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PREFACE

This book is intended to be a straightforward presentation of the
principles of Physics up to approximately the standard required by the
G.C.E. (Advanced Level) and Intermediate examinations.

There is a noticeable tendency to include in the ‘“A” Level curriculum
(but not so much in the examination itself) more and more topics which
were originally regarded as being appropriate to a General Degree course.
It seems to me that this practice carries with it the danger of leaving the
less brilliant students with an inadequate understanding of the funda-
mental principles of elementary classical Physics. I have therefore
deliberately restricted the scope of this book, but have included what
I hope will be helpful discussions of principles. In writing it I have
assumed that the student has reached the stage in his education and
mental development at which he is prepared to do some reasonably hard
thinking. By using the calculus very sparingly I hope I have emphasized
that mathematical analysis is not necessarily a substitute for physical
reasoning. The significance of the last line of a mathematical treatment
of a physical phenomenon depends as much upon the physical principles
incorporated in the first line as upon the elegance of the mathematics
itself.

I have retained the customary methods of exposition where these have
seemed to me to be adequate and sufficiently illuminating, but I have
attempted more original modes of presentation of some of those topics
which, as an examiner, I have found to be but dimly understood by the
average student. It is to be hoped that these efforts will be recognizable
to teachers and helpful to students.

My indebtedness to several friends for assistance is gratefully acknow-
ledged. The late Dr. A. H. Ferguson gave valuable advice throughout the
writing of the book. Mr. A. C. Stevenson has read a number of the
Mechanics chapters and has made helpful suggestions. Dr. J. W. Fox
gave similar help with some of the other topics, and Dr. R. E. Jennings
has been good enough to provide many of the answers to the numerical
questions. The publishers’ artist has been very patient in interpreting
- my own pencil drawings. Figs. 159 and 160 were made with the help of
photographs kindly supplied by Messrs Short & Mason, London, although
the line drawings are not intended to represent the original instruments in
every detail.



vi Preface

I wish to thank the following examining bodies for having given
permission for the inclusion of questions from past papers :—

The Delegates of Local Examinations, Oxford (O.).

The University of Cambridge Local Examinations Syndicate (C.).
The University of London (L.).

The Joint Matriculation Board (J.M.B.).

The various examinations are indicated in the text by the above initials
in conjunction with letters according to the following scheme :—

Matriculation—M.

School Certificate—S.C.

Higher School Certificate—H.S.
Intermediate—I.

First Medical—Med.

In transcribing examination questions I have usually refrained from
modifying the various modes of writing the names of physical units.
The reader is thereby enabled to become acquainted with other common
methods of expressing units in addition to the ‘“index”’ convention which
is used in the text.

R. C. BrRowN.

PREFACE TO SECOND EDITION

In revising this volume for a second printing I have included an account
of the experimental determination of the constant of gravitation. My
thanks are due to Mr. G. Ullyott for having read and constructively
criticized the manuscript of this new section. A number of minor
alterations have also been made which, it is hoped, are improvements
on the original text.

I am indebted to reviewers and correspondents who have made helpful

criticisms of the first edition.
R. C. BrowN.
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VOLUME I

MECHANICS AND PROPERTIES
OF MATTER

Chapter I

THE QUANTITIES USED IN DESCRIBING
MOTION

1. INTRODUCTION

The scope of the science of mechanics can be outlined very briefly as
follows. It first deals with the motions of bodies and establishes
mathematical equations which describe those motions in terms of distance
and time. Next a set of principles known as Newton’s laws of motion
are introduced. ‘These correlate all types of motion by making use of
the idea of force as the agent which causes bodies to change their direction
or speed of motion. This branch of mechanics, which is called dynamics,
has an offshoot—statics—which concerns itself with the conditions
under which bodies are in equilibrium. When dynamics and statics
are applied to liquids they become hydrodynamics and hydrostatics
respectively.

Length and Time.—We shall begin our study of motion by assuming
a familiarity with the ideas of length and time. Length or distance is
measured fundamentally by means of a divided scale graduated by
comparison with a standard of length which is adopted by international
agreement and carefully preserved by the governments of various
countries. The passage of time is determined by means of an oscillating
mechanical system such as a pendulum. The unit in which time is
measured in the great majority of scientific observations and calculations
is the second and is defined as 1/86,164.100 of a sidereal day, which
is the interval between two successive transits of a fixed star across any
selected meridian,

There are two systems of length units with which we must become
familiar. In most scientific work and for all purposes on the continent
of Europe the metre is used as the standard of length. Its subdivision,
the centimetre, is the commonest unit of length in physics. In everyday
life and also in engineering in Britain the British system of length
measure is used. The yard is the standard, and when this system is used

in mechanics the commonest unit is the foot.
1 Mm.&P.M.
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2. DISPLACEMENT

Specification of the Change of Position of a Body.—The fundamental
quantity appertaining to the motion of a body is its change of position
or displacement. Suppose that a body changes its position from a
point A to a point B (Fig. 1), the points being plotted in the usual way
with respect to axes OX and OY., Then the displacement of the body
Y with respect to the axes is de-

scribed in magnitude and direction

by the straight line AB, the sense
(whether from A to B or B to A)

B being indicated by the arrow. The

magnitude and direction of the dis-
A placement is governed only by the
positions of A and B. In specify-

ing the displacement it is im-
material whether the body actually
follows the straight path or goes by
another quite irregular route.
Y %  Evidently the complete specifica-
Fic. 1 tion of the displacement of the
body from A involves a statement
of both the length and direction of the line AB.

It must be clearly understood that all displacements are relative. The
displacement from A to B in Fig. 1 is relative to the axes OX and OY
because the positions of the points A and B are plotted with respect to
these axes regardless of the fact that we do not know how OX and OY
have moved relatively to other objects. We are, of course, accustomed
to regarding the surface of the earth as a fixed object with respect to which
displacements of bodies occur and are specified, but we know that the
earth is moving relatively to the sun and that the sun moves relatively
to the other stars. Consequently, motion of bodies with respect to the
earth is in no sense absolute motion, although we frequently think of it as
such, forgetting the existence of the earth’s motion.

Vector Quantities.—A quantity such as displacement which requires
a statement of direction as well as magnitude is called a vector quantity.
Other similar quantities in mechanics, such as velocity, acceleration,
force and momentum, derive their vector character from the fact that their
definition involves displacement either directly or indirectly.

A physical quantity which does not possess a directive quality, and which
is therefore completely specified when its magnitude is given, is called
a scalar quantity. Length, mass, time, temperature and energy are
examples. -

We represent a vector such as AB by writing 4B, the arrow indicating
that the displacement is from A to B and not vice versa.
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The methods of adding and subtracting vector quantities are more
complicated than those which apply to numbers or scalar quantities, and
we shall examine them by taking displacement vectors as examples.

The Addition of Displacements.—The sum of two displacements is
the single displacement to which they
are equivalent when taken together.
Thus it has the same kind of mean-
ing as the sum of two numbers, with
the distinction that in the case of the
vectors the direction of each separate
vector influences both the magnitude
and direction of the sum. Thus in A
Fig. 2, if a body suffers a displacement Fic. 2
from A to B and then from B to C, )

-—
its total or resultant displacement is the vector AC, and we can write
—> — -
AB+BC=AC
Therefore, in order to add two vectors we draw an arrow to represent the
first in magnitude and direction, and at its head we place the tail of the

arrow which represents the second vector. Their sum is then represented
in magnitude and direction by the arrow which joins the tail of the first

vector to the head of the second. The sense of A—E', t.e. from A to C,
and not the reverse, should be carefully noted.

The order in which the vectors are placed on the diagram is immaterial,
just as the sequence in which a column of figures is added up does not
affect the result. Evidently if we start from the same point A and draw
AD equal to BC (Fig. 3) in magnitude and direction (i.e. parallel to it)
and then draw DC equal to AB we arrive at the same result for the sum.
In fact, the sum of two vectors may be regarded as the diagonal of a
parallelogram of which the vectors are the adjacent sides, care being
taken to choose the correct diagonal. (See Fig. 3.)

(of
0 s —
| ~
] _ ~
4 7
! _ ~ \
l‘, P - %‘.R
- 3\
< S \
A B >
Fic. 3 Fic. 4

Vector addition can be extended to more than two vectors by con-
tinuing to place arrows, tail to head, and joining the first tail to the last
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head to give the resultant (Fig. 4). The sum of a number of vectors
is zero if, when the last of the series is drawn, its head coincides with
the tail of the first, so that no resultant can be drawn. In this case
the separate vectors when placed tail to head form a closed polygon.
This is obvious in the case of displacements, because if a body undergoes
successive changes of position which finally bring it to its original position
its total displacement is zero.

Two equal and opposite displacements, e.g. from A to B and then back
to A, evidently cancel each other completely, so that

- -
AB+BA=0
AB- -BA
The sum of any number of given vectors can always be found graphically
by making a scale drawing. Where only two vectors are to be added,

eg. ABand BCin F igs. 2 and 3, the sum may be found by the formula
which gives the length of AC in terms of AB, BC and the angle between
them. Thus

or

AC2=AB2+BC2?-2AB.BC.cos ABC

For more than two vectors, successive applications of this equation may
be made.

The Subtraction of Displacements.—We have shown on page 3
(Fig. 2) that

— — —
AB+BC=A4C
It therefore follows that
AC-AB=BC
and that /1_> C- B_(>3 = A_i?

The method of subtracting two vectors is, therefore, to draw two arrows
to represent the vectors, their tails being placed together. The arrow
joining their heads then represents their difference. There are two
possibilities as to the sense of the difference according to which way round
the subtraction is to be made. Thus in Fig. 5 (i) we have

e I =
AC=AB+BC

T S

. AC - AB=BC

while in Fig. 5 (if) AB=AC +CB
- = >

.. AB-AC=CB

The correctness of any particular vector subtraction can be verified in
the same way as can a simple numerical subtraction, 7.e. by remembering
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that the result of subtracting, say, ¥ from y is the quantity which when

added to x gives y.
C C
» \
\ \
B A B
) )

(ii

A .
(i
Fi1G. 5

Example.—Subtract a displacement of § miles in a northerly direction
from a displacement of 3 miles in a north-easterly direction.

The two vectors are drawn (Fig. 6).in the correct directions with their lengths
equal to 5 and 3 convenient units (e.g. inches) and their tails together. The dotted
vector is then the required difference.

\ 3
5 \ (NE
w | \\ \ 5(5)
; \
(NE) \\

Fic. 6 Fic. 7

N

This can be checked by noting that the sum of 5 miles N. and the dotted vector is
equal to 3 miles N.E. The exercise is, of course, the exact equivalent of finding the
vector sum of 3 miles N.E. and 5 miles in a southerly direction (Fig. 7). Vector
subtraction is merely vector addition with a reversal of the sense of the vector
which is to be subtracted. This is just the same as in arithmetic and algebra. To
subtract a from b we add —a to b.

Relative Displacement.—Examples of the addition and subtraction
of vectors occur in cases where a body undergoes two or more simul-
taneous displacements. For instance, when a man walks on the deck of

——
- SE— ———

1= —~
T A >
— -

FiG. 8

a moving ship, his total displacement with respect to the earth’s surface
is equal to the sum of his displacement relative to the ship and the ship’s
displacement relative to the earth. This is. illustrated in Fig. 8.
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If we denote the man by the letter A, the ship by B and the earth by
E, and represent the displacements of A and B relative to the earth by s,5
and spp respectively, and the displacement of A relative to B by s,3,
then we have

SAE =SB 1 SBE

or SAB = SAE — SBE

The second method of writing the equation has an important application
in connection with relative velocity. It can be expressed in words by
the statement that the displacement of A relative to B is equal to the
displacement of A relative to the earth minus the displacement of B
relative to the earth (or plus the displacement of B reversed).

Components.—Any two vectors are said to be the components of
the third vector which is their sum. Thus in Fig. 9 (i) the vectors s
and s, are the components of the vector s in the directions OX and
OY to which they are respectively parallel.

In Fig. 9 (ii) the components of the same vector s are shown in directions
OX’ and OY’. It will be noticed that the components are different from
those in Fig. 9 (i). In each case the triangle and parallelogram con-
structions are both shown. It cannot be too clearly emphasized that the
combined effect, or sum, of the two components of a displacement is the
exact equivalent of the displacement itself. This principle, which is
true for all vector quantities, has its origin in the fact that displacement
is defined as the straight line joining two positions of a body regardless
of the path actually taken. All paths which join the two positions (e.g.
s; and s, in Fig. 9 (i) and s,” and s,’ in (ii)) are therefore equivalent from
the point of view of determining the displacement.
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Rectangular Components.—It is frequently very useful to replace a
single vector by two components which are respectively parallel to two
mutually perpendicular directions. These are called the rectangular
components, or resolved parts, of the vector in the directions chosen.

A

O ------====--

Fic. 10

In Fig. 10 the components of s along the two mutually perpendicular
directions OX and OY are found by completing the parallelogram
(actually a rectangle) of which s is the diagonal, the adjacent sides being
parallel to OX and OY. This is done by dropping perpendiculars CB
and CD from C on to lines parallel to OX and OY drawn through A.

By the theorem of Pythagoras,

AB%+BC2=AC2
or AB?+AD2=AC? since BC=AD

Therefore, since the lengths of the arrows are proportional to the magni-
tudes of the vectors, the last equation means that

$12 45k =52, . . . .
We also have
Ve cos 0
o $y=5cos 0 . . . . . (2
AD BC
d S 00 _PM 4
an T~ ACTAC sin 6
s S,=ssin 6 . . . . . )

where 0 is the angle which OX makes with the direction of s. It is
evident, also, that

Eg:tanO . . . . . N0

51
Noticing that equation (3) can be written

s3=s cos (90° - 0)
=5 cos DAC
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we can formulate a rule which embodies both equations (2) and (3) as
follows: When the rectangular components of a displacement or other
vector are to be determined, the magnitude of each is obtained by multi-
plying the magnitude of the original vector by the cosine of the angle
between this vector and the direction of the component required.

Suppose that, of the two rectangular directions chosen for the com-
ponents of a given vector s, one direction is actually parallel to s and the

other is, therefore, perpendicular to s. Then the

C component of s in its own direction is equal to

/l‘ s cos 0° which is equal to s, while in the perpen-

dicular direction the component is s cos 90°, which is

zero. 'Thus a vector has no component in a direction

perpendicular to itself. This principle is illustrated

A *B when we realize that a body which is travelling, say,

due north (Fig. 11) is, at the instant when it is at A,

neither approaching nor receding from a point B

which is due east of A and so lies in a direction

perpendicular to the path of the body. When it is

op at A the body can, however, be said to be ap-

proaching C and receding from D—its motion has

a positive component in the direction AC and a
negative one in the direction AD.

We have spent some time in discussing the properties of displacement
vectors because the other vector quantities with which we shall have to
deal later on are derived from them. The important principles to grasp
are:

Fic. 11

1. Vector addition and subtraction.
2. The meaning of relative displacement.
3. The properties of rectangular components.

3. SPEED

Definition of Speed.—Everyone is familiar with the idea of speed
and its measurement in units such as miles per hour, feet per second,
cm. per second, and so on. To determine a speed it is clearly necessary
to measure a distance and a time.

The average speed of a body during a given interval of time is
defined as the distance travelled, measured along the actual path taken,
divided by the time taken to cover that distance. The word “average”
is used because the definition does not exclude the possibility of variation
in the rate of travel during the time interval. The actual or instan-
taneous speed of a body at any instant is defined as the distance which
it covers in a very small time interval divided by that interval. The
smallness of the time is necessary in order to avoid the possibility of
variation of speed during the time occupied by the observation.
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If A4l is the distance travelled in a time interval 4¢, then the average
speed during the interval is 4//4¢, and the instantaneous speed is the
limiting value of this quotient when 4¢, and therefore 4/, tends to zero;
thus:

. . l
instantaneous speed = Lim —
At—o04t

dl . ]
= T in calculus notation.

It may be noted that the instantaneous speed of a body is the distance
which the body would cover in unit time if its speed remained constant
at the value which it has at the given instant.

Calculation of the Instantaneous Speed of a Body.—From the
practical point of view it would be extremely inaccurate if we attempted
to calculate the speed of a body at any instant by measuring how far it
travelled in, say, 1% th of a second. We therefore use a method which is
applicable to all physical determinations of this kind, 7.e. to all determina-
tions of the instantaneous value of the quotient of the increments of two
observed quantities. A starting-point is chosen somewhere near the
beginning of the path of the body and the times are noted at which it
reaches certain measured distances from this point. We can conveniently,
but not necessarily, call the time zero when the body passes through the
chosen starting-point. A graph of distance (/) against time (#) is then
drawn, which is known as a distance-time graph. Suppose it has a shape
like that shown in Fig. 12. Let distance and time have values /and ¢ at P,
on the graph, and /" and ¢’ at P’ (Fig. 12 (i)). Then the average speed
during the interval ¢’ - ¢ is given by

d I'-1 P'Q
average speed = 7— =55
where P’Q and PQ are lines parallel to the axes and are measured
according to the scales marked on the axes of distance and time respectively.
If P and P’ are joined by a straight line which cuts the axis of time at M,
and if PN is perpendicular to the time axis, then triangles PMN and
P’PQ are similar, so that
P'Q PN
PQ MN
and we can therefore write
average speed = NN

Now suppose that the time interval over which the speed is calculated
is made smaller by bringing P’ nearer to P. The quantities P'Q and PQ
become smaller, but their ratio is always equal to the ratio PN/MN,

the value of which changes, of course, with the change of position of the
1*
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point M. Finally let the points P and P’ become coincident. This means
that the line P'PM has become a tangent to the curve at P (or P’), and the
speed given by the quotient PN/MN has become the instantaneous speed
corresponding to the point P on the graph, because the time interval has
become indefinitely small. In order, therefore, to find the instantaneous
speed at any point, a tangent to the distance-time curve is drawn at that

Distance (1)

P ML)
/
/1 .
(i) /) (i)
/’ ) P
/ | l 2d
)] YA T
/ ! /// : _]'
ST 5 B
/o I _ 7 |
I/ | : _- |
/ : | _-~ :
0 M N M 0 N ¢
Time (t)
Fic. 12

point and the expression PN/MN evaluated (Fig. 12 (ii)). This may be
done directly, not forgetting that the lengths PN and MN must be measured
in terms of the units stepped off on the axes to which they are respectively
parallel. Alternatively, the ratio of any pair of vertical and horizontal lines
such as AC and BC may be evaluated.

The process of finding instantaneous speed is a particular case of
calculating what is called the slope or gradient of a graph at a given point.
It is the graphical equivalent of the process of differentiation in calculus.

Speed-time Graph.—A graph showing how the speed of a body varies
with time can be constructed if a series of values of the instantaneous
speed is obtained from the distance-time graph by drawing tangents.
Let the speed-time graph for a particular case be as shown in Fig. 13.
At times ¢, and ¢, the speed is represented by the ordinates AB and CD
respectively. Now the area of the figure ACDB is equal to the sum of
all the strips like acdb into which it can be divided. This is true whether
the number of strips taken is large or small. Suppose it is very large so
that each individual strip is very narrow. 'The area of a strip then becomes
indistinguishable from that of a rectangle such as aedb, because as the
strip narrows, the area ace diminishes at a greater rate than that of the
strip itself on account of the diminution of both ce and ae. Therefore,
if we make the number of strips very large, the total area ACDB can be
taken as being equal to the sum of the areas of all the rectangles such as
aedb. But for a very narrow strip the time interval is so small that the
speed does not change appreciably and can be looked upon as being
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represented by ab throughout the interval. The distance travelled during
the small interval is therefore given by the product ab x bd, which is equal

e

'Sloeea’ A

(oW

B

I A i

l
|
|
l
|
t

1 Time
Fic. 13

to the area of the rectangle aedb. For an infinite number of strips of
zero width (which we are at liberty to imagine) we can write:

Area ACDB =sum of areas of rectangles like aedb
=sum of distances travelled during all the successive
indefinitely small time intervals between ¢, and ¢,
=total distance travelled between times #, and 7,

Therefore, in order to calculate the distance travelled by a body from
its speed-time graph, we measure the area under the curve between the
two ordinates drawn at the beginning and end of the specified time interval.
The word “area’’ here does not, in general, mean the actual area in sq. cm.
or sq. in. as measured on the graph paper. Account must be taken of
the scales used on the speed and time axes.

The above process of finding distance travelled by means of a speed-

time graph is the graphical equivalent of integration in calculus. We
write, using calculus notation,

ty
distance = [ speed x dt
4
where dt represents an indefinitely small time interval. The expression

for the distance travelled is therefore the limit of the sum of the products
(speed x interval) as the interval tends to zero.

4. VELOCITY

Definition of Velocity.—Suppose a body changes its position from
A to B (Fig. 14) so that its displacement is represented in magnitude and
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direction by the vector AB. If the change of position occurs in a time 2,
then the average velocity of the body during the time interval ¢ is defined
as AB/t in the direction AB.
The distinction between speed and velocity must be carefully noted.
In the first place, AB is the displacement of the body and not necessarily
the path actually traversed, which might be of
\ the nature indicated by the dotted line. It
! follows therefore that the magnitude of the
! average velocity between A and B is different
from the average speed which is given by the
length of the path divided by ¢. Secondly—
------ and because of the use of displacement in its
definition—velocity is a vector quantity requiring
the specification of both magnitude and direc-
A tion, while speed is a scalar quantity.
Frc. 14 The actual velocity of a body at any instant—
its instantaneous velocity—is defined as the
displacement which the body undergoes in a very short time interval
divided by that time interval. The time is made small (zero in the
limit) so as not to allow a change of velocity to occur. If the displacement
of a body changes by 4s in a time 4¢, then

.. ds
average velocity = —

At
and

instantaneous velocity = Lim —-=—
y At—>0 4t dt
Evidently the direction of the instantaneous velocity is the same as that
in which the body is actually moving at the instant considered, .e. it is
tangential to the path of the body at the point in question (Fig. 15).

It may be noted that the instan-
taneous velocity of a body is the
displacement which it would under- dy p
go in unit time if it continued to of b0 Velocity of bo dy
move .thhout a change of speed or QO‘Y\ when ot P
direction.

The magnitude of the instantan- Fic. 15

eous velocity is necessarily equal to

the instantaneous speed, because the very short path described by the
body in a short time interval is straight and therefore identical with the
displacement.

Since velocity includes both speed and direction, it follows that the
velocity of a body is not uniform, i.e. constant with time, unless the body
is moving at a constant speed in a constant direction, that is to say, in
a straight line. In these circumstances, the velocity at any instant is
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the same as the average velocity during any finite interval of time, and
the magnitude of the velocity is the same as the speed.

Units of Velocity.—Since the magnitude of a velocity is the quotient
of a displacement by a time, its units will be the same as those of speed,
i.e. ft. per sec., cm. per sec., etc. In this book we shall almost invariably
use the index notation, writing cm. sec.”! for cm. per sec. It is useful
to remember that 60 m.p.h. is the same as 88 ft. sec.”1,

Addition of Velocities.—It is frequently necessary to add and sub-
tract velocities, and these operations are carried out according to the rules
for vectors already established for the case of displacements. Velocity
is simply displacement occurring in unit time.

It should be realized that when we assign a magnitude and direction to
the velocity of a body, we are really expressing its velocity relative to
something (usually the earth’s surface) which is, for this particular purpose,
imagined to be stationary. Unless it is stated otherwise, we shall always
mean “‘velocity relative to the earth’ when we specify the velocity of a
body.

A case of addition of velocities occurs in an example already considered
on page 5, namely when a man walks on the deck of a moving ship.
Let the velocities of the man and ship with respect to the earth be u,
and uy respectively, and let the velocity of the man relative to the ship
be u,p. Then the velocity of the man relative to the earth is equal to
the sum of the velocities which he possesses by virtue of his movement
relative to the ship and the movement of the ship relative to the earth.
Thus u, is the vector sum of u,,; and uy, that is,

uA=uAB+uB

and the addition is performed as in Fig. 16, or simply by a triangle. The
principle is identical with that used for addmg dlsplacements on page 2.

Clearly when u, and wugy are
parallel to each other, the vector
summation becomes simple arith- UAB/
metical addition of magnitudes.
When a man walks at 2 m.p.h.
() along the corridor of a train > —
travelling at 60 m.p.h. (uy), his Fro. 16
velocity relative to the earth (u,) 6.
is either 62 or 58 m.p.h., according to whether he is walking towards or
away from the engine. A simple example of this kind enables the more
general principle of vector addition to be recalled when the velocities are
in different directions.

Relative Velocity.—The following discussion will be considerably
clarified if the example of the man on the ship’s deck is borne in mind.
If two bodies A and B are moving with respect to the same object (e.g.
the earth) with velocities u, and uy respectively, then the velocity of A
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relative to B really means the velocity which A would appear to have to
an observer who is moving with B. We have already discovered how to
determine this since it is the u, 5 of the previous example. Thus

uA=uAB+uB
so that
Uap=1U,—Up

The relative velocity of A to B is found, therefore, by subtracting
(vectorially, of course) the velocity of B from that of A, according to
the rule laid down on page 4. This

Usp (U, -
45 (- uy) is shown in Fig. 17. The result, and
\ ——— particularly the sense of u AB» should
UA\ T always be checked by verifying that
\/ =T the actual velocity of A is equal to its
velocity relative to B plus the velocity
Fic. 17 of B.

Evidently the velocity of B relative to A (denoted by ug,) is, by analogy
with the last equation, given by

Upr=Up — U,
so that
Upap= —Upa

A particular and very simple case occurs when u, and uy are parallel.
Suppose two trains A and B are travelling in parallel directions with
speeds of 60 m.p.h. (z,) and 40 m.p.h. (ug) respectively. Then, taking
the direction of motion as the positive direction, we have

u,p=uy —ug=60-40=20 m.p.h., in the direction of motion
of the trains.
uppr=ug—u,=40-60= -20 m.p.h., in the direction of motion
of the trains.
=20 m.p.h., in the direction opposite to that of the
trains.

This is illustrated in Fig. 18.

> Yu=60mph.

> up=40mp.h.

—> Uy =20m.p.h.
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Fig. 19 illustrates the case when B is travelling in the opposite direction
to A and the direction of motion of A is taken as positive.

> Uy~ 60mph.

Ug == 40mph

A

> Uyg = 100mph.

Ugp = -/OOmIDh

A
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There are various ways of looking at the question of relative velocity.
One common method which may be helpful if the foregoing idea of
vector subtraction is found to be a little abstract can be outlined briefly
as follows. To find the velocity of A relative to B, imagine a velocity
equal and opposite to ug to be superimposed on both A and B. This
does not affect their relative velocity, but B is now at rest, so that the actual
velocity of A, which is now the resultant or vector sum of u, and -uy
(note the reversal of direction), is the required velocity of A relative to B.
The student should make his own diagram of this method of tackling the
problem, and should verify that it is identical with the above method.

Example on Relative Velocity.—A steamer is moving with a velocity
of 8 mp.h. in an easterly direction, and a motor-boat puts out from
a quay when the steamer is two miles north-west of it. If the motor-boat
can travel with a speed of 10 m.p.h., in what direction must it be steered in
order to reach the steamer in the minimum of time? Calculate this time.

If the steamer is to be reached in the smallest possible time, the velocity of the
motor-boat relative to the steamer must always be directed from the position of the
boat to that of the steamer. This relative velocity must therefore have a north-
westerly direction throughout the journey since it obviously has this direction
initially. Therefore, the actual velocity of the motor-boat must be such that the
vector subtraction of the velocity of the steamer from that of the boat shall give a
north-westerly velocity. It may be helpful to recall that finding the velocity of the
boat relative to the steamer is the equivalent of superimposing on both a velocity
equal and opposite to that of the steamer so that this is now effectively at rest.

—_—

In Fig. 20 (i) a vector 4B, 8 units long, represents the easterly velocity of the
steamer. From its head B a line is drawn running N.W., and S.E. Since in vector
subtraction the tails of the two vectors to be subtracted lie together, the tail of the
10-unit vector, representing the velocity of the motor-boat, will lie at A and its head
will lie on the N.W.-S.E. line. With centre A and radius 10 units describe two
arcs to cut this line at C and C’. Of these two points C is the one required, because
the relative velocity must (i) be directed towards the north-west, and (ii) be the result

— -
of subtracting AB from AC and not the other way round. The course of the
motor-boat can therefore be found by making the construction and measuring the

- A
angle which AC makes with the northerly direction, i.e. the angle CAN. Alter-
natively we can use trigonometry and proceed as follows.
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Steamer

Fic. 20

Since AC _ AB
sin ABC sin ACB

therefore sin ACB =£—IC§ xsin ABC

=-§— x sin 45°

10
8 1
=15 > 7
=04 xV2
=0-5656
<. ACB =34° 26/
and CAB =180° - 45° - 34° 26/
=100° 34’
. CAN =100° 34’ - 90°
=10° 34’
The motor-boat must therefore be steered in a direction 10° 34’ west of north.
The magnitude of the relative velocity B—(>? is given by

BC = x sin CAB

sin ABC
=10 x V'2 xsin (100° 34)
=14-14 x 0-9830
=139 m.p.h.

Therefore, if the motor-boat. is approaching the steamer with a velocity of
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139 m.p.h., and the distance it has to cover is 2 miles (Fig. 20 (ii)), the time
taken is
2y
13.9 hours
=120 minutes
=139 M
=8 min. 38 sec.

Components of Velocity.—It is often convenient to replace a single
velocity by its components in two mutually perpendicular directions.
They are calculated by the method explained on page 7. To find the

—7
(i)

(= change

v // of velocity)
Y )‘

/
/

Fic. 21 Fic. 22

component of a velocity in any direction, the velocity must be multiplied
by the cosine of the angle between the direction of the velocity and the
direction of the required component. Thus in Fig. 21

#,=u cos 0
ty=u cos (90° - 0)
=u sin 0

Change of Velocity.—The change in the velocity of a body is found
in exactly the same way as the change of any other quantity, that is to
say, by subtracting the initial value from the final value, the subtraction
in this case, of course, being performed vectorially. In Fig. 22 (i), the
vector u represents the initial velocity and v represents the final velocity.
The change of velocity is obtained by subtracting u from v vectorially.
This is done in Fig. 22 (if). The construction can be checked by remem-
bering that the change of any quantity is that which must be added to
its initial value in order to give the final value. In the figure, # and v - u
when added together give .

5. ACCELERATION

Definition of Acceleration.—Suppose that in a time ¢ the velocity of
a body undergoes a change of magnitude R in a given direction. Then



18 Mechanics and Properties of Matter

the magnitude of the average acceleration of the body during the interval
t is equal to the magnitude R divided by ¢, and the direction of the accelera-
tion is that of the change of velocity. Acceleration is, therefore, rate of
change of velocity and is a vector quantity. The magnitude of the
instantaneous acceleration of a body is the magnitude of the change of
velocity which occurs in a very small time interval divided by that interval,
and its direction is that of the change of velocity. The relation of accelera-
tion to velocity is similar to that of velocity to displacement. Thus

. . . dv dv
instantaneous acceleration = Lim 1=
At—>0 ¢ t

The instantaneous acceleration of a body is the same thing as the change
of velocity which would occur in unit time if the velocity continued to
change at the rate prevailing at the instant considered. (Compare the
definitions of average and instantaneous velocity.)

Uniform Acceleration occurs when the velocity of a body continues
to change at a constant rate in the same direction. In this case, the
instantaneous value of the acceleration is always the same and is equal
to its average value over any time interval.

In everyday language the word “acceleration’’ implies an increase of
speed, and for this reason the word ‘“retardation’ is sometimes used in
mechanics to denote a rate of decrease of speed. The term is superfluous,
however. All vector quantities can be either positive or negative accord-
ing to whether their sense is with or against the direction which we have
arbitarily chosen as positive in any particular example.

It should be clearly understood that acceleration, in the sense of our
definition, occurs when a body changes its direction even if its speed
remains constant. This is of great importance, for instance, in connection
with uniform motion in a circle.

Units of Acceleration.—The units in which the magnitude of an
acceleration is expressed can be derived as follows. By definition,

acceleration = velocity + time
= (displacement+time)+time
.. Unit of acceleration =unit of displacement-(unit of time)?
=unit of length+ (unit of time)?

Acceleration can therefore be expressed in such units as feet per sec.?,

otherwise written as feet per sec. per sec. or feet sec.~2, 'The other units

commonly used in physics are cm. per sec.?, which we shall write as
-2

cm. sec =
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EXAMPLES 1

1. Explain how the sum and difference of two vector quantities may be obtained.

If an aircraft flies a distance of 5 miles in a north-easterly direction, what will
be its apparent displacement to an observer in another aircraft which simultaneously
flies 8 miles due north?

2. A vessel travels 12 miles in a north-easterly direction in 3 hours. The
current is flowing due north with a speed of 2 m.p.h. What will the velocity of
a floating object drifting with the current appear to be to an observer on the vessel?

3. An aircraft can cruise at 200 m.p.h. in still air. What course must it keep in
order to travel south-west when the wind is blowing at 40 m.p.h. from the east?
What will be the aircraft’s actual speed relative to the ground?

4. Describe how to find (a) the sum, (b) the difference of two velocities not in
the same straight line. Explain the procedure adopted.

A stream is flowing due north at 3 m.p.h. In what direction must a boat be
steered through the water in order that its resultant velocity may be 4 m.p.h.
E(i ﬁ}{e)south-east? What is then the velocity of the boat relative to the water?

5. A vessel A is steaming due north at a speed of 18 m.p.h., and a vessel B is
steaming south-east at a speed of 15 m.p.h. Find, graphically or otherwise, the
magnitude and direction of the velocity of A relative to B.

If B is initially 30 miles due north of A, find the shortest distance between the
two vessels during the subsequent motion. (L.L.)

6. Distinguish between resultant and relative velocity.

A passenger in a train at rest notices that a wind is blowing from 30° south
of west, but when the train is moving due east with a uniform velocity of 30 m.p.h.
the wind appears to blow from 30° south of east. Explain how this is possible and
find the true velocity of the wind. (L.M.)

7. A ship sails north-west by compass through a tide running at 5 knots, and the
captain finds that after 2 hours it has made 4 nautical miles south-west. Determine
the direction of the current and the speed of the ship relative to the water. (O.H.S.)

8. Two ships are steaming directly towards a point O on courses inclined at
30°. ‘Their speeds are 16 and 8 knots, and their distances from O at a certain
time are 20 and 12 nautical miles respectively. Find their shortest distance
apart. (0.H.S.)

9. ABCD is a square, and the lines AB, AC, AD represent vectors in magnitude
and direction, the order of the letters determining the sense of the vectors. Show
on a clear diagram the line which represents AB +AC -AD. (C.H.S))

10. A motor-boat with a maximum speed of 8 m.p.h. in still water crosses a
river, 1 mile wide and flowing at 2 m.p.h., from a point A on one bank to a point
B on the opposite bank and back again to A. Find by geometrical construction
the least time the boat can take if B is 3 miles from, and on the upstream side
of, A, (C.H.S.)

11. Explain, with the help of a diagram, what is meant by relative velocity.

A car, A, is travelling southward at 30 m.p.h., and is one mile north of a cross-
road at 12 noon. A second car, B, is travelling eastward at 40 m.p.h., and is two
miles west of the cross-road at 12 noon. Calculate (a) the velocity of B relative
to A, and (b) the time at which the cars are nearest together. (L.I.)

12. Define velocity, and show how two velocities may be added together when
their directions are different.

A car is moving forward on a horizontal road with a velocity v. A, B and C
are points on the extreme circumference of one of the tyres. A is vertically below
the centre of the wheel, B is vertically above the centre, and C is on the front of
the wheel at the same horizontal level as the centre. Write down the magnitudes
and directions of the instantaneous velocities of A, B and C with respect to the
road. State also the horizontal components of these velocities, (L.I.)



Chapter II
MOTION WITH UNIFORM ACCELERATION

1. FUNDAMENTAL EQUATIONS

Definition of Quantities.—In this chapter we deal with uniformly
accelerated motion. It is important not only on account of the principles
involved, but also because, apart from the effects of air resistance, it is
the type of motion described by bodies under the action of their own
weight, i.e. the earth’s gravitational force upon them.

We deal first with a body which is moving in a straight line so that
the magnitude of its average velocity is always identical with its average
speed, because the distance travelled along its path is the same as its
displacement in that direction. Suppose that when the body is at A
(Fig. 23) it has a velocity 4 and that we begin reckoning time from this

A u B v
> >
Time=0 Time =¢
s Call
—eee> Positive direction
o/' vectors
F1c. 23

instant. After an interval of time ¢, the body is at B and its velocity is
now v. The displacement is AB. Let AB=s. In the figure, u, v and

AB have been shown in the same direction, which we shall call the positive
direction. Similarly the acceleration is made positive (let it be f) by
supposing that v is greater than u. We shall return to the important
question of algebraic signs after the equations have been established.

Relation between u, v, f and #.—By definition of acceleration we
can write

v-u
==
or ft=v-u
or v=u+ft . . . . . (D

This equation shows that, since f is constant, the velocity of the body
20
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increases at a constant rate, viz. f units of velocity for each unit of time
which elapses.

Relation between s, #, f and t.—Since the speed of the body is
increasing by equal amounts for equal increments of time, the speed-time

graph is a straight line such as is shown in Fig. 24. The distance travelled
by the body in the time ¢ is equal to the area CDEF (page 11). Thus

s=area CDEF
=rectangle CGEF + triangle CDG
=(CF xFE) +3}(DG x CG)
=ut+4(v-u)t

=ut+3(ft xt) sincef=v—;—u

sos=ut+3f . . . . . . )
Average Velocity.—By definition, the average velocity is equal to sz,
which by equation (2) is equal to
(ut+3ft¥)+t
=u+ift

=u+}— 1t

=u+4}(v-u)
_u+tv
2

. Average velocity ___u_—;v . . . . )
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At first sight it might appear that this result, viz. that the average
velocity is the arithmetic mean of the initial and final velocities, could
have been written down immediately. Equation (3), however, depends
on the fact that the acceleration is uniform, and it does not apply to cases
of varying acceleration unless the time interval is very small. Equation (3)
is sometimes helpful in problems on uniformly accelerated motion.

Relation between u, v, f and 5.—We have shown that

v=u+ft
Squaring, we obtain 0% =u? + 2uft + f4?
=u?+2f(ut + } 112
Therefore by equation (2) vi=u?+2fs . . . . 4

Summary.—For uniformly accelerated motion in a straight line,
where f is the acceleration, u the initial velocity, v the final velocity £ units
of time later, and s is the distance travelled, we have

v=u+ft . . . . . (M
s=ut+3ftr . . . . (9

Average velocity = -1%3 . . . . N K))
vi=u?+ 2fs . . . )]

These equations should be memorized.

Note as to Algebraic Signs.—All the vector quantities have the same
direction in the above equations. If any of them is given as being in
the reverse direction to that which is taken as positive in any particular
example, a minus sign must be placed in front of its magnitude when it
is inserted in equations (1) to (4). On the other hand, the sign of an
unknown quantity which is to be found by means of the equations should
be left as positive even if it can be readily foreseen that its direction is
really opposite to the positive direction. The negative sign will appear
in front of the numerical value of this quantity when the equations are
solved. For example, if # and v are both in the same direction but v is
smaller than u, then equation (1) will automatically give a negative value
for f.  The time ¢ is, of course, always positive.

When the initial velocity is zero (z=0), the body is said to “start from
rest,” and we are left with only the second term in each of the equations
(1), (2) and (4). Similarly if f is zero only the first terms remain. Thus
in the general case when neither u nor f is zero the values of v, s and o2
are seen to be made up of two parts. The first part is the contribu-
tion which the initial velocity makes to these quantities, and the second
part is due to the effect of the acceleration. The two effects are
superimposed.
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Example.—A body has an initial velocity of 30 ft. sec.™ and suffers a
uniform acceleration in its direction of motion of 5 ft. sec.”®. Find (a) the
velocity after 4 sec., (b) the distance travelled in 4 sec., (c) the velocity after
the body has travelled 270 ft., (d) the distance travelled in the 9th second.

(@) v=u-+ft
.. after 4 sec. v =30 +(5 x4)
=50 ft. sec.”?
) s=ut +4fi?
.. after 4 sec. s=(30 x4) +(4 x5 x4?)
=160 ft.
(o) vi=u?+2fs

.*. when the body has travelled 270 ft.
2 =302+ (2 x5 x270)
=3600
v="3600
=60 ft. sec.”!

(d) After 8 sec. the velocity of the body is equal to
30 +(5x8)

=70 ft. sec.”!

Therefore at the beginning of the 9th second the velocity is 70 ft. sec.”?, and the
distance travelled in one second from this instant is given by

s=ut +3f1?
where u =70 ft. sec.”! and =1 sec.

.. distance in 9th second =70 + (3 x5 x 1)
=725 ft.

2. MOTION DUE TO GRAVITY

The Acceleration due to Gravity.—When a body is allowed to fall
freely, its motion is influenced by two factors. Its weight, i.e. the gravi-
tational attraction which the earth exerts upon it, gives the body its ten-
dency to fall, while the resistance due to the air, including the buoyancy,
opposes this tendency and diminishes the rate of fall. The effect of air
resistance and buoyancy is more noticeable in the case of a body like a
feather or a piece of tissue paper, because the ratio of the magnitude of
the effect to that of the weight of the body is greater than it is for bodies
of high density such as stones or pieces of metal.

If bodies are allowed to fall in a vacuum the effect of the air is eliminated,
and the classical guinea and feather experiment is intended to demon-
strate the effect of gravity alone. A coin and a feather are released
simultaneously from the top of a long vertical glass tube from which the
air has been pumped, and they are observed to fall side by side and to
reach the bottom together. When air is present, the coin reaches the
bottom first. The principle may also be illustrated by a very simple
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experiment as follows. An ordinary tin lid is held horizontally with its
rim upwards and a small piece of paper is placed in it. When the lid is
dropped, the paper remains in it so that both reach the floor simultaneously.
The lid drags down the air above it as it falls so that the paper experiences
no buoyancy or air resistance.

This and many other experimental observations lead us to believe that
under the action of gravity alone all bodies, whatever their weight, take
the same time to reach the ground when released from the same height.
This is strictly true only when comparisons are made at the same spot.
The time taken does vary slightly from place to place on the earth’s surface.
The direction of fall of a body which is released can be regarded as
being the definition of the vertical direction at the particular place where
the fall occurs.

Most people who were previously ignorant of the matter would prob-
ably forecast that a heavier body would fall more rapidly than a light one,
presumably because of our experience with bodies falling in air. The
belief that this was true had existed for many centuries (it was part of the
philosophy of the Greek thinker Aristotle who lived in the fourth century
B.C.) before it was challenged by Galileo at the end of the sixteenth
century. The story goes that Galileo, who was professor of mathematics
at Pisa, demonstrated the equality of the times of fall by dropping objects
of unequal weight from the top of the Leaning Tower. Present-day
historians of science, however, can find no evidence of this having taken
place. Galileo derived his results from experiments on bodies rolling
down an inclined plane. Such motion has all the characteristics of free
motion under gravity, but is slowed down so that observations of distance
and time can be made more easily.

One of Galileo’s results is contained in the statement that the square of
the time of fall is proportional to the height at which the body is released from
rest. 'Thus if s is the height and ¢ is the time of fall,

soct?
or

s=ke?
where % is a constant which is independent of s and of the weight of the
body.

Now the distance travelled by a body under uniform acceleration is
given by
s=ut + 3 ft?
which, when the body is released from rest (z=0), reduces to

s=1fe

The last equation shows that the proportionality of s and #2 is a character-
istic of unmiformly accelerated motion from rest, and we therefore deduce
that, since it obeys this relationship, a body falling freely under gravity
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suffers a constant acceleration which is found to be the same for all bodies
and is directed vertically downwards. This is known as the acceleration
due to gravity, and it has a value of about 981 cm. sec.~2 or 32-2 ft. sec.~2.
It is given the symbol g.

The acceleration g varies slightly from place to place over the earth’s
surface, and at any particular place it diminishes with altitude because
the attraction due to the earth becomes weaker as the distance from its
centre increases. This effect is small, however. An increase of altitude
of one mile causes a decrease of g of about one part in 2000.

Motion under Gravity.—Since g is a constant acceleration it can be
substituted directly for f in equations (1) to (4) on page 22, and these are
then applicable to vertical motion under the action of gravity. In the
special case where the body starts from rest (u=0) we have

v=gt . . . . . (5
s=3g1% . . . . . (6)

.0
average velocity = 3

and vi=2gs . . . . .

all vectors being positive when directed vertically downwards. These
equations show that:

(i) the velocity at any instant is proportional to the time which has
elapsed since release (equation (5));
(i1) the distance fallen from rest is proportional to the square of the
time (equation (6));
(iif) the square of the velocity at any point is proportional to the dis-
tance fallen (equation (7)).

If the body is projected vertically downwards, u has a positive value
and the appropriate equations are simply equations (1) to (4) with g
substituted for f.

Body Projected Vertically Upwards.—In this case we should sub-
stitute — u for # in the equations if vectors are regarded as positive when
they are directed downwards.

Alternatively we can choose the upward direction as positive so that
u is positive, and f is equal to —g. Adopting this alternative, we find that
equation (1) becomes

v=u-gt . . . . . (8
from which we can calculate v at any time ¢ after the instant of pro-
jection. When the velocity v is zero, we have

O=u-gt

u
or =~

g



26 Mechanics and Properties of Matter

When ¢ is less than u/g in equation (8), v is positive, z.e. the body is moving
upwards, while if ¢ > u/g, v is negative and the body is falling. It has
therefore reached its highest point when ¢ is equal to u/g. At this point
and time it is momentarily at rest.

The value of s at the highest point is obtained by putting =0 in the

equation
v¥=u?-2gs . . . )]

which gives =—

2
The maximum height reached is therefore ;_g

We next put s=0 in the equation

s=ut-gt2 . . . . - (109)
and obtain ut =} gt
Thus either t=0
2u
or ="
4

The solution =0 refers to the instant of projection, while the other
solution is the time taken for the body to rise and fall to the point from
which it was projected. This point is also characterized by s =0, because
s refers to displacement and not to distance travelled, and this is zero when
the body has returned to its original level.

Clearly, the time taken for the body to fall from its maximum height
to its original level is equal to the total time, 2u/g, minus the time taken
to rise, which we have calculated as #/g. Thus the time of fall is also
equal to u/g. The times for rise and fall are equal, therefore.

If we put s=0 in the equation

2 =y? - 2gs
we obtain V=4u

The solution v= +u refers to the first occasion on which s is zero, f.e. at
the moment of projection, while v is equal to —u when the body has
returned to its original level. It then has a downward velocity equal to
its initial upward velocity. In fact the velocity of the falling body at
any point above its starting level is equal and opposite to the velocity
which it had at the same height while it was rising.

If the body is projected upwards from a point above the ground so
that it continues to fall after having returned to its original level, its
subsequent motion is still described by the same equations provided it
is remembered that s is the displacement from the point of projection
(not the actual distance travelled) and ¢ is measured from the instant of
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projection. The displacement s will be negative after the body has
fallen below its original level. 2

Clearly, after the maximum t"'qli - 5=2g9_ » v=0
height has been reached, the
motion of the body is identical
with that of a body released
from this same height, and it
can be worked out on this basis.
The above methods are prefer-
able, however, not only on
account of their neatness, but
also because they illustrate that
the fundamental equations apply
to all cases of uniformly acceler- +ve direction
ated motion, no matter whether v
the !)ody is increasing its speefi 0,5~
continuously or whether it —_—

- —— - —— — —— ——

reverses its direction during the l
motion. A ~u
The results just obtained are V€ direction
in Fig. 25.
shown in Fig. 25 Frc. 25

3. PROJECTILES

Discussion of Principles.—In this section we analyse the motion of
a body which is projected with a velocity # which makes an angle 6 with
the horizontal. Examples are a ball which is thrown, hit or kicked, a
shell from a gun and water from the nozzle of a hose.

The foregoing discussion on the wertical motion of a body has empha-
sized the fact that when equations (1) to (4) on page 22 are applied
to the motion, s is the vertical displacement and not necessarily the
actual distance travelled. Now the displacement of a body as it moves
from one point to another in its trajectory can be resolved into its vertical
and horizontal components, and the rates of change of these are respectively
the vertical and horizontal components of the velocity of the body.
These two components can be treated quite independently of each other.
We know that the acceleration due to gravity governs the variations of
the vertical displacement and velocity, and we can apply the equations
which have already been established for purely vertical motion regard-
less of the fact that in the case we are now considering the body also
possesses horizontal motion. This horizontal motion is not affected
by gravity—in fact the direction of the horizontal at any place is
really defined as the direction in which gravity has no accelerative
effect.

The fundamental principle of the independence of the horizontal and
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vertical motions of a projectile may perhaps be more clearly understood
by considering what occurs in a railway train which is moving horizontally
with constant velocity. If a passenger throws a ball vertically upwards
it returns to his hand just as it would if he were stationary. Its motion
as observed in the train is exactly the same as when the train is standing
stil. The equations for vertical motion under gravity are therefore
applicable. To an observer outside the train, however, the ball would
be seen to undergo a horizontal movement which is unnoticed by the
passenger. With respect to the stationary observer, i.e. to the earth, the
path of the ball is exactly the same as if it had been projected at a certain
angle to the vertical by a stationary thrower. The total horizontal
distance which the ball covers during the interval between throwing it
up and catching it is equal to the distance travelled by the train in this
time, since the thrower’s hand is not moved with respect to the train.
Before, after and during its flight, the ball has the same horizontal
velocity as the train relative to the earth.
Vertical Motion of the Projectile.—Fig. 26 shows the splitting up
[T of the initial velocity #, making an angle 6
with the horizontal, into its vertical and
horizontal components. These are wu;
and u, respectively, and we know that

|
|
|
|
!
i .
\ uy=u sin ¢
|
-

0 #,=u cos 0
—_——_—— — 2

vz and uy[u,=tan 6
Fic. 26

Treating the vertical motion first, we
can quote the following results from page 26:—

Time for projectile to reach its maximum height _t_usin0
g g
Time for projectile to fall to its original level from | _% _#% sin 6
its highest point 2 P,
. 2 2 . 0
Total time of flight S _cusmn
g g
height at which vertical w? usin® 0
Maximum height reached ={ component of velocity j = 21 -
is zero £ 4

Horizontal Motion.—At the same time as the projectile undergoes a
vertical displacement, its horizontal displacement changes with constant
velocity (u,) because the acceleration due to gravity has no horizontal
component. Therefore, at any time ¢ after projection, the horizontal
displacement of the body from its starting point is equal to u,t. The
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horizontal range is therefore

u, x (total time of flight)

4
_ 2u® sin 0 cos 6
g
_u%sin 20
g

Thus for a given speed of projection the range is proportional to sin 28.
It is therefore greatest when sin 26 has its maximum value, which is unity.

If sin 20=1
then 20 =90°
and 6 =45°

This is the condition for maximum horizontal range for a given speed
of projection.

The instantaneous velocity of the projectile in the direction of motion
at any time ¢ is found by adding vectorially the instantaneous value of
its vertical component of velocity which is given by u; — gt (equation (8))
to its horizontal velocity which is always %,. We already know that at
the end of its flight its vertical velocity is —u;, so that the magnitude of its
actual velocity when it strikes the ground is

=V u12 + u22

=U

The angle which this velocity makes with the positive horizontal
direction is

—-u
tan~! —1
Uy
= —/ tan—! El)
\ Uy
=-0

Shape of the Trajectory.—Fig. 27 (i) shows many of the results we
have established. The trajectory is exactly symmetrical about a vertical
line drawn through its highest point. It can be shown that the path is
actually a parabola as follows.

Choose the highest point as an origin of co-ordinates, O, with axes
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Fic. 27

OX and OY as shown in Fig. 27 (if). Let the body reach P in ¢ seconds
after passing through O. If the co-

L T L LT TR, |
g o al >| X ordinates of P are (%, y) the body
; T~ | has travelled a horizontal distance x
y Se with a constant velocity #,, so that
¥ '___-_-...._..__:_\'LP x =yt
\\ =ut cos 0
Y and P
(i u cos 0
1 .
Fre. 27 In the same time the body has also

fallen through a vertical distance v
with an acceleration g and zero initial velocity. Therefore

y=tet*
Substituting for ¢ from the previous equation we get
g 2
=2 __x
Y 2 cost 0
or for a given initial velocity
y = constant x x2

which is the equation of a parabola.

There are many examples of the projection of bodies which involve
no other principles than those contained in the foregoing analysis. The
point at which the body is brought to rest may be above or below the
horizontal level of its point of projection. If a body is projected hori-
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zontally from a point above ground level, its trajectory is identical with
the second half of Fig. 27 (i). The following example illustrates this.

Example.—An aeroplane flying horizontally with a speed of 200 m.p.h.
at a height of 3600 ft. over level ground releases a bomb. Calculate (a) the
time taken for the bomb to fall, (b) the distance of the point at which the
bomb strikes the ground from the point on the ground vertically below the
aeroplane at the instant of release, (c) the velocity of the bomb when it strikes
the ground.

In Fig. 28 (i) A is the point from which the bomb is released, i.e. projected

horizontally with a velocity equal to that of the aeroplane. The point B is 3600 ft.
vertically below A, and C is the point at which the bomb strikes the ground.

880 1 s-e_c.."

[
|
/
/

W
S
>
/
L ]

=V SR
/7

Fic. 28

(a) Dealing first with vertical motion we have

s=3gt?
where s is vertical displacement. Therefore

Vi?
t=A=
4
_ A [2x3600
B 32

=15 sec.

(6) The horizontal motion continues with a constant velocity of 200 m.p.h.
during these 15 sec. (neglecting air resistance).

But 200 m.p.h. =g-9-%€—8§ ft. sec.™?
BC =3ﬂ%°ﬁ§ — 4400 ft.

(c) The vertical component of the velocity of the bomb when it strikes the
ground is given by
v=u-+gt

where u, the initial vertical component, is zero and ¢ is 15 sec., and the downward
direction is taken as positive. Therefore

v=32x15
=480 ft. sec.”?
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The horizontal component is 200 m.p.h. at every instant. This, expressed in
ft. sec.”, is
880

88 a
200 x o °F 3 ft. sec.

Therefore at the time of impact the magnitude of the velocity is equal to

T /880\*

2 -
'\/480 +( 3 )
=564 ft. sec.m?

The direction of the velocity is given by

tan 6 =480 +—8—§—0

where 0 is the angle which the velocity makes with the horizontal. Thus
tan 0 =1-6364
e 0 =58° 3¢’

EXAMPLES II

1. Explain the construction and use of a displacement-time graph.

A stone falls vertically from rest. 'Two seconds later another stone is projected
vertically downwards with a velocity of 96 ft. sec.”! from the same point. When
and where will the second stone overtake the first? Draw on squared paper a
displacement-time graph to represent the motion of each stone. (L.M.)

2. Distinguish between average and instantaneous velocity.

A train accelerates from rest at a rate of 1 ft. sec.”® for 50 sec.; it continues at a
uniform speed for 5 miles and is then brought uniformly to rest in a distance of
250 yards. Find (a) the instantaneous velocity of the train when it has travelled
200 yards from its starting-point, (b) its maximum velocity, (¢) the time taken to
travel the 250 yards while coming to rest, (d) its average velocity for the whole
journey. Give the results in ft. sec. units. (L.M.)

3. A lift, starting from rest, moves with uniform acceleration for 6 sec. and with
constant velocity for the next 6 sec. It is then uniformly retarded and comes
to rest 3 sec. later at a height of 504 ft. above its starting-point. Find the accelera-
tion during the first stage of the motion. (O.H.S., abridged.)

4. Establish the equation s=ut -4gt® for the motion of a body projected
upwards: the symbols have their usual meanings.

If u=30 ft. sec.”!, t =4 sec., what is s? Interpret the meaning of the negative
sign. (L.M.)

5. Define displacement, velocity and acceleration.

If the distance s ft. travelled by a body in ¢ sec. is expressed by the formula
s=23t+2¢%, plot a graph showing how distance varies with time in the first 5 sec.
of the motion. From the graph deduce a value for the velocity of the body at
the end of 3 sec. (L.M.)

6. A particle is projected vertically upwards with a velocity of 92 ft. sec.™?,
and 2 sec. later another particle is projected vertically upwards from the same
point with a velocity of 68 ft. sec.”'. Find the height above the point of projection
at which they meet, and find also the time which has elapsed since the projection
of the first particle. (L.IL.)

7. A particle starting from rest travels distances of 80 ft., 200 ft. and 120 ft. in
successive equal intervals of 8 sec. in each of which it is uniformly accelerated.
Calculate these accelerations and make a sketch of the velocity-time graph of the
whole motion. (C.H.S.)
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8. A ball is projected vertically upwards from ground-level with an initial
velocity of 40 ft. sec.~1. It passes the lower edge of a window-frame with a velocity
of 10 ft. sec.”. With what velocity must the ball be projected so as just to reach
the window-frame? (L.M.)

9. A cricket-ball was thrown vertically upwards from ground-level and was
observed to remain in the air for 4.8 sec. How high did it rise and with what
velocity was it thrown? If, instead of rising freely, the ball hit a telegraph-wire
25 ft. from the ground, calculate the time when it struck the wire and the velocity
at the time of impact. (L.M.)

10. A body is projected from a point 80 ft. above level ground with a velocity
of 128 ft. sec.”! in a direction making an angle of 30° with the horizontal. Calculate
(a) the maximum height reached, (b) the total time taken to reach the ground, (c) the
horizontal distance travelled. (L.I.)

11. Define velocity and acceleration.

A body is projected horizontally from the top of a tower with a velocity of
30 ft. sec.”t. If it takes 3 seconds to reach the ground, find (a) the height of
the tower, and (b) the distance from the foot of the tower of the point at which
the body strikes the ground. (L.I.)

12. Define uniform acceleration.

A body is projected with a velocity of 72 ft. sec.”! vertically upwards at the edge
of a cliff. Calculate the maximum height which it reaches above the point of
projection. If it takes 6 sec. from the instant of projection to reach the beach
below, calculate the height of the cliff. (L.I.)

13. A body is projected horizontally with a speed of 30 ft. sec.”! from a tower
64 ft. high. Calculate (a) the time taken to reach the ground, (b) the distance from
the foot of the tower of the point at which the body strikes the ground.

Find the direction in which the body should be projected from the tower in
order to reach the ground in 1.5 sec., the initial speed being the same as in the
first case. (L.L.)

14. Define velocity and acceleration.

A body is projected from a point above level ground with a velocity of 64
ft. sec.”! at an angle of 60° above the horizontal and takes 4 sec. to reach the ground.
Calculate (a) the height of the point of projection above the ground, (b) the
horizontal distance between the point of projection and the point at which the body
strikes the ground, (¢) the maximum height reached by the body. (L.1.)

15. A particle is projected from the top of a cliff 128 ft. high with a velocity of
140 ft. sec.”! at an elevation of tan~! (4). Find the distance from the foot of the
cliff at which it strikes the sea, and show that its direction of motion then makes
an angle of approximately 59° 45" with the horizontal. (L.1.)

16. T'wo vertical posts of height 4 are distant d apart on a horizontal plane.
A particle is projected under gravity from a point in the horizontal plane and just
clears the tops of the two posts. If u and v are the horizontal and vertical com-
ponents of the velocity of projection, show that 4u?(v? — 2gh) =g2d?.

If when the particle is passing the first post its direction of motion is inclined
at an angle of tan~'$ to the horizontal, show that w?=gd and 4v®=g(d +8h).
(J.M.B.H.S.)

2 M.&P.M.



Chapter 111

UNIFORM MOTION IN A CIRCLE. SIMPLE
HARMONIC MOTION

1. UNIFORM MOTION IN A CIRCLE

Suppose that a small body—or particle as it is called if its size is quite
negligible—is moving in a circular path with constant speed v, so that in
each unit of time the particle moves round an arc of length v. Its velocity
is changing continuously because its direction of motion is changing. It
therefore suffers an acceleration although its speed is constant.

Expression for the Acceleration.—In Fig. 29 (i), the point A marks
the position of the particle at a given instant, and B is its position after a

(ii)

A (iii)

F1c. 29

short interval of time which we denote by the symbol 4¢2. We have

therefore
arc AB=v4¢

The two vectors of length v drawn tangentially to the circular path at
A and B represent the instantaneous velocities at these points.

The change of velocity which occurs between A and B is obtained by
subtracting the velocity at A from the velocity at B. The result of this is
the velocity 4v shown in Fig. 29 (ii). Since one vector v is perpendicular
to OA and the other is perpendicular to OB, the angle between them
(46 in Fig. 29 (ii)) is equal to the angle AOB. Thus

34
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arc AB oAt

radius r

40=A0B =

where 7 is the radius of the circle.

Furthermore, if the time interval 4t is extremely small, 46 and 4v are
very small and the length of the vector dv is indistinguishable from the
length of the circular arc (Fig. 29 (iii)) subtending an angle 40 at the
centre of a circle of radius ». 'This arc has a length v40 so that when 4t
is very small, we have

A‘v=vA0=v'vAt

r
v2 At

r

=

Therefore, the magnitude of the instantaneous acceleration (f) is equal
to the change of velocity divided by the time and is given by

. dov At o2
f = Lim —Z—Z = T =—
At—>0 rdt r
Again, when 4t is made very small, dv in Fig. 29 (ii) also becomes
very small, and its direction can then be specified by saying that it is at
right angles to either of the vectors v which are themselves tangents to
the circle at A and B. Thus when 4t is so small that A and B coincide,
the direction of the change of velocity, and therefore the direction of the
acceleration, is along AO or BO (the two are coincident) and the accelera-
tion is stated to be always directed towards the centre of the circular path.
Angular Velocity.—The rate of motion of the particle round the circle
can be specified either by a statement of its linear speed or by giving the
angular velocity of the radius joining the
point to the centre. This is the number of
radians through which the radius rotates in
unit time. If the angular velocity is w radians
per unit time, then in unit time the particle
moves round an arc of length 7w which
must be equal to v (Fig. 30). Therefore
v
w=—
r
Substituting for v in the expression for f we
have

2
v

=— =702
r

F1G. 30

2. SIMPLE HARMONIC MOTION

Definition.—In Fig. 31 a point Q is moving round the circumference
of a circle with constant linear speed v. The straight line AOB is any
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diameter of the circle, and QP is perpendicular to AOB. As Q moves

round the circle, the foot of the perpendicular oscillates to and fro between

A and B and passes through every point between A and B twice for each

complete rotation of the line OQ.

AN The motion of P defined in this

N way is said to be simple harmonic
motion (S.H.M.).

The time period T of the
motion is the time interval between
two consecutive passages of P

A through any given point in AOB
in the same direction. It is there-
fore the time in which OQ makes
one complete revolution (27
radians), and if w is the (constant)
angular velocity of OQ, we have

ha e B R

Fic. 31 w=21r

T

The phase of the oscillation at any instant is the angle through which
OQ has turned since it was last coincident with any arbitrarily chosen

radius. For instance, if the radius OA is chosen, the angle AOQ in Fig.
31 represents the phase. Clearly this can have any value between 0 and
27w. When it reaches 27 it becomes zero again. The phase can also be
represented by the fraction of the time period which has elapsed since OQ
was last in the arbitrarily chosen direction.

The amplitude of the oscillation is the maximum distance from O
which the point P reaches during its motion. In Fig. 31 the length OA
(or OB) is the amplitude.

Characteristics of SSH.M.—The displacement of P from O is con-
stantly changing. We shall call the displacement positive when it is in
the direction OA, i.e. when P lies between O and A, and negative in the
opposite direction.

If a time interval £ has elapsed since Q passed through A, then

QOP =w?
and therefore OP =0Q cos QOP
=0Q cos wt
or X=r cos wt

where x represents the displacement of P from O and 7 is the radius of
the circle and also the amplitude of the SSH.M. A displacement-time
graph of P is therefore identical in shape with the graph of the cosine of
an angle against the angle itself. This is shown in Fig. 32, in which
times are expressed as fractions of the time period. The displacement
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is zero when ¢=T/4, 3T/4, 5T/4, etc., because at these times the angle
wt, i.e. 27t|T, is an odd multiple of #/2 and its cosine is zero.

!

x
(=rcoswt)

Ny

N ey
L Y]
NH“
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A
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A
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-li

Fic. 32

A little thought will show that the velocity of P is changing continuously,
being instantaneously zero at A and B and a maximum at O. We can
investigate this variation quantitatively by supposing that at any instant the
velocity v of the point Q is split up into two components, viz. v, parallel
to the direction of AOB and v, at right angles (Fig. 33). The angle

between v, and v is equal to AOQ, 7e. to wt, because v, and v are

Fic. 33

respectively perpendicular to OA and OQ. Now since the direction of
QP is always perpendicular to the fixed direction OA, v, is the velocity
of P as well as of Q. Therefore if we represent the velocity of P in the
direction OA by u, and since at the instant considered v, is opposite to
the direction OA, we can write

U= -9v,= —vsin wt
= —rw sin wt
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The velocity-time graph of P is therefore a sine curve, and clearly

u=0 when sin wt=0

i.e. when wt=0, 7, 27, 3, etc.
27 3
or t=0, 7—7-, ——71, —71, etc.
ww w
T T
t=0,—-, T, —, etc.
or 2’72

These times occur when P is at A or B (Fig. 31), i.e. at the instants when
P is reversing its direction.

On the other hand u has its maximum value (which is equal to v) when
sin wt =1, i.e. when t=1T)/4, 3T/4, 5T/4, etc., these being instants when P
is passing through O.

The acceleration of P is investigated in exactly the same way. Since
Q is moving round a circle it has an acceleration of ¥?/r or rw? directed
towards O. In Fig. 34 this acceleration is split up into f; parallel to AO

S .
”
:.,*.

Fic. 34

and f, in a perpendicular direction. By the same argument as we used
in connection with velocity, the instantaneous acceleration of P is f;
directed towards O, or if f represents the acceleration of P in the positive
direction, f.e in the direction OA, we have

f=—fi= —rw? cos wt,

since the angle between f, and f is equal to Af)Q which is wt.

But x =7 cos wt
Sof= ok

This last result is very important. It must be noticed that the sign,
i.e. the sense, of f is always opposite to that of the displacement x, since
w? is necessarily a positive quantity. When P lies to the right of O
(» positive), the acceleration is negative and therefore directed towards O.
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When P is to the left of O (x negative), f is positive and is again directed
towards O. Therefore we can state that when a particle is performing
S.H.M. it constantly suffers an acceleration towards the centre of its
oscillation, and the magnitude of the acceleration is equal to a positive
constant multiplied by the distance of the particle from the centre. We use
the word ‘“distance’’ instead of displacement here because in this form of
the statement OP must always be considered positive regardless of the
position of P.  The reversal of sign of f is allowed for by stating that it is
always directed ““towards O”.

The above relation between the acceleration of the particle and its
distance from O is known as the criterion for SH.M. Its twofold
nature should always be borne in mind—both the direction and the
magnitude of the acceleration are involved.

We shall deal with several examples of S.H.M. later. The most im-
portant is the motion of a pendulum when its oscillations are small. Other
instances are:—a weight hanging from a helical spring, a ball-bearing
rolling from side to side in a concave cylindrical or spherical surface, a
body hanging from a wire performing torsional oscillations, i.e. twisting
and untwisting the wire,

EXAMPLES III

1. A particle describes a circular path of radius r at constant speed v. Find
the magnitude and direction of the particle’s average acceleration during (a) one-
quarter, (b) one-half of a complete revolution.

2. The driving wheel of a locomotive has a radius of 40 in. Calculate the
acceleration of a point at the top of the wheel 4 sec. after the locomotive has started
from rest with a uniform acceleration of § ft. sec.™2.

3. A fly-wheel of radius 40 cm. rotates about its centre O at the rate of 120 r.p.m.
A point A is situated on the rim while another point B is 30 cm. from O, OB being
perpendicular to OA. Calculate (a) the velocity, (b) the acceleration of B relative
to A.

4. What are the maximum values of the velocity and acceleration of the end of
the prong of a tuning-fork performing S.H.M. with a frequency of 256 sec.~!
if its amplitude is 2 mm.?

5. A particle performs S.H.M. with an amplitude of 10 cm. and a time period
of § sec. Calculate its displacement, velocity and acceleration 4 sec. after passing
through its mean position.

6. Find the smallest fraction of the time period of a simple harmonic oscillation
which elapses between the instants when the body is at its central position and
when it has a displacement equal to half its maximum displacement.

7. A particle is subjected simultaneously to two mutually perpendicular simple
harmonic motions of the same amplitude and time period, their phases differing
by 90°. Show that the particle describes a circular path with a uniform speed.

8. A particle is moving in a straight line with simple harmonic motion. When
it is at a distance of 3 ft. from O, the centre of oscillation, and is moving away from
O, its speed is 8 ft. sec.”! and its acceleration is 12 ft. sec.”%. Find the time of a
complete oscillation and the amplitude. Show that the particle will next be at O
in approximately 1} sec. (O.H.S., abridged).



Chapter IV
NEWTON’S LAWS OF MOTION

1. THE IDEA OF FORCE

Bodies do not of themselves begin to move. We feel convinced of
the truth of this statement by our own observations, and we instinctively
seek an external cause when we see a body beginning to move. Our
minds lean strongly towards the belief that every ““effect’” has a ““cause.”
Moreover we know that in order to set a body in motion with our own
hands it is necessary to make a muscular effort, the intensity of which
depends on the amount of motion communicated to the body and also
upon some property of the body (to which we shall shortly give the name
““mass’’) by virtue of which it appears to resist our efforts to move it.
Here the ‘“‘cause” of the body’s motion seems very real. We are also
conscious of the necessity of using our muscles when we change the
direction of a moving body as well as when we speed it up or slow it
down. When we catch a cricket ball we are perhaps primarily aware of
the reaction of the ball on our hands rather than our action upon it, and
this is an important aspect of the matter which, together with the other
points just mentioned, are dealt with in Newton’s three laws of motion.

All the effects mentioned above—changes both of speed and direction—
are described by the term ““acceleration.” When we accelerate a body
with our own hands we are conscious of exerting upon it an influence or
force, to use the mechanical term. However, there are many accelera-
tions which occur without the direct action of our muscles, e.g. when
bodies collide, when shots are fired by the action of a charge of explosive,
when bodies are released or projected and suffer an acceleration of g
vertically downwards, when a magnet is brought near to a piece of iron,
and so on.

Our system of mechanics is based on the idea that every acceleration
is due to the action of a force, whether we exert that force with our
own muscles or not. So firmly do we believe in this principle that we
instinctively search for the origin of the force whenever we observe an
accelerated body. Accelerated motion and motion under the action of
a force are synonymous expressions, and the qualitative definition of
force is contained in the somewhat clumsy phrase ‘that which produces
an acceleration.”” This statement of the meaning of the word *force”
is embodied in Newton’s first law, which constitutes the creation of the
idea that the nature of the causes of all accelerations is the same.

40
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Newton’s First Law of Motion can be written thus: Every body
continues in its state of rest or of uniform motion in a straight
line unless it is acted upon by a force. In other words, if a body
is accelerated we say that it is acted upon by a force by definition of
the term ““force.” There can be no question of verifying the law experi-
mentally or otherwise, because it is in reality a definition.

It should be noted that the law recognizes the equivalence of a state
of rest and a state of motion with uniform velocity. Both are charac-
terized by the absence of acceleration.

The perpetual rectilinear motion of a body which has been given an
initial velocity is not met with in practice. Every moving body slows
down and eventually comes to rest. Its retardation can always be ascribed
to agencies like air resistance and friction between the body itself and
the surroundings through which it is moving. Retarding forces of this
nature can ncver be entirely eliminated but can, of course, be reduced
in magnitude.

2. THE QUANTITATIVE DEFINITIONS OF MASS AND
FORCE

Newton’s Second Law can be stated as follows: When a body is
accelerated, the magnitude of the force causing the acceleration
is equal to the product of the mass of the body and the magnitude
of the acceleration. The direction of the force is the same as that
of the acceleration.

Since force has both magnitude and direction it is a vector quantity.

Thus the second law lays down the method by which magnitudes can
be aseribed to the forces which we suppose to be the causes of accelerations.
It does so, however, by introducing a hitherto undefined physical property
of the body concerned, viz. mass. It is clearly impossible to define
quantitatively both mass and force by means of the single equation
which represents the second law, namely

force = mass x acceleration

Attempts to do so merely amount to arguing in a circle. For this reason
some people are inclined to suggest that we must assume that we have
an instinctive knowledge of the definition of mass. But inasmuch as we can
determine the mass of a body quantitatively there must be a quantitative
definition of this property which, like all other quantitative definitions,
contains within it the statement of how the mass is to be measured. Those
who define mass as ‘‘the quantity of matter in a body’’ must obviously be
using some more exact definition when they actually determine a mass.
We conclude, therefore, that there must be some other quantitative
statement in which mass or force is concerned and which, together with

the second law, will provide us with two simultaneous equations for the
2%
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determination of these two hitherto unknown quantities. This further
statement is contained in the third law to which we proceed immediately.

Newton’s Third Law states that to every action there is an equal
and opposite reaction. Suppose that a body A acts upon another
body B (e.g. by colliding with it) with the result that B is given an
acceleration. According to the second law, B experiences a force equal
to its mass multiplied by its acceleration. The third law states that, while
this is occurring, A is also experiencing a force of the same magnitude
but opposite in direction.

Once again this is a matter of definition and not of experimental observa-
tion (except in so far as we can observe that the accelerations of A and B
are opposite in direction, which means that the action and reaction are
also opposite). Since the third law is necessary in order to establish a
system of measurement for both mass and force, it follows that any experi-
mental proof of it would involve begging the question just as it would in
the case of the other two laws.

The Comparison of Masses.—The second law suggests that we
could find the ratio of the masses of two bodies by acting on them with
the same force. The product (mass x acceleration) would then be the
same in each case, so that the ratio of the masses would be determined by
taking the inverse ratio of the observed accelerations. But this presup-
poses that we have some means of knowing when we are acting on the
two bodies with the same force. The only criterion for the equality of
two forces which the second law provides is that they should produce
equal accelerations in the same mass, and we are concerned here with
two different masses. The third law furnishes the necessary criterion in
this case by its statement as to the equality of the magnitudes of action
and reaction when the two bodies interact.

Suppose that we have the means of projecting two bodies in such a
way that they collide with each other, with the result that each undergoes
a change of velocity. Suppose also that we can plot their paths and deduce
instantaneous values of their velocities and accelerations. Nowadays this
can be achieved by high-speed cinematography, but it is not necessary
to discuss the experimental method used. All that matters in an argument
of this kind is that the experiment should involve the observation of only
those physical quantities which have been previously defined independently
of the matter in hand.

We shall call the bodies A and B and suppose that f, and fg represent
two simultaneous values of their respective accelerations. Then the
application of Newton’s laws to the collision can be set out as follows.

First Law.—Both A and B suffer an acceleration. Therefore each is
acted upon by a force.

Second Law.—The force acting on A (P,) is given by

Py=m,f,
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and that on B is given by
Py =mpfg

where m, and m, are the respective masses of A and B. The physical
meaning of mass will be deduced from the discussion which follows.
For the time being we suppose only that it is a scalar quantity capable
of measurement.

Third Law.—At every instant the force with which A acts on B (Pp) is
equal and opposite to the force with which B reacts on A (P,). Therefore

PA=—PB

so that myfa= —mgyfp

and ma_ s )
mg fa

Thus by combining the three laws (or definitions, as they really are)
we have arrived at a method of comparing the masses of two bodies.

In practice, the directions of f, and fy are always observed to be
opposite so that the accelerations are always opposite in sign and the
ratio of m, to my is always positive.

Standards, Units and Definition of Mass.—In order to assign a
numerical value to the mass of any particular body it is now only necessary
to choose any convenient body to represent a standard of mass in just
the same way as we choose a standard of length.

In the British or Foot-Pound-Second (F.P.S.) system the arbitrary
standard of mass is the pound and the unit is also the pound.

In the Centimetre-Gram-Second (C.G.S.) system the standard is the
kilogram, which is the mass of a cylinder of 90 per cent. platinum and
10 per cent. iridium (the International Prototype Kilogram) kept in Paris.
The unit of massin the C.G.S. systemis the gram, which is one-thousandth
of the mass of a kilogram.

The fundamental method of determining the mass of a body in terms
of a chosen standard is, therefore, to perform a collision experiment,
such as that indicated above, between the standard and the unknown
mass. Then, since the mass of the standard is unity by definition,
equation (1) becomes

instantaneous acceleration of standard during collision
Mass of body =

simultaneous opposite acceleration of body

A more general definition of the mass of a body derived directly from
the second law is

Mass of body

__acceleration produced when a given force acts on the standard
acceleration produced when an equal force acts on the body
the method of ensuring the equality of the forces not being specified.
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In practice the commonest method of determining mass is by weighing,
but this is, as we have seen, not the fundamental method. Mass and
weight are different properties of matter—bodies would possess mass
even in the absence of the earth’s gravitation—and some discussion is
necessary before the determination of mass by weighing can be justified.

Any confusion in one’s mind as to the distinction between mass and
weight is often difficult to resolve, but the above discussion of the deter-
mination of mass should assist clear thinking. The question of the
weights of the two bodies does not enter into the discussion; indeed,
the experiment would be easier to perform if, for the time being, the
effect of gravity on the bodies (i.e. their weights) could be eliminated.
Another distinction between mass and weight which emphasizes their
dissimilarity is that mass is a scalar quantity having no directional property,
while weight, being a force, is a vector quantity.

The Nature of Mass.—Mass is a property which is possessed by all
matter, and it is the value of its mass which determines the result of an
attempt to accelerate a body. A large mass shows a reluctance to move
when acted upon by a force, and when once it is moving it is more difficult
to bring to rest than a small mass. The significance of the term inertia,
which is synonymous with mass, will be appreciated in this connection.
Newton’s first law is sometimes called the law of inertia.

In the Newtonian system of mechanics mass is supposed to be indestruc-
tible. For instance the sum of the masses of the products of a chemical
reaction is equal to the total mass of the original ingredients. This
suggests that the mass of a body is associated with its individual atoms
and is unaffected by the order in which these are arranged. In atomic
physics, however, there are instances of particles uniting with apparent
loss of mass and a release of energy. This is in agreement with one of
the forecasts of the theory of relativity. Experiments on nuclear trans-
formation verify that energy is generated at a rate of 9 x10% ergs for
every gram of mass which disappears.

The mass of a body is found to be independent of its velocity for all
practical purposes in mechanics. According to the theory of relativity,
however, mass should increase with velocity and would become infinite
if the body travelled with the speed of light (3 x 101 cm. sec.”!). In
other words it would require an infinite force to bring this about,
and the speed of light is therefore regarded as being unattainable by
material bodies. This increase of mass at high speeds has actually
been detected. For instance, when electrons are given velocities of
the order of 101 cm. sec.”! their masses are found to increase quite
appreciably.

Absolute Units of Force.—The magnitude of the force acting on an
accelerated body is simply the mass of the body multiplied by its accelera-

tion according to the equation
P=mf
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Therefore, when once the mass of a body has been determined by means
of the principles set out above, the force acting upon it on any subsequent
occasion is easily calculated.

In the F.P.S. system where mass is expressed in pounds and acceleration
in ft. sec.™2, the units in which the force is expressed are called poundals.
The poundal may therefore be defined as that force which produces an
acceleration of one ft. sec.”2 when it cts on a mass of one pound.

In the C.G.S. system (mass in gm. and acceleration in cm. sec.”2) the
unit of force is the dyne. A dyne is that force which produces an
acceleration of one cm. sec.”2 when it acts on a mass of one gram.

These force units are called absolute units to distinguish them from
units of force of a different type which will be mentioned later.

3. THE VECTOR PROPERTIES OF FORCES

The Addition of Forces.—It is worth while reminding ourselves of
the properties of vectors at this stage, because forces are among the most
important vectors encountered in mechanics.

If two or more forces act simultaneously on a body, the magnitude
and direction of the single force (i.e. the resultant) to which they are
equivalent is given by the methods of vector addition already explained
on page 3. Thus the resultant of P; and P, in Fig. 35 (i) is given by
P in Fig. 35 (ii), which is the diagonal of a parallelogram whose sides
represent Py and P, in magnitude and direction. In Fig. 35 (iii) the
resultant is found by the triangle construction.

— (i)

I‘O

The resultant of a system of more than two forces can be found by
successive applications of the parallelogram of forces, i.e. by adding the
third force Py vectorially to the resultant of P; and P, and so on, or else
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by a polygon of forces. In Fig. 36 the resultant P of four forces is
given by the fifth side of a pentagon. The order in which the vectors
are placed on the diagram is immaterial so long as they are always placed
tail to head.

The Components of a Force are the separate forces whose vector
sum is equal to the original force in magnitude and direction. In particular
the two rectangular components of the force P in Fig. 37 are Py and P,
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in the directions OX and OY. As already shown on page 7, if the angle
between P and the direction OX is 8, we have

P,=P cos 0
P,=Psin 0

I—)—2=tan0
1

and P2+Pz2=Pp?

It follows from this that a force has no component, 7.e. it is unable to
produce an acceleration, in a direction at right angles to its own direction.
The component P, is zero if § is equal to a right angle.

Finding the Resultant of a System of Forces by Components.—
Suppose that the rectangular components of each member of a system of
forces are found by using equations like Py=P cos § and P,=P sin 6,
-------------- and that we find the sum of all the

4 -7 components in the direction OX and
R _ 7 ! .
_ / i the sum of all the components in the
ZPsin 6 // I direction OY, remembering to sub-
e | tract any components whose sense
Ap _ 1 is opposite to that which is chosen
ZPcos @ as positive. Call these two totals
Frc. 38 2Pcos @ and ZPsinf. We then

have two forces (namely the two
totals of the components) at right angles to each other, and these forces
are together equivalent to the original system. The resultant of the
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system (R) must therefore be the resultant of the two totals 2P cos
and 2P sin § and is given by

R?=(ZP cos 0)%+(ZP sin 0)?

Furthermore if the resultant R makes an angle ¢ with the OX direction
we have (Fig. 38)
2P sin 0

tan ¢=ZP cos 0

4. MOMENTUM

Definition of Momentum.—The momentum of a body is defined as
its mass multiplied by its velocity. It is a vector quantity on account of
the vector character of velocity, and the direction of the momentum of
a body is the direction of its velocity. Thus momentum can be resolved
into components in different directions in the same way as all other vectors,
such as displacement and force, and when two or more momenta are
added together the addition must be performed vectorially.

If a body has a mass m and a velocity u its momentum is mu, and
according to Newton’s first law this quantity remains constant so long
as no force acts on the body. When a force is applied to the body,
the momentum will change because of the acceleration, i.e. the change
in u. It can be taken as an experimental fact that m is constant except
in cases where the velocity is so large as to be attainable only by small
particles such as atoms and electrons.

Thus we can write

rate of change of momentum =rate of change of (mu)

=m x rate of change of u
=mf

Therefore Newton’s second law can be expressed in terms of momentum

as follows :—
force =rate of change of momentum

Conservation of Momentum.—When two bodies A and B, which
are not acted upon by any other force, interact so as to modify each
other’s motion, Newton’s third law requires that at every instant the rate
of change of momentum of A shall be equal and opposite to the rate of
change of momentum of B. Therefore the momentum in a given direction
which A loses during any given interval of time must be equal to the
momentum gained by B in the same direction and during the same time.
In other words the total momentum is constant, provided that neither
of the bodies is acted upon by an external force other than that due to
their mutual interaction. This principle is known as the conservation
of momentum, and is true for any number of interacting bodies.
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In the case of two bodies we can apply the conservation of momentum
very simply as follows :—

A B
Us Ug
A B
Va % o
. (ii) @ - 4

Fic. 39

Fig. 39 (i) shows the conditions at some instant before collision, and (ii)
shows the velocities after collision. The principle of the conservation of
momentum requires that the total momentum in the common direction
of motion shall be unchanged by the collision, so that we can write

mAuA+mBuB=mA7)A+mB'vB

from which any one of the quantities can be calculated if all the others
are given. It should be noticed that in this example all the velocities
are in the same direction. If, in any particular case, a velocity is given
as being in the opposite direction to that which is arbitrarily chosen as
the positive direction, then a minus sign must be used when its magnitude
is inserted in the equation.

Applications of the principle of the conservation of momentum are
discussed in Chapter VIIL

5. GRAVITATIONAL UNITS OF FORCE

Newton’s Universal Law of Gravitation states that every particle
of matter in the universe attracts every other particle with a force which
is proportional to the product

P m
M H— P > < X 2 of the masses of the two par-
D b To AT S A > ticles and inversely propor-
Fic. 40 tional to the square of their

distances apart.
In Fig. 40, where the force of attraction between two particles is denoted
by P, we have

mymy
m
or P=GHZE . . . L

where G is the universal constant of gravitation, whose value is very
small indeed (about 67 x 10-8 when the masses are expressed in gm., the
distance in cm., and the force in dynes). Clearly G is the force of
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attraction in dynes between two particles of mass 1 gm. situated 1 cm.
apart.

Equation (2) applies not only to particles of negligible size but also to
two hollow or solid spheres of uniform density whose masses are m, and
my. In this case d is the distance between their centres, and they are said
to behave as though their masses were concentrated at their centres.

Evidently the determination of the value of G is a matter of considerable
difﬁculty owing to its extremely small value, but it has been measured by
using fairly large masses and determining the force of attraction between
them by means of sensitive chemical or torsion balances. There are also

other less direct means. A fuller account is given in Section 8 of
Chapter IX (page 151a).

Gravitation due to the earth.—Suppose that the earth has a mass M
and can be considered as a sphere of radius R made up of concentric
spherical shells each of uniform density. Then the force of attraction
which the earth exerts on a body of mass m situated on its surface (i.e. =t
a distance R from the centre) is equal to

cMm

R2
This force is what we refer to as the weight of the body. If g is the
acceleration with which the body falls to the earth, then, by Newton’s
second law, the force of attraction causing the acceleration is equal to

mg absolute units. We therefore have

or TR

Thus g is independent of the mass of the body, which fact we have
already stated as an experimental observation. The acceleration due to
gravity will, however, vary with height above the earth’s surface. At a
height 4 it will be equal to
GM
(R+h)?

which indicates that in order to reduce g from say 981 to 980 cm. sec.~?
(that is to say by about one part in 1000) it is necessary that & should be
about 4'5pth of the radius of the earth, or about 2 miles. Also g varies
from place to place over the earth’s surface because the earth is not
exactly spherical. The distance from the centre of the earth to points on
its surface diminishes from the equator to the poles, and this fact, combined
with the effect of the earth’s rotation which is greatest at the equator,
causes the value of g to vary from about 978 cm. sec.=2 at the equator to

about 983 cm. sec.”? at the north pole.
Although the mass of a body is constant, its weight mg varies when the
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body is taken from one place to another on the earth’s surface on account
of the variation of g. This variation of weight would be detected if the
weighing were done by a sensitive spring- or torsion-balance. In fact,
this principle has been used to investigate the variation of g over the earth’s
surface. The variation of weight cannot be detected, however, if the
body is ‘“weighed” by a common (or chemical) balance, because the force
with which the earth attracts the known weights alters in exactly the same
way as the attraction upon the body which is being weighed. Exactly
the same weights are required to counterpoise a given body wherever
the weighing is performed. In principle, the condition for the equilibrium
of the balance can be reduced to the equality of the weights of the contents
of the pans. If the masses of these contents are m, and m, respectively,
and if g has the same value on both sides of the balance, we have

mg=myg

Thus weighing by means of a chemical balance really determines the
mass and not the weight of the unknown body, because the masses of
the known weights are constant and independent of the value of g.

Gravitational Units of Force.—Instead of expressing the gravi-
tational force acting on a mass of m gm. as mg dynes, it is frequently
convenient to express it as m gm. weight. The gm. wt. is called a
gravitational unit of force, and is defined as the force with which the
earth attracts a mass of 1 gm., or, simply, the weight of a mass of 1 gm.
Clearly, in accordance with Newton’s second law,

1 gm. wt. is equivalent to g dynes

which emphasizes the important fact that the gm. wt. is not an absolute
unit, since its magnitude varies from place to place according to the varia-
tion of g. For this reason the forces involved in the magnitudes of such
physical properties of materials as elasticity, surface tension and viscosity
are always expressed in absolute units even although they may be actually
measured in gravitational units in the first place. The conversion is
made by multiplying the value of the force measured in gm. wt. by the
value of g in cm. sec.”? at the place where the determination is made.
Very often in the C.G.S. system it is sufficiently accurate to use 981
cm. sec.”? for the value of g in this conversion, because the accuracy
of the determination does not justify the use of the exact value of g at
the particular place.

In the F.P.S. system the gravitational unit of force is the pound weight,
and is the force with which the earth attracts a mass of 1 Ib. Thus

1 lb. wt. is equivalent to g poundals

where g is the acceleration due to gravity in ft. sec.~? at the particular
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spot in question. It is frequently sufficiently accurate to use 32-2 or
even 32 ft. sec.”2 in this connection.

EXAMPLES IV

1. Explain how Newton’s laws of motion lead to quantitative definitions of mass
and force. Distinguish between absolute and gravitational units of force.

2. Discuss whether (a) a common balance, () a spring-balance, determines mass
or weight.

3. The coaches of a train weigh 300 tons. 'The train starts from rest and reaches
a speed of 30 m.p.h. in 55 sec. on a level track. Calculate the force in tons weight
exerted by the locomotive. Assume that the force is uniform and that the motion
of the train is opposed by a frictional force of 10 lb. wt. per ton wt. of the train.

4. A bullet of mass 30 gm. travelling with a horizontal velocity of 200 metres
sec.”! penetrates 5 cm. into a quantity of sand. Supposing the acceleration of the
bullet to be uniform, calculate its value and that of the retarding force due to the
sand.

5. Define momentum.

How are a force and the time for which it must act to destroy the momentum
of a body related to the momentum?

A projectile is fired into sand and is brought to rest in 0-1 sec. When a similar
projectile moving with twice the velocity is fired into loam it is brought to rest
in § sec. Comparc (a) the average resistances offered by sand and loam, and ()
the penetrations of the projectile in sand and loam. (L.M.)

6. A body of mass 2 lb. slides with an acceleration of 12 ft. sec.~2 down a plane
inclined at 30° to the horizontal. Calculate the vertical and horizontal components
of the force acting on the body.



Chapter V
THE ACTION OF FORCES ON RIGID BODIES

1. ANALYSIS OF THE MOTION OF A BODY

Conception of a Rigid Body.—It is helpful in mechanics to regard
the solid bodies with which we have to deal as being composed of a large
number of idealized particles each having mass but no size. The body
is said to be rigid if the relative positions of its particles remain constant
however the body changes its position. That is to say, a rigid body can
be regarded as a collection of particles joined together by inextensible
connecting-rods of no mass.

Linear and Angular Motion.—In this chapter the discussion is
limited to motion in one plane only. Suppose that a body of any
shape changes its position in one plane from (a) to (¢) in Fig. 41 (i). Itis

b) evident that this move-

( ment can be regarded as
a combination of a move-
ment from (a) to (b), in
which every particle of
the body undergoes a
linear displacement
equal to OO’, together
with a rotation of the
body through an angle
from (b) to (c). The
rotation is specified by
the angle through which
any straight line drawn
in the body rotates with
respect to a fixed direc-
tion. In Fig. 41 (ii)
the same change of

(ii) position is analysed into
a different linear dis-
Frc. 41 placement OO’ from

(a) to (b), but, it should
be noted, the same rotation or angular displacement 6. In each case
the change of position of the body from (a) to (c) has been specified
by stating the angle through which any line in it has rotated together

52
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with the linear displacement of any particular point in the body. Effec-
tively we are treating the body as if it were pivoted at O and representing
its change of position from (a) to (¢) as being made up of a movement
of the pivot from O to O’ without a rotation of the body, together with
a rotation through an angle 6 about the pivot. Clearly there is an infinite
number of ways of analysing a given change of position in this manner
since there is an unlimited choice of points such as O. The total dis-
placement of any point in the body when the latter moves from (a) to (c)
is the vector sum of OO’ and the displacement which the point has by
virtue of the rotation from (b) to (¢) about O'.

Angular Velocity and Acceleration.—Suppose that at any instant a
body represented by the full outline in
Fig. 42 is rotating about the point O; that
is to say, the point O is stationary and the
body can be regarded as being pivoted at
that point. Let OA be any line drawn on
the body through O. After a short interval
of time A¢ its position will become OA’ as
a result of the rotation of the body into the
dotted position. The angular displace-

ment of the body is the angle AOA".
Actually this angular displacement may be
measured by the angle between the initial
and final directions of amy straight line
drawn on the body. The instantaneous angular velocity of the body (w)
is given by

L AOA’
w = m
At —>0 At

The angular acceleration of the body (a) is defined as the rate of
change of angular velocity. Thus

radians sec.”}!

a=rate of change of w

Now if v is the instantaneous linear velocity of A in its direction of
motion (.e. at right angles to OA), and if the time is very short,
. AA’
v= Lim ——
At—>0 A4t "
OA x AOA’
= Lim ————

At—>0 At n
AOA’
=0A x Lim ——
At—l—>0 At

=0A.w
=rw

where r=0A=0A’
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Furthermore if f is the instantaneous linear acceleration of the point A
in its direction of motion, then

f=rate of change of v
=rate of change of rw
=7 x rate of change of w, since r is constant
=ra

Combination of Linear and Angular Acceleration.—The state of
accelerated motion of a body can be represented in a manner exactly
analogous to the way in which its change of position was represented in
Fig. 41. The same diagram will serve if we substitute a linear acceleration
f for the linear displacement OO’ and an angular acceleration a for the
angular displacement 6. In order to find the actual acceleration of any
point in the body it is necessary to add f vectorially to the acceleration
which the point has by virtue of a and its position with respect to the
point whose actual acceleration is f. This is exactly the same as the
method of finding the displacement of any point on the body in Fig. 41,
and is best understood by thinking in terms of displacement. We are
at liberty to choose any point for the purpose of analysing the acceleration
in this way.

2. ANALYSIS OF A SYSTEM OF FORCES

Line of Action of a Force.—The effect which a force has on the motion
of a body cannot be completely determined unless in addition to its magni-
tude and direction, the position of its line of action is stated. Its point
of application is immaterial when the
force is acting on a rigid body,
because if a force P (Fig. 43) has a
point of application A, we can imagine
that equal and opposite forces P; and
P, each equal in magnitude to P are
applied at any other point B in the

F1c. 43 line of action of P. The combined

effect of P and P, is merely to intro-

duce a tension between the points A and B which is sustained by the

body because it is rigid. This has no effect on the motion, which can
therefore be regarded as being due to P, acting at B.

Rotational Effects of Forces. Moments.—In Fig. 44 a single
force P is shown acting on a free body at various points A, B and C in
turn. We can guess that when applied at A the force would cause a
clockwise angular acceleration, while at C it would cause an anticlockwise
angular acceleration, and at some intermediate position such as B it would
give the body a purely linear acceleration with no rotation.

In order to deal with the effect of the position of the line of application
of a force with respect to the body acted upon, we find it necessary to
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introduce a quantity called the moment of a force which is defined
as follows.
The moment of the force P about a point such as O (Fig. 45) is equal

Fic. 44 F1c. 45
to the product of the magnitude of P and the perpendicular distance
between O and the line of action of the force. Thus
moment of P about O =P x QA

the units being dyne cm., poundal ft., or similar units.
The Resultant of a System of Forces.—Hitherto we have spoken
of the resultant of a number of forces as being simply their vector sum.

Pl/z \\\\\
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There is an additional consideration to be taken into account, however.
In order that a single force shall be completely equivalent to a system of
forces it is necessary that, in addition to its magnitude and direction being
obtained by vector summation, its line of action shall be such that its
turning effect shall be the same as the combined turning effects of the
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separate forces. In the case of a system of only two forces such as P;
at A and P, at B in Fig. 46 it is evidently necessary that their resultant
P shall not only be their vector sum as given by the parallelogram con-
struction, but it must also have a line of action which passes through
the point of intersection (C) of the lines of action of P, and P,. Otherwise
P would have a moment about C while the separate forces P; and P,
do not. By working the matter out fully it can be shown that when
the line of action of P passes through C the moment of P about any
point is equal to the sum of the moments
A \P of P, and P, about that same point. The
J ~  single force P is therefore exactly equiva-
l lent to P, and P, in every way. This
I principle can be applied to a system of
| any number of forces.
| Couples.—It is possible for a system of
|
I
I
I
I

B forces to have no force resultant while at
the same time the sum of the moments
of the individual forces about any point
is not zero. In this case the system can-
not be replaced by a single force. It
occurs when the last stage in the vector

A-v

l addition of the forces consists in adding
o) two equal and opposite forces so as to
Fic. 47 give zero, but their lines of action are

not coincident. Such a pair of forces
(Fig. 47) is called a couple. The sum of the moments of the two forces
P about a point such as O is equal to

(P xOA) - (P xOB) in a clockwise direction
=P (OA-0B)
=PxAB

the line ABO being perpendicular to both forces. This moment is the
same whatever the position of the point O and it is called the moment
of the couple. The perpendicular distance (AB) between the lines of
action is called the arm of the couple.

Reduction of a System of Forces.—To recapitulate, we can say
that by the process of vector addition it is possible to find the magnitude
and direction of the resultant of a system of forces. Its line of action
can be obtained by using the principle that the moment of the resultant
about any point must be equal to the sum of the moments of the
separate forces about that point. Thus any system of forces can be
reduced to a single resultant having a definite magnitude, direction
and line of action. We have just seen that in the special case where
the magnitude of the resultant is zero, the system reduces, in general,
to a couple.
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Suppose that a system of forces acting on the body in Fig. 48 has a
resultant P with a line of action passing through A as shown. At any
other point in the body it is possible

to apply a pair of equal and opposite P
forces without affecting the motion.

Let P, and P,, each of them equal in

magnitude to P and parallel to the

direction of P, be applied at B. The el

motion which the body would perform

under the action of the single force

P at A is identical with that which sz
would be caused by the simultaneous Fic. 48

action of the three forces. These can

be regarded as a single force P, (equal to P) acting at B, and a couple con-
sisting of the equal and opposite forces P and P,. Thus the original system
of forces of which P was the resultant has been replaced by a single force (P,)
and a couple. This is an important general principle, the essence of which
is as follows. The magnitude, direction and line of action of the resultant
of a given system of forces are fixed by the principles of vector addition
and momenis. We can, however, transfer the line of action of the resultant
to any other parallel line provided that we allow for the fact that in its
modified position the resultant no longer exerts the same turning effect as
the original force system. This is done by introducing a couple. Any
system of forces may be replaced by the vector sum of its constituents
having any line of action together with a couple. In the particular case
where the vector sum of the forces of the original system is zero the system
reduces, in general, to a couple only.

3. THE ACTION OF FORCES ON BODIES

Fundamental Principles.—Suppose that a system of forces acting on
the body in Fig. 49 can be reduced to a single force P whose magnitude,
direction and line of action are as shown in the
P diagram. At any instant let any particle of the
body have an acceleration whose component in
the direction of P is f. This is equivalent to
p(=mf) saying that the particle is being acted upon by
a force having a component p in the direction
of P, where, by Newton’s second law,

p=mf
if m is the mass of the particle. It is necessary
Fic. 49 to realize that the force p is, in general, composed

of two parts, namely (i) the force which the other
particles of the body exert upon the particular particle in question by virtue
of the rigidity of the body (the so-called internal force), and (ii) any
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external force which may be applied to the particle by some outside agent.
Now the internal force which any particle A exerts on any other particle B
is, by Newton’s third law, equal and opposite to the force with which
B reacts on A. Therefore if we add together all the force components
like p for all the particles of the body, the components of the internal
forces cancel each other in pairs, and consequently the result of the
summation is equal to the sum of the components of the external forces
only. This is P, and we have

P=3p=Smf . . . . ()

This equation is valid no matter where the line of action of the force P
may be.
I*);ewton’s Second Law Applied to Rotation about a Fixed Axis.
Moment of Inertia.—In order to discover how to deal with the rota-
tional effect of a force we shall discuss the
case of a body which is supposed to be
pivoted at any point O (Fig. 50). Any
particle of the body such as A is instan-
p(mre) taneously moving in a direction at right
angles to the line joining it to O. If the
angular acceleration of the body is a, then
the linear acceleration of the particle in the
Fic. 50 direction of its motion is ra, where » denotes
the length of OA. If p is the force acting
on the particle in a direction at right angles to OA, then

p=mra

where m is the mass of the particle.
The moment of p about O is pr and is given by

pr=mria

This is the moment of the actual force acting on the particle, because
the force can always be resolved into two components which are re-
spectively parallel and perpendicular to the direction of OA, and only
the latter has any moment about O. The moment pr is made up of the
moments due to both internal and external forces, but if we add together
the products pr for all the particles, the moments due to the internal
forces cancel each other in pairs just as the internal forces themselves do.
We are therefore left with the total moment about O of the external
forces acting on the body. If we represent this by N, we have

No=2pr=2Xmr’a
Since a is the same for all particles, we can write

No=aXmr? . . . . .
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The quantity 2mr? is a constant property of the body and is known as
the moment of inertia of the body about O (more precisely about an
axis through O perpendicular to the plane of motion). For regularly
shaped bodies the moment of inertia about certain axes can be readily

calculated. For example, for a cylinder of mass M and radius a the
2

— : , - Ma ,
moment of inertia about its geometrical axis is equal to > while for a
2
5

If I, is the appropriate value of Zmr? about O for the body in Fig. 50
equation (2) becomes

sphere it is about any axis passing through the centre.

ATO = Ioa . . . . . (3)

The similarity between this equation and Newton’s law of motion for
lincar acceleration (from which it is derived) is obvious. In equation (3)
the moment of the forces replaces the resultant force, while moment of
inertia and angular acceleration replace mass and linear acceleration
respectively. It should be noted that the moment of the external forces
and the moment of inertia are both taken about the same axis, which
has been supposed to be fixed so that the body is rotating about it.
Centre of Mass.—It can be assumed that associated with every body
there is one point which has the property that if the line of action of an
external force passes through this point no angular acceleration is produced
by that force alone; that is to say, every particle of the body suffers the
same linear acceleration. This point is called the centre of mass of
the body. Later on (page 128) we shall define and discuss the centre
of gravity of a body which is the point at which the weight of the body
can be regarded as acting. Now, it is an experimental fact that when a
body is allowed to fall freely it does not, of itself, acquire a rotational
motion. Each particle suffers the same vertical acceleration g under
the action of a force mg. Therefore the force which we regard as re-
sponsible for the motion of the body, namely its weight, must be acting
at the point which we have just defined as the
centre of mass because the weight causes no f
rotation. Thus it follows that the centre of mass
and the centre of gravity of a body are one and the P
same point.
If a body is acted upon by a force P whose
line of action passes through the centre of mass
G of the body (Fig. 51), we can apply equation
(1), viz. Fic. 51
P=2%mf

In this particular case f is the common component of the acceleration of
every particle in the direction of P, so that it can be placed before the
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summation sign, and we have

P=f¥m
or P=Mf . . . . . @

where M is the mass of the body, .e. the sum of the masses of its individual
particles.

The force P has no component in a direction at right angles to itself.
Therefore, when equation (4) is applied to this direction, we find that
the component of the acceleration of the body in this direction is zero.
This means that f, which was originally defined as the component of the
acceleration of every particle in the direction of P, is in fact the actual
acceleration of every particle and therefore of the body itself.

Thus for a force acting at the centre of mass, the calculation of the
acceleration is the same as if we regarded the body as a particle of
mass M.

General Solution of the Motion of a Rigid Body.—We are already
equipped with the means of calculating the angular acceleration of a body
which is pivoted (equation (3)), and also of finding the linear acceleration
of a body which is entirely free and has a force applied at its centre of
mass (equation (4)). The problem now facing us is to devise a method
of finding the state of acceleration of a rigid body when it is acted upon
by any given system of forces. We consider first how equation (3) can
be applied to the general case of a body which is not pivoted.

In general, if any one point on a moving body were to be brought to
rest by introducing a pivet at that point, the motion of the body would
be modified, because the point in question which was previously being
accelerated would now have no acceleration. Or, to look at it in another
way, the pivot would exert on the body an additional force which pre-
viously did not exist. However, if the pivot were introduced at the centre
of mass, the force due to the pivot would not modify the angular
acceleration of the body, because a force applied at this point produces
no angular acceleration of itself. Therefore, in dealing with angular
acceleration, it is always possible to regard the centre of mass of a body as
a pivoted point, even if in fact it is not. This principle enables us to
calculate by means of equation (3) the angular acceleration produced by
any system of forces acting on a body. Thus if Ng is the moment of
the external forces about G and I is the moment of inertia of the body

about G, we have
NG s IGa - . . . . (5)

and a can be calculated when we know Ng and Ig. The fact that an
axis through G can be treated as a fixed axis for the purpose of calculating
a is sometimes referred to as the principle of the independence of
translation and rotation.

Suppose that the state of motion of a body under the action of a system
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of forces is such that it can be represented by a linear acceleration f
of the centre of mass together with an angular acceleration a. We
proceed now to express this motion in terms of forces as follows.

The linear acceleration can be regarded as being due to the action of
a force of magnitude Mf applied at G in the direction of f. Furthermore,
as we have just seen, the angular acceleration a must be caused by a
force or forces whose moment about G is equal to Iga, where Ig is the
moment of inertia of the body about G.

The actual forces acting on the body must, in common with every
system of forces, be reducible to a single force having a definite magni-
tude, direction and line of action. Let
this force be P acting at A (Fig 52). P
We have to find the magnitude, direction
and line of action (f.e. the distance r) of
the force P in terms of M, I, f and a. ~ ~r P,
Let two opposite forces, P, and P,, be -~
applied at G, each being equal in magni-
tude to P and parallel to its direction.
This does not affect the motion of the p,
body. The original system of forces of
which P is the resultant is now replaced FiG. 52
by the single force P; at G and the
couple consisting of P and P,. If we suppose that P, is equal to Mf, i.e.

P=P=Mf. . . . . (6

then P; at G has the correct magnitude, direction and point of application
for producing the linear acceleration f, but it will cause no angular
acceleration. It follows therefore that a, which is the remaining element of
the body’s state of acceleration, must be attributable to the couple con-
sisting of P and P,, since this is the remaining constituent of the applied
force system. Thus, using the principle that angular acceleration can
always be calculated by taking moments of the applied forces about G,

we have
Pr=Iga . . . . )

Therefore P;, P, and P, taken together, are responsible for the linear
and angular acceleration of the body. Since the application of P, and P,
had no resultant effect, it follows that the single force P, which is given
by equations (6) and (7), is actually responsible for the motion. This
last force may, of course, be the resultant of a system of forces.

Reversing the above process of reasoning, we can say that when we are
given the magnitudes, directions and lines of action of a number of
forces acting on a body we can calculate their effect as follows:—

(i) The direction of the linear acceleration of the centre of mass is
given by the direction of the resultant of the forces.
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(if) The magnitude of the linear acceleration of the centre of mass is
given by equation (6), where P is the magnitude of the
resultant of the forces, t.e. their vector sum,

(ili) The magnitude and sense (clockwise or anticlockwise) of the
angular acceleration is given by equation (7), where Pr
represents the moment of the resultant about G, or, what is
equivalent, the algebraic sum of the moments of the separate
forces about G.

Calculations (i) and (ii) may be performed somewhat differently by
finding the algebraic sum of the components of the forces in two con-
venient perpendicular directions and so, by dividing by M, finding the
components of the acceleration of G in these directions. By adding
these two components vectorially the magnitude and direction of the
linear acceleration of G can be found.

It follows from the above that if a body is acted upon by a couple
only, its centre of mass acquires no linear acceleration because the
resultant of the forces is zero. A couple, therefore, produces angular
acceleration and no linear acceleration of G.

Summary.—It is useful at this stage to summarize the argument by
which the fundamental equations of dynamics are arrived at. We can
do so as follows:—

1. The state of acceleration of a body can be completely specified by
stating the angular acceleration of the body (i.e. of a line drawn on it)
together with the actual linear acceleration of a chosen point.

2. Every system of forces can be replaced by a single force which
represents their vector sum in magnitude and direction and has a line of
action which is such that its moment about any point is equal to the sum
of the moments of the separate forces about that point. It is possible
to assign to the resultant any other line of action which is parallel to
the actual one. If this is done, the original system of forces is equivalent
to this single force in its new position together with a couple (to allow
for the altered turning effect of the force) whose moment is equal to the
product of the force by the distance between the actual and assigned
lines of action. This transposition is effected when P at A in Fig. 52 is
replaced by P; at G and the couple of moment Pr.

3. The centre of mass G of a body is the point at which a force can
be applied without causing angular acceleration. When a force P is
applied at G every point of the body acquires a linear acceleration equal
to P/M, where M is the mass of the body.

4. When a body has an angular acceleration a, the sum of the moments
about G of the forces applied to the body is equal to Jga. This relation-
ship treats G as a fixed axis or pivot, and is justified because if a pivot
were introduced at G the force exerted by it would not modify the angular
acceleration. :
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5. Given that the linear acceleration of the centre of mass of a body
is f and that its angular acceleration is a, we can proceed as follows in
order to find the force which would produce this state of motion. The
linear acceleration of G would be caused by a force of magnitude Mf
acting in the direction of fat G. But this force would cause every particle
of the body to have the same acceleration £, and there would be no angular
acceleration. We have “localized” the force at G, i.e. we have assigned
to it a line of action which is not necessarily the same as that of the actual
resultant force acting on the body. We must therefore expect that it
will be necessary to represent the actual forces acting on the body by a
couple as well as by the force at G. This couple must be responsible
for the other element in the motion of the body which is not accounted
for by the force Mf acting at G, namely the angular acceleration, and it
must therefore have a moment equal to Ja.

In the final analysis we must be able to represent the system of forces
by a single force having a certain magnitude, direction and line of action.
If this force is P and has a line of action distant » from G it is equivalent
to the force Mf at G together with the couple Iga provided that

(i) its direction is that of f,
(ii) its magnitude is given by
P=Mf,
(iii) its line of action is given by

Pr=1Isa.

6. By reversing the argument we are enabled by these three relations
to find f and a when a body for which M and I are known is acted upon
by a system of forces whose resultant is P.

It will be noticed that the principles have been established in what is
logically and fundamentally the correct order. Forces and couples are
really abstract quantities which we postulate as being the causes of ac-
celerations. In the above argument we have begun with a given state of
motion and have deduced the (simplest) system of forces, namely the
single force P, which can be regarded as being responsible for that
motion.

Theorem of Parallel Axes.—Let the body in Fig. 53 be acted upon
by a system of forces which reduces to the single force P acting in the
position shown. The motion of the body will consist of a linear accelera-
tion of G in the direction of P given by

P=Mfs . . . . . (8
and an angular acceleration a given by

Pr=IGa. . . . . . (9)
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where 7 is the perpendicular distance between G and the line of action
of P.

Consider any point on the dotted line AG which passes through G and

is perpendicular to P and fg in Fig. 53.

The linear acceleration of this point in

the direction of P is equal to fg+f’,

where f’ is the acceleration of the point

/ P\ in the direction of P caused by the

fo (--M—) angular acceleration a. At G, f’ is zero

because fg is the actual acceleration of G.

P On the opposite side of G from P, f’ is

in the opposite direction to fg, and there

will in general be one point on the

dotted line at which their magnitudes are

o equal, so that the resultant acceleration
_/ of this point is zero. If this point is O,
we have
FiG. 53
© flatO=—fg

Since the point O is unaccelerated we can regard the body as being
pivoted there, so that fG=0G x a, and taking moments about O gives

P(r+0G)=Iga . .. .0

where Ij is the moment of inertia of the body about an axis through O
perpendicular to the plane of motion. Thus, by equations (9) and (10)
we have

Iqa +(Px0G)=1Ipa . . . . (11)
and by equations (8) and (11)
IGa +(MfG X OG) = Ioa,
Io + (M x0G?) =1y . . . . (12)

or

since fg is equal to OG xa.

The quantities P, 7, fg and a do not appear in this last equation, which,
therefore, merely expresses a geometrical relation relevant to the body
itself and independent of its motion. It is known as the theorem of
parallel axes, and states that the moment of inertia of a body about any
axis is equal to its moment of inertia about a parallel axis through its
centre of mass plus the product of its mass by the square of the per-
pendicular distance between the axes.

Centre of Percussion.—The discussion in the foregoing section
shows that, when a force is applied to the body at a point A in a direction
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at right angles to AG, there is a certain point O which acquires no motion
and that there exists a relationship between the relative positions of G,
A and O which can be derived from the equations just established. This
means that, when the body is pivoted at O, the point A has the property
that if a force is applied to the body at A in a direction at right angles to
OA the pivot experiences no force, since even if the body were not pivoted
at O it would still rotate about that point under the action of the force.
The point A which has this property is called the centre of percussion,
corresponding to the particular position of the pivot. Everyone who has
hit a ball with, say, a tennis racket has discovered that for a given position
of the hand (i.e. pivot) there is one point at which the ball may strike
the racquet and yet cause no jarring of the hand. This point is the centre
of percussion.

The relationship between the positions of the pivot, centre of mass
and centre of percussion can be derived by combining equations (10)
and (12), from which we obtain

P(r+0G)=1Iga+(Ma xO0G? . . < @13
Substituting for a from equation (9) gives

MPr x OG?
Ig

or Ig=Mr x0OG . . . . (14)

Pr+(PxOG)=Pr+

The quantity Ig is often written as Mk2, where k is known as the radius
of gyration of the body about an axis through G perpendicular to the
plane of motion. Making this substitution in equation (14) we have

k2=7’ XOG . . . . (15)

which is the required relationship between the positions of O, A and G
since 7 is equal to AG.

EXAMPLES V

1. The points A, B, C, D are the vertices of a square of side a. Forces of
magnitude 5, 2, 3, 4 Ib. wt. act along the lines AB, BC, CD, DA in the directions

indicated by the order of the letters, and a force of 9V'5 Ib. wt. acts through the
point B in the direction from B to the middle point of CD. Find the single force
at A and the couple to which this system of forces is equivalent. Show also that
the resultant force of the system passes through C. (J.M.B.H.S.)

2. Assuming that the moment of inertia of a uniform circular cylinder of mass M
and radius a is Ma?/2 about its axis, derive an expression for the moment of
inertia about an axis through its centre perpendicular to its plane of a ring of
rectangular cross-section, having a mass M and internal and external radii a,
and a,.

3. Calculate the angular acceleration of a fly-wheel of mass 10 kg. and radius
12 cm. when a force of 0-6 kg. wt. is applied tangentially to its rim. It may
be assumed that the mass of the fly-wheel is concentrated at its rim.

3 Mm.&P.M
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4. Define the moment of inertia of a body about a given axis.

Describe how the moment of inertia of a fly-wheel can be determined
experimentally.

A horizontal disc rotating freely about a vertical axis makes 100 r.p.m. A small
piece of wax of mass 10 gm. falls vertically on to the disc and adheres to it at a
distance of 9 cm. from the axis. If the number of revolutions per minute is thereby
reduced to 90, calculate the moment of inertia of the disc. (J.M.B.H.S.)

5. A body of mass 1 kg. is free to rotate about an axis about which its moment
of inertia is 5 x10° gm. cm.?. If the moment of inertia about a parallel axes
through its centre of mass is 4 x 105 gm. cm.?, calculate the distance of the axis
of rotation from (a) the centre of mass, (b) the centre of percussion.



Chapter V1
WORK, POWER AND ENERGY

1. WORK

Definition of Work.—In the mechanical sense the term work has a
quantitative meaning and is defined as follows. .

In Fig. 54 (i) the upper arrow represents a force P having its point of
application at A. The force may be regarded, for instance, as due to

A P P A P
o > , >
As \¢l P :
B |
(i) NG é“ - P}
(i) ) (iit)
F1c. 54

the action of a stretched string or spring which is attached to a body
at A. Suppose that during the course of a subsequent movement of
the body the point of application moves through a short distance 4s to B,
the force P having acted all the time in the same direction. The dis-

-
placement of the point of application is represented by the vector AB
and has a magnitude 4s.

The work done by the force P is defined as the magnitude of P multi-

—
plied by the component of AB in the direction of P. The magnitude
of this component of the displacement is equal to 4s cos ¢, where ¢ is
the angle between the direction of P and the direction of the displace-
ment, so that the work done by P is equal to

Pds cos ¢

Evidently an identical expression for the work would be obtained if
we regarded the work done as the product of the magnitude of the dis-
placement and the component of P in the direction of the displacement.
This definition is equally admissible.

We next consider the movement of the point of application of a force

through a longer distance which is not nccessarily straight, e.g. along the
67
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path AB in Fig. 54 (ii). Any path, no matter what its shape, can be
regarded as made up of a series of alternate small steps parallel to or
perpendicular to the direction of the force. The path AB is analysed
in this way in Fig. 54 (iii). No work is done while the point of application
of the force is moving along a step which is perpendicular to P, because
in the definition cos ¢ is zero in such cases. Work is done only in the
other steps, for all of which cos ¢ is unity. Thus

Total work (W) done by P=P xsum of steps parallel to P
=P xCB

if AC is perpendicular to P and CB is parallel to P. The straight line
AB is the displacement of the point of application, and if it has a length s
and makes an angle @ with the direction of P, then

CB=s cos 0
and W =Ps cos 0
=P x the component of the displacement
in the direction of P

Thus, regardless of the shape of the path described by the point of appli-
cation, the work done by a force is equal to the product of the force and
the component of the displacement of the point of application in the
direction of the force.
Particular cases of the performance of work are represented in
Fig. 55 (i) to (iv).
P (i) The displacement is in the

N
Cal

---------- > same direction as P. The

Al p work done by P is Ps

0-90° because =0 and cos 6=1.

(i) s\ (i1) The displacement is perpen-

v dicular to the direction of P.

Bl—sp The work done by P is zeto.
(cos 8=0.)

P (iii) The displacement makes an

A
(i) 5 < 76 ; obtuse angle with the direc-
n g

tion of the force. The work

g <———>p done by P is Ps cos 8, which

is negative since cos 6 is

B P A p negative. When the work

(iv) ::_—_:—) —_— done by a force is negative,
s 777 an equal positive amount of

Fic. 55 work is said to have been

done against the force.
(iv) The displacement is in the exactly opposite direction to the force.
Thus 6 is 180° and the expression for W becomes —Ps. Thus
a quantity of work equal to Ps is done against the force.
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While each of the examples is important, particular notice should be
taken of case (ii). No work is done by or against a force when the point
of application suffers a displacement in a direction at right angles to the
force. This is true whatever may be the actual path of the point of
application. Thus the total work done

. . . . -
by or against gravity (i.e. the weight A N\ B
of a body) is zero not only when a ( f;""‘\"\ """ @

body is moved horizontally, but also
when it moves along any path whose
beginning and end are on the same mg m
horizontal level. In Fig. 56 the total 7
work done by or against mg is zero
when a body of mass m moves by either 4 Y

the straight or curved path from A to B Fic. 56

on the same horizontal level. It follows

that the work done by mg over any section of the curved path is equal to
the work done against mg in the remaining parts of the path,

Absolute Units of Work.—If a force is expressed in dynes and its
displacement in cm., the corresponding work unit is given the name erg.
The erg is, therefore, the absolute unit of work in the C.G.S. system
and is the amount of work done when the point of application of
a force of one dyne moves through one cm. in the direction of the
force.

Since the erg is a very small unit of work, it is convenient to have a
larger absolute unit in the C.G.S. system. This is the joule, which is
defined as being equal to 107 ergs.

The absolute unit of work in the F.P.S. system is the foot-poundal,
which is the amount of work done by a force of one poundal when its
point of application moves through one foot in the direction of the
force.

Gravitational Work Units are units of work corresponding to
gravitational force units. The commoner unit is the foot-pound
(strictly speaking, ft. Ib. wt.), which is the work done by a force of
one Ib. wt. when its point of application moves one foot in the direction
of the force. The earth attracts a body of mass of M lb. with a force
of M Ib. wt., so that in order to raise the body through a vertical distance
of A ft. it is necessary to perform M# ft. Ib. of work against the force of
gravity.

Evidently one ft. Ib. is equal to g ft. poundals, where g is approximately
322

The corresponding C.G.S. unit of work is the cm. gm. wt., but although
it is sometimes convenient to use this in calculations, results are seldom
expressed in terms of this unit.

There are several other units which are used in particular cases, e.g.
ft. tons, metre kilograms, etc.
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Work done by a Couple.—Suppose that two equal and opposite
forces P are applied tangentially to the rim of a fly-wheel which is pivoted
centrally (Fig. 57). As the wheel rotates, let the forces change their
directions so as to remain always tangential to the rim. The movement
of the points of application of the forces is always in the direction of the
force, 7.e. tangential, and for a
rotation of @ radians the total
displacement of each point of
application in the direction of
the force is equal to rf. There-
fore the work done by the
couple is

S et

2r6P,
N6

where N is the moment of the

couple (=2Pr).

Fic. 57 Altemativel‘y the expression
may be derived by suppos-

ing that the motion of the wheel is caused by our pulling with a

force P in a constant direction on both of two strings wrapped

round it.

or

2. POWER

Definition.—In mechanics the word ‘“‘power” has a definite quanti-
tative meaning and should never be used in any other sense.

The power of a system at any instant is the rate at which it is doing
work. If the power is varying with time, its instantancous value must be
determined by dividing the work done in a small interval of time by the
time.

Units.—FEvidently absolute units of power would be ergs sec.” and
ft. poundals sec.”! in the C.G.S. and F.P.S. systems respectively. In
the former system, since the erg is a very small work unit, power is often
expressed in watts, one watt being defined as a rate of working of one
joule sec."1. The watt is very frequently used as a measure of electrical
power, and is clearly equal to a rate of working of 107 ergs sec.”1. A
kilowatt is a rate of working of 1000 watts.

In the F.P.S. system we have the important unit of power known as
the horse-power, which is defined as a rate of working of 550 ft. Ib. sec.™,
It is therefore a gravitational and not an absolute unit, and is mostly used
in engineering. It is a useful exercise in units for the student to calculate
the number of watts equivalent to one H.P. The result is 746. Thus
1 H.P. is approximately equivalent to § kilowatt.
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Example.—Calculate the rate of working when 15 cub. ft. of water are
raised per minute through a vertical distance of 20 feet. (1 cub. ft. of water
weighs 623 1b.)

Weight of water raised per minute =15 x 62}

=937-5 lb. wt.
.. Rate of working =20 x937-5 ft. Ib. min."!
=2—0—%————%3H ft. Ib. sec.”?
. P, =M% of ft. 1b. per sec. _20 x937'5
teoT 550 60 x 550
=0-57 H.P.

Determination of Horse-power.—Various methods are used for the
determination of the horse-power of an engine. The following is the
fundamental principle common to several.

Suppose that the engine is driving a shaft or drum (Fig. 58) round
which a rope or band (a “brake”) is passed and held stationary. This
means that the vertical portions of the rope
must be in a state of tension. The weight
W and the spring-balance provide suitable
means for creating the tensions and allow-
ing them to be measured. Thus T is
equal to W and T, is given by the reading
of the spring-balance.

The moment of T, and T, about O is
equal to

Tyr— Tyr
te. (T,-Tyr
There is therefore a couple of moment w

(Ty - Ty)r acting on the shaft, and the
shaft must act with an equal and opposite
couple on the rope. If the shaft makes
n revolutions per minute, the number of
radians through which it turns in one

second is
2mn

60 Fic. 58

so that the work done per sec. by the engine against the couple exerted
on it by the friction of the band is

2mn
60 (T, - Ty)r

which will be in ft. Ib. sec.-1 if T, and T, are in Ib. wt. The horse-

ower is therefore
power 1s 2mn

60_X_B—5-6( Tl - T2)r . N . . (1)
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This quantity is known as the brake horse-power, and (owing to
friction in the engine) it is always less than the indicated horse-power,
which is the rate of working of the force which the steam or other gases
in the cylinder of the engine exerts on the piston. This latter quantity
can be estimated by a device which, during successive cycles, records
simultaneously the pressure in the cylinder and the movement of the
piston.

An exactly similar formula to (1) will serve for the calculation of the
horse-power transmitted by an endless belt which is driving a shaft or
pulley. The forces T, and T, are then the tensions in the two sides of
the belt, and their difference T,- T, is called the effective tension
because it is the effective force which is acting on the circumference. The
larger tension will occur on the side towards which the shaft is being
rotated by the belt and, of course, the application of the formula assumes
that there is no slipping.

Power and Velocity.—If the point of application of a force P has a
velocity v in the direction of the force, it moves a distance v in unit time
and the work done by P in unit time, z.e. the power, is equal to Pv. In

) v
order to obtain the horse-power we must use the formula 550 where P

is in Ib. wt. and v in ft. sec.”L
If the velocity is not constant, the horse-power is varying with time,
and the formula gives its instantaneous value if v is the instantaneous

velocity.

Example.—Calculate the horse-power when a train of total mass 300
tons travelling at 30 m.p.h. has an acceleration of % ft. sec.”® on a level track,
and the frictional resistance to motion is 10 lb. wt. per ton.

The total work done can be separated into two parts:

(i) The work done against friction per sec.
=frictional force x velocity in ft. sec,™}
=10 x 300 x 44 ft. Ib. sec.™?
=132,000 ft. Ib. sec.”?

(ii) The work done by the force which is causing acceleration.
The magnitude of this force =mass x acceleration
=300 x 2240 x 4 poundals
300 x 2240 x }
- 32
=10,500 1b. wt.
.. Rate of working of this force =10,500 x 44 ft. 1b. sec.™?
=462,000 ft. 1b. sec.~?
. Total rate of working =132,000 +462,000 ft. Ib. sec.”!
=594,000 ft. Ib. sec.=*
594,000
=35 H.P.
=1080 H.P.

1b. wt.
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There are many variations of this example. For instance, given the
total H.P., mass,<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>