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“ The first thing to be attended to in reading any algebraic treatise is the
gaining a perfect understanding of the different processes there exhibited,
and of their connection with one another. This cannot be attained by a
mere reading of the book, however great the attention which may be given.
It is impossible in a mathematical work to fill up every process in the
manner in which it must be filled up in the mind of the student before
he can be said to have completely mastered it. Many results must be given
of which the details are suppressed, such are the additions, multiplications,
extractions of square root, etc., with which the investigations abound.
These must not be taken in trust by the student, but must be worked by
his own pen, which must never be out of his hand, while engaged in any
algebraical process.”—DE MonraGan, On the Study and Difficulties of Mathe
matics, 1831.
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PREFACE TO THE FOURTH EDITION.

THE fourth edition is materially the same as the third. 1
have, however, corrected the misprints which have been
brought to my notice by a number of students of the book,
and made a few verbal alterations and extensions of the text.
I am glad to say that a German edition has been published ;
and to observe that a large number of examples, etc., peculiar
to this work and to my Chemical Statics and Dynamics have
been ‘‘ absorbed "’ into current literature.
J. W. M.

THE ViLLAS, STOKE-ON-TRENT,
13th December, 1912,

PREFACE TO THE SECOND EDITION.
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duction to the Mathematical Treatment of the Hypotheses
and Measurements employed in scientific work has been so
much appreciated by students of Chemistry and Physics.
In this edition, the subject-matter has been rewritten, and
many parts have been extended in order to meet the growing
tendency on the part of physical chemists to describe their
ideas in the unequivocal language of mathemaitics.

J. W. M.
4th July, 1905,
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PREFACE TO THE FIRST EDITION.

It is almost impossible to follow the later developments of
physical or general chemistry without a working knowledge
of higher mathematics. I have found that the regular
text-books of mathematics rather perplex than assist the
chemical student who seeks a short road to this knowledge,
for it is not easy to discover the relation which the pure
abstractions of formal mathematics bear to the problems
which every day confront the student of Nature's laws,
and realize the complementary character of mathematical
and physical processes.

During the last five years I have taken note of the
chief difficulties met with in the application of the mathe-
matician’s z and y to physical chemistry, and, as these notes
have grown, I have sought to make clear how experimental
results lend themselves to mathematical treatment. I have
found by trial that it is possible to interest chemical students
and to give them a working knowledge of mathemaitics
by manipulating the results of physical or chemical ob-
servations.

I should have hesitated to proceed beyond this experi-
mental stage if I had not found at The Owens College a
set of students eagerly pursuing work in different branches

of physical chemistry, and most of them looking for help
ix



X PREFACL.

in the discussion of their results. When 1 told my plan
to the Professor of Chemistry he encouraged me to write
this book. It has been my aim to carry out his suggestion,
so I quote his letter as giving the spirit of the book,
which I only wish I could have carried out to the letter.

“THe OWENS COLLEGE,
“ MANCHESTER.
“My DEar MELLOR,

“If you will convert your idcas into words and write a
book explaining the inwardness of mathematical operations as applied
to chemical results, I believe you will confer a benetit on many students
of chemistry. We chemists, as a tribe, fight shy of any symbols
but our own. I know very well you have the power of winning new
results in chemistry and discussing them mathematically. Can you
lead us up the high hill by gentle slopes? Talk to us chemically to
beguile the way ? Dose us, if need be, ‘with learning put Lghtly, like
powder in jam’? If you feel you bave it in you to lead the way we
will try to follow, and perhaps some of the youngest of us may succeed
Wouldn't this be a triumph worth working for? Try.

“Yours very truly,
“H. B. Dixon.”

Muay, 1902,
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INTRODUCTION.

“ Bientot le calcul mathématique sera tout aussi utile au chimiste
que la balance.”’ '—P. SCHUTZENBERGER.

WHEN Isaac Newton communicated the manuseript of his
‘““ Methodus fluxionum ” to his friends in 1669 he furnished
science with its most powerful and subtle instrument of
research. The states and conditions of matter, as they
occur in Nature, are in a state of perpetual flux, and these
qualities may be effectively studied by the Newtonian method
whenever they can be referred to number or subjected to
measurement (real or imaginary). By the aid of Newton's
calculus the mode of action of natural changes from moment
to moment can be portrayed as faithfully as these words
represent the thoughts at present in my mind. From this,
the law which controls the whole process can be determined
with unmistakable certainty by pure calculation—the so-
called Higher Mathematics.

This work starts from the thesis? that so far as the
investigator is concerned,

Higher Mathematics is the art of reasoning about the
numerical relations between natural phenomena; and the
several sections of Higher Mathematics are different modes
of viewing these relations.

1 Translated : ‘‘Ere long mathematics will be as useful to the chemist as the
balance ”. (1880.)

2In the Annalen der Naturphilosophie, 1, 50, 1902, W. Ostwald maintains that
mathematics is only a language in which the results of experiments may be conveni-
ently expressed ; and from this standpoint criticises I. Kant's Metaphysical Founda-

tions of Natural Science.
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xviii INTRODUCTION.

For instance, I have assumed that the purpose of the
Differential Calculus is to inquire how natural phenomena
change from moment to moment. This change may be
uniform and simple (Chapter 1.); or it may be associated
with certain so-called ‘“ singularities ” (Chapter ITI.). The
Integral Calculus (Chapters IV. and VII.) attempts to deduce
the fundamental principle governing the whole course of
any natural process from the law regulating the momentary
states. Coordinate Geometry (Chapter II.) is concerned
with the study of natural processes by means of * pictures”
or geometrical figures. Infinite Scries (Chapters V. and
VIIL) furnish approximate ideas about natural processes
when other attempts fail. From this, then, we proceed to
study the various methods — tools —to be employed in
Higher Mathematics.

This limitation of the scope of Higher Mathematics
enables us to dispense with many of the formal proofs of
rules and principles. Much of Sidgwick’s' trenchant indict-
ment of the educational value of formal logic might be urged
against the subtle formalities which prevail in ““ school
mathematics. While none but logical reasoning could be
for a moment tolerated, yet too often ‘‘its most frequent
work 1s to build a pons asinorum over chasms that shrewd
people can bestride without such a structure ”.?

So far as the tyro is concerned theoretical demonstrations
are by no means so convincing as is sometimes supposed.
It is as necessary to learn to ‘‘ think in letters” and to
handle numbers and quantities by their symbols as it is to
learn to swim or to ride a bicycle. The inutility of *“ general
proofs ”’ is an everyday experience to the teacher. The be-
ginner only acquires confidence by reasoning about something
which allows him to test whether his results are true or
false; he is really convinced only after the principle has
been verified by actual measurement or by arithmetical il-
lustration. “ The best of all proofs,” said Oliver Heaviside

1 A. Sidgwick, The Use of Words in Reasoning. (A. & C. Black, London.)
20, W. Holmes, The Autocrat of the Breakfast Table. (W. Scott, London.)
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in a recent number of the Electrician, ‘18 to set out the fact
descriptively so that it can be seen to be a fact”. Re-
membering also that the majority of students are only
interested in mathematics so far as it is brought to bear
directly on problems connected with their own work, I have,
especially in the earlier parts, explained any troublesome prin-
ciple or rule in terms of some well-known natural process. For
example, the meaning of the differential coefficient and of a
limiting ratio is first explained in terms of the velocity of a
chemical reaction ; the differentiation of exponential functions
leads us to compound interest and hence to the ‘‘ Compound
Interest Liaw ” in Nature; the general equations of the
straight line are deduced from solubility curves; discon-
tinuous functions lead us to discuss Mendeléeff’s work on the
existence of hydrates in solutions; Wilhelmy’s law of mass
action prepares us for a detailed study of processes of inte-
gration ; Harcourt and Esson’s work introduces the study of
simultaneous differential equations ; the equations of motion
serve as a basis for the treatment of differential equations of
the second order; Fourier’s series is applied to diffusion
phenomena, etc., etc. Unfortunately, this plan has caused
the work to assume more formidable dimensions than if the
precise and rigorous language of the mathematicians had
been retained throughout.

I have sometimes found it convenient to evade a tedious
demonstration by reference to the *“ regular text-books”. In
such cases, if the student wants to “ dig deeper,” one of the
following works, according to subject, will be found sufficient :
B. Williamson’s Differential Calculus, also the same author’s
Integral Calculus, Liondon, 1899 ; A. R. Forsyth’s Differential
Egquations, Liondon, 1902; W. W. Johnson’s Differential
Equations, New York, 1899.

Of course, it is not always advisable to evade proofs in
this summary way. The fundamental assumptions—the so-
called premises—employed in deducing some formulse must
be carefully checked and clearly understood. However
correct the reasoning may have been, any limitations intro-
duced as premises must, of necessity, reappear in the con-
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clusions. The resulting formule can, in consequence, only
be applied to data which satisfy the limiting conditions.
The results deduced in Chapter IX. exemplify, in a forcible
manner, the perils which attend the indiscriminate applica-
tion of mathematical formul®e to experimental data. Some
formule are particularly liable to mislead. The ‘‘ probable
error ”’ 18 one of the greatest sinners in this respect.

The teaching of mathematics by means of abstract
problems is a good old practice easily abused. The abuse
has given rise to a widespread conviction that ‘“ mathematics
1s the art of problem solving,” or, perhaps, the prejudice
dates from certain painful reminiscences associated with
the arithmetic of our school-days.

Under the heading “ Examples” I have collected
laboratory measurements, well-known formule, practical
problems and exercises to illustrate the text immediately
preceding. A few of the problems are abstract exercises in
pure mathematics, old friends, which have run through
dozens of text-books. The greater number, however, are
based upon measurements, etc., recorded in papers in the
current science journals (Continental, American or British)
and are used in this connection for the first time.

It can serve no useful purpose to disguise the fact that a
certain amount of drilling, nay, even of drudgery, is neces-
sary in some stages, if mathematics is to be of real use as
a working tool, and not employed simply for quoting the
results of others. The proper thing, obviously, is to make
the beginner feel that he is gaining strength and power
during the drilling. In order to guide the student along
the right path, hints and explanations have been appended
to those exercises which have been found to present any
difficulty. The subject-matter contains no difficulty which
has not been mastered by beginners of average ability with-
out the help of a teacher.

The student of this work is supposed to possess a work-
ing knowledge of elementary algebra so far as to be able to
solve a set of simple simultancous equations, and to know
the meaning of a few trigonometrical formule. If any
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difficulty should arise on this head, it is very possible that
the appendix will contain what is required on the subject.
I have, indeed, every reason to suppose that beginners in the
study of Higher Mathematics most frequently find their
“ideas on the questions discussed in §§ 10, 11, and the appen-
dix, have grown so rusty with neglect as to require refur-
bishing.

I have also assumed that the reader is acquainted with
the elementary principles of chemistry and physics. Should
any illustration involve some phenomenon with which he
is not acquainted, there are two remedies—to skip it, or to
look up some text-book. There is no special reason why the
student should waste time with illustrations in which he has
no interest.

It will be found necessary to procure a set of mathe-
matical tables containing the common logarithms of numbers
and numerical values of the natural trigonometrical ratios.
Such sets can be purchased from a penny upwards. The
other numerical tables required for reference in Higher
Mathematics are reproduced in Appendix II.
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CHAPTER 1.
THE DIFFERENTIAL CALCULUS.

¢ The philosopher may be delighted with the extent of his views, the
artificer with the readiness of his hands, but let the one remember
that without mechanical performance, refined speculation is an
empty dream, and the other that without theoretical reasoning,
dexterity is little more than brute instinect.” —S. JouNsoON.

§ 1. On the Nature of Mathematical Reasoning.

HerseErT SPENCER has defined a law of Nature as a proposition
stating that a certain uniformity has been observed in the relations
between certain phenomena. In this sense a law of Nature ex-
presses a mathematical relation between the phenomena under
consideration. Every physical law, therefore, can be represented
in the form of a mathematical equation. One of the chief objects
of scientific investigation is to find out how one thing depends on
another, and to express this relationship in the form of a mathe-
matical equation—symbolic or otherwise—is the experimenter’s
ideal goal.!

There is in some minds an erroneous notion that the methods
of higher mathematics are prohibitively difficult. Any difficulty
that might arise is rather due to the complicated nature of the

1Thus M. Berthelot, in the prefac- to his celebrated Kssai de Mécanique Chimigque
Jfondée sur I thermochemie of 1879, described his work as an attempt to base chemistry
wholly on those mechanical principles which prevail in various branches of physical
science. E. Kant, in the preface to his Metaphysischen Anfangsgriinden der Natur-
wissenschaft, has said that in every department of physical science there is only so
much science, properly so called, as there is mathematics. "As a consequence, he
denied to chemistry the name ‘“science”’. But there was no ‘‘ Journal of Physical
Chemistry ** in his time (1786).

A
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phenomena alone. A. Comte has said in his Philosophie Positive,
“ our feeble minds can no longer trace the logical consequences of
the laws of natural phenomena whenever we attempt to simul-
taneously include more than two or three essential factors ”.! In
consequence it is generally found expedient to introduce ** simplifying
assumptions ”’ into the mathematical analysis. For example, in
the theory of solutions we pretend that the dissolved substance
behaves as if it were an indifferent gas. The kinetic theory of
gases, thermodynamies, and other branches of applied mathematics
are full of such assumptions.

By no process of sound reasoning can a conclusion drawn from
limited data have more than a limited application. Even when
the comparison between the observed and calculated results is
considered satisfactory, the errors of observation may quite obscure
the imperfections of formulee based on incomplete or simplified
premises. Given a sufficient number of *if’s,” there is no end to
the weaving of * cobwebs of learning admirable for the fineness
of thread and work, but of no substance or profit .2 The only
safeguard is to compare the deductions of mathematics with ob-
servation and experiment *for the very simple reason that they
are only deductions, and the premises from which they are made
may be inaccurate or incomplete. We must remember that we
cannot get more out of the mathematical mill than we put into it
though we may get it in a form infinitely more useful for our
purpose.” 3

The first clause of this last sentence is often quoted in a
parrot-like way as an objection to mathematics. ~ Nothing but
real ignorance as to the nature of mathematical reasoning could
give rise to such a thought. = No process of sound reasoning
can establish a result not contained in the premises. It is
admitted on all sides that any demonstration is vicious if it
contains in the conclusion anything more than was assumed

11 believe that this is the key to the interpretation of Comte’s strange remarks :
“ Every attempt to employ mathematical methods in the study of chemical questions
must be considered profoundly irrational and contrary to the spirit of chemistry. ..
1f mathematical analysis should ever hold a prominent place in chemistry—an aber-
ration which is happily almost impossible—it would occasion a rapid and widespread
degeneration of that science.’’— Philosophie Positive, 1830.

2 F. Bacon’s The Advancement of Learning, Oxford edit., 32, 1869,

LN Hopkinson's James Forrest Lecture, 1894.
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in the premises.! Why then is mathematics singled out and
condemned for possessing the essential attribute of all sound
reasoning ?

Logic and mathematics are both mere tools by which * the
decisions of the mind are worked out with accuracy,” but both
must be directed by the mind. I do not know if it is any easier to
see a fallacy in the assertion that ‘ when the sun shines it is
day; the sun always shines, therefore it is always day,” than in
the statement that since (5 -3)2= (5 -2)?, we get, on extracting
roots, § ~3=5-2; or 3=2. We must possess a clear conception
of any physical process before we can attempt to apply mathe-
matical methods ; mathematics has no symbols for confused ideas.

It has been said that no science is established on a firm basis
unless its generalizations can be expressed in terms of number, and
it is the special province of mathematics to assist the investigator
in finding numerical relations between phenomena. After experi-
ment, then mathematics. While a science is in the experimental
or observational stage, there is little scope for discerning numerical
relations. It is only after the different workers have ¢ collected
data >’ that the mathematician is able to deduce the required
generalization. Thus a Maxwell followed Faraday, and a Newton
completed Kepler.

It must not be supposed, however, that these remarks are
intended to imply that a law of Nature has ever been represented
by a mathematical expression with perfect exactness. In the best
of generalizations, hypothetical” conditions invariably replace the
complex state of things which actually obtains in Nature.

Most, if not all, the formule of physics and chemistry are in
the earlier stages of a process of evolution. For example, some
exact experiments by Forbes, and by Tait, indicate that Fourier's
formula for the conduction of heat gives somewhat discordant
results on account of the inexact simplifying assumption: ‘ the
quantity of heat passing along a given line is proportional to the
rate of change of temperature’”; Weber has pointed out that

1Inductive reasoning is, of course, good guessing, not sound reasoning, but the
finest results in science have heen obtained in this way. Calling the guess a * working
hypothesis,” its consequences are tested by experiment in every conceivable way. For
example, the brilliant work of Fresnel was the sequel of Young’s undulatory theory
of light, and Hertz’s finest work was suggested by Maxwell’s electro-magnetic theories.
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Fick’s equation for the diffusion of salts in solution must be
modified to allow for the decreasing diffusivity of the salt with
increasing concentration ; and finally, van der Waals, Clausius,
Rankine, Sarrau, etc., have attempted to correct the simple gas
equation: pv = RT, by making certain assumptions as to the
internal structure of the gas.

There is a prevailing impression that once a mathematical
formula has been theoretically deduced, the law, embodied in
the formula, has been sufficiently demonstrated, provided the
differences between the ‘‘ calculated ” and the * observed’ results
fall within the limits of experimental error. The important point,
already emphasized, is quite overlooked, namely, that any discrep-
ancy between theory and fact is masked by errors of observation.
With improved instruments, and better methods of measurement,
more accurate data are from time to time available. The errors of
observation being thus reduced, the approximate nature of the
formule becomes more and more apparent. Ultimately, the dis-
crepancy between theory and fact becomes too great to be ignored-
Tt is then necessary to ““go over the fundamentals ”. New formulm
must be obtained embodying less of hypothesis, more of fact. Thus,
from the first bold guess of an original mind, succeeding genera-
tions progress step by step towards a comprehensive and u complete
formulation of the several laws of Nature.

§ 2. The Differential Coeflicient.

Heracleitos has said that ‘‘ everything is in motion,” and daily
experience teaches us that changes are continually taking place in
the properties of bodies around us. Change of position, change
of motion, of temperature, volume, and chemical composition
are but a few of the myriad changes associated with bodies in
general. :

Higher mathematics, in general, deals with magnitudes which
change in a continuous manner. In order to render such a process
susceptible to mathematical treatment, the magnitude is supposed
to change during a series of very short intervals of time. The
shorter the interval the more uniform the process. This conception
is of fundamental importance. To illustrate, let us consider the
chemical reaction denoted by the equation :

Cane suga —> Invert sugar.
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The velocity of the reaction, or the amount! of cane sugar trans-

formed in unit time, will be
Amount of substance produced 1
Time ot observation : ( )

Velacity of chemical action =

This expression only determines the average velocity, V, of the re-
action during the time of observation. If we let z; denote the
amount of substance present at the time, ¢;, when the observation
commences, and x, the amount present at the time ¢,, the average
yelocity of the reaction will be

T, - ox
V= t:—tf’ - V~§t-,. . N )
where 8z and 8¢ respectively denote differences &, — z,, and ¢, ¢,.
As a matter of fact the reaction progresses more and more slowly
as time goes on. Of course, if sixty grams of invert sugar were
produced at the end of one minute, and the velocity of the reaction
was quite uniform during the time of observation, it follows that
one gram of invert sugar would be produced every second. We
understand the mean or average velocity of a reaction in any
given interval of time, to be the amount of substance which would
be formed in unit time if the velocity remained uniform and con-
stant throughout the interval in question. But the velocity is not
uniform—it seldom is in natural changes. In consequence, the
average velocity, sixty grams per minute, does not represent the
rate of formation of invert sugar during any particular second, but
simply the fact observed, namely, the mean rate of formation of

invert sugar during the time of observation.

Again, if we measured the velocity of the reaction during one
second, and found that half a gram of invert sugar was formed in
that interval of time, we could only say that invert sugar was pro-
duced at the rate of half a gram per second during the time of ob-
servation. But in that case, the average velocity would more
accurately represent the actual velocity during the time of obser-
vation, because there is less time for the velocity of the reaction to
vary during one than during sixty seconds.

1By ‘“amount of substance’’ we understand * number of gram-molecules’’ per
litre of solution. *‘One gram-molecule”’ is the molecular weight of the substance
expressed in grams, KE.g., 18 grms. of water is 1 gram-molecule ; 27 grms. is 1'5
gram-molecules ; 36 grms. is 2 gram-molecules, etc. We use the terms ‘‘ amount,”
‘“ quantity,’” *‘ concentration,”” and ‘‘active mass’’ synonymously.
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By shortening the time of observation the average velocity
approaches more and more nearly to the actual velocity of the re-
action during the whole time of observation. In order to measure
the velocity of the reaction at any instant of time, it would be
necessary to measure the amount of substance formed during an
infinitely short instant of time. But any measurement we can
possibly make must occupy some time, and consequently the
velocity of the particle has time to alter while the measurement is
in progress. It is thus a physical impossibility to measure the,
velocity at any instant; but, in spite of this fact, it is frequently
necessary to reason about this ideal condition.

We therefore understand by velocity at any instant, the mean
or average velocity during a very small interval of time, with the
proviso that we can get as near as we please to the actual velocity
at any instant by taking the time of observation sufficiently small.
An instantaneous velocity is represented by the symbol
dx
i v, . . . . 3)
where dr is the symbol used by mathematicians to represent an
infinitely small amount of something (in the above illustration, invert
sugar), and dt a correspondingly short interval of time. Hence
it follows that neither of these symbols per se is of any practical
value, but their quotient stands for a perfectly definite conception,
namely, the rate of chemical transformation measured during an
interval of time so small that all possibility of error due to vari-
ation of speed is eliminated.

NuMERICAL ILLUSTRATION.—The rate of conversion of acetochloranilide
into p-chloracetanilide, just exactly four minutes after the reaction had started,
was found to be 4-42 gram-molecules per minute. The *‘ time of observation
was infinitely small. When the measurement occupied the whole four
minutes, the average velocity was found to be 8:87 gram-molecules per
minute ; when the measurement occupied two minutes, the average velocity
was 590 units per minute ; and finally, when the time of observation occupied
one minute, the reaction apparently progressed at the rate of 4:70 units per
minute. Obviously then we approximate more closely to the actual velocity,
4°42 gram-molecules per minute, the smaller the time of observation.

The idea of an instantaneous velocity, measured during an
interval of time so small that no perceptible error can affect the
result, is constantly recurring in physical problems, and we shall
soon see that the so-called “ methods of differentiation ” will
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actually enable us to find the velocity or rate of change under these
conditions. The quotient dz/dt is known as the differential co-
efficient of « with respect to t. The value of z obviously depends
upon what value is assigned to ¢, the time of observation ; for this
reason, z is called the dependent variable, ¢ the independent
variable. The differential coefficient is the only true measure of
a velocity at any instant of time. Our *independent variable”
is sometimes called the principal variable; our * dependent
variable” the subsidiary variable.

Just as the idea of the velocity of a chemical reaction represents
the amount of substance formed in a given time, so the velocity of
any motion can be expressed in terms of the differential coefficient
of a distance with respect to time, be the motion that of a train,
tramecar, bullet, sound-wave, water in a pipe, or of an electric
current.

The term * velocity  not only includes the rate of motion, but
also the direction of the motion. If we agree to represent the
velocity of a train travelling southwards to London, positive, a
train going northwards to Aberdeen would be travelling with a
negative velocity. Again, we may conventionally agree to consider
the rate of formation of invert sugar from cane sugar as a positive
velocity, the rate of decomposition of cane sugar into invert sugar
as a negative velocity.

It is not necessary, for our present purpose, to enter into re-
fined distinctions between rate, speed, and velocity. Velocity is
of course directed speed. I shall use the three terms synonym-
ously.

The concept velocity need not be associated with bodies.
Every one is familiar with such terms as ‘ the velocity of light,”
‘“the velocity of sound,” and “ the velocity of an explosion-wave ",
The chemical student will soon adapt the idea to such phrases as,
““the velocity of chemical action,”” ‘‘ the speed of catalysis,” ‘the
rate of dissociation,” *the velocity of diffusion,” ‘‘the rate of
evaporation,” ete. It requires no great mental effort to extend
the notion still further. If a quantity of heat is added to a sub-
stance at a uniform rate, the quantity of heat, @, added per degree
rise of temperature, 6, corresponds exactly with the idea of a
distance traversed per second of time. Specific heat, therefore,
may be represented by the differential coefficient d@/df. Simi-
larly, the increase in volume per degree rise of temperature is
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represented by the differential coefficient dv/df; the decrease in
volume per unit of pressure, p, is represented by the ratio — dv/dp,
where the negative sign signifies that the volume decreases with
increase of pressure. In these examples, it has been assumed that
unit mass or unit volume of substance is operated upon, and there-
fore the differential coetficients respectively represent specific heat,
coefficient of expansion, and coefficient of compressibility.

From these and similar illustrations which will occur to the
reader, it will be evident that the conception called by mathe-
maticians “ the differential coefficient” is not new. Ivery one’
consciously or unconsciously uses it whenever a ‘ rate,” * speed,”
or a ‘“velocity "’ is in question. ¥

§ 3. Differentials.

It is sometimes convenient to regard dz and dt, or more generally
dz and dy, as very small quantities which determine the course of
any particular process under investigation. These small magni-
tudes are called differentials or infinitesimals. Some one has
defined differentials as small quantities ‘ verging on nothing”.
Differentials may be treated like ordinary algebraic magnitudes.
The quantity of invert sugar formed in the time dt is represented
by the differential dz. Hence from (3), if dz/dt = V, we may
write in the language of differentials

dx = V.dt.

I suppose that the beginner has only built up a vague idea of
the magnitude of differentials or infinitesimals. They seem at
once to exist and not to exist. I will now try to make the concept
more clearly defined.

§ 4. Orders of Magnitude.

If a small number n be divided into a million parts, each part,!
n x 10~ %1is so very small that it may for all practical purposes be
neglected in comparison with n. If we agree to call n a magnitude
of the first order, the quantity » x 10 =¢ is a magnitude of the
second order. If one of these parts be again subdivided into a

1 Note 10* = unity followed by four cyphers, or 10,000. 10—41is a decimal point
followed by three cyphers and unity, or 10 4 = —'—— = 0-0001. This notation is in

10 000

general use,
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million parts, each part, # x 10 =12, is extremely small when
compared with 7, and the quantity » x 10 ~ 12 is a magnitude of
the third order. We thus obtain a series of magnitudes of the
first, second, and higher orders,

n n

’1,000000’ 10060000,0000060” """’

each one of which is negligibly small in comparison with those
which precede it, and very large relative t» those which follow.

This idea is of great practical use in the reduction of intricate
expressions to a simpler form more ecasily manipulated. It is
usual to reject magnitudes of a higher order than those under
investigation when the resulting error is so small that it is out-
side the limits of the ‘‘errors of observation’ peculiar to that
method of investigation.

Having selected our unit of smallness, we decide what part of
this is going to be regarded as a small quantity of the first order.
Small guantities of the second order then bear the same ratio to
magnitudes of the first order, as the latter bear to the unit of
measurement. In the ‘“theory of the moon,” for example, we
are told that % is reckoned small in comparison with unity ; (,\,)?
is a small magnitude of the second order; (;%)" of the third order,
ete.  Calculations have been made up to the sixth or seventh
orders of small quantities.

In order to prevent any misconception it might be pointed out
that ‘“great” and “small” in mathematics, like ‘“hot” and
“cold” in physics, are purely relative terms. The astronomer
in calculating interstellar distances comprising millions of miles
takes no notice of a few thousand miles ; while the physicist dare
not neglect distances of the order of the ten thousandth of an inch
in his measurements of the wave length of light.

A term, therefore, is not to be rejected simply because it seems
small in an absolute sense, but only when it appears small in
comparison with a much larger magnitude, and when an exact
determination of this small quantity has no appreciable effect on
the magpitude of the larger. In making up a litre of normal
oxalic acid solution, the weighing of the 63 grams of acid required
need not be more accurate than to the tenth of a gram. In many
forms of analytical work, however, the thousandth of a gram is of
fundamental importance; an error of a tenth of a gram would
stultify the result.
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§ 5. Zero and Infinity.

The words “infinitely small’’ were used in the second para
graph. Itis, of course, impossible to conceive of an infinitely smail
or of an infinitely great magnitude, for if it were possible to retain
either of these quantities before the mind for a moment, it would
be just as easy to think of a smaller or a greater as the case might
be. In mathematical thought the word * infinity ” (written: o)
signifies the properties possessed by a magnitude greater than any
finite magnitude that can be named. For instance, the greater
we make the radius of a circle, the more approximately does the
circumference approach a straight line, until, when the radius is
made infinitely great, the circumference may, without committing
any sensible error, be taken to represent a straight line. The con-
sequences of the above definition of infinity have led to some of
the most important results of higher mathematics. To sum-
marize, infinity represents neither the magnitude nor the value
of any particular quantity, The term ‘“infinity” is simply an
abbreuviation for the property of growing large without limit. E.g.,
“tan 90° = o "’ means that as an angle approaches 90° its tan-
gent grows indefinitely large. Now for the opposite of greatness—
smallness.

In mathematics two meanings are given to the word  zero™.
The ordinary meaning of the word implies the total absence of
magnitude ; we shall call this absolute zero. Nothing remains
when the thing spoken of or thought about is taken away. If four
units be taken from four units absolutely nothing remains. There
is, however, another meaning to be attached to the word different
from the destruction of the thing itself. If a small number be
divided by a billion we get a small fraction. If this fraction be
raised to the billionth power we get a number still more nearly
equal to absolute zero. By continuing this process as long as we
please we continually approach, but never actually reach, the
absolute zero. In this relative sense, zero—relative zero—is
defined as ‘‘an infinitely small”’ or ““a vanishingly small number,”
or ‘“a number smaller than any assignable fraction of unity .
For example, we might consider a point as an infinitely small
circle or an infinitely short line. To put these ideas tersely, ab-
solute zero implies that the thing and all the properties are absent ;
relative zero vmplies that however small the thing may be its
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property of growing small without limit is alone retained in the
mind.

ExampLES.—(1) After the reader has verified the following results he will
understand the special meaning to be attached to the zero and infinity of
mathematical reasoning. 7 denotes any finite number; and “?” an in-
determinate magnitude, that is, one whose exact value cannot be determined.

o+ od=w; w—-o=?; X0=0; 0x0=0; 7x =0}
00=2?;70=o;0n=0; ©/0=mo;0/0=0;nwo=0;, on=oeo

(2) Let ¥y =1/(1 - z) and put z = 1, then y = o; if z < 1, y is positive ;
" and when ¢ > 1, y is negative.! Thus a variable magnitude may change its
sign when it becomes infinite.

If the reader has access to the Transactions of the Cambridge
Philosoplical Society (11. 145, 1871), A. de Morgan’s paper ““On
Infinity,” is worth reading in connection with this subject.

§ 6. Limiting Yalues.

1. The sum of an infinite number of terms may have a finite

value. Converting } into a decimal fraction we obtain

3 =011111... continued to infinity,

=t + tdo + roov + . .. to infinity,
that is to say, the sum of an infinite number of terms is equal to }
—a finite term ! If we were to attempt to perform this summa-
tion we should find that as long as the number of terms is finite
we could never actually obtain the result . We should be ever
getting nearer but never get actually there.

If we omit all terms after the first, the result is g; less than };
if we omit all terms after the third, the result is .} too little ;
and if we omit all terms after the sixth, the result is yyoe550
less than }, that is to say, the sum of these terms continually
approaches but is never actually equal to  as long as the number
of terms i finite. § is then said to be the limiting value of the
sum of this series of terms. )

Again, the perimeter of a polygon inscribed in a circle is less
than the sum of the arcs of the circle, i.e., less than the circum-

1 The signs of inequality are as follows: *“ 7 ' denotes *‘is not equal to" ;
> " ‘“ig greater than’’; “3,”’ ‘“is not greater than” ; *‘<,” *‘is less than’’ ;
and “<C,” “‘is not less than’’. For ““ ="’ read ‘‘is equivalent to’’ or *is identical
with ”. The symbol —— has been used in place of the phrase ‘‘is greater than or
equal to,” and —<, in place of “‘is equal to or less than ™’
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ference of the circle. In Fig. 1, let the arcs AaB, BbC...be

. bisected at @, b...Join Aa, aB, Bb, ...
Although the perimeter of the second poly-
gon is greater than the first, it is still less
\  than the circumference of the circle. In
N¢ & similar way, if the arcs of this second
polygon are bisected, we get a third poly-
gon whose perimeter approaches yet nearer
to the circumference of the circle. Dy .
continuing this process, a polygon may be
obtained as nearly equal to the circum-
ference of a circle as we please. The circumference of the circle is
thus the limiting value of the perimeter of an inscribed polygon,
when the number of its sides is increased indefinitely.

In general, when a variable magnitude x continually approaches
nearer and mearer to a constant value n so that x can be made to
differ from m by a quantity less than any assignable magnitude, n
1s sasid to be the limiting value of x.

From page 8, it follows that dz/dt is the limiting value! of
dx/8t, when ¢ is made less than any finite quantity, however small.
This is written, for brevity,

dzx ox

gt = Dbi-oys

—_—

Fia. 1.

in words ‘“‘dz/dt is the limiting value of 8x/8¢ when ¢ becomes
zero’’ or rather relative zero, 4.c., small without limit. This no-
tation is frequently employed.

The sign ““ =" when used in connection with differential co-
efficients does not mean “is equal to,” but rather “can be made
as nearly equal to as we please”. We could replace the usual
“=" by some other symbol, say ““=,” if it were worth while.?

11. The value of a limiting vatio depends on the relation be-
tween the two variables. Strictly speaking, the limiting value of

1 Although differential quotients are, in this work, written in the form da/d¢,”
d%z/dt?. . ., the student in working through the examples and demonstrations, should

write d—a'zz, %% .. . The former method is used to economize space.
2 The symbol “‘a = 0"’ is sometimes used for the phrase ‘“as x approaches zero’’.
Yy p PP
i 7 I73 T
lim ™, “Hm™ . 1 «g are also used instead of our ‘‘Lt:=o0,” meaning ‘“the

=0’ x=0"
limit of . ., as z approaches zero’’.
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the ratio dx/8¢t has the form §, and as such is indeterminate—in-
determinate, because § may have any numerical value we please.
It is not difficult to see this, for example, =0, because 0 x 0=0;
%=1, because 0 x 1 =0; § = 2, because 0 x 2 =0; § = 15,
because 0 x 15 = 0; § = 999,999, because 0 x 999,999 = 0, ete.

Exampre.—There is a “hoary-headed” puzzle which goes like this:
Givenz =a; . a?=2a; .2 -a*=xa - a*; ... (- a)(x +a)=a(x - a);
sLr+a=a; . .20=a;..2=1 Where is the fallacy? Ansr. The step
(x - a) (x + a) = a(x - a) means (z + a) x 0 = a x 0, t.c., no times z + a =
no times @, and it does not necessarily follow that z + a is therefore equal
to a.

" For all practical purposes the differential coefficient dx/dt is to be
regarded as a fraction or quotient. The quotient dz/d¢ may also
be called a * rate-measurer,” because it determines the velocity or
rate with which one quantity varies when an extremely small
variation is given to the other. The actual value of the ratio dx/dt
depends on the relation subsisting between z and ¢.

Consider the following three illustrations : If the point I move
on the circumference of the circle towards a
fixed point @ (Fig. 2), the arc  will diminish
at the same time as the chord y. By
bringing the point P sufficiently near to @,
we obtain an arc and its chord each less 0@
tban any given line, that is, the arc and
the chord continually approach a ratio of
squality. Or, the limiting value of the ratio
Sx/8y is unity. Fia. 2.
br dx
Lty=og§ 3 = 1.

Tt is easy to show this numerically. Let us start with an angle
»f 60° and compare the length, dz, of the arc with the length,
1y, of the corresponding chord.

1 dx
Angle at da. dy. i
60° 1:0472 1-0000 1-0472
30° 0-5236 0 5176 1-01156
10° 01745 0-1743 1-0013
5° 0-0R73 00872 1:0003
1° 0-0175 00175 1-:0000
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A chord of 1° does not differ from the corresponding arc in the first
four decimal places; if the angle is 1’, the agreement extends
through the first seven decimal places; and if the angle be 17, the
agreement extends through the first fifteen decimals. The arc and
its chord thus approach a ratio of equality.

If ABC (Fig. 3) be any right-angled triangle such that AB=BC;
by Pythagoras’ theorem or Euclid, i., 47, and vi., 4,

AB: AC=z:y=1:/2

If a line BC, moving towards 4, remain parallel to BC, this pro-
portion will remain constant even though each side of the triangle
ADE is made less than any assignable magnitude, however small.
That is

& dx 1
oy T dy T e

Let ABC be a triangle inscribed in a circle (Fig. 4). Draw 4D
perpendicular to BC. Then by Euclid, vi., 8

BC:AC=A4AC:DC=1z:y.

If A approaches C until the chord AC becomes indefinitely

small, DC will also become indefinitely small. The above propor-

Lt

A

Fia. 8. Fig. 4.

tion, however, remains. When the ratio BC : AC becomes in-
finitely great, the ratio of AC to DC will also become infinitely
great, or

dr dzx
oy " dy

It therefore follows at once that although two quantities may
become infinitely small their limiting ratio may have any finite or
infinite value whatever.

Lt

ExampLE.—Point out the error in the following deduction :  If A B (Fig. 3)
is a perpendicular erected upon the straight line BC, and C is any point
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upon BC, then AC is greater than AB, however near C may be to B, and,
therefore, the same is true at the limit, when C coincides with B”. Hint.—
The proper way to put it is to say that AC becomes more and more nearly

equal to 4B, as C approaches B, etc.

Two quantities are generally said to be equal when their
difference is zero. This does not hold when dealing with differ-
entials. The difference between two infinitely small quantities
may be zero and yet the quantities are not equal. Infinitesimals
can only be regarded as equal when their ratio is unity.

§ 7. The Differential Coefficient of a Differential Coefficient.

Velocity itself is generally changing. The velocity of a falling
stone gradually increases during its descent, while, if a stone is
projected upwards, its velocity gradually decreases during its ascent.
Instead of using the awkward term ‘‘the velocity of a velocity,”
the word acceleration is employed. If the velocity is increasing
at a uniform rate, the acceleration, ¥, or rate of change of velocity,
or rate of change of motion, is evidently

Acceleration = Increa.z’;lf‘ﬁhc;fevelomty; F= %"}tljl = %E—Zv (1)
where V, and ¥, respectively denote the velocities at the beginning,
t,, and end, t,, of the interval of time under consideration ; and 3V
denotes the small change of velocity during the interval of time 8t.

In order to fix these ideas we shall consider a familiar ex-
periment, namely, that of a stone falling from a vertical height.
Observation shows that if the stone falls from a position of rest,
its velocity, at the end of 1, 2, 3, 4, and 5 seconds is

. 32, 64, 96, 128, 150,

feet per second respectively. In other words, the velocity of the
descending stone is ¢ncreasing from moment to moment. The
above reasoning still holds good. Let ds denote the distance tra-
versed during the infinitely short interval of time d¢. The velocity
of descent, at any instant, is evidently

%—i =V. . . . 2)
Next consider the rate at which the velocity changes from one
moment to another. This change is obviously the limit of the
ratio 3V/8t, when 8t is zero. In other words

av

Z=F - . < . 0

B
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Substituting for V, we obtain the second differential coefficient
ds
(5
T odl

which is more conveniently written
2 52
Zt-j ~ F, (Nor F=fif5>' N )
This expression represents the rate at which the velocity is increas-
ing at any instant of time. In this particular example the acceler-
ation is due to the earth’s gravitational force, and g is usua.ll'y

written instead of F.

The ratio d*z/d¢* is called the second differential coefficient
of z with respect to t. Just as the first differential coefficient of =
with respect to ¢ signifies a velocity, so does the second differential
coefficient of x with respect to t denote an acceleration.

The velocity of most chemical reactions gradually diminishes as
time goes on. Thus, the rate of transformation of cane sugar into
invert sugar, after the elapse of 0, 30, 60, 90, and 130 minutes
was found to be represented by the numbers!

15-4, 137, 124, 11+4, 97,

respectively.

If the velocity of a body increases, the velocity gained per
second is called its acceleration ; while if its velocity decreases, its
acceleration is really a retardation. Mathematicians often prefix
a negative sign to show that the velocity is diminishing. Thus,
the rate at which the velocity of the chemical reaction changes is,
with the above notation,

d*z
Fo=--5 . . . . %)
In our two illustrations, the stone had an acceleration of 32
units (feet per second) per second ; the chemical reaction had an
acceleration of — 0-0073 units per second, or of — 0044 units per
minute. See also page 155.

In a similar way it can be shown that the third differential
coefficient represents the rate of change of acceleration from moment
to moment; and so on for the higher differential coefficients
drz/dt", which are seldom, if ever, used in practical work. A few
words on notation.

I Multiplied by 103.
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§ 8. Notation.

It is perhaps needless to remark that the letters 8, A, d, d%, ...}
do not represent algebraic magnitudes. They cannot be dis-
sociated from the appended z and ¢.  These letters mean nothing
more than that 2 and ¢ have been taken small enough to satisfy
the preceding definitions.

Some mathematicians reserve the symbols &x, 8, Az, A, ...
for small finite quantities ; de, dt ... have no meaning per se. As
a matter of fact the symbols d.c, d¢ ... are constantly used in place

dr d
of sx, 8t, ..., or Ar, At....In the ratio df) Jt—is the symbol of

an operation performed on z, as much as the symbols “+" or
“/” denote the operation of division. In the present case the

N

. Ny . oz
operation has been to find the limiting value of the ratio 5 when

3t is made smaller and smaller withowt ltmit ; but we constantly
find that dx/dt is used when Sz/5t is intended. For convenience,
D is sometimes used as a symbol for the operation in place of d/dx.
The notation we are using i3 due to Leibnitz ;* Newton, the dis-
coverer of this calculus, superscribed a small dot over the de-
pendent variable for the first dilferential coeflicient, two dots for
the second, thus #, & . . .
. . dy . d
In special cases, besides Tz and ¥, we may have dx(y)’ dy.,,

, - . ] d¥y . /d\?
x, x, « ...for the first differential coefficient ; dr U <@> Y,

z,, «” ... for the second differential coefficient ; and so on for the
higher coeflicients, or derivatives as they are sometimes called.
The operation of finding the value of the differential coefficients
of any expression is called differentiation. The differential
calculus is that branch of mathematics which deals with these

operations.
§ 9. Functions.

If the pressure to which a gas is subject be altered, it is known
that the volume of the gas changes in a proportional way. The

1For ¢“...” read ““ete.”” or ““and so on ",
2 The history of the subject is somewhat sensational. See B. Williamson's article in

the Encydopedia Britannice, Arvt. ¢ Infinitesimal Calenlus’’.
B*
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two magnitudes, pressure p and volume v, are interdependent.
Any variation of the one is followed by a corresponding variation
of the other. In mathematical language this idea is included in
the word *function” ; v is said to be a function of p. The two
related magnitudes are called variables. Any magnitude which
remains invariable during a given operation is called a constant.
In expressing Boyle’s law for perfect gases we write this idea

thus :
Dependent variable = f (independent variable),

or v = f(p),

meaning that *“v is some function of p”. There is, however, no
particular reason why p was chosen as the independent variable.
The choice of the dependent variable depends on the conditions of
the experiment alone. We could here have written

p = /)

just as correctly as v = f(p). In actions involving time it is
customary, though not essential, to regard the latter as the in-
dependent variable, since time changes in a most uniform and
independent way. Time is the natural independent variable.

In the same way the area of a circle is a function of the radius,
80 is the volume of a sphere; the pressure of a gas is a function
of the density ; the volume of a gas is a function of the tempera-
ture; the amount of substance formed in a chemical reaction is a
function of the time; the velocity of an explosion wave is a func-
tion of the density of the medium ; the boiling point of a liquid is a
function of the atmospheric pressure ; the resistance of a wire to the
passage of an electric current is a function of the thickness of the
wire ; the solubility of a salt is a function of the temperature, etc.

The independent variable may be denoted by 2, when writing
in general terms, and the dependent variable by y. The relation
between these variables is variously denoted by the symbols:

y=/@); y=9@); y=1I@);y=y@;y=h-...
Any one of these expressions means nothing more than that ¢y s
some functionof 2. If ,y,; @, Yo; T3 Yy, ... are corresponding
values of z and y, we may have

y=1@); y=1@); 2 = flw). ..
“Let y = f(r)” means ‘take any equation which will enable
you to calculate ¥ when the value of z is known .
The word ¢ function” in mathematical language thus implies
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that for every value of x there is a determinate value of y. If v,
and p, are the corresponding values of the pressure and volume of
a gas in any given state, v and p their respective values in some
other state, Boyle’s law states that pv = pyv,. Hence,

_ Z’%’o; or, v =L0%,
The value of p or of v can therefore be determined for any
assigned value of v or p as the case might be.

A similar rule applies for all physical changes in which two
magnitudes simultaneously change their values according to some
fixed law. It is quite immaterial, from our present point of view,
whether or not any mathematical expression for the function f(z)
is known. For instance, although the pressure of the aqueous
vapour in any vessel containing water and steam is a function of
the temperature, the actual form of the expression or function
showing this relation ¢s not known ; but the laws connecting the
volume of a gas with its temperature and pressure are known
functions — Boyle’s, and Charles’ laws. The concept thus
remains even though it is impossible to assign any rule for cal-
culating the value of a function. In such cases the corresponding
value of each variable can only be determined by actual obser-
vation and measurcinent. In other words, f(z) is a convenient
symbol to denote any mathematical expression containing z.

From pages 8 and 17, since

= f(@),

the differential coefficient dy/dx is another function of z, say f'(z),
d?/ df(x ,
—f@, o N p),

Similarly the second derlva,tlve, d?y/dx?, is another function of z,
say f* (%),

af@ _ . Y _ L Ef@)

“dr = f"() S = f'(x); “drt = f'(z);
and so on for the higher diffcrential functions.

The above investigation may be extended to functions of three
or more variables. Thus, the volume of a gas is a function of the
pressure and temperature; the amount of light absorbed by a
solution is a function of the thickness and concentration of the
solution ; and the growth of a tree depends upon the fertility of the

yoil, the rain, solar heat, etc. We have tacitly assumed, in our
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preceding illustration, that the temperature was constant. If the
pressure and temperature vary simultancously, we write

v = f(p, T).
I must now make sure that the reader has clear ideas upon the
subjects discussed in the two following articles ; we will then pass
directly to the ¢ calculus ” itself.

§ 10. Proportionality and the Yariation Constant.

When two quantities are so related that any variation (increase
or decrease) in the value of the one produces a proportional varia-
tion (increase or dccrease) in the value of the other, the one
quantity is said to be directly proportional to the other, or to vary
as, or to vary directly as, the other. TFor example, the pressure of
a gas is proportional to its density; the velocity of a chemical
reaction is proportional to the amount of substance taking part in
the reaction ; and the area of a circle is proportional to the square
of the radius.

On the other hand, when two quantities are so rclated that any
increase in the value of the one leads to a proportional decrease in
the value of the other, the one quantity is said to be inversely
proportional to, or to vary inversely as the other. Thus, the pres-
sure of a gas is inversely proportional to its volumne, or the volume
inversely proportional to the pressure; and the number of vibra-
tions emitted per second by a sounding string varies inversely as
the length of the string.

The symbol ““ac ”” denotes variation. For zcc y, read “ x varics
as 4" ; and for zoc y =1, read “z varies inversely as y”’. The
variation notation is nothing but abbreviated proportion.  Let
Zy, Y, 3 Ty Yys ... be corresponding values of z and 3. Then, if
varies as ¥,

Ty i Y1 =Ty Yy =Tyl Yz =.ees
or, what is the same thing,

’=,_~:=_., . . . (1)

Since the ratio of any! value of = to the corresponding value of y

11t is perhaps needless to remark that what is true of any value is true for all
If any apple in a barrel is bad, all are bad,
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is always the same, it follows at once that x/y is a constant; and
zy is a constant, when z varies inversely as y as p and v in
“ Boyle’s law ”. In symbols, if
xocy,x:ky;andifxoc;;,w=§. . . (2)
This result is of the greatest importance. It is utilized in nearly
every formula representing a physical process. % is called the
constant of proportionality, or constant of variation.

We can generally assign a specific meaning to the constant of
proportion. For example, if we know that the mass, m, of a sub-
stance is proportional to its volume, v,

' som o= ko,
If we take unit volume, v = 1, & = m, &k will then represent the
density, i.e., the mass of unit volume, usually symbolized by p.
Again, the quantity of heat, ¢, which is required to warm up
the temperature of a mass, m, of a substance ¢° is proportional to

m x 6. Hence,
Q = kmé.

If we take m = 1, and 6 = 1°, k denotes the amount of heat re-
quired to raise up the temperature of unit mass of substance 1°
This constant, therefors, is nothing but the specific heat of the sub-
stance, usually represented by C or by o in this work. Finally,
the amount of heat, ¢, transmitted by conduction across a plate is
directly proportional to the difference of temperature, 6, on both
sides of the plate, to the area, s, of the plate, and to the time, ¢;
@ is also inversely proportional to the thickness, n, of the plate.
Consequently,
s6t
Q=Fk "

By taking a plate of unit area, and unit thickness; by keeping the
difference of temperature on both sides of the plate at 1°; and by
considering only the amount of heat which would pass across the
plate in unit time, ¢ = k; k therefore denotes the amount of heat
transmitted in unit time across unit area of a plate, of unit thick-
ness when its opposite faces are kept at a temperature differing
by 1°. That is to say, k¥ denotes the coefficient of thermal con-
ductivity.

The constants of variation or proportion thus furnish certain
specific coefficients or numbers whose numerical values usually
depend upon the nature of the substance, and the conditions under
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which the experiment is performed. The well-known constants :
specific gravity, electrical resistance, the gravitation constans, m,
and the gas constant, R, are constants of proportion.

Let a gas be in a state denoted by p,, p;, and T, and suppose
that the gas is transformed into another state denoted by p,, p,,
and T,. Let the change take place in two stages :—

First, let the pressure change from p, to p, while the tempera-
ture remains at T). Let p;, in consequence, become z. Then,
according to Boyle’s law,

P_Pr. ., _ Py

PR i . . '(3)
Second, let the pressure remain constant at p, while the tem-
perature changes from T to T,. Let z, in consequence, become
pe- Then, by Charles’ law,
poTy = =Ty . . . . (4)
Substituting the above value of z in this equation, we get
I;])’-}Tl = I;;%Tz = constant, say, B. .°. g = RT.
We therefore infer that if =z, y, 2, are variable magnitudes such
that x o« 1, when z 1s constant, and x o« z, when y is constant, then,
x o yz, when y and z vary together ; and conversely, it can also
be shown that if x varies as y, when z is constant, and x varies in-
versely as z, when ¥y is constant, then, x «c y/z when y and z both
vary.
Exavpres.—(1) If the volume of a gas varies inversely as the pressure
and directly as the temperature, show that

E,‘% = P;;—B; and that pv = RT. . . (5)
(2) If the quantity of heat required to warm a substance varies directly
as the mass, m, and also as the range of temperature, 8, show that @ = am9.
(8) If the velocity, ¥V, of a chemical reaction is proportional to the amount
of each reacting substance present at the time ¢, show that
V =kC,C,C;...Ch,
where C;, C, Cs, ..., Cyn, respectively denote the amount of each of the n
reacting substances at the time ¢, k is constant.

§ 11. The Laws of Indices and Logarithms.

We all know that
4 x 4 = 16, is the second power of 4, written 42;
4 x 4 x 4 = 64, is the third power of 4, written 43;
4 x 4 x 4 x 4 = 256, is the fourth power of 4, written 4*;
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and in general, the nth power of any number a, is defined as the
continued product

@ xaxax ... ntime =a" . . 1)
where #n is called the exponent, or index of the number.

By actual multiplication, therefore, it follows at once that
102 x 10 = 10 x 10 x 10 x 10 x 10 = 10%2+3 = 10" = 100,000 ;
or, in general symbols,

artx a"=a™t"; or,a" X & X & X ... =qa*tvrete. 2)
a result known as the index law.

All numbers may be represented as different powers of one

furdamental number. H.g.,

1=10° 2=10"3"; 3 =10"477; 4 = 10-602; 5 = 10-99%; ..
The power, index or exponent is called a logarithm, the funda-
mental number is called the base of the system of logarithms.
Thus if

a® = b,
n is the logarithm of the number & to the base a, and is written
n = log,b.
For convenience in numerical calculations tables are generally used
in which all nuinbers are represented as different powers of 10.
The logarithm of any number taken from the table thus indicates
what power of 10 the selected number represents. Thus if
103 = 1000 ; and 101-0413927 = 17 ;

then 3 = log,,1000; and 1-0413927 = log,,11.

We need not use 10. Logarithms could be calculated to any
other number employed as base. If we replace 10 by some other
number, say, 2:71828, which we represent by e, then

1=¢0; Q=g0893; 3= gl-099, 4 — 1386, 5 g1-609,

Logarithms to the base e = 2:71828 are called natural, hyper-
bolic, or Napierian logarithms. Logarithms to the base 10 are
called Briggsian, or common logarithms.

Again,

3 x 5 = (1004771) x (107-6990) — 1011761 = 15,
because, from a table of common logarithms,
log;,3 = 0:4771; log;,6 = 06990 ; log;,15 = 1-1761.
Thus we have performed arithmetical multiplication by the simple
addition of two logarithms. Generalizing, to multiply two or more
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numbers, add the logarithms of the numbers and find the number
whose logarithm is the sum of the logarithms just obtained.

ExamprLE.—Evaluate 4 x 80,
log,, 4 = 06021
log,,80 = 1-9031
Sum = 2:5052 = log,;,320.
This method of calculation holds good whatever numbers we employ in place
of 3 and 5 or 4 and 80. Hence the use of logarithms for facilitating numerical

calculations. We shall shortly show how the operations of division, involu-
tion, and evolution are as easily performed as the above multiplication.

From what has just been said it follows that
1 = 1092 = 10 = 10; or generally, 5 = a7 =" 3
108 = = = 5 generally, a a . e ( )

Hence the rule: To divide two numbers, subtract the logarithm
of the divisor (denominator of a fraction) from the logarithm of the
dividend (numerator of a fraction) and find the number correspond-
ing to the resulting logarithm.

ExampLes.—(1) Evaluate 60 =+ 3.

log,,60 = 17782
log,y 3 = 0-4771
Difference = 1-3011 = log,,20.

(2) Show that 2-2=%}; 107 2= ;}4; 3 x 373 =1,

(8) Show that a* x a2 =a; p+_p:?=p1‘1§; *+a=a-0-2,

The general symbols a, b, . . . m, %, . . . 2,9, ... in any
general expression may be compared with the blank spaces in a
bank cheque waiting to have particular values assigned to date,
amount (£ s. d.), and sponsor, before the cheque can fulfil the
specific purpose for which it was designed. So must the symbols,
a, b, . . . of a general equation be replaced by special numerical
values before the equation can be applied to any specific process
or operation.

It is very easy to miss the meaning of the so-called ¢ properties
of indices,” unless the general symbols of the text-books are
thoroughly tested by translation into numerical examples. The
majority of students require a good bit of practice before a gencral
expression appeals to them with full force. Here, as elsewhere,
it is not merely necessary for the student to think that he “under-
stands the principle of the thing,” he must actually work out
examples for himself. ‘In scientiis ediscendis prosunt exempla
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magis quam precepta’ ! is as true to-day as it was in Newton's
time. For example, how many realise why mathematicians write
¢® = 1, until some such illustration as the following has been
worked out?
2 x =R+ =2=4=2x1
The same result, therefore, is obtained whether we multiply 2* by
2% or by 1, t.c.,
2 xP=2Rx1=22=4

Hence it is inferred that?

29 = 1, and generally that a” = 1. . . (4)
ExamrLe.—From the Table on page 628, show that
) loge3 = 10986 ; log,2 = 0-6932; log,l = 0. A ()]
And, since
exexex ...nutimes=c¢*; ...;exexec=¢;exe=c* e=¢,;
oo dogee - my Ll loget = 35 logee? = 25 logel =1 = logee. . (6)

I am purposcly using the siinplest of illustrations, leaving the
reader to set himself more complicated numbers. No pretence is
made to rigorous demonstration. We assume that what is true in
one case, is true in another. It is only by so collecting our facts
one by one that we arc able to build up a gencral idea. The be-
ginner should always satisfy hirsclf of the truth of any abstract
principle or general formula by applying it to particular and simple
cases.

To find the relation between the logarithms of a number to dif-
ferent bases.  Liet m be a number such that «®*=n; or, a = log.n;
and 3° = n, or, b = loggn. Hence a* = . “Taking logs” to the
base a, we obtain

a = b log.p3,
since log.a is unity. Substitute for a and b, and we get
log.n = logsn . log.pf. . . . (7
In words, the logarithm of a number to the base 8 may be obtained
from the logarithin of that number to the base « by multiplying it
by 1/log,8. For example, suppose a = 10 and 8 = ¢,
c = QBT N
1087 = Togo i

! Which may be rendered: ¢‘In learning we profit more by example than by
precept .

2 Some mathenaticians define anas 1 Xuxaxa ... ntimes; a®> =1xaxaxa;
a?==1xaxa;al =1xa; and a”as 1 x @ no times, that is umty itse'® 't so, ther
1 suppose that 09 must mean 1 x 0 no times, i.e., 1, and 1/0° must meen /(3 x 0 no
times), i.e., umty.
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where the subscript in log,n is omitted. It is a common practice
to omit the subscript of the “log” when there is no danger of
ambiguity. Hence, since log,,2-71828 = 0-4343, and log,10 = 2:3026,
where 2:71828 is the nominal value of e (page 25) :—

To pass from natural to common logarithms

Common log = natural log x 0'4343 ©)
log;,@ = log,a x 04343 } ) )
To pass from common to natural logarithms
Natural log = common log x 2'3026} (10)
log,a = log,,a x 23026
The number 04343 is called the modulus of the Briggsian or
common system of logarithms. When required it is written M
or u. It is suflicient to romember that the natural logarithm of a
number is 2-3026 times greater than the common logarithm.
By actual multiplication show that

(100)? = (10%)* = 102 *3 = 106,
and hence, to raise a number to any power, multiply the loga-

rithm of the number by the index of the power and find the number
corresponding to the resulting logarithin,
((Lm no__ almn. . T . . (ll)
ExamprLE.—Evaluate 5°
52 = (5)2 = (100°0990y2 — QU380 — 95,
since reference to a table of common logarithms shows that
" log,b = 0°6990; log;o25 = 1-3980.

From the index law, above

108 x 108 = 108 * % = 101 = 10.
That is to say, 10% multiplied by itself gives 10. But this is the
definition of the square root of 10.
.~ (WJ10)2 = /10 x #/10 = 10% x 10% = 10.
A fractional index, therefore, represents a root of the particular
number affected with that exponent. Similarly,
8 = 8*, because 3/8 x /8 x 38 = 8% x 8% x 8% = 8.

Generalizing this idea, the nth root of any number a, is
1

Va=a. . . . . (12

To extract the root of any number, divide the logarithm of
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the number by the index of the required root and find the number
corresponding to the resulting logarithm.

Exampres.—(1) Evaluate /8 and V/93.

55 - (8)% = (10 9031)§ =1003010 — 9; 1/93 = (93)} = (101 w8)} = 100292 5 1-91,
since, from a table of common logarithms,

log,y2 = 0-3010; log,,8 = 0:9081; log, 191 = 0-2812; log,93 = 1-9685.

(2) Perhaps this will amuse the rcader some idle moment. Given ths
obvious facts log 4 = log ¢, and 3>>2; combining the two statements we get
3 log3>2 logg; .. log(3)’>1og(3)%; . (3)*>(3)%; . £>2%; .. 1 is greater
than 2. Where is the fallacy ?

The results of logarithmic calculations are seldom absolutely
correct because we employ approximate values of the logarithms
of the particular numbers concerned. Instead of using logarithms
to four decimal places we could, if stupid enough, use logarithms
accurate to sixty-four decimal places. But the discussion of this
question is reserved for another chapter. If the student has any
difficulty with logarithms, after this, he had better buy F. G.
Taylor's An Introduction to the Practical Use of Logarithms,
London, 1901.

§ 12, Differentiation, and its Uses.

The differential calculus is not directly concerned with the
establishment of any relation between the quantities themselves,
but rather with the momentary state of the phenomenon. This
momentary state is symbolised by the differential coefficient, which
thus conveys to the mind a perfectly clear and definite conception
altogether apart from any numerical or practical application. I
suppose the proper place to recapitulate the uses of the differential
calculus would be somewhere near the end of this book, for only
there can the reader hope to have his faith displaced by the certainty
of demonstrated facts. Nevertheless, I shall here illustrate the
subject by stating three problems which the differential calculus
helps us to solve.

In order to describe the whole history of any phenomenon it is
necessary to find the law which describes the relation between the
various agents taking part in the change as well as the law describ-
ing the momentary states of the phenomenon. There is a close
connection between the two. The one is conditioned by the other.
Starting with the complete law it is possible to calculate the
momentary states and conversely.
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I. The calculation of the momentary states from the complete
law. Before the instantaneous rate of change, dy/dz, can be deter-
mined it is necessary to know the law, or form of the function
connecting the varying quantities one with another. For instance,
Galileo found by actual measurement that a stone falling vertically
downwards from a position of rest travels a distance of s = }gt?
feet in ¢ seconds. Differentiation of this, as we shall see very
shortly, furnishes the actual velocity of the stone at any instant
of time, ¥V = gt. In the same manner, Newton’s law of inverse
squares follows from Kepler’s third law; and Ampére’s law, from
the observed effect of one part of an electric circuit upon another.

II. The calculation of the complete law from the momentary
states. It is sometimes possible to get an idea of the relations
between the forces at work in any given phenomenon from the
actual measurements themselves, but more frequently, a less direct
path must be followed. The investigator makes the most plausible
guess about the momentary state of the phenomenon at his com-
mand, and dresses it up in mathematical symbols. Subsequent
progress is purely an affair of mathematical computation based
upon the differential calculus. Successful guessing depends upon
the astuteness of the investigator. This mode of attack is finally
justified by a comparison of the experimental data with the hypo-
thesis dressed up in mathematical symbols, and thus

The golden guess
Is morning star to the full round of truth.

Fresnel's law of double refraction, Wilhelmy’s law of mass action,
and Newton’s law of heat radiation may have been established in this
way. The subtility and beauty of this branch of the calculus will not
appear until the methods of integration have been discussed.

III. The eduction of a gemeralization from particular cases.
A natural law, deduced directly from observation or measurement,
can only be applied to particular cases because it is necessarily
affected by the accidental circumstances associated with the con-
ditions under which the measurements were made. Differentiation
will eliminate the accidental features so that the essential circum-
stances, common to all the members of a certain class of phenomena,
alone remain. Let us take one of the simplest of illustrations, a
train travelling with the constant velocity of thirty miles an hour.
Hence, V = 30. From what we have already said, it will be clear
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that the rate of change of velocity, at any moment, is zero. Other-
wise expressed, dV/dt = 0. The former equation, V = 30, is only
true of the motion of one particular object, whereas dV/dt = 0, is
true of the motion of all bodies travelling with a constant velocity.
In this sense one reliable observation ; p7 Y
might give rise to a general law. W

The mechanical operations of finding
the differential coefficient of one vari-
able with respect to another in any ¥
ekpression are no more difficult than
ordinary algebraic processes. Before de-
seribing the practical methods of differ- ,
entiation it will be instructive to study & %
a geometrical illustration of the process. Fia. 5.

Let z (Fig. 5) be the side of a square, and let there be an incre-
ment! in the area of the square due to an increase of & in the
variable z.

The original area of the square = 2%

The new area = (x + h)? =2+ 2ch + B3

The increment in the area = (r + h)? - 2% = 22h + k% ., 3)

This equation is true, whatever value be given to h. The
smaller the increment 7% the less does the value of A% become.
If this increment & ultimately become indefinitely small, then A2,
being of a very small order of magnitude, may be neglected. For
example, if when z = 1,
h =1, increment in area = 2 4 1}

h= Tlay ” ” =02+ 130’:
b= 1rd%w » " =0002 + ——1 _, etc.

1,000,000’

If, therefore, dy denotes the infinitely small increment in the
area, y, of the square corresponding to an infinitely small incre-
ment dz in two adjoining sides, z, then, in the language of
differentials,

Tncrement 4 = 22/, becomes, dy = 2z .dz. 4)

The same result can be deduced by means of limiting ratios.

For instance, consider the ratio of any increment in the area, ¥,
to any increment in the length of a side of the square, z.

! When any quantity is increased, the quantity by which it is increased is called
its tncrement, abbreviated ‘“iner.”’ ; a decrement is a negative increment.
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Increment ¥ _ Incr. y By Qzh + hz

h Incr x 399 h =2z + h
and when the value of % is zero
d b
dg Lt,,_osy_zm N )

To measure the rate of change of any two variables, we fix upon
one variable as the standard of reference. When z is the standard
of reference for the rate of change of the variable y, we call dy/dz
the x-rate of y. In practical work, the rate of change of time, ¢,
is the most common standard of reference. If desired we can
interpret (4) or (5) to mean

dy dx

@t~ gy
In words, the rate at which y changes is 2z times the rate at which
« changes.

ExamprEs.—(1) Show, by similar reasoning to the above, that if the three
3y
=05, = 322,

(2) Prove that if the radius, 7, of a circle be increased by an amount k&,
the increment in the area of the circle will be (277 + h?)w. Show that the
limiting ratio, dy/dz, in this case is 2xr. Given, area of circle = w2,

adjoining sides, z, of & cube receive an increment %, then Lty =

The former method of differentiation is known as * Leibnitz’s
method of differentials,” the latter, ¢ Newton’s method of limits ”.
It cannot be denied that while Newton’s method is rigorous,
exact, and satisfying, Leibnitz’s at once raises the question:

§ 18. Is Differentiation a Method of Approximation only ?

The method of differentiation might at first sight be regarded
as & method of approximation, for these small quantities appear
to be rejected only because this may be done without committing
any sensible error. For this reason, in its early days, the calculus
was subject to much opposition on metaphysical grounds. Bishop
Berkeley ! called these limiting ratios ‘‘the ghosts of departed
quantities ”. A little consideration, however, will show that these
small quantities must be rejected in order that no error may be
committed in the calculation. The process of elimination is
essential to ¢he operation.

1 G. Berkeley, Cullected Works, Oxford, 8, 44, 1901.
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There has been a good bit of tinkering, lately, at the founda-
tions of the calculus as well as other branches of mathematics, but
wo cannot get much deeper than this : assuming that the quantities
under investigation are continuous, and noting that the smaller the
differentials the closer the approximation to absolute accuracy, our
reason is satisfied to reject the differentials, when they become so
small as to be no longer perceptible to our senses. The psycho-
logical process that gives rise to this train of thought leads to the
ingvitable conclusion that this mode of representing the process is
the true one. Moreover, if this be any argument, the validity of
the reasoning is justified by its results.

The following remarks on this question are freely translated
from Carnot's Réflexions sur la Métaphysique du Calcul In--
finitésimal.l The essential merit, the sublimity, one may say, of
the infinitesimal method lies in the fact that it 