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A. BASIC ANALYTIC GEOMETRY IN THE PLANE

GHAPTERII

METHOD OF COORDINATES

Sec. 1. The Coordinates of a Point

1°. Analytic geometry in the plane treats of straight lines,
circles, ellipses, hyperbolas and parabolas. These are studied by
the method of coordinates.

The method of coordinates specifies with numbers the position
of a point relative to coordinate axes.

The coordinate azis is a straight line (Oz in Fig. 1) where we
have:

1) point O, the origin,

2) a positive direction (from left to right in Fig. 1),

3) a unit for measuring lengths, I, which is also called a scale
unit.

The distance of any point M on the axis from the origin O
(the segment OM) can be measured by the unit I, i.c., it can be

”
expressed by a certain number. The plus sign is assigned to this
number if the direction from the origin O to the point M coin-
cides with the positive direction of the axis, and the minus sign
is affixed if it is opposite to the positive direction of the axis.
Thus, to every point M of the coordinate axis there corresponds
some definite number. It is called the coordinate of the point M.
We note that the coordinate of the origin O is equal to zero.

The converse is also true: to every real number there corre-
sponds a point on the coordinate axis whose coordinate is ex-
pressed by this number for the given unit of measurement.

1"



2°. Two mutually perpendicular coordinate axes Oz and Oy,
intersecting at O (Fig. 2) form a rectangular or Cartesian system
of coordinates *.

The positive direction of each axis is indicated in the figure by
an arrow.

The axes Oz and Oy divide the plane into four parts called
quadrants, which are numbered as follows: the first quadrant is
that part of the planc between Oz and -+ Oy; the second quad-
rant, between 4Oy and — Oz; the third quadrant, between — Oz
and —Oy, and the fourth quadrant, between —Oy and +Oz.

AY

of-+) | If+#)

C oo
A

m-.-) | Z+.)

Fig. 2. Fig. 3.

In order to specify with the help of numbers the location of
a point A in the plane with respect to a given coordinale system
(Fig. 3), we drop a perpendicular AM from the point A on the
axis Oz and a perpendicular AN on the axis Oy. The points M
and N, which are the bases of the perpendiculars dropped from
the point A on the axes Oz and Oy respectlively, are called the
projections of A on the coordinate axis. Let z be the coordinate
of the point M on the axis Oz and let y be the coordinate of
the point N on the axis Oy.

Definition. The number z, which is the coordinate of the projec-
tion of the point A on the axis Oz, is called the abscissa of the
point #. The number y, which is the coordinate of the projection
of the point A on the axis Oy, is called the ordinale of the
point A**,

Accordingly, the axis Oz is called the axis of abscissas and the
axis Oy, the axis of ordinates. For the sake of brevity, the phrase

* The rectangular coordinate system is called Cartesian in honour of the
French mathematician René Descartes (Cartesius) who was first to publish
(in 1637) a treatise on analytic geometry where he expressed the fundamen-
tal idea of the subject, namely, that the equation between z and y defines a
line.

** The Latin word ‘‘abscissa’’ means ‘‘cut off’’, “ordinate”—*‘‘ordered’’.
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‘“the point A has coordinates z and y’’ is usually written “‘the
point A (z, y)' first the abscissa and then the ordinate. The signs
of the abscissa and the ordinate of a point A are determined by
the quadrant in which it lies. Fig. 2 shows the signs of the
abscissa and the ordinate for each quadrant; the first sign is
that of the abscissa, the second, that of the ordinate.

If the point A lics on the axis Oz (Oy), its ordinate (or abscissa)
is zero.

3°. In this way we can determine the coordinates of any point
in the plane. Conversely, the coordinates being given, we can
specify the position of any point in the plane. For example, let
(—3, 5) represent the coordinates of a point R. Laying off 3 scale
units to the left of the origin O along the axis Oz and 5 scale
units upwards from the origin along the axis Oy, we obtain
a point P on Ox and a point Q on Oy (Fig. 3); drawing the
lines PR and QR, parallel to the axes Oy and Or, respectively,
we get the desired point R (—3, 5) at the point of intersection.

4°. The coordinates z and y of the point A in the plane are
numbers representing, respectively, the ratio of the segments
OM and ON to the scale unit. Taking ! as the scale unit for
both axes, we have

M o
z=2L, y=2F. (1)

These relations are usually written, in abbreviated form,
z=0M, y=ON,

it being understood that in this case OM and ON do not repre-
sent the directed segments OM and ON but the numbers express-
ing their lengths when I=1. This notation is convenient not
only in that it is simpler but also because the coordinates z
and y are represented pictorially.

Sec. 2. The Sum of Two Directed Segments

In analytic geometry, segments are characterised not only by
their length but also by their direction. If with respect to two
segments: 1) the straight lines representing the segments are
parallel or coincident, 2) the direction from the origin (beginning)
of the segment to its terminus (end) is the same (or opposite),
the two segments are said to be identically (or oppositely) directed.

In designating directed segments by two letters, the first letter
denotes the origin and the second the terminus of the segment.
Two segments AB and BA are thus of the same length but of
opposite direction:

AB = — BA.
13



The direction of a segment is sometimes indicated by an arrow-
head attached to the terminus of the segment (Fig. 4a and b).
To obtain the sum of twoidentical-

A L ¢ i ly or oppositely directed segments
A 8 2 AB and CD (Fig. 4a and b), it is
e necessary to place them on a single

a) straight line so that the origin of

A D ¢ the second segment (point C) coin-
~®— cides with the terminus of the first

A b 8 segment (point B). Then the origin

of the first segment (point 4) and

b) the terminus of the second segment

Fig. 4. (point D) will represent, respecti-

vely, the origin and the termi-
nus of the segment, which is the sum of AB and CD:

AB+CD = AD.

Sec. 3. The Distance Between Two Points

1°. Theorem. Whatever the position, on an azxis, of lwo given
points M, and M, relative to each other and to the coordinate
origin, the magnitude of the secgment M,M, is given Ly the

difference between the coordinates of the 0 M My
terminus and origin of the segment; in 0= |

other words, if the origin and terminus My M 0
of the segment M M, have coordinates x, —e ———>1

and z, (or y, and y,) then My 0 My
*——0——8 T

MM,=z,—z, or M\M,=y,— M. 0 M
13 2 1 1My =Ys— Y - o - 17

(I M My 0
———— O O— |

Proof. There are six different possible cases ‘0 My M,
of the localion of points M,; and M, with - P ——J7

respect to each other and the origin O (Fig. 5). Fig. §

If reckoning from left to right, the points

are in the order indicated on axes I/ and I/,

i.e.,, O, My, My or My, M,, O, then in both cases OM;++ MMy=0Ms,.
Whence, M;My=0My—OM,.
But OM,=z,; and OMy—=z,. Therefore, in both cases, M{My=2z,—z,.
If reckoning from left to right, tho points have the order indicated on

axes III and 1V, i. e.,
Mh 0, M2 or Mz, 0, Mi'

then M1M2=M10+0M2.
But M10=—0M1=—Ii, 0M2=1'2.
Therefore, M My=2zo—z,.
When the points are arranged in the order indicated on axes V and VI,
i. e., My, My, O or O, My, M,, we have

M My+Ma0=M,0,
14



Whence M‘M2=M10-—-M20, or M1M2=0M2—0M1,
because M0=—OM,; and My0=—OM,. But OMy=z, and OM;=z,.
Therefore, M\My—zy—z,.

2°. Examples. 1. The magnitude of a segment whose origin and
terminus are the points M, (3, 0) and M, (5, 0) is
M1M2 = 5—3 = 2.
2. If the points are M,(—3, 0) and M,(—35, 0), then M, M,=
=—5—(—3)= —543=—2.
3. If the points are M, (0, —2) and M, (0, 3), then M,M,=
=3—(—2)=34-2=5.

3°. Corollary. The magnitude of segment AB (Fig. 6) parallel
to the axis of abscissas (or ordinates) is equal to the difference

Ay U
M, 8 T_y
Nz
Apmry————e8 | |  fee——-
i i
| I
| | e
4 o —— N,
M0 Mz 0 z AF :
M A 1
Fig. 6. Fig. 7.

belween the abscissas (or ordinates) of the terminus and origin of
the segment, i.e.,

AB=z,—z; or AB=y,—y, 0

Indeed, dropping two perpendiculars AM, and BM, from these
points onto the axis of abscissas (Fig. Gu) or onto the axis of
ordinates (Fig. 60) we sce that the segment A5 is equal in length
to the segment M,M, (as opposite sides of a rectangle) and is
in the same direction. That is,

AB=M\M,=z,—z (or Yo—Ys)-

4°. If only the length of the segment AB interests us and its
direction is immaterial, then we must take the absolute value
of the number obtained from formula (I):

E=lx2—z1! or XE:!yz—!/il (Ia)

5° If the segment AB is not parallel to either of the coordi-

nate axes, its magnitude is understood to be the length of the
segment AB.

15



Problem. Find the distance between points A (x4, yy) and B (3, ¥5).

Solution. From points A and B (Fig. 7) we drop perpendicu-
lars AM, and BM, onto the axis Oz and perpendiculars AN,
and BN, onto the axis Oy. Producing AN, to its intersection
with BM,, we find, from triangle ACB by the Pythagorean
theorem,

AL =V 4C*+CB.
But
ZE=—M-W2=[232——Z1I,
CB=N\N,=|y:—y:l-
Putting these values inside the radical, we obtain
ADB =V (x;—21)* + (42— y1)?. (1)

That is, the distance belween two given points is equal to the
square root of the sum of the squares of the differences between like

coordinales of these points.
6°. From formula (II) the distancc of the point A (z, y) from

the origin 0 (0, 0) is OA= )/ (x—0)*+(y—0)%, or
OA =V 22+ y? (I11)

That is, the distance of a point from the origin is equal to the
square root of the sum of the squares of the coordinates of this point.

7°. Examples. 1. Find the distance between points 4 (—4, 3)
and B (0, 6).
Solution. From formula (III),

AB=Y(O+4°+(6—3)?* =) 16+9 =5.
2. Find the point equidistant from points
(05 0)’ (71 —'7) and (81 O)'

Solution. Let the coordinates of the desired point be equal
to z and y. Tho distance of the point (z, y) from the first of
the given points is )/ z*+ 32, from the second, |/ (z—7)2+ (¥ + 1),
and from the third of the given points, }J/ (z—38)2+y2

It is given that all these distances are equal. Let us equate
the first radical to the second and the third in succession:

VE+yP =V =D TG+
VEFR =V e

16



After squaring these equations, removing brackets, and combin-
ing like terms, we get the system of equations z—y=7 and
z =4. Substituting z =4 into the first equation, we find y = —3.
The required point is (4, —3).

Sec. 4. Dividing a Segment in a Given Ratio

1°. Problem. The coordinates z,, y, of the point A (Fig. 8) and
.he coordinates x, Y, of the point B being given, find the coordi-
nates x, y of a third point C which divides the segment AB so

that the ratio TF is equal to A.

Solution. From the points A, B and C draw straight lines AM |,
BM, and CM parallel to the axis Oy. These straight lines cut

A I D 8
- -® -0~ -9

Fig. 8. Fig. 9.

the segments AB and MM, into proportional parts:

MM AC
MM, TR @

But according to formula (I) M\M =z —xy,
MM,=2,—x, and %g =\ (given).

Introducing these values into proportion (I) we have

T—Z4 . 7\,

To—T

Solving this equation for x, we get

A
z= -’i;—}xiz— 1v)

Drawing from the points A, B and C straight lines parallel
to the axis Oz, we find, in analogy with the preceding, that

A
y=Httat (IV)

21320 17



2°. Example. Find the points that divide into three equal
parts a straight-line segment bounded by the points A (4, —3)
and B(—5, 0).

Solution. Let the desired points, reckoning from A to B, be C
and D (Fig. 9). Then

=7 wd 55=2
This means that when evaluating the coordinates of the points
C and D by formulas (IV), we must put A equal to —i— for point
C and equal to 2 for point D. Substituting the given r, =4,

yi=—3, 7= —5, 12=0, hg =1, Ap=2, we get

5
1
At - (—=5) —342-0
rom— Pt pe=—— 2=,
145 o
Z A2 (=5 . = —3+2:0
.Tn—"*—,l"?_'z = 2, Yp= 1¥2 = 1..

The required points are C (1, —2), D(—2, —1).
3% If a point C divides a segment AB into two equal parts,

then AC=CB and A= 4> =1 and formulas (IV) take the_form

Yi-+ya.

|x=ﬁ¢ﬁ; y= 47 (V)

See. 5. The Angle of a Straight Line with the Axis

1°. Definition. The angle formed by the axis Ox and the straight
line AB (Fig. 10) is taken to be the angle of counlerclockwise

17 B\y
iy ey
A/ 0 T 0 c\/‘z

a) 0)
Fig. 10,

rotation of the positive direction of the axis Ox so that the positive
direction coincides with the straight line ADB.

18



In Fig. 10z and b, this angle is zCB.

2°. Problem. Find the angle between the straight line passing
through the points A(zy, y,) and B(z,, y,), and the azis O.

Solution. Let the straight line 4B form with the axis Or an
angle DB equal to ¢ (Fig. 11). We shall draw AC|jOr and

Ay

Alzy,y,) AY
|
'E{Ipyz) l
oo /v |
7 Tz |t QY
! | 7T
Alxy $ 1___
o === ta4) L___180%p
L dmgy ey
Fig. 11. Fig. 12,

BC||Oy to their intersection in point C. The coordinates of €
are .» and y,. From the triangle ACB we have

CB
tan £ CAB= 0. (1)

The segment AC, bounded by the points A (xy, y;) and C (ry, y)
localed on a straight line parallel to the axis Or, is determined
by formula (I):

AC = o — .y,

Also from formula (I),

CB=y,—.

The angle CAB is equal to ¢ because /CAB =/ xDB (as
corresponding angles).

Introducing the values of / CAB and the sides 3C and AC
into (1), we obtain

tan ¢ = Y24 (V1)

Formula (VI) holds for any location of the points A and B in the plane.
For instance, for the location shown in Fig 12, from the triangle ACB we
have

tan B=——~CA =N

CB — 23—z °
But tan B=tan (180°—¢@)=—tan @, and, thercfore, —tan @= l;[l_:__?_
Multiplying the left and the right side of the equation by —1, we obtain
formula (VI).
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3°. Example. Find the angle formed by the axis Oz and the
straight line connecting the points A(—2, 1) and B(2, —3).
Solution. Putting, in formula (VI), z,=—2, 2,=2, y,=1,
Y, = —3, we obtain
—3—1
tan(p=2—;T_—§)—=1,

¢ =135°

Sec. 6. Conditions for Parallelism and
Perpendiocularity

In this section we shall conside1: straight lines not parallel to
the axis Oy.

1°. Definition. The tangent of an angle formed by a straight
line with the axis Ox is called the slope of the straight line to the
azis Ozx.

2°. If AB||CD (Fig. 13), the angles ¢ and o formed by the
straight lines AB and CD with Oz are equal (as corresponding
angles).

Therefore

tan g =tana (VII)

The condition for parallelism of straight lines is that the slopes
of the straight lines be cqual.

3°. Let AB | BC (Fig. 14) and the straight line AB form with
the axis Oz an angle equal to ¢, and the straight line BC form

Y g

4 /0 c
7 9 )/

Fig, 13, Fig, 14,

with Oz an angle equal to a. Let us draw from the origin O
straight lines OA’ and OC’ parallel, respectively, to AB and BC.
Then ¢ is also the angle through which Oz should be revolved
counterclockwise to make it coincide with OA’, and o is the
angle through which Oz should be revolved to make it coincide
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with OC’. Since OA’ 1 OC’, ¢ and a differ by 90°:

¢—a=190°
Whence
¢=90°+a
and
tan@ = tan (90°+ a) = —cota = _Ta-rlﬁ” .
Therefore,
1

The condition for perpendicularity of two straight lines is that
the slopes of these straight lines be reciprocal in magnitude and
opposite in sign.



CHAPTER II

THE STRAIGHT LINE

Sec. 7. A Straight Line as a Locus

1°. Example. Express by an equalion the locus of poinls, in a
plane, equidistant from the points A (2, 8) and B (5, 3).

Solution. It is known from plane geometry that the locus of points
equidistant from two given points A and B (Fig. 15) is a straight
line MN, perpendicular to the segment AB and passing through
its middle point C.

Let us take a point Q on the straight line MN and let its
coordinates be (z, y). The distauces of Q from the given points A

and B are given by formula (II):

S 4Q =V =271 G—9),
BQ=V (=524 (y—3)*
And since it is given that these dis-

tances are equal, i.e., AQ=DBQ, we
have

8

=VE=FG—3 ()

As the point Q (x, y) moves along
the straight line MN the values
Fig. 15. of z and y vary, but they vary in
a definite ratio such that equality
(1) is not violated. Equality (1) is thus an equation satisfied by
the coordinates of all points of the straight line MN without
exception. At the same time this equation is not satisfied by
the coordinates of any point in the plane not lying on the
straight line MN. Indeed, if the point Q happens to lie out-
side the straight line MN, then it will not be equidistant
from the points A and B, AQ= BQ and equality (1) will be
violated.
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Equating the radicands of (1) and removing the brackets, we
have
2?—4r 44+ y*— 16y + 64 = 22— 102 + 25} y2 — 6y -+ 9,
or 3z—5y+17=0. (2)

Equation (2), which expresses the condition to be satisfied
by the coordinates z, y of points in the plane in order that they
should belong to the straight line MN, is called the equation of
the straight line MN.

Examples. 1. In order to find out whether the point P (2, 4)
belongs to the straight line MN, we substitute in equation (2)
z by 2 and y by 4. We then obtain

3-2—5-44+17T=30.

The coordinates of the point P do not satisfy the necessary
condition (thal the points belong to the straight line MN) and,
consequently, the point P does not lie on the straight line MN.

2. Point P (—4, 1) belongs to the straight line MN because
its coordinates (—4, 1) satisfy equation (2):

3.(—4)—5-14+17=0, 0=0.

2°. The coordinates of an arbitrary point (z, y) of a given
locus are called current (moving) coordinates. The equation of the
line cxpresses an unchanging relation
between the moving coordinates of its
point.

Sec. 8. Equation of a Straight
Line (Slope-Intercept
Forne)

1°. Theorem. Any straight line can
be expressed by an equation of the
first degree between the moving coordi-
nates.

Proof. Case 1. The straight line
MN (Fig. 16) is not parallel to the axis Oy. For an arbitrary
point Q (x, y) of the straight line MN we have the equation

AQ=AC+CO, (1)

where AQ =y, AC=0DB, ie., AC is cqual to the ordinate of
the point of intersection of MN with the axis Oy. We assume
that

AC=0DB=b.
From the right-angled triangle BCQ we have
CQ=BC-tan ¢,
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where ¢ is the angle formed by the straight line MN and the
axis Oz, since
¢=/zMN=/CBQ
and BC =04 =u.
Putting tan ¢ =k, we obtain

CQ=k-x.

Introducing the values of AQ, AC and CQ into equation (1),
we get

y=kztb | (IX)

that is, a first-degree equation in the current coordinates x
and 7.

The coordinates (0, b) of the point of intersection (B) of the
straight line M with the axis Oy also 'satisfy this equation.

AY ~ Ay
a
@ M g N
— b
0 A z .
M 0 4
Fig. 17. Fig. 18.

Indeed, replacing, in equation (IX), = by zero and y by the
number b, we obtain the identity

b=b.

There can be three special cases here.

1. If the straight line MN passes through the origin O (Fig. 17),
the ordinate of the point of its intersection with the axis Oy,
b=0, and equation (IX) takes the form

y=tks | (X)

It is satisfied by the coordinates of all the points of MN,
including the origin (O, 0).

2. If tho straight line MN is parallel to the axis Oz (Fig. 18),
i.e., angle =0 and k=tan ¢ =0, equation (IX) takes the form

=] o
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Equality (XI) does not contain z. Nevertheless it expresses
the relation between z and y: for each value of z, i.e., for each
point of a straight line parallel to Ox, the ordinate is equal to b;
and, conversely, in a plane every point
whose ordinate is equal to b belongs %y n
to this straight line.

3. If the straight line coincides
with the axis Oz, then by introducing a
b=0 into equation (XI) we obtain N 4
the equation of the axis: 7

y=0 (XII)

o

Case 2. The straight line MN is
parallel to the axis Oy (Fig. 19). M

Let the abscissa of the point of Fig. 19.
its intersection with the axis Oz
be equal to a. The equation of such a straight line is

z=a (XIIT)
K

Indeed, the abscissa of each of the points of a straight line
parallel to the axis Oy (i.e., for each value of y) is equal to a
and, conversely, in a plane every point whose abscissa is equal
to a belongs to this straight line.

If the straight line coincides with the axis Oy, a=0, then
from equation (XIII) we obtain the equation of the axis Oy:

z2=0 (XIV)

Thus any straight line is expressed by a first-degree equation
in the moving coordinates.

2°. In equation (IX), k is the slope of the straight line and
y =k -+ bis called slope-intercept form of the equation of a straight
line. The absolute term b of this equation is called the y-inter-
cept or intercept on the y-axis because when z=0, y=2> (from
equation IX). The slope & and the y-intercept b are constant
values for the given straight line and are the parameters of the
equation of the straight line. In general, we call parameters
those constants that characterise an object and distinguish it
from other objects homogeneous with it.

Sec. 9. General Form of the Equation of a Straight
Line and Its Special Cases

1°. Converse Theorem. Any equation of the first degree between
the coordinates = and y represents a straight line.
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Proof. An equation of the first degree in z, y is of the form
Az+4By+C=0 (XV)

Let B=£0. Solving equation (XV) for y, we get
ym —Ag_C

B B -
Comparing this expression with equation (IX), we have

A
-———B—=k=tan(p (XVI)

_C_ (XVII)
B

That is, the equation Az+ By--C=0, when B=£0, represents
a straight line with slope k= — 4 and y-intercept b= £

B B °
In particular:
1) C =0. Equation (XV) takes the form
Az 4+ By=0 (XVIII)

and represents a straight line which passes through the coordi-
nate origin, since the coordinates of the origin (O, O) satisfy
equation (XVIII).

2) A=0. Equation (XV) takes the form

By+C=0 (XIX)
Solving it for y,
_— c =b
=—F>» Or y=0o,

we come to the conclusion (formula XI) that it represents a
straight line parallel to the axis of abscissas.
3) A=0 and C=0. In this case equation (XV) takes the form

By=0 or y=0

and represents the axis Oz (formula XII).
4) If the coefficient B =0, equation (XV) takes the form

Az+C=0 (XX)

Solving this for z,

C
X = —-X=a,

we come to the conclusion (formula XIII) that it represents
a straight line parallel to the axis of ordinates.

26



But if in equation (XX) C=0, A5£0, then it has the form
Azx=0 or z=0

and represents the y-axis (formula XIV).

Thus, any equation of the first degree between the coordinates
x and y represents a straight line.

2°, Equation (XV)

is called the general form of the equation of a straight line.
Equations (XVIII-XX) are its special cases.

Sec. 10. Equation of a Straight Line (Intercept Form)

The position of a straight line with respect to a system of
coordinate axes can be determined by the scgments ON =a and
OM =b (Fig. 20) which are cut off by the given straight line MN
on the axes Ox and Oy respectively.

From the similarity of triangles AQN and OMN (Fig. 20),
we have

A0 AN
OM ~ ON
y__a—z
b

Dividing a— z by a termwise,
we obtain

¥ z
5= 1 —— or
2ivoq| xx) Fig. 20.

Equation (XXI) is called the intercept form of the equation
of a straight line.

Sece. 11. Solved Examples

1°. Find the equation of the straight line which culs off a segment
equal to 3 on the axis Oy and makes an angle @=120° with the axis Ox.

Solution. To obtain the equation of the given straight line it is neces-
sary to find the numerical values of the parameters k and b and introduce
them into the equation:

y=kzb.

It follows from the statement of the problem that
b=3,
k = tan 120°= tan (180°—60°)= —tan 60°=—}/3.
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Consequently, the required equation is
Yy=-—x V§+3.

2°. Determine the slope and the y-intercept of the straight line repre-
sented by the equation 2z—3y—6=0.

Solution. 1st procedure. We solve the equation for y, and obtain an
equation in slope-intercept form:
2

y=—3— 3—2,

from which we conclude that the slope k=§ and the y-intercept b= —2.

2nd procedure. With 4=2, B=—3, C=—6, we find, from (XVI)
and (XVII),

A 2 2
k_——B:———3=—3 N
C —0
b B~ -3 2

3°. Find out whether there are straight lines parallel or mutually per-
pendicular among those represented by the equations: 3z—2y-1=0,
6z—4y—5=0 and 2z+4 3y—T7=0.

Solution. The slopes of parallel straight lines are equal; those of mutu-
ally perpendicular straight lines are reciprocal in magnitude and opposite
in sign (Sec. 6). From formula (XVI) we find the slopes: for the first

straight line k1=~2——, for the second straight line kz—:—i— and for the third,
2

ky= —-

The first and the second straight lines are parallel, since k;=*k,, the
third straight line is perpendicular to the first two, since

1 1

k3=—-i kz .

4°. Form the equation of a straight line that cuts off on the axes Oz and Oy
segments —3 and %— ,» Tespectively.

Solution, It is given that a=—3, b= % Substituting these values into

equation (XXI) we get the desired equation:
:’f—3+—‘1’—=1 or z—6y+3=0.
2
5°. What is the equation of the straight line that has equal z- and

y-intercepts and passes through the point (—1, —3)?

Solution. It is given that b=ea in equation (XXI), and therefore the
equation takes the form

raY_ —
—a_+7“"1 or z+4y=a.
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The point (—1, —3) belongs to the straight line z+ y=a. Therefore,
if in the equation z4y=a we subslitute the values —1, —3 for the cur-
rent coordinates z, y, the equation will hold:

—1—3=a,
Hence a=—4 and the sought-for equation of the straight line is
z+y=—4 or z+y+4=0.
6°. Reduce the equation 3z—4y4-2=0 to the intercept form.

Solution. Transpose the absolute term 2 to the right-hand side of the
equation,

31—-4_1/::-—2,
and divide both sides of the equation by —2:
—-32i+2y= 1.
We then get the intercept form of the equation of a straight line:
x y
—zt7 !
3 2
. 2 1
and the z- and y-intercepts are e=—7, b=7.

Sec. 12. Construction of a Straight Line When Its
Equation 18 Given

1°. In order to construct a straight line it is sufficient to
locate any two of its points by means of coordinates. Given the
equation, one can most easily define the coordinates of the points
of intersection of the straight line with the coordinate axes.
Putting y =0, we find from the given equation of the straight
line the abscissa of the point of its intersection with the axis Ou;
putting =0, we find from the given equation the ordinate of
the point of intersection of the straight line with the axis Oy.

Example. Construct the straight line defined by the equation
3z+42y+6=0.
Solution. Assuming in this equation
1) y=0, we have 324+6=0, z= —2;
2) £=0, we have 2y46=0; y= —3.
Marking points A (—2, 0) and B (0, —3) (Fig. 21), draw a
straight line through them with the help of a ruler.

2°. Example. Construct a straight line in accordance with the
equation
3z—2y=0.

Solution. This equation of the straight line does not contain
an absolute term and, therefore, the straight line passes through
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the origin. Let us assign to z some value other than zero, say 2,
and introduce it into the given equation. We obtain

3.2—2y=0, y=3.

M Ay

7 .
4 (C(2:3)
]
\ N
[}
A . i} 0 r;
2\ z I
P
&Ir
A
L ~3
8
N
Fig. 21. Fig. 22.

Having constructed a point € (2, 3) (Fig. 22) we use a ruler
and draw throuph € and the origin O a straight line CO. This
will be the straight line defined by the equation

3x—2y =0.

3° 1f the equation of the straight line is y=1>0 or =a then
the construction of the line is reduced to drawing through the
given point (0, &) or (a, 0) a straight line parallel to the axis Oz
or Oy, respectively.

Sec. 13. The Point of Intersection of Two Straight
Lines

1°. There are three possible cases of the mutual positions in a
plane of the straight lines

4, Ar+ By +C=0 €))
8

1) and
A Ax+DB'y+C =0: (2)
¥/ 1) the straight lines have one
2) ) poiut in common (they intersect)

¢ 0 (Fig. 23, 1);
2) the straight lines have no
J) € F  points in common (they are
Fig. 23, parallel (Fig. 23, 2);

3) the straight lines have an

infinite number of points in common (they coincide) (Fig. 23, 3).

Let us solve the problem: how to find out, from the given
equations, which of the three cases occurs?
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2°. Equations (1) and (2) represent one and the same straight
line if their corfficients are proportional.
Indeed, if

A B C ’ ’ ’
T‘T='E, =‘C—,r=}\, then A=AA , B=}\,B, C =M\

and equation (1) may be writlen as
MA 2+ DB'y+C’)=0. 3)

All the values of the coordinates (x, y) which satisfy equation (2)
also satisfy equation (3). Indeed, since coefficient As=0 in equa-
tion (3), A’w-|-B'y--C’"=0. But this is equation (2). Therefore,
each point (z, y) of the straight line represented by (2) belongs
also to the straight line represented by (3). Consequently these
straight lines coincide.

3°. Equations (1) and (2) represent parallel straight lines if
and only if the coefficienls of the moving coordinates are propor-
tional.

Proof. At least one of the absolute terms C or €’ must be
different from zero, otherwise the straight lines As } By =0 and
A'r + B’y =0 coincide if their coefficients A4, I3, A, B’ are pro-
portional.

If «:%,.-_- —1?,:7», then by dividing equation (1) by A we have

Az By =0,
The difference between the left-hand sides of the equations

Av+uy+§=o
and
A'r+DB'y+4-C' =0
is different from zero. Therefore, there is not a single number
pair (r, y) which could satisfy both equations. Hence, these
straight lines have no points in common, they are parallel.
Conversely, if straight lines are parallel, their slopes are equal:
k=K,
but since k= ———2—:— , b= —‘14; it follows that ]—/; == —;} . That is,
the coefficients of the moving coordinates in our equations are
proportional.
4°, The straight lines
Au+DB'y4C' =0 )
intersect if AB'— A'B=£0.
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Indeed, multiplying (1) by B’ and (2) by B and subtracting
the second product from the first, we have
__AB'a:+BB'y+CB'=O
A'Bz+BB'y+4C'B=0
(AB’—A'B)z+ (CB’—C'B)=0. (%)
Multiplying (1) by A’ and (2) by A and subtracting the first
product from the second, we have
_AA'z+A'By+A'C=0
AA'x+AB'y+AC' =0
(AB'’—A'B)y+(AC'—A'C)=0. ()

Equations (4) and (5) have definite solutions only when the
coefficient of the unknowns z and y

AB'— A'B 0. (6)

These solutions define the point that belongs to both straight
lines, i.e. the point of intersection of the straight lines (1)
and (2).

The coordinates of the point of intersection of the straight
lines (1) and (2) are

CB'—C'D AC'—A'C ,

= T AB —A'B

5°. The denominator in equations (XXII) is expression (6),
which by the statement of the problem is not equal to zero
(division by zero being impossible).

When AB'—A’B=0 and the absolute terms of equations (4)
and (5) (CB'—C'B and AC’—A’C) are different from zero, we

have
A B

AB'=A'B or =7,

i. ¢., straight lines (1) and (2) are parallel because the coeffi-
cients of the unknowns z and y are proportional.
When both the coefficient of the unknown and the absolute

terms in equations (4) and (5) are equal to zero,
AB'—A'B=0, CB'—C'B=0, AC'=A4C=0,
we have, from these equations,

A B B 4 C A A B
A BT ¢ A4 Whence WER O

That is, equations (1) and (2) represent one straight line.
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6°. It is clear from the foregoing that the rature of the mutual
arrangement of two straight lines is made clear by the simultaneous
solution of the equations of these lines.

. 7°. Numerical examples. 1. Find the point of intersection of the straight
ines

3z +4y—18=0 and 4x—3y-+1=0.

Solution.
3r+4y—18=0] 3|4| | Ov+12y—54=0; 1224 16y—72=0
4w—3y+1=0 | 4 3|+ 16z—12y+ 4=0; 12— 9y+ 3=0
255 —50=0; 25— 75=0
x=2; y=3.

Answer. The point of intersection of the given straight lines is (2, 3).
2. Find the point of intersection of the straight lines

2z —Ty=3 and 1l4y—ihx=1.

Solution.
20—Ty=3 2.+ br—14y =6
thy—hz=1 |1 lhy— dax=1.
0=1.

The system is incompatible. The cocfficients of the current coordinates
of the given equations are proportional, the straight lines aro parallel.
3. Find the point of intersection of the straight lines z—3y-}2=0
and 3z—9y-+6=0.
Solution. Multiplying the first equation by 3 and subtracting from the
resulting product the second of the given equations, we obtain
0-=0,

which shows the solution to be indeterminate. The given equations are
equivalent and represent one straight line because their coelficients are
proportional.

Sec. 14. Lquation of a Straight Line Passing
Through the Point (x,, ¥,) in a Given Direction

1°. A straight line passes through the given point (z, y,) and
makes with the axis Oz an angle ¢. Let us form its equation,

It is given that in
y=kx4b 1)

the parameter k=tan¢ is a known number. The straight line
(1) passes through the point (z,, y,); therefore, z,, y, satisfy equa-
tion (1) and, replacing the moving coordinates x, y by the given
values z,, y;,, we get the following equation:

Yy =kz+0b. (2)

From this we can find the value of b and introduce it into
equation (1). But it is easier to eliminate & from equation (1)
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by subtracting equation (2) from (1). This subtraction gives the
equation of a straight line passing through a given point (z, ¥,)
in a given direction:

y—yi=k(xz—uz) (XXIII)

2°. Equation (XXIII), in which & can have an infinite number
of values, is the equation of a pencil of siraight lines with its
centre in the point (zy, y;).

3. Example. Draw a straight line through the point of intersection
of the straight lines 2x—3y-+7=0 and 5z+4y49=0 such that it is per-
pendicular to the straight line 2x—y-1=0.

Solution. “To draw a straight line’’ means ‘‘to write the equation of
that straight line’’. Let us first find the coordinates of the point of inter-
scction of tho given straight lines by solving the system of given equations.
The point of intersection of the straight lines has coordinates (—2, 1).

Now we determine the slope k of tho straight line passing through the
point (—2, 1) porpendicular to the straight line 2r—y+1=0. The slope
of the straight line 2z—y-+1=0 is ky=2, that of the straight line per-

pendicular to it is k:—-—:— (sec Sec. 6).
By putting, in oquation (XXIII), y=—2, yy=1and k-- .__;, , we obtain
the sought-for cquation

y—1= ——% (x+2) or z-+2y=0.

See. 15. Equation of a Straight Line Passing
Through Two Given DPoints (x,, y,) and (i3, Y,)

1°. A straight line passing through the ‘given points (z,, y,)
and (x;, y,) has, by virtue of (VI), a slope equal to

R
To—xy (1)

Let us take the equation of a pencil of straight lines whose
centre is in the point (zy, y,),
y—y1=k(x—uay),
and assign to the slope & the value (1). Then the equation

Yy—U -‘-ﬁ%f’}%i (x—2y) (2)
will represent that particular straight line of the pencil of straight
lines with centre in point (a;, y;) which passes through point

(3, y.). Dividing equation (2) by y,—uy;, let us represent the
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equation of the straight line which passes through the two given
points (z,, y,) and (ry, ¥,) in the form

y—Yy _ T 7% (XXIV)

Ya—¥1 To—y

2°. Write the equation of a straight line that passes through tho points
A (1, 4) and B (—3, 2).
Solution. If in equation (XXIV) we put ry=1, y;=4, zp=—3, y=2,
we shall obtain the equation wo nced:
y—4  x—I1

2—4T —3—1
Or, multiplying by —4, we get
2(y—4)=xz—1 or z—2y+7=0

3°. If a straight line passes through points A4 (2, 3) and B (—2, 3),
then by formula (XXIV) we get

y—3 z—2
07 —4°

But division by zero is impossible. We noto that different points of the
straight line AB have the same ordinate y=-3. Therefore AB 1s parallel
to the axis Oz and its equation is

y=3.

4°. Find the condition under which three given points lic on one straight
line.
Solution. Let the given points bo (zy, yy), (72, y3) and (z3, y3). The equa-
tion of the straight line which passes through the tirst two points 1s
Y—h _ rTTh

Ya—Y To—zy

In order that the third given point (z3, y3) should also lie on this
straight line, it is sufficient for its coordinates to salisfy the written
equation, i. e., for the following to obtain:

It s S e )

Yo—¥1 To—xy

Sec. 16. The Angle Between Two Straight Lines

1°. The phrase ‘‘the angle between the straight lines AB and
BC’ will be used to denote ‘“‘the angle that the straight line BC
forms with the straight line AB’’.

Definition. The angle formed by a certain straight line BC
with the straight line AB (Fig. 24) is taken to mean the angle
through which the straight line AB must be revolved counterclock-
wise aCbout point B so that AD should coincide with the straight
line BC.
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2°, Let the straight lines AB and BC be represented by the
equations
y=kx+b,, (AB)
and
y=rkyx+b, (BC).

Let the straight line AB and the axis Oz form an angle equal
to @,, and the straight line BC and the axis Oz an angle equal

Fig. 24,

to ¢, (Fig. 24). The angle between AB and BC we shall denote
by ©. Draw from the origin O straight lines OA" and OC’ parallel
respectively to AB and BC. Since ¢, is the angle through which
Oz must be revolved counterclockwise so that it coincides with
OA’, and ¢, is the angle through which Oz must be similarly
revolved so that it coincides with OC’, it is evident that the
angle © between OA’ and OC’ is equal to the difference ¢, — @,.

0 =g, —¢s.
But if the aungles are equal, their tangents are also equal:
tan O = tan (g, — @,).
Or (by trigonometry for the tangent of the difference between
two angles),

tan g;—tan @
1+tan @g-tan @y °

But tan ¢, =Fk,, tan @,=1F,, therefore

tan® =

 ky—hy
tan® = 2=t (XXV)
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The angle © is acute if tan © is positive, and it is obtuse if
tan O is negative; © =90° when 1+4%/k,=0 and © =0 when
kz—'ki =0 (Sec. 6).

We note that the angle between BC and AB (/ CBE) is an
adjacent one for © and is therefore equal to 180°—©. Since
tan (180°—6)= —tan®,

o QY k‘——kz
tan (180 ——O)-—— m .

Sometimes it is necessary to find the value of the acute angle
between the straight lines. In this case we must take the absolute
value of tan © as defined by formula (XXV).

3°. Examples. 1. Find the angle between the straight lines y=2z—3
and y=>5z+1.

Solution. From the equations written above it follows that

ky=2, ky=5.
By formula (XXYV)
5—2 3
m2—=1—1=0.2727.
8=15°15".

2. Find the equation of the straight lino which passes through the origin

and forms an angle of 45° with the straight line y=3z-}-5.

Solution. By the statement of the problem (Fig. 25), 8=45°; and the
slope of the given straight line is k;, inasmuch as Lhe statement of the

A!/

tan 6 =

45°, /
M/
A
0 >z
J ~ ‘\ ‘
NG O,
Iy 8
Fig. 25. Fig. 26.

problem is such that in order to obtain an angle of 45° we must revolve
the given straight line counterclockwise to make it coincide with the straight
line desired:
tan @ =tan 45°=1; ky=3.
Let us introduce these values into formula (XXV) and find #,.
_ k—3 | _ e —
1—Tm H 1+3k2-—kz-—3, kz— 2.
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The straight line we are seeking passes through the origin; hence its
equation is of the form

y=kez.
Substituting the obtained value of k, for k, we get the required equation:
y=—2z.

3. Given the points A(—7, —1), B(2, —3) and C (4, —1), determine
the angle between BC and AB (Fig. 26).

Solution. In accordance with formula (VI) the slope of BC is

_—i+3_
= =1
and the slope of AB is
—34-1 2 -
kz-———~i7—=——9—
By formula (XXV) we have
2
—y 1 11
tan @ = TN T = —1.5714,
1+1-< —5

6=180°—57°32' =122°28'.



CHAPTER 11

QUADRIC CURVES

Sec. 17. Equations of the Circle

1°. Definition. A circle is the locus of points, in a plane, equi-
distant (this distance is the radius) from « given point (cenire).
2°. The length of the radius defines the size of the circle and
the location of the cenire of the circle defines the location of the

hY Ay
. AMlz9) / M
r
Y

z °T

a o |

a T
Fig. 27. Fig. 28.

circle itself in the plane. Thus a circle is defined as to size and
its 'position in the plane relative to a given coordinate system
if we know

1) the length of its radius r and

2) the coordinates a and b of its centre O'.

By definition, any point M (z, y) of a circle (Fig. 27) is at
a distance O'M, equal to r, from the centre O’ (a, b):

OM=r.

Expressing the distance O'M (by formula II, Sec. 3) in terms
of the coordinates of points O’ and M, we obtain the equation

Ve—ap+y—bop=r.
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Eliminating the radical by squaring both sides of the equation,
we obtain the normal form of the equation of the circle:

|(z—ap+(y—br=r (XXVI)

3°. In particular, when the centre of a circle O’ coincides with
the origin (Fig. 28),
a=0 and b=0,

the equation of the circle (XXVI) takes the form
22t y?=r? (XXVII)

Sec. 18. Solved Examples

1°. The values of the parameters @, b and r being given, it is sufficient.
to introduce them into equation (XXVI) in order to obtain the equation
of the circle.

For instance, the equation of a circle with radius equal to 5 and centre
in the point O’ (2, —3) will bo_written as

(z—2)2+ (y+3)2—25,
since it is given that a=2, b=—3 and r=>5.
2°, Write the equation of a circle, the end points of one of the diame-
ters of which are 4 (3, —2), B(—4, 5) (Fig. 29).
Solution. The centre O’ of the circle is the middle point of the segment
AB. The coordinales of the middle of AB are (by formula V, Sec. 4):
B3—d__ 1., —245_3

2 T T2 2 T2

The distance 1B is the diameter of the circle. From formula II, Sec. 3,
we have

(2)2= AB?= (3-F 4)2 +(—2—5)2=98,
Hence
7‘2=94§ o

Introducing the values of a, b and r2? into formula (XXVI), we obtain

the equation of the circle:

1\2 6 7/ 3\2 98
(stg) +(—2) =%
Removing the brackets and transposing 94§ to the left-hand side of the
equation, we have
SCNTPHIE NNV VRN B
4 4 4 !
224 y2 4 2—3y—22=0.
3°, Find the equation of a circle which is tangent to the coordinate axes
and passes through the point (—2, 1).

40



Solution. The point (—2, 1) through which the circle passes iS in the
second quadrant and since the circle is tangent to the coordinate axes it
15 wholly located in the second quadrant; the abscissa a of its centre is
negative and the ordinate b is positive.

Y

0” 5

Qf ~
uY

~ 21
Fig. 29 Fig. 30.

The radii drawn to the points of tangency (Fig. 30) are perpendicular
to the tangents (i.e., to the axes Oz and Oy). Therelore,

a=—r, b=r, (r>0).
Introducing these values into the equation of the circle (XXVI), we get
(22t (y—r)2=r2.

We define the value of r for the condition that the circle passes through
the point (—2, 1) and its coordinates satisfy the eyuation written above.
Substituting for the moving coordinates z and y their values —2 and 1,
we get

(—2+ 12+ (1—r)2=r2,
r2—6r-45=0,
ry=1, ro=>=5.

Consequently there are two possible circles which pass through the
point (—2, 1) and are tangent to the coordinate axes. For the first circle

we have
a=—1, b=1, r=1;

for the second circle,
a=—b5, b=25, r=5>.
The equation of the first circle is (x-1)24(y—1)2=1, or
2242+ 22 —2y+1=0.
The equation of the second circle is
(z+5)2+ (y—>5)2=25, or x2+ y2-+10z—10y+ 25=0.

4°, Find the coordinates of the centre and the radius of the following

circle:
3224 3y2—4zx 4 6y—12=0.
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Solution. Reduce the given equation to the form
(z—a)2+ (y—b)2=r2. )

To do this divide the given equation by the coefficient 3 (in the terms
2 and y2):

zz-}-y‘z—i z+2y—4=0.

Combine the terms containing = into one group and those containing y
into another. Then we have

<x2——§~w> + (242 =4

or
<x2-2 2 -—) 1 (@R 2ey1) =4

Now complete the fxrst, and the second binomials to perfect squares.
For this purpose we add ( ) to the first binomial and 1=12 to the

second one, and so as to preserve Lhe equal sign in the equation we add §~
and 1 to the right-hand side of the cquation as well. Thus we have

, A
(w2—2-x-%+§>+(.’/2+2'-’/'1+1):/‘+'Q{+1

(s—5 ) +u+m=7.

Comparing this equation with (1) we conclude that
2 7 1

=1, b=—1, r=-p=2--

3 37

or

Sec. 19. The Circle as a Quadric Curve

1° The degree of the equation of a curve, after it has been
reduced to intcgral and rational form with respect to the coordi-
nates z and y, is called the degree of the curve.

A straight line is a curve of the first degree since it is
expressed by an equation of the first degree. The circle is a curve
of the second degree (quadric curve). Indeed, if we remove the
brackets in the equation of the circle

(z—ap+(y—bp=rt

and arrange the terms in descending order of powers of the current
coordinates z and y, we obtain:

22+ y* — 2az — 2by - (a4 b% —r?) =0. 1)

The parameters a, b, r (all of them or some of them) may
happen to be fractions. Then, multiplying (1) by their least
common multiple A, we obtain

Az + Ay? — 20Az — 2bAy + A (a2 + b2 —r?) = 0. @)
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Putting —2ad4=D, —2bA=FE and A(a*+0*—r?)=F, we
obtain the general form of the equation of the circle

Ar?+ Ay* + Dz +Ey+F =0 | (XX VIII)

This is an equation of the second degree between the coordi-
nates # and y and, therefore, the circle is a quadric curve.

2°. The general form of an equation of the second degree in
two variables is, as we know from algebra, as follows:

Az®+4 Bry+ Cy*+4-Dx+Ey-+F =0. 3)

An equation of the second degree between the coordinates z, y, in
which the coefficients of the squares of = and y are equal and there
is no term with the product xy, represenis a circle.

This is a necessary condition. Indeed, in the general form of
the equation of the circle (XXVIII) the coefficients of the squares
of 2 and y are equal and there is no term with the product ay.

This condition is sufficient. Indeed, dividing the equation
Az Ay?+Dzx+Ey+F=0 by A

D E F
syt e+ y+—5=0
and writing the resulting quolient in the form

(2422) 4+ (rtLy)=—t,

we complete the squares in m‘*’-}—% z and yz—}-ijy:
D D2 E 12

29 9 2 2y, 2 g ) o

(x +2457 x+4A2>+(,y +25r vt 4Aﬁ>*

_br o F
T 442V 442 A4

D \2 E \2 D2+t E2—4AF
(etg ) + (vt ) =" om

That is, we obtain the equation of a circle for which

a=—2 b= —F r%:l’iﬂf”:fl’i" (XXIX)

and obtain

24 24 4A2

3°. We shall now point out some special cases which may occur
for certain values of the coefficients 4, D, E and I.

Example. The equation
24y —6zx+4y+13=0
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may be given in the form
22— 6494+ y*+4y+4=0
or
(2= 32+ (y +2)2 =0.

Since none of the squares (r—3)? or (y-+2)® can be negative,
their sum can equal zero only if

2—3=0 and y+2=0.
Whence
z=3 and y= —2.

This equation is satisfied by only one point in the plane,
namely (3, —2), and represents a circle of zero radius, r=0.

If in the same equation we take, say, 15 instead of 13 as the
absolute term, that is, the equation

22+ y?—6z+4y+15=0,

then after reducing it to the normal form we get
(z—3) (y+2)2= —2.

This equation is not satisfied by any pair of real values of the
current coordinates, i.e., by any point in the plane. However,
for the sake of generality, it is considered that in this case also
the equation represents a circle, an imaginary circle, with radius

r=) —2.
Sec. 20. Ellipse

1°. Definition. An ellipse is the locus of points in a plane for
each of which the sum of its distances from two given points
(foci) is constant.

By definition, if ¥ and F, (Fig. 31) are the two given points
in the plane, called the foci of the ellipse, and M is an arbitrary

point of the ellipse, then the sum of the distances MF, and MF
is constant and is taken equal to 2a, i.e.,

MF,+MF =2a, (a>0).

MF, and MF are called the radii vectors of the point M.
F\F is called the focal length and is taken equal to 2c,

FF =2¢.

Considering the triangle F,FM, we see that MF,+MF > F,F,
i.e.,, 2a>2c, or a>c, (¢>0).
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2°, Take a piece of thread 2z in length and fix its ends at
points ¥ and F; with two pins at a separation of 2¢. Then make
the thread taut with the point of a pencil as shown in Fig. 32

M(z.y)

£(-c0) F/@)b
z

Fig. 31.

and describe a curve with it keeping the thread taut all the time.
In this manner an ellipse can be drawn in two steps: first on
one side of the straight line F,F and then on the other.

Sec. 21. The LEquation of an Ellipse

Let us take the middle of the focal length as the coordinate
origin O, the straight line F,F as the axis Oz and the perpendic-
ular to it passing through the point O as the axis Oy (Fig. 31).

The foci F, and F then have coordinates (—¢, 0) and (¢, 0).

Inasmuch as the position of point M can vary with respect to
the coordinate axes, its coordinates will be the current coordi-
nates (z, y).

MF =V (z+c)*+y? MF=)(z—c)+y" (1)

By the definition of an ellipse,
MF,+MF = 2a.
Therefore

VietelP+y2+V (x—c)+y*+ 2a.

Let us get rid of the radicals. To do this, first transpose one
of the radicals to the right-hand side,

VT T = 2~V G T

and then square both sides of the equation.
Removing the brackets we have

224 2cx+c? 4 y?=4a? —
—ba ) (z— )4yt + 22— 2cx 424 y2.



Eliminating 22, c2?, y? and transposing the radical to the left
side and 2cx to the right side of the equality sign, we obtain

4a V/ (z —c)?+ y? = ba® — dex,
or, dividing the equation by 4a,

VE—cftyt=a——az. (2)

By squaring both sides of the equation and removing the brack-
ets we have

2
x2—2cx+c2+y2=a2—2cx+—2712.
2

Eliminating — 2cz and transposing %3‘2 to the left side and c2

to the right side of the equality sign, we get
xz——%xz—{—yz:az——c?.
Multiplying by a® we then have
(a% —2%c) 22 4 a%y? = a’ (a® —c?).
Since a>c we may put

a? —c*=b? | (XXX)

and write the preceding equation in the form
b22? + a?y? = a®b2.
We divide this equation by @26 and obtain the canonical equa-
tion of the ellipse:

SR e 1‘ (XXX1)

Sec. 22. Investigating the Form of an Ellipse from
Its Equation

2 2
1°. Let us solve the equation %—}’-—ybg-—:i for y,

b —_—
y==+— Va*— 22,

and investigate y as a function of z. For the values of y to be
real numbers, the radicand a?— z? must be either positive or equal
to zero. This will be the case if

|z| < a.
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Consequently x can take on values only in the interval
—agz< +a,
where a >0 (Fig. 33).
If 2= 4 a, then a?—2%?=0 and y=0.
The points of intersection of the ellipse withTthe axis of abscis-
sas, A(a, 0) and A,(—a, 0), are called the vertices of the ellipse

Fig. 33.

and the chord A,4 =2a is called the major axis of the ellipse.
If 2=0, then y=i—2— Va*=+b. The points £5(0, b) and

B, (0, —b) are the points of intersection of the ellipse with the
axis of ordinates and are also called the vertices of the ellipse.
The chord BB =2b is called the miror axis of the ellipse.

To each value of z in the interval [ —a, - a] there correspond
two points of the ellipse located on different sides of the axis
Oz at a distance equal to the absolute value of y, since to each
value of z there correspond two values of y equal in absolute
value and opposite in sign. Thus, the cllipse is symmetric about
the axis Oz.

When z increases from —a 10 zero, the absolute value of y
increases from zero to b; and when z increases from zero to a,
the absolute value of y decreases from b to zero.

2 2
The equation —Z—z—+~yb2~=1 can be solved for z and not y:

=i VP

and we can analyse it in the same manner as before. We shall
then come to the following conclusions: z has real values only
when y varies in the interval —bd<y<b; when y increases
from —b to zero, the absolute value of z increases from zero to
a; and when y increases from zero to b, the absolute value of z
decreases from a to zero. To each value of y in the interval
—b<y< b there correspond two values of z, equal in absolute
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value and opposite in sign. The ellipse is symmetric about the
axis Oy.

2°, The current coordinates z, y are contained in the equation
of the ellipse only as squares. Therefore, if the point (z, y) belongs
to the ellipse, then the point (—z, —y) also belongs to it because
(—2z)?=2z? and (—y)?=y? The chord connecting the points (z, y)
and (—z, —y) of the ellipso has the origin O as its middle
point, since by formula V, Sec. 4.

z4(—2) y+(—y) _
-—2———0 and —T———O.

The point bisecting all the chords of the curve passing through
it is called the cenire of the curve. The origin O is the centre
of the ellipse.

See. 23. Plotting an Ellipse

1°. Plotting by points (Fig. 34). Given 2a and 2c¢. On a straight
line lay off a segment F;/"=2¢ and halve it. Then, from the
centre O thus obtained lay off on the straight line /,F segments

Fig, 34,

OA, and 0OA cqual to a to the left and right of O, respectively.
We thus obtain the major axis A;4. Through the centre O draw
a straight line B,DB perpendicular to A;A. From the focus F as
the centre describe an arc with radius equal to a. The arc will
intersect the perpendicular B,B at points B, and B. The segment
BB =2b is the minor axis of the ellipse, since from the triangle
OFB it follows that

OB?=FB? _OF%=q?—c?=b?

(formula XXX). Thus we have constructed four points which are
the vertices of the ellipse: A; A, B, and B.
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In order to construct other points of the ellipse, let us take
on the segment F,F to the left (or to the right) of the centre an
arbitrary point C, and from the foci F and F, as centres strike
arcs (each time one arc above the straight line A;4 and another
below it) first with the radius equal to A,C; and then with the
radius equal to C,A.

The intersections of these arcs will give four points (in the
figure all four are labelled 1).

The points 1 belong to the ellipse because the sum of the dis-
tances of each of them from the foci is 2a:

m +1_F= Aici + CiA = A‘A = 2a.

Taking on the segment OF, (or OF) other poiunts Cy, C3, ... and
performing the same operations as in the case of the point C,,
we will each time obtain 4 points of the ellipse (in the figure
they are labelled 2, 3, etc.).

Having thus constructed a sufficient number of points, draw
by hand or with the aid of a curved ruler a smooth continuous
curve — the ellipse. Note that when constructing the ellipse, it
is necessary to take more points on the segment F/,0 near the
focus F; than near the centre O, and points Cy, Cs, C3, ... should
be taken closer to each other as they approach F,.

2°. When the semiaxes ¢ and b are given, it-is necessary first
to find ¢. To do this it is sufficient to construct a right-angled
triangle with the hypotlenuse equal to the semimajor axis a, one
side equal to the semiminor axis b, and the other side equal toc
(formula XXX).

Sec. 24. Relationship Between the Ellipse
and the Circle

2 2
1°. If in the equation of the ellipse —E;—i——'l’ﬁ:i we put
b=a, we get
2 2
:—2+—Z—2—=1 or 22+ y*=a?
that is, the equation of a circle of radius a. Thus a circle is an

ellipse with equal semiaxes.
2°. Let us describe (Fig. 35) from the centre O of the ellipse

2 2 . . . 3 .
—::—2—-{—-%2—-:1 a circle with radius equal to the semimajor axis a;

its equation is 22+ y%?=a% Let us solve the equations of the
ellipse and the circle for y and, in order to distinguish the ordi-
nates of the points of the ellipse from those of the circle having
the same abscissa z, let us designate the ordinate of a point of
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the ellipse by y., and that of 'the circle by y,. Then we have
b 153
Ye= + o Va""‘x2v
Y= Va*—2%
Dividing the first equation by the second, we obtain

Yo _ b

Ye a

i.e., if a circle is drawn with the major azis of an ellipse as ils
diameler, then for each value of the abscissa x the ratio between

\ - \‘\’L Y AT\
\ lﬂ\'ll .

Fig. 35. Fig. 36.

the ordinates of the corresponding points of the ellipse and those
of the circle is constant and equal to the ralio of the semiminor
axis of the ellipse to its semimajor axis.

Whence it follows that an ellipse can be obtained by ‘‘uniform
compression’’ of a circle of radius a, i.e., by the reduction of all

semichords (normal to its diameter) in the constant ratio f’T .

This ratio -g— is called the coefficient of compression.

3°. Let the plane Q of a circle z%-|-y®>=a? form with plane P
an angle ¢ (Fig. 36). By dropping a perpendicular on the plane P
from each point M of the given circle we obtain the orthogonal
projection of the circle on the plane P. From Fig. 36 it follows
that if MM’ | P and MN | Ox, then/M'NM =¢q. From the

right-angled triangle M'NM we have —%%—zcos ¢, i.e., all semi-

chords of the circle normal to the diameter Ox are represented in the
plane P as reduced in one and the same ratio equal to cosq.
Therefore the orthogonal projection of a circle on the plane P is
an ellipse.
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Sec. 25. Eccentricity of an Ellipse

1°. The ratio of the focal length to the length of the major

axis of an ellipse is called the eccentricity of the ellipse and is
denoted by the letter e:

e=— (XXXII)

Since c<<a, e<<1. ‘
The semiaxes ¢ and b of the ellipso being given, we can find
its eccentricity. From formula (XXX)

c?=aq2— b2, c=Va —b%,  (¢>0).

Introducing the value of ¢ into formula (XXXII) we obtain

o=V =0 (XXXIII)

From this formula it follows that if b=a, i.c., if the ellipse
is a circle, the eccentricity e=0; if @ remains unchanged and b
decreases from a to zero, the eccentricity of the ellipse increases
from zero to unity; the eccentricity is equal to unity when the
ellipse turns into the segment 4,4 of a straight line.

2°. In the derivation of the equation of the ellipse (Sec. 21)
we obtained equality (2):

Vie—cP+ii=a——a.

Init, )V (x—e¢)®+y2=MF [Eq. (1), Sec. 21] — the radius vector
of the point M. Let us denote it by r. The ratio —2—=e. Therefore

Denoting the sccond radius vector of the point M by r,, MF,=r,,
we obtain

ry=a-+ex,
as
r-r,=2a.

Sec. 26. Hyperbola

Definition. A hyperbola is the locus of points in a plane, for
each of which the difference of its distances from two given points
(foci) is constant.

4* 51



In accordance with the definition, if F, and F (Fig. 37) are
the given points in the plane called the foci of the hyperbola,
and M is an arbitrary point of the
y hyperbola, then the difference be-
tween the distances MF, and MF
M(z,y) (where MF,> MF, or, possibly,
MF,< MF) is constant and is

taken equal to 2a:

| MF,—MF|=2a. (a>0).

- a MF, and MF arecalled the radii
hil-6o) g Flc.0) vectors of the point M.
F,F is called the focal length
Fig. 37. and is taken equal to 2c:
FF=2c

It is evident from the triangle /,MF thal
| M#Ey— MF| <<, ic., 2a<C2c or a<<c.

Sec. 27. The Equation of the Hyperbola

Liet us take the middle point of the focal length for the origin
O (Fig. 37), the straight line F,F for the axis Or and a perpen-
dicular to it passing through the point O for the axis Oy. The foci
JFy and F have the coordinates (—¢, 0) and (+¢, 0). The point
M has the current coordinates (z, y).

MF; =V @ P 7,
MF =V (z—c)+y° 1)

In accordance with the definition of the hyperbola,

| MF,—MF | = 2a,

therefore | )/ (zc)+y*— V (z— ¢ + 4* | = 2a.
Whence

Vatrorti=Va—of =+ 2.

By squaring both sides of the equation and simplifying it we
obtain

4ex —4at= + 4da )/ (x—c)*+y2.
Dividing by 4a termwise we get
Ls—a=1+ V(E—FF I )
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After squaring both sides of equation (2) and simplifying, we
obtain
(c‘.’. _aZ) .T?' —_ a2y2 — a‘.’. (c2 — (l2).

Since ¢>a, we may put

¢ — a2 = (XXXIV)

The preceding equation may be written in the form
b22? — a%y? = a2b2.

We divide this equation by a2b? and obtain the canonical (stand-
ard) equation of the hyperbola:

=Py (XXXV)

a2 b2

Sec. 28. Investigating the Forms of the Hyperbola
from Its Equation

1°. Let us solve the equation of the hyperbola (XXXV) for y,
Y=t VE—at. (1)

The values of y are real numbers if x2—a?2> 0 or il

|| > a.
If —a<z<_ | a, then to the values of 2 there correspond imagi-
nary values of y, and, thercfore, if we draw siraight lines v = —a

and z=a (Fig. 38), there will be
no points of the byperbola in the
infinite region enclosed between
these lines. Thus the hyperbola
does not intersect the axis Oy.

If = 4 a, then 2*—a%?=0 and
y=0. The points A(a, 0) and
A;(—a, 0) are the points of inter-
section of the hyperbola with the
axis of abscissas and are called the
vertices of the hyperbola. The chord
AjA =2a is called the real axis
of the hyperbola.

To ecach value of z in the
intervals — oo < z << — a and
+a<<x<<+ oo there correspond Fig. 38
two points of the hyperbola
located on bolh sides of the axis Oz and at a distance from the
axis equal to the absolute value of y, since Lo each value of z
in these intervals there correspond two values of y equal in
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magnitude and opposite in sign. The hyperbola is a curve sym-
metric about the axis Oz.

When a incrcases from a to -4 oo, the absolute value of y
increases from zero to infinity. When z decreases from —a to
— oo, the adsolute value of y also increases, taking successively
the same values as in the case of the increase of z from a to
+ oo, because z is contained in equation (1) only in the second
power and, therefore,

Vi—ap—at= Y (Tar—a, (z|>a).

Thus, a hyperbola consists of two branches of the same form,
symmelric about the axes Oz and Oy, one of which is localed to
the right of the straight line x =a and the other to the left of
the straight line x = —a, both branches extending to infinity.

On the axis Oy upwards and downwards from the origin O we
lay off a segment of length b. From formula (XXXIV) il is
cvident that this segment is a leg of a right-angled triangle in
which the hypotenuse is equal to ¢ and the olher leg is equal
to a. The segment 3,8 =2b is called the imaginary axis of the
hyperbola. The points B, and B are called the imaginary vertices
of the hyperbola.

2°. Since in the equation of the hyperbola (XXXV) the current
coordinates z and y are contained only in the second power, if a
point (z, y) belongs to the hyperbola, then the point (—z, —y),
symmelric about the origin O, musl also belong to it. Thus, the
origin O is the cenlre of the hyperbola.

3°. 1f we lake the segment 53,3 =2b for the rcal axis and the
segment A4 =2a for the imaginary axis, the equation of the
hyperbola will take the form

22 y2
Y =1

— @t
or
x? 2
@ w=—h

and the hyperbola itself will take the form represented in Fig. 38
by the dashed curves.
Two hyperbolas, the cquations of which are
xr2 2
—f;z ~-%2~.-_—1 and = —1,

a2 g2
a? b2

are called conjugate.

Sec. 29. Plotting a Hyperbola

1°. By continuous motion (Fig. 39). Given 2a and 2¢. Take a ruler
(or red) and fix a thread to one end. The other end of the ruler
and thread fix loosely (with pins, for example) in the foci F,
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and F. The length of the thread muslL be such that the difference
between the length of the ruler (¥,N) and that of the thread
(FMN) is equal to 2a. With the point of a pencil make the
thread taut so that the ruler coincides with the straight line F,F;
then the point of the pencil will be in the vertex 4 of the hyper-
bola. Then draw a curve, keeping the thread taut all the time

Fig. 39. Fig, 40.

the pencil moves on the paper. In this manner one branch of the
hyperbola may be drawn in two steps: first on one side of the
straight line /' / and then on the other.

To draw the second branch of the hyperbola, transfer the centre
of rotation of the ruler from focus K, to focus / and fix the free
end of the thread in focus F,.

2°. By points (Fig. 40). Given 2a and 2¢. On a straight line
lay off a segment F,F =2c and then halve it. From the centre O
thus obtained lay off on F,F segments OA, and OA, to the left
and right of O, each equal to a. They will form the real axis
AA of the hyperbola.

On the extension of the real axis take a number of points C,,
C,, C;, ... to the right of the focus F (or to the left of the focus
Fy). With the foci /¥ and F, as centres, strike arcs (each time one
above the straight line A;4 and onc below it) first with radius

equal to A,C,, then with radius equal to C,;A. The intersections
of the arcs will give four points of the hyperbola (labelled 7 in
the figure).

Points I belong to the hyperbola because the difference between
the radii vectors of each of them is 2a:

1F,—1F |= A, —CiA | = 4,A=2a.

Performing similar operations for the points C,, C,, ... each
time we get four new points of the hyperbola (labelled 2, 3, ...

in the figure).
R

Vi—

[
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Having constructed a sulficient number of points of the hyper-
bola in the manner outlined above, we draw a smooth curve
through them cither by hand or with the help of a curved ruler.

3°. When the semiaxes a and & are given, it is first necessary
to find ¢. To do this it is sufficient to construct a right-angled
triangle, the legs of which are equal to the semiaxes a and b.
The hypotenuse of this triangle will be ¢, since from formula
(XXXIV) it follows that a?-} b%>=c2

Sec. 30. Asymptotes of the Hyperbola
Let us examine the relative positions of the straight line (Fig. 41)

b
y=, (1)

and the right brauch of the hyperbola in the first quadrant. We
represent Lhe equation of the hyperbola (XXXV) in the form:

y=+oVo—av (2)

We will regard x as an arbitrary abscissa in the interval
a<<ur<< -- co. Substituling this value of z into the equation of
the straight line (1) and the equation of a branch of the hyperbola
(2), we [ind the ordinate of the point whose abscissa is o, which
point lies on the straight line (1) and the hyperbola (2). Let us
denole their values by y, and yp, i.e.,

b b — o
.’/a::'a‘:rv .’/h:&’l/-xz_a’z'

Since a?>0, z> |/ 2*—a® and y,>yr. The difference between
the ordinates is

yu—!/h:"z‘éc—%l/xz—az
or
b(z—V 12—a2
Yo pp =2 BV =)
Rationalising the numerator of the fraction, we obtain
b(z—V 22—a?) (z+V 22—a?) _
a(z+V z2+a?)
_ b(x2—1224-a2) ab
T etV —a?)  z+y ar—at

Ya—Yn=

The numerator ab of this fraction is a constant, while the magni-

tude of the denominator z-+ )/ z¥—a® depends on z and increases
with 2. Consequently, the difference y,— y» decreases with increase
in 7. When z increases indefinitely, y, —ya tends to zero.
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Let point P on a straight line and point M on the hyperbola
correspond to some value of z. Now y,—-yn= MP. Drop a perpen-
dicular MQ on the straight line OP from point M. In the right-angled
triangle MQP / PMQ = £ 70P =g, MQ =MP.cos .

Since cos @ = const and MP =y, —y, tends to zero as x increases
indefinitely, MQ must also tend to zero as z increases indefinitely.

A straight line with the property that a perpendicular dropped
on it from a point on the curve tends to zero when the point recedes

P = AY
A_l/ - | o ‘Q/g
a < %
M
b
N/ Y
A S N Q] o o
AYASN 2 F Z
v
X
¢ f
1) \“—;"”N E
Fig. 41. Fig. 42.

indefinitely along an infinite branch of the curve is called an
asymplole of the curve. Thus, the straight line y == f: x is an asymp-
tote of the right branch of the hyperbola. It is also asymptotic
to the left branch of the curve.

Similarly the straight line y-- — 249; is an asymptote of both

branches of the curve. This is a consequence of the symmetry of
the hyperbola wilth respect to the coordinate axcs.
Thus, a hyperbola has two asymptotes:

y=+ oz (XXXVI)

To construct the asymptotes of a hyperbola it is sufficient
to construct a rectangle whose axes of symmelry are the axes
of the hyperbola (Fig. 42) and then draw the diagonals of this

rectangle. Since the equations of these diagonals are y= i—Z— z,

they yield the asymptotes of the curve when produced indefinitely.

The right and left branches of the hyperbola lie entirely inside

the angles formed by the two asymptotes y = 4 % z and y = L

at their intersection. On extension to infinity, the branches approach
the asymptotes.



2 2
The hyperbola —:—;—L= —1, which is conjugate to the given

2 2
hyperbola, viz., % — —g—,f =1, has the same asymptotes as the latter.

Sec. 31. Eccentricity of a Hyperbola

1°, The ratio of the focal length 2¢ to the length of the real
axis 2a of a hyperbola is called the eccentricity of the hyperbola
and is denoted by e,

e =—,
a

Since ¢c>a, e > 1.

From formula (XXXIV) it follows
that c==)a?+b% Substituling this
value of ¢ into the eccentricity for-
mula, we get

(

e:Kaz-]_bz
a

(XXXVII)

It follows from this formula that
with a constant real axis 2a and
decreasing imaginary axis 2b, the
eccentricity of the hyperbola ap-
proaches unity. At the same time, the smaller the value of b,

the smaller the angle formed by the asymptotes (the ratio % =tan (p>

Fig. 43.

and the more compressed the hyperbola in the vertical direction
(Fig. 43).

2°, In the derivation of the equation of the hyperbola (Sec. 27)
we obtained equality (2):

S ama= VT F I

In it, )/ (z—c)?=y%= MF, which represents the radius vector
of point M of the hyperbola. We denote it by r; the ratio —ca-=e.
Then equality (2) takes the form

r=er—a

Denoting the second radius vector by r,, MZF,=r;, we have

ri=ecx+a '

This formula shows that r and r; will be positive or negative
as x is positive or negative. But since r and r, represent the lengths
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of the radii vectors, their numerical values should be positive.
As a result, when determining r and r, of poiuts of the hyperbola
with negative abscissas, it is necessary to take the absolute values
of the right sides of the formulas for r and ry.

Sec. 32. Equilateral Hyperbola
A hyperbola is called equilateral if its semiaxes are equal, b =a.
2
Putting a for b in equation :—: '——-Z—E=1, we get the equation
of an equilateral hyperbola:

2t —yt—a? | (XXXVIII)

Putling b=a in the equations of the asymptotes (XXXVI), we
get the equations of the asymptotes of an equilateral hyperbola:

Yy=x or y=-—=x.

These asymptotes are the biscclors of the angles between the
coordinate axes and, consequently, are perpendicular to each other,
since if tan ¢= 41, ¢=45° or 135°. The eccentricity of any
cquilateral hyperbola is a constant,

e=YEEe _ g

Sec. 33. Solved Examples on the Ellipse and
Hyperbola

1°. Find the equation of the ellipse which has major axis= 10
and eccentricity e =0.8.
Solution. To write the equation it is necessary to know the

semiaxes a and b. It is given that 2a =10 and e=—2—=0.8.

Hence, a=95, ¢c=0.8-a=4.
From the formula b?2=a%?—c? we find b2

b?==52—42 =0,

Putting the values a2=25 and 42=9 in equation (XXXI), we
get the equation of the ellipse:

2 y: —
35+ = 1 or 9z%+4 25y2=225.

2°. Find the equation of a hyperbola whose asymptotes are

y= + g—x and which passes through the point (—35, 2).
Solution. Comparing the given equations of the asymptotes
b

with y= + %x, we conclude that -a—=%.
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Since the hyperbola passes through point (—J5, 2), we can put
these values in the equation of the hyperbola (XXXYV) in place
of the current coordinates and obtain

25 4
=1
We get the following system of equations:
Lo Bty

We solve for a and b; from the first equation we find that

-:-:—537) and substitute this into the second equation to get
%—B{lﬁ:i' Whence b2=35. Substituting 5 for 5% into the second
equation, we get i—‘;’—i=1 Hence, a‘-‘-—%—s. Putting these

values of a? and b% into equation (XXXV), we get the required
equation of the hyperbola:

x_z_% =1 or 9z2—25y2=125.

3°. From the equation of the ellipse 524 9y2=180 find its
axes and eccentricity.

Solution. We reduce the given equalion to the form

2
L =1.
To do this we divide it by 180:
502 | 9% PLIY
1w T =1 o Ftyp="I
Whence o B
a=6, b=)20=2})'5.
Eccentricity:

Va—pr V36—20 4& 2
€= = _——
a 6 6

=3
Answer. Axes: 12 and 4}/ 5, eccentricity: —ﬁ—

Sec. 34. Parabola

Definition: The parabola is the locus of points, in a plane,
equidistant from a given point (the focus) and a given straight
line (the directriz).

By definition, if F is a given point, called the focus of the
parabola (Fig. 44), KL is a given straight line called the directrix,
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M is some point of the parabola, and MN is a perpendicular
dropped from M on the straight line KL, then

MF =MN.

Sec. 35. Equation of a Parabola

1°. Let the line passing through.the focus # perpendicular to
the directrix KL be taken as the axis Oz (Fig. 44) and let the
midpoint of AF (the distance of the focus F from the directrix KL)
be the coordinate origin O. Let the length of AF be denoted by p,

AF =p.
With these axes, the focus F has coordinates (%, 0) , point
M (z, y) and point N -2 ).
( \z ) Lo\
ME =y (a5 ) o " Wle.y)
— VY
= =) . 21/
=y (++5) 2z
Since MF =MN, Al O\ F x
P \? _ (., P\?
(=) 4w= (4 )"
Whence
2 2
2 —pr+-L-+yr=a+pr +I-. K
Fig. 44.

- 2
Eliminating z? and —i— and transpos-

ing — px to the right-hand side, we get the canonical equation
of the parabola:

y?=2pz (XXXIX)

p is called the parameter of the parabola.

2°. The distance of the point M from the focus F is called the
radius vector of M. Putting the radius vector of M equal to r,
we get

since r=MF, and W:W:x—i—%.
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Sec. 36. Investigating the Forms of the Parabola from
Its Equation

1°. From the equation of the parabola (XXXIX) we have
y=+ V2pa.

Since p is taken to be a positive number, the values of y can be
real only for 2>0. If 2=0, y= + )/ 2p-0=0. The origin 0 (0, 0)
lies on the parabola and is called its vertex. y? =2pz is an equation
referred to the vertex of the parabola.

To each value of z in the interval 0 <<z << + oo there correspond
two points of the parabola situated on either side of the axis

Oz and at a distance from it cqual to

AY | the absolute value of y, since to each

value of z in this interval there correspond

two values of y cqual in magnitude and

opposite in sign. The parabola is a curve

F\p |A symmetric about the axis Oz, which is
called the axis of the parabola.

When z increases from 0 to 4 oo, y
increases in absolute value from 0 Lo co.
The parabola is an infinite open curve
such that we can always find a point on
it with abscissa and ordinate as large as

Fig. 45. desired in absolute value, The parabola

has the general form shown in Fig. 44.

2°. The distance from the vertex of the parabola O to its focus #
is called the focal length of the parabola. The focal length of the

parabola OF =£

The directrix of the parabola is perpendicular to its axis; the

equation of the directrix: z = ——’2’-.

3°. If p< O in equation y?=2px, the ordinates of points of Lhe
parabola have real values only for negative abscissas. In this case
the parabola is situated to the left of the axis Oy, and its directrix,
to the right of the axis Oy (Fig. 49).

4°. If we interchange the moving coordinates z and y in the
equation of the parabola, we obtain

| 2*=2py (XL)

The axis of symmetry of this parabola is the axis Oy. When
p>0, the parabola lies above the 2-axis (Fig. 46) and when p << 0,
below the z-axis (Fig. 47).

It is worth remembering that the coordinate axis coincident with
that moving coordinate which appears in the equation of the
parabola only in the first degree serves as the axis of the parabola.
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5°. It follows from 22 =2py that

—_ 1,< 3
Y=, e
Assuming %—:a, we get
y = azx?,

which is the equation of the parabola we know from algebra.
6°. Note that the parabola has no centre.

)
Ty K A,4 L
0 -
x
F #f
0 >
K—
/1 Z ]
Fig. 46. Fig. 47.

See. 37. Plotting a Parabola

1°. By continuous motion (Fig. 48).

We are given that p is the parameter of the parabola. Draw
two mutually perpendicular straight lines K7 and Or and take

one of them (K1) as the directrix and the other (Oz) as the axis

Vi ya’ 9, ‘f

e

Fig. 48.

Fig. 49.

of the parabola. Using a compass, mark a distance AF, equal to p,
along Oz from the directrix KL. This is the focus /. Lay a ruler

along the directrix. Lay a sel-square with its smaller side along
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the ruler. Tie one end of a piece of thread to the vertex of the
acute angle, B, opposite the smaller side of the set-square. Tie
the other end of the thread to the focus F. [The length of the
thread BF should be equal to the bigger side of the set-square.]
Pulling the thread taut with the point of a pencil as shown in
Fig. 48, draw a curve by moving the pencil so that the thread remains
taut and the point of the pencil touches the side of the set-square
and the set-square touches the ruler (Fig. 48). Every point M of

this curve belongs to the parabola because MN = MF.
2°. By points (Fig. 49). Since the distance of any point of a
parabola from the directrix is equal to the radius vector r and

r=z+%,

a method can be devised to plot the points of the parabola. Con-
struct, as shown in the preceding case, the directrix, axis, focus
and vertex of the parabola. Draw a straight line P,Q, parallel to
the directrix so that it intersects the axis of the parabola at
point C,. Now, with focus F as the centre, strike arcs above and
below the axis Oz so as to obtain their points of intersection with
the line P,Q,. The radius of the arcs should be equal to AC,—
the distance of the line P,Q, from the directrix KL. These points
of intersection (labelled 7 in Eig. 49) lie on the parabola, since
for each of them

r=AC1=%+x.

Drawing other straight lines P,Q,, P3;Q; etc., parallel to the
directrix KL and performing the aforesaid operations with respect
to each of them, we obtain any number of points (two in each
case) all of which lie on the parabola (in the figure they are
labelled by the numbers 2, 3, etc.).

Note that the points Cy, C,, C3, ... must be more closely spaced
as they approach the vertex O and more widely spaced to the right
of the vertex along the axis Ox.

When a sufficient number of points have been constructed, draw
through them —by hand or with the help of a curved ruler—a
smooth and continuous curve: the parabola.

Sec. 38. Formulas for the Transformation of
Coordinates

1°, Parallel translation of coordinate axes.

If we have two systems of coordinates zOy and z'O’y’ (Fig. 50)
in which the origin O’ of the second system has the coordinates
(@, b) in the first system and the directions of the axes in the
systems are the same, i.e., the axis O’z’ is parallel to the axis Oz

64



and Oy’ is parallel to Oy with positive directions of the corre-
sponding axes the same, then it is possible, knowing the coordinates
of M in one system, to find the coordinates of this point in the
other system.

Let M have coordinates (z’, ¥’) in the z'O’y’ system and (r, y)
in the zOy system. Then from Fig. 50 (on the basis of rule 3°
Sec. 3) we have

lx’:x—a, y’=y—~b‘| (XLI)

2°. Rotation of Coordinate Axes.
Let M (Fig. 51) have coordinales z=ON and y=NM in the
zOy system. Let the 2Oy system be rotated around the origin O

Ay A.{/' M l,l' ﬁy M
B '
Y y
Z - T x'/’a’ N I'
-
0 :l z = T ] = NP T
Fig. 50. Fig. 41,

so that the new position of Ox’ (the axis of abscissas) makes an
angle a with its original position, Ox. This angle is called the angle
of rotation; it is positive if the rotation of Ox is counterclockwise,
and negative if the rotation is clockwise.

Let z' and y’ be the coordinates of M along the new axes
(' =ON’, y’=N'M) and let us express the original coordinates
x, y in terms of the new ones 2’, y’ thus:

From Fig. 51

r=0ON=0P—NP = y=NM =NQ+QM =
=0P —QN’, =PN'+4QM,
from A OPN’
OP =z'-cos «, PN’ =z'-sina;
from A QN'M o
QN’=y'Sina. ()]‘[—y -COS .

Hence

l z=2z'cosa—y’ sina,; y=w'sina+y'cosa1 (XLII)
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Sec. 39. Equation of the Parabola in Parallel
Translation of the Coordinate Axes

1°. Let the vertex of a parabola be at the point O’ (a, b), and let
the axis of the parabola be parallel to the y-axis (Fig. 52). Imagine
a system of coordinates 2’0y’ where the origin is the vertex of
, the parabola O’ (a, b), the axis O’y || Oy

A.l/ ¥ and coincides with the axis of the parabola,
and the axis Oz’ || Oz. In the 2'0’y’ coordi-
nale system, the equation of the parabola is

xl2=2pyl;
in the zOy system it is
0 T’ | @—a)=2p(y—b) | (XL
a 2
a » since for every point M of the parabola
g . & we have by formula (XLI)
Fig, 52. =z—a, Yy =y—b>.

If the vertex of the parabola is O’ (a, b) and its axis O'z’ is
parallel to the axis Oz, the equation of the parabola will be

| y—b)?*=2p(z—a) | (XLIV)

2°. Solving equation XLIII for y, we get

P WA

or
1 a a?
Y= 2‘1)— .1:2—; Z+—2;+b.
A . 1 a a? .
ssuming = A, — b= B, 7] +b=C, we obtain
‘ y=Az*+Bx+C ‘ (XLV)

i.e., the parabola (x—a)>=2p(y—>b) is the graph of the quadratic
function y= Ax*4 Bz} C.
3°. The second-degree equation in the coordinates z, y:

Azt +Bry+Cy*+Dx+Ey+F =0

describes a parabola with aris parallel to the y-axis (or parallel to
the x-axis) if the second and third terms (or the second and first
terms) are absent from the equation.
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This is a necessary condition. Indeed, a parabola with axis
parallel to the y-axis is expressed by equation (XLV):

y=A2*+Bzx+C=0 or Az*4+Bx—y-+C=0,

i.e., by a general second-degrce equation in z and y in which the
second and third terms are absent.
This condition is sufficient. Indeed, dividing the equation

Ax*4-Dx-+Ey+F =0

by A we get
+ A + - Y + 0,
and expressing the quotient obtained as
x2+£— T == ——ﬁ— .l/“—ﬁ“'

. 0 D
we complete the square in x--{-»Xx,

D I F - D2
2 i i - _ i
R+2 -t =g Yt

After rearranging the right side of the equation,

L, | D4R
(ot ap ) == v+

~ < D2 —4AF
(’”‘H) == GAL )’

we get an equation which represents a parabola with axis parallel
to the y-axis, vertex with coordinates

= —. D p = D2—44F
= "9y =7 An
and parameter
— ____E,
P=—7y

Sec. 40. Equation of an Equilateral Hyperbola Referred
to the Asymptotes

The equation of an equilateral hyperbola with respect to the
system zOy (Fig. 53) is

22—yt =a’

Rotate the zOy coordinate system about the origin O through
the angle a= —45°. Then the asymptotes y= —z and y= +2z
will be the new coordinate axes Oz’ and Oy’. By formulas (XLII)
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we have for each point of the equilateral hyperbola:

— 2’008 (—45°) — ¢ -sin (—45%) =2/ —— -y o —b - T EY
z=2z"-cos (—45°) —y’ -sin(—45°) =z ‘/2_+y vy Ve
! . ] ’ oy ___ ’ 1 ’ 1 __y'—:c'

y—z-sm(.—45)+y-cos(—45)—-—x -—V—'Z_—-l—y~7/2_—_ vz

where z’, y’ are the new coordinates of point (z, y) of the hyperbola.
Substituting these values of z, y

/
N/ Y into equation 2% —y?=a2% we have
(' +y)?  y'—z')? a?
2 2 o
0 o hence we get 4x'y’ = 2a?,
N X J— —_—
%9 .y a2
This is the equation of an equi-

Z'  Jateral hyperbola when the asymp-
Fig. 53. totes of the hyperbola serve as the
coordinate axes.
2
Denoting -f;— by k£ and dropping the primes oun the current
coordinates z’, y’, we get the form
zy=»F .
Thus, an equilateral hyperbola with its equation referred to
the asymptotes is a graph of inverse proportionality.

Sec. 41. Solved Examples

1°. Find the cquation of a parabola with vertex in the origin
il the coordinates of the focus are (—2, 0).

Solution. It is given that the focus lies on the z-axis and the
vertex at the origin. Therefore, the equation of the parabola
is of the form:

y>=2pzx
The focal length of the parabola OF =-j-= —2. Ilence, 2p=
= —8 and the required cquation is
y?= —8z.
2°. Find the equation of a parabola, knowing the equation
of the directrix, y= —3, and the coordinates of the focus (4, 1).

Solution. It is given that the directrix is parallel to the z-axis.
Therefore, the axis of the parabola is parallel to the y-axis and its
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equation is z=4. The point of intersection of the directrix and
the axis of the parabola is A (4, —3). The parameter p is the distance
from A (4, —3) to F (4, 1), which is found by formula (I) in Sec. 3:

The vertex O (a, b) is the mid-point of the segment AF. By formula
V, Sec. 4:
Akt g, p=3 g

2
The equation of the parabola has the form
(x—a)*=2p (y—0»).
Putlting the values of «, b, p in the above equation, we get
(x—4)2=8(y+1) or 2°—8zx—8y--8=0.
3°. Determine the coordinates of the vertex and the magnitude
of the paramecter of the parabola whose equation is

y24-5x—06y+14=0.
Also find the coordinates of its focus and the equation of the
directrix.

Solution. Shift the coordinate origin to the vertex of the parab-
ola O’ (a, b) keeping the direction of the axes unchanged. Let
us denote the new system of coordinates by z'O’y’. 1t follows
from formula XLI that

'Lx —2 e, y=y 0 (XLlIa)

Introducing these expressions of z and y into the given equation,
we get an equation of the parabola referred to the vertex:
(y' - 0)2++5(z" - a)—6(y +b)-} 14=0,
or
y'2-l 20y - 2| bz’ -|-5a —6y’ —6b-] 14=0),
or
y'2-F5z" - (2b—6)y -+ (ba—6b+ b2+ 14) = 0. 1)

But the equation of the parabola referred to the vertex O’

has the form
y'2=2pz’ or y'*—2px’ =0. 2)

For equations (1) and (2) to be identically equal it is necessary
that

1) 20—6=0, 2) 5a—6b+b*+14=0 and 3) 5= —2p.
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We find from the first condition that b=3. Substituting this
value of b into the second condition, we get

50—6.34+324+14=0, a= —1.

It follows from the third condition that p= —-3—
Hence, the given parabola has the vertex O’ (— 1, 3) and the param-
eter p= —.3. The negative sign of the parameter indicates

2
that though the axis of the parabola is parallel to the z-axis it
has a direction opposite to the positive direction of the z-axis.
In the z’0O’y’ system with origin at the vertex of the parabola,

the focus of the parabola has coordinates —% , ()); and the vertex O’

of the parabola has coordinates (a, b) in the zOy system. The
coordinates of the focus in the given system zOy are obtained by
formula (XLIa):

5
x,oc.—_——g-—ka—_——-z—i:—Z%, yjoc=0+b=3-

This means that the given parabola has focus F<—23_¢’ J).

The equation of the directrix in the system of axes with vertex
at the origin O’ (a, b) is z’ = ——5—. Using formula (XLIa) we
obtain the equation of the directrix:

P (511
T= 2+a_< < 1-—4.

4°, The foregoing method of transforming a given equation
into the canonical form may be used to obtain the parameters
of the equation of any quadric curve, if only the ecquation docs
not have a term with zy.

Sec. 42. Quadric Curves as Conic Sections

1°. If an infinite straight line SA (Fig. 54) is translated in
spaco so that all the time it passes through point § and slides
along some curve ACBD, the surface thus generated by the
straight line SA is called a conic surface or simply a cone. The
curve ACBD is, in this instance, called the guiding line; the straight
line SA is called the generating line of the cone and the point
S, the vertex of the cone. If the guiding line has a centre O, then
the straight line SO, joining the vertex with the centre, is called
the axis of the come. A conic surface consists of two cavities
extending on opposite sides of the vertex S to infinity.

We shall counsider a right circular cone. 1t is obtained with a
circle as the guiding curve ACBD, and the vertex S as a point
on the perpendicular to the plane of the circle ACBD through
its centre; the perpendicular OS will thus be the axis of the cone.
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The section of the cone cut by a plane passing through the axis
SO is called the azial section of the cone, and angle ASB at the
vertex S in the axial section is called the angle of the axial section.

2°. On a conic surface, take an arbitrary point Q (Fig. 54) not
coinciding with the vertex S. Through this point make an axial
section ASQ/3 and planes PQ,
PQ, P,Q, P,Q perpendicular to
the plane of the axial section
ASQDB. The following cases may
occur:

1) the cutting plane PQ is
perpendicular to the axis SO

\‘—-,/

Fig. 54. Fig. 55.

of the cone. The line of intersection of the plane with the
conic surface is a circle;

2) the plane P,Q intersects cach of the gencrating lines in one
cavity of the cone at a finite distance from its vertex .5 (this
will take place so long as / P,QB is larger than / ASB); the
line of intersection in this case is a closed curve, an ellipse;

3) the plane P,Q is parallel to one of the generating lines,
e. g., SA, (. P,QB =/ ASB); it intersects other generating lines
on onc side of the wvertex JS; in this case the line along which
the cutting plane intersects the conic surface is an open curve
with one point at infinity (parabola);

4) the plane P,Q is parallel to two generating lines of the
cone (SC and SD in Fig. 54); in this case the plane intersects
both cavities of the cone (/ P3QB <</ ASB) and in each cavity
the line of intersection forms an open curve, a branch of a hyperbola.

Thus when a plane cuts a conic surface we obtain a quadric
curve. For this reason, quadric curves are called conic sections.
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Let us prove that the conic section will be an ellipse if the
cutting plane PQ (Fig. 55) intersects every generating line of the
cone on one side of its vertex S§.

Proof. Let us inscribe in the cone a sphere on either side of
the cutting plane PQ so that the plane PQ is tangential to both
spheres. Let the points of contact be F and F,.

Since the tangents to a sphere from a given point are always
equal,

a) all the points of contact, with the cone, of each of the in-
scribed spheres lie in a single plane perpendicular to the axis
of the cone, viz., in the plane A,;B,C, for the upper sphere and
in the plane ABC for the lower sphere;

b) the segments of the generating lines of the cone contained
between these planes are equal, i.e.,

AA,=BB,=CC,=...=const. (1)

Let us take an arbitrary point M on the line of the cone cut
by the plane PQ and join M to points /' and F,. The segments
MF and MF, are tangents to the respective spheres.

Through M draw the generating line SM which is tangent
to one sphere at C and to the other sphere at C;.

Thus, from M two tangents are drawn to the lower sphere
and to the upper sphere. The tangents to the lower sphere are
MF, and MC, where

MF,=MC, )
and those to the upper sphere are MJF and MC,, where
MF = MC,. (3)

Adding equation (2) to (3), we get
MF +MF,= MC + MC,=CC,.

By equation (1) segment CC, does not change in length on
translation of M along the line of the cone cut by the plane
PQ. Hence this line has the property that the sum of the dis-
tances of any point M from the points F and F, is constant. Con-
sequently, this line is an ellipse with foci at points F and Fy.

Similarly it may be shown that the parabola and the hyperbola
are also conic sections.



B. ELEMENTS OF DIFFERENTIAL CALCULUS

CHAPTER IV

THEORY OF LIMITS

Sec. 43. Absolute Value and 1ts Properties

Let us agree from now on to use the term ‘‘number’ in the
sense of ‘‘real number’’.

1°. Definition. The absolule value of a positive number is the
positive number itself; the absolute value of a negative number is
the positive value of that number; Lhe absolute valuc of zero is taken
to be equal to zero.

Absolute value is signified by placing the number within two
vertical bars.

Thus, |7|=7, |—3|=3, [0]=0. If the number a is positive,
|a|=a; if a is negative, |a|= —a.

2°, Propertics. 1. The absolute value of a sum of numbers is no
greater than the sum of the absolute values oj the lerms of the sum,

i. e.,
la+b|<|al+]b].

Indeed, if numbers a and b are both positive or both negative,
their sum is obtained by adding their absolute values and putling
the resull under the common sign of the terms of the sum. Thus
the absolute value of a sum is equal Lo the sum of the absolule
values of the terms. For example, a= —3, b= —T7:

(=3 + (—=T)|=|—10] =10

and
| =3+ [—7]=3+7=10,
[(=3)+ (=7 [=[=3]+]—T7]
If a and b are opposite in sign, their sum is obtained by sub-
tracting the smaller absolute value from the greater and putting

the sign of the term with the greater absolute value. Therefore,
the absolute value of the sum is less than the sum of the absolute
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values of the terms. For example, the absolute value of the sum
of numbers |(—7)+(+3)|= | —4| =4, while the sum of the abso-
lute values of these numbers is |—7|-] |-+3|=T7-+-3=10; i.e.,

(=7 +(+3)|<I=T]+]+3].
The property which has been proved can be extended to any
constant number of terms, i.e.,
la4+b+ ... +Ek|<|a|+|b]|+ ... +]|k]

2. The absolute value of the difference of two numbers is greater
than, or equal to, the difference between the absolute values of these
numbers, i.e.,

la—b|>|a|—|b] or |a—b|>|b|—|al.
Indeed, let
a—b=c.
Hence,
a=b+c.
From the preceding arguments,
la|< b+ (el
Solving this inequality for |[c|, we get
le|>]a|—|0]
or
la—b|>|a|—|b]|.
The absolute value of a number does not change with change
of sign. Ilence it is always true that
la—b|=|b—al.
But from the foregoing
|lb—al>|b]—]al.
IIence the following inequality is also true:
la—b|>b|—]al.
Note that the difference |a|—|b| or |b|—|a| can be negative.

3. The absolute value of a product is equal to the product of the
absolute values of the factors, i.e.,

la-b|=|a|-|b].

4. The absolute value of a quotient is equal to the quotient ob-
tained by the division of the absolute value of the dividend by the
absolute value of the divisor, i.c.,

la]

el

2=
b
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5. The absolute value of a power with positive integral exponent
is equal to the same power of the absolute value of ihe base, i.c.,

lanl=|al‘n'

Properties 3 to 5 follow directly from the properties of multipli-
calion and division.

Sec. 44. Infinitely Small Quantity
(Infinitesimal)

In engincering and in natural sciences, one particular kind
of variable plays an especially important role, namely, the infi-
nitely small variable (infinitesimal).

1°. Definition. A variable is said to be infinitely small, if, from
a certain moment onwards in its process of variation, the absolute
magnitudes of all subsequent values of the variable ultimately be-
come and remain smaller than any positive number e.

2°. Examples. 1. The side of a regular inscribed polygon is
an infinitely small quantity when the number of sides of the
polygon is doubled indefinitely, since in this process the side can
be made as small as desired.

2. The fraction é— is an infinitely small quantity when the abso-
1_1 1 1 .,
z~ 107100 1,000°°
. Indeed, no matter how small

lute value of z increases indefinitely <e. g.,

11 1 1

T~ —10° —100 ' —1,000* >
the given positive number &, a time will come, as |z| increases
indefinitely, when, from this instant onwards, |z | will be greater

or

than A :
A3

|z|> andl—i—‘<e.

3. The f{raction -5—, where p is constant and z increases indefi-
nitely, is an infinitely small quantity, since il is only necessary Lo
take |:u1>|—%—|— to obtain ‘ —gl<a.

3°. We shall denote infinitely small quantities, or infinitesimals,
by the Greek letters a, B, v, ...
By definition, a is an infinitesimal if

la]<e

where e is any given small positive number.
4°. An infinitesimal should not be confused with a small num-
ber. Any small number ¢s£0 is non-variable, and some other
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positive number e can always be found such that |¢| will not be
less than e.

Hence, no small number ¢, not equal to zero, can be called an
infinitesimal.

Sec. 45. Variable Quantities, Bounded and Unbounded

1°. Definition. The variable z is called a bounded quantity if
from and after a certain moment,

lz|<m (1)

where m is some positive number. Otherwise, it is called an un-
bounded quantity.

For an unbounded quantity it is impossible to choose a number
m, for which (at a certain time) inequality (1) would be fulfilled;
on the contrary, an unbounded variable can have values for which
the inequalily |2 |>m holds for any m.

2°. Any given number may be regarded as a bounded quantity.

3°. An infinitesimal o is necessarily a bounded quantily since,
from and after a certain moment, its absolute value nol only
becomes less than some definite positive number m but less than
any assigned small positive number e,

o] <e.

Sec. 46. Basic Properties of Infinitesimals

1°. An infinitesimal (infinitely small quantily) remains an
infinitesimal on a change of its sign.

2°, Theorem. If a and B are infinitesimals, their sum or differ-
ence is also an infinitesimal.

Proof. Assume that Lo every moment of approach of one of
the infinitesimals to zero there corresponds a definite value of
each of the infinitesimals being considered.

(For example, when a=0.1, 0.01, 0.001, ... is, at the same
moments, equal respectively to —0.01, —0.0001, —0.000001, ...).

In any case, no matter how differently the values of o and B
may change in their approach to zero, there will be a time start-
ing with which the absolute value of each of the infinitesimals

will remain less than%:

e e
la|<5 and [B|< 5,
and, consequently, their sum will remain less than e,

laj+[Bl<e.
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But |a+B|<<|a|4|B]| (Sec. 43, 2°). Hence
lat+f|<<e.

Thus the sum a-f is an infinitesimal (Sec. 44, delinition).

3°. Since the infinitesimal P remains an infinitesimal on change
of sign, the difference a—p, which is equal to the sum of the
infinitesimals @ and —§,

a—p=a+(—B),
is itself an infinitesimal.

Corollary. The algebraic sum of several infinitesimals is itself
an infinitesimal.

For example, a+f—vy+ 6+& must be an infinitesimal since
each operation of addition or subtraction of lwo infinitesimals
results in another infinitesimal.

4°, Theorem. The product of a bounded quantity x and an infini-
tesimal a is ilself an infinitesimal.

Proof. Assume that for every moment of time during the
approach of a to zero there exist definite values of a as well as x.

(For example, = =1.95, 1.995, 1.9995, ..., when a=0.1, 0.01,
0.001, ...).

During the varialion of a and x there will inevitably be a time,
starting with which the following inequalities will always hold
true:

|z|<<m, (1)

where m is some definite positive number.
Multiplying (1) by (2) we find that from that time the product
z|-|la|<e.
I But |z|-|a|=|z-a| (Sec. 43, Point 3).
Hence
|z -a|<<e.

Thus the product z-a is an infinitesimally small quantity
(by definition, Sec. 44).

Corollary 1. The product of an infinilesimal and a constant is
an infinilesimal, since any constant may be regarded as a bounded
quantity.

Corollary 2. The product of several infinitesimals is an infini-
tesimal.

An infinitesimal f is a bounded quantity (Sec. 45, 3°). There-
fore the product «-p is an infinitesimal.

Similarly the product a-p-y=(a-p)-y, where y is a third infin-
itesimal, is also an infinitesimal, and so on.
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Corollary 3. A positive iniegral power of an infinitesimal is an
infinitesimal, since
n times
——

=0, .. 0.

a

5° Note. The quotient of two infinitesimals may not be an
infinitesimal. For example, if

a=2B, then %:%:2.
It will be shown below (Sec. 47) that the quotient of two infin-
itesimals may be a bounded non-infinitesimal, an infinitesimal,
or an infinitely large quantity.

Sec. 47. Infinitely Large Quantity

The terms ‘‘infinitely small quantity’’ and ‘‘infinitely large
quantity’’ do not characterise the actual magnitude of a (vari-
able) quantity but define the kind of variation of its numerical
value.

1°. Definition. A variable x is said to be infinitely large if, begin-
ning from a certain time in the process of its variation, its absolute

M ] My My 0 M M
-—.——.—-—*‘t D e e e o o A

Fig. 56. Fig. §7.

value becomes and remains greater lhan any positive number N,

i.e., if beginning with a certain value of z, the following inequality
holds:

|z|>N,
however large the positive number N.
Example. When the arc o increases from 0 to % , tan a is positive
and increases without bound; when the arc o decreases from O to
———g— , tan a is negative and decreases without bound. In both cases,

beginning with a certain value of the arc a, the absolute value of
tan a becomes and remains greater than any given positive num-
ber N, however large, i.e.,

[tana|>N.
For this reason, tan o is an infinitely large quantity both when

N 14 N n
o increases from 0 to - and when it decreases from 0 to—-é— .
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2°, The concept of an infinitely large quantity can be graphi-
cally illustrated by taking a point M (Fig. 56) with abscissa z
moving along the axis Oz in some particular direction (to the
left or to the right) or receding from the origin O to a larger
and larger distance alternately to the left and right (Fig. 57)*.

Sec. 48. Relationship Between Infinitely Small and
Infinitely Large Quantities

1°. If x is an infinitely large quantity, then ils inverse —:-:- is an

infinitely small quantity.

Indeed, no matter how small a positive number &, by the defi-
nition of an infinitely large quantity there will come a time
when |z| will exceed -i—:N, i.e.,

4
.

|z|>N=

But then

1
*;‘<8.
Conscquently, -i- is an infinitesimal (by definition, Sec. 44).
2°. If o is an infinitesimal that never becomes zero, then its
inverse % is an infinitely large quantity.

Indeed, no matter how great a positive number N, there will
come a time for the infinitesimal «, when |a| will be less than

'-I—V“:—S, l.e.,
1
l(ll<8=-1-v‘ .
But then
1
| >N

Consequently, % is an infinitely large quantity (by definition,
Sec. 47).
3°. Note. When studying the relationship between an infinitcly small

and an infinitely large quantity (2°) we take the infinitely small quantity
that never becomes zero. If the infinilesimal a were permitted to have the

.1 . N
value zero, the fraction T would cease to be a number since division by

zero is impossible.

* For example, z=(—1)".n, where n is a positive integer.
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Let us examine why it is impossible to divide by zero. To find the quotient
of a number a divided by b means to find a third number ¢, the product
of_which by the divisor b is equal to the dividend g, i.e.,

if %—:—c, then c¢-b=a.

But if the divisor b=0 and the dividend a -~ 0 and if we assume that

i

0

then the product 0.¢, whatever the value of ¢, is equal to zero, and not to
the number a:

=c,

0.c = a.

Therefore, the quotient of ~8— cannot be taken to be any definite number.
Neither is it possible to divide 0 by 0. Indeed, if we assume that the quo-
. 0 .
tient of o s the number ¢,

0_,
0 i |
then

c-0—=0.

However, here ¢ is not some one number, but any number, since the multi-
plication of any number by zero yields zero. For this reason, division of
zero by zero is not considered.

Sec. 49. The Limit of a Variable Quantity

The student has encountered the concept of limit in geometry
and algebra. Here we shall consider it in more detail.

1°, Definition. A number a is called the limit of a variable
quantity x if, in the course of variation, x approaches a so that
beginning with a cerlain time the absolule value of the difference
z—a becomes and remains small without bound, i.e., less than
any given positive number.

We shall denote by the letter ¢ any given small positive number.
By definition, for the number a to be the limit of z, the following
inequality must be fulfilled beginning with a certain value of z:

|lz—a|<e.

2°, Example 1. Let the variable z take on consecutively the
following  values: z,=1.95; 2,=1.995; x;=1.9995, ..
n times
r——
2, =199...95; ...

The value of z approaches the number 2. Let us verify that
this approach to 2 is without bound, i.e., that the absolute
value of x—a can be made less than any given small positive
number,

*
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We determine the absolute values of the difference between
the values of z and the number 2:

| 2,—2|=]1.95—2|=|—0.05| = 0.05;

|23 —2|=]1.995—2]=1!—0.005| = 0.005 and so on
ﬂn“ #

|20 —2]|=]1.99...95—2|=|—0.00...05|=

n

——
=0.00...05 and so on.

Let us take, arbitrarily, some small positive number, say,
0.000001. The absolute value of the difference between the value
n

rm— ———
z, of the variable z and 2, equal to 0.00 ... 05, will at least be
less than 0.000001, when n>G0.

We may take any positive number e, not necessarily 0.000001. For 2
to be the limit of = it is necessary that, beginning with a certain value of
the number n, the following inequality should invariably be fulfilled:

|zn—2|<e
or

n

T
0.00... 5107 <e.
Hence, we should have
1
2.40" > —
2:10" > e
1
n~,
10 >28 ’
n>lo 1
8 e *
which means that once n becomes greater than log —21; the inequality
lz—2|<e
is invariably satisfied for all values of z.

Hence the limit of z=2.

3°. Example 2. As the arc a lends to zero, the limit of sina
is equal to zero.

Proof. The variable z=sina. For the value of the arc we
take the number a expressed in radians.
Let the radius of the circle represent a unit of length. Then

the length of the line of the sine, BC or B,C in Fig. 58, is equal
to |sina | and the length of the arc AB (or — AB,) is equal to |a|.
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Let us examine how a approaches zero either from some positive
or some negative value, e. g., from some value of a the absolute

magnitude of which is less than 32‘- ,

la|< 3.
Then
[sina|<|al,

since the length of the half-chord BB, is always less than its cor-
responding half-arc ZAB;, and when the chord and the arc both
convert to the point A, sin a =a=0.
But if
8 [sina|<|a],

A\ then it must also be that
" |sina—0|<|al.

(2 Bringing the magnitude of arc a to zero,
we obtain a value of a such that, beginning
with it,

Fig. 58. la|<e,

however small the given positive number e.
Hence it follows Lhatl

[sina|<<e and |sina—0|<e
or the limit sin a=0 as a ltends to zero.

sina

. We shall prove that
the limit of = is equal to zero when a 1s positive and increases
indefinitely.

Proof. At no value of a can sin a be grealer than unily.

4°. Example 3. Let the variable z =

Hence, replacing the numerator in §12—a by unity, we get

|sina| 1
o Sa

(o is positive).
No matter how small the given positive number &, there will

come a lLime (as a increases without bound) such that beginning
with this time, a will be greater than -i—:

a>—i— and —3—<e.

Therefore,
sina

___. I/e

%2

< e and
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Consequently, the limilt of z is zero.

9°. The expression “‘limz’’ means ‘‘limiting value of z’’.

By the definition of a limit, if, from and after a certain value
of z, the following inequalily is satisfied

|z —a|<e,
then
lim r =a.

If |r—a|<<e, it is said thal the ‘‘variable z approaches a
indefinitely”” or ‘“z tends to a’’, and the fact is symbolised by
r—>a.

Remember that the notation x—a means that the limit of
x 1S a.

The above studied limits of variables can thus be written as

n

r———
1. lim 1.99 ... 95=2;

n—>uw
2. limsina=0;
a—
. sina
3. lim =—=0.
a->-tw
6°. If the variable a is an infinitesimal, its absolute value
becomes less than any given positive number &, however small,

la|<<e.

But then the absolute value of the difference between a and O is
also less than e, .
Jla—0|<<e. .

Hence it follows that the limit of an infinitely small quantity
o is equal to zero,

lima =0,

Sometimes this properly of an infinitely small quantity is taken
to be its definitive sign, and the following definition is given:
an infinitely small quantity is a variable whose limit is zero.

One can start from this definition, obtain the properly |a|<<e
and then prove all the other properties of infinitesimals as was
done in Sec. 46.

Sec. 50. Geometrical Representation of a Number,
Variable, and Limit

1°. Any real number a may be represented on a number scale
Oz (Fig. 59) by a point whose abscissa is equal to a. Hence, in an
analysis, one and the same small letter signifies a number, the
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point representing this number, and the abscissa of the point.
When we say ‘‘the number a’’, we also mean ‘“‘the point a’’, and
vice versa.

2°. The variable z may also be represented on a number scale
by a point, though in this case by a moving point. Let A
on the axis Oz (Fig. 59) move in such a manner that the value

0_9 _a M 0 a
_______ z [ ¢ f——t——t~ >
z 2¢
Fig. 69. Fig. 60.

of its abscissa is always equal to the numerical value of the vari-
able z. Then this moving point M constitutes the geometrical
representation of the variable z.

3°. Let us take a constant point a on the number scale Ox
(Fig. 60), and lay off, to the left and right of it, a scgment of
length e. We thus obtain a segment of 2¢ with midpoint at a.

Definition. The set of all the points on a segment of length Z2e,
of which the midpoint belween the ends is a, is termed the neigh-
bourhood 2¢e of a.

The number e is called the radius of the neighbourhood and
a, the centre ‘of the neighbourhood.

Obviously any point a on the axis Oz can have an infinite
number of neighbourhoods.

Example. The neighbourhood of the point a=2 with radius
e=0.1 consists of all those points on the .Oz axis, the abscissas
of which satisfy the inequalities

2—-01<<z<<2+40.1

or
1.9<<z<<2.1.

Algebraically, the neighbourhood 2e of the point represents
the set of all the values of z salisfying the inequalities

a—e<lx<<a-e.

4°, Let a be the limit of the variable z. In the geometrical
sense, |z — a| represents the distance Ma (Fig. 61) between the
moving point M and the fixed point a. When [z—a|<<e, M
lies in the neighbourhood 2e of a.

It follows from the preceding that the number a is the limit
of the variable z if all the values (points) of z, from and after a
certain value lie in the neighbourhood 2e of the point a, however
small the neighbourhood may be taken.
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5°. If z approaches its limit a, being all the time smaller (or
larger) than a, then AM will approach a from the left (or from
the right), and the points representing z values will, from and

0 ‘:a_f—s‘\ M 0 __{~
—h"‘_\fL 1 —— e S 7
28 M a
Fig. 61. Fig. 62.

after a certain value of x, all accumulate only in the left half
(or the right half) of the semi-neighbourhood of the point a
(Fig. 62, 63).

If z, as it approaches its limit a, is somectimes larger and some-
times smaller than a, then the point M will oscillate about the

2¢
g - g __Z__
o- s t SN I ———is S I
a M a
Fig. 63. Fig. 64.

poiul ¢ and the points corresponding to z will —from and after
a certain value of x—accumulale in the neighbourhood 2e of a
both to the right of a and to the left of it (Fig. 64).

2€ 2N
0 - T~ -_—— ol
.._——P—.——.-*-—,z L~ =< M
a M m + ; = T
Fig. 65. Fig. 66.

6°. The variable x with limit @ is a bounded quantity. Indeed,
the point M (Fig. 65), after atlaining a cerlain value, always
remains within a definite segment of length |a|+e aund for this
reason the following inequality is satisfied:

lz|<|al|+e.

But the converse proposition is not true. For example, z =sina
is a bounded quantity, since

|sina|<1.

However, sin a has no limit when a— oo, since the values of
sin o oscillate bctween —1 and +1 and cannot be constantly
confined to the neighbourhood 2¢ of any particular point.

7°. An infinitely large quantity has no limit.

Geometrically this may be represented as follows. Mark out
on the axis Oz a neighbourhood of radius N — where N is a positive
number — around the point 0 (zero) (Fig. 66). Now, however big N
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may be, a time will come, from and after which,
|z|>N,

and the moving point M, representing an infinitely large quantity,
will move beyond the neighbourhood 2N, and in its further move-
ment will always be outside this neighbourhood.

It is customary to say that ‘‘the limil of z is equal to infinity”’
or ‘‘the infinitely large quantity z has infinity as its limit’’. The
notation is limz=oco. If z is an infinitely large quantity such
that all of its values are positive (or negative) from and after
a certain value, it is wrilten:

limz= 4o (or limz= — ).
No mathemalical operalions can be carried out on oo (infinity);

oo (infinity) cannot be added, subtracted, multiplied or divided
either by itself or by any number, since co is not a number at all.

Sec. 51. Relationship Between a Variable, Its Limit,
and an Infinitesimal

The difference between a variable quantity z and its limit a
is an infinitesimal quantity, a; for example,
rT—a=aq,

because |z —a|<<e. Whence

[r=ata ()

i.c., @ variable x having a limit a can be represenied as the sum of
its limit a and an infinitesimal a.

Counversely, if the values of the variable x, from and after the
allainment of a cerlain value, can all be represented as the sum of a
number a and an infinilesimal o, then a is the limit of z, i.c.,

.ifx———a—ka, lima:=a| (2)

Sec. 52. A Variable Can Have Only One Limit

Theorem. A variable cannot have more than one limit.
Proof by reductio ad absurdum. Assume that the variable z
has two different limits @ and b. Then, from the foregoing,

r=a-a (1)
and

z=0-4 2)
where a and f are infinitesimals,
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Subtracting (2) from (1) we get
0=(a—b)+(a—B);

a—b=pf—a,

which is an impossibility because the number a-—b, not equal
to zero, is an infinitely small quantity p—a (Sec. 44, 4°).
Corollary. If a variable has a limit, there can only be one limit,

Sec. 53. The Linit of an Algebraic Sum

Theorem. If cach term of an algebraic sum of several variables
has a limit, then:

1) the sum also has a limit,

2) this limit of the algebraic sum of several terms is equal to a
similar algebraic sum of the limits of these variables.

Proof. We shall show the theorem Lo be true for the case of
three terms; we assume Lhat variables z, y, z have limits a, b, c,
respeclively.

Let us write each variable as the sum of its limit and an infin-
itesimal (Sec. 0l):

r=a-a,
y=>b-+8,
z=c—{—Yi

where a, B, y are infinitesimals.

Adding the first two cequations and subtracting the third from
this sum, we see that the variable (x-}-y—3z) is equal to the
number (a-}-b—c) added Lo the infinitesimal («--B—vy). There-
fore (Sec. 51), the constant (a--b—c) is the limit of the variable
(x--y—2),

lim(z+4+y—z)=a-+b—c,
or
lim(z-|-y—2)=limx-|-limy—limz,
as required.

Sec. 54. The Limit of a Product

1°. Theorem. If each factor of a product of several variables has
a limit, then:

1) the product also has a limit,

2) the limit of the product of several variables is equal to the
product of the limits of the factors.

Proof. First we shall prove the theorem for a product of two
variable factors z and y. We assume that z and y have limits
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respectively equal to @ and b. Then (by formula 1, Sec. 51)
r=a-+ta
y=>b+p
where a and f are infinitesimals. Multiplying one equation by the
other, we find that the variable (zy) is equal to the number (ab)

plus the infinitesimal (ab--ap + of), i.e., 2y = ab+ (ab4-aP +af).
Hence (Sec. 51) ab is the limit of the variable zy,

lim(z-y)=a-b
or
lim(z-y) =limz-lim y,
as required.
Proceeding from this proof we shall find the limit of a product
of three variables z, y, z, each of which has a limit of its own:

lim(z-y-z)=1im[(2y)-z] = lim (zy)-lim z =lim z-lim y-lim z,
since
lim (zy)=lim z-lim y.

2°. Corollary 1. A constant factor can be taken out of the sign of
the limit.
Indeed, regarding the constanl ¢ as a variable having all of its
values equal to ¢, we get
lime=c,

lim(¢c-2)=limec¢-limz =c-lim z.

3°. Corollary 2. If a variable has a limit, then:

1) the variable raised to a positive integral power also has a limit,

2) the limit of a positive intcgral power of a variable is equal to
the limit of the variable raised to the power in question.

Lot oxponent n of the power z" be a positive integer. Then

n times n ties
e .,

lim (2™) = lim (-2 ... x} =limz-limz...limz= (lim £)".

Sec. 55. The Limit of a Quotient

1°. Lemma. If a positive number a be the limit of a variable z,
then, from and after a certain value of z, all subsequent values will
be larger than a quanlity b, where b is an arbitrary positive number
smaller than a.

Proof. Since a>0, there is an infinity of positive numbers
existing between O and a. Take one of these numbers & near a,

a>b>0,
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and construct on the axis Or a neighbourhood of a with radius
equal to a—b (Fig. 67).

Fig. 67.

By the definition of a limit, the values of z, from and after
a certain value, will all lie within this neighbourhood and thus
be larger than b.

2° Theorem 1. If a variable x has a limit a not equal to zero,
then the inverse quantity %

1) also has a limit,

2) which is equal to %, i. e., lo the inverse of the limit of the

given variable.
Proof. Since a==0, cither a>0 or a<<0. Let a>0, i.c.,

a is posilive. We shall show that %——}; is an infinitesimal.

We have

1 1 a—=z

z a azx

The difference a—z is an infinitesimal, for example, a. Then

According to the lemma, the values of z, afler a certain value,
are all greater than b, where b is a posilive number smaller
than a. Taking only these values of z into account, let us increase
the right side of the cquation substituting b for z in the denominator.

Then
1 1
——

1
o1 <aplel

Since the fraction -: is constant and a is an infinitesimal, the

ab
whole right side of the inequality is an infinitesimal (Sec. 46, 4°,
Corollary 1),

1
EE'IG‘<S.
And therefore
1 1
PRSI
i. e.,
I 1 1
im—=—=7;——
a limz
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If a is a negative number, then taking the constant factor—1
outside the limit sign will enable us to reduce this case to the
one we have considered. -

3°. Corollary. /f a variable x has a limit a =40, then the inverse

of the variable, —1—, is a bounded quantity.

4°. Theorem 2. Jf the dividend and divisor are variables with
limits and the limit of the divisor is not equal to zero, then:

1) the quotient also has a limit,

2) the limit is equal Lo the quotient of the limits of the dividend
and divisor.

Proof. Let us write the quotient of ;’;_ in the form of a product:

y
z

1
= --y.

x

Applying theorems on the limit of a product and the limit of
an inverse quantity, we get

1»«liln.l/:i!m—y ’

. y . 1 IEETI T o
lim ‘x__llm<—.£"y>_hm .z'hmy_limx im z

as required.

Seec. 56. The Limit of a Rational Algebraic Expression

An algebraic expression is said Lo be rational in z if its value
can be obtained from the value of z and other known numbers by
meansof the following five algebraic operations: addition, subtraction,
multiplication, division and raising to a positive integral power.

For example, a polynomial of the form

Az™ - Bz 14 ...+ Pz Q,
or a fraction of the form

Az Br Tl P2+ 0
Tarmybem—14 T k41

in which the coefficients are certain numbers and the exponents
are positive integers, are rational algebraic expressions in z.

Tho theorems concerning the limits of an algebraic sum, prod-
uct, quoticnt and their corollaries may be generalised thus:
if a variable quantity x has a limit, then:

1) any rational algebraic expression in x also has a limit (assum-
ing that, in the case of a fraction, the denominator has a limit
other than zero),

2) to find the limit of a rational algebraic expression, it is neces-
sary lo replace the variable x by its limit and perform the opera-
tions indicated in the expression.

90



. .. . 3+42z—22
Example. Find the limit of the fraction P r—

which means that the limit of = is 2. Applying the generalised
theorem, we replace x by its limit 2 and get

Jig 3F22—2% _ 342.2—2
sop P2422—3 7 20F2.2—3

if 2 — 2,

3
5

Sec. 57. The Sign of a Variable and Its Limit

Theorem 1. The limit of a positive variable (if the latter has a
limit) is either positive or zero.

Proof by reductio ad absurdum. Assume that the limit of z is a
negative number a. Between this negative number a and 0 there
exists an infinity of negative numbers. Let us take one of these

2(b-a)
it I S
a M~z
Fig. 68

numbers b near ¢ and mark out on the axis Oxr a neighbourhood
of point @ with radius b—a (Fig. 68). Any number within this
neighbourhood is negative. Since lim z=a, the values of z, from
and after a certain value, will all lie in this neighbourhood, i.c.,
will all be negative. This is impossible since il is given that z
has only positive values.

But if the limit of z exists and cannol be negative, it can
only be cither positive or zero.

Theorem 2. The limit of a negative variable (if the latter has a
limit) is itself either negative or zero.
Proof is similar to the foregoing.

Sec. 58. Conditions for the Existence of a Limit
of a Variable

Theorem 1. If a variable has values intermediate between those
of two other variables having a common limit, then the variable
has the same limit.

Proof. Let

YTz

and lim y=1imz=a. Mark on Oz (Fig. 69) a neighbourhood 2e
of point a. From and after a certain moment, the values of y and
z will all belong to this neighbourhood and the values of z will
lie within the interval NP, the end points of which are N (y) and
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P (z). For this reason, the values of z will belong to the neigh-
bourhood 2¢ of a and, consequently, lim z =a.

Theorem 2. /f, beginning with a cerlain time, the values of a
variable all the time increase (or decrease) but remain smaller
(or larger) than a particular number, then the variable has a limit
which is smaller (greater) than, or equal to, this number.

The proof of this theorem lies outside the scope of our course.

Sec. 59. On the Limit of a Quotient of Infinitesimals

1°. The limit of the quotient of % obtained by dividing an infin-
itesimal o by a variable quantity x having a finite limit a, other
than zero, is equal lo zero, because the quotient g- may be regard-

ed as the product <—£—>-a, i.e., the product of a finile quan-

tity, —: , (Scc. 85, 3°) and an infinitesimal, a, the limit of which
is zero (Sec. 46, 4°).
2°, The limit of a quotient % obtained by dividing the variable
wilh limit a, different from zero, by an infinitesimal, a, is infinity.
Indeed, the quotient 7:1 may be treated as the inverse of % .

. . a . . P . o o FA
Since from the foregoing — is an infinitesimal, and its inverse o

is an infinitely large quantity, its limit is infinity (Sec. 50, 7°).
3°. If the dividend @ and the divisor p are both infinitesimals,
the thcorem of the limit of a quolient is not applicable, since
its application would give the indeterminate result
lim 2 :!im_ﬂ=2_
p limp 0 °

It may be noted that the limit of a quotient of two infinitesi-
mals may not always exist.

The solution of some very important technical problems in-
volves the search for the limit of a quotient of infinitesimals {as
will be shown in Ch. VI), and the finding of this limit is one
of the problems of mathematical analysis.

Sec. 60. Examples in Finding Limits

Lot us examine a few cases of finding limits where the theorems of op-
erations on limits cannot be applied.
1°. Find the limit of the fraction
2245246
34z

if 2 — 0.
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Solution. A formal application of the rule in Sec. 56 about the finding
of the limit of a rational algebraic expression will suggest the substitution
of z by its limit. But then we get

lim 2245246 _0+5.046 6

x>0 +z 040 0’

which is a meaningless expression. In this case the numerator is a bounded
quantity, since its limit is equal to 6, while the denominalor is an infini-
tesimal, since its limit is zero. 1lence (by Sec. 59, 2°) the limit of the
given fraction is infinity.

x2—3zx+42

2°. Find the limit of the fraction ————1 =
2r2—5z 42

Solution. Replacing z by its limit, we get

22—3z+2  4—642 0

,],'_,"2‘ 222—bz+2 8—10+2 0"

if 2 — 2.

Since zero cannot be divided by zero, the example presents a case where
the thecorems of operations on limits are nol applicable. In such cases, an
attempt is made to convert the expression into another one (identical with
the first), to which the thcorems of operations on limits are applicable, and
then to find the limit.

In the given instance, factorise the numerator and denominator and
reduce the fraction. The roots of the numerator are 2 and 1, of the denomi-

nator, 2 and —1-:
2
lim 22—3z+4 2 —lim (x—2)-(x—1) _
x—2 212—5“‘—*_2 x-+2 2 (1_2) (z__L)
2
(z—2) (z—1) . o—1 2—1 1

=lm ey ey =M ST =173

3°. Find the limit of 25 when z — co.
z+8

Solution, When z increases indefinitely, both the numerator z—5 and
the denominator z-}-8 are infinitely large quantities.
Hence:
xs0Zf+8 oo’

We again have an instance of the non-applicability of the theorems of
operations on limits, since co is not subject Lo any mathematical operation.
Let us transform the given fraction by dividing the numerator and denomi-
nator by z termwise:

lim 22— im —& =120
x->00 I+8_x—»oo1+_§_ 140 '
x
Here, 0 is the limit of the infinitely small quantities -2— and .g

z—3a

. . 1 .
4°, Find the limit of the sum 7—a +;§—_—_-;-§ if z > a.

93



Solution. If £ — a, then z—a —» 0, z—3a - —2a, 22—a%2 — 0, and
each fraction is an infinitely large quantity. Again the theorems of opera-
tions on limits cannot be applied since they lead to the expression co--co.

Transform the given expression by reducing the fractions to a common
denominator and adding them:

lim 1+$_3a>=lim"+“+"—1““_

t—at )" i, (c—a) (zta)

x—»a \T—0a

2(z—a) . 2 2 1

= =1 .
ros (@—a) (+a) zoni+a ata a




CHAPTER V

FUNCTION AND ITS CONTINUITY

Sec. 61. Argument and Function

1°. Definition. The quantity y is said to be a function of x if to
every permissible numerical value of the argument x there corre-
sponds a single definite numerical value of y.

““Permissible’’ means such values of the independent variable for
which the function has real numbers for its values.

Examples. 1. For the function y=}/z, positive numbers and
zero are the permissible values of z, since negative values of z
give imaginary values to the function.

2. For y=arc sin x, permissible values of the argument are all
numbers z satisfying the conditions —1<{z<{ |-1 since only for
these values of z are values of y possible.

3. The perimeter P of a regular n-gon inscribed in a circle of
radius R is given by the formula:

a

P =2Rnsin “:L .

The perimeter P is a function of the number of sides n: only
positive integers greater thau 2 are permissible values of n.

4. For the function i i/ 1, permissible values of z are all
real numbers with the excepuon of —1 and 4-1. When z=+1

. . x
the denominator z2—1 becomes zero and the fraclion P iy

becomes meaningless, since division by zero is impossible.

2°. The set (aggregate) of all permissible values of the argument
forms the domain of definition of the function.

In particular, the domain of definition of a function may be an
open or closed interval or both.

The set of all real numbers x satisfying the condition a << x <b,
where @ << b, is called a closed initcrval.

The closed interval a<<z<b in abbreviated form is denoted as
[a, b]. Geometrically, the closed interval a<2z<b is a set of
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all the points belonging to the segment ab of the number scale
Oz (Fig. 70), including the end points of the segment, @ and b.
The set of all real numbers z satisfying the two inequalities a <<
< x<b is called an open interval.
The open interval a <<z <<b is denoted as (a, b).
Geometrically, the open interval a <<z <<b is a set of all points
on the number scale Oz (Fig. 70) lying between the points z=a

- ® * —_- T
0 a X b
Fig. 70.

and x=1"b, the points z=a and z=2>b themselves not forming part
of the interval (a, b).
Note that the set of all real numbers z is denoted by the ine-

qualities — o< 5 <+ .

3°. Examples. 1. The domain of definition of the function
y=arcsin z is the inlterval — 1<z + 1.
180

2. The domain of definition of the function P =2Rnsin %,— ,

where P is the perimeter of a regular n-gon inscribed in a circle,
is given by the set of all integral numbers n in the interval 2<
<n<<- oo,
3. Three intervals constitute the domain of definition of y =
x

= —oo<<zr<—1, —I1<z<-+1 and +1<<z<<+tco.

z2—1 °

We will also say: the function y= is defined in the inter-

F4
z2—1
vals —o<<z<<—1, —1<z<<41, and F1<<zr<<-too.

4, The definition of a function does not require that y must
necessarily change with a change in the value of the argument z.
It is sufficient if y has a definite value for every permissible
value of =.

Example. Let y be the reading of an electric meter and z the
time. y is a funclion of z since for every instant of time z the
meler indicates the amount of electric power consumed, y. The
function y remains unchanged during those intervals of time
when no power is consumed.

We may conceivably have a function

y=c

where ¢ is a constant quantity denoting that the value of y is
one and the same for all values of c. The graph of such a func-
tion is a straight line parallel to the z-axis or coinciding with
it if ¢=0.
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5° The definition of function is usually associated with Dirich-
let. However, a few years before Dirichlet defined function, the
definition was given in an article by the great Russian mathemati-
cian N. I. Lobachevsky ‘“On the Disappearance of Trigonometrical
Lines’’, published in 1834.

Sec. 62. General Designation of a Function
1°. That y is a definite function of z is indicated by the equation

y=1(x)

which is read ‘y is equal to f of z’’ or “y is a function of z’’,
the letter f here signifying the dependence of y on z, i.e., the
rule under which, for every permissible value of the argument z,
a corresponding value of the function y can be definitely deter-
mined.

In accordance with the notation y=f(z), the fact that the
length ! of a rod is a function of the temperature ¢ is written

l=f(l),

and that the volume V of a gas is a function of the pressure p
(temperature being constant):

V=¢(p).

Here the dependence is signified by the symbol ¢, and not by f,
to underline that the relationship between V and p is different
from the relationship between ! and ¢, e.g.,

f)y=L(1+ar),

while
[+
9(p)= i

Thus the symbols f(z), @ (z), F (z), etec., signify different func-
tions of one and the same argument z, while the symbols f(z),
f(t), f(z) signify one and the same function of different argu-
ments.

Examples:
c

1) f(a)=—; FO)=5;

2) f(z)=sinz; f(z)=sinz,
2°. The numerical value of a function f(z) for any particular
value of the argument x is signified by writing the numerical
value of z in the symbol f(z). For example, the symbols f(2) and

f (a) signify numbers respectively equal to the value of f(z) when
z=2 and z=a.
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If f(z)=2% then f(2)=2%=4, and f(a)=2a?

If f(z)=sinz, f —g->=sin%:%—.

3°. The symbol f(z) can also help us write the properties of a
function. For example, the property of logarithms that the log
of a product =sum of the logs of its factors, log,(s-y)=
=log, z {-log,y can be wrilten with f designating the logarithm:

f(z-y)=f(z)+f(y).
Or, the property of sines:
sin (z-+y)=sinz-cosy+cos x-siny,

can be stated in functional notation (signifying sin by f and cos by @)
thus:
fz+y)=1(2)-@(y)+ o (x)-f(¥)

Sec. 63. Graphical and Analytical Representation
of a Function

Of the different methods of representing a function (in words,
in tabular form, graphically, by formula, etc.), the graphical and
analytical methods are of particular importance for our purposes.

1°. If in the plane of a system of rectangular coordinates xQy
a curve be drawn such that on any straight line parallel to the

Y
Ay LY h
M
1) i
] 1 > 0 z Z 0 z T
Fig. 71.

y-axis there lics not more than one point of the curve, then the
curve significs some function y=f(z), and the value of f(z) for
any given value of z is determined in this case geometrically as
follows:

1) the point x is marked on the z-axis (Fig. 71, a);

2) a straight line parallel to Oy is drawn through z until it
intersects the given line at M (Fig. 71, b);

3) a parallel to Ox is drawn from M and intersects the axis
Oy at the point f(x) (Fig. 71, ¢).

As a result of these three operations, point z is mapped into
point f(x); f(r) —the value of the function —corresponds to the
number x; the number f(z) is the ordinate of the point f ().
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The domain of definition of the function y= f(z) represented
graphically is the set of abscissas of all the points of the given
line.

2°. If the functional relation is expressed by a formula, we say
that the function is defined analytically. For example, in the
formula for the area of a circle,

s = mr?,

the area s is analytically shown to be a function of the radius r.

For the analytical determination of a single function it is some-
times necessary to employ a number of different formulas. For
example, the reading of the electric meter at the commencement
of the day was 20 kwh. Then during the day the following con-
sumption of electricity took place: from 5 to 8 o’clock, 5 lamps
of 60 w each, and from 17 to 24 o’clock a 100-watt radio and
five 60-watt lamps. Denoting the meter reading by y and the time
by z, we obtain equations of the dependence of y upon z:

20, when 0z 5

204 0.3 (z—95), when S5z §;

y= 20.9, when 8<Lz<<1T;
20.94-0.4 (z —17), when 17< 2 < 24.

3°. A function is said to be explicit if the formula defining the
function indicates directly the mathematical operations to be per-
formed with the argument in order to determine the function y.
Otherwise, the function is said to be implicit.

Examples: 1) y=ax?, y=7/f(z) are explicit functions;
2) y¥*—2=0, F(z, y) =0 are implicit functions.

4°. Functions studied in algebra and trigonometry:

1) y =2z, where n’is a given rational number;

2) the exponential function y =a*, where a >0, a1, — o<
<z <<+ oo;

3) the logarithmic function y=1log,z, where ¢>0, a1,
I<z<<+ o;

4) the trigonometric functions sinz, cosz, tanz, cotz, secz,
cosec z;

9) the inverse trigonometric functions: arcsinx, arccosz,
arc tan z, etc., are called basic elementary functions.

The function y=z% where ¢ is an irrational number, and the
above-mentioned exponential, logarithmic, trigonometric and inverse
trigonometric functions are called elementary transcendental
functions.

Those functions are also called elementary which are obtained
by doing a number of simple mathematical operations of addition,
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subtraction, multiplication or division on basic functions and by
employing the signs of the basic elementary functions.

arc cos z—J/ sin z
For example, f(z)= l/ log (1 3tan=x)

is an elementary function.

Sec. 64. Graph of a Function

1°. 1f for every value of z within the domain of definition of
the function y = f(z) a point is constructed in a plane, the abscissa
of the point being equal to the given value of z, and the ordinate,
to the corresponding value of f(z), then the locus of M [z, f(z)]
thus obtained is called the graph of the given function.

The construction of the graph of a funclion is based on investi-
gation of the variation of the function. The methods of such
invesltigation will be indicated later on. For the present, when
constructing the graph of a given function, we shall use mecthods
of algebra to find the peculiarities of its varialion.

2°, Lot us draw the graph of the function y=2z®. This function
is defined for all values of z from— o to -+ oo; for positive
values of z the function is positive and for negative values,
negative. The construction of every single point of the graph
corresponding to values of z in the interval —oo<<z<{+ o0 is
obviously impossible practically. Let us assign several values
to z and calculate the corresponding values of y from the for-
mula y =23,

1 1 1 1
For gz | —2 =15 —1 | —5 | 0 5| 1 |15 | 2 |>+
3 1 1 3
y=|—8 |=3g—1 |—g| 0 -1 1@’8 - +oo
!
Point M | My | My | Mg |M, | My | Mg | My i Mg

Taking z as the abscissa and y as the ordinate, construct the
points M, M,, M,, ... (Fig. 72) according to their values in the
table, and draw a smooth curve through the points M, M,, M;. ..,
cte. This curve is the graph of the function y=a3.

The abscissa of each point of this curve is equal to the value
of the argument z, and the ordinate is equal to the correspond-
ing value of the function y=z®.
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3°. The graph of the function y=|z| is a broken line (Fig. 73)
consisting of the bisectors of the quadrantal angles of the second
and the first quadrant.

4°. The function y.———l—;iL is defined for all values of x except
z=0. In the interval —co << <<0, y=- —1, and in the interval
0<<z<<+oo, y=-+1. The graph (Fig. 74) consists of two
ald.
I
|
1 ]
-2 0/ |
2z
|
{ Fig. 3.
s ﬁ
Fig. 72
y
|4
+/
]
ﬂ'; I :
-1 : /]
——— + +44-
L]

Y

[}

1 i
=2 -1t 0 1 2
Fig. 74. Fig. 75.

half-lines y = —1 and y= -{-1. The first does not have the last
point and the second (y=:1) does not have the first point. They
represent, as it were, two parts of a single straight line out of
which the point =0 has been extracted, and the parts thus
obtained are displaced parallel to the z-axis at a distance equal
to 1: onc below the x-axis and the other above it.

5°. The function y:—;lz— is defined for all values of %, except

=0, and is positive. The graph lies entirely above the =z-axis
and consists of two branches, one to the left of the y-axis and the
other, to the right of it. When z approaches zero either from the
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side of positive values or from the side of negative values, y in-
creases without bound, the graph rises without limit higher and
higher in the form of a spire with the y-axis as the axis of
symmetry. When the absolute value of z increases without bound,
y tends to zero and both branches of the curve approach, without
bound, the z-axis.

Let us construct the graph (Fig. 75) using the following points:

1], 1
I 2= tz] j;i’;t?'j:z -0
y= !+%’+1{+4,+1G’»+oo

Sec. 65. Increment of the Argument and Function

1°. Let us take two arbitrary values of the argument z in the
domain of definition of the function y=7f(z): the first we shall
call the initial value and the second, the altered value.

The initial value of z is assumed constant during the course of
the following discussion, and its corresponding point A (Fig. 76)
on the wx-axis fixed. It is customary to denote the altered value of
z by wx-|-Ax. Its corresponding point in Fig. 76 is P.

Az is the quantity by which the argument varies in its transition
from the first to the second value and is called the increment of the
argument.

Az is equal lo the difference belween the second and the first
value of the argument.

Examples. 1. Given: two values of z,
3.0 and 3.1; Ar=3.1—3.0=0.1.

2. Given: two values of z, 5 and 4.8:
Arz=4.8—5= —0.2.

3. Given: two values of z, —1 and —0.98;
Ar=—0.98—(—1)=0.02.

2°. To the values z and 24 Az of the argument there corre-
spond definite values of the function: the initial, y, and the altered,
y--Ay.

Ay is the quantity by which the value of the function y changes in
the variation of the argument by Az, and is called the increment of
the function.

Ay is equal to the difference between the second and the first value
of the function.
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Let us plot the points M (z,y) and M, (2 + Az, y+Ay) of the
graph of the function y=f(z) (Fig. 76). Ay=NN,=ON,—ON.
Geometrically, the increment of the function Ay is the difference

between.ihe ordinates of the points of the graph of the function cor-
responding to the altered and initial values of the argument,

Thg increment of the function Ay can be positive as well as
negative. When Ay is positive, the segment NN, -=Ay on the axis

VY Y
/] My
=
N M
S M b4
% 3| My
+ > )
B S by
X Ax z Azq\
o A [ 0 A P ;
Fig. 76. Fig 77.

of ordinates (Fig. 76) is above the fixed point N, and when it is
negative, below it (Fig. 77).

3°. Exam}»les. 1. By how much is the area y of a square altered when
the length of its side = changes by Az?

Solution. The area of a square
y =22,

If the length of the side of the square is z+ Az, then its area will be
y+ Ay, and

Y+ Ay=(z+Ar)2.
Subtracting the initial value of the area from the altered value, we get
Ay=(z + Az)2—22,
Removing brackets, we find that the area has changed to
Ay-=2z-Ax 4 Ax2.

1f, for example, the side increases from 3 to 3.1 metres, the arca of the
square will increase by

Ay=2z-Ax+{-Ax2=2.3.0.140.12=0.61 (m?),
since =3 m and Ar=0.1 m.
2. Find the increment Ay of the function y=~:7 corresponding to an
arbitrary increment Az of the argument z.
vallSlglution. When the argument has the value z, the function has the

-4
y=—">
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and when the argument—=z- Az, the function is

1
y+Ay=—_rps

Subtracting the first equation from the second, we obtain the increment
of the function:
1 1 z—r—Az Az
z+Ax z(z+Az) = z(z+Ax) °

For example, increasing the argument z from 4 to 4.5 gives the function
an increment

05 __ 1
445 36

Ay=

(since =4, r+4+Ar=4.5 and Az=0.5), i.e., the function decreases
by 36 °

4°, Let us find the expression for the increment of the function

f(x) due to a change of Az in the argument z.
The initial value of the function is

y=1f(z).
Its altered value is
y+Ay=1(z-+Az).
By subtraction we find the increment of the function:

Ay=f(z+Az)—] (x)

Sec. 66. The Limit of a Function at a Finite Point

1°. If the value of the argument z of a function y=f(z) tends
towards the number ¢ (according to what law is immaterial), and
x5=c, and we can find a time, after which the absolute value of the
difference between the value of the function f(x) and the number A
becomes less than a given positive number €, however small:
[} (z)—A|<e,

then the number A is the limit of the function f(x) at the point c.

Note that when speaking of the limit of a function f(z) at
¢ it is always assumed that z=%c, i.e., that

o<|z—c].
2°, Example. Let f(z)=2z3. We shall show that lim z3 =8.

-2
It is known that ¥
|28—8|=| 2242z + 4[| z—2]|.
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Let us examine how z approaches to 2 within some definite neighbour-
hood of the point 2, say, within the neighbourhood of a radius equal to 1,
ie.,

2—i< <24+ 1 or 1< <3,

For any value of z in this neighbourhood
T< | 2242244 <19

and
| 23—8| < 19-| z—2]. (1)

Lel us take an arbitrary small positive number e. From equation (I) it
follows that

8*
|29—8|<e il |r—2|<— =0

Since the number 2 is the limit of z, a value of = will be found, from
and after which the inequality |z—2!<8 and, consequently, the in-
equality | z8—8|<e will be fulfilled. This means that hm z3 - -8,

x—2

3°, The concept of the limit of a function given in 1° can now be defined
exactly.

Definition. The number .1 1s the lumit of the function f(x) at the point ¢
when.

1) x tends to ¢ (no matter by what law) and 0 <|x—c|;

2) for any given small positive number & there exists a positive number §
such that absolute value of the difference between f(r) and : is less than e
if the absolute value of the difference between

z and c¢ s less than 0§, i.e., Y
f(@)—d|<e, if |z—c|< 6] (1)

4°. Geometrically, fulfilment of the ine- /[ 7] K
quality Nl‘ —

[f(e)—. 1| <e -’—--—j
after fulfilment of the incquality

signifies that, if on the axis Oy we con- Fig. 7

struct a neighbourhood of the point A of ig. 78.
arbitrarily small radius e (Fig. 78), then

a radius 0 can be found for such a neighbourhood of ¢ on the axis Oz
that all values of the argument z (with the exception of xz=c) belong-
ing to the neighbourhood 28 of ¢, defermine the values of the function
belonging to the neighbourhood 2e of the point A.

5°. It may happen that when x—>c the function will be an infi-
nitely large quantity. For example, the function

1
Yy=—%
(Fig. 75) is an infinitely large quantity when z— 0.

* Here, -1% must be less than the radius of the neighbourhood, 1.
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In this case we say that at the point x=c the function has an
infinite limit,

6°. Definition. 0o (or —o0) is the infinite limit of a function f(z) at
the point c, when
1) = tends to ¢, and 0<|z—c]|,

2) for any large positive number N there exists a positive number 8 such
that

F@>N (or [(@)<—N) if |z—c|<8.

In this example:
SE >N i A
or if flz—0|<6=ﬁ- .
Sec. 67. The Limit of ¢ Function when x—

1°. Some functions have a finite limit A when the argument z
increases (or decreases) without bound.

Example 1. f(r)= 2zj1 has 2 for its limit when z— 4 o
y (Fig. 79). Indeed,
2 1 1
y flay=2Fl =2y .
Whence
1
Z . f (Z)—2=? .
\\ 1 Taking an arbitrarily small posi-
» tive number &, we have
0 A
\ 1f(@)—2]|<e, if |z|>—-.
Hence,
Fig. 79. lim §(2)=2.
x—(+ o)
Example 2. lim 10* =0. Indeed since 10¥ >0, for any definite
X—»(—0)
value of z

10°—0<e if z<loge.

Example 3. lim 10" = + co. Indeed, we may take any positive
x—+(+00)
number N, however large, and we will find that

10*>N if z>logh.
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2°. Definition. The number A is the limit of the function f(z) as - oo,
i’{ for a given small positive number & there exists a positive number N such
that

[f(x)—A4|<e if z>N (or z<—N).

Sec. 68. Some Observations

1°. By definition (Sec. 66) the number A is the limit of the
function f(z) at the point ¢ when z—>c¢ by any law whatsoever.
Somctimes it happens that the limit of the function f(x) at ¢

y
V]
_____ - A
|
l/
|
|
- I c - T C z
Fig. 80. Fig. 81,

differs when z tends to c¢ from the left (i.e., remains less than c)
and when z tends to ¢ from the right (i.e., is greater than c). For
example, the function

y___f(x)z__1_l_ , where ¢>0,

14+10%—°
has the limit 1 ‘‘on the left’’ and the limit O ‘‘on the right
(Fig. 80).

Indeed, let us denote the value of the fraction 1

r—cC

by z,

Z =

z—c °

If = approaches ¢ from the left (z<Tc), then the difference
x—c approaches zero, remaining negative all the time. And z
in this case will tend to — oo. Since lim 10°=0,

2-»(—o0)

If = approaches ¢ from the right (z>>c), then the difference
Z—c will approach zero, remaining positive all the time. And z
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in this case will tend to -+ co. Since lim 10°= - co, the fraction
x=(-+00)
1
14102

has O for its limit:
lim f () =0.

x-»C
x>c

When the limits of a function at the point ¢ ‘from the left”
and “‘from the right’ differ, the function cannot, in the ordinary
sense of the term, be said to have a limit at c.

2°, The limit of a function f(z) at c—number A—should
not be confused with the number f(c), which is the value of the

Ay B
./

= 5
S < S
P Y >
0 ¢ z 0 z
Fig. 82. Fig. 83.

function f(x) at c. The following cases may occur: 1) the
number f(c) does not exist, whereas the function has a limit
lim f(z)=A. In Fig. 81, the point z=c is taken out of the

g;;ph of the function y=/f(x). Thus the function f(z) has
no value at z=c¢, but the limit lim f (z) exists, and on the graph

X=C
it is cqual to OA;
2) the function has a value at the point z=c (Fig. 82), f(c)=
=CM, but the funcltion has no limit at z—¢;
3) the value of the function at the point ¢, f(c) and the limit
of the function at that point, A, both exist, but A 5 f (¢). (Fig. 83).

Seec. 69. Continuity of a Function

1°. We shall make clear by a concrete example the meaning
of the concept ‘‘continuity of a function at a point’’.
Let it be required to compute the value of the function y =23

when £=1)2. Now }/2 is the limiting value of a series of its
108



approximate values:
z=1.4, 1.41, 1.414, ...
or z=1.5, 1.42, 1.415, ...
as the degree of accuracy of calculation increases:

x x3

and 3.4
and 2.87

First approximation .4 and 1.5
0
27 and 2.833

1 2.
Second approximation . . 1.41 and 1.42 2.
Third approximation 1.414 and 1.415 2.

x

o

|
l

In Fig. 84, the values of the function y=23% are represented
to a first approximation by points M, and M,, to a second approx-
imation, by points M, and M, to a third approximation by
M; and M, ..., and thro-
ugh each point are drawn
straight lines parallel to Oz
and Oy. The straight lines
drawn through M, and M, 4,
parallel to Ox are more
closely spaced than those
drawn through M, and M;; e
and, similarly, those drawn L__—‘J "
through My and M, are still 27 il || A
more closely spaced than
those drawn through M,
and M, and so on.

The distance between the
straight lines parallel to Oz
can be made as small as we
please by sufficiently brin- 73 " 5 z
ging together the straight
lines parallel to the axis
Oy, and the point M will
always lie in the rectangle thus formed. Consequently, the given
function y=2a3 has the value ()/2)® at the point =) 2 and has

a limit also equal to (]/2)3. This property of the function is decisive
in defining the continuity of a function at a point.

X

Fig. 84.

2°. Definition. 1. The function f(x) is said to be continuous at
the point x=c if the limit of the function at c is equal to its value
at this point, i.e., if

) lim f(z) =1 (¢) (111
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Thus the condition for continuity of a function f(z) at a point
r=c is that:

a) the value of the function at z=c¢ be some definite num-
ber f(c);

b) the limit of the function f(z), when z tends to ¢ on the left
as well as on the right, be one and the same definite number,
lim f (z) *;

X=>C
¢) the numbers lim f (z) and f(c) be equal.
X—>0

2. Every point where the function is continuous is called a point
of continuity of the function.
ﬁ

Ay
.
| |
$ 0
VTS
3 -2 -1 0 + +2 4§ X 21 0 1 2 =z
Fig. 85. Fig. 86.

3. A function is said to be continuous over an interval if it is
continuous at every point of the interval, including the end points.

4. A point where the condition of continuity of the function is not
fulfilled is called a point of discontinuity of the function and the
function itself is said to be discontinuous at the point.

3°. Non-fulfilment of the condition of continuity (III) may
consist, for example, in the followmg

1. The limit f(x) at the point ¢ is not the samec on the left as

on the right. For example: a) the function f(;r):-——l ——, where
1+ 10%—¢

c¢>0 (Fig. 80), at z=c has a limit 1 on the left and a limit

0 on the right (Sec. 68), hence z =c is the point of discontinuity;

b) the function /(x):%l— (Fig. 74) at 2=0 has a limit—1 on

the left and a limit 41 on the right, 2=0 is the point of dis-
continuity of the function.

* The function f(r) is one-sided if the point z—=c serves as the boundary
point of the domain of the function.
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2. The limit f(x) at ¢ is not cqual to the value of the func-
tion when z=c. For example, the function f(z)=|z| if z is
any real but non-integral number, and O if z is an integer; it
has one and the same limit 3, 2, 1, 1, 2, 3 on the left as well
as on the right at points —3,

—2, —1, 1, 2, 3, respectively, Y

but none of these limits is equal

to the value of the function at
these points, which value is zero.

The graph of this function (Fig. 85)

is a broken line consisting of the
bisectors of the coordinate angles
in the second and the first quad- N\ }/
rant, the points having integral

values of the abscissa ‘‘taken out’’ \ 0

&Y

of the bisectors. The values of
the function at these points are
situated on the z-axis.

When 2= —3, —2, —1, 1, 2,
3, etc., the function is discon-
tinuous.

3. The limit of the function f(z) at ¢ is infinite. For example,

Fig. 87.

the function y=;12— (Fig. 86) at the point z=0 has an infinite,
not a finite, limit (Sec. 66, 5°); z =0 is the point of disconti-
nuity.

The function y=—2i1-:2+% (Sec. 67) at z =0 has the

x
limit — oo on the left and the limit + oo on the right (Fig. 87),
and no point on the graph represents the point z=0. When
=0 the function is discontinuous.

4°. The foregoing instances of discontinuities in functions occur in
.engineering practice. For example, girders used in construction work often
carry a load like this: to the left of a given cross-section the load is dis-
tributed evenly lengthwise and has one value, to the right it is also distribu-
ted evenly but has quite a different value. Thus at the given cross-section of
the girder there is a jump in the lincar distribution of load along the gir-
der. The law of this distribution of load corresponds to a discontinuous
function, and the jump in linear load distribution corresponds to the point
of discontinuity of the function. lLoads concentrated at individual points
of a girder may correspond to isolated points of the graph of distribution
of load along the length of the girder.

5°, Equality (III) may be replaced by two inequalities:

[f(@)—f()|<e it |z—e|<?

and the continuity of the function of the point is represented feometrically
as follows (Fig. 88). Construct on the axis Oy a neighbourhood of the point
f (c) of any small radius 2. If the function y=7{(z) is continuous at c,
then on the axis Oz one can find around the point ¢ a neighbourhood of
radius & such that all its points are mapped into the mneighbourhood 2e of
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the point f(c). In other words, if we draw two strips: one of width 2e
bounded by two straight lines parallel to the axis Oz, y=f(c)+4¢e and
y=1(c)—e, and the other of width 26 bounded by two straight lines paral-
lel to the axis Oy (z=c+8 and z=c—@§), then all the points of the graph
of the function lying in the second strip belong also to the first strip.

This condition is not satisfied in the case of a discontinuity in the func-
tion; namely, a strip of some parlicular width 2e bounded by straight lines
parallel to the axis Oz will be found such that a point of the graph lying

Y DN y « ©
R .
. SIS y=flo)re ‘ N8| y=rlel+e
W (XY
| — y=flc)-¢ N A y=fle)-¢
° |17
N N~
e e
7 26 > 0 20 z
Fig, 88. Fig. 89.

in some other strip of width 28 bounded by two straight lines parallel to
the axis Oy will lie outside the first strip, however small we may choose
the width 28 of the second strip (Fig 89).

Sec. 70. Another Expression for the Condition of
Continuity of a Function

From the condition of continuity (III) it follows that

lim (z —c¢)=0, (1)
lim [f (2) — 1 (¢)] =0 @

(the validity of these cqualions can be verified by finding limits
by the theorem of the limit of an algebraic sum).
But the difference z—c¢ expresses the increment Az of {he
argument at c,
z—c=Az.
Note that
lim Az =0.
The difference f(z)—7f (c) expresses the increment Ay of the
function due to the increment of the argument at c,

f(x) —f (c) = Ay.
That z tends to ¢ is equivalent to Az tending to zero. There-
fore equation (2) may be written in the form:

Ax—0
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i. e., for a function continuous at a point the increment of the
function is an infinitely small quantity when the increment of the
argument at this point becomes an infinitely small quantity.

Sec. 71. Testing a Function for Continuity

Example. We shall prove that sinz is a continuous function for any
value of z. This can be done by showing that for sinz, at any point z=c¢,

lim Ay=0.
Ax—0

Now, denoting the values of the sine respectively by y and y+Ay when
its arc is equal to ¢ and ¢+ Az, we have
y=sinc¢ and y+ Ay=sin (¢4 Az).

Subtracting tho first equation from the second, we get
Ay=sin (c+ Az)—sine,
or, by trigonometry:

. oo at+p . a—f
sin @ —sin =2 cos 5 sin ——.
Az . Az
Ay=2 cos (c—{——z—) esin -5
In absolute values:
Ay |=2+| cos c—|—£> sinéf
1Ay i= AN z |

’cos (c-*—é;) ‘ can never exceed unity; taking this expression to be equal

to 1, we get 1siné2E < lA;' (Sec. 44, 3°). Hence Ay <2-1- IAZII y de@iy
| Ay | < |Az|. Since it is given that |Az|<e so also, |Ay|<e or

lim Ay:O,

Ax—0
and, consequently, sin z is a function continuous for all values of z.

Sec. 72. The Properties of Functions Continuous at a
Point

1°. Finding the limit of a continuous function may be replaced
by finding the value of the function of the limit of the argument.
Indeed, since ¢=1limz,

X—C
equation (III) may be written as

=7 ) o

This property is sometimes expressed briefly thus: the limit
sign of a continuous function can be referred to the argument.
2°, It may be proved (though we shall not here reproduce the
prodf) that elementary transcendental functions (Sec. 63, 4°) are

81320 113



continuous at any point in the domain of their definition. Hence
formula (V) can be applied to them to obtain

lim sin £ = sin (lim z), lim arc tan 2 = arc tan (lim ),
lim log z = log (lim z).

3°. The function f(z) that is constant in the neighbourhood of
the point ¢ is continuous at that point.

Proof. Given that f(z) is equal to some constant quantity, say, k, in
the neighbourhood of z=c¢: f(z)=Fk. Therefore

lim f (z) =k

X~>»C
But since, likewise,
1 )=k,

we have
iin: f(z)=1(c)

consequently, the function is continuous at the point ¢, as required,

4°, The sum, difference, product or quotient of two continuous
functions at the point xz=c is itself a continuous function provid-
ed, in the case of lhe quotient, the divisor (denominator) is not

zero.

Proof. Let f(z) and ¢(z) be two functions continuous at the point
z=c, i. e., lot lim f(z)=f(c) and lim @ (z)=@(c). Thon, on the basis of
~>

the theorems ofxl-i’fnibs (Secs. 51, 52,x5§), we get
1. lim [f (2) £ @ (#)]=1im f (z) = lim @ (2) =/ (¢) L= @ (c);
X=C xX-»C X~C
2. lim [f (z)- @ (z)]=1im f (z)-lim @ (z)=f (c)- @ (c);
x->¢ x~e x=s¢
lim f (2)

i (@) xoe _ I
3 I 9@ limp( o) Lol #0.

5°, It follows from the foregoing that the polynomial

Ax" 4+ Bax™14 ... +Pzx4Q
and the fraction
Az 4 Bz"—14 . 4+ Pz4-Q
azM-bzm—14 ., +kz+1

(the fraction assumed to be irreducible) are functions continuous
for all values of the argument except for those which, in the case
of the fraction, reduce the denominator to zero.




CHAPTER VI

DERIVATIVE FUNCTION

Sec. 73. Linear Function, Its Rate of Change

1°. A function expressed by the equation
y=kx+b
is called linear, and its graph is a straight line.

Let us find the increment Ay of a linear function due to an
increment Az in the argument:

Ay=k(z+Ar)+b—(kx+b) or |Ay=k-Ax l 1))

This equation expresses the basic property of linear functions:
the increment of a linear function is directly proportional to the
increment of its argument.

Geometrically Lhis property is demonstrated by the fact that
for one particular increment Az of the abscissas, the increments
Ay of the ordinates are equal for
all points of the straight line g
y=kx+b (Fig. 90). %

2°. No other function has this "
property. N dy

Let us prove thal any function M a,
y=f (), the increment Ay of which M
is directly proportional to the incre-

ment Ax of its argument, is a linear
function. /
Given that y=f(z); Ay=k-Axz.
It is required to prove that 7 0
f@=ketb g, 9.
Proof. Taking the initial value
of the argument to be zero and
the altered value z, we obtain for the increment of the argu-
ment: Az =z—0=2z. Under these conditions the initial value of
the function y=f(z) is a constant f(0), which may be denoted
by the letter b,
0 1(0)=b.

Az| |4z

8]
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The altered value of the function is f(z). The increment of

the function
Ay =1 (z)—1(0).

f(z) =Ay+(0).

Since it is given that Ay=k-Az=kz and f(0)=>b, we have
f () =kz 4 b as required.
3°. It follows from (I) that

Ay
Az

Hence

=k (In)

i.e., the ratio of the increment of a linear function to the incre-
ment of the argument does not depend on the value of the argu-
ment; it is constant for a given function and equal to the slope of
the straight line which represents the graph of the function.

The aforesaid ratio is called the rate of change of the linear
function.

A linear function varies uniformly and the rate of change is
‘numerically equal to the slope.

4°, A practical example of a linear function is the distance s
travelled by a body moving with a uniform velocity v,

§ = vt + Sq,
or the length [ of a spring subject to the action of a stretching

force P (Hooke's law):
l=kp+lo,

or the volume v of a gas that varies with the temperature T,

v=1+pT,
etc.

Sec. 74. Examples in Finding Rates of Change ’

1°. Let the distance s travelled by a body freely falling in a
vacuum during time ¢ be given by the formula

..__1 2
S_Tgt )

where g—the acceleration of gravity —is approximately equal
to 9.8 m/sec?.

Let us calculate the rate of free fall of such a body at
t=2 sec. To do this, let us determine the average velocity of
the body over some interval of the time immediately succeeding
t=2 sec, for example, over an interval of 0.1 sec between ¢t=2
and ¢, =2.1 sec ({,,—t=0.1 sec).
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Let the distance travelled during ¢ be s, and that during ¢, s,.
Then the distance travelled during the interval ¢, —i is

si—s =gl — gl =2 g L+ 1) (tLi—1).
The average rate of fall during this interval is

__ 54—

1
Vao = ty—t =—2-g(ti+t)'

Numerically,
Var =58 (2.1+2)=2.05 g.

Let us reduce the interval of time, t,—¢, step by step, each
time by a factor of 10. We get the following table.

t t titt ”a,,=% g (h1+1) v, =A+a
2 2.1 4.1 2.05¢ 2g+§6
£
2 2.01 4.01 2.005¢ 28+ 505
g
2 2.001 4.001 2.0005¢ 26+ 5505
: . _&
2 2.0001 4.0001 2.00005¢ 28+ 55000

In the last column, the average velocity is written as the sum
of two terms: a constant A=2g¢g and a variable a equal to a
fraction in which the numerator g is a definite number while the
denominator increases without bound. Such a fraction is an infin-
itesimal (Sec. 47).

Thus, the variable average velocity is the sum of a constant
2g and an infinitesimal «. Therefore (See. 49) when ¢,—¢— 0,
the velocity has a limit equal to 2g:

§4—S

lim = 2g.

t1—1-0 ty—t
The values of the average velocity, 2.05g, 2.005g, etc., cal-
culated for the time intervals 0.1 sec, 0.01 sec, etc., are approx-
imations to the value of the velocity at time t=2 sec, and
this approximation is the closer to the actual velocity the small-
er the interval of time taken. The limit of the average velocity
when t,—t tends to zero is the velocity v at time t.
Hence, at time ¢=2 sec, the velocity v =2g-m/sec.
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Note that we took times ¢, later than f; but we could just as
well have taken ¢, prior to ¢: ¢, =1.9; 1.99; 1.999, etc. Then the
average velocity would be 1.95g, 1.995g, 1,9995g, etc., with the
same limit 2g (Sec. 44, 2°).

2°. The difference s, — s is the increment of the distance and may
be denoted by As (Sec. 65), while the difference t,—t is the
increment in time and may be denoted by A:. We then have

§4—s As

) Vao=g—=737"

i.e., the average velocity of a freely falling body is given by the
ratio of the increment of the path to the increment of the time
during which the increment in path takes place;
_ . §4—S8 o Ai
2 v tll—lﬁo b iy AT
i.e., the exact value of the velocity of a freely falling body at a
particular instant is the limit of the ratio of increment of path to
the increment of time when the lalter increment iends to zero.
3°. If a kilogram body absorbs one and the same quantity of
heat (Q;—Q cal) during a rise of different temperatures ¢ by one
and the same amount (¢, —t)°, then the relation

—0Q __AQ

ty—t At
has a constant value, and the amount of heat Q is a linear func-
tion of the temperature ¢. The ratio —AAg in this case represents

the rate of change in the quantity of heat Q for an arbitrary
process of variation of temperature ¢ and is called the hcat capac-
ity of the body.

Careful experiments have revealed that the quantity of heat Q
absorbed by a substance is not a linear function of z. For example,
the heat Q absorbed by 1 kg of iron in a temperature rise,from 0°
to t=200° is given with sufficient accuracy by the formula

Q@ =0.1053 ¢t +0.000071 ¢2,

Let us use this formula to find the heat capacity of iron at
t = 50°.

Solution. To simplify the writing we shall denote 0.000071 by
a and 0.1053 by b. Then

Q =bt + at2.
Suppose that Q calories of heat are absorbed by 1 kg of iron
when the latter is heated from 0° to ¢°, and Q4+ AQ calories are
absorbed by it on being heated from 0° to (¢ A¢)°:

Q=1bt+as?, 1)
Q+AQ="b(t+At)+a(t-+Ar) ?)
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Subtracting (1) from (2) we find the quantity (AQ) by which
the quantity of heat Q changes when the temperature changes

by Ai°:
AQ=10b-At+2at-At+ a-At2, (3)
Dividing (3) by At we get the average rate of change of the
quantity of heat Q (average heat capacity) over the interval
[t, t+Atl:
32 —b+ 20t +a-At. 4)

We note that b+ 2at is constant for the given values of b=
=0.1053, a =0.000071, t=>50°:

b42at=0C,

where C =0.1053 +2.0.000071.-50 =0.1124 kcal.
The term a-At of the sum is a variable quantity depending on
the value of Af. As At tends to zero, a-At becomes an infinitesi-

mal, and the constant C becomes the limit of the average rate

AQ
of change Ar

This constant C represents the rate of change of the quantily
of heat Q at a given temperature :° for any arbitrary process of
temperature variation and is called the heal capacity of the body
at this temperature.

Thus, the heat capacity of iron at £=50° is C =0.1124 kcal.

Deduction. The rate of change of the quantily of heat absorbed
by a body at a given temperature (the heat capacity of the body
at that temperature) is the limit of the ratio of the increment of
the quantity of heat to the increment of temperalure when the lat-
ter tends to zero.

Sec. V5. Derivative Function

Let us try to determine the rate of change of the quantily y
as a function of the variation of z. Since we are interested in
all possible cases, we shall regard the relation y=f(z) and the
quantities z and y as purely mathematical entities without assign-
ing a physical meaning to the symbols. To find the rate of
change of y with respect to £ we shall use the same methods of
calculation as were used in the previous section.

We consider a function y=f(x) continuous over the interval
[a, b]. Let us take two numbers in this interval: 2 and z- Az.
During the course of our discussion we shall treat x as some
fixed quantity and Az as its increment. Now, the increment Az
of the argument will cause an increment Ay in the function.
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Thus,
Ay=f(z+ Az)—f(2). @

The ratio of the increment Ay of the function to the incre-
ment Az of the_argument is found to be

Ay _ fz+Az)—f(z)
Az Az * (H)

From the foregoing, this ratio is the average rate of change
in y with respect to z over the interval [z, =+ Az].

Let Az tend to zero without bound.

For a continuous function f(z) the fact that Az tends to zero
causes Ay to tend to zero (Sec. 70), and the ratio (II) becomes
a ratio of infinitesimals, generally speaking, a variable quantity.
Let this variable ratio (II) have a definite limit* denoted by f’ (z).

lim [EXED=IE _ g (g (II1)
Ax—0

From the physical point of view, this limit is the value of the
rate of change of the function f(x) with respect to its argument
for a given value x of this argument. In analysis, this limit is
called the derivative of the given function at the point z.

Definition. The limit of the ratio of the increment of a given
function at x to the increment of its argument at that point as the
latter tends to zerois called the derivative of the function at that point.

2°. Let a definite value of the rate of change of the function
f () correspond to every value of the argument z. Then the rate of
change /' (z) is a new function of the argument z called the
derivative function of the given funclion f(z).

For example, the derivative function of the quadratic function

Q = bt + at?
Q' =b+ 2at. (Sec. 74, 3°)

3°. A derivative function is denoted thus:
1) a prime is used, or 2) the symbol ;;—i; is written before the

is a linear function:

symbol of the given function.

If the given function be denoted by the letter y, its derivative
may be designated as follows:

1) y’, read as ‘‘derivative of the function y’’, or

2) %, read as ‘“‘dy with respect to dz'’, or ‘“‘dy over dz'’.

If the functionisgiven as f (), the derivative may be written as:
1) /' (%), read as ‘‘derivative of the function f(z)'’, or ‘f prime
of z’’ or
Ay

Az always has a definite limit.

* We cannot assert that the ratio
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2) —%’;(z—), read as ‘‘df of z with respect to dz’’.

4°, Finding the derivative of a given function is called differen-
tiating that function.

The general rule for differentiation (for finding the derivative) is:

1) find the increment Ay of the function, i.e., find the dif-
fel;ience of values of the function for values of the argument z 4 Ax
and z;

2) find the ratio %— by dividing the above-obtained equation
by Az;
A

3) find the limit of the ratio A—f; when Az—> 0.

Example. Find the derivative of the function y=2%+41 at
any point z.

Solution.

1) Ay=(z+Az)3+1—(22+1).
Solving we get
Ay = 3z% Az + 3x-Az?+ Azd;

2) g==3:c"‘+3x-Ax+Ax“;

A
A
3) % _ lim (32%+ 32-Az + Az?) = 322 + 32-0+ 0 = 32,
4z x50

5°. Note that the derivative of a linear function y=+kz+b
is a conslant quantity, k.
Indeed, for the linear function y=~kz+4b

Ay =Fk-Axz;

Ay .

Az~ 7
dy __ Ay

L = lim = = lim k=k.
Az Axs00%F  Ax0

6°. Derivatives are often encountered in science and engineer-
ing. Some examples of derivatives:

1) in the motion of a body, the path traversed s is a function
of the time ¢; the velocity of motion at time ¢ is the derivative
of the path s with respect to the time ¢, i.e.,

: p=dt,
~dt’?
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2) in the rotational motion of a rigid body (e.g., a flywheel)
about the z-axis (Fig. 91) the angle of rotation ¢ is a function
of the time ¢:

P=1(t);

the angular velocity ® at any given time ¢ is a derivative of the
angle of rotation with respect to the time, i.e.,

oy

0=—7;

3) during cooling the temperature
T of a body is a function of the
time ¢,

T=f();

and the rate of cooling at any
parlicular time ¢ is a derivative
of the temperature 7 with respect
Fig. 91, . . dT
Lo the time ¢, i.e., r

4) the heat capacity C of a body at a given temperature ¢ is
a derivative of the quantity of heal Q with respect to the tempera-
ture ¢,

_ 40
C"_di !

5) careful experiments show that when a rod is heated the incre-
ment in length, Al, can only approximately be said to be proportion-
al to the change in temperature A¢. For this reason, the function
Il =f(t) is not a linear function, and the ratio %is only the average
coefficient of lincar expansion over the interval [z, £+ At]. The
coefficient of linear expansion a, at a given temperalure t, is
a derivalive of the lenglh [ with respect to the temperature ¢,

_dl
a—?r.

Sec. 76. Tangent to a Curve

1°. Take a point C on the straight line AB (Fig. 92) and draw
through it a straight line CM not coincident with AB. Imagine
that CM rotales about C in such manner that the angle
v between CM and AB tends to zero. Then the fixed line AB is
called the limiting position of the moving line CM.

2°. Imagine that on the curve AB (Fig. 93) a point M approaches
without bound a fixed point C on the curve, and the secant CM
rotates about C. It may happen that irrespective of whether
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the point M approaches C in the direction from A to C or in the
direction from B to C (point M’ in Fig. 93), there exists one and
the same straight line CT, which is the limiting position of CM.

M

Fig. 92.

Definition. The straight line CT, the limiting position of the secant
CM, is called the tangent to the curve al the point C.

Point C is called the point of contact or tangency.

3°. Corollary. Angle ¢ (Fig. 93) formed by the tangent CT with
the azis Ox is the limit of the angle o formed with the same azis

X 4 Y
MT
/4
T
8_M. _
? Ja 7 z
7 e z
Fig. 93. Fig, 94.

by the secant CM, for which the given tangent CT is the limiting
position.

Indeed, angle y between the tangent CT and the secant CM
is equal to a—¢ (Sec. 16):

a—Q@=y.

According to the definition of a tangent, angle vy is an infini-
tesimal, and therefore

¢ =lima. )

4°. Theorem. If the line y=f(x) has a tangent al the point z,
not parallel to the axis Oy, then the slope of the tangent is equal
to the value of the derivative f' (z) at z.
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Proof. The slope of the tangent
tan ¢ = tan (lim a)
since, from the foregoing, ¢ =lima.

Excluding the case of q)=—’2t— , we have, by virtue of the conti-

nuity of a tangent (Sec. 72),
tan (lim a) = lim tan a.
Hence, tan ¢ =limtana.
By formula (VI), Sec. 5, for CM (Fig. 94) we have
f(z+Az)—f(2)
Az :

Passing to the limit when Az— 0 (point M approaches point
¢ without bound at the angle a— ¢ when Az—(0) we have

lim tana=lim [EF82)=1E) _ f' ().
Ax—0 Ax—0 Az

tan a =

Conscquently,

tan @ = f (z) (Iv)

Sec. 77. Geometrical Meaning of a Derivative

1°. The converse theorem embodying the gecometrical inter-
pretalion of a derivative is also true: if a function y=f(z) has
a definite derivative at the point z, lhen:

1) a tangent to the graph of the function exists at this point,

2) the slope of the langent is equal to the value of the derivative
f () at x.

Proof. It is assumed that the limit of the ratio %Z« exists. But the
ratio 2:7 is the tangent of the angle formed by the secant CM (Fig. 94).
Ay
—A_;— =tan a. (1)
Hence, as is given, there exists lim tan a=tan (lim a).
x—0 Ax—0
It follows from equation (1) that
- Ay
a=arc tan Az
As a consequence of the continuity of the arc tangent, we have

lim a= lim arctan -A-y—=arc tan( lim -l-ﬁl .
Ax-0  Ax-0 Az Ax-0 AZ



Ay

But it is given that lim —= exists and is equal to f'(z) Therefore
Ax—0 Az
lim a=arc tan f’ (z).
Ax—0

Assuming arctan f’ (x)=¢, we get
lima=e.
axs0 ¥

Thus, @ has a limit, which means that there exists a straight line pass-
ing through point C that makes an angle with Oz equal to lim0 a. Such
Ax—

a straight line is the tangent to the curve at the given point C [z, f ()] and
its slope tan ¢=/f’ ().

2°. Remarks. 1. The slope %k of the straight line y=~%x4b
is called the slope of the line to the axis Oz. The slope of the tangent
to the curve y=f(x) at the point (z, y,) is called the slope of
the curve; it is equal to the derivative at this point, i.e., tan ¢ =
=["(zy).

2. If)t,he tangent to the curve y=f(z) at the point (zy, y,) forms
with the axis Oz: a) an acute angle ¢, then the derivative
f' (%) >0, since tan ¢ >0 (Fig. 95); b) an obtuse angle ¢, then
the derivative f' (z;) <<O, since tan ¢ << 0 (Fig. 96). If the tangent is
parallel to the z-axis (Fig. 97), thenangle ¢ =0, tan p=0and f’ (x,) =0.

When the tangent is perpendicular to the z-axis, the approach
of a to —g— can yield one and the same infinite limit both on the
right and left: tan ¢ = + oo (Fig. 98) or tan ¢ = — o (Fig. 99),
or infinite limits of unlike sign (in Fig. 100 at C, the limit on
the left is tan ¢ = + oo, while the limit on the right is tan
¢= — o). In the first case (points A and B in Figs. 98, 99), the
finction f(x) is said to have an infinite derivative at Lthese points;
in the second case (at C in Fig. 100), there is no derivative,
either finite or infinite.

Note that infinite derivatives are considered only at points of
continuity of the function f(z).

3. If the function f(z) has a finite derivative at a point z, the
function is said to be differentiable at this point. The function
f(z) is differentiable over the interval a <<z <<b, if its derivative
f’ (z) is finite at every point of this interval.

4. A curve having a tangent is sometimes situated on both
sides of the tangent (Figs. 97, B; 98, 99). The tangent in such a
case is said to cross the curve.

4°. The straight line perpendicular to the tangent and passing through
the point of contact is called the normal to the curve. According to the
condition for mutual perpendicularity of two straight lines, the slope of the

norgal is —),—,:—57 .
1
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Sec. 78. Relationship Between Differentiability and
Continuity of a Function

1°. Theorem. If the function y=f(x) has a definite derivative
at the point xz, then the function is continuous at this point.

Proof. We write the identity

Ay =AY Ag,
since it is always understood that Az 5=0. When Az tends to zero,
the ratio 25 has a definite limit (given) and, consequently (Sec.
46), is a finile quantity. Az is an in- Y
finitesimal. Hence, the product
A

—g- .Az is an infinitesimal with limit

A
equal to zero:
lim Ay =0.
Ax—0 -
0 z
Consequently, the given function Fig. 101.

y=f(x) is continuous (Scc. 70).
2°. The converse theorem is not true: a conlinuous function may
nol have a derivative. For example, the function

y=|z|

(Fig. 101) at the point =0 is continuous. However, no definite
tangenl exists at x=0: the function is not differentiable.

3°. Corollary. A function has no derwalive at a point of discon-
tinuity.

The first clear-cut distinction between the concept of continuity
and differentiability was given by the brilliant Russian scientist
N. I. Lobachevsky.



CHAPTER VI

DERIVATIVES OF ELEMENTARY FUNCTIONS

Sec. 79. Preliminary Remarks

1°. In a simultaneous examination of two or more functions it
will be assumed that each one of them is differentiable, i.e.,
M that it has a definite derivative at
any arbitrary point z.
M M, 2°, The formulas for finding deriva-
tives are also called formulas of dif-
ferentiation.

(Y )

r |4z Sec. 80. The Derivative of a
> et
T Constant \

Fig. 102. Theorem. A constant function has
a derivative equal to zero at any point x.
Given: y=c (Fig. 102). To prove: ¢’ =0.
Proof. For any value of z and for any increment Az, the
Ay

increment Ay is equal to zero. The ratio v =0, i.e.,

!c’:O‘ I

Sec. 81. The Derivative of a Power

1°. If a function is defined by the equation y==z", where the
exponent n is any real number, the function is called a power
function.

The exponent n may be positive or negative, rational (i.e.,
integer or fraction) or irrational.

2°. Theorem. The derivative of the power of an independent
variable is equal to the exponent multiplied by the independent
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variable to the same power minus one,
ie., if y=2", y =(z") =n-2™1,
Proof. Let n be a positive integer. The increment of the function
= (z+Az)" —z",
Using Newton’s binomial formula, we get
Ay=x“+ix“'1Az+l%z"’2-Ax2+

4+ 2 (nTiz) (;_2) S Az3 4 ... 4 Az — 2",

or

Ay=n-az"1 Az 4+ "~ ( ) " Ag2 4 DTS ("_12_(5—2)
+...4+Az"
Dividing through by Az, we get the relation

e

Az
+...+Az™2,
And passing to the limit at Az — O:

2"3 Aad +

"3 Ax? 4

y'=lim -2—~ =n-z"1!
Ax—0
Consequently,

") =n-2" (II)

Remark. The theorem is true also for negative, fractional,
and irrational exponents. Proof will be given below. Let us start
using this formula for all constant exponents.

3° Examples. 1. Find the derlvatlve of the function y=uz4.
Solution. By formula3(Il) y’'=4-23,

2. Find the derivative of the function y=7V =2,
2

Solution. Writing the radical as a fractional power, we get y=uz9,
By formula (II),

. 1
2,87 2,78 2
Va
3. Find the derivative of the function y=—1~.

Solution. Writing the fraction as a negative power, we get y=z-3,
By formula (II),
Yy =—3.-273"1=~3. z"4=—-3—4
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4, Find the derivative of the function y=

1
Va'

ol e

Solution. y=:z
By formula (II),

’

_—1x_ -
yV=—zgz “= .

4°, Corollary. The derivative of an independent variable is equal
to unity since

=) =1.2""1=20=1.

Seec. 82. The Derivative of the Product of a Constant
and a Function

1°, Theorem. The derivative of the produclt of a constant with a
funclion is equal to the product of Lhe conslan! into the derivative
of the function, i.e., if y=c-f(x), where ¢ is a constant, then
y =c-f ().

Proof. First we find Ay, i.c., the diffcrence between the values
of the given function c-f(z) for values of the argument z4-Ax
and z:

A}

Ay=c-f(z+ Az)—c-f (2),

or
Ay =clf(z+Az) —f(2)].
We find the ratio -ﬁ% by dividing through the above equation

by Az: .
Ay [=+A)—f(2)
A Az :

We then find the derivative (applying Sec. 52, 2°):

by A . Az)— ,
V= lim e fim e @)
Therefore,
le-f @) =c-f" (2) (I111)

which is what is required.

The proved theorem is sometimes stated as follows: in differen-
tiation, the numerical factor may be taken out of the differentiation
sign.
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2°. Examples. 1. Find the derivative of the function y=2.z4,
Solution. By formula (III), y’'=2-(z%)’ and by formula (II),

Yy’ =2-4x3 =843,

2. Find the derivative of the function y= ]/4’_ .
x

Solution. Converting the fraction and the radical into a negative frac-
tional power, we get

By formula (III),

y’=4-<x—é>':4-<—é— 'x_%=—ﬁ;—-

Sec. 83. The Derivative of an Algebraic Sum of
Functions

1°. Theorem. The derivative of an algebraic sum of functions is
equal to the algebraic sum of the derivatives of those functions.

Let us prove this for the sum of three functions: u (z) -+ v (2) —
—z(z). For the sake of brevity we shall denote the funclions
simply as u, v and z. Thus: y=u-+v—z.

Lel us take any arbitrary value of 2 and change it by Az.
Then u, v, and z will each change their values by Au, Av and Az,
respectively; this will cause the function y to change its value
by Ay.

Yy +Ay=u+Au+v+4 Av—(z+Az),
Ay-- u+AMu4v+Av—(z4Az) — (u+v—2).
Removing brackets, we get
Ay = Au+ Av —Az.

Dividing this equation through by Az, we obtain the relation

Ay .
Az *

We find the derivative
lim 2% — lim —A—u——f— lim 22 _ lim —A—z,
Ax—0 Az Ax—0 Az Ax—0 Az Ax—0 Az

or

y'=|u(z)—v(z)—z(z)|'=u’ (z)+ V' (2) — 2" (x) (IV)

as relquired.
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2°, Example. Find the derivative of the function
3 -
y=;§—-}/:c+7.

Solution. Introducing mnegative and fractional exponents, we get
i

y=3x—3—z§+7. .

y is the algebraic sum of three ifunct,ions: 3z~ 2=u, z§=u and 7=z.

By formula (IV), y'=(32=%)'—(z?’' + (7). By formulas (I, (1D, (D),
-3 , 6 1
y'=—6.‘t"3———;‘—-1‘ 240 or y =—(g+—2—‘7:) .

Sec. 82. The Derivative of a Product of functions

1°. Theorem 1. The derivative of the product of two functions is
equal Lo the derivative of the first function multiplied by the second
function plus the derivalive of the second function multiplied by the
first function, i.c., if y=u(r)-v(z), or, concisely, y=u-v,
then y' =(u-v) =u'v+v'u.

Proof. Taking some arbitrarily definite value of x of the argument,
let us give it the increment Az. Then the functions u, v and y
will also receive corresponding increments Au, Av and Ay:

y+ Ay = (u+ Au)- (v+Av),
and the increment in the function y will be
Ay = (u+ Au) v+ Av) —u-v.
Removing the brackets and collecting terms, we get
Ay=v-Au+u-Av ¥ Au-Av~
Dividing through by Az, we obtain the ratio -2%:

Ay Au Av Av
e =V A U R AR
Passing to the limit when Az —0, we get
. Ay . . Au . . Av . . Av
lim 2% = lim v. lim =+ lim u- lim 5—+ lim Au- lim ——.
Cax0 AT pxa0 axs0 BT Axs0 Axo A% v Ax—=0  Ax—0 AF

Remember that u and v signify the numerical values of the
functions u (z) and v (x) for some definite value of z,i.e., u and v

do not depend on Az. Therefore lim v=v and lim u=u.
Ax—0

Ax—0
Under the condition given in Sec. 79, the functions u and v
possess derivatives and, hence, are continuous (Sec. 78). Since u

is continuous (Sec. 70), lim Au=0.
Ax~0

132



By definition:

. Ay ’ . u . Av
lim =% =y, lim —=u' and lim —=v'.
Ax—0 Az v Ax—0 Az Ax=0 Az
Consequently,
y=v-u' +u-v' or |y'=(u-v)'=u’v+v'u V)

as required.

2°. Example. Find the derivative of the function

y=(2z2+ 3z)-(3—2z).
Solution. The given function is the product of two [unctions:
2224 3z=u and 3—2z=v.
By formula (V) we find’
y' = (222 +31)" - (3—2z) + (3 — 2z)’ - (222 4 3z) =
=(4z+-3)-(3—2z)+ (—2)- (2224 3x).
Removing the brackets and simplifyng, we get
y’ =3 (3—4z?).

3°, Theorem 2. The derivalive of the product of n functions is
equal to the sum of n products obtained by multiplying the derivative
of cach of these functions by all the remaining funcltions unchanged,
i.e.,

(U uy ... up) =ulty ... .U+ Vi
4 uuu u, -+ + unuu u (Vi)
U3 « « o Up PR nWqlyg « « « Up_4

Proof. Let us take the product of three functions u,-u,-u;.
Treating the product u,-u, as one function and differentiating
by formula (V), we find

(uatigitg)’ = [(wgz) - Us)” = (ugup)” us—+ Uy (UyU5) =
= (UUy -+ Uglly)  Ug -+ Ugliylly = U Ualy + UglhyUs + UgllyUa.

Similarly, treating the product of three functions, u,u,us, as
onc function and then differentiating, we find the derivative of
the product of four functions, and so forth.

In general, it is possible to prove that if formula (VI) is true
for a product of m factors, it is also true for a product of m +1

factors.
Consequently the theorem holds for any number of factors n.

Sec. 85. The Derivative of a Fraction

1°. Theorem. The derivative of a fraction is equal to a fraction,
the numerator of which is the derivative of the numerator multiplied
by the denominator minus the derivative of the denominator multi-
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plied by the numerator, while the denominator is the square o} Lhe
given denominator, i.e., if
u ()

V=& O

concisely, y--~ then y —< ) .

Proof. Let us take an arbitrarily deflmte value of z and let the
value of the denmominator v be different from zero. Altering the
value of z by the increment Az, we get increments Au, Av and
Ay of the functions u, v and y, respectively,

A
y+Ay=-320,

and the following increment of the function y:
Ay __u—}-Au u

viAv v T
Reducing to a common denominator and doing the subtraction,
we get
Ay = v-Az_t_—u-Au
y= v(v+4Av) °
Dividing the numerator vAu—u-Av by Az, we find the ratio
Ay .

~

2z
v. Au —. Av
Ay Az Az

Az T v (v+Av)

We then find the derivative:

Av

u
lim v- lim -9——— lim u- lim
lim Ay Ax>0 Ax—0 AT Ax0 Ax—0 AZ

ax-0 Az lim v-( lim v+ lim Av)
Ax—0 Ax—0 Ax—>0

As we have already observed in the preceding section,

. . . Au . Av
limv=v; limu=u; lim T:u'; lim T—:v’;
Ax—0 Ax—0 Ax—0 BF Ax—>0 AF
lim Av=0.
Ax—0
Hence
, veu' —u-v'
y=—""Fp@
or
, u u'v—v'u

as required.
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2°, Example. Find the derivative of the function

2247

z2—7 °

Solution. Putting z2+4-7=u, 22—7=v, we find by formula (VII)

s (BT (@) — (@ T) (22 4T)
V= @172

or

y__ 2z (22—T)—2z (224 7) 2z (x2—T—22-7) 28z
V= @1 I A e/

3° Corollary. 1. If the denominator of a fraction is a constant
¢, then

and the derivative is found as the derivative of an integral func-
tion. In this case,

r[FET-P o

i.e., if the denominator of a fraction is a number c, the derivative
of the fraction is equal lo the derivative of the numerator divided by c.
2. If the numerator of a fraction is a number ¢, i.e.,

__ e ¢
y= v(z)  v.'
then by formula (VII)
’ ¢\’ cv—v'c 0.v -v'-c c-v'
y =(7> L = 2 =TT
or
’ T oo¢ o c.v' (z)
V=[5 == (IX)

i.e., if the numerator of a fraction is a number c, the derivative is
equal to minus that number multiplied by the derivative of the denom-
inator and divided by the square of the denominator.

4°, Example. Find the derivative of the function
3z4  3a2

ALY 3a2 \’
y = 4a > _< x2 °
The derivatives of fractions are found by formulas (VIII) and (IX)
respectively.

Solution.
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Thus we get
o 328 —3a2 (x2)’ _ 3.423 + 3a2.22 =£3_ 6a2
Y 4a (*22 a z4 a z3

Sec. 86. Remarks

We have stated before that a function is said to be differentiable
if it has a derivative. From theorems (formulas II to IX) it follows
that a function obtained by the addition, subtraction, multiplication
or division of differentiable functions is itself a differentiable
function.

Sec. 87. The Function of a Function

1°. Examples. 1. Let y =}/ 2pz. If we put
2pz =u,
it becomes evident that u is a funclion of z, for instance,
u=gq/(x).
Then the given function

y=V2pz=Vu -

is a function of u, which, in turn, is a function of 2. Writing sym-
bolically, il y=f(u) and u=¢ (x), then

y="1lo ()]

2. y=sinz® is a funclion of a function because if we put
z®=u, then u=¢(z). And sy y=sinu=sing(z) is a function
of a funclion.

3. More complex funclions of functions are also met with in
praclice. For example: y=log (sin 23).

Here sin 2® is a function of a function, and this in turn is the
argument of the log function. In this case, the logarithm is a
function of sin u, sin u is a function of «, and u itself is a function
ol x.

Symbolically, this function may be written

y=F{fle (=)}

The function of a funclion is called a composite function.

Sec. 88. The Derivative of a Function of a Function

1°. Theorem. If y is a differentiable function of u and u is a dif-
ferentiable function of z, then
1) y is a differentiable function with respect to z, and
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2) the derivative of y with respect to z is equal to the product of
the derivative of y with respect to u into the derivative of u with respect
to z, i.e., if

y=f@), and a=g(x), then —L={ ()¢ (2).

Proof. Take a definite value z to which there corresponds a
definite value wu; in turn, to the value u there corresponds a
definite value y. We give z an arbitrary increment Az. This
increment will cause an increment Az in u, which in turn will
cause an increment Ay in y. We shall assume that Au and Az
always differ from zero*, i.e.,

Aus£=0 and Az=£0.

Now, it is given, by the theorem, that %Z— and —21;— have limits
equal, respectively, to the derivatives f'(u) and ¢’ (2), i.e.,
Ay

. ’ . Au p
Alglo—A“—=i (w) and A‘;EJO A =@ (). (1)

The functions f(u) and ¢ (z) are differentiable, which means
(Sec. 78) that they are continuous, and hence the fact that Az tends
to zero will cause Au and Ay to tend to zero (Sec. 70). Consequently,
in equation (1), Au—-0 may be replaced by Az-—0. Then
equalities (1) may be written as

Ay

. ’ . A P
lim —=~=/"(u) and Al;glo —A—:—ch (). (2)

Ax—0
Multiplying the two equalities together, we get
lim 2% lim 2% = ()¢’ (2). (3)

Ax—0 Au Ax—0 Az

Applying the theorem on the limit of a product (Sec. 52), we get
. Ay . Au . Ay Au . Ay dy
lim == lim ——= lim ( — ---——): lim % =--",
a0 A¥ Az BT T pxng \ Aw AT Ax»o AT dz
Putting %— in place of the left-hand side of equation (3), we find
that
dy
2 f (a)-¢' (),
as required.
2 The theorem can be shown to be true even in those cases where Au
becomes zero for certain values of Az, however small the latter may be.
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The following alternative form of this formula is convenient
for practical use:

B fiu)-us (X)

This form is obtained by replacing ¢’ (z) by ux.

2°. In the same manner we can show that formula (X) is appli-
cable even when the given function is made up of a larger number
of intermediate functions. Thus, for example, it can be shown
that if y=7f(u), where u=¢(t), and ¢ =1y (z), then

L= @9 OV (@)

3°. Example. Find the derivative of the function y=(az-b)".

Solution. Putting ez-}b=u, we sce that y=u" is a function of a
function. Therefore, differentiating wilh respect to the variable » as a
power funclion, and at the same time applying formula (X), we get

y' =n.-u"1l.u’,
Replacing u by az-4b, we have
y' =n-(ax+ b)"*"1.(ax 4 b)’
or, since (ax4-b)’ =a,

~

y' =an (az 4 b)"-1,

4°, 'If y=u", where u=¢(z), then y'=n-u"*.u’ (XI)

i.e., the derivative of the power of the argument in a composite function
is equal to the product of its exponent into the base to the power less
by unity and into the derivalive of the base.

Formula (X) is basic to theelechnique of differentiation.

5°, Example. Find the derivative of the function
y= (54 323)10.(322 | 8)5.

Solution. Differentiating with the aid of formula (V) for the derivative
of a product, we have

¥’ =[(5+32)10)" (322 +-8)5 + [ (322 + 8)%]" - (51 3=3)10.

The derivatives [(5-+323)10]' and [(3z24-8)5]" can be found from for-
mula (XI):

y' =10 (54 323)9.922. (322 4-8)5 4 5 (3224 8)4.62- (5 323)10,
Taking common factors out of the brackets, we have
y’ =30z (54 323)9. (3224 8)4-[3z (322} 8) + (5 + 3z3)].
Performing the operations in the square brackets, we get
y' =30z (54 323)9. (322 + 8)4- (1223 4 242 - 5).
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6°. Example. Find the derivative of the function
y= 2z—1
Vi *
Solution. Applying formula (VII) for the differentiation of a fraction,

we have
2z —1 B

o 1

(3—2?)?

1 1

Y — 2z —1)'-(3—22)2 —[(3—2?)?]"-(2z—1)
: .

[(3B—a?)2)2

The derivative of (3—:::2)5 is found from formula (XI):
1 1

2(3—:&02;2 ___.%_ (3—x2)—§-(—2x) 2z —1)
y'= 3—ux2 =
o 2c—1) 2 (3—a2)4 2 (22 —1)
PRy W Ct ) T2
_ v 2+ V 322 _ YV 3—a2 _
- 3—a2 - 3—x2? -
 6—2224 2222 6—=x

T B—23)V3—22 (3—z2)V 322

Sec. 89. The Limit of the Ratio of a Sine to an Arc

Theorem. The limit of the ratio of sin a to arc o when the arc a

tends to zero is 1, i.e.,
lim S2% _q
a—0 )

Proof. Take an arc BE (Fig. 103) less than a semicircle and draw
the chord BE, a radius OA perpendicular to the chord BE, and
the tangents 8D and ED to the cir- ]
cle at points B and E. From the
equality of the right-angled triangles
OBD and OED it follows that the 0 C AN\
tangents have a common point D
and that 8D = DE.

It is known from elementary ge-
ometry that the length of the arc £
BE of acircle: 1) is greater than its Fig. 103.
chord BE, but 2) is smaller than the
perimeter of the broken line BDE described about this arc and
hav‘ing common ends with it. Thus,

2BC <<2-AB < 2BD.
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Whence,
BC <-AB<BD.
Dividing the inequalities by the length of the radius R of the
given arc, we have
Br AB BD
F<"rR <R

~

The ratio

is the radian measure of the arc AB; let us

denote it by a. Then the ratio —%——:sina and %Q«:tana.

Therefore,
sine<<a<<tana.

Dividing the inequalities by sina, we get

a 1
1< sina < cosa '
or
1>22% > cosa.

When a—0, the limit of 1 and the limit of cosa =1, and
. sina
since

is between 1 and cosa, hence (Sec. 56) its limit must

also be equal to 1.
Consequently,
lim sina

=1.

a—0

»

Sec. 90. Derivatives of Trigonometric Functions

1°. The function sin x has, at any point z, a derivative equal to
cos z, i.e., (sinz) =cosz.

Proof. If y=sinz, then Ay=sin (z-}+Az)—sinz. Using

the formula sina—sinf=2cos —a—J;—p— -sin a—;—ﬁ , we get

Ay =2 cos <z +A—2z> sin%”— .
Let us now find the ratio %Z— <for this it is sufficient to divide one

factor, sin —Az_x—, by Ax):

i Az
Az sin

Az 2
oy =200 (2 +5 ) —g—
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The derivative

sin ﬂ—
—di=2- limcos(z—}-—éz— -lim-———z—-.
dz Ax—0 2 Ax—>0 Az

Since the cosine is a continuous function, by Sec. 72, 1°, we have

lim cos < =cos lim ( z 4 A—f) = COS Z.
Ax—0 Ax—0
l
sin —— Az
In order to find lim —xz Ve put ——=a.
Ax—>0 z
Then Az =2a and a —0 if Az—0:
sin _A:c
. 2 . sina 1 . sina 1 1

lim = lim = lim ——=—F .1 ==,
Axo0 Az a0 20 2 450 @ 2 2

Consequently, %Z- =2-.c08%- —é— =cos z, as required.
2°, If y=sin u, where u= @ (z), then

Yy = (sinu) =cosu-u’ (XII)

Example. Find the derivative of the function y=sin (2—3z).
Solution. By formula (XII):

Y’ =cos (2—3z) - (2—3z)’ = —3.cos (2—3z).

3°. The function cos xz has, at any point z, a derivative equal to
—sin z, i.e., (cos z)’ = —sin z.

Proof. It is known that cosz =sin (—’21—- a:) . Therefore,
(cosz) = [sm(—— x)] =C0s <—~—x>-<-g——x>'=
= oS <—2——x)(—1)=-—sin z,

since ( - — x> = —1 and cos <—g—-—— z ) =sin z, as required.
. If y=cosu, where u=@(z), then

Ll/' =(cosu)' = —sinu-u’ (XIII)

5°. The function tan x has, at any point z, a derivative equal to
y i.e., (tanz) =

—,— —
cos3x cos2 z
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sin , we get, by using formula (VII),

Proof. Since tan z =

cos z
, sinz '’ cos z-¢0s z—(—sin z)-sin z
(tanz) = = =
cos x cos2 x
__ cos?zr4sin2z 1
- cos2 x ~ cos?z ?

as required.
6°. If y=tanu, where u=¢(z), then

Y = (tanu) —— . ' (XIV)

cos2u

7°. The function cot z has, at any point z, a derivative equal to
, i.e., (cotz) = —-

T sinfaz sin2z °
cos x .
Proof. Since cot z= <ing ' Ve get, by using formula (VII),
’ cos x 1\’ —sin z-sin z—cos x-cos
(cotz) =( ==—- ) = — =
sin x Sin€ x
sin2z+4cos?2z 1
- sin2x - sin2z
as required.
8°. If y=cotu, where u=¢(z),
Yy =(cotu) = — L (XV)
sinZu

9°. Examples. 1. Find the derlvative of the function y:cot—% .

Solution. Using formula (XV) we gel‘.
(—w )=

e () i
2. Find the derivative of the function y=% sin4 2z.

sm2 sm2 z2. sm2 —

Solution. The given function is a power function and may be written
as y=71i—(sin 2xz)4, Therefore, differentiating by formula (XI) we get

! =—%‘— - 4 (sin 2x)3 (sin 2x)’.

We find the derivative of sin 2z by formula (XII):
y' = (sin 2z)3. cos 2z - (2z)’' =2 sin3 2z . cos 2x =sin? 2z -sin 4z.

3. Find the derivative of the function y=) T—tan2?z.
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Solution. The given function is a power fursction and may be written as
1
y=[1—(tan 2)2]2.
Then, by formula (XI),
1

y'-=%[1—(tan 2)? 2.[1—(tanz)?)’ = !

— - (—2 tan z)-(tan z)’ =

2V 1—tan’z
tan z tan »
Rl —— - R |
l/i—tan2 z.cos2zx cos x ]/cos 2x

Sec. 91. Two Systems of Logarithms. The Number e.
Changing from One System of Logarithms to
the Other

1°. The function y=Ilog,z is called a logarithmic function.
y is also called the logarithm of the number z to the base a.
The other conditions are: >0, as~1 and number z>0. If the
base ¢ =10, Lhe logarithm is called a decimal logarithm and is
denoted by the symbol logz wilhout the base indicated:

logy, z = log z.
Because of their simplicity decimal logarithms are very conven-
ient to use in practical calculations. But in theoretical discussions

natural logarithms are more convenient and are widely used.
The base of natural logarithms is a number equal to the limit

of the expression
1
()"
when |m|— oo.
Academician Leonard Euler (1707-1783) of St. Petersburg inves-

tigated the formula (found by Daniel Bernoulli) for calculaling
this limit (which he denoted by e):

lim (442 ) =e=t4 iyt g tipggte. O
Figure 104 shows the graph of the functions y=<1+%>x.
To every value of z there corresponds a real number y only
when the base <1 +%> is positive, which occurs only when

>0 or z<<—1.

The number e is irrational, i.e., it is expressed by a nonter-
minating nonrepeating decimal fraction, and can be found to any
desired degree of accuracy by formula (1). The sum

, 11 1 1 '
I+ T+ tmestrosste T a~s
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1
here, the error does not exceed FTIEE

e=2.718281828459045.. ..

Definition. If the base of the logarithm is e, then the logarithm
is a natural logarithm and is denoted by In without the basal
indezx:

logez=1nz.

2°. Changing from one system of logarithms to another. Let us
take the problem of finding the logarithm of a number to the

T

Fig. 104,

base a if the logarithm of the number to the base b is known.
Denoting the number by N, we can write (by the definition of a

logarithm) .
N =alo6aN and N =blogd N,
Whence

L d
alogaN — plogb N |

Taking logarithms of both sides in the known system of loga-
rithms, i.e., to the base b, we get
log, N -log, a =log, NV -log, b =1logy N,

since logyb=1. Whence

loga N= lOgb N- E—gTa_ (A)

i.e., to obtain a logarithm to a new base it is sufficient to multiply
the known logarithm by the inverse of the logarithm of the new
base to the original base.

The constant factor l_gib—a is called the modulus for a change

of base from b to a.

144



Putting a=e and b=10 in formula (A) we get the formula
for changing from decimal to natural logarithms:

1
InN=1logN. Tog 2 (1)

and putting a=10 and b=e we get the formula for changing
from natural into decimal logarithms:

log N =InN. o )

The mhoduli have the following values:

1 1
Toge = 2.3025850929... and T = 0.4342944819. ..
3°. By formula (A):

loga N = logy N - —

logb a'

1

long= IOga N'm.

Multiplying these equations together,
1
logaN'long=10ng'10gaN“l-o—g‘b—a-Tgab' N
and eliminating logy N-log, N, we find that

loge b-logpa =1 (B)

In other words, the moduli log, b and log,a are reciprocals.
4°. Formulas (1) and (2) can be written as

InV =1logN-1In10
and
logN=In N -loge.

Sec. 92. The Derivative of a Logarithm

1°. Inz has, at any point z (0 <<z <<+ o), a derivative equal to
%, i.e., (lnx)'=?.

Proof. Putting y=1Inz, we have

Ay=In(z+Az)—Inz
or
z4 Az
T

Ay=In
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or
Ay=lu<1 +é;i) :

To find the ratio % we multiply the right side of the above

equation by 7;?:

put A2 L Then, ——:—"L:—1~-m,
x m Az F x

Ay 1 1

AT m~ln<1 +—
Since

1 1
m-1n(1+7)=1n <1+7r;- ,

we have

F=e (14"

On the right-hand side of Lhe above equation, m is the variable

; ; =L i
(z being constant), and |m]_, Az l—)oo if Ax—0.
Let us find Lhe limit of % when Az—0 and [m'— cc.
Ay . m
lim 22 =L )im 1 ("1
Ax0 AT @ [ml->c0 K + m )

or, in virtue of the continuity of logarithmic functions (Sec. 72,

1°): .
lim A ’-:—l—-ln lim 1+71n—>m.

Ax—0 Az ml-w
But
Al:_xf(l) 3 =(Inx)’, and lim 1—{——';; p—y
|m|-+00
Hence

(In2)’ = —i— -lne,

or, since lne=1log,e=1, (Inz)’ =% , thus proving the proposi-

tion.
2°. Il y=Inu, where u=¢ (r), then

y' = (Inu)’ =—1~ u’ l (XVI)
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3°. The function log,x has at any point z (0<<z<<+ ) a
. . 1 . ’
derivative equal to Tna » 1@ (loge) =i
Proof. We have, by putting b=¢ and N =z in formula (A) for
change of base,

1
logax=lnx--m—u— .

Since ]—I:—a— is a constant factor, formula (III) gives us
7 ’ 1
(loga )’ = (In 212,
or (log, z)'=;ﬁ; , thus proving the proposition.

4°. If y=1logeu, where u= ¢ (z), then

¥ =(logau) =—— — .’ (XVII)

“u-lna

5°. Examples. 1. Find the derivative of the function y=log, (24 4).
Solution. Applying formula (XVII), we get

, 1 . , 2%

V=4 e @+ = misma
2. Find the derivative of the function y=1In (22} 4)2.

Solution. When differentiating a logarithmic funclion it is generally
useful to take logarithms first (if this is possible of ccurse). This simplifies
finding the derivative. Taking Lhe logarithm of (22 + 4)2, we get

y=2-In (22} 4).
Applying formulas (III) and (XVI), we get

, 1 , hx
V=2 @A ey
3. Find derivative of y=In Tj-__::%: .

Solution. Taking the logarithm of the root and the fraction, we get
1 1
y=7- In (1 sin x)——-z—]n(i—sin z).

Differentiating the difference and applying formulas (I1I), (XVI) and
(XII), we find

U N S -1 1

YV =3 T¥sine ©5% 7 T—sing (—C082)=
_cosa:( 1 + 1 )_cosz 2 _cosz 1
-T2 1+4sinz ' 1—sinz /~ 2 T—sin?z cosz cosz °

1
The answer turns out rather simple: cosz + Taking a second look at the

original function, we discover that it may be simplified by using the
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formulas of trigonometry. Indeed, -

Atcos | -+ — )
1+4sinz +cos 2~ ®

1 n n z
T—sinz — P =cot2—2-<—2——z>=cot2 27
1—cos *2——w>
14sinz ] z
y=ln ) 1z =t (777

We find the derivative:

- T x ’ 1 1
y'=[_lncot(—4——-~2—>] = T z N | T z X
b cot 5 7).‘) sin?2 | ——

4 2
<(~1)- : R
2 . n x b1 T A F11 z
2 sin —Z——§>-cos(~,;-——2~ Slﬂ2<T“‘Tz‘
1 1
= cosz

sin (—g — a:)

Did we save time and energy in first simplifying the function to be
differentiated? Evidently not. The solution became longer and called for
the application of a number of trigonometrical formulas, while the first
methof required only one formula. Thus, it is not always true that prelimi-
nary simplification of a given function leads to quicker results. Therefore,
this is not usually done when differentiating.

Sec. 93. Monotonic Functions

Hefinition. 1. The function f(x) is called an increasing function
if, for any two different values of the argument x, to the greater
value of x there always corresponds a greater value of the func-
tion, i.c., .

ifey <z, and f(2,) <f(x,).

2. The function f(z) is called a decreasing function of z if, for
any two different values of the argument x, to the grealer value of
the argument there corresponds a smaller value of the function, i.e.,

if 2, <z, and f(z,)>f(xy).

Examples. 1. The exponential function y=a*, where a>1,
is an increasing function in the entire domain of its definition:

— oo x4 o,

2. The function sin z is an increasing function in some intervals
and a decreasing function in other intervals. For example, in the

. n no. . . . . .
interval — 5 <& <+-5sinz is an increasing function, and in

the interval %<x< —%’l it is a decreasing function.
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3. The function f(x) is called a nondecreasing function if for all
values of zy and z,, when z,<<xy, f(x;)<f(22)-

Similarly, the function f(z) is said to be a nonincreasing one if
for <z, f(20) > f(22).

Thus a nondecreasing function differs from an increasing func-
tion in that, in the former, two values of the function (at different
values of the argument) may be equal, while this is impossible in
the case of an increasing function.

4. Nondecreasing and nonincreasing functions are called monoton-
ic functions; and increasing and decreasing functions are called
strictly monotonic functions.

Sec. 94. The Derivative of an Inverse Function

1°. The equation y=f(x) defines y as a (single-valued) function
of z. If it also permits defining z as a single-valued function of y,
z = (y), then the first function, y = f (z), is called a direct function,
and the second one, z = f (), is called an inverse function.

Denoting the inverse function in the ordinary way, i.e., not as
z=f(y) but as y=f(z), we obtain for the direct function:
z=f(y).

2°. Theorem. If: 1) z=f(y) is a strictly monotonic function
and 2) has at point y a derivative f'(y) not equal to zero, then:

1) the inverse function y=f(x) has a derivative at point x, corre-
sponding to point y; and

2) the derivative, with respect to x, of the inverse function f (x) is
equal to unity divided by the derivative of the direct function f(y)
with respect to y, i.e.,

T . 1 ’ ___L

Proof. By giving y an increment Ay==0, we obtain in the
function z=f(y) an increment Az such that z+ Az =f(y+Ay).
In view of the strict monotony of the function z=f(y)

z+Ar £z, ie., Azs=0.

By the definition of a derivative we have

yi=lim 2% = lim .
Axs0 A% Axo0 A%
Ay

Now, since the function z=jf(y) is continuous, Az—0 if
Ay— 0 (Sec. 70); hence (Sec. 78) Az —0 can be replaced by
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Ay — 0. Thus

ax»0 8% iy A oy
Ay Ay—0 Ay

Sec. 95. The Derivative of an Exponential Function

1°. We can treal the exponential function y =a* (where a >0,
—o<z<+o, 0<y<+ o) as the converse of the loga-
rithmic function:

=log, y.

The function z=1log,y is strictly monotonic (increasing when
a>1 and decreasing when a<<1) and has a derivative at y. From
the foregoing, the inverse function y=a* has a derivative at z
and is found by formula (XVIII):

, 1 1
. (@¥)x = = =y-lna.
(@) (loga ¥)y 1 y
y-lna

Replacing y by a* we have

(@) =a*-1na (XIXa)

2°, If base a=e, i.e., if y=¢€%, then

(€)' =¢" (XXa)

since lna=1ne=1.
3°. If the exponential function is a function of a function:
y=a" or y=e¢*, where u=¢ (z), then

y'=(a*)=a"-u'-lna (XIX)

y'=(") =e"-u (XX)

4°, The function y=a* can always be represented in the form of an
elﬁponential function with base e as follows: from equation y=a* it follows
that
Iny=z.Ina.
Hence
y= & In a,
Putting Ina=k, we get the equation of the exponential function
y=a* in the form
y=ek*,

Functions y=e** and y=c-e®*, where k is a constant, are frequently
met with in practice.
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S8ec. 96. The Derivative of Any Power

1°. Formula (II) for the derivative of a power function was
hitherto not proved for fractional and irrational exponents. We
shall now proceed to give the proof. First let us note that powers
with fractional and irrational exponents are here considered only
for the case of positive bases,

In the equation y=2", >0 and n is a fractional or irrational
number. Taking the logarithms of y=2" to the base e, we get

Iny=nlnz.
Whence

y_.__.enlnx_

Since en!n* has a derivative, 2® must also [have a derivative.

By formula (XX),
1

1
‘= (enlnxy —enlnx,.p., _— ".p.1 —pn.r"-1
y' =(e ) =¢ n.— atn.—=n-zg"*
Consequently, (") =n-z"! thus proving the theorem.

2°, Functions of the type u®, where the base u and the exzponent v are sepa-
rate functions of z, are called composite exponential functions.

Assuming u >0 and the functions u and v to be differentiable with
respect to z, we shall show that u® has a derivative.

Taking the logarithms of y=—u® to the base e, we get

Iny=v-Inuy;

yzev-lnu' or uv____ev-ln u
Since €' 18 % hag a derivative, u® also has a derivative, which is found by
formula (XX).

3°, Examples. 1. Find the derivative of y=2x%.
Solution. #¥=¢*"10% Hence by formula (XX):

Y =10 %) =¢® 10 % (4.1 2)’ = 10X, (In g 4 1) =2%.(In 2+ 1).

2. Find the derivative of y=(cos z)5!% *,
Solution.

(cos z)sln x_ esln x-1n cos x,

sin x-1n cos :x); sin x-1n cos x

Yy =(e = -(sinz-In cos z)' =

] sinz
cos z-Incos z — -~~~ -sinz )=

___esin x Incos x

=(cos 2)*1%**.(cos z-In cos z—sin z-tan z).

Sec. 97. Derivatives of Inverse Trigonometric
Funetions

1°. The functions sin y and tan y increase in the interval-—%<

<y<<+ —;— , and cos y and cot y decrease in the interval 0 <<y<m,
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i.e., these functions are strictly monotonic and have derivatives
at every point of these intervals. Therefore their inverse functions.
arc sinz and arc cosz in the interval —1<<x<<41 and arc
tan z and arc cot z in the interval — oo <<z <<} co, have de-
rivatives (Sec. 94).
2°. If y=arcsinz, then z=siny. By formula (XVIII),
1 1 1

arc sin )z = = . —
( ) (sin y)y cosy ]/i—sinzy

Since siny =z, by replacing sin?y by z? we obtain

- or

inz) =— 4 __
(arc sin )" = VT (XXTIa)
3°. If y=arc cosz, z=cosy. By formula (XVIII),
SUNSIUNES EE S ST
(arc cos 7)s (cos y)y sin y VY 1=cos? y
S S
(arc cos z)’ = Vv (XXTIIa)

4°. If y=arc tan 7, z=tany. By formula (XVIII),
1 1 1

arc tan )y =————— = ———-= .
( ) (tan y)y secty  14tan?y

Since tan y =z, we get, by replacing tan?y by z2,

' 1
(arc lanz)’ = -y (XXIIIa)
5°. Il y=arccotz, z=coty. By formula (XVIII),
(arccot x)yx = — LU 12 -1 ,
(cot y)y cosec®y 1+4cot2y
or
. 1 .

(arc cotz)’ = —iFar (XXIVa)

*) The plus sign in front of the radical is because cos y >0 since
n n

-3 <yt
**) sin y > 0 because 0 <y < .
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6°. If the inverse trigonometric function is a function of u,
where u= @ (), then

(arcsinu) = W’i—_ﬁ -u (XXTI)
(arccosu)’ = — —Vii-_.—u—z- u’ (XXII)
(arc tan u)’ = -1—-;1&.; -u’ (XXIIT)
(arccotu)' = — 1—:‘_171-2— -u’ (XXIV)

7°. Examples. 1. Find the derivative of y-==arc sin az.
Solution. By formula (XXI),

’ 1 R ('___V_..
AT S e R T W
2. Find the derivative of y-=arc tan (222—7). @
Solution. By formula (XXIII),
1 4a 2z
yl = _._.__.(212__.7)’ =

1+ (222—7)2 1+428—2822+49  2x4—14a24- 25 °

Sec. 98. Derivatives of Second and Higher Orders

The derivative f' (z) of the function f (z) is itsell a function of the
independent variable z. This derivative may be a differentiable
function and hence its derivative can in turn be found.

Example. The given function is y=2*% the derivative of the
given function is (2%)’ =4z3; the derivative of this derivative is
(423)" = 12z2.

The derivative of the given function is called the first derivative,
or a derivative of the first order; the derivative of the first de-
rivative is called the second derivative, or a derivative of the second
¥y  d*f (=)
dz? ' dax?
The derivative of the second derivative is called the third deriva-
tive, or a derivative of the thix;d order, and is denoted by y",

3
" (z), or y?®, f¥(z), or %”3—, —d—;g-:l, etc.

The process of finding derivatives one after the other is called

successive differentiation.

order. The notlation is y”, f"(z) or y?, f¥(z), or

Examples:
1. y=z% y =4a® y'=122% y"=24z; y'V=24 y'=0
NS S P a_ 1.
2. y=lnz;, y'=_=z y'=—1-2 2_1—2:5;,
° > N 1.2 _ 2.
Y= +1-2-x“=~5?; yW=—1.2.3z74= — i ete.

153



CHAPTER VIl

STUDYING FUNCTIONS WITH THE AID OF THEIR
DERIVATIVES

Sec. 99. How to Determine W hether a Function
Increases, Decreases or Is Constant*

Let y=f(x) be a definite and differentiable function at every
point of the interval

a<LzLb.

1°. Igis known from Sec. 80 that a constant function has a
zero derivative at every point of the interval. In advanced
courses of analysis the converse is proved: that the function f(x) is
constant over the interval [a, D] if at every point of the interval its
derivative f’ (x) is zero.

Let 'us show this graphically (Fig. 105). If f' (z) =0 at every
point of the interval [a, b], the tangent to the graph of y=f (z)

?U
T
T M N it
y L Aypo
P a
g ! ; A
a b z a [0 z b T
Fig. 105. Fig. 106.

is parallel to the z-axis at every point z (e <z<bd). As the value
of z varies, point M of the graph (which is the point of con-
tact of the tangent) moves to the right but retains the direction
of the tangent at M since the tangent does not change its direc-
tion over the interval a<z<Cb. As a result, the curve of y = f ()
over this interval is obtained as a straight line MN parallel to
the z-axis, and the value of the function, f(a), remains constant.

* Reread Secs. 93 and 77 before beginning this chapter.
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2°. If y=f(z) is an increasing function over the interval
a<<z<<b (Fig. 106), then, as z increases, each successive value
of y is greater than the preceding value; and, hence, for every
given value of z, the increments Az and Ay are both positive.

. Ay . . .
The relation ~A—"2’:- is also positive and remains so whenever Ax

tends to zero. As a result (Sec. 53),
its limiting value—the derivative |Y
I’ ()—is either positive or zero:

f ()>0.

If y=f(z) decreases over the
interval a <<z << b (Fig. 107), every
increase in z leads to a decrease in
the value of y. In other words, for
a positive increment Az in any & az
value of z, the increment Ay is az 0z
negative. The ratio —2—2— is always Fig. 107.
negative, and in the limit, as
Az — 0, the value of the ratio is a negative number or zero:

" (@) <0.

Since the value of the derivative f (z) is equal to the slope
of the tangent to the graph of the function y=/f(z):

f’ () =tan g,

and in the case of an increasing function f'(z)=tan¢>0, the
tangent to the graph of the increasing function makes an acute
angle with the z-axis or is parallel to it (Fig. 106). For a de-
creasing function, j’ (z) =tan @< 0, and the tangent to the graph
makes an obtuse angle with the z-axis or is parallel to it (Fig. 107).

In the interval e <<z <<b of an increasing (or decreasing) func-
tion there is no interval a,<z<b, (where a<<a;<<b,<b), at
all the points of which the derivative is zero, for if f’(z) were
zero over the interval a,<<x<b,, the function f(z) would have
one and the same value at all the points of this interval; i.e., it
would not be an increasing (or decreasing) function.

The points of the graph of an increasing (or decreasing) func-
tion where the tangent is parallel to the z-axis are isolated points
in the sense that their abscissas do not constitute an interval.
Such are the points P and P, in Figs. 106 and 107.

3°. In advanced courses of analysis the following conditions
are shown to be sufficient to determine whether a function is an
increasing or decreasing one.

The function f(z) increases (or decreases) in the interval a <<
<z<<b if:

My

DAY<I
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1) the derivative f'(x) is- not negative (or not positive) in the
interval a <<z <<b,
f' (@) >0 [or ' (z)<0], and

2) no subinterval a; <z < by (a<<ay<<by<<b) exists in the inter-
val, at all the points of which the derivative f' (z)=0.

4° Example. Determine the intervals over which the function y=2z3—
—22—8z 4 2 increases and decreases.

Solution. To make use of the conditions of an increasing or decreasing
function, find the derivative of the function and determine the values of
z for which the derivative is positive or negative:

Y =322—2z—8.

Factorise the right-hand side of the equation, since it is far easier to con-
clude about the sign of a product from the signs of its factors than about
the sign of a sum from the signs of its terms.

The roots of the trinomial are

z=1j:1/1+_24'=1j:5, 4

3 3 = — 5 zo=2.

Whence
, 4
y =3-<z+—3—> - (z—2).
4 . 4 - 4
Factor z+—3— is negative when z<——§ and positive when z>—§,

Factor z—2 is negative when z< 2 and positive when z > 2. The product
will be positive or negative depending on the position of z on the z-axis

with respect to points -3 and 2. These points divide the z-axis into three
intervals:

) —o<a<—g, I —g<z<2 3 2<z<+o.

’1;0 determine the sign of the derivative in each interval, we tabulate the
results: ’

Sign of
Number of Characteristic of Sign of Sign of
interval interval x+§- xg—z Ig(x) The function
4 _ _ .
1 << — % + increases
4 -+ — — decreases
-_ ? < z < 2
3 2Lz < +0o0 + + + increases

Thus the function increases in the intervals —co <=z <—-{;~ and 2< z <

< 400 and decreases in the interval——% <z <2. The graph of the function
is shown in Fig. 108.
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5°, The function y=23 (Fig. 109) has the derivative y=—3z8, which is
positive for all values of z except z=0. When z=0, the derivative y’'=0.
The function y==z3 increases in the interval —co <<z <{+400; z=0 is an

Ay
A
a z a ? ﬁ -

la 2 - an .-IL.----.

g 2 --.l----l
5 cowhead
Y IR
Y

Fig. 108. Fig. 109. Fig. 110.

isolated (and the only) point for which the derivative is zero; here the lunc-
tion increases. Indeed, when z=0, z3=0 and when £<0, 3<0; lastly,
when z >0, 23>0.

Sec. 100. Extreme Value Problems

1°. It is required to fence off the largest possible rectangular
area adjoining the wall of a house (Fig. 110). A wire net 60 metres
in length is available. Find the dimensions of the rectangle.

Solution. Let the width of the rectangle be z metres (m) and
its area y m? Then

y = (60 — 2z) -z = 602 — 222.
Since z and y cannot be negative, the factor 60—2:>0 and
0 <z << 30.

The area y is a function of z. Let us find the intervals of
z-values for which y increases and decreases:

y’ =60 —4z.

For z<15, y’>0 and the function increases; for z>15,
y <<0 and the function decreases.

If the width z=

|
5’ 10‘ 15[ 20' 25!30

|
|
Then the area y= ' 0 ‘ 250

400'450]4001250‘ 0

}he curve (Fig. 111) first rises from the origin O to M (z=15)
and then falls off. At =15 the function is a maximum.
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Hence the area of the plot is greater (maximum) if z =15 metres
(width) and 60— 2z =30 metres (length).

2°. What should be the dimensions of a room of area 36 m? so
that its perimeter is the smallest possible?

Solution. Let the length be 2z m. Then the width is %(im, and
the perimeter

36 72
Since the perimeter y is a function of the length z defined for
all positive values of z,
I<z<+ oo
et us find the intervals in which it increases and decreases:

2 (xz—;'}Ql - 2 (x—0) (x+6)

72
y'=2— e = 22 72

The sign of the derivalive is determined by the sign of the
difference «—G6. In the interval 0 << << 6, y' <<0; and in the inter-
val 6 << <<-|- 00, y’ > 0. The perimeter decreases over the interval

y M
450
400
Ay
700
200
100 m
Q
N
0 1 " A — 23 N \ N \
5101520 2530 % s 5 6 7 8 =z
Fig. 111. Fig, 112,

0<z<<6 and increases over the interval 6 << r <<+ 0. The curve
in Fig. 112 is plotted from the following table:

lf T =:

HE

|
IR KR
Then y= l — 00 ! 30 24.4 | 24 ! 24.3

‘25
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Hence the perimeter of the rectangle is smallest (minimum)
when the length is 6 metres and the width is -&?—=6 metres, i.e.,
when the room is a square.

Sec. 101. Maximum and Minimum of a Function

It is very often important in engineering practice to know the
greatest (or least) value of a quantity, and, as is clear from the
foregoing examples, the problem reduces to finding the maximum
and minimum of a function.

Definition. 1. The function f(x) is said to have a maximum at
z=c if its value at this point is greater than at any point within
a certain neighbourhood of z=c.

Ay ",
m 4 M T
My
Q3R
m IF 3
Sk
0 ta b] 6‘2 GJ G, CJ X 0 \‘{‘5‘/ z
Fig, 113. Fig, 114.

2. The function f(x) has a minimum at z=c if its value at
z=c is smaller than at any point within a certain neighbourhood
of z=c.

The generic term for “maximum’’ and ‘“minimum’’ is ‘‘extre-
mum'’ or ‘‘extreme’’.

The value of the independent variable for which the function
has a mazimum (or minimum) is called the mazimum point (or the
minimum point) or the extremum point.

A function may have only a maximum, e.g., the function
y =60x— 222 (Fig. 111), or ouly a minimum, e.g., the function

Cy=2zx +—7§ (Fig. 112) or a maximum and a minimum, e.g.,

y=2a23—22—8z+2 (Fig. 108). A function may also have several
maxima and minima (Fig. 113); and in such a case the maxima
alternate with the minima. A function may also be without any
maximum or minimum. For example, y=z3, y =cot z, y =a* donot
have either a maximum or a minimum since as x increases from — oo
to 4 oo, the first and third functions increase while the second
function only decreases.
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The maximum (minimum) of a function may not represent its
greatest (least) value. Thus the function depicted in Fig. 113 has
at c; a value greater than its maximum values ¢;M, and c;M,,
and at ¢y the value of the function is less than its minima c,m,
and ¢,m,. The minimum value ¢,m, is greater than the maximum
value ¢,M,. The maximum (minimum) of a function at a given
point generally represents its greatest (least) value in comparison
with the values of the function at points to the right and left
of the particular extremum point only in a sufficiently close neigh-
bourhood.

Sec. 102. A Test for Extremes

1°. Theorem (nccessary condition). If in the neighbourhood 26
of the point x =c:

1) the function f(x) is differentiable, and 2) r=c is an extre-
mum point of the function f(z), then its derivative at c is zero,

e., f'(c)=0.

Proof. To be definite, let z=c be a maximum point (Fig. 114).
Let ¢— Az represent the values of the independent variable z in
the left semineighbourhood of ¢, and ¢+ Az, the values in the
right semineighbourhood, such that 0<<Az << 6. The value of the
function f(x) at ¢ is f(c). In the left semineighbourhood it is
f (c—Ax), in the right, f(c-|-Az). Thus the values of f(2) within
the neighbourhood 28 of ¢ represent a function of Az, and the
values x=c¢ F Ax approach ¢ without bhound il Az-— 0.

By the definition of the maximum of a function,

fle—Ar)<f(c) and f(c+Az)<f(e).
Whence,

fle—Ax)—f(e)<<O and f(c+Ax)—f(c)<<O.

The left sides of the inequalities express an increment in the
function at the point z=c¢ when the argument changes by — Az
and -+ Az, respectively. Lot us write down the ratio of the incre-
moent of the function to the increment of the argument:

/(c——Az)—-l(c) . f(c+Ax)—f(c)
o ) kAo

Both the relations (1) and (2) have the same limiting value
when Az — 0 since it is given that f(x) has a definite derivative
at the point c:

<O. (2)

o fle—AD—f(0) __ 4 o flet+AD)—f(e)
A HERO 0 i i BEEES 1 0)

It follows from inequality (1) (see Sec. 55) that f'(c) is either
positive or zero. Inequalily (2) shows that f’(c) cannot be positive.
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Hence

' ()=0,
as required.

2°. Theorem (sufficient condition). /f in the neighbourhood 28
of the point x=c:

1) the function f(x) is continuous,

2) its derivative f'(z) is positive to the left of ¢ and negative
to the right of ¢, then x=c is a mazimum point of the function.

Proof. The given function is continuous at ¢; therefore (Sec. 69, 2°)
the number f(c) is the common limit for f(c—Ax) and f(c + Ar)
when Az— 0 (as in the preceding theorem, here and hencefor-
ward 0<< Az <<)).

lim f(c—Az)=f(c) and ﬁy
0

—Ax—>

lim f(c+ Ax)=f(c).
+Ax—0

The given function f(r) increases in
the left semineighbourhood of ¢ since its
derivative is positive to the left, and
decreases in the right semineighbourhood
since here the derivative is negative
(Fig. 114). Hence the values

fc—Az) and f(c- Ax) Fig. 115.
incrcase as Az — 0. *

In other words, both f(c—Az) and f(c-Ax) approach their
limit f(c) in such a way that for cvery value of Axz5£0

fle—An)<f(c) and f(c+Ar)<f().

But then f(c) is a maximum of the function f(x) at the point
r=c.

3°. In the same way it can be proved that if in the neighbour-
hood 26 of the point x=c:

1) the function f(x) is continuous and 2) the derivative f' (z) is
negative to the left of the point x=c and positive to the right, the
value x=c is a minimum point of the function (Fig. 115).

4°. In both the maximum point and the minimum point the
derivative equals zero (1°). But the converse is not true. A func-
tion may have no maximum or minimum at a point where its de-
rivative is zero.

For example, the function y = x% has a derivative zero at the
point z=0 (Sec. 99, 5°). However the point =0 is neither a

* According to the definition of a decreasing function (Sec. 93), to a
lesger value of the argument there corresponds a greater value of the func-
tion, i.e., when z; > z,, f(z) < f(z2).
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maximum nor a minimum; the function y=2x® increases for all
values of z including z=0.

Hence it follows that the function f(x) has no maximum or
minimum at xz=c if at z=c its derivative equals zero, and has
the same sign both to the left and to the right of the point z=c.

5° Definition. The values of the argument x for which the de-
rivative f’(x) is zero are called stationary points.

Tangents at such points are parallel to the z-axis.

In the neighbourhood of a maximum the tangent to the graph
of the function makes an acute angle with the z-axis if the point
of contact is to the left of the maximum, and an obtuse angle if
the point of contact is to the right (Fig. 114). Conversely, in the
case of a minimum the tangent forms an obtuse angle with the
z-axis if the point of contact lies to the left of the minimum,
and an acute angle if the point of contact lies to the right of the
minimum (Fig. 115).

Sec. 103. Procedure for Finding Extremes

1°. To find the extreme of a function:

1) find the derivative of the given function;

2) equate the derivative to zero and solve the equation ob-
tained; of the roots obtained, place the real roots in the order of
increasing magnitude for the sake of convenience. If all the roots
are imaginary the function has no extreme;

3) determine the sign of the derivative in each of the intervals
bounded by stationary points;

4) if around a particular stationary point the derivative is posi-
tive to the left and negative to the right, the stationary point
represents a maximum of the function; and if, on the other hand,
the derivative is negative to the left and positive to the right
of a stationary point, the latter point represents a minimum of
the function. If the derivative has the same sign on either side
of a stationary point, there is neither a maximum nor a mini-
mum at this point;

5) in the expression for the function, substitute the argument
(independent variable) by the value which corresponds to the
maximum or minimum of the function. We thus obtain the
maximum or minimum value of the function.

If the function has points of discontinuity, these points must be
included in the stationary points that divide Oz into intervals
over which the sign of the derivative is determined.

Secc. 104, Examples in Finding Extremes
1°, To find the maximum and minimum of the function
y=2-+}322—28,
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1) Find the derivative
y' =6z —3z2,
2) Equate the derivative to zero and solve the equation obtained:
6z—322=0; 2(2—x)=0; x;=0; T3=2.
3) Points 0 and 2 divide the z-axis into three intervals:
1) —o<z<0, 2)0<z<2 and 3) 2<z<+co.

We factorise 6z —322:
y' = —3z (x—2),
and determine the sign of the derivative in each of the intervals:

No. of Characteristic Sign of Sign of Sign of
interval of interval —3x x—2 v
1 —oolr<<0 + — —
2 0<z<<2 — — 4
3 2L r <40 — + —

4) The derivative is mcgative in the interval lying Lo the left of the point
z=0 and positive in the interval lying to the right of this point. Hence
=0 is a minimum point of the function.

The derivative is positive to the right and negative to the left of the
point z=2. Hence this point is a maximum point of the function.

5) In the equation y=24-3z2—a23 substitute for z its values 0 and 2.
Thus we obtain

Vmim=2, Ymax=06.
2°. Find the maximum and minimum points of the function
322 4-5x 25
V=""7wF2
Solution. At z=—2 the function has no numerical value.

The value —2 is a point of discontinuity. Noting this,
1) find the derivative:

,_ 3%+ 42—5) |
T (=422 ’
2) the derivative must be equated to zero. But a fraction is zero when
its numerator is zero. And the numerator is zero when
224 4x—5=0.
Solving this equation we obtain
z',=-—-5; x2:+1*.

The point of discontinuity z=—2 is included in the points that divide
the z-axis into intervals over which the sign of the derivative is determined.

. *.0t may happen that the numerator is a constant. This case is examined
in Sec. 107.
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3) The sign of the derivative at any point x, except at points of discon-
tinuity, is determined by the sign of z2-}-4x—5, since the coefficient 3
in the numerator of the derivative and the denominator of the derivative
(z+2)? are both positive. For convenience factorise the expression

22+ 4x—5= (x4 5) (z—1).

No. of Characteristic Sign of Sign of Sign of
interval of interval x+5 x—1 v
1 —o<zl—5 — — +
2 —S<<r<<—2 + — —
3 —2<a<+1 + - —
4 1<z <+oo + +
4) The function has a maximum at z=—5 and a minimum at z=1.
3°, Test the following function for maximum and minimum:
y=cos z-sin3z.
Solution.
1) y’'=—sinx-sin3 x 4 3 sin2 z-cos x-cos z
or
y' =3sintx <cot2 x——-%—)
or ' .
y'=3sin4r<cotx+——,,> (cotz——-—:—) . (1)
V3 V3
2) Equating each factor separately to zero we obtain
sin4 ¢ =0; sin 2=0; z=0;
cot ——1———0- cotz————i—- PR
‘/-3— ’ V‘g ’ 3 ,
1 1 b1
cot z———=0; cot z=—>— T=-5.
Vs V3 3

It may be noted that in solving trigonometric equations only the main
values of the arguments are taken into account.

Sign of Sign of
No. of Characteristic Sign of
interval of interval cot x+—ﬁ— cotx— v
n k11
1 — <<—3 4+ —
2 —% <z<0 — — +
3 |, 0<a<TF + 4+ +
4 L KL — —_
3 <r< +
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. . 1 .
Hence the function has a minimum at T=—g and a maximum at

11 . . . o e
z =3 At z=0 there is neither a maximum nor a minimum.

Sec. 105. Second Derivative Test for Extreme Values

1°. Lemma. If at z=c the derivative is positive (or negative),
then in a sufficiently small neighbourhood of the point z=c an
increment in the function and an increment in the argument at
x =c have identical (or opposite) signs.

Proof by reductio ad absurdum. For the sake of definiteness
let f'(c)>0, i.e.,

. Ay
lim —=>0.
Ax—0 Az =
Assume that Ay and Az have opposite signs when Az — 0. Then
% is negative and its limit (Sec. 55) is

/' (e)<0,

which contradicts the initial conditions of the problem.
The other part of the lemma is proved in the same way.

2°. Theorem. If at z=c the first derivative of the function f(x)
equals zero, ' (¢) =0, and the second derivative is positive, " (¢) >0,
then the function f(z) has a minimum at z=c;

if the second derivative is negative, f"(c)<<O0, then the function
f(z) has a minimum at z=c.

Proof. The second derivative has the same relation to the first
derivative as the first derivalive has to the function, i.e.,

£ (¢)= lim LCHAN=1")
Ax—0 z

In accordance with the lemma, if the derivative (in this case,
the second derivative) is positive at z=¢, then in a sufficiently
small neighbourhood 24 of the point ¢ an increment in the function
(in this case, the first derivative) has the same sign as the incre-
ment in the argument (independent variable). To the left of the
point ¢ an increment in the independent variable is negalive;
hence the increment in the function is also negative, i.e.,

f'(e—Az)—f () <0, (0<Az<YD).
f'(e—Az) <f'(c)=0. (1)

To the right of ¢ an increment in the independent variable

is gositive, i.e.,
f' (e+Az)—f () >0.

Whence



Whence
f'(c+Az)>f (c)=0. (2)

We thus have that the first derivative of the function f(z) on
the left of the point ¢ is negative (1) and on the right of the point,
positive (2). This proves that at  =c the function f(z) has a mini-
mum,

The theorem is likewise proved for the case when f"(c)<<O.

3°. The theorem that has just been proved is a second method
for finding an extreme. It differs from the first one (Sec. 103) in
that the third and fourth operations of the first method are replaced
by: a) finding the seccond derivative and b) determining its sign
at the stationary point. The result of the investigation may he
stated thus:

If the sign of then at x=c,
f7(c) 18 f(x) has a
plus minimum
minus maximum

If {"(¢)=0, the test of the function for maximum and minimum
must be conducted by the first method.

4°, Example 1. Test the function y=5—-22—z3——2— z4 by the secoad
method for maximum and minimum.

Solution. 1) Find the first derivative:

y' = —2r—322—23,
2) Equate the first derivative to zero and solve the equation:
—2z—322—23=0, or =z (22+3x+42)=0,

whence =0 or 22} 3z-}2=0.

Solving the quadratic cquation z24 3z 2=0, we get

——3 + 1

Three stationary points are obtained. zy= —2, z;=—1, and z3=0.
3) Find the second derivative:

y" == —2—6z—322.

4) Determine the sign of the sccond derivative replacing z, successively,
by its values in the first, second and third stationary points:

when z=—2 y"=—2—6-(—2)—3:(—2)2=—2
when 2= —1 y"=—2—6.(—1)—3-(—1)2=+1,
when =0 y"=-—2.
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Hence the given function has a minimum at 2=—1 and a maximum
at z=—2 and at z=0.
Example 2. Test for maximum and minimum the function

y=z4,
Solution:
1) ¥y’ =4ad;
2) 4a23=0; z=0;
3) y"=1222;

4) when z=0, y"=0.

Since the second derivative is found to be zero, the first method of
testing is employed. When 2<0, y'=423<0, and when z>0, y'==
=423>0. Hence the function y=z* has a minimum at the 'point z=-0.

5°. The second method for finding the maximum and minimum
should be employed when the second derivative is easily obtain-
able. If differentiation involves complex transformations and
does not simplify the expression of the first derivative, the first
method may lead to quicker results.

See. 106. Extreme Value Problems

1°, The difference between two numbers 1s a. What are they if their
product is to be a minimum?

Solution. I.et the smaller number be xz. Then the larger one will be
z-+4-a. Their product is = (z-4a) and is a function of z. We denote it
by y-

y=2a2+tar.

Find the value of = for which y is a minimum:

1) y'=2z-+a; 2)2x+a=0; zz—%; 3) y"=2; 4) the function has
. a
a minimum at x=-——7z- .

Thus, the product of two numbers differing by a is lcast if one of them
is —; and the other —}——g— .

2°. The strength of a girder of rectangular cross-section is proportional
to the product of its width by the square of its height. ITow is one to cul a
girder of maximum strength out of a beam of d cm thickness?

Solution. I.et the factor of proportionality be k (dependent on the
material of the beam) and the strength y. Then by the statement of the
problem .

y=Fk-b-h?

where (Fig. 1106) b is the base and & is the altitude of the rectangle. The
equation contains two independent variables, & and k; let us express h
in terms of 4. In triangle ABC, AB=d, AC=0b and BC=h. Hence

<+

h?=d2—b2,
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Therefore,
y=k-b(d2—b2), or y=d2kb—Kb3,
Find the maximum of this function by the second method:
1) differentiating with respect to b, we get
ay

29 a2k —3kb2:
ab =d2k—3kb2;
d
2) d2%—3kb2=0; b=—-;
V3
2
3) %:-m;
d 6kd
4) when b=— y"=———<0 (since k>0 and d >0),
) V3 y V3 <

the function has a maximum. g
Thus the strength of the girder is a maximum if the width b=ﬁ- .

L.et us determine the altitude:

d2 242
2 —d2 _p2—=(d2% —— ———
h2=d b d 3 3
Whence
d —
h=—x-} 2
V3

Since -%:b. h=bV 2.

We have obtained a result of great practical importance: the strength
of a girder of rectangular cross-seclion is greatest when its height is equal

Pl s

Fig, 117,

to the base multiplied by ¥ 2. This relation does not depend on the quality
of the material as it is independent of k. Since V§w1.4=%, the sides

of the rectangle are approximately in the proportion 7:5.

Thehfollowing is a method for constructing a rectangle of maximum
strength,

Divide the diameter 4B (Fig. 116) by points D and E into three equal
parts, From points D and E erect perpendiculars DC and EF on AB. The
perpendiculars intersect the circle at C and F. Join C and F with 4 and
B respectively. ACBF is the required rectangle of maximum strength.
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Indeed, the leg AC is a mean proportional between the hypotenuse 4B
and segment AD:

AB _ AC . _ -——_‘/ d_d
ac=upi ACTVABAD=) dg=ym.
Similarly

AB _ BC TR 2. _d s
SE=Bh Bc_VAB-BD_Vd-—d_-——-Vz.

Hence, BC=AC-V 2.

3°. It is required to make a cylindrical vessel of aluminium (without
a cover) of a given column v with the least expenditure of metal. What
dimensions should it have?

Solution. The quantity of metal required depends on the surface of the
vessel. Hence the problem reduces to finding the smallest surface that will
enclose the given volume v. Let radius of the base of the cylinder be r and
its height » (Fig. 117). We have two independent variables: r and k. Ex-
press k in terms of r.

The volume of a cylinder is v=nr2h, whence hzﬂirz. Let the surface
of the cylinder be y. It consists of the area of the base, mnr2, and the area
of the side,

2v

v
2 rh=2nr-——2=__
nr r

Hence y=mnr2 +—¥— .

Let us find the minimum of this function noting that m and v are con-
stants and r is the independent variable.

d v 2 (nr3—v
‘*%=W‘W=J?-L

2) Equating the numerator of the derivative to zero and solving Lhe

equation, we get
V
v
r= _—
3

3) Take the derivative of —4—"/—=2nr——2—u— :
dr r2
d2y 4v
g =Ty

3/ 2
4) When r:‘/—;—, B o+ _gx>o0.
3

Ilence, when r= '/-?':— the function has a minimum.
Let us determine % so as to establish the relation between r and *.

Lviv 1_30

i.e., r=h.
° ’,I‘hus, to make a cylindrical vessel (without a cover) with a minimum
expenditure of metal, the height must be equal to the radius of its base.
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Sec. 107. Maximum and Minimum of « Function at Points
Where the Dertvative Has No Value

1°. The function y=|=z| (Fig. 118) at =0 is continuous and has a
minimum. However it has no derivative at this point (Sec. 78). For all other
points on the left or right of z=0 there exists a derivative, which we shall

A
{ind by the general method (Sec. 75) as lim e .
Ax—0 A:t:
For the point z; Az>0, Ay <0 and

lim —A—y-=—1. For the point z;, Az >0, Ay >0 and
Ax-0 Az
. Ay
1 ——=+1.
A:::TO Az +

_ Thus, the sufficient condition for the existence of a minimum is satis-
fied for the function y=|=z| at the point z=0.

Ay -

Ay

¢ |0 T

Fig. 119.

lence a function can have. an extreme at a point where Lhe derivative
of the function does not exist, yet the sufficient condition for the existence
of an extreme is fullilled. (Sec. 102, 2° and 3°.)

2°, The function y=f(z)=1 22 (Fig. 119) is continuous and has a mini-

mum at the point x=0. However ils derivative
, 2

T)=—- =
1" (@) 3V e
does not become zero at any value of . On the left of z=0 (z<{0), the
derivative is negative, on the right (z>0) it is positive. Thus the suffi-
cient condition for the existence of a minimum is fulfilled.

At the point z=0 the derivative equals infinity. Indeed, if =<0,
f' () > —o0 as z—0; but if >0, f'(z)— +oo0 as x—0. The tangent
to the graph of the function y—=1 22 at =0 is represented by two hali-
lines perpendicular to the axis Oz and bounded by the point O. This point
is called a cusp. .

lI_f al the point under investigation the derivative is infinite, its recipro-
cal is

1

T
Hence, to find all possible extremes of a function, including cusps, it is

1
T~

necessary to examine also the real roots of the equation
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Sec. 108. The Direction of Concavity of a Curve

Let two points M,; and M, have the same abscissa. If then the
ordinate of M, is larger (smaller) than the ordinate of M, then
it is said that M, lies above (below) M,. It is also said that the
line y=f(z) lies above (below) the line y=¢(z) in the interval
a<<x<<b if every point in this interval on the first line lies
above (below) its corresponding point on the second line, i.e., if

f(x)>q(z) [or f(x)<<o(z)].

Definition. A curve representing the graph of a differentiable
function y=f(x) is said to be concave upwards (downwards) over

| @ ] R
Fig. 120. Fig, 121.

the interval a <<x<<b if at every point of this interval the curve
lies above (below) the tangent to the curve at that point.

The curve in Fig. 120 is concave upwards in Lhe interval a <C
< <<b and concave downwards in the interval b <<z <<c.

2°. In more advanced courses of analysis it is shown that «
curve y= f(z) is concave upwards (downwards) in the interval
a<<x<<b if its derivative, f'(x), is an increasing (decreasing)
function in this interval.

To make this theorem clecarer, mark, arbitrarily, a number of
points on the axis Oz (Fig. 121) and draw a straight line through
each of these points in such a manner that the slopes of the lines
increcase with the abscissas of the points. Then, taking thesec
straight lines as tangents to a certain curve [tan ¢=f"(z)], con-
struct this curve. It is evident that the curve can lie only above
each of these tangents.

3°. Sufficient condition for concavity upwards (downwards).
If in the interval a <<z <<b the second derivative f"(x) is positive
{negative), with the exception of individual points at which it is
zero, then the curve of y=f(x) is concave upwargs (downwards)
in this interval.

oIndeed, if in the interval a<<xz<<b the second derivative
§"(z) is, for example, positive (with the exception of individual
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points where it is zero), then the first derivative f'(z) is an
increasing function (Sec. 99, 3°) and the curve y=/f(z) must
be—from what has been just now demonstrated—concave upwards.

If "(z)=0 not at some isolated (individual) points but over
a certain interval, then, in this interval, f’(z) is a constant func-
tion and f(z) is a linear function whose graph is a straight line.
And a straight line, of course, has no concavity.

Sec. 109. Points of Inflection

1°. Definition. If in a certain neighbourhood of the point x=c
the curve—the graph of a differentiable function y=f(x)— has
concavities in opposite directions to the left and right of the point
z=c the value of x=c is called a point of inflection.

Thoe point M of a curve (Fig. 122) with abscissa z=c¢ is also
called a point of inflection. M separates the arc of the curve
concave upwards from the arc that is concave downwards. A point

of inflection can only occur when the
curve has a tangent. In the neighbour-
r r hood of a point of inflection the curve
lies on either side of the tangent: above
. and below it. It should be noted that
M N the curve also lies on both sides of
the normal. But a point like P in
Fig. 122, where the curve does not have
P ono and only one tangent, is not a
point of inflection.

Fig. 122. 2°. Since the concavity of the curve
y=f(x) is of different direction on
the left and right of the point of inflection, z=¢, the second
derivative f”(x) is either zero or has opposite signs on the left
and right of the point. Assuming the second derivative to be con-
tinuous in the neighbourhood of the point z=¢, we conclude

that its value at the point of inflection is zero, i.e.,

" (e)=0.

3°. Wo thus have a rule for finding points of inflection:

1) find the second derivative of the given function;

2) equate the second derivative to zero, solve the equation*, and
write the real roots of this equation in the order of increasing
magnitude;

3) determine the sign of the second derivative in each of the
intervals bounded by the roots obtained;

. *Or find the values of x for which the second derivative has no numer-
ical values.
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4) if then in two intervals bounded by the point under study the
second derivative has opposite signs, there is a point of inflection;
if the signs are the same, there is no point of inflection.

4°, Examples. :
1) Find the points of inflection and determine the intervals over which
the curve of the function y=In z is concave upwards and downwards.

Solution. Find the second derivative:

Yy =— =

x 22

At all values of z=(0 <z <<+ o0), y” is negative. Thus the logarithmic
curve has no points of inflection and is concave downwards.
2) Investigate similarly the function y=sinz.

Solution. Write the second derivative:

y'=cosz; y"'=—sinz.

Assuming —sinz=0, we find that z=#kn, where k is any integer.
If 0<z< n, sin = is positive and y” is negalive, If n <<z < 2m, sin z is
negative and y” is positive, etc. Thus a sinusoidal curve has points of inflec-

tion at 0, =, 2m, ...
In the first interval 0 < < n its concavity is downwards, in the second
interval n <z < 2n the concavity is upwards, etc.

See. 110. Constructing Graphs of Functions

1°. The graph of a function is plotted on the basis of an investi-
galion which includes:

1) determining the domain of the function;

2) determining the points of discontinuity and the limits of the
function to the left and right of these points;

3) finding the points of maximum and minimum;

4) defining the intervals over which the function increases or
decreases;

5) finding the points of inflection; and

G) defining the intervals over which the curve is concave up-
wards and downwards.

2°. Construct the graph of the function y=2%—32%-|4.

Solution. Investigate the function.

1. The values of y are real numbers for all values of z, i.e,,
the domain is — oo <<z <<+ 0.

2. There are no points of discontinuity, since a polynomial with
constant coefficients is a continuous function,

3. We find the extreme:

Yy =322 —06x=23z-(x—2).
There are two stationary points: z=0 and z=2.
, The function has a maximum at z=0 and a minimum at r=2;
Vmax=4, ymin-——'O-
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Characteristic Sign ot Sign of Sign of
of interval 3x x—2 v

—ooz<0 - +
0<z<<2 + — -
2<e <<+ + +
4. The function increases in the intervals: —oo <<z <<0 and

2 <z <<+ oo and decreases in the interval 0 <<z <<2.

5. Find the points of inflection. y”"=6x—6 and becomes zero
when z=1. When z<<1, y"<<0; when z>1, y">0. Thus the
second derivative has opposite signs
to the left and right of the point
2 =1, which proves the latter to
be a point of inflection.

6. The curve is concave down-
wards in the interval —co<<z << 1
and upwards in the interval -+1<C
<z << .

In a table of z- and y-values we

L L5  write down the coordinates of the
Fjoer 2z 3 = points of maximum, minimum and
Fig. 123. inflection so far found and give the:
values intermediate between them:

A graph of the function is given in Fig. 123.

1 1 1 1

l ‘ ’ ‘0]2} 15 l272-'5

| |

uan~. 0‘%‘4‘3\2‘—5’8—l0;%4

Sec. 111. Mechanical Interpretation of the Second
Derivative

Assume that a point moves in a straight line and the distance
travelled is a function of the time: s=f(t). The velocity v (Sec.
75) at time ¢ is the derivative of the path with respect to time:

ds

v=—d? .

The rate of change of velocity at time t is the acceleration a,

ds \’' d%
a=y=(q) = -
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The second derivative of the path with respect to time represents
the acceleration of rectilinear motion at the given instant.

Example. s=(t3—2) metres is the law of rectilinear motion of a point.
Determine the acceleration at ¢=10 sec.

2

Solution. The acceleration is az%; .

Differentiating the function s=13—2,
d2s
we get 71;2——6t.

Hence,
a=6t{=6.10=60; a=60 m/sec2.

2°. If the motion is not uniform, the force F (producing the
motion) is a variable quantity which is a function of time: F =
= f(t), i.c., F has a certain definite value for any given instant
of time t.

By Newton’s law, the acting force F' at any instant of time ¢
is equal to the product of the mass m, by the acceleration, a, i.e.,
F=ma or f(t)=ma.

d2g

die
Knowing the equation of rectilinear motion, it is possible to

find the value of the acting force at any instant by the process

of differentiation.

Example. Find the force which will cause a material point to oscillate
rectilinearly under the law

2
But in rectilinear motion a=-‘jt:—, therefore f(t)=m

s=A-.sin (0 + 0g).

. d2s
Solution. f(t)=m- T

from which we find the second derivative:
8=A-sin (0t 4 o),

%%=A-cos (0t 4 wg) - 0,
s _
diz

Thus the oscillations under consideration occur due to a force proportional

to the displacement s and acting in the opposite direction.

— A .sin (0t 4 0g)- 02 = —s5-02= —02s; ()= —mo?s.



CHAPTERIX

DIFFERENTIAL

Sec. 112. Comparing Infinitesimals

1°. Let us write down a ratio of infinitesimals (that approach
zero according to different laws) in such a manner that to any
given instant in the approach to zero of one of the infinitesimals
there corresponds some definite value of each of the infinitesimals
under consideration. For example, let the corresponding values
and relations at various times be such that:

when the value of a=10; 1; 0.1; 0.01 etc.
the value of p=1000; 1; 0.001; 0.000001 etc.
and the ratio % —100; 1; 0.01; 0.0001 etc.

i.e., the valuo of the ratio of infinitesimals in this example does
not remain the same as the quantities approach zero. Thus the
ratio of infinitesimals is a variable quantity that may have either a
finite limit (zoro, as in the above example, or some quantity other
than zoro) or a limit at infinity, or no limit at all.

2°, Definitions. 1) An infinitely small quantity B is said to have
a higher order of smallness than another such quantity a if the

limit of the ratio B s zero, i.e., if
a
lim—ﬂ-——O;
a

2) the infinitesimal B is said to be of a lower order of smallness
than o if
lim—ﬁ— = o0;
a
3) B and a are called infinitesimals of the same order if the
limit of their ratio is the number k, some finite quantity other than
zero, i.e., if lim%:k, where k%0 and k== co;
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4) B and a are called noncomparable infinitesimals if their ratio
has no limit.

3°. Examples. 1. In the above-cited example lim —ﬂ—=0, and
a

is of a higher order than q; 1im%=oo, a is of a lower order
than f.
2. a—=1—2z and Pp=1—2% are inflinitesimals if z—>1. The
B_1—22_

ratio o =-——= 1+ 2.

lim 2 - lim (1+x)=2.
x—1

a

Thus, 41—z and 1—2% are infinitesimals of the same order
when z—1.
3. Let us compare 1 —cos x and 2 when z— 0,

2sin2 = sin —I—
. 1—coszx . . 2 .
lim —=--lim-- -—= _.lim] --Z-.sin -
=0 x 0 x x x 2
270\ 2
. X
siny z
= lim limsin-; =1.0=0 (Sec. 44, 3° and Sec. 89, 3°),
x — x
5—»0 2 i—»o

i.e., 1—eosx, when £-— 0, is an infinitesimal of a higher order
than z.

See. 113. Differential of a Function

1°. Definition. The product of the derivative f' (x) of a function
f(x) by an arbitrary increment Az of the argument z is called the
differential (dy) of the function y=f(x), i.c.,

dy={'(z)-Azx (I

2°. Thus, to obtain the value of the differential of a function
it is necessary to know two numbers: the initial value of the
argument z and its increment Az.

Example. Calculate the differential of the function y=-22 for a
change in z from 3 to 3.1.

Solution. dy = f' (z)-Az. First write the expression for dy for
arbitrary values of z and Ax.

' (x) = (2*)" =2z.
Hence dy=2z-Ax.
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The initial value of z==3, the increment Az=3.1—3=0.1.
Substituting these values into the expression for dy, we get

dy=2.3-0.1=0.6.

For a given value of the independent variable x, the differential
of the function f(z) is a linear function of the increment of the
independent variable Azx.

3°. Let us consider the geometrical significance of the differen-
tial of a function. Fig. 124 shows the graph of a function y = f(z)

with a tangent at the point z. From
Y 4 //V AMPT it follows that

PT=MP -tang=Az-f (z).

But by definition f' (z)-Az=dy.
MyZ % |p  Therefore

PT =dy.

"t The differential of the function f(z)
for a given value of x is geometrically
Tig. 124, expressed by the increment in  the
ordinate of the tangent to the curve

of the function y.- f(x) at the point x.
4°, The dilferential dy and the increment Ay of a funclion are,
gencrally speaking, not equal. In Fig. 124 dy-- PT is less than
Ay -= PQ. Obviously, dy can also be greater than Ay. Such is the
caso, for example, if the rising curve MN is concave downwards.

Q Z AL

5°. Example. For the function y — 2?2, as r changes {rom 3 to 3.1,
the increment Ay = 2r-Ar4Az2-=2-3-0.140.12=0.61. The dif-
ferential dy —-2x-Azx=2.2.0.1--0.6.

Taking dy as an approximate value of Ay, we find that the
absolute error in the approximation is equal to the difference
Ay —dy--0.01, and the relative error is the ratio

Ay—dy _ 001 1 __ 4 4o
dy 060 60 1.7%.

6°. The difference between the increment and the differential of a
function, Ay —dy, is of a higher order than the increment of the
argument, Azx.

As has been observed in Seec. 49, the ratio 21 differs from its

limiting value f’(z) by an infinitely small quantity «, and a—0
as Ar—0,

—%—i——f’ (r) =a.
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Doing the subtraction on the left side of the equation, we get
Ay—f' (z)-Az Ay—dy

Az =a, or Ax =a,
lim 24—=% _ lim a=0.
Ax—0 Az Ax—0

7°. It follows from the foregoing that the differential of a function
is approxzimately equal to its increment, the relative error tending to
zero along with the increment of the independent variable (argument).

8°. Whence it follows that the differential dy of a function
y=7f(z) has two properties:

1) dy is proportional to Az (dy =kAxz, where k=y');

2) the ratio Ay;dy tends to zero as Ax tends to zero.

Conversely. If a quantity z possesses two properties such that

1) z=k-Az and 2) lim AyA_—z =0,
Ax—0 z
then z is the differential of the function y.

Proof. Substituting into expression (2) the value of z in expres-
sion (1), we get

lim Ay—F-4z _ lc)-hm ——-—hmk y —k=0,
Ax—0 Az Ax—»() Ax~0
i.e.,

’

k=y’,
and, consequently,
z=k-Ax=y Az,

i.e., z is the differential of the function y.
Thus these two conditions fully determine a differential.

Sec. 114. The Differential of an Argument.
The Derivative as a Ratio of Differentials

1°. Definition. The increment Az in the argument z is called the
differential (dx) of the argument:

dz = Az (II)

Perhaps the notation is somewhat justified by the fact that
the differential of the function y=2x and the increment of the
argument are one and the same thing.

Indeed,

=(z)'-Az or dy=Axz.
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But since
dy =dz, dz = Az,

i.e., the differential of the function y=z and the increment of
its argument are identical.
2°. Substituting Az =dz into formula (I), we obtain

dy =f (z)-dz (1)

i.e., the differential of a function is the product of its derivative by
the differential of the argument.

3°. Formula (III) has a notable quality, viz., formula dy=
={"(z) dz holds even when x is nol an independent variable but is
itself a function of another independent variable, say u.

Indeed, if z is a function of u, f(z) is a composite function of u;
the dz is dependent on the increment Au; and dy has to be evalu-
ated from the formula

dy = fu(z)-Au,
but
fu(r) = fi(x)- 2, (Sec. 88).

dy = f’ (z)- 2y, Au.

Therefore,

But since by definition

T Au=dr,
it follows that
dy=f' (z)-dx.
4°. Example. Find the differential of the function
Y= 'fc—zk__]
Solution. By formula (II])
dy—=y'-dz
we find y’:
y' = r———~1 -f:--ezx-2=——~_~£—————‘2x_>
2) e2x—1 ) e2x—1
Hence
¥
Ty aE—

5°. It follows from formula (III) that

f(x) =g
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i.e., the derivative of a function is equal to the ratio of the differ-
ential of the function to the differential of the argument. This is
illustrated in Fig. 130 where

dy PT

4z =P —tae= f (x)

for an arbitrary value of dx=MP.

See. 115. Applying the Concept of Differential
to Approximate Calculations

1°. The difference Ay —dy is a higher order infinitesimal than
Ax; hence, for a sufficiently small value of Az we have

Ay =~ dy=f'(x) Ar (Iv)

This means that for small changes in the value of the argument
(from its initial value x), the change in the value of the function
y = f(x) can be taken to be approximately proportional to the amount
of change in the argument, the proportionality factor being equal
to the value of the derivative ' (x); and the curve y =f(r), in such
a case, can be approximately replaced by the tangeni to it at the
point x.

Since Ay =/ (x4 Ax)—f(z), by replacing Ay by its expression
in formula (IV), we get

f@+A2)—f(2) ~ f (2) Ac,
f@+82) ~ [ ()4 (1)-Az (V)

2°. Formulas (IV) and (V) are useful in many applications
of the differential concept. Here we shall consider only applica-
tions in the field of approximale calculations.

In practice a measurement gives only an approximate value of
a quantity. Let « be the approximate value of an argument ob-
tained as a result of ils measurement, and let x4 Az be its true
value. Then 2 determines the approximate value of the function
f(2), and z-+Ax gives the value of the function, f(z-+Az).

The absolute difference between the true and approximate
values is called the absolute error. The absolute error of the argu-
ment is equal to |Az|. And the absolute error of the funclion is

Ay | =]f(z+ Ar)—f(2)].

The absolute value of the ratio of absolute error to the value
of a quantity is called the relative error.
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The ralative error in determining the value of a function is
equal to

Determination of errors in measurcments is one of the most important
problems in engineering practice, particularly when the measurements are
repeated many times, thus involving .repeated errors due to a variety of
conditions, such as, for example, geodetic measurements in surveying.
Just as important is determining errors in calculation, in as much as the
relative error appearing in the recsult of an operation (subtraction, multi-
plication, etc.) is different from the relative error in the initial quantities
which are operated on.

To find the relative error of a function it is necessary first of
all to find Ay=/f(z+Az)—f(z). The right side of the equation
y=7f(z) is frequently a complex mathematical expression; and
so finding Ay demands great skill and involves intricate trans-
formations. Yet an approximate value of Ay (the differential of
the function dy) can be found from any form of the function
without any special difficulty by the use of the formulas that
have been studied. For this reason, the increment Ay is usually
replaced by the differential, and the relative error & is taken

equal to Iiyll’ ie.,
8="L. (VI)

3°. Examples. 1. Let us demonstrate how comparatively easy
it is to find the tabular difference of decimal logarithms. The
tabular difference Ay is the increment in the decimal logarithm

y=logyx
as z increases by 1 and is approximately equal to the linear incre-
ment dy (formula 1V):
’ 1 1
Ay =~ dy = (logy z) -d:c=ix£-~——ln10 .

Since

_1-171_13' =0.43429 and dz = Az,

Ay ~ 0.43429. 2%

Assuming Az=1 and z=N, we find that the tabular differ-
ence is
Ay ~ 0.4?\1429 )

* y in this formula signifies the approximate va ue of the function,
i.e., f (=) taken with a defect.
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2. Find the logarithm of a number N, which lies between two
successive numbers N and N -1 given in the table.
In the formula for the increment of a logarithm

Ay ~ 0.43429. 52

we assume =N, Ar=N,—N<C1. Then the correction Ay to
log N is given by the formula

0.43429

Ay ~ —

-(Ni-—N).

This increment of the logarithm appears in the columns of
proportional differences.

The approximate value of log N, (formula V) is

L34
0. 1;».’9 . (N1 ——N)

log Ny =~ log N +

3. Let us determine the relative error occurring when a number
is sought from its logarithm.

Assume that the logarithm in question of number z was cal-
culated with an crror Ay, which in turn will produce an error Az
in finding the number x from the logarithm. Then the relative
error in z is
Ax
iy

From the formula
Ay ~ 0.43429- 2

we get
| Ay |

050
T 0.43429

l Az

i.e., the relative error produced when a number is found from its
logarithm is equal to

[Ay]|

0.43429

and is independent of the value of the number, being dependent
solely on the error with which the logarithm of number xz was
taken. If the logarithm of the number is accurate to five places
of decimals,

| Ay |< 5000001,
then the maximum relative error is
42 | t _ 1
z | 0.43429-2.100000 ~ 86858 *
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If the logarithm is a four-digit number, then -—z—lw———
The absolute error in finding the number z is

1
86858 " | % |-

Whence we conclude that the fifth figure of a number cannot
be accurate if the number exceeds 86858 and is found in a five-
place table; and similarly for the fourth figure if the number
exceeds 8686 and is found in a four-place table. When looking
for a number in a five-place table, the sixth figure can never be
trusted, and similarly for the fifth figure in any number when
using a four-place table. It is Lherefore pointless to look for, say,
the sixth or seventh figure of a number when using a five-place
table.

4. Theorem. The relative error of a product does not exceed the
sum of the relative errors of its factors.

|Az| ~

Proof. Let y=u-.v. Taking logarithms of the two sides and
finding the differential, we getl

Iny=Inu-+Inv;
Whence :
igl

v

dy
Yy

du
“u

<

+

Since l%y—l is the relative crror of the product and 'il':—‘—l and

»'—l:— arc the relative errors of the factors, the theorem is proved.

5. Theorem. The relative error of a quotient does not exceed the
sum of the relative errors of the dividend and divisor.

Proof. Let y=—3— .
Taking logarithms and the differential, we get

Iny=Inu—1lnv;

dy _du_ v
y u v
Whence
dy du dv
ANk

as required.
If the maximum relative error is being sought, the sign < can
be replaced by the equality sign.



C. ELEMENTS OF INTEGRAL CALCULUS

CHAPTERX

INDEFINITE INTEGRAL

Sec. 116, Integration as the Inverse of Dif ferentiation

1°. Differentiation consists in finding the derivative or differ-
ential of a given function. Integration is the inverse operation.
The purpose of integration is to find the functions of which the
given function f(x) is the derivative.

Example. To find the function of which 22 is the derivatlive.
Solution. Let the required function be F(z). It is given that

3 32
F' (z) =% we surmise that F(z)=- since F’ ()= »i:~ =22

3
This function, %, is called the antiderivative or the integral

of «2.
3
Let it be noted that if to the function f—}— any number 1, —2,

3 3
etc., is added, the resultant functions %—{4, -7;—-—-2, etc., also

serve as the answer to our problem, since the derivative of each
of these functions is equal to 2%

\—?—}—1)1 = z? 3?;-—2)' =z2

Hence it follows that there is not one antiderivative of x* but
an infinite number consisting of one and the same function 5

to which some constant is added. Let us denote this arbitrary
constant by ¢. Then the antiderivatives for z2 are functions of

the form
23
—§—+c.
2°, In specific problems the ambiguily of the answer is elimi-
nated by some supplementary condition.
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Example. To find the function whose derivative is z? and whose
value is 5 when z=3.

Solution. The supplementary condition consists in the fact
that the value of the antiderivative, which, as we have already

noled, is —?—i—c, is equal to 5 if z=3. Substituting 3 for r in

3
_% +¢, we obtain

—g- +¢=95, and thercfore ¢ = — 4.

Hence there is one required funciion:
3
g 4%
3°. In practice il is often required to find quantities from

their given derivalives. Lel us study a few examples.

Example 1. The veclocity of a body at cvery instant of Llime
t is equal to (% m/sec. Determine Lhe distance travelled in ¢ sec
from the start if the body started from rest.

Solution. The velocity at time ¢ is the derivative of the distance

with respect to time, :]l:’ thus
ds 9
ur =1
Whence it follows that
3
s= -}-c.

To determine ¢ utilise the initial condition that the body start-
ed from rest. Ience if t=0, s=0= g -k ¢, from which il follows

that ¢=0.
Thus the sought distance
3
S = —-3
Example 2. The slope of a tangent at cvery point of a curve
is equal to 2x. Find the equation of the curve if it is given that
the curve passes through the point (2, 7).

Solution. The slope of a tangent is the tangent of the angle
which the tangent to the curve makes with the 2-axis and is
cqual to the derivative of the function of the curve y=F (r).
Here

ay _
dw = 4
Guessing, we find that
y=2x%*+c.
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This equation describes an infinite number of parabolas y = 2?
(Fig. 125) spaced successively on the y-axis in such manner that
the ordinate of the vertex of the parabola in
each case is equal to ¢ (if =0, y=c). In
the figure, a tangent 1is drawn to each
parabola at z=1; the tangents are parallel
to each other since under the conditions of the
problem they have one and the same slope
k=22=2.1=2,

The problem also states that the required
curve passes through the point (2, 7). Therefore
the coordinates (2, 7) satisfy the equation
y=2a%*-+4c. Substituting 2 and 7 for the coor-
dinates z and y in this equation, we get

S

@

S

B S WO N N N SN S N BN |

7=2%4¢; c=3.
Hence the cquation of the required curve is

y=2a*43.

Fig. 125

Sec. 117. The Indefinite Integral as an Expression
of the Aggregate of Antiderivatives of «
Given Function

1°. Definition. The antiderivative, or inlegral, of a given
function is a function whose derivative is equal to the given func-
tion.

Thus F (2) is the antiderivative, or integral, of the function

f(x) if
F' (x) =1 (). M

The question natlurally arises: has every function an antideriv-
ative?

In advanced courses of analysis it is shown that every function
continuous on the interval [a, b] has an anliderivative.

Henceforward we shall always assume that the given function
f (x) is conlinuous.

2°. Theorem. A function differing from a differentiable function
by an arbitrary number has the saume derivative as the latter function.

Indeed, if M (2)=F (r)+c, where ¢ is an arbitrary number
and /' (x) is a differentiable function, then

O (2)=F (r)+c" =F"(x)

(since ¢’ =0), as required.

3°. Corollary. If F (x) is the antiderivative of the given function
f(x), then all functions which are obtained by the addition of

187



an arbitrary coustant ¢ to F(z), i.e., all functions of the form
F (z)+c, are also antiderivatives of the given function f(x)
since Lheir derivatives are also equal to f(z).

Thus, for a given continuous function f(z) there is an infinite
number of antiderivatives, not one.

4°, Converse Theorem. The difference between any two antideriv-
atives having the same derivative is a constant.

Proof. By the stalement of the problem both functions @ (z)
and /' (z) havoe the same derivative f(z):

@’ (z) =f(z) and F’ (z) = ().

@ (x) and F (2) are differentiable functions and therefore their
difference, ® (z) —F (z), is also a differentiable function (Sec. 86).
Let us denote Lhis difference by the letter y:

y=0(x)—F (z).
Differentiating, we have
Y =[D@)—F ()] =0 () —F' (z) =f(«)—f(z) =0.

Consequently (Sec. 99, 1°), the difference @ () — ¥ (z) is a con-
stant. We denole it by the letter c:

O (x)—F (z) =c.

5°. Corollary. /f for a given function f(z), one antiderivative

F (z) is found, then ary olher one is obtained by adding a certain
constant c; it has the form F (x)--c.

For an arbitrary ¢, #(x)+4c is a general expression for the
set of all antiderivatives of the given function f(z).

6°. Definition. The set of all functions whose derivative is equal
to f(z) is denoted by the symbol ‘f(x)dx and is called the
indefinite integral of the function f(z).

The symbol g f (z) dx reads ‘‘indefinite integral of the function
fydar.

By definition,

g f(z)de=F (2)+c. @)

In equality (2) the symbol S is called the sign of integration,

f(x) is the integrand, f(z)-dz is the expression under the integral
sign, F(2) is called the functional part of the indefinite integral,
and ¢ is an arbitrary constant of the indefinite integral.

7°. To find the indefinite integral of any function it is sufficient
to find one of its antiderivatives and add (o the latter an arbitrary
constant c.
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Examples.
1) szd-”?;‘i;--l-c; 2) SZmdx:xH—c;

3) S cosrdr=sinz-}c,

since (sin z)’ =cos ..

Sec. 118. Properties of an Indefinite Integral

1°. It follows from the equalities F’ (z)=f(r) and S f(x)dx=

=F (z)+ ¢ that
a) the derivative of an indefinite integral is equal to the inte-
grand: _
| {t@de] =y
b) the differential of an indefinite integral is equal to the expres-
sion under the integral sign:

d { f()de=1 (2)du;

c) the indefinite integral of the differential of a function is equal
to the sum of this function and an arbitrary constant.

Indeed, let F (x) be some definite antiderivative of the function
f(x), ie., f(zx)=F' ().

Then

f (@) de=F' (2) dz = dF (x);
S f(«) dr = S ar (x).
But since
{1 de=F@)+e,
it must follow that
S dF (v) = F (z) +c.

The last two propertiecs can be stated thus: the differential
sign cancels the sign of indefinite integration, and the sign of
indefinite integration cancels the differential sign but adds an
arbitrary constant.

2°. The indefinite integral of an algebraic sum of several functions
is equal to the same algebraic sum of the indefinite integrals of the
individual terms of the first sum; for example,

S (z—u+v)dzx = g zdx——g udx 4 S vdzx,
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since

[ S (z—u-+v) dw]'=z—-u+v

[(zdo—(uazt (vaz]' =[(2da] = [ (uar] +

+[Svd:c— '=z—u—|—v.

and

3°. The constant factor of the integrand can be placcd outside
the sign of indefinite integration, i.e., if A is some constant, then

SA-f(x)dx=A-Sf(fr)df,

since

[(4-@ds] =a-1()

and

[A-S f(z)dz]'.—_A-[S ;(x)dx]'=A-f(x).

Sec. 119. Integration by Formnulas

1°. 1. Since d (x4 ¢) =dz, thercfore gdx=x+c.

. Zh+L _on n . al . )
2. Since d<—n~_T:1—"+‘C> = dx, S ™dr = -m +C. The for-
. . n+1
mula is true for m -%—1; when n= —1, the expression

n4+1
loses numerical meaning because the denominator becomes zero,
and one cannot divide by zero.

dx

3. Since (l(ln:t—{-c)=;--dar=—}-~ , S zldr = g ‘i—x:ln z}c.
4, Since d(e*+c)=e*dr, S e“dxr=¢€"+c.
5. Since d(i;%—i—c):a"dr, Sa*d.v:—":- c

Ina

2°. Examples. 1. Evaluate \ 2%dx.
Solution. By formula (2):

5+1 0
gmf'dnr: y ~}-c=%+c;

. 541
2 §+‘ ’;: 3
- Vb, ¢ o 3/
2, S Vatdr = S x3dx=-7f)——+c=—2—+c=3x Vzi4e.
3t 3
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3. Evaluate X (z+1) (z—2)dz.
Solution. Opening the brackets in the integrand, we get

g (22 —2—2)dz.

Then replacing the integral of the sum by the sum of the inte-
grals, we have

S z¥dr— S rdr— S 2dzx.

The constant factor, 2, in the third integral is taken outside of
the integral sign:

S z?dx — S rdx—2 g dzx.
Applying formulas (2) and (1), we have
Q (r+1) (x—2)dx = S z? dr— S rdr—2 S dr =

o on1-
4. Evaluate S x—%j dz.

Solution. Dividing each of the terms of the numerator by 23,
we get

(=220 = { (1 — 20248270 dor =

= S %—2 S 2 2dx+43 S x”’dx:lnx—Z--fz%—{—

—2
< +3'f;—2*+c=lnx+%—'zi§'+6.

3°. The method of integration which converts the given inlegral
into a sum of integrals is called the expansion method. This
method was used in examples 3 and 4 above.

Sec. 120. Integration by Substitution

To reduce a given integral to ‘‘tabular’’ form, i.c., as given in
tables of integrals, use is sometimes made of the method of substi-
tution of a new variable.

1°. Theorem. Let F (u) be an antiderivative for the function
f(u). Replacing the argument u by a function of the independent
variable x having a continuous derivative,

u=9(z),
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we have

{twau={tio@1e @da. )
Proof. Replacing u by the function ¢ (z), we get the compo-
site function
fw)=fle (@)
The integrand f(u)du is the differential of the antiderivative:
f (u) du =dF (u) = F’ (u) du.

But the formula of the differential holds even if u is the function
of a different argument (Sec. 114, 3°),

' f(w)du=F'(u)du=F'(u)-¢'(z)-d,
since
du=dg (z) = ¢’ (z)dx.

But it is given that
1 (u) = f (u) = f o ()].

fu)du=flg(x)]-¢" () -da.

Therefore

Consequently,
S fu) du = S g (@)]-¢’ ()-da.

2°. In actual integration, use has to be made of equality (1)
written in the reverse order:

S fle (@) ¢ (z)dz= S f (u) du.
1
J°. LKvaluate S (2x—3)§¢1x.

Solution. Since the integrand is a composite function, let us
introduce a new variable and put

¢ (x)=2z—3=u,
¢’ (x) dz =2dz =du; dl‘=.—:-dU.

Introducing these expressions into the integral, we get

1 1 3
a2 1 1 1 u?
S (2x—3)%dr = S u --_z—du=?g uzdu=7 -"5-+c=
2
3 $
=%u2+c=%(2x—3)2+c
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° dz
4°, Evaluate S 315"

Solution. Introducing a new variable, we have
@ (z)=3z+5=uy;
¢ (¥)dx=3-dx=du; dx =—.13— du;

1
’gdu

d 1¢d 1 1
S 3x:5= S w3 S —ui=—3~lnu-f—6= wIn@Bz+5) +c=
=In ¥ 3z45 +e.
o dx
5°. Evaluate K iy -
Solution. Let 22— 1 =u. Taking the differentials, we get 2dz =
=du, dr= ; du.

1
dx P 1 - 1 1
[ e = =g (wrdu= — o=yt +e.
6°. Evaluate \ e3*dxr.

Solution. To Treduce the integral to formula (4) put 3z=u.
Then dx =~;— du:
S e¥*dr = S e*. ;—du=—%— S c“du:—%e“ f-c=—:1;—e‘*"—[—c.

~

7°. Evaluate \ o™ dur.

Solution. To reduce the integral to formula (5), pul nz=u.
Then ndz=du, dx=—i~du.

u nx
Sa"xdx= g a“-%du:—}; S @ du = pe=-"_4e.

n Ina nina

o 2z dx
8°. Evaluate S o i

Solution. The integrandﬁ% is a fraction. Putting the denom-
inator 22+ 1=u and taking differentials of both sides, we get
the numerator 2z dz = du.

2z d. d
S ?‘%z S L =Inutc=In(z2+1)+ec.

9°. In general, if the integrand is a fraction in which the
numerator is the derivative of the denominator, the indefinite
integral is equal to the sum of the natural logarithm of the
denominator and an arbitrary constant.
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Indeed, if we have

7 @)
| T da,

we put f(z)=u and find that f’' (z)dz=du:
1" @) du _ =
X @ dz S ” =Ilnu+c=Inf(z)+ec.

10°, EvaluateSV;”d:il_5
X

Solution. In the {ractional function

the numerator

x
_]72z2+5
z is of course not the defi_vative of the denominator. Hence one
should not assume }/2z%-5 equal to u.

Noticing that the derivative of 2224-5 is 4z, we put 222+5=u
and take the differentials of both sides: 4xdxr=du, whence

xdx:—i—du.
—1—du 1 %
zdzx 4 1 ~2 1
Vo= va=g ) tdu= Trte=g Vet
2
+c=%lf§xz+5+c.
11°, Evaluate (—I¥Bdw.

Solution. The integrand consists of two functions: a function
of a function (Inz)® and a simple function_%. Let Inz=wu. Then

(In z)® =u® and i:— =du. Hence,

4
S (lnxig—df= g (In x)”-%’”—: g ul du=—u4—+c=%(lnx)4+c.

12°. Evaluate Se"“-x”dw.

Solution. Here e** is a function of a function and z2 is a simple
function. Let z*=u. We get e**=e"—a simple function of the
variable u. Differentiating the equation z%=u, we get z3dr=

1
= du. Then

Sex‘-xsdx=g ev. du._—};—g e"du———e +c= —ex‘—i-c
13°. Let us examine a few instances of the simultaneous use
of the methods of expansion and substitution.

When the integrand is an algebraic fraction, it is sometimes
necessary to isolate the integral part of the function by dividing
the numerator by the denominator according to the rules of divi-
sion of polynomials.
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For example,

S"*zd —S<2+2x sz— gdx+4g-d§1.

The first integral is tabular, the second can be found by substi-
tution:

2r—1=u; 2dz=du; dz=-1du.

idu
2 {dota{ 2 = =22+2 (-
=2x+21nu+c=2z—}—2ln 2z—1)+c=
=2z+In(2z—1)*+c.
14°. If the integrand is a product, it is sometimes useful to
transform one of the factors without altering its value.
For example, S ) z+1dz. In order to perform integration

by substitution, add and subtract unity from the first factor z.
We get

Il

{2 Vetide={ @+t1—1)Voride=
=@+ n—1Verid={ @+ yrTida—

_ S Vzglde= S (x—}-i)gdx—- S (x+1)%dz

Both integrals are found by substitution.
z4+1=u, dzr=du,

{ @+ 1)gdx—g (z+ 1)%dx= { ugdu—g i du
WV u—2ulute=2ulu@u—5+c=
(x+1) Vr+10Br43—5)+c=

=B(x+1) Bz—2) Vz+1+e.

I

m]m vdw

Sec. 121. Standard Integrals and Their Uses

1°. In solving examples in Sec. 120 we introduced a new vari-
able u as a function of z and then employed the formulas of
integration. Since this method is used very often, it is convenient
to remember a number of formulas for the variable u regarding u
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either as an argument or as the function of a different independ-
ent variable and taking du to be the differential of u.
Table of basic formulas.

I. Su"du=—:%_f{-+c, n#x—1. II. S =Ilnu-c.
II1. S e*du=e"*+c. IV. Sa“ du=-lﬁ+c.
V. Scosudu:sinu-{—c. VI. Ssinudu=—cosu+c.
d
VII S &)g%—‘=tanu+c. VIIL. S m-—:: —cotu-c.
IX. S 1j_uu,=arc tan u -+ c. S VI_—_if =arcsinu | c.

The correctness of these formulas can be verified by differen-
tiation.
2°. Let us study a few cases where formulas (V)-(VIII) are uscd.

1) S cos oz - dx.

Solution. cos5z is a function of a function. To obtain a simple
function and make use of formula (V) we put 5z =u. Then

cosdxr=cos u, dr = -;— du.

S cosdzxdr = S icosudu=%sinu+c=isin5x+c.

5 5
2) S;;?m To employ formula (VIII) put 3z =u.
Then dz = 3- du.
dz 1 du 1 1 .
S sin?3z 3 S sisdu = —gootutc=—gcotdz e

3) S z-sin (50?) dz. Assume 5z?=u. Then zdr= %) du.

S Z+sin (Sx’)dx—m S sinudu = —Ecosu—l- c=

= — F)cos (52%) +-c.

4) \ sin®z.cosxz-dxr. Here sin®z is a function of a function,
andcos z is a simple function. Putting sin z =u, we get sinz =u3,
which is a simple function of the wvariable u. Differentiating
sin z=u, we find that cos zdz=du.

. ut
S sindzcosz dz = S u’du=—4—+c=—4— sinfz4-c.
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sin%dz

9) —
2-}cos 7

entials of both sides, we obtain

. If we put 24 cos 5"3-=u and take the differ-

1 . =z .z
——3—sm§dx—du, smida:=—3du,

sin%dx du z
— 2 ==3\|\-—="=-—-3lnutc=-—3In <2+cos ——)-}-c.
. z u 3
2+-cos &
3
6 a4z Since sin r=2 sin = . cos —
) Ysinz - 2 T2
dz dz
Binz 2sin £ cos =
2 2
Multiplying the numerator and denominator of the fraction of cos% and
knowing that
x
cos &

1
= , we get
. x x
sin 5 tan

2 2
? ? zd z
dz B cos—z— T 3 cos iz
in % cos inZcos2E | sinZ 2 %
2sin 5 cos 9 2sin 5 cos 5 sin D) 2 cos )
1 dx

z 2 %’
tan 3 2 cos 5

Assume that tan :—;—zu and take the differentials of both sides of this

cquation: p =du. Ilence
2%
2 cos D)
5\ 13: gz p =§% du=In u+c=In tan %—-}-c.
tan? 2c0537

It is useful to remember that

sinz

S —fdz—=ln tan —;i+c
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7) S c:sxz . This integral is reduced to the form of the previous integral
by the use of the formula cos z=sin <%+z>

Assuming D) +x=u, we get cos x=sinu; dr=du. Consequently,

dx -
Scosx Ssmu——ln tan‘—+0—1ntan<4 7->+c

It is useful to remember that
dx n, oz
S wos z:ln tan <——4 —i——~2 >+c

3°. Let us examine the application of the basic formulas (IX)
and (X).

1. Reduce \ — dz

YT to the tabular expression SV{EE_E by
substitution of 16x2 =25u?.
Whence

4x = du, dx=75;du.

S dx _5 g du _5_S de
V251622 4 J V25—25u2 4 J5) 1—u?
1 du 1

. 1 .4
=7 S —17—1?—:[2— = arc sin u+c——4— arc sin z+4c,
since from 4z = Ou it follows that u=—g— z.
2) Reduce |\ ¢ + 3 == Lo the tabular form S
of 32%=Su’.

Whence z )/ 3=u }/5; da:=$——§-du.

TTu? by substitution

dx _1/5 du__'l/g du__igdu_
Sm_if—'ég5+5u2—5lfégi+u“_‘/{5 T+u?

1
=-——arctanu c———arctan"/ x-tc.
T + =2+

Since from the equation z})/3=u-}5 it follows that
u—-“/?i—.
=V +2

Vit 0 S Vidu = by substitution of 522 = 3u?,
— 52 —u

3) Reduce S
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Whence z )/ 5=u})3, dx—-T/T
S dz___V3 S du Vég du
1/3—5::2 V3—3u:™ 3 J V3. Vi—ur
.—_-‘-}—g- S Vid—u—uﬂ S —— arc sin l/— z+c,

since it follows from the equality z Vs—u V3 that u= 1/51'

cos z dz PO
4) Reduce S Vi —sints o S V_——‘ by substitution of sin?z =
=2u?, _
Whence sinz=u)'2, coszdz =} 2 du.
cos x dx - S du _
S V 2—sin%z V2 S 1/2 2u? =12 S Va2vVi—u

du . . sin
= S l~/.?:2_=arcsmu+c=arcsm —f-{-c,
—Uu

V2

. A 5 . sinz
since equation sinx=u V2 gives u= Vo

9) Write Sx(4+dfn2 2y 28 S4+(inx)2-d{— and reduce to tabular
form S

1_7_ 5 by substltutlon of (In x)~——4u2
Whence In z =2u, .&_ = 2du.

1 —=2 du ! du _ 1 are tanu-+c¢=
S4+(lnx)2 z S4+4u2 2y THur T 2 -

—;— arc tan ll’5—}-c % arc tan In )/ z+c,
. . . Inz
since equation Inz=2u givesu = 5.

4°, It is also useful to know the following two formulas:

du _1 1+u
S = In e (X1)

SVuz _1n(u+1/u=j;1) (XII)

Let us examine a few instances where these formulas are applied.

1) Reduce S —‘72—:——5 to the tabular form S —]7—‘-1;——1 by substitution
Lo — u2—
of 422 =23ul.
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Whence 2z=u} 3, dx=lg-§ du.

S dz 1/35 du _ig du__ _
Via*—3 2 JVaur—3 2 JVu—1
=GV o= 5 n (4 VE 1) 4=

____g_ 2’”“{/___2_&"’:_3“_ In (2z 4V 42 —3) +

4-¢c—In V‘ﬁ_—:—} In (22 + V 4s2—3) +e,

since In 1/3, as a constant, can be included in c.

2) 22‘2% de may be written as a sum of integrals by dividing the

numerator by the denominator termwise:
z-4-4 . z dz dr z dx , dx
S G2 —5 dx—S Zi—p T4 S 422—5 S Gat—5 * S 5—4a?

The first integral is found by substitution of

42 -5=—=u, 8x dr=du, xdr= 81 du.

> zdx 1 (du_ 1 1

Jrer —— —— 2__

S 1P —5 =8 S 3 Inu-¢ 8 In (422—5) +ec.

The second integral is reduced to the tabular form S 1_du'ﬁ by substi-

tution of 4x2=>5¢2.

Whence 2z=t¢}5, d:c=—l{2—5 dt.

S dx VSS at _ﬁg S S W L. LI
B—4x2 = 2 J5—bi2 5 1—2~ oy5 2 11—t
1 _ _
_ n + /5z+c 1, V5+2x+c
V5 _2 , 45  Vb5—2
V5
sinco t—'——_ x.
V5
Finally,
44 1 . 1 ]/5-}—2.7:
S %t —E dx——g In (422—75) Ve ]/5—21: +e.
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Sec. 122. Integration of Powers of sin x, cos x, tan x, cot =
In this section the exponents are considered positive integers.

1°, S sinmzdz and S cos™ z dz where m is an odd number.

For example, evaluate \ sin3z dz.
Solution. First expand the integrand:
sin3 x=sin2 z.sin 2 =(1 —cos? z).sin z=sin x —cos? z.sin z.
Then

S sindx do= S sinxdm—g cos2 z-sin z-dzx.

The first integral is tabular; the second is found by substitution:

cos z=u, cos2x=u?2, sin zr do= —du.
3
S sinzd.r:—g cos? z sin z dz =—cos z -} S u2du:~L;-—
3
—cosr-fc= cos;’ Z cos z-+c.
2°. sin™z dx and \ cos™ zdx, where m is an even number, are
by familiar formulas of trigonometry:
{—cosa=2sin2 3 and 14 cosa=3 cos? %,
which are taken in the following form:
(XIII) sin2 x:___i—czos 2z ; cos? g LT 008 22 ool z:]
These formulas reduce the power of the function.
Example 1. Evaluate & sin? z dzx.
Solution. Using formula (XIII),
1—cos 2z 1 1
in2 =\ ——— dr=-+ —_— 2r dz.
S sin :r:rlx‘_S 5 dx 5 S dx D) Scos x dx

found

(X1V)

The first integral is tabular; the second is found by substitution of

2z=u, dr=-; du.

2
Substituting, we get
sinzzdxzi dx——1— cos 2z d:c~——-—1-:c——1— S cos u du=
2 2 2 4
1 1 . 1 1 .
=5ty sin u+c_—2—z——4—s1n2z+c.

Example 2. Evaluate Scos‘zdx.
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Solution. First expand the function costz using formula (XIV):

2
cos4 z=:(cos? z)2=<1—t*c29—sﬁt-> =% (142 cos 2z + cos? 2z).
Again applying formula (XIV) to cos2? 2x, we get
A +—— cos2a:+ 1 1+2054z * + cos 2z -} — +~—cos4z_
——i—i-i cos 2x+—cos 4z
872 8 '
Hence
3 1 1
S cos4zd:c=8 S da:+—2— S cos 2z d:c+—g S co8 4z dx.
Assuming
1 1
2z:=u, d:t=7 du, 4zx=t, d:c=7; dt,
we got

3 1 1 3
Y g dz |- n S cosudu-}-3—2 S costdt=— x+ sin u+3 sint4-¢c=

=—— :c+ s1n2::+ sm/n:—l—c.

30, S tan™ x dz and col™ z dx are found by the successive use of the

trigonometric formulas:

cot? z=cosec® z—1 (XVI)

tnn2x~soc2x—1l (XV) and

The transformation is done with a view to getting integrals of the form:
X tan” z.sec?2z.-dx and S cot™ z.cosec2 z-dr,

which are then solved by the following substitutions:
tanz=u, sec2 z-dr=du,
cot x=u, cosec? z.dz = —du,

Example. Evaluate tan3 z.dz.
Solution. Transform tan3 z using formula (XVI):
tand r=tan = .tan? 2 =tan x (sec2 r—1) =tan z-sec? z—tan r=

=tan z sec2 z— -—133
cosz’
Hence
X tand3z doe= S tan z-sec? z.dz— S sin z dz .
cos z
Putting tan x=u, sec?zdz=du; cosz=t, sinzdr=—dt, we obtain
S tan3 xdz:X udu.—S d—:_—i—u —Int4c= —;—tan’z—-lncos:t+c.
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See. 123. S Va*—axtdx

]/a2 z2dz is frequently encountered in practice and is cvalu-

ated by substituling z =a-sin ¢. This is called trigonometric sub-
stitution.

A
Evaluat / a* —z%dz. Putti -
valuate S V a*—z2dz. Putting =z = Ssectorm
=a-sin ¢, we have =2/ o= 8
z? =a’-sin? ¢, dr=a-cos ¢ dy, .z
‘ %a’arcsma ?
S V a*—2%dx = o o
5= P
= S V a® — a®-sin%p -a-cos o do = @ _%z}f[{fﬁ S
Z
=q? S V1—sin?¢-cosq dp = ¢ ¢
Fig. 126,
=a? S cos“'(p-dcp= #
1 2 9 1
=a?. S +c;§ P do = 7 a? S drp—}-—z—a2 S cos 29 -dp =

1 .
—1 .2 1
._—z—a o+~ a?sin 2¢ +c.

Scos2(p-dcp is found by substitution of 2¢ =1, dq>=-;» dt.
Let us find the values of ¢ and sin 2g.

. . . T . LT
Since z=a-sing, sing=--, and ¢ =arcsin - .
sin2p=2sin@-cos @ =2sing )/ 1—sin2¢ =
z 2r 3
2.2 Y15 e
. . 2z ;o T3
These values of ¢ = arcsin —a— and sin 2(p=a2- }/ a*—=z? are put
into the integral:
S Va’—xidx=—;— a"(p+—1—a2.<:in2(p+c=
1, .. x  a?2r

~—35
7 a® arc sin — 2 +4 a? Va —2z%-tc,
whence

Sl/a2 x’dz——;—a’arcsm—— —;—z-l/a’—z’-}-c (XVII)

203



To make it easier to remember this formula, let us interpret

its terms geometrically: the first term of the formula —;— a?arc sin
z

—a—=—;- a’ @ is the area of the sector AOB (Fig. 126) with radius

a and arc ¢, the second term%x Va®—2? is the area of a tri-
angle with hypotenuse @ and one leg  lying opposite the angle ¢.

Sec. 124. Remarks

To conclude this chapter on the indefinite integral it may be
called to mind once more that one of the problems of integral
calculus is to find the antiderivative from the given derivative
of f(r), and that if the given function f(z) is continuous on the
interval a <z < b, there exists for it an antiderivative. But if an
antiderivative exists for every continuous function, is it always
possible to find this antiderivative?

Analysis gives a direct answer to this question: not every
indefinite integral can be expressed in terms of algebraic, trigono-
metric, inverse circular, logarithmic or exponential functions as
a result of elementary operations on them.

For example, S I%E cannot be found as a result of elementary

mathematical operations. But the values of this integral can be
found approximately to any desired degree of accuracy by means
of an infinite series.

Integral calculus provides methods for finding integrals of only
certain (true, the number is rather large) functions.

We considered only the very simplest mothods of integration
and as applied only to the simplest functions.



CHAPTER XI

THE DEFINITE INTEGRAL AND ITS APPLICATIONS

Sec. 125. The Definite Integral as a Measure of the
Amount of Change in the Antiderivative

Let us examine how to find the amount of change of a func-
tion with respect to its derivative f(z) as the argument z varies
from z=a to z=>0. We assume that the given function f(z) is
continuous in the interval [a, b] where a <<b.

1°. Theorem. When the argument x varies from r=a to x=2>b,
cach of the antiderivatives of the given function f(x) has one and
lhe same inciement.

Proof. From a set of antiderivatives whose derivative is f(z)
let us take any two of them and denote them by F (z) and @ (z).
‘They will differ from each other by a certain number c:

F(z)—®(z)=c.
Whence
F(z)=® (z)+c.

Let us determine the values of these two antiderivatives for
z=0>0 and z=a.

For z=0b, F(b)=0(b)+ec.
For z=a, F (a)=® (a)+c.
Subtracting the second equality from the first, we get F (b)—
— F (a) =D (b)—® (a), as required.

2°. Definition. The difference F(b)— F (a)—which is the value
of the increment of any antiderivative of the given function f(x)
as the argument x varies from x=a to x=b—is called the defi-
nite integral of the function f(x) between the limits a and b and is
represented by the symbol

b
S f(z) dz.

The numbers @ and b are called, respectively, the lower and
upper limits of the definite integral. Of course the numbers @ and
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b are not limits in the sense in which we have hitherto used the
word. They are merely the boundaries of the range of variation of z.
: b

The symbol S f (z) dz stands for ‘‘the definite integral from a to

b of the funcation f(z) dz’’. By definition

b
{ 1@ de=F )—F (a).

a

3°. Rule. To evaluate a definite integral it is sufficient to:

1) find the indefinite integral of the given function;

2) take the functional part of the indefinite integral and substi-
tute into it, in place of z, first the upper limit b and then the
lower limit a; and then subtract the second resultant value of the
substitution from the first.

The second operation is symbolically written as [F (z)]2 or

b b
F (z) ‘ or l F ().
In (;ll :ases we read ‘‘the value of F(z) substituted from a to
b

b’. We shall use the symbol |F (z).

a
The rule for evaluating a definite integral is written symboli-
cally as

b b
g f(@)dz=| F(z)=F (b)—F (a) (XVIII)

Let us note that in this formula the function f(z) stands under
b

the integral sign (S) while the antiderivative F (z), the func-
tional part of the iandefinite integral, stands under the sign of
b
substitution <l ) .
¢ 2
Example. To evaluate S z3dzx,

1
1) find the indefinite integral: S z3 dx=%—4+c;

206



4
2) the functional part is % , the vatues of which on substitu-
tion from 1 to 2 are

4°, Examples. 1. The slope of the tangent at every point of
a curve is equal to 2z. How does the ordinate of a point on this

curve vary when the abscissa changes from - .
27to 3? 3 112
Solution. It is given that by 1
d 19 /P
=% _ o
tan @ =_~=2z. h -
T\ 16
Therefore the ordinate y is an antideriva- s
tive of 2z: T\
-~
n\\ |3
y= X 2z dzx, L |
N*
or
y==z*+c.
Figure 127 illustrates these curves for Fig, 127,

different values of ¢: —3, 0, +3.
As z changes from 2 to 3, the ordinate y changes in value by

3
§ 2zdzx.

8 3
S2m= |x2=32—22=5.
2

In Fig. 127 this increment in the ordinate, equal to 5, is shown
on the different curves: y=2%—3, y=22, y=22-3.

2. Determine the distance travelled by a point from time t=3
min to =9 min if the velocity at every instant of time is
t? m/min.

Solution. The velocity at any instant is a derivative of the

distance with respect to time, ‘%. It is given that
ds 42
9 = {“,

The distance s is an antiderivative of t2. And the distance s

covered between {=3 min and ¢{=9 min is the amount of change
in the antiderivative of ¢2 as the argument ¢ changes from 3 to 9.
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9 9
‘I'he distance is g t2dt. Evaluating this expression, we have S 12dt.
3 3

1) St‘*’dt=t—;+c;
9 9 3 3

2) Sdet=‘f3__%__._243 9= 234,
3 3

Consequently, s=234 m.
3. The heat capacity of 1 kg of water varies with the tempera-
ture ¢ according to the law f(¢) =1+ 0.00004 t+ 0.0000009 z2.

Determine the amount of heat required to raise 1 m? of water
from 10°C to 60°C.

Solution. For 1 m3 of waler the heat capacity
f () = 1000 -+ 0.04¢ + 0.0009:¢2.

The heat capacity ic the derivative of the amount of heat with

respect Lo temperature, %i :

92 — 1000+ 0.04¢ - 0.0009z2.

For the given function f(¢), the quantity of heat, Q, is the
antiderivative. It is required to find out how much the antideriv-
altive changes as ¢t changes from 10° to G0° ie., to evaluate the
definite integral

60

| (1000-+0.04¢ +0.0009:%) dt.
10

First evaluate the indefinite integral:

S (1000 -+ 0.04t + 0.0009:2) dt = 1000z 4- 0.02¢% 4-0.0003¢2 + ¢

and then its value on substitution from 10 to 60:
60

| (1000¢ +-0.02¢2 +-0.00031%) = (60000 + 72 + 64.8) —
10

— (10000 + 2 +-0.3) = 50134.5.

Thus, 50134.5 kcal of heat is required to raise the temperature
of 1 m3 of water from 10° to 60°.
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Sec. 126. The Definite Integral as a Function

b
1°. In the definite integral S f(z)dz=F (b)—F (a), the limits

a
a and b are certain definite values of z such that on the inter-
val [a, b] the given function f(z) is continuous. Let us keep
the lower limit a constant and consider the upper limit b variable
and denote it by z.

x

gf(x)dx=F(z)-F(a).

Since to every value of z there corresponds a certain definite
x

number, the difference F (z) — F (a), the definite integral S f(z) dz
a

is a function of its upper limit z.
2°. From the set of antiderivatives F (z)-+c whose derivative
is f(z), let us find the one which is equal to zero at z=a.
Substituting @ for z in F (z) ¢, we obtain

F(a)+c=0,
c= —F (a).
Whence it follows that the required antiderivative is F (z)—

—F (a). But

x

F(z)—F (a) = S f () da.
Consequently, the definite integral gf(z) dx is that particular

a
antiderivative of f(z) which becomes zero at z=a.

3°. Relationship betwcen the indefinite and definite integral. Since
x
S f(x) dz is one particular antiderivative of f(z), namely, that onme which

a

becomes zero at z=a, every other antiderivative differs from this one by
an arbitrary constant ¢ In other words, an indefinite integral differs from
a definite integral by an arbitrary constant c:

S f(:c)d:z=§ f(z)dz+-c
a
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Sec. 127. Geometrical Meaning of a Definite Integral

1°. Figure 128 shows the graph of a continuous positive function
y=f(z). Let us take two points A and M on this curve of y = f (z),
and let us treat A as fixed and M as moving. Accordingly,
the coordinates of A are the constants [e, f(a)] and those
of M are the variables (z, y). To every definite value of z there
corresponds a definite area s of the curvilinear trapezoid A;AMM,
bounded by the arc AM, the axis Or and the ordinates A;A
and MM of the points A and M. Hence, the area s is a function
of z, a positive function since all values of s are positive.

We shall show that s is an antiderivative of the given function
f(z). To do this, find the derivative of s with respect to z. Let
have some definite value, then add to it an incrcment Az. The
area s Lhereby receives an increment As equal to the area of the
figure M1MNN1.

Let the function y=7f(x) increase and decrease. Then on the
segment M,;N, of the change Az there will be found a least ordinate
BB and a greatest ordinate C,C*. Let us construct two rectangles
M,KK,N, and M,LL,N, using Az as the base in each case and 3,5
and C,C as their respective altitudes. We get area M\ KK,N; <<As <<
< area M,LL,N,, since the first area is a part of the second and
the second is a part of the third area.

But area M,KK,N,=Ar-B,B and area M,LLiN,=Az-C,C.

Hence

A"E‘BiB < As < Ax-Clc.

Dividing through by Az, we get
As
BB << C,C.

Lot Az tend to zero. As Axz—0 the variable ordinates B,B
and C,C—since the curve is continuous—approach the constant
ordinate MM =y as their limit. Hence (Sec. 56)

lim 25 =M,M,
Ax—0 BF
or
ds —1
dr
In words, the derivative of the area s with respect to the abscissa z
is equal to the ordinate y of the curve at the point x.
But since y={f(x),

=1

* This is proved in advanced courses of analysis.
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It follows from this that the area s bounded by the graph of the
function y=f(z), the azis of abscissas and the ordinates of two
points on the graph is an antiderivative of the given function f(z).

M
A N 8’
K K,
0
2 12 T
0| 4 bl |/ .
- a b »
< T 4z
F
Fig. 128. Fig. 129.

The area A,AMM, is that antiderivative of f(2) which becomes
zero at x =a. Indeed, if the moving point M coincides with the
fixed point A (which occurs at z=a), the area A{/AMM, becomes
zero. Hence (Sec. 126)

x
§= S f (z)dz.
a

To obtain the value of the area A,AB’b (Fig. 128) enclosed
between the ordinates x=a and z=>5 it is sufficient to replace
z by its value b. Then we get

s= g f () da (XIX)

This is the geometrical meaning of a definite integral: the definite
b

integral Sf(x) dx of a conlinuous positive function f(z) is equal
a

to the value of the area enclosed between the curve y = f(x), the axis

of abscissas Oz and two ordinates x=a and z =0b.

2°. Example. Calculate the area enclosed between the curve
y =23, the axis Oz and the ordinates =1 and z=2 (Fig. 129).

Solution. Basic formula for area:
b

s= S y-dz.

a
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It is given that y =23, a=1, b= 2. Therefore

3°. Note. Sometimes it is wrongly asserled that ‘‘the definite
integral is an area’. This is erroncous because the definite
b

integral g f(z)dz is a number which may represent quite different

a
kinds of quantities: in some instances, arcas, in others (as was
shown in some previous examples) increments in ordinales, distances
covered by a moving body, quantilies of heat, and so forth.
b

Further on we shall sec that the definite integral Sf(x) dx can

a
represent the volume of a body, work, pressure and other specific
quantities.

See. 128. Supplementary Notes

1°. In the preceding section it was shown that the area enclosed
by the curve y=f(z), the ordinates of two of ils points, and the
axis Oz is an antiderivative of f(x) if f(x) is a positive function

[f(x) >0] on the interval a<lz<b,
Ay i.e., if the curve y=/f(x) lies in the
upper half of the plane divided by
the axis Oz. This also holds if f(z)
is negative on the interval [a, b] [f (2)<<0],
i.e., if the line y = f (z) lies in the lower
half of the plane relative to the
axis Ox.

If the function has negative values,
the foregoing reasoning will apply in
obtaining the expression for s, the area
bounded by. the curve y=f(x), the

Fig. 130. axis Or and the ordinates 2==a and

z = b (Fig. 130), the only difference

being that the value of the area lying below the axis Ox has to be

treated as negative since the ordinates of points of the curve are
negative:

i

ds

b
and S f(z)dz is negative.
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b
The sign of S f (x) dz only indicates the position of the area rela-

"

a
tive to the axis Ox: plus, signifying ‘“‘above the axis’’ and minus,
“below the axis’’. The actual value of the area is equal to the abso-
lute value of the integral.

v v

S 1] b4 2

Fig. 131. Fig. 132.

If the arca lies partly above and partly below the x-axis
(Fig. 131), the enlire area is obtained by evalualing separately
the area s, above the z-axis and the area s, below tho r-axis:

. s=|8|+]sz]-

Thus the entire area is equal to the sum of the absolule values
of the areas of its parts lying above and below the z-axis.

Example. Calculate the area bounded by a sinusoidal wave
y=sinz and the z-axis (Fig. 132).

Solution. One part of this area (0 <z <m) lies above the x-axis,
the olher parl (m<a < 2mn), below it. Calculating them scparately,
first part

41 T
§ = K sinx dr = l —cosxr= —cosxm {-cos0=1+1=2,
0 0

second part

2 25
Sy = g sinzdx = ) —cosz= —cos2ntcosn=—1—1= —2.
n n

The whole area s=|s;|+|8|=2+2=4.
If the position of the curve relative to the z-axis is disregarded
and the integral is taken between the limits from O Lo 2m, the

result is absurd.
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Indeed, we get

2n 2n
s= S sinzdzr= | —cosz= —cos2n-4cos0=0,
0; 0 :

2°, Formula
b

\ 1(2) do=F (6)—F (a)
a
holds provided that the function y=f(z) is continuous on the
interval e <2 <b. For a discontinuous function the formula may
prove to be incorrect.
‘y 0 dx
Example. Evaluate § T—1e
Solution. Find the indefinite integral
by substitution of x — 1 =u, dzr =du:

u—l 1
=—jte=1t+¢

Let us evaluate the definite integral:

i 2 2
72 % S dz | 1
(z—1)2 (‘) 1=z

Rl

1
]
7

LN A
Nl
N |-
™

0
Fig. 133. 1 1
=13~ 1= —1—1=-2
The result is a negalive number, — 2, yet it is obvious that all
the ordinates of the curve y=—(x—_1_1—)2 are positive, since the

square of xz—1 is positive for any value of z. Thus the curve

lies entirely above the z-axis and the area enclosed by this curve

and the z-axis cannot be expressed by a negative number. The
b

source of the error was that the formula g f(@)dz=1F (b)—F (a)

a
should not have been used since on the interval 0<{a2<2 the

function y=—.~1——— has a point of discontlinuily at z=1 (Fig. 133).
(x—1)2

Sec. 129. The Definite Integral as the Limit of a Sum

1°. Advanced courses of analysis prove a theorem about the
existence of a definite intcgral. In essence it is as follows.

1. The function y=f(x) is continuous on the interval [a, b]
(Fig. 134). Divide this interval into n subintervals (it is immaterial
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whether the subintervals are equal or unequal). Denote the ab-
scissas of the points z,=a, =z, 23 ..., 23, ... 2,4 Wwhere
D] Lyl L3 ... <.'L‘n+1=b.

Let the lengths of the subintervals be denoted by Az, Az,, ...,
Azg, ..., Az,, where

Axy =2y — 2, Axy=23— 9, ..., AZp =Tpsy— Thy oo .y
Azp = Tpyy— Tn.

2. In each of the subintervals thus obtained [z, 244] take an
arbitrary point &, z, <Ep<zp+; and evaluate the function f (&)
at this point.

3. Multiply this value of the function f(g;) by the lenglh of
the subinterval Az;:

f (&r)- Ay,
4. Add all the products thus obtained:

F(E) Axy+f(8o) Azt oo A-f(Ba)-Azi+ .o - f (Eu) Az =
b
=21 (@) Aa.

b
In the symbol ) f(E) Az, the letler ) signifies ‘‘sum’’ and f (&) Az

shows that all l‘vhe terms of the sum are of one and the same type:
the product of f(§) by Az. The letters @ and b denote the left and

by

~~ ’\! -
— <
o N & N
N N S
0 Ty | &z Ty In| Zpsy
a__ |Az,| bz, Az, Az, |6 T
Fig. 134.

right end points of the interval over which the operations of

b
summation are performed. This sum, D, f () Az, is called an inte-

a
gral sum. It is obvious that an integral sum may be constituted
in an infinite variety of ways that depend solely on the manner
in which the interval [e, b] is subdivided into n subintervals and
on the choice of the points §&.
5. Let us consider the number of divisions, n, variable and let
us assume that the interval [a, b] is divided in a manner such
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that for any given positive number 8 (for any value of n above a
certain limit) the following inequalities are satisfied:

Azi< 6, Az, <§,...,Ax, <<, ..., Az, <<6.

In other words, all Az—0, and the number of subintervals

rn  becomes greater than any positive number N=b;a, i.e.,

n—> co. Under these conditions, cach product f (&;)-Az, is an infin-
itesimal since it is a product of a finite quantity f(&,) by an
b

infinitesimal Azy. And the sum ) f (&) Az becomes the sum of an

a
indefinitely increasing number of infinitely small terms. In the
theorem on the existence of a definite integral it is proved that
b

this sum has a limit, which is called the definite integral S f (%) dx,

a
1.e.,

f(z) dz.

R0

b
lim ) f (&) Az =
Ai»o%‘f(g) x

2°. Let us illustrale this theorem. AB (Fig. 135) is the graph
of a conlinuous posilive function increasing on the interval [a, b].
Divide the interval [a, b] into n subintervals (it is immaterial
whether they are equal or unequal). Let us take the left end point z,
of each of these n subintervals as the point &, Then

f (&) = f (x2) = yn,

f(Er)-Axy = f (x2)- Ay,

and the product

or is equal to the area of the rectangle whose base is the segment
Az and whose allitude is the ordinate f(z;) of its left end point.
b

b
The integral sum ) f(E) Az = Y f () Az represenls the area of the

a a
stepped figure aAM M M,M, ... M,b which these rectangles
form on the interval [a, b].
The arca of the curvilinear trapezoid aADBb is equal to the sum
b

of the areas ol the rectangles, > f(x)Ax, added to the sum of the
a

areas of the curvilinear triangles (shaded portions in Fig. 135). .
Let o denote the arca of these triangles. Then

s= ?1f(a:)-Ax+0'.
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b
The sum ) f(z) Az of the areas of the rectangles, as Az tends

to zero, is a bounded variable quantity, because it can never be
greater than the area of a rectangle with ab as its base and the

Y
B, ¢ B
‘ e ——— T Mn
-~ i ) R
= F M,,
= M A°
S T 4 S
9 | ___A M ‘;T
4P ! < EFl3I
Syl s B =7
0| dzy | Ty |4z |4z, m) o Az,
E a b 'z
Fig. 135.

altitude equal to the largest ordinate bB. The sum is not an infin-
ilesimal because it cannot be less than the arca of a reclangle

with the same base ab but altitude equal to l (aA+-bD).

We will show that the sum o of the curvilinear triangles is an
infinitely small quantity when Az— 0.

Let us take some definite number of divisions. All the segments
Az may be of different length (some of them may even be equal)
and at least one of these will be greatest (in Fig. 135 there are
two such largest Az). Let us denole Lhis largest segment by Axy,.
On the axis Oz lay off a segment from the origin O equal to Auy
and use it as a base to construct a rectangle OB,CE with altitude
equal lo bB. From the points 4, M,, M,, ..., I of the given curve
draw perpendiculars to the y-axis and displace the curvilincar
triangles AMM,, M/M,M,, ... along these perpendiculars
so that their vertices A, M,, M, ... lie on the y-axis. llcre, the
curvilinear triangles fit in the rectangle A,3,CD without over-
lapping. The base of the rectangleis Azp and its altitude,
1 () —1 ().

Part of the area of the rectangle A,;B,CD is not covered by the
curvilinear triangles. Thus, the sum o of the areas of the curvilinear
triangles is less than the area of the rectangle A,B,CD, i.c.,

o <[f(®) —f(a)]-Aznr.



This inequality holds for any value of n so long as the method
of dividing the interval [a, b] remains as stated in the theorem. And
since by this method all the Az (including Az,/) become infinitely
small, the product of the constant f(b)—f(a) by the infinitely
small quantily Az, is also infinitely small. If [f (D) — f (a)] - Azar <<
<<e, then o<<e, i.e., 0 also becomes infinitely small, as required.
The equality

s=if(x)~Ax+o

signifies that the constant s is equal to the sum of the variable

b
D f(z)-Az and the infinitesimal o. Therefore (Sec. 49)

b
lim ) f (z) Az =s.
Ax—0 a

But (Sec. 127, formula XIX)

b

§= S f (z) dx.

a

Hence

b b
lim Y f (2)-Az = S f(z)-dz (XX)

Ax—0
a

3°. The thcorem developed in 1° is true for any kind of con-
tinuous function f(z), increasing or decreasing, or increasing in
some intervals of variation of the argument and decreasing in
other intervals; and it is. immaterial whether the function has
positive or negative values.

Sec. 130. Properties of a Definite Integral

b
Regarding the definite integral S f(x)dz as the limit of a sum

a
of infinitely small terms f(z)-Az(Az—0), with the number of
terms infinitely increasing, we shall prove the properties of the
definite integral.
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1. The definite integral of an algebraic sum of several functions
is equal to a similar algebraic sum of the definite integrals of the
functions of the terms. Indeed,

b

b
(/@ +o@—v@1de=lim 31f @)+ @—p@)Ac=

a

b b b
= li ) Az + i ) Az — lim Az=
AT, 2T WA [ Do @ 8e = [im 29 () e

b b b
={t@de+ {o@de— [ p(0)do.

2. The numerical factor of the integrand can be taken outside the
integral sign.

Proof.

b b
c-f(x)dx:AlairExO%] c-f(x)Am:}igc-%j(z)Ax:

Qe

(since ¢ is a common factor for all the terms of the sum)
b b
=c-lim D\ f(2)Az=c- S f (x) d.

Ax—0 b

3. Interchanging the limits of integration changes the sign of
the definite integral.

!

Proof. In the preceding section it was assumed, when dividing
the interval [a, b] into n subintervals, that ¢ <<b. Now, imagine
that b <<a and that the division is performed from the end point
a towards b. Then all values of Az will be negative. (When b —a
b—a

<0

n

is divided, for example, into n equal subintervals, Az =
since b—a << 0.)

As a consequence, the terms f(§,)-Az, of the sum }b] fE) Az

b
and of the sum 2, f(¢) Az are themselves sums. And their limits
a b ¢

Sf(x) dz and S f (z) dz differ in sign:

b a

b
/(x)d:c=-—Sf(x)dz.

e
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Sec. 131. Calculating Areas

1°. To find the area of the segment OAB of the parabola y2=2pz
(Fig. 136).

Solution. From the given equation we have
y==17V 2p=.

The positive values correspond to points of the curve above the z-axis,
the negative values, to points below. Since the curve is symmetric about

YU ;
1 AY

z -

/i aq

A
&
y ff /] 2\ ?
A
Fig. 136. Fig. 137.

the z-axis, it is sufficient to calculate the area of the half-segment above
the axis and then double the result. The argument = varies between the
limits from O to z:

x x g
Sl=3 V 2pz de=V 2p 3 z2 de=
0 0
T2 2 o 2 —
=V2p --3":1:2 =3 Vf;xl/x_:—g—x V 2pz .
0

Since it is given that} 2pz=y, S‘=%z-y.
The whole area of the segment S=2S1=2--§—x-y, or

S.—:—%z-Zy.

Here 2y is the length of the chord of the segment and « is its arm.

Consequently, the area of the segment of a parabola cut off by a chord
perpendicular to its axis is equal to two-thirds of the area of the rectangle con-
structed on this chord and its arm.

2°. To find the area bounded by the curve y=2+xz—z? and the
z-axis.

Solution. An area can be bounded by two lines only if they intersect.
We first find the points of intersection by solving simultaneousy the
equation of the curve, y=2-4z—z2 and the equation of the z-axis,
y=0; we get their points of intersection: z(=—1, z,=2 (Fig. 137).
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The area is calculated by putting a= —1, b=2 in formula (XIX):
2 +2 9 s
S= S @+ z—2?) do= ‘<2z+-"2__.”3_>=
-1 -1
_ 22 28 1,1\ _ 1
=(2 2+_2‘__3’>"<_2+‘2‘+§> =47

3°. To find the area enclosed between ‘the curve y=a3—622-4112—6
and the ordinates =0, z=4.

Solutioq. When calculating the area, one should not mechanically inte-
grate the given expression for y within the given limits.

A g

Fig. 138. Fig. 139.

The point is that for =0, y=—6 and for x=4, y= +46. That is,
the curve lies partly below and partly above the z-axis, and, consequently,
each part of the area has to be calculated separately.

To find the abscissa of the point of intersection of the curve with the
z-axis, solve the equations (the equation of the z-axis is y=0) as a pair
of simultaneous equations. We have

23 —622 4 11z —6=0,
This equation is solved by factorising the left-hand side:
23—6224 112 —6=23—2x—622 120 —6=
=z (22—1)—6 (22—2x 4+ 1)=z (x—1) (z+1)—6 (z—1)2=
=(z—1) (x2— 5z + 6)=0.
Whence
z-—1=0 and 22—5z46=0,
2y=1, =2, z3=3.

Thus, the curve intersects the xz-axis at three Yoints whose abscissas
are, respectively, equal to 1, 2, 3 (Fig. 138). To calculate the required area,
find the areas 0AB, BCD, DEF, FGH and then add them together. Further,
noting that the curve is symmetric about the point (2, 0), we conclude that
it is sufficient to calculate the first two areas or the last two areas and
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then double their sum.
1 1

4
Area 0A3=§ (29— 6224 112 — 6) dz=| <—x4—-—2a:3+%x2—6:c>=
{ 0

1 1 9
The minus sign merely indicates that the area OAB lies below the z-axis.
Its area is equal to the absolute value of the result obtained:

area 0AB=-~49— square units.

2
Area BCD=\ (23—6xz2-4 112—6) d:c:‘ <-zi-—-2x3+1—21x2-—6x>:
1

-~ DD

9 1
__(4—16-}-22——12)-{-?——? .
Area BCD:—i— square units.
The required area
s=2(ar. OA4B+ar. BCD)=2 (%—{-—}:) =25 square units.
4°, Calculate the area enclosed between the curves y—=23 and y=4x.

Solution. First determine the boundaries of the area. To do this, solve
the equations simultaneously:

23—4bx==0, =z (x2—4)=0, z;=—2, 2o=0 and z3=2.
Sketch the parabola from the points:
1 1
z —2'—1‘—7 o‘+7!+1’+2
]
I N R T

and connect the points (—2, —8) and (2, 8) by a straight line (Fig. 139).

It is required to find the area of the shaded portion. It consists of two
equal parts. Determino the area OABD as
the difference between the areas of the
rectilinear triangle O ABC and the curviline-
ar triangle ODBC.

. 2 2
Area OABC =\ 4z de=| 222=8
0 0
2 2
x4
Area ODBC= S z3 d:c:l —4=4.
Fig. 140- 0 0

Area 0ABD=8—4=4. Hence the required area is 8 square units.
5°. Find the area of the ellipse

-F +-ﬁ—=1.
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Solution. Since the ellipse is symmetric about the =z-axis and y-axis, its
area s=—4-area 0AB (Fig. 140).
From the equation of the ellipse,

R
_— 2__ 2
y=—V a®—2%

Only the positive root is considered since the values of y in the portion
of the ellipse under consideration (first quadrant) are positive.

a a
Area 0AB=§ -Z—Vaz——xzdx:—f:— R V a2 —z2 dz.
0 0

By formula (XVII):

S Va2———:c2dx=%azarcsin—:—+%m]/a2—x2+c.
b /1 1
-2 2 a2 in 24t a2 —z2 \—
Area 0AB=— l <2a arc sin a+2:t1/a z? )=
0

=-2b;(a2 arc sin 1+a.0—a2-arc sin0—0-a)=

b 1 b i1 nab
— 2 (a2 2.0 )= — g2 —
=u\" 2 0) 2 %2 4

Tab

The total area of the ellipse S=4- T:nab.

Note that the formula for the area of a circle, s=mnr2, is a parlicular
case of the formula for the area of an ellipse when a-=b:=r,

Seec, 132. Volume of a Pyramid

To illustrate the application of a delinite integral as the limit
of a sum, let us perform the operations given in 1° of Sec. 129 to
find the volume v of a triangular pyramid of base area S square
units and altitude %~ linear units.

Let us divide the altitude OM =h (Fig. 141) of the pyramid
into » segments (it is immaterial whether the segments are equal
or unequal): Az, Az, ..., Az,. Through the points of division
of the altitude % draw planes parallel to the base of the pyramid.
The area of the polygon of cross-section s thus obtained has Lhe
same relation to the base of the pyramid S as the squares of
their distances from the vertex of the pyramid.

Denoting the distance from the vertex to the cross-section
under consideration abc by z, we get

s z? S

e e —_—— 2
ST SEmT.
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Thus, the area s is a continuous function of z defined on the
interval |0, A]:

s=f(x)=%x2.

Let us construct a prism of altitude Az on each polygon cross-
section in such a manner that the side edges of each prism are
parallel to the edge OA, and the polygon cross-section is the upper
base of the prism. The aggregate of
these prismns constitutes a stepped struc-
ture entirely contained in the pyramid.

The volume of ecach prism is equal
to the product of the arca of the cross-
section f(x) by the altitude of the
prism Az:

f(.z)-Ax:»,‘jT 22 Az,

The volume of the stepped structure
consisting of the constructed prisms is
the integral sum

h h
S f(a)-Az= Y —:E—-x‘zAx.
0 0

Fig. 141.
The volume of the pyramid is the limit of this integral sum as Az—0:
h

h h
v=Ilim 2%—:’:2/&.%: K ) 22 dy = & 22 dx =
> .

h h2 hZ |
0

Ax—0

3 w23

B S W _1e,

Thus, the volume of a (triangular) pyramid is equal to one-third
the product of the area of the base by the altitude.

Sec. 133. Volume of a Solid of IRRevolution

1°. In Fig. 142, the figure aABb is formed by the arc AB of a
continuous curve y=f(x), by the ordinates of the points 4 and B,
and by the segment of the z-axis cul out by these ordinates.
By revolving the figure aABb about the z-axis we oblain the
surface of revolution ABB,A,; the body enclosed within this
surface between the circles AA, and BB, is called a solid of revo-
lution. Let us calculate its volume. Construct a system of rec-
tangles for the area of aABb (Sec. 129, 2°). When revolved about
the z-axis, the polygons generate cylinders. The aggregate of these
cylinders represents a stepped body in the shape of a stepped
pulley. The volume of each cylinder is equal to my?Az and the
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volume of the stepped body is
b
> ny*Az.

Here my? is a continuous function of z, since it is given that
y=/f(z) is continuous on the interval [a, b] (Sec. 72, 4°), and,

yV 3 B8
i

A

ag q b
7z y g
A A ¢
X Az '8, )/
0 Ay Gy ;I
Fig. 142. Fig. 143.

®
consequently, the integral sum ) zy?Az has a limit when Az —> 0

(Sec. 129, 1°). This limit is the volume v of the solid of revolu-
tion:

b b b
v=1im 2 nyiAx = S nytdr=mn S yidx.
Ax—0
a a a

Hence, the volume of a solid of revolution is
b b
v=n§ y:dz, or v=nS 12 (z) dz (XX1)

a a

2°, If the solid is generated by a closed curve, as, for example,
ABCD in Fig. 143, then the required volume is equal to the dif-
ference between the volumes generated by the revolution of the
curvilinear trapezoids 4,ABCC, and A,ADCC,.

Let y, denote the current coordinate of the upper part of the
curve (ABC) and let y, denote the current coordinate of the lower
part (ADC). We get

v=n{ G1—1) ds (XX1I)
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Sec. 134, Calculating the Volumes of Solids of Revolution

1°. The volume of a right circular cone.
A right circular cone of altitude % and radius r is generated by revolving
the right triangle OAB (Fig. 144), the legs of which are k& and r, ‘about the

leg OA4 equal to h.
Let O be the origin and let OA4 be the axis Ox. Then the equation of the

straight line OB is y=% z.
The volume of the cone (formula XXI) is

h h
r2 nre
2

v=n S y2dz=n S —h—x‘«’dx=_h.§.

3 2 3

Since nr? is the area of the base, the volume of the cone is equal to one-
third the product of the area of the base and the altitude.

| ;

-
S

o e o o o

L d

Fig. 144. Fig. 145.

2°, The volume of a truncated cone.

A truncated cone of altitude h and bases of radii r and R is obtained by
revolving the rectangular trapezoid OABC (Fig. 145) about OC as the axis.
Arranging the coordinate axes as shown in Fig. 145, write the equation of
the straight line AB:

y._—f—;_—rx—l—r.

The volume of a truncated cone (formula XXI) is

h
- 2
u:ng ( R—r x+r> dz,
h
0

du,

. R—r h
Assuming 7 z+r=u, we have de= o

h us

R—r 2 h
X( R x+r> de =g Su2du= R—r 3 t°=

= 3(Rh—r) . ( Rh_r x+r>3+c.
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h
v=3(1;1—h—r) L(R;r x+r>s=3(;_h_,) [<R-’:-r -h+r>3_.rs]=

=i§§_gt;3) =5 h (RE+ Rr 4 12).

Removing brackets, we get the volume in the following form:

—_ 2 —nr? —
v 3 nR h+ 3 nr h+ 3 nRrh.

Thus, the volume of a truncated cone is equal to the sum of the volumes of
three cones whose altitudes are the same as that of the truncated cone while

v

~

Wy

- -
Pt -~

Fig. 146. Fig. 147.

the bases are the lower base of the truncated cone (first cone), the upper base
of the truncated cone (second cone), and a circle of area equal to the geometrical
mean of the areas of the two bases of the truncated cone (third cone).

3°. The volume of a sphere. A sphere of radius r is generated by
revolving a circle (z24-y2=r2) about the axis Oz (Fig. 146). Hence (for-
mula XXI):
+r +r r
v="m Syzdz=2n g(rz—xﬂ)dx-_:Zn\ rig— — )=
-r b 0

r3 4
_ 3" \__* .3
=2n <r 3 ) 3 nrs,

4
Representing % nrd in the form lmrﬂ-—;— r, we gel: the volume of a sphere

ts equal to the product of four times the area of a great circle of the sphere
ty one-third the radius.

4°. The volume of a spherical segment. Thec portion ACA (in Fig. 147)
of a sphere cut off by means of a plane A4, is called a spherical segment.
It is evident that a spherical segment may be considered a solid of revo-
lution generated by revolving a segment, ABAC, of a circle about its
altitude BC. We consider the radius of the circle, r, and the altitude, &,
of the segment known.
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The volume of a spherical segment is

r

r r
v=n S y2dr=n S (r2—2?)de=mn

[
—n {(,3.....) [rz(r h)_("‘h)a]}_um(r——h)

nh? may be considered the area of a circle of radius &, and r——;—h

the altitude. Then the volume of a spherical segment is equal to the volume of
a cylinder whose base radius is the altitude of the segment and the altitude of
the cylinder is equal to the radius of the sphere minus a third of the altitude
of the segment,

Sec. 135. Pressure of Liquids

1°. As illustrations of evaluating quantities as the limiting value
of a sum of infinitesimals, let us determine the pressure of a
liquid and the work done by a force.

The pressure exerted by a liquid on s square units of a hori-
zontal area is, as we know, equal to the weight of a column of
liquid having this area for ils base
and the depth of the area (its distance
from the free surface of the luquid)
for its altitude. Denoting the spe-
cific gravity of the liquid by y and
the altitude of the column by #,
we find that the pressure a liquid
exerts on an area s square units is

P=vy-h-s,

For any given surface s, the
pressure of the liquid is a function
of the depth A. Let aABb (Fig. 148)
be part of a vertical wall, for exam-

Fig. 148, ple, of a pool filled with liquid.

To determine the pressure exerted

on the area aABb, divide ab into n parts and denote the length

of cach part by Ah. Construct a rectangle on each part Ak taken

as the base. Take one of these rectangles, kKLl and denote its

area by As. Assume that the upper side kK is at a depth % from

the frec surface of the liquid. Imagine that this rectangle kKLl

is situated at the depth 4 not in a vertical position but horizontally.
Then it experiences a pressure equal to

vhAs.

We know that the pressure of a liquid at each point is equal in
all directions. Therefore, if the rectangle kKLl is now regarded as
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vertical, the pressure on it will be somewhat more than in the
horizontal position because the pressure on its lower border IL is
somewhat greater than that on its upper border kK.

Fig. 149.

Let us assume that the pressure over the entire altitude A#L is
the same as that in the upper border #K. Then the pressure on
the rectangle is equal to

v lAs.
The area of the rectangle AKLl As=kK-Al. The value of kK

varies with the depth % of immersion kK, i.c., AK is a function
of h:

kK = f ().

It is evident that kK is a function continuous on the interval
[a, b]. As a result, in the product

Y-h-As=vy-h-f(h)-Al
the function y-Ak-f (k) is conlinuous, and the integral sum
é yvhAs
has a limit when Ah—> 0. This limit represents the pressure of the

liquid on the entire area s.
Hence, the pressure on the whole area of the wall aABb is

b b
P =lim 2y-h-As=yShds (XXIIT)
a

Ah—0
a

Here, the depth h serves as the independent variable, and, prior
to integration, the area of the rectangle ds must be expressed
in terms of h and Ah; the upper and lower boundaries of the area
over which the pressure is determined serve as the limits of inte-
gration.

2°. Example. A porthole of diameter 30 cm in the vertical side
of a ship is half immersed in water. Find the pressure exerted on
the immersed part (Fig. 149).
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Solution: The pressure is given by the formula (XXIII):
b
P=yghm.

Area ds=kK-dh.

We find from the triangle AOK that kK=2)152—h?=
=21/225—h?, and, consequently, ds=217/225—h?.dh.

For water, y=1 g. The limits of .the integration are a=0,
b=15. Hence

15
P=2\ h)/ 1251 dn.
0
The indefinite integral S h-V 225 —h?dh is found by substitu-
tion of 225 —h?=u?, —2hdh=2udu, hdh—— —udu:
15
2Sth&wum—__|WQ% R2)?.
0

P=2.15'=2250 g.

Sec. 136, Work Done by a Force

1°. If the force is constant its numerical value is the same at

all points of the path; but if the force is variable, then at dif-

ferent points of the path its numerical value is, generally speak-

ing, different, and to every value of path traversed there cor-
0__a , b

L 15:}}‘AS::}$J

Fig, 150.

responds a definite value of the acting force F. Therefore, the
force F may be regarded as a function of the distance s:

F =1 (s).

We shall consider only continuous variation of the force, i.e.,
we take f(s) as a continuous function of s and assume that the
direction of force coincides with the direction of motion.

To determine the amount of work done by the variable force
F on a rectilinear portion ab of the path (Fig. 150), we divide
la, b] into a large number of subintervals n, and denote the
length of each subinterval by As.
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The value of force at the commencement of any particular
subinterval As is equal to f(s), where s is the distance covered
up to the beginning of the subinterval under study.

Let us assume that the force f(s) changes its value only at the
beginning of each subinterval As and that it remains constant
throughout As. Then the work done by this constant force f(s)
over the subinterval As will be expressed by the product f(s)-As.
This we know from physics. Of course, this product (which is

50 _
| S
& & 73
Fig, 151,

generally called the ‘‘elementary work’) differs from the actual
b

work done over the subinterval As, and the sum D) f(s) - As dif-

fers from the actual work done on [a, b].
Since f(s) is a continuous function on the interval [a, b], the
b

integral sum ) f(s)-As has a limil when As tends to zero:
a

lim é f(s)-As,

As—0 a

equal to the work w done by the force f(s) on the path ab.
Hence,

b b
w=lim 3 f(s)-as= | /() ds (XXIV)

As—0
a a

2°, Example 1. Two electric charges, e; = + 100 and e, = + 50
electrostatic units, are fixed at a separation of 10 cm. Find the
amount of work done by the force of repulsion of the charges
if e, is released and recedes to 50 cm from e, (Fig. 151).

Solation. The force of repulsion F acting on the moving charge
e, is given by Coulomb’s law:
Fo= eg-ep _ 100-50 _ 5000

where r is the distance in centimetres between the charges. The
force F does not remain constant: it continually decreases as the
charge e, recedes. In other words, it is indeed a function of the
distance travelled, as in the general case just examined.
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The limits of variation of the independent variable r are: the
initial distance between the charges (10 cm) and the final distance
(50 cm). By formula (XXIV), the work done by the force of
repulsion is .

50 -
w= S §£:_%—Odr= — 5000 (-5%—11(—)) =400 ergs.
10

3°. Example 2. Gas is enclosed in a cylinder with a movable piston,
the cross-sectional area of which is a square units. Assuming that the law
of Boyle-Mariotte, p-v=k, holds for the expanding gas, calculate the work
?one 1353& the pressure of the gas as it increases in volume from vy to v,
Fig. 152).

Solution. Let v be the volume of the gas in the cylinder, and p the
pressure on unit area of the piston. Since the area of the piston is a units,
the pressure exerted by the gas on the piston is p-a. Let us assume that
when the volume of the gas increases from vy to vy, the piston travels a
distance s=s;—s,. Then the work done by the pressure of the gas is given
by formula (XXIV):

81
w= S p-a-ds,
80
Note that here the pressure p is a variable quantity dependent on v, or
p=%. Let ds be expressed as a function of v. Assume that the piston

moves by ds when the volume of the gas increases by dv. Then

dv=a-ds and ds=‘-f-:—) .

Substitutinf into the integral the calculated values of p and ds and
replacing the Iimits of variation of s by the corresponding limits of varia-
tion of v, we get
81 1 1 d
w= S p-a-ds:X ka-qL’:k S @kl L.
v a v Vo
8y 0 L]



D. SUPPLEMENT

CHAPTER XIlI

DIFFERENTIATION OF FUNCTIONS OF SEVERAL VARIABLES

Seec. 137. Partial Derivatives and Partial
Ditferentials. Total Differential and Its
Application

1°. If a quantity is dependent not on one independent variable
but on two or more independent variables, it is called a function
of two, or many, independent variables. For example, a volume
of gas is a function of two variables: temperature and pressure;
the amount of heat generated in a conductor is a function of
three independent variables: current, resistance of the conductor,

and time.
Let u be a function of several variables, say, three:

u=f(x, Y, z)'

Let one of these independent variables, say =z, have an incre-
ment Az and let us hold the other independent variables constant.
Then u will receive a new value:

u+t+Au=f(zx+ Az, y, 2).

Subtracting the initial value of the function from the second
value, we obtain the partial increment of the function u with
respect to x:

Axu=f(x+Az, Y, z)—f(z, Y, Z).

The limit of the ratio of the partial increment of the function
u with respect to z to the increment Az as Az—> 0 is called the
partial derivative of u with respect to x and is denoted by g—: Or Uy

z”i:: lim f(m'*'Ax! Y, z)—,(xl Y, z)
oz Ax—0 Az

.

In an analogous manner, y can be treated as the independent
variable and z and z as constants. Then, the partial derivative of
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u with respect to y is

[

f(z, y+Ay, 2)—f (2, ¥, 2)

= lim ;
% Ay-0 Ay
and the partial derivative of u with respect to z is
a_u:____ lim f(x, y, 2+A2)—f(x, ¥, 2)
0z Az—0 Az ’

2°. Partial derivatives are found by the formulas and rules of
differentiation of a function of one argument (Ch. VII), since when
evaluating a partial derivative with respect to z, u is regarded as
the function of a single argument z, when with respect to y, as
a function of a single argument y, etc.

Example. u=22y%z%. Find the partial derivatives with respect
to z, y, and z.

Solution. %=2xy3z4 (r is the variable; y and z are constants);
du

5;=3x2y2z‘ (y is the variable; « and z are constants);

-‘;—':=4x2ysz3 (z is the variable; z and y are constants).

Note that % is not meant lo represent a ratio. It is a single

symbol.

3°. The product of the partial derivative of a function with
respect to some variable, for instance z, by the differential dz of
this variable is called the partial differential of the function with
respect to this variable. The partial differential of the function u
with respect to the variable z is denoted by the symbol d.u. By
definition,

du
dxu =—a—x . d.’[
ou .
dyu =-5y—-dy,

ete.

4°, In applications of analysis it is frequently necessary to
determine the increment of a function due to increments in all of
its independent variables. The increment of the function u is
different from the sum of its partial increments with respect to
all its arguments. For example, the function u=2y has partial
increments A,u and Ayu (cross-hatching in Fig. 153). The full
increment Au differs from the sum A,u-+A,u by the quantity
Az-Ay.

For an approximate calculation of the increment of the function
u=f(x, y), the following formula is used:

du du
Au z—a;-dx+@—-dy.
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In advanced courses of analysis it is shown that if the function
u=f(x, y) defined for a <z <<b and ¢<<y<<d has partial deriv-
atives with respect to z and y, and these partial derivatives are
functions continuous at the point (z, y), then the increment

Au differs from the sum 2—d'lc + ay dy by an infinitesimal of
higher order than |Ax|+|Ay]

Given the above conditions, the sum —dx+ 2 dy is called the
total differential of the function u and is denoted by the symbol du.

7/ Asx v
v ///

Fig. 153,

It is obviously the sum of the partial differentials of the func-
tion u with the given properties with respect to all of ils inde-
pendent variables:

du_fid-+—_dy )

The concept of total differential can be extended to a function
of more than 2 independent variables.

5°. Example. To find the total differential of the function
x
u=arc tan-- .
y

Solution. Differentiating with respect to z, we get
du 1 1

a’—_b+< )2 Pl

Differentiating with respect to y, we get

9.“;—— x
oy @4yt
The total differential is
du = ydx zdy  ydr—zdy
PSR T AR E T ey

6°. Example. Find the exact and approximate increase in the
volume of a cylindrical tank when its radius increases from 2 to
2.01 metres and its height increases from 4 to 4.02 metres.
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If the tank is made of 1-cm-thick sheet steel, the problem can
also be stated thus: knowing the internal dimensions of the tank,
r=2m and h=4 m, find the amount of sheet steel required for
its construction.

Solution. Let us denote the volume of the cylinder by u, the
radius by z and the height by y. Then u=mna?y is a function of
two variables. And the exact change in volume is

Au=m-2.012.4.02 —x-22-4 =5 (16.241202 — 16) = 0.241202x.

The approximate change in volume is du=2nzydz+ na?dy =
=mn(2-2-4-0.01 422.0.02) = 0.24m.

The difference Au—du=0.001202 is extremely insignificant.
This is the rcason why the total differential of a function is often
used in approximate calculations of the values of functions of
several variables.

7°. Let z, y, ..., z be the approximale values of arguments
obtained by measurement and let z-+ Ax, y+ Ay, ..., z+Az be
their real values. Then z, y, ..., z determine the approximate
value of the function u, while z4- Az, y-Ay, ..., z--Az deter-

mine the real value of u- Au.
The absolute error in the function is |Au| and the relative

error—for the given definition of the value of the function—is A7u .

Since the calculation of Au is in most cases a difficult mathe-
matical operation, while du can be found without any particular

difficulty from the formulas of differentiation, the relative error
du

is taken to be equal to

8°. Example. Find the error in calculating the volume of a
rectangular parallelepiped if slight errors are made in measuring
its edges.

Solution. Let the measurements give edges of length z, y, z
and let Az, Ay, Az denote the small errors in measurement.

A resultant error Au will then appear in the calculation of the
volume.

If the errors Az, Ay, Az are sufficiently small, the error of
calculation Au may be roughly considered equal to du.

Since u=z-y-3,

du=y-z.de+z-z2dy+z-y-dz.

Dividing termwise by u=2z.y-z, we obtain
dx dy

T+
If the error in each measurement did not exceed, say, 1%, then

the error in the calculated volume of the parallelepiped does not
exceed 3%.
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Sec. 138. Differentiation of an 1mplicit Function

1°. If the dependence of the function y on the argument z is
expressed by the equation

F(z, y)=0,

not solved for y, then y is called an implicit function of zx.

We shall now show that the derivative of an implicit function
y can be found without solving its
equation, by assuming that in the
particular range of values of z and
y aderivative of the function exists;
this finds expression in the fact
that a tangent can be drawn to
the curve F (z, y)=0 at the point
z. Let us regard F(z, y) as a
function of u=F (z, y), all values
of which are equal to zero. Then
the total differential is

oF oF
du = o -dx —|—a—y-.dy—_-=0.

It is equal to zero because all Fig. 154,
values of u=0; consequently, all
values of Au=0. Dividing this equation termwise by da, we have

oF | OF dy _
% Ty oy dz
dy

Whence we {ind the derivatlive i

ar
dy oz
= —_6—5 (11)
oy

2°, Example. Find the derivative of the function y defined by
the equation

x84 y?—3axy = 0.

This equation defines a curve called the folium of Descartes
(Fig. 154). By formula (II) we have

oF
dy 0z 32—3ay _ ay—a?
dr = T 9F T T 3y2—3az ~ yi—az '
By
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3°. Example. Find the equation of a tangent to the ellipse
2 2 ..
z—a+%=i at the point (zy, yy).
Solution. The equation of a tangent is

d
Y—¥1= g (z—2y).

2 2
Let us find Z—z from the equation of the ellipse —2—{—}-—6”-2——-
—1=0 by formula (II) without solving the equation for y:
oF 2
y_ 9= e Ve, ody Uy
dr oF — ~ 2y e ' dz; = %y °
oy 2
Substituting the value of %‘— into the equation of the tangent, we
1
find
b2z
y—yi=— g, (z— ),
or

a® (yyy — y3) -+ b? (xz, — a7) =0.
Dividing termwise by a%b?, we get

i _ ¥t owm 2

b2 b2 a? a2
Whence
o T TN s
a? +b2 _a2+b =1.
Consequently,
Try vy __
2 T =h

which is the equation of the tangent to the ellipse.

4°, Formula (II) derived for obtaining the derivative of an imp-
licit function of one variable may be used to find the partial
derivatives of an implicit function of several variables. For
example, let the dependence of the function z on two independent
variables z and y be expressed by the equation

F (xo Y, z)=01

not solved for z. Here the function z is an implicit function of
two independent variables z and y. We shall assume that it has
partial derivatives for the given range of values of z and y.
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Treating y as a constant and z as the independent variable, we
get, from formula (II),

aF
0z K’
oz oF °

0z

Now treating x as a constant and y as the independent variable,
we get, from formula (II),

o
o _ __ %
9y OF °*

0z



CHAPTER XII

EXPANSION OF A FUNCTION IN A POWER SERIES

Sec. 139. Definitions
1°. The expression
Uituptuz+...+upt..

is called a series, in which u,, u,, us, ..., Uy, ..., respectively called
the first, second, third, etc., terms of the series, are numbers such
that their values depend on their place in the series in accordance
with some definite rule.

The value of any term u, is a function of n. An infinite series
is defined by a formula or rule that gives the value of any term
of the series depending upon its position in the series. Thus an
infinitely decreasing geometric progression is defined if its first
term a and the common ratio ¢ are known, since any nth term
of the series can be found from the formula: u,=a-¢g" .

2°, 1f we add the first » terms of an infinite series u,-}-u,--

“4uz4...4+u,+..., the sum s,,
Sn=ui+Us+uz+...+ Uy,

of the tirst n terms of the series is called the nth order partial
(or particular) sum. The value of a partial sum varies with the
value of n. If the number of terms n increases indefinitely and
the partial sum s, has the limit s

lim s, =s,

n~»oo
then s is called the sum of the infinite series, and the series itself
is lermed convergent. If s, has no limit, the series is termed
divergent.

The series a+aq-+aq*+...+aq"+..., where |g|<<1 is con-
vergent since its sum s=1i—q. We shall call it a geometric
series.

The series 1 +1-}1+4...+1-4... is divergent since its sum s,
equal to the number of terms n, increases without bound.

240



The series 1—1+4+1—1+1—1+4... is also divergent since
here the sum s, is either equal to 1 or equal to O, and does not
tend to a limit as n increases indefinitely.

Sec. 140. Necessary Condition for Convergence
1°, For any series
Sp=Us+Uy+Uz+ ...+ Un-y+Up,
Sp-t =Ug+Us+Us+ ... +Uny.
Subtracting, we have
Sp— Sp-q = Up.

If the series is convergent, s, and s,—, tend to the same num-
ber s, its limit, as n increases without bound, and therefore their
difference u, tends to zero.

Thus, in a convergent series lim u, =0.

n—oo
Therefore, if the nth term of a series does not tend to zero as n
increases indefinitely, the series diverges.
2°. This is not a sufficient condition.

Example. The series
1 1 1
1+7+'3"‘+-..+7+.--
is called harmonic. It is clear that the nth term of the harmonic

. 1 . . .
series — tends to zero if n increases without bound.

We shall show that this series, however, diverges. First rewrite
the series as

1 1 1 1 1 1 1
g+ (+r)+(F+s+5+g)+
+(5 gt Fig)tee (1)
then take the following series:

stet(t+ ) +(s+e+s+s)+

1,1 1
(gt g) (2)
In the second series, each sum in the brackets is equal to % .

And so the scries may be rewritten as
1 1 1 1
stz tzg+.. oty @)

If the number of terms of series (3) increases indefinitely, their
sum also increases without bound. The terms of the harmonic
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series are greater than the corresponding terms of series (3) or
equal to them; hence the sum of the terms of the harmonic series
will the more so increase indefinitely. And therefore the harmonic
series is divergent.

Sec. 141. Conditional and Absolute Convergence

1°. Let us take the series
1 1 1 1 1
1___2__*_?__.[7_,_3___6_4_.__

Let us examine the sum of its first 2r members, representing the
sum as

m= (1D (=D (Dt ()

and also as

sm=t1—[ (5—5)+(5—=5)+(G—1)+ -+
+(mm =)t - @

Every bracketed difference is positive.

Hence from (1) it follows that the sum s,, is positive and increases
with n; and from (2) it follows that the sum does not exceed the
first term, 1.

Consequently, when n—> oo the sum of an even number of
terms s,,, as an increasing bounded quantity, has the limit
lim s,, =8 (Sec. 58, 2°).

n—o0

Let us consider the sum of an odd number of terms s,,.

. 1 1 . .
Since Sgp-y— 5, = S2ms  San-1=S;mtg5, and lim sy,—y =1lim sy, -
n—>om0 n—o00

+ lim -217L=s+0=s; in other words, both sums, s,,-, and s,,, have
n—>o0
the same limit s when n— co.
Whence it follows that s,, which is alternately the sum of an
odd and even number when n—> oo, has a limit s, and the series

is convergent.
Let us take the series made up of the absolute values of the
terms of the previous series:

b gt gt gtere bt

This series is harmonic and, as we know, divergent. This means
that the given series converges, while the series made up of the
absolute values of its terms diverges.
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2°. Definitions. A series converges conditionally, or is said to be
conditionally convergent, if it converges, while the absolute values
of its terms constitute a divergent series. The foregoing series is
conditionally convergent.

A series converges absolutely, or is said to be absolutely convergent,
if the absolute values of its terms constitute a series which converges.
We shall show in Sec. 142 that the given series is convergent if
the absolute values of ils terms constilute a convergent series.

3°. The series previously studied 1—-—;~+%——%+—;——— ... has
alternating signs. Such a series (alternating series) has the form
Ug—usgt+uz—u,+ ... +(—1)"tu, 4+ ...,

where u,, u,, U3, ..., Up, ... are positive numbers.
Leibniz condition. /f the absolute value of a term of an alternating

series uy—us+usg—u,~+ ... +(—1)" u,+ ... decreases with
increasing n so that lim u, =0, then
Nn—>o0

1) the series is convergent,

2) the sum of the series does not exceed the magnitude of the first
term, i.e., s<<uy. Proof is similar to that employed in 1°.

4°, If all terms beginning with the (n+1)st term of an alter-
nating infinite series are deleted and the partial sum s, is taken
for the sum of the infinite series, the absolute error thus commited
does not exceed the absolute value of w,4,.

Indeed, all the deleted terms form an alternating infinite series,
of which w,;, is the first term. Hence the sum of this series, in
absolute value, does not exceed |up4y|.

Sec. 142. Comparison Theorem and d’Alembert’s Test

1°. Comparison theorem. /f the terms of a series u,-+ uy-+us-+
+...4u,+ ... do not exceed, in absolute value, the corresponding
terms of a convergent series wilh positive terms v+ vy ...+
+v,+ ..., then the given series converges absolutely.

This is clear from the following. It is given that all the terms of the

series vy+vy+4-vg+ ...+ v+ ... are pOSlthe Let us take a series made
up of the absolute values of the first sories:

lug |+ ugl+lug| 4o +lunl+..

All its terms arc also positive. Since |u, | << v, for any n, the sum s,
of the absolute values of the first n terms of the (u) series does not exceed
the sum o, of the first terms of the (v) series,

Spn < Ope
It is given that the (v) series converges, thercfore

lim o,=0.
n=oo
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When » increases without bound, the sum s, of the absolute values of
the (u) series increases all the time but always remains less than the positive
number ¢. Hence (Sec. 56, 2°) it has a limit.

lim s,=s, where s<o0, which means that the (u) series converges

n—>oo

absolutely.

Example. Prove the convergence of the series 1+%+%+

1
+oootom
Proof. No term of the given series exceeds the corresponding
term of the infinitely decreasing geometric progression

1 1 1 1
I+5+z+5+. ot
and so the given series converges like a geomelric series.

2°. Let us prove that a given series converges if the absolute values of
its terms constitute a convergent series.
Let the series

ugtugtug+...+up+4 ..., (1)

the terms of which are positive and negative, converge absolutely. Let us
make Lwo new series: one, oul of the positive terms of the given scries

ujtugtug+ ... fup4..., 2)
and the other, out of the absolute values of the negative terms of the given
series:

R 4 3)
Each of these two series converges since their terms do not exceed th
corresponding terms of the convergent series

Jug |+ ug|+lug|+...+unl+...

composed of the absolute values of the given series (1).
The sum of the given serics (1) is cqual to the difference between the
sums of series (2) and (3).

3°. D’Alembert’s test is as follows:*

If lim "T"t‘ <1, the series converges and converges absolutely;
n—»o00 n
if lim {224 | > 1, the series diverges.
n-»o00 n
. u . .
If lim |=2*!| =1, the question as to the convergence of the series
n—»00 n

remains undecided and the series may be either convergent or diver-
gent.

Example. The series 1 % + 1—1;2+ T’%"_i + ... is convergent

Znt| = lim ‘—H=O.

n—»oo

because lim
n-oo ! %n
* We give this test without proof.
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4°. Note that the comparison theorem (test) and d’Alembert’s
test constitute sufficient conditions for the absolute convergence of a
scries, i.e., if the conditions are satisfied, it may be concluded
that the series is absolutely convergent. But these are not neces-
sary conditions for the absolute convergence of a series, for there
may be absolutely convergent series which do not fulfil these
conditions.

See. 143, Power Series and the Condition for Its
Convergence

1°. Definition: A power serics is called a series of the type
g+ x+asx®-f- ... a2zt + ..,

where ay, a4, a,, ... a, represent constant numbers called coefficients
of the series.

A power series is completely known if the sequence of its coef-
ficients is known.

2°, For a power scries, we may have one of the three following
cases.

1. A power series may diverge for all values of z (except z=0)
and converge for z=0. For example, the series

14124 1.2.2241.2.3.234 ... 4+1.2.3 ... na"+.

diverges for all values of z except z=0, since by d'Alembert’s
test

llm n+1

n—->w

=lim |nz|=o

n—»x0

For =0 all the terms of the scries, except the first term, ay,
are zero, therefore the series converges.

2. A power series may converge absolutely for all values of x.
For example, the series

z z2 z3 zn
ittt tmaTat
converges absolulely for all values of z without exception, since by
d’Alembert’s test

Untt =hm’x ~—.=0.

n-»o00

=lim

n—>w

lim

n—>oo

3. A power scries may converge for some and diverge for other
values of z. For example the series

1424224 ...+2"+...

is convergent for |zr|<1 and divergent for |z|>1, since in the
former case the series is an infinitely decreasing geometmc pro-
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gression, while in the latter case the sum of its terms increases
indefinitely.
3°. Convergence test of a power series. /f a power series converges
for some value of x=ux95%0, then it converges absolutely for any
value of x whose absolute value is smaller than the absolute value
Of Zo, ie.,
lz|<lzo|*.

4°, Note thal if there exists a value z =1z, for which the series
diverges, then the series will diverge for any value of z for which
|z|>]|xo|. Indeed, if the series converged for such a value of =z,
then, on the basis of the convergence test, the series should also
converge for zo, which is less than z in absolute value.

Sec. 144. Dif ferentiation of a Power Series

Let the power series @+ a,z+ a2+ a2+ ... converge for
z=z,. From the foregoing the scries converges for all other
values of z for which |z|<C|x,|. Hence for each value of z in
the interval 0<|z|<<|wp|, just as for z=ux, the sum of the
series has a definite value. For this reason the sum of the series
is a funclion of z. Let us denote it by f(x). Then

f(@)=ap+ax+ayx®+azx®+ ... +az"+ ...
In the theory of series it is proved that any function f(z) expressed
by the power series
a+ax+ axtazxd4- ... Faat-i- ...,

possesses derivatives of all orders on the interval of convergence,
and these derivatives may be obtained by term-by-term differentiation
of the given series:
f(@)=at+axz+ax?4-a23+ ...+ a2+ ...;
I (x) =ay+2a,x+ 3az2%+ . .. +na2™ 4 ...
f () =1-2a,+2-3ax+ ... +(n—1) n-apz" 24 ...

..............................

f @) =1-2. . kan+2-3 ... (k4 1) areez+ ...+
+(n—k+1) (n—k+2)...naz" "4 ..., etc.

See. 145. Maclaurin’s Series

1°. Assume the function f(z) is expressed by the power series
ay+axr+ax?+ ... +a,2"+ ..., ie.,

f(z) =ap+ax +az2®+azz®+ ... +apz™+ ...
* This test is given without proof.
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This series will be known if its coefficients are known. To find
the coefficients, differentiate the given series:
f(x)=1-a;4+2ax+3azz*+ ... +naz" 4. ..;
f(r)y=1-2a,-+ 2-3a2 4 ... +(n—1)-n-aq,2" 24 ..
FO(2) =1-2 ... kap+2-3 ... (k+1) apeszt - - +
+(—k-+10)(n—Ek-+2)... naa™ "+ ...
Putting =0 in these series, we get
f (0) = Q,,
/" 0)=ay,
1(0)=1-2-a,

f«’*>(0)=1-2-3 .o k-ay, ete.

From these equalities we find the coefficients of the power series:

a,=f(0),
(0

a1=f—'1(—),
17(0)

2 1.2

Consequently, if a function f(x) is expressed by a power series,
there is only one such series, namely:

f@=FO)+F O+ O 53" O+ +

+iza ol O+

This series is customarily known as the Maclaurin series.
2°. Example. Expand the function e* into a Maclaurin series.

Solution. Putting f(z)=e¢* and differentiating, we find that
f (@)y=c*, f"(x)=c" ..., [ (x)=¢€%, ...
When z=0, we have
f(0)=e"=1 and also f(0)=f"0)=...=f"0)=...=e=1.

The Maclaurin scries turns into the following series:
z2 z2 zn
etiptrost -ttt
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As was shown in Sec. 143, this series converges for all values of
z without exception.

3°. Not every function can be expanded into a Maclaurin series.
Take, for example, the function f(z)=Inz. We may differentiate

it as many times as we please: f' () =—i—; ()= ——512-; " (z) =

=;23—, eltc. And for all values of z other than zero the function

itself and all its derivalives have definite numerical values. But
at =0, there are no definite numerical values of the coefficients
of the series. For this reason it is impossible to expand In z in
Maclaurin’s series.

Sec. 146. Taylor’s Series

Very often the function f(z) is expanded into a power scries not
in powers of z but in powers of the difference x—a, where a is
some constant for which both the series and all its derivatives are
definite numbers.

Let us denote z—a by h:

r—a=h.
Then
z=a-th,
f(x)=f(a+h).

Since a is a conslant number, %2 appears as a new variable such
that f(z) is a function of A. Let us denote it by ¢ (h):

¢ () =1 (a+h).
Differentiating this equality, we get
@ (W)=f (a+h), ¢"(A)=Ff"(a+h), ...

o™ (h)=[" (a+h).
At h=0, we obtain

9™ (0) =" (), ote.
Let us write the Maclaurin series for the function ¢ (k):
PN =9 (0) + 29 0+ 159" (O + 159" O+ ... +
+;,—2—,%jtp‘"’(0)+---
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But
p(h)=f(z), h=z—a, ¢(0)=f(a), ¢ (0)=f (a), ..

Making substitutions into the Maclaurin series in accordance
with these equalities, we obtain

f@) =f@+ 278 @+ E=E @+ ...+

(x——a

-5 f () +

This is the Taylor series. The Maclaurin series is a special case
of this series for a=0.

Sec. 147. Convergence of the Taylor Series and the
Maclaurin Series

1°. Let us ask: what error will be committed if in an expansion
of the function f(z) in a Taylor-Maclaurin series we put the value
of the function f(x) equal to the sum of the first n terms of the
series, thus ignoring the sum of all terms n+41 and above. The
sum of all these terms, commencing with n--1, is designated by
R,. By disregarding the sum of all terms of the series from n+1,
we commit an error equal to R,. Lagrange, Cauchy and olhers
found an expression for R,.

According to Lagrange,

R, =W”L’—j‘"’ (8) (for the Maclaurin series);

R, ——1(;;(1) f® (E) (for the Taylor series),
where £ is some number intermediate between O and the value of
z for the Maclaurin scries and between a and z for the Taylor
series.

The formula does not give a definite value of E; this makes it
difficult to use.

2°. When expanding the function f(z) into a series, one has to
determine whether the given series converges to the function f (z),
in other words, whether f(x) is the limit of the partial sum s, of
the first n terms of the series as n increases without limit.

Putting f(z)=s,+ R,, we find that

f(x)=lims,, if limR,=0, i.e.,

n—»oo n—>o

if, for the given values of z, R, tends to zero when n increases indef-
initely, then f(x) is the sum of the series for these values of x.
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If, for the given values of z, R, tends to a limit different from zero,
then the series converges but not to the function f(z); and if R, does not
tend to any limit or increases without bound, the serics diverges.

3°. A practical rule for expanding functions in series is the
following: if in the interval |z |<<|xo| the derivatives of all orders
of the function f(x) are less in absolute value than some positive
number M, then, within this interval, the Maclaurin series converges
lo the given function.

Proof. It is given that

[f™ (x) | <M.

Substituting M for the derivative appearing in the Lagrange

formula for R,, we gel
|R,|<M-

[="]

1.2.3...n°

Let us take a scries whose general term is the right-hand side
of this inequality:

|22 [2"]

|z Kad
MAMTAMFs M st o M gt

1
Taking the common f{actor outside the brackets, we conclude
(Sec. 143) that the series converges; therefore ils nth term,

[z ]

1.2.3...n°

tends to zero. It follows that R, also tends to zero and the series
converges to the given function.

Sec. 148. Examples of Expanding Functionsin Powers
of x. Binomial Series

1°. Expansion of sin z.
Putling f(z) =sinz, we find that

f' (&) =cos z,
f"(z) = —sinuz,
f" (x) = —cosz,
v (z) =sin z, otc.
When =0 we have
f(0)=sin0=0; f (0)=cos0=1; f"(0)=—sin0=0;
" (0)= —cos0= —1; fV (0)=sin0, etc.
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The Maclaurin series will be written as follows:

. x xd z?
SID & = -— 123+12545 T3 gt t "
n, I2nl
+ (=" 137 (= 1)+"‘

Since the derivatives do not exceed 1 for any value of z, series
(1) converges to the function f(x)=sinzforall values of x.

2°. Expansion of ln (14 ).

We have already seen (Sec. 145) that expansion of ln z in a
Maclaurin series is impossible since the function In z and all its
.derivalives lose numerical significance at z=0. But the function
In (1 +2) may be expanded into a Maclaurin series.

Putting f(z)=In(1+4x), we find that,

’ 1 " " 1.2
f(r)=m’ " (2)= (1+:c)2’ f ()_(1—}-1‘)3’
1.2-3 n n— 1:2-3 —1
MY (@)= = @) = (= B
Atz =0 we have
f(0O=In1=0, fO0)=1, [ (0)=—1,
0y=1-2, fV0)=—-1.2.3,...,
fO0)=(—1)"1*1.2.3... (n—1),.
The Maclaurin series will be written as follows:

ln(1—}—x)——~———z~ - —%‘i+...+(—1)ﬂ~1-i,:l+... ' )

To determine the interval of convergence of this series we apply

the d’Alembert test.
According to the d’Alembert test, series (2) converges if

Uniy . "1l " li n l
| = ——— = |=lim |2 | =
b o et PR T il R
=|x]-lim‘ o<t
n—»oo

. o . o . . n
Even for an indefinite increase in n the {raction PR

=’-'—j;—_%:?—1-=1 —T-iT-T will tend towards the limit 1. Hence, for
the above-written inequality to hold, the absolute value of z must
not exceed 1.

Note that if z=1 the expansxon of In (14 z) takes the form

of the series 1— ;-}- 4—]— ..., which is convergent

251



(Sec. 141). According to the convergence test of a power series,
the given series (2) converges for all values of z for which |z|<<1.

At z= —1 the expansion is reduced to the series —1—a—

—-‘%-—— ... which is divergent since it is a harmonic series multi-
plied by —1.

Thus, series (2) converges in the interval —1 <z< +1. It will
be noted that in this interval, lim R, =0.

3°. Binomial series. We hav%-w} () =1 +=)™. Differentiating,
we get
/(@) =m(+2)"7,
/" (@) =m(m—1)(1+2)"?
" () =m (m—1) (m—2) (1 +x)™3, elc.

At £=0, we have

1) =1, f(O)=m, [ (0)=

=m(m—1), "O0)=m(m—1)(m—2), etc.

The Maclaurin series will be written as follows:

(2" =14 me+ 20 a2y

+m(mTL)§m 2) 3 4.

)

This is called a binomial series. IL is an infinite series only when
m is not a natural number and is not equal to zero, since it is
only in this case that none of the factors m, (m—1), (m—2),
(m—3), ... becomes zero.

According to the d’Alembert test, series (3) converges if

. m((m—1) ... (m—n+2) (m—n+1)
=lim 133, (a—D)n

n.m(m—1) ... (m—n+42) .,
R PO P P | S

Yn+t
n

lim

n—>oco

—lim | =L o= iﬂ—1l<1
n—w n n—>ro
Since with m =constant and » — co the limit ;H is zero,
lim | ———1 ’-— 1.
n—o0

Hence, for the foregoing inequality to hold it is necessary that
|z|<<1. Consequently, a binomial series converges for values of z
for which |z|<<1, and the series can be used for all values of z
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whose absolute values do not exceed 1. It will be noted that
under these conditions lim R, =0,

n—>co
Let us consider some particular cases of the binomial series.
1. Let m= —1. Then

Aoy t=14 (=)o 00D oy
(=D (—=2)(=3) 4

+ 1:2-3 REREED
or
T%:i—x%—x?—-xa—}—x‘—x‘—{-
2. Let m=—%—. Then
1 1
1 —_— -1
1 1 1
e ——1 ) [ -—2
+ 2 <Z 1.>2g ) x3+...,
or

- 1 1
Vi4 z=1 +—2—x———g—x2+—1%m3+

3. Applying the above expansion for m = ———%—, we find that
1 g3 48 25 s
—m——i-—zx-*—sfb 16.’.C+...

4. 1f the exponent m is a natural number, for example, m =4,
then m —4 =0, and so all the terms of the series containing this
factor will be equal to zero and the series will be finite.

Indeed, for m =4,

(1 4 x)m =1 +mz+ m (;"."2—1) 2 + m (m"i—;)gn_"z) $3+
m (m—1) (in—2) (m—3)
+ 1-2.34 at.

Every succeeding lerm becomes zero because it contains the

factor m—4=0.
This series is Newton’s well-known binomial formula of algebra.

Sec. 149. Calculations by Means of Series

1°. Evaluate e.
In the expanded function of e* (Sec. 145)

xn

=1 1o et
ef=1+2+5+1a3t - TR A T
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let us put z=1. Then
e=1+1+1—%+1-;-3+ e 1-2-31...n +e

This is the formula for ¢ which we introduced in Scc. 91. This
series cnables us to find e to a very high degree of accuracy using
a comparatively small number of terms of the series.

For example, conhmng ourselves to the first ten terms of the
series, the error is equal to the sum of the series

1 1 1
1.2-3...9:10 + 1.2-3...10-11 + 1.2-3...10-11-12 +..

Taking the first term of this series out of the brackets, we get

1 1 1 1
‘Fﬂfﬁﬁ?(“%ﬁ+nﬁ+ﬂnﬂ§+-~)-

For terms within the brackets, each factor in the denominator
of cach fraction is greater than 10. If we substitute 10 for ecach
such factor, the denominator in each case will decrease and the
fraction will increase, and the error will be less than

1 1 1 1
‘ﬁﬁiﬁﬁv(“kw+wv+ﬁﬁ+-~>-

Within the brackets is the sum of an infinilely decreasing
geometric progression equal to

e 1 10
{—q 1 9
=10
Jonscequently, the error is less than
1 10 1

<< 0.000001.

1.2.3...940 "9 T "9.1.2:3...9 32()9920

2°. Evaluation of sinz. If in the expansion
x5 x?

SINT=2— 123+ 12345 1334567 T

we take only the sum of the first » terms, the absolule value of
the error thus committed will not exceed the value of the next
term n-4-1 (Sec. 141, &°).

Let us calculate sin 1° and sin 10° to an accuracy of 0.00001.
In the expansion of sin 2, x represents the value of the arc in

180° =0.017453. The

second term of the expansion —’é~ _(g_g_zls___ 0. C:C::B << 0.000002.
Therefore, all terms from and after the second may be deleted
and the first five figures in the value of sin 1° are given by the

first term of the series: sin 1°=0.01745.
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For the arc 10°, =10.174533. Here, the" second term of

|v31='

the expansion -—> (O > 0.0001, and it cannot be rejected.

But the third term 12O< (?222» - 00992 < 0.000003. Hence the
third term and all the succeeding oncs can be ignored. Thus, to

an accuracy up to 0.00001,

sin10° =z — 1— =0.174533 — 0.000886 = 0.17365.

It is clear that for a larger arc more terms of the series would
have Lo be taken so as to maintain the required accuracy.
Let us confine ourselves to two terms of the series

x5
sinr=x—-—
6

and try to find out for which values of z this assumption holds
to an accuracy of O. 00001 The error in such cases may be taken
x5
1.2.3:4-5 120
of this term of the series.

Then “0< 0.00001; z®<<0.0012; z << /' 0.0012 = 0.2605.
z=14.9°

equal to In fact, it is even less than the value

In practical calculations no more than three terms of a series are
used since il is more convenient to employ formulas of trigonom-
etry than a larger number of terms.

3°. Calculation of logarithms.
We have (Sec. 148. 2°)

(o) =a— G+ —F+ 5= o (1)

giving z all possible numerical values between 0 and 1, we can
calculate the logarithms of all the numbers between 1 and 2. AL
z=1
1 1 1 1
In(1+:r)—ln2—1—7-{--3»—-—4——}-?—-

(the series considered in Sec. 141). Thus, In 2 can be calculated
to any degree of accuracy.

The natural logarithms of other integral numbers can be cal-
culated, for example, as follows:

Assuming in formula (1)

st
p 1]
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we get on the left-hand side of formula (1)
1n(1+x)=1n(1 +i)=1n P n(p41)—Inp,
P P
and on the right-hand side
- T =
Whence

1
Tt Tt

1 1 1 1
ln(P+1)=1np+‘i,‘—’2—p‘2‘+§§—7‘-p—4+
If we put p=2, we find
ln3=ln2-|—i———1—-+—1-‘_._.4__+
2 2.92 3.93 %01

Logarithms can also be calculated by the use of other series,

for example, by the expansion of In ——-}lz— We shall not consider

this point further beyond notling that a serics is really useful only
for calculaling the logarithms of prime numbers. The logarithms
of compound numbers can be found more simply and quickly by
the use of rules for taking logarithms.

For example:

In4=1n(22)=2.In2; In6=In(2-3)=In2+1n3.

Also note that we have spoken about the calculation of natural
logarithms. To get decimal logarithms, it is sufficient to multiply
the natural logarithm by the modulus of the base, i.e., by H11—0=
=0.4342944819 . ...

Sec. 150, Examples of Expansion in Powers of the
Dif ference x —a

1. Expand 2®—322+ Tx—4 in powers of xz—1.
Solution. Putting f(z)=2%—322+Tx—4 and differentiating,
we get

f (x) =322 —6x+ 17,
()= 6x—
1@ =
T (x>=
We now find the coeflficients of Taylor’s series (Sec. 146):

f@=f @+ @+ @)+ LS @+

256




For the given expansion a =1. Therefore,
fHa=f)=1; f@)=F)=4 [ (@=f(1)=0;
fr@=ru=6 "@=1"u=0.
All succeeding coefficients are also equal to zero. Therefore,
f@)=2*—322+Te—4=1+4+4(z—1)+ (2 —1)%

2. Expand V'z in powers of the difference x— 4.
1
Solution. f(z)=)"z. Differentiating f(z) =22 and putting a =4,
we find f(4)=V4=2,

1
f@=ga =gy f@=pm=

2z’ 21 4 4
3
1 -5 1 1 1
@)= ——-2 2= — = iy = e— = — 5,
" () A e 1" (4) WY 33
5
" __’3< _E___3___, " __________3__
fri)y=-ygz = 2 yVz fr (@)= W M
Hence,

ol xr—4 (x—4)2 (x—4)3
V""‘2+_/F— 6 T 512

It is evident that, with such a series, the root can be calculated
to any degree of accuracy.

3. Expand cos z in powers of the difference :c-—~g- .
Solution. Differentiating f(x) =cosz and putlling a= z

=3 We
find

f () =cos z; f<—§-;—>=cos -g—=.;<;
f' (x) = —sinz; f (%) = —sin %: —1’;5 .
" (x) = —cos z; f %) = —cos 5= —_;. :
1" (x) =sin z; f”<%>=sin—g—=lg§,
1V (z) = cos z; v (—;) = cos —;:—;— , etc.
Hence
cosx=—2——-K2§<x .3“_> 1_ z %)2_}_
(o= ) s (o= 5) =

17 — 1320



E. PROBLEMS AND EXERCISES

Sec. 1. Method of Coordinates
1. Construct the points: a) (3, 4), (—2, 5), (—4, —1) and
(1, —7), b) (1% —0.8), (—0.6, —1.2), (-1.75, g) and (0.7, 1.1).

2. Given the point M (5, —2), find the coordinates of a point
symmetrical to M: a) with respect to the z-axis, b) with respect
to the y-axis.

3. If the coordinates of a point are # = —a, y = b, what are
the coordinates of a point symmetrical to the given point: a) with
respect to the axis of abscissas, b) with respect to the axis of ordi-
nates? :

4. Points A (2, 5) and B (—3, 2) are the end points of the seg-
ment AB. Find the length of the projection of the segment: a) on
the axis of abscissas, b) on the axis of ordinates.

5. Show that two triangles are isosceles and right-angled if
their vertices are represented by the points: a) (—3, 4), (4, 3),
(0, 0), b) (—4, —2), (—3, 5) and (0, 1).

6. Show that a triangle with vertices 4 (—4, 3), B (0, 2)and
C (2, —5) is an obtuse triangle. :

7. Find the abscissa of the point M if its ordinate is 4 and its
distance from another point N (1, —2) is equal to 10 units of

length.
8. Find the point on the axis of ordinates which is at 5 units

distance from another point A (—3, 1).

9. Find the point on the axis of ordinates equidistant from the
origin and from the point (3, —5).

10. Find the point on the axis of abscissas equidistant from
the points A (—1, 0) and B (7, —4).

11. Find the centre of a regular hexagon if two of its adjacent
vertices are 4 (2, 0) and B (5, 3 V3)."

12. Find the point equidistant from three given points: 4 (0,
—8), B (1, 1) and C (7, —7).

13. Find the centre of the circumscribed circle of a triangle
whose vertices are 4 (4, —2), B (5, —3) and C (—4, —6).

14. The vertices of a triangle are A (1, —35), B (5, 2), C (0,
—3). Find the mid-points of its sides.
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15. A segment whose end points are 4 (—2, 3) and B (4, —1)
is divided into three equal parts. Find the coordinates of the points
of division.

16. A segment whose end points are 4 (3, 2) and B (15, 6) is
divided into five equal parts. Find the coordinates of the points
of division.

17. Find points symmetrical about the origin for the points:
a) (2 0), b) (0, —3), ¢) (2, 5), d) (-3, 1).

18. A line is drawn from the point 4 (—3, 1) to the point B
(4, —2). Up to what point must the line be produced in the same
direction to double its length?

19. A line is drawn from the point (0, —1) to the point (—4, 3).
To what point must it be produced in the same direction so as to
treble its length?

20. In a triangle with vertices 4 (3, 7), B (—4, 0) and C (1,
—4) find the length of the median of the side AC.

21. Find the centre of gravity of a triangle whose vertices are
A1, 4), B(—5, 0) and C (—2, —1).

22. Given a triangle with vertices at A (2, 1), B (6, 4) and C
(—4, 9). Find the point of intersection of the bisector of angle
A with the opposite side BC.

23. Find the vertices of a triangle knowing the mid-points
of its sides:

1 1 1 1
M <— 5 3 7) N(—tg —2) and P (2, 15).

24. The points A (1, 0), B (2, 1) and C (3, —2) are three con-
secutive vertices of a parallelogram. Find the fourth vertex D.

25. Knowing two adjacent vertices (2, 0), (—3, 3) of a paral-
lelogram and the point of intersection N (—1, 0) of its diagonals,
find the other two vertices.

26. Three parallel forces Py, P, P, are respectively applied
at the points M, (xi, y1), M2 (xa, ys), M; (23, y;); determine the
coordinates of the point of application of their resultant.

27. Employ the formulas obtained in the preceding problem
for the case of three forces P, = 12 kg, P, = —18 kg, and P; =
= 6 kg applied at points M, (3, —5), M, (4, 1)and M; (6, 0), re-
spectively, and interpret the result obtained.

28. What angle is formed with the z-axis by a straight line
passing through the points: a) M (0, 2) and N (2, 4), b) M (2, 0)
and N (—4, 6),¢c) M (1, —1) and N (3, —1)?

29. Show that the quadrilateral ABCD with vertices at 4 (2, 6),
B (5, 1), C (—1, —6) and D (—4, —1) is a parallelogram.

30. Show that the diagonals AC and BD in the quadrilateral
ABCD with vertices at 4 (2, —5), B (7, —3), C (6, 1) and D (—2,
3) are mutually perpendicular.
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81. What is the relation between the slopes of two straight
lines symmetrical about: a) the z-axis, b) the y-axis?

32. Show that the straight line passing through the points
A (—1, 3) and B (5, 6) forms an angle with the z-axis one half
the angle formed by the straight line passing through the points
C (—3, —2) and D (0, 2).

33. Prove that the line joining the mid-points of two sides of
a triangle is parallel to the third side. .

34. Show that in a right triangle the median of the hypotenuse
is equal -in length to half the hypotenuse.

Sec. 2. Straight Line

1. Form the equation of the locus of points equidistant from
the points: a) (0, —4) and (3, 0), b) (—2, 5) and (2, —5).

2. Form the equation of the locus of points equidistant from
the coordinate origin and from the point: a) (0, 4), b) (5, 0).

3. On the straight line y = 32 — 2, find the point of which:
a) the abscissa is equal to 3, b) the ordinate is equal to 13.

4. Given the straight lines: y =2z — 1 and 2z 4y — 2 = 0.
See if they pass through the points 4 (1, 1), B (2, 0), C (0, —1),
D (-3, 5), E (—2, —5) and 0 (0, 0).

5. Find the equation of a straight line that cuts off, on the axes
Oz and Oy, segments equal to a) 3 and 5; b) —7 and 4.

6. Find the equation of a straight line that cuts off a segment
of 3 units length on the y-axis and forms an angle with the z-axis
equal to: a) 45°, b) 135°, ¢) 180°.

7. Find the equation of a straight line that cuts off, on the nega-
tive side of the y-axis, a segments of 5 units length and is inclined
to the z-axis at an angle: a) 30°, b) 120° and c) 0°.

8. Write the equations of: a) bisectors of coordinate angles,
d) straight lines parallel to the =z-axis, and y-axis, passing
through the point: 1) (2, —3), 2) (—5,—1), 3) (-3, 0), 4) (0, 4).

9. An electric meter registered 2.7 kwhr when the current was
switched on. Write the equation of the straight line showing the
meter readings under a load of 5 lamps of 60 watts each.

10. A force F is applied at the coordinate origin. Its components
on the z-axis and y-axis are, respectively, 4 and —3. Find the
equation of the straight line along which the force is directed.

11. What kind of line serves as the graph of uniform motion
on the basis of the law s = vt + s,?

12. The graph of uniform motion cuts off segments equal to

—% and 6 on the axes Oz and Oy. Find the velocity of this motion

if unit distance on the z-axis represents one minute and on the y-
axis, one metre. v
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13. A man walking along a horizontal beam resting on two
supports, A and B, exerts a pressure on support B that varies with
the position of the man on the beam. Find the equation of this pres-
sure versus the distance of the man from the other support 4,
given the following: weight of beam P = 120 kg, its length I =
= 5 m, weight of man p = 65 kg.

14. Given the straight lines: a) 52’4 12y — 39 = 0, b) 4y —
—3z+10=0,¢c)z — 2y +3=0, d) 9z 4 12y + 10 = 0. Without
solving the equations for y, find the slopes and the angles formed
by the straight lines with the z-axis.

15. Reduce the following equations of straight lines to a form
involving the slope:

a)z2—y+2=0,b)2z+y—1=0,
¢) bxa —2y—1=0, d) 3z+6y+2=0,
e) x—5y =0, f) 2y4+3=0.

Write the values of the slopes and the initial coordinates of
these straight lines.

16. Find the segments cut off on the coordinate axes by the
straight lines: a) 3z — 2y — 12 =0, b) y = 2 — 32z.

17. Construct straight lines expressed by the equations in prob-
lems 15 and 16.

18. Investigate the positions of the following straight lines
with respect to the coordinate axes:

a)2y —z=0,b)z—y=0,¢c)z+y=0.
dz+1=0,e)y—2=0,f)3z=0,g) 4y =0.

Draw the straight lines.
19. Reduce the following equations of straight .lines to the
intercept form: ’

a) 20 +3y—6=0, b) y=3+62, ¢) y=z2—1, and
d) 3z—2y+ 5=0.

20. Find the points of intersection of the straight lines:

a)y=4—z.and y=2x+43,b)2r+ 3y —1 =0 and 3z —
—2y+5=0, ¢) 524y =0 and 10242y —1 =0, d) z=0
andy=5,e)z=1%1andy=2,f)y=—1andz = 2.

21. The diagonals of a rhombus, equal to 8 and 6 units of length,
are respectively treated as the axis of abscissas and the axis of
ordinates. Write the equations of the sides of the rhombus.

22. Find the equations of the diagonals of a square, whose
side is equal to a, if two of its adjacent sides fall along the coordi-
nate axes and the square as a whole is situated in the third quad-
rant.

23. A straight line cuts off equal segments on the coordinate
axes and passes through the point M (3, 2). Find its equation.
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24. A straight line passes through the point (3, 5) in such a way
that a segment of it lying between the two axes is divided in half
by the point. Find the equation of the line.

25. Find the equation of the straight line passing through the
point (3, 2) and forming with the z-axis an angle of a) 45°, b) 135°.

26. Draw straight lines from the point M (6, 2) so that they
form an equilateral triangle with the axis Oz.

27. A light ray is directed along the straight line y = %x— 4;

on reaching the z-axis it is reflected. Find the point of incidence
of the ray on the axis and the equation of the reflected ray.

28. Find the equation of the straight line passing through the
points: a) M, (—1, 2)and M, (2, 1), b) M, (—3, —1)and M, (—1,
3), ¢) M (2, 0) and M, (2, —3), d) M (—4, —3) and M, (1, —3).

29. Check to see whether the following three points lie on a
straight line:

a) (—9, —3), (—1, 1) and (3, 5), b) (=2, 1), (0, 3) and (3, 5).

30. What is the ordinate of the point M whose abscissa is equal
to 6 and which lies on a straight line with points: a) 4 (2, 3) and
B (—1, —3), b) A (—6, —1) and B (3, 2)?

31. Find the acute angle between the straight lines:

a) 22 +y—1=0 and y —3z+ 1 =0,

b) 2V3—y+2=0 and 2)/3 +y —2 =0,

c)z—y—+2=0 and 22+ 3y — 1 =0,

d) 22 —y+3=0 and 4x — 2y — 3 = 0,

ez+3y+1=0and 3z —y—1=0.

32. Calculate the slopes of the straight lines passing through
the points: a) M, (1, —1) and M, (3, —5), b) M, (V/3,5) and
My (—V/3, —1), ¢) My (—3, —2) and M, (1, —2).

33. Calculate the interior angles of a triangle with vertices:

a) A(2,1), B(3,1) and C (1, 2);

b) A (0, 2), B (2, 0) and C (4, 2).

34. Are there any parallel or perpendicular lines among the
straight lines given by the following equations:

a) r—3y+1=0, 2z —6y+5=0 and y = —3z — 2;

b) 22 —y=0,24+2y+3=0and y=2z — 1?

35. Through the point (3, —6) draw straight lines parallel to
the straight lines: a) y = —22 + 3, b) y = 3z, ¢c) y = 0, d) z = 0.

36. Draw straight lines through the coordinate origin perpen-
dicular to the straight lines: a) 2 — y =0, b) y+ 22 — 3 =0,
c)r—1=0,d) 2y+1=0.

37. Through the point M (1, 2) draw a straight line parallel
to the straight line passing through points 4 (2, —3) and B (3, —1).

262



38. Through the point M (1, —2) draw a straight line perpen-
diciulair t30 the straight line passing through points 4 (—3, 2) and
B (—1, 3).

39. Form the equations of two lines drawn perpendicular to
the straight line 2z — y+4 5 = 0 from the points of its jntersec-
tion with the axes.

40. Form the equations of straight lines passing through the
poigt (2,12) a(r)ld inclined at an angle 45° to the straight line 4z —
— y —_— —3 .

41. Draw straight lines passing through the point M (3, 5)
and making an angle of 45° with the straight line x — y 4+ 7 = 0.

42. Form the equations of the legs of a right-angled isosceles
triangle, knowing the vertex of the right angle C (4, —1) and ‘the
equation of the hypotenuse 3z — y 4+ 5 = 0.

43. Find the equation of the straight line which passes through
a point that divides (in the ratio of 2 : 3) the segment joining the
points 4 (—2, 3) and B (4, 6), and which is perpendicular to the
straight line that cuts off on the 2- and y-axes segments —3 and
4, respectively.

44. Find the equation of the straight line which passes through
the point WV, the segment of which between points 4 (—3, 2) and
B (4, 1) is divided in the ratio 3 : 4, and which is parallel to the
straight line on which lie two known points: (2, —1) and (—3, 0).

45. Draw a straight line through the point of intersection of
the straight lines 2z 4+ 5y + 8 =0 and 3z — 4y — 11 =0 so
that it: a) is parallel to the straight line 4z — y + 3 = 0, b) is
perpendicular to this line; c¢) forms an angle of 45° with it.

46. Given points 4 (—7, 1), B (3, 6), C (5, 3), D (=5, 8). In
what ratio are the lines AB and CD divided by their point of inter-
section?

47. Through the point (2, —3) draw a straight line such that
it forms an angle with the z-axis double the angle formed with

that axis by the straight line y = %x + 3.

48. Find the base of the perpendicular drawn from the point
(—1, 2) onto the straight line 3z — 5y — 21 = 0.

49. Find the distance of: a) the point (4, —1) from the straight
line 122 — 5y — 27 = 0, b) the point (2, —3) from the straight
line 5z + 12y — 13 = 0.

50. Find the altitude of a triangle if: a) the vertex of the tri-
angle is the point A (—1, —1) and its base is the straight line
4z — y 4+ 3 = 0, b) the vertex is (5, —3) and the base is a segment
joining the points (0, —1) and (3, 3).

51. Find a point symmetrical to the point Q (—2, —9) about
the straight line 2z + 5y — 38 = 0.

52. Given equations of the bases of a trapezoid: 3z — 4y -+
+ 10 = 0 and 6z — 8y + 15 = 0. Find its altitude.
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. 83. Given the straight line 3z — 4y — 5 = 0. Find the equa-
tion of a straight line parallel to the given line and separated from
it by 2 units.

54. Find the equation of the straight line passing through the
point M, (%o, yo) and parallel to the straight line joining M, (z,,
Y1) and M, (z,, y,).

55. Through the point of intersection of the straight line 7z —
— 24y — 14 = 0 with the z-axis draw the bisector of the angle
formed by the given straight line with the z-axis.

56. Given two points 4 (—3, 8) and B (2, 2). Find a point M
on thﬁ z-axis such that the broken line AMB is of minimum
length. .

57. At what angle to the z-axis should a ray be sent from the
point A (5, 2) so that the ray reflected from the axis should
pass through the point B (—1, 4)?

58. Form the equation of a straight line passing through the
point M, (%o, ¥o) and through the point of intersection of two
straight lines:

A‘x+B1y+C1=O and Az$+B2y+Cz=0.

59. Given equations of the two sides of a parallelogram, z + y —
—1=0 and 3z —y+ 4=0, and the point of intersection
N (3, 3) of its diagonals. Find the equations of the other two sides
of the parallelogram.

60. Establish the boundaries of a square plot of land from the
following data:

a) from two poles that represent opposite vertices if the position
of the poles is defined by the coordinates A (2, 1) and C (4, 5);

b) from three poles: one at the centre and two at the vertices
of one of the sides if the position of the poles is given by the coor-
dinates: of the central pole N (1, 6), of the side poles 4 (5, 9)
and B (4, 2).

61. Determine the position of point M if its distance from point
A (1, —2) is equal to 5 units of length and if its direction from

point B (0, —8) forms an angle whose tangent is 1 with the posi-

2
tive directions of the z-axis.

62. Three perpendiculars are drawn from the point M (9, 5)
to the sides of a triangle whose vertices are (8, 8), (0, 8) and (4,
0). Show that the bases of all these perpendiculars lie on a single
straight line and that the point M lies on the circle circumscribed
about the given triangle.

63. Check to see that the point of intersection of the altitudes
of the triangle lies on a single straight line with the point of inter-
section of its medians and the centre of the circumscribed circle.
'gake,4 for example, the triangle ABC: A (5, 8), B (-2, 9),

(—4, 5).
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Sec. 3. Circle

1. Form the equation of a circle having:

a) centre in point (3, —5) and radius equal to 4;

b) centre in point (—2, 1) and passing through the coordinate
origin;
) c) Zentre in point (—3, 0) and the end of a diameter in point
( r T );

2. Form the equation of a circle one of whose diameters is the
line segment of the straight line 4z — 3y + 12 = 0 lying between
the coordinate axes.

3. Write the equation of a circle whose centre lies on the axis
of ghsciszsas and which passes through the points M (2, 3) and
N ( y T )

4. Write the equation of a circle which passes through the coor-
dinate origin and the point M (—3, 9) and has its centre on the
axis of ordinates. ’

5. Write the equation of a circle that touches the axis of ab-
scissas at the point A (2, 0) and passes through the point M (—1, 3).

6. Form the equations of circles passing through the point
M (2, —1) and touching both coordinate axes.

7. Find the normal equations of those circles which pass through
points M (—1, 4) and N (3, 0) and have radii equal to 4 units.

8. Find the normal equations of the circles which pass through
points M (4, —2) and N (5, —3) and have radii equal to 5 units.

9. Form the equation of a circle that passes through three
points:

&) (01 0)1 (79 _7)’ (Sv O);
b) (Ov 4)! (1! 2)’ (3s —2)'

10. Form the equation of the circumscribed circle of a triangle
whose vertices are A (0, —6), B (1, 1) and C (8, 0).
11. Find the centres and the radii of the following circles:

a) 22 + y? — 6y = 0;

b) 22 + y2 + 8z — 9 = 0;

c) 22 4+ y? — 10z + 4y + 13 = 0;

d) 2% 4 2y? — 6z — 8y — 19 = 0;

o) 222+ 22 — Sz + 3y —7=0;

f) 22 + y® — 122 + 2y + 37 = 0;

g) 2t + y? — 2z 4 12y + 38 = 0.

12. Find the equation of a circle of radius 2 units of length
and concentric with the circle 22 4+ y? + 6z + 8 = 0.

13. Find the equation of a circle passing through the point
M (—3, 4) and concentric with the circle z* + y? + 3z —4y— 1=0.
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14. Transform the equation of the circle 22 + y2 + 4z — 12y —
— 9 = 0 by shifting the coordinate origin to the centre of the circle,
while retaining the directions of the axes.

15. Find the points of intersection, with the axes, of each of
the following circles: a) 22 + y* — 6z — 10y + 9 =0, b) 2% +
+ y2 — 10z — 6y + 25 = 0.

16. What is the position of each of the straight lines: a) z —
—2y—5=0,b) 3z+4y+25=0, ¢) x4+ y— 17 = 0 rela-
tive to the circle z? 4+ y?= 25.

17. Find the centre of a circle of radius r = 50, if it is given that
the circumference of the circle passes through the point A (0,
8) and cuts off a chord equal to 28 units on the axis of abscissas.

Sec. 4. Ellipse

In the following problems it is required to form the equation
of the ellipse if it is known that:

1. The coordinates of the focus F and the point M of the ellipse
are: a) F (+2, 0) and M (2, —3), b) F (15, 0) and M (20, 12),
¢) F (x22, 0) and M (13, 12).

2. The vertices of the ellipse are the points (43, 0) and (0, ==1).

3. The distance between the foci is equal to 16, and the major
axis is 34.

4. The semiminor axis is equal to 4 and the interfocal distance
is 10.

5. The semimajor axis is equal to 10 and the eccentricity is 0.6.

6. The eccentricity e = 0.28 and the foci have coordinates
(£7, 0).

7. The distances from one of the foci to the ends of the focal
axis are, respectively, 18 and 8.

8. The minor axis is equal to 6, the eccentricity is 0.8.

9. The sum of the semi-axes is equal to 8 and the interfocal
distance is 8.

10. The eccentricity is equal to —31— and the ellipse passes through

the point M (¢, 4), where c is the abscissa of a focus.

11. The ellipse passes through points: a) M (6, 4) and N (-8,
3), b) M (6, —6) and N (9, V6).

12. Calculate the lengths of the axes, the coordinates of the
foci and the eccentricity of the ellipse, knowing its equation:
a) 25z% 4 169y? = 4225, b) 3z? + Sy* = 30, c) 222 + y? = 32,
c) 922 + 25y% = 4, d) 256z% + 81y* = 576.

13. Find the equation of the curve obtained by halving all
ordinates of the circle 2% 4 y? = 36.

14. Determine the eccentricity of an ellipse if:

a) its minor axis is visible from a focus at a right angle;
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b) the distance between the foci is equal to the distance between
the ends of the major and minor axes;
c) the ordinate of a point of the ellipse, the abscissa of which is

the abscissa of a focus, constitutes % th part of the length of the

semiminor axis (m > 1).

15. Given the eccentricity e of an ellipse, find the relation
between its semi-axes.

16. The meridian of the globe has the form of an ellipse with

the ratio of the axes %g%. Find the eccentricity of the terrestrial
meridian.
[_;- .

Fig. 155. Fig, 156.

¥17. The earth’s orbit is an ellipse with the sun at one of the
foci. Krowing the eccentricity of the ellipse, e = 0.017, and the
semi-axis @ = 150-10% km, find out by how much the shortest
earth-sun distance (it occurs in December) is shorter than the far-
thest distance (in June).

18. Find a point on the ellipse %-}-gg: 1 whose distance

from the right focus is four times the distance from the left focus.

19. The ends of a segment AB of constant length slide along
the sides of a right angle. Take any point M on the segment and
show that the trajectory of the point traced in sliding is an ellipse.

20. Figure 155 shows an elliptical compass in which the length
of the sliding line AB and the position of the pencil-holder M
can be changed by means of the screws 4, B and M. How should
one set the compass so as to draw the ellipses:

2 2 2
a) S+E =1+t =1, 0 2+ 3" = 25

21. In practice, approximate drawing of an ellipse by means
of a compass is often resorted to in place of exact plotting (Sec.
23); the exact ellipse is replaced by a ‘‘dummy” ellipse. From the
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point C, (Fig. 156), with radius equal to C,4, and from point C,,
with radius equal to C.B, draw parts of a circle. The relative values
of the radii should be chosen so

T M ' that both parts of the circle should
Q have a common tangent at the
8 point of connection. Find the rela-

tionship connecting the radii

A CiA = Iy, CzB = rg 8O that the

0 . Z ‘*dummy’’ ellipse should have the

Fie. 1567 given semi-axes a and b.

€. 2ot 22. Figure 157 shows a hinge

mechanism in which OB=BA=a,

MB = b. Point O is fixed and B revolves around it along the

circumference. Point A moves along the straight line Oz. What
curve is described by the point M?

Sec. 5. Hyperbola

The following problems require the formation of the equation
of a hyperbola if it is known that:

‘ 1. The coordinates of the focus F and the point M of the hyper-

bola are:

a) F (13, 0) and M (22, 12),
b) F (15, 0) and M (—20, 12),

¢) F (+4 4, 0) and M (10 -, 8).

2. The coordinates of the vertices are (41, 0) and of the foci,
(=3, 0).

3. The real semi-axis is equal to 5 and the vertices divide in
half the distance between the centre and focus.

4. The real semi-axis is 6 and the eccentricity e = 1.5.

5. The interfocal distance is 26 and the eccentricity is 2.6.

6. The eccentricity of the hyperbola is 1.25 and the hyperbola
passes through the point (2)/'5, —1.5).

7. The hyperbola passes through points M (—4, 3) and N ()10,
—1.5).
8. Find the coordinates of the foci, the eccentricity and the
equations of the asymptotes of the following hyperbolas: a) 16z* —
— 9y? = 576, b) 322 — 5y =30, c) 64z? — 225y% = 400.

9. Find the equation of the followmg hyperbolas:

a) the asymptotes are given by the equations y = :i:%x and
the foci have coordinates (%=1/10, 0);

b) the asymptotes are given by the equations y = =& %x, and
the hyperbola passes through the point (2, 1).
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10. Dzetermine the angle between the asymptotes if the eccentric-
ity e = 2.

11. Calculate the eccentricity of the hyperbola if the angle
between the asymptotes is 60°, 90°.

12. Find the relation between the eccentricity of the hyperbola

and the angle between the asymptote and the principal axis.
13. Find the distance of a point lying on the hyperbola %—’5—

-——g—’— =1 from its foci if the abscissa of the point is: a) 15,

13
b) — 16 ;.

14. Find that point on the hyperbola ;%—%2—1 1 for which
;ts distance from the left focus is double its distance from the right
ocus.
2

15. Find the point M (zy, yo) on the hyperbola %—-—g;= 1

such that the focal radii vectors are perpendicular to each other.

16. Find the equation of an equilateral hyperbola passing
through the point: a) (4, —2), b) (—3, V2).

17. Transform the following equations of the hyperbola into
asymptotic form: a) z® — y® = 12, b) 2z — y? = 8.

18. Transform the following equations of the hyperbola rela-
tive to the asymptotes, taking the axis of symmetry of the hyper-
bola for the coordinate axis: a) zy = 3, b) zy = 5.

19. Form the equation of the hyperbola having common foci

with the ellipse g—f— %:; = 1, assuming the eccentricity of the
hyperbola equal to 1.25.
20. Form the equation of the hyperbola whose vertices lie on
2 2
the foci of the ellipse %-{— ‘% = 1 and the foci of the ellipse lie

in the foci of the hyperbola.
21. Calculate the length of the side of a square inscribed:

a) in the ellipse z—: + Z’—: =1,
b) in the hyperbola :—: — g—: = 1.

Investigate into what hyperbolas it is possible to inscribe a

square.
22. Find the equations of two perpendiculars dropped from
the right focus of the hyperbola 922 — 16y? = 144 onto its asymp-
totes.
23. Find the points of intersection of the hyperbola 1622 —
— 9y? = 144 with the straight lines: a) 20z 4 21y 4 12 = 0,
b) 4x— 3y =0, ¢) y =2z — 3.
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24. Find the point,s of intersection of the hyperbolé 22 — y? =4
with the circle 22 + y? = 8.

25. Find the points of intersection of the ellipse =1

49+ 24

with the hyperbola f—g— 5 =1

See. 6. Parabola

In each of the following problems it is required to form the
equation of the parabola with vertex in the coordinate origin,
if it is known that:

“1. The coordinates of the focus are: a) (4, 0), b) (0, —3)

2. The equation of the directrix is: a) z =1, b) y = —2

3. The parabola is symmetric about the axis Oz and passes
through the point: a) (1, —2), b) (—2, 4).

4. The parabola is symmetric about the axis Oy and passes
through the point: a) (—3, 2), b) (2, —3).

\y
N ‘ Ay

/N

Fig. 158, Fig. 159.

5. A stone thrown upwards at an acute angle to the horizon
described the arc of a parabola and fell at a distance of 16 metres
from the point of throw. Find the parameter of this parabola if
the stone reached a maximum height of 12 metres.

6. The mirror of an automobile headlight is parabolic in cross-
section. Find the equation of this parabola if we take the diameter
of the headlight at 20 cm and the depth at 15 cm. Let the axis of
the headlight represent the z-axis and the origin be taken within
the mirror. .

7. The parabolic mirror of a refractor at an observatory has
a focal distance of 20 metres and a diameter of 6 metres. Find the
depth of the parabolic cavity which had to be made in sheet glass
to make the mirror.

8. Form the equation of a parabola which is:

a) symmetric about the z-axis and cuts off, on this axis, a seg-
ment +a and, on the y-axis, segments +b (Fig. 158);

b) symmetric about the y-axis and cuts off, on this axis, a seg-
ment -4 b and, on the z-axis, segments 4-a (Fig. 159).
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9. The truss shown in Fig. 160 is of parabolic form.

The length of the span = I, the sag = f; the span is divided
into 2n equal parts. Determine the length of the vertical (y4, y3, . . .)
and the diagonal (dy, ds, ... and d,, d;, . ..) beams of the truss.

Numerical example: / = 20 m, f = 5 m and n=4.

10. Solve the same problem with respect to a crescent-shaped
truss formed by two parabolas (Fig. 161).

Numerical example: / =20 m, f =2 m (sag of the truss),
f = 3 m (flexure of the lower parabola), n = 4.

11. Form the equation of the parabola knowing the coordinates
of its vertex O’ and the focus F: a) 0’ (2, 3) and F (2, 5); b) 0’ (3, 0)
and F (3, —3); ¢) O’ (1, —2) and F (4, —2); d) O’ (2, 0) and
F (0, 0).

T
AR
{

—

Fig, 160, Fig, 161,

12. Form the equation of the parabola knowing the equation
of the directrix and the coordinates of the vertex O’ of the parabola:

a)y=—2and 0" (4, 1), b) y=1 and 0' 3, —1), ¢c) =3
and 0’ (1, 1), d) z = 0 and O’ (—1, 0).

13. Form the equation of the parabola knowing the equation
of the directrix and the coordinates of the focus # of the parabola:

a) x = O and F (59 O)a
b) y=—1 and F (2, 3),
¢) =1 and F (-2, 2).

14. Form the equation of the parabola knowing that:

a) the axis is parallel to the y-axis, the vertex has the coordi-
nates (2, —1) and the parabola passes through the point (4, 0);

b) the axis is parallel to the z-axis, the coordinates of the vertex
are (2, 3) and the parabola passes through the point (1, 1).

15. Determine the coordinates of the vertex, the magnitude
of the parameter and the direction of the axis of symmetry in the
following parabolas:

a) y?— 10z —2y 4+ 21 =0, b) y*>— 6z + 14y + 49 = 0,

¢) 2+ 8 — 16 =0, d) 22 — 6z + 4y — 11 = 0,
e) y = a? — 8 + 15, f) y= 2%+ 6z,
g) y =2z — 2%, h) y =2z — 22
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16. Transform the equations of the following circles into stand-
ard form and determine the coordinates of the centre and the mag-
nitudes of the radii:

a)2?+ y? 4+ 6xz—7=0andb)a?®+ y* — 10z + 2y +1 = 0.
17. Transform the equations of the hyperbolas:

a) 92% — 25y — 18z — 100y — 316 = 0 and
b) 522 — 6y? + 10z — 12y — 31 = 0

into standard form and determine the coordinates of the centre
and the magnitudes of the axes.

18. a) On the parabola y? = 4z find a point, the focal radius
vector of which is equal to 17.

b) On the parabola y? = 8z find a point, the focal radius vector
of which is equal to 10.

19. Find the equation of the common chord of the parabola
y? = 18z and the circle (z 4+ 6)2 4+ y2 = 100.

20. Show that the locus of centres of circles passing through
a given point and touching a given straight line is a parabola.

Sec 7. Mixed Problems

1. Prove that for every straight line issuing from a point M (z,,
Yo) and intersecting a circle z? 4 y? = a?, the product of the dis-
tances of the point M from the points of intersection of the line
with the circle is the same (the well-known corollary of the theorem
in plane geometry about the product of a secant by its' external

art).
P 2. The vertex of the right angle of a triangle lies on the straight
line 2z + y — 10 = 0 and the two other vertices, at points (2,
—3) and (4, 1). Calculate the area of the triangle.

3. Find the angle between the straight lines passing through
the origin and through the points of trisection of the chord 2z 4
+ 3y — 12 = 0 of the parabola 222 — 9y = 0.

4. The centre of a circle touching the coordinate axis lies on
the straight line 3z — 5y 4 15 = 0. Find the equation of the
circle.

5. A point with abscissa 1 —g— is taken in the first quadrant of

an’ ellipse %-}-g—z = 1 and joined with the foci of the ellipse.

Prove that the radii vectors thus obtained are mutually perpen-
dicular.
6. The vertex of a parabola lies at the centre of a circle whose

radius is equal to-i— the parameter p of the parabola. The chord
joining the points of intersection of the two curves serves as one
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side of a rectangle inscribed in the circle. Find the length of the
sides of the rectangle and the equations of its diagonals.

7. The foci of the ellipses ;—;-l— "—;= 1 and %—}-g—; =1 are

joined together by straight lines and a circle is inscribed in the
rhombus thus obtained. Find the equation of the circle.

8. An ellipse and a hyperbola have common foci separated by
the distance 2)/13; the difference of focal semi-axes is equal to 4,
and the relation of eccentricities is -3— Form the equations of these
curves and find their points of intersection.

9. Given a hyperhola: 22 — y* — 6z = 0. Find the equation
of the straight line connecting its centre with the centre of a circle
which passes through the origin and the points of intersection of
a straight line z — 2y 4 4 = 0 with the coordinate axes.

10. Let the origin O serve as the centre of a circle touching a
straight line 3z — y — 10 = 0 and let O also serve as the vertex

of a parabola whose parameter is % and whose axis coincides with

the z-axis. From the point M — the point of intersection of these
two curves in the first quadrant—let a circle be drawn touching
the z-axis and intersecting the first circle in points P and Q.
Then the point of intersection of the chord PQ with the ordinate
of the point M belongs to an ellipse, for which the diameter of
the first circle serves as the major axis, and in which the minor
axis is equal to the radius of the same circle. Prove this.

Sec. 8 Theory of Limits

1. Show that if z takes on successively the values
2n—4
21!

2. Show that the limit of cos z is equal to zero if z —

3. Show that lim cos z = 1.
x-»0

4. Show that lim sin z = 1.

n
x> =

2
5. If z —0, which of the following quantities are infinitesimals:

10z, 22, 1/5,(13::’,—%0'001 z 2 z2 + 0.4z, z—=2?

z, z, ’ 551 ’5’
6. If z successively assumes the following values: 1

3 7
’—Z’i""'

o

., its limit is 1.

T
5

1 1
[} E‘ ’ 3’ ‘4—)
5, -é—, ..., is z an infinitely large or an infinitely small quantity?
Find the limits of the following expressions:

10 z2—32 46
7. mwhena:—>4. 8. -—then T —> 2.
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z2—1

2 —
9. —?——-—;;6%3—1— when z — 0. 10. =TT when z — 1.
11. f’i‘,—%'i—s when z — 3. 12. -;‘1_%,2{572 when z — 0.
13. -E:—:—Z:__——:: when z — 1. 14, %:—Z—:; when 2z — a.
15. :—::_I-_E:- when z — 0 16. —:—;}fg—:- when z — co.
and p>q.
azs -+ bz8 4 cz2 2245
17. mm“’hen Z—> 00, 18. W when z — oo.
19. az:+b when z — oco. 20. 2=% $hen z — co.
z34-¢ z—a
21. Ti—;—r_-_% when z — 1. 22. zz—?f—a'f— x_i_a when z—>a.
23, Y2=V3 when 5 >3, 24 V@Fi—z, where 230,

when z — oo.

Explain the geometrical significance.

Sec. 9. Functions. Continuity of Functions

Setting f(x) =5+ 3z — 522, find f(—1).
Setting @ (z) =2%—2, find ¢ () +4 and @ (z+44).

Given: F(x)=-£,;+1; find F (x—2).

Given: F(x)=15z-+-257; show that F (—g->= —F(——‘;’—) .
Given: f(z)=—; show that f (z+k)—f (2) = ——z,—j_—ih—.
Find the values of ¢ for which f(¢)=1t24¢t—6 is equal to

N
@
SO YA W

7. An equation with one unknown is written in the form f (z) =0.
How would you write this equation to express the fact that its
roots are 1 and —2?

8. Assuming f(z)=a*, employ this symbol to rewrite the
equality a*-a? = a**v,

9. Putting f(z) =tanz, rewrite the following formula with the
aid of this symbol:

__ tanz--tany
tan (z+y) = 1—tanz-tany °
10. Given f(x)=sinz; show that
f (x+22) +f (z) = 28in (z +2)-cos z.
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11. Find the domains of definition of the following functions:
a) y=V4—1z% b) y=Vz+1-V3—z;

¢) y=V3+z+Vaz—1; d) y=T/‘4——2__——:—;-

12 Draw the graphs of the functions:
=|z| on the interval [—2, 4 2];

b) y—— z—2/| on the interval [—2, +6];

¢) y=4x—2? on the interval [—1, 4];

1 1 1
d) y=——1: e)y=(x—__1—)a—; fy=2+—_—;
2 1 . 1
Q y=——7i hy=—-i Dy=—;
14-2% 14251

42 if =2z —1;
i) y= 1 if —1<e< +1;
2—z if +i1<e< +2.

13. Find the amount of change in the volume of a cube if its

edge z changes by Az. It is given that 2 =2 metres and Az=0.1
metre.

14. Calculate the increment of the function y=23—2z-+45 for
an increase in the value of the argument from z=2 to z=2.01.

15. Find the increment of the function y= zi i for an arbi-

trary value of the argument 2 and an arbitrary increment Ax.
16. Find the increment of the function y=logxz for any posi-

tive value of z, given an arbitrary value of the increment Az,
17. Determine the points of discontinuity of the functions:

1 1
a) y=—"> b) y——‘W;
1 _ z+7 .
©) y=gm—g; ) y=—mTrozror
2x—3 1
€) ¥=-gm—93, 521 ’ f) y= 1

14 2%

18. Prove that the following functions are continuous for any
real value of z=¢:

B y=—rri bHy=Vz @>0;
c) y=cosz; d) y=a* (a>0; as=1);
e) y=log,z (a>1; 0<z <<+ ).
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19. Will a function defined as follows,
2z, if 0<z<<,
y= 3—z, if 1<2K2,

be continuous on the interval 0 <z <2? Construct the graph.
20. Prove that tan z is continuous for all values of z except

z=+ %+2ku, where k is any integral number.

S ec. 10. Derivative Function

1. Find the ratio % for the functions:
a) y=2a%—2241 at z=1, Az=0.1;
b) y=—3— at z=2, Az=0.01;

o) y=Vz at r=4, Az=0.41.
Show that, as Az tends to zero, this ratio tends to 4 in the
first case, to -—l—in the second case, and to "}T in the third case.

2. The equation of motion of a point is: s=t3+410. Find the
velocity of the point at time z=2.

3. Angle ¢ through which a wheel turns during braking is
determined by the equation ¢ =a--bt—ct?, where a, b, c are
constants and ¢ is the time. Find the angular velocity at time ¢
and determine when the wheel will stop.

4. During the heating of 1 kg of water from 0° to ¢° the amount
of absorbed heat, Q, is given by the formula:

Q =t +0.00002¢2 4+ 0.0000003¢2 kcal.

Find the specific heat of water at ¢=250°.
5. A body of mass 2 kg is moving in a straight line according
to the law s=1-t2, where s is expressed in cm, ¢ in sec. Deter-

mine the kinetic energy (m_zvﬂ_ of the body after 5 sec.

6. A metal rod of length 50 cm and density d is conical in shape,
the diameter of the base of the cone is 1 cm. Find the linear den-
sity at the middle point of the rod.

7. Find the slope of the tangent to the parabola y=z": a) at
the coordinate origin, b) at point z=3, c) at point x= —2,
d) at tbe points of intersection of the parabola with the straight
line y=23z—2. Show that the tangent at the point C (x4, yy)
divides the abscissa of this point in half. Find the rule for the
construction of the tangent.

8. Find the slope-of the tangent to the cubical parabola y =z
a) at the point (%, i), b) at the point z=2. Can the slope of the
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tangent to the cubical parabola y=2® be negative? Show that
a tangent at the point C (x,, y,) divides the abscissa of this point
in the ratio 2:1, measuring from the origin. Find the rule for the
construction of the tangent.

9. Find the equation of the tangent to an equilateral hyperbola

y=%: a) at the point (zy, y;), b) at the point z=1, c) at the

point z = -——-%—. Can the slope of the tangent be positive?

10. At what values of the argument are the tangents to the
parabolas y =22 and y=2® parallel?

14. What is the angle of intersection of the hyperbola y——-:%—
with the parabola y=V) x?

12. What are the angles of intersection of the parabolas: y = V2z
and y = %’?

13. At what point is the normal to the parabola y=z* perpen-

dicular to the straight line y=4x+1?
14. Show that the normals to the curve y=2z2—z+1 drawn

in points z; =0, z,= —1, z3=—g-meet. at a single point.

See. 11. Finding Derivatives

1. y=322—62+10. 2. y=5x‘—|—x’+—%— .
3 y.=—1—z‘—ix’+x+1 4 y=-1—z3——1—z’—-x+05
. v 5 . . = 5 .5.
5. y=ax*+ba?+c. 6. y=azd+4br*—cx+d.
428 228 27 728  5z4 322 2
Ty=5—%+7- B.y=—g+7T 27"
azt bz? | a—b z8 x2 z
Sy=—"F @t 0. y=o5~a—s " w
11. y=2°—2°4 32%. 12. y=22—22182  n%,
7 5 3
13. y=2"—2z"+log 2. 14. y =622 +4a% + 222,
1
15. y=322—2z 24u. 16. y=3Vz—4{/z+5z .

17. y=22V3+5V 23+ V5. 18. y=;17_?7a_+%.

3a? e 1

19 y=28 -5 20. y=2Vz—57—.
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For Secs. 84 and 85

Differentiate:
21. y=(1+5x) (1 —Tz). 22, y=(1+42%) (1—227).
23. y = (2z*+ 32+ 5) X 24 y=(1—z—2° (1—2z+2%.

X (922 — 2z 4 3).
25. y= (ax+ b) (cx+d). 26. y = (axz+b) (cx?+d).
27. y=xz(2z—1)(3z+2). 28. y=(22—1) (2*—4). X

X (z2—9).
299 y—_9% 30 y=_1—%
S Y= S Y=T7z -
1—z3
M. y=—175%. 32 y=—22E7.
k 2 2 2
33. y= 11-::2 . 34. y=i+—i+%+%
35. y=2 42 36. y=2%2 4 5.
37. y=3z — zfz . 38. y=aTa+ ab_: .
a 1
39. y=_l;—+—¢:?‘_' 40.Z=’t—2:?'_T_—1—.
— 13 1
41. z= tVEt ) 42. F(u)=(1+u3)<5—ﬁ>.
43. F(u)=1=Yx Find F’ (1).
1+Vu "

. , — (1 —-L
Find F (a). 44. F )=1+Vu) (1 V§> .
45. S () = 5op + - Find F’ (a).

. ’ ’ - P
Find S’ (0), S’ (2). 4. 0 =120

Find ¢’ (2) and ¢’ (0).

For Sec. 88
47. y = (322 4 8)%. 48. y= (5—4z?)".
49. y= (ax*+ bx+c)s. 50. y=(maz*+ nz®-+ p)i.
51. y = (a™+z™)". 52. y = (az™+ bz™)".
53. y =V a®+ 22 54. y=} a+ bz ca?.

55. y =(ax+b)2—(az—b)%. 56, y=)Y5—7 VIi+z*
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57. y=z Y 5—2Y 3z +5.
58, y=(zY 3+ 5 7).

5
60. y=m .
62. =—-ﬁ—:.
NTERv

64. y=y 2+ 1+ Y (@04

66. y =Va+ V az.
68. y= (2432 Y 1+ 5z2.

5z3
70. Y =-—(5$_—Zj.3_ .

72. y=(z+1)(2—32)
(2z+ 3)3.

_ (atax)™
74. y= G—z

71
76. Y= 1/:—2—_*:-? .
5
8. y= YELE

2z

Find the limit of

83. 25 when 5 0.

85 sin 5z

in3z when z— 0.

Find the derivatives of
87. y=sinnx.
89. y=sin"z.
91. y=cos™ax.

7

59. y=m.

61. y=

e
Vata

63. y=Y ([ —=a)* -V 1—2"

65. y=) 2 +V 2.
67. y=(a+2?) YV 1+ ba.
23—2

69. y=’(z__i)—4-

1. y=(3z+ 5)3 (5= 4 4)®.
73. y=(x+a)" (x+d)".

5. y= /2L

7. y=_V_aiﬁ’_,

x’

n
B v =Gy

For Sec. 89

84 sin (z—a)

r—a

86. z-cotzwhen & — 0.

For Sec. 90

88. y=sina".
90. y =cos (ax)™.
92. y=cotax.

when z— a.
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93. y =tan" bz.

94. y =2z sin 2z.

95. y=tang—g.
96. y=tan—5 —-% . 97. g=a-c0s20.

98. Q=/kV cos20.
100. y=r(1—cost).

102. y = A-sin (0t +a).

.1
104, s=sin—.

106. y=2 sin’—;— .
108. y =sin (cos z).
110. y =cot3z -} 3 cot z.

112. y= 3

14, y=—=

© oginz °

116. y =sin z-sin 2z.

118. f(z) = ‘+°°”.

1—cosz

2 P z
-3—tan - —2tan 7-}-:::.

99. z=r(t—sint).

101. y=2-sin 3z 4 3cos2z.

103. s=cos -5:- .
105. y =cos? 2z.

107. y=a-sin3%

109. y =cos (sinz).

111. y=%tan5z+%tan3z+
~+ tan z.

113. y=Y1+sin2z—
—V1—sin2z.

115. y =sin z-(sin z +cos z).

117. y=sin®z-(cos? x4 1).

119, f(z)= 11502

—sinz °

' Find f (3)- Find f (-6-)
120. f(z)= 2502 T ik s
- HO) =17 - -f(@—*m—i-—-
3
Find f' (-;i) Find f ().
122. y=ax-tanaxz. 123. y =sec az.
124. y=sec" az.
For Sec. 91

125. Knowing

——‘—— 2.3025851 and - —

= 0.4342945, find:

a) from the declmal logarithms of the numbers 2, 7, 13 their

natural logarithms;
280



b) In3=1.09861, In5=1.60944, 1n 11 = 2.39790.
Calculate their decimal logarithms.

Find the derivatives of

126.
128.

130.
132.
134.
136.
138.
140. y
142.

144.
146.
148.
150.

152.
154.

156.

158.
160.

162.
164.

166.
168.

170.
172.

y =log, (3+ 7).
y=In (a®—z?).
y=—;—ln (a2 4 2?).
y=Inz3+Indz.
y=ln3dz+hn,
y=Inlnz.

a—|—z

.
—X

y=In

= log,, 22+ logj 2z.

y=In /1422,
y=In(z+1nux).
y=a-ln"z.
y=1In(1+4cosz).
y=1In }/sin 2z.
y=sinln z.

y= Hxd—2x

_.__1__ 143
== 4=,

y=e*+4e™*,
o =a®.
y=a-e Vi.
y=5slnzx.

tan—L
y=e =,

y=e"
y=2x%¢e*.cos z.

y=z-lnz—z.

For Secs. 92-95

1217.
129.

131.
133.
135.
137.
139. y
141.
143.

y=Insin z+ Incos z.
y=Insin?z.

y=1In tan <—2—+—;—> .

147.
149.

151.

153. y
155. y

157.

159.

163.

165. y=

167. y
169.

171.

y=1In

y=e?
161.. Q:=

y=log, (14 2%).
y=In (54 3z).

y=31n (5—2)+21n (4+2).
y=log,Vxz.
y=anE+ Vm .

y=In Vz+1.

—ln1+zn

y = loga 2.

1+Vz
1—Vz

a-lnz™.

= tan In z.

= Qx8=-8x

y=z"+n"

x 2

alno,

x

y=e-a7.

atﬂn ﬂ.x.

=a*,
y=(x—3)e**—4z-e*4 3.

Inz

z

173. y=

ex-nx,
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a*—a—%
a*+a—* °

eX—e—%
exfe—x °

174, y= 175. y=

176. y==z-cotz— 171. y=—;—z’lntanx=sinw.
—'lnsinz+321.

178. f(z)=Intan —:——-89%:— . 179. f(z)=e™*sin ntz.

Find 1 (). Find 1 () -

. 14t
180. y=¢* (sinaz—cosaz). 181. f(z)=In 1tt:ﬁ: .
Find /() -
182. f(z) =V 1nz. 183: f(z) =z }/Inz.
Find £ (¢) Find f’ (e).
x
184. y =In (In?2z). 185. f(z) = Ve
Find f' (0).
186. y=I1ne™x*—=+1, 187. y=1In(z+V1F2?).
188. y=In(Vz+a+V=). 189. y=Ilp ———.
Vai—1—=x
For Sec. 96
Find the derivatives of
190. y =arc sin% . 191. y=arc tan-:—t—.
192. y=arc cosec z. 193. y = earc sinx,
194. y=arc sin (cos ). 195. y = arc cos (sin ).
1

196. y=arc tan (In z). 197. y =arc cot (ln——;—) .
198. y=Inarc tan (tan —;—) .199. y=arc tan (Insin z).
200. y = arc tan Zj’_: . 201. y==z-arc sinz.

202. y=—%—m’arc tan xz + 203. y=Va’——a:’+a-arc sin—f« .

1 1
+ - arc tanz——5-Z.

r—a

VR . a
204. y=z )/ 1—a?+tarc sinz. 205. y=arc tan —z—+ln ‘/:c+a .
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For Sec. 97

Find the derivatives of
1

206. y=x<. 207. y = (sin z)~.
208. y = (sin z)*'2%, 209. y = zn=,
1
210. y=azinx, 211. y = garc sinx,
212, y=e. 213, y=<%>"’°.
For Sec. 98
Find the derivatives of order indicated by the answer

214. y=arc sin z. Ans, y”=V(1ix2)3

. E = . x =
215. y=—5(*+e °). Ans. y"=—2-a—(e“ +e 9).

a-sin z " a-sinz
216. y= TFcosz ° Ans. Y =W .
217. y=Insinuz. Ans. y" =2cot z-cosec?z.

Find the general expressions for derivatives of the nth order
218. y=2a™. Ans. yMW=m(m—1)...

oo [m—m—1)] 2™ ™.

1
219. y= P Ans. y™ = (—1)".n!
(@4 a)~ "D,
220, y ==, Ans. y(™ = b".e*+0%,
221. y =a®*. Ans. y™ =a%*.p".1n"a.
222, y=cosz. Ans. y(™ =cos (x—{-n —%) . )
223. y=sinz. Ans. y™ =sin (x—F—n-—z“—) .
—4)n=1.(n—1)] a®
224. y =In (az+b). Ans. ym = ’(m jf';,),, Na®

Verify the equalities
225. If y=sinz—z-cosz, then y"+y=2sinz.
226. If y=a-cos2x+4b-sin2x, then y"+4y=0.



Sec. 12. Studying Functions with the Help
of Derivatives. Maximum and Minimum.
Velocity and Acceleration

Define the intervals of variation of z in which the following
functions decrease and increase:

1. y=22—4z+6. 2. y=22%—4x 4 5.
3. y=2x3—3224-1. 4. y=2x%—3224-5.
S. y=at—22241. 6. y=at—422+45.
Test the following functions for maxima and minima:
7. y=222—5z—3. 8. y=4+3z—22
9. y=4—3x—22. 10. y=23—27z.
11. y=2a%—223. 12. y=2843z—T1.
13. y=123492—1. 14, y=12%4-22—8x+1.
15. y=2%—222—Tx+ 2. 16. y = z*— 423 4 42® —15.
17. y = a2*—142%4- 242 —3. 18. y =3zt —4x® — 622+ 12z —8.
19. y=(z—1) (x+1)% 20. y=z(x—1)%-(z+1)3
2z 5 27
2'1. y=—5—+—2}—. 22. y=3$—2_x .
z 11—z
23'y=—2-‘ri—_1—. 24. y=m.
322452 425 c_ 224-32z—10
25. y—————m—. 26. y—T*_T—- .
1— [
27. y=m-§)§-. 28, y=2+9Y (x—2)
29. y=3—¥ (z+4)?. 30. y=e—,
M. y=at-e" 32. y=——%;— .

In the following examples find the maxima and the minima
of the functions in the range of the simplest values of the arcs.

33. y =sinx + cos z. 34. y = tan z + cot z.

35. y =z + tan z. 36. y =sinz (1 4 cos z).

37 — :gin = .

4 {+4tanz °

38. Divide 10 into two parts such that their product yields the
maximum.

39. Divide 10 into two parts such that the sum of twice one
part and the square of the other is a minimum.

40. Find the positive number which when added to its reciprocal
will yield a minimum sum.
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41. Find the positive number which differs from its square by
a maximum value.

42. Of all rectangles with perimeter 2p, find that one with the
greatest area.

43. Of all the rectangles inscribed in a circle of radius R,
find that one which has: a) the largest area, b) the greatest
perimeter.

44. Of all the isosceles triangles inscribed in a circle of radius R,
find that one which has: a) the largest area, b) the greatest per-
imeter.

45. Which of the right-angled triangles with hypotenuse
¢ has: a) the greatest sum of the legs, b) the largest area?

46. A rectangular ‘window has a semicircular top. The entire
perimeter of the window equals 2p. What dimensions should the
window have so as to yield the largest possible area?

47. What should be the radius of a circle so that its sector
having a perimeter 2a should have the largest possible area?

48. What should be the relation between the radius and the
altitude of a cylinder for it to have a given volume v and the small-
est total surface? )

49. What radius and altitude should be chosen for a conic tent
so that it would require the least possible amount of material to
enclose a given volume v? ]

50. Find the sides of a rectangle of maximum area inscribed in
the ellipse :—:—I— yT: = 1.

51. Determine the width of a rectangle of maximum area
inscribed in a segment of altitude % of the parabola y? = 2pz.

52. A derrick is set up in a field 9 km away from the nearest
point of a highway. It is necessary to send a messenger from the
derrick to a village on the highway 15 km away from the aforesaid
point (the highway is considered-rectilinear). If the messenger can
do 8 km an hour over the fields and 10 km an hour on the highway,
to what point on the highway should he go so as to reach the vil-
lage in the shortest possible time?

53. Ship A, at a distance of 75 miles to the east of another ship,
B, is moving westwards at a speed of 12 miles an hour; ship B is
moving northwards at 9 miles an hour. When will the ships be
closest to each other? )

54. We have a table-lamp that can be lowered or raised; to
what height should it be raised to give the brightest illumination
to a book lying on the table a cm away from the centre of the base
of the lamp? The brightness of illumination is directly proportion-
al to the sine of the angle of inclination of the light to the plane
of the book and inversely proportional to the square of the distance
of the book from the source of light (I = k's',n g )

r
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55. Let a quantity  be measured n times with equal care. The
results of measurements Iy, Iy, 23, ..., I, will differ from each
other, though slightly. In each measurement the difference | z — 1 |
is the absolute error. According to the theory of errors (‘‘the method
of least squares’’) the most probable value of the quantity will be
the one at which the sum of the squares of the errors:

@@=l 4+ @=L+~ + ...+ @ —L)?

reaches a minimum. Show that the most probable value is the arith-
metical mean of the results of all the measurements:

Utlt ... +ln

n

r=

Investigate the following functions and construct their graphs:

56. y = 24 o7. y = 8.
58. y = 223 — 322 + 1. 99. y = z% — 223,
5
60. y = e—2. 61. y = —2:51:+£.
_ 322452425 21
62.y-————2—+-—z——. 63.y——2—+?.

64. y = + 24 — .

65. A point is moving in a straight line according to the law
s = t3 — 412 4 10¢ + 1. Determine its velocity and acceleration
att=0,t=1, ¢t = 2.

When does the point have minimum velocity and what is the
magnitude of this velocity?

66. A point is in rectilinear motion according to the law
s = a-e"kt, Determine the initial velocity and initial acceleration.

67. A point is in rectilinear motion according to the law

s=2 (et —e).
Show that the acceleration o = s.
68. A point is in rectilinear motion according to the law:

s= a-tan 0 .
Find the velocity and acceleration.

Sec. 13. Differential

1. Show that the differential of a linear function is equal to
the increment of the function.

2. Calculate the increment and the differential of the function
y=2—2z+5 on a change in the values of the argument from
z=2 to 24 Ax=2.01.

3. Calculate the increment and the differential of the function

y=w—f_-—i on a change in the argument from 3 to 3.001.
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Find the differentials of the following functions:

4. y=az®4bax?—cxd. S. y= Vx-l—

Eh
6. y-—-—:-——:—. 7. y=y1+"
8 y=— 2% __ on a change in z from 3 to
y V22+16
9. y= y/— on a change in z from 0 to
1+= 0.1.

10 __sinz+4-cosz
¥ = shmz—cosz -

11. y=%tan3x——tanx+x. 12. y=Inz*+In VY z.
13. y = z-Inz. 14, y=In"y 1+ 2"
15. y = arcsin 21— V— 16. y =e* (sin z -+ cos z).

17. For a measurement accurate to 0.4 m it is found that the
side of a square is equal to 5.2 m. Determine the maximum er-
rors—absolute and relative—for the area of the square.

18. For a measurement accurate to 0.01 m it is found that the
edge of a cube isequal to 1.05 m. Find the maximum errors —abso-
lute and relative—for the volume of the cube.

19. The period of oscillation of a pendulum is defined by the

formula T =2x ‘/é— , where ! is the length of the pendulum, and

g is the acceleration of gravity. In measuring ! an error Al was
committed. Determine the relative error in the calculated value
of T.

20. Show that on raising a base to the nth power the relative
error in the former increases n times, and on extracting the nth
root the relative error in the radicand decreases n times.

Sec. 14. Indefinite Integral
For Secs. 116-119

1. Sx“dx.- 2. S Vzdz.
3. SV‘% 4, Sz—%
5. S (24 — 323+ 52?) dz. 6. S (1 —2z) (1 + 32) dz.
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7. S(x’—%)dw. 8 S<V5+-‘—/%>dz.

2243 (=z+2)?
0. {Z 40 10. { ££2 g,

11. The velocity of a body starting from rest is vy--at after ¢
seconds. Find the distance travelled in ¢ seconds.

12. Find the equation of a curve passing through the point
(1, 1) and having a slope of the tangent to any point equal to
3z—1. )

For. Sec. 120

13, S(sz_V ) da. 14 § 22
5. { e 16. § Gapae
17. S(,f:,),. 18. | 322,
i

19, S"i:}‘j’; 2. § 2.
21. S'“’;“” . 22. Sx;’n_z
23. S a:-(llzxﬂ . 24, S e~ dz.
25. X ;:x . 26. S 12¢%**-1na-dz
27. { 20-85ds. 28. S”’“:’:’“‘%
29. S-’”"Lﬁr—f*‘—"dx. 30. {2Va =2 da
3. {2VF—1.da. 32. {2t
33. { Ao 34. | Gres-do.
35. S e§+e:; dz. 36. S 3-3"-1./1—-??@:1:.

A
37. Sz XV 2x—1dx. 38. Sif‘:e,



39.

41.

43.

45.

|
=
S
|

Vz+a—1/x
1/.1:3—-1
Vx—i

arcsinz- Vi e

‘/3—1 dz
z  z?

O'S _dz

VitVeil

251;:_101

b4 S arctanzﬂ

1422

d
46. S %

Cr=9R2)

47. The velocity v of a body is given by the equation v = 32+
-+ 2t; the path covered in ¢=2 sec is equal to 12 m. Find the law
of motion.

48. Find the law of rectilinear motion, knowing that at every
instant ¢ the acceleration a =1¢>m/sec?and that the body started
from rest with an initial velocity v=2m/sec.

49. Find the equation of a curve if the tangent to any point
forms an angle with the axis Oz, the tangent of which is equal to

x .
%(e‘;—e— 5) , and the curve passes through the point M (0, a).

50.
52.
54.

56.

58.

60.
62.
64.
66.
68.

191320

)
)
)
|

For Sec. 121

sin (nz + a) - dz.

(sin 2z —cos 3z) - dz.

(sec? 5z —cosec? 5z) dz. 57.

S cotzdr=Insinz+4ec.

e ) ) ) )

cot z-.cosec z-dz.

dz
Vco_t,;: sin? z
2 -sin —- dzx.
sin az dz
cosdaz °
3 dz'
z 28 °

cos?

o

08 —

o1. S cos

2r—3

z dz.

53. S (cos az -} sin —:—) dx.
(cos %——-sinaz)-dz. 55. S (sec? z+ cosec? z) dz.

S tan zrdr = —Incosz+c¢

59.

61.
63.
65.
67.
69.

S tan z-sec z dz.

Vtan x. coszz

sm=l z-cos zdz.

cos x dz
sin2z °

-sin (228 4 3)-dz.

tanz
sin 2:c
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0. {5 n {ati
n |t S,

74, XMHCOM) 75. Stanzx dz.

76. Scot’xdx 77. Se“” -sin z dz.
78. Xcosx .asnz g, 79. Xﬁ;‘;‘

0. § 15 o [
o [zt . § e

84. SV1+smz .dz. 85. Ssm“m.
o {orsins 2 sii’:;*fzz:,:xd
90. § s Fome—m

91. Find the function whose derivative is equal to sin x4 cosz

and its value at z=m is equal to 1.
92. At any time the velocity of a body is v=cos2t. Find the

law of motion, knowing that in time t=% sec the body covers a

distance s, equal to 6 metres.
In the followmg examples the values of the letters are positive.

The integrals in rectangles can be used as formulas. The examples
with asterisks should be omitted if formulas (XI) and (XII) are

not studied.

Find:

5 | o o ot
95. S 7—|‘f$5z2 96. S Zﬁgx’
97*. S . 98*. S s
9. | ng_"zg 100. V4djx=
101. S Vsd_“‘w 102. S V7di539



dx dz
103*. { VoS 104", e
* dz . dz
105*., waz_a 106*. rat
5z dz z2dz
107. S V1—$4 108. S Vaz._zﬂ
dz e*dx
100. | =2 110, Sw_m
cos z-dxz sin z dz
111. S a?}sin2z te2e, S a2—cos?z °
1—z atz
TERN S VEE= 14 (Y *2a.
dx B
115. S T S arctan V;x"l“c
* de 1 VataVd
116°. S a—bz? _2]/ab1 ]/a—z]/z+c
dz 1 )
117. Sv,a__bzz;—ﬁarcsml/-;x—i-c
* dz - 1 —
* dx 1 - —
119*, S]/azﬂ—b_ e In(z Va+Vaz —b)+c
dx dz
120. Swlfi—ln%' 121. S acos?z+bsin?z"
dz
122*‘8 acos?zx—pb-sin2zx °

123. S cos® z dz.

125. S

127. S cos® z.sin 2z dz.

For Sec. 122
124, Ssin’x-dz.

(cos®z—sin?z).sin z dzx. 126, S sint z- cos® z dz.

cosd z dz
{—sinz °

128, S

19*
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129, {§222dz 130. { cos? (az)- da.
131. S sin? (az) dzx. 132. S sint z-dz.

133. S sin?z-cost z-dz. 134. S cos?z.cos2z-dz.
135. S cotd3 z dz. 136. S tan® z-dx.

137. S tan® z dx.

Sec. 15. Definite Integral

Evaluate:
+2
1. \ 5z2dx 2. S (2 + 322 + 423) dx.
-1
dx ¢ 32d
x
3. (&, 4. {25
1
4
{2
B 7k

<
[\
8
I
[\
S
8
00

LY
L]
N
8
(=Y
o
8
#
)
8

4
Ol rn  ral "y "“Mu NEYW O W
N
&
]
7]

et meres
-

-

1
¢ d H a
A X
= 2§ i
° 0
£14 F14
6 2
13. . § sin 3x dx. 14. S sin? z dz.
0
£19
2 5
15. S cos*z dz. 16. § sin® z.cos? z dzx.
0
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17. The velocity of a body moving in a straight line is expressed
by the formula v=2-4-¢. Find the distance covered between
t=2 and ¢=35.

18. A body is thrown vertically downwards with an initial veloc-

ity of 10 m/sec. Knowing that gti=g, find the distance covered

by the body in ¢ seconds.
19. Find the definite integral of the function 423, the anti-
derivative of which is zero at z=2.

20. Find the definite integral of the function 1_%3—, if its

antiderivative is zero at z=1.

21. Find the definite integral of the function tan z, if its anti-
derivative is zero at z=0.

22. Find the definite integral of the function sin 2z, if its anti-
derivative is zero at x=%.

23. Calculate the area of half a sinusoidal wave y=sin2z.

24. Calculate the area enclosed by an equilateral hyperbola
zy=1 and the 2-axis between the ordinates z=1, and z=
=a(a>1).

Calculate by integration the areas bounded by the following
lines:

25. y=4z, y=0, z=3. 26. y=2z41, y=0,

z=3.
.27, 2y—3z—5=0,

y=0, z=1, z=3.
28, z+2y4+8=0,

y=0, z= —4.
29. y=2z—2a? y=0. 30. y=22—z, y=0.
M. y=128, y=_2ux. 32. y*=4zx, y? =215,
33. Y¥*=4(z+1), 34. Y2=2(z+4),
y=z-+1. y=z-+44.
35. y=2z—2x?, 36. Yy =z, y=—2, x=8.
Yy=—=z.
37. 422—9y+18=0 and 39. 224+ y?=8and
222 —9y+36=0. y?=2z.
38. 522 — 602+ 4y +160 = 40. 2®4y*=16 and
=0 and 2?—12z+ y=4(z+1).
+2y+32=0.
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41, Draw the graph of the power function y=2™ with m a
positive integer; from an arbitrary point A (z,y) of the curve
thus obtained drop perpendiculars AB and AC on the coordinate
axes, Prove that the area bounded by the curve y=2z™, the z-axis
and the ordinate z =2z constitutes !
m—+41
the rectangle OCAB.

42. Prove that the area bounded by the continuous curve z=

b

==¢ (y), the y-axis and abscissas y=a, y= ¥ is equal to S zdy=

th part of the area of

a
b

={ew-a.

a

43. Show that the area bounded by the arc AB of an equilateral
hyperbola zy =k, by the z-axis and the ordinates of the points
A and B is equal to the area bounded by this arc AB, the y-axis
and the abscissas of the points A and B (each of the areas is equal

b
to k-In rk

44. Calculate the area of the segment of a parabola 22—12y =0
cut off by a straight line passing through the coordinate origin
and a point of the parabola with abscissa 6.

45. Calculate the area of the segmenl of a parabola 4y —22=0
cut off by a chord joining points of the parabola with abscissas 2
and 4.

46. The equation of a curve is y=2z(3—z)% Calculate the
area bounded by this curve, the z-axis and the ordinates of the
maximum and minimum points.

47. Find the volume of a paraboloid of revolution formed by
revolving, about the z-axis, a segment (of altitude z) of the parab-
ola y*=z.

48. Find the volume of the spheroid obtained by revolving the

ellipse 2;4-%; =1 about its minor axis (¢ >b).

49. Calculate the volume obtained by revolving one sinusoidal
wave y=sinz.

50. Calculate the volume obtained by revolving, about the
z-axis, the area included between the parabolas y?=4x and
2= g3,

51. Calculate the volume obtained by revolving, about the
z-axis, the area between the parabolas y?= 8z and y=2z2.

52. A tangent is drawn to the parabola y?=12z at a point
whose abscissa is equal to 6. Galculate the volume formed by
revolving, about the z-axis, the area between the tangent, the
z-axis and the parabola.
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53. A tangent is drawn to the parabola y*=2(z—1) at a
point whose abscissa is equal to 3. Find the volume obtained by
revolving, about the z-axis, the area between the tangent, the
z-axis and the parabola.

54, Part of the ellipse g—}-yz:i between perpendiculars
5

drawn through the foci to the z-axis revolves about the z-axis.
Determine the volume of the barrel thus obtained.

55, Prove that the volume of a ring obtained by the revolving
of a circle about the axis Oz that does not cut it (Fig. 162) is
equal to the product of the area of
the circle which is the cross-section Yy
of the ring by the mean circumference C
of the ring. g (A

Hint. Let the radius of the circle be r

and the coordinates of its centre A be (0,'d).
The equation of the circle will then be £

224 (y—b)2 =r2. 0

The equation yields two values of y:

y'—b::t 1’/’2_‘;_21 '\
n=b+V r2—z2 yy=b—V r*—a2

y, are the ordinates of the points of the
semicircle BCD, and y, are the ordinates
of the points of the semicircle BED. The
volume of the ring is calculated by for- Fig. 162.
mula (XXII).

56. Find the volume ot a body obtained by revolving a branch
2
of the hyperbola %—-%;:1 about the z-axis from vertex z=a

to the section z =z, about the y-axis from section y=0 Lo sec-
tion y=y.

57. Calculate the pressure experienced by a rectangular plate
of canal locks 20 metres wide and submerged Lo a depth of 5
metres.

58. Calculate the pressure on the area of a triangle with base
8 metres and altitude 6 metres submerged in water so that the
base lies on the surface of the water and the altitude is directed
vertically downwards.

59. A vertical dam has the shape of a trapezoid, the top base
of which is 50 metres, lower base 20 metres and altitude 10 metres.
If the top base lies flush with the surface of the water, what is
the pressure on the dam?

60. Determine the pressure on 1 dm? (decameter?) of the vertical
wall of the side of a ship if the centre of this square portion is 10
metres under water.
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Hint (Fig. 163). The area of the rectangle AB =ds =1 dm Ah dm
}where dm=decameter) and it lies at a depth of (100—A) dm from the sur-
ace of the water. Here, k is a positive number if AB lies above the centre O,
and negative if AB lies below the centre O.

61. The end of a circular pipe lying horizontally in water may
be closed by a damper. Determine the pressure on this damper if
its diameter is 6 dm and its centre is 15 metres under water.

62. A body is in motion in a straight line in some medium
according to the law s=12, where s is the distance travelled
during time ¢. The resistance of the medium
is proportional to the square of the velo-
city of motion. Determine the work done
by the resistance of the medium as the body
travels from s=0 to s=a.

63. According to Hooke’s law, the force
necessary to stretch a metallic rod of length

' Iy to length ly+z is equal to ’;—:, where k is

a constant dependent on the properties [of
Fig. 163. the metal. Calculate the work done in stretch-
ing the rod from length I, to I,.

64. The compression of a spiral spring is proportional to the
applied force. Calculate the work done in compressing the spring
by 5 cm if a compression by 1 ¢cm requires a force of 2 kg.

65. The force required to stretch a.metallic spring is propor-
tional to the tension. Calculate the work done in extending the
spring by 5 cm if its extension by 1 cm requires a 10-kg force.

66. Calculate the work done in pumping out water from a cylin-
drical tank of radius r metres and depth # metres.

67. Calculate the work done in pumping out water from a full
cauldron of semispherical shape with radius r=0.6 metre.

68. According to Newton’s law the force of gravitation is in-
versely proportional to the square of the distance. A body at rest
attracts a material point moving in a straight line from the
distance ry to r, measured from the centre of the attracting body.

Calculate the work done by the force of gravitation.

Sec. 16. Differentiation of Functions of Several
Variables

Find the partial derivatives, the partial differentials and the
total differentials of the following functions:

1. u==z.y%.28. 2. u=-;"—.
3. u=(z+a) (y+d). 4 u=ZEE
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5. u=(z2+yd" 6. u=) 22+ 2422
7. u=In (2?+y?). 8. u=In (22 +2y+y?.
9. —lnz+$ 10. u=sin (z+y).
11. u=sin L. 12. u=sin ZTY
x z
13. u=Insin =, 14. u=1In cos L,
y z
v oz
15. u=e*v, 16. u=e*}-e*.
17. u=y~. 18. u=gsinvy,
19. u = arc tan (zy). 20. u=arc sin%.
=¥ = i
21. u=c ;- 22. u=2zysin (z+y).
23. u=(zy)*. 24, u=2z",

25. One leg of a nght—angled triangle is increased from 6 cm to
6.2 cm and the other is diminished from 8 cm to 7.7 ¢m. What i is
the change in the hypotenuse (approx1mately)?

26. The volume of a truncated cone is expressed by the formula

v=%nh(R2+r’+Rr), where h is the altitude, R and r, the

radii of the bases of the cone. Putting R =30 dm, r =20 dm and
h =40 dm, find, approximately, the change in volume of the cone
on an increase in R by 0.3 dm, in » by 0.4 dm and in 2 by 0.2 dm.
State the percentage increase in volume.

27, Acceleration g is determined from the formula s=%gt’.

Determine the relative error in the calculated value of g if small
errors were committed while measuring s and ¢.

28. The area of a triangle is given by the formula s= %ab-sin C.

Determine the relative error in the calculated value of s if small
errors were committed while measuring a, b and C.

Find the derivative %Of the following implicit functions:

29, z4¢+4 2?24yt =0. 30. 224 y?=a (22— 7).
31. sinz=cosy. 32. sinz=z-siny.

33. y=1+4az-¢'. 34. :c+arctany —y=0.
35. z=y—a-siny. Fmd and dz,
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36. Find the equation of the tangent to the circle 2?4 y?=a?
at the point (z, y,).

37. Find the equation of the tangent to the hyperbola g-%-::
=1 at the point (z,, yi).

38. Find the equation of the tangent to the parabola y*=2pz
at the point (zy, y,).

39. Tangents are drawn to the ellipse %+’1’—§=1 and to

the hyperbola z%— %aat their point of intersection (the hyperbola

lies in the first quadrant).

Prove that the tangents are mutually perpendicular.

40. Find the equations of the tangents to the circle y? = 2ax — 2?
at points with abscissas a.

Sec. 17. Expansion of Functions in Power Series

Expand in powers of x:

1. f(x)=a%, (a>0). 2. f(x)=cosz.

3. f(z)=In(1—2). 4. f(x) =sin (a+ z).

5. f(z)=sin%z. 6. f(x) =cos?z.

7. Expand e* in powers of the difference z—2.

8. Expand In z in powers of z—1.

9. Expand f(x)=2%—222+4-52z—7 in powers of z—1.

10. Expand f(z) =(a+x)™ in powers of a.
Using known expansions, expand the following functions:

1. f(z)=e—=. 12. ()= (TiT

)2
13. Calculate J/1.2.
14, Expanding tan z in powers of <x—%> , calculate tan 46°,

Sec. 18. Answers and Hints

Sec. 1

2. a) (5,2); b) (—5, —2). 3. a) (—a, —b); b) (a, b). 4. a) 5 units of
length; b) 3 units of length. 6. Hint. AC2>AB24 BC2 7. Two points
are, possible: (—7, 4) and (9, 4). 8. (0, 5) and (0, —3). 9. (0, —3.4). 10. (4, 0).

. 8,0) or (—1,3 3. 12. (4, —3). 13. (1, —6). 14 <3, —-1%),
11 1 2 1

(24 —7>, (7,—4)15. (0,1-3->and (2,—)16.(5.4. 2.8), (7.8, 3.6),

(102, 4.4) and (126, 5.2). 17. a) (—2, 0); b) (O, 3); ¢) (—2, —5);
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d) 3, —1). 18. (11, —5). 19. (—12, 11). 20. %Vﬁ. 21. (—2, 1). Hint.
The centre of gravity of a triangle is the point that divides the median in
the ratio 2:1 measuring from the vertex. 22. (2 -g—, 5-;—) Hint. A

bisector divides the opposite side in parts proportional to the adjoinin
sides. 23. (3, 7), (—4, 0) and (1, —4). 24. (2, —3). Hint. The diagonals o
a parallelogram are bisected in their point of intersection; the required
vertex is determined as the other end of a segment of which one end and
the middle point are known. 25. (1, —3) and (—4, 0).
26, g F1ZatPora+Pazs Piys+ Poya+Pays
Py+Py+P3 Py+ P+ P3
the coordinates of the point of application of the resultant of two forces,
Py and P,, and then the coordinates of the point of application of the
resultant of Py Py-+ Pj;. It will be recalled that the resultant of two
forces, Py and Py, is equal to their sum and is applied at a point M lying
on the segment M;M, and dividing it into two parts that are inversely
roportional to the forces. 27. The formula does not give definite values
or the coordinates of the point of application of the resultant since
Py 4+ Py + P3 =6+ (—18) 4+ 12=0, i.e., the resultant is zero, and a
zero resultant may be applied at any point in the plane. 28. a) 45°;
b) 135° ¢) 0. 31. In both cases, equal in absolute value and opposite
in sign.

Hint. First determine

Sec. 2
1. a) 6z4-8y+7=0; b) 2z—5y=0. 2. a) y=2; b) a:=2-%—.

3.a) (3, 7; b) (5 13). 4. The first straight line passes through points
A, C, E, the second, through points 4, B, and D. Point A4 is the point of
intersection of the given straight lines. The straight lines do not pass

through the coordinate origin. -5. a) y:——gx+5; b) y=—l7i:c+4.

Hint. Find % by formula (VI), Sec. 5. 6. a) y==z+43; b) y=3—=z;
0 y=3. 7. a) y=—Vi§——5; b) y=—(zV3 +5); o y= —5.
8. a) y=+=z; b) )y=—3, 2=2; 2)y=—1, x=-—5; 3) y=0,

z= —3; 4) y=4, z=0, 9. y=03z+2.7. 10. y=——-% z. 11. The
straight line whose slope is equal to the velocity v, and the initial ordinate
equal to sp. 12. 18 m/min. 13. y=€—+—’{—. z. Hint. The weight of the gird-

er P is distributed equally on both supports, the weight of the man p is
distributed on the supports in inverse proportion to his distance from

each support. 14. a) k=——-15-2, ¢=157°23"; b) k=%, ¢ = 36°52';
O k=g, Q=263 &) k=—3, ¢=13°08". 15. &) k=1, b=2

T TS D |
b) k=—2, b=1; ¢) k=2 b=—5; d) k=—75, b=—7;0) k=%,
b=0; f) k=0, b=—--. 16. a) 4 and —6; b) = and 2. 19. a) =+ L =1;
==U ) =Y, - 9 ° . ’ 3 . * 3 2 ’
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2

b) (—1, +41); c) the straight lines are parallel. 21i. 3z—4y F12=0
and 3z 4 4y F12=0. 22. z—y=0 and z -+ y+ a=0. 23. z4y—
—5=0. 24 b5x+3y—30=0. 25. a) z—y—1=0, b) =x+4y—5=0.

2. =V 3TFy+2—6)3=0. 21. (6, 0), y=-—%x+4. 28. a) =+

+3y—5=0;, b) 22—y +5=0; ¢) z=2; d) y=—3. 29. a) They
do; b) they do not. 30. a) 11; b) 3. 31. a) 45° b) 60°; c) 78°41’; d) 0;
e) 90°. 32. a) —2; b) V'3; ¢) 0. 33. a) 26°34’, 18°26' and 135°; b) 45°,
90° and 45°. 34. a) The first two are parallel to each other and perpendlcular
to the third; b) the first and third, parallel to each other and perpendlcular
to the second. 35. a) y=—2x, b) y=3z—15;, ¢) y=—6; d) z=3

3. a) z4+y=0; b) z—2y=0; ¢) y=0;, d) =z=0. 37. y—Zz
38, y=—2x. 39. +2y—10=0 and 2z + 4y 4 5=0. 40. 9r—y—
——16 =0 and #+99—20=0. 4. z=3 and y=5. 42. 2a4ty—T=
=0, x—2y—6=0. 43. 3z + 4y —18 =0. 44, 7z+35y-—55=0.
45. a) 4r—y—6=0;, b) 2+4y+T7=0;, ¢) 3z —5y —13=0 and
5x+43y+1=0. 46. AB in the ratio 4:1; CD in the ratio 2:3. 47. 4zx—
—3y—17=0. 48. (2, —3). 49. a) 2; b) 3. 50. a) 0; b) 5.2. 51. (10, 21).
52. 0.5. 53, 3r—4y-+5=0 and 3xr—4y—15=0. Hint. The problem
has two answers because the straight line lying 2 units of length from the
given straight line can be drawn on either side of the given line. Hence,
if the distance from one position of the straight line to the given line is+2,

the other distance should be —2. 54, 2—¥0 _ ¥27¥1 55 z—Ty—2=0.
T—20 To—Ty

56. M (1, 0). Hint. The broken line AMB has minimum length if a

ray from point A passes through M to point B in such a manner that

the angle of incidence of the ray AM on the axis Oz is equal to its angle of

Az +By+4Cy,  Az+ By +Cy
reflection from that axis, 57. 45°. 58, -—2 — =
Apzo+Boyo+C2  Aizo+ Biyo+Cy
Hint. Let z and y indicate the coordinates of the point of intersection,
i.e., values which satisfy each of the given equations. Both equations repre-
sent one and the same straight line if their coefficients are proportional
(Sec. 13, 2°), i.e., if Azt Boy+Cp=0 and M\ (4w + By + Cy) =0.
Hence, the equation of any line passing through the point of intersection
of the given straight lines can be written in the form: Ayz-+Boy+
+Co—A(Ax+Byy -+ C)) = 0. A is determined by the condition that
a straight line passes through the point M (z, yo) 59. z4-y—11=0,
and 3z —y—16=0. 60. a) 3xr+y—7=0, 3z+y—17=0, =z —
—3y+1=0 and 2—3y+ 11=0;, b) Tz —y—26=0, = 4+ Ty —
—18=0; Tz —y-+24=0;, z4+Ty—68=0. 61. (4, —6) or (2.4,
—6.8). 62. The centre of the circle is 0(4, 5).

Sec. 3

1. a) w3+y’—6:c-|—10y+18—0 b) 22 4 y2 4 4o — 2y = O;
c) 22 4+ y2 4+ 62 —32=0. 2. 224 24+ 3z —4y=0. 3. 322 4 y’—-—
— 162 — 7T=0. 4., 224 y2—10y=0. 5. 22+ y2 —4x —6y + 4 =0.
6. 224 y2 —2x 42 +1—0 :c2+y2—10:v+10 +25=0. 7. (:c+
+ 12+ 2=16 and (z—32+ (y —4)2=16. 8. (w-—i)’-l-(y-l-ﬁ) =
=25 and (z — 82 4 (y — )2 =25. 9. a) 2? | y? — 8z + by = 0;
b) impossible, the points lie on a single straight line. 10. (z—4)2+(y+
+3)2=25. 11. a) (0, 3), r=3; b) (—4, 0), r=5 ¢) (6, —2), r=4
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d) (1—!—, 2>, r=3—l§/-z; e) (1—1—, —%), r=31210;f) circle of zero radius
with a real point (6, —1); g) imaginary circle. 12. 22+ y246z4-5=0.
13. 22424 3z—4y=0. 14. 224y2=49. 15. a) The circle touches
the axis of abscissas at the point (3, 0) and intersects the y-axis in points:
(0, 9) and (0, 1); b) the circle touches the z-axis at the point (5, 0) and does
not intersect the y-axis. 16. a) Intersect in points (5, 0) and (—3, —4);
b; touch at point (—3, —4); c) the straight line lies outside the circle.
17. a=430; b=48.

Sec. 4
x2 yz . x2 .!ﬁ_. . x2 y2 _ x2
1. a) Té-l_ﬁ—i’b) -655—*-400—1. C) 676-*-1_95——1'2. E-I-
x2 yz 42 yz
2 — —_—t = e L = . 2 2 — A
+y2=1. 3. 289+225 1. 4. 589 T 16 1. 5. 1622 4 25y - 1600

B g7 B4V 8 gmgomr—225 9 922 +
625 7516 v 1g9Tiaa % y" = & O
+ 25y2 = 225. 10. 8% 4+ Q2 = 162, 1. a) 2% 4 4y?— 100; b) 222 +

+ 3y2=180. 12. a) 2a=26, 2b=10, F(12,0), Fy(—12, 0), ezg‘.;
b) 26=2V10, 26=2V8 F@ 0, Fi(—20, ¢=Y12, ¢2s

5

/3 V2. 4 _ 4 8
20=8V'Z, F (0, 4), F1(0, —4), e= 1= a) 2=, 2b=v, F(B,0>,

8 vora on s 5 = 5
F (-—-1-5-, 0>,e=0.8, ©) 20=3, 2=5 ,F(O, —6-1/7>, F1<O, sV7),

e= —51—122 13. Ellipse 224-4y2=36. 14. a) —‘/2—2, b) L;Q; c) % V m?—1.

15. %:Vi—e“s. 16. e ~0.08. 17. 2c=5.1 % 108 km. 8. (-1; 3—‘2/—3

and <—1—25 ) —3—2‘{—7> . 19. Hint, Take the sides of the right angle as the

coordinate axes, put segments AM and MB equal to ¢ and b, then —z—=

=cos ¢ and -‘Z—:sin ¢. To eliminate ¢, square these equalities and add.

2. a AB=5 AM =3, MB=2, b) AB==5 AM —4, MB=1;
¢) AB=10, AM=MB=5. 21. Hint. In triangle C,0C, the hypotenuse
CiCy=ry—ry and the legs OCy=a—r; and OCp=ry,—b. By Pythagore-
an theorem we obtain the required relation in the form:

(@ — r)? 4 (rp — b)2 = (r; — ry)2. Removing brackets and adding
f-—2ab to both sides of the equation, we may represent the relation in the
orm:

(b—ry) (rn—a)=L=0D
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22. Hint. The coordinates of the point M are
x=(a—>b)-cos ¢, y=(a+b)-sin @.
Using the method indicated in problem 19, we get the equation
22 n 2 1
@—0F " @t

Thus, the curve is an ellipse. A device like this made of two laths con-
nec}tled)with a hinge screw is used for drawing big ellipses (e.g., for tracing
arches).

See. 5
x2 yz . a2 y2 . 42 y2 _ 2 y2 _
1. a)m—-z—s‘—-'l, h)m—-s—i——i, C) —4—9—-——-—8———1. 2. x -—T—_i'
A L L Y2 @ ¥ 2 2
3 o 75——1. 4.—3—6—-—75—-—1. 5.75— 144-—--1. 6. 9z2—16y2=144.
7. 922—8y2—72. 8. a) F (< 10, 0), e=—g—, y::l:—g—a:; b) F(+ 4, 0),

_ . 5 1 8
e=0.41Y10, y=1 2V 0.6; c) F(j:ZE,0), e=T;—,y=:i:Ex-

1
cos @ |°

2 _
9. a) z2—4y2=8; b) 9z2—16y2=20. 10. 120°. 11. 75—,1/2. 12.e=\

13.a) 2 and 32; b) 34 and 4. 14. z=9 % Y=+ %1/ 19 (2 points).

1 1
15. zg=+ a ‘/2—-eT, vo==+1b ‘/1~e—, (4 points). Hint. Since the

radii vectors joining the point (zg, yo) with the foci are perpendicular
to each other, the sum of the squares of their lengths is equal to the
sguare of the interfocal distance:

(exg—a)2 -+ (exg+ a)¥ =4c2.

The abscissa zy is determined from this equation; substituting its values
into the equation of the hyperbola, we find y,. 16. 22—y2=12. 17, a) zy=6;
b) zy=4. 18. a) 22—y2="6; b) 22— y2=10. 19. 922—16y2=144. 20, 922 —Ty2=

=63. 21. a) a; = 2ab _2ab may be solved if b>a.

Vs DT Viea
22. 4z 4 3y—20=0. 23. a) (5, —5%)- (-3-2-,3); b) at an infi-
nitely remote point the straight line serves as an asymptote; c) does not

intersect. 24. (2, +2) and (—2, +2). 25. (5'2_’ iﬁ‘g(s) and
3 66
(—5'5—, iT) .
Seec. 6.

1. a) y2=16z; b) 22=—12y. 2. a) y2=—4x; b) 22=8y. 3. a) yi’b=
=4z; b) yP=—8x. 4. a) 202—9y; b) 3u2=—4y. 5. |p|=23 . 6. p=—5-.

2
7. 112 mm. 8. a) —Zi-}--%;: 1; b)%—-{- %—.:1. These are called equations
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of a parabola in intercept form.9. Hint. Taking theaequation of the parabola
in intercept form (see problem 8b), we have -l*l—ﬁ—-}- %:1. Whence y=

2

=f (1-—4% . The width of each part of the span is 6=—2—l; . Abscis_
sas and ordinates are measured from the middle (origin 0), and z,=8,=
= ;—’;— The stanchion (vertical beam) has—for this abscissa—length y,=

2
=f (1—%) , where k=1, 2, ...,n—1. The length of the diagonal beam
dy inclined towards the middle of the truss is determined by the formula

for the distance between two points with coordinates <—;—’;—,0> and

(l(kz-;i) , yh-—l) y where yp_y=f [1—-(1‘—:"’1i] '

a=V r [

The length of the diagonal beam dj inclined towards the sides of the
truss is determined similarly to the foregoing:

aV (=B

Note that dj=dy.y, i.e., two diagonal beams converging to a point

of the parabola are equal. This property makes the parabolic trusses techni-
cally superior to trusses of other shapes.
Answer: 6=25 m, y;=4.69 m, y;=3.75 m, y3=2.19 m, d;=>5.60 m,
dy=d;=5.31 m, d3=d;=4.51 m and d;=d3=3.32 m. 10. Hint. The equa-
2
tion of the upper parabola: y=(f+ /') <1 —4—%) ; the equation of the

2 Ik
lower parabola: y’'=7f’ (1 —4%). For zp =5~ the length of the stan-

2
chion zp=yp—y, =/ (1 —%) . Lengths of the diagonals:

i Grmmirrs =V [1 (=50 ) +r B [

=V e =V [1 (=5 ) +r Z o

Answer: =25 m; y;=4.68 m, y,=3.75 m, y3=2.18 m; y;=2.81 m,
¥i—2.25 m, y3=1.31 m, z=1.87 m, 2p=1.50 m, 23=0.87 m; dy=3.32 m,
dy=3.48 m, ds=3.49 m, d;=3.32 m; d;=3.02 m, d3=2.67 m, dg=2.50 m,
dy (chord) =2.82 m. 11. a) (z—2)2=8 (y—3); b) (z—3)2?=—12y; ) (y+2)*=
=12 (x—1); d) y2=—8(x—2). 12. a) 22—8x—12y+28=0; b) 22—6z+
+8y+17=0; c) y2+8x—2y—7=0; d) y2+4z+4=0. 13, a) y2—1024-25=
=0; b) 22—4x—8y+12=0; c) y2+6z—4y4-7=0. 14. a) xz—ls,z—4y=0;
b) y2+4x—6y+1=0. 15. a) 0’(2, 1), p=>5, axis ]| Oz; h) 0’0, —),
p=3, axis |[Oz; ¢) 0’(2, 0), p=4, the axis coincides with the, negative
direction of the axis Oz; d) 0’ (3, 5), p=—2, axis ||Oy; e) O’ (4 —1),
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1 . 1 .
p=3; axis | 0y; £) 0’ (—3, —9), p=, axis loy; g 0’1, 1), p=
1 . 1 1 1
= —; axis || Oy; b) O’ (-2—, —,-;) ip=—3 ,axis || Oy. 16. a) (0’ (—3, 0),
r=4; b) 0’ (5, —1), r=5. {1. a) 0’"(1, —2), a=5, b=3; b) 0’ (—1, —1),
a=V)6, b=V'5. 18. a) (16, +8), b) (8, +8). 19. z=2.

Seec. 7
2. 3. 3. 26°34’'. 4. 4224 4y2—602—60y+225=0 and 64x2--64y2-}-240z—
—240y+225=0. 6. “o-and pV'Z; y=£2cV 2. 7. 25224 25y2=114.
2 2 2 2 21 12 21
8. 24+ ¥ ;Y M <+ =M —_,
49+ 36 9 1,2 ,‘/-13 j: V13 34 .‘/-13

12 )
—2_).0. 5y—3=0.
+ 5 z 49y

Sec. 8
2. Hint. cos z=sin’ (—’zl—a:} . Putting%—z:y, we have: if x»% ,
. .oz \2 z2 1
y—0. 3. Hint.|cosz—1|=|1—cos x| =2 (sm—-) <2 —F = a2,
1 4 2 1 2 3 h 2
7.2.8.1.9. —3- 10. 0. il.g. 12. 5 13. 5 14. 7—a. 15. —1.16. —1.
a 1 V3
17. 3 18. 0. 19. 0. 20. co. 21. —1. 22. T 23. ——3—6—24. 0.
Sec. 9
22 —4z 45
— 2 oy — —
1. —3. 2. 22+ 2 and 2248z} 14. 3. P A 6. 2, 3. 7. f(1)=0,

F(=2=0. 8 @), 1@)=1 @+ 9. flat+n=LOEW 4.0 2

e <H2b) —1<2 L)l Lz L F0;5d) —2 <z <42, 13. 3224z 43z X
X Az? + Ax8=1.261 m3. 14. 3z2Az 4 3zA22 +Ax3 — 2Ax = 0.100601.

2Ax Az . . .
5. — A= 1o 18 <1+—z—).17. 8)0;b) 1; ¢) —1 and +1;
d) —3. Hint. At z= —7 the fraction becomes —g— , it is necessary to divide
through by z47; e) lf) 0. 19. Continuous. 20. Hint. tanz = %
3 cos T
Sec. 10
2. 12. 3. b—2ct; t=-p. 4 1.00425 keal. 5. 2.107 erg. 6.;-‘65. 7. 8) 0;

b) 6; ¢) —4; d) 4 and 2. 8. a) 3z2% b) 12; ¢) cannot. 9. a) y=—z—1,--z+2y1;
1

b) y=—z+2; ¢) y= —4x—4; d) cannot. 10, 0 and % 11. arc tan 3=71°34".

12. 90° and arc tan‘%=36°52'. 13. (2, 4).
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Sec. 11

1. 6 (x—1). 2. 2z (1022 +1). 8. 28—z 1. 4. —g—ﬂ—%—z—l. 5. 2z (2az?-b).
6. 3az2 2bx—c. 7. 22 (4—2224-24). 8, —21—2:.5_4_5;3_.3;; 9. ___4%"’_3_”{.
2
f0. as-T-b — 1. a’a_l—b'xb“;+3abz“b*1. 12. 2azt0-1_
3 i
—2z1082-1.10g 2. 13. kah—1—2nz™"1. 14, 2122 4 1022 +322. 15.— 623+
3
151/ z 2,21
+z 24116, 21/_“ 3/~+6;/— 17. 22 V'3 + A8 -5+ 5.
4a 6a2
9. 3~ 75 0. =+ —= V . 21, —2(14-352). 22.—4z (1023—3z4-1).

23. 4023433224 502 —1. 24 -—2(1—z+3z5). 25. 2acz+ad -+ be. 26. 3acx24-
—_—?
+2bcztad. 27. 2(90%+o—1). 28. 2r (3xé—28a2t49). 20, U=

2 622 d—b 20z (k1) (11+zz)2
z aa—oc axr a

0. —Far M ~aTen B B Toaeyr B —mt
2z 2b2 2 5 1 122 27

+ﬁb:—xr-235- 5w % §d+ G 3. 3—(21_—,%
a acnz™— z —2t z —3t
o T w P gy O G @y w =y

1 1+a

42. F' (1)=16, 43. F’ (a)= —. 44. F'(a —. 45, 5" (0)=

&) O = =V ) oay s B O

=%; s (z)=1%.46. g'(2)=—~23—; Q’0)=1. 4. 30z @3z + 84,
48. —84x?(5—42%)8. 49. 3 (20z+b)-(az®+tbz+tc)2. 50. 8z (2ma?4-n) X
X (mzd+n2?4-p)3. 51 k(z™4a")k—1 (mam—14nzn-1). 52, p(amzm—1f|
+ bna—1) (az™ 4 ba")P1, 53, —— . Bh —ee kO
] Vg=+x2 3V (a+ bz +ca?)2
x —_
—~yTia 57. V'5 ~VEaRis " 58. 2(4x V'3 F15 VYV z)x 22V 3 +

422 40z ax
+5]/:t3)3. 99. '—“(m. 60. (3—21—2)—3 61.

55. 4ab.

T @ty Vatae
62 an g3 FB22—2) 2z (4224 5)
) V” (1+]/a:)"+1 s Vi=ag = 3Vm
. 66. 2 .67 Sba? {4z tab
2(%2:_}_216) 22) » 4 Vax @+V az) . a 2V 10z
T —_—r—x 2z
e 0 Temms - 7% T Er—gpe 1 (12054161)x

X (3::K 5)1_(575 444 T2, z(36z+41)-Be—2) (22+3)% 3. (z4a)m-1x
(a+2)m—1[(n—m)z+mb-+} na]

X (z4b)"=1 [(m + 1) 2 mb+nal. T4, T
7 A S —

B imava=t " @iy Vet " Tavara

8. — 3 2 (4+2% g, _2B—32Y

AVAtan 20t ViTE o 3Yaten
20—1320 305



nat-12+V 7) _ 1 5
8. 2(14V z )+l - 82. 2(1:-[—]/;) Vi-z 83. k. 84, 1. 85.-§

86. 1. 87. n cos nz. 88. nz"-1z-cos z™. 89. n-sin®-1.cos . 90, —maMz™~1sin (az)™.

- :ﬂ _ .93. bn tan®1bx-sec? bz. 94. 4 costz.

94, —am cos™lax.sinaz. 92, —~

W _ tant __...._1_ (P _9_.._ i aQ _
95. Ip == tan? @. 96. a9 =2 tan? - . 97. 2a8in20. 98. =26 =
__ ksin26 dz dy _ . dy
=~ Vesd 99. 3t —r(i—-cos t). 100. T”—__r-smt. 101. =
=6 (cos 3z—sin 2z). 102. —-- = A-w@-cos (ot+a). 103. %——ﬁe-sm —‘:— .

ds 2 dy . . 3a
104. = — g5 cos -ﬁ- . 105 v — 2.sin 4x. 106. sin 2. 107, — g X
xsin’—;—-cos-—l’;—. 108. —sinz-cos(cosz). 109. —cos z-sin (sinz).

110. —3 cosectz. 111. secsz. 142. tant . 113. V/ T+sin 24V T—sin 2z .

114. i‘“—’féif—:ﬂs—’-’— 115. V' Z .cos <—4-—2x>. 116. sin z-cos 2z} sin 3z.

7. 2sin2s-costz. 118 f'< )—-—41/3 119. f'(i>=41/§

120. r( )=a 2.1 (= -122.a (tan az + cos,ﬂ) 123. a-tan az X
x sec az. 124. an sec™ z-tan ax. 125, a) 1In 2=0.69315, In 7=1.94591, In13=

_ _ _ B 1
=2.56495; 213:) log 3=0.47712, log 5=0.69897, log 11=1.04139. 126. o1
. Grentae

2z 3 2z 3 2
i%o za-ag . 129- ‘5_*-—3; . 130. W . 131- ";’___'_5—’*- _zTi—T.
132 3(1+1In2z) 33, 1 134. 0 135 L_}.____i_
° x ’ * 2z.lna’ e t 2z 22y nz
1 1 2a n .
iaﬁ- ;E—z' . 1-37- 2(13 11). 138- m . ‘39. m
2 (14 logg 2) 0gy 2z 2z 1
g0, 20 08T gy R 182 gy 13 v
. —1
wh A2 s e, 2ITTE 447, 200t 20
z (z-+1n z) z z
148, —tanZ. 149, 2cotz. 150. cot2e. 151, _1 . y5p Coslnz
1 I cosS 2 sz @
X8 =
153. m" . 154. 2($ — i)-5 . 1!15 == (1‘ —_— 1)'5 -ln 25.
155, (22 — 1).2*°~3= ln8 156. z.3'T.In3. 157. na"1 4 n*.lnn.
2
2%
158, <2 1. 450. b "( 2) 160. ——a dne. 16198 —
w .
Ing, Vv
=6 %Ina e . 163. a -ln o 164 5% .gin 2.0 5,
P 2l/x



1

tan—
tan nx = R
n-a ‘Ina e & . e® o*
—odin 166. ————— . 167. ¢* .¢e*.lna = a® .lna*".

1\2°
. (z-cos;)
168. ¢%*.a%.1na. 169. €2* (22 — 5) — 4e* (1 + z). 170. 22.¢* (cosz —
—sinz)4+2z.e*.cosz. 171. -————z:—n—:f—. 172. Inz. 173. 12 (1 1. 1n2)
. 4 4lna
‘74. m‘e—_x—)—i . 175. m . 176. —zx-cot2z. 177, z.lntan a:+

165.

1]
2 — R >
+ g +cosz. 178, 1 <%) =4V2. 179, ' (%)= n-e2. 180. 2a¢%%.sin az.

’ n — ’ _1 ? __‘4_ 2 ’ P
181. 1 (3->_4. 182. 1’ ()= . 183. 1 (¢)=7. 184 —— . 185. 1’ (O)=1.
186, tho—1. 187, -1 . 188, 1 g ZHVE-T
Vi+a:3 2)/z(a:+a) x]/r’—-i
190, ——— . 191 1 192 ! 193, St ok 1
"Va— '1 1 :til/a:ﬁ—f ' '1' Vieee 7
cot z
195, —1. 196, e 97 s - 198, L 190, T
a . x a—x
200. A 201. arcsmz-(-m. 202. z arc cot z. 203. ‘/a-l—a: .
1

— 3 -
204. 2/ T—27. 205. xTz_“-&T 206. =% (1—Inz) . 207. (sin 2)* (2-cot z +
+ Insinz). 208, (sin 2)*®%.cos z-(1 + Insinz). 209, 2.2'2*l.Ingz
210. 0. 214, gAresinx—1 (arcsinz+-‘/—a€'l—n£—> .22, &2 (14 1na).

/1T —x2
x \nx z
213.11(7) -<1+ln7>_
Sec. 12

1. —co<z<2 decreases, +2<z<<-+oo increases. 2. —oo<z<1
decreases, +1<z<+4oo increases. 3. —0<z<0 and +1<z<+400
increases, 0 <<z <1 decreases. 4. —oo <z << 0and +2 < z <<+ 00 increases,
0< ¢ <+ 2 decreases. 5. —oo <z <<—1 and 0 < z < 1 decreases, —1 <2< 0

and +1< z< + oo increases. 6. —co<x<<—} 2 and 0<z <V 2 decrea-
ses, —V2<z<0 and +V 2 <z<-+oo increases. 7. %—minimum.

3 . 3 . . ..
8. 7-—max1mum. 9. ———maximum. 10. —3—maximum, 3—mijnimum.

2
11. 0—minimum, —;———maximum. 12, There is no extreme. 13. There is no

extreme. 14. —2—maximum, —g——minimum. 15. —1——maximum,%— mini-
mum. 16. 0 and 2—minimum, 1—maximum. 17. —3 and 2— minimum,

{—maximum, 18. —j—minimum, 1—there is no extreme. 19. %-—mini-

mum, —1—_.there are no extremes. 20. ——:}— and 1 —minimum, —;——maxi-
.

mum, —{—there is no extreme. 2f. —2.5—maximum, 2.5— minimum.
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22, —{—maximum, 5~—minimum. 23, —4{—minimum, {1—maximum.
24, —41—maximum, 3—minimum. 25. —5—maximum, 1 —minimum. 26. No
extreme. 27. 3—minimum. 28. 2—minimum. 29. —4—maximum. 30. 0—

maximum. 31, 0—minimum, 2—maximum. 32. e—minimum. 33. At z=%,

maximum=]/§' 34. At x=%, minimum=2; at z=—%, maximum —2,

35. No extreme. 36. At x=—g—, maximum =%—V:‘T 37. At z=14‘—, mini-

mum = 1/;‘2 . 38. 5 and 5. 39. 9 and 1. 40. 1. 4{i. —;— . 42. Square. 43. Square

with side R V2. 44. Equilateral with side RV 3. 45. Isosceles. 46. Altitude

of rectangle should be equal to radius of semicircle. 47. R=-;— a. 48. 2R=H.
¢ r——

%7

272

tude. 52. Three km from the village. 53. After 4 hours. 54. 7%.—:0.7«1.

49. R= , H=RV'2.50. aV 2, b}V 2. 51. Breadth equal to —32— alti-

56. Concavity upwards, z=0 minimum. 57. Concavity downwards at <0
and upwards at z>0, cusp at x=0. 58. z=0 maximum, z=1 minimum,

z=- cusp, concavity downwards at x<—%— and upwards at a:>%. 59. See

ex. 11; :c=% is a cusp; concavity upwards atz < —16— and downwards at
z>-%. 60. See ex. 30; concave upwards in the intervals —oo<z<——‘—{2—2-

-and —‘—/5—2—— < z<+oco concave downwards in the interval __1/52_ Lzl

<+___V;2 . 61. See ex. 21; concave upwards at z>0 and downwards at

z< 0, =0 is a point of discontinuity. 62. See ex 25; concavity downwards
at z < —2, upwards at z >—2, z= —2 is a point of discontinuity. 63. z=0isa
point of discontinuity, =1 is a minimum point, g_:—ff is a cusp, con-
cavity upwards in the intervals —oo <z <—V?2 and 0<z<+co and
downwards in the interval —7V'2 <2< 0. 64. Domain of definition
—0< z< 4 maximum at z=3, concavity downwards. 65. vo=10; v =25;

vy=0; ag=—8; ay=—2; ay=4; vmm=4% at t=§—. 66. vo=—ak,

aw an? tan ot

=—ak2, 68, v=—p— —_——
Gg=ak?, V=tostat ' @ cos? ot
Sec. 13

2. Ay=0.100601; dy=0.1 3. Ay=— 20101 . dy= 20100 . & (3034 2bz+

1 1 1 ¢ 2z dx
+c)dz. 5. (m— =73 )dw:. 6. <T+?>'d2' 7. -——-——————W .

8. 0,0256. 9. —0.125. 10.— —29% __ — __ cosec? .“——z) dz. 11. tant z dz.
{—sin 2z 4
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12. yﬁ 13. (1+1nz)ds. 14295 . 15. dz

—_—, . 2e*. .
1zt Vi 16 cos z dz
17. 1 m?, 4%. 18. 0.034 m?2; approximately 2.9%. 19. %1_@_’_\

Sec. 14
1. Fatte 2. %xv"z'+c. 3.2V 7 +c. 4 —7:
+§-m3+c. 6. —;—(2+z—4z’)+c. 7. —:i—x3+%+c. 8. —5 zVz+2Vz+e.
9. 2z +31lnz+4c. 10. %x’+4x+4lnx+c. 11. s=uot+—;-at“‘. 12, y=%x3—
—aa. 13, Vﬂ(%—l)-{-c. 4. In—te 15 —r+1 +e.
16. —--m—q‘:a—‘q—c. 17. 8(x—=+T)4'+" 18. %1n(aﬂ+xz)+c. 19. 2lnx

x(1+V z)+e. 20. Hint: take V'z out of the brackets. Answer:
In(yVz—1)+e.
21, 3 (no)p+e. 222V Taz+c 2. % Inlna?4c=

+e. 5. 11:5——:—3 x4

1
2
1
—_ .a2
25. 3% +ec. 26, 6-a2*+c.

In ln z + ¢,

where c=c1+—12— In 2.

27. L2488 4 o 28,

1 T gt dotln(@— 1) e 29, o p
81ln2 3 ’ 3
+3z+ In(z+1)+e 30. —;—(aﬂ—a?)]/'a?——ac2 +ec. 31. —;—(xa—-i)x
XY 31 +ec. 32. Iln (224 az +b) 4 c. 33. 2V ¥ fazx+b+e.
34. lin (= tete. 35. aln(e® —e %)4ec. 36, 2(1+e¥) VIFe® +e.
8. = V@ —18+5 V(@& —1° +c. 38, Hint: TT_%: S <1+
+——— 1 _: = i) dr. Answer: z—In (1—|—ex)+c 39. Hint. Rationalise

the demominmator of the fraction. Answer: 5 []/(:c+a)3 +V 28] +e.
40.—§—IV(2+1)3 —V 23] +ec. 4. % Bz+4V x +6)+c. 42. '2‘6 (12727 4+

415V z+20) +¢c. 43. In arc sin z 4c. 44. -;—(arc tan )2 4c. 45. %X

@—1)\? 1 o 1
X V(T) +c. 46. 7lnlnm?+c. 47, S=ts+ﬂ. 48, S=E t4+2t.
x x

49. —‘-'2— (e;-}— e—;). 50. ——% cos (nz + a) + c. 51. % sin 2% ;3 +-e.

1 1 . 1 . z .z
52. -—-E-c052:¢:——3—sm3x+c. 53. — Sinaz—a-cos ;—+c. 54. a-sin — -

+%cosaz+c. 55. tan z — cot zt-c. 56. —é—(tan&c-}-cot 5z) 4 c.

59. secz+c. 60. —cosec z+4c. 61. -g—l/tansa: +ec. 62. —2V cotz +ec.
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JE SPPIY 2 % 1 1
3 38in z+c. 64, 3 cos 2+0. 65, — sinz +e. 66. m-I-C.
67. — & cos (229+3)+c. 68, —%sin%-{-c. 69. %tanz+c.70.%ln(1+
+2sinz)te. T ~ln@—beosa)fe T2 1

b —Ieysmar T&
73. —4 cot%-{—c. 74. -:—--tan—;——}-c. 75. Hint. tan? z=sec? z—1. Answer:

—zttanz+c. 76. —z—cotz+c. T7. —e®% ¢,
78 asinx

n z 1
o2 +c. 79. tan z4-sec z+c or cot (T—T>+c' 80. —7c0t2z+

+%c05902x+c. 81. ——{—l/cosh—}—c. 82, —V1+coszx+c.
83. cot -————>+c 84. 2 V2. sm(—-————)—]—c 85. Intanz-c.

86. —2.cot 2x--c. 1—tanz)24c. 88. ——2— (14cot z)2+ec.

87. T(

89. In (14-sinz—2 cos z)4-c. 90. 1m (z-sinz4-cos z—1)1-™ }-¢c,

{—

9. sin z—cos z. 92. —;— sin 2¢ 6. 93. % arc tan —zi +e.

; Vi lf
94, -s—arctan 2+c 95. V_ ——arc tan 7z+c 96. —-arctan 2z+c.
4

243z 08 1 2 YitzV's

97. . %. — 99. arcsin —— +c.
o 32:.+c 21/35 V7—1‘V + ec. arcsin ——+¢

2ln

[

100. arcsm~—+c 101. ——arcsm ‘/;x—}—c 102, ——1—arc.~nn ‘/—,573:-{-0.

103. ln(z+]/z'-’j;9)+c. 104. ln(.t—{-l/z’i" 4 +e.
105, - In @22+ Y BP—3) 4. 106. %m @ Vi+V TF720 +e.
107. -g—arc sin z2 4 c. 108. —;,—arc sin fi-}-c. 109. arc tan ex4-c.
. . 1 sinz - 1 a—cos z
110. arcsine*4-c. 111, -, arctan +c. 112, —ﬁ—lnm—+c.
113. arcsinz+ Y 1—z2+4-c. 144, a-arcsin -—E—-—Va’—zﬂ-i-c.
120. arcsin (In z)4-ec. 124. 1__ arc tan < l/I tan m) +e.
. V'ab a
1 Va-{-VT; tan . 1 .
122, . 123. sin z———-sind3z4-c.
Vab “VaVbtans T g st
124, —cos z+-§— cosszd—%— cos® z +c. 125, —--—g— cosdz4-cosz+c.
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126. -—;—sinfﬁz—-—;— sin? z+4-c. 127. -—% cosb z+4c.
128. sinz+—;—sin’z+c, or—;—(i-{—sinz)’-{—c, where c=—;—+c1.

129, —cosz-—--;—sin”z-i-c, or%(i—cosx)2+c1. where c=-—;——+c,.

1 1 . 1 1 . 3
130. Tx+7*&— sin 2az 4-¢. 13-1. - T—g Sin 20z +4-c. 132. 5
—J—sinZz+——Lsin 4 tc 133. Lx-—-——i—— sin 4z 4 sind 2z 4-c-
4 32 ’ 16 64 48
1 1 1 .
134. —Z—z-l- A sm2:c+-—1—6—sm4z+c. 135. ——2—cot z—Insinz+ec.
136. —;—-tansz—tan z+z+ec.
Sec. 15
1 2 = 2 —
1. 45. 2. 21, 3. . 4 15. 5. —3—(21/2_1). 6.27.25. 8 In V5.
a?—1 T n 1 T T 4
9, e—1. io.a—in—'a—*. ii."4—-. 12-?. 13.—3-‘. 14.7 . 15.7. iG.E. 17. 16.5.
3
8. % g2+10t. 19, z4—16. 20.—;’—1111*7; . 21, —Incosz.
22. _coszz.t . 23. 1. 24. Ina. Natural logarithm of numbers a>1 indi-

cates the area between the hyperbola zy=1 and the z-axis within the
limits from z=1 to z=a; the logarithm is also called hyperbolic loga-

rithm. 25. 18, 26. 123, 27. 11, 28. 4. 20. % . 30. -1 . 31. 2. 32. —1—?;1/5.

4 3 *76
33. 2%. 34. % 35. 4.5. 36. 32. 37. 8. 38. 8. 39. 2n+—§—. 40. 139 a+4Vy 3.
44. 3. 45. -%— . 46. 4. 47. -%—- ny2z, i.e., the volume of a paraboloid of revolu-

tion is equal to half the volume of a cylinder having the same base—a

circle of radius y—and the same altitude z. 48. 4 na2b. 49. n? cubic units,

3
4 44
50, 4n. 51. 9.6x.  52. 72m.  53. -5 54. -~ 55, mr2.2nb.
2 2
56. %(zs—3a’z+2a3); o GA+3b%). 51 250 toms.  58. 48 tons.
59. 1500 tons.  60. 100 kg.  6f. 1350 nkg—4241 kg.  62. —g-ka’,
. - . k(l4—1o)?
where k is the coefficient of resistance. 63. — e — 64. 0.25 kgm.
0
65. 1.25 kgm. 66. 500nr2h? kgm. 67. Approximately 101.7 kgm.
68. n -%——%—) » Where p is the constant of proportionality. Hint. The

force has a minus sign since it is directed towards the centre of the body.
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Sec. 16

1. du=y?2s8 dz -+ 2zys8 dy 4 3zy222 dz, - du=_f_'fl%/_d_z.,
2 — 2 _—
3. du=(y+b)det(eta)dy. b du= (ZTV)@—dn+20y(dztdy)
(=+v)
— dz+ydy-+zdz
5. du=2n (z2+y)"1 (z dz -+ y dy). 6. du=="2
(#2421 (z dz+y dy) Ve
2 (x dz+y dy) _ (2z4-y)dz+(2y+=z)ay .
7. du PR . 8 du= e R . 9., du=
2(zdy—ydzx ‘zdy—yd
=_.(_zz_”__y-';__2_. 10. du=cos (z+y) (dz+dy). 11. du=_"_y_zzy_’x
xoos%—. 12, du=z(dz+dy);(z+y) 2 o8 zjy . 13. du=
_ydz—zdy z __ydz—zdy y
—-—yn———Xcot —17‘. 14. du—-—-—z—z—" tan—z— . 15, du=¢e*v (I dy-l_
1 v z v z
+y dz). 16. d“=7(8x dy-}-exdz)——i—::(y-ex-}-zex). 17, du=y*-1x
—8iny 1 .
X (yInydz+4zdy). 18. du==x Tsmydz-}—cosylnxdy .
dz 4z dy ydz—zdy
19. du—_:l_____. 20, du="——oeo=—. 21. du =
1+I2y2 yVy2_12
— yzdz4- (22 +z2)dy—=zydz _ .
EETD - 22. du=(zdy+ydz)sin(z+y) }+
+ zy cos (z +y) (dz+dy). 23. du=yz (zy)*—1dz 4 zz (zy)*1dy+
+ (zy)% In (zy) dz. 24, du=2z*VIn z (ydz+ z dy) +zyz*v—1dz.
25. Decreases approximately by 0.12 cm. 26. 820 m:, about 3.3%.
dg_ds_,dt ,g ds_da db do Ay __ = Qe
21. g—s—zT'zs' s = a T Ttanc 2. Gr = y (x2+2y2) °
dy_=z a—1 g d_, y e P
30. =T e 31. 5-=1. Hint. cosz=) 1—sin2z=}) 1—cos?y.
. dy _cosz—siny dy eV . e
32, ™ wosy " 33. ==y Hint. zeV=y—1.
34 a%y 2 dy ==__2(;/2+1) 35 d%  a-siny
* dz? T Y8 dz wo * dz2 T (1—a-cosy)3’

36. xzy}yyy=a2. 37. f;‘ —lb‘%—-_-.-i. 38. yyy=p(z+=). 40. y=Ha.

Sec. 17
zlna  22In%q¢ | z81nda

1. a*=1+4 1 + 12 T 1323 +.ie (—oo<L <L F00).

2 z4 z8
2. cosz=1— 1.3 + 1234 1-2...6+"' (—o<Lz <L +0).

312



22 o8 4

3. In (i—z)=-—z——2—-——3—-——4—— (1< ).
4 sm(a+z) -—sma+— €08 a—; d sina— G cos a-
) (—c0Lx<+o0 1.2 1.2.3 o
222 28.74 95. 26
in2 z= — — —
5. sin2z= 12 1-234+1-2...6 e (oo <Lz <L H0).

2.22 28.z4 25.28
6. cos2z=1— 13 + 1 534 1.0, 6+... (—oo<Lz< o).

1. e"=e’+e2(:c—-2)+ (.t —2)24., 8, Inz=(x—1)—
_-2— (1_1)2+-§-(z_1)8+...(1<z<2). 9. —3+44(z—1)+
4 (x—1)24 (z—1)3. 10. (a+z)m=am+mam“1z+—m—g’i—z‘§—1)-x
X a™—2z2| m(m:-;i%(;n—-Z) am=3z34 ... 1. e~ =1 vee
(—0< 2 < +). 12. (T_lz)—z=1+zz+3xz+... (—t<z<l).
1 4 n \2 16
13. 1.037. 14, tanz=1 +2<"_T>+W (z—T> +pg X
3
x@-%) + ... Assuming o—-D—46°—45°=1° =T =0.017453,

we get tan 46°=1.0355.



F. A SHORT HISTORICAL NOTE

1°, The elements of higher mathematics studied in technical
schools were first theoretically formulated in the Seventeenth and
eighteenth centuries. In 1637 Descartes published his geometry.
Engels regarded this as a turning point in the development of
mathematics.

“The turning point in mathematics was Descartes’ wvariable
magnitude. With that came motion and hence Dialectics in mathe-
matics and at once, too, of necessity the differential and integral cal-
culus, which moreover immediately begins, and which on the whole
was completed by Newton and Leibniz, not discovered by
them.''* ‘

However, the word ‘‘completed”’ should not be understood in
the sense that in differential and integral calculus the last word
had been said. Rather does it mean a completion of the work of
the predecessors of Newton and Leibniz (Fermat, Descartes, Bar-
row and others who had employed the method of infinitesimals).
Leibniz (1646-1716) brilliantly laid down the canons of this new
calculus, thus completing the formulation of its basic principles
in the form of a system of rules and formulas. Newton (1642-1727),
by his discoveries in mechanics, confirmed the method of differen-
tial and integral calculus and pointed to a wide field of scientific
and practical application.

2°. Mathematical analysis continued to develop in the following
centuries and was enriched by new generalisations. The scholars
of pre-revolutionary Russia and of the Soviet Union played a big
role in this development. We shall here mention only those who
have made inestimable contributions to world science.

An outstanding part in the development of analysis as well
as other branches of mathematics was played by Academician

* Frederick Engels, Dialectics of Nature, Moscow 1954, pp. 341-42.
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Leonard Euler (1707-1783) of St. Petersburg. ‘‘Read and reread
Euler; he is the teacher of us all, ''said Laplace (1749-1827), the
great French mathematician, mechanician and astronomer. The
scientific works of Euler embrace all branches of mathematics
and are devoted to their systematisation and further development.
They are characterised by simple and orderly exposition and by
an originality and breadth of view. Euler worked out the tech-
niques and methods of solving differential equations — this funda-
mental mathematical apparatus for the investigation of Nature's
processes. To this day, they appear in all manuals dealing with
mathematical analysis. Euler's works also embrace the subjects
of mechanics, hydrodynamics, optics and astronomy.

The works of the St. Petersburg Academician Mikhail Vasil-
yevich Ostrogradsky (1801-1861) also occupy a prominent place
in science. He made a number of important discoveries in integral
calculus. All textbooks on analysis contain his method of integra
tion of a certain type of rational fraction and his formula for the
transformation of multiple curvilinear integrals.

The great geometer Nikolai Ivanovich Lobachevsky (1792-
1856) also devoted a number of works to mathematical analysis,
in which he expressed original views anticipating in many respects
the scholars of the West.

Lobachevsky created a new geometry, the so-called non-Eucli-
dean geometry. Lobachevsky’'s ideas made a deep impression on
all initial principles and forms of structure of mathematics; they
became guiding principles in all branches of the exact sciences—
mechanics, physics, astronomy. They became very important (in
some cases, of decisive importance) in questions of philosophy.
The geometry created by Lobachevsky is to this day still fruitful;
its multifarious applications are in the stage of development and
intensive research. '

A powerful mathematical school was founded by the brilliant
mathematician Pafnuty Lvovich Chebyshev (1821-1894), Acad-
emician of St. Petersburg. He said: ‘*There is an especially impor-
tant problem amongst the vast number of problems: it is to apply
the means at our disposal so as.to extract the maximum possible
advantage.”’ It is precisely because of this that a ‘‘large portion
of practical problems reduce themselves to finding maxima and
minima of quantities. Such problems are entirely new to science,
and only by solving them can we satisfy the demands of practice,
which always seeks the best, the most profitable'’.

The need to solve practical problems (machine designing) led
Chebyshev to the creation of a new branch of mathematics—the
theory of the best approximation of functions. An outgrowth of
this theory is the constructional theory of functions, which has
very important applications. Chebyshev’s activities covered a wide
range. He not only solved many practical problems but also solved
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theoretical problems of exceptional complexity. These include
brilliant discoveries in the theory of numbers (the law of
distribution of prime numbers) and in the theory of probability
(law of large numbers). In integral calculus he gave a forinula
for the approximate calculation of definite integrals and showed
that it is impossible to express certain integrals in terms of ele-
mentary functions.

Chebyshev’s work in probability theory and the theory of approx-
imation of functions was continued by the noted Soviet mathe-
matician S. N. Bernshtein (b. 1880) and a number of his pupils.

In this century the scientific activities of Academician Nikolai
Nikolayevich Luzin (1883-1950) led to the formation of the
Moscow school of mathematics. It reached its greatest activity
in Soviet times. In the scope and importance of the scientific
problems handled and the results obtained, this school at present
occupies first place in the world. Outstanding workers in the field
of analysis are P. S. Alexandrov, A. N. Kolmogorov, D. Y.
Menshov, I. 1. Privalov, A. N. Tikhonov.

Soviet mathematics has grown immensely since the October
Revolution of 1917. Not only the central cities (Moscow and
Leningrad) but also other towns like Kiev, Thilisi, Kharkov,
Odessa, Saratov, Yerevan, etc., have become scientific centres.
Here, many students have developed into outstanding mathe-
maticians that are making new researches and discoveries.



INDEX

A

Abscissa 12
D’Alembert’s test 244
Angle of axial section 71
Antiderivative of z? 185, 187
Argument 95
Asymptote of a curve 57
Axial section of cone 71
Axis

of cone 70

of coordinate 11

of parabola 62

B
Bounded quantity 76

C

Circle 39
Closed interval 95
Coefficients of a series 245
Comparison theorem 243
Concave downwards 171
Concave upwards 171
Cone
axial section of 71
right circular 70
vertex of 70
Condition, Leibniz 243
Conic surface 70
Current coordinates 23 -
Curves, quadric 39 .

D

Derivative 120
artial 233
Difterential
(dz) of argument 179
partial 23
total 235
Differentiation, successive 153
Domain of definition of a function 95

E

Eccentricity
of ellipse 51
of hyperbola 58

Ellipse

major axis of 47

minor axis of 47

vectices of 47
Equation of straight line 23
Error

absolute 181

relative 181
Expansion method 191
Extreme 159
Extremum 459

F

Focal length of parabola 62
Functions 95
basic 99
composite 136
composite exponential 151
continuity of 108
decreasing 148
derivative 115, 120
differentiating 121
direct 149
discontinuous 110
elementary 99
explicit 99
implicit 99
increasing 148
inverse
linear 115
logarithmic 143
monptonic 149
nondecreasing 149
of a function 136
power 128

G

Graph 100
Graphical and analytical represen-
tation of a function 98

H

Heat capacity 118
Hyperbola 51
conjugate 54
equilateral 59
imaginary axis of 54
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imaginary vertices of 54
realgiaxil;y of 53°

I

Increment

of argument 102

of function 102
Infmite quantity 78
In al

indefinite 188

of 23 185, 187

sum 215
Integration 185
Interval

closed 95

open 96

L

Leibniz condition 243
Limits 80

infinite 106

lower 205

upper 205

of a function 104
Line

generating 70

guiding 70

M

Maximum 459
Method
expansion 191
of coordinates 11
of substitution 191
Minimum 459
Moving coordinates 23

N
Normal 125
o

Order of smallness 176
Ordinate 12

P

Parabola 60
conjugate 54
Partial derivative 233
Partial differential 234
Point
extreme 459
extremum 159
maximum 159, 161

minimum 159, 164

of continuity of a function 110
of discontinuity of a function 110
of inflection 172

of tangency 123

stationary 162

Q

Quadrants 12 .
Quadric curves 39
Quantity

bounded 76

infinite 78

R

Representation of a function
analytical 98
iraphical 98
Right circular cone 70
Rotation of coordinate axes 65

S

Series

binomial 252

convergent 240

absolutely 243

conditionally 243

divergent 240

Maclaurin 246

Taylor 248

terms of 240

power 245
Slope 20 .
Substitution, trigonometric 203
Successive differentiation 153
Sum

integral 215

of ar” infinite series 240

T

Tangent to a curve 123
Theorem, comparison 243
Translation of coordinate axes 64

A
Value, absolute 73
Variable 75

Y

y-intercept 25
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