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PREFACE

THis small ‘book- has grown out of lectures given
from time to time in the College of Technology,
Manchester. It is hoped that it may serve as
an introduction to the larger treatises on Beysel
functions and their applications.

The author is indebted to Dr. W. N. Bailey for
reading the manuscript, and Mr. H. Tilsley for
drawing the figures, and particularly to Dr. S.
Verblunsky for reading the manuscript and proofs
and for many helpful suggestions.

F. B.






CONTEN'TS

CHAPTER PAGE
1. Bessken FunNcrions or Zero Orbprr . . . 1
1I. AppriCATIONS . . . . . . . 20

III. Moprriep Besskn IFuNcrions . . . . 41
1V. DrriniTe INTEGRALS . . . . . . 57
V. ASYM}’T()'J'I(: JIEXPANSIONS . . . . . 71
VI. BesskEL FuncTioNs ok ANY REAL ORDER . . 87

VI1I. APPLICATIONS . . . . . . .o 122

Inpex . . . . . . . . 136

vii






TABLE T

a. Jolr). Ji(r).
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2 5520 7-016 8417 9760 | 11:064 | 12:339
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| |

A few of the more modern books on Bessel Functions are given
below ; a comprchensive bibliography will be found at the end of
Watson’s ¢ Theory of Bessel Functions .
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Giray and Mathews, ““ Bessel IFunctions ” (2nd edn., London, 1922).

Niclsen, “ Handbuch d. Theoriec d. Cylinderfunktionen ” (Leipzig,
1904).

Schafheitlin, *“ Die Theoric d. Bessclschen Funktionen ” (Leipzig.
1908).

McLachlan, ¢ Bessel Funetions for Engineers ”” (Oxford, 1934).

Weyrich, © Die Zylinderfunktionen und ilire Anwendungoen * (Leipzig
1937).



CHAPTER I
BESSEL FUNCTIONS OF ZERO ORDER

§ 1. Bessel’s function of zero order.
The function known as Bessel’s function of zero order,

and denoted by J(x), may be defined by the infinite power-
series

2 i b
To@) = 1 — 55+ 5o~ 42_@:‘2’.“2 .. (L)
If w, denotes the rth term of this series, we have
Uiy &
U, (2r)2

which -0 when r — co0, whatever the value of x. Con-
sequently, the series converges for all values of x, and since
it is a power-series, the function Jy(z) and all its derivatives
are continuous for all values of , real or complex.

§ 2. Bessel's function of order m, when n is a posilive
integer.

The function J,(x), known as Bessel’s function of order
n, My be defined, when # is a positive integer, by the in-
finite power-series

Qe

o xn 22 xt )
Tnlw) = z—n'<1 TS onge Ty A 2 omg 4

(1.2)

which converges for all values of z, real or complex.
In particular, when n = 1 we have

@€ xS x.’) ?

SR TR A T 2E4T 6 2E 4. 60l

+ ... (13



2 INTRODUCTION TO BESSEL FUNCTIONS

and when n = 2

x2 w‘l xG xs
Jol®) = gy~ o e T 6.8 224,678, 10
... (14)

We note that J,(z) is an cven function of & when = is
even, odd when 2 is odd.
The graphs of J(x), J,(x) are indicated in Fig. 1.

1-0

-8

Ifra. 1.

Fxtensive tables of values of J,(x), especially of Jy(v)
and J,(x), have been caleulated on account of their applica-
tions to physical problems.*

§ 3. Bessel’s equation of zero order.

By differentiating the series for Jy(x) and comparing
the result with the series for J,(x), we find |

_____7;’.. . F1C) I | ¥:)

* Sce Watson : “ Theory of Bessel Funetions » ; Gray and Mathows ;
“ Bessol Functions”’; Jahnke und Emde: “ Funktionentafeln’’; Dale:
“ Five-Figure Tables.”

d
T Cf. — (cos @) = — sin x.
dx



BESSEL FUNCTIONS OF ZERO ORDER 3

Again, after multiplying the series for J() by 2 and
differentiating, we find

TR e N N

Using (1.5), we can write (1.6) in the form

d 7 dJ ()
- af—?lgviu) + ady(x) — 0, . . (1.7)
) d2J () (IJO(.I')
o1 'Q"-_(I:itz -+ i T ado(x) = 0. . (1.8)
Thus y = Jy(x) satisfies the linear differential equation
of the sccond order
d/ dy
(lx< (/1) ay =0, ’ - (19)
2y (/1/ L
or T —{— ay =0, . . (1.10)
2,
or Py Ly, (1.11)

dae* ' 2 dax
which is known as Bessel’s equation of zero order.

§ 4. Bessel functions of the second kind of zero order.

A solution of Bessel’s equation which is not a numerical
multiple of J(z) is called a Bessel function of the second kind!
Let « be such a function, and let » = J(2) ; then, by (1.10),

au' - u - au =0,
a0 + v - av == 0.
Multiplying the first of these cquations by » and the
second by w and subtracting, we have

m(u”v - ’U/U,I) + Wy — uy' == 0’

. . d
which, since W'y — w'’ = (7%(“'0 — uv'),
. d , ,
can be written J-{m(u v — wv')} = 0.
£

1*
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Hence 2(u'v — uv') =
where B is a constant. Dividing by xv?, we have
wy —uw’ B

vr T aw?
B
that is, 4 (ﬂ’) = 2
dx\v xv?

and hence, by integration
Consequently, since v = J (),
d
u = AJ (@) + BJo(x)j = f(x)

where A, B are constants, and B %= 0 since » is not a con-
stant multiple of Jy(x), by definition.

§ 5. Tf, in the last integral, J,(x) is replaced by its series,
and the integrand expanded in ascending powers of a, we
find for the first few terms

1 1z bad
ad () = a—v+ §+ 32
and therefore

st D)
sioe (5 )G )

x?  3axt

o) log v+ % — S0+
Conscquently, if we put

Y ofa) = Tofo) log @ + &

dx
v

(1.12)

4.

3zt
‘)8
t:hen Y (x) is a particular Bessel function of the second
kind ; ; it is_called Neumann's Bessel function of the secoud

kind of zero order the general term in its expansion can be
obtained by other methods (§ 8).

+... 0 (113)
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Since J4(x) -1 when x —0, it follows from (1.13)
that Y (x) behaves like log « when x is small, and hence
that Y 4(x) - — o when x - + 0.

§ 6. It follows from (1.12) that every Bessel function
of the second kind of zero order can be written in the form
AJ o) + BY o(x).

The one that has been most extensively tabulated is
Weber’s,* which is denoted by Y,(x) and is obtained by
putting

2 . 2
A= ~7_—r(log2—7), B_A._Tf
and hence
2

Yo(x) = —{Yo(x) — (log 2 — p)Jo(®)}, . (1.14)

where y denotes Euler’s constant, defined by
— i y = —_—— =05 .. 15
')/-~<1;|i:1010<1+2+3+...+n logn> 0-5772. .. (1.15)

We note that, when x is small,
2
Y (%) = 7_T{logx —(log2—vy) ...} . (L16)

the remaining terms being small in comparison with unity.

As far as applications are concerned, it is usually suf-
ficient to bear in mind that Y ,(z) is a Bessel function of the
second kind whose values have been tabulated; that x
must be positive for Y 4(x) to be real, on account of the term
involving log z in (1.13); and that Y(x) > —o when
x — 4+ 0.

The graphs of Jy(x) and Y (x) are shown together in
Fig. 2.

§17. Geneml solution of Bessel’s equation of zero order,

Since J o) and Y o(x) are independent solutions of the
equation

1dy
(Ix2+x(1x+/ =0

* Watson, § 3.54.
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the general solution can be written
y = Ady(x) + BY o(x), . . (1L17)
where A, B are arbitrary constants, and « > 0 for Y,(z) to
be real.
If we replace 2 by kx, where k is a constant, the equation

becomes
1 d?y 1 dy

Bt T ki YT
rol Jol*)
‘8
\
P\ | Yorx)
TN
A AN L\
\ f 1A
\ [l I/ IN1
ol Ji 2\ 3 a\ s6[/ |8 7/ 18\ |o
[ \ N\ A
] \ N
| 7
I
Fia. 2.

Multiplying by %2, we deduce that the general solution of
the equation

d¥y  ldy )

— — { ) = . . -1

da? 'z dx ity =0 (1.18)
can be written

y = AJdy(kx) + BY o(kx) . . (1.19)

where & > 0 for Y (kx) to be real when x > 0.

§ 8. The general solution by Frobenius’'s method.

Bessol’s equation belongs to the type to which Frobenius’s
mothod of solution in series can be applied. Put

@ d
Ly = ("’(Zu‘-a + o+ 7) y - . . (1.20)
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and make the substitution
Y =" 4 c P+l 4 c,aP+2 | cqxP+d -, , (1.21)
We obtain, after collecting like terms,
Ly = p*2f-1 4 (p + 1es2® + {(p + 2)%, + LuP+
+{(p + 3)es + edaPrd 4. L. (1.22)
Now let ¢y, ¢, €5, . . . bo chosen to satisfy the equations
(p+ 1)%c, =0,
(p+20c,+1=0,
(p+ 3)2csg+¢,=0,...

Then, unless p is a negative intogor,

Cy=0C3=C5==C = ... =0,

Coy == — ...__.__.l
! (p -+ 2)¥

Cp= — = ! ce
) (p -+ 4 (p 420 + 4

Substituting these values in (1.21) and (1.22), we deduce that, if

( x? x*
= — — e 1.23
v=={l = ot oo joom

and if p is not a negative integer, then

)
dvz

Putting p = 0in (1.23) and (1.24) wo see again that

dy — et 1.24
+dx+xy'*’”“@" . . (1.24)

? at at
?/:Jo(x)::l"?'{‘w 4“A~—|~...
is a solution of Bessel’s equabion
d?
wd + 5 + % Lt ay = 0.

Further, differentiating (1.24) partially with respect to p, wo

% Y 4 () — ae-1 4 p2re-1log x
tlx"(%) + dx(bp) e ( ) 2p 1 i
and hence, when p = 0,
o d? dy d (bq/\ ) (bq) -0
x?lj;z(ﬁ)o_*‘(ll: Dp} e Dp ’
from which it follows that (dy/dp)p.o i3 a second solution. Now,
from (1.23),

get
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Dym _ x? B s _
=P loge{l— et T )
(2 1 20t 1 1
T e T G et )

28 1 1 1
+(P+2)2(P+4)’(p+ 6)2(,,+ 2+p+4+p+ﬁ)— .. }

Henco, putting p = 0 and Y o(zx) = (3y/dp)p.o We obtain the second
solution
xl

Yo(x) = Jy(x) logz + ;*:—' 55—‘4,(1 + 1)+ Egj—*—‘:::—'-ég(l +314+3) -
(1.25)

which is Neumann’s Bessel function of the second kind of zero order,
in o form which indicates the goneral term (§ 5).
It follows that the general solution of the equation can bo written

y = ATy(@) + BY (),
which is equivalent to (1.17).

§ 9. To examine the convergence of tho series that follows
Jo(xr) log x in (1.25), we can put, by (1.15),

1 1 1
lbgtgt. . bo=logn+tyte . (120
whoro €, - 0 when #n — . Henco if %, denote tho rth term of
tho sories, wo have

, a? logr 4+ v + ¢

Uy 2rPlog(r—1) + y + 1

which — 0 when r — ©, whatever the valuo of . Consequently,
the series converges absolutely for all values of x, real or complex.

§ 10. Integrals.

We notice next certain integrals involving Bessel functions
in their integrands.  Firstly, from (1.5) and (1.6) we have

[ (x)de = — Jy(x), . . (1.27)
Jed o(x)de = xJ (x). . . (1.28)

Secondly, we note that the indefinite integral
[do(x)dz . . . . (1.29)

cannot be expressed in a simpler form, but on account of
its importance the value of the definite integral
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Examrres I
1. Show that

(i) frrdo(w)dax = a2 y(x) + aTo(x) — [Jolx)dr,
(ii) fadTy(x)dx = x(x? — 4)J (%) + 22T (%),
(iii) [z T (x)dx = a(z® — 9)J (@) + Buw(x® — 3)T o) + 9T y(x)d.
(iv) Jx logz Jo(z)de = Jy(x) + x logx Jy(x).
2. Show that

i) j:x;ro(m)dx = 134,

(i) y:szo(oc.v)(l.L' - ;‘Jl(a) + ;—&J‘,(tx) — :ﬁ[:.ro(c),u,

o?

o (1 —4 2
(iii) Sox”Jo(am)d.n = 5T + o),

(iv) S:m(l — )T oo )i = ;-:'Jl(a) ~ %J(,(a).

3. If o is any root of the equation Jy(+) -= 0, show that

RTINS |
(i) jo.ll(aa,)d,b = -,

(ii) S“.ﬂ(m)(z.r, 1,
[\
[v ]

(iii) S J(o)de = 1.
0

If o (+ 0) is a root of tho equation J;(x) -- 0, show that

1

(iv) S o F o(oe)dae — 0.
0

4. If T, = Jo(x), T, = J,(¥), show that
(i) [T o de == — LT,%
(ii) fuJ o de = ~ Jaod,* -} LfTode,
(iii) ford o o = Ja2J %

6. Show that
(i) JoJ2dx = }c?(Jo? + J,%),
(ii) [oJ,2de = Ja2(Jo? + J,2) — xToT 1,
(iii) 2fa2 2dx = 3a¥(J o + J,2) 4 da? 0oy + 3rd 2 — 3T,
(iv) 2fard 2dx = 3ad(J o2 + J42) — fa2JoJy — fodo® + 31T g2dx,
(v) 3fa’T 2dex = 3a*(Jo® + J.2) + e ofy — @03 A,
(vi) 8fa3J 2dx = da8(J 2 + J,2) — 20°FJy + 2.2 2. .
6. If u == [rJ o(az)] o Br)dx, v = [rd (xx)Ty(Bx)lr, show that
au — Bv = xJ (ax)] o(Bx),
pu — ov = xJ o(ar)T(Br).
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Deduce the values of » and », and by differentiating partially
with regard to g, and then putting B = o, deduce the values of

[xd Hox)de, [xd 2(ax)de.
7. If f(x) is any Bessel function of zero order, show that
d f@) _ B
da Jo(x)  adi(x)
whero B is a constant ; and hence that, if «, 8 are two consecutive
positive roots of the equation Jy(x) = 0, the fraction f(x)/Jy(z) in-
creases steadily from — o to + o« (or decreases steadily from + «
to — o) when 2 increases from « to . Deduce that the equation
f(x) = 0 has one root between « and 8.
§ 12. Behaviour of Bessel functions when x is large.
If in Bessel’s equation
(l2 Ay
Cda?

dy
+lx+x7 y = 0,

we make the substitution

U = Y4/x . . . (1.39)
we find that u satisfies the equation

d*u 1
=~ (L )
Now, when z is large enough, 1/42? is as small as we
please compared with 1, and then we have approximately
LA
da?
of which the general solution is w = C cos (x — A), and we
infer, by (1.39), that every solution of Bessel’s equation

behaves like
__Cecos (x — A)
=
when @ is large, where C, A are constants.
In fact, it will be shown in § 80 that, if z > 0,

Jo(x) = <7—T2—L—u)1}{cos <x — -) —l—p(x)} . (1.40)
Y (z) = (W——iy{sin(r -+ q(x)} . (141)

where p(x) — 0 and ¢(x) - 0 when z — -+ oo.
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Hence any solution f(z) of Bessel’s equation of zero
order may be written in the form

fl@) = Ado(x) + B¥o(w)
= (2) (A 4 BY {oos (0 — V) + @)}, (142

where A = }m -+ tan"3(B/A), and r(x) - 0 when z — - o0,

Cororrary. Every solution tends to zero when a — -+ .

§ 13. Roots of the equation f(x) = 0, where f(x) denotes
any Bessel function of zero order.

If f(x) denotes any Bessel function of zero order, it follows
from (1.42) that, for large values of x, the roots of the equa-
tion f(z) = 0 are approximately those of cos(x — A) = 0.
We infer that the equation f(zx) = 0 has an infinite number
of real roots, and that the large roots are A -+ (s — })m,
approximately, where s is any large positive integer.

In particular, the large positive roots of the equation
Jo(@) = 0 are (s — 4)m, those of Y,(x) =0 are (s — })m,
approximately, where s is any large positive integer.

§ 14. None of these rools can be a repeated root.
Proof. Let o be a root, and note, firstly, that « = 0,

since no Bessel function of zero order vanishes when z == 0.
Secondly, suppose that o could be a repeated root;
then f(x) = 0, f'(«) = 0, and by substituting « = « in the
differential equation
af (@) + f'@) + af@) =0, . . (143)
it would follow that af”(x) = 0, and hence f’(«) = 0, since
o = 0.

Moreover, by differentiating the differential cquation
and putting 2 = o again, it would follow that f”’(a) = 0,
and, by repeating this process, that all the derivatives of
f(x) would vanish when 2 = . Consequently, from Taylor’s
series

J) = f2) + (0 — f @) + 5@
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we should have f(x) = 0. Hence, = « cannot be a re-
peated root. '

§ 15. Roots of the equations J (x) = 0, J,(x) = 0.

I. The equation Jy(x) = 0 has an infinite number of
real roots, all simple.

This follows from §§ 13, 14 as a particular case. Another
proof of this theorem will be given later (§ 96, IT).

IL. The equation Jo(x) = 0 has no purely imaginary roots.

Proof. Put 2 =B, (8 & 0), in (1.1). Then

2 4 6
JoltB) = 1 +§2+22€42+22.§2.62+' ‘

which cannot vanish, since all the terms on the right are
positive. Hence @ = i cannot be a root of Jy(z) = 0.

III. The equation J,(x) == 0 has no complex roots.

Proof. Suppose that a + b could be a root (a == 0,
b &= 0). Then the conjugate ¢ — tb would also be a root,
because the coefficients in the series for J,(z) are all real ;
and, since (¢ + )2 == (¢ — b)?, it would follow from
§ 11, Cor. 1, that

ﬁ eI {(a + )2} T o{(a — ibja}dx = 0.

But this is impossible, because the integrand is positive
throughout the range of integration, being the product
of x and a conjugate pair of complex numbers. Hence,
a -+ b cannot be a root.

IV. The equation J(x) =0 has an infinite number of
real roots.

Proof. By Rolle’s theorem, since Jo(z) and J,'(x) are
continuous, the equation J,'(xz) = 0 has at least one root
between every pair of roots of Jy(z) = 0, and hence, by I,
has an infinite number of real roots.

V. The equation J.(x) =0 has an infinite number of
real roots.

This follows from IV, since J,(z) = — J,/(x).
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VI. The equations Jy(x) = 0, J,(x) = 0 have no common
700t.

Proof. By I, Jy(x), Jo'(x) have no common root. But

Ji(x) = — Jy'(x), therefore Jy(x), J,(xr) have no common
root,
VII. The equation
xd o (x) + HJy(z) = 0, . . (1.44)

where H is any real constant, has an infinite number of real
r00ts.
Proof. Put
d(x) = aJ(x) + HI (x), . . (1.45)
and let «, B be a pair of consecutive positive roots of the
equation Jy(z) = 0. Then

$a) = adg'(«), $(B) = BIy'(B)- - (1.406)

Now, since «, B are simple roots of J(x) = 0, neither
Jo' () nor Jy'(B) can be zero ; and since J(x) is continuous,
Jo'(2) and J,'(B) must be of opposite sign. Since o and B
are positive, it follows from (1.46) that ¢(«) and $(B) are
of opposite sign, and hence, since ¢(x) is continuous, that
the equation ¢(x) = 0 has a root between o and B. Con-
sequently, the cquation ¢(x) = 0 has an infinite number
of real roots, at least one between every pair of consccu-
tive roots of Jy(x) = 0.

§ 16. A few of the smaller positive roots of the equations
Jo(x) = 0, Jy(x) = 0, along with those of the cquations
Ja() = 0, (n = 2, 3, 4, 5) are given in a table at the end of -
the book.

§ 17. Fourier-Bessel expansion of zero order.

Let ag, oy, a5 ... denote the positive roots of the
equation Jy(x) = 0, arranged in ascending order of mag-
nitude.

In general (see § 99), any ordinary function of mathe-
matical physics f(z), arbitrarily defined in the interval
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0 <2< 1, can be represented over this interval by an
infinite series of the form

f@) = AJoxa;) + AgJo(was) + Agdo(wes) + . . . (1.47)
which is called the Fourier-Bessel expansion of f(x) of zero
order.

For the expansion to hold good up to # = 1, a necessary
condition is plainly f(1) = 0, since every term of the ex-
pansion vanishes when x = 1.

§ 18. Assuming the expansion to hold good, and that
term-by-term integration can be justified, the coefficients
A, A, Ay ... can be determined with the aid of Lommel’s
integrals (§ 11).

Multiply (1.47) throughout by aJ(zr«,)dz and integrate
between the limits 0 and 1; then the general term on the
right-hand side will be

leJ o@ot, ) o(@wo,)da
0

which vanishes when 7 5= s, by § 11, Cor. 1. Consequently,
every term on the right vanishes except the one in which
r = s, and we get

[t @nyie = A,['2 dmyte = 100,20,
0
by (1.38), since J(«,) == 0. Hence

A=y I af @To(@a)de. . . (1.48)
The simplest cases in which this integral can be evalu-
ated in terms of tabulated functions are
(i) fx) =a polynomial in x (see § 10), or log «;
(ii) f(x) = Jo(kz), where k is a constant (sce § 11);
(iii) f(x) = (1 — x?)?, where p > — 1 (see § 91).
Ex. Find the Fourier-Bessel expansion of f(z) = 1 — a2,

In this case we have, by (1.48),

A= 13 2(01 )I a(1 — a?)J (2a, ),
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and hence, replacing « by o, in Exs. 1, 2 (iv), and putting J (o) = 0,

A2 ) s
’ J12(ay) ) o oy 3 ()’

Consequently,
Jo(xoey) Jo(wa,) Jo(ros)
1—.’B2::8{ 0 1 0‘ 2 0 3 .
o *J () a®J () T g (a3)+ ’
which may also bo written

2 J‘ (1)")
1 — at = gzw,(a) . .. (1.49)

where the summation extends over the positive roots of tho equation
Jo(x) = 0.
This expansion holds good over the range — 1 < « < 1, since
1 — a?is even.
We may gain an idea of the numerical values of the coofficionts
from the tahle at the end of the book ; thus we find approximately

1 — % = 1-108J (zor;) — -140J o(xa,)
+ 045 (ag) — 021 o(rery) - 012T g(wotg) — . -

§ 19. Dine expansion of zero order.

An expansion similar to (1.47), but based upon the roots
of the equation

xd o () + Hd y(x) = 0, . . (1.50)
is called * the Dini expansion of f(x) of zero order. Three
cases may be distinguished, depending upon the values of
the constant H.

I. If H > 0, the Dini expansion has exactly the same
form as (1.47), viz.

J@) = Ado(xay) + Agdo(was) + Agdo(was) +
where oy, o, o, . . .are the positive roots of (1.50), and
0 <z <l -

The coefficients are determined in the same manner as
before. We multiply both sides by aJ o(x«,)dx, and integrate
between the limits 0 and 1; then the gencral term on the
right-hand side will be

jli o(xa ) o(xos)dz
0

* Watson, p. 580.

™o
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which vanishes when r == s, by § 11, Cor. 2. Conscquently
every term on the right vanishes except the one in which
r =8, and we get

[Caf)To@ayin = A 23 dwoiz = JALT20) + T ),
0 0

by (1.38), which determines the coefficient A,.
II. If H = 0, equation (1.50) becomes
2dy () =0 or ad,(z) =0,
which has a double root 2 = 0, and in this case the series
has an initial constant term, thus

fl@) = Ay + A o(ray) + ApJo(@ay) + . . . (L51)
which may be regarded as an expansion based upon the
roots, 0, o, o, &3 . .. of the equation J,(x) = 0. The

constant A, may be obtained by multiplying throughout
by xdx and integrating from 0 to 1. Thus we get, using
Exs. I, 3 (iv),

1
.‘-1 af(x)dx == A, j xdr = 3A,
0 0
which gives A,.

Since J,(«,) = 0, the constants A, (s + 0) are given
now by

jmf )T (was)de = AT 2(xs).

III. If H < 0, the equation (1.50) has two purely
imaginary roots, and the Dini expansion involves an initial
term depending on them (see § 98, III).

ExampLEs IT

1. If o is a typical positive root of Jy(x) = 0, obtain the follow-
ing expansions :—

(i) 1= 22 afr("zz))

(i) a? - 2Za3J‘(a) ol a).
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ad o(or)
(o —k)J ()

1
(iv) # = 22{001(“) i WJ To(t) (It} o).

(i) Jo(ke) = ZJo(lc)z

(v) log = = 22 a{}(o:x)

2. If « denotos a typical positive root of J,(x) = 0, obtain the
following expansions :—

i) o8 = 3 + 42 J (“l—)—

2T o

Jof o_w)
o 7.71

(i) (1 — a?)? = 42
3. In an expansion of the form
J@) = Ay + D ATy(ar), (0 <@ <1),
21
wheroe J,(«) = 0, show that A, is tho average value of xf(x) ovor

tho interval 0 <z < 1.
4, If a is a typical positive root of Jo(x) = 0, and —a <r < a,

show that
ar
a? — r? = 8a? Ea” (m) ( )

5. If f(x) is dofined arbitrarily in the interval 0 <= <k, and
o« is a typical positive root of Jy(x) = 0, show that

(wf
z/ﬁl ‘(oc)j YO ( >t”

2 *



CHAPTER 1I
APPLICATIONS

§ 20. Uniformly stretched uniform membranes.

Bessel functions find their simplest applications in
‘certain ideal problems of mathematical physics, e.g. the
vibrations of a uniformly stretched uniform circular mem-
brane.

It is assumed that the ideal membrane is perfectly
flexible, i.e. that the stress across any line drawn on the

N

Fra. 3.

membrane is a tension perpendicular to the line at every
point and in the tangent plane to the membrane.

Consider such a membrane, plane in its equilibrium
position, under the action of a uniform tension T per unit
length over its boundary, and let T” be the tension per unit
length across a line element AB (Fig. 3). Take rectangular
axes in the plane of the membrane, with Oy parallel to AB,
and let AB = dy. Through A, B draw lines parallel to O,
meeting the boundary in C, D respectively. ILet CD = ds

20
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and let the normal to the clement CD make an angle
with Oz. Consider the equilibrium of the element of mem-
brane ACDB. Resolving in the direction of the z-axis,
and remembering that the stress is everywhere perpendicular
to the boundary, so that the stresses across the edges AC,
BD have no components in the dircction of the a-axis,
we have

T'dy = Tds . cos yp == T . ds cos ¢ = Tdy,
and hence, dividing by dy,

T =T;

thus the tension per unit length across any line drawn in
the membrane is constant and equal to that over the
boundary.

§ 21. Differential equation of the small vibrations of such
. membrane.

Suppose the plane of the membrane horizontal and the
effect of gravity negligible, and consider a motion in which
the displacement of every
point is small and the gradi- y P
ent is everywhere small. Let  p—------= -=-
ABCD (Fig. 4) be arectangular NETEL
element of edges dz, dy, with
its centre at the point (x, y) !
and its edges parallel to the O
co-ordinate axes; and let z Fia. 4.
be the displacement of the
centre from its equilibrium position.

The motion of the element is caused by the tensions
acting across its boundary and by possible external forces.
Now the tension across a line element of length dy passing
through the centre parallel to the edges AD, BC is Tdy,
and its component perpendicular to the zy plane is ap-
proximately

o2 02
Tdy . . = T3,
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since the gradient is small. The corresponding components
across the edges BC, AD are respectively

T2y 1 ()T

These act in opposite directions on the elementary rectangle,
and together they contribute

2
l‘—% Ldxdy

to the forces causing its motion. A similar contribution
r \‘
I'— . dedy
is supplied by the tensions across the edges AB, DC. If
we suppose that in addition there is an external forece 7
per unit area, and that the mass per unit area is o, the equa-
tion of motion of the element. is
Mz /0% 0% .
advdy . -2 - 1(—»; - ;> cdedy + 7 odedy + . ..
Y NE; 72‘+ b!/g ./+ 4 Y I“
the dots at the end indicating unknown terms of higher
order of smallness in dx, dy.  Hence, dividing by dedy and
putting ¢ - T/, we obtain, in the limit, the differcntial
equation

AL T, % Z >
(R RS S

§ 22. Polar co-ordinates.

. 4 In polar co-ordinates, if we
D ) : ;
o 5 consider the motion of the ele-
L}

e A\ ment. ABCD (Fig. 5) bounded
e by the circles r 4+ }dr and the
6/" % Tadius vectors 6 4 446, the ten-
- sions across the edges AD, BC

contribute a component

(033 o) dr. 'l‘(‘“ + 13 rarao,

ar: N/
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to the forces causing the motion of the element, and the
contribution from the edges AB, DC is
(L dr) o, =1 25) s,
The equation of motion of the clement now leads to the
differential equation
% ,_,(b‘-’z 1» 1 D"z) n Z
hls -
This could also be deduced analytically from (2.1) by
changing the independent variables from a, y to r, 0.

§ 23. Speciul cases.

I. Tf the membrane is vibrating freely, i.e. if there is
no external foree, then 7 - 0. TIf, in addition, the motion
is symmetrical about the origin, i.e. z is independent of 0,
we have 3z/d0 == 0, and under these conditions equation
(2.2) reduces to

2 B ('2(02; + 1 b:) 2.3)
2\t Do ar/” ) T

IT. If z is the same at every point along any line parallel
to the y-axis, so that z is independent of y, then dz/oy - 0

‘v
(SRS

~/

and equation (2.1) reduces to
2, 2
i . ,,29,,‘5_
ot dx?

The general solution of this equation is known to be
z = f(x — ct) -} F(a - et), . . (2:h)
where f, I are arbitrary functions, and by considering eithor term
of this solution we are led to a physical monning of the constant. e,
Thus, if we consider the first term and put

zy == fle —ct), . . . . (2.6)
then z, represents a displacement in which, at time t - 0,
5 - fle). .. . .2

At time ¢’ later, taking a new origin at the point x = et’, z, - 0,
and putting x = z’ + ct’, we find

z - fla').
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Comparing this with (2.7), we infer that (2.6) represents a dis-
placement which is travelling in the positive direction of the z-axis,
unchanged in shape, and covering a distanco ¢t in time ¢/, so that
the displacemont is travelling with uniform speed c.

Similarly, if we put

2y = F(x + ct)
we should find that z, represents a displacement travelling in the
negative direction of the x-axis with uniform speed c.

Thus, ¢ is the speed with which a one-dimonsional displacement,
could travel, unchanging in shape, across the membrane. It may
be verified that ¢ = +/(T/o), has the dimensions of velocity.

§ 24. Normal modes of vibration.

It is known that, when any mechanical system is vibrat-
ing freely about a position of stable equilibrium, it has
normal modes of wvibration.

A normal mode of vibration is one in which all the
particles of the system vibrate with the same period and
pass through their mean positions simultaneously.

§ 25. Symmetrical normal modes of wvibration of a circular
membrane, with the circumference fixed.

Let a be the radius of the membrane. The motion being
symmetrical about the centre, the equation to be satisfied
by the displacement z is (2.3), viz.

%2 A% 122

2 = 2.8

hA ( rz+ r br> (2.8)
For the normal modes of vibration, 2 must be of the form

z = R cos (wt — ¢), . . (2.9)

where R depends upon r only ; and since the circumferenco
is fixed, the solution must satisfy the condition
z = 0 when r = a, for all values of £. . (2.10)
Substituting (2.9) in (2.8) and dividing throughout by
cos (wt — €), we find that R must satisfy the equation

d®R 1dR
dr2+'r dr+ R
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and hence, by § 7, that R must be of the form

R -- AJ( 5) + BY< )

Now, in the present problem, z is small at the centre
r = 0. But the Bessel function of the second kind Y g(wr/c)

becomes infinite at r =0 (§6). Conscquently, the con-
stant B must be zero, and hence

z=AJ ( > cos (wt — €). . . (2.11)

It remains to satisfy the boundary condition (2.10).
Substituting z = 0, » = a, we get

Jo(“;“)_o ey

This equation determines the possible values of w and gives,
since w must be positive,

wf oy, o
C—“1’2,31-~-s---
where «q, oy, . . . are the positive roots of the equation
Jo(x) = 0. It follows that, for the ideal membrane, there

are an infinite number of normal modes of vibration, whose

periods 27/w,, 27[w,y, . . . 27|w,, . . . are determined by
co Cotg ca.
wlz—a—-l, wzz—;L——,...wsr--f,.... (2.13)

If we distinguish the successive normal modes by the
suffixes 1, 2, 3, . . . we can write

% = CJo(%) cos (wyt — &),
Z2 = (/2J0< ) COS (wzt -_ 62)

2, = Cyd, ( ) cos (wyt — €3),
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where C,, C,, C;, . . . denote arbitrary constants which
must, however, be small compared with «, so as to keep
the displacement small at every point of the membrane.

In the first normal mode a radial section through the
membrane at any instant has the shape of the graph of
y = Jy() from = 0 to ¥ = «,, since r varies from 0 to a
(Fig. 6.1).

In the second mode the shape is that of y = Jy(z) from
=0 to x = a,. There is a nodal circle at r = au, /o,
(Fig. 6.2).

5

7

1]
|
j
1
|
1
|
|
!
l}
|
1
!

(O nm—— [P P

Fia. 6.1. Fra. 6.2. Fia. 6.3.

|

In the third mode the shape is that of y = J(x) from
x = 0tox = «;. There are two nodal circles at r = aa,/a,,
r = aa,/ag, respectively (Fig. 6.3) ; and so on.

§ 26. General initial conditions.

The most general motion of the membrane can be
represented as a sum of arbitrary multiples of the normal
modes, thus

= ro,
2 — Zl CJ"(TL) cos (wf — €), . (2.14)
or, what amounts to the same thing,

o]
z = zlJl,(%(—“‘) (A cos wgt + By sin wg). (2.15)
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Every term of this expression satisfies the differential
equation (2.8) and the condition that z = 0 at » = a; and
the coefficients A,, B, can be chosen so as to satisfy arbitrary
initial conditions. For, let these be

z=¢), 0<r<a, t=0; RN
2t =1(r), 0<r<a, t==0. . (@)

Then, putting ¢ = 0 in (2.15) and using (i), we get

#) = ATo(22) + AuTo(22) + ATo("2) + .

Also, differentiating (2.15) with respect to ¢ and then
putting ¢ = 0, and using (ii), we get

#r) = @ BaTo(2h) + wBulo(2) 4 @By o(2) .

The coefficients A,, B, have to be chosen so that these
equations are satisfied by values of » between r = 0 and
r = a. If we put x = r/a, the equations become

plax) = A o(woy) + A o(xas) + Agdo(way) + . . .

Plax) = w,BJo(@ay) + w,BuJo(way) + wyBydgray) + ...
which have to be satisfied between z — 0 and x — 1.
Consequently, by (1.48),

2

A, = 5?(7)] vd(a)T(ea)de, . . (2.16)
B, — Ti(a‘j wplax)d wa)de. . (2.17)

With these values of the coefficients, the value of z is
given by (2.15).
Examrres III

1. If z = C(a® — r?) and dz/dt = 0 when ¢t = 0, show that

oy coyt roy co b
2= SCaz{J°<‘;> c°57+"°(7) L }
o3y (ay) oy (o) o

2. A uniformly stretched circular membrane, with the circum-
ference fixed, is acted upon by a force Z = F cos pt per unit area,
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where F is a constant. Show that, in the notation used above, the
forcod oscillation thus caused is given by

== grga (o (5) = (%)} cos

provided 2n/p is not a natural period of vibration.

3. If the membrane has the form of a circular annulus of radii
a, b, tho condition z = 0 being satisfied round both the circles » = a,
r = b, show that the periods of the normal modes of vibration are
27/w where w satisfies the equation

1 (Z)0(2) -2 () () -

If b > a, show that the large roots of this equation arc given by
o(b — a)/c = s=, approximately, where 8 is a large positive integer.
[Use (1.40), (1.41).]

§ 27. Small oscillations of a wuniform flexible hanging
chain, in a vertical plane.

Take the origin O at the equilibrium position of the
lower end of the chain (Fig. 7). ILet I be its length, A its
mass per unit length.

_____ —mmeedene-

Yy 10
Fia. 7.

Consider the motion of an element PQ of length dx,
with its midpoint at a height  above O. Let T be the
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tension at the middle point of the element. The horizontal
component of this tension is approximately -- Ty o,
and the corresponding components at the ends P, () are
Y d dy\ die
— 1y o (1)
ox * dx Fax 2
These act in opposite directions on the clement and cause
its motion ; the cquation of motion is therefore
. O D (Y
/\dﬂz.&;—ﬁ( S—.’;)) (lx+ PR
the dots at the end indicating unknown terms of higher
order of smallness.
Now T == gAx approximately, the vertical motion being
ignored ; hence
vy __ D oy
Ade . = DTU<gAx~5€>(lx + ...
Dividing by Adx, since A is constant, we have, in the
limit, the differential equation
2.
R/ 3(&2) (2.18)
o2 QXN dX
§ 28. To find the normal modes of vibration, we make
the substitution
Yy = X cos (wt — €), . . (2.19)

where X is a function of x only, and after dividing by
cos (wt — €) we find that X must satisfy the equation

dzX  dX

X, 9 x o (2.20)
x—(w—i— (lx+ g = U. . . Py .

This, as it stands, is not a Bessel equation, but the
substitution *
. x = }gr° . . . (2.21)

* Sco Lamb : ¢ Higher Mechanics,” p. 219, for the physical meaning
of the new independent variable 7.
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transforms it into the Bessel equation

d?X | 1dX

Tat o e X =0, . . (2.22)

rdr
from which follows
X = Adyw7) + BY y(wr). . . (2.23)
The constant B must be zero, for the same kind of reason
as in § 25, and hence

¥ = Ady(wT) cos (wt — €)
— AJ0<2w\/$> cos (wt — ). . (2.24)

The condition that y = 0 when « = I gives the equation

J0<2w\/é>:0, .. L (2.25)

which determines the values of w, and hence the periods of
the normal modes of vibration ; thus

2w\/é: Oyy Olgy o o o Olgy o o o . (2.26)

where «;, oy, . . . are the positive roots of J(x) = 0, and
the corresponding periods can be written

~><2\/l3><2\/l —2—><277\/£,...
g
or 08‘32X27‘r\/—, 0363X2‘n'\/l
g g

The corresponding normal modes are of the form

N = CIJ0<°(1\/§) cos (wyt — €),
X
Yo = OzJo(“z\/—l> cos (wpl — &), + . .
In the second normal mode (Fig. 8) there is a node given
by ayy/(2[l) = ay, or

z_ (' _ .
7_(%> — 0-190.
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The part of the chain below the node vibrates in its now
first normal mode, i.e. the period of the second mode for
the whole chain is that of the first mode for the part below
the node.

In the third mode there are two nodes, in the fourth
three nodes, and so on.

ExampLEs 1V
1. If the initial conditions are
y=ml —x), 0<zxz<l t=0,
Y/t = 0, O<ze<l, t=0,
show that

. ¢\ cos wli \/.L‘ COS w,t
”wmwwﬁwﬁJ(nF<%t%mmT“'}

where w, = a,/(g/l).

2. Show how to satisfy the general initial conditions
Yy = ¢(x), 0<a<l, t=0,

Wt = ), 0 <a <l t-=0.
[Cf. § 26.]

3. A uniform flexible chain of length I, suspended from one end,
rotates about a vertical axis through that end, in relative ecuuilibrium.
Show that the possible values of w, the angular velocity, are given by

wy = Y0/ (g/l), we= by V(g/l), w3 = Yaz/(g/l)
where a;, oz, o3, . . . aro the positive roots of Jy(x) = 0; and henco
that the periods of rotation are the same as the poriods of the
normal modes of vibration in a vertical planc.

§ 29. Conduction of heat in an isolropic solid.

Suppose that one face of a uniform plate, of thickness d,
is maintained at temperature « and the opposite face at
temperature u,. Also, suppose the plate to be intersected
at right angles by a cylindrical surface of cross-sectional
area S. Then the quantity of heat Q that flows perpen-
dicularly to the faces from the first to the second in time ¢
within the cylindrical surface varies directly as w — uy, S
and ¢ and inversely as d, and we write

Q_K-_Jﬁqt .. (@21
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where K is a constant, called the coefficient of thermal con-
ductivity of the material of which the plate is made. This
is the law, founded on experiment, upon which the classical
theory of the conduction of heat is based.

§ 30. In order to adapt the law to an isotropic body
bounded by any surface, we imagine the body dissected by
isothermal surfaces. An isothermal surface is one at every
point of which the temperature is momentarily the same. The
direction of flow of heat at any point is normal to the iso-
thermal surface through the point, because there is no tem-
perature-gradient in any direction tangential to the surface.

Let u and u -+ du be the temperatures of two neighbour-
ing isothermal surfaces, and dS an element of the surface
« at a point where dn is the normal distance between it and
the surface u + du. Then the quantity of heat dQ that
passes in time dt across dS in the direction from the surface
u to the surtace u - du is given by

QU ey -
dQ = — K—D%db dt. . . (2.28)

Next, let dS be any element of surface at any point of
the body, and let the normal to dS make an angle 6 with
the normal to the isothermal through

that point (Fig. 9).

R Let » be the temperature of the
isothermal, and let d» be the element

‘ of the normal to the isothermal be-

dn, tween it and the neighbouring iso-

thermal w« + du. Also, let dn, be

” the element of the normal to dS

Tra. 9. between the same two isothermals.

Then, since the projection of dS on

the isothermal surface is dS cos 6, the quantity of heat dQ
that flows across dS in time df is given by

h1)2
’ dQ = —Ksﬁ.dSCOSO.dt.

u+du



APPLICATIONS 33
But dn = dn, cos 0, and therefore
QU
dQ = —KmdSdr ... (229)

Hence, since du/on, is the temperature gradient perpen-
dicular to dS, the law (2.28) holds good for any element
of surface dS, whether it is part of an isothermal or not.

§ 31. Differential equation of the conduction of heat.

To find the differential equation satisfied by the tem-
perature at any point in the interior of an isotropic body,
we begin by considering

a small rectangular paral- z

lelepiped with its centre

at the point P(x, y, z) and @dz

its edges, of lengths dux, dy dx

dy, dz, parallel to a con-

venient set of Cartesian 6] Y

axes (Fig. 10).

Let w be the tem-
perature at P, and let
dufdw, duldy, duldz, du/dt Fra. 10.
be its rates of change
with respect to the space co-ordinates x, y, z and the time #.
We shall find two expressions for the increase in the quantity
of heat contained within the parallelepiped in time df, and
equate them.

Firstly, the quantity of heat that flows across a section
through P parallel to the yz plane is, by (2.28),

— K-gi; dydz . dt.

The quantities that flow across the two faces parallel to this
section are therefore

du 2 dx
(- K~b—x + Kﬁ‘—z— »2—> .dy dz . dt.
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The upper sign corresponds to an inflow across the face
nearer to the yz plane, the lower to an outflow across the
opposite face, and by subtraction the nett inflow across the
two faces is

%
K%”‘ dedydzdt.

There are similar contributions to the inflow across the
other two pairs of opposite faces, and by adding it follows
that a first expression for the increment dQ in the quantity
of heat contained within the parallelepiped is given by

aQ = K( +32"§+ Ve dydzdi. . (2.30)

Q2

Secondly, let p be the density of the material and s its
specific heat. Then the mass of the parallelepiped is
pdxdydz, and since the increase in temperature during the
interval dt is du/dt . dt, a second expression for the incre-
ment dQ is given by

aQ zs.pdxdydz.%i:dt. .. (231)
Equating these two expressions for dQ, and dividing

by sp dxdydzdt, we find the equation satisfied by the tem-
perature u, viz.

du D% Q%
5= G+ 5 T ) (2:32)
where K = —I—E . . . (2.33)
sp

§ 32. Special cases.
I. If the flow is fwo-dimensional and parallel to the xy
plane, so that « is independent of z and du/dz = 0, the
equation reduces to
wo_ (qu azu>

= (2% 2.34
a - o T ot (2.34)
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In polar co-ordinates (cf. § 22), the same equation reads
w_ K(E@ low, 1 3_27_‘>
o8 \w2 T oar 2002
and if the flow is radial, so that « is independent of 8 and
du[d8 = 0, it reads
du % 1 du
0=+ o)
I1. If the flow is one-dimensional and so takes place in
one direction, which we take to be that of the z-axis, then
du/dy = 0 and du[d2 = 0, and the equation further reduces
to

; . (2.35)

(2.36)

2,
% — Kgl—q; (2.37)
ITI. Steady flow.—The flow is said to be steady when
the temperature at every point is constant, so that u is
independent of the time ¢ and is a function of the space
co-ordinates only. The equation satisfied by wu is then
found by putting dw/dt = 0 in the appropriate equation
above.

§ 33. Boundary conditions.

Besides satisfying the differential equation in the in-
terior of the body, the temperature @ must generally satisfy
certain equations over the surface, usually called the
boundary conditions. Three cases will be mentioned here :—

I. The surface may be maintained at a constant tem-
perature, say u,, perhaps by means of liquid at temperature
u, flowing round it. In this case the function obtained
for w in the interior of the body, a function of z, ¥, z and ¢,
must reduce to u, when the spacc co-ordinates refer to a
point on the surface.

More generally, the temperature over the surface may
be any given function of position and time.

II. The surface of the body may be impervious to heat,
in which case the condition to be satisfied over the surface

3 *
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will be du/on = 0, i.e. the temperaturc gradient will be
zero in a direction normal to the surface.

III. The body may be surrounded by a gas into which
heat is radiating from the surface. In this case, if u is the
surface temperature of the body, and u, that of the sur-
rounding gas, we make the assumption that the body loses
heat at a rate proportional to v — u, and we put the rate
equal to H(u — u,) per unit area per unit time, where
H is a constant, called the coefficient of emissivity or exterior
conductivity.

With this assumption, consider the quantity of heat
dQ gained in time d¢ by a coin-shaped element, of thickness

e, with one of its flat faces of area dS in
the surface (Fig. 11).
The quantity of heat that flows across
u the interior flat face by conduction is
\ K .du/on.dSdt, by (2.28), where du/on
is the temperature gradient in the direction
of the vnward normal ; while the quantity
Fra. 11. lost by radiation from the other flat face
is H(u — uo)dSdt; consequently, ignoring
the flow across the narrow cylindrical surface of the element,
we have

Uo

aQ = K%%ds dt — H(w — ug)dS di.
But dQ is also given, as in (2.31), by
dQ = s . pedsS . ?bi:(u.

The first of these expressions for dQ is proportional to
the area of the element, the second to its volume; on
equating them, dividing by dSdt, and making e tend to
zero, we get
K%’é = H(u — wu,),

U

Y h(u — ug), . . . (2.38)

or
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where h = H/K. Thi$ is the condition that must be satis-
fied when the space co ordinates in u refer to a point on
the surface. '

§ 34. Cooling of long circular cylinder.

To take an example, consider the cooling of a long cir-
cular cylinder, initially heated to a uniform temperature u,,
when its surface is maintained at a constant temperature
. Let the radius of the cylinder be a, and suppose it
so long that its length may be theoretically regarded as
infinite. The problem is then a two-dimensional one, in
which the flow of heat is radial, and the equation to be
satisfied by the temperature « in the interior of the cylinder
is (2.36), viz.

QU % 1w
w =G

The temperature at the surface is supposed to adjust
itself instantaneously to the value u,, so that the boundary
condition to be satisfied is

U=y, T=a, 010,

The initial condition is

u=1u, 0<r<a, t=0.

Further, « will approximate to %, as ¢ increcases, and
will always be finite throughout the cylinder and in par-
ticular at r = 0.

The problem is a little simplified by first making the
substitution

V=U— Uy . . . (2.39)

Then » must satisfy the following equation and conditions :
o % . 1w

AaF K(b-ﬁ r br> - (240)

v=0, r=a, 0<l<o0; . . i)

v=Uy— U, O<r<a, t=20; . (i)

v—>0whent > o0; . . . (i)

v is finite, 0<r<a O<t<oo . (iv)
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Using a standard method of seeking particular solutions
of partial differential equations, we make the substitution

» = RT .. L (4]

in the equation, where R denotes a function of » only, and
T a function of ¢ only ; the result can be written
1dT' 1 /d°R |, 1dR
WTdt E(W T E)

On the face of it, one side of this equation is a function
of r only, the other a function of ¢ only, and since 7 and ¢
are independent variables, an equation of such a type is
impossible, unless each side is equal to the same constant.
Accordingly, put each side equal to a constant A ; then
T and R must satisfy the separate equations

(2.42)

dT

m = AK’T, . . . (2.43)
a*R | 1dR
T7'2 + ; ‘a}‘ - AR. . . (2.44)

The solution of (2.43) is of the form T = Ae!, where
A is an arbitrary constant. This form, however, is only
possible if A is negative, on account of condition (iii); ac-
cordingly, put A = — p?, then
T = Ae+*,
and (2.44) becomes

&R | 1dR | o
vty THR=0

from which follows, by § 7,
R = BJy(ur) + CYq(ur),
where B, C are constants, and p > 0 for Y,(ur) to be real
when r > 0. But since Yy(ur) - — o0 when r — 0, we must
put C = 0 by condition (iv), and hence, merging A and
B into one constant,
v = Ae **J (ur).
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Condition (i) will also be satisfied if
Jo(ﬂa) == 0’

ie. if pa = «, or p = o/a, where o is a typical positive root
of the equation Jy(x) = 0. Substituting this value of p,
we now have the solution

v = Ae"“"’/“zJ(,(a—r),
@

which satisfies all the conditions except (ii). But, since
(2.40) is a lincar equation, the sum of any number of
solutions is also a solution. Consequently we can write
down the more general solution

v:ZAe—W/a*JO(?g), .. (245)

where the summation extends over the positive roots of
the equation Jy(x) = 0. This solution satisfics every con-
dition but (ii), since this is true of every term. DBut it
can be made to satisfy (ii) also ; for, putting + = 0, we have
only to choose the constants A so that

Uy — Uy == ZAJ(,(%{), 0 <r <a),
or, if x = r/a,
Uy — Uy = ZAJo(ocx) (0< z< 1)
By (1.48) and Exs. I, 2, (i), we find

_ 2(uy — uo)
A otJ()O’

and substituting this value of A in (2'45) and the resulting
value of v in (2.39), we obtain the final solution

w2 w0 S g (), 20

where the summation extends over the positive roots of
the equation Jy(x) = 0.
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Examrres V
1. If the initial condition is % = u, -+ ¢(r), (0 <7 < a), and
the boundary condition is u = wu,, (0 < ¢ < ©), show that the solu-
tion is
ar
w e Factes, (),
o

where the summation extends over the positive roots of Jy(x) = 0,
and

A = J—anaﬁxﬂaxﬂo(am)dx.

2. If tho initial condition is u = u, + ¢(r), (0 <7 < a), and
the surface is impervious to heat, so that the boundary condition
is dufdr == 0, (r = @, 0 <t < »), show that the solution is

u = uy + Ay -} ZAc—agxtlazJ"(?g)’
.3

where the summation oxtends over the positive roots of J,(x) = 0,
and

Ay = 2j:x¢(am)(lx, A= (T%a—)j:rcﬂaxﬂo(a:v)dm.

3. If the cylinder is at a uniform temperature u, initially, and
at time ¢ =- 0 is placed in a gas at temperature u, show that the

solution is
Jy(x oorra ar
wU = uy - 2wy — uo)za{Joz(a)lg_)le(a)}c——mnt/u“Jo(—a-),

(2

where the summation oxtends over the positive roots of tho equation
ad o/ (x) + ahdo(x) = 0,

and % has the same meaning as in (2.38).



CHAPTER II1I
MODIFIED BESSEL FUNCTIONS

§ 35. Modified Bessel funclions of zero order.
If we put £ =7¢=4/(— 1) in (1.18), we obtain the

equation
d¥y 1 dy
;Erj ..’,1—3([—;.’,;}'_?/“_ O, . . . (3.1)
which is called the modified Bessel equation of zero order;

it can also be written

%a(”fli%):x?/- . . . (3.2)

A solution of this equation, and the only one, except
for a constant factor, that remains finitc when z = 0, is
denoted by I,(z) and is given by *

i 22 24 6 .
To(x) = Jo(ex) = 1 + sz‘l“ 52 42+ 52 47 G2 +.00 (3.3
which is called the modified Bessel function of the first kind
of zero order.

§ 36. A modified Bessel function of the second kind can
now be defined as any solution of (3.1) which is not a con-
stant multiple of Iy(x), and can be expressed in the form

dx
ATy(@) + BLo@) | 3t
(cf. § 4), where A, B are any constants (B = 0).
When z is small this solution (cf. § 5) behaves like

2
AT (x) + B{Io(x) logxz — z— - }

* Cf. cosh @ = cos .
41
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In particular, if we put
A=lg2—y, B=-—-1,
where y denotes Euler’s constant (§ 6), we obtain a par-

ticular modified Bessel function of the second kind which
is denoted by Ky(z), thus

K, (%) = (log 2 — y)To(x) — {Io(x) logz — % — . . } (3.4)

5

10(%
| \K‘)m //
S/
S~

1 \

—
(0} 1 2 3
Fie. 12.

We note that, when z is small,

Kox) = (log2 —y) —logx . .. . (3.5)
the remaining terms being small in comparison with unity ;
so that Ky(x) -~ 4+ oo when © — + 0.

The graphs of I,(x), Ky(x) are shown together in Fig. 12.

Ex. 1. Show that the equation I,(x) = 0 has no real root; and
that the equation I,’(x) = 0 has no real root except « = 0.
Ex. 2. Show that

K(x) — %’{Jo(ix) I $Y o(iz)},
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provided that log (ix), which occurs in Y,(ix), has the wvalue
47t + log @ when x is positive.
§ 37. The gencral solution of (3.1) can now be written
y = Aly(z) + BK(2), . . (3.6)
where A, B are arbitrary constants.
CoroLrArY. The general solution of the equation

1 dy
dx- + z dx

where k is a constant, can be written
y = Aly(kx) + BK,(kz), . . (3.9)
where & > 0 for Ky(kx) to be real when x > 0.

— Iy =

§ 38. Since I,(x) is a solution of (3.2), we have

d s dly(z

(797:('” d"; )> = xl (), . . (3.8)
and inversely

Jely(x)dz = 1)/ (x). . . . (3.9

Replacing x by ax, we have further
Jal o(ox)da = glo’(ax), .. (3.10)

and, as in § 11, we find, if «, 8 are constants,

(B2 — o) [T (ox)]y(Bx)d
= 2{Bl,’ (Bx)Iy(ax) — aly (ax)Ly(Bx)}, (3.11)

el (aw)daw = %2{102(&96) — I%(ex)}. . (3.12)

§ 39. Laplace’s equation in cylindrical co-ordinates, when
the dependent variable is independent of 6.

When Laplace’s equation

MU
ax2+"“+3'z'2' =0 . . (313)
is expressed in terms of cylindrical co-ordinates r, 0, z, it
reads

u  1duw | 1% du

+oT

e _— = . 3.14
Ty r T2 302+ Q=2 0, (3.14)
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and if » is independent of 0, reduces to
% 1de | %

wrr T
We shall now find solutions of this equation of the form
u == RZ,
where R is a function of r only, and Z a function of z only.
When we substitute » = RZ in (3.15), we find that the
resulting equation can be written
L (@R LRy 147
R\drt " r dr Z dz?’
each side of which must be equal to the same constant,
for the same kind of reason as in §34. Firstly, putting
each side equal to — p2, we find solutions of the form

w = {AJy(pr) + BY,(ur)}(C sinh pz 4 D cosh uz), (3.16)
or the equivalent form

w = {Ady(ur) + BY(ur)}(Ce#* + Derz), (3.17)
Secondly, putting each side equal to + p?2, we find

u = {Aly(ur) + BK(ur)}(C sin pz + D cos pz). (3.18)

Thirdly, putting each side equal to zero, we find
u = (A 4+ B log r)(Cz -+ D). . . (3.19)
In cach case, A, B, C, D denote arbitrary constants.

We must suppose p > 0 for Yy(ur) or Ky(ur), to be real
when r > 0.

§ 40. Steady flow of heat in a finite cylinder.

Consider the flow of heat in a finite cylinder of radius
a and length I. Suppose that over one end the temperature
is a given function of the distance from the centre of that
end, and that the other end and the curved surface are main-
tained at a constant temperature, which we take as the
zero temperaturc. Further, suppose that these conditions
have persisted for some time, so that a steady state has
been reached in which du/d = 0 at every point (§ 32, III).

=0. . . (315)
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Then, putting du/d! = 0 in (2.32), we see that u satisfies
Laplace’s equation. Cylindrical co-ordinates are appropriate
to the present problem, with the pole at the centre of one
of the ends and the z-axis along the axis of the cylinder.
Then, as u does not depend on 6, the equation satisfied by
« is (3.15), viz.

1du | d*u
D1‘2 + e + — v 0. . . (3.20)
The boundary conditions we take to be
u=0, (=0, 0<r<a), . . (i)
u=0, (r=a, 0<z<l), . . . (i)
w=¢r), (=1, 0<r<a), . . (i)
w is finite, O<r<a, 0<z<l). . (iv)

With these conditions in mind, we select from (3.16),
(3.18), (3.19) the types of solution likely to be suitable.
Firstly, having regard to (iv), we must put B = 0 in cach
case, since Y(ur), Ko(ur), and log r all become infinite at
r=0.

Next, having regard to (i), we put D = 0 in cach case.
We then have possible solutions of the form

Jo(ur) sinh pz, Ty(ur) sin pz, =z
Of these three solutions, the first will satisfy (ii) if
Jo(pa) = 0,

that is, if e = o, or p = «fa, where « is any positive root
of the equation Jy(z) = 0. The second cannot satisfy (ii)
because the equation I,(x) = 0 has no real root (§ 36, Iix. 1) ;
and the third obviously cannot satisfy (ii). Hence we sclect
the solution

U= AJO(%) sinh %; _

which satisfies all the conditions but (iii). The same is
true of the more general solution

=ZAJ0<%r> smh %, .. (3.21)
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where the summation extends over all the positive roots
of Jy(x) = 0. Further, this more general solution will also
satisfy (iii) provided the constants A are determined so that
(putting z = l)

ZAJ( )smh—l 0< r<a),

or, if r = ax,

dlax) = ZAJ ax) sinh —l, O<x< ).

Henee, by (1.48),
. ool 2 1
A smh—(; = T i) L xp(ax)d o(ax)dx . (3.22)

When the value of A, thus found, is substituted in
(3.21), we obtain the final solution.

ExamrLes VI

1. If ¢(r) = u,, a constant, show that tho solution is

o foar\ .o af
Jo (—> sinh —
« a
U = 21&02

) L ,ool
o o (a) sinh -
J (o) sinh %

’

whero J (o) = 0.
2. Tf the boundary conditions are u = %y, (z =0, 0 <7 <a);
w=0, (r=a, 0 <z <l); u=0,(z=1 0 <r <a); show that

the solution is
J0<oc_7') sinh ol — z)
a

a ]
w == 2“02 7 ,

. o
o od () sinh -

where J (o) = 0.

3. If tho boundary conditions are u == 0, (z = 0,0 <r<a);
w=0, (z—1 0<r<a); w=1u, (r=a 0<z<l); show

that the solution is
I (m-nr) sin VT
_ 4u, = \"1)° l

T AT

’

where m = 2s — 1.
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4. Show how to solve the problem when tho boundary conditions
areu = §(r), (=0, 0 <7 <a); wu=¢(r), (z=1, 0 <r <a);
u=f(z),(r=a 0 <z <l).

5. If the bhoundary conditions are v =0, (z =0, 0 <r < a);
w=¢(r), (z=1, 0 <r <a); dufdr=0, (r=a, 0 <z <1), so
that the curved surfaco is impervious to heat, show that the solu-
tion is

ar\ ., oz
w = Az + ZAJo (——) sinh -

a

where tho summation extends over the positive roots of the equation
J,(x) = 0, and the coefficients A,, A are given by

A, = Slaz¢(ax)dx,
o
$AT 3 (a) sinh o _ 3-1 xd(ax)d o ax)dr.
a °

Vorify that, if ¢(r) = u,, a constant, this solution reduces to
u == uz/l, as is obvious from physical considorations.

§ 41. Large values of x.

It is plain from the series (3.3) that Iy(x) tends to 4 oo
when zis large. In what follows we shall need an approxima-
tion to Iy(z) when x is large and positive. To obtain such
an approximation, we first put

U = Yy\/x . . . (3.23)
in (3.1), and find that « satisfies the equation
d*u 1
e S . . . (324
dac? <1 4x2>u ( )

which, when z is large compared with 1, takes the ap-
proximate form '’ = u, of which the general solution is
u = Ae* + Be~®, where A, B are arbitrary constants.
This suggests that any solution of (3.24), which tends to
o when x — 4 oo, will approximate to Ae® when z is
large and positive.

§ 42. To attempt to improve upon this approximation,
we make the substitution

U = ve*
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in (3.24), and find that v satisfies the equation
v
b T
Assuming that this equation can be satisfied by a series
of the form

0. .. (3.25)

v=1+D 4245 . (3.20)

we substitute this series for » in the equation and obtain,
after collecting like terms,

{2cl — (%)2}5—2—}— {2 .26, — @261 };}3
—|—{2.3c3-— (g)zcg}$+ -

By equating the several coefficients to zcro, it follows
that the equation is formally satisfied by the series, provided
the coefficients arc given by

1
€y == g,

32 12, 32
TR 2wy

H2 2. 32,52
TR T T3

and hence
12,32 ‘32 ")

o1+ = +z'(8x)+ “( Gt (320

We are thus led to the evpansmn
Ae ‘32 12 ‘32 I"'2
where A is some posmve constant ; it w111 be seen later

(§ 81) that A = 1/4/(2m).
When A has this value, (3.28) is an asymplotic expansion
(§ 78) of Iy(x); the series on the right is divergent, but it
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has the property that the sum of the first % terms gives an
approximation to Io(x) when x is large enough, with a per-
centage error as small as we please.

Ex. 1. Show that, when x is small,

xlo(z) x?  1/x%\ % 1/x%\?®
w5 a(s) tolh)
Ex. 2. Show that, when z is large,

Iz) 1, 3
I‘,’(x)“l+'27v+87:2"‘

§ 43. Application to alternating current in a wire of
circular cross section.

The differential equations of the electromagnetic field
are based upon two laws which are sometimes distinguished
by the names of Ampére and Faraday, viz.

Ampére’s law.—The line integral of magnetic force round
a closed circuit is equal to 4w X (the integral of electric
current through the circuit).

Faraday’s law.—The line integral of electric force round

a closed circuit is equal to — % (magnetic induction through
the circuit).

§ 44. To apply these laws to determine the current
density at radius 7 in a wire of circular cross-section, through
which alternating current is flowing, let
a be the radius of the wire, p its specific
resistance, and p its permeability ; let
x be the current density and H the
magnetic intensity at radius r and

time ¢.
Firstly, consider a closed circuit
which is a circle of radius r, with its Fia. 13.

axis along the axis of the wire (Fig. 13).
Applying Ampére’s law to this circuit, we have

2mH=4wj'x.2mlr, .. (3.29)
0
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and hence, after differentiating with regard to r,

%%(TH) —dmz. . . . (3.30)

K Secondly, consider a closed circuit

p ! r which is a rectangle with one of its
% sides, of length I, along the axis of the

Tre. 14. cylinder and the two perpendicular

sides of length r (Fig. 14). Applying
Faraday’s law, we have
pgd — pal = — %jr WHLdr,
0
where , denotes the value of # when r =0; and by
differentiation with regard to 7,

dx H
To eliminate H, multiply (3.31) by r, differentiate with
regard to r, and use (3.30) ; this leads to the equation
13/ % dmp dx
_— () = —— — . . D 2Y>
r br< M) p (3.32)
from which x can be found, and then H is given by (3.29).
§ 45. Let the total current through the wire be C cos wt,
an alternating current of period 27/w. It is convenient
to regard this current as the real part of the complex
number Ce!, and correspondingly to regard x as the real
part of a complex number z that satisfies the equation
123/ 0z dp dz
S () = 22820 3.3
r b'r< br) p ) - (3:33)
Accordingly, we seek a solution of this equation of the
form
z = F(r)ei, . . . (3.34)

remembering that when F(r) has been found, the real part
of z will be the actual current density.
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Substituting (3.34) in (3.33), we find that F(r) must
satisfy the equation

LOGAN _dmelp )

7’ dr\ dr P
d?F  1dF
or 7h‘_2+;7i;—k2F:()’

where F denotes F(r), and

B — dmpwi b — 149 (477;w)>

p V2
Hence, by § 37,
F(r) = ALy (kr) + BK(kr).

(3.36)

The constant B must be zero, since z is finite at r = 0,
and therefore
z = Al (kr)ei. . . . (3.37)
The constant A can be found in terms of C. For, since
Ceiet is the total current, we have

a
Ceivt = j 2. Qmrdr
0

and therefore
@ (lm)
O = 2mA [ T (frir — 2m LD
(1]

by (3.10). This gives A in terms of C, and hence
' - kC
T 27maly (ka)
Ex. Show that H is the real part of
2C
aly(ka)
§ 46. Equivalent resistance and internal self-inductance of
a length 1 of the wire.
The electromagnetic force along a length I of the surface
of the wire, where r = a, is the real part of
kCI o(ka) ot
P onaly (ka)

T (fer)eit. . . (3.38)

T,/(kr)eiot,

4%
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If we cquate this to (R + twL)Ce™!, then R is called
the equivalent resistance and L the tnternal self-inductance
of length [ of the wire ; this gives
plkI o(ka)
2naly (ka)

Further, if R, is the resistance of length I for steady
current,

R 4+ twl =

R():“pi

a2
and hence, by division,
R 4 toL _ ka I(ka)
R, 2 1)(ka)
§ 47. Low frequency.
Now, if we put (3.36) in the form
k*a®*  mpwa?. 2 _ (mpwa\?
g =i = ix o= ( 3% ),
we find, from (3.39), using § 42, Ix. 1, when the frequency is
small (w small, x small),

(3.39)

R + iwL . 1K
-——E—(;—' =1 + ?zl( + - *(T .

and hence, by equating real and imaginary parts,
R Kt wl 18
S =14, =k L
R, ~' T3 "Ry T 6

or, since Ry = pl/ma?, and w = 2pi?/mua?,

R=:R0<l—|—%4 . ) 1,:%(1—’:’—,4 .. ) (3.40)

§ 48. High frequency.
Again, if the frequency is large (w large, « large) we have,
from (3.39), using § 42 Ex 2,
R: —I— 'iwL
R, "~ 2 "‘ i Toka lblca
3

=1+ ity +Jz(l+z)
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and hence, by cquating rcal and imaginary parts,
R, ¢T3 +04K "Ry T e
or
1 3 lusl 3
R=Ro(x+ g+ g ) L= 5 (=i o) G4

§ 49. Verification of the value found for the equivalent
high-frequency resistance.

As a further example, we may verify the formula just
obtained for the resistance R, when the frequency is high,
by showing that the heat Q, gencrated per unit time in
length [, is 3RC2%.  We have, in fact, « being the real current
density,

1 ra 1 tasz 7\ 2
szzj j 22 . 2y dr dit — 277,)1] j( fgz)wzmu,
0J0 0Jo
where Z denotes the complex number conjugate to z. Now
for rapidly alternating current, the average value of 22
or z? with respect to ¢, over an interval of a second, is
practically zero, and hence

Q= *n'pljl

0

r 2zr dr dt,
0

that is, substituting the value of z from (3.38), and writing
k for the conjugate of k,

__ mplC? kk }‘ j L (Fr)r d
Q= e T (oo (k) dt . olkr)Lo(fer)r dr.

Using (3.11), and putting ¢ = ka, ¢ = ka, we can write the
result of the integration

_ plC* (99) 7 1o(9) To(9)
Q= 4ma? ¢ — @* < Ly(q) qlo'(q)>’

or, since ¢ = ka = 2(1 + i)«

_plCxiy To(g)  To(q)
Q= ma? <q[o’(’1) élol@)>’
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and therefore, by § 42, Ex. 2, since « is large for rapidly
alternating current,

PRVCLSL/C SR TR R T T

mu? q 2¢> 8q*
_ plC ke
mﬁ( +3 + IZSK ) )
1
= QR"C <" T3 Gax o4K )~ g%

which is the result we set out to verify.

§ 50. The skin effect.

To conclude this application to the flow of alternating
current in a cylindrical wire, we shall verify that, for
sufficiently high frequencies, the current flowing through
a coaxial cylinder of radius r is small compared with the
total current, even when 7 is nearly equal to a, thus showing
that most of the current flows through a thin layer at the
surface—the well-known ¢ skin effect.”

By (3.38) the whole current flowing through a coaxial
eylinder of radius r is the real part of

kCet (7 — i 7o
2—-————-mlo,(ka)j010(kr) . 2mrdr = Ce L k)

The ratio of this to the total current Ce! is

rLy (kr)
aly (kay

and, by (3.28), when £k is large, this is approximately equal to

e /(ka) o\t Lo
a /() e —(a>e K

which, for any fixed value of r, however small @ — » may

be, is as small as we please when k is sufficiently large,
i.e. when the frequency is high enough.




MODIFIED BESSEL FUNCTIONS 55

§ 51. Kelvin’s ber and ber functions.

The functions named ber # and beiz by Lord Kelvin
may be defined by

Io<~l—\—j¥x> = ber « 4 ¢ bei z.
Now, since {(1 + 7)x/4/2}* = ix?, we have, by (3.3),
144 it (ia?)? (i2)?
I°< V2 x) =t ety sty e et

and hence, by equating real and imaginary parts,

bere =1— 2296.442 T 4296.862 8 (3.42)
beix:;i:"zz.i:.62+22.42.§;0.32.102“ (3.43)
§ 52. If we now write (3.36) in the form
=1t e <4ﬂ‘i")i, L. (3.44)
V2 P

the results of the application begun in § 44 can be written
in terms of the ber and bei functions. Thus (3.38) will
be found to be expressible in the form
tmC ber mr + 4 beimr ,, «
# = %ra ber ma + 1 bei’ ma’ - (345)
and (3.39) in the form
R + iwl.  4ma ber ma 4 ¢ bei ma
R, 2 ber’ ma 4 ¢ bei’ ma

(3.46)

In these forms the real and imaginary parts are in
evidence. Numerical calculation can be made with the
aid of the tables published in Kelvin: ‘“ Math. and Phys.
Papers,” III, p. 493 ; Jahnke und Emde : ‘ Funktionenta-
feln ”’; McLachlan : “ Bessel Functions for Engineers,” etc.

§ 53. The reader will realiso that a complote familiarity with
the behaviour of the function J o(x) for all values of z, real or complex,
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would render it unnecessary to give separate namos to the functions
I,(x), ber x, bei x, ete.

Ex. 1. Given that y = I ( 73 x) is a solution of the equation
dy
wd:v( EE)) W,

by putting ¥ = % -+ tv in this equation, separating real and im-
aginary parts, rmd eliminating % and v in turn, show that berx
and boi x both satisfy the equation

salrala@) - -

Ex. 2. If «, B are constants, show that

_ BL/(B)To(er) — oy’ (@)To(B) ,
ol + B2

[ aTy(nTy() do

and obtain the Fourier-Bessel expansion
od o(ox)

To(kw) = 20o(k) 3 gy iy

where Jo(a) =0, O0<x <1
Deduce the Fourier-Bessel oxpansions of ber kx and bei k.



CHAPTER IV
DEFINITE INTEGRALS

§ 54. Bessel’s integral for J o(x).

If we expand the function e®*"? in ascending powers

of x, we get

trsin (12 sin 0)2

izsing (22 sin 8)?
erttte= 1+ 1! + 21

3!

_|_

+ ...

Now integrate both sides between the limits 6 = 0,

0 = 2=, and use the formule

2n
j sin" 06 — 0, (n odd),
0
(n=Dn—-3)...3.1

nn—2) ...4.2
this gives

2n 2 4
jo eizsinﬂ(lo — 271'(1 — 2_2 _EU____ —_— . . .> .

+ 22, 42
and hence, since the series in brackets is J (),

J ) = _l__jzneiz sin 0(10
0( ) - - 0 e
Equivalent forms are given by

T

Jo(x) = 1 .‘.2 ] gizsin 010 = %j ¢ir cos 0(10’

m) a 0

2
or, on separating the real parts,

42

oy

Jo(z) = %r cos (z sin 0)d0 = 7—27". cos (x cos 0)d0.
0 0

57

— — . 2w, (neven);

(4.1)

(4.2)

(4.3)

(4.4)
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Any one of the above definite-integral forms of J,(x)
may be called Bessel’s integral for J,(x),* being a particular
case (when n = 0) of Bessel’s integral for J,(z), (§ 86).

§ 55. Lipschitz’s integral.
If, in the well-known integral

© a
L e cos br dw = E L (@ >0),
we replace b by b cos 0, we get
* a2 cos (b cos B)d °
joe cos (bx cos )xwmm.

Since the infinite integral on the left is uniformly con-
vergent with respect to 6, we may integrate under the
integral sign with respect to 6 from 0 to {7 ; we thus find

® 2
j et dxj cos (bx cos 0) df == j

0 0

L]

add
0 @% + b2 cos? ¢
and hence by (4.4), if ¢ > 0,

1

[ee}
—ax —_— 5
jo e~ J (bx)dx = V@ T (4.5)
which is known as Lipschilz’s integral.}
CoroLrARY. When a — 0 we get, if b > 0,
e o]
jJMwuzl L ()
0 b |
and in particular, if b = 1,
o]
jQWM=L L@
0
§ 56. Weber’s discontinuous integrals.
Interchanging @ and b in (4.5) gives, if b > 0,
. @© —~bhax ].
'[0 Jo(ax) Letbedy = 7(672——{———[)—5-). . (4.8)

* Also called Parseval’s integral, for historical reasons (Watson, p. 21).
1 Watson, p. 384.



DEFINITE INTEGRALS 59

Since both sides of this cquation are analytic functions
of b when the real part of b is positive, it follows that, if
b >0,

[e0]
(b-+ic)x
jo Jolazx) . e~ dz - \/{“z b Fio)) (4.9)
and hence, if b > 0,

© . 1 X —1Y

— (b+ic)x — —
jo Jo(az) . ¢ o= g =xry: (410
where X + 1Y = y/(a® 4 b* — c* 4 2ibc). . (4.11)

By equating real and imaginary parts in (4.10), we
deduce that

[ce)
e~ bz
jo Jolax) . cos cx dx = * X + Ny (4.12)
(e o]
—be qf e e
L Jo(ax) . e~ @ sin cx dx = Xz + v (4.13)
From (4.11) we have
X2 —Y2=a®+40b%2—c? . . (4.14)
XY = be, . . . . (4.15)

and hence, by climinating Y and X in turn, we find that
X2 and — Y? are the two roots of the equation in 0

a? b2
sreta=b - - (4.16)
and that
9X? = a2 4 b® — ¢® + 1/{(a? + b® — )2 + 4b%%, . (4.17)
2Y? = — (a? + b* — o) + y/{(a® -+ b2 — c?)? + 4b%%}. (4.18)
Suppose @ >0, ¢ > 0. Then, by following the con-
tinuous change in X 4 ¢Y when c increases from 0, we sec
from (4.11) that X and Y are both poswlve
Now let b —0; then, if a >c, —>\/ 2 —c?),
Y >0; but, if a<e, X0, Y —>4/(c2—a?). Hence
we find from (4.12), (4.13) respectively
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Iw Jo(az) . cos cxdr = 0, (@<c), (4.19)
— WTITT) (@>c); (4.20)

jm ola®) . sin ex da = {/—~——~l:~ (@ <c), (4.21)
’ =0, (@ >¢), (4.22)

We have supposed @ >0, ¢ >0. If a < 0 or ¢c< 0,
we need only note that both integrals are even functions
of a, and that the first is an even function of ¢ and the
second an odd function of c.

§ 57. We shall next prove that

® sin cx c
jo Jolax) . et | —— po —dy = ’mn‘lX . (4.23)

where X is given by (4.17).

Proof. Since the infinite integral on the left of (4.12)
is uniformly convergent with respect to ¢, we may integrate
with respect to ¢ under the integral sign from 0toc. We
thus find

© §in ca ¢ Xde
3 L) . ~bz o T W= Nr o T XTI e .2
L Jo(ax) . e o ‘dv = jo X: e (4.24)
Now from (+.14), (+.15),
XdX — YdY -} edec = 0,
YdX -+ XdY — bde = 0,
and hence
_de dX Xde — edX 1.95
NELY: T Y —eX T X(NEFedy (4.25)

from which follows

Xde Xde — edX c
jx2+y=— Xt fer iy . (420)

hence and from (+.24) follows (4.23), which was to be proved.
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§ 58. Now suppose a >0, ¢ >0, in (+.23), and let
b — 0. Then, as above, if ¢ > ¢, X —> 4/(a® — ¢?), and
tan™(c/X) — tan~{c/y/(a® — ¢?)} = sin~(c/a);

but, if & < ¢, X — 0, and tan~'(¢/X) — /2.
Accordingly, we have

j Jola )Slncyc =2 (@=<c) . (£27)

=sin‘12, (@>c).. (4.28)

If ¢ == 0 the integral vanishes. If @ < 0, or ¢ < 0, we
need only note that the integral is an even function of a,
but an odd function of c.

Ex. Deduce the following woll-known integrals as particular
cases of tho integrals in §§ 56-58 :—

4
b 4 c?

dr = tan—! ¢
»

20 o0 . c
f e cos cx dr = .{ e b sin cvde = oo
0 0

0 |- e?

j‘oo sin cx
c—b
0

dr =:

; o
0 @ 2

500 sin cx ™

m™ .
0, — 5, accordingasc>, —=, <O.

2

§ 59. Electrostatic potential of an elecirified disc.

It was shown by Weber * that the potential of the
clectrostatic field caused by an electrified circular dise
could be expressed as an integral of the same form as (4.23).

Let the disc be situated in the xy plane, with its centre at
the origin and its axis along the z-axis ; let ¢ be the radius of
the dise, and Q the total charge of electricity upon it. Let V
be the potential at any point due to the charge on the disc.

The differential equation satisfied by V in free space
is Laplace’s equation

MV DzV 1V

T T =Y (4.29)

* Cf. Riemann-Weber: ‘‘ Die DPartiellon Difforontial-Gleichungen
d. Math. Physik,” I, 6th edn., 1919, p. 342.
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which, in ecylindrical co-ordinates 7, 0, z, when V is in-
dependent of 0, as in the present problem, becomes
2V 1V | iV
wrry Twm =0 o (430
This equation, by (3.17), has a solution of the form

V = e J,(ar), where « is any constant, and it follows,
by differentiation under the integral sign, that if z > 0

V:Are—ﬂJo(ar)f(a)da L. 43

is also a solution, where A denotes any constant, and f(«)
any function of «.
Now the charge distributes itself so as to make V = const.
over the disc but not beyond it, and this condition is satisfied
sin co

if we put f(o) = , for we then have

@ o
V = AJ e—azJo(O(r) Sin co

0

da, . . (4.32)

which, by (4.27), (4.28), reduces when z -0 to V = {7A
ifr<e V=Asin"t(c/r)if r >ec.

It remains to determine the constant A in terms of the
charge Q. Now, if ¢ is the surface density on the upper
face of the disc, we have

AV ® . A
470 = — (——) = Aj Jo(ar) sin cada = ———
02/ 40 0 of+7) V(e* —1%)
if r < ¢, by (4.21); and hence
o— A 1.33
= Ty =y (.33)

Taking into account both faces of the disc, we have

therefore

Q= 2[ c.21rrdr=Ar rdr

0 SV =y = A (439
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Hence A = Q/c, and by (4.33), (4.32),
Q

7 Tovier— )
© 31
v j o Iy (ar) SO gy, . (4.36)
cl, o

the constant potential over the disc being #Q/2c.
This gives V for positive values of z. TFor negative
values of z we need only note that V is an even function of z.

§ 60. Further, by (4.23) it follows that

Q, _,¢
V = ; tan~1! X, . . . (4.37)

where
2X2 = 72 - 22 — 2 4 A/{(r® + 2% — c?)? 4 4c%?}  (4.38)
Formule (4.33), (4.37) can be found by other methods
(cf. Jeans : *“ Electricity and Magnetism,” § 288).

Ex. Verify from (4.37) that V == NS when 4/ (r* 4- 22)

is large comparced with c.

Iixamrres VII
1. Show that

o
j Jy(x)de = 1.
0

2. Show that Jy’(z) -~ 0 when « - «©, and by integrating the
oquation

’ 1 ’
To"(@) + T(@) + To@) = 0
and using (4.7), show that

Iw M(lx =1
o X ’

3. If u, v, w denoto the integrals

© g o(x)dx © J,/(x)dz © zJ " (x)dx

o V(@ +at) Jo V(e + 22 1, Vet + 2
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respectively, show that

u+v+w=0,

% +av +1=0,

a@ —w = 0.
da

Deduce that, if a > 0,
@ aly(x)de .
o Vit
4. Show that

(%2 . a

(i) jo L ms((—: cos 0) rdrdl = Znac.L((—:).

A A 11 r ay )
r — - e (l = n2 — oy

(ii) L jo log p .cos(c cos 0) rdrdl == 27c {l I"(c)}'

2
(iii) j.: _‘.on(aﬁ — %) cos(% cos 0) rdrdl = 471'(1"“’02']'2(%).

. e olm r ro _
(iv) jo jo 10(5) cos (5 cos 0) .rdrdf =
2mrabe a ,/a a L(a\ )
62‘-'————_’_ C2{CJ0 (6>ro (5) -_ bIo(B>Jo (;)1,
[As to the form of tho result in (iii), see Kxs. XTI, 2, (i).]

b. If r, p, z donoto the distances of a point from the origin, the
z-axis, and tho ay-plane respectively, show that if z > 0

. © J,(x)dx 1 —e¢e
’ 5., V(a? 4~ x?) a

00 1
j e~J o(pt)dt = -.
0 r

Also, if R, R’ donote the distances of the point from (0, 0, ¢),

(0, 0, — ¢) rospectiveoly, show that if z > ¢

R — R ©(z¢t 4 1) sinh ¢t — ct cosh ct

= fo ( t, . e=5tJ (pt)dt.
6. Show that

1 ¢2r 1 p2m
= — —z8in 0 = L sin ¢
Lo(@) 2175,, ¢ dé 2#3.0 eseind dg.

§ 61. The Gamma-Function.
In the next two chapters we shall need tho elementary properties

of the Gamma-function I'(n), which may be defined in the first place
when 7 is real and positive by the integral

I’(n)=jfe"w""dx, (n>0); . . (4.39)
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the condition n > 0 being necessary for the convergence of the
integral at the lower limit.
In particular, when n = 1 we have

[ee]

ra) = 5 e-rde =1. . . . (4.40)
[

Again, integrating by parts, we have

e o] [ee]
I'(n) = [—— e-‘x”—‘] , 4 (n — 1) L e~y —*dx,
and therefore, if n > — 1,
I'n) = (n — 1)I'n — 1), . . . (441)
and hence, when n is replaced by n + 1,
I'n + 1) = nl(n). . . . (4.42)
It follows by repcated application of this formula that, if »n is
a positive integer,
'm+4+1)=nn—1)(n—2)...3.2.17I(1),

that is, by (4.40),
I'n+1)=mn! . . . (4.43)

If we substitute «2 for x in (4.39) we have also
rn) = 2j°° o2t gin-1dg, . L (444)
§ 62. The intogral °

n

jz cos™ @ sin® 0d6
0

can be expressed in terms of Gamma-functions.
We consider tho doubloe integral

 p0O
u = f I e-*-vipim-lyn-1dy dy
4 0
in two ways. Firstly we have, by (4.44),
o] e}
U = j. e-“wz"'—ldxj e~yn-1dy = JI'(m)I(n).
o

0
Secondly, by transforming to polar co-ordinates,

4
u == jz jw e-r*(r cos 0)2m-1(r sin 0)-1rdrd0
0 0

E2

i

0 >
s e-r*yimian-idy r’ cos2m-10 gin?*-10 df
0 0

n
1T + n) j: cost™-19 sin®-19 d8,
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by (4.44). Equating the two values of u thus found, we have,
ifm>0,n>0,

[SI]

T(m)I(n) . (4.45)

m—1 g gin2n—1 U WAl Aal 1AL AN
)‘ cos? 6 sin%*=1 0d 0 STm + n)

0

It follows that, if m > — 1, n > — 1,

r(*3) (")
" cos™ Osin® 0d0 — - . (4.46)
So or <m +n-4 2
2
Tn particular, putting m = 0, n = 0, we havo
n
w2 (TN _ (TGN
2= j., 0 =5rn~ 2 °
and hence r3) = = . . . . (4.47)
Further, from (4.41), wo have
r@)=34ri)=4ivm
5 1.3
rEg)=ir@) =z vm
- 1.3.5
I3 = §1@) = ——v'm
and so on.
§ 63. Again, from (4.42), we have
In) = F—»——("J Do L (aa8)

from which it follows that I'(n) - + © when n - + 0.

For our present purpose we may now suppose that (4.48) defines
I'(n) firstly for values of n between — 1 and 0, then for values be-
tween — 2 and — 1, then for values between — 3 and — 2, and
so on; the Gamma-function will then have been defined for all
real values of n; for example, by (4.48) and (4.47), we shall have

r-p=Ho 2y,
—y 2
r-p="CH B

and so on.
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The graph of I'(n) for real values of n is indicated in Fig. 15.
Note that I'(n) -~ + « as n approaches a negative integer or zero.

§ 64. The Beta-function.

The Beta-function, B(m, n), may be defined, in the first place
for positive values of m and n, by the integral

B(m,n)=52m"‘-1(l—x)"-1dx. L. (4.49)

]

-a| -3| -2 -1 of 1 2| 8 4

‘ -1

-2

-3

1-4

-6

-8

Fic. 15.

The conditions m > 0,n > 0 are necessary to ensure convergonce
of the integral at the lower and upper limits respectively.

The Beta-function can be expressed in terms of the Gamma-
function. For, if we put x = cos? 6, we find

B(m, n) = 255 costm-1 ggint-r 9 df, . . (4.560)
0
and hence, by (4.45), FomyT)
A = ) .. (461
B(m, n) = Fm ¥n) ( )
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ExamprLEs VIII
1. Show that

I'(n)

ar ’

(i) [ e-eean-rde — (n> —1,a>0).
[}

7 (i) j':° ey = %

©
= (iii) _f e20r-2y = \/"e“g.
a 2

@ 1 m -1
i me-="dr = - , -1, 0).
(iv) jo ame-"dx - F< " > (m > n > 0)
‘2. Show that, if n > — 1,
: : var (")
.\'z sin® § df = 5 cos® 0d0 = —_—
[ 0 or (n —21— )

3. Show that, if — 1 <n < 1,

T
5 1 /4w /l—n
j'omn 0d0 =3 ( . >r( 5 >

4. By ovaluating the integral

k4

P
." sin® -1 § cos-1 9 d0,
0

in two ways, show that
I(n)I'(n 4 1) = 21-2n /71 (2n).
6. Ivaluato Lipschitz’s integral

[ce]
j e-o2J \(bx)dz,

0
when 0 < b < a, by using tho expansion of Jy(br), and Ex. 1, (i).
6. Provoe that, if ¢ > 0,

© 1 .,
j e~92Jo(by/x)dr == ~e-b*/1a,
° a
7. Show that, if m > 0, n > 0,
© (1 — 1)n-1 @ gm-1
B(?n, 'n) = j‘l W(l’u = So (mdv.
§ 65. Euler's constant in an integral form.

As a preliminary to the next paragraph, we shall now obtain
one form in which Kuler’s constant v (§ 6) can be expressed by
definite integrals. We have
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1 1 1
=lm{l+5;+5+...+=—1
4 an( +3t3+ + 5, — logn)
= lim (s, — log n),
n—>00
_ 1 1 1
where s,,_l+§+§+...+7—z.
Now we can write s, in the form
1
sn=f(1+x+x=+...+xn~l)dx: i
0 ol—'.’lf
Put l——x:i’ le_f, dx:_it;
n n n
then

L (-2
(- 0=00e
e (Y e -
and hence

N (™Y dt _ (n t\"dt
”"“1"&’""fo{‘“<‘“ﬁ> J P00

Proceeding to the limit * when n - o, we obtain

1] — ot W -t
y:jo . (”'jl e .. (4.52)

0 gt
§ 66. The Integral I Tdt.
z

This integral will be required in § 75. We have, if 2 > 0,
@ gt 1p-t w gt
R e
_(l=-(d—-ech, (®e!
e

1] — et 0 gt
. 1()g1: —_ j, 7 dt 4- Il T(lt

= — logz — (j: - j.:)l —t e_‘dt + sjo g;dt,

* See Bromwich : * Infinite Series,”” p. 459 ; Whittaker and Watson :
*“ Modern Analysis,” § 12.2.
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and hence, by (4.52),

52087—‘(” = —logax — y + j:l;tg——ldt
= —logx — y + S:(l-—g—,-i‘éi' - -)dt
- logm—yw— g gy e (453)
In particular, when z is small,
sw%_—‘dt = —loga — 1y . . . (4.54)

x

Examreres IX
1. Show that
y=1+(}+logd) + ( +log3) + (2 +logd +. ..
2. By integrating both terms in (4.52) by parts, show that

y o= — 5006“ log ¢ dt.
0
3. Show that
Ir'(l)y = — ».
4. Show that
0 -2V 2 3
jl ev dv = wlogw——y—l—m—g?c—m—l« :S—i%_!_'
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ASYMPTOTIC EXPANSIONS

§ 67. Hankel’s definite integral for J,(x).
Returning to the integral (4.3), viz.

T

102 . 0
To(a) = ;j_gemm o,
and making the substitution
. dt
= Sin 0, di = —f\/_(’j_——l—'a),

we obtain

1 (;amt
3@ = i

(5.1)

The real part of the integrand is an even function of ¢,

2t cosxt
e = o

the imaginary part is an odd function ; hence we have also

(5.2)

§ 68. We can at once verify that the integral on the

then

entiating under the sign of integration.
1 ezzt
v
d%/

b o(B )+

a2

= I_l{z\/ (1 — t*)ei=t 4 i

71

,ttel ot

(1

right of (5.1) is a solution of Bessel’s equation, by differ-
For, put

tz)}dt
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1 d y 2\t 2t
- j_la{— i/(1 — t)ei=t)dt
. o
=[—ivi - eei=| =0,

-1
as was to be verified.

§ 69. Hankel’s contour integral.
Now consider the integral

b ewl
"’:j va—m

as a contour integral in the plane of the complex variable
¢, assuming for simplicity that x is positive. Then we find,
as above,

(5.3)

d%y . L
d.1,4+ d + xy == [~ (1 — t2)e””‘J
and hence, if we put a = ;[: 1, b = in, and let p - + o0,

dzy
Tz + +

a

More genemlly,‘ it is easy to see that we should still get
this result if we put @ = 4 1, b = R(cos B + 4 sin B), and
let R — o, provided sin B is positive, that is, provxded
0< B< 7

It follows that y is a solution of Bessel’s equation if the
integration is carried out along any path joining either of
the points ¢ = 1, £ = — 1, to an infinitely distant point in
the upper half of the ¢-plane. Thus, the path might be
any straight line drawn from either of the points ¢ =1,
t= —1, to infinity in the upper half of the ¢-plane.
(Actually, in the limit, this line may coincide with the real
axis from 1 to 4 oo, or from — 1 to — oo, but this cannot
be inferred by differentiation under the sign of integration,
because the integrals obtained in this way are not then
convergent.)
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§ 70. Again, the function

efxl
V(1 — )
is a regular function of ¢ at all points in the ¢-plane, except
the branch points ¢ =1, ¢ = — 1, of the denominator.

Consequently, by Cauchy’s theory of contour integration,
the value of the integral

AR
V(1 — )
taken round any simple closed contour which does not enclose
either of those points, is zero.

e, . . . (5.4)

§ 71. It is sometimes convenient to choose a contour
part of which consists of an arc of a circle of infinite radius
with its centre at the origin. The value of the integral
(5.4), taken along any such arc in the upper half of the
t-plane, vanishes when « is positive, by a well-known theorem
in contour integration.*

§ 72. When the integral (5.4) is to be evaluated along
any contour, it is necessary to pay attention to the con-
tinuity of 4/(1 — ¢?), the denominator of the integrand.
We shall assume that z is positive, and confine ourselves
to contours in the upper half of the ¢-plane; accordingly,
for the sake of following the way in which 4/(1 — %) varies,
we indicate in Figs. 16-1, 16:-2 the correspondence between
the upper half of the ¢-plane and a plane on which 4/(1 — 1?)
is represented, the branch points ¢ =1, ¢t = — 1, in the
first of these planes being marked by indentations. The
value of 4/(1 — %) at ¢ = 0 is taken to be 4 1.

§ 73. Use of the contour HBDFH. Hankel functions.
First take the integral (5.4) round the closed contour
HBDFH. The part of the integral corresponding to each

* Whittaker and Watson, § 6.222.,
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of the infinitesimal circular quadrants at H and B vanishes,
and so does that corresponding to the infinitely distant
arc DF of an infinite circle (§ 71). Consequently, since
the value of the integral taken round this closed contour is
zero (§ 70),

(L + Eﬂ'w n I:LJ\—/UEi—‘—f‘)dt —0. . (55)

Now, by (5.1), we have
en:t

1
wdo() 5.6
@) = | (5.6)
+I'2o
R
F E D F
| ; e
! : H
! ! ! 1 +00
! i (o] é-‘—'——_—’------ -
{ ! . A E
| ! A
I
| i \ D
! | ! A
iG Hi_ . 1A, |B ¢ Lo
co - 0 1 +o00 -jcO
Fra. 16-1. ¢-plano. Fia. 16-2.

4/(1 — t¥)-plane,

and, in accordance with an accepted notation, we put

~THO@) = jim 713—_‘7) . (5)
—THO@) = J'_:W T i_t il (5.8)

then, from (5.5), we have
2) = HHM@) + HO@). . . (5.9)

§ 74. The functions H,W(z), H,?(x) which are also
solutions of Bessel’s equation (§ 69), are called Hankel
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functions after Hankel, who wrote an outstanding memoir
on Bessel functions.*

We shall next express these functions as integrals in
which the range of integration is real. Along BD put

t=1+4 i, dt=1dn;

then, paying attention to the continuity of 4/(1 — ),
(§ 72), we must write

V(L =) = /(= 2in + 9°) =/2e¥ 4/ (n + fin’),
and hence, by (5.7),

- %Ho(l)(x) = j

from which follows

eizeMidy

V2674 (n + din?)’

e~

VR R

Ho(l)(x) ere'(z tn) j

or further, putting v = a9,
ux 4 @ —U
HW(x) = (%\)*N\/; )j z/u<1 + : ) ‘. (5.11)
In the same kind of way we find from (5.8)
—i(z — }n) poO H,—u N —
H,®(2) = (7%)}9—:—/;1 0 %/70(1 - %} du.  (5.12)
Thus, when z is positive, Hi®(z), H®(x) are a con-
jugate pair of complex numbers,t and Jy(z) is the real part
of either, by (5.9). We shall prove that their imaginary
parts are 1Y (), — ¢Y o(x) respectively.
§ 75. Use of the contour ABDEA.
Take the integral (5.4) round the contour ABDEA.
This gives

(j:JFjin-FJ:w Wf—if_f?)dt=o. . (5.13)

Along AE we put
t = 2'71, dt zdn >
VI =)= (1+7°);

* Math. Annalen, I, 1869.
t H(W(z), H,(3(x) are not conjugate when « is not roeal.
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then, having regard to § 67 and (5.7), we can write (5.13)
in the form

T % sin xt 0 e~ id
T d (1 —
gJo(@) + j V(1 — - H () + Lo\/(l + 7 0
Putting
HO(x) = Jo(x) + 1Y (x), . . (5.14)

and separating the imaginary parts, we find

m e 1 ginxt

=Y(x) = — — I —

e RV (SO L v e
which we may also write, with % — sinh «, ¢t = sin 8, v = e,

gY(w) S e~ sinh u gy —l—j‘ sin (x sin 0)d6

Jo

r T 1 3
U 5)% + r sin (z sin 6)d6.
0

J1

The first integral on the right may be expanded in the

form
® g—iav x 1 /2\2
*—jl p {1—’——2—7)-']—2—!(%) —I—. . .}d'U.

Now, suppose that x is small. Then, by Exs. IX, 4,
the first term of this expansion is approximately equal to
log (32) 4+ y, or log x — (log 2 — ).
The remaining terms are small in comparison ; for
example, since ¢~##* < 1, the numerical value of the second
term is less than

© x x
jl g@d’l), == 5

Again, since sin (z sin 0) < z sin 0, the value of the

second integral in the above expression for }#Y(x) is less

than

r zsin 0dl, = z.
0
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It follows that, when z is small,
Y(z) = —{log x—(log2—vy)...}. . (5.15)

Now, since Jy(z) and HV(x) are solutions of Bessel’s
equation (§ 69), it follows from (5.14) that Y(x) is also a
solution, and hence that

Y(z) = AJo(@) + BY ((x),
where A, B are certain constants. Then, by (5.15) and
(1.16), when z is small,

%{logx— (log2 —vy) .. .}
=A(l—.. .)—|—B§{logx— (log2 —vy) ...}

Equating coefficients of log z, and then the terms in-
dependent of z, we find B = 1, A = 0, and hence
Y(x) = Y,(x)
Consequently, by (5.9) and (5.14), we have now shown
that

H, MO (x) == Jo@) + 1Y,(x), . . (5.16)
H®(x) = Jo(x) — ¥ (x). . . (5.17)
Also
J(,( ) = }{H O(x) + He®(x)}, . . (5.18)
Yo(z) = — Je{H®(x) — H®(x)}. . (5.19)

§ 76. Use of the contour DBCD.

If z is positive, the integral (5.4), taken along the part
of an infinite circle that bounds the positive quadrant,
vanishes (§ 71). Hence, if we evaluate the integral round
the closed contour DBCD, part of which consists of an
infinite circular quadrant, we get

1 w Ci:cl
—_— Eaaed 0
Ut )y =ee =0
that is, by (5.7)

7 HW(x) + ro e g
T L VT B
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Now, along BC (see Fig. 16-2),
VI =18 = —iy/@* — 1),

and therefore

THM@) = — i — St (5.20)
S RV

from which follows, on equating real and imaginary parts,

Jo() = Qrvifl_"’t_dt .. (521

@—1
2(® cosat
= — = ——dt. . (b.22
Yolw) = — [ " o (5.22)
Ex. 1. Obtain Mehler’s integral forms :
[ce)
Jo(x) = —j sin (x cosh u)du,
0
Yo(x) = — gjw cos (¢ cosh u)du.
o

Lx. 2. Struve’s function of zero order, H,(x), may bo defined by

eixt

jo \/(1 — t‘) {T () 4 TH ()}

Show that

m

2

a’ s

BTN .32, 58 (5.23)

x
Ho(x) = 1

Also, by taking the intogml

et

V(I =1 t’)
round the contour ABDEA show that

e"’l
j T = Hel@) = Yi(@).

§ 77. Asymptolic power-series and asymptotic expansions.

We shall digress to explain the meaning of an asymptotic
power-series and an asymptotic expansion.

Definition 1.—An expansion of a function f(z) in the form

f@)=a,+ 2+ 4% . (5.24)
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- will be called an asymptotic power-series for f(x), if it has the
property that, for every fixed value of =,
a , a

f@=a+ 2Byl el )
where €,(x) — 0 when z - co.

It follows from the definition that :—

I. A convergent power-series of the form (5.24) is a
particular case of an asymptotic power-series.

II. The sum 8,(x) of the first n terms of an asymptotic
power-series for f(x) is an approximation to f(z), in the sense
that the difference f(x) — S,(x) is as small as we pleasc
compared with 1/z#-! when z is large enough.

Proof. Put
R(x) = f(x) — Sa(x) =

Ay + €a(T)
BT
then
Rn(x) — aﬂ + E'l(x)
1/xn-1 x ’
which is as small as we please when x is large enough, since e,(x)— 0

by the definition.

COR. The difference f(z) — Sa(x) is as small as we please com-
pared with the last non-zero term in S,(x), when is large enough.

III. The sum of the asymptotic power-series of two
functions f(z), g(x) is the asymptotic power-series of their
sum f(z) + g(z).

IV. A given function f(x) cannot have two different
asymptotic power-series for the same range of values of .

To prove this, suppose two differont sories possible, and consider
their difference.

V. On the other hand, two different functions can have
the same asymptotic power-series.

For example, it follows from the definition, and by remembering

that lim (z"e-=) = 0, that the asymptotic power-series for e-* is
zr—> 00

0+0+0+..., (x>0). Consequently, f(z) + e-* has the same
asymptotic power-series as f(x), for x > 0.
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VI. A function may have no asymptotic power-series.
Such a function is e*, (x > 0), since e* - + ® when x — + .

VII. The product of the asymptotic power-series of two
functions f(x), g(x) is the asymptotic power-series of their
product f(x)g(x)

In particular, since the asymptotic power-serics of e-* is
04+0+4+0+4 ..., itfollows that, if f(x) has an asymptotic power-
sories, then the asymptotic power-series of the product e-. f(x) is
04+04+0+ ..., (x>0)

VIII. Let f(x) be a function whose derivatives of all orders
exist at = 0. Then Maclaurin’s series ‘

J@) = J(0) + 2f"(0) + S f(0) + oy f7(0) +

whether it converges or not, has the property that, for
every fixed value of n,

r) =— e ’ e e e f(n-1)
J@) = JO) + af (0) .+ - g O
x”
+ ZLI00) + 74020}
where 7,(x) > 0 when x — 0.

By writing 1/z for it follows that, if f((0) exists for
all values for n, the function f(1/x) is represented asymptoti-
cally by the power-series

N fO) L f70) | f70) .
1) =r0 + =2 0 s . (520)
for large values of .
§ 78. Definition 2.—If the asymptotic power-series of the
quotient f(z)/g(x) is given by
i(x_)
R
we shall say that

a
f@) =g@)(a+ 2+ 2 +4 4

is an asymplotic expansion of f(x).

a

TETET
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We shall also say that the sum of the asymptotic expan-
sions of two functions is an asymptotic expansion of their
sum.

§ 79. Asymptotic expansions of the Hankel functions.
Now write (5.11) in the form

H () = (1%)*6—(\—;:—) f(i) .. (527)
where
[ee] e—u

fla) = L S (1+ “;x)_*du.

Differentiating » times under the integral sign and
putting z = 0, we find

135 2n — 1 4n(>
(m(0) = (— Y eu gt du
J(0) = (=) 599" v 3, et ur-tdu,

and hence, by §§ 61, 62,

1.3.5...@En—1) v
f(n)(o) = (—)" T ( ) T (A ] )
= (1203250 . L. (2n — 12-12#'

Thus, f®(0) exists for all values of n, and it follows, by
(5.26), that f(1/x) is represented for large values of x by the
nsymptotnc power-series

.3t gz 12,32 g g8
‘/"{1'“ 5t 5T (8o 31 (8ap }

Substituting this series for f(1/x) in (5.27), we obtain
2\t T 12,32 42
(1) = ( =) il —1m _ L
Hoow) = () e {1 — o+

8x 217 (8x)?
12.32.5% 43
T3l (8x)? } ’
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and, replacing ¢ by — ¢, we have also

H,® () = (?_)*e—i(z—in){1 + = _|_ .30 o
0 x 8z 2 21 (8x)?
32 52 1«3
et )
Thesc are asymptotic expansions of the Hankel functions
in accordance with the definition of § 78. They have been
derived on the assumption that x is positive (§ 69), but it
can be proved * that they remain true when x is replaced by
z, =|z|e? provided that — 7 < 6 < 27 in the case of
H,"(z), and that — 27 < 6 < 7 in the case of H(*)(z).
Note that the series in brackets do not converge for any
value of . =«

§ 80. Asymplolic expansions of J(x) and Y o(x).
If we now put
12.32 1 12.32.5%2.7% 1

P=1-=7 (8x)? & 41 (8z)t (5.28)
12 32 !"2 1 x
Q:S—x-———3—!———<8x)3+..., (5.29)

we can write the asymptotic expansions of the Hankel
functions in the form

Ho(l)(w) — (%)iei(x——}n)(]? . ZQ), . . (5-30)

¢ O
Hy(2) = <;§> e~ @D +4Q), . (5.31)
and hence, by (5.16),

Jo(x) = (;23—6)‘{1’ cos ( - —) + Qsm(x — 74)}’ (5.32)
Yo(x) = ( ) {P sin <z - Z) — Q cos (x — Z—;)} (5.33)

which are the asymptotic expansions of the standard Bessel
functions of zero order, in accordance with the second
definition in § 78.

* Watson, p 198.
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The following deductions may be made -

5

L Jo(x) == <;5>*{cos<x — —) + p(x } . (5.34)
Y, (z) — <ﬂ_2—x>*{sin<x -+ q(x)}, . (5.35)
I, (@) = — (:——xY{sin(x -3+ r(x)} . (5.36)

where p(z), q(x), r(z) all - 0, when z — -[— 00.*

II. The positive roots of the equation Jy(x) =0 are
given approximately by

=(8— 4} . . . (5.37)
This approximation is fairly good even for "= 1, 2, 3, . . .

§ 81. Asymptotic expansion of I(x) and K ().

The asymptotic expansions of the modified Bessel
functions of zero order, Iy (x), Ky(x), may be deduced from
the formulae

Iy(x) = Jo(ix) = ${H M (iz) + Hy®@(ix)}, . (5.38)
Ko(z) = %’H(,(l)(ix), .. (5.39)

the second of which will be proved below (§ 82).
Assuming that the asymptotic expansions of HV(x),
Hy®(z) hold good when z is replaced by iz (§ 79), we have

. ./ 23\} 1 12,32 1
Ho(l)('&x) = — 1’(7?:1—:) C_x{]. —_— *8’; + TKW— . .} (5.40)

Ho(z)(ix):;(fz) { + ot 2,32 T } . (5.41)

From (5.40) and § 77, VII, it follows that, if x > 0, the
asymptotic power-series of 4/2H M(iz)is 0 -0 4+ 04 . . .
and hence further that

e A/ eHW@x) =0+4+04+04...; . (542)

* As regards J, (), an asymptotic power-series deduced from a

Maclaurin series, as in § 78, VIII, can always be differentiated.
6*
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also, from (5.41), e=*¢/2H (?(ix) has the asymptotic power-
series,

e /2 H P (iz) = (){ +8x+ 2'32(8;)2-;- } (5.43)

Remembering § 77, III, we have by addition and (5.38)
the asymptotic power-series

2¢*w\/xlo(x):< >{ n 8x+ !32(82)2 + .. }

and hence the asymptotic expansion

e f 12 32 1 1 3
@) = Zama ! F8x+ ST Ty (4
Again, from (5.39) and (5.40), the asymptotic expansion

of Ky(x) is given by

axt [0 1123 ] o
Ko(x) = ('2"{;}) (9 {1 —_ -8;-_’,‘ ——z*r—' (8,’1/‘)2 — . . .}. (l).40)

Note.—From the integral (5.20) we conclude that H,V(ix) is a
pure imaginary, and with this conclusion (5.40) is consistent. But
(5.41) appears to imply that Hy®(dx) is real, and that this is not
truo follows from (5.38). Actually, from (5.41) wo can only deduce
that, in the asymptotic power-sories (5.43) of e-=4/xHy» (ix), when
x > 0, the imaginary part is of the form 04 04 0 4 .. ., and
this is confirmed by (5.42), since the imaginary part of Hy®(ix) is
— HM(ix), as we see from (5.38).

§ 82. It remains to prove (5.39).

Proof. Since H,M(x) is a solution of Bessel’s equation,
it follows that Hy®(ix) is a solution of the modified equation
(3.1), and hence, by (3.6), that

1‘T;Ho“’(i?ﬂ)=AIo(w)+BKo(w), .. (5.46)

where A, B are certain constants.
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Now, from (5.20) we have

. 0 —at
%.ZHO(I)(:;:Q;) = L W%:l—)dt (5.47)
— jooe——zcoshu du
0

_[Ceitbe
1 v
and it follows, as in § 75, that when x is small
%Ho(‘)(ix) = —logz+ (log2—y) ...

Substituting in (5.46), and using (3.5), we have, when
x is small,
—logax+ (log2 —y) ..
=A(l+...)+B{—logz+ (log2—y) ...}
Equating coefficients of log , and then the terms inde-

pendent of x, we find B = 1, A = 0. Consequently, putting
these values in (5.46), we have

Ko@) = ZZZ’How(ix), .. (548)
as was to be proved.

Ex. 1. Obtain the asymptotic expansion of Kgy(z) directly
from the integral (5.47), which, with (5.39), gives

o0 e—xt
Ko(x) = \/(t“ — l)
. . u
[Begm by putting ¢ = 1 + 3:]

Ex. 2. Calculate J,(x) from (5.32) when x = 10, and compare
the result with that tabulated at the end of the book.

Ex. 3. From (5.44) obtain the asymptotic expansions of ber x
and bei z (see § 51) :—

ber x = -‘%—){P cos (—\% 8) + Qsin (\/2 g)},

er/v2 T o

beix=m Ps;m(\/2 {5’) Qcoq(v2—-§)},
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where

1 32 2
P=l+— }-2'(8:0)’ OS——+...

3t . 2n
Q::— -1-2,(8:‘!:)2 n — +...

Ex. 4. Show that the asymptotic expansion of Struve’s function
Ho(x) can be written

2 2 2 2
M) = Yao) + o1 - A+ B 28 ),
[See § 76, IEx. 2.]

Ex. 5. Show that (see e.g. Hardy:
edn., § 167)

¢ Pure Mathematics,” Tth

(1 + )t =8, + R,

I
where - 5.8
S,=1—3h i__Jé 2 — i ] -ha + . .. to n terms,
— n'.".;'{j"‘ &) — n—1 —n,
R, = (—) O S (1 — 8)"=3(1 + ht)-k-ndt.

If the roal part of I is positive or zero, show further that
b

1 3 B
IR, < dedee B p .

nl

Deduce that, in the asymptotic power-series for f(1/x) in § 79, tho
modulus of the difference between f(1/x) and tho sum of the first

n terms of the series is less than the modulus of the (n - 1)th term
for every positive value of x.



CHAPTER VI
BESSEL FUNCTIONS OF ANY REAL ORDER

§ 83. Bessel functions of any order.
We can define J,(x), when » is any integer, to be the
coefficient of ¢* in the expansion of the function
z( 1
1 Gt ) TR 1)

in ascending and descending powers of {. Now,

e%t:l’}‘ N(ﬁtt)_l_l xt>+”'

S A

Consequently, picking out the coefficient of {* in the product
of these two series, we find by the above definition, if » is
a positive integer, that

x2
Tn(@) = 2/’71'(1 T 9. on F 2

z! ), (6.2
+Z4Zn+2 o0n 44 P 2)
and that
_ e z*
Jon(®) = S5 (1 T 2020+ 2
!

ts i omrz.onrd ) (6.3)

The first of these agrees with the original definition of
J,(x) in § 2 ; the second can be written

T_a(@) = (=3 (). .. (6.4)
87
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The graphs of Jy(x), Ji(x) have been given in Fig. 1.
Those of Jy(x), J4(x), J¢(x) are shown in Fig. 17.

§ 84. If n is not an integer, J,(x) can be defined by the
series

xn x?
Inl@) = PTm + 1)(1 T2 %t 2

xt ) 65
o i e amya ) @9

where I' denotes the Gamma-function (§ 61).

6 o
N Ja
4 N e
/T 1 N1 /
1 )\ N T N X
0 1 2 [3 Ja s\ [8 [T \& 9 10
\
N N
Fra. 17.
In particular, by putting » =}, n = — } in turn, we
find
27\ .
Ji(x) = (;d sinz, . . . (6.6)
2\
J_;(x)z(;%) cos x. . . . (6.7)

§ 85. The modified Bessel function I,(x) is defined by
the series
i x2
o) = e o+ 3T
x4
2.4.20+2.2n + 4

[ef. (3.3)]. We note that
I,(2) = i~ (ix). . . . (6.9)

+ 4., ) (6.8)
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In particular, we find

I;(x)—_—-(w—iy sinhz, . . (6.10)

I y(x) = (11_23:)* cosha. . . (6.11)

§ 86. Bessel’s integral for J,(x).
In accordance with the definition in § 83,

50— +J——“t22(x)+J————“‘(x)

el
t

+ Jo(@) + Ju(@)t + Jy(@)* 4. .. (6.12)
which, by (6.4), may be written

207 = AR 2y 1
e\t = Jy@) + 1@ (1 — 5) + T@)(e - )
1
+ J3(x)<t — 25) ... (6.13)
~. Making the substitution ¢t = €¥, we get
ein0 — J () + 2J,(x) sin 0 + 2J,(x) cos 20 + ... (6.14)
and hence, by equating real and imaginary parts,
cos (z sin 0) = Jy(x) + 2J,(x) cos 26
+ 2J,(x) cos 40 4 . . . (6.15)
sin (x sin 0) = 2J,(x) sin 0 + 2J4(x) sin 36 + . . . (6.16)
These are Fourier expansions, and from them it follows,

by the ordinary rule for finding the coefficients in a Fourier
series, that, if » is even,

Ja(x) = %j.: cos (x sin 8) cos nd d0, . (6.17)

— % "sin (@sin 0) sin n0d0; . (6.18)
0
while, if n is odd,

t

cos (x sin 0) cos nf do, . (6.19)

:ll'-- =!lr—‘
3 o

j. sin (z sin 0) sin n0 d0. . (6.20)

0
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By adding we find, if n is any positive integer,
Julx) = }J: cos (nf — « sin 6)d4, . (6.21)
which is known as Bessel’s integral for J,(x).

ExamrrLEs X

1. By considering the expansion of tho product
Jeh D

in ascending and descending powers of ¢, in two ways, obtain the
Addition formula for Jo(z), viz.

(i) Jo(x + y) = Jo(@)To(y) — 2J4(x)1(y) + 2J5(x)o(y) — - . .

By putting y = — @, y = z in turn, show that

(i) 1 = J(x) 4+ 2T 2(x) + 2J.2(x) -+ . . . .

(i) Jo(2x) = J2(x) — 2T 2(x) + 2T,%(x) — . . .

Show also that

(iv) J4(2z) = 2J o(x)dy(x) — 20 \(x)J 5(2) + 20 p(x) o(x) —

[Compare the trigonometric formule 1 = cos?z - sin? a,
cos 2r == cos? x — sin? @, sin 2 = 2 sin « cos 2.]

2. Show that

To(w + i) = To@)To(y) — 2T,(@)T4(y) + 2Ta@)aly) — - . .
— 2T (@),(y) — 2T@)T(y) + - .« )

3. Show that

(o]
eiz 080 —— J(x) -+ 2ZinJ"(x) cos no.

n=1
By considering the intogral
2n
j etr cos 0 g—iy cos (0—a)] g
[
in two ways, obtain the generalised Addition formula for J o(x), viz. :—

00
Jo{ V(@ + y* — 2y cos w)} = To(@)o(y) + 22 Tu(@)Tu(y) cos na.

ne=1
4. Show that, if » is an integer,

2]
Jalx + y) = z oW -5 (y)-

p=—c0
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5. By expanding cos nd, sin nf on the right-hand side of (6.14) in
ascending powers of sin 6, and then arranging both sides in ascending
powers of sin 6, and equating coefficionts, show that

1= Jya) + 2T4(2) + 20,(2) + 20,(2) + . . .
z = 2{Jy(z) + 3T 3(x) + 8Jy(x) + Tdo(=) + . . .}
@ = 8{Jy(x) + 4Jy(x) + Wylw) + 16Jg(z) + . . .}

......

6. Obtain the expansions in the last example also by difforonti-
ating (6.14) with respect to 0 repeatedly and putting 6 = 0.

7. By expanding J,(bz) and integrating term by term, show that,
ifn>—1,a>0,
b3
© b Tia
—ax? n+1 A
So e~922J, (bx)xntide (2a)"+‘e
8. Show from Ex. 1, (ii), that, if z is real and n a positive integer
[ do@)| <1, |Julx)| <1/v2.
9. Provo from the series for J,(z) that, if n > 0, and r —= |z |,

re 3r2
2@ < mr 1)

Deoduce that J,(2) - 0 when n - + w, for all values of z.
10. If z = = 4+ iy, (y > 0), and if 0 < ¢ < 1, prove that

|coszt| < ev.

Hence, using Hankel’s integral (§ 93) for J,(z), prove that
rnev

|J,|(Z) I < Q"-f(—n—:l—_—l)’

where r = | z|.

§ 87. Bessel’s differential equation of order n.
If we write
xn+2 wn+4

—2.2n+2+2.4.2n+2.2n+4“
we find at once, on differentiating term by term, that
d/dyy o, (0 A 2)%m?

oga%a) = ™ T 12
Toa

y = an

(6.22)

(n+4)2xn+4 _
oM+ 2.2n 44
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Also

.nzxn+2 n2xn+4
Tmr2 o 4. m 2. mrd

nZy — 2yt —

By subtraction,
/%y by gmrr g T
L (x ) — nty = — " 4

dx 2.9 -} 2
= — xzy,
and hence d <x——> + (@2 —n¥)y =0, . . (6.23)
Tdx ’
or dZ’J / - x + (€ — n2)y = 0, . (6-24)

which is known as Bessel’s equation of order n.
Since y = 2"F(n 4+ 1)J.(x), it follows that

in other words, y = J,() is one solution of Bessel’s equation
of order n. The general solution of this equation will be
referred to later.

§ 88. Bessel’s equation may also be written

ddy  ldy .
dx_+xdx+<1-—>J 0. . . (6.26)
Replacing z by kz, we find that y = J,(kx) is one solution
of the equation
dzy 1dy
d:z:2 z dx + < ) .. . (62D

§ 89. Recurrence formule.

If we write down the series for J,_,(x) and J,,,(z),
add and subtract them, and compare the sum with the
series for J,(x), and the difference with the series for the
derivative J,'(x), we find the following two formuls,
which, together with other forms in which they can be
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expressed, are known as the recurrence formule of the Bessel
functions :—

2n

;J,,(x) = J,1@) + Jpnl@), . . (6.28)

2J, (@) = J4(@) — Jpulx) . . (6.29)
By adding and subtracting and dividing by 2, we obtain
the two formulse

Jn_l(x)z-;iJ,,(x)+Jn'(x), .. (6.30)

n

Jon(®) = =J,@) = J,/@), . . (631)

which express J,_;(x), () in terms of J,(x), J,/'(x).
The last two formulee can also be written

‘%{x"Jn(x)} =", (%), . . (6.32)
4 [(Ja@)) _ _ Jua(®@) ¢
S = o e
In particular,
i%;{le(x)} == aJy(x), . . (6.34)
d
(l_xJ”(x) = —J,(x), . . (6.35)

results which have already been noticed in § 3.
Inversely, we have

J-x"J,,_l(x)dx = g"J ,(x), . . (6.36)
jJ——"+;(x)dx — D@ gy

x x

and hence also, if « is a constant (3= 0),
jan,,_l(ax)dx - “i_‘%(‘fﬁ) .. (6.38)

ax®

jt%#gdxz_iﬂﬂ) .. (6.39)
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§ 90. By differentiating (6.31) repeatedly, and after each
differentiation substituting for J,”(x) from the differential
equation (6.25), it follows that J,,,(x) and all its derivatives
can be expressed in the form

PJ.(x) + QJ. (),
where P, Q are polynomials in 1/z.
Moreover, J,_,(x) and all its derivatives can be expressed

in this form also, as we see by treating formula (6.30) in
the same way.

CoroLLARY 1. J,(x) and all its derivatives can be ex-
pressed in the form

PJ,y(x) + QJ,'(2),
where P, Q are polynomials in 1/z, and n — p is any integer,
positive or negative, or zero.
CororrLArY 2. If n is an integer, J,(z) and all its de-
rivatives can be expressed in the form

PJo(@) + Q¢ (@),

where P, Q are polynomials in 1/z.
Examrres XI
1. Show that
M ’” l ’
(i) Jo"(@) = — Jo(@) — ~JTo'(x),
3o 1 2 y
(i) 7o) = 2 Tu@) + (= 1)T4@).
2. Show that
. 2
(i) Jo@) = ZJa(2) — Jo(@),

(i) Ty) = (5 — 1)3u) — Tufo),

(=
i) 70 = (8- Haw - (5 - 1) 7.
3. Show that
@) 3y(@) = 200) + (5 — 1) 3@,

(i) 3w = (33 = 1)) + (5 — 7)o @)

x
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4. Show that

(i) o) = Jo(x) + 2J," (),
(i) Jy(x) = 3J,(2) + 4J,"(2),

(i) Tupate) = {20+ 1 = 2=

5. Show that )
Ja(x) = <3) }(sm 2 _ cos ;v),
2 mr x

J_g(x) = (-2—)&(—— sin £ — c_(_‘gﬁ)’

T

1)}.7,,(.1:) + 2(n - 1), ().

and express J;(x), J- ; (%) similarly.

6. Show that

@ x"“ T awdv o am
Deduce that

J...,(x) —(— ),<1 d) Ta()

xdx) ar’
(i) —;‘,i’—(—>( 3 ) ase,

. } 1 dN\7/sina
(iv) Tp.3(@) = (=) ( 2o (G (.L ).
7. Show that
(i) 2J,/(x) = Jp_1(®) — Jppal),
(i) 40, (@) = Tn_o(@) — 2J0(2) + Jupo(®),
(lll) 8"1:”/('73) == J,,_:,(.’L‘) - 3Jn—-1(‘(") + 3'Tn+1(‘n) - Ju+z(x)’
8. Show that
(1) ady(x) = 2{Jy(x) — 3Js(=) + 5Jg(x) — . . .}
(i) fTo(@)dz = 2{Jy(x) + Ja(x) + Jol@) + . . .},
(iii) faJo}(x)de = 2{J,}(x) + 3J,%(x) -+ 5Jg3(x) 4+ . . .}
Obtain corresponding results when J o(x) is replaced by J4(z) on
the Jeft-hand sides.
9. Show that

To(@)d1(@) — Tu(@)Taa(@) = 2 T ()T, (2)-
r=1

Deduce that
j°°J,,(t)J,,“(t)da = @) + T2@) + . . .+ @),

0?2500 — 330) + I2) + -+ P + B
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10. Show that
j 2T (x)dx = (2n — l)jx"-lJ,,_l(x)dx — 2n, ().
Deduce that, if n is a positive integer,
Sx"J «(x)dx depends upon SJ ol@)dx.

Evaluate
(2n — 1)!

o
jot"‘]-ﬂ(t)(lt _— m'

j Jo(t)dt.
s
11. Show that if n > 0
0
j'°°Jm(m)dx — j I, y(x)de.
0 0
Deduce that, if n is a positive integer,
a0
j T (e = 1
(]

[for n —= 0, see (4.7)]; and also that

fw Tu(x), 1
[

x
Hence, if b > 0, show that

© N ©J,(bx), 1
jo Ja(bx)de = B So ~7-~(l.v =

12. Show that
2n
:?[,,(CL‘) = In—l(x) - In+l(x)’

2[’"(‘1}) == In—l(‘b) + I"+1(Q3)-
13. Show that

T.(w) == (%)}(cmh v — sm: :r,)’
4 e

I_y(2) = ( 2 )*(sinh o — osh x)
e x

14. Show that y = I,(kx) is one solution of the equation

dty ldy /., _
N (k + )J 0.

(When k = 1, this equation is called the modified Bessel equation
of order n.)
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1§. If n is an integer, show that J.(x) can be expressed in the form

Ju(x) = Jy(@)dp_y + J ()4, _5

where 4,,_,, 4, _; are polynomials in 1/x; express them as determinants
of order n — 2, n — 3 respectively.

§ 91. Sonine’s integral.
Consider the integral

1
Toy = j (1 — a7, o ] (aw)de, . (6.40)
0

where n > — 1 and « is a constant.
When p = 0, we find at once, using (6.38),

Joo— w6 )

o
Next, suppose that p is a positive integer. Then,
by (6.38), we have
1 .’L'"+1
Tuw = [ (1 =2 T )
and hence, after integrating by parts,
2p
Jn. » T ’j:"Jni-l. p—1

Applying this reduction formula repeatedly, we get

2rp !
Jap = ‘;}{, n-+p. 0
that is, by (6.40) and (6.41),
[la = ooy e = PLE LDy, ). 642)
0

Changing the notation by putting z for «, and ¢ for z,
we can write this result in the form

2 ('3t (1 — et (6.43
Tuersl®) = Gopior Ty |, Tnt) - 041 — 0L (6.43)

It holds good if » > — 1, p > — 1. For, although we
have so far supposed p to be a positive integer, it is easy
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to verify that this restriction is unnecessary, by expanding
Ja(xt) and integrating term by term, using § 64. The
conditions » > — 1, p > — 1, are necessary to ensure
convergence at the lower and upper limits respectively.

Putting m = n 4 p 4 1, we obtain another form of the
last result, viz.

Jt) = 52" )I:Jn(xt).t"“(l——tz)’"—"*‘dt (6.44)

2m-n(m — n
where m >n > — 1.

§ 92. The integral on the left of (6.42) or on the right
of (6.43), (6.44) will be called here Sonine’s integral.* Tt is
one of several integrals with which his name is associated
in the theory of Bessel functions.

Sonine’s integral enables us to express a Bessel function
J n(%) as an integral involving J,(xt), of lower order, provided
that m >n > — 1.

§ 93. Deductions from Sonine’s integral.

Put n =— } in (6.44) ; then, since

2\}
J_y(xt) = <7r—xt> cos xt,

by (6.7), we find, if m > — 1,

€£) = e ! 2\m—} /4
Tu®) = o %)L cos at. (1 — ym=idi, (6.45)
which may be called Hankel’s integral for J,,(x).
Putting ¢ = sin 6, we have, further, if m > — %,

[SF)

x’"l P .
Io() = ST/ Tn F }1)&)“.0 cos (x sin 0) cos®™ 0 df, (6.46)

which is known 1 as Poisson’s integral for J,,(x), or Bessel’s
second integral for J,,(x).

* * Sonine’s First Finite Integral,” Watson, p. 373.
t Watson, p. 24.
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Examries XII

1. Show that, ifn > — 1,

(i) j:ﬁb‘"‘“J,.(ax)(lx — ‘Z"Ji_m’

(ii) Slx"“(l — )T (o)l = ?*&Q(_Q
0
(iii) Sloa',"‘“(l — )2 p(ow)de = J,,o.‘:(a)
2. By writing
@? = {1 — (1 — a*)}?
=1—20,(1 — a®) + ?20y(1 — @) — . ..

show that, if p is a positive integer,
1

25 w2 1J (o )dec
0

25,0) = v (2) Tt + pip = D) ol =

In a similar way, when n > — 1 find tho valuo of the intogral

1
S ant2e L (or)de.
0

‘4 Show that, if n > — 1,
Tapr(x) 200, 2(2)

~ 1
(1) j ant3) (ax)de = - ) o
0
- 1 . . 8
(i) [ wnted (e = LJ;( o) 4 n;_z(“hr ,___%3(“)_
0
s
« 4. Show that
f _aTo@y) g, . snay
f o V(e — «?) Y
\A. Show that
v/(x) 5 Jo(x sin 0) sin 0.d0 == Tif
@
v (i) SEJ,(x sin 0) sin? 040 = Th T — 7P %,

3
(m) j W(x sin 9) sinnt10d0 ~ (%) Jnrgl).

7*
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‘/6. Show that, if n > 0,
Tn(®) = gy F(n S To(at) . ¢(1 — g2)n1ds.
Deduce that there is a number ¢ such that

. x"J o(€)
Ju(z) = ST 4 1) (6.47)
where 0 < ¢ < z.

7. By writing (6.44) in the form
xmn

I () = Fnn Tim = 7)

jlt“"J,,(mt) (1 — g)men-id(ee),
0

and using the mean value theorem for integrals, show that there is a
number ¢ such that

2mM(m + 1) (n-{ 1) N
Tl = I, L (648

whore 0< ¢ <, m>n> — 1.

8. By putting m = §, x = = in (6.48), show that, if — 1 < n < },
the equation J,(x) = 0 has a root between 0 and .

Also, by putting m = — %, & = }m, show thatif — 1 <n < — },
the equation J,(x) = 0 has a root between 0 and }.

9. If p is a positive integer, and n > } + 2p, show that

artl o J (xt)(t2 — 1)»
“2vI(p + 1)), A

Jppo (@) = dt.

Deduce that
0]
f T (wt)t-nrave1dg
1

= 3{3) + 2(3) T 4 20— () T 4. )

v 10. Assuming tho first result in the last example to hold good *
when p > — 1, n > } + 2p, deduce that, if — } <m < },

() = 2m+1 ®©  sin af dt
T Val(y — m)x"‘j (12 — 1)m+§’

* It can bo deduced from Watson, p. 417, (5). The condition p>—1

is necessary for tho convergence of tho integral at tho lower limit ;
n >} + 2p is necessary for convergence at the upper limit, since J,(xt)
C cos (2t — A)

V (k)

behaves like when ¢ is large (see § 95).
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11. Making the same assumption as in the last example, show
that

© xdy(xy)dr  cos ay
a V(@ —a?) y

§ 94. Lommel’s integrals.

Put u = J,(ax), v=J,(Br); then, by (6.27), using
dashes to denote differentiation with respect to x, we can
write the equations satisfied by « and v in the forms

2:
au'’ + ' (oc2 — %)xu — 0, . (6.49)
n2
" ' 2 IV —
xv'’ + v+ (ﬁ x2>xv 0, . (6.50)

from which we find, by the method of § 11, that

(B* — o®)fad ,(ax)J ,(Bx)da
= x{“Jnl(a'x)Jn(Bx) - BJnl(Bx)Jn(ax)} (6.51)

Again, multiplying (6.49) throughout by 2xu’, we have
d
g 4 Dol — m2 [
2au’ = (aw') + 2atx® — nPuu’ = 0,
Ao os o .
or Aatt - (et — n¥ut} = 2atout.

Integrating, we get

atu” + (a2 — n2)u? = u2frude,
and hence

2
IxJﬁ(owc)dx = %{:ﬁJn"(ocx) + <x2 — %)J,ﬁ(ax)}, (6.52)
which may also be written, with the aid of (6.30), (6.31),
2
j 3 2ow)de = BT Mex) — T - s(ax)T i r(02)}. (6.53)

In particular, when we integrate between the limits
0 and 1, we find from (6.51) and (6.53), provided n > — 1
to ensure convergence at the lower limit,
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(B — o) 23 a)3 (B
° = ol /(@T(f) — BT B u(e), (654

[ e ,2aayie = 107,50 — J”_1<a>J,.ﬂ<a>}. (6.55)
0

Examprres XIII

1. If a, B, (B + «2), are two roots of the equation J,(z) = 0,
show that, if n > — 1,

"qu alox) (Bx)de = 0.
0

Show also that the samoe result holds good if «, 8, (8% + «of),
aro two roots of the equation )

:EJ"’(.’L‘) + HJ,,(-X‘) = 0,
wl}ere H is a constant.

2. Show that (6.54) can be written in the form

(B2 — az)j:xJn(am)J"(Bx)(lx = ;(—:i{J,._l(Ot)Jn—n(ﬁ) — Japa(@) s (B)-

“3. Derive (6.52) from (6.51) by differentiating partially with
rospect to B, and then putting g = «.

4. Write down the differential equations satisfied by J.(z),
J,(x), and show that, if m 4+ n > 0,

ont — 1) [ 222Dy g3, 0) () = T ()

5. Show that

@) [t ere = ~{J 2(2) — Jp(@)T @)k

¢ (ii) f wn et J (o), g (0)de = Janer, 3(x).

(i) farmog oy = 2o ‘,{J,. (@) + Toa?(@)).

(iv) j‘yﬁnHJ W@ W pyy(x)da = 4,n T 2{Jn‘1("7)Jn+1(-T) + Ja(0) s o)}
6. If n > — 1, show that

j:mrn*(mdav = ML) + Toe (o) Tuga()).

7. Show that (cf. Exs. XI, 8)
I{J o3 (e) + J X)) = I Xx) + 3T:%(x) + 6T Xx) + . . .
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Show also that
1T 23 (@) — J ey gy ()}
= (0 + D i2(@) + (0 + 3 (@) + (0 + 5)Tp2(@) + . . .
Deduce that
A 2x

™

= J13) + 3Ty@) + 6I3%w) + @) + . . .

sin 2z

m

= J%z(x) — 3J,,‘}”(x) + 5J32(x) — M) + . ..

§ 95. Large values of .
If we make the substitution

U = Y\ . . . (6.506)
(cf. §12) in Bessel’s equation (6.24), we find that the
equation satisfied by » is
d®u n? — } ~
(_i_x_z = — <1 — o )u. . . (607)
Now, when # is large enough, the term (n? — })/a? is as
small as we please compared with 1, and then we have ap-
proximately

d*u

dr T

of which the general solution can be written = C cos (x—A),
and we infer that every solution of Bessel’'s equation of
order n can be written in the form

Y = %{cos (x — A) + r@)}, . . (6.58)

where C, A are constants, and r(x) -0 when x - +- .
We deduce that

I. If x > 0, y 4/ is bounded.

II. If y = f(x) is any solution of Bessel’s equation, the
equation f(x) = 0 has an infinite number of real roots, and
consecutive large roots differ by 7 approximately.

We shall now examine the roots of the particular equa-
tion J,(x) = 0 more closely.
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§ 96. Roots of the equation J,(z) = 0, when n is real.

If « is a root of the equation J,(x) = 0, it is plain from
the series for J,(x) that — o is also a root. It will therefore
suffice to confine our attention to positive roots.

I. If k > 1, the equation J,(kx) = 0 has at least one root
belween a and a + m, when a is sufficiently large.

Proof. Put u = u(x) = 4/(kx)J,(kx); then, replacing
z by kx in (6.57), we find

d*u nt — }
- (k2 — _aTi)u . (6:59)
Also, pub v == sin (x — a); then
d%
S=—v ... (660)

Multiplying the first of these equations by » and the
second by « and subtracting, we get
d/ dv du\ /., n? — 1
s~ ) = (B = 1= .
Now integrate between the limits x =a, v =a + 7.
Then, at the lower limit, v = 0, dv/dx = 1; at the upper
limit v == 0, dv/dx =— 1; hence

— ufa -+ ) — u(a) = J'”n(kz 1 n2

In the integrand on the right, « is continuous throughout
the range of integration if @ > 0; v is positive ; and the rest
of the integrand is positive if @ is large enough. Conse-
quently, by the mean value theorem for integrals, we have,
for sufficiently large values of a,

— u(a + 7) — u(a) = u(§)jz ”<L2 —1— x: i)vdx,

where a < ¢ < a + .

Since the integral on the right is now necessarily positive,
it follows that u(a), u(§), u(a@ + ) cannot all be of the same
sign, and hence that the equation u(x) = 0 has at least

—1
5 )uvdw.
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one root between @ and @ + «. The theorem to be proved
follows at once.

CoroLLARY. The cquation J,(x) = 0 has at least one
root between a and a -+ kw, where k is any number greater
than 1, and a is any sufficiently large number.

IL. The equation J,(x) = 0 has an infinite number of
real roots, all simple.

Proof. From I, Cor., it follows that, 1f k > 1, the cqua-
tion J,(x) = 0 has at lcast one root between every consccu-
tive pair of terms of the sequence

a, a-+km, a4 2kw, a -+ 3km, . ..
provided a is sufficiently large. The equation J,(x) = 0 has
therefore an infinite number of positive real roots.

That all these roots are simple follows from the differen-
tial equation, as in § 14. (Sce also Exs. XIV, 3.)

IIL. If n > — 1, the equation J,(x) = 0 has no purely
tmaginary root.

Proof. This follows from the series for J,(x), by the
same kind of reasoning as in § 15, IT.

IV. If n > — 1, the equation J,(x) = 0 has no complex
rools.

Proof. This follows from Exs. XIII, 1, by the same
kind of reasoning as in § 15, III.

CorOLLARY. Xrom II, ITI, IV it follows that, if n>—1,
the equation J,(x) = 0 has an irifinite number of simple
real roots and no others, except possibly x = 0.

V. If n is any real mumber, the equation J,(x) == 0 has
no root in common with either of the equations J,_,(x) == 0,
I i1(x) = O (except possibly x = 0).

Proof. From the recurrence formule (6.30), (6.31), it
would follow that a common rtoot of J,(z) == 0 and either
of the equations J,_,(x) = 0, J,,,(x) = 0, would be also
a root of J,’(x) = 0, which is impossible, since all the roots
of J,(x) = 0 are simple (except possibly z = 0). (Sce also
Exs. X1V, 3.)
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VI. If n is any real number, the equation J,. ,(x) =0
has at least one root between every pair of positive roots of
Ja(x) = 0.

Proof. Since J,(x)/2* and its derivative are continuous,
it follows from the recurrence formula

i{Jn(x)} — Jn+1(x)

dx\ an xn
by Rolle’s theorem, that the equation J,,,;(x) = 0 has at
least one root between every pair of roots of J,(z) = 0.

VIL. If n is any real number, the equation J,_,(x) = 0
has at least one root between every pair of positive rools of
J,(x) = 0.

Proof. This follows in the same kind of way from the
recurrence formula

g‘;{ann(x)} = xﬂJn——l(x)

and Rolle’s theorem.

VIIL. If n is any real mumber, the positive roots of
Ja(x) = 0, I, +,(x) = 0, interlace.

Proof. From VI, the equation J, ;,(x) = 0 has at least
one root between every adjacent pair of positive roots of
Ja(®) == 0; and from VII, J,(x) = 0 has at least one root
between every adjacent pair of positive roots of J, 4 ,(x) = 0.
It follows that between every adjacent pair of positive roots
of either equation there lies one and only one root of the
other, i.e. the roots of the two equations interlace.

)

IX. If n is any real number, the equation
2J, (x) + HJ,(z) = 0, . . (6.61)
where H is a real constant, has an infinite number of real roots.
This follows by the same kind of proof as in §45, VII.
Note.—Equation (6.61) includes as particular cases
JJ (@) =0, (H= 0);
Juo1(®) =0, (H =n);
Jum@)=0. (H= —n).
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Examries XIV
1. If o is a root of J,(x) = 0, show that

(i) Jo(0) = Jpy(a) == — Jppa(a).
(ii) Jara(@) _ 2Tnuala) 205 4(a)  J,e(w)
n4+1 o« «  n-—1

2. If o is a root of J,’(x) = 0, show that

J
SR

N3 Ifaisa positive root of J,(z) == 0, (n > — 1), show that
r:vJ,,z(ozx)dx = 3 a) == 3 a(a) = 3. ().
1]

Deduce that the equation J,(z) = 0 has no root in common
with any of the equations J,’(x) = 0, J,.,(x) =0, J,_i(x) =0,
ad,’(x) + HJ,(x) = 0, except possibly x = 0.

4. If « is a positive root of J,’(x) == 0, (n > — 1), show that

o

jl.anz(ax)dxf "2;2"2.1"2@) e W () ().
[}

Deduce that, if « is the least positive root of J,’(x) — 0, and
B the least positive root of J,(x) —= 0, then B > « > n.

Deduce also that the maximum values of J,(x) are all positive,
and that the minimum values are all negative.

5. If o is a positive root of J,(x) = 0, (n > — 1), show that
1
5. ad  How)de = — Jad, (o), (o).
0

Deduce that J,’(«), J,”(«) are of opposite sign, and interpret
this on the graph of J,(x).

6. Show that the graphs of J, ,(x), J,_,(x) intersect at a point
below each maximum point, and at a point above each minimum
point on the graph of J,(x).

7. Show from (6.48) that the smallest positive root of the equation
J.(x) = 0 increases as n increases, if n > — 1.

8. If « is a root of J,(x) = 0, deduce from the result in Kxs.
XIIT, 4, by differentiating partially with regard to m, and then
putting m = n, that

Mala)] (),
n,(fl) o E4

My @l
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Hence show, by differentiating the equation J,(a) = 0, that
da 2n «J.3(z)
dn aJ,.H*(a)j =
Deduce that, if n > 0, the positive roots of J,(x) = 0 increase
as n increases.
9. If J,(a) = 0, (n > 0), show that

dzx.

1 1 1
g 2 X ax)de = S xJ Hox)dr = s 2 i o )dz.
[ 0 o

10. If y = f(x) is any solution of Bessel’s cquation of order =,
show that the equation f(x) = 0 has one root between every consecu-
tivo pair of positive roots of the oquation J ,(x) = 0. [See Exs.T, 7.]

§ 97. Fourier-Bessel expansion of order n.

Let «y, oy, a5 ... denote the positive roots of the
equation J,(z) = 0, (» > — 1), arranged in ascending order
of magnitude. Then it follows from (6.54) that, if r 5= s,

1
j oJ (wa) y(wa)ds = 0, . . (6.62)
0

and from Iixs. XIV, 3, that

(21 0@ade = ate) - (603)
0

It can be proved (see § 99) that, if » > — 1, a function
Sf(x) which is arbitrarily defined in the interval 0 < x < 1,
subject to certain conditions of integrability, can be ex-
panded in an infinite series of the form

f@) = A (xay) + Apdp(@es) + Agdn(@ag) + . . . (6.64)

The coefficients A, can be formally determined by multi-

plying throughout by aJ,(za,)dz and integrating between
the limits 0 and 1. For, we then have

j 2f (@) (wa)de = S A J oJ (@) (o, )de

r=1
By (6.62) every term on the right vanishes except the
one in which r = s, and hence, by (6.63),

1
[ af@) s wnin = 143,200,
0
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from which
2 1
As = mjoxf(x).}n(xocs)dx. . (665)

The expansion (6.6+4) is called the Fourier-Bessel expansion
of f(x) of order n.

§ 98. Dini expansion of order m.
An expansion similar to the Fourier-Bessel expansion,
but based upon the roots of the equation

x{xd, (x) + HI (x)} = 0, . . (6.66)

is called the Dini expansion of f(x) of order =.
Three cases may be distinguished, depending upon the
values of the constant H —

I. If H >— n, the Dini expansion has exactly the same
form as the Fourier-Bessel expansion, viz.

f(x) = AlJn(xfxl) + A'an(xo('z) -+ ASJﬂ(wa(!) + ..

where oy, oy, a5, . . . are the positive roots of (6.66).
By the same method as before, the determination of
the constants A, depends upon the integrals

1
j 2 (2o ) (o )de = 0,  (r == 8),
0
(sec Exs. XIII, 1), and

j‘fo(m»dm 1T 2(0) = Tya (T 1)}
0

which follows from (6.55). Hence we find

2rxf (@) p(xo,)da
T = Teleaey O
II. If H = — =, equation (6.66) becomes
a @l (z) — nd @)} =0,

that is, a7, (@) = 0,

As o=
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which has a double root x = 0, and in this case the Dini
expansion has an initial term of the form A z*, so that now

(@) = Ag® + A (za,) + ATy (wa) + -

which may be regarded as an expansion based upon the
positive roots (including zero) 0, «,, o5, a5 . .. of the
equation J, ,(x) = 0.
The constant A, may be found by multiplying through-
out by 2"*dx and integrating from 0 to 1; thus,
1 1 A
2)artidy = A j xtidy = ——0
Jye ), A+ D)
which gives A,, the remaining terms on the right vanishing
in virtue of
1
j o 1T (o) de — ‘L‘-i;-(i‘L) —0, (« = 0).
0 ot}

The constants A, (s == 0) are now given by
jxf Walza)de = FAJ,2(as).

II. If H < — n, equation (6.66) has two purely imagin-
ary roots, --2a,, and the Dini expansion begins with a term
depending on them ; * it is of the form

fx) = Aol (xag) + A n(xzy) + Apdp(@as) + . .
The coefficients A, (s &= 0) are found as in I, and A, is
found by multiplying throughout by «I,(zae)dx and inte-
grating from 0 to 1. [See Exs. XV, 8.]

§ 99. Validity of the expansions.

We shall not attempt here to establish the validity of the Fourier-
Bessol and Dini expansions, but refer the reader to Watson, ¢ Theory
of Bessel Functions,” Chap. X VIII, where the expansions are proved
to be valid in the open interval 0 < @ < 1 when n > — }, provided
that f(xr) has bounded variation in every closed interval contained in

1
the open interval 0 < x < 1, and that the integral g | f@2) [v/tdt
o

oxists.
It must be pointed out that these are not necessary conditions

* Watson, p. 597.
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for the oxpansions to be valid: thoy are sufficient conditions on
which a proof of tho validity of the expansions can bo based.

We may add that, if f(x) is continuous, the Dini expansion con-
verges uniformly to f(z) in any interval 0 < a < 2 < 1. Tho
Fourier-Bossel expansion converges uniformly in any such interval
if and only if the condition f(1) = 0 is satisfied, this condition being
plainly necessary because the Fourier-Bossel series at xr = 1 is
040+ 0-+4....; if this condition is not satisfiod, the interval
of uniform convergence does not oxtend to the ond point x = 1.
For the end point x = 0, see Watson, § 18.55.

§ 100. Example.

One function that can be represented by a Fourier-
Bessel or Dini expansion is 2*(1 — 22)?, (n > — L, p > — 1).
For, by § 97 and (6.42), we find the Fourier-Bessel expansion

xﬂ(l_x 9pr1 n+'m1(°( ,,(OLQJ)
AT | R D S CI

where the summatlon extends over the positive roots of
J.(x) = 0.

Again, by § 98, II, and (6.42), we find the Dini ex-
pansion

x™(l — x?)P _ I'in + 2)x» ‘)p“zJ'n ipi1(0)d "(ax)

I(p +1) F(n+p+2) a2 (a)
where the summation extends over the positive roots of

Jnia(@) = 0.

Examrres XV
1. Obtain the following (Fourier-Bessel) expansions, in which the
summations extend over the po@itivo roots of J,(z) = 0.

(1) an = 22 a-rm a)

g, (e
(i) 22(1 — &%) = 8(n + ”zaﬁ’ﬁ“a)'
J,,+ (o) (our)
(iii) 2n(1 — %)% = 16 E 7?._] )
wrzp S ATL( :u:)
(iv) @r+er = 25 e where

2 2\2 o
A= ;J,..u(a) — p(&> Jnsa(a) + p(p — 1)<&> Jois(a) — « .+
and p is a positive integer [see Exs. XII, 2].
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o ,(ax)
(V) J ILL) = 2J ZW&—;.
2. Show that, if p > — 1,
J (@) To(a)

a2 (o)

1
(L= at)p = g o+ 2207 (p 4+ 1) Y

where the summation extonds over the positive roots of J,(x) = 0.
3. Show that, if n > — },

2um J,,(on
m I 2)m + 3) — 32 + 2)2 (o)

where tho summation extends over the positive roots of the equation
o) == 0

4. Show that, if — 1 <2 <1,

an(l — a%)? =

©
(i) — f——x—) — 7 z Jy(s7) sin smr;

s=1
@x [02]
(i) S = 7 z Jy(rm) sin rax,
1 —
V( ) =
whoere 7 = ¢ — };

(i) ( 3 -|- z Jy(a) sin oa]

a
V(1 — sin? o

where tho summation extends over the positive roots of the equation
x -= tan @.

5. Show that, if — 1 <2 < 1,

(i) _\/____2.. =z 772 olrm) cos rax
g=1
where r = s — 1;
. 1 T
(ii) = 3 4o z Jo(sm) cos sm.

V(L - a®) o

6. Ifg> 0, — 1 < <1, and Jy(a) = 0, show that

J JO T

Deduce that

sin a Jy(ar)
T 5= 22 Ty
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Multiply throughout by xd.x, and by integration deduce that
1 — (1 —a?) sin o J,(or))
% "2 z ;

@ TN a)"
7. Deduce the Fourier sine and cosine series as particular cases
of the Fourier-Bessel expansion.

8. Assuming the validity of the Dini expansion in IIT, § 98, show
that the coefficient A, is given by
2f af @) et
- 0 .
To3(og) + Lne1(oo)lnta(ato)

§ 101. The Fourier-Bessel double integral.

The following argument * shows the plausibility of ex-
pressing an arbitrary function in the form of a double
integral analogous to the Fourier double integral.

Let a function f(x) be defined from z = 0 to z == h, by

flx) = ¢x), 0 <zx<a, . ()
Sf(x) =0, a <z <h. . . (i)
Then by Exs. II, 5, we have

10) = Z g SO (5 G,

where the summation extends over the positive roots of
the equation Jy(x) == 0, and 0 < x < h. It follows from
(ii) that, if 0 < x < a < B,

$@) = zﬁ)‘@‘) [ s03(5) () .

Now every term of this series tends to zero when £ — co.
Consequently, when 4 is large, a finite number of terms
at the beginning of the series can be neglected. Hence,
if for «, in the sth term we make the substitution (5.37)

oy = (8§ — })m,
the error that we make by this substitution in the first few
terms of the series will vanish when A — co.

* Cf. Riomann-Weber, I, p. 199 (6th edn.).
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Again, by (5.36), with this substitution,

S

and hence
— T xao to
x) = | o(t)d, 2 2 )tdt.
) =3 G j¢()o( )3()
Now put
o, T
ys:z, Syzyul—ys:Z:
then () = 3 ydy[ $OToay M oltyordt,
8 =1

and we infer that, in the limit when A — oo,

#@) = | Iy [ $0Iona.. (6.69

If the function ¢(x) is suitable (see Note below), we can
put @ = oo, and we then have a function, defined from 0
to oo, expressed as a double integral, thus

#@) = | “Toayay| T . (6.69)

This formula and the more general formula

#@) = [ Tnwdy|p0dura . (670

can be proved rigorously under certain conditions.

Note.—Sufficient conditions on which a proof of the validity of
(6.70), when & > 0, can be based are: n > }, ¢(¢t) has bounded varia-

tion in evory closed interval in which ¢ is positive, and I | () |4/t dt
exists. [See Watson, § 14.4.]

ExamrrLes XVI
1. Verify (6.70) when

: 1 ..
(i) #(t) = 7 (il) @(t) = tne-at,
[Use Exs. XI, 11; Exs. X, 7.]
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2. Show from (6.70) that if
[ beTaayads = wiy),

then I:O:/;(x)J,,(xy)xdx = $(y).

(i) By putting n = 0, ¢(x) = e~9%/x, verify that, ifa > 0,b > 0,
©  xd(bx) du e-“
o V(a® + 2?) b
[See (4.5) and Exs. VII, 3 ]

sin ax

(ii) By putting n = 0, ¢(z) = , verify that

e zJ(xy) __sinay
J, v =
[Sec (4.21) and Exs. X11, 4.]

(iii) By putting n = 0, ¢(x) = ki ax, vorify that*

o zJ (xy)dx cos ay
V@ —a) T Ty
[See (4.19) and Exs. XII, 11.]

§ 102. General solution of Bessel’s equation.
We have seen (§ 87) that y = J,(x) is a solution of
Bessel’s differential equation,
2
dﬁ+;$+( — )y =0.. . (671
Since this equation remains unaltered when = is replaced
by — m, a second solution is y = J_,(»), and if % is not
an integer the general solution can be written
y = Ad,(x) -+ BI_.(z). . . (6.72)
But, if n is an integer, J_,(x) = (—)"J4(x), and (6.72)
is no longer the general solution. In this case, by the
same method as in § 4, the general solution can be written

in the form
dx

T @)
If we substitute for J,(x) its series in the last integral,

and- expand the integrand in ascending powers of z, the
8 *

y = Ad,(x) + BJ,,(x) (6.73)
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integral takes the form

(Gt + S+ 24 be b+ b0+ e

a
:————mzn;;n—. .. 22+a010gx
e 4+ ...

where b, is a constant of integration. When this expression
is multiplied by J,(z) and the product substituted in the

second term of (6.73), we obtain a second solution of the
form

Tu(@) @ log @ -+ by) + = (e + ci2® + ezt + . . )

Here a,, ¢, ¢, ¢, ... are definite constants; the
constant by, however, is arbitrary, and its value can be
chosen so as to give the most convenient form to the second
solution. The form which is now generally accepted as
the standard one is known as Weber’s, and is denoted by
Y,(x). In terms of J,(x) and Y,(z), the general solution
takes the form

y = Ad,(2) + BY,(x). . . (6.74)

There is no need here to determine the actual values of
the coefficients in the expansion of Y,(x). It is sufficient
to remember that any second solution of the equation,
when 7 is an integer, behaves like 1/2* when z is small, and
involves log #.

§ 103. If we replace by kz in (6.71), we obtain the
equation

2, 2
wamt(F-Ri=o e
of which the general solution may be written
y = Ad,(kx) + BY,(kx), . . (6.76)
or y = AJd,(kx) + BJI_,(kz), . . (6.77)

according as n is an integer or not.
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§ 104. Transformations of Bessel’s equation.

A number of transformations of Bessel’s equation,
together with their solutions, can be obtained by finding

the equation satisfied by
y = a*J ,(Ba?)
where «, B, y are constants. If we put

1):—3/—’ g:ﬁxy’.

xa

(6.78) gives 9 = J,,(f) and hence

f dfz + §d§ (’52 - n2)77 = 0,

which may be written

fa‘i’g(éﬁ) + (6 — ntyy =

dy/dx

1 d
Now «f W:;’xﬁ’

aE = ¢

by (6.79), and hence
¢ 7e(¢a) = - (=)

Again, from (6.79) we find

L B )
Tl a1 e
and further,
d/ dy y'  Qa—1l)y o
d:v(x da:) x*—2 a1 1 x*”

Hence the equation satisfied by ¥ is

Loy’ e — 10 YY) L g gy Y
LS )
or

dy 2a —1ldy 9 2y—2 oc-—'n'y _
d_x.ﬂ_ x +('82 wr >y 0.

x?

(6.78)

(6.79)

=0,

(6.80)
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The general solution of this equation is

y = 2+{AT,(Ba?) + BY, (8"}, . . (6.81)
or y = 2*{AJ,(Bx?) + BJ_.(Bx?)}, . (6.82)
by §103, according as » is an integer or not.

§ 105. Particular cases of equations whose solutions can
at once be written down in terms of Bessel functions are
obtained by giving particular values to the constants
o, B, v, n. For example,

(i) « =0,y =1, gives
1dy nA

x2+xdx+<ﬁ ——;‘i)y*—o’

(ii) o = } gives
_ i___‘nZZ
dx2+<182 222 | V>y:0;

(ili) « =13, B=1, y=1, gives

d’y =34, _o.

dx2+< x? )y-—(),

ok 2 1
() « =3, ﬁ“m+2’ y="3 T

gives

a—;-{—k?xmy:O;
(v) a=mn, B=1, y=1, gives
dy 2n—1d
y_— y+y_0

dz* =z
(vi) o = —n, B =1,y =1, gives
dy  2n+ ldy

P A

ExampLEs XVII
1. Show that the general solution of the equation
dy
4 S + 92y =0
can be written

y = va{AT_y(a}) + BIy(a})}.
Also solve the equation in series.
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2. Show that the general solution of the equation

42
d—xy, + daty = 0
is ¥y = vx{AJ_j(z?) + BJj(x?)}.

Also solve the equation in series.
3. If y satisfies the equation
dy
dax?
and if dy/dx = @ when x = 0, show that y can be written in either
of the forms

. a8 a2
y‘(‘”+B(l—'576+5.6.11.12"'“)’

- 2%y = ax®

Yy = ax + C\/TJ_%(?:;),

where B, or C, is an arbitrary constant.
4. Show that Riccati’s equation
dy g
prla by? = cam
is transformed into

d*u

T bexmu = 0

by the substitution by = - —.

Henco show how the solution of Riccati’s equation can be
expressed in terms of Bessel functions.

5. Use the last example to show that the goneral solution of the
equation

can be written
AJ_y(32%) + J,(32%)
y—a. 1 1
J_3(3e?) — Ady(3e?)
where A is an arbitrary constant.
From this solution, or by solving the equation in series, verify
that, if y = a when x = 0,
y=a-+ ax + a*x®+ (a* + > + . . .
If y = 0 when 2 = 0, show that
a2 27 211

y=3tgtaomn
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§ 106. Contour integral for J,(x).
It follows from the definition of J,(x) in § 83 that,
when # is an integer, J,(z) is the residue of the function
S(-7)

tn+ 1

(6.83)

at t = 0, and hence that J,(z) can be expressed as a con-
tour integral in the form ]
L[ 5(t-7) dt
I (@) = %L&( ) Sme . (68Y)
where C denotes any simple contour surrounding the origin.
Moreover, by a simple modification, J,(x) can be ex-
pressed as a contour integral which can be regarded as
defining J,(x) for all values of n, real or complex.* It is,
however, beyond the scope of this book to pursue the study
of Bessel functions further from this point of view.

§ 107. Hankel’s contour integral.
From (6.45) it follows that
x”
R VZ TR Y
We can verify that this expression satisfies Bessel’s
differential equation ; for if we put

1
j del(l — Py-idi.  (6.85)
-1

Y == x"r el (1 — 12)idt,
we find by dit’fer(mtiation-l
x'*’% + a:%/: + (22 — n?y
= — ix”“jll{ixei’“(l — 2)rtE — (2n - 1)tei=! (1 — 2)»-1dt
td, .
= — z'x"“j_l e — )il

1
—_— z'xmkl[ei:rt(] — tz)n+}]
-1
=0,ifn > — §.
* Whittaker and Watson : * Modern Analysis,”” § 17.2.
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§ 108. More generally, if we put

b
Yy = :v"j- ef® (1 — 2 idt,
we ﬁnd that

. b
dxz __I_ x + (xZ — n‘Z) ixn'l‘ll:etxl(‘l - t‘l)ni*&]a,

and hence, if x > 0, that y is a solution of Bessel’s equation
of order n if the integral is taken along any contour from
either of the points ¢ = 4 1 to an infinitely distant point
in the upper half of the ¢-plane (cf. § 69).

Accordingly, we can define further solutions (Hankel
functions) when n >— }, = > 0, by the formulae

— H.O(g) — x e (1 — )i
"D(x) = 2n=1y/wl(n + %).[1 ‘ ’
H,®(x) 2=y /ml(n 4 ) —H—iwe (=

These functions of order n correspond to HV(x),
Hy®(x) in the theory of Bessel functions of zero order
(§ 73). From them we can, for example, develop the
asymptotic expansions of order .



CHAPTER VII
APPLICATIONS

§ 109. Kepler's problem.

In the ideal problem of planetary motion a planet P
moves in an ellipse under the gravitational attraction of
a sun S situated in one of the foci, the area swept out by
the radius vector SP
during any interval of
time being proportional
to that interval (Fig.
18).

Let A’A be the
major axis of the
ellipse, and let a line
drawn through P per-
pendicular to A’A meet the circle described on A’A as
diameter in the point Q. Draw CP, CQ, SQ. In the usual
notation of the ellipse, let 2a be the length of the major axis
A’A, 2b that of the minor axis, and e the eccentricity.

Further, let a point M describe the circle AQA’ at such
a constant speed that it coincides with P at A and A’. Let
the time ¢ be measured from an instant when P is passing
through perihelion at A, and let » = SP, 6 = angle ASP,
¢ = angle ACQ, y = angle ACM, all measured at time ¢.

In the terminology of astronomy, 6 is called the true
anomaly, ¢ the eccentric anomaly, and i, which is pro-
portional to £, the mean anomaly.

Kepler’s problem was to express such variables as 7,
0, ¢ explicitly in terms of the time ¢, or, what comes to the
same thing, in terms of the mean anomaly .

122

Fra. 18.
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§ 110. Bessel’s solution.
Consider, for example, the expression of ¢ in terms of .
Since ¢ and the area ASP are both proportional to ¢,
we have, if T is the period in which the complete ellipse is
described,
t ¢ area ASP  area ASQ

T 27 mab wa?
Now area ASQ = sector ACQ — ASCQ
= 1a% — }ae. a sin ¢,
and hence - y=¢ —esing. . . . (1.1

The problem is now to solve this equation for ¢, so as
to express ¢ explicitly in terms of .

It is evident that ¢ — ¢ is an odd periodic function of ¢,
with period 27, and may therefore be expanded in a Fourier
sine-series. Consequently, we put

¢ — =B siny + B, sin 2 + Bysin 3y +. . . (7.2)

The coefficients B, are now given, in accordance with
the usual rule, by

5B = | (6 — gy sinnpay
[ b — ) cos m/;]o n j:cos nz/; (d — ).

In the first term on the right, ¢ — ¢ vanishes at both
limits, and in the second term the integral of cos ny dis
between the limits 0 and =, is zero ; consequently

2 n
B, — %L cos mup dp
2 (= .
= 777-‘.[0 cos (n¢ — me sin ¢)de,
by (7.1), and hence, by (6.21),
B, — ZJ,,(ne). X
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Putting » =1, 2, 3, . . . and substituting the values
of B, B,, B;, . . . in (7.2), we obtain
8=+ 2(300E 4 0
+ Jy(3e )S‘“ ¥ } (7.4)

which is the expression required.*
Next, it is evident that r is an even periodic function of
i, with period 2w, so that » can be developed into a Fourier
cosine-series of the form '
r=34Ay+ Ay cosp + Ay cos 2 + Agcos 3 . ...
We leave it to the reader to show that
r = a(l — e cos ¢),
and to deduce that

T 1 fet — Qe{Jl’(e)C(); v + Jz'(26)c-0%2“¢ + .. } (7.5)

a

Again, 6 — ¢ is evidently an odd function of i, with
period 27, so that there is an expansion of the form

0 — ¢ =Cysingh 4 Cysin 2 4 Cysin ¢ . . .

For the determination of the coefficients in this case,
see Watson, ““ Bessel Functions,” p. 554.

Ex. Show that
1
T eoomd 1+ 2{J,(e) cos ¢ - J(2¢) cos 2¢s 4 T4(3e) cos 3¢ + . . .}

Deduce that
1

T — ey = L A0 + Ji2e) + Ji3e) + . .}
§ 111. Critical length of a vertical rod.
When a thin uniform elastic rod has its lower end clamped
vertically, the vertical position of equilibrium is stable if

©
* Series of the type ZA,JMS{(n + s):c}, where Ag is independent of «,

8= Q

aro called Kapteyn series (Watson, Ch. XVII),
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the length of the rod is less than a certain critical length.
But for a rod of this critical length, the vertical position is
one of neutral equilibrium only, so that, if the upper end
is slightly displaced and held fast until the rod is at rest,
it will remain in the displaced position when released.*
This will appear in what follows.

§ 112. Let I be the length of the rod, a the radius of
its cross-section, w the weight per unit length. Put I=}na?,
and let E be Young’s modulus for the o
material of which the rod is made.

Suppose the rod to be in equilibrium in
a position deviating slightly from the ver-
tical (Fig. 19). Take the origin O at the
upper end of the rod in the vertical position,
the x-axis vertically downwards, and the
y-axis in the plane of the rod. Let P be a
point (x, y) on the rod, and Q a point
(¢, m) above P.

Consider the equilibrium of the part of
the rod above P. The moment about P
of the weight of an element wd¢ at Q is
wdé(n — y), and by integration we obtain 78777
the moment about P of the weight of the . 19,
part of the rod above P. Again, by the usual theory of
elastic rods, the moment of the elastic forces about P is
EI d?y/dx®. Hence, since the part above P is in equilibrium,

ng—l - rw(n — y)dé.
0

By differentiation with respect to x, we get

(]
EI— [w(n — 9)]es — j wlag
_ dy
=0 — wa;;x,

* Greenhill : Proc. Camb. Phil. Soc., IV, 1881,



126 INTRODUCTION TO BESSEL FUNCTIONS

. " d’y dy
that is, Llj—a + wirg s = 0. . . . (7.6)
Put k? = w/EI; then
@y 2, W _
E—'a -+ k x(—l—:; =0. . . . (7.7)

Compa,ring this equation with (iv), § 105, we deduce that

\/IAJ %( z1) + BJ, (2’“ >} . (18)

which can also be written, by expanding the Bessel functions,
dy k2o ks
%"'“(1“2.3 )+bx(1 3. 4+"‘>’ (7.9)

where A, B or a, b are arbitrary constants.

Two conditions that must be satisfied by the particular
solution required are :

(i) d?y/dx® = 0 at x = 0, since there is no bending
moment at the upper end ;

(ii) dy/dx = 0 at x = L.

Condition (i) gives b = 0. Condition (ii) can only be
satisfied by @ == 0, unless I satisfies the equation

k213 k4ls ko
01— 3493756 9.5.5.6.8.9 " (7.10)

that is, the equation

AN
Now * the least root of the equation J_j(x) = 0 is
x = 1-8663. Hence the rod cannot bend from the vertical

until the length 1 is given by

PIVE
5 = 1-8663,

2“) 0. . . . (111

and hence
B=1784Eljw. . . . (1.12)

* Gray and Mathews : *‘ Bessel Functions,” p. 317.
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This gives the critical height of the rod. For example, for
a steel rod of diameter 0-1 inch, density 0-28 Ib. per cu. in:,
E = 13,000 tons per sq. in., we find ! = 80 in., approxi-
mately.

§ 113. From a practical point of view, it is perhaps easier
to solve equation (7.7) in series, and to solve (7.10) by trial.
The solution is given here as an example on Bessel functions
of fractional order.

Ex. In the problem of the small vibrations of a floxible string
of length I with its ends fixed, the displacement y satisfios tho
differential equation

2y Ty
ot? p ouw?

whero T is the tension and p the lino density.
Show that the normal modos of vibration are given by

y = X cos (wt — ¢,

where X is a function of & which satisfios tho equation

X | ptX 0
der T T
and vanishes at ¢ = 0 and z = [.
: ke
Henco, if p = Po(l + 71) = pob,

dzX
de

pow*l?

- 2 P
F KX == 0, (x M‘),

show that

and deduce that the periods 27/w of tho normal modes aro givon by
. 9wk
4p,02
where u is a root of the cquation
Jy(w)I_y(Ap) = J_g(u)Ty(An),
and A = /(1 + k).
§ 114. Circular membrane with the circumference fixed.
Normal modes of vibration.
We return to the problem of the vibrations of a circular
membrane with the circumference fixed, no longer assuming
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that the vibrations are independent of 6. With the same
notation as in § 25, the differential equation to be satisfied is
22, 1w 1 ﬁ)
3¢ <br2 T Trwe) - (113)
To find the normal modes of vibration, we try a solution
of the form
z = RO cos (wt — €),
where R, @ are functions of 7, § only. The result of the
substitution ean be written in the form
d*R | 1dR r2 1 d20-
(+ia+ )R- s
which is only possible if each side of this equation is equal
to the same constant, since the variables r, 6 are inde-
pendent. Putting both sides equal to n%, we deduce that
® and R respectively satisfy the equations

(7.14)

2
%B‘ZZ — 0, . . . (1.15)
&R | 1dR | (0* n?
s (H-H)R=0. . (110)

From (7.15) we then have
® = Csin (nd — B),

where C, B are arbitrary constants. Now, if the membrane
is subject to no constraining force except that at the cir-
cumference, z must be a single-valued function of position
and so must be of period 27 in §. Hence n must be an
integer, which, without loss of generality, we may take to
be a positive integer, or zero.

The general solution of (7.16) can then be written

R__AJ( >+BY( )

and as the particular solution required for the present
problem is plainly one that remains finite when r — 0,
we must put B = 0, since Y ,(xr) - co when z — 0.
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Hence, merging A and C into onc constant, we have
the solution

2 — AJ,‘(“’%) sin (nf — B) cos (wt — €), . (7.17)

where A, B, e are arbitrary constants, and = is any positive
integer, or zero.

Further, if z = 0 at r = a, for all values of 0 and ¢, the
equation

J,l(“—’c‘«‘) =0 . . . (118
must be satisfied by w. Accordingly,
wa
—G— = gy Oy Xgy o o e
where, since w is positive, oy, a,, o5, . . . denote the positive

roots of the equation J,(xz) = 0. Consequently, the normal
modes of vibration are given by

ro . cat
2= AJn(;) .sin (nf — B) . cos (7 — e), (7.19)
where o is any positive root of J,(z) = 0.

§ 115. The normal modes when n == 0 have been dis-
cussed in § 25. For the discussion of any other single
mode, the constants B, e¢ are of no importance, as they
depend only upon the initial line from which # is measured,
and the instant from which ¢ is measured. Consequently,
any normal mode for which n == 0 may be written in the
form

ro . col
z= AJ”(E) . sin nf . cos - . (7.20)

This represents a doubly infinite system of normal modes,
for there is an infinite number of values of n, and an infinite
number of values of « for each value of n.

When » = 1 we have

ro . cta
z = A.L(—‘) .sin 6 . cos —2,
a a
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where J,(«,) =0, (s=1, 2, 3, ...). In each mode of
this set, the radii § = 0, § = = together form a nodal
diameter. For ¢ = 2, there is one nodal circle, for s = 3
two nodal circles, and so on Flgs 20.1, 20.2, 20.3).

BACKS,

Fie. 20.1. ]‘IG 202 I<IG 203

Q

When n = 2 we have
ctoc,

2 = AJ2<%> sin 20 . cos P

where Jy(a,) =0, (s=1, 2, 3, . ..). In each of these
modes the radii § = 0, § = = together form one nodal

§=1

Fie. 21.1. Fia. 21.2. Fia. 21.3.

@

diameter, and the radii 0 = }=, 0 = 3# form another
(Figs. 21.1, 21.2, 21.3).

§ 116. General initial conditions.

The most general solution that can be obtained by adding
together arbitrary multiples of the normal modes may be
written

z = 2 ZAJ,,( ) .sin (nf — B) . cos (Ct:f — e), (7.21)

n=0sg=1
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where o, denotes the sth positive root of J,(x) = 0. The
suffixes n, s might have been appended to the arbitrary
constants A, B, ¢, but have been omitted to lighten the
appearance of the formula.

These arbitrary constants can be chosen to satisfy
general initial conditions such as

=¢@r,0), t=0, . . (122

w2/t = (r, ), t=0. . . (7.23)

§ 117. In particular, if the membrane is started from

rest, with an initial displacement given by z — (r, 0), we
have to satisfy the conditions

2 = qS(r, 0), t=0, . . . (1)

22/ = t = 0. . . (i)

Condition (ii) is satisfied by putting ¢ = 0 in ecvery

term, and we may then write the solution, with a slight
change of notation, in the form

z = z z Jn<’0€> n s cosnd 4 B, ;sin n0) cos Ci:—”.

0s8=1

Putting ¢t = 0, we see that, in order to satisfy (i), the
coefficients A, B must be determined from the expansion

z z J <m ) n s COS 00 4 B, ¢ sin n0).

n=0s8=1

To find A, , multiply both sides by
J,,(Zﬁ') .cosnb . rdrdb,
a

and integrate over the membrane. Then every term on
the right vanishes except the one that involves A, , and
we get

2r
jaj r(r, 0) Tu("22)cos n0 dr do
oJo a

= A, ,L jo rd 2( )0092 n0 dr do
9
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= 'rrA,,_ S[ZrJ"Z <ro§§) dr

a
1
= 7A,, | a«x.J  zx) . adx
0
= ‘%77“42A”’ 8 J2n+1(°(s)s

as in (6.63). This determines A, ,. To find B, , we first
multiply the expansion throughout by

ro .
.I,,(f) .sin n8 . rdr do,
and integrate over the membrane as before.

Examreres XVIIT

1. Show how to find the periods of the normal modes of vibration
of a membrano in the form of a sector of a circle of radius ¢ and
angle =/m, the condition z = 0 heing satisfied at every point of the
boundary.

Also show how to find the solution which satisfies the arbitrary
initial conditions

z=¢(r0), O<r<a 0<80<m/m),
ot = Y(r, 0), (0 <r <a, 0<O<a/m)

2. Investigate the normal modos of vibration of a completo
circular membrane of radius @, with the condition z == 0 satisfied
all round the circumference and also along the radii 0 = 0, 0 — 2«
(a soctor of angle 27). Show that in the simplest case, in which
there are no nodal radii,

A | smr . 0 emet
2 == -—— SiN —— S8IN = 08 ——
r a 2 a’

v/
where ¢ is an integer.
[Note that in this case the nodal circles divide any radius into
oqual parts.]
3. Show that the normal modes of vibration of a sector of a
circle of radius ¢ and angle 120°, with the condition z = 0 satisfied
at overy point of the boundary, in the simplest case, in which there

are no nodal radii, are given by
A/a 30 cta

. ora re\ .
z = —| — sin — — cos — ') sin & cos —,
Vr\ra a a 2 a

where « denotos a typical positive root of tho equation x = tan «.
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4. Discuss the normal modes of vibration of a membrane in the
form of a circular annulus bounded by concentric circles of radii
a, b, with the condition z = 0 satisfied at every point of both circles.

5. In the problem of the circular membrane of radius a (§ 26),
vibrating with circular symmetry and satisfying the condition z = 0
at r = a, if the initial conditions are

r? 9z
2 == C(l _— Ee> N B—t == 0,
where p > 0, show that

2=0 2"“r<p+1)2 Toala) g, (2 oon &,

or HJ 2(“)
where Jy(a) = 0.

6. Tn the problem of the uniform flexible hanging chain of length
I, making small oscillations in a vertical plano (§ 27), if the initial
conditions are

y=a(l—~)+b( 7)2 bait’:o,

wka — 2(rx~ — 8)b AN at [g
= 8 z ) ~Jy (a\/[) cos (5\/[) ,

where J,(a) = 0.

show that

7. Show that a solution of the equation

R 1w A

wmrtrn " atwm =0

which satisfies the boundary conditions,

» —= 0 when z == 0 and whon » = a,

P R—)
v = Y—rg—s———r—)when z == 1,
o
is Jy (%) sinh 0(—?
i v = 16V -,

« adJ,(x) sinh ?
where J,(«) = 0.

8. Laplace’s Equation (§ 39) in cylindrical co-ordinates, r, 0, z is

A% 1 1 Mu b*u__
wmtrntasetws™
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Show that the solutions of the form w = f(z)g(r)h(8), which are
everywhere finite and singlo-valued functions of position, are given
by
u = (Ae-#z - Berz)d  (ur)(C sin nd 4 D cos no),
u = (A sin puz + B cos u2)I,(ur)(C sin n8 + D cos n),
u = (Az + B)r*(C sin n8 + D cos nb),

where 7 is a positive integer or zero.

9. If U, V are two solutions of Laplace’s equation, both con-
tinuous and one-valued throughout a region bounded by a simple
closed surface, it is known from Green’s theorom that

_H(U— ~ v—)ds =0,

where d/dv denotes differentiation in the direction of the outward
(or inward) normal to the surface, and the integral is taken over
the surface.

Prove (6.54) when n is a positive integer, by putting

U = e-o J,(ar) cos n8, V = e b8 J,(Br) cos nb,

intograting over the surface of the cylinder bounded by r =1,
2z = 0,z = [, and making I - + oo.

10. Solve the problem of § 40 when the boundary conditions
are =0, (=0, 0<r<a); u=0, (r=a 0<z<l);
u=¢(r, 0),(z=10<r <a).

11. Solve the problem of § 40 when the boundary conditions
are =0, (=0, 0<r<a); u=0, (=1, 0<r<a);
u=f(z 0),(r=a0 <z <l).

[This requires a double Fourier series.]

12. Solve the problem of § 40 when tho boundary conditions
arou = §(r, 0), (2 =0,0 <r <a); u=¢(r 0).(z=100 <r <a);
u=f(z0),(r=a0<z<l).
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