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PREFACE

The present volume represents the continuation of a series on Molecular Spectra
and Molecular Structure which I started a number of years ago with a volume on
Diatomic Molecules. It was originally intended to cover in the present book Infrared
and Raman as well as visible and ultraviolet spectra of polyatomic molecules. How-
ever, when a first draft had been completed, it appeared that a division into two
volumes was nccessary. The first of these on Infrared and Raman Spectra is
presented herewith. A final volume of the series on Electronic Spectra and Electronic
Structure of Polyatomic Molecules is in preparat’on.

In writing this book I have constantly kept in mind the needs of both the beginner
in the field and the more advanced student and research worker. For the benefit of
the former I have spared no pains to make the explanations elementary and clear.
Although a limited knowledge of clementary wave mechanies is assumed, difficult
mathematical developments have been avoided wherever possible.  When they were
unavoidable they have been given in as straightforward and elementary a manner as
possible and without too much regard for mathematical clegance. In particular no
knowledge of group theory has been assumed. But, even though a knowledge of
group theory is not assumed, many terms such as characters, representations, and
so on, which occur frequently in the literaturc are explained and used wherever
necessary.

Throughout it has been one of my main concerns to make the reader visualize
clearly the significance and meaning of results of the theory. To assist in this purpose
a large number of illustrations has been included, some of which have not before
appeared in the literature.

In order to make the book comprehensive and useful for the more advanced
student and the research worker, discussions of many special points have been added
in small type. This material is not necessary for an understanding of the subsequent
text in so far as it is printed in ordinary type. In addition, for the benefit of those
carrying out research work in the field of Infrared and Raman spectra or related fields,
a large number of tables has been included in which theoretical results are summarized
or obscerved data are collected. These tables are as nearly up to date as possible
under present conditions. All assignments and analyses have been critically reviewed
and if necessary changed. All data arc based on a uniform system of fundamental
constants (sce the Appendix) and wherever necessary have been recalculated to fit
this uniform system. In numerous footnotes to these tables inconsistencies in the
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literature have been pointed out or differing data and interpretations have been
indicated.

Unfortunately no internationally accepted nomenclature exists for the spectra of
polyatomic molecules, as it does for diatomic molecules. I have used a nomenclature
as closely similar to that for diatomic molecules as possible.

The very detailed subject index at the end of the book includes also all symbols
and quantum numbers, as well as all chemical compounds discussed in the book.

G. IEerzBERG

SASKATOON, SASK.
November, 1944
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INTRODUCTION

General remarks. The study of the spectra of diatomic molecules leads to pre-
cise information about their rotational, vibrational, and electronic energy levels, and
from these energy levels the internuclear distances, the vibrational frequencies and
force constants, the energies of dissociation, and other data concerning the structure
of diatomic molecules may be determined accurately. (See the writer’s Molecular
Spectra and Molecular Structure I. Diatomic Molecules.!) Similar information
about the structure of polyatomic molecules may be obtained from their spectra.
The present volume deals with the information obtainable from the infrared and
Raman spectra. A further volume is planned to deal with the information obtain-
able from visible and ultraviolet (electronic) band spectra. In the case of polyatomic
molecules the situation is often greatly complicated by the fact that there are several
internuclear distances, scveral force constants, several dissociation energies, and so
on, which usually have to be determined simultaneously. To this complication of
the structure corresponds in general a much greater complexity of the spectra of
polyatomic as compared to diatomic molecules. Therefore it will not be practical
to start, as can be done in the case of diatomic molecules, from the empirical regulari-
ties; instead we have first to develop the theory and then use it as a guide in inter-
preting the obscrved spectra. As in Molecular Spectra I we shall restrict our con-
siderations mainly to the spectra of gases and vapors.

While one of the ultimate aims is to determine acceurately all internuclear distances
in polyatomic molecules, an important step forward in a specific case is made if it
is possible to determine qualitatively the shape of the molecule, that is, the arrange-
ment of the atoms (whether or not the molecule is linear, and so on). Frequently,
qualitative features of the spectrum are sufficient to allow one to draw such conclu-
sions, particularly if the molccule has some symmetry. Quite generally, molecules
of different symmetry have qualitatively different spectra. This is of much greater
importance for polyatomic molecules than for diatomic molecules since for the former
many more different types of symmetry (point groups) are possible than for the
latter, which display only the homonueclear and heteronuclear varieties. It is there-
fore imperative, before we begin our discussion of the spectra, to study the symmetry
properties of polyatomic molecules.

Symmetry elements and symmetry operations. By symmetry of a molecule we
mean the symmetry of the configuration of its nuclei or, in other words, of the nuclear
frame. The position and the type of the nuclei determine this symmetry.

A molecule, just as any other geometrical figure or object, may have one or several
symmelry elements, such as a plane of symmetry, a center of symmetry, an axis of
symmetry. To each symmetry element corresponds a symmetry operation—that is,
a coordinate transformation (reflection or rotation) that will produce a configuration
of the nuclei indistinguishable from the original one. Let us consider the various
possible symmetry elements in more detail:

11In the future this book [see reference (9) of the bibliography] will be referred to as Molecular
Spectra 1.
1



2 INTRODUCTION

(1) A plane of symmetry, usually designated by ¢. By carrying out the corre-
sponding symmetry operation (also called o), reflection at the plane, the molecule, if
it has a plane of symmetry, is transformed into one that is indistinguishable from
the original one since only equal atoms are exchanged. In bricf: by the reflection
the molecule 1s transformed into itself (or goes over into itself). In such a molecule
having a plane of symmetry all atoms except those on the plane occur in pairs—-to
every atom on one side of the plane there is an equal atom at the other side in a
corresponding position. As an example consider the (non-linear) molecule XY»in
which the two X—Y distances are equal (Fig. 1a). The plane perpendicular to the
plane of the molecule and bisecting the angle YXY is a plane of symmetry; but also
the plane YXY is a plane of symmetry. The molecule H,0 is an example (see
p- 280). A molecuie XY; may have three planes of symmetry perpendicular to the
plane formed by Y; (see Fig. 1b) and if it is a plane molccule the plane of the mole-
cule is also a plane of symmetry. The BF; molecule is such a case (see p. 298).

(2) A center of symmetry, usually designated by 7. By carrying out the corre-
sponding symmetry operation (also called %), reflection at the center (inversion), a
molecule having such a center is transformed into itself. In other words, if a line
is drawn from one atom through the center and continued it will meet an equal atom
at the same distance from the center but on the opposite side (if z, y, and z are the
coordinates of the one atom with respect to the center as origin, —x, —y, —z are
the coordinates of the otber equal atom). Examples are the molecules X,Yy, Xo Y272,
XY,Z, if they have the structures indicated in Fig. 1c, d, and e. A molecule can
have only one center of symmetry. There may or may not be an atom at the center
of symmetry (see the examples XYsZ, and X2Y2Z,). All other atoms oceur in pairs.

(3) A p-fold axis of symmetry, usually designated by Cp, where p =1, 2, 3, ---
(C stands for cyclic). By carrying out the corresponding symmetry operation,
rotation by an angle 360°/p about the axts, a configuration indistinguishable from the
original one is obtained. The same applies, of course, if this operation is carried
out twice, three times, and so on in succession—that is, if the system is rotated by
n(360/p) degrees wheren = 1,2, 3, --- p — 1. These operations are called Cp, (C5)?,
(Cp)3, - - -, respectively. If n = p the original configuration is obtained. Therefore
it follows that to every atom not on the axis there are p — 1 other equal atoms at
the same distance from the axis, in the same plane and equally spaced about the
axis. A one-fold aris, of course, means no symmetry at all. If a two-fold axis, C,
is present, a rotation of 180° about the axis will transform the molecule into itself.
In the molecule XY; (Fig. 1a) the line bisecting the YXY angle is a two-fold axis. In
the molecule X,Y, (Ifig. 1¢) there are three mutually perpendicular two-fold axes.
In the molecule XYj, if it is plane (Fig. 1b), there are three two-fold axes going
through each one of the lines XY. The molecules X;Y2Z, (Iig. 1d) and XY.Z,
(Fig. 1e) each have a two-fold axis perpendicular to the plane of the molecule and
XY:Z; has in addition two two-fold axes in the plane. In the case of a three-fold
azis, C3, a rotation by 120° transforms the molecule into itself. There must be at least
one set of three equivalent atoms. An example is the molecule XY; (Iig. 1b), even
if X is not in the plane Ys. NHj;represents such a case (see p. 294). The three-fold
axis is of course perpendicular to the plane formed by the three Y atoms and goes
through X. A molecule X;Ys is a further example (see Fig. 1f) if the six Y atoms
are arranged in two groups that are symmetrical about the X—X axis (ethane, C,11g,
see p. 342). Examples of molecules with four-, five-, and siz-fold axes of symmetry



INTRODUCTION 3

are given in Fig. 1g, h, i. The axes are perpendicular to the plane of the paper.
A rotation by 90°, 72°, and 60°, respectively, transforms the configurations shown
into themselves. The Cglls molecule (see p. 363) represents an actual case of &

[

— s

0)

Tra. 1. Illustrations of symmetry elements in polyatomic molecules.—Planes of symmetry
we indieated by broken hines (long dashes), axes of symmetry by dot-dash lines.

molecule having the structure shown in Tig. 1i. In principle, any higher-fold axis
is possible; but in practice such axes are not of great importance except for the o« -fold
ares (Cy), also called infinite axes of symmetry. In a molecule with an o -fold axis
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a rotation of 360°/«, that is, of an infinitely small angle, and therefore also of any
angle, will transferm the molecular configuration into an indistinguishable one. Such
molecules are the lincar molecules in which all atoms lie on one straight line, namely
the o-fold axis. Fig. 1k gives an example. HCN is an actual case (see p. 279).
All diatomic molecules have such an o« -fold axis.

(4) A p-fold rotation-reflection axis, usually designated by S,. In a molecule
having such an axis a rotation by 360°/p about the axis followed by a reflection at a
plane perpendicular to the axis will transform the molecule into itself. TFor example,
the molecule X,Y2Z, (Fig. 1d) has a two-fold rotation-reflection axis (S2) in the line
X—X and another one perpendicular to this line in the plane of the molecule. While
a rotation by 180° about one of these axes does not transform the molecule into
itself, a rotation followed by reflection at a plane perpendicular to the axis does. It
is seen, however, that a two-fold rotation-reflection axis is always identical with a
center of symmetry (S; = %) since the same pairs of atoms are exchanged in the two
operations. Any molecule that has a p-fold axis (C'p) as well as a plane of symmetry
o perpendicular to this axis has of course also a p-fold rotation-reflection axis S,.
But only when p is odd does the existence of S, necessarily imply the existence of
Cp as well as o4. For example, the plane molecule X Y5 in Fig. 1b has the symmetry
element S; as well as C3 and ¢;.  Similarly the plane molecules XYy, X5Y10, and XeYs
in Fig. 1g, h, and i have the symmetry elements Sy, C4, o4; Ss, C5, o4, and Ss, Cs, o, Te-
spectively. But if in XY4 and XY the Y atoms are alternately above and below
the plane of the paper they would still have a four- and six-fold rotation-reflection
axis, Ss and Ss, respectively, but no longer Cs, Cs and g, since neither rotation by
360°/4 = 90° and 360°/6 = 60° respectively nor reflection in the plane of the paper
transforms the molecules into themselves.

(5) The identity, here designated by I.2 This is a trivial symmetry element which
all molecules have no matter how unsymmetrical they are. The corresponding
symmetry operation is to leave the molecule unchanged. Naturally, then, the “new”
configuration cannot be distinguished from the original one. The reason for the
introduction of this symmetry element is a mathematical one. If it is included one
can say quite generally that if two symmetry operations are carried out in succession
the result is the same as that of one other possible symmetry operation of the mole-
cule. For example, if in the molecule XY of Fig. 1b we label the Y atoms by Y.,
Y@y, and Y, and carry out first a reflection at the plane o and subsequently
a clockwise rotation about C3 the same result is obtained as if we had carried out
only a reflection at o). If we carry out two reflections at o) in succession we obtain
the original configuration: that is, two reflections at the same plane are equivalent
to the identity I. Similarly two successive clockwise rotations about C; are equiva-
lent to one counter-clockwise rotation, while three successive rotations are equivalent
to the identity. These examples may also be written in the form of equations:

o XCs =00, (ow)l=1  (Cf=(C)™, (C3)*=1.
Mathematically a number of elements (of any kind) such that the product of any
two is again one of them is called a group.

All the above symmetry operations leave at least one point unchanged. In erystals, the opera-
tions of translation and screw motion, which leave no pomnt unchanged, have also to be considered.

2 In the literature it is usually designated by E. However, since E is used to indicate a degenerate
species (see p. 108) and since both the symbols for identity and for a degenerate species frequently
oceur in one and the same table (see p. 1101.), we prefer to use I for identity.
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Point groups. In general a molecule has several of the above symmetry elements
(see the examples of Fig. 1). By combining more and more symmetry elements
systems of higher and higher symmetry are obtained. However not all combinations
of symmetry clements are possible, but only certain ones; for example, a molecule
cannot have a three-fold axis and a four-fold axis in the same direction. On the
other hand, the presence of certain symmetry elements frequently implies the
presence of certain others; if a molecule has two planes of symmetry at right angles
to each other (XYq, Fig. 1a) it has necessarily a two-fold axis, the line of intersection
of the two planes. If a molecule has a two-fold axis (C2) and a plane of symmetry
perpendicular to this axis, it necessarily has a center of symmetry also (see the mole-
cule X;Y2Zq in Fig. 1d). The reason is that the rotation by 180° about say the
z-axis (C2) changes z into —z and y into —y, and the subsequent reflection changes 2
into —z so that as a result z, y, and 2z have been changed into —2, —y, —2z, which
is the inversion.

A possible combination of symmetry operations that leaves at least one point un-
changed is called a point group. It is characterized by the above mentioned property
that the “product” of any two symmetry operations is equivalent to one that be-
longs also to the same combination: that is, a point group is a group in the mathe-
matical sense. Mathematical group theory shows that only a lmited number of such
point groups exist. Any molecule must belong to one of these point groups. In the
following paragraphs we shall discuss briefly most of the possible point groups. The
nomenclature used for the point groups in the theory of molecular structure is the
same as that introduced by Schoenflies in the theory of erystal structure.

The point groups C,. If a molecule has only a p-fold azis of symmetry Cp and
no other element of symmetry, apart from the identity, it is said to belong to the
point group C, (the same symbol, but in heavy type, being used as for the symmetry
element, p-fold axis). C; is a point group without symmetry. . The only *‘sym-
metry ”’ element is the identity 7. A molecule with four different atoms not lying
in one plane would be an example of C;. A probable example of a molecule of point
group Cy, that is, one with a two-fold axis only, is H2Oz (see p. 301), if one assumes
the non-planar structure indicated in Fig. 2a. Another example of C; is HoC=CCl,
in a twisted configuration as in Fig. 2b (but not in the plane configuration, where it
has higher symmetry; see below). Similarly, twisted H3C—CCl; is an example of
C; (see Fig. 2¢).

The point groups Sp. If a molecule has only a p-fold rotation-reflection axzis it
belongs to the point group S,. Point groups S, are defined only for even p, however,
since for odd p the clement 8, is equivalent to Cp plus a plane of symmetry per-
pendicular to the axis (see above), for which combination another symbol is used.

The symmetry element S; is equivalent to ¢ (see above) and therefore the point
group S; is sometimes also called C;. The trans form of CIBrHC—CHBrClI is an
example of Sz (sce Fig. 2d). The symmetry element Sy always implies a C2. A
molecule (XY)s would be an example of the point group Sy if it had the non-planar
form indicated in Fig. 2¢. The element Sg always implies Cs as well as¢. A puckered
benzene ring with hydrogens in a partly rotated hexagon as in Fig. 2f would be an
example of point group Se.

The point groups Cpy. If & molecule has a p-fold axis C,, and p planes of symmetry
o, through the axis it belongs to the point group Cp,. In considering the symmetry
of a molecule it is always assumed that an axis of symmetry (if only one is present)
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is set up vertically. In the present case therefore the planes through the axis are
“vertical” planes. That is why they are called o,. It can easily be seen that a
system with a p-fold axis cannot have just one “vertical” plane of symmetry if
p > 1. The p planes are symmetrically arranged at angles 360°/2p. The point
group Ci, is usually written C, and has one plane of symmetry as the only element
of symmetry (apart from I). An example is the non-linear molecule NOClL. There
arc many molccules belonging to Cy,, that is, having a two-fold axis and two planes
going through that axis and at right angles to each other; some examples are H,O
(see Fig. 1a), H,CO, NO2, and CHCl; (see Fig. 2g). As mentioned above two planes
of symmetry at right angles to each other necessarily imply that the line of inter-
section is a two-fold axis. There are also many of the simpler polyatomic molecules
belonging to point group C3,. Molecules like NH;, CH;3Cl (see Fig. 2h), and others
have a three-fold axis and three planes of syminetry through it at mutual angles
of 120°. A plane molecule XY3 (see Fig. 1b) would not, however, be an example of
this group, since it has higher symmetry (see below). An example of Cs, would be
PtCIy if it were a square pyramid with the Pt nuclecus at the apex. An example of
the point group Cs, would be the molecule XYy if its structure were as shown in
Fig. 1h except that the Y atoms were in a plane different from but parallel to the
plane of the X atoms. Similarly, an example of the point group Cg, is a benzene
molecule (Fig. 1i) in which the planes of the II and C atoms are shifted parallel to
each other. The point group Cuw» has an o-fold axis and an infinite number of
planes through the axis. This is the case for a linear molecule such as HCN (see
Fig. 1h) and also for all heteronuclear diatomic molecules.

The point groups Dy, (dihedral groups). If a molecule has a p-fold axis Cp, and p
two-fold axes Ca perpendicular to the C, at equal angles to one another? it belongs
to the point group D,. Dj is of course identical with Ce. It is not considered as
belonging to the groups D,. D, is frequently called V (from the German ¢ Vierer-
gruppe’”). It has three two-fold axes mutually perpendicular to one another (and
no other symmetry clements). An example would be CHy if the two CH; groups
were rotated with respect to each other by an angle which is not 90° (Fig. 2i). In
the point group D; we have one three-fold axis and three two-fold axes perpendicular
toit. An example would be C2Hg in which the two CHj; groups were rotated against
each other, as in Fig. 2j, by an angle which is not 60° or 120° (otherwise the symmetry
would be higher; see below).

Examples of the point groups Dy, Dj, and Dg would be the molecules cyclobutane (C4Hs), cyelo-
pentane (CsHig), and cyclohexane (CgHyg) if the C nuclei were at the corners of a square, a regular
plane pentagon, and a regular plane hexagon respectively, and if the CHz planes were to go through
the center of the polygons and were all to subtend the same angle (different from 0° and 90°) with
the plane of the polygon.

The point groups Cpi. If a molecule has a p-fold axis (Cp) and a (horizontal)
plane oy perpendicular to i, it belongs to the point group Cpr. Cis is obviously
identical with C, (see above); that is, there is only one plane of symmetry. In the
point group Cax we have a two-fold axis and a plane of symmetry perpendicular to it.
Examples are plane trans C.H.Cls (see Fig. 1d) and plane trans CgHaClyBra (see
Fig. 2k). The two-fold axes are here perpendicular to the plane of the molecule.
The presence of Cy and o5 implies a center of symmetry (see p. 5), as is verified by

2 A molecule that has one C; perpendicylar to a Cp necossarily has p — 1 other Cy's.
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the two examples given. An example of point group Cs, is probably the guanidinium
ion C*(NH,)s (Fig. 21). An example of point group Csx would be tetrachlorocyclo-
butane (C4HCly), if all atoms were symmetrically arranged in one plane in squares.
For C, Cen, + -+ a8 for Cy, there is a center of symmetry <.

The point groups Dpg. If a molecule has a p-fold axis and p two-fold axes perpen-
dicular to the Cy, as in the point groups D, and in addition p (vertical) planes of
symmetry og bisecting the angles between two successive two-fold axes and going
through the p-fold axis, it belongs to the point group D,q (d stands for diagonal),
D14 does not exist since there would be no angle to bisect. D4 is usually called Vj.
This point group has three mutually perpendicular two-fold axes, as has the point
group V= D,. In addition there are two planes of symmetry bisecting the angles
between two of the C2’s. As a consequence the third C; is at the same time a four-
fold rotation-reflection axis (S;). Anexample is the allene molecule (H,C—=C=CH,),
in which the planes of the two CH, groups are at right angles to each other (Fig. 2m).
The perpendicular (but unstable) form of C:H, is also an example. It is easily seen
that these two molecules have all the symmetry elements mentioned. For the point
group Ds; we have one three-fold axis (Cs), three two-fold axes perpendicular to it,
and three bisecting planes going through Cs. As a consequence there is a six-fold
rotation-reflection axis (Ss) coinciding with the Cs and also a center of symmetry (z).
An example is the so-called staggered form of ethane, C,Hs (Fig. 2n), in which the
two CHj groups are rotated with respect to each other by 60°.

Examples of D4, Dsg, + + would be molecules X,Y3, X2Y10, * -, if these consisted of two sym-
metrical groups rotated by 45°, 36°, + .-, respectively against each other. The sulfur molecule S; is
probably an actual case of a molecule of point group Di. On account of the presence of a 2p-fold
rotation-reflection axis some authors use the designation S:py in place of Dpg.

The point groups D,i. If a molecule has a p-fold axis of symmetry (C,) and p
(vertical) planes of symmetry (o,) through it at angles 360°/2p to one another, as in the
point group Cy,, and in addition has a (horizontal) plane of symmetry (o) perpendicu-~
lar to Cy, it belongs to the point group D, As a consequence of the presence of
these symmetry elements the molecule also has necessarily p two-fold axes (Cs): the
lines of intersection of the ¢,’s and o (see p. 5). For even p a center of symmetry
(7) and a p-fold rotation-reflection axis also follow. Dy is identical with Cy, and is
therefore not considered as belonging to the groups D,i. The point group Ds is
usually called V4. It has three mutually perpendicular two-fold axes, three mutually
perpendicular planes of symmetry each going through two of the axes, and as a
consequence a center of symmetry. Each of the Cy’s is also an S;.  An example is
ordinary plane ethylene, C,H; (see Fig. 1¢). The molecule Oy, if it forms (as is
probable) a rectangle, also belongs to this point group. The point group Dj; has a
three-fold axis, three C»’s at right angles to the former and three planes (o) through
it and each Cq, as well as one plane (g;) perpendicular to Cs, but no center of sym-
metry. Examples are all plane and symmetrical molecules XY; (see Fig. 1b), such
a8 BF; (see p. 298). Other examples are the so-called opposed (eclipsed) form of
C,H, (Fig. 20), 1,3,5-trichlorobenzene, C¢H3sCls (Fig. 2p), and similar molecules.
The point group Dy (with one Cj, four C3, o5 and four g,) again has a center of sym-
metry and as a consequence a four-fold rotation-reflection axis. Any plane sym-
metric molecule XY, would be an example (see Fig. 1g). An example of Ds, would
be cyclopentane, if the C atoms were to form a regular pentagon and if the CHs
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planes were symmetrically arranged at right angles to the plane of the pentagon. The
X;Y 10 molecule in Fig. 1h is another example. The most important example of point
group De; is the benzene molecule, C¢He (see Fig. 1i). The reader should verify that
it has all the symmetry elements given above. The point group Dy has an o -fold
axis (Cy), an infinite number of Cy’s perpendicular to the Cy, an infinite number of
planes through the C., and a plane of symmetry perpendicular to the Cs, which
implies a center of symmetry (z). This is the case for symmetrical linear polyatomic
molecules such as CO; (see p. 272), C;H; (see p. 288), and all homonuclear diatomic
molecules.

All the point groups discussed so far have not more than one (if any) three-fold
or higher-fold axis. They are also called azial point groups. The following point
groups of higher symmetry have more than one three-fold or four-fold axis. They
are also called cubic point groups since they form the basis of the cubic crystal system.

The point group T (tetrahedral group). If a molecule has three mutually perpen-
dicular two-fold axes (as has the point group Dy = V), and in addition four three-fold
azes it belongs to the point group T. The two-fold axes bisect the angles between
the three-fold axes as in a regular tetrahedron. But the symmetry is less than that
of a tetrahedron. An example would be a molecule like neopentane, C(CHs)y, if the
four C atoms of the CHj groups occupied the corners of a regular tetrahedron whose
center is occupied by the fifth C atom, and if the equilateral triangles formed by the
three H atoms of each CH; groups were not in their most symmetrical positions
(see Fig. 3a).

The point group T4. If a molecule in addition to three mutually perpendicular
two-fold azes and four three-fold axes (point group T) has a plane of symmetry oq
through each pair of three-fold axes (that is, two mutually perpendicular planes through
each two-fold axis), in all, six planes of symmetry,* it belongs to the point group Tq.
The presence of these planes implies that the two-fold axes are at the same time four-
fold rotation-reflection axes. Since the regular tetrahedron has this symmetry, all
tetrahedral molecules are examples of this point group: CHy (see Fig. 3b), CCly, Py,
and others. The molecule neopentane C(CHj), is also an example if the CH; groups
in addition to being arranged on a regular tetrahedron have a symmetrical position
(that is, if the angle ¢ in Fig. 3a is 0° or 60°).

The point group Ty If a molecule, in addition to the symmetry properties of point group T,
has a center of symmetry it belongs to the point group Th. As a consequence there are also three planes
of symmetry through the three (mutually perpendicular) two-fold axes. No actual molecule, even
with appropriate distortions, has this point group. But if one could add four CH; groups to the

C(CHj3)4 of Fig. 3a in positions symmetrical to those already there, such that the central C atom
becomes a center of symmetry, one would have an example of the point group Tx.

The point group O (octahedral group). If a molecule has three mutually perpendicu-
lar four-fold axes and four three-fold axes which have the same orientation with respect
to one another as the two-fold and three-fold axes of point group T, it belongs to the
octahedral point group O. As a consequence of the axes given, the molecule has also
six two-fold axes (apart from the three two-fold axes that coincide with the four-fold
axes). The regular octahedron and the cube (see Fig. 3d and e) have just these axes
of symmetry. But they have in addition a number of planes of symmetry which a
molecule of point group O does not have. An example would be a molecule X(YZ)e

4 The presence of one such plane of symmetry has as a necessary consequence the presence of
the five others.
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() On

Fia. 3. Ilustrations of cubic point groups.—(a) and (c) are perpendicular, (b), (d) and (e)
are oblique projections. In (d) and (e) the points where the Cs and Cj respectively pierce the tri-
angular and square faces are marked by small triangles and squares.



INTRODUCTION 11
in which symmetrical YZ, groups were placed at the corners of a regular octahedron
in such a way that the squares formed by the four Z atoms of each group were not
in their most symmetrical position but were all rotated about the XY axis by the
same amount (see Fig. 3c¢).

The point group Oy. If a molecule has in addition to three mutually perpendicular
four-fold axes Cy and four three-fold azes Cs (point group O) a center of symmeiry (2)
it belongs to the point group Ox. As a consequence it also has six two-fold axes (apart
from the three two-fold axes that coincide with the four-fold axes) and nine planes
of symmetry. Also, the four-fold axes are at the same time four-fold rotation-
reflection axes. The regular octahedron and the cube have this symmetry, as the
reader can easily verify from Figs 3d. and e. The molecule SFg is very probably an
example of point group Oy, the F atoms being arranged at the corners of a regular
octahedron with the S atom in the center (see p. 336). The molecule Sg would be
another example if the atoms were at the corners of a cube, which, however, is

probably not the case.

The only point groups that have several higher than four-fold axes are the icosahedral groups

and I). The former has six five-fold, ten three-fold and fifteen two-fold axes while the latter in ad-
TABLE 1. SYMMETRY ELEMENTS AND EXAMPLES OF THE MORE IMPORTANT POINT GROUPS &
Point group Symmetry elements 8 Examples 7
C, No symmetry CHFCIBr, N;H,
C, One C; Non-planar H20: (Fig. 2a), [partly ro-
tated H,C=CCl, (Fig. 2b)],
HCIC=C=CHCIl
C; One C; [Partly rotated HsC—CCl; (Fig. 2¢)]
Ci(=Sy) i (=8Ss) Trans form of CIBrHC—CHBrCl
(Fig. 2d) *
Se One S, one C (coincident with Se), ¢ | [Puckered C¢He ring with partly rotated
Hs (Fig. 20)]
Cy(=C1=Cw) | One ¢ Non-linear NOC], plane N3:H
Cay One Cy, two op H,0, H,CO, CH:Cl: (Fig. 2g), plane
H,C=CCl,
Cav One Cj, three oy NH;, CH;Cl (Fig. 2h), symmetric
H;C—CCl;
Ca One (4, one C: (coincident with Cj), | Non-planar (PtCly)~
four o,
Cov One Cg, one ('3, one C3 (both coincident | [C¢Hs with Cs and Hs in different
with Cb), 8ix o planes]
Cov One C., any Cp, infinite number of ¢, | CN, HCN, COS, HC=CCl
D=V Three C2 (mutually perpendicular) [Partly rotated C:H, (Fig. 2i)]
D, One Cs, three C2 (L to C3) [Partly rotated C:He (Fig. 2)]
Can One Cz, one op, 1==8; Plane trans C.H;Cly (Fig. 1d), trans
ConClaBl’g (Fig. 2]()
Csh One Cj, one o, one S; (coincident C+(NH,)s (Fig. 21)
with Cj)

5 For other point groups sce the text.
6 The clement I (identity), which is contained in every point group, has been omitted. C, = p-
fold axis, S, = p-fold rotation-reflection axis, i = center of symmetry, oy = vertical plane (see p. 7),
on = horizontal plane, ¢4 = diagonal plane.
7 Examples that probably do not correspond to the actual structure of the ground state of the
particular molecules are put in square brackets.
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TABLE 1—Continued
Point group Symmetry elements & Examples 7
D=V, Three Cz (mutually 1), one S (coinci- | H.C=C==CH, (Fig. 2m) [perpendicular
dent with one C3), two oa (through 8;) | (non-planar) CoH,]

Dya(=Ss) One Cj, three Ca (L to Cj3), Se (coinci- | Staggered form of C;Hg (Fig. 2n),
dent with C3), %, three og C¢Hj2 (cyclohexane)

D3(=Ssy) One C4y, four C3 (L to Cy), Ss (coinci- | Puckered octagon form of Ss (sulfur)
dent with C,), C2 (coincident with Cy), e
four oq

Dap=Vx Three C2 (mutually 1), three ¢ (mu- | Plane C.H, (Fig. 1c), plane Oy plane
tually L), ¢ N0, (Fig. 1c)
D One Cj3, three Cz (L to Cj;), three oy, | BCl3 (Fig. 1b) eclipsed form of C;Hg
one op (Fig. 20), 1, 3, 5 C¢H;Cl; (Fig. 2p)
D One C4, four C2 (L to Cy), four oy, one | C4Hs (cyclobutane) [Plane (PtCly)~]
ox, one Ca, one Sy (both coincident
with Cy),
Dsp One Cs, five C; (L to Cs), five oy, one oj | [Plane symmetrical cyclopentane]
Daen One Cs, 8ix C2 (L to Cs), six oy, one o;, | Plano symmetrical C¢Hg, CsClg
one C3, C3, Sg (each coincident with
CG)! ":
Doa C., infinite number of C2 (L to Co) and | Oz, CO;, CoHz, C30:
of gy, one o, and Cp and S, (coincident
with Cy),
T Three C; (mutually 1), four C3 [Partly rotated C(CH3)4 (Fig. 3a)]
Ta Three Cz (mutually 1), four Cj, six o, | CHy (Fig. 3b), CCl;, Py, symmetrical
three S; (coincident with the C;'s) C(CHjs)4
O Three C¢ (mutually 1), four C3, ¢, three | SFq, (PtClg)™

S, and C3 (coincident with C}), six Cs,
nine o, four Sg (coincident with Cj3)

dition has a center of symmetry which causes numerous planes of symmetry and rotation-reflection
axes. The regular icosahedron and the regular pentagon dodecahedron belong to point group In. It
is not likely that molecules of such a symmetry will ever be found.

Although in principle molecules belonging to any one of the mathematically possible point groups
may occur, it may be noted that in crystals only point groups with one-, two-, three-, four-, and six-
fold symmetry axes are possible; hence crystals may have only 32 point groups, which give rise to
the 32 crystal classes.

In Table 1 the preceding discussion of point groups is summarized. Only those
point groups are included that are likely to be of importance in the study of molecular

structure.



CHAPTER I
ROTATION AND ROTATION SPECTRA

J As in the case of diatomic molecules, we may in a certain approximation resolve
the total energy of a polyatomic molecule into the sum of rotational, vibrational,
and electronic energy. However, for polyatomic molecules this approximation is
frequently much less accurate than for diatomic molecules, since it often happens
that vibrational frequencies are of the same order of magnitude as rotational fre-
quencies, and electronic frequencies of the same order as vibrational frequencies.
Consequently the mutual interactions of the three types of motion may be much
stronger than for diatomic molecules.' . - -

(_In this chapter)we(shall,consider the pure rotation of polyatomic molecules ne-
glecting the interaction with the vibration and with the electronic motion. In other
words, we consider the rotations of a non-vibrating molecule tn a fized (symmetrical)
electronic state.

The moment of inertia of a rigid body about an axis is defined by

I = Emipiz,

where p; is the perpendicular distance of the mass element m; from the axis. When
we determine for a given body this moment of inertia about various axes going through
one and the same point, usually the center of mass, we find according to a simple
theorem of mechanics that there are three mutually perpendicular directions for
which the moment of inertia is a maximum or a minimum. These directions are
called the principal azes and the corresponding moments of inertia the principal

moments of inertia. If 1/ VI is plotted along the respective axes an ellipsoid is ob-
tained which is called the momental ellipsoid. The axes of this ellipsoid are the princi-
pal axes. If the body (molecule) has symmetry the direction of one or more of the
principal axes going through the center of mass can easily be found since axes of
symmetry are always principal axes and since a plane of symmetry 18 always perpendicu-~
lar to a princtpal axis.

If for a molecule the three principal moments of inertia are different, it is called
(with respect to its rotations) an asymmetric top (or asymmetric rotator). If two of
the principal moments of inertia are equal it is called a symmetric top (symmetric
rotator). In this case the momental ellipsoid is a rotational ellipsoid. If all three
principal moments of inertia are equal it is called a spherical top: the momental
ellipsoid is a sphere. In addition we have the special case of a symmetric top in
which one of the principal moments of inertia is zero, or extremely small, while the
other two are equal. The momental ellipsoid is a circular cylinder. Such is the
cage for all linear polyatomic molecules./(In the following we consider separately the
four cases mentioned. )

Yot - Spe cEvaf 1. Linear Molecules
Linear molecules belong to the point groups Dws or Cw., depending on whether
or not they have a plane of symmetry perpendicular to the internuclear axis.
13
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Energy levels. If the angular momentum of the electrons about the internuclear
axis is zero, as is the case for the ground states of all known linear polyatomic mole-
cules, the problem can be treated as if the moment of inertia about the internuclear
axis were exactly equal to zero, that is, as if we had the simple rotator, rigid or non-
rigid. (See Molecular Spectra I, p. 122f.). “The energy levels are given by the same
formula as for diatomic molecules:

E,

’:;=F(J)=BJ(J+1)-DJ’(J+1)’+~- Iy
where E, is the rotational energy (in ergs), F(J) is the rotational term value (in em™!)
and J is the rotational quantum number. For the rotational constant B we have!

B h 27.994 X 1079
T 8wklp I

(L 2)

As for diatomic molecules\]I B is the moment of Tnertia about an axis perpendicular to
the internuclear axis and going through the center of mass. ~But while for diatomic
molecules we have the simple formula I'p = ur*> where u is the reduced mass, for
linear polyatomic molecules the general formula

Ig = Zmr? {1, 3)

has to be used, where 7; is the distance of the ith nucleus of mass m; from the center
of mass. For a symmetrical molecule Y—X—Y, for example, Ip is 2myry?.

Strictly speaking, in (I, 3) the summation should be over the electrons as well as
the nuclei. In view of the smallness of the electron mass this can be taken into
account by using for the m; the masses of the neutral atoms rather than the bare
nuclei. The error introduced in this way is much smaller than the present error in
the spectroscopic determinations of moments of inertia.

The term DJ?(J - 1)? in (I, 1), as for diatomic molecules, comes in because of
the non-rigidity of the molecule. This term is always exceedingly small compared to
the term BJ(J 4 1). It represents the influence of the centrifugal force which results
in a very slight increase in the internuclear distances when the molecule is rotating.
In diatomic molecules the constant D is related to B and the vibrational frequency
w (assuming the harmonic oscillator approximation) by the simple formula

4B?
D= 1,4
This formula applies also to linear symmetric XY; molecules when  is the frequency
of the one totally symmetric vibration (v, in Fig. 25 p. 66). For XYZ and X,Y,
molecules with two totally symmetric vibrations of frequencies w; and w;, the con-
stant D is given by
o1 3
D=4B‘(;’l-;+;:2) (I, 4a)
where 8, and §; are constants whose values for X,Y» have been given by Shaffer
and Nielsen (779), for XYZ by Nielsen (654a).2 In most cases of linear polyatomic

1 For the values of the fundamental constants used in this book see the appendix p. 538.
% The numbers in brackets refer to the bibliography p. 539-558.
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molecules thus far studied experimentally the term DJ?(J + 1) in (I, 1) has been
neglected. ¥ [See, however, Herzberg and Spinks (441) (442)7].

j Fig. 4 gives a diagram of the rotational energy levels of a linear polyatomic
molecule. The spacing of the levels is the larger the smaller the moment of inertia.
«/ As for diatomic molecules the quantum number J cor-

responds to the angular momentum of the molecule, which 5 - (a)
has the magnitude
GO D ems 5
2r 2w ’ 4 + (9

We shall write J for the angular momentum vector.

3 - (a
Symmetry properties. The rotational etgenfunctions ¥ @

of linear polyatomic molecules are (like those of diatomic 2 b 4 (3
molecules) the surface harmonics represented in Fig. 39 of ) ! ta))

Molecular Spectra I (p. 74). JSThe total eigenfunction in zero 0 + (8
approximation is a product of the electronic, vibrational, Fo. 4. Rotational en-
and rotational eigenfunctions: ergy levels of a linear
molecule.
¥ = Ybuir. I, 6)

As in the case of diatomic molecules™a rotational level of a linear polyatomic mole-
cule is called positive or negative depending on whether the total eigenfunction Y remains
unaltered or changes its sign by reflection of all the particles (electrons and nuclei) at
the origin (inversion). If the electronic and vibrational eigenfunctions Y. and ¥,
are unchanged by all symmetry operations of the molecule (which is the case for the
vibrationless ground states of all known linear molecules), the symmetry character
positive-negative depends on that of ¥, only and, @s for diatomic xi'lolecules,)the even
rotational levels are positive, the odd ones negative. This dependence is indicated
in Fig. 4. 7

“/ If the linear molecule has the point group Des, that is, if it has a center of sym-
metry (ss has C:Hp, for example) we have in addition to the symmetry property
positive-negative,the property symmelric or antisymmetric with respect to an exchange
of the identical nuclet. The total eigenfunction ¥ of the system (apart from the
nuclear spin function) remains unchanged or changes sign when all nuclei on one
side of the center are simultaneously exchanged with the corresponding ones on the
other side. e call the corresponding rotational levels symmetric or antisymmetric
in the nuclet (It will be shown below that, just as for homonuclear diatomic mole-
cules, either the positive rotational levels are symmetric and the negative anti-
symmetric or the negative levels are symmetric and the positive antisymmetric.
The former alternative applies to the vibrationless state of symmetric electronic
states (Z,* states). This is indicated in brackets in Fig. 4.

If any polyatomic molecule has identical nuclei the total eigenfunction (exclusive of nuclear spin)
of a (non-degenerate) rotational level must remain unchanged or can only change sign for an exchange
of two identical nuclei. In the case of symmetrical linear molecules of point group D.a (such as
C:H;), a simultaneous exchange of all nuclei on one side of the center with those on the. other side
can be brought about by reflection of all particles at the origin followed by a reflection at the origin
of the electrons only. The first operation leaves the total eigenfunction unchanged or only changes
its sign for the positive and negative rotational levels respectively, while the second operation leaves



16 ROTATION AND ROTATION SPECTRA L1

the total eigenfunction unchanged (or changes its sign) if the electronic eigenfunction remains un-
changed (or changes its sign). Thus in the vibrationless ground state (assuming it to be a Z,* elec-
tronic state) the even rotational levels are symmetric and the odd ones antisymmetric with respect
to a simultaneous exchange of all nuclei on one side with those on the other.

In a linear molecule that has two identical nuclei but does not belong to point group Do, such
as X—Y—Y (for which N;O is an actual example, see p. 277) or unsymmetrical Y—X Y, an
inversion at the center of mass does not exchange the identical nuclei and therefore one does not
obtain the simple result that alternate rotational levels are symmetric and antisymmetric in the
nuclei. Rather, each (rotational) level of such a molecule is doubly degenerate since there are twa
equivalent configurations X—YW—Y® and X—Y®—Y® or YD-X- Y® and YO—X—1Y
respectively which are separated by a potential hill and which cannot be transformed into each other
by a simple rotation of the whole molecule (see also Chapter II, section 5d). One of the eigen-
functions belonging to this degenerate level is symmetric, the other antisymmetric in the nuclei. If,
on account of passage through the potential barrier, a splitting of the degeneracy occurs, then we
obtain one symmetric and one antisymmetric level for each originally degenerate level.

Statistical weights and influence of nuclear spin and statistics. For a linear
molecule of point group Cy, (no center of symmetry, for example HCN) the sta-
tistical weight of a rotational level in a totally symmetric electronic state (1Zt) is
given by the number of possible orientations of Jin a magnetic field, that is by 2J + 1.

Strictly speaking 2J + 1 has to be multiplied by the total number of possible orientations of the
nuclear spins Iy, Is, + + * in the magnetic field, that is by (2I1 + 1)(2Iz2 + 1) ---. But since this factor
is the same for all levels of a molecule of point group Cey, it can usually be omitted.

If the molecule belongs to point group D, that is, if it has a center of symmetry,
alternate rotational levels have different statistical weights, as in the case of homonuclear
diatomic molecules. If the spins of all the nuclei are zero, with the possible exception
of the one at the center of symmetry, the antisymmetric rotational levels are missing
entirely, that is, for 2,1 electronic states the odd rotational levels are absent3 Such
is the case for CO; and C30; since they are linear and symmetrical (point group De3).
If one or more pairs of nuclei outside the center.have a nuclear spin I 0 all rota-
tional levels are present but the even and odd levels have different statistical weights.
If only one pair of identical nuclei has I 3 0 (which is the only case thus far studied
experimentally), it is easily seen from the same reasons as for diatomic molecules
(Molecular Spectra I, p. 141f.) that the ratio of the statistical weights of the symmetric
and antisymmetric rotational levels vs (I 4+ 1)/I or I/(I + 1), depending on whether
the nuclet follow Bose or Fermi statistics. One may also say that the statistical weights
vary in the same way as in a diatomic molecule containing the same two nuclei with
I 0. Thus for ordinary acetylene (C;H,), which is linear and symmetrical (see
p. 288) since I(C) = 0, I(H) = }, the antisymmetric (odd) rotational levels have
three times the statistical weight of the symmetric (even) levels, just as for Ha (see
Molecular Spectra I, p. 141). For C;D, and similarly for C;N, the symmetric (even)
rotational levels have twice the weight of the antisymmetric (odd) levels, just as
for D; and Nj.

To the same extremely good approximation as for diatomic molecules inter-
combinations between the symmetric and antisymmetric rotational levels are pro-
hibited for any type of radiation and even for collisions, that is ¢

symmetric <~ antisymmetric a4,

1 This statement holds if we assume Bose statistics for the nuclei of spin sero. No nuelei of spin
sero that follow Fermi statistics are known.
4 Here and later <+ stands for ** does not combine with,”” while «» will be used for * combines with.”
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Thus we have ortho and para modifications also for linear symmetric polyatomic
molecules (point group Des).

Naturally, if in a linear molecule of point group D one atom is replaced by an
isotopic atom, the distinction between symmetric and antisymmetric rotational levels
no longer exists and therefore there is in this case no difference in the statistical
weights of the even and odd rotational levels; there are no ortho and para modifica-
tions. For example, O*—C—O!® has no missing rotational levels, H—C=C—D
has no alternation of the weights of successive rotational levels.

Furthermore, in a molecule such as X—Y—Y (for example N,O; see p. 277),
which has two identical nuclei but not the symmetry Dz, no difference in the sta-
tistical weights of the even and odd levels occurs, except of course for the difference
in2J + 1.

This conclusion follows immediately from what has been said above (p. 16) about such mole-
cules. It should be noted that in this case the absolute statistical weight is not twice (2J + 1)
X (2Ix + 1)(2Iy + 1)? as might at first appear from the double degeneracy of the rotational levels
(Ix = nuclear spin of atom X, I'y = nuclear spin of Y). In the case Iy = 0 only the symmetric
component of each degenerate level appears and its absolute weight is (2J 4+ 1)(2Ix + 1). In the
case Iy # O the resultant spin due to Iy is 2Iy, or 2Iy — 1, or 2y — 2, --+, of which the first,
third, -+« values belong to the symmetric (or antisymmetric), the second, fourth, « -+ to the antisym-
metric (or symmetric) levels (see Molecular Spectra I, p. 146). This introduces the additional weight
factors [2(2Iy) + 1]+ [2(2Iy —2) +1] + -+ and [2(2Iy — 1) + 1]+ [2QQfy —3) +1] + -~
respectively for the symmetric and antisymmetric levels (or the antisymmetric and symmetric ones).
The sum of these additional weight factors for a pair of levels of given J is easily seen to be (2Iy + 1)
Thus the total statistical weight is (2J + 1)(2Ix + 1)(2Iy + 1)?, which includes the case Iy = 0.
1t is the same as would be obtained without considering the identity of the two Y nuclei. The reader
may specialize the above proof for N2O where Ix =0, Iy = 1.

In the case of symmetric linear molecules (point group D) with several pairs of
identical nuclet with I #% 0 the statistical weight factors of the symmetric and anti-
symmetric rotational levels can be 6btained by an extension of the method used for
diatomic molecules as was first done by Placzek and Teller (701).

Assuming the molecule to be brought into a magnetic field that is strong enough to uncouple all
nuclear spins from one another it is clear that in a molecule W(XYZ- :+); of point group Dy, the
number of spin configurations of the nuclei on one side of the center (W) is (2Ix + 1)(2Iv + 1)
X (2Iz + 1)+ ¢+ and therefore the total number of spin configurations is the square of this quantity
(disregarding the contribution of the central atom W if such is present). There are (2Ix + 1)
X (2Iy + 1)(2Iz + 1)- -+ configurations for which reflection at the center will leave the configura~
tion unchanged. These correspond to spin functions that are symmetric with respect to a simul-
taneous exchange of all pairs of identical nuclei. All the other spin configurations occur in pairs
(such as —1, +4%, 0, +1, +4%, +1 and +1, +4§, +1, 0, +4, —1) which correspond each to a sym-
metric and an antisymmetric spin function. Therefore there are

$[@Ix + D¥2Iy + 1)¥2I7 + 1) +-- — 2Ix + D)2y + 1)(2Iz + 1) +++] 8
antisymmetric spin functions and
$[@Ix + @Iy + 1)*@Iz +1)? .-+ + @Ix + D(2Iy + 1)(2Iz + 1) ---] 1,9)

symfnetric spin functions. The total eigenfunction inclusive of nuclear spin can only be symmetric
with respect to a simultaneous exchange of all pairs of identical nuclei for all rotational levels or only
antisymmetric and therefore the ratio of (I, 9) to (I, 8) gives the ratio of the statistioal weights of
the symmetric to the antisymmetric levels or conversely. Which case appliea depends on whether
the “resultant” statistics of the group of nuclei XYZ -« 15 Bose or Fermi. The “resultant" statistios
is Bose statistics if there is an even number of nuclei following Fermi statistics in the group, it is
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Fermi statistice if there is an odd number of nuclei following Fermi statistics.® The resultant sta-
tistics has to be used since a reflection at the origin exchanges all pairs of identical nuclei simultanecousty.

As a result, in the case of vibrationless 2, electronic states the even rotational levels
have the weight factor (I, 9), the odd have the weight factor (I, 8) for a resultant Bose
statistics while the converse 18 true for a resultant Fermi statistics.

It is easily seen that this more elaborate rule gives the same results derived pre-
viously in a more elementary way for COz, C2Hz, C2D;, CoN;.  As an illustration of
the above considerations and for future use, Table 2 gives the statisticateweight

TABLE 2. STATISTICAL WEIGHT FACTORS OF SYMMETRIC AND ANTISYMMETRIC (EVEN AND oDD)
ROTATIONAL LEVELS OF SOME LINEAR MOLECULES.S

Statistical weight factors
Molecule Reslfltt.mt,
statistics Symmetric Antisymmetrioc
(even) levels (odd) levels

C1Q,18, C130,'8, C120,8 Bose 1 0te
C.2H ! Fermi 1 3
Cy3Dy2 Bose 6
C*Hqt Bose 10 6
CoB¥Dg Fermi 15 21
Cy2Njt Bose 6 3
anNzls Fermi 1 3
C;120,18, C3120,18 Bose 1 0
C1C,130,18, C3130,18 Fermi 1 36a
CBH ! Fermi 1 3
C8H,t Fermi 28 36
C2D2 Bose 6 3
C,12C,13H ' Bose 10 6
C#iDg Bose 78 66
CR2(N“H!), Fermi 15 21
CB(NUD?), Bose 45 36
CB(N1sH!), Bose 10 6

factors for a number of polyatomic molecules that are known to be linear or are
probably linear, as well as for some of their isotopes. These factors give at the
same time the equilibrium ratios of the ortho and para modifications of these molecules
(the ortho modification corresponding to the larger weight factor). It may be noted
that on account of the different resultant statistics, for C2¥Ha! unlike ordinary C,2H,!
the even levels would have the greater statistical weight (ortho modification).

Thermal distribution of rotational levels. The population N; of the various
rotational levels is given by the general formula

NJ ~ yje-(F(J)hclkT), (I, 10)

5 This may easily be verified if it is remembered that an exchange of two nuclei following Fermi
statistics changes the sign of the total eigenfunction whereas an exchange of two nuclei following
Bose statistics does not.

¢ The following values for the nuclear spins have been assumed: I(C¥#) = 4, I(N!¥) = 4, I(08) =0,
INY =1, I(C®) =0, I(H) = 4, I(D) = 1.

6a If C;‘; instead of C! is at the center the statistical weights have to be multiplied by 2 [assuming
I(C®) = 3],
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where gs is the statistical weight, & the Boltzmann constant and T the absolute
temperature. For non-symmetrical linear molecules g5 = 2J + 1 (see above),
whereas for symmetrical linear molecules the alternation of the statistical weights
has to be taken into account. A graphical representation of the distribution func-
tion (I, 10) which is the same as for diatomic molecules may be found in Molecular
Spectra I, p. 132.

Infrared rotation spectrum. The selection rules for transitions from one rota-
tional level to another due to dipole radiation (without change of electronic or vibra-
tional energy: pure rotation spectrum) gre exactly the same as for diatomic molecules?
A transition can only take place if the molecule has a permanent dipole moment—gthat
is, if it has the symmetry Cu, and not Dep. Furthermoreﬁe have the rule that
positive levels combine only with negative ones, that is

o - o4, e {,11)
and the rule
AJ = £+ 1. (I, 12)

That molecules of symmetry Des which have no dipole moment do not exhibit a
(dipole) rotation spectrum in the infrared?{nay also be considered as due to the fact
that the rules + <> — and symmetric «» antisymmetric cannot be fulfilled at the
same time (see Fig. 4).
The formula for the rotation spectrum is obtained by substituting J’ = J” + 1
= J 4 1into
v=F{J') — F(J"), (I, 13)

taking F(J) from (I, 1). Here as usual J’ is the J value of the upper state, J"' = J
that of the lower. One obtains as for diatomic molecules

«

v=2B(J +1) — 4D(J + 1)’ I, 14)

Since D <K B, this formula represents a series of very nearly equidistant lines. The
transitions are indicated in Fig. 4.

TABLE 3. PREDICTED WAVE NUMBERS AND WAVE LENGTHS OF THE
INFRARED ROTATION SPECTRUM OF HCN.

J v (em™) A (W)

0 2.96 3381

1 5.92 1690

2 8.87 1127

3 11.83 845
20 61.98 161.3
21 64.92 154.0
22 67.85 147.4
237 70.79 141.3

Up to the present time no infrared rotation spectrum pf a linear molecule has
been observed, since all of them lie very far in the infrared.”; For HCN, for example,

7 Last J value observed in the rotation-vibration spectrum.
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which has the smallest moment of inertia of all known linear polyatomic molecules,
one predicts [with B = 1.4789, D = 3.63:10~% cm™ as obtained by Herzberg and
Spinks (442) from the rotation-vibration spectrum] the wave numbers and wave
lengths given in Table 3.

"/Rotational Raman spectrum. \As has been shown in Molecular Spectra I, p. 93;
the occurrence of a Raman spectrum depends on whether the polarizability in a fized
direction changes during the motion. For a linear molecule the polarizability in the
direction of the internuclear axis is always different from that in a direction per-
pendicular to it (that is, the polarizability ellipsoid is not a sphere) and therefore
the polarizability in a fixed direction changes during a rotation of the molecule about
an axis perpendicular to the internuclear axis. Thus a linear polyatomic molecule
of point group Cyy or Dy always has a rotational Raman spectrum,

Assuming a 2% electronic ground state (which applies to all actual cases) the .
selection rules for Raman transitions are(just as for diatomic molecules with A = 0

AJ =0, 2 I, 15)
and

+ < 4, — > —, + e -, (1716)

For molecules of symmetry D the additional rule symmeiric <> antisymmetric here,

other than in the case of the infrared spectrum, does not contradict the positive-

negative rule (I, 16) so that these molecules, too, exhibit a rotational Raman spectrum)
Substituting J' = J”’ + 2 = J + 2 and (I, 1) into
|Av| = F(J") — F(J"),

we obtain for the wave-number shifts

|A¥] = (4B — 6D)(J + 3) — 8D(J + $)?, {1, 17)
or, since always D < B, in very good approximation,
|Av| = 4B(J + 3). (I, 18)

As for diatomic molecules, we have a series of equidistant lines (called S branch since
AJ = + 2) on either side of the exciting line. From the separations of successive
lines (4B) the rotational constant B and thus the moment of inertia of the molecule
may be evaluated. It should be noted that, according to (I, 18), the separation of
the first Raman line from the exciting line is 4 times the separation of successive
Raman lines. .

For molecules of symmetry D, corresponding to the alternation of statistical
weights for the odd and even rotational levels (see p. 171.), an alternation of intensities
is to be expected. If in such a case the spins of all nuclei with the possible exception
of that at the center are zero, alternate lines will be missing. (For a schematic
regresentation see Molecular Spectra I, Fig. 44, p. 95, and Fig. 60, p. 140),

Up to the present time the rotational Raman spectra of only two linear poly-
atomic molecules, CO; and C,H;, have been resolved.Y The Raman shifts observed
for CO3 by Houston and Lewis (458) (mean values of Stokes and anti-Stokes lines)
are given in Table 4. Since the distance of the first line from the exciting line is not
% but 1 of the separation of successive lines (see Molecular Spectra I, p. 140), the
observed shifts can be represented by (I, 18) only if it is assumed that the lines with
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odd J are missing.? This is exactly what is to be expected if CO; is linear and sym-
metrical (point group Dws). Conversely we may conclude from the observed rota-
tional Raman spectrum that the COz molecule is linear and symmetrical, a conclusion
that is corroborated by a great deal of other evidence (see p. 272 and p. 384). The
value of the rotational constant B in (I, 18) that best represents all the observed
shifts (that is, essentially } of the average separation of successive lines) is found to
be B = 0.393; cm™. The values of the Raman shifts calculated with this B value
are given in the last column of Table 4. It is seen that the agreement is within the

TABLE 4. ROTATIONAL RAMAN SHIFTS FOR CO2 AFTER HOUSTON AND LEwIS (458).

_ i
; Observed shift (in em™), Caleulated shift, with
mean of Stokes and _ i
anti-Stokes lines B = 0.3937 cm
0 2.36
2 5.51
4 8.93 8.66
6 11.63 11.81
8 14.84 14.96
10 18.14 18.11
12 21.53 21.26
14 24.60 24.41
16 27.58 27.56
18 30.70 30.71
20 33.60 33.86
22 37.03 37.01
24 40.22 40.16
26 43.39 43.31
28 46.49 48.46
30 49.67 49.61
32 52.96 52.76
34 55.54 55.91

error of measurement. From the rotational constant B, according to (I, 2), one
obtains for the moment of inertia I(CO;) = 71.1 X 107* gm cm? Since here
I = 2mgrl, it follows that the C—O distance in COzis rco = 1.157 X 10—8 cm (see,
however, p. 398 for a more accurate value).

For C;H; Lewis and Houston (576) have found a similar rotational Raman spec-
trum. However, here alternate lines are not missing but weak, and it is the even
lines that are weak in agreement with expectation for a linear and symmetric C2Ha
(see p. 16). Conversely it follows from the observed Raman spectrum that the
C:H; molecule ts symmetric and linear (see also Chapter IV). The B value obtained
is B = 1.176 cm™, from which it follows that the moment of inertia I(C:H;) = 23.80
X 1074 gm cm? The internuclear distances cannot be determined from this one
figure (see, however, Chapter IV).

The B and I values obtained from rotational Raman spectra are not as accurate
as those obtained from infrared rotation-vibration spectra which will be discussed in
Chapter IV, Also the values omined do not refer to the equilibrium position but
to the lowest vibrational state in which the zero point vibrations take place.

' 8 This is the opposite to what ;8 observed for Oj since for Og the electronic ground state is 3Z,~.
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2, Symmetric Top Molecules

As mentioned above, if a molecule has an axis of symmetry this axis coincides
with one principal axis of inertia. If a molecule has a three-fold axis (for example a
molecule like CH;Cl), the moments of inertia about any three directions at angles
of 120° in a plane perpendicular to the axis of symmetry (for example aa, bb, cc in
Fig. 5) are obviously equal. Since the cross section of the momental ellipsoid (see
p. 13) with this plane is an ellipse, and since an ellipse has no three equal diametgrs
at angles of 120° except if it degenerates into
a circle, it follows that the momental ellipsoid
is a rotational ellipsoid, that is, that a mole-
cule with a three-fold axis is a symmetric top.
In a plane perpendicular to the symmetry axis
as in Fig. 5 the moment of inertia about the
axis dd (and in fact any other axis in the
plane) is ezactly the same as that about the
axis aa. Similar conclusions apply to mole-
cules with four-fold or higher axes but in
general not to molecules with two-fold axes
only.

In addition to molecules with more than
two-fold axes which are symmetric tops be-
cause of their symmetry there may be mole-
cules of lower symmetry, or even of no sym-

Fia. 5. The CH,Cl molecule as a sym- metry at all, for which two of the principal
::}ﬁ;ﬁ“g:;ig‘i’c"ﬁ:?%l‘;}: Zi‘,’;eﬁftefy;’f moments of inertia happen to have the same
metry and through the centre of mass. value. Such molecules are of course also

. symmetric tops; but those that are symmetric
tops on account of symmetry are more important. In either case we designate the
two equal moments of inertia I5 and the third moment of inertia I4. The axis of
this third moment of inertia is usually called the figure axis of the symmetric top
irrespective of whether it is an axis of symmetry or not.

a

F1a. 6. Vector diagram for a symmetric top molecule.

Classical motion (vector diagram). While in the case of a linear molecule in a
Z electronic state the total angular momentum vector P (also called J in the quantum
theoretical treatment) is always perpendicular to the internuclear axis, in the case
of a symmetric top P need no longer be perpendicular to the figure axis even if the
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electronic angular momentum is equal to zero, but has in general a constant component
P, in the direction of the figure azis. Fig. 6 gives the vector diagram for the angular
momenta of a symmetric top. It is essentially the same as for the case of a diatomic
molecule in which the rotation of the electrons about the internuclear axis is con-
sidered. The only difference is that here P, is produced by the motion of heavy
nuclei and is called K, while in diatomic molecules it is produced by the motion of
electrons and called A. The figure axis (that is P,) rotates (nutates) about the
direction of P which is constant in space. This nutation has the frequency |P|/27 I3,
which is the same as the frequency of rotation of a diatomic molecule of moment of
inertia Ip and angular momentum P = J (see Molecular Spectra I, p. 70f.). At the
same time the molecule rotates about the figure axis with a frequency

1 1 1
2 (;; I ) ) 1, 19)

not simply P,/2wI 4 [for a proof of this see, for example, Teller (836)].

It must be emphasized that the superposition of the two motions, nutation of the
figure axis (P.) about P and rotation of the molecule about P, is of course not simply
a rotation of the molecule about the axis of P. P s not fived in the molecule. The

Fia. 7. Motion of the instantaneous axis of rotation and of the figure axis for a symmetric top.
L ]

molecule rotates about an instantaneous axis whose position in the molecule changes
continuously in the following way: Imagine a cone fixed in space with P as axis
(Fig. 7) and the center of mass of the molecule as vertex, and with an angle 2(6 — ¥)
where 0 is the angle between P and P, and ¢ is determined by tan ¥ = (I4/I) tan .
Another cone with the figure axis as axis and angle 2y may be fixed to the molecule.
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If this cone rolls without slipping on the first one with uniform speed it will represent
the motion of the molecule. The line of contact is the instantaneous axis of rota-
tion. This axis rotates about the axis of P as does the figure axis and with the
same angular velocity. It is seen from Fig. 7 that both this instantaneous axis of
rotation and the axis of P (which is fixed in space) continuously change their position
with respect to the molecule.

Energy levels. The same formula holds for the quantum theoretical energy letels
of a symmetric top as in the case of a diatomic molecule (Molecular Spectra I, p. 125)
except that the quantum number A has to be replaced by the quantum number K
of the component of the angular momentum about the figure axis.!® Thus we have,
for the term values,
F(J,K) = BJ(J + 1) + (A — B)K?, (I, 20)
where
h A h
n STZCIB ! - 87!'2014

We assume here that there is no electronic angular momentum about the figure axis.
Unlike the case of diatomic molecules] 4 is now of the same order of magnitude as B
since both I4 and Ip are moments of inertia produced by heavy nuclei. Further-
more, in a given electronic state, here, the second term in (I, 20) is not constant but
can assume various values corresponding to different values of K. However, since
P, = Kisthe component of P = J, the quantum number K cannot be greater than J,
or in other words,

{, 21)

J=K,K+1,K+2 - ad, 22)

K (like Aj is usually taken as the magnitude (in units 2/27) of the component of J.
The value of the component itself, which may be positive or negatlve, is designated
k [see Mulliken (645)]. For a given J,

k=Jd,J =10 =2 . —=J. a, 23)

According to (I, 20), states whose only difference is the sign of & have the same
energy. They correspond to the two opposite dlrectxons of rotation about the figure
axis. Thus all states with K > 0 are doubly degenerate ( The vector diagram for —k
is indicated by broken lines in Fig. 6. )

“In Fig. 8a the energy-level diagram of a symmetric top is represented for the case
I4 < Ip, that is A > B (prolate symmetric top), in Fig. 8b for the case I4 > Iz,
that is A < B (oblate symmetric top). The former would apply to a molecule such
as CH3Cl, the latter to a molecule such as BCl, if it is plane and symmetrical.‘/ For
every value of K there is a series of energy levels with varying J. For a given J
the energy increases in the first, decreases in the second case with increasing K (see
the sloping broken lines).

The formula (I, 20) for the energy levels may easily be derived in a semiclassical way [for a more
rigorous derivation see Dennison (279) and references quoted there]. In classical mechanics the
(kinetic) energy of rotation of a rigid body is

P3
E = iIzW:’ + ilﬂwy’ + iIﬂl’ - + £ + a, 24
21, ' 2I,’

91f T4 > Ip the angle | is greater than 6 and the moving cone embraces the fixed one.

19 This K should not be confused with the K used in diatomic molecules as the quantum number
of the angular momentum apart from spin.
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where z, y, and z are the directions of the principal axes, and where I, w;, P, are moment of inertia,
angular velocity, and angular momentum respectively about the x axis and similarly for the other
axes. In the presentcase, P2 = K}, P2 + P2 = N? = J? — K2 (see Fig.6) I, = I,, I, =1, =1Ip.
Therefore

2 K2 K?

E=—u—— 4=, 1, 25

2Ig 2Ip 214 ( )
In quantum theory the magnitude of the total angular momentum is VJ (J + 1)(h/27), that of its
component in a certain direction (here the figure axis) is K(h/27). Therefore, on substitutingein
(I, 25), we obtain

_JUJ + DR A2 B\ g
T 2Ipaxt (214472 21,,41-3) ’

which goes over into (I, 20) on transforming to term values (wave-number units).

The etgenfunctions of the symmetric top are given by [see Dennison (279) and
Mulliken (645)]
Vr = Ougm(9) e gtMx, (1, 26)

Here ¢, ¢, and x are the so-called Eulerian angles: assuming a coordinate system zy,
Yy, 27 fixed in space and a coordinate system z, y, z fixed in the molecule such that z
is the figure axis, ¢ is the angle between 2, and 2, ¢ and x are the angles between the
line of intersection of the x,y, and zy planes and the z axis and 2, axis respectively,
that is, ¢ is essentially the angle of rotation about the figure axis and x is the angle
of rotation about the fixed z; axis. M is the magnetic quantum number correspond-
ing to the various possible orientations of J in space (M = J,J — 1, -+« — J) and
Osxm(¥) is a somewhat complicated function of # which for K = 0 goes over into
the simple rotator eigenfunctions (see Molecular Spectra I, p. 74).

v 1In the above considerations we have assumed a rigid symmetric top. For a
non-rigid symmetric top correction terms(similar to those for linear molecules (rota-
tional constant D) have to be added. According to Slawsky and Dennison (795)
the energy levels of the non-rigid symmetric top are given by

F(J,K) = BJ(J + 1) + (A — B)K?
— DyJ%J + 1) — DyxJ(J + 1)K2 — DxK* (1, 27)

where the D are exceedingly small compared to 4 and B. The term D;xJ(J + 1)K?
has the effect that the different sets of energy levels with different K (Fig. 8) will no
longer coincide exactly when shifted by an appropriate amount. Except in cases of
extremely accurate measurements the influence of non-rigidity can be neglected. -’

Symmetry properties and statistical weights. As in the case of diatomic and
linear polyatomic molecules;/the rotational levels of the symmetric top are either
“‘positive” or ‘‘negative’’ depending on whether the total eigenfunction remains un-
changed or changes sign for a reflection of all particles at the origin.’(However, in
the present case this distinction is much less important as shown by the following
considerations.) In a non-planar molecule reflection of the nuclei at the origin (center
of mass) produces a configuration that cannot also be obtained by rotation of the
molecule. Therefore there are always two modifications, a left and a right form (as
in the case of optical isomers), which can be transformed into each other only by
passing through a (usually high) potential hill. Each form of the molecule has the
same rotational energy levels, since the moments of inertia of the two forms are, of
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course, the same. Thus each one of the energy levels of the symmetric top, if the
molecule is non-planar, is really doubly degenerate. If the potential hill is not
infinitely high a slight splitting occurs into two levels whose eigenfunctions contain
equal contributions of both the left and the right configuration. One of these levels
can be shown to be positive, the other negative. We call this doubling *‘inversion
doubling.” * Because of the fact that wherever there ts a positive level there is, almost
cotnciding (and usually not resolved), also a negative level of the same quantum numbers,
the distinction of positive and negative levels is not very important unless the
splitting itself is considered (see Chapter II, section 5d and Chapter IV, section 2a).
In Fig. 8 the property + or — for the upper one of the two almost coinciding levels
is indicated. The lower one has the opposite symmetry. It should be noted that
this property has a different dependence on J and K for the prolate and oblate case.
In the former it goes over into that of a diatomic molecule when K is replaced by A;
but then only the one component set of levels shown occurs. It should also be noted
that for K 5% 0 there are four sublevels (not drawn separately) for each J value on
account of the K degeneracy and the inversion doubling. The two signs given refer
to the upper inversion doubling component of each of the two sublevels produced
by the K degeneracy.

In the case of a plane symmetric top molecule (for example BCl;) the inversion
doubling does not occur, since an inversion of the nuclei can be replaced by a suitable
rotation. In this case, which always corresponds to an oblate symmetric top, only
one set of energy levels appears with the symmetry properties indicated in Fig. 8b,
and here this symmetry property is of greater importance than in the non-planar case.

As long as the symmetric top molecule has no symmetry, that is, if two of the prin-
cipal moments of inertia are only accidentally equal, the nuclear spin increases the
statistical weight by the factor (21, + 1)(2I: + 1)(2I3~ 1)---, which is the same
for all levels. Apart from this constant factor and apart from the inversion doubl-
ing, the statistical weight is 2J + 1 for levels with K = 0, and 2(2J + 1) for levels
with K > 0.

If the figure axis of the symmetric top is a p-fold azis of symmetry, a rotation by
360°/p will exchange identical nuclei and therefore further symmetry properties of the
eigenfunctions arise analogous to the property symmetric or antisymmetric in the
nucler in the case of diatomic and linear polyatomic molecules. This causes differ-
ences in the statistical weights of certain levels depending on the spin of the identical
nuclei. A more detailed discussion of these relations will be given in Chapter IV.
Here we only summarize the results for molecules with a three-fold axis, in so far as
they are of importance for the discussion of rotation spectra. Also we shall neglect
here the inversion doubling.

For molecules with a three-fold azis (point groups Cs, Csy, Csn, Ds, Dsa, Dg), in a
totally symmetric electronic and vibrational state (ground state) the levels with
K =0,3,6,9 --- have a larger statistical weight than those with K = 1, 2, 4, 5,
7,8, -, that is, we have an alternation of the type: strong, weak, weak, strong, weak,
weak, strong, ---. This is indicated in Fig. 9, where the ‘‘strong” levels are desig-
nated by 4, the ‘ weak ”’ levels by E (the analogue of a and s for linear molecules). If
the spin of the identical nuclei I = 0, the levels K = 1,2, 4, 5,7, 8 - -« are entirely
missing. For molecules of point group Cj,, if only three identical atoms are present

1 This name is not used in the literature but appears descriptive and useful.
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and if the nuclear spin I = } (for example, NH;, CH;3Cl) the ratio of the statistical
weights of the 4 and E levelsis 2 : 1; if I = 1 (for example ND3, CD;Cl) the ratio
is 11 : 8. This alternation does not depend on the statistics of the nuclei.

For the general case in which the spin of the three identical nuclei is I, Dennison (279) has shown
that the weight factors due to the spin are:
For K divisible by 3 (including zero):
I + 1)(4® + 41 + 3)}

.

For K not divisible by 3: (I, 28)
I + )42 +4I)

For molecules of point groups Ds, Dy4, and Dsy there is in addition a difference of

the statistical weights of the levels with even and odd J for K = 0. This alternation

does depend on the statistics of the nuclei. For Bose statistics of the identical nuclei,

E
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F1a. 9.—Alternation of statistical weights of the rotational levels for
molecules with a three-fold axis.

the even levels, called 4, levels (see Fig. 118, p. 408) have a larger statistical weight
than the odd levels, called A, levels, and the opposite holds for Fermi statistics. If
there are only three identical nuclei (for example CO3~, BCl3), and if I = O or I = },
alternate levels are entirely missing; if I = 1 the ratio of the statistical weights is
10 :1;if I = § the ratio is 5 : 1; for I = § (as for Cl) it is 14 : 5.

In the general case of a molecule of point group Dj; with three identical nuclei of spin I, the
weight factors due to the nuclear spin for the levels with K 7 0 are exactly the same as those given
in (I, 28) for C3,. For K = 0 the even rotational levels (41 levels) have the weight factor

e+ 1@ +3)J +1),
the odd levels (A2 levels)
@I + 1@l -1,

if the nuclei follow Bose statistics; the converse holds for Fermi statistics [see Placzek and Teller
(701)]. For K divisible by 3 there is for every J value an A, and an A; level whose weight factors
are also given by the preceding expressions. It will be noticed that the sum of these does indeed give
the expression for K divisible by 3 in (I, 28).
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As in the case of diatomic and linear polyatomic molecules with identical nuclei,
here also levels with different symmetry in the nuclet do not combine with one another;
for example, for C3, we have A «¢» E. As before, this rule holds very strictly even
for collisions. Thus there are two modifications of a gas consisting of molecules of
point groups Cj, Cs», Css, and three modifications (41, Az, and E) for molecules of
point groups Ds, D3;, and D3g.  In no case, however, have they as yet been separated.

The statistical weights for several more complicated cases of symmetric top
molecules have been given by Placzek and Teller (701), Wilson (933) (938) and
Schiifer (768) (see also Chapter IV, section 2a).

Thermal distribution of rotational levels. Since the statistical weight and the
energy depend now on J and K, the population of the various levels in thermal
equilibrium,

Nk~ gy, e EGRORD, 1, 29)

cannot be represented as simply as for diatomic or linear polyatomic molecules.
For every value of K we have a curve similar to that for diatomic molecules, but
because of the increase in energy with increasing K the ordinates are reduced, corre-
sponding to the factor e~{(A=BK%/kT] and in addition the levels with J < K are
missing. This situation is represented in the lower half of Fig. 10a for B = 2,
A =10 em™!, T = 300° K., taking account of the factor 2 in the statistical weight
for K % 0 and assuming a very large spin of the nuclei or a molecule which is a
symmetric top accidentally and not because of its geometrical symmetry. The
curve in the upper half represents (on a different scale) the sum of all curves with
different K, that is, it gives the number of molecules with a certain J independent
of K. Its maximum is shifted relative to the maximum of the curve for K = 0.
Figs. 10b and ¢ give similar curves for two actual molecules (NHs, B = 9.96, 4 = 6.29
em™?, and CH;3Cl, B = 0.48, A = 5.10 cm™) but taking account of the difference in
statistical weights produced by the spins of the H nuclei (see Fig. 9).

Infrared spectrum. As in the case of linear molecules, an infrared rotation spec-
trum can appear (as dipole radiation) only if the molecule has a permanent dipole
moment. If the figure axis of the symmetric top molecule is an axis of symmetry,
which is the usual case, the permanent dipole moment of the molecule lies of necessity
in this axis. In this case the selection rules for K and J are found to be (see below):

AK =0, AJ =0, =+1. (1, 30)

That no change of K occurs is, according to the correspondence principle, due to the
fact that in the present case the rotation about the figure axis does not change any
component of the dipole moment in a fixed direction. In addition, we have the
symmetry selection rules
* + e -, + e +, — - — I,31)

and, for point group Cs., ;
AwE Ao A, EoE Y- 132

Selection rules similar to (I, 32) hold for other point groups (see also Chapter IV).
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The rule (I, 31) can always be fulfilled for non-planar molecules since a + and —
level always oceur together (inversion doubling; see above).?

Since, in the pure rotation spectrum, AJ = 0 means no transition and AJ = J’
— J"” = — 1 does not apply if, as is usual, J' refers to the upper and J* to the lower
state, only AJ = + 11is of importance; that is, only neighbor-
ing levels with the same K may combine with one another. In
Tig. 8 these transitions are indicated. By using (I, 20) (that X
is, neglecting centrifugal stretching) we obtain for the posi-  +— I
tions of the lines in the rotation spectrum, with K’ = K’ and o—

J=J"+1=J +1, m—hﬂ
v=FJ,K)—-FJ" K'Y =2B(J +1). (I, 33) =

(a) schematic spectrum

This is the same formula as for linear molecules, representing
a simple series of equidistant lines. The quantum number K - cl
drops out entirely. The spectrum is the same as would be p—
obtained for one value of K only; that is, the various sets of
levels vertically above one another in Fig. 8 supply the same
spectrum. Unlike the case of linear molecules, every line is ot
now obtained in a number of different ways corresponding to o
the various values of K, the line numbered J in J 4 1 dif-
ferent ways. Fig. 11a gives a schematic representation of
the spectrum. The separation of successive lines is 2B. If A—-
this is measured the moment of inertia Ip about an axis per-
pendicular to the symmetry axis is immediately obtained
from (I, 21).

If centrifugal stretching is taken into account, that is, if g;-«—.,,1

i

(I, 27) is used instead of (I, 20), the formula for the spectrum
becomes, instead of (I, 33):

v = 2B(J + 1) — 2Dk ;K*(J + 1) .
— 4D + 1% (I,34) F=cumm

According to this formula the rotation lines are no longer
exactly equidistant and also the components with different K
of each “‘line” (Fig. 11a) no longer coincide exactly. This S——
splitting is shown in Fig. 11b. However, the splitting would 1
be expected to be exceedingly small and is greatly exagger-
ated in the figure. If it is not resolved the center of the re-

sultant “‘line”” will show a shift given approximately by e_QJ
g(J + 1)® where g is not simply 4D;. In other words, the
unresolved lines of a symmetric top follow the same formula

Rotation spectrum of a symmetric top with the dipole moment in the figure axis.
for low dispersion; (b) fine structure of the individual lines.—The scale of each fine structure pattern in (b) is much larger

than the scale of the separation of successive groups of lines.

as the rotation lines of linear molecules. :
The theoretical tntensity distributton in the rotation < o Jo H
spectrum is different from that for linear molecules since here z =

every ‘‘line” consists of a number (J + 1) of components

2 I the case of plane molecules this rule leads immediately to the result that no transitions with
AK = 0 are possible. Since according to (I, 30) these would be the only ones possible if the figure
axis is a symmetry axis, it follows that no rotation spectrum for a plane symmetric top molecule
occurs, in agreement with the fact that it cannot have any permanent dipole moment.
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which increases with increasing J. This intensity distribution is essentially given
by the upper curves in Fig. 10; the intensity ratio of lines of high J value to lines
of low J value is greater than for linear molecules (for which K = 0). For low
J values the curves have a point of inflexion. There is no intensity alternation
in the unresolved series of lines even if there are identical nuclei but the components
of each line have the intensity alternation strong, weak, weak, strong, - in the
case of molecules with three-fold axes. .

If the permanent dipole moment does not lie in the direction of the figure axis
(which is only possible for accidentally symmetric tops), in addition to AK = 0 also
AK = +1 is possible, the former corresponding to the component of the dipole
moment parallel, the latter to that perpendicular to the figure axis. This gives rise,
of course, to a rather more complicated spectrum. We shall not discuss it since no
such case has as yet been observed.

In order to derive the selection rules for J and K one has to determine the matrix elements of the
electric dipole moment M referred to a fixed coordinate system xy, Yy, 27 (see Molecular Spectra I,

p. 16)
Ry = fM,/\VzV’*dr,
Ry = f Mypy'y' *dr, {, 35)
Ry = [ Myy'y"*dr,

where the * indicate the conjugate complex eigenfunctions. The components of the dipole moment

with respect to a coordinate system fixed in space are related to those with respect to a coordinate
system z, y, 2 fixed in the molecule (z axis = figure axis of the top) by

Mz = M. cos oz + My cos ay + M, cos as,
My = M;cosB: + My cos By + M, cos B, (I, 36)
My = M;cosy: + Mycosvyy, + M, cos vy,

where the az, B:, v: are the angles of the moving z-axis with the three fixed axes and similarly
ay, Bys Yus @3y Bsy Vs

In the case of non-vibrating symmetric top molecules with a permanent dipole moment, the
components Mz, My, M, are constant and the eigenfunctions y are the symmetric top eigenfunctions
Yr of (I, 26). Therefore the matrix elements are

Ry =M, fcos oY/, *dr, + My, fcos oy’ *dr, + M, fcos a Y *dre, (1, 37)

and similarly for R, and R,; with B:, By, B:, and vz, 7y, ¥, respectively. Rather involved calculations
{(see Dennison (278) and Reiche and Rademaker (734) ] show that the integrals S cos az¥, Y, *dr,,
J’ cos ay¥, Y, *dr, and similarly those with 8., 8;, vz, vy are different from zero only for AK = + 1
and AJ =0, = 1, while the integral /" cos a.¥+'¥s'"*dr, and similarly those with 8, and s are
different from zero only for AK =0 and AJ = 0,% 1. In all practically important cases (dipole
moment in figure axis) M, = 0 and M, = 0 and therefore the matrix elements (I, 37) are different
from zero (that is, a transition is possible), only when AK = 0 and AJ =0, = 1.

The proof of the symmetry selection rules is similar to the corresponding one for diatomic mole-
cules given in Molecular Spectra I (see also Chapter 1V).

For the transitions AJ = + 1, AK = 0 the squares of the matrix elements of the transition
moment (M:)? + (My)? + (M.)? summed over all possible orientations of J are found to be
proportional to

J +1)2 -K?
WV +D@JI+1)
The intensity of the rotation lines in absorption is correspondingly given by
J +1) -RK®
V+neEs+1)

where gsx is the statistical weight of the lower state. The factor € depends on the permanent dipole
moment of the molecule which may thus be determined if the absolute intensity of the absorption
lines has boen measured [see Foley and Randall (324)].

IJ,K) = Cv grxel=FU K)helkT] (, 38)
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Of the few observed cases of far infrared absorption spectra, the molecules NH;
[Badger and Cartwright (74), Wright and Randall (956), and Barnes (115)],
ND; [Barnes (115)], and PHs [Wright and Randall (956)] have indeed been found
to exhibit each a simple series of very nearly equidistant ‘“lines.” Fig. 12 shows parts
of the spectra of NHs and PH; under fairly high dispersion.

40|
2
sht 0 57 cmr!
5 120 40cm-

() NH,

% absorption

% absorption
%

]
Slit 0.67 cm?

25 cm-!

Fig. 12. Far infra-red absorption spectra of (a) NH; and (b) PH; [after Wright and Randall

(956) ].—The absorbing path was 1 cm., the pressure for “‘line” 4 of (a) was 8 cm., for ‘‘line’” 5 it
was 6.5 and 10 cm. and for ““‘lino” 6 it was 7.3 cm., in (b) the gas pressure was 30 cm. throughout.

In Table 5 the observed wave numbers are given for the case of PHz. In the
case of NHs, Fig. 12a shows that each line is double. This is due to reasons to be
discussed in section 5d of the next chapter. The observation of such simple spectra
for NH;, NDj3, and PH; proves unambiguously that these three molecules are symmetric
tops with the dipole moment in the figure axis, that is, that they have a three-fold
axis.® The series of lines can be represented by the formulae

NH;: » = 19.890(J + 1) — 0.00178(J + 1)3, (I, 39)4
ND;: » = 10.26(J + 1) — 0.00045(J + 1)3, (1, 40)
PHs: » = 8.892(J + 1) — 0.000348(J + 1)3, (I, 41)
TABLE 5. OBSERVED ROTATION SPECTRUM OF PH3, AFTER WRIGHT AND RANDALL (956).
Ji v (em™), v (cm™),
observed calculated from (I, 41)
10 97.356 97.35
11 106.10 106.10
12 114.84 114.83
13 123.563 123.53

e
13To be sure, & linear configuration would also give such a simple rotation spectrum. But if
such a structure were not already excluded for other reasons, a study of the Raman spectrum and

the rotation-vibration spectrum would exclude it.
14 This is the formula given by Dennison (280). Wright and Randall (956) gave a very slightly

different formula.
15 Wright and Randall’s J is that of the upper state, while here, as throughout the book, J refers

to the lower state.
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The last column of Table 5 gives the values calculated from the formula for PHs.
The coefficient of the linear term, which is very nearly the average distance of suc-
cessive lines, is 2B. From the coefficients given in (I, 39-41) it follows according to
(I, 21) that the moments of inertia about axes perpendicular to the symmetry axis are
I15(NH;)=2.815X10"%, I5(NDs) =5.457 X 10, I 5(PH;) =6.296 X10™*° gm cm?.

Recently Foley and Randall (324) have been able to resolve some of the rotation
“‘lines” of NHs with high J into the component lines with different K (see Fig. 11h).

If a molecule has a more than two-fold axis and a plane of symmetry perpendicular
to it (point groups Cpi, Dpi) or if it has two-fold axes perpendicular to the p-fold
axis (point groups D, and D,4), it can obviously not have a permanent dipole mo-
ment, that is, such molecules will not exhibit any pure rotation spectrum in the
infrared. Conversely, therefore, we can conclude from the observation of a rotation
spectrum of NH;s, NDs, and PH; that these molecules are not plane but have a
pyramidal structure.

Rotational Raman spectrum. If a molecule is accidentally a symmetric top, the
axes of the polarizability ellipsoid of the molecule (see Chapter I1I, 1b and Molecular
Spectra I, p. 89) do in general not coincide with the principal axes of inertia; that is,
the dipole moment induced by an external field varies during the rotation of the
molecule about the figure axis as well as during the nutation about J. Thercfore,
in a light-scattering process (Raman effect) both J and K may change. The selection
rules derived by Placzek and Teller (701) are

AT =0, 1, £ 2; AK =0,+1,+2 I, 42)
and
+ o +, - -, + > —, I, 43)

The resulting rotational Raman spectrum is rather complicated and will not be
discussed here. No actual case of this type is known.

As for the momental ellipsoid (see p. 13), so also for the polarizability ellipsoid
the rule holds that an axis of symmetry coincides with one of its axes. Therefore,
if the fact that a molecule is a symmetric top is due to its symmetry, one axis of
the polarizability ellipsoid coincides with the figure axis, the other two axes being
equivalent so that the polarizability ellipsoid is a rotational ellipsoid as is the mo-
mental ellipsoid. In this case, therefore, a rotation about the figure axis, classically,
is not connected with a change of the induced dipole moment and therefore, quantum-
theoretically, a change of K cannot be produced by light scattering. Then we
have, instead of (I, 42), the selection rule

AJ =0,+1, +2, AK =0, (I, 44)

with the restriction that AJ = =& 1 does not occur for K = 0. Of course, (I, 43)
remains unchanged. In the pure rotation spectrum AJ = 0 ¢f course corresponds
to the undisplaced line and AJ = J' — J”” = — 1, — 2 does hot apply (see p. 31).
Thusior every value of K we have two series of equidistant lines: AJ = + 1 (R
branch) and AJ = + 2 (S branch) on either side of the undisplaced lineMwith the
exception of K = 0 for which the R branch cannot occur.!®* However, since for the
rigid symmetric top the rotational levels for various values of K have exactly the

16 This corresponds to the results for diatomic molecules with A # 0 and A = 0; see Molecular
Spectra I, p. 127).
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same spacing (see Fig. 8), corresponding lines of the branches for different values of
K coincide. Thus only two branches, S and R, are to be expected on either side of
the undisplaced line. From (I, 20) we obtain for the displacements:

S branches—

|Av| = F(J + 2,K) — F(J, K) = 4BJ + 6B, J=01,--- (1, 45)
R branches—
|Av| = F(J + 1, K) — F(J, K) = 2BJ + 2B, J=1,2---. (I, 46)

In Fig. 13 the branches are represented schematically. In this figure the Stokes
R and 8 branches have been labeled PR and 28 branches, since they extend to longer
wave lengths and thus have the form of P and O branches respectively (see Molecular
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Fig. 13. Rotational Raman spectrum of a rigid symmetric top (schematic).—The bottom
strip gives the Raman spectrum, the two top strips the identifications of the lines.

Spectra I, p. 273); the anti-Stokes B and S branches have been labeled ®R and 5§
branches, since they have the form of R and S branches.!’” It is seen from Fig. 13
as well as by comparing equations (I, 45) and (I, 46) that the lines of the R branches
with even J coincide with the lines of the S branches. Consequently, there will be
an apparent intensity alternation which, of course, has nothing to do with the nuclear
spin and which is not by any means constant, since the lines of the S branches extend
to larger |Av| values than do those of the R branches (see below).

The only example of a rotational Raman spectrum of a symmetric top molecule
thus far investigated in detail is that of NH; [ Dickinson, Dillon and Rasetti (287),
Amaldi and Placzek (42), and Lewis and Houston (576)]. Fig. 14a is a photometer
curve of the Raman spectrum obtained by Lewis and Houston. It shows clearly the
strong S branches as well as the weaker R branches (as far as they are not overlapped
by the S branches). Table 6 gives the wave numbers of the observed Raman
displacements.

If the centrifugal stretching is taken into account, that is, if (I, 27) is used instead of (I, 20),
then instead of (I, 45—46) one obtains for the Raman spectrum:

8 branches—

|Ay| = (4B — 6D)(J + %) —4DyxK*(J + ) —8Dy(J + §° I, 47)

R branches—

|Ay| =2B(J + 1) —2DsrK*J +1) —4Dy(J +1)3 (1, 48)

17 The Stokes branches are called P and O branches by many authors. However, this does not
appear to be consistent with the international nomenclature as adopted for diatomic molecular
spectra (see Molecular Spectra I, p. 96).
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The terms with DsgK? produce a very slight splitting of each ‘‘line’” into component lines with
different K. However, such a splitting has not as yet been resolved. Averaging of the terms with
D sk and with D s produces a slight systematic change of the separations of successive lines and also
causes the even R lines no longer to coincide exactly with the S lines. While this also does not lead
to an observable splitting, it makes itself felt by the fact that the odd R lines are not exactly half way
between adjacent S lines. This can be seen from Table 6, which also shows clearly the systematic

Hg H
253, 2.53§A’ 25648

) III
Rbﬂn:hs‘fs 987654321 1234567891011
Sbranches:J= 8 72 6 5 4 3 2 ) O 0 1 2 3 4 5 6 72 8 910N
Anti-Stokes Stokes
(a)

-
T T T T7T7TT1°771°
R branches, J= 2987651321
Shranchen:J=8 7 0 3. 8 3 2 )} ¢
exciting
Anti-Stokes line Stokes
(b)

Fia. 14. Rotational Raman spectrum of gaseous NH; [after Lewis and Houston (576)]. (a)
Photometer curve; (b) Intensity distribution.—~The Raman spectrum was excited by the mercury
line 2537A which itself is reduced in intensity on the spectrogram because of absorption by Hg
vapor. The circles in (b) represent the observed intensities, the curves represent the calculated
values.

change of the separations. Taking account of the correction terms, Lewis and Houston (576) ob-
tained from the observed Raman shifts of Table 6 the value B = 9.92 ecm™, which agrees very satis-
factorily with the value B = 9.945 cm™! obtained from the infrared rotation spectrum (see p. 33).
This quantitative agreement as well as the qualitative structure of the spectrum (in particular that
only lines with AK = 0 occur) shows definitely that NH; is a symmetric top whose figure axis coincides
with an azis of symmetry (three-fold axis).
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Placzek and Teller (701) have calculated in detail the intensity distributior. in the rotational
Raman spectrum of a symmetric top molecule on the basis of wave mechanics. According to these
calculations, the intensity of the lines of the S branches is given by

NR R O (<

Is(J,K) =C § 1, 49
S =0 DT T el D@ +9) . 49)
the intensity of the lines of the R branches is given by
2 - K2
Ir(J, K) = Cv* 2K + 1) ] gie ERT {, 50)

JUJ+DJ +2)@7 +1)

In these equations C is a constant which depends on the difference in polarizability in the direction
parallel and perpendicular to the figure axis, » is the frequency of the particular Raman line, J and K
are the quantum numbers of the lower state, g; and E; are the statistical weight and the energy re-

TABLE 6. OBSERVED ROTATIONAL RAMAN SHIFTS OF GASEOUS NH; (AVERAGE OF STOKES
AND ANTI-STOKES LINES) AFTER LEWIS AND HOUSTON (576).

8 branches R branches
J
Av (em™1) A (Av) Ay (cm™) A (Aw)
0 59.82
39.35
1 99.17 30.45 39.67 20.15
2 138.62 (59.82)18
39.63 19.66
3 178.25 79.48
39.25 19.69
4 217.50 39.42 (99.17) 20.08
5 256.92 : 119.25 ’
38.98 19.37
6 295.9 (138.62)
38.6 19.76
7 334.5 38.0 158.38 10.87
8 372.519 39'4 (178.25) 19'13
9 411.9 38.0 197.38 ' 20'12
10 449.9 36'3 (217.50) 19'0
11 486.2 : 236.5 :

spectively of the initial state. Since all lines with different K coincide in the observed Raman spec-
trum, for a comparison with experiment one has to sum over all values of K for a given J. In doing
8o one has to take account of the difference in statistical weight introduced by nuclear spin (see
p. 27f.). Lewis and Houston (576) have carried out such a comparison. Fig. 14b gives the theoretical
curves and the experimental points. In order to evaluate the theoretical intensity distribution, an
assumption had to be made about the moment of inertia 4 which can be obtained from other data
(see p. 437). However, the intensity distribution is not very sensitive to its exact value. It is seen
from Fig. 14b that the intensity distribution reflects in a general way the thermal distribution of the
rotational levels (see top curve in the previous Fig. 10b). It should be noted that the R branches
fade out at a much smaller distance from the exciting line than the S branches, although of course
at about the same J values.

3. Spherical Top Molecules

¥ a molecule has two or more three-fold or higher-fold axes there are two or
more different planes each of which intersects the momental ellipsoid in a circle
(see p. 22). Obviously this can only be true if the momental ellipsoid is degenerated
into a sphere. Therefore the moments of inertia about all azes going through the center

18 The values in brackets refer to R lines that coincide with S lines.
1 Overlapped by mercury line.
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of mass are exactly equal. The molecule is a spherical top. This is the case for all
molecules belonging to the cubic point groups, for example CHy, CCl,, if they have
tetrahedral structure (point group T4), or SFe, if it has octahedral structure (point
group O,). Of course a molecule may accidentally have all three principal moments
of inertia equal, that is, be a spherical top, even when it has lower than cubic sym-
metry. For example, the NH; molecule would be a spherical top, although it
has only one three-fold axis (Cj,), if the angle between the NH bond and the axis
were 52°3'.

Classical motion. For a spherical top, unlike a symmetric top, the instantaneous
axis of rotation coincides always with the total angular momentum P.2° Or, in other
words, we have a simple rotation of the molecule about an axis fixed in space which
may have any orientation with respect to the molecule. Any axis fixed in the
molecule may be considered as figure axis and describes a simple rotation about P.
The component of P along any axis fixed in the molecule is a constant. The fre-
quency of rotation about such a ‘‘figure axis’ is zero according to (I, 19). The
cone fixed in space mentioned in discussing the motion of the symmetric top (Fig. 7)
shrinks into a line.

Energy levels. The energy levels of the spherical top are obtained from those of
the symmetrical top [equation (I, 20)] by putting I4 = Iy, that is, A = B. We
obtain

F(J) = BJ(J + 1). (1, 51)

The energy depends on J only and in exactly the same way as for the simple rotator
(linear molecule with A = 0; see Fig. 4). All values of J from 0 up are possible.

The above holds for a rigid spherical top. For a non-rigid spherical top, in the
vibrational ground state, we have to add to (I, 51) a small term — DJ2(J + 1)
similar to that for linear molecules (see also Chapter IV, section 3a).

Statistical weights and symmetry properties. Since the spherical top may be
considered as a symmetrical top with A = B, that is, one in which all levels with the
same J but different K (see Fig. 8) coincide, it is clear that, in view of the possible
values of K and the double degeneracy for K 5% 0 (see above), for the spherical top
every level of a given J has a (2J + 1)-fold degeneracy in addition to the ordinary
(2J + 1)-fold space degeneracy. The first degeneracy corresponds to the fact that
J may have 2J + 1 orientations with respect to a fixed direction in the molecule;
the second degeneracy corresponds to the fact that J may have 27 + 1 orientations
with respect to a direction fixed in space. Thus the statistical weight of a level with
a given J 18 (2J + 1), which is quite different from the case of linear molecules.

The factor (2J + 1) gives, apart from a constant factor corresponding to the
nuclear spin (see p. 27), the complete statistical weight only for a molecule that is
accidentally a spherical top or one in which the spins of the identical nuclei are very
large. If the molecule is a spherical top by virtue of its symmetry, and if the spins
of the identical nuclei are small, the additional factor by which the space degeneracy
2J + 1 has to be multiplied in order to obtain the total statistical weight is not
simply 2J 4 1 times the nuclear spin factor. As will be shown in more detail in

* This is because P, = I,w,, P, = Iwy, Py = I.4 (see p.24), and here I, = I, = I,. There-
fore the vectors P and  have the same direction.
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Chapter IV, there are, in the case of tetrahedral molecules (point group Tg) such as
CH,, CDy, CCly, Py, three types (species) of rotational levels called A, E, and F which
are analogous to the a and s levels of linear symmetric molecules and the A and £
levels of molecules with a three-fold axis. It turns out that except for the lowest
rotational levels all three species occur for a given J.22 The number of component
levels of each type varies in a rather complicated way which can be calculated from
group theory, as has been done by Wilson (933) and Maue (605) (see Chapter IV
section 3a). Table 7 gives for the first fifteen rotational levels the statistical weights
for the cases in which there is only one set of four identical nuclei (as in CHy, - -)
and the spin of these nucleiis I =0 orI =3 orI =1or I =$%. In the case of

TABLE 7. STATISTICAL WEIGHTS OF THE ROTATIONAL LEVELS OF TETRAHEDRAL MOLECULES WITH
ONE BET OF FOUR IDENTICAL ATOMS OF SPIN I.
The statistical weights are given as products whose second factor is (2J + 1).

I=4%

J I;O I = I =4

Total A E F Total Total

Nuclear Nuclear Nuclear Total
quintet singlet triplet

0 1 X1 5 X1 0X1 0X1 5 X1 15 X1 36 X1
1 0X3 0X3 0 X3 3 X3 3 X3 18 X 3 60 X 3
2 0 X5 0X5 2 X5 3 X5 5 X5 30 X5 160 X 5
3 1 X7 5 X7 0X7 6 X7 11 X7 51 X7 156 X 7
4 1 X9 5 X9 2 X9 6 X9 13 X9 63 X9 196 X 9
5 0 X 11 0 X11 2 X11 9 X 11 11 X 11 66 X 11 | 220 X 11
6 2 X 13 10 X 13 2 X 13 9 X 13 21 X 13 96 X 13 | 292 X 13
7 1 X15 5 X 15 2 X15 12 X 15 19 X 15 99 X 15 | 316 X 15
8 1 X17 5 X 17 4 X 17 12 X 17 21 X 17 111 X 17 | 356 X 17
9 2 X19 10 X 19 2 X19 15 X 19 27 X 19 132 X 19 | 412 X 19
10 2 X21 10 X 21 4 X21 15 X 21 29 X 21 144 X 21 | 452 X 21
11 1 X23 5 X 23 4 X 23 18 X 23 27 X 23 147 X 23 | 476 X 23
12 3 X 25 15 X 25 4 X 25 18 X 25 37 X 25 177 X 25 | 548 X 25
13 2 X 27 10 X 27 4 X 27 21 X 27 35 X 27 180 X 27 | 572 X 27
14 2 X29 10 X 29 6 X 29 21 X 29 37 X 29 192 X 29 | 612 X 29
15 3 X 31 15 X 31 4 X 31 24 X 31 43 X 31 213 X 31 | 668 X 31

I = 0 only one species (4) of the rotational levels actually occurs (analogous to the
case of linear molecules). For I = } the three species of rotational levels may be
described as nuclear quintet, singlet, and triplet respectively; that is, one species corre-
sponds to a resultant nuclear spin 7' = 2 (all spins parallel), the second to T = 0
and the third to T = 1. In Table 7 the statistical weights in this case are given
separately for the three species. It should be noted that only the levels J = 0 and
J = 1 have but one species of component levels. It can be seen from Table 7 that
for darge J the total statistical weights become approximately proportional to
(27 4 1)%

Just as for linear and symmetric top molecules with identical nuclei, here levels
with different symmetry in the nuclei do not combine with one another to any sig-

21 This is analogous to the fact that for linear molecules with A 0 (II, A - - - states) a symmetric
and an antisymmetric level occur for every J.



40 ROTATION AND ROTATION SPECTRA L3

nificant extent; that is,
A E, A« F, Ee F, (I, 52)

Therefore there are three modifications of tetrahedral molecules with I > 0 analogous
to ortho and para modifications of diatomic molecules. They are referred to as the
A, E, and F modifications, or in the case I = } as the nuclear quintet, singlet, and triplet
modifications.* The abundance ratios of these three modifications for high rotational
levels approach the values 5 : 2 : 9for I = §,15:12 : 54 for I = 1, and 36 : 40 : 180
for I = 4. These are independent of the statistics of the nuclei as are also all the
individual weights in Table 7.

Thermal distribution of rotational levels. Only for a molecule that is accidentally
a spherical top is the population of the rotational levels in thermal equilibrium given
by a smooth curve as a function of J:

NJ ~ (2J + 1)26—[BJ(J+1)thkT]_ (I, 53)

Such a curve is given in Fig. 15a for B = 5.25 em™ and T = 300° K. It should be
noted that unlike the case of diatomic and linear polyatomic molecules the distribu-
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Frg. 15. Thermal distribution of rotational levels for spherical top molecules (a) accidentally
spherical top: B = 5.25cm.”, T' = 300° K; (b) CH(: B = 5.25¢m.”}, T = 300° X; (c) CD4: B = 2.65
em.”}, T = 300° K.—In (b) and (c) the light curves give the contributions of the three modifications
A, E and F of CH( and CD, separately, the heavy curve gives their sum. The ordinate scale is the
same in (a), (b) and (c), the total number of molecules being assumed to be the same.

tion function does not rise linearly for small J but quadratically, similar to the distri-
bution function for symmetric top molecules (see upper curves in Fig. 10).

If the molecule is a spherical top on account of its symmetry the statistical weights
in Table 7 or similar ones in other cases have to be used in order to obtain the thermal
distribution. This does not result in a smooth variation. In Fig. 15b the heavy
solid ‘‘curve” gives the population of the rotational levels for CHy (I = ), assuming
B = 5.2 cm™, T = 300°. The light curves give the contributions of the three

2 Maue (605) has introduced the names meta-, para-, and ortho-modifications which, however,
leads to confusion for I = §.
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modifications. Fig. 15¢ gives the corresponding curves for CDs (I = 1, B = 2.65
em™), For large J values, and therefore always for sufficiently high temperatures,
the distribution is very well approximated by (I, 53) (Fig. 15a). Most spherical
top molecules other than CHy, CDy, SiH,, SiD4 and so on, have very small B values,
and therefore, at all temperatures at which they are in the gaseous state, essentially
only high J values matter, that is, (I, 53) can be used.

If the temperature of CH, gas is lowered sufficiently, at first all molecules of modification A go
into the lowest A state, which is J = 0; all molecules of modification F go into the lowest F state,
which is J = 1; and all molecules of the modification E go into the lowest E state, which is J = 2.
Because of the extremely small transition probability between the three types of states [rule (I, 52) ],
thermal equilibrium, in which practically all molecules are in the state J = 0, is established only
after a very long time. Once it has been established all molecules belong to the A modification. If
now the temperature were raised again, at first the molecules would go only to the higher A states
and one would thus have obtained the A modification separately (similar to the production of para-
hydrogen). In the A modification (see Table 7) the rotational levels J = 1, 2, and 6 do not occur.
Up to the present time not even a partial separation of the CH; modifications has been obtained
experimentally.

Infrared spectrum. As always, a pure rotation spectrum can occur only if the
molecule has a permanent dipole moment. If a molecule has an axis of symmetry
the permanent dipole moment must necessarily lie in this axis. Therefore, #f a
molecule has two or more (non-cotnciding) axes of symmetry its permanent dipole moment
must be equal to zero. This is the case for all molecules that are spherical tops on
account of their symmetry, that is, molecules that belong to any of the cubic point
groups, such as CHy, SFg, and others.® Therefore they do not exhibit any infrared
rotation spectrum. Only if a spherical top molecule is accidentally a spherical top
can it have a non-zero dipole moment and therefore an tnfrared rotation spectrum.
The selection rule for J in this case is simply AJ = 0, &= 1 of which‘only AJ = + 1
is of importance. One obtains a series of equidistant lines as for the symmetric top.
The separation of successive lines is 2B. Actual examples of this case are not known.
NH; would be such a case if the angle of N—H with the symmetry axis were 52°3’
(which it actually is not).

It should be ncted that the structure of the far infrared rotation spectrum alone does not allow
a differentiation between a symmetric top molecule and one that is accidentally a spherical top since
the position of the rotation lines of the symmetric top does not depend on the moment of inertia
about the figure axis. However, in principle a decision between the two alternatives from the rota~
tion spectrum alone would be possible by accurate intensity measurements. A slight difference of
intensity distribution in the case of a symmetric top and a spherical top with the same B value arises
since for the latter all levels with different K coincide and thus have the same Boltzmann factor,
whereas they do not coincide and have different Boltzmann factors for the former.

Rotational Raman spectrum. As mentioned before, an axis of symmetry is
always an axis of the polarizability ellipsoid. A three-fold axis of symmetry causes
the polarizability ellipsoid to be a rotational ellipsoid and therefore two or more
three-fold (or higher-fold) axes cause it to be a sphere. This is the case for all mole-
cules that are spherical tops on account of their symmetry (and for no others);
that is, for molecules like CH,, SF¢ if they have cubic symmetry. For any rotation
of such a molecule the dipole moment induced by an external field remains unchanged
and therefore no rotational Raman spectrum appears. Actually a number of authors

33 They are, of course, not the only molecules with sero dipole moment.
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[for example, Bhagavantam (147) and Lewis and Houston (576)] have tried to find
the rotational Raman spectrum of CH,, but without success, as was to be expected
from the above consideration. Conversely, the absence of a rotational Raman spec-
trum proves that CHy has tetrahedral symmetry (point group T).

Again, if the molecule is accidentally a spherical top the polarizability ellipsoid is in general not
a sphere and a rotational Raman spectrum may occur. The selection rule for Jis AJ =0, = 1, £ 2
and one obtains an R and an S branch of spacing 2B and 4B respectively on cither side of the excitigg
line, just as for the symmetric top. However, the intensity distribution is slightly different, as in the
case of the infrared rotation spectrum (see above). Lewis and Houston (576) in their investigation
of the rotational Raman spectrum of NH; by careful measurement of the intensities have indeed
been able to rule out definitely the possibility that NHj is accidentally a spherical top, in agreement
with other evidence (see Chapters II and 1V).

4. Asymmetric Top Molecules

If a molecule has no three-fold or higher-fold axis, all three principal moments of
inertia are in general different and the molecule is an asymmetric top. This is the
case for the great majority of polyatomic molecules. For example, the molecules
H,0, C:H,, H.CO are asymmetric tops.

Classical motion. As always, the total angular momentum P of the system re-
mains constant in magnitude and direction during the rotational motion. However
there is no longer (as for the symmetric top) a direction in the molecule along which
P has a constant component. In other words, there is in general no axis fized to the
molecule that carries out a simple rotation about P (as does the figure axis of the sym-
metric top). The actual (classical) motion can be illustrated in the following way
[see Schuler (772)]: By multiplying each radius vector in the momental ellipsoid by
V2T where 7 is the (constant) kinetic energy of rotation, one obtains the so-called
energy ellipsoid, which is exactly similar to the momental ellipsoid, and like the latter
is fixed to the molecule. If this energy ellipsoid, with its center (the center of mass
of the molecule) fixed in space, rolls without slipping on a fized plane perpendicular to
the total angular momentum P, the resultant motion of the molecule (fixed to the
ellipsoid) will be one of the possible motions for the particular value of the kinetic
energy and the particular direction of P. This is illustrated in Fig. 16a in which a
is the curve of the successive points of contact on the ellipsoid and b the curve formed
by these contact points on the plane. The plane is called the invariable plane, since
for the free motion of the top it remains unchanged. Which of the infinite number
of possible positions the plane has for a given kinetic energy depends on the initial
conditions (direction and magnitude of the initial angular velocity).

It is important to realize, as should be clear from Fig. 16a, that the direction of
any one axis of the ellipsoid does not simply describe a circular cone about P but a
more complicated conical surface which is not closed. This same nutation applies
to any (two-fold) symmetry axis the molecule might have since such an axis coincides
with one of the principal axes. The intersection of the conical surface of nutation,
whose vertex is at the center of mass, with the invariable plane is shown in Fig.
16b, ¢, and d for three different positions of the latter. Only when the ellipsoid is
a rotational ellipsoid, that is, when the molecule is a symmetric top, will the axes
describe simple circular cones for any position of the invariable plane.
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The instantaneous axis of rotation is the line (marked w in Fig. 16a) # connecting
the point of contact of the energy ellipsoid and the invariable plane with the center.
It is seen that in the general case it, too, deseribes a more complicated conical surface
both with respect to a fixed coordinate system and one fixed in the molecule.®

() (d)

Fra. 16. Classical motion of the asymmetric top [after Schuler (772)]. (a) Energy ellipsoid
and invariable plane. (b) Nutation of axis of smallest moment of inertia. (c) Nutation of axis of
largest moment of inertia. (d) Nutation of axis of intermediate moment of inertia.—The three
curves (b), (¢) and (d) correspond to different positions of the invariable plane such that d is slightly
smaller than the particular axis of the energy ellipsoid.

If the distance d of the invariable plane from the center equals the length of any
one of the semiaxes of the energy ellipsoid (and only then) we obtain a simple rotation
about that principal axis as a special case of the rotational motion of the asymmetric
top. If the distance d is somewhat smaller than the largest axis or somewhat larger
than the smallest axis of the energy ellipsoid, the motion is somewhat similar to that
of the symmetric top: The nutation of the axes takes place between two circular cones
of not very different radii as in Fig. 16b and ¢. But if d is near the length of the
intermediate axis the nutation is quite different: the nutation takes place between
two opposite circular cones; the point of intersection of each principal axis with the
invariable plane moves out in a spiral as in Fig. 16d and periodically comes back; the
molecule turns over almost completely during one such *‘period.”

2 The length of this line is equal to the magnitude of the instantaneous angular velocity which
varies in the course of time both in direction and magnitude, whereas for the symmetric top it is
constant in magnitude.

% This conical surface and the one described by a principal axis, incidentally, in the case of the
symmetric top go over into the two circular cones shown in Fig. 7. Or conversely, we may also
consider the motion of the asymmetric top as the rolling of a conical surface fixed to the molecule
on one fixed in space.
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Energy levels. The energy levels of the asymmetric top, according to quantum
mechanics, cannot be represented by an explicit formula analogous to that for the
symmetric top (I, 20). Therefore let us first try to get a qualitative picture of the
energy-level diagram. The total angular momentum J in a given energy level, as
always, is constant in direction and magnitude. It is quantized, that is, its magni-
tude has the values VJ(J + 1)(k/27), where J = 0, 1, 2 ..., Every level of the
asymmetric top is characterized by a certain value of the quantum number J, F¥eor
a symmetric top there are J + 1 sublevels of different energy for each value of
J namely those with K = 0,1,2 --- J, of which all but one (K = 0) are doubly
degenerate. In passing from the symmetric to the asymmetric top this degeneracy
is removed, since there is no longer a preferred direction which carries out a simple
rotation about J. Thus for each value of J, there are 2J + 1 different energy levels.

For a slight deviation from the symmetrical top the splitting of the ‘‘originally
degenerate levels is slight and we obtain the energy-level diagram to the right or
left in Fig. 17. The splitting is quite analogous to the A-type doubling of diatomic
molecules and may be called K-type doubling. It increases with increasing J but
decreases with increasing K (corresponding to A for diatomic molecules). For slight
deviations from the symmetric top the quantum number K is still approximately
defined but for larger deviations it has no longer any definite meaning. In fact there
is no quantum number having a definite physical meaning that distinguishes the
2J + 1 different levels with equal J. Therefore it is general usage to distinguish
them simply by a subscript T added to J such that 7 takes the values

r=—-J,—-J+1,-J+2 ---+J, (1, 54)
assigning the lowest 7 = — J to the lowest level in the group, the next lowest
7= — J + 1 to the next lowest level, and so on. This is also indicated in Fig. 17

forJ =0, 1,2, 3, and 4.

Classically, motions with the same total angular momentum are obtained from that described
by Fig. 16a if the invariable plane is shifted and the size of the energy ellipsoid changed simultaneously
in such a way that 27/d = |P| remains constant. According to quantum theory, of the infinite
number of such motions only 2J + 1 occur, corresponding to 2J -+ 1 positions of the invariable plane
and 2J + 1 associated sizes of the energy ellipsoid. For the lowest position of the plane (largest d)
and the highest energy (largest 27), the energy ellipsoid has its largest axis perpendicular to the plane,
that is, we have a simple rotation about the axis of smallest moment of inertia. Even though the
highest quantum-theoretical level 1 = + J does not have exactly the highest classical energy, we
can conclude that it corresponds approximately to a rotation about the axis of least moment of inertia
(for the limiting symmetric top that has this axis as figure axis it is the level K = J, at the right in
Fig. 17). Similarly it can be seen that the lowest level + = — J corresponds approximately to a
simple rotation about the axts of largest moment of inertia (K = J for the limiting symmetric top with
this axis as figure axis, at the left in Fig. 17).

Let us call the three principal moments of inertia of an asymmetric top, in order
of increasing magnitude, I4, I, and I¢, and let us introduce, similar to the nomen-
clature for the symmetric top,?® the quantities

h h h
, B=gg—, C=/—p—-
8m2cl4 8wl 8%l ¢
% In reading the literature on the subject it should be noted that some authors use 4, B, and C

for the moments of inertia, which however is not consistent with the international nomenclature for
diatomic molecules,

A4 =

(1, 55)
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We may then compare the energy levels of this asymmetric top with two limiting
cases, one in which Iz = I¢ (prolate symmetric top) and the other in which I = I4
(oblate symmetric top). By letting I5 decrease gradually from Ig = I¢toIp = I4
we can expect to find a continuous change of the energy levels. In the first limiting
case (Ip = I¢) the energy levels are, according to (I, 20), given by

F(J,K) = BJ(J +1) + (A — B)K™. (1, 56)

These levels are indicated to the extreme right in Fig. 17 but, unlike Fig. 8a, levels
with different K are not plotted in separate vertical columns. In the second limiting
case (Igp = I4), replacing 4 by C, we obtain

F(J,K) = BJ(J + 1) + (C — B)K~ {, 57)

These levels are plotted to the extreme left in Fig. 17. This part of Fig. 17 corre-
sponds to Fig. 8b. It should be noted that while at the right for a given J the energy
increases with increasing K, at the left it decreases with increasing K since C < B < A.

J K
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Fig. 17. Energy levels of the asynmetric top; correlation to those of symmetric tops.

A little toward the inside from the extreme right and left in Fig. 17 are plotted
the emergy levels of the respective slightly asymmetric tops for which the levels with
K 7 0 are split into two components. In a very rough approzimation the energy
levels in any tntermediate case are obtained stmply by connecting by smooth curves the
levels of a given J on the right, without intersection, with the levels of the same J on the
left side. This is accomplished by connecting the lowest level of a given J on the
right with the lowest one of the same J on the left giving the J_s level, the next
lowest on the right with the next lowest on the left, giving the J_ 41 level, and so on.
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It is seen from Fig. 17 that the arrangement of the levels in an intermediate case
(obtained as the points of intersection of the connecting lines with a vertical line)
is rather irregular.

It should be noted that with increasing J the groups of levels with given J (even
in the limiting cases) overlap one another. In fact, in many cases they do so even
for very low J values. That they do not overlap in the figure is due only to the fact
that A — C has been chosen smaller than either A or C. It can be seen qualitatively
from the figure that if B is half-way between 4 and C [that is, B = (4 + C)], the
energy levels for a given J are symmetrically situated with respect to the central
level Jo. This is confirmed by actual calculations.

Fairly elaborate calculations are necessary in order to obtain a representation of
the energy levels of the asymmetric top by quantitative formulae. Such calculations
have been carried out by Witmer (946), Wang (912), Kramers and Ittmann (539)
(540), Klein (515), Ray (725), and others. The energy formulae may be written in
different forms. Two of these have been used in numerical calculations. The first
of these energy formulae, due to Wang (912), is

F(J,) =3B+ CO)JW +1) +[4 - 3B +0O)IW,; (I, 58)

the second formula, due to Ray (725) as corrected by King, Hainer, and Cross
(504) is

F(J,) =34+ C)JJ +1) + 14 - O)F.. (I, 59)

In these equations W, and E, are closely related quantities that depend in a compli-
cated manner on 4, B, C, and J, and for a given J assume 2J + 1 different values
corresponding to the 2J + 1 sublevels mentioned above. The 2J 4 1 values of W,
or E, for a given J are the roots of a secular determinant of degree 2J + 1. However,
fortunately, this determinant can be factored into a number (four for J > 2) of
determinants of smaller degree leading to a number of algebraic equations in each
case. Even so, the degree of these algebraic equations increases linearly with J, so
that it is exceedingly laborious to determine the energy levels when the moments of
inertia are known.

The algebraic equations for W, for J = 0 to J = 6 are, according to Nielsen (660)
[as corrected by Randall, Dennison, Ginsburg, and Weber (712)]:

J =0:
Woe=0
J =1
W,=0
W?2—2W,.4+ (1 - =0
J=2.‘ (Is60)

W,—14+3=0
W,—-1-3b=0
W,—4=0
W2 —4W, — 1202 =0
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W,—4=0
W2 —4W, — 6002 = 0
W2 — (10 — 60)W, + (9 — 54b — 15b") = 0

W,z — (10 + 60) W, 4 (9 + 54b — 150%) = 0
J =4 (I, 60 continued)
W2 —101 — o)W, + (9 — 90b — 63b%) = 0

W.2 — 10(1 + b)W, + (9 + 90b — 63b2) = 0
W2 — 20W, + (64 — 286%) = 0
WA — 20W.2 + (64 — 208b2) W, + 288082 =

W2 — 20W, 4 64 — 108b% =
W2 — 20W,% + (64 — 5280*) W, + 67200* = 0

W3 — W35 — 15b) + W, (259 — 5106 — 213b2)
— (225 — 3375b — 4245b% + 675b%) = 0
W3 — W35 + 15b) + W,(259 + 5100 — 213b2)
— (225 + 3375b — 42450 — 6756%) = 0
J = 6:
W3 — W35 — 21b) + W.(259 — 714b — 52502)
— 225 + 4725b + 9165b* — 34655 =

W2 — WA35 + 21b) + W,(259 + 714b — 525b%)
— 225 — 4725b + 9165b* + 3465b° =

W2 — 56W,.2 + W,(784 — 336b%) — 2304 + 9984H% = 0
WA — 56W,% + W, 2(784 — 1176b%) — W,(2304 — 53,664b%)
— 483,840b% 4 55,440b* = 0

In these equations the parameter b is an abbreviation for

ot C_B .
" 2[4 — §(B +0)]

b I, 61)

In order to find, for example, the energy values for J = 5, one would have to solve
the quadratic equation and the three cubic equations given under J = 5 in (I, 60)
and substitute the eleven different W, values into (I, 58). The lowest value of W,
obtained from the set of equations for a given J is W_;, the next lowest W_;,,
and so on. Nielsen (660) has given the equations up to J = 10 and Randall,
Dennison, Ginsburg, and Weber (712) have given the equations for J = 11 as well
as a list of typographical errors in Nielsen’s equations. Further equations for larger
J values have not been worked out but could be derived comparatively easily from
Wang’s (912) general equations.

The equations for E. in (I, 59) are obtained from (I, 60) by substituting E,/« for
W, and 1/« for b where

B34+ 0]

Yo (1, 62)
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As B is allowed to vary from C to A, as in Fig. 17—that is, in going from the prolate
to the oblate symmetric top—« goes from —1 to +1 whereas b goes from 0 to —1.
In the most asymmetric top (for fixed C and 4), when B is half-way between A and C,
the parameter xk = 0 whileb = — 4. If one wants to calculate the energy levels for
a series of asymmetric tops between the two limiting cases, it is preferable to use
equation (I, 59), since Ray (725) has shown that, for any given J,

E.(x) = E_.(— x). (I, 68)

Thus it is only necessary to calculate the energy values on one side of the most
asymmetric case (k = 0). Those on the other side are then immediately given by
(I, 63) and (I, 59). Recently King, Hainer, and Cross (504) have given an exceed-
ingly useful table of the E.(«) values for J/ = 0 up to J = 11 and for x = 0, — 0.1,
- 0.2, -+ — 1.0. Fairly accurate energy values for intermediate x values may be
obtained from this table by interpolation.

For a few levels, by combining (I, 58) (I, 60) (I, 61) simple formulae for the
energies are obtained:

F(00) = 0;
Fl,)=B+C, Fll)) =A+C, F(14) = A+ B;
F2..)=A+B+4C, F(2)) =A+4B+C, F(2;1) =44+ B +C; (1,64)
F(30) =4(A+ B+ 0C).

In the limiting case of the prolate symmetric top (B = C, b =0, x = — 1), as
can be verified immediately from the equations (I, 60), W, assumes the values, 0,
12, 2% 3% . .- J?, as it should since W, is then equivalent to K2 in (I, 56) for the sym-
metric top [3(B + C) is then equal to B]. A comparison of (I, 59) and (I, 56) shows
that E, in this case assumes the values 2K* — J(J + 1) with K =0, 1, 2, --- J.
In the limiting case of the oblate symmetric top (B=A4, b= —1, k= 4 1),
1, 58) and (I, 59) must go over into (I, 57); that is, W, and E, become equal to
J(J 4+ 1) — 2K?as can be verified easily for the lowest J values from equations (I, 60).

From Fig. 17 as well as from equations (I, 60) it is seen that for the asymmetric
top there are no simple series of rotational levels as there are for the symmetric top.
However, to a certain approximation, particularly for slightly asymmetric tops, simpler
formulae giving such series of levels may be developed and used to advantage, even
though they are not sufficient for an accurate representation [see Mecke (612) (614)].
Since W, in the prolate limiting case (B = C) is equivalent to K2, it is to be expected
from (I, 58) that for a slightly asymmetric top near this case,

Fprotate(J, K) = 3(B+ C)J(J + 1) +[A — (B + C)]K?, (1, 65)

with integral K < J, will give a fair representation of the energy levels. Similarly,
near the oblate limiting case, we would have

Fovtato(J, K) = $(4 4+ B)J(J + 1) + [C — 3(4 + B)IK®. (1, 66)

In the first case the two highest levels J1+s and J4s_; for each J (for which K = J;
see Fig. 17) are given by

FWJ+s) + FJ4+s-1)] = AJ* + 3(B + C)J; (I, 67)
in the second case, the two lowest levels (K = J) are given by
YF(J-J)) + F(J-s41)] = CJ* + ¥(4 + B)J., (I, 68)
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By taking account of the difference between K2 and W, Mecke (612) obtained, instead of (I, 67)
and (I, 68),

o — 1
MPUL) + FU4rD] = AP + 4B + O — 3B = OF 5
oF —1

J -1

b’
b(l +Z)' a, 69)

HFW-1) + FU-140] = C7 + 3(A + BT — (A4 — BT M(1+§),aﬂm

where b is given by (I, 61) and

o B—=4
2[C — 44 +B)]

The equations (I, 69) and (I, 70) hold to a fairly good approximation even for strongly asymmetric

tops and may then both be applied to the same top.

Wang (912) [see also Mecke (614)] has given formulae for the splitting of the
levels that are degenerate in the limiting symmetric tops. Instead of reproducing
these formulae we give in Fig. 18 a graphical representation of the variation of the
energy of the levels with K = 0 to 4 as a
function of J [after $(B + C)J(J + 1) has
been subtracted] for the case of a very slight-
ly asymmetric (nearly prolate symmetric)
top. It is seen that the splitting (K-type
doubling) increases with increasing J but
much less rapidly for the higher K values.
Also it is seen that the average of the levels K=3
of the same K deviates from a horizontal, that
is, does not follow exactly (B + C)J(J + 1).

As is easily verified from equations (I, 60)
(without solving them), the average of all levels Ke2 .
with a certain J follows accurately the form-
ula for the simple rotator with an average
rotational constant [see Mecke (612)1]:

b* (I,71)

K=4

F(J,)~%(B+C)J(J+1)

Z. F(J,)
ST = HA+B+OJI +1). (1,72 . .
o + 1 4+B+0OJU+D. L,72) | ; n s ,

This relation is useful in checking calculated Fia. 13-1 fmgfongl e:l%fg)of a Blithﬂy
. asymmetric top about 0. as a func-

levels and the correct assignment of observed g0 "o 7 [after Dieke and Kistiakowsh

levels. Furthermore, by a more careful anal- (2{15)8)].—;1‘1? term $(B + C)J(J + 1) is
is of the equatio I. 60) Meck 12) h subtracted from the energy, that is, the

gSIS. ° dt q. ns ( ’? ) he ¢ e. (6 ) ?8 deviations of the curves from horizontal
erived certain sum rules, t at 18, simple jines represent the deviations from the

formulae for the sum of certain sublevels of levels of the symmetric top.

a given J. These sum rules are given in

Table 8 for values of J up to J = 6. They are exceedingly useful in determining

the rotational constants from the observed energy levels. The sum rules hold rig-

oroualy, just as do equations (I, 60), as long as the asymmetric top is rigid.

Influence of non-rigidity. The actual asymmetric top molecules are not strictly rigid. There-
fore, in consequence of the centrifugal forces acting on the nuclei, the molecule is increasingly dis-
torted in the higher rotational levels and this leads to (usually slight) changes of the energy as

# They are obtained by applying the rule about the sum of the roots of an algebraic equation
to each one of the equations (I, 60).
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TARLE 8. SUM RULES FOR THE ASYMMETRIC TOP AFTER MECKE (612).

Designation of levels Sum Type of level
(sec p. 52)
F(0o) 0 ]
F(2.2) + F(242) 44 +B+0
F(30) 44 +B +0) -
F(4-d) + F40) + F(440) 204 +B +0) b
F(5_2) + F(542) 204 + B +C)
F(8_s) + F(6_-2) + F(642) + F(649) 56(A + B + C) J
F(1o) 4+0 )
F(20) 4B + (4 + O)
F(3-2) + F(3:2) 4B + 10(A + C) L —
F(4_0) + F(4,9) 20B + 10(4 + C)
F(5-) + F(50) + F(544) 20B +35(4 + O)
F(6-4) + F(60) + F(644) 56B + 35(4 + C) J
F(1.) A + B) )
FQ2_) 4C + (A + B
F@3-1) + F34a) 4C +10(4 + B) +—
F(4_5) + F(441) 20C +10(A + B)
F(5-3) + F(541) + F(545) 20C + 35(A + B)
F(6_5) + F(6_1) + F(6,3) 56C + 35(A + B)
F(1.) (B +0)
F(241) 44+ (B +0)
F(3-3) + F(341) 44 +10B + O) .
F(4_1) + F(442) 204 +10(B + )
F(5_5) + F(5-1) + F(5:3) 204 + 35(B + O)
F(6_3) + F(6.41) + F(645) 564 + 35(B + C)

compared with the values given by (I, 58) or (I, 59). Similarly to the case of the symmetric top,
the magnitude of the energy shifts in consequence of the centrifugal distortion depends on J and 7 as
well as on the force constants in the molecule. The exact form of the dependence is quite compli-
cated. It has been discussed in detail by Wilson (936) (937), by Crawford and Cross (242), who have
applied Wilson's method to H,S and have given valuable tables, by Shaffer and Nielsen (780) and by
Nielsen (665). Randall, Dennison, Ginsburg, and Weber (712) have given an approximate formula
for the deviations, §F(J ) and 6F(J —s) of the highest and lowest level of each set with given J from
the rigid top levels in the case of a non-linear molecule XY3 (such as Hy0). They found

oF = ~ DJ4, (1,73)
where the constant D is different for the highest and lowest level and depends on A and C respec-
tively as well as on the force constants in the molecule.

For H20 the correction for J = 11 is as high as 280 cm™ (8.7 per cent of the term value) in the
highest level, but is only 4.3 cm™ in the lowest. The large correction for the highest level, in which
there is essentially a rotation about the smallest moment of inertia axis (parallel to H—H in H,0),
corresponds to a change of the H—O—H angle from its equilibrium value of 104°27’ to 98°52’ and
of the O—H distance from 0.958 to 0.964 A. The changes introduced by centrifugal distortion are
thus quite considerable for the higher rotational levels in light molecules such as H.O. They are,
however, very small for heavier molecules with smaller speeds of rotation.

Symmetry properties and statistical weights. Just as for linear molecules and
symmetric top molecules, the total eigenfunction must remain unchanged or can
only change sign for an inversion, that is, the rotational levels are positive or negative.
For non-planar asymmetric top molecules, just as for symmetric top molecules, each
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single level of the asymmetric top is really double on account of the possibility of
inversion (inversion doubling) and always one component is positive, the other nega-

tive. For planar asymmetric top molecules (H,O,
H,CO, C,Hy « - +) there is no such doubling. It
can be shown (see Chapter IV, section 4a) that
for them in a totally symmetric vibrational and
elcctronic state the highest level J4 s of each set
of a given J is +, the two next highest are —, the
two next 4, and so on (see the first column of
signs in Fig. 19).

The above classification according to the sym-
metry properties of the total eigenfunctions
[over-all species classification according to Mul-
liken (645)7] is not as frequently used as a clas-
sification according to the symmetry properties of
the rotational etgenfunction only [see Dennison
(279)]. TFor the sake of brevity let us call the
three principal axes about which the moments of
inertia are I, Ip, I¢ respectively the a, b, ¢ axes.
The rotational eigenfunction ¥, is a function of
the orientation of this system of axes with respect
to a fixed coordinate system. [¢,> gives the
probability of finding the various orientations of
the axes. Because of the symmetry of the mo-
mental ellipsoid, an orientation that differs from
a given one by a rotation through 180° about
one of the axes must have the same probability.
Therefore ¥, must remain unchanged or only
change sign for such a rotation. We call these
rotations Cs2, Cs?, and C,¢ (the axes are two-fold
axes of symmetry of the momental ellipsoid).
Thus the rotational levels of an asymmetric top may
be distingutshed by their behavior (4 or —) with
respect to the three operations, Cq%, Co?, Cs°. Since

one of these operations is equivalent to the other J

two carried out in succession, it is sufficient to
determine the behavior with respect to two of
them; usually Co° and C2® are chosen. There are
thus four different types (species) of levels, briefly
described by ++, +—, — 4+, and — —, where the
first sign refers to the behavior with respect to C2°,
the second to the behavior with respect to Cso.

Fic. 19. Symmetry properties of the rotational levels
of asymmetric top molecules for J = 0 to 5.—The desig-
nation + 4, 4+ —, ++* applies to any case, the properties

o 1 =ty

44 54,
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8 (symmetric) and a (antisymmetric) given at the right refer to the case that the C; lies in the a

axis (H2CO, + ), those at the left to the case that the C; lies in the b axis (H30, - - ).

For the sake

of clarity the different sets of lovels with a given J have been drawn separated. The spacing of the
levels within each set corresponds approximately to the most asymmetric case (sce p. 48).
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The behavior with respect to Cz? is simply the product of the two signs. The four
types are also designated A, B., B,, Bs respectively [Mulliken (645)]. Table 9 sum-
marizes the designation and the behavior of the four types of levels.

TABLE 9. CLASBIFICATION OF THE ENERGY LEVELS OF THB ASYMMETRIC TOP.

Designation Behavior
w
Dennison Mulliken Cy¥ Cgb Cy®
++ A + + +
+- B. + - -
-+ B, - - +
—_ By - + -

It has been shown by Dennison (279) from a closer consideration of the eigen-
functions that the highest level J s for each set of a given J is + with respect to
Cy*, the two next highest are —, the two next are +, and so on. Furthermore, the
lowest level J_; of each set is 4+ with respect to C»?, the two next higher are —, the
two next +, and so on. Thus the type of each level can be obtained. Fig. 19 shows
the result for J = 0 to J = 5. The behavior with respect to C? is indicated in
brackets.

It can be shown that each one of the algebraic equations (I, 60) gives levels of
one species only. That is why in the sum rules of Table 8 only states of the same
type occur. These types are indicated in the table.

As is easily seen by comparison with Fig. 17, the levels that are + with respect to Csf are derived
from the levels with even K in the corresponding oblate symmetric top (to the left in Fig. 17), while
those that are — with respect to Cy¢ are derived from the levels with odd K. Similarly the levels
that are -+ or — with respect to C2® are derived from the levels with even or odd K respectively in
the corresponding prolate symmetric top (to the right in Fig. 17). On this basis King, Hainer, and
Cross (504) have introduced the designation ee, oe, eo, oo for the species ++, +—, —+, and — —
respectively, where the first letter indicates even or odd Kprolate, the second even or odd Koblate.
It appears that the reverse order would have been preferable, sinco then + and e, — and o would
be equivalent.

If an asymmetric top molecule has identical nuclei the total eigenfunction must
be symmetric or antisymmetric with respect to an exchange of any two identical
nuclei. However, this leads to a further significant classification only in cases of
symmetric molecules in which an exchange of the nuclei can be brought about by a
rotation about one of the principal axes, that is, in cases of molecules that have
two-fold axes.

We consider first the case of molecules with one pair of identical nuclet only, such
as H,0, H;CO, Cl;CO and similar molecules of point group Cz,. For these molecules,
for a totally symmetric vibrational and electronic state (ground state), those rota-
tional levels are symmetric in the nuclei that are positive with respect to rotation by
180° about the two-fold axis, and those levels are antisymmetric that are negative with
respect to the same rotation. For the molecules considered, the two-fold axis of
the molecule coincides either with the a or the b axis (least or intermediate moment
of inertia). In the first case the levels that are + with respect to Cy® are symmetric,
that is, the 4+ and — 4 levels, and the levels that are — with respect to C3® are
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antisymmetric, that is, the 4+ — and — — levels. This is indicated at the right in
Fig. 19. This first case applies, for example, to the molecule H:CO or to a molecule
XY, in which the Y—X—Y angle is small (not H:0). In the second case (two-fold
axis coincides with b-axis) the levels that are + or — with respect to Cs® are sym-
metric or antisymmetric respectively, that is, the 4+, — —, and 4+ —, —+ levels
respectively. This is shown at the left in Fig. 19 and applies, for example, to H,0,
NO; and other similar molecules with a fairly large angle. It may be noted that in
this case, unlike the first, in a set with a given J the levels are alternately a and s,
and the lowest (and highest) level is s or a depending on whether J is even or odd.

If the two identical nuclei have zero spin, only those levels occur whose total
cigenfunction is symmetrical with respect to an exchange of the two nuclei; that is,
for a totally symmetric electronic and vibrational state the antisymmetric rotational
levels (see Fig. 19) are missing just as for diatomic molecules. If the nuclei have
non-zero spin, both the symmetric and antisymmetric levels are present but with
different statistical weights, which again are the same as for the corresponding diatomie
molecules and depend on the statistics in the same way. For example, for H20,
H,CO the antisymmetric levels have 3 times the statistical weight of the symmetric,
for D0, D;CO the statistical weights of the a and s levels are in the ratio 1 : 2. This
is, of course, apart from the usual factor 2J + 1 (which is the same for all 2J + 1
levels of a given J value). Molecules like HDO, HDCO, of course, do not exhibit
any such difference.

TABLE 10. BSTATISTICAL WEIGHTS OF SYMMETRIC AND ANTISYMMETRIC ROTATIONAL LEVPIS
IN THE ELECTRONIC AND VIBRATIONAL GROUND STATE OF SOME ASYMMETRIC
TOP MOLECULES OF SYMMETRY C2, Ci,, AND Ca.

¢

Statistical weight factors 28
Molecule
Symmetric Antisymmetric

levels (A) levels (B)
H,0, H,.CO 1 3
D0, D.CO 6 3
cis-, trans-HDC2=C2ZHD 15 21
cis-, trans-HDCB=CBHD 78 66
D,C12=C2H,, D,C3=CBH,, CH;D, 15 21
cis-, trans-HFC"?==C12FH, CH,F, 10 6
¢is-, trans-HCBSC2=C12CI3H, CHCly3® 78 66
cis-, trans-DCPRSC12=CLCPD, CD,Cly3® 153 171
NO,18, O6N—NO,!8 1 0
OBOIBNM—NHQEO18 6 3

As for diatomic molccules, in consequence of the smallness of the nuclear magnetic
moments symmetric and antisymmetric levels do not combine with one another to any
significant extent even by collision, and we have again two modifications of the gases
H,0, H,CO, and others that may appropriately be called ortho-Hz0, para-H3O,
and so on.

48 'T'he following values for the nuclear spins have been assumed: I(H) = §, I(D) = 1, I(G%) = 0,
I(0*¥) =0, I(C®) =0, I(C®) = §, I(F¥) = 4, I(CI¥) = §, I(N¥) =1,



54 ROTATION AND ROTATION SPECTRA I4

Since the symmetry of the eigenfunctions is not changed by changing the moments of inertia,
the above considerations also supply the symmetry properties s and a of the levels of a symmetric
top having two identical nuclei, that is, one that is accidentally symmetric [for example XY with
& certain angle; see Mulliken (645) ]. .

For asymmetric top molecules of point groups Cz, C3,, and Czx with more than one pair of identical
nuclet that are exchanged by a rotation about the two-fold axis, the same symmetry properties s
and a as in Fig. 19 apply when the C: coincides with the smallest or intermediate moment of inertia
axis. If it coincides with the largest moment of inertia axis (which is possible in this case but razely
occurs) it is easily seen that the ++ and + — levels are symmetric, the —+ and — — levels anti-
symmetric. Which levels have the greater statistical weight depends on the resultant statistics of
the set of nuclei that are exchanged by the two-fold rotation (similar to the case of linear molecules
with several pairs of identical nuclei) and the magnitudes of thestatistical weight factors due to nuclear
spin are given by the previous expressions (I, 8) and (I, 9). Table 10 gives the results for a few such
molecules. Since in Chapter IV the symmetric and antisymmetric levels of the present case will
be called A and B levels respectively these designations are added in the table.

If a molecule has three mutually perpendicular two-fold axes (point groups V and V) there must
be at least four identical atoms, and a rotation by 180° about any one of the axes (which coincide with
the principal axes of inertia) exchanges at least two pairs of identical nuclei. Sinco the total ecigen-
function can only be symmetric or antisymmetric with respect to such an exchange and since the
rotational eigenfunction is positive or negative with respect to the same rotations, we obtain four
types of symmetries with respect to the exchanges of nuclei which might be called ss, sa, a3, aa,?®
where the first letter gives the symmeotry with respect to an exchange of nuclei produced by the
operation C3°, the second with respect to Cz*. TFor a totally symmetric electronic and vibrational
state it is clear that the + -+ levels are ss, the + — levels are sa, the — + levels are as, and the
— — levels are aa. Wilson (933) calls the ss, sa, as, aa levels, A, B, Bs, B respectively (see Chapter
IV, section 4a).

If the spins of the identical nuclei are zero (as for example in Oy if it forms a rectangle, or in the
C204 " ion if it has an ethylene-like structure), the total eigenfunction must be symmetric with respect
10 an exchange of any two identical nuclei and therefore only the ss (A) rotational levels occur: that
is, the number of rotational levels is reduced very considerably (see the + + levels in Fig. 19).

TABLE 11. BTATISTICAL WEIGHT FACTORS ¥ OF THE ROTATIONAL LEVELS IN THE
ELECTRONIC AND VIBRATIONAL GROUND STATES OF SBOME
MOLECULES OF SYMMETRY Vj.

Rotational level ‘ C#H, | C#D, | CH, N,40,1 N0 18 NoMO87 ™
+4(4) 7 27 16 6 1 51
+—(By) 3 18 12 0 0 27
— +(By) 3 18 24 3 3 39
——(By) 3 18 12 0 0 27

If the spins of four identical nuclei are different from zero while all other nuclei have zero spin,
a8 in CaH4, C.Cly, and similar molecules, the other rotational levels (sa, as, aa) may also occur but
with different statistical weights. A group theoretical investigation [ Wilson (933); see also Chapter
IV] shows that for I = 4 (for example C:H,) the weight factors are 7, 3, 3, 3 respectively; for I = 1
(for example C2:Dy) they are 27, 18, 18, 18 respectively, independent of the statistics of the nuclei.

If the only identical nuclei with I 0 are on one of the symmetry axes, as, for example, in
Na"0 if it has symmetry V3, in addition to the ss levels only those levels occur that are antisym-
metric with respect to those axes on which the nuclei with I ¢ 0 do not lie. Thus, if the nuclei with
1 3 0 lie on the a-axis (least moment of inertia) only the ss and as levels (that is, ++ and —+ in
the ground state) occur with weight factors as in the corresponding diatomic molecules. If the spins
of the nuclei on as well as those off the axes are different from zero, all four types of levels ocenr but

2 These symbols are not used in the literature.
% To obtain the complete statisticul weight the factors given nst be multiplied by (2J + 1).
3 Assuming I1(OV) = 4.
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the weight factors of the sa, as, aa levels are no longer equal. The results for two such cases are
given in Table 11 which also contains the previously discussed examples.

Of course, there is again a very strict prohibition of intercombinations between levels of different
symmetry in the nuclei. It holds even for collisions, and therefore, similar to ortho- and para-Ha,
there are four modifications of C2Hy and C2Dy, and two modifications of N2OJ8.

Infrared rotation spectrum. As in the other cases discussed before, an infrared
rotation spectrum can occur only if the molecule has a permanent dipole moment.
Therefore molecules of symmetry V; (such as CoHy, N2O,) do not exhibit an infrared
rotation spectrum but only molecules of symmetry Cs,, Cs; such as H.0, H.CO, H,0,
or molecules of still lower symmetry. If a permanent dipole moment is present we
have, as always for dipole radiation, the selection rule for J,

AJ =0, £1, (I, 74)
and the selection rule for the over-all species (+ and —),
+ -, + > +, — -, (1975)

As for symmetric top molecules, the rule (I, 75) is only of importance when the in-
version doubling is not negligible. In addition, we have certain symmetry selection
rules which depend on the orientation of the permanent dipole moment with respect
to the principal axes of inertia:

If the molecule has no symmetry the permanent dipole moment will in general not
coincide with or be perpendicular to any one of the principal axes. In this case the
only restriction is that levels of the same symmetry do not combine with one another:

F4ert 4,  +—ert—, —Fer—4, ————. (I,76)

If the molecule has an azis of symmetry, the dipole moment lies necessarily in this
axis which coincides with one of the principal axes. In this case only those rotational
levels can combine with one another whose eigenfunctions have the same symmetry
with respect to a rotation by 180° about this axis and opposite symmetry with respect
to similar rotations about the other two axes. Therefore, remembering that the
symmetry with respect to C2? is determined by those for Cy¢ and C.%, we see that
if the dipole moment lies tn the axis of least moment of tnertia (a axis), only the transitions

+ 4o -4+ and + - — — I, 77)

can take place. If the dipole moment lies in the axis of intermediate moment of inertia
(b axis), only the transitions

4+ 4+ —-—= and + - -+ I, 78)

can take place. If the dipole moment lies in the axis of largest moment of inertia (c
axis), only the transitions

. +4+eo+—- and -4 -—— 1, 79)

can take place. The prohibition of intercombinations of levels of different sym-
metry in the nuclei (see above) does not introduce any further restriction of the
possible transitions. This can easily be verified if it is noted that the direction of
the dipole moment necessarily coincides with that axis about which a rotation
exchanges the identical nuclei.
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In Fig. 20, for the three orientations of the dipole moment the possible transitions
between the rotational levels J = 3 and J = 4 are indicated. It should be noticed
that in addition to transitions between levels belonging to different sets of J values
(AJ = =+ 1) also transitions within one set of given J (AJ = 0) are possible. It will
be seen that in each case the resultant spectrum is quite complicated, particularly
since other J values occur at the same time. .

In the case of a completely unsymmetrical molecule [selection rule (I, 76)],‘&11
three sets of transitions given in Fig. 20 can take place. If the molecule has a plane
of symmetry (point group C,) the dipole moment lies in this plane. In this case only
two of the three sets of transitions occur, namely those corresponding to the dipole
moment in the two principal axes lying in the plane of symmetry.

The proof of the above symmetry selection rules is comparatively simple. The matrix elements
R:s, Rys, Ry of the dipole moment are given by the general formula (I, 37) (p. 32)

R’I =M. fcos a”w",‘,/"”*dr" + Mil fcos av\bf,\[/r”*d'rr + M. J‘COS az'//r"ybr”*drr

and similarly for Ry and R,. The moving axes z, y, z may here be taken as the a, b, and ¢ axes
respectively. Let us consider the case in which the dipole moment lies in the a-axis (M. # 0,
M, =M, =0). Then

Ry =M. fcos azyy' ¥ *dry,
Ry = M, [ cos By *drr, (1, 80)
Ry =M, fcos VoY

where a;, Bz, vz are the angles of the a-axis with the fixed coordinate axes zy, y7, 27. In order that
the transition probability (that is R) be different from zcro, at least one of the three integrands in
(I, 80) must remain unchanged for all transformations of coordinates that transform the system into
an indistinguishable one, that is for the three rotations Cs¢, C3%, and Co*. For the operation Cs® the
angles az, 8z, v- remain unchanged. Therefore, in order that the integrands remain unchanged for
this operation ¥,’ and ¥,”” must be both + or both —. For the operations Cz* and Cy° the a-axis
changes its direction into the opposite one and therefore cos az, cos 8; and cos vy, change sign. In
order that the integrands remain unchanged for the operations Cs® and Cy° the functions ¥’ and ¥,
must therefore have unlike symmetry with respect to these operations. Thus only for transitions
++¢>—+ and + —¢>— — can Ry, Ry, R.s and therefore R be different from zero. Only these
transitions have a non-zero transition probability. In a similar manner the selection rules for the
other cases given above are obtained.

Rigorous intensity formulae similar to those for linear and symmetric top molecules have been
derived for asymmetric top molecules for J values up to J = 3 but not published by Dennison
[quoted in (712)]. They become exceedingly complicated for larger J values. The usual way [seo
Dennison (279) (712)] is to use the formulae for the ‘‘nearest’” symmetric top, that is, in case of a
strongly asymmetric top, for the levels of high = the prolate, for those of low 7 the oblate sym-
metric top. This approximation is good for all those levels for which the K doubling is fairly small.
As a general rule it may be said that large changes of 7 are less probable than small changes sinco
in the limiting cases the former would correspond to changes in K of more than one unit which
are forbidden.

Very recently Cross, Hainer, and King (249a) have published extensive tables of line strengths
based on the rigorous formulae and extended up to J = 12. From these tables it appears that the
approximations referred to above must be used with caution.

The only asymmetric top molecules whose infrared rotation spectra have been
investigated in any detail up to the present time are H,O and D,0. Randall,
Dennison, Ginsburg, and Weber (712) and Fuson, Randall, and Dennison (343) have
measured these spectra with great accuracy and very good resolution. Fig. 21 gives
part of the observed H,0 spectrum. It is seen that there are no obvious regularities.
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On closer examination, however, several series of lines with regularly changing separa-
tions can be found. Two of these which split into doublets at long wave lengths are
indicated by O and X in Fig. 21.

In the case of H,0 the rotational constants A, B, and C in the ground state were
known from the rotation-vibration spectrum (see Chapter IV), in the ecase of D;0
they could be calculated from the former on the basis of the known masses and the
assumption that the internuclear distances are the same as in H,O [see Fusgn,

° o

(‘alt‘.&ﬁ A | pAa /( \ AA | i)

obs, cm?

260 270 2 290 300 310

cnlcﬁill A /\ i/\A IA/\ /\/\ %L,. | ) /\ A

obs. AU/\/LJ/\\/\/\/V\\AWM cm?

Fia. 21. Part of the rotation spectrum of H,O vapor [after Randall, Dennison Ginsburg and
Weber (712) ].—The continuous curve represents the infra-red absorption, the small triangles above,
the theoretical spectrum. The great intensity of absorption is indicated by the fact that it is entirely
due to the small amount of H;0 left in the spectroscope after thorough drying with P,0;.

Randall, and Dennison (343)]. Therefore in both cases the spectrum could be pre-
dicted on the basis of the energy formulae and the selection rules given above. Since
it is also known from the rotation-vibration spectrum that the two-fold axis, which
coincides with the direction of the permanent dipole moment, is the intermediate
moment of inertia axis (b-axis), the selection rule (I, 78) applies (see Fig. 20b).
Comparing the spectrum predicted in this way with the observed, Randall, Dennison,
Ginsburg, and Weber (712) were able to assign a great portion of the observed lines
to specific rotational transitions. By slight adjustments of the position of the energy
levels, that is, essentially, by taking account of centrifugal distortion, the agreement
between calculated and observed lines could be made practically perfect and at the
same time most of the residual lines assigned. In Fig. 21, above the observed spec-
trum, the theoretical spectrum derived from the finally adopted energy levels is also
shown, where the intensities, indicated by the area of the triangles, are also theoretical
(see above). It is seen that the agreement is exceedingly good.
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A further very exacting test for the correctness of the assignments is supplied by
certain combination relations. It can be seen from Fig. 20b that, for example,
V(44 — 4-2) — v(444 — 442) = (442 — 30) — ¥(4—2 — 30)
F(442) — F(4-9).

Similar relations hold for other pairs of levels of the same symmetry. The following
is a numerical example from the H;O spectrum:

v(7_3 — 6_5) = 335.34 v(8_3 — 7—7) = 420.10
v(7—7 — 6_5) = 139.09 v(8_s — 7_3) = 223.82

F(7_3) — F(7—) = 196.25 F(7_3) — F(73) = 196.28

Such an excellent agreement has been found for a large number of other pairs of
levels, proving the correctness of the analysis. At the same time, by simply adding
up the proper differences of energy levels the energy levels themselves can be determined.

Of course, an analysis of the H;O and D0 rotation spectra would in principle also have been
possible if the rotational constants had not been known. One could, for example, have started out
from the two series of lines marked in Fig. 21. We have seen above that the two highest and two
lowest cnergy levels of each J follow approximately the formulae (I, 67) and (I, 68) respectively [or
more accurately (I, 69) and (I, 70) ], and that the doublet separation decreases rapidly with increasing
J. Therefore, for the corresponding transitions J + 1 <—J (for example, 44« — 343, 4,3 — 343 and
4_3 — 3_3, 44 — 3_2in Fig. 20b) we have the approximate formulae

[ +Dyr = Jeral +v[( + D4y =Js]} =4 +3B +0) +247 + -+, (1,81)
YOI + Vg =T ]+ v [T+ D)g =T_s]} =C +3A +B) +207 + +-+; (1,82)

that is, we have two series of doublets, one with an approximately constant spacing 24, the other
with a spacing 2C. The doublet splitting should decrease rapidly toward higher frequencies. This
is exactly the characteristic of the two series marked in the spectrum Fig. 21. The separations of
the two longest wave-length doublets in the two series are 54.0 and 18.8 cm™ respectively. From
these one would obtain the approximate A and C values 27.0 and 9.4 cm™ respectively. They agree,
within the approximation of the formulae (I, 81) and (I, 82), with the accurate values 27.81 and 9.28
respectively known from the rotation-vibration spectrum. If the latter had not been known one
could have used the former values as an initial approximation for calculating the energy levels.
The rotational constant B would in that case have been obtained from the relation I¢ = Ip + I4,
which holds for every plane molecule (see, however, p. 461).

According to the previous discussion, for H:O the 4+ and — — levels (which have even 7)
are symmetric, the + — and — 4 levels (which have odd 7) are antisymmetric in the nuclei; that is,
their statistical weights are in the ratio 1 : 3. Therefore in the two series of doublets discussed here
(see Fig. 19) alternately the high- and the low-frequency component should have three times the intensity
of the other component. As far as the doublets are resolved it can be seen from Fig. 21 that this
intensity relation is strikingly fulfilled.

The best way to derive the final values of the rotational constants A, B, C from the observed
spectrum would appear to be by means of Mecke’s sum rules (Table 8), after these have been cor-
rected for the influence of centrifugal stretching terms. It is not necessary to know all the energy
levels; but it is easily possible on the basis of the sum rules to express certain sums of combination
differences in terms of the rotational constants. However, such a re-evaluation of the rotational
constants from the far infrared spectrum has not as yet been carried out.

Raman spectrum. Even for an asymmetric top molecule of the highest symmetry
(V1), and a fortiort for one of lower symmetry, the polarizability ellipsoid is in general
not a sphere, and therefore in general an asymmetric top molecule has a rotational
Raman spectrum. The selection rule for J is [see Placzek and Teller (701)]

AT =0, £ 1, & 2. (, 83)



60 ROTATION AND ROTATION SPECTRA I, 4

If the molecule has no symmetry, and consequently the axes of the polarizability
ellipsoid do not coincide with those of the momental ellipsoid, transitions between
levels of any of the symmetry types (+4, + —, —+, — —) may occur. However,
if the molecule has the symmetry C,,, D,, or V,, the axes of the two ellipsoids do
coincide and only levels of the same symmetry can combine with each other

t+ot++, ot -, —to—+, ——o——. (@, 84)

L 4

Even in this case the rotational Raman spectrum would be very complicated and such
a case has not yet been analyzed or even resolved. The only case of an asymmetric
top rotational Raman spectrum that has been studied in any detail is that of ethylene
(C.H,), which is almost a symmetric top [Lewis and Houston (576)]. Here the
quantum number K is approximately defined, the selection rule AK = 0 holds ap-
proximately, and corresponding lines with different K fall nearly together. This
explains why an apparently simple S branch is observed on either side of the exciting
line. R branches are not observed, apparently because of lack of intensity (compare
the intensity of the R branches in the NH; Raman spectrum, Fig. 14). An intensity
alternation does not occur, as can easily be understood from the previous discussion
(p. 52f.) by going over to the limiting case B =~ C. The average distance of suc-
cessive lines in the two branches is found to be 3.68 ecm™, from which it follows [see
formulae (I, 45) and (I, 65)] that 3(B + C) = 0.92, cm™!, that is, the average
moment of inertia about an axis perpendicular to the C—C axisis 30.4 X 10~ gm cm?
(for a more accurate determination of this quantity, see Chapter IV, section 2b).



CHAPTER II

VIBRATIONS, VIBRATIONAL ENERGY LEVELS,
AND VIBRATIONAL EIGENFUNCTIONS

In the preceding chapter we have considered the rotational motion of polyatomic
molecules, assuming that no vibrational motion takes place at the same time, that
is, that there are no periodic changes of the internuclear distances. In this chapter
we shall consider the vibrational motion, assuming that no rotation of the whole molecule
takes place. As before, we assume that the molecule is in a fixed electronic state
which does not change during the motion.

1. Nature of Normal Vibrations: Classical Theory

We discuss first the vibrational motion of a molecule as it would be according to
classical mechanics. We shall see that in this way, as in the case of diatomic mole-
cules, we obtain a fair approximation to the wave mechanical treatment. The
classical treatment has the advantage of being more easily visualized.

Vibrational degrees of freedom. If we want to describe the motion of the nuclei
in a polyatomic molecule we may choose the ordinary Cartesian coordinates z, ¥ x, 2
of each nucleus k referred to a fixed coordinate system. Then,if there are N nuclei
we need 3N coordinates to describe their motion: there are 3N degrees of freedom.
However, if we want to study the vibrational motion of the system we are not
interested in the translational motion of the system as a whole, which is described
completely by the three coordinates of the center of mass (the three translational
degrees of freedom). Therefore 3N — 3 coordinates are sufficient to fix the relative
positions of all N nuclei with respect to the center of mass. (The remaining three
coordinates may be determined by the condition that the center of mass is at the
origin, that is, > mrzx = 0, X muyr = 0, Y_mzr = 0). The motion relative to
the center of mass still includes a rotation of the system. The rotation alone, that
is, the orientation of the system (considered as rigid) in space, may be described in
general by three coordinates (for example, the two angles with two coordinate axes
that fix a certain direction in the molecule and the angle of rotation about that
direction). Thus 3N — 6 coordinates are left for describing the relative motion of
the nuclei with fixed orientation of the system as a whole,! that is, the vibrational
motion; or in other words we have 3N — 6 vibrational degrees of freedom. However,
for linear molecules two coordinates (for example the two angles of the internuclear
axis with two of the coordinate axes) are sufficient to fix the orientation and there-
fore we have for linear molecules SN — 6 vibrational degrees of freedom.

1 More specifically, a fixed orientation of the system as a whole is given by the condition that
the angular momentum is gero, that is,

dzy dyx dz dzy dys dxy
( Zh Y <o, ZE _zn =) =0, ( VE _ M) mo.
Zmi( v s 0 Zmu( 2 @ ) Zmi(zs Tkl
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As a simple example, let us consider a triatomic molecule XYZ, If the molecule
is not linear the relative position of the nuclei is given by the three internuclear
distances, XY, YZ, XZ; that is, there are 3(= 3N — 6) vibrational degrees of free-
dom. If the molecule is linear the relative position of the nuclei is given by two
internuclear distances XY and YZ and two angles, the angle XYZ and the angle of
the plane formed by XYZ in the displaced position against a fixed plane through the
(undisplaced) internuclear axis; that is, we have 4(= 3N — 5) vibrational cootdi-
nates or degrees of freedom.

As we shall see, the number of vibrational degrees of freedom gives the number
of fundamental vibrational frequencies of the molecule, or in other words, the number
of different ‘‘normal” modes of vibration.

Vibrations of a mass suspended by an elastic bar. Imagine a heavy mass m to
be suspended by a homogeneous elastic bar of rectangular cross section as shown in
two views in Fig. 22a. If the mass is displaced slightly from its equilibrium position
in the z direction and then left to itself it will carry out simple harmonic oscillations

in this direction with a frequency
_L
2= 9x \'m’

where k. is the force constant in the z direction (— k.2 = restoring force for dis-
placement ). If the mass is displaced in the y direction and released it will similarly
carry out simple harmonic oscillations in the y direction with a frequency

L fey
v = 2r Ym'

where k, is the force constant for the y direction. Unless the rectangular cross section
of the bar degenerates into a square, v, is different from »,. If, however, the mass is
displaced in a direction different from z or y, for example to A, it will not carry out
a simple oscillation in the AOB plane but a very complicated type of motion, a
so-called Lissajous motion, such as the one given in Fig. 22b. The reason for this is
that the restoring force F whose components are — k.z and — k,y is not directed
toward the origin (see Fig. 22a), since k. % k,. However, the components z and y
of the motion are simple harmonic, as before:

T = o oS 27w,l, Y = Yo CO8 27w, b, a1, 1)

where zq, 9o are the coordinates of the initial position at A. The complicated Lissa-
Jous motion (Fig. 22b) is the superposition of two simple harmonic motions (of different
frequency) at right angles to each other. The simple motions into which the compli-
cated motion can be resolved are the so-called normal vibrations or noi mal modes of
the mass, the z and y coordinates are the normal coordinates.

If v./v, is irrational, there is no time after which the motion repeatsitself. Rather,
in the course of time, (assuming that there is no friction) the path of the mass will
cover uniformly the whole rectangle whose diagonal is AOB (see Fig. 22b). However,
if v./vy is rational, after a certain time the path will go back into itself and a definite
curve is obtained, such as the one in Fig. 22¢, for »;/v, = 5/3 This curve is then
retraced over and over again.
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(d)
Fic. 22. Vibrations of a mass suspended by an elastic bar. (a) Front and top view of elastic
bar and suspended mass. (b) Lissajous motion for »:/v, = 2.4461-:-. (c) Lissajous motion for

vy = 5/3. (d) Lissajous motion for vz = », and phase difference of 30° (see p. 75).
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The resolution of any complicated Lissajous motion of the mass into two simple
harmonic motions is unambiguous. There are only two directions through the equi-
librium position of such a nature that the restoring force in them is directed toward
the origin, namely the directions parallel to the sides of the rectangular cross section,
which also represent the planes of symmetry of the cross section. If the cross section
is not as symmetrical, for example, if it is a triangle with unequal sides, there are
still, at least for small amplitudes, two and only two mutually perpendicular directiofs
in which the restoring force has the direction toward the origin and in which, therefore,
simple harmonic motion will take place. Only if the cross section has a higher sym-
metry than that of a rectangle, for example, if it is a square, a hexagon, or a circle,
is v, = »,, and therefore a simple harmonic motion may take place with the same
frequency in any direction through the origin.

If the mass is excited to forced oscillations by a periodic force of frequency v,
resonance will occur, that is, the amplitude of the forced oscillations will be very
large, when v; = v, and when »; = »,. In the first case the oscillation will take place
only in the z-direction, in the second case only in the y-direction irrespective of the
direction of the force. But, of course, the periodic force must have a non-zero
component in the direction of the normal vibration to be excited.

Vibrations of the nuclei in a molecular model. Let us now consider the motion
of a nucleus in a molecular model in which the nuclei are represented by heavy balls
and the forces acting between them by appropriate springs. For example, consider

|
|
|
:

F1e. 23. Model of an XYZ; molecule.

the plane molecule XYZ, (Fig. 23). There are strong restoring forces between X
and Y and between Z and Y and weaker forces between X and Z and between the
two Z nuclei indicated by strong and weaker springs respectively. Let us assume
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for a moment that the group YZ, is rigidly fixed and that only X can move. Then
the forces acting on X if it is displaced from its equilibrium are quite similar to those
acting on the mass suspended by an elastic bar considered before. If X is displaced
in a direction parallel to Z—Z or in a direction perpendicular to the YZ, plane, it

@ | %
(b) | % 0 | %
() Vs (i) Vs
(d) Ve () Y |
(k) Vs
. U] Vs

Fra. 24. Normal vibrations of an XYZ; molecule and their behavior for a reflection at the plane
of symmetry through XY perpendicular to the plane of the molecule.—Motions perpendicular to the
plane of the paper are indicated by + or — signs in the circles representing the particular nuclei.
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will carry out simple harmonic motions of frequency v, and vy (7 v.) respectively.
In addition we may also displace the nucleus X in the XY direction, obtaining another
simple harmonic motion of frequency »,2 If X is displaced in any other direction
a complicated Lissajous motion results which is now in general in space, not in a
plane, and which can be resolved into three simple harmonic motions (normal
vibrations) of appropriate amplitudes and phases in the directions of the three
coordinate axes. )
However, if we now drop the assumption that YZ, is rigid (which would never
be fulfilled in an actual molecule), then if X is displaced initially it will cause a dis-

(2)

®) i - ]

GO GO
O

Fig. 25. Normal vibrations of bent and linear XY, (schematic).

placement of Y which in its turn will cause a displacement of the Z’s. Therefore X
will not carry out the same Lissajous figure (or possibly the simple harmonic motion)
it would if YZ, were rigid, but a still more complicated motion, and so will Y and
the Z’s. Yet if all the particles are simultaneously displaced in a certain way and
then released, much simpler motions, normal vibrations, arise again, which, similar

2 There is, of course, an analogue also to this vibration in the case of the elastic bar, kut for the
bar its frequency is very much larger than those of the other normal vibrations and it is usually
not considered.
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to the single-particle case, are characterized by the fact that each particle carries out
a stmple harmonic motion and that all particles have the same frequency of oscillation
and, in general, move in phase. For example, if the four nuclei are displaced to the
respective end points of the solid arrows in Fig. 24a and then released, each one will
simply move back and forth about its equilibrium position with the same frequency
as all the others, in such a way that after each period the same positions are occupied.
The same applies with different frequencies when the initial displacements are as
given in Fig. 24b, ¢, d, e, and f. How these special initial displacements can be
found will be taken up in detail later. It may be noted that the relative lengths of
the arrows give also the relative velocities and the amplitudes of the individual nuclei.
They have to be chosen in such a way that there is no resultant translation or rotation
of the molecule as a whole.

It will be shown later that the extremely complicated motion described above,
which arises if one particle is first given a blow and then the system left to itself, or
any other motion of the system can be represented as a superposition of a number of
these normal vibrations. There are always as many different normal vibrations as there
are vibrational degrees of freedom, that is, 3N — 6 or 3N — 5 respectively. Hence a
molecule XYZ; has six normal vibrations (Fig. 24). Fig. 25a and b represent as a
further example the normal vibrations of bent and linear XY, molecules. The
second vibration of the latter may occur with equal frequency both in the plane of
the paper and perpendicular to it. It is doubly degenerate like the normal vibrations
of an elastic bar with square or circular cross section (see above).

Mathematical formulation.? For any particle ¢ carrying out a simple harmonic
motion of frequency v the displacement s; is given by

s; = 8% cos (2wwvt + o), ‘ (11, 2)

where s,° is the amplitude, ¢ the time, and ¢ a phase constant. From (II, 2) follows,
for the acceleration,

a; = — = — 4m%, cos (2mt + o) = — 4rh’s;. 11, 3)

Therefore we have, for the restoring force under whose action the simple harmonic
motion is carried out,

Fi = mua; = — 47%ms;, (11, 4)

where m; is the mass of the particle. Thus the restoring force for any simple har-
monic motion of frequency v is proportional to m;s; at every moment. This holds
also for the component of the motion in any direction.

In a system of N particles, such as a molecule, in which every particle acts with
a certain force on every other one, in equilibrium the resultant of all forces acting
on a given particle is zero. If the particle, say particle 1, is displaced from its
eqilibrium position by a distance whose components in the direction of the three
fixed coordinate axes are z1, y1, 21, there will be a restoring force F! which depends
on the components of the displacement. In the most general case the components
of the force F!, F,1, F,! can be developed into a power series in z1, y1, 2. However,
if the displacement is sufficiently small only the linear terms need be considered

3 We are following here the treatment given by Teller (836).
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and one has
F.l'= — kum — knyr — ki,
Fr= — ks — kyys — kyaz, 11, 5)
P = — kizxy — ki1 — kiza,

where the ks, kjy, --- are force constants. The negative signs are used sitiee
F.l, F !, F! for positive z1, ¥1, 21 are in general directed in the negative z-, y-, z-
direction respectively.

Equations (I1, 5) are valid only if all particles except particle 1 remain in their
equilibrium positions. If the other particles are displaced as well, the restoring
force acting on particle 1 will be changed somewhat. For small displacements
it will again be a linear function of these other displacements, so that we
obtain:

Fl = — kuxy — kayr — kuzr — kzsze — kayye — kisze — -+ — kar 2w,
Fl = — kiszy = kyyr — k21 — kyzze — kjgys — kysze — +-+ — kyzzw, (1L, 6)
Fsl = - k:le kzuyl. zzzl an2 zyyz - kigzz _—. = k:inN.

Similar equations are obtained for the forces acting on the other particles

F2 = — ki — kayys — kzy — kisws — kigys — kiezy — « - — kiven,

F? = — kywy — kjyn — kyzen — kjzze — kijys — kyzes — - -+ — kyizw, (L 7)
)

Fsz = kgzzl kzﬂyl uzl — k‘fgfvz kfyyz k?z’d —_ - kfz 2N,

FN = — kzle kzu y1 — kier — kirxs — kzv Yo — khezp — oo — k2w

Here it must be realized that the z;, y;, z; are not simply the coordinates of particle
% but the displacement coordinates, or in other words, the coordinates of particle 7
with respect to a coordinate system whose origin is at the equilibrium position of
particle ¢ and which is therefore different for different particles. The direction of
the -, yi-, 2i-axes is usually but not necessarily the same for all particles 1.
The coefficients kzy determine how the z-component of the force on the ith particle
depends on the y component of the displacement of the I/th particle. It can be shown
(see Teller, loc. cit., p. 91) that

= kuz (L, 8)

which holds for any ¢ and I and where z or y may be any one of z, y, or 2.

If we want to find out whether there are any normal vibrations of the type de-
scribed above in the system under consideration, that is, motions in which all par-
ticles move with the same frequency according to simple harmonic motion, we have
to see whether the above condition (II, 4) for simple harmonic motion can be fulfilled
simultaneously for all particles with the same frequency; that is, we try to put

F} = — 4n%?m,z;, Fj = — 4x%myy;, Fji= —4r%®mz;. (11, 9)
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Substituting this into (II, 6) and (II, 7) we obtain
dr?mzy = ks + kayr + ke + kizve + -+ + ks 2,
drtmyyy = kyaty + kygys + kipz + sz + -+ + kyrzw,
4m*mizy a1 + kays + kiier + kitze + - -+ + kilen,

(11, 10)
41!'21'27"'2272 = kzle + ki + kilzl + kizza + -+ + k32w,

AnPmyzy = kipxy + kN'yy + kN2 + k%z + oo + k22w

This system of linear and homogeneous equations for zi, y1, 21, T2, Y2, 22, * -+ 2x§
cannot be solved for arbitrary values of the coefficients occurring therein but, as
shown by the theory of linear algebraic equations, only if the determinant of the
coefficients is equal to zero. Since the force constants k%, are fixed for a given system
the only way to fulfill this condition is by a suitable ch01ce of the frequency ». Thus
for certarn frequencies defined by the condition

kpy — 4mtmy kzy ks kzz e kY
S L M e B
ki Koy kyy — 4mim ki oo ki =0. (II, 11)
k2 K2 K2 k22 — 4ntimg .- B2y
k3 A k2 K e kY — antimy

a stmultaneous simple harmonic motion of all particles is possible. . The determinant
is of the 3Nth degree and therefore has 3N roots. Thus in principle the frequencies
of the normal vibrations may be determined.

The form of any one of the normal vibrations may then be obtained by substituting
the corresponding value of » into the set of equations (II, 10) and solving for z1, y1,
21, %2, Y2, 22, +- 2n. Of course, since these equations are homogeneous only the
ratios of the zj, y1, 21, %2, Y2, 22, -+ 2y can be determined. The ratio zy:y1: 2 :
Zo i Y2 :2: -+ : 2y isindependent of the time for a given » and gives, therefore, also
the ratio of the components of the amplitudes of the different particles. It also
gives the ratio of the velocities at any instant.

A closer examination of the determinantal equation (II, 11), taking account of
(I1, 8), shows that it has five or six roots that are equal to zero, depending on whether
the system (in its equilibrium position) is linear or not. They correspond to non-
genuine normal vibrations in which simply a translation along any one of the three
coordinate axes takes place, or a rotation about two or three suitable axes. Since
there is no restoring force for these motions, the ¢ vibrational” frequency is zero.
It gan be shown further that all the other 3N — 5 or 3N — 6 roots are different from
zero and real [see Whittaker (25)]. Thus we have 3N — 5 or 3N — 6 genuine normal
vibrations in agreement with the previous discussion of vibrational degrees of
freedom.

4 They are therefore also called null-vibrations. The gzero ‘‘vibrational” frequency has, of
course, nothing to do with the rotational frequency which does not depend on the restoring forces
for small displacements.
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Normal coordinates, orthogonality of normal vibrations. ILect us denote by
210, y1®, 21D, 25O, Y2 ®, 25D, z3®, -+ 2y D,

212, 1@, 21, 2@, 2@, 2P, 2D, - - 2n®, (11, 12)

2N OW| BN g, BNy, BN 2, B0 BN PVCO

‘e
the displacement coordinates at a certain moment belonging to the first, second,
... 3Nth normal vibration of frequency »1, vs, - - + vsv respectively. As mentioned
above, these displacement coordinates are determined by (II, 10) only apart from
an arbitrary factor. According to a simple theorem about homogeneous linear equa-
tions the ratio of the displacement coordinates .1, n®, 21, 2™, - - 2y@ is equal to
the ratio of the minors of any one row of the determinant (I, 11) in which »; has been

Fig. 26. Arbitrary displacement of an XY, molecule in terms of normal coordinates.

substituted for ». If only one normal vibration, say i, takes place, the displacements
Ty, Y1, 21, T2, Y2, 22, * - 2n of the particles oscillate in such a way that their ratio
remains always equal to that of ;?, 11, 2, - .- 2v®, the factor of proportionality
#; changing as a sine or cosine function with frequency »;:

£ = £0 cos (2mvt + @1). (11, 13)

The &; are called normal coordinates.
If several normal vibrations are taking place at the same time we have

008 4+ 2P + 2Pk + - + 2N

T

v = 1Pk + 1@k + 1@ + - +

2 = 20 + 2% + 2@ + -+ + 2N (1, 14)
o2 = 208 + 295 + 2P + - + 2w

oy = enOf + an@fa + 2v @3 + -+ + 2N
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Conversely, since these 3N equations if solved for £, £, £5 - - + £3v have one and only
one solution, any vibrational displacement of the system may be expressed in terms of
normal coordinates &1, £s, &3 « + + E3n instead of in Cartesian coordinates. For example,
the displacement of an XY, molecule indicated by heavy arrows in Fig. 26 may be
represented by adding 1.2 times the displacements of vibration »; in Fig. 25a, 0.4
times the displacements of v, and 0.7 times the displacements of ;. The factors 1.2
0.4, 0.7 are here the values of the normal coordinates £1, &, and £.5 If 24, ¥, 21,
Ty, Y2, 22 - -+ 2y are the initial displacements the subsequent motion is determined
by (11, 13) and (11, 14), that is, any vibrational motion of the system may be represented
as a superposition of normal vibrations with suitable amplitudes.

In the example Fig. 26, if the heavy arrows indicate the initial displacements
(assuming that the initial velocities are zero), the subsequent Lissajous motion of
each particle can be obtained by letting each component normal coordinate change
periodically with its characteristic frequency and with the amplitude given. If the
initial velocities are not zero, the initial values of the normal coordinates are not the
maximum values, since the ¢; in (I, 13) are then not zero. Their values can be
obtained from the differentiated equations (II, 13) and (II, 14).

In the case of the elastic bar the normal vibrations are always perpendicular to
one another no matter whether the cross section is a rectangle or not. A somewhat
similar relation holds for the normal vibrations of a polyatomic molecule although
the displacements of one and the same atom in two different normal vibrations need
not be perpendicular to cach other. (Compare Fig. 24 and 25.) If v and v, are
the frequencies of two normal vibrations we have, from (II, 10):

4 2mz P = khm® + k@ + - D,
47 2myy B = ule(k) + kw./l(k) + | @
47"2Vk2m121(k) = kzzx ® + kzv./l(k) + e Zl(l) (IIr 15)

A7, 2mazs®) = kuxl(k) + kqul(k) + coo | 2

and
470 2my @ = kM@ + kM@ 4 o] 2,®
42 Pm® = kyta® + by ® + oo | g ®
drtvPmiz® = k@ + kayp® + oo | 2 ® (11, 16)
A2 Pmazy,® = kZla® + kﬂyl(l) 4 oo | xR,

. . . . . . . . . . . .

If we multiply the individual equations by the displacements indicated on the right,
add the resulting equations (II, 15), and subtract from the sum all the resulting
equations (II, 16), the right-hand sides will cancel and we obtain

4w — vA[X miziPz® + 3 my Py 4 3 me,Pz,0] = 0. (11, 17)
] ] [
5 The displacement is one in which no motion of the center of mass and no rotation about it

takes place. Therefore, normal coordinates corresponding to non-genuine vibrations need not
be considered.
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Therefore, if the two normal vibrations have different frequency we have

; m‘(x‘(k)x'a) + y'.(k)y'(t) + z;(k)zl.(l)) = 0, (II’ 18)

where we have to sum over all particles. (II, 18) is the relation of orthogonality.
Two normal vibrations of different frequencies are orthogonal to each other. It is easily
seen that (II, 18) is fulfilled when all displacement vectors of the two normal vibr-
tions are mutually perpendicular to one another. But (II, 18) does not require them
to be perpendicular.

By the equations (II, 10), only the ratios of the amplitudes of the individual
particles for a given normal vibration are defined. It is sometimes convenient to
choose their actual magnitude in such a way that the expression

Mi = T m(z®? 4 5 4 2,07 (11, 19)
9

is the same for all normal vibrations ;. The normal vibrations are then said to be
normalized. M is the expression in the bracket in (II, 17) if ¥ = 1. It is of course
not equal to zero.

If we apply the relation of orthogonality (II, 18) to a genuine normal vibration and the non-
genuine normal vibration consisting of a translation in the z-direction (z;® = z,® = z;(® = «.. zy®,
yl(l) = ﬂ2(l) = eee =0(, zl(” = 22(1) =« = (), we obtain

121(“ z m;x.'(") = 0,
(4

and therefore
2 mir;® =0, (11, 20)

This equation means that there is no displacement of the center of mass in the x direction (and similarly
in the y and z direction) for any genuine normal vibration, a result that, of course, also follows from
the fact that there are no external forces acting on the system. In a similar manner it can be shown
that in a genuine normal vibration (if it is not degenerate), there is no resultant angular momentum
of the system.

Potential energy and kinetic energy. The normal vibrations and normal coordi-
nates of a molecule can also be introduced by using, instead of Newton’s second law
(force = mass X acceleration), the law of conservation of energy (total energy
= kinetic + potential energy). This is the method most frequently used in actual
calculations.

Considering that the force is the negative derivative of the potential energy with
respect to the displacement, the potential energy for a simple harmonic oscillator is
found from (II, 4) to be

V" = 2ﬂ’2v.2m.‘8¢2 = }ke&{z, (II, 21)
where
ki = 4nvim; (11, 22)

is the force constant. The potential energy is taken to be zero at the equilibrium
position 8; = 0. The kinetic energy is

Tt’ = %mivxz = *miéizy (III 23)
where &; as usual stands for ds;/dt. The total energy is therefore

Hy = Vi+ T; = §(kis? + mis2), (11, 24)
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The potential energy of the nuclet in the molecule referred to the equilibrium position
as V = 0 is given in first approximation, that is, as long as the displacements are
sufficiently small, by

=% Z (kzzxrx: yzyi + k: z,z,) + Z (k vTiY; + ksl 2225 + k yﬂj)- (11, 25)

av av vV av
This can be easily verified by forming —6_1:1 , (—9——2;2 , e 5‘;—1 , 5;/— , -+, which according
to the definition of the potential energy must be equal to — F,!, — F;? ... — F,},
— F2 - .. respectively [compare equations (II, 6) and (IL, 7)]. In order to facilitate
writing let us denote the coordinates z1, y1, 21, Z2, Y2, 22 * * * by q1, g2, q3, 94, g5, g6 * * *
in this order. Then the potential energy may be written (with &;; = k;:)

V =32 kjaugs = $knugs® + $kaag? + -+ + keqige + kusqugs + -+, (11, 26)
i

This holds, as long as the displacements are small compared to the internuclear

distances, even if qi, ¢z, g3 - - - are displacement coordinates other than those chosen
above. In the present case
ku = kiz, koo = kjy, -+ kuz = kzy, -+ (11, 27)
The kinetic energy is given by
T =2 im(? + 9 + &), (11, 28)
1]
or, with the new notation,
T = 33 biididis . (11, 29)
17}

where in the present case
b;j = 0 for 7 5 j, and by = b22 = b33 = my, bu = b55 = b“ = Mg, *** (II, 30)

When the g¢; are not simply Cartesian coordinates, b;; is in general different from zero
also for ¢ # j, but (II, 29) still holds.
Let us now introduce new coordinates 71, 72 - -+ nay by means of the linear
equations:
[z1 =Jn1 = cum + ciomz + cams + - -+
[yr =Jg2 = cam + coamz + cosns + -+« -

[z1 ]qs cmm + 032172 + 083’13 +. : (11, 31)

g = c.m + c.znz + c.sns + .-

THe theory of quadratic forms (see (25)) shows that by appropriate choice of the
coefficients ¢, of this linear transformation we can bring simultaneously both V and
T to a simpler form in terms of the new coordinates, namely, to

=32 + A + -+ +And + -+ + Aanin), (11, 32)
=3at+ 02+ -0 93+ 0 + naw). (11, 33)
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The A; in (II, 32) can be shown to be the roots of the determinantal equation which
is also called the secular equation of the problem:

k1 — bud kg — b2 ki3 — bish - - -
ko1 — baA kag — basX kag — bagh -+ | _
k31 — baid k32 — ba kag — bgsh <+ | 0. (I, 34)

where the k;; and b;; are from (II, 26) and (II, 29) respectively.
The total energy is now
H=V+T=130m?+ 27 + 5Qm? + 9% + -, (11, 35)

that is, it is the sum of 3N mutually independent terms each of which has the form
of the total energy of a simple harmonic oscillator (II, 24) of mass 1. That is, the
motion of the sysiem of N particles may be considered as a superposition of 3N
independent simple harmonic motions in the new coordinates

7; = 1.0 cos 2mvit + @), (11, 36)

where the frequencies »; are, according to (II, 21), (II, 22), and (II, 32), related to
the constants A\; by
A = 4% (11, 37)

In the present case if we substitute (II, 27) and (II, 30) into (II, 34) we obtain as
equation for the A/'s:

11 11 11 12 1IN
kzz - m1x kzy Hozz 7z XKl kzz
11 11 11 12 IN
kw: kw - m17\ kyz kvz e kw
11 11 11 12 IN
H w kzz — mad w o ka =0. (II, 38)
. b
21 21 21 22 2N
kzz zy z2 kzz — ma\ - - - kn
N1 N1 N1 N2 NN
kzz kzu k22 kzz <o kzz — mal

It is seen that this equation is identical with (II, 11) if we take account of (II, 37).
Thus, as was to be expected, both methods lead to the same frequencies for the simple
harmonic oscillations (normal vibrations) as whose superposition any vibrational
motion may be considered.

The form of a given normal vibration, say n;, is obtained by putting all other ,’s
in (II, 31) equal to zero. One obtains

xl(l)

ams  n? =cm;, 2P = cm;

2D = ey, Y = ey, 2P = cemi.

¢ (II, 39)

that is, considering (II, 36), all displacement coordinates vary with the same fre-
quency »;. The ratios of the displacement coordinates cij:coj:csy: -+« (which is all
that matters) are the same as obtained by the first method (p. 69f.) since it can be
shown that c;j, s, csj, -+ - are in the ratio of the minors of any one row of the de-
terminant (II, 34) or (II, 38) with X = A; just as were the previous displacement
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coordinates. Thus the normal coordinates 7; introduced by (II, 31) are essentially
the same as the §; introduced by (II, 14) except for constant factors. It is easily
seen by substituting (II, 14) into (II, 28), taking account of (II, 18) and (II, 19),
and comparing with (II, 33) that the £; would be identical with the #; if all M} were
put equal to 1, that is, the normal coordinates 7; are normalized to unity.

Degenerate vibrations, generalization of the definition of a normal vibration. It
may happen that two (or more) roots of the determinantal equation (II, 11) [or
(11, 34) or (II, 38)] coincide, that is, that two (or more) normal vibrations have the
same frequency. The two (or more) vibrations are then called degenerate with one
another. There are then two (or more) sets of solutions of (II, 10) for the degenerate
frequency, say z1?, y1(?, 219, 2309, 120, 2,0, +++ and 7,0, Y1, 7@, Ty®, yo®,
2, - .-, Because of the homogeneity of the equations (II, 10) any linear combina-
tion az;V + bz @, ay1® + by, @, ... with any values of the constants a and b is
also a solution of (11, 10) for the same frequency. The corresponding motion (unlike
the motion resulting from the composition of two normal vibrations of different fre-
quencies) is again a simple motion
since all atoms move with the same
frequency, and may also be called (4
a normal vibration. Thus we have
really an infinite number of dif-
ferent simple vibrational motions
for the same frequency which, how-
ever, can be represented as a super-
position of two (or more, if the
degeneracy is higher than two-fold)
linearly independent vibrations.

A good example is supplied by
the elastic bar discussed above if
its cross section is a square (or a
circle),since then its two normal vi-
brations have the same frequency.
Consequently the mass suspended ()
by the bar may carry out a simple
harmonic vibration with the same
frequency in any direction through

the equilibrium position. If the Fre. 27. Non-linear motion in degenerate vibra-
two ‘‘original” simple harmonic tions (vibrational angular momentum). (a) For linear
. . . . XY, (oblique projection). (b) For X; assuming an
motions are superimposed with dif- equilateral triangle as equilibrium configuration.—
ferent phase, a motion of the mass The1 hea\;‘y alrrows indicate the re;ultanlz. motion of the
: . . nuclei, the light (continuous and broken) arrows the
on' a.n{ ellipse (or circle if t,he phase component motions which have a phase shift of 90°.
shift is 90° and the amplitudes of

thé two component motions are the same) will result (see Fig. 22d), and this ellipse
will be traversed with the frequency of the degenerate vibration.

Similarly, in the molecule we may superimpose the two components of a degener-
ate vibration with different phase and obtain again a simple motion of the same fre-
quency in which, however, not all atoms move in phase and in straight lines although
they do move with the same frequency. For example, if we superimpose the twe
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perpendicular vibrations vy, and vz of a linear XY, molecule (Fig. 25b) with a phase
shift of 90°, each atom will swing around the axis in a circle as indicated in Fig. 27a,
giving rise to a (constant) vibrational angular momentum about the axis. Conversely,
by superimposing this motion and the opposite one, vz, or ve or any other linear
perpendicular vibration can be obtained. As a second example, Fig. 27b gives the
superposition of two mutually degenerate vibrations of an X; molecule (forming an
equilateral triangle) with a phase difference of 90°. Again each nucleus traverses.g
circle in the same sense, giving rise to a vtbrational angular momentum; but here the
internuclear distances do not remain constant during the ‘‘vibration.” For phase
differences other than 90° elliptical motions are obtained (see Fig. 22d).

In order to include such motions under the term ‘‘normal vibrations,” it is neces-
sary in the definition of a normal vibration to drop the condition that all atoms move
in phase and in straight lines and go through their equilibrium positions at the same
time. It is sufficient to state that in a normal vibration all atoms move with the same
frequency tn such a way that the Cartesian components of the displacements change
according to sine curves.

Examples of the solution of the above equations for specific cases will be given
in section 4.

\/2. Vibrational Energy Levels and Eigenfunctions

General. The Schridinger equation of a system of N particles of coordinates z;,
i, 2; and masses m; is [see (I, 13) of Molecular Spectra 1]

1L(oY & oY 8 ~
%E(axf + ay + az,’) + h? (B = V¥ =0, (11, 40)

where ¢ is the wave function, E the total energy, and V the potential energy. For
V we have to substitute the expression (II, 25), in which it is assumed that the
displacements are small. Here again the solution is greatly simplified if we tntroduce
normal ccordinates by means of the equations (II,31) (using £, &2 --- instead of
71, 12 -+ ). It may be shown [see Pauling and Wilson (18)] that (II, 40) then goes

over into

T )
13y + 9t + + AN

872
+ % [E — 3QuE? + N2 + -+ + Navéin) ¥ = 0, (IL, 41)

where the A; are the roots of the secular equation (II, 34) or (II, 38). It is now

possible to separate the variables in equation (II, 41) by means of the substitution
¥ = Ya(§1) - Ya(k) - - - Yan(Ean). (11, 42)

If at the same time we divide the whole equation (II, 41) by ¥, we obtain

1%, 1d%, 1 %sn

Vioer t yaoed Yav Ob3n

/ .
+ 57 LB — At M+ o+ ani)] = 0. (I, 43)

+ -+
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This equation may be resolved into a sum of 3N equations:

1dy; 8=
—_— —_ - £2) =
. dE? + W (B; — $\E2) =0, (11, 44)
with
E=E +E;+ -« 4+ Esn. (11, 45)

The equation (II, 44) is the wave equation of a single simple harmonic oscillator of
potential energy 3A:£2 and mass 1 whose coordinate is the normal coordinate £;
[see equation (III, 28) of Molecular Spectra I]. Thus in wave mechanics as in
classical mechanics the vibrational motion of the molecule may be considered, in a first
good approximation, as a superposttion of 3N simple harmonic motions in the 3N
normal coordinates.

Energy levels. The eigenvalues of equation (I, 44), that is, the energy values of
the harmonic oscillator 1, are given by
E,‘ = hV,(U,' + %), v; = 0,,1..‘2 e (II, 46)
where
1
vi = — N\, (11, 47)
2w
is the classical oscillation frequency of the normal vibration ¢, and v; is the vibrational

quantum number. Therefore, according to equation (II, 45), the total vibrational
energy of the system can assume only the values

E(vl, Vo, Vg, *°* ') = th(vl + %) + hV2(1)2 + %) + hV3(”3 + %) + ) (II’ 48)

or, if we go over to the term values,

E , Vg, - -
G(vy, vg, 03, -+ +) = M}f‘t——)
= wi(vn + 3) + w2(v2 + §) + wslos +3) + -+, (11, 49)
Here we have put
V1 123 Vs
wi= W=, ws =, (11, 50)

This designation is in agreement with the nomenclature accepted for diatomic mole-
cules but is not always followed by writers on polyatomic molecules. The w; are
the (classical) vibrational frequencies measured in cm™ units. It is thus seen that
by solving the classical vibration problem, that is, determining the classical vibration
frequencies »; from the secular equation (II, 34) or (II, 38), the quantum theoretical
energy values are immediately found.

In (II, 45), (I, 48), and (II, 49), the non-genuine vibrations (translations and
rotations) are still included. However, since for them » = 0, they do not give a
contribution to the vibrational energy and we shall therefore in future disregard
them and consider in (II, 49) the summation over the 3N — 6 or 3N — 5 genuine
normal vibrations only.

Part of the energy level diagram for the simplest case of three genuine normal
vibrations (triatomic molecules) is represented in Fig. 28. It consists of a large
number of (overlapping) series of equidistant levels: one series with spacing w; corre-
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sponding to various values of v for v; = 0, v3 = 0, one series with spacing w:
corresponding to various values of v, for v, = 0, v = 0, one series with spacing w3
corresponding to various values of v3 for 1, = 0, v2 = 0; in addition, further », series
occur with other (all possible) fixed values of v, and v (for example v2 = 1, v3 = 0),
further v, series with other fixed »; and v values, and further v; series with other fixed v,

and v; values. Only some of these different series of levels could be drawn in Fig. 2?.
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F1g. 28. Vibrational energy level diagram of a triatomic molecule.—Some levels occur in
several of the series of levels shown. On all but one of these occurrences they are indicated
by broken lines.

It is thus seen that the vibrational energy-level diagram even of a triatomic molecule
and even assuming harmonic oscillations is much more complicated than that of a
diatomic molecule. In a molecule having more than three atoms there are corre-
spondingly more series of energy levels.

According to (II, 48), for v; = 0,9 = 0,93 = 0, - - -, that is, in the lowest possible
state, the vibrational energy is not zero but we have a zero-point vibrational energy:

G(0,0,0'”) = }w1+s}w2+§ws~-. (II, 51)

For a molecule with several atoms this zero-point energy may have quite a consider-
able magnitude. Frequently it is convenient to refer the vibrational energy to the
loweést possible state as zero (as for diatomic molecules). For this we have

Go(”ly Vg, Ugy * ') = G(”ly V2, Vg, ** ') - G(07 0; 0) °c )
= wi; + wove + wavs + . (11, 52)
Eigenfunctions. The eigenfunctions y;(£;) of equation (II, 44) are the ordinary
harmonic oscillator eigenfunctions as pictured by the broken curves in Fig. 29 (which

is identical with Fig. 41 of Molecular Spectra I) where the abscissa apart from a con-
stant factor is the normal coordinate £;, The mathematical form of the function is

Vilt) = Ny~ @DEH, (Vait), (11, 53)
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where N, is a normalization constant, o; = 2w»;/h, and H,,‘.(\/:x:&) is a so-called
Hermite polynomial of the v;th degree. The full curves in Fig. 29 give [, (&)
which is proportional to the probability of finding the oscillator with coordinate £;.

The total vibrational eigenfunction, ac-
cording to (II, 42), is the product of 3N — 6
or 3N — 5 harmonic oscillator functions
(I1, 53). It is not very easy to visualize
this function. It should be understood
that it is a function in the 3N — 6- (or
3N — 5)-dimensional space of the 3N — 6
(or 3N — 5) normal coordinates, which are
not simply the displacements of the indi-
vidual atoms. In order to get ¢ in terms
of the Cartesian coordinates of the dis-
placements one would have to express the
£; in terms of the Cartesian coordinates from
(11, 14) and substitute into (II, 42) and (II,
53). Even then the rather more compli-
cated function obtained is in a 3N-dimen-
sional space.

Let us inquire into the dependence of ¥
on the displacements of one particular atom
if only one normal vibration is excited, for
example v, in Fig. 24. The eigenfunction is
then given by

¥ = NH,,(Vauty)

5 e~ (/D b’ a2/ fa’—(as/ D™~ | (11, 54)
If, for a moment, we neglect the zero-point
motion of all the other normal vibrations,
that is, if we put £, =0, & =0, -+, we
have ¢ = y¥1(¢1); and since in this case,
according to (1I, 14), the displacement com-
ponents of all atoms are proportional to §;,
the eigenfunction Y as a function of every
one of the displacement components has
the same course as given in Fig. 29 except
for an appropriate change of scale of the
abscissa axis. The probability density of a
particular atom would correspondingly be
different from zero only along the line of
classical motion of the atom and would
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Fia. 29, Eigenfunctions and probability
distributions of the harmonic oscillator for
v =0,1,2,3,4,and 10.—The eigenfunctions
are represented by the broken line curves,
the probability distributions by the full line
curves. All curves are drawn to the same
scale. The vibrational frequency has been
assumed to be 1000 cm™. The abscissa is
proportional to the normal coordinate ¢. It
is the actual displacement from the equi-
librium position in a diatomic molecule of
reduced mass 10.

vary in this line according to the full curves of Fig. 29 with an appropriate abscissa

scale.
vibrations; that is, &, &3,

However, actually we can never neglect the zero-point motion of the other
-+« are different from zero even if v, = v3 =

cee =0, In

this case (II, 54) does not simplify to (II, 563), and (II, 14) does in general not lead

to such simple expressions for the £;.

The general consequence of this is that the
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probability of finding a particular atom outside the line corresponding to the classical
motion is not zero but decreases in any direction perpendicular to this line according
to a function somewhat like the full curve v = 0 in Fig. 29 (Gauss error function).
However, it will in general not be cylindrically symmetrical about the line of classical
motion. Still, especially for higher v, values, the classical picture (Fig. 24 and 25)
gives a fairly good approximation to the wave-mechanical probability distribution.

If several normal vibrations are excited simultaneously, the resulting ¢ will Be
still more complicated. However, for most practical purposes it is quite unnecessary
to know the ¥ and ¥? functions in terms of z;, y;, 2;, - - -, but it is entirely sufficient
to have them in terms of £;, in which form they are very simple [see (II, 42)7].

An important property of the vibrational eigenfunctions should be noted. The
Junctions Yi(£,) are even or odd functions of the &; depending on whether v; is even or odd;
that is, if £; is replaced by — &;, the function y;(£,) remains unchanged or changes sign
for even or odd v; respectively. This can easily be verified for the eigenfunctions
represented in Fig. 29. It is due to the fact that for even v; the function y,(£;) con-
tains only even powers of {;, for odd v; only odd powers of £;. Since ¥.(£) is a
factor of the total vibrational eigenfunction ¢, this latter function, too, remains
unchanged or changes sign for even or odd v; respectively if the corresponding &, is
replaced by — &,.

Degenerate vibrations. If a molecule has a doubly degenerate vibration, two of
the w’s in (II, 49) are the same, say ws = ws, and the formula for the term values
may also be written

Gy, vg -+ v +2) =wi(vr + 3) +walva+3) + -+ +wilv: + 1) + -+, (1, 55)

where we have put w; = w, = wpand v; = vg + vp. Naturally each one of a mutually
degenerate pair of vibrations gives its contribution }w; to the zero-point energy. In
the corresponding total vibrational eigenfunction we have the factor

Vi = Nv‘e—(aiﬂ)(faz"“sz) Hva(\/;: £2) Hvb(‘/; &), (11, 56)

where a; = 2wva/h = 2mwp/h. If v, = v, = 0, since Hy( \/ZE) = constant (polyno-
mial of degree zero), there is only one function, that is, the zero-point vibration does
not introduce a degeneracy. If the degenerate vibration is excited by one quantum
we have either v, = 1, v, = O or v, = 0, v, = 1; that is, there are two eigenfunctions
for the state v; = v + v, = 1 of energy G = ++- w;(1 + 1) ---. It is doubly de-
generate. In this case any linear combination of the two eigenfunctions (II, 56) is
also an eigenfunction of the same energy level. If two quanta are excited [v; = 2,
G=:wi(24+1):--- Jwemayhave va =2, 95 =0o0r v, =0, v = 2 0r v, = 1,
v = 1; that is, there is a triple degeneracy. Quite generally the degree of degeneracy
if v; quanta of the doubly degenerate vibration are excited is equal to the number of
different ways in which v; can be written as a sum of two positive integers (where the
order of the integers matters), that is, it is v; + 1. This is indicated for the eight
lowest vibrational levels in Fig. 30a. However, this high degeneracy exists only as
long as strictly harmonic vibrations are assumed. As will be shown later the an-
harmonocity that is always present produces a partial splitting of this degeneracy.

By introducing polar normal coordinates by
§a = picos gi, & = pisin g (IL, 67)
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and choosing proper linear combinations of (II, 56), it can be shown [see Pauling-Wilson (18) ] that
the eigenfunctions of a doubly degenerate vibration may also be written

Vo= e“““’”’-%ﬁf(\/ ;—;pi)e*""’"', (11, 58)

where Fﬁ:'(\/a.‘p.) is a polynomial of degree »; in p;, where § =+ Y — 1, and where /; can take
the values
L =v,v%—2v%—4,+--+10r0, (11, 59)
depending on whether »; is odd or even. In Fig. 30a the I; values and degeneracies are indicated for
the lower vibrational levels. The polynomials Ff,:(\/ aupy) are related to the associated Laguerre poly-
nomials [see, for example, Shaffer (776)]. For the lowest v, and , values they are [see Kemble (12) J:
F® =1, Fi=—Nup, Ff=2mp? FO=1—aipl

The factor e¥i4#s in the eigenfunction (I, 58) indicates that there is in general an angular momentum
of the vibrational motion. If in the two mutually degenerate vibrations the displacement vectors
for cach atom can be chosen at right angles to

each other and therefore the angle ¢; is an angle >
in actual space (for example for XY; and X; 5 E
in Fig. 27) tho angular momentum would be , )
L,(h/2), where I; is given by (II, 59) (for other . = Y -§°
cases see Chapter IV, section 2a). 7' 7.5"3’1 s *
Classically the transformation (II, 57) cor- S mm——— 21
responds to the superposition of the degenerate 6 6,4,2,0 sm——————— 7
linear oscillations with a phase difference of 90° s 531 6 4 e 15
(see above, p.75), which, unless £ and £ are .
motions in the same line, results in circular or 4 4,2, ee———5 10
clliptical motions of the nuclei.
3 3, ] comm—— 4 2 e 6
For triply degenerate vibrations three 2.0 e 3, s
of the w’s in (II, 49), say w,, ws, wc, are
the same, and we can write 1 1 e 2 0 1
0 ( e—

G(v1, v2 + -+ Uk o) = w1(1)1 + %)
+ walve + 3) e e

ool +8) + oy (1L 60) ) o

where wy = We = Wp = We z.md U = ”.a Fia. 30. Vibrational levels of (a) a doubly
+ v + v.. The corresponding factor in  degenerate, (b) a triply degenerate vibration and

. : : imilar their degrees of degeneracy.—The broken lines
the eigenfunction is simi ah to (1, 56) indicate the zero of energy. It should be noted
except that there are now three termsin  that the lowest vibrational level v = 0 is 4w; and

the exponential and three factors H,. As  jwi above this zero.

before, for v = 0 there is only one eigen-

function, that is, no degeneracy. If the triply degenerate vibration is excited by one
quantum (v = 1), there are three eigenfunctions (v, = 1 or v, = 1 or v, = 1); that is,
this state is triply degenerate. If the triply degenerate vibration is excited by two
quhnta we may havevs = 2,05 = 0,9, = 0;0r v = 0,05 = 2,9, = 0; orvg = 0,0 = 0,
vo=2;0rv,=1,p=10=0;0rve.=1,0=0,v,=1;0rv,=0,v = 1,0,=1
—that is, we have a siz-fold degeneracy. In general, if the triply degenerate vibration
is excited by v; quanta, we have a $(vx + 1)(v + 2)-fold degeneracy (again only if
the anharmonicity is neglected). In Fig. 30b the degrees of degeneracy for the lower
vibrational levels are indicated.
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In the most general case of various degeneracies of the normal vibrations the vibra-
tional term values may be written conveniently
d;
G(vy, vo, 03 +++) = Zw; (v,' + 5) ) (11, 61)
where d; is the degree of degeneracy of the vibration w; (d; = 1 for non-degenerate
vibration). It is seen that this formula includes (II, 49), (II, 55), and (II, 60). o

4, Symmetry of Normal Vibrationg and Vibrational Eigenfunctions

The degree of the secular equation (II, 38) from which the normal vibrations are
obtained is 3N where N is the number of atoms in the molecule. Therefore, even
for a moderate number N, the secular equation is by no means easy to solve. How-
ever, if a molecule has symmetry, also the normal vibrations and vibrational eigen-
functions have certain symmetry properties and in consequence considerable simpli-
Jication in the determination of the normal vibrations is brought about. Therefore, in
this section, we shall consider these symmetry properties of the normal vibrations
and the vibrational eigenfunctions.

Considerations of symmetry were first applied to the vibrations of polyatomic
molecules by Brester (178) in 1923. They are of greatest importance not only for
the determination of the normal vibrations but also for the discussion of the higher
vibrational levels and the influence of anharmonicity (section 5 of this chapter),
the selection rules (Chapter III, section 2) and the interaction of rotation and
vibration (Chapter 1V).

If in a molecule a symmetry operation is carried out that transforms the (non-
vibrating) molecule into a configuration indistinguishable from the original one, also
the potential energy and the field of force will be the same as before the symmetry
operation. Therefore the secular equation and consequently the frequencies of the
normal vibrations are the same for the transformed as for the non-transformed
system. However, in the vibrating molecule the transformed displacements are not
necessarily the same as the non-transformed ones. With respect to a given symmetry
operation we have to distinguish three different behaviors of a normal vibration: It may
remain unchanged, it may change sign, or it may change by more than just the sign.

Mathematically there are two equivalent ways of carrying out a symmetry oper-
ation. We may either keep the coordinate system fixed and rotate or reflect the
molecule, that is, change the position of the nuclei (position transformation), or we
may keep the molecule fixed and refer it to different, rotated, or reflected coordinate
systems (coordinate transformation). In what follows we shall always use the first
method.

(a) Effect of symmetry operations on non-degenerate normal vibrations

For a given non-degenerate normal vibration »; there is only one possible ratio
for the displacement coordinates of the various atoms (see p. 69f.). If a symmetry
operation is carried out this ratio remains unchanged since the frequency »; substi-
tuted into.the equations (II, 10) is the same. Therefore since the displacements are
defined apart from a constant factor only (which is defined by the normalization,
see p. 72), a symmetry operation can at most bring about a simultaneous change of
sign of all displacement coordinates belonging to a given non-degenerate vibration,
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that is, a change of sign of the normal coordinate. The only other possibility is that
it will leave them unchanged. Thus a non-degenerate vibration can only be symmetric
or antisymmetric with respect to any symmetry operation that 18 permytted by the symmetry
of the molecule.

As an example, consider the normal vibrations of the plane XYZ; molecule
represented in the previous Fig. 24a-f. When these vibrations are reflected at the
plane of symmetry of the molecule o,(x2z) which is perpendicular to the plane of the
molecule, the diagrams in Fig. 24g-1 are obtained. It is seen that this reflection leads
to identical pictures for 4, vg, v3, vs, whereas for »; and vs the direction of all displace-
ment vectors has been inverted; that is, the corresponding normal coordinates £,
and & have been changed into their negatives — & and — & (phase shift by 180°).
These vibrations are antisymmetric with respect to the plane o,(zz). In a similar
way it can be scen that all vibrations but »s are symmetric with respect to the plane
of the molecule, while vg is antisymmetric. Finally »y, vs, and v are antisymmetric
with respect to a rotation by 180° about the X—Y axis (two-fold axis).

It is an immediate result of the above rule (and is verified by the example of
Fig. 24) that a nucleus that has its equilibrium position on a plane of symmetry in
a non-degenerate vibration can only move in the plane (if the vibration is symmetric
to the plane) or perpendicular to the plane (if it is antisymmetric). Similarly, a
nucleus that has its equilibrium position on an axis of symmetry can only move
along this axts (if the vibration is symmetric with respect to this axis) or perpendicular
to 1t (if it is antisymmetric).

The following restriction to the above rule may be noted. If the molecule has
a p-fold axis of symmetry and p is odd, a non-degenerate vibration can only be sym-
metric with respect to a rotation by 2x/p about this axis since, if it were antisym-
metric, after p such rotations, that is, a rotation by 2, it would not transform into
itself as it must. However, a non-degenerate vibration may be antisymmetric as
well as symmetric with respect to an even-fold axis, since then after p such rotations
it will transform into the original configuration. The non-degenerate vibrations of
the symmetrical molecules X3, Xi, X; Xs represented in Figs. 32a, 37, 38a, 40
exemplify this restriction.

(b) Effect of symmetry operations on degenerate normal vibrations

Two simple examples. Whereas non-degenerate vibrations can only be sym-
metric or antisymmetric with respect to any symmetry operation, degenerate normal
vibrations may also change by more than just the sign. Before we discuss the reason
for this, let us consider two examples. In Fig. 25b the normal vibrations of a linear
symmetric triatomic molecule XY (for instance CO;) are represented. The two vibra-
tions vy, and vgp are obviously degenerate with each other. They are antisymmetric
with respect to an inversion at the center of symmetry as is the vibration »3. Another
symmetry operation is the rotation C% by an arbitrary angle ¢ about the internuclear
axis. This leaves »; and vs unchanged; they are symmetric with respect to this
symmetry operation. But both v, and s are changed by more than just the sign.
This is represented in Fig. 31a, in which a side view of the vibrations before and after
the symmetry operation is given. Before the transformation, vz, takes place in the
z-direction, nucleus ¢ having an amplitude z;(¥. After the transformation the
amplitude in the z-direction is z;(* cos ¢, and in addition there is now also a com-
ponent of the motion in the y-direction with amplitude z,(® sin ¢. Both components
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change periodically in simple harmonic motion whose frequency is obviously the
same as before the symmetry operation. Similar considerations apply to »ss.

As a second example, consider the normal vibrations of a molecule X3 forming an
equilateral triangle (three-fold axis of symmetry) in Fig. 32a. The diagrams obtained
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(a)
Fia. 32. Effect of the symmetry operations C; and C? on the normal
vibrations of an X; molecule.
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by rotating the molecule with its displacement vectors in a clockwise direction by
120° and 240° (or — 120°) are shown in Fig. 32b and c. It is seen that while »;
remains unchanged by these rotations, that is, is symmetric with respect to the
three-fold axis, the two other vibrations vy, and vg;, which are degenerate with each
other (see below), are neither symmetric nor antisymmetric but change into different
vibrations which, however, have obviously the same frequency. They differ only in
that the nucleus N; at the top, for example, instead of moving up and down in »$),
after the rotation, in »52%, moves at an angle of 120° to the vertical. Similar changes
occur for the other two atoms N, and Nj.

By superposition of »§3 and »52 or »5%'® with suitable amplitudes, we can obtain
a simple harmonic motion of the nucleus Ny in any other direction, and similarly of
N, and N3 For instance, we may obtain a motion of N; in a horizontal direction
by superimposing on »$) the vibration »&® with double the amplitude. This is

shown in Fig. 33a. It is seen that in this way, apart from a constant factor, the

() ()

Fia. 33. Degenerate vibration »; of X;. (a) Superposition of »{*) and,»Z? to give »{.
(b) Orthogonal pair different from v, and vy in Fig. 32.

(O

vibration %) is obtained. Thus vg is a linear combination of »$) and »£*?. Since
©

vy and v('“o) have the same frequency, s also has this frequency. That is why vs,
and vg; are degenerate with each other. Conversely, of course, we may obtain v5i®
as a linear combination of »$) and »$}. Any other oscillation of the same frequency
may be represented as a lmear combmatlon of »$) and v$} (for example, also, ¥ ",
v520 40y The vibrations »$) and »$) are mutually orthogonal: in v$} all nuclei move
at rlght angles to the paths they traverse in »$). However, »5) and »$) are not the
only orthogonal pair by whose superposition all other vibrations of the same fre-
quency may be represented. There is an infinite number of such pairs. Fig. 33b
gives another example. »%) and »$) are distinguished by being symmetric and anti-
symmetric respectively with respect to the plane of symmetry though N,.
As we have seen before (p. 75), we have a degenerate vibration when two or more
roots of the secular equation coincide. There are then two or more sets of solutions

of the equations (II, 10) for the same frequency »;:
L 4
PRCINCPACIRONROPRO IS
PROIROPROPROIROPRONSNN

That is to say, there are two or more normal coordinates £, £, - - - that differ by more
than just a constant factor. A symmetry operation which does not change the field
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of force may therefore change each of the degenerate normal coordinates into a linear
combination of these normal coordinates, since such a linear combination is also a
solution of equations (II, 10) (see p. 75). Thus we have

Eia— Ela = daakia + dasbis + - -,
Ezb—') E;b = dbaEia + dbbEtb + ) (II’ 62)

where the — indicates ‘‘goes over, by a symmetry operation, into”” and the dg,,
dgp - -+ are constant coefficients to be determined below. The - - - should be dropped
for doubly degenerate vibrations. Since &4, £, -+ may be taken to be the dis-
placement vectors of any nucleus k in the degenerate vibration »;, it is immediately
clear that for a doubly degenerate vibration the transformed displacement vectors
of a given nucleus all lie in the plane determined by the two ‘“original ”’ displacement
vectors, while for a triply degenerate vibration they are not restricted to a plane.
For certain symmetry operations it may be that only the diagonal coefficients d,,,
dsp, - -+ in (II, 62) are different from zero and equal to +1 or —1; that is, for certain
symmetry operations even degenerate vibrations may be symmetric or antisymmetric. For
example, the degenerate vibrations v., and vy of linear XY, (Fig. 25b) are symmetric
with respect to a reflection at the plane of symmetry perpendicular to the internuclear
axis; they are antisymmetric with respect to an inversion at the center of symmetry.
The degenerate vibrations v, and v of X3 (Fig. 32a) are both symmetric with
respect to the plane of the molecule and they are symmetric and antisymmetric
respectively with respect to the perpendicular plane of symmetry through N;.
However, with respect to a rotation about a three or more than three-fold axis, degener-
ate vibrations are in general neither symmetric nor antisymmetric but change according to
(11, 62) with non-vanishing day, des, --+.8 For example, in the case of the linear
molecule XY (see Fig. 25b), if we take the normal coordinates &, and £, of the two
degenerate vibrations orthogonal to each other and normalized, that is, if the dis-
placement vectors 7x(» and r,® of each atom k are perpendicular to each other and

of equal magnitude, we have, for a simultaneous rotation of the two displacement
vectors by an angle ¢ (see Fig. 31b),

2@ = 1D cos (@ + @) = 24 cos ¢ — Y@ sin o,
and similarly
yk(n)’ = 2,(® gin o+ yk(a) cos o,

where the primed coordinates are the ones after the rotation. Since, according to

Fig. 31b, 4@ = — 2;® and 24® = y;:®, we may also write
9" = 2, cos ¢ + 2, sin ¢,
(a)’ (a) (b gf (II’ 63)
Yk = yi'® co8 ¢ + yi'¥ sin ¢.
Similarly we obtain
2 = — 2,9 gin ¢ + 2, ® cos ¢
’ (11, 64)

v = — i sin ¢ + 3@ cos ;

¢ This holds as long as only real normal coordinates and coefficients are admitted. For complex
normal coordinates, see below.



II, 3 SYMMETRY OF NORMAL VIBRATIONS 87

or, since (II, 63) and (II, 64) hold for any £,
£he = £20 008 @ + £apsin @
£l = — 20 8in @ + £2 CO8 @;

that is, for a rotation by an angle ¢ about the symmetry axis (C'%), the coefficients in
(11, 62) are in the case of a degenerate vibration of a linear (triatomic) molecule:

(11, 65)

das = dyp = cos o, dap = — dps = 8i0 o, (11, 66)

Equation (II, 65) is independent of the angle , that is, of the orientation of the fixed
coordinate system, z, y.

In a similar manner, in the molecule X3, if £24 and £25 are the mutually orthogonal
normal coordinates belonging to the vibrations vz, and vap of Fig. 32, and if we assume
that they have the same amplitude, then we have for a (clockwise) rotation of the
whole diagram by an angle of 120° (which is a symmetry operation),

r ° . °
£oq— g::,,, £24 COS ?20 + &2 sin 120°, (11, 67)
fop—> £2p = — Eaqsin 120° + &5 cos 120°%;

that is, again we have a linear transformation of the type (II, 62). More explicitly,
the equations (II, 67) mean that for every nucleus %,

25 — 2@ = 2,(® cos 120° + z;,® sin 120°,
Y@ — @’ = @ cos 120° + y,® sin 120°,
2D — 1, ®" = — ;@ sin 120° 4 z® cos 120°,

yx® — ®" = — i@ sin 120° + y:® cos 120°.

(11, 68)

Here it is to be remembered (see p. 82) that the primed coordinates are referred to
the same coordinate system as the unprimed and that we number the nuclei according
to their position (the nucleus at the top in Fig. 32 is always N1, and so on) and not
according to what they had been before the transformation. With this in mind,
the equations (II, 68) can easily be verified by the reader from Fig. 32. They hold
irrespective of which orthogonal pair is chosen, whether »$), »§) or »$7%, »§® or
V50 34 in Fig. 32, or vy, and va in Fig. 33D, or any other orthogonal pair. Always
the displacement vectors of a nucleus of a given position (for example, the one at the top)
rotate by 120° in a counter-clockwise direction if the molecule is rotated by 120° ¢n the
clockwise direction. This rule has here been derived from the assumed form of the
degenerate normal vibrations. Since we shall see that it is a necessary consequence
of the theory of normal vibrations, it can conversely be used to determine the form
of the degenerate vibrations.

When the symmetry operation is the counter-clockwise rotation by 120°, one has
to replace 120° by —120° in (II, 67) and (II, 68). The result is obviously the same
a® when the clockwise rotation is carried out twice in succession, that is, when 120°
is replaced by 240°.

Plane doubly degenerate vibrations. We shall now discuss the general case of
doubly degenerate normal vibrations in which the nuclei move in planes perpendicular
to a p-fold axis of symmetry [see Cabannes (189)]. We shall also show how the
form of these degenerate vibrations can be determined. In Fig. 34, N and N34, are
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two identical nuclei that are transformed into each other by rotation about the p-fold
axis Cp (assumed to be perpendicular to the plane of the paper) through the angle 2x/p.
The displacements of these nuclei during the two mutually degenerate and orthogonal
vibrations »;, and »; of normal coordinates £;, and £, are indicated by the heavy
arrows 1@, 7 ® and rf,, 7{?};. We assume for the present that all amplitudes r of

F1c. 34. Doubly degenerate vibrations in a molecule with a p-fold axis.

the p identical nuclei have the same magnitude. If a clockwise rotation by 27/p is
carried out the vectors 7., 7,® go over into the dotted displacements 7§}, and r£7,
of Ni41, making an angle a with r{%; and r{}, respectively. Applying (II, 63) and
(II, 64) to the present case, we have

(@

2y = 2, cos a + {1 sin o,

¥ = 41 cos a + y¥)y sin @, (1L, 69)
2y = — 21 sin @ + 2§} cos @, ’
¥ = — ¥ sin a + y£i cos a.

If we were to choose the directions of 7,(* and 7,® arbitrarily for every k, the
angle a would be different for different k. But in order to obtain a linear transforma-
tion as in (II, 62) for the normal coordinates, all displacement components must
transform in the same way; that is, we have to choose the displacements so that « is

independent of k. Then we have
gza = £ 0081'1 + £ 8in @, (11, 70)
(i = — §iasina + £ cos a

as the law of transformation of the two degenerate (orthogonal) normal coordinates for a
rotation by 2x/p. It might at first appear that the angle « can have any fixed value.
However, after p rotations by 2x/p we must obviously obtain the original diagram.
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Therefore, since for each rotation of the molecule a displacement vector turns by o,
pa must be =27 or £2:27 or +3:27 --- or &= (p — 1)27. The value +p-2=
would mean a = =+ 2, that is, give the same transformation as a = 0, namely
£ia = Eiay £t = £En.  The vibration would be symmetric with respect to the rotation
about the symmetry axis. Obviously the values & (p + 1)27, & (p + 2)27 --- for
pa would be equivalent to 227, £2-27 ---. Thus we have

2
a=:}:;7r-l, 0<1<p, a1, 71)

where [ is an integral number.

When a degenerate vibration transforms according to (II, 70) with 0 < |a| < 27
(and a 7 7) for a rotation by 27/p about a p-fold axis, we say, for brevity, that it is
degenerate with respect to this axts. It may or may not be symmetric or antisymmetric
with respect to other symmetry elements if such are present. It might appear from
(II, 71) that in a molecule with a p-fold axis there are p — 1 different types of
vibrations that are degenerate with respect to the p-fold axis, namely those with
l=11=2...1=p— 1. However, the typesl=1and l=p —1,] =2 and

2
l=p—2,1=3 and l=p —3--., are equivalent, since a=:!:(p—j)fis

2
equivalent to o = F 5 - ;:—r (the difference of the two being 27). Furthermore, if p

iseven,l = p/2is one of the possible [ values; thutis, & = . In this case, according
to (IL, 70), £ = — £iq and £y = — &£, which means that this type of vibration is
antisymmetric and not degenerate with respect to the p-fold axis considered. Thus
if we put p = 2¢ — 2 if p is even, and if we put p = 2¢ — 1 if p is odd, there are ¢
different types (species) of degenerate vibrations distinguished by the value of 1, that is,
by the angle o by which the displacement vectors rotate for a rotation of the molecule by
2x/p. Of course there may be several degenerate vibrations of the same type (see
section 4a). Degenerate vibrations that differ only by the sign of a are considered
as of the same type for the following reason: Suppose £;; and £,5 transform according

2
to (I, 70) with ¢ = — -;—r I, then it is immediately seen that £;; and —£;5 transform

2
according to (II, 70) with a = + f l. But the pair 4, & is obviously perfectly

equivalent to £, — .

For a molecule with a three-fold axis Cs the number ! introduced above may have
the values 1 and 2. Butsince 2 = p — 1 = 3 — 1 there is only one type (species) of
degenerate vibrations, namely the one in which the displacement vectors in a plane
perpendicular to the symmetry axis rotate by +120° for a clockwise rotation of the
molecule by 120°. We have already seen (Figs. 32 and 33b) that this is actually
fylfilled for the degenerate pair vy and vgp of X3, with & = + 120° (counted positive
in a counter-clockwise direction). Conversely, if we did not know the form of the
degenerate normal vibration we could determine it from the above condition. This
is shown in Fig. 35. For example, starting out from a vertical vector at N, [Fig. 35a
(1)], we rotate this vector counter-clockwise by 120° (dotted vector), then rotate
the whole diagram by 120° counter-clockwise. The dotted vector then goes over
into the heavy vector at N [Fig. 35a (2)], which represents the actual displacement
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vector of N; when the vertical vector at N, is the displacement vector of N, since
by clockwise rotation of the whole molecule by 120° the displacement vector of N,
would rotate by 120° in the counter-clockwise direction. Similarly rotating the
displacement vector of N again by 120°, obtaining a dotted vector at N, and rotat-
ing the whole diagram by 120°, we obtain the displacement vector of N3 [Fig. 35a
(3)]. Thus we have obtained vz, of Fig. 32. In the same way, by starting out.from

Ve \ \
(a)
A
Ny N, Ny N,
k\
A Wy
(b)
3)
N, Ny Ny N
~~N !

(c)

N.§

()

N N, NS

Fi1g. 35. Derivation of degenerate normal vibrations of X;.

a horizontal displacement at N (Fig. 35b), the vibration vy, is obtained, which, as
shown before, is degenerate with vs,. Fig. 35¢ shows the same for a displacement
of N of arbitrary direction, giving a vibration that is a linear combination of vy,
and vy (see Fig. 33b). If instead of @ = + 120° we choose & = — 120° we obtain,
as shown by Fig. 35d, simply a translation of the whole molecule in the direction of
the initially assumed displacement vector. Thus the two translations perpendicular
to the three-fold axis are a non-genuine degenerate vibration of the type l = 1.



I1, 3 SYMMETRY OF NORMAL VIBRATIONS 91

As an example of a somewhat more complicated case of a molecule with a three-fold axis, Fig. 36
gives the normal vibrations of a plane symmetrical XsY3; molecule of point group Ds;. Since here a Y
nucleus may move either in the same direction as the adjacent X nucleus or in the opposite direction,
there are now two totally symmetric vibrations, »; and vs; there are two vibrations that are symmetric
with respect to the Cj, but antisymmetric with respect to the three o,: the rotation about the C;
(which is a non-genuine vibration and therefore not shown) and the vibration ws; there are two

F1g. 36. Normal vibrations of an X3Y; molecule (point group D;;).— Motions perpendicular to the
plane of the paper are indicated by + and — signs in the circles representing the nuclei.

degenerate vibrations with & = 4 120, namely vs and vs; and there are two degenerate vibrations
with @ = — 120, namely the translations perpendicular to C3 which represent a non-genuine vibra-
tion (not shown) and the genuine vibration »;. This is in addition to the vibrations parallel to the
three-fold axis, which will be discussed later. It should be noted that the vibrations ves, ves, v1a,
and vy cannot be obtained as linear combinations of vs, and vi; that is, v¢ and »; have in general a
frequency different from that of ;.

For a molecule with a four-fold azis of symmetry, | may have the values 1, 2, and 3.
But I = 2 = p/2 corresponds to vibrations that are antisymmetric with respect to
the axis and I = 3 = p — 11is equivalent ! = 1, so that there is again only one type
(species) of degenerate vibrations. As an example, Fig. 37 gives the normal vibra-
tions of a molecule X, with a four-fold axis. »; is symmetric, v, v3, and »4 are anti-
symmetric with respect to a rotation by 2w/4 = 90° about the axis, whereas »s, and
vsp are a degenerate pair. Any linear combination of s, and ves, for example vy, is
also a vibration of the same frequency (&’ = £s5 — &4). It is seen that by a clock-
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F1g. 37. Normal vibrations of X, (point group Dy).

Fig. 38. KNormal vibrations of an X; molecule (point group Ds;). () Genuine normal vibra-
tions. (b) A non-genuine degenerate vibration (see p. 96). (c) Alternative degenerate vibrations
Via = Via + Via, Vib = vap + Vi, Via = ¥ap — vab, Vio = vsa — via.—Vibrations perpendicular to the
plane of the molecule are shown in oblique projection.
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wise rotation by 90° of the molecule in these degenerate vibrations every displacement
vector rotates counter-clockwise by +90°.

For a molecule with a five-fold azis of symmetry, l may have the values 1, 2, 3, and 4,
but according to the above I = 1 is equivalent to ! = 4 and Il = 2 is equivalent to
1 = 3, so that we have two types (species) of degenerate vibrations corresponding to
a = =+ 2r/5 and @ = =+ 2-27/5 respectively. Let us derive as an example the form
of the (plane) normal vibrations of a molecule X5 whose nuclei are arranged at the
corners of a regular pentagon. The only vibration that is symmetric with respect
to the axis C; is evidently the pulsation vibration », in Fig. 38a. If we want to

Fi1a. 39. Derivation of the vibration v;; of Xs.—From one diagram to the next a rotation of
the molecule by 72° is assumed to have taken place. In this rotation a broken line vector goes over
into the full-line displacement vector of the next nucleus (rotation by 144°).

determine a vibration of the type I = 1 we have to use o = =+ 360°/5 = =+ 72° and
proceed in the same way as indicated in Fig. 35 for an X; molecule. Witha = 4 72°
we obtain thus the degenerate pair vy, and vy in Fig. 38a; with @ = — 72° we obtain
(similar to Fig. 35d) the two translations perpendicular to the five-fold axis which
thus represent a non-genuine degenerate vibration with I = 1. If now we want to
determine a vibration of the type l = 2, thatis, o = & 2-360°/5 = & 144°, we have
to rotate the displacement vectors by 144° for every rotation of the molecule by 72°.
This is shown for & = + 144° in Fig. 39 and gives the vibration »3, of Fig. 38a. wa
is obtained in the same way but using a vertical instead of a horizontal displacement

F1g. 40. Normal vibrations of an X; molecule (point group Dss).—Displacement vectors at
right angles to the plane of the paper are indicated by + and — signs. In vy these vectors have not
all the same length.

L]
vector at the top. If @ = — 144°, another degenerate pair of genuine normal vibra-
tions is obtained, v4s and g of Fig. 38a7 Thus there are in this example two plane
degenerate vibrations of type I = 2.
7 The displacement vector of the nucleus at the top in v« has been chosen opposite to that in

vss in order to have the pair v and ve transform according to (II, 70) with ¢ = + 144°, just as
v3a and vap (see p. 89).
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For a molecule with a siz-fold axis of symmetry, l may have the values 1, 2, 3, 4,
and 5; but according to the above | = 3 = p/2 corresponds to vibrations that are
antisymmetric with respect to the axis Cg, and [ = 4 and 5 are equivalent to I = 2
and [ = 1 respectively so that we have again only two types of degenerate vibrations.
Fig. 40 gives as an example the normal vibrations of a molecule Xg whose nuclei in
their equilibrium positions lie at the corners of a regular hexagon. There is again
only one vibration that is symmetric with respect to a rotation by 60° about the ax1§,
but there are three vibrations that are antisymmetric with respect to this rotation.
The plane degenerate vibrations are obtained in a manner similar to that used for X5
by rotating the displacement vectors by +60°, +120°, and —120° respectively for
every rotation of the molecule by 60°. This gives the three degenerate pairs vg,,
vss (I = 1), vea, veo (I = 2), vq, 5 (I = 2). The value a = — 60° gives, similar to the
case of X3 and Xj, the translations perpendicular to the symmetry axis (non-genuine
vibration). The other vibrations of the Xg molecule will be discussed later.

More general doubly degenerate vibrations. The above discussed behavior of
the normal coordinates with respect to symmetry operations may also be derived
from the requirement that the potential energy (11, 32) must be invariant with respect
to all symmetry operations permatted by the molecule in its equilibrium posttion. That
is, if the potential energy is

Vo= 3nE? 4+ Neb? 4 st + - 0), (11, 72)
after a symmetry operation has been carried out, it must be
V = J0uE? + Nebe® + Mak's? + ) (I1, 73)
where the {¢; are the normal coordinates in the transformed molecule.?
Invariance of V accordingly exists if £/ = &; or &/ = — §;, that is, when the

normal vibration is symmetric or antisymmetric with respect to the symmetry
operation. In fact, this is the only way invariance of V can be accomplished if all
A: (all frequencies) are different. Therefore non-degenerate vibrations can only be
symmetric or antisymmetric. However, if two or more A; are equal, that is, if we have
a degenerate nibration, the corresponding £ may be a linear combination of the &;.
Taking the case of a double degeneracy, let £:o and £ be the two degenerate normal
coordinates, and the part of the potential energy depending on them

Vi = 3Nl + £D). (11, 74)

The only linear transformation of the form (II, 62) that will leave V; unchanged is
an orthogonal transformation, that is, a transformation that transforms one Cartesian
coordinate system into another with the same origin. Such a transformation, in
the present case of two dimensions, is performed only either by

E;a = + Eia cos8 B + Eib sin Bv
i = — tiasin B + £ip cos B

8 It should be noted that it is not sufficient that the numerical value of V for a given set of &;
values remains the same; it musi remain unchanged for any set of §; values and therefore must have
the same functional dependence on the transformed normal coordinates as on the non-transformed.

(11, 75)
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or by
tla = — tacos B + Epsin B,

£ = + £iasin B + £, cos B.

The first transformation means a simple rotation of a rectangular coordinate system
formed by £,, and £,5 by an angle 8 [compare equation (II, 65) and the accompanying
discussion]. The second transformation means a rotation plus a reflection at the
origin. It is easily verified, by forming &2 + £i3 from (II, 75) or (II, 76), that

12+ £3 = 2. + £3,; that is, that the transformations (II, 75) and (II, 76) leave
the potential energy V; in (II, 74) invariant. It is also easily seen, by substituting
(11, 62) in (11, 74) and requiring that V; be invariant, that the above two transforma-
tions are the only ones giving this invariance.

The transformation (I, 76), if carried out twice in succession, has the property
of leading to the original normal coordinates for any value of 8, as can immediately be
verified. It can therefore correspond only to those symmetry operations which if
applied twice bring the system back to itself, such as a reflection at a plane. Only
the transformation (II, 75) can represent the change of degenerate normal coordinates
produced by a rotation about a p-fold axis with p > 2. Itis of exactly the same form
as (II, 70). However, the proof for (II, 75) is more general and we can now drop a
number of restrictions under which (II, 70) was derived: Equation (II, 70) was
derived for the z and y components of the displacements only [see (II, 69)], whereas
(11, 75) holds generally also for the z components (that is, the components in the direc-
tion of the axis of symmetry). In deriving (II, 69) and (II, 70) we assumed that
each displacement vector of £;, was perpendicular to the corresponding displacement
vector of £ (see Fig. 34) and had the same magnitude, whereas now we need only
to assume that £, and £ are orthogonal and normalized in the sense of equations
(11, 18) and (II, 19).

The value of 8 in (I, 75) is not entirely arbitrary but, in the same way as above
for «, it follows that for a rotation by 2x/p about a p-fold axis,

(11, 76)

27
ﬁ=i”p—l, l=1,2:---p—1. (I1, 77)

Thus for those vibrations that fulfill the above-mentioned restrictions the considera-
tions are exactly the same as before. However, we can now also discuss those de-
generate normal vibrations that do not fulfill these restrictions.

Let us consider, as an example, those normal vibrations of an Xg molecyle (Fig. 38)
that are perpendicular (antisymmetric) to the plane of the molecule. The only one such
vibration that is symmetric with respect to the axis is the non-genuine vibration
consisting of a translation in the z direction (not shown). The other vibrations in
this group are degenerate with respect to the axis. It is easily seen that a vibration
pa’rallel to the axis can be degenerate only with a vibration that is also parallel to the
axis [since otherwise a rotation by 2x/p could not transform the one into a linear
combination (II, 75) of the two original ones]. Thus the displacement vectors of
the individual atoms in the two mutually degenerate vibrations are not perpendicular
but parallel to each other. In order that they shall be orthogonal we must choose
them so that [see (II, 18)]

Zmis D2, ® = 0. (II, 78)
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One way of accomplishing this is to choose the displacements of Ny as 2,® = 5, 2,®¥ =0
(then at least the contribution of N; to the sum is zero). The displacements of N,
are now obtained by carrying out the transformation (II, 75) and then rotating the
molecule by 72° (similar to Fig. 39). The latter operation here does not change the
direction of the displacement vectors. Thus we have

2,9 = 2,(® = scos B + 0,

11, 79
22® = 2,® = — ssinB + 0. ( )
Similarly we obtain

2(® = 2" = 3 cos 28,

23® = 2,(®’ = — ssin 20. (11, 80)

Taking first 8 = + (360°/p)-1 = 4+ 72° we see that the displacements z; of the
successive nuclei Ny, Ng, N3, - - in the first vibration are

s, 8 cos 72°, 8 cos 144°, s cos 216°, 8 cos 288°,

and in the second vibration, which is degenerate with the first,
0, —8 8in 72°, —g sin 144°, —s sin 216°, —s sin 288°.

It is easily verified that these two sets of displacements fulfill the relation of orthogo-
nality (II, 78). They are illustrated in Fig. 38b, from which it can be seen that they
represent simple rotations about two mutually perpendicular axes in the plane of the
molecule. These two vibrations are thus non-genuine.

If we now take B8 = + (360°/p)-2 = + 144° we see that the z displacements in
the two mutually degenerate vibrations are, according to (II, 79) and (II, 80),

8, 8 cos 144°, s cos 288°, 8 cos 72°, s cos 216°
and
0, —ssin 144°, —g sin 288°, —ssin 72°, —sg sin 216°.

These displacements are shown as vs, and v in Fig. 38a. They represent evidently
genuine normal vibrations (which are mutually orthogonal). It is immediately seen
that the values B = — 72° and —144° lead to the same vibrations as 8 = + 72°
and +144° respectively. As previously, 8 = & 27/5-3 and 27/5-4 lead to the
same vibrations as 8 = = 2#/5-2 and +2x/5-1 respectively.

Doubly degenerate vibrations with the same relative amplitudes as for vs, and v
may also take place in the plane of the molecule, either in such a way that all atoms
move radially or in such a way that they all move tangentially. These are repre-
sented in Fig. 38c. It is easily seen that these vibrations fulfill the transformation
law (II, 75), even though the displacement vectors are not all the same and are not
at right angles to each other in a degenerate pair. The displacement vectors in
these vibrations can therefore not be obtained by the simple rotation method illus-
trated by Fig. 39. However, these two degenerate vibrations are not independent
of those already given. Their normal coordinates are the linear combinations
£3a + E4a, &6 + Ev and Ep — £, 30 — £ua Of the previous vz and v, (Fig. 38a).
There is an infinite number of other pairs of linear combinations (35 + c£4a, £30 + ckp
with ¢ an arbitrary number) that would also fulfill the transformation law (II, 75).
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But only two of these pairs are independent of one another. Which two are the
actual vibrations vz and v, depends on the forces acting between the atoms (see sec-
tion 4). Only for certain special force fields would the vibrations be as given for v
and vy in Fig. 38a, and for certain other special force fields they would be as given in
Fig. 38c. On the other hand, the other vibrations, »1, »5, and »s of Xs, are unambigu-
ously given for any force field since there is only one of each species (see section 4a).

It should be realized that linear combinations & + c£;3 or &2 + c£s do not fulfill
the transformation laws (II, 75) and are therefore not possible normal vibrations,
since 8 = -+ 72° for v, but 8 = £ 144° for »; and »,.

For a molecule with a three-fold axis only 8 = =& 120° is possible. In the case
of a triatomic molecule X3 this leads (just like 8 = = 72° for X;) only to a non-
genuine vibration perpendicular to the plane of the molecule.

However in the molecule X3Y3 both a non-genuine and a genuine vibration (vs in Fig. 36) result,
with amplitudes
8, 8cos120° s cos 240° and 0, —ssin 120°, —ssin 240°.
For this molecule, unlike X3, also plane degenerate vibrations with the amplitudes given are possible
in a radial or tangential direction, analogous to those discussed for X; (Fig. 38¢c). However, they are

again simply certain linear combinations of the plane degenerate vibrations already given (vs, »s,
»7 in Fig. 36).

The vibrations perpendicular to the plane of the molecule Xg (see Fig. 40) are obtained
in a way entirely similar to that for Xs. Again 8 = & 2x/p-1, which here equals
+60°, gives two non-genuine vibrations, while 8 = 27/p-2 = 120° gives the de-
generate genuine vibrations vg, and s, shown in Fig. 40. B = 2x/p-3 gives the
non-degenerate vibration that is antisymmetric with respect to the six-fold axis (v3
in Fig. 40). Again, the plane vibrations v and »; are not unambiguous. The linear
combinations &, + &7a, £66 + E6 and Eea — &4y Es — & would be tangential and
radial vibrations similar to those of Xj in Fig. 38c.

Further examples of doubly degenerate vibrations are those of XY, XYy, XY,
XsYs, and XYZ; given in Figs. 45, 48, 49, 50, and 91 respectively.

It remains now to discuss briefly the behavior of doubly degenerate vibrations with
respect to reflection at a plane, rotation about a two-fold axis, and inversion. It can
be shown (see below) that two mutually degenerate vibrations are either both
symmetric or both antisymmetric with respect to a center of symmetry ¢, a plane of
symmetry o5 perpendicular to the axis of symmetry, and a two-fold axis coinciding
with the p-fold axis, with respect to which the vibrations are degenerate, if such
symmetry elements are present. Examples of this rule are supplied by the de-
generate vibrations in Figs. 25b, 32a, 33, 36, 37, 38, 40.

With respect to planes through the p-fold axis or to two-fold axes perpendicular to
it, degenerate vibrations may or may not be symmetric or antisymmetric. For example,
the vibration v, of X5 (Fig. 32a) is symmetric, vqp is antisymmetric with respect to a
reflection at the plane of symmetry perpendicular to the plane of the molecule
through N;, and also with respect to a two-fold rotation about the two-fold axis
through N;, whereas they change by more than just the sign for a reflection at the
planes through N and N as well as for the rotations about the two-fold axes through
N, and N3. However, one can always find two linear combinations of the two
mutually degenerate vibrations that are symmetric and antisymmetric respectively
with respect to the particular plane or two-fold axis. In the example of X3, a vibra-
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tion that is antisymmetric with respect to the plane ¢, through N Vo is v&1? of Fig. 32¢
and one that is symmetric is »;®. However, the vibrations ¥%'” and »£'” are, as
we have seen before, linear combinations of the original vy, and va,. Similarly, for
a linear molecule we can always choose two mutually degenerate vibrations so that
one is in the plane considered and the other perpendicular to it; that is, so that one
is symmetric and the other antisymmetric with respect to that plane.

According to the preceding discussion a more-than-two-fold axis in a molectfle
necessarily involves the existence of degenerate vibrations, that is, vibrations that
change by more than just the sign for a rotation about that axis. On the other hand,
since normal vibrations can always be so chosen that they remain unchanged or only
change sign for a reflection at a plane, for a two-fold rotation and for an inversion,
a molecule with no more-than-two-fold axes need not have any degenerate vibration
although accidentally two (or more) of its vibrations may be degenerate with one
another. Only if a molecule has at least one more-than-two-fold axis does it necessarily
have degenerate vibrations.

The fact mentioned above, that both vibrations of a degenerate pair behave in the same way
with respect to an inversion, can be seen in the following way. If the substitutions zz— — Tk,
Yk—> — Yk, 2r—> — z are made in equations (II, 10) the same equations are obtained, since in a
molecule with a center of symmetry the force constants k,” are invariant to inversion. There-
fore the ratio of the displacements (given by a row of minors of the determinant of the equations)
remains unchanged; that is, any degenerate normal vibration can only be symmetric or antisymmetric
with respect to inversion. This holds also for a linear combination of two mutually degenerate vibra~
tions and therefore both components of a pair must show the same behavior. In a similar though
somewhat more complicated way it can be shown that they must also show the same behavior with
respect to a plane o) perpendicular to C; and for a C; coinciding with Cp. In all these cases, then,
£l = Eiar Elp = Egp o Elo = — Eian £y = — £, which is a special case of the transformation (I1, 75)
with 8 = 0 and 180° respectively.

For all other reflections and two-fold rotations a degenerate vibration does not necessarily remain
unchanged or only change sign, and therefore the transformation (II, 76) applies, since it also fulfills
the requirement that two successive reflections or rotations lead back to the original normal coordi-
nates, which (II, 75) does not except for 8 = 0 and 180°.° For two special values of B, 8 = 0and
B = 180°, the transformation (I, 76) leads to a simple result, namely £, = — £, £0y = + £, and
Ela = + Eig Ely = — £, respectively, that is, for these values of 8, one component of the degenerate
pair is symmetric, the other is antisymmetric with respect to reflection or two-fold rotation of the
type discussed. The important point is now that if two mutually degenerate normal coordinates tia
and & are not symmetric or antisymmetric with respect to a reflection or two-fold rotation, two
mutually orthogonal linear combinations of them, £;, and E-’b, can always be found that are symmetric
and antisymmetric respectively. This is immediately seen if it is realized that (IT, 76) represents a
rotation by an angle 8 in the £is, £is plane plus an inversion. Therefore by applymg the opposite
rotation to £is and £ by means of transformation (II, 75), normal coordinates £iq and 5 must be
obtained that are transformed according to (II, 76) with 8 = 0 or B = 180°; that is, one of them is
symmetric, the other antisymmetric with respect to the operation in question. A good illustration
is the case of vz of a molecule X; reflected at a plane through N (see above and Fig. 32).

Complex normal coordinates. Sometimes, instead of using two real (orthogonal) mutually
degenerate normal coordinates £,, £, it is convenient to introduce complex normal coordinates. Since
any linear combination of £, and £ is a solution of equations (II, 10), then

Na = & + ks, M = £ — 16 (11, 81)

9 That (II, 76) applies for a reflection at a plane through the symmetry axis can easily be verified,
for example, for the case of linear XY, (see p. 86f.).
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are formally also solutions (where i = + \/ :).“’ If we now apply transformation (II, 75), we
obtain

na’ = &' + ik’ = £acos B + £psin B + i(— £asin B + £ cos B),

' =&’ — it =taco8B + Epsin B — i(— & 8in 8 + £ cos B);

or, with cos 8 = 18in 8 = =6,

s’ = nae™%, (L, 82)
' = quetib.,
On the other hand, transformation (II, 76) leads to
N’ = & + ik = — e, (11, 82a)
m =k — ik = — n.et,

The first transformation, therefore, changes the complex normal coordinates only by a (complex)
factor while the second changes one into the other with a (complex) factor.l! The second transforma~
tion (11,82a) applies as previously only to planes through, or two-fold axes perpendicular to, the more-
than-two-fold axes causing the degeneracy. Therefore, if there are no such planes or axes, only
(11, 82) applies. In that case, the vibrations are said to be separably degenerate [see Placzek (700)]
since a pair can be found, namely the complex 7s and 73 in (II, 81), such that each one of them trans-
forms into itself, possibly apart from a constant factor, for any symmetry operation permitted by
the system. In the previous examples, however, the degenerate vibrations are not separable since
there are planes through the axis of symmetry as well as two-fold axes perpendicular to it for which
transformation (II, 82a) applies. A system in which there were only separably degenerate vibrations
would, for instance, be the molecule X3Y; if the X3 triangle were rotated with respect to the Y;
triangle.

Triply degenerate vibrations. For triply degenerate vibrations the contribution
to the potential energy is
Vi= N + £ + £, ' (11, 83)

which must remain unchanged for any symmetry operation. This condition is ful-
filled by a three-dimensional orthogonal transformation of the form (II, 62). The dg
are the direction cosines of the new axes as compared to the old ones. The normal
coordinates transform in the same way as Cartesian coordinates when one goes over
from one system of axes to another with the same origin.

As an illustration, Fig. 41 shows the normal vibrations of a tetrahedral XY 4 molecule.
The three component vibrations of each of the two triply degenerate vibrations »s
and »4 are shown. By carrying out the symmetry operations (for example, rotation
about one of the three-fold axes), any one of the vibrations is transformed into a
vibration that is, in general, a linear combination of all three mutually degenerate
vibrations. The various transformed displacement vectors of a particular atom no
longer lie in a plane.

We shall not discuss a general method of obtaining the form of the normal vibre-
tions. But it is easily seen that the vibrations shown in Fig. 41 do fulfill the necessary
requirements: the three vibrations vg., vss, vs. have obviously the same frequency
and they are orthogonal to one another; that is, they are linearly independent. The
same holds for v4s, vas, v4c. Since there are in XY two triply degenerate vibrations,

19 We omit here the subscripts 7 for £ and 9 in order to avoid confusion with ¢ = + V— 1.

11 The factor in this second case can be made equal to 1 (that is 8 = 0) if one starts out from the
proper normal coordinates E., and £, that are symmetric and antisymmetric with respect to the plane
or two-fold axis considered (see above).
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their actual forms are not uniquely determined by symmetry. They are linear com-
binations of the two sets given. In a tetrahedral molecule Y, (without a central
atom) only one triply degenerate vibration occurs whose form is uniquely determined
by symmetry. It is represented by »4 of Fig. 41 if the central atom is omitted.

Fia. 41. Normal vibrations of a tetrahedral XY, molecule.—The three two-fold axes
(dot-dash lines) are chosen as z, y, and z axes.

While in general triply degenerate vibrations (just as doubly degenerate vibra-
tions) change by more than the sign for a reflection at a plane of symmetry or for a
rotation about a two-fold axis, it is always possible to find a set of linear combinations
each of which is either symmetric or antisymmetric with respect to a particular
plane or two-fold axis. Thus v3, and »3 in Fig. 41 are symmetric, v3 is antisym-
metric with respect to the zy plane. In the same way as previously for doubly
degenerate vibrations it can be shown that three mutually degenerate vibrations are
either all symmetric or all antisymmetric with respect to a center of symmetry. But



II, 3 SYMMETRY OF NORMAL VIBRATIONS 101
unlike the case of doubly degenerate vibrations there are no other elements of sym-
metry with respect to which all three vibrations behave in the same way.

It can bo shown that it is always possible to find one (and only one) linear combination of three
mutually degenerate vibrations that is symmetric with respect to a particular three-fold (or four-fold)
axis. (Thus for v; of XY, in Fig. 41 the combination vss <+ vsb + va., for v the combination
via + vap + Vi, are seen to be symmetric with respect to one of the three-fold axes.) Two other
combinations behave, then, in the same way as a doubly degenerate pair with respect to rotation
about this axis. However, with respect to another three-fold axis the first linear combination is not
symmetric (compare the above example). Thus it is the presence of more than one three-fold axis
that leads necessarily to the occurrence of triply degenerate vibrations.

(¢) Effect of symmetry operations on the vibrational eigenfunctions

Since the vibrational eigenfunction is a function of the normal coordinates, its
behavior with respect to symmetry operations depends on the behavior of the normal
coordinates with respect to them.

Molecules with non-degenerate vibrations only. If a non-degenerate vibration,
say v;, is symmetric with respect to a certain symmetry element [for example, the
vibrations »y, v, v3, vs of XYZ, in Fig. 24 with respect to the plane o,(xz)], that is,
if the corresponding normal coordinate &; is

symmetric, it follows that its contribution , WE XA
Y.(£:) to the vibrational eigenfunction is 6 8 7 G
symmelric (remains unchanged) with respect

to the particular symmetry operation for all

values of v;. If a normal vibration, say vy, S™ 8 E——
is antisymmetric with respect to a symmetry

element [for example, the vibrations »4 and § mem—
v of XYZ in Fig. 24 with respect to the 4= ¢ )

plane ¢,(x2)], that is, if the corresponding A e
normal coordinate £ is antisymmetric, it 4 o

follows that Yr(£x), since it is an odd (even)

function of £ for odd (even) v;, changes 3
sign—is antisymmetric—for odd vi DUt Ter 2 ——————

mains unchanged—is symmetric—for even P ——
v, if the particular symmetry operation is

carried out. This behavior is represented —1=——————— 1

in Fig 42a and b. It is very important for
the following considerations.

The total vibrational eigenfunction v,
according to (II, 42), is a product of har- @ o)
monic oscillator eigenfunctions ¥1(£1),¥2(£2),
- -+, corresponding to the 3N — 6 or 3N —5§
nogmal coordinates. Therefore, if there are
only non-degenerate normal vibrations,
the total eigenfunction will be symmetric with respect to a given symmetry op-
eration if there is an even number of component functions Y (£:) that are antisym-
metric with respect to that same symmetry operation; the total eigenfunction will
be antisymmetric if there is an odd number of antisymmetric component func-
tions. Its behavior with respect to the given symmetry operation is independent of

Fia. 42. Symmetry of vibrational eigen-
functions of non-degenerate vibrations. (a)
Symmetrical (b) antisymmetrical vibration.
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the number of symmetric component functions. In other words, since, for anti-
symmetric £, the function ¥x(§:) is antisymmetric for odd v, the total vibrational
etgenfunction is symmetric with respect to a certain symmetry operation if the sum 3, vz,
extended over all normal vibrations that are antisymmetric with respect to that symmetry
operation, i3 even; the total eigenfunction 18 antisymmetric with respect to the same
symmetry operation if the sum 2, vx 18 odd.

As an illustration of this rule Fig. 43 gives the symmetry properties of the tetal
vibrational eigenfunction in the lower vibrational levels of the H,CO molecule which

em[

{sa@ Vg +3Vp———aa 4,
sa iy ssA,
5_.534‘,,,,,,“,,‘_.“15 3y 854,
Vb Vgt asB; v, 4, saB
ht Y s8A, W+2y 88‘34, 2:24-.;: '
Yt Wty aaf, 2ty asBz v,
4000“”. bW, saB, Wty s34, yt2y ssA, v: 1.‘:';__22'31',
R — 17 ;4 154 Ul aaA.
Vit 2y ssA, 3y, saB,
20+, ‘as B
; Vit 20 sa By
F 2v s3A, 3 as B,
Vatly 884,
3000) IR saB, 2u, ssA
# frin asB, : 2 sa B,
] SS A, W+ sa B, *
Wty as B,
L 20— s34,
Vg e A,
2y, 58 A,
2000%
%, 884,
Y 884,
(3 saB.
% asB,
1000
Ground
OCStater ssA,

F1a. 43. Symmetry of vibrational eigenfunctions for the lowest vibrational levels of H,CO.—
The first letter at the right of each level gives symmetry (s) or antisymmetry (a) with respect to the
plane of the molecule, the second letter with respect to the other plane of symmetry. The third
(capital) letter gives the species of the state (see p. 106). Except for the fundamentals (v1, v, * *  vs,
see Table 76) all levels are calculated, neglecting the influence of anharmonicity.

is of the type XYZ, (Fig. 24). The symmetry is indicated by two letters, the first
referring to the symmetry with respect to the plane of the molecule o, (zy), the second
with respect to the plane of symmetry o¢,(22) perpendicular to the former. In addi-
tion, the more systematic symbols for the symmetry to be explained in the next
subsection are given. For the designation and form of the normal vibrations, see
Fig. 24. When, for example, two quanta of the oscillation vs, which is antisymmetric
with respect to o,(zy), and three quanta each of the two oscillations »4 and s, which
are antisymmetric with respect to ¢.(xz), are excited, then the total vibrational
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function is symmetric with respect to both planes of symmetry since 4 vx is even
for both.

Molecules with degenerate vibrations. When a molecule has degenerate vibra-
tions as well as non-degenerate vibrations, the same relations apply as for the pre-
ceding case if the degenerate vibrations »; are not excited by more than the zero-point
vibration, that is, if all have v; = 0. This is because for »; = 0 the contribution of
a doubly degenerate vibration to the total vibrational eigenfunction is, according to
equation (II, 56),

e~ (@ilD (E1a2+E7)

which remains unchanged for any symmetry operation just as does the potential
energy (II,74). In such a case, therefore, and similarly for higher degeneracies,
the total vibrational eigenfunction can only be symmetric or antisymmetric with
respect to any symmetry operation permitted by the molecule (including p-fold
rotations); it is symmetric when 3, v; formed as above is even, antisymmetric
when it is odd. The same holds also for the case in which accidentally degenerate
vibrations are excited with v; > 0 if the correct linear combinations are used. How-
ever, it does not hold if necessarily degenerate vibrations which occur in molecules
with more-than-two-fold axes are excited with v; > 0.

If a degenerate vibration is excited with one quantum (v; = 1), there are two (or
three) different total eigenfunctions belonging to the same energy value and the total
eigenfunction will be no longer only symmetric or antisymmetric with respect to all
symmetry operations but will change into a linear combination of the two (or three)
degenerate functions. In the case of doubly degenerate vibrations, the eigenfunction
is, for any vj, given by (II, 56). In this equation, for »; = 1 we have either v, = 1,
vy, = 0, or v, = 0, v = 1. Since the Hermite polynomial H, is of the vth degree,
the two eigenfunctions for »; = 1 are

Via = Ce (@D Eu+tnd £

and
Yip = Ce—(@ildbad+tind £, (11, 84)

where C is a constant. The exponential factor, as mentioned previously, remains
unchanged for any symmetry operation just as does the potential energy. Therefore
¥js and Y5 must have the same behavior with respect to all symmetry operations as the
normal coordinates £, and £ respectively. In particular, for those symmetry opera-
tions (for example rotation about a C,) for which £;, and £; go over into linear com-
binations [(II, 75) or (II, 76)], ¥js and ¥; go over into the corresponding linear
combinations with the same coefficients. Similar considerations apply also to triply
degenerate vibrations.

he symmetry of the total vibrational eigenfunction is, of course, again determined
by the behavior of its factors with respect to the symmetry operations. For example,
if in a linear triatomic molecule XY; one quantum each of the three normal vibra-
tions (Fig. 25b) is excited, the total eigenfunction will be antisymmetric with respect
to a reflection at a plane through X perpendicular to the internuclear axis, but it
will be ‘‘degenerate’” with respect to a rotation by an arbitrary angle about the
internuclear axis.
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If a degenerate vibration is excited with v; > 1 the degree of degeneracy is
increased (see p. 80f.). It is immediately clear from (II, 56) since the factor
H,,“(\/_a_,-E;,,)H.,b(\/z—x—;-E,z,) is no longer simply proportional to one normal coordinate,
that the transformation properties of the eigenfunctions are rather more complicated
forv; > 1thanforv; = 1. But, asforv; = 1, each one of the degenerate etigenfunctions,
when a symmelry operation is carried out, goes over into a linear combination of the
etgenfunctions belonging to the same energy level. As we shall see in more detgil in
subsection 3e, one set of eigenfunctions can be found consisting of independent groups
which for a symmetry operation transform only among themselves. It may happen
that one or the other of these groups has one eigenfunction only, which then is sym-
metric or antisymmetric with respect to the symmetry element that causes the de-
generacy. Thus, for example (see p. 128), if v = 2 for the degenerate perpendicular
oscillation of linear XY,, we have a triply degenerate state. But it is possible to
choose the three eigenfunctions in such a way that one is symmetric with respect to
the o -fold axis and the other two form a pair that is ‘‘degenerate’ with respect to
this axis. If the anharmonicity of the vibrations is taken into account, a splitting
of the triply degenerate level occurs into two levels, a non-degenerate (symmetric)
and a doubly degenerate level, with just the eigenfunctions mentioned (see section 5
of this chapter).

Generalization. In the preceding discussion we have derived the symmetry
properties of the vibrational eigenfunctions from those of the normal coordinates.
Actually the symmetry properties of the eigenfunctions are much more general and
do not depend on the assumption of harmonic oscillations. The potential energy,
even if it is not simply a quadratic function of the displacement coordinates [as in
(11, 25)], must be invariant to all symmetry operations permitted by the point
group of the molecule. Therefore the Schridinger equation (11, 40) s invariant to
these symmetry operations and consequently the eigenfunction can only be symmetric or
antisymmetric with respect to these symmetry operations if the state is non-degenerate,
while it can also transform into a linear combination of mutually degenerate eigenfunc-
tions for a degenerate state (see also Molecular Spectra I, p. 239). It can be shown
that in the latter case the transformation is an orthogonal transformation, which for
double degeneracy is given by (II, 75) or (II, 76).

The same reasoning shows also that the rotational, electronic and total eigenfunctions
can only be symmetric, antisymmetric, or degenerate with respect to any of the symmetry
operations.

(d) Symmetry types (species) of normal vibrations and eigenfunctions

Thus far we have only considered the behavior of the normal vibrations and
vibrational eigenfunctions with respect to individual symmetry operations. How-
ever, since only certain combinations of symmetry elements occur in the various
point groups (see p. 5{.), and since some of their symmetry elements are a necessary
consequence of others, only certain combinations of symmetry properties of the normal
vibrations and vibrational (and electronic) eigenfunctions are possible, as was first
shown by Brester (178). We call such combinations of symmetry properties sym-
melry lypes or species [following Mulliken (643)]. In group theory they are the so-
called irreducible representations of the point group considered, a name that some
authors prefer, On the basis of the discussions in the preceding subsection, the sym-
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metry types can be derived fairly easily without the explicit use of group theory for
all molecules except those belonging to cubic point groups [see also Placzek (700)]¢
This will be done in the following pages. For the cubic point groups we shall accept
the results of group theory without proof.

In every molecule there are normal vibrations and eigenfunctions that are sym-
metric with respect to all symmetry operations permitted by the system. These
are called tolally symmetric and this symmetry type is designated by A or 4, or A’
or by similar symbols (see below).

Point groups Cy, Cz, C,, and Ci. In the case of the point group C; there is no sym-
metry and consequently there is only one species A for the normal vibrations and
eigenfunctions which may also be said to be symmetrical with respect to the identical
symmetry operation I.

If there is one element of symmetry only, as in the point groups Cz (one two-fold
axis), C, (one plane of symmetry), and C; (center of symmetry only), the vibrations
and eigenfunctions may be symmetric or antisymmetric with respect to the one
element of symmetry. Thus there are two species for each point group, the sym-
metric one being called 4, A’, and 4, for Cy, C,, and C; respectively, the antisym-
metric one B, A”, and A, respectively.”* This is represented in Table 12 where +1

TABLE 12. SBYMMETRY TYPES (SPECIES) FOR THE POINT GROUPS Cp, C,, C; = S

C:| I |Cai2) " C | I |o(xy " C=S,| I 1
A’

+1| +1 | T, T R.
A" | 41| =1 | T, R, Ry

Ay | +1| +1| B, R, R,

Al +1| 41 | T, R,
B Ay +1| -1 T, Ty, T,

+1| =1 |T:, Ty, R:, Ry

and —1 is used to indicate symmetric and antisymmetric. In the first line is given
the point group (heavy type) and the symmetry operations including the identity I.
Below are the symmetry types and the behavior of the vibrations or eigenfunctions
having these symmetry types for the symmetry operations given in the top row. In
the last column of each subtable are given the non-genuine vibrations, translation in
the z, y, or 2 directions (T, Ty, T.), and rotation about the z, y, and z axes (Rz, By, B.)
that belong to the particular species (see also the next subsection). It is clear, for
example, that for point group C; a translation in the direction of the C; and a rotation
about the C is symmetric with respect to the operation C; while the other translations
and rotations are antisymmetric with respect to it.

As an example, consider the plane but non-linear N3H molecule. It will have,
according to the above, normal vibrations that are symmetric and normal vibrations
that are antisymmetric with respect to the plane of the molecule. During the former
all atoms remain always in the plane, during the latter they move in lines perpen-
dicular to the plane. It may be noted that in an asymmetric triatomic molecule
guch as NOCI which belongs also to the point group C, the vibrational motion can
take place only in the plane; that is, there are no genuine vibrations of type A",

11a For a discussion using group theory throughout see Rosenthal and Murphy (750) and Meister,
Cleveland, and Murray (620a).

8 Following Placzek (700) the letter A is used for all species that are symmetric, the letter B
for those that are antisymmetric with respect to an axis of symmetry. As for diatomic molecules,
species that are symmetric or antisymmetric with respect to a center of symmetry are distinguished
by the subscript g and u respectively.
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Point groups Czy, C2, and Dp = V. If a molecule (point group) has two necessary
elements of symmetry it is obvious that there are four different possible symmetry types
(always assuming that there are no more than two-fold axes) which may be charac-
terized briefly by ++, +—, —+, ——: a vibration (eigenfunction) may be sym-
metric or antisymmetric with respect to either element of symmetry. Point groups
of this type are Cz,, Cas,and D = V. Each of these has three elements of symmetry
(see Table 1, p. 11), but one of them is in each case a consequence of the other yo;
that is, by carrying out two of the symmetry operations in succession the same result
is obtained as by carrying out the third symmetry operation on the original system.
Therefore the behavior of the vibrations and eigenfunctions with respect to the third
operation is given by their behavior with respect to the other two. For example, if
a vibration is antisymmetric with respect to two of the symmetry operations, carrying
them out in succession will bring the vibration back to the original form; that is,
the vibration is symmetric with respect to the third symmetry operation. Table 13

TABLE 13. SYMMETRY TYPES (SPECIES) FOR THE POINT GROUPS Ci, Cai, AND Dy = V.

Caof I |Co(2)|ow(z2)|av(y2) Ca I |Ca(2)|on(zy)| < Dy=V]| I |Cx(2)|Ca(y)|Ca(2)

Ay |+1) 41 1| +1 T, Agl+1] +1| +1 |+1| R, A |+ H1f 41 41} —
Az |+1] 41| =1 | —1 |R, AJ+1| 41| =1 (=1 T, By |41 +1| ~1| =1 |T,R,
B |+1] =1 41| =1 |T:, RJ| BJ|+1| —1| —1 [+ R, R Bz |+1] —1| +1| —1|T}, R,
By |+1] =1 =1 | 41 |Ty,R|| BJf+1| =1 | +1 |- T, Tyf| Bs |+1f —=1| =1 | +1|T%,R»

gives the designation of the symmetry types and the behavior of the vibrations
(eigenfunctions) having these symmetry types for the point groups Cs, Ca, and
D, = V. It should be noted that for these point groups, in consequence of the
above connection between the symmetry operations, symmetry types in which an
eigenfunction would be antisymmetric with respect to all three elements of symmetry
or antisymmetric with respect to one element of symmetry only do not exist.

As an example, consider the plane Y type molecule XYZ; (for instance, HoCO),
whose normal vibrations were given in Fig. 24 and which belongs to point group Cb,.
It is seen that the three normal vibrations v, ve, v3 are totally symmetric, that is,
belong to species A;, the vibrations vs, v5 belong to species B; (if we call the plane of
the molecule the 2z plane) and ve belongs to species B; (vibration antisymmetric with
respect to the plane of the molecule). There is no genuine normal vibration of
species A;. But there may be vibrational (and electronic) eigenfunctions of species
Aq; for example, if a vibration of species By and one of species B; are each excited by
one quantum the resultant eigenfunction will be antisymmetric with respect to both
planes of symmetry (see p. 102), that is, will be of species A2. In more complicated
molecules belonging to point group Cs, there may also be normal vibrations belonging
to species A2. It is immediately seen that for all molecules of point group Cs, the
translation in the direction of the C; is totally symmetric (species 4,) while the
rotation about this axis is antisymmetric with respect to both planes of symmetry
(species Aj;). Similarly the species of the other non-genuine vibrations follow, as
indicated in the last column of each subtable in Table 13.

Point group Vi = Dgs. If there are three necessary symmetry elements (but no
more-than-two-fold axis) there may be eight different symmetry types of the normal
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vibrations and eigenfunctions, that is, just as many as there are possible combina-
tions of + and — in sets of three: +++, ++—, +—+, - +4+, +——, —+—,
——+, ———. The point group V5 = Dg; to which the plane molecule C.H, be-
longs is the only one with three necessary symmetry elements that are not more-than-
two-fold axes. As such necessary symmetry elements we may choose any three
independent ones of the seven elements of symmetry (see Table 1), for example, the
three mutually perpendicular planes of symmetry o(zy), o(z2), o0(y2z). The possible
behavior of normal vibrations (eigenfunctions) with respect to these three elements
is given in columns 3, 4, and 5 of Table 14, All the eight possibilities mentioned

Y Y
v - V. v v,
X X ,_2_ * ‘
Ay A, Ag A,
: "‘\ v6 {y > U7
B Z B 1 B 1w

%7

/
BK N B,

Fra. 44. Normal vibrations of an X,Y, molecule of point group V;.—It is assumed
that the mass of X is larger than that of Y as in C:H, or C;Dy.

<
<

B,

u

above are given. The designations of these species (symmetry types) are indicated
in the first column.

Since an inversion may be replaced by successive reflections at three mutually
perpendicular planes, the behavior of the normal vibrations of point group V4 with
respect to an inversion (column 6) may be obtained simply by multiplying together
columns 3, 4, and 5 in Table 14. Since a rotation by 180° about a two-fold axis
may be replaced by an inversion followed by a reflection at a plane perpendicular to
the two-fold axis (see p. 5), the behavior with respect to the three Cy’s (columns
7, 8, and 9) is obtained by multiplying columns 3, 4, and 5 respectively by column 6.

As an example, in Fig. 44 the normal vibrations of a plane molecule X;Y, of
point group Vi (such as ethylene, CoH,, see p. 325) are given. For each vibration
the species to which it belongs is indicated. The correctness of this assignment can
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easily be verified by the reader with the help of Table 14. Unfortunately the desig-
nation in this case is not unambiguous, since any one of the three Cy’s may be chosen
aszaxis. In the figures the z axis has been assumed to be perpendicular to the plane
of the molecule and the = axis in the line X—X. It is seen that there are three

TABLE 14. SYMMETRY TYPES (SPECIES) FOR THE POINT GROUP Dy, = Vj.

-

D=V, I o(xy) o(xz) a(y2) i Ca(2) Ca(v) Cy(z)

Ag +1 +1 +1 +1 +1 +1 +1 +1

Ay +1 -1 -1 -1 -1 +1 +1 +1
By, “+1 +1 -1 -1 +1 +1 -1 -1 R,
By +1 -1 +1 +1 -1 +1 -1 -1 T,
By, +1 -1 +1 -1 +1 -1 +1 -1 R,
Bsu +1 +1 -1 +1 -1 -1 +1 -1 T,
Bs, +1 -1 -1 +1 +1 -1 -1 +1 R,
Bjs. +1 +1 +1 -1 -1 -1 -1 +1 T,

totally symmetric vibrations (species 4,) and that there are one or two of each of
the other species with the exception of B3;. The reason why there is no vibration of
this species, and also the determination of the number of vibrations of each of the
other species, will be explained in the next section. There may, however, be eigen-
functions of the species Bj,.

Degenerate symmetry types. As mentioned before, in a molecule having at least
one more-than-two-fold axis we have always degenerate as well as non-degenerate
normal vibrations (eigenfunctions). In this case, in addition to symmetry types
similar to the above, we have one or more degenerate symmetry types (species) usually
designated by E if doubly degenerate and by F if triply degenerate.® While the
influence of the various symmetry operations on the non-degenerate vibrations or
eigenfunctions can be simply characterized by +1 or —1, such cannot be done with
the degenerate vibrations and eigenfunctions, since in general they go over into a
linear combination according to the previous equation (II, 62). It can be shown
that it is sufficient for the characterization of the behavior of a degenerate vibration
or eigenfunction to give for every symmetry operation the value of the sum

X = daa + dop + -+ (11,85)

of the coefficients with two equal subscripts in the equations (II, 62). In group
theory these sums are called characters of the irreducible representation (species) con-
sidered (see p. 104). In forming these characters it is assumed that the normal
coordinates or eigenfunctions are mutually orthogonal. The characters are inde-
pendent of which particular orthogonal pair is chosen (for example, for X3 the pair
in Fig. 32a or that in Fig. 33b) and which coordinate system is used.

For doubly degenerate vibrations the sums in (II, 85) consist of two terms only
(daa + dis) and can easily be obtained on the basis of our previous discussion (see
below). For triply degenerate vibrations or eigenfunctions we shall accept without
proof the characters given by group theory [Wigner (923)]. For non-degenerate
vibrations the sums (II, 85) consist of one term only, which is +1 or —1 since

13 8ome authors use 7 in place of F.
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£/ =& or £/ = — £, The values +1 and —1 given in Tables 12-14 are these
characters for the point groups Cs, Cs, C;, Czy, C2s, V, and V.

For the identical transformation I we have &' = &, &' = &, &' = &, if &, &, &
are three mutually degenerate vibrations or eigenfunctions. Therefore, for a triply
degenerate vibration, x» = + 3. Similarly, for a doubly degenerate vibration,
XD = 4 2 and of course for a non-degenerate vibration, x = 4 1. For a rota-
tion by an angle 27/p about a p-fold axis the character of a doubly degenerate vibra-
tion according to (II, 75) and (II, 77) is 2 cos (2w/p)l. The same character corre-
sponds to a rotation by an angle — 2w/p, as can immediately be seen from (II, 75).
The operations rotation by + 2w/p and rotation by — 2w/p are said to belong to
the same class.!* Similarly the rotations by = 2-27/p have the same character
2 cos (27/p)2l and belong to the same class (which is different from the former class).
Similarly the characters of a given (degenerate or non-degenerate) species for a
reflection at any one of the p vertical planes of point group C,, or for a rotation about
any one of the p two-fold axes of point groups D, and D, are the same. These
symmetry operations therefore belong to the same class.

For non-degenerate symmetry types it is easily seen that different behavior
(different characters) for two of the planes o, (or two of the C2’s L. Cp) would lead
to a contradiction to the fact that the vibration or eigenfunction must be symmetric
or antisymmetric with respect to the C,. For doubly degenerate symmetry types
it was shown on p. 98 that the reflections at o, or rotations about the Cy’s are
represented by the transformation (II, 76). Therefore for them the character
X = daa + dop» = 0, independently of the angle 8.

As we have seen previously, mutually degenerate vibrations (eigenfunctions)
always have the same behavior with respect to an inversion. Therefore the character
of a doubly degenerate species for the inversion is either +2 (when both components
are symmetric) or —2 (when they are antisymmetric); for a triply degenerate species
it is either 43 or —3. Similarly for a reflection at a plane o perpendicular to C,
(see p. 971.), the character of a doubly degenerate vibration is either 4+2 or —2.

On the basis of the preceding discussion, we can now proceed to discuss the sym-
metry types (species) of normal vibrations and eigenfunctions for the more important
point groups with more-than-two-fold axes.

Point groups C3, and D;. According to our previous discussion (p. 89), a vi-
bration or eigenfunction can only be symmetric or degenerate with respect to a three-
fold axis, but not antisymmetric, since p = 3is odd, Consequently there are for the
point groups Cs, and D3 only two species of non-degenerate vibrations, both symmetric
with respect to Cs: one is symmetric with respect to the three planes o, or three Cy’s,
the other is antisymmetric. They are called A; and A;. There can be no vibrations
or eigenfunctions that are symmetric with respect to one and antisymmetric with
respect to another of the planes g, or the Cy’s (see above).

&or both point groups only one degenerate species occurs, since according to p.
89 only I = 1 is possible and since there is only one possible behavior with respect

¥ Tn group theory a class is formed by those elements of a group that are conjugate to one
another, that is, can be obtained from one element & by forming ¢3¢~ where ¢ may be any element of
the group [see van der Waerden (23)]. The number of irreducible representations (our symmetry
types or species) equals the number of classes of the group (in our case classes of symmetry elements
of the point group).
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to the three a,’s or the three Cy’s represented by the equations (II, 76) and leading
to the character x = 0. The character for the operation Cj, according to the above, is

2
x(€» = 2cosf -1 =2cos120° = — 1,

Altogether we have thus three different types (species) of vibrations or eigen-
functions in the point groups Cg, and D;. These are summarized together with their

TABLE 15. SYMMETRY TYPES (SPECIE8S) AND CHARACTERS FOR THE POINT GROUPS C3y AND Dj.

e | 1 |202 | 30, Ds I | 2052) | 3Ce

4, | +1 +1 | +1 |T. 4 | +1 +1 | 41

A | +1 +1 | -1 |R, A | 41 +1 | -1 |T.Rs

E +2 | -1 0|7, T, R, R| E +2 | -1 0 | T. Ty R, Ry

characters in Table 15. In this table the numbers 2 and 3 respectively in front of Cs,
¢+, Czindicate the number of operations of the particular class (see above). We have
seen previously (p. 90 and p. 97) that the translations in the z and y direction and

"ta y‘b

FiG. 45. Normal vibrations of the ND; molecule.—The vibrations are drawn to scale for ND;
(see p. 177) in oblique projection. (For NH; the large mass ratio of N to H would not have allowed
the displacement vectors of N to be drawn to the same scale as those of H). Both components of the
degenerate vibrations are shown. The broken-line arrows in v and »4 give the symmetry coordinates
of Fig. 58 (see p. 155). They are added so that the form of the vibrations can be more clearly visual-
ized. In g there is a very small displacement (too small to show in the scale of the diagram) of the
left D nucleus parallel to the line connecting the two other D nuclei (see also the discussion of Fig.
60 on p. 171). It should be noted that vs, and vy are symmetric, vs, and v antisymmetric with
respect to the plane of symmetry through the left D nucleus, that is, the plane of the paper.
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the rotations about the # and y axes are degenerate non-genuine vibrations (last
column of each subtable).

As an example, in Fig. 45 the normal vibrations of the ND; molecule which belongs
to point group Cs, are represented to scale (see p. 177). There are two totally sym-
metric vibrations (species A;) and two degenerate
vibrations (species E). During the former oscilla-
tions the molecule remains always a symmetric
pyramid, but it does not during the latter. There
are no genuine vibrations of species A, but the
rotation about the z axis has this type. Also
some eigenfunctions of the higher vibrational
levels of the degenerate vibrations »3 and »4 may
have this species. Such an eigenfunction is rep-
resented schematically by Fig. 46. Itis antisym-
metric with respect to all three planes o,. The
molecule H3C—CCls, if it belongs to point group
Cs, (as is very likely), will have a genuine normal
vibration of species As—the torsion oscillation
of the two groups CH; and CCl; with respect to
each other about the C—C axis. Fic. 46. Eigenfunction of sym-

metry type 4; in a molecule of point

Point group Cs,. The symmetry types for group Ci.
the point group Cj;, are in all respects similar
to those of Cj, except that now we have two types of degenerate vibrations, namely,
those with I = 1 and those with [ = 2 (see p. 93) which are distinguished as E,
and E;. The characters are given in Table 16. In this table (,}52 means & ro-

TABLE 16. SYMMETRY TYPES (SPECIES) AND CHARACTERS FOR THE POINT GROUP Cij,.

Cm, I 205 2C§2 517,,»

Ay +1 +1 +1 +1 T,

As +1 +1 +1 -1 R,

E +2 2 cos 72° 2 cos 144° 0 T:, Ty, R:, Ry
E, +2 2 cos 144° 2 cos 72° 0

tation by = 27/p-2 = = 144° about the five-fold axis which is a symmetry opera-
tion distinct from the rotation by =+ 27/p = 72° (a rotation by =+ 2x/p-3, however,
leads to the same result as one by & 27/p-2 and therefore is not a separate symmetry
element). The characters of the degenerate species with respect to Cs are 2 cos (2x/5)!
(see p. 109); with respect to C® they are 2 cos (2/5)2l, which gives the values
in Table 16.

The same symmetry types and characters as for Cs, apply to the point group Ds
if only 50, in Table 16 is replaced by 5Cs. The symmetry types and characters for
point groups C7, and D; would be similar to those for Cs, and Ds except that there
would be three degenerate species (I = 1, 2, 3) which would be designated E,, E;, Es.

Point group C»,. Just as for the point groups Cs, and Cs,, for Cy, there can be
no symmetry types that are antisymmetric with respect to rotation about the axis
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of symmetry (here by an arbitrary angle ¢). Thus there are the same two non-
degenerate symmetry types. They are, however, here designated Z+ and Z— in order
to have agreement with the accepted nomenclature for electronic states of (hetero-
nuclear) diatomic molecules which also belong to the point group Cw»,. According
to (1I, 77) the number ! can assume the values 1, 2, 3, - -« up to infinity, and there
are therefore an infinite number of degenerate symmetry types. They are designated
II, A, - as for diatomic molecules. Table 17 gives the characters. e

TABLE 17. SYMMETRY TYPES (SPECIES) AND CHARACTERS FOR THE POINT GROUP Couyp.

Cuv 1 2C% 202 203 e 0,
Tt +1 +1 +1 +1 cee +1 T,

== “+1 +1 +1 +1 o -1 R,

I +2 2cos ¢ 2 cos 2¢ 2cos 3¢ oee 0 Tz, Ty, Rz, Ry
A +2 2cos 2¢ 2co82:2¢p | 2co83:2¢ 0

[ ] +2 2cos 3¢ 2cos2-3¢ 2co83:3¢ 0

As an example, Fig. 47 shows the normal vibrations of a linear XYZ molecule
(see also Fig. 61). For any number of atoms the normal vibrations belong to the
species Z* and II (see section 4 of this chapter), but the eigenfunctions of the higher
vibrational levels of the perpendic-

v X - <« zv ular vibrations (v; of XYZ in Fig. 47)
may have species Z—, A, ®, --- (see
the next subsection).

That the designations of the species of
Y j 3 ﬂ M  Cov used here are really equivalent to those

used for the electronic states of diatomic mole-
cules is obvious for Z+and =, since the sym-
metry properties are the same (see Molccular
Spectra I, p. 238). It is also easily seen for

Y, Omep p— o 3* II, A, « - -: The electronic eigenfunctions of a
. diatomic molecule in a II, A, -+ state are
F1a. 47. Normal vibrations of a linear given by (see Molecular Spectra I, p. 233)

XYZ molecule. . — .
xeA?  and xe e, (11, 86)

where x and X do not contain the azimuthal angle ¢. Rotation by the angle ¢ will therefore multi-
ply the first function by the factor ¢*A% and the second function by e~*A¢ go that the character is
€A + ¢~iA¢ = 2 cosAp as forII, 4, - -+ in Table 17 if A is identified with I.

One may also say that in C;, (and Cy,; see below) the type E corresponds to II; but there are no
analogues of A, ®, ---. Similarly, for C;, (and Cs,) the types E; and E; correspond to II and A
of linear or diatomic molecules.

Point groups Csyy Dy, and Doy = V4 If a molecule has a p-fold axis (C, or Sy)
with even p, an oscillation or eigenfunction may also be antisymmetric with respect
to this axis (see p. 83). Therefore there are twice as many non-degenerate sym-
metry types as for odd p. In the case of C,, the p planes ¢, must be divided into
two classes, p/2 planes called o, and p/2 planes called o4 (the latter being diagona! to
the former), since the transformation properties (the characters) of these two sets
are different. It is immediately seen (compare for example Fig. 1g and i) that a
reflection of the molecule at ¢4 can be replaced by a reflection at s, and a subsequent
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rotation by 27/p about the C,. Only the C, and the (p/2)s,’s are necessary sym-
metry elements and the four non-degenerate symmetry types correspond to the four
combinations ++, 4+ —, — 4, — — of behavior with respect to these two operations.
The behavior with respect to ¢4, which is not always the same as that with respect
to g5, follows by multiplication of the behavior (character) with respect to C, by
that with respect to o,.

TABLE 18. SYMMETRY TYPES AND CHARACTERS FOR THE POINT GROUPS Cyy, Dy, AND Do = V.

Cyw I 2C(2) ca=Cy’ 20y 204
D4 I 204(3) 042502" 202 202’
D= Va I 2S4(2) S‘ = Cz” 202 204
A, +1 +1 +1 +1 +1 T, for Cy»
A; +1 +1 +1 -1 -1 T. for D4; R,
B, +1 -1 +1 +1 -1
B +1 -1 +1 -1 +1 T, for Vg
E +2 0 -2 0 0 Tz, Ty, Rz, Ry

The characters for Cy, that result in this way are given in Table 18. It includes
also the degenerate species E which is the only one possible, since only ! = 1 can occur
(see p. 81). The character of this degenerate species with respect to Cy is 2 cos 8
= 2cos 2m4 = 0. The rotation about the two-fold axis Cy" that is coincident with
C, is idez-*cal with two successive rotations by 27/4 about C4. Therefore all non-
degenerate vibrations or eigenfunctions are symmetric with respect to it. But both

F1a. 48. Normal vibrations of a pyramidal XY, molecule (schematic).—Only one component
of each of the degenerate vibrations is shown. The other is obtained from the one given by rotation
of the diagram by 90° about the axis of symmetry (compare the similar situation for X, in Fig.
37 p. 92).

*

components of a degenerate pair are antisymmetric with respect to this symmetry
operation, as can immediately be seen from (II, 75). Therefore the character is —2.
The characters of E for g, and ¢4 are 0 from the same reasons as for the point groups
Cs and Cs,. In Fig. 48, as an example, are illustrated the normal vibrations of a
pyramidal XY, molecule. There are genuine vibrations of every species except 4..
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The point groups Dy and Dsg = V4 have symmetry elements that are entirely
similar to those of C4, and with respect to which the vibrations and eigenfunctions
behave in the same way: The Cj of D4 and the S; of Dag correspond to the Cy of Cy,,
the C,’s perpendicular to C4 or Sy correspond to the o,’s and ¢4’s of Cy,. Therefore
the point groups have the same symmetry types and characters as Cy,. The symmetry
types are also designated in the same way. Thus it is not necessary to give special
tables for them. Instead, their symmetry elements have been added at the top of
Table 18. Point groups that have the same number and characters of their sym-
metry types such as Cy, D4, Dyg, are called tsomorphous.!®

Point groups Cs;, and Dg. The symmetry types and characters of the point
groups Ce, and Dg given in Table 19 are similar in all respects to those of Cy, and D,
except that now there are two types of degenerate vibrations (eigenfunctions) E; and

TaBLE 19. BYMMETRY TYPES (SPECIES) AND CHARACTERS FOR THE POINT GROUPS Cg, AND Ds.

Cov I 2Ce(2) 2032=2C; | Cd=Cy" 30y 304

Dy I 2C(2) 2C2¢=2C; Cé=Cy" 30, 3Cy

A, +1 +1 +1 +1 +1 +1 T, for Cey

Aq +1 +1 +1 +1 -1 -1 T, for Dg; R,
B, +1 -1 +1 -1 +1 -1

B, +1 -1 +1 -1 -1 +1

E, +2 +1 -1 -2 0 0 T:, Ty, R:, R,
E; +2 -1 -1 +2 0 0

E,, corresponding to | = land I =2 (see p. 94).1%® The characters of these de-

generate species are: for Cs, 2 cos 2m/6 = + 1 and 2 cos (2m/6) 2 = — 1 respectively;
for C¢? = C3,2 cos (2w/6) 2-1 = — 1 and 2 cos (27/6) 2-2 = — 1 respectively; and for
Ce® = C3'’, 2 cos (27/6)3-1 = — 2 and 2 cos (27/6) 32 = + 2 respectively. The

characters for Cy”” imply that degenerate vibrations or eigenfunctions of species E;
are antisymmetric, those of species E» are symmetric with respect to Cy”’.

Point groups D3y (=Si,) and Dyg (=Ss,). Just as the symmetry types and
characters of Dya(=V,) are the same as those of Cy, (see Table 18), the symmetry
types and characters of Dq are the same as those of Cg,; but since D3g has a center
of symmetry (¢ = §;) they are designated in a different way and are therefore given
separately in Table 20. As previously, the subscripts g and u are used to denote
symmetry and antisymmetry with respect to the center of symmetry.

In Fig. 49a the normal vibrations of an X,Ys molecule are given, assuming that
it has the staggered form, that is, that it belongs to point group D3s. C;Hg may be

1 The previously discussed groups Cs», D;, Caj are also isomorphous as are Cs, and Dj although
for the former the designation of the species is different (see Table 13).

Bs Some authors [see for example Sponer and Teller (802)] use E~ and E* for our E; and E;
where the — and 4 signs indicate antisymmetry and symmetry with respect to C2””. However this
nomenclature is not applicable to point groups with five and higher than six fold axes (see Cs, above)
and has therefore not been adopted here. The designation E), Es, - -« is due to Tisza (867) [see also
Jahn and Teller (471)]. Mulliken (641) used E*, E**, ... in place of Ej, E3, *++ but now also
favors the latter.
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Fic. 49. Normal vibrations of an X,Ys molecule (schematic). (a) Assuming point group Dig.
(b) Assuming point group Dy.—Only one component of each degenerate vibration is given in side
and front view. For the other components of 7, ¥s, ¥10, ¥11 see Fig. 45. The other components of
w and vy are obtained from those given by rotating all vectors by 90°.
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an example of this. With the exception of A,, there are vibrations of every sym-
metry type. There may, of course, be eigenfunctions of species As,.

TABLE 20. SYMMETRY TYPES (SPECIES) AND CHARACTERS FOR THE POINT GROUP Djg (=Se,).

D I 28s(2) 282=2C; | S¥=8;=1 3C; 304

Ay +1 +1 +1 +1 +1 +1 R
Ay +1 -1 +1 -1 +1 -1 .
Az +1 +1 +1 +1 -1 -1 R,
Ajy +1 -1 +1 -1 -1 +1 T,

E, +2 -1 -1 +2 0 0 R., R,
E, +2 +1 -1 -2 0 0 T, Ty

The symmetry types and characters of point group D4 are given in Table 21. Since there is
an eight-fold axis of symmetry (Ss) there are three degenerate species. The characters given are
easily obtained from equation (II, 75). The isomorphous groups Cs, and Ds have the same species
and characters.

TABLE 21. BYMMETRY TYPES (SPECIES)!® AND CHARACTERS FOR THE POINT GROUP Dy (=Su).

D4d I 2Ss (z) 2S5’E 20, 2533 Sg‘E Cz" 402 404

4, +1 +1 +1 +1 +1 +1 +1

As +1 +1 +1 +1 +1 -1 -1 | &,

B, +1 -1 +1 -1 +1 +1 -1

B, +1 -1 +1 -1 +1 -1 +1 |1,

E, +2 +V2 0 -2 -2 0 o | 1.1,
Eq +2 0 -2 0 +2 0 0

E; +2 -2 0 +V2 -2 0 0 |R.R,

Point groups D;s and Dsn.  Since the necessary symmetry elements of D, are
the same as for Dy or Cpy, except that for D, there is in addition a plane of symmetry
o» perpendicular to the p-fold axis, we have for every one species of D, or Cpy two
species of Dy, one that is symmetric and another that is antisymmetric with respect
to ox. For odd p they are distinguished by ’ and *’ added to the symbols used for
the corresponding D,. They are given for D3, and Dsj in Table 22, The two
components of a degenerate species are either both symmetric (E’) or both anti-
symmetric (E’’) with respect to o4 (see p. 97f.); therefore the corresponding characters
are +2 and —2 respectively. The characters for the symmetry operations Ss, S,
S¢*, and o, are immediately obtained from those for the necessary symmetry elements
if it is realized that these operations are equivalent to C3 X a4, Cs X o4, Cs* X o3,
and C2 X o3 respectively.

The normal vibrations of X3, X;3Ys3, and X; given in Figs. 32a, 36, and 38a are
examples for the symmetry types of Dg; and Dsi. A more complicated example for
Ds, is the eclipsed form of X, Y, for which the normal vibrations are given in Fig. 49b.

Point groups Dy and Dgi.  In the point groups Dy, with even p, the necessary
elements of symmetry imply a center of symmetry 4, and therefore the symmetry
types, which are in the same relation to D, as for odd p, are not distinguished by ’

5 Jahn and Teller (471) interchange B, and Bs.
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TABLE 22. SYMMETRY TYPES (SPECIES) AND CHARACTERS FOR THE POINT GROUPS D33 AND Dj.
Dy I 2C3(2) 3C2 oh 28, 3oy
A +1 +1 +1 +1 +1 +1
Ay +1 +1 +1 -1 -1 -1
Ay +1 +1 -1 +1 +1 -1 R,
Al +1 +1 -1 -1 -1 +1 Ts
E’ +2 -1 0 +2 -1 (1] T:, Ty
E" +2 -1 0 -2 +1 0 2, Ry
Dsy 1 2Cs 2Cs? oh 5C, 50y 28; 28,3
AY +1 +1 +1 +1 +1 +1 +1 +1
Ay +1 +1 +1 -1 +1 -1 -1 -1
Ao +1 +1 +1 +1 -1 -1 +1 +1 R,
Ay’ +1 +1 +1 -1 -1 +1 -1 -1 T,
E/ +2 | 2cos 72° | 2cosl44° +2 0 0 [+2cos 72°| +2cos144°) T., T),
B +2 2cos 72° | 2cosl144° -2 0 0 | —2cos 72°| —2cos 144°| R, R,
Ey +2 2cos 144° | 2cos 72° +2 0 0 | +2cos144°| +2cos 72°
Ey"”’ +2 | 2cos144° | 2cos 72° -2 0 0 | —2cos 144°| —2cos 72°
TABLE 23. SYMMETRY TYPES (SPECIES) AND CHARACTERS FOR THE POINT GROUPS D4 AND Dg.
Dy, I 204(:) 042502" 2C, 2Cy Oh 20, 204 254 Sz.i
Al +1 +1 +1 +1 +1 +1 +1 +1 41 +1
Ay +1 +1 +1 +1 +1 -1 -1 -1 -1 -1
Agg +1 +1 +1 -1 -1 +1 -1 -1 +1 +1 R,
Az, +1 +1 +1 -1 -1 -1 +1 +1 -1 -1 T,
By +1 -1 +1 +1 -1 +1 +1 -1 -1 +1
B +1 -1 +1 +1 -1 -1 -1 +1 +1 -1
Bay +1 -1 +1 -1 +1 +1 -1 +1 -1 +1
Bay +1 -1 +1 -1 +1 -1 +1 -1 +1 -1
E, +2 0 -2 0 0 -2 0 0 0 +2 R:, R,
Ey. +2 0 -2 0 0 +2 0 0 0 -2 T:, Ty
Dgh I 200(3) 200’5203 CoaﬂCz” 302 301’ Ch 36.; 304 2S§ 2Sa s"-Sg‘i
Ay | 41| +1 +1 +1 +1 | 41| +1] 41| +1| 41| 41 +1
Aw | +1| +1 +1 +1 +1{ 41} -1 —-1| =1| =1} =1 -1
Az | +1| +1 +1 +1 —1| —-1] 41| —-1| =1} 41| +1 +1 R,
A | +1| +1 +1 +1 -1 =1 —-1(+41{ 41} =1| -1 -1 T,
By | +1]| -1 +1 -1 41| —=1| -1 =1 | 41| 41| —-1 +1
By | +1| -1 +1 -1 41| -1 4+1{ 41} =1 =1]| 41 -1
Bog | +1| —1 +1 -1 -1} 41| -1 41| =1| 41| -1 +1
By | +1| -1 +1 -1 1| 41| 41| =1| 41| —=1] +1 -1
Eyp | +2| +1 -1 -2 0 0| —2 0 0| =1 41 +2 R, R,
Ewn| +2| +1 -1 -2 0 0 +2 0 0| +1| ~1 -2 T., Ty
Eyp | +2( 1 -1 +2 0 0| +2 0 0| -1} -1 +2
By | +2| -1 -1 +2 0 0| -2 0 0| +1{ +1 -2
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and ”’ but by a subscript g or u depending on whether they are symmetric or anti-
symmetric with respect to the center of symmetry. Table 23 gives the symmetry
types and characters of Dy and Dgj as obtained from those of Dy and Ds of Tables
18 and 19. Again the characters for ¢, v, 04, Ss, Ss, S3 are obtained in a way anal-

Fra. 50. Normal vibrations of an X,Y, molecule (point group Ds;).—Only one component of each
degenerate vibration is given. For the other components compare Fig. 40 and 38c.

ogous to the one indicated above for D3, and Dgi. The normal vibrations of Xy
and X, given in Fig. 37 and Fig. 40 are examples for the symmetry types of Dy and
Dej respectively. As a more complicated example, Fig. 50 gives the normal vibra-
tions of a plane X¢Y¢ molecule (see C¢Hg, Chapter III, p. 362).

Point group D5 Linear symmelric molecules belong to point group Dys. The
symmetry types of D, are quite analogous to those of D 5 with odd p except that
there are now an infinite number of degenerate species corresponding to [ = 1, 2,
3 :++. The designations are chosen the same as for the electronic states of homo-
nuclear diatomic molecules. They are given together with the characters in Table 24.
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In linear symmetric molecules (D) only normal vibrations of the species Z,*,
2%, I, and II, occur (see section 4a). This is illustrated by the normal vibrations
of linear X, Y, (for example C.Hy, see p. 288) in Fig. 64 p. 181 (compare also XY in

TABLE 24, SYMMETRY TYPES (SPECIES) AND CHARACTERS FOR THE POINT GROUP Dg.

Dan| I 2C%, 20%¢ 2C% |-t | ap|0Cs|a, 28% 282¢ ooe |Sgmmy]
Zt|+1 +1 +1 +1 e 41| 41| +1 +1 +1 cee | 41

>Nl S S | +1 41 |eee|=1] =1]| 41 -1 -1 |eeo|=1)7
oo+ 41 +1 +1 |eee |41 =1 =1 +1 +1 || 4+1]R,
Zo 41| 41 +1 +1 [eeef=1] 41| =1 -1 -1 |eee| =1

II; |+2]2cos ¢ |2co82¢p|2cos¢p| +|—2 0 0|—2cos ¢ [—2co82¢|+--| +2|R:, Ry
Iy |+2[2cos ¢ |{2co82¢|2c083¢p| - |+2 0 0|+2cos¢ |+2co82¢| | ~2| T, Ty
Ay |+2[2cos2¢|2cos4p|2co8bep| - |+2 0 O |+2cos2¢|+2cosdp| | +2

Ay |4+2|2co82¢|2cosdp|2co8bBep| | ~2 0 0|—2co82¢|~—2cosdp|+++| —2

P, |+2|2co83¢|2co8b6p[2co89¢p| - |—2 0 0[{—2co83¢p|—2cosdp| -+ | 42

0 0

Py |4+2(2co83¢p[2co86¢|2co89¢p| .- |42 +2co83¢|+2cosdep|---| =2

Fig. 25b). However the eigenfunctions of the higher vibrational levels and of the
electronic states may also be of any one of the other species,

Point groups C,. The symmetry types of the (not very important) point groups
Cy, which have a p-fold axis only (p > 2), are obtained from those of the point groups
Cyp» (Tables 15-19) by dropping the symmetry elements ¢, and o4 and therefore by
dropping the distinction between Ay and 4,, between B; and B,, and between =+
and 27, Thus there is only one non-degenerate species (4 or Z) for Cs, Cs, and C.,

‘
TABLE 25. SYMMETRY TYPES (SPECIES) AND CHARACTERS FOR THE POINT GROUPS Cj, Cs, AND Ss.

C; 1 2Cs

A +1 +1 T, R,

E +2 2 cos 120° = —1 T, Ty, R:, R,
Cs I Cs Ce=C; | Co=mCy’

Se I So SQ’ECa SQSESz-i

A Ag +1 +1 +1 +1 T, for Cs, R,
B B, +1 -1 +1 -1 T, for Sy
E, E,. +2 +1 -1 -2 R:, R, for Cs, T:, Ty
E, E3, +2 -1 -1 +2 R:, R, for Ss

and only two (4 and B) for C; and Cs. The number of degenerate species is the
same a8 for Cp,. In Table 25 the symmetry types and characters for C; and Cs are
given. The reader can easily construct similar tables for Cs, Cs,, Ci, from the
corresponding tables for Csy, Coov, Cav.

For some considerations it is necessary to take account of the fact that the degenerate vibrations
and eigenfunctions of the point groups Cjp are separably degenerate (see p. 99). The complex
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normal coordinates or eigenfunctions given by (II, 81) are not mixed by any of the symmetry opera-
tions. Therefore the characters are frequently given for each component separately. They are
simply the (complex) factors by which the normal coordinates (or eigenfunctions) are multiplied
for the respective symmetry operations. These characters are given in Table 26. If the two

TABLE 26. SYMMETRY TYPES AND CHARACTERS FOR THE POINT GROUP Cj,
TAKING ACCOUNT OF SEPARABILITY.
G I Cs c K
A +1 +1 +1 T., R,
E +1 c”"/’_ eTIm/3 T +1Ty, R, +iR,
+1 e 273 23 T.—iTy, R: —iR,

vibrations of a pair are considered together, the character is the same for C3 and C3® = C;; but for
each individual one of the separated degenerate normal coordinates they are not the same. For
one of them the characters are (see p. 99) €2™/3 and €'2™/3 = ¢~2™/3 for (3 and Cs? respectively, and
for the other they are the conjugate complex of these values. This is why there are now two columns
Cj, C3? instead of the one column 2Cj; in the table of characters. It may be noted that the sums of
the characters of the pair of separably degenerate vibrations are +2, 2 cos 120°, 2 cos 120°, that is,
they are the characters given in Table 25.

For the other point groups C, the characters are similar. In particular, for the operation C,
they are €2*"/? and e™2"¥/? for the two components of E,, they are ¢*?™i/? and ¢~22%¢/? for the two
components of E,.

TABLE 27, SYMMETRY TYPES AND CHARACTERS FOR THE POINT GROUPS Cii, Cin, AND Coi.
Ca| I Cy | on | Ss Ca| I Cy | CE=CY" | an | Sq | Se=1
A’ | +1| 41| +1| +1] R, A | +1| +1 +1 +1| +1| +1 | R,
A" 1| 41| =-1| —-1]| T, Ay | +1 | +1 +1 -1| —1 -1 | T,
E’ +2| -1 42| -1} T, T B, | +1| -1 +1 +1] -1 +1
E'| 42| -1 -2 | +1 2z, By B, | +1| -1 +1 -1| +1 -1
E, | +2| o -2 -2| of| +2 |R.. R,
E, | +2| o -2 +2| of -2 |T. T,
Cen 1 Cs Ce=C; | Cé=Cy"’ an Se Sz Se=1
A, +1 +1 +1 +1 +1 +1 +1 +1 R,
A, +1 +1 +1 +1 -1 -1 -1 -1 T,
B, +1 -1 +1 -1 -1 +1 -1 +1
By +1 -1 +1 -1 +1 -1 +1 -1
E,, +2 +1 -1 -2 -2 -1 +1 +2 R:, R,
Eyu +2 +1 -1 -2 +2 +1 -1 -2 T., Ty
E;, +2 -1 -1 +2 +2 -1 -1 +2
E., +2 -1 -1 +2 -2 +1 +1 -2

Point groups S,and Ss.  The point groups Sy and Sy are isomorphous with Cq and Cg respectively.
The symmetry types and characters of Sy have been included in Table 25 for Cs. It should be noted
that on account of the presence of a center of symmetry for Ss the designation of the symmetry
types is different from those of Ci.

Point groups Cps. In the point groups Cps there is a plane of symmetry o
perpendicular to the axis of symmetry C,. For every one symmetry type of C,
there are therefore two for C,, one that is symmetric and one that is antisymmetric
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with respect to os. In particular, the two components of a degenerate pair are
either both symmetric or both antisymmetric with respect to 5. For odd p the
species that are symmetric or antisymmetric with respect to o are distinguished by
’and ", while for even p, since there is a center of symmetry 1, they are distinguished
by subseripts g or v depending on the behavior with respect to 7, which is determined
by that with respect to o» and C2’’. Table 27 gives the symmetry types and charac-
ters for Csp, Cin, and Cgr. The reader can easily obtain those for Css from those of
Cs if required.

As for the point groups Cp, the degenerate species of Cpj, are separably degenerate and therefore
it is sometimes convenient to give the characters of the degenerate components separately. For

Csh they are exactly like those in Table 26 for C;. For Cux and Cgx they can easily be obtained on
the basis of the above discussion for C; and Ce.

Point groups T3 and O. The cubic point group T, (to which molecules like
CH; and others belong) has four three-fold axes. The non-degenerate vibrations or
eigenfunctions can only be symmetric with respect to these axes (see p. 83), but,
as for point group Cs,, they may be symmetric or antisymmetric with respect to the
six planes of symmetry o4 through the Cs’s, and in consequence of that to the three
four-fold rotation-reflection axes Si;. Thus there are two types (41 and Az) of non-
degenerate vibrations or eigenfunctions. A closer examination on the basis of group
theory [see Wigner (923)] shows that there is just one doubly degenerate species E
as for Cj, and two triply degenerate species Fy and Fe. Their characters are given
without further proof in Table 28.

TABLE 28. SYMMETRY TYPES (SPECIES) AND CHARACTERS FOR THE POINT GROUPS T4 AND O.18

Ta I 803 60q 654 35425302 .

o I SC:; 602 604 304 5302"

Ay +1 +1 +1 +1 +1

Az +1 +1 -1 -1 +1

E +2 -1 0 0 +2

F, +3 0 -1 +1 -1 Tz, Ty, Ts for O, R;, Ry, R,
F, +3 0 +1 -1 -1 Tz, Ty, Ts for Ty

As mentioned before, degenerate vibrations can always be chosen in such a way
that they are symmetric or antisymmetric with respect to planes, two-fold axes, and
a center of symmetry. In the present case one vibration of a doubly degenerate
pair can be chosen symmetric, the other antisymmetric, with respect to ¢4, and
therefore the corresponding character is 0. All doubly degenerate vibrations are
symmetric with respect to the two-fold axes C2. The two triply degenerate symmetry
types are distinguished by the fact that in one of them two of the mutually degenerate
vibrations can be made antisymmetric and one symmetric with respect to a ¢4 plane
while in the other type two vibrations are symmetric and one antisymmetric. That
is why the corresponding characters (x = dss + dos + dcc) are —1 and +1 respec-
tively. The behavior of these triply degenerate vibrations is perhaps best visualized

18 There are four three-fold axes (see p. 9) but there are eight symmetry operations Cs, namely
the rotations by =+27/3 about the four axes. Similarly there are three four-fold rotation-reflection
axes and therefore six operations S,
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if it is noted that the three rotations R, R,, R, form a non-genuine vibration of species
F;, while the three translations T',, T,, T, form a non-genuine vibration of species Fj.
If a o4 plane is the zy plane, the rotations R, R, are antisymmetric and the rotation
R, is symmetric with respect to this ¢4, that is, X, = — 1; while the translations
T., T, are symmetric, the translation T, is antisymmetric, that is, Xr, = + 1.

The normal vibrations of a tetrahedral XY, molecule given in the previous Fig. 41
represent examples of the species A,, E, and F,. It is easily verified that they,do
have the required symmetry properties. For XY, there are no genuine normal
vibrations of the species A, and Fy, but the eigenfunctions of higher vibrational levels
may belong to these species.

There is a one-to-one correspondence between the symmetry elements of point
groups T3 and point group O: they are isomorphous. Consequently the symmetry
types and characters are the same. Therefore, in order to give the symmetry types
and characters of O it was only necessary to add at the top of Table 28 the symmetry
elements of 0. For the point group O other than for Ty the three translations T,
Ty, T, form a non-genuine vibration of species F; as do the three rotations.

F1a. 51. Normal vibrations of an octahedral XY, molecule (point group O;).—Only
one component of each degenerate vibration is shown.

Point group O;. The point group O, has in addition to the symmetry elements
of O a center of symmetry 7, as well as several other symmetry elements necessitated
by it. Therefore, in place of each symmetry type of O there are two in Oy, one that
is symmetric and one that is antisymmetric with respect to ¢. Thus we obtain the
species and characters given in Table 29.%* As an example, in Fig. 51 the normal

1% It may be noted that the characters in columns 8, 9, 10, and 11 are obtained from those in

columns 5, 3, 6, and 4 respectively (which are identical with those of point group O) by multiplication
with those in column 7.
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vibrations of an octahedral XY molecule (such as SFg; see p. 336) are illustrated.
Normal vibrations of the species A1, Agy, A2y, By, F1, do not occur (see Table 36).

TABLE 29. SBYMMETRY TYPES (SPECIES) AND CHARACTERS FOR THE POINT GROUP Oh.

on | I | 80s)| 60 | 604 |302=3Cy"| Se=i| 68, | 8Ss | 30n | 604
Ay +1 +1 +1 +1 +1 +1 +1 +1 +1 +1
An | +1 ] +1 | 41| +1 +1 1| -1| =1 =1 =1
Aoy | 41| 11| 1| 21 +1 +1 | =1 +1 | 41| =1
Aoy | +1 ] #1 | =1 | =1 +1 1| 41| =1 | =1 41
E, | +2 | -1 0 0 +2 +2 0| -1 +2 0
E. | +2 | -1 0 0 +2 -2 0| +1 | -2 0
Fi, | +3 0| -1 41 -1 +3 | 41 0| -1} =1 |R.R.R,
Fi. | +3 0| -1 41 -1 -3 | -1 o +1 | +1 | o7y T
Fay | +3 0| +1 | -1 -1 +3 | -1 0] =1 | +1
Foo | +3 0| +1 ] -1 -1 -3 | +1 0| 41| -1

Point group T. Since the point group T has no planes of symmetry o4, and
consequently no S;, but otherwise the same symmetry elements as the point group
Ts (Table 28), the symmetry types are similar except that the distinction between
A; and 4, and between F; and F; has to be dropped. Thus the symmetry types
and characters in Table 30 are obtained.

TABLE 30. SYMMETRY TYPES (SPECIES) AND CHARACTERS FOR THE POINT GROUP T.

T 1 8C3 3C;

A +1 +1 +1 !

E +2 -1 +2

F +3 0 -1 T,R

Since there are no planes through the three-fold axes, the doubly degenerate vibrations and eigen-~
functions are separably degenerate (see p. 99). The characters of the separated (complex) normal
coordinates (II, 81) for the operation Cj are the same as for point group Cs (Table 26), for C; they
are +1 for both components.

Since molecules belonging to the point groups T4, I, I1 are not likely to be found we omit a dis~
cussion of their symmetry types and characters [see Tisza (867)]. However, it may perhaps be
mentioned that the point groups I and I, in addition to triply degenerate species, also have species
of four-fold and five-fold degeneracy.

(e) Symmetry types (species) of the higher vibrational levels

From the considerations at the end of section 3¢, it follows that any eigenfunction
of a polyatomic molecule (whether electronic, vibrational, rotational, or total) must
belong to one of the symmetry types of the particular point group discussed in the
preceding subsection. Thus also the vibrational eigenfunctions of states in which
seVeral normal vibrations of different symmetry types are excited with one or more
quanta must belong to one of the possible symmetry types. This holds irrespective
of whether or not the vibrations may be considered as strictly harmonic (see also
section 5). The question arises, therefore: What is the resultant symmetry type
(species) of a state in which several vibrations are excited, or in which one or more
vibrations are excited by more than one quantum?



124 VIBRATIONS 11, 3

Non-degenerate vibrations. The answer to the above question is very easy to
find in the case of non-degenerate vibrations on the basis of our previous discussion
(p. 101f.). Since the total vibrational eigenfunction is symmetric or antisymmetric
with respect to a certain symmetry element depending on whether Y_ , v; (that is,
the sum of the vibrational quantum numbers of all vibrations that are antisymmetric
with respect to this symmetry element) is even or odd, we can immediately obtain
the behavior of the total vibrational eigenfunction with respect to all symmetry elemgnts
and thus tts symmetry type. It is sufficient to restrict this consideration to the
necessary symmetry elements. For example, if in CoHy (assuming that it belongs to
the point group Dy, = V)) the vibration vy (see Fig. 44) of species A, is doubly
excited, vs of species By, is triply excited, and »;2 of species Bs, is triply excited, then
it follows from Table 14 (p. 108) and from the above rule that the resultant eigen-
function is antisymmetric with respect to o(zy), symmetric with respect to ¢(xz) and
symmetric with respect to o(yz), that is, is of type By,. Symbolically we may write
this result as

(au)z' (b2ﬂ)3' (b3u)3 = Bluy

where we have used small letters for the species symbols of the individual vibrations and
a capital letter for that of the resultant state.’” In a similar manner the resultant species
in the previous Fig. 43 for HoCO have been obtained.

It is at once evident that the above rule is equivalent to saying that the characters
of the resultant spectes are obtained by multiplying for each symmetry element the charac-
ters of the species of the component normal vibrations taken to the vith power if vy s the
vibrational quantum number of the particular vibration. This simple method is also
applicable to the non-degenerate vibrations of point groups with more-than-two-fold
axes. It is immediately clear.from this rule that the vibrational levels in which a
non-totally symmetric vibration is excited with even v are totally symmetric, while
those with odd »; have the symmetry of the normal vibration. Thus in Fig. 42b,
if the vibration is of type Biu (point group V) the levels designated s and a are 4,,
and By, respectively. Similarly, if two non-totally symmetric vibrations of the same
species are each singly excited, the resultant state is totally symmetric; if a totally
symmetric and non-totally symmetric vibration are each singly excited, the resultant
state has the species of the latter. Finally, a rule concerning the behavior with
respect to a center of symmetry ¢ (if such is present) is very useful, since this behavior
is indicated in the species symbol by the same subscripts g or u for all point groups:
If two vibrations with the same behavior with respect to ¢ (that is, both g or both u) are
each singly excited, the resultant state is symmetric (g) with respect to i; if the two vibra-
tions have opposite symmetry, the resultant state is antisymmetric (w). This g, u rule
is, of course, simply a special case of the above rule concerning >, v;. However,
it holds quite generally even for degenerate vibrations, since even they can only be
symmetric or antisymmetric with respect to ¢ (see p. 97f.). The g, u rule is therefore
valid in all cases in which a center of symmetry is present.

For the convenience of the reader, Table 31 includes those cases of binary combina-
tions of non~degenerate vibrations that are not covered by one of the above special

U This usage has been suggested by Mulliken (643), but it is not observed by all authors. Sponer
and Teller (802) have suggested the use of corresponding Greek letters for vibrational species, light-
faced for the individual vibrations, bold-faced for the resultant state. They reserve the roman
letters for electronic states.
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rules. This table, therefore, should make it possible, if necessary by successive appli-
cation, to find the resultant species without looking up the character tables and multi-
plying the characters. Thus in the previous example the above rules tell us that
(au)?=A4,4, (by)?=DBy,, and (bs,)*=Bs.. Furthermore (a,)%(be;)®=A4° Byg=By,,
and from Table 31 and the g, u rule (a.)?(bsy)?(bsu)® = Bg,* Bsy = Bju. (The table
holds, of course, equally for small and capital letters).

Binary combinations of a non-degenerate and a degenerate vibration. If a non-
degenerate vibration is singly excited at the same time that a degenerate vibration
is singly excited (that is, if we have a binary combination of these two), the resultant
state has, of course, a species of the same degree of degeneracy as the one degenerate
vibration. However, if for the point group considered there are several degenerate
species, the species of the resulting state need not be the same as that of the degenerate
vibration. Group theory shows that the species of the resulting state is obtained
in the same way as for two non-degenerate vibrations by taking the product of the
characters of the two species for each symmetry operation. The numbers obtained in
this way are the characters of the resulting state.

For example, if in a molecule of point group Cs, (for instance H3C—CCl;) two
vibrations, one of species Aj, the other of species E, are singly excited, then the
characters of the resulting state are, according to the above rule and Table 15:
+1X+2=+4+2 +1X —-1=—1,and —1 X0 =0. These are the charac-
ters of species E, which is therefore the species of the resulting state. If in a molecule
of point group Dex one vibration each of species By, and E, is singly excited, the
characters of the resulting state are +2, +1, —1, —2,0, 0, 4+ 2 - - (see Table 23);
that is, it is an Ey, state. Symbolically we write in the two examples:

azre =E, biu-e2g = Eru. ‘

For the convenience of the reader, Table 31 gives the results for all binary combina-
tions of a degencrate and a non-degenerate vibration (species) for all important
point groups.

Multiple excitation of a single, degenerate vibration. If a degenerate vibration
is excited to higher vibrational states of quantum number »;, the resultant species
are not as easily obtained. They have been derived by Tisza (867) with the aid of
group theory. We shall describe here only the results. As we have seen previously
(p. 103), the eigenfunction is totally symmetric if v; = 0, it has the same (degenerate)
species as the normal vibration if v; = 1. If v; > 1, the resulting state has a degree
of degeneracy greater than that of the singly excited vibration as long as the vibra-
tion is strictly harmonic (see p. 80f.). However, it can be shown [see Tisza (867)]
that this more highly degenerate state may be considered as a superposition of a
number of less highly degenerate and possibly non-degenerate states which belong
tQ the various symmetry types of the point group of the molecule, and which are
accidentally degenerate with one another. In fact, slight perturbations, such as the
anharmonicity usually present, cause a splitting of the accidental degeneracies but
leave, of course, the necessary degeneracies of the component states.

For example, in the case of non-symmetrical linear molecules (point group Cey,
example HCN), if a vibration of species II (to which all perpendicular vibrations
belong; see Fig. 47) is excited by three quanta (v; = 3) the resultant vibrational state
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is four-foldly degenerate (see p. 80), consisting of two substates, one of species II
and one of species ®. The reason for this is immediately clear if it is remembered
that a II vibration may be considered as having an angular momentum of one unit
(I = 1) about the internuclear axis and that there are just four ways of adding three

TABLE 31. SYMMETRY TYPES (SPECIES) FOR THOSE LEVELS IN WHICH TWO DIFFERENT vmmrxons,
AT LEAST ONE OF WHICH I8 NON-DEGENERATE, ARE SINGLY EXCITED.

[

Vibra- |Result-| Vibra- |Result-|] Vibra- |Result-| Vibra- |Result-
Point group tions ant tions ant tions ant tions ant
excited | state | excited | state | excited | state | excited | state

Cay az by B; as- b B, by-be A,
Can @by | Bu |awbs | By |bgbs | Au
DgE V[Dz).ﬂ V).]“ a-b; B; bl-bg B; b1'b3 B, b2‘b3 Bl

a’’ as Ay’ @ a | Ao a’ ay’ Ay’
ar’ e’ E ay e E" a/’-¢ E” ay’-e”’ E
ar ¢ E as’ e’ E” ay’-¢ E" ay'’-e"’ E’

D[ Ciy, D, Cap, C3 110

Civ, Dy, D2g=Vy[ Dy, Cup,
Cy, S J®

azby B, az-bs B, by-bs A2
a-e E az-e E by-e E ba-e E

(11"61' El’ a‘l"el" El” all'e2’ EZI al"ez" Ezll
(11” . 81' El" alll . el" El’ al” . 82’ Ezll al” . 82,’ Ezl
as' e EY as’ e’ E aseq E) as ey’ By
ﬂzl’ . kll El’) azll . el” Ell (I/QI, . 02’ E2" aﬁ”' ezll E2’

Dsa[Cso, D, Csa, Cs

az+by B: az-be B, b1-b2 A,
ar-ep E, ay-e; E, az-e; E, asz-ez E,
bi-e E, bi-ex E, by ey E, be-es E,

Csv, Ds[ Dgn, D3, Cos, Cs, Ss 12

az'bl .Bz az'bz Bl bl'bz Az

{ a’-ay A | aan| Ay as-ay’ A

D Cso, D ai*e; E, az-€; E, by er E; ba-ey E;
4d) Lo 28 a: ez E, az- ez E, bi-ez E; bz'Cz E,
a-e3 E; az-e3 E, bi-e3 E, ba-e3 E,
Con[ Do ]2 otemw II ot:s A T I a8 A
24 a-e E ar-fi Fy ai-f2 F
T, 0[Os, T] { asz-e E az fi F, ax f2 F,

18 For Daj the g, u rule has to be taken into account. The subscript 7 may be 1, 2, or 3.

1 For C3, and Dj the / and *, for Cy, the subscripts 1 and 2, and for C; both the ’ and ” and the
subscripts 1 and 2 should be omitted.

¥ For Dyx and Cys the g, u rule has to be taken into account; for Cqs, Cy, and Sy, the subscripts
1 and 2 should be omitted.

% For Cy, and Dj the ’ and ”/, for Cs, the subscripts 1 and 2 of A, and for Cs both should be
omitted.

2 For Den, D34, and Sg the g, u rule must be taken into account; for Cgs, Cs, and Sg the subscripts
1 and 2 of 4 and B should be omitted; for Ds4, B should be put equal to A and the subscripts 1
and 2 of E should be omitted.

B For Do the g, u rule must be taken into account.

¥ For Oj the g, u rule must be taken into account; for T the subscripts 1 and 2 should be omitted.
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TaBLE 32.

SYMMETRY OF NORMAL VIBRATIONS

LEVELS OF DEGENERATE VIBRATIONS.

The numbers in front of some symbols (for example, 2E’) indicate how many sublevels of that
particular species occur if this number is greater than one.

127

SYMMETRY TYPES (SPEC!ES) OF THE HIGHER VIBRATIONAL

Vibra- Vibra-
Point group tional Resulting states tional Resulting states
level level
(e)H? A/ +E (e"? | AY+E
(e')a All +Az' +El (ell)a Al" +Az" +E"
D34[ Cyy, Ds, Csn, €3] (et Ay +2E (") | AL +2F
(e | A +AdL+2E ()% | AV +A" +2E”
(eh® 24 +As +2F ()8 | 24/ +A+2E
(e)? | Arg+Bi1g+Byy (ew)? | A1g+Big+Bgg
(eﬂ)a 2E0 (eu), 2E,
DalCuw Do Dt spsl| € |2Aw+as+Biu+B | () | 2410-+Asg+Big+Ba,
=Vq, Cin, C4, S e’ | 3E, (e)s | 3E.
(eg)8 24,5+ A42042B1g+2B;3, (ew)® 2419+ A3;42B1; 4282
(61')2 All +E2I (eln)z Al’ +Ez’
(er')? 1" +Eo’ (er”’)® | E\" +E2"
(61’)‘ Al' +El’ +Ez' (el")‘ Al’ +E1' +Ez’
Dsh[CBv' D{n C.’:h, ijn (62/)2 AI’ +El’ (ez")’ Al, +E1'
(321)3 El’ +E2I (ezlf)a El’, +E2'I
(82')‘ Al’ +E1’ +E2' (82”)‘ Al’ +E1'+E2’
(e)? | A1+E; (e2)? | A1+E:
(e1)® | Bi+B:+E; (e2)® | Av+Az+E:
Ce»s. ?;[Dsh' D34, Con, Cs, (' | A1+2E (e0* | Ay+2Es
* (e)® | Bi+B:+2E; (e® | A1'+A:42E;
(e1)® 2A,+A:+2E; (e2)® 2A1+A4:+42E;
(e)? | A1+E: (e2)* | A1+B1+B:
(e1)® | E1+E3 (e2)® | 2E;
Dyg4, Csy, Dy (e1)* | A1+B1+B:+E; (e2)* [ 2A1+A2+B1+B;
(e2)? | A1+E; (e)* | Ai+Bi+B:+E;
(e3)® | E1+Es
(‘"‘u)2 Ep+ +4, (mu)? zv+ +4,
()3 I, +®, (wu)? | 1My 4Dy
Dmh[Caw]” (""a)4 Ea+ +4,+T, (mu)t 20++Aﬂ+rﬂ
(""a)5 I, +®,+H, (Tu)s M, +®,+H,
(®)® | 2ot +Ag+To+1, () | 2ot 440+ To+1,
(e)? A\ +E (e)® Ai1+A2+2E
(e)® A1+A4;+E (e)® 24, +A2:+2E
(o) A +2E (@7 | Ai+A2+3E
(0} | Av+E+F; (/) | Ait+E+F,
T4 O[0s T (/1) | A2+2F1+4F; (f2)® | Ai+F1+42F,
(1)t | 241 42E +F1+2F: (f2)* | 241 42E+F,+2F,
(f)¥ | A2+E +4F1+2F; (f2)* | Av+E+2F,+4F,
()¢ | 841+A:4+3E+2F\ +4F2| (f)® |3A41+A2+3E+2F,+4F,
()T | 24242E +6F,+4F; ()7 | 2A1+2E +4F,+46F;

2 For C, Dy, Dag = V, the subscripts g and u, for Cys the subscripts 1 and 2, and for C, and
S4 all subscripts should be omitted.

2 For Cwy the subscripts g and u should be dropped. The higher levels of r; and x4 only are
given since w vibrations are the only vibrations that occur (see section 4a).
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—_—

vectors | = 1in theinternuclear axis: =, =, and &=, =3, corresponding to the species

pum—- ) —p!

II (resultant I = 1) and ® (resultant I = 3). Symbolically we write
(m) =11 + &.

If the anharmonicity is taken into account these two states have slightly different
energies but each one remains doubly degenerate. If the x vibration is excited by
two quanta (v; = 2) a triply degenerate state is obtained which splits into one n®n-
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Fra. 52. Splitting and species designation
of higher vibrational levels of = and e vibra-
tions of molecules of point groups C., and Cj,
respectively.

A ) s ()

degenerate state (%) and one doubly
degenerate state (A). They correspond
to—and ==, =. Symbolically we write

(r)2 =2+ + A.

In a similar manner, if in a molecule
of point group Cj, (for example, NH; or
CH;Cl) a degenerate vibration of species
E is doubly excited (v; = 2), a triply de-
generate state arises which splits into one
with! = 0 and one with [ = 2. But here,
unlike the linear case, I no longer repre-
sents the angular momentum and, as we
have seen previously, I = 2 is equivalent
to I = 1; thus we obtain

() = A, + E.

If the vibration of species E is triply
excited, two doubly degencrate states
with l = 1 and [ = 3 arise as in the linear
case. But now ! = 3 is equivalent to
! = 0 and therefore the double degen-
eracy is split into two non-degenerate
levels with I = 0, which group theory
shows to be 4; and A;. Thus we have

(e = A1 + 42 + E.

These and similar data for higher
vibrational levels are given for all im-
portant point groups in Table 32 in a
somewhat condensed form. In Fig. 52
the species of the higher vibrational levels
of a 7 vibration of a linear molecule and

of an e vibration of a molecule of point group Cj, are indicated in an energy-level
diagram similar to Fig. 42 for non-degenerate vibrations. The different levels of the
same v; are shown with somewhat different energy corresponding to the splitting
that actually occurs in consequence of anharmonicity. The resultant I values are
also indicated. They are identical with the I; values given by equation (II, 59).



I, 3 SYMMETRY OF NORMAL VIBRATIONS 129

Binary combinations of two different degenerate vibrations. Just as in the pre-
ceding case, several degenerate or non-degenerate species result if two degenerate vibra-
tions are singly excited. For example, if in a linear molecule two different vibrations
of species IT are singly excited, the three states T+, Z—, and A result. They corre-
spond to the four vector diagrams ==, =, =, and =¥ The last two are degenerate
with each other forming the A state, while one linear combination of the first two
gives Z* and the other (orthogonal) one gives Z~. It must be noted that here three
states arise whereas by double excitation of a single = vibration only the two states
Z+ and A result. This is because in the latter case the diagrams == and *= are in-
distinguishable and therefore count as one state only. Table 33 gives the similar
results for all binary combinations of the important point groups.

TABLE 33. SYMMETRY TYPES (SPECIES) OF THOSE LEVELS IN WHICH TWO DIFFERENT
DEGENERATE VIBRATIONS ARE SBINGLY EXCITED.

Vibra- Vibra~-
Point group tional Resulting states tional Resulting states
configu- configu-
ration ration

e e A1'+Az,+E’ e Al,+A2’ +El

D3u[Csv, Dy, Cupy €510 ¢ Ay + A +E”

egreg | AgtAzg+Big+Bayg | eureu | Aigt+Azg+Big+By

= 25
Din[Cuy, Dy, Dyy=Vy, Cap, Cy, S ] e cu | Ava-tAsetBiutBau

e ey’ A+ Ay +EY e ey’ | Ey' +Eo"

e e | A/ +AS +Ey" e/ e | Ey' +Eq
Dsi[Csv, Ds, Csn, Cs 11 eyrer’ | EY+Ey e're’ | AY+Ad +Ey

er-e | By +Ey e e’ | Ay +Ay” +E\

01”' 81” Al’ +A2’ +E2l esz.ezfl Al, +A2l +El,

22 e1-e1 A+A+E, €€y By+B;+E,

Cey, D[ D1, D3a, Con, Cs, Ss ] { P A+ As+Es

e1-e1 Ay+Az+E,q €3-€3 A +A3:4By+B;
Dldy CBv. D8 €1+ €2 El +E3 €2°€3 E1 +Ea

e1-eg B,+B:+E; ez €3 A1+A2+E;

Tew zt4274A 6:8 Z+t4Z2-4T
Ceoo[ Dop )% o 11 +® L 1x) II+H

T A+T e @ St4T-+1

ee A +A:+E firh A1 +E+F+F,
T4, O[04, T e F\+F firf | As+E+F1+Fs

efa Fy+F, faf2 A1+E+F+Fs

¢ The way in which the data of Table 33 have been obtained is similar to the way in which Table 31
has been derived: The characters of the resulting state are again obtained by multiplication of the
corresponding characters of the component states. But now the characters so obtained do not directly
occur in the species table of the particular point group. However, they can be reduced to a sum
of characters of species that do occur and these are the component states formed ; that is, if C and D

27 The situation is exactly analogous to the determination of the resultant states of an electron
configuration 7w of a diatomic molecule (see Molecular Spectra I, p. 359, Fig. 140).
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are the species of the two singly excited vibrations and @, H - - - the resulting species, then we must
have for every symmetry operation k (as proved by group theory),

xc® * xp® = xg® + xx® + - at, 87)

where xc® «-- are the characters for the operation k. From this condition the resulting states are
uniquely determined. For example, if in a molecule of point group Cs, two different vibrations of
species E are singly excited the resulting characters are, according to Table 15, +4, +1, 0. It is
easily seen that this can only be obtained as the sum of corresponding characters of 4;, 42, and E.
These latter species are the species of the resulting states. In group-theory language, A;, Ao, fd E
are the irreductble representations into which the reducible representation with characters +4, 41, 0
can be reduced, or A, A2, and E are the irreducible components of the direct product E X E.

More general cases. If more than two normal vibrations are singly excited, one
has first to form the resulting states of two of them according to Table 31 or 33,
then combine every one of these resulting states with the third vibration again ac-
cording to Table 31 or 33, and so on. For example, if in XY, one quantum each of
the four normal vibrations of species A1, E, Fi, and F, are excited (see Fig. 41),
we obtain for the symmetry type of the eigenfunctions of the resulting state

(a1-€)-(fo-f2) = E-(As + E + F, + F»)
E-A\+E-E+E-F,+ E-F;
=E+ A+ A2+ E+F1+ F:+ Fi + Fs;

that is, the resultant state consists of eight substates, one each of species A; and A,
and two each of species E, F,, and F,.

If finally several normal vibrations are multiply excited, one has first to find the
resultant species for each multiply excited vibration according to Table 32 (or, for
non-degenerate vibrations, according to the rules given on p. 124), and then to com-
bine the results by means of Table 31 or Table 33. As an example, let us consider
an excited vibrational state of C¢Hs (see Fig. 50) in which (assuming point group Ds)
two quanta of »3 (az,), three quanta of »s(bs,), two quanta of v13(e1,), and three quanta
of vig(ezu) are excited; that is, we consider the configuration

(a20)*(b20)?(e1u)?(e20)*.
From the previous rule (p. 124), we obtain
(az)® = A1g;  (b2y)® = Bag;
(a29)%+ (b2g)® = Aig* Byy = Byy;

and from Table 32,
(e1s)? = A1y + Eo, (e24)® = A1y + A2 + Ea.
Multiplying according to Table 31, we obtain
(a2)*(b20)*(e14)* = Bag + Eny;
and finally, from Tables 31 and 33,

(a20)*(b2g)*(e1u)?(e2u)® = (B + E1p)(Aru + Az + E,.)
B2u + Elu + Blu + Elu + Elu + Blu + BZu + Elu-

Thus the resulting state has eight substates, two each of symmetry B;, and B,, and
four of symmetry E1.. Naturally, vibrational states in which several vibrations are
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multiply excited lie rather high and are therefore not often observed in ordinary
infrared and Raman spectra; but they may be of importance in photographic infra-
red and electronic band spectra.

4. Determination of Normal Modes of Vibration

As we have seen in section 1, the 3N — 6 (or 3N — 5) normal modes of vibration
of a polyatomic molecule are unambiguously determined by the secular equation
(I1, 11) if the force constants are known. But even if that be the case, the actual
calculation of the normal modes is a very tedious and slow process since the secular
equation is usually of a rather high degree. However, if the molecule has symmetry
elements we know from the preceding section what types of normal vibrations there
may be. If there is only one vibration of a given species its form is completely de-
termined without any detailed solution of the secular equation, and even if there are
two vibrations of a given type it is in general not difficult to obtain a fair idea of
what the two vibrations will be like. Therefore, we derive first the number of vibra-
tions of each species in various molecules.?

(a) Number of normal vibrations of a given symmetry type (species)

Sets of equivalent nuclei. The nuclei in a polyatomic molecule may be divided
into certain sets of identical nuclev that can be transformed into one another by the
symmetry operations permitted by the molecule (we may call them equivalent nuclei).
For example, the three H atoms of H;C—CCl; (whether it belongs to point group C;
or C3,) form one such set, the three Cl atoms another, since they can be transformed
into each other by three-fold rotations about the symmetry axis. However, the two
C atoms do not belong to one set (are not equivalent) but form two sets, since they
cannot be transformed into one another by symmetry operations. On the other
hand, in C;Hsg (point group Dj, D34, or D3;) the six H atoms belong to one set, the
two C atoms to another. The position of all nucler belonging to one set 18 fixed if the
position of one nucleus of the set is given. The representative nucleus of the set may
have a general position (not on any symmetry element), or it may be on one of the
symmetry elements, or it may lie on two or on more symmetry elements. The
number of nuclei in a set depends on the position of the representative nucleus. It is
largest if the representative nucleus has a general position, since then, starting out
from this nucleus, every one of the necessary symmetry operations of the molecule
will “‘produce” another nucleus of this set. On the other hand, the number of
nuclei in a set is smallest, namely equal to one, if the representative nucleus lies on
all symmetry elements (for example, the C atoms in H3C—CCls).

Non-degenerate vibrations. In the case of non-degenerate vibrations, for a given
symmetry type the displacements of all nuclei of a set are fixed by the displacements
of one of them. Therefore the nuclet of a set can at most contribute three degrees of
freedom to each non-degenerate symmetry type. If the representative nucleus does not
lie on any symmetry element, the set will actually contribute these three degrees
of freedom, since then there are no restrictions on the motion of the nucleus. But
if the representative nucleus lies on one or more elements of symmetry it may not

8 A very clear exposition of this derivation, which we partly follow here, has been given by
Cabannes (189).
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have all three degrees of freedom if the motion is to be in conformity with the sym-
metry type. Thus if there are m sets of nuclei not on any symmetry elements there
will be 3m degrees of freedom of each non-degenerate symmetry type contributed by
these sets; if there are & sets of nuclei lying on certain symmetry elements there will
be 2k, or h, or 0 degrees of freedom contributed to a given symmetry type depending
on the symmetry type and on the symmetry elements of the sets (see Table 35 and
the examples below). In this way the total number of degrees of freedom cag, be
determined for each species. If then the number of non-genuine vibrations of this
species is subtracted one obtains the number of genuine vibrations of this species.

As an illustration let us consider a molecule of point group Cs,, having a two-fold
axis C2(z) and two planes of symmetry ¢,(z2) and o,(yz) through it. There are four
symmetry types A1, As, By, B; (see Table 13, p. 106). A nucleus not in one of the
planes of symmetry will produce three other nuclei symmetrically placed. According
to the above, if there are m such sets of four nuclei they will contribute 3m degrees
of freedom to each symmetry type. If there is a nucleus on the ¢,(z2) plane there
must also be another one obtained by reflecting at the o,(yz) plane. Such a set of
two nuclei will not contribute three degrees of freedom but less. If the motion of
one such nucleus is to be symmetric with respect to both planes of symmetry (species
A,), it must necessarily take place in the o,(zz) plane and therefore it contributes
only two degrees of freedom to A; if the motion is to be antisymmetric with respect
to both planes (species A2) it must necessarily take place in a line perpendicular to
the ¢,(xz) plane, that is, the set contributes only one degree of freedom to the species
Aj;. Similarly it contributes only one degree of freedom to B; and two degrees of
freedom to B;. If there are m,, such sets there will thus be the contributions to the
degrees of freedom of each symmetry type given in the third column of Table 34.

TABLE 34. DETERMINATION OF THE NUMBER OF VIBRATIONS OF EACH SPECIES
FOR THE POINT GROUP Cj,.

Degrees of freedom contributed . .
by sets of nuclei Number of normal vibrations
Species .
On no o o o Non-genuine
n n n
symmet; Genui
Vomont. | 9@ | w2 | Cz, 0u(z2), 0u(v2) onuime
T R
A, 3m 2mMzy 2my, 1mg 1 3m+4-2mzs +2mys+mo—1
As 3m 1m, 1my, 0 1 3m4mest+my,—1
B, 3m 2Mzs Imy, 1mg 1 1 3m +2mzs +mys +mo—2
B, 3m 1mg, 2my, 1Imo 1 1 3m +mzs+2my, +mo—2

Similar considerations apply to sets of nuclei in the ¢,(yz) plane. The degrees of
freedom contributed by m,. such sets are given in the fourth column of Table 34.
Finally, each nucleus on the C. axis lies on the two planes of symmetry as well, that is,
on all symmetry elements, and therefore forms a set of its own. If its motion is to
be symmetrical with respect to both planes it can move only in the axis of symmetry,
that is, it contributes one degree of freedom to A4;; it cannot move antisymmetrically
with respect to both planes of symmetry and therefore does not contribute to Aj.
In order to be antisymmetric with respect to o,(y2z) and symmetric with respect to
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o,(x2) it must move perpendicular to ¢,(yz), and therefore contributes only one degree
of freedom to By ; similarly it is found that it contributes one degree of freedom to B..
Thus if there are mo nuclei on the axis they give the contributions indicated in the
fifth column of Table 34.

Since there are four nuclei in each set of the first type, two in each set of the second
and third types, and one in each set of the fourth type, the total number of nuclei is

N = 4m + 2m., + 2m,, + my.

It is easily verified from Table 34 that the total number of degrees of freedom is 3N.

In order to get the number of genuine normal vibrations we have now to subtract
the non-genuine vibrations. Their species are given in Table 13. There are one
each of species A; and 4, and two each of species By and B:. Subtracting these from
the number of degrees of freedom obtained before for each species, we obtain for the
four species the number of genuine normal vibrations given in the last column of
Table 34.

If we apply the above results to the non-linear molecule XY, we find, since m = 0,
Mz, = 1, my, = 0, my = 1, that there are two vibrations of species 41, no vibrations
of species A2, one vibration of species B;, and no vibration of species Bs.2? The three
normal vibrations have been given in the previous Fig. 25a. Since there is only one
vibration of species B; which is anti-
symmetric with respect to the plane of
symmetry o,(yz) (which is perpendic-
ular to the plane of the molecule),
its form is unambiguously determined
without further calculation: nucleus
X in this species must necessarily
move perpendicular to o,(yz), say
with amplitude sx. The antisym-
metry with respect to o,(yz) and the
symmetry with respect to o,(xz) fur-
ther require that the atoms Y move
in the o¢,(rz) plane in lines at the
same angle 8 to the z axis and in op-
posite phase. Furthermore, the total
linear momentum must be zero, that
is, the center of mass must remain at
rest, and the total moment of mo-
mentum (angular momentum) about
any point must remain constant
(usually zero) during the vibration. Fia. 53. Determination of the b, vibration
If the displacements were the broken of bent XY,
arrows in Fig. 53 which satisfy the
symmetry requirements, the total moment of momentum about the point ¢ would ob-
viously not be constant but vary from positive to negative values as the X atom moves
back and forth. Only if the point ¢ is made to coincide with X, that is, only if the

2 This result could also have been easily obtained directly by applying the same reasoning as
above for the general case.
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displacements of the Y nuclei are in the direction XY, is the condition of constant
(zero) moment of momentum fulfilled. The magnitude sy of the displacements of
the Y nuclei is obtained from the condition that the component of the total linear
momentum perpendicular to the plane o,(yz) is zero; that is, since the velocities are
proportional to the amplitudes of the displacements, 2mysy sin & = mxsx, where a
is half the angle at the top of the triangle formed by the molecule, sx is the displace-
ment of the X nucleus and mx and my are the masses of X and Y. Thus the fgym

TABLE 35, NUMBER OF VIBRATIONS OF EACH SPECIES FOR THE POINT GROUPS
HAVING NON-DEGENERATE VIBRATIONS ONLY.

Point group Species| Ex-
total number vilzi . plai';’ed Number of vibrations®
of atoms tion | Table
C, A 12 3m+mo—2
(N =2m+my) B 3m +2mo—4
C.Eclh A’ 12 3m+2mo -3
(N =2m +my) A" 3m+mo—3
Ci=S; A, 12 3m -3
(N =2m +my) Ay 3m+3me—3
A, 13 3m +4-2mz. +2my; +mo—1
Cz A, 3m+mee+my:—1
(N =4m+2m, +2my, +mo) B, 3m +2mzz +my; +mo—2
B 3m +mzs +2my; +mo—2
Ay 13 3m+2mp+me—1
Con Ay 3m +mp+ma+mo—1
(N =4m +2mp+2mz+mo) B, 3m+mp+2mqg —2
B, 3m +2mp +2mg+2mo—2
DzE v A 13 3m +mzz +mz,, +mz=
- B, 3m +2moz +2m2u +mas+mo —2
(N = 2 + 2 By 3m+2mag -+ma, +2ma, +mo —2
26T B; 3m +maz +2may +2mas +mo —2
A, 14 | 3m+2may +2mas +2my s +mo, +may +mas
A, 3m +m:y +mzs +myt
D= V) By, 3m +2mgy +Mzs +my. +mez +may —1
(N =8m +dmzy +4m,, +4m,, By 3m +mzy +2mze +2mys +moz +moy +maz +mo—1
+2may +2ma, +2mas+mo) || B0 3m +mzy +2mes +mys +moz +ma, —1
Y * By 31 +2mzy +Mas +2mys +maz +may +mee+mo—1
Baa 3m +mzy +mzs+2mye +moy +mo, —1
B;, 3m +2mzy +2mzs +mye +maz +mey +ma; +mo—1

%y is always the number of sets of equivalent nuclei not on any element of symmetry; my is
the number of nuclei lying on all symmetry elements present; 7.y, M., my, are the numbers of sets
of nuclei lying on the zy, 2, yz plane respectively but not on any axes going through these planes;
my is the number of sets of nuclei on a two-fold axis but not at the point of intersection with another
element of symmetry; ms,, may, ma, are the numbers of sets of nuclei lying on the z, ¥, or z axis if
they are two-fold axes, but not on all of them; mj is the number of sets of nuclei on a plane o3 but
not on the axis perpendicular to this plane.
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of the normal vibration of species B, is completely determined. For the two A4,
vibrations the form is not unambiguously determined from symmetry alone, but one
can say immediately that the X nucleus must move in the z axis for both, and the
two Y nuclei must move in a symmetrical fashion such that the component of their
linear momentum in the z direction is opposite and equal to that of the X nucleus.
The direction of motion of the Y nuclei is not fixed by symmetry and the condition
of zero linear and angular momentum; that is why there are two vibrations of
species A;.

If, as a second example, we apply the results of Table 34 to the H,CO molecule,
we find, since now m = 0, mz, = 1, my, = 0, my = 2, that there are three vibrations
of species A1, no vibrations of species Az, two vibrations of species By, and one vibra-~
tion of species B;. These vibrations are represented in Fig. 24a~f. The one vibra-
tion of species B; is again unambiguously determined by symmetry.

In a similar way, as indicated above for Cy,, the number of vibrations of each
species can be derived for the other point groups having non-degenerate species only.
The results [first derived by Brester (178)] are given in the last column of Table 35.
In the first column for every point group the total number N of nuclei is expressed
in terms of the number of sets of nuclei; that is, the factors in front of the m values
in this first column indicate the number of nuclei in each set. This can serve as a
check on the correct selection of the sets.

Degenerate vibrations. For molecules with more than two-fold axes the number
of vibrations of the non-degenerate symmetry types can be determined in exactly
the same way as described above. However, as to the number of degenerate vibra-
tions some further considerations are necessary. Let us consider as an example the
point group Cs, to which molecules like NH;, CH;3Cl, H;C—CClj, belong. A set of
nuclet lying on the three planes o, (but not on the axis) will contribute six degrees of
freedom, that is, three vibrations to the degenerate species E, since to every one displace-~
ment (which may be in any one of the three coordinate directions) of one nucleus of
the set correspond two different displacements of each of the other nuclei of the set
(compare the previous discussion of the form of degenerate vibrations, p. 89f.).
Thus, if there are m, such sets they will contribute 3m, degenerate vibrations (genuine
or non-genuine).

If there is a set of nuclei ¢n a general position (none of these occur in the examples
mentioned above) they contribute twelve (rather than six) degrees of freedom of
type E, that is, six degenerate vibrations. This is because, first, every one displace-
ment of one nucleus of a set has corresponding to it two different displacements of
each of those nuclei of the set that are produced from the representative nucleus by
rotations about C3. This accounts for six degrees of freedom. But the three nuclei
thus produced comprise only half the set, since for every one of them there is another
one placed symmetrically to it with respect to o,. Reflection at the plane o, will in
general change the vibration into something else, but if suitable linear combinations
of the degenerate vibrations are chosen one will be symmetric, the other antisymmetric
with respect to this plane; that is, the number of degrees of freedom contributed is
doubled. Thus, in all, one such set of nuclei in a general position contributes twelve
degrees of freedom to the degenerate species or, in other words, siz degenerate vibra-
tions. If there are m such sets of nuclei they will contribute 6m degenerate vibrations.
This holds not only for species F of point group Cs, but also for the doubly degenerate
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TABLE 36. NUMBER OF VIBRATIONS OF EACH SPECIES FOR THE
POINT GROUPS WITH DEGENERATE VIBRATIONS.
Point group Ex-
total number i]i);:;isiof pl?:ed Number of vibrationsd
of atoms Table
Cs { A 25 | 3m+tmo—2
(N =3m+my) E 3m+mo—2
A 3m+mo—2
Ce [ B 3Z+ ’
(N =4m +mo) 1 E 3m+mo—2
A 25 | 3m+4mo—2
Ce B 3m
(N =6m +my) E, 3m+4mo—2
E, 3m
s { A 3m4mg—1
B 3m +mg+mo—1
(N =4m +2m; +mo) E 3m+2ma+mo—2
Ag 25 3m4mz—1
Se By 3m +mgz+mo—1
(N =6m +2mg3 +my) Eu 3m +mz+mo—1
Eyy 3m+4m;z—1
Dy J Ay 15 | 3m+ma+ms
(N =6m+3m, A 3m +2me+mz+mo—2
+2ma+me) | E 6m +3mag +2ms +mo—2
Ay 18 3m +ma+my’ +my
D, Aq 3m +2mg +2my’ +my+mo—2
(N =8m +4mq+4my’ By 3m +mq+2my’
+2my +mq) B, 3m +2ma+my’
E 6m +3mae +3my’ +2my +mo —2
Ay 19 3m 4ma+me’ +msg
Ds A; 3m +2ma+2my’ +me+mo—2
(N =12m +6my +6my’ By 3m +ms +2m,
+2mg +ma) B, 3m +2ma+my’
E1 6m +37nz +3m2' +2‘mg +mo -2
E, 6m +3mg +3my’
Cs Ay 15 | 3m+2my+mo—1
- P A 3m+m,—1
(N =Bm +3m, +ma) E 6m +3my +mo—2
Ay 18 | 3m+2my+2mg+mo—1
Cuw Aq 3m+my,+mg—1
(N =8m +4m, B, 3m+2m, +mq
+4mq+mq) B, 3m+m,+2mq
E 6m +3my+3ma +mo —2

1 8ee footnote, p. 139.
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Ex-
Point group, Species of plained . .
total number v;i)br ation in Number of vibrations®
of atoms Table
A, 16 3m+2my+mo—1
Cs» Az 3m+m,—1
(N =10m +5my+mo) E, 6m +3m,+mo—2
E, 6m +3m,
Ay 19 3m+42my,+2mg+mo—1
c A, 3m+my+mgqg—1
ov B 3m+2m, +mq
(N =12m +0m, B 3m +my,+2ma
+6ma+mo) E 6m +3my +3mg +mo—2
E; 6m +3m,+3mg
z+ 17 mo—1
Conv z- 0
(N =my) II mo—2
Ad - 0
Al 27 3m+2mp +mz—1
Can A" 3m+mp+mz+mo—1
(N =6m +3ma g 3m +2mp +ms +mo—1
+2ms +mo) L’ 3m+mp+mgz—1
A, 27 | 3m+2mp+my—1
c Ay 3m+mp+my+mo—1
ah 9 .
(N =8m +-4my, B, 3m +2my
B, 3m +mpy
+2mi+mo) E, 3m +ma+me—1
T 3m +2mp +mq+mo—1
A, 27 | 3m+2mp+me—1
Ay 3m +mp+me+mo—1
C By 3m +my
6h B, 3m +2ms,
(N =12m +6ms B, 3m +ma +mg—1
+2ma+mo) 1 3m +2mp +meg +mo—1
Eqq 3m +2mp
Ezu 3m +mp
Al 18 3m +2md +ma+tmy
Dyy=Vai(=Sw) A, 3m +mg+2me—1
(N =8m +4mq B, 3m+ma+ma
+4mz +2mq +mo) By 3m +2ma+2ma+m+mo—1
E 6m +3mgq +3mg+2m4 +mo—2
“ Ay 20 | 3m+2my+ma+mg
Ay 3m +ma+ms
v lf"_(:;s"” Asg 3m+ma+2ms—1
(V=12 +0md ™ 3m +2mq+2my +mg +mo—1
+6ma +2mq +mo) E, 6m +3mg +3mg +mg—1
E, 6m +3mga +3mg+mg+mo—1

31 See footnote, p. 139.
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TaBLE 36.—Continued
Ex-
Point group, Species of plai):xed . .
total number vibration in Number of vibrations®!
Of atoms Table
Ay 21 3m+2mg-+mg+mg N
As 3m +mg+2ma—1 hd
Dyg(=Ss) B, 3m +mg+ma
(N =16m +8mq B, 3m+2mg+2me+ms+mo—1
+8mg+2mg +mo) E, 6m +3mgq+3ms+mg+mo—1
E, 6m +3mgq+3me
E; 6m+43mg+3me+mg—1
A 22 | 3m+2my+2mp+me+ms
Dan A4y 3m +my+my
3.
Ay 3m—+my+2mp+mo—~1
AR Ay 3m+2my +m+ma+mg +mg—1
+3ma+2ms +mo, E 6m +3my +4mp +2mz +ms +mo—1
E" 6m +3mv +2m;. +m2 +7n3 -1
Ay 23 3m +42my, +2mg +2mpu +mq +m’ +my
A 3m +my+ma+ms
Ay 3m +my +mq+2mp+mz +my’ —1
D Az 3m +2my +2ma+mp+ma +me’ +m+mo—1
(N =16m +8m,+8mg By, 3m+4-2m, +ma+2mp+mae+me’
+8mp +-dmz +4my’ Biu 3m +my +2ma +mp +mz’
+2m4+mo) By, 3m+my+2mg~+2mp+ma+my’
By, 3m +2my +ma—+mn+ms
E, 6m +-3m, +3myg+2mp +me +mo’ 4+my—1
Ey 6m +3m, +3mg +4mp +2mg +2my’ +mq+mo—1
AY 22 3m+2m, +2mp +mq+ms
A’ 3m~+m,+mp
Ad 3m 2m -1
N =20m + Lo +10m A7 USRS A
St 2 b )" Ey 6m +3my -+4mp +2mg +ms +mo—1
Frams T Ey 6m +3my+2mp +mg +ms —1
E; 6m +43m, +4mp +2mg
E,” 6m +3m,+2mp+mq
Arg 23 | 3m+2my+2mg+2mp +ma+my’ +ms
A 3m 4my+ma+my
Az 3m +my+mq+2ma+ma+me’ —1
Agy 3m +2my +-2ma+mp +ma +me’ +mg+mo—1
D By, 3m +my+2ma+mp+ms
(N =24m +12m, +12my By 3m+2my, +mg+2mp +mg +my’
+12mp+6ma +6my’ By, 3m +2my +mq+ma+m;
+2mg +mq) Bay 3m +my+2mg+2mp +mg +my’
Ey 6m +3my +3ma+2mp +mg +my’ +me —1
Ey, 6m +-3my +3ma +4mp +2me +2my’ +mg+mo =1
E,, 8m +3m, +3mg+4mp +2me 42my’
E;. 6m +3m, +3mg+2mp +mz +my’

3 See footnote, p. 139.
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TaBLE 36.—Continued

Point group, Species of lfi’;- d
total number vxi’ bration P in e Number of vibrations®
of atoms
Table
Z,* 24 | me
b Mo+mo—1
Deh PP M 0
(N =2my+mo) I, Mep—1
I, Mo +mo—1
Ay, Ay Dy, Py, + - 0
T A 30 3m +ma+ms
(N =12m +6mgy E 3Im +mg+mg3
+4msg +mo) F 9m +5mg +3mg +mo—2
A, 28 3m+42ma+ma+m;
Ta A, 3m+mg
(N =24m +12mq E 6m +3mg+mq+mg
+6mq +4m3+my) F, OIm +4mg+2mo+myz—1
F, Im +5mg+3me +2m3 +mo—1
Ay 29 3m 42my +2mq+mae+m3z +my
A 3m+my+mg
Ay 3m +2mp +mq+ma
Ox Ay 3m +mp+2mq+me+ms
(N =48m +24mp +24mgy E, 6m +4mp +3mg+2mg+mz+my
+12mq +8mg E, 6m +2mp +3mg+me+ms
+6my +mo) Fyy 9m +4mp+4ma+2mq +m,x +my—1
Fi. Im +5mp +5ma+3mae+2ms +2my+mo—1
Fgg Im +4m;. +5md +21IL2 +2m3 +m4
Fa, 9m +bmp +4ma +2me +ms+my

spectes of all point groups with the exception of Cp, Cpn, and T. For the latter point
groups, there are no o,’s through C,, or Cy’s perpendicular to Cp, and therefore the
reason for the doubling of the number of degrees of freedom contributed disappears.
For them, m sets of nuclei in a general position contribute only 3m doubly degenerate
vibrations.

Finally, a nucleus on the axis of symmetry can contribute to the degenerate degrees
of freedom only if it moves perpendicular to the axis. It will then contribute two
degrees of freedom, that is, one degenerate vibration. Thus the total number of de-
generate vibrations (species E) of point group Cs, is 6m + 3m, + mo including the
non-genuine vibrations (mo = number of nuclei on the axis). There are two non-
genuine degenerate vibrations (see Table 15), and therefore the number of genuine
deggnerate vibrations is 6m + 3m, + mo — 2. For example, for non-planar XYs

31 1 is the number of sets of nuclei not on any element of symmetry; mo is the number of nuclei
on all elements of symmetry; ms, m;, my, * + - are the numbers of sets of nuclei on a two-fold, three-
fold, four-fold, «-- axis but not on any other element of symmetry that does not wholly coincide
with that axis; my’ is the number of sets of nuclei on a two-fold axis called Cy’ in the previous character
tables; m,, mq, my are the numbers of sets of nuclei on planes oy, g4, oa, respectively but not on any
other element of symmetry.
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(NH; and others), m = 0, m, = 1, my = 1, and therefore there are two degenerate
vibrations (see Fig. 45).

In a similar way the number of degenerate vibrations for the other azial point
groups (with one more-than-two-fold axis) can be obtained. The results, together
with those for the non-degenerate symmetry types of these point groups are given
in Table 36. It may be noted that nuclei on an axis of symmetry C, contribute only
to the degenerate vibrations of the first kind E; with I = 1 but not to E; and higher
ones if these occur. Therefore since for linear molecules all nuclei are on the axis
they have no normal vibrations of species A, &, ---. It is also easily seen that they
can have no vibrations of species 2.

In the case of the cubic point groups the same considerations apply to the non-
degenerate and doubly degenerate vibrations as given above. For the triply de-
generate vibrations further considerations are necessary. However, we give in
Table 36 only the results without further proof [see Jahn and Teller (471)]. As an
example consider the tetrahedral XY, molecule of point group T4 (CH4 and others).
Here there are no nuclei in a general position (m = 0), no nuclei on the planes o4
but on no other element of symmetry (mq = 0), one set of nuclei on the three-fold
axes (mz = 1), and one set of nuclei on all elements of symmetry (mo = 1). There-
fore, according to Table 36, there is one vibration of species A;, one of species E,
and two of species F;. As a somewhat more complicated example consider the
C(CH3),4 molecule, assuming point group 3. Herem = 0, mg = 1, mp = 0, mg = 1,
mo = 1. Therefore we have, according to Table 36, three vibrations of species 4;,
one of species A2, four of species E, four of species F; and seven of species F,.

For the rare point groups T, O, I, I} not given here we refer to the paper by Jahn and Teller
(471).

(b) Methods for the general solution of the secular equation

In order to determine the vibrational frequencies from the force constants and
at the same time the form of the normal vibrations in cases where it is not determined
by the symmetry alone, it is necessary to solve the secular equation (II, 11) or (II, 38).
Actually, of course, the force constants are in general not known, but the frequencies
of the normal vibrations are observed by means of the spectra. The relations be-
tween the force constants and the frequencies obtained from the secular equation
may then be used to obtain the force constants or, in other words, the potential function
of the molecule in terms of the observed frequencies. In fact, this determination of the
forces holding the nuclei in a molecule to the equilibrium positions is one of the main
objects of the study of the vibrational structure of polyatomic molecular spectra.

One may attempt to solve the secular equation (II,11) directly in terms of
Cartesian coordinates or one may try to introduce other coordinates in terms of
which the secular equation becomes simpler, or finally one may try to solve the
problem by mechanical models.

Solution in Cartesian coordinates. The secular determinant in Cartesian coordi-
nates (II, 11) or (II, 38) has 3N rows and 3N columns. The resulting equation is
therefore of the 3Nth degree in A(= 47%?); that is, even in the case of a triatomic
molecule of the ninth degree. We know that the secular equation has six (or, for
linear molecules, five) zero roots corresponding to the six (or five) non-genuine vibra-
tions (the translations and rotations of the whole molecule). Therefore the secular
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equation must have the factor A® (or A%). However, this factor cannot immediately
be separated from the secular determinant (II, 38).

We illustrate a possible procedure by the example of a non-linear XYZ molecule. If we assume
the z-axis to be perpendicular to the plane of the molecule and the z and y axes as indicated in Fig.
54, all force constants k.., kys and k., (with any superscripts) must vanish since no restoring force
is produced by (small) displacements in the z direction. Therefore the secular determinant (II, 38)
simplifies to

ke —Xmy kg kiz Koy k2 k3
R R
k2l k21 k22 _Amz kZZ k28 k23
_xam Mem. zT Ty Tz Ty zz zy EO' II. 88)
R Eow B ‘
ki k2, k2 kzy ki —Nma ke
BB K H R Ko

where the subscripts 1, 2, 3 refer to the X, Y, Z nuclei respectively. Thus in this special case three
of the zero roots are immediately eliminated. (They correspond to the translation in the z direction
and the rotations about the z and y axes).

Y

Fra. 54. Displacement coordinates in a non-linear triatomic XYZ molecule.

If it is now considered that for a translation of the whole molecule in the z direction (z; = z3 = z3,
%1 =y2 =y = 0,21 =22 = 23 = 0) the restoring force is zero, it follows from (11, 6) and (II, 7) that
kil + k2 4+ KD =0,
kyz + R +kZ =0, (IL, 89)
kys + Kz +kjz = 0.
Similarly it follows, by using a displacement of the whole molecule in the y direction, that
kay +kzy + kzy =0,
ky Ry + Ry =0, (11, 90)
kyy + ks + k35 = 0.

Finally, for a rotation of the whole molecule about any point, for example X in Fig. 54, the restoring
force must be zero. But for such a rotation the displacement components of X, Y, Z are: 0, 0; 0, ¢;
— ¢(l2/ls) sin @1, c(l2/ls) cos a1 where ¢ is the arbitrary displacement of Y perpendicular to XY.
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If we substitute these displacements into (II, 6) and (II, 7) and consider that for them the restoring
force is zero, we obtain

kit —klla + #2530 =0,

k,l,: - /c,‘,:a + k;;b = 0. (II. 91)
kyy — k20 + kb =0,
where for abbreviation we have put e
b, la
a = —sin ay, b = - cos ai. (1L, 92)
l ls

If now the third and fifth column of the determinant (II, 88) are added to the first, the fourth
and sixth to the second, and if the fifth column multiplied by —a, and the sixth multiplied by b,
are added to the fourth column we obtain, considering the equations (II, 89), (II, 90), and (II, 91),

-y 0 Koz 0 ka2 ki
0 - Amy k2 0 k2 K

- Amg 0 k22 —"m, 0 k:% k%,:, ~0. aL93)
0 ~ Amg kw: — A\mg k” kw

— Amy 0 K22 +anmg K2 —wmy K2
0 — N\, K32 — bm, k33 k33 — Ama

From this equation the factor A\ corresponding to the three residual zero roots can be taken out. The
resulting determinant may easily be reduced to one having three rows and columns only. The
resulting equation is cubic in A and can easily be solved if numerical values for the force constants
ki and the masses mi, ms, mg are given.

Once the frequencies of the three genuine normal vibrations have been thus determined, the
form of the normal vibrations can also be obtained comparatively easily, since according to p. 70
any row of first minors of the determinant (I1, 88) is proportional to the displacement coordinates
Z1, Y1, T2, Y2, T3y Y3.

Essentially the same method as outlined above for a triatomic molecule could also be applied
to more complicated cases.® However, even in the four-atomic case this will lead to a rather compli-
cated determinant of the sixth degree, which, unlike the original determinant of the twelfth degree,
is not symmetrical. Since the relatively easy methods of solving such determinants of high degree
suggested by James and Coolidge (472) and Badger [quoted by Crawford and Cross (242) ] require
symmetrical determinants, it may be advantageous to solve directly the original secular determinant
(11, 38) without eliminating the zero roots first.

Solution in “ internal ” coordinates. The relative position of the nuclei is fixed
by 3N — 6 (or 3N — 5) coordinates. Instead of following the above procedure,
one may express the potential energy and the kinetic energy in terms of these 3N — 6
‘“‘internal”’ coordinates and thus obtain directly a secular equation of the (3N — 6)th
degree which does not contain the zero roots. Various choices of the internal coordi-
nates are possible [see Wilson and Crawford (943)]. Perhaps the most obvious
choice in the case of an unsymmetrical molecule is to use 3N — 6 internuclear
distances, or rather deviations Q; from 3N — 6 equilibrium internuclear distances.
Such coordinates are also called central force coordinates [see for example Shaffer and
Newton (778)] since they are particularly adapted to the central force system (see
p. 159). Since for small amplitudes these Q; are linear functions of the rectangular

8 Bauermeister and Weizel (129) have applied a somewhat similar procedure to linear triatomic
and four-atomic molecules.
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displacement coordinates, the potential energy is a quadratic function of the Q
(see p. 73) and may be written

V=32 a:;Q:Q; (11, 94)

where a;; = aj;. The values of a;; depend on the force constants ks of (II, 25) or
k:jof (I, 26). Actually the a;; are more significant than the k;; (see below): whereas
there are 3$(3N)(3N + 1) force constants k;; which are not independent of one
another [compare equations (II, 89-91) for the triatomic case], there are only
3(BN — 6)(3N — 5) potential constants a;; which are mutually independent and
all different from zero as long as the molecule has no symmetry.3® Because of the
linear relationship between the @; and the z;, y;, 2; also the kinetic energy remains a
quadratic function of the Q;:

T = %Z bfiQ'Qir (117 95)
12

where b;; = bj;. However now, unlike previously, the b;; for ¢ 5% j are in general not
zero, that is, the kinetic energy as well as the potential energy contains cross terms.%s

The secular determinant which determines the normal vibrations is now of the
form [see equation (II, 34)7].

buN —aun bieh — a1z bigN —ais - -
bal — an b2oN — a2 bash — @gz -+~ | _
bah — aa baaA — ase bash — ass -+ | 0, (H’ 96)
which is of degree 3N — 6 only. It can immediately be set up if V and T have been
expressed in terms of Q; and @, respectively, according to (II,94) and (II, 95).
However, it is usually not easy to express the kinetic energy in terms of these new
coordinates except when the molecule has symmetry, and in that case other methods
are even more convenient.

As an example, let us consider again the unsymmetrical non-linear triatomic
XYZ molecule. For it,

V = 3a11Q1® + 302:Q2® + 3a33Qs* + 212:Q1Q2 + 023Q2Q5 + 2130:Qs, (I, 97)

where Q1, @2, and Qs are the changes of the lengths of the three sides of the triangle
from the equilibrium values, I, ls, I3 (Fig. 54). There are in the general case six
potential constants.

In order to write the kinetic energy in terms of the Q;, we have first to find the
transformation by which the rectangular coordinates go over into the Q;. From
Fig. 54 it is easily seen that if 21, y1, %2, y2, %3, ys are, as before, the Cartesian dis-
placement coordinates of the three atoms, then for small amplitudes, we have

¢ Q1 = (z2 — xs) cos az + (ys — ye) sin a,

Qz = (Ia - :c1) cos a1 + (y; - yl) sin ay, (II, 98)
Qs = (22 — 7).

8 If 7 and j can assume n different values there are n combinations of the form ¢i and §n(n — 1)
of the form ¢j with ¢ # j.
34 The by; used here are not the same as those used in equations (II, 29) and (II, 30).
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While these three equations are sufficient to determine the Q; from the z;, y; the
latter are not unambiguously determined by the former. For that purpose we have
to introduce the condition that the center of mass remains at rest, that is,

mizy + mex2 + mars = 0,

II, 99
muy1 + mayz + msys = 0, (11, 99)

and the condition that the angular momentum of the molecule vanishes (se'e p.
133); that is (since the velocity components are in the ratio of the displacement
components),

msxsly sin @y — mgysle cos ay — meyals = 0. (11, 100)

From the six equations (II, 98-100) the z;, y; can now be obtained in terms of the Q;.
The result is

A A, A
z = ”DEQ1+—51Q2+§Q3,

A A A
Ty = ?an +—DZEQ2 +fQ3:
Ala _é_zi A33

xs=$‘Q1+DQ2+ Qs,

D
A A A
= §Q1+§Qz +§Q3,

(11, 101)

Ay Aas Ass
Y2 _=71Q1+sz+st,

A A A
Ys = "#Q1+—D§Q2+F“Qs,

where the A, are the first minors of the determinant D formed from the coefficients
of z1, 72, 73, Y1, Y2, ¥s of the equations (II, 98-100). It is obvious that the actual
evaluation of the A;x and of D, although quite elementary, will be rather tedious.
If it is accomplished the kinetic energy can be expressed in terms of the Q; since
(II, 101) holds also for the time derivatives. We obtain

2T = muds® + mazs® + mais® + myg? + mags + mays?
1
= [Q2(miATL + meATs + madls + miAs + med?s + msA3s)

+ Q2 + + -+ + mgdde) + QP (A + -+ + m3A3e)
+ 2Q1Q2(mAnda + -+ + mzdiedas) + 2Q1Qs(miAnAg + - -
+ msdiedse) + 20:Qs(mida1ds + ¢+ + madaedse)]. 11, 102)

From this the values for the coefficients b;; in (11, 95) are immediately given and the
secular determinant can be set up. It has now only three rows and three columns
[just the three rows and columns written out in full in (II, 96)]. This secular
equation has no zero roots. Its three roots A1, s, As give the frequencies of the three
genuine normal vibrations. They depend through the b;; on the masses of the nuclei
and the dimensions of the triangle formed by them, and of course on the potential
constants a;;,
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The form of the normal vibrations is again determined by the ratio of the first
minors, C,x, in any one row of the determinant (II, 96) in which for \ the specific
value for the particular normal vibration has been substituted. For example, in
the present case, for the normal vibration A,

QP : QY : @F = Cc2: 05 : CR; (I1, 103)

that is, the changes of the lengths of the three sides of the triangle for this normal
vibration are in the (constant) ratio C{2 : C%2 : C%. If one wants to have the form
of the normal vibrations in terms of Cartesian coordinates, one has to substitute
(11, 103) or similar equations for A; and A3 into (II, 101).

It is apparent that the calculations in this method, at least for the example
considered, are by no means less cumbersome than in the preceding method (using
Cartesian coordinates throughout). However, the advantage is that the force con-
stants, a;j, used in the second method are more easily visualized. For example, a1,
ase, and ass are the force constants corresponding to a change of the bond lengths
Y—Z only, X—Z only, and X—Y only, respectively. The force constants k% in
(I1, 88) can be expressed in terms of the a;; by substituting (II, 98) into (II, 97) and
comparing the coefficients of z:%, z1xs, + -+ with those in (II, 25).

Considerable simplification in most of the above formulae arises when the nuclei X and Y are
identical (m; = m.) and tho sides I; and I; of the triangle are equal, that is, when we have a sym-
metrical bent molecule. In this case the potential energy must remain unchanged for a reflection at
the plane of symmetry through Z (which exchanges X and Y). Therefore we have, in equation (II, 97),

ai = ag, a1y = ag, (11, 104)
and in (II, 88) and (II, 93),
[ kyy = ki
kiy = k2%, kyy = ki3, ' (11, 105)
by = =Kz kg o= =k, k= =kl

While the substitution of these relations into (I, 93) and (II, 96—-102) simplifies them greatly, the
resulting equation for the frequencies is still cubic in A, which is rather awkward if one wants to have
an analytical expression for the frequencies in terms of the force constants. A further reduction of
the degree of the secular equation can be obtained in this case if still other coordinates are introduced
(see below).

Solution by the use of symmetry coordinates. The best method of determining
the normal vibrations in the case of symmetrical molecules has proved to be the
method of ‘‘symmetry coordinates” first introduced by Howard and Wilson (462).
While somewhat different symmetry coordinates have been introduced by Rosenthal
and Murphy (750) and by Redlich and Tompa (733), we shall discuss here only the
symmetry coordinates introduced by Howard and Wilson [see also Wilson and Craw-
ford (943)7], since they seem to be the most useful for actual calculations.

From our previous considerations we know how many genuine vibrations of each
symmetry type there are for a given molecule. Suppose there are fi, f3, «++ of the
firdt, second, - -+ species. Then let us introduce, instead of the 3N Cartesian dis-
placement coordinates, 3N — 6 (or 3N — 5) new internal coordinates (symmetry
coordinates), fi of which have the first symmetry type, fa the second, and so on.
That is, to a given value of one of these coordinates correspond displacements of the
nuclei tn agreement with one of the symmetry types. At the same time we choose them
8o that no motion of the center of mass and no rotation of the molecule as a whole takes
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place (zero angular momentum). These symmetry coordinates are therefore con-
ceivable normal coordinates which would be the normal coordinates for certain very
special and usually simple values of the force constants.3

For example, in the case of the symmetrical non-linear XY, molecule, Fig. 55a
shows such symmetry coordinates of species A, and B, (see Table 13), the only
species for which genuine normal vibrations occur (see p. 133). While there is only
one normal vibration of species B; and therefore only one symmetry coordinate of

Fia. 65. Symmetry coordinates of non-linear symmetric XY;.

this species, which is identical with the normal coordinate (see Fig. 53), there is an
infinite number of possible symmetry coordinates of species 4 of which two mutually
orthogonal ones were selected in Fig. 55a. The actual normal coordinates are
linear combinations of these two symmetry coordinates. Of course one might just
as well have selected another pair of symmetry coordinates of this species such as
those given in Fig. 556b. The latter are valence type symmetry coordinates [see

¥ Conversely, Dennison (279), before the development of this theory, used the choice of
special “limiting"’ force fields in order to determine the number and type of the normal vibrations
of simple molecules.



11, 4 DETERMINATION OF NORMAL VIBRATIONS 147

Wilson (942) and p. 168f.] since the nuclei move as much as possible along the chemi-
cal bonds or perpendicular to them.

Since the symmetry coordinates are linearly related to the rectangular coordinates,

as long as infinitesimal displacements are considered, the potential energy is a

quadratic function of the symmetry coordinates as well as of the Cartesian coordi-

nates. That is, if Sy, Ss - - - are the symmetry coordinates we obtain, from (II, 25),

2V =Y caSiSk, (11, 106)

ik
and similarly for the kinetic energy, from (II, 28),
2T = ¥ duS:Sk. (11, 107)
ik

However, if S; and S; belong to different symmetry types (species) there will be at
least one symmetry operation with respect to which S; and Sy behave differently.
For example, for non-degenerate symmetry types there will be one operation for
which say S;— S; and S8y — — Sk (or S;— — 8; and S — + 8Si); that is, there will
be at least one symmetry operation for which S;S (and similarly $,8;) changes sign.
Since, however, the potential energy (as well as the kinetic energy) must be invariant
with respect to all symmetry operations, it follows that the c.x and ds are zero whenever
S; and Sy belong to different species. Therefore the secu-

lar determinant assumes the form indicated in Fig. 56, [7
where all elements outside the shaded area are zero since [ %
they correspond to S; and S of different species. Each //
shaded square corresponds to one species. The deter- -0
minant can now be written as a product of factors corre- //A

sponding to each species. Each of these factors put equal ‘ %

to zero gives the normal frequencies of this species. The %
degree of the resulting algebraic equation is equal to the //
number of genuine vibrations of the particular species 4
and is thus in general (if the molecule is symmetrical) Fic. 56. Form of the sec-
considerably reduced as compared to the degree of the ular determinant set up in
secular equation obtained according to the two previous ::t?: of symmetry ~coordi-
methods.

While the factoring of the secular equation has here only been proved for non-
degenerate symmetry types, it holds also for the degenerate symmetry types [see, for
example, Rosenthal and Murphy (750)]. Furthermore it is found that if S;s and
S.s are two mutually orthogonal degenerate symmetry coordinates of a certain
species the potential energy depends in exactly the same way on S, as it does on S5,
and the product S;,S:» does not occur. A corresponding result applies to the kinetic
energy. Therefore there are two identical factors in the factored secular determinant
(two identical shaded squares in Fig. 56) for each doubly degenerate species.®¢ In
the case of triply degenerate vibrations there would be three such identical factors,
the solution of one of which would give the frequencies of the degenerate vibrations
of that particular species.

3a Here it is assumed that if several vibrations of the degenerate species exist the symmetry
coordinates are all chosen in such a way that « in the transformation (II, 756) has not only the same
magnitude but also the same sign (see p. 89).
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We can now also give the number of tndependent potential constants for a molecule.
If there are f; vibrations (that is, symmetry coordinates) of a given species j, the
number of coefficients in (II, 106) contributed by this species is 3f;(f; + 1), and
since there are no cross terms between coordinates of different species the total
number of independent potential constants is simply

32 fifi+ 1), (1, 108)

where the f; are given by the Tables 35 and 36.

The fact that the secular determinant factors is independent of whether or not
the different symmetry coordinates of a given species have been chosen orthogonal
to one another (see p. 72). But if they are chosen orthogonal to one another it can
be shown that the kinetic energy contains only diagonal terms d.,8.2 (see the examples
below).

Application to non-linear XY,. For a non-linear symmetrical XY, molecule which
has two normal vibrations of species A; and one of species By, the potential energy
expressed in terms of any symmetry coordinates (for example those of Fig. 55a) is,
according to the above,

2V = enS1? + 2¢128182 + €222 + ¢33832; (11, 109)

that is, there are four independent potential constants. Similarly, the kinetic energy
is given by

2T = duds® + 2d19818: + d2282® + dssls, (I, 110)
and the secular determinant is, with ¢12 = ¢21, d12 = da21 [compare equation (II, 34)],
c11 — M, ¢z — Ndi2 0
c21 — Aday C22 — Ada2 0 = 0, (II, 111)
0 0 ¢33 — Adss

which is of the form shown in Fig. 56 and can immediately be factored into the
two equations

d css — Adgz = 0 (11, 112)
an
(c11 — Adu1)(ce2 — Nda2) — (c12 — Adi2)? = 0, a1, 113)
or
2
. _ coadiy + c11da2 — 2c12d12 cuem — cls
h dudzs — d§2 dudes — d¥y 0. (I1, 114)

Equation (II, 112) yields directly the frequency of the one antisymmetric normal
vibration (species B)):
Css

Xa = 41’21'3 =T (II, 115)
das

Equation (II, 114) gives the frequencies of the two symmetric normal vibrations:

M} c22d11 + cndae — 2c12d12
A T 2(dudn — db)
=+ V(eaadu + cudas — 2¢12d12)2 — 4(cricze — caz)(dudas — dia) )
2(d1da2 — di2)

11, 116)
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We may also write, according to a well-known theorem concerning algebraic equations,

Co2d11 + cudse — 2c12ds2
duds — diz !

2
C11C22 — C12
——
dndzs — diz

We must now express the c;x and di; in terms of more familiar quantities. In
order to obtain the d,, we have to express the Cartesian displacement coordinates,
x;, ¥ in terms of the symmetry coordinates Sy, S3, S;, and then substitute in the
familiar expression (II, 28) for the kinetic energy. If we consider in Fig. 55a Si, S2,
and S; more specifically as the displacements of nucleus N, in the first, second, and
third symmetry coordinates, respectively, the displacement coordinates of the other
nuclei for each symmetry coordinate are easily expressed in terms of S;, S, Ss,
on the basis of Fig. 55a and using the law of conservation of linear momentum (see
also p. 134). Considering further that the most general displacement is simply a
superposition of the three symmetry coordinates, we obtain

M+ A =A472(2 4 vd) = (11, 117)

ANz = 167w 2v? = (11, 118)

. . 2my |
21 =8; — S3sinq, z2 = — 81 — S3s8in ¢, z3 = ~m—S3 sin a,
(11, 119)
2my
y1 = 82 — S; cos a, y2 = Sz + 83 cos a, Ys = —-;;{-Sz.

Substituting into (II, 28) and comparing with (II, 110), we obtain
dyy = 2my, da2 = 2myp, dsz = 2myr, diz = dis = dg3 = 0, (II, 120)

where for abbreviation

2my 2my |
p=14—, r=14—sin?a. (11, 121)
mx mx

The coefficients d;; with ¢ % k vanish since we have chosen S; and 8; orthogonal to
each other (see p. 148).

The potential energy is usually expressed in terms of the changes of 3N — 6
internuclear distances or of fewer internuclear distances and a number of angles
(central force and valence force coordinates; see below). In the case of a triatomic
molecule we may use the changes @; of the three internuclear distances and the
corresponding force constants a;x of equation (I, 97). In order to find the relation
of the symmetry coordinates and the Q; we substitute (II, 119) into (II, 98) and
obtain, considering that here oy = az = (7/2) — o,

Q1= —sina8S; —pcosaS; —rSs,
Q= —sina S, — pcosal; + rSs, (11, 122)
Qs = — 28:. .

Substituting this into (II, 97) we obtain, since here ais = as3 and a1 = ass,
C11 = 2(a11 + alz) sin? « + 41138 + 8a13 sin «,
c12 = 2p(an + a12) sin o cos a + 4a;3p cos a

, . ' (11, 123)

ca2 = 2p*(an + an) cos? o,

css = 2r*(an — an),
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and of course, as was to be expected, ¢;3 = ¢33 = 0. Finally, substituting (II, 120)
and (II, 123) into (II, 115), (II, 117), and (II, 118), we obtain the frequencies in
terms of the potential constants ax, the masses, and the angle a:

1 2
)\, = 4‘!‘21132 == (_rrT; + “mT'x sin? a ) (au - 012), (II, 124)
A+ A = 47200 + ») e
1 2 2a33 = 4as
= — -_— 2 p—_— — g
(my + m cos a) (@11 + a12) + y + oy sin o, (11, 125)
2(2my + mx)

Az = 167202 = cos? af (au + aiz)ass — 2a3s]. (11, 126)

mY“’mx
In order to obtain Ay and A; separately one would have to solve the quadratic equation
[corresponding to (II, 114)]

AN — (M4 AN+ A Xe =0, (11, 127)

As before (see p. 145), the normal coordinate belonging to a certain normal fre-
quency is given by any row of first minors of the secular determinant after substitu-
tion of the particular value of A. In the present case, substituting A; into (II, 111)
and taking the last row of minors, we obtain for the normal coordinate &3

e — Asdn c12 — Asdyz | .

S1:8::8;=0:0: Co1 — Asdas Co2 — Agda2

(11, 128)
In other words, the normal coordinate £;, apart from a constant factor, is identical
with the symmetry coordinate S; in agreement with our previous discussion (p. 133).
Substituting A, into (II, 111) and taking the first row of minors, we obtain for £,

S1:82:83 = (caz — Md22) : — (ca1 — Midzy) : 0
= [2p(au + a12) cos? @ — 2\ my ] :
— [2(an1 + az) sin @ cos @ + 4a33cos ] : 0,  (II, 129)

and the same expression with A, for £,. Thus £, as well as £, is a superposition of S;
and 8 of Fig. 55a in the ratio given by (I, 129). It is seen at the same time that
one needs only to take the ratio of the minors of that factor of the secular determinant
that corresponds to the species considered.

Application to symmetrical planar X,Y,. In the ethylene-like molecule X;Y, of point group Vj
(see Table 14), if we choose as previously the z axis perpendicular to the plane of the molecule and
the z axis in the line X—X, we have for the number of the various sets of identical nuclei (see Table
385):m =0, mgy =1, mgs =0, mys =0, Mgz =1, may =0, mg; =0, m; = 0. Therefore there are
three vibrations of species 4,4, one of species A, two of species By, one of species B, one of species
B34, two of species Bz, none of species By, and two of species Bj,; or, symbolically, the resolution
into the various species is given by

3Aa + Au + 2Bla + Blu + sz + 2Biu + 2Bau- (II- 130)

A possible set of symmetry coordinates Sy, « + +, Si2 is given in Fig. 57. In view of a later applica-
tion (p. 1891.), they have been so chosen that wherever possible they are symmetric and antisymmetric
combinations of the symmetry coordinates of XY, (Fig. 55a). Otherwise all symmetry coordinates
could have been so chosen that the nuclei move only in the z, y, and z directions. Of course an
infinite number of other possibilities exist for those species for which more than one genuine vibration
oocurs.
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The potential and kinetic energies in terms of the symmetry coordinates of Fig. 57 are
2V = 2SSk +cuSE + 2 ciSiSi + enSi? + cosSe?

5 k=1,23 4 k=5,6
+ 2 crSiSe+ 2 cinSiSk (II, 131)
i, k=9,10 s, k=11,12
2T = 2 dalli +duSe + 2 duSiSk + drnS? + dusSe?
5, k=1,2,3 + k=56
+ 2 dldS+ Z bl (11, 132)
% k=9,10 ] & k=11, 12
3 Sy Sy S,
% S
25,
A, A, A,

b,

Fia. 57. Symmetry coordinates of planar symmetric X,Y.—A 3 designating the left X nucleus
was inadvertently omitted from the first diagram.

where ¢;x = ¢k and dix = dis. The resulting secular equation resolves (see Fig. 56) into the seven
equations (II, 133-139):
c11 — Ndn c12 — Ndi2 c13 — Ndig

c21 - )\dn Cc22 — )\dzz C23 — )\dzz = 0. (II- 133)
cn — Nda cs2 — Nds2 ¢33 — Ndsg

Cyt — )\d“ o= 0, (II, 134)

css — Ndss css — Ndse
=0, II, 135,
ces — Adss ces — Ndge ¢ )
¢11 — Ndig =0, (I1, 136)
css — Adgg = 0, (11, 137)

cn — Ndw c10 — Ndo1o
II, 1

c100 — Ad1oo 1010 — Adio10 (I1, 138)

— Ad, — N\
cun 1111 Ci112 mig| 0. (11, 139)

c1s11 — Adian cig12 — Ndi212
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None of these equations is of a degree higher than three, whereas without using symmetry coordinates
we should have had to solve a secular determinant of 12 rows and 12 columns, even after the zero
roots had been eliminated.

From equations (II, 133-139) the frequencies of the normal vibrations can immediately be obtained
in terms of the ¢k and dix. In order to obtain the d,x in terms of the masses of the nuclei and the
dimensions of the molecule we have to express the Cartesian displacement coordinates in terms of
the symmetry coordinates. We see readily from Fig. 57, that

2= =81+ 8 —ucotaSs + pusinaSs — ucotaSy — utan a Sjo + Su,
y1 = — Sy + puSs + pucosaSs + pSy — uSio — Siz,

a
2=+ 8 = uSr —pySs
23 = — 8 + 83 + pcota Sy — pusin @ S¢ + ucota Sy + u tan a S,0 + Su1,
ys = + 82 + uSs + pucos @ S¢ + uSy — uSio + Siz,

a
2y = —S4—MS1—#BSs.

1 1
zy = —8 — -8 ——8u,
M u

— 85 — S¢ — Sy + Sio,
+ S7 + Ss, (11, 140)

Vs
23

1 1
ze=+8 +-8 —-8u,
b "

v =+ 85 + 8¢ — Sy + Sio,

24 = + 87 — 8,

25 = + 81 — 83 — pcot @ Ss + uusin aSg + pcota Sy + pu tan a S10 + S,
ys = — 82 — uSs — pucos a Sg 4+ uSy — wSio + Si2,

25 = — 8¢ — pS7 +#%Ss.

zs = + 81 — 83 + ucot @ Ss — pusin @ Sg — pcot @Sy — utan & S0 + Su1,
ve = + 82 — puSs — pucosa Sg + uSy — uSi10 — Sia,

a
28 = + S¢ — pS7 +”ES!'

where

mx acos a
b=

’ =—, 11, 141
2my * b —asin?«a ( )

and where the numbering of the nuclei and the dimensions of the molecule are as indicated in Fig. 57.
Substituting (II, 140) into the expression (II, 28) for the kinetic energy and comparing with (II, 132),
we obtain, with M = 2mx + 4my,

M
dy = M, dzz = 4my, dy; = e diz = dyy =dg =0, dy = 4my,

dss = p(M +2mx cot*a),  des = dmyptu? +2mx,  dss = 2mx,

mx?

2 2
dn =X 4 omx, dw = 42mx,  dw = u(M + 2mx cott a), (r, 142)
my my b?

M
dioo = u(M + 2mx tan*a), dopo = —2mx, dun = 2 di21a = 4my, dinz =0.

It may be noted that for the two species A, and By, for which the symmetry coordinates have been
chosen orthogonal to one another the dix with ¢ # k vanish.
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It would be fairly simple though somewhat tedious to express the potential constants c;j in terms
of a,x formed in a way similar to that described above for the molecule XY3.%® Instead of doing this
at the present stage we shall later (p. 183) express the ¢ in terms of the potential constants of a
somewhat more specialized force field.

While for the vibrations w4, v7, and vs the normal coordinates are, apart from a factor, identical
with the symmetry coordinates (Fig. 57), for the three totally symmetric vibrations »;, vs, v; the
actual form of the vibrations is obtained by superimposing 8;, Sz, and S; in the ratio of one row of
minors of (I, 133) with A = Ay, Az, or A3, respectively, that is, in the ratio of

ca1 — Nda1  ca2 — Ndae
ca1 — Nidn ca2 — Nidaz |

ca2 — Ndaz  cas — Nidas | | c2a — Ndas e — Mo |

51:Sz:33=

cs2 — Mdaz €33 — Nidss | | cas — Mdaz cs1 — Ndag

Similar relations hold for the vibrations vs, ve, v, v10, ¥11, and »12.

Application to linear symmetrical XY;. In a linear symmetric XY, molecule of
point group Dy (for example CO;) there is only one vibration of each of the species
2,5, Zut, I, (see Table 36). The symmetry coordinates are identical with the

normal coordinates given in Fig. 25b. Acccrding to the above, the potential and
kinetic energies expressed in these coordinates are

2V = 11812 + ¢22(83: + S3) + 33582, (11, 143)
2T = dy8y® + daa($%a + 8%) + dssSe?, (11, 144)

where Sz, and S35 are the mutually degenerate and orthogonal symmetry coordinates
of species II,. The secular equation resolves into three linear equations:

e — Mdu = 0, ca2 — Aeodaz = 0, cs3 — Aadsz = 0. (11, 145)

From Fig. 25b, the Cartesian displacement coordinates may easily be expressed
in terms of the symmetry coordinates. Numbering the nuclei 1, 2, 3, from left to
right and taking the z axis in the direction of the internuclear axis, we obtain

mx mx mx

r = —Sl—é‘m—ysa, Y = —%Sza, 2 = _%S%,

22 = + Ss, y2 = + Sza, 2 = + Sn (11, 146)
mx mx mx

Za=+Sl—§7;;Ss. ys = —%Sza, 23 = —é‘m—y‘szb,

where S; is the displacement of the right nucleus Y in »; while Sz4, S2s, and S; are
the displacements of the X nucleus in va4, w2, and »;, respectively. Substituting
(I1, 146) into the expression (II, 28) for the kinetic energy and comparing with
(11, 144), we obtain

mx? mx?
diy = 2my, dn=mx+ E”T—Y , dss=mx+ '2_;:; (11, 147)

L
In the present case it is customary to express the potential energy in terms of
the changes @ and Q: of the two internuclear distances and the angle of deviation
from a straight line either in the zy or in the xzz plane, which we designate by ¢q
3 This calculation is somewhat simplified if it is noted that the relation between the c;x of a

given symmetry type and the a;x can be obtained by putting in (II, 140) those S; equal to sero that
do not belong to that symmetry type.
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and ¢, respectively. These are valence force coordinates (see below). It is
immediately seen that

Q=13 — 2y, Q=13 — 22,

1 1 (11, 148)
a=7WtUs—2) @=7@+a—2),
e
where ! is the equilibrium internuclear distance between X and Y. Substituting
(I1, 146) into (II, 148), we have

Q1 =81+ (1 + u)Ss Q2 = 81 — (1 4+ u)Ss,

2 2 (11, 149)
Pa = l‘(l ~+ 1)S2a, eo =7 1 + u)S2s,

where u = mx/2my. In terms of @i, Qs, s, ¢» the potential energy is

2V = anQ:® + 2a1:Q1Q:2 + 02:Q2* + ass0a® + A, (11, 150)

where no cross terms Q1¢s, Q105 @204, @206, aes Occur because ¢, and ¢p are,
apart from a constant factor, the symmetry coordinates Sz, and Sz. Since the po-
tential energy must remain unchanged for a reflection at the center of symmetry and
for a rotation by 90° about the axis, we must have

a1y = ag and a33 = Q4.
Substituting (II, 149) into (II, 150) and comparing with (II, 143), we obtain
“4(1 + p)? ,
e = 2(an + aiz), c22 = ag —p » Cm= 2(1 + w)* (a1 — a1z). (II, 151)

From this and from equations (II, 145) and (II, 147), the frequencies of the normal
vibrations follow:

drtyg =\ = an + an’
my
2(7nx + 2my) ass
4t = Ny = Ty B (11, 152)
mx + 2m
47 = N\ = "x;;m—Y‘X (a1 — az2).

Here a,; is the force constant of the X—Y bond, a;; is the force constant that gives
the interaction of the two bonds and as;3 is the force constant for the bending of the
molecule. It is seen that the frequency of the degenerate vibration »; of the mole-
cule depends only on as; as was to be expected, while the frequencies of the non-
degenerate vibrations »; and vs depend only on a3 and aja.

Application to pyramidal XY;. As a somewhat more complicated example of a
molecule with degenerate vibrations we consider the pyramidal XY; molecule of
point group C;.. According to Table 36 there are two vibrations each of the species
Ay and E. Symmetry coordinates Si, S2, Ssa, Sav, S1a, Sev, a8 suggested by Howard
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and Wilson (462), are given in Fig. 583 In terms of these symmetry coordinates
the potential and kinetic energies are [see (I, 106) and (II, 107)]

2V = Sy + 2012818 + €282 + 33(S3s + S3)
+ 2¢54(S5084a + SasSu) + c4a(Sis + 8B), (II, 153)

2T = duld? + 2d128182 + d2o82? + dss(83: + 8%)
+ 2d34(S3084a + Ss680) + dua(Sia + 85). (11, 154)

Fia. 68. Symmetry coordinates of pyramidal XY;.—The displacement vectors of the X nu-
cleus in S, Sz, S and Sy are 3(my/mx)S:cosB, 3(my/mx)SssinB, 3(my/mx)Si sin8 and
3(my [mx)Sw sin B respectively, where 8 is the angle between an X—Y bond and the axis of symmetry

Here account has been taken of the requirement (see p 147) that the dependence
on‘each pair of mutually degenerate coordinates must be identical and that cross
terms between coordinates of different species do not occur. There are six inde-
pendent potential constants c;x. The secular determinant breaks up into three

% Naturally we could also have chosen symmetry coordinates S), Sz, and S; in which the Y atoms
move parallel or perpendicular to the axis of symmetry similar to those of XYs (Fig. 565a). This
would simplify the calculation of the dix but complicate the calculation of the c;i.
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factors,

cu — Ndn c12 — Mdy2 cs3 — Ads3 s — Ndaa | _ 0
jC21 — Adyy ca2 — Mgz Cs3 — Nda3 Caa — Ndyy

cs3 — Ndss €4 — Adsa | _ 0

Ca3 — Ndgs Ci4 — Ndyy !

)
(11, 155)

of which the last two, corresponding to the degenerate vibrations, are identicaleand
where, as always, cit = cx; and dix = dpi.  From (II, 155) the frequencies of the
normal vibrations are immediately obtainable in terms of the c.; and diz.

In evaluating the d,; in terms of the masses of the atoms and the dimensions of
the molecules we may use a different orientation of the coordinate system for each
nucleus, as indicated in Fig. 58. Taking Si, Sz, Ssa, \/35'35,37 Sia, Ssp as the displace-
ments of the nucleus 3, we obtain:

my . my .
2y = — 3 —sin B Saq, y1 = 3 — sin B Sg,
mx mx

2 = 3%0%681 - 3%sinﬁ82;
22 = Sz + cos B8 S4q, y2 = S, 23 = S; — 283, + sin B Sua; (11, 156)
z3 = Sz — % cos 8 84a — %Vg cos B Sas, Yz = %\/§S4u — 38w,
25 = S1 + Ssa + V383 — } sin B Sus — 3V3 sin B Su;
2a=8 — }cos B Sua+ 3V3cos B Sw,  ya = — $V381 — 1S4,
24 = 81 + Ssa — Y38z — 4 sin B Sua + V3 sin B Sus.

B is the angle between the line X—Y and the axis of the molecule. Substituting
in (II, 28) and comparing with (II, 154), we obtain

du = 3myp, d]z = - 3mys, dzz = 3my(27‘ - 1), (II, 157)
d33 = ﬁmyr, d34 = — 3my sin 3, d44 = 3my,

where for abbreviation
my 3 my my
— —_— 2 = —— gin? = — 8
p=3 e cos’B + 1, r=3 — sin? 8 + 1, s =3 - sin B cos 8. (I, 158)

As should be the case, the same values for dss, dss, and dys are obtained from the
coefficients of $%, 83484e, and 83, as from the coefficients of $3, Sss84s, and 83,
Therefore in working out the d; in this and other cases, it is only necessary to con-
sider one of each degenerate pair of symmetry coordinates; that is, in (II, 156) Sss
and Sy could have been put equal to zero. It may be noted that here di; and dgs
are not equal to zero since S; has not been chosen orthogonal to Sz, and 83 not
orthogonal to Sy.

At this stage we shall not attempt to express the potential constants c;; in terms
of more conventional quantities. This will be done later (p. 162 and p. 175) in
terms of the constants of more specialized force fields.

¥ The factor \/5 is introduced in order to have the same normalization for Sy as for Ssa.
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In a manner similar to the previous cases (XYs, X2Y,), the actual form of the
normal vibrations is again obtained by superimposing the symn etry coordinates in
the ratio of the minors of the secular determinant, as below.

For v;:
Sy :82 = (c2z — Midea) : — (a1 — Niday),
For vs:
S1:82 = (caz — Nedag) : — (co1 — Nedzn), (I1, 159)
For vs: !
Ss : 84 = (caa — Nsdaa) : — (ca3 — Nsdas),
For v4:

Ss :S4 = (044 - >\4d44) . (643 - )\4d43).

All the above examples were molecules with comparatively few atoms and of
rather high symmetry. For molecules with more atoms or less symmetry, the secular
equations frequently cannot be resolved into factors of an easily manageable degree
even by using symmetry coordinates. More elaborate methods of dealing with such
cases have been worked out, particularly by Wilson (940) (942), who has also de-
veloped a method to obtain directly the expanded secular equation (in algebraic
rather than determinantal form).

Solution by the use of mechanical models. In view of the complexity of the
mathematical calculations in many cases, Kettering, Shutts, and Andrews (501) first
introduced the experimental study of the vibrations of molecular models. Steel balls
representing the nuclei are connected by springs representing the forces between
them; these models, suspended by rubber bands, are set into vibration by means of
an eccentric disk driven by a variable-speed motor. At certain speeds of the motor
resonance occurs, whereas otherwise the model remains quiet.’ The resonance fre-
quencies are the normal frequencies of the model. At the same time, by a stroboscopic
method or photographically [Andrews and Murray (53)], the type of motion be-
longing to each particular normal frequency can be determined. If the ratios of the
linear dimensions, the masses and the force constants are the same in the model as
in the actual molecule, the frequencies of the model are in a constant ratio to those
of the actual molecule. Thus, if the force constants and the geometrical structure of
a molecule are known the fundamental frequencies can be predicted from those of the
model rather than by calculation; or, conversely, by using a number of different
models and comparing the model frequencies with the observed frequencies of the
molecule one may obtain conclusions about the geometrical structure as well as the
ratto of the force constants.

The method has been successfully applied to CCly, CHCls, CaHs, C2Hs, CoH,,
CH;0H, C;HsOH by Kettering, Shutts, and Andrews (501); to a number of metal
carbonyls and allyls by Duncan and Murray (293); to CeHs, CeHsCHs, and the
phenyl halides by Teets and Andrews (833); and to the various chlorobenzenes,
CsH;Cl to CsCls by Murray, Deitz, and Andrews (649). Trenkler, in a series of
papers (870) (871) (872) has considerably improved on the method for the case of
the plane oscillations of plane molecules. He investigated in detail the dependence
of the frequencies of three- and four-particle systems on the arrangement of the
masses as well as on the ratio of the masses and the strength of the bonds. He also
studied the benzene ring and other cyclic molecules with six atoms as well as some
benzene derivatives.
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There are a number of limitations to the method of molecular models as used by
the authors above mentioned. It is difficult to approach the ideal of mass points
connected by weightless springs in these models, since the springs must have con-
siderable strength. Furthermore, in order to study the influence of a change of force
constant or geometrical configuration one has to build a different model for each set
of trial values. Finally, while the models are well adapted to the valence force
system (see section 4d) it would not be easy to study more complicated force systéms
with their aid.

MacDougall and Wilson (593) have overcome these difficulties in a very ingenious
way. They gave up the geometrical similarity between the model and the molecule
but built a system of coupled harmonic oscillators having the same kinetic and potential
energies (except for a scale factor) as the molecule under consideration. Such a
system will have, apart from a constant factor, the same frequencies as the molecule.
As oscillators MacDougall and Wilson use rods with heavy masses attached to them
supported by an axis through the center of mass and connected by springs to a solid
base. A number of such units are placed side by side and interconnected by a
number of springs representing the coupling of the oscillators. Since the springs
are only extended or compressed and do not need to resist bending, they can easily
be made of negligible weight as compared to the heavy masses that give each oscillator
its moment of inertia.

If ¢, is the angular displacement of the 7th unit from its equilibrium position and
if I; is its moment of inertia, the total kinetic energy T of the set is given by:

n .
2T =Y 1,93, (11, 160)
i=1
where the summation is over all n units; the potential energy V is given by

2V = Z a,',-t?,z?;, (II, 161)
(%]

where the a;; depend on the position and stiffness of the springs. Mathematically,

the frequencies, v = 1/21r\/)—\, of the system are obtained from the corresponding
secular equation

an — I\ a1 a1z v a1
a1 a2 — Is\  ass cre Q2n
. . . =0'
Qan1 an2 Ang 0 Gan — Ip\

which is seen to be of the same form as the secular equation for the molecular vibra-
tions. Therefore by adjusting the springs in the model, that is, the a;;, and the
moments of inertia, I;, in such a way that they are proportional to the corresponding
quantities in the molecular problem, the molecular vibration frequencies can be
determined from the observed resonance frequencies of the mechanical model. In
fact, any secular equation may be solved in this way. There is no restriction on the
potential energy except that it is to be a quadratic function of some coordinates.
But these coordinates have to be chosen in such a way that the kinetic energy does
not contain any cross terms. One may, for example, use simply Cartesian coordi-
nates for each atom. However, that requires 3N units of the machine if there are
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N atoms since each unit corresponds to one coordinate. For symmetrical molecules
the necessary number of units of the machine can be considerably reduced by using
the symmetry coordinates introduced above and solving mechanically the secular
equation for each symmetry type. The number of units is then equal to the number
of genuine vibrations of that symmetry type. The springs have to be so adjusted
that the a;; are proportional to the previous c;; and the moments of inertia so that
they are proportional to the dix. Also, the symmetry coordinates have to be chosen
in such a way that the kinetic energy contains no cross terms. This ie the case if
the symmetry coordinates are chosen orthogonal to one another (see p. 148).

(c) Assumption of central forces

General considerations. Only in very few cases such as H,O [Van Vleck and
Cross (885)] and H3 and H;*+ [Hirschfelder (453)] is it feasible to obtain the values
of the potential constants of a polyatomic molecule on a purely theoretical basis and
then predict the vibrational frequencies by solving the secular equation in the above
described way and compare them with the experimental values.®® In all other cases
one must try fo determine the potential constants (or force constants) from the experi-
mentally observed fundamental frequencies of the particular molecule. However, in all
except a very few cases the number of potential constants [3_f;(f; + 1) summed over
all symmetry types (see p. 148)] is larger than the number of normal vibrations
(3N — 6) and therefore the former cannot all be determined from the latter. One
way out of this difficulty is the investigation of isotopic molecules for which the
potential constants are the same (at least to a very high approximation) but the
frequencies different, thus supplying additional equations for the potential constants
(see section 6). Another way is to make certain more specific assumptions about
the forces in the molecules such that the number of force constants to be determined
is reduced.

The first such assumption that we shall have to discuss in more detail is the as-
sumption that only central forces act between the atoms in a molecule; that is, we assume
that the force acting on a given atom in a molecule i3 the resultant of the attractions and
repulsions by all the other atoms, and that these attractions and repulsions depend only
on the distances from these other atoms and lie in the lines connecting them with
the one considered. This is equivalent to assuming that the potential energy ¢s a
purely quadratic function of the changes Q; of the distances l; between the nuclet (the
central force coordinates) without any cross products:

2V = 3 anQ2. (11, 162)

The equivalence of the two assumptions is immediately seen if the derivatives of V,
which give the force components, are formed; for example,

Here 9Q.;/0x) vanishes for all but those Q; that involve the nucleus %, and for these
it is equal to cos (l;, z). Thus the contributions to the force F* on k have the
magnitudes a;;Q; and have the directions of the ;.

38 Even for diatomic molecules there are only two or three cases where the vibrational frequencies
have been predicted from theory-
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It is obvious that the assumption of the potential function (II, 162) leads to a
considerable simplification, particularly when in consequence of symmetry some of
the a;; are identical. Frequently the number of force constants under this assump-
tion is smaller than the number of normal frequencies. Therefore not all normal
frequencies need be known to evaluate the force constants and those not used may
be predicted or their assignment checked by the calculations.

e

Application to non-linear symmetric XY;. In the case of non-linear symmetrical
XY, molecules the assumption of central forces means that a;s, a3, and as; in the
previous equation (II, 97) are zero and we have, since as2 = ay,

2V = an(Q:® + Q5% + as:Q4; (11, 163)

that is, there are only two potential constants which are indeed overdetermined by
the three normal frequencies. Putting a;3 = 0 and a;3 = 0 in the previous more
general equations (II, 124-126) we obtain for the frequencies:

2
s = dntv = ( 14+ ™ gin? o )‘ﬂ (11, 164)
mx my

2
A+ Ae = 4n2(n2 4+ pp?) = 228 L ( 1+ —7:"—!0032 a ) (11, 165)
X

my | my
2

Ahs = 16miyi2yg? = (1 + ﬁ) cos? o 108 (11, 166)
mx my

These equations were first derived by Dennison (277). If the frequencies »;, v, vs
as well as the angle a are knowh one can determine ay; from (II, 164) and a3; from
either (II, 165) or (I, 166). The third equation may then be used as a check on the
consistency of the assumption of central forces.

In Table 37 are given for a number of triatomic molecules of the type XY: the
constants a;; and ass as determined from the observed frequencies by means of
(11, 164) and (11, 166) assuming the values of « given in the fifth column. These &
values have been obtained from the rotational structure of infrared bands (see Chapter
IV) or from electron diffraction measurements. Instead of the actual frequencies,
in Table 37 the wave numbers of the fundamental bands (see Chapter III) are given,
which in agreement with common practice are also denoted »y, v, »3.4% In substitut-
ing them into the equations (II, 164-166) the values given must therefore be multi-
plied by ¢ = 2.99776 X 10%°, If the »; are substituted in ¢cm™ and the masses in
atomic-weight units the »2 on the left side of these and similar equations have to
be multiplied, instead of by 472, by

4w c2M; = 5.8894 X 1072, (11, 167)

where M, is 5 of the mass of the O'® atom (= 1.6600 X 10~2¢ gm).40»

It is seen from Table 37 that, as was to be expected, the force constant as; for
the Y—Y “bond”’ comes out considerably smaller than the force constant a;; for the
X—Y bonds. Also in the case of the pairs H,O and D;0, H,S and D.S, HsSe and

4 In the nomenclature used for diatomic molecules they would have to be called AGy.
4» Compare the values of the fundamental constants in the appendix p. 538.
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D:Se, the force constants are nearly the same, as they should be for isotopic molecules
(see section 6).

The last two columns of Table 37 give the left- and right-hand sides of equation
(11, 165) multiplied by my. If there were actually central forces only, these two
columns should agree. It is seen that there is agreement within about 25 per cent.
While this agreement is not very good, one may say that at least very roughly the
forces between atoms may be considered as central. It is noteworthy that the
differences between the last two columns of Table 37 are all in the same direction.

TABLE 37. FORCE CONSTANTS OF NON-LINEAR XY2 MOLECULES A8 OBTAINED FROM THE

OBSERVED FREQUENCIES, ASSUMING CENTRAL FORCES. [REVISION AND EXTENSION
OF A SIMILAR TABLE BY PENNEY AND SUTHERLAND (692)].

Molecule |vi(em™)|v2 (cm™)|vz(em™)| 2a | an | ass 4::?;:;_}_,,22) 2a33 +au(1 +2;‘nm;Y' cos? a)
H,0 3652 1595 3756 105° |7.76 (1.85 9.44 11.82
D, (3% 2666 1179 2784 105° 17.94 [1.89 10.08 12.46
H.S 2611 1290 2684 92° |4.14 [0.940 5.04 6.15
D.S 1892 934 1999 92° |4.46 |0.908 5.28 6.54
H,Se 2260 1074 2350 90° ]3.24 [0.625 3.72 4.53
D»Se 1630 745 1696 90° |3.33 (0.594] 3.81 4.60
CH %% 2968 1444 3000 115° |4.77 |2.01 6.48 9.03
SO, 1151 524 1361 120° |9.97 (3.24 15.33 18.94
NO; 1320 648 1621 120°%%] 9,13 [4.34 20.40 23.02
F.0 830 490 1110 104° |5.57 (1.45 10.40 13.49
Cl,0 680 330 973 111° |4.93 [1.28 11.94 14.51

‘
X108 .
dynes/em X10% dynes/cm

One might be tempted, in cases in which the angle « is not known from other
data, to determine from the three equations (II, 164-166) not only the constants ay;
and as; but also the angle . However, if this is done for the examples of Table 37
no agreement with the known angles is obtained; in fact, in most cases imaginary
values for a result (sina > 1). While only slight adjustments of the frequencies
would be necessary to produce the correct values of e, it is obviously impossible to
use this method for a determination of a in other cases.

Linear triatomic and plane more-than-triatomic molecules. In the case of a
linear triatomic molecule (symmetric or non-symmetric), the assumption of central
forces would lead to the frequency zero for the perpendicular (degenerate) vibration
since in this vibration the distances of the atoms do not change except in higher
order; or, in other words if & = 90° is substituted in equations (II, 165 and 166)
thg observed non-zero frequency of the perpendicular vibration leads to an infinite

¥ Since the above table was calculated, Maxwell and Mosley (607) have obtained an angle of
130° = 2° from electron diffraction, while Harris and King (413) have obtained an angle of 154°
from the ultraviolet absorption spectrum.

e The frequencies given here are those available at the time this table was calculated. The
most recent values are given in Chapter I1I, section 3a.

3 The frequencies of CH; are those obtained by Sutherland and Dennison (828) from a study
of the frequencies of H3CO,
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value for azs. Hence the assumption of central forces cannot be made for linear
molecules and one would expect it to be a very poor approximation for very wide-
angled triatomic molecules.

Similarly, for plane molecules with more than three atoms such as H.CO, C,H,,
and others, the assumption of central forces would lead to zero frequencies for the
vibrations perpendicular to the plane.

e
Application to pyramidal XY; molecules. The assumption of central forces leads
again to reasonable results for non-planar four-atomic molecules such as the pyramidal
molecules XY; discussed previously. The potential energy in the latter case is

2V = a1(Q%2 + Qs + Q30) + 02(Q3s + Q 34+ Q30); (I1, 168)

the Qs are the changes of distance between atoms ¢ and &k (for the numbering of the
atoms see Fig. 58), a, is the force constant for the central force between atoms X
and Y, and a; is the force constant for the central force between two Y atoms. As
always for central forces there are no cross terms between different Q;; in V.
Expressing the Q;x in terms of the displacement coordinates z;, y;, 2; introduced

above (see Fig. 58), we obtain
Q12 = T18in B + 23 cos B + 2,
Qus = — a1sin B + 3V3y1sin B + 21 cos B + 2,
Qu= — 3z;8in8 — }\/gyl sin B + 21 cos B + 24,
Q23 = i\/gxz cos B — dys + 3$V32, sin B + 3V3z; cos B+ jys + %\/523 sin B,
Qa0 = 3V322 cos B + 3yz + 3 V322 sin B + 3V3z4 cos 8 — s + 3V32,5in 8,
Q34 = $V3z3cos B — 3ys + %\/gza sin B8 + %\/59:4 cos B + 3ys + %\/..;m sin 8.

Substituting the x;, y;, z; from (II, 156) into these equations but putting Sz = 0 and
S = 0 (since we know beforehand that the dependence on S3 and S4 will be the
same as that on S3, and S44), we obtain, in terms of symmetry coordinates,

Q12 = pSy — 882 — 2rS3s + sin BS4q,

Q13 = pSy — 88z + 1835 — % sin B84,

Q14 = pSy — 882 + 1835 — } sin BS4q,

Qs = V3sin 88 + V3 cos 8S: — 4 V3 sin BSs, + $V384a,
Qx4 = V3sin B8; + V3 cos 882 — 3V3 sin 883 + V354,
Qs = V3sin 88 + V3 cos S + V3 sin BS3, — V3Sia,

(11, 169)

where p, r, and s are given by (II, 158).
Substituting (II, 169) into (II, 168), we obtain for the potential constants ¢y in
the general equation (II, 153),
¢ = 3p*a; + 9a, sin? B, c12 = — 3psa; + 9a; sin B cos B,
¢22 = 38%a; + 9as cos? B, css = 6r2%a; + $as sin? B, (11, 170)
¢ = — 3rarsin B — §as8in B, ¢y = $a18in? B + §as.
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The other c;; are of course zero. We can now substitute these ¢;; and the d;; from
(I1, 157) into (1I, 155) in order to obtain expressions for the normal frequencies. We
obtain, for the two non-degenerate vibrations

)\1+)\2=41r2(v12+1122)=(l+3%cos’ﬁ)i—;+3%, ai, 171)
Mhe = 16mtnifve? = 3 ( 1+3 :—; ) cos? 5:;“%2 (11, 172)
and similarly for the degenerate vibrations,
)\a+>\4=47r2(l'32+!/42)=(1+g'::—:sinzﬁ)-$;+g%, (11, 173)
Aohs = 16miynd = 2(2 —sin? B + 37;”—}: sin? 8 ) %: (11, 174)

These solutions, although in a slightly different form, were first obtained by Den-
nison (277).

Since there are four frequencies and only two potential constants, one may use
(11, 171) and (II, 172) to determine the latter from the non-degenerate frequencies,
and use (II, 173) and (II, 174), that is, the degenerate frequencies, as a check on the
validity of the assumption of central forces, or vice versa. If the angle is not known
from other data one may also use three of the equations to determine the three
unknowns gy, az, and 8 and use the fourth equation as a check. For the calculation
of the angle B it is best to divide (I, 174) by (II, 172), since then the force constants
drop out. One obtains

1

3my - mx

cos? B = i (11, 175)

v 3my + mx

Table 38, which is similar to Table 37, gives for a number of XY;s molecules the
observed fundamental frequencies »;, v, v3, ¥4 (in em™1),2 the angle 8 as obtained
from other evidence [see Howard and Wilson (462)], the angle 8 as obtained from
(11, 175), the force constants a; and a; as obtained from equations (II, 173) and
(11, 174) (using the observed vs, v, and B values), and the frequencies v»; and »; as
calculated from equations (II, 171) and (II, 172) with the a; and a2 values obtained
from vs and »4. It is seen that with one exception the angles 8 calculated from the
observed frequencies according to (II, 175) agree within less than 15° with the ob-
served B values. The agreement of the observed and calculated », and »; is fair in
most cases although a few big discrepancies occur. It should be mentioned that if
ay and ag had been calculated from »; and v complex values would have been obtained
in fost cases. On account of the quadratic nature of the equations (II, 173) and
(11, 174), two sets of values for a; and as are obtained. Of these, that one has been
chosen for which a2 < a;. The fact that in most cases ag is much smaller than a;

1 The question which observed fundamentals are degenerate, that is, which are »; and »,, and
which not, will be taken up in more detail in Chapter III. Which non-degenerate vibration is called
¥1, which »3, and which degenerate vibration is called »;, which »4 is of course without influence on
the results. Within one species we shall in general designale the higher frequency by the lower subscript.
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is reasonable and corresponds to the fact that »; is much smaller than v3. On the
whole, one can say that the assumption of central forces is a better approximation
for pyramidal XY; molecules than for non-linear XY, molecules, even though it is
by no means entirely satisfactory.

It is interesting to apply the equations for the frequencies of the XY; molecule to the special
case in which X = Y, that is, a pyramidal molecule consisting of four equal atoms. Let us gagume
that in this case all atoms are in equivalent positions, that is, that they lie at the corners of a regular
tetrahedron. Such a case seems to be provided by the molecules P; and As, [see Chapter III,
p. 209]. In this case it is easily seen ¢ that sin 8 = 1/ \/3, and also that a; = a2 in (II, 168), since
there is no difference between X and Y. Substituting this and mx = my into (II, 171-174),
we obtain

No=—, A2 = A =—, N =—. (11, 176)
mx mx

Two of the frequencies one non-degenerate the other doubly degenerate coincide, thus giving rise to
a triply degenerate normal vibration. This is in agreement with what one would expect for a mole-

TABLE 38. FUNDAMENTAL FREQUENCIES, FORCE CONSTANTS, AND ANGLES FOR THE
PYRAMIDAL MOLECULES XY3, ASSUMING CENTRAL FORCES,*

Force constants |Frequencies »; and ve
from v3, ¥4, Bobsorved, from aj, as,
frmu(zzzge(gm“) and equations B({},,,,,,v,d, and equa~
Molecule Bobserved* |Bealculated (I1, 173) and tions (II, 171) and
(11, 174) (1, 172)
vif v | ova | ow | a; az v1 (em™) | ¥y (em™)
NH; [3337 |950%(3414 {1628 69° 73° 3.89 2.83 4473 859
ND, 2419 | 7494|2565 {1191 69° 72° 5.05 2.29 3133 679
PH, 2327 | 991482421 {1121 6204 63° 2.57 1.04 2991 784
PD,; 1694 | 7304 — | 806 62048 —_ -_— —_ —_ —_
PF, 890 [ 631 | 840 | 486 62° 56° 3.58 2.93 1045 380
PCl; 510 | 257 | 480 | 190 64° 51° 1.94 0.63 459 184
PBr; 380 (162 | 400 | 116 65° 55° 1.79 0.47 203 203
AsF, 707 341 | 644 | 274 60° 45° 3.23 0.88 723 240
AsCl, 410|193 | 370 | 159 59° 50° 1.73 0.51 404 154
SbCl; | 360|165 | 320 | 134 67° 45° 1.49 0.38 357 130
BiCl, 288 (130 | 242 | 96 57° 25° 0.94 0.20 270 90
X108 X108
dynes/cm| dynes/cm

# The angle a between any two X—X bonds is 60° and therefore according to footnote 44 the
above result follows.

4 For the frequencies of NH; and ND; see Table 72, p. 205. The frequencies of PH; and PDs
have been taken from Lee and Wu (572), those of the other molecules from Kohirausch (14).

# 8 is related to the angle a between each two X—Y bonds by sin 8 = (2/ \/3) sin «/2. The
values for the halides were obtained from the a values given by Howard and Wilson (462). Pauling
in his book (17) gives slightly different values based on more recent electron diffraction work. How-
ever it did not appear worth while to repeat the calculations embodied in the table with these new
B values.

4 Average of the doublets due to passage through potential barrier (see p. 2211.).

# Recently Stevenson (806), assuming a PH distance of 1.415 A (obtained from Pauling’s table
of covalent radii), has obtained a bond angle of 93° which corresponds to g = §7°,
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cule X, of symmetry T3 (see Table 36), and is independent of the assumption of central forces.
According to (II, 176), the ratio of the three frequencies, assuming central forces, should be

vitveive=2:V2:1. (11, 177)
For P, the observed ratio is 2.00 : 1.54 : 1.20.

Application to tetrahedral XY, molecules. For five-atomic XY, molecules in
which the X atom occupies the center and the Y atoms the corners of a tetrahedron,
the considerations are somewhat more complicated because the assumption of central
forces between each pair of atoms no longer leads to vanishing forces in the equilibrium
position. Whereas in the case of the molecule XY; in the equilibrium position the
angle will adjust itself in such a way that there is no force in the X—Y or Y—Y
direction, in the case of the tetrahedral XY, molecule the angle is fixed and the

y,C

F1a. 59. Displacement coordinates in tetrahedral XY,.—The Qi and r; are not the lengths
of the lines on which they are written but the changes of these lengths.

resultant force on a Y atom, for example, may be zero even though the forces between
the Y atom considered and the other atoms are not individually zero. For example,
a repulsion between the Y atoms could, in the equilibrium position, be balanced by
an attraction between X and Y.

The expression for the potential energy in such a case was first derived by Denni-
son (276). If we designate the relative displacements of the Y nuclei along the edges
of the tetrahedron by Qis, Qi3, Q1¢, Qa3, Qz4, Q34 (see Fig. 59) and the displacement
of the Y atoms relative to X by ry, o, 73, 74, then we have, in the case of small dis-
placements, for the magnitude of the forces acting on Y; due to Ys, Y3, and Yy,

Fyy, = a — k1Qua,
Fyy, = a — kiQus, (11, 178)

Fyy, = a — kiQu,
and for the force due to X,
FY,X = — b — kgry. (11, 179)
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Similar equations hold for the forces on Y, Y3, Ys. The force on X due to Y, is
of course equal and opposite to Fy,x. The constants a and b represent the constant
part of the force that does not vanish in the equilibrium position. We have chosen
a positive sign for a and a negative sign for b in (II, 178) and (II, 179) in order to
indicate repulsion and attraction respectively as the normally expected state of
affairs. In the equilibrium position (Q:x = 0 and r; = 0), the three forces a acting
on Y, must be in equilibrium with the force b, that is, .
3acos ¢ = b,
where ¢ is the angle between Y—Y and Y—X. This angle in a tetrahedron is
given by

sin ¢ = 343. (11, 180)
It thercfore follows that
b = Véa. (11, 181)

From (II, 178), (11, 179), and (II, 181), one obtains for the potential energy of
the XY, molecule, assuming central forces and small displacements,*

= —a(Qz + Qs+ -+ Qs) + \/Ea(h + re 4+ 73 + 14)
+ 31(Q% + QTs + - -+ Q34) + ¥ka(ri + 12 + 12 + 1), (11, 182)

In order to find the normal frequencies, one would have to transform to symmetry
coordinates (in terms of which the potential energy would again be a quadratic form),
set up the expression for the kinetic energy, and derive the secular equation. How-
ever, we shall give here only the results as obtained by Dennison (276), Jaumann
[see Schaefer (763)], and Radakovic [see Kohlrausch (13)]. There is one non-
degenerate vibration »; of species A1, one doubly degenerate vibration v, of species
E, and two triply degenerate vibrations »3 and v, of species F2 (see p. 140). One
obtains

PP T appr o L _ X
)\1—41'21'1—my+4my, )\z—4ﬂ'2vz—mY—my,

2k dmy + 3m 2(3mx + 16m
Az + A = 4An2(v + vd) = 'm—; :mxmy x 2 — ( 3xmme v)

2(dmy + mx)
3mxmy2

K; (11, 183)

A = 16rvyd = (kyky — 8kik' — 5kok! — 8k'%).

Here we have used, as an abbreviation,
a
K= i (11, 184)
where ! is the length of the edge of the tetrahedron in the equilibrium position. Thus
k'’ is of the dimension of a force constant, whereas a was not.*
While there are four frequencies, there are only three force constants ki, ks, &'

to determine. Thus again one of the equations may serve as a check on the assump-

4 1t is easy to verify this if it is remembered that Fy, y, = —

48 Our &’ is 1 of Dennison’s and Jaumann’s K’.

vV
1 X = —Br—l,andsoon.

av.
Q'
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tion of central forces. The force constant k; is most easily determined by the
following combination of the equations (II, 183):

4my + 3mx 2(3mx + 16my) 4(mx + 4my)
AL — A= —————————
3mx 3mx mxmy

As N — k. (11, 185)

k2 and %’ then follow immediately from the first two equations (II, 183) and the
fourth may serve as a check.

Table 39 gives the observed fundamental frequencies and the force constants
determined in the above described way for a number of tetrahedral five-atomic

TABLE 39. FUNDAMENTAL FREQUENCIES AND FORCE CONSTANTS OF TETRAHEDRAL
XY4 MOLECULES ASSUMING CENTRAL FORCES.

Observ;acd mfz::;i;xencxes Force constants Fom(‘!I:lIx' elqs\;z;.tlon
Molecule
v Ve va vy k1 k2 4 LH.S4% | RH.S.%
CH, 2914 | 1526 | 3020 | 1306 0.60 2.66 —0.788 5.42 14.27
CD, 2085 | 1054 | 2258 996 0.61 2.72 —0.708 1.75 2.94
SiH, 2187 | 978 | 2183 910 0.22 1.96 —0.348 1.37 2.61
NH, 80 3033 | 1685 | 3134 | 1397 0.71 2.62 —0.975 | 6.65 10.62
CF, 904 437 | 1265 630 1.58 2.81 —0.553 0.220 0.227
SiF, 800 260 | 1022 420 0.47 5.29 —0.288 0.064 0.072
CCl, 458 | 218 | 7768 314 0.79 1.24 —0.207 | 0.021 0.022
SiCly 424 150 | 608 221 0.36 2.33 —0.115 | 0.0063 0.0077
TiCl, 386 120 495 141 0.23 2.19 —-0.072 0'.0017 0.0029
GeCly 396 134 | 453 172 0.27 2.19 —0.104 | 0.0021 0.0029
SnCly 366 104 403 134 0.15 2.20 -0.076 0.0010 0.0024
CBry 267 123 | 672 183 0.56 1.11 —0.148 | 0.0052 0.0056
SiBry 249 90 | 487 137 0.29 1.76 —0.093 | 0.0016 0.0019
GeBry 234 78 328 111 0.22 1.72 —-0.070 0.00046 0.00060
SnBry 220 64 279 88 0.14 1.72 -—0.053 0.00021 0.00028
SO 981 | 451 | 1104 613 1.18 4.36 —0.739 | 0.159 0.093
Clo4~ 935 | 462 | 1102 628 1.05 4.05 —0.965 | 0.166 0.089
PO 980 |- 363 | 1082 515 0.90 5.44 —0.339 0.108 0.125
X 10% dynes/cm X10% dynes/cm

molecules. As was to be expected, ky is much smaller than k. in all cases, correspond-
ing to a much smaller resistance to deformation without change of the X—Y distance
than to stretching of the X—Y bond. In most cases k' comes out negative, which
means that, contrary to our expectation, in the equilibrium position there are (weak)
attractive forces between each pair of Y atoms balanced by repulsive forces between
X afl Y. The last two columns of Table 39 give the left- and right-hand sides of
the fourth equation (II, 183). It is seen that the agreement is fairly good for the

4 With a few exceptions the observed frequencies are taken from Kohlrausch (14). 7

4% Using atomic weights for the masses and 4x%c3;2M; = 5.8894 X 107%»,2 for \; (see p. 160).

5 The evidence that NH,* is tetrahedral is inconclusive [see Ananthakrishnan (47)].

5 This is the average of the two observed frequencies which correspond to a Fermi resonance
(see section 5).
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halides of C and Si but poor for the other molecules. Trumpy (873) has given a
method of obtaining a set of force constants k;, k2, &' which gives the best possible
representation of the observed four frequencies [see also Kohlrausch (13)]. The
force constants in Table 39 are not this best set. Rather they are evaluated in such
a way as to give a perfect representation of »1, vz, and vs* + »¢ but a poorer repre-
sentation of the individual »s and »,. N

We refrain from giving any further examples for the application of the assunfption
of central forces since in general the assumption of valence forces (see the following
subsection) has proved to be somewhat more satisfactory in representing the ob-
served fundamental frequencies. It has the added advantage of being applicable
also to linear and plane molecules.

(d) Assumption of valence forces

The assumption of valence forces was first made by Bjerrum (155) in 1914. He
assumed that there is a strong restoring force in the line of every valence bond if the
distance of the two atoms bound by this bond is changed. In addition he assumed
that there is a restoring force opposing a change of the angle between two valence bonds
connecting one atom with two others. As for the central force system, here likewise
often not all normal frequencies are necessary for a calculation of the force constants
and therefore a valuable check on the assignment of the frequencies is possible.

Application to non-linear symmetric XY,. In the case of the non-linear sym-
metric molecule XY, there is, according to the assumption of valence forces, a restor-
ing force between X and each Y as well as a force stabilizing the Y—X—Y angle.
The latter replaces the centtal force between the two Y atoms in the central force
system. Thus we have for the potential energy (neglecting higher powers),

2V = k(@ + Q2%) + ksd?, (11, 186)

where @, and @ as previously are the changes of the X—Y distances and where §
is the change of the angle 2« (Fig. 55a). It is assumed in the valence force field
that there are no cross terms in the potential energy if it is expressed in terms of the Q;
and 8. Qi, Q2, and & are also called valence force coordinates as contrasted to the cen-
tral force coordinates @1, Q2, and Q3 used previously.

We have now to express & in terms of the symmetry coordinates (Fig. 55a) just
as previously we expressed @1, @2, Q3 in terms of these coordinates. In the equilibrium
position we have

[SH I

cota = —,
where 2a and k are the base and the height of the triangle formed by the nuclei. In

the displaced position of the symmetry coordinate S; the angle a has changed to
a + 82/2 and we have, with (II, 121),

2
h—8 —Xg,

00t(a+'62—2)= p, mx =h_ap82;
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and therefore, for small displacements and with ¢ = Isin

S 52/2 S
cot oz+—E —cota=-—.2/ = - 232
2 sin? lsin &
or
2
62=—Bstina,

l

where [ is the equilibrium X—Y distance. Similarly §;, the change of 2« during the
displacement S;, comes out to be

2
6 = —l—Slcosa,

and therefore, since 83 does not produce any change of 2a (see Fig. 55a), the total
change & of 2a: when all oscillations are excited is

2p . 2
0=0 +06; = —l-stma - Z—Slcosa. (I1, 187)

Substituting (II, 187) and @; and Q: from (II, 122) into the expression (II, 186)
for the potential energy and comparing with (II, 109), one obtains for the potential
constants cik,

4
¢ = 2k, sin®a + = ks cos?a;
2

4
7 pksysinacos a; ¢ (11, 188)

¢12 = 2pk; sin @ cos o —

2 2 49’ ;2
co2 = 2p%; cos’a + T ks sin’a;
C3z = 21‘2’01.

The constants d;x of the kinetic energy are, as before, given by (II, 120). If these
dir as well as thé new c;: are substituted in (II, 115), (II, 117), and (II, 118), one
obtains for the normal frequencies:

2 k
As = dulvg = ( 14 —m'—”;Y sin? & ) m—i, (11, 189)
Y

A E N = 4nP(n? 4 vs)

2my 2 ks 2 2my . 2 ’.c_’.
=(1+——mxcos a)—-mY+——my(l+mxsma 7 (11,190)
¢ 2my k1 ks
Az = 16mn2v? = 2 ( 14 E)—WT\;I{ (11, 191)

It should be noted that k;/i? has the dimension of a force constant, dyne';s per centi-
meter, as has k1. Again, as in the case of the central force field, if »;, »;, v3 and the
angle o are known, the force constants k; and k;/I* may be obtained from the equa-
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tions (II, 189) and (II, 191),% and (II, 190) may then serve as a check on the con-
sistency of the assumption of valence forces.

Table 40 gives, for the same molecules as Table 37, the force constants &, and
ks/I? obtained in this way and the left- and right-hand sides of equation (II, 190)
multiplied by my. It is seen that the agreement between these two columns is

TABLE 40. FORCE CONSTANTS AND VALENCE ANGLES OF NON-LINEAR XY2 MOLECULES

OBTAINED UNDER THE ASSUMPTION OF VALENCE FORCES.® [REVISION AND e
EXTENSION OF A SIMILAR TABLE BY PENNEY AND SUTHERLAND (692)].5%4

my X[R.H.8. of 2a 2a
Molecule ka ke 4xtmy (n® +ra) (11, 190) ] Observed | Calculated
H,0 7.76 0.69 9.44 9.60 105° 120°
DsO 7.94 0.70 10.08 10.30 105° 113°
H,S 4.14 0.45 5.04 5.21 92° 156°
D,S 4.46 0.44 5.28 5.66 92° 159°
HsSe 3.24 0.31 3.72 3.91 90° imaginary
DsSe 3.33 0.30 3.81 4.02 90° imaginary
CHs 4.77 0.58 6.48 6.31 115° 98°
S0, 9.97 0.81 15.33 15.30 120° 120°
NO. 9.13 1.52 20.40 22.58 120°%® 119°
F:0 5.57 0.55 10.40 13.32 104° 87°
Cl.0 4.93 0.41 11.94 15.25 111° 81°
X 10°% dynes/cm X 10% dynes/cm

decidedly better than the agreement between the corresponding two columns of
Table 37. It is noteworthy that in all cases ks/I? is much smaller than k,, indicating
a much smaller resistance to the bending than to the stretching of the particular bond.

Instead of using equation (II, 190) as a check one may use it together with the
others in order to determine the angle 2a. By successive eliminations the following
equation for w = 1 4+ (2my/mx) sin® a is obtained:

P — (1 + 2&{)(”12 + v + Vaz)l'szw

mx 2,2
my 2my \ vit
+2{14+— )| 1+— - =0. (II, 192)
mx

V1°ve
2
mx V1°ve

The values of 2a calculated from this equation are given in the last column of Table
40 and compared to the observed angles given in the preceding column. While from
the central force system in almost all cases imaginary values for the angles result,
here with two exceptions (H,Se, D,Se) real values are obtained which except for
H;8 and D;S are fairly close to the observed angles. One may therefore, with some
reservation, even attempt to obtain this angle from the observed frequencies in
cases where it is not known from other data.

83 k5 itself can only be obtained when in addition the internuclear distance 7 is known, but usually
one is satisfied to determine k3/B.

8 The frequencies used are those given in Table 37. About the units see equation (II, 167) and
the accompanying discussion.

84 Qur k3 is one half of Penney and Sutherland’s kq.
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From the above it appears that the valence force field is much superior to the central
Sorce field in the case of XY; molecules. Conversely the former may be used with
greater confidence for the correlation of the observed frequencies to the three normal
vibrations of XY, molecules.

] o 0
f \/i\/
®) //j\\;, 3 ”=

] 0 (%}

NS NN

F1g. 60. Actual form of the normal vibrations of H,0, SO; and Cl.0.—The diagrams give the
correct relative amplitudes of the nuclei. The scale of amplitudes is much larger than the scale of
internuclear distances if the state » = 1 is considered. No attempt is made to have the same
scale in different diagrams, that is, the vibrations are not normalized.

In order to obtain the actual form of the normal vibrations v, and v, which are
not uniquely determined by symmetry, we have to superimpose the symmetry
coordinates S; and S: of Fig. 55a in the ratio (co2 — Aidaz) : — (21 — Nidz1) (see
p. 150), where A; = AjorA;. Substituting the ¢, and dyx from (11, 188) and (11, 120)
respectively, we obtain the ratio

' k
S1:8: = (2pk1 cos?a + 4p l—: sinfa — 2\;my ) :

15

where p = 1 4+ (2my/mx). The following numerical values result from this formula
and the data of Table 40.

k
—-2sinacosa(k1—2-£), (11, 193)

For H,0:
vi, S1:82=120:1; ve, S1:8:=—0875:1.
For S0,:
v, Sl . Sz = 1.40: 1; v, S1 H Sz = —134:1.
For Cl1,0: s
Vi, S1 ISz = — 1.025 : 1; Ve, Sl Sz = —488:1.

In Fig. 60 the superposition is shown for these three cases. The vibrations v are
also given to scale. Essentially the same form for »; and »s would have been obtained
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on the basis of the central force system, as can be seen from equation (II, 129) in
which ay = a3 = 0.

Fig. 60 gives only the correct relative amplitudes of the nuclei. Their absolute
values depend on the magnitude of the vibrational energy. Classically this vibra-
tional energy can assume any value, but it must be recalled that the whole theory
of normal vibrations holds only for displacements that are small compared to the
internuclear distances. In order to obtain the absolute values of the classical ampli-
tudes that would correspond to say the vibrational state with »; = 1 one would have
to equate the vibrational energy hcv;3 to the potential energy (II, 109) in which the
¢ from (II, 188), S; : S; from (IT, 193) and S; = 0 are substituted. In the three
examples of Fig. 60 only the H atoms of H,O would give amplitudes that could be
drawn on the same scale as the internuclear distances, for all other atoms they would
be too small.

Kohlrausch (14) has also given formulae corresponding to (II, 189-191) for the case in which
there is a valence bond between the two Y atoms in addition to those between X and Y, and conse-
quently another stretching and another bending constant; that is, when a term k2:Qs? + kj’ (5’2 + 6”2)
is added to the potential energy (II, 186); 6’ and §’”’ are the changes of the two X—Y—Y angles.
An example would be the ethylene oxide molecule (C2H4O) if the CH; groups are considered as one
particle each. A limiting case (X = Y) would be a molecule consisting of three equal atoms (or
groups) forming an equilateral triangle. A probable example is cyclopropane, (CH3)s. In this case
the formulae for the frequencies assume the simple form:

3k
M o= dadd =
m

A2 = A\ =4atv? = daty? = — (k1 + 3 - (11, 194)

Two of the frequencies coincide (see p. 85). These formulae could, of course, easily be obtained
directly by using the symmetry coordinates (normal coordinates) given in Fig. 32a.

Application to linear XY, molecules. A great advantage of the valence force field
is that it leads to reasonable results even for linear molecules. Unlike (II, 166),
equation (I, 191) does not contain the factor cos’a and therefore does not require
one of the two frequencies »; or »; to be equal to zero for & = 90°. One obtains in
this case for the frequencies of the three normal vibrations (see Fig. 25b) from
(11, 189-191)

k
A= drly? = — (11, 195)
my
2 2my ka
)\2 = 41r2y22 = ;Y- (1 4+ — ) D , (II, 196)
2 k
= dntg = (1 + ﬂ)—‘- (11, 197)
mx my

These formulae are, of course, identical with those obtained from the previous
general formulae (II, 152) if one puts

an = ki, a2 = 0, ass = ks.

In Table 41 are given the observed frequencies for the linear molecules CO; and
C8; and the values for k; and ks/P? derived from (II, 195~197). k; may be obtained
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from »; as well as from »3.
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The quality of the agreement between the two gives an

indication of the quality of the approximation supplied by the valence force field for
these molecules.

If it were not known that CO; and CS; are linear, one would obtain from (II, 192)
the angles 156° and 164° respectively.

TABLE 41. OBSERVED FUNDAMENTAL FREQUENCIES AND FORCE CONSTANTS
OF LINEAR S8YMMETRIC MOLECULES XY2.
Molecule v1 (cm™) v2 (cm™) vz (cm™?) k1 from v, k; from »s ks/
CO. 13375 667 2349 16.8 14.2 0.67
CS; 657 397 1523 8.1 6.9 0.234

X 10% dynes/cm

Application to linear XYZ molecules. In the case of an unsymmetric linear
triatomic molecule (XYZ) such as HCN, CICN, N0, there are two different force
constants ky and k2 corresponding to the stretching of the two different bonds (H—C
and C=N for HCN) as well as one constant ks corresponding to the bending of the
molecule. A calculation similar to the one described above for non-linear symmetric
molecules leads to the following formulae for the frequencies [see Lechner (562),
Bauermeister and Weizel (129), and Rosenthal (749)7:

1 1 1 1
M+ A =472+ vdh) = kl('— + —) + ko (‘— + ‘—) , (I, 198)
mx my my mz
Az = 167in2rg = w kike, (11, 199)
mxmymz
1 I 12 l 1)?
M=wﬁ:_(;+L+Qiik& (11, 200)
Wi \mz = mx my

Here I, and Iz are the distances of X and Z respectively from Y. In order to evaluate
the three force constants all three frequencies are necessary and no check is possible.
The bending constant ks can be evaluated only when the internuclear distances
are known.

Table 42 gives for a number of such linear unsymmetrical molecules the observed
frequencies and the force constants calculated from them according to (II, 198-200),
assuming the internuclear distances given in the columns headed !; and I3, which are
obtained from other data. In agreement with expectation, ks/(lil2) is always much
smafler than either k; or ks, indicating a much smaller resistance to bending than
to stretching.

Fig. 61 gives as an example the form of the normal vibrations for HCN and CICN.
It should be noted that the two outer atoms oscillate in opposite directions for the

5 This is the average of the two observed frequencies which are due to Fermi resonance
(see p. 217).
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lower frequency v; and in the same direction for the higher frequency »s. The direc-
tion of motion of the central atom in »; is opposite in the two cases because of the
difference in the ratio of the masses. Correspondingly in HCN it is »; in which
mainly the C—N bond is stretched, in CICN it is vs.

TABLE 42. FUNDAMENTAL FREQUENCIES AND FORCE CONSTANTS OF LINEAR UNSYMMETRIC

MOLECULES, AFTER PENNEY AND SUTHERLAND (692).%% e
Molecule 1 3% 147 V3 l; 123 ky ke ks/lllz kj
HCN 2089 | 712 | 3312 1.06 1.15 5.8 17.9 0.20 0.25
CICN 729 397 2201 1.76 1.15 5.2 16.7 0.20 0.40
BrCN 580 368 2187 1.93 1.15 4.2 16.9 0.17 0.37
ICN 470 321 2158 2.12 1.15 3.0 16.7 0.12 0.30
SCN- 750 | 398 | 2066 1.54 1.15 5.4 144 0.20 0.36
SCO 859 527 2079 1.54 1.16 8.0 14.2 0.37 0.66
NNO% | 1285 589 2224 1.15 1.23 14.6 13.7 0.49 0.69
X101t
em™! X1078 em X 10% dynes/cm dynes * cm
radian
v' O O- Vl «—O— T ——"
H C N Cl C N
i ‘ |
" N ¢ )
H C N Cl C N
V3 - -0- 2 © V3 - O—————4—0

(@) (b)

Fra. 61. Actual form of the normal vibrations of (a) HCN and (b) CICN.—See caption of
Fig. 60. Some displacements are so small compared to the others that the corresponding arrows
fall within the circle representing the particular nucleus.

The numbering of the vibrations used in Table 42 and Fig. 61 is the one used by
most authors. For various reasons it was not changed to a numbering consistent
with our usual scheme (see p. 271).

Application to non-linear XYZ molecules. Lechner (562) and Cross and Van Vleck (250) have
also calculated the frequencies for an unsymmetrical non-linear triatomic molecule under the as-
sumption of valence forces [see also Wilson (940)]. We refrain from giving their formulae [ese

85 The equations (II, 198~199) lead to complex values for k; and ks in this case. The values
given have been obtained by a slight adjustment of the observed frequencies.

8a Qur k3 is one fourth of Penney and Sutherland’s k4 even though their k&, is defined in the same
way as our k3. This appears to be due to an error in their paper.



I1, 4 DETERMINATION OF NORMAL VIBRATIONS 175

Kohlrausch (14) ] but give in Fig. 62 the normal modes of ethyl chloride (C2H;Cl) as calculated by
Cross and Van Vleck considering the CH; and CH; groups as mass points, that is, the C;H;Cl as
a three-particle system.

CH, a Ch Cl cl
% Y Ys

Fig. 62. Actual form of normal vibrations of C;H;Cl considered as a three-particle system
[after Cross and Van Vleck (250) .

Application to pyramidal XY; molecules. In the valence force treatment of
pyramidal XY3 molecules, instead of assuming a central force between each pair of
Y atoms we now assume a force that tends to restore the angle o between each pair
of XY bonds. Thus the potential energy is

2V = ki (Qf: + QIs + Qis) + ks(53s + 834 + 834), (11, 201)

where, as in the central-force treatment, Q1s, Q13, and Q4 are the changes of the XY
distances and where the 8., are the changes of the angles between the lines XY;
and XY. ki and k; are the force constants.

We have now to express the Qi and é;; in terms of the symmetry coordinates
introduced previously. For the Q;; the previous formulae (II, 169) hold. A calcula-
tion similar to the one given above for the XY, molecule leads to the following
expressions for the 6,:

\/5 cos B 8 \/5(21' — 1) cos B

bzg = do4 = — cos a/2 1 ! lcos /2 2

3 l/_g my sin’8 \/5(1 + cos?B)

4 1 mxcos a2 4lcosa/2 '@

(11, 202)

5 \/gcosﬁgs \[§(2r—1)cosﬂs '
3 ~ cos a2 1 ! l cos a/2 2

3 _\/_5 my sin%@ \/g(l + cos?B)

2 1 mxcosa/2"® 2lcosa/2

Heree and s are given by (II, 158), ! is the equilibrium distance between X and Y,
a is the equilibrium angle between two XY bonds, and 8 is the equilibrium angle
between an X—Y bond and the axis of symmetry of the molecule fsin 8 =
(2/V3) sin a/2].

Substituting the Qi from (II, 169) and the 6, from (II, 202) into the expression
(I, 201) for the potential energy, and comparing with (II, 153), the following
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formulae for the potential constants ¢, are obtained:

9 cos?B §?
cu = 37 + costa/2 27
- _ 3pk 9 cos?B (2r — 1)s
Gz = = opsh cos’a/2 2 b

9 cos’8 (2r — 1)’ 1)2

cos’a/2 e

81 my sm‘ﬁ k.s

8 mx? cos?a/2 B

27 my (1 + cos?) sin’g ks

c2 = 38%ky + —5—
(11, 203)

css = 6%k + ——;

cu = = 3rkisin f + 7 8 mx cos’a/2 B’
9 (1 4 cos?B)? ks
Cyy = %kl Sln2 ﬁ + o 0032(1/2 l«z

The terms depending on k; in these equations are, of course, the same as those with
a; in the previous equations (II, 170) based on the central force field.

If now the ¢ of (I1, 203) and the d;x, of (I, 157) are substituted into the factored
secular equation (II, 165), the following equations for the normal frequencies are
obtained [noting that cos? @/2 = 1(1 + 3 cos? 8)]:

k
>\,+x2=(1+3ﬂcos2ﬂ)—i
mx my
my ., 12 cos? B ks
+(1 +3mxsm B)_—(1+3cos2ﬁ)~_myl2’ (11, 204)
12 cos? 8 my ki ks
>\1)\2~1+30082ﬁ( mx+1)my2' 7 (11, 205)
dmy g )R
)\3+)\4—-(1+2mxsm ﬁ)my
3
3(1+cos23+§'—7:1sin4ﬁ)
X s
+ 1+ 3cos?B myl’ (11, 206)
3(1+cos23+3;nnlsinzﬁ)k 5
X 1 ks
Ashg = 1T 30028 N (11, 207)

These equations were first derived by Lechner (563). If all four frequencies are
observed we have thus four equations for the two unknown force constants &; and
ks/B, just as in the case of the assumption of central forces

In Table 43 are given for the same molecules as in Table 38 the force constants
k1 and ks/P, first as evaluated from v, and »; [equations (II, 204 and 205)] and then
as evaluated from »3 and v, [equations (II, 206 and 207)]. It is seen that the
agreement between the two sets of values is quite satisfactory, showing that the
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assumption of valence forces is a fairly good approximation for the pyramidal XY;
molecules. As in previous cases ks/I* is small compared to k; in all cases, in agree-
ment with expectation.

If the angle 8 is not known, instead of using the equations (II, 206) and (II, 207)
as a check on (II, 204) and (11, 205) one may use (II, 204) and (II, 206) to determine

TABLE 43. FORCE CONSTANTS (IN 10° DYNES/CM) FOR THE PYRAMIDAL XY3
MOLECULES ASSUMING VALENCE FORCES.%

From »; and »; From »3 and vy From »,, v2, v3, v4 according to (II, 248)
Molecule

k1 ks/2 k1 ks/? k1 ks/P kY ky' /2
NH; 6.42 0.41 6.32 0.61 6.35 0.54 +0.03 —-0.07
ND; 6.58 0.44 6.48 0.62 6.51 0.56 +0.03 —0.06

PH; 3.09 0.33 3.32 0.33 3.24 0.33 -0.07 0

PDs 3.16 0.35 — _ —_ —_ —_— —_
PF; 5.38 1.15 4.20 1.04 4.59 1.07 +0.39 +0.04
PCl; 2.66 0.43 1.85 0.26 2.12 0.32 +0.27 +40.06
PBr; 1.69 0.41 1.60 0.20 1.63 0.27 +0.03 +0.07
AsFs 4.61 0.52 3.58 0.35 3.92 041 +0.34 +0.06
AsCl; 2.42 0.26 1.84 0.21 2.03 0.23 +0.19 +0.02
SbCl; 2.10 0.21 1.62 0.16 1.78 0.18 +0.16 +0.02
BiCl; 1.49 0.14 1.03 0.09 1.19 0.10 +0.15 +0.02

B. It is easily seen that the formula for 8 thus obtained is identical with (11, 175)
which was derived on the basis of the assumption of central forces.

If the actual form of the normal vibrations is calculated according to the previous
general equations (I, 159) one obtains for example for NHs and ND; the result that
the symmetry coordinates of Fig. 58 have to be superimposed in the following ratios
in order to obtain the normal coordinates:

NH; NDs
vy, S1:8:=1:—0.0066 1:-0.0135
v, S1:8:=1: 198 1: 254
vs, S3:8;=1: 0.027 1: 0.061
Vs, Ss:8,=1: 2.54 1: 281,

For ND; these normal vibrations are the ones represented in the previous Fig. 45.
It is seen from the above ratios, as well as by comparing Fig. 58 with Fig. 45, that
the symmetry coordinates introduced above are fairly close to the normal coordinates.
This is also the reason why these symmetry coordinates were chosen in preference
to simpler ones (see p. 155).

Application to plane XY; molecules. If we were to apply the equations (I1, 204-
207y to a plane symmetrical molecule XY3 (point group Dj3;), we would obtain
Aihz = O since cos 8 = 0; that is, one of the normal frequencies would be zero. This
is obviously the vibration perpendicular to the plane of the molecule (see Fig. 63),
since for such a vibration the XY distance and the YXY angles change only in higher
order, so that in the present approximation the potential energy (II, 201) would not

® For the fundamental frequencies and the values of the angles assumed, see Table 38, p. 164.
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change. In order to obtain a non-zero frequency for this vibration one has to intro-
duce an additional restoring force that tends to bring the angle between X—Y and
the plane back to zero. The addition of such a force is in conformity with the general
assumption of valence forces. The potential energy then is

2V = ki(Q}: + Q¥: + QL) + ks(83s + 834 + 834) + ka(Al: + Az + AL, (11, 208)

where Ajg, A3, Ay are the deviations of the lines XY from the Y3 plane.

We can choose the same symmetry coordinates as for the pyramidal mofecules
(Fig. 58) except that now 8 = 90° and consequently S; and S; are of different species
(A1 and A respectively; see Table 22). While the relations for the Qix and &,
remain the same as before, we have for the Ay

Ay = Ay = Ay = (3—7"}E +1 )§‘2 (11, 209)

mx l
Substituting this and the previous relations (II, 169) and (II, 202) for the Q. and
8:x into (II, 208), we obtain the same potential constants c;; as before [equations
(I1, 203) ], except that for cz2 the expression 3[ (3my/mx) + 171? ka/? has to be added
and, of course, everywhere 8 = 90° has to be substituted. It should be noted that
in consequence of the latter substitution we have ¢;2 = 0, as it should be since S,

TABLE 44. FUNDAMENTAL FREQUENCIES AND FORCE CONSTANTS OF PLANE
SYMMETRICAL XY3 MOLECULES 57 ASSUMING VALENCE FORCES.

Molecule v V2 v3 Ve ky ks/® | kall? A3+ 8 R.H.S. of (II, 211)88
BUF; 888 | 691 1446 | 480 8.83 | 0.37 | 0.87 1.37 1.88
BUCl, 471 | 462 958 | 243 4.63 ] 0.16 | 0.42 0.58 0.84
B!'Br; 279 | 372 806 151 3.66( 0.13 | 0.29 0.40 0.55
CO;~ 1063 879 1415 680 | 10.65| 0.51 1.46 1.45 2.29
NO;~ 1050 | 831 1390 | 720 | 10.39| 0.64 | 1.47 1.44 2.09
SO; 1069 | 652 | 1330 | 532 | 10.77 | 0.46 | 1.60 1.21 1.33
cm™ X10% dynes/cm X 10% dynes/cm

and S; now belong to a different symmetry type (see p. 147). Because of this we
have simply A1 = ¢11/dy and Ao = c90/d2s, and thus, using the d; of (II, 157) with
B = 90° we obtain for the frequencies the simple formulae

k 3 k
A= —, >‘,=(1+—’1’—3’—)—‘-‘—, (11, 210)
my mx mle
3 my k1 3ks
xa+x‘—(l+21nx)(my+myl2)’ (11, 211)
3 ke k
m4=3(1 +—;n'—"f)m—:{,l—; (11, 212)

¥ For the sources of the BF; frequencies see Chapter III. The frequencies of BCl; and BBry
were taken from Anderson, Lasettre, and Yost (52) and those of CO3~~ and NO;~ from Kujumazelis
(645), Schaefer, Bormuth, and Matossi (765), and Schaefer and Bormuth (764), those of SOs from
Gerding and Lecomte (348).

58 Here \; is taken as 4x°c2M1v® = 5.8894 X 10722 (see p. 160) and correspondingly the masses
at the right of equation (II, 211) are taken in atomic weight units.
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where the last two equations are obtained from (II, 206) and (II, 207) by substituting
B = 0 since (II, 209) does not contain S; and S;. As would be expected, according
to (II, 210), »; depends on k; only, vz on ka only.

In Table 44 are given the frequencies of a number of plane symmetrical XY; molecules and the
force constants determined from (II, 210) and (II, 212). The last two columns give the left and
right hand side of equation (II, 211) as evaluated with the k; and ks/2 values given. The agreement
is fair, but there is a systematic difference. In Fig. 63 as an example the actual form of the normal
vibrations of BFj is represented.

Fi1a. 63. Actual form of the normal vibrations of the BF; molecule.—See caption of Fig. 60.
The forms for vs3 and »4 have been calculated from force constants ky = 5.45 and k2 = 0.60 X 10°
dynes/cm. obtained from the observed frequencies »3 and »; according to (II, 211) and (II, 212) and
not the k; and k2 values in Table 44 which are obtained from (II, 210) and (II, 212).

Application to plane XYZ; molecules. For the plane XYZ; molecules, of which formaldehyde
(H2CO) and phosgene (Cl:CO) are well-known examples, there are six non-degenerate vibrations,
five of which are in the plane of the molecule (see Fig. 24a-f). The potential energy, under the
assumption of valence forces, is

2V = k@i + ka(@a + Qh) + kadly + RSy + 80 +Radt, (L 213

where the nuclei are numbered as indicated in Fig. 24a. The force constants k; and k; represent
the resistance to stretching of the X—Y and Y—Z bonds respectively, ks refers to the change of the
angle 823 between the two Y—Z bonds, k3’ to the change (824 or 83) of the angle between the Y—X
and a Y—Z bond and ka to the change A of the angle between X-—Y and the plane of YZs. The
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Q;: have the same meaning as for pyramidal XY3 above. A calculation very similar to those carried
out above leads to the following results [see Lechner (563), Kohlrausch (14), and Burkard (185)
for the oscillations in the plane of the molecule and Fig. 24a-f for the numbering of the oscillations J:

1 1 1 2
x1+xz+xa=kl(—+——) +kz(-—+——c05’a)
mx my mz my

4 2
+ w (__1_ + = gin? a) ., (I, 214)
Ig? mz my -
1 1 ’
Mz + Mg + Nids = Kike ( cos? cx)
mxmz mymsz mxmy
ki 4 1 2
tr e th ( ! + sin? a) (I, 215)
12 mxmg mymz mXmy
oks + ks’ [ 1 2
L el (—— + ) ,
12 mz? = mymz
ks + k' (1 1 2
Nk = kil 2T ( + + ). a1, 216)
12 mxmz?  mymz?  mxmymgz
1 2 ks’ 212 2 2(1 l 2
)“+)\5=k2(—+——sinza)+——-6—-(-—E-+LI—+M), (11'217)
mz my W2 \mx myg my
ks’ 212 3 2002 + 12 412
Ane =y (B W 20 A D Ahbeose | AW 5L LY, ar 219
L2\ mxmz = mz? mymyg mymy mx?
ka 12 l2costa (I + U2 cos )?
N = ——7——( — . 11, 219
o 1212 cos? a \ 2myz + mx + my ) ( )

Application to linear symmetric X,Y; molecules. The potential energy of a linear symmetric
X,Y; molecule on the assumption of valence forces is given by

2V = £,Q%; + ko (QTz + @30 + ks (815 + 8. (11, 220)
Here k; is the force constant of the X—X bond, k2 that of the X—Y bond, and k;j that corresponding
to the change of angle between X—X and X—Y. The numbering of the nuclei is as indicated in Fig.

TABLE 45. FUNDAMENTAL FREQUENCIES % AND FORCE CONSTANTS OF LINEAR
SYMMETRIC X2Y2 MOLECULES ASSUMING VALENCE FORCES.

k kiks %)
Molecule | »1 | wa | wa | wa | ws | W | Lo | k1 | ke BN 222 vgcaleulated
Ll mxmy
C,H, [3374 (1974|3287 | 612 | 729 | 1.20 | 1.06 {15.80| 5.92{0.120] 15.39 | 15.46 500
C.D; |2700 |1762 {2427 | 505 | 539 | 1.20 | 1.06 |15.90] 5.99|0.116| 7.85 7.87 360
C,Ns [2322| 842 {2149 | 506 | 226 | 1.46 | 1.15| 5.22(17.60|0.195] 1.32 1.09 254
cm™! X1078 cm| X 10° dynes/em [X 10 (dynes/cm)? cm™!

64b. The Q;x are defined as before; 8,3 is the deviation of the angle between 1-2 and 2-3 from 180°
and 82, the corresponding deviation for 2-3—4. Since there is only one each of the vibrations of
species Z,*, II,, and I1, (see Table 36), there is for them only one possible choice of symmetry coordi-
nates which are identical with the normal coordinates in Fig. 64a (see p. 150). Possible symmetry
coordinates S; and Sz for the two totally symmetric vibrations are given in Fig. 64b.

8 On p. 178.
% For a more detailed discussion of the observations see Chapter III.
% m in atomic-weight units.
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It is very easy in this case to find the relation between the coordinates Q;r and &;x and the sym-
metry coordinates, and to set up the secular equation. We give only the results for the normal
frequencies :

N C C N s
k k Y €0———— G O—————O=p
xl+x==2—‘+(1+ﬂf)—’,(n.22n : %
mx mx ] my
NAz =2 B f , (11, 222)
m
X my Vv 4.0——40———0»—————0-»2:
)\,=(1 +’—"X)ﬁ, (11, 223)
mx ) my
ks 12 (4 2D)°
=2 | TV (224 OO O———— O 3+
A 1212 [mY + mx ] ( ) Vs >M
my ks (a)
N1+ =)= (11, 225)
mx ) myls? J
In Table 45 are given the observed funda- U‘sf o AH,

mental frequencies of the three linear molecules
C3H3, C3Dg, and C:N32, and the force constants
ki, ks, ks/lila for these molecules as obtained
from (I1, 221), (II, 223), and (11, 224), assum- uA
ing the internuclear distances given. The last
three columns give the left- and right-hand
gides of (II, 222) and the value of vs as calcu-
lated from (II, 225), assuming the ks/lilz ob-
tained from »4. It is seen that for the acety-
lenes equation (II, 222) is quite well fulfilled ¥
but the calculated values of »s are in very S o————<¢0o——o0»—0

)

-«
.3

poor agreement with the observed, while for (®) 1 Ly 2 L . lp 4
cyanogen (II, 222) is poorly fulfilled but the
agreement for v; is fairly good. .

Sy w0 —O— OO~

The form of the normal vibrations vy and ve

which is not determined by symmetry can be Fia. 64. Normal coordinates and symmetry
obtained in the same way as described earlier  coordinates of linear symmetric X;Y;.—The nor-
for non-linear XY (see p. 171). Theresult for mal vibrations in (a) are drawn to scale for
C:N; isillustrated in Fig. 64a, in which alsothe C2:N2 (see Table 45). The two displacement

other three normal vibrations are drawn to vectors of X in vs and »s are my/mx times the
scale for this case. It is seen that v is essen- ~ displacement vectors of Y, those of X in »¢ are

) P . . my/mx[2(l2/li) + 1] times those of Y. In (b)

t’.a lly a G—C vibration whereas »; is a C—N two convenient symmetry coordinates of species
vibration. Z,* are shown. The symmetry coordinates for
the other species are identical with the normal
Application to tetrahedral XY, mole~ coordinates in (a).

cules. The potential energy of tetra-
hedral XY molecules on the assumption of valence forces is given by

2V = k(r 4 r + r& + 1) + k(632 + 815 + 8% + 035 + 634 + 830), (II, 226)

whete the force constant k corresponds to the change of length r; of the XY bond
and k; corresponds to the change 6;x of the angle YXY. Unlike the case of central
forces, here all individual forces are zero in the equilibrium position. Cerrespond-
ingly there are only two rather than three force constants. Introduction of sym-
metry coordinates and setting up of the secular equation leads to the following
equations for the four fundamental frequencies [Lechner (564) quoted by
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Kohlrausch (14)]:

AL

Az

A+ M

Ashy

_ 2kks (1
T omy?l

VIBRATIONS

my !
3ks

myl?’

k(
—11
my

dmy 2ks
+ 3mx) myF( 1+

+4_mz).
mx

8my

3mx

II, 4

(11, 227)
(11, 228)
(11, 2%9)

(11, 230)

Here ! is the XY distance, »; = \/)\_1/21 is the totally symmetric non-degenerate
oscillation (see Fig. 51), vz is the doubly degenerate vibration, and »3 and »4 are the
triply degenerate vibrations.

Since there are only two potential constants but four equations for the frequencies,
k and k;s/l1? are most easily determined from A; and As.

there will be two checks.

Substituting into the equations for A3 + A4 and Ag\s, we obtain

4m m
>\3+>\4=x1(1+—’5)+%>\2(1+8—3 (11, 231)
3mx 3mx
1 212 2 47ny
- 3( Lt ) (11, 232)
TABLE 46, FORCE CONSTANTS OF TETRAHEDRAL MOLECULES XY4 ON THE
ASSUMPTION OF VALENCE FORCES.
ks Vavy 2 4amy
Molecule| % % MAAS | RES. (I 231) id \z (1 +——)
l’ vive 3 mx

CH, 5.04 0.461 6.38 6.69 0.89 0.94
CD, 5.16 0.439 3.59 3.76 1.02 1.06
SiH, 2.84 | 0.189 3.29 3.36 0.93 0.87
NH,* 5.46 0.5662 6.93 7.27 0.86 0.93
CF. 9.14 | 0713 1.18 1.89 2.02 2.21
SiF, 7.16 | 0.252 0.72 0.79 2.06 1.57
ccl, 438 | 0331 0.41 0.78 2.44 2.92
8iCl, 375 | 0.157 0.25 0.32 2.11 2.01
TiCl, 3.11 0.100 0.156 0.191 1.61 1.63
GeCl, | 327 | 0125 0.138 0.169 147 1.40
snCl, | 280 | 0.075 0.106 0.118 1.42 1.21
CBr, 3.36 | 0.237 0.29 0.53 3.74 429
SiBr, 2.92 0.127 0.151 0.20 2.98 2.87
GeBr | 258 | 0.005 0.071 0.089 1.99 1.90
SnBr¢ 2.28 0.064 0.050 0.059 1.74 1.57
80— | 9.07 | 0.639 0.94 1.13 1.53 141
clo- | 824 | o670 0.95 1.01 1.60 1.37
PO~ 9.056 0.414 0.85 1.08 1.57 1.43

X10° dynes/cm

X10% dynes/cm

% On p. 178.
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Table 46 gives for the same molecules as in Table 39 the force constants k£ and
ks/2 and the left- and right-hand sides of equations (II, 231) and (II, 232). The
agreement is good for the hydrides but very poor for CF4, CCl, and CBr, and fair
for the other molecules given. On the whole, the consistency for the valence force
system in the case of tetrahedral molecules is at least as good as for the central
force system (Table 39), even though the former uses only two adjustable force
constants as compared to three for the latter. But a refinement of the valence force
field (see below) leads to a still better agreement.

Application to plane X;Y, (point group V4). For ethylene-like molecules X;Y with bonds be-
tween X—X and X—Y, the potential energy, under the assumption of valence forces, is given by

2V = k@3 + k2@ + Q35 + Qs + Q%o + ka(81y + 550
4 kg (83, + 03¢ + 825 + 83¢) + ka(Bh, + Ble) + kyy® (1L, 233)

#Here the Qix, as previously, are the changes of the distances between nuclei ¢ and & (with the number-
ing used in Fig. 57), 8, are the changes of the valence angles involving nucleus ¢ and %, B12 and Bss
are the angles between the XY; planes and the XX axis, and v is the angle of torsion of the two XY,
about the XX axis. ki1 and k; are the stretching force constants of the X—X and X—Y bonds re-
spectively, ks and k3’ are the bending force constants corresponding to the Y—X—Y and Y—X—X
angles respectively, kg is the force constant corresponding to the bending of the plane of the mole-
cule and ky is the torsional force constant.

If the Qix, .k, Bk, and v are expressed in terms of the symmetry coordinates of Fig. 57, the
potential constants ¢,k in (II, 131) can be obtained. Substituting these and the d,x from (1I, 142)
into (II, 133), one finds for the three vibrations of species A4,:

2k k 2 ks’ + 2k 2:
)\,+)\2+)‘3=1_n_1+_’_(1+ MY o a +_".i'__.“(1+_'."Xs;nza)'
X

my mx my - l? mx
2k\k ko(ks’ + 2k 2 2ky(ks’ + 2k,
At + Aks + Ahg = ke a4 ")(1+—m—Y) o’ + 28) (11, 234)
mxmy my2lp? mx mxmylg® !
2k1ko(ks’ + 2k
— 2(ks’ + 2ks) |
mxmy?l?
Similarly, from (II, 134) one obtains for the vibration of species A, (torsional oscillation):
1 Ry
M= 1
47 bin? o myld @, 235)
From (II, 135) one obtains for the two vibrations of species Bi,:
k 2 ks’ 2 l 2
Ns + e = = (1 +-—"£sin’a) + s [1 +_ﬂ(2_§ —cosa) )
my mx myls? mx I I1. 236
VLU R0  (PRDR. PO+ o
she = my’lz’[ mx ( e ll’)]

From (II, 136) and (II, 137) one obtains for the vibrations of species By and Bz,:

1 kg 2my
o — h,(1 +———). a1, 237)

mx
1 kru | (ht2hcosa)
¢ M = cos? a [j¥l? [mY mx ] (1, 238)
From (II, 138) one obtains for the two vibrations of species Bay:
2 ks’ 2 !
N+ A = 22 (1 +—'1‘-'sin'a) +—3—(1 + X costa ),
my mx mylg mx
(I1, 239)

kaky' 2my
Aorgo = —— (1 —_—)
910 my’lg’( + mx )
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And finally, from (II, 139), for the two vibrations of species Bj,:
ks k !+ 2k 2m
)\n+)\m=—(1+——cos’ &+ "(1+ Ysm’a),
my myla? mx
k (k + 2ks) 2 (IT, 240)
m
Ahi = — s — 6 ( + Y)
Y22
- ‘.
TABLE 47. OBSERVED FUNDAMENTAL FREQUENCIES 8! AND FORCE CONBTANTS
OF PLANE SYMMETRIC X2Y{ MOLECULES.
C.H, C2Dy C2Cly N204
vi(ay) 3019 2251 1571 1360
va(ay) 1623 1516 447 813
vi(a,) 1342 981 237 283
va(ay) 825 —_ _ —
vs(b1g) 32728 2304 1000 1724
ve(b1g) 1050 883 347 500 em™!
v7(b1u) 949 720 3327 680
va(bag) 943 780 512 —_—
vo(bay) 3106 2345 913 1749
v1o(b2u) 995 — — 380
v11(bsu) 2990 2200 782 1265
v12(b3u) 1444 1078 387? 752
A +N2 423 —=A1 —Np2 58 1.50 1.37 1.16 0.25
2: Aok 58
(1 —'"l)ﬁl—’ 1.60 1.56 1.24 0.21
Aidiez
2 A2k 58
ka =ﬂ( 2my) Mdads 9.57 9.39 7.47 1.47
2 Az *
ke ® 5.08 5.27 321 | 11.06 X1
¥ dynes/cm
= 0260 | 0.338 0.623
1t
k;’ [
- 0.567 0.448 0.108
lz’
—l;’ (from »y) 0.229 0.231 1.67 0.663
Ky
- .303
I 03
% On p. 178.

8 For a more detailed discussion of the vibrational assignments for CsH, C;Dq, and CiCly, see
Chapter III, section 3d. The assignments for N2Oy are those of Sutherland (822).
1 If for vs instead of 3272 the value 3075 cm™ is used (as is done by several investigators), and
ky’[la? calculated, a much better agreement with the k3’/ls? value derived from ve and »10 is obtained.
However, this does not seem to be sufficient reason to change the assignment (see Chapter III,

section 3d).

8 For C.H,, C;Dy, and C;Cl; from »1; and »13, for N3O, from vy and 0.
adjustment of »1; and »12 was necessary in order to prevent k; from becoming complex.

For C;Cl; a slight

For CzH‘

the ks value obtained from » and »10 agrees exactly with that obtained from »1; and »ja.
® For C.H, and C:D; from »11, v12 and kg, for N2Oy from »y, vs, v3 and kp'.
% For C;H, and N4O, from » and »1, for CsDy from »5 and ve.
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In the above equations l; is the X—X, I, the X—Y distance in the equilibrium position and « is

half the angle at X in the XY triangle (see Fig. 57).

The equations for the vibrations in the plane

of the molecule have been given by Kohlrausch (14), for the out-of-plane vibrations by Bernard and
Manneback (139); but it should be noted that some of their force constants are defined in a slightly

different way.

TABLE 48. MOLECULES TREATED ON THE BASIS OF THE SIMPLE VALENCE FORCE BYSTEM.

Molecule Point group References
Non-linear XYso............... Cav
Linear XYs.....oovvveeennn.. Do
Non-linear XYZ............... C,
Linear XYZ..........coovvunn Coo

>See the preceding text
Pyramidal XY3............... Ci
Plane XY3.....ovvvviinnnnnnn D3y,
Plane XYZ2.....covvivnnvn... Cay
Linear XzYz ................. th J
Non-linear XoYa....oovovvvnn.. Csy and Ca; | Kohlrausch (14), Trenkler (872)
Linear WXYZ................ Cov Kohlrausch (14), Lechner (563)
Tetrahedral X4................ Ta Bhagavantam and Venkatarayudu (153)
Square X4..oviiiiiiiiinn Dy, Kohlrausch (14)
Plane X4, ...oovvvviiniin., Vi Trenkler (872)
Tetrahedral XYq4. ...t T See the preceding text
Plane XY . oovvneninnnen, Dy Kohlrausch (14), Wilson (932)
Linear XY2Z2. ..ovvvvvnnennnn Den Kohlrausch (14)
Non-linear XY2Z2............. C3y or Cap Thompson and Linnett (858)
Tetrahedral XYeZo............ Ca Wu (962) .
Plane XY2Z3....oovvvenennnnn. Vi Kohlrausch (14)
Plane X5. . cvovvernernnnenninns D, Kohlrausch (14), Reitz (735)
Axial XYZ3. .00 vvieiiiinnnn Cs Kohlrausch (14), Wagner (906)
Plane XYZ; (cyclobutanone)....| C2 Trenkler (872)
Plane XoY4. .o ovvvieeint. Vi See the preceding text
HC=C—C=CH.............. Dop Glockler and Wall (384)
X2(YZ)s (1,3-cyclobutanedione) .| Vi Trenkler (872)
D T Dy, Kohlrausch (14), Bossche and Manneback (172)
Wilson (930), Manneback (597)

CH;—C=CH................. Cyy Glockler and Wall (384)
079 3 7PN Dgj or D3g | Howard (460)
Trans CIH;C—CH2Br.......... C, Mizushima, Morino, and Kozima (630)
D €} £ TN Vi Trenkler (871)
(NH2)2CO..ovvviviiniinnenn, Ca2y Kellner (495)
Y XY XYy (AlClg)..o.o oot Va Kohlrausch and Wagner (532a)
D €) £ T Dy, Trenkler (871)
CHyC=CCH3.......covvvvuu.. D3y or D3g | Glockler and Wall (384)
[(NHS) :C]+ .................. Cs Kellner (495) .
(0707 ; ) P I Tq Silver (788)
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Since there are only six force constants but twelve equations, there are six relations between
the frequencies that may serve as a check on the validity of the assumption of valence forces in this
case. One of these, which is easily obtained from the above equations, is

2 A1AzA 2k
7\1+)\z+)\a—)\u—')\12=(1+—m-x)]—z—3 !

=—= 11, 241
mx J Aulhiz  mx ( )

It serves at the same time to determine k;. The other force constants can be determined easily from
the other equations. “o

Table 47 gives the observed fundamental frequencies of the molecules C:H,, C2:D4, C2Cly, and
N304, which very probably have the symmetry Vi, as well as the left- and right-hand sides of equation
(II, 241). It is seen that the agreement is quite satisfactory. Table 47 gives also some of the force
constants obtained from the equations (II, 234-240), assuming an Y—X—Y angle of 120°, and in
the case of ks’/l2 for CsH, the internuclear distances given in Chapter IV, section 3b. If one and
the same force constant is determined from different frequencies, that is, different equations of
(11, 234-240), somewhat different values are obtained due to lack of validity of the valence force
system. Therefore the frequencies used for each force constant are indicated in the footnotes.

Other molecules. A number of other molecules have been treated on the basis of the valence
force field and formulae for the frequencies have been derived. These molecules are collected in
Table 48, where references are given to the papers in which they are treated. The table does not
include more general treatments (see the following subsection).

(e) Assumption of more general force fields

While the most general form of the potential energy in most cases contains more
constants (quadratic terms) than there are normal frequencies, we have seen in the
above that the assumption of central forces or of valence forces leads in general to
fewer potential constants than there are frequencies; and therefore one or more of
the equations for the frequencies may be used as a check for the validity of the
special assumptions made about the forces. Alternatively, one may also use all or
part of these additional equations for the determination of further potential constants,
that is, assume a more general field of force approaching as nearly as possible the
most general case. A great deal of work has been done in this direction.

XY, molecules. In the case of a non-linear symmetrical triatomic molecule XYo,
the assumption of valence or of central forces requires only two potential constants,
while there are three frequencies. Therefore, if we start out from the assumption
of central forces between the three atoms we could introduce an additional force
acting on one Y atom when the distance of the other Y atom from X is changed.
The potential energy would be, in this case (compare (1I, 97)),

2V = an(@:® + Q=) + assQs® + 2a12Q1Q:. (11, 242)

The resulting formulae for the frequencies are immediately obtained from the general
formulae (II, 124-126) by putting a1z = 0. However, if the observed frequencics
(Table 37) are substituted, in general not real but complex values for the force
constants are obtained, confirming our previous conclusion that the central force
system is not satisfactory for most XY, molecules, even if it is modified in the way
here described.

If a similar force is introduced in the valence force system the potential energy is
(compare equation (II, 186)),

2V = k(Q2 + Q) + 2k12Q1Q: + ksd®; (11, 243)
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and in the same way as previously (see p. 168f.), one obtains for the frequencies

2 ki + k 2 k
)\1+)\2=(1+——m—Ycosza)*l——-lz+2(1+—"£sin2a)—L,
m m mx myl?

X Y
2my ki + k12 ks
>\1>\2=2(1+ )'_myz—'l?’ (11, 244)
2 ki — k&
)\3=(1+-ﬂsin2a)l—-l—2-
mx my

In the case of HyO these equations lead to the values

ki = 7.66 X 105, ki = — 0.097 X 105, = 0.703 X 10° dynes/cm.

s
[

If we apply the equations (II, 244) as previously (p. 172), to the case of a linear
symmetric molecule (e = 90°), we find

7\1=k1+k12,
my
Az 1 2"”)1’“ 11, 2
+ my B (11, 245)
2 ky —
M=(1a,rﬂ)<_x_’m_>.
mx my

In the case of COz and CS, (see Table 41) one obtains k; = 15.5 X 10° and 7.5 X 105,
and ki» = 1.3 X 10° and 0.6 X 10° dynes/cm respectively, while %ks/l?, of course,
remains the same as under the assumption of valence forces only.

The smallness of the interaction constant k13 as compared to k; in the cases dis-
cussed indicates that the assumption of valence forces is at least a fair approximation
[see also Shaffer and Newton (778)]. Therefore also the previous diagrams of the
actual form of the oscillations would have to be changed only very slightly.

Instead of introducing as additional force the interaction between Q; and Qs
we may also introduce a central force between the two Y atoms between which no
valence force is acting; that is, we have then a mizture of valence and central forces.
Formulae for this case have been given by Mecke (614).

Pyramidal XY; molecules. In the case of four-atomic pyramidal molecules XY3; we have seen
that there are only two force constants on the assumption of valence or central forces alone whereas
there are four frequencies. We may therefore introduce two additional force constants. Naturally
there are various possibilities for choosing these force constants, since the most general potential
function (II, 163) would have six constants. Starting out from the assumption of valence forces
and*following Howard and Wilson (462), we choose an additional force between X and one of the
Y atoms when the distance of the other Y atoms from X is changed and an additional force tending
to change one Y—X—Y angle when the others are changed ; that is, we put for the pommal energy
[compare (II, 201) and Fig. 58]

2V =k (Qs + QF: + Q1) + 2k (Q12Q1s + Q12Q14 + Q13Q14)
+ ks(53; + 834 + 034) + 2ks’(52s024 + Saadas + 824830). (I, 246)
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Substituting the &;x from (II, 202) and the Q,x from (II, 169), we obtain for the potential constants
cix in (11, 153):
9 cos?B $2

- 2ks’),
cos’a/2 12 (ks + Zk')

cu = 3pi(ky + 2k1") +

9 cos?B (2r — 1

e = — 3ps(ky + 2ky) — 2% (ks + 2k,

cos®a/2 B
9 cos’@ (2r — 1)? ) ‘
e = 3s¥(k1 + 2k1) + ——— —— (ks + 2ky'),
cos?a/2 r
(1, 247)

81my? sin®8 ks — ks’
8mx? cosla/2 B

¢y = 6r3(ky — ky) +

27my (1 + cos?B) sin3g (ks — ks’)
8mx cos?a/2 B

cy = — 3r(k1 — k') sin B +

’

9 (1 + cos?B)? (ks — ks')
8 cos?a/2 2 !

cu = 3(k1 — ki) sin? 8 +

where p, 7, and s are given by (II, 158), a is the Y—X—Y angle, and 8 the angle of XY with the
symmetry axis.

Substituting these ¢;x and the dix from (II, 157) into (II, 153) gives the following equations
for the frequencies:

12 cos? B (ks + 2ks') ,
(1 +3cos®B) myR

k ’
A F A= (1 +3ﬂcoszﬁ)ﬂl—+(l +3ﬂ‘—,sin23)
m my mx

Ahe = 12 cos? 8 i (kr + 2ky') (ks + 2ks")
12~1+3cos*13( mx) my? 2 '
' 3my
_ 1g 4 3MY ., I, 248
N e = (143 g (kl—kx'>+3(1+°°“3+2mxsm B)(ka—ks') (o 248
AL ( 2 mx ) my (1 + 3 cos? §) my® '

3(1+cos?B +3-1-n—Y-sin’/3)
mx (kr — k') (ks — k')

Aahe = 1 4 3cos?B my? 2

Comparing these formulae with the previous formulae (II, 204-207), we sce that the difference
between the k) values obtained on the assumption of valence forces from »; and »; on the one hand
and from »; and »4 on the other is 3k, and similarly for k5. The new values for k;, ks/, ky/, and
k'[P, as obtained from (II, 248), are given in the last four columns of Table 43. It is seen that in
every case ki’ is small compared to ki, and ks’ is small compared to k3 ; that is, the simple valence force
field is a fairly good approximation in these cases.

Linear X;Y; molecules. In the case of a linear symmetric four-atomic molecule X,Y 5 there are,
under the assumption of valence forces, three force constants but five normal frequencies (see p. 180).
We may therefore introduce two further potential constants, for example, one corresponding to the
interaction of adjacent bonds and the other corresponding to the interaction of the two valence
angles; that is, we write for the potential energy ® [compare equation (II, 220) I

2V = Q3 + k2(Qs + Q50 + 2k12(Q1oQas + QusQs0) + ka(83; + 83,) + 2k'rsbar. (11, 249)
From this, proceeding in a way entirely similar to that described above for XY, we obtain for

% A similar expression for the part of the potential energy depending on the Qs+ would have
been obtained if we had introduced a central force between each Y atom and the non-adjacent X-atom.
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the frequencies [compare equations (II, 221-225)]:
2k, — 4k k.
M+ -——‘————‘3+(1 )
mx mx ) my
2Urks — 4k,

Mehs =
mxmy
ko
M = (1 + X ) (11, 250)
mx mY
ks — ks’ l 215)?
>\¢—526 +(1+ 2)]'
1,22 mY mx

s ( 147X ks + ks’
mx mylz

Since the most general quadratic potential function contains six independent constants (see
p. 148), only one more term would be needed to make (II, 249) the most general expression. This
term would be one with Q,2Q34, that is, the interaction of the two non-adjacent X—Y bonds. Since
such an interaction would be expected to be extremely small, the equations (II, 250) should give
force constants that lead to a very satisfactory potential energy (II, 249).
In the caso of CzH; the following values for the force constants in 10° dynes/cm are obtained
from the observed frequencies (see Table 45).
ky = 15.72, ks = 5.92, k12 = — 0.037, ik—l- = (.188, 'lk_l = 0.069.
1l2
A check is possible by calculating the potential constants for CsD2, which should be the same. One
obtains for CaD,
ks ks’
ki = 15.85, ks = 5.99, k12 = — 0.026, — = 0.188, — = 0.072.
l1 2 lxlz
The agreement with the potential constants of CsHj is very satisfactory. The remaining differences
are almost certainly due to the neglect of anharmonicity (see section 5).

Tetrahedral XY, molecules. Much work has been done on tetrahedral #olecules, which have
four fundamental frequencies whereas there are three central force constants and only two valence
force constants. Urey and Bradley (882) have first suggested a combination of the valence and
central force fields; they assume central forces between the corner atoms as well as forces opposing
a chango of the bond angles. The potential energy is then [compare (II, 182) and (II, 226) ]

2V = — 2a(Qiz + Q13 + -+ Q3¢ + 2\/_(;a(n + 7y + 13 + 7o)
+ k(@ + Qfs o+ Q1) + 0 15 + 75 + 00 + ke8], + 8,5+ +83)  (II,251)

where Q;r, 7, and d;x are explained in Fig. 59 and a is the force constant explained on p. 166. Urey
and Bradley have carried through the calculations under the assumption that the force between
the corner atoms is a repulsion inversely proportional to the nth power of the distance (like the repul-
sion between ions in crystals). This leads to a relation between the constants a and %, in (II, 251),
leaving only three potential constants if a fixed value for n is assumed. Thus there remains one
equation between the frequencies as a check for the assumptions about the force field. We refrain
from giving the detailed formulae for the frequencies. It will be sufficient to state that Urey and
Bradley's assumption about the forces seems to fit the observed frequencies better than either the
central or valence force fields. Detailed calculations with the most general force field have been
carried out by Rosenthal (747) (748), who has also compared her results with the simpler force fields
[see also Dennison (280) .

«Plane X,Y,; molecules (Sutherland and Dennison’s method). Sutherland and Dennison (828)
have applied to the XY molecule (assuming point group Vi) a method that seems to be promising
also for other cases. They assume the most general potential function for each X Y3 group but then
assume an ordinary valence force between the two X atoms.

The potential energy of each XY group may be expressed in terms of its lymmetry coordinates,
which we]call 81, 82, and sy, thus [compare Fig. 56a and equation (II, 109) where they are called
81, 8z, Ss]:

2Vxy; = ausi® + a3289® + 2a128183 + ass8sd (11, 252)
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If we restrict our considerations to the vibrations in the plane of the molecule (for those perpendicular
to the plane, see p. 183) the potential energy of the two XY; groups bound by one valence force
is given by
2Vx,y, = au(81” + 81" + ansy’” +87) + 2an(i’sy’ + 81s2")
+ aaa(sx" + 8" + ause? + aw(or? + o + o + a¢?), (II, 253)

where the ’ and ”” distinguish the two XY, groups, where s is the change of distance of the two X
atoms and where a1, 02, o5, and o¢ are the changes of the angles of the four X—Y bonds witl;ﬂthe
X—X bond. 4

We have now to introduce the symmetry coordinates of the X,Y molecule. As such we use
those of Fig. 57. They have been chosen in such a way that wherever possible they are simply a
symmetric or antisymmetric combination of the symmetry coordinates of XY, Therefore the
following relations hold, as can immediately be read from Fig. 57:

28 = 82 + Sie,
28" = 83 — Siz,

28y’ = 83 + Su,

11, 2
283" = 83 — Su, ) o)
283" = S5 + S,

233" = Ss el Sn.
Furthermore, it is seen from Fig. 57 that
2
8o = 28; + ; Ss, (11, 255)
and finally, we have for the changes of angle:
1
a1 = pS2 —qS; — (; + P) Ss — 8¢ — Sy + S10 — @S11 + PS1z,
1
o2 = pSz —qSs + (; + p) Ss + rSs + pSy — tS10 — ¢S11 + PS1z,
1 (11, 256)
o5 = pSz — ¢S; + (; +p) S5 + r8s — pSy + tS10 + ¢S — PSa,
1
o = pS2 — g8z — (; + p) Ss — r8¢ 4+ Sy — tS10 + @S — PS12,
where
2my
14+
- 2K _cos’a = id.S 8in « o8 «,
[ 2mY,P b—a’ q b —a » _
1+cos’a mx acos « cos?a  mx 1, (1, 257)
r a b—a 2my(® —a)(b—asin?a)’ b—a 2my(® —a)
For explanation of a, b, «, see Fig. 57.
Svbstituting (II, 2564-256) into (II, 253), we obtain
an an 4
2V = 4a4Si? + ? + dagsp? ) S22 + ;‘ + ;, a4 + 4agsg® ) Si?
8
+ ; 448183 + (a12 + 8asspq)S2Ss
+[“"+4 (1 + )’]s=+4 PS¢ + 8a (1 + ) 845,
— ags | — a - 7
2 55 a b4 5 55 55 a v 506 (11, 258)

+ (9'2"’ + 40551?’) Sg? + 4as2St, — 8assptSeSio
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If the coefficients cix of 8,8 in this equation and the dix from (II, 142) are substituted into the
equations (II, 133), (I1, 135), (II, 138), and (1I, 139) the frequencies of the nine normal vibrations
in the plane of the molecule are obtained in terms of the six potential constants ay, ase, a2, ass, G,
and ag; of (II, 2563), which can thus be determined when the frequencies are known. In addition
there would be three checks, one of which might also be used to determine the angle a.

The great advantage of the abgve described method is that one may now apply the general
potential constants aii, @s, ay, and ass of the XY2 group thus obtained to the discussion of other
molecules containing this group, for example, the potential constants of CHz in C2H, to the molecules
H;CO, H2C=C=CH,, and others. Sutherland and Dennison (828) have carried through the calcu~
lations only for the ‘‘parallel” vibrations of C;H, and H,CO, that is, the vibrations of symmetry
type A,, B3, and A respectively. In doing this they neglected the potential constant ass introduced
above. Even with this neglect the three equations for the parallel frequencies of H2CO give three
values for the force constant of the C—O bond that agree in a very satisfactory way.

Calculations of the frequencies of X;Y, molecules based on other potential functions have been
made by Wilson [quoted by Bonner (163)], Thompson and Linnett (856), Fox and Martin (328),
and Manncback and Verleysen (598).

Other molecules. Quadratic potential functions more general than the simple valence force or
central force system have been applied to a number of other molecules. Table 49 summarizes these
cases and gives references to the original papers.

TABLE 49. MOLECULES TREATED ON THE BASIS OF A MORE GENERAL
QUADRATIC POTENTIAL FUNCTION.

Molecule Point group References

Non-linear XY,. . .......... .. Caw .

Linear XYa............... .| Dan }See the preceding text

Lincar XYZ............ .o | Caw Engler and Kohlrausch (306), Rosenthal (749)

Pyramidal XY3............... Cy» Seo the preceding text

Plane XYs3......00ovienieinn... Dsx Anderson, Lasettre and Yost (52)

Plane XYZ, Cu Silver and Ebers (789) ‘

Linear XoYa. ... oovvvvvvnn .. Do See the preceding text

Non-planar non-linear X2Yz....| Cg Morino and Mizushima (635), Bailey and
Gordon (88)

Tetrahedral XY4.............. Tq See the preceding text

Linear XY2Z2 (C302) .......... Dgn Engler and Kohlrausch (306)

Axial XYZ3. ..ol Cav Voge and Rosenthal (903), Sutherland and Denni-
son (828), Slawsky and Dennison (796), Linnett
(582), Shaffer (777)

Tetrahedral XYsZs. ... ........ Cav Wagner (908)

Plane XoX. . vvviiineinnenn.. Vi See the preceding text

HC=C—C=CH.............. Dh Wu and Shen (964), Wu (25)

CH;3CN and CHsNC........... Cy Linnett (5682)

XYs(SFg) .vviiiiiniannn On Eucken and Sauter (314)

CH;=C=CHj................ Va Thompson and Linnett (857), Wu (25)

. €3 CX (071 7 1) I Djp or Dgg | Sutherland and Dennison (828), Stitt (810),

* Linnett (582)

Xg(88) v ovrveniiiiininiiiann Dy Bhagavantam and Venkatarayudu (153)

X3Ys (cyclo-CsHe) . ....vvvnn ... Da Saksena (754a) ¢

CH;—CH==CHgj.............. C, Wilson and Wells (945)

p. O3 CN (07} ; 1) I D Wilson (930), Manneback (597), Bernard, Manne-
back, and Verleysen (139a)
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(f) Intercomparison of force constants in different molecules, characteristic bond
frequencies, stretching and bending vibrations, and related matters

As mentioned before, the calculations described in the preceding subsections have
as their ultimate aim the accurate determination of the field of force, that is, of the
force constants, in as many molecules as possible, from the observed fundamental
frequencies. The comparison of the different force constants in a given molecule
and of the force constants of different molecules with similar groups is very impor-
tant because this comparison throws light on the nature of the forces holding the atoms
together, or in other words, on the electronic structure of the molecules.

Invariance of force constants in different molecules. If the restoring force be-
tween two atoms is the same in one molecule as in another, one would conclude that
the electronic structure of the bond is at least very similar in the two cases. Con-
versely, if one knows that the electronic structure is the same, one would expect the
same force constants. On the basis of an elementary theory of valence one would
expect the C—H bond to have essentially the same electronic structure and there-
fore the same force constant in different molecules, and similarly for the =C==0,
—C==N, and other bonds. This is indeed observed. For example, the C=N bond-
stretching force constant in HCN, CICN, BrCN, ICN, and (CN); (see Tables 42 and 45)
is approximately 17 X 10° dynes/cm throughout; the C—H bond-stretching force
constant in HCN, CyHz, and C4H; is 5.85 X 10° dynes/cm; the C=0 and C=S bond-
stretching force constants in SCO (Table 42) are very nearly the same as in COz and
CS; respectively (Table 41), and similarly in other cases.

However, on closer examination it is found that this tnvariance of the force con-
stants holds exactly only if the bond s in similar surroundings; for example, the C—H
stretching force constant in C:H4 and H,CO, where it is adjacent to a double bond,
is 5.28; in C.Hg and other cases, where it is adjacent to single bonds, it is 4.79; and
finally in the free radical it is 4.09, as compared to the above value of 5.85 X 10°
dynes/em when it is adjacent to a triple bond. Similar results are obtained for other
bond-stretching force constants and also for the bond-bending force constants. For
the latter, the condition of similar surroundings is still more critical, as one would
expect. It is not sufficient that the same type of bond (single, double, or triple) be
adjacent to the one considered—the atoms at the other end of the adjacent bonds
must be the same; for example, the C—H bending constant in CHy would be ex-
pected to be different from that in CHCI, just as the bending force constant for the
C—C—H angle in C;H, is different from that for the H—C—H angle (see p. 183f.).
In Table 50 are given the stretching and bending force constants for the more
important cases. It is interesting to note that the stretching force constants for
the C—C single, double, and triple bonds are approximately in the ratio1:2: 3.

The above discussion was based on the assumption of valence forces but, as was
first pointed out by Sutherland and Dennison (828), it also holds for more general
force systems (see p. 189f.). Crawford and Brinkley (240) and others have shown
for a number of molecules that by taking over not only the stretching and bending
constants but also the interaction constants [such as k2 in (II, 243) or ki’ and ks in
(11, 246)] from other molecules with the same groups some or all of the normal
frequencies may be predicted to within 1 or 2 per cent of the observed values. It
is clear that such a procedure is of great importance since in this way it is possible
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TaBLE 50. STRETCHING AND BENDING FORCE CONSTANTS FOR VARIOUS BONDS AND BOND ANGLES.

Stretching®? Stretching® Bending®
Bond force Bond force Bond angle force
constant constant constant
=C—H 585% | =0= 15.5 <£Lc iy 0.210%-72,
H
N AN £
=C—H 5.1 C= 12.1 =G/ 0.30-72,;
/ \H
N <
—C—H 4.79% C=0(Z) 18.53 —C<H 0.46%.12
H
C=0¢11 11.82
w v "E/H surd
. = 0.5;°
C—H (radical 4.09 CH
(radiicnl) —=C=S 7.5 g
-H
—C=C— 15.50* C=S(2) 8.22 C—C< 0.55%.72
N /
y =C\ 9.6 —O0—H 7.66 ctC= 0.165%-72,
O—H radical 7.12 /B
N _'_ 2
—C—C= 5.18% -—C\ 1.5:1cxq
;N—H 6.35
H
N / o
—C—C< 4.50% N—H radical 6.03 ) < 0.76%.72,
N B
C—C (radical) 9.25 —C—F 5.96% Cl+-C— 0.58*.72,
J AN
H
\ I’-‘/
—C= 17.73% —C—Cl 3.64% Br.LCi— 0.52%-72,
;!
C=N (radical) 15.88 C—Cl radical 3.87 1~ {\- 0.45%-12,
N
—C—Br 3.13*
N
—C—1 2.65%
. /
X108 X108 X108
dynes/cm dynes/cm dynes/cm
:

67 The values marked with an asterisk have been calculated by Crawford and Brinkley (240)
under the assumption of a more general force field (see text). Values differing from some of these
by amounts up to 10 per cent have been given by Linnett (582) (683) and Noether (672) on the basis
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to find the correct assignment of the observed frequencies in more complicated mole-
cules or even to obtain approximate values for these frequencies without actual
observation.

It must be realized, however, that with increasing accuracy of observations and
calculations slight differences in the force constants are to be expected since there
will always be some difference in the surroundings of a given group in different

-

AN e
molecules. Thus, for, example, while the 7C—C'=‘= stretching constant is the same

in H;C—C=C—H and H;C—C=C—CHj, it seems to be somewhat different in
H;;C—C==N [see Crawford and Brinkley (240) and Linnett (583)]. Relations very
similar to those for the force constants hold also for the internuclear distances
(see p. 440).

Characteristic bond (group) frequencies. The application of the above con-
siderations to the problem of the correct assignment of the observed vibrational
frequencies is greatly simplified by a corollary of the invariance of bond force con-
stants, namely, the constancy of bond or group frequencies in different molecules, which
was first established by observation and only later explained theoretically on the
basis of the constancy of bond force constants. For example, all molecules contain-
ing the=C—H bond have normal frequencies of about 3300 and 700 cm™ (see, for
example, HCN in Table 42 and C:H; in Table 45), all molecules containing the

>CH group have normal frequencies of about 3020 cm™, all molecules containing the

~—C—H group have normal frequencies of about 2960 cm™, all molecules containing

/

the >CH2 or the —CHj; group have in addition normal frequencies of about 1450

em™?, and similarly for other cases. Conversely, from the observation of such fre-
quencies it may be concluded that the corresponding group is present, although this
should be done with caution on account of the complications mentioned below.
Table 51 gives for a number of groups these characteristic vibrational frequencies.
The values given usually hold within 100 ¢m™, in some cases less.

The observation of the characteristic frequencies as indicated in Table 51 has
led Mecke (609) (610) (611) to the introduction of the concept of valence and deforma-
tion vibrations ¥%; that is, the idea that to every bond in a molecule corresponds a
vibration in which this bond is stretched and another one of much smaller frequency
in which it is bent. This idea seems to be confirmed by the general correspondence
between the vibrational frequencies of Table 51 and the force constants of Table 50.
We shall in the following refer to these oscillations as bond-stretching and bond-bending
vibrations since the names valence and deformation vibrations appear somewhat
ambiguous.

of slightly different potential functions.—The values for the diatomic radicals are based on AGy
rather than w, values since the values for the polyatomic molecules are obtained from observed
fundamentals rather than zero order frequencies.

67a Some authors distinguish these oscillations by the designations »1, vs, vs + =+ 8, 82, 83 * -+ and
in addition the torsion oscillations by 71, 72, 73 *++. This practice is not adopted here because of
the ambiguities to be discussed below (p. 199f.).
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At first sight it might appear somewhat puzzling that there should be such
characteristic group frequencies, even though there are characteristic force constants,
since we know that in a certain normal vibration in general all nuclei of a molecule
are taking part. But it will be shown below that in many cases the occurrence of
characteristic group frequencies is in agreement with theory. On the other hand,

TABLE 51. CHARACTERISTIC FREQUENCIES OF VARIOUS GROUPS.

Bond- Bond- Bond-
Group stretching Group stretching Group bending
vibration vibration vibration
=C—H 3300 —C=C— 2050 =C-H 700
_H
AN N, / =
=C—H 3020 C== 1650 = 1100
VRN NH
H
AN N,/
—C—H 2960 —C—C— 900 —C—H 1000
/ )z Ng
H
N\ N A
—0—H 3680 87> —C—T 1100 C. 1450
/Ny
H
\ £
—S—H 2570 —C—Cl 650 C<H 1450
/ H-
AN N
—N—H 3350 —C—Br 560 Cc+-C=C 300
/
N
\C=O 1700 —C—I 500
/ /
—C= 2100
cm™! cm™! cm™!

it must be realized that there are cases in which observed frequencies cannot be
classified as belonging to a certain group, or if they belong to a certain group cannot
be classified as bond-stretching or bond-bending vibrations.

An explanation of the occurrence of group frequencies can easily be given in the
casds of the C—H, O—H, N—H vibrations. Since the mass of the hydrogen
nucleus is so much smaller than that of the other nuclei in the molecule, the ampli-
tudes of vibrations of the latter will be very much smaller than those of the former.
In first approximation we may consider the H nucleus oscillating against an infinitely
large mass, and therefore the vibration frequency depends practically only on the

b This figure refers to the gaseous state. In liquids the value is about 3400 cm™ (see p. 334).
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force by which the H atom is bound to the rest of the molecule and will be nearly
the same for different molecules with the same C—H, or O—H or N—H force con-
stants. According to our previous discussion of a mass suspended by an elastic bar
(p. 62), since the H atom is always an end atom, it can only move in the line of the
particular bond or perpendicular to it: that is, it can execute only stretching or bend-
ing vibrations with frequencies corresponding to the stretching and bending force
constants (see above). ‘e

If there are two O—H groups as in H,0, or two =C—H groups as in HC=CH

and HC=C—C==CH, or two >O—H groups as in HoC==0, or more than two such
groups as in CyHy, they will of course all vibrate simultaneously and there will be
several normal frequencies, but they will all be of nearly the same magnitude as for
a single group, differing only by a comparatively small amount, which is an indication
of the strength of the interaction of the equivalent groups.

Let us consider as an example the CoHy molecule. Each C—H group, if the
rest of the molecule were fixed, would vibrate with the frequency corresponding to
the =C—H stretching or bending force constant. In the actual molecule, however,
the vibration must be symmetric or antisymmetric with respect to the center of
symmetry of the molecule; that is, the two C—H groups can oscillate only sym-
metrically or antisymmetrically with respect to each other. This gives two C—H
vibrations in the axis of the molecule and two perpendicular to it (v, v3, and »s, v
of Fig. 64). Of course in all these four vibrations the C atoms are also moving, but
with much smaller amplitude because of their larger mass. In addition there is a
C=C vibration (v, of Fig. 64) in which essentially the C—H groups are moving as
if they were rigid, and which therefore has a frequency corresponding to the —C=C—
stretching force constant. The actually observed frequencies (Table 45) are in agree-
ment with these considerations. There are two C—H stretching vibrations of fre-
quency 3374 and 3287 cm™ respectively, two C—I bending vibrations of frequency
612 and 729 cm™! respectively, and one C=C stretching vibration of frequency
1974 em™t,

These relations are also borne out by the equations (II, 221-225) for the frequencies, which are
based on the assumption of valence forces; the frequency »; depends only on k3, the C—H stretching
force constant [see equation (II, 223) ] and if it is considered that 1 -+ (my/mx) = 1 it follows from
(11, 221) and (II, 222) that

k
x1 = 4!21112 ~ 2

-1, (1L, 259)
mx

k
A = datd m (I1, 260)
my

that is, »1 corresponds to a C==C, »; to a C—H stretching vibration. The frequencies are the same
a8 in diatomic molecules C==C and C—H with the force constants ki and k; respectively (except
that for C—H it is mp rather than mumc/(my + mc) that is used).

One may also conceive of the two C—H stretching frequencies of C;H; (and similarly the two
bending vibrations) as being produced by a resonance between the two C—H oscillators much the same
a8 the resonance between two coupled pendulums or, in quantum theory, Heisenberg’s resonance in
helium [see (8), p. 86f.]. The coupling is provided by the C=C bond. As in the case of the two
coupled pendulums, the resultant motion may be considered as a superposition of a symmetric and
an antisymmetric vibration of somewhat different frequencies, one somewhat higher and the other
somewhat lower than the frequency of one C—H group would be if the rest of the molecule were fixed.
The difference in frequency is the larger the larger the coupling. In the present case it is 86 cm™1,
In the diacetylene molecule H—C=C—C==C—H, the distance of the C—H groups is much larger
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and therefore the coupling much smaller. One would therefore expect the difference of the two
C—H stretching frequencies to be much smaller. Up to now only one vibration has been observed.

If in acetylene one H is replaced by D there is no longer resonance, and therefore there is essen-
tially one C—H and one C—D vibration, as has been shown in more detail by Férster [quoted in
(439) ] and as is in agreement with the observed frequencies [see Fig. 87, p. 292, and accompanying
discussion]. The same considerations apply to HDO, HDS, and other molecules.

In linear molecules the bond-stretching and bond-bending vibrations have differ-
ent symmetry types (they are 2+ and II vibrations ® respectively). Therefore this
distinction can be rigorously made for any mass of the atoms. For bent molecules
this distinction can be made only to a certain approximation and only when the masses
of the end atoms of the group are either small or quite different. Consider, for example,
the H,0 molecule, or the CH; group in H,CO. We have seen previously (p. 171)
that for these molecules in one of the two totally symmetric oscillations, »;, the H
atoms move approximately but not exactly along the lines O—H or C—H respec-
tively, in the other, vy, perpendicular to these lines, while in the third (antisymmetric)
vibration v they move exactly in these lines (see Fig. 60a). Equations (II, 190)
and (II, 191) show indeed that, if my ts small compared to mx (but only then), »,
depends almost entirely on the stretching force constant ki, »; almost entirely on the
bending force constant ks. On this basis it is possible to obtain an approximate
picture of the form of the oscillations and approximate values for their frequencies
without detailed calculations. For H,0, two O—H stretching frequencies of nearly
the same magnitude are expected, one symmetric and the other antisymmetric, and
in addition a bending frequency of much smaller magnitude. This is very similar
to the situation discussed above for C:H,. The frequencies are 3652, 3756, and 1595
em™, Three similar frequencies are expected for the CHz group, for example in
H,CO. They are found at 2780, 2874, and 1503 cm™ (see Table §1). The form of
the vibrations given in the previous Fig. 24 was obtained in the above described way.®

Similarly, for NH;, CH;, and other XY3 molecules or groups with my << mx
there are three vibrations in which the Y atoms move approximately in the X—Y
direction and three in which they move perpendicular to this direction. Of each
group of vibrations two are mutually degenerate. In NHj; the bond-stretching
frequencies are 3337 and 3414 e¢cm™!, the bond-bending frequencies 950 and 1628
em™!; in CH;Cl the corresponding frequencies are 2966, 3043, and 1355, 1453 cm™!,

If there are four equivalent bonds in a molecule there will be four vibrations of similar magnitude
in which chiefly these bonds are stretched, and in addition several bending vibrations whose number
depends on the number of independent bond angles. For example, in CoH or H;C=C=CH;,, in
consequence of the coupling, each vibration of the CH; group alone (see above) splits into two. In
C3H, one is symmetric and the other antisymmetric with respect to the center of symmetry. Thus
the three pairs of vibrations v; = 3019 and »;; = 2989, »s = 3272 and » = 3106, v3 = 1342 and
v12 = 1444 of CoH, (see Fig. 44) are accounted for, the first four as C—H stretching, the last two as
CH: bending vibrations. In addition there are, of course, bending vibrations in which the whole
CH; group is bent against the C—C axis and which can be dealt with in a similar way.

As has been mentioned, the simple considerations given above can only be ap-
plied to bonds involving end atoms like H whose mass is small compared to the other

8 This should not be confused with the designation = and ¢ vibrations used by some authors who
let 7 stand for parallel, ¢ for perpendicular to the axis of symmetry.

® It may be noted that in the antisymmetric C—H stretching vibration of HsCO the H atoms
need not move exactly in the C—H direction as they do in free H2C, since the vibration is not
completely determined by symmetry.
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atoms. Fig. 60b and ¢ shows clearly that if the latter condition is not fulfilled the
two totally symmetric vibrations », and v, of bent XY2 can no longer be considered
as bond-stretching only and bond-bending only respectively; or, at least, it would
be a very poor approximation to do so even though the assumption of valence forces
is a good approximation (vs is still strictly a bond-stretching vibration). Cross and
Van Vleck (250) have shown that in a bent XYZ molecule, if X and Z are sufficiently
different, we may again with more justification distinguish one bending and -¥wo
stretching vibrations. This is shown for the three-particle system CHj;- CH;-Cl by
Fig. 62 taken from Cross and Van Vleck’s paper. It is seen that v, is essentially a
(CH;)—(CH,) stretching vibration, »; a C—Cl stretching vibration and »; a bending
vibration.

Apart from the end atoms discussed up to now, experiment shows in many cases
that bonds involving two heavier atoms have characteristic frequencies even if none of
them are end atoms (see Table 51). This fact was first explained by Bartholomé and
Teller (124) [see also Bartholomé (120) and Bauermeister and Weizel (129)]. They
consider a chain of nearly equally heavy mass points connected by springs of very
different stiffness. Suppose v, v are the frequencies with which each pair of par-
ticles connected by a spring would oscillate if the other particles were not present.
Then calculation shows that frequencies in the neighborhood of », v are normal
frequencies of this system. This is plausible because if, say, » is excited the par-
ticles other than those directly affected will not move appreciably since they are
bound by springs of different stiffness. It is as if the propagation of the oscillation
in the system were strongly damped. Therefore the actual normal frequency is
only slightly changed compared to »°. Similar considerations hold for the other
frequencies. Thus we again obtain characteristic frequencies for the different bonds.
However, this conclusion is based on the assumption that the force constants of different
bonds are different when the masses are of a stmilar magnitude. Therefore in a molecule

N\

| I
containing, for example, ;C—-—?—O— or —/—O——(f—N/, we would not expect a

vibration characteristic for each bond since the masses as well as the force constants
|

are of about the same magnitude; whereas in a molecule containing —\—C——C—-——O,

|
or }C——C=N—, or ;C—CEN, there would be a characteristic frequency for each

of C—C, C=0, C==N, or C=N.

On the other hand, if the force constants in a chainlike molecule are of similar
magnitude but the masses quite different, there will again be characteristic group fre-
quencies, as we have seen above for the C—H group and similar groups, and as is
also true for C—Cl, C—Br, and others (see Table 51), as long as the characteristic
Srequencies are far apart from one another.

How well the characteristic frequencies are defined depends also on the angle
between successive bonds in the chain of atoms. The above-mentioned authors have
shown that if the angle is 90° there will be no transfer of vibrational energy from
one bond to the next, and thus the characteristic frequencies are best defined. In
the case of the bond-bending frequencies the chance that in a molecule there is
another frequency (which need not be a bending frequency) of a similar magnitude
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is much larger than for the bond-stretching frequencies and thus the bending frequen-
cies are often not very characteristic.

In case a chainlike molecule of the above type has two or more equivalent bonds,
there will again be a resonance which leads to a splitting of the characteristic frequency,
and again the stronger the coupling between the two equivalent bonds the larger is
this splitting. For example, in diacetylene H—C=C—C=C—H, the C==C stretch-
ing vibration which has the frequency 1974 cm™ in C,H, splits into two frequencies
2023 and 2183 em™!; or in (CN); the C=N frequency, which is 2089 ¢cm™! in HCN,
splits into the two frequencies 2149 and 2322 cm™L If there are more than two
equivalent bonds, there will be a splitting into correspondingly more different fre-
quencies, and these frequencies will deviate increasingly from the frequency of a
single such bond. Thus in a carbon-chain molecule (paraffin) there will be not one
characteristic C—C frequency but as many frequencies as there are C—C bonds,
and these will be distributed over a rather wide range if there are many C—C bonds.
Some of them may be in the neighborhood of other group frequencies. Thus it would
be difficult to ascribe particular frequencies in these molecules to the C—C bond,
even though in C;Hg and similar simple molecules such a C—C frequency does exist
" (see Table 51).

In tho case of long chain molecules, more detailed rough predictions of the normal frequencies
than those given by Bartholomé and Teller (124), on the basis of the known force constants, have been
made by Thomas and Whitcomb (843), Kirkwood (507), Barriol (118), Whitcomb, Nielsen, and
Thomas (922), and Pitzer (694). Such predictions are particularly important for the calculation of
the thermodynamic properties of these molecules [see Pitzer (694) and Chapter V, section 1].

Summarizing the preceding discussion of characteristic group frequencies, we
may say: Whenever a particular group, tf separated from the rest of the molecule, has a
vibrational frequency that differs sufliciently from any vibrational frequency of the rest
of the molecule, then this frequency will occur only slightly changed in the whole molecule
and will roughly correspond to vibrational motions in that group only, or if there are
several equivalent groups to stmultaneous motions in those groups. In symmetrical
molecules the condition that the frequency be sufficiently different can be disregarded
if the two vibrations, one of the group considered and one of the rest of the molecule,
have different species.

Under these conditions, it is possible to obtain rough values for most of the fre-
quencies of a molecule (particularly organic molecules) without actual observation,
if the characteristic stretching and bending frequencies of the bonds occurring in
the molecule are known [see Mecke (610) (611)]. While such predictions are quite
rough they do not require any calculations (such as those described in the preceding
subsections, which supply much closer approximations to the actual frequencies if
the force constants are known)and are therefore exceedingly helpful in the analysis of
observed vibrational spectra (see Chapter III).

The limitations of this procedure should however always be kept in mind. A good
illustration of these limitations is obtained if for a given set of force constants of a
molecular model the frequencies are calculated for different values of the masses.
The result for the plane vibrations of the X;CO molecule as calculated by Burkard
(185) from the formulae (II, 214-218) for variable mx is plotted in Fig. 65a (with
2a = 110° ky = 10, ks = 4.45, ks/l* = 0.384, ks'[l3? = 0.25 X 10° dynes/cm). The
totally symmetric vibrations vy, »3, v§ (compare Fig. 24) are indicated by solid curves,
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the antisymmetric vibrationsvsand s by heavybroken curves. Aswastobe expected,
no intersection of the curves representing vibrations of the same species occur while
intersection of curves of different species do occur. As thin dotted lines are also
indicated the curves for the vibrations vy, v, vs, of free CX; and v of free C=0 as-
suming the same force constants. Both »;(CX;) and »3(CX;) intersect »,. But since

mx .
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Fia. 65. Characteristic group frequencies in X,CO as a function of the mass of X [after Burk-
ard (185)]. (&) Frequencies of the plane vibrations »i, v2, ¥3, v4, vs a8 a function of mx. (b) Per-
centage contribution of terms with &y, ks, ks, ks’ to the potential energy in v1, v2, v;.—The mass scales
on the ordinate of (a) and the abscissae of (b) are proportional to V1/mx. Thus the mass increases
toward the origin. The contribution of k3’ to the potential energy in »; is always less than 1.5%,
and therefore not shown.

the X2CO vibration v, resulting from »3(CX;) has different species from the one re-
sulting from wy, it has throughout almost the same frequency as v3(CX2) and may be
considered as a characteristic CX, frequency for any mass. However, on the basis
of the above general rule, when »1(CX,) and »o have the same value they are no longer
characteristic group frequencies in the molecule. Rather a resonance occurs which
leads in the complete molecule to quite different frequencies of », and »2. Thus,
while for small as well as for large mx the vibrations »; and v; have characteristic
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bond-frequency values, this is no longer the case in the intermediate mass region. At
the same time it must be realized that while for small mx the vibration »; (that is,
the highest totally symmetric vibration) is a C—X vibration [approaching »;(CX3),
see Fig. 65a], for large mx it is the C—O vibration (approaching v,), while the
reverse is the case for v,. '

A change of mass may not only change a given vibration from one characteristic
of one bond to one characteristic of another bond as just discussed, but it may also
change a bond-bending into a bond-stretching vibration and vice versa. Such a
change would occur in the case of the vibration v; and v; of X;CO for mx values smaller
than one (which cannot be realized in practice). For such mx values v3 (which for
mx > 1 is the CX; bending vibration) becomes the CO stretching vibration while
v, becomes the CX, bending vibration. A very similar change of character does occur
for realizable mass values, for example, for HoCX, [see Wagner (908)], where the
CHj; bending vibration with increasing mx changes into the CX stretching vibration
(see also the discussion of the methyl halides in Chapter III, section 3¢). These
examples may suffice to stress the importance of caution in using the concepts of
bond-stretching and -bending vibrations. Such caution is particularly necessary
when the frequencies of vibrations of the same species are not very different.

Another way of representing the change of character of vibrations is by plotting the fractiona?
contribution of the different forces to the total potential energy in a given vibration [see Burkard (185)
and Wagner (908) ]. This is done for the three vibrations »y, vz, v3, of X2CO in Fig. 65b. The four
curves in each case give the contribution of the terms with the force constants ki, k2, k3, and kg’
respectively in the potential energy function (I, 213). It is seen that »; for small mx is almost 100
per cent C—X stretching, since essentially only the term with k; contributes to the potential energy,
while for large mx it is up to 85 per cent C—O stretching. The reverse holds for »s, although the
percentages are not as high. For small as well as large mx there is about 25 per cent bending in v.
On the other hand the vibration »3, while predominantly bending, has up to 30 per cent stretching
character. The vibrations v4 and v5 (not shown in Fig. 65b) are 100 per cent C—X stretching and
whole-molecule-bending respectively for small mx. For large mx they mix up to the amount of 18
per cent, since they are no longer so different in frequency.

5. Anharmonicity and Interaction of Vibrations; Limitations of the
Concept of Normal Vibrations

As has been stressed before, the concept of normal vibrations rests on the assump-
tion of sufficiently small amplitudes of the oscillations (strictly speaking, infinitesimal
amplitudes), when only the quadratic terms in the potential energy need be con-
sidered. Actually the amplitudes of the quantized oscillations, though usually small,
are by no means infinitesimal and therefore for accurate calculations cubic, quartic,
and higher terms in the potential energy must be considered; in other words, actually
the oscillations are anharmonic.

(a) Influence of anharmonicity for non-degenerate vibrations

A simple potential surface. It is immediately clear that the potential energy
always contains higher powers of the displacements than the second, since, just as
for diatomic molecules, for very large displacements the potential energy approaches
a constant value (corresponding to the dissociation energy). The potential energy
of a polyatomic molecule depends on 3N — 6 (or 3N — 5) coordinates and is there-
fore much more difficult to visualize than it is for a diatomic mOecule. Even for a
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triatomic molecule we would, for a complete representation, have to consider a three-
dimensional hypersurface in a four-dimensional space. However, if in a linear sym-
melric triatomic molecule XY, for example, we neglect the possibility of bending
(or in other words assume an infinitely large bending force constant) we can represent
the potential energy as a two-dimensional surface in ordinary three-dimensional
space. We may choose the two X—Y distances r; and r; as the two independent
coordinates on which the potential energy depends. Plotting, then, the poteqtial
energy for every point in the 7y, 72 plane we obtain a surface which is most easily
visualized by means of a model, made for example of plaster of paris [see Goodeve
(387)]. Fig. 66a gives a photograph of such a model for CO;. Another way of
representing such a potential surface is by means of contour lines, as in Fig. 66b.7°
The potential surface of the electronic ground state of COz, as of any other stable
linear XY: molecule, has a deep minimum at a point 7; = 72 = r, corresponding to
the equilibrium position. From this minimum the potential energy incrcases in all
directions, that is, for any change of 7, or r; or both. For large r; or large 2 one has
simply a Y atom and an XY molecule; that is, a cross section of the potential energy
surface at large 7y parallel to the r; axis gives the potential curve of the XY molecule.
Similarly, for large 7, a cross section parallel to the r; axis also gives the potential
curve of the XY molecule. If both ry and 7 are large, a plateau is reached corre-
sponding to the energy of the three atoms at great distance from one another. For

70 In Fig. 66 the fact has been disregarded that the electronic ground state of COg, since it is a
singlet state, cannot dissociate into CO and O in their ground states [sce Herzberg (431)].

Fia. 66. (a)
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Fia. 66. Potential surface of CO, [after Goodeve (387)]. (a) Photograph of a model,
(b) Contour lines.—The numbers on the horizontal lines in (a) and on the curves in (b) are the
potential energies in kcal. The zero of energy is taken at the minimum of the surface.

small values of r1 or 73 or both, the potential surface rises very steeply, corresponding
to the repulsion of the atoms. It is seen that there are two potential “palleys’’ (corre-
sponding to Y 4+ XY and YX + Y) that lead to the deep hole corresponding to the
stable XY, molecule.

While near the equilibrium positions the potential surface (Fig. 66) can be ap-
proximated quite well by a paraboloid (which it would be exactly if the potential
energy had only quadratic terms), it is obvious from the figure that this is no longer
possible for larger amplitudes (compare also Fig. 45 of Molecular Spectra I for the
diatomic case).

The relative motions of the three atoms (always assuming that they remain on a
straight line) can be represented by the motion of a single mass point (a 8mall ball)
under the action of gravity on the potential surface (considered as solid, as in Fig. 66a).
It is immediately clear that if the ball is displaced from the minimum it will in general
not describe a simple oscillation through the minimum but will carry out a Lissajous
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motion except when the displacement is along the directton of the principal curvatures
which in the present case, from symmetry, are the lines CC and DD. Vibration of
the ball along the former corresponds to the normal vibration »; (see Fig. 25b) for
which always 7, = 75, while vibration along the latter corresponds to »z for which
Arl = - ATQ.

It should be mentioned that, strictly speaking, the kinetic energy of the ball sliding on the surface
will correspond accurately to the relative kinetic energy of the atoms in the molecule only if in¥tead
of rectangular coordinates in Fig. 66 oblique coordinates are used, and if the potential scale is so
chosen that the surface is not very stecp along the path of the ball [see Hirschfelder (452) and Glass-
tone, Laidler, and Eyring (6) ]. For the case of a molecule like CO; for which the three masses are

nearly equal, the angle of the coordinate axes should be about 60°. For the above qualitative con-~
clusions this change is of no significance.

Classical anharmonic motion. In the case of diatomic molecules the introduction
of anharmonicity classically means simply a slightly different time dependence of
the displacement, but the motion remains strictly periodic, although no longer har-
monic (just as for a pendulum with large amplitudes). But for polyatomic molecules
the change produced by the introduction of anharmonicity is more fundamental,
since, if the potential energy contains higher than quadratic terms, the resolution of
the vibrational motion tnto a number of simple motions, normal vibrations, in which all
atoms move with the same frequency in straight lines, s no longer rigorously possible.
Qualitatively this can easily be visualized by considering the potential surface,
Fig. 66b: while, as mentioned above, for small amplitudes the two normal vibrations
v1 and v3 correspond to simple vibrations of the image point along CC or DD respec-
tively, this is no longer the case for larger amplitudes. If, for example, the particle
starts from rest at D, because of the lack of symmetry of the potential surface with
respect to the line DD, it will start to move along the line DE (the line of greatest
slope through D) and subsequently carry out a complicated Lissajous-type motion
that will eventually fill the whole area of the potential surface whose potential energy
is smaller than that at D. If the particle starts from C, because of the symmetry
of the potential function with respect to CC, it will carry out a simple vibration; but
the slightest deviation of the starting point from CC will again lead to a complicated
Lissajous motion. For an unsymmetrical (linear) molecule such a special case would
not occur. For medium amplitudes, when the anharmonicities are small, it is clear
that if the particle starts say at F, it will at first at least approximately carry out a
simple vibration along the line DD and only gradually will the Lissajous motion fill
a larger and larger area about FF. The smaller the amplitude and the anharmonicities,
the longer will be the ttme during which the motion is approximately a simple vibration.

As previously (p. 73), the classical kinetic energy T is given by
2T = 2 mi(d2 + a2 + 23), (11, 261)
while the potential energy is now given by [compare equation (II, 26)]
2V = 2‘2 ?k{iq'ﬂi + ? ? ?fi/ch'QIQk + ? p> ? lEO&,‘HQ{Q}GMI + ., (11, 262)
i
where, a8 previously, for abbreviation the g; are the Cartesian displacement coordinates in the order

1, Y1, 21, T2, Y3, 23, *++. On transforming to normal coordinates by means of (II, 31) and nor-
malizing to unity (see p. 75), we obtain for the total energy, instead of (II, 35),

H=V 4T =4G® 492 +92 + ) + 3Qun® + Mam2? + Nana? + -++)
+ ? ? ?aummmh + ? ’2 ? ‘Eﬂijkmmmkm + -5 (11, 263)
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that is, while there are no quadratic cross terms there are cubic and higher cross terms in the normal
coordinates and the total energy is no longer that of a sum of independent (even though anharmonic)
oscillators. In a completely unsymmetric molecule all coefficients a;,z and B,;x would be different
from zero, but in a symmetric molecule some of them may be equal to zero. This is because the
potential energy must remain unchanged for all symmetry operations permitted by the point group
of the molecule. For this reason the anti-symmetric normal coordinates can only occur with even
powers in (11, 263). For example, for HyO the coefficients a3, o123, 223, and aazs of the cubic terms
must be zero since otherwise the potential energy would change by reflection at the plane of sym-
metry, and similarly for some of the quartic terms. Further simplifications of the anharmonic part
of the potential function can only be obtained if assumptions somewhat analogous to the valence
force system (used in discussing the harmonic terms) are made [see Redlich (727)].

In the harmonic oscillator approximation, the time dependence of the normal coordinates is
given by [see equation (II, 13)]

m = 10 cos (2wvit + i). (11, 264)

In the case of slightly anharmonic vibrations, the normal coordinates may be expressed as a general-
ized Fourier series which, for example for the first normal coordinate 7, of a triatomic molecule,
would be

M = N100 €08 (2mwit + 11%) + M200 cos (272r1t + ©12%) + 300 cO8 (2731t + 1*)
4 +o o 4 nu0cos (2wt + @119 cos (2mrat + @219 + M0 cos 2writ + 1!?)
X cos (2mvst + ¢31%) + n111 cos (2mvit + @rtlh) cos (2mwvat + ¢2!™) cos (2wwst + @3l)
+ 7201 cos (2720t + @12") cos (2mvat + %) + -, (11, 265)

Here the amplitudes 1200, 7110, * * *+ are small compared to n100. The ¢ are phase constants. Similar
relations hold for »2 and 7.

Energy levels. If cubic, quartic, and possibly higher terms are introduced into
the wave equation (II, 40) in addition to the quadratic terms, it no longer resolves
into a number of independent equations as it did when quadratic terms only were
used. In consequence the energy is no longer a sum of independent terms corre-
sponding to the different normal vibrations but contains cross terms containing the
vibrational quantum numbers of two or more normal vibrations. Considering the well-
known formula for the anharmonic vibrations of a diatomic molecule [see equation
(I11, 56) p. 100 of Molecular Spectra I7], it is easy to guess the formula for a non-
linear triatomic molecule having no degenerate vibrations. Using wave number
units (em™1) for the vibrational energy, we expect

G(v1, o, v3) = wi(vr + 3) + w2(v2 + %) + ws(vs + 3) + zulvs + 3)?
+ zoa(vz + 3)? + xs3(vs + 3% + T2(vr + 3) (02 + %)
+ z13(v1 + 3)(vs + %) + zos(v2 + $)ws + %) + ---. (11, 266)

Here w1, ws, ws are the frequencies (in cm™) for tnfinitesimal amplitudes of the three
normal vibrations (corresponding to w, for diatomic molecules).”™ They are also
called the zero-order frequenctes. The z; are the anharmonicity constants (corre-
sponding to wex, of diatomic molecules). v, vz, v; are the vibrational quantum
numbers corresponding to the three normal vibrations.

The expression (II, 266) for the vibrational energy levels or its equivalent (II, 268)
belew has indeed been obtained by rather lengthy calculations on the basis of the
old quantum theory by Born and Brody (170) and from the wave equation by
Bonner (162), King (502), Shaffer and Nielsen (780), and Darling and Dennison
(263). These authors have also found expressions for the vibrational cénstants w;
and x;; in terms of the potential constants in (II, 262) [see also Shaffer and Newton

7 In agreement with common practice the subscript ¢ has been omitted. Some authors use Xj,
others w»; in place of wg, and X in place of s,
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(778)]. As was to be expected, they found that the w; depend on the force constants
k;; only (in just the way previously discussed when anharmonicity was neglected)
while the z;; depend on the coefficients of the cubic and quartic terms as well. In
the case of non-linear XY there are six anharmonic constants z;; but twelve cubic
and quartic potential constants.” The latter can therefore not be determined from
the z.x unless the z; have also been obtained for an isotopic molecule, or unless
certain of the potential coustants are assumed to be zero [see Redlich (727)]. Pow-
ever, the interaction of vibration and rotation (see Chapter IV) supplies additional
equations for the cubic constants which can be used for their determination even if no
isotopic molecule is observed. In fact, this is the only method that has up to the
present time been used, and then only for two cases: CO; [ Dennison (280)] and H,0
[Darling and Dennison (263)].

Frequently the vibrational energy, instead of being referred to the minimum of
the potential surface as in (II, 266), is referred to the lowest vibrational state (vy = 0,
v2 = 0, »3 = 0) which has an energy

G(O, 0, 0) = %wl + %w2 + %wa + %fll + '}:3722 + %3’333 + ‘i‘xlz + %2313 + i‘xzs (II, 267)
above the minimum (zero-potnt energy). We have then

0 0 0
Go(v1, va, v3) = G(v1, va, v3) — G(0, 0, 0) = wivy + wave + w3vs
0,2 0.2 , .0 2 0 0 0
+ T11v1 + T20v2 + 3303 + Tieviwz + Tisvivs + Toavevs, (II, 268)

where z%: = z., as long as no powers higher than the second in the vibrational
quantum numbers occur, and where

w® = w1 + zu + 3212 + 3213,
w® = wz + oz + 3212 + F22s, (11, 269)
ws® = w3 + 33 + §713 + 3203,

Thus the zero-order frequencies w; can immediately be obtained if the coefficients w,°
and z% in (II, 268) have been obtained from the empirical data.’?* (Compare the
example of H20O in Chapter III, section 3a).

The observed fundamentals v; correspond to the transition from a state with
v; = 1 to the one with »; = 0 where all other vy = 0. Therefore, from (II, 268)
and (II, 269),
w1 + 2711 + 3212 + 3218,

wz + 223 + 3219 + 203, (11, 270)
ws + 2733 + 1213 + 3703,

In determining the quadratic potential constants we have in the preceding section
always used the observed fundamentals »;. Strictly speaking, as is seen from the
above, we should have used the frequencies for infinitesimal amplitudes w; (zero-order
frequencies) which can be obtained from the »; and the z;; according to (II, 270).
Fortunately, in general, the z;; are small compared to the w; and therefore the use
of the »; in place of the w;, which is often necessary because of lack of data, gives

]

0 0
vi =wi+ 25

0 0
V2 = w2 + T2z

0 0
Vs = w3 + 33

7 Actually there are fifteen cubic and quartic potential constants but three of these do mnot
inluence the anharmonic constants zx.
2 Some authors use X; in place of w;® used here.
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quite a fair approximation. However, one must not be surprised if small inconsis-
tencies appear when the »; are used. Usually most of the z;; are negative and there-
fore, in general, w0 is slightly larger than »;, and w; is slightly larger than w,°.

As for diatomic molecules, the anharmonicities z;x and therefore the differences
between w;, %, and »; are the largest for vibrations involving the motion of hydrogen
atoms, As an example, the values of w;, w%, and »; for H;O may be considered:

w1 = 3825.3, w2 = 1653.9, wz = 3935.6;
w® = 3693.9, wz® = 1614.5, ws® = 3801.8;
3651.7, v = 1595.0, vz = 3755.8.

[

n

In almost all other cases the differences are smaller, for vibrations not involving
hydrogen considerably smaller.
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T'1a. 67. Vibrational energy level diagram of H,O showing the influence of anharmonicity.—
The heavy broken lines indicate the positions that the levels would have if anharmonic terms were
neglected. Not all levels up to 25000 cm™ are shown. Levels that are repeated in different sets
are connected by light broken lines.

In Fig. 67 the vibrational energy levels of HzO are plotted (disregarding the reso-
nance phenomenon to be discussed below) and compared to those obtained when
anharmonicities are neglected (broken lines). It will be noticed that, for example,
since 13 # 0 the series of levels withvs = 1andv; = 0, 1, 2, + - - (fourth column) is
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not obtained from the levels with v3 = 0 and »; = 0, 1, 2, -.. (first column) simply
by shifting by a constant amount (equal to the ﬁrst quantum of the vibration v3),
and similarly in other cases.

The generalization of the above formulae to the case of more than triatomic mole-
cules (without degenerate vibrations) is obvious. We have

Gy, 00 -+2) =X wi(vi +3) + 2 X awli ¥ Do+ + -, (L 271)

Go(vy, vz -+ ) = Z wd; + 2 Z zew0k + - (11, 272)
i k=i
wl=wi+2i+3 Y zaxt e, (11, 273)
k=i
vi=wd+Ti=wi + 284+ 3 2 za+ -0, (11, 274)
k=i

where 2 = z; and, if higher powers are neglected, z%; = zi.
In transforming the Schrodinger equation (11, 40) to normal coordinates, the expression

(gzw + — 3 + ‘p) does not go over into E E 2 88 it did previously [equation (II,41)],
22 y

if the displacements can no longer be considered as infinitesimal. In such a case usually the operator
method is used for setting up the wave equation [see Rojansky (20) ]; that is, one writes

HY = Ey (11, 275)

where H is a differential operator, the so-called Hamzltonian, which for the general case of a poly-
atomic molecule according to Darling and Dennison (263) is given by 3

H=1% Eﬁ s(Pa — Pa)uapu™H(Pg — po)ut + 3 .? wbrudprut + V. 1, 276)
a

Here a and B stand for z, y, or z; P4 and pq are the operators corresponding to the components of
the total angular momentum and the vibrational angular momentum (see p. 375) of the molecule
in the direction of the axes of a coordinate system that has its origin at the center of mass, and that
is rotating in such a way that the equilibrium positions of the nuclei are at rest with respect to it
[for moro explicit expressions for P, and p, see Wilson and Howard (944) J. The pi are the oper-
ators corresponding to the linear momenta conjugate to the normal coordinates £x; that is,
h 9 1I, 277

= o (L, 277)
The pzz, pzy, -+ are related to the effective moments of inertia and products of inertia, more spe-
cifically they are the elements of a determinant u that gives the relation between the angular momenta
P, — pq and the angular velocities w;, wy, w;.

In order to find the vibrational energy levels and eigenfunctions of the non-rotating molecule,
one has to carry out a perturbation calculation (see Molecular Spectra I, p. 308f.) in which the per-
turbation function is the difference between the above general Hamiltonian (II, 276) in which P,
Py, P, have been put equal to zero, and the one implied in the previous wave equation (II, 41) for
the harmonic oscillator approximation:

H =32 p2 +3 2 et (11, 278)

This is essentially what the above-mentioned authors have done in deriving the energy formula
(11, 266).

If in (II, 276) the dependence of the u.g, and therefore of the moments of inertia, on the dis-

placements (normal coordinates) is neglected, and if the coordinate axes are principal axes of inertia,

it can be shown fairly easily [see Wilson and Howard (944) ] that uss = Il ) Hyy = 1 !

I, y#u“I‘:

7 Darling and Dennison’s Hamiltonian is a slight modification of that originally given by Wilson
and Howard (944).
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while uqg = 0 fora 7 8. Here I., I,, I, are the principal moments of inertia. Therefore, and since
then the determinant u is a constant, (II, 276) simplifies to
H= (P.z "ﬁz)z +(Pv —pu)2 + (P, "‘Ps)’
21 21y 21,
Here again, if we disregard rotation, P., P,, P, must be put equal to zero. It may be noted, however,
that other than in the classical theory (see above) we cannot put Po — po = O; that is, if there is
a vibrational angular momentum, the molecule cannot be quite non-rotating. In the harmonic
oscillator approximation a vibrational angular momentum can occur only for degenerate vibrations;
but if anharmonicity, that is, interaction of the vibrations, is taken into account an angular mo-
mentum exists in general also in the non-degenerate case, a8 the terms with pz, py, p. in the Hamil-
tonian indicate. Physically this is related to the fact that the nuclei no longer move in straight lines
corresponding to one normal coordinate (which has no angular momentum). For a triatomic non-
linear molecule the vibrational angular momentum must obviously be perpendicular to the plane
of the molecule (that is, p: = p, = 0).

+32Zp2+ V. (11, 279)

Vibrational eigenfunctions. In the harmonic oscillator approximation, the total
vibrational eigenfunction is simply a product of oscillator eigenfunctions correspond-
ing to the different normal coordinates [compare equation (II, 42)]. If the an-
harmonicity is taken into account this is no longer the case, but we can write

Yo = Y1(E)a(s) -+ - Yan—s(Esn—s) + x(1, &2, + - Esn—s) (11, 280)

where x is the smaller compared to the product Y1¥s -« Ysnv—s the smaller the
anharmonicity.

As has been pointed out previously (p. 104), the vibrational eigenfunction ¥, in
the non-degenerate case can only be symmetric or antisymmetric with respect to
any of the symmetry operations permitted by the molecule irrespective of how large
the anharmonicity [that is, x in (II, 280)] is; or, in other words ¥, must belong to
one of the possible symmetry types (see section 3d). It is immediately clear that
for a given vibrational level the symmetry type of ¥, must be thé same as that of
Ya(E)Ye(E2)¥s(Es) - -+ in (11, 280). Therefore the symmetry type (species) of the an-
harmonic levels is obtained simply by determining in the previously described way the
symmetry type of the corresponding harmonic levels.

1t is useful to try to visualize the form of the eigenfunction . If only one vibration »; is excited,
that is, if only »; is different from zero, the eigenfunction depends not only on £; but also on all the
other normal coordinates as in the harmonic case (see p. 79), but not in as simple a way, Here,
unlike the harmonic case, such a dependence exists even when the zero-point motion of the other
normal vibrations is neglected, and is the wave mechanical analogue of the classical fact that a
Lissajous motion takes place. However, in order to get a rough picture of the eigenfunction let us
for a moment consider the dependence on £; only, assuming all the other £ to be equal to zero (that
is, let us, for example, consider the variation of the eigenfunction along CC or DD in Fig. 66b). In
the caso of a totally symmetric normal coordinate §; (for example, along CC in Fig. 66b), the course of
the function ¥, would be very similar to the vibrational eigenfunction of a diatomic molecule (sce
Fig. 47, p. 101 of Molecular Spectra I); that is, it is slightly unsymmetrical with respect to the origin,
4 = 0, the maxima on one side being higher than on the other. On the other hand, for a normal
coordinate that is antisymmetric with respect to at least one symmetry operation (for example DD in
Fig. 66b), ¥» is an even function of & for even »; and an odd function of & for odd v;, since, when
the #/mmetry operation is carried out, & goes over into —§; while ¢, remains unchanged (is sym-
metric) for even v; and changes sign (is antisymmetric) for odd v (see p. 101). Thus in this case
¥» i8 not an unsymmetrically but a symmetrically distorted Hermite function (see Fig. 29); that is,
the zero points remain symmetrically placed with respect to £ = 0 and the height of gorresponding
maxima and minima is the same for positive and negative £. The dependence of ¥, on the other
normal coordinates will again be similar to the harmonic case (see p. 79f.), that is, will be represented
mainly by a Gauss-error type of function but somewhat distorted and possibly with small additional
humps and maxima.
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(b) Influence of anharmonicity for (non-accidentally) degenerate vibrations

For the degenerate vibrations of molecules with more than two-fold axes, two
additional points have to be considered: (1) For a d.-foldly degenerate mbration v;
the energy depends on v; + (d,/2) rather than on v; 4+ } as it does for a non-degenerate
vibration, for which d; = 1 (see section 2 for the harmonic case). (2). Certain energy
levels that coincide in the harmonic oscillator approximation split tnto a number ofelevels
when the anharmonicity s taken into account.

As we have emphasized previously, the symmetry types of the vibrational levels
are the same no matter whether the oscillations are harmonic or anharmonic; for
example, the state in which a doubly degenerate vibration is excited with v = 1
remains doubly degenerate even if the potential is anharmonic. In the harmonic
case, if a degenerate vibration is excited by several quanta, or if several degenerate
vibrations are excited, a state arises with a degeneracy higher than that of any one
of the component vibrations; if on the other hand anharmonicity is taken into ac-
count, in general, this high degeneracy does not remain but a splitting occurs into
Jjust those substates that were obtained earlier from group theory (Tables 32 and 33).
This is because, as has been shown in more detail by Tisza (867), an accidental
degeneracy occurring in a certain approximation is always removed in a higher ap-
proximation and only the necessary degeneracies required by the point group of the
molecule remain. This holds rigorously as long as the rotation of the molecule is
neglected (for the interaction with the rotation see Chapter IV).

On the basis of the above general theorem it is, for example, immediately
concluded that the assertion made in a recent publication cannot be correct,
that in SiHy, assuming tetrahedral symmetry, the state in which the doubly de-
generate vibration »; is singly excited is split into two levels of slightly different
energy even without rotation, on account of anharmonic terms in the potential energy.
Conversely, if the doubling were experimentally established it would prove that
SiH, is not tetrahedral in its equilibrium position. This example illustrates the im-
portance of taking symmetry considerations into account in dealing with symmetrical
polyatomic molecules.

General energy formula for the case of doubly degenerate vibrations. On the
basis of the wave equation the following general formula is obtained for the vibrational
energy levels of a molecule with doubly degenerate vibrations [see Nielsen (666)]:

d.' i
G(vlyvzyvsy"') =Zwi(vi+§)+zzzzk(vi+i)(vk+éﬁ)
i T k=i 2 2

+ 2% gabde + -oo. (1, 281)

In this equation d; = 1 or 2 depending whether 7 refers to a non-degenerate or doubly
degenerate vibration. The I; are the previously introduced integral numbers (see
p. 81) which assume the values

li=v,v;,—2,v;,—4,..-10r0. (II, 282)

For non-degenerate vibrations I; = 0 and gix = 0. The last term in (II, 281), in
which the g are small constants of the order of the ., gives a number of different
sublevels when one or more degenerate vibrations are excited withv; > 1. However,
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formuia (II, 281) gives in general a splitting into fewer levels than the previous group
theoretical results (T'ables 32 and 38) would indicate. This is due to the fact that, in
the approximation in which (II, 281) has been derived, to every I; correspond two
levels of the same energy (see p. 81), whereas according to the previous considera-
tions of symmetry for certain I; values two non-degenerate states are obtained, and
at any rate no more than two-fold degeneracies can occur except for the cubic point
groups. For example, if two doubly degenerate vibrations are singly excited, one
four-foldly degenerate state is obtained from (II, 281), while according to Table 33
two doubly degenerate states or one doubly degenerate and two non-degenerate
states or four non-degenerate states (depending on the point group) result.

Thus in higher approximation many of the levels given by (11, 281) will split still
Sfurther. Explicit formulae for this additional splitting have not been given. How-
ever, it appears quite possible that it is of the same order as the l-splitting given by
the third and fourth term in (II, 281).

The zero-point energy in the present case is, according to (II, 281),

d; did
G(()’Oroy"')=Zwi5+2§xik—4k+"'- (11, 283)
[ T k24

If the vibrational energy is referred to the lowest level one obtains, similar to (II, 272),
Go(vy, 02 -++) =3 wlv; + X Zz e + 2 § gl + ---, (11, 284)
i s k=i i k2i

where
0l =w;+radi + 5 2 zade + -, (11, 285)
k#i
and where 2% = x,; if higher powers are neglected. Also we obtain for the funda-
mentals,

vi = w0l + 2 + gii = 0. + 21 + d.) + 3 Z#: zude + g, (11, 286)
ki
where, as previously, z.; = Zr;.

Application to linear molecules. In the case of linear molecules, as long as only
one degenerate vibration (always of species II) is excited, I; is an exactly defined
quantum number, I; =0, 1, 2, 3, - - -, representing the vibrational angular momen-
tum about the symmetry axis and corresponding to the species =, II, A, &, ---.
In this case, equation (II, 281) gives all the splittings. The levels with I; % 0 are
necessarily degenerate (see p. 112). The energy levels are as given in the previous
Fig. 52a. Such an energy-level diagram would always apply to triatomic linear
molecules (XYZ or XY5), since they have only one degenerate vibration. For them,
(I1, 281) would simplify to

G(v1, v3, 03, 1) = wi(v1 + 3) + wa(vz + 1) + ws(vs + 3) + zu(vr + 3)?
+ zaa(ve + 1) + gools® + 253(vs + 3)?
+ z12(v1 + $) (02 + 1) + @13(01 + 3)(vs + %)
+ zas(ve + 1) (s + 4) + -+, " (11, 287)

For the case of linear symmetric XY, molecules, Adel and Dennison (37) [see Denni-
son (280) for a few corrections] have given formulae for the z;; and g2 in terms of
the cubic and quartic potential constants as well as the w; and the moment of inertia.
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Similar formulae for the linear XYZ molecule have been given by Adel (33) and
Nielsen (654a). Actual values for the anharmonic constants z;; and gss of CO,
and HCN as obtained from the observed infrared and Raman spectrum will be given
in Chapter III.

If two or more degenerate vibrations exist as in linear X,Y; and are simultaneously
excited, only the quantum number L of the resultant vibrational angular momentum about
the axis is exactly defined but the individual I; are still approximately defined as angular
momenta (similar to the \; of the electrons in diatomic molecules) and formula
(IL, 281) gives an approximation to the energy. However, the formula does not
give a splitting of a level with given I; values which is actually to be expected on
the basis of group theory (see Table 33). For example, if in X,Y, each of the
two degenerate vibrations »4 and vs (see Fig. 64a) is singly excited, that is, for
vg=1,v5 =1, and [y = 1, [s = 1, equation (II, 281) gives one energy value only,
while on the basis of Table 33 the three states Z,*, £,~, and A, result. In the
approximation assumed in (II, 281), these three states are degenerate with one
another; but taking account of the finer interaction of the vibrations will lead to a
splitting (see also the next subsection).

It can be shown [see Wu and Kiang (963), and Shaffer and Nielsen (779)] that,
for linear X;Y3, gss = 0, since the two degenerate vibrations have different species.
Therefore the part of the energy formula (II, 281) depending on the I; is simply

guld + g55l52 (II, 288)

Wu and Kiang (963) and Shaffer and Nielsen (779) have given explicit formulae for
the gu, gss as well as the z,; in this case in terms of the potential constants.

As an illustration, Fig. 68 gives the lowest energy levels of the form vy + vsvs
according to (II, 281) with (II, 288). Levels that coincide according to these
formulae but split in higher approximation are drawn separately but enclosed in
brackets.

Application to some non-linear molecules. The general formula (II, 281) has
been shown to hold for plane and pyramidal XY; molecules by Silver and Shaffer
(790) and Shaffer (776) respectively, and for axial XYZ; molecules by Shaffer (777).
As in the previous cases, the calculations are based on the wave equation in the form
(11, 276). The authors have given detailed formulae for the constants z;; and g
in terms of the potential constants and the geometric data of the molecule. In
these cases the g with ¢ 3¢ &k are not zero.

In Fig. 69, which is similar to Fig. 68, the lowest vibrational levels corresponding
to an excitation of the two degenerate vibrations of XY; are represented. Again,
in the approximation in which (II, 281) holds, some of the sublevels coincide that
in higher approximation would have different energy.

It should be mentioned that Silver and Shaffer also found an additional small
term independent of v; 4 di/2 in the vibrational energy. However, such a term

Fra. 68. Vibrational levels vw, + vsvs of linear X.Y, taking anharmonicity into account.—The
figure is approximately to scale for C:H,. In order to avoid overcrowding of the lettering the sub-
acripts g or u of the species are added in some cases only to one or a few of the levels of a group of
given 2, v5 for all of which they are the same. The formula used was Go = 6803v, + 729 5v5 + 9v¢?

= 13vws — 0.505* + 512 + 7l% The coefficients of 12 and 4? are entirely hypothetical. For the
levels 1513 and 1511 the designations A, T and 2+, -, A respectively were inadvertently omitted.
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would be exceedingly difficult to establish experimentally. Omitting it as we have
done in (II, 281) simply means referring the vibrational energy not to exactly the
minimum of the potential energy but a very slightly higher or lower energy.
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Fia. 69. Vibrational levels vavs + vw, of pyramidal XY; taking anharmonicity into account.—
The fundamentals chosen are approximately those of NH; (see Table 38) but the anharmonicites

are entirely hypothetical.

+ 1004 + 2605 + 166l + 2003,

The following formula was used: Go = 3500v; + 1600z, + 20v% + 15754
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It should be realized that in these cases, unlike the case of linear molecules, the
l; defined by (II, 282) do not in general represent the vibrational angular momenta
about the symmetry axis. Rather, as we shall discuss in more detail in Chapter IV,
section 2a, the vibrational angular momentum of a degenerate vibration »; is {;(h/27),
where {; is in general non-integral and has a magnitude smaller than one.

(c) Accidental degeneracy, Fermi resonance

Qualitative discussion. In a polyatomic molecule it may happen that two vi-
brational levels belonging to different vibrations (or combinations of vibrations) may
have nearly the same energy, that is, may be accidentally degenerate. As was first
recognized by Fermi (322) in the case of COq, such a “resonance” leads to a perturba-
tion of the energy levels which is very similar to the vibrational perturbations of
diatomic molecules (see Molecular Spectra I, p. 8319f.). The only essential difference
is that for diatomic molecules only vibrational levels of different electronic states can
have nearly the same energy and thus perturb one another, whereas here two vibra-
tional levels of the same electronic state can have the same energy and perturb each
other. For example, in the case of CO; the level »; = 0, v2 = 2, v; = 0 has almost
the same energy as the level v; = 1, 2 = 0, v3 = 0, since ¥, = 1337 and v, = 667
cm™! (see Table 41). For diatomic molecules, the perturbation is due to the inter-
action of vibration and electronic motion whereas here, for polyatomic molecules,
the anharmonic terms in the potential energy, that is, the tnteractions between different
wibrations are sufficient to produce a perturbation when two levels happen to lie very
close together.

As for diatomic molecules, the two vibrational levels that have in zero approxima-
tion nearly the same energy ‘‘repel’ each other and the actual levels do not follow
accurately a formula of the type (II, 271) or (II, 281). Thus for CO; one of the two
above-mentioned levels is shifted up and the other down so that the separation of
the two levels is much greater than expected. At the same time a mizing of the
eigenfunctions of the two states occurs. The deviation of the energy values from the
formula and the mixing of the eigenfunctions is the stronger the smaller is the zero
approximation difference of energy.

Mathematical formulation. In addition to depending, in an inverse way, on the
‘“original” energy difference of the two levels, the magnitude of the perturbation
(repulsion) depends, as for diatomic molecules, on the value of the corresponding
matric element W,; of the perturbation function W:

Wai = SYl Wy O*dr. (11, 289)

The perturbation function W is here essentially given by the anharmonic (cubic,
quartic, - - +) terms in the potential energy,’ while ¥»° and ¢,° are the zero approxima-~
tion eigenfunctions of the two vibrational levels that perturb each other. Since W,
as we have seen above, has the full symmetry of the molecule (is totally symmetric),
¥»? must have the same symmetry type as ¥, in order to give a non-zero value to
Wa: and therefore to the magnitude of the perturbation. [If ¥,°'and ¥ had
different symmetry type, the integrand of (II, 289) would change for at least one

" Strictly speaking, it also includes the deviation of the kinetic energy operator [see equation

(11, 276) ] from the form it has in the zero approximation used. But the corresponding contributions
to Wi are usually negligible for the perturbations here under consideration.
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symmetry operation and therefore the integral would vanish.] Thus we have the
important rule: Only vibrational levels of the same species can perturb one another, or,
Fermi resonance can occur only between levels of the same species. This rule restricts
very greatly the occurrence of vibrational perturbations (Fermi resonance) in
symmetrical polyatomic molecules.

If the resonance is fairly close the magnitude of the shift can be obtained according to ﬁré{.‘-’order
perturbation theory (see texts on wave mechanics) from the secular determinant
Ey.o - E Wm’
Win E° —E
where E,° and E;? are the unperturbed energies. From this equation one obtains for the perturbed
energy E, since according to (II, 289) W,, = W,":,-,
E = Eni £ }V4|W. + &, (I1, 201)

where En; = $(E® 4 E,° is the mean of the unperturbed levels and § = E,° — E;° is the separation
of the unperturbed levels.” Formula (II, 291) shows that there is no perturbation if W,; = 0 and
that, if § is very small—that is, if the resonance is very close—the shift is |W .| up for one and down
for the other level. If & is large compared to 2|W,,|, we can expand (II, 291) into

2
E=En;i(§+‘wnll ).

=0, (I1, 290)

3 3 (11, 292)

which is essentially the same as one would obtain from second-order perturbation theory applied to
each level separately.

In Fig. 70 the position of the perturbed levels for a constant W,; and E,; is plotted as a function
of 8, the separation of the unperturbed levels. The shift produced by the perturbation is given by

Find)

e

F1a. 70. Perturbation of two energy levels as a function of the separation of the unperturbed
levels.—The broken lines represent the positions of the unperturbed levels, the solid curves those
of the perturbed (actual) levels.

the separation of the heavy curve from the nearest of the broken lines (which represent the un-
perturbed levels). The shift is largest for § = 0, that is, for exact resonance.

The eigenfunctions of the two resulting states can be shown to be (from standard methods of
perturbation theory) the following mixtures of the zero approximation eigenfunctions ¥,° and y,°:

¥n = ayn’ — 0y,
Vi = bya® + ayy,

® Formula (II, 291) is seen to be identical with (V, 67) of Molecular Spectra I if it is noted
that e in the latter is E — E,°, that is, is the energy above the lower of the two unperturbed levels.
This was not clearly stated in Molecular Spectra I, p. 311.

(11, 293)
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where
4| W )2 & 5\} 4| W nil? 8 — 5\}
a=()!|_l__t_if_) , ,,=(_______\HH). 1 200

VAW ol + 82 2V Wt + &

If § = 0 wo obtain a fifty-fifty mixture; if & is very large ¥n —> ¢¥»° and s — ¢,

It should be emphasized that the perturbations are due to the same anharmonic terms in the
potential encrgy that cause the terms z;xv,x in the energy formula. The latter are due to the
integrated perturbing effect of a large number of vibrational levels of which each contributes a term
|Wn|2/8 as in (I, 292) whereas the former are due to the effect of one level that is particularly close
to the one considered. Also, the terms z;xv,0x are always calculated by using as zero approximation
the harmonic oscillator levels and cigenfunctions whereas for the perturbations one may instead also
use the levels given by (II, 271) or (II, 281) and the corresponding eigenfunctions, to be substituted
in (II, 289) and (II, 291).

In a way also the deviations of tho characteristic group frequencies from their ‘‘normal” values
in molecules containing several groups of similar frequencies may be considered as a special case of
the vibrational perturbations, that is, if the ‘‘normal’ values of these group frequencies are con-
sidered as the zero approximation. Also in this case such deviations occur only if the two or more
vibrations have the same species and are always in such a direction as if they were produced by a
“repulsion” (compare the discussion on p. 200).

Application to CO; and similar cases. As mentioned before, for CO, there is a
very close resonance between the levels 1, 0,0 and 0, 2, 0 since 2»; happens to be
very nearly equal to »;. The level 0, 2,0 con-

sists of two sublevels 0, 2%, 0 and 0, 2%, 0 with | ~.( /A,ﬁ(f;?
Iy = 0 and 2, which have the species Z,* and A,. ’ 20 020
According to the preceding discussion only the

2, T sublevel (I = 0) can perturb the 1,0, 0 level

which has the species 2,* and conversely it alone .

is perturbed by the 1,0, 0 level. This isshown in ¢ =Tt
Fig. 71. The separation of the two levels 1, 0, 0

(=1388.3 cm™) and 0, 29, 0 (=1285.5 cm™) is

much larger than would have been expected on

the basis of the value for »2(=667.3 cm™). b 000
Similarly, of course, the splitting of the two sub- Fia. 71. Fermi resonance in COs.
levels Iy = 0 and Iz = 2 of 0, 2, 0 is anomalously —The broken lines represent the un-

—1 perturbed levels which go over, on
large (49.9 cm™). In consequence of the strong Bocount of the resonance. into’ the

perturbation, a strong mixing of the eigenfunc- two levels to which the arrows point.
tions of the two levels 1, 0, 0 and 0, 2 0 occurs
so that the two observed levels can no longer be unambiguously designated as
1,0,0 and 0,2 0. Each actual level is a mixture of the two. Experimentally
this mixing is evidenced by the occurrence of two strong Raman lines rather than
one (see Chapter III).

In consequence of the perturbation (resonance) between the levels 1,0, 0 and
0, 2%, 0 of COg, there are of course also perturbations between certain higher levels,
f8r instance between 1, 0, 1 and 0, 29, 1 or between 1, 11, 0 and 0, 3!, 0 or between the
three levels 2, 0%, 0; 1, 29, 0, and 0, 4%, 0, and so on. A full discussion of these has
been given by Adel and Dennison (37) [see also Dennison (280), and ,Chapter III,
p. 275]. '

If the considerations of p. 205 are applied to linear symmetric XY, it is easily seen that the
potential energy can only have the cubic terms

amn® + cammi(nia + 13) + ansmns. (11, 295)
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If this is substituted for W in (II, 289) and if for the eigenfunctions ¥,° and ¢,° products of harmenic
oscillator functions (II, 53) and (II, 58) are used, it follows that W;, if n is a level v1 + 1, vq, v3,
and ¢ is a level v, v2 + 2, v3, depends only on the potential constant aj32. None of the other cubic
and none of the quartic terms gives a contribution. For the two levels 1, 0, 0 and 0, 2°, O one finds

Rl

Wi ol = — ——a
8 \/Eﬂ'xc‘wﬂwg

22, (L, 206)

The value of W,; for all other corresponding pairs of levels differs from Wigg, 02% only by a con-
stant factor. Therefore the separation of all the resonating pairs can be represented by the two
constants: § (the unperturbed separation of the levels 1, 0, 0 and 0, 2°, 0) and the interaction con-
stant Wiog02%. The two constants are therefore necessary in addition to the ws, zsk, and g2z of
(11, 287) for a complete representation of the vibrational energy levels of a linear symmetric XY
molecule such as CO: in which »; = 2p2. For CO2 Dennison (280) obtained the values § = 16.7 cm™
and Wieg, 02% = 50.4 cm™1.7

A resonance phenomenon occurs also in a classical treatment of the vibrations. For example,
for XY during the perpendicular vibration v, there is a slight force in the X—Y direction which has
a maximum value twice during one period. This will lead to an excitation of the symmetrical oscilla-
tion »; if its period is half as large as that of »;, that is, if 2vs = »;. Thus if at first only v, is excited,
after a while only », will be excited; and after a further interval only v will be excited, and so on.
The situation is much the same as for two coupled pendulums. The motion may be considered as
the superposition of two stationary vibrations of somewhat different frequencies.

If for a linear X Y2 molecule one had »; = 3»; or 2v; = 3v, no perturbation would occur since
none of the two sublevels of the state 0, 3, 0 with /; = 1 and 3 (II, and P, state respectively) has the
same species as the states 1, 0, 0, or 2, 0, 0 which are Z,* states.

Perturbations (Fermi resonances) similar to those observed for CO2 have been
found for a number of other molecules. They will be discussed briefly in Chapter
III, when the vibrations of’ these molecules are considered. In all these cases a
fundamental »; has nearly the same frequency as a first overtone, 2»; of another
vibration, or as a binary combination »; + »; of two other vibrations. The mathe-
matical treatment is very similar to that for XY, molecules. As above, such per-
turbations are only possible when the fundamental v; has the same species as one of
the sublevels of 2v; or »; + »..

Application to H;0. A somewhat different perturbation has been found to occur
for H20 by Darling and Dennison (263) and is probably of importance also for many
other molecules. For H,O the two vibrations »; and »; have a similar magnitude
(3652 and 3756 cm™) but cannot perturb each other since they have different species.
However, the two first overtones 2»; and 2»; have the same species (4,) and therefore
can perturb each other or, more generally, any state vy, ve, vz with vy > 2 is perturbed
by a state v1 — 2, v, v3 + 2. The recognition of this effect by Darling and Dennison
(263) has first led to a satisfactory analysis of the vibration spectrum of H,O (see
Chapter III).

The essential difference from the case of CO; is that here the matrix element W s would be zero
if only cubic terms of the potential energy were taken into account and harmonic oscillator functions
were used for ¥,° and ¥s°. However, the quartic terms of the potential with harmonic oscillator
functions and the cubic terms with anharmonic oscillator functions give each a contribution. Darling

. . —b . . .
% Qur Wi, 0% is Dennison’s 75 . His constant b corresponds to our a2 for acertain choice
of dimensionless normal coordinates.
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and Dennison have shown that

Wai = Wi s e = by Vo — D + D@ + 2), (I1, 207)

where v depends on the potential constants only.

While the energy levels for which no perturbation occurs are given by (II, 271) those for which
a perturbation occurs are determined by (II, 290) or (II, 291)in which E,? and E;°are the unperturbed
energies as obtained from (II, 271) and W,; is given by (II, 297). Thus there is one more constant
() necessary to represent the observed energy levels than there would be if no resonance occurred
(see also Chapter III, p. 282).

A very similar perturbation is to be expected for C;H, since here also »; and »; have a very
similar magnitude (v1 = 3374 and »3 = 3287) but have different species, so that only pairs of levels
vy, V3, U3, V4, U5 and vy — 2, v, v3 + 2, v4, v5 can perturb each other. The matrix element would be
of the same form as for H;O [equation (II, 297)]. Calculations on this basis have not been carried
out, but it seems certain that they would clear up certain discrepancies which have been found in
the analysis of the C,H; vibration spectrum [see Herzberg and Spinks (441) and Wu and Kiang
(963) (961)]. Similar perturbations will also occur for many other molecules, but for very few are
the available data sufficient to carry out a detailed calculation.

In higher approximations perturbations between levels with still greater differences in quantum
numbers are possible. But for such pairs higher and higher terms in the potential function would be
involved so that the magnitude of the perturbations for the same unperturbed separation would be
smaller and smaller. However, it must be realized that the different potential constants, aijx or
Biyrt and 8o on in (II, 263), may have very different magnitude, as has actually been found for CO2
[see Dennison (280)7, and therefore the effects of certain high-order potential constants may be
comparable to those of lower order.

Splitting of the /; degeneracy. It has been mentioned before (see p. 211) that
the degeneracy of levels with the same I; values is not always a necessary degeneracy.
In cases where it is not it will be removed when other levels of the same species are in
the neighborhood of the one considered. For example, in a pyramidal XY; molecule
the level in which the degenerate vibration »s is excited with »3 = 3, according to
(II, 281) consists of two slightly different sublevels with Is = 3 and I3 = 1. How-
ever, while the sublevel I3 = 1 has the species E, the sublevel I3 = 3 has A; + A4,
(see Fig. 69), that is, is not necessarily degenerate and will split if another level of
species Ay (or 4,) is in the neighborhood. Actually for molecules like NH; the
vibration »; of type A; has a very similar frequency to »s and therefore the level
v1 + 23 is in resonance with 3vs. The former has sublevels of species 4; (I3 = 0)
and E(l3 = 2). The first of these can interact with the 4; sublevel of 3vs but not
with 45 and therefore the sublevel I3 = 3 of 3v; will split into two fairly widely sepa-
rated levels. The separation would be expected to be of the same order as, or even
greater than, the separation of the sublevels with different 5.

Since in other cases a suitable perturbing level is bound to be somewhere, even
though it may be at a fairly large distance from the one considered, the I; degeneracy
is always split, as has been indicated in Figs. 68 and 69. But the splitting is very
slight if the perturbing state is not fairly close.

The preceding considerations show that the general formulae (II, 271) and (II, 281)
can be expected to give an accurate representation of the vibrational levels of .6 polyatomic
molecule only if no resonances between levels of the same species occur. It is clear that
the more atoms a molecule contains the less likely it is to be free from such resonances,
even for the lower vibrational levels. Thus the formulae mentioned must be applied
with caution.
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(d) Several potential minima

General remarks. It happens frequently that the potential function of a given
gystem of atoms has more than one minimum, that is, that there is more than one
equilibrium position. If these minima have different energy and if the potential
function in their neighborhood has different shapes, the minima correspond to differ-
ent isomers of the molecule considered, which in general can be separated chemjcally
from one another (for example, CH3CN and CH;3;NC, cis- and trans-C.HzClz). For
most practical purposes and particularly for the consideration of their vibrational
levels they can be considered separately as different molecules, except when the
barrier separating the minima is very low (as is the case for molecules like CoH,Clz;
see Chapter III, section 3f). However, when the potential minima are tdentical in
height and in shape the situation is rather different, because exact resonances of the
energy levels corresponding to the two minima, and consequently splittings of the
energy levels may occur and it may be impossible to separate the different isomers.

We have to distinguish two essentially different cases:

(1) All non-planar molecules irrespective of whether or not they contain identical
atoms have two identical potential mintma corresponding to the two equiltbrium posttions
of the nuclei that result from an inversion of all nuclet at the center of mass. These two
configurations cannot be transformed into each other by simple rotations of the whole
molecule. The energy levels corresponding to the two configurations are always in
exact resonance and therefore, in consequence of the tunnel effect, a splitting into
two energy levels, usually very close together, takes place. This is what was previ-
ously (p. 27) called inversion doubling. For example, for pyramidal XY3 or for
axial ZXYs, if the Y atoms are numbered Y, Y®, Y®, by an inversion a configura-
tion is obtained that cannot be obtained by rotations. To be sure, in the cases
mentioned the configuration obtained by inversion, because of the identity of the Y
atoms, cannot actually be distinguished from the original one. Only if the Y atoms
are actually different would that be possible. This is the case for optical isomers,
the simplest example of which would be a non-planar molecule WXYZ. But in all
cases the double degeneracy of all vibrational levels derived for one potential mini-
mum exists and is split in higher approximation. For plane and linear molecules
an inversion can always be replaced by a rotation of the whole molecule and therefore
the double degeneracy of the vibrational levels and the inversion doubling do not
exist (see also p. 27).

(2) In all cases of molecules with identical atoms, when an exchange of these identical
atoms cannot be brought about by a rotation of the whole molecule, or by an inversion, or
both, two or more identical potential minima exist. Examples are molecules like linear

W\ Y
X—Y—Y (N:0), X;Y, of point group V3 (C:Hj), X—X (CIBrC=CH,),
7 Y
X,Ys of point group Djs or Dsq (CoHg), non-axial WZXY;3 (CH;OH). In all these
cases the exchange of the identical nuclei, that is, a transition from one potential
minimum to another identical one, can be brought about by an internal rotation,
that is, a rotation of one part of the molecule against the other” If the identical
atoms have nuclei of the same mass, the vibrational levels in each minimum (if

7 In molecules like symmetrical XY, (linear or bent), XY; (planar or non-planar), or axial
XYZ,, this type of identical potential minima obviously does not occur.
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considered separately) will be the same; that is, there will be a degeneracy of each
vibrational level of a degree equal to the number of identical minima. This de-
generacy will be split in the actual molecule (see below). If the masses of the
identical atoms are different the energy levels will be different in the two minima
and no resonance will occur. In this case the situation is essentially the same as if
the two atoms were different; that is, we have a number of isomers with slightly
different properties and particularly a different spectrum, for example N*N0O and
H H D H
. / AN
NBNUQ, or C=C and C=C_ , and others.
o/ N ®w D
It should be noted that the degeneracy introduced by the identical potential
minima is not included in the previous treatment of normal vibrations and their
symmetry types. This was quite legitimate, since for a strictly quadratic potential
energy a transition from one to the other potential minimum would be impossible.

Inversion doubling in NH; and similar molecules. The only case of inversion
doubling that has been studied in considerable detail both experimentally and theo-
retically is that of NH;. Here, assuming a pyramidal structure, if the N atom is
moved through the H; plane to an equivalent position on the other side an inverted
configuration is obtained. If the potential energy is plotted as a function of the
distance of the N atom from the Hj; plane, a curve of the form given in Fig. 72a is
obtained. Let us for a moment consider the one-dimensional motion of a single
particle in a potential field of this form. Suppose the broken horizontal lines are
the energy levels that one would obtain if one had two independent (identical)
minima not connected by a potential hill (broken curves). THen in consequence of
the resonance together with the perturbation, that is, deviation of the potential
from the broken curves, a splitting of each degenerate level into two levels indicated
by the full horizontal lines in Fig. 72a occurs. The splitting increases rapidly with
tncreasing v.

Because of the symmetry of the potential field the corresponding eigenfunctions
must remain unchanged or can at most change sign for a reflection at the origin
(x— — z). In a zero approximation, the two functions corresponding to a pair of
levels are simply a symmetric and an antisymmetric combination

Ve = Yu(xo — ) + Yoo + 2),
VYa = Yo(®o — z) — Yo(xo + 2)

of the oscillator wave functions ¥,(£) corresponding to each minimum, where £ is
the displacement from the minimum (counted positive toward the potential hill).
These eigenfunctions are given for v = 0, 1, and 2 in Fig. 72b. It can be shown ™
that the symmetric function always corresponds to the lower one of a pair of levels.
The eigenfunctions tell us that there is an equal probability of finding the particle
in the left and in the right bowl. Whereas in classical mechanics, once the particle
is at the right with an energy lower than that of the hill it can neverrgo over to the
left bowl, in quantum mechanics after a certain length of time the particle will be
found in the left bowl, that is, it will penetrate the potential hill (tunnel effect). The

8 See, for example, the somewhat similar problem of the Hs* molecule as treated in Pauling
and Wilson (18).

(11, 296)
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average time it takes the particle to go from one side to the other (to penetrate the
aill) is inversely proportional to the energy difference of the two sublevels for a

(It is 1/(2AGc) if AG is the energy difference in cm™),
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F1a. 72. (a) Potential energy in a pyramidal X¥; molecule as a function of the distance of the
X atom from the Y; plane; (b) Eigenfunctions for this case assuming one-dimensional oscillations.

~—The splitting for » = 0 and 1 is much exaggerated.

The mutual interaction of the ‘“right” and “left”” energy levels, that is, the
magnitude of the doublet splitting, depends on the matrix element W,; defined in
(11, 289). It is clear that since the perturbation function is the deviation from the
broken-line potential curves in Fig. 72a, W,; will increase very rapidly as the top
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of the potential hill is approached. [Calculations show that it decreases expo-
nentially as the area of the hill cut off by the energy level increases; see Dennison and
Uhlenbeck (284).] Thus the doublet splitting and therefore the probability for the
particle to go from one side to the other s exceedingly small for levels considerably
below the top of the hill but quite large near the top. The doublet splitting increases
further for the levels above the top until very far above the top it is equal to half
the separation of successive unperturbed levels. In other words, far above the top
of the hill we have again a simple series of levels with roughly half the spacing that
one would have if there were only one minimum (see Fig. 72a). The eigenfunctions
of these levels are alternately symmetric and antisymmetric with respect to reflection
at the origin (positive and negative levels) similar to the successive levels of the
vibration va(az’’) of a plane XY; molecule (see Fig. 63 and Fig. 42b).

In applying the above considerations to the actual energy levels of NHs and
similar molecules, it must be realized that none of the normal modes is exactly a one-
dimensional oscillation of the N atom against the Hs plane. Rather in each one of
the four normal vibrations (see Fig. 45) the height of the pyramid is changed some-
what, and the splitting of each vibrational level depends on the magnitude of this
change in a way that can be roughly obtained from Fig. 72a by finding the potential
encrgy change corresponding to the change of height and interpolating the splitting
for this energy. The change of height is in first approximation zero for the two
degenerate vibrations vz and »4, and therefore one would expect the splitting to be
almost independent of »3 and v4 (as long as they are small).” But the change of
height is different from zero, even in a first approximation, for the non-degenerate
vibrations »; and »s, and therefore the splitting should increase fairly rapidly with
increasing v; and v;. The change of height is by far the greatest for »,.

These predictions are strikingly confirmed by the observations on NH;. The
splitting of the ground state v; = 0, v, = 0, v3 = 0, v4 = 0 is exceedingly small,
amounting to only 0.66 cm™; for the state v, = 1 the splitting is 35.7, for v, = 2itis
312.5 em™! [see Dennison (280)], while for the state »; = 1 it is only 1 em™ even
though »; = 3337 against v = 950 cm™.. For the perpendicular vibrations the
observations are not yet accurate enough to detect small splittings under 1 em™, but
the splitting is certainly not much greater than in the lowest state.

To a fairly good approximation the normal vibration v, of NHj; is one in which
only the distance of the N atom from the Hjs plane is changed; that is, the energy
levels of this vibration would be approximately those of a one-dimensional oscillator
moving in a potential field of the form of Fig. 72a. Using a certain functional form
of this potential, it is possible to determine the splitting of the vibrational levels
vovs a8 8 function of the potential constants; or, conversely, from the observed splitiings,
the constants of this potential, in particular the separation of the two mintma and the
height of the maximum, can be determined. Such calculations have been carried out
by Morse and Stueckelberg (636), Dennison and Uhlenbeck (284), Rosen and Morse
({12), Manning (599), and Wall and Glockler (911). It turns out that the resulting
geparation of the minima is almost independent of the particular form assumed for
the potential. The height of the NH; pyramid, which is one-half therseparation of

™ For large v; and ¢ the fact has to be taken into account that an inversion can also be brought
about by an internal rotation of an NHg group by 180°. While the potential hill for this rotation
is expected to be much larger than the one discussed in the text, the change of angle for »s and v,
will be relatively much larger than the change of height.
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the minima, is thus found to be 0.38 X 10~% cm, which agrees very satisfactorily
with the value 0.381 X 10~8 cm obtained from the infrared rotation-vibration spec-
trum (see Chapter IV, p. 439). The height of the potential hill, according to
Manning (599), is 2076 cm™!; that is, the level 2v, is just below its top and all higher
levels of this vibration are above it.

From the same potential function the splittings for NDs, ND,H, and I}IH2D
may be calculated [see Manning (599), Wall and Glockler (911), and Dennison
(280)] and they come out in satisfactory agreement with experiment. For NDs,
for example, the calculated splittings for ». and 2v; are 2.5 and 55 cm™ while the
observed values are 2.4 and 70 cm™. The splitting is smaller than for NH; because
of the smaller energy above the minimum and the smaller tunnel effect due to the
larger reduced mass.®2® It has not yet been observed for the ground state of NDs.
A number of levels above the maximum have been observed for NDs [see Table
74, p. 2977 which agree well with the theoretical results of Manning (599) [see also
Dennison (280)]. The splitting for levels other than »w: has not as yet been
evaluated theoretically.

For PH;, Sutherland, Lee and Wu (830) have found an inversion doubling of 2.4
em~! for the state »;. From this datum and an approximate value for the height
of the pyramid (0.67 X 10~% ¢m) the height of the potential maximum is found to
be of the same order as for NHs. The splitting for the ground state obtained on this
basis is only 1.51 X 10~ em~1, which would be very difficult to observe directly.

The average time for an inversion to take place is, according to the previous
formula, 2.5 X 10~ and 1.1 X 1077 sec. for NH3 and PHj; respectively (in their
ground states). These values are respectively 700 and 3.3 X 10® times the periods
of oscillation of vs.

The only other case of an observable inversion doubling seems to occur for the
H,0; molecule. Zumwalt and Giguére (977) have interpreted the observed doublet
structure of a photographic infrared band of this molecule as due to an inversion
doubling, assuming the model represented by Fig. 2a. In this case the inversion can
be brought about by a torsion of the two OH groups about the 0—O axis. However,
their interpretation of the spectrum is admittedly not final.

Optical isomers. The comparison of NH; and PH; shows how rapidly the time required for a
switching over (an inversion) increases with increasing height of the potential hill and increasing
mass of the atoms concerned. For AsDj; assuming a height of 0.75 X 107® c¢cm and a potential
maximum of the same height as for NH; a value of 1.5 X 1072 sec. would be obtained. It is therefore
clear that with even heavier masses and greater potential hills, as for example in AsCl; or BiCls,
the time for one switching over will be many powers of ten larger, that is, of the order of hours or
even years. As long as there are identical nuclei in the molecule, as in AsCls, the mverted form is
indistinguishable from the non-inverted. But if all four atoms are different, as in Cl I \I the two
forms would be distinguishable, for example by the fact that one would rotate the plane of polariza.tion
of light to the right, the other to the left. They would be optical isomers. While optical isomers
of the pyramidal type have not as yet been found, similar isomers of tetrahedral type are well known,

8 It may be noted that in going through the potential hill the center of mass must be conserved.
Therefore the H or D atoms are displaced more than the N atom, the motion corresponding to that
of a single particle in the potential field of Fig. 72a with a reduced mass equal to that applying to

the vibration »; in a plane XY; molecule [ that is the factor my / ( 1+ ?ﬂ) in (II, 210) ]
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namely carbon compounds with four different substituents. Here, in order to transform one molecule
into the inverted form, one has to twist one part of the molecule against the other until two sub-
stituents are exchanged. The potential hill that has to be surmounted is very large, particularly if
the substituents are large groups; the tunnel effect is correspondingly extremely slight. One can
estimate [see Hund (465) ] that the time that it would take the free molecule to switch over by
means of tunneling 8! may be as high as 10° years. Thus it is possible to understand that there are
bacteria that eat only one of the two forms (the right or left one) of a certain carbon compound.
The asymmetric molecules that must be present in these bacteria have not switched over to the
opposite configuration since the particular genus came into existence.

*'/Torsional oscillations. The only cases of identical potential mintma, produced by
identity of atoms in the molecule,\that have been discussed in greater detail are those)
involving torsional oscillations.¥ For example, in C;H, the potential energy, plotted
as a function of the angle x of relative rotation of the two CH; groups against each
other, has two identical minima as shown in Fig. 73a. Similarly, in CoHs and
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Fia. 73. Potential energy as a function of the angle of torsion in C:H,- and C;He-like molecules
and energy levels of the torsion oscillation (qualitative).—The energy levels are shown only where
the kinetic energy is positive. But it must be realized that the eigenfunctions have non-zero (even
though small) values also when the potential energy is greater than the total energy (under the
potential barriers).

CH;0H, the potential energy has obviously three identical minima if plotted as a
function of the angle of torsion (Fig. 73b). We have, for CaHy, for the potential
epergy V:

Vix) = V(x +m) (11, 299)

8! The usually observed inversion is due to thermal collisions. !

% One case that does not involve torsion has recently been discussed by Glockler and Evans
(371) on the basis of the data of Buswell, Maycock, and Rodebush (187), namely the linear FHF~
ion in which there appear to be two equilibrium positions for the proton, leading to a doubling of

the energy levels. However, the experimental evidence appears to be somewhat ambiguous [see
Ketolaar (499) J.
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and for C:Hg, CH3;OH, and similar cases,
V(x) = Vix = in). (11, 300)

If, as in the examples, the nuclei of the identical atoms have the same mass, the
energy levels corresponding to the identical minima are in zero approximation the
same; that is, we have in the above cases a two- and three-fold degeneracy ¥gspec-
tively. This degeneracy is split, at least partially, if the deviation from a strictly
parabolic potential curve, or in other words the passage through the potential barrier,
is considered. Then for C:H4 and stmilar molecules each level of the torsion oscillation
va(ay) 18 split into two sublevels. For CoHg, CH3OH, and stmilar molecules, there is
also a splitting into two sublevels but one of these ts doubly degenerate [see Wilson (938)
and Koehler and Dennison (5617)]. The degenerate sublevel is alteil}ately the upper
and lower one. The Jsplittings are shown schematically in Fig. 737 As in the case
of inversion doubling,"the magnitude of the splitting increases rapidly with increasing
vibrational quantum numeer v; of the torsion oscillation. But it is in general not
negligible even for v; = 0.9 For example, for CH;0H it is 1.5 em™, Unlike the
inversion doubling in NHj, here the energy levels above the potential maximum do
not go over into those of an oscillator but into those of a rotator corresponding to
the free rotation of the two groups against each other. This transition will be taken
up in somewhat more detail in Chapter IV, section 5. It must also be emphasized
that the splittings indicated hold only for K = 0. There is a strong dependence on
the rotational quantum number K (see Chapter IV).

It may be pointed out that in C;H,, for example, in addition to the two identical potential minima
mentioned (Fig. 73a) there are also a number of others, for instance that obtained by an exchange
of the two C atoms, which could be obtained by rotating the C=C group with respect to the rest of
the molecule. However, the potential hill in this case and many similar cases is so high that the
ensuing splitting is entirely negligible.

5For the potential function in the case of the torsional oscillations involving n
identical potential minima, a cosine form is usually assumed, that is,

V = 3Vo(1 — cosny), (11, 301)

where V) is the height of the potential hill separating the minima and » is the number
of minima. The energy levels corresponding to this potential function cannot be
represented by a closed analytical expression except the lower levels in the case of a
high potential barrier, that is, when essentially the presence of more than one po-
tential minimum is disregarded. In this case we have a harmonic oscillator with
the energy levels

G(v:) = wi(ve + 3). (11, 302)
Here the torsional frequency wq,\as can easily be seen, is determined by
VoA 1A
wi=n \/——"—Z‘J , (11, 303)

where A1 and A, are the rotational constants corresponding to the moments of
inertia I and ID of the two parts that carry out the torsional motion with respect
to each other, where A is the rotational constant corresponding to the moment of
inertia I, (= IP + I9) of the whole molecule about the axis of torsion, and where



II, 6 ISOTOPE EFFECT 227

Vo is in em™!. For molecules such as CoHy and C;Hs with two identical parts, the
relation (II, 303) reduces to

we = 2nVVoA. (11, 304)

For the energy levels in intermediate cases we refer to the work of Nielsen (661),
Teller and Weigert (838), Howard (461), Koehler and Dennison (517), and the graph-
ical representations in Chapter IV, Figs. 165 and 166. More complicated cases with
several groups carrying out a torsional motion (hindered rotation) have been discussed
by Crawford (236) and Pitzer and Gwinn (698).

While in principle it would be possible to obtain the height of the potential hill
Vo (just as in the case of NH; above) from the magnitude of the splitting of the levels
of given v, on account of the tunnel effect, in all practical cases thus far this height
has been obtained from the position of the levels of different v;. For example, for
CoH, one obtains Vo = 8700 ¢cm™ from (II, 304) with n = 2, w, = 825 cm™ (see
Table 92, p. 326) and A = 4.87 cm™ (see Table 132, p. 437). On the basis of the
exact relations for the energy levels of a cosine potential (not given here), Kistia-
kowsky, Lacher, and Stitt (510) obtained Vo = 960 cm™ for CyHs and Koehler
and Dennison (517) obtained Vo = 470 ecm™ for CH30H. In the latter case
Crawford (238), on the basis of thermal data (see Chapter V, section 1), obtained
Vo = 1200 em™!. (For further examples see Table 143 p. 520 and the accompanying
discussion).

The value of the hindering potential V, obtained from the observed energy levels
depends considerably on the form of the assumed potential function. Thus Charlesby
(196a), assuming a barrier of rectangular shape, obtained for CoHs on the basis of
the same energy levels as used by Kistiakowsky, Lacher, and Stitt, the value
Vo = 600 cm™. If it were possible to observe the splitting of levels of a given v; a
valuable check on the shape of the potential function could be obtained.

It should of course be realized that“torsional oscillations may also occur when
the potential minima are not identical. But few such cases have as yet been studied!

6. Isotope Effect

Introductory remarks. The investigation of the vibrational isotope effect is of
even greater importance for polyatomic molecules than for diatomic molecules.
Since isotopic molecules have the same electronic structure the potential function
under the influence of which the nuclei are moving ¢s the same to a very high order
of approximation® But because of the difference in the masses the vibrational
frequencies (levels) are different. Therefore the investigation of the vibrational fre-
quencies of molecules isotopic with the one considered gives additional equations for
the force constants. It will be remembered that the number of constants in the most
general quadratic potential function is usually larger than the number of fundamental
frequencies (see p. 159). Thus if only one isotopic species is observed not all the
force constants can be evaluated unless simplifying assumptions aret made. But
with the help of the fundamental frequencies of one or more isotopic molecules a

8 Strictly speaking, as for diatomic molecules, there may be a slight difference when other
electronic states are in the neighborhood of the one considered. But this hardly ever happens for
the electronic ground state.
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sufficient number of additional equations is in general obtained to determine all
constants in the most general (quadratic) potential function.

In addition, the investigation of the isotope effect is invaluable in correlating the
observed vibrational frequencies with the theoretical normal modes of a certain molecule.
It is obvious that the isotope shift of a certain vibrational frequency will be very
small when the atom which is replaced by its isotope moves very little in the par-
ticular normal mode, whereas the shift will be relatively large when the atom in
question has a large amplitude in that normal mode. Thus, for example, for CH;3Cl
only one fundamental frequency, 732 cm™, shows an appreciable isotope splitting
corresponding to CH3CI® and CH;CI¥. It must therefore correspond essentially to
the C—Cl vibration, a conclusion that is also quantitatively in agreement with the
observed shift.

Finally, by means of the (vibrational) isotope effect in certain cases information
about the geometrical structure may be obtained, since the relative amplitude of vibra-
tion of a certain nucleus (to be replaced by an isotope) depends on the geometrical
arrangements of the nuclei. For example, the relative amplitude of the X atom in
the antisymmetrical vibration of a symmetrical XY, molecule is large when the
molecule is linear and decreases to zero as the Y—X—Y angle goes to zero. The
isotope shift produced by replacing X by an isotope therefore depends critically on
the angle, which in turn can be determined from the observed shift.

Up to the present time almost all isotope calculations have been based on the
harmonic oscillator approximation, that is, on a strictly quadratic potential function.
Therefore the formulae to be discussed in the following can be expected to hold
rigorously only for the zero-order frequencies w; [ see equations (II, 271) and (II, 281)].
Unfortunately there are only very few cases for which these w; have been evaluated
from a complete vibrational analysis of the infrared and Raman spectra. However,
since in general the anharmonic constants z;; are small, the observed fundamentals
v; represent fair approximations to the w;, and the isotope relations should hold for
them at least to a certain approximation.

Triatomic molecules. The normal frequencies of a non-linear symmetrical tri-
atomic molecule, assuming the most general quadratic potential function, are given
by the previous formulae (II, 124-126). These formulae can be applied only to
those isotopic molecules that are also symmetrical; that is, in which the central atom
is replaced by an isotope, or in which both “end’ atoms are replaced by the same
isotope, or in which both these substitutions have been made (for example, H,0'®,
H,0%, D,0', D,0%). In this case we have for the antisymmetric frequency vs from
(11, 124),

AP 0P\ myxmy(m§ + 2m$ sin?
3 ( a) xmy(mx Y @) (11, 305)

N \ws /) mPmPmx + 2mysina)’

where the superscript (i) designates quantities referring to the isotopic molecule and
where ws has been used instead of »3in (11, 124) in order to emphasize that the formula
holds strictly only for the zero-order frequencies. It is seen that the ratio of the
frequencies of the antisymmetric vibrations depends only on the masses and on the
apex angle 2a of the triangle.
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For the symmetric vibrations vy and ve of XY; one obtains immediately from the
general equation (I, 126)

)\(1))\ 1) @), (\2 2m(f) m(i) mvim

T (2my + my) mY'm§
that is, the ratio of the products wiws formed for the two isotopic molecules is inde-
pendent of the potential constants and even of the angle «, and depends only on
the masses.
In Table 52 the observed values of v3®/v3 and »,"vo” [y, and the values of
w3 fws and w1Ywe® fwiws as calculated from (II, 305) and (II, 306) are given for
the three isotopic pairs H20, D2:0; H,S, D:S; and H:Se, D;Se. The fundamental

Wi

TABLE 52. OBSERVED AND CALCULATED ISOTOPE EFFECT IN THE PAIRS
H;0—D:0, H:S—D2S anp HeSe—DsSe.

V5® ws® P Dpy® 01D ag®
Isotopic pair 7 ! w3 | vy wiwe
observed calculated observed calculated
H.0, DO 0.7425 0.7329 0.5390 0.5275¢
H,S, D,S 0.7449 0.7184 0.5246 0.5149
H:Se, DjSe 0.7217 0.7118 0.5003 0.5065¢

frequencies and angles used are those given in the previous Table 37, p. 161. The
agreement of observed and calculated values is quite satisfactory, the small differ-
ences being due to the use of observed fundamental frequencies rather than zero-order
frequencies. It must also be remembered that the influence of anharmonicity for
vibrations involving H atoms is particularly large. The rather poor agreement for
v3? [vg of H,S is probably due to an erroneous measurement of the center of the
fundamental »s in either HoS or D,S (see Chapter III).

In cases of doubtful assignments of the observed fundamental frequencies of two
isotopic XY, molecules, equation (II, 306) may serve as a check as to whether the
correct identification has been obtained. Also it is possible to calculate one of the
zero-order frequencies from (II, 306) if all the others are known.

If one substitutes the observed »3®/v; in (II, 305) and calculates the angle «, one obtains for
H;0 2« = 137° instead of the correct value 105°, while for H;S and H;Se one finds sin a > 1, that
is, no real solution. This indicates that the angle & obtained from (II, 305) is very sensitive to the
use of the correct ws®/w;.

For H30 the zero-order frequencies are known from a detailed analysis of the vibrational spec-
trum [see Darling and Dennison (263) and p. 2827]. They are

wy = 3825.3, wg = 1653.9, w3 = 3935.6 cm™1,

For D;0 the available data are not sufficient to determine them directly from the D20 spectrum.
Bt they can be obtained somewhat indirectly, as follows. The anharmonic coefficients z;x of DO
can be obtained from those of H:O if, in analogy to the relation we®z" = plwer, = (we®*we)were
for diatomic molecules, one assumes [see Bonner (162) and Darling and Dennison (2’63)] L]

(), ()
. w, (5]
:cf-‘,,) -

Zike I, 307)
Wiwk

84 This relation has not been rigorously proved but seems to be justified by the good agreement
obtained.
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With these z{;, the zero-order frequencies w;” of D;O are obtained from the observed fundamentals
according to (II, 270) as 8

w® = 27579, ¥ =1210.2, o = 2885.1.
Using these ‘‘ observed’ w values one obtains
w0y ® 1@ aws®

—) = 0.7331 (——- ) = 0.52755,
wg / observed wiws observed o

in almost perfect agreement with the calculated values in Table 52. The value of 2« obtained from
(I1, 305) with the above (w3"/ws)observed is 106° in very good agreement with the value obtained
from the rotation vibration spectrum (p. 489).

Because of the influence of anharmonicity, a calculation of the most general
quadratic potential constants from the equations (II, 124-126) applied to the two iso-
topes is worth while only when the zero-order frequencies are known. This is the
case only for H;O and D3O (see above). The resulting values of the a;x in (II, 97)
for this case are, in dynes per centimeter,

aiy = a2 = + 9.568 X 105, ass = + 2.037 X 105,
a2 + 1.048 X 105, a1z = a3 = — 1.535 X 105,

The fact that a;2 and a3 come out to be of a magnitude similar to as3 confirms the
previous conclusion that the central force system (in which they are neglected) is a
poor approximation.

For linear symmetrical XY molecules, equations (II, 305) and (II, 308) also hold
if in the former one puts @ = 90°. However, since for these molecules »; and »,
have different symmetry separate relations may be obtained for them. In this case,
unlike that of bent XY, (II, 243) is the most general quadratic potential function.
The expressions (II, 245) for A, and A, that follow from (II, 243) lead immediately to

N (oY my
)1 wi m(é”

2m§
A (P e\ ™ ( 1+20 )
=) = (=) - — % (11, 308)
2 w2 ws m®{ 1 + ﬂ)
Y iy

For C0,!® and C'20,%, the observed fundamentals v; [see Nielsen (653) and
Chapter III, section 3a] are in the ratio 39 /v = 0.9721, whereas from (II, 308)
w3 Jws = 0.97154, the difference again being due to the use of fundamentals rather
than zero-order frequencies.?®

All the preceding relations hold only when the two isotopic molecules considered
have the same symmetry, but they are valid for any mass difference of the isotopes.
They do not hold for the case in which in XY; only one Y atom is replaced by an
isotope. Even then of course the potential energy is the same as in the original
molecule; but since the kinetic energy has no longer the same high symmetry the
secular equation no longer factors to the same extent as before. Consequently the
resultant exact relations between the frequencies and force constants become rather

8 These are not the final values of Darling and Dennison (263), who have made use of the
isotope relations to calculate them (see p. 282).

8 If the sero-order frequencies are determined as above for H;O, almost perfect agreement is
obtained [see Nielsen (653) ].
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cumbersome [see Rosenthal (746)]. However, it is obvious that if the mass difference
Amy = m§{’ — my of the two isotopes s small compared to the mass my, the isotope
shift between XY: and XYY® 45 very nearly half the shift between XYs and XY,9.
F(()il; the latter shifts we obtain, from (II, 305) and (II, 306) when Amy is small and
mx = mx,

A)\a 2Aw3 mx Amy

N @ (mx+2mysinta) (my + Amy)’  (10309)
A)\l sz 2Aw; 2Aws 2(mx + "lY) AmY
M + A2 w1 + ws (mx + 2my) (my + 2Amy)’ (11, 310)

and thus for the shifts between XY, and XYY just half these values. Here use
has been made of the relations

MO AN 280

)\3 - >\3 - w3 ’
MON® NN 20w, . 2A
=1+ +——2 14—, 2o (I1, 311)
A2 w1 w2

which of course hold for small Aw only. The formulae (II, 309) and (II, 310) have
first been derived by Salant and Rosenthal (757).

For linear symmetrical molecules the shifts Aw between the frequencies of XY,
and XY@ are, according to (11, 308), for small Amy,

—A_(ﬂ AMY .

wr 2(my + Amy)’

sz Aw3 mx Amy

Awy _ Aws _ , 11, 312
w2 w3 2(mx + 2my) (my + Amy) (11, 312)

and again half these values for the shifts between linear XY; and XYY®, For
accurate formulae for any mass difference in the latter case, see Rosenthal (746).

Formulae for the isotopic effect in unsymmetrical linear and non-linear triatomie
molecules, assuming a small mass difference, have been derived by Adel (32) (33).
For the linear molecules he has also discussed in detail the influence of anharmonicity
and the interaction of rotation and vibration. The results for the non-linear tri-
atomic molecules may also be applied to molecules such as CH;CH,I, CH;CH,OH,
and others for which there are oscillations in which the three groups CH;, CHg, I,
or OH oscillate essentially as a whole.

The Teller-Redlich product rule. The same methods that have been applied in
the, preceding paragraph to triatomic molecules may of course also be applied to
molecules having more than three atoms. However, the solution of the most general
secular equation becomes increasingly tedious. Such calculations have been carried
out for four-atomic molecules XY; by Salant and Rosenthal (758) and for five-atomic
tetrahedral molecules by Rosenthal (747) (748). Wilson (929) has briefly indicated
a perturbation method for the calculation of isotope shifts. Naturally the calcula~
tions are somewhat simplified if simplified force systems such as the valence force
system are used. Many of the conclusions of the above-mentioned papers can,
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however be very simply derived from a general theorem given independently by
Teller [quoted in (55)] and Redlich (726). This theorem is of fundamental impor-
tance for the study of the isotope effect.

Teller and Redlich showed that for two tsotopic molecules the product of the w® Jw
values for all vibrations of a given symmetry type is independent of the potential constants
and depends only on the masses of the atoms and the geometrical structure of the molecule.
The previous formulae (II, 305), (II, 306), and (II, 308) are examples of thiw general
theorem. The general formula for any molecule is
@1 we® ws®

w1 w2 wys

a 8 (ALY S SORN NS SORL (1) \ 8¢

) G) - GV () () () avos

1 ma z v z

Here all quantities referring to the isotopic molecule are marked by the superscript
(7) while the quantities referring to the originally considered “ordinary’’ molecule
do not have this superseript; wi, ws, - -+ w; are the (zero-order) frequencies of the f
genuine vibrations of the symmetry type considered (see section 4a); mi, mz - - - are
the masses of the representative atoms of the various sets (each set consisting of
atoms that are transformed into one another by the symmetry operations permitted
by the molecule; see p. 131). The exponents @, 8, - - - are the numbers of vibrations
(inclusive of non-genuine vibrations) each set contributes to the symmetry type
considered (they are the factors of m, ms, m,, --- in Tables 35 and 36). M is the
total mass of the molecule; ¢ is the number of translations of the symmetry type
considered (for Cy, the column headed T in Table 34; see also the last columns in
Tables 12-30). I, I,, I,are the moments of inertia about the z, y, and z axes through
the center of mass (the direction of the axes being chosen in the same way as in the
Tables 12-30 of the different symmetry types; 8, 6,, 6, are 1 or 0 depending on
whether or not the rotation about the z, y, z axis is a non-genuine vibration of the
symmetry type considered. Both on the left and right hand side (in «, 8 --- ¢,
dz, 8y, 8.) a degenerate vibration is counted only once.

For a proof of the theorem (II, 313) the reader must be referred to Redlich’s
paper (726). Like our previous considerations it is based on the assumption of
identical force fields for the isotopic molecules, which is practically always fulfilled.
On this assumption the product rule (11, 313) should hold rigorously for the zero-order
frequencies w; and at least to a good approximation for the observed fundamentals
v; (or, in other words, the first vibrational quanta) for any mass difference. One can
also predict the direction of the deviation in case the »; rather than the w; are used:
If (i) refers to the heavier isotope, since for it the anharmonicity constants z{% are
smaller than x;;, and therefore w;®? — »;() is smaller than w; — »;, the product
yl(l') pz(i) ,,,(i') . . .

—7—1_ —;;- oo —;— should be slightly greater than the right-hand side of (II, 313).

If there is only one genuine vibration of a certain symmetry type, formula (II, 313)
gives directly the frequency of the isotopic molecule in terms of that of the ‘‘ordinary’’
molecule and of the masses and geometrical data; that is, in this case, the relative
isotope shift itself (not only the ratio of the product of certain frequencies) is inde-
pendent of the potential constants.

oo
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The reader may verify that (II, 313) for the case of a symmetrical triatomic
molecule XY leads to (II, 305), (11, 306), and (II, 308).

As a first example we shall apply (I, 313) to the plane symmetric XoY, molecule
(point group V) and its tsotope X2 Y4 [see Conn and Sutherland (226) and Gallaway
and Barker (345) for C:Hy and C;D,]. For the totally symmetric species 4, there
is no translation and rotation, that is, t = 6, = 6, = §, = 0. There are two sets of
nuclei, one (Y4) on the zy plane (m:, = 1 in Table 35) and one (X;) on the z axis
(mgz = 1). The first (Y4) contributes two vibrations to 4, the second (X;) one
(see Table 35); that is, the mass my appears in (II, 313) to the second, mx to the
first power. Therefore, using the same numbering for the vibrations as on p. 107
and putting mx® = mx, we have

01D we g my

= (11, 314)

WiwWw3 my™

For the species A, againt = 8, = 8, = §, = 0. Now only the set Y, contributes
one degree of freedom (see Table 35) and therefore we have, for the one (torsional)
oscillation of this species, -

ws® my
o1 = Vo (11, 315)

There is one non-genuine vibration of species By, namely the rotation about the
z-axis (perpendicular to the plane of the molecule). Therefore, whilet = §, = §, = 0,
we have for this species 6. = 1, and we need the moment of inertia about the 2z axis.
In terms of the dimensions a, b, ¢, introduced on p. 151 (see Fig. 57), the moment of
inertia I, is

I. = 2mxa? + 4my(b® + &2).

The number of degrees of freedom contributed by each set of nuclei is the same as
for A, and thus (II, 313) becomes
wPwid _my |mxa® + 2mP 2 + &)
WsWe - ‘m(yi) mxa® + 2my(b® + cz)
The one non-genuine vibration of species Bj, is a translation in the z direction.

Therefore t = 1 but 8, = §, = §, = 0. The two sets of nuclei contribute one degree
of freedom each and we have, according to (11, 313),

"

(I1, 316)

() (1)
o _ \/@1 mx + 2my
wr  Ym{ mx + 2my (I1, 317)
In a similar way one obtains
1) 2 )
of? _ ([rr . mxdt 4 2mV0 (11, 318)
. ws my’ mxa® + 2myb?
e my [mx +2my  wfwl
— = = . (11, 319)

Wew10 my’ Vmx + 2my w11W12 ’

The relations (II, 314-319) have proved to be exceedingly helpful in assigning the
observed frequencies of C:H; and C.Dy4 to the proper species (see Chapter III,
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section 3d). From the fundamentals given in Table 47 (p. 184) we obtain, for

l) f) %)
example, for %— the value 0.5085, while according to (II, 314) it should be
1V¥

mu/mp = 0.5004. Similar agreement is found for the other symmetry types, the ob-
served ratios always being slightly larger than the calculated, as expected (see above).

If the isotopic molecule has lower symmeiry than the “‘ordinary’’ molecule, the
product rule holds rigorously only for the symmetry types of this lower symmetry., For
example, if in X,Y,4 only two Y atoms are substituted the point group is Ca, or Cas
rather than V4. Let us consider YoXXY%’. Then the yz plane is no longer a plane
of symmetry. A, and Bs, of V; are no longer different. They form A; of C,, (see
Tables 14 and 13).¥ Similarly A, and Bs, go over into A,, By, and Bs, into B,
and By, and By, into B;. We have, therefore, from (11, 313):

1 1 i 1 (
wePePefel?  my [(mx + my + m§)

RS — 11, 32
WIWW3W11W12 m%? (mx + 2my) ' (11, 320)
(1) (1)
i o Ead)
o = Voo 2 =\ + 0 (11, 321)
w“’w&‘)wg)wm
WsWwewew10
\/M(" (my + mP) + &) + mxMOa? — 4§ — myy* 322
“’ M2my (B + &) + mxd®] (11, 322)
(i)wg) \/my [MO(my + m('))b"’ + MOmxa® — 4(m9 — my)??] (L, 325
wws my M(2myb® + mxa?) ! »323)

where M and M are the total masses of the two molecules. It is seen that the
results for the less symmetrical molecule are the less detailed. If only one Y atom
in X,Y, were replaced by its isotope, the point group would be C, and there would
be only two equations (corresponding to the two symmetry types), one equation for

1) (& 1 1 1 1 1) (1 i 1 i 1
oPofuf ool ol ool Pulufd

and the other for ———. While these equations
W1WWIWEWEWIW1011012 W4anwg

hold for any mass difference, they are much less useful than (II, 314-319) for the
symmetrical case.

If the mass difference is small, equations (II, 314-319) may be brought into a form similar to
(11, 309-312) for XY2. For example, (II, 314) becomes
Aw;  Aw; Aw; Am
— + — Y

ot ot ol (I1, 324)
and similarly for the other equations. If only two of the Y atoms are replaced by Y® the sum of
the relative shifts of wi, ws, w; is half the amount given by (II, 324) ; if only one Y is replaced by Y®
the sum is one quarter of this amount. Thus for small mass differences the more detailed relations
of the symmetrical case may also be used for unsymmetrical substitution of isotopes.

As a further example of the application of the product theorem, we consider the molecule XYZ3
of point group Csy (examples: CH;Cl, CCI;H). There are (see Table 36) three vibrations of species
A, and three (doubly degenerate) vibrations of species E (see Fig. 91). There is one set of atoms on
the planes o, (the group Z,) contributing two vibrations to 4, and three to E, and two *“‘sets’” on

8 It should be noted that the z axis for X3Y, has been assumed to be perpendicular to the plane
of the molecule, whereas for Cy, it is the two-fold axis (X—X).
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the symmetry axis (the atoms X and Y) contributing one vibration each to 4; and E. There is
one translation of type A1, and one (degenerate) translation and one (degenerate) rotation of type E.
Thus we obtain, from (II, 313), for the non-degenerate vibrations,

ool my  [mymy MO
© =W [0 ’ (II, 325)
12003 myg myxmy M
and for the degenerate vibrations,
wg;)wgt)wg;) \/ mymymy MW 6 L 320
wwswg  NmEmPm® M 1’ '

where M =mx +my+3mgz is the total mass and I =mxa?+mz(2c*+3h?) —(1/M)(38mzh —mxa)?
[a = XY distance, ¢ = §4Z distance, h = height of Y73 pyramid ] is the moment of inertia about
an axis perpendicular to the symmetry axis. It may be noted that on the right in (II, 326), according
to the above, the doubly degenerate translation and rotation count each as one only; that is, M®/M
and I®/I occur to the first power only. The reader may apply the relations (I, 325) and (II, 326)
to the data on CH;Cl, CD;sCl and CHBr, CD;3Br given in Table 85 p. 315.

Finally we consider the tetrahedral XY 4 molecule belonging to the point group T's. For such a
molecule we have one genuine vibration of species A4;, one of species E, and two of species F2 (see
p. 140 and Fig. 41). There is one set of atoms lying on the threefold axes (group Yy, mg =1, in
Table 36) and contributing one vibration (genuine or non-genuine) to 4, one to E, one to F,, and
two to Fa. The other set consists of the one atom X at the center (mo = 1) and contributes one
(triply degenerate) vibration to F». The three rotations belong to symmetry type Fi, which does
not contribute any genuine normal vibrations, and the three translations form one triply degenerate
non-genuine vibration of species F; that is, t = 1 for Fo. Thus we have, for the totally symmetric
and for the doubly degenerate vibration,

(1) (+) —
w Wy my
— == = \/T’)? (11, 327)
wi w2 my
and for the two triply degenerate vibrations (F2),
wg‘)wg') my [mx m{)? + 4m(§)
=\ " : (11, 328)
[ARIONY mY my mx + 4mY

Theso relations agree with those derived in a rather moro complicated way (before the product rule
was published) by Rosenthal (748). It is noteworthy that according to (IL, 327) no isotope shift
oceurs in w; and ws if only the central X atom is replaced by an isotope. This is in agreement with
the previous conclusion (Fig. 41) that in these vibrations the X atom does not move. The relations
(11, 327) and (II, 328) will be applied to CH4 and CDy in Chapter III, section 3c.

While the above formulae for XY hold for any mass difference of the isotopes, again somewhat
simpler formulae may be obtained if tho mass difference is small. In that case also, the isotope
shift of »1 and »s for XY3Y® is onc-quarter of that for XY® given by (II, 327) ; for XY2Y2® it is
one-half of that amount, and so on.

Noether (673a) has proposed an empirical rule that is related to the Teller-Redlich product rule.
He suggests that the ratio »x®/v; is the same for corresponding vibrations of different but similar
molecules, for example

v (CDsCl) - »x(CD3Br) .
vi(CH;3Cl)  »x(CH;sBr)

Up to now there is no theoretical justification for this rule although the experimental data support it.

Pitzer and Scott (699) have applied with some success the Teller-Redlich product rule to methyl
derivatives of benzene considering in a rough approximation the CH3 group as an isotope of hydrogen.
This has proved to be an important aid in the analysis of the vibrational spectra of toluene, the
xylenes and mesitylene even though an accurate validity of the product rule cannot b’e expected in
such cases. '

Resolution of the symmetry types of a point group into those of a point group of lower symmetry.
If the symmetry of an isotopic molecule is lower than that of the ordinary molecule, as in the caso
of XY3Y®, it is necessary for an application of the product theorem to know to which symmetry
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type of the point group of lower symmetry, say Q, the vibrations of the molecule of higher symmetry,
say P, belong. This resolution of the symmetry types of one point group into those of a point group
of lower symmetry is of importance also in the discussion of the electronic structure of polyatomic
molecules and in the discussion of dissociation processes of polyatomic molecules.

In the case of non-degenerate symmetry types this resolution is very simple. One has only to
find out what the characters of each symmetry type of P are with respect to the symmetry operations
of Q and see from Tables 12-30 to which symmetry type H such a set of characters belongs. This
has already been carried out above for the resolution of ¥ into Cz, when considering the isotope
effect of XYy, %

The resolution is somewhat less obvious for degenerate symmetry types since in going over to
lower sy try these deg acies are partly or wholly removed. In these cases the procedure to be
followed is similar to the previously given method of determining the resultant states when two
degenerate vibrations are excited (see p. 130). Suppose E is the degenerate symmetry type (repre-
gentation) of P considered and G, H, -+« are the symmetry types into which E splits in going to
the lower symmetry Q. Let x{®, x%, x{¥ --- be the corresponding characters (see p. 108) for
a symmetry operation (k) that is common to both point groups P and Q. Then group theory shows
[for a proof see Bethe (143) and Mulliken (641) ] that, similar to (II, 87) for all such common
symmetry elements:

X(zf-) = xg‘c) + x}’}) + e (11, 329)
Therefore, in order to determine the resolution of E, one has simply to express the characters x(lfj) of
E as a sum of xg,‘), x(,’;), ee+ in such a way that G, H, «++ are the same for all xg of common sym-

metry elements k. This can only be done in one way. In group theory language the degenerate repre-
sentation E of P is no longer irreducible with respect to Q. Its irreducible components obtained
from (II, 329) are the representations into which E is resolved in point group Q.

As an example, consider the case of the XY, molecule in which one Y is replaced by its isotope.
The point groups of the ordinary and the isotopic molecule are T'¢ and Cj, respectively. The sym-
metry elements common to both are all those of Cs,, that is, I, C3, 6». The two non-degenerate
species A; and A; of T4, of course, go over into A; and A; of C3,. Similarly, E of T4 goes over into
E of Cs,, since the characters are the same. The triply degenerate species Fy of T (for which there
is no genuine vibration in XY,) splits, since there are only doubly degenerate species for C3,. The
characters of F; for the symmetry elements I, C3, 04 = o, are +3, 0, and —1 (see Table 28). There
is only one way in which these three characters can be expressed simultaneously as sums of corre-
sponding characters of C3, (see Table 15): namely, as the sums of the characters of 42 (+1, +1, —1)
and E (42, —1,0). Thus F, splitsinto Az + E. Similarly F;is found to split into 4; 4+ E. Thus
the two triply degenerate vibrations of a molecule XY, each split into a totally symmetric and a
doubly degenerate vibration.

If two Y atoms in XY, are replaced by their isotopes, we have the point group C3,. Here the
operations o,(22) and 0,(y2) have in general different characters (see Table 13, p. 106), even though
for T4 all reflections o4 have the same character. A; and A; of T4 of course go over into 4; and Az
respectively of Cz,. The characters of E of T4 for I, Cs, ou(22), 04(y2) are +2, +2, 0, 0 respectively.
They are the sums of the characters of A; and A; of Cz2,. The characters of F3 for the same sym-
metry elements are +3, —1, +1, +1, which aro the sums of the characters of A;, By, and Bz. Simi-
larly F resolves into A2 + By + B;.

The above results for V4 —> Czy, Ta—> Csy, C2y are summarized together with several other cases
in Table 53. It must be noted that in some cases the species of one point group can be resolved
into those of another point group in a number of different ways; for example, ¥V} can be resolved into
C1, in such a way that the z axis of C3, coincides with the 2, or y, or z axis of V5. The relative
orientation of the axes is, if necessary, indicated at the top of the particular subtable of Table 53.
Further resolutions can easily be obtained by the reader according to the method outlined above, or
by combining the results of Table 53 in a suitable way [see also Mulliken (641) ]. For example, the
resolution of Dsj into Cj3, is obtained from Table 53 by first looking up the resolution into D3; and
then that of Djj into Cj,. Also the resolution of D,j into Dj is simply obtained by dropping the
gand uor’ and /. The resolution of Cz, into C, is contained in the subtable for V4, and similarly
in other cases.

Application to the unsymmetrically substituted isotopes of an XY, molecule. If in XY, only
one of the Y atoms is replaced by an isotope Y, the symmetry of the resulting molecule Y¥XY,
is no longer T3 but C3,. According to the preceding discussion and Table 53 each of the two triply



TABLE 53. RESOLUTION OF SPECIES OF NON-LINEAR POINT GROUPS INTO THOSE
OF POINT GROUPS OF LOWER SYMMETRY.

Resolved into Resolved into
Va= Dy
Cay Can C. vV Cs C: C,
z—>z z—>z >z | oq>o(zy)
r—>z vz (r—>z —z
Y=y (YT (y—>2 (zy)—o(zy) a(zy)—>o(zy) A, A A 4 A
2=z |2y [y [TV TOEY A B, A B 4
B A A A A
A A 4, 4, 4 B; B, A: B A’
Ay | A | A, A, A7 S
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Ay | By | B, Ay A
By | By | A, B, A
B, | By | A4, By A’
By | Ay | By B, A"
By | Ay | B, B, A’
Resolved into Resolved into
Cov Ds;, Dy, Va Cz (% [oN
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22—z 2—>z
z—>2z >z Tv—>0q oi—>o(xy) T =y
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E,, E, E’ E, Ag+By,
Ejy E, E” E, Ay+Biu
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Cor—>Cy(2) A A, A, 4, A’
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Ay By B A’ Ay
E | Ag+B, | A+B | A’4+A” |A,+4,
E | Ay+By | A4+B | A'+A” |Au+Au




238 VIBRATIONS I, 6

degenerato vibrations v; and »4 of XY, (species F9) splits into a non-degenerate and a doubly de-
generate vibration of species A; and K respectively, while the species of the vibrations »; and v,
remain A; and ¥ respectively. The same holds when three Y atoms are replaced by their isotopes,
that is, for YXY3®. If two Y atoms are replaced by Y® the resulting molecule Y:XY:® belongs
to point group Cay; according to Table 53 each of the two triply degenerate vibrations of XY splits
into three non-degenerate vibrations of species A;, Bi, and B, while »(E) splits into two non-
degenerate vibrations of species A; and A, and »; remains totally symmetrical (species A;).

In Table 54 the correlation of the normal vibrations of the five isotopic molecules_gﬁ XY, is
given. On the basis of this table it is now easy to apply the product rule. Thus it is seerfthat the

TABLE 54. CORRELATION OF THE FUNDAMENTAL VIBRATIONS OF THE
18OTOPIC MODIFICATIONS OF XY,

Molecule Vibrations
XY vi(ar) va(e) v3(f2) vs(f2)
) N
Y®OXY; vi(a1) va(e) v3a(a1)vanc(e) vaa(ar)vepc(e)
/
Y OXY, vi(ar) vaa(a1)vap(as) v3a(a1)v3p(by) vac(h2) v4a(@1) vap(b1) vac(b2)
YXY;® vi(a1) va(e) v3a(ar)vsnc(e) via(ar)vane(e)
/ N
XY ® vi(ar) va(e) v3(f2) va(f2)

three totally symmetric vibrations of Y(WXY; have to be combined with »;, v3, and vs of XYy in
(11, 325), while the three doubly degenerate vibrations of Y®WXY; have to be combined with v, vs,
and v, in (II, 326). Thereupon,

.) . . 7.3 .) . .) )
AP [ 3T Ay o T oL 350
- = " - = S 1
W1W3we . m({{) M Wrwzwy m({v) M I’

where the different designation of the atoms in XYZ; and Y®XY; has been taken into account and
where, unlike (II, 326), I¥V/I is independent of the molecular dimensions:
19 mx@m{ + 5my) + 4my(Gm§ + 3my)
I 81nyM )
Very similar relations hold between the frequencies of YXY3® and XY, as well as XY®. Ior
Y:"XY; one obtains from (II, 313) four equations corresponding to the four species, which may be
easily set up [see also Rosenthal (748) ].

The observed fundamentals of the various heavy methanes CH,, CH;D, CH;D,;, CHD;, CD,
given in Table 82 represent excellent material for an application of the above isotope formulae for
the XY molecule.

It is obvious that for small mass differences the frequencies of the isotopic molecules are close to
those of the ‘‘ordinary” molecule. However, for molecules with heavy hydrogen such as the heavy
methanes, very large shifts may occur. In such cases it is no longer obvious, for example, which of
the three totally symmetric vibrations of Y®XY; is »;, which vs,, and which vs, (see Table 54).
However, if it is considered that in going from small to large mass differences no crossing over of
frequencies of the same species can occur (because of the repulsion in consequence of Fermi resonance;
see section 5c¢) it is clear that the largest of the frequencies »1, ¥ss, ¥4 corresponds to the largest of
v, v3, v4 of XY, the second largest to the second largest, and so on. Similar considerations apply
for other correlations.

It must be emphasized that the correlation lines in Table 54 give a rigorous correlation only
between XY (or XY") and any one of the intermediate molecules, but not betweenY®XY and
Y29XY; or between YXY;® and Y,VXY, since in going from Y®XY; (or from YXYs®) to
YsXY; only one plane of symmetry is conserved and therefore an a; vibration of Y®XY; need not
necessarily go into an @, vibration of Ys®XY; but may also go into a b; or a b, vibration (depending
on which plane is conserved). For a correlation in which this consideration is taken into account
see p. 3191,




CHAPTER III

VIBRATIONAL INFRARED AND RAMAN SPECTRA

1. Classical Treatment
(a) Infrared vibration spectra

Active and inactive fundamentals. According to classical electrodynamics any
motion of an atomic system that is connected with a change of its dipole moment
leads to the emission or absorption of radiation.! During the vibrational motion of
a molecule the charge distribution undergoes a periodic change, and therefore in
general (though not always) the dipole moment changes periodically. Since, in the
harmonic oscillator approximation, any vibrational motion of the molecule may be
resolved into a sum of normal vibrations with appropriate amplitudes, and since the
normal vibrations are the only simple periodic motions, the normal frequencies are
the frequencies that are emitted or absorbed by the molecule. These frequencies lie in
the near infrared, as for diatomic molecules. Usually in the infrared it is the absorp-
tion spectrum that is observed.

Normal vibrations that are connected with a change of dipole moment and,
therefore, appear in the infrared are called ¢nfrared active, while vibrations for which
the change of charge distribution (which always occurs) is such that no change of
dipole moment arises and which, therefore, do not appear in the infrared, are called
infrared inactive. In the harmonic oscillator approximation only the fundamentals
v; are active: the overtones 2v;, 3v;, --- and combination tones »; + v, and so on,
are inactive since the vibrational motion does not contain the frequencies 2v»;, 3v;, - - -,
Vi + Viy ** e

The change of the dipole moment may be only a change of tts direction with respect
to a coordinate system fixed in space. (See also the infrared rotation spectrum,
Chapter I). For example, in the bending vibration of HCN (Fig. 61), the strong
permanent dipole moment which is mainly associated with the C—H bond simply
changes its direction, remaining always along the line C—H without an appreciable
change of its magnitude. This change of direction is sufficient to cause the bending
frequency »; to appear strongly in the spectrum.

In unsymmetrical molecules, every normal vibration is connected with a change
of dipole moment; that is, all normal vibrations are infrared active (although, of course,
there may be great differences in the magnitude of the change and therefore in the
intensity of infrared absorption). Only in symmetrical molecules may there be vibra-
tions during which the change of dipole moment is exactly zero and which, therefore,
are Infrared inactive. For example, in the linear symmetric XY, molecule (for
instance CO;), during the totally symmetric vibration », (Fig. 25b), the dipole
moment always remains zero as it is in the equilibrium position, and thetefore this

1 A change of the quadrupole moment or of the magnetic dipole moment may also lead to emission
or absorption of radiation. But, in the infrared, the intensity of this emission or absorption is
entirely negligible [see Teller (836) and Molecular Spectra I, p. 305].
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vibration is infrared inactive. On the other hand, for the other two vibrations v,
and »s, dipole moments perpendicular to and in the molecular axis respectively arise
because of the asymmetry of the displaced positions. These dipole moments have
the opposite sign after a phase shift of 180°. The two vibrations »; and »; are
therefore infrared active. Similarly, it can be seen by inspection of Fig. 64a that only
the vibrations s and »s of the symmetrical linear X,Y; molecule (for instance C;Hby)
are infrared active. (Although in »4 the symmetry of the equilibrium positioa is not
conserved, the displaced configuration of the nuclei has still a center of symmetry
and therefore no dipole moment.) Furthermore, as can be seen from Fig. 44, only
the vibrations »7, vs, ¥10, ¥11, V12, of X2Y, (for instance C:Hy) are infrared active.

But not every symmetric molecule has inactive vibrations. For example, in the
non-linear symmetric XY, molecule (for instance H,0) all three normal vibrations
(see Fig. 25a) are connected with a change of dipole moment; that is, they are infrared
active. On the other hand, a molecule such as X,YZ; of the same point group Cz,
has one inactive vibration, namely the torsion oscillation of X, against Z,. In this
case, the dipole moment is different from zero in the equilibrium position, but, for
small amplitudes, does not change its direction or magnitude in the torsion oscillation
as it does for all the other oscillations.

Let z, y, 2z be the axes of a coordinate system fixed in the molecule. Since we
are assuming in this chapter, as in the preceding one, that there is no rotation, this
coordinate system is also fixed in space. If M., M,, M, are the three components
of the dipole moment M of the molecule in the direction of the coordinate axes in a
displaced position of the nuclei, and if M3, My, M 9 are the components of the dipole
moment M? in the equilibrium position, then, for sufficiently small displacements,
we can expand M, thus:

M, oM, oM,
= 0 _ . e
M. = M7+ g [( Oz )o ot ( Ay )o v F ( dz )o ZL] +o (LD

where the i, yx, 2zx are the displacement coordinates of nucleus k. Similar relations

hold for M, and M,. If we introduce normal coordinates &1, &, &3, - -+, we have
oM.
M,=Mz°+z<a£. )OE;+--- (111, 2)

and similarly for M, and M,.
Since [see (11, 13)]
& = £° cos (2mvit + @), (111, 3)

according to (III, 2), the dipole moment M of the molecule will change with the
frequency »; of a normal vibration ¢ (that is, this frequency will be active in the

oM, M IM,
infrared) if and only if at least one of the derivatives ( ) , (8 ”) , ( M )
0 0 0

9&: (23 0%;
is different from zero. The intensity of this infrared fundamental band is propor-
tional to the square of the vector representing the change of the dipole moment for
the corresponding normal vibration near the equilibrium position; that is, it is

proportional to
("1’M‘)2+('—3%)2+(%)2 (111, 4)
9 /o 9% /o 0t: /o '
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Overtone and combination vibrations. Just as in the case of diatomic molecules
(see Molecular Spectra I, p. 99), if the anharmonicity of the vibrations is taken into
account, the classical vibrational motion contains also the frequencies 2v;, 3y, - - -,
and furthermore (see below) »; 4 wi, v; — vy, 2v; + vg, ---. Therefore, in the
infrared spectrum, ¢n addition to the fundamentals overtone and combination vibrations
may also occur, if they are connected with a change of dipole moment. However,
they will be much weaker than the fundamentals, since the anharmonicities in general
are slight, except for very large amplitudes of the nuclei.

If the anharmonicity cannot be neglected, one has to substitute for £; in (III, 2) an expression
such as (II, 265) instead of (III, 3). It is seen that then the dipole moment will oscillate with the
frequencies 2v;, 3v;, -+, »i & vk, 2v; & v, - -+ a8 well as v;; that is, overtone and combination vibra-
tions occur, although with much smaller amplitude than those of the fundamentals.

Apart from this mechanical anharmonicity, an electrical anharmonicity may also cause overtone
and combination vibrations to occur. It is easily seen that an electrical anharmonicity must always
be present if it is considered that for a homopolar bond (as in the CH, HC], -+« bonds) the dipole
moment is zero both for infinitely large and zero internuclear distance. Thus the variation of the
dipole moment with internuclear distance is qualitatively as shown in Fig. 74. There is a maximum

M

S ———— e e

3 T

Fi1a. 74. Dipole moment as a function of internuclear distance.—The r value
of the maximum may also be larger than r,.

at an internuclear distance different from the equilibrium distance 7. of the bond. The slope of the
curve at the equilibrium position determines the intensity of the fundamental. On account of the
deviation from a straight line for larger amplitudes of vibration, even if the potential energy is strictly
quarratic, higher terms

1M,
z ( a&a&)oaek + am, 5
in the development (III, 2) cannot be neglected. Substituting (III, 3) into (III, 5) shows that the
dipdle moment changes with frequency 2»; or »; = v3, depending on whether ¢ = k or ¢ 3 k; that is,
overtone and combination vibrations occur. Higher overtone or combination vibrations would
occur if still higher terms in (I1I, 5) were taken into account.

It should be noted that, as can immediately be seen from the above, classically, ok the basis of
both mechanical and electrical anharmonicity, the amplitude of the change of dipole moment and
therefore the intensity of infrared absorption comes out to be the same for »; + v5 and ¥; — »z, and
similarly in other cases.
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(b) Vibrational Raman spectra

Elementary treatment of fundamentals. As in the case of diatomic molecules
(see Molecular Spectra I, p. 88f.), in order that a fundamental frequency shall
appear as a shift in the Raman spectrum the amplitude of the dipole moment induced
by the tncident radiation must change during the vibration considered. The magnitude
of the induced dipole moment P is given by

|P| = a-|E|, 1y, 6)

where E is the electric vector of the incident radiation of frequency » and « the
polarizability. If o changes during the vibration ¢ with frequency »;, P will change
with the frequencies v + »; and » — v, as well as with the frequency »; that is, the
scattered radiation will contain the frequencies v =+ »; in addition to ». In an un-
symmetrical molecule, during all normal vibrations a periodic change of the polariza-
bility takes place and, thercfore, all normal frequencies appear in the Raman spec-

a

£

F16. 75. Polarizability as a function of normal coordinates (schematic).

trum, that is, are Raman active. However, in symmetrical molecules it may happen
that for certain vibrations the polarizability does not change, at least for small
amplitudes.

For example, for the linear symmetric XY, molecule (for instance CO:) during
the vibration », (Fig. 256b), the polarizability is larger than the equilibrium value
in one half period and smaller in the other. In first approximation, therefore, «
changes linearly with £, as indicated by the curve I in Fig. 75. The vibration »; is,
therefore, Raman active. However, during the vibrations », and »;, the polariza-~
bility is obviously the same at opposite phases of the motion and therefore its varia-
tion with £&; and £; is of the form given by the curves II or III in Fig. 75, which have
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a horizontal tangent for £, = 0 or £3 = 0. That is, in first approximation, for small
amplitudes £,9, the polarizability does not change: the vibrations »; and vs are Raman
inactive. As we shall see later, this holds for the fundamentals even in higher
approximation. In a similar manner, Fig. 64 shows that for the linear symmetric
X:Y; molecules only the vibrations v, vz, and v4 are Raman active, whereas »s and
vs are inactive. Furthermore, for plane X,Y, (see Fig. 44), the vibrations vy, vs, s,
Vs, ¥6, s are Raman active, all others inactive. In these three cases, therefore, none
of the infrared-active vibrations (see p. 240) is Raman active. However, according
to the above rule, it can be seen from Fig. 25a that all three vibrations of non-linear
symmetric (and a fortior: unsymmetric) XY, are Raman active as well as infrared
active.

Mathematical formulation: the polarizability ellipsoid. The relation (III, 6)
holds quite generally for any direction of the applied field; but the polarizability is
not the same for different directions of E, and in general P and E have different
directions.? Therefore, the 2 component P, of P depends in general not only on the
z component of E but also on the y and 2z components; that is, we have

P, = a;;E: + az, By + o:.E., (IIL, 7)
and similarly

Py = ay.E: + ay, By + oy.E;, (I11, 8)

P, = a,;E; + a,Ey + a..E.. (111, 9)

Here z, y, 2 are the axes of a coordinate system fixed in the molecule and, since we
are assuming no rotation, fixed in space. The @zz, azy, * - + are constants independent
of the direction of E and P. They are called the components of the polarizability
tensor a. It can be shown that

Qzy = Qyz, Qzz = Qzzy Ayz = Qgy. (111, 10)

The polarizability tensor can be visualized most easily by means of the polariza-
bility ellipsoid, which is formed in a way very similar to the momental ellipsoid (see
p. 13). From (III, 7-9) it follows immediately that the component Pg of P in the
direction of E is given by

Pg = agl|E|, (I11, 11)

where az may be called the E component of the polarizability. It depends on the
Qaz, Oy, -+ and on the direction of E3 If now 1/4/ag is plotted from the origin
for each direction it can be shown * that an ellipsoid is obtained, the polarizability
ellipsoid. In the direction of the principal axes of this ellipsoid, 1/y/az has a max-
imum or minimum, and, therefore, ag has a minimum or maximum value. There-
fore, in these and only these directions has P the same direction as E (compare again
the vibrations of a ball suspended by an elastic bar, p. 62f.) and thus ag = a.

Consequently, if the coordinate system is rotated in such a way that the new
coordinate axes z, ¥, Z coincide with the principal axes of the polarizability ellipsoid,

2 This is from reasons very similar to those on account of which the restoring force acting on a
ball suspended by an elastic bar is in general not directed toward the equilibrium {position (see
Fig. 22 and accompanying discussion).

8 The form of this dependence can easily be obtained by forming Pg|E| = (P-E) and substituting
E, = E cos (E, z), and so on. Here (P-E) is the scalar product of the two vectors P and E.

4 In a way very similar to that for the momental ellipsoid (see standard texts on mechanics).
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the equations (III, 7-9) simplify to
P; = az;zE3, P; = ay;E5, P; = o3;:E5. (111, 12)

The constants azy, az:, ayz are zero. For the azz, azz, and az; we have, as in every
orthogonal transformation (see p. 247),

Ozz + ayy + s = azz + azy + az:.

From (III, 11) and (III, 12) it follows, with the above definition of the polariza‘bility
ellipsoid, that the lengths of its axes are 1/azz, 1/Vags, 1/Vam.

It is easy to find the principal axes of the polarizability ellipsoid for a symmetrical
molecule, since, just as for the momental ellipsoid (see p. 13), they must coincide
with the symmelry axes present and be perpendicular to any plane of symmetry. Thus,
for a non-linear XY, molecule of point group Cq, one of the principal axes coincides
with C3 and the other two are perpendicular to it and to (one or the other of) the
two planes of symmetry; that is, they coincide with the previous z and y axes (see
p- 106). For molecules with one more-than-two-fold axis, for instance CH3Cl, the
polarizability ellipsoid, just as the momental ellipsoid, is a rotational ellipsoid, and
for molecules of cubic symmetry, for instance CHj, the polarizability ellipsoid de-
generates into a sphere. While thus in general the axes of the polarizability ellipsoid
coincide with those of the momental ellipsoid, it should be emphasized that in unsym-
metrically substituted isotopic molecules (for example XYY®) the polarizability
ellipsoid is the same as in the ‘‘ordinary’’ molecule, while the momental ellipsoid is
not. This is because the polarizability depends on the distribution of the charges
only, whereas the momental ellipsoid depends on the distribution of the masses.

Every one of the six components of the polarizability in general changes when the
nuclei are displaced from their equilibrium positions. For small displacements we
can expand the a.z, azy, - - - thus [compare (III, 1) for M.]:

.0 +Z (aa:z) +(aan) +(aazz) + X IIL 13
Qzz = Oz 2 0z, ), E Rz oz )0 % , (III, 13)

and similar relations hold for a.y, ayy, ++-. On introducing normal coordinates,
we have [compare (II1, 2) for M,)]

a Tz
a,,=a2,,+z(-‘—"—) £t e (I11, 14)
7\ 9& Jo

If this expression and similar ones for a,, and a,., together with (III, 3) and
E, = E.° cos 2mut, E, = E cos 2m¥t, E, = E . cos 2mvt

are substituted into (III, 7), we obtain:

P, = (a%E? + o%QE,® + a%.E.%) cos 2mut

0atzz 0azy da;:
+; [( 9 )o B+ ( 9% )o B2+ (E)o E'o] &
X 4[cos 2w (v + »)t 4+ cos 2w(v — »,)t] (III, 15)

and similarly for P, and P,. That is, the induced dipole moment oscillates, (a) with
the frequency v of the incident radiation leading to Rayleigh scattering, and (b)
with the frequencies v = »;, leading to the Raman scattering.
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Thus we see that, in the present approximation, a given normal vibration v; will

appear tn the Raman spectrum if and only if at least ome of the six components
daz, da; .. .
of the change of polarizability ( T ) , ( 3t ") , *** i8 different from zero. It is
i Jo i/o

to be noted that, in the classical theory here under discussion, according to (III, 15),
the intensity of the Raman line » — »; should be the same as that of » + »;.

Taking as an example again the linear symmetric XY; molecule, we see from Fig.
25b that for all three vibrations in the displaced position the polarizability ellipsoid
has the same axes as it has in the equilibrium position. If we let the internuclear
axis be the z axis, we have, both in the equilibrium and in the displaced position,

da, da, da
Qy = Qzz = ay, = 0, and therefore ( 05: )0 = ( 35: )o = ( aE':' )o =0 for

¢ =1,2,3. In the case of the vibrations »; and »3, in addition,

(aa,,) _ (aa,,,,) _ (30;,,) -0
at Jo N0t Jo \o& Jo 7
since for them the polarizability as a function of the corresponding normal coordinates

has a horizontal tangent at the equilibrium position (see Fig. 75). Thus, for v,
and »; all six components of the change of polarizability are zero; hence »; and »;

da,
cannot occur in the Raman spectrum. On the other hand, for »; while ( ;;') )
1 [}

darz, day. dazz da 0ae. .
( EYS )0,(—3‘;1‘)0 are also zero, ( 7 )0 = ( 3 8"1" )o and (a_fl)o are different
from zero and thus »; does occur in the Raman spectrum. '
In the case of the non-linear symmetric XY2 molecule, for the vibrations »; and »,
(Fig. 25a) the axes of the polarizability ellipsoid remain the same in the displaced posi-

i in th iJibri tion: that i (aa,,, ) (801,. ) ( day s ) 0
m ion; s, \ =— ) = ={-—2) =o.
ion as in the equilibrium position; that i 3 )o 3% )o 3t )

0a: dayy da,. ) ) .
But ( 9%t )o, ( 3t )o,and ( 3t ) are not zero for these two vibrations, and
thus they are Raman active. For the vibration »s, on the other hand, we have
Oa,, da o z . . .
(—55_3-)0 = (SE—I;!)O = ('a_g.s')o = 0, since 1n 0pp081te phases Qzzy Qyy, gy have
the same value (curves I and III in Fig. 75). But the z and z axes (in the plane of
the molecule) no longer remain axes of the polarizability ellipsoid during the whole
da; e ae s .
of the vibration; that is, (-:;}—5) 7% 0. Thus also this vibration is Raman active,
3 0

even though only one of the components of the change of polarizability is different
from zero.

Overtone and combination vibrations. Just as for the infrared spectrum, if the
anharmonicity is taken into account (since then the classical motion ‘contains the
frequencies 2v;, 3v;, ++-, ¥; == vk, 2v; == ¥, -+ +), in addition to the fundamentals
also overtone and combination vibrations may appear as Raman shifts if they are
connected with a change of polarizability. If, as usual, the anharmonicity is small,
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the intensity of Raman lines corresponding to overtone and combination vibrations
will be very small compared to those corresponding to (active) fundamentals.

As for the infrared spectrum, a mechanical and an electrical anharmonicity must be considered.
In the case of a mechanical anharmonicity, (I, 265) or a similar expression rather than (III, 3) has
to be substituted into (III, 14). It is immediately clear that P, (and similarly Py and P;) then
oscillates with frequencies » &= 2w, » %=3v;, *++, v £ (v £ wvk), v = (2vi £ vp), *-+, a8 well as
¥ + »i. It is also seen that the overtone and combination vibrations involving »; occur onlybwheu

3 oA .
at least one of ( :;z) ( :g") <+« ig different from zero, that is, when the fundamental also
3 s /O
ocours. Thus, the overtones of vz and v of linear symmetric XY2 would not occur in consequence
of mechanical anharmonicity, but only the overtones 2v;, 3v1 of »1 and some of its combination
frequencies with the other two.
If an electrical anharmonicity is present, we have to take into account higher terms such as

Potrr
111, 16
( oo ) n aur, 16)
in the development (III, 14). Substituting into (III, 7), we see that the Raman spectrum will show
the shifts 2v;, »; + vk, * - in addition to the fundamentals. However, here the Raman activity of

the overtones and combination tones is independent of the activity of the corresponding fundamentals,

P . e .
since the activity of the former depends on ( 65:; ) +++ and higher derivatives, whereas the ac-
08k /o

9.
tivity of the latter depends on ( %22\ .... Thus for the vibrations vz and vs of linear symmetric

9k
a Z. i) zT

XYa3, as we have previously seen, ( Sz (—:é—
3

a ’S a’ T T
but b ) 7 0, ( s ) 5% 0, and similarly for the other polarizability components. There-

) =0 (see curves II or III in Fig. 74),
0

fore, whxle the fundamentals ve and v; cannot occur as Raman shifts in any approximation, the first
overtones 2vs, 2vs can occur weakly when there is an electrical anharmonicity, that is, when the fact
that « is not a constant even during the vibrations »; and »3 is taken into account. More simply,
since during one oscillation of 2 or 3 the polarizability a goes twice through a maximum (that is,
oscillates with twice the frequency of the mechanical oscillation), it is 2v2 or 2v3, not vz or v3 that
occurs weakly as a Raman shift.

Polarization of Rayleigh and Raman scattering. If the polarizability ellipsoid of
a molecule is a sphere (as for instance for CHy), the direction of the induced dipole
moment P coincides for any orientation of the system with the direction of the field
E producingit. If, therefore, on irradiation of a gas consisting of such molecules with
light of frequency v (that is, E = E, cos 2mvt), the scattered light of frequency »
(Rayleigh scattering) is observed at right angles to the incident beam, it will be com-
pletely polarized in the plane at right angles to the incident beam, irrespective of
whether the incident light is polarized or not. However, if the polarizability ellipsoid
of the scattering system is not a sphere, the direction of P coincides with that of E
only if E coincides with one of the axes of the polarizability ellipsoid, but otherwise
has a different direction. If a gas (or liquid) containing such molecules with all
orientations is irradiated, P is no longer restricted to the plane at right angles to the
beam, even though it cannot take all orientations with respect to it with equal prob-
ability. Therefore, the scattered light observed at right angles to the incident beam will
no longer be completely polarized. The degree of depolarization will also depend on
whether the incident beam is polarized or unpolarized.

In this general case, when the polarizability ellipsoid is not a sphere (anisotropic
molecule), we can resolve the polarizability into the sum of a spherical part for which
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the polarizability a! is the average of the three principal polarizabilities

o' = ok = oy = az; = $(@s + ayy + @12) (I1L, 17)
and a completely anisotropic part a'! for which
ali + oy} + ali = 0, (111, 18)
and of course:
03 = Olzz — Oy, oy = ayy — agy, az = Qu — Q. (I11, 19)

The magnitude of the anisotropy may be indicated by
B2 = 3[(Qzz — @yy)? + (Qyy — @22)? + (@2 — z2)? + 6(ady + afe + a22)]. (111, 20)

The sums in (III, 17) and (III, 20) are invariants of the polarizability tensor, that
is, their value is independent of the orientation of the coordinate axes relative to
the polarizability ellipsoid [see (5)]. If the coordinate axes coincide with the
axes of the ellipsoid (see the coordinates z, ¥, 2, p. 243), the last term in (III, 20)
[6(a2, + o, + al;)] disappears.

The degree of depolarization p is defined as the ratio of the intensity of the scattered
light polarized 4 perpendicular to the zy plane, I,, to that polarized parallel to this
plane, I;;. Here the z axis is taken in the direction of propagation of the incident
light, and the direction of observation is perpendicular to the z axis. By averaging
over all orientations of the system, it can then be shown [see, for instance, Born (2)
and Wolf (949)] that for natural (unpolarized) incident light

or = T = B + 78 (I, 21)
L]
alin (III, 21) is always different from zero since the polarizability is always positive
(a! = 0 would mean that azz = azz = a37 = 0, that is, that no scattered radiation
would appear). The smallest value of p, is therefore p, = 0, which is obtained when
B = 0. The largest value of p, corresponds to the most anisotropic case. This is
obtained if all except one, say azz, of the components of « are zero. Then a! = azz/3,
B2 = a3z and therefore p,(™*® = 1 which is thus the maximum degree of depolariza-
tion for Rayleigh scattering.
The degree of depolarization for linearly polarized incident light (at 90° to the
scattered beam) is related to p, by [see Born (2) and Placzek (700)]

pi = 5{——';" ; (111, 22)
that is, the maximum degree of depolarization in this case is p;™*= = }. The
Rayleigh scattering of most molecules will have a smaller degree of depolarization
than these maximum values.

Sometimes it is also of interest to study the scattering of circularly polarized
tncident light. Obviously, if the polarizability ellipsoid is a sphere, and if the incident
light is polarized in a clockwise direction, the light scattered backward (180° to
incident beam) should be circularly polarized in a counter-clockwise direction (always
looking in the direction of propagation). But if the scattering system is anisotropic,

4a Here as in the following text we take the direction of polarisation as the direction of the electric
vector of the light wave.



248 VIBRATIONAL INFRARED AND RAMAN SPECTRA III, 1

the light that is scattered backward may also have a component of clockwise circular
polarization. The degree of this reversal p, for circularly polarized incident light
may be shown to be related to p, by

I(‘ OCKW n
pe = lockwise — [4 , (III, 23)

I eounter-ciockwise 1 — Pn
which is zero for p, = 0 and has the maximum value 1; that is, for a complgtely
anisotropic system the light scattered backward would be unpolarized.

In order to predict on the basis of classical theory the state of polarization of a Raman line corre-
sponding to & normal vibration »;, the behavior of the change of polarizability (g—g )o (the derived
tensor) must be investigated. For example, for the totally symmetric vibration »; of tetrahedral
XY, molecules, @ retains spherical symmetry during the whole vibration and therefore %‘:——l is spherical.

Consequently, the part of P oscillating with frequency » = »; will have the same direction as E.
These Raman lines are, therefore, completely polarized.
More detailed calculations [see Born (2) and Cabannes (3) (189)] show that although the

. Ju o . .
principal axes of the ‘‘ellipsoid "’ corresponding to (EE—) do not always coincide with those of the
/0

polarizability ellipsoid (), the formulae for the polarization are the same as for the Rayleigh scatter-
ing except that «! has to be replaced by

1 da. da. o
or 2 L[ das w 2 II1, 24
* 3[(3$i)o+(35s)0+(35-)0] (T, 29)
and 2 has to be replaced by
g = L[ 22 _ "“w) (3"% - ?ﬂz)’ + (a_a_ _ 3an)’
2 & 0% 9 /o ¢, 9%;
vo[(22=Y + Oa”' aa,, j (111, 25)
[( GE| )0 ( agt 6£. }
Lo epn
Iy 45(a’1)? + 76,7’

and (III, 22) and (III, 23) for p; and p, respectively.’
An essential difference from the case of Rayleigh scattering is, however, that the components

Thus we have

pn = (111, 26)

of (3_5-) in the direction of the principal axes are not necessarily all positive, as are those of a.
§

o
Therefore (3?) cannot always be represented by a real ellipsoid. But it is still convenient to
i Jo
visuslize the relations by means of such an ellipsoid. In consequence of the possibility of negative
9 a
values of (_9_{3) . ( a,,,,) , ***, a;’! may now be zero without 8, being zero. This case gives

9¢; &
the strongest depolarization, namely:

pnl8X = § ~ pmar — % pmax = @, (111, 27)

For brevity, if a Raman line shows this state of depolarization, it is called depolarized, whereas, if the
degree of depolarization is smaller, it is said to be (partly or completely) polarized.

If a molecule has a plane of symmetry (for example XY1Z;), one axis of the polarizability ellipsoid
of the equilibrium position is perpendicular to this plane (say in the z direction), and the other two
are in the plane. Now, in a displaced position antisymmetric to the plane the polarizability ellipsoid

8 For example, in the above case of the totally symmetric vibration of tetrahedral XYy, §;? = 0
and therefore ps = 0, pt = 0, po = 0.
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has no longer the same axes; but it is easily seen from an examination of Fig. 76 that a.. (the z compo-
nent of the dipole moment induced by unit field in the z direction) has the same value for this displaced
position as it has for the opposite displaced position, that is, it follows a curve like II or III in Fig. 75.

Consequently, ( 6;:,, ) = 0., In a similar man-
+ JO

s aaw aau
, it n that = 0and{ — = 0.
ner, 1t 18 see. 8 ( aE‘ )o an ( GE‘ )

Therefore, according to (III, 24) and (III, 26),
pn = ¥ for this antisymmetric vibration; that is,
the particular Raman line will be depolarized.
Similarly, it can be shown that any vibration
that is antisymmetric or degenerate with respect
to any other symmetry element will give a
Raman line with the maximum degree of de-
polarization if it occurs at all. Therefore, only
Raman lines corresponding to totally symmetric
vibrations can have a degree of depolarization
smaller than the mazimum value $, that is, can
be polarized.

For molecules belonging to the cubic point
groups, we have always p, = O for the totally
symmetric vibrations, since for these

60:,,,,) _ aa,,) _ ( aa,,.) -0

( 9 /o ( & Jo 9% Jo ’

Oatzz datyy dazs Fiac. 76. Polarizability change for an anti-

( ok ) = ( FY2 ) = (_3_2—) »  symmetric vibration (schematic).—The broken-

i /o s /0 s /0 line cllipses indicate the polarizability ellipsoid in

. the equilibrium position, the solid ellipses in two

and, therefore, ,ﬂ‘n,= 0 fn (I, 26). For ﬁhe opposite displaced positions. The intercepts of

totally symmetric vibrations of all other point .. . R Voo,

h alue b the latter ellipsoids with the X axis give 1/Vazz

groups, pn may have any value between 0 (.., p. 243) which is seen to be the same in the
and #. two cases.

2. Quantum-theoretical Treatment

In quantum theory the frequencies of the infrared absorption (or emission) bands
and the frequency shifts of the Raman bands are determined by the energy differences
of the vibrational levels between which the transitions take place. In order to find
out which transitions occur and with what intensity, it is necessary to calculate the
transition probabilities.

(a) Elementary treatment of fundamentals

Since for small amplitudes of the nuclei a polyatomic molecule may be considered
as a superposition of harmonic oscillators, the results for the harmonic oscillator
approximation of diatomic molecules (see Molecular Spectra I, pp. 85 and 93) may
be taken over. That is, both in the infrared and Raman spectrum we have the
selection rule

Av; = =1 , (111, 28)

for each normal vibration »;. Since the oscillators, in this approximation, are inde-
pendent, no stmultaneous jumps of two or more vibrations can occur. As for diatomic
molecules, only those vibrations that are connected with a change of dipole moment
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can have Ay, = &= 1 for an infrared transition, and only those vibrations that are
connected with a (linear) change of polarizability can have Av; = + 1 for a Raman
transition. Considering the formula (II, 61) for the vibrational energy levels which
applies to this approximation, it is clear that the wave numbers of the infrared bands
and the wave-number shifts of the Raman bands are equal to the actual vibrational
frequencies (measured in ecm™!)

V= w |Av] = w;. (111, 29)

Thus, in this approximation, the quantum-theoretical infrared and Raman vibra-
tion spectrum is the same as the classical one, at least as far as the position and oc-
currence or non-occurrence of the bands is concerned. However, just as for diatomic
molecules, there is an important difference as to the intensities of the Raman bands.
Whereas according to classical theory the Stokes and anti-Stokes Raman lines v — w;
and v + w; should have the same intensity, according to quantum theory and in
agreement with observation the anti-Stokes lines have a much smaller tntensity, since
the number of molecules in the initial state v; = 1 of the anti-Stokes lines is only
e~ (hews/kT) times the number of molecules in the initial state »; = 0 of the Stokes lines
(ground state). For diatomic molecules no anti-Stokes vibrational Raman lines
have ever been observed. For polyatomic molecules they have been observed, but
only for the smaller frequencies, as is shown in Fig. 77 for CCl4 and CHCl;Br. The
intensity ratio to the corresponding Stokes lines is in agreement with the Boltzmann
factor.

Since in quantum theory, as in classical theory, the occurrence of a certain funda-
mental in the infrared or Raman spectrum depends on the presence of a change of
dipole moment or polarizability respectively, the previous conclusions (section 1) as
to the dependence on the symmetry of the molecule remain valid in quantum theory.
Thus, for linear symmetrical XY, for example, only the totally symmetric vibration
1 can change its quantum number »; by =1 in the Raman effect, whereas only the
vibrations v and v; can change their quantum numbers by =+1 in the infrared.
Conversely, if a triatomic XY, molecule exhibits only one (Stokes) Raman line and
only two strong infrared bands of a frequency different from that of the Raman line,
it can be concluded that the molecule is linear and symmetric, since for a non-linear
as well as for a linear unsymmetrical XY, molecule all three fundamentals are active
both in the infrared and in the Raman effect.

Similar considerations can be applied to other cases (see section 1).

(b) Rigorous vibrational selection rules

For quantitative calculations of the intensity of infrared and Raman bands and
also for the determination of the activity of overtone and combination vibrations
[see subsection (d)] it is necessary to develop a more detailed quantum-theoretical
treatment.

Infrared spectrum. The dipole moment of the molecule is represented in wave
mechanics by the matrix formed from the integrals
Jv. v Mar, + (111, 30)
where M is a vector with components

M, =3 ex;, My =Yey, M, =2Xes (111, 31)
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(e; = charge of particle ¢ having coordinates ;, ¥;, #:), and where ¥, and ¥, are the
time-dependent eigenfunctions of the system in two states n and m, that is,

v, = ¢nezn‘(xn/h)t, T, = \bmezfi(ﬂm/h)t’ W, * = 'Pm*e—2ri(Em/h)t, (I11, 32)

the asterisk indicating the complex conjugate quantities. The diagonal elements of
the matrix, that is, the integrals (III, 30) with n = m, represent the permanent dipole
moments in the states n (since the time dependence cancels out). The off-diggonal
matriz elements (n % m) correspond to the transitions from the state n to the state m
gince they have the time factor e27i(En—Em/Mt  The transition probability is propor-
tional to the square of the time-independent factor of (III, 30), that is, to the square of

[MI™™ = [Vubm*Mdr. (111, 33)

We consider now the transition between two vibrational levels ¢ and ¢"’ of the
molecule produced by dipole radiation. Here v’ and v stand for the sets of vibra-
tional quantum numbers v/, vy’ v3’, - - - and v1”/, v,”’, v5”’, - - - of the upper and lower
state respectively. Strictly speaking, we should substitute the total eigenfunction in
(I11, 33). But to a usually fairly good approximation, this total eigenfunction is the
product of an electronic, a vibrational, and a rotational eigenfunction (see p. 15):

'I’ = ‘Pe‘/’v‘l’r; (III, 34)

and therefore, since for the pure vibration spectrum the electronic and rotational state
remains unchanged, ¥, and ¥, simply give a constant factor in (III, 33) so that we
conclude that the vibrational transition probability ts proportional to the square of

[M]"" = f‘lbvl'Pv”*MdT’ (111, 35)

where ¥’ and ¥, are the vibrational eigenfunctions of the upper and lower state
respectively. [ M]°'*" is also called the transition moment of the transition v« v".

TABLE 55. SYMMETRY TYPES (SPECIES)® OF THE COMPONENTS OF THE DIPOLE MOMENT AND OF
THE POLARIZABILITY (INFRARED AND RAMAN SELECTION RULES) FOR THE MORE
IMPORTANT POINT GROUPS [SEE PLAczEK (700) AND Tisza (867)].

C. V= D. C, D D D, D D.
C. C.' 2k C.- h 2h C" C boy cm" 3 4 5 (] 3h
a7 ltv=n.J| | Y| Ce [C:P|[CF|[CsF|[Cs | [Cun

M, |4’ |A,| Bu |Bi| B | E | E E | I E E E.| B | B
M, |4’ |4, B, |B:| B | E | E E, | 1 E E E | B | B
M a7 Al Aula| B | av | Ar | A | 2t | 42 | 42 | 42 | 4. | 4
azs |47 |4, | 4, | A1| A,  |Aw E| Ay, Bi| Ay, Bo| 24, A| Ay, E | Ay, Bi| Ay, Eof Ay, EoAY, B
aw |47 (4, ] 40 [ 41| A, |As E| Ay, B\ Ay, Eo| =%, A| Ay, E | Ay, Bi| Ay, Eo| Ay, Eq|AY, E
s |4’ | Ag]| 4, | A1) 4, A | A | A | 2t | A | A | Al | A | Ay
asy |4’ |A,| A [As| By | E | B: | E2 | A E B | B2 | B2 | B
azs|A”| A, B, |Bi| By | E | E E | @ E E E. | B | B
ay:|A”|A,| B, |B:| By | E | E E, | 1 E E E. | B | B

¢ For an explanation of the symmetry types and the choice of the coordinate axes, see Tables
12-30 (the symmetry axis of highest symmetry is always the z axis).

7For C; and D; = V omit the subscripts g and u.

8 For C3, C4, Cs, Cs, and Csp, Cin, Csn, Cen, omit the subscripts 1 and 2 of A and B.

? For T omit the subscripts 1 and 2 of A and F.

¥ For O omit the subscripts ¢ and .
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TaBLE 55.—Continued

Dai Dy Dy, Don | D2a=Va| Dsa Dy S Ss Tq O

[CaD | [CanT | [Can T [rr| [oI®
Mz Eu El’ Elu nu E Eu El. E Elu F! Flu
My Eu El' Elu nu E Eu El E Elu F! Flu
M, Azy Az" Ay Eu+ B2 Az-; Bz A Bu F: Flu

azz | Aig, Big| AY', Eof | Avg, Eag) Z,%, Ay | Ay, By | Asg, By | Ay, Eo
Qyy Alm Bla Al’, Ez' Alm E'za 2,,"", Ag Al, Bx Axg, E'g

Aa. E2g Al- E Alan Ea
Alh Eﬂ

&
L
S
S
o

e

5

Q

>
by

| A, | AY Ay |zt Ay Ay | 41| A4 | 4, |ALE| AW E,
oz | By | EY Es, A, B, E, E: | B Ew | Fo | Fa
| E, EY | Ey, | 1, E E, Es | E | By | Fu | Fy
ay: | E, E | Ey, I, E E, Es | E | Eyy | o | Fy

Vibrational selection rules exist only when the molecule under consideration has
elements of symmetry. In that case it isimmediately clear that the integral (III, 35)
can be different from zero for a certain transition (that is, that this transition is an
allowed one) only when at least one of the components of the integrand ¥,'y»'*M
remains unchanged for any of the symmetry operations permitted by the symmetry
of the molecule in its equilibrium position, or in other words when af least one of the
quantities

W Ma, My, M,

is totally symmetrical. This is the general vibrational selection rule for the infrared,
which is rigorous as long as the interaction with rotation and electronic motion is ne-
glected. 1In particular it is independent of whether or not the vibrations are harmonic.

From the definition (III, 31) of the dipole moment M it i§ clear that its com-
ponents M., M,, M, have the same behavior with respect to symmetry operations
as the translations T,, T, T. in the direction of the coordinate axes; that is, they
belong to one of the species of the point group of the molecule, as indicated in the
last column of each of the Tables 12 to 30. For the convenience of the reader, in
Table 55 the species of M., M,, M, are collected together for all the more important
point groups, as read off from the last columns of Tables 12-30.

With these considerations in mind, the above general selection rule may also be
formulated thus: A vibrational transition v’ <> v'’ is allowed only when there is at least
one component of the dipole moment M that has the same species as the product ¥,',"’.
The equivalence of this rule and the previous one is immediately obvious for the
point groups with non-degenerate species only, since the product of two functions
can be symmetric with respect to a symmetry operation only if both factors are sym-
metric or both antisymmetric with respect to this symmetry operation. However,
the above formulation of the general selection rule holds also for point groups with
degenerate species. This can easily be verified with the help of Tables 31 and 33,
which show that the product of two species is totally symmetric or contains a totally
symmetric part only when the two species are the same.

In order to ascertain whether a certain transition v’ <> v’ is allowed in the infra-
red, therefore, it is only necessary to see whether the species of ¥,'¥,"" (obtained in
the same way as outlined in Chapter II, section 3e, for the species of the total vibra-
tional eigenfunction) is the same as that of M., M,, or M, as given in Table 55.
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Raman spectrum. The intensity of scattered light depends on the induced dipole
moment P which, similar to (III, 30), is represented by the matrix formed from
the integrals,

J P Y dr, (I11, 36)
where P is a vector whose components are given by (III, 7-9). The time-independent
part of (III, 36) is e

[P°]™ = [YuP s, (111, 37)

where P° is the amplitude of P. The intensity of a Raman transition n<> m is
proportional to the square of [P%]*™, Substituting P from (III, 7-9) we obtain for
the components of [P°]*™:

[Pa:O]nm = Exofazz‘Pn‘l/m*dT + Eyofaxu'//n'pm*d'r + Ezofazz'#n'pm*d‘ry
[POT™ = B2 [ acutm*ds + B[ ayibubm*dr + B [y ibutm*dr, (ITI, 38)
[POT™ = B2 [acbutm*dr + B0 [ aybubn*dr + B0 [abutm?dr. |

Here, E.% E,° E.° are the components of the amplitude of the incident light wave,
and the integrals

[@:]"™ = [aclutpm?dr,  [on]™ = [asudm*dr, .- (111, 39)

are the matriz elements of the sixz components of the polarizability tensor. The diagonal
matrix elements (n = m) of « or P correspond to Rayleigh scattering, the off-diagonal
elements to Raman scattering, that is, to transitions n <> m induced by the incident
light. According to (III, 38) a Raman transition n <> m ts allowed if at least one of
the siz quantities [az- "™, [azy "™, -+, 18 different from zero.

For the vibrational Raman spectrum we have again to substitute for ¢, and ¥,
the vibrational eigenfunctions ¥, and ¥,” of the upper and lower states. We can
then say (compare the selection rule for the infrared spectrum p. 253): A Raman
transition between two vibrational level v' and v’ is allowed if at least one of the six
products

azz‘l/vllpv”*r azv¢v'¢v”*: e (III’ 40)

18 totally symmetrical, that is, remains unchanged for all symmetry operations per-
mitted by the symmetry of the molecule.

Similarly to the previous infrared selection rule, the general (and rigorous) Raman
selection rule may also be stated in the following somewhat more convenient form:
A Raman transition between two vibrational levels v' and v’ is allowed if the product
Yo'y’ has the same species as at least one of the siz components azz, Qtzy, -+ of the
polarizability tensor.

In order to be able to apply this rule we have to know the species of azz, @tzy, * *
for the various point groups. It is easy to find the behavior of the s, azy, -+ -+ with
respect to symmetry operations (that is, to find the species) for point groups with
non-degenerate species only. Let us suppose that a field is applied in the y direction
(B, 0, E; = E, = 0); then, according to (III,7), P, = a,yE,. Since, in the



II1, 2 QUANTUM-THEORETICAL TREATMENT 255

present case, P, and E, can only remain unchanged or change sign for a symmetry
operation, a,, will remain unchanged or change sign depending on whether P, and
E, behave in the same or in the opposite way for the symmetry operation considered.
P, and E, have the same species as the translations Tz and T, respectively, and
therefore a., has the same species as the product of the species of T'; and T,. Simi-
larly, a.. and oy, have the same species as the products T.T. and T, T, respectively.
Finally oz, ayy, a.. have the same species as the products T,T:, T,Ty, T.T. re-
spectively, all of which are totally symmetric in the case of point groups with non-
degenerate species only. As an example, consider a molecule of point group Vj
(for instance plane X5Ys). @z ayy, a:. have the totally symmetric species 4,, a.y
has the species By, since T,T, has species Bsy X Bz = By, and as, and ay, have
the species Bz, and Bg,, respectively, for similar reasons. Thus, only those transi-
tions may occur in the Raman effect for which the product ¥»'¥»'’ has one of the
species A,, Big, Bzg, or Bg,.

In Table 55 the spectes of the six components of the polarizability tensor are given
for all the tmportant point groups, including those with degenerate species. In the
latter cases, the species can be obtained in a manner similar to the above but some-
what more complicated (see below). In these cases for a.., ayy (and for cubic point
groups, also for a,,) two species are given. This is meant to indicate that actually
only a.: + ayy and a.; — ayy [and for cubic point groups az: + ayy + .. and a
more complicated linear combination; see Tisza (867)] have a definite species. For
most practical cases this amounts to the same thing as assuming that a.., ayy, (a::)
have the two species indicated.

In the case of the axial point groups (only one more-than-two-fold axis in the z direction), the
species of a:z, aze, and ay is obtained in a way similar to the one described above for point groups
with non-degenerate species only, as follows. If a field is applied in the z difection, we have

P; = az.E,, Pv = ayzEty P, = a;F,. (III, 41)

Since T for these point groups is non-degenerate, it follows from the last of the above equations that
a;. is totally symmetric (sec Table 55). The species of T; and Ty is degenerate in these point groups.
Therefore the species of a;. and ay, must also be degenerate and can immediately be obtained from
the species of T, Ty, and T, with the aid of the multiplication table 31. In almost all cases it
is K or E\.

For oz, ayy, and ay the transformation properties are not as easily obtained since 7. and Ty
are both degenerate. Of course, the relation P, = a;;E; (field in the z direction) is fulfilled when
azz i8 totally symmetric, and similarly for ay,. This accounts for one of the species given for a.:
and oy, in Table 55. But it is not the only species. Since E; and Ey are transformed by some
of the symmetry operations (for example, a rotation by 360°/p) into linear combinations of the two,
let us assume now that E; # 0, E, # 0, E, = 0. Then we obtain from (III, 7) and (III, 8):

Py = az Bz + azyBy, P, = a:llES + avall' (111, 42)
Carrying out a symmetry operation, we have

P! =alE} + ol B, P, =a,E;+ a,,E,, (I11, 43)
where the superscripts ¢ indicate the transformed quantities. Since E., Ey, P, Py, just as the trans-
lations T; and Ty, have the degenerate species E, they transform for a rotation by 8 = 360°/p in
the same way as degenerate normal coordinates [see equations (II, 757, that is,

E; = E,oosﬁ +Eysinﬁv

E) = — E.sin B + Ey cos B,

and similarly for P! and P}. Substituting this and (III, 42) into (III, 43) and equating the coeffi-
cients of E; on the left- and right-hand sides of the two equations obtained, and similarly the co-
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efficients of E,, we find:
al,cos g — a:, sin 8 = a,, cos B + a,, sin 8,
aj,sin 8 + af, cos B = a,, cos B + a,, sin B,
aj, cos B — ay,sin B = — o, 8in B + ayy cos B,
o, 8in B + af, cos B = — a,, 8in B + a,, cos B.

From these equations we obtain for the transformed polarizabilities:

al, = a,, cost B + 2a,, sin B cos 8 + a,, sin® B, (H#, 44)
ajy = a,, sin? 8 — 2a,, sin B cos f + a,, cos? B, (111, 45)
2a}, = — (a;; — ) 8in 28 + 2a,, cos 28. (111, 46)

While it is thus seen that a.: and a,; do not transform in a simple manner (that is, one that
agrees with one of the symmetry types), it is immediately seen from (III, 44) and (III, 45) that

af, +afy = a,, +ay,, (I11, 47)

o, — ay, = (o, — a,,) cos 28 + 2a,, sin 26. (111, 48)
Thus «:: + a,, is symmetric with respect to a rotation by 8 = 360°/p about the p-fold axis. In a
similar way it can be shown that a;» + oy, is also symmetric with respect to all other elements of
symmetry [using transformation (II, 76) instead of (11, 75) ]; that is, azz + ayy is totally symmetric.
On the other hand, as is seen by comparing (111, 48) and (I1I, 46), a;z — ayy forms a degenerate pair
with 2a;, having 28 instead of 8 in (II, 75), that is, this pair has species E.. For point groups with
P = 3 (three-fold axis), the species E: is identical with E (see p. 89); for those with p = 4 (four-fold
axis), E: splits into two nondegenerate species B; indeed, with 8 = 90° it follows from (III, 46) and
(II1, 48) that afy = —azy and af, —afy, = — (e — ay,); that is, ary and @z — ay, are anti-
symmetric with respect to the four-fold axis. The species is B2 and B respectively in the case of
point groups for which this difference exists [see Tisza (867)]. In this way the species for azy, azz,
ayy given in Table 55 were obtained.

The rule of mutual exclusion. From Table 55 the following rule can immediately
be verified: For molecules with .a center of symmetry, transitions that are allowed in the
infrared are forbidden in the Raman spectrum; and conversely, transitions that are
allowed in the Raman spectrum are forbidden in the infrared. More explicitly, we
may also say: In the infrared, only transitions between states of opposite symmetry
with respect to a center of symmetry 7 can take place (g <> u); in the Raman effect,
only between states of the same symmetry with respect to ¢ (<> g, u <> u), The
correctness of this latter rule is immediately seen if it is realized that, according to
Table 55, for all infrared transitions (all components of M) ¥,'y,’’ must be anti-
symmetric (u) with respect to #, while for all Raman transitions (all components
of a), ¥»'y¥»’’ must be symmetric (g). Even without Table 55 it is clear that all
components of M change sign for a reflection at ¢, whereas the components of the
polarizability, which behave as the product of two components of M, remain
unchanged.

It should be realized that the above rule of mutual exclusion does not imply that
all transitions that are forbidden in the Raman effect occur in the infrared. Some
transitions may be forbidden in both, as for example, a transition of a molecule of
point group V; for which ¥,'y,’’ has species A.,.

For all molecules without a center of symmetry, with the exception of those
belonging to the rare point groups Dss, Drs, and O, there are transitions that can
occur both in the infrared and the Raman effect.

Inversion doubling. As we have seen previously (p. 220), all vibrational energy
levels of non-planar molecules are doubled on account of the two potential minima
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corresponding to inversion. The eigenfunction of one sublevel remains unchanged
for a reflection at the origin, that of the other changes sign. Because of the above-
mentioned behavior of the dipole moment and the polarizability with respect to
reflection at the origin, it is immediately clear (since My,'y,"” and ay,'y,’” respec-
tively must remain unchanged for such a reflection) that in the infrared only sublevels
of opposite parity can combine with one another (+ <> —), whereas in the Raman
effect only sublevels of the same parity can combine with one another (+ <> +, — & —).
Of course, when the inversion doubling of the vibrational levels is unobservably
small, this selection rule has no observable influence on the spectrum. We need
only consider the previous selection rules for one potential minimum (Table 55).
However, when the inversion doubling is noticeable, as for NH; (see p. 221), the
selection rule for the sublevels is of importance. All Raman and infrared bands are
then double as explained in Fig. 78. But, because of the different selection rules in
the Raman and infrared spectra, the doublet splitting of the bands is different: it is
the sum of the splitting of the upper and lower levels in the infrared, while it is the
difference in the Raman spectrum (see Fig. 78).

v v
+ 2 + 2
s 1 pry 1
“
¥ o ¥ 0
infrared Raman

Fra. 78. Influence of inversion doubling on infrared and Raman spectrum.—The small semi-
circular dots at the bottom are added in order to make it more apparent at which component level
the transition starts,

It is of particular importance that the above selection rule for the infrared (not
for the Raman effect) allows also a transition from one sublevel of a given vibrational
level to the other (see Fig. 78), which, because of the form of the eigenfunctions (see
Fig. 72b), has a large intensity. For the ground state of NHj; such a transition has
actually been observed by Cleeton and Williams (215) in the region of extremely
short radio waves, at A = 1.25 cm (corresponding to 0.8 ¢cm™), in agreement with
expectation from the doubling of the ordinary vibration bands. The observation of
this inversion spectrum represents one of the most striking confirmations of the
predictions of wave mechanics as applied to molecular structure.

In view of the above selection rule for the inversion doublet components, it is seen that the
rule of mutual exclusion holds really for all non-planar molecules. This is due to the fact that the
potential function of these molecules has a center of symmetry and, therefore, the complete vibra-
tional eigenfunction must remain unchanged or can at most change sign for a reflection at the origin.
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Thus, even though at any instant the molecule has no center of symmetry, it behaves as if it had one.
It must, however, be understood that when the inversion doubling is unobservably small, as in most
cases, infrared and Raman frequencies may coincide except when the molecule has an actual center
of symmetry; thus, for unobservably small inversion doubling the rule of mutual exclusion holds
only to the restricted extent noted previously.

(¢) More refined treatment of fundamentals

We apply now the rigorous selection rules derived in the preceding subsection to
the fundamentals, that is, the 1-0 transitions occurring in infrared absorption (or
emission) and in the Raman spectrum.

General rule. If the lower state of a transition is the vibrationless ground state
(vy = 0, v2 = 0, ---) the eigenfunction ¥,’ is totally symmetric (see p. 101). The
eigenfunction of a state in which only one vibration is singly excited has the sym-
metry type of that vibration (see p. 103). Therefore, for a 1-0 transition of a vibra-
tion »; (fundamental) the product ¥,'¥,’”” has the symmetry type of the vibration »;.
Consequently, according to the rigorous selection rules given above, only those vibra-
tions can occur as fundamentals in the infrared whose species agrees with that of at least
one component of the dipole moment M for the particular pornt group, and only those
vibrations can occur as fundamentals in the Raman spectrum whose species agrees with
that of at least one component of the polarizability a for the particular point group.
Thus, Table 55 gives directly the species of all the vibrations that are active as
fundamentals in the infrared and in the Raman effect.

In a somewhat more elementary way, the above rule may also be formulated:
A vibration ts active as a fundamental in the infrared (Raman effect) if it behaves with
respect to all symmetry operations permitted by the symmetry of the molecule in the same
way as at least one component of the dipole moment (polarizability).

In the case of molecules with a center of symmetry, it follows immediately that
fundamentals that are active in the infrared are not active in the Raman effect, and
conversely.

If Table 55 is combined with Tables 35 and 36, it is possible to obtain for a mole-
cule of a given point group the number of vibrations of each species that are active
as fundamentals in the infrared and in the Raman effect. As we shall see later,
infrared fundamentals of different species have different fine structures which can
sometimes be distinguished even without full resolution, and Raman fundamentals
have different polarizations and fine structures. Conversely, therefore, if the number
of infrared- and Raman-active fundamentals has been found for a certain molecule,
particularly when the type of the bands has been ascertained, it is possible to deter-
mine the point group to which the molecule belongs; that is, it is possible to determine
118 structure from the vibration spectrum only.

Examples. The three normal vibrations »,, v;, and »; of non-linear symmetric
XY (point group Cs,) have species A1, 41, and B; respectively (see Fig. 25a and
Table 13). According to Table 55, they are therefore all active as fundamentals
in the infrared and in the Raman effect. In particular, »; and »; occur in the infrared
with an oscillating dipole moment in the z direction (direction of the two-fold axis)
while »3 occurs with an oscillating dipole moment in the z direction, in agreement
with the classical result (p. 240). Inthe Raman spectrum, for v; and v2 only [a.. 17",
[oayy ', [@es]”"" are different from zero, for vs only [az.]"".
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Without reference to Table 55, one may also say: For the 1~0 transition of »; as well as v, the
2 component [ M, """ = S M " dr of the amplitude of the dipole moment vanishes because
the cigenfunctions ¥,/ and y,’’ are symmetric with respect to both planes of symmetry, while M,
changes sign for a reflection at the yz plane, and thus the integrand is not totally symmetric. Simi-
larly, [M,J"v" = S "M ,'V,''dr vanishes for the same transitions since M, changes sign, and there-
fore the integrand changes sign for a reflection at the zz plane. But [M,]"*" = J'My./v,"dr
may be different from zero, since M. and therefore the integrand remains unchanged for reflections
at both planes of symmetry. Therefore, the vibrations »; and v, may occur as fundamentals (1-0
transition) but only with a dipole moment oscillating in the z direction. On the other hand, for the
1-0 transition of v3 the eigenfunction ¥’ and therefore the product y¥,'yY,” is anti-symmetric with
respect to the yz plane. Consequently [M.1"*"' = S M.yy'Ys'’dr does not now vanish, since
M. .y, is symmetric with respect to both planes of symmetry, whereas [M, """’ = S M .V, dr
and [M, """ = S M./'¥»''dr do vanish, since the integrands are antisymmetric with respect to
both planes and the yz plane respectively. Thus for this transition the dipole moment changes in
the z direction. In a similar way it can be seen, without reference to Table 55, that all three vibra-
tions are Raman active as fundamentals. The polarizability components a;z, ayy, a:. (behaving as the
products of the two subscripts) are totally symmetric while oy is antisymmetric with respect to both
planes of symmetry, a.. and ay: are antisymmetric with respect to the yz and zz plane respectively.
Therefore, for the 1-0 transition of »; and va, [@zs """ = S azab/¥y’dr, [ay, I = Sayo't''dr
and [, """ = Sa.4»"¥»" ' dr may be different from zero, while the other integrals vanish; for the
1-0 transition of vg only [az: """ = Saz4'¥v’dT may be different from zero.

For a more general molecule of point group Cs, (for example X;YZ;) for which
vibrations of all four species occur, it follows from Table 55 and the above general
rule that only the vibrations of species A1, By, and B; can occur as fundamentals in
the infrared, whereas the vibrations of species Ap are forbidden (for example the
torsion oscillation of X2YZ,). On the other hand, all vibrations, including those of
species A, are active as fundamentals in the Raman effect, but of course with different
components of the polarizability.

In the case of a molecule of point group Vi (for example, plane X,Y,), according
to Table 55 only vibrations of species Biy, B2y, B3u (see Table 14) are active in the
infrared as fundamentals. In the case of X,Ys (see Fig. 44) these infrared-active
fundamentals are v, vy, v10, 11, and »12, in agreement with the previous classical
consideration (p. 240). In the Raman effect only vibrations of species A,, Bi,, Bz,
and Bg, are active, with the polarizability components given in Table 55. For X,Y,
the Raman-active fundamentals are vy, vs, vs, vs, v, ¥s. It is seen that the infrared-
active fundamentals are not active in the Raman effect and the Raman-active
fundamentals are not active in the infrared, in agreement with the rule of mutual
exclusion, which applies here since there is a center of symmetry. Vibrations of
species A, are inactive as fundamentals both in the infrared and in the Raman effect.
For X,Y, only the vibration v, the torsional oscillation, is of this species.

Finally, let us consider, as an example of a molecule with degenerate vibrations,
one of point group Ty (for example XY,). Here the dipole moment has the triply
degenerate species Fy and therefore only the vibrations of species Fa are active as
fundamentals in the infrared. For XY, these are the vibrations v3 and »s (see
Fig. 41). In the Raman effect, since the polarizability components have the species
A1t E, and Fy, only the vibrations of species A1, E, and F; are active as fundamentals.
In the case of XY, this includes all the fundamentals, v1, vo, ¥, 4. But in the general
case there are also vibrations of species A2 and Fy [for example, for C(CHs)+] whlch
are accordingly forbidden both in the infrared and in the Raman sffct.

Alternative treatment; intensities. An alternative way of deriving the selection
rules, which at the same time lends itself more easily to the calculation of intensities,
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is the following. We expand the components of the dipole moment and the polariza-
bility in a power series of the normal coordinates, as in equations (III, 2) and (III, 14)
of the classical treatment, and substitute these into [M,J*"*"’, [M,T"*", [M.]"",
and [azz """, [azy]”"", - - -, respectively. In this way we obtain

[M.]"" = M. f PP dr + 32 (%)0 f EQ YT 4 -+, (111, 49)

and similar equations for [M,]""*"" and [M,]""*"’; furthermore we obtain

aar:

(™ = o [wiytrar + 2 (52), [ ewitrar+ - anso

P

and similar equations for [a.y1"""’, [@z.]"""", --+. In these equations ¢’ and v”
stand for the set of vibrational quantum numbers in the upper and lower state re-
spectively. The first term on the right in both equations vanishes if v’ # '’ since
the vibrational eigenfunctions of different states are orthogonal to one another.

In the harmonic oscillator approximation, according to (II, 42),

fgt‘l’,,"l,:"d-r = f Eab (B (£2) - -+ WIED) - Y (B (B) - - -
) - bt - ks -

= f ¥’ (v’ (1) dEy f o' ()2 (E2)dEz - - - f E (W (§)dE, - - -

Because of the orthogonality of the eigenfunctions, the integrals J"y1'(E)¥1"’ (£1)dé1,
S (E2)¥" (§2)dEg - -+ are different from zero only when vy = v/, 9o’ = v'" -+,
while S &b,/ (£)¢: (£,)dE; is different from zero only when v,/ = v,”” &= 1. Therefore
[M.J'"" and [@:- """ and similarly the other components of M and « according to
(I11, 49) and (III, 50) are different from zero only if only one v; changes by 1.

Thus we see that in this approximation, that is, when higher terms in the develop-
ments (III, 49) and (III, 50) and the anharmonicity of the vibrations are neglected,
only fundamentals can occur in the infrared and in the Raman effect. Only when
higher terms and the anharmonicity are taken into account does the dipole moment
or polarizability associated with overtone or combination vibrations not vanish (see
subsection d); that is, these transitions have a much smaller intensity than the
fundamentals.

Whether a certain fundamental »;, that is, a 1-0 transition, actually occurs de-
pends, just as in the classical treatment, according to (III, 49) and (III, 50), on

oM d
whether at least one of the components of (gé—) and (-a—:-) respectively 18 different
+ /0 1 /0
from zero. This can be decided either in the elementary way indicated in the
classical treatment (p. 245), or from the rigorous selection rules given in Table 55.

While this table gives the species of the components of M and e, it can also be used
M 2
to determine which components of (5?-) and (5‘5—) are zero, as follows. If
1+ /O 1 /0
according to that table a certain component, say M, of M or a.. of @, is zero for
a certain species, it means that [M,]""*" or [@.-]”*"’, as the case may be, is zero
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for the 1-0 transition of a vibration of this species, and therefore, since the first

aM, a zz
term in (III, 49) and (III, 50) is zero, that (E—) or (-g—;—) , a8 the case may
T 0 i /O

be, is zero.

To predict the relative intensities of different infrared fundamentals of a molecule, one would need

a
actually to calculate the ( aM’) , ( —M—!) , ( 6M,) . The intensity ratio of the fundamentals
3t Jo 3% Jo & Jo

»; in absorption is then given by the ratio of the quantities »; { M ];%°}2 where the [M J;%? are ob-
M o
tained from the (O—E— ) by means of (I1I, 49). In emission the factor »; would have to be replaced
[

£
by »;i* [see equation (I, 18) of Molecular Spectra I].

The intensity ratio of the (Stokes) Raman lines is in a similar way given by the ratio of the quan-
tities (v — »)*{[P9]:1°}2, where » is the wave number of the exciting radiation and » — v; is the
wave number of the Raman line corresponding to the vibration »;. The [P°],1° are obtained from
(I1I, 38) into which (I1I, 50) has been substituted.l%s It must, however, be realized that the polariza-
bility « (and therefore the amplitude of the induced dipole moment [P?];%9) is independent of the
incident frequency only when the latter is sufficiently small. If » is in the neighborhood of an ab-
sorption frequency of the molecule, a will increase rapidly with », and therefore the intensity of the
Raman lines increases more rapidly with » than is given by the factor (v — »;)%. Both effects, the
normal dependence on (v — »;)* and the stronger dependence on v in the ultraviolet when an absorp-
tion region is approached, have been observed experimentally for CCl; [Ornstein and Rekveld (676)
Sirkar (793) and Werth (917)]. For a more detailed discussion, see Placzek (700).

The intensity ratio of the anti-Stokes Raman lines to the corresponding Stokes lines is mainly
given by the Boltzmann factor e~ (Gvhe/kT),  However, here again, for accurate determinations, the
frequency factor, which is (v — »;)* for the Stokes and (v + »,)* for the anti-Stokes lines, has to be
taken into account.

The absolute intensity of infrared fundamentals in absorption is given by [see for example
Mulliken (644) ]

8mNv;
3ch

ki = fki(y)d” = {[M]il'o}zv ‘

where k; is the integrated absorption coefficient and N the number of molecules per cm? (» in cm™
oM

or sec.”). TFrom this formula, if ki is measured, [M 1,19 and therefore (-(_E) may be obtained,

< Jo

that is, the slope of the curve (Fig. 74) representing the variation of M as a function of . Since

the amplitude of vibration can easily be obtained, the absolute change of dipole moment connected

with the vibration considered may be obtained. However, a direct and accurate determination of

the true absorption coefficient is beset with difficulties on account of the small width of the fine

structure lines [see for example Wells and Wilson (916)]. An indirect determination from the

infrared dispersion has been made for the case of CH; by Rollefson and Havens (741). Calculations

of the absolute intensity of Raman lines have been carried out by Bell (134a).

(d) Overtone and combination bands

General remarks. While transitions for which one Av; > 1 or for which several
Av; # 0 (overtone and combination bands respectively) are in general much weaker
than the fundamentals, they may yet be observed in infrared absorption by using
sufficiently thick absorbing layers, and in the Raman effect by using sufficiently long
exposure times.

Overtone and combination bands for which [Av;| = 2 or 3_|Av;| = 2, that is,
transitions in which either one vibration changes by two quanta or twq vibrations
by one quantum, are also called binary combinations; those for which |Av;| = 3 or

8 Such calculations have recently been carried out for some halomethanes by Wolkenstein
(949a) and for the dichlorobengenes by Nordheim and Sponer (673b).
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3" |Av,] = 3 are also called ternary combinations; and so on. It is clear from an ex-
tension of equations (III, 49) and (III, 50) to include mechanical and electrical
anharmonicity (see p. 241) that, in general, ternary combinations are still weaker
than binary combinations, and quarternary weaker than ternary, since they involve
higher and higher approximations. To illustrate this, Fig. 79 shows schematically
the structure of the infrared vibration spectrum of a triatomic molecule. (It might
be compared with Fig. 31 of Molecular Spectra I, which holds for a diatomic mgole-
cule.) The spectrum consists of a number of progressions Av; = 0, 1, 2, starting at
every fundamental, binary combination, and so on, and consisting of nearly equi-
distant bands of very rapidly decreasing intensity. However, this decrease is not
always quite regular if the molecule has symmetry, since certain overtone and com-
bination bands may be forbidden by the rigorous selection rules (see subsection b).
In fact it may happen in certain cases that a fundamental may be forbidden while
certain overtone and combination bands involving the same vibration are allowed.

Overtone bands. For the overtone bands, the lower state is the vibrational
ground state (Y, is totally symmetrical) and, therefore, according to the general
rule, p. 253f., an overtone will be tnfrared active when at least one component of the dipole
moment has the same spectes as the vibrational eigenfunction V.’ of the upper state, and
1t will be Raman active if at least one component of the polarizability has the same species
as ¥,’. The species of the eigenfunction of the upper state is obtained for non-
degenerate vibrations from the rule given on p. 101 and for degenerate vibrations
from Table 32, while the species of the dipole moment and the polarizability is
obtained from Table 55.

For example, while the fundamental v3(s,*) of a linear XY, molecule is infrared
active, its first, third, - .., overtones (v; = 2, 4, ---) have a ¢,/ of species =,* and
are therefore infrared inactive (see Table 55); but its second, fourth, - - - overtones
(vs = 3, 5, ---) have a y,’ of the same species as the fundamental (Z,*) and are
therefore infrared active. On the other hand, according to Table 55, this funda-
mental vz and its second, fourth, - -- overtones are inactive in the Raman effect,
while the first, third, - - - overtones are Raman active. Thus we have an alternation
of infrared and Raman activity in the progression vgvs (vs = 1, 2, 3, 4, «++), as indi-
cated in Fig. 80. The same holds for all vibrations (degenerate or non-degenerate)
that are antisymmetric with respect to a center of symmetry, for example, all
infrared-active vibrations of plane X,Yy, linear X,Y,, and others, as i§ immediately
seen from the g, u rule (p. 124) combined with Table 55. It also holds for the non-
degenerate infrared-active vibrations of certain point groups without a center of
symmetry: namely, of those for which the totally symmetric vibrations are inactive
in the infrared; for example, for the vibration »s(as’’) of plane XY (see Fig. 63).
However, it must be realized that the converse alternation does not hold for the
progression of overtones of Raman-active fundamentals. For example, for molecules
with a center of symmetry all overtones of a Raman-active fundamental are Raman
active, none infrared active.

In the case of a non-linear XY, molecule (point group Cs,) the totally symmetric
fundamentals ¥; and vz, as well as the antisymmetric fundamental v;, are both infrared
and Raman active. The same holds for all overtones (see Fig. 79). However, the
levels with v3 = 1, 3, 5, - -+ have antisymmetric (B;) eigenfunctions while the levels
with v3 = 0, 2, 4, --- have totally symmetric eigenfunctions. Therefore, in the
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series vgvs the dipole moment oscillates alternately in the C; axis and perpendicular
to it (see Table 55). The intensity in this series will, therefore, not vary as regularly
as in v1v;, vavs, the even overtones following a different curve from the odd (compare
the discussion of Hz0 in section 3a).

In the case of degenerate vibrations the upper states of the overtone bands are
split into a number of sublevels whose species are obtained from Table 32. There-

fore, the overtone bands consigf in
vrl general of a number of “sub-bands”’
2 which lie close together. But only
-3 those sublevels combine with the
| v=4 ground state whose species agree with
1 \ that of at least one component of the
dipole moment (infrared spectrum)
or of the polarizability (Raman
v=2 spectrum). For example, in a mole-
v=3 cule of point group Dsj (for instance
’l‘ v=5 cyclopropane, C3Hg), according to
1 L Tables 32 and 55 all overtones of an
Fra. 80. Activity of overtones of certain non- infrared-active fundamental of species
totally symmetric vibrations.—Dotted lines repre- E’ are active, but only the sublevels
st oridden wanition. Tho intenity desvsse of apecies B/ combine with the ground
the lines. state, that is, the first and second
overtone have only one ‘“sub-band,”
the third, fourth, and fifth only two. The overtones of an infrared-inactive funda-
mental of species E” are also all infrared active, since the levels with even v; have
a sublevel E’, those with odd 'v; a sublevel 4,” (see Table 32). All these funda-
mentals and overtones are Raman active, but the latter only with the sublevels of
species 41/, E’, and E”.

Just as for the fundamentals, from the occurrence or non-occurrence of certain
overtones conclusions as to the point group to which the molecule belongs can be drawn.
While infrared spectra have been widely used for this purpose (see section 3 of this
chapter), in the case of Raman spectra overtones have only rarely been observed
since even the fundamentals are very weak.

The formula for a progression of tnfrared (or Raman) bands consisting of a funda-
mental and its overtones is obtained from the general vibrational energy formulae
(I1, 272) or (II, 284) for Go(vy, v3, - - -) by putting all v; except one equal to zero. We
obtain, therefore, if ¢ refers now to the vibration considered,

b= G(0,0, - ;- 0) = GO, -+ 0+ 0) = Go(0, 0, -~ v; -+~ 0)
= w0 + 232 + gild + +++, (III, 51)

infrared

P e e e e e [

—V

where the last term has to be omitted for non-degenerate vibrations. Since z%; and
g+ are small compared to w®, we have a series of almost equidistant bands. For de-
degenerate vibrations I; in (III, 51) takes the values v;, v; — 2, - -+ O or 1 (see p. 210),
but some of the corresponding sub-bands may be forbidden. It must be realized
that for polyatomic molecules, unlike diatomic molecules, irregular deviations from
a smooth variation according to (III, 51) (possibly with a cubic term in »;) may occur
fairly frequently on account of perturbations (see p. 219 and below).
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The intensity distribution in a progression »w; is determined by the curve that represents the
variation of the dipole moment with the normal coordinate (Fig. 74) and the anharmonicity of the
vibration. If the latter is known from the observed band positions, the observation of the absolute
intensities of a series of overtones can be used to determine the variation of the dipole moment. If
certain assumptions are made about the functional form of this variation it is even possible, as was
shown by Timm and Mecke (864) and Mecke (615) (616) to obtain the absolute value of the dipole
moment of a bond such as the C—H and O—H bonds in a polyatomic molecule from these intensity
measurements,

It should also be realized that if the maximum of the curve representing the variation of the dipole
moment (Fig. 74) is close to the equilibrium position of the nuclei, it may happen that the intensity
distribution in a progression v;»; may have a maximum at a point different from v; = 1; that is, an
overtone may be more intense than a fundamental. However, such a case has not as yet been
definitely established.

Summation bands. A combination band for which the lower state is the vibra-
tional ground state of the molecule is also called a summation band, since its wave
number in a zero approximation is the sum of the wave numbers of two or more
fundamentals or overtones:

v = + oiv;+ vk e e (111, 52)

The activity of these summation bands, like that of the overtone bands, is obtained
by determining the species of the upper state but now from Tables 31 and 33 together
with the rules given on p. 124, and seeing whether it agrees with the species of one
of the components of the dipole moment or the polarizability in Table 55. It is
particularly important that inactive fundamentals, when combined with other funda-
mentals or overtones, may give active summation bands, just as overtones of certain
inactive fundamentals may be active in the infrared or Raman spectrum or both.
Conversely, certain combination bands may be forbidden even though the funda-
mentals involved are allowed. For instance it follows immediately from the (g, u)
rule (p. 124) that for molecules having a center of symmetry no binary combinations
of infrared active fundamentals are infrared active.

Consider as examples some summation bands involving the fundamental »4(a.)
of plane XY, (the torsional oscillation), which is inactive both in the infrared and
Raman spectrum. The upper state of vs(a.) + v7(b1u) has species au X biu = By,
and therefore (see Table 55) »4 + »7 is allowed in the Raman effect, even though
neither vy nor v; is allowed. The upper state of 2v4+v7 has species @y X ay Xb1u = By,
and therefore 2v4 + v; is infrared active but not Raman active. It is thus seen
that the frequencies of inactive fundamentals can be obtained from summation
bands. On the other hand »4 + 2v7, whose upper state has species A, is forbidden
both in Raman effect and infrared.

The lower the symmetry of a molecule the fewer restrictions there are for the
combination bands, as well as for the overtone bands. For axial XYZ; molecules
(methyl halides), for example, all combination bands (and overtone bands) are al-
lowed both in the infrared and Raman effect, except that the sublevels of species A3
do not combine with the ground state.

The wave numbers of the summation bands are given more accurately than
according to the above zero approximation by Go(vy, ve, - - -) from (II, 284) or (II, 272)
when the appropriate v; are substituted. !

Influence of Fermi resonance. In general, as mentioned before, the intensity of
the overtone and combination bands decreases very rapidly with increasing 3 |Avi|
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(except when it is exactly zero because of symmetry). However, this state of affairs
changes radically if a case of Fermi resonance occurs (see Chapter II, section 5¢),
for example when a state in which one vibration, say v;, is doubly excited has nearly
the same energy as the state in which another vibration vy is singly excited. As we
have seen previously, if the states 2v; and v; have the same symmetry, a perturbation
of the energy levels and, at the same time, a mixing of the eigenfunctions occur. If
without resonance 2v; and v, are infrared active (or Raman active), the fundamgntal
v, would, in general, have much greater intensity than the overtone 2»;. But if the
interaction (resonance) is taken into account, the intensity of the two bands will be
more nearly alike, since in JSy,"¥s” Mdr (or S Y'Yy adr) for ¥, the “mixed” func-
tions (II, 293) must now be substituted. In other words, 2»; will “borrow” intensity
from vi. Its intensity may then become of the same order as that of a fundamental.
If the resonance is complete, the two transitions will have the same intensity, which
will be half the “original” intensity of v (since the ‘‘original’’ intensity of 2»; was
negligible compared to that of v.).

Similar considerations apply, of course, if the resonance is between a state in
which two different vibrations are singly excited (»; + v;) and a state in which only
one vibration is singly excited (vx). Also, if there is resonance between, say, 3v;
and 2»;, then the second overtone of »; will have an intensity comparable with that
of the first overtone of »;, and similarly in other cases. If resonance exists between
two combinations of the same order (for example, the two binary combinations 2,
and 2»; of H2O; see p. 218) they will tend to have more nearly the same intensity
than they would without resonance.

If a state that is in resonance with another corresponds to the excitation of a
degenerate vibration, a perturbation will usually occur only for one of the sublevels
into which the state is resolved.when anharmonicity is taken into account (see p. 217)
and thus only one of the sub-bands will have an anomalously large intensity. For
example, for CO,, where v; = 2v, (see Fig. 71) the upper state of 2v; has the two sub-
levels Z,* and A,, of which only the first is perturbed by the upper state =, of ;.
Only the sub-band 2»3(Z,*) borrows intensity in the Raman effect from »;, and,
because of the closeness of the resonance, has almost the same intensity as v;, whereas
the sub-band 2»,(A,), which is also allowed in the Raman effect (see Table 55), has
the normal (small) intensity of an overtone and has therefore not been observed.

Difference bands. Finally, we discuss the case of absorption or scattering in
which the initial state 18 not the vibrationless ground state. If the vibration v; is singly
excited in the initial (lower) state and a transition takes place to a state in which the
vibration »x(> »;) is singly excited, the frequency of the infrared absorption band
(or the frequency shift in the Raman spectrum) is equal to vy — »;. Classically
(see p. 241) this difference band should have the same intensity as the corresponding
summation band »; + »;. However, in quantum theory the intensity of vz — »;
would be expected to be much smaller than that of v + »; since the number of
molecules in the initial state is much smaller, corresponding to the Boltzmann factor
etherilkT) In gddition, the matrix elements S '¥,'¥s" Mdr or S 'V,'Va" adr for the
two transitions will be somewhat different although they will be both of the same
order (both zero if the anharmonicity is neglected).

When the rigorous selection rules are applied to a difference band vi — v;, one
finds easily that it is allowed or forbidden depending on whether the corresponding
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summation band vy + v; ts allowed or forbidden: If the lower state is not the ground
state, it is not the species of the eigenfunction of the upper state y,’ but the species
of the product ¥,'y,’’ that must be the same as the species of one of the components
of M or e, in order that the transition be allowed. But the product ¥,'»" for v, — v;
has obviously the same species as ¥»' for vz + »;, and thus if vx + v; is allowed (see
Table 55) then vy — »; is also allowed. The same applies also in the case of other
similar difference bands, such as 2y, — v;, 3vp — vy, oo, v+ Vi — vs, -0, Ve — 20,
vk — v; — vj, and 80 on,

Since the intensity ratio of a difference band to the corresponding summation
band is approximately equal to the Boltzmann factor, such difference bands have been
observed in the infrared and Raman effect only in cases where »; is small (or, more
generally, where the lower state is fairly near the ground state), since then the Boltz-
mann factor is not too small (compare for example, the difference bands of CO;
given in Table 56).

A somewhat different type of difference band is that for which one and the same
low-frequency vibration is excited in the upper and lower state in addition to some other
vibrations in the upper state.l°® In the simplest case, if v is excited by one quantum
in the upper, but not in the lower state, whereas »; is excited both in the upper and
lower state by one quantum, we obtain a band that may be written v + »; — »;.
This is represented in the energy-level diagram Fig. 81a. If there were no coupling
between the two vibrations, this transition would have the same frequency as the
fundamental »; and also the same transition probability, since in both cases only
Avy = 1. The intensity ratio of vx + v; — v; to v, is therefore equal to the Boltz-
mann factor e~**i/*¥T) which gives the population of the state v; = 1 relative to the
ground state. In consequence of the coupling of the two vibrations, the band
vi + v; — v; will not exactly coincide with v, but will be displaced By a small amount
so that it is actually observable. The intensity is also influenced by the coupling,
but, like the frequency, only slightly, so that for small »; when the Boltzmann factor
is of the order of unity the intensity of vx + v»; — »; is of the same order as that of
the fundamental v, (whereas the intensity of », — »; was of the same order as vy + »;,
that is, much smaller than that of vy).

If »; is sufficiently small, bands vx 4 2v; — 2v;, ¥, + 3v; — 3»; may also have a
sufficient intensity, to be observed, in spite of the smaller Boltzmann factor. As
indicated in Fig. 81a, we then have a series of very nearly equidistant bands with
rapidly decreasing intensity, which is the exact analogue of a sequence in a diatomic
electronic band spectrum (see Molecular Spectra I, p. 171f.). If a sufficiently small
v; exists, such sequences should join not only onto every allowed fundamental band,
but also onto every allowed overtone or combination band, that is, when »; in
vi + v; — v; is replaced by 2vx, vi + vi, and so on. The case in which »; = »; in
vi + v; — v; is of course also possible.

Bands of the type vx + »; — »; have been observed in a number of cases both in
the infrared and Raman effect, for example, for CO; (see Table 56) and C;Hj; (see
Table 68). Sequences with three members vk, vx + v — v;, i + 2v; — 2v;, where
vy is a second overtone, have been found in the photographic infrared, for methyl
acetylene [Herzberg, Patat, and Verleger (440)] and pyrrole [Zumwalt and Badger
(976)]. While in the former case the low-frequency »; (343 ¢m™) is known from

b Dennison (280) calls such bands * upper stage’ bands.
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Raman data, in the latter case the intensity ratio of the bands in the sequence has been
used to obtain from the thus derived Boltzmann factor the value of »; (~650 cm™?).

i
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Fia. 81. Difference bands of the type vx + v; — »;; (a) a sequence of difference bands,
(b) »; degenerate, (c) »; and v degenerate.

If the vibration »; involved in the above-described difference bands is degenerate, some additional
considerations are necessary. First of all, the intensity ratio of the band »x + »; — »; to the band
vk is twice or three times as great as the Boltzmann factor, depending on whether the degree of de-
generacy of »; is 2 or 3, because the statistical weight is increased by this factor. For the higher
members of a sequence v; + 2v; — 2w;, * + -, the intensity ratio to vy is still further increased compared
to the non-degenerate case, because the degree of degeneracy of the states 2v;, 3v;, + - - is still higher
(see p. 80f.), at least as long as the anharmonicity is neglected. Even if the anharmonicity is not
neglected, the splitting of the bands of a sequence into sub-bands will, in general, not be observable,
since it corresponds to the difference of the splitting of the sublevels in the upper and lower state.

If both »x and » in the band vz + » — »; are non-degenerate, the application of the rigorous
selection rules (evaluation of J"My,'ya"dr or S @y,'Ys"dr) leads to the same result for vy + vz — v
as for v; (see above). If, however, v; or both »; and v; are degenerate, for some point groups, addi-
tional components of the dipole moment and the polarizability may occur according to the rigorous
selection rules. For example, for a molecule of point group Cs, (for instance CH;Cl), if vx has
species A; and »; has species E, then both the upper and lower states of the band »x + »; — »; have
species E (see Fig. 81b). According to Table 33, the product y¥.,'ys”’ has the species A, A;, E. Of
these, according to Table 55, A, gives a parallel band in the infrared (M, 3 0) and a Raman line
with azs # 0, ayy # 0, aus 7 0 (polarized Raman line; see below), as does vx alone, whereas E gives
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a perpendicular band (M, = 0) in the infrared and a Raman line with a:z — ayy, @zy, @sz, ays all
different from zero (depolarized Raman line). Thus one and the same transition (vx + »; — »;) can
take place according to the rigorous selection rule with two different species of the components of
the dipole moment and the polarizability, that is (see Chapter I1V), with two different rotational
structures (and polarizabilities in the Raman effect). However, only the first of these two species
of the transition would have the same transition probability as »x. This is easily seen from the
series developments (III, 49) and (III, 50) since, if higher terms are neglected, the intensity of a
transition in which only v; changes by one unit (and such is the case for both v and vx + »; — ;)

oM o
depends only on (3_5—) and (5—5_) respectively, and these in the present case have species Aj.
k /o k/o

Only in higher approximation, that is, with much smaller intensity, would the E contribution to
the transition occur.

If both »x and »; for a molecule of point group Cj, are of species E, the upper state of vx + v; — »;
according to Table 33 consists of the three sublevels 4;, A2, E, whereas the lower state is E (see
Fig. 81c). There are three sub-bands for vx + v; — v;: A= E, A;—> E, and E— E. For the first
two, .p.,'ap'.f' ’ has species E, and therefore these sub-bands are perpendicular bands (M, = 0) in the
infrared (or depolarized in the Raman effect), as is »x. The sub-band E — E, as in the preceding
case, can occur both as a parallel and a perpendicular band; but in this case only the perpendicular
component (depolarized Raman component) will have an intensity comparable with v since »; is a
perpendicular band (or depolarized Raman line). Other cases, for other point groups, are similar.

The formula for the positions of the difference bands in the infrared and for their
shifts in the Raman effect is

v = G(vlly 02,, cee) — G(U],", 02”) te ')7 (III, 53)

where now G(v"’, v, -+ ) # G(0,0,0, - --). Itisnoteworthy that, asa consequence,
the wave number of a difference band v, — v; is exactly the difference of the wave
numbers of the bands »; and »;, even if anharmonicity is taken into account, whereas
the wave number of the summation band »; + »; is not exactly the sum of the wave
numbers of »; and »;. In other words, the observation of difference bands supplies
useful combination relations which may serve as checks on the vibrational analysis.
Conversely, these difference bands may be used to determine, not only approximately
as from summation bands, but accurately, the wave numbers of fundamental bands
that cannot be observed directly. For example, from v, — w;, if »; is known, »;
follows immediately.

(e) Polarization of Raman lines

Placzek (700) has shown that the state of polarization of the scattered light can
be obtained according to quantum mechanics, if in the classical formula (III, 21)
[see also (III, 17) and (III, 20)] the polarizability components oz, @zy, *-- are
replaced by the corresponding matrix elements [az2 1", [azy 1V, ++-. Ifv/ = v”,
we obtain from (III, 21) the degree of depolarization of the Rayleigh scattering if
all molecules are in the state v’; if v’ 3 v/, we obtain the degree of depolarization
of the Raman line corresponding to the transition v <> ¢/, With the help of Table
55 and the general selection rule that ,’ys”’ must have the same species as a, we
can find out which components of [a]'*"" are different from zero for a particular
transition and therefore can obtain some information about the state of polarization
even without actual calculation of the [az-1""", [@zy """, - -.

In the case of point groups without degenerate vibrations, Table 55 shows that
2z, Otyy, 80d iy, are totally symmetric. Therefore, if ¥,'Ys” is totally symmetric
L@l = }{[aea ™’ + [ayy " + [ss]?"’} is different from zero while for
non-totally symmetric y,'ys” it is zero. Consequently, according to (LII, 21), the
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