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Preface

In this book, the authors have endeavored to present the underlying
'theory of microwave systems, starting with concepts which are basic to
all electromagnetic phenomena. The material included in the text logi-
cally falls into three general categories: (1) fundamental electionic con-
cepts and their application in the analysis of microwave tubes, (2) trans-
mission lines and transmission-line networks, and (3) electromagnetic field
equations and their use in the analysis of wave propagation, reflection phe-
nomena, wave guides, and radiating systems. Throughout the book the
engineering point of view has been stressed and, wherever possible, the
analytical results have been expressed in a form convenient for engineer-
ing use.

In recent years, there has been a growing trend toward the development
of new and unorthodox types of vacuum tubes, many of which have been
designed for operation at microwave frequencies. This trend has empha-
sized the need for enlarging upon and clarifying our fundamental elec-
tronic concepts, particularly those dealing with space-charge behavior in
time-varying fields. The groundwork in this subject has been admirably
treated by Benham, Llewellyn, North, Jen, Gabor, and others. However,
the mathematical complexities involved in a rigorous treatment of the
subject are such as to discourage all those who are not endowed with an
abundance of mathematical fortitude. In this text, the authors have at-
tempted to present some of the fundamental electronic concepts in simpli-
fied form. Wherever necessary, rigor has been sacrificed in the interests
of clarity and conciseness. There follow several chapters dealing with the
theory and description of microwave tubes, including the triode, klystron,
reflex klystron, resnatron, and magnetron.

The theory of transmission lines and the use of 1mpeda,nce diagrams in
the solution of transmission-line problems are given in Chaps. 8 and 9.
Emphasis has been placed upon the use of P. H. Smith’s polar impedance
diagram, since this has proved most useful in engineering practice. A slight
modification of this impedance diagram has been made in order to facilitate
the solution of transmission-line problems in which the lines have losses.
The following chapter on transmission-line networks is reasonably com-
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vi PREFACE

plete and includes certain aspects of microwave networks which heretofore
have not been published in textbook form.

A broad survey of typical microwave systems is given in Chaps. 11 and
12. No attempt has been made to treat these systems exhaustively. The
greatest emphasis has been placed upon the microwave portions of the
systems, since there are a number of excellent radio textbooks which ade-
quately cover the aspects dealing with radio-circuit theory.

Maxwell’s equations are introduced in Chap. 13 and are followed by a
chapter on wave propagation and reflection. The solution of the wave
equation in various coordinate systems is treated in Chap. 15. Subsequent
chapters deal with the analysis of wave guides, resonators, horns, and
antenna systems.

Rationalized mks units have been used throughout the text.

This book is an outgrowth of courses taught to senior and first-year
graduate students in electrical engineering at Northwestern University for
the past six years. Several factors influenced the arrangement of the mate-
rial. The chapters dealing with fundamental electronic concepts and micro-
wave tubes have been placed at the beginning of the book in order to
facilitate, an early start in the laboratory work. It has also been found
that this arrangement provides a convenient review of field concepts
before taking up Maxwell’s equations.

In teaching senior courses, selected portions of the text may be used.
One arrangement might include Chaps. 1 to 3, 6 to 10, 13, 15, 16, 18, and
19. These chapters have been written in somewhat simplified form for
this purpose. For those who prefer to concentrate their efforts on field
theory, Chaps. 1 and 2, together with the last half of the book starting
with Chap. 13, are recommended. In general, a knowledge of radio-circuit
theory and mathematics through calculus will be required for an under-
standing of the analytical portions of the text.

The authors have drawn freely from the published works of many sci-
entists and engineers who have contributed to the present-day knowledge
of this subject. They wish to express their grateful appreciation for the
assistance received from these sources. Special appreciation is extended
to Dean O. W. Eshbach and to Dr. J. F. Calvert for their helpful encour-
agement and to Northwestern University for its liberal policy which made
this work possible. Generous assistance was also reccived from the Radi-
ation Laboratory of the Massachusetts Institute of Technology, Sperry
Gyroscope Co., Bell Telephone Laboratorics, General Electric Co., and
others. Mr. P. H. Smith kindly permitted the use of his polar impedance
diagram. The authors are indebted to Nirmal Mondol for his assistance
in preparing the illustrations. Finally, but by no means least, they wish
to express their grateful appreciation to Hope Beam and Virginia Bronwell
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for their constant encouragement in the preparation of the manuscript and
for their generous assistance in reading the proof.

AxtHUR B. BRONWELL
RosBirT E. BEAM

Evanston, Ill.,
August, 1947.






Contents

PREFACE . . . . . . . . .« . o o . . o0 e e e e
CHAPTER 1
INTRODUCTION

Introduction . . . . . . . . e e e e e e e
1.01. Historical Developments . . . . . . . . . . . . ... ..
1.02. Generation of Light Waves and R'a.dlo Waves ............
1.03. Engincering Considerations . . . . . . . . . . . . . . ... L.
1.04. Theoretical Aspects . . . . . . . . . . . . ..o ...

2.01.
2.02.
2.03.
2.04.
2.05.
2.06.
2.07.

3.01.
3.02.
3.03.
3.04,
3.06.
3.06.
3.07.

4.01.

CHAPTER 2

CHARGES IN ELECTRIC FIELDS

Introduction . . . . . . . . .. L L ..o
Vector Manipulation . . . . . . . . . .. .00
Coulomb’s Law, Electric Intensﬂ,y, and Potential in Electrostatic Fields .
Potential Gradient . . . <. . . . . . . . 0.0 oL ...
Gauss’s Law and ElectricFlux . . . . . . . . . . . . . ... ...
Divergence and Poisson’s Equation . . . . . . . . . . .. ... ..
Motion of Charges in Electric Fields . . . . . . . . . ... . ...
Electron Motion in Time-varying Iields . . . . . . . . . . . . . ..
Problems . . . . . . . .. .00

CHAPTER 3

CURRENT, POWER, AND ENERGY RELATIONSHIPS

Introduction . . . . . . . . . ... oL
Convection and Conduction Current . . . . . . . . . . . . ...
Continuity of Current—Displacement Current ............
Current Resulting from the Motion of Charges . . . . . . . . . . ..
Power and Fnergy Relationships for a Single Electron . . . . . . . . .
Single Electron in Superimposed D-C and A-C Fields . . . . . . . . .
Power Transfer Resulting from Space-charge Flow . . . . . . . . . .
Example of Power and Energy Transfer . . . . . . . . . . . . . ..
Problems . . . . . . . . . . . . e

CHAPTER 4

THE PHYSICAL BASIS OF EQUIVALENT CIRCUITS

Introduction . . . . . . . . . . ... L.
Conventional Equivalent Circuit of the Triode Tube . . . . . . . . .
ix

BN =



4.02.
4.03.
4.04.
4.05.
.06. Space-charge-limited Diode with D-C and A-C Applied Potentials . . . .
4.07.

5.01.
5.02.
5.03.
5.04.
5.05.
5.06.

6.01.
6.02.
6.03.
6.04.
6.05.
6.06.
6.07.
6.08.
6.09.
6.10.
6.11.
6.12.
6.13.
6.14.
6.15.
6.16.

7.01.
7.02.
7.03.
7.01.

CONTENTS

Procedure in Solving the Temperature-limited Diode . . . . . . . . .
Equivalent Circuit of the Temperature-limited Diode . . . . . . . . .
Relationships for the Space-charge-limited Diode . . . . . . . . . . .
Space-charge-limited Diode with D-C Potential . . . . . . . . . . . .

Equivalent Circuit of the Triode . . . . . . . . . . .. . ... ..
Problems . . . . . . . ..o

CHAPTER 5

NEGATIVE-GRID TRIODE OSCILLATORS AND
AMPLIFIERS

Introduction . . . . . . . . . e e e e e e e e e
Triode Tube Considerations . . . . . . . . . . . . . . . ... ..
Triode Tubes and Oscillator Circuits . . . . . . . . . . . ..

Criterion of Oscillation . . . . . . . o e -
Analysis of the Class C Oscillator . . . . . . e e e
Frequency Stability of Triode Oscillators . . . . . . . . . . . . ..
Amplifiers Using Negative-grid Triodes . . . . . . . . . . . . . ..

VY CHAPTER 6

TRANSIT-TIMFE OSCILLATORS

Introduction . . . . . . . . ... .. e
Operation of the Positive-grid Oscillator . . . . . . . . . . . . . ..
Analysis of the Positive-grid Oscillator . . . . . . . . . . . . . . ..
Operation of the Positive-grid Oscillator . . . . . . . . . . . . . ..
Description of the Klystron Oscillator . . . . . . . . . . . . . ..
The Klystron Resonator . . . . . . . . . . . . . . . ... ...
Electron Transit-time Relationships in the Klystron . . . . . . R
Power Output and Efficicney of the Klystron . . . . . . . e e
Requirements for Maximum Output and Maximum Efficiency . . . . .
Phase Relationships in the Klystron Oscillator . . . . . . . . . . . .
Current and Space-charge Density in the Klystron . . . . . . . . . .
Operation of the Klystron . . . . . . . . . .. ... ... ....
The Reflex Klystron . . . . . . . . . . . . . . . .. ... ...
Analysis of the Reflex Klystron Oscillator . . . . . . . . . . . . ..
Examples of Reflex Klystrons . . . . . . . . . . . . ... .. ..
The Resnatron . . . . . . . . . . . . .. ...
The Travcling-wave Tube . . . . . . . . . ..

Problems . . . . . . . .. ...

.‘CHAPTER 7

MAGNETRCN OSCILLATORS

Introduction . . . . . . . . .. ... .. e
Description of Multicavity Magnetrons . . . . . . . . . . . . ..
Magnetrons as Pulsed Oscillators . . . . . e e e e
Electron Motion in Uniform Magnetic Fields . . . . . . . . . . . ..
Electron Motion in the Parallel-plane Magnetron . . . . . . . . . . .

60
60
63
67
70
72
73



7.05.
. Negative-resistance Oscillation . . . . . . . . . . . ..
7.07.
7.08.
7.09.
7.10.
7.11.
7.12.
7.13.
7.14.
7.15.
7.16.

8.01.
8.02.
8.03.
8.04.
8.05.
8.06.
8.07.
%.08.
8.00.

9.01.
9.02.

9.03

9.04.
9.05.
9.06.
9.07.

10.01.
11.02.
10.03.

CONTENTS

Analysis of the Cylindrical-anode Magnetron . . . . . . .

Cyclotron-frequency Oscillation . . . . . . . . . . . ..
Traveling-wave Oscillation .
Analysis of Traveling-wave Modes of Oscillation . . . . .
ThewxMode . . . . . . . . . . . . . ...
Other Modes of 0501"&“011 ...............
Resonant Frequencies of the Resonator System . . . . . .
Mode Separation . . . . .

Representation of P(\rformame Clnr.u t( ushc of M a.gnotmns ..

Equivalent Circuit of the Magnctron o . .
Tunable Magnetrons . . . . . . . . . . .. .. ...
Problems . . . . . . . .00

CrAPTER 8

TRANSMISSION-LINE EQUATIONS

Introduction . . . . . . C

Derivation of the Transmwsmn—hm If,qu u ions .. .
Sinusoidal Impressed Voltage . . . e
Line Terminated in Its Characte IIHLI( Impedance .
Propagation Constant and Characteristic Impedance . . .
Transmission-line Paramcters . . . . . . e
Lossless Line Equations . . . . . e e
Short-circuited Line with Losses . . . . . . . . . . ..
Recciving End Open-cireuited. . . . . . . . . . . . ..
Sending-end Equations . . . . . . . .00 0oL L
Problems . . . . . . L e e e e e e

CHAPTER 9

GRAPHICAL SOLUTION OF TRANSMISSION-LINE

PROBLEMS

Introduction . . . . . . . . .. ... L. e e
Reflection-coefficient Equations . . e e e e
The Rectangular Impedance Diagram . . . . . . .
Polar Impedance Diagram . . . . e
Use of the Polar Impedance Dingram

Standing-wave Ratio .

Illustrative Examples . . . . . . .
Construction of the Polar Impedance I)l wgram ... L ..
Problems . . . . . . . .. e e e e

CHAPTER 10

TRANSMISSION-LINE NETWORKS

Introduction . . . . . . . . . ... ...
Resonant and Antiresonant Lines . . . . . . . . . . ..
The Q of Resonant and Antiresonant Lines . . . . . . . .
Lines with Reactance Termination . . . . . . . . . . .

146
146
148
151
153
154
157
160
161
162
163



10.04.
10.05.
10.06.
10.07.
10.08.
10.09.
10.10.
10.11.
10.12.

10.13.

11.01.
11.02.
11.03.
11.04.
11.05.
11.06.
11.07.
11.08.
11.09.
11.10.

12.01.
12.02.
12.03.
12.04.
12.05.

13.01.
13.02.
13.03.
13.04.
13.05.
13.06.
13.07.
13.08.

CONTENTS

Measurement of Wavelength . . . . . . . . . .. ... ... ...
Measurement of Impedances at Microwave Frequencies . . . . . . . .
Power Measurement at Microwave Frequencies . . . . . . . . . . ..
Effect of Impedance Mismatch upon Power Transfer . . . . . . . . .
Power-transfer Theorem . . . . . . . . . . . . ... ... .. ..
Quarter-wavelength and Half-wavelength Lines . . . . . . . . . . |
Single-stub Impedance Matching . . . . . . . . . .. ...
Double-stub Impedance Matching . . . . . . . . . . . ... ...
The Exponential Line . . . . . . . . . . . .. ... ...,
Filter Networks Using Transmission-line Elements . . . . . . . . . .
Problems . . . . . . . . . . ..

CHAPTER 11

TRANSMITTING AND RECEIVING SYSTEMS

Introduction . . . . . . . . . . ... Lo
Propagation Characteristics . . . . . . . . . . .. .. ... ...
Amplitude, Phase, and Frequency Modulation . . . . . . . . . . . .
Methods of Producing Amplitude Modulation . . . . . . . . . . . .
Methods of Producing Phase and Frequency Modulation . . . . . . . .
Automatic Frequency Control of Microwave Oscillators . . . . . . . .
Signal-to-noise Ratio in Receivers . . . . . . . . . . . . . ... ..
Frequency Converters . . . . . . . . . . . . . . .. .. ... ..
Intermediate-frequency Amplifiers . . . . . . . . .. .00 0L
Amplitude-modulation Detectors . . . . . . . . . . . . . ... ..
Limiters and Discriminators in Frequency-modulation Receivers. .

CHAPTER 12

PULSED SYSTEMS—RADAR

Introduction . . . . . . . . .. .. ... Lo
Fourier Analysis of Rectangular Pulses . . . . . . . . . . . . . ..
Radar Principles . . . . . . . . . . .. ..o
Specifications of Radar Systems . . . . . . . . . . . ... ... .
Typical Radar System . . . . . . . . . . ... ... ... ...
Pulse-time Modulation . . . . . . . . . ... .. 0000 L.

CHAPTER 13

MAXWELL'S EQUATIONS

Introduction . . . . . . . . .. . . ... Lo
Fundamental Laws . . . . . . . . . . . . . ... ... .....
TheCurl . . . . . . . . . . . . s
Useful Vector-analysis Relationships . . . . . . . . . . . . ... ..
Maxwell’s Equations in Differential-equation Form . . . . . . . . . .
The Wave Equations . . . . . . . . . . ... .. ... .....
Fields with Sinusoidal Time Variation . . . . . . . . . . . . . . ..
Power Flow and Poynting’s Vector . . . . . . . . . . . . . .. ..
Boundary Conditions . . . . . . . . .. .. ... ... .....
Problems . . . . . .. .. ... ... ...

213
215
217
222
223
226
228
229
233
233
234

237
237
239
241
243
245



14.01.
14.02.
14.03.
14.04.
14.05.
14.06.
14.07.
14.08.
14.09.
14.10.

14.11.

14.12.

1113

14.14.

15.01.
15.02.
15.03.
15.01.
15.05.
15.06.
15.07.
15.08.
15.09.
15.10.
15.11.
15.12.
15.13.

16.01.
16.02.

CONTENTS xiii

CHaPTER 14
PROPAGATION AND REFLECTION OF PLANE
WAVES
Introduction . . . . . . . . . ..o oL L Lo 265
Uniform Plane Waves in a Lossless Diclectric Medium . . . . . . . . . 265
Uniform Plane Waves—General Case . . . . . . . . . . ... ... 268
Intrinsic Impedance and Propagation Constant . . . . . . . . . . . . 269
PowerFlow . . . . . . . . . . . .. ... 271
Plane-wave Reflection at Normal Incidence . . . . . . . . . . . .. 272
Normal-incidence Reflection from a Conductor . . . . . . . . . . . . 275
Depth of Penetration and Skin-effect Resistance . . . . . . . . . . . 276
Normal-incidence Reflection from a Lossless Dielectric . . . . . . . . . 278
Multiple Reflection and Impedance Matching . . . . . . . . . . .. 278
Oblique-incidence Reflection—Polarization Normal to the Planc of Inci-
dence . . .. L L L 0L 0 o o e e e e e e e e . 280
Oblique-incidence Reflection—Polarization Parallel to the Plane of Incl-
dence . . . . . o L e e e e e e e . 28%
Oblique-incidence Reflection—Lossless Dielectric Mediums . . . . . . . 284
Wavelength and Velocity . . . . . . . . . . . . ..., 287
Group Velocity . . . . . . . . . . . . ..o oo 289
Problems . . . . . . . . .00 0oL 291
CHAPTER 15
SOLUTION OF ELECTROMAGNETIC-FIELD
PROBLEMS
Introduction . . . . . . . . . ... oL Lo 293
Scalar and Vectlor Potentials for Stationary Fields. . . . . . . . . . . 293
Scalar and Vector Potentials in Electromagnetic Fields . . . . . ... 295
Methods of Solving the Wave Equations . . . . . . . . . . . . . .. 298
Solution of the Wave Equation in Rectangular Coordinates . . . . . . 300
Solution of the Wave Equation in Cylindrical Coordinates . . . . . . . 301
Bessel Functions for Small and Large Arguments . . . . . . . . . . . 306
Hankel Funetions . . . . . . . . . . . . . ... ... .. ... 307
Spherical Bessel Functions . . . . . . . . . e e 307
Modified Bessel Functions . . . . . . . . . . . . .. ... ... 308
Other Uscful Bessel-function Relationships . . . . . . . . . . . . . . 309
Illustrative Example . . . . . . . . . . . .. ... ... L. 310
Solution of the Wave Equatior: in Spherical Coordinates . . . . . . . . 311
Example in Spherical Coordinates . . . . . . . . . . . . ... ... 314
Problems . . . . . . . . . . . . . 317
CHAPTER 16
WAVE GUIDES
Introduction . . . . . . . . .. .. ..o 318
Transverse-electric (TE) and Transverse-magnetic (TM) Waves . . . . 318
Wave Guides as a Reflection Phenomenon . . . . . . . . . . . . .. 319



x1v

16.03.
16.04.
16.05.
16.06.
16.07.
16.08.
16.09.
16.10.
16.11.
16.12.

16.13

17.01.
17.02.
17.03.
17.04.
17.05.
17.06.
17.07.
17.08.
17.09.
17.10.
17.11.
17.12.
17.13.
17.14.
17.15.
17.16.

18.01.
18.02.
18.03.
18.04.
18.05.
18.06.
18.07.

CONTENTS

Solutions of Maxwell Equations for the TEo» Mode . . . . . . . . . .
Rectangular Guide, TEm,n Mode . . . . . . . . . . . . ...
Rectangular Guides, TMop, Modes . . . . . . . . o . o oo o
Wave Guides of Circular Cross Section . . . . . . . . . . . . ...
TEM Mode in Coaxial Lines . . . . . . . . . . . . . . . . ...
Higher Modes in Coaxial Lines . . . . . . . . . ... . ... ...
Wave Guides of Circular Cross Section—General Case . . . . . . . . .
Power Transmission Through Wave Guides . . . . . . . . . . . ..
Attenuation in Wave Guides . . . . . . . . . . ... .o
Attenuation Due to Dicleetric Losses . . . . . . . . . . . . ...
Attenuation Resulting from Losses in the Guide Walls . . . . . . . . .
Problems . . . . . . . . . o e e e e e e e e e e e e e

CHAPTER 17

IMPEDANCE DISCONTINUITIES IN GUIDES—
RESONATORS

Introduction . . . . . . . . . . ..o
Effect of Impedance Discontinuities in Guides . . . . . . . . . . ..
Wave Guide with Two Different Diclectric Mediums . . . . . . . . .
Wave Guide with a Perfectly Conducting End Wall . . . . . . . . . .
Impedance Matching Using a DieleetricSlab . . . . . . . . . . . ..
Apertures in Wave Guides . . . . . . . . ..o o000
Practical Aspects of Resonators . . . . . . . . . . .. ..
Methods of Determining the Resonant Frequencies . . . . . . . . . .
Reactance Method of Determining the Resonant Irequencies . . . . . .
Rectangular Resonator—Solution by Maxwell's Equations . . . . . . .
Qof Resonators. . . . . . . . . . . ... oo
The Q of a Rectangular Resonator . . . . . . . . . . . . . .. ..
Cylindrical Resonator . . . . . . . . . . . . ..o
Q of the Cylindrical Resonator . . . . . . . . . . . . . . .. ...

The Spherical Resonator . . . . . . . . . . . . ..o

TMi,1,0 Mode in the Spherical Resonator . . . . . . o v o 0 0 o0

Orthogonality of Modes . . . . . . . . . . . . . oo

Problems . . . . . . . . . . o e e e e e e e e e e e e e e
CHAPTER 18

APPLICATIONS OF WAVE GUIDES AND

RESONATORS
Introduction . . . . . . . . . . . . L. o e e
Methods of Exciting Wave Guides . . . . . . . . . . . . . ..
Impedance and Power Mcasurcment in Wave Guides . . . . . . . . .
The Spectrum Analyzer . . . . . . . . . . . ..o
Receiving Systems . . . . . . . oL L0000 s e
Wire Gratings . . . . . . . . .« . o oo o h e e e e e
Multiplex Transmission through Wave Guides . . . . . . . . . . . .

Wave-guide Filters . . . . . . . . . .. . .00



CONTENTS XV

CHAPTER 19
LINEAR ANTENNAS AND ARRAYS
Introduction . . . . . . . . . . . . ..o 400
19.01. Methods of Determining the Field Distribution of an Antenna . . . . . 401
19.02. Field of an Incremental Antenna . . . . . . . . . . . . . .. ... 402
19.03. Radiation Field of a Lincar Antecnna—Approximate Method . . . . . 407
19.04. Antennas in the Vicinity of a Conducting Plane . . . . . . . . . . . . 411
19.05. Radiation Ficld of Arrays of Linear Antenna Elements . . . . . . . . 412
19.06. Other Typesof Arrays . . . . . . . . . . . . . . . .. ... ... 415
19.07. Parasitic Antennas . . . . . . . .. .. L. L Lo 418
19.08. Loop Antennas .7 . . . . . . . .. e e e e e e e 418
19.09. Parabolic Reflectors ~". . . . . . . . . . . . . ... ... ... 420
Problems . . . . . . . . .. ... e 422

CHAPTER 20

IMPEDANCE OF ANTENNAS

Introduction . . . . . . . ... Lo L0 Lo 424
20.01. Input Impedance of Antennas . . . . . . . . . . . . ... ... 424
20.02. Methods of Evaluating Antenna Tmpedances . . . . . . . . . . . .. 426
20.03. Fiecld of a Linear Antenna—Exact Method . . . . . L. 427
20.04. Input Impedance of a Lincar Antenna . . . . . . . . .. .. 430
20.05. Validity of the Induced-emf Method . . . . . . . . . . . . .. 432
20.06. Mutual Impedance of Linear Antennas . . . . . . . . . . . . ... 434

Problems . . . . . . . . .. ... Lo 436

CHarrer 21

OTHER RADIATING SYSTEMS

Introduetion . . . . . . . . . . .. ... ... 437
21.01. Field of the Biconical Antenna . . . . . . . . . . . . ... ... 437
21.02. Impedance of the Biconical Antenna. . . . . . . . . . . ... ... 440
21.03. Higher-mode Fields of the Biconical Antenna, . . . . . . . . . . . .. 442
21.04. Other Wide-band Antennas . . . . . . . . . . . . . ... ... 443
21.05. The Sectoral Horn . . . . . . . . . . . . . . .. ... ... 446
21.06. Radiation Ficld of Electromagnetic Horns . . . . . . . . . . . . .. 450
21.07. The Equivalence Principle . . . . . . . . . . . .. . ... .. .. 451
21.08. Diffraction of Uniform Plane Waves . . . . . . . . . . . . . . ... 453
21.09. Optics and Microwaves . . . . . . . .« . o o oo e 458
Ai’PEme I—SysTEMS OF UNITS . . . . . . . . . . v v v v v v v v o 459
ArpENDIX IT—ILLECTRICAL PROPERTIES OF MATERIALS . . . . . . . . . . . 462
ApPENDIX III—FORMULAS OF VECTOR ANALYSIS . . . . . . . . « « « « . . 464

INDEX . . . . . . . o e e e e e e e e e e e e e e e . . 465






CHAPTER 1
INTRODUCTION

The history of the exploration and utilization of new and untried areas
of science follows a strangely uniform evolutionary pattern. The funda-
mental physical laws are first discovered by theoretical and experimental
scientists who piece together the fragmentary evidence into a coherent and
integrated theory which opens the door to further development. This is
often followed by years of slow and painstaking progress devoted to the
discovery and refinement of new experimental techniques and analytical
methods. Once the commercial possibilities of the new science become
generally recognized, there follows a period of intensive engineering re-
search and development, during which the mysteries of the science are
transformed into everyday engineering principles. Such has been the pat-
tern of research and development of microwaves.

1.01. H'storical Developments.—In 1864, Maxwell laid the foundation
of our modern concepts of electromagnetic theory, a theory which he used
to explain the phenomenon of light-wave propagation. Scarcely 25 years
later, Ilertz, experimenting with a spark transmitter, generated and re-
ceived electromagnetic waves having wavelengths of the order of 60 centi-
meters. These experiments were performed in order to confirm the exist-
ence of the clectromagnetic waves predicted by Maxwell. Within a dec-
ade, wavelengths as short as 0.4 centimeter had been realized by other
experimenters using similar. methods.

The vastly superior characteristics of the conventional vacuum tube, at
longer wavelengths, ushered in an era of rapid scientific, engineering, and
commercial development of radio. However, serious difficulties were soon
encountered in attempting to extend the range of operation of the vacuum
tube to the shorter wavelengths. As the wavelength approached the order
of magnitude of the physical dimensions of the tube, such mystifying
properties as electron transit time, interelectrode capacitance and conduc-
tance, and lead inductance appeared to impose definite lower limits to the
wavelengths which could be generated in the conventional types of tubes.
It became apparent that a new approach was necessary. The pioneering
work of Barkhausen on the positive-grid oscillator, Hull and others on the
magnetron, and later the Varian brothers on the klystron, broke away from
traditional ideas to develop fundamentally new types of vacuum tubes for
the generation of microwaves.

1
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While some experimenters were moving in the direction of ever shorter
wavelengths in the microwave spectrum, others were finding methods of
generating longer infrared wavelengths. Eventually the union occurred
and, at present, wavelengths in the infrared spectrum have been generated
in electron tubes.

In the development of microwave networks, it became necessary to
abandon the conventional lumped inductances and capacitances and turn
to distributed parameter systems such as transmission lines, wave guides,
and hollow metallic resonators. The theory of electromagnetic wave propa-
gation through hollow conducting tubes (wave guides) was first presented
by Rayleigh in 1897 but lay relatively dormant for over 30 years, pending
the development of microwave generators. The relatively recent theo-
retical and experimental work of Southworth, Barrow, and others demon-
strated not only the physical realizability of wave propagation through
wave guides, but also that, under certain conditions, such systems may be
actually superior to the two-conductor transmission line for the transmission
of microwave energy.

1.02. Generation of Light Waves and Radio Waves.—Electromagnetic
waves are generated by electric charges moving through retarding electro-
magnetic fields. The charge is decelerated by the field, thereby giving up
part of its energy to the field. Under the proper circumstances, the
energy released by the charge can appear as an electromagnetic wave in
space.

Let us briefly compare the generation of light waves and radio waves.
According to the Bohr theory, the atom consists of a positively charged
nucleus and negatively charged electrons which rotate about the nucleus
in elliptical orbits, each orbit corresponding to a definite energy level.
Owing to atomic collisions or other causes, an electron may momentarily
be displaced to an unstable higher energy level. In returning to a lower
energy level, the electron is retarded by the electric field of the atom,
thereby releasing a discrete amount of energy which appears in the form
of electromagnetic radiation. The amount of energy released determines
the wavelength of the radiation. Each electron transition is the source
of an electromagnetic wavelet; hence the generation of light waves is a
random phenomenon.

In contrast with the random oscillations of light waves, radio-frequency
oscillations can be generated by an orderly, controlled stream of electrons
moving in the electric field of a vacuum tube. The electrons are acceler-
ated by a d-c electric field and take energy from the potential source which
produces this field. They pass through an alternating field in such a phase
as to be retarded by this field and, hence, give up a portion of their energy
to the alternating field. The source of the alternating field usually con-
sists of some form of oscillatory circuit which receives the cumulative
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energy given up by a large number of electrons and sets up the necessary
alternating field in the vacuum tube. )

The electromagnetic energy may then pass through an elaborate system
of electric circuits before it is ultimately radiated into space or dissipated.
Many of these circuits do not have their counterpart in the light spectrum.
For example, in the generation of light waves, there is no known means
of causing a large number of electrons in different atoms to oscillate in
exact synchronism in a manner similar to that obtained in certain types
of vacuum tubes or in oscillating electric circuits. On the other hand,
both radio waves and light waves possess similar properties of reflection,
refraction, diffraction, polarization, and interference. Thus it is possible
to construct the microwave counterparts of optical filters, lenses, reflectors,
diffraction gratings, spectrographs, and interferometers.

As the microwave developments enter the region bordering on the infra-
red spectrum, we should expect the techniques of generation, control, and
utilization of microwaves to take on the common aspects of both fields.
Experience gained in either field will inevitably aid in a better under-
standing of the other.

1.03. Engineering Considerations.—In this text we are primarily con-
cerned with the theoretical and practical aspects of vacuum tubes, systems,
and radiation phenomena in the frequency range from 300 to 300,000
megacyecles, corresponding to a wavelength range of 1 meter to 1' milli-
meter. Since it is helpful to have an over-all term to describe this portion
of the radiation spectrum, these frequencies will arbitrarily be referred to as
microwave frequencies.

From an engineering point of view, the commercial development of
microwave systems opens up enormous new areas for radio broadcasting,
television, radar, radio relaying, navigational systems, and special serv-
ices. A unique feature of microwave systems is the ease of obtaining highly
directional radiation. Because of the short wavelengths, antennas are
physically small so that parabolic reflectors or multielement directional
arrays can be used conveniently. For this reason, the microwave por-
tion of the frequency spectrum is especially well suited to radar, navi-
gational systems, point-to-point communication, and radio relaying
systems.

Microwaves are seldom, if ever, reflected from the ionosphere layers.
Consequently the maximum useful range of transmission is limited to
horizon distances. For land-based systems, this distance is of the order
of 25 to 200 miles, depending upon the height of the transmitting and receiv-
ing antennas. Longer ranges can be obtained with air-borne systems.
Experiments have shown that, when certain exceptional atmospheric con-
ditions prevail, microwave reflections can occur from the troposphere,
which is the portion of the earth’s atmosphere below the ionosphere
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These reflections make it possible, occasionally, to transmit and receive
signals beyond horizon distanccs.

Basically, the communication systems for microwave frequencies con-
tain the same functional components as those operating at ordinary radio
frequencies. Thus, the transmitting system may consist of a modulated
oscillator and some form of radiating system. Superheterodyne receivers
are often used in microwave communication systems. A typical receiving
system would contain the receiving antenna, a local oscillator and converter,
several stages of intermediate-frequency amplification, a detector, and one
or more stages of audio or video amplification.

Although the basic systems are the same as those used at radio fre-
quencies, the vacuum tubes and circuit elements of microwave systems
are quite different. At microwave frequencies, we are likely to find klys-
trons, magnetrons, resnatrons, or other types of tubes designed specifically
for operation at these frequencies. The networks are comprised of trans-
mission-line elements, wave guides, cavity resonators, and other compo-
nents which are quite foreign to conventional radio-frequency systems.

1.04. Theoretical Aspects.—In our analysis of microwave tubes and
circuits, we shall find it necessary to abandon some of the physical and
analytical concepts which have served quite satisfactorily as approxima-
tions at lower frequencies but which in some cases are not sufficiently
fundamental to account correctly for the microwave phenomena. For
example, in the analysis of vacuum-tube circuits it has become customary
to represent the tube by an equivalent circuit, thereby reducing an clec-
tronic problem to the status of an electric-circuit problem. While this
expedient greatly simplifies the analysis, it also serves to conceal the funda-
mental physical phenomena taking place inside the tube.

A more fundamental approach is to start with the equations of motion
of electrons in electric and magnetic fields and use them to determine the
behavior of the electrons in the tube as well as their external electrical
effects. Although this is a fundamental method of analysis which is valid
for all types of tubes, regardless of the operating frequency, it often in-
volves serious mathematical complications which restrict its use. In this
text, the fundamental method of analysis is presented as a means of ob-
taining a better understanding of the true physical processes at work. The
analysis is applied to systems of relatively simple geometry, although the
physical concepts are valid for all possible systems.

We shall find a close resemblance between electromagnetic-wave propa-
gation along transmission lines, in wave guides, and in free space. In
studying wave propagation along transmission lines and in wave guides, it
becomes increasingly important to adopt a field viewpoint based upon
Maxwell’s equations rather than the conventional circuit viewpoint. The
dielectric surrounding the transmission line or inside the wave guide is



Sec. 1.04) THEORETICAL ASPECTS 5

considered to be the locale of energy storage and energy flow. The con-
ductors merely serve to guide the energy flow in the dielectric while, at
the same time, exacting their toll in the form of I?R loss due to currents
in the conductors.

Transmission lines may be analyzed either by using the circuit method
based upon Kirchhoff’s laws for voltages and currents or by solving Max-
well’s field equations subject to the given boundary conditions. The former
method of analysis involves a one-dimensional problem and hence is con-
siderably easier than the three-dimensional solution of the field equations.
However, the Kirchhoff-law solution fails to show the existence of impor-
tant ‘“higher modes” which are likely to occur at microwave frequencies.
These higher modes have an entirely different field distribution in space
from that existing at lower frequencies. The circuit method of analysis
will be considered first in this text, since it offers the simplest solution for
most engineering problems, including those at microwave frequencies. The
higher order modes will be discussed in the chapter on wave guides.



CHAPTER 2
CHARGES IN ELECTRIC FIELDS

Basically, all vacuum tubes employ the effects of electrons moving under
the influence of clectric and magnetic fields. The principles of electron
dynamics therefore represent the foundation upon which we can safely
build our physical and analytical concepts. We shall find that there is an

intimate relationship between the dy-
namical behavior of the electrons and
the electrical quantities.

In this chapter we shall consider
the laws governing the electric field
distribution in space as well as the
equations of motion of charged parti-
cles in static and time-varying elec-

y tric fields. Later chapters deal with
the relationships between the dynami-
cal behavior of the electrons and the
electrical quantities.

X 2.01. Vector Manipulation.!: 2—

Fra. 1.—Representation of vector quanti-  Gjnce electromagnetic theory deals
ties in rectangular coordinates. R R . .

with fields in three-dimensional space,
vector analysis is a logical system of mathematical expression. Let us,
therefore, briefly consider some properties of vector and scalar quantities.

A vector is a quantity which has both direction and magnitude. A scalar
quantity has only magnitude. Thus force, distance, electric intensity, and
flux density are vector quantitics. On the other hand, power, energy,
potential, and total flux are scalar quantities.

Any vector may be represented as the sum of three mutually orthogonal
component vectors. In rectangular coordinates, a vector A, shown in
Fig. 1, is represented as

z

A=A0+ A5+ Ak 1)

where A,, A,, and A, are the scalar magnitudes of the components of A

along the z, y, and z axes, respectively, and 7, j, and k are unit vectors in

these respective directions. A unit vector serves to assign a direction to
! Puruures, H. B., “Vector Analysis,” John Wiley & Sons, Inc., New York, 1933.

2 CorFIN, J. G., “Vector Analysis,” John Wiley & Sons, Inc., New York, 1938,
6
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the quantity by which it is multiplied. The scalar magnitude of vector

Adis
A=VAZ+ A2+ A% )
Consider the two vectors 4 and ‘B, where
A=A7+ A+ Ak
B =B+ B,j+ Bk 3

These vectors may be added or subtracted by adding or subtracting their
components as follows:

A—-B=(A,—B)i+ (4, — B)j+ (A, — B.)k @)

There are two types of vector multiplication. These are known as the
dot product (or scalar product) and_the cross product (or vector product).
The dot product of two vectors A - B is defined by

EE = AB COS HAB (5)

where A and B are the scalar magnitudes of vectors A and B, and 6,3 is
the angle between them. The dot product of two vectors is a scalar
quantity.

Since the unit vectors 7, 7, and % all have unit length, Eq. (5) shows
that the dot product of two unit vectors in the same direction is unity,
while the dot product of two unit vectors which are perpendicular is zero.

The dot product of vectors A and B in Eq. (3) may be obtained by taking
the dot product of each component of A with every component of B. This
yields the scalar quantity

A-B=A,B,+ A,B,+ A,B, 6)

The cross product of two vectors designated A X B is defined by the
relation -
A X B = ABsin 0450 @)

where A and B are again the scalar magnitudes and 645 is the smaller of
the two angles between the vectors. The cross product yields a vector
which is perpendicular to both 4 and B, this being the direction of the
unit vector @ in Eq. (7).

The direction of the vector representing the cross product may be deter-
mined by the right-hand rule. If we point the fingers of the right hand
in the direction of vector A, and close the fingers in the direction from
vector 4 to vector B through the angle 645, the extended thumb points in -
the direction of the vector representing A X B. This direction is the same
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as the direction of advance of a right-handed screw when turned in the direc-
tion from A to B. It is apparent from this rule that £ X B = —B X 4,
i.e., the commutative law of multiplication does not apply to the cross
product.

If Eq. (7) is applied to the unit vectors, we find that the cross product
of two unit vectors pointed in the same direction is zero. The cross prod-
uct of two unit vectors which are mutually perpendicular gives the third
unit vector, its sign being determined by the right-hand rule. The sign of
the cross product of two unit vectors
can be obtained by writing the unit
vectors in the triangular form

1
Ei)

z

Yy  Taking the vectors in the order in
which they appear in the cross product,
a positive sign is used for clockwise
rotation in the above diagram and
a negative sign for counterclockwise
rotation. Thus, 7 X j = k, whereas
IXi=—k

The term-by-term cross product of the two vectors 4 and B yields

oo}

X

F1u. 2.—Cross-product multiplication.

A X B = (Asz - Asz)Z + (AzB.t - A.rBz)j + (Asz - AyB.t)]_E (8)

This result is also given by the expansion of the determinant

17 k
AXB=|4, 4, A, )
B, B, B,
Vector quantities may be expressed in cylindrical and spherical coordi-
nates as well as in rectangular coordinates. In cylindrical coordinates, the

coordinates of a point are p, ¢, and z, as shown in Fig. 3, and the vector 4

is represented by )
A=A+ Ag+ Ak (10)

where §, ¢, and £ are unit vectors in the directions of increase of p, ¢, and
z, respectively. The differential volume dr in cylindrical coordinates is
dr = pdp d¢ dz.

In spherical coordinates a vector is represented by r, 6, and ¢ compo-
nents as shown in Fig. 4, thus
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where 7, §, and & are unit vectors. The differential volume is dr =
r? sin 0 dr dd dp. LEquations for the conversion from cylindrical and spher-
ical coordinates to rectangular coordinates are given in Appendix III.
2.02. Coulomb’s Law, Electric Intensity, and Potential in Electrostatic
Fields.—Coulomb’s law states that the force of attraction between two

point charges is directly proportional to the product of the charges and

N LrAg

rsin6 dg

|

|
N P } A4,
\\\ >\\\l -p a/¢

F1a. 3.—Cylindrical coordinates. Fia. 4—phericul coordinates.

inversely proportional to the square of the distance between them. Thus,
two charges ¢; and ¢; which are separated by a distance r experience a force

_k
j= (11292 7 a)
€r

where e is the permittivity of the medium, % is a proportionality constant,
and 7 is a unit vector in the direction of the force.

In this text we shall use a rationalized mks (meter-kilogram-second)
system of units.! In rationalized units the term 4~ is included in the per-
mittivity e and permeability p so that it does not appear in the principal
electromagnetic field equations with which we will be dealing. However,
in this system of units the 4r factor reappears in Coulomb’s law and in
equations in which electric intensity and potential are expressed in terms
of the charges producing the field. Thus, in rationalized units Coulomb’s

1 A discussion of systems of units is given in Appendix L.
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law becomes
f - 7192 7 @

In mks units, force is in newtons, charge in coulombs, and distance in
meters.

The permittivity ¢ may be expressed as the product of the permittivity
of free space ¢ and a relative permittivity ., thus

€ = €€ 3)

In rationalized mks units we have ¢g = 1/(4r X 9 X 10°) = 8.854 X 1012
farads per meter. The relative permittivity is the familiar dielectric con-
stant, values of which are found

in handbook tables.
Electric intensity is defined as
the force on a unit positive charge

ol ,/’{,Vb placed in the field (assuming that
Ae___g the unit charge does not disturb
il -— the underlying field). Therefore
J/ the electric intensity at a point
Vaq distant r from a point charge ¢
may be found by setting ¢» equal

to unity in Eq. (2), yielding
E=—1; @

Fia. 5.—Potential difference is the line integral 4rer

of electric intensity. } . L. .
The mks unit of electric intensity

is the volt per meter. In gencral, the field at a particular point may be
due to a large number of charges distributed throughout space.

In an electrostatic field, the potential at a point in space is defined as
the work done in moving unit charge against the forces of the field from
a point of zero potential (sometimes assumed to be at infinity) to the point
in question. In practical problems, we are usually more concerned with
potential differences. Thus, in Fig. 5 the potential difference Vs — V,
between two points a and b is the work done in carrying unit charge from
point a to point b. Work may be expressed as the integral of the component

of force in the direction of travel times distance of travel, or w = f f-dl.

The force required to overcome the field is f = — F, hence the potential
difference becomes

b
m-n=—fﬂﬂ ®)
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An integral such as that of Eq. (5) is known as a line integral. The
potential difference between two points, therefore, is the negative line inte-
gral of electric intensity along a path connecting the two points. Potential
is sometimes written as an indefinite integral, thus,

v--[Ea ©)

The mks unit of electric potential is the volt.

The potential V at a point distant r from a point charge ¢ may be ob-
tained by inserting Iiq. (4) into (6). The integration constant is evaluated
by assuming that the potential is zero at r = o, giving

V=L @

4mer

The potential at a point due to a number of discrete charges is the alge-
braic sum of the potentials resulting from the individual charges, or for n
charges, we have
qi
5> ©

= 4drer;

2.03. Potential Gradient.—Equation (2.02-5) expresses a relationship
between potential and eclectric intensity in integral form. We shall now
obtain a differential equation relating these quantities. The potential dif-
ference dV between two points an infinitesimal distance dl apart may he
expressed as dV = —E-di, or, in scalar form, dV = —E;dl, where K,
is the component of electric intensity in the direction dl. Dividing by dl
we obtain E; = —dV /dl, that is, the component of electric intensity in the
direction dl is the negative space derivative of potential in this direction.
In a similar manner, we may obtain components of electric intensity in the
x, y, and z directions. Writing these as partial derivatives, we have

v 1% 24
By=—— Ey=—— E,=—

or Y * —6;

Assigning the corresponding unit vectors and adding, we obtain the
electric intensity in vector form

_ (aV_+aV_+6V]E> )
- 6.1:! ayJ 9z = )

The term in the brackets is known as the potential gradient, abbreviated
grad V.
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In vector analysis it is convenient to express mathematical relationships
in terms of a del operator, symbolized by V. In rectangular coordinates
this operator is defined by

d ad J .
V=—i+—7+—k (2
or dy a9z

If we perform the operation indicated by VV or “del V,” we obta’
vV = @V /ax)i + (@V/3y)j + (8V/8z)k, which is the same as the brac
eted term in Eq. (1). Thus, VV is the same as grad V'; hence we m:
express electric intensity in either one of the abbreviated forms

E=—gradV =—-vV (

While Eq. (1) is expressed in rectangular coordinates, Eq. (3) is mo
general in that it may represent the electric intensity in any coordina:
system. Appendix III gives the gradient in cylindrical and spheric:
coordinates.

A word of caution is necessary here. In a subsequent chapter,! we shall
find that the potential V is a function of the charge distribution through-
out space. Ilectric intensity, however, may be produced either by a dis-
tribution of charges in space or by a time-varying magnetic field. FEqua-
tions (1), (3), and (2.02-5) do not take into consideration that portion of
the electric intensity produced by the time-varying magnetic field; hence
these equations are valid, strictly speaking, only in electrostatic fields.
However, in most vacuum-tube applications, the currents involved are
quite small; therefore the magnetic fields which they produce are relatively
weak. Consequently, the electric intensity produced by the time varia-
tion of the magnetic field is negligible in comparison with the electric
intensity resulting from the applied potentials. For this reason, Egs. (1),
(3), and (2.02-5) may be used in most vacuum-tube analyses even though
the fields are not electrostatic.

2.04. Gauss’s Law and Electric Flux.—Electric charges constitute a
source of electric intensity or electric flux. Flectric flux is customarily
represented by lines starting on positive charges and terminating on nega-
tive charges. Gauss’s law states that the net outward flux through any
closed surface is proportional to the charge enclosed.

If a small surface element is placed perpendicular to the flux lines, the
number of lines of flux per unit area is known as the fluz density. Since
the amount of flux through the surface element is dependent upon its
orientation, flux density is a vector quantity which we shall designate by
the symbol D. In vector analysis, a differential element of area is ofter
represented by a vector d§ which is normal to the area element as show:
in Fig. 6. Designating electric flux by the symbol ¢, the flux dy throug}

! See Eqgs. (15.02-3 and 11), Chap. 15.
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the differential area ds is d¢ = D-ds. The net outward flux through the
closed surface is obtained by integrating dy over the closed surface. In
rationalized units, the net outward flux is equal to the charge enclosed;
(hence Gauss’s law becomes

Y = fﬂds =gq (1)
i 8
{
The symbol f denotes integration over a closed surface.
f 8

Fic. 6.—An illustration of Gauss’s law.

In an isotropic dielectric, electric flux density is related to electric in-
tensity by
D = (& 2)
The mks unit of electric flux density is the coulomb per square meter.

2.06. Divergence and Poisson’s Equation.—Gauss’s law expresses a
fundamental electromagnetic field relationship in integral form. We shall
now derive an expression for this law in differential equation form by apply-
ing the integral form to a differential element of volume.

Consider the differential volume dr in Fig. 7, having sides dz, dy, and
dz. The divergence of D (abbreviated div D) will be defined as the net
outward flux dy through the closed surface, divided by the volume dr or,
briefly, the net outward flux per unit volume. Mathematically, the diver-
gence of D becomes

~ d
divD = W
dr
Consider first the flux through surfaces a and b which are parallel to the

rz plane in Fig. 7. Let D = D3 + D,j + D,k be the flux density at the
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center of the differential volume. Denoting outward flux density as posi-
tive, the outward components of flux density at the surfaces a and b, to
a linear order of approximation, are

aD, dy
-Dy——\--— at surface a
oy 2
oD, (dy
D, + — at surface b
dy \2
Z
b
+ aDy d
o y dy
\ Dy+
dz[™ A’ﬁﬂ_ Yoy 2
" Dx | Jdx
dy
Y

X
[

Fra. 7.—Illustration for divergence.

It is assumed that these represent the average flux densities over their
respective surfaces. By multiplying the flux densities by the differential
surface area dr dz and adding to obtain the net outward flux through a
and b, we have

aD,
d¢a + d% = —5—— dz dy dz (2)
Y

Similar expressions may be obtained for the flux through the remaining
four faces. When these are added together, the net outward flux through
the closed surface is

aD, 6D, D,
dy = < + + ) dx dy dz (3)
or ay 9z

To obtain the divergence of D, substitute Eq. (3) into (1). Since the
differential volume is dr = dz dy dz, the divergence becomes
aD, 4D, 4D,
oz dy 9z

divD =

(4)
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It is interesting to observe that the dot product of the del operator V,
given by Eq. (2.03-2), and the vector D also yields Eq. (4), that is

aD, 4D, oD,
+
ar ay 0z

v.D =divD =

®)

Kquation (5) is a mathematical expression for the divergence of D. Now
let us relate this to the enclosed charge, using Gauss’s law.

Let ¢, be the charge density. The charge enclosed in the differential
volume dr is ¢, dr = ¢, dx dy dz. According to Gauss’s law, the net out-
ward flux dy, given by Eq. (3), must be equal to the charge enclosed in the
differential element. KEquating these and dividing by dr, we obtain

ah, oD, 4D,
dx 9y a9z

I

qr

or —
V-D = qr (6)
Let us briefly consider the physical interpretation of Gauss’s law and
divergence. Gauss’s law states that the net outward flux is equal to the
charge enclosed for any closed surface. If the charge enclosed is zero, the
amount of flux entering the closed surface equals the flux leaving it and
the net outward flux is zero. The divergence equation is essentially
Gauss’s law reduced to a per-unit-volume basis, since it states that the
net outward flux per unit volume is equal to the charge density. How-
ever, it should be noted that the divergence was derived for a differential
volume and is therefore a point function.
We now derive another useful relationship known as Poisson’s equation.
First, however, let us express Iiq. (6) in terms of electric intensity by
substituting E = D/e, thus obtaining

vE=% ™

€
Now substitute £ = —VV from Eq. (2.03-3), to obtain

vy =% ®)

€
where V2 = V.V is the Laplacian operator. In rectangular coordinates
Eq. (8) becomes
AL ©
T ar? ey 82 e
Appendix III gives expressions for V-4 and V2V in cylindrical and spherical
coordinates.
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Either the divergence equation or Poisson’s equation may be used to
determine the field distribution throughout space. The practical applica-
tion of the divergence equation is limited to cases where the flux density
is a function of only one coordinate. Other cases can be handled more
readily by Poisson’s equation. It should be noted that Gauss’s law and
the divergence equation are valid for either static or dynamic fields,
whereas Poisson’s equation is strictly valid only for electrostatic fields.

In order to illustrate the use of the foregoing relationships, consider the
following example:

Example: A space charge of density ¢, = cp’? is contained in a cylindrical shell having
an inside radius @ and an outside radius b. Assume that the potential at radius a is
zero.  Determine the electric intensity and potential distributions inside of the eylindri-

cal shell.
Two methods will be used, based upon Gauss’s law and Poisson’s equation. When
p < a, the electric intensity and potential are both zero. Consider the region in which

a<p<h.
A. Gauss’s Law Method.—A cylinder of radius p, where a < p < b, and unit height
would contain an amount of charge given by

’ p
q =f qr2mp dp =f 2wcp’s dp
a a

4xc

____(p§.__ .)

Because of symmetry, the flux density is uniform over the cylindrical surface and normal
to this surface. Gauss’s law may therefore be written in scalar form as follows:

§D-d§ = 21rpDP =

Inserting the expression for ¢ and using 1), = €E,, we obtain the electric intensity

5

2c
E, = — (0% —a*
P Bep @ )
The potential is found by applying Eq. (2.02-6) to obtain
35
o252

2c (207 - )
A (el QR ¢
He ( 5 @”lnp+ €

14

The constant. () is evaluated by setting V = Owhen p = a. The potential then becomes

B. Poisson’s Equation.—From Appendix III, we obtain an expression for Poisson’s
equation in cylindrical coordinates which, combined with Eq. (2.05-8), gives

SR LY (A WY

p op "ap ;;«;2_‘*-6:2 €
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Since 9V /d¢ = aV/9z = 0, this reduces to
1d ( avy o

pdp\"do/) T T e

tIultiplying by p dp and integrating, we obtain

This expression may be integrated a second time to obtain the potential. However, if
we recall that E, = — dV/dp, and that E, is zcro when p = a, we may evaluate the
integration constant and obtain

2c .
E,, =— (p* — aé:)
Dep

This is in agreement with the eleetric intensity obtained by the Gauss’s law method.
The potential may be evaluated by the method given in Part A.

The above methods can be used to evaluate the electric intensity and potential outside
of the eylinder b. However, in using Poisson’s equation, it should be noted that the
space-charge density ¢ is zero in regions where p > b, These solutions yield one integra-
tion constant in the electric intensity equation and {wo in the potential equation. The
constants may be evaluated in terms of the previously determined values of electric
intensity and potential at radius b.

2.06. Motion of Charges in Electric Fields.—Having considered the
laws determining the electric-field distribution in space, we now turn to a
consideration of the motion of charges in electric fields.

The force on a charge q in an clectric field is given by

J=dE ¢y
If the charge is free to move in space, the acceleration of the charge is
given by Newton’s second law of motion,

7 d’l @
s =m—
dt?
where m is the mass in kilograms and d2l/di® is the acceleration in meters
per second per second.
Equation (2) states that the acceleration is proportional to electric
intensity. "This equation may be resolved into components in any coor-
dinate system. In rectangular coordinates this becomes

d*r  qE,
@& m
Ty _ oy @
at  m
d’z qE,

a2 m
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The electric intensity may be determined as a function of space and
time coordinates using the previously derived relationships. Since these
are first-order differential equations in velocity and second-order equations
in displacement, the velocity equation contains one integration constant

and the displacement equation has two
s integration constants. These constants
can be evaluated if the position and ve-
locity of the charge are known at any

instant of time.
The cquations for the velocity and
“ energy of an elcctron may also be ex-
4 pressed in terms of potential. In Fig.
8, the work done by the field in moving
a charge ¢ from point a to point b is
equal to the line integral of force times
distance. The force is ¢E, hence the

b
work becomes w = f gE-di. Invoking

the law of conservation of energy, we
find that the work done by the field in
F1c. 8.~—Motion of a charge in an elec- moving the charge from a to b is equall
tric ficld. . . . .
to the increase in kinetic energy of the
charge. The kinctic energy of a particle is 14mv?, where v is its velocity,
hence

7

b
q| E-dl = Vom(vi — v3) €))
a
For electrostatic fields we may substitutc Eq. (2.02-5) for the integral
on the left-hand side of Kq. (4). Equation (4) then becomes

—q(Vo — Vo) = Yom(v — 03) (5)
Solving for v, we obtain
2
vp = \/Ug -2 (Vy — V) (6)
m

1f the potential and velocity are both zero at a, this reduces to

2qV
vb=\f-i—b )

m

The negative sign under the radical of Eq. (7) signifies that a positive

charge gains in velocity as it moves toward a negative potential.
Equations (5) to (7) are, strictly speaking, valid only for electrostatic

fields. They may, however. be used for dynamic fields provided that there
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is no appreciable time variation of the field during the flight of the elec-

tron.
In vacuum-tube analysis we are primarily concerned with electron mo-
tion, in which case we have

g = —e = —1602 X 107'° coulombs

m = 9.107 X 103! kilogram

e

— = 1.759 X 10" coulombs per kilogram
m

If an electron moves at a high velocity, its apparent mass is greater than
its stationary mass. The apparent mass is known as the relativistic mass
and is related to the stationary mass mg
as follows: K e

Mo

"= V1 = (v/v.)? ®

In this equation » is the velocity of the

electron in meters per sccond.and v, = X%
3 X 10® meters per second is the velocity
of light.

For a 1 per cent increase in mass the e—od —+ TV,sinwt
velocity must equal 14 per cent of the ] l
velocity of light. To attain this velocity ! Ill ! l ! I+
an clectron must start {rom rest and be Vo
accelerated through a potential difference
of 5,100 volts. Since most vacuum tubes
operate with potential differences which are less than 5,100 volts, the
relativistic correction can usually be ignored.

If the relativistic correction must be taken into account, the more funda-
mental force equation which states that force is equal to the time rate of
change of momentum, or

E
£

Fra. 9.—Temperature-limited diode
with d-¢ and a-c applied potentials.

d(m?)

dt ©)

j=
must be used in place of f = mad.
2.07. Electron Motion in Time-varying Fields.——In tubes operating at
microwave frequencies, the time of transit of an electron between two
electrodes in the tube may be relatively large in comparison with the period
of electrical oscillation. It is interesting to study the motion of electrons
through the fields when large transit times are involved.
As an example, let us investigate the motion of electrons in the time-
varying field of a parallel-plane diode in which the current is temperature
limited. In the diode of Fig. 9, the instantaneous potential difference be-
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tween cathode and plate is assumed to have a direct component Vy and
an alternating component V; sin wt, thus

V =Vy+ Visinwt 1)

Since the space-charge density is negligible, the electric intensity in the
diode space is given by

1
B, = — = (Vo+ Visinet) 2)

Substituting the clectron charge ¢ = —e¢ and Eq. (2) in the first of
(2.06-3), we have
Wyt Visina ®)
—_—= sin
dt? md ! ®
Two successive integrations of Eq. (3) vield the electron velocity and dis-

placement as a function of time. Assuming that the electron leaves the
cathode (r = 0) at time ¢, and with velocity vy, we obtain

dr e Vi
s = —— | Vgt — ty) — — (cos wt — cos wly) | + vo 4)
dt  md w

e (t — 1) T, ¥,
z=—|V - — — (sin wt — sin wlp) + — (¢ — to) cos wly
md 2 > w

+ 20(t — %) (5)

The time ¢ — ¢y is the electron transit time, or the time required for the
electron to travel from the cathode to a point distant z from the cathode.
This clectron transit time will be designated by T. The total transit time
T, represents the time required for the clectron to travel the entire dis-
tance from cathode to anode. We now let ¢ = wiy be the phase angle of
alternating potential at the instant of electron departure from the cathode.
We therefore have

T = t — t() (6)

¢ = wiy ()

Now write Eq. (5) in terms of T and ¢y, using Eq. (6). Then substitute
1q. (7) and divide both sides of the equation by a factor k, which is defined
below, to obtain

(w?d — [(wT — sinwT) cos ¢ + (1 — cos wT) sin @] + vo —(—k—) (8)

??‘I&

=4 —B ¢ 9)
+V0 + (
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e Vo 7,

where k = —— = 1.76 X 10" ‘-07203 (ks units)
PCl
2
B = (T — sinwT) cos ¢ + (1 — cos »T') sin ¢ (10)
T
¢ D
ok

The clectron transit time in a pure d-¢ field with zero initial velocity is
obtained by setting V; = 0 and vy = 0 in Eq. (8) and solving for time.
Designating the total d-¢ transit time as Ty, we have

T 1 2m 3.37 X 1079 d (11)
= ( —— = J.9/ —y—i
0 (5170 \/Vo

The quantity T is the transit angle, representing the number of radians
through which the alternating potential varies during the transit time T'.
The quantity A in Eq. (9) represents the value which the displacement
parameter x/k would have if there were no alternating potential difference
and the initial electron velocity were zero. Thus, we may consider A as
being the d-¢ component of the displacement parameter x/k.  Graphs of
A as a function of transit angle w7', as expressed in Iiq. (10), are given in
Fig. 10a for small transit angles and in Fig. 10b for large angles.

The term (V;/Vy)B in Eq. (9) is the component of x/k resulting from
the alternating field. Values of B are plotted in Figs. 11a and 11b as func-
tions of transit angle for various values of departing phase angle ¢. The
curves in Fig. 11 show that the a-c component of the ficld alternately ac-
celerates and retards the electron in its flight. Ior relatively large transit
angles, the a-c component of displacement is & maximum for ¢ = 0 degrees,
t.e., when the electron leaves the cathode just as the alternating potential is
changing from deceleration to acccleration.

The quantity C in Eq. (9) represents the component of x/k due to the
initial velocity of the electron. The value of C is zero if the initial velocity
is zero.

The clectron displacement for a given transit angle may be readily ob-
tained by the use of Figs. 10 and 11, and Eq. {9). If the transit angle T
and departing phase angle ¢ are given, the values of A and B may be
obtained directly from the curves. The value of C may be computed from
Eq. (10). Substitution of these values in Eq. (9) yields the value of z/k
and this may be used to determine the value of electron displacement z
during the time T



CHARGES IN ELECTRIC FIELDS

5
N /
] //
4 /
ANE NN “q:?
- T/ T
) s 1
=l -+ -
< 4t
/
T IR
T R T
- IRpZunnnnREN
|
T AT T T
A A N I O
A EENN
0

0 30 60 90 120 150 180
Transit angle (degrees)wT

(a)

[Cuapr. 2

80

10

60

50

AN

P

v

»%

e

>

1

60 N 180 240 300 360 420 480 540 600
Transit angle (degrees) wT

(b)

Fic. 10.—D-c component of z/k as a function of transit angle.

660 120



Sec. 2.07]

ELECTRON MOTION IN TIME-VARYING FIELDS

20
15 .
A
A
10 EERN u "— -
H A s
J I o A4 4 1
T duuny4
05
nE EERNPZARNDZANNRNNEE
o /Z::/ 8
5 e T
8 0 301 05| [120
2 ! "f'§0§*5§5;<forans ‘rl?_'lql_e 9,‘ es)wT | |
S N TR s
T T TN IENERNE SR
=08 ?i\_ CNE T T
Tirrrrrrirri- \ - __"S\\g: “_—“
RN T NG, |
-1.0 T __% _
A NS
EERENEERE. "“s_\,'!b\\\“‘
- 11— - \f?bo—
-5 T Y O A
A D rz&ﬁ_
L ERNNEEEN
20
(a)
12 T
10 AR T NN
8 || 7 /’//
] SRS
6 AT s,
] 7 B
4 A% - .
o [T T B
Y 2 // 4 3 P «_L¢e_l
1) v 1A N0
8 ol dficl o
3 || ] |~180 | 240 3007 360 [420 480 | 540 | 600 ].6607 120
5 B N Transit angle wT™~Ndegreep S0 | ]
>-2 ‘@\‘/—r i T &
NUse
-4 N GREN
~6 P~ \.——"—N\\ \ \\/‘?‘fe
N I N
NN
-8 “‘x\,\ﬁp TN
-10 DN
X
-12

(b)
'Fra. 11.—A-c component of z/k as a function of transit angle.

23



24 CIIARGES IN ELECTRIC FIELDS [CraPp. 2

The reverse process, 7.e., finding the transit angle corresponding to a
given electron displacement, requires a trial-and-error procedure. The
value of x/k is first computed and the d-¢ transit angle corresponding to
this value of z/k is obtained from Fig. 10. This transit angle is used as a
first approximation, and the corresponding values of B and C are deter-
mined from Fig. 11 and Eq. (10). The value of /k computed from Eq.
(9) using the first approximations for A, B, and C will, in general, not
agree with the correct value computed previously. It will therefore be
necessary to assume ncw values of T in the vicinity of the first approxi-
mation until one is found which yields A, B, and C values satisfying Eq. (9).

Example. To illustrate the solution of a typical problem, let. us determine the transit

angle and total transit time required for an electron to travel from cathode to anode in
a temperature-limited parallel-plane diode having the following values:

d = 0.5 cm ¢ =0°
T = 1,000 volts v =0
171 = 800 volts S =2 X 10° cycles per sec
First ob;,ain the values
:; —08 and k=10 f,_,jonv" = 2.224 X 1074

The clectron travels a distance z = d = 5 X 1073 m. Thus, we have z/k = 22.45.

If we consider only the d-¢ potential, Fig. 10b shows that the transit angle correspond-
ing to A = 22.45 is wT = 380 degrees. This is the first approximation to the value of
w7'. Figure 11b shows that the value of B corresponding to this approximate transit
angle is B = 6.3, and thus (V1/Vy)B = 5.04. It is apparent, therefore, that the value
of z/k using these values of 4 and B is too high by approximately the amount of (V3/Vg)B.

As a sccond approximation, therefore, try A = 22.45 — 5.04 = 17.41. Figure 10b
yields the second approximation 7' = 345° and Fig. 11b gives the corresponding value
B = 6.3, or (V1/Vo)B = 5.04. Substituting these in Eq. (9) we obtain z/k = 22.45
which is the correct value. Thus, the transit angle is wT' = 345° or 6.02 radians and
the total transit time is 7' = 6.02/w = 4.78 X 10710 scc.

If the field has no d-e¢ component, we have Vy = 0. In order to evaluate
Eq. (8), it is first necessary to multiply both sides by Vy, yielding

z = Vik'B + v,T (12)

e 1.76 X 10"
Wmd W%

If the electron enters the a-c field with a high initial velocity, the transit
time in traveling a distance z may be approximated by T = z/v,. The
corresponding value of wT is then computed and the value of B is obtained
from Fig. 11. The amount of error involved in the original assumption

can be obtained by inserting these values into Eq. (12). Other values of
T are then assumed until one is found which does satisfy Eq. (12).

(mks units)

where K/ =
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PROBLEMS

1. Two vectors 4 and B are given by
A =21 + 87 + 6k
B=21+17—2

() Compute the vectors represented by A + Band 4 — B

(b) Compute the dot and cross products A-B and A X B

(¢) The angles between a vector and the z, y, and 2z axis, respectively, may be
obtained from the direction cosines. The direction cosines of the vector A are
l=-cosl,=A4:/A, m =cos0y = A,/A, n = cos6, = A;/A. Compute the
direction cosines for the vectors A and B given above.

(d) Show that the cosine of the angle between two vectors is given by cos 04
= lily + mamp + nang. Find the angle 6 45 for the vectors given above.

2. The vectors A, B and C are given by

A=31-1]+2
B=11+2 -1k
c

=2; — 25 — 2k
Find the values of

(a) A-(B % C) and
() 4 X (B xO0.

8. Derive equations in rationalized mks units for the electric intensity and potential
distribution as functions of distance from
(a) A point charge
(b) A uniformly charged infinitely long line having a charge of ¢; coulombs per meter

of length
(¢) An infinite plane having a charge density of ¢, coulombs per square meter.
Note: The variation of field intensity and potential with respect to distance for

point, line, and plane sources is the same for clectric fields, magnetic ficlds, gravita-
tional fields, light ficlds, and many other types of fields.

4. An electrostatic field has an intensity distribution in the zy plane given by

E = (C1/2)i + (C2/y)]. Evaluate the line integral fE .dl ‘over any path from

(x =1,y =2) to (x = 3, y = 3). Hint: The integration is simplified by taking a
path parallel to the z axis from (1, 2) to (3, 2), then parallel to the y axis from
(3, 2) to (3, 3).

6. (a) Derive an expression for the difference of potential between the conductors of a
coaxial transmission line. Assume that the inner conductor has a charge of ¢;
coulombs per meter of length and the outer econductor has a charge of —¢q;
coulombs per meter of length.

(b) The capacitance per unit length is the charge per unit length divided by the
difference of potential between conductors. Obtain an expression for the ca-
pacitance per unit.

6. A point charge ¢ is placed at the point (z = —2,y = 42,2z = 0).

(a) Write an expression for the electric intensity at any point in space.

(b) Evaluate the difference of potential between the points (0, 0, 0) and (2, 4, 0) by
integrating along the curve y = z2.
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A point charge is located at the origin of a rectangular coordinate system. Con-

sider a circular plane of unit radius which is oriented in a position normal to the

z axis, with centerat (zx = 1,y = 0,2 = 0).

(a) Write the equation for the potential on the surface of the circular plane.

(b) Using the gradient relationships, determine the tangential and normal compo-
nents of electric intensity at the surface.

(¢) Find the surface intcgmlfﬁ-dﬁ over the given area.

. Derive the equations for grad V in cylindrical and spherieal coordinates.
. Derive the equation for V-D in cylindrical coordinates (see Appendix I11).

An insulating cylinder of radius @ contains a uniform charge of density g¢;.

(a) Using Gauss’s law, derive expressions for the electric intensity and potential at
points (1) inside the cylinder and (2) outside the eylinder.

(b) Derive these relationships using either Poisson’s equation or the relationship
v-D = ¢, in cylindrical coordinates.

In a spherical coordinate system the space-charge density is ¢, = C(r)’ 3,

(2) Using Gauss’s law, derive expressions for the electric intensity and potential as
functions of r.

(b)) Repeat part (a) starting with either Poisson’s equation or the relationship
v-D = g, expressed in spherical coordinates.

(c) Evaluate § D -ds over the surface of a sphere of radius a with center at the origin.

(d) Compute f v-D dr. Show that f D-ds = f v-D dr. Thisisa theorem of vee-

tor analysis known as the divergence theorem.
A cylindrical diode has a potential difference of Vi volts between cathode and anode.
The radii of the cathode and anode are a and b, respectively.  Assuming negligible
space-charge density, derive equations for the acceleration, velocity, and displace-
ment. of an electron which is traveling radially outward from the cathode.

Note: In this problem, an integral of the form fd.v/(ln z)*% is encountered. To

evzluate this integral, substitute £ = ¢¥ and integrate by series methods.

A parallel-plane diode with space-charge-limited emission has a space-charge density

given by ¢, = —C/(x)*.

(a) Derive cxpressions for the electric intensity and potential distribution in the
diode.

(b) Derive equations for the acceleration, velocity, and displacement of an electron.
Compare the total eleetron transit time in the space-charge-limited diode with

iq. (2.07-11) for the diode with temperature-limited emission.

In a klystron oscillator, an electron starts from rest and is accelerated through a d-¢

potential difference of 400 volts. It then passes through the region between two

parallel-plane grids in a direction normal to the grids. The grids are 0.2 em apart

and have an a-c potential difference of 350 volts (peak value). The frequency is

3,000 megacycles per sec. It is assumed that there is no d-c field between the grids.

Determine the transit time and transit angle for an electron which enters the grid

region as the clectric ficld is passing through zcro, changing from acceleration to

deceleration.



CHAPTER 3
CURRENT, POWER, AND ENERGY RELATIONSHIPS

Vacuum-tube oscillators and amplifiers are essentially devices for con-
verting d-c energy into a-c energy. Such devices contain two functionally
different but interdependent parts: (1) the vacuum tube with its stream
of electrons moving under the influence of electric and magnetic fields and
(2) the external circuit containing, among other things, the sources of
potential and the load impedance.

A complete analysis of such a vacuum-tube system would require an
analysis of the vacuum tube from the point of view of electron dynamics
and an analysis of the external circuit from a circuit viewpoint. These
two solutions are interdependent since the electronic effects influence the
potentials in the external circuit and the potentials, in turn, determine the
fields in which the electrons move. Since a rigorous treatment of such a
system involves considerable mathematical difficulty, it is customary to
use either of two simplified methods of approach. In the conventional
method, the tube is represented by an equivalent generator and equivalent
internal impedances. This equivalent circuit is then joined to the external
circuit and the analysis proceeds as an electric-circuit problem. Although
this method greatly simplifies the analysis of vacuum-tube circuits, it loses
sight of the fundamental electronic phenomena taking place inside of the
vacuum tube.

The second method deals largely with the electronic phenomena within
the tube. In this method, certain arbitrary direct and alternating poten-
tials are assumed to exist at the tube terminals without inquiring as to
what external conditions are required to produce the assumed potentials.
The behavior of the electrons and their electrical effects are then expressed
in terms of the assumed potentials. An equivalent circuit for the vacuum
tube may also be obtained by this method of analysis. In general, how-
ever, this equivalent circuit will differ from the equivalent circuit of the
preceding method and will represent more accurately the conditions exist-
ing at frequencies where clectron transit-time effects are significant.

In this chapter, we shall consider the concepts of current, power, and
energy from a fundamental electronic point of view, using the electronic
method of approach.

3.01. Convection and Conduction Current.—The motion of electric

charges constitutes an electric current. Charges moving in space consti-
27
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tute a convection current, whereas the motion of charges in a conductor
constitutes a conduction current. In either case, the convection or conduc-
tion current density J. is equal to the product of charge density times
velocity, or

Je = q.b ¢))

where ¢, is the charge density and 7 is its velocity.

In a conducting medium the moving charges cxperience a frictional
resistance. In most conductors,' the average velocity of the charges is pro-
portional to the electric intensity £ and Lq. (1) may therefore be written

J.=dE @)

where ¢ is a property of the medium known as the conductivity. In mks
units, J, is in amperes per square meter and ¢ is in mhos per meter. Values

/ of ¢ for various conducting me-
? | :

> diums are given in Appendix 11,
!
\

/ <, Equation (2) is Ohm’s law ex-
JE

pressed in terms of current den-
Fi1G. 1.—Conduction current in a conductor.

————
P -

-

sity and electric intensity. To
relate this equation to the more
familiar form of Ohm's law, con-
sider a direct current flowing in the homogeneous cylindrical conductor of
Fig. 1. Assume that the current density is uniform over the cross section
of the conductor. The total conduction current 7, is then the product of
current density times area, or 7, = J.A. The electric intensity is uniform
throughout the conductor, hence the potential drop over a length of
conductor [ is Vg = El. Substituting J. and E from these two relation-
ships into Kq. (2), written in scalar form, we obtain Ohm’s law

to=—Vp=— 3)

where B = [/oA is the electrical resistance of the given length of conductor.

3.02. Continuity of Current—Displacement Current.—Kirchhoff formu-
lated an important law of continuity of conduction current in closed cir-
cuits. This law states that in an electric circuit the current flowing to
a point is equal to the current flowing away from the point.

Maxwell introduced the concept of displacement current and thereby
generalized the law of continuity of current. Consider, for example, an
a-c circuit containing a condenser. If the condenser is charging or dis-
charging, a conduction current flows in the metallic circuit. Since the

1Joos, GEORGE, ‘‘Theoretical Physics,” p. 425, G. E. Stechert & Company, New
York, 1934.
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charges do not flow through the dielectric of the condenser, the conduction
current is discontinuous at the condenser plates. Hence, if we take the
restricted viewpoint that current consists only of the flow of charges, it
follows that current is not always continuous. Maxwell showed that if
the time variation of the electric field is treated as a displacement current,
then current is always continuous; i.e., current always flows in closed paths.
In the example cited above, the displacement current betwcen the con-
denser plates resulting from the time

variation of the clectric field is exactly = ]/T

equal to the conduction current in the Y —

external circuit. It was this reasoning = A )
that made it possible for Maxwell to ;(,:_—_-______ > ‘a
predict the propagation of clectromag- i = \\ 1: !
netic waves through space. [ = \y* |

In order to obtain an expression for | | I

the displacement current, consider the i E
condenser circuit of Fig. 2 during the ! !
time that the condenser is discharging.! |i !
The positive plate of the condenser is === IWWWE====== =

assumed to be totally enclosed by an
imaginary hemispherical shell. A posi-
tive sign will be used to denote current
flowing out of the hemispherical surface. The principle of conservation
of electricity states that the conduction current flowing out through the
hemispherical surface must equal the time rate of deerease of charge on
the condenser plate. Thus, if ¢ is the charge on the positive plate, the
conduction current flowing in the external circuit is

Fia. 2.—Continuity of current in a dis
charging condenser circuit.

dq
ic = - - (1)
dt

Gauss's law relates the clectric flux through the hemispherical surface
to the charge enclosed,

fD-ds =q (2.04-1)

By inserting ¢ from this expression into Eq. (1) and interchanging the order
of differentiation and integration, we obtain

e+ P —-ds=0 @)
at

! Frank, N. H., “Introduction to Electricity and Optics,” Chap. 8, McGraw-Hill
Book Company, Inc., New York, 1940.
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We may now express the conduction current as the surface integral of the

conduction-current density, thus, ¢, = § J.-ds. Inserting this into Eq.
8

(2) and combining the terms under one integral, we obtain

f(Jc+§)-d§=0 3)

Equation (3) is a statement of the law of continuity of current. The
terms f J.-ds and f (8D /at) - ds represent, respectively, the conduction and
8 8

displacement currents through the hemispherical surface. Equation (3)
states that the net current out through the hemispherical surface is equal
to zero or that the current entering this surface is equal to the current
leaving it. Designating the displacement current density by J4, we have
oD  9E @

_—= e —

‘T et ot
In Fig. 2, the conduction current is in the conductor while the displace-
ment current is a result of the time variation of the electric field between
the condenser plates. In the more general case, displacement current and
conduction (or convection) current may occur coincidentally. The current

density is then
oF

7T+ ®)

In Sec. 2.05, the divergence of a vector was defined as the net outward
flux per unit volume. According to the law of continuity of current, the
net outward current through a closed surface is always zero; hence we have

v-] =0 (6)

By inserting Eq. (5) into (6), with Jq = aD/at, we_obtain, after inter-
changing the order of differentiation, v.J.+ 8(V-D)/at = 0. Further
substitution of V-D = ¢, from Eq. (2.05-6) gives

g

at

v-J c = = (7)
Equation (7) is the equation of continuity. It is similar to Eq. (1) except
that (7) is stated in differential equation form while Eq. (1) is in integral
form.
3.03. Current Resulting from the Motion of Charges.—Consider the
current resulting from the motion of a single charge between the parallel
planes of the diode of Fig. 3. In Fig. 3a, the electron is passing through
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plane A; hence the current through this plane is a convection current at
the instant shown. In order to satisfy the principle of continuity of cur-
rent, there must be equal currents flowing simultaneously through all
planes parallel to plane A in the interelectrode space and in the external
circuit. The electron has an electric field associated
with it. Therefore, if the electron is in motion, there AB
will be a time-varying electric ficld at plane B (and at
all other planes parallel to plane A in the diode space).
This varying electric field constitutes a displacement
current. The displacement current through all planes
parallel to plane 4, in Fig. 3a, is exactly equal to the
convection current through plane A.

Now consider the current flowing in the external
wircuit. The motion of the clectron in the diode space

|
(N
/1
W\-l

b
[}

(a)

B
tends to induce a potential difference between the :
planes of the diode. Hence charges flow in the ex- j
I
|
|

ternal circuit in such a manner as to tend to maintain
the diode planes at the same potential. This flow of
charges in the external circuit constitutes an induced
conduction current, or briefly an tnduced current.

Our complete picture of the current resulting from (b)
the motion of the single electron in Fig. 3a therefore
includes a convection current through plane A4, a dis-
placement current through all planes parallel to plane
A in the diode space, and an induced current in the
external circuit, all flowing simultaneously and satisfy- d )
ing the law of continuity of current. | T'c

The two planes of the diode form a condenser. If
an alternating potential diffcrence is applied between )
the planes, there will be an additional displacement Fio. 3—Current
current in the diode space owing to the capacitance resulting from the
between the planes, and an equal current flowing in gf:ct;;’;lof a single
the external circuit. This current will be referred to as
the capacitive curreni. The capacitive current is independent of the flow
of charges in the diode space.

Before leaving the subject of current, let us make one further interesting
observation. We have thus far considered conduction and convection cur-
rents as being quite different from displacement current. The first two
were attributed to the motion of discrete charged particles, whereas dis-
placement current was assumed to result from a time variation of the
electric field. However, if we focus our attention entirely upon the field
of the charge and set aside our concept of the charge as being a small
particle, then we have a unified point of view in which all current becomes

F——m
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displacement current and we no longer need the separate concepts of con-
vection and conduction current. From this viewpoint, the charges consti-
tute the source of the electric field and the current is due entirely to the
time variation of the electric field rather than to the motion of the charged
particles per se. There is considerable justification for this point of view.
3.04. Power and Energy Relationships for a Single Electron.!*—Let us
briefly review the mechanics of a particle in motion. If a particle expe-
riences a vector force f, the work done on the particle in traveling a differ-

ential distance dl is
dw = f-dl (1)

or the total work done in traveling from a to b is
b— -
w = f f-dl (2)
a

If the particle experiences no other foree, the work done on the particle
is equal to the gain in its kinetic energy. To show this, we write Newton’s
second law of motion

F=ntt ®
=m—; .
at
where d?l/dt? is the acceleration of the particle. Now multiply the left-
hand side of Eq. (3) by dl and the right-hand side by (dl/dt) dt and integrate,

yielding
fj__ 0 f d?l dl ”
- =3 n —— o —
"
fra- o)
. . 7n —
2 dt

Assume that the particle moves from a to b and that the velocities at these
two points are v, and v,. The limits on the left-hand side of Kq. (4) are

This may be written 4

1 JeN, C. K., On the Induced Current and Energy Balance in Electronics, Proe. [ .R.E.,
vol. 29, pp. 345-349; June, 1941.

2 JeN, C. K., On the Energy Equation in Electronics at Ultra-High Frequencies,
Proc. I.R.E., vol. 29, pp. 464-466; August, 1941.

3 GABOR, D., Energy Conversion in Electronic Devices, J.I.E.E., vol. 91, pp. 128-145;
September, 1944,

*To prove this, write 14d(dl/d¢t)? from the right-hand side of Eq. (4) in the form
1 7di\* 1d ¢dl dl
2 dt) T2dt\dt dt

L1 gdl\?

product, we obtain 3 d (E) =
Eq. (4.

) dt- Differentiating the right-hand side of this expression as a
dl dl

T adt- This is the substitution made in obtaining
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a and b, while those on the right-hand side are v, and v,. Hence, Eq. (4,
becomes

741 = yimt — 2 )

This result shows that the work done on the particle is equal to its gain
in kinetic energy.

Now consider the power relationships. Power is the time rate of change
of energy. Returning to Eq. (1), if the work dw is done in time dt, the
power received by the particle is

©

F1a. 4.—Electron motion in a diode of arbitrary geometry.

The total work done on the particle may also be expressed as the time
integral of power. Combining this with Eq. (2), we have

j‘:bf-dz =f:2p dt )

where the particle is assumed to leave point a at time ¢; and arrive at b
at time {,.

Let us now apply these relationships to the case of an electron moving
in the electric ficld of a diode of arbitrary geometry. Assume that the
potential difference between the electrodes is V, where V is a function of
time. The resulting electric intensity E is a function of space coordinates
and time.
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An electron in the diode space experiences a force f = —eE. Substitu-
tion of this force into Eq. (6) gives the power transfer from the field to the
electron, p = —eE-dl/dt. We have found that the moving electron in-
duces a current 7 in the external circuit. The source of potential therefore
supplies an amount of power equal to p = 7.V to the field,! this being
exactly equal to the power transferred from the field to the electron.

jquating the two power expressions and writing the velocity as 7, we obtain

p=—ei-BE =1V 8)
The induced current obtained from this expression is
. er-B
e = — 7 9)

The increase in kinetic energy of the charge as it moves from a to b
is obtained by inserting f = —eF into Eq. (5), giving

b
w = Yom@y — @) = —ef E.dl (10)

The linc integral in Eq. (10) is similar to the expression for the potential
difference between a and b as given by Eq. (2.02-5) and we might be
tempted to make this substitution. However, we must bear in mind that
the potential and the electric intensity may both vary appreciably with
respect to time while the electron is in flight along the path from a to b.
Hence, the line integral in Eq. (10) is not the potential difference at any
instant of time and we are not justified in considering it as a potential
difference unless the ficld is substantially constant during the time of
transit of the electron.

The fundamental concepts of power and energy transfer between the
potential source and a moving electron are embodied in Eqgs. (8) and (10).
In this process, the electron is accelerated by the electric field; hence there
is a transfer of energy from the field to the electron. The motion of the
electron in the interelectrode space induces a current in the external circuit.
The induced current flowing in the external circuit transfers an equal
amount of energy from the source of potential to the field to make up for
the energy transfer from the field to the electron. Thus, in effect, energy
is transferred from the source of potential to the moving electron. A posi-
tive sign denotes energy transfer from the source of potential to the elec-

1 This is the power supplied to the ficld duc to the motion of the electron in the field.
If the potential is varying with respect to time, the potential source may supply addi-
tional capacitive power to the system. However, we are primarily interested in the
power and energy transfer between the potential source and the electron and hence will
not consider the capacitive power.
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tron, whereas a negative sign denotes energy transfer from the electron to
the source of potential.

One important concept must not be overlooked. The energy transfer
occurs while the electron is in flight. The moment that the electron collides
with an electrode, its remaining energy, as given by Eq. (10), is dissipated.

For the special case of a parallel-plane

The velocity of the electron may be evalu-
ated by methods described in the preceding -
chapter. It is significant to note that the
current is dependent not only upon the

diode, we have E = —V/d and Egs. (8) - +
and (9) become = +
; eV | = +

Pp=—= .V (11) = +

d - +

T—X—W"B..,

=2 (12) L o

d - +

+

+

+

charge and its velocity but also upon the - 1+
distance between the diode planes. 'lll”ll (N)
3.05. Single Electron in Superimposed Vo V,s_in;)t

D-C and A-C Fields.—In most vacuum-tube
applications, the electrode potentials have
d-c and a-c components; hence the electrons
move through combined d-¢ and a-c electric fields. Under proper condi-
tions, the electrons may take encrgy from the source of d-c¢ potential and
transfer a portion of this to the source of a-c¢ potential.

Consider the diode of Fig. 5, which is assumed to have negligible space
charge. The instantaneous potential difference between plate and cath-
ode is

F16. 5.—Diode with d-¢c and a-c
applied potentials.

V = Vy+ V;sin wt (¢))

where V) is the d-c potential and V' sin wt is the a-c potential. The elec-
tric intensity in the interelectrode space contains superimposed d-¢ and a-c
components which are represented by Ej and E| sin ot, respectively, where
E, and E; are functions of space coordinates only. The resultant elcctric
intensity is

E = Eo + El sin wt (2)

By inserting the potential from Eq. (1) and the electric intensity from
(2) into (3.04-8), we obtain an expression for the instantaneous power
transfer,

p = —ei-(Ey + E, sinwt) = i.(Vy + V; sin wt) 3)
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Since the d-c and a-c fields both exert a force upon the electron, there
will be power transfer from both potential sources to the electron. Let
pac and p,. represent the instantaneous power transfer to the electron
from the sources of d-¢ and a-c potential, respectively. We may separate
the d-c¢ and a-c power terms in Eq. (3) and write

Pac = —eb-Ey = i1 )

Pac = —eb-FEy sin wt = iV sin wt 4)

P = Pdc + Pac (6)

The induced current may be obtained either from Eq. (4) or (5), yielding
ei-E, ei-E

A Sk @

It should be noted that the clectron velocity 7 is dependent upon both the
d-c and a-c fields.

In Egs. (4) and (3) the terms containing the velocity and eleetrie in-
tensity express the phenomena occurring within the tube, whercas the
terms containing voltage and current express the relationships in the
external circuit.

In most vacuum-tube applications, a majority of the electrons move in
such a manner as to be accelerated by the d-c¢ field but retarded by the
a-c field. Hence, these electrons take energy from the source of d-¢ poten-
tial and transfer a portion of this energyv to the source of a-c potential.
The a-c potential usually results from an alternating current (induced
current plus capacitive current) flowing through the load impedance in the
external circuit, which produces an a-¢ potential drop across this imped-
ance. Hence, we shall refer to the load impedance as the source of a-c
potential. The electrons, therefore, serve as an intermediary, taking
energy from the source of d-¢ potential and transferring a portion of this,
in the form of a-c energy, to the load impedance.

It is of course necessary to control the flow of electrons so that a majority
of them flow through the alternating field during its retarding phase. The
grid in the ordinary triode tube serves this purpose. The d-¢ and a-¢ com-
ponents of an electric field may be either superimposed as in the triode
and magnetron tubes, or they may exist in separate parts of the tube, as
in the klystron.

The gain in kinetic energy of a single electron may be obtained by insert-
ing E = E, + E, sin wt in Eq. (3.04-10), thus

b b
Yom@y — 13) = —ef Ey.dl — ef (E; sin wt) -dl (8)
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If points a and b are at the cathode and plate, respectively, then the first
integral in Eq. (8) is the d-c potential difference and this equation becomes

b
YVm(vi — v2) = eV — ef (B sin wt)-dl 9

The two terms on the right-hand side of Eq. (9) represent the contribu-
tions to the gain in kinetic energy of the electron due to the d-c and a-c
fields. A positive sign in either term (after it has been evaluated) signifies
energy transfer from the corresponding potential source to the electron,
whereas a negative sign denotes energy transfer in the reverse direction.

The conversion efficiency . for the complete travel of a single electron
is the ratio of a-c energy output to d-¢ energy input, or

1 b
Ne = —~—f (E, sin wt)-dl (10)
VO a

The sign of the a-c energy has been reversed in Eq. (10) in order that power
output and power input both have positive signs, yielding a positive effi-
cieney.

If the electron transit angle is small, the field is practically stationary
during the flight of any one electron. Ior the purpose of evaluating the
integral term of Iiq. (9), we may treat sin wi as a constant and replace

b
the integral term by —e f (E, sin wt)-dl = eV sin o, giving

a

Lom@i — v2) = e(Vo + Vy sin wt) (11)
with a corresponding efficiency
Vl sin wt (12)
Ne = — — T
e Vo
Maximum power output and maximum efficiency occur when sin wt = —1,

i.e., when the a-c potential has its maximum retarding value.

In order to obtain 100 per cent conversion efficiency, the retarding a-c
ficld must have sufficient magnitude to just bring the clectron to rest at
the end of its journey (point b). All of the energy taken from the d-¢
source is then transferred to the a-c potential source (the load impedance),
and the terminal energy of the clectron, as given by Eq. (9), is zero. How-
ever, this may present an anomalous situation since, if the superimposed
d-c and a-c fields exert equal and opposite forces on an electron (which is
assumed to have zero initial velocity), then the electron will never start
in motion. Consequently there is no power output, although the theo-
retical efficiency would be 100 per cent. In general, increasing the retard-
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ing a-c field has the effect of reducing the electron velocity and increasing
the electron transit time.

The electron transit time (through the a-c field) can be greatly reduced
if the d-¢c and a-c fields are in separate parts of the tube (as in the klys-
tron). Electrons are then accelerated by the d-c field before entering the
a-c field. The electrons enter the retarding a-c ficld with a high velocity.
This results in a relatively large power output per electron and small transit
time.

When a charge moves through an electrostatic field, the sum of the kinetic
and potential energies of the charge remains constant. However, this princi-
ple is not always true in time-varying fields. If the ficld varies with respect
to time during the electron’s flight, then the sum of the kinetic and potential
energies of an electron at any point in its flight is equal to the sum of the
kinetic and potential energies at the beginning of the flight plus an addi-
tional term representing the change in energy of the charge due to the time
variation of the field.

3.06. Power Transfer Resulting from Space-charge Flow.—The con-
cepts of induced current and power transfer may now be extended so as
to include the effects of a large number of charges in motion. Consider a
diode of arbitrary geometry having an electric intensity £ and a space-
charge density q,. Both E and ¢, are functions of space coordinates and
time. It is assumed that the space-charge density is small enough that
the field which it produces is negligible in comparison with the field result-
ing from the potentials on the tube electrodes.!

The force experienced by a charge ¢, dr occupying a differential volume
dr is

df— = E(Ir dr (1)

Inserting this force into Kq. (3.01-6), we obhtain the power transfer from
the ficld to the differential space-charge element as dp = q,E- (dl/dt) dr.
Integration over the entire volume 7 of the diode yields the instantancous
power transfer from the field to the space charge,

P =fq,17-E dr =j-.70-Ed-r 2

where J, = ¢,7 is the convection current density. The quantity J.-E in
the last term of Eq. (2) represents the power transfer per unit volume.
If the space charge consists of electrons, ¢, is negative.

The moving space charge induces a current 7. in the external circuit.
If the potential difference between electrodes is V, the power transfer from
the source of potential to the field is p = 7,V. Equating this to the power

1 The effect of the field set up by the space charge is to cause mutual power transfet
between the charges themselves.
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received by the space charge, we obtain

p=f.7c-Edf=icV 3)
- _1fy 5
T = V]T‘Jc E dr 4)

For the parallel-plane diode, we have £ = V/d and dr = A du.
Equations (3) and (4), in scalar form, then become

VA .
p=—>>1_J.dc =1V 5)
d Jy
A /2
'r:='_— ch 6
i dj: ’ (®)

Now assume that the potential difference is V = Vy + V) sin ot and
let the electric intensity be represented by E = E, + E, sin wt where E,
and E, are again functions of space coordinates. Inserting these into
Eq. (3) and separating the d-¢ and a-c power terms, as in Egs. (3.05-4 and
5), we obtain

pic = [T Bo dr = .Y @
T

Pac =ch'El sin wt dr = i,V sin wt 8)

P = Pdc + Pac (9)

The time-average d-c and a-¢ power may be obtained by integrating
Egs. (7) and (8) over a complete cycle and dividing by 2=. Applying this
procedure to the last terms in Eqgs. (7) and (8), we obtain

1 T
Pae = — fz iVo d(wt) (10)
21!’ 0

1 27
P, = ~—-f e V1 sin wt d(wt) (11)
27 Jy

The efficiency is then

f 1.V sin wt d(wt)
_ | Pael o (12)

" =
P ' g
| Pac| fz i.Vo dlat)
(1]
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In general, the current 7, contains a d-¢c component, a fundamental a-¢
component, and higher harmonic a-¢ components. Only the d-¢c compo-
nent of current contributes to the time-average d-c¢ power, and only the
fundamental a-c component contributes to the a-¢ power output (since the
a-c voltage was assumed to have no higher harmonics). If we represent
the induced current by

ic = Iy + Iysin (0l + o) + I3 sin (2wt + as) +- - - (13)

then Egs. (10), (11), and (12) bccome
Py = IV (14)
P, = VIV, cos oy (15)

The conversion efficiency for the tube alone is

%11 Vl COS ay

16
oo (16)

7

It should be noted that 1y and V, are the potentials at the tube elee-
trodes. The d-c supply voltage 17, is equal to the potential Vy at the tube
terminals plus the d-c voltage drop in the load resistance, ie., V=
Vo + IoRL. Hence the total power supplied by the d-c¢ source is Py =
Vlo. The corresponding conversion efficiency (including the loss in [2y)
is n = %VIII COoS al/VbIr).

3.07. Example of Power and Energy Transfer.—As an illustration of
the foregoing concepts, consider the power and energy transfer in the class
C oscillator of Fig. 6.

The potential difference between the cathode and plate contains a d-¢
component and an a-¢ component. The a-¢ potential is developed across
the load impedance and is due to the a-¢ component of current flowing
through this impedance. The grid potential serves as an electron gate,
allowing electrons to flow into the grid-plate region during the retarding
phase of the alternating field only. Thus, in Iig. 6b, the plate current
(induced current in the external circuit) flows only when the alternating
potential is negative.

The principal energy transfer occurs in the grid-plate region of the tube,
since this is the region of high electric intensity and high electron velocity.
As the electrons travel from grid to plate, they are accclerated by the d-¢
field and retarded by the a-c field; hence they take energy from the source
of d-c potential and transfer a portion of it, in the form of a-c energy, to
the load impedance. The difference between the encrgy gained by an elec-
tron from the d-c source and that transferred to the load impedance is its
residual kinetic energy. This is dissipated when the electron strikes the
plate. For maximum efficiency, the conduction angle of the current should
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be as small as possible and the retarding a-c field should be as large as
possible, provided that it is not large enough to introduce appreciable
transit-time delay. This assures maximum retardation of the electrons

by the a-c field.
ib

-~

]\V,sinwt

L
T

-eg_
Epp
[;.llllllll,u— j—\

(b)

Fra. 6.—Class C oscillator and characteristic curves.

Tt is entirely possible for electrons to transfer their energy to an external
cireuit without themselves ever entering this circuit. Thus, referring to
Fig. 7, assume the purely hypothetical case of a space charge oscillating
back and forth between two parallel planes at a frequency equal to the
antiresonant frequency of the tuned circuit. The motion of the electrons
induces an alternating current in the L-C circuit which, in turn, produces
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an a-c potential difference between the diode planes. If the electrons
oscillate in such a phase that they are always retarded by the a-c field,
they will transfer part of their energy to the L-C circuit during each cycle
of oscillation even though the electrons may never enter this circuit. It

K P

V; cos wt

(000
-

Fi1c. 7.—Energy transfer resulting from the motion of an oscillating space charge

would of course be necessary to find a means of supplying energy to the
space charge if it is to continue to oscillate. The mechanism of oscillation
deseribed here is similar to that of the positive-grid oscillator.

PROBLEMS

1. Using the equation of continuity, show that the convection-current density is inde-
pendent of distance in a parallel-plane diode having a d-¢ applied potential. Show
that the space-charge density varies inversely with electron velocity.

2. A parallel-plane diode is operated with temperature-limited cemission.  The diode
planes each have an area of 5 sq em and are 0.5 em apart. A d-¢ potential difference
of 500 volts produces a current of 200 ma.

(a) Obtain an expression for the clectron velocity as a funcetion of distance assuming
zero emission velocity.

(b) Compute the total charge enclosed between the diode planes, the convection-
current density, and the charge density (see Prob. 1).

(¢) Compute the data and plot curves of gy, v, J, and power transfer per unit volume
(JE) as functions of distance.



CHAPTER 4
THE PHYSICAL BASIS OF EQUIVALENT CIRCUITS

The analysis of vacuum-tube circuits is greatly simplified if an equiva-
lent circuit can be found to represent the tube. This equivalent circuit
must yicld the same relationship between the applied voltages and currents
at its terminals as the tube which it represents.

There are two important methods of deriving such equivalent circuits.
The simpler and more common method might be called the Taylor’s series
or empirical method. Tt gives the conventional equivalent circuit which
is ordinarily used in the analysis of vacuum-tube circuits. In this method,
statically determined tube characteristics are represented in the region
about a reference or operating point by a Taylor’s series. Then the varia-
tion in plate current from the operating point value is assumed to be repre-
sentable by the lincar term of the series. In this way the plate-current
variation is related to the variations in electrode voltages from their oper-
ating point values. Constant-voltage or constant-current equivalent gen-
erators can be used to represent the plate-current variations. Interelec-
trode capacitances are treated as parts of the circuits outside the tube. In
this method little attention is given to the electronic phenomena occurring
within the tube. Such equivalent circuits are satisfactory for solving prob-
lems for which the assumption of lincarity between clectrode voltage and
current variations is satisfactory and for which the frequencies of the
applied voltages are such that the transit time of the clectrons is negligible
in comparison with the period of the voltage wave.

In the second method, however, the expressions for voltage and current
are derived from basic dynamical relationships which represent the be-
havior of the electrons within the tube. These relationships are then used
to obtain the equivalent circuits of diodes. The equivalent circuits for
triodes and other multielectrode tubes arc synthesized from the equivalent
circuits for diodes. Since electron transit-time effects are taken into con-
sideration, these equivalent circuils may be used at microwave frequencies.
In general, the circuit clements in these equivalent circuits are functions
of clectron transit time. This method of deriving equivalent circuits will
be called the electronic method.

In this chapter we will derive the conventional equivalent circuit of the
triode tube by the Taylor’s serics method. Then, using the electronic,

43 )
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method, the equivalent circuit for the temperature-limited diode will be
derived and the derivation of the cquivalent circuit for the space-charge-
limited diode will be outlined. The method of synthesizing the equivalent
cireuits for triode and tetrode tubes from diodes will be indicated.

4.01. Conventional Equivalent Circuit of the Triode Tube.—A triode
vacuum tube is one with three electrodes. However, tetrodes, pentodes,
and other multiclectrode tubes may function essentially as triodes if only
two of their clectrodes in addition to their cathodes have varying poten-

Epp
== —ii ) p—
(a) h

I'te. 1.--Triode amphfier and characteristies for class .\ operation,

tials. I'or example, a pentode tube functions as a triode with speeial
characteristies if its screen and suppressor grids are held at a constant
potential with respect to its cathode.

Let us briefly consider the conventional cquivalent eireuit for vacuum
tubes operating as triodes at frequencies for which transit-time effects arve
negligible. In Fig. 1, let ¢, e, and e, represent the instantancous values of
total plate current, grid voltage, and plate voltage, respectively.! The vary-
ing components of grid and plate voltages and plate current are e, e, and
1y, Tespeetively. In Fig. 1b these varying components are shown for illus-
trative purposes with sinusoidal waveforms and with proper phase relation-
ships for a resistive load impedance.

The plate current consists of the quiescent or referenca-point value I
plus the variational component 7,, thus 7, = I9 + ¢{,. The instantancous

!'The bold-faced E in this chapter and in Chap. 5 is used to denote vacuum tube
voltages, with subscripts in conformity with I.R.E. standards.
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value of plate current may be expressed in terms of a Taylor’s serics as
follows:

) d AW
=Ipt+\a—*te >7b+ ( —te )zb-i-
i) de,

(P aeb 601,
1( % e a)n' Fo ()
n! de, a(,, e

In this representation of the series, e, is the variational component of
plate voltage, e, is the variational component of grid voltage, and the
partial-derivative operators operate only on 7, or its derivatives.

ip

-t -

Z Ip=nggléD p Z
+

(o) (b)

Fri. 2.-- -FEquivalent plate circuits of a triode.

We now define a transconductance g,, a plate resistance r,, and an
amplification factor u as follows:
aly 1
gm = - Fp = 77~ *= Gy (2)
de, Olp, 0ey

If u can be considered constant, we can write Eq. (1) in the form

1 6/::1 Cp 2 19"~ gm Cp "
= Gm + p>+_~ ( _) . ((’ - st 3
! g <( 2! e, + u + n' ()(,."_l st u t ®)

ITence, ¢, can be represented as & power series in terms of the voltage
[eg + (ep/w)]. The second- and higher-order terms yield distortion com-
ponents of 7,. By retaining only the linear term in Eq. (3) and substi-
tuting (for a resistive load)

ep = —'ipRL (4)
we obtain
uey

L 5
'» r» + Ry, ©®)
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For sinusoidally varying quantitics, Eq. (5) can be expressed in terms of
the complex voltage F,, current I,, and load impedance Zy, yielding

#Eg
I, = 27 6
»= iz )

Equation (6) may be represented by ecither of the equivalent circuits
shown in Fig. 2. The circuit of Fig. 2a contains a series combination of a
constant-voltage generator whose

Tgp voltage is pFE,, a plate resistance

6 m o T,"‘,’ and a load. impedance Zj..
1 J ' Figure 2b contains the plate re-

Cop sistance and load impedance in

]Pl i parallel with a constant-current

Cg == Pig Cer §ZL gencrator whose current is g,,F,.
- If the interclectrode capacitances

pEq and the losses in the cathode-grid

+ | | and grid-plate circuit are included,

K the equivalent circuit takes the

‘Fm. ?.—Eguivalgnt (_'ir(-uit of a negativg- form shown in Fig. 3. At high
grid triode, including interelectiode capaci- . .
tances and losses. frequencies the lead inductances

are important.!»? These may be
added in series with the cathode. grid, and plate leads to complete the
equivalent circuits for moderately high frequencies.

4.02. Procedure in Solving the Temperature-limited Diode.—The char-
acteristies of any vacuum tube are dependent upon the total effect of the
electrons moving in the interelectrode space. In the electronic method,
the voltages and currents at the tube electrodes are expressed in terms of
the equations for the motion of electrons within the tube. These expres-
sions may be used to determine the current flowing for given applied volt-
ages, or conversely, to determine the voltage required to produce a given
current. The relationships between the a-¢ components of voltage and
current determine the values of the impedance or admittance elements in
the equivalent circuits.

Consider the case of the parallel-plane diode of Fig. 4, which is assumed
to have temperature-limited current. In general, the induced plate current
1 in the external circuit resulting from the motion of electrons in the inter-
electrode space of the diode may be represented by a Fourier series of the
form

1y = Iy + Iy sin (0t + a;) + I sin Qwt + ay) + -« I, sin (ot + a,) (1)

! LueweLnyN, F. B., Equivalent Networks of Negative-grid Vacuum Tubes at Ultra
High Frequencies, Bell System T'ech. J., vol. 15, pp. 575--86; October, 1936.

2 Srrutt, M. J. O., and A. vAN DER Z1kL, The Causes for the Increase of the Admit-
tances of Modern High-frequency Amplifier Tubes on Short Waves, Proc. I.R.E., vol. 26,
pp. 1011-1032; August, 1938.
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A question might arise as to how it is possible to have a-¢ components.
of plate current if this current is temperature limited. Under temperature-
limited conditions, all of the emitted electrons are drawn to the plate and
low-frequency variations in applied voltage do not alter the rate at which
electrons arrive at the plate. However, at microwave frequencies, the
clectron transit angle may be quite large and the electrons therefore remain
in the interelectrode space for an ap-
preciable portion of the a-c cycle. Elee- E
trons which are emitted from the cathode DE—
during the retarding phase of the a-c¢
voltage are slowed down, whereas those X—es
omitted during the accelerating phase of I
a-¢ voltage are speeded up. The faster 't
clectrons tend 'to overtake the slower ‘ o
clectrons which were emitted at an
earlier phase and there is consequently
a tendency toward bunching of the elec-
trons in the interelectrode space. This
bunching effect produces the alternating ——_—||I|IIIN—+——-®—
components of plate current. Vo =

s . . VysinwT

Throughout the following analysis, !
small-amplitude operation will be as-  Fia. 4.—Panallel-plane diode with d-¢

. N . and a-c applied potentials.
sumed, .., Vi K V4. The harmonic
terms in Eq. (1) are then small in comparison with the fundamental com-
ponent. If we discard the harmonic components of current, leaving the
d-¢ and fundamental a-¢ components, we have

iy, = Ty + Iy sin (0t + a;)

which can be written
1, = Iyo + 1'1 sin wl + 17 cos wt (2)

where I is the fundamental component of current in phase with the a-c
voltage and 17 is the quadrature component.
The d-¢ conductance gy, a-c¢ conductance g, and a-¢ susceptance by, are
then
e L, X
Jo = Vo g1 = v, 1 = v,

3)

The values of the a-c conductance g; and susceptance b; are dependent upon
the electron transit angle and they may be ecither positive or negative.
In complex form, the a-c admittance is

Y = g1 +jb ()
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This is the expression for the admittance of a parallel combination of con-
ductance g; and susceptance b;. Since this admittance represents only the
electronic effects, another parallel branch representing the susceptance, b,
due to the interelectrode capacitance, must be added to obtain the com-
plete equivalent circuit. The resulting equivalent circuit is shown in
Tlig. 5. The susceptance by may be ecither ca-

[_JV\?\,NV_ pacitive or inductive depending upon the elec-
K by p tron transit angle.

70000 In crder to evaluate the admittances in Eq.

=}bc (3), it is neecessary to obtain expressions for I,

" Fre. S—Ace  oquivalent It, and I7 in terms of the u]‘)plie(l potentials.
cireuit of a temperature- Lhe general method of analysis presented here
limited diode. Values of g1 yvyg  developed by Benham, Llewellyn and
and b, are given in Iig. 6. ~
North.!7
4.03. Equivalent Circuit of the Temperature-limited Diode.—In the
parallel-plane diode with temperature-limited current, let N be the num-
ber of clectrons emitted from the cathode per second. The charge emitted
between time f, and to + dty is Ne dt,. By substituting this charge in
Eq. (3.04-12) in place of ¢, we obtain the induced current diy, = New dty/d.
The total induced current at any instant of time £ is due to electrons emitted
from the cathode between time {, = ¢t — 1"} (since T is the total transit
time these electrons are arriving at the plate at time ¢) and #, = ¢ (these
clectrons are leaving the cathode at time f). The total induced current is,

therefore,
=t Nep
iy = - -l 1
) f Tt (1)

The electron velocity, given by Iiq. (2.07-1), with vy = 0, is now substi-
tuted into Eq. (1). The current is being evaluated at a given instant of

1 BeNuam, W. K., Theory of the Internal Action of Thermionie Systems at Moder-
ately High Frequencies, ’hil. Mag., part I, vol. 5, pp. 641-662; March, 1928; part 11,
vol. 7, pp. 457-515; February, 1931,

2 Bennam, W. I, A Contribution to Tube and Amplifier Theory, Proc. [.R.E., vol. 26,
pp. 1093-1170; September, 1938.

3LueweLLyN, I, B., Vacuum Tube Electronies at Ultra-high Frequencies, Proc.
I.R.E., vol. 21, no. 11, pp. 1532 -1572; November, 1933.

f LLeweLLyN, F. B., Note on Vacuum Tube Eleetronies at Ultra-high Frequencies,
Proc. I.R.E., vol. 23, no. 2, pp. 112 127; February, 1935.

s LLeweLLYN, F. B., “Electron Inertia Effects,” Cambridge University Press, London,
1941.

¢ LueweinyN, F. B, and L. C. PetkrsoN, Vacuum Tube Networks, Proc. I.R.E.,
vol. 32, no. 3, pp. 144-166;, March, 1944,

7 NortH, D. O., Analysis of the Effccts of Space Charge on Grid Impedance, Proc.
L.R.E.. vol. 24, no. 1, pp. 108-126; January, 1936.
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time ¢; hence ¢ is held constant in the integration of Eq. (1) and ¢y is the
variable. Integrating and forming the ratio 7,/Ne, we obtain

’I:(, e fo=t . V1
= f Tolt — ty) — — (cos wt — cos wihy) | dty

Ne  md? Ju=1-1, @

e - ; 1 — cos6 sinf — 6
(1 o7 + VT [siXI wt( “62—:—> + cos wt (j‘-wo_r— ]} @

md? | 2

i

where 6 is the clectron transit angle and is given by
0 = le (3)

We wish to separate the d-c¢ and a-c components of current. The term
1I"sT%/2 in Eq. (2) contains both d-¢ and a-¢c components, since the total
transit time T'; is a function of £.  "To separate the d-¢ and a-¢ components,
it is necessary to return to Eq. (2.07-5) which expresses the displacement
of the electron. Substituting x =d, T'= T}, t) =t — Ty, and 0 = Ty,
with v = 0, in Iiq. (2.07-5), we obtain
cos — 1 4 fsin 0)

)

0..

sinf — 6 cos 6
(IO

Subtracting Eq. (4) from (2), we complete the separation process,

iy 7 T2 2(1 — cos ) — @xin 6
: 1+ i Th {sin wt[ ( -0;3)» ]

¢ (VT3 [ , (
l=—\—— ViTi|s t
md? l 2 il e

Ne md>

2sin0 — 6(1 203 0
—l—coswt[ in 0 og + cos )]] )

Now assume that the total transit time is approximately equal to the
d-¢ transit time, i.e., Ty = Ty. Iquation (2.07-11) gives the d-c¢ transit

time
2m
To=d \/T (2.07-11)

(]
If Ty is substituted for T in Eq. (3), the current ratio becomes
p 2V [2(1 — cos §) — @sin 0"
— =14+ -— - ysinwt o
Ne Vo | Iz

(6)

2sin 0 — 6(1 0
+coswt[ = oi + cos )”
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Comparing this expression with Eq. (4.02-2), we find that

Ibo = Ne
, 1201 — cos ) — 6sin b
I, = 2l —- | — ,, (7
Vo 0
" Iy [2sin6 — 6(1 + cos 6
L= 2n, [_.m__.__...i + cox )J
I [} 0
09 l l
0.8
0.7 %/ b
' / 4 \\go

-b,
and T
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Fia. 6. ~A-c conductance and susceptance of the temperature-limited diode, as a function of
transit angle.  The susceptance is capacitive for small transit angles.

By substituting these results in K. (4.02-3), we obtain the final equa-
tions for the admittance parameters,

Ne Ib()
go = Vo = Vo
9y [?@L#:Pi{?.:.oii"ﬁ] _? [1 _E... ] ®)
Jdo - 0" 6 15
b, [%Sin_" —_,_"<_1,,t5_°f_?_>] _ f[ . +]
do 0? 3 20

Values of g,/go and by /gq are plotted in Fig. 6 as funetions of the transit
angle 0. As the transit angle increases, the conductance is alternately posi-
tive and negative with a maximum near ¢ = =. Negative values of con-
ductance signify energy transfer from the electron stream to the source of
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alternating potential. Hence the temperature-limited diode can be used
as an oscillator at frequencies for which its a-¢c conductance is negative.
The susceptance b; is alternately capacitive and inductive as the transit
angle increases. By adding the susceptance b., due to the static capacitance
between the electrodes, to b; we obtain the total susceptance. Since the
static capacitance is C = eA/d farads, the corresponding susceptance is

b wed ©)
‘T d

In this equation, A is the area of one of the planc electrodes.

The scries form of the above equations is convenient for evaluating the
admittance for small transit angles. Substituting § = 7', and taking the
first terms only in each of the above series expansions, we obtain, for small
transit angles,

g _ (2nf)* TS

% ° : (10)
\

by 2afT, ;‘5; )

— = v

Jo 3

Hence, the conductarce is proportional to the square of frequency and
transit time, whereas the susceptance is proportional to the first power of
frequency and transit time. For small values of transit angle, the con-
ductance term is small in comparison with the susceptance and the admit-
tance is approximately equal to the susceptance b;. These are the conclu-
sions obtained by Ferris, by a somewhat different method of analysis.!
4.04. Relationships for the Space-charge-limited Diode.—Consider a
parallel-plane diode with arbitrary applied potentials and appreciable space
charge between the diode planes. The current density at any point in the
interclectrode space is the sum of the convection-current density ¢,5 and
the displacement-current density €(3E/at), as given by Eq. (3.02-5), thus ?

J=q.9+ i (1)
=q, 0+ e—
? ot
For the parallel-plane diode, the divergence equation (2.05-7) becomes
oL
==t @
or €

! Ferris, W. R., Input Resistance of Vacuum Tubes as Ultra-high-frequency Ampli-
fiers, Proc. I.R.E., vol. 24, pp. 82-107; January, 1936,

? The displacement current density includes both the capacitive current and the dis-
placement current due to electron motion in the diode.
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By substituting g, from this equation and v = dr/dt into Eq. (1), written
in one-dimensional form, we obtain

7 <6E’ L dr " 6E,> ®)
~\or &t ' ot

The electric intensity is a function of r and . According to the rules
of the partial differentiation of a function of two variables, Kq. (3) is
equivalent to

dE,

€
dt

(€))

Here we have an interesting relationship which states that the current
density is proportional to the time rate of increase of clectric intensity as
experienced by the moving electron. 1In other words, from the point of view
of the moving electron, there can be only a displacement current.  This is
in agreement with the discussion at the end of Sec. 3.03.

The acceleration of an electron in an electric field is given by the first
of Eq. (2.06-3)

d’r ek,

= — —— (2.06-3)

de? m

Substitution of the electric intensity from this equation into Eq. (4) yields

B eJ '
= (®)

dt? em

This equation states that the current density is proportional to the time
rate of change of electron acceleration.
The potential may likewise be related to the equations of electron motion.

Starting with V = — fd E dr and substituting ¥ from Kq. (2.06-3), we
0
obtain

v m f" d?x d ®)
= — ——dr
¢ Jy dtz

The foregoing relationships are valid for a parallel-plane diode having
any degree of space charge.

4.06. Space-charge-limited Diode with D-C Potential.-—Now consider
the special case of a parallel-plane diode having a d-¢ potential difference,
and space-charge-limited current. LetJ = Jg be the d-¢ current density.
Since the electrons flow in the positive z direction, Jo will be negative.
Substituting J = Jy into Eq. (4.04-5) and performing successive integra-
tions, we obtain the electron acceleration, velocity, and displacement eqna-
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tions. Assume that a particular electron leaves the cathode (xr = 0) at
time ¢ = ), with zero initial velocity. For complete space-charge-limited
current, the eclectric intensity at the cathode is zero. Integration of
Eq. (+.04-5), with the above substitutions, then yields

d’x 3 eJy «— 1) a

> em 0 )
dr L‘J()

— = — — (¢t — t)? 2

dt 2em ( o) @
oJ

r= = (= o) 3)
6em

Let T = t — {, be the time required for the electron to travel a distance
r. The total electron transit time (cathode to plate) is found by setting
r=dand t —ty = Ty in Fq. (3), yvielding

Gemd\
et
0 (’J()

The potential required to produce the assumed current density may be
obtained by inserting d”r /dt* from Eq. (1) and dr from Eq. (2) into (4.04-6).
Howoever, we first write Eq. (2) in the form dr/dt = dr/dT = —eJoT?/2em
and then substitute de = (—eJoT?/2em) dT into IXq. (4.04-6). Since poten-
tial is being evaluated at a particular instant of time, ¢ is constant and {
(or T) is the variable. With the above sul)stitutions, Eq. (4.04-6) gives

€ J 0

V T‘ dT = ——
0 Ze m 8em )

Several interesting aspects of the space-charge-limited diode are revealed
in kgs. (4) and (5). Eliminating Jo from these two equations, we can
obtain the following expressions for the total transit time and transit angle:

m .od
Ty = ‘%d\/ = 505X 107% —--- seconds
0 2¢ ‘ 0 V I'o

s (6)
6 = wTo = 31.7 X 107° \/-;.- radians
In these equations d is in meters and Vg in volts. Comparison of Egs. (6)
and (2.07-11) shows that the total electron transit time in the space-
charge-limited diode is three-halves of the transit time in the temperature-
limited diode.
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By substituting Ty from Eq. (6) into Eq. (5) and solving for Jy, we
obtain the familiar threc-halves power Child’s law for space-charge-
limited current,

3 I
- 72 — 2. 1 —6
Jo = o0d? \/- Vo 33 X 10 )
The d-c resistance of the diode per unit area is given by
X . d?
ro = —" = 0.429 X 10° (8)

Jo V'V,

4.06. Space-charge-limited Diode with D-C and A-C Applied Poten-
tials.—The procedure in solving the space-charge-limited diode with com-
bined d-c and a-c¢ applied potentials ix similar to that of Sec. 4.05 except
that the assumed current density is of the form

J =Jo + Jy sin wt (1)

The solution is quite lengthy; therefore we shall merely state the end
results.  The potential required to produce the assumed current is

2(1 — cos0) — fsin g
gt

o(1 s 6 ——2
_coswt[ + - ( + cosf) smﬁ]J] (2)

V =Vy+ 8J1ro {sin wt [

where ry = V/Jo is the d-c resistance of unit area of the diode, and
0 = wTy is the total transit angle.

Equation (2) contains voltage components in phase with the current
(the sin wt terms) and quadrature components (the cos wt terms).  The
equivalent a-c circuit is therefore a series circuit containing resistance and
reactance. Dividing the a-c terms of Eq. (2) by J;, we obtain the resist-
ance and reactance, per unit area,

_g [2(1 — cos §) — B sin 0" 2ry [1 ﬁ + ] 3)
1= gt T3 15

4 0(1+cosﬂ)—2sin0]_ 2 [g_gi ]
=T 8"’[ g ==3%l0 mt ] W

A positive sign in the reactance term signifies inductive reactance, while
a negative sign signifies capacitive reactance. The term —4ry/30 in Eq.
(4) is the capacitive reactance between the diode planes without space
charge. To show this, write ro = V/Jo. Substitute Egs. (4.05-4 and 5)
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and rearrange to obtain ro = —3Tod/4e. Multiplying this by 4/36, we
obtain

47'0 d 1
=== ®)
30 we wC
where C = ¢/d is the capacitance of unit area r :(0 ch p
of diode planes. Letting z, = 1/w(C repre- MWW\ l' Il

sent the reactance due to the diode capaci- 1”‘pz:(*l“g‘r;"cﬂl::ﬁt‘;&“g:t (l)f the
space-e =~ ode.
tance and . represent the reactance due to
space-charge and transit-time effects per unit area, we obtain for Kq. (4
1 g ) 1
voxp = =+, (6)

The series form of Eq. (3) shows that the low-frequency a-c resistance
of the space-charge-limited diode is r, = 23rg, 7.c., two thirds of the d-¢
resistance. IFigure 7 shows the equivalent circuit for the space-charge-
limited diode. Values of r/rp, 21/rp, and z./r, are plotted as functions
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Fra. 8.—Impedance of the space-charge-limited diod®as a function of transit angle.

of transit angle 06 = wT in Fig. 8. The resistance alternates between posi-
tive and negative values as the transit angle increases, with a maximum
positive value at zero transit angle and maximum negative value at ap-
proximately 8 = 7.2 radians. Kquation (+.05-6) can be used to compute
the approximate value of the transit angle, and the corresponding imped-
ances for the diode may then be obtained from Fig. 8.
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The admittance for the space-charge-limited diode is the reciprocal of
its impedance. Figure 9 is a plot of admittance values, showing the low-
frequency and high-frequency asymptotes of the susceptance curve. It is
interesting to note that the low-frequency capacitance in the equivalent

6

Pl
S {—
$4 -
: .
23 »
“c _
g
81 -
Y EEE -
/
8,14 N
’,7‘\ 3
/ - T \p;z‘ﬂ ——1\
0 2 4 6 0 1 on
—t Transntanqle 0 ln radxans —Tok——-t—
I I A

Fra. 9.—Admittance of the space-charge-limited diode as a function of transit angle.

parallel circuit is three fifths of the capacitance without space charge.
This effect of space charge in reducing the effective capacitance is some-
times referred to as a reduction in the effective dielectric constant. It is
also interesting to observe the similarity between the equations for the
impedance of the space-charge-
ng2 limited diode as given by Egs. (3)
Yy, Y22 Y2 and (4) and the admittance of the
A p .. . A

'__4, temperature-limited diode in kq.

(4.03-8).
Cg 4.07. Equivalent Circuit of the
Triode.'—The triodemay be viewed
-L: as two adjoining diode regions with
a space-charge-limited diode repre-
senting the cathode-grid region and
a temperature-limited diode for the
grid-plate region. The impedance or admittance of the space-charge-
limited region may be obtained from Figs. 8 or 9, using the transit angle
computed from Eq. (4.05-6). The temperature-limited diodc region re-

F1a. 10.—Equivalent circuit of the triode at
microwave frequencies.

tLLeweLLyN, F. B, and L. C. PeTERSON, Interpretation of Ultra~high Frequency
Tube Performance in Terms of Equivalent Networks, Electronic Industries, vol. 3
pp. 88-90; November, 1944.
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quires a little different treatment from that given in Sec. 4.03, since the
initial velocity of the electrons entering the grid-plate region is not zero.
Liewellyn has shown that the equivalent circuit shown in Fig. 10 may
he used to represent the triode at all frequencies including microwave fre-
quencies. The admittance clements are determined as follows:
1. Admittance Y,; is the admittance of the space-charge-limited diode
as obtained from Fig. 9 with the transit angle computed using Eq. (4.05-6).
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F1a. 11. - Transadmittance of a triode as a function of cathode-grid transit angle.

2. Admittance Y, is approximately equal to the susceptance of the grid-
plate capacitance, or Yo = jwCyp.

3. Point .1 in Fig. 10 is assumed to be a point midway between grid
wires in the grid plane. The capacitance C, is given approximately by
Cy = 1,Cyp, where pg is the reciprocal of the sereening factor of the tube.
Capacitance (7 represents the capacitance between the clectron stream at
point A and the grid wire.

4. Admittance Y2 is given for various values of 6, in Fig. 11, where 6,
15 the cathode-grid transit angle. The magnitude of Y. is approximately
equal to the conventional transconductance g, although its phase angle
varies with the value of 6.

5. The potential difference between the cathode and grid plane is V.
This iz not the same as the potential difference between the cathode and
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grid wires. The grid-plane potential may be taken as the potential midway
between grid wires. The equivalent generator has a voltage V;(¥12/Y22).

Although the equivalent circuit derived here is valid for all frequencies,
numerical difficulties are encountered in attempting to evaluate the admit-
tance elements and equivalent-generator voltage at low frequencies since,
as the transit angle decreases, the values of some of the impedances ap-
proach the indeterminant form «/«. Consequently, the conventional
equivalent circuit of Fig. 3 is preferred where very small transit angles are

Yi2 Ys
- WV
Y, Yo' Y Y Yy
Ko o0 A,@ I A, l p
Y,
e 2y,
—r—Yg Ys !
_l_Ys
6 S

F16. 12.—Equivalent circuit of a tetrode at microwave frequencies.

involved. The external circuit may be attached to the terminals of the
equivalent circuit of Fig. 10, and the complete vacuum-tube circuit solved
by the usual methods of circuit analysis.

Equivalent circuits may also be derived for more complicated tube
structures using this method. I'igure 12 shows the equivalent circuit of a
tetrode tube.

PROBLEMS

1. A parallel-plane diode has a spacc-charge-limited current. The diode planes have
an area of 2 sq em and are separated by a distance of 0.1 em. The potential differ-
ence between cathode and anode is V = 75 + 10 sinwf. The d-¢ current is 10 ma
and the frequency is 1,000 megacycles.

(@) Find the total clectron transit time and transit angle (assuming that the a-c
potential has negligible effect upon the transit time).

(b) Determine the d-c plate resistance and the a-c plate resistance.

(c) Using the transit angle in part (), evaluate the parameters of the equivalent a-c
circuit of the diode.

(4) At what frequency does the diode resistance have its maximum negative value?
What is the value of the resistance at this frequency?

2. A lighthouse tube has parallel-plane clectrodes. The cathode-to-grid spacing is
0.014 cm and grid-to-plate spacing is 0.033 cm. The cathode and plate have cfice-
tive arcas of 0.7 sq cm each.  The amplification factor and interelectrode capacitances

are u =45
Crg = 2.65 X 1072 farad
Cep = 1.70 X 1022 farad
Cip = 0.04 X 10~ farad
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Assume that the tube is operated with space-charge-limited emission with a potential
difference between the cathode and the cquivalent grid plane of 3 volts. The poten-
tial diffcrence between the cathode and plate is 200 volts. The tube is operating
as an oscillator at a frequency of 2,500 megacycles with small-amplitude operation.

(@) Compute the cathode-to-grid transit angle.
(b) Determine the parameters for the equivalent a-c circuit assuming that u, is

equal to the amplification factor of the tube.



CHAPTER 5
NEGATIVE-GRID TRIODE OSCILLATORS AND AMPLIFIERS

The conventional triode tube has proven to be an exceedingly versatile
tube and is the prototype of many other vacuum tubes in present-day use.
By careful design of the tube and the associated circuits, it has been pos-
sible to extend the useful range of the triode into the microwave portion
of the frequency spectrum. In this range the resonant circuits are usually
constructed of transmission-line elements or resonant cavities. The tubes
are often designed so that they can be made an integral part of the reso-
nant system.

6.01. Triode Tube Considerations.—Optimum design of the triode tube
requires a minimum of

1. Interelectrode capacitance and lead inductance.

2. Electron transit time.
and a maximum of

1. Transconductance.

2. Cathode emission.

3. Plate heat dissipation area.

These are conflicting requirements which necessitate design compromises.
Interelectrode capacitance may be reduced by decreasing the physical size
of the electrodes and increasing the spacing. However, decreasing the
electrode dimensions reduces the maximum safe power dissipation, thereby
reducing the power rating of the tube, whereas increasing the interelectrode
spacing results in a detrimental increase in electron transit time. Ilectron
transit time may be reduced by the use of a high plate potential. How-
ever, the maximum allowable plate potential is determined by the safe
plate dissipation of the tube and the breakdown voltage. The lead induc-
tance can be minimized by the use of short thick leads, preferably arranged
so that they can become an integral part of the external circuit. Low-loss
dielectric seals are used to reduce the dielectric losses.

A useful principle of similitude - 2 states that if all linear dimensions of
a triode are changed by a fixed ratio and the electrode voltages are held
constant, the plate current, transconductance, and amplification factor will

! LaANaMUIR, 1., and K. ComproN, Electrical Discharges in Gases, Rev. Modern Phys.,
vol. 3, pp. 192-257; April, 1931.
2 TaompsoN, B. J., and G. M. Rosg, Vacuum Tubes of Small Dimensions for Use at
Extremely High Frequencies, Proc. I.R.E., vol. 21, pp. 1707-1721; December, 1933.
60
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remain constant. However, the interelectrode capacitances, electron
transit time, and lead inductance vary directly with the linear dimensions.
It is apparent, therefore, that some of the undesirable effects encountered
at microwave frequencies may be minimized by shrinking all of the linear
dimensions of the tube proportionately, although this remedy also reduces
the power rating of the tube.

The relatively high input admittance of triode tubes at microwave fre-
quencies imposes a serious limitation upon the operation of the tubes at
these frequencies. This is due, in part, to the electron transit-time effects.
Consider a triode tube with an alternating potential applied between
cathode and grid. If the tube is used as an oscillator or amplifier, most of
the electrons flow from cathode to plate during the positive half cycle of
grid potential. “he electrons are accelerated by the field of the a-c grid
potential during their transit through the cathode-grid region and retarded
by this field during their transit through the grid-plate regiom, If transit-
time effects are negligible, the clectrons take energy from the a-c¢ grid-
potential source as they approach the grid, but return an approximately
equal amount of energy to this source as they travel from grid to plate.
Conszquently, there is no net encrgy transfer from the a-c grid-potential
source to the electrons, and the input conductance due to this effect is zero.
~However, at microwave frequencies, the electron transit angle may be
relatively large. It is then possible for the a-c grid potential to reverse its
phase before the electrons reach the plate, so that the electrons are accel-
erated by the field of the a-c grid potential in both the cathode-grid region
and in the grid-plate region. Under these conditions, there is a net energy
transfer from the a-¢ grid-potential source to the electrons, resulting in an
increase in input conductance. '

Ferris showed that magnitude of the input admittance Y and input con-
ductance g; of a triode tube may be represented approximately by

Y = kignfT (1)
g1 = kogmf?T? (2)

where g,, is the transconductance of the tube, f is the frequency, T is a
quantity which is proportional to the electron transit time, and k; and k,
are proportionality constants. Equations (1) and (2) are similar to
(4.03-10).

In the preceding discussion, we were concerned with energy transfer
from the a-c grid-potential source to the electrons. Let us now consider
the energy transfer with respect to the a-c plate potential. Ideally, the
electrons should flow through the grid-plate region during the retarding
phase of the a-c plate potential so that energy is transferred from the elec-
trons to the source of a-c plate potential, .e., the load impedance. How-
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ever, for large electron transit angles, the a-c plate potential may reverse
its phase before the electrons arrive at the plate. Energy is then trans-
ferred from the source of the a-c plate potential (the load impedance) to
the electrons during a portion of the cycle, thereby decreasing the power
output and efficiency.

‘)\{’)e therefore conclude that clectron transit-time delay may (1) increase
the input conductance and (2) decrease the power output and efficiency
of the tube.

The cathode lead inductance and input capacitance have an important
bearing upon the input admittance of the tube. These form a series L-C

F1s. 1,—W.E. 368A triode. (Couitcsy of the Western Electric Company.)

circuit, the admittance of which increases as the frequency approaches the
resonant frequency. As a typical example, the 955 acorn tube has an input
capacitance of 1 micromicrofarad and lead inductance of approximately
0.015 microhenry. The resonant frequency of the input circuit, taken
alone, is approximately 1,330 megacycles. Obviously the other circuit
parameters influence the value of the resonant frequency; however, this
example serves to indicate one of the serious limitations in the operation
of conventional types of tubes at microwave frequencies. It can be shown
that the input conductance increases approximately as the square of the
frequency, hence its variation with frequency is similar to the transit-time
conductance of Eq. (5.01-2). In many types of tubes, the lead-inductance
effects offer a more serious limitation than transit-time effects.
Grounded-grid cireuits are frequently used in amplifiers and oscillators
at frequencies above 100 megacycles. Grounding the grid serves to reduce
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the input conductance due to transit-time effects and lead inductance.
Further advantage is gained in amplifiers due to the fact that grounding

the grid tends to shield the input circuit
from the output circuit. This shielding is
similar to that resulting from the usc of the
screen grid in the pentode. The shiclding
reduces the tendency toward oscillation and
makes it possible to obtain increased gain.

6.02. Triode Tubes and Oscillator Cir-
cuits.—Several triode tubes, designed for
operation at microwave frequencies, are
shown in Figs. 1, 2, and 3. The WE
368A tube of Fig. 1 has a cylindrical
cathode, grid, and anode. The triangular
carbon block attached to the anode in-
creases the heat-dissipation area. Leads
are brought out at both ends of the tube
to facilitate the use of two tuned circuits,
thereby dividing the interelectrode ca-
pacitance between the two tuned circuits.
This tube has an upper frequency limit of
approximately 1,700 megacycles and can
deliver a power output of 10 watts at 500
megacycles.

Pt

i

Fra. 2.—G.E. 2C40 lighthouse
tube. (Courtesy of the General Elec-
tric Company.)

Figure 2 shows the G.E. 2C40 lighthouse triode in which the cathode,
grid, and anode form parallel planes. The cathode is indirectly heated and

F1a. 3.—Lighthouse tubes. (Courtesy of the General Electric Company.)
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has an activated oxide-emitting layer on the flat end of the cylinder. The
grid consists of a woven tungsten mesh which is brazed to an annular ring.
The plate is a single steel cylinder machined from solid stock and silver
plated. This tube is designed for use in coaxial resonators, such as those
shown in Fig. 6. The lighthouse tube may be used either as an amplifier
or as an oscillator at frequencies as high as 3,500 megacycles.

RE B+
+] h cﬁoke"’é T

;::: s o e — o ,';
= RF Tuning
L:::::::_—_-Li:.———? ———————— Choke ma condenser
ot 7 il O
piston line Grid resistance
(b)

F1a. 4—Triode oscillator using resonant lines.

Figure 3 shows several modifications of lighthouse tubes including the
GL522 transmitter tube which has a power output rating of 25 watts at a
frequency of 500 megacycles with a plate voltage of 1,000 volts.

At frequencies above approximately 200 megacycles, the resonant sys-
tems used in oscillators and amplifiers are usually constructed of low-loss
short-circuited or open-circuited transmission lines, or of lines which are
terminated in pure reactances. The properties of such lines in the vicinity
of the antiresonant frequency are similar to those of a parallel L-C circuit.
However, it is possible to obtain much higher effective Q’s and more stable
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performance using transmission lines as resonant circuits than is possible
with lumped circuits. The frequency of oscillation is approximately the
frequency at which the system is antiresonant. In Seec. 10.03 it is shown
that a line which is either open-circuited or short-circuited at the distant
end and which is shunted by a capacitance at the input terminals, i.e., the
interelectrode capacitance of the tube, will be antiresonant when

wl 1

tan — = short-circuited line (1)
Ve wCZo
w . . .

tan — = —ZywC  open-circuited line  (2)
Ve

where [ and Z, are the length and characteristic impedance of the line,
respectively, C is the shunt capacitance, » is the angular frequency, and

luned plafe
3 7
_ Tuned gr/'a"i EI |

L vs— B+

R —= .

F16. 5.—Push-pull triode oscillator using lighthouse tubes.

v, is the velocity of light. Equation (1) or (2) may be used to determine
the length of line required for a given frequency of oscillation.

Figure 4 shows an oscillator using & W.E. 316A ‘““doorknob” tube. The
tuned circuit consists of an open-wirc transmission line in the grid-plate
circuit which is tuned by means of a small condenser at the distant end
of the line. The d-c connections to the grid and plate are made at the
approximate radio-frequency voltage nodes on the grid-plate line. Chokes
are provided to prevent radio-frequency power loss at these junctions.
The filament circuit contains a pair of coaxial lines which are tuned by
means of short-circuiting pistons. The transmission lines serve as chokes
.to isolate the cathode from ground and also to have the d-c¢ filament con-
nections at radio-frequency voltage nodal points on the line. This oscil-
lator will deliver 6 to 8 watts of power at an efficiency of 40 per cent at
frequencies up to 600 megacycles. The load is coupled to the grid-plate
line.

A push-pull oscillator is shown in Fig. 5. The tuned circuits consist of
short-circuited lines in the grid and plate circuits. Since the short-circuited
ends of the lines correspond to voltage nodes, the d-¢ connections are made
at these points.
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Two cavity oscillators using lighthouse tubes are shown in Fig. 6. The
cavity of Fig. 6a contains short-circuited coaxial lines in the cathode-grid
and grid-plate circuits. These are tuned by means of sliding pistons which
are provided with spring contact fingers to make electrical contact with
the cylindrical walls of the resonator. The cavity of Fig. 6a may be used
as an amplifier by feeding the input signal into the cathode-grid resonant
circuit by means of a coupling loop or probe. Power output is obtained

Output. .--Plate rod ’
hne
.-f-D-C plate
- connection
H-Tuning
Sa plunger
. -Quarfter
Output Mica " wavelength
resonafor--g> g’ insulator choke
=\, /elescope

i fea’bac/r
........ = nne .
lighthousey-—-- : Grid 1ZEERR
tube | =2 cylinder-g--- {  fprove

Input Grid |
resonator  coppection ¢

]

1
4 "7’;’7’”9 Condenser %,
| Y plunger ingrid circurt

Lighthouse fube -

(a) (b

F1a. 6.—Cavity oscillators using lighthouse tubes.

through a similar coupling loop or probe in the grid-plate line. When this
unit is used as an oscillator the coupling loops in the input and output
circuits are connected together to provide feedback.

The resonant cavity shown in Fig. 6b contains an open-ended grid cyl-
inder, a cylindrical plate rod, and a choke consisting of a quarter-wave-
length section of open-circuited line. The grid cylinder and plate rod form
the resonant line of the grid-plate circuit, whereas the grid cylinder and
outer shell of the cavity form the resonant line in the cathode-grid circuit.
Since the grid cylinder is open at one end, the input and output circuits
are coupled together, thereby forming a reentrant oscillator. The quarter-
wavelength choke prevents energy from escaping out of the back end of
the cavity. Tuning is accomplished by sliding the plate rod on the plate
cap of the lighthouse tube. The end of the plate rod has spring contact
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fingers which firmly grip the plate cap of the tube, at the same time per-
mitting a small amount of longitudinal motion of the plate rod. This
motion of the plate rod has the effect of changing the characteristic imped-
ance over a small portion of the grid-plate coaxial line (due to the differ-
ence in diameter of the plate rod and plate cap of the tube) and this, in
turn, alters the resonant frequency of the line. It is also necessary to
adjust the position of the choke as the cavity is tuned. This may be ac-
complished by means of separate adjustments of the plate rod and choke
or, with proper design, the choke may be attached to the plate rod so as
to provide a single-control tuning
mechanism. .

With lighthouse-tube oscillators Eq=BEp k Ep
of the type shown in Fig. 6, it is
possible to obtain continuous power
outputs of several watts at wave-
lengths as low as 8 centimeters or
frequencies as high as 3,800 mega-

cycles.
5.03. Criterion of Oscillation.—A B
negative-grid oscillator consists es-

sentially of an amplifier in which a
small fraction of the output voltage
is fed back into the input in order to sustain oscillation. In order for oscil-
lation to exist, certain requirements must be satisfied. The criterion of
oscillation enables us to determine the conditions of oscillation as well as
the oscillating frequency.

Consider the block diagram shown in Fig. 7. This represents an ampli-
fier having a voltage gain K, and a feedback circuit having a complex volt-
age ratio 8. In the following analysis class A operation is assumed.
Transit-time effects are assumed to be negligible.

Let E; and E, represent the input and output voltages of the amplifier,
respectively. The feedback voltage is SE,, where the value of 8 is deter-
mined by the fecdback circuit. We then have

Fi1a. 7.—Block diagram of an oscillator.

E; = BE, (1)
Also, the voltage gain is defined by
E
== @
E,

Combining Eqgs. (1) and (2), we obtain the criterion of oscillation

BK =1 ®3)



68 NEGATIVE-GRID TRIODE OSCILLATORS AND AMPLIFIERS [CHar. 5

Let us now apply this criterion to the general type of oscillator shown
in Fig. 8. This circuit may be used to represent any one of the oscillators
shown in Figs. 4 to 6. Thus, comparing Figs. 6a and 8, the impedance Z,
in Fig. 8 represents the resonant line in the cathode-grid circuit of Fig. 6a,

Ny
\—

F

=9

Z| 23 ~—
Z,
F
~p

F1a. 8.—Block diagram representing the oscillators shown in Figs. 4 and 6.

Z3 represents the line in the grid-plate circuit, and Z; is the cathode-plate
capacitance and the effect of the coupling loop.
From Fig. 8, we obtain

E VA
Bt @
E, Z,+Z;
The gain of the stage is
Zy,

o+ Zn YL+ 1
where Z;, = 1/Y is the load impedance. Again, from Fig. 8, we obtain

Zy+ Zy + Zg

L= ®)
Zy(Zy + Z3)
Inserting this expression for Y, into Eq. (5) yields
—u(Zy + Z3)Z, )

K =
 19(Zy + Zy + Zs) + Zo(Zy + Zs)

Substituting 8 from Eq. (4) and K from Eq. (7) into (3), the criterion of -
oscillation yields
—uZyZ,y

=1 @®)
2(Z1 + Zy + Z3) + Zo(Zy + Z3)
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Let us now assume that the impedances are pure reactances,! i.e.,
Zy = jX,, Zy = jX,, and Z3 = jX;3. By making these substitutions in
Eq. (8), we obtain

—Xo[X1(1 + p) + X3] + jrp(X1 + X2+ X3) = 0 )
Equating imaginary terms to zero, we have
Xi+Xo+X3=0 (10)

Likewise, equating the real terms to zero and substituting X; + X5 =

— X, from Eq. (10), we obtain
_ X1+ Xy) X
X] JYI

Equation (11) expresses a critical value of amplification factor which is
required for oscillation. In the actual performance of an oscillator, the
amplification factor of the tube is not constant but, rather, varies over a
relatively wide range of values. Consequently, Eq. (11) may be inter-
preted as representing somewhat of an average value of u required for
oscillation. Equation (10) determines the frequency of oscillation. To
satisfy this relationship and also obtain a positive value of u in Eq. (11),
it is necessary that X; and X, be similar types of reactance, whereas X3
must be a reactance of the opposite type.

In the oscillator of Fig. 6a, the reactances X; and X3 each consist of the
input reactance of a short-circuited line shunted by the interelectrode
capacitance of the tube. Since the exprcssions for these reactances are
quite long, a complete analysis will not be attempted. However, in order
to illustrate the method, let us assume that X; and X, are both capacitive
with effective capacitances C; and Cj, respectively, and that X3 is inductive
with an effective inductance Lz. Inserting these into Eq. (11), we obtain
the value of u

(11)

u =

Inserting the reactances into Eq. (10), we obtain the angular frequency of
oscillation.

1 1 0
whs =0, T WCy

1 1 1
TN, (c1 + c)

1 This assumption corresponds to assuming a lossless system. It will be shown later
that the input impedance of a lossless short-circuited line is a pure reactance except at
the resonant and antiresonant frequencies where it has zero and infinite values,
respectively.



70 NEGATIVE-GRID TRIODE OSCILLATORS AND AMPLIFIERS [Crar. 5

6.04. Analysis of the Class C Oscillator.—Let us briefly consider the
factors involved in class C oscillator performance, ignoring electron transit-
time effects.

For high-efficiency operation, the d-c grid-bias voltage should be approx-
imately one and one-half to three times the cutoff value. Oscillators are
usually self-biased, the bias voltage resulting from the rectified grid current
flowing through a resistance in the grid circuit. Cathode bias is also pro-

Fi1c. 9.—Voltage and current relationships in a elass C oscillator.

vided in some cases. In a well-designed oscillator, the maximum grid
voltage €. ax is approximately equal to the minimum plate voltage e, my,,
that is, a)

€cmax =~ €bmin

The rms alternating plate voltage E,; is

Esp — € mi
Epl _ bb \/Eb min (2)
where E,; is the d-c plate-supply voltage.

Plate current flows only during a brief conduction angle as shown in
Fig. 9. The plate current pulses may be analyzed by Fourier series to
obtain the average value of plate current Iy and the rms fundamental
component I,,; in terms of the maximum plate current 7, pax. Assume that
the plate current has the same waveform as the grid voltage during the
conduction portion of the cycle. If the total conduction angle as shown
in Fig. 9 is 6y, this analysis yields the relationships!

_ % max . _
IbO ——“—“_‘"—r(l_cosol/2) (sm0,/2 01/200801/2) (3) |
) _ Tp max sin 4,
In = 70 = s t2/2) (0‘/ 273 ) @

1Everrrr, W. L., “Communication Engineering,” 2d ed., pp. 566-577, McGraw-
Hill Book Company, Inc., New York, 1937.
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Curves of It/ max 8nd Ip1/% max against 6; are shown in Fig. 10.

For high-efficiency operation, the total conduction angle is approxi-
mately 6; = 125 degrees to 150 degrees, yielding values of I/ oy =
0.2 to 0.24 and I,;/% max = 0.25 to 0.28.

Assume that the frequency of oscillation is equal to the antiresonant
frequency of the load impedance (taken from cathode to plate). The load
is then a pure resistive impedance which we represent by R;. 'i’he alter-
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nating voltage developed across Ry, is E,; = I,)R;. Inserting E,; from
Eq. (2) into this relationship, we obtain

E Ep — min
e v 5)

In V21,
Let P, be the grid driving power. The a-c power output P,., d-¢c power
input P, plate dissipation P, and plate-circuit efficiency #, are then

Pac = Epllpl - Pg (6)
Py = Eplpo @
Pp = Pb i Eplel (8)

P.,. E,lI, — P
Mo = = Pl 9)
Py Epslno

From an electronic viewpoint P, represents the power transferred from
the d-c plate potential source to the electron stream. The power Epilp
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is the power transferred from the electron stream to the load impedance
as a result of retardation of the electrons by the a-c component of field
intensity. A portion P, of this power output is returned to the grid circuit
to sustain oscillation. The grid driving power is given by the approximate
expression P, = E, I, where E, is the maximum value of a-¢ grid volt-
age and I, is the d-c grid current.

The load impedance has an important bearing upon the power output
and efficiency of the oscillator, since it influences the values of E,; and
I,;. The desired value of load impedance may be computed from Eq. (5).
However, in practice, it is usually difficult to calculate the impedance of
resonant lines with coupled loads. Consequently the load impedance is
usually adjusted experimentally by varying the coupling between the load
and the resonant line until maximum power output is obtained.

At microwave frequencies, the electron transit-time delay increases the
input conductance of the tube, thereby resulting in an increase in grid
driving power. Electron transit-time delay also introduces a phase shift
between the maximum plate current and the minimum plate voltage.
These factors, together with the increased losses at microwave frequencics,
result in reduced power output and lower efficiency.

5.06. Frequency Stability of Triode Oscillators.—The conditions re-
quired for good frequency stability of oscillators are somewhat different
from those required for high power output. Good frequency stability
necessitates high-@Q circuits which, in turn, implies low power output. The
feedback circuits and load circuits should be loosely coupled to the output
circuit of the oscillator in order to minimize the loading on this circuit.

For good frequency stability, the resonant circuit should present a rela-
tively high impedance to the tube at the frequency of oscillation. The
interelectrode capacitance of the tube has the effect of decrcasing the
length of line required for a given frequency of oscillation and also of
reducing the antiresonant input impedance. In general, this effect is less
for coaxial lines than for open-wire lines because of the fact that coaxial
lines have a lower L/C ratio. Coaxial lines are therefore preferred in
microwave systems. Coaxial lines are also self-shielding, thereby tending
to minimize the radiation losses from the line.

Another important factor in the frequency stability of an oscillator is
the thermal expansion of the tube elements and the associated circuits,
with changes in temperature. For example, a resonant line constructed
of brass would have a temperature coefficient of expansion of 19 parts per
million per degree centigrade. Tests on an oseillator of the type shown in
Fig. 6b over a temperature range of 140 degrees centigrade have shown
an average frequency drift of 20 parts per million per degree centigrade.
This shows a striking correlation between the thermal expansion and the
frequency drift.
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Various temperature-compensating devices have been developed to com-
pensate for thermal expansion. Onec such device has a small air condenser
at one end of the line which is arranged so that expansion or contraction
of the line changes the spacing between the condenser plates in such a
manner as to maintain constant oscillator frequency.!

According to the criterion of oscillation, it is possible for the frequency
to differ slightly from the antiresonant frequency of the output circuit.
This occurs when the phase shift in the feedback circuit is not exactly 180
degrees. If electron transit-time cffects are negligible, maximum frequency
stability occurs when the phase shift in the feedback circuit is exactly 180
degrees. In microwave oscillators, the phase shift in the feedback circuit
should be slightly greater than 180 degreces in order to compensate for
transit-time delay.

With careful oscillator design, using high-@Q circuits and a well-regulated
power supply, it is possible to achieve a frequency stability of the order of
10 to 20 parts per million, which is somewhat poorer than the frequency
stability attainable with crystal oscillators at lower frequencies.

5.06. Amplifiers Using Negative-grid Triodes.—Most triode tubes
which are designed for use at microwave frequencies may be used either
as amplifiers or as oscillators. The lighthouse tube and cavity shown in
Fig. 6a may be used as an amplifier by disconnecting the feedback cable
and feeding the input signal into the cathode-grid region of the cavity.
The power output is taken from the grid-plate region of the cavity.

The power gain of amplifiers operating at microwave frequencies is rela-
tively low, being of the order of from 5 to 20. Since the bandwidth of tuned
circuits at these frequencies is relatively large, even for high-Q circuits, the
tuned circuits admit a relatively large amount of noise. This results in a
low signal-to-noise ratio which imposes a serious limitation upon the use
of amplifiers in amplitude-modulated transmitters and receivers at micro-
wave frequencies. If frequency modulation is used, the noise may be
largely separated from the signal in the limiter stage at the receiver; hence
the presence of noise in the amplifier is not so serious a limitation in fre-
quency modulation as in amplitude modulation.

1 HansiLL, C. W., and P. S. CARTER, Frequency Control by Low Power Factor Line
Circuits, Proc. I.R.E., vol. 24, pp. 597-619; April, 1936.



CHAPTER 6
TRANSIT-TIME OSCILLATORS

1t has been shown that detrimental effects are encountered in the nega-
tive-grid triode oscillator or amplifier if the electron transit time exceeds
a small fraction of the period of the alternating cycle. There are other
types of oscillators, however, in which operation is dependent upon a defi-
nite relationship between the electron transit time and the period of the
alternating cycle. These transit-time oscillators include positive-grid oscil-
lators, klystrons, resnatrons, traveling-wave tubes, and magnetrons.

POSITIVE-GRID OSCILLATOR

6.01. Operation of the Positive-grid Oscillator.—The positive-grid os-
cillator consists of either a parallel-plane or a cylindrical-element triode
tube with the grid at a positive d-c¢ potential with respect to its cathode
and plate as shown in Figs. 1 and 2. The tuned circuit may consist of either
a lumped L-C circuit or a distributed parameter system such as a short-
circuited line, an open-circuited line, or a resonant cavity. In the opera-
tion of the positive-grid oscillator, an electron space-charge cloud oscillates
back and forth about a mean position corresponding to the grid plane.
The period of electron oscillation is determined by the tube geometry and
the electrode potentials. The oscillating space charge induces an alter-
nating component of current in the external circuit and the resulting volt-
age drop acrcss the load impedance produces an alternating field in the
interelectrode space of the tube. A majority of the clectrons oscillate in
such a phase as to be retarded by the alternating field, and hence transfer
a portion of their energy to the resonant circuit during each cycle of
oscillation.

Let us assume, for the moment, that the grid of the tube shown in Fig. 1
has a positive d-c applied potential and that the load impedance is removed
from the circuit. Consider the motion of an electron in the resulting d-c
field. Since the grid is positive with respect to both the cathode and plate,
the electric field is in such a direction as to accelerate the electron when it
travels toward the grid plane and decelerate the electron when it travels
away from the grid plane.

The electron is emitted from the cathode and is accelerated as it ap-
proaches the grid plane. Passing between the grid wires, the electron
enters the grid-plate region where it is decelerated. It comes momentarily

74
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to rest in the vicinity of the plate, reverses its direction of travel, and is
accelerated during its return journey to the grid plane. If the electron
again passes between the grid wires, it is dccelerated as it approaches the
cathode, reverses its direction of travel in the vicinity of the cathode, and
once again starts back toward the grid. The electron continues to oscillate
back and forth with approximately equal amplitudes on either side of the
grid plane in a manner similar to the oscillation of a frictionless pendulum,
until it eventually collides with a grid wire.

When the load impedance is connected as shown in Fig. 1 and oscillating
conditions prevail, the a-c¢ potential developed across the load impedance

ANAW
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, Gr/'dlp/ane/\
0 T 2 m fAr 5w
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Cathode plane
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Plate or cathode
togrid a-c voltage

(}—- -LC_' Vsinwt
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v

(o)

=1

Electron displacement

F1c. 1.—Positive-grid oscillator.

produces an alternating field superimposed upon the d-c ficld in the inter-
electrode space. In the oscillator of Fig. 1, the frequency of the alternating
potential is twice the frequency of electron oscillation. The phase relation-
ships between the electron displacement and the alternating potential for
the most favorable electron are shown in Fig. 1b. For this particular
clectron, the altcrnating component of grid potential (with respect to
cathode or plate) is negative as the electron approaches the grid from
either direction and positive as the electron recedes from the grid. Con-
sequently, this particular electron will be retarded by the a~c field through-
out its entire cycle of oscillation and will transfer energy to the external
tuned circuit. The kinetic energy and the amplitude of oscillation of the
electron both decrease with each successive cycle of electron oscillation.
In this respect, oscillation of the electron is analogous to the swing of a

damped pendulum.!

1 The oscillation of the electron is not entirely analogous to the oscillation of a damped
pendulum, since the retarding force of the alternating field does not obey the same laws

as the frictional force of the pendulum.
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The phase relationships shown in Fig. 1b are those of an ideal electron,
t.e., an electron which transfers energy to the external circuit throughout
its entire cycle of oscillation. We shall see presently that the period of
oscillation of an electron changes continuously during successive cycles of
oscillation. Consequently, an electron which starts to oscillate in the ideal
phase will gradually fall out of phase with the alternating potential,
thereby oscillating in a less favorable phase. Since electrons are emitted
from the cathode at a more or less uniform rate, part of the electrons will
depart from the cathode in such phase as to take energy from the alter-
nating field. By virtue of their increased kinetic energy, these electrons
travel all the way to the plate or cathode within a few cycles of oscillation
and therefore are withdrawn from active duty. Hence we find that those
electrons which, on the average, give energy to the alternating field remain
in oscillation, whereas those electrons which take energy from the alter-
nating field travel to either the plate or cathode and are thereby excluded.

6.02. Analysis of the Positive-grid Oscillator.—To illustrate the ana-
lytical relationships involved in positive-grid oscillators, consider the triode
tube shown in Fig. 1. The grid is midway between the cathode and anode.
It is assumed that the space-charge density is small and that it does not
affect the electric field distribution in the interelectrode space. Distances
are measured from the grid plane, positive values of z being taken in the
direction of the plate.

Consider now an electron moving in the grid-plate region. The poten-
tial difference between grid and plate is taken as V = —V, — V| sin wt,
the negative sign of the d-c potential signifying that the grid is positive
with respect to the plate. Equation (2.07-8) may be used to express the
electron displacement in the grid-plate region if the potentials V¢ and V;
in this equation are replaced by —Voand —V;. The electron displacement
equation then becomes

k(wT)? kV, ) .
= 5 + Vo [(wT — sin wT) cos ¢ + (1 — cos wT) sin ¢]
0

vo(wT)

w

r

+ (1)

In this equation w7 is the electron transit angle; 7.e., the phase angle
through which the alternating voltage varies while the electron is in flight
from the grid to a point distant z from the grid; ¢ is the phase angle of the
alternating potential at the instant when the electron leaves the grid; and
k is given by k = —eV/w’md.

We now assume that the electron completes one half cycle of oscillation
and returns to the grid while the alternating potential completes one full
cycle. Hence the electron leaves the grid plane (x = 0) when w7 = 0 with
an initial velocity v and returns to the grid plane when 1" = 2r. Writing
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Eq. (1) for the instant at which the electron returns to the grid plane by
setting z = 0 and wT = 2, we obtain

le Vo
7k + —cos¢p+—=0 2)
VO w
Substituting k¥ = —eVo/w?md and solving for w, we obtain the angula
frequency of electrical oscillation,
Vo ( L ¢>) @
=-—— — cos :
“ T emd\" TV,

The period of electron oscillation T'; was assumed to be twice the period
of electrical oscillation, or Ty, = 2/f = 4r/w. Substitution of Eq. (3) for
w yields the period of electron oscillation

4mrvomd
T1 = (4)
eVo[r + (V1/V) cos ¢]

Equation (4) shows that the period of electron oscillation is dependent
upon the initial phase angle ¢. The ideal phase is that shown in Fig. 1b,
corresponding to ¢ = 0 radians. Since electrons cross the grid plane at
various values of ¢, the period (or frequency) of electron oscillation will
differ slightly for various electrons, each according to its particular value
of ¢. TFurthermore, IEq. (4) shows that the period of electron oscillation
varies directly with the electron velocity vy at the grid plane. If an elec-
tron oscillates in such a phase as to give energy to the alternating field,
its kinetic energy and velocity vy at the grid plane decrease for each suc-
cessive cycle of oscillation and, according to Eq. (4), the period of electron
oscillation decreases or its frequency increases. This shift from a favor-
able phase of oscillation to an unfavorable phase results in an appreciable
reduction in power output and efficiency.

Instead of finding a simple picture in which all electrons have identical
periods of oscillation, we have a much more complicated situation in which
the frequency of electron oscillation differs for various electrons and
undergoes continuous change for any one electron. The frequency of elec-
trical oscillation is determined by the composite effects of all the electrons
oscillating in the interelectrode space, its value being approximately twice
the average frequency of electron oscillation.

The velocity vy in Eq. (4) is determined largely by the d-c¢ potential;

hence we may assume that vy = \/2Voe/m The period of electron oscil-

lation then becomes
r 4rdV 2m/eV ®
Y 4 (Vi/Vo) cos ¢l
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Since the a-c potential is usually much smaller than the d-c potential,
we have V;/V, < 7 and, to a first approximation, the term (V;/Vy) cos ¢
in Eq. (5) may be neglected. The frequency of electrical oscillation is
f = 2/T; and the corresponding wavelength is given by A = v./f, where
ve = 3 X 10® meters per second is the velocity of light. The period of

p
° ° o o g—t-mllll‘;g}
K e~

Fra. 2.---Positive-grid oscillator with tuned circuit connected hetween cathode and plate.

electron oscillation, frequency of electrical oscillation, and wavelength then
become approximately

2m s d
Ty =4d\|— =135 X 107 seconds 6
S P Ve ©

] 1.4 > S
f= 1 J&o = 148 X 10° Vo cycles per second )

d V8m d
8m d
A = vd A\~ = 2020 : meters 8)
eVO v"o

In these equations d is the cathode-to-grid and grid-to-plate distance in
meters and ¥y is in volts. Comparison of Eqs. (6) and (2.07-11) shows
that the period of electron oscillation is approximately four times the time
required for the electron to travel from the cathode to the grid in a d-¢
field.

InJanother form of the positive-grid oscillator, the resonant circuit is
connected between cathode and plate as shown in Fig. 2. With this ar-
rangement, the frequency of electrical oscillation is approximately equal
to the average frequency of electron oscillation. Consequently the elec-
trical frequency will be one-half that given by Eq. (7) and the wavelength
will be double the value given by Eq. (8). The wavelength for this type
of oscillation is, therefore,

A = 4040 4 meters )

V'V
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stability. The positive-grid oscillator may be amplitude modulated by
1ppplying a relatively small modulating voltage in series with the d-c
upply voltage. Due to the inherently poor frequency stability, however,
“cre is a considerable amount of frequency modulation along with the
.mplitude modulation.

e

KLYSTRON OSCILLATOR

6.04. Description of the Klystron Oscillator.—In the ncgative-grid
triode oscillator, the electrons travel through superimposed d-c and a-c

/feaf-ma'/m‘/ng
— ' areqg =

Tuning ring.
®edback line
Drift space

luncher resonafor’
Texible diaphragm

Focusing _..
electrode

Heater * [

(a)
Fia. 5—Double-resonator klystron.

lectric fields. Electrons are simultaneously accelerated by the d-c field
nd retarded by the a-c field. If the retarding a-c field is comparable with
he d-c field, the electrons never attain a very high velocity and therefore
he electron transit angle may be large at microwave frequencies. Several
vpes of tubes have been developed in which the electrons are initially
ecelerated to a high velocity by a d-c field before they enter the retarding
TTeld. The electrons then have a relatively high yelocg as they travel
hrough the ‘a-¢ field; hence the electron transit angle is greatly reduced.
‘he double-resona.tor Klystron and id the reflex Klystron are examples of
fich tubes.
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(The double-resonator klystron, shown in Figs. 5 and 6, contains an
oxide-coated cathode, a control grid, two metallic resonators, and a col-
lector anode. The resonafor nearest the cathode is known as the buncher
'v——" .
or input resonalor and the sccond resonafor is the caicher or oulput reso-
nator. The entire assembly is evacuated And the high-frequency electrical

“tonnections consist of small coupling loops placed inside the resonators
with vacuum-sealed coaxial fittings for external connections.

ok

F1a. 6.—Double-resonator klystron with tuning mount. (Courtesy of the Sperry Gyroscope
Company.)

In the operation of the klystron, Mmuwixwéy the
.d-,c_ﬁeld._ms%ng_flo_@_ the potential Vy and c uently enter the
buncher-grid region with a high initia veloclty If the klystron is oper-
afing as an amplifier, the buncher resonator is excited at its resonant fre-
quency by the incoming signal which is to be amplified. This produces an
alternating field between the buncher grids. As electrons pass through
this field they are either accelerated or decelerated, depending upon the
phase of the buncher voltage during their transit. Those electrons which
pass through the buncher grids during the accelerating phase are speeded
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up and emerge with a velocity higher than the entering velocity. Other
electrons, traveling through the buncher grids during the retarding phagse,
are slowed down and emerge from the buncher grids-with reduced velocity.
This variation of velocity of the electrons in an electron stream is known
as velocity modulation.

Tn the field-free drift space between buncher and catcher grids, the high-
velocity electrons overtake the ke the low-velocity electrons which left the
buncher grlds at an earlier phase. TTns results in_a bunchin ing of the elec-

Center of / - e e ~
catther resonator 5

orrft
space

Distance —

Cenfer of
buncker resonator

AC buncher : :

LN N N

TW"W of \wr_c/cr volfaqu
O-caccelerating

volfage

Fia, 7.——Af;plega.te diagram representing electron bunching in the klystron.

trons as they drift toward the catcher resonator. For optimum per-
formance, maximum bunching should occur approximately midway be-
tween the catcher grids. The electron bunches pass through the alternating
field between the catcher grids during its retarding phase; hence energy
is transferred from the electrons to the field of the catcher resonator. The
electrons emerge from the catcher grids with mdugedﬂlgmty and finally
terminate at the collector. If the klystron is operating as an oscillator,
energy is fed back from the catcher to the buncher through a short coaxial
line in order to produce sustained oscillation.,

The bunching process is illustrated by the Applegate diagram of Fig. 7.
This shows the electron displacement as a function of time for electrons
leaving the buncher at different phases of buncher voltage. Each line
represents the displacement-time relationship for a single electron. The
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slope of the line is proportional to electron velocity; hence the higher
velocity electrons are represented by lines having steeper slopes. . The
electron bunches center around the electron which passes through the
buncher grids when the buncher voltage is zero and changing from de-
celeration to acceleration. This particular electron will be designated the
center-of-the-bunch electron\.]-,

Pentode fube eliminates |:__—‘ Phase delay equivalent of electron
coupling between input fransit fime delay in drift space
and oulput circuits s NWW 1
MWW
T883
| ; T
J

. 1
FiG. 8.—Equivalent circuit of a klystron.
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The klystron may be represented by the equivalent circuit of Fig. 8.
The multigrid tube emphasizes the complete isolation of input (buncher)
and output (catcher) circuits. The delay network represents the buncher-
to-catcher transit-time delay. The two tuned circuits represent buncher
and catcher resonators. The load is shown coupled to the output or catcher
resonator. The current I, is the induced current flowing in the catcher
resonator. While the equivalent circuit is helpful in visualizing the over-all
functioning of the system. the analysis must necessarily proceed along more
fundamental lines.
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Fi1a. 9.—Development of the resonator.

6.05. The Klystron Resonator.—The phenomenon of electromagnetic
oscillation in resonators may be illustrated by the development of the
resonator in Fig. 9. Figure 9a shows a parallel resonant circuit consisting
of a parallel-plate condenser and two inductive loops. Adding more
turns in parallel, as shown in Fig. 9b, decreases the inductance and in-
creases the resonant frequency. Carrying this to the limit, we have the
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totally enclosed toroidal resonator of Fig. 9c, with the electromagnetic
field confined entirely to the inside of the resonator.

The effective capacitance of the resonator of Fig. 9¢ is approximately
equal to the capacitance of the parallel grids, while the inductance is
roughly proportional to the volume of the resonator. Hence, the resonant
frequency may be increased either by increasing the separation distance
between grids (decreasing the capacitance) or decreasing the volume of the
resonator (decreasing the inductance). Tuning is accomplished in the
klystron oscillator by making one wall of the resonator a thin corrugated
diaphragm. Pressure on this diaphragm varies the spacing between reso-
nator grids, thereby changing the effective capacitance of the resonator
}‘he tuning mechanism is shown ‘attached to the klystron in Fig. 6.
06.06. Electron Transit-time Relationships in the Klystron.”’—The anal-
ysis of the klystron is based upon the following simplifying assumptions:
~ 1. The electron transit angles through the buncher and catcher grids
are assumed to be negligible.®
"~ 2. Space-charge effects are ignored.

37 The alternating voltage between buncher grids is assumed to be small
in€omparison with the d-c accelerating voltage.

4. The electron beam is assumed to have uniform density in the cross
section of the beam, and all of the electrons which leave the cathode are
assumed to pass through the catcher grids.

These assumptions lead to idealistic values of power output and effi-
ciency which are considerably greater than those realized in practice. We
shall derive the theoretical relationships and then discuss the conditions
p((:vailing in practice.

In the klystron oscillator of Fig. 10, the electrons are accelerated to an
initial velocity vy by the d-c field before they enter the buncher grids.

1Varian, R. H,, and 8. H. VariaN, High Frequency Oscillator and Amplifier, J.
Applied Phys., vol. 10, pp. 321-327; May, 1939.

3 WEBSTER, D. L., Cathode-Ray Bunching, J. Applied Phys., vol. 10, pp. 501-513;
July, 1939.

3 WEBSTER, D. L., The Theory of Klystron Oscillations, J. Applied Phys., vol. 10,
p. 864-872; December, 1939.

4 HarrisoNn, A. E,, “Klystron Technical Manual,” Sperry Gyroscope Co., Brooklyn,
New York, 1944.

S HarrIsON, A, E., Klystron Oscillators, Electronics, vol. 17, pp. 100-107; November,
1944,

¢ ConpoN, E. U., Electronic Generation of Electromagnetic Oscillations, J. Applied
Phys., vol. 11, pp. 502-507; July, 1940.

7 ConpoN, E. U., Microwave Generators Using Velocity-Modulated Electron Beams,
Proc. National Electronics Conferencs, vol. 1, pp. 500-513; October, 1944.

8 The transit angle of electrons through the buncher or catcher may be quite large
1or low accelerating voltages, consequently the assumption of negligible transit angle
may be a poor approximation.
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Assume that the electrons leave the cathode with zero velocity. The
kinetic energy and the velocity of the electrons entering the buncher, as
given by Egs. (2.06-5 and 7), are -

Yo = Vo & &

2eVo - . '
LA Yo = (2
\ m

A

Oscillation of the buncher resonator produces an alternating potential
difference V' sin w¢ between resonator grids. (It is assumed that the two
buncher grids in Fig. 10 are at potentials I%, and Vo + V; sin wt, both

Feedback cable

Cathode  Grid
4 -

Caftcher
resonaror

Buncher
resonafor

Output-
connection

F1c. 10.—Klystron oscillator.

with respect to the cathode. Consider an electron passing throughithe
buncher at time #;. Assume that the buncher voltage remains constant
during the passage of any one electron through the buncher grids. The
kinetic energy 4mv? and velocity v, of the electron as it emerges from the
buncher grids are

Yomvy = e(Vo + Vy sin wiy)

2e Vy . Vi,
v = \/— Vo (1 + — sin wtl) =1 \/1 + — sin wi; 3)
m Vo V

0

Equation (3) is ation of velocity modulation.yAn electron which
passes through the buncher grids when wi; = U emerges with unchanged
velocity. The maximum and minimum velocities at the buncher-grid exit
are vyV'1 + (Vy/Vy) and v,V'1 — (V1/V,), these representing the veloci-
ties of electrons which pass through the buncher grids during the maxi-
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mum accelerating and maximum retarding phases of the buncher voltage;
i.e., when wf; = 7/2 and wt; = —/2, respectively.

---The time T required for the electron to travel the distance s in the field-
free space between buncher and catcher grids is

7T=22 : @)
" ol + 2 ina
. Vo A
Using the buncher alternating voltage as the time reference, the electron

arrives at the catcher grids at time ¢, = ¢, + T. The correspondin e
angle (with the buncher voltage as reference) is obtained by multiplying
both sides of the equation for ¢, by . Substitution of Eq. (4) yields

wta = w(ty + T)

ws V1 . ¥
=wl + —(1+ —sin wi; (5)
Yo Vo
The quantity s/vp is the buncher-to-catcher transit time for the electron
passing through the buncher when wf; = 0, .e., the center-of-the-bunch
electron. The corresponding transit angle is

ws -~ ! ’
a=2 T @
Vo ‘

In subsequent derivations, mathematical difficulties are encountered if
we use Eq. (5) in its present form. {To avoid complication, we assume that
V1/Vo < 1 and expand the bracketed term into a binomial series. Taking
the first two terms of the series and assuming that the remaining terms
are negligible, we obtain [1 4 (V1/V,) sin wt;]™% =~ 1 — (V1/2V,) sin wty.
Substituting this, together with Eq. (6), in Eq. (5), we obtain

Vi,
wly = wl + « (1 Y2 sin wtl) )

The interpretation of Eq. (7) is as follows: An electron leaving the
buncher at phase angle wf; (with respect to the buncher voltage) arrives
:tft_he catcher at _phase angle wiz (also measured with respect to the
buncher voltage). The arrival phase angle wt; and departure phase angle
oty are NUY, '

6.07. Power Output and Efficiency of the Klystron-Now consider the
snergy and power transfer at the catcher resonator. ({The analysis is sim-
plified by assuming that the buncher and catcher voltages are in time

ase aggd therefore the catcher voltage will be represented by V sin wt.

[Kthe catcher voltage is subStamtially constant during an electron’s¥ransit
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through the catcher grids, the electron gives up an amount of energy
w = —eVysin w’t-zf‘) The negative sign signifies energy transfer from the
electron to the ftéld. Using this convention, energy output and power
output are positive quantities. Substituting the value of wf; from Eq.
(6.06-7) into the energy output equation, we obtain

w = —eV,sin wiy

V1
—eVa sin [wtl + a (1 — ——sin wtl)] 1)
2Vy
s -
LA\{eraging Eq. (1) for all electrons entering the buncher grids during a
complete cycle, i.e., between wf; = 0 and wt; = 2, we obtain the average
energy per electron transferred to the catcher resonator,

i

1 = 2x
Way = — wd(wtl)
27 Jut; =0

eVs 2 . Vi . .
= ——] sin|owt; + a1l — ——sinwt; ) |d(wt;) )]
0 2V

. 27 0
This integral yields !
Way = —(’VzJ 1 (IL‘) sin a (3)
where
aV; @
z=—
2V,

The quantity z features prominently in klystron analysis and is known
as the bunching parameter. The quantity J,(z) is a Bessel function of the
first Kind and first order The Bessel function may be expressed as an

1 Substituting x = «V1/2V, and expanding, we obtain for the integrand of Eq. (2),
sin (wl; + a — z sin wf}) = sin (wf1 + a) cos (z sin wt;) — cos (wi; + ) sin (z sin wi))
In standard treatments of Bessel’s functions it is shown that
cos (z sin wi;) = Jo(z) + 2J2(x) cos 2wl + 2J4(x) cos 4wty 4+
sin (z sin wt;) = 2J1(z) sin wt; + 2J3(x) sin 3wty - - - *

When the first series is multiplied by sin (wf; + «) and integrated between the limits
wly = 0 and o) = 2, the integral has zero value since each term is of the form

2x
j; Ja(z) sin (wiy + a) cos nwty d(wl)) where n is an even integer. When the second
series is multiplied by — cos (w#; + ) and integrated, each of the terms is of the form
- f Jn(2) cos (wt1 + a) sin nwty d(wty). All of the terms except that corresponding tc

n = 1 are zero. The rema.mmg term is

Vs
Way = 527 "9 1(z) sin wl 008 (wly + @) d(ety) = —eVal1(z) sin a®
0
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infinite series in terms of its argument z as given in Eq. (15.05-12). A
plot of J1(x) as a function of x is shown in Fig. 11.

Let us now consider the power relationships.: Assume that N electrons
are emitted from the cathode per second. The direct current emitted
from the cathode is then Iy = N ‘e.‘ i (Positive current is assumed to flow
in the direction opposite to that of electron flow.) Now assume that all
of the electrons emitted from the cathode flow through the catcher reso-
nator; consequently there are N electrons flowing through the catcher per
second. Equation (3) expresses the average energy transfer per electron.
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F1c. 11.—Plot of J1(z) against z.

To obtain the energy transfer per second or power transfer, we mﬁltiply
Eq. (3) by N. Substituting Iy = Ne we obtain for the power output P,
at the catcher resonator

Pye = —I3VaJ1(2) sin a (%

The power supplied by the d-c potential source is Py = I3V, and the
conversion efficiency is
P, 14
"=h T —VZJl(x)sina ()
In Eq. (6) it is assumed that the power required for bunching the elec-
trons is negligible.) Since the alternating field of the buncher accelerates
some electrons and retards others, the time-average power required for the
bunching operation would be zero if the electron transit angle were negli-
gible. él actual practice, however, the transit angle is not negligible and
some power is required to perform the bunching operation
6.08. Requirements for Maximum Output and Maximuri Efficiency.—
The Bessel function J(x) appears in both the power output and the effi-
ciency equation. Figure 11 shows that J,(z) has a maximum value of 0.58

= 58/



90 TRANSIT-TIME OSCILLATORS [CHar. 6

when z = 1.84. Referring to Eq. (6.07-6), the conditions required for
maximum efficiency are found to be

1. A maximum value of the ratio V/V,.

2. A bunching parameter value of z = 1.84, yielding J;(z) = 0.58.

3. sina = —1, or @ = 2wn — (r/2) where 7 Is any positive integer greater
than zero.

In general, the value of V,/V is less than unity. If V, were greater
than V, some of the electrons would reverse their direction of travel at
the catcher resonator and absorb power from the alternating field. If we
assume a value Vy/Vy =1 and sina = —1, the maximum theoretical
efficiency becomes 58 per cent. In addition to the requirements for maxi-
mum efficiency, maximum power output requires that the d-c beam current
Iy and the catcher resonator potential V> have maximum possible values.

It will be shown later that, for the assumed conditions, criterion 3 above
is aiways satisfied if sustained oscillations exist. Equations (6.07-5 and
6) therefore become

Py = I4V3J () ¢))

" @ @
1’ = — xz -
Vo

The criterion a = 27n — (7/2) determines the value of the d-c acceler-
ating voltage required for maximum power output. To obtain this rela-
tionship, we return to Eq. (6.06-6) and set o = 2mn — (7/2) and vy =

V' 2eVy/m, yielding

Vo = (m-_"—’%r/—zj)zg = 0.284 X 107! (2-";-—1-"3@)2 3)

Equation (3) reveals that there are a multiplicity of values of d-c accel-
erating voltage which will yield maximum power output (one for each
integral value of n). The highest voltage corresponds to the lowest in-
teger; i.e., n = 1.

The criterion z = 1.84 required for maximum power output and maxi-
mum efficiency determines the optimum ratio of buncher voltage to d-c
accelerating voltage V;/V,. To show this we substitute a = 271 — (x/2)
and z = 1.84 in Eq. (6.07-4) obtaining

Vi 3.68
Vo 2rn— (x/2)
For each infegral value of n there is an optimum value of V,/V, which
yields maximum power output. When n = 1 we obtain V;/V, = 0.78.

As n increases, the d-c accelerating voltage V4 and the ratio V,/V, both
decrease. The reason for this becomes apparent when we recall that the

(©)
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electron velocity varies as the square root of V,. Consequently, if V, is
small, the electrons travel more slowly and have more time in which to
bunch; therefore less bunching voltage is required. v

In the normal operation of the klystron oscillator, electron bunching
occurs only at the catcher resonator. However, it is possible to have a
condition of oscillation in which the electrons alternately bunch and de-
bunch several times in the drift space between buncher and catcher reso-
nators. This is indicated by the successive maxima of J;(z) for increasing
values of z in Fig. 11. The value z = 1.84 corresponds to single bunching
and yields the highest efficiency.
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F16. 12.—Maximum efficiency of the klystron as a function of catcher transit angle.
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Maximum power output requires a maximum value of the catcher reso-
nator voltage Va. The catcher voltai e increases with the d-c accelerating
voltage (this is not apparent from the above equations), and hence the
hi gﬁcst permissible accelerating voltage yields maximum_power output if

all other conditions are satisfied.

The voltage V, is also dependent upon the effective impedance of the
catcher resonator. The resonator is andlogous to a parallel L-C circuit.
At its resonant frequency, the impedance of the resonator is a pure resist-
.ance with a value proportional to thé Q of the resonator and to its effective
L/C ratio. In order to obtain maximum voltage V3, the resonator imped-
ance should be as large as possible. However, there are other important
considerations involved which necessitate design compromises.

Klystron resonators must be designed with a view toward minimizing
electron transit time through the resonator grids. Excessive electron
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transit time through the buncher grids results in inadequate electron
bunching and power is consumed in the bunching process. Gf the transit
time through the catcher resonator is excessive, the power output and
efficiency are reduced. { Figure 12 shows how the maximum theoretical
efficiency of the klystron decreases as the catcher-resonator transit angle
increases.! Electron transit angle is minimized by spacing the grids close
together. However, this increases the capacitance and lowers the effective
impedance of the resonator. To avoid excessive transit time and still
obtain high impedance, a compromise in the spacing between, resonator

grids is necessary.
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F1a. 13.—Phase relationships in the double-resonator klystron.

6.09. Phase Relationships in the Klystron Oscillator.—The foregoing
analysis was simplified by the assumption that the buncher and catcher
resonators oscillate in time phase. If this were a necessary restriction, it
would result in extremely critical operation and the slightest deviation of
the voltages from the values given in Eqs. (6.08-3 and 4) would stop oscil-
lation. Actually, however, there is a certain amount of flexibility permis-
gible in the phase relationships between buncher and catcher voltages as a
result of phase shift existing in the resonators and feedback line.

In Eq. (5.03-3) a criterion of oscillation was stated in the form SK = 1
where K is the voltage gain; 7.e., the ratio of output to input voltage, and 8
is the ratio of feedback voltage to output voltage. A more general expres-
sion for this criterion is BK = 1/2xn radians, where n is any integer in-

! Brack, L. J., and P. L. Morron, Current and Power in Velocity-Modulation Tubes,
Proc. I.R.E., vol. 32, pp. 477-482; August, 1944,
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cluding zero. This requires that the sum of the phase angles of K and 8,
or the total phase shift around the closed circuit, be equal to 2wn radians.

Let us now apply this criterion to determine the phase relationships in
the klystron oscillator. The diagram of Fig. 13 is drawn for the general
case in which buncher and catcher voltages are not in time phase. The
center-of-the-bunch electron leaves the buncher when its alternating volt-
age is zero. This electron arrives at the catcher resonator when its alter-
nating voltage has its maximum negative value. The transit angle «,
given by Eq. (6.06-6), is the phase angle between the zero of the buncher
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Fia. 14.—Experimental curves showing power output and frequency deviation as a function
of d-c accelerating voltage for a double-resonator klystron.

voltage and the negative maximum of the catcher voltage. Consequently,
the phase angle between the zeros of buncher and catcher voltage is
a + (r/2) radians. In adding up the phase shifts around a closed circuit
in a klystron, we must include the phase shift in the resonators and in the
feedback line. If a resonator is operating at its resonant frequency, the
voltage and current are in time phase and the phase shift in the resonator
is zero. However, the frequency of oscillation of a klystron may deviate
slightly from the resonant frequency of the resonator. In this case, the
voltage and current are not in time phase and there is a phase shift in the
resonator. If we let 6 be the total phase shift in the resonators and feed-
back cable, the criterion of oscillation requires that

0+a+g= 2rn  radians %)
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In the derivations of Secs. 6.06 and 6.07, it was assumed that the two
resonators oscillate in time phase. This corresponds to setting 6 = 0 in
Eq. (1). We found that maximum power output was obtained when
a = 2rn — (x/2). We now find that if the two resonators oscillate in
time phase, the condition that @ = 2an — (7/2) is not only a requirement
for maximum power output but is also a criterion which must exist if sus-
tained oscillations are to be obtained. In general, however, the resonators
do not have to oscillate in time phase.

In the operation of the klystron oscillator, it is found that a small change
in d-c accelerating voltage will cause a change in frequency. This can be

24 b

Critically
“ coupled

Input impedance

Under
coupled

fr
Frequency

Fig. 15.—Input impedance of two coupled circuits having the same resonant frequency.

explained by the fact that the change in d-c voltage causes a variation in
the transit angle . The frequency of oscillation then shifts in such
a way as to yield a new value of § which will satisfy Eq. (1).

It is a well-known principle in circuit theory that if two tuned circuits
having the same resonant frequency are coupled together the input im-
pedance looking into either circuit will have a variation with frequency
such as that shown in Fig. 15. A double-peaked resonance curve occurs
when the tuned circuits are overcoupled, while the single-peaked curve
corresponds to critical coupling or undercoupling. The same phenomenon
occurs when two resonators are coupled together.

It is possible to obtain oscillation over a somewhat wider range of d-c
accelerating voltages if the resonators are overcoupled. It is interesting
to note that the critically-coupled klystron has practically a straight-line
variation in frequency with accelerating voltage, thereby offering attractive
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posgibilities for frequency modulation. By tuning the resonators to
slightly different frequencies, the power output may be held more nearly
constant. The curves of Fig. 14 we§ obtained with the two resonators
tuned to slightly different frequencies.

6.10. Current and Space-charge Density in the Klystron.—An interest-
ing interpretation of the bunching process may be obtained by plotting
curves of electron departure time at the buncher against arrival time at
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F1a. 16.—Plot of electron departure phase angle against arrival phase angle.

the catcher. We start by substituting Egs. (6.06-6) and (6.07-4) into
(6.06-7) and rewriting this in the form

w (lz - i) = wi; — zsin wf; 1)
Yo

In this equation wt; is the phase angle at which an electron departs from
the buncher and wf; is the phase angle at which this electron arrives at
the catcher, both measured with respect to the buncher voltage.

Curves of wf; as a function of w[t — (8/vp)] for various values of the
bunching parameter z are shown in Fig. 16. The quantity w[t; — (8/v0)]
is the arrival phase angle at the catcher minus a constant amount a =
w8/vy which represents the buncher-to-catcher transit angle of the center-
of-the-bunch electron. This plot shows that the electrons arriving at the
catcher at any instant of time may have left the buncher at different in-
stants of time. Thus, referring to the curve z = 1.84 in Fig. 16, we find
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that electrons leaving the buncher at times corresponding to a, b, and ¢
all arrive simultaneously at the catcher resonator.

The space-charge densities at the buncher and catcher resonators will
be represented by ¢,; and ¢,o, and the corresponding velocities are v; and
vy, respectively. The amount of charge flowing through unit area at the
buncher exit during the time interval dt; is g¢,v; df;. This same charge
flows through unit area at the catcher during a different time interval dt,,
and may be expressed as g,2v2 diz; hence we have

gn1v1 dty = Qrova dbp 2

Equation (2) is not valid if we have a condition in which some electrons
overtake other electrons in the drift space. If this occurs, the charges
which arrive at the catcher during the time interval df; may have left the
buncher at several different intervals of d¢;. Hence, there may be several
different valucs of ¢,jv; dt; which contribute to the charge q,ovs dt;. To
take care of this situation, we express g,sv; dfs as the summation of all of
the values of ¢,;v; df; which contribute to it, thus

Qrav2 dly = Zqn1v1 dy 3)

The space charge density ¢,; at the buncher is approximately equal to
the space charge density ¢.o just before the buncher; therefore we let
gr1 = gro. Also, if the velocity variation is small, we have v, = v; = v,.
Making these substitutions in Eq. (3) and rearranging, we obtain

ravo dfz = qroto2 dty
Q-2 =3 ﬁ =3 d(wtl) (4)
g0 dty d(wty)

The quantity d(wt;)/d(wty) is the slope of the curve of Fig. 16. Thus, to
obtain the space-charge density ratio ¢.5/q.0 for any given value of
wl[ts — (s/v9)] we need merely add the slopes of the curve for the given
value of w(t; — (s/v9)]. A negative slope indicates that electrons which
arrive at the catcher in one sequence left the buncher in the reverse se-
quence. In adding the slopes, we consider only absolute values and dis-
card the sign. The curves of Fig. 17 were obtained in this manner.

The space-charge density curves plotted in Fig. 17 are not what we
might have anticipated. The value of z = 1.84, which we previously found
to yield maximum power output, is not the critically bunched condition.
The double-peak in this curve indicates overbunching with two distinct
groups of electrons flowing through the catcher resonator a short time
interval apart. The critically bunched condition, 7.e., the condition of
maximum bunching, corresponds to z = 1.0. Since the power output and
efficiency vary directly as J;(z), Fig. 11 shows that the maximum theo-
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retical power output and efficiency for the critically bunched condition is
24 per cent lower than for the overbunched value of z = 1.84.

The convection-current density at any point in the electron stream is
the product of charge density times velocity. The convection-current
density at the buncher and catcher resonators is J; = ¢.1v; = ¢,ov9 and
J2 = @rav2 = @rov9. The convection-current density at the buncher is prac-
tically equal to the current density Jo just before the buncher; hence we
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Fra. 17.—Plot of gra/qro and J3/J o as a function of arrival phase angle.

=15

may substitute J; = Jo,. Making this substitution and dividing the above
equations, we obtain

2 I (5)

We find, therefore, that the curves of Fig. 17 may be used to represent
either the charge-density ratio g,2/¢-o or the convection-current density
ratio Jo/Jy.

.The beam current has a high harmonic content. The current indyced
in the_catcher resonator has a similar waveform. This current can be
analyzed by Fourier series to obtain the d-c component, fundamental a-c
component, and higher harmonic components.  The catcher resonator may
be tumic of the buncher frequency. The a-c components
of current have amplitudes proportional to J,(mx), where m is the order
of the harmonic. The power output for the mth harmonic is Py =
14V md m(mz), where V., is the voltage developed across the catcher resonator
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for the mth harmonic. If V,, and I,, are the peak values of the mth har-
monic voltage and induced current at the catcher resonator, the time-
average power output iS Pas = Vmln/2. Equating this to the power out-
put obtained previously, and solving for I,,, we obtain

Im'= 2IoJ m(mz) (6)

The effectiye impedance of the resonator at the mth harmonic of the
buncher voltage is

v

o ®

If the catcher resonator is operating at its resonant frequency, the reso-
nator impedance is a pure resistance.

When the klystron is used as an oscillator, the buncher and catcher

resonators are tuned to the same frequency and we have m = 1 in the
above equations. ~The kiystron may be used as-a frequency multiplier, in
which case the catcher is tuned to & harmonic_ of the_ buncher voltage.

The resonant impedance of a resonator is determined by the geometry
of the resonator, the loading, and the electronic effects due to the beam
current. In general, the impedance is increased by increasing the effective
L/C ratio, which means increasing the volume and decreasing the capaci-
tance between grids.

6.11. Operation of the Klystron.—In the tuning of the klystron it is
necessary to make simultaneous adjustment of a number of variables.
These include the grid voltage, the d-c accelerating voltage, and the tuning
of the two resonators. The tuning procedure may be simplified by con-
necting a 60-cycle alternating voltage of from 50 to 100 volts in series with
the d-c accelerating voltage. The accelerating voltage may then be ad-
justed to the approximate value required for oscillation and left at this
value while the remaining adjustments are made. The presence of oscilla-
tion may be observed by means of a crystal detector and microammeter
conflected to the klystron output. The 60-cycle a-c voltage is removed
during the final adjustment..

‘Power outputs of the order of a fraction of a watt to several hundred
watts are obtainable with klystrons at wavelengths of the order of 10 centi-
meters or less.: Actual efficiencies run far below the ideal efficiency of 58
per cent. This may be attributed to space-charge effects causing debunch-
ing of the electrons, collisions of electrons with the grids, secondary emis-
sion at the grid, power consumed in bunching the electrons, transit-angle
delay of electrons in their passage through buncher and catcher grids, and
losses in the resonators.

‘The frequency stability of the klystron oscillator is dependent upon the
temperature of the resonator as well as the stability of the power-supply
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strut alters the spacing between grids. The coaxial output lead is coupled
to the resonator by means of a small coupling loop which is clearly shown
in the photograph. This tube has an output rating of 100 milliwatts and
can be tuned over a range of 20 megacycles by varying the potential of
the reflector electrode.

Figures 25a and 25b are photographs of a McNally tube. This tube is
a reflex klystron which is used in conjunction with an external resonator
(not shown in the illustration). The resonator is clamped to the grid disks
and is usually tuned by screw plugs. This tube has a rating of 75 milli-
watts at wavelengths of 8 to 12 centimeters.

In recent years considerable effort has been devoted to the development
of reflex klystrons which can be tuned over a broad band of frequencies.!-?
For practical reasons, it has been found desirable to build the tube and
esonator as separate units. The McNally type of tube is used and the
resonator usually consists of a coaxial line which contains an adjustable
short-circuiting piston at one end for tuning. The line may operate either
18 a 14 wavelength or a 34 wavelength resonant line, with a voltage maxi-
mum appearing at the klystron grids. Power output is obtained by coup-
ling either a probe or a loop to the resonant line. Tuning is accomplished
by the simultaneous adjustment of the reflector voltage and the length of
line.

#In Eq. (6.13-10) 0) it was shown that a number of different me modes of oscil-
(atlon can exist in a reflex klystron, the various modes correspondu}g__,
lifferentvalues of the-integer 7o In “general, the power output increases
w:th decreasing values of n, but thg_sﬁﬁxm the oscillator under variable
load conditions becomes poorer. If too large a value of n is used, the Tre-
uency of the oscillator is seriously affected by small changes in” V. It
has Ee@t_m__d_@,t values of 7 from 1 to 5 offer the most stable performance,

with n = 3 being preferred. “The mode of oscillation s s determined, it
oart, by the reflector valtage. Consequently, in attempting to obtain con-
tinuous tuning by varying Vz and the length of line, it is found that mode
jumping may occur, resulting in an abrupt change in frequency and power
sutput. For example, if the resonant line was operating as a }{ wave-
length resonant line, the new frequency may be such that the line operates
1s a 34 wavelength line. This tendency of mode jumping makes it difficult
to obtain continuous tuning over a large range of frequencies. Despite
this limitation, however, reflex klystrons have been constructed with tuning

1 NELsON, R. B., Methods of Tuning Multiple-Cavity Magnetrons, Phys. Rev., vol. 70
p. 118; July, 1946.

3 KEARNEY, J. W., Design of Wide-Range Coaxial-Cavity Oscillators Using Refles
Klystron Tubes in the 1000 to 11,000 Megacycle Frequency Region, Proc. Nationa
Electronics Conference, vol. 2, pp. 624-636; October, 1946.

3 CLaRg, J. W,, and A. L. SaMuEL, A Wide-Tuning-Range Microwave Oscillator Tube,
Proc. I.R.E., vol. 35, pp. 81-87; January, 1947.
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ranges exceeding 2 to 1 in the range of frequencies from 1,000 to 11,000
megacycles.

Another recent development ! consists of a velocity-modulated tube in
which the electron bunches oscillate back and forth, passing through the
resonator grids during successive cycles of oscillation in & manner similar
to that of electron oscillation in the positive-grid oscillator. A mathe-
matical analysis of this type of tube has shown that the electrons will be
bunched at the center of the resonator grids during successive cycles of
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F1g. 26.—Sectional vi-ew of the resnatron.

oscillation if the d-c¢ potential has a parabolic distribution on either side
of the resonator grids. Efficiencics exceeding 40 per cent have been ob-
tained with this type of tube.

6.16. The Resnatron. > >—The remarkable performance obtained with
resnatron tubes indicates that this type of tube holds considerable promise
for the future. At present, tubes have been built which deliver continuous
power outputs of 85 kilowatts with anode efficiencics of 60 to 70 per cent,
operating in the frequency range from 350 to 650 megacycles. It appears
quite likely that the frequency range of this type of tube can be extended
farther into the microwave-frequency spectrum.

The resnatron, shown in Fig. 26, is a cylindrical tetrode with an input
resonator between the cathode and control grid and an output resonator

! COETERIER, F., The Multireflection Tube—A New Oscillator for Very Short Waves,
Philips Tech. Rev., vol. 8, pp. 257-266; September, 1946.

? SaLsBURY, W. W., The Resnatron, Elecironics, vol. 19, pp. 92-97; February, 1946.

*Dow, W. G., and H. W. WELcH, The Generation of Ultra-High Frequency Power
at the Fifty Kilowatt Level, Proc. National Electronics Conference, vol. 2, pp. 603-614;
October 1946.
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between the screen grid and anode. The input and output resonators are
coupled together by an external coaxial line when the tube is used as an
oscillator. The control grid is biased beyond cutoff so that the operation
of the tube is similar to that of a class C' triode oscillator. However, the
resnatron differs from the triode oscillator in two important respects. In
the triode tube, the clectrons are simultaneously accelerated by the d-c
field and retarded by the a-c field. This results in relatively low electron
velocities and the electron transit times may therefore be excessively large
at microwave frequencies. In the resnatron, the electrons are accelerated
by the d-c field between the control grid and sereen grid and consequently
attain a high velocity before entering the a-c field between the screen grid
and plate. This results in an appreciable reduction in electron transit
time through the a-c field, making it possible to obtain greater power output
and higher efficiency. Also, by coupling the input and output resonators
together by means of an external coaxial line, it is possible to vary the
length of this line and thereby introduce any desired amount of phase shift
between the two resonators to compensate for electron transit-time delay.
In this way the electron bunches are made to traverse the a-c field between
screen grid and plate at the optimum phase angle for maximum power
output.

The cathode of the resnatron of Fig. 26 is the dark, shaded portion.
This consists of 24 pure tungsten filament wires, each about 1 inch long,
which are hard soldered to two copper rings. Quarter-wavelength chokes
are placed on the cathode rod below the cathode to prevent radio-frequency
loss. The control grid is a piece of copper tubing containing a number of
longitudinal slots, one for each filament wire. The screen grid consists of a
squirrel-cage grid of copper tubing. This is connected to the anode struc-
ture; hence the screen grid and anode are at the same d-c potential. The
anode is a copper annular ring containing fins which project radially inward.
By properly shaping the cathode, control grid, and screen grid clectrodes,
the electron beam may be focused in such a way as to minimize screen-grid
current, thereby preventing high screen-grid dissipation.

Both the input and output resonators consist of coaxial lines which are
effectively 34 of a wavelength long, with the maximum a-c voltage points
located at the tube electrodes. The input resonator is tuned by means of a
lumped capacitance, shown at the top of the resonator in Fig. 26. The
output resonator is tuned by means of a plunger and an expanding bellows,
which is shown at the top of the output resonator. The output loop is
coupled to a wave guide which has cross-sectional dimensions 6 by 15
inches (for 650 megacycles). Vacuum is maintained by an exhaust pump.

For typical operating conditions, the anode potential is 1714 kilovolts,
control-grid potential —2,500 volts, filament current 1,800 amperes, and
grid current 114 amperes.



110 TRANSIT-TIME OSCILLATORS [CraPr. 6

6.16. The Traveling-wave Tube."-*—The traveling-wave tube is a new
type of tube which has shown considerable promise as a broad-band ampli-
fier. Asshown in Fig. 27, the tube contains a closely wound mr”e,hehx
through which an electron beam trgvel_SWbe amplified is
impressed upon the Thelix elix at the input end of the tube and takes the form
of a Wave traveling along the ] hehx " The interaction of the ele electron n stream
andm results in an amplification of the signal as it_pro-
@sses ‘along the helix. The amphﬁed signal is then removed at the output
end of the helix._

~If the length of wire in the helix is 7 times as long as the helix, the velocity

of the traveling wave is approximately v = v¢/n, where v, is the velocity of
light.—The electrons en enter 1 ter the lrelrx w 1th a velocity slightly greater than
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Fig. 27.—Traveling-wave tube.

that of the traveling wave and tend to become bunched as they travel
through the helix. Those electrons which are retarded by the a-c ﬁeld
of the traveh_ng wave slow down, while those electrons which are accelerated

by the a~c field ‘speed up and overtake the precedmg slower electrons.
In this way t “the electrons tend to bunch in the Tegions of the retardmg_a—c
field. Thig results in energy transfer from the electrons to the travehng

wave, thereby bulldmg up the amplxtude of the ‘wave. The increase in

a.mphtud_e of the trevehng wave is somewhat analogous to the bmldmg up
of water waves by a wind blowing past them.
A longitudinal magnetic field (not shown in Fig. 27) is used to focus the

electrons, thereby compelling them to travel in a direction parallel to_the

axls of the helix. Elect'“ons”tﬁ"t moyemmje' to the _magnetic field are

motion across the field expenence a torque which_tends to force them to
move in the c’hreétron of the n ‘magnetic field.

e p—— et T e

! P1eRcE, J. R., Traveling-Wave Tubes, Proc. I.R.E., vol. 35, pp. 108-111; February,
1947.

2 P1ERCE, J. R., Theory of the Beam-Type Traveling-Wave Tube, Proc. I.R.E., vol. 35,
pp. 111-123; February, 1947.

3 KoMPFNER, R., The Traveling-Wave Tube as an Amplifier of Microwaves, Proc.
L.R.E., vol. 35, pp. 124-127; February, 1947.
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The traveling-wave tube shown in Fig. 27 is untuned and therefore
operates as a broad-band amplifier. Bandwidths as high as 800 megacycles
have been realized with ’thrs‘type of tube. This is of the order of 80 times
the bandwidth possible in a single stage video amplifier using a conven-
tional pentode tube.

PROBLEMS

1. A positive-grid oscillator, connected as shown in Fig. 1, has a d-c potential difference
of 100 volts between grid and plate (or cathode) and a peak a-c potential of 75 volts.
The distance between the cathode and plate is 1 ¢cm and the grid is midway between
the cathode and plate. Compute the frequencics of oscillation of electrons which
leave the grid plane at valucs of ¢ = 0, #/2, x, and 3r/2. What would be the approxi-
mate frequency of clectrical oscillation as a Gill-Morrell oscillator? What would be
the approximate frequency of electrical oscillation as a Barkhausen-Kurz oscillator?

2. Derive expressions for the power input, power output, and conversion efficiency of an
electron moving in the grid-plate region of the positive-grid oscillator shown in Fig. 1.
The grid to plate (or cathode) voltageis ¥V = —Vy — Vi sin ot and the electron leaves
the grid planc at the phase angle ¢. Assume that the alternating potential is small
and therefore that the electron velocity is determined by the d-¢ potential only.

3. A double-resonator klystron is tuned to a frequency of 3,000 megacycles. The dimen-
sions of the klystron, as shown in Fig. 10, are d; = dz = 0.1 ¢cm and s = 2 cm (see
Fig. 10). The beam current is Jo = 25 ma and the ratio of V2/Vyis 0.3. The two
resonators are assumed to oscillate in time phase.

(a) Compute the d-c¢ accelerating voltage, buncher voltage, and catcher voltage
required for maximum power output for integer values of n from 1 to 5.

4. Compute the power output, power input, and maximum theoretical efficiency of the
klystron given in Prob. 3, using values of n = 2 and 3. In computing the efficiency,
take into consideration the reduction in efficiency caused by the electron transit time
delay in passing through the catcher resonator.

6. Obtain a mathematical expression for the curves of Fig. 17 by dxﬁorentlatmg Eq.

(6.10-1) and substituting this into Eq. (6.10-4) to eliminate wls. What values of

wly and wty correspond to infinite values of ¢r2/¢r0 for z = 1.0 and z = 1.84?

A reflex klystron is tuned to a frequency of 5,000 megacycles. The distance s is

0.5 cm (sce Fig. 19). What values of Vo/(VrR — Vo)? are required for osdillation

corresponding to n = 1 to 5? Specify values of V¢ and Vg which will produce oscil-

lation.

Derive the equations for the power output, power input, and efficiency of the re-

flex klystron.

8. Using Eq. (6.13-10) derive an expression for df/dVg for the reflex klystron. Assume
that Vo = 350 volts, s = 0.5 cm, f = 5,000 megacycles, and n = 4. Compute the
frequency change for a 1-volt change in reflector potential.
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CHAPTER 7
MAGNETRON OSCILLATORS

During the early stages of the war, the urgent quest for a suitable
microwave generator, capable of delivering large power output at high
efficiencies under pulsed conditions, for use in high-definition radar, led to
the development of the multicavity magnetron. The British brought to
the United States an early model of the multicavity magnetron in the fall
of 1940 and demonstrated its potentialities as a source of microwave power.
Thereafter its development proceeded rapidly under the stimulus of an in-
tensive wartime research program.

7.01. Description of Multicavity Magnetrons.—A cutaway view of a
10-centimeter multicavity magnetron is shown in Fig. 1. Q‘ his contains
an indirectly heated oxide-coated cathode and a laminated copper anode.
The anode block is bored or broached to provide for eight identical cylin-
drical resonators. A pickup loop in one of the resonators is connected to
the external circuit by means of a vacuum-sealed coaxial line to provide
the power-output connection. The magnetron of Fig. 1 contains disk-
shaped fins for forced-air cooling. )

Figure 2 shows a 10-centimeter magnetron and a 3.2-centimeter magne-
tron, complete with alnico permanent magnets. The output of the small
magnetron is coupled to a wave guide through a vacuum-sealed dielectric
window.

“In the operalion of the magnetron, a high d-c potential is applied be-
tqgg_gg_@_hgg&_gﬁ.amd&sﬂtmmdml electric field. An axial mag-
netic field is provided by either a permanent magnet or an electromagnet.
L]ectrons cmitted from the cathode experience a force directed radially
outward due_to_the d-c. electric field and a force _perpendicular to their
instantaneous direction of motion due to the magnetic field. The c(_)mbmed
forces cause the electrons to take a spiral path, the radiys of curvature of
which decreases thh mcreasmg ma_gz_l_gtlc field strength. g‘:; a given value

which causes the electrons fo just graze the anodeu 'lhls value  of magnetic
ﬁelLtrength is known as the cutoff valye. If the m @etlc ﬁeld_ strength
exceeds the cutoff value, the curvat,mq of tlxe electron. path.lssuch. that

the electrons miss the anode and spiral back to the catho _gi Magnetic

field strengths of the order of one to two times cutoff are nor ired
or oscﬂlatxon2 d
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The various types of oscillation of a magnetron will be considered in
detail later in the chapter. However, the following brief description is
intended to give an over-all picture of the mechanism of the traveling-wave
t)‘f,ge of oscillation.

*When the magnetron is functioning as an oscillator, the electrical oscil-

Iation of the resonators sets up an a-c electric field across the resonator

Fra. 1.—Cutaway view of a 10-centimeter cavity magnetron. (Courtesy of the M.I.7

Radiation Laboratory.)
gaps, In the multianode magnetron, such as that shown in Fig. 1, the

a-c fiel#in the interaction space (the space between the cathode and anode)
i largely tangential. In general, there is a phase difference between the
oscillations of successive resonators which produces a rotating a-c field.
The d-c anode potential and the magnetic field strength are adjusted sc
that the whirling cloud of electrons rotates in synchronism with either the
fundamental or a submultiple component of the rotating a~c field.)

“Part of the electrons rotate in such a phase that they are accelerated by
’he a-c field. while other electrons rotate in such a phase as to be retardec
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by the a-¢ field. Those electrons which are accelerated by the a-c field
experience an increase in velocity and a consequent increase in torgue re-
sulting from their motion in the magnetic ficld. This causes these elec-
trons to have their paths so altered that they spiral back to the cathode
and they are thereby withdrawn from the interaction space. The electrons
remaining in the interaction space are those which, on the average, are re-

tarded by the a-c field. These electrons give energy to the a-c field thereby
contributing to the power output of the magnetron. a; a result of this

F1g. 2.—Ten- and three-centimeter magnetrons with magnets. (Courtesy of the Western
Electric Company.)

selection process, the electrons form into groups resembling the spokes of
a wheel, with the entire spokelike formation _rotating at synchronous speed
with respect to a component of the a-c ﬁel@

The foregoing description of the operation of the magnetron applies to
the traveling-wave type of oscillation. The magnetron may also operate
as a negative-resistance oscillator or as a cyclotron-frequency oscillator.
These types of oscillation will be described in detail later.

7.02. Magnetrons as Pulsed Oscillators.—The magnetron is particu-
larly well suited to pulsed operation, such as is required in radar systems
and pulse-time modulation. In a pulsed system, a high d-c anode potential
is applied to the magnetron for an extremely short interval of time, with
a relatively long time interval between pulses during which the tube is
inoperative. This makes it possible to obtain very high values of peak
power output and still remain within safe limits of average power output
and plate dissipation for the tube.

A water-cooled magnetron, capable of delivering 2.5 megawatts peak
power output at a wavelength of 10 centimeters under pulsed conditions.
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is shown in Fig. 3. A typical pulse cycle for this tube consists of a pulse
duration of 1 microsecond, with 1,000 pulses per second. If the peak
power output is 2.5 megawatts, the average power would be 2.5 kilowatts.
The cathode current during the pulse interval is 140 amperes and the peak
anode voltage is 50 kilovolts.

Pulsed operation of a magnetron imposes extremely severe requirements
upon the cathode. Current densities of the order of 50 amperes per square
centimeter are sometimes required. Experiments have shown that the

Fra. 3.—High-power cavity magnetron. (Courtesy of the M.I.T. Radiation Laboratory.)

_cathode current under pulsed conditions may be many times the current
obtainable when the tube is not oscillating. The reason for this very large
cathode current is not entirely clear. One possible explanation is that part
of the electrons (those rotating in an unfavorable phase with respect to
the a-c field) return to the cathode with relatively high kinetic energy and
consequently splash out secondary electrons. Since a portion of the sec-
ondary electrons emitted from the cathode have an unfavorable phase
with respect to the a-c field, these electrons return to the cathode and
splash out other secondary electrons, resulting in a cumulative bombard-
ment of the cathode which builds up the emission to very large values.
Magnetrons designed for short-wavelength operation sometimes depend
entirely upon this bombardment of the cathode by returning electrons to
heat the cathode, there being no additional heater power supplied. Occa-
sionally the back bombardment becomes excessive, resulting in overheat<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>