonal
triangle. The point-circles arise when the expression equals L2 + A2,
where L, M are perpendicular lines. Then since

4
S kLi-L?2—-M?=o,
i=1
it follows that the lines L, and two perpendicular lines through the
centre of a point-circle of the set, touch a conic. Thence the director
circles of conics of the set are coaxal. (Serret, Lec. §119.)

34. The locus of the centres of conics, for which L, L{; L,, Lj;
Ly, Ly; L,, L are conjugate pairs, is a line Zk{L,, L{}. Five pairs of
lines define a conic for which they are conjugate pairs; its centre is the

5
radical centre of the circles in the set X k{L,,L]}. (Cf. §119'5.) .
fm1
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35. The Steiner parabola and the Apollonian hyperbola. The conics
a and a—ke are confocals, by 4. The polars L of p for a—ke
envelope the polar conic [p.aL.eL] =o. This is a parabola, for
L = U satisfies the equation, since [eU] = o. Since

[p.aL.(a—ke)L] =o,
the tangents at p to the confocals through p touch the polar conic.
Since eL is the vector perpendicular to L, therefore the perpendiculur
[p-eL] from p to L goes through the pole aL of L for a. The parabola
touches the mormals to a—ke at the points of contact of tangents
from p.

Let ¢ be the pole of L for a, let [a%] = Ao, then ¢ = [aL],
L = [Ug]; hence [p.g.eL] = o. The point ¢ describes the reciprocal
of the parabola with respect to a. When L = U then [eL] = o,
g = [aL] is the centre of a, thence the reciprocal of the parabola goes
through the centre of a; it also goes through p, (since ¢ = p satisfies the
equation) and through points q whose polars L are perpendicular to pq,
in particular through the feet of the normals from p.

36. The poles of two arbitrary lines with respect to conics of a
confocal system are corresponding points of two similar ranges.

37. The director circle of a conic, the circle on any chord as
diameter, and the point circle whose centre is the pole of the chord
are coaxal.

38. If tangents are drawn from a fixed point to confocals, the
circumcircles of the triangles formed by pairs of tangents and the
chord of contact are coaxal.

39. Erect a theory of point-pairs in involution on a conic,
shewing that 4, b separate ¢, d harmonically if [ab |cd] = o, and that
{a), a,}, {6,,b,}, {c,,¢,} are pairs in an involution on the conic, if
the corresponding products are dependent. Extend this to generators
on a regulus.

§122. Algebraic products of three points and of three lines.*

1. The ‘algebraic product’ of three points a, b, ¢ of any weights
is the point-triad 4, b, ¢, in any order, and is denoted by {a, b, ¢},
the order of a, b, ¢ being irrelevant. If one of the points be
multiplied by a scalar, so is the product. We write {a?,b} for
{a,a,b} and {a% for {a,a,a}. Algebraic products are added
formally.

* H. Grassmann, d.]., Projektive Geometrie, Band 11, 2 (1927).
29-2
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The equation {a,, b;,¢,}+{ay, by, ¢} +... =0
means that, for all lines L, we have
(@, L] [6, L] [e, L]+ [a, L] [6, L] [e; L] + ... = o.

Two sums q, b of algebraic products are ‘equal’ if a—b = o.

Dually, we have the algebraic product of three lines,
{L, M, N}.

2. The ‘outer product’ of {a,, a,, a;} and {L, M, N} is the scalar
12[a;L][a;M][a, N], the sum over all permutations i, j, k of
1, 2, 3. Itis denoted by {[a,, a,, a;}{L, M, N}].

For example, [{a,b,c}{L%}] = [aL][bL][cL],

and it would have been possible to start with this formula.

The distributive law being assumed for these products, if a
is a sum of algebraic products of point-triads, and L is a line, then
[a{L?}] is defined. The set of lines L which satisfy [a{L%}] = o
envelope a cubic envelope, which we also denote by a.

Dually, if % be a sum of algebraic products of line-triads, then
[%{p, ¢, r}] isascalar; the locus of points p which satisfy [U{p3}] = o
is a cubic locus, which we also denote by .

3. The ‘outer product’ of {a,,a,, a;} and {L, M} is

§2[a,L][a;M] 4y,
where the sum is over all permutations i, j, k of 1, 2, 3. Itis
denoted by [{a;,a, as}{L, M}]. Its outer product with N is

clearly [{a,, a,, a3}{L, M, N}].
The ‘outer product’ of {a,, a,, a5} and L is

¥([a, L) {ay, a5} + [, L] {as, a1} + [a3 L] {a,, ap}).
It is denoted by [{a,,a,,a;}L]. Its outer product with M is
[{a), a5, ag}{L, M}].

Using the distributive law, we have now products [a{L, M}],
and [aL]; the first is a sum of points, and hence is a point; the
second is a sum of products of point-pairs, and represents a
conic envelope.

Dually, [%{p,q}] is a sum of lines, and hence is a line, and
[¥Ap] is a sum of products of line-pairs, and represents a conic
locus.
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The outer product of [Up] and ¢ is [U{p, ¢}]; the outer product
of [%(p, g}] and 7 is [(p, ¢, ]

[A{p, ¢}] = o means [A{p, q,7}] = o for all points .

[Ap] = o means [A{p, g, 7}] = o for all points g, 7. This will be
the case if, and only if, [¥{p, ¢, ¢}] = o for all points g.

§123. Cubic curves.

1. We shall deal with the cubic locus denoted by %, and, for
simplicity, we usually omit the square brackets from [{p%}],
[A{p, g, }], and so on.

If p +kq (k scalar) is on U, then [A{p +kq}*] = o, that is,

A{p°}+ 3kA{p? g} + 3k°U{p, ¢} + KA’y = 0. (D)

2. If p is a fixed point, the conic p, called the ‘polar conic’
of p, is the locus of points ¢ such that A{p, ¢*| = o; the line A{p?},
called the ‘polar line’ of p, is the locus of points g such that
A{p?, ¢} = o.

If the polar conic of p goes through q, then the polar line of q goes
through p.

For, if A{p, g%} = o, then A{g? p} = o.

The polar line of p for the conic Ap is the polar line of p for the
cubic U.

For the former line is the outer product of p and p, that is,
A{p?}.

3. If pis on ¥, then A{p’} = o, the line [pq] cuts A again in

p +kg, where k is given by
3{P%, g} + 3kU{p, 7} + K*A{g’} = o.

If ¢ is on the polar line A{p?} of p, then A{p?, q} = o, the equa-
tion (i) in k has an additional zero root, and hence Ap? meets A
in two coincident points at p. Hence A{p?} is the tangent at p.

The polar conic of the point p on U is Ap, its tangent at p is
A{p2}, the tangent to A at p. Hence the polar conic of a point on A
touches A at the point.

4. In the last paragraph it was tacitly assumed that %{p?} # o.
If A{p?} = o, that is, if A{p?, ¢} = o for all points g, then all lines
through p cut A again in p. Hence A{p?} = o is the condition that
p is a double point of N.
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If p is a double point of %, and [pq] a tangent at p, then equation
(i) has three roots k = o, and hence A{p, ¢’} = o. Hence, if g is
on a tangent at a double point p, it is on the conic 2p, which must
hence be a line-pair. The polar conic of a double point p is the line-
pair of tangents at p.

Not all cubics have double points; for if A{p?} = o, then

A{p* e} =0, (i=1,2,3).
Take p = x, e, +x,6,+X;e, and we obtain three homogeneous

quadratic equations for x,, X,, X; which, in general, have no
common root.

5. If r be any point, the polar conic Nr goes through all double
points p, for since A{p?} = o, we have {r,p?} = o. The polar
conic also goes through the points of contact of tangents from r.
For, if ¢ be such a point of contact, then the tangent at g is A{g?},
and since it goes through r, we have A{q% 7} = o, and hence
A{r,¢* = o. Thus g is on Ar.

6. If p is on U, but not a double point, and so A{p%} = o,
A{p?} # o, then the line [ pg] will meet A in three coincident points
if A{p?, q} = o, A{p,¢?} = o. Hence this is the condition that p
should be a ‘flex’, and [pq] a tangent there. If these conditions
hold, then, for all scalars |,

Up, (p+1g)%} = U{p*} +21A{p%, ¢} + PA{p, ¢°} = 0.
Hence each point on [pq] is on 2Ap, the polar conic of p. Hence
the polar conic of a flex p is a line-pair, consisting of the tangent
at p, and another line, called the ‘ harmonic polar’ of p.

7. Thus the polar conic of a double point, or of a flex, is a line-
pair. If g be any point whose polar conic g is a line-pair, with
double point 7, then the equation UA{g, (7 +15)?} = o in | has two
zero roots for all points s. If this is so, then A{g,7?} = o, and
hence 7 is on g, and also A{g,7,s} = o for all points s, that is
Ag,7} =o.

Hence Nq s a line pair if, and only if, there is a point r such that
A{q,7} = o, and then r is the double point of the line pair.

Since A{q, 7} = A{r, g}, therefore, if r be the double point of the
polar conic of q, then q is the double point of the polar conic of r.
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8. To find the locus of double points of polar conics of .
This is the locus of points g such that A{g,7} = o, as r varies.
Since U{g,7,6;} =0, (i=1,2,3), therefore the lines Wfg,e;},
(i=1,2,3), go through 7, and hence the equation of the locus of ¢
' (g, e,}. A{g, €,}. A{g, e5)] = .

As this is a cubic in ¢, the locus is a cubic curve, the ‘ Hessian’
9 of A.

If r is the double point of g, then by the last remark of 7, both
g and 7 are on 9; they are called ‘conjugate points’ of $.

9 goes through all double points and flexes of U, since their
polar conics are line-pairs.

Conversely, if p is on 2, and has a line-pair for polar conic,
then A{p%} = o, A{p, r} = o, for some point r. Hence

A{p,r,p+1rl =0

for all scalars I, in particular A{p* 7} = o, A{p, 7% = 0. Hence,
either p is a flex, or A{p*} = o, and then p is a double point.
Thus $ meets W in all its flexes and double points and nowhere
else.
If the cubic has no double points, it has accordingly nine
flexes.

§124. Nets of conics.

1. If €, €,, €, be three independent conic loci, they deter-
mine a net of conics

€C=k,C +k,C,+k;E&;, (ky, ky, ky scalars).

The ‘Jacobian’ 9 of the net is the locus of points p whose
polars €, p, €,p, €;p for €,, €,, €; concur. The Jacobian depends
on the net only, for if these polars meet in g, then

lq.Cip] = [9-€,0] = [9.€3p] =0,
and hence [¢.€p] = o. Thus the polars of p for all conics of the
net go through q.
We call p, g ‘ conjugate points’ of the net. They satisfy €{p, ¢} = o
for all conics € of the net.
The equation of the Jacobian of the netis [€,p.€,p.C;p] =0,
and hence the Jacobian is a cubic locus.
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2. If @, in the net, is a line-pair with double point 7, then
€r = o; hence

k€ 7+k,€r+ksCyr =0, [€,7.6,r.€47] = 0.
Hence the double points of degenerate conics of the net lie on the

Jacobian of the net; conversely, each point of the Jacobian is such
a double point.

3. Since the point-pairs consisting of opposite vertices of a
complete quadrilateral are dependent, and as a, b are conjugate
pairs of the Jacobian, if €{a, b} = o for all € of the net, we have:
if two pairs of opposite vertices of a complete quadrilateral be con-
Jugate pairs for the net, so is the third pair.

4. Letcy, ¢, c3 be independent conic envelopes, each apolar to
each of the independent conic loci €, €,, &;; then ¢, ¢,, ¢;
determine a net which we call ‘apolar’ to the net determined by
€,, €,, €5. The ‘Jacobian’ ) of the net of envelopes ¢ is defined
as the envelope of lines L whose poles for ¢, ¢,, ¢; are collinear.
It is a cubic envelope. The poles of L for all conics of the net of
the ¢ lie on a line M tangent to 1), and vice versa. These ‘ conjugate
lines’ are the joins of the point-pairs which are degenerate conics
of the net of the ¢. For dualise 1, 2.

5. If p, ¢ be conjugate points on $, then €{p, ¢} = o for all
conics € of the net of the €; hence the point-pair {p, g} is a degen-
erate conic of the net of the ¢, for the last equation means that ¢
and {p, g} are apolar. Since a conic of the net of the € is fixed by
two points, there is one conic of that net through p, g, and it must
be apolar to {p,¢}. But a degenerate conic, one line of which is
[pq), is apolar to {p, g}. Hence the net of the € contains a
degenerate conic, one line of which is [pg]. And [pg] touches ).
Thence:

If p, q be conjugate points of D, then [pq] touches Y); the third cut
of [pq] and D is the double point of the conic of which [pq] is part.

Dually, if L, M be conjugate lines touching V), then [LM ] is on O;
the third tangent from [LM] to ) is the join of the point-pair conic of
the net of the ¢, one of whose points 1s [LM].

6. If p be a point such that the tangents from p to conics c,,
¢y, C5 are pairs in involution, then these pairs ¢, p?, ¢,p? c,p? are
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linearly dependent, that is, there are scalars k,, k,, k; such that
(k, ¢, +k,¢,+ky¢3) p2 = 0; hence p is a point of a point-pair conic
of the net of the ¢, and hence p is on . (Cf. Ex. 16, p. 431.)

Thence 9 s the locus of a point from which tangents to conics
of the net of the c are in involution.

Dually, § is the envelope of lines cut in involution by the net of
the €.

7. If €,, €,, €, be independent comc loci, the line [pq] is cut
at p+kq by €,, where

C,{p?}+2kC,{p, g} +k*C\{g*} = o.

Hence the line is cut in involution by the conics, if

Gz Cipgh G’} [=o.
C{p?%, Cyfp, } @:2{42}
Cs{p%, Gyl g @3{92}
If € =4%+4%+..., €=B*+B}+..., §;=C*+C?+...,
then the determinant is the sum of determinants such as

1 [4p)%, [Ap][Aql, [AqP |
[BpT’, [Bpl(Bgl, [Bq)* |
! [CpP, [CP][Cql, [Cql*
and this equals
—([Bp][Cq]-[Cp] [Bq])
x ([Cp] [Aq] - [4p] [Cq)) ([4p] [Bq] - [Bp] [Ag])
= —[BC.pq][CA.pq)[AB.pg] = — [BCL][CAL][ABL),
where L = [pq].
Hence the equation of the envelope ) is given by the vanishing
of a sum of terms like [BCL][CAL][ABL]. Dually the equation
of the locus §) is given by the vanishing of a sum of terms like

[6cp] [cap] [abp], where
o =a’+at+..., ¢, =0+bi+..., cg=c+ci+....

8. Now let % be a cubic locus; the polar conics of all points
of the plane with respect to % form a net of conics, for the polar
conic of ¢; is We;, (i=1,2, 3), and these three conics are not in a
pencil, since the e, are independent. The Jacobian of the net of
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polar conics has equation [Ye,p.Ue,p.%Ue;p] =0, hence the
Hessian 9 of the cubic locus is the Jacobian of the net of polar
conics. For [Uep] = We, p}.

The envelope ) of the join of conjugate points on §) is called
the ‘Cayleyan’ of the cubic. Its properties are given above.

9. The equation of § can be written [pe, . Upe,.Ape,] = o,
hence the polars of the non-collinear points e,, e,, e, for the conic
Ap are concurrent, hence Ap is degenerate, and [(Ap)’] = o.
If % = A3+ B3+ ..., this can be written

Z[Ap]{A%.[Bp{B%}.[Cpl{C*} =0
or 2[Ap] [Bp][Cp][ABCT = o,

which connects it up with the equation in symbolic invariant
theory.

10. By §1243,if p, p" and 7, 7’ be conjugate pairs on §), then
g =[pr.p'r'] and ¢’ = [pr’.p'r] are also conjugate points on 9.
Let p tend to 7, and p’ to 7', then tangents to O at conjugate points
b, P’ of D meet at g the point conjugate to the third cut q' of [pp']
and 9.

The pencil of conics A(kp+k'p’) or kAp +k’Ap’ contains the
line-pairs Ap, Np’, Aq’ with the respective double points p’, p, g.
Hence pp'q is the common self-polar triangle of these conics.
Hence, if p is on 9, the polar line Ap? of p for W is the tangent to
D atp’; for Up? = Ap.p=[p'q].

We have A{p? ¢} = o, and similarly UA{p’2, ¢} = o, hence the
conic g goes through p, p’, ¢’; but as it is a line-pair, the line
[pp"] is a part of the conic. Hence, if p, p’ be conjugate points of 9,
and q' the third cut of [pp'] and D, then [pp'] is part of the polar
conic of q (the conjugate point to ') for U; the other part is [¢g'],
where ¢ is the point of contact not on [pp’] of a tangent from
q to .

§125. Flexes of a cubic locus.

1. If p, g be flexes of a cubic locus %, and [pq] cuts A again in
s = p+kgq, then s is a flex. For, if the flex tangents at p, ¢ meet
in 7, then A{p%}, A{g%}, A{p% 7}, U{p,7%}, (g%}, Alq,7%} all

vanish.
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Hence %U{s,7?} = o, and since A{s’} = o, we have

A{p? ¢} +kA{p,¢*} = 0. (M)
Now s is a flex, if, and only if, there is a point ¢ such that
s, 12} = WA{s%, t} = o.

We shew that if the scalar 1 be suitably chosen, then z = p+1r

satisfies these conditions. For
Afs, (p +1r)?} = WAfs, p?} + 21U s, p, 7}, since A{s, 7’} =o,
Afs?, p+1r} = W(p? +2k{p, ¢} +k*¢%), (p+1)}
= 2kA{p?, ¢} + K> UA{p, ¢°} + 2kIA{p, ¢, 7}.
Both expressions vanish by (i), if
Afp?, ¢} +21U{p,¢,7} = o,

and this gives 1, unless both A{p?,¢} and A{p, ¢,7} vanish, which
is impossible, since it would mean that ¢ was on the tangent at p.

We shall assume that a cubic locus has two real flexes, it then
has another, collinear with these two. We shall also assume that
a cubic is at any rate fully determined when three of its flexes and

the tangents there are given. Such questions are better treated
by ordinary algebra than by the rnethods of this book.

2. If A, B, C be tangents at the collinear flexes p, g, s and if
D = [pq], then
A={4, B,C}—k{D3}, (k scalar). (1)
If A, B meet in 7, it will be sufficient to prove
B{p,r?} = B{p% 1} =0, where B ={4,B,C}-k{D}.
Now
[{4, B, C}{p,}] = 3([4p] [Br] [Cr] +[Ar] [Bp] [C7]
+[4r][Br][CP]) = o,
[{4, B, C}{p* 7}] = 3([4p] [Bp] [Cr] + [4p] [Br][Cp]
+[4r][Bp][CP)) = o,
[{D}{p,7*}] = [Dp][Dr][Dr] = o,
{D*}{p? r}] = [Dp][Dp][Dr] = o.
Hence B{p,r%} = B{p*,r} = o.
Thus any cubic locus can be written in form (1).
The harmonic polar of p goes through [BC], as is easily shewn.
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3. Consider the cubic locus
€ = {4%}+{B%}+{C%} - 3k{4, B, C}, ()
where a=[BC], b=[CA], c¢=[A4B], [ABC]=1.
We bave  Gfa,p} = [4p] A~ $k([Bp] C+[CP] B),
[€{a, } €{b, p} €{c, p}] = [4p] [Bp] [Cp]
—1k¥([4p]P* + [BpF + [Cp]*)
—1k°[4p] [Bp] [CP)-
The equation of the Hessian is accordingly
{4, B,C}— k¥ 43+ B3+ C3%} — }k%{4, B, C'} = o,
or {A3+B3+C3% —3h{4,B,C} =0, where 3h=(4-k%)k2
Since the equation (2) may be written
{(kA+B+C), (kA+eB+¢€2C), (kA +€?B+¢€C)}
= (k*—1){4?, (€@=1¢#1), (3)
we see, by comparing the equation with (1), that the tangents at
the flexes are x, 4 + x, B+ x3 C, where x,, X,, X5 have the following
values: k,1,1; k,6€?; Kk, e%e;
L,k 1; 6k e?; €k,e;
1,1,k; e6k; €2¢k.
The flexes themselves are
[A(B+C)], [A(B+¢€C)], [A(eB+C)],
that is, b—c, b—ec, b—e,
and similarly
c—a, c—ea, c—e¢la, a—b, a—eb, a—eb.
They are situated by threes on twelve lines. (Cf. §13-4.)
4. Cubic loci of form (2) have the same flexes for all k; in

particular, the Hessian of a cubic locus has the same flexes as
the cubic locus.

5. The polar line for a cubic locus U of a point p on its Hessian
9 touches 9 at the conjugate point p’ (§ 124-10). Let w be a flex
of U; the polar line Aw? is the tangent at w; the polar conic w
is this tangent together with the harmonic polar H of w. But w
is also a flex of 9 and its conjugate point @’ is the double point
of Aw, which is the cut of H and Aw?. Hence the tangent at w
touches 9 at the cut of H and the tangent.
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Examples. 40. Three conics by their intersection in pairs give three
complete quadrangles, the sides of these quadranmgles touch a cubic

envelope, which is the Cayleyan of the cubic of which the conics are
polar conics.

Hence the three conics each round two of three triangles circumscribed
to a conic meet tn a point.

If a triangle is inscribed in a fixed conic and circumscribed to a fixed
parabola, its circumcentre describes a line.

41. The condition* that Up touches L = [¢qr] is [(Up)*L?] = o
or [(Up)* [¢7]] = o, or Wp, 4% A{p, 7%} — (U{p,9,7})* = o.

If L is fixed, p describes a conic (the ‘ polo-conic’ of L) which is
the locus of points whose polar conics touch L; it is the envelope
of the polar lines of points on L.

For the polar line of g +kr is

Afg™} + 2kWg, r} + kA2,
and its envelope is  {A{g?}, A{r?}} — (A{g, 7})%

It is the locus of poles of L with respect to the polar conics of its
points. It degenerates when L touches ).

42. The polar conic of a point p for a cubic and the polar conic of p
for the Hessian of the cubic are apolar.

43. The polar conics of
A = {A% +{B%} +{C%} - 3k{4, B, C} )
form the net given by
A?2-k{B,C}, B*-k{C, 4}, C?*-k{4,B}.

The conics apolar to these are in the net a?—k'{b,c}, and so on,
if kk’ = ~2, [ABC] = 1, and [BC] = 4, and so on.

Hence if a = {a% + {b% +{c%} — 3k'{q, b, ¢}, (i1)
then [fa] =o. Since the Hessian of U is of form (i), with
3(4 — k%) k=2 for k, its Cayleyan is of form (ii) with

3(4-Kk3k'-2 or 3I(2+k3)k! for k'

Hence [Af] = 3+33k(2+k3)k! = §(k3+8),

[9] = 3+3(2-+k%) (4 K9k = §(8 -+ 20k —K9) k3.

The ‘invariants’ of Y are often given in the form

i=3k(k*+8), j=—§Kks—20k’-38),
and are thus connected with [Uf], [DD].
* For 41, 42, 43, see Clifford, Mathematical Papers (1882), p. 532.
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§126. Algebraic products in spreads of step four.* Products of
Dpairs of points or of pairs of planes.

1. As the basis of our spread we take e, e,, e; e, with
[e,e,e5€,] = 1, and let

€ = leg = [ere58,], €, = |e; = —[e,e3e,],
€3 = le3 = [e;e264], €5 = |eg = —[e,e583],
so that [e,e5¢,] = —e;, and so on.

2. Algebraic products of two points can be introduced and
treated as in step three; the dual construct here is the algebraic
product of two planes. Products of the same type are added
formally. '

If 7, p be planes, the outer product of {a,b} and 7, and of
{a, b} and {m, p}, may be defined as follows:

[a,b} 7] = §([am]b+[b7] a),
[{a, 8} {m, p}] = §([a7] [bp] + [67] [ap])-
Thus [{a, b} {m, p}] is the outer product of [{a, b} 7] and p.

The distributive law is assumed for these products. Hence if
a is a sum of products such as {a, 4}, and B a sum of products
such as {m, p}, with any coefficients, we can speak of the outer
products [an], [a{m, p}], [a%B].

Dually, if p, ¢ be points, we have products [Bp], [B{p, ¢}],
[Ba] = [a®B].

The equation a = b means that, for all planes 77, we have
[a{n?}] = [b{#*}].

3. The expression a = Zk{a;, a;} is zero, if [a{n?}] = o for
all planes #r, that is, if 2k;;[a; 7] [a;7] = o for all planes 7.

If a#0, we say that a represents the envelope of planes
which satisfy [a{#?}] = o. This is a quadric envelope, and there
is no restriction if we assume k;; = k;;. We can express a as a
sum of point-squares. (Cf. §1133.)

Dually, % = Zk;;{a;, ;} is zero, if Zkj;[a;p] [o;p] = o for all
points p. If A o, we say A represents the locus of points p which

* E. Miiller, Wiener Ber. (1924).
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satisfy [A{p?}] = o. This is a quadric locus, and we can suppose
k;; = k;;. We can express U as a sum of plane-squares.

We shall denote the sums of products of pairs of planes by such
letters as U, B, €, ..., reserving £ for sums of products of pairs
of lines introduced later.

4. Taking the harmonic property as the definition of conjugate
points with respect to a quadric, we can shew, as in the plane, that
[Ap] is the polar plane of p for the quadric locus .

Dually, [a7r] is the pole of 7 for the quadric envelope a.

[2{a, b}] = o, if, and only if, a, b are conjugate points for .

[a{m, p}] = o, if, and only if, 7, p are conjugate planes for a.

5. Let al, ..., a4 be independent points

Let a= : {ai, b} #o0, where b, = Z ki;a;, ki; =k

Then b, is the pole of 7 = [a,a5a,] for a.

For 2[a[a,a5a,]] = [a, 7] b, + [b; 7] a,+ [by 7] ay+ [by7] ay

+[by7] a,
= [a,7] b, +ky)[a,7] a, +k,)[a, 7] a,
+ky[a, 7] a5 +ky [a, 7] a,
= [, 7] (by + k)4 + Ky a5+ kg a5+ Ky a,)
= 2[a,m] b,
= b,, since [q,m]+#o0.

Thus a,a,as;a, and b, b,b;b, are polar tetrahedra.

Conversely, if a,, ..., a, be independent points, and b,, b,, b5, b,
be poles of [a,a54a,], [a3a4 1) [a,a,a,], [a,a,a,] for a quadric g,
then q is represented by 3 {ai,b} = o, if the points ; be suit-
ably weighted.

If, then, b, = Xk;;a;, (k;;=k;;), we have, using outer products
of points,

[@,b,] + [ayb,] + [a5b5] + [a4b,] = 2K, [a; 4],
and since [a;a;] = —[a;4;], this vanishes if k;; = k;;.

Hence the joins of corresponding vertices of polar tetrahedra
lie on a regulus. (Cf. §30, Ex. 20.)

If a; = Xkj;e, then X{a;, ¢} is a ‘normal form’, if k;; = k;;.

If a, a,a5a, be a self-polar tetrahedron for a, thena = i} ki{a?}.
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6. The expression k{a,b}+Xk,{c,d} represents a quadric a
through the lines [ac], [bc], [ad], [bd]; since, for example, if
|.[7ra], [7r¢] vanish, then [a{n?}] = o; thus any plane through [ac]
is tangent to q.

The poles of a plane 7 for these quadrics lie on a line, for

2[an] = k,[am] b+k,[bm] a +k,[cm] d+k,[dm]c.

The polar planes of a point for these quadrics go through a line.

7. Let f} k{a;, b} = o, where the a are independent, and the

b are independent; then the tetrahedra a,a,aza, and b bybsb,
are in Mobius relation (§ 39).
For example, multiply by {[5,535,]}, then we have
ky[a,b,b3b,] [b,b,b5b,] = 0;
hence [a,b,b5b,] = o; similarly [b,a,a;a,] = 0. Hence 4, is on
[6,650,], a, on [b,b3b,], ..., b, on [a,a5a,], ..., and so on. Thus
the tetrahedra are in Mobius relation.

We can suppose b; = é k;;a;, where we do not now assume
kij = kji' J=1

Then [b,a,a;a,] =0 gives k;; =o. Similarly k; =o,
(i=1,...,4)

And since [a,b,b;3b,] = 0, we get, if we expand the relevant
determinant, kyskaskgy = —kogkygksy.

Similarly, we have three other equations; any three of the four
equations imply the fourth. In particular, if

4 4 4
T{apb}=0, b= Xkyb, then Xkyfa,b}=o,
1=1 =1 L,j=1

and hence k;; = —kj;. The general case can be reduced to this
by absorbing weights, taking a; = k;a;.
Conversely, if two tetrahedra be in Mdobius relation, we can

4
weight their vertices so that }; {¢,,4,} = o. .
i=1

Thus if @,a,a;a, and b, b,b3b, be tetrahedra in Mobius
relation, there is a nul system (§97) in space transforming the
first into the second.

Further, if three of the pairs (a;, 4;) be conjugate for a quadric
9, so is the fourth pair. For 2{a,, b;} = o implies 2U{a,,b;} = o.
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8. If {a}}, {a3}, ..., {a%,} be dependent, say Iztiki{a"i’} = o, and

no four of a, ..., a;, are dependent, then a,, a,, ..., ajp lieon a
quadric. For through nine general points goes a quadric locus %,

and g‘:ki A{a?} = o.

If {a3}, {a3}, ..., {a3} be dependent, and no four of a;, ..., a4 be
dependent, then a,, ..., 44 lie on the curve of intersection of two
quadrics, for any quadric through eight of them goes through the
ninth point.

If {a3}, {a3}, ..., {a}} be dependent, then any quadric through
seven of them goes through the eighth. In particular, if four are
coplanar, so are the other four.

Conversely, it can be shewn that if eight points a, ..., a3 be
associated, (§32), then {a}}, {a3}, ..., {a}} are dependent. In
particular, this is the case if the eight points are on a twisted
cubic, for a quadric through seven points of a twisted cubic
contains it.*

Ifa, b, ¢, a,b,c,d, d, be associate points, then, with appro-
priate weights, a2+ b2+c2+a'2+b'2+¢? and d*>+d} represent
the same point-pair {p, g}. Hence p, g are separated harmonically
by the cuts of [pq] with [abc] and [a'b’c’], with [a’bc] and [ab'c’],
and so on, and by 4, d,. Thus these cuts are pairs of an involution
on [pg].

In particular the theorem holds when d, d, are replaced by
any points on the twisted cubic through a, ¥', ¢, ', b, ¢’. Only
one line through d cuts the planes mentioned in involution; and
only one bisecant of the cubic goes through d. Hence [dd|] isa
bisecant.

9. Ifa={a?}+...+{at}, and q,, ..., @, are on the quadric B,

then [Bf{a3}] =0, (i=1,...,h);
hence [a®B] = [B{az}]+ ... +[Blai}] = o.

If, also, a = {p?}+... +{p%}, and p,, ..., p,_, are on B, then
pnis on B.

Take, for instance, h = 4; we then have: if there is one tetra-
hedron whose vertices are on B which is self-polar to a, then there
* We take this fact from the usual algebraical treatment.
FCE 30
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are 003 such tetrahedra. The vertices of two such tetrahedra are
associate points. If eight associate points be divided in any way into

two sets of four points, there is a quadric for which the two tetrahedra
so determined are self-polar.

If we take h = 5, then the pole of [a, a, 4] is on [a,a;], the pole
of [a,asa,] is on [a;a,], and so on. For

[{af} + ... +{a3} [a,a,45]] = [a,a,a,a5) a,+ [a5a, aya5] as.

If we take h = 6, then the pole of [a, a,a,] is on [a,a;a;), the
pole of [a,a3a,] is on [a;aga,], and so on.

8
0. If {a}, b}, ..., {ag, bg} be dependent, say, 3 k{a;,d,} = o,

and we separate these pairs in any way into two sets of four point-
pairs, we get two pairs of polar tetrahedra for the same quadric.
For, if 7 satisfies k,[a, 7] [b, 7] + ... + k,[a, 7] [b,7] = o, then it
satisfies k[as 7] [b5 7] + ... + kg[ag 7] [b 7] = o.

The sixteen faces of the four tetrahedra form a dependent
system of eight plane-pairs, for example {[a, a,as], [b, b,b,]}.

11. Ifaline L cuts the faces bcd, cda, dab, abc of a tetrahedron
in a,, b,, ¢, d, respectively, then {q, a,}, {b, b,}, {c, ¢}, {d, d,} are
dependent pairs; for

{[L.bcd], a}—{[L .cda), b} +{[L.dab}, c} —{[L.abc],d} = o,

as is easily seen on expanding. (Cf. § 17, Ex. 19.)

Examples. 44. Among the ten cuts in which a line L meets the faces
of a complete five-point are five sets of six points in involution ; the five
pairs of double points of the five sets are again in involution.

45. Consider, in a spread of even step 2r, pairs of points a,, b,
(i=1,...,1), whose products {a, b} are dependent, and shew that
we have thus a generalisation of Mobius tetrahedra. Connect this
up with the work in § 110.

§127. Algebraic products of pairs of lines in spreads of step four.‘
1. Def. The ‘outer product’ of {a?, {b*} is {[ab]%}, a line
repeated.
The ‘outer product’ of {a%}, {b*}, {c?} is {[abc]?}, a plane repeated.
The ‘outer product’ of {a?}, {b?}, {c?}, {d?} is [abcd]?, a scalar.
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By the distributive law, we can now use products [ab], [abc],
[abcd], where a, b, ¢, b represent quadric envelopes. These pro-
ducts are respectively sums of line-pairs, of plane-pairs, and of
scalars.

2. The algebraic product of two lines L, M is the pair of lines,
in either order, and is written {L, M}. Such products are added
formally.

The equation Zk,{L;, M,} = o means that
Zk[L,N][M;N]=o
for all lines V.
If = Zk{L;, M;}+#o0, then £ represents the set of lines N
such that 2k,[L, N][M;N] = o. We can express £ as a sum of
squares of lines.

3. Def. The ‘outer product’ of {L?} and {M?} is the scalar
[LMT7?, and is written [{L%} {M?}].
Assuming the distributive law, it follows that (cf. § 114-4) if
Q =2k {L;,M;}, then [Q{N?}]=Zk,[L,N][M,N].

Thus £, represents the set of lines IV such that [Q{N?}] = o.
We can introduce the products [Q{L, M}].

4. Def. If p is a point, L, N lines, m, p planes, the ‘outer
product’ of {p?} and {L?} is {[pL]?}, that of {#?}, {p?} is {[mp]?},
that of {L%}, {#?} is {{L7]?}, that of {L?}, N is [L2N] = [LN]L.
The reader will easily verify that these definitions fit together.

With £ as above, we have, as in § 1147,

[ON] = §(2k[L; N] M;+ 2k [M; N] L),
[[2N]M] = [4N, M]].

By the distributive law, we can now use products [a{L?}],
[af], where a represents a quadric envelope and £, is a sum of
line-pairs, as well as [UAB], [ABEC], [ABED], [AL], where
A, B, €, D represent quadric loci.

We shall need [a[bg]?] = [ab?.¢?]. Itis easily shewn.

5. If we have normal forms

4 4 4 4
a= § {ai’ei}! b = i_kjl{bhei}’ c= igl{ci’ei}’ b= iéx{di’el}r

30-2
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then, as in the plane,

[ab] = 2 {[aibk] [a,bi]; [e; 6]} 1H:C‘Z]- E {[aiak] [e;e]}s

(1)
[abc] = {my, €.} +{my, €3} + {73, €5} + {7y, €4},
where, for example,

m =4y 4a; a
b2’ bs’ b4
€y €3 €

is a determinant whose elements are points. This determinant is
to be expanded as usual, and the terms regarded as outer products.
The expansion begins with [a,b5¢,] — [a,6,¢5] + ... Writing (234)
for m,, then 7, = —(134), 13 =(124), m, = —(123).

Similarly [abcb] can be expressed as a four-rowed determinant
of points. In particular

¢ [0%]= {oy, €1} +{ap, €5} + {3, €3} + {0y, €4}, (2)
where o = [ay,a3a,], o, =—[a,asa,],
oy = [a,a,a,), o, =—[a a,a;],

22 [0*] = [4,4,454,].
If [a3] = ¥, the dual of (1) is, by (2), since [e,€,] = |[e,€,),
#00 = 3 (mal o)

i k=1
4

= [“1‘12“3‘14]i 1(2;41 {[aia,], [e;eu]} = 55 [a*]. $[a?].

Hence [U?] = %[a*][a?], similarly [A%] = 2[a*][a%]a,
(W] = 2[a’], [0®¥] = }[a*]a. (3)
In (2) we can take ¢; = Zk;;a;, where k;; are scalars with
ky; = ky;.
The polar plane of p for U is then
§[¥p] = [a,a3a,] [6,p] — [a,a3a,] [€,2]
+[a,a,a,] [es9] — [a,a,a5] [¢,).

Thence
3[a[¥p]] = —[a,a,a5a,] ([e,p] e, + [e2P] €5+ [€3p] €5+ [€p] €4)

=[a,a,a3a,]p,

[a[¥p]] =1[a]p=p.
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If Q= }a?] = Z'fAi,E.} where E,, ..., Eg are independent
lines, we can take 4, = Z k;; E;, where k;; = k;;. (Cf. §116-1.)

Then, if L be any lme and E; be the edges of e, e,e5e,,
(BL] = T[4 LE;, [D[QL]] = [a)a,a4a,] L.
"Thus [a?[a2L]] = & [a*]L=L.

§128. Formulae.

1. Since [aL?] and [bL?] are sums of plane-pairs, therefore
[[aL?] [bL2]], which we write [aL?.DL?], is the sum of expressions
like [@2L2.52L?], when a, b are each expressed as the sum of
squares of points.

Now [aL.bl.] = [abL] L, hence, by § 127,
[a2L2.82L2] = [[aL} [bLY] = {[aL .BLT’
= [abL]?{L?} = [a%h?L?]{L?}.
Hence, by the addition of such equations,
[aL?.0L?] = [abLZ]{L3, @)
Similarly [a[6L?]] = [abL?].
2. If p, m be incident, [ap’>n?] = [an?]p?; if L, 7 be incident,
[aL?n?] = [am?] L?; if Q lies in 7, then [aQ#?%] = [an?] L.
These follow from § 56-13.
3. Since [ab.y] = [ay]b—[bY] q,
if we add the squares of such expressions, our usual process gives
[ab.C] = [a€] b+ [bC]a—2 X[ay] [by]{a, b}
[a€]b +[6€] a —2(aCb), (5)
where (a€b) is the symmetrical part of the matrix product of
a, €, b, formed as in § 117-1.
(aCb) represents the quadric envelope of planes whose poles
for a, b are conjugate for €.

4. Since [ab.yd] = [aby.d], we get, from 3,

[ab.CD] = [a€] [6D] + [bC] [aD] - 2[(aCb) D].
Dually [€ED.ab] = [a€] [6D] + [0€] [aD] - 2[(CaD) b].
Hence [(aCb) D] = [(CaD)Db]. (6)
In particular, }[a%.€?] = [aC)?—[(a€a) €]. 7
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5. By the usual process, we obtain
[abc. D] = [aD] [bc] + [6D] [ca] + [¢D] [ab]
—2[(a®Db) ¢] — 2[(bDc) a] — 2[(c¢Da)b], (8)
[abed] € = [a&] [bed] + ... + [DE] [abe]
—2[(aCb) cd] —... —2[(cCd)ab]. (9)
Replacing the last terms of (8) by means of (5), we have
[abc. D] = [abDc] + [bcDa] + [caDb]
—[a®D] [bc] - [6D] [ca] — [¢D] [ab]. (10)
6. As particular cases of (8), (9), (10), we have
[0°.®] = 3[a®] [0*] - 6[(aDa)a],
[0*]€ = 4[a€][0*] - r2[(aCa)0?],
[a3.D] = 3[a?*Da] — 3[aD] [a?].
Take € = {n?}, where 7 is a plane, then (a{n?}a) = [a7]?,

[0*]{n%} = 4[an?) [0%] - r2[a%[an]?]. (11)

Hence  12[a%[an]?] = 4[a%0] [an?] — [a*] [b7?]. (12)
7. If p, g, r, s be points, then the usual process gives

[AB[pq]] = | [Up], [Uq] |. (13)
(Bp), [Bq]
There are similar determinant expressions for [UABE[pgr]]
and [ABED[pgrs]].
The terms of the expanded determinants are to be regarded
as outer products.
In particular,

[22[pq]] = 2[Ap.Aq], [W[pgr]] = 6[Ap.Aq.Ar). (14)

Hence [?[pq]] is the polar line of [pg] with respect to [A?]
(or to [a?] if [a%] #0).

8. Since
[abed)m = [an) [bed] — [b] [acd] + [cn] [abd] — [d7] [abc],
and [a?7.b%%d?] = [[am) a{[bcd]*}] = [am] [abcd] [bed),
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we have, on multiplying the first equation by [abcd], and em-
ploying the usual process,

{[abcd)?} m = [aPnw . b2c2d?) + [b%m . a2c2d?)
+ [c?m . a?b?d?] + [d*m . a?b%c?),
[abed] 7 = [amr.bed] + [brr.acd] + [cr.abb] + [b7r.abc]. (15)
Similarly, we find
[abed] 7 = — [bed.am] — [acd . b7r] — [abd . cr] — [abe. D).

In particular,

[a*] 7 = 4[am.a?], (16)
[ab3] 7 = [am. 03] + 3[b7.ab?], (r7)
4[a%0?] 77 = [bmr.a?6] + [am.ab?]. (18)

Similar to (15), we have
[abed] L = [abL.cd]+ [beL.ad]+... + [adL.bc] (six terms),

(19)
[abed] p = [abep. D]+ [bedp.a] +... (four terms), (20)
[af]L = 6[a%L.a%], [a*]p = 4[a’p.a], (21)

[a262] L = [a2L.0%] + [02L.a2] + 4[abL.ab].  (22)

§129. Interpretations. The harmonic complex and surface.

1. [aL?], if not zero, represents a plane-pair with equation
[aL?p?] = o, or [a[Lp]*] = o. Hence [aL?] represents the pair of
tangent planes from L to a.

[ap?], if not zero, represents the set of lines L such that
[ap®L?] = o, that is, the tangent lines to the cone from p to a.

2. If[aL?] = o, then [aL*p?] = o, [a[Lp]?] = o for all points p;
hence each plane through L touches a. Thus L is a generator
of a. Conversely, if L is a generator of a, then [aL?] = o.

Dually, [#2], if not zero, represents the lines through the cut
of Aand 7.

[AL?] = o, if, and only if, L is a generator of A.

3. If L = [pq], then [a’L] = [a3p.a3q] represents the polar line
of L with respect to a2. (§128-7.)
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4. If [a¥] = o, then a represents a conic envelope; if [a%] = o,
a point-pair. If [a%]# o0, we often write A for [a3], and so on.

If [2%] = o, then U represents a cone locus: if [33] =0, a
plane-pair.

5. If [a%], [64] #0, then [ab%] = o implies [A*B] = o. Hence if
there is a tetrahedron in b self-polar to a, there will be one and
hence o0 round a self-polar to b; and dually. (§ 126:9.) We say
a and 9B are ‘apolar’, b and A are ‘apolar’.

6. The harmonic complex. Leta = ai+a3+...,b = b}+b3+....

If [ab] = o, then [a;b,] = [a,b;], and all point-pairs (a;, b;) are
collinear; thence a, b represent point-pairs on a line separating
one another harmonically. (§ 118-11.)

Dually, if [AB] = o, then A, B are plane-pairs through a line,
separating one another harmonically. Now [aL?], [bL?] are pairs
of tangent planes to a, b respectively through L. Hence if
[aL?.BL?] = o they separate one another harmonically. By (4),
this condition can be written [aDL?]{L?} =0 or [abL?] = o.
Thus [ab], if not zero, represents the set of lines such that pairs
of tangent planes through them to a, b separate one another
harmonically. This set of lines is the ‘harmonic complex’ corre-
sponding to a and b.

7. If L be a line on a common tangent plane of a and b, and
through the point of contact of the plane with b, then [bL?]
represents that tangent plane repeated. It touches a, hence
[a[6L?]] = o, that is, [abL?] = o. Hence all such lines are in the
harmonic complex.

8. Let pgrs be a self-polar tetrahedron of b, and
b=p*+g*+7r*+s%

then [ab] = [ap?] + [ag?] + [ar?] + [as?].
Let L be a common tangent line to the cones [ap?], ..., [as?],
then o277 _ | = [as2L?] =0; hence [abL?] =o.

Hence all lines touching the four cones tangent to a whose vertices
are vertices of a self-polar tetrahedron of b are in the harmonic
complex.
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9. Letc, d separate a, b harmonically in the pencil a + kb, say,
a=c+kd, b=c—kd, then [ab]= [c?]—Kk?[D?].

Hence the complex contains all common tangents of any two
quadrics which separate a, b harmonically.

ro. If [a%] = ¥, then, by (3), [%?] = $[a*] [a?].

Hence, by use of g we have: if [abL?] = o, then [ABL?] = o.

The harmonic complex of a and b is the complex of lines cut
harmonically by U and B.

11. OQuter products in the subspreads. 1f we have a section of a
figure by a plane 7, we often wish to form outer products in 7;
denote these by [ ],.

For example, [An?.Bn?], is the harmonic conic of A7n? and
B2 regarded as the sections of A, B by 7. (Cf. §129-2.)
I 7 = [p,pops), then
[am] = [ap ] [pops] + [xp2] [P3£1] + [2p5] [ £2).
(o Br), = (2] (B0l ~ [pa] [AP:]) [psby - Pupls + v+
= ([2B-pop5]p1 +[aB-ps 1] P2+ [2B-p1 £2) P3) [P1£213]
= [«f.7][p,P:Ps] = [2f3. 7] 7.
[om. pm.yn], = [xB7.p1P.Ps] [Pzpa-Psf’l D1po)s ,
= [@By .p1P:23] [P1D2P5)7 - = [2Bym){m®}.
Hence [An2. VA, = [ABVA] {73},
[An? . B7?.Cn?], = [ABEA] {7}
This is the analogue of the Clebsch transference principle in
invariant theory.

Dually, ap?, bp?, cp? are tangent cones from p; denoting outer
products in the spread of elements through p by [ ],, we have

lap®.0p%], = [abp?] {p*}, [ap®.0p.cp?], = [abep?] {p¥).

12. The harmonic surface. [abc] denotes the surface of points
p such that [abcp?] = o, and hence [ap?.0p%.cp?], =o0. It is
therefore the locus of points p from which tangent cones to a, b, ¢
Sform a nul triad (cf. § 120), and is called the ‘harmonic surface’ of
a, b, ¢. Itis a quadric locus.

Thus [ab?] is the locus of points p from which the tangent-cone
locus [(6p?)?] to [b?] is apolar to the tangent-cone envelope [ap?]
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to a. The point of contact g of b and any common tangent plane
toa, bis on this locus; for Bg is the tangent plane and it touches a;

hence  [a[8g]2] = o, [a[bg]] =0, [ab%.¢}] =o.

13. Since if p is on [ab?], the cones from p to [62] and to a are
apolar, there are triads of planes through p which touch the cone
to a and are self-polar to the cone to b, and hence self-polar to b,
and one of these planes can be any arbitrary tangent plane to the
cone to a. Any of these triads, together with the polar plane of p
for b, form a self-polar tetrahedron of b.

14. If [ab%] = o, and [ab?[67]?] = o, then, by (12), [a7?] = o.
Now br = p, say, is the pole of 7 for b; [ab2p?] = 0 means p is
on [ab?].

Hence if a, B be apolar, and p be on [ab?], then the polar plane
of p for b touches a.

Conversely, if a, B be apolar, and the plane m touches a, the pole
of m is on [ab?].

From 13, we now have,

If a, B be apolar, and m any tangent plane of a, there are oo}
triads of planes touching a, which, with m, constitute a self-polar
tetrahedron of b, and the vertices of these tetrahedra are on [ab?).

15. By (18), if [a?b%] # o, and p,, p, be the poles of the same plane
 for a, b, then the polar planes of p, for ab?, and of p., for a2b meet
in a line lying on m; if [a%6?] = o, these polar planes coincide.

By (17), if a, B be apolar, and p,, p, be the poles of the same plane
m for a, b, then the polar planes of p, for B and of p, for ab? coin-
cide; if a, B be not apolar, these polar planes meet in a line which
lies on m.

If a, b, ¢ be dependent, then [abc] goes through the cut of [a%b]
and [ab?].

16. The dual to (5) gives us

[A%6] = 2[AB] A — 2(ALGNA).

By (3), (7] = £[a*] [@’].

Hence 2[a*] [a%b] = [AD] A — (ALN). (23)

Hence ¥, [a2b], (AbN) (the reciprocal of b for A) are dependent.

Also, if U, b be apolar, the harmonic quadric [a?b] is the reciprocal
of b for A.
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17. Nul quadruples a, b, ¢, d of quadrics are defined by
[abedb] = 0. The harmonic quadric of any three quadrics of the
quadruple is apolar to the fourth.

By (15), the poles of any plane  for a, b, ¢, d are such that their
polar planes for [bed], [cda], [bab], [abc] meet in a point.

Thus we have four linearly dependent collineations in space.

§130. Sums of products of pairs of rotors.

1. We denote such sums by &, £,, Q, .... Each such sum
can be reduced to the form

ky {Ef}+ ... + kel E§} + 2k o E), Eg} + ...+ 2kse{E5, Eg}, (1)
where E,, ..., E4 are the rotors
E\ =[e,65], E,=[ese,], E;5=[ere,),
E,=[eey], E;=[eey], E;=[ese].
We can write £ in the form {4,,E}+...+{4g, E¢}, where

6
A; = ¥ k;;E;, with suitable scalars k;; satisfying k;; = k;;.
) =1

2. The equation £, = o means [QL] = o for all lines L.
If £, # 0, then { represents the set of lines L such that Q{L?} = o
(§ 127-2). This set is a ‘quadratic complex’.

1€ = {4y, B+ ... + {4y, Egh then D{p% = T {{4,0] [E;p]).

"Thus 2{p?} is a sum ¥ of products of plane-pairs through p and
represents the locus of points g, such that A{g?} = o; these form
a quadric cone locus with vertex p. Dually, Q{n?} is a sum of
products of point-pairs on 7, and represents a conic envelope
in plane 7.

3. If [Q{L, M}] = o, the lines L, M are ‘conjugate’ for .

If L is fixed, then [{.L] is a screw (§ 127-4) whose nul lines are
conjugate to L for . Since (i) can in the general case be expressed
as the sum of six squares (cf. §91), therefore, in general, there
are sets of six lines L,, ..., Lg, such that Q = {L%}+... +{LE};
each line L is conjugate to the lines of the linear complex defined
by the other five lines L.
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4. A special case of £, occurs when £ = a2, where a represents
a quadric envelope. £ then represents the set of tangent lines
to a. If [a%{L, M}] = o, the polar line of L for a cuts M and vice
versa; that is, L, M are conjugate lines for a.

5. By the usual methods employed here we can shew
[abe. L] = [be] a+ [cal] b+ [abQ] ¢
—2(a[eQ]0)—..., (24)
[ab.cQ] = [acQ] b+ [beL] a—2(a[c] b). (25)
Together these give

[ab.cQ]+[bc.al] + [ca.bL]
= [abc. 2]+ [6cQ] a+ [caQ] b+ [abD]c. (26)

6. The outer product [Q.a] is a sum of products of plane-pairs,
and represents the quadric locus of points p such that [Qap?] = o.

Now [0p°. 9%, = [[Dap?]p?].
Hence, if p is on the locus, then the cone locus [C.p?] is apolar

to the cone envelope [ap?] of tangent lines from p to a.
We call [Qa] the ‘harmonic surface’ of £, and a.

7. If [Q,0,] = o, the complexes L., £, are ‘apolar’; then for
any point p and plane 7, Q,{p?}, Q.{n?} are apolar; that is, the
envelope .,{7?} in plane 7 and the conic locus which is the cut
of m by L,,{p?} are apolar.

If [Q4a?] = o, the set of tangents to a is apolar to £; the quadrics
a and [Qa] are apolar. Dually, we may consider [Q?] = o and
derive various theorems from (24), (25), (26).

If a,, ..., a, be a self-polar tetrahedron of a, and its edges be
lines of 0, then, with suitable weights,

a={af}+...+{af}, a®= iz:g{{aiaj]}z» [Qa?] =o.

8. If Q is the square of a screw S, O, = {S?}, its lines are the
nul lines of .S repeated. [Qp?] = [S?%?] = [Sp]?, the nul plane of
S repeated.

If S is a rotor, the corresponding complex is a special linear
complex.

The equation [a2L.b2L] = o is satisfied by all lines L whose
polars [a2L}], [b2L] for a, b meet; since L is the cut of the polar
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planes for a, b of the point of meeting of these polar lines (or is
the join of the poles of the plane through the lines), the complex
of lines L is tetrahedral (§51). If [a2L.b2L] = o, it is clear
geometrically that [[a2L.b%] L] = o, [[62L.a?] L] = o. Hence, by
(22), [[abL.ab] L] = o, [abL.abL] = o. Hence the screw [abL]
is a rotor, and the corresponding complex is special.

9. If O = {S?%, then
[Dbp7] = [S°0p%] = [S?%] = [[SpJ* b].
Hence [©b] in this case represents the locus of points p whose
nul planes for S touch b; we call it the ‘reciprocal’ of b for S.
Dually, the reciprocal of U for S is [S2Y].

Since S is involutory, the reciprocal of [6S?] should be b; that
is, we should have [bS52.5%]=b. This is so, for, if ¢ be any point,
[4S.S] = }[SS]g.

Hence [¢282%.5%] = [¢S.S)? = }[SS1*{¢?},

[652.8%) = }[SS]Pb=b, if [SS]#o.

The equation [aS?.b] = [a.bS?] = [[ab] S?] is easily shewn
and interpreted.

ro. If[©,8,] = o,thereareco!?sets of six lines of £,; mutually
conjugate for Q,. '

If there be one such set, then [Q,;Q,] = o.

If 8, £, be general sums of products of pairs of rotors, we can
find e, ..., e, so that £, = Xkjle;e;]%, &, = Zkjj[e;e;]> If then
[£,£,] = o, we have X k;;k{; = o.

1

In particular, if [a?h?] = o, there is an infinite number of
tetrahedra self-polar to one of a, b and whose edges touch the
other. The existence of one such tetrahedron is a sufficient
condition for this situation.

If [a?b?] = o, then the harmonic complex [ab] is apolar to
itself, the harmonic surface [a%h] is apolar to b, and [ab?] is
apolar to a.

If [a%b?] = o, and [ab®] = o, then, by (7),

[aB] = [(aBa)B] =0, [(bAL)A] = o;

hence each of a, b is apolar to its reciprocal in the other.
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. If a=Zk;fe, e}, b=2Zlfe,e},
then [a?] = Zk;;k;{[e;¢)], [¢;e,]}
+ 2k kim{leiel], [e;en] + [e;€4), [e;el}-
If a=kfe}+...+kfez}, b=1{e}+...+1 e},
L=1,e,e}+... +134{e3,e4}, [ece,ee,] =1,
then a* = Y k;k;[e; %,
3

[a27] = k, kL1, +k kL1 +...+ ... +k,k, L L,
[02L] = k,k,L[e,e] + kK, [e,e] + ...

These connect up our symbols with the more usual treatment by
coordinates.

§131. A fundamental sum of products of pairs of rotors.
1. Ife,, e, e;, ¢, be four base points, let
€ = {[e, ], [ese]} +{[ezes], [erea]} +{[esen], [e2e4]}-
Then € #o, for if L be any line in the plane [e, e,e,], we have
2[CL] = [e,e;] [eses L] + [ere5] [e 64 L] + [e5e,] [ese4 L],
the other terms vanishing. If [€L] = o for all L in plane [e, e,é,],
these lines must cut [e,e,], [e,¢,], [e;e,], which cannot happen
since ey, e,, e;, e, are independent.
2. If p =x,e,+x,6,+x565+x,¢,, then
[€p%] = {[ese,0), [esesp]} +{[ee50], [e1 €401} + {[e36,2), [e2642]}
= {(x463— X3€,), (%26, — X, €5)} + ..
= (x2X4{€1 €5} + X, X365, €4} — X X5{ey, €4} — X X {6, €3)) + ...
=o.
Hence, if a, b represent any quadrics, then [€a] = o, [Eab] = o,
[€a?] = o; € is apolar to all quadrics and all harmonic complexes.

3. All lines are in the set represented by G, for
[€[pg)’] = [€p*.¢47] = o.

Hence, by § 130- 10, there are c0'? sets of six lines mutually conjugate

for a given quadric.
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We shall see that this fact is intimately connected with the
double-six theorem; now the latter depends on a theorem
peculiar to quadrics in step six, (§107). The corresponding
peculiarity here is the existence of a product-sum € apolar to all
quadrics, and the structure of that sum is peculiar to step four.

4 Since [6le,es]] = bleyes),
therefore, if S is a screw, we have [€S] = 1S,

[C{S), Sy}] = [[€S,]S,] = 4[5, S,].
Hence, if S|, S, are in involution, they are conjugate for €.

§132. F. Schur’s Theorem.*

If three generators L, M, N of a regulus are mutually conjugate
for a quadric b, there are o' triads of such generators.

We have b%{M, N} = 03N, L} = b*L, M} = o.
If x,L+x,M+x3N, y,L+y,M+ysN, z,L+2,M+2z;N be
lines, then, forming their outer products with themselves,
XoX3[MN]+x3%,[NL] +x, x,[LM] = o,‘l
Y2YslMN]+ysyi[NL]+y,y,[LM] = o, ; (@)
and if they be conjugate in pairs for b, then
b2y, z){L, L} +y,2,{M, M} +y;24{N, N}) = o,
b%(z,x,{L, L} + z,x,{ M, M} + z;x4{N, N}) = o, (ii)
b2(x, yi{L, L} +%,¥,{M, M} + x5y5{N, N}) = o.j
The condition for equations (i) to be consistent is
X,X3, X3X;, XX, =o0.

Y2¥3 YsYie YiY2
ZoZyy, 23Z), 217y

|

The condition for equations (ii) to be consistent is
| Y12y Y225 Y323 =O.

21X}, Z,X, ZgXg
XY X2¥Y2 X33
® Schur, Math. Ann. 18 (1881), p. 1. (The theorem is completed below.)
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These conditions are each equivalent to
Cxrhooyrh ozt
xzh vzt oz
x3h o oysh ozg!
When x,, X,, X, are fixed, we have, from (i), (ii), five linear
equations in yi'!, y7'1, y3'!, 2}, 23}, z3!; these fix uniquely the
ratios y, :y,:y; and z,:z,:2;.
Cor. If L,, L,, L, be generators of the regulus through L, M, N
and L,, L, be conjugate for the quadric, and Ly, L, conjugate,
then L,, L, are conjugate.

= 0.

§133. Quadrics associated with a hexagon in space.*

1. Let ab'ca’bc’ be the hexagon; let U, B, W represent the
quadrics through the triads of lines [b'c], [c'a], [a'D] and
[aa’], [b), [ec’] and [bc'], [ca’], [ab'] respectively. We may thus,
by § 322, take 11, B, W to be the expressions

{(eb'c'), [aba'}— {[be'a’), [cab']},

{laa’¥'), [bec']} —{[eb'e") [aba']},

{[bc’a’], [cab']} —{[aa’b'], [bec']}
As the sum of these vanishes, the quadrics are dependent, as
was shewn earlier, (§ 32).

2. Let d = [bea' .cab’ .abc’], [abed] =1,

[bed] = @, [cda] = —p, [dab] =7y, [abc]=—0é.

Weight the points so that

a =kb+c+d, b =a+ksc+d, ¢ =ka+b+d,
andlet e=a+b+c+d, f=ka+kb+kyc+d,
e=a+f+y—90, ¢=koa+kf+kyy—9.

3. Substituting in the expressions for U, B, B, simplifying,
and omitting scalar factors, we have

U =oa?+p2+y2-82-¢,

B = U-k kk; B,

W = k{22 + k5 2p% + k3 2y% — 02— @2
* Baker, Journ. Lond. Math. Soc. 1 (1926).
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4. The quadric through the lines [b'c], [c’a], [a’d], as an
envelope, has equation

[m.bc.c’a.a’b.m] =o.
Hence it is represented by the sum of point-products
[abb'c’){c,a’} —[aa’b'c'1{b, ¢} — [abec’ {a’, b'} — [cac’a’} {b, b'},

which reduces to a?+b%+ct—d?—e?,
Thus and similarly we find
u= a’+ b+ c2—d?—e?,
v = (k;—1)2@®+(k,— 1202+ (k; — 1)2c2 —e2 — f2,
= kia?+ k3b%+ k3c2—d?—f2,

5. If the quadric envelope p reciprocates the opposite sides
of the hexagon aa’cc’bb’ into one another, turning the lines
aa’, bb', cc’ respectively into bc’, ca’, ab’, and if q does the same
for the hexagon ab’ca’bc’, and t the same for the hexagon aa’bb’cc’,
then p reciprocates W into v, q reciprocates 1 into v, and t
reciprocates 8 into u.

We find, as in § 99-3, constant factors being arbitrary,

p = ky(k; — 1)@+ ky(k; — 1) 5% + ky(ky — 1) 2 — f?,
q= k,a®+ k, 0%+ kyc2—d?,
t=—(k,—1)a®— (k,—1)8?— (k;—1)c?—¢€?,

6. Comparison with matrices. If p is any point, [Up] is the
polar plane of p for 1l; thus 1l gives rise to a polarity which
changes points into planes. Dually, if u is the corresponding
quadric envelope, so that [11®] = u, then u gives rise to a polarity
which changes planes into points. The two polarities are inverse
to each other, when the weights of points are ignored, and in
any fixed frame the matrices of u, U are inverse matrices, apart
from a constant factor. We can therefore connect the present
work with matrices, or linear transformations, if we regard u
as a matrix, and write u~! for . Similarly write v~!, ! for

B, BW.

7. The equations above give at once
(1) g+r=1u, (2) t+p =0, (3) p+a=mw,

FCE 31



482 ALGEBRAIC PRODUCTS [cHAP.

and since p reciprocates B into v, and so on, we have (§99,
128-3)

(4) b=pw7lp, (5) w=qulq, (6) u=rvlr.

Of these we need only assume (1), (2), (3), (4), and hence we
can define all the quadrics in terms of p, 1.

For (2), (3), (4) give
t+p =0 =pw'p =p(p+a)y.
Hence E+P)p~'p+a)p~' =3,
3= +I)@+ap™!) = J+rp +ap~! +rp~lap~,
i +api+rplapt =0, r+q+plg=o,
pl+gt+rl=o.

Hence the loci B, £, R are in a pencil.

The three quadric loci which reciprocate the sides of the hexagons
aa’cc'bb’, ab’ca’bc’, aa'bb’cc’ into the opposite sides are in a pencil.

To deduce (5), (6) from (1), (2), (3), (4): we have from the
last equation written:

P+a) a7 (@+1)g =F, (@+r)ri(x+p)r! =
Hence from (1), (2), (3), g7'ug™! = w!, r-'or~! = u-!, equi-
valent to (5), (6).
8. Since U, B, W are dependent, so must u~, p=!, w-! be.
Let ! =xu-l4+yp-l
By (1), (2), (3), (6),
W=u+v—2r=u—2v+ruly,
(u—2c+rut)(xut+yv 1) =3,
(! —2J +ou ) (xeu~t +yeo!) = Q.
Put ur~! = d, then, since rv—! = ur-!, we have
C(O-23+0) (7 4yD) =G, (b-FP(F+yb?) = b
The equation det (1 — Ar) = o, or det (b — AJ) = o, is hence of
form (A—1)2(x+yA?) = 22,
or yA* =2y A3+ (x+y) AZ—2xA +x = A2,
Now det(u—Ar) = o can be written, (p. 293, Ex. 7),
[u*] — 4A[u3r] + 6A%[u%r?] — 4A3[urd] + A4x4] = o.
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Comparing coefficients, we find
[u] (] = 4[u’c] [ur’].
Similarly (] [a*] = 4[u*a] [ue®],

and the equations obtained by cycling p, g, t and u, v, tv simul-
taneously.

9. If three generators of the same system of a quadric u be
mutually conjugate for a quadric g, we can take a, ..., ¢’ so that
b'c, c’a, a'b are these generators and bc’, ca’, ab’ their polar lines
for q. Then q reciprocates the quadric through the first triad
of lines into that through the second triad.

We can then take g, u to have the equations above.

Then [w][a*] = 4[u’a] [ua’]-

Hence this is the condition that one regulus of u is in the
Schur relation (§132) to q; as it only involves the quadrics,
therefore the other regulus of u is also in that relation; and
further the relation between the quadrics is reciprocal.

'The following pairs of quadrics are in Schur’s relation:

(w,0), (1,1), (v,9), (1,9), (v,7), (w0,p).

10. Relation to the double-six theorem. Write L, =b'c, L, = c'a,
Ly=a'b, M, =bc', M,=ca', My =ab'. Then L,, L,, L, are
generators of a regulus on u; M, M,, M of oneont; L, L,, L,
and similarly M,, M,, Mj, is a triad of mutually conjugate lines
for q.

Another line L,, which is conjugate to L,, L,, Ly for q, must
meet the polars M|, M,, M; of L,, L,, L, for q; and any such
line is conjugate to L,, L., L,.

When L, is fixed, if M, is its polar line for g, there are two
lines Ly, L which meet M,, M,, M5, M,. As these are conjugate
to L,, they are conjugate to one another, (§ 132, Cor.), as well as
to L, L,, L,.

Thus we have six lines L,, ..., L; mutually conjugate for q.
Their polar lines M|, ..., Mg for q are also mutually conjugate
for q.

Hence L,, M,, (i = 1,...,6) form a double-six derived from
the hexagon ab’ca’bc’, and the line Ly meeting bc’, ca’, ab'.
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Examples. 46. Call two point-pairs on a sphere ‘ conjugate’ when
the joins are lines conjugate for the sphere. Then all circles through
either pair are cut orthogonally by just one circle through the other
pair. If five point-pairs are mutually conjugate, there is a point-pair
concyclic with each of the five pairs.

47. A line L, in space can be represented by two points p;, ¢,
in a fixed plane such that, if p,q,, p,g, be parallel, then L,, L,
intersect, and conversely. Translate the double-six theorem into a
theorem on the plane.

48. Taking e, e,, e;, €, as basic points, let
a=¢+e, b=e—e, c=e+e, d=e—e,
a =e,—e, b =e+e, ¢ =e—e;, d =e+e,
a,=e;—e, by=e;+e, c,=e—e, d,=¢e+e,
The three tetrahedra, abcd, a,b,c,d,, a,b,c,d, are ‘desmic’, each
edge of one cuts two opposite edges of the other. Thus bc, ad cut

both b,¢, and a,d;. Any two of the tetrahedra are in four-fold per-
spective from the vertices of the third, for example,

b—c, =c-b =d+a,=d —a=a,
c—a, =a—c,=d+b =d -b=b,
a-b =b-a,=d+c, =d —c =q¢,,
at+a, =b+b =c+c, =d —-d=d,
The vertices of any pair of tetrahedra are associated points, for
using algebraic products,
@+ +c?+d? = al+ bl +cl+d} = al+bi+c5+di.
Deduce geometrical theorems from the following identities in
algebraic products:
d2+a?—b?—c? = 2(b, ¢, —a,d)) = 2(b,c, — a,d,),
d?—a? + b —-c? = 2(c,a, — b, d)) = 2(cya, - b, d,),
d2—a?— b +c% = 2(a, b, —c,d)) = 2(a,b, —c,d,).
2be +ad) = &3+ @l -3~ = 2(byc, +aydy),
2(ca+bd) = d} —a? +b? —c? = 2(c,a,+b,d,),
2(ab+cd) = d} —a? —b? +c2 = 2(ay b, + ¢, d,).
2(bc—ad) = 2(b, ¢, +a,d,) = d}+ a3 — b} —c},
2(ca—bd) = 2(c,a; +b,d,) = d} —ai+b%—c},
2(ab—cd) = 2(a, b, +¢,d,) = d3 —a} - b} +ci.



INDEX OF

Acceleration, in plane, 180, 188;
in space, 193

Addition, of bivectors, in plane, 26,
in space, 80; of bivector and rotor
in plane, 26; of circles, 310; of
extensives, 1; of forces, 22, 29,
44, 156fF.; of leaves, 75, 82; of
operators, 50; of oriented circles,
344; of points, 5; of point and
vector, 3, §; of rotors, 26, 156fF.;
of systems of circles, 353; of
vectors, 4

Algebraic product, of points and
rotors in plane, 424ff.; of points
and rotors in space, 462 ff., 466 ff.

Apolar, conics, 443; nets of conics,
456; quadratic complexes, 476;
quadrics, 472ff.

Associated, circles, 419; lines, 245;
points, 153fF., 465fF.

Axis, focal, 292; of displacement,
191; of similitude, 329, 347;
radical, 311; Reye, 290

Bivector, 24, 79, 313; moment of,
25; unit, 25, 313
Brocard points, 46

Centre, of acceleration, 189; of
curvature of plane curve, 181;
of curvature of quadric, 284; of
instantaneous rotation, 188; of
similitude, 329, 347

Circles, 309ff.; angle between, 315;
associated, 419; coaxal, 311}
director, 447; foci of, 420; Hart
systems of, 331; improper, 312;
in bi-involution, 420; in involu-
tion, 419; in space, 418ff;
Larmor systems of, 336; nets of
oriented, 348; normal form of,
338; normal systems of oriented,
355; nul net of oriented, 349; nul
system of oriented, 353; of flexes,
189; oriented, 343ff.; orthogonal,
in space, 420; paratactic, 421;
power, 338; power of point for,
309; power of rotor for, 346;
proper, 309; systems of oriented,
352fF.; tangent, 329, 338

SUBJECTS

Circle-vectors, 344

Circular points, 446

Clifford parallels, 423

Collineations, as products of polar-
ities, 387; in plane, 202; in space,
207; non-singular, 208; Pasch,
203 ff., 209; singular or degenerate,
210

Combination, linear, 217; multiplica-

tive, 237
Complexes, apolar, 476; harmonic,
293, 472; in involution, 162;

linear, 159; linear and screws, 160;
nul points, planes of, 160; quad-
ratic, 475; Reye, 292; special
linear, 160; tetrahedral, 211 ff.

Congruence, directrices of linear,
137; linear, 137; of lines defined
by planar fields, 214

Congruent, extensives, 12, 224;
matrices, 384; transformations,
198

Conics, 116fF.; apolar, 440; canonical
equation of, 122; director circle of,
447; envelope, 119, 428fF.; focal,
282; foci of, 447; harmonic, 438;
net of, 455; non-degenerate, 116;
nul triad of, 445; polar, 442

Conjugate, lines, (planes) and points,
for conic, 123, 428; for linear
complex, 160; for net of conics,
455; for quadratic complex, 475;
for quadric, 140, 281; for screw,
160; points of Hessian of cubic,
455

Coordinates, 219, 238; areal, 6, 44;
of transformation, 265; Pliicker,
157; tangential, 22; trilinear, 44

Correlation, 210, 383

Correspondence, projective, 114,
134, 214; Steiner, 442
Cross-ratio, 114; Grassmann, of

lines, 147

Cubic curves in plane, 205, 453ff.;
Cayleyan of, 458; double points of,
453; flexes of, 458; harmonic
polar of, 454; Hessian of, 455;
invariants of, 461; polar conics
and lines of, 453; polo-conics of,
461; tangents to, 453
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Cubic developable, 215

Cubic, twisted, 132; bisecant of,
133, 465; osculating plane of, 185;
tangents to, 184

Curvature of plane curve, 179

Cylindroid, 167

Desmic tetrahedra, 484

Det, 265
Determinants, 22, 23, 254ff.; co-
factors, minors, complementary

law, 259; law of extensible minors,
259; theorems, 254fF., 306, 307,
402, 405, 406
Diameter of quadrilateral, 16, 450
Differentiation of extensives, 177ff.
Displacements, axis of, 191; in
space, 92, 191, 396

Extensives, 1; column-, row-, 251;
compound, simple, 227; condition
for simple, 241; latent, 269, 370;
orthogonal, 294; solution-, 251

Fields, projective planar, 214
Frame, normal, 295

Genese’s rule, 106
Graphical theorems, 12
Group, 51; abelian, 51

Harmonic, complex, 293, 472; conic,
438fF.; quadric, 474; set of ex-
tensives, 114; surface, 473, 476

Hyperbola, Apollonian, 451; rect-
angular, 448ff.

Identities, in circles, 48, 49; in
algebraic products, 433ff., 443,
445, 469fF.; in points, 18, 19; in
products, outer and inner, 18fF.,
s4ff., 76ff., 104ff.; in projective
geometry, 143ff.; in vectors, 30,
33, 36, 82, 9o, 91; Mébius, 170,
321, 323

Infinity, lines and points at, 12, 446

Inner product, 294 fF., 300ff. ; definite,
303; of bivectors in space, 86; of
circles, 309; of circle-vectors, 345;
of systems of circles, 353; of
vectors in plane, 31, in space, 86;
with respect to conics, 125,
quadrics, 142

Inversion, 320, 396ff.; Laguerre,
401

INDEX OF SUBJECTS

Involution, 128, 198, 378, 392ff.,
429, 457; biaxial, central, 379;
circles in, 419; double points,
199; linear complexes, screws in,
162; quadrangle, 207; triangle,
206

Involutory points of correlation, 383

Jacobian of net of conics, 455

Lattices, 364

Leaf, 73

Linear dependence, independence,
of equations, 253; of extensives,
217; of lines, 137; of points, 72

Linear homogeneous function of
extensives, 150

Mag, 8o

Magnitude, of bivector, 25; of leaf,
73; of rotor in spread of circles,
312; of trivector, 8o

Matrices, 250; adjugate, 271; and
linear equations, 250ff.; canon-
ical, 375; characteristic root of,
269; congruent, 384ff., 387;
diagonal, 268; elementary divisors
of, 375, 376; elementary trans-
formations of, 361, 366; equi-
valent, 364, 366; equivalent pairs
of, 380; invariant factors of, 364,
366; inverse of, 267; minimum
equation of, 368; non-singular,
267; normal form of, 363, 366,
367; of integers, 361; of poly-
nomials, 365; of real and complex
numbers, 366; orthogonal, direct
and indirect, 273, 394 ; polynomials
in, 269; secular, secular equation
of, secular polynomial of, 269;
self-equivalence of, 389ff.; square
root of, 381; symmetric, skew
symmetric, 270, 367, 384fF.; trans-
posed, 250, 267; which are pro-
ducts of involutions, 393; A-
matrix, 366

Median plane, 84

Mébius tetrahedra, 170ff., 208, 323,
412, 464, 466

Motion, of plane over plane, 188ff.;
in space, 192ff.; three-bar, 41;
under central forces, 185; under
inverse cube law, 187; under
inverse square law, 186; various
theorems, 194, 287
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Multiplication. See Product, Alge-
braic product, Inner product,
Outer product, Progressive pro-
duct, Regressive product, Sequence
product

Orthologic triangles, 42

Orthopoles, 69

Quter product, 221, 227; in pro-
jective geometry, 112ff.; of alge-
braic products, 426fF., 453, 466,
473; of circles, 316; of collineations
in plane, 203, in space, 208; of
conics, 431; of extensives of step
one, 13, 16; of matrices, 271 ff.; of
oriented circles, 347; of point and
bivector, 25, 81; of point and
rotor in plane, 17; of point and
trivector in space, 80; of point and
vector in plane, 23; of points in
space, 72ff.; of projectivities in
step two, 198fF.; of two vectors in
plane, 24; of vector and rotor, 25,
82; of vector and trivector, 81;
of vectors in space, 79, 8o

Parabola, Steiner, 451

Paraboloid, 290

Paratactic, circles, 421; lines, 422

Pencil, 113; of projectivities, 198;
of screws, 162; parabolic, 176;
perspective, 160; projective, 159

Pentacycle, 419

Plane, complex,
112

Polar, conic, 442; conic and line for
cubics, 453; tetrahedron, 143,
463; triangle, 126; quadrilateral,
443

Polarity, 211, 383; confocal, 290ff.

Pole and polar, for conic, 123, 428;
for quadric, 140, 281, 463

Prime, 307, 377

Problem, of Apollonius, 329, 338;
of Fermat, 183; of Pothenot, 46

Product, convention, 65; of ex-
tensive and scalar, 2; of matrices,
266; pure, mixed, 235

Progressive product, 55, 229

Projection of spreads, 220

Projective, bundles, 134, 216; ranges,
114; spreads of step two, 133

Projectivities, harmonic, 199; in
step two, 197fF.; in step three,
202; in space, 207

imaginary, real,
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Quadratic forms as sums of squares,
386

Quadric cone, 129

Quadrics, 133ff.; and hexagon, 480;
and screws, 175; apolar, 472;
central, 279; confocal, 282, 289;
envelope, 144, 282, 462f1.; genera-
tor spreads of, 307; generators of,
139; harmonic, 474; in step n,
403; normals to, 281ff.; nul
quadruples of, 475; principal
axes, planes of, 280; reciprocal of
one for another, 388; reciprocal of,
for complex, 477; strain, 279

Range, 113; double points of pro-
jective, 115; in involution, 128
Rank, of extensive of step two, 243;
of matrix, 251, 268; of twisted
cubic, 184; of quadratic form, 368

Regressive product, 229; in pro-
jective geometry, 113; of bivectors,
in plane, 67, in space, 87; of leaf
and rotor, 104; of leaves, 105; of
rotors in plane, 55

Regulus, 129; directrices of, 130;
generators of, 129 ; opposite, 130

Rotation, 277, 300

Rotors, 14; in theory of circles, 312

Rule of a repeated factor, 231

Screws, 156; and linear complex,
160; and quadrics, 175; as ele-
ments of spread of step six, 406;
axis of, 165; bundle of, 163; in
involution, 162; moment of, about
line, 157; mutual moment of two,
157, 166; nul lines, planes, points
of, 160; pitch of, 165

Self-polar triangle, 128, 430

Sense of tetrahedron, 73

Sequence product, 50, 266

Sextuply perspective triangles, 65,
431

Similarities, 39—41, 50-54; direct, 50

Spheres in spreads of any step, 409

Spreads, basis, frame of, 219; cut,
join of, 220; direct sum of, 220;
latent, 370; of even and odd step,
411; of step five, 244

Star of primes, 377

Step, 14, 72, 218, 222

Strain, 274; direct, indirect, 274;
pure, 276; transposed, 275

Subspread, 232
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Supplements, 228; of circles, 316;
of rotors in plane, 68, in space,
164 ; of scalars, 89, 142; of vectors
in plane, 31, }n space, 85; with
respect to conics, 123, to quadrics,
139

Systems of oriented circles, 352; mid
circle of, 355; normal, 355; nul,
353; parameters of, 353

Tangent, to conic, 120; to plane
cubic, 453; to quadric, 139; to
twisted cubic, 184

Tetrahedra, Mébius, 170, 208, 323,
412, 464, 466

Transformation, affine, 225; Cayley’s
form of orthogonal, 394; circular,

INDEX

direct and indirect, 296; elemen-
tary, 224; elementary circular,
295; identical, 267; inverse, 267;
linear, so, 274; non-singular, 267;
of matrices, 361; orthogonal, 273,
277, 298, 394; orthogonal, as
products of inversions, 400; zero,
266

Unities, basic, 228; of step r, 228
Univector, 346

Vector, 2, 79; isotropic, 284; nul, 4
Weddle quartic, 138

Z-plane, 209
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Aitken, 361
Apollonius, 38, 329

Baker, 13, 79, 247, 249, 260, 403,
411, 413, 480

Baltzer, 8

Barbilian, 406

Bazin-Reiss-Picquet, 262

Bérard, 8

Bertrand, 184

Blaschke, 184

Bobillier, 10, 37

Brianchon, 62, 119

Bricard, 64, 65

Brocard, 46

Burmester, 190

Busche, 62

Carnot, 33, 121
Casey, 42, 334, 346, 356
Caspary, 138
Cayley, 41, 272, 394
Ceva, 7, 21, 100
Chasles, 138, 192
Clebsch, 473
Clifford, 41, 423, 461
Coolidge, 418

Cotes, 187

Cox, 309, 321, 323
Cwojdzinski, 300

Daniéls, 69, 71, 127

Delambre, 101

Desargues, 11, 12, 59, 60, 101, 126,
129, 204, 213, 438

Duporcq, 196

Durrande, 287

Euler, 37

Fehr, 184

Fermat, 183
Fontené, 109
Frégier, 289

Genese, 106, 107
Gergonne, 329
Gordan, 204
Grace, 416

Grassmann, 1, 99, 129, 138, 147,
157, 191, 216, 217, 219, 221, 227,
228, 295, 302, 370

Grassmann, d.]., 197, 202, 451

Griibler, 190

Hadamard, 305

Hamilton, 28, 272

Hart, 331, 333, 336, 337, 417
Haskell, 410, 417

Hesse, 126, 154

Ivory, 285

Jacobi, 257
Jahnke, 66
Joly, 284

Kraus, 203, 207
Kronecker, 306
Kuhne, 414, 415, 417

Lagrange, 35
Laguerre, 359, 401
Laisant, 39
Laplace, 255
Larmor, 336, 337
Leibniz, 16

Lie, 213, 415
Liebmann, 63
Lotze, 165, 191, 192

MacDuffee, 361

Mannheim, 190, 192, 288

Mehmke, 13, 21, 63, 94, 129, 131,
133, 150, 151, 192, 214, 306, 309,
340

Menelaus, 7, 10, 20, 100

Metzler, 258-63

Miquel, 322, 415

Mébius, 83, 170, 208, 321, 323, 412,
464, 466

Morley, 31, 170

Muir, 258-63, 306

Miiller, 152, 174, 244, 257, 260, 309,

343, 357, 417, 424, 462
Muth, 207, 387

Napier, 101
Neuberg, 23, 40, 151
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Pappus, 29, 59, 61, 63, 101, 249, 342

Parker, 406

Pascal, 118, 121, 128, 138, 205, 206,

450

Pasch, 203, 204, 207, 209

Petersen, 53, 170
Pliicker, 157, 338
Poinsot, 165
Pothenot, 46
Ptolemy, 49, 319

Reye, 290-92
Richmond, 417

Rosanes, 444, 445
Rothe, 242

Schoenflies, 192
Schénemann, 194
Schoute, 53

Schur, 479, 483
Segre, 244, 409
Serret, 84, 449, 450
Simson, 47, 323
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