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CHAPTER XIII.

DETERMINANTS,
—_—

127, Elementary Notions and Definitions.—This chapter
will be occupied with a discussion of an important class of
functions which constantly present themselves in analysis,
These functions possess remarkable properties, by a knowledge
of which much simplifieation can be introduced into many
operations in both pure and applied mathematies.

The function a,b; + a3b,, of the four quantities

al) bl,

A3y bz,

is obtained by assigning to # and b, written in alphabetical order,

the suffixes 1, 2, and 2, 1, corresponding to the two permutations

of the numbers 1, 2, and adding the two products so formed.
Similarly, the function

abaes + 1050y + AzbsC, + @010 + Azb103 + ashacyy (1)
of the nine quantities
a, b, e,
as, by 0y
a3, bl) Csy

is obtained by adding all the products abe which can be formed
by assigning to the letters (retained in their alphabetical order)
suffixes corresponding to all the permutations of the numbers
1, 2, 8. The whole expression might be represented by (abdc),
or any other convenient notation, from which all the terms
could be written down.

voL. 1I. B



2 Determinants.

The notation (abed) might be employed to represent a
gimilar function of the 16 quantities a,, 4, ¢, dy, @,, &o., con-
sisting of 24 terms, which can all be written down by the aid
of the 24 permutations of the numbers 1, 2, 3, 4.

And, in general, taking » letters a, b, ¢, . . . /, we can write
down a similar function consisting of n (n~1)(n-2) ....38.2.1
terms, this being the number of permutations of the first # num-
bers, 1,2, 3 ... n.

Now the functions above referred to, which are of such
frequent occurrence in mathematical analysis, differ from those
just deseribed in one respect only, viz.: of the 1.2.3...n
(which is an even number) terms, half are affected with posi-
tive, and half with negative signs, instead of being all positive,
as in the expression written down on the preceding page.

‘We shall now give some instances of the functions which
will be discussed in this chapter. They occur most frequently
as the result of elimination from linear equations. If, for
example, # and y be eliminated from the equations

}z,z+b,y =0, az+by=0,
the result is @b, — azb = 0.
Again, the result of eliminating 2, y, s from the equations
az + by+cs =0,
ayx + by + ez = 0,
ag + by + ¢33 = 0,

is, as the student will readily perceive by solving from two of
the equations and substituting in the third,

a;b,c, - alb,c, + azbscl - a,blc, + a,b,c, - a,b,cl = 0 H (2)

and this function differs from (1) given on the preceding page
only in having three of its terms negative, instead of having
the six terms positive.

Similarly, the process of elimination from four linear equa-
tions gives rise to a function of the sixteen quantities a,, b,, ¢,



Elementary Notions and Definitions. 3

dy, 03 by, &o., which differs from the function above represented
by (abded) only in having twelve of its terms negative.

Expressions of the kind here described are called Defermi-
nants.* The notation by which they are usually represented was
first employed by Cauchy, and possesses many advantages in the
treatment of these expressions. The quantities of which the
funotion consists are arranged in a square between two vertical
lines. For example, the notation

(1)) b;
a b I

represents the determinant @,b, — a;b,.
Similarly, the expression on the left-hand side of equation (2)
is represented by the notation

& b1 [/
a by ¢
Qag b; Cs

And, in general, the determinant of the n* quantities
Gy by e ... 4y asy b, &e., is represented by

G bl G + o+ h
as by e . . . 4
as b; GG . . - 4 ¢ (3)

ay by Cn + . . Iy

By taking the n letters in alphabetical order, and assigning
to them suffixes corresponding to the n(n - 1)(n - 2) ... 3.2.1
permutations of the numbers 1, 2, 3, ... n, all the terms of the
‘determinant can be written down. Half of the terms must
receive positive, and half negative signs. In the next Article

# See Note A at the end of Vol. I1.
" B'2



4 Determinants.

the rule will be given by which the positi ve and negative terms
are distinguished.

The individual letters a;, by, €1y . . . a3, . . . &o., of which a
determinant is composed, are called constifyents, and by some
writers elements. Any series of constituents such as a,, by, ¢,

. . &, arranged horizontally, form a 70y of the determinant;
and any series such as 4, 4, @y, . . . @4, arranged vertically,
form a column, The term line will sometimes be used to
express & row or column indifferently.

128. Rule with regard to Signs.—It is evident from
the preceding Article that each term of the determinant will,
since it contains all the letters, contain one constituent (and only
one) from every column ; and will also, since the suffixes in each
term comprise all the numbers, contain one constituent (and only
one) from every row. We may therefore regard the square
array (3) of Art. 127 as the symbolical representation of a
function consisting in general of n (n - 1)(n-2) ... 3.2. 1
terms, comprising all possible products which can be formed by
taking one constituent and one only from each row, and one
constituent and one only from each column. All that is
required to give perfect definiteness to the function is to fix the
sign to be attached to any particular term. For thls purpose
the following two rules are to be observed :—

(1). The term a\bses . . . I, formed by the constituents sztuated
in the diagonal drawn from the left-hand top corner to the rzg/zt-
hand bottom corner, is positive.

This is called the leading or pr’z'@'md term. In itthesuffixes
and letters both occur in their natural order; and from it the
sign of any other term is obtained by the following rule :—

(2). The sign of any other term i8 positive or negative, according
as ¢ contains among its suffizes an even or odd number of inversions
of order as compared with the suffizes of the leading term.

The letters are supposed to retain the alphabetical order,
and an “inversion” is said to occur whenever any higher



Rule with regard to Signs, 5

number precedes a lower among the suffixes. In the term
asb.eid,, for example, there are four inversions, the number 3
occurring before 1 and before 2, and 4 occurring before 1 and
before 2. Similarly, asb.c;die: contains six inversions, as the
student will readily perceive. The following will be found to
be a useful modification of this rule:—A transposition (or inter-
change) of two adjacent suffixes alters the sign of a term. For it
is easy to see that any such transposition is equivalent to the
gain or loss of one inversion. No inversion, in fact, in the
series i8 disturbed by the process, except such as depends on
the relative position of the two adjacent suffixes when com-
pared with one another. If before transposition these suffixes
are in their natural order, one inversion is gained by the
process ; but if not, one is lost. In the arrangement 53427186,
for example, the interchange of 2 and 7 introduces one addi-
tional inversion, the number being thus increased from eleven
to twelve. The sign of the corresponding term in the deter-
minant is therefore altered from — to +.

It is easy now to justify the remark in Art. 127, that a
determinant contains an equal number of positive and negative
terms. For, from any term another can be derived which
differs from the first only by the transposition of the last two
suffixes, and these are the only two terms which agree in the
order of permutation of the first » — 2 suffixes. All the terms,
therefore, can be arranged in pairs such that if the first is
positive, the second is negative, and vice versa.

ExaMpLEs,

1. What is the sign of the term asbic2dse1 in the determinant of the 5th order P

The question is, How many inversions of order ocour in 34251 ; or, How many
interchanges will change the order 12345 into 342517 Here, when 3 is inter-
changed with 2, and afterwards with 1, it comes into the leading place, the order
becoming 31245. Again, the interchange in 31245 of 4 with 2, and afterwards
with 1, presents the order 34125. The interchange of 2 with 1 gives the order
84215; and finally, the interchange of 5 with 1 gives the required order 34251.
Thus there are in all six interchanges; and therefore the required sign is positive.
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The general mode of proceeding may plainly be stated as follows :—Take the
figure which stands first in the required order, and move it from its place in the
natural order 1234 . . . into the leading place, counting one displacement for each
figure passed over. Take then the figure which stands second in the required order,
and move it fromts place in the natural order into the second place ; and soon. If
the number of displacements in this process be even, the sign is positive; if it be
odd, the sign is negative.

2. What is the sign of the term asbicsdses figa in the determinant of the 7th order P

Here two displacements bring 3 to the leading place ; five displacements then
bring 7 to the second place ; four then bring 6 to the third place; three then bring
5 to the fourth place; the figure 1 is in its place; and finally, one displacement
brings 4 into thesixth place. Thus there are in all fifteen displacements ; and the
required sign is therefore negative.

8. Write down all the terms of the determinant

e h a a
a2 bz o3 ds

as b3 es ds

l ar by cx a4

The six permutations of suffixes in which the figure 1 oceurs first are
1234, 1243, 1324, 1342, 1423,  1432.

The six corresponding terms are, as the student will easily see by applying the
Rule (2), as in the previous examples,

@1bacsdy — arbacids + arbscyds — arbacody + arbuczds — a1bucsds.

The other eighteen terms, corresponding to the permutations in whxch the figures
2, 8, 4, respectively, stand first, are as follows :—

abieds ~ arbresdy + ardserdy — azbscidy + azbycsdy — asbyords
+ asbieady — asbicsdz + asbacidy — asbacidy + asbierds — asbecady
+ aibresds — acdicads + agbacids — aboesdy + aubseady — agbsorda.

4. Bhow that any interchange of two suffixes (the letters retaining their order)
alters the sign of a term.

For, if there are m elements between the two whose suffixes are interchanged,
the proposed transposition can be effected by 2m + 1 transpositions of adjacent
suffixes. By the aid of this proposition the sign of a term can usually be found
by a smaller number of transpositions than is required in the.general method
described in Ex. 1. Thus, in Ex. 2, five transpositions are enough to fix the sign
of the term, viz.: first, of 1 with 3, and then in succession 1 with 6, 1 with 4,
1 with 5, and finally 2 with 7. The determination of the smallest number of
transpositions necessary for this purpose is easily shown to depend on an elementary
proposition in the theory of substitutions. (Compare Chap. XX. of this Vol.)
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6. Show that any interchange of two letters, the order of the suffixes being
retained, alters the sign of a term.

For, if two letters be interchanged, and the corresponding elements then inter-
changed, the entire process is equivalent to an interchange of suffixes. If, for
example, in a1hzc3dses, b and ¢ be interchanged, we derive ae2¢3d(bs, which is equal

to a1bscsdees ; and this is derived from the given term by transposition of the suffixes
2 and §.

6. Show that if any two adjacent figures be moved together over any number
m of figures, the sign is unaltered.

For if they be moved separately, the whole process is equivalent to a movement
over 2m figures.

7. Determine the sign to be attached to the second diagonal term, vis.
nbn-16n.3 « . « kali, in the determinant of the nt* order.
Here the number of inversions of order is clearly

(n—l)+(n-2)+(n_3)+_..+2+l_n(n2_1).

n{n-l!
Hence the required signis (- 1) * .

129. In the propositions of the present and following
Articles are contained the most important elementary properties
of determinants which, by the aid of Cauchy’s notation above
described, render the employment of these functions of such
practical advantage.

Proe. I.—1If any two rows, or any two columns, of a determs-
nant be interchanged, the sign of the determinant is changed.

This follows at once from the mode of formation (Rule (2),
Art. 128); for an interchange of two rows is the same as an
interchange of two suffixes, and an interchange of two columns
is the same as an interchange of two letters; so that in either
ocase the sign of every term of the determinant is changed.
(See Exs. 4 and 5, Art. 128.)

By aid of this proposition the rule for obtaining the sign of
any term may be stated in a form which is usually more
convenient for practical purposes than that already given. It
will readily be perceived that the general mode of procedure
explained in Ex. 1, Art.. 128, is equivalent to the following.



8 Determinants.

Bring by movements of rows (or columns) the constituents of the
term whose sign 18 required into the position of the leading diagonal.
The sign of the term will be positive or megative according as the
number of displacements is even or odd.

ExXAMPLE,

What sign is to be attached to the term ABnz in the determinant

2
1™ o
© o w Iv

4
I m n
v

>

m

Here a movement of the fourth row over three rows (i.e. three displacements)
brings A into the leading place. One displacement of the original second row
upwards brings 8 into the required place in the diagonal term. And one further
displacement of the original third row upwards effects the required arrangement,
bringing ABna into the diagonal place. Thus the number of displacements being
odd, the required sign is negative.

130. Pror. I1.— Whenever, tn any determinant, two rows or
two columns are identical, the determinant vanishes.

For, by Prop. I., the interchange of these two lines ought
to change the sign of the determinant A ; but the interchange
of two identical rows or columns cannot alter the determinant
in any way ; hence A=- A, or A =0.

181. Pror. III.—The value of a determinant is not altered sf
the rows be written as columns, and the columns as rows.

For all the terms, formed by taking one constituent from
each row and one from each column, are plainly the same in
value in both cases ; the principal term is identically the same ;
and to determine the sign of any other term (by Prop. I.) the
number of displacements of rows necessary to bring it into the
leading diagonal in the first case is the same as the number of
displacements of columns necessary in the second case.
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ExAMPLE.
@ b oo a @ a2 ay a
a; by o3 ds b b bs b
— = - .
as b3 o3 d_s o e 02 o
ay by e dy ai dy dy dy

Here the sign of any term, e.g. azb401d3, is the same in both determinants. For
three displacements of rows are required to bring this term into the leading position
in the first determinant; and the same number of displacements of columns is
required to bring the same constituents into the leading position in the second
determinant.

132. Pror. IV.—If every constituent in any line be multiplied
by the same factor, the determinant is multiplied by that factor.

For every term of the determinant must contain one, and
only one, constituent from any row or any column.

Cor. 1. If the constituents in any line differ only by the
same factor from the constituents in any parallel line, the
determinant vanishes.

Cor. 2. If the signs of all the constituents in any line be
changed, the sign of the determinant is changed. For this is
equivalent to multiplying by the factor - 1.

ExaMPLES.
) kay b6 o ar b a
1. kaz b3 e |=k a by og |
kay bs o3 as b3 o
‘al may ag ’Gl ay a3
2. B1 mB1 B2 |=m| B1 B Ba |mO0,
7 myL 7 "mn 7y




10 Determinants.

3. Show that the following determinant vanishes :—

8 1 56 2

2 6 1 8
8 9 1 4
6 15 21 9
4. Prove the identity
be a a? 1 & &
ea b 3 = 1 5 8 |
ab ¢ & 1 & ¢

Represent the first determinant by A, and multiply the rows by a, 8, g, respec-
tively. We have then

abe a* a®
abea'=| abe 8 I3 |;
abe & o°

and, dividing the first column by abe, the result follows.
6. Prove the identity

ByS a a® ad 1 & o af
7%« B B B3 1 g g Bt
= .
8af v o 7 Loy
apy 3 3 5 | 1 3 3 3¢
6. Prove
2 1 -7 1 1 7
-4 -8 8 |=2/2 8 8|
(] 5 -9 3 6 9

Change all the signs of the second row, and afterwards of the third column.
7. Prove

a B y 1 1 1

’ 1 B

« I 4 Y |m- e oBy Bvya vYaB |.
B o "By B'va 7"aB

This is easily proved by multiplying the columns of the first determinant by
87, va, aB, respectively ; and then dividing the first row by aBy.

It is evident that a similar process may be employed to reduce any determinant
to one in which all the constituents of any selected row or column shall be units.
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8. Reduce the following determinant to one in which the first row shall consist
of units : —

4 2 6 10
1 1 6 3

A = .
7 3 0 6

0 2 5 8

Since 20 is the least common multiple of 4, 2, 5, 10, it is sufficient to multiply
the columns in order by 5, 10, 4, 2; we thus obtain

20 20 2 20

1 5 10 2¢ 6
A=10.2.2

6.10.4.21 35 30 o 10

0 20 2 16

Taking oat the multiplier 20 from the first row, 5 from the third row, and 4 from
the fourth row, we get finally

1 1 1 1
5 10 24 6
A =
7 6 0 2
o &6 6 ¢
9. Prove the identity

1 1 1

a B v |=B-7NO-a-8.

a? B

Since if 8 were equal to y, two columns would become identical, 8 — o must be
a factor in the determinant. Similarly, ¥ — a and @ — 8 must be factors in it.
Hence the product of the three differences can differ by a numerical factor only
from the value of the determinant, since both functions are of the third degree in
a, B, 7; and by comparing the term By? we observe that this factor is + 1.

10. Prove similarly the identity

1 1 1 1
a B v 3
@ B P B
@ B P B

It is evident that a similar proof shows in general that the value of the deter-
minant of this form, constituted by the n quantities a, 8, y ... A, isthe product of
the 4n (» — 1) differences which can be formed with these s quantities.

=—-(B-7)(a=3)(y-a)(8-3) (a-B)(y- ¥
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138, r Determinants. Definitions.—When in a
determinant_any number of rows and the same number of
columns are suppressed, the determinant formed by the
remaining constituents (maintaining their relative positions) is
called & minor determinant.

If one row and one column only be suppressed, the corre-
sponding minor is called a first minor. If two rows and two
columns be suppressed, the minor is called a second minor ; and
8o on. The suppressed rows and columns have common con-
stituents forming a determinant ; and the minor which remains
is said to be complementary to this determinant. The minor
complementary to the leading constituent a,.is called the leading
first minor, and its leading first minor again is the leading second
minor of the original determinant.

It is usual to denote a determinant in general by A. We
shall denote by A, the first minor obtained by suppressing in A
the row and column which contain any constituent a; by As s
the second minor obtained by suppressing the two rows and two
columns which contain a and 3; and so on. Thus Ag, TEpTO-
sents the leading first minor, and Ag,y b, OF A,y 5, the leading
second minor.

The determinant A, formed by the constituents ay, b,, ¢,, &e.,
is often denoted for brevity by placing the leading term within
brackets as follows :—

A=(mbiey..... ).

— o

The notation = + a,, . . Iy is also used to represent A ;
this expressing iﬁ_ﬁﬁ%_as'?onsisting of the sum of a
number of terms (with their proper signs attached) formed by
taking all possible permutations of the n suffixes.

134. Development of Determinants.—Since every term
of any determinant contains one, and only one, constituent from
each row and from each column, it follows that A is @ Zneasr and
homogeneous function of the constituents of any one row or any one
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column. We may therefore write
A=ad,+ ad,+ a4, + &o.,
A =08, + b,B; + byB; + &o.3
or, again, A =a,d, +bB, +¢C, + &o.,
A = a,4; + b,B; + ¢,C; + &o.
The student, on referring to Ex. 3, Art. 128, will observe
that the determinant of the fourth order there written at length
is constituted in the way here described, namely,

bz C3 dg bl Cy d[ b; () d] bl € dl
A= ay bq Cs dg + g b‘ Cy d‘, + as bg Cy dg + a, b s Cs da
] b4 Ce d‘ b_\; C3 ds b;, Cq d, fl bg Ca dz

We proceed to show that in the general case, writing A in

the form
A = ale + azAz + asAg +...+ anA”,

the coefficients 4,, 4,, 4,, &c., are determinants of the order
n-1.

In effecting all the permutations of the suffixes 1,2,3....n,
suppose first 1 to remain in the leading place, as in the example
referred to ; we then obtain 1.2.3.... (# - 1) terms which have

a, as a factor, and
d, = a2 + by . . . ln;

hence
b’ 01...13
by ¢ ...
AL=2:I:b,cg...Zn= * ’ 13 H
ba Cn ... Iy

and this determinant is the minor corresponding to the consti-
tuent a,, or 4, = Aqg,. ’

To find the value of A4,, we bring a, into the leading place
by one displacement of rows. This changes the sign of A, so
that we obtain 4; = - A,,, i.e. 4, = the minor corresponding te
a; with its sign changed. Again, bringing a, to the leading
place by two displacements, we have 43=2,, ; and so on.
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Thus we conclude that, in general,

A= alAa1 - azAa’ + aaAa. - a;Aa‘ + &Cu

PR

Similarly, we can expand A in torms of the constituents of
any other column, or any row. For example,

A = alAd; - blAbl + c]Ag‘ - &0-

If it be required to obtain the proper sign to be attached to
the minor which multiplies any constituent in the expanded
form, we have only to consider how many displacements wonld
bring that constituent to the leading place. For example, sup-
pose the determinant (a:b.cidees) is expanded in terms of its
fourth column, and that it is required to find what sign is to be
attached to d; As,. Here two displacements upwards, and after-
wards three to the left, will bring d; to the leading place ; hence
the sign is negative. This rule may be stated simply as follows :
Proceed from a, to the constituent under consideration along the top
row, and down the column containing the constituent ; the number
of letters passed over before reaching the constituent will decide the
sign to be attached to the minor. In the example just given,
beginning at a,, we count a, by, ¢, d\, dy, i.6. five; and this
number being odd, the required sign is negative.

It will be found convenient to retain both notations here em-
ployed for the development of a determinant. The expansion in
terms of the minors, with signs alternately positive and negative,
is useful in caloulating the value of & determinant by successive
reductions to determinants of lower degree. For some purposes,
as will appear in the Articles which follow, it is more convenient
to employ the notation first given, in which the signs are all
positive (whatever the row or column under consideration)
and the coefficient (or co-factor) of any constituent represented
by the corresponding capital letter. By substituting for the
capital letter the corresponding minor with the proper sign,
determined in the manner above explained, the latter notation
is changed into the former.
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ExaMpLEs.
1- a1 bx
8 a ' h a h a l
a6 8 03 |=a - + a3
b o by o3 b3 o3

by
= a1b203 — 418303 — azb103 + azbser + aabios — agbaor.

(Compare (2), Art. 127.)
2. | a b g

h b f |=a

b f h g
S o f e

"= abo + 2fgh — af? — bg? — ch?.
8. Expand the determinant of the fourth order in terms of the constituents of
the fourth row.
A = - aba, + by, — 04Ac, + diAd,.

h a d a o 4 ar b d @ b a
- 04 a3
as

A g
[

=m—a| b3 03 d3 |+bi| a2 e ds b3 dz |+di| a2 b2 ea |

b3 o3 ds as o3 ds by ds as b3 e3

‘When the determinants of the third order are expanded, this will give the
expression of Ex. 3, Art. 128, as the student will easily verify.
4. 3 2 4
6 1 2 4 2 4
7 6 1 |=3 l -7 +6
3 8 3 8 6 1
5 8 8
=3(48—38) - 7(16 — 12) + 5 (3 — 24)
=3,
5 Find the value of the determinant
8 7T 3 2

3 1 4 7
5 0 11 0

8 1 [ ]

Expanding in terms of the third row, since two of the constituents inthat row
vanish, we have without difficulty

7T 2 20 8§ 7 2
A=6/ 1 4 7 |(+11| 8 1 1T |;
1 0 @ 8 1 L

and expanding the two determinants of the third order, we find A = 2188.
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6. Expand 0 ) ] d

¢ 0 a ]
b a o f
a e I 0

The expansion is a?d? + %% + ¢3f? — 2bcef — 2cafd — 2abde; the given deter-
minant is therefore equal to the product of the four factors

Vatveivd, — Va-vie-V/7
~Vad+ b=, ~d- e+,

a result which is sometimes useful.
7. Prove

1 a B 7
-a l 7' - BI
-8B —v 1 o

-y B -d 1
8. Expand —a 5 ] d

=1l+a*+ B2+ 9%+ a2+ B2+ 92 + (au’+ BB + 7).

b -a d e
0 d —-a b

d ¢ b —a
Ans. at 4+ 5444 4 dt — 25202 — 2¢%a2 — 23202 — 2a2d% — 25242 — 2c2d? — Sabed.
9. Prove the following identily, and expand the determinants :—

0 1 1 1 0 2z y =

1 0 2y z 0 € y

1 22 0 2 = Y 5 0 z .

1 ¥y ¢ 0 g y z 0 ‘

Ans. 2t + yt + 28 — 29352 — 2532% — 22%y2,
10. Find the value of the determinant

a A A

g
A b f »
A= .

g f oo
A ;M v 0

kxpand first in terms of the last row or last column, and then each of the

determinants of the third order in terms of A, u, ».
Am. — A& =(bo—f)A% + (ca—g*) u* + (ad — A% »* + 2 (9h — af) v
+ 2 (Af - bg) vA + 2 (fg — oh) M
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135. Laplace’s Development of a Determinant.—
The expansion explained in the preceding Article is included
in a more general mode of development given by Laplace.
In place of expanding the determinant as a linear funotion
of the constituents of any line, we now expand it as a linear
function of the minors comprised in any number of lines.

Consider, for example, the first two columns (4, 8) of any
determinant ; and let all possible determinants of the second
order (ap, by), obtained by taking any two rows of these two
columns, be formed. Let the minor formed by suppressing
the @, and b, lines be represented by A,,,; then the deter-
minant can be expanded in the form 3 i+ (a,0,) A,,, where
each term is the product of two complementary determinants
(see Art. 133). To prove this, we observe that every term of
the determinant must contain one constituent from the column
a and one from the column 4. Suppose a term to contain the
factor a,b, ; there must then (interchanging p and ¢) be another
term differing only in the sign and the interchange of these
suffixes ; hence, the determinant can be expanded in the form
S (apdg) Apyg; and Ay, is clearly the sum of all the terms
which can be obtained by permuting in every possible way
the n — 2 suffixes of the letters ¢, d, e, &o., viz. + A,,,, the
sign. being determined in any particular instance by the rule
of Art. 128. This reasoning can easily be extended to the
genegral case. Let any number p of columns be taken, and all
possible minors formed by taking p rows of these columns.
Each of these minors is to be then multiplied by the comple-
mentary minor, and the determinant expressed as the sum of
all such produets with their proper signs.

ExaMPLES.

1. Expand the determinant (#182¢3ds) in terms of the minors of the second order
formed from the first two columns,
Employing the bracket notation, we can write down the result as follows :—
(@15a) (eads) — (a1ds) (cady) + (@184) (cads) + (aabs) (e1ds) ~ (asba) (e1ds) + (asda) (ard2) ;
where the sign to be attached to any product is determined by moving the two rows
involved in the first factor into the positions of first and second row. Thus, for
YOL., II. C
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example, since three displacements are required to move the second and fourth rows
into these positions, the sign of the product (asb¢) (¢1ds) is negative.

2. Expand similarly the determinant (a;b2csdges).
Ans, (a1d3) (cadaes) — (a1d3) (cadues) + (a1dy) (cadses) — (a1ds) (cadseq)
+ (a2bs) (c1dses) — (asba) (erdses) + (@ads) (er1dses) + (asde) (e1daes)
— (asbs) (e1daeq) + (adds) (crdaes).
8. Prove the identity
a b oa d oa N
ay b3 o3 da s Sn

a & oa a B
as bs o3 ds es fs "
al a b o a Ba 7
0 0 0 a B1 7
6 b o as Bs s

0 0 0 az B2 7
0 0 O as Bs s

This appears by expanding the determinant in terms of the minors formed from
the first three columns, for it is evident that all these minors vanish (having one row
at least of ciphers) except one, viz. (a1dz¢3).

In general, it appears in the same way that if a determinant of the 2m¢* order
contains in any position a square of m? ciphers, it can be expressed as the product
of two determinants of the mt» order.

4, Expand the determinant

a A g a N
A b f pn ¥
g f o v ¥V
A p v 0 O
) 0

in powers of a, B, 7y, where
azmu — Wy, BayN-—yVA, yean-an.
Ans. aa® + b8% + oy* + 2By + 29ya + 2haB.

8. Verify the development of the present Article by showing that it givesin the
general case the proper number of terms.

Consider the first » columns of a determinant of the n*» order. The number of
minors formed from these is equal to the number of combinations of » things taken
r together. This number multiplied by 1.2.8 ... r (the number of terms in each
minor), and 1.2.83 ... n — r (the number of terms in each complementary minor),
will be found to give 1. 2.8 ... #, viz. the number of terms in the determinant.
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136. Development of a Determinant in FProducts

of the leading Constituents.—In this and the next fol-

lowing Articles will be explained two additional modes of
development which will be found useful in the expansion of
ocertain determinants of special form. The application which
follows will be sufficient to show how any determinant may
be expanded in products of the leading constituents—
It is required to expand the determinant of the fourth order

4 h a &

@a B o

as ba 0 da

ay 64 C4 D

A=

according to the products of 4, B, 0, D, In order to give prominence to the
leading constituents, we have here replaced a1, b2, ¢s, 44 by 4, B, C, D. When
the expansion is effected, it is plain that the result must be of the form

A= Ao+ 324 +3NAB + ABCD,

where A¢ consists of afl the terms In Which 'x'xﬁ'lb_ﬁrmituent ocours ; 3Ad is
the sum of all the terms in which one only of these constituents occurs; ZA’A B is
the sum of all in which the product of a pair of the leading constituents is found ;
and 4BCD, the leading term, is the product of all these constituents. It will be
observed that the expansion here written contains no terms of the form A”4BC; and
it is evident, in general, that the expanded determinant can contain no terms in
which products of all the leading constituents but one occur, since the coefficient
of any such product is the remaining diagonal constituent. It only remains to see
what isthe form of Ao, and of the undetermined coefficients A, u, . . . A, &', . .. &o.
Putting 4, B, 0, D all equal to zero in the identity above written, we have

0 bl [ dl

@ 0 g dy
Ao = v
as b 0 ds

a b o 0

Again, to obtain A, let B, C, D be made equal to zero. The coefficient of A4 is
clearly the determinant

0 c3 dg
bs 0 ds |3
b o O

the coefficient of B is similarly obtained by replacing 4, C, D each by sero in the
ce. )
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minor complementary to B ; and so on.
the coefficient of 4B in the resulting determinant is plainly the second minor

0

%

dy |

0

.

To obtain A’, let C and D be made gero;

The coefficient of any other product is obtained in & similar manner. Finally,
the expansion of A may be written in the form

0 ) a d
ag O 03 da
as by 0 ds
a b 0 0
0 e da 0 a1 1 0 h 4 0 & a
+ 4 b3 0 ds |(+B| a3 0 ds |+C| a3 0 dy |+D| a3 0 o2
b e O a o 0 a b O as b O
0 ds 0 dz 0 ¢ 0 dx 0 oh
+ AB +AC + 4D + BC +BD +CD
¢ 0 5 0 b3 O a 0 as 0 a3 0
+ ABCD.

A determinant whose leading constituents all vanish has been called tero-azial.
The result just obtained may be stated as follows :—dny determinant may be ez-
panded in products of the leading constituents, the co-factor of every product in the
result being a zevo-axial determinant.

D

137. Expansion of a Determinant in Products in
Pairs of the Constituents of a Row and Column.—
In what follows we take the first row and first column as those
in terms of which the expansion is required. This is evidehtly
sufficient, since any other row and column may be brought by
displacements into these positions. It will be found convenient
to write the determinant under consideration in the form

a B v .

d o b o .

ﬁ'aabscs«'
Y @ b o .

4,

. . . [
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Let this be denoted by A’, and its leading first minor
(@1dses . . .) by the usual notation A. The determinant A’ may
be said to be derived from A by bordering it, horizontally with
the constituents a,, a, 3, v, . . . , and vertically with the con-
stituents @, a’, ', ¥'. .. When A’ is expanded, all the terms
which contain @, are included in ¢,A. In addition to this, the
expausion will consist of the produect of every other constituent
of the first column by every other constituent of the first row,
every such product of two being multiplied by its proper factor.
What this factor is in the case of any product is easily seen.
Let the co-factors of a,, b, ¢, . « . @y, by, ... &c., in the expan-
sion of A be 4,, By, ... 4y, By, ..., according to the notation
explained in Art. 134. It is plain that the factor which multi-
plies any produet, for example ad’, in the expansion of A’ is the
same as the factor which multiplies a,a, with sign changed, viz.
- A, ; similarly the factor which multiplies «’3 is the factor with
sign changed of @,b,, viz. — B,; and so on. To obtain the factor
of any such product, the rule clearly is—ZFind the fourth const:-
tuent completing the rectangle formed by the leading term a, and
the two constituents which enter into the product: the required
factor i8 obtained by substituting for the constituent of A so found
the corresponding capital letter with the negative sign. 1t appears
therefore finally that the expansion of A" may be written in the
following form :—

A'= A - Ajad’ - B,3d’ = Cyd’ —. ..
- dwaf - BBF - CoyB - ..
~Adsay’ - B3y = Coyy’ - . ..
- &e.

Examples of the utility of this mode of expansion will be
found under a subsequent Article.

138. Addition of Determinants. Prop. V.—If every
constituent in any line can be resolved into the sum of two others,
the determinant can be resolved into the sum of two others.
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Suppose the constituents of the first column to be a4, + a,,
@ + a3, Gy + a5, &o. Substituting these in the expansion of
Art. 134, we have

A = (a,+a) A+ (a2 + a5) Ao+ (as + a5) 45 + &o.

- alAl + a,A, + a,A, +.. &o. + a;Al + a,A, + a;A; + &o. ’

or,
a; + ay b; C .. a, bl €1 . a b; €140
a; + ag b’ Cy e Uy bg Cy . . as bz Cg e
= + y
as + ag b; [ as b. Cs oo az bg C3 e

L] . . . . . . ) 3 . . . . 0 . 3

which proves the proposition.

If a second column consists of the sum of two others, it is
easily seen, by first resolving with reference to one column, and
afterwards with reference to the other, that the determinant
can be resolved into the sum of four others. For example, the
determinant

@ +a b] + p] [
as + a b, + Bg C
as + as b; + Bg C3

is (in the notation of Art. 133) equal to the sum of the four
determinants

(a,b,c,) + (aleC;) + (alﬁzca) + (mBzC‘a)-

Similarly it follows that if each of the constituents of one
column consists of the algebraical sum of any number of terms,
the determinant can be resolved into a corresponding number of
déterminants. For example—

a,—a1+a', b] [ a, b\ [V ay b] [ a'; b; ()]
a,-—a,+a', b; C; | =] a3 bg C |—| az bz C3 |+ a', bz C3 |e

ay-as+ay by 0 ay b ¢ a b o a’s by ¢
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And, in general, if one column consists of the algebraio sum of
m others, a second column of the sum of » others, a third of the
sum of p others, &c., the determinant can be resolved into the
sum of mnp . . ., &e., others.

Similar results plainly hold with regard to the rows, which
may be substituted for columns in the proof just given.

139. Prop. VI.—If the constituents of one line are equal to

the sums of the corresponding constituents of the other lines multi-
plied by constant factors, the determinant vantshes.

For it can then be resolved into the sum of a number of
determinants which separately vanish. For example,-

ma,; + ”b1 @ b| G a, b1 bl a, b]
mas + nbz as bg =Mm| A Qa, b’ +n bg Qs bg N
mas + nb, as ba as Qs b; b; as b;

and each of the latter determinants vanishes (Art. 130).

140. Prop. VII.— A4 determinant is unchanged when to each
constituent of any row or column are added those of several other
rows or columns multiplied respectively by constant factors.

For when the determinant is resolved into the sum of others,
as in Art. 138, the determinants in which the added lines oceur
all vanish, since each of them must, when the constant factor is
removed, contain two identical lines. Thus, for example,

ay bx [ a, + mbl + N, bl €
ay ba C | = A + mbz + ncy bg 6 |3
a, by ¢ ay + mbs + nes by ¢

for when the second determinant is expressed as the sum of
three others, the two arising from the added columns vanish
identically (Art. 139).

The proposition of the present Article supplies in practice
one of the most useful properties in the evaluation of deter-
minants.
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ExaumpLEs.

1. Show that the following determinant vanishes :—
B+ a 1
y+a B 1.
a+ B8 v 1

Adding the constituents of the second column to those of the first, wo can take
out a + B + y as a factor, and two columns then become identical.
2. Find the value of the determinant

1 2 4
2 3 71.
3 4 10

Subtracting the constituents of the first column from those of the second, and
three times the constituents of the first column from those of the third, we obtain

1 1 1
2 1 1,
3 1 1
which vanishes identically.
3.]-1 1 1 1 -1 1 1 1
02 2
1-1 1 1 0 0 2 2
= ==12 0 2|=-16.
1 1-1 1 0 2 0 2
2 20
1 1 1-1 0 2 2 o0 :

Here the first transformation is obtained by adding in succession the constituents
of the first row to those of the second, third, and fourth.

4. 711 4 7 11 4 7-10-10

10 10
13 16 10 {=3 |13 16 10 |=3| 13 -24 ~16 | =3

24 16
8 9 6 1 3 2 1 0 0

=30 (16 — 24) = — 240,

Here the second transformation is obtained by subtracting three times the first
column from the second, and twice the first from the third. In examples of this
kind, attempts should be made to reduce to zero all the constituents except one in
some row or column, in which case the calculation reduces to that of a determi-
nant of lower order. This can always be done by reducing any one line to units, as



Examples. 25

in Ex. 7, Art. 132; but, in general, it can be effected more readily by direct addi-
tions or subtractions, as in the present instance.

5. 7-2 0 b 7-2 0 b
19 -2 17
-2 6 -2 2 19 0 -2 17
= =2 -7 6 -21}.
0 -2 § 38 -7 0 65§ -2
12 3 9
5 2 8 4 12 0 38 9

The first transformation is obtained by adding to the second row three times the
first, subtracting the first from the third row, and adding the first to the fourth
row. The reduced determinant is easily calculated by subtracting four times the
second column from the first, and three times the second column from the third.
Thus

19 -2 17 27 -2 23
27 23
2 |-7 8 ~-2|=2|-27T b6 -17|=-6 =~ 972,
-271 =17
12 8 9 o 3 0

6. Calculate the determinant
1 15 14 4

12 8 7 9
8 10 11 5
13 3 2 16

The first sixteen natural numbers are arranged here in what is called a ¢‘ magic
square,”’ i.e. the sum of all the figures in any row or in any column is constant.
In general, for a square of the first #? numbers, this sum is §n (n®+ 1). Determi-
nants of this kind can be at once reduced one degree. Here, adding the last three
columns to the first, and subtracting the last row from each of the others, we have

116 14 4 0 12 12 -12
1 1 -1
1 6 7 9 0 8 6-17
a=34 =34 =-84x12 |8 6 -7
11011 6 0 7 9-11
7 9-11
1 3 216 1 8 2 16

and subtracting the second row from the last row, it 18 evident that the reduced
determinant vanishes ; hence A = 0.

7. Caloulate the determinant formed by the first nine natural numbers arranged
in a magio square :

4 9 2
8 &5 7).
8 1 6

Ans, 360,
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8. Caloulate the determinant formed by the first twenty-five natural numbers
arranged in a magic square:

10 18 1 14 22

4 12 26 8 16
23 6 19 2 16
17 5 13 21 9

11 24 7 20 3 Ans. - 4680000.
9. Evaluate, by the method of the present Article, the determinant of Ex. 9,
Art. 134.

0o 1 1 1 0 1 0 0
1 2? y?
1 0 £ ¢ 1 0 2 y?
A= = =1 —22 22,
1 & 0 23 1 2 -5 -2
1 a2—y? —y?
1 y2 x’ o 1 y’ xz — y’ _— ,'/2

Here, to obtain the second determinant, we subtract the second column from
each of the following ones. In the reduced determinant, subtracting the first row
from each of the following, we find

1 g v?

92,2 P2 —a?
A=-1|0 -2 B-B-y =~
YR 422 —a? 22

0 23—-y?-2? - 2y?
- (y? + 2} — 22)% — 4y
= (Y2 + 8% — 22 + 2y2) (y? + 22 — 2% — 2y1)
= {(y+2)? - 2}{(y - 2)? - 2%}
=—(z+y+2)(y+s—-2)(c+2z-y)(z+y - 9.

10. Prove the identity

(5 + o) a? at
A= b (e+ap & = 2abo(a+ b + o)’
' o (a + b)?

Subtracting the last column from each of the others, (44 &+ ¢)* may be taken out
as a factor. Calling the remaining determinant A’, and subtracting in it the sum of
the first two rows from the last, we have

b+o0—a 0 a3 b+ec-a 0 a?
A= 0 e+a-b 3 | = 0 ¢e+a-b &
6—a-b o-a-b (a+d)? - 25 - 2a 2ab

alb +c¢—a) 0 a?

1 _ 2

=% 0 blc+a—0b) b

—2ab —2ab 2ab
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Adding the last column to each of the others, we obtain
a(db+e) a® a?

1 a(d+o) a® bt+e @
A=— B b(e+ta) B | =2 = 2ab
ab B beta) b o+a
0 0 2ab
= 2abe(a + & + o).
Hence,

A=AG+Db+c)=2abe(a+ b+ o)
11, Prove the identity

1 1 1
a B Y
® B3 ”?
Subtracting the first column from each of the others, 8~ a and y —a become

factors. In the reduced determinant, subtract the first row multiplied by a? from
the second row.

= (B=9)(y—a){a=8)(a+B+).

12. Resolve into simple factors the determinant

1 1 1 1

Proceeding, as in Ex. 11, we easily find that (8~ a) (y — a) (3 — «) is a factor,
and that the reduced determinant is

v 1 1 1

B+a Y+a S+a

B3+ Ba+Bal+a® P+qfatyad+ad 3 +3%+ 3 +ad

Subtracting the first column from each of the others, (y —B)(3— 8) comes out

as a factor, and the remaining factor is easily found to be (3 —7)(a+ B8+ +38).
Bence, finally,

A=-(B-NG-80-a) (8- (@-py-5a+B+7+d)
13. Resolve into linear factors the determinant

a ) 0

A= L] a )

b o a
Multiply the second column by w, and the third by «?; and add to the first.
The factor a + wd + w? may then be taken off the first column (since w3 =1), leaving

the constituents 1, w, ®*. Adding then the second and third rows to the first, the

factor a + b+ 0 may be taken out; and the remaining determinant is easily found
to be equal to 4+ w* + we. Hence we have

A= (3+0+0)(a+ wd+ wi) (a6 + @b+ o).
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14. Resolve into linear factors the determinant

a b ¢ 4
A= |% a d o

odab.

d e a

The result is as follows :—
A=—-@+db+ce+d)(d+to—-a-aA)(c+a-b-d)(a+b—-0-ad),
since each of the factors here written is a factor of the determinant; for example,
@ + b - ¢ —dis shown to be a factor by adding the second column to the first, and
subtracting the third and fourth. By comparing the sign of a4, it appears that the
negative sign must be attached to the product.

It may be observed that the determinant of Ex. 9 is a particular case of the
determinant here considered, viz. that obtained by putting ¢ = 0, as will appear
by comparing the equivalent forms of Ex. 9, Art. 134.

141. Multiplication of Determinants.—Prop. VIII.—
The product of two determinants of any order is itself a determinant
of the same order.

‘We shall prove this for two determinan ts of the third order.
The student will observe, from the nature of the proof, that it
is equally applicable in general. 'We propose to show that the
product of the two determinants (a.6:¢s), (a:Syys) i8

e, + bxﬁx + 0y @a;+ b3s + Cys Guas + bif3s + C1Ys
ha, + b2Bl + 61 Gia; + baf3s + CYs Al + b'zﬁs + Cys |y
a, + bsﬁx + Cyy1 @zaz + b33 + eys  azas + baﬁa"*‘ C3Ys

whose constituents are the sums of the produots of the con-
stituents in any row of (a,b,cs) by the corresponding constituents
in any row of (a,3sys)-

Since each column consists of the sum of three terms, this
determinant can be expanded into the sum of twenty-seven
others (Art. 138). Now it will be observed that when any one
of these is written down, a common factor can be taken off each
column ; and that several of the partial determinants will, when
these factors are removed, have two (or more) columns identical.
The determinants which do not vanish in this way can be easily

selected. Taking, for example, the first vertical line of the first
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column, this would give a vanishing determinant if we were to
take along with it the first line of the second column, We take
then the second line of the second column ; and along with
these two we must take the third line of the third column to
obtain a determinant which does not vanish. Retaining still
the first line of the first column, we may take the third line
of the second column along with the second line of the third
oolumn. Taking out the common factors of the columns, we
write down these two determinants as follows :—

(/7] b; [ a € bl
alﬁz'}’a & b & |+ays| a a b .
a b o a ¢ b

Taking in turn each of the other lines of the first column,
we obtain four other determinants which do not vanish. Thus
there are in all six terms; and it is plain that (a;b,¢;) is a
factor in each of these. Taking out this factor there remaine
the sum of six terms—

alﬁz‘)’s - alﬁa’}'z - aan'}’s + aaBn')’z + dsBa‘Yt - aaBz’)’l,
and this is the determinant (a;3,ys). 'We have therefore proved
that the determinant above written is the product of the two
given determinants.

In either of the given determinants the rows may be writ-
ten in place of columns; hence the product may be written in
several different forms as a determinant; but these will, of
oourse, give the same value when expanded.

142. Multiplication of Determinants continued.—
Another mode of proof of the proposition of the last Article,
expressing as a determinant the product of two given determi-
nants of the same order, may be derived from Laplace’s mode
of development already explained (Art. 135).

The nature of this proof will be sufficiently understood from
the application which follows to two deterMinants of the third

v

order. .
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The product of the two determinants (a1ds¢3), (a1827s) is (Ex. 8, Art. 135)
plainly equal to the determinant

aa &b ea 0 0 O
aa b e 0 O 0
g b e 0 O 0
-1 0 0 aa a3 a3
0 -1 0 Bi B Bs

o 0 -1 N7

In this determinant add to the fourth column the sum of the first multiplied by
a1, the second by Bi, and the third by 91; add to the fifth column the sum of the
first multiplied by az, the second by B3, and the third by v2; and add to the sixth
column the sum of the first multiplied by as, the second by 8s, and the third by 7s.
The determinant becomes then
a b a aathBi+ayn aaat+bhBateays  aas+5Bs+ays
a3 b 3 a1 +bBiteyr  @zan + 582+ c2y2 araz+ baB3+cos

ag by s asm+dBrtosyr  asas+ baB: +cays  asas+ B3B3+ csys

-1 0 o0 1] 0 0
0 -1 6 0 0 0
0 0 -1 0 0 0

and this is, by Art. 135, equal to the product‘(wit.h the proper sign) of the deter-
minant
-1 0 o
0 —1 0 | (whichisequal to - 1)
0 0 -1

by the complementary minor, which is the same determinant as that obtained in the
preceding Article. That the sign to be attached to the product is negative is easily
seen by moving down the first three rows till the diugonals of the two minors in
question form the diagonal of the determinant itself. The student will have no
difficulty in observing that, in the general case, the number of such displacements
is odd when the order of the given determinants is odd, and even when it is even ;
80 that the sign to be placed before the product-determinant of Art. 141 is always
positive.

The important proposition contained in this Article and
the Artiole which precedes will be illustrated by the examples
which follow.
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Exampres.
1. Show that ths product of the two determinants
l a+ ib c+id

o' —i ¢ —id
~o+id a-ib - —id  a' i l'
where §=v "1, may be written in the form

D-i0 B-id I

-B-id D +iC

where
s A wmbl—Vo+ad —dd, B=cd-da+bd -¥d,

Cmal—-adbted —dd, Dmad + 0 +of +dd;
and hence prove Euler’s theorem
(@ + 82 + ¢ + d?) (@ + 8% + o% + d7)
= (ud’ + bY + od + dd)? + (bd — Vo + ad — a'd)?
+ (ed' — da + bd’ — V'd)* + (ab/ — &b + ed — dd)3,

viz. the product of two sums each of four squares can be expressed as the sum of four
squares.

2. Prove the following expression for the square of a determinant of the third
order :—

a b o. |3 2(ac-%) ad+ae—200  ad+a"c- 200"
2| @ ¥ & | =] ad+de—2b0 2(a'd-¥? d"+ad-200" |.
@y ad’+ "= 200" d'+a'd —2WY 2(a" - %)

This appears by multiplying the two determinants

a b 0 c =2 a
da ¥ d |, d =2 a |,
@ & & 5 -W o

which differ only by the factor 2.
3. Prove the identity
\ 200 ~ &3 3 5
o* 20a-03 ad = (a® + 5 + % - 3abe).?
l ¢ a® 2ab- c2
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This may be readily proved by multiplying together the two eq er-
minants
a b o -a o b
b ¢ a |, - a o |.
] a ) | -0 ) a

4. Prove, by squaring the determinant of Ex. 10, Art. 132, the following
relation between the roots a, B, 7, 3 of a biquadratic; 2, #1, #, &c. having the
same signification as in Chap. VIIL., Vol. I :—

& 8 8y 83
8 8 4

= (B-7)*(a—3)*(y—a)* (B~ 8)*(a—B)*(y- ).
8 8 & &

8 8 8 &

The student will find no diffculty in writing down for an equation of any
degree the corresponding determinant (in terms of the sums of the powers of the
roots) which is equal to the product of the squares of the differences.

6. Resolve into factors the determinaat

8 8 8 8 2°
8 8 8 38 a?

8 8 8 &

x
8 8 8 8 1
$ ¥ y 1 0

in which s, £, 23, &c. are the sums of the powers of three quantities a, B, y.
This determinant is the product of the two

o B8 4 2 0 a3 B o2 0 ¢

@ A e 0 ot B 4 0 ¢

a B y & 0|, « B y 0 y H
1 1 1 1 o0 1 1 1 o0

e o0 o o 1 0o o0 o0 1 0

and each of the latter can be readily resolved into simple factors.
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6. Prove the result of Ex. 28, p. 67, Vol. I., by multiplying the two following
determinants :—

x y ¢z F'4 4 '
s =z y|, d 2 A K
y sz =z Y Z F

7. Show that two determinants of different orders may be multiplied together.

For their orders may be made equal ; since the order of any determinant can be
incrensed by adding any number of columns and the same number of rows consisting
of units in the diagonal, and all the rest zero constituents. For example,

1 0 0 0

ay b 0 1 0 o
may be written ’

a2 .2 0 0 a u

0 0 ay b

the only effect of the added constituents being to multiply the determinant by unity.
More generally, one set of added constituents (i. e. those either to the right or the
left of the diagonal) might be taken to be any quantities whatever, the remaining
set being ciphers. Thus (s152) may be written in either of the forms

1 a B v 1 a B v
0 1 ] € 0 1 0 0
0 0 a bul o 5 wm b
0 0 @ b 0 € as b

as readily appears by means of the expansion of Art. 134,

143. RMI‘ Arrays.—Arrays in which the num-
ber of rows is not equal to the number of columns may be called
rectangular. These do not themselves represent any definite
function ; but if two such arrays of the same dimensions are
given, there can be derived from them by the process of Art. 141
a determinant whose value we proceed to investigate.

(1). When the number of columns exceeds the number of ross.

Take, for example, the two rectangular arrays,

a bl [V d] ) ay Bl " 81

(1), @) ;
a, bl Cs dt as F I £] 8' ’
VOL. IL. ‘D
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and performing on these a process similar to that employed in
multiplying two determinants, we obtain the determinant

aa, + b]Bl + & + d181 a,az + b]Bg + Ciys + dIS’

Gy + bf31 + cay + didy Gaas + Bof3s + Caya + dady
The value of this is easily found to be
(anba) (alﬁz) + (alcz) (alyz) + (aldz) (alaﬁ) + (blcu) (Bl'ﬁ)
+ (01ds) (818s) + (1) (7184),
1.e. the sum of the products of all possible determinants which can
be formed from one array (by taking a number of columns equal to
the number of rows) multiplied by the corresponding determinants
Jormed from the other array.

Another proof of this proposition, analogous to the treat-
ment of multiplication of determinants in Art. 142, is given
among the examples which follow this Article; and either of
these proofs can be easily generalized.

(2). When the number of rows exceeds the number of columns,
the resulting determinant vanishes.

Take, for example, the two arrays

a b a, Bl
as bz (1), asz Bg (2).
ay by asg Bs

Performing the process of multiplication, we have
aa, + blﬁl aaz + be2 aas + blﬁs
aza, + b2Bl @zaz + 0,3;  @yas + bzﬁa

asa; + bsf31  asas + bsf3;  asas + byf3s
It will be observed that this determinant is the same as would
arise if a column of ciphers were added to each of the given
arrays, and the determinants so formed then multiplied. It
follows that the determinant vanishes.

A similar proof applies in general. It is only necessary in
any instance to add to each array columns of ciphers, so as to
make the number of columns equal to the number of rows, and
then multiply the two determinants.
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ExauMPLEs,
1. From the two arrays
111 1
; (1) } 2)
a B 7 a B vy
prove
3 a+B+y

=@-Br+@=7?+(B—y>

atB+y ?+B+7

2. From the two arrays

a b o c -2 ¢}
(1), 2

a’b’d} v a) P

prove
4 (0= (@ — b?) = (ad + do—288)3 = 4 (b ~ 80) (ab' — a'b) — (ad — do)?.
3. By squaring the array

a b c}
@ ¥ )

prove
(@3 + 82+ 63) (@3 + B2 + %) = (ad’ + B + o) + (bd — Vo) + (e — da)2+ (abf — a'B)2.

4. Verify, by squaring the array
a b o @ }
¥ ¢y
the result of Ex. 1, Art. 142.
&§. Prove the determinant identity
(81— 81)? (a1 — b2)? (a1 —Bs)? (41— ba)®
(@2 — 81)% (as — 82)2 (a2 — b3)? (a2 — by)?
(as = 81)* (a3 — 83) (as—8s)* (as—%4)?

(30 = 81)% (a4 = b2)* (@4 — 83)® (aa — )3

This can be proved by multiplying the two arrays

a? a; 1 1 =26 &2
a? a3 1. 1 =25 b3
ag® a3 1 @ 1 -2 &3 @
a® a 1 1 =25 b&¢

D3’
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6. For the general equation of the n*» degree, whose roots are a, B, 7, 8, &c.,
and 3, 81, #3, &o. the sums of the powers of the roots, prove

8 81
= Z(a - B)3
81 L
This appears at once by squaring the array
1 1 1 1 1 . . }
a B v 8 e

7. Prove similarly, for the general equation,

& & L]
n un & |=2B-77-ad'@-8>
& 8 &

This is easily proved, as in the preceding example, by squaring a suitable array ;
and the same process can be used to establish a series of relations of this kind.
‘When the number of rows in the array becomes equal to the degree of the equation,
the value of the determinant is the product of the squares of the differences of the
roots, as in Ex. 4, Art. 142. When the number of rows exceeds the degree of the
equation, the value of the corresponding determinant is zero. The determinant of
the fourth order just referred to, for example, vanishes for equations of the second
and third degrees.

8. Prove, for the general equation,
80 8) 83 83

81 8 & &
=Z(B-7P(r-a(a-83* z—a)(®—B)(=-17)

83 8 & &

1 2 28 2
Multiplying the two arrays

1 1 ) S z—a z-B z—y . - 1

a B Y o o Fy a(z — a) B(z — B) ye—y) « « |

a? B . . a?(z — a) B*(x - B) yix—7) J
we show that X is equal to

8o% — 81 1% — 83 8% — 83
812 — 83 837 — 83 3% — & »

82T — 83 8T — 8 8T — 85
which is easily transformed into the proposed determinant.

It appears in like manner, in general, that the determinant of similar form of
order p + 1 is equal to the corresponding symmetric function, each of whose terms
contains p factors of the original equation, multiplied by the product of the squared
differences of the p roots therein contained.
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9. Find the value of the following determinant, and hence derive another proof
of the property of arrays of the first kind—

aa b a da 0 0
@ b e 4 0 O
-1 0 0 0 a a
0-1 0 0 B B
0 0-1 0 % 7
0 0 0 -1 3 32

Expanding this by Laplace’s method, we readily find its value to be the six
products, 3 (#182) (a182), of p. 34; and treating the determinant as in Art. 142, viz.
adding to the fifth column the sum of the first multiplied by ai, the second by g,
&oc., we reduce it to the determinant of the second order at the top of p. 34.

144. Solution of a System of Linear Equations.—
We have seen in Art. 134 that a determinant may be expanded
as a linear homogeneous function of the constituents in any row
or column, the coefficient of any constituent being the corre-
sponding minor with its proper sign. 'We have, for example,

A =a,d, + aydy + as 4, + &o.

Now, the coefficients 4,, 4,, &o., are connected with the consti-
tuents of the other columns by n — 1 identical relations, viz.

b;Al + bgAg + baAa + &0. = 0,
clAl + CzAz + 03A3 + &0. = O, &O. ’
for any one of these is what the determinant becomes when the
constituents of the corresponding column are substituted for
@y, a4, a3, &o., and must therefore vanish.
By the aid of these relations, we can write down the solution
of a system of linear equations. The following application to

the case of three unknown quantities z, y, s, is sufficient to
explain the general process. Let the equations be

a2+ by + c8 = my,
as® + byy + ¢35 = m,,
ag + byy + Cg2 = M.
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Multiply the first equation by A,, the second by 4., and the
third by 4,; and add. The coefficients of ¥ and = vanish, in
virtue of the relations above proved, and we obtain

(alA.] + agAz + a;Aa) X = mlA.] + mgAg + m;Ag,

or
m, bl_ [

Az =| my b, ¢ |,
ms by ¢

where A represents the determinant formed from the nine con-
stituents a,, b,, ¢;, &o.
Similarly, multiplying by B,, B,, B;, we obtain
(be] + szz + bgB;;) Y= mlBl + szg + ﬂls.Bg,

@ m G
Ay=| a3 m; ¢ |
A M3 Cs

where the determinant on the right-hand side is what A becomes
when m,, m,, m, are substituted for the constituents of the second

column. Similarly, we obtain for s

a b m
AB = ag b. m’
as by my

These values may be written more compactly as follows :—
Az = (mbicy)y, AY = (@1macs), Az = (@bms).
In general, the values of 2, y, 8, &c., may be written as
follows :—
(mlbzcs ) _ (almaba oo n) (@bamy . . . ln) &
BTN A A W A Ul PR WA A

where, to obtain the value of any unknown, the known quanti-
ties m,, m,, &o., on the right-hand side of the given equations
are to be substituted in A for the coefficients of the required
unknown, and the determinant so formed to be divided by A.
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ExaMpPLES.

1. Solve the equations
z+y+z= Ao,

az + B!/ +yz = Al,
az + B2y + y%z = Aa.

The solution is easily effected by the formule given above. It can be shown
that the value of any one of the unknown quantities can be expressed as a quadratic
function of its coefficient in these equations, along with symmetric funections of
ay B, v (in addition to the given coefficients 4o, A1, 43). For this purpose we
write the value of the unknown (say, y) in the form

0 1 0 1

1 1 1 4
a B ¥ 4
@ B 4% A

=0, )

which may be derived immediately by joining the identical equation y =y to the
three given equations, and eliminating after the manner of the Article which

follows. Now

0 1 0 g 1 1. 1 0 1 8 B y

1 1 1 4 e B ¥y O %0 8 8 A

«a B v 4 ) a2 B% 4% 0 B a & & A .
a? B 42 A, 0 0 0 1 & 33 & A

If therefore (assuming that a, B, v are all unequal), we multiply the equa-
tion (1) by the difference-product, we have y expressed as a quadratic function of 8
along with the sums of the powers of the three quantities a, 8, 7.

2. Show, by means of the equations of Art. 77, Vol. I., that the sums of the
powers can be expressed in terms of the coefficients, or vice versd, in the form ot
determinants, as follows :—

nl 0 0
nl 0
n 1 202 ;1 1 0
5= y 8B8=— |22 ;1 1 |, &= , &o.
203 ;m 3ps 3 ;1
3ps 3 m
dps 3 P2 M
a1 0 O
a 1 0 *
n 1 2 & 2 0
2p2= gy 6ps=—| 83 & 2|, 24p= , &e.
2 n 55 6 & 8
83 82 &
8 & & &
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145. Linear Homogeneous Equations,—When 7 - 1
linear homogeneous equations between n variables are given, the
ratios of the variables can be determined by bringing any one of
them to the right-hand side of the equations, and solving as in
the previous Article; or we may determine these ratios more
conveniently as follows. We take the particular case of three
equations between four quantities =, y, s, w, which will be
sufficient to illustrate the general process:

azr+by+es+dw =0
@+ by +cs+daw = 0 e (1)
0

To these may be added a fourth equation whose coefficients
are undetermined, viz.

ase + bsy + ¢33 + dyw

az + by + cg + daw = A, )

Calling (aibs¢sds) as usual A, and solving from these four
equations by the method of the last Article, we obtain, since
my =0, my=0, my=0, m =), the following values :—
Az =MAd,, Ay=AB, As=AC, Aw=AD,
or
2 y s w A
4BTATDw ®

The first three of these equations express the ratios of 2, y,
5, w in terms of the coefficients in the three given equations.
And, in general, the variables are proportional to the coefficients
in the expansion of A of the constituents of the n™ row supposed
added to the n — 1 rows resulting from the given equations.

'We can now express the condition that » linear homogeneous
equations should be consistent with one another ; for example,
that the equation (2) should, when A = 0, be consistent with the
equations (1). We have only to substitute in (2) the ratios
derived from (1), when we obtain

a‘A. + b¢B¢ + 0‘0‘ + d4D¢ - 0,
or a =0
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The same thing appears from the equations (3) ; for if X =0,
and if #, y, %, w do not all vanish, A must vanish.

What has been proved may be expressed as follows :—Tle
result of eliminating n quantities between n equations linear and
homogeneous in these quantities is the vanishing of the determinant
Jormed by the coefficients of the given equations,

146. Reciprocal Determinants. — The co-factors
Ay B, C, ... A, B,, &o. (Art. 134), which occur in the ex-
pansion of a determinant (i.e. the first minors with their proper
signs), may be called inverse constituents; and the determinant
formed with them the inverse or reciprocal determinant. We
proceed to prove certain useful relations connecting the two
determinants.

(1). To express the reciprocal in terms of the given determinant.
Let the reciprocal of A be denoted by A’, and multiply the two
determinants

a, bl (4 Al Bl 01
A = a, bg C3 5 A, = Ag .Ba Cg
as by ¢ 4s B, G

r
All the constituents of the resulting determinant except those

in the diagonal vanish (Art. 144) ; and the result is

AN = = A';

© o p
o b o
b © o

whence A= AL

The process here employed in the particular case of two -
determinants of the third order is equally applicable in general/
giving AA"= A" or A”=A™'. Hence the reciprocal determinant
is equal to the (n — 1) power of the given determinant. A
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(2). To express any minor of the reciprocal determinant in terms
of the original constituents.

We take, for example, the determinant of the fourth order,
and proceed to express the first minors of its reciprocal. Multi-
plying the two determinants on the left-hand side of the follow-
ing equation, and employing the identical equations of Art. 144,
we obtain

a b e d 1 0 0 0 a 0 0 0
a b, e, d, A, B, C; D, a; A 0 0
G by o dy| | A By Cyo Di| |a 0 A 0]
a b e ds A, B, C, D, [a. 0 0 A
whence
| Bﬂ 02 -D3
A| By O Dy |=a,AS
B, C. D,
or (B:CsD,) = a,A?,

thus expressing the first minor of A” complementary to A,.
Again, to express the secoud minors of A’y we have, by an
exactly similar process,

(/3 b1 C d] ]. 0 0 0 a bl
Qs b’ C3 dz 0 1 O O (473 b;

0

O .
a 8 ba Cg ds A 3 .B 3 Cs D 3 as ba A

0

a, b4 Ce d4 A¢ .B‘, 0 4 .D4 Ay bg
whence

’

P o o o

A ’ 03 D; - a, b] I Az’
C D, ay b,
or (OQD‘) = ((llbg) A.

The general theorem may be expressed as follows :— .4 minor
of the order m formed out of the inverse constituents is equal to the
complementary of the corresponding minor of the original determi-
nant A multiplied by the (m — 1) power of A.
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The method of proof above given can be generalized. In
the case of a determinant of the fifth order, for example, the
student will easily verify the following expression for a minor
of the third order :—

(03D4E5) = (albz) A’.

If the original determinant A vanishes, it is plain that not
only the reciprocal determinant itself, but also all its minors of
any order vanish. The vanishing of the minors of the second
order may be expressed in the following useful form :— Wken a
determinant vanishes, the constituents of any row of its reciprocal
are proportional to those of any other row, and the constituents of
any column to those of any other column.

147. Symmetrical Determinants.—Two constituents of
a determinant are said to be conjugate when one occupies with
reference to the leading constituent the same position in the
rows as the other does in the columns. For example, @, and
b, are conjugates, one occupying the fourth place in the second
row, and the other the fourth pluce in the second column.
Each of the leading constituents is its own conjugate. Any
{wo conjugate constituents are situated in a line perpendicular
to the principal diagonal, and at equal distances from it on
opposite sides.

A symmetrical determinant is one in which every two con-
jugate constituents are equal to each other. For examples of
such determinants the student may refer to Art. 134, Exs. 2, 9,
10, and Art. 135, Ex. 4.

In a symmetrical determinant the first minors complemen-
tary to any two conjugate constituents are equal, since they
differ only by an interchange of rows and columns. The
corresponding inverse constituents are also equal, the signs
to be attached to the minors being the same in both cases.
It follows that the- reciprocal of a symmetrical determinant is
ttself symmetrical.

The leading minors are all symmetrical determinants,
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The mode of expansion of Art. 137 is especially useful in
the ocase of symmetrical determinants, as will appear from the
examples which follow.

ExAMPLES,

1. Form the reciprocal of the symmetrical determinant

a &k g
A= A b f |.
9 f o

Using the oapital letters to denote the reciprocal constituents as explained in
Art. 134, so that A may be expanded in any one of the forms a4 4 2H + g@,
hH + bB + fF, ¢gG + fF+¢C, we may write the reciprocal determinant A’ as
follows: —

4 H @ be—f3 fy—-ch Rf—1g
A= H B F = | fg-ch oca-g* gh-af |.

G F ¢ lh_f-—bg gh—af ad—A?

2. Form similarly the reciprocal of

”

Q
~
o

I m »n d

Using & notation similar to that of the preceding example, so that A may be
expanded indifferently in any of the forms

ad + hH+gG + 1L, hH+ bB +fF + mM, &c.,

the reciprocal-determinant A’ is obtained by replacing in A the constituents by the
corresponding capital letters. The student will find no difficulty in writing out, if
necessary, the expanded form of any of the reciprocal constituents ; for example, F
is the minor complementary to f with its proper sign (the negative sign in this case),
and Fis therefore obtained from the expansion of

a A 4
-l 9 f n
4 " '

3. Expand the determinant A of Ex. 10, Art. 134, by the method of Art. 137.
Biinging the last row and last column into the positions of first row and first
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column, and using the notation of Ex. 1 for the inverse constituents of the leading
minor, the result can be written down at once in the form

— A = A\ 4+ Bp? + COv? + 2Fuv + 2GvA 4+ 2Hap.

Bince a determinant is unaltered when both rows and columns are written in
reverse order, if the expansion of & determinant be required in terms of the last row
and last column (as in the present example), it is not necessary to move them in the
first instance into the positions of first row and first column. The expansion can be
written down from the determinant as it stands, replacing in the rule of Art. 137
the leading constituent and its minor by the last diagonal constituent and its
complementary minor,

4. Expand the determinant A of the above Ex. 2, in terms of the last row and
column, by the method of Art. 137,

Attending to the remark at the end of the preceding example, and using
4, B, C, F, @G, H to represent the same quantities as in Exs. 1 and 3, the result
may be written down as follows :—

a h g
A=d A s f — A% — Bm? — Cn® = 2Fimn — 2Gnl — 2Him.
g f e

‘When a symmetrical determinant of any order is bordered symmetrically (i.e. by
the same constituents horizontally and vertically), the result is clearly a symmetrical
determinant of the next higher order. The result of Art. 137 shows in general that
the expansion of the bordered determinant consists of the original determinant
multiplied by the constituent common to the added row and column, together with
a homogeneous function of the second degree of the remaining added constituents.

6. Expand the determinant

a AhA g | a
kA b m B
Awm| g f o n v
! m »n d4 8
a B v & 0

This is the determinant of Ex. 2, bordered symmetrically, the common consti-
tuent of the added lines being zero. The result is clearly a homogeneous function
of the second degree of a, B, 7, 3; and, by aid of the notation of Ex. 2, the value
of — A may be written down at once in the form

Aa® + BB + Cy* + D3% + 2FBy + 2Gya + 2HaB + 2Lad + 2MB3 + 2N~8.

6. Prove, by means of the Proposition of Art. 141, that the square of any
determinant is a symmetrical determinant.

7. The product of two reciprocal determinants is the reciprocal determinant of
the product of the two original determipants.
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148, Skew-Symmeiric and Skew Determinants.—
A skew-symmetric determinant is one in which every constituent
is equal to its conjugate with sign changed. Since each lead-
ing constituent is its own conjugate, it follows that in such a
determinant all the leading diagonal constituents are zero.

A determinant in which all except the leading constituents
are equal to their conjugates with sign changed is called a skew
determinant. Thus, while a skew-symmetric determinant is
zero-axial, in a skew determinant diagonal constituents are
present. The calculation of the latter kind may be reduced to
that of the former by the method of Art. 136.

The remainder of this article will be occupied with the proof
of certain useful properties of skew-symmetriec determinants.

(1). A skew-symmetric determinant of odd order vanishes.

For any skew-symmetrie determinant A is unaltered by
changing the columns into rows, and then changing the signs
of all the rows. But when the order of the determinant is odd,
this process ought, to change the sign of A; hence A must in
this case vanish. For example,

0 a b
As| -a 0 ¢ |=0.
-b -¢ O

(2). The reciprocal of a skew-symmetric determinant of the n**
order 18 a symmetric determinant when n 18 odd, and a skew-symmetrie
determinant when n 18 even.

In any skew-symmetric determinant the minors correspond-
ing to a pair of conjugate constituents differ by an interchange
of rows and columns, and by the signs of all the constituents.
Hence the two minors are equal when their order is even,
namely when # is odd ; and equal with opposite signs when % is
even. In the former case, therefore, the reciprocal determinant
is symmetric ; and in the latter case it is skew-symmetrio, its
leading diagonal constituents being all skew-symmetric deter-
minants of odd order.
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(8). A skew-symmetric determinant of even order 18 a perfect
square.

This follows from the principles established in Act. 146.

Take, for example, the determinant of the fourth order

0 a b c
-a 0 d e
-b -d 0 r

B
]

-¢c -¢ -f 0

and let the inverse constituents forming its reciprocal be de-
noted by 4, By, . .. 43, &. We have then, by (2), Art. 146,

0 7
-f 0

Now A4, and B, being skew-symmetric determinants of odd
order, vanish ; aud 4, =- B, since these are conjugate minors;
hence f?A = A;?, which proves that A is a perfect square.
Similarly, for a determinant A of the sixth order, it is proved
that the product of A by a skew-symmetric determinant of the
fourth order is a perfeot square; and since the latter determi-
nant has been just proved to be a perfect square, it follows that
A is 80 also. By an exaotly similar process, the truth of the
proposition having been established for the determinant of the
sixth order, it may be proved for one of the eighth; and so on.

Ale - AgBl = A =ﬁA-

ExamprEs.

1. Verify the following expression for the skew-symmetric determinant of the
fourth order :—

0 a b ¢

-a 0 d e

-b—-d 0 f

1]

-_—e —e —f

= (af — be + cd)*.
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2, Expand in powers of  the skew determinant

x a b ¢
-a ¢ d e
-b -d =z F
- —-¢ -f o
When the expansion of Art. 136 is employed to calculate a skew determinant,
it is to be observed that the determinants of odd order in the expansion all vanish,

aud those of even order may be expressed as squares. Here the coefficients of Lne
odd powers of # plainly vanish ; and the result takes the form

Amat 4 (B4+8+o+d+ 6+ f2)at + (af — be + cd)d.

8. Expand the skew determinant

4 a b ¢ d
—a B e f g
—b —e C B & |
—¢c —f -k D j
-d -9 —t —-j £E

The result may be written in the form
ABCDE + 32 ABC+ (¢ - fi + gh)* 4,

where the first X includes ten terms similar to the one here written, and the second
X five terms. The terms involving the products in pairs of the leading constituents
vanish, as also the term not involving these quantities.

4. The square of any determinant of even order can be expressed as a skew-
symmetric determinant.

The following method of proof is applicable in general.

The square of (@183¢3dy) is obtained by multiplying the two following determi.
pants :—

@ b ¢ 4 -6 o —d ¢
ay by ¢ dy —by ay —dy ¢
ay by ¢ dy ’ —by ag —dy ¢ ’

a b ¢ d, —-b, e —d, ¢,
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and the product of these is
0, —(aby) — (cxds)s — (81d3) — (c1ds)y  — (31bg) — (c1dy),

(a305) + (e1dy), 0, — (ashs) — (cads)s — (azhy) — (cads)s
(a105) + (c1ds)s (asbs) + (csdy)s 0, — (asby) — (csdy)s
(a1dy) + (c1da)s (asby) + (o), (ashy) + (cady)s 0,

which is a skew-symmetric determinant.

6. Form the reciprocal of a skew-symmetric determinant of the third order.
Using for A the form in (1) of the present Article, the result is easily found to
be the symmetric determinant

c? — be ac
— be b2 —ab |.
ac — ab a®

6. Form the reciprocal of the skew-symmetric determinant A of the fourth
order in Ex. 1.

Representing by ¢ the function af — be + cd whose square is equal to A, and
by A’ the required reciprocal, we easily find

0 b - dé
—f6 0 o —bp
b —cp 0O a$
—dp by —ap O

The value of this skew-symmetric determinant may be written down by aid of
the result of Ex, 1. It is thus immediately verified that A’=(af— be+ cd)3$*=A3.

7. Form the reciprocal of the skew-symmetric determinant 4 of the fifth order
obtained by making the leading coefficients all vanish in the determinant of Ex. 3.

Since the reciprocal is & symmetric determinant (see (2), Art. 148), and since
also it must be such that the constituents of any line are proportional to those of
any parallel line (Art. 146), it appears that the required determinant must be of
the form

A=

$'  bibs  hds bt s
¢l¢l ¢2’ ¢2¢l ¢l¢l ¢2¢5
$ubr e S bde beds |,
bt b b ' hds
¢6¢! ¢5¢2 ¢l¢8 ¢6¢l ¢5‘

in which ¢y, @5, by, de» $5 are five functions of the second degree in the original
constituents whose squares are the values of the five first minors complementary
to the leading constituents of A.

VOL, II. N
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In general the reciprocal of a skew-symmetric determinant of any odd order
2m + 1 is of a form similar to that just written, the diagonal constituents being
the squares, and the remaining constituents the prodacts in pairs, of 2m + 1
functions, each of the m* degree in the original constituents.

149. Theorem.—We conclude the present chapter with an
important theorem relating to a determinant whose leading
first minor vanishes. Adopting the notation of Art. 137, we
regard A as the vanishing determinant, and state the theorem to
be proved as follows: If a determinant A, whose value is zero,
be bordered in any manner, the product of the determinant so formed
by the leading first minor of A 1is equal to the product of two linear
homogeneous functions of the added constituents.

Retaining the notation of Art. 137, we shall prove that the
product of A’ and 4, may be expressed in the form :—

AN =—(41a+BB+Ciy+ ... )4 + 4,8 + A4y + .. ).

This follows at once from (2) of Art. 146 by considering in
the determinant reciprocal to A’ the values of the constituents
inverse to Qs @, o', @, ; and expressing in terms of the original
constituents the determinant of the second order formed by
these four. Another proof of this result may be readily derived
from the expansion of Art. 137, by the aid of the property of
the reciprocal of a vanishing determinant (Art. 146), viz., that
in the determinant formed by 4,, B,, C;, &c., the constituents
in any line are proportional to those in any parallel line.

1f the determinant A is symmetrical, and the bordering also
symmetrical, the two factors on the right-hand side of the above
equation become identical, and the theorem takes the following
form : If a symmetrical determinant, whose value is zero, be bor-
dered symmetrically, the product of the determinant so formed by
1ts leading second minor 1s equal to the square with negative sign of
a linear homogeneous function of the bordering constituents.

Regarding A’ as the original determinant, the following
useful statement may be given to the theorem just proved: If
in any symmetrical determinant the leading first minor vanish, the
determinant tself and its leading second minor have opposite signs.
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EXAMPLES.

1. If a skew-symmetric determinant A of odd order 2m + 1 be bordered in
any manner, the resulting determinant A’ is equal to the product of two rational
functions each containing the added constituents in the first degree and the
original constituents in the mt* degree.

Writing, according to the result of Ex. 7, Art. 148, the reciprocal of the given
skew-symmetric determinant in the form

$  hds  bds -
¢2¢1 ¢I’ ¢2¢8 . ’

and applying the theorem of the present Article, we find

BIA = — (dfa + $ubeB + iy + - - - ) (b0 = bbb + bubey + .. 0),
OF A= — ($o + ¢ + oy + « + - ) (bra’ + 6B + $a¥’ + - - - ).

It may be observed that if in this result o', 8’, y’, &c., be made equal to —a,
— B, — v, &c., respectively, we fall back on the theorem (3) of Art. 148.

2, If a skew-symmetric determinant of even order 2m be bordered in any
manner, the resulting determinant is equal to the product of two rational func-
tions, one of the m!®, and the other of the (m 4 1)!* degree in the constituents.

This may be derived immediately from the last example by making therein all
the added constituents in the first column, viz., o’, #’, ¥, &c., equal to zero, except
the last, which is to be made = 1. The determinant then reduces to one of the
kind here considered, the bordering constituents forming the top row and the
last column. Tt appears also that the factor of the m!* degree in the result is
the square root of the given skew-symmetric determinant of order 2m.

3. Prove
0 a B
o 0 c -

e 0 = — (aa + b8 + cy) (aa’ + BB’ + cy’).
- C a

y b —a 0

4. Resolve into its factors

B —c 0 a y |.
Y b —a 0 z

¥ —z —y —2z O
Ans. (ax + by + cz) {z(By’) + y(ya') + 2(af’) + a(ad’) + H(BS') + c(¥¥)}
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MISCELLANFOUS EXAMPLES.
1. Prove

% @ Gg

a, a, a, =J,
a! aa a‘
where J has the usual signification.
2. Prove
B+y y+a at+p a B y
BF+y Y+ Jd+p |=2]| B ¥
B”+y" ¥ +a” o+’ o By’
3. Prove

By B +By BY
va ya' +ya ¥ | =(By)(yd)(af),
aB  af +aB oF
where the factors on the right-hand side are determinants of the second order.
Dividing the rows by By, y’a’, a’8’; and putting A = %,, ,u=g—,, v=$,, the

determinant (omitting a factor) reduces to the form

1 pt+v v 1 —X w
1 v+X wAl=|1 —p N |[=—=(e=v)(»=2AQ—p) &
1 A4+p M 1 —» M

4. Find the value of the determinant

1 B4+y+8 By+pB+y5 Byd
1 a+y+38 ay + ad + ¢ ayd
1 a+p+3 af+ad+p8 afd
1 a+B+y af+ay+By afy

Since the interchange of two letters would make two rows identical, this can
differ by a numerical factor only from the product of the six differences. Or we
may reduce the determinant easily to the form in Ex. 10, Art. 132. The value of
a similar determinant of any order can be found in the same way ; and the sign
can be determined in any instance by the method of Ex. 9, Art. 132,
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5. Prove

By + a2 By +dd 1

Yl + p8 ya+ B8 1|=(B—y)(a—8)(r—a)(B—38)(a—p)(y—2)
a3 4+ 9% af+ 98 1

Add the last column multiplied by 2aBy8 to the first. The determinant
becomes then of the form of Ex. 9, Art. 132.

6. Prove

(B+y—a—28) +y—a-38p
(B+7 ; o :ﬂ+7 ; 1 |ZHE e =A@
a—pB— a—f—
Y i (a = B)(y — 8).
(a+B—y—98 (a+p—y—387 1
7. Prove
a b ax+0b
b ¢ bzx+c |=— (ac— b%)(az® + 2bz + ¢).
ax +b bx+4c 0

Subtract from the third row the second row plus the first multiplied by x._

8. Prove similarly

a b c ax® + 2bz + ¢
b c d ba® + 2cx + d
c d e cx® + 2dz + e
ax+2bz+c ba®+42cx+d ca?+2dx+te 0
a b c

=—| b c d (azt + 4b2® + 6cx® + 4dx - e).

c d e

9. Given
fi(z) = a2 + 8by2® + 3eyz + dy

fa(®) = agz® + 8byz* + 3cyz + dy,

fs(®) = ag2® + 8ba? + Bcgz + dy;
prove the identity

1 —2 22 — 2t
Si(=) fl'(‘”) . fi'(z) a b cl i
He) @) [ |=-18 . b‘ ol
M=) f=) f) !
. a b ¢ d
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The first determinant reduces easily (omitting a factor) to the following :—
ar+b bxt+ce cx+d
ag% + by bgx + ¢35 g +dy
agr + by byz + ¢4 cst + dg

We have seen (Ex. 7, Art. 142) that the order of a determinant may be in-
creased without altering its value. By a suitable selection of the added con-
stituents the calculation of a determinant may often be simplified by bordering
it in this way. The determinant last written is plainly equal to

1 0 0 0
e, ax+b bzx+e cxr+d
a, asx + by bz + ¢, cot + dy
a;  agx + by bz + ¢4 cs + dy

Subtracting from the second column the first multiplied by z; subtracting
then from the third the new second column multiplied by = ; and, finally, from
the fourth the new third column multiplied by z, we have the result above stated.

10. Show that the determinant

Az + cy? + b2 — 1 (A — c)zy (A — b)zz
(A — c)zy M+ a2 +ca®—1 (A — a)yz
(A — b)az (A — a)yz A2+ bt +ay? — 1

contains A(2® + »2 + 22) — 1 as a factor, and that the remaining factor is inde-
pendent of y.

Border the determinant, as in Ex. 9, with a first column whose constituents
are 1, Az, Ay, Az ; and with a first row whose constituents are 1, 0, 0, 0. Subtract
then 2 times the first column from the second, y times the first column from the
third, and z times the first column from the fourth. In the determinant thus
altered, subtract from the first row « times the second plus y times the third plus
2z times the fourth.

11. Expand in powers of  the determinant

a+2z b ¢ dy
a, by +2 ¢ d,
ag by cg+ dy
a, b, Cq dy +

Ans. 2 4 (ay + by + ¢35 + d)x® + {(by¢5) + (a,dy) + (a1C3) + (body) + (a,0,)
+ (cady)}a? + {(bgeady) + (ay0ady) + (a,D22) + (@305¢5)} + (a1bgeadly)-



13. Prove the identities

12. Prove
a
al
aﬂ
a
a’?
-

1 a o

1 8 F

1 » ¥

1 & ¥

where

=(B—7)(

b
Y
b2
b
b2
b

aa
B8’
rY
88’

Miscellaneous Examples.

a — 3),

A
A" =(F =) (" =38,
Expanding the first determinant in terms of the minors formed from the first
two columns (see Art. 135), we easily prove that it is equal to
ABY + o'®) + Bly'a + B3) + OB +7¥);
and employing the identical equation 4 + B + C = 0, along with the relations
of Ex. 18, Art. 27, the result follows.

14. Prove that the determinant of Ex. 13 is equal to

This follows at once from the relations of Ex. 18, Art. 27.

1
1
1

il

a&’
d2?

dr

d

B =
B =

Bl

55
= = (b)) (ad’) (ca’) (bF') (ab') (ed’)
- abcda’b’c’d’
c C 4 A B
c’ ’ = l c 4’ = , 4’ B l ’
(v, — a) (B —9), (a—ﬁ)(r—s)
(' — o) (B — &), 0' (@ = B) (¥ — &)

By +ad By +a'd
ya + Ba 7/al + ﬁlsl
af +95 o +y¥

If a’, B, ¥, & be

put equal to a™, 8™, 4™, 3™ in the result, we obtain an identity which includes
Ex. 5, p. 53, as a particular case.

15. Express as a function of differences the following determinant, whose
vanishing expresses the condition for involution of six points on a line :—

A=

1
1

1
Multiplying the determinant by

o?

g

”

a+a aa’

B+8 BF
y+v v
—-a 1

_B 1 R

T
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and then removing the factor (B8 — y) (y — a) (a — B) from both sides of the
equation, the value of 4 is easily expressed as follows :—

A=(@—-B)B-Y)y—a)+ (@ =B(E -7 —a)
This result may also be derived from the determinant of Ex. 13, whose vanish-
ing expresses the general homographic relation between two sets of four points.

16. Expand the determinant

x 0 0 0 g
-1 x 0 0 ag
0 -1 z 0 a

0 0 -1 z ay
0 0 0 -1 @
This is found to be identical with the quartic

ag@t + a,2® + a2 + agx + a,;

and it is easily seen that a polynomial of any degree can be expressed as a
determinant of like form.

17. Prove
F ay a, ay 1
a = b by 1
e Bz o 1| =@—-ad@—-pE—-y(@-23);
a B y x 1
e B y 8 1

ay, Gy, ag, by, by, ¢, being any quantities.

This follows by subtracting a times the last column from the first, B times the
last from the second, &c. The student will have no difficulty in writing down the
corresponding determinant of the (n + 1) order which is equal to the poly-
nominal f(x) whose roots are ay, ay, ag . . . ay.

18. Resolve into factors the determinant

(@—aP (a—BF (a—y)

A=| (B—-oP (B-FF ((B-¥P
y—aP @-Fr @-7*

a? a 1 1 — 2a’ a’
Here A= g B 1 1 -2 BT |;
» v 1 1 =2y
and these two determinants may be resolved as in Ex. 9, Art. 132.
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19. Resolve into factors the determinant

(@e—=aP (@—fP (a—79)P
B-—a® (B-F* B-YP
. (y—aP G-BP G-¥P
Multiplying the two rectangular arrays

A

]

al a? a 1 1 — 3a’ 3a? — a3
g g/ B 1;:() 1 -3 3pr  —B* (2
» # v 1 1 =3 3 =

4 becomes equal to the sum of four terms, from each of which we can take out
a8 a factor the product of the two determinants

1 a a? 1 o’ a’?
1 g B |, 1 g B2
1 y 1 ¥y ¥y

The remaining factor is
3{8afy — ZByZa’ + ZB'y'Za — 3a'B'y'},
which can be written also in the form

Ha—-a)B-F)y—7)+(@=B)B—-¥)ly— &) +(a—¥)(B—a)

(y— BN
20. Prove the expansion
l4+a 1 1 1
1 l+ay 1 1 ) 1 1 1 1
1 1 l+a 1 = ala’a’a‘{ + Q, + ag + ag + a, ¢
1 1 1 1+ q

This is easily proved by subtracting the first column from each of the others,
and then expanding the determinant as a linear function of the constituents of
the first column. It will be apparent from the nature of the proof that the value

of the similar determinant of the nt4 order is a,a,a, . . . an {l + Ei—x}
21. Prove the relation

a z E 4 4

z B =z =z

= f(z) — «f(z).
x x vy
xr =z =z &

where J@)=(z—a) (= —B)(z—y)(x—23)
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This can be derived from the preceding example, or proved independently in
a similar way. As in the last example, the determinant of this form of the nt#
degree can be similarly expressed.

22. Each of the coefficients of any equation can be expressed in terms of the
roots as the quotient of two determinants.

The student can easily extend to any degree the following application to the
equation of the third degree.

From Ex. 10, Art. 132, we have

z* 2 1
@ a® o 1
P op g 1 =-B-7N—-dle—-B—-a-pEz—y
Y 2 v 1
Expanding the determinant, this identity can be written
@ a 1 e al @ a1 @ a® e
BBl |p B l|at|p g 12— |p B B
» v 1 7 v 1 ¥ ¥ 1 Y 7y
@ a 1
= B 1|{&—pa+ p — psb
» v 1

from which the above proposition follows, p,, ps, p; being the coefficients of the
equation whose roots are a, B, .

23. Express as a determinant the reducing cubic of a biquadratic.
Writing down the equations which result from the identity

(apzt + 4a,2® + 6a,2? + dagz + a,) = (az® + 2bz + c) (a2® + 20z + '),
assuming 6a,d = ac’ + a’c — 2bb’, and substituting in the following identity :—
a a 0 a a O 2aa’ ab’ + a’b ac’ + a’c

b b 0 x|b b O

ab’ + a’b 200 be’ + b'c |= 0,

c ¢ 0 ¢ ¢ 0 ac’ + a’c b’ +bc 2’
we easily find the equation
a, a, ag + 2a.
a;,  ay — ayd ay | = 0,
as + 2a,¢ as a,

which when expanded is found to be identical with the standard reducing cubic.
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24. Find the condition that a biquadratic should be capable of being expressed
as the sum of two fourth powers ; and, expressing it in the form
az® + 4ba® + 6ca® + 4dx + e = Uz + 6)* + m(z + )4,
find the quadratic whose roots are 6 and ¢.
From this identity we have the following equations :—

l+m =a,
16 + mp = b,
1* + mg? = ¢, p (1).
16* + mg? = d,
16t + mgt = e,

Assuming X + pr + v2® = 0 as the equation whose roots are 6 and ¢, we

easily obtain the three equations,

Aa + ub + ve =0,

Ab + pe + vd =0,

Ac + pd + ve =0,
from which we have at once the required condition J = 0; and from the first
two, along with the assumed equation, we obtain the following quadratic whose
roots are 6 and ¢ :—

1 z a?
a b c =0
b c d

If it were required to express a cubic as the sum of two cubes, in the form
Uz + 0)® + m(x + ¢)3, the first four of the above equations (1) would lead to
the same quadratic for 8 and ¢.

25. For the biquadratic

A(x + a)* + B(z + B)* + C(x + y)* + D(x + 8)* = 0,
prove
H = ZAB(a — Bp,
I =ZAB(a — B),
J = ZABC(a — B)(a — ¥ (B — ¥}

These expressions are true for a biquadratic written as the sum of any number
of fourth powers. If it can be written as the sum of two only, J = 0, since only
A and B remain; and if it reduces to one fourth power, H, I, J all vanish—
results already obtained by other methods.

26. Discuss the determinant of the fourth order, whose constituents (a — a’)4,
(a — B')4 &c., are arranged as in Ex. 19, p. 67; and if o, B, %, §, @', 8, ¥» &
are the roots of two given biquadratic equations, show that the value in terms of
the coefficients contains as a factor
ae’ + a’e — 4(bd’ + b’d) + 6cc’.
When the two biquadratics are identical this factor becomes 21.
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27. Find the condition that the homogeneous quadratic function of three
variables
az® + byt 4 c2® + 2fyz + 2g2x + 2hzy
should be resolvable into two factors.
Equating the given function to the product of the factors

(az + By + y2) (a’z + By + ¥'2),

we readily find
a a O e a O a h g
B B 0 BB 0 | =8/ Kk b f|;
y ¥ O Y v O g f ¢

hence the required condition is that the determinant last written should vanish.
28. Show that the most general values of z, y, 2, w which satisfy the two
homogeneous equations
ax + by + cz + dw = 0, a’z + by +cz2+dw=0,
may be expressed symmetrically in terms of two indeterminates X, Y in the form

) (ac’) (ad’)z = aX + 'Y,
)(bc)(bd)y-—-bX—i—b’Y &ec.

This can be proved by joining to the two given equations the two following :—
at - b2 c? ’g b2 2 d’e
Ceipy+ St B, o By My,

where A, u are indeterminate quantities ; by then solving for z, ¥, 2, w, as in
Art. 144, and reducing the determinants as in Ex. 12, p. 56 ; and finally making
X =a'b’c’d’A, Y = abcdp.

29. If in any determinant r columns (or rows) become identical when z = a,
then (x — a)™! is a factor in the determinant.

This appears easily by subtracting in the given determinant one of the r
columns from each of the others. The resulting r — 1 columns must each contain
z — a as a factor, since by hypothesis each constituent in it vanishes when z = a.

30. Find the value of the determinant of the »'* order

z a a . a

a z a . a

B
[}

e a 2z . a |,

a a a B z

whose leading constituents are all equal to 2, and the remaining constituents all
equal to a.
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By the preceding example A must contain (z — a)*! as a factor ; and by
adding all the columns we see that it must also contain z + (n — 1)a as a factor.
Hence A can differ by a numerical factor only from the product of these; and
by comparing the product with the leading term we find

A= (z—amt{z+ (n— l)a}
This result can readily be proved directly without the aid of Ex. 29.
31. The determinant
fi(e)  faa)  fa(a)

B fi(B  fs(B) |,
H)  fily)  faly)

in which fy, f,, f; are any rational integral functions, contains the difference-
product (B — y) (y — a) (¢ — B) as a factor.

This appears readily by reasoning similar to that of Ex. 29. Determinants
of this nature, in which the constituents of any column (or row) are functions of
the same form, and the constituents of any row (or column) involve the same
quantity, are called alterwn__ta. It is clear that the result is general, and that the
alternant of any order contains as a factor the difference-product of all the
quantities involved. The determinants of Exs. 9, 10, Art. 132, and Exs. 11, 12,
Art. 140, are alternants of the simplest form.

32. Express in the form of a determinant the quotient of the alternant in the
preceding example by the difference-product.

Assuming, to fix the ideas, that the functions involved are each of the fifth
degree (which will include lower degrees by making some coefficients vanish), we
may write

J1(a) =a,a® + byat + ¢,a® + dya® + eja + £,
Ja(a) =aya® + bya® + cga® + dga® + epa + fy,
S5 (a) = aza® + bgat + cya® + daa® + ega + fy.
Now, taking a, B, ¥ to be the roots of the equation
B+ p2tgr+r=0,
and forming the product of the following determinants :—

a® at a® a' a 1 a b ¢ d ¢ f,
BB g BBl ay by ¢y dy e fy
Yy Yy 1 ag b ¢ dy & fy
001000/ 001 9pgqg 7 |
01 0 0 00O 01 »p g r O
1 0 0 0 0O 1 » ¢ r 0 O

it readily appears that the determinant last written is the required quotient.
A similar method may be used to form the quotient when the alternant is of
any order, and f;, f, f;» &c., rational integral functions of any degrees.
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33. Resolve the following determinant into linear factors :—
@y G Gy @y Gy
@ 1 a3  ag Gy
aq ag ay ag as

a;  a, "% 2, a

ay as a, g 1

Tn all the rows the constituents are the same five quantities taken in circular
order, a different one standing first in each row. A determinant of this kind is
called a circulay. It is convenient to write a circulant in the form here given,
viz., such that the same constituent occupies the diagonal place throughout.
Taking 6 to be any root of the equation z° — 1 = 0, and adding to the first column
the sum of the constituents of the remaining columns multiplied by 6, 82, 63, 6*
respectively, we observe that the following are factors of the determinant :—

2, +a; +ag +ay +ag

a; + Ba, + Gaz + 0a, + %ay,
a, + 6%a, + 0ag + Oa, + G3ay,
a, + Ba, + ba; + 0la, + Oa;
a; + 0a, + 0a; + 6%a, + Oay,

the five roots of 25 — 1 = O being 1, 6, 62, 63, 8¢ ; and comparing the coefficient of
a,% in both expressions, it appears that the numerical factor is unity (cf. Ex. 13,
Art. 140). A circulant of any order can be treated in a similar manner.

34. The product of two circulants of the same order is a circulant.
35. Calculate the determinant of the n!# order

an bn 0 0 0 .
-1 p-y  bpy O 0 .

An= 0 -1 Gp-g byy O R
0 0 -1 Apg bpy .

in which all the constituents are zero except those which lie in the diagonal and
in lines adjacent to it on either side and parallel to it, one of these latter sets
consisting of constituents each equal to — 1.

Expanding in terms of the first column, we have the followingrelation connect-
ing three determinants of the kind here considered whose orders are n, n — 1,
n—2:—

Ap = anApy + bpBpy
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By aid of this equation the calculation of any determinant is reduced to that

of the two next inferior to it in the series Ay, Ap_3s Apgs + -

. Ay A, ; and the

values of A; and A, are plainly @, and a,a, + b, respectively.
Dividing the equation just given by A,—, we have
by

Anss

wn
A-”f]:a”_{.

An-

n-e

-replacing by a similar value the quotient of A,—, by A,~,, and continuing the pro-
cess, it appears that the quotient of any determinant by the one next below it in
the series can be expressed as a continued fraction in terms of the given consti-
tuents. On account of this property, determinants of the form here treated are

ealled confinuants. When each of the constituents by, by,—,, -

. « by, b, (in the line

above the diagonal) is equal to + 1, the resulting determinant is a simple con-

tinuant.

36. Calculate the determinant of the n!* order

1

a

An

S O ™ A

0

0
1

a

B

.

0
0
1
a

.

0
0
0
1

.

whose only constituents which do not vanish are a, g, 1, occupying the diagonal

and the lines adjacent and parallel to it as here represented.

The calculation is readily effected for any particular value of 7, in a manner

similar to that of the last example, by aid of the equation
Ap = alpy — fAn,
the values of A; and A, being a and a® — B, respectively.

By examining the formation of the successive values of A, the student will
readily observe that the terms ¢ontained in the result are

a¥, a8, oG, ... oPpT-Y,

when n is even and of the form 2r; and

al‘r-i-l’ alr-lﬁ' a:r-apz’ .« .. a!ﬂr—-l’

when 7 is odd and of the form 2r 4 1.

B"s

af",

For the purposes of a subsequent investigation, in which the results just stated
will be made use of, it is not necessary to know the general forms of the numerical
coefficients which enter into these expressions ; but such forms can be arrived at
without difficulty, and the following general expression obtained for A, :—

An=ar—(n—1)an-2+ 2= Donigr_

(r=B)(n—4)n=3) , ,

B3+ &c.

1.2.3
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37. When a polynomial U is divided by another U’ of lower dimensions, the
coefficients of the quotient, and of the remainder, can be expressed as deter-
minants in terms of the coefficients of U and U’.

The method employed in the following particular case is equally applicable
in general. Let U be of the fifth, and U’ of the third degree ; the quotient and
remainder can then be represented as follows :—

Q=qP+qx+4qy R=rg?+rnz+r,.

Also, let
U=aw® + a,2* + a2® + a2 + a2 + a5, U’ =a'@2® + a'12? + o'y + a5
From the identity U=QU 4+ R

we have the following equations :—

Gy = qo@'qy

ay = g0’y + 0100

Gy = ¢o0'y + 016"y + 000

as = 448’s + §,08'y + 9,0’y + 7o,

ag = Al Y

g = 40’3 + 73

Solving by Art. 144, gq,, ¢,, ¢, are expressed as determinants by means of the

first three of these equations ; and taking the first three with each of the others
in succession, we determine 7,, ry, 7, For example, to find r, we have, from the
first four equations,

ag 0 0 -—a, ay 0 0 a

a, ¢y 0 —a ay ap 0 a

1 % 1 , 1 %o 1
=0, or a’®r, =

o’y a/y a’y —a, a’y a’y @’y a,

a’s a'y o'y —az+ 1, a’s a’y a'; g

38. Find the general forms of the coefficients of the quotient, and of the
remainder, when a polynomial of even degree 2m is divided by a quadratic.
Taking 2® + ax + B as the given quadratic function, we have the identity

BT - @@l o g2ttt Gy p? 4 Gy + Gam
= (92" + 2™ 2 + o o+ Gam-a®F Gam) (B + 0z + B) + 1T + 1ye

Writing down the first » + 1 equations, formed as in the preceding example,
to solve for g, ¢y, g2, - . - gy, it in easily seen that the value of g, thence derived
is a determinant of the %% order of the form treated in Ex. 36, bordered at the
top with the constituents 1, 0, . . . 0, a, and at the right-hand side with
Ggy @y « « . ay. Expanding this determinant in terms of the last column, it is
immediately seen that any quotient is expressed by means of a series of the
determinants of Ex. 36 in the form

qf = Qp ~— af.xAl + af-'A’— &0- e s F “1Ar-1 iAf;
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the upper or lower sign to be used according as r is even or odd. To obtain the
coeflicients of the remainder we have the equations

Bg2m-3 + agzm-2 + 70 = Gzm-1,

Bgam-2 + 71 = azm.

Expressing the values of gzm-3, g2m-2 by the formula just proved, and attending
to the results of Ex. 36, we derive the following general forms for 7o and r1:—

ro= An-1+ Am-38 + A2amsB + . . . + A3p™2 + 4187,
r1=am + Bam-2B + Bam-aBt + . . . + B2fm! + BoB™,

in which the coefficients .4, B are all functions of a, the highest power of a in any
coefficient 4 or B being represented by the suffix attached to the coefficient.

39. It the leading constituents of a symmetric determinant be all increased by
the same quantity z, the equation in # obtained by equating to zero the determinant
so formed has all its roots real.

Let the determinant of the ##» order under consideration be denoted by A,, and

written in the form
a+z h g . ,

A b+2 f .

Oy = -

g S oe+z .

. . . .

Let the determinant obtained from this by erasing the first row and first column,
i.e. the leading first minor of A,, be denoted by An.1; again, the leading first minor
of An.1 by Anz; and so on, the last function A; obtained in this way being of the
form ! + . To these we add the positive constant Ae = 1, which may be regarded
as completing the series of minors and obtained by the same process, since An is not
altered by affixing a last row and a last column consisting entirely of zero-elements,
with the exception of the constituent + 1 in the leading diagonal. We have now
a series of » + 1 functions—

Apy Ay, Anzy . . - Az, A, Ao,

whose degrees in z are represented by the suffixes. When + o is substituted for z,
the signs are all positive, and when -~ « is substituted, the signs (beginning with
Ao) are alternately positive and negative. Hence if # be regarded as increasing
continuously, » changes of sign must be lost in this series during the passage
from — ©to + . Now it appears by the theorem of Art. 149, that a value of 2
which causes any function (excluding aa, Ao) in this series to vanish gives opposite
signs to the functions adjacent to it on either side. Ao retains its sign throughout.
It follows, exactly as in (2), Art. 96, that a change of sign can never be lost except
when z passes through a real root of A, = 0. There must, therefore, exist n real
roots of this equation in order that » changes may be lost during the passage of z
from — o to + .
VoL. I1I. F



66 Determinants.

Any equation in the series, being of the same form as A, = 0, has all its roots
real. Itisplainalso that each of these equations is a limiting equation (see Art. 90)
with reference to the equation next above it in the series; since, in order that a
change of sign may be lost between A, and As.1 at the passage through each of
two consecutive roots of the former, the value of A,-1 must change sign between
these two values of z. The equation A, = 0 may have equal roots, and by what
has been just proved it appears that, when this equation has r roots equal to a, the
equation Apn.1 =0 has r — 1 roots equal to a, the equation An_2 = 0 has » ~ 2 roots
equal to a, and so on.

The determinant here discussed occurs in several investigations in pure and
applied mathematics. The proof here given of the important property under dis-
cussion is taken from Salmon’s Higher Algebra (Art. 46), to which work the
student is referred for other proofs of the same theorem.

40. If the determinant of the preceding example have r roots equal to a, prove
that every first minor has # — 1 roots equal to «, every second minor » ~ 2 roots
equal to a, and so on.

Employing the notation 4, H, @, . . . for the elements of the reciprocal deter-
minant, we have the equation

AB ~ H? = An-2 An.
Now it is easily seen, by proper transpositions of rows and columns, that every
leading first minor contains the multiple root » — 1 times. It follows from the

equation just written that the minor H must contain this root » — 1 times; and A
may be taken to represent any first minor,

41. Find the conditions that the equation

a+z h g
h b4z f =0
g J e+z

should have equal roots.
Since each first minor must contain the double root, we readily derive the
required conditions in the following form:—

[This and the preceding example are taken from Routh’s Dynamics of a System
of Rigid Bodies, Part 11., Art. 61.]

42. Any symmetrical determinant can be altered so as to have any selected
pair of conjugate constituents each zero, the determinant remaining symmetrical.

Consider, for example, the determinant obtained by putting z = 0 in the pre-
ceding example, and suppose it is required to remove the constituent g. Multiply



Miscellaneous Examples. 67

each constituent of the third column by a (dividing the whole determinant by 4 at
the same time), and subtract from the constituents so altered those of the first
column multiplied by g. Treat now the two corresponding rows in the same way ;
the resulting determinant is symmetrical, and in it g is replaced by zero. This
process may be applied to a determinant of any order, to remove in su‘qceasion all
the conjugate constituents of the first row and column, and afterwa¥ds of the
remaining rows and columns, g0 as to reduce the determinant finally to one, all of
whose constituents vanish except those in thﬂ@ﬁngdiagbml.
' .

43. Reduce the following determinant, of any order, to a form in which z will
_appear in the leading gonstituents only ta~ -

&z + d1 bz + 011 az+ .
ax + o'z baz + V'3 0z + d3 .
asz+ds b +l¥s oax+dy .

. . .

Multiply by the determinant reciprocal to (a152¢3 ... /). If the given deter-
minant is symmetrical, the determinant derived from it in this way will not be
symmetrical ; but a different process may be used to reduce it in that case to
a symmetrioal determinant which will have z present in the leading constituents
only, viz. by removing the coefficients of # from all pairs of conjugate constituents
in succession by a process exactly analogous to that of the preceding example. If
the coefficients of 2 in the lcading constituents of the reduced determinant should
all have the same sign, it may be proved, just as in'Ex. 39, that the corresponding
equation will have all its roots veal. s

44. Let a determinant of the nth order be divided into two rectangular arrays,
one containing 4 rows, and-the other » rows (where u + » = ), and let uv sums of
products be formed by operating with one array on the other as in the multipli-
cation of determinants; if then such relations exist among the constituents that
all these sums of products separately vanish, the determinants of order u formed
from the first array are proportional to determinants of order » formed from the
complementary constituents of the second. "

To fix the ideas, we take a determinant of the fifth order, but the mode of proot
is perfectly general. Let the determinant

a Gy as Gy 3
b, by by b, bs

6 (N Cs e Cs

b
It

¢, zy 2 2 x, xg

Y Ys - Y Y% Ys
F2 '
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be split horizontally into two arrays, one of three, and the othet of two rows; and
let the following six relations exist :—

Iaz1=0, By =0, Zbhzn=0, Zby1=0, Jaz1=0, Zay =0.

1f now A be expanded by Laplace’s theorem, and the minor determinants so tuken
(as can readily be done) that the expansion is written with all positive signs, e. g. in
the form :—

A = (a18209) (Tays) + (a1dsce) (22ys) + (@rdacq) (#sy3) + (a1d20s) (wsya) + &e.,

it is proposed to prove that each minor determinant of the third order formed from
the first array is proportional to its factor in the expansion of A so written.
We use for convenience the following notation for the expansion last written—

A=LL + MM’ + NN'+ PP’ + &e.

Squaring the determinant A, making use of the above relations, replacing by their
values the determinants obtained by squaring separately each of the component
arrays, and equating the two values of A® thus obtained, we have

(LI'+ MM’ + NN'+ &c....)2= (L + MP+ N* 4 &o.. ) (D24 M7+ N 4 &e....),

whence
(LM'- IM)*+(LN'— L'N)* + (MN'— M'N)* 4+ &e....=0,

from which we have at once

Iw-y-p- %

45. Write down the relations which exist among the minors of the second order
formed from a determinant of the fourth order divided equally into two rectangular
arrays in the manner of the last example, like conditions being fulfilled.

We take the general determinant of the fourth order

o h a4
az b @ &
A= ,
as by o ds
a by 0 dy
and first expand it by Laplace’s theorem. As the expansion of such a determinant

in terms of its second minors is often required in practice, the student is recom-
mended to accustom himself to write it with all positive signs as follows :—

(b162) (asds) + (era3) (bada) + (a182) (csda)
+ (a1ds) (bscq) + (brde) (csas) + (c1da) (asds).

The method of writing this down is obvious, the same arrangement being observed
a3 on all former occasions where four letters were involved.
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By the preceding example, we have at once the relations
(hi&) _ (am) _ (@ds) _ (aud) _ (bds) _ (ads)
(asds)  (bsds)  (csde)  (bsca)  (coma)  (asta)’
provided the following four equations hold :—

Sa1a3 = 0, Imai =0, Zazas = 0, a0y = 0,

What is here proved has an important application in geometry of three dimen-
sions with reference to the six coordinates of a right line. (See Salmon’s Analytic
Geometry of Three Dimensions, 4th ed., Art. 67 b.)

It may be remarked here that it will be found convenient to write uniformly
with positive signs the expansion of a determinant of the third order, which occurs
go often in practical questions. Taking, for example, the determinant obtained by
erasing the last row and last column of A, we write its expansion as follows, the
three letters being taken in circular order:—

(a1b2¢s) = ay (bacs) + b1 (caas) + €1 (abs).

46. Derive the equations (3) of Art. 145, for obtaining the ratios of # variables
from # — 1 linear homogeneous equations, from the proposition of Ex. 44.

47. Express by determinants the values of the unknown quantities derived
from a set of given linear equations by the Method of Least Squares.

The given equations, which are greater in number than theinknown quantities,
are supposed to have been obtained as the result of observation or experiment ; and
the numerical coefficients which enter into them, being consequently liable to
errors of observation, are not known with certainty. In such cases the most
reliable values of the unknown quantities are obtained in the manner about to be
explained by what is called the ‘“ method of least squares.”” Take, for example,
five equations of the form a1z + b1y + ¢18 = m1, a2 + b2y + c25 = ma, &c., between
three unknown quantities #,y,z. Multiply them respectively by a1, as, as, a¢, as,
and add; again by &, 82, b3, by, b5, and add; and again by ey, e, €3, ¢4, ¢s, and
add. In this way the following threc equations are obtained :—

z3a? + yZad + 23a101 = Zawm,

Z3a1h1 + y3 0% + 23her = Zbhim,

z3a101 + yZbier + 23612 = Seyma g
from which we have, without difficulty,

_ (@1dacs) (mibaes) T (arbzed) (mrbaee) + oo . + (asbucs) (msbycs)
(ardacs)*  + (mbze)® +....+ (asbecs)?

with corresponding values for y and ¢, each of these values containing ten terms in
the numerator and ten in the denominator.

48. Show that the value of = given in the preceding example can be obtained
vy first eliminating y and ¢ from every set of three of the five given equations, and

then applying the method of least squares to the ten equations in # alone which
result from the elimination.



CHAPTER XIV.

ELIMINA .

150. Definitions.—Being given a system of n equations,
homogeneous between n variables, or non-homogeneous between
n — 1 variables, if we combine these equatious in such a manner
a8 to eliminate the variables, and obtain an equation R =0
containing only the coefficients of the equations, the quantity
R is, when expressed in a rational and integral form, called the
Resultant or Eliminant.

T what follows we shall be concerned chiefly with two
equations involving one unknown quantity z only. In this
case the equation R =0 asserts that the two equations are con-
sistent; that is, they are both satisfied by a common value
of 2z We now proceed to show how the elimination may
be performed so as to obtain the quantity R, illustrating the
different methods by simple examples. It is proper to observe
that the value of R arrived at by some processes of elimination
may contain a redundant factor. The method of elimination
by symmetric functions leads to a value of R free from any
such factor; and we refer, therefore, to the conclusion of the
discussion in the next Article for the precise definition of the
Resultant.

Let it be required to eliminate x between the equations

ar* + 2bx +¢=0, adz*+20z+c =0.
Solving these equations, and equating the values of z so
obtained, the result of elimination appears in the irrational form
o , T
b+/b ae b+/b ad

a a a a
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Multiplying by aa’ we obtain
atb—a\/b2 ac-d /- ac.

Squaring both sides, and dividing by the redundant factor

ea’, and then squaring again, we find
R =4 (ac- b2) (a'¢ - b"%) — (ac’ + a’c - 2b¥)*.

This method of forming the resultant is very limited in
application, as it is not, in general, possible to express by an
algebraio formula a root of an equation higher than the fourth
degree. Other methods have consequently been devised for
determining the resultant without first solving the equations.
We now proceed to explain the method of elimination by
symmetric functions of the roots of the equations.

151. Elimination by Symmetric Functions.—Let two
algebraic equations of the m™ and »n** degrees be

¢ (@) mag™+ a@™ ! + @@2" P+ ..+ Ay =0,

Y(@) = be™ + 02" + ba2"? + ...+ by =03
and let it be required to find the condition that these equations
should have a common root. For this purpose let the roots of
the equation ¢(#) = 0 be ay, az, . . . am. If the given equations
have a common root, it is necessary and sufficient that one of the

quantities
""(al), Y(w)y ..., ";’(am)
should be zero, or, in other words, that the product

7 (@) ‘P(an) Y(as) - o« P (am).

should vanish. 1f, now, we transform this product into a
rational and integral function of the coefficients, which is
always possible, as it is a symmetric function of the roots of
the equation ¢ (z) = 0, we shall have the resultant required.
Further, if 3., B33 . .. [8s be the roots of the equation ¢ (z) = 0

we have
tp (ax) = b (al 1) (ax 62) a, = Bn)a
' (a, = by (a3 — ﬁ ) (a2~ ﬁ .. (aﬂ - ﬁﬂ)’

bo(am ﬁ am-r[ﬁa ....(a,,.-.ﬁ.).
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If we change the signs of the mn factors, and multiply these
equations, taking together the factors which are situated in the
same column, we find

ao"Y (@)Y (as) . . . Y (am) = (=1)™b"p (1) ¢ (Ba) - .. ¢ (Bn)

‘We may therefore take

R=(-1)"b0"(B:)9(B:). .. ¢(Bs) = & (a)(as) .. .4 (am), (1)
for both these values of R are integral functions of the coef-
ficients of ¢ (#) and ¢ (), which vanish only when ¢ (z) and
Y (#) have a common factor, and which become identical when
they are expressed in terms of the coefficients.

152. Properties of the Resultant.—(1). The order of
the resultant of two equations in the cocfficients s equal to the sum
of the degrees of the equations, the cocfficients of the first equation
entering R in the degree of the second, and the coefficients of the
second entering in the degree of the first.

This appears by reviewing the two forms of R in (1),
Art. 1561; for in the first form a,, a, . . . @, enter in the n*
degree, and in the second form &, b, ... b, enter in the m®
degree. Also, it may be seen that two terms, one selected
from each form, are (- 1)™d,"a," and a,"b,™.

(2). If the roots of both equations be multiplied by the same
quantity p, the resultant is multiplied by p™".

This is evident, since any one of the mn factors of the form
ap — [3; becomes p (a, — [3,), and therefore p™ divides the resul-
tant. From this we may conclude that ¢ke weight of the resuitant
t¢ mn, in which form this proposition is often stated.

(3). If the roots of both equations be tncreased by the same
quantity, the resultant of the equations so transformed ts equal to
the resultant of the original equations.

For we have

t R =a,"b," I (ap - B?),
where II signifies the continued product of the mn terms of the
form a, — 3,; and this is unaltered when a, and [, receive the
same increment.
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(4). If the roots be changed into their reciprocals, the value of
R obtained from the transformed equations remasns unaltered, except
in sign when mn s an odd number.

Making this transformation in

R = a0 (ap - By),
we have

i I (“p - BO)
- n m{_ mn H
R = anby(- 1) (@as - - am)" (BBa -+ Ba)™’
but

aas. . an= (1" B u=(-1) z.'t

substituting, we obtain
R’ = aonbom ("‘ l)m”n (ap - Bq) = (- l)mnRo
From this it follows that in the resultant of two equations
the coefficients with complementary suffixes of both equations,
e.g. Qo m; G, Gm, &o., may be all interchanged without
altering the value of the resultant.
(). If both equations be transformed by homographic transfor-
mation, that ts, by substituling for z
Az + "
. Alx + "'l’
and each simple factor multiplied by Nz + u’, to render the new
equations integral, then the new resultant R’ = (Au’ - X'u)""R.
To prove this, we have

¢ @) = a,(z- al)(z—a,) o (2 - am),

Y (@) = b(e- =B ... (z=Ln);
also
_ Y B o
z - a, becomes (A — X'ay) (:c - Xar>’

=B (A-xp,)@_f('_f’&,‘_ﬁt:).
Multiplying together all the factors of each equation,
a, becomes @, (A —=XN'a)) (A =XNag) . .. (A=XNaw)y
o s b (A=XB)A=XNBs) ... (A-XP0)
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war—p pf -
X=Na X=X,

( /“' A,l-‘) (ar - Br)
A = Na) (A= N5)

Also, since ay, p,. are transformed into

ar - f3, becomes
whenoce
a,"b,™ 11 (a, — [3;) becomes a,"b,™ (A’ = X'u)™ 1 (ar - f3.),
that is, the resultant calculated from the new forms of ¢ (#) and
Y () is .
A" = Au)™ R.

This proposition includes the three foregoing; and they are
collectively equivalent to the present proposition.

153. Euler’s Method of Elimination.—When two
equations ¢(z) = 0, and Y(z) = 0, of the m™ and »™ degrees
respectively, have any common root 8, we may assume

¢ (2) = (= - 0) ¢ (),
Y(2) = (= - 0) (),

$1(2) =p™ 4 pt™ 4 oL+ Py

where

Y (2) = 2™ + 2™ + ...+ s,

the coefficients being undetermined quantities depending on 6.
‘Whenoe we have

¢ (@) % (@) = ¢ (@) ¢ (2),

an identioal equation of the (m +n —1)** degree. Now, equating
the coefficients of the different powers of # on both sides of the
equation, we have m + n homogeneous equations of the first
degree in the m + n quantities p,, ps, . . . Pmy, Q1 G2y - - . ¢ and
eliminating these quantities by the method of Art. 145, we
obtain the resultant of the two given equations in the form of
a determinant.



Sylvester’s Dialytic Method of Elimination. 75

ExamrLE.
Suppose the two equations
ar?+ brx4+om0, ozt +b1z4+01=0

to have a common root. We have identically
(912 + ¢3) (a2? + Bz + o) m (712 + pa) (m1a? + biz + &),
or (918 — pra1) 2° + (1) + 2a ~ p1by ~ p2o) &°
+ (g10 + q2b — pr16y — p2br) = + Q20 — paor m O,
Equating to zero all the coefficients of this equation, we have the four homo-

geneous equations
Q1a - P =0,

@15 + g2 — p1b1 — paay = 0,
q1e + q2b — prer — pb1 = 0,
gae —-p200=0;
and eliminating p1, p2 ¢1, g2, We obtain the condition for & common root in the
form

a 0 a) 0

b e 10y ay
= 0,
) b o I

0 o 0 o
The student can easily verify that this result is the same as that of Art. 150,

154. Sylvester’s Dialytic Method of Elimination.—
This method leads to tlﬁ—é:r:‘e‘kdeterminants for resultants as
the method of Euler just explained ; but it has an advantage
over Euler’s method in point of generality, since it can often be
applied to form the resultant of equations involving several
variables.
SBuppose we require the resultant of the two equations

¢ (2) = ag™ + ai g™+ ax™+ ..+ Gy =0,

Y(x) =mba™ + b + bz + ...+ by =0,
we multiply the first by the successive powers of ,

vl " L. a, @, 2%

and the second by 2™, 2™, ... 2% 2, 2°,
thus obtaining m + n equations, the highest power of # being
m+n—1. We have, consequently, equations enough from
which to eliminate #™", a™2 | . & & considered as distinot
variables.
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ExAMPLES.

1. Find the resultant R of two quadratic equations
@+ ix+e=0, i+ bz+a = Q.

We have azd+ b2 + oz =0,
a2+ bz + ¢ =0,
@i+ hat 4+ ez =10,

G +hiz+e=0;

from which, eliminating 23, 22, #, we get the same determinant as in the preceding
Article, columns now replacing rows :

2. Form the resultant of the two equations
U = a0 + a12 + az2* + asa® + agzt = 0,
V = bo + b1z + boa® + 4323 = 0.

Proceeding as before, we easily find

a a1 az ag ag 0 0
0 a & a3 as a4 0
0 0 a a a a3 a
R= bo b b b 0 0 O
0 & & & 4 0 O
0 0 &b & &6 & O
0 0 0 % & & &

It will be observed that B contains the coefficients of U in the 8rd degree, and
those of If'in the 4th degree; also a¢3bs¢ is a term in R (see (1), Art. 152).

155. Bezout’s Method of Elimination.—The general
method will be most easily understood by applying it in the
first instance to particular cases. 'We prooeed to this applica-
tion—(1) when the equations are of the same degree, and
(2) when they are of different degrees.

(1). Let us take the two cubic equations

a+ bt +ex+d=0, a®+ba?+ecz+d =0.
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Multiplying these two equations successively by
a, and a,
ar+b, , ar+b,
ar*+he+e¢ , ax’+ bx+e,

and subtracting each time the products so formed, we find the
three following equations i—

(aby) 2* + (ac)) # + (ady) = 0,
(ac)) 2 + {(ady) + (ber) )2 + (bdy) = O,
(ad)) 2 + (bdh) z + (cdy) = 0

By eliminating from these equations 2%, #, as distinot
variables, the resultant is obtained in the form of a symmetrical
determinant as follows :—

@)  (a) (o)
(acl) (adl) + (bcl) (b(l]) .
(ad,) (bdy) (edy)
To render the law of formation of the resultant more
apparent, the following mode of procedure is given :—
Let the two equations be biquadratics, as follows :—
art+ b+ e+ de+e=0, ar+baP+od +drt+e =0;
whence, following Cauchy’s mode of presenting Bezout’s method,
we have the system of equations
a b2* + o + de + e

G b +od + dz + 6
ax + b e +de+ e
az+ b ot + dz+ e
azr® + bz + ¢ de + e
0+ bx + e, date

ar®+ bx* +cx + d e
= .
a.zs + blx’ + ¢+ dl e|,
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whioch, when rendered integral, lead, on the elimination of
2, o*, z, to the following form for the resultant:—

(aby) (ac1) (adh) (aer)
(ac) (ady) + (be)) (ae) + (bdy)  (bey)
(ady) (ae)) + (bdy) (ber) + (edy)  (cer)
(ae)) (be) (cer) (de)

If, now, we consider the two symmetrical determinants

(ab) (ac) (ad) (aer)

(ac)) (ady) (ae)) (ber) (ba)) (b))
(ady) (aer) (b)) (ee) [ | (8d) (ed)) [
(ae)) (b)) (ce) (der)

the formation of which is at once apparent, we observe that B
is obtained by adding the constituents of the second to the four
central constituents of the first.

Similarly, in the case of the two equations of the fifth degree

az® +bat +cx® +da? +tex +f =0,

az®+ bt + e +dd® rew+ fi=

the resultant is obtained from the three followmg determi-
nants :—

(ab)) (ac)) (ady) (ae) (af)
(ac)) (ady) (ae)) (afi) (0£1)
(adi) (ae) (afy) () (ofy) s
(ae)) (afi) (O) (o)) (dh)
(af)) (f) () (df)) (en)

by adding the constituents of the second to the nine central
constituents of the first, and then adding the third to the central
constituent of the determinant so formed. The student will
have no difficulty in applying a similar process of superposition
to the formation of the determinant in general.

(ber) (6d)) (ber)
(bdy) (be)) (cer) |»
(ber) (cer) (des)

(cdl) ’
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(2). We take now the case of two equations of different
dimensions, for example,

art + b + et 4+ dv+e=0, a@*+ba+c=0.
Multiplying these equations successively by
a; and a2,
ar+b ,, (az + d)23,

and subtracting each time the products so formed, we find the
two following equations :—

(aby) #* + (ac)) 2* - dayz — eay = 0,
(ac) @ + {(bey) - da,} 2* — {db, + eay) @ — eb, = 0.
If, now, we join to these the two equations
a2 + bt + ex = 0,
ax + b+ ¢ =0,

we shall have four equations by means of which 2%, 2% 2 can
be eliminated ; whence we obtain the resultant in the form
of a determinant as follows:—

(ab) (ac) da, ea,
(ac) (ber) —da, db,+ea, eb,
a, b, -0 0
0 a -b -¢

This determinant involves the coefficients of the first equa-
tion in the second degree, and the coefficients of the second
equation in the fourth degree, as it should do; whence no
extraneous factor enters this form of the resultant.

We now proceed to the general case of two equatious of the
m'™ and n** degrees.

Let the equations be

¢ (@) = at™ + @™ + 2" + . o+ A =0,
Y(2) = ba™ + bz"! + b ...+ by =0,
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where m>n; and let the second equation be multiplied by ##".
We have then

br™ + b)2™ ! + bt +. .. + bpa™ ™ = 0,

an equation of the same degree as the first. This equation has,
however, in addition to the n roots of y(2) = 0, 7 — n zero roots ;
so that we must be on our guard lest the factor a,™" (i.e. the
result of substituting these roots in ¢ (¢)) enter the form of the
resultant obtained. From these two equations we derive, as in
the above case—(1), the following n equations :—

A ar™l + a @™ + ...+ O
by b5@™ + ba™? + ... + by’

ar + a, G+ aax™ 4+ ...+ ap,
box+ b, bax™?+ bsz™3 + ...+ by’

AT+ a2 F o o Auy AT+ Ay T L+ Ay

bt + bt 4 .o+ b bam ’

which, when rendered integral, are all of the (m — 1) degree ;
whence, eliminating ™7, 2™, ... « as independent quantities
between these » and the m — n equations

b + be™? + be™ P 4+ . .. - 0,

ba™? + bia™d + . = 0,

b2+ ba*t +...+ b, = 0,

we obtain the resultant in the form of a determinant of the m*
order, the coefficients of the first equation entering in the degree
n, and the coefficients of the second equation entering in the
degree m; whence it appears that no extraneous factor can
enter; and that the resultant as obtained by this method has
not been affected by the introduction of the zero roots.
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If R be the resultant of two equations ¢(z) =0, ¢ () = 0,
whose degrees are both equal to m, the resultant R’ of the system
A @)+ up (@) =0, Ng (@) +p (@) =0

is A = Nuw)"R;
for each of the minors (a,d,), which in Bezout’s method con-
stitute the determinant form of R, becomes in this case

Aar + #br’ k’ar + l.l.’b"

= A’ =X rDs) 3
Ay + by Nay+ u'b, (A w) (a:8,)

whence R’ = (Au" - A’u)™R, since R is a determinant of
order m.

156. Other Methods of Elimination.—We conclude
the subject of Elimination with an account of a method which
is often employed, but which has the disadvantage of giving
the resultant multiplied in general by extraneous factors. The
process about to be explained is virtually equivalent to that
usually described as the method of the greatest common measure.

In forming by this method the resultant of the two quadratio
equations

ad+bz+ec=0, a@+bzx+c =0,
we multiply these equations successively by a, and 4, ¢, and ¢,
and subtract the products so formed. We thus find the twe
equations
(ab)z + (ac) = 0,
z{(ac)) + (bc))} = 0.

Observing that the value zero for # does not satisfy both
the given equations, we may discard the factor 2 from the second
of the equations last written, and thus obtain the resultant
without any extraneous factor in the form

(ac,)? — (aby) (bey) = 0.
As the degree of this expression is four, and its weight four.
it is a correct form for the resultant.

To form by the same process the resultant of the cubic
equations
ar + b+ e +d=0, ar®+ b2 +cx+d =0,
VOL. 1. G
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we multiply these equations successively by @, and a, 4, and d,
and subtract each time the products so formed. We have then

(b2t + (ac) 2+ (ady) = 0, (ady)a*+ (bd)z + (ed)) = 0. (1)

Now, eliminating # between these two quadratics by means
of the formula above obtained, we find for their resultant

(ab))  (ad)) (ab)) (acy) (ac)) (ady)
(adh) (cdn) (ady)  (bah). (bdy)  (cdy)

an expression whose degree is 8 and weight 12, in place of
degree 6 and weight 9; whence it appears that it ought to be
divisible by a factor whose degree is 2 and weight 3. This
factor must therefore be of the form 7(be)) + m (ad;,). We
proceed now to show that it is (ad)); and to find the quotient
when this factor is removed.

For this purpose, retaining only the terms which do not
directly involve (ad,), we have

(ab) (edr) { (ab) (edn) + (car) (beky)},
which is divisible by (ad;), since
(ber)(ady) + (ca)(bdy) + (aby)(cd,) = 0.
Expanding the determinants, and dividing off by (ad.), we
find ultimately the quotient
(ad))® — 2 (ab)) (cdy) (ady) + (bdy)(ca,) (ad))
+ (car)? (cdh) + (ab)) (bd))* — (ab)(bey)(dey),
which, being of the proper degree and weight, is the resultant.
If we proceed in a similar manner to form the resultant of
two biquadratio equations, by reducing the process to an elimi-
nation between two cubic equations, we shall have to remove an
extraneous factor of the fourth degree, which is the condition
that these cubics should have a common factor when the bi-
quadratios from which they are derived have not necessarily a
common factor; and in general, if we seek by this method the
resultant of two equations of the #** degree, eliminating between
two equations of the (n — 1)* degree, we shall have to remove an
extraneous factor of the order 2n — 4. This method, therefore,

X
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is inferior to all the preceding methods ; and it cannot be
conveniently used except when, from the nature of the investi-
gation, extraneous factors can be easily removed.

1567. Diseriminants.—The discriminant of an equation
involving & SMPIE unknown is the simplest function of the
coefficients, in a rational and integral form, whose vanishing
expresses the condition for equal roots. 'We have had examples
of such funections in Arts. 43 and 68. We proceed to show
that they come under eliminants as particular cases.

If an equation f(z) = 0 has a double root, this root must
occur once in the equation f’(z) = 0; and subtracting zf”(#) from
nf(x), the same root must oceur in the equation nf(z) — af"(¢) = 0.
This is an equation of the (» - 1) degree in #; and by
eliminating # between it and the equation f’(#) = 0, which is
also of the (n — 1) degree, we obtain a function of the coeffi-
cients whose vanishing expresses the condition for equal roots.
The degree of this eliminant in the coefficients of f(#)is 2 (n - 1) ;
and its weight is # (» ~ 1), as may be seen by examining the
specimen terms given in section (1), Art. 152. Expressed as a
symmetric function of the roots of the given equation, the
discriminant will be the product of all the differences in the
lowest power which can be expressed in a rational form in
terms of the coefficients. Now the product of the squares of
the differences II (a; ~ a;)® can be so expressed ; and since it is
of the 2 (n — 1)*» degree in any one root, and of the n (»n — 1)*
degree in all the roots, it follows that the discriminant multi-
plied by a numerical factor is equal to 4,* ) II (a; — a;)*

If the function f(#) be made homogeneous by the introdue-
tion of a second variable y, the two functions whose resultant is
the diseriminant of f(«) are the differential coefficients of f(z)
with regard to # and y respectively. In the same way, in
general, the discriminant of a function homogeneous in any
number #» of variables is the result of eliminating the variables
from the n equations obtained by differentiating with regard to
each variable in turn,

a2



84 Elimination.

ExaupLEs.

1. Find the discriminant of
aox® + 3a12% + 842z + a3 = 0.

'Wo have here to find the eliminant of the two equations
a2 + 2412 + a3 = 0,
@123 4 2032 + ay = 0.
The condition for & common root is, by Art. 160,
4 (@32 — a1%) (@108 — a3®) — (a0a3 — a143)% = 0.

The function of the coefficients here obtained is therefore the discriminant,
which may also be written in the form of a determinant, as follows, by Art. 154 :

G 2a a3 0
0 G 20 o
a1 2a; as 0

0 a1 2a as

It can be easily verified that this value of the discriminant is the same as that
already obtained in Art. 42,

2. Express as a determinant the discriminant of the biquadratic
aozt + 40123 + 64222 + dasz + a4 = 0,
‘We have here to eliminate # from the equations

aoz® + 34122 + 3a3z + as = 0,
312 + 34,2 + 3azx + a¢ = 0.

By themethod of Art. 164 the resultant is

@ 31 3da3 a 0 O
0 g, 8m 3m a3 O
0 0 g 3a1 3% a4
a1 8a; 3as ay 0o 0

0 & 3as 3as aq O

0 0 a1 8a; 8as a4y

This must be the same as 12 — 27J2 of Art. 68.

3. Express the discriminant of the quartic as a determinant by Besout’s method
of elimination.
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4. Prove that the discriminant, A, of the equation
Umazm + bym 4 osm = 0,
where Z+y+sm0,
may be obtained by rendering rational, in the form Am = 0, the equation

1 1 1
(BT + (oa)T + (ab)n1 = 0;

and calculate in particular the values of As, A¢, As.
‘When ¢ is replaced by its value from z + y + £ = 0, the given function U con-
tains two variables, and the discriminant is obtained by eliminating z and y from
bl oU
—=0 and — =0.
Oz dy
5. Prove by elimination that J = 0 is one condition for the equality of three
roots of the biquadratic of Ex. 2.
Since the triple root must be a double root of

Us = agz® + 34123 + 33z + as = 0,

and therefore a single root of a12? + 2432 + a3 = 0; and since it must also be a

single root of
U2 = apz® + 2417 + a2 = 0,

it follows from the identity

Uy = 22T + 22(012° + 2037 + as) + 322 + 2437 + aq

that the triple root must be a root common to the three equations
a2 + 2012 + a3 =0,
a12® + 2022 4+ as =0,

ax® + 2632 + ag = 0.

Hence the condition
ao a1 a3

a1 @ a | =J=0
a3 as ay

6. Prove that the discriminant of the product of two functions is the produot of
their discriminants multiplied by the square of their eliminant.

This appears by applying the results of Art. 151 and the present Article; for
the product of the squares of the differences of all the roots is made up of the
product of the squares of the differences of the roots of each equation separately
and the square of the product of the differences formed by taking each root of one
equation with all the roots of the other.
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158. Determination of a Root common to two
Equations.—If R be the resultant of two equations

y U=apd™ + Gpa2™t + oo o+ G = 0,
Veb”w" +bn-]z”-l +t00+b°=0,
and a any common root, then

dR dR dR

dal d((, das -
“STRTAk " aR" &o,

d((o da, d(lg

To prove this, we first show that functions ¢ (#) and ¢ (2)
can be obtained such that R = U¢ (2) + V¢ (z), namely, when
U and V are multiplied by ¢ (¢) and i (), respectively, and
added, all terms involving # vanish identically. Take, for
example, the form of R given for two functions of the 4** and
314 degrees, respectively, in Ex. 2, Art. 164. Multiply the
second column by #, the third by «*, &ec., and add to the first
column, thus obtaining U, 2T, 2*U, V, 2V, 2*V, 2* V for the con-
stituents of the first column. The determinant when expanded
takes then the form Ug (¢) + Vi (¢), where ¢ is a quadratic
function, and i a cubic function of . This mode of proof can
be applied to any two functions; and it will be observed in the
general case that ¢ and  are of the degrees n — 1 and m -1,
respectively, the degrees of U and ¥V being m and n. 'We have
therefore

R=Up+ s
dR d¢ dzp
whence a avg + U -+ o + V - day

dR
R g Uy b
and when a is a common root of the equations U'=0, and V=0,
we have, substituting this value for # in the preceding equations,
dR dR
“day ” dayy’
which proves the proposition.
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A double root of an equation can be determined in a similar
manner by differentiating the diseriminant A.

‘When the equations U=0 and V7 =0 have two roots com-
mon, the first differential coefficients of R with regard to a,,
@pn, &c., vanish identically, and it is necessary to proceed to a
second differentiation. In this case the common roots are given
as the roots of the quadratic equation

@R d'R @R

——at -2 z+ =0,
dap’ dﬂp ({(lp.” dap“’

as is easily seen by differentiating the value of R above given,
when the first member of the equation last written is found to
be equal to

<d’¢ e T, d’¢>U+(d’¢ 9 vy d’;p)

z+
day’ daydap,  dagy® a? daydag,  dagy®

an expression which vanishes when either of the common roots
is substituted for .

A similar process will apply if there are three or more
common roots.

The examples which follow are given to illustrate the
principles contained in the foregoing chapter.

ExaAMPLES.

1. Eliminate 2 from the equations
azd + bz +0=0,
2=1.
Multiplying the first equation by 2, we have, since 23 = 1,
b2+ ez +a=0;
and multiplying again by z, we have
cx? +az + b =0.

Eliminating 22 and « linearly from these three equatione, the result is expressed
as a determinant
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I# the method of symmetric functions (Art. 151) be employed, and the roots of
the second equation substituted in the first, the resultant is obtained in the form

(@ + b + 0) (aw? + bw + ¢) (aw + bw? + 0).
2. Eliminate similarly # from the equations
azt + b3 + ca®+dzx+e6=0, 25=1.

The result is a circulant of the fifth order, obtained by a process similar to that
of the last example. By aid of the method of symmetric functions the five factors
can be written down. An analogous process may be applied in general to any
two equations of this kind.

3. Apply the method of Art. 153 to find the conditions that the two cubics
@) =axd +b2° +tox+d =0,
Y(@)=da¥+ ¥Vt +dz+d =0

should have two common roots.
‘When this is the case, identical results must be obtained by multiplying ¢ (2) by
the third factor of ¥ (), and ¢ (z) by the third factor of ¢ (2). 'We have, therefore,

Nz + W) 9 (2) = (Az + p) ¥ (2),
where A, u, X, 4 are indeterminate quantities. This identity leads to the equations
Aa —Ad =0,
Ab+ ya—AY —pud =0,
Ao+ Wb —Ad — ub' =0,
A'd + ple — Ad — pd = Q,
wa —ud =0.

Eliminating A’, u’, A, u from every four of these, we obtain five determinants,
whose vanishing expresses the required conditions. There is a convenient notation
in use to express the result of eliminating from a number of equations of this kind.

In the present instance the vanishing of the five determinants is expressed as
follows :—
a b e ad 0

0 e¢ b ¢ d

¢ ¥ d d 0

0 dd ¥V dJ 4
the determinants being formed by omitting each column in turn. It should be
observed that the conditions here obtained are equivalent to two independent

conditions only, and it can be shown that, when any two of the determinants
vanish, the remaining three must vanish also.
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4. Prove the identity

a? 2a8 p3
ad af’ +a'B BB’ = (a8’ - a'B)3.
a’? 2a'p’ B3

This appears by eliminating # and y from the equations
az + By =0, az+ By=0;
for from these equations we derive
(az+ By)?=0, (az+ By)(az+BYyY)=0, (az+By)?=0.

The determinant above written is the result of eliminating 23, zy, and y3 from the
latter equations; and this result must be a power of the determinant derived by
eliminating #, ¥ from the linear equations.

5. Prove similarly

a® 3a%B 3apB? s

ala’ a2’ + 2aa’'B 2aB8B’ + a'B3? BB’

aa? a8 + 2aa'B" 24’88 + aB'? BB?

o' 3a2g’ 30’82 B3
6. Prove the result of Ex. 13, p. 66, by eliminating A, u, A’, u’, from foar
equations

= (af’ — a'B)S.

. Aa+ u

= 3 ] &0.
Aa+pu

AB +
B = A,g e
connecting the variables in homographic transformation.
7. Given U= Au? + 2Buv + Cv?,
Ve du?+ 2Buv + C'v3,
% = az?® + 2bzy + oy?,
) v = a'z? 4 20'zy + c'y3,
determine the resultant of U and ¥ considered as functions of z, y.
Since U= A4(u- av) (v — Bv),
V = A' (4 — a'v) (¥ — B'v),
if U and ¥ vanish for common values of z, y, some pair of factors, as ¥ ~ av and

% — a’v, must vanish ; whence forming the resultant of ¥ — av and % —a'v and
representing the resultant of » and v by R (%, v), we have

R(u—av, 4 —a'v) = (a — a')?R(%, 9);
and multiplying all these resultants together, we find
R(Us) Va) = 444" (a —a)?(B - B')*(a = B)*(B - a")? {R(w,0)}%,
R(Us, Vo) = {R(T, P)}* {R(,9) }*

or
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8. Prove that the equation whose roots are the differences of the roots of a given
equation f(z) = 0 may be obtained by eliminating # from the equations

F@ =0, f&) + 1@ T+ £ [T+ &= 0;

and determine the degree of the equation in y (of. Art. 44).
9. Eliminate #, y,  from the equations

z+y+2=0,
ays + bsx + czy = 0,
ay323 + bzP23 + c2®y3 = 0.

Taking the first two equations along with an assumed linear equation with
arbitrary coefficients, viz.,
Az+uy+ve =0,

and eliminating 2, y, ¢, we easily obtain
A+ bu tovit (a-b-c)ur+ (b—c—a) m+(0—a—b)au=0, (1)

which must be equivalent to the equation
(A1 + uy1 + v21) A2z + pya + vz) = 0, (2

where 21, y1, 21, 22, ¥», 22 are the two systems of values of #, y, £ common to the
first two of the given equations. Substituting these values in the third of the
given equations, we have

R = (ay13213 + 5213213 + e21%y1®) (ay23228 + 0223233 + c22%ya8) ;

and reducing this value of R by means of the symmetric functions determmed by
the comparison of the equations (1) and (2), we find

4R = 4p% + ¢* + 27pr,
a? + B + ¢® — 2bc — 2¢a — 2ab,

where ?
g =abe(a+d+e),
r = a%b%2

10. It U, 7, W are three given functions of # of the degrees m, n, m + n — 1,
respectively, prove that an identical relation exists of the form

RW = Usp(2) + Vy(2)

where ¢ (z) and  (z) are functions to be determined, of the degrees # ~ 1and m — 1,
respectively, and R is the resultant of U and V.

11. Verify the results of Art. 168 by differentiating the value of R given in
Art. 161.
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CHAPTER XV,

CALCULATION OF SYMMETRIC FUNCTIONS. SEMINVARIANTS AND
SEMICOVARIANTS.

159. Waring’s General Expressions for Sm, and p,,.—
The most fundamental properties of symmetric fufictions 5tthe
roots of equations have been already discussed (Arts. 27, 28,
and Chap. viir., Vol. 1.). In the present chapter we add some
miscellaneous propositions which may often be used with
advantage in the calculation of symmetric functions. The
general expressions, due to Waring, referred to in Art. 80,
will first be given :—

(1) General expression for s tn terms of the coefficients
D1y Dy - - - Pn O an equation of the n** degree.

We have —

- 1)
~loge(L + piy+ ...+ pay”) = 2 ey (Py+Dy + oo+ P

=8y + -;-szy’ + % S+ eeo + 117& Smy™ + + .. (Art. 79).
Now, making use of the known form of the coefficient of y™
in the expansion of (p.y + py*+ . . . + Puy™)" by the multinomial
theorem, and comparing ocoefficients of y™ in the above equa-
tion, we find
_ (~D)ml(ri+ra+ ...+ 1)
—2 P+ 1) I'(ra+1) ... 00w+ 1)

PP o Pa'sy

in which Pitra st e+ rpmr,
2+ Brs e+ Ny =M}

and 7y, 74, 74, .. . 7, aTe to be given all positive integer valuea
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zero included, which satisfy the last of these two equations.
Also, representing by r; any of these integers,

Cr+1)=1.2.3...7,
with the assumption that I' (1) = 1 when r=0.

(2) Qeneral expression for any coefficient pe tn terms of the
sums of the powers of the roots s,y Ss, . . . 6.
We have
L4py+ e+ pmy™+ oot pay®=eVr, g g,
(Art. 80).

When the factors on the right-hand side of this equation
are developed, and the coefficients of y™ on both sides compared,
we find, employing the notation of the last example,

(_ l)rl+r,+. o ”'mSl'lé‘zrz ve Smrﬂ

p'”=2 Fr+1)T(ra+1). .. C(rm+1)2m28" . . 7w’

in which 7y, 75, ...7n are to be given all positive values, zero
included, which satisfy the equation

P+ 2+ B 4.+ My =m.
160. Symmetric Functions of the Roots of two

Equations.—If it be required to calculate a symmetric func-
tion involving the roots ay, a;, as . . . am of the equation

¢ (@) =aw™+az™ +a g™ + ... +am=0, (1)
along with the roots [3,, 35, Bs, . . . B3, of the equation

Y(@) =by" +by" "t + bgy™? + ..o+ by=0, ()
we proceed as follows :—

Assume a new variable ¢ connected with # and y by the
equation
t=XAe+puy;

and let y be eliminated by means of this equation from (2). The
result is an equation of the #" degree in 2 whose coefficients
involve A, u, and ¢ in the n** power. Now let # be eliminated
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by any of the preceding methods from this equation,and (1).
‘We obtain an equation of the mn degree in ¢, whose roots are
the mn values of the expression Aa + uf3.

If, now, it be required to calculate in terms of the coefficients
of ¢ () and y(y) any symmetric function such as =a?37, we form
the sum of the (p+¢)™ powers of the roots of the equation
in . 'We thus find the value of = (Aa + uf3)?*? expressed in
terms of the original coefficients and the several powers of A
and u. The coefficient of A?u? in this expression will furnish
the required value of =a?3¢ in terms of the coefficients of
$() and (g).

If it were required to calculate symmetric functions of the
roots of three equations, we should assume

t= Ao+ uy + vs,
eliminate , y, %, and proceed as before. This method therefore
applies whatever the number of equations; and by making the
coefficients a, = b, = ¢,, &o., we fall back on the symmetrio
funotions of the roots of a single equation already calculated.

161. Calculation by Sums of Powers of Roots.—By
aid of the following differential equation, connecting a function
of the coefficients and its value in terms of the sums of the

powers, symmetric functions can often be caloulated with great
facility :—

2 Fpunep =2 en 2 s ap, 8B,

‘kr 1y P3s « p’l dp pl dpr{-l seetPuy dp"

To prove this equation, we take the equation (1) of Art. 80,
and differentiate it with regard to s,. Comparing coefficients
of the different powers of y, we have

dpq dpy 1 dpra 1
s, =0, when ¢<r; s, ;

and substituting these values in

ddel+dde,+ +c££p_,.
dp, ds, dp, ds, dps ds,’
we have at once the equation above written.

d
&, F(piypsy ... pn)=
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ExAMPLES.

1. Calculate the value of the symmetric function Zai%as?as?aq?® of the roots

of the equation
vl parni4 L.+ pa=0.

Knowing the order and weight of any symmetric function, we can write down
the literal part of its value in terms of the coefficients. Here 3 is of the second
order and its weight is eight; hence

3 = tops + tL1p1p1 + Gipeps + t3peps + tape®,

where ?, #1, 2, &o., are numerical coefficients to be determined.

Terms such as pep1?, psp1p», pspid, &c., although of the right weight, are
of too high an order, and therefore cannot enter into the expression for 3. Again,
3 expressed in terms of the sums of the powers of the roots is of the form
F(s3, 84, %6, 33); for, in general, Saifastas” . . ., when so expressed, is made up
of terms such as sy, 8p,q, p.q+ry « - - Skp, - . . 8ll of which are sums of even powers
when p, ¢, 7, . . . are even; therefore in this case none but even sums of powers
enter into the expression for 3.

03 0
Algo, since ~— = 0, and 0% _ 0, we have, using the formula above given for §f,
()63 87 oSy

tops + Lipipa + tapspz + t3 (paps + ps) + 2spr1p4 = 0,
top1 +.tip1 = 0.
From these equations we infer
+h=0, t2+83=0, t3+%=0, t1424=0;
but ¢ = 1, since for a quartic 3 = p¢?; therefore
h=-2 =2 t3=-=2, t3=2;
and, substituting these values of &, &1, t2, ¢, %,
Zar’az’as’as? = 2pg — 2011 + 262 — 2p8ps + pat.
2. Calculate Zai%as®a3? for the same equation.
Ans. — 2ps + 2p1ps — 2p2ps + p3®.  (Cf. Ex. 6, Art. 82.)
3. Calculate for the same equation the symmetric function Zai3az’as.
Here the weight is six, and the order three ; hence
Zai3a:?as = lops + tipsp1 + tapapz + tapapi® + G ps? + tsp1paps + leps®.
Also 2, expressed in terms of s, 82, 83, &c., is (Art. 78)
818253 — 8155 — 837 — 8284 + 2s6.
Now, differentiating these two values of X with regard to s, and comparing
differential coefficients, we have
e to

to;)';=-'6-= y OF fo=~—12.
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Differentiating with regard to 5, we have
oy +pr=0651=—=56p13 o 1 =1,
Differentiating with regard to s,

topa+ tap1® + tapa + tapr? = 48 = 4 (12 — 2p2) ;
whence

to+ta=—-8, h+it3=4;
and

ta=~-3, f=4.

Again, #s = 0; for X vanishes if » — 2 roots vanish. And we find ¢ and 75 by
taking the particular case when # — 3 roots vanish ; for in this case

2a:%ax’a3 = aiazas Sai%az = — ps (— 2122 + 3p3) = 21 p2ps — 3p8?,
and therefore ¢4 =-3, f¢;=1; whence, finally,
Zardar’as = ~ 12p6 + Tp125 + 4ps 2 — 3pa ;i — 3ps? + pr1p2 ps.

162. Functions of Differences of a Cubie.—The
propositions contained in this and the next following Articles
are most useful in the calculation of certain classes of symmetric
funotions of the roots of cubic and biquadratic equations; they
are also of great importance, as will appear in the sequel, in
reference to the determination of the number of independent
invariants and covariants of these forms.

Proe. I.—Every rational and integral symmetric function
¢ (a, B, v) of the roots of the equation

a2 + 3a2* + ax + a3 =0

which tnvolves the differences only of these roots is, when multiplied
by a,®, ewpressible in the form F(ay, H, A), or GF (ay, H, A),
according as ¢ is an even or odd function of the roots, F' being a
rational and integral function of a,, H, A, and = being the order of ¢.

It is first necessary to prove the following Lemma :—There
extsts no function of H and A which is divisible by a,. For if there
were any such function F, (H, A), then, making 4, vanish, we
should have

Fy(H',A') =0, where H' =-a,*, A"=4a,%as - 3a,’ay’,

the values of H and A when &, vanishes (Art. 42). This equation
is clearly impossible; for if we eliminate @, by means of the
equation H’ = — a3, the resulting equation will contain a, and
ay a8 well as H” and A’.
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To proceed with the proof of the Proposition :—8ince ¢ is a
function of the differences, we can suppose it to be caleulated
from the cubic deprived of its second term (Art. 36). We
have therefore

a’$ (a, 3, y) = F(ay H, G),
in which Fis a rational integral function, and », which cannot
be less than = (Art. 81), remains to be determined. Arranging
the right-hand side according to powers of &, we may write

a7$(a,B,7) = Folay H) + GF\(a,, H) + @Fy(a0, H) + . ..

Since the weight of H is even, it follows that when ¢ is
an even function of the roots (f.e. its weight even), all terms
involving odd powers of G must disappear, and when ¢ is an
odd function, F; and all terms involving even powers of G must
disappear. Taking out G as a faotor in the latter case, and
eliminating even powers of G' by means of the relation

@ + 4H? = a A, (Art. 42)

we have proved that a, ¢ is expressible in the form F(a,, H, A),

or GF(a, H, A), according as ¢ is even or odd.
It appears therefore that every odd function of the roots
of the kind here considered must have as a factor

Ra-B-y)(RB-v-a)(Ry-a-P). (Ex.15, Art. 27.)

‘We oan suppose this factor removed from ¢, with the cor-
‘responding value in terms of the coefficients from the second
side of the equation; and it only remains to determine the
value of 7 in the case of an even function of the roots. Writing
the relation in the form

ay¢ (a, 3, ) = F(ay, H, A),
_—__::’-————'
arranging the right-hand side according to powers of 4, and
dividing by a,"*, we have

F,(H, A
2,79 (a, 3, v) = Fy(a, H, A) + 2 -—g%l—},——),

0

where F, is an integral function of a,, H, A, and = contains all
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the fractional terms. Now, ¢ being a symmetric function
whose order is =, @,°¢ is expressible as an integral function
of the coefficients (Art. 81); and since, by the lemma above
established, none of the terms included in = can become
integral, the fractional part must disappear, and the equation
assumes the form
a"¢ (a, 3, 7) = Fy (a0, H, A).

The proposition is therefore proved.

163. Functions of Differences of a Bigquadratic.—
The corresponding proposition for a biquadratic is as follows :—

Pror. II.—Every rational and integral symmetric function
¢(a, 3,7, 90) of the roots of the equation

agzt + 4a,2° + 6a,2* + dasx + a, = 0,

which incolves the differences only of the roots, is, when multiplied
by a,", expressible in the form F(a,, H, I, J) or GF(a, H, I, J)
according as ¢ 18 an even or odd function of the roots, F being a
rational and integral function of a,, H, I, J, and = the order
of 9.

The following lemma must first be proved :—T%ere ewists
no function of H, I, J which s divisible by a,. For, suppose if
possible Fy(H, I, J) to be such a function. Making a, vanish,
we have F,(H’,I’,J’) = 0, where H'=-a,’, I’ =-4a,a;+ 3a;?,
J’ = 2ma,a; — aay® — @,° (the values of H, I, J, when a, = 0);
but no such relation can exist, since it is impossible to elimi-
nate a, d, ds, a4, 80 a8 to obtain a relation between H’, I”, J’
alone.

Now since, as in the preceding Article, ¢ is a function of
the differences of the roots, we can suppose it calculated from
the equation deprived of its second term (Art. 37). We have
therefore

a9 (a, 3,7, 8) = F(a, H, I, G),
in which #is & rational and integral function, and » remains to
be determined. Proceeding as before,

a’p(a, B, 7, 8) = Fo(ay H, I) + GF: (a0, H, I) + G*Fi(ay, HI) +. ..
VOL. II. B .
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Since the weight is even in the case of both the functions
H and I, we infer, just as in the preceding Article, that G is a
factor in the odd functions; and, eliminating even functions of
G by the relation

G* = al (HI - ayJ) - 4H?, (Art. 37)

we prove that a,"¢ is expressible in the form F(a, H, I, J) or
GF(a, H, I, J) according as ¢ is even or odd. It appears,
therefore, that every odd function of the roots of the kind
here considered contains the factor

B+y-a-d(y+a-f-8(a+B-y-39).
(Ex. 20, Art. 27.)
Removing this factor, we proceed to determine # in the case
of an even function. Writing the relation in the form

aor‘P (ay ﬁ: v 8) = F(ao’ H’ I) J))
and dividing by e, we have, as in the preceding Article,

F,(H,1,J
(“’ﬁ")” o) = Fy(ay, H, 1, J) + -—(-—a—z-,—).

Now since the right-hand side must be an integral function
of the coefficients (Art. 81), and since, by the lemma above
established, none of the terms included in = can become mtegral
we have

a 1’(“) ﬁ: Y 8) = -E)(do, H, I, J)’
which proves the proposition.

Instances of the use of this proposition in the calculation of
symmetric functions of the roots of a biquadratic will be found
among the examples at the end of the chapter.

164. Semlnvarlants and Semicovariants. — Let
ai, as as . - . ay be the roots of

(n - 1)

™ + naa™t + azZ"?+ ...+ a, =0,

the general equation written with binomial coefficients. We
proceed to the consideration of an important class of functions
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of # which may be derived from a given symmetrio function of
the roots.

In the two preceding Articles we have been ocoupied with
certain special kinds of homogeneous symmetric functions of
the roots which contain the differences only of these quantities
(cf. Art. 36). Such functions may be called (for a reason
which will appear in a subsequent chapter) semi-invariants, or,
as it is usually written, seminvariants. Being symmetric funo-
tions of the roots, they are expressible (when multiplied by a
power of a) in a rational and mtegral form in terms of the
coefficients.

‘We may use in like manner the term semicovariants to denote
similar functions of the differences of the quantities 2, aj, us, ... ax,
such that, when they are arranged in powers of 2, the successive
coefficients of  are expressible in a similar manner in terms of
the coefficients.

‘We proceed now to show how semicovariants may be gene-
rated, and then expanded in powers of #, when expressed either
in terms of the roots or in terms of the coefficients.

From any relation such as

ao'¢ (al, az o o o an) = F(ao’ al, ag, e o e a")’
where ¢ is an integral function of the order =, and F the cor
responding expression in terms of the coefficients, we may, by
diminishing each of the roots by #, and consequently changing

any ocoefficient a, into U, (see Art. 35), derive the following
equation :—

1) 0" p(ar~2, as—2,...an—2) = F(Uoy Uy, Uy ... Ua)y (1)

thus obtaining two forms for a semicovariant, one expressed in
terms of the roots, and the other in terms of the coefficients.

To expand these forms in powers of , we have, for the first
member of the equation, by Taylor’s theorem,

Bar=2 @2, an=2) = o+ 23t [Tt ees (2)

“H2.
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where ¢ = ¢ (ay, az . . . an),
9 d d
d 0=+ —+...+—.
an 3 o0, + Ma+ + Sar,

Again, omitting all powers of # higher than the first, the
second member of the equation becomes

F(ay ar + age, as + 2012, . . . Gp + n0,.2),

or, when expanded,

F, + «DF, + &o.,
where
Fy= F(ay a0y, aa, . . . az),
d d d
=Qq,— — — P —_1
and D_a%a1 + Qalb% + 3a23a3+ na, 50

Comparing the two expanded forms, we have
aow8¢ (al, A2y o o« a,,) = DF(ao, Qry oo an)’

and consequently, by successive applications of the operators
d and D,
(10'8'4)((11, A2y o 0 o a”) = .D'F(ao, al, o d”,);

whence we infer from the expansion (2)

F(U, Uy ... Uy =F,+aDFs+

By the aid, therefore, of the two operators—g& in terms of
the roots, and D in terms of the coefficients—we can expand at
pleasure either side of the equation (1) in powers of . By
means of the successive operations of & we obtain a series of
functions of the roots; and, by means of D, their equivalent
values in terms of the coefficients.

The results now arrived at are equally true if the function ¢
involves the roots of two or more equations, F being the corre-
sponding value in terms of the coefficients of these equations,
and D and & being replaced by the sums of the similar operators
relative to each equation.
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It is important to observe that when d¢, vanishes identically,
8o also
8(3¢o) or 82¢o = O, 88¢o = O, &0.,

and therefore # disappears in the expansion of the first member
of equation (1). Now this can happen only when ¢ is a function
of the differences of a;, az, . . . a,; whence we conclude that if
F(a, ay, . . . ay) 18 & seminvariant

DF (ay, a1y G2y « + « ay) = 0.

This identical relation is often sufficient to determine the
numerical coefficients in a seminvariant when the order and
weight are known. If there should be two or more semin-
variants of the same order and weight, the operation of D will
not supply equations enough to determine all the assumed
coefficients, as will appear from the discussion in the next
Article. If no seminvariant exists of the required order and
weight, the coefficients will all vanish.

165. Determination of Seminvariants.—The problem
of finding the seminvariants of a given order w and weight « of

a quantio is the same as that of determining all such solutions
of the differential equation

0P 0P OP
.D(Pﬁaob—a—‘-}-Qalsd'—’+...+ﬂ(l“_lb'.a‘”=0. (1)

To solve this equation when possible, assume
P = A1¢l + }\g¢2 + .00+ Ar¢r, (2)

where @1, ¢s, ... ¢, are all the possible combinations of
@y Gy gy « .« . dn Of the order = and weight «, and Ay A,y ... A,
arbitrary multipliers.

Now, substituting this value of ® in the equation D¢ = 0,
we have as the result
Loy + Lafs+ ...+ Ly = 0,

where Y1, Pz, s, - . - Yip are all the distinct terms of the order =
and weight « -1, and Ly, L,, ... L, are linear functions of
A Asy .. . Ap, Which must all vanish when @ is a seminvariant.
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To determine A, A, Asy « .« Ay, We have
Ll = lnxl + lm/\’ + ...+ l”}\r = 0,
Lg = lnll + lgzxg + .0 ‘." ljrAr.= (?, . (3)

. . . . . . .

Lp - ’plkl + lpgk’ +...+ lp,-)\r = O

There are three distinot cases to be now considered :—

(1). When r is greater than p, there are not sufficient
equations to determine all the quantities A,, Ag, As, ... A,; but
any p of them can be determined as linear functions of the rest.
For this purpose we can proceed as follows :—Introduce 7 —p =7
arbitrary multipliers defined by the equations

mnxl + mnkz +...4+ merr = Au

m,,/\l + m.zkz + oot m,,)\, = Aj, . (4)

mj,)\‘ + m],kg +eeet mj,)\r = A;

Solving the equations (3) and (4) for A, Asy ... A,, and sub-
stituting in equation (2), we have the following value for ®:—
A® = A3+ AoZ + AsZs + .. o + AjS,

and therefore
AD® = A\DZ, + ALDZ + ...+ A;D% =0,
whence Dz, =0, D2,=0,...D%;=0,
gince Ay, As ... A; may have any values whatever.
‘We conclude, therefore, that in this case there are r — p = s

linearly independent seminvariants.
(2). When p is equal to r or greater than r, the equations

L=0, L,=0,...L,=0

ocannot, in general, be satisfied, and there are no seminvariants
of the quantio of the order = and weight «.

(3). When p = -1 there are just sufficient equations to
determine the ratios of A, A, ... A, and consequently only
one seminvariant exists.
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ExaMprEs.

1. Determine for a cubic a seminvariant whose order and weight are both
three.

Assume ¢ = Adag*as + Bagaaz + Car®,
these being the only three terms which satisfy the required conditions. It is
evident from the form of D that tho operation is performed by applying to the
suffix of any coefficient a, the same process as in ordinary differentiation is applied
to the index. Thus Da, = ra,.;, and therefore

Do = (34 + B) ag*az + (2B + 3C) a1%ap = 0.
Hence
344+B =0, and 2B+3C = 0;
and putting 4 =1, wehave B =-3, and C = 2: whence, finally,
¢ = ao®*as — 3agmaz + 24, m G. (See Art. 36.)
For a quadratic no such seminvariant can be formed.

2. Investigate seminvariants of a quartic whose order and weight are both four.

Assuming
¢ = Aao®ay + Baog*aras + Cag®az® + Dagar®az + Emt,
we readily find
D¢ = (44 + B) ag®as + (3B + 4C + 2D) ag’ara3 + (2D + 4E) apa®.

'We have now only three equations among the assumed five coefficients, whose
ratios cannot consequently be determined completely. Expressing B, C, and D in
terms of 4 and E, we have easily

¢ = Aao® (a0as — 4a103 + 3m%) + E (ac’as® — 2a0a°aa + arf),
viz., ¢ = da*T+ EH?.
where 4 and E may have any values. We may say therefore that there are in
this case two independent fundamental seminvariants of the required order and
weight, viz., @*I and H?; and from these may be derived an indefinite number
of seminvariants of the same order and weight by assigning to 4 and E different
numerical values.

3. Determine for a cubic a seminvariant whose order is four and weight six.
Assume
¢ = Aag’as® + Bagas® + Casa® + Dar?as® + Eaoaasas,
whence
.D¢ = <SA + E) ap’azag + (GB +3E+ 2D) aa143° + (3C'+ 4D) a%a,
+ (8C + 2E) aom?as = 0.

Now let 4 = 1, whence E = — 6; also 3C+ 2E = 0, giving € = 4; and

3C+ 4D =0, giving D = - 3; and from 68 + 3E+ 2D =0, we havefinally B = 4.
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Hence ¢ = @?as® + 4aoas® + 4asa)3 ~ 3a12a3® — 6agaia3as.
Compare Art. 42, where the value of ¢ is given in terms of the roots.

4. Determine & seminvariant of a quintic whose order is three and weight
five.

It is easily seen that the only terms of the required order and weight are
®as, Gparay, daod2d3, a1%a3, and a1a3®. Proceeding as before we find that the
ratios of the assumed coefficients are determinate, and the seminvariant is found

to be
agdas — bapmiay + 2apazas — 6a1a33 + 8a)%as.

5. Determine for a quartic a seminvariant whose order is three and weight six.

Ans. a0y + 2616203 — aoas? — ayday ~ azd = J.

6. Investigate for the general equation the seminvariants whose order is three
and weight six.

It is easily seen that the only terms which can enter into such seminvariants
additional to those which occur in the preceding example are ag?as and aoaas.
Writing down the function ¢ consisting of seven terms with indeterminate coef-
ficients, and applying the operator D, we find that there are only five equations
among the assumed coefficients. We obtain therefore, as is easily seen, semin-
variants of the form

Ao (aors — 8a1a5 + 160204 — 10as?) + pJ,

in which A and p remain undetermined, their multipliers in this expression being
two fundamental seminvariants of the required type.

It may be observed that aoag — 6a1as + 16azaq — 10as® is an invariant of a
sextic. This function can be readily found directly by investigating seminvariants
whose order is two and weight six. Invariants being, as well as seminvariants,
symmetric functions of the roots which contain the differences only are obtained by
the present method of investigation ; and any function of the coefficients so
obtained which is an invariant for a quantic of one particular order will be a semin-
variant for quantics (written with binomial coefficients) of all higher orders. The
function obtained in Ex. 3 is an invariant of a cubic, and J is an invariant of a
quartic. It must be carefully noted, however, that most seminvariants, as e.g. those
obtained in Exs. 1, 4, are not invariants for quantics of any degree, as will be seen
from the definition of an invariant and its properties discussed in the next chapter.

7. Investigate for a quartic seminvariants of order four and weight six.

The only terms additional to those of Ex. 3 are ao®azas and aoaym®. Adding
therefore Aag?aza4 + uagassi® to the value of ¢ in Ex. 3, and operating by D, we
find, after expressing the remaining coefficients in terms of A and 4, the following
value of ¢,

¢ = A (a0*azay — aoaua? + 3aoaz® + 4a3a1® — 341243 ~ daoa102as) + AAs,
where As is the function obtained in Ex. 3, viz. the discriminant of the cubie.
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Observing that the multiplier of A is the product of the functions H and I, and
substituting for As its value HI — aoJ (Art. 42), we have
¢ = NHI + plagJ.
For a quartic, therefore, the functions HI and aoJ are two fundamental semin-
variants of the required order and weight.

8. Investigate seminvariants of the same order and weight as in Ex. 7 for
quantics of the sixth and higher orders.

It will be found that there are in this case two equations less than would be
required to determine the ratios of the assumed coefficients, and there will conse-
quently be three fundamental seminvariants. It may be easily shown that all
seminvariants of the required type can be represented in the form

¢ = Aao? (aoas — 6a1a5 + 16azaq — 10as?) + uHI + vaod.
9. Prove that any seminvariant of the equation

(@) @1y . .« @) (2, 1)7 =0
is also a seminvariant of the equation
(@, @1y « < « Gy o v o an) (2, 1)2 = 0,
n being greater than 7.
10. Determine a seminvariant of a sextic whose order is three and weight
eight.
Ans. aoazas — aoasas + 20004 — ar1*as + 301205 — a1a304 — 322764 + 2a300%,

Prof. Cayley originally enunciated the important theorem
which forms the subject of the foregoing Article, viz.—that the
number of linearly independent seminvariants of order = and
weight k is » — p, where r is the number of terms of this order
and weight which can be formed from the coefficients a,, a,, .. . aa,
and p the number of terms of the same order and weight «x -1,
which’ can be formed from the same coefficients. In the dis-
oussion above given, it is assumed that L,, L, ... L, are
linearly independent ; and it should be observed that if certain
linear relations connected them, for each such relation the
number » would be reduced by ome. Cayley himself gave
no proof of the independence in general of these quantities;
but proofs have been supplied by Sylvester (Crelle, vol. 85,
p- 89) and by Prof. Elliott (dlgebra of Quantics, Art. 128
See also Note F at the end of this Volume).
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ExAMPLES.

1. Prove directly that

%F(Ue, Uiy Usy «oo Un) = DF (U0, Ury U v« Uh).

This follows readily from the equations

20,
.DU'-"U'1=-D—— D{Up.Uq-on}=—'{Up-Uq.. }

2. Expand F(Uoy Uhy Uz ... Us) by Maclaurin’s theorem; and hence
prove

3
F(Us, Usy o Un) = Fo+ zDFo + 1—‘-‘——21>=F0+ &o.

where Fy = F(a, a1, a3, . « « Gp).

3. Determine ¢1, ¢35 « + « ¢5, + » + Pp from the equations
o1+ ¢2+ ceotPp = Ty,

101 + ¢203 + cect Oplp = 1Y,
© P101P + 92022+ ..o+ byt = I,

010177 + 920001 4 ..+ pplprl = Ty,

This is an extension of an example already solved (Ex. 1, p. 38); and it will be
readily found by applying the method there employed that ¢; is given as & function
of the (p — 1)t» degree in 6; by the equation

1 6 62 . . 67 ¢

& s §3 o« o 8pa To

a8 B .. nn |=0

e v e e e e

1 & Sa. . 8ps  Tpa
where s = 014+ 0% + 6 +. .. + Ok

4. Prove that
M1 m aoh (8= 9 (7 = o) (@ = B)* = 3 (B - (7 = 3" = I3+ m?,

where m = — 271,

‘We make use of the proposition of Art. 163, and express the gyven runction of
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the roots, whose order is 6 and weight 12, in terms of ay, H, I, /. From the
table—

Order. Weight.
~ c—
H 2 2
I 2 4
J 3 6

it is easy to see that H cannot enter, for the terms of the sixth order containing H,
viz. H3, H*I, HI? have not the proper weight. Therefore IT must be of the form
{13 + mJ3, where ! and m are numerical coefficients.
Now put a3 and a4 equal to zero, and I will vanish, since in that case the
quartic will have equal roots; hence, employing the reduced values of I and J,
0 = /(342%)3 + m (— a3%)?, and therefore m = — 27/

In applying this method to obtain the values of symmetric functions, the rule
to be followed in every case is—Retain those terms of weight x whose order is not
greater than =, and make the whole homogeneous by multiplying terms whose
order is Jess than = by suitable powers of ao.

6. Calculate the symmetric function of the roots of a biquadratic

2(B-7(r—a*(a- A

Since the order of this symmetric function is four and its weight six, we may

assume
a*% (8 — )% (v — @) (a — B)* = JHI + maoJ. (1)

The values of / and  may be found by putting a3 =0, a; =0, as in the pre-
ceding example, and calculating the value of the reduced symmetric function (when
v =0, 8=0) in terms of the coefficients of the quadratic equation

agz® + 4a12 + 6az = 0.
Identifying then this value with the reduced value of ZHI + maoJ, we obtain two
simple equations to determine /and m. Or we may proceed as follows by taking
two biquadratics whose roots are known, and caleulating in each case the sym-
metric function by actually substituting the roots, and then comparing both sides
of the equation when H, I, J are replaced by their values caloulated from the
numerical coefficients.

First we take the biquadratic equation 64— 62% = 0, whose roots are 0, 0, 1, -1,
whence ‘

21=8, H=-6, I=3, J=1.

Bubstituting in equation (1), we have 1728 = — 37+ m.
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Proceeding in the same way with the biquadratic equation

#4 — 6224+ 6 =0, whoserootsare ++/5, t 1,

we find
3=768, H=-1, I=8, J=-4¢;
whence
-192=2l4m,
and
I=-2x192, m=23x 193;
and finally,

aots = 192 (— 2HI + 3aoJ).
6. If «, 8,7, 8 be the roots of the equation
a7t + 4a12% + 6az2? + dasz + a¢ = 0,
calculate in terms of a9, H, I, J the value of the symmetric function
a@'ZBa-B-7-82@BB-y-3-0a?@By~-3-a-B

This may be solved by the same method as the two preceding examples, or we

may proceed as follows :—
4’3 = 4532;%2%%,

where £, 22, 23, 24 are the roots of the equation
A+ 6HA+ 4G + ag*l - 3H? =0, (Art. 37.)

Hence, by Ex. 2, Art. 161,
Ans. 47{— TH? + a*HI — 4ap’J }.

7. If F(ao, @15 .. as) is a seminvariant of the equation (ao, a1, . . as) (¢, 1)*=0,
prove that the same function of the sums of the powers of the roots, viz.
F(s0, 815 83, - - . 8s) 1i8 also a seminvariant. (Mr. M. RoBerTs.)

This follows by operating on the first function by D, and on the second by -3,
and observing that Da, =ra,; and — 8s, =rs,.1.  We thus obtain results identical
in form ; and if one vanishes identically, so must the other.

8. Calculate the determinant

A= §1 §2 3

8 83 8
in terms of the coefficients of a quartic.
By the preceding example, this determinant is a function of the differences of
the roots ; we may therefore remove the second term of the quartic before calou-
lating it ; and if the equation so transformed be

Y+ Py + Psy+ Py =0,
4 0 -2p
A= 0 -2P -3P = 4 {8P, P, — 2Py — 9Pg?};
-2P —-38Py 2P-4P
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but Py = 6H, a¢®Ps=4G, a*Py=a¢’l - 3H?Y,
Substituting for Pj, Ps, P, these values, we have
aotA = 192 (— 2HI + 3aoJ) ¢
the same result as in Ex. 5 (cf. Ex. 7, p. 35).
9. It a, 8, 7,3 be the roots of the equation
ao%t + 4a12° + 6a22? + 4637 + a¢ = 0,

express H,, I,, J,, @, of the equation

8ozt + 4812° + 68327 + 483z + 8y m Z(2+ )t = 0

in terms of H, I, J. G.

2 _ acd
tne T _gHE L _WH-ell G __ 6.

%0 e = a?
and by the aid of the relations
6 + 4H? = ag? (HI — aJ), G3 + 4H? m st (HI, - 5J3),

192
Js = py (3aoJ — 2HI),
10. When p is even, prove that

3 (a1 = a2)? = s0p — p1gp-1 + 49 (9 — 1) 82853 — &o.
Since

3(z - a)p = n2p - ps; 21 +

-1
L—';—nﬂ"-&m...-psp.xz+ I

changing z into a1, az, as, . . . an, in succession, and adding the results on both
sides of the equations thus obtained, we find

.p-1
232 (a1 — az)P = 203p — P818p-1 +2 lp 5= W= e = Phsp-1 + oty

where all the terms on the right side of this equation are repeated except the middle
term. Thus
2 (a1 — az)t = 8084 — 48183 + 3532,

3 (a1 — aa)® = 808 — 68185 + 158384 — 10332, &o.

11. Form the equation whose roots are ¢'(a), ¢'(8), ¢'(7)y ¢'(3), where
a, B, 7, 5 are the roots of the equation

aop (%) = agzt + 4123 + 602 + 4432 + ay = 0.

2¢ . 9 7— 256 (I® — 2
dna. ¢4+ T2 g0y BOLI0T) 4o T o,
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12. If A(a- B} (B-7*(y—a)(s- 84
when expanded, becomes
Kozt + 4 K12® 4 6K22?® + 4Kz + K33

prove that
Kwpy + Ki(By +ya+af) + Ka(a+B+v)+ Ky _ 4 16./a
B-7(r—a(a-8) a® ’
where A= l3-27J3,

13. Prove that
a'Z(B+7-a—387%(8-17) (-3 = 102 (30T - 2HI).
14. Prove that
7 a’E(B+y-a=8)t(B-9)(a—38)? = 512 (a*I? - 364 HJ + 12H2I).
16. The quotient of a simple alternagt (one, namely, in which each element
is a single power) by the dﬁeren@‘-‘pr’oﬂ?ﬁt (see Ex. 31, p. 61) can be expressed
a8 a determinant whose elements are the sums of the homogeneous products of the

quantities involved.
We take a determinant of the third order, and propose to prove

a? ol af m 0, o | 1 a o
Be pa Br |=| Mpa Mga Mea I 1 B B |,
”Y oY Mpr Mgz Tpa l 1 4 o3

where I, IT,, &c., are the sums of the homogeneous products of a, B, v, as defined
in Art. 83, Vol.I. The method employed is perfectly general. Take the following
identity, which is easily proved :—

z Y £ T I 1 a« a?
zZ-a y~a s—a PR 1 8 B
z y s 2 y = 1 » 2

z-B y—B s-B (z-a)(ﬂﬂ-ﬁ)(z-'/ (y—a){y-B)(y—7)(2—a){e—B)(z- 'r)

'] y 8
gy y-v =7

write (% — a)(z — B) (z — ) as a divisor under each of the elements of the first
column on the right-hand side, (y — a) (¥ — B) (¥ — <) under those of the second,
and (¢ — a) (¢ — B) (z — ) under those of the third, and substitute from the follow-
ing and similar equations (Ex. 1, Art. 83):—

—z—f--1+u’+a’z”+...+arx’v+...,
-a
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23

(‘-a)(z—ﬂ)(z-7)=l+m”'+“2ﬁ+-..+n,z'p+&o,,

1 1 1
Whel'e t:;, y-;, =-z-n

The identity written above becomes then

l+ar'+...4+ar2P4.,. 14 M2 4 M4, .+ 2P+ oy.| [l a a
1+Ba!+...+pwp«.),‘a
1+yd'+...+pap4.,. l Do Mpaart., | (1 gy

o+ 2% 4+ 2P+, | |1 BB

where the second and third columns of the determinants here written can be sup-
plied by replacing #’ by ¢’ and 2, respectively. Comparing coefficients of #Py'eg"
on both sides, we have the required result. It should be noticed that when the
difference-product determinant is written in the form used above (viz. with ascend-
ing powers in the order of the columns), the sign to be attached to the product is
always positive, since the product of the two determinants, containing the term
M,Ng-1M,.2B8% must contain the term aB2yr. Note also, in applying this caleula-
tion to particular examples, that Mo =1, and I = 0 when j is negative.

16. Prove, by the preceding example,

1 & o M M2 M5 1 a o
1 g2 B85 |m| 0 m I 1 B p* |
1 2 9 0 Mo Ts 1 v

The quotient, therefore, of the given determinant by the difference-product is
I I1s — Iy, which may be shown to be equal to Za®8 + 3a’8? + 22a?8y.

17. Prove, by the method of Ex. 15,

1 ar a®,a®® am 1 a1 a®eee gl

1 a2 ag®..aa™? agm 1 a3 as®...ag%!
2 [n-n+1

L ] L] . . . - L] L ] L3 L] L] L]

1 an anooa? aym 1 an and... gg™t

where m = or > n.
This result may be derived directly from Ex. 1. Art. 83,
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CHAPTER XVL
COVARIANTS AND INVARIANTS,

166. Definitions.—In this and the following chapters the

notation
(@4 @1y @y - . . ay) (2, )®

will be employed to represent the quantio

n(n—1)

aoz”+na1w“'g/+ 1 )

Q"R+ L+ N aZY™T + anys,

a homogeneous function of # and g, written with binomial
coefficients. If we put y =1, this quantic becomes U, of
Art. 835; and the same notation may be used to denote the
homogeneous quantic written in # and .

Let ¢ be a seminvariant (as defined in the preceding
chapter), of the order =, of the roots ai, as as, ... as of the
equation Ug = (@, a1, @3, ... an) (2,1)" = 0; then, if

1 1 1

9 g 0 0
(11"13 az—w an_w

be substituted for a, a3, .. . an, respectively, the result multi-
plied by U,® (to remove fractions) is a covariant of U, if it
involves z, and an invariant if it does not involve 2.
From this definition of an invariant we may infer at once
that
a0u¢(a'h' azy @3y « o« aﬁ)

is an invariant of U, when ¢ is composed of a number of terms
of the same type, each of which involves all the roots, and each
root in the same degree =.
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These definitions may be extended to the case where ¢ (the
function of differences) involves symmetrically the roots of
several equations U,=0, U,=0, U,=0, &c., the roots of these
equations entering ¢ in the orders =, =", ", &e. . . . respectively.

We may substitute for each root a, as before, and remove

a-2z
fractions by the multiplier Upy~U,~U,” . ... &o. If the result
involves the variable #, we obtain a covariant of the system of
quantios U, U,, Uy, &ec.; and if it does not, ¢ is an invariant
of the system.

167. Formation of Covariants and Invariants.—We
proceed now to show how the foregoing transformations may
be conveniently effected, and covariants and invariants calou-
lated in terms of the coefficients. With this object, let the
seminvariant be expressed in terms of the coefficients as
follows :—

a,"¢ (a1, as, . . . an) = F (G 1y sy . . . a).

Now, changing the roots into their reciprocals, and conse-
quently a, into a., &c., a, into a,.,, &o. (that is, giving the
suffixes their complementary values), we have

aY(an as, . . . ag) = F(ay, .y . .. a,),
where i is an integral symmetric funetion of the roots, and
F the corresponding value in terms of the coefficients. This
function is called the source* of the covariant derived therefrom.

Again, substituting a,-2, as—2,...a,—2 for ay, a;, . . . ay
and consequently U,, &e., for a,, &c. (Art. 35), we find

aY(ar -2, ay=2,...an=2) = F(Up, Uy, ... Uy, U).

Thus, by two steps we derive a covariant from a function
of the differences, and find at the same time its equivalent
calculated in terms of the coefficients.

To illustrate this mode of procedure, we take as an example,
in the case of the cubie,

a2 (a= ) = 18(a.* - aum);

* This term was introduced by Mr. Roberts.
VOL. 1I. 1
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whence, changing the roots into their reciprocals, and a,, @, as, ¢
into @y, asy a1, a, We have

a,* 2a® (ﬁ - 5)? = 18 (@ - am).

Again, changing a, 3, v into a-2, B8 -2, y-, and a,, @, &

into U,, Us, Us, respectively, we find
0’2 (B - )" (2 - a)" = 18 (Uy' - Us V).
The second member of this equation becomes when expanded
U.Us - Us* = (a0y — a)%) 2° + (aefls — 0103) @ + (@105 ~ a5°).

This covariant is called the Hessian of U,,. We refer to it

as H,, since H is its leading coefficient.

As a second example we take the following function of the
quartic :—

4’2 (B =) (a = 3)* = 24 (aa, — 405 + 3a5*) ; (1)
whence, changing the roots into their reciprocals, and a,, a,,a,, @, a
into a., as, a3, @y, @,, We have

ay'Z(y - B)" (8 - a)" = 24 (a3, — 4as0: + 3a5?).

These transformations, therefore, do not alter equation (1):
again, since in this case  (a, B, v, ) is a function of the diffe-
rences of the roots, ¢ is unchanged when a -2, 3 -2, &e. ...,
are substituted for a, 38, v, 8. We infer that a,a, — 44,0, + 3a,?
is an invariant of the quartlo U..

‘We observe also, in accordance with what was stated in
Art. 166, since

¢=(B-7)(a-3)+(y-a)(B-3+(a-B) (y-93)
that any one of the three terms of which ¢ is made up involves

each of the roots in the degree =, which is here equal to 2.
In a similar manner it may be shown that

a{(y-a)(B-8) - (a=P)(y -8} {(a-PB)(y-8) - (B-7)(a-23)}
x {(B-v)(a=8) = (y-a)(B-9)}

= ~ 432 (@000 + 20,0205 - a0 — a’ay — ag®)

is an invariant of the quartio.
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There is no difficulty in determining in any partioular case
whether ¢ leads to an invariant or covariant, for if it leads to an
invariant, ¢ = + ¢, that is, ¢ is unchanged (except in sign, when
its type-term is the product of an odd number of differences of
the roots, f.e. when its weight is odd) when for the roots their
reciprocals are substituted, and fractions removed by the simplest
multiplier (aasa;...a,)°. An invariant whose weight is odd is
called a skew invariant.

168. ﬁpertles of Covariants and Invariants.—
Since ¢ is a homogeneous function of the roots, the covariant
derived from it may be written under the form

U= x z x
z* ¢ -2 a2 " an—-2/

where = is the order, and « the weight, of ¢.
Also, since ¢ is a function of the differences, we may add 1 to

each constituent, such as , thus obtaining ;ﬂ—z . Again,
-

ap -2
multiplying each constituent by #, the covariant becomes

U b a® a? An2
.o > B

$2g a -m’ a,—w’ : Qan —

Employing now the notation 2/, a’y, a’s, &o., for the recipro-
cals of #, a;, a5, &c.; and denoting by U’ the function whose
roots are a’y, @’z . . . @'y, Viz.

U = and™ + 10y @’ + &0,y o .. + 10,7 + 0, = 03

1 - ay®
de—-2 ar-

and U=ap* @ -a") (@ —a%) ... (@ —dy) = 22U,
the covariant above written is easily reduced to the form

L e 1 1 1 R
O T (o e g

sinoe

whenoce it is proved that the covariant is unaltered when for
z, aj, as, ... as their reciprocals are substituted, and the result
12
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multiplied by (- 1)*2*=**. This transformation changes a, into
dp-r, that is, each coefficient into the coefficient with the com-
plementary suffix.
Now if any covariant whose degree is m be written in the
form ‘
(By By, By, ... Ba) (2, 1)"; (1)
ohanging a, @&, ... a, 2, into au, Gy, ... a, %, we have

another form for this covariant, namely,
m
(-1)‘&"'-“(00’ 01, 0’, cee C..) (%, 1) ’

and as this form is an integral fnnction of 2 of the same type
as (1), we have, by comparing the two forms,

m=nm -2 By=(-1%Cny... Br=(-1)*Cpy;
thus determining the degree of the covariant in terms of the
order and weight of the function ¢, and showing that the

conjugate coefficients (i.e. those equally removed from the
extremes) are related in the following way :—

If F(ay a1, asy, ... a,) be any coefficient of the covariant,
(= 1) F(any Gnry Gnsy - - ) 18 tl8 conjugate.

This property is characteristic of covariants, and is not
possessed by semicovariants, although the two classes of fune-
tions agree in the mode of formation by the operator D, as will
appear in the Article which follows :—

From the expression for the degree of a covariant in terms
of w and k, namely, nm — 2, we may draw the following
important inferences :—

(1). If a,"¢ 18 an invariant, nw = 2.

For, in this case ¢ and i are the same function, and conse-
quently their weights x and #w - « are also the same.

(2). AU the invariants of quantics of odd degrees are of even
order.

For if » be odd, it is plain from the equation nw = 2« that
= must be even, and x & multiple of n.
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(8). AU covariants of quantics of even degrees are of even
degrees.

For in this case nw — 2« is even.

(4). Covariants of quantics of odd degrees are of odd or even
degree according as the order of their coefficients is odd or even.

(8). The resultant of two covariants is always of an even order
in the coefficients of the original quantic.

For, the order of the resultant expressed in terms of the
orders and weights of the covariants is

® (na’ - 2¢) + o (nw - 2) = 2 (new’ - =’ - 7).

169. Formation of Covariants by the 0pera§gr D.—
From Art. 164 we infer that the expansion of F(U,, Un-y ... U))

may be expressed by means of the Differential Calculus in the
form

a”
F+a:DF+1 2DF+ 123

where F, is the result of making # =0 in F( Uy Upry - .« Uo)s
viz.

D’FB

F, = F(a,, Gny ... a,),
and DE%S%I + 20;15?—-‘2 + 3%3%; +.. .+na,,_15%'-’.

In forming a covariant by this process, the source F, with
which we set out is altered by the successive operations D, each
operation reducing the weight by one, till we arrive at the
original function F(a,, @y, ...a,) from which the source was
formed. Since this is a funotion of the differences, the ex-
pression resulting from the next operation D vanishes, and the
covariant is completely formed. The corresponding operations
d on the symmetric function i have the effect of reducing the
degree in the roots by one each step, the final symmetrio function
containing the differences only. Thus by successive operations
we obtain two expressions for a covariant—one in terms of the
roots, and the other in terms of the coefficients.
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The degree m of the covariant is plainly equal to the number
of times & operates in reducing i, to ¢, 1.e. equal to the difference
of the weights of the extreme coefficients. And since

1 1 1
oo cap(L AL

the weight of  is #% — k, where « is the weight of ¢ (a1, azy ... an) ;
hence the degree of the covariant whose leading coefficient is
a"¢ is nw - 2«, the same value as before obtained. We add
some simple examples in illustration of this method.

ExamprEs,
1. Form the Hessian of the cubic
ao%® + 34123 + 3asx + a3 = 0.
Taking the function H = aoas — @13, we find, as in Art. 167,
a2%a? (B — )? = 18 (as? - aas).
Operating on the left-hand side by 3, and on the right-hand side by .D, we obtain
— @*22a (B — v)? = 18 (@143 — aoas) ;
and operating in the same way again,
a*Z2(B — 7)* = 86 (412 — Goas).

The next operation causes both sides of the equation to vanish. Hence the
required covariant is, as in Art. 167,

(@108 — a2?) + (aoas — @183) 2 + (@03 — a1?) &%

We find at the same time the corresponding expression in terms of  and the
roots.
2. Form the Hessian of the biquadratio

aozt + 40128 + 6a22% + 4a3z 4+ a¢ = 0.

The covariant whose leading coefficient is H = aga; — 4.3 is called the Hessian
of the biquadratic. Its degree is 4, since @ = 2, and k = 2; and .*. n@ — 2k = 4.
Changing the coefficients into their complementaries, the source of the covariant is
a3 — @%, and we easily find

H, = (3,84 — 0,%)2* + 2(a005 — a,a,) 2° + (aya, + 2a,a; — 3a,%)2?
+ 2(a,18, — a,85)% + (2,0, — a5?).
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8. Form for a cubic a covariant whose leading coefficient is the sem-
invariant G.

Changing the coefficients in @ into their complementaries, we get the source
ag%aq - 3a3a2a1 + 2458, and operating with D we easily obtain the covariant in the
following form :—

(as?a0 ~ Basaaar + 2a33) + 3 (@saza0 + @261 — 2a361%) T
~ '8 (aod1as + a1az — 2a0823) 23 — (ao%as — Saomas + 241%) 2°.

In this the conjugate coeficients (Art. 168) differ in sign as well as in the inter-
change of complementaries, the weight of G being odd. The student will have no
difficulty in expressing this covariant in terms of # and the roots by the aid of the
value of & given in Ex. 15, Art. 27.

170. Theorem.— Any function of the differences of the roots
of a covariant or semicovariant i8 a function of the differences of
the roots of the original equation.

Let the covariant or semicovariant be

¢ (@)= (@-p)@-p) ... (@~ pp):
Since ¢ is a function of the differences of #, a;, a3 . . - an,
we have

22 8p=0, via, ¢'(2) + S(s=p) (#=p) -+« (@~ p) 31 = 0.

Now, substituting for # in this identical equation each root
P1y @3, - - - in succession, we have

¢ (e1)(1+80:) =0, ¢'(ps)(1 +8pa) = 0, &o., ...,
whenoe
3o1+1=0, 33+1=0,...8+1=0,...
and consequently
3 (o — o) = 0,
which proves the theorem.

In the preceding pages many instances have been given in
which the roots of covariants or semicovariants are expressed
in terms of the roots of the original equation ; and the student
will easily verify that the result of the operation of & on any
such expression is — 1. The roots of the covariants in Exs. 1
and 3 of the preceding Article are given in Ex. 25, p. 57, and
Ex. 13, p. 88, Vol. L, respectively ; and roots of semicovariants
will be found in Exs. 10, 11, p. 87, and 12, 14, p. 88, Vol. L.
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The theorem here proved is clearly true also for any
function of the differences of the roots of two or more cova-
riants or semicovariants.

171. Double Linear Transformation applied to the
Theory of Covariants.—Hitherto we have discussed the
theory of covariants and invariants through the medium of the
roots of equations. 'We proceed now to give some account of a
different and more general mode of treatment, by means of
which this theory may be extended to quantics homogeneous
in more than two variables, such as present themselves in the
numerous important geometrical applications of the theory.
Although this enlarged view of the subject does not come
within the scope of the present work, we think it desirable to
show the connexion between the method of treatment we have
adopted and the more general method referred to. With this
object we give in the present Article two important propo-
sitions.

Prop. I.—Let any quantic

Upma,(#-ay)(@-ay) . .. (%~ aw)
be transformed by the substitution
=AY +py, y=XNd+uy;

then if I and I’ be corresponding invariants of the two forms U,

and Uy, we have
I' = O = Xpp L
To prove this, let

I=a7%(a1-a5)® (as—as)®. .. (a1—an),

each root entering every term of = in the degree w. When
any factor of U,, e.g. # — a,y, is transformed, we find

z2-—ay=QA-XNa)(2' - dry), where o, = ;f—fl'i;f ;

hence U'p=d,y(@ - a' )@ -dy) «.c. (@~ a'ny),
where @’y = a,(A-Na,)(A=XNa) .... (A= QAay).
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Again, for the difference of any two roots of U”., we have

e o = A = Np)(ay = ag)
PTRET N = Nap) (A -Nay)'

Making these substitutions for @', and for all the differences
of roots in I, the denominators of the fractions which enter by
the transformation disappear, and we have finally

I = O\ - X)L

Pror. I1.—If ¢ (2, y) be a covariant of the quantic U,, the
new value of ¢, after linear transformation, 18

A’ = N'p) ¢ (2, ).

The proof is similar to that of the preceding proposition.
We have

@ y) =02 (01 —ar)* (@ ~as)b ... (Z-ay)f (2-ay)...,

where each root enters in the degree =.

Now, transforming, as in the previous proposition, the value
of ¢(x, y) thus derived ; since the factors A — XN'a;, A =Xay, ...
all enter in the same degree = in the denominator, they will all
be removed by the multiplier a’*, and the transformed value of

¢ (2, y)is
(Au” = XN'p)* ¢ (2, ¥)-

The determinant Au” - A’u, whose constituents are the
coefficients which enter into the double linear transformation,
is called the modulus of transformation.

Without any reference to the roots of the equation U, = 0,
we can suppose the transformation of # and y to be applied to
the quantic in the form

U,=ax® + naa™ 'y + ’%l) a2+ . ayt.
The propositions here proved with respect to invariants and

covariants regarded as functions of the roots will still hold good
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when these functions are expressed in their equivalent forms in
terms of the coefficients. We may therefore now restate the
Propositions in the following form :—

Prop. I.—An invariant is a function of the coefficients of a
quantic, such that when the quantic is transformed by linear trans-
Jormation of the variables, the same function of the new coefficients
18 equal to the original function multiplied by a power of the modulus
of transformation.

Prop. II.—A4 covariant is a function of the coefficients of a
quantic, and also of the variables, such that when the quantic ¥s
transformed by linear transformation, the same jfunction of the new
variables and coefficients is equal to the original function transformed
directly multiplied by a power of the modulus of transformation.

The definitions contained in the preceding propositions are
plainly applicable to quantics homogeneous in any number of
variables, and form the basis of the more extended theory of
covariants and invariants above referred to. We give among
the following examples an application to the case of a quantie
involving three variables.

ExaMPpLES.
1. Performing the linear transformation
" z2=AX+pY, y=mX+m¥,
az® + 2bxy + cy? = AX? + 2BXY + CY3,
AC - B = (\u1 — Aip)? (a0 — B3).
2. Performing the same transformation, if
(3, %, o, d, ¢)(z, y)* = (4, B, 0, D, E) (X, ¥)$,
AE - 4BD + 3C%* = (A — M) (ae — 46d + 86%).
3. Performing the same transformation, if
az? + 2bzy + cy®* = AX?+ 2BXY + CY3,
@2 + b2y + ey = A\ X3 + 2B, XY + O1 Y3,
AC) 4+ A1C - 2BB) = (A1 — A1p)? (ae1 + a10 — 265;).
This follows from Ex. 1, applied to the quadratic forms
(a4 xa) 22+ 2(b+ kby) 2y + (¢ + xer) y3= (A +x A1) X34 2(B+ xB1) X ¥ 4+ (C+«C,) Y2,
by comparing the coefficients of x on both sides.

prove that

prove that

and

prove that
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‘Whence we may infer that, if two quadratics determine a harmonio system, the
new quadratics obtained by linear transformation also form a harmonic system.
For their roots being a, 8, and a1, B1, we have

as1{(a — a1)(B— B1) + (a — B1)(B — a1)} = 2 (401 + @10 — 2BB1).
4. If the homogeneous quadratic function of three variables
az? + by? + o83 + Ufyz + 2922 + 2hay

be transformed into
AX? + BY? 4+ CZ% + 2FYZ + 2GZ2X + 2HXY

by the linear substitution
g=aX+mY+nZ y=MX+umY+mnZ, =X+ pu¥+mns;
prove the relation

4 H @ a &k g
H B F |=(um®| 2 b s |,
G F ¢ g f o

where the determinant (A1uzvs) is the modulus of transformation.
This is easily verified by multiplying the proposed determinant of the original
coefficients twice in succession by the modulus of transformation written in the

form
AL A2 As

mj2 43|y
n

and comparing the constituents of the resulting determinant with the expanded
values of the coefficients of X2, Y2, &c., in the new form.

It appears therefore that the determinant here treated is an invariant of the
given function of three variables.

172. Properties of Covariants derived from Linear
Transformation.— We proceed now to show, taking the
second statement of Prop. II. in Art. 171 as the definition of a
covariant, that the law of derivation of the coefficients given in
Art. 169 immediately follows :—that is, given any one coefficient,
all the rest may be determined.

For this purpose, performing the linear transformation

2=X+4Y, y=0X+7Y,
whose modulus is unity, the quantic
(@0, @1y By « . « an) (2, y)" becomes (4,, 41, Ay, ... 4,)(X, ¥,
where

di=ay Ay=a,+ah, A3=0a3+2ah+a’, &o. (Axt.36.)
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Now, if ¢ (@, a1, @, . . . an, 2, ) be any covariant of this
quantic, we have by the definition

¢ (ao’ al, al’ coo Ony @, y) = 4’ (on Al’ Azs LR Am Xs Y),
¢ (ao, al’ ag, e a”, w, y) - ¢ (AO’ A[, Ag, o A”, X - hy, y)o

or

Expanding the second member of this equation, and con-
fining our attention to the terms which multiply 4 : observing

also that %‘%’ = ra,_, when terms are omitted which would be

multiplied in the result by A2, k3, &c., we have

X =
¢+h<_y5:_v+D¢>+h2< )+&c....=¢,
which must hold whatever value £ may have ; hence
M— ogz . + 2a1§¢ o + 3%3963 +...+ ”an-l% ) (1)

and, subst1tutmg for ¢ the value

(Bo By, By, - .. B) (2, )",
we have
mBa™y +m(m—1) Ba™y + . .. + mBpy™

m DBa™ +mDBa™Yy +...+DBy™;
whenoe, comparing coefficients, we have the following equations :
DBy=0, DB, =B, DB,=2B,... DBy=mDBu.,,

which determine the law of derivation of the coefficients from
the source By, ; the leading coefficient B, being & function of
the differences, since DB, = 0.

The caloulation of the coefficients is facilitated by the fol-
lowing theorem, which has been proved already on different
principles :—

Two coefficients of a covariant equally removed from the extremes
become equal (plus or minus) when in either of them ay, ay, . . . Gy
are replaced by any G-y . . . Gy, respectively.
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To prove this, let the quantic be transformed by the linea
substitution
2=0X+Y, y=X+0Y, whose modulus=-1.
Thus
(@0 @1y oy « . . @) (2, )™ = (Gny 1y Gnty + o o a,) (X, Y)",
and, by definition, any covariant

¢(am On-1y Ongy -+ Gy X, V) = (~ 1)‘ ¢(’“o9 Ay Qyy oo o Opy &y y)
= (_ 1)‘ ¢(ao$ 1y Agy « o « Oy Ys X);

whenoe it follows that the coefficients of the covariant equally
removed from the extremes are similar in form, and become
identical (except in sign when « is odd) when for the suffixes
their complementary values are substituted.

It is easily inferred in a similar manner that a covariant
satisfies the differential equation

%_ % % %
wﬁ?/ =ans, — + 2a"'1ba,,_2 + 3%_25%-3

as well as the equation (1) already given.
Again, if ¢ (a,, a1, @, . . . a,) be an invariant of the quantio,
the former transformation of the present Artiole gives, employ-

ing the definition of Art. 171, .
¢ (0 W1y Qay oo . Gg) = ¢ (Ao Ay Asy ... Ay)3

and proceeding as before, in the case of a covariant, we prove
that an invariant must satisfy both the differential equations

+.. .0+ nalgg-, 2)
0

% D %
aoaal + 2@1372 + 3a2y‘3 +...+ 'na,,_lb—a” = 0,
% % % %
az,,aan-_1 + 2“”‘13_%__2 + 3“"‘“3%_3 +.. .+ m‘a_ao = 0,

either of which may be regarded as contained in the other, since
if we make the linear transformation”z = Y, y = X (whose
modulus = — 1), we have from the definition of an invariant

¢(a,,, Ap—1; Tp_gs + « . a’O) = (— 1)‘¢(a0’ ay, Ay, . .. an);
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proving that an invariant is a function of the coefficients of a
quantic which does not alter (except in sign if the weight be
odd) when the coefficients are written in direct or reverse order.

The relation between invariants and seminvariants, cova-
riants and semicovariants, is now clear. Invariants of the
quantic (ay, 6, ... as) (z, y)* satisfy both the differential equa-
tions last written, whereas seminvariants of (a,, ay, ... a,) (2, 1)*
satisfy only the first of these equations. In like manner
semicovariants of (a,, @i, . . . @a)(2, 1) satisfy only the first of
the differential equations (1) and (2) above written, whereas
both are satisfied by covariants.

Having now explained the nature of Covariants and Inva-
- riants of quantics, and the connexion between the two modes in
which these functions may be discussed, we proceed to prove
oertain propositions which are of wide application in the forma-
tion of the Covariants and Invariants of quantios transformed
by a linear substitution. The student who is reading this
subject for the first time may pass at once to the next chapter,
where the principles already explained are applied to the cases
of the quadratic, cubic, and quartic.

178. Prop. I.—Let any homogeneous quantic of the n** degree
S (@, y) become F (X, Y ) by the linear transformation

e=AX+uY, y=AX+u¥;

also let any function u, of =, y, become U by the same transformation ;
then we have

w3 -0Ch - o

where M 1is the Modulus of transformation.

To prove this proposition, solving the equations

z2=MX +pY, y=XX+p'Y,
we have
MX = p'z - py, MY = - XNz + Ay;
whence .
X , X DY , DY
M%=p, M—s—&=—p, M$=-)\, M3—3}=A'
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Again, ¥ WX WY 1, ,U X )

%X w T w - m\Pax
3_“=°_U3‘_X+£’3_Z_l(_ 3_’_]+,\3.U)
X w Ty M\THXTNY

which equations may be put under the form

35" Ma7) +#(- 330

-3 ¥(wse) +# (- mix):

and since
SAX + pY, XX + p'Y)=F(X,7),
changing X and Y into ]lﬁ g—g, and - % g—g, respectively, the

proposition is proved.
In an exactly similar manner, changing X and Y into
12 _ 123
MY MY

it may be proved that

w1 -

The results (1) and (2) may be applied to generate cova-
riants and invariants, as we proceed to show.

Suppose f(#, y) and u to be covariants of any third quantio v,
where v may become identical with either as a partioular case;
also, denoting by F,(X, ¥) and U, the same covariants ex-
pressed in terms of the X, ¥ variables and the new coefficients
of v after linear transformation, we have, by Prop. II., Art. 171,
the identical equations

MPF(X, Y) = Fy(X, Y), and MU = Uy;
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whence, substituting from these equations in (1),

uf(ly -30) - Gy - 3x)

. du P AN .
proving that f (&; y - 55) is a covariant of v,

And in a similar manner it is proved from (2) that

(3
1y - %)
leads to an invariant or covariant of v, according as u is of the
nth or any higher order.
We add some applications of this method of forming inva-
riants and covariants.

ExampLES.

1. If Db W Db ~ be substituted for x and y in the quartic (a, §, c, d, €)(z, y)*==U,

and the resulting operation performed on the quartic itself, show that the inva:
riant I is obtained.
We find

(@b ¢d, °)<bA’ - %)‘U = 48(ae — 4bd + 3¢%).

2. Prove, by performing the same operation on Hy, the Hessian of the quartic
(Ex. 2, Art. 169), that the invariant J is obtained.
Here we find

(@ b, ¢, d, e)(Ty b)H¢=72(ace+2bcd ad? — eb? — ¢?).
3. Prove that
a b : 278 3 3 2,2
(a, b, ¢, d) % "% Gy = — 12(a’d® — 6abed -+ 4ac® 4 4% — 3b%2),

where Gz is the cubic covariant of the cubic (a, b, ¢, d) (=, ¥)® (Ex. 3, Art. 169).
4. Find the value of

where = (g, b, ¢, d) (z, y)*
Ans, — QHz’.
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174. Pror. IL.—If ¢ (ag, a4, @y, . . . a,) be an invariant of the
Jorm (aq, ay, ay, . . . a,) (z, y)*, and u any quantic of the n'* or
any higher degree,

(b”u Ay d"u blt)
¢ I drr Ry’ dxv YR T T T dyn

s an variant or covariant of u.
To prove this, let

z=AX +pY, o =AX" +pY,
y=A/X+“IY’ yl=AIXI+I.LIYI;

and transforming, as in the last proposition,

w’l 2 +Y =

+yby_XaX Y

also transforming u, we have U = u; whence

(X' x Y'aY>”U ‘( aa:c Yy bayy @)
and writing this equation when expanded under the form
(Dos Dy, Dy, . . . D) (X', Y)Y = (dg, dy, dy, . . . dy) (2, y')",
we have, from the definition of an invariant,
é(Dy, Dy, Dy, . . . D,) = M%(dy, dy, dg, . . . dy),

showing that ¢(dy, dy, dy, . . . d,) is an invariant or covariant.

When z, y, and «’, 4 are transformed similarly, as in the
present proposition, they are said to be cogredient variables.
And, in general, for any number of variables, when the coeffi-
cients which enter into the transformation of one set are the
same as those which enter into the transformation of the other,
the two sets are said to be cogredjent.

The functions which occur in the equation (1) are cal]ed
emanants ; the expression on the right-hand side of the equation
being the n** emanant of u.

VOL. II K
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ExaMpLES.

1. Let the quadratic
agz? + 26,2y + ay® become A X? 4 24,XY + 4,Y3,
We have then, as in Ex. 1, Art. 171,
Apdy — 4, = M (agay — a,7).
Now since

’ D’U Yy b.U \ D’U__ ’ bz’u ’.. a’u ’ b_:'lf
X +2XYﬁs—Y-rY"a—Y,_a:’D—z,+2zy my’f'yabyz

it follows from the last result, considering X’, Y”, and 2/, y’ as variables, that
PO VY (DTN (D (D)
X2 Y? \oxdY oz 0y®  \dxdy
This gives an invariant of a quadratic, and a covariant (called the Hessian) of
any higher quantic.
2. When % has the values
(a, b, ¢, d)(x,y)®* and (a,b,c,d,e)(z, y)4

what covariants are derived by the process of the last example ?
(Cf. Exs. 1, 2, Art. 169.)

Ans. (1). (ac — b2) x® + (ad — bc) xy + (bd — c?) y*.
(2). (ac — b2 z* + 2 (ad — bc) 2%y + (ae + 2bd — 3c?) z%y?
+ 2 (be — cd) xy® + (ce — d3) y4.

175. Prop. IIL—If any invariant of the quantic in :i, Y,

U+k(zy —2'y)"

be formed, the coefficients of the different powers of k, regarded as
homogeneous functions of the variables «', y', are covariants of U.

For, transforming U by linear transformation, let

(a9 @1 Qg - - . @) (@, Y)" = (Ag, Ay, 4y, - - - 4,) (X, Y)";
also, if , y and «’, y’ be cogredient variables,

oy - 2y=MXY - X'Y).
Whence
(ao’ Gy, Qg « o . an) (z’ ?/)" + k(wy, - xly)”
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becomes when transformed
(doy Ay, 4y, . . . 4,) (X, Y)* + EMHXY' - X'Y)",
and forming any invariant ¢ of both these forms, we have
(@b dbor - - - $5) (LK) = MNP, P, Py, . . . P,)(1, M"kP,
proving that
¢, = M,

or that ¢, is a covariant.

When (zy’ — z'y)" is replaced by (bg, by, by, . . . b,) (2, )™,
we have the following proposition, which is established in a

similar manner :—
If d(ag, ay, a3, . . . a,) be an invariant of (ay, a;, ay, . . . ay)
(z, y)* all the coefficients of k n
& (ao + kby, a, + kb, . . . a, + kb,)
are tnvariants of the system of two quantics
(am al! a?.? ¢ .. au) (27, y)“’ (bo, bl: bz: LI bn) ((E, y)";
or, which is the same thing,
d d 3\
(boa thigmt +b,,3a:> é, &c., &e.,

are mvariants of the system.

This proposition may be extended to any number of quantics
of the same degree in any number of variables. If, further, U be
replaced by a covariant V of the p* degree, we may generate new
covariants by forming any invariant of

V + k(zy’ - 2'y)P.

176. Prop. IV.—If ¢(z, y) and y(z, y) be homogeneous quantics,
the determinant

¥ %
o dy
2
X dy

1s a covariant of these quantics.
K2
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For, transforming ¢ and ¢ by the linear substitution
z=AX+pY, y=NX+u%,

we have
DX, Y)=¢(y), ¥XY)=4y¢(@zy),
giving
2 _ aib ,a¢ X2 9
aX A T2 aX"\ A3y
P 396 b¢ RULLs
3Y ~F3s THyy aY R TR
Whence
W P 396 ,\,bqb o
X VY dz “by
A IO T T
X Y aJ ™ "ay

which reduces to

W dy Y
and the 'proposition is proved.

This covariant is called the Jacobian of ¢ and , and is often
written in the form J (¢, ). The Jacobian of » functions in n
variables is a determinant of similar form, and can be shown to
be & covariant by an exactly similar proof.

M(bcﬁ o3 % mﬁ) :

177. Derivation of Invariants and Covariants by

Differential Symbols.—If 7, ¥;; %y, Y2} T3, Y3 - - - Tpy Y
be a series of cogredient variables (such as, for example, the co-

ordinates of n points), the functions (zyy; — Zo9y), . . . (TpYo—ZY5)

are unaltered by linear transformation ; and since 32/ - blm are
i i

transformed by the same linear transformation as z,, y; (see
Art. 173), we derive a series of symbols of differentiation, which,
combined as above, give the following :—

3.2.-.11) li_bb)&c
1Yy MYy’ T T T Nz, dy, 7, Y,
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These symbols may be denoted simply by (1, 2), . . . (p, q),
&c.; and by their aid a complete calculus can be constructed
for deriving and comparing invariants and covariants. For
example, the Jacobian of ¢,  may be written in the form

(1, 2) ¢y s,

where b1=¢ @), Yo =P (2 Ya)

the suffixes being omitted after the differentiation has been per-
formed. Similarly, expanding the symbolic form (1, 2)%b,ib,, we
obtain the covariant

b % ¢ P %

— — — 2 — + = 5

d? dy? WYy dxdy  dy? da?
the distinction between the variables being removed after the
differentiation has been performed.

In the investigation by this method of the invariants and

covariants of a single quantic, the result is obtained under the
symbolic form

1,272, 33,4 . .. (p U VU, . .. UU,

where Uj, for example, is used to denote the quantic obtained by
substituting z; and y; for z and y in U. If after this operation is
performed,  and y disappear, we have obtained an invariant ;
and it is easy to see in this case that the figures 1,2,3, . . . p, ¢
must all occur exactly » times in terms such as (i, j)*. For
example, the formula

(] ’ 2)”U1U2
gives a series of binary invariants for all even quantics, the order
of the invariant in general being equal to the number of factors
U,, Uy, &c. In like manner from the formula
(12)>= (23)*™ (31)*™ U,U,U,

we can derive a series of ternary invariants for quantics of the
degree 4m, the operation (12)? (23)2 (31)? in the case of the quartic
yielding the invariant

gy + 20,0,05 — @y — a,a,2 — agd.
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It may be noticed that this interchange of variables can be
accomplished by means of a differential operator ; for instance,

< 32 + Yes ) U;=1.2.3...n0, &c., &ec.

The method here explained of forming invariants and co-
variants is due to Prof. Cayley.

The above method of calculating invariants and covariants
can be easily extended to ternary forms; for, if x,y,2;, Toys2s,
T3Ys2s be cogredient variables, it appears readily by the rule for
multiplying determinants that if we express d/0.X,, 3/3Y;, 3/0Z;,
in terms of d/dz;, /9y, 337, and deal similarly with the other
partial differential coefficients, the following relations hold be-
tween symbols of differentiation :—

> 2 22 2
le bYl BZI D$j -S?I DZI

d d D 9 b )
_ e - — — — | = M(123),
sz b Yz bZa M az2 by2 bz2 ( )
2 2 2 2 22
X 3 d Y3 sz bws by3 bzg

where M is the modulus of the transformation.

178. Notation of Aronhold and Clebsch.—Aronhold
and Clebsch have used with much success a method of forming
invariants and covariants which is closely allied to the method
given by Cayley. It is therefore desirable to explain their
notation, and to show the connexion of the two methods of
procedure.

Aronhold denotes symbolically the binary quantic U of the
n** degree by a,* = (a,x, + azz,)" The products a,fa,? are at
once expressible by the coefficients of U when p + ¢ = n. Thus,
a," denotes the coefficient of z,* in U, a,*a, the coefficient of
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x,"1z,, and so on; but when the sum of the indices p + ¢ in
the product @,Pa,? is not a multiple of n, no interpretation is
afforded.

Again, since

1 d d\" n
V=123 <”lax 3, ) U= (@ + am)
we may replace @, and @, in any homogeneous function of a1
and a, of the n' degree by the differential symbols — and b—

‘73

operating on U, a numerical factor being dlsregarded
Moreover, in place of substituting different pairs of variables
in U, thus forming U,, U,, U, . . . , as in Cayley’s method,
Aronhold writes the quantic U under the various forms
(@1 + @)%, (byzy + by,)?, (€1, + Co,)% . . ., where a,Pa,"?
= b,Pb," P = ¢, Pc," P . . ., the coefficient of z,Pz,*? in U, the
order of the coefficients of any invariant or covariant being the

number of the symbols a, b, ¢, . . . in its expression. In the for-

mation of an invariant the differential symbol <—b— L2 —b->

0Ty 0Yy O3 OYy
given in Cayley’s method is now replaced by (ab) = (a,b, — ayb,)
in Aronhold’s notation.
Thus, for example, the invariants of the quartic are, in Aron-

hold’s notation, written thus :—
2I = (ab)t, 6J = (bc)? (ca)? (ab)?,

and tWe covariants whose leading coefficients are H and G as
" follows :—

2Hm = (ab)zazzbwz: Gw = (a'b)2 (Ca') a’a,bagca:s’

which expressions may be verified by replacing (ab), &c., by
(@40, — asb,), &c., then expanding and introducing the coefficients
of U, which is practicable since these expressions are homo-
geneous functions of the 4 degree in each pair of symbols a,, a,.
This method, like Cayley’s, can be readily applied to a quantic
U involving any number of variables.
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We now conclude this chapter with some examples selected
to illustrate the foregoing theory. The student is referred for
further information on this subject to Salmon’s Lessons Intro-
ductory to the Modern Higher Algebra ; to Gordan’s Vorlesungen
ilber Invariantentheorie ; and to Clebsch’s Theorie der binaren
algebraischen Formen, where a symbolic method is adopted
throughout.

ExAMPLES.

1. The discriminant of any quantic is an invariant.
2. The resultant of two quantics is an invariant of the system.
3. From the definitions, Art. 166, prove that all the invariants of the quantic

(zy’ — 2’y)U are covariants of U, the variable being z’: y'.
Hence derive the covariants of a cubic from the invariants of a quartic

expressed in terms of the roots.

4, If I1,, I,, I, . . . 1, be the same invariant for each of the quantics
$(2) $() ¢ ¢ ()
T—0 T—a) T—ag T x—a,

of the order @, where a,, ay, . . . a, are the roots of ¢ () = 0, prove that
: r=n

S Iz — ap)s

r=1
is a covariant of ¢ ().

For example, using J, to denote the J invariant composed of the four roots
ay, @y, a,, a5 (Art. 187), with similar values for J,, J3, J4, J5, we have the following
covariant of a quintio :— ’

Ji(z —a) + Ji(2 — a3)® + T3 (2 — 05)® + Jy (z — o) + T (2 — a)%
6. If a,, ay, a3, . . . a, be the roots of the equation
(agy @y, @3y « « « ay) (2, 1)% =03
and if
G Bdids « - dm = F(agy Gy, Bgy + « + Ay,
where ¢, ds, . . . @y, are all the values of a rational and integral function of some
or all the roots obtained by substitution, find the equation whose roots are the

m values of — % given 8% = 0. (Cf. Exs. 12, 13, 14, p. 88, Vol. L)

Ans, F(Up, U, Uy, o . . Uy) = 0.
6. Express the identical relation connecting three quadratics in terms of
their invarianta,
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Let U = a;2* + 2byzy + ¢,93,
V = agz?® + 2byry + cgy?,
W = agx® 4+ 2bgzy + cpy?;

multiplying together the two determinants

a b ¢ O g —2, a O
a by ¢ O cg —2, a5 O
ag by s 0 ¢y — 2b, as 0
y* —xy 2 O z¢ 22y y* 0

we have

= 0, where 2Ipg = apcq + agcp — 2bpbg.

e

g

5
I v«

U 14 w 0
Expanding this determinant we have
(Iaglss — 1332) U + (Isalyy — L5y ®) V2 + (Inylga — 1) W2 + 2(Igydyy — Iy Log) VW
+ 2(Lssl1g — L3algy)WU + 2(Igglgy — Igsl15)UV =0. (1)

There are two particular cases worth noticing :—
(1). When the three quadratics are mutually harmonic.—In this case I;; = 0,
Iy = 0, I}; = 0; and the identical equation assumes the following simple form :

U \2 V \3 W \?*
(7)) + (7;) =
(2). When one of the quadratics W = O determines the focs of the snvolution of

the points given by the other two, U = 0, and V = 0.—In this case I,, = 0, and
I,y = 0; and making this reduction in the general equation (1), we have

(I3o* — I Igg) W3 = Igy(I,,U* — 21,,UV + I,V?);
but from the equations I,; = 0, and I,, = 0, we find
Gy = k(ayb;), — 2bg = K (ya,), ¢ = K (bycy);

whence

4 (ases — by?) = ¥ {4 (a;b,) (byes) — (caa5)%,

Iy = «* {Iqu - In’}’

and reducing, when « = 1, or W = J (U, V),

—{J(U, V)] = I,U® - 21, UV + I,,V*

7. Prove that

or

ZV (ag ap ) (z — 0y)*
is a covariant of a quartio, where V(a,, ay, . . . a,) represents the product of
the squared differences of a;, ay, . . . ay.
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8. Prove that the condition that four roots of an equation of the n‘h degree
should determine on a right line a harmonic system of points may he expressed
by equating to zero an invariant of the degree 4 (» — 1) (n —- 2) (n — 3).

9. If ¢ (ay, a;, - - . a,) be any seminvariant of the quantic (ag, a5, . . . @y)
(x, 1), prove that bbjs- is also & seminvariant.
an
10. Prove that the seminvariants
Gy — a,%  a.a, — 46,0, + 34,3,  a,da; — 3a.aa, + 20,3,
of the quantic (a,, @, a5, . . . a,) (2, y)* give rise to covariants of the degroes
2n—4, 2n-8, 3n-—6.

11. Prove that the coefficient of the penultimate term in the equation of the
squares of the differences of any quantic leads to a covariant of that quantic of
the fourth degree in the variables.

12. Prove that the product of two covariants of the same quantic whose
sources are ¢ and ¢ may be written under the form

3
$4 + 2D ($9) + {5 D*($¥) + &e. . .
Mr. M. Roberts.
(See Art. 169.)
13. Prove in particular that the mt* power of the quantic v
@0y @y gy « « « ay) (2, 1)"
may be represented by

a™ + 2D (ap™) + —Dz (an (ap™) + &e.
Mr. M. Roberts.

14. Prove from both definitions of a covariant that any covariant of a
covariant is a covariant of the original quantic or quantics.

16. If a;, a5, . . . &y, and By, By, - . . By be the roots of the equations
U= (a,08,085 ... a8) (% 1)" =0,and V = (by, by, by, . . . by) (%, 1)* =0
it is required to derive a covariant of the system U and V from the simplest
function of the differences of their roots, viz., Z(ap — Bg) = nZa — mZp.

This question will be solved if we express

oS e,

in terms of the coefficients of U and V.

For this purpose we have

z(z—aa,)—(zﬂ—ﬁa)"z:c—azx—ﬁ 2 ﬂz:c—a

and if U and V be written as homogeneous functions of z and y,

1 blogU dlog U
Ez-—ay z::—-ay=— dy » &o.
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Whence, substituting these values in the last equation, we have

— Bq UV _JUI¥
UV =) & —Fat) ~ 05 0y ~ 3y 3z

which is the Jacobian of U and V. It should be noticed also that the leading
coefficient of J (U, V) is mn (agh, — a;b,).

16. Prove that the common factors of two quantics are double factors of
their Jacobian J (U, V), when the quantics are of the same degree n.

Let U = P¢, V = Py, where P = lz + my. Forming J (U, V), we find part
of it divisible by P2, and the part which apparently has only P as a factor may
be written as follows (using Euler’s theorem of homogeneous functions, and
omitting & numerical factor) :—

Yoy "oy T oz % Y oy
() (30 (Ree3) CE-1)
and this is identical with (lx + my) J (¢, ¢).

17. Prove that the 2 (n — 1) double factors of AU + uV, obtained by varying
A and u, are the factors of J (U, V), where U and V are both of the nth degree.

18. Find the resultant of two cubics U and V by ehmma.tmg dlalﬁxcally

between v
WO,V _, % J)}
T ¢ l

W(U, V)

U=0, V=0, "%

=0,

19. If
(Aoy Ayy Ay « « « Ap) (2, )7,

(By» By, By, - . . Bg) (2, y)?
be two covariants of U, prove that the leading coefficient of their Jacobian is
P9(4,B, — 4,B,).
20. If
(Ap 4y, 4y, « « « 4p) (2, 9)%,
(Bys By, By, « « « By) (2, y)%,
(Co» Oy Cy « .« Cp) (2, 9)?

be three covariants of Uy, prove that the determinant

4, 4, 4,
B, B, B,
Co G, Cy

is a seminvariant.



( 140 )

CHAPTER XVII.

COVARIANTS AND INVARIANTS OF THE QUADRATIC, CUBIC,
AND QUARTIC.

179. The Quadratic.—The quadratic has only one invariant,
and no covariant other than the quadratic itself.
For, if a and B be the roots of the quadratic equation

U=ax?®+ 2bz +¢=0,
the only functions of their difference which can lead to an
invariant or covariant are powers of a — S of the type (a — B)??;
the odd powers of a — B not being expressible by the coefficients
in a rational form. Whence, expressing

ey )"

a-z PB-z

by the coefficients, we conclude that the quadratic has only the
one distinct invariant ac — b2, and no covariant distinct from U °
itself.

180. The Cubic and its Covariants.—In the present
Article the covariants of the cubic will be discussed as examples
of the principles already explained, and in the following Article
the definite number of covariants and invariants will be deter-
mined.

. In the case of the cubic a covariant is obtained from a function
of the differences of the roots most simply by substituting

By + ax, ya + B, af + yz for a, B, y respectively,
and thus avoiding fractions ; for, transforming a — B, we have

1 1 (By+az) - (ya + o)
a=s Fme T @oaB-ab-a) o e
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and when fractions are removed, we arrive at the above trans-
formation (the order being equal to the weight in the case of
either function of the differences H or (). This mode of trans-
forming functions of the differences will now be applied to the
covariants of the cubic.

(1). The Quadratic Covariant, or Hessian H,.

Transforming both sides of the equation

ay? (o + wf + w) (a + w?B + wy) = 9(a,2 — aya,),
we have
a6} {(a + wB + wiy)z + By + wya + w?af}
x {(@ + w?B + wy)z + By + wya + waB} =9 (U2 - U,U,);
thus showing that
Lz + L, and Mz + M, (Art. 59)
are the factors of
H, = (0485 — 0,%)72 + (8485 — 0,8,)% + (3,05 — a4?),
where
L, = By + wya + w%af, M, = By + wlya + wapf.
From the form of the Hessian in terms of the roots in Art. 167,
or from the relations of Art. 43, we conclude that when a cubic
18 a perfect cube, each of the coefficients of the Hessian vanishes
wdentically.
(2). The Cubic Covariant G,.
We have, as in Art. 59,
ao® {(a+wB+wdy)3+(a+w?B+wy)d}=—2T (ayas+2a,3—3a,a,).
Transforming both sides of this equation as before, we find
a¥{(La + L)% + (Mz + M,)%} = - 27(U2U, + 2U,® - 3U,U,U)
= 214,
where @, denotes the covariant formed from the function of
differences @ operating as in Art. 169 on the source derived from
G (the sign being changed in order that G may be the leading
coefficient) ; hence (Ex. 3, Art. 169)
G, = (apdag — 3a,a,a; + 20,328 + 3 (a48,0; + 0,25 — 2a4a,%)2?
— (as®ay — 3a3a4a, + 2a,3) — 3 (3043, + asla; — 2a4a,%)2.
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Resolving (Lz + L,)® + (Mz + M,)3, we may obtain the factors
of G,; or, more simply, since the factors of G are B+ y — 2a,
y +a—2B, a + B — 2y, the factors of G, are

1,1 2 1.1 2 1 1 _ 2

Bz y—2 a-2 y-2 a-z P-2 a-z f-z y-g

when fractions are removed.

We have obviously the following geometrical interpretation
of the equation G, = 0: If three points A4, B, C determined by
the equation U = 0 be taken on a right line; and three points
4’, B', (', such that A’ is the harmonic conjugate of 4 with
regard to B and C, B’ of B with regard to C and 4, and (' of C
with regard to 4 and B ; the points 4’, B’, (" are determined by
the equation G, = 0. (Compare Ex. 13, p. 88, Vol. 1.)

(3). Expression of the Cubic as the difference of two cubes.
This can be effected by means of the factors of the Hessian,
as follows :—

(Lo + L)® — (Ma + M)® = 21U ;Lf.

0

For, as in Ex. 6, p. 116, Vol. 1., we have
L3 -M3=n"=21(B-y)(y—a) (@a-B).
Transforming this equation as before, the first side becomes
(Lz + Ly)® — (Mz + M,)3,
and the second side
N-21(B-y)(y-a)(a-p)(@—a)(@-B)(z-1y)

Substituting from previous equations, we have

(L& + L,)® — (Mz + M,)3 = 27(%JG2 + 4H3 =27 Ua“fA.
0 0

(4). Relation between the Cubic and its Covariants.
The following relation exists :—
G2+ 4H 2 = AU
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For, from Ex. 6, p. 116, Vol. I.,
at (B =7 (y — @) o = B = — 27 (G* + 4H") = - 2Tag®A,
and transforming this equation as before,
ao® (B—y)X(y—a)*(a—B)X(z—a)(z—pB)*(x—y)*=—27 (G,*+4H,) ;
whence AU%= G2+ 4H 3
This also follows at once by substituting U,,, U,,_,, &c., for a,, a,,
&c., in the identity G2 + 4H? = a,?A.
(5). Solution of the Cubic.
The expression
(UNA + Gt + (UNA - G}
is a linear factor of U.
For from the relations in (2) and (3) we have

2a,3(La + L) = 21(UNA + Gy),
— 2a3(Mz + M,)3 = 21(UNA - G) ;
and since
(Lz + Ly) - (Mz + M,)
is a factor of U, the proposition follows.
This form of solution of the cubic is due to Prof. Cayley.

181. Number of Covariants and Invariants of the
Cubic.—Before proceeding to the discussion of the quartic, we
take up the problem referred to in Art. 162, viz., the determina-
tion of the number of independent covariants and invariants, for
which purpose we have in the case of the cubic the following
proposition :—

The cubic has only two covariants, their leading terms being
H and G ; and only one invariant, viz. the discriminant A, where

a?A = G + 4H3, or A = a%?® + 4ac® — 6abed + 4db3 — 3b%c2.

The proof of this can be derived immediately from the pro-
position of Art. 162. Let ¢(a, B, y) be any integral symmetric
function of the differences of the roots (of order @), expressible
by the coefficients in a rational form. It is proved in the
proposition referred to that a”p is of the form

GF(a, H,A), or F(a, H, A),
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according as ¢ is an odd or even function of the roots. It follows,
therefore, in the first place that there cannot be an invariant of
an odd degree in the roots, since GF (a, H, A) does not remain
the same function when a, b, ¢, d are changed into d, ¢, b, a,
respectively ; and the only invariant of an even degree must be
a power of A, since if F (a, H, A) contained a or H besides A, it
could not remain the same function when the coefficients are
similarly interchanged.

Again, the cubic has only two distinct covariants ; for it has
been proved that every seminvariant a is of one of the forms

F(a,H,A), or GF (a,H,A);

and therefore the corresponding covariant, formed from the
seminvariant as leading term, must be expressible as

F(U,H,A), or G F(U,H,A);

that is, every covariant is expressible in a rational and integral
form in terms.of H, and G, along with U and A ; or, in other
words, there are only two distinct covariants.

182. The Quartie. Its Covariants and Invariants.—
We have shown already that the quartic has two invariants,
Iand J (Art. 167). From the functions H and G of the differences
of the roots we can derive two covariants H, and G,, whose
leading coefficients are H and G ; for from the relation

2’2 (a — B)? = — 48 (aa, — a,?)
we derive, by the process of Art. 167,
a2 Z(a - B (z — y)* (& — )* = — 48(UU, — Uy?) = — 48H,;
and, expanding UU, — U,?, we have
H, = (as0; — a,?) 2% + 2 (a,a; — a,8,) 23 + (@gay + 20,05 — 3a,%) x°
+ 2(a,04 — a503) T + (@204 — ag?).
In a similar manner, since

G = aa; + 2a,® - 3aqa,a,,
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we obtain the covariant
- Gz = UzUl + 2Uss - 3UU3U2,

which reduces to the sixth degree; and if it be written as
follows :
G, =A% + 4,25 + Azt + Axd + Ag? + Az + A,

we find, by expanding the above, or more simply, by forming
the source Aq, and performing the successive operations of Art.
169, the following values of the coefficients :—
Ag=—aa,+30,a:0,—2a33, Az=—aay—2a,a,a,—6a3%a,+9a,a,2,
A= - baa,a, — 10as%a, + 15a,a,a,, 45 = — 10a,a,® + 10a,%a,,
A,=b5a4a,0,+10a,%a3—150,a,a;, A,=0ay2a,+2ay3,a5+6a,%a,—9a,a,2,
Ay=az’a; — 3a,0,0, + 20,3

Here it will be observed that, when 4, is determined, 4,, 4,,
A, may be obtained from A4,, 4;, and 44 by changing the suffixes
into their complementary values, and altering the sign of the
whole, in accordance with what was proved in Art. 168.

We proceed in the following Articles to discuss the leading
properties of these two covariants of the quartic.

183. Quadratic Factors of the Sextic Covariant.*—
As the quadratic factors of G, enter prominently into the follow-
ing discussion, we proceed in the first place to find expressions
for those factors in'terms of the roots of the quartic, and to
deduce their principal properties.

Since the factors of @, expressed in terms of a, B, v, 3, are

B+y-a-8, y+a—-B-8, a+B—y-39,

the factors of G, are obtained from these by substituting

1 1 1 1 . .
T T - BTy 5" for a, B, y, & respectively, and multi-

plying each factor by g to remove fractions.

* See a Paper by Prof. Ball, Quarterly Journal of Mathematics, vol. vii., p. 368,
containing a full and valuable discussion of the various solutions of the biquad-
ratio.

VOL. II L
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Whence, denoting these factors by u, v, w, we have

“ = U(wiﬁ+m—1—y—w1a~wi8>’
av:U(miy—ina_xiﬁ—wiS)’( @
aw:U(:c—la'*'mzﬁ_wiy_wiS)’

which values of 4, v, w, arranged in powers of z, are

u = (B+y—a—-20)z~2(By — ad)z + By(a + 8) — ad(B + y),
v=(y+a—B-38)7%-2ya— B8z +ya(B+8) - By +a), };(2)
w=(a+pB—y—208)x—2af - ¥8)x + aBly + 8) — y8(a + B)

and, consequently, 32G, = a®uvw.
From equations (1) we easily find

v=(a=-8)(@—-B)(x—7y)-(B-9)(z-a)(x-23),
=@-8)@=-B)@-y)+(B-7)(@-a)(z-3);
and from these and similar equations we have

v2—w? w?-u? u-_e? U
[.L——V=V—A=A—[.L=4E, . ®)

where A, u, v have the usual meaning (Ex. 17, Art. 27); and
consequently,

(w—v)ut=@A-v)v2 - A - p)w?;
whence

B=v)ut= N —v+w/A-p) (0 A—v - w/A- p).

Since, as this identical equation shows, the factors on the
second side are both perfect squares, we may assume

'vd)\—-v-l-wJ)\—p. = 2u,?,
VA =y —wa/A - p = 2u,2,;



Expression of the Quartic, . 147

we have, therefore,
WN/A"I.L=u12—u22,
’0~//\—-V=‘u12+u22,

u\/,u,—v=2u1u2;

from which values we conclude that u, v, w, the quadratic factors
of G, are mutually harmonic.

For the geometrical interpretation of the equation G, =0,
see Art. 65.

184. Expression of the Hessian by the Quadratic
Faectors of (¢,.—Since
H,
~48 7 = (- B (e -9)* (= - )%

combining the terms in pairs, and noticing that
Z(B-y)@=-98)U=0,
Z(a—-BR(z—y)(c—3)
=Z{B-y)(@-0a)(@-38) + (a-23)(z-B)(z-»},

the quantities between brackets being u, v, w, we have
—48£I§=u3+v2+w2,
a
which is the required expression for H,.

185. Expression of the Quartic itself by the Quad-
ratic Factors of G,—From equations (3) a symmetrical
value may be obtained for U ; for, substituting in those equa-
tions in place of A, y, v their values in terms of the roots p,, py, ps
of the equation 4p® — Ip + J = 0, we find

a? (vt — w?) = 16 (py — pg) U, 4% (w* — u?) = 16 (p; — py) U,
a? (u? — v?) = 16 (o, — pp) U,
from which equations, by means of the value of H, in the preceding
Article, we obtain .
(au)? = 16 (0, U - H,), (av)® =16 (p,U ~ H,,), (4)
(aw)? = 16 (psU — H ),
ro
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We now make the substitutions

u? = AX2 0= A,Y2 w?=AZ2
where A,, A,, A; are the discriminants of 4, v, w ; thus replacing
u, v, w by three quadratics X, Y, Z whose discriminants are each
equal to unity. By means of this transformation the forms of
the quadratics are further fixed, and the identical relation con-

necting their squares (see (1), Ex. 6, p. 137) is expressed in its
simplest form. Calculating their discriminants, we find

=B+y—a-3{fy(a+3)=ad(B+y)}- (By - ad)

with similar values of A, and A;; whence we have
A== Q=) A=), A= — =) =), A= — (=N - ).

Making these substitutions, the preceding equations become

(P1 Pz) (Pl Pa X2 H, - P1U,
. (P2 - Pa) (P2 - Pl) Y2 = z - PzU, (5)
(s — Pl) (Ps ~ p2) Z*=H, - PaU,

from which are easily deduced the following values of U and H,,
and the identical equation connecting X, Y, Z :—
H, = p2X? + p2¥? + 2,
= U =p X2+ po Y2 + p3 2%, (6)
0=X2+ 7Y%+ 272,
where, as has been proved, X, Y, Z are three mutually harmonic
quadratics whose discriminants are reduced to unity in each

cagse. The value of G, may be expressed in terms of X, Y, Z
as follows. Since 32@G, = a®uvw, and

wdotwt = (4 — )2 (v = A)2(A — y)zxzyazsﬁ—@(ls 27J2)X2Y2Z2,

we find
G = 3TV = 217, XYZ.
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186. Resolution of the Quartic.—From the equations

= U =p X2+ pp Y2 + p 22,
0=X2+ Y2+ 22
we find
U=(pr=p2) Y2+ (o1 = ps) 2% U = (pz — ps) Z* + (p2 — p) X%,
U = (ps — p1) X2+ (p3 — po) Y3
where X2, Y2, Z2 have the values determined by equations (5) ;
and breaking up these values of U into their factors, we have
three ways of resolving .U depending on the solution of the
equation
4p% -~ Ip + J = 0.
The resolution of the quartic has been presented by Professor

Cayley in a symmetrical form which may be easily derived from
the expressions already given for U and H,. For, since in general

layx? + 2b,zy + c1y?) + m(agx® + 20,2y + Coy?) + n(agx? + 2b,xY + c4y?)
is a perfect square when
212 (a6, — b,2) + Z'mn (ayCy + agCy — 2b,05) = 0,
IX + mY + nZ is a perfect square when 12 + m? + n? = 0,

X, Y, Z being mutually harmonic, and the discriminants each

reduced to unity.
The resolution of U is therefore reduced to finding values of

I, m, n such that the general quadratic IX + mY + nZ, or

In/pa — psa/Hy — pU + ma/ps — pya/Hy — pyU
+n n/p1 — poa/H, — psU,

shall be a perfect square, and shall vanish when U vanishes.
These values, corresponding to any root = a, may be found by
taking any set of values for a/ps — ps, a/p3 — p1, &/p1 — pg and
a set of values for the square roots of H,—p,U, H,— p,U, H,—psU,
which are each perfect squares, so that the square roots have
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each the same value for z = a, and then taking for X, Y, Z the
definite values

X = Nps—ps NH. = pU | &ps=ps- Nps—p1. Np1—pa

with similar values for Y, Z, accordingly I, m, n have to satisfy

lJpz—p3+me3—p1+n~/p1—p2=0, 12+ m?+n?=0,
which equations are plainly satisfied if
VN pe=ps=m [ ps—pr=n [ N py=pa

Finally, the squares of the four linear factors of U must be

Pa)N/Hz —p1U £ (ps —p1) ~/H paU = (p1 - py) ~/Hm psU,
of which the product is AU2.

If it be required to solve the quartic xU — AH,, we may
similarly select values of I, m, n so that IX + mY + nZ shall be a
perfect square and shall vanish when «U — AH, vanishes. These
values may be found by taking a definite set of values for

Vs = ps» Vps = p1s V1 = pa, 4/, Writing
- pA
- U = =B H - g (<U - ML)}

where p; =p;, [ (k —Apy) with similar values for H, — p,U,
H, — psU, selecting values for the square roots of

_MI(KU_AH:c), Ha:"f“s("U")‘Ha:)x H - py(eU - ’\Hx)

which are each perfect squares, so that they may each have the
same value for a definite root o’ of «U — AH, putting

X =Vps=ps Ve =dpy VHy — py(<U - M, /\/"\/Pz Ps
Vos=p1Ver—pa
with similar values for Y, Z; then I, m, n have to satisfy the
equations
1Vps—ps \/'-‘_‘-El‘*m\/Ps‘Px Vik=2dpy+n \/fr‘_P_z__
Vi =dpg=0

B+ m?+n?=0,
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which are plainly satisfied if

U Vs = ps Vic = Aoy = m [ Vpy — py Vik = Do,
=n[Vp1 = pa Vi = dps,
whence IX + mY + nZ is the square of a linear factor of
kU - \H, = 0.
187. The Invariants and Covariants of xU — \H,—
Employing the equations (6) of Art. 185, and denoting
X%+ Y2+ Z% by V, we may, by adding — %I V to AH, — «U,

reduce it to the form R, X? + R, Y2 + R,:Z% where R, + R,+ R;=0.
When this is done, we have the following reduced values of

R,, R, Ry :—
3By = K (2py — pa — p3) + A (2pop3 — papy ~ papa),
3R, = k(20 — p3 = p1) + A(2psp1 — P12 — pops);
3R; = 1 (2p3 — p1 — p2) + A (2p1pz — paps — pspr)-

On account of the similarity of the forms
p1X?+ Y2+ pZ® and R, X%+ R,Y?+ R,Z%,

which are of the same type, it is clear, and we may verify by
direct calculation, that XYZ are also the factors of the sextic
covariant of «U — AH_, and that its Hessian is

R.2X? + R,2Y? + R2Z?%,

so that we may calculate the invariants and covariants of «U—-AH
by simply changing p,, p,, ps into B;, R,, R; in the expressions for
the invariants and covariants of U.

Therefore, since

I=§{(pa—ps)®+ (ps—p1)*+ (py - P2}, J = — 4pipops,
and
- Ry = (Pz"Ps)(""\Pl), R;- R, = (ps = p1) (i = Apy),
R, - By = (py — ps) (¢ = Aps),



162 Covariants and Invariants of Quadratic, dec.

we find the following values for the invariants of kU — AH , :—
Ly = Ind = 3JiA + 220
(x, A) = LK% — KA + 1—2- s

2 2 _ 73
T = I - £6 KA+ 'Ii]""z B 54lee Y

If we form the covariants H, ,), and G, ,), of 2, where
402 = 4x® — IkA® + JA3
(the reducing cubic rendered homogeneous in «, A), we find, as
M. Hermite has remarked,
I(" N =~ 12H, ), J(‘, N = 4G\
Again, to calculate the Hessian of «U — AH,, we reduce
R2X?2 + R,2Y? + R2Z2
by the substitutions
PP X? + pg*Y? + p°Z% = - U,
p1i X2 + patY2 + p4Z2% = Y(IH , + JU),
which are obtained from the equations

Pi* = pops + 3}, p = popr + 3, ps® = pipa + },
by multiplying first by p, X2, p, Y2 p;Z2 respectively, and,
secondly, by p,2X?, p,2Y?, p,2Z,, and adding.
In this way we find the following form for the Hessian of
«U - MH,, :—

i—{ H, (4 - -é ) -v (gm - JA’)} ;

which may be expressed in the form
1 22 22
525+ U5)

which is a multiple of the Jacobian of kU — AH, and £, the
variables being « and A.

Again, since I® - 27J2 = 16(p, — ps)? (03 — p1)? (p2 — po)%,
and G, =313 =212 . XYZ;
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transforming p,, p,, ps into R,, R,, R,, we find
I3, ) — 270 %, 0) = Q¥(I3 = 27J2), G, 1)p = £2G,.

We have therefore expressed the invariants and covariants of
kU — AH, in terms of the invariants and covariants of U.

188. Number of Covariants and Invariants of the
Quartic.—We proceed to prove the following proposition, which
determines the number of these functions :—

The quartic has only the two distinct invariants I and J, and
two distinct covariants whose leading coefficients are H and G.

This proposition asserts that every invariant is a rational and
integral function of I and J, and every covariant a rational and
tntegral function of U, H,, G, I, J. The following discussion
is founded on principles similar to those already employed in the
case of the cubic. It is proved in the proposition of Art. 163, if
é (a, B, v, 8) be any integral function of the differences of the
roots expressible by the coefficients in a rational form, that
a"$ (a, B, v, 8) may be expressed by the forms

GF (a,H,1,J), or F(a,H,1,J),

according as ¢ is odd or even.

Now, if F (a, H, I, J) be an invariant, @ and H must disappear,
since if they were present this function could not remain the
same when the coefficients are written in direct or reverse order.
Similarly, no odd function such as GF (e, H, I, J) can give
an invariant. It follows, therefore, that every invariant is a
function of I and J.

Again, the quartic has only two distinct covariants ; for we
have proved that every function of the differences a"$ is of one
of the forms

F(a,H,1,J) or GF(a,H,1I,J).

Now, considering these forms as the leading coefficients of
covariants, it has been proved that every covariant is expres-
sible as

FU,H,I1,J) ox G F(U,H,I,J);
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that is, every covariant is expressible in terms of H, and G,
along with U, I, and J; and this is the proposition which was
required to be proved.

ExamrLES.
1. If U be any cubio, and @, its cubic covariant, prove that the Hessian of
AU + pG, has the same roots as the Hessian of U, A and p being constants.

2. Prove that any covariant of a quantic, whose roots are a;, az . . . ay,
satisfies the equation

. 09 X%

—“‘“’31¢—”b

where @ is the degree of ¢ in the coefficients of the quantic, and 8, = Za.
3. If a quantio have a square factor, prove that the same square factor enters
its Hessian.

4. If a quartic have a square factor, prove that the covariant G, has that
factor as a guintuple factor, and give the values of %, v, w in this case. (See
Art. 146.)

6. If ¢ () and ¢ () be two quantics of the nt* degree, the roots of ¢ (x) being
@y, ag, a3, .+ « . ay, Show that their Jacobian may be expressed as follows :—

Jmmaw2¢$§gﬁm,

and in particular prove that the sextic covariant G of the quartic ¢(x) may be
written under the form
$'(a)

(pp 20

6. Prove for a quartic U that the sum of any two of the quadrics
(z—a)p (z—p* (z—v)° (z—3):°
¢'(a) #(B) #'(v) ¢'(3)
is & factor of the sextic covariant of U expressed in terms of the roots.
7. If A be the discriminant of

$(@)=ay(2 — a)) (2 — a5) (T — a5) . . . (T — ap)

prove that the equation which has for roots the » values of the irrational covariant

r=n

=NA
T ¢ (ar)
can be expressed in terms of the covariants and invariants of ¢ (z) in a rational

form when J Alis adjoined ; and show that the values of z when» = 3 and n=4,
respectively, are multiples of the solutions of the cubic and qua.rtlc given by
Cayley (Arts. 180, 186).

B 2 (z — a,)n-3
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8. Applying the principles of Art., 188, determine without calculation the
form of the sextic covariant of the quartic AU + pH,.

9. Calculate the values of H, I, G, J for the Hessian of a quartic.

, SaJ —HI , D JG . B4S—I
Ans. H=—-——l-2—!_[-_--l—2- el =—T’J=._—2Té—.

10. Find the two conditions that the Hessian of the quartic wanting its second
term should be a perfect square, and show that both contain J as a factor.

Ans. J@ =0, alJ(2HI — 3a,J) = 0.
11. A seminvariant of the equation
(Bgs @yy Agy « « « Gy) (2, 1)7 =0
arranged in powers of a,, being

p—-1
¢=A4,+pdy,a, +2_12'._— Apa8p® + o oo + 4e8n?;

prove that DA; = — na,_,jA4;.,, and hence show that if y (ag, 45, @y, . . . ay) be &
seminvariant, so also is ¢ (4, 4;, 4, . . . 4,).

12. Hence show how the final coefficient of the equation of squared differences

can be found for any equation when it is known for the equation of next lower
order.

13. If d(ay) = (4g 4y, 4y, « -« Ap) (ay, 1)?,
Y (an) = (By, By, Byy « « « By) (ay, 1)¢

be two seminvariants of U, arranged in powers of a,, prove that any semin-
variant of the system ¢ (z) and ¢ (x) is & seminvariant of U,_,.

14, If
I, = (Ao 4y, 4y, « + + 4p) (ap, 1)7,
I; = (By, By, By, . . . By)(ay, 1)¢

be two invariants of U, = (ag, a4, @y, - « « @) (%, %)% prove that the resultant of
1, and I, when a, is eliminated is the leader of a covariant of U,_; of the degree

(n + 1)pg — pmg — gm
in the variables, 7, and =, being the orders of I, and I,.
15. If the discriminant of a biquadratic be written under the form
(Ap 4y, 45, A4g) (a4 1)%,
prove that the discriminant of this cubic is
273203,

where A, is the disoriminant of (a,, a,, a4, a3) (%, 1)*: and knowing 4,, find
A'. Al’ and Ao.
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16. Form the equation whose roots are

$(ar)s d(as) ¢(as)s - - - d(an)
where a;, a3, a5, . . . ap are the roots of f(x) = 0, the re: of f (x) and
¢ (z) being given.
Change the last coefficient b,, of ¢ (z) into b,, — p, and substitute this value
for &,, in the equation R = 0.

17. If ¢ (%) = (aq ay, ag . . . ay) (2, 1)% whose roots are a;, ag, . . . Gy
and if

Y(x) = Ao(z — B)(z—Ba) « + + (= Bna)s

a covariant of ¢ () of the degree n — 2, prove that any symmetric function of
the quantities

$la)  dla) | Ylan)
¢(a)”  ¢la)” " " "¢lan)
can be expressed by invariants. (HERMITE.)
Denoting by R the resultant of ¢ (z) and A¢’(z) + ¢ () expressed in terms of
the roots of ¢ (), we can prove this proposition simply by showing that the values
of A given by the equation R = 0 are not altered (except in sign) when for the
roots a and the roots 8 their reciprocals are written ; the inversion of the roots a
involving the substitution of @,_, for a, and also the inversion of the roots g of

¥ (2).
18. Prove that U, and H, expressed in terms of %, and u, of Art. 183 are
both of the form

(4, B, 4) (uy? us?)%
19. Prove that the quartic
[ (@, y) = (a,b,¢,d, ) (2, y)*

may be reduced by a linear transformation z = AX + uY, y = XX + u'Y to
the form
J(AX) X4 + f(p, )Y + 6pM2X2Y?,
where :
4  —Ip+J =0, M=x/—Np. (SYLVESTER.)

A
20. Retaining the notation of the last example, prove that ¥ and !—tare the
I
roots of one of the factors u, v, w of the sextic covariaut of the quartic (Art. 183).

21. Prove that

T = 60 (U1, — UUsY),

the reducing cubic of Art. 65 (cf. Ex. 5, p. 132, Vol. 1.).
22, Prove that
P1PX3 + pgP Y2 + p?Z2 = Ny Hy — 1, U,

where I, _;, I1,_, are sums of homogeneous producta.
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23. Prove
(27J2 — I3) (Y322 + Z2X® + X2Y?) = I3U? — 36JUH, + 12IH,?
the second side of this identity being the Hessian of Gz

24, If U = ¢4 + ¢ + 6médn?,
where E=M+py, n=Ne+py, M=t —XNp;
prove that I= M‘(l + 3m’), J = M%(m — m3),

=71 m— ma’
Hj = M*{m (¢ + 9*) + (1 — 3m?) {4,
Ge = M3(1 — 9m?) én (€4 — n*).

4‘(M’m)3 — I(Mm) +J =0,

25. Show (1) that there are two real and distinct ways of making the trans-
formation of Example 19 when the roots of the quartic are all real or all
imaginary, and (2) only one real] way when two roots are real and two imaginary.

Calculate the values of A;, A,, A, of Art. 185, and observe that in the first

case tho reducing cubic has three real roots, and in the second one real and two
imaginary roots.
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CHAPTER XVIII.
COVARIANTS ND INVARIANTS OF COMBINED FORMS,

189. Combined Forms.—In the present chapter we pro-
pose to illustrate the theory of the covariants and invariants of
gystems of two or more quantics (Art. 166) by the simplest
cases, viz.: (1) two quadratics, (2) quadratic and cubic, and
(3) two cubics. We give in each case an enumeration of the
forms which have been shown to be fundamental by the investi-
gations of Clebsch, Gordan, and Sylvester, showing how these
forms may be obtained, but without attempting the reduction
of all other forms dependent on them. In estimating the num-
ber of covariants and invariants of a combined system, the
independent forms which belong to each quantic by itself are
counted among the total number belonging to the system. It
will be found convenient to use the term special to designate
those forms which belong to the two quantics regarded as a
system (and which therefore contain the coefficients of both), as
distinguished from those which belong to the quantics taken
separately.

Invariants and covariants are both included under the name
concomatant, which is applied to any function whose relations to
the quantics are independent of linear transformation.

190. Two Quadratics.—Let the two quadratics be
U =ax®+2bzy + cy?, V = ax?+ 2bzy + cy?.
This system has one special invariant, and one special covariant.

The invariant may be obtained by forming the discriminant of
AU + pV, which is found to be

A2 (a10, — by?) + M (aye; + age, — 2b,D,) + p? (age, — by?),
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all the coefficients of A : u being invariants (Art. 175); whence
we have the special invariant

ayCy + agCy — 2b1b, = 21, (Ex. 3, Art. 171.)

The vanishing of this function of the coefficients is the con-

dition that the pencil of lines UV = 0 should be harmonic, the

rays represented by one equation being conjugate to those
represented by the other.

The special covariant is the Jacobian of the system, viz.,
ax + by bz + ¢y

= J(U, V),
ayx + by  byx + cgy
which may be written in the form
y2 _ wy wz
a b G |,
Gy b, Cy

obtained by eliminating dialytically the variables from the
quantics U, V, (zy’ — z'y)?, the form zy’ — 2’y being & universal
concomitant of all binary quantics (Art. 175). This form for
J (U, V) can also be arrived at by eliminating A and u from the
equations obtained by comparing the coefficients in the identity
AU + uV = (ay' - 2'y)2

The square of J is connected with U and V by the following
important relation :— .

- J2(U, V) = 1,02 - 21,,UV + I,,V?, (1)

which may be derived immediately from the equation

y: —azy 2? ® 2zy P o U VvV
a1 b1 01 01 - 2b1 “1 = U 2111 2112

a2 b2 02 02 - 2b2 aa V 2112 2122

Again, it is eagy to see that J(UV) gives the double lines of
the system AU + pV, for when AU + uV is a perfect square

ALy + 20l + p?lyy = 0,
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and eliminating A : u by means of the equation AU + uV = 0, the
double lines are determined by the equation

IzzUB - 21120V + Invz = 0,
or JE(U,V)=0.

Every concomitant of a system of two quadratics may be
expressed in terms of the six forms U, V, J (U, V), 1,;, L s, I,
all of which are constituents of the formula (1) written
The resultant of U, V, for example, is
4 (111122 - Ilz;zo ) (Al‘t. 150-)
wa—
which is also the discriminant of J (U, V), and the dialytic

eliminant of U, V, J (U, V).

191. Quadratic and Cubic.—Let the two quantics be
Us=(a,becd)(ey)? V=(,bc)(@y?

the covariants of U being denoted as usual by H, and G,. The
system has one special cubic covariant, the Jacobian of U and V,
or J (U, V); and one special quadratic covariant, viz.,J (H,, V).
In writing down the remaining covariants it will be found
convenient to adopt the following notation. We use U with
suffix D to denote the result of substituting in U the differential
Y

symbols D,, — D, for z, y, respectively, where D, = 2 ;

b:v’ Dy = -b—?‘/
hence

Up=(a,b,¢d)(Dy, - Dy)? Vp=(a,¥,c) (D, - D),
with a corresponding notation in other cases.

There are four linear covariants, which may now be written
as follows :—

Vp(U), Vp(Ga), Up(V?), Gp(V3).
The first of these written at length is
(ac’ — 2bb’ + ca’) z + (be' — 2¢b + da') y.
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There are three special invariants. The first is the inter-
mediate invariant of the system of two quadratics H, and V,
viz.,

(ac — b3)c’ — (ad — be)d’ + (bd — c2)a’ = Iy,

where the notation I,, is used to signify that the invariant is
of the p* degree in the coefficients of U, and the ¢** in the
coefficients of V. The second invariant is the resultant R of
U and V. It is of the second degree in the coefficients of U,
and third in the coefficients of ¥, and may be expressed in
many ways by the methods of elimination of Chap. XIV. The
general form of any invariant I,; of this type is

123 = lR +m (GIC' - bl2)121,

! and m being any numbers.

The third invariant (which is skew) is of the type I, and
may be obtained by operating with ¥, three times in succession
on the product of U and G, ; it can be written in the form

Vo3(UG,).

There are, therefore, nine special forms belonging to this
system ; and if to these be added U and V, and the independent
covariants and invariants of each, we obtain the complete list
of fifteen forms, viz., three cubic, three quadratic, and four linear
covariants, and five invariants.

192. Two Cubics.—Let the cubics be
U= (a,bcd) (2,93 V=(@,0,dd)y?
the covariants of U being represented as before by H, and G,
and those of V by H', and G",.

Of this system there is one quartic covariant, the Jacobian of
U and V, viz.,
J(U, V) = (ab')z* + 2 (ac’) 2% + {(ad’) + 3 (bc')} z%?
+ 2 (bd’) 2y® + (od') y*;
and two special cubic covariants, viz.,
J(U,H,), and J (V, H,).
VOL. IIL M
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There are four special quadratic covariants. If we form the
Hessian of AU + uV, i.e. substitute Aa + pa’, Ab + ub’, &c., for
a, b, &c., in H,, we find

NH, + MM, + p*H' .
The intermediate Hessian M, here obtained is the first special
quadratic covariant; and the remaining three are obtained by
taking the Jacobians in pairs of H,, M, and H’,.

There are six linear covariants which may be written as
follows :—

H,(V), Hp(¢"n), H'p(U), H'p(Go), Up(H'S), Vp(HY)

It is easily seen that H, (U) and H, (G,) vanish identically,
for U and G, may be brought by linear transformation to the
forms ax® + dy?, and ad(ax® — dy?3), respectively, and H, to the
form adzy (cf. Art. 180).

There are in all seven invariants, five of which may be ob-
tained by forming the discriminant of AU + uV, the coefficients
of the different powers of A:u being invariants. If the dis-
criminant is  °

AA + 4230 + 6A%u2D + 3O’ + ptA,
we obtain in this way three special invariants @, @, ©’, the
extreme coefficients being the discriminants of U and V. The
two remaining invariants are of odd orders in the coefficients of
each cubic. They are denoted by P and @, and may be defined
as follows :—
P = U, (V) = (ad') - 3(5¢), (1)
27Q = P* - R, (2)
where R is the resultant of U and V as obtained by Bezout’s
method (Art. 155), viz.,
R = (ad’)® - 18 (ab') (cd) (ad’) + 9 (bd") (ca’) (ad")
+ 27 (ca’)? (cd’) + 27 (ad’) (bd')? — 81 (ab’) (bc’) (cd’).

Substituting this value of R in (2), we find

- Q = (b)? + (ca)? (o) + (ab') (bd')?  (be')* (ad)
— 3 (ab') (bc') (cd) ~ (ad') (ab') (cd').
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Any invariant comprised in the formula IP® + mR, where 1
and m are numbers, being of the type I3;, might have been
selected instead of @ as the fundamental invariant of this type ;
reasons will appear subsequently for the selection which has
been made (see Ex. 4, p. 164).

If to the special forms enumerated be added those which
belong to each cubic, we have in all twenty-six fundamental
forms, viz., one quartic, six cubic, six quadratic, and six linear,
covariants ; and seven invariants.

Several of the covariants and invariants enumerated in the
preceding Articles will be found expressed in terms of the roots
of the two equations of the combined system among the examples
which follow on the next page.

193. Combinants.—Combined forms of the same degree
give rise to a series of invariants and covariants whose coeffi-
cients are expressible by determinants of the form (a,b,), such
as occur in the resultant obtained by Bezout’s method (Art. 155).
These concomitants are unaltered, save by a factor of the form
(Au’ — X'u)", when the quantics U, V are changed into AU + uV,
A'U + u'V. Such invariants have been called combinants, and
the corresponding covariants may be termed in like manner
combining covariants. Of the former we have examples in P and
Q of Art. 192 ; and the Jacobians of such forms are examples of
the latter class of concomitants.

It may be noticed that the I and J invariants of the biquad-
ratic in A:u of the preceding Article, viz., the discriminant of
AU + uV, are combinants of the system of two cubics; for, in
fact, a linear transformation of A and u is equivalent to a trans-
formation of U and V of the kind considered in the present
Article, and therefore any function of the invariants A, @, @,
&c., unaltered by such transformation, must be a combinant.
It can be verified that these invariants may be expressed in
terms of P and @ as follows (see Salmon’s Higher Algebra, Art.
218) :—

I =3P (P3-24Q), J =~ P®+ 36P3%Q — 21602,
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ExaMPpLES.
1. If a, B, y, and a’, B’ are the roots of the equations
U=ax* 4+ 3224+ 32x+d=0, V=a22+202+¢" =0,
express in terms of the coefficients the function
(B—7*a—a)(a—p)+(r—a)(B—a)(B—B) +(a— By — ) (y—B)
Denoting this function by ¢, we easily find
— a%a’d = 9{a’(bd — c?) — b’(ad — bc) + c’(ac — b3)}.

The given function of the roots is an invariant of the system, for it involves
all the roots of the cubic in the second degree, and all the roots of the quadratic
in the first degree. If, in fact, we make the substitutions of Art. 166, and multiply
" by U%V to make the function integral, the result will not contain z, and is
therefore an invariant (Art. 191).

The geometrical interpretation of the equation ¢ = 0 is that the quadratio V
should form with the Hessian of U a harmonic system.

2. Using the same notation as in the preceding question, find the condition
that one pair of roots of U = 0 should form a harmonic range with the roots of
V=0

AM. .R +9(a6 —bl’)Ial—O-

3. If q, B, v, and ', B, ¥’ be the roots of the cubics

U=ax®+3b2® +3cx +d=0, V=az®+302%+3xz+d =0,

express the following function (when multiplied by aa’) in terms of the coefficients,
and prove that it is an invariant of the system :—

(@—a)(B=B)y—7)+(a—B)B—¥)(y—a)+(a —7)(3—4)(%-5')'
or, differently arranged,
(a=a)(B=7Y)y—B)+(@—=F)B—a)y—7)+(a—7)(B-F)(r—a);

Ans. 3P, where P = (ad’ — a’d) — 3 (bc’ — b’c). (Art. 192.)
4. Retaining the notation of the preceding example, prove that if x can be

determined so as to make U + «V a perfect cube, the following relation exists
among the roots of the two cubics :—

(B — ¥) V(@) + (v — a)VE(B) + (a — P)NG(y) =

where ¢ (z) = V and a, B, y are the roets of U = 0; and prove that in this case
the invariant Q (Art. 192) vanishes.

The relation among the roots is obtained immediately by substituting a, p,
for z in the identity U + xV = (lz + m)3, and eliminating «, !, m from the
resulting equations.
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Rationalizing, we have

— 8 a —Cl,a - ® *
{E=Rel & G P90 + = NN 19 @B m =0

Bubstituting for ¢ (a), ¢ (B), ¢ (y) ;“introducing the relations obtained by com-
paring the different powers of A in the following identity :—
Z(@+A*B—7)?2=3@+NB+NF+NB-(r—a)(e—p;
and expressing the result in terms of the coefficients, we find
{3P}* —27TR =0, or @ = 0 (Art. 192).
We now give several different forms under which the invariant @ presents
iteelf. Since U + «V is a perfect cube, we have (Art. 43)—
a+ka’ b4+ub ¢+ ke (1

b+t ctnc d+rd
Equating these fractions separately to — «’, we find
a + ka’ + k’'b + k't = 0,

b4 kb’ + «'c + kx’e’ =0, (2)
¢+ «¢’ + k'd 4 k’d = 0;

and solving for «, «’, kk’, we may eliminate them, and find the condition in
the form

a b ¢ v ¢ d a b b ¢ d
Q=| o ¥ ¢ a b ¢ — ] a b ¢ a b < |=0.
b ¢ d b ¢ d b ¢ d ¥ ¢ d

Again, eliminating x and x? from the equations (1) without introducing «’,
we obtain another form for @, viz.,

ac — b3 ac’ + a’c — 2bb’ a’c’ — b2
Q=| ad — be ad’ + a'd — be’ — b'c a’d’ — b’¢
bd — ¢3 bd’ + b’'d — 2¢c¢’ b'd’ — ¢'?

This form of ¢ can be readily obtained also by expressing the condition that
the Hessian of AU + uV (Art. 192) should vanish identically—a condition which
is fulfilled when AU + uV is a perfect cube.

Finally, writing the equations (2) in the form

a + «’b - b + «’c - ¢+ x'd
a + & U+ ¢+ kA
and eliminating »” and x’%, we have a third form for Q, viz.,
- (ab’) (ac’) (b¢')
Q= (ac) (ad’) + (be’)  (bd’) |.
(b¢') . (bd) (cd’)
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The constituents in this form are the same minor determinants which occur in
Bezout’s form of the resultant ; and it may be easily verified that this value of
Q agrees with the expanded form written in Art. 192.

6. Find the condition that the roots of two cubics should determine a system
in involution.

The condition in terms of the roots is expressed by equating to zero the pro-
duct of six determinants of the type

1 a+a aa’

1 B+p8 - BF
L v+ _
6. Express the condition of the preceding example in terms of the coefficients
of the cubics.
The roots of one cubic being conjugates to the roots of the other, the two are
reducible to the following forms :—
U = aa® + 3bax? + 3cx + d,
V = da® + 3xca? + 3x2bzx + x3a;
and writing the discriminant of pU + V in general in the form (Art. 192)—
piA + 4020 + 6p% + 490" + A/,
we find in this case
0 = k30, A’ =k%A;
whence the required condition
A@’t — A’6% = 0.
7. Express in terms of the coefficients of the cubics of Ex. 3 the following
covariant of the system :—
aa’Z{3(B — B) (v —¥) +3(B =)y — B) + (B— ) (B~ ¥) }(z — o) (z—a).
Ans. 18{(ac’ + a’c — 2b8')z? + (ad’ + a’d — be’ — b'c)zx + (bd’ + b'd — 2¢cc’)}.
8. To reduce the two cubics
U=(abecd)(z,y), V=(a,b,c,d)(zy)?
to the forms
_12 125
U=ix "-avy
by means of a linear transformation whose coefficients are to be determined in
terms of the coefficients of the given cubics.
If P =(A4,B,0,D,E)(X, Y);
and U =(a,b,¢d)(z9) = (4, B,C, D)(X, Y)3,
V= (ali b, ¢, d’) (=, y)‘ = (B: G, D, k) (X) Y)S'
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. 0 0 3 1
by substituting the differential symbols D,, — D, for = and y, and T Dy,

1
~u Dx for X and Y in the Hessian of both forms of U, we find

D2 DyD, D, Dy* DyDy Dy*
a b c =ﬂ—!l[—‘ A B (o} H
b c d B c D
whence, operating on both forms of ¥V, we have
a b ¢ ¥ ¢ &
bmp=|a b ¢ lz+|a b o |y=9L
b c d b c d
Similarly
a b c b ¢ d
4
b Y d’ b ¢ &’

where ¢ and ¢ are covariants of U and V, and J is the ternary invariant of F.
Again, since
J
$o=$(Dy— D) = 4 Dry and — o = — §(Dy, — D) = j%spx'
performing the operation

$oy (. y), or dnd(zy)

on equivalent forms, we have

a b ¢ ¥ ¢ d a b ¢ b ¢ d
Q=| o ¥ ¢ e b c |—| a b ¢ a'b'c'=§3,
¥ ¢ d b ¢ d b ¢ d o ¢ d

We are now in a position to prove that U, ¥ may be reduced to the required
forms.
From former equations we have

¥ ¢ d b ¢ d
Qr = a b ¢ ¢—| a b c |p=md—my
b ¢ d b ¢ &
a b a b ¢
Q=—|a b ¢ |¢+| da ¥ ¢ =1l + Uy
¢c d ¥ ¢ &

Y = lz + my, .¢-l’z+m'y.
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If, using this transformation,
QSU — (A', BI’ GI’ DI) (¢' ¢)a, QSV = (A", B", 0", D") (¢, 'l‘)l'
we have
A’ = am® — 3bm3l 4 3eml? — dI® = 3y ,3U,
B = — am*m’ + bl 4 2bmm’l — 2emll’ — cl*m’ + digl
= m¥ b’ — am’) + 2mlbm’ — cl’) + I}dl’ — cm’).
Now if the Hessians H, H’ of U, V are equal to
yx? — Bxy + ay?, y'z? — Bay + oy?
respectively, we have I’ = aa’ + b8’ + cy’, m’ = ba’ + ¢f’ + dy’, with similar
values for I, m, and .hence
O —am’ = (By’) =am — b'l, ' —bm' = (yd') = b'm — ¢l,
dl — em’ = (af’) = ¢'m — d'l.
Hence B’ = m¥(By’) — 2mi(ya’) + I¥af’) = $Yp*J(H, H’),
B’ also = — }p¥oU
C’ = mm/(am’ — bl’) + ml/(c’ — bm’) + m'YcV’ — bm’) + W(cm’ — dl’)

= — mm/(By’) + (ml’ + m’l) (ya’) — W(af') = — YoppJ(HH'),
O’ also = YU

D' = m’2(By’) — 2m’V (ya’) + V'3 (af) = }¢$p%J (H, H’), D’ also = — }¢,U.
Similarly,
A = m*(By) — 2ml (ya') + 13 (af) = B’
B” =" — mm/(By’) + (mi’ + m'l) (ya') — U (af’) = C’
C” = m'*(By’) — 2m'l (ya') + V(aB) = D’
D" = — }pV.
Hence, putting
A'=Q*4, B =A"=Q*B, C'=B"=Q%, D'=C"=Q*D, D" =QE,
F = (4, B,C, D, E) (¢, ¥)*
we have U= i%, V= ig—f,
and we note that 4, B, 0, D, E are invariants as they should be.

9. Determine the invariants of F in the preceding example, and hence infer
the form of the resultants of two cubics.

We have, from the equations of Ex. 8,

Q=J'M; M =(ml)] Q*=Q,

and, substituting differential symbols for z, y and ¢,  in both forms of ¥, and
operating on U, we find

’ Pmad —a'd — 3(be’ — b'c) = I| M3 = I[Q%

Hence Jt = QY, I =QP,

I3 — 27J% = Q%(P* — 27Q),

from which it follows that when P? = 27Q, we have I? = 27J3; but the last
relation holds when F has a square factor, which necessitates U and V having a
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common factor; whence, if P® — 27Q, U and V have a common factor, and
therefore P3 — 270, being of proper degree and weight, is the resultant of the
cubics U and V (cf. Art. 192).

10. If q, B, v, 8: @', B/, ¥, & be the roots of the biquadratics

(@ b,¢c,dy€) (2, 1)t =0, (a’,b,¢,d,¢)(x,1)8 =0,

prove
ad’Z (e —a') (B — B)(y — ¥) (8 — &) = 24{ae’ + a’e — 4 (bd’ + b'd) + 6cc’),
and show that this function is an invariant of the system.

11. Prove that the following function of the roots of a biguadratic and
quadratic gives an invariant of the system, and determine its geometrical
interpretation :—

1 B +y By 1 y+a ya 1 a+B8 of
1 a+d8 ad X 1 B+8 Bs X 1 y+8 o8 = ¢.
l al + BI alﬁl 1 a’ + BI aIBI 1 a’ +ﬂl alﬁl

The geometrical interpretation of the equation ¢ = 0 is, that the two con-
jugate foci of some one of the three involutions determined by the biquadratic
form along with the quadratic an harmonic system.

12. Prove that the following functions of the roots of a biquadratic and
quadratic give invariants of the system, and determine their values in terms of
the coefficients :—

aghe?Z (o — a) (a" — B) (B" — ¥) (B’ — 8),
2252 Z (a — B)* (y — @) (3 — B) (¥ — B)) (3 — @)

13. If f(z) and ¢(x) be two quartics with unequal roots, the roots of f(x) being
a, B, v, 8, prove that the condition that a quartic of the system Af(2) + ud(z)
can have two square factors may be expressed as follows :—

1 a a? '\/m
1 B B N
1 vy 9 N )

1 & 8 N0

14. Determine the condition in terms of the coefficients that the quartic of
the form Af (z) + u¢ (¥) may have two square factors.

In this case the Hessian of Af (x) + ué (2) = «{Af () + pé ()}, from which
identity we have five equations to eliminate A%, Ay, 2, xA, xp ; thus obtaining an
invariant I,,, of the 44 degree in the coefficients of each equation.

15. The discriminant of AU + ¥, where U and ¥ are cubies (g, b, ¢, d)(z, ¥)?,
(a’, ¥, ¢’, d’) (%, y)? being written as in Art. 192, resolve into its factors the

covariant
(A, 6,9,60,A%) (V, — U
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The leading coefficient of this covariant is easily obtained by forming the
discriminant of aV — a’U directly ; it is
(ab")? {4 (ab’) (ad’) — 3 (ac’)®},
which may be written in the form 243 {PA + 6(4C — B’)}, where 4, B, C are
the first three coefficients of the Jacobian ; and, consequently, the given covariant
is expressed as follows :—
2J3(U, V){PJ (U, V) + 6 Hessian of J (U, V)}.
16. Express the invariants of the Jacobian of two cubics in terms of P and Q.
Ans. 12I' = P3, 216J’ = 54Q — P53,
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CHAPTER XIX.
TRANSFORMATIONS.

SECTION I.—TSCHIRNHAUSEN’S TRANSFORMATIONS.

194. Under the general heading of this chapter we propose
collecting several propositions which could not have been con-
veniently given elsewhere, and which are of importance in
connexion with the subjects discussed in the foregoing pages.
We commence with a general theorem relating to rational trans-
formations.

Theorem.—The most general rational algebraic transforma-
tion of a root of an equation of the n'* degree can be reduced to an
integral transformation of the degree n — 1 at most.

For every rational function of a root a, of the equation
S (z) = 0 is of the form

x (),
¥(ar)

where x and i are integral functions ; also,

X(ar) b @) . (@) () - (),
$la) X" o) plag) - ... % (@n1) P (@n)

and the denominator ¢ (a,) ¢ (o) . . . ¥ (ay,), being a symmetric
function of the roots of f(z) = 0, can be expressed as a rational

function of the coefficients. Whence m’—) 18 reduced to an

¢ (ar)
integral form.
Moreover, the numerator of the former fraction is a symmetric

@)

function of the roots of the equation = 0, and may con-

r

sequently be expressed as a rational function of the coefficients
of that equation ; that is, in terms of a, and the coefficients of

f (@).
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Now, denoting by F (a,) this integral form of ig';, we have
T
by division
F (a,) = @f (o)) + ¢ (ar) = ¢ (ay),
where ¢ (a,) does not exceed the degree » — 1; which proves the
proposition.

In the particular cases of the quadratic and cubic it follows
that the most general rational function of a root can be reduced
to a linear function, and a quadratic function of that root,
respectively. In the case of the cubic this quadratic function
may be reduced to another form which is often useful, as follows :
Denoting the quadratic function by i (6), and dividing the cubic
J (0) by ¢ (8) ,we have

F(0) = (g0 + :8) $ (0) + 7o + 7,0 = 0,
proving that
ro+1,0,
, A by &
whence it appears that the most general transformation of a root
of a cubic may be reduced to a homographic transformation.

In connexion with the proposition here established it is easy
to justify the remarks made in Arts. 59, 66, relative to the
solutions of the cubic and the biquadratic equations. With this
object in view, let ¢ and ¢ be two rational functions of n quan-
tities a;, a5, . . . a, (Which may be considered as the roots of an
equation), each having only p values when the roots are inter-
changed in every way. Denoting these values of both functions
obtained by the same substitutions by

b1 b2 b5, - - - by
‘pl’ ‘/’2’ ‘/’8, ce ‘pw

we have, for every integer 7,
bt + b + dale? + . . . P! = Ty

a symmetric function of the roots, since it is the sum of all the
possible values which ¢y? can take.
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In this way we may obtain the system of equations

é1 + ¢y + s + ...y =T,
é1y +dahe ks + .. .dg, =Ty

G Pt + b Pt + P + L L L PPt =Ty,

where Ty, Ty, ... T, ; are all symmetric functions of
@y, Ggy Qg « « « Gy

Solving these equations, we find at once ¢, expressed as a
symmetric function of i,, 5, . . . ¥,, since any interchange of
a, 3, . . . ,, being equivalent to an interchange of ¢, ds, . . . ¢,
does not alter the value of ¢,. This value, therefore, is by the
present proposition reducible to a rational and integral function
of , of the degree p — 1, since ¢ has only p values considered as
a function of a}, a5, . . . a,. Now considering the special cases
referred to—(1) when p = 2, and » = 3, it is proved that a linear
relation connects ¢ and ¢ in terms of symmetric functions of
ay, ag ag; and (2), when p =3, and n =4, ¢ and ¢ may be
shown to be connected by a rational relation (see Examples 5,
6, 7, p. 132, Vol. I.; Ex. 3, p. 106, Vol. IL.).

195. Formation of the Transformed Equation.—
The transformation explained in the preceding Article was first
employed by Tschirnhausen for the reduction of the cubic and
biquadratic. 'We may form in general the equation whose roots

are ¢ (a,), ¢ (ag), . - . ¢ (a,), where
(@) =ag+a,x+ a2+ ...+ a2

is an integral function of x of the degree » — 1, by putting
¢ () = y, and eliminating  from the equations

f@)=0, y=ay+azx+ax®+ ...+ a, ,2*;

or we may proceed by raising ¢ (z) to the different powers
2, 3, . . . n in succession, and reducing the exponents of z in
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each case below n (by dividing by f(z) and retaining only the
remainder), we have

¢3 = bo + blm + bgmz + ¢ o o + b,,_lfl:""l,
P=co+ T+ 2 + . ..+ Cuy™],
=l + Lo+ lx2+ ...+, 2

Substituting for z in these equations each of the roots of the
equation f(z) = 0, and adding, we find, if S,, S,, S;, &c., denote
the sums of the powers of the roots of the required equation,

Sl = nao + alsl + azsz "' o« o o + (t,,_ls,,_l,
S2 = nbo + b181 + szz + e oo+ bﬂ—-l s,,_l,
Sp=mnly + 18 + 18 + . . . + Uy 18,1
Now, expressing s, 83, . . . S, in terms of the coefficients
of f(z), we have 8, S,, . . . S, determined in terms of the

coefficients of ¢ () and f(x); we are also enabled by Art. 80 to
express the coefficients of the equations whose roots are ¢ (a,),
é(ag), . . . d(a,)intermsof S,, S,, . . . S, and therefore finally
in terms of the coefficients of ¢ (z) and f(z); thus theoretically
the transformation is completed.

196. Another Method of forming the Transformed
Equation.—There is another way of finding the final equation
in ¢ by elimination, which we now give. Since

G-d+ar+agi+ ... —a, 2" =0,

if this equation be multiplied by z, 22, . . . 2", and the ex-
ponents of z reduced below n by means of the equation f(z) = 0,
we have in all n equations to eliminate dialytically the n — 1
quantities, x, 22, . . . 2"1. We thus obtain the transformed
equation in the form of a determinant of the n' order, ¢ entering
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into the diagonal constituents only. For example, if f (z) = «" — 1,
we obtain the transformed equation in the following form :—

a-¢ a Ay . . Quy
Apy Gy — ¢ @y - . Ouy

= 0.
o ) a5 . . G- ¢

Although these methods of performing Tschirnhausen’s trans-
formation appear simple, yet if they be applied to particular
cases, the result usually appears in a complicated form. Pro-
fessor Cayley, by choosing a form of the transformation suggested
by M. Hermite, was enabled to take advantage of the theory of
covariants, and thus to complete the transformation for the cubic,
quartic, and quintic. We shall content ourselves with showing
in an elementary way how Cayley’s results for the cubic and
quartic may be obtained.

197. Tschirnhausen’s Transformation applied to
the Cubic.—Let the cubic equation

ax3 + 3ba® + 3cr +d =0
be written under the form
22+ 3Hz+G=0;
and let it be transformed by the substitution

YAt kZ + 2%

If z,, 2y, 23 be th¢'roots of the cubic, and Y1, Y2, Ys the corresponding
values of y, wg have

Yo — Y3 = (23 — 23) (k — 2y),
Ys— Y = (25 — 21) (k — 2), (1)

Y1~ Yo = (21 — 2) (k — 2),
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and consequently
2y, — Yo — Y3 = (22 — 29 — 25) ke + (22525 — 232, — 2,2,),
2Ys — Y3 — Y1 = (223 — 23 — 7)) k + (2232, — 2125 — 2423), (2)

25—t — Y2 = (225 — 2, — 23) k + (2242, — 2923 — 22)).
Wherefore, if the equation in y with the second term removed be
Y*+3H'Y + G =0,

we have from equations (1) and-(2)
H=H, ¢=@G,
where H_ and G, are the Hessian and cubic covariant of
k3 + 3Hk + G
and the transformation is therefore completed, since y; + ¥, + ¥
can be easily determined.

198. The Tschirnhausen Transformation applied
to the Quartie.—In this case we do not attempt to form
directly the transformed quartic, but prove the following theorem,
which shows how this transformation may be resolved into two
others.

Theorem.—The Tschirnhausen transformation changes a
quartic U into one having the same invariants as U + mH,,
and therefore in general reducible to the latter form by linear
transformation.

To prove this, let the quartic

zt + P& + pyx? + PgT + Py =0
be transformed by the substitution of the most general expression
for a root of a quartic.
Y = @y + a & + agr? + agxd.
If z,, x,, @5, =, be the roots of the quartic, and y,, ¥, ¥s, ¥
the corresponding values of y, we have

Z;/é‘:‘%i = @y + aq (g + Ty) + ag (2, "*‘ TyZy + Tg?),

'gl'-—.—y‘ = a’l + a, ((l)l + 134) + aa (3312 + xlm‘ + w‘g).

T -
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From these equations we proceed-to show that

(Y2—¥s) (11— 94)
(22 — 23) (21— )
where P, and @, involve the roots of the quartic symmetrically.
In the first place, we find
(%g® + Za%5 + T5?) (21 + 2124 + 23%) = Po® — P13 + Py — DA,
where A has its usual value, viz., z,2; + 2,7, ; and, secondly, since

= Py + @, (25, + 7124),

11322 + (132133 + 2332 = (zz + .’133)2 - xzxa, &C.,
we find again
(@gt+Tg) (21 2+ Ty Ty +4%) + (T +Z4) (To?+TgTy+Tg®)=P3— Py P+ PaA.

Finally, since the other terms in the product are obviously of
the same form as Py + @A, we have proved that

(Y2—Ys) (Y1) _
(@2 —y) (@ =)~ Lot o (@tat TuT) 3

(Y2 = Y3) (41 = ¥a) = (v — ) (Po + Q).
Now, introducing p;, ps, ps in place of A, u, v this and the

similar equations preserve their forms ; whence, altering P, and
@, into similar quantities, we obtain the equations

(%2 — ¥3) (Y1 — Ya) = 4 (p3 — p2) (P — Qpy),
(s — ¥1) Y2 — ¥a) = L (p1 — p3) (P — Qpy),
(%1 — ¥2) (U5 — ¥a) = 4 (p2 — p1) (P — Qps),

which lead at once to the invariants of the transformed quartic ;
and comparing their values with the invariants of «U — AH,
given in Art. 187, the theorem follows at once.

199. Reduction of the Cubic to a Binomial form by
the Tschirnhausen Transformation.—Let the cubic

whence

ax® + 3ba? + 3cx + d
be reduced to the form y® — V by the transformation
Yy =q+pzT+ 2

VOL. II. N’
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If z,, z,, x5 be the roots of the given cubic, and y, a root
of the transformed cubic, we have the following equations to
determine p and ¢ :—

T,® + Pry + 4 = Y,
z® + P2y + ¢ = Wy,
x? + PTy + ¢ = Wy, ;
from which we find
%, + wity? + wirg?
P T T+ 0wz,

Adding , + z, + 5 to this value of p, we have

_ Ty + witg®) + w0y Ty
T, + wTy + wliry
it follows (Ex. 25, p. 57, Vol. 1.) that there are only two ways

of completing this transformation, as the values of p, ¢ ultimately
depend on the solution of the Hessian of the cubic.

s g=—}%(sa+psy).

P+Ty+ Xy + Xy =

200. Redugction of the Quarticto a ial Form
by Tschirnhausen’s Transformation.—Let the quartic

az® + 4bx® + 6cx® + 4dx + e
be reduced to the form y* + Py? + @, in which the second and
fourth terms are absent, by the transformation
Y =q+ pr+ T
If z,, x,, x5, x, be the roots of the quartic; also y,, ¥, two
distinet roots of the transformed quartic, we have the following
equations to determine p and ¢ :—
TP+ PT+ =Y T+ PTy+ 4= Yoy
TP+ Prat g =—Y TS+ PU+G= =Yy
from which we find
(Ulz + zzz - {133’ - (B42
T T+, -ay-
And, adding @, + z, + 23 + , to this value of p, we have
2 (3%, — T5%,) :
O+ Ty —T3—

q=—1 (83 +p8).

D+ + Ty + Ty + Ty =
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hence, by Ex. 5, p. 132, Vol. L., it follows that there are three
ways of reducing the quartic to the proposed form, the deter-
mination of which ultimately depends on the solution of the
reducing cubic of the quartic.

201. Removal of the Second, Third and Fourth
Terms from an Equation of the n” Degree.—We begin
by proving the following proposition, which we shall subsequently
apply :—

A homogeneous function V of the second degree in n variables
Ty, Ty, T3, . . . T, can be expressed as the sum of n squares.

To prove this, let ¥ arranged in powers of x, take the form

V = pyz® + 2pyzy + Py

where p, is a constant, p; a linear function, and p, a quadratic
function of z,, x5, . . . z,.

pd

2
(a) If p, does not vanish, V = po<m1 +&> + py— =, and as
Do o

Py — e does not contain x,, we have reduced the question to one
0

of expressing a homogeneous function of the second degree in
n — 1 variables as a sum of n — 1 squares with constant coeffi-
cients. .

(b) If py = 0, and we wish to deal with z,, the coefficient of
the product of z, and some other variable, say x,, must not vanish,
otherwise ¥V would be independent of z,. Write, then, ¥ in the
form az,z, + cx,® + py&, + ¢ %5 + 75, Where a, ¢ are constants,
91, ¢; linear functions, and 7, a quadratic function of z,, z,, . . . z,,.

Therefore,

V = x, (ax, + cxy) +(am1+cz2)&+(q 5’) Ty + 7o

E(w2+%>(ax1+cw2+q1——£‘) Z’—l(ql cP‘)+rz

a
= ayys + 19

e+l 1B _P —z. D1
where % x1+am2 a” o Ya=Ty+=,

N2
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and 7,” i8 a quadratic function of z,, z,, . . . z,.
=3 (22 — 2% + 1)
+ —_—
where zl=y1\/§y 2 z,=y1/§y1.

We have thus reduced the question to one of expressing a
homogeneous function of the second degree in n — 2 variables as
a sum of » — 2 squares with constant coefficients.

Note if 25, z,, . . . z, are put equal to zero, we have arranged
the modulus of transformation between z;, ,, and z,, 2z,, 80 that
it is equal to unity. -

Proceeding then by (a) or (b) as required, we finally express
V as the sum of n squares, for any one of the squares, say aX?,

may be written (\/EX )2
Now, returning to the original problem, let the equation be
I+ P+ Pt L L L+ Py =0

and, putting
y = axt + B + yx? + 8z + €,
let the transformed equation be
P+ + Qi+ L L+ @, =0,
where, by Art. 195, @, @, ... @, . .. are homogeneous
functions of the first, second, . . . 7% degrees in a, B, v, S, .
Now, if a, B, ¥, 8, € can be determined so that
Ql =0, Q2= 0, Qa =0,

the problem will be solved. For this purpose, eliminating e
from @, and Q,, by substituting its value derived from Q, =0,
we obtain two homogeneous equations

R, =0, R;=0,
of the second and third degrees in a, B, y, 8; and by the pro-
position proved above, we may write R, under the form

u? — v 4+ wd - 3
which is satisfied by putting v = vand w = ¢. From these simple

equations we find y = la + mpB, and 8 = l,a + m,B8 ; and substitut-
ing these values in @; = 0, we have a cubic equation to determine
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the ratio B:a. Whence, giving any one of the quantities a, B,
y, 8, € a definite value, the rest are determined, and the equation
is reduced to the form

PV+OY T+ QY+ ... +@Q,=0.
In a similar way we may remove the coefficients @,, Q,, Q.,
by solving an equation of the fourth degree.
Applying this method to the quintic, we may reduce it to
either of the trinomial forms

2+ Pr+@Q, z°+ Pa?+ Q;
or again, changing z into ;}, to either of the forms

x® + Pa® + Q, 25+ Pxt + Q.
In this investigation we have followed M. Serret (see his
Cours &’ Algébre Supérieure, Vol. 1., Art. 192).

SectioN II.—HERMITE’S AND SYLVESTER’S THEOREMS.

202. Homogeneous Function of Second Degree
expressed as Sum of Squares.—We have already shown,
(Art. 201) that a homogeneous function of the second degree in
the variables may be reduced to a sum of squares, no hypothesis
being made as to the nature of the coefficients of the function
considered. We now return to the consideration of this problem
when the coefficients of the function are supposed to be all real ;
and we proceed to determine, in magnitude and sign, the coeffi-
cients of the squares in the transformed function.

Let F (x,, %5, . . . z,) be a homogeneous funetion of the second
degree in n variables, with real coefficients ; and let us suppose
that it is reduced, using the method (a) of Art. 201 alone, to the
form

Py (@1 + Gy + QT3 + . . . + @,T,)?

+ Py (Ty + bgxs + . . . + b,z,)?

+ pg(Tg + . . o + CuZ,)?

+p nmnas
where all the coefficients of this new form are real.
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Making now the linear transformation

'Xl = w]_ + azmg + aswa -+ a4x4 + ...+ a,,il‘,,,
Xz = wg + bs.’l:s + b4x4 + ...+ bna:n,
X = Ty + CTy + . . . + Cpy,
Xn = lnxm

we have
F (@), g, g, . . - 2,) = ;X2 + P X2 + puXp¥+ . ..+ puXyh

Since the modulus of this transformation is equal to 1, the
discriminants of both these forms of F must be absolutely equal.
Denoting, therefore, the discriminant of ¥ by A,, we have

Ap=PiPoPs - - - Pns
and similarly, when the variables x; ,, «;,,, . . . Z, are made to
vanish in both forms of ¥, we have

A, =pipeps - - - Pse
Now, giving j the values 1, 2, 3, &c., we find, assuming

b A A A
=A =2 =3 P —
pl 1» p2 Al’ ps 2 2’ R pn ﬁ n.-l’

and the coefficients are determined in terms of the discriminants
of the original quadratic form in n variables and the discriminants
of the forms in n — 1, n — 2, &c., variables derived from the given
form by causing one, two, &c., of the variables to vanish in
succession in the manner just explained.

If we have to use the method (b) of Art. 201 in expressing F
in the form F = p, X2 + p, X2+ . . . + p,X,% we note that
whenever we do so, say in dealing with z,, z,, we have

\/5X3=w3+(1+0)$04+a5w5+ o« o o "I'anwn,
VX, = -z + (1 —c)ay+ bgrs+ . . . + 0,2,

and that p;, = — p;. We see then that the moduli of trans-
formation are still all equal to 1. When, however, we make
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T4 Ts . . . x, vanish, X ? = X2 so that p, X2 + p, X2 =0, and
Ag =0, but Ay = —pipps? and Ay = pipy, . ps* = — AyfAs
Generally, then, when A, = 0, p, = — p,,;, and p,2 = — A, ,/A,;.
By this method we determine p,, p,,; in absolute magnitude, but
not in sign. It is important also to note that if A, vanishes, A,
and A,_, have opposite sign.

Again, although F can be reduced to a sum of squares in a
great number of ways, it is most important to observe that in
whatever way the transformation is made, provided it is real, the
number of coefficients (affecting these squares) which have a gien
stgn 1s always the same. This theorem, which is due to Jacobi,
is easily proved ; for suppose the contrary possible, and let
F=pX%+p,X2+...+ 0, X, =, Y2+ Y2+ ...+ ¢, Y3
where the number of positive coefficients on both sides of this
identity is not the same. Making all the terms positive, by
transferring those affected with negative signs to the opposite
sides of the identity, we shall have a sum of I squares identically
equal to a sum of m squares, where m is greater than I. Now,
substituting such values for z,, z,, . . . 2, that each of the
I squares may vanish (which may be done in an infinity of ways),
we find a sum of m squares identically equal to zero, which is
impossible.

203. Hlermite’s Theorem.—The principles explained in
the preceding Article have been applied by Hermite to the
determination of the number of real roots of the equationf(z) = 0
comprised within given limits. The special form of the equation
F which he makes use of for this purpose is

r=n

2 — (%, + oLy + @223 + . . . +a,Mz,)?
g 2P

in which ,, z,, . . . z, are any variables in number equal to
the degree of the equation ; and r takes all values from 1 to n
inclusive, the roots of the equation being a,, ay, . . . a, ; also p
is an arbitrary parameter.
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This form is plainly a symmetric function of the roots of the
equation f (z) = 0; and as the coefficients of this equation are
supposed to be real, F will be also real, when expressed in terms
of these coefficients and p, provided the parameter p be given any
real value. If the roots a,, a,, a3, . . . a, are not all real, the
assumed form of F will not be obtained by a real transformation ;
but it is easy to deduce from it, as follows, another form which
will be so obtained.

If a; and a, be a pair of conjugate imaginary roots, we may
write

a; =7g(cosa + i8ina), as=7y(cosa — ¢sina).

Denoting for shortness z, + a,z, + a,2x3 + . . . +a,* 12, by
Y,, and substituting these values in Y, and Y,, we find

Y,=U+iV, Y,=U~iV,

where U and V are real ; also putting

1 7 (Cos ¢ + 4 8in @), a—z’—i—; =r(cos¢ — 18in¢),

@G —p
the part of the function F depending on a, and a,, viz.,
ve, Yo
a—p 0p—p
becomes
. .
r {(cos-‘g +1 sm%) (U+1V)2+ (cos% —18in %S-‘) (U——zV)z},

which may be also written as the difference of the squares

¢ .\ " é\*.

2r (U cos 5 — V sm—2) - 2r<U sin 5 + V cos —2-> ;
proving that, if p is real, two imaginary conjugate roots introduce
into F two real squares, one of which has a positive and the

other a negative coefficient.
We now state Hermite’s theorem as follows : Let the equation
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f@=@-0a)(-ay) ... (z-a,)=0 have real coefficients and
unequal roots : if then by a REAL substitution we reduce

Y,? 2 2 2
S £ RS { . £ ) (1)
GQ—=p GG—p O03—p a,—p
Where Yf = ml + arxﬁ + arzxs + ...+ af”-lwﬂ’

to a sum of squares, the number of squares having positive coefficients
will be equal to the number of pairs of imaginary roots of the equa-
tion f (z) = 0, augmented by the number of real roots greater than p.

The theorem will be also true if (a, — p)™ is substituted for
a, — p, where m is any odd integer, positive or negative.

The theorem follows at once from what has preceded if we
consider separately the parts of the function (1) which refer to
real roots and to imaginary roots, for obviously there is a positive
square for every root greater than p ; and we have proved that
every pair of conjugate imaginary roots leads to a positive and
negative real square, without affecting the other squares inde-
pendent of these roots.

The number of real roots between any two numbers p, and p,
may be readily estimated. For, denoting in general by P, the
number of positive squares in F when p = p; by N; the number
of roots of the equation f (z) = O greater than p;, and by 2I the
number of imaginary roots, we have

whence N,-N,=P,-P,,

proving that the number of real roots between p, and p, is equal
to the difference between the number of positive or negative
squares when p has the values p; and p,.

The number here determined may be shown to depend on
a very important series of functions connected with the given
equation. In order to derive these functions, we consider F under

the form (a), Art. 202 :—
A A A
2 2Ye 3Y.2 n 2
AX,2 + 51X’ + !,X” + ...+ :HX,,,
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in which it can be expressed if none of A,, A, . . . A,
vanish,

The number P expresses the number of coefficients in this form
which are positive, or, which is the same thing, the number of
the following quantities which are negative :—

Al Aa As An
B U IR (2)
We proceed now to calculate Ay, A,, . . . Ay, . . . A,interms

of p and the roots of the equation f(z) = 0; and as the method
is similar in every case, it will be sufficient to calculate A,, i.e.
the discriminant of the original form of F when all the variables
except z;, ,. =; vanish.

Writing for shortness v, = we have in this case

Y

r

F3 = Z'Vf (wl + a,xg + a,2.233)2.
The discriminant in this form is
2y Zav o

Ay=| Zav Zav Za¥ |,
2o Zady Zaly

which may be written as the product of the two arrays

1 1 ... 1 v Voo . Vg,
a a4y ... a, b WV Qg . . . Ay b
0.12 0.22 .« e e a,,a alzl’l azzvz o e . aﬂzl/”

and consequently
1 1 1|2
w |- 2(%"‘%)2 (23— a1)? (2, - a,)?
: (a1-p) (22— p) (a5 —p)
a,® ay? a4?

As = 2V1V2V3 a; Qg

In a similar manner we find

V((’q,az'% o a’)
A=) (amp) - - ar=p)
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where the notation V (a,, a5, a3, . . . a,) is employed to represent
the product of the squares of the differences of a,, a5, a3, . . . a;.
Hence the quantities A}, A,, . . . A,, ... A, are all determined.
Now, multiplying the numerator and denominator of each of

the fractions in the series (2) by f (p), each value of A is rendered
integral, and the series becomes

Vl V2 Vs Vn

vV TV, Ty 3)

where
V-=-p-a)p-a)...(E-a,),
Vi=2(p—a)(p—a3) . .. (p—a,),
Vo=2V(a,a)(p—a3) . .. (p—ay),
Vs=2V(ay, apa5) (p—as) - . . (p—an),

V=24 (ay,a5as - . .a,).

Since negative terms in the series (3) correspond to variations
of sign in the series V, V,, V,, V3, . . . V,, it is proved that the
number of variations lost in the series last written, when p passes
from the value p, to the value p,, is exactly equal to the number
of real roots of the equation f(p) = 0 comprised between p, and p,.

AsV, V., V, ... V,arederived from 1, A}, A,, . . . A,,by
multiplying the latter by f(p), and as when A, = 0, A,,; and A,
have opposite sign, we note that when V, vanishes for a value of
p not equal to a root of f(p), V,,, and V,_;, have opposite sign.

It will be observed that the functions V, V,, V,, &c., here
arrived at have the same properties as Sturm’s functions ; from
which in fact they differ by positive multipliers only, as was
observed by Sylvester, who first published these forms in the
Philosophical Magazine, December, 1839. In order to establish
the identity of the two series of functions, we proceed in the first
place to prove in the following Article an important theorem
connecting the leading coefficients of Sturm’s functions and the
sums of the powers of the roots of an equation.

204. Theorem.—The leading coefficients of Sturm’s auaziliary
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Sunctions (i.e. f' (z), and the n — 1 remainders) differ by positive
JSactors only from the following series of determinants :—

So S1 S3 33
So 81 S 81 83 83 S,

So 8 $; 83 S S, S5 84 S

So» | 81 S3 |y | Sy S3 Sgl |S3 Sq4 S5 Sg |, &e.
Using the bracket notation, we may write these determinants
in the form g, (S¢8;), (S, Sa 84), &c., the last in the series being
(808984 « + - Sgp—g)-
Representing Sturm’s remaindersby Rg, R;, . . . R,, . . . R,
and the successive quotients by @;, @, @, &c., we have (see

Art. 96)

R, = Q\f () — £ (),

By = QuR; — f' (z) = (@@ — 1) ' (z) — @of (),

Ry = Q3Ry — R, = (Q19s%s — @1 — Qo) f' (2) - (@:Qs — 1) (fx), &e.

Proceeding in this manner, we observe that any remainder R,
can be expressed in the form

R; = A,f" (z) - B,f (). (1)
The degree of R; is n — j; and since Q,, Q,, &c., are all of
the first degree in , it appears that the degrees of 4, and B, are
J—1and j — 2, respectively.
Assuming therefore, for R; and A, the forms
Ri=rg+rx+ 12+ . ..+ 7,2,
Ay =A+ M+ 222+ ... + A2
and substituting in (1) any root a of the equation f(z) = 0, we
have

To+T0+1a2+ ... +7,_amJ
Ao+hla+lga2+ o +/\,_1aj'1= 0 1 L f’(a) e

Multiplying by a, a?, . . . a?~%, o/~? in succession; making
similar substitutions of the other roots; and adding the
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equations thus derived, we obtain, by aid of the relations of
Ex. 4, p. 172, Vol. 1., the following system of equations :—

Aoso + )\181 + .00+ A,_an_g + A’_18,_1 =0,
Aosl + AISQ + ...+ A’_zs"-l + )(,__18, = O,

AoSicg + M85y + -+« o + Ag_gSas_g + Ay_18p55 = 0,
ASiy + Mi8i+ o oo+ AygSagg + ApySasms = Ty

From these equations we have, without difficulty,

S0 S1... 8, 8o 81 .4 8.9 851
s So ve+841 8
8§ S3...8 1 P) j-1 Sy
Tﬂ_, = ‘}” , A’ = ‘y, o . o A . . ,
8j—2 841 « « + Sgj—4 S25-3
84185+« - Sgjg 1 z...072 g7

the value of v, being so far arbitrary. It appears, therefore, that
the coefficient of the highest power of z in R, differs by this
multiplier only from the determinant (sysysy . . . Sp5y). We
proceed to show that the sign of y, 13 positive. For this purpose
we make use of the following relation connecting the successive
values of the functions R and 4 :—

Ay By — By 4y = f(2). (2)
To prove this, substituting for Ry,R;, R;.,, their values in
terms of A and B in the relation Ry, = @Ry — R;_,, we derive
Apyy = Qudi — Apyy Brin = QiBx — Bi—y ;
by aid of which we readily obtain the following relations con-
necting the successive functions :— :

ApyaBy — ABrya = 4By — ApyBy= . . . = 4,B, - 4,B,

= = 1’
Ak+le — ARy = ARy y— Ay By= . . . = AIRO - AoRx

= f (),

in which R, = f'(z), By =f () ="+ 2p, 2" 1 + . . . + Pn
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Now, comparing the coefficients of the highest powers of x in
(2); observing that z" occurs only in A4,,,R,, and making use
of the determinant forms previously obtained, we have

Yisa (505254 - - « Sax—g) Vi (508284 « - « Sax—g) = 1,
or ViVi1 = (508354 + « + Sap—g) %

Also, calculating the value of R, in the ordinary manner, we
easily find

1
A4, = —
2 St |1 z

o s N |
whence it is seen that the value of y, is o
0

It follows, from the relation just established between any two
successive values of v, that y,, y,, . . . v;, &c., are all positive
squares, and therefore, finally, that r,_;, the coefficient of the
highest power of z in R;, has the same sign as the determinant
(S0S284 - + - S25%)-

It should be noticed that there is only one way of obtaining
a function of x, of the degree n — j, in the form Af’(z) — Bf (),
where 4 and B are of the degrees j — 1 and j — 2, respectively,
and f (z) of the degree % ; for this function being in general of
the degree n + j — 2, in order that it may reduce to the: degree
n — J, the 25 — 2 highest terms must vanish, and this is exactly
the number of undetermined quantities in 4 and B at our dis-
posal, since it is the ratios only of the coefficients we are concerned
with. Sturm’s remainders may therefore be obtained in this way
with an undetermined multiplier.

The functions R,, 4,, and B, are functions of the differences
of z,a,,ay, . . . a,, and 8o, in other words, are semicovariants of
f (x), as may be seen by putting z + p for z and a, + p for a, in
the identity R, = 4,f(z) — B, f (), noting that f(z) and f’ (z) are
unaltered, and hence that R,, 4,, B, must be independent of p
as they are uniquely determined from f(z), f'(x) when j is assigned.
Their actual expressions in terms of the differences of z and the



Sylvester’s Forms of Sturm’s Functions. 191

roots can be readily inferred from the discussion in the following
Article.

205. Sylvester’s Forms of Sturm’s Functions.—We
make use of the notation employed in the preceding Article, and
propose to show that the Sturmian remainder R, differs only by
the positive factor y, from the function V,. We have

R, = A,f'(z) - B,f (2), (1)
where Ri=rg+71x+ 12+ . .. + 7, 2",
A, = Ao + AICE + Azwz + ) + A,_lw’-l,
By = po + p® + pa®® + - .o+ py g0

also from the value of r,_; above given we have immediately
Ta—g = ‘)’;ZV(G.I, Qgy Olgy « o a,),

showing that the leading coefficients in R; and V, differ only by

the factor y,, We now proceed to prove that the last coefficients

in these functions differ only by the same factor. For this pur-

pose, dividing the identity (1) by f(x), substituting in it from

the equation

['@ s 5 5
x

m=-+xz+ﬁ+ Ce ey

and comparing the coefficients, we find

Mo = A]_So + Azsl + Assz + ...+ )‘1—13!-2»
B = Azso + A331 + ...+ Ai—lsi—a‘
Hj—2 = Aj-150-

Also, putting z = 0 in (1) we have
7o = AgPp—1 — l"‘Opn;

and substituting for u, in terms of A, A,, A;, &e.,

T
- f = Aos_l + Also + Aasl + ... + A’_ls,_z ;
n
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whence, giving to Ay, Ay, . . . A;_; the same values as in the
calculation of 7,_,, we find

S.1 8 8 « o . 84

s s Sg . . . 84
70 = (— 1)pyy, ¢ ! ? -

852 8 85 ... 83
Now, referring to the calculation of A, in Art. 203, and

putting p =0, or v, = o%’ in the value of A, there found, we

find for the determinant just written the value
zv (a'l’ %3, A3, - - . a’i) .
Gayeg . . . Ay

then, expressing the determinant as the product of two arrays,
and giving p,, its value in terms of the roots, we have

To= ("‘ 1)”_1 WZV (av Qgy Agy o o a,)a,+1a,+2 o oo Oy,

which was required to be proved.
Now R, is, as we saw, a semicovariant, and

so=¢(a—z,0-2, .. . a, —T);

therefore 7y = ¢ (a,a5 . - . a,); so R, is derived from 7, by sub-
stituting a, — « for a,. Also, y; is a function of the differences
of the roots.

vo By= (= 1)y, 2V (a0, .« - - 05) (a1 — 8) (agsz — 3) + - -
(an — )
e R, = ‘y,V,.

/ ExXAMPLES.

1. Using the notation of Arts. 204, 205, prove that the quotient of 4; by ¥;
can be written as a symmetric function involving » and the roots : e.g.,

%-Z'(ﬁ—y)’(y—a)'(a-ﬁ)’(x"'ﬂ)(z"ﬂ)(z"?)'
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2. With the same notation prove that

8 8 83 o o ¢ 8§
8 8, 8 .. 8
B’ = y‘ . . . - . - . . ’
8j-2 8j-1 85 -+« g3
0 T, T,...T,
where T; = 82! + 8292 + 8,293 4+ . . . + 854
3. With the same notation, and denoting by U,
r=n
2(}’ — a7) (%3 + %y + ap’ry + . . .+ apizg)h
r=1

prove that the discriminant of Uj may be determined by the equation y;A; = 4j,
and show directly that if 4; = O for a certain value of z, 4;_, and 4;, have
opposite signs for the same value of z.

SectioN ITI.—MISCELLANEOUS THEOREMS.

206. Reduction of the Quintic to the Sum of Three
Fifth Powers.—This reduction can be effected by the solution
of an equation of the third degree, as we proceed to show.

Let
(@9, @y, @y, a3, G4, a5) (2, Y)° = by (z = Bry)® + by (z — Boy)®
+ by (z — Bay)%,
where B, B,, B; are the roots of the equation
P32 + Pe2? + pyz + po = 0.
Now, comparing coefficients in the two forms of the quintic,
ay=>b, +b, +by ,—a,=0bp +bB; + by,
@z = b1By® + boBy? + byfs?, — a3 = by ® + baBe® + b3Bsd,
@q = biBy? + byt + baBat, — a5 = byBi® + byfs® + bgfs®;
whence
Polto — P10y + Pay — Pstg = 0,
Polty — P10s + Polts — Pstq = 0,
Dotz — P18s + Pyl — Pstts = 0.
VOL. II. o
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When these equations are taken in conjunction with the
equation
Po + P12 + Pg2* + pg?® = 0,
we have the following equation to determine B;, B,, B :—

Q
I
i
=]

When B,, B,, B; are determined by this equation, it will
follow that any values of b,, b,, b; which satisfy three of the six
equations above, satisfy the other three, and so b,, b,, b; may be
found from the equations

by +b +b =a,

b8, + bBy + bsfs = —ay,

b1B,% + byBa? + byBs® = ay,
and the solution thereby completed.

This important transformation of the quintic is a particular
case of the following general theorem (proved in an exactly
similar manner) due to Sylvester :—

Any homogeneous function of x, y, of the degree 2n — 1, can be
reduced to the form '

by (z — Buy)™ ' + by (@ — By)*™ ™ + . . . + byl — Buy)*?
by the solution of an equation of the n'™ degree.
The cubic, C, in 2, when written as a homogeneous equation in

@, y (called the cMy), equals

P2 (@~ Buy) (@ — Bay) (x — Bay),
and must be a covariant, because if the quintic is expressed in
the form %% + v5 + w5, when transformed it is 5 + o'5 + w'S,
where «’, v', w' are the transformed values of w, v, w, but the
transformed quintic is uniquely expressible in the form

ulls + vl'5 + wlls’
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and so %'/, v", w’”, formed from the transformed equation, are
equal to o', v', w’, directly transformed from u, v, w, formed in
a corresponding way for the original quintic, and therefore uvw
is an absolute covariant. The canonizant is also easily seen to
be the J invariant of the quadratic emanent, and so obtained by
substituting in J,

BU U NU

B_Q-?T ’ W/ y o e e S;‘
for ay, @y, . . . @y, where U is the quintic, or otherwise it is
seen to be the covariant whose source is obtained from J by
altering a,, a,, . . . a, to ag, ay, . . . a,.

When the cubic C has a root equal to infinity, using the
forms y — By, y — o, y — B, We get an equation for By, B,, Bs
of which one root is zero.

When the cubic C has two equal roots, or 8, = B,, the reduction
to three fifth powers is not possible, as we cannot satisfy any
three of the equations for by, b,, b;, for they involve b,, b, in the
form b, + b, only. Putting B, = B, +%, B; = B; + 7, and solving
for b,, by, by in terms of B, €, 7, and writing\e, » — ey, u — 7y, for
x — By, € — Boy, © — Bsy, we get in the limit when € = 0, that
the quintic may be expressed in the form Au’ + Bu%v + Cv®.
Further, when the canonizant has all its roots equal, we find that
the quintic may be expressed in the form 4u® + Bu®v? by getting
the limit of the last form when % = 0.

If the canonizant vanishes identically, we can find ¢, ¢,, g5,
so that

4080 — Q101 + Qa0 = 0, ¢o@y — 4185 + @83 = 0,

Qo2 — Q1% + G20 = 0, ¢ol3 — §184 + ¢a05 = 0 ;
and if we take B,, B, equal to the roots of ¢, + ¢,2 + ¢52* = 0, we
can express the quintic in the form b, (z — By)® + by (z'— Bgy)®,
or as the sum of two fifth powers. Following the same msthod
as for the quintic, if we try to express the quartic as the sum of .
two fourth powers, we get J = 0; and if we try to express the
sextic as the sum of three sixth powers, we get a determinant = 0

02
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whose rows are (a,, a;, @y, a3), (@), @5, a5, @), (a5, a3, @4, a5),
(ag, a4, as, ag), and so on for a quantic of degree 2n, we express as
a determinant the condition that it may be expressible as the
sum of 2 n* powers of » linear functions. All such conditions
are invariants for the corresponding quantics, as may also be
verified by performing the general transformation = = Iz’ + my’,
y=Uz +m'y’, by the successive transformations z = azx,,
Y=By1s Ty=%+yYs Y1=Y2; T=7, o=y + 8, and
noting that if I is one of the above conditions,
I'=1,=1, = (aB)l.

207. Quartics and Cubics Transformable into each
 other.—If two quantics U, U’ can be transformed into each
other, it is obviously necessary that corresponding invariants
I, I’ should be connected by the relation I' = M*I, where « is
their weight and M the same constant for all such pairs of
invariants, and also that if any covariant vanishes identically
for U, the corresponding one for U’ also vanishes identically.
These conditions are sufficient for cubics and quartics.

Two Cubics.—(a) If A does not vanish, and so the cubic U has
not a square factor, then by the method of the preceding section,
or of Vol. I., page 111, assuming that @, is not zero, U may
be expressed as the sum of the cubes of two linear functions
u, v. As A does not vanish by hypothesis, neither does A’, so
U’ similarly = u'3 + ¢'%. Hence U may be transformed to U
by u = wu’, v = 0V, or u = wv’, v = Ou’, where w? =602 = 1.

Note if ay = 0 for a quantic U(z, y) we can transform U to a
form in which a, does not vanish by putting z= X,y =X+ Y,
where [ is chosen so that U(1, I) does not vanish. Thus a cubic
U for which @, vanishes may be transformed to one for which a,
does not vanish, then by the method of Vol. I., page 111, expressed
as the sum of two cubes, and by putting X =2, ¥ =y - Iz,
the original cubic is expressed as the sum of two cubes.

(b) If H, vanishes identically, U = u3, and as by hypothesis
H’, also vanishes identically, and .. U’ = 4’3, U may be trans-
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formed to U’ by taking u = wu’, where w3 = 1, with any other
linear relation between z, y and o', ¥'.

() If A=0 and H,5:=0, U is of form u%, and as A’ =0,
H, =0, U’ also = u'%', .. U may be transformed to U’ by
u=cwu, v=00, where w26 = 1.

The three classes of cubics, such that all cubics of the same
class are transformable into each other by a linear transformation,
are distinguished by (2) A + 0, (b)) H, =0, (¢) A =0, H,3=0.

Two Quartics.—(a) If A = I® — 27J2 #* 0, so that the quartic
U has not a square factor, using the method and notation of
section 183, and assuming a, does not vanish,

4 U_w-o 1 {4u12u22 C(w® uf)}

@ A-p A-plp-v A—v

1 R 4_2(2)\—;1.—1/) . 2}
ST L T
a,® 6p
s U = 0 { 4 4 _ 1 2 2}.
64 (p; — P1) (P] - Pz) e P2 — Ps e

Now as A" # 0, U’ may be similarly expressed, and as by
hypothesis I' = M1, J' = M¢J, .". the roots of 4p" - I'p'+J' =0
are equal to the corresponding roots of 4p3 — Ip + J = 0 multi-
plied by M?, and .. p," [ (p'a = p's) = p1 [ (p2 — ps)-

Hence U may be transformed to U’ by taking u, = wu,’,
Uy = Ou,’, or u; = wuy’, uy = Ou,’, where wt = 6% = a,'3 | M4a,3.

When either g, or a’, vanish we can proceed by first transform-
ing U or U’ as above to a form for which a, or a," does not vanish.

Reverting now to the notation in which we regard «, v as
linear functions of , y, we see that all quartics for which
I3 - 27J2 + 0 can be expressed in the form !+ o4+ 6Au2,
where A is the same for all quartics which have the same absolute
invariant I® [ J2, an absolute invariant being one which is un-
altered by linear transformation. For all such quartics A is the
same, because if I3 [ J2=1I'3 | J'?, taking I' = M*4I, .. J% =
M@J?, - J' = £ M%), and if the negative sign occurs, put
- M2for M2, . I'=M*1,J" = MeJ.
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() if H, = 0, U = u* and as by hypothesis H', = 0, .-
U’ =u'4, and so U may be transformed to U’ by taking u = wu/,
where w?®=1, along with any other arbitrary linear equation
between z, y, 2, y'.

(c) If A=0, H,5=0, U must be of form u?v (4bu + 6cv). For
such form writing # for 4 and y for v, I =3¢% J = —c3,
G, = 2b%5 (bx + 3cy).

If .A=0,H,$0,1=+0,J +0,G,30, U is of form
u® (4bu + 6¢v), where b + 0, ¢ + 0, and U’ is of same form, and
.". U may be transformed to U’ by taking u = lu’, v = mv’, where
Bm=0"[b1Bm2=¢ | ec.

(d) If I=0, J=0, H,=:0, G,=}=0, then ¢=0, b + 0.
oo U =4budy, U’ = 4b'v'*’, and U may be transformed to U’
by taking u = lu/, v = mv’, with I®n = b" [ b.

(e If A=0, I +0, J 0, H,53=0, G, =0, thenc * 0,
b=0. ..U=6cu%? U =6cu*'2 and U may be transformed
to U’ by taking u = lu', v = mv’ or u = W', v = mu’, with I>m? =
cfe. :

Thus quartics may be divided into five classes, and quartics of
the same class may be transformed into each other by a linear
transformation, if corresponding invariants and covariants are
connected by the relations given at the beginning of this article.

208. Number of Absolute Invariants of any Quan-
tie.—We proceed now to examine how the number of absolute
invariants of any binary quantic is connected with the number
of ordinary invariants, and how far a limit can be determined
to either of these numbers. Transforming the quantic

(ao: ay, gy« - . an) (il), y)”
by the substitution
z=AX +puY, y=XX+u'Y;
if the new form be
(o, 4y, 4y, - .« 4) (X, Y,
we have by the comparison of coefficients n + 1 equations ex-
pressing 4,, 4,, . . . 4, as follows :(—
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AO = (ao, Ay gy o o a,,) ()\, A’)", . A,= %An—jAns o v ey

An = (a'o: Ay, gy « o a’n) (l"’ f"’l)”’

where A = z\?b’; + X b_—ibl'" 'y=123...5 Ign=1
Now, eliminating A, y, X', 1/, we obtain, among the new and old
coefficients, » — 3 independent relations, which number is there-
fore a superior limit to the number of absolute invariants. But
if (Au’ — A'u) be admitted when A, u, X', u’ are excluded by
elimination, we must add the equation Ap' — A'u = M to the
n + 1 equations given above ; and when the elimination is now
completed, we have » — 2 independent relations. We will
assume, as suggested by our previous investigations, that these
relations can be reduced to the form

d(Ay, 4y, Ay, . . . A,) = MIip(ay, ay, ay, . . . ay); (Art. 171)
and we have therefore n — 2 independent ordinary invariants
é1, bo b3, - . . pnp. Eliminating M we obtain, as above stated,
n — 3 relations connecting the two sets of coefficients, and this,
therefore, is the number of independent absolute invariants.
It is not true, in general, that every invariant can be expressed
as a rational function of the invariants ¢y, ¢s, b3, . . . pp_p; and
consequently we have not obtained a superior limit to the num-
ber of ordinary invariants by this investigation (see Note E).

209. Number of Seminvariants of a Quantic.—
Every seminvariant can be expressed rationally in terms of
a, and -» — 1 functions of the coefficients which are either
invariants or seminvariants. For, removing the second term
from the equation

U, = (ap @1, 89, . . . a,) (z, 1)*=0,

the new coefficients are easily obtained by substituting for % its

value — Z—l (Art. 35).. As these coefficients, when divided by
0

@, are symmetric functions of the differences of the roots, they

must be invariants or seminvariants when multiplied by a power
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of ay; also, every other symmetric function of the differences
of the roots must be a rational function of the same quantities,
but not necessarily ¢ntegral when multiplied by a,® ; consequently,
we have not obtained a superior limit to the number of indepen-
dent seminvariants (or, which is the same thing, covariants) by
this investigation. It has been proved, however, by Gordan that
the number of seminvariants of any quantic is finite.

As an illustration of the preceding, we give the values of
A,, Ag, A,, Ay, A4 in a reduced form—

agd, = H, al2d;=G, a®d4,=a2l —3H%  (Art. 37)
ay*4s = a2 F — 2GH,
aSAg = 45H3 — 16a,2HI + 10G? + aytl,,
where  F = agla; — Saga,a, + 20,0,05 — 62,0, + 8a,%as,
I, = ayaq — 6a,a5 + 15a,a, — 10a,?,
F being a seminvariant, and I, an invariant of the sextic Us.

(Exs. 4, 6, p. 104.) We have, therefore, proved that every
seminvariant of the sextic can be expressed in the form

ay"¥ (ay, F,G,H, 1, 1,),
where ¥ is a rational and integral function ; and, consequently,

every covariant when multiplied by a power of U, may be
expressed as follows :—

W(U@, F:cs G;r,’ H:cs I:m 12)

We conclude with the following important observation :—
When a rational and integral function of several seminvariants
1s formed so that the result s divisible by ay, a mew seminvariant
18 obtained which s considered distinct from the others. '

210. Hermite’s Law of Reciprocity.—THEOREM.
A quantic (ay, ay, . . . a,) (z, y)*, of degree n, has as many covariants
of the order uy in the coefficients as a quantic (ag, @y, . . . @) (,y)%,
of degree @, has covariants of the order n in the coefficients.

This theorem can be shown to depend on Cayley’s theorem
(Art. 165) as to the number of distinct seminvariants of given
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order and weight of any quantic. When for a quantic of the
n* degree an integral homogeneous function of the coefficients
is formed containing all possible terms of order o and weight «
which can be made out of the coefficients a,, a,, a5, . . . @y, it.
can be proved that there will be exactly the same number of
terms in the corresponding expression of order n and same weight
k, which can be formed for a quantic of degree @ from the coef-
ficients ay, @, @, . . . @, For this purpose Mr. Ferrers has
employed a mechanical method of transformation term by term,
which will be readily understood from a particular application :
Let us suppose that an expression of order 8 and weight 22
of a quintic contains the term a,%a,a,%a,a; (which we write
0,0,0,0403030,05) ; and let the weights of the successive factors
be represented by points arranged horizontally as follows :—

If now the points be counted in vertical in place of horizontal
order, we obtain the term a4aa;a,a,, of order 5 and weight 22.
It is clear that two terms thus derived from one another have
always equal weights, since the total number of points counted
in both cases is the same. We see therefore that to any term
of order 8 and weight 22 derived from the coefficients of a
quintic corresponds a term of order 5 and weight 22 similarly
derived from the coefficients of an octavic; this relation is
reciprocal, so that for each term of eitf;emnction there exists
a corresponding term of the other, and if one list of terms be
complete, the derived list must also be complete. In applying
this transformation it must be observed that if the term to be
transformed does not contain the coefficient with highest suffix
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of the corresponding quantic, the order of the derived term
will be deficient, and the factor a, with proper index must be
supplied, this of course not affecting the weight. Since therefore
.the two corresponding expressions thus derivable from one
another contain the same number of terms, we may represent
this result by the notation

N (@, k, n) = N (n, «, w).

The same is true for similar functions whose weight is one less
in each case. We have therefore

N (w,k,n) — N (w,c—1,n) = N (n,x, w) - N (n,« - 1, @),

from which, by Cayley’s theorem (p. 105), it follows that the
number of seminvariants of order w and weight « which can
be made out of a,, a,, @y, . . . @, is equal to the number of order
n and weight « which can be made out of ay, ay, a,, . . . a,.

Hermite’s theorem as to covariants follows immediately,
since the corresponding seminvariants can be taken as leading
coefficients of covariants; and, moreover, since n®w — 2x=wn—2«,
the degrees of two corresponding covariants are equal. As a par-
ticular case, also, we see that fo an wnvariant of one quantic
corresponds an invariant of the other.

EXAMPLES.

1. Show that the terms written with literal coefficients only which occur in
the resultant of a cubic, by the transformation above described, supply the
literal terms of the cubic invariant of the quartic.

2. From the seminvariant of a quintic in Ex. 4, p. 104, derive the literal
terms of the corresponding seminvariant of a cubic; and show that to the
quintic-covariant of the former corresponds the product of H, and G, of the
cubic.

3.—Show that quantics of the degree 2m alone have invariants of the second
order in the coefficients.

For the only invariants of a quadratic are of the type A,,, whose order in
the coefficients is 2m, A being the discriminant.

211. Reciprocal and Orthogonal Linear Trans-

formation—Contravariants.—When the coordinates of a
point are transformed by a linear transformation, the tangential
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d
3 3 3 are
both transformed by the same new linear transformation, which
is said to be reciprocal to the first.
Let the linear transformation be

z=0,X+bY + ¢, Z,
y = a2X + sz + 02Z, ; (1)
Z=a3X+b3Y+Oaz

coordinates of a line and the operating symbols

whence any line Az + py + vz becomes, by transformation,
LX + MY + NZ, where

L=a)+ au + ay,
M =bA +byu + by, (2)
N =c =cou + ¢y |

d 0 Y D 0z 0

also D &TREY ST &
o T dy 0z
or, substituting for — 3T 3% 3% their values,
2 d ) d

_b_ =D _b- + l l l =c l +e 0 3.
Y o W 2w 2 tw Py Pz
d
whence L, M, N and the symbols 3 X’ ST a_Z follow the same
laws of transformation, and consequently A, g, v and S5 bby ;z

also ; in fact, from equations (2) this transformatlon is

AA =A1L+ B1M+ O]_N,
A’.L = AzL + BzM + CQN,
AV' = AsL + BaM + CsN
dA dA

S;J:’ Bl &0 &ec.

where A = (aybec5), 4, 35
1
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This linear transformation is said to be reciprocal to the
transformation (1) whose modulus is A, its coefficients being

Ada,’ A, Ade’

The variables z, y, 2, and are sald to be conira-
—

2
@ dy’ 0%
gredignt to each other, for a linear transformation of z, y, z leads

d .
% 3 3 which,

although not the same, is connected with the first in the manner
already explained.

We next define ‘‘orthogonal” transformation. If, in the
equations (1) above written, we have among the coefficients the
relations

to a linear transformation of the symbols

alz + a22 + (1:32 =1, blz + 622 + b32 = 1, 012 + 022 + 032 = 1,
by + aghy + aghy = 0, a6, + ayCy + a5y = 0, bie, + bycy + byes =0,

the transformation is said to be orthogonal. These conditions
are fulfilled, for example, by the direction-cosines which enter
into the relations between the coordinates of a point referred to
two different sets of rectangular axes in solid geometry. In such
a transformation it is clear that we have the relation

o+ oyt + 2= X2+ Y2+ 22

and that the new variables are expressed as follows in terms of
the old :—
X=ax+ay+ag, Y=02+by+byz Z=cx+ cy+ cyz.
Also, if the modulus of transformation written as a deter-
minant be squared, each of the elements contained in the principal
diagonal is equal to unity, and all the other elements vanish.
When a quantic in «, y, 2 is transformed, any function involving
the coefficients of the original quantic, together with other vari-
ables which are transformed by the reciprocal substitution above
explained, is said to be a contravariant if it differs only by a
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power of the modulus of transformation from the corresponding
function of the transformed coefficients and variables. The
condition, for example, that a line Az + py + vz should touch a
conic given by an equation in trilinear coordinates is a contra-
variant. The theory of contravariants can be included under
that of invariants by considering the combined system composed
of the given quantic and Az + uy + vz. For instance, in Prop. IIL.
of Art. 175, if we substitute A + yu + zv for vy’ — 2’y and U is a
quantic in z, y, 2z, we derive by the method given there contra-
variants which are called evectants.

It may be observed that in the case of binary quantics,
contravariants and covariants are not essentially distinct, as a
contravariant may be changed to a covariant by substituting
z, — y for u, A respectively, or vice versa, in a way we have fre-

quently used, by substituting —b%—/ and — 5%: for z, y respectively

in a covariant.

The treatment of questions in » variables is facilitated by the conventional
rule that when a suffix occurs twice in & product, the product is to be summed
for all values of the suffix from 1 to-n. Thus a linear transformation from
Xy Tgy o o o Ty to ), 2, . . . x,’ is expressed by x,=1,g74’, where as B occurs
twice z = logrg’ stands for 24 = lgy %" + lag%” + « .+ + lan®’p. Inthe deter-
minant (l,g), called the modulus of transformation 3, if Lg, equals the minor
corresponding to l,g divided by M, the inverse substitution is expressed by z.’
= Lagxg. The condition that the transformation should be orthogonal is
laglay = 0, unless 8 = y, when it equals 1. Thus in an orthogonal transformation
ZoZa = lagtglayTy’s Where a, B, y are each summed for all values from 1 to =,
keeping B, y fixed and summing a, leglay = 0, unless 8 = y and then it
equals 1, ... 2.z, = zg'2g’. Moreover, in an orthogonal transformation, mul-
tiply @ = lagrg’ by lsy, and summing, I, 2, = laglayrg’ = zy's o lay = Lyq-

In the general transformation, if ¢, represent a tangential variable, so that
$a%a = €a'%a/s o faa = Lalaprs’ = £g'7', 80 £g" = log¢a gives the reciprocal sub-

d 9
titution. Also — = lg, —, 80 — i dient with £,.
stituti ] Py lga 3% 80 bzaxscogre ent with £,. Inan orthogonal
transformation §,, &, . . . £, are cogredient with x,, 25, . . . zy.

Again a,g2qvg, taking a,g=ag,, represents a homogeneous function of the
second degree, and its discriminant A is the determinant (a.g). If we transform
by the general linear transformation above, QagTalp = aapluylpaxy’a:s', ceals =
Gaglaylgs: Now the product of‘ two determinants (bag), (cap) equals (baycpy) or
(byaCyg) OT (baycyg) according as we multiply rows by rows, or columns by columns
or rows in (b,g) by rows in (cag) after altering rows to columns. Hence A’ =
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(a’y8) = (aaglay - Igs) = (@aglay) - (Igs), Where B is not summed, = (@ag) (lay) (!a3),
where qa, 8 are not summed, = AM3,

Similarly a homogeneous function of the third degree in = variables is
expressed by a.g,¥a2g%y, all the values of a,gy obtained by permuting afy being
assumed equal. Similarly one of the fourth degree U, = a,gysatgz,xs, Where
all the values of @,gs oObtained by permuting afy8, are assumed equal. To
find U, /0z,, We must observe that as g, B, ¥, & are to be summed for all values
from 1 to n, the suffix a will occur in the place occupied by every suffix in
Gagys: Thus dU (D%, = Gagys®aTyZs + gaysTa¥yTs + AgyasTa¥yTs + ApysaTpTyds

apysZaty%s. Similarly

U, BU
=4.3a Ty ——— = 4.3.2. x
bx,,bx,g aBy8Ty TS bxabprzy QapyTss
4
d g_bz—gx—ia—:. = 41aqgys, and so on for homogeneous functions of =
'a0Tg0Ty 0T

variables of higher degrees.

MiISCELLANEOUS EXAMPLES.

1. Every quantic of an odd degree has a quadratic covariant of the second
order in the coefficients.

For every quantic of an even degree has an invariant of the second order
in the coefficients (Art. 177), which may be written in the form Up(U) or
(1, 2)*U,U;; and this invariant of the quantic whose degree is 2m will be a
seminvariant of one whose degree is 2m 4+ 1=n. The covariant therefore
which has this seminvariant as leader will be a quadratic, since na — 2« = 2,
xbeing =12 — 1 and w = 2

2. Every quantic of an odd degree 2m + 1 = # has a linear covariant of
the degree n in the coefficients when = is greater than 3.

For, if I (z, y)? be the quadratic covariant of the preceding example, we
have

D( U) = Lz + Ly,
a linear covariant, the order of L, and L, being n. It is here assumed that
L, and L, are not identically zero, as they are for the cubic.

3. Every quantic of an odd degree has an invariant of the fourth order in
the coefficients of the form Aa,? + 2Ba, + C.

The discriminant I (z, y)? is the required invariant.

4. Every quantic of odd degree » has a seminvariant of the third order in
the coefficients which is the leader of a covariant of the nt% degree.

For, differentiating with regard to @, the discriminant obtained in the
preceding example, we have, for the resulting seminvariant, & = 3, x = n, and
consequently p = nw — 2x = n, which is therefore the degree of the covariant

of which _bb_A is the leader.
an

The series of seminvariants obtained in this way for the odd quantics is
important, the order in the coefficients being low.
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6. Quantics of the degree 4m have invariants of the third order in the
coefficients.

For cubics have invariants of the type A™, of the order 4m in the coefficients,
A being the discriminant. This and the next four examples are immediate
deductions from Hermite’s Law of Reciprocity (Art. 210).

6. Quantics of the degree m have as many invariants of the fourth order as
there are solutions in positive integers of the equation 2p + 3¢ =m. A
quintic, for example, has one, a sextic two, a septimic one, an octavic two ;
and so on.

For quartics have invariants of the type I?J?, which is of the order
2p 4 3¢ = m in the coefficients.

7. Every quantic of the degree 2p + g has a covariant of the second order
in the coefficients. In particular, when ¢ = 1, every quantic of odd degree
has a quadratic covariant of the second order in the coefficients (cf. Ex. 1).

For quadratics have covariants of the type APU,4, which is of the order
2p + q in the coefficients.

8. Every binary quantic of an odd degree greater than 3 has a linear co-
variant of the fifth order in the coefficients.

For a quintic has an invariant I, of the fourth order, the discriminant of
I, also covariants of the fifth and seventh orders, viz. L, (Ex.2)and M, =
Lpl,; from these we form the covariants I,P-1L,, of order 4p + 1, and
I,P2M,, of order 4p — 1; but every odd number is of the form 4p =+ 1.
—HERMITE.

9. Every quantic of the degree 4p + 2 has a quadratic covariant of the
third order in the coefficients.

For a cubic has a quadratic covariant of the type APH,, of the order 4p + 2
in the coefficients.

10. When the quintic (aq, a5, @y, @3, @4, @) (¢, y)® has a triple factor, prove
that the covariant I, is a perfect square, and the covariant J, a perfect cube,
the linear factor being the triple factor of the quintic in both cases.

11. When the quintic has two double factors, the remaining factor is a
single factor of J,.

12. If Uy = (ag a4, ag, « - « ay) (%, ¥)® prove that the resultant of U, and
the covariant G, is the discriminant of U cubed ; thatis, R (U,, G;) = 2A%(U,);
and prove also R (U,, H,) = kA% (Uy).

Express H, and G, in terms of the semicovariants Uy, . . . Uy,_,, U, U.

13. Express the combinant P2 of two cubics in terms of the other invariants,
p. 162. Ans. P2 = 16I,5 — 41, = & - 241,,,
where Iy, Iy, . . . &o., are the invariants of the three Hessians of Art. 192.

14. When the quintic has a triple root, the following symmetric functions
of the roots vanish :—

Z(ay — ag)* ¥ (ag ap a5)y & (a3 — a5)* V (ay, a4, ag).
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158. Two quadratics, U, V,in z, y ;na.y be expressed in one of the forms
(i) Abu' + Bw?, A’u® + B'v,. (i) wv, ww. (iii) U = kV,

5 .
where u, v), w are linear functions of z, y.

Putting U = a,a® + 2b,xy + a,y® = A (x — ay)® + B(xz — By),
V = bz + 2byzy + by = A’ (2 — ay* + B’ (z — By)®.
ag=A+ B by= A’ + B
—a, = Aa + BB. — b, = A4’a+ BB (1)
a, = Aa®+ BB by = A’a® + B’B%

If o, B are roots of pz® + qzy + ry* =0, pas — qa, + ra, = 0, pby = gb, +
rby = 0, and .-. g, B are roots of

2 —zy P
K=| ag a, a |=0.
by b b
If the roots of K =0are different, we get A, B, A’, B’ from the first two equa-
tions of each set (1) and establish the result (i). Putting B = a + € in the values
of A4, B, A’, B’ and finding the limit when € = 0 of the forms assumed for U, V,
we get (ii). When K = 0, a, = kb, a, = kb,, a; = kb, and U = kV. We see
that K = J (V, U), and its factors are u, v.
16. If the coefficients of three quadratics
agz? + 2a,2y + agy?, bex® + 2byxy + byt cot? + 2¢,2y + oyt
be connected by the relation

L) a ay
b b, b |=0,
Co 21 Ca

prove that they may be in general reduced by linear transformations to the forms
A, X* 4+ B Y3, A,X*4 B, Y%, A,X*+ B,Y:

The determinant here written is the condition that the three quadratics
should determine a system of points or lines in involution.

17. If U, V are two homogeneous functions of the second degree in =
variable with real coefficients, and if ¥ is positive for all real values of variables,
prove that the discriminant of U — AV has all its roots real.

Using the convention that when a suffix occurs twice in a term, such term
is to be summed for all values of the suffix from 1 to n, we write U = QagTag,
V = bagzazg. If A = (agg — Abgg) = 0, we can find values of 2/, z,",". . . 2/,
80 that a,g7g'= Ab,gzg’, for if all the first minors of A = 0, two of ,/, 2/, . .. 2,
-may be taken arbitrarily, because any values which satisfy n — 2 of the equations
Gag%g’= Abgrg’ satisfy the remaining two. This may be seen by taking n — 1
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of them, multiplying by the » — 1 minors of the second order formed by the
coefficients of any n — 2 variables and adding. The result = 0, as the coefficient
of any variable is either a minor of the first order or a determinant with two
columns identical. Thus unless every minor of the second order vanishes there
are at least two linear identical equations connecting n — 2 of the equations
of which the coefficients of » — 2 variables form a minor not = 0, with the
other two. Similarly if all the minors of the third order vanish, three of the
variables may be taken arbitrarily, as there are at least three linear equations
connecting n — 3 of the equations of which the coefficients of » — 3 variables
form a minor of the third order not = 0, with the other three. And so on
generally. Hence we can always get values of z,’, ', . . . #,” which do not all
vanish to satisfy a,gxg’ = Abugrg’, if A is a root of (a.g — /\bap) = 0.

If p+ iv is & root of (a,g — Abeg) = 0, and the corresponding values of
%4'= £q -+ t7o Which do not all vanish are substituted in a,g2g’ = (1 + iv) bag?g’s
we get

aug (£g + ing) = (1 + ©v) bag (ég + ip),
and therefore, as a,g, b,g are real

Aapép = pbagép — vbagnp

bagng = pbagry + voaplp:
Hence multiply the first by 7, and the second by £, and subtracting and summing,
we have

v{bagnang + bagéate} = O.

But bagnan, and bagé,.ég are by hypothesis each positive and do not vanish unless
all the £'s and all the ’s = 0, and this latter is not the case as we saw, ... v =0,
and .-. all the roots of A are real.

18. If U, V are two homogeneous functions of the second degree in =
variables with real coefficients, and V is positive for all real values of the variables,
prove that U and V may be expressed as sums of squares of the same 7 real
linear functions, with real coefficients.

Transform U =a,gz,7g and V =b,gx,7g by the linear substitution z, =
Zqg g’y gotting

U = GagTay®’yTps%s’ = GapZarZpity® + 20ap%a1%ap®1 Ty’ + GpgPps¥y’Tge®y s
(P, g, 7, 8= 2 tom).
V = bagZayTy @asts’ = bapZa®pi®1® + 2bagTeiZap®s @y’ + bpgtpyZests 2y

Now A, being any root of (@ag — Abag) = O, by the last example A, is real
and we can find real values of @), #g;, %3, « + « Ty, t0 satisfy a,grg; = Abagtp.
Assume as well arbitrary real values for all the other coefficients in the substitu-
tion, but so that the modulus does not vanish.

Multiply aag%g =M\ bag%s; bY 4 and summing, and by z,, and summing, we
geb ZapgZarZas = AbapPar®ars GapTap = Mbag¥piZgy. Therefore the coefficients
of 72 and 2,'z," in U equal A, times the. corresponding coefficients in V. Also
noting that bagx’s,b’g, is positive and does not vanish, and denoting it by k,?, we

VOL. I1I. P
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get, if we put X, = k2, + El.b.,,,,xﬁ,z,,,xp', U=AX2+ U, V= X3+ V', where
U’, V' are functions of x,’za’l .+ « . y’ and V" is still positive for all values of the
variables, since U’ = U for any values of xy'zy" . . . ), if #;” is found from
X, = 0. We now proceed similarly with U’, V’, having reduced the variables
to n — 1, and so step by step we establish the desired result.

If finally X, = lagg, and (lag) = M, we have the discriminant A of U — AV

=MA=2)A—=2) ... A=)
80 that A, Ay - . - A, are the roots of A = 0.

We may further note that if A has two roots =AJ,, the discriminant A’ of
the final form U — AV, having terms only in the diagonal, is such that for
A = ), all minors of first order vanish. Hence as A is obtained from A’ by
multiplying by a determinant 4 = M3, and so any first minor of A is the product
of two arrays formed by n — 1 rows of 4 and » — 1 rows of A’, and s0 is a linear
function of first minors of A’, and so vanishes for A = A;. Similarly if A = A,
is a triple root of A = 0, when A = A,, all the minors of the second order of A=0,
and so on generally.

19. Express in general three cubics U, V, W, by means of three cubes.
Putting U =4 (z — ay)® + B(x — By)® + O (x — yy)® = Au® + Bv® + Cu?,
we have qy= A4+ B+ C, — a; = Aa + BB + Cy, a, = Aa®+ B + Cy3,
— ay = Aa® + BB® + Cy?, and so if a, B, y are roots of pex® + p,2%y + pxy® +
PaY? Doty — D18 + P2y — Pado = 0. Similarly putting V = 4’4® + B'v® +
Cwd, and W = 4”4 + B’"13 + C"u?, we get pob; — 1,0, + 2,0, — p3by = O,
DPoCs — P1Cs + PsCy — DsCo. Hence a, B, y are roots, and u, v, w factors of

K=| o —az%y xyr  —p
ag ay 4 ]
by b, b, bo
C3 Cq 1 Co

Finding then 4, B, C, A’, B’, C’, A”’, B"’, C"’ from the first three of each of
the three sets of four equations, we obtain the desired result when a, B, y are
all different, or K of form uvw.

Putting 8 = a + ¢, y = a + € + 7, getting 4, B, C, and finding the limit
when € = 0, we get that if K is of the form u?v, U, V, W are each of the form
Au® 4 Bu?v 4 Cv®. Further, finding the limit when n = 0, we get that when
K is of the form w3, u is a factor of U, V, W.

If K = 0, there is a linear relation between U, V, W.

A similar method may be applied to express in general n quantics of the
n*® order in terms of n n* powers.

20. Prove that the three roots of a cubic may be expressed as
Zp 0(zy), 60 (z,) = 6% (2y),

where
0(z) = ,f%, and 0% (z) = .
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This follows from Art, 60, Vol. I., or from the fact (cf. Art, 208) that
any cubic may be linearly transformed into itself, but it may be proved in a more
elementary and satisfactory way by finding 7, m, I’, m’, from the equations

UBy— I8+ m'y—m=0,
Vya— ly 4+~ m'a— m =0,
VaB — la+ m’'B— m = 0.

Assuming a, B, y unequal we easily find that we may take I’ = ac — b3,
m —l=oad—be,m’ +1=+V —%-A, m = c® — bd, and we note that (Im’—1'm)
=—3A=(m + 12

This example is a particular case of a general theorem of Abel’s, viz.: If
the m roots of an equation of the m!* degree are q, 8 (a), 8% (a), . . . 6™ (a),
where 0 () is a rational function such that when the operation @ is repeated
m times 8™ (x) = x, then the solution requires only the determination of a primi-
tive root of 2™ — 1 = 0 and the extraction of the m? root of a known quantity
(see under Abelian Equations).

21. Given a binary cubic U and its Hessian H,, the cubic being satisfied by
the ratios 2 : y and 2’ : y’; prove that

AHz o 0 dHz
1 T TV Yy
VA =2y
is an absolute constant, A being the discriminant of U.
This expression is absolutely unchanged by linear transformation, since

Hy y=MH,, A =MA,

and
X Y z Yy
_ 1 'O Ly D ;0
X Y ‘ - E z yl ’ X DX + bY x bﬂ: + y by'
Reducing U to the sum of two cubes by a linear transformation whose

1
modulus = 1, the constant may be easily shown to be v—3 This is another

form of the homographic relation of Art. 60.

22. Prove that a rational homographic relation in terms of the coefficients
connects any two rational functions of the same root of a cubic equation; but
that the relation is not rational when the roots are different.

23. Transform the quartio
(a, b, ¢, d, €) (x, 1)*

into one whose invariant I shall vanish.

Assuming y=2a+ 29z + {,
and making the invariant I of the transformed equation vanish, we have
Z(pa=pa)* (¢ — p)*=0, (1)

where ¢ is a known quadratic function of %, not involving ¢,

P2
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Expanding (1), we have
18— 374 + 1— =0,

which determines ¢, and consequently %, by means of a quadratic equation ;
and { may have any value.

By a similar transformation J can be made to vanish.

24. Prove that the most general rational transformation of a quartic f(x)
may be reduced to the transformation

P Q

=z T q—=

When P = Rf(p)f’(q), and @ =— Rf(q) f’ (p), show that the second term
of the transformed quartic is absent.

25. Prove that the transformation
y = o'+ 28z + y
a2 + 282 + 7
may be accomplished by the three successive transformations—(1) a homo-
graphic transformation ; (2) a transformation of the roots into their squares ;
(3) a homographic transformation.

y::

26. If p be any integer, prove that
("’1’ — 237) (2,? — 2,P)
(2) — 25) (23 — )
where X, and 2, are symmetric functions of z,, Z,, %3, %, ; prove also that
(3 () — & () (¢ (25) — & (%)) — Zo + &y (%1% + 747,)
(Y (z1) = ¢ (22) (Ylzs) — ¥ (=) 2+ ZY (242 + 737,)
where X, X,, Z,’, 2’ are symmetric functions of z;, 2,, 5, z,. (See Art. 198.)

= Zy + (7,2 + 757,) &),

27. If ¢ (2, y) and ¢ (2, y) be two covariants of the binary form
U = (ao, al’ a’f e e a”) (x’ y)n
of the degrees p and ¢, respectively ; and if
¢(zX~— a'ﬁy vE+ 13“ )
be expanded in the form

(Vo, Vl' V., ) Vp) (X, Y)p;

prove that V,, V3, Vs, . . . Vp are covariants of U. (Hnam'rﬁ.)
Expanding, the coefficient of X?-J Y7 is

e (o e R )

The modulus of this transformation of ¢ is ¥ (, y).
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28, When in the preceding example n» = 4, and ¢ (z, y) and ¢ (z, y) are
replaced by U, find the values of Vy, V,, V,, Vs, Vo
Ans. (U, 0, Hy, G,, IU® — 3H,?) (X, Y)b.

29. Prove for two cubics U and V

Iu I, Iy
@ =16 I, In Iu ’
Is Iy Iy

where Iy;, I,5, &c., are the invariants of the three Hessians, and @ has the same
signification as in Art. 192.

30. Eliminate 2’ from the equations
z= (aox + a,) z + (a2 + 3a,2" + 24:) Y (a0 Gy, @5 a5) (2, 1= 0,
Ans. z’+3H,yz+G,y—O.
31. Transform the quadric (a, b, ¢, f, ¢, b) (2, ¥, 2)* to X, ¥, Z, where
X=aqr+By+ et Y=o0a2+ By+ v% Z= a7+ By + ys%

Y
26 T3, g3 Z
0

where
My = Aaa;+ BBB, + Cyeys+ F(Byys+ By )+ Qysas+ agv;)+ H(aBy+a;8,),
and 4, B, C, F, G, H are the coefficients of the tangential form of
(a, b, ¢, f, g, ) (z, ¥, 2)3.
32. Prove that the quartic (a, b, ¢, d, €) (2, ¥)* may be transformed into
by (4¢° — Ién® + Jf)
by the substitution
¢=le+my, n=x— By,
where a, B, y, 8 are the roots, and
12l =— aZ (a — 8) (B — 8), 12m = aZa (B — 8) (y — 9),

in which the summation is with respect to a, B8, y, and &k is a function of
a, ﬂ’ k<) ]

33. When U, is a quartic, and H, its Hessian, prove that the factors of

UzHy — UyHy are z — y and the three quadratio factors of G (Art. 183) when
xy replaces 2%, and « + y replaces 2z.

34. Prove that all quartio covariants of U, whose roots are rational functions
of the roots of U, are included in the formula

(p* + 31p* — 2Jp + {5 IP) Uy — (4p° — Ip + J) Hp, (Me. RussgLL.)
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How is this example connected with the preceding ?

z— — -y,
36. Prove thats _:+ g _g-}- ;_:ls a factor of I3U; — 16JH,,

where Ug=(x— a)(z— B)(x — y) (x — d).
36. If U, and U’ be two quartics which have the same absolute invariant,
prove that
1J'H, Uy — I'JH':U,
may be resolved into four factors of the form
Az¢ + Bz + C¢ + D. (MR. RUSSELL.)
37. If the leading coefficient of a covariant involves the coefficients of several

quantics in the orders @,, &,;, . . . ®, and weights «;, k5, . . . xy, the degree of
the covariant is

Ny + NgWy+ o o o+ Nyl — 2(ky+ kgt - . - + k). (Art. 166.)
38. If for every difference a, — ag, in the formation of a seminvariant ¢ of
an equation U = 0, we substitute
U (ap — ag) ,
(= ap) (z — aq)

prove that the result is the product of the covariant whose leader is ¢ by Ux—8,
where @ is the order and « the weight of ¢.

39. When U is a quintic, what are the invariants of the quartic emanant
AV
F U?
(5 %)
Ans. The quadric and cubic covariants I,” and J,’.

40. Give the relation connecting the covariants Hg, Gy, I,, J,, of any
quantic U. Ans. — G2 = 4H,? — U*H, I, + U3J,.

41. Show how to transform a quantic of an odd order so that all the new
coefficients shall be invariants.
Ans. Take two linear covariants for the new X and Y.

42. Find the relation which connects the coefficients of two quartics (if any)
when their roots are connected by the relation

1 a a’ aa’
1 B B’ BB’
1 v Y Y
1 d &’ 8%’

Ans. DPJ%— 33 =
(Cf. Exs. 13, 14, p. 119, Vol. L)
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43. Transform a cubio U into its cubic covariant @, bylinear transformation.
Making the transformation given by the equation

0Hz ,Qﬁia_ : ’
zlba: +y % =0, the result is AG,.

44, Transform a quartic U into itself by linear transformation.
If U=A4(z*+ o) + 2Bs¥p,

the quadratic factors of the covariant G, are zy, 2* + 2, 2* — #*; now, making

the transformation determined by the equation x’g—‘ﬁ + g/%? = 0, where ¢ is
z y

any one of these three factors, U is transformed into U’

45. Prove that the quadratic factors u, v, w of G, expressed in terms of the
roots are unchanged when for #, a, B, y, 8 their reciprocals are substituted and
fractions removed by the multiplier (— 1) 2%afyd.

It appears, therefore, that a,u, ay, a,w may separately be regarded as co-
variants, if the rational domain, which before included ouly the coefficients, be
regarded as extended by the adjunction to it of the roots a, B, y, 8. (See Art.
168.)

46. If three quadratics be mutually harmonic, prove that they may be re-
duced to the forms

AX*+ CY?, AX*-—- CY? BXY.

47. Form for & quintic a seminvariant whose order is 4 and weight 8.
The terms contained in the complete gradient * @, 4 are as follows :—

00°0d, 01050y, By050,, Goas’ay, @005}, Oylast, ay050as, a5, aglasay, agyay0y, oy

Operating with D, and making DG, ; = 0, we find seminvariants of the type
IS + mB,

where I has the usual meaning, and

8 = a.la? — 3ay0,050, — 4agasla, + 40,00, + 5alay0, + 2a,°a;® — 8a,a,ta,
+ 3agt — ag (aslay — 3a40,0, + 2a,3).

* The term  gradient " is used to signify the sum, with arbitrary multipliers,
of all possible terMy assigned order and weight.
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SEcTION IV.—GEOMETRICAL TRANSFORMATIONS.*

212. Transformation of Rinary to Ternary Forms.
—We think it desirable, before closing the present chapter, to give
a brief account of a simple transformation from a binary to a
ternary system of variables, whereby a geometrical interpretation
may be given to several of the results contained in the preceding
chapters. The applications which follow will be sufficient to
explain this mode of transformation ; and will enable the student
acquainted with the principles of analytic geometry to trace
further the analogy which exists between the two systems.

Denoting the original variables, i.e. the variables of the
binary system, by z, y, we propose to transform to a ternary
system by the substitutions

X=2a% Y=2uy Z-=2y
a form to which the general quadratic transformation may be
brought } by a linear transformation of the ternary variables.

For example, taking the simple case of a quadratic whose
roots are a, B, viz.,

22 — (a + B) zy + afy? = 0,

and transforming, we obtain

X-4(@@+pBY+aBZ=0. (1)
We have also the equation
4XZ - Y*=0.

This is the equation of a conic, which we uniformly call K,
and (1) is plainly the equation of a chord of this conic joining
the points a and B, the point determined by the equations

* See Quarterly Journal of Mathematics, vol. x., p. 211, 1869.

TIf X'= a2® + 2bxy + cp®, Y’ = ay2® + 2b,2y + 198, Z' = aga® + 2bgzy
+ 413, solving for 2%, zy, 32, on the assumption (a,, by, ¢5) = O, as if it does
all points lie on a line, we obtain 2% = (AX’' + A4,Y’ + A,Z') [ (a,bec,) = X,
with similar values for ¥, Z.
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x_¥ = Z, where ¢ =

& %
being referred to as the point ¢ on the conic K.

When a = 8 the quadratic becomes (x — ay)?, i.e. the square
of a factor of the first degree ; also (1) reduces to X — aY + a2Z=0,
which is plainly the equation of the tangent at the point a to
the conic K ; whence the line corresponding to a quadratic with
distinct roots is a chord of the conic K, this line becoming a
tangent when the roots are equal.

In further illustration of this method, we consider the binary
sextic and quintic, so as to show how the transformation is
presented differently according as the degree of the quantic is
even or odd. In the former case we have

U = (T - ay) (@ — agy) ( — agy) (T — agy) (T - agy) (= — agy),

which becomes by transformation

C12C34C56: C12C35C46) C12C36C4s5s

or some other of the fifteen similar products of chords, where
c1e=X — oy + ap)Y + a,a,Z is the chord 1,2; and cgy, 56, &e.,
have a like signification. In the second case, viz., when the
degree of the binary quantic is odd, we must square u before
making the transformation. Thus if u represents the product
of the first five factors written above, u? becomes when trans-
formed ¢,t,tt,t;, where t; = X — a,Y + a,2Z is the tangent to K
at the point a;, and ¢, t5, &c., have a like signification. As,
however, in such transformations we may replace 42%? by 4XZ
or by Y? = 4XZ — K, they may be effected in a variety of ways,
but we see that two such transformations differ by an expression
of which K is a factor.

213. The Quadratic and Systems of Quadratics.—
The only invariant that a quadratic has is its discriminant ; and
this is also an invariant in the ternary system, its vanishing
being the condition that the line corresponding to the quadratic
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should touch the conic K. We now consider the system of two
quadratics

ax? + 2bwy + cy?, a'z? + 2b'zy + c'y?

which we call I and m.
When transformed they become two lines

L=aX+bY+cZ, M=dX+0bY+cZ.

Now the condition that the line whose equationisAL + pM = 0
should touch the conic K is

A%ac — b%) + Au (ac’ + a’c — 2bb") + p2(a'c’ = b'?) =0. (2)

All the coefficients of this equation are invariants in both
systems : we have already seen that this is true of the first and
last coefficients ; and the intermediate coefficient which is the
harmonic invariant of the binary system is an invariant in the
ternary system also, its vanishing expressing the condition that
the lines L, M should be conjugate with regard to the conic K.
This equation "determines the tangents which can be drawn
through the point of intersection of L and M to the conic K.
When this point is on the conic, the tangents coincide, and
the discriminant of the quadratic vanishes. Whence we obtain
geometrically the following form for the resultant of two quad-
ratics :— :

R = 4 (ac - b?) (a'c’ — b'%) — (ac’ + a’c — 2bb)?;

for if L, M, and K have a common point, the original quadratics
must have a common root, and the condition is in each case the
same.

Again, the pairs of points or lines given by the equation
AL + uM = 0 form a system in involution (cf. Art. 190), the
double points or lines being determined by the equation (2);
and in the ternary system the corresponding pencil of lines
passing through a fixed point determines on a conic a system
of points in involution, the double points being the points of
contact of tangents drawn to the conic from the fixed point.



Quartic and uts Covariants treated geometrically. 219

If we consider next the three quadratics
a, 2% + 2byxy + cyy?,  agx? + 2byxy + cy?, agw? + 2byry + cgy?,

it is seen that the determinant (a,b,c;) is an invariant in both
systems, its vanishing being the condition in the binary system
that the quadratics should determine an involution (Ex. 16,
p- 208), and in the ternary system that the three corresponding
lines should meet in a point.

As a final illustration, we consider a system of three quadratics
connected in pairs by the harmonic relations

a]_Cz + a261 - 2b1b2 = O, &C.

Transforming the quadratics, we obtain three lines L, M, N,
which form a self-conjugate triangle with regard to the conic K.
The theorem relating to three mutually harmonic quadratics,
viz., that their squares are connected by an identical linear
relation (see Ex. 6, p. 136), is suggested by a well-known property
of conics; for K may be expressed in terms of L, M, N in the
form

K = L* + M? + N?;

whence, restoring the original variables z, y, K vanishes identi-
cally, and L, M, N become the original quadratics, each divided
by a factor which may be seen to be the square root of its
discriminant (see (1), Ex. 6, p. 136 ; also Ex. 18, p. 209).

214. The Quartic and its Covariants treated
geometrically.—It will appear from the investigations in
the succeeding Articles that in applying the transformation
now under consideration to the quartic u = (a, b, ¢, d, €) (z, y)4,
the term 6cx%?2 should be replaced by 2¢XZ + cY?, so that the
quartic will be replaced by the two following conics :—

U=aX2+cY2+eZ2+2dYZ + 2¢ZX + 2bXY,
K =4ZX - Y?,

the form of U here selected being connected with K by an
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invariant relation. The invariants of U and K are invariants
of the otiginal binary form, for the discriminant of U + pK is

4p® — Ip + J,
and hence the invariants of the ternary system are
AN=4 =0 O6=-1I A=J;

where I and J are the invariants of the quartic, the discriminant
of U + pK being written as usual under the form

A+ pO + p?O’ + p2A’.
Let the conics U and K intersect in the points 4, B; C, D,
these points being determined by the equations
X_X
¢ 2%
when ¢ has the four values a, B, y, 8, the roots of the binary
quartic ; and let the points of intersection of the common chords
BC, AD; CA, BD; AB, CD be E, F, G, respectively, where
EFG@ is the triangle self-conjugate with regard to both conics.
Now, denoting by (aB) = 0 the equation of the line 4B, and
using a similar notation for the remaining chords, we have by
the theory of conics

U+pK = (By) (@), U+ pK=(ya)(B8), U+ psK=(a)(yd),
where p;, p,, ps are the roots of the equation 4p® — Ip + J = 0.

On restoring the original variables x, y in these equations,
K vanishes identically ; and we have u resolved into a pair of
quadratic factors in three different ways, depending on the
solution of the reducing cubic of the quartic. Whence it appears
that the resolution of a quartic into its pairs of quadratic factors,
and the determination of the pairs of lines which pass through
the four intersections of two conics, are identical problems, each
depending on the solution of the same cubic equation.

We now proceed to show that the sides of the common self-
conjugate triangle of U, K correspond to the quadratic factors
of the sextic covariant in the binary system. Since the side FG
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is the polar of E, the coordinates X', Y’, Z’ of E are found by
solving the equations (By) = 0, (ad) = 0; we have, therefore,

X' _ Y’ B zZ
By(a+8)-ad(B+y) 2(By-ad) B+y-a+¥
and, substituting for X', Y’, Z' the values thus determined in

the polar of B, viz.,

xz - X xz <o,

we express this equation in the form

B+y-a-8)X-(By-ad)Y+(By(a+3)-ad(B+y)Z=0.
On restoring the original variables z, y, this is seen to be one

of the quadratic factors of the sextic covariant (Art. 183). It

is therefore proved that the points where FG meets K are
determined by the quadratic equation

(B+y-a—-08)¢*—2(By —ad)¢ +Py(a+3)—ad(B+y)=0;

and consequently the six points on K which correspond to the
roots of the sextic covariant are the points where this conic
meets the sides of the common self-conjugate triangle of U
and K.

To determine the points on K which correspond to the roots
of the Hessian, we calculate for the eonics U and K the covariant
conic F (Salmon’s Conic Sections, Art. 378) ; thus finding
—}F = (ac — b®) X2 + (bd — c?) Y2 + (ce — d?) Z% + (be — cd) YZ

+ (ae — 2bd + c?) ZX + (ad — bc) XY ;
and on restoring the original variables, we have

H(x’y)4= —if;
also, since the conic F intersects U and K in the points of contact
of their common tangents, we see that the i)oints on K corre-
sponding to the roots of the Hessian are the points so determined.
Conversely, transforming the Hessian U,,U,; — U,,® to the ternary
variables, it becomes

(@X +bY + ¢Z) (cX + dY + eZ) — (bX + ¢Y +dZ)* = - } F,
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which is the envelope of the polar X’ U, + Y'U, + Z'U, for all
points on K. This determination of F is due to the invariant &’
of U and K vanishing.

215. We now give some general transformations from the
binary system to the ternary, which will be useful in comparing
the concomitants in both systems.

(1). Lanear transformation of both systems.

If the binary variables be linearly transformed, the new
variables expressed in terms of the old being

o =Ar+py, y=Nec+uy,

the new ternary variables will be expressed in terms of the old
as follows :—

X' = 22X + Y + p2Z,

Y = 20X + (W' + An)Y + 2up'Z,

Z =XNX + ANu'Y + 2z,
and, consequently,

4ZX' - V' = (' - Np) (42X - Y7,

showing that the form of the fized conic is unaltered by the above
particular linear transformation of X, Y, Z, which conversely
leads to the general linear transformation of the primitive binary
variables. The modulus of this ternary transformation is
(Ap" — A'u)? (see Ex. 4, p. 89). :

(2). Transformation of Pogtial Diffexential Coefficients.

If u (z, y) becomes U by the substitution of Art. 212, we
have .
952U 49y 20
R} 20X Y’
and therefore

N XU N0 3 2U WU
=25t (X5m Y sy Zsmz) 2 GGz 51)
W W W DU
"’%X(XXX*YS?*ZTZ') 3 -4ZI ),

2 aa

where I7 is used to denote the operation SZToX 3T
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Hence, the degree of u being n, and therefore of U being 4n,
we have

d2u W o .
- 2(n-1) = S~ 4ZI1 (U), and similarly
d%u W

%u

-2 (n—l)b—z- — 4XTI1 (D).

If the transformation be such that II(U) vanishes identically,
we have, for the transformation of the second differential coef-
ficients, the following simple values :—

A% WU du U d%u W
w "2 N3p 20 D3y p2-N g
From these values we find easily
17,2 2 , bU U , 30
2< +yay)“"(" 1)<X tYy+Z aZ)

showing that the second emanant (Art. 174) in the binary system 13
transformed into the first polar in the ternary system.

To return to the consideration of the connexion between the
binary and ternary variables, and to show that the fundamental
properties of the quantics correspond in the two systems :—

Suppose we had three equations in general connecting the
variables

X = ?Sl (z, y): Y = ¢2 (.’E, y)’ Z = d’s (z, y)’
which we saw may be reduced to the form
X=22 Y=2y Z=y°
we may by elimination of zy obtain an equation in X, ¥, Z, and
we have another relation between X, Y, Z from the transformed
binary equation, the roots of which will plainly be represented
geometrically by the intersection of these two curves.

The analogy between the two systems of representation,
being points on a line and on a conic, will be apparent to a
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student of analytic geometry, so we give an example where the
analogy is apparent. We show how a double root of u leads to
a quintuple root of the sextic covariant (Ex. 2, p. 236), for two
of the sides of the polar triangle of U and K touch the conic at
the vertex of the triangle, and the pole of the third side is a
point on the tangent.

(3). Transformation of the Jacobian.

The Jacobian of any binary system wu, v, is transformed into
the Jacobian of U, V, K, where U, V are the transformed values
of u, v, the transformations being not necessarily such that

II(U)=0,II1(V)=0. For we have

.
J (u, v) = de dy 1 ar +by br +cy
’ W (n-1) (' -1) | o'z + b’y b'z + ¢’y |’
T Y

n and n’ being the degrees of u and v, respectively, and a, b, ¢
being used to denote the second differential coefficients ; whence
we have

U U U
WX Y M2

a b ¢
1 A B L2 ) 4
AT oE I Rl > g v 2
y-ay @ 3K K K
X Y Z

the last determinant being obtained from the preceding by using
the transformation in (2), adding the last row multiplied by
41T (U) to the first, and the last row multiplied by 4IT (V) to
the second.

(4). The Hessian and other concomstants.

For the transformation of the Hessian we have
d? dy? YT DY

WU U U\ .

- 4(n—1)’{5z - (5.7) },lfn(U)Eo,

n?(n—1)2H (u) =
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which proves that one curve into which the Hessian may be
transformed is the locus of the poles with regard to U of tangents
to the fixed conic.

The line corresponding to the binary concomitgt

(wy’ — 2'y)? 18 XZ'-3YY' + ZX/,
which is the polar of X', Y’, Z' with regard to the fixed conic K.
If the quadratics
ax?® + 2bxy + cy?, a'z? + 2b'wy + c'y?
become, when transformed, the lines L, M, the Jacobian
J (L, M, K) determines the polar line of their intersection with
regard to the fixed conic K.
When IT (U) = 0, I1 (V) = 0, the curve corresponding to the
covariant (1, 2)? u,v, is plainly
W 2V UV 9 W Y

Y dz | 3z dx dy

which equated to zero is the condition that the polar lines of a
point with regard to U and V should be conjugate with regard
to the fixed conic. This covariant may be written under the
form IT (UV), as IT1 (U) = 0 and IT (V) = 0.

216. When the transformation of Art. 212 is applied to a
quantic f (x, y) of even degree 2m, it is plain that the roots of
this quantic will be determined geometrically by the points of
intersection of a curve of the m* degree with the fixed conic K.
If the degree of the quantic is odd, it must, as already stated,
be squared before the transformation is effected ; and the roots
will then be determined geometrically by the points of contact
of the corresponding curve with the conic.

In transforming the quantic u (z, y) we may obtain, as we
saw, a number of ternary forms by varying the mode of trans-
formation ; also, if U be one of these forms, U + ¢,,_oK (in
which the coefficients of ¢,,_, are arbitrary now) would be a
transformation of u(x, y), since this form would, on restoring
the original variables, return to the quantic u (z, y). Moreover,

VOL. II. Q
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every transformation is included in the foregoing form, for, as
we saw, variation in performing the transformation arises from
the fact that we may replace a factor 42%? in u by 4XZ or by
4XZ — K, and hence two results differ by an expression having
K as a factor. It is necessary to observe that amongst the many
ternary forms there is always one such that IT (U) = 0, and hence,
as we shall prove, such that the invariants and covariants of such
forms combined with K are invariants and covariants of the binary
quantics also. To determine this form, take the operator IT of
the preceding Article, which, as can be easily seen, is obtained
by substituting the differential symbols }D,, 3D,, 1D, in the
tangential form of K. Operating then with IT on U + ¢, ,K,
we obtain a result ¥, _, of the degree m — 2; and equating
to zero its coefficients, we have sufficient equations of the first
degree to determine all the coefficients of ¢,,_,; and so there
exists one such form.

A better way, however, of seeing that there is one such unique
form and obtaining its constitution is as follows: We denote
corresponding binary and ternary variables by z,, z, and X,,
X,, X, where X, =12z2% X,=2x2, X;=22; and denote
corresponding differential symbols by d,, d, and D,, D,, D,. A
ternary quantic U of degree m may be expressed by

U = dupyste XoXpX, X5 &e.,

where there are m letters a, S8, y, 8, &c., and the form is to be
summed for all values of a, B, y, 8, &c., from 1 to 3, the coefficient
Aapys &c. being given to be unaltered by permutation of any
set of particular values of a, B, y, §, &c.

Asa, B, v, 8, &c., may each be equal to 1,

D\U = md, g4 4. XsXyXs &e.,
D,D;U = m(m — DA 505 4o X+ X5 &c.,
(DyDg—D,2) U=m(m~1) (4,378 0.~ A 2295 4) X4 X5 &e.
Therefore if IT(U) = 0, all coefficients Aapys &c. are equal which
differ only by 13 replacing 22. Now as X, = 2,2, X, = 2w,,,
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X; = «,%, all such coefficients which are to be equal arise from
transformation of the same term in the binary form u, and so
we can uniquely arrange that they are so. For instance, in
transforming the quartic u, the term 6a,  , , z,%,? transforms to
24, X, X3 + 4,,,X,% where 4, ; 4, , are arbitrary except that
24,3+ 44, ,=6a,,,. But by the above, if II (U) =0,
Ayg=Ays, . Ayg= Ay =10y, Having seen that u may
be uniquely transformed so that I7 (U) = 0, we now can find
the relation between the coefficients of ¥ and U which is ex-
tremely simple. Using a different notation for the coefficients,
suppose u = ag T, + 8a, 1%,"2, + &c. transforms to

U = 4,,0,0X,* + 445,1,0X:°X, + &c.,

the literal part 4, ; ; of the coefficient of X,2X,X;
= Z];!' D12D2D3U,
and as IT (U) = 0, and
. d?2=2(n-1)D,, dd,=2(n-1)D,, d2=2(n—1)D,,
1 .

] 1
11 0" D:DsU = o553 g 1 Wit hdads U= g di%dyu

= the literal part a;; of the coefficient of x,5z,3. The same

method shows generally that the literal part of the coefficient

of any term in U is equal to the literal part of the coefficient of

the term in % from which it would arise by the transformation.
Thus, for the sextic

Az 00=060 As10=051 Ay s0=4501=0,,:
Ay,1,1=Ado,s5,0=a5,3 &c.;
and for the octavie
A0 = 500 As1,0= 07,1 Ag o1 =4z 2,0= g2
A2,1,1 = Al,a,o = Ug,3, Az,o,z = Ao,4,o = A1.2,1 = Ac,u
and so on.
We now show that if u, v, w, &c., are transformed to U, V, W,
&ec., so that IT (U) =0, II (V) =0, IT (W) = 0, &c., all con-
comitants of w, v, w, &c., transform to concomitants of the

Q2’
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system U, V, W, &c., combined with K = 4ZX — Y2. Wedenote
corresponding sets of variables by 3, z3, and X%, X3, X3, and
corresponding differential symbols by ds, d; and Dj, D3, D;. We
also denote w (z%, 23) by s, U (X3, X3, X3) by U, and the in-
variant differential operators

d: d" D;; Dg) Dg
) 2
1 2

Dy, Dy Dy

(1) (a’ B’ '}')UGVBW?

1
"~ 8(n—1)(n—1)(ng— 1)

didy, did;, dad;
didf, didi, dids | uogw,
dydy, didy, dyd;

1
= 8 (nl - 1) (nz - 1) (ns _ 1) (a; ﬂ)(ar 7)(ﬁ; y)ua'vay-

where n,, n,, n; are the degrees of u, v, w, respectively.
(2) (a, B,y) UV K,
| didy,  didy,  dyds
d}iidfr dgdg! dgdg UaVg
doyxy, —4afry,  4aya)

1 .
= D) A ArrleB

1
" Ay - 1)(ny— 1)

where A, = a}di + 2}d;.
(3) Similarly, we can easily see that

8
(o, B, V)UKGK, = m=1) (282} — 2Y28) A gall yala.

As the operators on the right-hand side of the equations (1), (2),
(3) are invariant operators, it follows that the product of any
number of symbols of the form (a, B, y) transforms into the
product of invariant operators in the binary system, and so all
concomitants of the ternary system are concomitants of the

binary.
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To see conversely that all concomitants of the binary system
are also concomitants of the ternary, we show that after the sets
of variables are all made the same, the product of any number of
operators of the form (af) is equal to the product of operators
of the form (afy) where y is associated with K,, multiplied by
a numerical factor.

By (2) (a, B, )y, 8, U.U,VeV:K.K,

T e e
The operators on the right may be taken in any order as there
is no differentiation with regard to the variables with affix e'or ¢
Taking then A, as there is no subsequent differentiation with
regard to the variables with affix 8 or {, and as finally all sets
of variables are to be made the same, in A, { may be made
equal to 3 and therefore A ; may be replaced by n, — 1. Similarly
treating A, A g, A, we get that after the sets of variables are
finally made the _s(@rqq.'

(d"hﬁ’ é) (7: 8: C) UuU'y VBVGKGK{= (aﬁ) (78) uauvvﬂv5‘

In the above we have assumed that o is not equal to , nor
B to 8, and to obtain our desired result we never take e = {. 1If,
then, we take a = v,

(aﬂe) (a8§) UanVsK .K;

1
AmAeﬂ(“’Y)

(n,-1) (ny—1)
Al A gAg - (aB) (ad) u,vgs.

Al gs(ad)r,vg05

1

(ny—3) (ny—1)
1

(ny—3) (ny—1) (ng~1)*°

As before, A, A, may be each replaced by n, — 1, and in
A, A, after it is expanded ¢ and { may be replaced by a and
so the product A, A, may be replaced by (n, — 2) (n, — 3).
So, after the operations are completed, and all sets of variables
made the same, the right-hand side in the above

-2
= :—i_——l (aB) (ad) uavgry
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It is now clearly seen that the final result of any number of
operators of the form (af) gives the same result to a numerical
factor as the product of the corresponding operators of form
(aBe), where € is associated with K. and no two values of € are
equal. Hence all concomitants of the binary system are also
concomitants of the ternary.

217. Combined System of a Quartic and Quadratic.
—Transforming this binary system, we have a ternary system
composed of two conics and a line ; and for simplicity we shall
suppose the conics referred to their common self-conjugate
triangle. Denoting, respectively, ternary forms of the quartic
and quadratic by U and L, and remembering that we trans-
form so that IT (U) = 0, or so that the result of putting
differential symbols in the tangential equation of K and
operating on U vanishes identically, or so that the coefficient
of p in the discriminant of U + p;.K vanishes identically, we
have

U= aX?+ bY? + cZ2, a+b+c=0,

K=X%+ Y2+ 272 be + ca + ab = I,
L =aX + BY + vyZ, abe = I,.

To obtain the linear covariants of this system, since d,4f, y are
the coordinates of the pole of L with regard to K, the polar of
this point with regard to U is aaX + bBY + cyZ = M, the first
covariant ; and treating M in the same way, aa, bB, cy being the
coordinates of its pole with regard to K, the polar of this point
with regard to U is a%aX + b?BY + ¢*yZ = N, which is a second
covariant (see p. 223). We cannot derive any more independent
linear covariants in this way, for the next one so derived is

a%X + b%BY + Z = a (be — I,) oX + blca — I,) BY

which can therefore be expressed in terms of L and M in the
form I,L — I,M. But three more linear covariants L', M’, N’
may be obtained by taking the poles of L, M, N with regard
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to K, and joining them two and two. This gystem may be
expressed by the Jacobians

J(M,N,K), J(N,L K), J(L M, E).

We have therefore obtained six linear covariants, viz., L, M, N,
and L', M', N’ ; to which all others may be reduced, for example,

T, = a®X + b"BY + c™Z
=a"2%(bc — I,) aX + "% (ca — I,) BY + c"2(ab — I,) yZ
=ITy 53— 1Ty s;
also
b%c?aX + c?a*BY + a?bPyZ = 1,°L + I;M + I,N,
since
bc=a?+ 1, ca=0%+1, ab=c®+ I,

Similarly, d*c*aX + c"a"BY + a™™yZ may be reduced to the
form AL + BM + CN; and other reductions which present
themselves impose no difficulty.

These six linear covariants when transformed give six quad-
ratic covariants in the binary system.

There are six invariants, but only three are special invari-
ants of this system. To obtain them, let the condition that
AL + pM + vN should touch K be

D)2 + Dyu? + Dy? + 2Dguv + 2Dy + 2D A = 05
whence we obtain five invariants, D,, D,, D,, D,;, D,, where
D, = a™? + b"B? + c™y?, three of which only are independent,
for

D, = a2 (bc — I,) a? + 672 (ca — I,) B2 + c"~2 (ab — I,) o*

= Iapn-s - I2Dn-2 ;

whence

Dy = ID, - 1,D,, D,=I;D, - 1,D,;
and thus we obtain no more than the five invariants I,, I, D,,
D,, D,, the two last being special invariants. D, vanishes when

L and M are conjugate with regard to K, and D, when L and N
are conjugate with regard to K,
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The remaining special invariant, which is skew, may be
obtained as the eliminant of L, M, N, or as J (L, M, N), viz.,
a By
aa b oy | = Ry
a*a b ¥y

The square of the last invariant can be expressed in terms of
D,, D,, D,, for

a B Y 2 D, D, D,

Rys=| aa BB oy =| Dy D, D; |;
a*a b8 Yy D, D; D,
alSO Da = I3Do b Ile .D4 = I3'D1 - I2D2.

R,;s plainly vanishes when L passes through one of the
vertices of the common self-conjugate triangle of U and K.

We proceed now to express the resultant of the quadratic
and quartic in terms of Dy, D;, D,. This is the same problem
as to find the condition that L should pass through one of the
four points U, K, and is most easily solved by finding the condition
that only one conic of the system U + pK can be drawn to
touch L. Now if L touch U + pK, '

P (a® + B% + ¥?) — p(aa?® + B2 + cy?) + bea? + caf® + aby? = 0;
or Dyp? — Dyp + Dy + I,D, = 0,
and if the discriminant of this quadratic be R, we have

R = D2 - 4D,D, — 4I,D2.

The geometrical meaning of the relation D; = 0 is that the
line L is cut harmonically by the conics U and K.

To determine the quartic covariants of the binary system
from the quadric covariants of the ternary system, we have in
the ternary system three quadric covariants, viz., the Jacobians

J(L,UK), J(M,UK), J(N,U,K);
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there are also the three conics
J(L,F,K), J(M,F,K), J(N,F,K),

where a2X? + b2Y2 + ¢?Z% is the harmonic conic F with sign
changed.

These three conics are easily reduced, for
J(LF,K)=-J(M,U,K), J(M,F,K)=J(N,U,K),
J(N,F,K)=1,J(M,U,K)-1,J (L, U,K);
whence there are only three special quadric covariants, and
consequently only three special quartic covariants of the binary

system.

Before concluding this Article, we give some of the forms
which would have been obtained if we had employed the ordinary
equations of the conics U and K, viz.,

U=aX?+cY2+eZ?+2dYZ + 2¢ZX + 2bXY,
K =4ZX - Y2

The condition that L = ax + By + yz should touch U + pK,

or its tangential equation, is now

2—p® +p22' =0,
where X' = (ce — d?) a? + (ae — ¢?) B2 + (ac — b?) y2
+ 2 (bc — ad) By + 2 (bd — ¢?) ya + 2 (cd — be) P,
D = ea? + 4¢B2 + ay? — 4bBy + 2cy0 — 4daf,
X -4 (ya - ).
Also, R,,; is the Jacobian of X, @, 2’ considered as conics ;
and
I=-41,, J=4I,, Dy=2', D, =P, D,=2-1,2,
where I and J are as usual the invariants of the quartic.

218. Principal Concomitants of the Sextie.—The
binary sextic « being the next even form of quantic, we proceed
to indicate briefly how its invariants and the two principal
covariants may be derived from the ternary system of a cubic
and conic combined. The two covariants alluded to are the
quartic I,, whose leader is .2, — 44,05 + 3a,? = I, and the
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quadratic L,, = I, (u); for, by treating these as a combined
system, in the manner of Art. 217, we may obtain all the forms
of the binary sextic as far as the fourth degree.

Transforming the sextic u = (@, a,, @5, a3, a4, a5, a¢) (2, ¥)°,
we have the ternary cubic U, such that I7 (U) = 0,
U =0a,X3+0a,Y3 + agZ2 + 6a,XYZ

+ 3{a, X2Y + 4, X*Z + 0, Y?X + 0,Y*Z + 0, 2°X + a,Z*Y }.
Now, forming the discriminant of

(X' 2 +Y' P+ ) U - K’
or of (Uu, Usgs, Uss, Uzs: Usp, Uyp) (X’, Y, Z’) - AK',

we have 423 - I (U)X + J (D),
where I(U)=UUsy — 4UU,s + 3U,%

U, U, Uy

JU)=| Uy U,z Uy

Uy, Usp Usg

Expanding I (U) in the form (a,y, @9, @33, @93, @31, @45) (X, Y, Z)?,
we find

Gyy = Gy — 40,03 + 30,2, 2045 = a,04 — 30505 + 20304,
Aoy = 0,Q5 — 4,0, + 30,2, 2a,, = ayas — 4,05 + Taa, — 4a3?,
@33 = Ayag — 4505 + 30,2, 2ay, = ayas — 30,0, + 20,04 ;
also
AT + QY + A2, T + Aol + G2, AT + GgY + B2
J(U)=| ax + ay + agz, Gy + a3y + Gy2, G3T + Ay + Qg2
AT + AgY + A2, AT + QY + A2, AT + gy + Qg2
Operating with I7 on I (U), we get
I, = a,aq — 6a,a5 + 15a,a, — 10a,?,
viz., the quadratic invariant of the sextic; and therefore
II(I(U) + 31,K) = 0.
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Also I1J (U) = Ly becomes L, on transformation.
Again, if we form the discriminant of

I(U)+ 3LL,K - XK,
we have 403 — I + I,

where I, and I, the invariants of I,, are invariants of the fourth
and sixth orders of the sextic, the general form of all such
invariants being

U, +ml2, LI, +ml2+ nl,

The invariants which Salmon (Higher Algebra, p. 262) selects
as fundamental are the invariants — S and T of the cubic curve
U (Higher Plane Curves, Arts. 220, 221 ; 3rd ed.).

The condition that the cubic and conic should touch is
expressed by the vanishing of an invariant I,,, and this invariant
is the discriminant of the sextic.

The condition that three connectors of the six points of
intersection of U and K should meet in a point is expressed
by the vanishing of an invariant I,5; this is the skew invariant
of the sextic, and may be obtained as the invariant R,,; of
Art. 217 for the combined system

I(U)+3,K, K, IIJ (U).

The covariant I, may also be obtained from the curve
U,U, — U,? which transforms into H,; for, reducing by the
relation Uy, = U,,, we find

HI(UUs - Uy?) = Uy Ugy — 4U,pUys + 3U%, = I (U).

The covariant Ly may also be obtained by substituting
D,, - 2D, Dy for X, Y, Z in I (U), and operating on U.

219. Geometrical Representation of the Jacobian.
—In this Article we propose to find a curve which intersects the
fixed conic K in points which represent the roots of the Jacobian
of two quantics ¢ and i of the n** degree.



236 T'ransformations.

Resolving g into partial fractions, and then differentiating,

we have
'=”'l’ (a,) 1
2N T\
T =gt ST

Now, passing to the ternary variables, J (¢, ¢) transformed
becomes
S¥le)l
Jn(TT,T, . . .T,) gﬂs(—a; 3

where T,=X-0a,Y +a?Z, and ¢ (a,) =

The curve J plainly passes through all the intersections of
the tangents to K at the points ¢ = 0. Moreover, interchanging
¢ and i, this curve passes through all the intersections of the
tangents to K at the points ¢ = 0, J only changing its sign by
this interchange. This curve, therefore, passing through the
n (n — 1) vertices of the two circumscribing polygons, intersects
the conic K in.2 (n — 1) points determined by J (¢, ¢)) =

It is important to notice that the equation of the curve J
does not alter when A$ + ¢ is substituted for i, proving that
there are an infinite number of polygons circumscribing X and
inscribed in J, the points of contact of their sides being deter-
mined by the equation A + ¢ = 0, where A may have any value ;°
also the curve J of the n — 1% degree is completely fixed by

the 2 (n— 1) Jacobian points and the %:l)

circumscribing polygon, since it is determined by

vertices of one
(n—1)(n+2)
2

arbitrary points.

ExaMPLES.

1. If a quartic » have a double factor, prove geometrically that this factor is
a double factor of H,, and show that two of the quadratic factors of G, have
real roots when the roots of u are all real or all imagiuary, also that only one
factor has real roots when two roots of u are real and two imaginary.

2. If a quartic have a square factor, prove geometrically that this factor is
a quintuple factor of the covariant G, ; and construct the point on the conic KX
which corresponds to the remaining root of the equation G = 0.
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3. Prove that the quadratic factors of the sextic covariant of the quartic
¢ () expressed in terms of the roots may be written in the form

(@ —ay)  (@— ay)
(e Flay * ¥
Let Ty=X— o, Y + o2
we have then

T T’ Tl Tl — Y .
Tl * Flap * Flay + F(ay = O (by Euler’s theorem);

(Ex. 4, p. 173, Vol. L.)
but the sides of the self-conjugate triangle corresponding to the points a,, a,, a,,
o, on K are the diagonals of the quadrilateral formed by the tangents T, T\,
T,, T,, and the equation of one of the sides is therefore
P T oo T, To
Flan ¥ Fla ™ Flod ¥ Fla =

Returning now to the binary system of variables, we have the required form.

4. Resolve the quartic as in Art. 186 by finding the tangents to the conic K
where U meets it, U and K having been expressed as sums of squares.

5. Determine the condition that Au 4 uv should have two square factors,
where u and v are binary quartics.
Transforming to ternary variables, we have in this case
AU + pV + vK = (aX + BY + yZ)*;
consequently, every term in the tangential form of AU + uV + vK must vanish,
giving six equations to eliminate A%, p3, 42, uv, vA, Au; hence the required con-
dition is determined.

6. If u, v, and w be three binary quartics, prove that four quartics can be
found such that

Au 4 pv + vw = (az® + 28zy + yy)i
Passing to the ternary variables, we have to prove that four lines can be found
such that
AU + pV + vW + pK = (aX + BY + yZ)
These lines are the common tangents to two known conics (see Salmon’s
Conics, Ex. 3, Art. 373).

7. Apply the geometrical transformation of Art. 212 to prove that the
Tschirnhausen transformation, z = (e2® 4 28z + y)[(a’2® 4+ 28’y + ¥’), trans-
forms a quadric into one having the same absolute invariant as a quartic whose
roots are k, p;, Py, Pss Or in fact to prove the theorem of Art. 198.

Make the numerator and denominator in the expression for z homogeneous
in z, y; replace z by —A, and transform : the Tschirnhausen transformation
becomes

L+ AL =0,

where L=aX+ BY +vy2, L'=doX+pY + yZ
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It X, Y, Z be eliminated from the equations L + AL’ =0, U =0, K = 0,
we shall have the transformed quartic in A, which, considered geometrically,
determines the lines drawn from the point of intersection P of L and L’ to the
points of intersection 4, B, C, D of U and K. Again, if x be so determined
that the conic U + xK pass through the point P, the anharmonic ratio of the
lines PA, PB, PC, PD is equal to the anharmonic ratio of the lines D, DA, DB,
DC, where T'D is the tangent to U 4+ «K at D; that is, of the lines

t+ ', t4 pit, t+ pit', t+ pst,
where ¢ and ¢’ are the tangents to U and K at D. As the anharmonic ratio is
the same, the absolute invariant is the same for both quartics, viz. the given
quartic and the quartic whose roots are «, p;, ps, ps-

8. Transform a quartic into one having three roots in common with its
reducing cubic.

This transformation is suggested by the last example and may be effected
by putting L = ¢, L’ = t’, where ¢, ¢’ are the tangents to U and K at the point
of intersection D corresponding to 8. As ¢ + pyt’, ¢ + pyt’, ¢ + pst’ are the
lines joining the point corresponding to & to the points corresponding to a, B, y
respectively, transforming to the binary system, we take

(z’A +y —3-)'0 (52 + A)'U
§__t_ 1\ Oz P 21\ dz *
il A L i B e O T
_ 1 z%ad® + 253 + c) + 2zy (b3* + 2¢3 + d) + y* (c3* + 203 + ¢)
2° (= — o)
which is satisfied by putting £/y = p, or p; or p; and z/y = aor B or y, re-
spectively. Dividing both numerator and denominator by z — 8y, we take
7=z — &y and
§=— }(ad® + 208 + ¢) z — }{(aa® + 2ba + ¢) a + 2 (ba® + 2ca + d)}y .
=—HaZl@—a)@—~B).2+ %haZa(d - P —7).9
where the summation is with respect to q, B, y.
This transforms U, to kx (4§ — Iéy®* 4 7*), where
k=— 8 (85— a)(5— (5 — y (See Ex. 32, page 213.)
9. Let three points a, b, ¢ be taken on the conic K given by the equations
pr=¢% py=2¢ pz=1,
the values of ¢ at these points being a, B, ¥, the roots of a cubic U ; prove the
following constructions for determining the points on the conic corresponding to
the roots of the cubic covariant G, and the Hessian H, :—

1°. Let tangents be drawn to the conic K at the points a, b, ¢, forming a
triangle A BC; the lines Aa, Bb,Cc meet the conic at points a’, ¥, ¢’, correspond-
ing to the roots of G,.

2°, If tangents are drawn to K at a’, b, ¢/, forming a triangle 4’B’C”,
the four triangles abe, a’b’c’, ABC, A’B’C’ are homologous, and their axis of
homology meets the conic K at the points corresponding to the roots of H,.
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3°. From the foregoing constructions, prove that U, and G, have the same
Hessian H,, and that the roots of H, are imaginary when the roots of U, are real.
—Dublin Exam. Papers, Bishop Law’s Prize, 1879.

Let the tangents at the points q, 8, y on the fixed conic K be T,, Tg, T'y;
we have then

PTa= (¢ —af, pTg= (34— B pTy=($—7);

whence, eliminating ¢, the equation of X is
(B—7)VTa+ (y— a) VTg+ (a— p) VT, = 0.
Now the equations of the lines Aa, Bb, Cc are
(y — a Tg — (a — B Ty = 0, &o., &c.,
and the points where Aa meets the conic K are given by the equation
(y—a)(d—BP=(a— BP(—
Solving ¢ =aand (B+ y — 2a) ¢ = 2By — ya — af,

the second value of ¢ being the root of G, corresponding harmonically to a.

Again, the polar of the point of intersection of 4a, Bb, Cc is the axis of
homology in 2°, and its equation is

B=9*Ta+ (y—afTg+ (a— pPTy=0,
which line meets K at the points determined by the equation
B—vrP—af+(y—af(d—B+(a—BP(—yF=0,
and this is the equation of the Hessian of U.

10. Resolve the skew invariant of the quadratic and cubic into three
factors, in terms of the roots, and give its geometrical interpretation.

The skew invariant is expressed in the form

Vp? (U.G,). (Art. 191.)
Now combining the factors of U, and @, which correspond harmonically, U,G,
can be expressed as the product of three quadratics I, m, n, where
l=(B+7—2a)2* - 2(By — a*) 2y + a (2By — ya — af) ¥,

with similar values for m and =.

Now we can prove Vp? (Imn) = kVpl. Vpm . Vpn, where k is a numerical
multiplier.

This is more easily seen by employing the ternary system of variables;
in that case, if

Ve=12"— (p+ v) 2y + p,
6V p, considered as an operator on LMN transforms to
wDx+ (p+v) Dy + Dz =Y,
because, as we shall see, JILMN = 0, and hence
Y} (LMN)=6YL.YM.YN,
L being ! transformed, &o.
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Now,
ol 2a 1

r(L) = uv p+v 1|,

By B+y 1

which vanishes when a determines a focus of the involution of the points u, »
and B, y; or again when V, and ! determine four harmonioc points on a line;
or again when one of the lines 4a, Bb, Cc, in question 9, and the line correspond-
ing to V,, are conjugate with regard to the fixed conic K; the skew invariant
also vanishing in these cases.

That II(LMN)=0
is now easily seen by transforming as in question 9 to the variables
=(B— ¥)'"Ta=(B— (X — oY + o'2), &c,
then L transforms to (Y’ — Z’) [ (B — v), and II to
(B 7Pt — ara— PP (55507 *+ 5208 + STRT )’
whence II (LMN) = 0.

11. Two triads of points are taken on the conic K determined by the roots of
two cubics U and ¥V ; if triangles are formed by the tangents to K at these points,
prove that the conic circumscribing these two triangles touches the conic K
when the combinant @ of the two cubics vanishes, and that their combinant P
vanishes when the circumscribing conic meets the conic K in four equianharmonic
points.

12. Determine the condition that any two quadratic factors, viz.,

(z — ay) (x — By), (z— yy)(z — 8y)

of a quartic « should form with a given quadratic Az® + 2uxy + vy? a system in
involution.

Transforming, the three corresponding lines must meet in a point, which
point is one of the vertices of the common self-conjugate triangle of the conics
U and K. The tangential equation of these points is J (Z, Z’, ) = 0, which
is therefore the required condition, the tangential form of pU 4 K being
P2 + p® + X’ (Art. 217).

This condition may also be put under the form

o o & =
(2o = 2 53y 7 32) Ga =0

as we proceed to show.

& o
If T=A W 2yb'z—'by + Pb—za,
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and G, = Imn when resolved into its quadratic factors, we have
Y@, = 6Yl.Ym . Yn,
for transforming to the ternary variables,

) d d
Y= 6(AD—-Z—2pﬁ+ vﬁ)
when applied to a function ¢ (X, Y, Z) such that IT¢ = 0. Now I, m, n become
three lines, L, M, N, which form a self-conjugate triangle with reference to K,
and TILMN = 0 in the case of any three lines which are mutually conjugate ;
whence
Y38LMN reduces to 6YL.YM .YN,
and YL = 0 is the condition that the lines AX 4+ uY 4 vZ and L should be
conjugate with respect to K, or that AX 4+ uY 4 vZ should pass through the
pole of L, or the condition that two quadratic factors of « should form with
Az? 4 2uxy + vy® a system in involution.
13. Prove that the quartics
v = (a2 + 2B,2y + y19®) (as7® + 2837y + ¥a¥®) — (a:2® + 222y + v29°)% (1)
% = (ar2® + 20,7y + agy?) (v12® + 2y02y + va¥®) — (Br2® + 287y + By®) (2)
have the same invariants.
Transforming (2) to the ternary system, we have the conic
(01X + 0, ¥ + agZ) (1 X + 72 Y + y52) — (B1X + B2 Y + BsZ)* + (42X —1?),
where 3x = I, — I,4 has been found so that MU = 0, and « is the same for
Uand V.
For shortness, we write
L=a X+ a,Y+ 0,2, M=B,X+ BY + BsZ, N=vX+ v, Y + y:Z. (3)
Forming the discriminant of
U+ X4ZX — Y?)= LN — M2+ (x + A) (4ZX — Y?),
Nay —2MB 4+ Ly, +4(A+xk)Z=0
Nay, — 2MBy+ Ly, —2(A+ k) Y =0 (4)
Nay— 2MB;+ Ly; +4(A+x) X =0
and eliminating X, ¥, Z; or eliminating the six quantities X, Y, Z, L, M, N

by means of the three additional equations (3), and putting A 4+ « = X’, the
resultant is obtained in the form

a; B ” 0 0 + 4X
ay By s 0o —2ox 0.
a, Bs s+ Y o
. o 1 . ) . |z ANX).
0 +i 0 B B Bs.
-1 0 0 7 7 7s

VOL. 1I. R
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If we had operated similarly on the quartic (1), we should have obtained the
same resultant A (X’), the form the determinant takes in this case being obtained
by dividing the first three rows of A (') by —4A’, multiplying the first three
columns by —4)’, moving the last three columns to the front, and then the
Jast three rows to the top. Whence it follows that the invariants are the same
in both cases.

To expand A ()’) we replace L, M, N by their values in equations (4), and
then eliminate X, Y, Z, thus obtaining

1 I I, + 2
Ill IQI_A’ Iga ’ where 2IDG = GpYe + Qg¥Vp — 251’30'
Ig+ 2X Iy Iy
This determinant becomes, when expanded,
I 11 I 12 I 13
9”"4 (Ili—Ilfl)A/’-{IIIISS_I’18+4 (IISINZ_II!IQS)}A,-I" 112 1!2 Ila
Iy Iy Iy

Note when X + « is substituted for X’, this equation has no second term,
and every coefficient must be the same for both quartics, as may be verified
directly. (See Zeuthen’s solution, Proceedings of the London Mathematical
Society, vol. x., p. 196.)

14. Determine the condition that three quadratics in terms of their invariants
should by linear transformation be simultaneously reducible to the forms

Y6 % 0%
¥ =y oY
Ans. 13135 — 41,515 + 1302 + 215,15 = 0.
2Ipg = apyq + oqyp — 2PpPy.
15. Prove that the condition in Ex. 14 is the same for the following two sets
of quadratics :(—

0,22 + 2B 2y + vt a2 4 2Byay + veyt  as2® + 2Bsry + vedd,

and
a2 + 20,7y + agy, B2 + 282y + By M + 2v7y + vyt
The condition in Ex. 14 can be put under the form
(Iﬂl - Iu)z + IIIISS - Ila’ + 4 (Iuln - IIZIIB)’
which is at once expressible by the coefficients of A (X') in Ex. 13.
The geometrical interpretation of this condition is that a triangle can be
inscribed in the harmonic conic of U and K and circumscribed to K.
For, replacing L, M, N in Ex. 13 by U,, U,, U,, as supposed in Ex. 14,
where
U=(a,cedcb)(X, Y, 20
UIUI - Ul’ = (Iu- In’ Iuv Iw Iln Iu) (X: Y: Z)’



Examples. 243

becomes the harmonic conic F of U and K (Art. 214); also if the discriminant
of AK + F or A (A) be written in the usual form

AN+ 62 + 6,1 + A,
the condition in Ex. 14 may be written thus—
6?2 — 4A6, = 0,

which is the well-known invariant condition that a triangle can be inscribed in
one conic and circumscribed to another. (See Salmon’s Conic Sections, Art. 376.)

16. If U and V be the ternary forms of two biquadratics » and v, and F

their harmonic conic, prove that IT (F) = 0 is the condition that u and v should
be two first emanants of a binary quintic.

- R2
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CHAPTER XX.

THEORY OF SUBSTITUTIONS AND GROUPS.
..

SecTION I.—SUBSTITUTIONS IN GENERAL.

220. Definitions—Notation.—If n symbols z,, z,, , . . .
z, be given, and if each symbol be replaced by some one or other
from the same set, so that the result is a new arrangement of
the same n symbols, the operation of passing from the first to
the second arrangement is called a substitution. The symbols
Ty, Ty, . . . T, aTe to be regarded as entirely independent quan-
tities, and are referred to as the variables, or the elements affected
by the substitution.

If the operation be denoted by S, a substitution S can be
represented as follows :—

S :_—"( 1 2 3 n) ’
Ta Tg Ty ...,
where the two horizontal lines contain the same set of » letters,
and the operation consists in replacing any letter in the upper line
by that which stands under it in the lower line. The operation
may be supposed to be applied to a function ¢ (z,, z,, . . . x,)
of the variables, in which case the resulting function S¢ will be
obtained by replacing «, by 2. wherever it occurs in ¢, 2, by g,
and so on. In the case of any letter which is net displaced by
the substitution under consideration, the two symbols in the
same vertical line will be identical. Since the suffixes of z admit
of only 1.2.3,...n =N permutations, this is the total
possible number of distinct substitutions. In this number is
included that arrangement in which the order of the suffixes is
the same in both horizontal lines, viz., that in which no letter
is displaced by the operation. Such a substitution, which
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affects no element, is called the wdentical substitution, or the
substitution unity, and may be denoted by S = 1.

It will usually be found convenient in practice to denote
the symbols operated on by single letters a, b, ¢, . . . , or by the
numbers 1, 2, 3, . . . simply, the symbol z being omitted.

221. Circular Substitutions.—The notation above ex-
plained admits of simplification. Consider, for example, the

substitution
abcdef
S= ,
bcdefa

in which each symbol is replaced by that which follows it in the
first line, the last letter f being replaced by the first. Such is
called a circular substitution, and is denoted simply by the letters
of the first line enclosed in a bracket, thus—

S=(abecdef).

It is clear that S can be written in several different ways,
and that any of the letters involved may stand first, provided
the cyclical order be preserved : thus

S = (bedefa) = (cdefab) = (defabc) = (efabed) = (fabede).

Now it is easy to see that every substitution can be resolved
wnto one or more circular substitutions. For, in effecting any sub-
stitution S, if a letm-ﬁ-ﬁ;ér line be found replaced by b,
and b in its turn by ¢, and so on, in continuing this process, we
come necessarily to a letter (k, say) which is found replaced by
a. The result of the operation so far is the circular substitution
(abc . . . k). If the letters be not all exhausted by this process,
we select a letter from those which remain, and form in a similar
manner a new circular substitution ; and so on, as long as any
new symbols remain.

If we denote by C,, O, . . . C; the different substitutions
obtained in this way, we may write

S = 010203 « e C’,
and S may be said to be resolved into its circular factors. These
factors are called the cycles of 8. Cycles which contain two



246 Theory of Substitutions and Groups.

letters only are called transpositions. As an example, we take
the substitution
(1 2 345 617 8>
S = .
8 6 1 275 4 3
Starting with the symbol 1 in the upper line we obtain
immediately the cycle (183), and proceeding in a similar manner
with 2 we obtain the cycle (26574) ; hence
S = (183) (26574). ‘
It is clear that the order in which the operations are conducted is
indifferent, since no cycle affects any of the elements contained
in any other, and therefore the order in which the factors of S
are written is indifferent.
If all the elements are involved in the first operation alone,

the substitution is itself circular, e.g.,
(1 2 3 4 5 6 17

3 675 21 4

If the position of any element is unaltered by a substitution,

this element may be enclosed in brackets by itself when the

substitution is expressed as a product of cycles, or it may be
omitted altogether, e.g.,

S = ) = (1374526).

3 6 4105

Here (5) being the identical substitution = 1 may be replaced
by unity. Although an element constituting a cycle by itself
can be replaced by unity, it is often necessary to retain it in
order to show that this element was amongst those which were
subject to the operation.

A circular substitution S can be repeated any number of
times on the same elements, and the successive operations
denoted by S?, 83, &c. We have, for example,

abcecde abede abcecdef
S = , S% = , 83 = ,
bedefa cdefa defabec

123 45 6
S = ( 2) = (134) (26) (5) = (134)(26).
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Proceeding, we find 8¢ = 1. If, in general, p is the lowest
integer such that S8 = 1, the substitution S is said to be of the
order p; it is clear, therefore, that the order of a circular sub-
stitution is equal to the number of elements it displaces.

For two elements a, 8 we have (af) = (8a), and (af)? = 1.
For three elements a, 8, y we have (aBy)? = (ayB) ; (afy)® =

222. Products and Powers of Substitutions.—If two
or more substitutions S;, S,, . . . S, be operated in succession on
a given set of elements, the result is a new arrangement which
might have been arrived at by one single substitution S. This
substitution may be called the product of the former set, and we
may write S = 8,8, . . . 8;, the component factors being applied
in the order 8;, S,, . . . , viz., FROM LEFT TO RIGHT. When a
substitution is resolved mto its component cycles, as in the
precedmg Article, we saw that the order of the factors is in-
different, no element being common to any two of the cycles.
But, in general, in a product of substitutions where the same
element may occur in two or more of the factors S;, S,, . . . , it
is most important to observe that the commutative law of alge-
braic multiplication does not hold good, and that the order of
the factors must be preserved. With three elements, for example,
the student will easily verify that the product (12) (13) is a
different substitution from the product (13) (12). While the
commutative law of algebra fails, the associative law holds good,
viz., 8,8, .8; =8, .8,8;; for if S; changes any element a into
b, and 8, changes b into ¢, which again is changed into d by
means of S, the substitution of d for a is the final result whether
this be supposed effected by first changing a into ¢ (by means
of §8,8,), and then ¢ into d, or first changing a into b, and then
b into d (by means of S,S;).

The result of operating the same substitution S any number
of times, p, in succegsion may be represented by S?; and we have
clearly the equation 8787 = 8?+? = 8487, The vnverse of a given
substitution S is one which reverses the order of procedure in S,
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and is denoted by the symbol S~1. Thus, if
S = ay aa..a,,) S-l_bl by bs..b,,)
(blb by . . b,/ =<a1a2a3..a,,’
we have clearly S81=8718=1.

Since the total number of possible substitutions is limited,
some repetition of S must reproduce the original arrangement
of the elements. If p is the lowest integer such that S° =1,
S is said to be of the order p, and the series of substitutions is
limited as follows :—

1,8,8288 ... 8L

The extension of this mode of expression to negative ex-
ponents may be obtained by writing S in the form S*-?,
where p is the order of S, and consequently S* = 1. We have,
then, S?S—? = S»pS¥—» — Sk — 1, and the substitutions S? and
S-P cancel one another.

Any circular substitution can be represented as a product of
transpositions, for it is clear that the operation (abcdef) can be
conducted by “first interchanging a and b, then interchanging
a and ¢, then @ and d, and so on. We may write, therefore,

(abedef) = (ab) (ac) (ad) (ae) (af),

from which it appears that any cycle can be resolved into a
product of transpositions, in number one less than the number,
of elements contained in the cycle. The order of the factors
in any such product is important, these factors not being com-
mutable amongst one another. It follows immediately that
every substitution can be expressed as a product of transpositions,
for each of its cycles can be so expressed.

If a substitution S affecting n elements contains £ cycles, it
can be easily inferred that S can be expressed as a product of
n — k transpositions. It should be observed, however, that the
same substitution can be expressed in a great variety of ways
as a product of transpositions. It will appear in the sequel
that, however variously expressed, the number of transpositions
in any given substitution preserves the same party ; that is to
say, if once even, it is always even ; if once odd, always odd.
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ExaAMPLES.

1. Resolve into its cycles

S=

.

(al G, Qg a4 Qg Qg G GGg Gy Gyy Ay Qg G5 By Oy
Gy G; Gy Gy G Gy Gy Gy Qg Gy Gyg Gy Ay Gyy G/’

Ans. 8 = (ay ay 8y g Qg Qg Gy a5 G5) (0 Ayg Ag) (45 ayy) (ye)e

The appearance of the factor (a,5) = 1 in the result shows that this element
was amongst those subject to the operation.

2. Express as a product of transpositions

g_(l1 2345678090
=(3869240517)

Ans. 8 = (13) (16) (14) (19) (28) (25) (70).

3. If a circular substitution C be multiplied by a transposition T, one of
whose elements is contained in C and the other not, the resulting substitution
CT is circular.

Taking a, as the common element, we may write

C=(ayma; . . . a), T = (aq)

The effect of C is to replace the arrangement ay, ay, . . . a; ajby ay, ay, . . .
aj; Gy Gjs and of T to interchange a, and a; in the latter. We have then

@ QG . . Gy G5 a1>=(aa : a.a5)
a; ag . . a; a; @) ViU Telk

OTE(

4. If a circular substitution C be multiplied by a.transposition 7', both of
whose elements are contained in C, the resulting substitution CT is the product
of two cycles having no common element.

We may take

C=(aa,...a

byby . .. b)), T=(ab,).
Proceeding as in the previous example, we readily find
CT = (ayay...a)(bydg...0.

5. If a substitution S be multiplied by a transposition 7', whose elements are
contained one in each of two different cycles, C, €, of S, the product CC'T is
one unbroken cycle of all the elements in C and C".

This follows at once from the last example by multiplying both sides of the
resulting equation into 7', since 7™ = 1.

6. If any substitution S is the product of r transpositions, and if it be
multiplied by a transposition T, the product S7' will consist either of r 4 1
or r — 1 transpositions.
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If S affects n elements, and contains k cycles, we have, as stated above, r =
n — k. If T introduces two new elements, we have one additional transposition,
hence » + 1 in all. There are three cases remaining ; according as (1) 7' intro-
duces one new element only, or (2) two elements already contained in the same
oycle of 8, or (3) two already contained in different cycles of 8. These cases are
discussed in the three preceding examples ; and it is readily inferred that the
number of transpositions in ST is always r + 1, except when both elements of
T occur in the same cycle of S, in which case » is unaltered, and k£ becomes
k+ 1; r therefore becomes

n—(k+l)=n—k—1=r—1

It appears from this example, that however S be expressed as a product of
transpositions, the effect of multiplication by a single additional transposition is
to change its parity, viz., from odd to even, or even to odd.

7. The order of a substitution § is equal to the least common multiple of the
orders of its cycles.

Let 8=0CCCq...Cy
and u be any common multiple of the orders of C;, C;, . . . . Since
Sp=CHCH...C¢ and O =0Cp=..C0p=1,

we have 8# = 1; and if p be the least value of u, S = 1; whence p is the
order of 8.

Hence we infer that if the cycles C,, C,, C;, . . . are of the same order, this
order is also the order of S. Such substitutions are called regular, the same
number of letters occurring in each cycle.

8. If a circular substitution S contains p letters, and if u is prime to p, then
S* is itself circular.

9. If a circular substitution S contains pq letters, then S? is a regular sub-
stitution consisting of p cycles of g letters each. If, for example,

S = (123456), 9% = (135) (246), S°® = (14)(25) (36). -
10. Every regular substitution is a power of a circular substitution.
Take S as in example 7, with the factors
Cr=(ayhe, - . . L), Cy=(agbecy . . . L) . . . O = (ajbje; . . ),
i.e., such that the same number of letters are involved in each cycle. If now we
write down the circular substitution
O = (2,885 . . ajbybbs . . b5 . .. . Llly . . ),
whose first j letters are the initial letters of the j cycles, the next set the second
letters of the successive cycles, and so on, it is easily verified that the y'» power
of C breaks up into the product of the j successive cycles Cy, Cy, . . . Cj; hence
S = 04,
11. Express the regular substitution
8=(1 3 56 12)(2 7 6 11)(4 8 10 9)
as a power of a circular substitution.
Ans. 8S=(12437856101211 9)3
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12. Every transposition of the elements x,, z,, 25, . . . 2, can be expressed
by transpositions from the following series of n — 1, viz. :—

(2125), (24%s)y (T %)y « « « (B1Tp)s  (Typ)-
For it can be easily verified that, if z,, g are any two elements,
(za2g) = (21%4) (212p) (2120)-

13. Every substitution which can be resolved into an even number of trans-
positions can be expressed by circular substitutions of the third order.
The given substitution is expressible by products either of the type (af)
(ay) or (aB)(y3) ; wehave (af)(ay) = (afy), and (aB) (y8) = (aBy) (ady), since
(aBy) (ady) = (aBy) (yad)
= (aB) (ay) (va) (¥8)
= (af) (ay)* (+8), and (ay)?= L
14. Show that any circular substitution of three of the elements z,, z,, . . .
Z, can be expressed by means of the » — 2 circular substitutions

(#123%s)  (2129%y), -+« o (BTgTp)s  (T177p)-
Retaining for brevity the suffixes only, we proceed to express (afy) in terms of
(Aua), (AuB), and (Auy).
(aBy) = (aB) (ay)
(aB) (aX) (ad) (ay), since (ad)*=1,
(aB2) (ady)
= (AaB) (Aya).
Now making use of this equation to bring a new element px in a similar
manner into each of the cycles on the right-hand side, we have.

(aBy) = (pha) (uBA) (pAy) (nad)
= (Ana)? (AupB) (Any)? (Aua), the required expression.

I

The following mode of expression can also be easily verified :—

(aBy) = (Aua) (Apy) (AuB) (Aua) (Awy).

223. Similar Substitutions.—Two substitutions which
contain the same number of cycles, and the same number of
elements in corresponding cycles, are said to be similar.

Two substitutions S, T are said to be commutative when
ST = TS.

The operation represented by the substitution I'-1ST is
called the transformation of S by T, and the resulting substitu-
tion the conjugate of S with respect to T'.

Any substitution 18 similar to its conjugate with respect to any
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other substitution. To prove this, let S be transformed by the

substitution
abc . .1 . . .
T= <a'b'c’ A >’

and let (abc . . . I) be one of the cycles of S. The effect of the
operation 7! is to replace a’ by a, which by the operation of S
is replaced by b, which again by the operation T is replaced by
b’. The substitution 7-)ST therefore replaces a’ by b’, b’ by ¢/,
... U'bya’; and to the cycle (abc . . . I) in S corresponds the
cycle (a'd’c’ . . . I') in its conjugate.

The transformation of 8 by T is completed by replacing in
each cycle of S every letter by that which stands under it in the
substitution 7. The resulting substitution is therefore similar to
8. Reciprocally, it is clear that, if two substitutions S, and S,
are similar, a substitution T can be found which transforms one
into the other.

The products ST and T'S, which are in general different, are
always simalar, since ST = T (TS) T.

The conjugate of the product ST with respect to a third
substitution U is equal to the product of the conjugates of its
factors, for we have U1 (ST) U = U\SUUTU.

If two substitutions S, T are commutative, their conjugates
with respect to U are commutative, for if ST = T'S, we have

U-'SUUTU = U'TUU'SU.

SecTioON II.—MULTIPLE-VALUED FUNCTIONS AND GROUPS.

224, Definition of Group. Symmetric Group.—
According to the number of values a function of z,, z,, . . . z,
assumes under the operation of the N possible substitutions,
it is said to be one-valued, two-valued, . . . p-valued. A
symmetric function of these elements, being unaltered by any
transposition (Art. 27), and therefore by any product of trans-
positions, is a one-valued function. If a function be not
symmetric, it has two or more values which may be derived
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from the one supposed given by the process of substitution.
Consider, for example, the two rational functions of three
elements—

D, = 1,27, + T2 + Ty, 4/ A = (2, — ) (2 — z3) (24 — ).

Each of these is two-valued. Of the six possible substitu-
tions, viz.,

1, (123), (132), (12), (13), (23),

the first three leave @, unaltered, while by each of the last three
it is changed into its second value z,%x, + %, + z,2z, = D,.
In the same way 4/A also is unaltered by the first three, and is
changed by the last three into its second value — 4/A. As an

- example in the case of four elements, consider the function

é1 = 2,2, + TyT,
There are, in addition to ¢,, two other values, viz.,
¢y = mx3 + Tx, and ¢y = Tz + T,T5
the function is therefore three-valued.

It can be easily verified that ¢, is unaltered by the following
eight substitutions :—

1, (12), (34), (12)(34), (13)(24), (14)(23), (1324), (1423),

and that any of the remaining sixteen will change ¢, into one or
other of the two remaining values. The substitutions which
leave a function unchanged constitute a group. It is clear that
any combination by multiplication of two or more members of
the group will itself be a substitution contained in the group.
We give therefore the formal definition of a group as follows : —

A system of distinct substitutions s said to form a group when
all powers and products of these substitutions form part of the same
system.

The number of substitutions contained in a group is called

the order of the group.
The number of elements operated on is the degree of the group.
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The group which leaves a function ¢ (z,, #,, . . . ,) unaltered
is called the group belonging to ¢, or, briefly, the group of ¢.

The total number of N substitutions, of course, constitutes
a group. This is called the symmetrs, p, since all its members
leave any symmetric function unaltered.

One group may contain all the substitutions of another in
addition to others peculiar to itself. In such a case the included
group is called a sub-group of the former.

The symmetrim contains every other group as a sub-
group. Any substitution whatever, with all its distinct powers,
constitute a group contained as a sub-group in the symmetric
group. Next in importance to the symmetric is the alternate
group, which we will now define.

225. Alternate Group.—Let us consider in the case of
D e e T
n elements the rational function

II(z; - ;) = (%, — @) (7, ~ @3) (%, — Ty) .. (7~ @)
(@~ Z3) (T — @) . . . . (2~ )

(g — @) - . . . (25— @)

(xn—l - wn)a

consisting of the product of all the differences of the elements.
The square of IT is the well-known symmetric function, the
discriminant A; and therefore IT has two values equal numeri-
cally with opposite signs, viz. 4/A and — 4/A. Such two-valued
functions are called alternating functions. It is clear that any
transposition alters theMonsider the transposition
(2o, 7p), and rearrange II, without altering its value, so that
., g occupy the same position as z,, z,, the sign in front being
not necessarily positive. In the new form for IT the transposition
(%a, xp) alters the sign of the first factor in the upper row, and
interchanges the remaining factors of the upper row with the
factors of the second row. It does not affect any of the
factors in the remaining rows ; hence the sign of the product is
altered. This follows also obviously by expressing I7 as a deter-
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minant whose first row is z,"1, z,* Mml , and whose
other rows are similartyformed in order from w,, Z5; = o Ty
Any second transposition restores the original signs hence the
effect of the product of two, or any even number of, transposi-
tions is to leave 4/A unaltered, and the effect of the product of
any odd number is to change 4/A into its second value — V4 Z,
or — VA into its second value V/A.

A substitution can be expressed in many different ways as
a product of transpositions, but, however variously expressed,
the mumber of such factors must be always even or always odd ;
for it is clear that the same substitution cannot at the same time
change the sign of v/A and leave it unchanged. Since the
product of two even substitutions is itself an even substitution,
it follows that unity, along with all substitutions which are made
up of an even number of transpositions, constitutes a group, and
that +/A and — /A are both functions belonging to this group.
It is called the alternate group : we proceed to investigate its
order. Let the alternate group of n elements consist of the
following substitutions :—

Si=1, Sy Sy . . . . 8, )

and let the remaining substitutions of the symmetric group, all
consisting of an odd number of transpositions, and therefore
distinct from the former, be

1,’ S2” 3,9 ee e e St" (2)

We select now any transposition 7', and form by multiplica-
tion the two following series :—

ST, 8,7, 87T, .... ST, (3)

s’T, S8'1, S'T, .. .. ST 4)
Every substitution in (3) is composed of an odd number of
transpositions, and is therefore contained in (2), and every sub-

stitution in (4) of an even number, and is therefore contained
in (1). It follows that» <¢, and alsor =¢; hencer=1¢; and
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since 7 + ¢ = N, we have finally for the order of the alternate
group
r=3N.

226. Conjugate values of Multiple-valued Functions
and Conjugate Groups. Theorem.—The order of any group
1s an exact divisor of N, the quotient being the number of distingt
values of the corresponding multiple- éd

In establishing this important theorem it is convenient first
to find a function ¢, which is unaltered by all the substitutions
8,=18,38,, ...8, of the group G,, whose order is » and
degree n. To find such a function, we take a function
X1 = 0% %s° . . . x,}, where a, b, ¢, . ..l are all different
integers, and therefore y, assumes N different values for all
the substitutions of the symmetric group. Taking x, = Syx1,
x3=83x1, and so on, we shall prove that ¢, = x; + o+ ... + Xr
is unaltered by the substitutions of @,. Equally well we might
take ¢, equal.to the sum of any powers of x;, x5, . - . Xy Which
would be a particular case of taking a different set of integers
for @, b, ¢, . . . l. Taking, then, ¢, = x, + xa + . . . Xr=
(8; + Sy + . . . 8,) x, if we multiply by any substitution Sa
of Gy, we get S, = (S;S. + 8,8, + . . . 8.8,) xa- Now, if
Sg, Sy are substitutions of G, SgS, is by hypothesis a substitution
of @,, and moreover SgS.x, is not equal to S,Say,, for if it were,
multiplying by 8.7, Sgx; = Syx1, and therefore as x, has N
values, Sg = S;. The effect, then, of multiplying x;, x2, . - - Xr
by 8. is to reproduce them all in some order, and accordingly
¢, is unaltered by any substitution of G;. Any substitution T'
which does not belong to G,, alters ¢,. For if T¢;, = ¢,, we must
have TXa = Xpy - S“Txl = prl, oo 8T = Sp a8 x; has N
distinct values, .. T' = 8.71Sg, .. T belongs to the group G,.

To proceed now with the proof of the general theorem, let
2y be a substitution not contained in @, and which therefore
alters ¢, to a different value ¢,.

Multiplying the members of @; by Z,;, we have the following
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series of substitutions all belonging, of course, to the symmetric
group :—
812 8:Zs 832, . . . 8.2,

The members of this series have the following properties :—
(1) they are all distinct from one another, for if S,2, = SgZ,,
multiplying by Z,!, we get S.=Sg; (2) they all change ¢,
to ¢,, for S, leaves ¢, unaltered and 2, changes it to ¢,; and
(3) there are no other substitutions in the symmetric group
possessing this property, for if T' is any substitution changing
¢, to ¢y, TZ,~1 leaves ¢, unaltered and therefore belongs to G, ;
hence 72,7 = §,, and ... T = S, %,.

We now form another row by means of a substitution 23 not
contained in @, or the series 8,2,. Such a substitution will alter
¢, to a new value ¢, for if it leaves ¢, unaltered it belongs to
G, and if it alters ¢, to ¢, it will be in the second row. Proceed-
ing in this way by selecting at each new stage a value for 2' not
contained in the rows previously obtained, we exhaust the N
substitutions of the symmetric group, arranging them in a table
of p rows, associated with which are values of ¢, viz. ¢, bs, . . . P
which are all different, and moreover contain all the values of ¢,
as the table indicates the effect of any substitution on ¢,. We
thus obtain the following table, in which X is written for
symmetry instead of 1 :—

8,2, 8uZy, 82y, . . . 8.2,
Slzzs 8222’ SSZZ’ L Srz‘z,
SIZ‘S’ 8223, 8323, ¢ e e S,.Z'a,

S1Ze, SpZs, Sy . . . S

This arrangement of the substitutions of the symmetric group
by means of the substitutions of G; might be established without
any reference to ¢, by noting that if, say, 2; is not contained in
the previous rows, then 8,2 is not equal to Sg or SgZ,. For if
SaZ3 = Sg Z3=8."'Sp, and .. X3 is in the first row; and if
Saly = Sgy Xy = S8a718s2,, and therefore is in the second row.

VOL, II. -8
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Similarly when we take a new substitution 2, of the symmetric
group not contained in the first three rows, we obtain a new row
none of whose members are in the first three rows ; for if S, 2, =
8Sg or SgZ's or SgZ, then Xy = 8,718 or 8,718 %, or 8,782,
and therefore 2, isin the first or second or third row. Proceeding
in this we exhaust all the N substitutions of the symmetric group,
arranging them in the above table which consists of p lines of 7
each, and hence it follows that rp = N, and the theorem is proved.
On account of the similarity of the different values

¢1’¢2:"'¢k" '?sr
of the p-valued function ¢, it is evident, @ priori, that each of
these functions will have a group similar to the group of ¢,. It
can be readily shown that the group of any function ¢, is obtained
by transforming (Art. 223) all the substitutions of G by the
substitution X, which alters ¢, to ¢;. In fact, any substitution
218, 2, leaves ¢, unaltered, for 2;! changes it to ¢,, which
is unaltered by S,, and consequently changed by X to ¢,. The
group of ¢, is therefore

28,2, 2788, %y, 2782, . . - 23S, 2,

where each substitution of G, is transformed by 2. This result
may be represented briefly by the notation

Gk = Z; IGIE I .
Gy, G, G, ... G, are called conjugate groups, and the
corresponding functions ¢,, ¢,, 3, . . . ¢, conjugate functions.

It is clear (Art. 223) that any two conjugate groups consist of
similar substitutions.

What is proved above as to the relation between the orders
of G, and the symmetric group is true, more generally, of the
relation between the orders of G; and any wider group G,’ in
which @, is contained as a sub-group ; that is to say, the order r
of G, 18 an exact divisor of the order v’ of G,' which contains G,
as a sub-group, the quotient m being the number of distinct values
of a multiple-valued function unaltered by the substitutions of G,
which are obtained by the substitutions of G,'.
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The proof, which is similar to that given above, consists in
arranging the 7’ substitutions of G,’ in m rows, of which the first is
made up of the substitutions of G,, the second of these substitu-
tions multiplied by X, a substitution of @," not contained in G,
the third by a substitution X3 of G;" not contained in the first
two rows, and so on until all the substitutions of G’ are exhausted.
The table shows the effect of every substitution of @, on ¢,,
either leaving it unaltered or altering it to ¢, or ¢, or . . . or ¢,,,
so that in fact ¢, + g+ . . . + ¢,, i8 a function unaltered by
the substitutions of @,’. We thus obtain, in addition to
rp=1'p’ = N, that v = mr and ... p = mp’.

ExAMPLES.

1. Construct, for four elements, the conjugate groups corresponding to the
different values of the function ¢, = z,2; + z52,.
It is easily seen that there are only three distinct values of this function,
viz.,
¢ =%y + 23T by =TTy + BT by = 117 + TaTs,
and each has therefore a group of order 8.
The group of ¢, consists of the following eight substitutions :—

Gy =[1, (12), (34), (12)(34), (13)(24), (14)(23), (1324), (1423)].

If we take any substitution, e.g. (23), which changes ¢, to ¢,, and any other,
say (24), which changes ¢, to ¢, and form the table of the foregoing Article,
we obtain all the twenty-four substitutions of the symmetric group as follows :—

1 (12)  (34) (12)(34) (13)(24) (14)(23)  (1324) (1423)
(23) (132)  (234) (1342) (1243) (14) (124)  (143)
(24) (142) (243) (1432) (13)  (1234) (134)  (128)

The first row is the group @, ; the other rows not constituting groups, but
being such that the members of the second (and no others) all convert ¢, into
#3, and the members of the third (and no others) all convert ¢, into ¢;. The
group G, corresponding to ¢, is obtained by transforming the substitutions of
G, by (23), and this is done by simply interchanging 2 and 3 in the substitutions
of G,. In this way we find easily the groups of ¢; and ¢,, as follows :—

Go=[1, (13), (24) (13)(24), (12)(34), (14)(23), (1234), (1432)].
G, =[1, (14), (23), (14)(23), (13)(24), (12)(34), (1342), (1243)).
892
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It will be observed that none of the circular substitutions of the 3rd order
are present in any of these groups, and the three groups have certain substitu-
tions common. In fact, the substitution unity must be common to all conjugate
groups; and here G,, G,, G; have the three substitutions (12) (34), (13) (24),
(14) (23) common, in addition to unity, these four substitutions forming a
common sub-group of the three conjugate groups.

2. Verify that the substitutions of @, in the preceding example form a
closed group; that is to say, any multiplication of two of its members always
reproduces some member of the group.

Representing the substitutions of @, in the order of the preceding example
by the symbols 1, 4, B, C, D, E, F, G, we have the following multiplication
table, which the students will easily verify :—

1 y: | B c D E F G

1=1 1 |4 | B|c | D|E|F| @
(12)=4 A|1|¢c | B|@| F | E|D
(34)= B B|lc|1|4a|F| e | D|E
(12)(34) = C c| B | 4|1 E| D| @ | F

(13)(4)= D D F G E 1 c 4 B

(14)(23) = E E|l @ | F|D|cCc |1 |B]| 4

(1324) = F F| D|E| @ | B| A |cC |1
(1423) = @ ¢ | 2| bp|F|a|B|1 ]| cC

In effecting the multiplication, the factor from the first column is to be
placed at the left-hand side of each symbol of the upper row in turn.
It will be observed that G, contains the sub-groups
1, 4, B,C}, [1,C, D, E}, [}, C, F, G),
all of order 4, and several aleo of order 2, e.g. [1, 4], [1, C].
3. Construct the alternate group G’ for four elements. The substitutions,

which consist of an even number of transpositions, can easily be selected from
the twenty-four given in Ex. 1. They are, in fact, the four substitutions
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1, (12) (34), (13) (24), (14) (23), along with the eight circular sabstitutions of the
third order. These we arrange in three rows, as follows :—

f 1 (12) (34) (13) (24) (14) (23),
@ = l (132) (234) (124) (143),

(142) (243) (134) (123).

To this group belongs the function 4/A. If each substitution be multiplied
by any transposition, say (23), which changes /A to — 4/A, the remaining
twelve substitutions of the symmetric group are obtained. If each member of
@ be transformed by (23), we obtain the group of — 4/A. It is easily verified
that this coincides with @ the group of 4/A. For example, (12) (34) becomes
(13) (24) by this transformation; (14)(23) is unaltered ; (123) and (132) are
interchanged ; and so on. The two conjugate groups therefore coincide in this
case, 4/A and — 4/A both belonging to the same group. The same is true for
any number of elements (Art. 225).

The arrangement in three rows of the substitutions of @ illustrates what is
proved at the conclugion of the foregoing Article. The four substitutions in the
first row form a sub-group of G’ ; the four in the second row are obtained from
these by multiplication (on the right-hand side) by (132), and the last four by
multiplication by (142) ; the order 4 of the sub-group being a divisor of the order
of @. To this group, which we will call H, viz.,

H=[1, (12)(34), (13)(24), (14)(23)],
belongs the function
A (723 + 237) + B (2y%5 + 2,7,) + C (2,7 + 24%s),
in which 4, B, C are any arbitrary constants.

This function has six distinct values for the substitutions of the symmetric
group, viz.,

A¢, + By + Cdy, Ay + Béy + Cdy,  Ads + Bé, + Coy,
A¢y + Boy + Oy,  Ads + By + Cdy,  Ads + By + Céy.

These have all the same group H, the six conjugate groups coinciding in
this case ; in fact, any transformation of the symmetric group operated upon the
substitutions of H will reproduce the same four in some order. Such a group is
called an gnvariant sub-group of the symmetric group. The alternate group is
also an invarian

4. Prove that the group derived from the n — 1 transpositions (12), (13),

. (1n), is identical with the symmetric group.

Every substitution, being expressible by transpositions, can be represented
as a product of members of this series (Ex. 12, Art. 222).

5. Prove, for any m_xmber of elements, that there is only one group of order
iN, viz., the alternate group.

Let the group of order N be

S, =1, S,,_ Sy .. . SN 1)
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Multiplying this, first at the left side and afterwards at the right, by any
substitution 7' of the symmetric group not already contained in it, we have the
two series

T, TS, TS, ...TSy (@)
T, 8T, ST, ... 8T (3)

Each of these must consist of the }N substitutions not contained in (1) ;
hence the two series are identical, and whatever ¢+ may be, we have for some
value of j the relation

T8, = 8T, or §; = T-1T;

and sinoe also Sg = 8,718,8,, it follows that for any substitution 7' whatsoever
8; = T-'8T, and hence the group (1) contains all substitutions similar to any
one contained in it. Hence (1) cannot comprise any single transposition, for
if it did it would contain all such, and be consequently identical with
the symmetric group (Ex. 4).

It can now be shown that (1) contains as a substitution the product of
any pair of transpositions. For this purpose, suppose T in the series (2) to be
any transposition. The effect of multiplying both (1) and (2) by any second
transposition U is to interchange the two series (1) and (2). It is proved there-
fore that UT must be one of the substitutions of (1), as S, = 1 is one of them.

From this it appears that every two-valued function belongs to the alternate
group, since this is the only group whose order satisfies the equation 2r = N.

6. The alternate group includes all circular substitutions of odd order, and
none of even order.

7. Prove that a group which contains all the circular substitutions of the
third order is either the alternate or the symmetric group.
Use Ex. 13, Art. 222.

8. Prove that a group which contains all the circular substitutions of the
fifth order contains also all of the third order. For

(acdeb) (acbed) = (abe).

9. The order of a group is a multiple of the order of any one of the substitu-
tions of the group.

10. If n is a prime number, every group of order » is composed of n powers
of a circular substitution of order n.

11. If two groups have common substitutions, these themselves form a
group, and their number is a common divisor of the orders of both groups.

12. If the members of a group are all transformed by the same substitution,
the conjugates thus derived themselves form a group.
Use the relations given at the end of Art. 223.
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227. Formation of Functions of a given Group.
The Galois Function.—We take up again the problem of
finding rational integral functions of n variables, z,, z,, . . . z,,
which remain unaltered by the substitutions of a group G,, which
we dealt with at the beginning of Art. 226. We select for i~
the following different type of function having N distinct values
for all the substitutions of the symmetric group :—

P =, + agTy + 6T + . . .+ T,

in which a4, a5, . . . a, are n distinct arbitrary constants. This
function is called the Galois Function. As in Art. 226, obtaining
Yo, Y3, - . . ¢, by the substitutions of G,, any symmetric function
of Yy, Yy, . . . ¢, will be unaltered by the substitutions of G,.
In particular, ¢, = (¥ + ) (¥ + ) . . . (¥ + ¢,) will be un-
altered by the substitutions of @, and altered to a different value
by any substitution not contained in &,. The function ¢, is not
therefore unaltered by the substitutions of any wider group
containing G, as a sub-group. Expanding ¢, in powers of g,
although some of the coefficients of the powers of ¥ may be
unaltered by the substitutions of a wider group, all are not un-
altered, and so one of them will provide a function unaltered by
“the substitutions of G, and altered by those of any wider group.
Noting the forms of expression of the sum of the powers of the
roots of an equation in terms of the coefficients, we see that
instead of the coefficients of the powers of y in ¢, we may take
sums of powers of i, i,, . . . . up to the 7 and deduce that
one at least of such » sums of powers will provide a function
unaltered by the substitutions of @, and altered by any other
substitution of the symmetric group. We add a few simple
examples to illustrate modes of finding functions of a given group.

ExaMPLES.

1. Form a function of three variables which shall be unchanged by all the
substitutions of the alternate group, viz.,

L, (123, (132))
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Operating with these substitutions on the Galois function, we have
Y1 = a1 + ag%y + g7,
Y2 = 012y + g%y + 057y,
¥s = % + 0,7 + 0%y
ZyY, and Z¢,? are both symmetric in 2, z,, ;. But by means either of
sy or 23, we can obtain the unsymmetric functions
.3y + 23375 + 23%2, and %5 + x,%2, + 7,07,
both of which must belong to the given group. If these functions be called
&, and ®,’, it is, in fact, easily verified that
23 = Za,3Fx,2 + 6ay0;057,7575 + 3 (D, P, + /D),
where D, = a,%a; + ay2a; + azte;, D, = a3 + ajla; + agla,.
The result is more readily obtained by using the method of Art. 230 and taking
¥ = 2%,
2. Investigate functions of four variables which shall belong to the group
H=[1 (12)(34) (13)(24) (14)(23)].
Writing down the values of the four Galois functions as follows :—
¥ = a1 + ay%y + 073 + agZy
Y3 = ay%; + a2 + a5 + aTs
s = a2 + ay% + ag%; + agZ,
Yo = 0,7 + ag%y + agT3 + agZy,
we find that 2, is symmetric in z;, x,, ,, ,, but that Zy,2? is not so. From
the latter we readily obtain the function A¢, + B¢$, + Cé, of Ex. 3, Art. 226,
@1, P2 B3 representing the same functions of z,, z,, z,, z,, as in Ex. 1 of the
Article referred to. We have, in fact, .
DYyt = Za)22%,% 4 4 (0103 + a30,) ¢y + 4 (2105 + a50,) ¢ + 4 (a0, + azay) 4y

The unsymmetric functions occurring here, viz. ¢;, ¢;, ¢35, belong respec-
tively to the wider groups @,, G,, G, of order eight. The sum of these with
arbitrary coefficients belongs to the given group H, and is a six-valued function.

3. Investigate functions of four variables for the group
Gy=[1, (12), (34), (12)(34), (13)(24), (14)(23), (1324), (1423)].
Taking, along with the four values of ¢ in the preceding example, the

additional four
¥s = 0173 + ay%; + g%y + a2y
Us = 0;7) + a5%; + 057 + aZs
¥ = a\%y + ag? + 0573 + a@p
¥s = 0,24 + ay%3 + 0371 + agZy
we easily verify the following relation :—
S92 =220, 2z, + 80105+ a50,)( 2,25+ 2y%) + Aoy + 0g) (gt a,) (7,4 24) (2 + 2,) 5
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whence the functions z,z, + 2,2, and (z, + z,) (23 + z,) are obtained, both
belonging to the given group, since there is no wider group except the symmetric
in which G, is contained as a sub-group.

It is clear that this method may be used to discover, by means of the
symmetric functions of higher orders, an infinite variety of functions corre-
sponding to a given group.

228. Theorem.—Every integral symmetric function of the
distinct values of any integral multvple-valued function of n elements
1s a symmetric function of the elements themselves.

Although this proposition appears sufficiently evident from
the similarity of structure of the conjugate values ¢,, ¢,, @3, . . . ¢
of a p-valued function (Art. 226), we may give a formal proof
as follows. Let F (¢,, ¢y . . . $p) be any rational integral
symmetric function of the p-values. Any substitution whatever
S (affecting the elements) applied to these p-values either leaves
any function unchanged or replaces it by one of the others.
No two of the resulting values can be equal, for if S¢; were equal
to S¢;, it would follow, by applying the substitution S, that
é; = ¢;, which is contrary to hypothesis. Consequently the
same p values of ¢ are reproduced by S in some order or other.
The symmetric function F therefore remains unchanged by any
substitution, and is consequently a symmetric function of the
elements themselves.

From this is derived immediately the following corollary :—

Cor.—The p distinct values of any integral multiple-valued
Sfunction are roots of an equation whose coefficients are integral
symmetric functions of the elements themselves.

For an example of this we refer to Ex. 4, Art. 39, Vol. L
What is here proved with regard to rational integral functions
can be readily extended to all rational functions, whether integral
or not; for any fraction may be converted by the method of
Art. 194 into an equivalent form whose denominator is symmetric
in the elements.

229. Theorem.—Two functions belonging to the same group
can be rationally expressed each in terms of the other.
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This important proposition, to which we now apply the
principles of the method of substitution, has been discussed
before (Art. 194) from a somewhat different point of view. Let
¢, and ¢, be two functions belonging to the same group

G, =11, S Ss ...8]

of order r and degree n, each of these functions having p distinct
values, where 7p = N. Any substitution not contained in G,
will convert ¢, into another of its values, say ¢,, and at the same
time ¢, into ¢;. By operating all possible substitutions, p pairs
of values ¢, ¥, ; ba, Y3 . . . ¢y, p are obtained. Now, in the
first place, the rational function

I = didd + g + L B+ S (1)

is clearly a symmetric function of the elements, for it appears,
by the same reasoning as that of the preceding Article, that any
substitution whatever affecting the elements will reproduce in
some order the terms of this sum, viz. Z¢#J; which is therefore
a symmetric function of the elements. If, now, we take j =1,

and assign to 4 all the values 0, 1,2, . . . . p — 1 in succession,
we obtain the following p equations linear in ¢, ¥y, . . . p:—
P+ Yot ...+ Y,=T,
b+ bt ...+ S =T .
$2h+ b+ ...+ =T, [, (2)
S+t N+ L PN =T,
where Ty, Ty, Ty, . . . are all symmetric in z,, z,, . . . z,. For

the solution of these equations, we refer to Ex. 1, p. 38, and
Ex. 3, p. 105, from which it will be readily inferred that i, can
be expressed as a rational function of ¢, in the following form :—

Vg1, bo - - - 9,) = A’ ™ + A2+ ...+ 4,

where y has the same meaning as in Art. 203, and 4,, 4,, ... 4, ,
are all symmetric in z,, z,, . . . z,,.

It follows, conversely, that two rational functions such that
each can be expressed rationally in terms of the other belong to the
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same group ; for since each remains unchanged by all the sub-
stitutions which constitute the group of the other, it follows
immediately that the two groups must coincide.

230. Extension of Theorem with Corollaries.—Even
when the groups of ¢, and ¢, are not identical, but one of them
is included as a sub-group in the other, it is still true that the
function which belongs to the wider group (and which has con-
sequently the smaller number of distinct values) is expressible
rationally in terms of the function of the narrower group.

Let ¢, belong to the group @, of the preceding Article, and
let 4, belong to the wider group

G/ =01, 8, ...8, Spp, - -.8/]
We have (Art. 226) the relations
rp=1rp=N; ¢ =k; p=kp;
there are, as before, p distinct values of ¢ ; but the values of i,
viz., ¥, ¥y, 3, . . . Pp, become equal in sets of k, so that only
p’ distinct values remain. It is still true, however, that the
expression (1) of the preceding Article is a symmetric function
of z,, z,, . . .z, ; for any substitution applied to it will reproduce
in some order the distinct terms of the series. The equations
.(2) therefore can be solved as before, and an expression obtained
for ¢, in terms of ¢;. In the final expression for ), in terms of
&1, $, may be replaced by ¢, or ¢; or etc. or ¢;, where these are
the values of ¢ all associated with ¢,,-in such expressions as (1),
and so derived from ¢, by substitutions which do not alter ;.
If it be attempted, however, to express ¢, in a similar form in
terms of ¢, the solution fails, on account of the equality of two
or more of the values of ¢ ; for it is implied in the solution of
these equations that no two values of ¢ are equal (see Ex. 1,
p. 38).—What we can get by the equations is an expression for
“@y ¥ g + etc. + P, in terms of i, which would also follow
immediately from Art. 229, as they both belong to the group of
. ;. The theorem as extended was enunciated by Lagrange; it
may be stated as follows :—
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Lagrange’s Theorem.—If two rational functions of any
set of variables are such that one remains unchanged by all the
substitutions of the group to which the other belongs, the first is
expressible by means of the second in the form of an integral
polynomial whose coefficients are rational symmetric functions of
the variables.

From this proposition may be deduced important consequences
which are contained in the following corollaries :—

Cor. 1.—A4 function can always be found in terms of which any
number of given functions can be rationally expressed.

The groups of the given functions have always one sub-
group common to all, for the identical substitution S =1
at least is common. Accordingly, the functions can all be
expressed in terms of any one of the functions peculiar to the
common sub-group. If &, Y, x, . . . are the given functions,
w=adp+ PY+yx+ ..., where a, B, y, . . . are arbitrary
constants, is one such function for the common sub-group ; for
any substitution which leaves it unaltered must leave ¢, ¢, x, . . .
unaltered, and so must be common to the groups of ¢,, ¥, x1, - -

Cor. 2.—Any rational function whatever can be rationally
expressed in terms of a function having N distinct values ; in
particular in terms of the Galois function.

For the group of an N-valued function, reducing to the
identical substitution, is included as a sub-group in every other.

Cor. 3.—The variables themselves can be expressed rationally in
terms of the Galots function.

The group to which z,, for example, belongs contains

1.2.3...(n - 1) substitutions, including, of course, the sub-
group unity. The n values of this function are the n variables
%y, Ty, + . - Ty, and each can be expressed rationally in terms of

the Galois function.

The proposition contained in this corollary was stated
originally by Abel without proof. Galois has given a proof of
the proposition founded on elementary principles, which we
think it desirable to add, since it shows how the calculation may
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be conducted and the required rational expression for any one
of the variables obtained. .

Let f(x) = 0 be the equation whose roots are zy, @,, . . . Z,,
all supposed unequal ; and let ¢, be a known value of a rational
function i of the roots which has N distinct values.

If all the roots except z, be permuted in every possible way,
weobtainl.2.3...(n — 1) = u distinct values of 4 given by
the equation

FW=W-d -t . -p)=0 . -

The coefficients of this equation when expanded are

symmetric functions of x,, z; . . . x,, and can therefore be
expressed in the terms of the coefficients of

f@ _,

xTr — (El

and will involve «; in a rational form along with the coefficients
of f (x). Iftheexpanded equation berepresented by F (¢, z,) = 0,
we have F (y,, z,) = 0, since it is satisfied by ¢ = ¢, ; we have
also f (z,) = 0, from which it follows that the equations f (z) = 0
and F (J,, z) = 0 have a common root. It is easily seen that
this is the only root common. If therefore we seek the common
measure of f(x) and F (y,, z), as all the remainders vanish
for z = ,, in particular the remainder of the first degree in z
gives for z, a rational expression in terms of ¢, and the coefficients
of f(z), in which expression i, may be replaced by ¢, or ¥ or
etc. or ¢, without altering its value.

Ez. For a cubic equation
f@ =22+ p2*+ 9z + py =0,

if y be taken equal to the Galois function a,z, + a3y + asZy, it is readily proved
that F (y,, z,) involves z, in the second power, and the problem is reduced to
finding the greatest common measure of a quadratic and cubic. The question
is simplified by taking the special Galois function x, + wz, + wzy = ¢, ; we
find in this case that the coefficient of z,* vanishes, and z, is obtained immedi-
ately in terms of ¢, as follows :—

4t — ph + 9,0 — 31’:.

3¢

Z, =
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CoRr. 4.—AIl the values of the Galois function can be expressed
rationally in terms of any one among them.
For all belong to the same group unity.

231. Two-valued Functions. Theorem.—Every two-

valued integral function of n variables is of the form S, S,;V/A,
where S, and S, are integral symmetric functions, and A the
diseriminant. .

A two-valued function must belong to a group of order {N.
The only group of this order is the alternate group (Ex. 5, Art.
226), to which the function VA belongs. The theorem there-
fore follows as an immediate consequence of the fundamental
theorem of Art. 229. On account of its importance, however,
we give the following independent proof :—

Let the two values of the function be denoted by ¢, and ¢,,
and let G, and G, be the corresponding groups, each of order 4.
In the first place, these two groups must be identical ; for if any
substitution S of G, were to change ¢, to its second value ¢,,
then S~ would change ¢, into ¢, ; but this is impossible, since
S~1 ag well as S belongs to the group G,. Every substitution,
therefore, of @, must belong to G,, and vice versa.

To show now that these groups coincide with the alternate
group, consider the function ¢, — ¢, = ). Any substitution"
which belongs to the common group leaves this unaltered ; any
other will change ¢, to ¢, and ¢, to ¢,, and will therefore change
the sign of ¢ ; some transposition, (z.zg) for example, will have
this effect, for no group can include all transpositions without
coinciding with the symmetric group. It is easily inferred
that ¢, — ¢, is divisible by z, — x5, and hence by the product
of all the differences, since 2 is symmetric.

The quotient of ¢ by 4/A is symmetric. To prove this, let
(VA)™ be the highest power of v/ A which occurs in . The
quotient of ¢ by (v/A)™ is symmetric, since, if not, it would be
an alternating function, and would again contain v/A as a factor,
which is contrary to hypothesis. - It follows immediately that
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m is an odd number, and that the quotient of y by VA is
symmetric. Writing therefore ¢, — ¢, = 4v/A, and ¢, + ¢, = B
where A and B are both symmetric, we at once derive

$1=8, + Sz\/& $2=18; - Sz\/z,

where S, and S, are both symmetric functions of the variables
T, Ty, . . . T,. It 18, of course, also evident that the groups G,

and @, coincide with the group of v/ A, viz. the alternate group.

232. Theorem.—The alternating functions are the only
unsymmetric functions of n variables of which a power can be
symmetric.

The theorems contained in this and the next following
Articles are of great importance in connexion with the problem
of the general solution of algebraical equations. It will be
sufficient to prove the theorem for prime powers; for if there
exists a function F (z,, z,, . . . z,) such that FP"(symmetnc
p being prime, then there is also a function ¢ = F? such that
#? is symmetric. Let therefore

#? = S, a symmetric function.

_ Since the group of ¢, which is unsymmetric, cannot contain
all the transpositions, let ¢ = - (2a7) be a transposxtlon which
converts into ¢,; we have LT

$s? = $? = 8,
and therefore ¢, = /;qS where wis a p‘“ root of umty Hence
6} = ;= B
and, operating again with o,
o’ = wod = wi¢;

but 0® = 1; hence w?® = 1, and consequently p = 2.

Since therefore ¢? is symmetric, ¢ is an alternating function,
and the proposition is proved.-
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233. Theorem.—For any number, n, of independent elements
there is no multiple-valued function of which a power 1s two-valued
when n> 4; and when n = 3, or n = 4, if there 13 any such power,
1t ts a third power.

Confining our attention as before to prime numbers, and
supposing that ¢ is a multiple-valued function whose p* power
is two-valued, we have (Art. 231)

#? = 8, + SyVA. (1)

The group of ¢ cannot contain all the circular substitutions
of the third order, for if it did this group would coincide with the
alternate group, and ¢ would be two-valued (Ex. 7, Art. 226).
Let o = (7,247y) be such a substitution not contained in the
group of ¢, and suppose op =¢,. From the equation (1),
since S; + SyV/ A is unaltered by o, we have

¢ = b7
hence ¢; = we, where w is a p* root of unity. Operating again
twice in succession with o, we obtain readily

o = wp,
. 0%} = wod = wi,

%P = wlod = w3 ;

whence, since ¢® = 1, we have w?® = 1, and therefore p = 3.
Again, when the number of elements is greater than 4, there

are circular substitutions of the fifth order, and these cannot be
all contained in the group of ¢ (Ex. 8, Art. 226). Let 7bé one of
those not contained in this group, and 7¢ = ¢, We have, as
before, from the equation (1), by applying this substitution
(which does not affect the right-hand side),

¢ =2 =8, + S;VA.

Hence, proceeding as before, we have 7¢ = w¢ ; and operating
again on this and the succeeding equations with 7, we readily
find 7% = w® ; whence w® =1, since 78 = 1, and it is proved
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that p = 5. Now, this result being inconsistent with the value
of p previously obtained, viz. 3, we infer that when the number
of elements is greater than 4, it is impossible to find any multiple-
valued function ¢, a prime power of which will be two-valued.

That there are actually, when 7 is not greater than 4, multiple-
valued functions, a third power of which is two-valued, will
appear from the following applications to the cases where n = 3
and n = 4 :—

1. To find a multiple-valued function of three elements whose third power
is two-valued. - We examine whether the problem admits of solution by means
of the simplest linear function, viz.

¢ = az; + Bz, + 755
that is, whether the constants a, B, y can be determined so as to make ¢ fulfil the

required conditions.
Taking ¢ = (z,2,7;), and identifying o¢ with w@p, where w3 = 1, we have

ar, + Bx3 + yr, = w(az, + By + ¥23);
whence

y=wa B=wy, a=wh
and immediately
¢ = a(2; + 0¥y + wzg).
Taking a = 1, we infer that a function of the type z, + w2z, + wz, satisfies the
conditions of the problem. This function is six-valued, and its cube two-valued
(compare Art. 59, vol. i.).
The student will easily prove, in a similar manner, that any function of the

type ~ 2
2, 4+ wx,™ + wix,™, /,/

where m is any integer, will equally well supply a sdlution of the problem.

2. To investigate a similar function when n t’ 4. In this case it is clear
that no linear function of the type az, + Bz, + yrs + 3z, can, without making
8 = 0, fulfil the condition of being multiplied by a factor when operated on by
the substitution o = (z,2,25). We take therefore the function next in simplicity,
viz. one of the type

¢ = axy%; + Bry¥s + vty + 24 (a7y + BTy + ¥'75)
The function obtained from this by the operation of o is
¢j = a2y, + Ba®y + yT1%; + 74 (a'%y + P25 + ¥'7y)

Identifying ¢; with w4, and replacing B, y, ', ¥’ by their values in terms
of a, a’, we have

¢ = a (2,7 + w2373 + w2s7,) + o (2,7, + W27 + 0Ty3,).
VOL. II, T
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Operating again with a different substitution of the third order, say r = (»,2,7,),
and denoting ¢ by ¢,, we have

b = a (2,7, + '@y + wry7y) + o’ (T2 + 0T + wryTy).

/‘~I&eﬂtﬁ§1né,a; ‘before, J,:;lm , where 0 is some cube root of unity, we
find at once 6 = w? and a’ = w?a, the remaining relations being all consistent
with these. We have therefore, taking a = 1,

$ = 217y + 237 + @ (2173 + 2,2) + 0 (217 + Zp2)-

This is a function of the required kind, having itself six values, but only two
values when cubed (compare Art. 66, vol. i., and Ex. 3, Art. 226).

¥
iV
SectioN III.—THE GALoIS RESOLVENT.

234. Galois Resolvent—Group of an Equation.—
Let

F(x)=a"+pa*l+pa*r2+ ... +p,=0 (1)

be an equation whose roots, supposed all unequal, are
%, g . . . T,, and whose coefficients are regarded as known
rational quantities. If there are irrational quantities in the
coefficients, they are associated with or adjoined to rational
quantities, and all quantities obtained from the combination by
addition, subtraction, multiplication or division are regarded in
the following discussion as rational and called rational. They
may also be described as being in the domain of the irrational

quantities contained in the coefficients (see Art. 236). The Galois
function

lﬁ]_ = 0Ty + (o P 23 + ... 4+ a,Z,
has N distinct values 4, ,, . . . ¢y, corresponding to the N

substitutions of the symmetric group (Art. 227). The equation
of the N degree whose roots are these N values, viz.,

) =(z-d)z=t) ... (2-9y) =0, (2)

is called the Galois resolvent. When this equation is expanded,
the roots z;, z,, . . . z,, will enter it in a symmetric form ; hence,
the coefficients of z in the expanded equation can all be expressed
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rationally in terms of p,, p,, . . . p,. In general, this equation is
irreducible ; that is to say, it cannot be broken up into factors
of inferior degree with rational coefficients. We proceed to
examine under what circumstances it may become reducible.
For this purpose, suppose ¥; (z) to be an irreducible factor of
the 7t degree, with rational coefficients, contained in ¥ (z), and
let .

Y@ = ) =) - - - (2= ), 3)
where i, i3, . . . §, are derived from i, by means of the substitu-
tions S,, S, . .. S,. The following propositions can be established
in reference to these substitutions :—

(1). Every function ¢ of the roots which 13 unchanged by the
substitutions 1, Sy, S, . . . S, can be expressed rationally in terms
of D1y P2 - - - Pn-

By Art. 230, Cor. 2, ¢ may be expressed as a rational function
of i, and the coefficients, say f (,). Now, under the operation
of the substitutions S,, S, . . . , ¢ remains unchanged, but ¢,
becomes in succession i, 3, . . . ; hence

FW)=f W) =f ) = = L)+ )+ - 47 ()}

but the latter expression being symmetric in the roots of ¥;'= 0
can be rationally expressed by the coefficients of this equation,
which are themselves rational.

(2). Every function which 1s rationally expressible will be
unchanged by the substitutions 1, Sy, S, . . . S,.

Let ¢ be a function of the roots which has a rational ex-
pression, say R; and let f(i,) be the function of y;, by which
¢ can be also expressed (Art. 230). We have, then, f(¢,) = R;
whence the equation f(2) — R =0 has a root ¢, in common
with the equation ¥, (z) = 0; but the latter equation is irre-
ducible, and therefore all its roots must be common to the two
equations (otherwise by finding the common measure of ¥, (2)
and f(2) — R, we would get a rational factor of ¥, (2)), and

consequently f(y;,) is unaltered when 4, is replaced by
2T
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Yo, s, - . . ; that is to say, ¢ is unaltered by the substitutions
which change i, into i,, ¢, . . . ¥,, in succession.

(8). The substitutions 1, S,, Ss, . . . S, form a group.

The effect of the operation of any one of these substitutions,
say S,, on ¥, (2), is to leave the function unchanged, since its
coefficients are rational, and therefore by (2) unaltered by S,;
the new values, therefore, of ), i, . . . ¢, derived by this sub-
stitution must be identical with the first values, the order only
differing ; the effect of a second of the given substitutions, say
8Sp, is to reproduce in some order the same values of . It follows
that S.Sg, = ¢y = Sy, and .-. S,Sg =Sy as ¢, is an N-valued
function ; and the proposition is therefore proved.

The group developed above is called the group of the equation.
This group is unique, for if ¥, (z) were another irreducible
rational factor of W (z), the group associated with it would leave
¥, (2) unaltered, as ¥, (z) is rationally expressible, and so each
of its substitutions would be contained in the group of ¥, (z);
similarly, each substitution of the group of ¥, (z) would be con-
tained in the group of ¥, (z), and hence the groups must be
the same, and therefore also the degrees of ¥, (z) and ¥, (z) are
equal. Furthermore, ¥ (2) divided by ¥, (2) is rational, and if
irreducible its degree must be r, the same as ¥, (z). I its degree
is greater than 7, it must be reducible, and must have an irre-
ducible factor of degree . Proceeding in this way, we see that
¥ (2) is composed of irreducible factors of degree r, which all
have the same group associated with them. By associating
with rational quantities other irrational ones in addition to
those possibly involved in the coefficients, we may possibly
break up ¥,(z) into factors of the same degree regarded as
rational, and their common group must be a sub-group of the
original group of the equation, since they would not alter ¥, (z).
The reasoning will apply also if any N-valued function of the
roots is taken instead of the Galois function. In fact if ¥, P,
are rational irreducible factors of the equations for two N-valued
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functions ¢, ¢,, as the coefficients of ¥, are rational, ¥, is
unaltered by the group of @), and similarly @, is unaltered
by the group of ¥, and therefore the groups coincide, and
the degrees of the factors are equal. Furthermore, if T is a
substitution not included in the group of ¥,, the coefficients of
the equation whose roots are T4y, TSyb;, TSy, . . . TS, b are
rational as they are unaltered by the substitutions of the group ;
for if S, changes 4 to y it may be written Sg~1S, and so alters
T8gpy to TSyp,, and hence S, effects the same change in the
arrangement of Ty, TSy, . . . TSahy in any function of
Ty, TSy, . . . TS, as it effects in the arrangement of i,
Y2 . - . i, in the same function of ¢y, iy, . . . . The N values
of ¢ can thus be arranged in N/r sets, such that any symmetric
function of the values in any set is unaltered by the substitutions
of a group of substitutions of order ». Whether resolvable or not,
the N factors of the Galois resolvent can thus be arranged in
N/r factors of degree r having each the same group of order .
This arrangement of the N values 4y, Yy, . . . Y of any N-valued
function of z,, @,, . . . z, corresponds to an arrangement of the
N substitutions of the symmetric groups into N/r sets in a manner
similar to that in Art. 226, but instead of multiplying the members
$1 =18, ...8,of the group G, of order » by Z, we multiply
2by 8, 8, .. .8, Associated with S,, S,, . . . S, is a set
Sy, Sy, . . . Sapy of 7 values of ¢ such that any symmetric
function of them is unaltered by the substitutions of G,. Asso-
ciated with the set 2S,, ZS,, . . . ZS, is a set of r different values
of i, viz. XS, ZSyhy, . . . 28y, such that any symmetric
function of them is also unaltered by the substitutions of @,.
It is to be most carefully observed in this and other discussions
that in this book the order of a product of substitutions is left
to right, and not right to left, which in many ways would be more
preferable. The group of an equation may be any sub-group of
the symmetric, according to the special character of the given
equation. The number of such sub-groups, however, among
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which the group of the equation is to be sought, is limited by the
following proposition :—
'd) The group of an vrreducible equation is transitie.

A group is said to be transitive when it COTATRS one or more
substitutions whose effect is to replace any element whatever
by another arbitrarily chosen. A transitive group, therefore,
has in it substitutions which affect all the elements. Now let
the group G of the equation be, if possible, not transitive, and
let it affect only the elements z,, z,, . . . Z,,(m <n). The sub-
stitutions of @, altering only among themselves the positions of
these m roots, will leave their symmetric functions unaltered.
These symmetric functions, therefore, are rationally expressible,
and the function F (z) will admit a rational divisor,

@-—z)(@-g) . .. (- 2n)

and will become reducible contrary to hypothesis.

EXAMPLES.

1. To form the sextic equation whose roots are the six values of the Galois
function
a;%y + ag%y 1+ as%y, .
and to express its coefficients in terms of the coefficients of the cubics (a, b, ¢, d)
(z, 1)® and (a’b’c’d’) (z, 1), whose roots are z,, Z;, 5, and a,, a,, a; respectively.
The roots z,, z,, z, of (a, b, ¢, d) (z, 1)* = 0 may be expressed in the form
ar, +b=p+ ¢, az,+ b = wp + wiq, az; + b = wip + wg,
where
pg=—H,pP+¢*=—G. ..2p°=—@Q + V@ + 4H* = — G + aVA,
2% = — @ F ay/A.
Expressing a,, as, a, similarly, we obtain
p=a(n + 0+ way), 3¢=a(2+ wry+ wzy), 3p’ = a’(a; + wleytway),
3¢’ = a’ (o) + way + way).
Hence
9pq" = ad’ (y + wiy + W), 9p'q = ad’ (Y + Wy + wiy),
where
$1= a7 + a3y + a7y Yy = 1% + a2 + ag2y = (132) ¢,
¥s = 0% + ag%y + ayzy = (123) ¢,
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Hence

3(pq" + p'g + bb') = aa'yy, 3 (wipg’ + wp'q + bb') = ¢,
. 3 (wpg’ + wip'q + bY') = ¢y
Putting
aa’yy — 366 = 3z = 3(pg’ + p'9) .. 2 = P + p"’¢* + 3pap’d (P4’ + P'0)
= 3 (6@ + aa’VAA’) + 3HH'z,

Hence y, satisfies 22 — 3HH’z — } (GG" + aa’V'AA’) = 0, and the process used
shows that it is also satisfied by i,, ;. Hence if aa’y — 3bb’ = 3z,

@’ (y — ) (v — dh) (y — ¥s) = 27 {2* — 3HH'z — } (GG + aa’VAA)}.

If therefore AA’ is a perfect square, the equation in z is rational and the Galois
resolvent has a rational factor, whose group is the alternate group, viz. 1, (132),
(123). .

The other factor is found by finding pp’, g¢’ and obtaining as abov
3(pp’ + 99’ + bY) = as'}y’, 3 (w'pp’ + wgg’ + bY) = aa’yy’,

3 (wpp’ + wiqq’ + bb') = aa'yy’,
where ' = (23)¢y, ¢ = (Bl) ¢y, Y’ = (12Mﬂmf6r’e’jﬂtmg
aa’yy,” — 3bb’ = 3z, we obtain as above, 22 — 3HHz — } (GG’ F aa’VAA') = 0,
which equation is also satisfied by i,’, ;"

Hence, putting aa’y = 3 (z + bb’), the other factor is
a*a (y — ¥') (y — ¥s') (y — ¢y') = 27 {z* — BHHZ — } (GG F aa’VAA)}.
The product of the two factors is rational, and gives the Galois resolvent. Now
a*A = G* + 4H® = (p* — ¢*)* = (p — q)¥wp — w?q) w'p — wg)?
= — a8 (2, — )2/ 27,
* and hence if IT (2, — z;)? expressed in terms of the coefficients is a perfect square,
the Galois resolvent has a rational factor. As a,, a,, ay are given, the similar
value of VA’ is rational.
As the alternate is the only transitive sub-group of the symmetric in the

case of three elements, the above is the only class of irreducible equations of the
third degree having a reducible Galois resolvent.

2. To form the equation of the 24th degree, whose roots are the several
values of the Galois function a2, + ag%; + ay2s + ag%y; and, secondly, to
determine the conditions that it can be resolved into rational factors, expressed
in terms of the coefficients of the quartics

(a, b,¢,d, e)(z,1)* and (a,, by, ¢, d,, €;) (2, 1)4,

whose roots are =y, ;, %5, 2, and a, @ ay, a, respectively.
The roots z,, &;, x5 %, may be expressed in the form

aty + b= v+ Vis+ Vs E+b=—vVH+ Vi — Ve
@yt b=vVh—Vih— Vs &+b=—vVH—Vh+ Ve
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where v/¥,v/¥:2v¥s = — 1 G, and y;, ¥;, ¥, are roots of
y*+ 3Hy' + (3H? — ')y — }6* = 0. 8y
Expressing a,, a,, ay, a, similarly in terms of +/8;, v/ B;, v/ By, Where 8,, B, B; are
roots of a similar equation obtained by substituting dotted letter for undotted,
and v/ B, v/ B3/ Bs = — 1@, we obtain
dvVypr=a (B — T+ 23— %), Yy =a(x + 2 — 23— %),
Wys=alz,— 23— 2+ z,),
VB =a (o, — a3+ ag— a)), 4V = a’ (a3 + a3 — a3 — ay),
4V B, = a' (a; — a3 — a3 + a,).
Hence
186v/y1v B = aa’ ($y — ¢s + 3 — d4)s 161/ 13/ By = aa’ (¢ + ¢ — ds—4),
16vysv/Bs = aa’ (¢ — ¢y — ds + d), 1600 = aa’ (¢, + ¢ + 65 + 64),
where
1= % + ag%y + as%y + aFe b= (1,2)(3,4) b, by =(1,3)(2,4) ¢y,
¢4 = (1, 4) (2, 3) ¢1~
Hence 4 (v/¥;,v/ B1 + V¥V Bs + V¥sV Bs + bb’) = aa’$,, with similar values for.
$1, $2: s the corresponding signs being —, +, —, + : +, —, —, + : —, —, +, +.
" Putting aa’d, = 4 (bb + 2),
2= VRV + VYV B+ VYV By
. = Zy,B1 + 2ZV¥:v/ BV 4sV/ Bs,
(2 zylﬂm 4Z9BoaPs + 8V UV IV IV BV BV B2
Hence, if
1= %81+ YsP2 + ysBs and  x; = ¥1%8,* + ¥2%6,% + ¥?Bs %
A — 222 — 2GG"z — 2+ 24, = 0,
which by the process used is also satisfied by ¢,, ¢s, P, .
Now by the last example ¥, is a root of a cubic equation involving the
irrational quantity
O —v)=LOWu+ Vo) (Vih— Vi) = lla(zy — 2) da(z; — 2,)
= a®lI (2, — =,) / 64,
and is obtained by calculating H,, G, for the equation (1), and H,’, G,’ for the
similar equation with dotted letters; and so putting ; = 3 (HH’ + w) the
equation is

wh— et Il — 0 27007 £ VDD =0, @)

where
a’ll (z, — z,)* ) 842 = 11 (y, — yo)* = — 27 (G,* + 4H,’)

= a%(I*— 27J%) /16 = a®*D 16,
and ... D is the discriminant of the original quartic. The equation therefore

involves the irrational quantity 4/ D only, as vV D’ is rational for ay, 4y ay, a4
are given.
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Now x; = %128, + Y3282 + ¥32B,? being a six-valued function of y,, y,, ¥,
is by Art. 229 equal to a rational integral function of y,, whose degree is 5, and
which may be reduced to one of degree 2 by means of the cubic (2) which
Y, = 3 (HH’ + w) satisfies.

Hence, putting aa’d = 4 (b0’ + 2), &, ¢,, b5 P, are roots of
28— 24,22 — 2GG'z2+ PyY* + Q¢ + R= 0, (3)
where P, @, R involve linearly the irrational quantity 4/ D.

Eliminating ¢; from (2) and (3), we obtain an equation of the 12th degree
in z involving v/ D, which therefore, if D is a perfect square, provides a rational
factor of the Galois resolvent.

As the other roots, i, ¢;, of the cubic (2) for ¢, are obtained by the sub-
stitutions (132), (123) operating on i, considered as a function of y,, y,, ¥,, and
as the alterations of y; to y,, y; to y;, ¥, to y; in the expressions for /¥y, v/¥a»
v¥s in terms of z,, #,, x, x, are equivalent to alterations of =z, to z,,
x5 to z,, z, to z, respectively, the other values of ¢,, ¢,, ¢35, ¢, associated with
Y2, Y5 are obtained by operating with (234) and (324) on ¢,, ¢,, ¢s, ¢,, thus
obtaining 12 values whose group is the alternate group. Similarly, the cubic
for ', ¥,’, ¥s’, obtained by changing the sign of V' D in (2), since ¢,’, ¥,’, ¥s’
are derived from ; by the alterations of y, to y;, y; to ¥;, ¥, to y, respectively,
is associated with 12 values of ¢, obtained by operating with (24), (34), (23)
on ¢y, gy bss b LV D is adjoined to the rational domain of the coefficients the
group of the quartic becomes the alternate group. If, further, a root of the
equation for ¢ is adjoined, the group becomes 1, (1, 2) (3, 4), (1, 3) (2, 4),
(1, 4) (2, 3); and we note that as the values of § can be expressed rationally
in terms of any one value y, (Art. 230, Cor. 2), the other rational factors of
the Galois Resolvent are the five obtained by substituting y,, s, ¥, ¥a's 3’
for ¢, in (3); and further we verify that the group of each of these factors is
1, (1,2) (3, 4), (1,3)(2,4), (1,4)(2, 3) as this group is unaltered when trans-
formed by any substitution.

3. To determine under what conditions the Galois resolvent breaks up into
factors in the case of the quintic.

To find these conditions we may use any 120-valued function instead of the
Galois function ¢ = a,z; + ag%; + a2y + a2, + agz;, and in particular may
use the form of | obtained by replacing a, by o, a being an imaginary fifth root
of unity.

The function ¢ has 120 values ; and when o' is put in place of a,, with the
condition a® = 1, the Galois resolvent takes the form

F—= ) (5 — ) - o - (P — ) = 0

for, if , is a root, 8o also are ayy, adyy, ady,, a'f,.

We now put * = 6, and from the values of 8 select the following four :—
0, = (a®; + a¥ry + adzy + a'z, + )5,
03 = (alxy + a'zg + axy + adx + ;)5
0y = (a®z) + axy + a'zy + air, + )5,
0, = (a'zy + o®z; + a2, + ax, + )5,
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of which the last three are obtained by substituting in succession a?, a3, a* for a
in 6,, and reducing by the equation a® = 1. It should be noticed that, since  is a
prime number, if in the series a, a3, a3, a* we replace a by a?, the same roots
are reproduced in a different order.

From 6,, 6,, 6, 0, the 24 values of 6 can be obtained, in six sets of four, by
the six permutations of z;, %, z;; for z,, having all the multipliers possible
viz. @, a3, a3, a4, need not be permuted. Every symmetric function of 8, 85, 05, 6,
has six values obtained by the same permutations. The resolvent is therefore the
product of six quartics of the type

A 04+ ¢0%° + p2 4 a8 + 7= 0. 2

Again, since X ¢}ﬁ is the sum of all the values ¢"14* can assume, it is un-

A
\,uu,uged by ‘any substitution, the order only being affected; it is therefore
expressible by the coefficients of the quintic ; whence, making p = 1, we find by
Art. 229 that 7 is a rational function of ¢. The same is true for all the coefficients ;

6
therefore if one is known, all are known. Now, let u=0, then 2'¢, is known,
1

and we can therefore form a sextio for determining ¢ ; and by adjoining one root
of this sextic the equation for ¢ (and therefore all equations for 120-valued
functions) has a rational factor of degree 20 whose group is either that formed by
combining the group common to 8,, 0, 0, 8,, viz. 1, 4, A%, A3, A* where

= (54321), with the group 1, B, B%, B3, where B = (1342), and B, B3, B?
transform 6, to @, 6, to 6y, and 6, to 4§, respectively, or its transformation by one
of the substitutions giving the five permutations of z;, z,, ;.

Thus the solution of the quintic depends on the solution of a sextic, as
Lagrange has pointed out. The analogous method was successful in solving
the cubic, by reducing it to a quadratic in 3. In the case of the septimic, &
similar treatment of the Galois resolvent would reduce it to 120 gextics in 7.

SEcTION IV.—THE ALGEBRAIC SOLUTION OF EQUATIONS.

235. Application of the Theory of Substitutiens to
the Algebraic Solution of Equations.—The problem of
the solution of an algebraic equation may be stated as follows :—
From the given values of the single-valued functions, p,, ps, . . . ,
viz. the coefficients of the equation, to find the value of an
N-valued function, viz. a root of the Galois resolvent ; for we
have seen (Art. 230, Cor. 3) that each of the roots z,, x,, . . .
can be expressed rationally in terms of any Galois function.
Although the actual determination of the roots in terms of the
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given coefficients is not facilitated by this mode of procedure,
yet the statement of the problem in this form is important in
reference to the question of the possibility of the solution of
algebraic equations generally.

The known solutions of the cubic and biquadratic may from
this point of view be presented briefly as follows :—

(1). In the case of the cubic equation

2% + pi2® + Pt + Py = 0,
we have to find from the given single-valued functions p,, p,, ps
a six-valued function of the form a,, + a,z, + asz; by the
extraction of roots. In the first place, all two-valued functions

can be expressed rationally (Art. 229) in terms of the two-valued
function
VAg = 2 (- Tp) (@, — 3) (@ — ),
and therefore in terms of p,, p,, p;, along with the square root
of a known function of the coefficients (Art. 42, Vol. 1.)
Now we have found (Art. 233, Ex. 2) a six-valued function
T, + wTy + wiry = 3, whose cube is two-valued. ¢, itself there-
fore can be expressed by means of a cube root of a function of
the coefficients in addition to the square root previously intro-
duced (cf. Art. 59, Vol. 1.). A six-valued function having been
thus obtained, the solution of the equation is theoretically
complete.
(2). In the case of the biquadratic equation

x4 + py@® + Py + P% + Py = 0,
we have to find a 24-valued function of the form
alxl + a2$2 + a.szs + Q44
from the single-valued functions p,, p,, ps, P4 by the extraction
of roots.
As in the preceding case, any two-valued function can be

expressed rationally in terms of p,, p,, p;, P4, along with the
two-valued function 4/A,, and hence in terms of these coefficients



284 Algebraic Solution of Equations.

along with the square root of a known function of the coefficients
(Ex. 15, p. 126, Vol. 1.). Now, referring to Art. 233, Ex. 2, we
find the six-valued function

¢ = 0,7y + T3T, + W (T,T3 + TyTy) + WP (T1T4 + TaTs),

whose third power is two-valued ; ¢ will be expressible therefore
by the aid of a cube root of a known function of the coefficients.
We have now to find a means of passing from this six-valued
function to a 24-valued function. The group of ¢ is (Ex. 3,
Art. 226),

H =[1, (12)(34), (13)(24), (14)(23)], (o =6,7=4),
and a second function belonging to the same group is
0% = (2) + @y — T3 — T)? (215 + TpT,)"

This function is rationally expressible in terms of ¢ ; and the
value of 6 therefore is obtained in terms of the coefficients by
the aid of an additional square root. The group of 6 is

(L, (12)(34)], (p=12, r=2),
to which the following function also belongs :—
Pt = {a; (2, — ) + ag (x5 — 74)}% 5

y* is expressible in terms of 8 ; and finally 4, which is a 24-valued
function, is obtained by the aid of another square root.

The process illustrated in these two cases may be described
as the successive reduction of the group of an equation by the
adjunction of definite radicals to the rational domain of the
coefficients. The symmetric group is in each case first reduced
to the alternate by the addition to the known coefficients of the
square root of the discriminant. The further reduction depends
on the included sub-groups of the alternate, till finally the group
unity to which the Galois function belongs is reached. If the
solution of the quintic were attempted by this method, we could
proceed no further with the reduction than the first step, since,
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as has been seen (Art. 233), there exists in this case no multiple-
valued function of the roots of which a power is two-valued. It
cannot, however, be inferred immediately from this that the
algebraic solution of the quintic is impossible. Before making
this inference it will be necessary to examine closely the algebraic
character of the formula which is the possible expression of a
root of an algebraic equation ; and hence to show the propriety
of the application of the theory of substitutions to the problem.
For this purpose we proceed in the first place to explain the
distinction between quantities which are to be regarded as
rational and those which are to be regarded as irrational ; or, in
Kronecker’s language, to define the rational domain.

236. Definition of Rational Domain.—All quantities
obtained from certain parameters R’, R"R™ .. combined with
integers, by the operations of addition, subtraction, multiplication
and division (including, therefore, raising to integral powers),
constitute the rational domain (R', R",R"' .. .)of R',R",R"" . ...

The extraction of roots will, in general, lead to quantities
outside the domain. We may, however, limit ourselves to the
extraction of roots of prime order, since an (mn)* root can
be replaced by an m® root of an n* root, and all numbers can
be resolved into prime factors.

If the student refers to the expressions given for the roots
of the quadratic, cubic, and biquadratic equations in terms of
their coefficients, it will be found, when the roots are substi-
tuted in place of the coefficients, these expressions become
rational functions of the roots involving the cube roots of unity,
the rational domain consisting of the roots of the equations and
the cube roots of unity.

It will appear subsequently if any algebraic formula which
is an expression for a root of an equation of a higher degree
exists, it must become a rational function of the roots (when
they replace the coefficients) involving several primitive roots
of unity ; and finally, the theory of substitutions proves that
functions of the roots do not exist satisfying such conditions,
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and that the algebraic solution of the higher equations is
impossible.

237. Form of the Roots of Equations algebraically
solvable.—If f(z) =0 be an equation, the coefficients of
which are included in the rational domain (R, R, R, . . .), we
say that this equation is solvable algebraically when it is possible
to satisfy the equation by substituting for z an expression
formed of elements within the domain (R’, R”, . . .) by means
of the following operations of algebra, viz. addition, subtraction,
multiplication, division (including therefore raising to integer
powers), and the extraction of integer roots, the number of such
operations being finite.

The value of = thus determined is designated as an algebraic
function of the domain (R’, R"”, R, . . .).

The building up of this algebraic function may always be
completed in the following manner :—

1°. Form a rational function of the elements of the domain,
viz.

F,(R,R'SR" ...

2°. Let V, be definitely one of the p  quantities satisfying the

equation
V" ~-F (R,R",R" ...,

where p, is a prime number. We also suppose that F, is not
an exact p ™ power, for if it was, ¥, would be included in the
primitive domain.

3°. Adjoining V, to the primitive domain, form a rational
function F,_ (V,, R, R”, R . ..) in this extended domain, and
let V,  be definitely one of the p, ~quantities satisfying the
equation

V:’l.f;x - Fv-l (Vv’ R', R", R .. .),

where p,_, is a prime number. We also suppose that F,_, is
not an exact p,_,** power, for if so, V,_, would be included in
the domain (V,, R, R, .. .).
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4°, Adjoining V,_, to the last domain, form a new rational
function in this new domain F,_,(V,.,, V,, R, R",...), and 8o on.
We can therefore represent the formation of the algebraic
function z; where f (z,) = 0, by the following chain of equations :—

v -F, (R, R, ..,
V?vq =F,, (Vv; RI, R”, . .)’

V- F, (V,,V.R,R", .., (A)

v-17
VA=F, (Vg Vs ...V, R, R, ..)
m1= Fo (Vl’ Vz, o o . VV’ R’, R”, . . .),
where the functions F are rational and the numbers p prime.
Before proceeding further, it is necessary to express the
functions F in an integral form, if they are not so expressed
already ; and to fix our ideas we shall take v = 3, the method

being the same in every case. Supposing F, not an integral
function of ¥, and V;, we can always put

7 07y
R A
¢ and ¢ being ratvonal and integral functions.
From the chain of equations we have in this case
V% =Fy(R), V*=F,(V,R), R=(R,R"..).
Also, if w be a primitive root of the equation z”* — 1 = 0,
Sb(Vz’ VS) ¢ (wV2’ Va) ll’ (wzvz’ Va) s ¢‘ (wp’-lvm V3) = l'FI(VI;: Va)'
-Again, the product of these factors, omitting the first, is in
the rational domain of V¥, V, as when expanded it does not
contain w. Now, eliminating V2* by means of the equation
V2 = Fy (Vs, R), ¥, (V2', V) becomes ¥, (V,, R).
Treating ¥, in a similar manner, it is converted into a function
of the form W (V% R), the multiplier being in the rational
domain of Vy; now eliminating V3", ¥; becomes ¥, (R).
Finally, multiplying the numerator ¢ by these factors, which
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were applied to ¢, &c., &c., the value of F, is unaltered and
the denominator is a function of R = (R’, R”, R""' . . .). Thus
F, is expressed as a rational function of V,, V,, in an integral
form.

And therefore, in general, we are enabled to write any rational
function of the V’s, viz. F,_,, as follows :—

Fa—l(Vﬂ-’ V¢.+1.- . Vv, R) =J0+J1V¢+J2V3 ...+ Jpa—lvza_l’

where the functions J are integral functionsof V,,,, Vo, - . . Vs,
and fractional only in R, R”, . ..

It will be necessary now to prove a fundamental theorem of
Abel’s of which use will subsequently be made.

238. Theorem.—If the equations
JieP 4 faP 2+, +f,=0, (1)
x? — F =0, (2)
where p is a prime number, are simultaneously satisfied, either
S5 Sos fo - - - fp all vanish, or else one of the roots of the equation (2)
can be expressed rationally in terms of fy, f,, . . . f, and F.
For, suppose the coefficients of equation (1) not to vanish,
then the equations (1) and (2) have a greatest common divisor

2+ g2+ g2+, ..+ g, =0, . (3)

the coefficients of which are rational functions of 7, f,, f, . . . f,.
Now if z; be any one of the roots common to the equations (1)
and (2), the other roots will be of the form

w2y, WPz, . . . wherew? - 1=0; :
whence
9, =20 . =wf 4)
Again, since p is a prime number, we can find two numbers m
and n, of which one is negative, such that mp + np = 1. Also
g: - wmrx;w - wnrzl(l-mp)’
and therefore by (2)

n
wﬁﬂwl = gp m;
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therefore w""z,, which is a root of equation (2), is expressed
rationally in terms of F, f;, f,, . . . f5.

239. We proceed now to make a further reduction in the

form of
Foy=do+ I\ Vat IoVet. . +d, VP,

so that J, may be equal to unity.

Let J. be one of the coefficients J,;, J, . . . which does not
vanish, and putting

J KV:. = Wa.’
there are integer numbers m and n, of which one is negative, such
that
mi + np, =1
whence
TRy = Jryie - g
therefore, we have
Vo= WIFWJ ™, o Fy= V.

Hence V, and W, can be expressed the one in terms of the other
and the elements V,,, Va,9, . . . V., so that the rational domains

(Ve Varss .- . Vo, R R”,.. ) and (Wo, Vapy, ... Vo, R B ..

are equivalent.
Again, there is no power of W, lower than p, which is rational
in this domain. For, if

We=D(Vapys Vargs - - - Vo),
where ¢ < p,,
JWVWE =D (Vayy, Vayor - - - Vo)
but «q is not divisible by p, for p, being a prime number should
divide « or ¢; but both are less than p,, and hence putting
kg = mp, + r there is a power r of V, less than p, which is
rationally expressible, but this is impossible, p, being the lowest
power of V, which is a rational function of V.,y, Vays, . . . V..
Moreover, by raising W, to the power p, we have
WPa = JPaF% = ¥ (Vory, Varas - - - Vo, R, R 1L 5
VOL. IL U - = o
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whence we learn that W, like V,, is given by a binomial equation
of the degree p,, and we can replace the one by the other in the
chain of equations connecting the V..

It follows that we can introduce W, in place of V, where it
occurs in the functions F,_,, F,_,, ... F,.

Therefore, in

Fay=do+J Vot V4. . +d, Ve,

when we replace J,V* by its value J, (F"J_™)" W™, this
function is of the form L, W-i", where mh = lp, + k', and L,’
is a rational function of V,,;, Vays, . . . V., which can be rendered
integral by Art. 237.

It should be noticed that when % is given the values
1,2,3,4,...p.—1in the equation mk = lp, + &', b’ has for its
values 1, 2, 3, . . . p, — 1 in some order, since all its values are
distinct and less than p, ; also since m«x + np, = 1, « is the only
value of 2 for which the remainder A’ = 1.

We see then that

F¢_1 = Jo + W“ + L2W3 + ...+ L,u__lwz“—l,
where the L’s have been rendered integral and L, = 1, and we

return to the old notation by putting V, for W,, and J, = 1.
We have then, finally, the important result

Fos(Va Ve Vo Ry =dog+ Vet JoV2 4. L+ d, VAL,
whence expanding the function
Fo (Vl’ Vz, « e o Vy, R’, R” o .) = :131,

a root of the equation of f(z) = 0, in powers of V, (the V with
lowest suffix), and making the foregoing reductions, we have

wl = Go + V1 + GzV% +...+ GP1—1 Iﬂl’l-l.

240. We proceed now to apply this theory to the solution of
equations which are solvable algebraically.

For this purpose, forming the different powers of x,, and
taking care to reduce the exponents of V;, ¥, ... 8o as to be
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respectively less than p,, p,, . . . by means of the chain of equations
which define V,, ¥V, ... we shall arrive at the result

f@)=Hy+HV,+HVi+...+H, ,Vi*'=0
by hypothesis, where H,, H,, H, . . . are integer functions of the
V’s.
By Abel’s theorem H,, H,, . . . H,,_, must all vanish ; for if
not, the equations

Hy+ H\V, + ..+ Hy VB0, VB = F(V,, V,..V,, R, R",...),

would be simultaneously satisfied, and F, would be an exact
p,* power in the domain (V,, V,, . .. V,), which is contrary to
hypothesis.

In a similar manner, expanding H, in powers of V,, viz.

H, = Ko + K1V2 + KzVi ..ot Kp.—l Vg’_l,

the coefficients K,, K,, . . . should all vanish for exactly ana-
logous reasons. But if V, be absent, expand in powers of
Vs, &c., &ec.

If in any case the coefficients of these successive functions
do not vanish when arranged in powers of V,, their indices having
been reduced as much as possible, it is a proof that we have
neglected to secure that each function F in the chain of equations
is not an exact power, or that the number of the elements V has
not been reduced to a minimum.

We have an example of this deficient reduction in the case
of the cubic equation which we insert now, as an illustration.

Let f(z) = 2® + 3Pz — 2Q,

_\zQ+\/Q2 @+ P> +VQ-+/Q+ P VolL,p.45.

The chain of equations is as follows :—

= Q - Va: (A)

20U
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identically, which is a proof that the functions ¥ have not been
reduced to & minimum number; and we proceed to show that
V, is a part of the rational domain (V,, V,, P, Q).
From the chain of equations (),
(VyVs)® = @Q* - V3 = — P3; whence V,V,=— P.

P PV} A1 4
Hence, V1=_V;=_Q+2Va= (Qst) 3.

and so V, is a part of the domain (V,, V;, P, Q).
The chain of equations (a) is therefore reduced to

_ 2
Vie Qe P, Vi=Q 4V, m=V,— 3= Vys L0
2
The other two roots are obtained by putting wV, and w?V,
for V,, the last element of the chain (a), and therefore are

xz = sz + Q ;2V3w2V§,

Z3 = w?Vgq + Q- Vang.

P2
Resuming the general investigation, we have
2 =G+ Vi+ GV + GTY, . . 1y £
f(wl) = Ho + H1V1 + HQV: + HaVi e = 0,
the coefficients H all vanishing. '

Now, substituting in (1) for Vy, w;V;, wiVy, . . . 0V,
but leaving V,, Vg, . . . V, fixed, we obtain the values of
Ty, T, - - - Ty, Where wy” — 1 = 0, from the system of equations

Ty =G+ Vi+ Gl V... (k=0,1,2,...p -1);
and finally, from this system of equations we have
1
Vi= ;;2‘"1"% ; (2)

whence we conclude that the irrational function of the coefficients
V, is a rational function of the roots when the primitive root of
unity w, is adjoined to the rational domain.
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In a similar way by keeping fixed in (1) any set of values of
Vi Vs . .. V., and for V, substituting w,V,, 0,2V, ... oV,
we get all the values of ¥V, expressed as linear functions of the
roots rational in the domain formed by the roots and the primitive
root wy. It is not necessarily to be supposed that (1) gives a
different root for every combination of values of V, V,, ... V,.
The roots may occur in cycles, the same cycle of n roots being
obtained for every value of one or more of V;, V,, ... V,. In
the cubic we have V,, V, with p, = 3, p, = 2, and the same three
roots occur for 4 V,. In the quartic we have V,, V,, V,;, V,
with p, = 2, p, = 2, p; =3, py = 2, and the same cycle of four
roots occur for every value of ¥, or V,.

There are p,p, . . . p, values of V,, as thus calculated, but
they may all occur in cycles, all the values being reproduced for
all values of some one or more of V,, V,, ... V,.

We thus derive that every one of the values of V, is expres-
sible as a linear function of the roots. These values of ¥, form
all the functions obtained from one value by permuting the
roots in every way, for the product IT (z — V) of all the values
of z — V, got by giving V, every possible value, is equal to
IT (aP — V2), since if ¥, is a value of V, so is also w,V,, iV,
oo @Y, and [T (2" - V3) is rational since it is for
similar reasons independent of the values of V5, Vs, ... V,.

Now to see that V, would be similarly expressible as a homo-
geneous function of degree p, rational in the domain formed by
the roots and the primitive roots w,, w, such that wf!=1,
wp*=1; in

VB=Ly+ Vo+ Ly Vy... + Ly, V5!

keep any set of values of V3, V,, . . . V, fixed, and substitute
Vo woVsy, wiVs, . . . wf*~1V,, and in each case the corresponding
values, say, 1, 2 - - - Yp, of V!, as already obtained, we get

Vg = 51—22 wy~**1y,. We thus see that all the p,p; . . . p, values

of V, are expressible as stated, and as we showed for V, we may
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also show for ¥V, that all the values may be derived from one
value by permuting the roots in every possible way. We now
see as the equations (a) are all of type

VZ“=J0+ Va+1+J2V:+1 o« 0. +J

Pasr—l Vzrll '
that we may successively express Vs, V,, . .. V, as homogeneous
functions of degrees p,p,, p;pyps, &c., of the roots, rational in
the domain formed by the roots and the primitive roots
Wy, Wy . . . wy, and that the values of any one V, are derived by
permuting the roots in every possible way.
Summing up the results arrived at, we have the following :—
Theorem.—If an equation f(x) = 0, the coefficients of which
are rational functions of the quantities R', R, . . . can be satisfied
by an explicit algebraic function

2=F(Vy Vo, ... V., R, R", .. ),

the quantities V are rational and integral functions of the roots,
and of the primitive roots of unity ; they are, moreover, determined
by a chain of equations of the form

V’;« = Fa (Va—l) V¢—z s V"’ R,’ R" .. ‘)’

wherein the indices p are all prime numbers, and the functions F
all rational. ) '

This theorem makes it possible to apply the theory of substi-
tutions to the proof of the proposition that general equations of
degree higher than the fourth are not algebraically solvable.
The proof is as follows :—

It has been shown that the first irrational function V, is the
p'* root of a function rational in the domain (R, R"” . . .), and
as V, is a rational function of the roots such that V% is symme-
trical, it is, by Art. 232, the square root of the discriminant A,
or of the form Sv/A, where S is a symmetric function of the
roots. Consequently, p, = 2.

If we adjoin SV/A to the rational domain, we include all the
one-valued and two-valued functions of the roots. Proceeding
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another step, there must be a rational function of the roots V,_,,
which is 2p,_, valued, and of which the p,_,* power is two-valued,
but no such function exists when # > 4 (Art. 233). Conse-
quently the process, which should have led to the roots, cannot
be continued.

We conclude, therefore, that the general equation of degree
higher than the fourth cannot be solved algebraically.

In the foregoing investigation we have followed closely the
systematic treatment of this question given by Netto in his
Substitutionentheorie. The principles on which the investigation
rests are due to Abel, who was the first to establish in a rigorous
manner the impossibility of the algebraic solution of equations
of a degree higher than the fourth. The fundamental theorem of
the present article was stated by him in the following form :—
If an algebraic equation s solvable algebrarcally, we can always give
to the root such a form that all the algebraic functions of which it 18
composed can be expressed rationally in terms of the roots of the
proposed equation (Abel, Buvres Complétes, 1881, Vol. 1., p. 75).
The manner in which this theorem is applied in the proof given
above is a modification of Abel’s proof introduced by Wantzel,
to whom the propositions, in the theory of substitutions, of Arts. .
232 and 233, appear to be due (see Serret’s Cours d’Algébre
Supérieure, Vol. II., p. 484).

For further information relative to substitutions and groups
the reader is referred to The Theory of Groups, by Professor
W. Burnside, Cambridge, 1911, and The Theory of Equations, by
Professor Cajori, New York, 1904.

We think it desirable to add a section on Abelian equations,
as the Galois resolvent or any equation whose roots are the N
values of any rational N-valued function of the roots z,, «,, . . . =,
of an equation f (x) = 0 can be seen in a variety of ways to be
of such type, and hence their solution made to depend on the
solution of equations of degrees lower than N, in addition, of
course, to depending on the solution of f (x) = 0,
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SecTION V.— Wmm,

241. Definition of Abelian Equations. The G&alois
Resolvent is Abelian.—An Abelian equation is such that its
roots may be arranged in m sets of p each, and that the roots
Ty, Ty, . . . Ty Of each set are related as follows :—

Ty = 0 (2,), T3 = 0 (25) = 6% (2), 24 = 0 (z5) = 63 (zy), . . .
zy =0 (z5y) = 077 (), 2, = 0 (z,) = 07 (2y),
where 6 (z) is a rational function of z.

For instance, the N roots of the Galois resolvent, or of any
equation F (¢) = O whose roots are the N values ¢;, ¢,, . . . ¢y
of any N-valued rational function of the n roots z,, , . . . z, of
an equation f(z) = 0, are so related. But in such a case the
division into sets may be effected in a variety of ways. To prove
this we note that if S is any substitution whatsoever, by Art. 229,
S¢, = 0 (¢,), where 6 is a rational and integral function of degree
N -1, which is the same for every pair of roots derived from
¢, and S¢, by any substitution T, so that ST¢, = 0 (T$,). This
last result follows also by regarding S¢, = 6 (¢,) as an identity
involving z,, z, . . . z, only, obtained by substituting for the
coefficients of f () their symmetrical expressions in terms of the
roots, and hence as S¢, = 0 (¢,), ST, = T0(¢,)=0(T4,). Now .
some power of S equals unity, say S? =1, and accordingly
arrange the roots in sets of p, each of the type

T¢,, 8T¢,, S*T¢, . . . 8P~ 1T¢,,

where we take T' =1 for the first set, and for each subsequent
set take for value of 7' a substitution which has not been used
up to that stage. We proceed in this way until all substitutions
have been used up, just asin Art. 226. Now, as ST, = 6 (T¢,),
taking S»T for T, we have S™*1T¢, = 0 (S™T¢,), hence along with
ST¢, = § (T¢,) we have
SQT¢1 =0 (ST¢1) = 6 (T'y), SST?Sx =0 (S2T¢1) = 08(T¢1),

and so on, ending with T'¢, = 8?7, = 6 (SP~1T¢), and hence the
equation ¥ (¢) = 0 is Abelian,
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242, Solution of a General Abelian Equation.—The
roots of an Abelian equation may be obtained by solving an
equation of degre¢ p whose coefficients are rational integral
functions of a root of an equation of degree m. We shall prove
this by taking a particular case with p = 3, m = 4, and it will be
easily seen that the theorem is true generally.

Let ¢, = q (%, %,, 7;3) be any rational symmetric function of
the three roots in the first set, ¢, the same function of the roots
%4, Ty, Zg in the second set, and so on. We have

G = q (%1, Ty, T3) = ¢ {wl’ 0 (zy), 6% (z,)} = ¢ (24),

" where ¢ is a rational function of (z,). Also as ¢, is a symmetric
function g, = g (2, %3, 1) = ¢ {z3, 0 (x5), 6% ()} = ¢ (). Simi-
larly, ¢, =¢(x5) . q1=34{¢ () +¢(z) + 4 (25)}. Similarly,
9 = 3 {é (z5) + b (x,) + ¢ ()}, and so with similar values for
g3, s, We have

Zh=qi+ @+ @t qa=3{p @) +é(®)+.. . +d(@p)}

and ... Zq, is a rational function of the coefficients of the equation
f (%) = 0, whose roots are x;, z, . . . Zj. In precisely the same
way we prove that Zg3, Zg3, Zg} are rational functions of the
_coefficients of f (x). Now expressing the coefficients of

Y -q1) Y~ q) (¥ —q) (¥ — q0)

by Newton’s formulee in terms of sums of powers of ¢;, g, ¢s, ¢,
we derive that ¢,, s, ¢s, ¢4 are roots of an equation of the fourth
degree whose coefficients are rational functions of the coefficients
of f ().

Furthermore, if r,, r,, 73, 7, denote any other symmetric
function of the roots in the four sets respectively, we see in pre-
cisely the same way that Zr,, Zr,q,, Zrig? and Zr,g? are rational
functions of the coefficients of f(z), and hence by Ex. 1, p. 38,
71, Tg, T3, 74 aTe Tational integral functions of ¢,, ¢s, ¢s, ¢4 respec-
tively, which functions are the same for all four pairs.

Hence putting ¢, = @, + 23 + 3 = y,, we see by giving r, the
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values x,x5 + 2%, + 7,7, and z,2,7, that the latter are rational
integral functions of y,. Hence z,, z,, x; are roots of a cubic
equation 23 — y,2® + ¢ (y,) © — ¢ (y;) = 0, where $, ¢ are rational
integral functions, and we note this cubic equation is Abelian.
The cubics for the roots in the other sets are obtained by substi-
tuting y,, ¥, y, for y,, and as we see by the above discussion,
Y1, Yo Y3 Y4 are the roots of a quartic whose coefficients are
rational functions of the coefficients of f (z). The same method
clearly applies when p and m are equal to any other integers
whatsoever.

243. Solution of a Particular Abelian Equation.—
When m = 1, so that the n roots of an Abelian equation f (z) = 0
consist of one set only, the equation can be solved by radicals.

In this case all the roots may be expressed in terms of any
one root z;, as follows :—

Ty, 0 (2y), 62 (xy), . . . 6* (), with 6" (z,) = ;.

Take y, (z,) = {2, + a"0 (2,) + a2 82 (z) + . .. + argn=1(z)}n,
where a is a special or primitive root of 2” — 1 = 0, so that the
other roots are a°, a2, a3, . . . a1, and if m is less than n

a®+a™+a¥ 4. . . anUm =,

Substituting any other root x,,,, = 67 (x,) for z,,

P (Tpyy) = {07 (x,) + a” 0P (2,) + 0¥ 0P*2 () + . ..
+ a2 gn () + . L.+ oD grin-l (g )1n
= {a"™P) (z,) + a7 0 (x,) + 0¥ 62 () + . . . a® VTG 1 (g,)}0

= ‘/’r (ml)’
e @) =4y @) =+ =4y @) = ¢ E () = . e rational

integral function u, of the coefficients of f () and a.
Taking n* roots, we derive n equations by giving r the values
0,1,2,...n -1, all of the form

T+ a0 (7)) +a¥ 0% (2)) + ...+ a? V@1 (g)) = :/J,:
where &/ u, is some one of the n* roots of U,.
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For r = 0 the left side becomes z, + o + 3 + . . . + T, = —
(coefficient of 271 in f(x))/(coefficient of z") = 4,. If we add
both sides of these n equations, remembering that

a® +am+a?™ + ., . .+ a®"Vm=Q,
we obtain nz, = 4, + 351+ Mug+ ..+ .
If we multiply the equations by a°, a™™, a™%m,...q (»=1im
respectively and add we obtain
Ny = O™ (2,) = Ao + a™™ :/12+ o~ 2m :/u_z
+... 4+ g (rIm ““/un-r
The value of the radical ~/ u, which has to be taken with

/u, in these equations is given by & u, = 4, (&/u,), Wwhere
4, is a rational function of the coefficients of f (x) and a, for
M, _T+af(z) +a¥ P (z) +... +a e () (z,)
(Ju) ([@rel@) + a® @) + ... a0 (g)y X
Now we saw above that if z,,, is substituted for «, in
z, +a’f(z)) +a¥ 0% (x,) +...a»" VG (2) = w,(2,),

the result is a®=Pre, (z,).

aPY e, (z)
= 2wy (m)y - X ()

< Xr (Zp1a)

1 n
S Xr(@) = xr(®@g) = xr(25) = . - . = Xr(2n) = ﬁEXr(ms) =4, =
8=1
a rational function of the coefficients of f () and a. Hence the
general expression for a root z,,,; may be written
Ny =Ag+y+ Ay +. . .+ A,y

where y = a~™u, which has n values only. Hence Abelian
equations of the above type are solvable by radicals.

244. Second method of solving an Abelian Equation
f(z) = 0 when all the roots form one group, and when
also the degree n of f(r) = mp.—For shortness we take the
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case when p = 3, m =4, and the general method of proof follows

obviously.
Arrange the 12 roots in 4 sets as follows :—

Y1=01 + Ty + Ty = Ty + 0 (2) + 68 (zy),

Y2 = Za + Tg + Zyo = 0 (2) + 6° (27) + 6° (),
Ys = T3 + Ty + Iy = 0% (zy) + 0% () + 6% (my),
Yo = Ty + Ty + Tyg = 0% (z1) + 0 (z,) + 6" (21).

As in Art. 242, taking 6* for 6, z,, 64(z,), 68 (z,) are roots of a
cubic equation whose coefficients are rational functions of y;, and
Y15 Y2, Y3, Y4 aTe roOts of a quartic whose coefficients are rational
functions of the coefficients of f (x). But in this case the quartic
is also Abelian of the same type, for we shall prove y, = ¢ (y,),

Ys = ¢ (¥2) Y4 = & (Ys), ¥1 = ¢ (44), Where § is a rational function
of the coefficients of f(x). If r is any integer we have

Yo" = (Tg + Tg + T19) (T, + 5+ p)" = {0(2)) + 0°(zy) + 6° (2,)}

{2y + 04 () + 6% (z))}"
= x(z) -
= (Tg + 1o + To) (T5 + Tp + T,)" = {0 (5) + 6° (w5) + 6%(x4)}

{ms + 04 (xg) + 6° (x6)}"
= x (zs).

Similarly y,y," = x (z,).
In the same way ysy," = x (5) = X (Ts) = X (T10)s
Yays' = x (@3) = x (%) = x (@n1)y Yo" = X (@a) = X (Ts) = x (T1a)s
as in the latter case z, = 0 (z,,), =5 = 0 (%,), Ty = 0 ().
Hence
Y9 + YaYs + Yy + Yy = Hx (@) + x () + . . . x ()} = T,
where T, is a rational function of the coefficients of f ().
Taking r = 0, 1, 2, 3, we have
Yot Ys+ Yt y=T,,
Yo + YaYs + YaYs + Ya¥a = Ty,
Yabs® + YaYa® + Yuys® + Y1yt = Ty,
Yo' + YalYa® + YaYs® + Y1ya® = T,
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and hence fs mn Arv. 226, Y= (1), Ys=¢ (¥3), ¥s=¢ (¥a),
Y1 = ¢ (y,),/where ¢ is a rational integral function whose coeffi-

cients are rational functions of the coefficients of f(z). Hence
the quartic for yy, ¥s, ¥s, ¥4 is an Abelian equation of the same type
as f (z), and similarly the equation of degree m whose roots are
the m sums of the roots in each set of p is Abelian of the same
type as f ().

Generally by this method the solution of an Abelian equation
of this type may, if » can be broken up into factors, be made to
depend on the solution of Abelian equations, all of the same type
and lower degree. Thus if n = 24, the solution may be made to
depend on the solution of an Abelian equation of degree 12
whose coefficients depend on the solution of an Abelian quadratic.
The solution of the Abelian equation of degree 12 may be made
to depend on the solution of an Abelian sextic whose coefficients
depend on the solution of an Abelian quadratic, and lastly the
solution of the Abelian sextic on that of an Abelian cubic whose
coefficients depend on the solution of an Abelian quadratic.

245. Solution of a Binomial Equation 27 — 1 =0 when
p is a prime number.

If z, is any root other than unity of z? — 1 = 0, all the roots
are included in the series 1, a,, a.":, ce.adm and so the roots of
(z? - 1)/(z — 1) = 0 are ay, a, . . . a?71 (Vol. L, Art. 49). Now
we shall prove that we can obtain an integer a such that the
remainders when a,a?, a3, . . . a?* are divided by parel,2,...p-1
in some order, the remainder however of a?~* being unity. Hence
the roots may be written in the form a,% o, o, ... a2"";
and so taking 6 (z) = 2°, and putting 2z, for o, they may be
written in the form z,, 0 (z,), 62 (z,), . . . 6772 (), with

F 0t (z) = 2
Hence the equation (? — 1)/(z — 1) = 0 is Abelian of the type in

which all the roots form one group.
In the following proof of the above statement, all letters

af"1 _
=z,
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denote integers ; p is taken to be a prime number ; all functions
of z are rational and integral with coefficients which are integers,
the coefficient of the highest power of = being unity ; and the
symbol = in f(z) = ¢ (z) denotes that the remainders are the
same when f () and ¢ (z) are divided by p, and so in particular
Jf(z) = 0 denotes that f(z) is divisible exactly by p, x being of
course an integer. Such quasi-equations are called congruencies.

(@) If a less than p satisfies f(x) = 0, = is called a root of
J(x) =0. Any integer a + mp also satisfies f(z) = 0, since
a® = (a + mp)* and .-. f(a) = f(a + mp); but the term root of
f (@) = 0 is restricted to the integer which is less than p.

Now f(z) = 0 has not more roots than its degree n. For if
a, is a root, f(x) = (z — a;) f; (%) + Ry, and as f(a;) = 0, R, = 0,
~ f(z) = (x— ay) fi(x). If f(x) has a second root a,, we must
have f; (a;) = 0, and ... as before f; (z) = (z — a,) f; (). Pro-
ceeding in this way, if f(x) = 0 of degree n has n roots a,, a,, ... a,,

we obtain f(z) = (x —a))(x—a,) . . . (x—a,), and so f(z) =0
has no other root, as no other value of x less than p can satisfy
(x-—a)(x—ay)...(x—-a,) =0.

(d) If f (x) of degree n can be broken up into factors f, (z),
Ja () of degrees I, and n — [ respectively, and if f(2;) = 0 has n
root, as each root must satisfy f; (x) =0 or fy(x) =0, f;(z) =0
must have exactly I roots and f, () = 0 must have n — 1. .

() If1,2,...p— 1 be multiplied by any number @ less than
P, the remainders when a, 2a, 3a, . . . (p — 1) @ are divided by p
are all different, and so must be 1, 2, 3, ... p — 1 in some order,
for if not la — ma = (I — m)a would be divisible by p, which is
impossible as | and m are each less than p, and p of course is a
prime number. Hence the product of a, 2¢, 3a, ... (p—1)a
— the product of 1, 2, . . . p — 1 is divisible by p,

e L23. . (p-1) (@t -1) =0, 021 =1 =0,
and therefore the roots of z»~*—~1 =0are1,2,3,...p - 1.

(d) If we take any number a less than p and therefore of
course prime to it as p is a prime number, some one of the re-
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mainders must recur when a, a2, a3, . . . are di¥ided by p as there
are only p—1 possible remainders, and so a™**"'=¢’, .". @”(a*-1) =0,
car—1=0, .. a%—a" =0, .. the first n — 1 remainders recur
in the same order perpetually. Now by (c) a»* -1 =0, ..
n=p— 1 oris less than it. If it is less it must be a divisor of
p—1. Forif p— 1 ="mn + r where r is less than n,as a?~1 =1,
.. a™qg’ =1, but ¢ =1, as since ¢ =1 ... a™ = 1, and hence
ifar =1, a8 a™a” =1, ... [ =1, .". n is not the least integer for
which a® = 1.

When a is such that it is a root of 2" — 1 = 0, and not a root
of any congruency &™ — 1 = 0 where m is less than =, it is called
a primitive root of z® — 1 = 0, and is such that the remainders
when divided by p of a, a?, a3, ... a" ! are all different and
different from unity. The theorem then which we have to
establish is that ?~! — 1 = 0 has primitive roots.

(¢) Express p — 1 by its prime factors, say p — 1 = ¢'r™s",
where ¢, 7, s are prime numbers. As z? —1is a factor of 2771 -1,
by (b) it has ¢ roots, and if any of its roots also satisfy 2* -1 = 0,
where £ is less than ¢%, k£ by the same reasoning as in (d) must be
a factor of ¢¢; and also as a¥ -1 =0 if 2* — 1 = 0 all such
roots must satisfy «?' — 1 = 0. As ¢! is a factor of p — 1,
a?™" — 1 = 0 has g1 roots, and so there are ¢~ roots of 27—~1 = 0
and no more which are also roots of binomial congruencies of
lower degree, and .-. there are ¢! — ¢*~! primitive roots of 2¢ —1 =0.

(f) Ifais a primitive root of z™ — 1 = 0and boneof z" — 1 =0,
then ab is a primitive root of 2™* — 1 = 0, if m, n are prime to
each other.

Let s be the smallest integer, such that (ab)* —1 =0, .-
bt -1=0, .. ab™ =1, but a™ =1, .. ™ =1, ... ms
must be a multiple of 7, .. s is a multiple of . Similarly s is
a multiple of m, ... s is a multiple of mn. But (ab)™ =1, ...
mn is a multiple of s and .. s = mn.

If now a is a primitive root of 2 — 1 = 0 which we proved
must exist in (e), and b one of 2™ — 1 = 0, it follows that ab is
a primitive root of a#™™ — 1 = 0. If, further, ¢ is a primitive
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root of 2" — 1 = 0, it follows that abc is a primitive root of
2?1 — 1 = 0 when p — 1 = ¢™s". Proceeding in this way, we
prove that 2771 —1 = 0 always has primitive roots, and so we
establish the theorem that a number @ can be found such that
the remainders when a, a?, a3, . . . a?~! are divided by p are all
different and that the last remainder is unity.

An important example of the theorem at the beginning of this
Article is when p = 17. The solution, therefore, of the binomial
equation 7 — 1 = 0, or of the problem to inscribe a polygon of
17 equal sides in a circle depends on an Abelian equation of
degree 16, all of whose roots form a group, and hence as 16 =24, it
depends by Art. 244 on the solution of quadratic equations only,
and so on extraction of square roots only. Hence the geometrical
problem may be solved by drawing lines and circles. This equa-
tion is given in Vol. I, p. 102, and the arrangement made there
of the roots arises by using the integer 3, which is a primitive
root of ' — 1 =0 for p =17, and grouping the roots as in
Art. 244, taking 0 (z) = 22

246. If one root of an irreducible equation is a
rational function of one other root, the equation is
Abelian.—If f (z) = 0 of degree n is an irreducible equation, and
if one root z, is a rational function 6 of another root z, so that
*y = 0 (z,), all the roots are so connected, and the equation is
Abelian. To prove this, we transform f (x) = 0 by the substitu-
tion y = 6 (x) to an equation of the same degree ¢ (y) =0. As
é (y) = 0 has a root = z,, it must have all its roots the same as
those of f(z) =0, and in fact be equivalent to f(z) =0, for
otherwise by finding the least common factor of f(z) and ¢ (),
J(z) would be reducible. Hence all the roots of ¢ (y) = 0 are
also roots of f () = 0, and hence every root z, of f (z) is connected
uniquely with some other root z; by the equation g = 6 (z,).
Starting then with z,, we have z, = 0 (z,), then take

3 = 0 (5) = 02 (vy),
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and so on until we get z, = 67 (z,), and thus obtain a cycle of p
roots: Now as z, = 67 (z,), the equation x = 67 (z) is either an
identity or has a root x; common with f(x) = 0, and therefore
as f (z) is irreducible, as above it must be equivalent to f (z) = 0.
Thus in either case z = 07 (z) is satisfied also by z, 5, ... , z,. If
we start, therefore, with a root x, ., not in the cycle obtained, and
find z,,, = 0(2y41), Tpys = 0(2,,2), and so on, this new cycle must
end with z,, =67 (x,,,), for z,,, =07(x,,;). Wereit to involve
q roots only, and so involve the equation z,,, =6(z,,,) with ¢
less than p, then as before all the roots would satisfy = = 67(z),
and the first cycle should have ended with z, = 647 (z,), but it
has been assumed not to do so, and therefore ¢ = p for it cannot
be either greater or less than it. Proceeding in this way, we
divide all the roots into m cycles of p each, and we must have
n = mp, and the equation is Abelian. All the cycles must contain
different roots, as if two had one common the next in order in
each cycle would also be common, and so proceeding in order
all the roots in the two cycles would be equal, and so the root
with which the second cycle was started would have occurred
previously, which was assumed not to be the case. Also, of
course, no two roots of f () = O can be equal, as it is irreducible.

Finis.
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MISCELLANEOUS NOTES.

Page 4. The number of inversions of order consist of the number
of suffixes in front of the suffix 1, the number in front of 2 and greater
than it, the number in front of 3 and greater than it, and so on.
Thus the number of inversions is equal also to the number of consecu-
tive transpositions required to bring first the suffix 1 into the leading
position, then 2, then 3, and so on.

Page 17. Laplace’s development of a determinant. We re-
present a determinant by (aa, bg, ¢y, . . .), implying that the first

TOW i8 dq, ba, Ca; . . . , the second ag, bg, cg, . . . , and so on, so that
a.bgcy . . . is the diagonal term, and a, 8, y, . . . the standard order
of suffixes, which need not be 1, 2,3, .... We shall prove Laplace’s

development of a determinant in terms of the minors formed from
any number of rows or columns by showing that A = (a, b, ¢; d, €5 fg 9)
can be expanded in terms of the minors formed from the first three
columns, and the method used will obviously apply generally. Take
any combination of the 7 suffixes taken three at a time, attach any
such triad in order to @, b, c and the rest in order to d, e, f, g, thus
getting, say, a,b;cq . d; €3f,9;. The number of inversions in this
term is due to suffixes attached to a, b, ¢ being greater than suffixes
attached to d, ¢, f, g, and in this case is 7. Now permute the suffixes
2, 5, 6 attached to a, b, c, keeping the rest fixed. The additional
inversions so introduced into any term, say ag bg ¢, . d, €3 f, g,, are
also the inversions in ag bg ¢, considered as a term of (ay,, b;, cg), in
this case 2. Attach the sign (— 1)? to ag bg ¢y, and we have a term of
(g, bs, cg). Doing the same to every term arising from a permutation
of 2,5, 6 and adding, we get (— 1)7. (a,, by, ¢g) 4, €3 f3 9, Now permute
in every possible way the suffixes 1, 3, 4, 7, leaving (a,, by, ¢g) un-
altered, and in a similar way the terms of A so arising will give us
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(= 1)(ay, by, cg) (dy, €3y f1,97). Every combination of the 7 suffixes
taken three at a time will give rise to a similar product of two minors,
and the sign to be attached to the product is (— 1)™ where m is the
number of inversions owing to the suffixes attached to a, b, ¢ being
greater than those attached to d, e, f, g.

Page 28. That a determinant A written as in Art. 141 is the
product of two determinants may be seen as follows : We note that
as are multiplied by as, B8 by bs, and so on, and we shall call a vertical
column formed by terms such as b,8,, b,8,, by, a vertical column of
similar terms. When we take a column of similar vertical terms
from the first column of A, we must take with it a dissimilar column
of similar terms from the next column of A, and then a column of
similar terms from the third column of A which is dissimilar to the
previous two, and so on generally. We note in the determinant so
formed which contains (a,, b,, ¢;) as a factor multiplied by a term of
(a1, By, v3), that every inversion in order of columns considered as
columns of (ay, by, c3) is accompanied by a similar inversion in the
suffixes of the term of (a,, B,, v;), so that the number of consecutive
transpositions of columns to obtain (a,, b,, c;) is precisely that
required to give the proper sign to the term of (a,, B, ys). Every
term of (a;, By, ¥s) With proper sign arises in this way multiplied by
(@5, by, cg), and we see that A = (a,, by, c5)(ay, Bg ¥s), and that a
similar method of proof applies generally.
> Page 87. When U = 0 and V = 0 have two roots a, 8 common,

—dR R AR R R
as am = M_m-—l’ and ,35&—” = m, therefore (a — B) b_a; =0,
therefore p2 = 0, and therefore ok =0, as abil_ = OR ]
da, 08g . 0a, day4
NOTE A.
DETERMINANTS.

TeE expressions which form the subject-matter of Chapter XIII.
were first called ““ determinants ”’ by Cauchy, this name being adopted
by him from the writings of Gauss, who had applied it to certain
special classes of these functions, viz. the discriminants of binary and
ternary quadratic forms. Although Leibnitz had observed in 1693

the peculiarity of the expressions which arise from the solution of
x2



308 Notes.

linear equations, no further advance in the subject took place until
Cramer, in 1750, was led to the study of such functions in connexion
with the analysis of curves. To Cramer is due the rule of signs
of Art. 128. During the latter part of the eighteenth century the
subject was further enlarged by the labours of Bezout, Laplace,
Vandermonde, and Lagrange. In the nineteenth century the earliest
cultivators of this branch of mathematics were Gauss and Cauchy ;
the former of whom, in addition to his investigations relative to the
discriminants of quadratic forms, proved, for the particular cases of
the second and third order, that the product of two determinants
is itself a determinant. To Cauchy we are indebted for the first
formal treatise on the subject. In his memoir on Alternate Functions,
published in the Journal de v Ecole Polytechnique, vol. x, he discusses
determinants as a particular class of such functions, and proves
several important general theorems relating to them. A greatimpulse
was given to the study of these expressions by the writings of Jacobi
in Crelle’s Journal, and by his memoirs published in 1841. Among
many mathematicians who have advanced this subject in more recent
years may be mentioned Brioschi, Hermite, Hesse, Joachimsthal,
Cayley, Sylvester, and Salmon. There is now no department of
mathematics, pure or applied, in which the employment of this
calculus is not of great assistance, not only furnishing brevity and
elegance in the demonstration of known properties, but even leading
to new discoveries in mathematical science. Among recent works
which have rendered the subject accessible to students may be men-
tioned Spottiswoode’s Elementary Theorems relating to Determinants,
London, 1851 ; Brioschi’s La teorica dei Determinanti, Pavia, 1854 ;
Baltzer's Theorie und Anwendung der Determinanten, Leipzig, 1864 ;
Dostor’s Eléments de la théorie des Déterminants, Paris, 1877 ; Scott’s
Theory of Determinants, Cambridge, 1880; and the chapters in
Salmon’s Lessons Introductory to the Modern Higher Algebra, Dublin
1876. For further information on the history of this subject the
reader is referred to Muir’s Theory of Determinants in the historical
order of 1its development, London, 1890. In Salmon’s Higher Algebra
there are short historical notes on Eliminants, Invariants, Covariants,
and Linear Transformations, as well as on Determinants.
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NOTE B.
COMBINED FORMS.

WE give here, as an Appendix to Chapter XVIII., an enumeration
of the concomitants of two quartics U and V. For this purpose it is
convenient to use the notation (), ¢)? for (1, 2)? ¢,4,, when the
distinction between the variables is removed. In this notation we
have the sixteen concomitants (U,, V.)?, (U,, H',)? (V,, H,b)?,
(H,, H',)?, when p has the four values 1, 2, 3, 4, viz. twelve covariants
and four invariants; but of these Sylvester has reduced (H,, H',)
and (H,, H';)? so that only ten independent covariants are obtained
in this way; we have, however, to add the four quadratic
covariants (G, V,)4, (G',, U,)4, (H,, G',)4 (H',, G.)% These are
the fourteen special covariants of this system (Gordan, Math. Ann.
I1. 275). To this list are to be added the five forms belonging to
each quartic separately, viz. U,, H,, G, I, J,and V,, H',, G',, I', J'.
Hence there are in all twenty-eight forms made up as follows :—
eight invariants, eight quadric, seven quartic, and five sextic
covariants. The theory of two binary quartics may be reduced to
that of three ternary quadrics as a particular case. See Quarterly
Journal of Mathematics, vol. x, p. 239.

The Table which follows gives the number of forms of the com-
bined systems from I., I. to IV., IV. :—

L II. | IIL. | IV.

L 3 6 13 20

IL. 6 | 156 | 18
\
IIL 26 | 61
Iv. 28
NOTE C.

THE QUINTIC AND ITS CONCOMITANTS.

GorDAN fixes the number of independent concomitants as twenty-
three, which may be derived as follows :—the first fourteen, viz. four
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invariants, four linear covariants, three quadratic covariants, and
three cubic covariants come from the covariants I, of the second
degree and J,, of the third degree considered as a distinct combined
system in the manner of Art. 191. One reduction, however, in the
number there obtained (viz. fifteen, the number of irreducible forms
of the combined system) occurs in this case, for the resultant of
I, and J,, or R(I,J,), is the same as the discriminant of J,, or
A(J,), both leading to the same invariant of the twelfth order. In
addition to the fourteen thus obtained, the remaining nine con-

comitants are defined as follows, K, being used to denote the Hessian
of J,:— '

Quartic Covariants : Ip (H,) = Q,, J(I,, @.);
Quintic Covariants : U,, J(U, I,), J(U, K,);
Sextic Covariants : H,, J(I,, H,);

Septimic Covariant : J(H,, J,);

Nonic Covariant : J(U,, H,).

The foregoing results are collected in the following Table, where
p signifies the degree in the variables, @ the order in the coefficients
of the quintic, and N the number of concomitants of each degree :—

P o N

2 2 6 8 3
3 3 6 9 3
4 4 6 2
6 1 3 7 3
6 2 4 2
7 5 1
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Adopting the definitions of the invariants given by Clebsch and
Gordan, and implied in the following equation (see Art. 190), the
connexion between the four invariants of the quintic is established as
follows by Gordan :—

- J? (Ia'a Kz) = I4Ka:2 - 2ISI.LK.¢ + IIZIzz;

also 3p(J,) =L, =Ly + Lyy.

Now, substituting L, and — L, for z and y in I,, K,, and in
J(Iz, Kz) we ﬁnd - Ilsz = F (14, Is, Il?)’
since R(,, L,) =121, — 1611,

R (K:m La:) = IS2 - I4Il2'

Thus I,g is defined, and its square expressed in terms of the other
invariants which are not skew.

NOTE D.

THE SEXTIC AND ITS CONCOMITANTS.

THE first sixteen of the twenty-six forms of the sextic come from
I, and L, treated as a combined system (Art. 217). Ir this way we
obtain all the invariants, quadratic covariants, and quartic covariants.
There are in general eighteen forms in the combination of & quartic
and quadratic; but, in this special case, owing to the nature of the
coefficients, the invariant D;, which is an invariant I3 of the sextic,
is expressible in terms of the invariants I,, I, I in the form
Iy = pl?+ qII4: also the covariant sextic of I, is reducible to
those which occur in the enumeration which follows. It should be
noticed that all these forms are even in the variables, n®@ — 2« being
even for the sextic.

The following is a complete enumeration of the covariants :—

Quadrics: L, =Ip(U), M,=Lp(l,), N,=Mp(l,),
J(Ly My), J(Ly, Ng), J(M,, N,).

Quartics : I,, H(I,), J(I,, L;), J(Iz, M,), J(I N,).
Sexties: U, J, J(U,L,), J(U M,), J(J, L,).
Octavies: H,, J(U,L,), J(H,, L,).
Decimic™: J(I,,"H,).
Duodecimic : @G,.
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These results are collected in the following Table, in which p is
the degree of the concomitant, @ the order in the coefficients, and

N the number of each kind :(—

P w N
0 2 4 6 10 15 5
2 3 5 7 8 10 12 6
4 2 4 5 7 9 5
6 1 3 4 6 6 5
8 2 3 5 3
10 4 1
12 3 1

The skew invariant R,y (Art. 217) of the combined system
I, and L,, being the skew invariant I,5 of the sextic, its square
can similarly be expressed in terms of the invariants of an even
degree of the sextic.

It will be noticed that there are two covariants of the sixth degree
in the variables, and of the sixth order in the coefficients ; this is the
first instance in which there are two irreducible seminvariants of the
same order and weight in the binary system.

It may be observed that if the ternary form of any three of the
quadratic covariants be taken as lines of reference, the sextic will be
represented by a cubic and conic combined, such that every coefficient
in the equation of either curve is an invariant of the sextic.

NOTE E.

In illustration of the principles of Art. 208, and in order to account
for invariants which being linearly independent are not algebraically
so, we add here some examples taken from various parts of this
volume.
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(1). In the case of two cubics (Art. 192), we have nine equations,
including A’ — A’p = M, to eliminate A, ', X', p': hence five in-
variants, which form a list algebraically complete, since the com-
binants P and @ of Art. 192 can, when squared, be expressed in
terms of the five which are of an even weight (cf. Ex. 29, p. 213).
It is seen therefore that, although there are seven linearly independent
invariants, only five are algebraically independent.

(2). In the case of the quintic (see Note C) there are seven
equations to eliminate A, p, X', p’, giving three algebraically indepen-
dent invariants. Of the four linearly independent invariants one is,
when squared, expressible in terms of the others, for

1132 =F (14: Ie’ In)-

(3). In the case of the sextic there are eight equations to eliminate
A, p, Xy w', giving four invariants algebraically independent. The
sextic has, however, five linearly independent invariants, these being
connected by a relation of the form

1152 =F (Iz’ I4’ Is’ Ixo)s

where I; is the skew invariant of the combined system of the quad-
ratic I, and the quartic L, (Note D), whose square has been ex-
pressed in terms of the other invariants of an even weight (Art. 217).
It is instructive to consider the absolute invariants of a binary
quantic from a geometrical point of view. If the n roots be

@ B, ¥ p1s P2 - - - Pr-3s

there are n — 3 independent anharmonic ratios which may be repre-
sented as follows :—

(@ By, p1)s (@ By, pa)s - - - (@ B, ¥s Prs)-

All the anharmonic ratios can be rationally expressed in terms of
these, and, since they are unaltered by any linear transformation
(Art. 38, Vol. 1.), they are n — 3 independent, irrational, absolute
invariants. These results must, moreover, be implied by the n + 1
equations connecting the old and new coefficients ay, a,, . . . a, and
4y, 4,, . . . A, since they embrace all the general consequences of
every linear transformation of the quantic, however expressed.
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Transformation : linear applied to co-
variants, 120.
theorem relating to, 171.
the Tschirnhausen transformation,
173.

geometrical, 216.

of binary to ternary forms, 216.
Tschirnhausen transformation, 173.

applied to cubic, 175.

to quartic, 176.

of cubic to binomial form, 177.

of quartic to trinomial form, 178.

of quintic to trinomial form, 181.
Two-valued functions, 270.

Unique ternary form, 225-227.

Wantzel, 295.
Waring, expressions for sums of powers,
91.
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