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“ Let us sit on this log at the roadside,” says I, ‘“ and forget the
inhumanity and ribaldry of the poets. It is in the glorious
columns of ascertained facts and legalized mecasures that beauty
is to be found. In this very log we sit upon, Mrs. Sampson,”
says I, ““is statistics more wonderful than any poem. The rings
show it was sixty years old. At the depth of two thousand feet
1t would become coal in three thousand years. The deepest coal
mine in the world is at Killingworth, near Newcastle. A box
four feet long, three feet wide, and two feet eight inches deep will
hold onc ton of coal. If an artery is cut, compress it above the
wound. A man’s leg contains thirty bones. The Tower of
London was burned in 1841.”

“ Go on, Mr. Pratt,” says Mrs. Sampson. ““ T'hem ideas is so
original and soothing. 1 think statistics are just as lovely as they
can be.”

O. Henry, The Handbook of Hymen






PREFACE TO FIRST EDITION

This book, in its original form, was planned before the outbreak of the Second
World War and written mostly during the carly years of that troubled period, the first
volume being published in 1943 and the second in 1946. Since that time there have
becen many advances in statistical theory and an expansion in the use of statistical
methods which is striking even by comparison with the development of scientific work
generally.  Five editions of the original Volume 1, and three of Volume 2, have appeared
with little morce than the correction of errors and the addition of references. But the
time has clearly arrived for a complete revision, of which this is the first volume. Owing
to the growth of the subject, two further volumes are projected. 1 regret the size of
the new version, but nothing smaller would have covered the field after the manner of
my original design.

The revised work falls into three main divisions. The theory of distributions,
including sampling distributions, is covered by the present new Volume 1. The
second volume will deal with estimation, the general theory of statistical inference,
and with statistical relationship. Volume 3 will cover the theory of the design and
analysis of sample surveys and experiments, multivariate analysis, and time-series.

A good deal of the material in the original Volume 1 has survived in this volume.
Substantial additions, however, have been necessary, notably on standard distribu-
tions, on the theory of approximations to sampling distributions, on order-statistics,
on multivariate normal distributions, and on distributions associated with the normal
distribution.  Three of the chapters are new and much new material has been incor-
porated in the rest of the text. Very considerable additions and modifications will be
necessary for the new Volumes 2 and 3, but as it may be scveral years before the complete
work appears I hope that the original Volume 2 will be uscful in the meantime.

Many new examples and exercises have been added. 'T'’here arc now over 300 cxer-
cises in this volume. Any student who remains unsated after working through them
may like to proceed to my Ewxercises in Theoretical Statistics, after which he should be
in a position to composc his own.

'T'he references at the end of this volume cover only those articles which are specific-
ally mentioned in the text. Further references will be given in Volumes 2 and 3.

"The heavy labour of revision was something I felt unable to face alone, and I have
been very fortunate in enlisting the co-operation of my colleague, Mr. Alan Stuart,
who has thrown himself into the work with characteristic energy and ability. This
revision is to be regarded as of joint authorship; for all of it we both accept
responsibility.

For permission to quote some of the tables at the end of the book we are indebted
to Dr. F. N. David, Professor Sir Ronald Fisher, the late Dr. John Wishart, Dr. Frank
Yates, Messrs. Oliver & Boyd, and the editors of Biometrika. 'I'o these and to all the

vii



viii PREFACE TO VOLUME ONE

authors on whose work we have drawn we express our grateful thanks. Our thanks
are also due to Mr. James Durbin, who read the galley proofs with great care and
made some valuable suggestions for improvement. We are equally indebted to
Mr. E. V. Burke, of Charles Griffin and Company, Limited, who took very great pains

with the production of the book in all its stages.
Some readers of previous editions went to considerable trouble to draw attention

to misprints, imperfections in the presentation, and points where amplification was
desirable. We shall continue to be grateful to any reader who will perform the same
service for this reset edition.

M. G. K.
LONDON,
May, 1958

PREFACE TO SECOND EDITION

This edition is substantially the same as the first. Minor misprints and errors
have been removed, a few improvements have been made in the text, some new
exercises have been added and the references brought up to date. We are grateful

to readers who have helped us to improve the book in this way.
M. G. K.

A.S.

LONDON,
SJune, 1962
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INTRODUCTORY NOTE

0.1 'The chapter-sections in this work are numbered serially. 'I'he serial numbers
are prefixed by the number of the chapter in which they occur and are scparated there-
from by a period, e.g. 14.13 refers to the thirteenth section of Chapter 14. A similar
procedure is followed for tables, equations and exercises, e.g. (7.15) refers to the fifteenth
equation of Chapter 7. In cross-references, chapter-sections are denoted by bold-face

type, the others by ordinary type.

0.2 References to printed work are given by author’s name and date of publication.
In the list of references at the end of the book authors are arranged alphabetically.
Where articles from publications are referred to, the number of the volume is given
in bold-face type and the number of the first page of the article in ordinary type, e.g.
Ann. Math. Statist., 10, 275, refers to the article beginning on page 275 of volume 10
of the Annals of Mathematical Statistic. Where an exercise is followed by an author’s
name and a date, the result given in the excrcise appears in the article listed in the
references under thesc particulars.

0.3 The mathematical notation is that in current use, but a few symbols may be
explained.

(1) The exclamation mark ! written after an integer denotes the factorial of that
integer. Some writers give the symbol a more extended use for non-integral numbers
by writing

0

x!=I"(x+1) = J e~ttrdt.

0
This, of course, accords with the factorial notation, but will not be used in this book.
(2) The use of rules over the tops of expressions to denote square root signs or
bracketed terms has been avoided ; instead, parenthescs or brackets are used where
necessary.

. . P n! . .
(3) The combinatorial sign <7:> = I’ Y is used in place of the older *C,.
ri(n—r)!
, i
(4) The summation sign is written as X, e.g. X & = X +x,+. .. +X,
it

j=n n
The symbol  can as a rule be shortened to £ and in many cases to 2 or merely to X,
j=1 j-t i
the extent of the summation being clear from the context.
(5) The ordinary notation for the /™-function (given above), the B-function, and the
hypergeometric function is used, i.e.

N L & (R A C)
B(P’q)'jox (=) = )

xi



xii INTRODUCTORY NOTE

and
a(a+1).(B+1) 2+°t(°°+1)(°9+2)ﬂ(ﬂ+1)(ﬁ+2) R
1.2. 'y(y+1) 1.2.3.y(+1)(y+2)

(6) Where the exponent is concise, the exponential function is written as a power
of e, for example . But where it is lengthy we use the notation exemplified by
exp { 3 (x2—2pxy+y?%) } instead of e i(®'—2erytyD),

(7) The notation O (f(n)) signifies that an express1on is of order not exceeding
that of f(n), i.e. that the limit of the ratio of the expressmn to f(n) is a bounded con-
stant C. If C = 1, we say that the expression is asymptotically equal to f(z) and
use the symbol ~ to express this. If C = 0, we write o(f(n)) instead of O(f(n)) to
signify that the order is less than that of f(n).

F(cxﬂ,y,x)——l—f- — X+

0.4 In some fields it is useful to preserve a distinction between a quantity in a
population and the estimate of that quantity from a sample. Where possible, the
former will be denoted by a Greek letter and the latter by a Roman letter, e.g. the
product-moment correlation coefficient of a population is denoted by p and that of a
sample by 7. It is not, however, always possible to preserve this distinction, as for
instance with the multiple correlation coefficient R, in which case a Greek capital
would be confused with the Roman P. Complete notational consistency can only be
achieved at the expense of jettisoning a great deal of accepted statistical usage, and
even then would probably result in some cumbrous symbols.

0.5 In order to enable the rcader to follow the worked examples and illustrative
material, a few tables of functions commonly required are given at the end of this
volume. These tables are in no way a substitute for the comprehensive sets which
have becn published and which are a necessary adjunct to most practical and a good
deal of theoretical work. Frequent reference will be made to the following :—

Biometrika Tables for Statisticians, edited by E. S. Pearson and H. O. Hartley, vol. 1.
Cambridge University Press.

Statistical Tables for use in Biological, Agricultural and Medical Research by Sir
Ronald Fisher and F. Yates. Oliver and Boyd, Edinburgh.

Many more specialized tables are now available. A rcader who requires tabular
help in a particular field would do well to enlist expert advice. References
in the text to the scope of tables are given in what is now fairly standard form; e.g.
x = 0(0-1)10(1)50(2) 100 means that the function is tabulated for an argument x
which procceds by steps of 0-1 from 0 to 10, thence by steps of 1 from 10 to 50 and
thence by steps of 2 from 50 to 100.



CHAPTER 1

FREQUENCY-DISTRIBUTIONS

1.1 The fundamental notion in statistical theory is that of the group or aggregate,
a concept for which statisticians use a special word—* population.” This term will be
generally employed to denote any collection of objects under consideration, whether
animate or inanimate ; for example, we shall consider populations of men, of plants, of
mistakes in reading a scale, of barometric heights on different days, and even populations
of ideas, such as that of the possible ways in which a hand of cards might be dealt. The
notion common to all these things is that of aggregation.

The science of Statistics deals with the properties of populations. In considering a
population of men we are not interested, statistically speaking, in whether some par-
ticular individual has brown eyes or is a forger, but rather in how many of the individuals
have brown eyes or are forgers, and whether the possession of brown eyes goes with
a propensity to forgery in the population. We are, so to speak, concerned with the
properties of the population itself. Such a standpoint can occur in physics as well as
in demographic sciences. For instance, in discussing the properties of a gas we are,
as a rule, not so much interested in the behaviour of particular molecules, as in that
of the aggregate of molecules which go to compose the gas. The statistician, like
Nature, is mainly concerned with the species and is careless of the individual.

1.2 We may therefore begin an approach to a definition of our subject by the
following : Statistics is the branch of scientific method which deals with the properties
of populations. This, however, is rather too general. Statistics deals only with the
numerical properties. A dictionary, for example, sets out a population of words, and
among the properties of that population which are a suitable subject for scientific inquiry
is that of word-derivation. It is not of statistical concern, however, to know that some
words are derived from Latin, some from Anglo-Saxon and some from Hindustani.
'The subject would only assume a statistical aspect if we were to inquire how many
words were derived from the different sources.

1.3 As a second approximation to our definition we may then try the following :
Statistics is the branch of scientific method which deals with the data obtained by count-
ing or measuring the properties of populations.

This again is a little too general. A set of logarithm tables is a population of
numerals, but it is hardly a subject for statistical inquiry, for every numeral is deter-
mined according to mathematical laws. The statistician is rather concerned with
populations which occur in Nature and are thus subject to the multitudinous influences
at work in the world at large. His populations rarely, if ever, conform exactly to

simple mathematical rules, and in fact it is in the departure from such rules that he
B 1



2 THE ADVANCED THEORY OF STATISTICS

often finds topics of the greatest statistical interest. To allow for this factor we may
then formulate our definition as follows :—

Statistics is the branch of scientific method which deals with the data obtained
by counting or measuring the properties of populations of natural phenomena. In
this definition * natural phenomena ” includes all the happenings of the external world,
whether human or not.

1.4 For the avoidance of misunderstandings in the interpretation of this definition
it may be as well to point out that  Statistics,” the name of the scientific method, is
a collective noun and takes the singular, The same word * statistics " is also applied
to the numerical material with which the method operates, and in such a case takes the
plural. Later in this book we shall meet the singular form “ statistic,” which is defined
as a function of the observations in a sample from some population. * Statistic ” in
this sense takes the plural * statistics.”

Frequency-distributions

1.5 Consider a population of members each of which bears some numerical value
of a variable, e.g. of men measured according to height or of flowers classified according
to numbers of petals. This variable we shall call a variate. If it can assume only
a number of isolated values it will be called discontinuous, and if it can assume any
value of a continuous range, continuous. The population of members will then corre-
spond to a population of variate-values, and it is the properties of this latter population
which we have to consider.

If the population consists of only a few members we can without much difficulty
consider the population of variate-values exhibited by them ; but if, as usually happens,
the aggregate is large (or, in a sense defined later, infinite), the set of variate-values has
to be reduced in some way before the mind can grasp their significance. This is done
by classification of the individuals into ranges of the variate. So far as possible the
ranges should be equal, so that the numbers falling into different ranges are comparable.
The interval is called the class-interval (or simply the interval) and the number of
members bearing a variate-value falling into a given class-interval is the class-frequency
(or simply the frequency). The manner in which the class-frequencies are distributed
over the class-intervals is called the frequency-distribution (or simply the distribution).

1.6 Tables 1.1 and 1.2 give two frequency-distributions of observed populations
classified according to a single variate. Table 1.1 shows the distribution of 1475 local
districts in England and Wales for 1953, classified according to birth-rate (number of
births per 1000 of the population). The distribution is shown in this table in a way
which would be quite impossible if each of the 1475 districts were shown separately.
The greatest number of districts fall within the range 15-5-16-5 per thousand and the
frequencies tail off on either side of this value. Table 1.2 shows the number of persons
subject to sur-tax in the United Kingdom in 1950 classified according to the variate
“income.” The class-intervals here are unequal—a typical feature of official
figures—and in the last column of the table is a reduction of the class-frequencies to
comparability, namely, to frequency per £500 within the class-interval concerned.



FREQUENCY-DISTRIBUTIONS 3

Table 1.1—Showing local government areas in England and Wales, 1953, with specified
birth-rates per 1000 of population
(Data from the Registrar-General’s Statistical Review of England and Wales for 1953)

Birth-rate - Number ofV Birth-rate N;mecr of

districts districts

2:-5- 1 15-5- 250
3-5- 0 16-5- 178
4-5- 0 17-5- 129
5:5- 1 18-5- 64
6-5- 0 19-5- 39
7-5- 3 20-5- 20
8:5— 7 21-5- 12
9.5~ 19 22-5- 7
10-5- 39 23-5- 1
11-5- 96 24-5- 2
12-5- 151 25-5- 3
13-5- 231 26-5- 0
14-5- 221 27-5- 1
ToraL 1475

Note;—é'S- meansA“ 2:5 and less than —35” etc.

Table 1.2—Number of persons in the United Kingdom liable to sur-tax in the year
beginning 6 April, 1950, classified according to the magnitude of their annual
income (from Annual Abstract of Statistics, 1950)

Annual income

Number of Estimated frequency
(£000) persons per £500 interval
2 and not exceeding 2-5 60,336 60,336
25 ’ 3 41,033 41,033
3 ' ’ 4 45,532 22,766
4 »» ’ 5 23,263 11,632
5 . ' 6 13,475 6,737
6 ’ . 8 13,456 3,364
8 ” » 10 6,419 1,605
10 ’» ’ 12 3,551 888
12 ’ ’ 15 2,926 488
15 » ' 20 2,007 201
20 ’” ’» 25 820 82
25 ' ' 30 399 . 40
30 ’ ’» 40 376 19
40 » . 50 134 6
50 ' ’ 75 128 2
75 . ’ 100 45 1
100 and over 38 ?
TOTAL NUMBER OF PERSONS 213,938 —

Looking at this column we see that the maximum frequency per £500 in this case is
at the beginning of the frequency-distribution.

1.7 The frequency-distribution may be represented graphically. Measuring the
variate-value along the x-axis and frequency per class-interval along the y-axis, we
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erect at the abscissa corresponding to the centre of each class-interval an ordinate
equal to the frequency per unit interval in that interval. 'The ends of these ordinates

250 - B I

200 ——— \ S R

100 —

Number of districts

_,// . M

25 25 225
Birthrate
Fig. 1.1—Frequency polygon of the data of Table 1.1

wr

Number of persons (thousands per £500 interval)

I ,

2 5 10 15
Annual income (£000)
Fig. 1.2—Histogram of the data of Table 1.2




FREQUENCY-DISTRIBUTIONS 5

are joined by straight lines, one to the next. The diagram so obtained is called a
Frequency Polygon. Fig. 1.1 shows the frequency polygon for the data of Table 1.1.

As a variant of this procedure we may erect on the abscissa range corresponding
to each class-interval a rectangle whose area is proportional to the frequency in that
interval. A diagram constructed in this way is called a Histogram. Fig. 1.2 shows
such a histogram for the data of Table 1.2. It is evident that the histogram is a more
suitable form of representation when the class-intervals are unequal.

1.8 A few practical points in the tabulation of observed frequency-distributions
may be noted.

(1) It has been remarked that wherever possible the class-intervals should be equal.
The importance of this will be more appreciated in subsequent chapters; but it is
already evident that comparability is difficult to carry out by inspection when there
exist inequalities in class-intervals. On running the eye down the second column of
Table 1.2, for example, we note that the frequency in the interval 3—4 is greater
than in the immediately preceding interval ; but this is merely due to a change in
the width of the intervals at that point and, as is seen from the third column, the
frequency per unit interval decreases steadily.

(2) It is important to specify the class-interval with precision. We not infrequently
meet with such classifications as ““ 0-10, 10-20, 20-30,” etc. To which interval is a
member with variate-value 10 assigned ? Obviously the classification is ambiguous if
such values can in fact arise. We must either take the intervals * greater than or
equal to 0 and less than 10, greater than or equal to 10 and less than 20,” or make
it clear what convention we use to allot a variate-value falling on the border between
two neighbouring intervals, e.g. it might be decided to allot one-half of the member
to each. There are various ways of indicating the class-interval in practical tables,
e.g. “10-, 20-, 30-" means ‘“ greater than or equal to 10 and less than 20,” and so
forth. Sometimes, where a continuous variate is concerned, there is an element of
imprecision in the specification of the fineness to which the measurements are made ;
for example, if we are measuring lengths in centimetres to the nearest centimetre, an
interval shown as ‘ greater than 15 and less than 18 ”” means an interval of “ greater
than 15-5 and less than 17-5.” When the precision of the measurements is known
we can specify an interval by its middle point, for example, in this case, 16-5.

(3) Remark (1) about the importance of equality of class-intervals should not be
held to preclude the specification of frequencies in finer intervals where the frequency
is changing very rapidly. Table 1.3, for instance, shows the number of deaths from
meningitis in England and Wales in 1953 according to the variate * age at death.” If
the frequencies in the interval “ 0 and less than 5’ were not subdivided and were
thus shown as a total 208 for the interval, we might be doubtful whether the greatest
number of deaths occurred in the first year of life. This is so; the individual fre-
quencies in the first five years bring out the relatively heavy mortality in the first year.

(4) Perhaps it is hardly necessary to add that the histogram is not a suitable method
of representing data classified according to discontinuous variates. It shows the class-
frequency uniformly dispersed over the whole interval, whereas if the variate is dis-
continuous, frequencies must necessarily be concentrated at certain points.
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Table 1.3—Deaths from meningitis (except meningo-coccal and tuberculous) in England
and Wales in 1953

(From the Registrar-General’s Statistical Review for England and Wales for 1953)

Age, years Number of Age, years Number of
deaths deaths

0- 162 35—~ 5
1~ 29 40— 11
2~ 11 7208 45— 17
3~ 6 50- 21
4- 0 55- 32
5- 10 60— 23
10- 8 65— 22
15~ 6 70— 15
20~ 4 75— 11
25- 3 80— 10
30- 5 85 and over 3
ToraL 414

Frequency-distributions : discontinuous variates

1.9 It will be useful at this stage to give some examples of the frequency-distri-
butions which occur in practice.

Table 1.4 shows the distribution of digits in numbers taken from a four-figure
telephone directory. The numbers were chosen by opening the directory haphazardly

Table 1.4—Showing numbers of digits from the London Telephone Directory
(M. G. Kendall and B. Babington Smith, Jour. Roy. Statist. Soc., 101, 147)

Digit . . . . . 0 1 2 3 4 5 6 7 8 9 ! TorAaL
Frequency . . . . 1026 1107 997 966 1075 933 1107 972 964 853 | 10,000

and taking the last two digits of all the numbers on the page except those in heavy
type. The distribution is irregular, but from a cursory inspection of the table we are
inclined to suppose that the digits occur approximately equally frequently in the larger
population from which these 10,000 members were chosen. We shall see later that
the divergences from the average frequency per digit, 1000, are not accidental sampling
effects ; but at this stage it is sufficient to note that the data suggest for consideration
a population of equally frequent members.

Table 1.5 shows a number of unit samples of foliage on orange trees infested by
black-scale insect. The greatest frequency is at zero and the frequencies for higher
values of the variate tail off more or less regularly.

Table 1.5—Number of black-scale insects on 821 unit samples (ten adjacent leaves and
their stem) of orange trees
(W. M. Upholt and R. Craig, 1940, Jour. Ecol. Entom., 33, 113)

Number of scales . . . . 0 1 2 3 4 5 6 7 8 over 8| ToraL
Frequency . . . . . . . 199 124 106 65 42 46 36 30 14 159 821
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In Table 1.6, on the other hand, showing suicides among women in some German
states in certain years according to the variate ““ number of suicides per year,” the
distribution reaches its maximum frequency in the region 1-3 suicides and then tails
off rather slowly.

Table 1.6—Showing suicides of women in eight German States in fourteen years
(Von Bortkiewicz, Das Gesetz der kleinen Zahlen, 1898)

Number of suicides 0 1 2 3 4 5 () 7 8 9 10and'
per year over ToraL
Frequency . . . 9 19 17 20 15 11 8 2 3 5 3 | 112

Frequency-distributions : continuous variates

1.10 ‘Table 1.7 shows a number of adult males in the United Kingdom (including,
at the time of the collection of the data, the whole of Ireland), distributed according
to the variate  height in inches.” The frequency polygon is shown in Fig. 1.3. It

2N\

: a4

1200

8
LT

Frequency (number of men)
§

g

/
o /
A

L1 o ’ \-\.
58 60 62 64 66 68 70 72 7% 76 78 80
Stature in inches -

Fig. 1.3—Frequency-distribution of the data of Table 1.7. Values of the abscissa
correspond to the beginning of class intervals

will be seen that the distribution is almost symmetrical, there being a maximum ordinate
at 67— inches and a steady decrease in frequency on either side of the maximum.

This more-or-less uniform *“ tailing off ” of frequencies is very common in observed
distributions, but the symmetrical property is comparatively rare. Table 1.1 is roughly
symmetrical, but Tables 1.8 and 1.9, showing respectively a number of Australian
marriages distributed according to bridegroom’s age, and a number of dairy herds
distributed according to costs of production of milk, illustrate that various degrees
of asymmetry can occur. An extreme form is shown in Table 1.3. In this connec-
tion Table 1.10, showing a number of men distributed according to weight, is of
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interest for comparison with the height data of Table1.7. The latter is symmetrical

but the former is not.

Table 1.7—Showing the frequency-distribution of statures for adult males born in the
United Kingdom (including the whole of Ireland)

(Final Report of the Anthropometric Committee to the British Association, 1883, p. 256)

As measurements are stated to have been taken to the nearest th of an inch, the class-intervals
are here presumably 56{§-571%, 574§-581, and so on

Height without Number of men
shoes (inches) within said limits

of height
57— 2
58- 4
59- 14
60— 41
61- 83
62- 169
63- 394
64— 669
65— 990
66— 1223
67- 1329

Height without Number of men
shoes (inches)  within said limits

of height

68— 1230
69~ 1063
70~ 646
71— 392
72~ 202
73— 79
74— 32
75~ 16
76— 5
77— 2
ToTAL 8585

Table 1.8—Showing numbers of marriages contracted in Australia, 1907-14, arranged
according to the age of bridegroom in 3-year groups

Number of -

Age of bridegroom
(central value of 3-year marriages
range, in years)
16-5 294
19-5 10,995
225 61,001
255 73,054
285 56,501
315 33,478
34-5 20,569
375 14,281
40-5 9,320
435 6,236
465 4,770
49-5 3,620
52-5 2,190

(From S. ]. Pretorius (1930), Biometrika, 22, 210)

}\iumber of

Age of bridegroom
(central value of 3-year marriages
range, in years)

555 1,655
58-5 1,100
615 810
645 649
67-5 487
70-5 326
73-5 211
76-5 119
79-5 73
82-5 27
855 14

5

88-5
" ToraL 301,785
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Table 1.9—Number of dairy herds in a sample of herds from England and Wales, 1948 /9
according to cost of production of milk

(From National Investigation into the Economics of Milk Production—Milk Marketing
Board, 1950)

Cost in pence
per gallon

less than 12
12~
14—
16—
18-
20-
22—

Number Cost in pence
of herds per gallon

3 24—
19 26—
52 28—
96 30-
121 32-
115 34—

86 36 and over

ToraL

Number
of herds

70
49
31
16
6
8
7

679

Table 1.10—Frequency-distribution of weights for adult males born in the United

Kingdom

(Source : as in Table 1.7. Weights were taken to the nearest pound, consequently the true
class-intervals are 89:5-99-5, 99-5-109-5, etc.)

Weight in lbs

90~
100-
110-
120-
130-
140-
150-
160-
170~
180-

Frequency l Weight in lbs Frequency

2 190- 263
34 200- 107
152 210- 85
390 220~ 41
867 230- 16
1623 240- 1
1559 250- 8
1326 260~ 1

787 270~ —
476 280- 1
ToTaL 7749

1.11 When the asymmetry of a distribution such as that of Table 1.3 becomes
extreme we may be unable to determine whether, near the maximum ordinate, there
is a fall on either side, or whether the maximum occurs right at the start of the dis-
tribution. This would have been the case in Table 1.3 if we had not the finer grouping
for the first five years of life ; and it is the case in Table 1.2, in which the maximum
frequency apparently occurs at or very close to an income of £2000 per annum.
Asymmetrical distributions are sometimes called ““ skew >’ ; and those such as Table 1.2

are called “ J-shaped.”
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1.12 In rare cases the distribution may have maxima at both ends, as in Table 1.11

Table 1.11—Showing the frequencies of estimated intensities of cloudiness at Greenwich
during the years 1890-1904 (excluding 1901) for the month of July

(Data from Gertrude E. Pearse (1928), Biometrika, 20A, 336)

Degrees of Frequency Degrees of Frequency
cloudiness cloudiness
10 676 4 45
9 148 3 68
8 90 2 74
7 65 1 129
6 55 0 320
5 45 T
ToTtAL 1715

showing a number of days distributed according to degree of cloudiness. This is
known as a U-shaped distribution.

1.13 Distributions also occur which in general appearance resemble sections of
the types already mentioned. A J-shaped distribution, for example, resembles the
““tail ” of the symmetrical distribution of Table 1.7. The suicide data of Table 1.6
may be regarded as a symmetrical distribution truncated just below the maximum
ordinate by the impossibility of the occurrence of negative values of the variate. This
sort of conception is sometimes useful in fitting curves to observed data—a given
analytical curve may fit the data quite well in a certain variate-range, but may also
extend into regions where the data cannot, so to speak, follow it.

1.14 The distributions considered up to this point have one thing in common—
they have only one maximum or, in the case of the U-shaped curve, only one minimum.
Distributions also occur showing several maxima, Tables 1.12 and 1.13 being instances
in point. ‘The first, showing a number of deaths according to age at death, is typical
of death distributions. Near the start of the distribution there is a maximum and a
rapid fall in the frequency, which then rises to a pronounced maximum about the
age 70-75, the frequencies beyond that point tailing off to zero. It is natural to wonder
whether such a distribution can be usefully considered as two or more superposed
distributions, e.g. a J-shaped distribution indicative of infantile mortality, and a skew
distribution with a maximum at 70-75, the ordinary death curve of senescence.

A similar dissection of a complex distribution could be undertaken for the data of
Table 1.13, showing a number of trypanosomes from the tsetse fly, Glossina morsitans,
classified according to length. We are led to suspect here that the distribution is
composed of the addition of several others (and this, by the way, has led to a suggestion
that the trypanosomes are a mixture of distinct types).
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Table 1.12—Showing the number of male deaths in England and Wales for 1953, classified
by ages at death (from reference to Table 1.1)

Age at death Number of Age at death Number of
deaths deaths

0- 12,244 45- 9,016
5- 1,043 50- 14,507
10- 665 55- 19,204
15— 1,104 60- 26,802
20- 1,640 65— 34,292
25— 1,932 70- 39,644
30—~ 2,449 75- 40,162
35— 3,068 80- 29,061
40— 5,104 80 and over 17,553
ToraL 259,490

Table 1.13—Showing number of Trypanosomes from Glossina morsitans classified
according to length in microns

(From K. Pearson (1914-15), Biometrika, 10, 112, Length presumably to nearest micron)

Length Frequency Length Frequency
(microns) (microns)

15 7 26 110
16 31 27 127
17 148 28 133
18 230 29 113
19 326 30 96
20 252 31 54
21 237 32 44
22 184 33 11
23 143 34 7
24 115 35 2
25 130

ToraL 2500

Frequency functions and distribution functions

1.15 The examples given above illustrate the remarkable fact that the majority
of the frequency-distributions encountered in practice possess a high degree of regularity.
The form of the frequency polygons and histograms above suggests, almost inevitably,
that our data are approximations to distributions which can be specified by smooth
curves and simple mathematical expressions. This approach to the concept of the fre-
quency function, however, requires some care, particularly for continuous distributions.

Consider in the first place a discontinuous distribution such as that of Table 1.4.
Let us represent our variate by &. Then we may say that & can take any of the ten
values 0, 1, . . . 9 and that the frequency of avalue of £ equal to x, say f(x), is given
by the table, that is to say, f(0) = 1026, f(1) = 1107, f(2) = 997, and so on. The
frequency table, in fact, defines the frequency function. Furthermore, most of the
frequencies in the table are approximately 1000, and we may then consider the observed



12 THE ADVANCED THEORY OF STATISTICS

distribution as approximating to that defined by

f(x) =1000, «x=0,1,.. .09, (1.1)
or, more generally, to the distribution
fx)y=%k x=0,1,. . .09 (1.2)

This is perhaps the simplest case of discontinuous frequency function, f(x) being
a constant for all permissible values of x.

In Table 1.5 we have a discontinuous variate which can, theoretically, take an
infinite number of values, namely, any one of the positive integers. In practice, of
course, there must be a limit to the number, but since we do not know that limit we
may imagine our variate as infinite in range. The frequency function for the table
itself is again simply defined by the frequencies therein ; but if we wish to proceed
to a conceptual generalization of such a table we must admit a discontinuous function
f(x) defined for all positive integral values of x. This occasions no difficulty provided

that we are able to attach some meaning to the total frequency, i.e.that X f(x;) converges.
i=1

1.16 Consider now the case of a continuous variate. In the ordinary data of
experience our distributions are invariably discontinuous, because our measurements
can only attain a certain degree of accuracy. For instance, we are accustomed to
suppose that the height of a man may in reality be any real number of inches in a cer-
tain range, say 50 to 80, such as 20z. In fact, we can measure heights only to a certain
accuracy, say to the nearest thousandth of an inch. Our measurements thus consist
of whole numbers (of thousandths) from 50,000 to 80,000, and such a number as
62,831-85 (= 20,0007 approximately) cannot appear. All physical measurements are
subject to this limitation, but we accept it and nevertheless speak of our variables as
‘“ continuous,” the underlying supposition being that the measurements are approxima-
tions to numbers which can fall anywhere in the arithmetic continuum.

1.17 With this understanding we can consider the distribution of grouped fre-
quencies as leading to the concept of a frequency function for a continuous variate.
If, in one of the distributions above, say that of Table 1.7, we were to subdivide the
intervals, we should probably find that up to a point the resulting frequencies were
smoother and smoother. The reader can verify the appearance of this effect for him-
self by grouping the data of Table 1.7 in intervals of 8, 4, and 2 inches. We cannot,
however, take the process too far, because, with a finite population, continued subdivision
of the interval would sooner or later result in irregular frequencies, there being only a
few members in each interval. But we may suppose that for ranges Ax, not too small,
the distribution may be specified by a function f(x) Ax, expressing that in the range
+ $Ax centred at x the frequency is f(x) Ax, wherever x may be in the permissible range
of the variate. We may suppose further that as Ax tends to zero the population is
perpetually replenished so as to prevent the occurrence of small and irregular frequencies ;
and in this way we arrive at the concept of the frequency function for a continuous

variable. We write
dF = f(x)dx (1.3)
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expressing that the element of frequency dF between x—1dx and x+}dx is f(x)dx,
for all x and for dx, however small.

1.18 This admittedly somewhat intuitive approach to the concept of the continu-
ous frequency-distribution appears to be the best for statistical purposes, and is cer-
tainly the way in which the concept was originally reached. In formulating the axioms
and postulates of a rigorous mathematical theory, however, the mathematician considers
a rather more general function.

Let F(x) be a function of x which is defined at every point in a continuous range
and is continuous except perhaps at a denumerable number of points. We require
that F shall be zero at the lower point of the range (which may be — o) and a constant
N at the upper point (which may be + ) and that it shall not decrease at any point.
Such a function is called a Distribution Function. It corresponds to the cumulated
frequency of a frequency-distribution, N being the total frequency ; for example, in
Table 1.4, F(x) = 0 for x<0, F(x) = 1026 for 0<x<1, F(x) = 2133 (= 1026 +1107)
for 1<x<2, and so on. Here there are ten points of discontinuity for F(x). These
points are called ““ saltuses ” (jumps) and F(x) in this case is called a Step Function.

If there is no saltus in the range, F(x) is everywhere continuous and monotonically
increasing. If it possesses a derivative we have the equation in differentials

dF = F'(%)dx
= f(x)dx (1.4)

corresponding to (1.3). f(x) is called the Frequency Function. The mathematics
of this branch of the subject is then that of the study of functions of the class F(x)

and f(x).

1.19 'The functions as thus defined are more general than those arrived at from
the statistical approach in two ways: (i) F(x) can increase monotonically in part of
the range and then possess a saltus, i.e. the frequency may be continuous for a time
and then suddenly discontinuous—in statistical practice a variate is either continuous
or discontinuous throughout its range ; (ii) where no saltus exists F(x) can exist with-
out there existing a frequency function, just as a continuous function need not neces-
sarily possess a derivative. In all the cases we shall consider, the existence of a
continuous variate will be accompanied by the existence of a frequency function.

The function F (x) is sometimes called a Probability Function, for reasons which will
become evident in Chapter 7 when we consider the theory of probability. Essentially,
however, it has nothing to do with probability and we shall use the term * distribution
function ” only.

Fig. 1.4 shows the distribution function of the data of Table 1.2 in graphical
form, F(x) being given as ordinate against x as abscissa. In Fig. 1.5 we show the
distribution function of the data of Table 1.7. In both cases we have ‘‘ smoothed
the functions to some extent by joining the ends of the ordinates instead of erecting
narrow rectangles. For a continuous variate such a process is clearly very often justi-
fied; it approximates to the continuous distribution which we imagine to underlie
the data.
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Fig. 1.4—Distribution function of the data of Table 1.2
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Fig. 1.5—Distribution function of the data of Table 1.7

1.20 If the discontinuous frequency function is f (x), and F(x) is taken to be the
total frequency less than or equal to x, we have

F(se) = £ f(s). (15)

In the continuous case

F@=KW
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- j:f(u)du (1.6)

where the range is a to 5. 'We now introduce two conventions which simplify these
expressions to some extent. We shall suppose, unless the contrary is specified, that
in these mathematical expressions our frequencies are always expressed as proportions
of the total frequency, so that the total frequency is unity and the sum or integral
over the whole range of the frequency function is also unity, i.e. F(b) = 1. Secondly,
to avoid the constant specification of the limits @ and & we may, without loss of
generality, suppose that F(x) and f(x) are zero for any x less than a, and that F(x) = 1
and f(x) = O for any x greater than b. With this convention we may write

Fie)= 3 f(s)

- (1.7)
F(x) = j_ ) d

and E f(x) = F(0)~F(= o) =

j=— 00

fwf(u)du = F(w)—F(= ) = 1

Where it is necessary to take account of the total frequency N we may do so by multi-
plying (by N) frequencies given by the frequency function. In our convention F(x)
is always continuous on the right.

(1.8)

1.21 We shall often find it useful to abbreviate the expression ‘‘frequency
function ” to f.f.,, and similarly “ distribution function” to d.f. (In Chapter 4 we
shall encounter the  characteristic function,” abbreviated to c.f.)

One other convention will occasionally help us to avoid cumbrous notation.
Strictly speaking we should use different symbols, say &, to denote the variate and
x to denote the range of values which it may take. Thus F(x) denotes, as a function
of x, the totality of values for which £<x. It is often convenient, however, to use the
same symbol for both variate & and variable x. We may then speak of a variate x
with ff. f(x) and d.f. F(x). Wherever this is likely to lead to confusion we shall
revert to the stricter notation.

»

Excursus on integrals

1.22 We have noted above that the functions which arise for consideration in
statistical practice are less complicated than the more general type of distribution
function which the mathematician wishes to discuss. This illustrates a point which
causes constant difficulty in developing a systematic course on theoretical statistics.
Modern mathematics has devised rigorous theories of great generality, but largely at
the expense of added difficulty and abstractness. For most statistical purposes this
elaborate apparatus is not required, and statistical functions can be adequately investi-
gated by simpler methods without loss of rigour. In this book we shall, as a rule,
prefer these simpler methods. But this course will not overcome all our difficulties.
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Some results which we require are not obtainable by simple methods ; for others,
the so-called elementary proofs are so long and tedious as to be worse than the more
sophisticated versions ; and for others again the simpler treatment may obscure the
essential statistical point.

1.23 The modern theory of integration is a case in point. For many purposes
it would be enough to consider the integral as defined in introductory treatments,
or in the manner of Cauchy. Thus if f(x) is defined in the interval (a,b) we divide
the range at points x,, ¥3, . . . %, and consider the sum

sn = f@)(F1—a)+f (@) (xa—21)+ . . .+ (%) (b—2n). (1.9)
It may be shown that under certain conditions (such as the continuity of f(x) in the

range) this sum tends to a limit as the length of the intervals tends to zero, indepen-
dently of where the dividing-points are drawn or the way in which the tendency to

b
zero proceeds. This limit is the Cauchy integral : j‘ f(x)dx.

a
A more general type of integration is due to Riemann and Stieltjes. Let y(x) be
a continuous function of x. Choose &, in the range a to x,, &, in the range x, to x,
and so on. Consider the sum

o=y (&) {(F@)—F(@)}+yp(5) {(F(x)=F(x)}+ ... +9(&) {FO)-F(x)} (1.10)
It may be shown that as the length of the intervals tends to zero uniformly s tends to
a limit which is independent of the location of the points £ or the boundary points
of the intervals. We then write this limit as

rtp(x)dF. (1.11)

It is known as the Stieltjes integral of v (x) with respect to F(x). Riemann considered
the case when F(x) = x.

1.24 The advantage of the Stieltjes integral is that it reduces to the Cauchy
integral if f(x) is continuous and to an ordinary summation if f(x) i discontinuous.
To save writing all our formulae down twice, once for the continuous f.f. and once
for the discontinuous f.f., we shall usually employ an integral of this type, replacing
it in special cases by an ordinary integral or a sum as the circumstances require.

Many of the theorems of ordinary integration are true of the Stieltjes integral.
We shall frequently require the following :

b b
J' wdF| < j ly|dF (1.12)
a a b
<M aF
< M, (1.13)
where M is the upper bound of y(x) in the range (a,b).
b b
f pdF = tp(f)j dF, (1.14)

where £ is a value of » in the range (a,b).
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If a and b are finite,

iél f(x)dF = jg[:ﬁ(x) dF, (1.15)

provided that X f;(x) converges uniformly in the range. The theorem is not necessarily
true if a or b is infinite.

The ordinary rules of partial integration are also applicable to Stieltjes integrals,

1.25 A more complicated integral is due to Lebesgue. It is equal to the Riemann-
Stieltjes integral when the latter exists, but also exists in cases where the Riemann-
Stieltjes integral does not. We do not normally require it in the ordinary theory of
distributions, but it seems essential for a rigorous treatment of Fourier transforms
which we need for certain parts of the theory of time-series.(

Variate-transformations

1.26 Suppose that we have a variable y related functionally to a variable x by
the relation

x=2x(), y=3( (1.16)
y being continuous and differentiable in x and vice versa. We then have
dx
dx = @dy. (1.17)

Consequently, for a continuous distribution with d.f. F(x),

F(x) = j dF = j " fw)de
z(y) dx
= [T 1%
We may thus write the distribution as

aF = f () 5 b, (1.18)

expressing the fact that an element of frequency between y—3}dy and y+3dy is
f{x(y)}dx/dy. If & is the variate corresponding to # we may regard this expression
as defining a variate 7 corresponding to y. The equation determining the frequency
function is then transformable as if it were an equation in differentials. Such variate-
transformations are important in the theory of continuous distributions. By their
means many mathematically specified distributions may be reduced to a known form,
either exactly or approximately.

(#) The reader who feels that his mathematical equipment needs strengthening or revision
may care to refer to C. A. B. Smith’s Biomathematics, which covers most of the mathematics
required for statistical work at the intermediate level. More advanced theory is mostly covered
by Sir Harold and Lady Jeffreys’ Methods of Mathematical Physics.

c
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For example, a distribution which we shall have to study in the theory of sampling is

1 i
dF = gipyy® " XA 0<z< o (1.19)
It is readily verified that F () = 1.
By the transformation ¢ = 3y* we reduce this to

1 .
= eft-1dt,  0<t< oo, 1.20
@) (120
This is a well-known form in analysis, the distribution function being the incomplete
I'-function :
F(t) = T,(3)/T (3). (1.21)

Again, the distribution
Yo
dF = (1+£/v )Wﬁ)dt —<i<® (1.22)
(yo being chosen so that F(w) = 1), a symmetrical peaked distribution of infinite
range rather like that of Fig. 1.3, may, by the substitution of ¢ = 4/vtan6, be trans-
formed into
Vvsec dob
sec’t10 °’
= yoVvcos" 10df, (1.23)
a distribution of finite range — 3 to + §ax, but still symmetrical. Putting now sin0 = u,
we have

dF =70 —in<6< i,

dF = y,Vv(1—u?)* "' du, —1<u<l, (1.24)
and again u? = x,
dF = y,Vyx (1 —x)V"~1dx, O<x<l. (1.25)

The effect on the range of this last substitution is to be noted. u ranges from —1
to +1, and as it does so x ranges from +1 to 0 and back to +1. The distribution
function of the x-distribution, F(x) from 0 to x, is thus that of the u-distribution
from —u? to u2. Whenever substitutions are made under which there is not a (1, 1)
continuous relation between the variates, points such as this require some watching.

1.27 'There is one variate-transformation which is worth special attention. In
the distribution

dF = f(x)dx
put y = J'_w Flu)du.
Then dF = f(x)gfdy

_f (x)
~ f() (x)

= dy’ OSJ’SL (1'26)
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so that the distribution is transformed into the very simple * rectangular ”’ form in
which all values of the variate from 0 to 1 are equally frequent. Any continuous
distribution can be transformed into the rectangular form ; and it follows that there
exists at least one transformation which will transform any continuous frequency-
distribution into any other continuous frequency-distribution, viz. the transformation
which transforms one into the rectangular form coupled with the reverse of that which
transforms the other into the rectangular form.

The genesis of frequency-distributions

1.28 Up to this point we have not inquired into the origin of the various observed
frequency-distributions which have been adduced in illustration. Certain of them
may be considered apart from any question of origination from a larger population.
The death distribution of Table 1.12 is an example ; if we are interested only in the
distribution of male deaths in England and Wales in 1953 the whole of the population
under consideration is before us.

But in the great majority of cases the population which we are able to examine is
only part of a larger population on which our main interest is centred. The height
distribution of Table 1.7 is only a part of the population of men in the United Kingdom
living at the time of the inquiry, and it is mainly of importance in the light of the
information which it gives us about that population. Similarly the distribution of
dairy herds of Table 1.9 is mainly of interest in the information it gives about costs
of milk production for the whole country.

1.29 In the two cases just mentioned, height and costs of milk production, we
have information about a certain sample of individuals chosen from an existing popula-
tion. Only lack of time and opportunity prevents us from examining the whole
population. It sometimes happens, however, that we have data which do not emanate
from a finite existent population in this way. Table 1.14 is an example. It shows
the distribution of throws with dice.

Table 1.14—Showing the number of successes (throws of 4, 5 or 6) with throws of 12 dice
(Weldon’s data, cited by F. Y. Edgeworth, Encyclopedia Britannica, 11th ed., 22, 39)

Number of Frequency Number of Frequency
successes successes

0 0 7 847

1 7 8 536

2 60 9 257

3 198 10 71

4 430 11 1

5 731 12 0

6 948 — :
ToraL 4096

Now it is clear that, in a sense, we have not in these data got a complete popula-
tion, for we can add to them by further casting of the dice. But these further throws
do not exist in the sense that the unexamined men of the United Kingdom or the
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unexamined dairy herds of England and Wales exist. They have a kind of hypothetical
existence conferred on them by our notion of the throwing of the dice.

Even distributions which appear at first sight to be existent may be considered in
this light. The trypanosome distribution of Table 1.13, for instance, was obtained
from certain tsetse flies. We may consider it as a sample of all the tsetse flies in exist-
ence, whether harbouring trypanosomes or not—an existent population ; but we may
also consider it as a sample of what the distribution would be if all the tsetse flies
were infected with trypanosomes—a hypothetical population.

The population conceived of as parental to an observed distribution is fundamental
to statistical inference. We shall take up this matter again in later chapters when we
consider the sampling problem. The point is mentioned here because it will occasion-
ally arise before we reach those chapters. It must be emphasized that the distinction
between existent and hypothetical universes is not merely a matter of ontological
speculation—if it were we could safely ignore it—but one of practical importance when
inferences are drawn about a population from a sample generated from it.

Multivariate distributions

1.30 In the foregoing sections we have considered the members of a population
according to a single variate, and the frequency-distributions may thus be called uni-
variate. The work may be readily generalized to include populations of members
considered according to two or more variates, yielding bivariate, trivariate . . . multi-
variate frequency-distributions. Table 1.15, for example, shows the distribution of
a number of beans according to both length and breadth. The border frequencies
show the univariate distributions of the beans according to length and breadth separ-
ately, and the body of the table shows how the two qualities vary together.

Table 1.15—Showing frequencies of beans with specified lengths and breadths
(Johannsen’s data, cited by S. J. Pretorius (1930), Biometrika, 22, 110)

Lengths in millimetres (central values)

| ! |
o !17|16-5t 16 155 15 f14~s 14 ‘13-5‘ 13 1125 12 | 115 ; 11 110-5| 10 | 9-5 | ToraLs
3 | i | i ! {
E | : ‘ | ‘ |
S 9125 — 2 —  — | 3 — == 5
&l 8875 4 8,17 19| — | — | — | — | — | — | — | — | —|— —| — 48
g 8625 1223 (101 156 93| 23| 2} — | — | —  — — | — | —|—|—| 400
S| 8375 —1 18 [ 105 494| 574] 227 56| 9| — | — | — | — | —|—|— —| 1483
g| 8125 — 4 | 44375/ 956| 913 362 73| 12| 3| — | — | — — | —|—| 2742
| 7875 '— — ' 7] 81| 385| 871| 794|330, 89! 19| 3| — | — | — | — | —| 2579
9| 7625 — — . 1| 4 65 236| 469|361 |175| 55| 27| 4 | —|— | —!—[ 1397
£l 7375 |— — | — | — 6/ 23| 91,137 1124| 78| 37| 22 (11| — 1 |—| 530
Bl 7125 — — . — | == 1] 13} 18| 28] 35| 25132 |11| 6/ 1 | — | 170
Bl 6875 |— — | — | — | — | — | —| 1| 79| 8| 0|12 |13 7|1 |—| 72
g1 6625 — — | — | — — | — | — = —— 2 — 11 4/3|—| 10
5] 635 [— — | —  — | — | — | — | — =] 1| ===/ 1/1]1 4
o H
g R D I T D D e e e e e e
& | TotaLs { 6155 |27s i1129 2082 | 2294 1787 | 929 | 437 (199115 70 136 118 ) 7 1 | 9440
i I

As for the univariate case, the variates may be discontinuous or continuous and we
sometimes meet cases in which one variate is of one kind and one of the other.
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1.31 In generalization of the frequency polygon and the histogram we may con-
struct three-dimensional figures to represent the bivariate distribution. Imagine a hori-
zontal plane containing a pair of perpendicular axes and ruled like a chessboard into
cells, the ruled lines being drawn at points corresponding to the terminal points of
class-intervals. At the centre of each interval we erect a vertical line proportional in
length to the frequency in that interval. The summits of these verticals are joined,
each to the four summits of verticals in the neighbouring cells possessing the same
values of one or the other variate. The resulting figure is the bivariate frequency
polygon or stereogram.

Similarly we may erect on each cell a pillar proportional in volume to the frequency
in that cell and thus obtain a bivariate histogram. Fig. 1.6 shows such a figure for
the bean data of Table 1.15.

Fig. 1.6—Bivariate histogram of the data of Table 1.15

1.32 We may write the bivariate distribution with variates x,, x,, as

dF = f(xl, xz)dxldxz. (1-27)
With the usual conventions we shall then have for the bivariate distribution function
F(xy,55) = J ' f " F(ugus) duy duy (1.28)

this integral also being understood in the Stieltjes sense, reducing to ordinary integra-

tion if f(x,,x,) is continuous and to ordinary summation if it is discontinuous.
For any fixed value of one variate, say x, = k, the other variate will, of course,

have a univariate distribution. If we wish to observe the convention that the total
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frequency should be unity this will be given by

dFy(xy) = S0k (1.29)
| feamds,

(1.29) is called the conditional distribution of x; for x, = k.

Marginal distributions

1.33 'The sums in the margins of tables such as Table 1.15 give us the frequency-
distributions of each variate by itself. For any value of x, the total frequency is
obtained by summing over all values of x, to give the frequency for that value of x,.
Thus, if the d.f. is F(x,,x,) we may cxpress the univariate d.f. of x, as F(x;, ) ;
and similarly the univariate d.f. of x, is F(o0,x,). In terms of frequency functions

dF, (%)) = {jw Fl0,%9) dxz} dx,, (1.30)

dFy (x;) = { J f: £y x9) dxl}dxz. (1.31)

These univariate distributions are sometimes called “ marginal,” for obvious reasons.
In economic contexts, where marginality is likcly to have a different connotation, the
term is, perhaps, better avoided ; but it is convenient and rarely gives rise to difficulty
in practice.

Independence
1.34 If
F(xy,x,) = F(x;, ©)F(0,x,) (1.32)
= Fy(x,) Fy(x2), say,

x; and x, are said to be independent. Where f.f.’s exist we have

and hence
f(xyx0) = f1(x1) f2(x2). (1.33)

Thus the d.f. and the f.f. factorize into two parts, one for each variate alone. It is
readily seen that this definition of statistical independence conforms to the colloquial
use of the word and also to its mathematical use. The conditional distribution of x,
for any fixed x, (e.g. the distribution in a row or column of the bivariate frequency
table) is the same whatever the fixed value of x,, that is to say, the distribution of x,
is independent of x;.

Two variates which are not independent are said to be dependent. Evidently
those of Table 1.15 are dependent, for the distributions in rows or in columns are far
from similar.
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Example 1.1
Consider the distribution

_ 1 x} 2px,x, X3
dF = zoexp{ 2(1_P2)<;—%—- o1 +0§ dx,dx,, — 00 <Xy, %, < 0. (1.34)

Here z, is to be chosen so that the total frequency is unity. Put

_ 1 (% pxs
yl (l—pz)i 0'1 0'2

Xy
Y2 = 5_—2'
We have
1 P ‘
ypys) _ |oa(1=pHt ~ oa(1=p?}
a(x1>x2) 0 _1_
2
_ 1
"~ ooy (1—p?)
2 .2 1 f[a} 2px,%, %5
Also NE% = l_Pz{g_ 0,0 +E§}.

The distribution then becomes
dF = z,0,0,(1—p?yexp {—3(¥i+y2) } dy1dy,
= 20010’3(1 ‘-Pz)i e—iyl' dyl e_hl" dyzn (1.35)

The original variables are clearly dependent, for (1.34) cannot be factorized into a
product of a function of x, times a function of x,. From (1.35) we see that the trans-
formed variables are independent.

Incidentally, this gives us a method of evaluating z,. For

j:owe‘*“'du — /(27)

and on integrating the right-hand side of (1.35) with respect to y, and y, and equating
the result to unity we find

2o = 1/{2n0,0,(1-p?)}}.
1.35 In this example we have used a Jacobian to transform the integral from one
pair of variables to another. The process is evidently quite general. If
dF = f(xy,%,)dx,dx,
and %1 = %1(yuYa) %y = %3(Y1,Y2),
the frequency function for y, and y, will be given by

f{xl(ybyz)’ xz(ybyﬂ)}]) (1.36)



24 THE ADVANCED THEORY OF STATISTICS

where
J = 9 (xy, x2) - 9y, ayl;
0(yvys) 0%, aizk
9y, 7%
and is to be taken with positive sign in (1.36). If J changes sign in the domain of

integration the variate-transformation may develop ambiguities which require special
attention. We shall discuss this point when it arises.

1.36 An extension of the bivariate results to n-variate results is immediate. For
instance, if a d.f. F(x,,x,,...x,) can be expressed in the form

F(xy,%,,.., x,) = F(%;, ©,..,0)F(0,%,..,0)...F(c0, c,..,x,) (1.37)

the corresponding variates are independent. Only one point needs special comment :
for m variates to be independent it is not enough that each should be independent
of each of the others. That is to say, if

F (24, %4, 0,.., ©) = F(x;, 00, ,. ., 0) F(00,x,, c0,.., ©0) (1.38)

and similarly for every pair of x’s, equation (1.37) does not necessarily follow. When
speaking of independence among sets of variates greater than two in number it is
therefore of some importance to specify exactly what is meant. Variates obeying (1.37)
we shall describe as completely independent. A state of affairs represented by (1.38)
might be described as one of pairwise independence.

Frequency-generating functions

1.37 For distributions which are mathematically specified it is often convenient,
especially for discontinuous functions, to summarize the specification in a generating
function. Suppose that the frequency of a variate x, which can take values 0, 1, 2,. ..
is f, for x = r. This frequency is then the coefficient of ¢" in

P() = EO £ (1.39)

which is thus a frequency-generating function. For example, the so-called binomial
distribution, which we shall study in some detail at a later stage, is such that the
frequency at x =r (r = 0,1,.., n) is given by

f = (:)P'(l -p,  Osps<l (1.40)
Hence a generating function of type (1.39) is given by
P(t)= % ('.')pf(l —p)re
j=0\J
= {pt+(1-p)}" (1.41)
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EXERCISES

1.1 Draw frequency polygons or histograms of the following distributions :—

Table 1.16—Frequency-distribution of successes in twelve dice thrown 4096 times, a
throw of 6 points reckoned as a success (Weldon's data ; source as in Table 1.14)

Number of successes. . . 0 1 2 3 4 5 6 7 and over | ToTAL
Number of throws . . . 447 1145 1181 796 380 115 24 8 4096

Table 1.17—Showing numbers of sentences of given lengths in passages from Macaulay’s
essays on Bacon and on Chatham

(From G. Udny Yule (1939), Biometrika, 30, 363)

Length of sentence Number of Length of sentence Number of
in words sentences in words sentences
1-5 46 66— 2
6— 204 71- 4
11- 252 76— 8
16— 200 81- 2
21- 186 86— 2
26— 108 91- 1
31- 61 96- 2
36— 68 101- 1
41— 38 106- —
46— 24 111- 1
51- 20 116~ —_—
56— 12 121- 1
61- 8 -
ToraL 1251

Table 1.18—Showing the numbers of old Egyptian skulls with specified lengths of the
left occipital bone in millimetres

(From T. L. Woo (1930), Biometrika, 22, 324)

Length Frequency Length Frequency
(central values) (central values)

84-5 12 102-5 74
86-5 12 104-5 68
885 32 106°5 36
90-5 48 108-5 18
92-5 79 110-5 7
94-5 116 112-5 4
96-5 104 1145 4
98-5 126 116-5 —
100-5 123 118-5 1
TotaL 864
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Table 1.19—Showing the frequency-distribution of fecundity, i.e. the ratio of the number
of yearling foals produced to the number of coverings, for brood-mares
(racehorses) covered eight times at least

(Pearson, Lee and Moore (1899), Phil. Trans., A, 192, 303. Where a case fell on the border
between two intervals, one-half was assigned to each)

Fecundity Number of mares Fecundity Number of mares
with fecundity with fecundity
between the between the
given limits given limits
1/30- 3/30 2:0 17/30-19/30 315-0
3/30- 5/30 7-5 19/30-21/30 337-0
5/30- 7/30 115 21/30-23/30 293-5
7/30- 9/30 21-5 23/30-25/30 204-0
9/30-11/30 55-0 25/30-27/30 127-0
11/30-13/30 1045 27/30-29/30 49-0
13/30-15/30 182:0 29/30-1 19:0
15/30-17/30 271-5 — ——
ToTAL 2000-0

Table 1.20—~Frequency-distribution of plots according to yield of grain in pounds from
plots of g;th acre in a wheat-field
(Mercer and Hall (1911), Jour. Agr. Science, 4, 107)
Yield of grain in pounds 2:8 30 32 34 36 38 40 42 44 46 48 50 52| TorAL
per xhsth acre (central

value of range)
Numberofplots . . . 4 15 20 47 63 78 8 69 59 35 10 8 4 500

Table 1.21—Frequency-distribution of 166 London bus-drivers showing the number
who met with 0, 1, 2, . . . accidents in an exposure of (@) one year, (b)
five years (Farmer, E. and Chambers, E. G. (1939))

Industrial Health Research Board Report 84. London, H.M. Stationery Office)

Number of accidents  Number of drivers meeting with said
number of accidents

In one year In five years

0 45 1
1 36 2
2 40 3
3 19 14
4 12 17
5 8 21
6 3 17
7 2 14
8 1 14
9 — 12
10 — 13
11 —_ 9
12 —_ 6
13 — 2
14 — 6
15 or more — 15
TorAL 166 166
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Table 1.22—Showing the number of women aborting at specified term in weeks
(From T. V. Pearce (1930), Biometrika, 22, 250)

Term Frequenc Term equenc
(weeks) 4 i (weeks) Frequency
4 3 17 13
5 7 18 14
6 10 19 8
7 13 20 4
8 14 21 2
9 29 22 10
10 22 23 4
11 21 24 4
12 18 25 3
13 28 26 4
14 16 27 6
15 19 28 1
16 10 - B -
ToraL 283

1.2 Sketch the following curves and compare their shapes with those of the distributions
in the previous exercise :—

y = yoe ¥, —0<x< w.

y =Yoe 1<x< o,

Y =Yox7 y>1,0<x<< 0.

Yo
= T Tawn? >0,—C0$ <CX),

YT A4 " x

y = yo(1—x)%", a,b>1,0<x<1.
Yy = yoe ", y>1,0<x< oo,

y = y(1-2%)% a<0, -1<x<l.

1.3 Show that the following distributions can all be transformed into the type
dF = y,(1—x)P"xt-1dx, 0<x<l,

and find the transformations :

dF = ry(1—=r2)in=9dy, —-1<r<l,
dF= " ~o<t<®
T (14 r/pies) S
V12
dF Zoe™ - w<2€ 0,

= Gt po it P

(All these distributions are important in statistical theory. The distribution to which they
are reduced is called the Type I or B-distribution.)
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1.4 Sketch the stereograms or bivariate histograms of the following distributions :—

Table 1.23—Sample of students in the University of London, 1955, class

ified by (1) the

number of newspapers read and (2) the number of newspapers looked at

only, on a particular day. (H. S. Booker, unpublished data)
(1) Number looked at only

- o 1t 2 , 3 | 4 r 5 or more | ToTALS
S 0 77 0 715 | 19 . 10 | 1 | 2 184

" 1 179 | 136 | 65 20 . 15 2 417
2 2 8 70 | 45 . 18 | 1 3 223

§ 3 17 | 2 13 3 | 4 — 58
z 4 4 | 2 | 2 2 - —_ 10
|5 or more 2 | 2 ! — E 2 ; — — 6
o~ . . . - - -

< Toras | 365 | 306 | 144 | 55 | 21 | 7 898

Table 1.24—Number of cows distributed according to (1) age in years
milk per week in 4912 Ayrshire cows

(Data from J. F. Tocher (1928), Biometrika, 20B, 106)
(1) Age in years

and (2) yield of

. 3l 4l s |6 | 7|8 | 9|10]1112/13/14]15]16[17]18|Toraus
2 T . T A el Il B i _

8 —_ - = == === 1=t == =]—=]= 1
E 9 [ — 2 2 —| 1]l =]—=|=|=|—=|—=l=]|=1—=|=1= 5
k= 10 30 5, 1 1] 3| — | —| =] —=|—=|—1—=|—=!I—|—=!—=| 13
“ 11 2,10 8 7] 1] — 1| — 2 1|— | 1| —|—|—|—| 33
° 12 | 2| 251 17, 9| 5| 4| 4| 2{ 1| 1|— —|—|1|—|—| 7
5 13 9! 761 29, 18| 9| 2| 4| 1| 1| 1|—"' 1|— —|—|—| 151
K 4, 11] 761 570 381 231 9| 7| 6 4 2| 3, — —|—|— —| 23
= 15 011|115 79 43| 34| 24 11| 8, 4| 5/ 1! 2 1, —| 1|/ —| 339
g 16 | 15149 | 119 74| 59| 23| 23| 16| 9| 7| 4 — | — ! —| 11 —| 499
g 17 16 | 148 | 131, 94| 58| 34| 32| 15| 12| 6| 5 ' — | 1| —|—|—| 552
S| 18 11146 | 132 83| 73| 49| 39| 22| 17| 6| 51 1, 1| —|—|—| 585
~ 19 10117 | 112 113 | 87| 51| 35| 33| 1110} 2| 3 1|—|— | 1| 586
g 20 8| 97107 79| 69| 51| 25| 30| 13 /10| 3| 3| — | —| 1|—| 49
= 21 3] 63, 93! 88| 70| 49 31| 29| 9| 7| 4. —| 1] —| 1] —| 448
& 22 | 5| 42) 63, 49 45| 32| 14| 18 10| 3| 1| 2 —|—|— —| 284
Sl 23 0 1019 33 38! 38| 27/ 17| 17| 12| 7| 1! 2| 2| —|—|—]| 214
s 24 20 20| 23 34| 27| 19| 13| 9| 3| 2/ 1 —|— —|—|—| 153
$ 25 3] 10| 15| 22| 17| 20| 8| 10| 3| 4|— —|—|—|—|—]| 112
- 26 — 70 130 70 4|15 2| 4| 2| 3|1 —|— —|—|—| 58
& 27 — 2, 7" 91 5| 5| 4| 2| — —|— —|—| 1|—|— 35
| 28 —_] - 2 1 40 20 10 1) 2= = — = —|—|—| 13
F 29, — | — 2, 20 a4 1) 3] — 3= — = == ]—=]| 15
& 30— | = = = — 2| — | — 2—-———-]—-— 4
8 31 —_ - 2 1| — | — 2 — | — == — = === 5
5 R - -l XZlzlzizizizig izl ¢
e —_ == e e e = == = = =] = -
A e e e R I e e il e e
~ T _ 1 A B A
~ TOTALSIIIZ :1129 |1047(8121636 419 | 276 | 223 | 122 | 75 320157 | 2 | 4|1 |42

1.5 Show that the conditions that the function
F(x1, x9) = zgexp{Axi+2H x,x,;+ Bxj}}, — 0 <Xy, Xy < O,
may represent a frequency function are
(@) A<0,
(b) B<O,

(c) AB—H*20.
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Show further that if these conditions are satisfied and the integral of f(x,, x,) between — o0 and
o for both variates is unity, then

. = 1 - A H\|}
" al H - .
1.6 For the bivariate distribution
ky y
dF = ———— — -~ \dxd <x,y<
(1+x)‘exP( 1+x> wdy,  O<xmy<oo,

show by a transformation u = y/(1+x), v = 1/(1 +x) that the distribution of u and v is
dF = kue % dudv, Ou<g o,0v<l,
and hence that &k = 1,

1.7 For the bivariate distribution
R(1+x+y)
E = i1+
show that 2 = 9/2. Show also that the marginal distribution of x is
3(2x+3)
R YETR
1.8 A distribution is given by
dF = ksech” xdx, ~ LX< ™,
Sketch the form of the frequency curve and show that
I{in+1)}
I(m/=

1.9 'Three variates are independent and each is distributed in the form

dxdy, 0<%, y< o0,

dF dx, 0sx< o0,

k=

dF = -7 dx, — 0 gX ™,

1
Ve ©
Transforming to new variates by the equations
y1 = (x1—x5)/ V2
ys = (x1+x3—225)/ V6
¥ = (x1+x3+x3)/ V3,
show that the »’s are also completely independent and are distributed in the same form.

[

1.10 In the previous exercise, make a transformation of the polar type
x; = rcosf,cosl,
xg = rcosl,sinf,

xg = rsinf,.

Hence show that the variates corresponding to 7, 0, and 0, are completely independent and that
the distribution of the first is given by

dF = J(%) et"Bdr, 0<r< .
1.11 In the distribution

-— 2 2
dF 1 { 1 (x 2pxy+25>}dxdy, — 0 <x,y<

= 2n0,0,(1—pt)t TP2A—p)\Gt 010, o

show that the distribution of x is
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1 x?
dF—mexp(—m)dx, — WKXS 00,

Sketch the distribution of x and y and consider the limiting case as p —> 1,

1.12 In the distribution

1 n—1 1
RTINS U T adidy - o<Smys<e,
2m=-2)(1—p)\o a,0, ot
show that the distribution of x is given by
1 I'(n—13) 1
dF = o1+ (27) V(n—2) Tn—1) 1; ;x, """;.t‘ dx, — oKX ©,
2(n 2) a2

(K. Pearson, 1923, Biometrika, 15, 231)

1.13  'The so-called Poisson distribution is such that the frequency at x = r (r = 0,1,2,...)
is e2A7/r! Show that a frequency-generating function is

P(t) = exp {A(t—1)}
where the frequency at x = r is the coeflicient of ¢" in P(z).

1.14 A discontinuous distribution (the so-called negative binomial) has frequency a
x=r(r=20,1, 2,...) given by

¥ k+7) r
= (%) ()

where % is an integer. Show that a frequency-generating function is given by

P@) = {1 +%(1 —:)}_k.

1.15 A variate is distributed over the interval 0 to o in the form dF = f(x)dx. Write
down the distribution of the variate in the interval xo <x < 0 (¥o>0). If this is of the same form
as the original variate show that f(x) = ke ¥*. It may be assumed that f(x) is differentiable.

1.16 A n-variate distribution has the form
n

dF = kexp{— z a;,-xix;}dx,. .. dxy, — 0K Xy,. ., XS ©,
ij=1

with ay = a;. By considering x, show that the exponent can be put in the form

1 n=1 2 n—1
-a,.,,(x,.+— > a,,‘x.-> - 2‘. by x;

Ann im1 1,,j=

ainqj ..
where by = a;j— —2, i,j=12,..,n—1.
a”” . - . . .
Hence show how to transform the original variates by linear transformation to a completely
independent set each of which is distributed in a form of the type

1
dF =
o/ (2x)
1.17 For a bivariate distribution with a differentiable frequency function f(x,), show that
there exists a linear transformation to new variates which are independent if and only if

ot or o*
(Aa .+2Ha % +Ba >logf-—0

e~¥'/2 dy, - o<gu< o,
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where 4, H and B are constants. Hence show that for the distribution of Exercise 1.11 there
exists an infinite number of linear transformations to independent variates.
1.18 Three variates represented by x, y and 2 have the distribution
dF = kxt-1ym-13"-1dxdydz.

They do not assume negative values but are such that x+y+2z<1. Show that
b= r{+m+n+1)

@) I'(m) L(n)
1.19 = variates have the distribution represented by

dF = kxh=lxb=1. . alr=lg(e;+ 204 . .. +x) dx,. . dxp.

n
They do not assume negative values but are such that ¥ x;<1. Show that
i=1

rapIil)... I (!

Vk= pu sl +.. ¥l o

vLl-1g(v) dv

n
where L= X1
i=1
1.20 Show that if g(«) can be expanded in a uniformly convergent series of powers in x

o) in2 n
J' SIZ’xg(sinzx) dx = j ¢ (sin?x) dx.
0

—®
Sketch the distribution
Eksin®x cos®x
= ST —o<x< ®,
aF x? (1 +sin®x) s, wsFS®
and show that 1/k = =n(v/2—-1).

1.21 Two independent variates x,,%, each have the distribution

dF = v—:z;)exp(—ix’)dx, —oogx< o,

Show that the variates

I

vy, = exp {—}(x2+x,%) },

1
Yp = 5 arc tan (x,/x,)
are independently rectangularly distributed on the range (0, 1).
(Box and Muller, 1958, Ann. Math. Statist., 29, 610)

1.22 If Fy(x,), Fy(x;) are univariate d.f.’s, show that
F(xy,%,5) = Fy(xy) Fay(x)[1 +0 {1=F,(x;) } {1 —Fa(xz)}]

(where 0 is a constant, —1<0<1) is a bivariate d.f.
(cf. E. J. Gumbel, 1960, ¥. Amer. Statist. Ass., 55, 698)



CHAPTER 2
MEASURES OF LOCATION AND DISPERSION

2.1 It has been seen in Chapter 1 that the frequency-distributions occurring in
statistical practice vary considerably in general nature. Some are finite in range and
some are not. Some are symmetrical and some markedly skew. Some present only
a single maximum and others present several. Amid this variety we may, however,
discern four general types: (a) the symmetrical distribution with a single maximum,
such as that of Table 1.7; (b) the asymmetrical distribution, or skew distribution,
with a single maximum, such as those of Tables 1.8 and 1.9 ; (c) the extremely skew,
or J-shaped, distribution, such as that of Table 1.2 ; and (d) the U-shaped distribu-
tion, such as that of Table 1.11. To make this classification comprehensive we should
have to add a fifth class comprising the miscellaneous distributions not falling into
the other four.

The distributions with a single maximum will hereafter be called “ unimodal.”

2.2 It frequently happens in statistical work that we have to compare two dis-
tributions. If one is unimodal and the other J-shaped or multimodal a concise com-
parison is clearly difficult to make, and in such a case it would probably be necessary
to specify both distributions completely. But if both are of the same type (and it
is in such cases that comparisons most frequently arise) we may be able to make a
satisfactory comparison merely by examining their principal characteristics ; e.g. if
both are unimodal it might be sufficient to compare (a) the whereabouts of some
central value, such as the maximum—this, as it were, locates the distributions; (b)
the degree of scatter about this value—the dispersion; and (c¢) the extent to which
the distributions deviate from the symmetrical—the skewness.

The same point emerges when our distributions are specified by some mathematical
function. If, for example, we have two distributions of the type

— 2
dF = kexp{—giz—a?—)—- dx, —0o<x< ©,

symmetrical about x = m, a complete comparison can be made by comparing the
value of the constants m and o in the distributions. Such constants are called para-
meters of the distribution.®®)

Measures of location : the arithmetic mean
2.3 There are three groups of measures of location in common use : the means

(® There has, in the past, been some confusion as to what is meant by a parameter of a distri-
bution. We shall use the term only to denote quantities, such as m and o above, which appear
explicitly in the specification of the distribution. Thus the mean and variance are not parameters
in our sense ; although it so happens that in the frequency function given above m is equal to
the mean and o® to the variance.

32
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(arithmetic, geometric and harmonic), the median and the mode. We consider them
in turn.

The arithmetic mean is perhaps the most generally used statistical measure, and
in fact is far older than the science of statistics itself. If the proportional frequency
of the values x of a distribution is f(x), the arithmetic mean u; about the point ¥ = a
is defined by

po= | @-af@a

_ f (x—a)dF. @.1)

This integral is to be understood in the Stieltjes sense and hence includes summation
in the discontinuous casc ; e.g. the arithmetic mean of a set of discrete values x is their
sum divided by the number of values. In formula (2.1) the frequency, in accordance
with our usual convention, is expressed as a proportion of the total frequency. If
the actual frequencies are g(x), totalling N, we have
@
’

1
w5 G-agEd

in the continuous case, and
1 &
b=, I G- ae)
in the discontinuous case. The value of the arithmetic mean thus depends on the
value of a, the point from which it is measured. For a mathematically specified dis-
tribution the integral (2.1) need not necessarily converge, in which case no arithmetic
mean exists.

2.4 The calculation of the arithmetic mean of a numerically specified distribution
(i.e. one whose frequency-distribution is given in the form of a numerical table like
those of Chapter 1) is a simple process. If there are relatively few values in the popula-
tion we merely sum them and divide by their total number N. If they are given in
the form of a frequency table a more formal procedure is desirable, but the principle
is exactly the same. The following example will make the process clear.

Example 2.1

To calculate the arithmetic mean of the population of males distributed according
to height of Table 1.7.
Let us note first of all that if b is some other arbitrary variate-value,

41 (about a) = J'w (x—a)dF

- j:(x—b)dFJrj:(b-a)dF

= u, (about b)+b—a. (2.2)

In other words, we can find the mean about any point very simply when we know
D
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the mean about any other. In calculating the arithmetic mean we can then take an
arbitrary point as origin and transfer to any other desired point afterwards. It is
generally convenient to choose this arbitrary point somewhere near the maximum
frequency.

One further point arises in grouped data such as these. We do not know exactly
the variate-values of the individuals within a certain class range. We therefore assume
them concentrated at the centre of the interval. Corrections for any distortion thus
introduced will be considered in Chapter 3. In fact, no correction is required for
the arithmetic mean in the case when the frequency * tails off ’ at both ends of the
distribution.

In the particular case before us we take an arbitrary origin at the centre of the
interval 67— inches, i.e. at the point 67; inches, and measure &é(=x—a) from that
point. Column 2 in Table 2.1 shows the frequency, column 3 the value of & and
column 4 the value of ¢f. We find, having due regard to sign,

3 (&f) = 8763 —8584 = 179.

Hence the mean about » = 0 is 67{6-+~815:7§9§ = 67-46 inches.

Table 2,1—Calculation of the arithmetic mean for the distribution of Table 1.7

o @ e )

Deviation
Height, Frequency from arbitrary Product
inches value ¢f

57—~ 2 - 10 20
58- 4 - 9 36
59- 14 - 8 112
60- 41 - 17 287
61— 83 - 6 498
62— 169 - 5 845
63— 394 - 4 1576
64— 669 - 3 2007
65- 990 - 2 1980
66— 1223 -1 1223
67- 1329 0 — 8584
68- 1230 + 1 1230
69— 1063 + 2 2126
70- 646 + 3 1938
71- 392 + 4 1568
72- 202 + 5 1010
73~ 79 + 6 474
74— 32 + 7 224
75- 16 + 8 128
76— 5 + 9 45

+ 10 20

77- 2

ToraLs 8585 — 48763
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Example 2.2

For a distribution specified by a mathematical function, the determination of the
mean is a matter of evaluating the integral (2.1), when it exists. For instance, to
find the mean of the distribution

1

dF = W(l-—x)”"x"“dx, 0<x<1; p,g>0,
we have
’ 1 1 -1
M= mjo(l_x)p x“dx
_ B(pg+1) _T(AT(g+1). T(p+q)
B(p,9) L'(p+q+1) I'(p)I'(q)
= -»q———.
Ptq
Example 2.3

If a distribution is specified by a generating function the mean can be evaluated
in the following manner.

Let
P(f) = X /. (2.3)
j=0
Pl _[sfp J
Then |:dt:|z=1 _‘[Efjt / =1
= 2fj
= u; (about zero). (2.4)

For example, with the binomial distribution specified by

P(e) = {pt+(1-p)}"
we have [%],=1 =np {p+(1-p)}"

= np’

which is therefore the mean about zero.

The geometric mean and the harmonic mean

2.5 'Two other types of mean arc in use in elementary statistics, though they are
of less importance in advanced theory.

The geometric mean of N variate-values is the Nth root of their product and is

not used if any of the variate-values is zero or negative. For proportional frequencies
f(x) we have

G= I (zf)
= (2.5)
or logG = X filogx;

j=—o
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and for actual frequencies g(x), totalling N,

G = I () -

1
logG = NEg, log x;

The harmonic mean of N variate-values is the reciprocal of the arithmetic mean
of their reciprocals. In the usual notation

1 (° dF _ (® f(x)dx

- .[_w_x- = J_m——x (2.7)
or, for actual frequencies,

1 g(x)dx

H NJ x (2.8)

provided, of course, that the integral exists.

Example 2.4
To find the geometric and harmonic means of the distribution
dF = (P )(l x)” 1x-'dx, O0<x<l; p,¢>0,
— p—-1,9-1
we have log G B (P’ J (1—x)"""x7"']og x dx.

Now, since by definition

j (1—xp-1a8"1dx = B(p,q)
0

we have, differentiating both sides with respect to g, an operation which is legitimate
in virtue of the uniform convergence of the integral and the existence of the resulting

expressions,

1
jo(l —x)P a0 ogxdx = -gB(p, q)-

Thus logG = B (; )74 B(p,q)
_ 95, 1T
aq (p+9)

_ %{logr(q)—logrwq)}.

The harmonic mean is given by
1 1

H™ B{p,9)
To keep this expression finite, however, we must require ¢>1. Then

1 _B(pg-1)_ T@-1) T(p+9)

H™ B(pg T(p+q-1) T(9

j(l— #)P=1 212 .,
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_p+g-1
-2

so that H = g—1 .
p+gq-1

We may note that the arithmetic mean, Z;jq;&’ is greater than the harmonic mean, for

b

q =1 Y4 q_l 1 Y4

p+q  p+qg ptg-1  pig-1
and therefore w>H
if N
p+q-1 p+q

which is clearly so.

2.6 In general it may be shown that for distributions in which the variate-values
are not negative

H<G<y,. (2.9)
Consider in fact the quantity

1
A(t) = %(xi+x;+...x16) ¢

where the x’s are real numbers. We shall show that this is an increasing function
of t, i.e. A(t)>A(¢,) if t,>1,. As a trivial case these inequalities may be replaced
by equalities, namely if all the x’s are equal.

Note that if we put £ = 1 in A4 (¢) we have the arithmetic mean; when ¢t = —1
we have the harmonic mean ; and as ¢ tends to zero we have the geometric mean, for

lim log A = lim(logZ«*/N)/t

t—0
= lim (£ «x*logx)/N
= Xlogx/N.
Put
ls s
d
= 2
F=1 dtlogA.
Then
d (log tdl
= 2O ) = -
F=1 a't< tI> I dt log?,
dar t ( d* (dI\®
and hence 5= F{IW——(‘%) } (2.10)

The expression in braces in (2.10) is non-negative, in virtue of the Cauchy-Schwarz
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inequality, for it is equal to

12‘ 1Zi‘lo2 —le‘loxz

Hence dF/dt has the sign of ¢ and F thus has a minimum at ¢ = 0. But when ¢ = 0,
F = 0 and hence F is non-negative. Therefore dlog.4/dt is non-negative, and since
A is non-negative d4/dt is non-negative and thus A4 is a non-decreasing function.
It will, in fact, be increasing unless all the x’s are equal.

The inequality (2.9) follows.

For simplicity we have stated these results for the discontinuous variate. The
analysis, however, is easily seen to remain true for Stieltjes integrals and hence is
generally valid.

Hereafter when the ‘“ mean” is mentioned without qualification, the arithmetic
mean is to be understood.

2.7 'There are many statistical uses of the Cauchy-Schwarz inequalities and it may

be useful to interpolate a few comments on them. The inequality given by Cauchy in 1821
n n n 2
states that if a;, b; ({ = 1, 2,...n) are real numbers ( z a%)( z b?)>( z a,-b,-) unless
i=1 fe=1 i=1

the a’s and b’s are proportional, in which case the inequality becomes an equality. The
corresponding result for integrals was given by Buniakowsky in 1859 and Schwarz in
1885. Many other inequalities can be derived from it, e.g. Holder’s of 1889 : if
a;, by, .., 1l; ({ = 1,...n) are non-negative, «, f,.., A are positive with a+f+...+4 = 1,
then

Ta*bb.. . '<Za*Zhb. . . Tl
unless one set of the (a) etc. are all zero or unless one set is proportional to all the others,
in which cases the inequality becomes an equality. A very clear and comprehensive

account is given in the book Inequalities by Hardy, Littlewood and Pélya, 1934, Cambridge
University Press.

The median

2.8 'The median value is that value of the variate which divides the total frequency
into two equal halves, i.e. is the value g, such that

f:f(x) dx = j:f(x) dx = }. (2.11)

‘There is some small indeterminacy in this definition when the distribution is dis-
continuous which may be removed by convention. If there are (2N+1) members
of the population, we take the median to be the value of the (N+1)th member. If
there are 2V we take it to be halfway between the values of the Nth and the (N + 1)th.
When the distribution is numerically specified in class-intervals there is the usual

indeterminacy due to grouping, which may be dealt with in the manner of the following
example.

Example 2.5
To find the median value of the distribution of heights considered in Example 2.1.
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Half the total frequency of 8585 observations is 4292-5.
There are, up to and including the interval beginning at 661% inches, 3589
leaving 703-5.
The frequency in the next interval is 1329.
Hence we take the median to be
66%%%—%%%—; = 6747 inches.

The mean (Example 2.1) is 67-46 inches, practically the same.
A graphical method of determining the median is given later in this chapter (2.15).

2.9 From the mathematical viewpoint the indeterminacy in the median can be re-
moved. For a set of values x,,. ., x it may be shown that the sum X| £ — x;|?, considered
as a function of &, has a unique minimum for some &, if p>1; and further, that as p

tends to unity &, tends to some unique value, which may be defined as the median.
See Jackson (1921).

The extension of the concept of median to the multivariate case is not entirely straight-
forward. The median of a bivariate distribution is usually taken to be a pair of values,
each being the median of one univariate marginal distribution. See Haldane (1948).

The mode

2.10 The mode or modal value is that value of the variate exhibited by the greatest
number of members of the distribution. If the frequency function is continuous and
differentiable it is the solution of

@ =25 =0 @)= <. 212)

If f'(x) vanishes and f"’ (x) is greater than zero we have a minimum, and such a point
is sometimes called an ‘‘ antimode.”

In numerically specified distributions and discontinuous distributions generally the
mode is sometimes difficult to dctermine exactly. It is essentially a concept related to
the continuous frequency function. For example, if the distribution merely consists
of an isolated number of values, each of which occurs only once, there is no mode in
the sense defined above. Where, however, the number is large enough to permit
grouping, there will usually be an interval containing a maximum frequency, and we
may regard the mode as lying in that interval. More generally there may be several
maxima, in which case the distribution is multimodal. In the height distribution of
Table 1.7, for instance, the mode may be considered as lying somewhere in the interval
67— inches. To estimate its position more accurately it is necessary to fit a continuous
curve to the distribution and determine the mode of the curve. The process of fitting
will be considered in Chapter 6.

2.11 In a symmetrical distribution the mean, the median and the mode (or in
cases such as the U-shaped distribution, the antimode) coincide. For skew distribu-
tions they differ. There is an interesting empirical relationship between the three
quantities which appears to hold for unimodal curves of moderate asymmetry, namely

mean—mode = 3 (mecan—median). (2.13)
A mathematical explanation of this relationship is given in Exercise 6.20.
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It is a useful mnemonic to observe that the mean, median and mode occur in the
same order (or the reverse order) as in the dictionary ; and that the median is nearer
to the mean than to the mode, just as the corresponding words are nearer together
in the dictionary.

In elementary theory the median and the mode have considerable claims to use
as measures of location. They are readily interpretable in terms of ordinary ideas—
the median is the middle value and the mode is the most popular value—and the
median is usually more easily determined than the mean in numerically specified
distributions. What gives the arithmetic mean the greater importance in advanced
theory is its superior mathematical tractability and certain sampling properties ; but
the median has compensating advantages—it is, for instance, less dependent on the
form of the frequency-distribution than the mean.

2.12 Mention should also be made of a little-used measure of location, the centre.
This is the variate-value half-way between the terminal points of the distribution if it
possesses such points. Its dependence on the terminal points and the use of mathe-
matical distributions which extend to infinity in one or both directions make it unsuitable
for many purposes but, like the range (2.17, below), it has some uses in sampling theory
and is very easily calculated. The centre of a set of values which form a sample is some-
times called the “ mid-range.”

Quantiles

2.13 The concept of median value can be easily extended to locate the curve
more accurately by the use of several measures. We may, for example, find the three
variate-values which divide the total frequency into four equal parts. The middle
one of these will be the median itself ; the other two are called the lower and upper
quartiles respectively. Similarly, we may find the nine variate-values which divide
the total frequency into ten equal parts—the deciles. Generally we may find the
(n—1) variate-values which divide the total frequency into n equal parts—the quantiles.
Evidently the knowledge of the quantiles for some fairly high n, such as 10, gives a
very good idea of the general form of the frequency-distribution. Even the quartiles
and the median are valuable general guides. In Chapter 14, we shall study statistics
of this type systematically.

2.14 The determination of the quantiles of a numerically specified distribution
proceeds as for the median, indeterminacies being resolved by similar conventions.
That of the quantiles of a mathematically specified distribution, say the jth quantile,
is a matter of solving for x the equation

i/n = j °arF 2.14)
which can be done without difficulty by interpolation when the integral of dF has been
tabulated.

Example 2.6
To find the quartiles of the height distribution considered in Example 2.1.
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One-quarter of the total frequency is 8585/4 = 2146-25

Up to the interval 65— there are 1376  members
leaving 770-25 members

In the next interval there are 990  members

Thus the lower quartile is 64%%+7—g(;—'02—5 = 65-71 inches

The upper quartile will be found to be 69-21 inches

We have already found (Example 2.5) that the median g, is 67-47 inches
Denoting the quartiles by Q, and Q, we see that
Q,—p, = —1-76 inches
Os3—u, = 174 inches
so that the median is almost half-way between the quartiles, an indication of the
symmetry of the distribution.

2.15 The quantiles can be easily determined graphically from the graph of the
distribution function. Fig. 2.1 gives the curve for the data of Table 1.7. To find

8585 e

| Frequency« 6438 75

_|Frequency=£2925

Cumulated Frequency (thousands)

Freque ch-Z/Ae 25

' S

(o]

Q, M. Q3
5% 58 €0 62 64 66 68 70 72 74 76
Height (inches)

Fig. 2.1—Distribution curve of the data of Table 1.7

(Heights shown to correspond to entries in the Table, e.g. cumulated frequency at 64 inches is
the frequency up to and including the range 64— and therefore up to 64§ inches)

the median we determine the ordinate corresponding to the abscissa of 3V and so
on. The positions of the quartiles and the median are shown in Fig. 2.1, and the
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reader may care to compare the values obtained by reading the graph by eye with
those given in Example 2.6.

Measures of dispersion

2.16 We now proceed to consider the quantities which have been proposed to
measure the dispersion of a distribution. They fall into three groups :—

(@) Measures of the distance (in terms of the variate) between certain representa-
tive values, such as the range, the interdecile range or the interquartile range.

(b) Measures compiled from the deviations of every member of the population
from some central value, such as the mean deviation from the mean, the mean devia-
tion from the median, and the standard deviation.

(¢) Measures compiled from the deviations of all the members of the population
among themselves, such as the mean difference.

In advanced theory the outstandingly important measure is the standard deviation ;
but they all require some mention.

Range and interquantile differences

2.17 The range of a distribution is the difference of the greatest and least variate-
values borne by its members. As a descriptive measure of a population it has very
little use. A knowledge of the whereabouts of the end values obviously tells little
about the way the bulk of the distribution is condensed inside the range; and for
distributions of infinite range it is obviously wholly inappropriate.

More useful rough-and-ready measures may be obtained from the quantiles, and
there are two such in general use. The interquartile range is the distance between
the upper and lower quartiles, and is thus a range which contains one-half the total
frequency. The interdecile range (or perhaps, more accurately, the 1-9th interdecile
range) is the distance between the first and the ninth decile. Both these measures
evidently give some approximate idea of the “ spread ” of a distribution, and are easily
calculable. For this reason they are fairly generally used in elementary descriptive
statistics. In advanced theory they suffer from the disadvantage of being relatively
difficult to handle mathematically in the theory of sampling.

Mean deviations

2.18 The amount of scatter in a population is evidently measured to some extent
by the totality of deviations from the mean. It is easily seen that the sum of these
deviations taken with appropriate sign is zero. We may however write

5, = r |5l | dF 2.15)

where the deviations are now taken absolutely, and define 8, to be a coefficient of
dispersion. We shall call it the mean deviation about the mean.
Similarly for the median x, we may write

5, = r' | x—u, | dF 2.16)

and call §, the mean deviation about the median.
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In future the words ““ mean deviation ”’ alone will be taken to refer to the mean
deviation about the mean.

Both these measures have merits in elementary work, being fairly easily calculable.
Once again, however, they are practically excluded from advanced work by their intracta-
bility in the theory of sampling.

Standard deviation
2.19 We have seen that the mean about an arbitrary point a is given by

i = r (x—a) dF.

We may, by analogy with the terminology of Statics, call this the first moment, and
define the second moment by

i = j (x—a)tdF. 2.17)
The second moment about the mean is written without the prime, thus:
po= | Guiyar (2.18)

and is called the variance. The positive squarc root of the variance is called the
standard deviation, and usually denoted by ¢, so that we have

' o= | Vit (2.19)

The variance is thus the mean of the squares of deviations from the mean. The

device of squaring and then taking the square root of the resultant sum in order to

obtain the standard deviation may appear a little artificial, but it makes the mathematics

of the sampling theory very much simpler than is the case, for example, with the mean
deviation.

The calculation of the variance and the standard deviation proceeds by an easy
extension of the methods used for the mean. In particular, if b is some arbitrary value,

U, (about a) = ro (x—a)*dF

=j°° {(x=b)2+2(b—a)(x—b)+ (b—a) )} dF

= u, (about b)+2(b—a)u’, (about b)+(b—a). (2.20)
If now b is the mean we have
My = pa+(pi—a) or puy = p;—(u;—a) (2.21)
Thus the variance can easily be found from the second moment about an arbitrary
point, which can be selected to simplify the calculations.

Example 2.7

To find the mean deviation and the standard deviation for the distribution of men
according to height considered in Example 2.1 (Table 1.7).

In the case of the mean deviation for a grouped distribution, the sum of deviations
should first be calculated from the centre of the class-interval in which the mean lies
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and then reduced to the mean as origin. It so happens that in Table 2.1 the mean
fell in the interval taken as origin, so that the preliminary arithmetic already exists
in the Table.

The sum of positive deviations is 8763 and that of negative deviations —8584.
Hence the sum of deviations regardless of sign is 17,347, the unit being the class-interval
and the origin the centre of the interval.

To reduce to the mean as origin, we note that if the number of observations below
the mean is IV, and the number above the mean is N,, and d = u;—a, we have to
add N,d to the sum of deviations about the centre of the interval and subtract N,d.
In this case d = 0-02 (Example 2.1), N,; = 4918, N, = 3667. Hence we add
(4918 -3667)0-02 = 25. Hence the mean deviation

5 = 17,347 + 25
17 8585
For the standard deviation some further calculation is required, as shown in Table 2.2.

= 2:02 inches.®®

Table 2.2—Calculation of the standard deviation for the distribution of Table 1.7 (some
preliminary calculation already carried out in Table 2.1)

) @ o )

Height, Frequency Deviation &f
inches f &
57- 2 - 10 200
58— 4 -9 324
59— 14 - 8 896
60— 41 - 17 2,009
61- 83 - 6 2,988
62—~ 169 - 5 4,225
63- 394 - 4 6,304
64— 669 - 3 6,021
65— 990 - 2 3,960
66— 1223 -1 1,223
67— 1329 0 0
68— 1230 1 1,230
69— 1063 2 4,252
70- 646 3 5,814
71- 392 4 6,272
72~ 202 5 5,050
73- 79 6 2,844
74~ 32 7 1,568
75— 16 8 1,024
76— 5 9 405
77- 2 10 200
‘T'oTALS 8585 — 56,809

Column (4) shows the sum X £2f, where f is the actual frequency. We then have,
for the second moment about the arbitrary origin,
, 56,809

My = W = 66172

(*) This calculation can be refined slightly—cf. Exercise 2.21.
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We have already found in Example 2.1 that

p 179

Hy—a = S—Sﬁ = 0-0209.
Hence, in virtue of (2.21)

Uy = 6:6172—(0-0209)2

= 66168

o = y/ug = 2-57 inches.
It may be noted that the mean deviation is about 80 per cent. of the standard deviation.
This relationship often holds approximately for unimodal curves approaching sym-
metry. The reason will become apparent when we study the so-called “ normal ”

distribution in Chapter 5.

Example 2.8
To find the variance of the distribution
1
dF = ——— (1 —x)P"1x7 1 dx, 0<x<1; p,q>0.
Bg ™Y P4

We have, about the origin,

i 1 ' — )P 1 41 +1
= B(P,q)jo(l 2?1 2t
_B(pg+2) _  (¢+1)q

B(p.q) — (p+g+1)(p+9)
We have already found (Example 2.2) that

' q .
My p+q
Thus Mo = py—
_ (@+he _ ¢
(p+q+1)(p+q) (p+9)*
_ q .
(p+q+1)(p+9g)*

Example 2.9
As for the mean, we may find the variance by differentiating a frequency-generating
function. Reverting to the binomial distribution considered in Example 2.3 we have

P~ (-1

and on putting ¢t = 1 we have, with moments about zero,
d? sr ’ ’
[-—*dtz] =Z{(-Df} = m—m 2.22)
tm=1

(#) M. C. Chakravarty (1948), Calcutta Statist. Ass. Bull., 1, 187, has shown that, in general,
for a set of n > 2 values,
2/n)} <8,/0 <(1—n"%}, n odd
<1 , m even,
the equalities being attainable.
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In this particular case

[r+a-py] =n@-np,

Thus s = n(n—1)p*+mnp,
and pz = n(n—1)p*+np—np?

Sheppard’s corrections

2.20 The trecatment of the values of a grouped frequency-distribution as if they
were concentrated at the mid-points of intervals is an approximation, and in certain
circumstances it is possible to make corrections for any distortion introduced thereby.
These so-called * Sheppard’s corrections ”” will be discussed at length in the next
chapter, but at this stage we may indicate without proof the appropriate correction
for the second moment.

If the distribution is continuous and has high order contact with the variate-axis
at its extremities, i.e. if it “ tails off ” smoothly, the crude second moment calculated
from grouped frequencies should be corrected by subtracting from it h?/12, where
h is the width of the interval. For example, in the height data of Example 2.7, we
have & = 1, and the corrected second moment is

6-6168 —0-0833 = 6-5335.
The corrected value of ¢ is 1/6:5335 = 2-56, as against an uncorrected value of 2-57.

Mean difference

2.21 The coefficient of mean difference (not to be confused with mean deviation)
is defined by

8= [T 7 aylape)ar)

= j _J_mlx—ylf(x)f(y)dxdy- (2.24)
In the discontinuous case two different formulae arise. We have either
1 202 .
M= N1y, B B 1nmnlfE)f @), =k, (2.25)
the mean difference without repetition, or
1 © ©
Ar=vp . 2 I [x=nl fx)f (), (2.26)
N j=—ow k= —ow

the mean difference with repetition. The difference lies only in the divisor and is
unimportant if N is large.

The mean difference is the average of the differences of all the possible pairs of
variate-values, taken regardless of sign. In the coefficient with repetition each value
is taken with itself, adding of course nothing to the sum of deviations, but resulting in
the total number of pairs being V2. In the coefficient without repetition only different
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values are taken, so that the number of pairs is N(N—1). Hence the divisors in
(2.25) and (2.26).

2.22 The mean difference, which is due to Gini (1912), has a certain theoretical
attraction, being dependent on the spread of the variate-values among themselves
and not on the deviations from some central value. It is, however, more difficult
to compute than the standard deviation, and the appearance of the absolute values in
the defining equations indicates, as for the mean deviation, the appearance of diffi-
culties in the theory of sampling. It might be thought that this inconvenience could
be overcome by the definition of a coefficient

B[ 7 weyydreare),

This, however, is nothing but twice the variance.

For B 77 2wyt dF () dF ()
- jfwxﬁdF(x)wadF(y)-ZjfwxdF(x)jo_owde(y)
+jfwdF(x)jfmy=dF(y)
= 2u,— 21"
~ e (227)

This interesting relation shows that the variance may in fact be defined as half the
mean square of all possible variate-differences, that is to say, without reference to
deviations from a central value, the mean.

Coefficients of variation : standard measure

2.23 'The foregoing measures of dispersion have all been expressed in terms of
units of the variate. It is thus difficult to compare dispersions in different populations
unless the units happen to be identical ; and this has led to a search for measures
which shall be independent of the variate scale, that is to say, shall be pure numbers.

Several coefficients of this kind may be constructed, such as the mean deviation
divided by the mean or by the median. Only two have been used at all extensively
in practice, Karl Pearson’s coefficient of variation, defined by

V = 1002, (2.28)
1
and Gini’s coefficient of concentration, defined by
A
G= L. 2.29
oy (2.29)

These coefficients both suffer from the disadvantage of being affected very much by
4y, the value of the mean measured from some arbitrary origin, and are not usually
employed unless there is a natural origin of measurement or comparisons are being
made between distributions with similar origins.
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2.24 For our purposes, comparability may be attained in a somewhat different
way. Let us take o itself as a new unit and express the frequency function in terms
of a new variable y related to x by

’

x—
y ="M (2.30)

c
Any distribution expressed in this way has zero mean and unit variance. It is then
said to be expressed in standard measure, or standardized. Two distributions in
standard measure can be readily compared in regard to form, skewness, and other

qualities, though not of course in regard to mean and variance.

Concentration

2.25 Gini’s coefficient of concentration arises in a natural way from the following
approach :—
Writing, as usual

F(x) = J-iwf(x)dx
let us define (2.31)

® (x) = ir_wxf(x)dx

O (x) exists, of course, only if p; exists. Just as F(x) varies from 0 to 1, ®(x) varies
from 0 to 1 provided that the origin is taken to the left of the start of the frequency-
distribution, assumed to be finite. @ (x) may be called the incomplete first moment.

Now (2.31) may be regarded as defining a relationship between the variables
F and ® in terms of parametric equations in x. 'The curve whose ordinate and
abscissa are ® and F is called the curve of concentration. Such a curve is shown in
Fig. 2.2.

o E 1

Fig. 2.2—Curve of concentration
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The curve of concentration must be convex to the F-axis, for we have

4O () _

MaFT S T
which is positive since our origin is taken to the left of the start of the distribution.
Also

, d*d dx 1

MRS T i
Thus the tangent to the curve makes a positive acute angle with the F-axis, and the
angle increases as F increases; in other words, the curve is convex to the F-axis.
The area between the concentration curve and the line ' = ® is called the area
of concentration. We proceed to show that it is equal to one-half the coefficient of
concentration.
In fact, we have from Fig. 2.2

1 1
2 (area of concentration) = J F d@—j o dF
0 0
and thus

@

il

24! (area) F(x)xdF (x)— ﬂ;jlm(x) dF (x)

o 00
[t ©

= | _wxdF(x)jimdF(y)—J‘o_owdF(x)r_wde(y)

- " | @-nar@aro).

J — 0

Now j fJ:(x-y)dF(x)dF(y) — 0, and hence
2 ea) =3[ [ [ -nar@aro)+ [ [T o-nar@are))

=3 [" ja-yl1ar@ar
= A,

Thus the area of concentration is equal to }A, /u;, namely one-half of the coefficient
of concentration G at (2.29).

2.26 Various methods have been given for calculating the mean difference. The
following is probably the simplest, particularly for distributions specified in equal
group-intervals.

Let us, without loss of generality, take an origin at the start of the distribution.
We may then write

N N
X X |xy—ax]| = 28 (x—xy),
j=1k=1
the summation X’ being taken over values such that j>k We have also

X=X = (=2 ) H (% = Xy_g) + . o .+ ( Xy —Xp)-

N—-1
Thus X (xy—op) = ’El Cr (%11 — %),
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where C, is the number of terms of type (x —x;) in ¥’ containing x,,, —x,. Since
h is the number of values of j less than or equal to % (the origin being at the start
of the distribution) and N—#% the number greater than or equal to £+1, we have
Cy = h(N—h), and thus

2 ..,
Al = '_—‘2 (x,-—xk)

z N-1

3 2 AN =) (41— ) (2.32)

This form is particularly useful 1f all the intervals are equal. F, being the distribution
function of x, we then have

A, = ]32 S (NF)(N—NFy)
=2 Z F,(1-F,). (2.33)

If the actual cumulated frequency ;:: x, 1s G, we have
A = Azsz}dl Gr(N-Gy), (2.34)

the most convenient form in practice.

Example 2.10
Returning once more to the height distribution considered in previous examples,
we may calculate £ G,(N—G,) as in Table 2.3.

Table 2.3—Calculation of the mean dnﬁ'erence for the helght distribution of Table 1.7

Heigh | ! !
i:«l:%xets' Frequency [\ (e . N —Gx i Gax (N — Gy)
|
57~ 2 2 8583 17,166
58 4 6 8579 51,474
59— 14 20 8565 | 171,300
60— 41 61 8524 |, 519,964
61- 83 144 8441 | 1,215,504
62- 169 313 8272 | 2,589,136
63~ 394 707 7878 5,569,746
64— 669 1376 7209  9.919,584
65— 990 2366 6219 14,714,154
66— 1223 3589 4996 17,930,644
67— 1329 4918 3667 | 18,034,306
68- 1230 6148 2437 | 14,982,676
69— 1063 7211 1374 | 9,907,914
70—~ 646 7857 728 | 5,719,896
71— 392 8249 336 . 2,771,664
72~ 202 8451 134 | 1,132,434
73— 79 8530 55 469,150
74 32 8562 23 196,926
75— 16 8578 7 60,046
76— , 5 8583 2 17,166
77- | 2 , 8585 E — ! —
! |
. |
TOTALS } 8585 | — l — 105,990,850
' !
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We have, from (2.34), for the mean difference with repetition,

Al = 2><105,990,850
1= 85852
= 2:88 inches

as against a mean deviation of 2-02 inches and a standard deviation of 2-57 inches
(Example 2.7). There is, of course, nothing inconsistent in the difference between
these values. The coefficients are different in nature, and there is no reason why
their numerical values in any particular case should approach equality.

Mean values in general

2.27 The concept of the arithmetic mean of a variate can be easily extended to
that of the mean of a function, say k(x). In fact we definc

E (k) = j h(x)dF, (2.35)
subject, of course, to the existence of the sum or integral on the right. Mean values
such as this play a fundamental role in the theory of statistics and of probability.
The notation E derives from the fact that in probability theory such values are often
known as “ expected values ” or ‘‘ expectations.” It is a remarkable and fruitful fact
that in the theory of sampling we are often able to determine certain mean values,

especially those of powers of the variate, more easily than the corresponding frequency
functions.
Generally, for a function A (x,,x,,..,x,) we have

E(k) = j - [ mmh(xl,. ) dF (2, - ) %) (2.36)

- o0 —

In particular if 4 is a function of x, only, we have, for the multivariate distribution,
on integrating with respect to x,,.., x,,

E(k) = J :h(xl) dF (x,) (2.37)

where F(x,) is the (marginal) distribution function of x,. ‘This is required for con-
sistence with (2.35) and shows us that the mean value of a variate (or some function
of it) is the same whether the variate forms part of a multivariate complex or not.

2.28 Two simple but important properties of mean values are to be noted :
(@) The mean of a sum is the sum of the means. If &, and &, are two functions,

E (hy+hy) = E(hy)+E (hy). (2.38)

This follows at once from the definitions.

() The mean value of a product of two functions is the product of their mean
values if each function depends on a set of variates independent of the set on which
the other depends. For example, let x, and x, represent independent variates. Their
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distribution function then factorizes into two components and we have

Bub) = | |7 h)ha ()l ()

j:ohl(xl) dF (x,, o) j_

= E(h,) E(h,). (2.39)
Equation (2.38) is true even if the variates are dependent ; (2.39) will not be true in
general for dependent variates.

0

by (x5) dF (00, %)

EXERCISES

2.1 Show that the mean dcviation about an arbitrary point is least when that point is the
median.

2.2 Show that the mean (about the origin) of the discontinuous distribution whose fre-

quencies at 0, 1, 2,..,7,... are
At AT
o Y T R
e (1) ’2!’..,7'!’. )

2.3 Show that, if deviations are small compared with the valuc of the mean, we have approxi-
mately. for the geometric and harmonic means,

, 1 ¢®

0-2
H=4(1-7;
”l( /‘1’)

m—2G+H = 0.

2.4 Show that the mean deviation about the mean is not greater than the standard deviation;
and that the mean difference cannot exceed +/2 times the standard deviation. -

is 4, and that the variance is also A.

and hence that

2.5 Show that for the * rectangular ” population

dF = dx, 0<sx<l1,
uy (about the origin) = %
By = 5
mean deviation = }
Al = ‘*-
2.6 Show that for the distribution (the negative exponential)
dF = ke %/°dx, 0<x< o,

the mean, standard deviation and mean difference are all equal to o; and that the inter-
quartile range is olog,3.

2.7 Show that for the distribution
dF = ke 32" y—1dy, 0<y< o,
4, (about the origin) = v2 I'{} (v +1)}/T (3»)

’

tg = V.
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2.8 Show that if a range of six times the standard deviation contains at least 18 class-
intervals, Sheppard’s correction will make a difference of less than 0-5 per cent. in the uncorrected
value of the standard deviation.

2.9 Show that for a continuous distribution whose mean exists

A, = r F(x){1-F(x)}dx = 4r x{F (x) — 4} dF.

-~

2.10 If the variate-values of a distribution are x,,. ., xy in ascending order of magnitude and

r N

Sr = b)) Zj U= X Sy
i=1 r=1
r N

lr= X Xy—j41 V= Zt
i=1 r=1

2
show that A, = J_V—’(V_U)

2 '
= Ni {N(N+1)/-41—2U}.

2.11 Referring to Exercise 1.14, show that the mean of the negative binomial distribution
is m and that its variance is m {m/k+1}.
2.12 Show that the variance of the distribution
k

dF = l—ﬁdx, —-0CXs ©,
is unity.

2.13  With reference to Exercise 1.10 find the mean value of x}+x2+x3 (a) directly and
(b) from the distribution of 72,

2.14 For the distribution of Exercise 1.11 show that the mean value of x? is 67 and that of
y? is ¢2. By differentiating [dF = 1 with respect to p show that E(xy) = pog,0,.

2.15 A variate takes only non-negative values and has mcan g;. Show that for any positive ¢

F(t)>1—puj/t.
2.16 Show that if a distribution
1
dF = — — ¢ 17'dx, — 0gx< ©,
v (27)

is transformed by x = alog(y—b)+c¢, the distribution of y has

1 1)
J—— — e — s
mean —mode exp <2f12> *P ( a’ ,

mean—median 1
exp ('2?) -1

and that this ratio tends to the value 3 as a — .

2.17 A non-increasing frequency function f(x) on the range 0 to o has mean g. Show
that g > 1/{2 f(0)}. Illustrate on the distribution

dF = -i-’(ah—x’)}dx, O0<x<a.
na

2.18 In the manner of the previous exercise find an inequality involving the second moment
of f(x). Hence show that for a continuous differentiable frequency function with a single mode
the ordinate at the mode is not less than 1/(4/30) where ¢ is the square root of the second moment
about the mode.
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2.19 Show that for a distribution with existent mean the mean difference A, also exists.
Illustrate by reference to the so-called Pareto curve

dF=%dx, O<a<x<g oo, a>1,

where the mean may exist but the variance does not exist for a<3.

2.20 For the distribution of Exercise 1.11 show that if E(x®)E (%) = E (x23?) then the
variates are independent.

2.21 In the mean deviation calculation for grouped data in Example 2.7, the interval in
which the mean fell made contribution f |d| to the sum of deviations. Show that if the fre-
quency f is split into frequencies above and below u; proportionately to the fractions of the

interval-width h above and below ], and these frequencies are taken to be concentrated at the
ld] 1

2
centre of their intervals, the sum of deviations is increased by fh (—]T—§> . Confirm that,

in Example 2.7, this correction incrcases d, by 0-04.



CHAPTER 3

MOMENTS AND CUMULANTS

Definition of moments

3.1 In the previous chapter we defined the first moment (arithmetic mean) about
an arbitrary point a by the Stieltjes integral

= j (x—a)dF (3.1)
and the sccond moment about the point by
= j (x—a)* dF. (3.2)

In generalization of these equations we may define a series of coefficients u,, r = 1, 2...,
by the relation

= me(x—a)'dF. (3.3)

4, is called the moment of order r about the point a. When a is the mean u; we write
the moment without the prime,

a0
My = J (x—p,) dF, (3.4)
—
and call it a central moment or a mean-moment. In particular
My = 0)

and we may also define a moment of zero order

yé:/xo:j* dF = 1.

It is assumed that when reference is made to the rth moment of a particular distribu-
tion, the appropriate integral (3.3) converges for that distribution. As will be seen
later, some of the theoretical distributions encountered in statistics do not possess
moments of all orders ; some, in fact, possess only a few moments of low order, and
one or two do not possess any, except of course the moment of order zero. It is obvious
that if a moment of order r exists, moments of all lower orders will exist.

3.2 If a and b are two variate-values, let 5—a = ¢ and denote the moments about
a and b by u'(a) and 1’ () respectively. Then we have, by the binomial theorem,

(x—a)y = (x—b+b—a) = (x—b+c)

=X r.)(x—b)"’c’.
j=0
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Hence

4 (a) = j:(x-a)'dp

= jw )9 <;.)(x—b)"’cde

—0j=0

- z'(’.)c'r (x—by-IdF
i—o0 J —

- % (;) w5 (8) . (3.5)

i=0

This equation gives the 7th moment about a in terms of the rth and lower moments
about 5. It may be written in a symbolic form which will be found to provide a useful

mnemonic, namely
p(a) = {w' (B)+c}
with the convention that the expression on the right is to be expanded binomially and
the form {u’'(b)} replaced by u;(b).
The equation (3.5) is of particular importance if one of the values a or & is the mean
of the distribution. In this case we have

Hy = ;2‘0 (;) Hejity. (3.6)
we= % (D)iis(-si. (3.7)

In particular
Mo = pa+p?
ty = pa+3p; pey+ ey (3.8)
My = pat+Aug ps+ 6 g+ ot

and
He = fy— iy
Ms = pg— 3y pig+2p0,° (3.9)
Mo = pg— 4 prg+ Op 2y — 3y

Calculation of moments

3.3 For a distribution specified numerically in a frequency table the calculation
of moments of third and higher orders is akin to that of the first and second moments.
For grouped data (high order moments are hardly ever required for ungrouped data)
the observations are regarded as concentrated at the mid-points of intervals; a con-
venient arbitrary origin a is chosen, the moments about a calculated, and then if neces-
sary the moments about the mean are ascertained from (3.6) or (3.7). The effect of
grouping may be corrected for in certain cases.

In practice numerical moments of order higher than the fourth are rarely required,
being so sensitive to sampling fluctuations that values computed from moderate numbers
of observations are subject to a large margin of error.
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There are two methods in general use for arriving at the moments about an arbi-
trary origin. ‘'The first is an immediate generalization of the methods used in Chapter 2
for the first two moments. The second will be considered in 3.10 in connection with
factorial moments.

Example 3.1

To find the first four moments about the mean of the distribution of Australian
marriages of Table 1.8.

Until the last stage we work in units of three years, the variate interval. A working
mean is taken at 28-5 years. To check the arithmetic we use an identity of type

(x+1)* = x3+3x2+3x+1,
(x+1)* = x*+42% 4+ 6x2+4x+ 1.

Thus, for instance, the value of g(x)(x+1)" is found in addition to that of g(x)x" and
the two checked by identities such as

Sg(x)(x+1)° = Sg(x) w0 +35g(x)x*+3 g (x) x + g (v),
g(x) being the actual frequencies. The arithmetical work is shown in Table 3.1.

Table 3.1—Calculation of the first four moments of the distribution of marriages of

Table 1.8
T o | T | N
Mid- ! | I | |
value | ' ! | l i
m(t)efr- £ * x2 G+ | x% (D% 0 2% (xHD%® | x% (z+1)%g
vals, ) I . | ; |
years i | i i |
| i [ ! [
T D ! T ! |
165 294 | —4 | — 1,176 | — 882 4,704 | 2,646 | — 18,816 | — 7,938 75,264 23,814
195 10,995 | —3 | — 32,985 | -—21,990 98,955 l 43,980 | —296,865 | — 87960 890,595 175,920
225 61,001 | —2 | —122,002 | —61,001 244,004 61,001 | —488,008 | — 61,001 976,016 61,001
255 73,054 | —1 | — 73,054 | —83,873 i 73,054 ‘ — — 73,054 | —156,899 73,054 —_
_—: ’ - ———-;
28'5 56,501 0 | —229,217 56,501 ! — ; 56,501 | —876,743 56,501 | — 56,501
C—— | b | CR—— |
315 33,478 1 33,478 66,956 33,478 | 133,912 33,478 267,824 | 33,478 535,648
345 20,569 2 41,138 61,707 ' 82,276 185,121 164,552 555,363 329,104 1,666,089
375 14,281 3 42,843 57,124 128,529 228,496 385,587 913,984 1,156,761 3,655,936
405 9,320 4 37,280 46,600 149,120 233,000 596,480 | 1,165,000 2,385,920 5,825,000
43-5 6,236 S 31,180 37,416 155,900 224,496 779,500 | 1,346,976 3,897,500 8,081,856
465 4,770 6 28,620 33,390 171,720 233,730 | 1,030,320 | 1,636,110 6,181,920 | 11,452,770
49-5 3,620 7 25,340 28,960 177,380 231,680 | 1,241,660 | 1,853,440 8,691,620 | 14,827,520
52-5 2,190 8 17,520 19,710 140,160 177,390 | 1,121,280 | 1,596,510 8,970,240 | 14,368,590
555 1,655 9 14,895 16,550 134,055 165,500 | 1,206,495 | 1,655,000 | 10,858,455 | 16,550,000
58-5 1,100 | 10 11,000 12,100 110,000 133,100 | 1,100,000 | 1,464,100 | 11,000,000 | 16,105,100
615 810 11 8,910 9,720 98,010 116,640 | 1,078,110 | 1,399,680 | 11,859,210 | 16,796,160
64-5 649 | 12 7,788 8,437 93,456 109,681 | 1,121,472 ; 1,425,853 | 13,457,664 | 18,536,089
67-5 487 | 13 6,331 6,818 82,303 95,452 | 1,009,939 | 1,336,328 | 13,909,207 | 18,708,592
70-5 326 | 14 4,564 4,890 63,896 73,350 894,544 | 1,100,250 | 12,523,616 | 16,503,750
73-5 211 15 3,165 3,376 47,475 54,016 712,125 864,256 | 10,681,875 | 13,828,096
765 119 | 16 1,904 2,023 30,464 34,391 487,424 584,647 7,798,784 | 9,938,999
795 73| 17 1,241 1,314 21,097 23,652 358,649 425,736 6,097,033 7,663,248
825 27| 18 486 513 8,748 9,747 157,464 185,193 2,834,352 3,518,667
855 14| 19 266 280 5,054 5,600 96,026 112,000 1,824,494 2,240,000
88-5 5( 20 100 105 2,000 2,205 40,000 46,305 800,000 972,405
B T, e N _h e N
‘TOTALS
OF +VE | 301,785 | — 318,049 474,490 | 2,155,838 | 2,635,287 (13,675,105 l19.991,056 137,306,162 202,091,751
TERMS | !
)
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From this table we find
T(xg) = 88,832
2 (x%g) = 2,155,838
Z(x%g) = 12,798,362
X (xtg) = 137,306,162.
The values will be found to check and we have, about the working mean, on dividing

by the total frequency 301,785,
U 0-294,355,253

uh=  7143,622,115
o = 42-408,873,867
1, = 454-980,075,219.

For the moments about the mean, substitution in equations (3.9) gives
Uy = 7:056,977
us = 36-151,595
ug = 408-738,210.

These are expressed in class-intervals, which are units of three years. To express
the results in units of one year we multiply the rth moment by 3', e.g.

g = 7-056,977 x 9 = 63-512,79.

3.4 If a distribution is specified mathematically the determination of moments
is equivalent to the evaluation of certain sums or integrals. It is usually necessary
to consider whether the moments exist. Some examples will illustrate the general
principles involved.

Example 3.2

Consider the binomial distribution of Examples 2.3 and 2.9. We will write
g = 1—p so that the generating function of the distribution is (pt + ¢)*. In the manner
of those examples we have

[%r] - jg"oi(j—l)(f—Z)ff

= S(f)-32 () +22(f)
= ptg—3pty+2u3,
the moments being measured from zero origin. This gives us
My = 3pp—2u;tn(n—1)(n—2)p"
We have already found that
py = n(n=1)p*+np,  p = np,
and hence we find, after substitution and reduction,
ps = n(n—1)(n—2)p*+3n(n—1)p*—2np.
We are usually more interested in the moments about the mean, and from (3.9) we

have
My = pig—3py o+ 2,
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which, on substitution on the right, reduces to

us = np(p-1)(2p-1) (3.10)
= npg(g—p)- (3.11)

In a similar manner we find
e = 3n*p?(1—p)2+np(1—p)(1—0p+6p?) (3.12)
= 3n®p*¢*+npq(1—-6pq). (3.13)

The process may evidently be extended to give as many moments as are desired. But
we shall see later that there are easier ways of finding the moments of the binomial
distribution.

Example 3.3
Consider the distribution
k
dF = ———d. —oogx<oo; m=1.
A+am " "
This is a unimodal distribution symmetrical about x = 0. All existent moments of
odd order about the origin therefore vanish. The constant & is given by the equation

dx
L= kj_w(l + xZ)m
R (m—1)
I’ (m)
The moment about the mean of order 2r, 1f it exists, is given by

kf w(1+ xz)"'
and this integral converges if and only if
2m>2r+1.
Thus the moments about the origin of order <(2m—1) exist and thosc of higher order
do not.

If m = 1 it may be noted that the integral j ?—{C_I% is not completely convergent,

ie.  lim " @i—; does not exist, although the principal value
n-y»o,n'—»woJ —n (1+ )
lim j"‘ kxdx
n—y»wJ —n (1+x2)

does exist and is equal to zero. It is a matter of convention whether we regard the
distribution as possessing a mean in this case.’®) For m>1 the mean exists and is
located at the origin.

(#) A disadvantage of the convention that thc distribution has a mean is that for variates of
such a kind it is no longer necessarily true that the mean of a sum is the sum of the means.
Cf. Fréchet (1937), page 45, and Exercise 7.19.



60 THE ADVANCED THEORY OF STATISTICS

Making the substitution z = _l—i_xz in the formula for u,,, we find

1
por = k[ (1=ay=izmr-ids
0

_ Lo+l m—r-1)
I (m)

and on substituting for %,
P+ l(m-r-1)

Hop = -+ I (m—3) if 2m>2r+1.

Example 3.4

Consider the ““ normal ”’ distribution

_ T’(Zﬂ) ey,  —w<xs . (3.14)
"This is symmetrical about the origin. All moments exist, those of odd order vanishing.
Thus .
Uor = (T\?%Z?f)j_wxg’e—%'dx'
‘This may be evaluated by partial integration, but a more direct method is as follows.
Consider the integral

z'
e % dx

1 =<}
M) = U\/(Zﬂjj~w
= exp (30%2). (3.15)
We have, for all real values of 2,
efe 2t = §] (E—'x’e_fz?)
r=0\7:

The series on the right is uniformly convergent in x and may be integrated term by
term if the resulting series is uniformly convergent. We then have

M@ = '5'3 (5_, ﬂ,).

=0 \7
In other words, 4, is the coefficient of #'/r! in exp (}o%#2) and hence
¥ (2r)!
Mor = or Y (3.16)

Moment-generating functions and characteristic functions

3.5 'The previous example shows that in some cases we can derive from the dis-
tribution- or the frequency-function a function M (¢) which, when expanded in powers
of ¢, will yield the moments of the distribution as the coefficients of those powers.
Such a function is accordingly called a moment-generating function. If the frequency-
generating function is P(¢), the moment-generating function is simply P(e¢). The
name is conveniently abbreviated to m.g.f.
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For many frequency functions the integral jw € dF or the sum {Z¢"f(x;) } does not

—®
exist for real values of . Thisis, for example, true of the function dF = k(1 +x%)""dx
for finite positive values of m. A more serviceable auxiliary function is

é(t) = j :em dF (¢ real) (3.17)

where 7 is the pure imaginary quantity sometimes written as 4/(—1). This is known
as the characteristic function (often abbreviated to c.f.) and is of great theoretical
importance. It will be seen in Chapter 4 that under certain general conditions the
characteristic function determines and is completely determined by the distribution
function. It also yields many valuable results in the theory of sampling.
[+ 0]
Since by the nature of the distribution function the integral j dF converges,
—
o0
$@)1< | Jeselar =1
-
and hence the Stieltjes integral (3.17) converges absolutely and uniformly in . It may
therefore be integrated under the summation signs with respect to ¢, and may be differ-
entiated provided that the resulting expressions exist and are uniformly convergent.

We have, for example, writing D, for 7
Dig(t) =1" j e dF,
and hence, putting ¢ = 0,
te = (=) [Di (D=0 (3.18)
provided that u, exists. If ¢(t) be expanded in powers of ¢, u, must thus be equal to
the coefficient of (it)"/r! in the expansion. Thus the characteristic function is also a

moment-generating function. For many formal purposes it is sufficient to write, say,
6 instead of it and to ignore the fact that it is imaginary.

Example 3.5

Consider again the binomial distribution generated by the expansion of (p+¢)".
The frequency-generating function is (pt-+¢)" and hence a moment-generating function

is
M(t) = (pe'+9)"

, d
u = [EM(t)]t_o
np.

/ a2
Hg = [EFM(t)],=0
np+n(n—1)p2

Hence

and so on.
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Example 3.6
Consider the distribution
a)’
dF = x¥"le " dx, 0<x<go0; a>0, v>0,
T'() ’ v

which is known as Pearson’s Type III (cf. Chapter 6). The distribution may have a
variety of shapes, depending on the value of y, but moments of all orders cxist in virtue

[c2]
of the convergence of the integral j x"e”""dx, the I'-function integral, for r> —1
0

We have then, for the characteristic function,

a” Jw ety e
t) = —— | S0t xr—1y,
#(0) I'(y)Jo
By the substitution & = x(e—1it) this becomes
a’ &
= “iavldy
BO = 1y aitp)y €
1
= - i\ (3.19)
(-2
a
since j- e *3""'dz = I'(y) whether z is real or complex.
0
Hence
g vyt i\
é(2) = 1+ya+ 2 o)t
and thus
l"; = g’
r_ry+l)
Mo = 02-
,_ Y+ (y+2)
"= PSRN
and so on. In particular,
Ha = (-1—2’
2y (3.20)
Mg = z_s.
Absolute moments
3.6 The quantity
= j |x—a|"dF (3.21)

is called the absolutc moment of order r about a. The absolute moments about the
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mean are written without primes. Clearly if the moment of order 7 exists, the absolute
moment exists for any order less than or equal to 7.

If 7 is even, the absolute moment is equal to the ordinary moment, and if the range
of the distribution is positive the absolute moments about any point to the left of the
start of the distribution are equal to the ordinary moments of corresponding order.

There are some interesting inequalities concerning the absolute moments. Refer-
ring to the function A4 (¢) of 2.6 and remembering that it is a non-decreasing function
of t, we find, on putting ¢t =1, 2, . . ., that

GV GV GO (NG
A more general inequality, due to Liapounoff (1901), is
)< () ™ ()™ azb>c20. (3.22)

A proof of this result is given in Exercise 3.15.

Factorial moments
3.7 'The factorial expression

x(x—h)(x—2h)...{x—(r—1)1}

may conveniently be written x'"), a notation which brings out an analogy with the power
x". Taking first differences with respect to x and with unit %, we have

Axt7) = (x+R)l— 217
= (x+h)x(x—h)... {x—(r-2)h} — x(x—h)... {x—(r—1)h}
= rxl""1p,

which may be compared with the equation in differentials

dx" = rx""ldx.

¢ 1
Mol - (r41]
Conversely I I (x+h)
: * T — 1 r+1
corresponding to jox dx = o A

The rth factorial moment about an arbitrary origin may then be defined by the
equation

[ee)

o= = (5=ayfC) (3.23)
where we have chosen the summation sign X rather than the Stieltjes integral because
it is almost entirely for discontinuous distributions, or continuous distributions grouped
in intervals of width A, that the factorial moments are used. In statistical theory they
are not very prominent, but they provide very concise formulae for the moments of
certain discontinuous distributions of the binomial type.

As usual, when it is necessary to distinguish between factorial moments about the
mean and those about an arbitrary point we may write the former without the prime.
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3.8 The factorial moments obey laws of transformation similar to those of equation
(3.5) governing ordinary moments. In fact we have the expansion (»)

(@+b)r) = s (') alr-13td)

j=0\y
and hence (x—a)l = (x—b+c)"), where ¢ = b—a,
' fr ;
= 2( (x—-b)["j,c”]
j=0\j
T
and hence pna) = = (’) Hir—j () P (3.24)
i=0\3y

which may be written symbolically

nin (@) = {u’ (b)+c}rl.

3.9 By direct expansion of (3.23) it is seen that
By = By
14 — ’ —_ h ’
”(,2] /‘,2 P‘,l . (3.25)
Hisy = py—3hpa+2h
My = py—6hpg+11h%u; — 6k°

and conversely that

o = piyy+hpyy
sy = pigy+3h g +h (3.26)
Be = B+ 6k g+ Th pioy+ h* py,
Since the first moments are equal the equations remain true when the primes are
dropped and terms in first moments omitted.

Frisch (1926) gives general formulae showing the factorial moments about one point
in terms of the ordinary moments about another, and vice versa. In fact

pr(a) = _>3 {(:) BT ()= gy (b)} : (3.27)

j=0
r
#'ina) = = {(') Bt (c+ by hr—d ,u;(b)} (3.28)
i=0\y

where Bf.") (x) is the Bernoulli polynomial of order n and degree 7 in x (see 3.25 below).

Calculation of factorial moments

3.10 ‘The calculation of factorial moments for grouped data may be effected by a
process of progressive summation which is illustrated in Table 3.2.

® It is clear that (a+ b)"! will be a polynomial of degree 7 in a, and may therefore be equated
r
to Xk al*=71, where the k’s are polynomials in b and 4 but do not contain a. Puttinga =0

j=0
we obtain "] = k,. 'Taking first differences with respect to a and putting a = 0 we obtain
7b'—1 = k,_,. Successive differences give the k’s and the above result follows.
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Table 3.2
1) . 2 | 3) . ! ) .
Frequency ! First summation Second summation Third summation
v I '
| 1
R L | |
fa I fr+...+ fn | fat+t2fi+...+nm~1Dfn ' 9 2
£ okt fn A Y R A L
2 fot St ot fu te A =N St ok AT TDOT Dy
i {
| : ; : |
I |
. ’ - .
fn- In- *l-fn + fn Sa—a + 2fu_y + 3f; : fn.a + 3fn- + 6fn
fas e | B Ay 4 * R A 7
fn : fn | n | n
- | ‘
- ! . G—1) 1 l e J7 1 -2
T'OTALS i G5 =l l > {l_]:ﬂr,,f,} = Tl"ll?l i ) {J G - )(J )f} -3 !/‘[3]

Writing the proportional frequencics in the successive n intervals as f;. . .f,, as shown
in the left-hand column, we construct column 2 by adding frequencies from the bottom.
In the nth row we write f,, in the (n —1)th row the sum f,+f,—1, in the (n—2)th row the
sum fp+fn—1+fn-2, and so on, the first row containing the sum fo+fu—1+ ... +f1.

In column 3 the process is repeated with the rows of column 2, stopping at the second
row, e.g. the nth row contains f,, the (n—1)th row (f4 +fn—1) +fa = 2fn+fn—1, and so on,
the second row containing the sum (n—1)fp+(”m—2)fr—y+ ... +2f5+fa.

Column 4 repeats the process with the entries of column 3, but stopping at the third
row ; and so on.

Consider now the sum of the entries in column 2. In that sum f, appears once,

fy twice, . . , fa n times. Hence the sum is equal to E ifi
=1
’
= -
In column 3, f, appears once, f; appears 3 times, . . , f, appears 3n(n—1) times.

Hence
n Jiri_
Sum = X (‘Z-(J-«l»)f,>
-1\ 2
= %l‘le-
In general, the sum of the (r+ 1)th column will be given by

1 .
Sum = ;—![l[,].

If the actual frequencies are uscd instead of the proportional frequencies the sums have to
be divided by the total frequency N.
Thus the process of summation gives the factorial moments directly.

Example 3.7

Consider again the data of Table 1.7, showing the distribution of 8585 men according
to height in inches. The columns on the right in Table 3.3 show the successive sums.
At the top of the last three columns there has been placed within brackets the
number which would have bcen obtained if the summation were continued up the
column one place further than is required for the sum at the foot. These bracketed
figures are useful to have as a check since each must equal the sum at the foot of the
preceding column.
F
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Table 3.3—Calculation of the factorial moments of a distribution of men according
to height in inches (Table 1.7)

Height Frequency First sum Second sum Third sum Fourth sum
57— 2 8,585 (94,614) — —
58— 4 8,583 86,029 (502,459) —
59— 14 8,579 77,446 416,430 (1,709,785)
60— 41 8,565 68,867 338,984 1,293,355
61- 83 8,524 60,302 270,117 954,371
62— 169 8,441 51,778 209,815 684,254
63— 394 8,272 43,337 158,037 474,439
64— 669 7,878 35,065 114,700 316,402
65— 990 7,209 27,187 79,635 201,702
66— 1,223 6,219 19,978 52,448 122,067
67— 1,329 4,996 13,759 32,470 69,619
68— 1,230 3,667 8,763 18,711 37,419
69— 1,063 2,437 5,096 9,948 18,438
70—~ 646 1,374 2,659 4,852 8,490
71—~ 392 728 1,285 2,193 3,638
72— 202 336 557 908 1,445
73— 79 134 221 351 537
74— 32 55 87 130 186
75~ 16 23 32 43 56
76— 5 7 9 11 13
77- 2 2 2 2 2

TorALs 8,585 94,614 502,459 1,709,785 4,186,163

From this table we find

wh, 11-020,850,320,33

By =  117-055,096,097,84
= 1,194:957,483,983,69
Mgy = 11,702-727,082,119,98.
From these values we may derive the ordinary moments, using equations (3.20)
and find .
U 11-020,850,320,33
Ha 128:075,946,418,2

1,557-143,622,597,5
19,702-878,509,027,3,

’
M3
’
My

o

from which we find, for the moments about the mean,
6-616,805

-0-207,840

137-689,185,

Mo
Ms
K

o

the units being one inch.

Factorial moment-generating functions
3.11 1If the frequency-generating function is given by

P@t)= X fi¥
j=0
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we have, replacing t by 1+¢,
P(1+2)

It

QA+

24 E(0)

- 35 z[f,m—n Aj—it1]

- gou ol i) (3.29)

Hence P(1+41t) is a factorial moment-generating function (f.m.g.f.), the factorial
moment of order i being the coefficient of #//i! The moments here arc taken with a
unit interval between the frequencies.

!I

Example 3.8

Consider again the binomial distribution whose frequency-generating function

is {pt+(1—p)}". We have
P+0) = (1+py = £ pe(")
j-o

and hence, with origin at zero,

.‘"Erl = anlfl, r<om,
the limitation on 7 arising from the fact that in this case y,; = 0 for r > n. We can
now convert to the first #» ordinary moments, if desired, by equations (3.26). For
instance

1= My = P,

= pin(n—1)+pn, etc.
Cumulants
3.12 The moments are a set of descriptive constants of a distribution which are

useful for measuring its properties and, in certain circumstances, for specifying it.
Their use in these connections will be considered in later chapters. They are not,
however, the only set of constants for the purpose, or even the best set. Another series
of constants, the so-called cumulants, have properties which are more useful from the
theoretical standpoint.

Formally, the cumulants «;, «,, . . ., «, arc dcfined by the idcntity int
ket o Mg tR et
exp{xlt+—2“' et } = 1+,u1t+—22—, +——‘+ (3.30)
It is sometimes morc convenient to writc the same equation with #¢ for ¢, thus:
i)’ . (it
exp{xl(zt)-}—xz( ) . .—|—k,~(7!)—+ . } = 1+p (—ﬁ) tu ,(—')‘

= j e dF
= ¢(1). (3.31)

'Thus, whereas , is the coefficient of (it)/"/r! in ¢(t), the characteristic function, «, is
the coefficient of (it)"/r! in log #(¢), if an expansion in power series exists. Log (¢)
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may then be called a cumulant-generating function and denoted by c.g.f. It is also
known as the cumulative function.

3.13 If in equation (3.31) the origin is changed from a to b, where as usualb—a = ¢,
the effect on 4 (¢) is to multiply it by e™**, for je“” dF becomes j. e'c=¢'* dF. Hence

the effect on log ¢ (2) is merely to add the term —itc, and consequently the coefficients
in log #(t) are unchanged, except the first, which is decreased by c.

Hence the cumulants are invariant under change of origin, except the first. In
this they stand in sharp contrast to the moments about an arbitrary point.

Both cumulants and moments have another property of an invariantive kind, namely,
that if the variate-values are multiplied by a constant a, u, and «, are multiplied by a".
This is at once evident from their definitions. Thus any linear transformation of the
kind

E=Ix+m (3.32)
leaves the cumulants unchanged so far as the constant z is concerned and multiplies
x, by I’ The sole cxception is the first cumulant, which is equal to the mean. In
particular, if we transform a distribution to standard measure, the only effect is to
multiply «, by ¢77, ¢ being the standard deviation and, as we shall see in a moment,
being equal to «i.

The invariantive propertics of the cumulants were the origin of their original name
of semi-invariants, seminvariants or half-invariants (Thiele, 1903). In accordance with
the theory of algebraic invariants, however, it scems best to reserve the word “semin-
variant ”* for any constant 4, which, under the transformation (3.32), is multiplied by I".
The cumulants and the moments about the mean are thus particular cases of seminvariants.

Relations between moments and cumulants
3.14 Subject to conditions of existence, we have, from (3.30),

, t A t t? tr
l+,u—+...+,u,r—!+... = exp x1~1—~!+x2~2—!+...x,—r—»!...

1!
Kyl Ko t? K, t"
= €xp ?‘ €xp -—2‘!" ...eXp o)
B kit K2R kot 1 (it
_{1+~i—!+ 2! +..}{1+—2—!"+2! *2!'2' + ...

ko t™ 1 [k 17\?
{1+ ('}T>+2—'(“r|‘> +.}.

Picking out the terms in the exponential expansions which, when multiplied together,
give a power of ", we have

T Ky N1, \ 7 Kp, \" r!
W= ¥ z(-ﬂ,> (_,) - --p:i) A (3.33)
m=0 pl. p2. pm- ﬂl.ﬂz....ﬂm.
where the second summation extends over all non-negative values of the #’s such that
P17t P Tyt o P Tl = 7. (3.34)

It is worth noting that the rather tedious process of writing down the explicit rela-
tions for particular values of r may be shortened considerably. In fact, differentiating
(3.30) with respect to «; we have
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v , purtt oy 1 ou,
=1 e el ) =o— —
]!( it ) oe, t o T
and hence, identifying powers of ¢,
o, [\ .,
o (]) s (3.35)
In particular
o,
aK—l = T,y (3‘36)

and thus, given any u, in terms of the «’s, we can write down successively those of lower
orders by a differentiation.®)
The first ten of these expressions are, for moments about an arbitrary point :—
M = Ky ]
;“; = Ky +«i,
fy = Ky + 3K+ K
Uy = rg +4rgrey+ 33+ by 14 K,
e k5 +5kgry+ 10k 054+ 1064 1§+ 15k3 10y + 10k, 13 + 2,
Ue = kg +6x5x,+ 15k, K2+ 154, Kl + 10&5+ 60k ky 17 + 2045 &
+ 1518 + 45,3 k7 + 15k kt + &5,
Py = Kq +Trgry+21kgry+ 21 k5 13+ 35k i3+ 105:(4 Ko Ky
+ 35k, k470432 K1+ 1053 x5+ 210K3 Ky k34 35Ky K}
+ 105K2 w1+ 105:(2 Ky + 21k "1 + Kl,
Mg = g +8rqry+28uy 1o+ 28 1§+ 56k kg + 168k Ky 1y + 56k k3
+ 356 + 2804 kg k3 + 210k, k2 + 42044 g k2 + 70scy
+ 2802 1y +280k3 1+ 840u4 k2 iy + 560k, 1 1% + 5614 15
+105K;+4‘20K3 K%+210K§ K§+28K2 Kf+K§, r (337)
Mg = rg +9xgrcy4-36u;K,+ 30k, K5+ 84kgry+ 2524 Ky Ky
+ 84ucq 1} + 12615 1y + 504 k5 kg 1y + 37815 k4 7565 iy
+ 126k 3 + 315k 13+ 1260k, x5 k5 + 1260k 4 5 k2 + 1890k, 12 1y
+1260x, K2 k341261, K; + 2803 + 2520:(3 Kokt 840;(:; K
+ 1260k, «3 Kyt 3780K3 Kz K1 + 1260K3 Ky Kl + 84k, K1 + 945K2 Ky
+ 126043 § + 378k} 1 + 36k, k7 + &2,
Mo = K10+ 10kgk +45kg ks +45k4 k5 4+ 120, 3+ 360k, 15 1¢;
+ 120k, 6§ + 210k g k4 + 840x g k3 161 + 630k 2+ 126046 15 12
+ 2100 1 4+ 12643 + 1260k 5 kg 10y + 2520k 5 kg 05+ 2520k 5 15 13
+ 3780k 5 k5 kg + 2520k 5 Ky 163 + 25205 13 + 157512 1y + 157543 &3
+2100«, K§+ 12600k, k4 ko Kl + 4200k 4 g 63+ 3150k &5
+ 9450k k5 67+ 3150k, 1y Kl + 210k, <5+ 28003 «,
+ 6300« x5+ 12600K_‘ Ky K+ 2100K3 k3 + 12600k 5 x5 «y
+12600x, K% + 252065 1y 1§ + 12044 &7 e+ 945:(3 +4725k} K%
+31501<2 K1+630K2K1+45K2 K?+K}O 5 J

(® The coefficients of #’s in terms of «’s are those of the unitary symmetric functions (17)
in terms of the augmented symmetric functions and can be read from the tables of David and
Kendall (1949) as far as order 12. ‘T'he inverse relations may also be obtained from the tables
on multiplication by appropriate factorials.
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or, for moments about the mean («x; = 0),

Me = Ko

3 = Ky

My = Kg +3K§1

ts = K5 + 10Kz Ky,

”6 = Ke +15K4K2+10K§+15Kg,

Kq +21K5K2+35K4K3+105K3K§,

fg = kg +28kgry+50r; K+ 3565 +210k, i+ 2803 Ky + 10544,

/4‘9 = K9 +36K7K2+84K6K3+126K5K4+378K5K§+1260K4K3K2+280K§
+ 1260« x5,

Hio = Ko+ 45k iy + 120k, K3+ 210k x4+ 630k g k2 + 12642
+ 2520k, kg 1y + 1575Kf kg + 2100k, ki + 3150k, &3
+ 630012 k2 + 945 k. J

Conversely we have

=
B
Il

(3.38)

t r %] ot
P = log(1+”l~+...+’1;’-,—+...).
Expanding the logarithm and picking out powers of # as before, we have
r r N\ my 7\ Aim =1(p,—1)1
_ o, My )™ (1P 7 (p=1)! 3.39
the second summation extending over all non-negative #’s and p’s, subject to (3.34)
and the further condition
T+t ... 7, = p. (3.40)
The first ten formulae are, in terms of moments about an arbitrary point:—

Ky = /‘;) )
Ky = /‘; - :“;2’
Ky = fg—3ug e +2u,
Ko = fg— gy =3+ 12000 2 — 60,
ws = g — Sy pry — 10pg gy + 208 g1 + 3052 gy — 60, 1> + 2440,
wg = ftg= 65ty — 150 o+ 30p a2 — 1002 + 1205 pg o1y — 12070, 4

+ 30753 — 27002 12 + 360 )8 — 120400,
Ka = g = Treg py = 21 pag prg + 4200 1032 — 3510, pag + 210 o ,

=210, pay® + 140p® pay + 21072 1,2 — 12605 1, pa,* + 84070 11,

— 6307253 py +2520p,2 14,3 — 252005 p3° + 72047,
Ky = pg— 8y puy — 2Bug pu, +56pq pu,* — S6p pry + 336p5 pypy

— 33615 10, — 354, + 5601, pay py + 420, p1,* — 25200 g1 p1,*

+ 16802, 7% + 56025 pt;, — 1680442 o1 — 504014 a2 g

+ 13440, g1 1473 — 67205 16,° — 630158 + 1008072,3 12

— 252002,2 11,84 +20160p; 10,8 — 5040u,8,
Ky = py— Oty phy — 367 gty + T20p0* — Bkyug pug + S04y 1y o

— 5046 1,3 — 12640, g1, + 1008, pug g + 7565 p1;% — 4536 1 012

+3024u5 uy* + 6302, pe; + 25200, pug i, — 7560 g py?

— 113407, 14,2 py + 3024000, pag 1233 — 151200 p03° + 56043 )

(3.41)
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—15120u,2 /42 /‘1 +20160u42 14,3 — 7560 1,% + 907205 52 g, 2
— 1512004, ,u.‘,,u1 + 60480745 12,° +22680u5% 14, — 15120073 1¢,3
+ 27216042 1475 — 181440u, 10,7 + 40320p,°,

K10 = 10— 10peq 1y — 45 g g+ 90pug 1> — 12007 pag + 720707 prg o]
—720p, 10,3 — 210 gog + 16807 125 10y + 1260p¢5 12,2
—75601¢4 15 p 2+ 504074 0,4 — 12642 + 252041 g0 g1
+ 5040715 peg 1y — 1512005 pag 10,2 — 2268015 1052 pu; + 604807 e 1073 L (3.42)
—30240u, ,u;"’ + 315022 g — 945002 ;2 + 420072, 1132 '
— 756001, ,u3 - y ,u; + 1008004, 10 12,3 — 18900, 103
+226800p, ,u2 a2 —3780001¢; 105 10,4+ 1512000 1016 — 1680023 14
— 37800p4,2 g+ 30240022 e, ,u,;z - 252.000‘11.;2 a8+ 3024000 03 1e;
-15 IZOOO,u3 Ug? 1y + 1814400, 11y p1® 604800/5; w
+ 2268075 — 567000,1:"’,1('2 +226800040,2 10,3 — 31752007252 14,
1 181440044, 1" — 362880119 ;

or, for moments about the mecan,

Ky = o
Ky = [Lg

2
Ky = ftg — 3,

ks = 5 —10pg 1y,
kg = tg — 154105 — 1082 + 3043,
Ky = g =21 pegpy—35pa s+ 2100051, | (3.43)
kg = pg —28ugus—56p;p05— 3507+ 42004 pu2+ 560u5 1o, — 63015,
wy = prg —36u;py—84ug s — 126005104+ 756705+ 252000, pg ey
+ 56018 — 756085 12,
Kiog = p1o—45pgty— 1200, 03— 2100 g s+ 1260 ¢ 125 — 12642
+ 5040,”5/13/42 + 315022 prp + 42000 4 g — 189007 4 g3
— 3780043 13 +22680;¢3.

Existence of cumulants

3.15 'The formal expression (3.30) may be regarded as decfining the cumulants
in terms of the moments, and it is thus evident that the cumulant of order r exists
if the moments of orders r and lower exist. If, however, we look to the equation

cxp(E K, (l—t)'> (1)

as defining the cumulants, it is not quite so easy to show that «, exists if x, and lower
s exist.

Since € is an analytic function we can expand it in the expression for the char-
acteristic function and obtain

$(t) = [_m{z G L of e /(r -+ 1)|}} dF

S ity /jl+ R, (3.44)
j=0

It

where R, is a remainder term not greater than pv,  ,|#|"*!/(r+1)! with |p|<1.
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We may write this as
b)) = jéoﬂ; (it) /i1 + o (2.
For some small # we may then take logarithms and expand to obtain
log (1) = 3,1 s i) i1+ o (£7), (3.45)

the coefficients « being the cumulants by definition. Thus if », ,; exists «, and lower
cumulants exist. It is possible to prove stronger results, but this is sufficient for many
purposes.

Calculation of cumulants

3.16 The cumulants are not, like the moments, directly ascertainable by sum-
matory or integrative processes, and to find them it is necessary either to find the
moments and employ equations (3.43) or to derive them from the characteristic func-
tion. The following examples will illustrate the processes involved.

Example 3.9

In Example 3.7 we found the following values for the moments about the mean
of the height data of Table 1.7 :—

u, = 11-020,850
ts = 6:616,805
ity = —0-207,840
uy = 137-689,185,
whence, from (3.43), x, and «; have the same values as u, and u, and

Ky = prg—3u5

= 6-342,86.

k, is the same as y;, in this case measured from the centre of the interval 56~ inches.
The same results would, of course, have been obtained if we had used equations
(3.42) and moments about the origin.

Example 3.10
Consider the discontinuous distribution whose frequencies at the values 0, 1, . . ,

. i . . N
Jy .. .aree? (1, %, . ]-| y . ) The characteristic function is given by

$(t) = e2 X Lo

i
o o
bal
2
PO
-2
~~
E-3
I e
s
-
N’

Since the variate is non-negative, for any r the absolute moment is the same as the
ordinary moment, and we have
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and since this converges ® cumulants of all orders exist. They are therefore given by
the expansion of log ¢#(¢) as a power series in . But

log$ (1) = A(e*~1)
= A X (ity /j!
=1
and hence K, = A

for all . Thus all cumulants of the distribution are equal to 2.

Example 3.11
In Example 3.4 we found, in effect, for the characteristic function of the dis-
tribution

1 x?

dF—m exp(—é(—j—z)dx, — << 0o,

¢(2) = exp(—30°£%).
Thus logé(t) = —Lio%t2
It is easily seen that the absolute moments and hence the cumulants of all orders
exist. Thus

Ko = 02

and x, = 0, r>2.

Example 3.12
In Example 3.6 it was found that for the distribution

a?
dF =
L'(»)

the characteristic function is given by

x¥-1e=% dx, 0<x< ©0; a, >0,

It is readily verified that cumulants of all orders exist and hence
o .
(:t? in —ylog (1 —%)

k, = coeff. of

=y(r-1)la".

Example 3.13
Consider again the distribution of Example 3.3,

dF k

= ——d. —ogxgoo; m>1,
(1 + 22)™ % ~

(® For the ratio of the (n+1)th term of the series to the nth is

A (1) (AT B ._é_ _1_ r B .&
(n-l-—l)-!m/;x—f - n+1(1+n> - O(n)’

and thus the series converges for all finite values of 4.
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The characteristic function is given by

) elxt
¢(t) = j-m(l*i' 2)m

which, since sinx¢ is an odd function, reduces to

& J’ cos xt
~eo (14 2)"'
This integral may be evaluated by complex integration round a contour consisting of
the x-axis, the infinite semicircle above the x-axis and the infinitely small circle round
the point x = 7. It is found that

B0 = sy, @I Eme= @]y

LD m=2) g (@me2)!
- @iely=s+ ..+ Crm O,

If r<2m—1 the absolute moment of order r

[ _L.ail"dx
VY, = kJ‘“w(l_i_xz)m

exists and hence so does the cumulant of order . But in this case we cannot expand
log ¢ (f) in an infinite series of powers of #, though this might perhaps be thought
possible from the form of ¢(¢). In fact, we can only expand log¢(#) in powers of ¢
up to the point at which the derivatives of ¢ (2) exist, for # = 0.

To simplify the discussion, consider the case when m = 2, We have then, since
k = 2/x in this case,

$(t) = e {|2|+1}

logé(z) = —|t]+log {1+]2]}.
If ¢ is positive this equals
_llzt2+%t'3_
but if ¢ is negative it equals
N PiE YL

the two expressions differing in the sign of the term in #3 and every second term
thereafter. There is thus no unique expansion of log#(¢) in powers of ¢ about the
point ¢t = 0. There are two forms of the function expressing log ¢ (¢) according as
t is positive or negative.

However, these expressions coincide as far as their terms in ¢ and #2, and the first
and second derivatives of log ¢ (¢) are uniquely defined when ¢ = (. Thus the first
and second cumulants exist and are given by

Kl=0
K2=1o

Cumulants of higher orders do not exist.
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Factorial cumulants

3.17  Analogously to the relation between cumulants and moments we may define
a factorial cumulant xj as the coefficient of ¢"/r! in the expansnon of the logarithm of
the factorial moment-generating function. Thus if P(t) is the frequency-generating
function the factorial cumulant-generating function (f.c.g.f.) is

o(t) = logP(1+1). (3.46)

Like the factorial moment-generating function, ® () is mainly of use for certain classes
of discontinuous distribution.

The relations between cumulants and factorial cumulants are formally similar to those

between moments and factorial moments. Taking a unit interval between frequencies
we have, analogously to (3.25) and (3.26),

K1) = K3
Kig] = Kz Ky
K[a] = K3—3K2‘+‘2Kx (3'47)
Kia] = Kg—6Ky+ 11y — 06k
Conversely
Ky = Kpo]+ K(1]
Ky = K[3]+3K[2|+ K(1] . (3.48)
Keg = "[41+6K[31+7K(21+KmJ

Example 3.14
Reverting once more to the binomial distribution we have
w (1) = nlog(1+pt)
and hence
Ky = (=1 a@r-1)!p
Corrections for grouping

3.18 When moments are calculated from a numerically specified distribution
which is grouped, there is present a certain amount of approximation owing to the
fact that the frequencies are assumed to be concentrated at the mid-points of intervals.
It is possible to correct for this effect under certain conditions.

Let f(x) be continuous and of finite range a to b; and let the range be divided
into zintervals of width 2. The frequency in the jth interval, centred at x, = a+(j—}) A,
is then given by

f = J M8 dE. (3.49)

—th
The moments calculated from the grouped frequencies, which we will denote by a
bar, are then given by

n ih

fe= X & ’f(x,-+§)d§. (3.50)
. .

Now from one version of the Euler-Maclaurin sum formula ® we have, for a function
¥y (x) with 2m derivatives,

}J:y(x)dx = [y(a+ ) +y(a+3h)+...+y {a+(n—3)h)]
m h‘?J,.

-z (2]),32,(5)@«: 1)(x)] ~S (D)

(%) See for example, Ml]ne-Thomson, The Calculus of Finite Dzﬂerences section 7.5,
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where ¥ is the rth derivative of y, B,, (}) is the value of the 2m’th Bernoulli poly-
nomial for argument } and S,, is a remainder term which can be expressed as

Sy = (g";",Bz,,,(g) $@ (a1 nhg), 0<f<l. (3.52)

Putting

1h
y@ = [ feroae
-1
in (3.51) and neglecting S,,, we have, if the first 2m—3 derivatives of y vanish at the
terminals,

TN .
ZLx j-;» Flx+8)deds = il (3.53)

Hence
, 1 b rih
wo= ) | e e

_1 j NCR O U LS

r + 1 S (w) du
[m

i (2])(% )2j2] +1 Hr—ss (3.54)

where [§r] is the integral part of 3r. 'This gives the raw moments in terms of the
actual moments. In practice we require the latter in terms of the former, and it is
easy to find from (3.54) the following expressions :

=
’ - 1 2
Uy = po— lzh
’ - 1 - 2
My = .“'s—;i.‘hh .
o 1, 7 '
My = o7 i h® + 50 bt (3.59)

4 - 5 - 7 -
Hs = F5"6H3k2+4_—8:“'1h4

S5, 7 _, 31
Mo = g~ 4#4}‘2"”%!"2'14—@‘4”6

The general expression for these formulae is

r
p = zo{(:> @-7-1)B, hf,z,'_j} (3.56)
i-

where B; is the Bernoulli number of order j. (Cf. Wold, 1934q)

3.19 We have made various assumptions in arriving at these formulae: that
there is high-order contact at the terminals of the range, that the range itself is finite
and that the remainder term may be neglected. In absolute magnitude B,,,(3)/(2m)!
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is less than 4/(2x)*" and thus | S,,| in (3.52) is less than 4nA*"/(27)*™ multiplied
by some value of y®*™(x) in the range a to b. The extent to which the remainder
term is negligible then depends on the behaviour of f®™~Y(x) in the range a to b.

In practice the corrections result in improvements if there is reasonably high-order
contact, but may break down if there is not. For distributions of infinite range the
frequency tails off near the ends and we may still apply the corrections with some
confidence to those distributions (in practice, of course, necessarily of finite range)
where the major part of the distribution is concentrated and the frequencies at the
extremes are small. : '

Example 3.15

Consider the distribution
.
~ B(12,6)
a case of the so-called Type I distribution. The exact frequencies for intervals of

0-1 may be obtained from the Tables of the Incomplete B-Function, and are as
follows :—

dF x11 (1 — x)° dx, 0<x<g]l,

Centre of interval Frequency
0-05 0-000,000,0
0-15 0,000,009,2
0:25 0-000,646,8
0-35 0-009,938,2
0-45 0-061,137,4
0-55 0-192,199,6
0-65 0-332,887,7
0-75 0-297,479,9
0-85 0-101,033,7
095 0-004,667,5
ToTAaL 1-000,000,0

The raw moments about x = 0 are shown in the following table :—

Moment Raw Exact Corrected
0 0-666,662,8  0666,666,7  0:666,662,8
e 0-456,965,5  0-456,140,4  0-456,132,2
s 0-320,952,3  0-319,298,2  0-319,285,7
e 0-230,335,1  0-228,070,2  0-228,053,2
" 0-168,512,9  0-165,869,2  0-165,848,0
2 0-125,433,2  0-122,599,0  0-122,574,0

The exact values are calculable by direct integration. It is to be noted that the cor-
rected second and third moments are more accurate than the order of the terms,
h%/12 and k% /4, used in making the corrections. The corrected fourth moment is
in error by a term of order 2x 10-5 which is of the same magnitude as one of the
correcting terms, 7h*/240, used in arriving at it. Similarly the errors in the corrected
fifth and sixth moments are of the same order as or higher order than some of the

correcting terms.
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Example 3.16

As an illustration of the way in which Sheppard’s corrections break down when
the condition for high-order contact is violated, an example is taken from a paper
by Pairman and Pearson (1919). The following table shows the frequencies in a
certain range of the normal distribution

1
dF = — .- e ¥4
v
with intervalsrof width 0-5.

Interval centred at Frequency
15 0-655,91
20 0-278,34
25 0:092,45
30 0:024,02
3-5 0-004,89
4.0 0-000,78
4-5 0-000,10
5-0 0-000,01
TorAL 1-056,50

The distribution has high-order contact at one end but not at the start of the curve,
being in fact J-shaped and very abrupt at that point.

The following table shows the raw moments about the mean up to the fourth
order, the moments with Sheppard’s corrections, and the truc moments calculated
from the continuous normal distribution :—

Corrected

Momerrltr Rx;w Exacét
iy 0-158,524  0-172,222  0-137,691
U 0-104,226 0-098,612 0-104,226
1y 0-149,090  0-156.405  0:131,097

It will be noted that in the two cases where the corrections are made they operate in
the wrong direction. For the fourth moment they increase the difference between
calculated and true values from about 4 per cent. to about 16 per cent. It is clear
that, at least for the fairly coarse grouping of this example, Sheppard’s corrections
may fail completely.

3.20 Equations (3.55) were written in terms of moments about an arbitrary point.
"This point can, in particular, be the mean of the distribution, and accordingly we may
drop the dashes and put u; equal to zero in (3.55), to get the corrcctions appropriate
for moments about the mean.

Average corrections

3.21 'There is a distinct type of problem which also leads to the Sheppard correc-
tions. Suppose there is given a distribution of unknown range and the frequencies
falling into specified intervals. One may ask what are the corrections to be applied to
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the raw moments so as to bring them on the average into closer relation with the real
moments. In other words, supposing that the interval-mesh is located at random on
the distribution, what are the average values of the raw moments ?

Let X; be a fixed set of values of x, j varying from — o to oo by integral values.
As x; varies from X,—1h to X,+ 1k, x, varies from X,—1h to X, +3h.

By definition

«@ 3h
p= {5 reroa)

Denoting by E () the average as x, varies from X;— 1}k to X+ 1k, we have

, 1 (Ttin Wb
R R G C Y v

X;—ih

1 = &+ th
; 57 fwredea

hij—wlx-p —4h

1 0 A

_ ZJ & j F(x+8)dedx, (3.57)
— @ —4h

which is the same as equation (3.53) with the substitution of E (g,) for &;. Thus the

Sheppard corrections apply for the average group-moments whatever the nature of

the terminal contact.

They cannot, however, be applied indiscriminately on that ground. In place of
the conditions about terminal contact and bounded derivatives, which ensure the
applicability of Sheppard’s corrections to any particular distribution, there is the
condition that the grouping intervals are located at random on the range, which implies
that although the corrections may be wrong in any given instance, the average effect
in a large number of cases will be correct. In actual fact the condition about the
random location of grouping does not operate very frequently for J- and U-shaped
distributions, where the Sheppard corrections would not ordinarily apply ; for instance,
in a distribution of incomes or deaths at given ages it is almost inevitable to begin
the grouping at zero.

3.22 1t is also illegitimate to drop the dashes in order to obtain corrections for
moments about the mean. If the mean of the grouped distribution is denoted by m, the
average value of the rth moment about the mean is given by

@ ih
E (@i, = :lj (x—m)'j f(x+ &) dE dx,
o —~ih

where m is a function of x and the transformation of the integral which has been used
earlier in this chapter is no longer legitimate. Explicit expressions for average corrections
to moments about the mean have not yet been obtained. From a consideration of some
particular distributions, however, Kendall (1938) concluded that for all ordinary purposes
it is sufficient to use equations (3.55) as if the mean were a fixed point.

3.23 Average corrections may also be applied to discrete data which have been
grouped in wider intervals, but are different from those of the continuous case. Cf.
Exercise 3.13 and Craig (1936). For corrections when the Sheppard conditions are
violated see Pairman and Pearson (1919), Sandon (1924), Martin (1934) and Elderton
(1938b).
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Sheppard’s corrections to factorial moments

3.24 It has been shown by Wold (1934a) that for factorial moments the Sheppard
corrections are as follows :—
-1 3

!
By = M

F{e] = H[a)—ﬁ

, _, h’ ha
M = P~ g P+
i h?® , 7N
B = fg— 7 P +h® iy, — 80 ht

q (3.58)
4 5. 5. 71 31
.“fm = I‘['m"()—#('a]hz'*“z‘l‘('mha—ﬁ Py h‘+—8“h5
’ S5, _ 213 _
o) = o~ g Faa k45 figsy ha—“ﬁ Fiig
93 , 9129
ty Rk g
and in general are given by
r )
B = Z (;) BT @)K -, (3.59)
where the Bernoulli polynomial B§j+2) (@) is equal to
; (2! 1 .
—1)i+1 (14l [
(-1) i3ttt ) i>1,
and BY@) =1, BPEQ) =0.

Note on Bernoulli numbers and polynomials

3.25 The Bernoulli numbers and (to a smaller extent) the Bernoulli polynomials
have several important applications in statistics. 'The number of order j, B;, is defined
as the coefficient of #/j! in ¢/(ef—1). Thus

t ® B,#

t o
et—1 j=0]!

(3.60)

Direct expansion gives us
By,=1; B, = —1; odd order B’s = 0 except B, ;
B,=1/6; B,= —1/30; Bg=1/42; Bg= —1/30; B,y = 5/66;
By, = —691/2730; B,y = 7/6.
An expression we shall require (one of many expressible in terms of the Bernoulli

numbers) is obtained by putting (3.60) in the form
_.1.,._.__.]; 1 = E B, tj_l
e‘-—l t 2 j=2 ]'
whence, on integration from 0 to ¢, we find

log (sinh 30)/3¢ } = £ (B, #j1j)= % But/(%)'%: (3.61)
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An expansion of frequent use is the so-called Stirling’s series :—
- Bs;
logI'(x) = (x— %) logx— x+%log(2n)+ L 2 22— 1)x"
This is an asymptotic expansion in the sense that the true value of logI'(x), for x

real and positive, always lies between the sum of # and n+1 terms, whatever n may
be. In particular

(3.62)

log I' (x)
= (v—1)logx—x+}lo (Z'n)+1 r 1 1 (3.63)
g 12x 360x° T 1260x° 16807 T 11889 :
1 139 571
— p—Z 42—} . — —_
and P(x) = e*x""4/(2n {1+12x+288x2 5184055 2488320x4"'}' (3.64)

The Bernoulli polynomial of order n and degree j in x, BY(x), is defined by
(et — 1) = X ! B{(x)/5! (3.65)
j=0

Sheppard’s corrections for cumulants

3.26 As in 3.18 we have, writing 0 for i,
th © ih
Z{e"’%j f(x,+£)/d§} = 1. eo”dxj' flxe+&)dE
—ih -

1
=Z o "’fdfj_m 1 (%) dx
h 10k
_ sinb 0% " ey (3.66)

The expression on the left gives the characteristic function for the grouped data and
the integral on the right the true c.f. Taking logarithms and recalling (3.61) we have,
for the coefficient of 07/r!,

Kk, = K,— B, h" /1, r>1, (3.67)
an attractively simple result for the Sheppard corrections to cumulants. Since all
B’s of odd order are zero except B, and the first cumulant is equal to the mean, no
cumulant of odd order needs any correction. For the others we have

R )
ke = Ke™ 15
4
Q= "4+1};0 | (3.68)
_ ke
*e = Ko~ 753 )

Multivariate moments and cumulants

3.27 The foregoing results in this chapter may be readily generalized to the
multivariate case. 'To save complicating the algebraic expressions, we shall deal with
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two variates x; and x,; but the reader will have little difficulty in carrying out any
generalizations for more variates.
The bivariate moment g, about an origin @, for x, and a, for x; is defined by

= j ” j  (t1—an) (xa—ay) dF. (3.69)

—®0J -

If one of r,s is zero the moment becomes the ordinary univariate moment of the row
or column-border distribution of the bivariate population—the marginal distribution.
In the contrary case we meet a new type of moment—the product-moment. The
first product-moment y;, is of particular importance in the theory of correlation.
The first product-moment about the variate means x,, is known as the covariance.

As in the univariatc case, bivariate moments about certain points can be expressed
in terms of those about other points. If the x, origin is transferred from a, to b,,
where ¢, = b,—a,, and the x, origin from a, to b,, where ¢, = b,—a,, we have

trs (@1, @2) = (W' +1)" (' + ) (3.70)
where the product u'/u’* on the right is to be replaced by wj.(by,b,). This corre-
sponds to the symbolic equation

pr(a) = {u' (B)+e)
for the univariate case.

Methods of calculating the product-moments for numerically specified distributions
will be considered in Volume 2 when we discuss the theory of correlation. The deter-
mination of bivariate moments for a mathematically specified population is a matter
of evaluating double sums or double integrals, and no new statistical points call for
comment.

Example 3.17
Consider the bivariate distribution

- ! _ 1 (% 2pmixy o

dF =
of 0,0, 03
Let us evaluate

w

Mt 1) = j

j'w erl‘l""xl‘l dF
-0 J —w
Making the substitution

§=x—0lt,—po,0si,
) = xz—polaztl_ogtz
we find

M(ty,ty) = exp {} (1103 + 21, 2,0,04p+1303) } X

R S _ 1 (8 28 7
2710'10'2(1 ‘Pz)!j‘—w J~-00 exp{ 2(1_P2)<0% 0102+0§> dédn

exp {§ (o} +2p0, 0,2, t,+ 13 00) }.

i
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Now g, 1s the coefficient of : ;' ;% in M(t,,t,) and thus we find, for instance,
Mzo = 0%, M1y = pT,10y oz = 033
P30 = Ha1 = f1g = fos = 0}
ttao = 303, t31 = 3p0i 0y fze = (1+2p%) 0} 03,
Mz = 3po, 0, Hos = 303

3.28 'The bivariate analoguc of equation (3.30) may be written

K
exp{ 10 t,+ Ko t2+...+,;‘:r—;“‘t{t§+...}

o1t ol
o py fa0 g Mo Mgy
= I+1!O't1+0!°1!t2+...+r!;!t1t2+...
or symbolically,
»! L1
exp{zi)!x(t1+tz)"} = LP—!-// (2,412 3.71)
K Ky _
where k(t+1,)° = p! {IT!%! t’1’+(p»_”l;'!l1 K Yo+ .. } (3.72)
In terms of characteristic functions we may define
b(tts) = j f gntetint g (3.73)

and, as before, writc
§ . ) (i

rs

(ﬁ(tl, tz) =T,s=0 r! 5!
_ & (i) (i)
= exp {E_OK S (3.74)

subject to conditions of existence, where kg, is defined equal to zero.

From these equations the bivariate moments can be expressed in terms of bivariate
cumulants and vice versa. It is also possible to derive bivariate equations from the
univariate equations by the following simple symbolic process.

Consider the equation (one of (3.37))

pa = Kkyt+4rgrey+ 365+ Okg k] + k1. (3.75)
Write this formally as
W () = k() +4x () e (r)+3 {k(r?) )2+ 6 (r?) {x(r) }2+ {x(r) }*.

. . 9 ...
Treat this as a function of r and operate by $o giving
r

4u' (r35) = 4uc(r3s)+ 126 (r2s) e (r) + 4 (r*) k (s) + 12k (rs) (r?)
+ 12k (rs) {i(r) 12+ 126 (r2) & (r) k () + 4 {xc (r) }* < (5).

Divide through by a factor in 4 and replace 7 and s by suffixes relating to the first
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and second variate. We obtain
/‘;1 = K31+ 3"21 Kjo+ k3oko1t+ K% Koot 3”‘11 K%o"l' 3k 20K10Ko1 1 K?o Koy- ’ (3-76)
This is the expression of u,, in terms of cumulants. The process is quite general

and can be justified by reference to (3.71). It also applies to the expression of cumulants
in terms of moments and to formulae involving mean-moments. For example, from

Mg = K4+ 3l (3.77)
we derive, in the same manner,
Ba1 = K31+ 3Ky Ko (3.78)
A further operation of the same kind will yield *
oy = Koo Koo Koyt 263, (3.79)

3.29 The following formulae are sometimes required :—

M1 = K1 H21 = K1 M3y = K31+ 3Kkg9K1ys

Pag = Koyt KgKog+ 265 3 M1 = kg +4rggryt 0Ky Kag s

Pag = Kag+rzokoatOrgynyy+3rp0K1s s (3.80)
Ms1 = Kg1+Srgoryy+10kg; kg4 10kg9 K9y + 15 k50 K15 3 ? '

— 2 2 2 .
Baz = Kaa+ Ko koat 8rgy kyy+4Kgerig+0kgg g0+ 063 +3kd, Koo+ 12k50 k2, ;

— 3
U3z = Kgz+3Kgy kogt kggkoatVrggryy +9xyy ryy+ 350 K15+ I kg Koy +OkF .

Mgy = Mg1— Mgl 5 Koy = flag— fpofloz— 241 5 \
ka1 = fa1—4got11— 021 o0
Kgg = Maz—ﬂ30ﬂ02—6ﬂ21ﬂ11_3/“201“12; &(3.81)

kg1 = f51— Stao sy — 10psy pag— 101150 1y + 30150 /‘11(; ‘
Kaz = Mgz~ fLaotoa— Star /i1y — Hhgotaz— Optaa thno — Optyy + Opts0 rog + 24150 13, 5
K3z = Mas—3Uz1Mos — M3oMos— Iazttrr— Iarftss—3ttaottss+ 18050t 102 + 1245,

3.30 Wold (19345) has given the following expressions for Sheppard corrections

to bivariate moments and cumulants, the variates being grouped in intervals &y, k,.
r 8
U= T H h,;(r>(s> (I =1)(2"* = 1)B; By tr_j, o1 (3.82)
=0 k=0 J/\k ’
In particular
Moo = Boo—T2h} My = Bap Mo = foa—74h5;
Mg = Hgo— /4ty = Bgy— g B1/12 ;5 (3.83)
Bao = Bgo—BooP3/2+Tht /240,  pyy = iy — g, B/4 5
Bag = fog— oo h5/12— g, B /12 +hE h;/144.
For cumulants we have

Kpg = Kpgy 7,s>0
Kyo = Kpo— B, h}/r, r=2 (3.84)

Kos = Koys— Byh3/s. s22

® The formulae have been given for py, in terms of «,s and vice versa up to r+s<6 by
Cook (1951).
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Measures of skewness

3.31 We have considered measures of location and dispersion in Chapter 2. With
the aid of the moments we can now proceed to consider measures of other qualities
of the population, and in particular its departure from symmetry.

In a symmetrical population, mean, median and mode coincide. It is thus natural
to take the deviation mean to mode or mean to median as measuring the skewness
of the distribution. K. Pearson proposed the measure

mean —mode

Sk = T noce
[0}

which is subject to the inconvenience of determining the mode. For a wide class
of frequency-distributions known as Pearson’s (cf. Chapter 6), this measure may,
however, be expressed exactly in terms of the first four moments. We define

2
By = f—é (3.85)
. = 24 (3.86)
M2
Then it may be shown that for Pearson curves
Sh = VPB1(B:+3) (3.87)

2(58:—6p,—9)
and this equation may be taken as defining a measure of skewness applicable to all
distributions whose moments up to and including the fourth exist.
The coefficient §, itself is also a measure of skewness. Clearly if the distribution
is symmetrical it vanishes, since y; vanishes, and the size of urelativeto 3/ (or /8;)
will indicate the extent of the departure from symmetry.
Generally we may define

_ M3lon4s
ﬂ2n+1 = __:n+3
”‘ 2 (3.88)
2n+2
ﬂ2n = ;,zTn.}‘l”

quantities which are not in general use but will be found to occur occasionally in
statistical literature.
More convenient quantities than f, and f, for certain purposes are

u K

vy = /7";‘32 - _ngjz (3.89)
= 'u—-4— = —-—K4 .

=3t (3.90)

If the distribution is expressed in standard measure, y; and y, are its third and fourth
cumulants.

Kurtosis
3.32 In the so-called “ normal > distribution

dF _— e_}.m/(u dx, —w0gx< 0,

1
ov/(27)
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B, attains the valuc 3 and y, is zero. Curves for which y, = 0 are called mesokurtic.
Those for which y,>0 are called leptokurtic ; those for which y,<0 are called platy-
kurtic.

‘These names were originally conferred because it was thought that leptokurtic
curves were more sharply peaked, and platykurtic curves more flat-topped, than the
normal curve. This, however, is not necessarily so and although the terms are useful
they are best regarded as describing the sign of y, rather than the shape of the curve.
Cf. Exercises 3.20 and 3.21.

Example 3.18

For the distribution of Australian marriages considered in Example 3.1 we found,
for the raw moments about the mean in units of three years,

Az = 7-056,977, [, = 36-151,595, G, = 408-738,210.
With Sheppard’s corrections these become

Mo = 6:973,644, i3 = 36:151,595, pu, = 405-238,888.
From these values we find

By = 3854, v, = 1.963
B, = 8333, y, = 5333

indicating considerable skewness and leptokurtosis.

Example 3.19

From the formulac for the moments of the binomial distribution considered in
Example 3.2 we find

Y= P
V/(npq)

L lh—()pq

Ye =~ npg

so that, as n - oo, y, and y, -»0. This is in accordance with a result we shall prove
later, that the binomial distribution in standard measure tends to the normal form as
n tends to infinity.

Moments as characteristics of a distribution

3.33 'T'he use of moments and cumulants in determining the nature of a frequency-
distribution will be abundantly illustrated in later chapters, but some general remarks
may be made at this stage.

It has been noted that the characteristic function determines the moments when
they exist, and it will be proved in Chapter 4 that the characteristic function also
determines the distribution function. It does not, however, follow that the moments
completely determine the distribution, even when moments of all orders exist. Only
under certain conditions will a set of moments determine a distribution uniquely, but,
fortunately for statisticians, those conditions are obeyed by all the distributions arising
in statistical practice. For all ordinary purposes, therefore, a knowledge of the
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moments, when they all exist, is equivalent to a knowledge of the distribution function :
equivalent, that is, in the sense that it should be possible theoretically to exhibit all
the properties of the distribution in terms of the moments.

3.34 In particular we expect that if two distributions have a certain number of
moments in common they will bear some resemblance to each other. If, say, moments
up to those of order n are identical we know that as # tends to infinity the distribu-
tions approach identity, and consequently we expect that by identifying the lower
moments of two distributions we bring them to approximate equality. Some mathe-
matical support for this so-called Principle of Moments may be derived from the
following approach.

It is known that a function which is continuous in a finite range @ to b can be
represented in that range by a uniformly convergent series of polynomials in x, say

2 P,(x) where P,(x) is of degree n. Suppose we wish to represent such a function
n=0

s

approximately by the finite series of powers X a,x". The coeflicients a, may be
n=0

determined by the principle of least squares, i.e. so as to make

b
j (f~Za, ") dx (3.91)
a minimum. Differentiating by a; we have

b
2j (f—Sana™ o dx = 0

b b
or j fol dx = ) = [ Sa, ¥+ d, (3.92)

If now two distributions have moments up to order s equal they must have the
same least-squares approximation, for the coefficients a, are determined by the moments
in virtue of (3.92). Furthermore, if in the range the distribution f, differs from X a, x™
by &, and f, by &,, then f; differs from f, by not more than ¢, +e¢,.

A similar line of approach may be adopted when the range is infinite, the distribu-
tions in such cases being, under certain general conditions, capable of representation
by a series of terms such as e P,(x).® The same conclusion is reached.

Thus distributions which have a finite number of the lower moments in common
will, in a sense, be approximations one to another. We shall encounter many cases
where, although we cannot determine a distribution function explicitly, we may ascer-
tain its moments at least up to some order ; and hence we shall be able to approximate
to the distribution by finding another distribution of known form which has the same
lower moments. In practice, approximations of this kind often turn out to be remark-
ably good, even when only the first three or four moments are equated.

(" A theorem of Vera Myller-Lebedeff (1907, Math. Ann., 64, 388) states that a function can
be expanded in a series of derivatives of exp (—x2). This is not to be confused with the Gram-
Charlier series of Chapter 6, where a function is expanded in terms of derivatives of exp (— 3x?).
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Inequalities of the Tchebycheff type

3.35 It is also possible, given certain moments or expected values of a distribu-
tion, to make precise statements about the frequency or distribution functions in terms
of inequalities. Let F represent a distribution with an existent second moment. For
any real ¢t we have

(o= Yo (o

In the first two integrals on the right 1—-x2/12 is <0 and hence

Uy @ x2 t X2
=R < [ (1-5) e

t
<[ ar

-t
Thus the frequency from —t to ¢ is no less than 1—p,/f2. 1In particular, if we take
an origin at the mean of the distribution,
F(t)—F(—=t)>21—puy/t% (3.93)

In the language of probability this is more usually written in the form, taking u, = o?
and ¢t = Jo,

P{|x—E(x)|<i0}>21-1/22 (3.94)
or P{|x—E(x)|>%0 }<1/2% (3.95)
This is the inequality due to Bienaymé, who published it in 1853, and Tchebycheff,
who independently discovered it later. It is usually known as the Bienaymé-"Tchebycheff
inequality. It gives us a lower limit to the proportion of frequency lying within a range
of Ao on either side of the mean. Being expressed with great generality, the upper
limits are usually too wide to be of much use in determining frequencies in particular
cases, but such inequalities are invaluable in proving limiting properties and are not
without their uses for determining probabilitics in a very rough way.

3.36 'There are by now a large number of inequalities of the 'Tchebycheff type.
We shall meet several of them in the sequel. Here we will record a few of the commoner
ones for reference.

If v, is the absolute moment of order 7 it is easy to show by a direct extension of
the foregoing method that

P{|x—E(x)|/ <2}=1-1/4". (3.96)

This inequality, given by K. Pearson (1919), gives (3.94) when r = 2. When the
variate does not take negative values we may likewise show (cf. Exercise 2.15) that its d.f.
satisfies, for all ¢ > 0,

F@t)>1—p,/t (3.97)
which is sometimes called Markoff’s inequality. This gives (3.94) if we take {x—E(x)}?
as the variate and t = %02,

For general distributions these inequalities cannot be improved upon, but it is
rather remarkable that by imposing quite broad restrictions on the form of the fre-
quency function we can improve them considerably. For example, if a continuous
frequency function has a single mode, say m,, and the origin is taken there,
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P {|x—m,|<Av}>1—4/(922) (3.98)

where 7 is the square root of the second moment about the mode, as compared with
(3.94). This expression, in a different form, is traceable to Gauss.

3.37 For an account of these inequalities see a comprehensive review of the subject
by Godwin (1955). By assuming that two mean values (e.g. two moments) are known
we may obtain more refined inequalitiecs. Mallows (1956), by imposing further restric-
tions on the frequency function, such as the condition that there is only one point of
inflection on each side of the mode, has obtained some very fair approximations to the
distribution function itself. The subject is mathematically attractive and might well be
accorded a separate monograph.

EXERCISES

3.1 Show that the discontinuous (Poisson) distribution whose frequencies corresponding

to the values 0, 1, . ., 7, . . are
A M
6_1<1, '1-—!,. .,;‘!, . .)

has, for the moments about the mean,
pa=A py =2, py=2(14+32), pu; = (1 +104), pg = A(1+254+1542).

3.2 For the distribution
dF = kx—?e~v/*dx, 0<x<0; y>0,
show that, about the origin,
YT (p-1r-1)
S R
if r<p—1, and does not exist in the contrary case.

3.3 In the distribution

2\ —m
dF = k(l—*—%) exp {—varctan(x/a)! dx, — 0gXg ™,

show that, about the origin,

in
u, = ka"“j cos™=T=20gin" 6 9 dO

—in

and hence that
’ a

4 ’
"r = 2m—r-—l {(r—i)aﬂf'*:l—vﬂr—l}'

3.4 f(x) is a continuous frequency function, symmetrical about x = 0 and ranging from
—a to +a. It has a single maximum at x = 0. Show that
aﬁf
Par < -2-;—;' i, r=>1.
3.5 Show that for any symmetrical distribution the cumulants of odd order (except k,)
vanish if they exist.

3.6 Show that for the distribution
dF = e~*/%dx /o, 0<x< ®©;0>0,
Ky =a (r—1)!
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3.7 Show that ¢** may be expanded in an infinite series, valid in — 0 <x< o,
. x[2] x[r]
14 (8 —1) U (ef - 1)2 57+ R Gt VM BTIEEE

the factorials being taken with unit interval ; and hence that

uhy = D" $Olio
d
D= ;1“(;‘7) .
Hence show that, for the binomial (g+p)* about the origin,

where

pin = al7lpe.

3.8 Show that the distribution whose frequency at the variate-value +2r (r integral) is

oa a2r a2r+2 a2r+4
¢ {0!(27)'!+1 vere T 212 T }

and at + (2r+1) is
ou a‘.!r i1 a‘.’r+3 a27+5
e {(Q;Ti)"! Tz tai@eran T }

has odd-order cumulants equal to zero and even-order cumulants equal to 2a.

= }: r—1 -
T T\g=1)

3.9 Show that

and hence that

! T4 1 0 0 . . 0 |
L 1\,
! I (0 " 1 0 . . 0 1
!
’ 2 ’ 2 ’ !
)p = (=D gy (0)"’ (1)m 1 ~ : 0 i
1 l

, r—1\ , r—1\ , r—1\ ,
Hr 0 lltrA_l 1 ”r,_r_: . . ’ r_2 "l

3.10 Show that for the distribution
dF = dx, 0<x<l,

grouped into an integral number of intervals of equal width h, the corrections to the second
and fourth moments about the mean are
ki
= fiy+
K3 = Ko 12
h* Rt

By = ﬂ4+.‘22‘2‘+'§6'

(Cf. Elderton, 1938b. Note that the first is exactly, and the second approximately, the Sheppard
correction with sign reversed.)
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3.11 If 9, stands for the operator such that
oty =Py,  T2p

= 0’ r<P’
and 9, is distributive when applied to products, e.g.
) az:(AB) = B(aziA) +4 (3,,3),

show that 0, annihilates every cumulant (considered as a function of the moments) except «,
and that
Opkp = P!

3.12 If f(x) is an odd function of x of period 4, show that
[c o)
j x"x 18 Zf(logx)dx = 0
0
for all integral values of ». Hence show that the distributions
dF = x198% {1 — Jsin (47 log x) } dx, O<x< o) 0<i<l,

have the same moments whatever the value of A. (Stieltjes, 1918)

3.13 Show that if the frequencies of a discontinuous distribution are distributed at equal

. h . . . .
intervals o min each grouping-interval h, the average grouping corrections to the cumulants

_ Byh" 1
Ky = Ky— ’ 1_;,i" .

3.14 Show that for the bivariate distribution

1 1 2 2payx,  af
dF = p[ fl——-!'Z~J"lj-‘—2+2}:l dx;dx,, —0<x), x3< o,

are given by

(Craig, 1936)

270,60, (1 —p?)t o T2(0=p?)\et o0, of
1 b

all cumulants «,s 7, s>2, vanish; and further, if

lrs = l:]'.s;
9,0,
Arg = (r+s—1)/’1r—l,a—1+(r“1)(3"1)(1 "/’2))-)'-2,:—2
ol IenY ¢ (2p)%
WU et 5 (=) =) 12!
2 _Qr+DEs+)! L 2p)%
arobl el = 2r+e P =1 =) 2j+1)!

Aor, 2541 = Aary1,2s = 0,
where ¢ is the smaller of » and 5. In particular,

A =p, Ay =3p, Asy =15p, Ay = 105p, 29, = 945p;
Tap = (14207, oy = 31 +4p%), s = 15(1+6pY),
Ay = 105 (1 +8p?), Ay 10 = 945(1410p?);
Ayg = 3p(3+2p%), A5 = 15p(3+4p%,
Aeg = 3(3424p%+8p%).

non

3.15 (Liapounoff’s inequality for absolute moments.) Beginning with one form of
Holder’s inequality

TxrypfgEaelyf; a+p=1,
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put x =u’, y = u®, f=1-0a, o = (a—b)/(@a—c) and hence deduce the inequality
va=egya—byb—c,
[ a

3.16 Verify the expressions for «,; and xy; in equation (3.81).

3.17 A distribution is grouped in intervals of A. Show that as the’ grouping grid moves
along the variate axis the raw moments have period . Hence, writing

, @ {4k
p=X U j f@dx
[ 1

je—w

= A.+ E A,sm]6+ 2 Bjcosj6
j=1

where { =({+0/2n)h,
show that
1 [ A
A, = EJ o\ fe+d)dedx

— o —~3h
and hence that this leads to Sheppard’s corrections.
Show also that

PESY)
A, hj f(x) de {"sin (2as¢/h) dS
z—4h
with a similar expression for Bs.

For the distribution

1 .
Y, (Zn)e‘*" dx, — 0 € x < ©, show that, for corrections to the mean,
2n2

. h 2 .
the B’'svanishand 4; = (—1)#t1 p exp (—- shz and hence that, even for a coarse grouping

h = 1, the correction to the mean is not greater than e¢~2%'/n approximately.

(Fisher, 1921q)

3.18 (The Gauss-Winckler inequality.) By considering 1 —f(x)/f (%) as a distribution func-
tion and using Liapounoff’s inequality, show that for a frequency function which is differentiable
and has a single mode &, the absolute moments about % obey the relation

{r+ D)< {(n+ Dy, 3V, r<n.
In particular show that §,>1-8.
3.19 Show that
Ho
2"
My M

Ko
ug| >0

My

T
O~ -~
~

w~

and hence that 8,>1+8,.
3.20 Consider the two distributions

fix) =

—ja

1
v (Zﬂ)

it -
fax) = \/(2 )e {1+A4(x®—22x%4116x% —126x2+3) },

where A is a small positive constant.
Show that both have zero mean, unit variance and only one point of inflexion between 0

and o, on suitable choice of 4. Show also that f,>f, when x is large and when x is near
zero ; but that f; is platykurtic. (Dyson, 1943)
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3.21 'The following four unimodal symmetrical f.f.’s have zero mean and unit variance.
Show that they have the values of u, and the maximum ordinates indicated.

Value of p, Maximum ordinate
) 5%/; (-Z— + x‘) e 275 0423
@ 3 \/izn) et \1/”(% + x“) o 3125 0387
B gon 4 45 0-470
@) %%(2 +at) et 2667 0366

Comparing these with the normal values x4, = 3, max. ordinate = 0-399, show that any
combination of higher or lower ordinatc at the centre and lepto- or platykurtosis is possible.
(Kaplansky, 1945)

3.22 Defining, by analogy with 3.31,
s = (mean -—— median)/standard deviation,

show that for any distribution
—-1<s<1.
(Hotelling and Solomons, 1932)

3.23 Using (3.61) show that the c.f. of the rectangular distribution dFF = dx/h, — h<x<}h,
is given by

¢ (t) = sinh (Y ith)/(ith)
with cumulants
Kep—1 = 0’
Kop = B, b /(27), r=1,2,...

Similarly for the discrete rectangular distribution
P,(x::r)..—_.l_.’ r=1,2,...,mn
n
show that
¢ (t) = sinh (}itn)/{n sinh (}it)}

with cumulants

K, =tmn+1)
K2'+1 = 0,
Kop = Byp(n —=1)/(27), r=1,2,..

3.24 Show that if the variate takes zero or positive integer values only, (3.29) may be inverted
to give
1" ,
fi=5 5 (=1 uija/r!
J:r—0

Invert the factorial moments obtained in Example 3.8 by this means.



CHAPTER 4
CHARACTERISTIC FUNCTIONS

4.1 In the previous chapter we have introduced the characteristic function

$(1) = j " evar (4.1)

[*2]

as a moment-generating function. It has many other useful and important properties
which give it a central role in statistical theory and in this chapter we shall give an
account of them. 'To establish our general theorems we shall, however, have to use
somewhat advanced mathematics ; and the reader who is interested principally in
the statistical applications may prefer to omit the proofs, especially at first reading,
and merely note the results. Broadly speaking, this part of our theory may be regarded
as a special case of the general theory of Fourier transforms—special because our
functions are frequency and distribution functions. ~Several of the proofs in this chap-
ter are based on the book by P. Lévy, Calcul des Probabilités, Gauthier-Villars, Paris,
1925.

4.2 We recall, in the first instance, that ¢(t) always exists, since

r et dF sr) |em|dF=J' aF =1, (4.2)

so that the defining integral converges absolutely. Further, ¢(¢) is uniformly con-
tinuous in ¢ and differentiable j times under the integral sign if the resulting expressions
exist and are uniformly convergent, for which it is sufficient that »; exists. For then

| ) ()] = mexfemdF

< r || dF = 1, (4.3)

The Inversion Theorem

4.3 We now prove the fundamental theorem of the theory of characteristic func-
tions, which will be called the Inversion Theorem, namely that the characteristic
function (c.f.) uniquely determines the distribution function; more precisely, if ¢ ()
is given by (4.1) then

Fe-FO) = - [ s (+4)

the integral being understood as a principal value, i.e. as
1-— e—{xtd

: t.
111

graph on the subject.
94
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Further, if F(x) is continuous everywhere and dF = f(x)dx

e}

flx) = 517; j S e (4.5)

the integral, as before, being a principal value if there is not separate convergence at
the limits. Equation (4.5) may be compared with the form

(1) = j: F(%) et dx, (4.6)

the comparison exhibiting the kind of reciprocal relationship which exists between
/() and 4 (o).

Equation (4.4) contains F'(0) and we may avoid introducing this quantity by an
alternative form

_ 1 L @ eit:c¢(_t)_e—ilz¢(t)
F(x) = 5+5- L ST dt. (4.7)
We require as a preliminary result the theorem that for a real number ¢,
@ . '-1) E < 0
! j = Bg= 0 &=0 (4.8)
e 1, £>0

The quantity on the right of (4.8) is written sgn &, read as ‘“ signum &.”  The result
128
is, perhaps, most easily established by evaluating the complex integral %z—dz round

a contour consisting of a large semicircle, the real axis and a small semicircle round
the origin. We note that for a variate u and some fixed x

j:sgn(u—x) dF () = — j_m dF (u) + jde(u)

= 1-2F(x). 4.9)
Now we have, for a positive number ¢, the uniformly convergent integral

¢ __ p—ixt ¢ _ p—ixt P
I,,Ej 1 e-.--¢(z)dt=j l—e.[ e dF () dt

—e 1t _e 1t
¢ o ftu __ pil(u x)
- j j T T A (wy dt
—d - w it
¢ @ M —_al . 1
_ j‘ j‘ sin tu smt {t(u x)’dF(u)dt.
Because the integral is uniformly convergent, we may change the order of integration
to obtain
@ e : M __
I, = J I {i‘it’_“_ﬁ‘.? fe (t“ %) }} dt dF (). (4.10)

The integral with respect to ¢ is continuous in ¢ and bounded. We may therefore
let ¢ tend to infinity to obtain, from (4.8) and (4.9),

c}_i)rr:olc = ﬂj: {sgnu—sgn(u—x)}dF (u)
= a[1 —2F(0)— {1-2F(x)}] = 2 {F(x)— F(0)}.
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Equation (4.4) follows. Equation (4.7) may be obtained in a similar way by use of
the result

1 (®sinté

2z ),

Further, if f(x) exists we may differentiate (4.4) under the integral sign, since the

integral converges uniformly, to obtain (4.5). We also have, on differentiating (4.7),

f(x) = 217—: j: (e (1) +e = (1) } . (4.12)

dt = sgn&. (4.11)

4.4 From the definition of the c.f. we note that ¢(¢) and ¢é(—1) are conjugate
quantities and hence, if 7 (¢) and # (#) are the real and imaginary parts of ¢ () we have,
from (4.4),

= R(t)sinxt+ (1) (1—cosxt)

1
F(x)=F(0) = E&j_w t (4.13)
and, from (4.7),
F(x) = %+1jwW(t)smxt—-f(t)cosxtdt' (4.14)
T Jo t
Similarly we have

f(x) = Zin j.w {R (1) cosxt-+.7 (t) sinxt } dt. (4.15)

4.5 Consider now the expression J, defined by
7. = zlcj e~ § (1) dt. (4.16)

If the distribution function F(x) has a derivative f(x) we have, from (4.5),

lim J, = 2z lim f(x)/2c = 0

>0 )
and hence J, tends to zero at all points where F'(x) is continuous and differentiable,
i.e. if the frequency function is continuous.

If the distribution function is discontinuous, consider one point of discontinuity,

say where the frequency is f;. The contribution of this part of the frequency to ¢ (¢)
is f; exp(itx;) and thus the contribution to J, is

Zlc-j_ Frexp (itx;— itx) dt
1 _Texp {it(x;—x)}]°

If x,5 x this clearly tends to zero as ¢ - co0. But if ¥, = x the integral is simply

1 r¢
Z—éj'_cf,dt = fj.

Thus J, tends to f; at x = x;. Hence, if J, tends to zero at a point, there is no dis-
continuity in the distribution function at that point ; but if it tends to a positive number

had
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f; the d.f. is discontinuous at that point and the frequency is f;. This gives us a criterion
whether a given c.f. represents a continuous distribution or not.

4.6 Looking similarly to (4.6) we see that if the distribution has discontinuous
frequencies at x; (j = 1, 2, ...) the c.f. is given by

¢ (2) = Zfyexp (itx))

and

1

Fa) = . + j’ :’Zf,f exp it (v — x))} _“if:‘ff exp{— it (x — %)} ,

- N

_11 ® sint (% — x,)
—2+n2f,jo ) gy

= }+32f;sgn(x—x). (+.17)

This has a saltus at x = x, equal to f;, We note, however, that for x = x,

F(x) = 1+3X fi-} = f,

= T+l (4.18)

The value assigned to F(x) at the saltus is thus the frequency up to that point plus one-

half of the increase in frequency at that point. On our ordinary definition, with F(x)
k

continuous on the right, the value of F(x;) would be Xf,. This is a point to remember
1

when the distribution function of a discontinuous distribution is obtained from the
characteristic function.

Example 4.1
We found in Example 3.4 that the characteristic function of the normal distribution
1
= e g—%'/2" —
dF = a\/(Zn)e dx, 0 <X 0,
is ¢ (t) = exp(—112a?).

Suppose we are given this function and require to find the distribution, if any, of which

it is the characteristic function.
In the first place we note that the distribution, if any, is continuous. For

J. = Zlcr exp {—3t*a®—itx}dt

4
and the integral is less in modulus than J. exp (—3t20%)dt, which is less than
—c
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ro exp(—3t?0?)dt = +/(2n)/o. Thus J,— 0 everywhere. We have for the fre-

quency function, if any,
f(x) = %tj exp {—3t?a—itx}dt

_ 1 —21/20" ® .
=5-¢€ j._mexp {—13(to+ix/0)?} dt.

This may be regarded as an integral in the complex plane along a line parallel to the
real axis. Taking fo+1ix/0 = u as a new variable we find that the integral is 1/(27) /0.
Thus

f (x) \/(27!) -jz'/a'.

©
This is everywhere positive and [ dF converges to unity. Hence it is, in fact, a

-0

frequency function with the given expression for its c.f.

Example 4.2
To find the frequency function, if any, for which
b = e,
We note that J, tends to zero and that the distribution, if any, is continuous. We
then have for f(x), if it exists,

flx) = Q‘I,"Jw eIt gtta gy

— _!__ [j\w e—t—ita dt+ J‘O et—-tt:c dt:l
27t 0 -~ 00

..__l_ ® —t [ fte —{t2
= nLe (e +e7 ) dt

o]

=—J' e~ tcostxdt.
TJo

This may be evaluated by two partial integrations. We find

Sf(x) =%[—e"costxi| —fj e~ tsintxdt

0o TTlo
o<} 2 @
- 1_,_5 [e“‘sin tx] —ic-j e~ tcostxdt
T 0 T Jo
IR
=% (x).
Thus
1

—0KXK 0.

T®) = o1 ay
As before, this function can represent a frequency function, and it may be verified
that f(x) has, in fact, the required characteristic function.
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Example 4.3
Does there exist a frequency function for which
é(t) = e*?
We have

1 (e . 1 (e .
Je =§j e"““’dt:z—cj‘ "= d,

c
If 1—x is not zero the integral is

r_c[cos {(1—x)t}+isin {(1—x)t}]dt.

Since sin ¢ is an odd function this is equal to
j cos {(1—x)t}dt = [—S‘“?_“xx)’]“ .

This does not converge, but it is bounded and hence J,—> 0.
If, however, x = 1, the integral is simply

¢
| a
-C
and thus J, = 1.

Thus there is unit frequency at x = 1 and it is seen at once that this accounts for
the whole of the frequency, so that there is no frequency elsewhere. The distribution
thus consists of a unit at x = 1. This is otherwise evident from the consideration
that log 4 () = it, so that the second cumulant is zero and there is no dispersion.

Example 4.4

For what distribution, if any, are the cumulants given by «, = (r—1)!?
The series

S @) _ Gty

Z Ky~ = 2——;—‘

=1 J! J

converges absolutely for | ¢ <1 and is thus equal to the cumulant g.f., say (¢), if such
a function cxists. We have

p0 = 28— tog1-in

and thus () = l—li .

If the frequency function exists we have
ettt

1 <+
Flx) = %J_w—l_itdt.

—ize

This integral may be evaluated by integrating the complex function round a con-

1-iz
tour consisting of the real axis and the infinite semicircle below that axis. The first
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part reduces to the integral we are seeking with its sign reversed. On the semicircle
of radius R we have z = R(cos0+isinf) and the integrand becomes

exp (— xR cos 6 + xR sin0)
" 1—iRcosO+Rsind

6 here lies between 7 and 27 and hence sin 0 is negative. Hence if x is positive the expres-

sion is less in modulus than
o—=R|sin 8|

R Ty

i.e. tends to zero as R — oo.
-—iu

1—
and the residue there is ze"’. Hence

1 ~&
f#) = 5-.2me

= ¢7%, 0g<x< o0,

Now the function has a pole within the domain of integration at 2 = —i

—izs
More generally, if x, = p(r—1)!, p>0, it will be found that the residue of - = b oy
. taxPie®
1s I‘( ) -, so that the distribution is

—% 4P -1

f(x)=el_‘ch) ’ 0<x<o00; p>0.

Example 4.5
For what distribution, if any, are all cumulants of odd order zero and those of even

order a constant, say 2a?
We have for the c.g.f.

(t) = 2a {(”)2 (:34 }

y(t) = 2a(cost—1).
(]S(t) — e2a(cos t—1)

This series converges and

Hence

[0 o]
If we try to integrate j e*esi=1) gtz gy in the ordinary way, we fail. Let us

then look into the question of continuity of the distribution function.
We have

e—2a c

Je= ch ghacost gmiet gy
-—C

e—2a

2c

c © )
j hX ig.i;)— cos?te**t dt.

—o j=0 J
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The series is uniformly convergent and hence

—2a ©
]c=e EI (2 )cos’te““"dt

2¢ j=0 ]!
~2a ©

= 3 J (2a) ay cos?tcosxtdt,
2c 2 7!

since sinxt is an odd function.

0
Consider now the integral f 2icos’tcosxtdt. By a well-known expansion

-

2/ costcoswt = } (e + ety (e + e~

— %(elzt + e-—izt) {elI‘ + (-{) e(j"2)u+ . +e—“‘}.

The only part of this expression of present interest is the constant term, the others
not contributing more than a finite amount. The coefficient of €° is zero unless x is
integral in absolute value, and in that case is

%{(% (fj— x))*(% (fj+ a)>} - (% (fj— x))'

Thus J, tends to zero unless x is intcgral in absolute value, and in the latter case
’ .
a
Jo—>enX ( / )
i=z JINF(j— %)
Thus, if x is even, say 2r, the frequency at x = + 2r is

- a* + a*+?  (2r+2 Lot a’+*  (2r+4 4
(@r)! " 2r+2)1\ 1 2r+4)!\ 2
—oa at’ a2 a4
et @+ tere)2tt }
and if x is odd the frequency at x = 2r+1 is
a-r+1 a~r+3 a2r+5
@+ T2ttt ereart }
We may now verify that these frequencies account for the whole of the characteristic
function and hence that all frequencies have been found.

= €

—2a

Conditions for a function to be a characteristic function

4.7 Any function which is not negative in its range of definition and which 1s
integrable in the Stieltjes sense can be a frequency function ; and any non-decreasing
function which increascs from 0 to 1 in its range of definition can be a distribution function.
There are much more restrictive conditions to be obeyed before a given function can be
a characteristic function.

In the first place, let us note that it is a necessary and sufficient condition for a function
¢(t) to be a characteristic function that

1 ) —(zt
F(x) = Z—nj s =" 4y

shall (except for an additive constant F(0)) be a distribution function. This, however,
is not a very helpful criterion in practice.
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[+ o]
Looking to the definition of ¢ (¢) as j e"®dF, we see that necessary conditions for

—
¢ (t) to be a characteristic function are

(a) that ¢ () must be continuous in ¢,

(b) that ¢(¢) is defined in every finite t-interval,

(c) that ¢(0) =1,

(d) that ¢(t) and ¢ (—1) shall be conjugate quantities,
[+ o]

(e) that |¢(t)l<j |t |dF<1 = (0).

—

4.8 A general theorem of Cramér (1937) states that for a bounded and continuous
function ¢ (¢) to be a c.f. it is necessary and sufficient that ¢(0) = 1 and that

ArA
j J- é (t —u) exp {ix(t—u)}dtdu
0Jo

is real and non-negative for all real x and all 4>0.

There are also some notable specialized theorems on the subject. For example
Marcinkiewicz (1938) proved that exp P(t), where P(¢) is a polynomial in £, cannot be
a c.f. unless P(¢) is of the first or second degree. Lukacs and Szdsz (1952) have given
conditions under which a rational function can be a c.f.

Limiting properties of distribution and characteristic functions

4.9 We now proceed to discuss a set of results involving the tendency of d.f.’s and
c.f’s to limiting forms. Suppose there is given a sequence of distribution functions
F,(x) depending on a parameter n which can increase indefinitely. To each F, there
will correspond a characteristic function ¢,. The type of question to be discussed is
this : if F, tends to a limit G, will ¢, tend to a limit ¢ and is ¢ the characteristic func-
tion of G? Conversely, if ¢, tends to a limit ¢, does F, tend to a limit G and is G a
distribution function having ¢ for its characteristic function ? The answers to these
questions, as will be seen below, are affirmative under certain general conditions.

4.10 Let us first of all consider what is meant by a distribution function tending
to another. If both are continuous, F, (x) is said to tend to G (x) if, given any &, there
is an n, such that | F, () =G (x)| <& for all n>n, and for all x. If there are discon-
tinuities present, F,, will be said to tend to G if it does so in every point of continuity of
G. Since by definition our functions are taken to be continuous on the right at saltuses,
this evidently conforms to the definition for the continuous case and to the common-
sense requirements of the situation.

4.11 We require a number of results concerning the convergence of d.f.’s. The
first is that if a sequence of d.f.’s {F,(x)} converges to the d.f. G (x) at all its points of
continuity, then the convergence is uniform in every closed interval of continuity of
G (x).

Let G (x) be continuous in the range a to . Divide the range into a finite number
of parts, say at @ = &, &,, .., &, = b, such that the increase of G (x) in each interval
is at most . Choose n, so large that | F, (£§,)—-G (&) | <& j=1, ..., hyn>n,. Then
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for such an n and any x in the interval (a, b) there isan r such that x lies in (¢,, £,,,) and
G(x)—2e<G (&) —e<F(8)SFa(x)< Fo (6,41)<G (1) +e<G(x)+2¢  (4.19)

and hence
| Fp(x)— G (%) | < 2e.

This is true for all x in (a, b) and hence the theorem is established.
In particular, if G () is continuous the convergence is uniform throughout the whole
interval — o< x< co.

4.12 The second theorem we require (the Montel-Helly theorem) is that if the
sequence {F,(x)} is monotonic and bounded for all » (which is so for distribution
functions) then we can pick out a subsequence {F,, (x)} which converges to some mono-
tonic increasing function G (not necessarily a distribution function itself, for it may not
vary from O to I).

Consider first of all a series of values xy, x,, . . . It is known that every bounded
set of numbers contains a convergent sequence. Hence we can pick out from the
sequence {F,(x,)} a convergent sequence, say {F, (#;)}. Then from the subsequence
{F, (x:)} we can pick out a subsequence {F, (¥;)} and {F, (x)} is thus convergent
at both x, and x,. Continuing in this way we may, by picking out the first function
in {F, (x)}, the second in {F,, (x)}, and so on, arrive at a sequence of functions G, (x),
G, (x) . . . which converges at each of the values x}, ¥, . . ., etc. This is the so-called
Weierstrassian diagonal process.

It follows that the sequence G, is convergent at every rational point x. Since
G,(a) < G,(x)< G, (b) for every x between a and b, we see that if G,(a) and G, (b)
converge, the limiting values of G, (x) lie between those limits, say G(a) and G (b).

Then the function u(x) = upper bound of G,(x) (x not necessarily rational) is
well defined and non-decreasing and so has no more than an enumerable number of
points of discontinuity. If u is continuous at x, we take y and z such that y<x<z
and u(2)—u(y)<e. Then if a and b are rational points such that y<a<x<b<z it
follows that u(y)< G (a)< G (b)<u(2). Moreover, as all the limiting values of G, (x)
are between G(a) and G (b), they are between u(y) and u(z). Hence, as ¢ can be
arbitrarily small, we see that G (x) tends to #(x) at every point of continuity of . Finally,
by the diagonal process, we can select a sequence which will also be convergent at the
points of discontinuity of u(x). The theorem is established.

4.13 It is not obvious that if a sequence of functions {F,(x)} all lie between 0 and
1 then their limit G'(x) can attain those values. A counter-example is furnished by
the distribution
F,(x) =0, x< —mn,
3, —n<x<a, (4.20)
1, x>n.

o

The limit of F,(x) here is 3, — co<x< 0. A condition which is sufficient (but not
necessary) has been given by Kendall and Rao (1950). If F,(x) has a second moment
Yoy S some finite A4, all n>n,, then G(x) is a d.f.
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For, from the Bienaymé-Tchebycheff inequality (3.35),
F,(-X)+1-F,(X)<A4/X%,  n>n,,
and hence, for sufficiently large X,
F,(-X)+1-F,(X)<e

and since this is so uniformly in X

G(-X)+1-G(X)<e (4.21)
provided that (as we can ensure without loss of generality) G'(x) is continuous at +4.X.
Thus G(— ) = 0 and G () = 1.

The First Limit Theorem

4.14 We now prove the theorem: if a sequence of distribution functions {¥,}
tends to a continuous distribution function G, then the corresponding sequence of
characteristic functions ¢, tends to ¢ uniformly in any finite z-interval, where ¢ is the
characteristic function of G.

It is required to prove that, given ¢, there is an n, independent of ¢ such that

|6(t) = da(t)| = r = (dG—dF,)| <e,  n>m,

Select two points of continuity of G, X and —X. We can make .X as large as we
please. We then split the integral

r ¢ (dG — dF,) (4.22)

into two parts, that in the range —X to +X and that in the remaining portion of the
range. Now
z>X >X
j £ G <[ dG<1-G(X)+G(-X),
z<—-X z<—-X
and by taking X large enough we can make this quantity less than ¢/0.
Similarly :

>X
J‘ ettz dF,,

z<—-X

<1-F,(X)+F,(—-X),

and since F, tends to G (and that uniformly) this, for some large X, will be less than &/3.
Hence for some n, the portion of (4.22) outside the range —X to +.X will be less in
modulus than ¢/6+¢/3 = 1e. Consider now the other part

X
j ¢ (dG — dF,). (4.23)
-X

This expression is the limit of the sum

e [{G (§j42) = G (6} — {Fu(§) — Fa (&) 1], (4.24)
&, &4, being the boundaries of the interval into which the range is subdivided and
a value in that interval. The difference between this sum and the limiting value can

be made less than }e if the intervals are small enough ; for if they are less than # in
width the difference of ¢ and €™ is less in modulus than n|¢|, by the mean value
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theorem, and thus in any t-range + 7' the difference of (4.23) and (4.24) is less in
modulus than

1T (E[{G (64— G (&)} = {FaG ) - Fa ()| <2 T,
which is less than }e if n<e/8T.
Now the sum (4.24) will itself be less than }¢ for some n>n,, for it is the sum of

a finite number of terms each of which tends to zero. Consequently (4.23) is less
than 4e and hence

[d(t)—d.(t)]| <e, n>n,.

Converse of the First Limit Theorem

4.15 The converse result is even more important,

Let {¢.} be a sequence of characteristic functions corresponding to the sequence
of distribution functions {F, }. Then if ¢, () tends to ¢ (?) for all real ¢, and uniformly
in a finite f-interval | ¢ | < a,® {F,} tends to a distribution function G and ¢ is the
characteristic function of G.

As a preliminary lemma, let us prove that if G is a distribution function with
characteristic function ¢, then for all real & and all 4> 0

1 [ét+h 1+ L (° [sing\2 2% (2¢

— —— 5 e e h — . .

hL G (u) du hL_h(’(u)du nj__w( t ) e ¢(h)dt (4.25)
In fact, put

H(x) - H”"G(u) du,

x
This is a continuous distribution function and its characteristic function is
[+ X 1 0
J e dH = 7 j e {G (x+h)— G (x)} dx,
— 0 —

which by a partial integration becomes

L[(Cwrn-cEne:

1 * _
; ) - sz_we (dG (x+ k) —dG ()}

- _ ;t!]; j-m {eit(x-h) dG (x)——e““‘ G (x)}
1 —e—ith
= ¢(t) l'th *
Substituting for H(x) in (4.4) we get
1 f+2hG d 1 E+h G d
ZJ’ (v) u—-zL () du

E+h

1 [® fl—e"t™\2 .
= mj._ ( i ) e ts(ﬁ(t)dt)

whence, writing & for £+ 4, we find, after a little re-arrangement, equation (4.25).
Reverting now to the theorem required to be proved, note that it is sufficient to

(® Or equivalently, if ¢(f) is continuous at ¢t = 0 or if $() is a characteristic function.
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establish that if ¢,—>¢ uniformly in some interval |¢|<a, then {F,} tends to some
distribution function G in every point of continuity of G. When this is established it
follows from the First Limit Theorem that ¢ is the characteristic function of G and that
#, converges to ¢ uniformly in every finite -interval.

As shown in 4.12, given a sequence {F,} we may always choose from it a sub-
sequence {F,,} such that {F,} converges to a non-decreasing function G in every

continuity point of G.
Let us then choose such a sequence. We have of necessity 0<G<1, and G may

be supposed everywhere continuous on the right. It is then a distribution function if
G(+ 0)—G(— ) = 1, and this we proceed to prove. From (4.25) with & = 0

we have
i) @y [ Fawa =17 (2, (B a

By hypothesis ¢, tends uniformly to ¢ for | ¢| <a and hence ¢,, does so, and it is easily
seen that the integral on the right is uniformly convergent. Thus, given ¢, we can find
hy such that for hA>h,

1% 10 1 (i%% fsint\2 ,[2t
(o3 L) owan= 2 [T (F) #(5) aeem
where [7| <e. Now let & tend to infinity. As G is a non-decreasing function the left-

hand side tends to G'(+ o)~ G(— ). The right-hand side tends, in virtue of the
uniformity of ¢, and the consequent continuity of ¢ near ¢ = 0, to

1 J‘ © (sm t) i,
T) o t
which is equal to unity.

Hence G, the limit of the subsequence {F, }, is a distribution function whose
characteristic function is ¢.

But any sequence of ¢, tends to ¢, in virtue of the uniformity of the convergence,
and hence any convergent subsequence of {F,} tends to G. Consequently {F,} tends
to G in every point of continuity of G and the theorem follows.

Example 4.6
In Example 3.5, it was shown in effect that the binomial distribution has the charac-
teristic function

$ () = (g+pe)™

Now the frequency at x = j is (j) ¢"?p). This is greater than the ordinate at

<’J’> "y > (]: 1) grilpit

or j>pn—q.

x=j+1if
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For large n the maximum frequency will then be in the neighbourhood of j = pn,
and is there

n n APN
()2
In virtue of Stirling’s approximation to the factorial this approximates to
e~ o/ Q) " p 1

()P e~ +/(2apn) (gn)™ e~ +/(2aqn) ~ +/(2npqn)
and therefore tends to zero.
Thus every frequency in the binomial distribution tends to zero and the distribu-
tion does not tend to any limiting distribution.
Suppose, however, that we express the distribution in standard measure. Putting
y = (x—u;)/0 we have

bty = |7 emar) = |7 exp fit(oy+u) 4P ()
= "™ ¢, (o).

Hence $,(t) = exp (— itu /o) ¢, (t/0).

The effect on $(¢) of transferring to standard mecasure is then to replace t by t/o
and to multiply by exp(—zt,ul/o-)

For the binomial, u; = np, u, = npq, and thus the characteristic function of the
binomial expressed in standard measure is

P { (nplf) }{q PR, pq)*} "

it
log¢ = ( P )*+nlog{1+p(expz~ﬁ)~—l>}
it pt? por?

= o { + + } 0<[0]<1,
0 P gy 6 oy 1l
_ et 1 (piry? 3yt
= 2npqg 2 mpq +OEn™)
= —32+0(*n ).
'Thus for any finite #, log¢ tends uniformly to — }#2 and hence
¢ (t) > e,
Thus the binomial distribution expressed in standard measure tends to the distri-
bution whose characteristic function is e, i.e. to the form
dF = —]—e-*ﬂ"dx, —00<x< .

v (27)

Multivariate characteristic functions

Thus

4.16 The characteristic function of a bivariate distribution F(x;, x,) is defined as

$ (1, 1) =j jw ehmtitn gR (x,, x,) (4.26)

-0 o ~—

0
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and generally, that of a multivariate distribution F(x,, x3 .., %,) as

Pt s ly) = j:o_"

If x,, x,,..,%, are independent we have

) r gt i g (v x, L x,),  (427)

-

¢(tl’ Loy ) tn) = ‘r" el drF, (xl)jw ¢ dF, (xz) .. j‘” gitnn dF, (xn)
= $1(t1) $2(t2). . - $n (t0) (4.28)
where ¢, is the c.f. of F,. Similarly
'p(tlv t2) L] tn) = j—zl 10g¢ (ti)' (4'29)

Thus the characteristic function of the joint distribution of a number of independent
variables is the product of their characteristic functions ; and the cumulative function
is the sum of their cumulative functions. This is a fundamentally important result
in the theory of sampling.

4.17 In generalization of (4.4) we have

® ®© — ity — pinln
ﬁ‘(xl’ Xy« -,x”)—ﬁ‘(o, 0,. ,’0) 1 j "y 1—e 1—¢

T2 e ) e it ity
¢ (ty, ts,. ., t,)dly . . . dL,. (4.30)
[ [
The integrals are to be understood as principal values lim .. j .
o> J ~¢ —c

'The proof is similar to that for the univariate case. For example, with two variates
we have, in an obvious generalization of (4.10),

I = j” j ® j } {s_igt_lﬂ_S.intx(ux—xx)}{iiﬂa_@_siet_z(uz—,xz)}
¢ -0 J —0J —¢cJ —¢ tl tl t2 tz
dt, dt, dF (uy, u;)

and lim I, = lim jw r {EP—;*—M -0 tl(:‘-!—xl)} dt, (2n) {dF (uy, x3)— dF (uy,0)}
— -C 1

1
= (2n)? {F (%, %,)— F(0,0)}, (4.31)
and so on. As in the univariate case, the c.f. defines the distribution uniquely and the
corresponding analogues of the limit theorems also remain true. Thus the converse

of the result of 4.16 is ensured by the unique correspondence of the c.f. and the d.f.:
if a joint c.f. factorises, the variables are independent.

4.18 If we have a distribution F(x) and some function of the variate such as
y (= y(x)), we define the c.f. of y as

8, (1) = j:exp (ity) dF (). (4.32)
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The distribution of y is then given by inversion ; for instance, the frequency function
of y, say g(y), is given by

£0) = 52| _exn(-itn)4, (), (+33)

and a similar result holds for a function g of several variates.

The problem of moments

4.19 It is of some interest to consider how far a set of moments (assuming that
they all exist) determine a distribution uniquely. To give some point to the discussion
let us note that in some circumstances it is possible for two different distributions to
have the same set of moments.

Consider the integral

jmtp‘le“q’dt =I'(p)/¢*, p>0, 2(q)>0.
0

Put p = (n+1)/A, n a non-negative integer; O<iA<}; ¢ =oa+if; f/0 = tanin;
x* = t. We find on substitution, since (1+7tanin)®*"/* is real, that the imaginary
part of the integral is zero and thus that

Jw x™ exp (—ax?) sin (Bx*) dx = 0. 4.34)
0

Hence the distributions
f(x) = kexp(—ax?) {1 +esin(Bx*)}, O<x<o0; a>0; O<i<i; |el<l; (4.35)
have the same moments for all ¢ in the range |¢|<1.

The range of the distribution is infinite in one direction. We may derive a similar
family with range infinite in both directions by putting p = 2n+1)/p, ¢ = a+18,
B/« = tan}pm, x* = t, p = 2s/(s+1), s a positive integer. The family then becomes

f(x) = kexp {—a|x|"} {l +ecos(x|x]|?)}, — o<g<x<g o, (4.36)

4.20 The problem of moments in its full generality considers a set of constants
Co» €1y €2y - - - and inquires whether they can be the moments of a distribution. For
statistical purposes this is not of particular interest.® We are more concerned with the
problem : given that the set of constants are, in fact, the moments of a distribution,
can any other distribution have the same set ?

Note in the first instance that this problem need only be considered when absolute
moments of all orders exist. It is not difficult to see that more than one distribution
can exist having a limited number of moments finite and the remainder infinite.
Furthermore, if any moment of even order exists, those of lower order must exist. In
particular, if u;, exists the absolute moment of order 2r exists. Thus we consider
only the case when all absolute moments exist.

4.21 We will prove in the first place the theorem that a set of moments determines

(® For some results on the general problem, see Stieltjes (1918) and Hamburger (1920).
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=)
a distribution uniquely if the series X »;t//j! converges for some real non-zero . We
j=0
write » without the prime in this and the following sections to save printing, but the
result is true for moments about any origin.
The characteristic function is continuous in # and its derivatives exist at ¢ = 0 if the

moments exist. We have then in the neighbourhood of ¢ = 0

40 = T (LR, (4.37)

1’r+hl| lr+1
(r+1)!
Thus if v, # /j! converges, »,# /j! tends to zero and hence ¢ () is equal to the sum

where R, is less in absolute value than

©
of the infinite series X (it) uj/j! if it exists. Moreover, this series is majorated by
=0

Zv,#/j! and hence is absolutely convergent if the latter is convergent. Hence we
have

#0) = Z G (*38)

and thus ¢(¢) is uniquely determined in the neighbourhood of £ = 0. In the neigh-
bourhood of ¢ = ¢, we have
¢(t) _ 5 {l (z— o) j K otte® dF}+R,’.
j=0 j! —-®

and the modulus of the coefficient of (¢—12,)//j! is not greater than »,. Consequently
¢ () can be expanded everywhere as a convergent Taylor series and is equal to the
sum of that series. Hence ¢ (¢) may be extended from the neighbourhood ¢ = ¢, by
analytic continuation through any finite #-interval. Hence ¢(?) is everywhere uniquely
defined.

But ¢(f) determines the distribution function and hence the latter is uniquely
determined.

4.22 A few simple but effective results follow as corollaries.

(a) The moments uniquely determine the distribution if the upper limit of (+}/*)/n
is finite. For the series whose general term is v,"/n! is convergent if

limsup (v, " /n)/"< 1.
Replacing the factorial by its Stirling approximation we see that this will be true if
limsup (v/")/n<k/t
where k is some constant. If the upper limit is finite the inequality can be satisfied
for some non-zero t.

(b) It is also sufficient for the upper limit of (,uz 1/2m) /2n to be finite, a form which
enables us to disregard the absolute moments. It is, in fact, easy to see that this upper
limit and the upper limit of (v}/")/n are finite or infinite together.

(c) The moments uniquely determine the distribution if the range is finite. For,
taking an origin at the start of the distribution (of range &, say), we see that v, <A" and
hence (v¥")/n<h/n, which tends to zero.



CHARACTERISTIC FUNCTIONS 111

4.23 Two further criteria may be mentioned. The first is due to Carleman
(1925). A set of moments determines a distribution uniquely if (in the case of limits
— o0 to + )

® 1
550 (uzg) (+39)
diverges. For the limits 0 to oo the corresponding series is
|
;Eo T (4.40)

Secondly, if there exists a frequency function, the moments determine it uniquely

if, for limits — o0 to + o0,

fx)<M|x|f~texp(—a|x|!) for |x|>xe, M,B,0,>0, A>1, (4.41)
and for limits 0 to oo,

fE)<M|x|ftexp(—a|x|?) for |x]|>x, M,B,0,>0, A>1  (442)
This result is due ultimately to Stieltjes. It follows without difficulty from the Carle-
man criterion.

It is interesting to note that if for some x,

f(x)>exp(—alx]h), «>0, x>x,, (4.43)
then the problem of moments is necessarily indeterminate (as usual, A<} for the range
0 to o0 and A<1 for the range — o to + ). This follows from the examples in
equations (4.35) and (4.36), for we can add to (4.43), without rendering any frequency
negative, a function all of whose moments are zero.

Example 4.7
The moments of the distribution
dF = Tl(zg)exp(—xz/.’laa), — 0o<xrg ©,
are given (cf. Example 3.4) by
@n! .
Horiy = 0, Hor = 57=y70"

Thus the upper limit of (u,,"/*")/2n is, from the Stirling approximation to the factorial,
asymptotically equivalent to

o [e*(2n)* /(4zn) ]/ o
2n+/2 [ {e"n" +/(22n)} } ~ Qen)t

The upper limit is then zero and the distribution is uniquely determined by its moments*

4.24 Cramér and Wold (1936) have extended Carleman’s criterion to multivariate
distributions. We need only consider the moments of the marginal distributions,
Hroo.. s Moro...» Moor.. > €tc. If the sum of these for all variates is 4, then the criteria
of (4.39) and (4.40) remain with 4, instead of u,; for example, a distribution ranging
from — o0 to o is completely determined by its moments if

it 1
2o U™

(4.44)

diverges.
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4.25 If a moment of order r exists it must be given by the rth derivative of the
cf.att = 0. Thus, if ¢(t) can be expanded as an infinite Taylor series, that series can
only be = (it) uj/j!. Andif this series does not converge, ¢ (¢) cannot be so expanded.
But it can always be expanded asymptotically in the finite form with remainder

b0) = B G5/ + R

This illustrates the source of a difficulty in discussing limiting properties when the
infinite series does not converge, for it is known that there exist an infinite number
of functions which have a given set of coefficients in an asymptotic expansion. For
instance, if «(f) has an asymptotic expansion in ¢ the functions « ()+kt™'°¢ * all have
the same expansion. It is therefore hardly surprising that when I (i) u;/j! fails to
converge, there may be more than one frequency or distribution function with the same
set of moments.

But it does not follow from what has been said that there must be more than one
frequency-distribution. There must be more than one function, but those functions
may not qualify as frequency-distributions, e.g. they may be negative in part of the
range. In the example just given, £7°¢¢ cannot be a characteristic function, for it does
not obey the well-known condition that ¢(¢) and ¢(—¢) should be conjugate.

4.26 We now proceed to what is known as the Second Limit Theorem, which is
concerned with the way in which a sequence of distribution functions {F,(x)} tends
to a limit if the corresponding sequence of moments of order j, say u,(n), tends to a
limit x,. (To save printing, we shall throughout write the moments without primes.)
Our method of proof is due to Kendall and Rao (1950).

We require in the first place a result concerning the expansion of a c.f. which is
rather more precise than those which have served our purpose so far. If u,, exists
then the c.f. can be expressed in the form

2m—1

(1) = ‘EO @2Y 13/5 1+ p (18)*™ thom/ (2m) ‘ (4.45)
Jﬂ
for all real ¢, p being such that |p|<1. Also lim p = 1.
t—0

For m = 0 this is true trivially. For m>0 we have for real x, ¢,

x » (ixt)Y , (ixt) ! ,
(‘=J§1(]!) +p gn*i-)l)!’ |pl<1, (4.‘4_6)

and on substitution in the integral defining ¢(¢) we get, for n = 2m—1, equation
(4.45). Fort, u,, zero we may define p = 1; for other values, considering the difference
of (4.46) taken to # and n+1 terms we find

[p'—1|<]|xt]|/(n+2). (4.47)

4

Since

lp=1lin = | _('=1)5"dF

X
we have Ip—ll,uz,,,<s+j o' —1]|x*™dF,
-X
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for any given ¢, if X is large enough (for otherwise u,,, would not converge). But for
fixed X the integral can be made as small as we please by taking ¢ sufficiently small,
in virtue of (4.47). Thus we have

Ip_llﬂ2m<2€
and thus p—1 when t—0.

4.27 A second result we require (a converse of the previous one) is as follows :
If for some positive integer m

(1) = 2=§0 @it 4,/ + o (£2) (4.48)

as t tends to zero through real values, then the first 2m moments exist and g, = 4,,
r=0,1,..,2m.
Let 62 denote the operation of taking central differences with interval 24, i.e.
02A(t) = A@t+2h)-24(t)+ A (t—2h).
Then if the remainder term in (4.48) is #*™ B(t), where B (#) tends to zero as t >, a
little calculation shows that for ¢ = 0
2\m m
(f—m) ERB() = 3 <2”‘)(- 1Y (m—j)2" B (2mh— 24H).
i=0

J
Thus for |B(?)|<s

62 m am 2m zm . om
(472) t B(t)<j§0( i )Im—;l ¢ (4.49)
when | h|<7n/2m and |t]<7n. Hence if (4.48) is true
lim (9% \" jom _
[hi“o(%z) 12 B(t):]‘==0 = 0. (4.50)
\2 \m
But lim (‘-3?) , = D*" say, acting on a polynomial is easily seen to be the (2m)th
h—>0

derivative. Thus applying the operation to (4.48) we find, remembering (4.50), that
when ¢t = 0

D¢ (t) = (= 1)" Ao (4.51)
Now 02ef = —(2sinxh)?e
and thus . R
fim r <§5ﬂ‘>"mx‘~’mdﬁ‘ = Aoy (4.52)
hey0d —o \ Xh

From the uniform convergence to unity of (sinxk/xh)*™ we see that for any finite
interval (a, b)
b
j ARy,
a
and thus the moment of order 2m must be finite. Hence from (4.45), as ¢ tends to
zero,

5 (i)™ ptom

B0 = 2 @ ui+ o, " +o (U] (4.53)
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Comparing this with (4.48) we see that
Be =1, r=20,1,..,2m.

The result of this section implies that if the (2m)th derivative of the c.f. exists at
t = 0, the (2m)th moment also exists. We have seen in 3.5 that if the moments exist
the corresponding derivative of the c.f. will exist at ¢ = 0, a statement of which the
above is the converse for even moments. For odd moments the existence of the derivative
at ¢ = 0 is not sufficient for the existence of the corresponding moment. Pitman (1956,
Ann. Math. Statist., 27, 1156) has shown that necessary and sufficient conditions
for the existence of the derivative are (1) that the principal value of u,’ exists and
(2) that

lim &' {F(—=x)+1~F(x)} = 0.

>0

4.28 The results of the two preceding sections are necessary to establish the
uniqueness of asymptotic expansions of the c.f. under certain conditions. We now
prove some theorems on sequences of distributions and moments.

Let F,(x), the nth member of a sequence {F,(x)}, possess a finite moment of the
jth order, say u;(n), for all n>n, Let

lim p;(n) = 4

n->»
for every value of j ; and let {F,(x)} converge to a limit function G () at all its points
of continuity. (G(x) is necessarily bounded, monotonically increasing and may be
taken to be continuous on the right.) Then G () is a distribution function possessing
moments of all orders; {4} is a sequence of moments; and 4, is the jth moment of
G (x).

That G (x) is a d.f. follows from 4.13, for the second moments u,(n) form a con-
vergent and therefore bounded sequence. Hence, by the First Limit Theorem of 4.14,
the sequence of c.f.’s {¢,(¢)} converges to the c.f. of G (x), say ¢ (¢).

Now when n>n,

2m—1

bult) = 2 (@2 s (n) /51 + p (i2)°" prom () / (2m) (4.54)

and the last term on the right must approach a limit since all the other terms do so.
Thus

$(t) = ZmE_I @Y 4;/5 !+ R (it)*™ Ao /(2m)! | R | < 1. (4.55)
j=0

This is true for all m and by comparing each of these formulae with the next following
one we have, as in 4.26, R—1 as t—-0. From the results of 4.27 the theorem now
follows.

Example 4.8

Note that the result of 4.28 follows even if F, (x) does not possess moments of all
orders. For example, the distribution

kdt

aF = e

—wgtg o r>1,
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possesses moments only up to and including g,_;. In fact (cf. Example 3.3)

gy, = L =T (r+3)

o INCHRNE))
By use of the Stirling approximation to the Gamma-function we find that as »—c0
(2r)!

Har > 3T

. (4.56)

(4.57)

namely to the moments of the standardized normal distribution (Example 3.4), all of
which exist. If, then, our limit function converges it must do so to the normal form,
i.e. to a form for which all moments exist.

It is, in fact, easy to see directly that the frequency function tends to k exp (— 3#2).

The Second Limit Theorem

429 Let {F,(x)} converge to G(x); let pu;(n) exist for n>n, and for all j>0;
and let u;(n) be bounded above by some constant A4;. Then all the moments 4; of
G (x) exist and p;(n) —A; as n—>co.

From the First Limit Theorem we know that the sequence of c.f.’s {¢,(f)} con-
verges to ¢ (1), the c.f. of G(x). Also

$u(t) = 1+itp, (m)+O(),  n>mny,
where the constant implied by O(#%) can be taken as independent of # and ¢t. Thus
if m is some other value >n,,
lp1(n)—py(m)| < Ay 2]+ 6m,n

where 4,, ,—>0 as m, n tend independently to infinity. This, being true for every
non-zero ¢, implies that

im |u,(n)—pi(m)| =0

m, n—» o
and hence there exists a constant A, such that

limu, (n) = 4,. (4.58)
We now proceed inductively by the same kind of argument to establish the limit of
ps(n). We require
Ba(t) = 1itpy (n)+ (02105 (m)/21+ O (8),

an expression which follows from (4.54) because the sixth moment is bounded. We
then find

|2 (m)— o (m)| <BAL| £] + 0,
and, as before, this implies the limit:
limp,(n) = 4,. (4.59)
Thus we establish that the moment-sequence {4;} exists. It then follows from
the theorem of 4.28 that these moments are, in fact, the moments of G (x).

4.30 For most purposes we require a converse form of the Second Limit Theorem :
let the moments u,(n) exist and the limits limu,;(n) = 4; be the moments of a distri-
bution G(x) which is uniquely determined by its moments. Then {F,(x)} converges
to G(x) in all points of continuity.
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We can always find a sequence in {F,, (x)} which converges to a distribution function.
It then follows from the theorem of 4.28 that this function must be the unique function
having the moments 4; and thus it is G(x).

Suppose now that at some point of continuity of x, say a,

a=limsup F, (a) = G(a).
We can choose a subsequence converging to « at x = a ; and a further sub-subsequence

which converges both to « and also to G(a), because G (x) is continuous at x = a.
This contradiction can only be avoided if

limsup F, (a) = G(a);
and by a similar argument

liminf F, (@) = G (a).
The converse theorem is thus established.

Example 4.9

The discontinuous distribution whose frequency atx = j (f = 0, 1, ...) is e=*2/;!
has a characteristic function (cf. Example 3.10)

é(t) = exp{A(e"*—1)},
and hence all cumulants equal to 4.

The distribution is evidently the only one with such cumulants, for X «; (i2)?/j! is
convergent and equals 4 (e — 1), so that the cumulative function and the characteristic
function are uniquely determined.

Now as A tends to infinity the frequency at x;, e*1’/j!, tends to zero and thus the
distribution does not tend to a limit. This is consistent with the behaviour of the
cumulants, which increase without limit.

Suppose, however, we express the distribution in standard measure. 'Then

k, =0, K, = A/} = A1, r>2.
Hence as A— o0 all cumulants higher than the second tend to zero, and the cumulants
of the distribution tend to those of the “ normal distribution ”

dF = \/(2 )exp( 1x?) dx, —0gx< .

Now we know that this distribution is completely determined by its moments
(Example 4.7). We also know that the cumulants determine the moments and vice
versa, so that if the cumulants of the discontinuous distribution tend to those of the
normal distribution, the moments will tend to the moments of that distribution. Hence
the converse form of the Second Limit Theorem 1s applicable, and the discontinuous
distribution does in fact tend to the normal form when expressed in standard measure.

4.31 In connection with the dual role of the characteristic function and the distribu-
tion function, it is worth remarking that the behaviour of one in the neighbourhood of
the origin is related to the behaviour of the other at infinity. In fact, the mth derivative
of ¢(t) at ¢t = 0 is the mth moment, the existence of which depends on the behaviour of
x™f(x) at infinity. Conversely, from (4.5) we see that the mth derivative of f(x), if it
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[oo]
exists, is given by j (— i)™ $(t) e ** dt/2n, which in modulus is not greater than

-

0
j t™ ¢ (t)dt/2n, which depends for its convergence on the behaviour of t™¢(¢) at
-

infinity.

4.32 It is natural to inquire whether there is some other transform of the distribution
function which enjoys properties similar to those of the c.f. The answer appears to be
in the negative. Lukacs (1952) has proved a theorem to the following effect : Let x (x, t)
be a complex function defined for all real x, ¢, bounded and measurable in t. Define

$() = r’ ke (x, ) dF () ;

-
and let the two following conditions hold :
1) ¢.(2) = ¢,(2) if and only if F,(x) = F,(x).

0
(2) If F(x) = j. F,(x—y)dFy(y), then ¢ (1) = ¢,(t) $2(2).
- 0

'Then x (x,t) must have the form exp {it 4 (x) } where A (x) is a real-valued function which
assumes all values of a set which is dense on a real line. It is very remarkable that we
do not require among the conditions either an inversion theorem or limit theorems.
The Fourier transform seems, as it were, to present us gratuitously with these useful and
desf¥able properties.

EXERCISES

4.1 Show that if a frequency function f(x) is symmetrical the characteristic function, apart
from a term involving the mean, is an even function, i.e. ¢(f) = ¢(—1), and that therefore
#(t) is real; and conversely, if ¢(t) is real the frequency function, if any, is symmetrical.

4.2 Show that the characteristic function

eft—1\n ce .
@) = (————) , n a positive integer,

is that of the frequency function
1 (7] n
= X (= (") e
$6) = gty 2,0 ()

4.3 Show that the distribution whose c.f. is 1/(1+¢?) has frequency function }e~!*l,
—o<x<o, and that the distribution whose c.f. is cosint/(1—-1?) has ff. }cosx,
—in<x<in.

4.4 If for a certain distribution
Ky = bar,
a and b being positive constants, show that the distribution is discontinuous with variate-values
0,a ..., ra ...and the frequency at ra equal to e ®b"/r!.

4,5 Show that the function exp (—t*) cannot be a characteristic function unless « = 2.

4.6 Show that there is only one distribution with moments given by
w, = T(+9)/I0)
and that it is
1

dF = — e %x"dx, 0<x< o,
v

T re)
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4.7 Show that the distribution
dF=_\_/__%_._dﬁ_.' — o<y ©,
n 1+x*
has a c.f.

(1) = v2exp(— |t]|/v2)sin(|t]|/v/2+}n).

4.8 Show that the distribution
nb*"—1sin (n/2n) .
dF = - (b2 4+ x20) dx, —o<x< ©; b>0; nintegral,

has a c.f.
nat C2s+1 \ . f2s+1 2s+1 \ .
¢(t)—‘z.0exp(—b|tlsm—§;~ n)sm( 5 n+b|t|cos n n)sm(n/Zn).

49 Show that the distribution
dx

k" = cosh nx’

—0LXK ™,

has a c.f.

¢ (t) = sech iz,

4.10 Show that (1+¢%*)~! cannot be a characteristic function for 2>1; and also that
(1 —=t¥-1! cannot be a c.f.

4.11 Using the theorem of Marcinkiewicz referred to in 4.8 show that, if all cumulants x,
vanish for r greater than some r,> 2, then all cumulants vanish for r>2; and hence that the
distribution is normal.

4.12 Show that the distribution
1 1 z 1
= N I —jut — -
F,(x) (1 n) 70 _we du+2n{1+sgn(x n}

tends to normality as 7 —> o but that the higher moments tend to infinity.
(Rao and Kendall, 1950)

4,13 A theorem due to Weierstrass states that any function continuous in the range (a, b)

o]
can be represented by a uniformly convergent series of polynomials 3 P,(x), Pn(x) being of
n=0
degree n in x. Deduce that if two continuous frequency functions, f, and f,, have the same
moments of all orders,

b
j(ﬁ—hﬁw=0,

and hence that the moments determine a distribution uniquely if it is continuous and of finite
range.

4.14 If 6 is a non-negative function of the variate x and
]
a(t) = j 0*dF (x),
—

show that the frequency function of 0, if any, is given by
1 i
= — 6—t—1 .
10 = 5 «()dt

—1i0
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4.15 Show that if a characteristic function ¢ (t) possesses derivatives up to and including
the second order, then
().l <1()
at/, ., a*},_,

4.16 A is a random variable with c.f. equal to ¢ (f). Another variable y is conditionally
distributed in the (Poisson) form of Exercise 3.1 with parameter equal to the value of 4. Show
that the unconditional c.f. of y is

and generalize this result.

¢ {(*=1) /i)
4.17 Show that the distribution

_ dx,dx,
A = (=™ {2(1 PR x‘x’”Z)} eSS

is uniquely determined by its moments.
4.18 If a variate is distributed in the normal form

1
= — -—;x'/a’ — £y
dF YITS) e dx, 0<x< o,
show that the c.f. of its square is given by
$ (1) = (1—2ite?) 1,

4.19 If two variates are distributed as in Exercise 4.17 show that the joint c.f. of x? and x3
(with variables z, and ¢, respectively) is
{(1 = 2it,) (1 —2ity) +4p2t, 2}k

4.20 A discontinuous distribution defined at integral values in the range —in(n—1) to
3n(n—1) has a frequency-generating function

-t
P = 17—t

By considering the cumulant-generating functlon, and using the relation for Bernoulli numbers

_20m! @
| Bar | (2,,)2.ka1< 21:)

show that in standard measure the distribution tends to the normal form.

4.21 Show that the c.f. of the ‘logistic ”’ distribution

_ d;c exp (— x)dx
dF = 4 cosh? (%x) {1+exp(—x)}2’ RSES 0,
is ¢@) = I'(1—ity I'(1 +i)

and that its variance is n2?/3.

4.22 If x is an integer-valued random variable, show that the limits of integration in the
inversion formula (4.5) may be replaced by —7 and #. Use this fact to invert the c.f. of a Poisson
variate, given in Example 3.10.



CHAPTER 5
STANDARD DISTRIBUTIONS—(1)

5.1 There are certain distribution and frequency functions which, for both
theoretical and practical reasons, occupy a central position in statistical theory. In
this and the next chapter we shall consider their properties, leaving their statistical
uses to be developed and illustrated later in the book. We shall, however, indicate
briefly some of the ways in which they arise, even at the expense of anticipating ideas
introduced at a subsequent stage. This will not impair the logical continuity of our
development and will give concreteness to a treatment which might otherwise appear
somewhat abstract.

The binomial distribution

5.2 Suppose we have a large population of members each of which exhibits either
some quality P or a complementary quality Q (= not-P), for example, a population
of men who are either blue-eyed or not-blue-eyed. Suppose that the proportion of
individuals with quality P is p and that with quality Q is g, where of course p+¢ = 1.
If we take a random sample of N members from the population we expect that on
the average Np members will exhibit P and Ng will exhibit Q. We may thus array
the members according to the quality as

N(p+9)
Now suppose we choose N pairs of individuals. There will be pairs PP, pairs PQ,
pairs QP and pairs QQ. Of the Np pairs for which the first member is P there will,
on the average, be a proportion p for which the second member is P and ¢ for which
itis Q. Similarly for the Ng exhibiting Q in the first member. Thus the pairs may
be arrayed as
Np(p+q)+Ng(p+g) = N(p+9)*
Generally if we choose N sets of n the array will be N(p+g)". That is to say,

the proportion of cases containing j P’s and (n—j) Q’s will be (’]Z) p'¢" 7, the term

in p'q"~* in (p+¢)". We are then led to consider the binomial distribution given by

expanding
f=@+9" (.1)
as a discontinuous frequency-distribution, the variate being the number of P’s in the

set of #, which may vary from 7 to 0. If, as is frequently more convenient, we wish
to consider the variate as increasing from 0 to 7, the distribution is inverted, i.e. becomes

f= @+ (52)

5.3 Distributions very close to the binomial form occur in practice, particularly

in artificial experiments with coin-tossing or dice-throwing. Table 5.1 shows some
120
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data due to Weldon, who threw 12 dice 26,306 times and noted the values at each
throw. This is equivalent to the drawing of samples of 12 from a large population.
The occurrence of a 5 or a 6 on any die was regarded as the exhibition of the quality
P, a “success” as we may call it.

Table 5.1—Frequency-distribution of 26,306 throws of 12 dice, the occurrence of a 5 or 6
being counted a success

No. of Observed Theoretical frequency No of Observed Theorcncal frequency
successes frequency from t2h6e3l:)igomial successes frequency from the bmomxal
(0-6623 -f,-0~3377)” (0~6623 +0-3377)‘ z
0 185 187 6 3,067 3,043
1 1,149 1,146 7 1,331 1,330
2 3,265 3,215 8 403 424
3 5,475 5,465 9 105 96
4 6,114 6,269 10 and over 18 16
5 5,194 5,115 : o e
TomLs 26,306 26,306

If the dice were perfect (a condition rarely realized in practice) the proportion p
of successes would be }; and the appropriate binomial would be, in the form (5.2),
(3+1%). In this particular case the dice were not quite perfect, the proportion of
cases exhibiting a 5 or a 6 being 0-3377. 'Taking this as the value of p, we get the
frequency function (0-6623 4-0-3377)!2, which when multiplied by the total frequency
26,306 gives the theoretical frequencies shown in the third column of Table 5.1. The
agreement with observation is evidently fairly good.

5.4 We have already found the moments and factorial moments of the distribu-
tion in Examples 3.2 and 3.8. The characteristic function of the distribution is
given by

Il

60 = 2 ("o

=0
= (g+pe). (5.3)
Taking logarithms and expanding we have for the cumulant-generating function
(writing 0 = it)
p(t) = nlog(1+p0+1p02+31p03+ op0t+...).

Expanding the logarithm and identifying powers in § we then find
Ky =gy =mp5 kg = py=np(l—p) = mpq; Ky = puy = mp(1-p)(1-2p)

= npg(g—p); x4 =np(1-p)(1-6p+6p*) = npg(1-6pq); etc. (5.4)

so that
By = 3n”1>2q2+npq(1—6pq)' (5.5)
—_ 3/2 =
yl - /l // (npqy \/.31 ) (5.6)
1—6pq
yo = x/ut = —21 g _ (5.7)

npq



122 THE ADVANCED THEORY OF STATISTICS

5.5 Further formulae are not often required, but when they are can be derived
from some interesting recurrence relations connecting the moments of the binomial.
Writing 6 = it we have, for the characteristic function referred to the mean as

origin,
$(t) = e (q+pe’)". (5.8)
Differentiating with respect to 6 we find
j—1
2‘ (/;!0 1) ; — npe_npo (q +P80)n +ne—np0 (q+p80)n—-lpe
=1{J—

3 0’ npe® 2 pb
= — P " —— z i

=0 J1  gt+pe j=o J:
and hence, after a little re-arrangement,

(q+PeO){Z (luj()l)l'} nPQ(e _]) L lu,o, = 0.

o J! R
Identifying coefficients in §"~! we get
=2 fpr_1 r—2 -1
My = npq _z N VP ‘Z : M+ (3.9
j=0\ J =0\ J

giving the moment of order r about the mean in terms of those of lower orders.
Furthermore, writing the moment about the mean as

& s n -
pe =3 -y (%) a-prp
i=0 J
we have, differentiating with respect to p,

e — —mx(j-npy (7) e p=2 G-y (%) o =)
+E(j— np)'( )q"f =t

The first term on the right is —rnu,_;. The sum of the other two will be found
to be P—léZ(j—np)"“(]) nipt = l,u,+l Hence we find

Pq
Mry1 = PQ("'ﬂr—ﬁ‘(fiP) (5.10)
For example, p; = 0, p, = npg = np(1—p) and hence
= pq(n—2np)
= npg(q—p)

as stated in (5.4).
For factorial moments about the origin the expressions assume a particularly simple

form. We have already found (Example 3.8) that
pin = pral (5.11)

5.6 If p = g the binomial distribution is obviously symmetrical. If p 5= g the
distribution is skew. But in both cases it will be unimodal unless pn is small. For
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the frequency of the (r+1)th term is greater than that of the rth so long as

(r: 1) qn—r-lpr+1 > (7:) qn—rpr
7l (a-r=1)E+1)! _p

o (n—7)!r! nl g
or r+1 4
n—r gq
which is equivalent to
r+1
m <p. (5.12)

Hence the frequency increases until the point when (r+1)>p (n+1) and then declines
again. Some typical distributions are shown in Table 5.2.

Table 5.2—Terms of the binomial distribution for n = 20 and values of p from 0-1 to 05
(each term has been multiplied by 10,000)

Number of p =01 p =02 p =03 p =04 p =05
successes q =09 q =048 q =07 q =06 q =05
0 1216 115 8 — —_
1 2702 576 68 5 —
2 2852 1369 278 31 2
3 1901 2054 716 123 11
4 898 2182 1304 350 46
5 319 1746 1789 746 148
6 89 1091 1916 1244 370
7 20 545 1643 1659 739
8 4 222 1144 1797 1201
9 1 74 654 1597 1602
10 — 20 308 1171 1762
11 — 5 120 710 1602
12 — 1 39 355 1201
13 — — 10 146 739
14 — — 2 49 370
15 — — — 13 148
16 — — — 3 46
17 — —_ - — 11
18 _— —_ — _ 2
19 — —_ —_ — —
20 — — — — —

5.7 The ordinates of the binomial are most directly calculated from the formula

(';) g"p’; for low values of n the calculation is straightforward and for high values
assistance can be derived from tables of logn!. The calculation of the distribution

function, which is equivalent to the summation of terms of the binomial, is tedious
to perform directly, but use may be made of the Tables of the Incomplete B-function.
We have, for Taylor’s series with the integral form of remainder,

r—1 2j 15701 _ #\r—1
fa+h) = T 2@+ [ P07 0 a4 mya. (5.13)
Z 7 o (r=1)1
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Putting a = ¢, h = p and f(a+h) = (g+p)" we have
r—1
wor =5 (Yo,
j=0 \J

where R, is the remainder after r terms and equals

147 —#\r—-1
R, = jo*” ((rl_ 1‘))! (’;%)—!(q-% Pty dt, (5.14)
The substitution ¢ = 1—x/p reduces this to
n! r r—1 n—r
R = (r—l)!(n—r)!jox (1= dx
['(n+1)

= I‘(r)P(n—r+1)B"(r’7l—r+1)

_ B,(r,n—r+1)

~ B(r,n—r+1)
= I,(r,n—r+1) (5.15)
in the usual notation. 'I'he sum of the first » terms is therefore
(g+p)'—R, = 1-I,(r,n—r+1) = I,(n—r+1,7), (5.16)

by a well-known property of the B-function.

The sum of the first 7+ 1 terms is, similarly, I,(n—r, r +1), and hence the (7 + 1)th
term is

n
()q“"p’ = I, (n—r,;y+1)—I (n—7r+1,7). (5.17)

Example 5.1

Whenn = 20,r = 11, p = 0-4 we have for the remainder after 11 terms I,.,(11, 10)
which from the tables is found to be 0-127,521,2. The value given by summing the
last six terms in the appropriate column of Table 5.2 is 0-1276, the error in the last
place being due to rounding up. The remainder after 12 terms is Iy,(12, 9)
= 0-056,526,4. The 12th term (11 “ successes ) is then the difference of these two
remainders = 0-0710, as shown in Table 5.2 for the frequency per 10,000 of 11 successes.

Tables of the binomial distribution

Several detailed tables of the distribution have been prepared.

(a) The Biometrika Tables give the individual terms of the distribution for p = 0-01,
0-02 (0-02) 0-1 (0-01) 0-5 and n = 5 (5) 30, to 5 decimal places.

(b) Tables of the Binomial Probability Distribution (National Bureau of Standards,
Applied Mathematics Series, 6, Washington, 1950) gives the individual terms and
the distribution function for p = 0-01 (0-01) 0-50 and » = 2 (1) 49, to 7 d.p.

(c) Romig’s 50-100 Binomial Tables (Wiley, New York, 1953) extends (b) above
to n = 50 (5) 100, to 6 d.p.

(d) Tables of the Cumulative Binomial Probabilities (U.S. Army Ordnance Corps
Pamphlet ORDP20-1, Washington, 1952) gives the distribution function for
p = 0-01(0-01) 0-50 and # = 1(1) 150, to 7 d.p.
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(e) Tables of the Cumulative Binomial Probability Distribution (Harvard University
Press, 1955) gives the distribution function for p = 0-01 (0-01) 0-50, p = (&)L
= % (%)% and 7 = 1(1) 50 (2) 100 (10) 200 (20) 500 (50) 1000.

(f) Those edited by J. C. P. Miller (1954) gwe( )for2<r< 1n<100; r = 2(1) 12,

n<500; r=2(1)11, » =500 (1) 1000; r = 2(1)5, » = 1000 (1) 2000; » = 2, 3,
n = 2000 (1) 5000.
As we have secn in Example 4.6, the binomial distribution tends to the ‘ normal ”’

distribution as n increases. Raff (1956) has shown that if np3/2>1-07, the error in using
the normal distribution function instead of the binomial never exceeds 0-05 for any r.

The Poisson distribution

5.8 Cases sometimes occur in which the proportion p of “ successes” in the
population is very small. We may suppose our number 7 large enough to render np
itself appreciable though p is small ; and we are thus led to consider the limiting form
of the binomial distribution as p — 0 subject to the condition that 7p remains finite,
and equal to 4, say.

Under these conditions the term

n\ o oge_ nl A AT
(r)P ¢ = (h;r)!r'?(l ;)

V(2r)e~"n"ti A
T V(@A) (n—r)rrH e T ] r1°

1 A A,

~ o, e~

e
1-7 ”e' r! r!
n

Thus the terms of the binomial become the successive terms
) A
—2
. (li"lf'> (5.18)

The distribution whose frequencies at 0,1,2, .. are arrayed by (5.18) is called the
Poisson distribution, having been given first by Poisson in 1837.
From the point of view of characteristic functions we have (writing 6 = 1t)

#(t) = lim (g+pe’y"
n—> o

lim 1+5(e°—1)}"

= exp{ (e’ 1)} (5.19)

which has already been shown in hxample 3.10 to be the c.f. of the distribution (5.18).
Thus the cumulative function is given by

p(t) = A(—1) = AX6/j!
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and hence all cumulants of the Poisson distribution are equal to 4. We thus find

p =4
ke =4,
1 (5.20)
Hg = 1+3}.2.
If we let n—> o0 in (5.9) and (5.10) we find
PREYS (’ 1);1, (5.21)
=0\ J
and iy = Pty + . (5.22)

di

5.9 A comparison of the successive terms A7/r! and ’*!/(r+1)! shows that the
frequency increases up to the point for which r+1 <2 and then declines to zero. For
low values of 4 the frequency-polygons of the distribution are very skew, being J-shaped
for A< 1, but become nearer to unimodal symmetry as 4 increases.

The summation of 7 terms in the Poisson distribution may be carried out in a
manner similar to that of 5.7. The remainder after » terms of the distribution is
found to be, from (5.13),

Rr 1‘)‘( )J -1(1 t)(l t)r—ldt
_ )
“ T
- I(-\%,r— 1), (5.23)

in the notation of Pearson’s tables of the Incomplete I'-function. The argument used
in these tables is a difficult one to work with in the present case and, though formula
(5.23) may be used for summing a number of terms in the Poisson distribution, it

is easier to calculate e-*1"/r! directly rather than to use an expression analogous to
(5.17) in the form

A
rth term = I( e _1),r—2>-—1(7;,r—1>.

Biometrika Tables for Statisticians, Part I, gives the terms e~44"/r! for A = 0-1(0-1) 15,
r = 0(1)k to 6 d.p. where k is the value for which the function is not zero to six places
of decimals. The sum of terms can be obtained from tables of the x? distribution and

Biometrika Tables for Statisticians effectively nges Z e=*2/j1 for A = 0-0005 (0-0005)

0-005 (0:005) 0-05 (0-05) 1-:0(0-1) 5-0 (0-25) 10-0 (0-5) 20 (1) 60; all to five decimal places.
These can be used to supplement the tables of the 1nd1v1dual terms, especially in the
range 0<A<1. Tables by Molina (1942) give the terms and the sums to 6 or 7 decimal
places for 4 = 0-001(0-:001)0-010(0-010) 0-30(0-10) 15 (1) 100,

5.10 We now consider a generalization of the binomial and the Poisson distribu-
tions. In 5.2 our approach was based on the drawing of sets of #n from the same
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population. Suppose, however, that each set of # consists of an observation drawn
from each of #n different populations with proportions py,p,,..,p,. Then our propor-
tional frequencies will be arrayed by the form

(P14 (P+0)---(Put02) = IT (py+q) (5.249)

which of course reduces to the binomial distribution if all the p’s are equal.
The characteristic function of this distribution is
¢ (t) = I (g;+p,¢")
from which we have
p(t) = Zlog(g;+p;¢’)
= Xlog (1+p0+4p;02+...)
= 0Zp,+30?Z(pi—pA)+ ..., etc,

giving = Zp; }
. 5.25
Ky = Wy = XP;q ( )
Writing now p for the mean of the p’s in the different populations, we have
py = mnp

ty = 2pq T Zp—Zp .
- 2p-LEpr-{2pt- L Epr}
= np—np*—no}
where ¢% is written for the variance of p)
= npg—na’. (5.26)
A comparison of these results with those for the binomial distribution shows that
the variance of the distribution arrayed by (5.24) is less than that of the binomial with

the same average p by an amount equal to #n times the variance of p.
Similarly we see that, for the Poisson distribution in such a case,

4, = A, the mean of the X’s, (5.27)
and Uy = A—03/n
= A+ 0(n™).

The Poisson value for the variance thus holds for (5.24) notwithstanding the inequality
of the p’s, provided that the variance of A is small compared with n, which will be so
if all the p’s are small.

5.11 Consider now the case when each complete set of n is drawn from one of
k different populations, with proportions p,,p,.., pr. (In the previous case we sup-
posed any set of n obtained by taking one observation from each of n populations.
We now suppose that any set is drawn from one population only, but that different
sets come from different populations.) Our array of frequencies will now be

1
7.2 (@+p)" (5.28)
j=1 .
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and evidently the moments of this array are the means of the moments of the (§+p)?,
that is to say, from (5.4),

;1
m = 'EZ”P»

Uy = ’l—e {Enp+Zn(n-1)p}.
Writing p for the mean of the p’s as before, we have
#y = np,
Mg = nﬁ+%2n(n— 1) p2—n2p?

It

nﬁq‘+%2n(u—l)p2—n(n——l)ﬁ2

npg+n(n—1) (%Z])z —-ﬁ2)
npg+n(n—1)o2. (5.29)
In this case the variance is greater than what it would be if the distribution were of

the ordinary binomial type by an amount n(n—1) var p.
For the Poisson distribution we have, on taking limits,

Ilt; = X
5.30

Py = X+a} (>30)
and here also the variance of the distribution is affected.

I

I

5.12 We shall consider results of this kind in more detail when we discuss the
theory of sample surveys, but a few comments may be helpful at this stage. It is
often found in practice that data derived from the sampling of attributes over an ex-
tended area or an extended period of time do not conform to the simple binomial
type. For example, suppose we regard the possession of blue eyes as a success, and
take a number of samples of n from the population of the United Kingdom in different
localities. We should probably find that the proportions in these samples did not
conform to the simple binomial form. The variance calculated from the known »
and average observed p would probably turn out to be smaller than the variance
observed among the different samples. If so, we should conclude from (5.29) that
the proportion p varied from place to place in the population, the excess in the variance
of the proportions observed being due to the variance of p itself in the sections of the
population from which the samples were chosen. We are assuming for the time being
that these differences are not explicable on the basis of sampling fluctuation alone ;
but a full discussion will have to wait until later chapters.

5.13 The same effect is found in distributions which at first sight might be expected
to be of the Poisson type. For example, suicide is a rare event and it might be sup-
posed that if we took a series of large samples, say the population of the United
Kingdom in successive years, the frequencies of suicides would follow the Poisson
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distribution. 'This, however, is not necessarily so, for all members of the population
are not equally exposed to risk, and the temptation to suicide may vary from year to
year, c.g. being greater in years of trade depression. This inequality of risk is typical
of one field in which the Poisson distribution has been freely applied, namely, industrial
accidents. 'Table 5.3 shows, in the second column, the frequency of accidents occur-
ring to women working on the manufacture of shells. The Poisson frequencies shown
in the third column provide a very poor fit. One possible reason is that the liability
of individuals to accident varies.

Table 5.3—Accidents to 647 women working on H.E. shells in 5 weeks (Greenwood

and Yule (1920)) \

Number of Observed Poisson distribution Distribution given
accidents frequency with same mean by (5.33)

0 447 406 442

1 132 189 140

2 42 45 45

3 21 7 14

4 3 1 5

5 and over 2 01 2
T'oTaLs 047 648 648

As a working hypothesis (cf. Greenwood and Yule, 1920) suppose that the popula-
tion is composed of individuals with different degrees of accident proneness, repre-
sented by different values of A in a Poisson distribution ; and suppose that in the
population the distribution of 1 is given by

.,
= e AP}, 0<Ag<©; ¢>0. 5.31
I'(p) G-31)

The frequency of j successes is then

dr

© P P AJ
R LA L e /
o I'(p) J!

or the coefficient of # in
-,.C,p__- jwo e—cl 11)-1 e—-z+).r dl
I'(p)Jo ’

which, on the substitution of (¢+1—%)1 = u, becomes

cl’ c P t -p
I - . 32
(c+1-2)* <c+1) (1 c+1> (532)
The frequency of 0, 1, 2, . . . successes is therefore
V[ 2, plp+]) 33
<c+l) 1’c+1’2!(c+1)2"' ’ (5.33)
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= (Jl)v{ciﬁp(gﬁ)lz)*“'}

[\ p [fctlyH
“\e+1/) e+1\ ¢

The mean is thus

_? (5.34)
c
Similarly = é(ﬁj?‘_})’ so that
+1
o= 2D 2,0 (5.35)

If we now put the observed mean and variance of Table 5.3 equal to the values of
(5.34) and (5.35) we have two equations which can be solved for p and ¢. The dis-
tribution (5.33) can then be found. The frequencies are given in the fourth column
of Table 5.3 and evidently give a much better agreement with the facts.

The negative binomial distribution

5.14 An interesting feature of the distribution arrayed in (5.33) is that it is
generated by a binomial with negative index. In the approach adopted in 5.2 the index
is necessarily positive. Cases not infrequently arise, however, in which data are repre-
sented by ‘‘ negative binomials.” We shall encounter one very simple generative
process when we come to consider sequential sampling. Another classical case, the
carliest to bring this type of distribution to the notice of statisticians, was given by
Yule (1910) ; it does not depend on any arbitrary assumptions about distributions
such as that embodied in (5.31).

Suppose that we have a population subjected to recurring attacks of a disease, and
suppose that each attack affects (as if they were chosen at random) a proportion p
of the population. After n attacks, the proportions of individuals who have had the
disease 0, 1,... times will be the terms of the binomial (¢+p)". If r attacks are fatal
to the individual, the proportion of survivors after n attacks will be the sum of the
first 7 terms of the binomial. 'The proportion dying during the nth exposure will be
those who have had the disease r—1 times in the first #—1 exposures and contract

it again, i.e. will be
n—1 n=rpr—1og g — n—1 n—r 57
,—1)7 P p=\,_1)9 P

Thus, since death does not commence until the rth exposure, the proportions of deaths
at the rth, (r +1)th, . . . exposures are

p’{l, g, '('Ztl)qz,- : }

i.e. successive terms in p" (1 —g)~", a binomial with negative index. A law of this kind
has been found to operate in experiments on the killing of bacteria by disinfectants.
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5.15 Writing the negative binomial array in the form p"(1—g)™", we have for
the c.f. (6 as usual being written for it)

$(2) = p"(1—gqe)™ (5.36)

Thus for the cumulative function
p(t) = nlogp—nlog(1—ge’)

= —nlog{l ~1‘%(6’0—1)}. (5.37)
Expanding and identifying coefficients we have
nq ng ng(1+4q)
Ky =25 Ky= 35 kg = ;
? p P (5.38)
ng(1+49+4°)
Ky = p4 .

These relations may be derived from equations (5.4) by putting therein ¢/p for p
and 1/p for q.
The f.m.g.f. is given by

o(t) = p" {1-q(1+5)}~

= (1—qt/p)™ (5.39)
Hence we find, for the factorial moments about the origin
My = (g)r (n+r—1)". (5.40)

It is to be noted that for the negative binomial y, > u;, whereas for the ordinary binomial
p2<py, and for the Poisson u, = u;. A preliminary calculation of p,/u, is often a
good guide to which of the three is likely to fit the data best.

The logarithmic distribution

5.16 There is an interesting limiting form of the negative binomial. Suppose
that g represents the probability of the presence of an attribute and p of its absence.
In some circumstances we may not observe—we may not even be capable of observing—
the situation in which there is complete absence of the attribute. We are then led
to consider a negative binomial with the zero class missing, i.e. the distribution with
frequencies proportional to

n n(n+1)q?
p {nq, (—2! )",...}. (5.41)
The total frequency is 1—p" and we may write the distribution as
np” (n+1) , (n+1)(n+2) , 542
1—1>"{q’ 21 1 31 Dy (5:42)
Now let n tend to zero. For the initial factor we have
lim !

I Y p— S
p"—1  exp(—nlogp)—1 —logp’
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in virtue of the rule known as 'Hoépital’s. 'The distribution then tends to the form

it ¢ ¢ 5
ot ol® 5 5 8

that is to say, the frequency at integral values r>1 is the coefficient of #" in the
frequency-generating function

P(t) = log (i ~9) log (1-gq?). (5.44)

'This distribution is due to R. A. Fisher et al. (1943). As we have introduced it,
the derivative process looks rather artificial ; for we obtained the negative binomial
with integral index n» and we are now letting n tend to zero. The justification for
the procedure will be clearer when we discuss sampling theory. In fact, the sum of
a number N of independent observations, each distributed in the same binomial form
with index , is itself binomially distributed with index Nn, a result which we state
here without proof. We may regard the generative scheme of the logarithmic dis-
tribution (5.43) as the limit of a set of N observations as N tends to infinity but »
tends to zero such that Nu tends to zero. An example of a distribution of the log-
arithmic type is given in Table 5.4 ; but this is to be regarded as illustrative of good-
ness of fit, not as evidence that the data are generated by a scheme of the kind we
have just mentioned.

Table 5.4—Distribution of butterflies in Malaya, with theoretical frequencies given by
the logarithmic distribution

(From Fisher, Corbet and Williams, Your. An. Ecology, 1943, 12, 42)

No. of species ‘Theoretical frequency Observed frequency
1 135-05 118
2 67-33 74
3 44-75 44
4 33-46 24
5 26-69 29
6 22-17 22
7 18-95 20
8 16-53 19
9 14-65 20

10 13-14 15
1 1191 12
12 10-89 14
13 10:02 6
14 9-28 12
15 8:63 6
16 8:07 9
17 7-57 9
18 713 6
19 6:74 10
20 6-38 10
21 6:06 11
22 5-77 5
23 5-50 3

24 5:25 3



STANDARD DISTRIBUTIONS—(1)

133

5.17 Replacing ¢ by €’ in (5.44) we find the characteristic function of the dis-

tribution to be
q0® q06*

_9

0

where o = 1/log(1—9).
about the origin (not the cumulants)

. P PR (05,1 P A€
1 ) 2 pz’ 3 P’ y My
whence fy = _aq({p—: ocq_)’

oq(1+ g+ 3aq+2a%q?)

lu3 = - p3 ’
) = ag {1+4q+g*+4aq (1 + )+ 602 ¢*+ 3¢}
4 = — e

p4

The hypergeometric distribution

\

J

Noting the similarity of this to (5.37) we have for the moments

+49+4%)

o (5.45)

(5.46)

5.18 Consider now the generalization of the approach of 5.2 when samples of
n are drawn from a population of N individuals, where N is not necessarily large.
If we take a sample which contains » P’s and n—r Q’s, it can arise in

Np(Np—1)...(Np—r+1)Ng(Ng—1)...(Ng—n+r+1)
N(N=1)...(N—n+1)
n
- ()

ways of selecting the sample, and the r

C)

ways. For there are

(Np)" (Ng)n—"

o (5.47)

P’s can be chosen

in <Iip) ways, and the n—r Q’s in <an—qr> ways, if r < Npandn—r < Ng, the expres-

. . ' _ Np\ [ Nq N
sion given in (5.47) being equal to < , )(n-—r)/(n)'

Hence we are led to consider the discontinuous distribution whose general term is

1

fi= N‘m(’;) (Np)#(Ng)r=3, j=0,1,.., n; Np > n < Ng, (5.48)
a form in which the analogy with the binomial distribution is evident. As N—o00
the form (5.48) approaches the binomial form.
The frequency-generating function
1 2 ((n ) o
P() = 5 2 { (%) ey gy o} (5:49)
1s equal to
(N, (Np)itall ¢
Nt " (Ng—n+j)i ;0
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that is to say, to the hypergeometric function

Na)™

QD F @b )
if «=—-n f=—-Np, y=Ng—n+l. (5.50)
The distribution (5.48) is therefore called hypergeometric. We have

) . ept a(x+1)B(B+1) 2
F(a,8; y,t)—1+7—1—!+'*—?(y+—1)~v 2!+...

and it is well known that this function satisfies the differential equation
2
(1= s+ G —apF = 0, (5.51)

a fact which may be readily verified from the equation itself.

If in (5.49) we put ¢t = ¢’ we evidently have the characteristic function of the
distribution. On making this substitution in (5.51) we find, after some reduction and
replacement of the values of «, f, y by those of (5.50),

Y i - b _
(1-¢€% 102 (n+Np)‘d0+an¢ anq5+Nd0 = 0. (5.52)
Since ¢ = X ,u; 6'/j! we find, from the coefficient of 6 in this expression,
—~Nnp+Nu; =0
Uy = np, (5.53)

the same result as for the binomial. The mean of the hypergeometric series is inde-
pendent of N.

Taking now the distribution about its mean, and hence substituting "¢ for ¢
in (5.52), we find

(1-¢) [%%Jr‘é‘-g {n (9~ )~ Np}+ (V=) pan| N0 s
whence, identifying coefficients in 0, 02, 6%, we find
_ npg(N—n)
Ko N-—1 )
sy = "P1@—P)(N=n)(N=2n)
* N-1Hw-2) L (5.55)
4y = npg (N —n)
T (N=1)(N=-2)(N-3)
x [N(N+1)—6n(N—n)+3pg {N*(n—2)— Nn>+6n(N—n)}], |

and generally, if E denotes the operation of raising the order of a moment by unity,
ie. Eu, = u,,,, we have

Nitpyy = {1+ Ey —E"} [~ {(Np+n(g—p)} pat {npg(N—m)po}].  (5.56)
As we expect, when N —>co these values tend to those of the binomial distribution.

5.19 An example of the occurrence of the hypergeometric series in practice is
given in Table 5.5, giving the frequency of occurrence of cards of a certain suit in
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hands of whist. Here N is the number of cards in the pack, 52, and n = 13, p = }.
The appropriate frequencies are thus

1 (13\, 201 200
gzm(j>13[3139[ jl

giving the figures shown in the third column. The agreement is reasonably good.

Table 5.5—Distribution of 3400 first hands at whist according to number of trumps
in the hand (K. Pearson (1924a))

Nl;mb(;l‘ ;>f Obst;rved 7 F requencyic;f Number of Observed Frequency of
cards in frequency hypergeometric cards in frequency hypergeometric
the hand distribution the hand distribution

0 35 43-5 5 444 424-0
1 290 272-2 6 115 141-3
2 696 700-0 7 21 30-0
3 937 9735 8 11 4-0
4 851 811-3 9 and over 0 0-2
ToTaLs 3400 3400

G. J. Lieberman and D. B. Owen (1961, Tables of the Hypergeometric Probability
Distribution, Stanford U.P.) give the d.f. and f.f. for N = 1(1)50(10)100 and all n;
and for N = 200(100) 2000 and selected n. Wise (1954) has developed a quickly con-
vergent expansion for the d.f. in terms of the Incomplete Beta-function. Sandiford
(1960, ¥. Amer. Statist. Ass., 55, 718) shows that a close approximation is obtained
from a binomial distribution with the same mecan and variance.

The normal distribution

5.20 We have already noted in Examples 4.6 and 4.9 that the binomial and the
Poisson distributions tend, when expressed in standard measure, to the form

1
dF = e dx, — o<x< 00, 5.57
Vi) 37
The more general form
. R TP _ )
dl' = G—»—\/(Zn)exp{ 202(x ,u.l)}dx, wgxgo; 6>0, (5.58)

is known as the normal distribution.® It is the most important theoretical distribution
in statistics. The expression (5.57) is the normal distribution in standard measure.
We recall some of its properties which have been given in examples,

The c.f. of (5.58) is easily found to be

#(t) = exp (itp, — it 0?) (5.59)
. @n!
giving for = 579 (| (5.60)
Harpr = 0, r=1

(® The description of the distribution as the * normal,” due to K. Pearson, is now almost
universal among English writers. Continental writers refer to it variously as the second law
of Laplace, the Laplace distribution, the Gauss distribution, the Laplace-Gauss distribution
and the Gauss-Laplace distribution. As an approximation to the binomial it was reached by
Demoivre in 1738 but he did not discuss its properties.
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For the cumulant-generating function we have
p(t) = ity — 3120t
so that
Ky =0% k=0, r>2. (5.61)

We also have 8, = 3, y, = 0, which accounts for the standard adopted for mesokurtosis
in 3.32.

5.21 The frequency function of the standardized normal distribution will occur
so often that we shall introduce a special symbol for it. We write

«(¥) = - (lzn)e'*”'. (5.62)

For the distribution function we have

F@ = [ at)dy = 1+ [ «0)dy. (5.63)
We may expand «(x) as a power serics in x and integrate term by term to obtain
ot x®

This, however, is not a very useful expression for the calculation of F'(x). It converges
too slowly except when x is small

5.22 Tor large x an asymptotic series may be employed. Let us note that
exp {— 3% (1+u%)} _ r _ 2
Lt = izlexp{ v(1+u%)}dv.

We may integrate both sides for # from — o to o, and in virtue of the uniform con-
vergence on the right-hand side, may there invert the order of integration. We then
have

JoLor T a7 e ety duao

14w "
1 e?
~ \/(27) j T
- \/(Zn)j eI du.
Hence
1 e
l—F(x) = _\7‘(2—«),“ é i du
_ 1™ exp {—{x*(1+u?)}
- 2:1_[_ 14+u2 du
T © exp (—3x%u?)
- e '\/(Zn)j S (5.65)

The ratio of the ‘“ tail area” of the distribution, 1—F(x), to its bounding ordinate
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«(x), is known as Mills’ ratio ™ and denoted by R(x). Thus
1

R(x) = {1 "F(x) }/\/(zﬂ)e«hcl
= o J' " b gy, (5.66)
From (5.65) we have
_ 1 [ exp(-ix*u?)
R() = s j C e a, (5.67)

and on replacing }x?u? by ¢,

x [© etz
R(x) = zVﬂJo ot

Expanding the denominator and expressing the resultant integrals in terms of Gamma-
functions we have

R(x) = ﬁ_ng_(l_2_£+‘1tf— .. .>e—‘t‘*dt
0

2\/7‘[ x2 x2 xt
1 1 1.3 1.3.5...(2/—-1
Tx X K (1Y """x-.’j+(1] ' )+Rj(x), (5.68)

where
Dy~ +1) o g2i+2 ot y-}
R, e A
IR@®I =377 L £+
This series does not converge but
Q-+ o
. 2j+} ot
e Lt e~'dt
<x-GtY1.3.5...(2/-1). (5.69)

Thus the remainder at any point in the summation is less in absolute value than the
last term taken into account, and the series is asymptotic. For large x the expansion
is reasonably effective.

| R;(x) | <

5.23 The most useful forms for the calculation of F(x), or equivalently of R(x),

however, are continued fractions. One such, given by Laplace in 1805, is as follows.
Define z(¢) by

| R PSR T exp{ — 322 (1 - 1)} du
550 = Rs=n} = s j B e . (5.70)
Then
1dz
L = —x=nz-1} (5.71)

(® It was tabulated by Mills in 1926, but had, in effect, been considered by earlier writers.
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Hence if z has the expansion in powers of ¢
g = Tyt
j=0
we find, on substitution in (5.70) and identification of coefficients,

1
;é("*‘l)yrﬂ FY,—Yr1 = 0. (5-72)
Hence I~ r-: ] .
Yr-roq I Yrt1
Xy,
Repeated applications of this formula give
yp_x 23 . n
Yo Xt X+ xt+  x+
Also, from (5.70) we find
Yo = xR(x), yi/*¥t = 1=y,
Hence, substituting for y, we have, after a little re-arrangement,
R(x) = yo/x = L 123 » (5.73)

X+ X+ x+ x+  x+

This expression was used by Sheppard (1939, posthumous) in calculating the standard
tables of the normal distribution, described in 5.25 below. At the end of this volume
we give some tables which will suffice to illustrate the theory and examples given in

this book.

5.24 Another continued fraction which converges much more rapidly than Laplace’s

has been given by Shenton (1954). Defining

- z 1

R = [/ = 55RO,
Shenton finds

Tables of the normal distribution

(5.74)

5.25 (a) Sheppard’s tables give, among other things, Mills’ ratio to 12 decimal places

by intervals of 0-01 of x; the same to 24 decimal places by intervals of 0-1; and the
negative natural logarithm of the tail area to 16 places by intervals 0-1.

(b) The Biometrika Tables, in a table based on Sheppard’s work, give the ordinate
and the distribution function of the standardized distribution, to 7 decimal places for
x = 0(0:01) 450 and to 10 d.p. for x = 4-50 (0-01) 6-00, as well as an auxiliary table which
extends to ¥ = 500 and inverse tables giving the deviate and the ordinate from the value
of the distribution function.

(c) Tables of Normal Probability Functions (National Bureau of Standards, Applied
Mathematics Series, 23, Washington, 1953) gives the ordinate and {2F(x)—1}, where
F is the distribution function, for x = 0 (0-0001) 1 (0-001) 7-800 to 15 d.p., and the ordin-
ate and 2{1 —F(x)} to 7 significant figures for x = 6 (0-01) 10, as well as auxiliary tables
for large values of x.

(d) The Kelley Statistical Tables (Harvard U.P., 1948) gives an inverse table of the
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standardized deviate and the ordinate, each to 8 d.p., for values of the distribution function
0-:0001 (0-0001) 0-9999, with a finer tabulation for 10 lower and 10 higher values extend-
ing to 0-000,000,001 and 0-999,999,999.

5.26 The shape of the standardized normal distribution

1
d(x) = 7(—27—t58 i
is illustrated in Fig. 5.1. It is symmetrical and unlimited in range, falling off to zero
very rapidly as the variate increases. There are points of inflection at unit distance
on either side of the mean.

o4

03

02

ol

\

-4 -3 -2 -/ 0 / 2 3 4

e~

1
Fig. 5.1—The normal curve y = VD)

For the mean deviation we have

1 (= 2 (%
— —ir? — = -1z
\/(Zn)j_w[;ﬂe dx \/n.{o xe~ dx
_ J 2 _ 079788, (5.75)

T

The variance is of course unity, because the distribution is expressed in standard
measure. The quartiles are distant 0-674,489,75 from the mean, as may be found
from the Tables.

5.27 As an illustration of the occurrence in practice of a distribution which is
very close to the normal, the height data of Table 1.7 may be taken. Table 5.6 shows
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the actual frequencies and those given by the normal curve with the same mean and
standard deviation (67-46 and 2-56 inches respectively).

The correspondence is evidently fairly good. It must, however, be noted that
whereas the theoretical distribution has infinite range, the practical distribution has
not, since it is impossible to have a negative height. In this particular case the rela-
tive frequency of the normal distribution outside the range 57-77 inches is so small
that the point is unimportant ; but when distributions of finite range are represented
by those of infinite range it is as well to remember that the fit near the tails may not

be very close.

Table 5.6—Frequency-distribution of 8585 men according to height (Table 1.7) compared
with theoretical frequencies of a normal distribution with the same mean
and variance

bb;cwed Theorét{;x;i- A

Height Observed Theoretical Height

(inches) frequency frequency (inches) frequency frequency
57- 2 1 68— 1230 1234
58- 4 3 69— 1063 989
59— 14 11 70—~ 646 682
60- 41 33 71- 392 405
61— 83 88 72— 202 207
62— 169 200 73~ 79 91
63— 394 395 74- 32 34
64— 669 669 75- 16 11
65— 990 976 76— 5 3
66— 1223 1227 77- 2 1
67— 1329 1326 o o L

TorALs 8585 8586

5.28 Since the normal distribution may be considered as the limit of the binomial,
it is natural to inquire into the limiting forms, if any, of the hypergeometric distribu-
tion. From (5.48) we see that the difference between two successive terms in the
distribution is
1 n! "] r 17 [Np—1r Ng-n+r+1
N o1 (n—r—1)1 VD) (VD) {r+1 n—r }

an—Nq+n——1~r(N+2)}

1 n! -
= N1yt VB D (N nr 1)

The ratio of this difference to the (r+1)th term is then

Ay,  A+Br

¥y, C+Dr+Er?
where the quantities 4 . . . E are constants. In the limit when the distribution is
expressed in standard measure, Ay, is the increment when r increases by a small
quantity, and we are thus led to consider the differential equation defining a frequency
function

df A+ DBx -
f = CtDutEe®™ (5.76)
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This is the equation of a family of functions—the Pearson distributions—which will
be considered from a slightly different standpoint in the next chapter.

Some extensions

5.29 The distributions we have studied in this chapter may be generalized in
various ways. The extension of the normal distribution to the multivariate case is
so important that we shall later devote a chapter to it. We conclude our present
account with a brief reference to two extensions of the binomial distribution.

The multinomial distribution

5.30 Suppose that the members of a population, instead of being classified into
P’s and not-P’s as in 5.2, can be classified into k+1 classes, P;, P,, . . , P, and
neither -P, nor -P, . . . nor -P,, which we may denote by P,. Thus, for example,
with & = 3, P, might denote the possession of blue eyes, P, that of grey eyes, P, that
of brown eyes and P, that of eyes of some other colour, or perhaps no eyes at all.
If we denote the corresponding proportions by p,, . . , pi, Po, it is easy to see by an
extension of the argument of 5.2 that the frequencies in sets of # individuals are given
by the expansion of the multinomial

(Potpritpat ...+ (5.77)
that is to say, the frequency of a set having r, Py’s, r, Ps, etc., is the term

n! Topn N1 Tk
ro!rll...rkip" Pt i (5.78)
'The characteristic function, attaching variables ¢; to p; (r = 1, . . ; k), is given by
(Potpre+pae+ ... +pe™)" (5.79)

and we may obtain the moments and product-moments in the usual way. It will
be sufficient if we write down certain of the cumulants up to the fourth order for k£ = 3.
The others follow by symmetry.

N

k1000 = MPo; Kzoo0 = MPoqos Kirteo = —MPoP1;

k3000 = MPodo(do—P0); K2100 = —MPoP1(qo—P0)5 Kirro = 2nPoP1Pa;

3000 = MPoqo(1—6p0q0) 5 *3100 = —1poP1(1—6P0q0); & (5.80)
Kazoo = —MPoP1 {(go—20) (q1—P1)+2PoP1} 5

ko110 = 2npop1P2(90—2P0) 3 K111 = —OnPoP1p2Ps J

Here, as usual, we write g, = 1—p, for brevity.

The bivariate binomial distribution

5.31 We may also have a population classified by two qualities, e.g. blue-eyed or
not-blue-eyed and male or female. (More generally, we could have several qualities
and several categories in each, but this would give us a cumbrous complexity without
raising any essentially new points.)

Suppose the presence or absence of one quality is denoted by P,Q (= 1—P) and
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those of the other quality by P’,Q’(= 1—P’). The proportions of the four possible
combinations may be represented thus:

P’ Q" | ToraL

P P Pio p
(5.81)

0 Pox Poo q

ToraL ? q 1

From some points of view we may regard this distribution as a multinomial arrayed by

(Poo+Por+Pro+P11)™ (5.82)
We are, however, usually more interested in the distribution of p and p’ than those
of pos etc. The joint c.f. of the numbers of P’s and P”s is given by

$(1) = (Poo+Por€" +p10€ + P11 "), (5.83)
where, as usual, 0, = it,, 0, = it,. If we now define
bay = Pu—PP, (5-84)
we find, on expansion of log¢(¢), the bivariate cumulants
kit = Py ke = mPpan(@=p);  ka= mpan(1—0pq); (5.85)

Ky = np1y ((g—P) (@' —P")— 2Py }-
Other bivariate cumulants such as «;, are obtainable by symmetry ; and, of course,
such cumulants as «,, are the cumulants of the univariate (marginal) binomials (¢ +p)"

and (¢'+p")"™
5.32 A little calculation shows that if p ) of equation (5.84) is zero the c.f.

becomes
(g+pe™) (g +p' ™). (5-86)

The qualities are then independent. If we transfer the origin to the means of the
two variates (5.83) becomes

logé(2) = "log(Poo"‘Poxeo’+Ploeo’+Pu90‘+0')—"P61“”P'62
= 4n(pq0i+2p11y0,0,+p ¢ 05) +o(n). (5.87)

If we then transform to standard measure, the variances of the two variates being
npq and np’q’, and then let » tend to infinity, we find

log(£) = 4 (02 +2p0,0,+63) (5.88)
where

- _Pay 5.89
P (par' g} :5)
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This, as was seen, in effect, in Example 3.17, is the c.f. of the distribution

dF — T(ll—_p?)* exp{z—(—l_lﬂ (xf—pr1x2+x§)}dx1dxz, — o<ay %< 0. (5.90)
Thus the bivariate binomial distribution tends to the form (5.90) which may be regarded
as the bivariate analogue of the normal distribution.

The variates x, and x, become independent if and only if p = 0, which implies
that p;,) = 0, or p,; = pp’. This in turn means that the proportion of P’s among
the P’ is the same as the proportion among the Q', for then p,, = p—p,; = qp’.
The table (5.81) then assumes the form

P’ Q’ ToraL

P b pg | P
q

0 @ 99 (5.91)

ToraL | p’ q’ 1

We shall have more to say about this type of situation in discussing the theory
of attributes. It is enough at this stage to remark that “ independence ”’ as we have
defined it agrees with the ordinary meaning which we should assign to it in speaking
of qualities.

Wishart (1949) has given general formulae for the cumulants of multivariate multi-
nomial distributions.

EXERCISES

5.1 Show that for the binomial distribution

di,
Kryl = pq%, r>1.

Hence, writing ¢ = pq, g = q—p, that the cumulants are given by

Kg =nc; K3 =ncg; kg = nlc—6ct); ks = ng(c—12c?); kg = n(c—30c2+120c%) ;
Ky = ng(c—60c2+360c®) ; kg = n(c—126¢*+1680c%—5040c*).

(Cf. Frisch (1926), and Haldane (1939) who gives formulae up to «,,.)

5.2 Show that for the incomplete moments about the mean of the binomial, starting from
some variate-value p,

L n
pr= I (G—np) (. )p'q",

i=» J
equation (5.10) holds, i.e.

d,
Hr+1 = PQ<”'l‘r—1 + 'ﬁr)
(Romanovsky, 1925)
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5.3 Writing T; = (’;) p? ¢4, show that the incomplete moments of the binomial are given by

n

Ho = .2 T;
J=»

uy, = pqT,

py = paT, {p— (n+1)p}+npau,
#a = pqT, [{p—(n+1)p}*+pg(2n—1)]+npg(q—p) o
and generally
r—1 o2 r—-1 2 fr-1
br = pqT,(p—np)~1tnpg X (.7 )wy—p Z (. @41
j=o\ J j=o0\ J
(Frisch (1926). This is the generalization of equation (5.9) to incomplete moments.)

5.4 In the binomial distribution let #p +{ be the least integer exceeding np. Show that the
mean deviation of the distribution is

2(mp+0) (npn+ C) prptigne—i+1
(Johnson, 1957)

5.5 From equation (5.56) derive the recurrence formula for the moments of the binomial
distribution

{1+ E)Y —E"}(npgro—pur1) = tri1
and that for the Poisson distribution
{1+EY —E"}ipg = prya.
(K. Pearson, 1924a)

5.6 If a distribution of type (5.24) is represented approximately by a binomial (Q + P)*,
show that
vP = np
vPQ = npg—no?,
so that P = $+0?,/p and hence is positive ; consequently that » is positive.
If, however, the distribution is of type (5.28), then

P=p—-(n-1)0%/p
so that P, and hence ¥, may be negative.
(“ Student,” 1919)

5.7 (Neyman’s Type A contagious distribution.) The frequency function of a variate 7
defined at »r =0, 1, . . . is given by

;‘; ] ]'r
fr= 71 e~h on F(lle—-z’)’» Ay, Ag> 0.

Show that the factorial cumulant g.f. is 1;(ed'—1) and that p] = A,4;; p, = 4, 4,(1+1,).
Hence write down the c.f. and invert it, using Exercise 4.22.

(Neyman, J. (1940), Ann, Math. Statist., 10, 35)

5.8 (The Pdlya-Aeppli distribution.) The frequency function of a variate r defined at
r=0,1,...1is given by

fo=eh

r — )
= p=Ay AT r—1 _1 L,(A-17)
fr=ehy ,-‘E‘l(j—l)j!{ =2l e
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Show that the f.c.g.f. is A;¢/(1 — v— tt) and hence find the mean and variance. (Exercises 5.7
and 5.8 are examples of the distribution of numbers of individuals living in colonies whose size
also has a distribution. In both, the individuals are distributed in the Poisson form ; in 5.7 the
colony-size is also a Poisson, but in 5.8 it has a J-shaped distribution (1—-7)v~1,p = 1,2, ...).

5.9 Show that if the frequencies of two symmetrical binomial forms of degree n are super-
posed so that the rth term of one is added to the (r + 1)th term of the other, the resultant frequencies
are those of a symmetrical binomial of degree (n+1). Deduce that if two normal distributions
with the same variance and means differing by a small part of the variance are added together,
the resultant distribution is nearly normal.

5.10 Show that if y = exp (— 3x%/0%)

[eo] 2 1
j_wy dx = 2047

Hence, if a normal distribution is grouped in intervals with total frequency N,, and N, is the
sum of the squares of frequencies, an estimate of o is

NE
L = 0-282,095 2
2N\/n 095 N,

For the height data of Table 1.7 show that this gives an estimate of ¢ equal to 2:553, an error
of about 1 per cent.

1
o4/ (27)

NE

(Yule, 1938)

5.11 (The bivariate Poisson distribution.) Show that when p,,, p;, and p,, in equation

(5.82) are small, butnp,; = i3, np,, = Ay — A3 and npy; = A, — A, are finite, the distribution tends
to the form whose general term is

1 (Ay = As) (R — A

2R e=h—At2,
iljlk!

5.12 Use the Laplace continued fraction (5.73) to show that

23
¥ R@<2F2

x?+1 Bt 3x
5.13 Show that Mills’ ratio
© 1 1
= - — ———— —}u.
R(x) xj_wugw e
@ ek

. . v e
Replacing the integral by the sum h.;: o v Q) TR

show that for h = }, ¥ = 1, the sum to 13 terms gives R = 0-158,655,24. (Das, 1955. The
true value is 0-158,655,25.)

5.14 For the Laplace continued fraction (5.73) for Mills’ ratio, show that if the sth con-
vergent ¢, is denoted by a,/b;,

a=0,a, = 1,b,=1, b = x and

PR G b G
! -1 bl—l bs

oy = (T TIRl=D!
8 82 b:—z bs
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Hence show that
€0<C3<¢<...<R(x)<...<cg<cy<cy.
(Shenton, 1954)

5.15 In the previous exercise show that

[+ o]
R(x) = J exp (— 32 —tx)dt
0
and hence that

(- 1)._[ ) (t—x)’ e ¥ dx/v/(2m)

R(x)by—a, = e
1 o
g
v (27)
In the Schwarzian inequality
jf fdx jf 1f2dx
>0

| J'flfzdx jf%dx

put fr= (@@=, f, = (x—plitlets,
and hence show that
azet(25)! V(2 +8s+4)
28,
<« o un
aggp1+ (2s+ 1) v/ (x2+8s+8)
where oy = CoQg 42+ Cop2a3—2Cs410a541

R>

Bs = bs bn+2 - b3+1’ Vs = Qsg 12— 0,2.”.
Hence derive Birnbaum’s inequality
H—x+V(2+4)}<R(x)<4/{3x+ v(x*+8)}, x>0,
the positive sign of the radical being taken.
(Shenton, 1954)

5.16 If v»(x) =1/R(x) and A(x) = dv/dx = v(v—x) show that O0<A<l., .If =(x) is
defined by
x - o]
n(x) = e""/j. e—1v! duj e~iv dy
— Q0 x

drjdx = 2xn(x){A(x")—1},

where — |x|<x’<|x|. Hence show that n#(x) is a decreasing function of x2.
(Sampford, 1953)

show that

5.17 Consider the integral

3| | ew-hereymdsa

-0 J —a
Show that it is less than the same integral taken over a circle centred at the origin and of equal |
area of integration 4a4®. Hence show that

—\/—(127)'(}""' du<i{l—exp(—2x2/m)}}, x>0,
(Pdlya, 1945)
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5.18 Show that the function
— x
Rx) =y = ei“'j e~ dy
0
obeys the differential equation

Hence show that
_f+i+__‘_’c_f_+_€__+
Y=1"137135 1357 "
(Pélya, 1945)

5.19 For the multinomial (5.77) show that if a; = p;/p, then

0
KT it 1, 0, 10) = @ik, 75 iy oy Th)
aa,-

where the cumulant on the right is of order 7, in p, etc. (Guldberg, 1935). Hence derive
equations (5.80).

5.20 Verify equations (5.85) and the expression (5.86).

5.21 1In a certain experiment clusters are observed, each cluster consisting of individuals.
Show that if the number of clusters follows a Poisson distribution and the number of individuals
in a cluster follows a logarithmic distribution, the total number of individuals observed follows

a negative binomial distribution.
(Quenouille, M. H. (1949), Biometrics, 5, 162)

5.22 =z is the sum of n independent variates xi, each with c.f. ¢,(t), where n is a random
variable, taking the values 0, 1, 2, . . ., with c.f. ¢,(f). Show that the unconditional c.f. of

1
Zis ¢, <_9g f-_—l ®
If n is a Poisson variable with parameter 4, show that the c.f. of 2 is exp {A[¢;(t)—1] }.
Derive the results of Exercises 5.7 and 5.21 from this.

, and that there is non-zero probability that 2 = 0 even if the x; are continuous.

523 Use the result of Exercise 4.16 to establish (cf. 5.13) that a Poisson distribution with
parameter A itself distributed in a Type I1I distribution (5.31) has the negative binomial distribu-
tion (5.33).

5.24 x is conditionally normally distributed with mean u and variance A. p and 4 are ran-
dom variables with joint c.f. ¢ (t,u) = E{exp(itu+iud)}. Show that the unconditional c.f.
of x is ¢ (¢, Lit?).

5.25 In Exercisc 5.24, show that if 4 and 1 are distributed independently of each other
with respective c.f.’s
é,(2) = (1+£2a®)7Y, ¢, (1) = (1 -2duc®)~", m a positive integer,
(cf. Exercises 4.3, 4.18 for these c.f.’s) then x is distributed as the sum of (m+1) independent
variates, each distributed exactly like pu.

5.26 Show that for the Poisson f.f. (5.18), u(» = A*; and that for the hypergeometric
£.£. (5.48), pin = nO(Np)/NO,



CHAPTER 6

STANDARD DISTRIBUTIONS—(2)

6.1 In this chapter we continue the account, begun in the last, of the standard
distributions of statistical theory. From the variety of forms assumed by the frequency-
distributions of experience, as exemplified in Chapter 1, it is evident that an elastic
system would be rcquired to describe them all in mathematical terms. Three ap-
proaches will be considered herein : the first, due to Karl Pearson, seeks to ascertain
a family of curves which will satisfactorily represent practical distributions ; the second,
due to Bruns, Gram, Charlier and Edgeworth, secks to represent a given frequency
function as a series of derivatives of the normal frequency function ; the third, due
to Edgeworth and later writers, seeks a transformation of the variate which will
throw the distribution at least approximatcly into a known form.

Pearson distributions
6.2 It was noted in 5.28 that in the limiting case the hypergeometric series can
be expressed in the form

o _  @-af | 6.1)
dx  by+byx+b,x*
‘This equation may be considered from a slightly different standpoint. The unimodal
distributions of Chapter 1 suggest that it might be worth while examining the class
of frequency functions which (a) have a single mode, so that df/dx vanishes at some
point x = a; (b) have smooth contact with the x-axis at the extremities, so that df/dx
vanishes when f = 0. Evidently these conditions are in general obeyed by any dis-
tribution of the family (6.1). In actual fact, as will be seen below, there are also
solutions of (6.1) in particular cases which are J- or U-shaped. '

The family of frequency functions defined by (6.1) are known as Pearson distribu-
tions. Before obtaining explicit solutions of the equation, we consider certain general
results which are true of all members of the system. We have immediately

(bo+byx+byx2)df = (x—a)fdx
or x"(bo+b1x+b2x2)—dd—£dx = x™(x—a)fdx.

Integrating the left-hand side by parts over the range of the distribution, we find,
assuming that the integrals exist,

[x"(bo+blx+b,x2)f]°° —r’ (b "1+ (n+1)by 2"+ (n+2) bya" 1} fdx

- jw A fdx—ar A fdx. (6.2)

Let us assume that the expression in square brackets vanishes at the extremities of
148
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the distribution, i.e. that lim x"**f—0 if the range is infinitc. We then have,
substituting moments for ixrnl-:edé:als in (6.2) :—

—nbgpty_y— (A1) by pn— (n+2) by ptn i = 41— ap,
or nbopy_1+ {(n+1)by—a}p,+ {(n+2)by+1}p, ., = 0. (6.3)

This equation permits of the determination of any moment from those of lower
orders. In fact, all moments can be expressed in terms of a, by, b, and b, and the
moments g, (= 1) and x,. Conversely we can express these four constants in terms
of the moments u, to u,, or the three moments about the mean u, to u,. Putting
n =0, 1, 2, 3, successively in (6.3), we find equations for a, b,, b;, b, which result in

a = _/‘_3(/‘4‘*‘3/43) — _\{f’f_g}/ﬂl(ﬁf{":&)‘
A A
by = _/f‘2(4/‘zﬂ4"3l“§) - _ﬂ2(4ﬂ2“3ﬂ1)
4 2 4 \ (6.4)
b = _Ma(pat3us _ VeV (B +3)
1 A Ar
b. = _(_2,“2,“4—3;“%_6/‘3) — _(2ﬂ2_3ﬂ1_6)
2 A A
where A = 10pqpy—18u3 —12u2 (6.5)
A = 108,—18-128,. )

For these values the origin is at the mean. In general, it follows that a curve of the
family (6.1) is completely determined by its first four moments, u; to u,.

6.3 In equation (6.1) the mode is evidently at the point ¥ = a. From (6.4), we
have for the Pearson measure of skewness (3.31)

—a _ A/Bi(B.+3) (6.6)

Sk = N 108,—128,—18

the form given at (3.87).
Further, if we take an origin at the mode so that a = 0 we find

af d _ f
dx®  dx byt+bix+byx* (bo+byx+byx?)?

Thus any points of inflection in the frequency curve are given by

(bo—by ). (6.7)

22 = Do, (6.8)
by
Hence there cannot be more than two of them, and if two exist, they are equidistant
from the mode. It is not to be inferred that a curve of the family cannot have a single
point of inflection, for one point corresponding to the solution of (6.8) may be outside
the permissible range of x.
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6.4 By a simple transformation of the origin to the mode, (6.1) may be written

-d_(lo f) = X—a
dx" %8/} = B 4+ B (x—a)+ B,(x—a)?

d X (69)
or ax(8)) = p B, x1B,x

The explicit expression of the frequency function f is thus a matter of integrating
the right-hand side of (6.9).

We may distinguish two main types according as the denominator on the right
in (6.9) has real roots or imaginary roots.

Type 1 (Beta-distribution)

6.5 Let
By+ B, X+ B, X? = By (X+a,)(X—uap), oy, ay>0.
, d _ X
Then ;iX(logf) = By(X o) (X—ay)
= %1 ._A_lq__i.., _ %2 ..__l_.__,
By(oy+oy) (X+ay) By(og+ag) (X—ap)
giving £ = B o o)l 30 (X — o) o, (6.10)
This may be written in the form
2\ x \™
f= k<1+;1—1> (1—5;) (6.11)
where e G

The range of the curve is from —a, to a,, and by integrating between these values

we find
t=kf" (1+i) ‘(1—-i) 'ds,
—a, al (l2

which, on putting x = (a,+as)y—a,, reduces to
1 my+my-+1
1 = kj m(] — m,.(al_'_i”_a2) o
J Yy (1=y)

a lml a 2’":

dy

my+mg+1
_ k@t a1, myt 1),
This determines k and we have
- a™Ma™ A \M [ _*\™
f= (a1+a2)’"1+""+‘B(m1+l,m2+1)<1+a,) (1 a2> ' (6.12)

The origin here is the mode. Taking an origin at the start of the curve we have

a,™ m x—a;\™
Ry P (B I
(@, +ag)mt™T I B(my+1,mp+1) a,
or again, measuring in units (a,+a,) times the original,

1= Bty e
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6.6 ‘This is usually written in a form which has become almost standard :—

_ 1 ~1(] — x)-
f=gg™ (- 1 p, g>0. (6.14)

The distribution in this form ranges from 0 to 1. Its distribution function is the
Incomplete Beta-function and it is sometimes known as the Beta-distribution. If
both p and ¢ exceed unity the curve has a unique mode at (p—1)/(p+g—2)and is
zero at its extremities. If either p or ¢ is between 0 and 1 the ordinate at the corre-
sponding terminal is infinite, and the distribution J-shaped.

The condition that B+ B, X+ B, X? has real roots of opposite sign, which has
been assumed in deriving (6.14), is that B, and B, are of opposite sign, which is
equivalent to B}/(4B,B;)<0. In terms of B, and B, this becomes, on substitution
from (6.4),

B1(Ba+3)
A g —— o <0. 6.15
426, 36,-6) (4, =3 (¢19)
The quantity on the left is denoted by « and is used as a criterion to distinguish the
main types of Pearson distributions.

6.7 If the roots of By+B; X+ B, X? are real and of the same sign it is easy to

see by a similar argument that the frequency function may be written in the form

f =k (x—a)", q:1>q;—1, (6.16)

where a<x< o if a is positive and 0<x< o if a is negative. This was called

Type VI by Pearson, but since the simple transformation y = a/x reduces it to the

Type I form a separate study is unnecessary. 'The criterion « of (6.15) is greater than

unity.

In the form

U PP 6.17

f= (1 +xpto SX¥S 0, (6.17)

the distribution is sometimes known as a Beta-distribution of the second kind. Here

1/k = B(p,q) as in the distribution of the first kind. We shall refer to (6.14) and (6.17)

respectively as Beta-distributions of the first and second kinds with parameters p and gq.

Tyee IV
6.8 If the roots of B,+ B, X+ B,X? are imaginary we have
d X

Lo = N m B

X B(x+B:YBo_ By

2B,) B, 4B}

= X , Say,
B, {(X+7)*+ 6}

. 1 14 X+y
logf = logk+ = log {(X+9)?+ *}—=—arctan ,

1
f=k {(X+y)’+62}ﬁ§exp{—-l—arctanX+y .
By 8
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This is Pearson’s Type IV and is usually written

F=k <1 +Z—:>-mexp {—» arc tan (x/a)}. (6.18)

The distribution has unlimited range in both directions and is unimodal. It is very
difficult to handle comfortably in practice, notwithstanding the existence of certain
special tables, owing to the impossibility of expressing the distribution function in
terms of ordinary functions. When the distribution function is required it is most
easily derived by quadrature from the frequency function. 'The criterion « of (6.15)
lies between 0 and 1 in this case.

Tyee 111 (Gamma-distribution)

6.9 Pearson distinguished nine other types, some entirely trivial, some no longer
of interest. We need mention only one, which has extensive theoretical applications.
Some particulars of the others will be found in the exercises at the end of the chapter.

If, in (6.9), B, = 0 the distribution becomes

f= k<1+g>pe*’”‘/", —a<x< . (6.19)

Here the origin is at the mode. If we transfer to the start of the distribution and take
a convenient scale we arrive at a form in which we have already encountered it

(Examples 3.6, 3.12),
f= l‘l(l)x“‘e'”, >0, 0<x< 0. (6.20)

In this case the criterion « of (6.15) is infinite. The curve is unimodal except for
values of 1 less than or equal to unity, when it is J-shaped. It is known as Type III
or the Gamma-distribution, the latter name being due to the fact that its distribution
function is an Incomplete I'-function.

6.10 It has been found that Pearson distributions sometimes give a good repre-
sentation of observational data. Apart from this, they (and in particular Types I
and III) are sometimes useful in approximating to theoretical distributions from their
known moments, as we shall see in later chapters.

A systematic account of the technique of fitting is given by Elderton (1938q4). We
will here merely indicate the general principles and give one example of fitting in what
is, perhaps, the most troublesome case.

6.11 All the Pearson distributions are determined by the first four moments, u,
to u, inclusive, except some of the degenerate types which are determined by fewer
than four moments. Pearson’s method of fitting consists of

(1) determining the numerical values of the first four moments of the observed
distribution ;

(2) calculating the numerical values of 8,, 8,, and the criterion « of (6.15), and
hence determining the type to which the distribution belongs ;
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(3) equating the observed moments to the moments of the appropriate distribution
expressed in terms of its parameters; and
(4) solving the resulting equations for those parameters, whereupon the distribution
is determined.
The following example will illustrate the process :—
Example 6.1

In Table 1.15 there are shown, in the column totals, a distribution of 9440 beans

according to length. The figures are repeated in Table 6.1 on page 160. Required
to fit a Pearson distribution to these data.

For the moments it is found that, with Sheppard’s corrections,
py (origin at 14-5) = —0-190,783,858

g —  3-238,424,951
s — —5:306,566,352
s = 50-999,624,044

B, = 0-829,135.838, /B, = —0-910,569
B, = 4-862,944,362.

First of all, as to type. For the criterion of (6.15) we have
Br(B2+3)

T 4(4B2—36.) (28,—36,—6)

_ 51262

~ 84040

This lies between 0 and 1 and hence the appropriate curve is Type IV.
tanf = x/a and 2m—2 = r in equation (6.18) we find

K

Writing

in
U = kJ' a**'cos"Osin"6 e’ db,
—in
whence, integrating by parts with cos™ "fsinf as one part,

My = n+l {(n l)aa“n— v/‘n—l}'

a particular case of (6.3). Hence, in terms of moments about the mean,

’ ar

m = 5,
P
= o)

403y (r24+?)

Tr(r-1)(r-2)’

_ 3@t (P 492) {(r+6) (r2+9%) — 8y}
rr-1)(r-2)(r-3)
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whence it is found that

L 6(Ba=fa-1)
28,—38,-6’
r(r=2)vf,

" T V{16 -1)= B, (-2}
a:J[f_g{le(r—l)—ﬁl(r~2)2}]'

Substituting for 8,, 8, and u, we find
r = 14-697,72, m = 8-:348,86
v = 18-380,43, a = 4:159,49.

The signs here want a little watching. 7 and m present no difficulty ; but a is to
be taken positive and » positive since 4/f, is to be considered negative.

So far the process is straightforward, but to evaluate the constant k& we require
tables of the integral of the frequency function. Such tables were provided by Pearson.*
On evaluation of k we find

0395121 (14 _ X ) exp(-1838043 *

f = 03%, ( +1‘7-301,34> exP('" R ar‘:““‘4-159,49)‘

With sufficient arithmetical patience the ordinates of the frequency-curve and the areas
in given ranges can now be calculated. Table 6.1, column (3), gives the results for

comparison with the observed frequencies.

6.12 The fitting of Pearson curves by the method of moments as above may be
regarded from two rather different standpoints. If our object (for instance in actu-
arial work) is to obtain a mathematical expression which will satisfactorily represent
observation and allow of accurate graduation and interpolation, fitting by moments
is generally satisfactory. 'The method has, however, been criticized when the observed
data are samples from a population, and it is desired to find a mathematical representa-
tion of that population. In such cases the moments calculated from observation are
only estimates of population-moments and they do not, in general, lead to the most
efficient estimates of the population parameters. We shall have to defer a fuller dis-
cussion of this point until Chapter 17, Volume 2.

6.13 Other systems of curves have been studied, with a view to representing
frequency functions by expansions in series. It is well known in mathematical and
physical work that functions can often be usefully expressed as a series of terms such
as powers of the variable (Taylor’s series) or trigonometrical functions (Fourier’s
series). Neither of these forms is very suitable for frequency functions, but we proceed
to consider another set of functions with more promising possibilities.

(#% The tables were given in the first two editions of Tables for Statisticians, Part I, but have
been omitted from later editions.
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Tchebycheff-Hermite polynomials
6.14 Writing as before (5.21)

..h:’
“) = ¢
d
and D= T
consider successive derivatives of «(x) with respect to x. We have
Doa(x) = —xa(x)
D?a(x) = (x*—1)a(x)
D3a(x) = (3x—x%)a(x),

and so on. The result will obviously be, in gencral, a polynomial in x multiplied
by «(x). We then define the Tchebycheff-Hermite polynomial H, (x) by the identity

(=DYa(x) = H,(x)o(x). 6.21)
Evidently H, () is of degree r in x and the coefficient of #" is unity. By convention
H,=1. We have

a(x—1t) = —5—~exp (— a2 +1x— §t?) = a(x)exp (tx—11%)

v (2 (2m)
and also, by Taylor’s theorem,
w (1} 0
a(x—t) = Z (—}.-Tllt’D’a(x) > —t—' 5 (%) o (%).

j-_—_o . j=0

.
Consequently H, (x) is the coefficient of t— in exp(tx—32?). It follows that

H = x" rl2] r—-2 r[ll r—4 ! r—6 6.22
() =¥ Y TEat e (6.22)
The first ten polynomials are

H, =1

H, =

H, =x*-1

H; = x*-3x

H, = x*—6x2+3

H; = x®—10x%+15x } (6.23)

Hy = x5—15x*+45x2—15

H, = x"—21x5+105x®—105x

H, = x8—28x%+210xt —420x%+ 105

H, = x°—36x7+378x°—1260x+945x

H,, = x19—45x8 + 630x° — 3150x* + 4725x% — 945

6.15 'The polynomials have a number of interesting properties. Differentiating
the identity
v t' H,(x)

o]!

exp (tx—3t2) =
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with respect to x and identifying coefficients in #* we have
S HL() = 7, (¥) (6.24)
and generally DiH,(x) = M H,_;(x). (6.25)
Differentiating the identity with respect to ¢ and identifying coefficients in #~!
have
H, (x)—xH,_,(x)+(—1)H,_,(x) = 0. (6.26)
From (6.24) and (6.26) together we find
d*H,(x) dH (x)
dx? dx
It is also known that the equation in x, H,(x) = 0, has 7 real roots, each not greater
in absolute value than +/{}r(r—1)}. (Cf. Charlier, 1931.)

Tables of the values of the first six polynomials proceeding by x» = 0 (0-01) 4
have been given by Jergensen (1916).

+7H,(x) = 0. (6.27)

6.16 The polynomials have an important orthogonal property, namely, that

r H,(x)H,(x)a(x)dx =0, m# n}

=nl, m=n.

(6.28)

In fact, integrating by parts, we have, if m<n,
J H,odx = (-1)»J°° H, D" odx

=(-1)”[H,,,D"“a:|w +(=1)rt dH’"D” o ds.

The term in square brackets vanishes and, in virtue of (6.24), the integral becomes
m(-l)"—lj H,_, D" 'adx.

Continuing the process, we find either zero, if m is not equal to n, or m! if m = n.

The Gram-Charlier series of Type A

6.17 Suppose now that a frequency function can be expanded formally in a series
of derivatives of a(x). (We shall discuss in 6.22 the conditions under which such an
expansion is valid.) We have then

f(x) = E_:O ¢ H, (x) (%),

Multiplying by H,(x) and integrating from — oo to co we have, in virtue of the ortho-
gonality relationship (6.28),

¢ = rl!j () H, () dx. (6.29)
The reader familiar with harmonic analysis will recognize the resemblance between
this procedure and the evaluation of constants in a Fourier series.



Since

STANDARD DISTRIBUTIONS—(2)
Substituting in (6.29) the explicit value of H,(x) given in (6.22) we find

1(, 2, Ag
=\t g T

In particular, for moments about the mean,

co =1 )
¢, =0

é0 = H(ua—1)

€3 = §l3

¢y = 35 (pa—6us+3) *
¢s = vho(#s—10us)

¢ = 7ig(e—15pa+450,—15)

€7 = 5oo (Hr—21ps+105u,)

Cg = ‘—0—;-73(;1,8—28/16-{-210/“—420/t2+105)

Thus we find the formal expansion

f(x) = a(x) (1+3(ua— 1) Ho+ Spa Hy+ 55 (na—6u,+3) Ho+ . .. }-

If f(x) is in standard measure the series becomes

f(®) = (%) {1 +3u Hat gg (ua—3) Hot .. }.
This is the so-called Gram-Charlier series of Type A.

Edgeworth’s form of the Type A series

6.18 Consider the Fourier transformation of a term H, (x)a(x).

vemat) = et = |7 o \/(1275)

we have v(21) 0 a(t) = (-1 V) E,@a) = | 7(27)“ dx

e ¥ dx

and thus the transform of x"« (x) is i"v/(27) H,(t)«(¢). Conversely

M a(x) = Zly—zjw

-0

24"/ (2n) H,(t) o (t) dt.

Interchanging x and ¢, we find

V@) (=) a(t) = j:e-*ztﬂ,(x)a(x) dx

Consider now the expression
{exp (x, D)} « ().

157

(6.30)

(6.31)

(6.32)

(6.33)

and hence, changing the sign of ¢, that the transform of H,(x)«(x) is +/(27)i"#"a(2).

(6.34)
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Its characteristic function is

© ® ri
j e"®exp (x, D7) o (x) dx = j =X (K']D ) (x)dx
z

- j " e Drig (%) dx

K

- ﬁj:oe“’(—1)"H,,,(x)oc(x)dx

- Z;,—Z;\/(Zn)(—i)” 1 o (2)

= /(2n)a(t) exp{r,(— it)"}. (6.35)
In a similar way it will be seen that the characteristic function of
—a -b K
exp{-—K‘“ D+%2 S D= ;"’D*‘ Lt }oc(x) (6.36)
is equal to
—-a. -b,. . .
V(2m) . (t) exp {% zt+%!—- (i1)*+ %(n)u%(uw . } (6.37)

More generally, if we replace a(x) by the unstandardized
(z
-1

1 @—mt
ﬁ(x) = We o = O({(x m)/O'}/O',
the characteristic function of
K,—a -b K
exp{——ll-!~1) D - 371)3+5ﬁ1)4 }ﬂ(x) (6.38)
is equal to
V(7)o (o) e exp{ 1,“z't+ (zt)2+ ? (it + (it)‘. . } (6.39)
as may be seen by the same line of argument. 4
Now suppose that (6.38) represents a frequency function. Its cumulant-generating
function is then the logarithm of (6.39), i.e. is equal to

(<y—a+m)it k,—b+o” (1t)2+ (tt)3+ (1t)‘

1 T
and hence its cumulants are x;—a+m, k;—b+0? k3 k4..., K, ..., etc. We may
take @ = m and b = o? and thus we obtain a distribution whose cumulants are «,,
xs, . . . etc. Now if these are in fact the cumulants of a distribution the series (6.38)
must be equal to that distribution, provided that (1) the series converges to a frequency
function, and (2) it is uniquely determined by its moments.

If we take the frequency function to be expressed in standard measure, then «; =
xy = 1 and (6.38) becomes

exp{ x,3,+x4f, }oc(x) f(x) (6.40)

where we have written a(x) for B (x) because now m vanishes and ¢* =
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A series of this kind was derived by Edgeworth (1904), though from an entirely
different approach through the theory of elementary errors. Equation (6.40) is for-
mally identical with (6.33), and the reader who consults the original memoirs on this
subject may be puzzled by the fact that Edgeworth claimed his series to be different
from the Type A series and better as a representation of frequency functions. The
explanation is that for practical purposes it is necessary to take only a finite number of
terms in the series and to neglect the remainder. If we take the first & terms in (6.33)
the result is in general different from that obtained by taking the first (k—1) terms
of the operator in the exponential of (6.40). The argument centred on the fact (cf.
Example 6.3 below) that the terms in (6.33) do not tend regularly to zero from the point
of view of elementary errors, so that in general no term is negligible compared with a
preceding term.

6.19 In standard measure the relations (6.31) become, in terms of cumulants,
60 = 1, Cl = c2 = 0 )

€z = "(6—3
C‘ = 2"‘(_‘44.
s = 120 [ (6.41)

1
Cg = 72~(—)(x6+10;<§)

€7 = wrim (k74 35K K5)

5040

Cg = 40320 (xg+ 56K; ky+ 35x%)

6.20 In the practical representation of frequency functlons by the Type A series
only the first few terms can be taken into account. The term in H,(x) has a coefficient
dependent on 4, and for 7> 4 this is unreliable owing to sampling fluctuations, When
sampling effects are not in question the series may be taken to more terms, usually
not higher than the term in H,. We should then have to investigate how far the
observed distribution can be represented by the series

2
o (%) (1 +“3H3+ H4+ e H+ = ;’2100"“ H,) (6.42)

in the hope that the remainder after these terms could be neglected in comparison.
It may be noted in passing that, in contrast to the Pearson system, the distribution
function of such a series is easy to obtain. If

f(x) = Za, H,(x)o(x),
then j " fx)dx = Za, J ©H ()« (x)dx

= —Z a, Hr—-l(x)a'(x)‘ (6°43)
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Table 6.1—Fitting of certain frequency curves to the distribution of length of beans
(Table 1.15) (from Pretorius, 1930, Johnson, 1949a)

Length of Ob d P Gram- Gram- Gram- h
beans Observe Jearson | Charlier Charlier Charlier | (1de nson
(mm) requency ype Type A Type A Type A ognorma ype w

(three terms) | (four terms) | (five terms)

(1) 2 3) ) (5) (6) 7) (8)
>17-25 —_— { 16-3 —15-2 2-0 — 01
17-0 6 1-4 12-8 13-7 —35-3 { 2:0
16-5 55 28-5 256 116:6 22-3 10-1 322
16-0 275 299-3 2417 370-4 4381 2805 290-1
15-5 1129 1181-6 1012-7 9262 12140 12552 11515
15-0 2082 21326 21554 1833-0 1866-9 21638 2130-3
145 2294 2229-8 25930 2506-4 2112-8 21796 22406
14-0 1787 16389 17884 20826 1916-7 15985 1642-5
135 929 968-9 7134 921-3 11834 9650 970-6
130 437 503-6 280-7 199-0 3712 515-3 508-7
12-5 199 243-7 258-7 1321 66-9 254-5 249-3
120 115 113-8 206-2 1781 101-2 1195 118-0
11-5 70 52-5 987 1170 1071 544 55-2
110 36 24-2 296 43-5 540 24-3 257
105 18 11-3 59 10-0 154 10-7 121
10-0 7 54 { { 4.8 5-8
9.5 | 1 26 -9 1-7 33 21 2-7
<925 | —_— 19 — —_ — 17 26

f
ToTALS ! 9440 9440 9440 9440 9440 9440 9440
|

(The brackets mean that the frequencies shown are rounded up and include some small
frequency in blank rows covered by the brackets.)

Example 6.2

Consider the fitting of a Type A series to the bean data of Example 6.1.
We have already found the first four moments. In standard measure we have

us = — 0:910,569
ny = 4-862,944
and we also find us = —12-574,125
ne = 53-221,083.

Hence the series is
9440a () {1 -0-151,762 H,+0-077,622,7 H,— 0-028,903,6 H;+ 0-014,273,5 H, }.
Columns (4) to (6) of Table 6.1 above show the frequencies given by taking
the first three, the first four and the first five terms of this series. A glance at the figures
will show that the four- and five-term series are, if anything, rather worse than the three-
term. Furthermore, the five-term series gives negative frequencies at one terminal
and a mode at 12 mm., which is contrary to the data. The representation is clearly
not very satisfactory and no better than that given by the Pearson Type IV curve.

Tetrachoric functions

6.21 The numerical evaluation of terms like H,(x)a(x) may be carried out (a)
directly by finding the polynomial and multiplying by «(x); (b) from tables of H (x)
and «(x); (c) from certain tables of the so-called Hermitian probability functions
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with negative index (British Association Mathematical Tables, vol. 1, 1946). The latter
give Hh,(x) = (—D)*'e~¥" to 10 decimal places forn = 0 to 7, x = — 7 (0-1) 6-5.
Note that the factor 1/4/(27) does not appear. A similar function was tabulated by
K. Pearson in the form
_Hr (%) a(x),
T, (x) =- (r!—)‘——~ (6.44)
This was known as a tetrachoric function, for reasons which will become apparent

in the second volume when we discuss the estimation of correlation coefficients from
a 2x2 table.

6.22 Up to this point it has been assumed that a frequency function possesses a
convergent Type A series. We shall not here enter into a discussion of the conditions
under which this is so, except to warn the reader that mistakes have been made on the
subject and to quote some theorems without proof.

(1) Cramér (1926). If f(x) is a function which has a continuous derivative such

that
® df 2 izt
j_w (3;) et dx

converges and if f(x) tends to zero as | x| tends to infinity, then f(x) may be developed
in the series

f@®)= T -9Da(y), (6.45)
j=0J:
where ¢ is given by

G = j :o F(%) H, () dx.

This series is absolutely and uniformly convergent for —oco<x< o0.
(2) A theorem by Cramér (1926) based on one by Galbrun. If f(x) is of bounded
variation in every finite interval and if

|” 11 as

exists, then the expansion of f(x) in the series (6.45) converges everywhere to the sum
H{f(x+0)+f(x—0)}. The convergence is uniform in every finite interval of continuity.

Cramér has also shown that this last theorem cannot be substantially improved
upon as regards the behaviour of f(x) at infinity. Consider in fact the function
f(x) = e*'. We have, in virtue of (6.26) and (6.24),

Iiwe‘”’H,(x)dx - r

— o

e—w.xH,-ldx—(r-l)r e~ H,_, dx

e—l:v' © r—1/(> . © A
= [*:—Hr_l]_m'i-—‘z—l— _we— H'_zdx—(r—l)j-me_ H’_zdx

= (7—1)671—1) j:e-‘z’H,_z(x)dx.
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If 7 is odd the integral vanishes because H, is an odd function of x. If r is even, say
2r, the integral becomes

1 r n_ [n(@2n!/1 "
(2r—1)(2r—-3)...1<§1——1> \/71 - «/7177!(2’1‘1)
The appropriate cocfficient of H,, in the Type A series is then él—):— 1) /(2'r!). Now

when x = 0, H,, = (=1)"(2r)!/(2"r!). The series then becomes
5[z @)l LY
2 fiEon(-z).

In virtue of the Stirling approximation to the factorial, the rth term of this, say «,
becomes in the limit

y (1_1'__1__
r 23) /()

1
1/r o1 — —
so that u/"~1 73

Hence, for A<} the series is divergent.

6.23 From the statistical viewpoint, however, the important question is not
whether an infinite series can represent a frequency function, but whether a finite
number of terms can do so to a satisfactory approximation. 'I'wo things seem clear :—

(a) The sum of a finite number of terms of the series may give negative frequencies,
particularly near the tails (as, for instance, in Example 6.2).

(b) The series in the Charlier form (6.33) may behave irregularly in the sense that
the sum of k terms may give a worse fit than the sum of (k—1) terms.

Barton and Dennis (1952, Biom., 39, 425) show that if cumulants above the fourth
are neglected, (6.33) and more particularly (6.42) do not give a unimodal f.f., or even
non-negative frequencies, unless the skewness coefficient B, is close enough to zero.
For example, (6.42) is certainly non-unimodal if | ;| > 0-25, and certainly has negative
frequencies if |f;| > 0-5; (6.33) has a wider range of acceptability, but is certainly
unimodal if |8,]| = 0-7.

The finite series is successful only in cases of moderate skewness, and in such cases
a Pearson distribution, or a transformed curve of the type we consider later, may be
just as good. For many statistical purposes we are most interested in the tails of a
distribution, and it is here that the inadequacies of this approach are most serious.

Example 6.3
As an illustration of the irrcgular behaviour of terms in the Type A series, consider

the Gamma distribution

— ___!_ A-1 - .
dF_I‘(A)x e~ dx, 0g<x<oo; A>0.

Tts characteristic function is (cf. Example 3.6)

1
$(2) = =iy
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and thus «, = 4(r—1)! or, in standard measure,
(r—1!
K' = 1{7—-1 .

From the manner of the formation of terms in (6.41) it is cvident that the coefficient
¢, is the sum of terms «,, k,_5 k3, . . . (%, &, . . .k, ), where (g, ...gq,) is a partition
of 7 such that no ¢ is less than 3. It will then be clear that, since «, is of order A'~¥,
the term of greatest order in 4 is that with the greatest number of parts in (x, . . . «,,).
For example, if r = 9 it is (3%), if » = 8 it is (4%), and so on.

From these considerations we can find the order in A of the terms in the Type A
series. 'They are
Term . . . . . . ¢ C3 Cq Cs Cg ) s Co Co 1 Cre
Orderini . . . . . 0 -% -1 -1 -1 -1} -2 -1} -2 -2} =2
The terms decrease in order of 4, but not at all regularly, and it is clear that in general
no coefficient will be negligible compared with a preceding one if 4 is large.  'The asymp-
totic qualities of such series obviously require careful investigation in particular cases.

The Type B series

6.24 Charlier also proposed a Type B series based on derivatives of the Poisson
frequency e—*1%/x! with respect to 4, or equivalently, on first differences of that fre-
quency with respect to x. This had certain mathematical attractions and has been
used to graduate a few experiences of discontinuous variation resembling the Poisson
distribution. It has not come into general use. A further form (Type C) proposed
by Charlier to avoid negative frequencies has also failed to stand the test of experience.®)

The normalization of frequency functions

6.25 Several of the important theoretical distributions occurring in statistics
depend on some variable 7 in such a way that as » tends to infinity the distribution tends
to normality. For large » it is often a sufficient approximation to assume the distribu-
tion normal, but for small or moderate # this may be hardly exact enough. In such a
case we are nevertheless able to use the normal integral by secking for a variate trans-
formation

E=by+bix+b,x*+byx*+ ... (6.46)
where the b’s are of order n-% or smaller. By choosing the b’s appropriatcly we can
bring the distribution of & much nearer to normality than that of x and hence from
(6.46) find the distribution function of x from that of &, assumed normal.

Consider in fact the Edgeworth form of the Type A expansion (6.38)
exp{—Kll_!mD+K2;!02D “31)3 }ﬂ(x) (6.47)

(*) Expansions can also be obtained in terms of derivatives of the Gamma-and Beta-distribu-
tions. The appropriate polynomials are those of Laguerre and Jacobi respectively. See
G. Szegd, Orthogonal Polynomials, New York, 1939, and Durbin and Watson (1951), Biom., 38,
159, especially p. 172.

Wallace (1958, Ann. Math. Statist., 29, 635) discusses the validity of asymptotic expansions
generally, including non-normal f.f.’s as gencrating distributions, and also the problem of
normalization discussed in 6.25-6 below.
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We have retained the terms in D and D? because the approximation may perhaps be
slightly improved by taking m and ¢2 in the £-distribution not quite equal to the mean
and variance of x.

We now assume that the cumulant «, is of order #'~7", a case of fairly common
occurrence ; by choice of m and o? we may write

—-m = lio, I,=0(@m"),
ky—0% = l6%, I, = O(n™Y).

Then ¢? is of order «,, i.e. n~%, and thus

= O

o
Thus (6.47) may be written
exp {—l,0D+3}l,0° D*— 1l D+ 1, 0 DV — 15l 0° D?
+dolgo® Do — . (%), (6.48)
where I, and [, are O(n7Y), I;is O(n7™%),
l, and I, are O(n™?Y), [y is O(n™?), etc.

Expanding the operator and retaining only terms up to and including O(n™*) in
the I’s we find for the operator

1-l,6D+3}l,02D* =163 D3+ 11, 0* D* — (1 ils0° D3+ 5 15l 0 DO+ ([ 6% D?
+1Bot DA+ 208 DS + 1 gl208 D8 — 1, 1,03 D* + 3, Iy 0t D — 241, 1, 0% D5

30y 108 DS — 4y 1y 0 D5+ il Ly 0 D8 — 3,1 1,07 D7+ 535l 1,08 D¥) + 3 (— B od D3
— L Bo® DY+ 321,00 DA — 121,05 D5 — L2, 08 DO+ 1512 L, 0 DY — 1 67 DT

216
+2la 208 D8+ 31, 1, 108 DO+ 2.1, 1y 1, 08 D) + 3 (I 64 D+ 1y ls 612 D
+ 281,08 D8+ 32 oS D+ L1, B 610 Do), (6.49)

The result of this operation is a similar expression, which we will not bother to

write out at length, with the operator ¢” D" replaced by (_1)er(£i__’f) and multi-

plied by g (x).
The distribution function is given by integrating this cxpress1on, and we then have

for the frequency less than or equal to m+ ox (arranging the terms in order of magni-
tude in n)

j”‘ o (x)dx+a (%) [— (I + 3l Hy) = B Hy + 3 Hy + 3 I Hy + L H

+ LEH) QB Hy+ 3 L H+ B Hy+ 3 L H 5L L H,
+1Jz=—61 H,+} L BHe+ 13401, H, +T29613H8) (GNEH;+M2H+ 1121, H,
el Hy+ 5L LI Hy+ B L H + 260, L Ho+ 161 s H + 7150 Hy
+T%II%I§H7+ 1441213H7+'1T5"flfH7+144l l l H +T2 1315 7+T"21§?1113H9
+r7rals L H o+ s1hosls Hun)l- (6.50)
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6.26 Now let £ be a normal variate. We will determine & in terms of x so that

6@ = [ abay=Fe), (6:51)

F(x) being the distribution function given by the Type A expansion (6.50).
We have, by Taylor’s theorem,

6@ = G+ = 6w+ 5 2T Lo
and on using (6.21), this becomes
6@ = 6w~ = Y2 H @) (6.52)

and this is equal to (6.50).
The next step is to invert this series to give (x—¢£) in powers of x. Assuming

x—§& =agta;x+a,x%+ ..., (6.53)
which is (6.46) slightly re-arranged for the sake of convenience, we see that when
x=0,&= —ay x—¢&is of order n~*; and hence, to order n-2, we have from (6.52)

with » = 0, on using (6.23),
3
5—-(+0)+ (1) = ( 0-%?)
and this is equal to the expression in square brackets in (6.50) with x» = 0.
We then find
ao = ll—%{la"" 1112+ 11213+11213+ l l +401' 'slglllg_’ll;‘&{lal4+mls

We can now find a, in (6.50) by identifying coefficients in x, and so on. After some
algebraic reduction we find, writing the terms in descending order in 7,

x—&=1+ (¥ — 1)+ 3 x— 1 L x+ 1, (23— 3w) — 2l (4x2 — Tw) — 3L, 1,
+ 3Bl — 5l 1 (5x2—3) — 11, L (%% — 1) + hols (x4 — 6x2 4+ 3) + 51, 15 (12x2 - 7)
— il L (1% — 422 + 15) + o1 o8 (69x4 — 1872 + 52) — 325+ 51, [, Iy x
+ 3B x— K1, 1, (753 — 15x) — 3oly I (63— 3x) + L5 le (%° — 1023 + 15x)
— B2 x+ 11, 12 (36x% —49x) — 51107 (545 — 32x3 4+ 35x) + 5, I3 1, (11%% — 21x)
—gaolals (75— 48x% 4 51x) — 5141, I (138x% — 187x)
+ 537021, (111x5 — 547x3 + 456) — 4515 (948x° — 3628x° 4- 2473 x). (6.54)
This is our required expression of the variate & in terms of the variate x. 'To order
n-? at least, & will be normally distributed.

It is often more convenient to express x in terms of £. This may be done by noting
that

x—&=g(x) =g(E+x—§)
=gE)+x—-6)g@E+...
=g(&)+8' @) @+ E-8L @} +. ..
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and by continuing the process
x—£=g(E)+g(6)g' (€)+¢ (E)g” (&) +182()g” (5)+5(5)g (E)+38°(8)g (H)g" (¥)
+38°(6)g" (H)+ - (6.55
Hence, using the value of E given by (6.54), we find, after some reduction,
5 € = L+ (8= 1)+ okl (9~ 38) I (269 58— 4L (- 1)
rlols (83— 682+ 3) — Iy 1, (£4— 582+ 2) + 51503 (1284 - 5382 +17)
—2E— L 1 (88— 3&) + 7 hole (65— 108+ 158) + 51, 15 (108° — 25¢)
— b2 (385 —24£3 4+ 298) — 151 15 (285 — 178+ 21§)

ool 1, (1485 — 10380+ 1078) — ol (25265 — 16883 + 15118). (6.56)

The approach of these scctions is due to Cornish and Fisher (1937) The same
authors (1960, Technometrics, 2, 209) give higher-order expansions and tables to
facilitate their use.

Example 6.4
Consider again the distribution of Example 6.3 :—
— _~]____ —z ,A-1
dF P(;‘)e x*~tdx, 0<xg 0.

We have already found that, in standard measure, this tends to the normal form, and
that «, is of order A'~¥.

We will take ; and , of (6.48) to be zero, which implies that our normal variate &
is to have the same mean and variance as that of x. We have

I, = 24}, I, = 627, Ig = 2442, I, = 12042
(6.50) then becomes

1 1 1
G )= “("){3» 4/1H3+18/1H T Hat oz ot gyt
1 i 1 H,+ 1 H 1 % 1 STIRE
temtletap s o T En e
Let us, as a simple illustration, find the distribution function of x for 2 = 9, x = 12.
The mean of the distribution is then 9 and its variance 9, so that this corresponds to
a deviation (12—9)/4/9 in standard measure, equal to unity. It is found from (6.23)
and an additional equation for H,, that
H,=0, Hy= -2, H, = -2, H, =6, Hg = 16, H, = 20,
Hy = —132, H, = 28, H,, = 1216, H,, = 936.
We then find for the distribution function

J' b (%) dx+a (%) (0-015,163,5).

'The values for the normal function are obtained from the tables and we get the value
0-841,345 +(0-241,970,7) (0-015,163,5) = 0-8450,

which is exact to four places. The approximation is evidently fairly good, even for

values of A as low as 9.
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We could have found the same result by using (6.54). Substituting ¥ = 1 in that

equation we find
& = 1-015,386,

and the distribution function for the normal integral with deviate equal to this value
of £ is 0-8450 as before.

Suppose now that we wish to find the deviate x whose distribution function is
F(x) = 099 when 1 = 15.

The normal deviate & corresponding to such a value is found from tables to be
2:326,348. We then have from (6.56)

1, 1
x—& = w(5~-—1)+‘¢71(§3—3£)+ e

which will be found to give
x = 2:697,22.

This is the value in standard measure. The deviate in ordinary measure is

15+ x4/15 = 25-45.

This is exact to two places of decimals.

The example shows that, notwithstanding the non-convergence of the infinite
Type A series, a satisfactory approximation may be obtained from its first few terms,
at least in certain cases. We may remark without proof that by an adaptation of a pro-
cedure given by Cramér (1928) it may be shown that an asymptotic expansion does in
fact exist for the distribution of this example.

Johnson’s transformations

6.27 'The idea of transforming from one variate to another with a more convenient
frequency function may be developed further. We need not confine ourselves to a
polynomial expression of the type of (6.46) ; nor is that kind of representation neces-
sarily the best. Several writers have studied more general types. Our treatment
follows that of Johnson (1949a).

We shall consider a transformation of the type

£~ prog(E) (657)

where u, 4, y and 8 are parameters at choice and g is some convenient function. For
practical purposes it is desirable that g should not itself depend on variable parameters
and that it should be a monotonic function ; otherwise it might be troublesome to
match the ranges of & and x. Without loss of generality we may suppose that g is
monotone-increasing. If we write the transformation in the form

§—y  f[x—pu
5 -g( 7 ) (6.58)

the parameters u, y appear as location parameters and A, § as scale parameters. We
may suppose the latter pair to be positive. We shall try to choose the parameters and
the function g so that & is normal or approximately so.
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6.28 We clearly lose no generality by introducing a standardized variate

y =5 (6.59)

If £ is normal with frequency function «(£) we have for the frequency function of y

dF (3) = «(®)|3 1‘5- ¢

\/(2 )eXP[ Hy +0g(y) 1 08’ (v) dv (6.60)

where g'(y) = dg(y)/dy. We shall examine three types of system :—

(1) The S, or lognormal system: g(y) = logy.

(2) The S, system: g(y) = log {3/(1~)}.
(3) The Sy system: g(y) = sinh~1y = log {y+v/(y*+1)}.

Other systems, of course, are possible. The variety of shapes given by these three
types is, however, fully as great as that of the Pearson system.

The lognormal distribution

6.29 We have
&= y+dlogy. (6.61)

As & goes from — oo to oo, y goes from 0 to co. It has infinitely high-order contact
at each terminal of the range; for the distribution, from (6.60), is

o
[ N 2
dF(.y) '\/(Zﬂ)yexP{ 2(7+610gy) }dy’ OgySOO

= p(y)dy, say.
The limit for any positive 7
li ( ) _h" yr—l—“}"’ 0
m y" = =0,
o PV ™ 0 exp 10 1og))

and
- yf—l yo

hmy p(y) = llm V@D logy

Also the distributlon is unimodal, for

d‘i;gly) (62”) exp {—3(y+ 6logy)2}{—%—_(y+él°gy)}

which, apart from the values y = 0 and y = oo, vanishes where
1+d(y+dlogy) =0,

namely at one point in the range 0 to oo.
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6.30 For the moments of y about zero we have
e (y) = L y'e()dy
1 (= —
|7 exp {52 exp(- syt

T V@) e
_ 172 ry
= €xXp (-2 5; - —6—). (6.62)
Thus we find, putting w = exp(1/26?%), p = exp(—y/9),
py = wp
pa = (@ =1)
o = w3p3 (@t 1) (@t +2) (669
py = @tpt(w?—1)% (0 + 208+ 3wt - 3),
and B: = (0% —1)(w?+2)? (6.64)
B2—3 = (w?—1)(w®+ 3w+ 60w?+06). (6.65)

The skewness is always positive and the distribution is always leptokurtic. In general
the frequency curve of y will rise from zero to a maximum and then tail off more slowly

as y tends to infinity.

6.31 'The values of sy and u, determine o and p, and hence & and y. Thus,
apart from location and scale parameters, we may fit a lognormal distribution from
the second and third moments of the x-distribution.

In point of fact, the lognormal distribution does not have the generality of the

family (6.57). Tt depends on three, not four parameters. For

§ = y+olog {(x—p)/2}
may be written
& = (y—dlogd)+ dlog(x—p)
and the term y— dlogA can be regarded as a single parameter. It is for this reason
that the distribution can be fitted from u, and u; without invoking u,. The simplest
procedure, suggested by Wicksell (1917), is as follows :
Using (6.64) we find ¢ = (w?—1)} as the positive root of

£5+3t— /By = 0. (6.66)
Then the location parameter p is determined, by using (6.63), as
b= =20 (6.67)

p is found from u, and ¢ and hence y and ¢ are found from the definitions of w and p.
Yuan (1933) has given tables to facilitate the solution of (6.66).

For a more extensive study of the history, theory and applications of the distribution,
reference may be made to J. Aitchison and J. A. C. Brown, The Lognormal Distribution,

1957, Cambridge University Press.
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Example 6.5

For the purposes of comparison we will fit a lognormal curve to the bean data
which have been used in previous examples in this chapter. As we have considered
the bean distribution, from low to high values of the variate * length,” it is skewed
to the left. We will therefore fit a lognormal curve with the variate-range reversed,
i.e. so that ncgative values of & correspond to the greater values of x. This does not,
in fact, affect the arithmetic process of fitting except at the final stage.

From Example 6.1 we have v/, = —0-910,569. As we are reversing the variate
range we change the sign of this, and (6.66) then becomes

3+ 3t+0-910,569 = 0.
The positive root is t = 0-294,968. Also we have (as given in Example 6.1)
uy = 3-238,425. Then from the second equation of (6.63) we have p = 5:8516. We
notice in passing that from (6.65) we shall then have, for &, f, = 4-510 as against the
Ba found for x in Example 6.1 = 4-863. Our transformation happens to bring the
values of 8, roughly into agreement but not completely so.

We then have

1/(26%) = log,w = }log,(1+1%) = 0-041,718
—y/é = log,p = 1:7667
giving
d = 3462, y = —6-116.

The units (width of class-intervals) are } millimetre and hence, from the data of
Example 6.1, the variate ¥ has a mean 14-5—1%(0-190,78) = 14-405. The mean of &,
from its start, is by (6.67) equal to

14:405 — \/pu,/t = 17-455.
Thus the curve “ starts” at 17-455 millimetres.

Column (7) of Table 6.1 on page 160 gives the corresponding frequencies. The
fit is not particularly good, being rather worse than that of Type IV but better than
those of the Gram-Charlier series.

6.32 Curves of the Sy type with g(y) = log {y/(1—y)} have the variate-trans-
formation
= Sl o
&=y+dlog pr— (6.68)
This may itself be regarded, of course, as a simple transformation of the lognormal
£ = y+dlog(x—p) with y = 1—u/x. We may also write
& =y+dlog {y/(1-y)} = y+28tanh-1(2y—1), (6.69)
the latter form enabling numerical transformations to be made with the aid of tables
of inverse hyperbolic tangents. The frequency function of y, say p(y), is given by
e A
=——"————exps —3(y+dlog—) ¢+  O<y<l 6.70
PO) = T yd=y) p{ Hy+ologr— y (6.70)
It may be shown without difficulty that this has contact of infinitely high order at both
terminals of its range.
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6.33 The frequency-curves may, however, be bimodal. For the modal values
of y we find, on differentiating (6.70),

-1 = Y\
2y—-1 6()/ + dlog i y)
Putting y = }(y'+1) we find

’

1+y'
1-y

The straight line, in Cartesian co-ordinates (y',u), u = y'—y0d, meets the curve
u = 62log {(1+»')/(1—=y")} in one or three points. In the first case the curve is
unimodal, in the second bimodal. It may be shown (we omit the proof) that the neces-
sary and sufficient conditions for bimodality are

5<1/4/2,  |y]<8-14/(1—28%)—25tanh-1y/(1-282). (6.71)

y' — yd = d6log

6.34 'The moments of the distribution are very difficult to determine in a manage-
able form. The simplest method of fitting appears to be to identify with observed
quantities certain quantiles, as in the following example.

Example 6.6 (Johnson, 1949a)

Consider the data of Table 1.11 (cloudiness at Greenwich). On the assumption
that degree of cloudiness stated as 0, 1, 2, . . . can be regarded as groupings —0-5 to
0-5, 0-5 to 1-5, etc., we may fix the location parameter u at —0-5 and the scale parameter
at 11. We then choose y and d so as to provide exact agreement in the two terminal
classes.

Thus, y for the first classis 1/11 and log, {y/(1 —»)} becomes —2:302,585. 'The

Table 6.2—Frequency-curves of various types fitted to the data of Table 1.11

Degree of Observed Sa (1) SB(2) Pearson
cloudiness frequencies Type 1
0 320 320-0 320-0 3217

1 129 100-9 1209 121-5

2 74 739 72:0 75-1

3 68 63-8 57-5 61-4

4 45 59-8 5241 56-0

5 45 599 51-6 552

6 55 634 549 57-8

7 65 720 63-9 65-5

8 90 90-0 855 832

9 148 1354 160-7 1396

10 676 676-0 676-0 678-0
ToTAaLs 1715 17151 17149 17150

normal deviate corresponding to a frequency 320/1715 = 0-186,589 is —0-8965 and
hence, from (6.69),

—0-8965 = y—2:30260.
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Likewise for the frequency at the other end, y = 10/11 and the deviate is 0-2684.

Hence
0-2684 = y+2-30264.
These two equations yield
y = 0-:3110, J = 0-25166.

Table 6.2 shows the results of fitting this curve, referred to as S; (1). 'The curve
Sy (2) was fitted in the same way except that it was assumed that the groups were
0 to 0-5, 0-5 to 1-5, etc., and u was taken as 0, 4 as 10. 'The results of fitting a Pearson
Type I curve are also shown. All three curves fail to give sufficiently small frequencies
in the trough in the centre of the range.

6.35 The Sy family of curves are defined by
& = y+dsinh-1y (6.72)
and for the frequency function we have
o 1
= —— exp[-}[y+dlog {y+ 2+ 1)}])] —o<y< . (6.73
?2(y) V(27) v/ (y2+1) p [ iy g {y+v(y ) ] Yy ( )

Again there is high-order contact at the ends of the distribution. It may be verified
without much difficulty that the curves are unimodal and that the mode lies between
the median and zero. 'Thus the distribution is positively or negatively skewed accord-
ing as y is negative or positive.

For the moments we have

’ 1 ® 1 ,f—- — r
= g |1 p{en(557) - en (557 s
leading to

4, = —wsinh Q )

tg = % (w?*—1)(w?cosh2Q+1)

fg = —jw?(w*—1)? {®?(w?+2)sinh 3Q+3 sinhQ}» (6.74)

Uy = (0*—1)% {0 (w®+ 208 + 3w*— 3) cosh 4Q
+4w4(w2+2)cosh2§2+3(2w2+1)}J

where w = cxp (1/26%), Q = y/6. The method of fitting is illustrated in the following
example.

It

Example 6.7
Consider once more the distribution of beans by length which has served in previous
examples. For the observed distribution we have, in working units of half a millimetre,
mean = 14-405 mm., g, = 0-829,
ue = (0-9036)2, B: = 4-863.

We could substitute in equations (6.74) and solve for  and Q. This is a tedious
process and Johnson (19494) constructed an abac for the purpose. He gives the values
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= 2:64, y = 2:38. With these values we find, using the relations

mean & = E {(x—u)/A} = 1:1029,
var (x/A) = (0-5948)%
the values of u and A as
A = 1-5192, mean & = 14:399+1-10294 = 16-0745.

Column (8) of Table 6.1 on page 160 shows the frequencies given by an Sy curve with
these values of the constants. The fit seems about as good as the Pearson Type IV
distribution.

6.36 'The fitting of mathematical curves to observational data has a certain
intrinsic interest which is apt to outrun its statistical usefulness. In order to keen
this chapter within bounds we shall refer only briefly to a number of further topics
which have been discussed in the literature, leaving the student who wishes to specialize
his knowledge to follow the references.

Burr’s distributions

6.37 The three systems we have considered in this chapter all attempt to fit
curves to the frequency function ; and we have seen that in some cases, at least, this
involves troublesome summation or integration when we require the distribution function,
as we usually do, if only to calculate theoretical frequencies for comparison with observa-
tion. The question naturally arises whether we could not fit curves direct to the
distribution function and obtain the frequency function, if we need it, by the relatively
simple process of differentiation.

Such an approach has been considered by Burr (1942) and Hatke (1949). Using a
generalization of the Pearson equation (6.1), we consider

dF = F(1-F)g(x)dx, (6.75)

where g (x) is some convenient function, which must be non-negative in 0 < F <1and
the range of x. The solution of (6.75) is obtained at once, since

11
dF (p—,+ 1——_’F> = g(x)dx

and is given by
F(x) = [1+exp {-G(x)}]7, (6.76)
where
G(x) = j‘ g(t)d.
For example, one convenient form is

1

0<x< o, (6.77)

and many others can be chosen.



174 THE ADVANCED THEORY OF STATISTICS

6.38 Burr’s own method of fitting was to consider cumulative moments typified

by
M,(a) = Jw(x—a)’ {l—F(x)}dx——r_ (x—a) F(x) dx (6.78)

and to equate these quantities, calculated for the data, to the theoretical values expressed
in terms of the parameters of the distribution ; in fact, to do with cumulative moments
what Pearson did with ordinary moments. This can be tedious, although tables
were provided by Burr and Hatke for the purpose. The simpler method of fitting in
the manner of Example 6.6, by equating frequencies in certain ranges, does not seem
to have been tried.

Fitting by frequency-moments

6.39 Fitting frequency-distributions by the method of moments has certain
disadvantages, especially when the range is unlimited and observed data are only a
sample from the possible observations ; outlying members and “ tail ” frequencies
exert an undue effect on the calculated moments. It is possible to fit by identifying
moments taken about the x axis, that is to say, by equating observed and theoretical
values of the so-called probability-moments typified by

o, = r_"w ()} d. (6.79)

This method has been examined at length by Sichel (1949), especially in one of the
cases where the Pearson distributions are somewhat inadequate. 'The point concern-
ing efficiency in estimation, made in 6.12 for Pearson distributions, applies here also.
From the standpoint adopted in the present chapter, the appropriate method would
be to equate the observed and theoretical values of (6.79). The probability-moments,
however, require grouping corrections and the method has not been tried out
extensively.

Moriguti (1952, Ann. Math. Statist., 23, 286) has shown that for any continuous
distribution with variance o2

2r r—1Y\: r I\)!
r—1
wros TG /o6Ee))

6.40 We have referred briefly to the fact that some observed distributions may
be fitted by mathematical expressions which extend over non-observed values of the
variate ; or, to put the matter another way, in which the data may be fitted to a trun-
cated theoretical distribution. Fitting in such cases may be very troublesome, because
in general the point of truncation has to be estimated and the moments will depend
upon it. Systematic developments of this topic have only recently begun and have
tended to consider individual distributions separately.

Truncated forms
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Bivariate forms

6.41 No satisfactory method has yet been found of setting up families of (bivariate)
frequency-surfaces in extension of the families of frequency-curves we have considered
in this chapter. Some early efforts are referred to in Pretorius (1930) and Johnson
(1949b). A bivariate Gram-Charlier series may also be developed—cf. Exercises 6.16
and 6.17. If this subject were thought to be worth pursuing, perhaps the best line
of development would be to seek variate-transformations which transformed the
original variates to approximate independence ; univariate forms could then be fitted
to the marginal frequencies.

EXERCISES

6.1 Show that the following are members of the Pearson system of curves and sketch them
for some typical values of the constants:
(a) (the normal distribution)

f__ -..Hl.” __._.._.2 C0< < w0
o+/(27) exp 202 SXS ©.
(b) (the Iype 11 distribution)

1 xZ\m
f= &B(&,m#—ﬁ(l —(—12—> , —a<x<a.
(c) (the Type VII distribution)
1 X%\ ™
f= ;‘Bﬁ‘(g;n_'l)<1 +a_‘> , —eOsxE @,
6.2 With a simple transformation of the variate when necessary, assign the following distr}
butions to one of Pearson’s types :—
dF = ke™i%'y*~1dy, dF = k(1 —r2)i=9) gy,
kdt
(1 + 22 /)i +1)]
(All these distributions are important in the theory of sampling.)

ar = dF = knp=2(1 =N =2=2dy,

6.3 Show that for the Pearson distributions

dlogf x
dx By+B,x+ B,x*
the range is unlimited in both directions if By+ B, x+ B, x? has no real roots; limited in one
direction if the roots are real and of the same sign; and limited in both directions if the roots
are real and of opposite sign.

6.4 Show that the Pearson Type VI curve may be written
2\ —m
y =19, (1 —Z;) exp {—vtanh™! (x/a)}
and discuss the relationship with the Type IV curve.

6.5 Show that for a Pearson Type III distribution 28,—38,—6 = 0 and hence that the
criterion k is infinite.

6.6 If the roots of B,+ B; X+ B, X? are equal, show that the criterion k = 1 and that the
corresponding Pearson curve (Type V) may be written
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»—1
= = —Pev/E <x< o,
f T 1)x ez, 0sx<
6.7 Show that for a Pearson distribution ‘_if = —£‘~z~+ x_)_dx the characteristic function

f botbyx+bya?
obeys the relation

daié
dor

where 6 = it. Deduce the recurrence relatlon between the moments.
Show also that the cumulant-generating function obeys the relation

d
by {de";+(‘jg)}+(1+2b,+b 9y 2¥ +(a+b,+b00) 0.

Hence show that the cumulants obey the recurrence relations

-1 -1
1+(r+2)b2}K1+1+rbl'€r+rb2{xl Kr+<r1 )K2K7—1+( 2 >K3Kr_2+...

+(rj )Kj+1"r—i+~--+(rl >Kr—-1Kz+KrK1}= 0.

6.8 (The Charlier Type B series.) Defining
y(Ax) = e*X/x), Vr@Ax-1)=y@Ax)-y@x-1), and

G, (%) = {%,y(z, x)} / v (3, )

by0 (l+2b,+b10) +(a+bx+b00)¢ =0,

show that
Gr(4,%) = (-1 V7R 2}/ v x).
Y (G,Gsy) =0, r&s, and =7r!/A, r ==
z=0
Hence, if f can be expressed as a sum
f= E(bf G,”)
show that = - Z (ij)

6.9 Show that no distribution which is not completely detcrmined by its moments can
be expanded in a convergent Type A scries.

6.10 Show that if y is a function of x which it is desired to represent approximately by
the form

y =2 ¢Hjx)a),
j=0

then the values of the ¢’s appropriate to the expansion of y in this form are such as to minimize
the sum

J'°° Z C:Hf(x)a(x) dx

| \/a (%)
6.11 Show that if a function in standard measure is expanded in a Type A series the co-
efficients of the second and third terms depend respectively on f#, and B, and thus provide
measures of skewness and kurtosis,
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6.12 If f(x) and g(x) are two differentiable frequency functions with cumulants denoted
respectively by k and x’ show that formally

F(x) = exp {jgﬁo’%“’ (—dif—c)'}g(xx

6.13 If y is distributed in the form

1
— A—1,-v
dFr 1.,(/,L)y e~Vdy, O0<sy< oo,
and a new variate & is defined by
& =y+dlogy,
show that for the cumulants of & we have

d

-
Kk (&) = 6":7,logl"(l), r>1,

Hence show that

B = 5 +0G)

2
Ba(§) = 3+7+00G7).
Compare with the corresponding coefficients for y,
4
B =5
6.
Bs(») =3 + n

(Johnson, 1949a)

6.14 If y is distributed in the form
I'()
I'(z—») 1)
show that if & = y+dlogy we have, for large », T—v,

dF = y 1(1+y), O0<y< o,

1 4 1
bu@ =535
2 6 2
Ba(§) = 3+= =24
v T T—V
Compare with
4 4 16
f1(3) = =——+—
v T T—9v
6 6 30
B2(3) = 3+——=+—-.
v T T—9

(Johnson, 1949a)

6.15 If R is distributed in the form

dF = _{_I,‘_(ﬁi_l.).}_’m(n—‘i)a — R)ln—4), 0<R<1,
I'(n-2)
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show that for
¢ =13v(n-3)log {R/(1-R)}

Br(H) =0
;[%mgr(z)]
o) =3+ S ol

[log T ().):| :
A=in—1

6.16 If x, y are jointly distributed in the normal form

(Johnson, 1949a)

1 1
- ) - 2 _ 2 —w<
and D, = d/dx, D,=d/dy, show that the characteristic function of
DI D;,
exp{'cuDlDw T (=1 ke —}*—,‘}«(x)a(y) (A)
r+s::3 ris:
is the exponential of
- it)" (ity)°
@At kel ‘,) ('—’,)~
r48-23 r. s

IHence show that the bivariate form of the Edgeworth series may be written either as at (A) or
in the form

. Dr DO
€xXp }-( (=1) iy, - f(x,9). (B)
748223 r! s!
(Kendall, 1949b)

6.17 From (A) of the previous exercise show that formally
of DI D; -
s by s!“f’ r+sz3,orr =s=1,
and verify directly this formula for the bivariate normal distribution for » = s = 1, namely

¥ _ %
ap Oxdy

= (-1t

(Kendall, 1949b)

6.18 Verify that the Sy curves of 6.35 are unimodal and show that they are positively or
negatively skewed according as y is negative or positive.

6.19 Show that the following distribution functions are admissible solutions of equation
(6.76), the parameters in all cases being positive :—

F(x) = (1+e), —0<x< 0}
F(x) = (1+aetv)—  _lagx<in;
a
F(x) = (—f;arctane“) R —0ExE 0 ;
1 «
F(x) = (x——sinan) , 0<x<1.
2n

(Burr, 1942)
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6.20 A variate has zero mean, unit variance and the rth cumulant «, is of order nl—¥, r>2,
By considering an Edgeworth expansion show that the mode, to order n~1, is given by —}«,
and the median by —3x;. Hence derive the approximate relationship

(median — mode)/(mean —mode) = £.
(Haldane, 1942)



CHAPTER 7

THE CALCULUS OF PROBABILITIES

7.1 'The previous six chapters have dealt with the theory of statistical distributions
from the descriptive point of view. We have seen that the distributions encountered
in practice exhibit certain regular features which permit of representation by mathe-
matical forms; that they can be characterized by certain quantities such as moments
and cumulants ; and that certain general theorems about distribution- and frequency-
functions can be deduced. We now begin a study of a different kind, namely the
inquiry whether any meaningful and objective statements can be made about a popula-
tion or a system generating a population when only a sample of the possible observations
is available for scrutiny. This, in broad terms, is the problem of statistical inference.

7.2 Except in trivial cases it is not possible to make inferences from sample to
population with the certainty of deductive logic. Either our statements must be
somewhat vaguely phrased or, if precise, they are surrounded by a band of doubt.
In ordinary speech we use various words and phrases to denote the attitude of mind
towards propositions of whose truth we are uncertain. We speak of something as
being more or less probable, or more or less likely ; we say that we have a certain degree
of confidence in a proposition or that the chances are against it ; we refer to it as being
surrounded by or open to doubt or requiring confirmation. Many of these expressions
have acquired a technical meaning in statistics which we shall indicate in due course.
Fundamentally they all express aspects of the same thing, the uncertainty with which
we are compelled by circumstances to regard particular propositions.

7.3 In the next chapter we shall discuss some of these ideas in relation to statistical
inference. Before we do so, however, we must give a brief account of a calculus which
is required in order to treat them objectively and systematically : the calculus of
probabilities.

Some writers use the expression * the theory of probability ” to cover all uncertain
inference. Others attempt to relate it only to sets of repeatable events. The first
approach takes “ probability ” to be an undefined idea, like the straight line of Euclidean
geometry, and builds up the theory from certain axioms. The second usually sceks
to define probability in terms of the relative frequency of events and thus to refer the
theory to the pure mathematics of abstract sets or to the limiting properties of sequences.
Our own opinion (cf. Kendall, 19494) is that neither approach is sufficient by itself for
the statistician, whatever may be its value to the mathematician. It seems, however,
that every man must choose for himself and that his psychological make-up, his experi-
ence and his fields of interest all determine the kind of axiomatization which he prefers.
In statistics it is a mark of immaturity to argue overmuch about the fundamentals of

probability theory.
180
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7.4 We are not, in this chapter, concerned with the theory of probability in the
broad sense. 'That is a branch of scientific methodology. We are reviewing the cal-
culus of probabilities, which is a branch of mathematics. The English language is to
some extent responsible for a confusion between the two. In medieval times and at
the Renaissance there was a distinction between probabilitas, which related to the
intensity of degrees of belief, and the doctrine of chances, which calculated the number of
ways in which certain classes of event could occur. In the seventeenth and eighteenth
centuries the doctrine of chances became assimilated to *“ probability,” so that nowa-
days the same word is used to denote both. A useful distinction has been lost. We
may well admit * probability ” as including chances; but we shall continue to
distinguish between the theory of probability, which is concerned with the use of proba-
bilities in making statements about the external world, and the calculus of probabilities,
which is concerned with the mathematical development of the consequences of certain
axioms and postulates. It is the latter which we proceed to describe.

7.5 We shall enunciate the basic rules of the calculus without attempting to derive
them from more primitive propositions. Fortunately, whatever the disagreements
about fundamentals, there is little or no disagreement about the rules themselves.

In the first place it is assumed that probability is measurable on a continuous scale,
so that any probability can be expressed as a real number. We shall, in fact, say that
a probability s x, a real number. This assumption implies, among other things, that
any two probabilities may be compared ; for if they are mecasured by the numbers
x and y we may say that the probability of the first is greater than, equal to, or less
than, that of the second according as x>y, x = y, or x<}y.

7.6 'The probability of a proposition ¢ on data p is written P(q|p). We have
then Rule 1:

If p entails g, P(g|p) = 1. (7.1)
If p entails not-q, P(gq|p) = 0. (7.2)

This rule defines the end-points of our scale of probability. Certainty that a
proposition is not true is represented by zero, certainty that it is true by unity. Any
probability lies in the range 0 to 1.

7.7 Rule 2. 1If the probabilities of » mutually exclusive propositions ¢, . ., g,
on data p are P,, .., P,, then the probability on data p that one of them is true is
Pi+P, + .. +P,.

This is generally known as the “ theorem of the addition of probabilities.” In
the language of the textbooks, the probability that one of # mutually exclusive events
will happen is the sum of their separate probabilities.

7.8 It follows that if ¢,, . ., g, are mutually exclusive and equally probable on
data p, and if Q is a subset of 7 of them, and if one of the ¢’s must hold, the probability
that it is one of the subset Q is

P(Q|p) = m/n. (7.3
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This proposition is the starting point of the frequency theory of probability. It
is usually stated in some such form as : if, of a set of # mutually exclusive and equally
probable events, m are distinguished by some characteristic 4, the probability of an
event bearing 4 is m/n. As a definition of probability it is open to the logical objection
of being circular, for it contains the phrase ‘ equally probable.”

7.9 Rule 3. 'The probability of two propositions ¢ and 7 on data p is the product
of the probability of ¢ given p and that of 7 given ¢ and p. Symbolically,

P(gr|p) = P(qlp) P(7]gp)- (7.4)
Since ¢ and r appear symmetrically we also have
P(gr|p) = P(rlp) P(g|7p). (7.5)

From the frequency standpoint this rule is almost self-evident. If of a set n, (a)
bear the characteristic 4, (b) the characteristic B, and (ab) both characteristics, then
the rule states that

n  n (@ =2 ()
a simple arithmetical proposition.
More generally we have

P(g19z---9:12) = P(0:12) P (92190, 2) P (951925915 80) . - - P (G| Q=15 - 900 0)s  (7.6)

a result which follows from the repeated application of Rule 3.
If, as a particular case,

P(gr(p) = P(q[p) P(r|p) (7.7)

we have, in virtue of (7.4),

P(r|p) = P(rgp) (7.8)
and ¢ is then said to be irrelevant to 7, given p. A knowledge of ¢ does not affect the
probability of r on data p.

7.10 The above three rules and various elaborations of them form the basis of
the direct calculus of probability ; everything further is pure mathematics. We
assume that the rcader has some acquaintance with the elements of the subject and
give a few examples mainly for the purpose of emphasizing the importance of keeping
strictly to the rules.

Example 7.1 Importance of specifying the basic reference-set of probabilities

Three pennies are tossed. What is the probability that they fall either all heads
or all tails?

We assume that the probability of a head with any penny is } and that the result
with one penny is independent of that with the others. Then there are eight possible
and equiprobable cases, HHH, HHT, HTH, HTT, THH, THT, TTH, TTT. Two of
these give us all heads or all tails and hence the required probability is }.

Now consider this argument : there are two possibilities, either the three coins
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all fall alike or two of them are alike and the other different. Of these two possibilities
one is of the type required and therefore the probability is 3.

Consider also this argument : there are four possibilities, three heads, two heads
and a tail, two tails and a head, three tails. "T'wo of these four are of the type required
and therefore the probability is 1.

Finally, consider this argument : of the three coins, two must fall alike. The other
must either be the same as these two or different. Thus there are two possibilities
and again the chance is 1.

These three arguments are fallacious. They assume equiprobability among events
which are not equiprobable and the application of Rule 2 is not legitimate. For example,
in the first case, it is true that there are two possibilities, but they are not equally prob-
able under our assumptions. The reader may care to examine why this is so and how
the other two arguments break down on the same point,

Example 7.2

In a hand at bridge, what is the probability that a player has at least two aces in
his hand ? The question as posed is not unambiguous, and there are in fact four
distinct probabilitics, in any of which we may be interested :

(a) The probability that a specified player (say, South) has at least two aces, irrespec-
tive of the other players’ hands.

(b) The probability that some one player of the four has at least two aces, irrespective
of the other three players’ hands.

(c) The probability that South and no other player has at least two aces.

(d) The probability that exactly one player of the four has at least two aces.

We proceed to evaluate these in turn.

(2) South may have 0, 1, 2, 3 or 4 aces. 'The pack of 52 cards may be regarded as
consisting of a pack of 4 aces and a pack of 48 other cards. The probability that South

gets no ace is
(0)(52)
0/\13
= o/ 7.9
po= 7.9
13
and the probability of his getting exactly one ace is

(1) ()

P s
(13
The probability we require is
Pa = 1=(po+P1)
_ 1_38.37.1_1
T T 49.25.17

(b) It is tempting to imagine that the second of our probabilities is simply four
times the first, but the four players’ probabilities are not mutually exclusive. This is

= 0-257. (7.10)
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otherwise clear from the fact that 4p,>1. In fact, the probability we now seek is
simply the complement of the probability that each player has one ace, and is

48 (36 24\ (12

12) 12) 12/\12

52\ (39\ /26 [13Y

13/\13/\13/\13
the factor 4! arising from the possible permutation of the four aces among the players.
We find

pb = 1—4'!

=1—- 13

Pe= 17492517

(c) The third probability is less than p, by the probabilities that (South, North),

(South, East) or (South, West) each have two aces. 'These three events are mutually
exclusive, and each has probability equal to

o
)0 () )

) arising from the possible distributions of the four aces into two pairs.

= 0-895. (7.11)

the factor <;

The probability we require is
Do = pa—3ps, 2 = 0-190. (7.12)

(d) The fourth probability is the sum of the probabilities of four mutually exclusive
events, each with probability p,. Thus

pa = 4p, = 0759. (7.13)

Example 7.3 Inductive methods

Our first two examples enumerate the basic possibilities directly. A large class of
examples for which direct enumeration may be difficult can be solved by inductive or
semi-inductive methods. We will illustrate one such method on a very old problem.

n letters, to each of which corresponds an envelope, are placed in the envelopes at
random. What is the probability that no letter is placed in the right envelope ?

The condition that the letters are put in the envelopes * at random ” is to be inter-
preted as meaning that every possible way of assigning the letters to envelopes is equally
probable. The question, under Rule 2, then reduces to the purely algebraic one : in
what proportion of the possible cases does no letter get into the right envelope ?

Suppose that u, is the number of ways in which all the letters can go wrong. Con-
sider any particular letter. If this occupies another’s envelope and vice versa, which -
can happen in n—1 ways, the number of ways in which the remaining n—2 letters
can go wrong is u,_,. But if the letter occupies another’s place and not vice versa,
which can happen in n—1 ways, there are u,_, ways in which others can go wrong.
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Hence we have the difference equation
Uy = (n"' 1) (tn—1+2p_2)-

We may re-write this

Upy—NlUy_q = — {un—l_(”_ 1)"n—z}
and putting U, = U,—NU,_,,
we find Uy = —Up_q,
= (—1)"20,.
Thus w,—mu,_; = (=1)""2(uy—2u,).

But 4, = 0 and u, = 1 and thus
Up=-NU,_ = (-1)”

whence U, = n!{él—!—gl—!+ cen +%1'l}

The total number of possible ways of arranging the letters is ! and hence the prob-
ability required is

1 1 (—1)r

T AT (7.14)
i.e. (7.14) is the first n+1 terms of e, the first two cancelling each other and not
appearing.

Probability in a continuum

7.11 Up to this point we have considered only probabilities of finite and discrete
events ; but we may also ask whether any meaning can be attached to probabilities
in a continuum. For example, if a square is inscribed in a circle, what is the prob-
ability that a point taken at random in the circle is also inside the square ? If a line is
divided into three segments, what is the probability that they can form a triangle ?
What is the probability that x<x, where x is a positive real number less than y, ?
And so on.

All probabilities of this kind must be considered as limits. Consider the first
example, that of the square inscribed in the circle. Imagine the whole figure divided
into small cells of area ¢ by a rectangular mesh. If we assume that the occurrence of
a point in a cell is equally probable for all cells, the probability that a point falls inside
both circle and square is the ratio of the number of cells in the latter to those in the
former, neglecting the cells at the edges which become of diminishing importance
as e— 0. In fact, the required probability can be made as near the ratio of the area
of the square to that of the circle as we please by taking ¢ small enough. We may say
that the probability is that ratio, which is easily seen to be 2/, an incommensurable
number.

We should get the same limiting form of probability if we took other meshes which
adequately represented areas ; but it is most important to specify the method of pro-
ceeding to the limit in speaking of probabilities in a continuum. Otherwise the result
has no meaning. The following example will illustrate the point.
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Example 7.4

Consider a straight line OA4 bisected at B. What is the probability that a point
chosen at random on the line falls into the segment OB ?

Let us suppose in the first place that the line is divided into n equal segments of
length OA/n. If we interpret the choosing of a point at random to mean the choice
of one of thesc intervals, the probability is obviously } as n — o, for there will be half
the intervals in the segment OB.

Now let OP be drawn perpendicular to O4 and equal to it in length, and imagine
a star of n+1 lines drawn through P, including OP and PA, so as to divide the angle
OPA (= n/4) into equal angles 7/(4n). These lines cut off segments on OA4, and we
may, if we regard equal angles as having equal probability, assign to these segments
an equal probability, for they subtend equal angles at P. If we make this convention
it is evident that as n—> oo the probability of a point falling into any segment on O4
is proportional to the angle subtended at P. For example, the probability that a point
falls in the segment OB is (arctan 3)/(}n).

Now this is not the same answer that we got by assuming all small segments of 04
equally probable. There is nothing contradictory in this—the two answers are different
because the two limiting processes were different. On a little reflection it will be clear
that by moving the point P on the perpendicular to OA and taking a star of lines as
before we can make the probability of obtaining a point in OB have any value we like.
It is thus abundantly clear that the concept of probability in a continuum depends on
the limiting process by which that continuum is reached from a finite subdivision of
equiprobable intervals.

The concept of the random variable

7.12 Suppose we have a statistical population, finite and discontinuous, distributed
according to a variate x. If we take a member at random from this population, the
probability that it bears an assigned variate-value x, is the frequency function f(x,),
for this is the proportion of members bearing that value. Further, the probability that
it bears a valuc less than or equal to x, is the distribution function F (x,), as follows at
once from Rule 2 and the definition of the distribution function.

This is the essential link between probabilities and distributions. The distribution
function gives the probability that a member of the population chosen at random will
bear a specified value of the variate or less. We must, however, consider whether this
statement can still be regarded as true for populations which are infinite or continuous.

Suppose in the first instance that the population is infinite and discontinuous. In
such a case we cannot select a member at random, but we may imagine a selection from
a finite population which tends to the infinite form under consideration. In this
finite population the proportion of members with values less than or equal to some x,
will be F(x,) and thus, with due regard to the nature of the limiting process, we may
still say that in the infinite population the probability of a value less than or equal to
%o 18 F(x,).

Similarly for a continuous distribution. In Chapter 1 we considered the continuous
form as a limiting expression of

AF = f(x)Ax.
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If a member is chosen at random from this population, the probability that it falls in
the range Ax is f(x) Ax, for the total frequency is unity and f(x) Ax is that proportion
of it falling in the range Ax. In the limit we may say that the probability of obtaining

a value less than or equal to x, in taking a member at random from a continuous popula-
z,

tion is J "dF =F (%¢). It must, however, be remembered that the nature of the

process to the limit should be specified.

Hereafter, in speaking of selecting a member at random from a population
dF = f(x)dx we shall assume that what is meant is a selection random in the limit
for intervals dx.

7.13 We have spoken above of the selection of objects *‘ at random.” In the
mathematical theory of probability it is customary to define randomness in terms of
probability itself. A member of a population is said to be chosen at random if it is
chosen by a random method ; and a random method is one which makes it equally
probable that cach member of the population will be chosen. Randomness is extremely
important in the theory of sampling and we shall consider it at some length in Chapter 9.
At this point it is sufficient to note that when we speak of random choice we really
mean a method of selection which gives to certain propositions an equal probability
and hence allows us to apply the calculus of probability a priori. The justification for
this is, in the ultimate analysis, empirical. It is found in practice that there exist
selective processes which educe members of a population in such a way that the con-
stituent events may be regarded as equiprobable ; and the theory of sampling is largely
concerned with samples generated by such processes.

7.14 'T'he idea of a variable which can appear with varying degrees of probability
has been clevated into a distinct concept, that of a random wvariable. In ordinary
analysis no such idea appears. We write * a variable ”” meaning that we are considering
propositions about numbers which may be any of a certain range ; there is no thought
that one of these values is to be considered more frequently than others or that it will
occur more frequently in practice. 'The random variable, on the other hand, is to be
regarded as defined by a distribution function. It may take any values in a given range,
but the values are distinguished by an associated function.

7.15 Let us consider what is meant by the addition of random variables. In

ordinary analysis, given two variables & and 7, we may define a third variable
C = 5""7})

which merely means that when § = xand = y, { willbe x+y. If £ and # are random
variables, can we attach any useful meaning to { ?

If the joint distribution function of & and 7 is Fy,, the frequency of £<x and <y
is Fy,(x,y). Consider some value 3. We may then determine from F,, the frequency
such that x+v< 2z which will, in fact, be the integral

[

taken over the region for which x+y<z.
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This integral defines a function of 2 which is in fact a distribution function, for
it is zero at — oo, non-decreasing, and unity at + co. We may then define this as
the distribution function of the random variable and say that { is the sum of the random
variables & and 7.

7.16 More generally, suppose that we have random variables &,, &,, . ., &, with
corresponding variates x,, X, . . , ¥,. We may define a random variable {, with variate z,
by the equation

2= (%, Xy -y Xy)- (7.15)

The random variable { is such that the distribution function of z is the integral of
dF (x,, x,. .,x,) over all values of x,, x,,..,x, such that z(x,,x,,..,x,)<2.
In particular we may define the sum of the random variables by

2 =X,+%+ ... X, (7.16)
We may even write
{=&+&+. ..+, (7.17)

This notation is justified by the fact that the commutative and distributive laws of
algebra are valid for such expressions; e.g. it will be evident on examination that

§1+£2 = 52‘*“51, and 51'*‘(‘52"*‘53) = (51+§2)+§3 = ‘51+§2+§3-

7.17 The notation embodied in (7.17) is not, however, without its dangers. Some
writers prefer to avoid the use of the word “ sum ™ and to speak of the convolution
of random variables. This might be preferable but has not come into general use

among English writers.

We have not yet given any meaning to an expression such as —7. The most
obvious interpretation, which we shall adopt, is that —# is a random variable whose
variate-values are the negatives of those of a variable . Our notation has the dis-
advantage of seeming to imply that if a random variable  is the sum of two independent
random variables £, 7, and we subtract a random variable & from ¢, we shall necessarily
be left with a random variable . This is not true. As Example 7.5 makes clear,
&+n, may have the same distribution as &+#, (where 1, # #,) even if the variables
are independent.

7.18 We may notice one very simple but powerful result concerning the charac-
teristic function of independent random variables. If we have n such variables dis-
tributed as dF,, . ., dF, the element of frequency of their sum { = &, +&,+ ... +¢,
is the integral of dF, ... dF, through the element of volume between z and z+ d=z.
Thus the characteristic function of their sum, being the integral of e through the
range of 2z, is equal to

F r e dF,. . .dF,
-

-—@®
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= j et dF1j‘ = dF,. . j- e dF,

-

= 145 .. (7.18)

Thus for independent random variables the c.f. of a sum is the product of the
cf’s; and the cumulant-generating function of a sum is the sum of the individual
cumulant-generating functions.

The essential point in Example 7.5, which now follows, is that two independent
random variables, &, 7, may have characteristic functions which coincide in some interval
of t containing the origin. If the c.f. of £ is zero outside this interval, (7.18) ensures
that the sum of two independent &’s has the same distribution as &+1).

Example 7.5
Starting from the integral
® sin ax
.[ o ¥

dx = in, >0,

we have, on integration with respect to a,
@© p—
J COSPE O e = n(a—f), 5P

0
It is then easy to show, by the double use of identities such as
sinfcosmb = } {sin(m+1)0—sin(m—1)6},

that
3j 12C08% s txdx = 1—|¢| for ¢ <1
7T)o X
=0 for |t]|>1.
Thus the distribution
dF = 112987 pcrgw,
T X
has the c.f.
$(1) = 1-]t],  |t]<1
~0, [t]>1 (7.19)
for the integral
lj 1—-C(:sxsintx dx =0
T) o X

in virtue of the oddness of the function sintx. Moreover, from the Fourier series,
which is easily obtained,
cos0+§1—écos30+§13c0350+... = }(n*-2n0), 0<0<m,
= }(n*+2n0), —-n<0<0,
we may show that the discontinuous distribution
f(0) = 1-4m, }

fx) = o r=2 positive or negative odd integer, (7.20)
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has the c.f.
sa(t) = 1-12],  [t]<1. (7.21)
For | 2| >1 the c.f. consists of periodic repetitions of the values inside the range | ]| <1.
It follows from (7.19) and (7.21) that for all t, ¢,(t) $5(t) = ¢,(t) $,(¢). Thus the
sum of the first and second variables is distributed in the same form as the sum of
two random variables distributed like the first. Thus it is not true, in general, that
if &+n, = &+, then 3, = 7,

Example 7.6

The converse of the proposition of 7.18 is untrue. Although it is true that, if
& and 7 are independent, their joint frequency-distribution is the product of their
individual frequency-distributions and conversely, it is not true thatif the c.f. of their
sum is the product of their individual c.f.’s they are independent.

Consider the distribution

dF = {Zinx—}y—}e—}(xw)_,_e(x_y) (xy—x—y+2)e""+”)}dxdy, 0<x,y< 0. (7.22)

Since xtyi(x—y)(xy—x—y+2)e ¥®*+¥ has a lower bound there will be some value
of &, perhaps small, for which the term in braces on the right in (7.22) is non-negative
throughout the range of x and y. That is to say, (7.22) can genuinely represent a
frequency function. Moreover, if we interchange x and y in the term involving ¢
we change its sign and hence the integral of this term over the range 0<x,y< o« is
zero. 'The total frequency is then the integral of the first term, which is clearly
2T () /(2m) = 1.
The c.f. of ¥ and y is obtained by integrating exp (i, x+it,y) over (7.22) and is
found to reduce to
_ 1 Zetits(f— 1)
PUnt) = (4 _pir i (1—2itp T (1= it)p (1 =ity
To obtain the c.f. of x we put ¢, = 0, obtaining
¢1(t1) = (I—Zitl)"é.
Similarly for the c.f. of y we put ¢, = 0, obtaining

$a(ts) = (1 ‘"2"‘2)_}°
For the c.f. of x+y we putt, = ¢, obtaining (1 —2#¢)-! which is the product of ¢,(¢)
and é,(¢). The relationship between the c.f.’s is, in fact, the same as if ¢ were zero,
which is due to the fact that in (7.23) the term containing ¢ has factors #,, ¢, and (¢, —¢,).

(7.23)

7.19 Notwithstanding the nomenclatural dangers, we shall often in the sequel
pass over the distinction between * random variable ” and ‘‘ variate.” When we use
the expression * variable ” alone, an ordinary mathematical variable is to be under-
stood unless the context makes it clear that a random variable is meant. Where there
is possible confusion we shall speak of random variable. To avoid drawing distinc-
tions between the random variable and its variate-values, typified respectively by &
and x, we shall often use roman letters to specify random variables and shall, where
the context permits, refer to them as variates.
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Sampling distributions
7.20 We have noted that if a member of a population is chosen at random the
probability that it will bear a variate-value not greater than x is the distribution function
F(x). Similarly, if we choose a member from a multivariate population, the prob-
ability that it will bear a value of the first variate not greater than x,, of the second not
greater than w,, .., of the mth not greater than x,, is the multivariate distribution
function G(xy,%,, ..,%,). Further, if the variates are independent, the rth variate
having the distribution function F,(x,), this probability is equal to

Fy(x) Fo(xs) . ... Fa(xy).

Now suppose that we have a selective process, which we will call sampling, applied
to a univariate population in such a way that it abstracts a group of n» members. If
this process is repeated it will generate a multivariate distribution, each sample ex-
hibiting 7 values x;,%,, ..,%,. The nature of this multivariate distribution depends
on the sampling process as well as the population. If the distribution is G (x4, x,, . . , %,),
then this function represents the probability that a random sample will result in 7
values, the first not greater than x,, the second not greater than x,, and so on. We
may regard the #’s as corresponding to # random variables &;,&,, .., &,

There is one type of sampling process of outstanding importance in statistical
theory, namely that in which the distribution G (xy,%,, .. ,,) is the product of factors
Fy(%,) Fy(xy) ... Fy(x,). In such a case the sampling is said to be simple. The
distributions of the values x,,%,, .., %, are independent one of another, and we may
thus say that the selection of any member is independent of that of any other. More-
over, if the sampling is random, every F,(x) will be equal to F(x), the distribution
function of the population from which the sample has been drawn. Thus in this
case we have, for the distribution of the variate-values in samples of size n obtained
by a simple random method,

dG (24, %, . . ,%,) = dF (x,)dF (x,) ... dF (x,)
= f(xy) f (%) ... f(%n)dx1dxy ... dx,, (7.24)

and F(x,)F(x,) ... F(x,) is the probability that in such a sample the first value will
not exceed ¥, and so on. Moreover, since the x’s appear symmetrically in (7.24)
their order is not material,

7.21 If we have a sample of size n, characterized by the variates x,, x,, .., x,, we
may, as in (7.15), consider the distribution of some function 2 = 2 (%, %y, . ., ¥,) Which
might, for instance, be their mean or variance. The corresponding random variable {
will have a distribution which is known as the sampling distribution of ¢ (or of 2).
The probability that a value of ¢ less than or equal to z be obtained on random sampling
is the distribution function of z. In the case of simple random sampling it is given
by integrating the element of (7.24) over the range of ¥’s for which z (%, 2, .., %) < 2.
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Example 7.7
Suppose we draw a simple random sample of size two from the normal population

1 .
dF = e/ —oo<x< oo,

o~/ (2x)

In virtue of (7.24) the distribution of the two values, say x, and x,, is given by

dF = exp {— (%3 +x%)/20%} dx, dx,. (7.25)

2no?

We will integrate this over values 2<% (x;+x,). This will give us the distribution
of the mean of the two values.

Put u = }(x,+x,), v = }(x;—x,).
The distribution becomes
dF = ;t-l‘;éexp {—(w*+2?)/0?}dudv. (7.26)

It so happens that # and v are, in this case, independent. Integrating out for v we find
for u the distribution

1
_ —_ 12 /52
dF = G\/nexp( u?/0?) du. (7.27)
Thus the probability that §(x,+x,) is not greater than some z is simply
] z
—u? /o
- Vﬂj-we du, (7.28)

a result which we may express by saying that # is distributed normally with variance }o2

7.22 1In the remainder of this chapter we shall be concerned with some statistically
important theorems concerning the limit of the sum of 7 random variables as #n tends
to infinity. We first of all prove a simple but effective result due to Tchebycheff,
previously stated at 3.97.

Let x be a random variable and g (x) a non-negative function of it. 'Then for every
k>0,

P{g ()>k} <E { g (v)} /- (7.29)
In fact, if R is the region for which g (x)>k we have

Efg) = [ _g@ar> | gar>k| ar>wp (£ (x> k).

In the particular case when g (x) = {x—E (x)}? this reduces to the Bienaymé-Tchebycheff
inequality (3.95).

The Weak Law of Large Numbers
7.23 Let &,,&,, ... be a set of independent random variables distributed in the-
same form with mean u. Let &, be the mean of the first n,

A

E, ==
" n i1
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Then &, also has mean u, whatever the value of n. The (Weak) Law of Large Numbers
states that, in effect, £, becomes more and more narrowly dispersed about x as n increases.
More precisely, given any positive ¢,

lim P {|&,—pu|>e} = 0. (7.30)
n—>» o0

If we may assume that the variance of any £ exists, and is equal to 0% say, the proof
is very easy. For &, is a random variable with variance o®/n and, in virtue of the
Bienaymé-Tchebycheff inequality (3.95),

P{&,—p|>e}<a?/ne
For given ¢ the probability can therefore be made as small as we please by increasing .

7.24 'The theorem remains true even if we discard the requirement that o2 exists.
The foregoing proof is evidently easily adaptable to the case when E(|£|*) exists for
o> 1 but for the case « = 1 a different type of proof is required. (Cf. Excrcise 7.20.)
It is also casily adapted to the case where the &’s have different means.

The Strong Law of Large Numbers

7.25 'T'he Weak Law of Large Numbers states a limiting property of sums of random
variables. The so-called “ strong >’ law states something about the behaviour of the

sequence X, = Z &; for all values of n; something, as it were, about its properties on
=1

the way to the limit.
In fact, given any positive numbers &€ and ¢ there is an N such that for every M >0
P{|&i—u|=>e}<d, n=N, N+1,.., N+ M. (7.31)
The weak law states that | £, — x| is ultimately small but not that every value is small ;
it might be that for some n it was large, although such cases could only occur infrequently.
The strong law says that the probability of such an event is extremely small. The law

is true for variables which are identically distributed under the sole weak condition
that u exists; in other cases further conditions must be added.

The Central Limit theorem

7.26 A much more precise theorem is available in cases where the variances exist.
In fact, the mean &, tends to be distributed normally about x with variance 62/n. More
precisely, if «(x) represents the normal frequency function then, for every 2,1,

llmP{tl\—— <t} j a (£) dt. (7.32)

This theorem is also true if the &’s have different distributions, x then being replaced
by the mean of individual x’s and o/+/n being replaced by the variance of &,.

Let us supposc that each & has a finite absolute third moment. Then as in 3.15
we have, for the c.f. of the rth variate (with first and second moments, say, of s;, and
Hir)s

$,(0) = 1443, (i0) + byt (it + R (7.33)

where R is not greater than v |#]3. Likewise, for the cumulative function we have

v (8) = pe (i) + Jps (i2)*+ S

where S is some constant times | 2|3, say 2|2]|3. Thus, for the c.f. of all the n variables
o
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when summed we have
W(t) = X py,(i)+1 B p, (122 +ES.
r=1 r==1

Let us now take the mean of the sum as origin and transfer to standard measure by
putting u = X &/(Zu,,).  This gives us for u

p(t) = =32+ 5S/(2 )2
If cach »,, is finite the numerator of the remainder term is bounded by nK|¢|% where
K is the largest value of k. The denominator is not less than n%2M,,, where M, is
the smallest variance. Thus the remainder term is of order n~* and tends to zero.
Thus

y() —> -4t

and consequently the distribution to which it relates tends to normality.

7.27 'The theorem may be proved under conditions which do not require the exist-
ence of third moments. In fact, it is a necessary and sufficient condition that

lim L % j xdF, = 0, (7.34)
Nn-—>»00 Mn r=1J || -evMa
where M, = Zu,,.

This condition, due to Lindeberg and Cramér, implies that the total variance M,
tends to infinity and that every u2,/M, tends to zero; in fact that no random variable
dominates the others. 'The theorem may fail to hold for variables which do not possess
a second moment ; for example, we shall see in Chapter 11 that the mean of 7 variates,
each distributed in the Cauchy form

dF—1 ~~‘—1~x-~ - LX< 0
a1+x%
is distributed in precisely the same form. 'T'his is easily deduced from the c.f.,, given
in Example 4.2.

(7.35)

’

7.28 The Central Limit theorem occupies an important place in statistical thcory.
We have already met instances of its operation in the tendency of the binomial and the
Poisson distributions to normality. We shall meet many more in the sequel. Central
Limit theorems are also obtainable for sequences of random variables which are not
independent. A general account of these limit thcorems will be found in the book
by Feller (1950).

7.29 The foregoing methods can also be extended to sets of multivariate random
variables. For example, if & % have a joint distribution, a set of n individuals drawn
at random from that distribution under simple conditions yields a set of n pairs of variate-
values (%1, 71), (¥2,¥3) - - - » (¥n,¥n). We might then enquire after the samplmg distri-

bution of some quantity such as their joint product-moment 2z = }.. x;y;/n. 'This
7==1

would be obtained by integrating

dF (xy,y,)dF (x,¥3) . . . AF (%4, Yn)
over a region such that £ x;y;,/n<2. Generalizations to more than two random vari-
ables are immediate.
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7.30 It is also worth recording that Central Limit theorems can be proved for
multivariate random variables. In particular, corresponding to the theorem of 7.26,
the means of # x’s and »’s tend to joint bivariate normality as » increases under similar
very general conditions.

EXERCISES

7.1 Let E,, E,, . . . E,be n compatible events, i.e. such that any number of them from 0
to n may be simultaneously realized. Let p; be the probability that E; is realized (whether the
others are realized or not), p;; the probability that E; and FE; are realized (whether the others are
realized or not) ; and so on. Show that the probability that no event is realized is

1-Zpi+Xpii—Zpiset+ ... +(=1)"pra. . .as
where summations take place over all possible different values of the suffixes.

7.2  Show that the probability that, of n compatible events, exactly » unspecificd events are

realized is
Ep(r)—<r'*1' 1) X pe |A1)+<HZ'2) Eprrnt . H (=D ’<nﬁr)P(n),

where p(;) denotes a p with j suflixes.

7.3 In the previous exercise show that the probability that at Jeast » unspecified events are

realized is
Zpn— (;) L po+n+ (r ; 1) XPortzy— -+ (= 1)"”'“(’1_ 1)1’(")~

n—r

7.4 Use Exercise 7.2 to solve the envelope problem of Example 7.3. Show also that the
probability that exactly » unspecified letters get into the right envelopes is

1 (/n r+1 n 1 1 (=1n=r
m{())(n—-r)!-—( ) )(r+l>(7z—r—1)!+ etc.} = ;—!{I—1+2—!v...+—(—’1—_—-’—)—?}-

7.5 Given n independent but compatible events E, . . . E,, and that the probability that
E; alone happens is o,, show that the probability that E; happens, whether the others happen
or not, p;, is given by
bi = %;/(%i+1)
where t is a root of

N
II (a,- + t) = h-1,
i=1
Show that in general there are two values of p; satisfying the conditions.

7.6 From a heap of counters of unknown number N a playcr takes a handful of n# at random.
Examine this argument : it is equally probable that N is odd or even. If it is odd, the prob-
ability that n is odd is greater than }, whereas if it is even the probability that nis odd is 3. ‘Thus
the probability that » is odd is greater than 1, and the player should bet on getting an odd number.

7.7 An event happens at random on an average once in time f. Regarding occurrences
in equal small intervals as equiprobable, show that the probability that it does not happen in
a specified interval T is exp (— 7/t).

7.8 1If a is equiprobably distributed in the interval 0 <a<6 and b equiprobably in the
interval 0<b<9, show that the probability that a?—ax+b = 0 has two real roots is 3.
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7.9 A straight line in a plane is represented by the pedal equation
xcosf+ysin0 = p.
A random line is drawn in such a way that elements df dp are equally probable. If it intersects
a closed convex curve of length I;, show that the probability that it will also intersect a convex
curve of length I,, lying inside the first, is I,/1;.
Deduce that if a random line intersects a circle, the probability that it also intersects a fixed
diameter of the circle is 2/x.

7.10 If, in the previous exercise, the co-ordinates are changed by a translation of the origin
and a rotation about it, show that dp’ d6’ = dp df where the primes relate to the new co-ordinates.
Hence show that the ‘‘ randomness > of lines drawn in the foregoing manncr is independent
of the co-ordinate system.

7.11 'Three points are taken at random on a circle. Show that the probability that they
lie on the same semicircle is §. (Assume that in the limit elementary intervals of arc are equally
probable.)

Explain the fallacy in the following argument : one pair of points must lie on a semicircle
terminating at one of them. The probability that the third point lies on this semicircle is 3},
which is therefore the required answer.

Consider also this argument : it does not matter where the first point is chosen. Imagine
the circle cut at that point and unrolled into a horizontal straight line. The probability that the
second and third points fall into the left half of the line is 4 x 4 = 1 ; similarly for the right half ;
and hence the probability required is 3.

7.12 If x and y are independent random variables with characteristic functions ¢, and ¢,
respectively, show that the c.f. of x—y is ¢, () $o(—¢). Hence show that if x+y is distributed
in the same form as x—2y, then y is symmetrically distributed about zero.

7.13 x and y are distributed in the bivariate normal form of (5.90). Find the c.f. of x+y
and hence show that x+y is normally distributed with variance 2 (1 +p). Deduce that |[p|<1.

7.14 Show that the sum of a number of independent random variables, each distributed
in the Poisson form with possibly different parameters, is also distributed in the Poisson form.

7.15 «x is a standardized normal variate and y = x®. Show that the joint c.f. of x and y is
. 1 1 tlz
¢:c,y(t1, ty) = (1—2it))"2.exp {"'é 1 -2it2}

and deduce the c.f.’s of x and of y alonc. Show that the covariance of x and y is zero.

7.16 A random sample of n values x;, x,, . . , ¥n is chosen from a population which has

n
mean p# and takes only positive values. Show that the probability that X x; exceeds some
i=1
constant 1 is not greater than nu/A.

7.17 Show that the mean (say u) of two variates, distributed independently in the form
dF = 3 xtdx, -15x<1,
is distributed in the form
dF = $(3—15u+20u®~-8u®).
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7.18 Find the distribution of the sum of k& independent random variables, each distributed
in the form
dF = e %dx, 0<x< o0

Graph the distribution for some values of k and observe its tendency to normality.

7.19 ‘The frequency diagram of a distribution is defined by a series of isosceles triangles with
bases two units wide and height 4/ |x|forx = + (p+1)3,p = 1,2,..., together with the remain-
ing part of the x-axis. Show that if 4 is suitably chosen this gives a properly defined d.f.

Show that the expectation of | x| does not exist. Show also that if an expectation be defined

n
as the principal value lim X xf(x), it does exist. By taking a different origin show that the
n—»0 —n
principal value about some other point does not exist. Ience, by taking one random variable
to be a constant, show that the expectation of the sum of two independent random variables is
not necessarily equal to the sum of their expectations if the principal value be admitted as an

expectation.
(Fréchet, 1937)

7.20 By expanding their c.f.’s as
$;(t) = 1+pit+o(t),
show that the mean E,, of n identical indcpendent variates &5 has a c.g.f. for which
lim (&) = pit,
n—r0

and hence that &, has the unit distribution of Example 4.3 in the limit. This establishes the
Weak Law of Large Numbers of 7.30.



CHAPTER 8

PROBABILITY AND STATISTICAL INFERENCE

8.1 The calculus of probabilities, as outlined in the previous chapter, leads us
from the given probabilities of primary cvents to the probabilities of more complex
events based upon them. In practice we usually require to make inferences in the
reverse direction ; that is to say, given the observations, we require to know something
about the parent population from which they emanated or the gencrating mechanism
by which they were produced. In the second volume we shall begin a systematic study
of the various methods and inferential processes which are employed in statistics for
this purpose. At this stage we shall merely attempt an introductory account, in very
broad terms, with the object of giving some point to the topics considered and discussed
later in this volume.

Bayes’ Theorem

8.2 Letgqy,q,, .., ¢, be a set of exclusive propositions and let H be the information
available. Let p represent some further proposition. Then by the multiplicative
rule of probabilities (our Rule 3) we have

P(QNPIH) = P(PIH)P(quP’H)
— P(g,| H)P(p|q, H).

Thus we have

P(q,|p, H) = P(q’lg();l(lf;l)q”m. (3.1)

I, as we now suppose, the ¢’s are exhaustive so that onc of them must hold, we have,
on summing (8.1) over the ¢’s,

Pg: [ H)P(p| g, H) '
1 =% MY . 8.2
F P(o1H) 2
On substituting for P(p|H) from (8.2) into (8.1), we then find

P(q.|H)P(p |y, H P(g.p|H

S (P(q. [ H)P(planH)} ~ SPlgp | H)

"This is known as Bayes’ Theorem. It states that the probability of ¢, on data p and H
is proportional to the probability of ¢. on H multiplied by the probability of p on g,
and H.

8.3 Now suppose that an event can be explained on the mutually exclusive hypo-
theses represented by ¢,,¢,, ..,9,. 'These possibilities have certain probabilitics
P(q, | H) of being true. Each of them can give rise to p, but with differing probabilities
P(p| g, H). The theorem gives us the probabilities of the various ¢’s when p is known
to have happened. The quantities P(g,|H) are called prior probabilities, those of

198
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type P (g, [pH) are called posterior probabilities and P(p|q,, H) may be called the
likelihood. Bayes’ theorem may then be re-stated in the form : the posterior proba-
bility varies as the prior probability multiplied by the likelihood.

Bayes’ Postulate

8.4 In this form the theorem is seen to be a simple logical consequence of the
multiplication rule of probabilities and is not subject to criticism. What has given rise
to criticism in the past has been the use to which the theorem has been put. There
is an implied principle that, if we have to choose one of the ¢’s, we take the one with the
greatest posterior probability. This is equivalent to choosing the hypothesis which
maximizes the joint probability of g and p as is seen at once from the extreme right
of equation (8.3). The difficulty arises from the fact that to calculate the posterior
probabilities we require to know the prior probabilities. These are, in general,
unknown, and Bayes suggested that where this is so they should be assumed to be
equal ; or rather, that they should be assumed equal where nothing was known to
the contrary. This assumption, known variously as Bayes’ Postulate, the Principle
of the Equidistribution of Ignorance and onc or two other names, furnishes one of
the most contentious points in the theory of statistical inference.®® Before we discuss
the point it may be uscful to give one or two examples.

Example 8.1
An urn contains four balls, which are known to be either (a) all white, or (b) two
white and two black. A ball is drawn at random and found to be white. What is the
probability that all the balls are white ?
We have here two hypotheses, ¢, and ¢,. On ¢, the probability of getting a white
ball is 1, on g, it is }. From (8.1) we have
P (g, [ H)
P yH) =
@2 = p g, 1)+ 4p (ga) 1)
P (g2 | H)
P(¢q.|p.H) = SR .
12D = p g, 1)+ 1P (g, 1)
Now, in accordance with Bayes’ postulate we assumc
P(q:|H) = P(g:|H) = &
and find Pglp,H) = 3
l

P(q.|p, H) =

If we had to choose between the two pos31b111tles (a) and (b) we should select the
one with the greater posterior probability, i.e. we proceed on the assumption that the
balls are all white.

Now suppose that we replace the ball and draw another at random. If it is found
to be black the hypothesis (a) is decisively rejected. But if it turns out to be white
we can calculate new posterior probabllltles in which our former posterlor probablhtles

* Thc modern versions of the postulate, as, for example, that glven by Jef’freys, sometimes
assume prior distributions which are not equiprobable. This requires some special pleading,
and we defer a discussion until Volume 2.
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become prior. We now have P(q,|H) = 2, P(g,| H) = %, where H includes p, and
a renewed application of (8.1) gives us for the posterior probabilities of the new event,
say p’,

P(g |9, H) = 3/G+1.3) = §

P(g:1p', H) = +.3/G+%-3)
It will be clear that if we repeat the process and again get a white ball the new posterior
probability of (a) will be still higher. This is in agreement with the requirements

of common sense ; the longer we go on sampling (with replacement) without producing
a black ball, the more probable it is that there are no black balls present.

I

1
F e

Example 8.2

We may look at the same problem from a slightly different viewpoint. Suppose
we draw balls one at a time, replacing them after each drawing, and obtain n white
balls in succession. 'The probability of this event on hypothesis (a) is unity ; that on
hypothesis (b) is 1/2". From (8.1) we then have, (p referring to the observation of
all # balls as white),

it

P(QIIP,I'I) = if_i_; 1/2n
— M /2r 4 1),

P(g:|p, H) = 1/(2*+1).
As n becomes larger P(q,|p, H) tends to unity and P(q,|p, H) to zero.
Moreover, this will be true whatever the original prior probabilities may have been.
In fact, if that of hypothesis (a) is ¢ and that of (b) is 1—¢, we find
2t
P(q:1p,H) = 24 (1—12)

which tends to unity for any non-zero . This also agrees with common sense. What-
ever the original probabilities, the new evidence is so strong as to outweigh them.

Example 8.3

From an urn full of balls of unknown colour a ball is drawn at random and replaced.
The process is continued m times and a black ball is drawn each time. What is the
probability that if a further ball is drawn it will be black ?

The question as framed does not admit of a definite answer, for, there being an
infinite number of possible colours and combinations of colours, we do not know which
are the hypotheses to be compared. Let us suppose that the balls are either black or
white, and thus consider the hypotheses (1) that all are black, (2) that all but one are
black, (3) that all but two are black, and so on. The problem still lacks precision, for
the number of balls is not specified. Suppose there are N balls. We shall later let
N tend to infinity to get the limiting case.

Consider the hypothesis g that there are R black balls and N — R white ones. The
probability of choosing a black ball is R/N and that of doing so m times in succession
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is (R/N)™. If the ¢’s have equal prior probabilities we have, from (8.1),

P (grlp H) = X"
z (R/NY"

Now the probability of getting a further black ball on hypothesis ¢gr is R/N. Since
the hypotheses gr are mutually exclusive, the probability of getting a further black
ball is

T (R/N)m+t

S(R/NY™
This is the answer to the limited form of the question. As N—co this tends to the
quotient of definite integrals

1 / J W dx = _"_’i_l (8.5)

This is a particular case of the so-called Succession Rule of Laplace. Enthusiasts
have applied it indiscriminately in some such unconditioned form as the statement
that if an event is observed to happen m times in succession the chances are m+1 to 1
that it will happen again. This is clearly unjustificd.

¥ R
) NP(QRIP: H) = (8.4)
R=0

8.5 The principal difficulties arising out of Bayes’ postulate appear from the
standpoint of the frequency theory of probability. If we adopt the approach in which
probability is a measure of attitudes of mind, it is reasonable to take prior probabilities
to be cqual when nothing is known to the contrary, for the mind holds them in equal
doubt. The frequency theory, however, would require the states of events corre-
sponding to the various ¢’s to be distributed with equal frequency in some population
from which the actual ¢ has cmanated, if Bayes’ postulate is to be applied. This has
appeared to some statisticians, though not to all, to be asking too much of the universe.
The postulate is one of the crucial points in the theory of probability. Many adherents
of the subjective school accept it. Many of those of the frequency school explicitly
reject it.

There is still so much disagreement on this subject that one cannot put forward
any set of viewpoints as orthodox. One thing, however, is clear—anyone who rcjects
Bayes’ postulate must put something in its place. The problem which Bayes attempted
to solve is supremely important in scientific inference and it scarcely seems possible
to have any scientific thought at all without some solution, however intuitive and how-
ever empirical, to the problem. We are constantly compelled to assess the degree of
credence to be accorded to hypotheses on given data; the struggle for existence, in
Thiele’s phrase, compels us to consult the oracles.

Maximum likelihood

8.6 Various substitutes for Bayes’ postulate have been proposed. Some of these
are put forward as solutions to the problem in particular classes of case ; such are the
principles of least squares and minimum chi-squared which we shall meet later. There
is one principle, however, of general application, that of maximum likelihood.
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Reverting to (8.3) we may write Bayes’ theorem in the form

P(q.|p, H) « P(q,| H)L(p| ¢ H) (8.6)

where we now write L (p| ¢,, H) for the likelihood. The Principle of Maximum Likeli-
hood states that, when confronted with a choice of hypotheses g, we choose that one
(if any) which maximizes L. In other words, we are to choose that hypothesis which
gives the greatest probability to the observed event. Whereas Bayes’ theorem enjoins
the maximization of the joint probability of ¢, and p, maximum likelihood requires the
maximization of thc conditional probability of p given g¢,.

8.7 It is to be particularly noted that this is not the same thing as choosing the
hypothesis with the greatest probability. Some advocates of the maximum-likelihood
principle explicitly deny any meaning to such expressions as ‘ the probability of a
hypothesis.”  We shall see later that in practice the differences between results obtained
from maximum likelihood and Bayes’ postulate are not so large as might be expected.
There is, however, an important conceptual difference involved.

‘There is, in fact, a shift of emphasis in the way we regard the likelihood function,
reflected by our writing it with an L instcad of a P. The ordinary probability function
gives the probabilities of p on data ¢, and H ; p varies, ¢, and H are given. From the
point of view of likelihood we consider various values of g, for the observed p and given
H ; g, varics, p and H arc given. It is this variation of the function for differing values
of the ¢’s that we have in mind in speaking of likelihood.

8.8 Suppose (as is nearly always the case in statistical work) that the hypotheses
with which we are concerned assert something about the numerical value of a parameter
0. For instance, the hypotheses might be ¢; = 0 <0, g, = 0>0, in which case there
are two alternatives. Or we might have ¢, == 0 =1, g, =0 = 2, and so on, in which
case there is a denumerable infinity of hypotheses.

If now 0 can have only discontinuous values, we may, confronted with an observed
event p, require to estimate 0, or to ask what is the *“ best ” value of 0 to take on the
evidence p. 'The method of Bayes would state that the “ best > value was the most
probable value. In (8.3) we should seek for that ¢, which made P (g, | p, H) a maximum.
If we know nothing of the prior probabilities P (¢,| H) we should, in accordance with
Bayes’ postulate, assume all such probabilities equal. We then merely have to find
that g, which maximizes L (p|g,, H). In other words, the postulate of Bayes and the
principle of maximum likelihood result in the same answer and are equivalent.

8.9 'This position apparently does not hold if the permissible values of 6 are
continuous. We must now replace such expressions as

P(g,| H)
by P(0,—3d0,<0<0,+1d0,| H)
and in place of (8.6) we get

P(0,—1d0,<0<0,+3d0,|p, H) © P(0o—3d0,<0<0,+3d0,|H)
xL(p|0,—1d0,<0<0,+3dby, H). (8.7)
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If we now require the ‘‘ best ”” value of 0, we should, in accordance with Bayes’ postulate,
take the prior probability to be a constant and once again we should have to maximize
L for variations of 0.

We might, however, have chosen to represent our hypotheses, not by 6, but by
some quantity ¢ functionally related to 6, e.g. the standard deviation instead of thce
variance. In this case we should have reached equation (8.7) with ¢ written every-
where instead of 0 ; we should have taken the prior probability as constant; and we
should have arrived at the conclusion that we should maximize 1. for variations of ¢.

But are we being consistent in so doing ? If we assume that the elementary inter-
vals of 0 are equiprobable we cannot assume the same of ¢, and thus the use of Bayes’
postulate appears to involve self-contradiction. The principle of maximum likelihood
is free from this difficulty, for if L (0) is to be maximized for variations of 0 it will, at
the same time, be maximized for variation of ¢, since

oL _ oL 2
36~ o a0

and the two sides of this equation vanish together.

(8.8)

8.10 'T'his is one of the grounds on which adherents of the frequency school
have rejected Bayes’ postulate in favour of the principle of maximum likelihood ; but
in our view the matter has been misunderstood. It would seem that Bayes’ postulate
and the principle give the same answer in the continuous case as well as in the dis-
continuous case when proper regard is had to the limiting processes involved. We
saw in 7.11 that in speaking of probability in a continuum it was essential to specify
the nature of the process to the limit. If we regard 0 (from the frequency viewpoint)
as having emanated from a population by a process random in the limit for intervals
df then Bayes’ postulate applied to this process will clearly give a different answer
from that obtained by supposing that 0 emanated from a process random in the limit for
dé. 'The two are different just as the probabilities in Example 7.4 are different, and for
the same reason. Thus the apparent inconsistency is not an inconsistency at all,
but a difficulty introduced by ignoring the limiting process in continuous populations.

It remains true, of course, that for many practical purposes we do not know how
the actual value of 6 arose. If we require a theory of inference which is unaffected by
our ignorance on such points, the objection to Bayes’ postulate remains and does not
apply to the principle of maximum likelihood. On the other hand there is still the
difficulty of adducing convincing reasons why we should adopt the principle of maxi-
mum likelihood as a principle of scientific inference. It has many properties, as we
shall see in Volume 2, which give it a kind of posterior justification.

Example 8.4

Let us consider Example 8.2 from the likelihood viewpoint. The probability of
n white balls on hypothesis (a) is unity ; that on hypothesis (b) is 27", The likelihood
of (a) is then always greater than that of (b) and hence we choose (a). This is true
for any n. In particular, as n increases, the ratio of the likelihoods tends to the ratio
of posterior probabilities.
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Example 8.5

Consider an independent sample of size 7 from the normal distribution

dF = (—7—\7—1(—2—%—) exp {—% (%—E)z} dx.

If the observations are x,,x,, .. ,x, the likelihood function may be written

_kml___ _l nfx;—p\2
L= el -2 5 (1)

We consider a range of possible values of u which could have generated these observa-
tions. To estimate x we take that value which maximizes L, i.c. find the largest value
of L satisfying

oL 2L
-é;; = O, '5;5‘<0.
Since L is positive this is, in general, the same as maximizing log L, sometimes (as
here) a more convenient procedure. We then have
dlogL X;—
= 4+3(2—)=0 8.9
2L ( . ) , (8.9)
and thus the estimator of u, say 4, is given by

Sx; =30 =mnj
or g = %, the mean of the x’s. (8.10)

This is easily seen to be a unique maximum, and is therefore the maximum-likelihood
solution.

Had we wished to estimate both # and ¢ we should find, in addition to (8.9),

dlogL.  n (x—p)? _
5o = —E+Z—-;3———— =0 (8.11)
giving ¢t = ’l—lZ(x— )2 (8.12)

Whereas % does not depend on o, & does depend on u. We choose those estimators
which maximize the likelihood for simultaneous variations in x and o, i.e. solve (8.9)
and (8.11) together. This gives us

6 = %E(x—i)z, (8.13)
and (8.10) and (8.13) jointly maximize the likelihood.

EXERCISES

8.1 An event of constant probability @ is observed r times in 7 independent trials. Show
that by Bayes’ theorem or the method of maximum likelihood the value indicated for @ is r/n.
(For the application of Bayes’ theorem it may be assumed that @ is distributed equally fre-
quently from 0 to 1.)

8.2 In the previous Exercise, trials are repeated until r events are observed, the number
of trials necessary being n. Show that Bayes’ theorem and the method of maximum likelihood
give r/n as the appropriate estimate of @,
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8.3 Show that r/n, averaged over all samples, equals @ in Exercise 8.1, but is not equal to
@ in Exercise 8.2.

8.4 On the assumption of the previous Exercises show that if n trials arc conducted and r
is the number of events observed, the probability that the event occurs on the next trial is
(r+1)/(n+2). (Use a more general form of the rule of succession.) How do you reconcile
this with the result of Exercise 8.1 ?

8.5 An urn is known to contain balls of different colours but the number of colours M is
unknown. A sample of n balls is drawn with replacement and is found to contain balls of
m(<n) different colours. Show that the estimator of M indicated by the method of maximum
likelihood is m.

8.6 In the previous exercise, use Bayes’ theorem to estimate M if the prior probability dis-
tribution of M is proportional to 2M (M =1, ..., n).



CHAPTER 9

RANDOM SAMPLING

The sampling problem

9.1 In the previous chapter we have referred incidentally to the sampling problem,
which can be stated quite simply : given a sample from a population, to determine
from it some or all of the properties of that population. We noted that only in excep-
tional cases is it possible to make assertions about the population with complete cer-
tainty, and that consequentl$ it is necessary to fall back on statements of a less categorical
kind expressible in terms of probability.

9.2 In order to be able to apply the theory of probability to this problem, it is
necessary that the sampling should be random. By a random sample, we mean a
sample which has been selected in such a manner that every possible sample has a
calculable chance of selection. T'wo remarks are necessary concerning this definition.
First, it contains the word ““ calculable > rather than ‘“ calculated,” because in practice
the chances of selection often need not be exhaustively calculated for every sample—
the specification and control of the sampling procedure is all that is required for the
application of probability theory. Second, the definition does not imply that every
possible sample must have an equal chance of selection. If this is in fact the case,
and successive drawings are independent, the sampling procedure is called simple
random sampling, in accordance with the usage of 7.20. For many theoretical pur-
poses, simple random sampling is the selection process considered, but we shall see
in the third volume of this book that the search for efficiency in the design of sampling
inquiries often leads to the deliberate abandonment of simple random sampling. The
point here is that such abandonment does not impair the application of the theory of
probability, so long as the (unequal) chances of selection are uniquely determined by
the sampling process, and are therefore calculable.

9.3 1In actual practice, we often meet with samples which are not random, having
been chosen purposively in some way. In such circumstances, it is not possible to
make precise probability statements about the parent population, and where a decision
has to be taken one is forced to rely on subjective judgments of an unsatisfactory kind.
It is for this reason that random sampling is of primary importance in sampling investi-
gations of a population.

Henceforth, we shall discuss only random samples, and to avoid constant repetition
we shall understand the unqualified use of the words * sample ”’ or ‘‘ sampling distribu-
tion "’ to refer to simple random sampling conditions.

9.4 It is useful to begin a discussion of random sampling by considering the
types of parent population from which samples can be chosen.
206
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(a) In the first place, the population may be finite and existent, e.g. the population
of human beings in Europe at a fixed point of time, or the population of apples on a
given tree. A sampling process which extracts members onec at a time from this popula-
tion will evidently eventually exhaust the supply of members if continued long enough.
Thus the sampling, though random, is not simple, for successive drawings are not
independent.

We may, however, reduce this process to one of simple sampling by replacing
the members after withdrawal. The population then remains the same at each trial.
The two cases are sometimes distinguished as ‘‘ sampling without replacement ”’ and
‘“ sampling with replacement.”

Furthermore, we may also in many cases regard the sampling as simple to an adequate
approximation even when there is no replacement. If the population is large compared
with the size of the sample, the abstraction of relatively few members will not materially
affect the constitution of the remaining population, which may thus be regarded as
approximately the same for subsequent samplings.

(b) Sampling with replacement from a finite population may, in fact, be regarded
as sampling from an infinite population, for the process will never exhaust the supply.
We may, however, have to deal with a population which is infinite in rather a different
sense, namely, that of a limiting form. We may, for example, wish to consider the
probability of a sample from the positive integers or the real numbers from 0 to 1.
The latter case presents itself in sampling from a continuous frequency-distribution
which we must necessarily regard as infinite.

Thus, if we replace an observational distribution by a conceptual continuous mathe-
matical distribution, we replace at the same time a finite population by an infinite
population. The drawing of random samples from such a population is attended by
the circumstances referred to in 7.11, namely, that the process to the limit must be
taken into account.

(c) Thirdly, the population may be purcly hypothetical. Consider, for example,
the throws of a die. We may picture the continual throwing as a sampling process
drawing existent members from some non-existent population. In such cases what
we are really doing is constructing by mental fiction an imaginary population round
the sample.

The concept of the hypothetical population is necessitated by ideas of frequency
in probability. It is not required (and indced has been explicitly rejected by Jeffreys)
in the approach which takes probability as an undefinable measurement of attitudes
of doubt. But if we take probability as a relative frequency, then to speak of the
probability of a sample such as that given by throwing a die or growing wheat on a
plot of soil, we must consider the sample against the background of a populatxon
There are obvious logical difficulties in regarding such a sample as a selection—it is
a selection without a choice—and still greater difficulties about supposing the selection
to be random ; for to do so we must try to imagine that all the other members of the
population, themselves imaginary, had an equal probability of assuming the mantle
of reality, and that in some way the actual event was chosen to do so. This is a rather
baffling conception. At the same time, it has to be admitted that certain events such
as dice-throwing do happen as if the constituents were chosen at random from an
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existent population, and it accordingly seems that the concept of the hypothetical
population can be justified empirically.

Randomness in sampling practice

9.5 In its colloquial use the word ‘‘ random " is applied to any method of choice
which lacks aim or purpose. We speak of drawing names at random out of a hat,
choosing plants at random from a field of corn, selecting family budgets at random
from the population, meaning thereby that the selection is completely haphazard.

Now it is found in practice that choice by a human being is not random in the stricter
sense that it produces equally frequently events which we are entitled to expect to have
equal prior probabilities. Some examples will make this clear.

Example 9.1

In the course of certain work at the Rothamsted Experimental Station, sets of
eight wheat plants were chosen for measurement. Six of these were chosen by approved
mcthods, referred to below, and may be taken to be truly random. The other two were
chosen haphazardly by eye. If, in any set, the eight plants were ranged in order of
magnitude, the two selected by eye could have any number from one to eight; and if
they, in common with the other six, were chosen at random, they should occupy these
places with approximately equal frequency in a large number of sets. Table 9.1 shows
what actually occurred on two different occasions (a) on May 31st, before the ears
of wheat had formed, and (b) on June 28th, after the ears had formed.

Table 9.1—Distribution of plants chosen haphazardly in ranks 1 to 8 (Yates, 1935)

Numbers bearing specified rank
Date Observation —— - e e , T TorAL
1 2 } 4 6 ! 7 1 8
I - I . -l - ' - [
May 31st | Shoot height . .| 9 7010 | 8|11 18|21 31 116
June 28th | Ear height . . . 9 |19 | 27 | 23 15 | 10 5 4 112
i i H

The divergence of actual from expected results is quite striking. On May 31st,
before the ears had formed, the observer was strongly biassed towards the taller shoots ;
whereas in June he was biassed strongly towards the central plants and avoided short
and tall plants.

Thus it is seen that bias can appear even in a trained observer, and that the bias
need not be consistent in over- or under-estimation in different circumstances.

Example 9.2

Table 9.2 shows the frequencies of final digits in a number of measurements
made by four different observers.

It is hard to suppose that there was any genuine difference which would lead to
the appearance of certain digits at the expense of others, and we may confidently
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Table 9.2—Bias in scale reading : distribution of final digits in measurements by
four observers (Yule, 1927)

f‘}nal digitr ‘ Fre;uency (;f ﬁnai?ii};it per IOOOW
A B C D
0 158 122 251 358
1 97 98 37 49
2 125 98 80 90
3 73 90 72 63
4 76 100 55 37
5 71 112 222 211
6 90 98 71 62
7 56 99 75 70
8 126 101 72 44
9 129 81 65 16
ToraL 1001 999 1000 1000

suppose that the deviations from approximate equality indicate bias on the part of the
observer.

Observer A had decided preference for 0, 2, 8 and 9, avoiding the centre of the
scale. Observer B is quite good, his deviations from expected values being small,
though he also showed some preference for 0. Observer C was poor, rounding off
one measurement in two to the whole or half unit. Observer D was obviously very bad
indeed, nearly 57 per cent. of his measurements being rounded off to the whole or
half unit.

The observations were all made by reading a scale, those under A being on drawings
to the nearest tenth of a millimetre, those under B, C and D being measurements on
the heads of living subjects to the nearest millimetre. We may conclude from this that
different observers may exhibit different degrees of bias cven under comparable cir-
cumstances, and that even those who are aware of the existence of the possibility of
bias and the necessity for taking great care (as observer A was) may nevertheless fail
to avoid it.

Example 9.3

An observer was placed before a machine consisting of a circular disc divided into
ten cqual sections in which were inscribed the digits 0 to 9. The disc rotated at high
speed and every now and then a flash occurred from a nearby electric lamp of such
short duration that the disc appeared at rest. The observer had to watch the disc and
write down the number occurring in the division indicated by a fixed pointer.

This was a machine designed to produce random numbers, and had been found
by another observer to do so. But this particular observer produced a definite bias.
The frequencies of digits in 10,000 run off by him are shown in Table 9.3.

Table 9.3—Distribution of digits obtained by an observer in using a randomizing machine
(Kendall and Babington Smith, 1939)

Digit . . . 0 1 2 3 4 5 6 7 8 9 ToTAL
Frequency . . 1083 865 1053 884 1057 1007 1081 997 1025 948 ! 10,000
P
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If the observer was unbiassed the digits should appear in approximately equal
numbers ; but there is a bias in favour of all the even numbers and against the odd
numbers 1, 3 and 9. 'The cause of this bias is obscure, for the observer did not have
to estimate (as in the previous example) but merely to write down something which he
saw, or thought he saw. The explanation seemed to be that he had a strong number-
preference, i.e. that he actually mis-saw the numbers, or that his brain controlled his
ocular impressions and censored them. We have here to deal with one of the deadliest
forms of bias in psychology.

Example 9.4

Every year a number of crop reporters in England and Wales estimate the prospec-
tive yields of certain crops, forecasts being obtained at different periods of the year
and final estimates when the crop is harvested. Table 9.4 shows the average estimated
yield of potatoes at the various times for the years 1929-1936.

Table 9.4—Bias in crop forecasting : forecasts of yields of potatoes in England and
Wales (tons per acre) (from the official agricultural statistics)

| Sept. 1st ‘ QOct. 1st : Nov. 1st
Year | ! i - | Final

| or A [P N [PV cstimate

Covied R | vias | oiene ) viag | difonce
| | ,

|

1929 57 —17+4 62 . —101 | 65 | _s8 69
1930 60 ~ 77 61 - 62 | 61 ~62 65
1931 55 0-0 53 - 36 | 53 | -36 55
1932, 64 - 30 62 « —61 | 63 | —45 | 66
1933 | 64 ~ 45 62 -~ 75 . 64 . —45 . 67
1934 60 -155 63 113 | 67 =56 | 71
1935 5:6 - 97 57 -8 . 60 . -32 = 62
1936 60 - 32 59 . — 48 | 58 | -65 | 62

This table exhibits very clearly an effect which has shown itself in nearly all the
English crop reports (and appears also in other countries), namely, the chronic pessimism
of crop forecasts. In every case but one in the table, the forecasts are below the final
estimate. Nor do crop reporters seem able to learn by experience that they are
underestimating. Nothing in this table indicates that the differences between fore-
cast and final estimate diminished during the period concerned.

It should also be noticed that these estimates are the weighted average of a large
number of independent observations. One of the commoner misunderstandings in
this type of work is based on the supposition that, though individuals may make
mistakes, their errors will cancel out in the aggregate. Qur present example shows
this to be untrue in general. There can appear a systematic bias affecting all the
individuals making estimates.

9.6 The foregoing examples are enough to indicate that human bias is very preva-
lent. Trained observers may be biassed even when conscious of their own imperfec-
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tions ; different observers may be biassed in different ways in similar circumstances ;
and the same observer may be biassed in different ways in different circumstances. It is
abundantly clear that we must look for true randomness elsewhere than in mere lack
of purpose on the part of human observers. There may be persons whose psychological
processes are so finely balanced that they can deliberately select random samples, but
few statisticians who have experimented in this interesting field would regard them-
selves as so gifted.

9.7 In Chapter 7 we saw that the primary function of randomness in probability
was that it ensured that certain primitive events were equally probable. We may say
that a method of selection is random for a population U if, when applied to U, it gives
all members an equal probability of being chosen ; or, in the language of frequency,
if, when continually applied to U, it cduces the members approximately equally
frequently.

But this is not enough. Suppose we had a population of two members 4 and B,
and sampled with replacement. Then a method which chooses 4 and B alternately
and produces the series ABAB ... educes each member approximately cqually fre-
quently ; but it is not what we customarily mean by a random method. What we
require of a random method is that in such circumstances it should produce a series
in which no systematic arrangement is cvident. Not only single characteristics, but
all possible groups of characteristics should appear equally frequently.

9.8 A further point is to be noted. We may, in drawing the sample, be interested
in one particular variate exhibited by the members, and it is possible that a method
may give a satisfactory random sample so far as this variate is concerned without doing
so for other variates. Suppose, for example, we are anxious to take a random sample
from the inhabitants of a particular area. If we are concerned with a variate such as
eyc-colour it might be sufficient to choose a house every so often, say every tenth
house, and select one inhabitant of that house as part of the sample. Such a method
would not give every inhabitant of the area an equal chance of being chosen ; but if
we look back to the time when the inhabitants took up residence, we may imagine that
the colour of their eyes did not influence their geographical distribution, and thus if
we consider the distribution of the inhabitants into houses as independent of eye-
colour, we may suppose that so far as eye-colour is concerned the sample is random.
But the matter would stand differently if we were sampling for income, for we may
reasonably expect poorer people to live in more crowded conditions, and a sample
of one person from each house chosen would therefore under-represent the poor.
Thus our sample would not be random with respect to income.

Thus a method which may properly be deemed to be random for one variate may
not be so for another.

The technique of random sampling

9.9 Suppose, then, that we are given a population and a variate is specified. How
are we to draw a random sample, i.e. how can we find a method which is random for
that population and that variate ? The answer lics partly in theory and partly in practice.
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(a) In the first place we must require that there is no obvious connection between
the method of selection and the properties under consideration. The method and the
properties must be independent so far as our prior knowledge is concerned. In sampling
a field of wheat for shoot height, for example, we must not use a method which could
be influenced by that height, such as skimming a hoop over the field and sclecting the
plants round which it fell (for the hoop might tend to catch on the taller plants). Again,
in sampling the inhabitants of a town by choosing names from a telephone directory,
we should undoubtedly tend to get the more well-to-do classes and hence, if the variate
under consideration is wealth or any related characteristic such as number of children,
political opinion, standard of education and so on, the sample would not be random.
If we were concerned with characteristics such as height, hair colour, or blood group
the sample might be random, though it is not difficult in many similar cases to think
of reasons why the variate might be linked with wealth.

If this matter is viewed from the standpoint of the subjective theory of probability
the absence of knowledge about relationship between the method of selection and the
characteristic under consideration may be sufficient to ensure randomness, for the
probabilities of elementary propositions then become equal—the probabilities being
measures of prior attitudes of mind.®  But if the frequency viewpoint is adopted, it is
not enough that there should be absence of knowledge of this kind, for unknown to
the observer there may be relations which will prevent the elementary propositions
from being true in approximately equal proportions. The presumption is that if we
make as great an cffort as possible to ascertain whether any relationship exists and fail
to find it, there is no relationship ; and hence we can assume the randomness of the
method with more or less confidence. But in this approach the assumption of random-
ness is ultimately part of the general uncertainty of the inference from sample to
population.

(b) Secondly, we may rely on previous experience of a random method of selection
to justify its use on new occasions. 'This is evidently an extrapolation, and though
most people would regard it as reasonable, the fact has to be realized. The subjective
theory of probability can embrace this extrapolation within its scope, for the prob-
abilities given by the method are assessable in terms of prior knowledge ; but the
frequency thcory has to take the extrapolation as an additional assumption.

9.10 One of the most reliable methods of drawing random samples consists of
constructing a model of the population and sampling from the model. We may, for
instance, note down the characteristics of each member on a card and sample by
choosing cards from the pack corresponding to the whole population. This is the
method adopted in lotteries and the process is known as lottery or ticket sampling.
It is moderately effective but suffers in practice from two disadvantages: the labour
of constructing the card population, and the danger of bias in the drawing of cards.
To be reasonably satisfied about the randomness of the shuffling entails a good deal of

(*) At least, this is our interpretation of the position ; but the writers on the subjective theory
have not discussed practical sampling problems at any length, and we may be putting a gloss
on their views which they would not accept.
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trouble and labour, and the same object can be attained much more simply by the use
of random sampling numbers, which we now consider.

Random sampling numbers

9.11 The easiest way of constructing a miniature population is to attach a positive
integer to each member, most simply by numbering the members from 1 onwards.
The set of integers so obtained is the miniature population and the problem of drawing
a random sample reduces to finding a series of random numbers. 'The advantages of
this method are obvious: no physical model population has to be constructed ; the
numbering can be carried out in any convenient manner ; and the series of random
numbers can be applied to any enumerable population so that any scries of random
numbers has a very wide range of application.

One point should be made clear here. If the numbering of the population is carried
out in such a way as to be independent of certain characteristics of the population, any
set of numbers will serve to draw a sample random with respect to those characteristics.
The randomness in such a case lies, so to speak, in the allocation of integers to the
population, not in deciding which ordinals to select for the sample. But in practice
a procedure of this kind is of no value, since it only throws back to the difficulty of
numbering the population “ at random.” 'The usual course is to number the popula-
tion in any convenient way, related to the characteristics or not, and then seek for a set
of numbers which are a random set from the possible integers of the population.

9.12 One of the more obvious ways of drawing random samples from an
enumerated population is to use haphazard numbers taken from some totally unrelated
source. Suppose, for instance, we wished to take a sample from the visible stars in
the sky. We will ignore the small complications due to the existence of double stars
and unresolved objects. Since the position of a star on the celestial sphere is defined
by latitude and longitude, what is then required is a series of random pairs of latitudes
and longitudes. At first sight it seems plausible to take an ordinary atlas and choose
the figures set out in the index for place-names arranged alphabetically ; for there is
little reason to expect any relationship between the distribution of stars in the sky and
the distribution of places on the Earth’s surface. A little reflection, however, will show
that the method is unsound. 'There are large stretches of territory and sea on the Earth
which have no place-names on them—the poles, deserts and oceans; consequently
no numbers will occur for these regions and there will be corresponding areas on the
celestial sphere which have no chance of being included.

9.13 As a next attempt we might take a book containing a number of digits, e.g.
a telephone directory, or a set of statistical tables or mathematical tables, open it at
hazard and choose the digits which first strike the eye, or which occur at the top of
the page, and so on. This is an improvement, but it is still open to some objection.

(a) Telephone directories. 'Table 1.4 on page 6 shows the distribution of 10,000
digits taken from the London telephone directory. Pages were chosen by opening
the directory haphazardly; numbers of less than four digits and numbers in heavy type
were ignored ; and of the four-figure numbers remaining the two right-hand ones
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were taken for all numbers on the page. If the numbers were random we should
expect about 1000 of each digit in the total of 10,000. Actually there are very con-
siderable deviations from this expectation, and we shall see in a later chapter that they
cannot be explained as sampling fluctuations. 'There are significant deficiencies in
§’s and 9’s, due to several causes such as the tendency to avoid these digits because
they sound alike, the reservation of numbers ending in 99 for testing purposes by
telephone cngineers and so on. It is evident that tables of random numbers could not
be constructed from directories such as this.

(b) Mathematical tables. Evidently care has to be exercised in using mathematical
tables in constructing random series. Suppose, for instance, we take a set of logarithm
tables. 'T'here are clearly relationships between successive logarithms, expressible
by the fact that differences are approximatcly constant if the interval is small. More-
over there is a very curious theorem about digits in certain classes of table which throws
theoretical doubt on the method. Consider the logarithms to base 10 of the natural
numbers from 1 onwards. Suppose we choose the kth digit in each and so obtain a
series of digits 0-9. Then the proportional frequency of any digit in this series
does not tend to a limit as the length of the series increases, whatever £ may be.®  Just
what does happen docs not appear to be known, but it would seem that certain system-
atic effects begin to show themselves and these will obviously endanger the randomness
of the series.

(c) Statistical tables. If we have a volume of statistics such as populations of towns
and rural districts, there arc some grounds for supposing that if the numbers are large
—say, four figures or more—the final digits will be random. Here again, however,
the use of such tables requires care—they may have been compiled by an observer
with number preferences, and some rounding up may have taken place.

9.14 However, the necessity for the ordinary student to construct random series
of his own has been obviated by the publication of various tables of Random Sampling
Numbers. 'There arc several such available :

(a) Tippett’s numbers comprise 41,600 digits taken from census reports combined
into fours to make 10,400 four-figure numbers (Zracts for Computers, No. 15).

(b) Kendall and Babington Smith’s numbers comprise 100,000 digits grouped in
twos and fours and in 100 separate thousands (Tracts for Computers, No. 24). 'These
numbers were obtained from a machine specially constructed for the purpose on the
lines very briefly described in Example 9.3.

(c) Fisher and Yates’ numbers comprise 15,000 digits arranged in twos (Statistical
Tables for Biological, Agricultural and Medical Research). 'These numbers werc
obtained from the 15th-19th digits in A. J. Thompson’s tables of logarithms and were
subsequently adjusted, it having been found that there were too many sixes.

(d) The Rand Corporation has published 4 Million Random Digits (1955) arranged
in groups of five. They were constructed by a kind of electronic roulette wheel ; but
it is interesting to observe that even after searches for systematization had been made
in the circuits, the numbers were still not quite random and had to be adjusted.

® Cf. J. Franel, Vierteljahrschrift der Naturforschenden Gesellschaft in Ziirich (1917), 62, 286,
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The above-mentioned tables consist of randomized digits. Wold (Zracts for
Computers, No. 25) has compiled a table of 25,000 normal deviates, by converting the
Kendall-Babington Smith tables with the aid of tables of the normal integral. Fieller
and others (Tracts for Computers, No. 26) have given 27,000 pairs of normal deviates
correlated to given extents. The Rand Corporation’s book also contains 100,000
normal deviates.®)

9.15 Before considering the basis of these tables it may be helpful to give some
examples of their use. Here are the first 200 of the Kendall-Babington Smith tables :—

Table 9.5—Random sampling numbers (Tracts for Computers, No. 24)

2315 7548 5901 8372 5993 7624 9708 86 95 2303 6744
0554 5550 4310 5374 3508 9061 1837 4410 9622 13 43
14 87 16 03 5032 4043 6223 5005 1003 2211 5438 08 34
3897 6749 5194 0517 5853 7880 5901 9432 4287 16 95
97 31 2617 1899 7553 0870 9425 1258 4154 8321 0513

Example 9.5

"To draw a sample of 10 men from the population of 8585 men of Table 1.7.

The first process is to number the population ; and here, as in most similar cases,
one numbering has already been provided by the frequency-distribution. We take
numbers 1 and 2 to be those in the group 57— inches, numbers 3 to 6 those in the group
58—, and so on, those in the group 77— inches being numbers 8584 and 8585.

Now we take 10 four-figure numbers from the tables, e.g. reading across in Table 9.5
we have 2315, 7548, 5901, 8372, 5993, 7624, [9708], [8695], 2303, 6744, 0554, 5550.

'The two numbers in square brackets are greater than 8585 and we ignore them.
We now select the individuals corresponding to the remaining 10 numbers. They
will be found to be in the intervals 65 -, 70-, 68, 72—, 68—, 70—, 65—, 69—, 63—, 68— inches
respectively.

The mean of these values considered as located at the centres of intervals is 68-24,
as against a value in the population of 67-46.

Example 9.6

To draw a sample of 12 from the population in the following bivariate table, show-
ing the relation between inoculation and attack in cholera.

Not attaéked ) 7Atta;ké;ir o -TOTAL
Inoculated . . . . 276 3 279
(0001-3312) (3313-3348)
Not inoculated . . . 473 66 539
(3349-9024) (9025-9816)
ToraLs . . . . 749 69 818

) Quenouille (1959, Biometrika, 46, 178) gives 1000 random deviates from each of eight
distributions, these being the normal, lognormal, exponential, double exponential, rectangular,
and three Edgeworth expansions.
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There are now 818 members. We could, of course, take three-figure numbers
from the tables, obtaining, e.g. from Table 9.5,

231, 575, 485, etc.

But this is rather troublesome as the numbers are not grouped in threes. It is more
convenient to take four-figure numbers as before and to associate each member of the
population with 12 numbers in the tables, e.g. the first would correspond to 0000-0011,
the second to 0012-0023, and so on. We then get the numbers shown in brackets in
the above table. We ignore numbers above 9816 as before.

The two numbers omitted in the previous Example can now be used, and, from
all 12 numbers listed there, we find the following results :

7 Ir\ioti;ttaci:k-ed A;;.cl;ed o ToTAL
Inoculated . . . . 3 0 3
Not inoculated . . . 8 1 9
ToraLs . . . . 11 1 12

Here, for example, the member corresponding to the number 2315 falls in the not-
attacked : inoculated class, and so on.

It has so happened in this example that no member in the very small class inoculated :
attacked class has been selected. Suppose we had had a series containing

3314, 3323, 3333, 3341.

All these fall into the group and there are four of them, as against only three members
in the population. Had we been confronted with this position we should have had
to decide whether the sampling was to be with or without replacement. If it was
without replacement, we should have to suppose that the first three numbers in the
group 3313-3348 exhausted that part of the population and ignore all numbers of the
group occurring subsequently.

While on this point, we might remark that the use of random sampling numbers
involves sampling with replacement as a general rule. If we wish to sample without
replacement we should not use the same number twice. This involves keeping a
record of what has already been used, a tedious procedure except in cases where the
sample or the population is small.

Example 9.7

To construct a series of random permutations of the digits 1 to 5.

Here we are not concerned with the digits 0, 6, 7, 8 and 9 and so ignore them in
the table of random numbers. We read through the table and note the digits as they
occur, e.g. in Table 9.5 we have 2315, 7548, etc. The 7 is to be ignored and also the
second 5, for one 5 has already occurred. We then reach the permutation 23154.
Then we start again, the next series being 8, 5901, 8372, 5993, 7624, etc., giving the
permutation 51324 ; and so on.™

® Tables (ﬁ' 400 random permutations of the integers 1 to 20 are given in Kendall’'s Rank
Correlation Methods, 3rd edn. (Griffin, 1962). Permutations of fewer than 20 can be derived




RANDOM SAMPLING 217
Example 9.8

|
VD e dx.
This is a particularly interesting case, for we have to select a sample from an infinite
population.  Such a process, as has been seen, can only be considered as a limiting one.
Suppose that we divide the distribution into variate-ranges of width 0-1. We
obtain from a table of the normal integral (e.g. Appendix Table 2):

To take a random sample of 10 from the normal population dF =

Variate-val-l‘x;x- - MF (x) x F (x)
—® 0-00000 0-0 0-5000
—3.7 0-00011 01 0-5398
—-36 0-00016 0-2 0-5793
~35 0-00023 03 0-6179
—0-4 0-3085 35 0-99977
—03 0-3821 36 0-99984
—0-2 0-4207 37 0-99989
~01 0-4602 w 100000

We may now use a four-figure random number to select a value of x through the popula-
tion formed by F(x): e.g. the number 5461 corresponds to a variate-value +0-1— and
the number 3500 to —0-4-.

Had we taken the table to 7 places of decimals we should have required n- figure
numbers. Furthermore, we can make the approximation more exact by taking a finer
variate interval. Such matters as this are to be decided in the light of the degree of
approximation required.

9.16 Random sampling numbers must obey certain conditions before they can
be used. Any set of numbers whatever is random in the sense that it might arise from
random sampling ; but such a set might not be suitable as a table of random sampling
numbers. I'rom the examples already given it is clear that we desire such a table to have
very great flexibility. It should give random results in as many cases as possible,
whether used in part or in whole.

Now it is impossible to construct a table of random sampling numbers which will
satisfy this requirement entirely. Suppose, to take an extreme case, we constructed
a table of 101°" digits. The chance of any digit being a zero is 4 and thus the chance

by omitting unwanted integers, and there can be derived by obvious procedures 800 permuta-
tions of the integers 1 to 10, 1600 of the integers 1 to 5 and so on. Cochran and Cox, in their
Experimental Designs (Wiley, 1950), give 1000 permutations of each of 9 and 16 integers.
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that any given block of a million digits are all zeros is 1071,  Such a set should there-
fore arise fairly often in the set of 1019”-¢ blocks of a million. If it did not, the whole
set would not be satisfactory for certain sampling experiments. Clearly, however, the
set of a million zeros is not suitable for drawing samples in an experiment requiring
less than a million digits.

Thus, it is to be expected that in a table of random sampling numbers there will
occur patches which are not suitable for use by themselves. The unusual must be
given a chance of occurring in its duc proportion, however small. Kendall and
Babington Smith attempted to deal with this problem by indicating the portions of
their table (5 thousands out of 100) which it would be better to avoid in sampling
experiments requiring fewer than 1000 digits.

9.17 If a table of random numbers is used to draw members from a population
of ten, we expect thc members to appear in approximately equal proportions. In
other words we expect such a table to contain the ten digits 0-9 in approximately
equal proportions.  Similarly we expect the hundred pairs 00-99 to appear in approxi-
mately equal proportions, and so on. Various tests of this kind, based on a com-
parison between actual frequencies and those required to satisfy the laws of probability,
can be devised. No table can satisfy them all, but if it satisfies tests which (a) ensure
the randomness of the numbers for the commoner types of sampling inquiry for which
it is likely to be used and (b) arc capable of revealing any particular sort of bias to which
the numbers are susceptible in virtue of their mode of formation, it is likely to be of
general application.

9.18 The development of high-speed computers has made it possible to incor-
porate a ‘‘ randomizing unit ” into some machines which will select random samples
ad hoc. The use of such mechanisms requires investigation ; it seems difficult to
generate sets of numbers which pass the usual tests for randomness.

A further method which has been employed is to raise numbers to very high powers
and to select sets of digits from the middle of the very large numbers so generated.
Such ‘“ pseudo-random ” numbers also may fail to pass tests for randomness. On the
other hand, there arc circumstances where they may be useful in sampling experiments,
for one of two distinct reasons : they may be “ nearly ” random ; or, if enough are
taken, they may enumerate all possible samples, though in an irregular order. It is
unsafe to generalize on this subject without considerable experience.

Sampling from a continuous population

9.19 Random sampling numbers offer the best method known at the present time
of drawing random samples from an enumerable population, and as was seen in Example
9.8, may also be used to draw samples from a continuous population specified mathe-
matically. But cases sometimes occur in which they cannot be employed. For instance,
if we wish to take a sample of milk or flour, we cannot in practice number each particle
and extract it from the population for examination. In such cases we are usually com-
pelled to fall back on more intuitively founded procedure. To take a random sample
from a milk churn, for instance, we might stir the contents thoroughly and scoop up a
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sample haphazardly. Sometimes, when the population is of manageable size, we can
proceed systematically by dividing it into a number of parcels and selecting parcels by
the ordinary technique of random numbers. Most sciences have their own peculiar
sampling problems and no attempt can be made here to discuss them all. At this point
we leave the technique of random sampling and assume hereafter, unless the contrary
is stated, that the material we are discussing has been obtained by a random process.
We shall return to the comparison of the efficiencies of different sampling methods in
Volume 3.

Sampling for attributes

9.20 As an introduction to the general sampling problems we shall consider the
sampling of attributes, which raises many of the difficultics of principle but is not
obscured by too much mathematics.

Suppose we have a random sample from a population whose members all exhibit
either an attribute 4 or its negative not-4. Our sample is z in number, and a propor-
tion p, or a number pn, cxhibit the attribute ; and consequently a proportion ¢, or
number gn (p+q = 1) do not. We will assume that the population is large, or that
sampling is with replacement, so that the probability of obtaining an A at any drawing
is not affected by other drawings and is therefore a constant, say w.

The problems we have to consider are of three types :——

(a) Suppose we have some reason for supposing that the proportion of A’s in the
population is given by a known w. Does the obscrved proportion p bear out this
hypothesis or is it so divergent from @ as to lead us to doubt the hypothesis ? For
example, in an cxperiment with plants exhibiting two strains of a quality such as height
in pea plants, we may wish to test whether the breeding follows the simple Mendelian
law of dominant and recessive. If we begin with two pure strains tall and short, cross-
breed a first generation and then produce a second generation by interbreeding, the
proportional frequencies of “ short” and ‘‘ tall ” in this generation will be § and } if
‘“short ” is dominant and } and § if “tall” is dominant, provided that the simple
Mendelian law holds. Suppose we carry out such an experiment and find that for
400 plants the frequencies are 70 and 330. Can the divergence from the theoretical
values 100 and 300 have arisen by chance, or is it large enough to throw doubt on the
hypothesis that the simple Mendelian law is operating ?

(b) In the foregoing type of problem we have some reason for testing a value of »
given a priori ; but we may know nothing of ®, and in such a case our principal problem
is to estimate it from the sample.

(c) Then, having estimated it, we wish to know the degree of reliability of the
estimatc. How far is the estimate likely to deviate from the real value of »?

9.21 Consider the first type of problem, in which @ is given a priori. If we select
repeated samples of size n from the population, the distribution of the number of
A-individuals in the sample will be arrayed by the binomial expansion of (y+ w)",
where y = 1—w. (This is, in fact, the binomial distribution dealt with in 5.2, but
we are now using Greek symbols instead of p and ¢ to distinguish the fact that these
are population parameters.) 'T'he probability of obtaining np or fewer A-individuals
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is the sum of the first (np+1) terms in this distribution. Call this P. We test the
hypothesis by determining beforehand a (generally small) probability of error, say «,
which we are prepared to tolerate in rejecting the hypothesis, and compare P with a.
If P is the larger, we do not reject the hypothesis, while if « is the larger we do.

Superficially, this procedure is a reasonable one ; we reject the hypothesis if the
observed value of the statistic is located in the most ‘ unlikely ” portion of its sampling
distribution. However, a satisfactory analysis of the logic of test inference must await
a more sophisticated discussion in the second volume.

It will have been noted that P, determined as above, relates to only one of the
*“ tails ” of the sampling distribution. It is, in fact, more common in practice for tests
to employ a P calculated from both tails of the distribution. That is to say, quite
frequently we are interested in departure from the hypothesis under test which would
have the effect either of decreasing or of increasing the expected number of A-individuals
in the sample, while on other occasions we are interested only in departures in one
direction. Once again, full discussion of the rationale of these procedures must be
deferred to the second volume. Here, it is sufficient to note that in our Mendelian
law example we should be following the intuitively sound procedure in regarding only
low numbers of “ tall ” plants as providing evidence against the hypothesis that ‘ tall ”
is dominant.

Example 9.9

In certain coin-tossing experiments a coin was tossed 20 times and came down
“heads ” 15 times. Does this conflict with the hypothesis that the coin was unbiassed ?

Here we have to test the hypothesis that @ = }. Bias in the coin can opcrate in
either direction (towards ‘‘ heads” or “ tails ), so we calculate P including both
extremes of the sampling distribution. 'The probability that in 20 tosses we should
get 15 or more heads is the sum of the first six terms in (}+ 1)?°, and from Table 5.2
this is 0-0207. 'The probability of 15 or more tails is, by symmetry, the same. P is
therefore 0-0414. If we had only been prepared to tolerate a risk of wrongly rejecting
the hypothesis which is lower than this, the hypothesis would not be rejected, In the
contrary case, the hypothesis would have been rejected. Commonly, a risk of 05 is
tolerated, and in this case the hypothesis would be rejected.

9.22 In the example just given we purposely took a fairly low value of 7 in order
that the terms of the binomial could be calculated directly. In practice z is often
fairly large—100 or more—and the evaluation and summation of individual terms would
be most tedious. We can, if complete accuracy is desired, use the method of summation
given in 5.7, and evaluate from the incomplete B-function or from the tables listed
there. But for all ordinary purposes it is quite enough to use the normal approxima-
tion to the binomial. We saw in Example 4.6 that as #— oo the binomial tends to
the normal distribution, with mean nw and variance nwy in our present notation.
Probabilities can therefore be evaluated from the normal integral. In fact, for many
purposes, it is not even necessary to carry out the actual evaluations. From the tables
of the integral (Appendix Table 2) we note that the probability of an absolute deviation
as great as, or greater than, the standard deviation is 0-3173 ; for twice the s.d. is
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0-0455 ; for thrice the s.d. is 0-0027 ; for four times the s.d. is 0-00006. Thus, if we
set our region of rejection outside nw+24/(nwy), we shall have a probability of 0-0455
of wrongly rejecting the hypothesis and similarly for other multiples of /(nwy).

It makes no difference whether we compare the actual frequencies or the propor-
tions, since mean and standard deviation are equally affected when the variate is divided
by a constant.

Example 9.10

In some dice-throwing experiments Weldon threw dice 49,152 times, and of these
25,145 yiclded a 4, 5, or 6. Is this consonant with the hypothesis that the dice were
unbiassed ?

If the dice are unbiassed the probability of a 4, 5 or 6 is §. Thus nwmis 24,576 and
the observed np is 569 in excess of this value.

V(nwy) = /(49,152 x 1 x }) = 1109.

The observed deviation is more than 5 times this quantity and we accordingly suspect
very strongly that the dice were biassed.

Standard error

9.23 The quantity +/(nwy) is a particular casc, appropriate to the binomial, of
an important statistical concept known as the standard error. It is the standard devia-
tion of the sampling distribution of the statistic, here np. It is particularly important
in the class of cases, which is relatively large, wherein that sampling distribution can
be taken to be normal either exactly or to an adequate degree of approximation.

9.24 Let us now turn to the case (b) in which no value of misgiven a priori. If
the sample gives a proportion of A’s cqual to p, what shall we take as our estimate of @ ?
"The most obvious course is to take p itself ; and this is the course dictated by the more
sophisticated ideas described in Chapter 8.

Consider first of all the method of maximum likelihood. The probability of obtain-

ing np A’s and ng not-A’s is
n ny ,,ng
<np>m 7. 9.1)
This is proportional to the likelihood, and neglecting constants we have to maximize
L = ko"? (1 - @)™
- - . . 0L 0 _19L .
for variations of w. Since L is non-negative, p and $(logL)<— ’1355) vanish

together and it is therefore sufficient to maximize log L. We have

giving, as our estimator @, o = p. (9.2)

The method of Bayes will give the same result if we suppose the possible values
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of @ equally distributed between 0 and 1 for dw — 0. For then
P(w|p) o« P(a| H)P(p|wH) (9:3)
o« o"? " dw 9.4)

which, as before, is maximized when @ = p.

There is another way of looking at this problem of estimation. Suppose we took
a large number of samples of the same size # from the population with a proportion
of w A’s and y not-A’s. Our estimate of @ would be p in each case, p varying from
sample to sample ; and the mean value of all such estimates would be

: n np .,nqg
Be) = % p()h) o 9.5)

r
o3y

= m’
so that the mean value of our estimate over all possible samples is @. Such an estimate
is called unbiassed --if we follow the rule of estimation the average of our estimates

in a large number of cases will be exactly the correct value mw. It may thus be argued
that the unbiassed estimate should be taken as a reliable estimate of m.

9.25 In this case, therefore, all thc approaches lead to the same conclusion (a
happy state of affairs which, as we shall sce in the sequel, does not always exist). Con-
sider now the next stage of the problem : (c) what is the reliability of the estimate ? In
other words, how far is the estimate likely to differ from the true value ?

We know that if the sample value p differs from @ by t4/(wy/n), the probability
of the difference becomes smaller as ¢ increases. Thus, with an assigned degree of
probability we can say that it is improbable that p will differ from @ by more than an
assigned amount. But to specify this amount exactly we require to know @ ; and this
is precisely the quantity we are trying to find.

The problem as put in this form can only be solved as an approximation. If 7 is
large the standard error of p is of the order n—%, so that we may put

k
O = P+;1‘E

2 S e 2)e-2)
- S

1 k(g—

neglecting terms of order n-!,
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Hence for large n the standard error of @ is approximately equal to 1/(pg/n); and we
thus reach the fundamental result that in large samples for attributes the standard
error may be calculated by using the estimates of the parameters under estimate instead
of the (unknown) values of those parameters themselves.

In Volume 2 we shall consider a different approach which frees us from the necessity
of making this type of approximation.

Example 9.11

In a sample of 600, 240 are found to possess the attribute 4. "Thus p = 0-40,
np = 240, 4/(npq) = 12. We can therefore regard it as somewhat improbable that nm
differs from 240 by more than twice this amount, 24, and highly improbable that it
differs by more than 36. We thus can say with some assurance that nw lies in the range
240 +24 and with great assurance that it lies in the range 240 + 36.

9.26 We now turn to a general consideration of the problems of sampling which
have been exemplified above. In the first place, let us note the role of the sampling
distribution in this branch of the subject. We construct from the observations some
statistic 2. 'The sampling distribution of this statistic will in general (but not always)
depend on some parameters of the parent population. The probability of the observed ¢
then permits the making of statements, by inverse probability, likelihood or otherwise,
about these parameters, and so we are enabled to draw inferences about the parent
population. The sampling distribution is thus fundamental to the whole subject and
several subsequent chapters will be devoted entirely to the methods of finding sampling
distributions when the population is specified.

If we wish to test some hypothesis about the parent which is expressible by the
determination of certain parameters a priori, the problem is fairly simple. Given the
values of the parameters, we can determine from the sampling distribution the prob-
ability of the observed value of the statistic, and use this to assess the acceptability of
the hypothesis. Complications can arise even here, however, for in general, several
statistics can be computed from the same sample, and they need not necessarily all lead
to the same conclusion about the hypothesis ; for instance, a sample might have a
mcan which throws doubt on the hypothesis and a variance which does not. We shall
discuss this difficulty more fully in the second volume.

9.27 When the paramecters of the population are not given a priori, we have the
double problem of estimating the parameters from the sample and assigning probable
limits to the estimates so obtained. We have already touched on some of the principles
of estimation and shall develop the topic more systematically in due course. When
we have obtained an estimate—itself a statistic—we seek its sampling distribution
and thercfrom can assign probable limits to the population value. A special class of
cases arises when we can find a statistic whose sampling distribution depends on only
one parameter of the population (as in the case of attributes).

9.28 'These latter types of problem permit of certain important approximations,
namely in the case when the sample is large. We saw in Chapter 7 that under very
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general conditions the sum of # independent variables, distributed in whatever form,
tends to normality as z tends to infinity. Now many of the ordinary statistics in current
use can be expressed as the sum of variates, e.g. all the moments ; and many others
may also be shown to tend to normality for large samples. Thus we may approximate—

(a) by taking a statistic, calculated from the sample as if it were a population, to be
the estimate of the corresponding parameter in that population, e.g. the variance of
the sample may be taken as an estimate of the variance of the population ;

(b) by calculating the mean and variance of the sampling distribution using, instead
of the unknown parameter values, the statistic values calculated according to (a);

(c) by assuming that the distribution is normal and hence determining prob-
abilities from the normal integral with the aid of the sampling mean and sampling
variance (the latter being the square of the standard error).

9.29 Just how large n must be for such approximations to be valid it is not always
easy to say. For some distributions, particularly that of the mean, quite a satisfactory
approximation is given by low values of n, say n>30. For others n has to be much
higher before the approximation begins to give satisfactory results, e.g. for the product-
moment correlation coefhicient even values as high as 500 are not good enough in
samples from a normal population. In fact, the form of the parent distribution, as
well as the statistic considered, influences the rapidity of approach of the sampling
distribution to the normal form.

Example 9.12

Returning to the binomial distribution, let us consider how far our procedure need
be modified when sampling without replacement.

If a random sample of 7 is drawn without replacement from a population of N, a
proportion @ of which bear the attribute 4, the sampling distribution of the proportion
p of attribute-bearers in the sample is arrayed by the hypergeometric distribution
(5.18) and a typical term is, in our present notation,

(1) erm

np) ~ N=m

The mean valuc of p in this distribution, from (5.53), is known to be @ ; and thus the

sample proportion remains an unbiassed estimator of the population proportion. It is

not a Bayes estimator or a maximum likelihood estimator (see Exercise 9.10)—these do

not take simple forms in this case—but it differs from them only by terms of order n-1,
The variance of p, from (5.55), is given by

N-—n my, 9.7)
N-1 n

This differs from the ordinary binomial case (sampling with replacement) by the factor
(N—mn)/(N—1) which is less than unity for n>1. The variance in sampling without
replacement is therefore smaller than with replacement, as is intuitively obvious from
the fact that the extreme sampling possibilities are greater in the latter case.

varp =
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Example 9.13 Sequential sampling

Cases sometimes occur, especially in sampling for attributes, where the sample
number is not fixed in advance. Thus, instead of drawing a sample of size n and noting
the number 7 (= np) of ‘‘ successes,” or appearances of the attribute, we decide to
go on adding to the sample number until some (predetermined) number of successes r
appear. In this case r is fixed and # is a random variable.

The distribution of 7 is easily obtained. The probability that there are r—1 suc-

. . [(n—1 -
cesses in the first #—1 sample-members is 1 w""14*". 'The probability that the
next drawing yields a success is w. Thus (since the sampling cannot terminate until
at least » members have been drawn) the distribution of # is given by
s—1
Prob(n = s) = (r 1) oy, s=rr+1,...,00. (9.8)
The successive terms are

o {Lrgir(r+ 1) ...}
i.e. those of the negative binomial
o"
(I—=2)
This is another form of the result we reached in 5.14. The mean and variance of
the distribution are, by (5.38), ry/@ and ry/@® respectively.
For the maximum likelihood estimator of @ we find, as for the ordinary binomial,
the value p. This, however, is no longer unbiassed. In fact, we shall show that
(r—1)/(n—1) is an unbiassed estimator of w.

For
r—1 o r—1_ /-1
E(n—]) - w,,E’,n—-lJC (r—l)

)
_ wfzc_z) o

=o' (1-2)="
= .

The biassed character of r/n follows, for it cannot have the same expectation as
(r—1)/(n—1), being always greater.

It is rather curious, nevertheless, that n/r is an unbiassed estimator of 1/wm, as
E(n) = r/o.

At first sight this seems rather paradoxical. n/r is an unbiassed estimator of 1/m,
but 7/n is a biassed estimator of w. 'The reason is, of course, our somewhat arbitrary
definition of bias as a departure from a mean value. It should not occasion surprise
that if E(x) = «, E(1/x) is not equal to 1/«. Ior a positive variate this is, in fact,
inevitable (cf. Exercise 9.13).

The method of sampling under which we proceed with the drawing of the sample
until a certain number of ‘‘ successes ”’ have turned up is sometimes called * Inverse
Sampling,” a term to which there are some objections. It is a particular case of amethod

Q
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which we shall study in Volume 2, and is most conveniently known as Sequential
Sampling (for attributes), the characteristic feature of which is that we decide as we go
along whether to draw further members for the sample, in the light of what has been
drawn up to date.

EXERCISES

9.1 Of 10,000 babies born in a particular country 5100 are male. Taking this to be a
random sample of the births in that country, show that it throws considerable doubt on the
hypothesis that the sexes are born in equal proportions.

Consider how far this conclusion would be modified if the sample consisted of 1000 births,
510 of which were male.

9.2 In a sample of n, from a population x;, the proportion observed with an attribute A4
is p;. In another independent sample of n, from a population 7, the proportion is p,. To
test whether the populations have identical proportions of 4 in them, it is proposed to consider
the difference p;—p,. Show that on the hypothesis of identical proportions the difference has
zero mean and a variance which may be estimated as

(Prny+pany) (qiny+qany)/{nyng(n,+n,)},
where ¢, = 1—-p;, ¢35 = 1—p,.

9.3 If a proportion @ has to be estimated from a simple random sample with proportion p,
and if f is the prior probability of @, then the posterior probability of @ is, according to Bayes’
theorem, proportional to

fo"? (1 -m)",
Show that this is a maximum if
fom w(l-w)

Hence, in general, as n increases, the solution tends to @ = p, whatever the prior probability of m.

0.

9.4 By using the Bienaymé-Tchebycheff inequality, show that in sampling from a large
population for an attribute, the probability that the observed proportion p in a sample of n differs
from the population proportion @ by more than % is not greater than 1/(4nk?).

(This is an exact result, no assumptions about the limiting normality of the binomial or the
use of cstimates in calculating standard errors being involved. ‘The limits are, however, much
too wide in general.)

9.5 In a large population the proportion @ of members bearing an attribute A is small.
Show that in samples of size n the proportion of A’s is a maximum likelihood estimator of @ ;
that it is unbiassed ; and that the variance of the number, say n;, of A’s observed may be estimated
as equal to n,.

9.6 In k different populations the proportions of an attribute are @,, @,, . . , Wx. One
population is chosen at random (with probability 1/k) and from it a sample of # members is
drawn with replacement at random, yielding a proportion p bearing the attribute. Show that,
under repetitions of this pr,(‘)cess (including the renewed selection of a parent population), the

mean value of p is @ | = X @;/k) and that its variance is @ (1 —@)/n+ (n— 1) Z (w; —w)?/(nk).
i=1
Obtain the corresponding formulae if the probability of selection of the ith population is

k
og, Wwhere Z a; = 1,
$=1
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9.7 In the previous exercise, a sample of kn is taken by drawing # members from each
population. Show that the proportion p in the kn sample members togcther has mean ®@ and
variance

@ (1 - @)/ (nk) — = (w;—w)?/ (nk?).

9.8 From a population in which the proportion of individuals possessing a certain attribute
is @, a sample of size n is drawn with replacement. From this a sub-sample of 7, is drawn with
replacement. If p, p, are the proportions in the sample and sub-sample respectively show that
p—p; has a zero mean and variance

m(l—m)"_l'

nny

9.9 In the previous Exercise, if the sample of size 7 is selected from a population of size N
without replacement and the sub-sample of 7, is selected from the n without replacement, show
that p—p, has zero mean and variance

w(l—w)——"

9.10 Show that, to order N-1, the maximum likelihood estimator of the proportion @ in
the hypergeometric distribution is

bt (o—a),
and that, to the same order, the variance of this estimator is
N—n ox(1-w)
9.11 Define a variable x as unity if the individual concerned possesses an attribute A4 and
zero in the contrary case. If p is the proportion in a sample of n bearing the attribute show that,

for sampling either with or without replacement, E(x) = E(x?) = E(x*) = w. Hence obtain
equation (9.7).

9.12 In Example 9.13 show that

E(r/n) = ro" x*'jz tr-1(1—-t)"dt
0

4 141
w: L
j=0(+j)!

i

9.13 For a variate x which is defined in the range 0 <x < o, show that if E(x) and E(1/x)
exist,
E@E(1/x)>1,
the inequality becoming an equality only if the distribution of x is wholly concentrated at a

single value. Hence show that if ¢ is an unbiassed estimator of 6, 1/t cannot be an unbiassed
estimator of 1/0.

9.14 For the ordinary binomial distribution show that E(n/r) does not exist.
Show also that
n+1 "
Z ) = - ynt1
B(7) = 4=
and hence that, asymptotically in n, (n41)/(r+1) is an unbiassed estimator of 1/m.



CHAPTER 10

STANDARD ERRORS

10.1 Towards the close of the last chapter we discussed the estimation of statistical
parameters from large samples and the type of judgement of their reliability which
depends on the use of the standard error. It was remarked that, for large samples,
an estimate of a parameter may be obtained by calculating from the sample values
the value of the paramcter in the sub-population composed by the sample ; and it
was established that for samples of size n the standard error gives a valid measure of
precision, provided (a) that the sampling distribution of the statistic under discussion
approaches normality and (b) that n is large in the sensc there defined. It was also
pointed out that a sufficiently accurate estimate of standard errors involving parent
parameters could be obtained by using as the parameter values the corresponding
statistics from the sample itself.

Since the majority of statistics in current usc do tend to normality the theory of
large samples is, in the main, devoted to the determination of standard errors. In
this chapter we describe the principal methods available for the purpose, and inci-
dentally derive formulae for the standard errors of the various statistics considered
in previous chapters. To avoid the usual square roots associated with the standard
error we shall write our results as sampling variances and covariances. Thus, for a
statistic £ we write the variance of its sampling distribution as varz. The covariance
of the joint distribution of two statistics ¢ and u, that is, the first product-moment
of their joint sampling distribution, is written cov (¢, u).

10.2 By definition, the rth moment of a statistic #, that is the rth moment of
its sampling distribution, is the mean value of ¢ taken over all possible samples, and
may be written E(t7) (cf. 2.27). If the joint distribution of the variates xy, . . , %,
from which ¢ is calculated, is dF (x; , . ., x,), then the rth moment of ¢ is the integral
of ¢"dF (considered as a function of the x’s) over the domain of the x’s. In particular,
if the sample is simple random and the parent distribution is dF, we have

E() = r’ 'jwwt"dF(xl)...dF(x,,). (10.1)

—w -

We are particularly interested in this chapter in the first and second moments of
t, that is, the mean and variance of its sampling distribution. It may be recalled
that the mean value of a sum is the sum of the mean values and that, if the variables
are independent, the mean value of a product is the product of the mean values (2.28).
These two results will be repeatedly required.

Standard errors of moments

10.3 In the following sections, we shall adopt the usual convention in regard to

the distinction of population values and statistics by writing Greek letters to represent
228
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the former and Roman letters to represent the latter. We have, then, for the rth
moment-statistic m,, corresponding to the rth moment y, of the population,

A
m, = ;j:lx;- (10.2)
and for the mean-moment
n
m, = 11_1.2 (2, — m). (10.3)
j=1

10.4 Consider now the mean value of m. We have
E(m) = %ZE(x') - E()

~ . (10.4)
The sampling variance of m, is, by definition, E(m,—u,)* and thus assuming, as we
do throughout, that the appropriate moments exist,

’ 1 2
varm, = E{;Zx’——y,}
m= ;léE[{Ex’}z—Zn,u;Zx'+n2/1;2]
1 ,
= S E[{Za )]~

1 o ey
= B (S 4 (5] x)) )~ 2

the second summation extending over the n(n—1) cases in which j # k (permutations
of j and k thus being allowed). Since the x’s are independent the mean value of the
product is the product of the mean values, and thus

’ 1 ’ F !
varm, = ;2_ {71#2,-{-11(71,—1)#,3}—,“,2;

1,, p
= '_l(/‘zr'—ﬂrz)' (10.5)
This is an exact result.

In a similar way, if we have two moments, m,m,, their sampling covariance is
given by

cov (mg, m;) = E {(my— ;) (m;— ;) }

1 A /1 /
¢ = q — r
B v) (o))

_._1_ en, 1 p n_1, r._l' ¢ "l
= EE) L E S ()= 2, BE) = B (S + E )

1 [ r .
= ;'1(/‘«+r—«uqc“r)’ (10.6)

which reduces to (10.5) if ¢ = r, as it must, for the covariance of a variable with itsclt
is its variance.
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10.5 The formulac for moments about the mean are not so simple, for the mean
itself is subject to sampling fluctuations. We see from (10.5) with r = 1 that
varm; = (uy—w2)/n = py/n. (10.7)
Thus fluctuations in m] are of order n=*. We may then take an origin at the parent
mean and neglect powers of m; higher than the first. We then have, neglecting terms
of order n—3,
E(m) = E {S(x—my/n}
=E{Za"—rm I} /n
= E{(1—-r/n)Sa"~(r/n) S} /n,  js=k
Now the sccond term in the expectation on the right will involve the moments U1ty _q
and will vanish since we have chosen our origin at the mean of the parent distribution
(#1 = 0). We shall then have, neglecting terms of order n-%,
E(m,) =, (10.8)
a result which, unlike (10.4), is not exact but is an approximation to order n-%. To the
same order we have

varm, = E(m3)—ut
= E{Za"—rZx;a " /n)2/n2 - p?

1 r? _ re 9 e 27' - 9
= EEE 2x2'+2x;x,’,+—n—2-2x§x§' 2+’~1—22x;x; lx;‘l-?ﬁx,’.“x; L Sy

where j # k # . The expectations of other terms occurring in the squaring vanish,
since they contain u,. The expectation of T3 =% is of order #(n—1) and the term
involving it is therefore of order »~2 and may be neglected. The others give us, to
the first order in n,

1 0
varm, = ;1' (;u2r - .“3 +r= /‘2/‘2-—1 —2r Mra /‘r+1)' (10'9)

Similarly it appears that

1
cov (m,, mq) = "‘(/‘r{-q"'/‘rﬂ'q"‘rql"‘z/‘r——l/‘q—l”‘r;u‘r——llu'cﬁl_ql“r+1:“'q—1)~ (10.10)
n

Example 10.1

For the height distribution of Table 1.7 we found (Examples 2.1 and 2.7) that
m; = 67-46, /m, = 2:57. Suppose wc regard this distribution as a simple random
sample from the adult male inhabitants of the United Kingdom living at the time
when the data were collected. What can we say about the mean of the population ?

The standard error of the mean depends on u,. This is an unknown quantity,

but we may, in accordance with the general principles of large sample theory, use m,
instead. We then find

2:57
4/8585
Thus we can say that the population mean probably lies in the range of twice this

Standard error of m] = = 0:028 approximately.
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amount on either side of the sample mean, i.e. in the range 6746 +0-056, and very
probably in thrice the range, i.e. 67-46+0-084. Our estimate of the mean would
almost certainly be less than a tenth of an inch in error.

Example 10.2
From equation (10.9) with r = 4 we find

1 .
varmy = —(ug—pg—8uus prg+ 1615 15).

In Chapter 12 we shall show how to obtain this result by other methods of a more
exact character and confirm that it is, in fact, correct to order n-1,

Example 10.3

To show that in samples from a symmetrical population the first product-moment
between the mean and any mean-moment of even order vanishes to order n-1.
We have, by definition, as in 10.5,

cov(m;,m,) = —I;E Sx{Sa—ISx a1
PERALS) n? P

= ;:EE{Z xH —T—Zngx;‘l};

the other terms vanishing, since they involve the unit power of «, if we take an origin
at the mean of the parent population,

1
= ﬁ(:ur+1 =7 [ fly_y)-

Now if r is even, y,,, and g,_;, being moments of odd order, will vanish for a
symmetrical population and hence

cov (m;,m,) = 0.

In the language of the theory of correlation, the mean and the even moment about
the mean arc¢ uncorrelated to order n-1.

~
Standard errors of functions of random variables

106 If &, &, . ., & are random variables with corresponding variates x,, x,,
.., % we may define a function g(&,&,,..,4;) as that function which takes the
value g(x;,%,,..,%;) when & = x,, & = x,,.., & = x;.

Let us suppose that x; has a mean 0; and a variance of order n~! and that g has
finite mean and variance. If g is differentiable at x; = 0, we have, writing 0g/d0;
for dg/0x; at x; = 0,

E og
Ag = T 2 A4+ 0(AxR, (10.11)
i=1 00;

where we measure the x; from their expected values.
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For large samples the expectation of (Ax)?is o(1), and we have, to the first order,
since E(Ax;) = 0,
E(Ag) = 0.
Hence the mean value of g is g(0,, 0,..,0,). We also have, to the first order, if
the derivatives are not equal to zero,

varg = E(Z % Ax)

a0,
- % g
_i;’ii , aG,COV( ,i,xj)} (10.12)

where now 7, j may be equal (in which case cov(x;,x;) = varx).

This is a formula of fundamental importance. It gives us the variance of a function
of random variables in terms of their variances and covariances.

In a similar manner it may be shown that for two functions of random variables,
say g and #,

k ag }
h) = X 10.13
cov (g, h) i,jnl{aei 60 cov (x;, x;) ( )

10.7 'Three particular specializations of (10.12) are of interest :—
(a) g is a function of a single random variable. We then find

varg(x) = (-g%)avarx. (10.14)

In particular, if g(x) is simply a lincar function of the form cx-+e we find that varg
= c?varx, as is otherwise obvious, the result in this case being exact.
(b) g is a linear function of the random variables. If

k
g(xy. %) = T agx; (10.15)

==

then (10.12) gives
varg = Zalvarx;+ X a;a;cov(x;, x;), (10.16)
iFj

again an exact result. In particular, if the x’s are independent, the variance of g is
a weighted sum of their individual variances.

(c) g is a ratio of two random variables, say x,/x,. To avoid difficulties to be
discussed in the next chapter, we assume here that x,> 0 if it is discrete and >0 if
it is continuous. Equation (10.12) gives

02 20 ,
var (x,/%,) = va(;‘xl 4 var x” l_c%g(?cl %3)

E(x)))\2[varx; varx, 2cov(xy,x,)
B {E(x2)} {E2(xl) Ez(xz) E(xl)E(xz)} (10.17)

The second factor in (10.17) is the sum of the squares of the coefficients of variation
of the two variables, minus twice the square of what may analogously be called their
coefficient of covariation.

N
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Example 10.4

To find the sampling variance of the fourth cumulant, we shall, for reasons which
will become clear in Chapter 12, continue to write «, not k, for the sample cumulant.
Thus we require the variance of

Ky = Mmy—3m3.
From (10.12) with x, = m,, x, = m, and g = x,—3x%, we obtain
vark, = varm,+36uZvarm,—12u,cov (m,,m,).
Substituting from (10.9) and (10.10) we find

vark, = :;{,u.s—12/t6y2—8/15/t3—/¢3+48,u4lt?_.+64/¢§,L¢2-—36/¢§}.

For a normal population, u, = 3u} = 30%, ug = 1508, py = 1050® and we find in
this case
var x, = 2408 /n.

Example 10.5
To find the sampling variance of the coefficient of variation
V = 100/my/m.
Using (10.17), we have, writing V for the population coefficient (taken to be non-zero,
as is the population mean u;),

_ var (1/my) | varm; 2cov(y/mym)
war7/100) = () (B (V) * By Bomo g 0019

We saw in (10.7) that
varm, = u,/n.

Also, from (10.14) and (10.9),
_ yarm, /h—/l%,
var (v/m;) = 4u, dnp,
Finally, in Example 10.3 we saw that to order n—!

cov(my,m) = uy/n,

and from (10.13) we have

' 1 ,
cov (y/my,m) = Q«thcov(mz,ml) = us/(2n/p,).
Substituting these various values in (10.18) we find
vary = DMl L (10.19)

A G Y H
In the normal case (u; = 0, u, = 3uj) this becomes

-Vl el V2 LAL
ary = Sl i) = 2{2(w) )

2
= %} approximately. (10.20)



234 THE ADVANCED THEORY OF STATISTICS
7z

10.8 A few points on the use of standard errors may be noted.

(2) The standard error, strictly speaking, has been justified only in the case where
the statistic tends to normality. In other cases it may be used, in conjunction with
the Bienaymé-Tchebycheff inequality, to make statements in probability, but the more
exact statements which are customarily made rely on the normal integral.

(b) Where there is serious doubt, it may be necessary to conduct a separate inquiry
into the limiting normality of statistics. Many of those in current use, especially
those dependent on sums of variates, like the moments, tend to normality under a
Central Limit effect ; but certain others, especially those dependent on extreme values,
do not.

(c) On a similar point, it should also be remembered that some statistics tend to
normality more rapidly than others, and a given # may be large for some purposes
but not for others. So far as it is possible to generalize with safety, we can usually
(but not always) assume values of n greater than 500 to be “large ” ; values greater
than 100 are often great enough to be * large ” for our purposes; values below 100
are suspect in many instances ; and values below 30 are very rarely ““ large.”” Some
measures calculated from the moments tend to normality very slowly. /b, or b,
(the sample values of 4/f; or f,) are cases in point, and more refined methods which
we discuss in Chapter 12 are preferable to the use of the standard error.

(d) The sampling variances must relate to the statistic under consideration. For
instance, if the standard deviation of a normal curve is estimated by taking 1/(37)
times the mean deviation of the sample, instead of the more usual root-mean-square,
the formula vars = (u,—u3)/(4np,) derivable from (10.9) is not applicable.

(e) From (10.5) and (10.9) it will be seen that the sampling variance of a moment
depends on the population moment of twice the order, i.e. becomes very large for
higher moments, even when # is large. This is the reason why such moments have
very limited practical application.

(f) The order of the approximation makes it necessary to exercise care in the
neighbourhood of vanishing values of standard errors. For instance, if the coefficient
of variation V' = 0 in a sample, the formula of Example 10.5 would be estimated from
the sample as var V' = 0. But it does not, of course, follow that there is no variation
at all in the population, though none exists in the sample and the presence of variation
in the parent will be unlikely if the sample is at all large.

(g) It is interesting to compare the sampling fluctuations, as expressed in the sampling
variance, with Sheppard’s corrections to the moments. Writing temporarily s2 for the
uncorrected variance in the sample, s2 for the corrected variance, we have

55 1A
$ - 12§
where 4 is the interval width. For many practical cases, if d is the number of intervals,
dh is about equal to 6s,, and thus
s2 3

2 _ 1.2

2 2
§? d

Z=1- i approximatel
s 2@ PP ¥
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Writing s for the square root of the sample variance m, we have

vars = (ug—p3)/(4n o).
For a normal population this is equal to ¢2/(2n).
Thus if # is, say, 1000, the standard error of s is about 0-02240 = 2-24 per cent.
of 0. Sheppard’s correction in a case where d = 20 is only 0-375 per cent. of s,
i.e. only about a sixth of the standard error. It is as well to make the corrections,
even when #z is smaller than 1000, in order to avoid systematic error; but the cor-

rection should not be misinterpreted as implying a higher degree of reliability in the
corrected value than actually exists.

Similar considerations apply a fortiori to the higher moments. -

Standard errors of bivariate moments

10.9 Extensions of the above formulae to the bivariate case are made without

difficulty, only slightly more complicated algebra being involved. The reader will be
able to verify the following formulae for himself :

p | R '
var (mr, a) = ; (sz, 28 :u'r,zc) (1021)
r ’ 1 14 ’ ’
cov (mr, o My, v) = "; (l"’r+u, s+v " Ur, g ly, v) (1022)
1
var (mr, c) = E (/"27, 28 IL‘?, 8 + 72 /"2, Olu?—l, ¢+ szluo. 2:"’27. £—1
+ 27’5‘/11' 1871, s e -1 2r Bryq, slhra1,8— ZS‘U,’ s+1 My, t—-l) (10'23)
1
cov (mr, 8 mu, 1)) = 7_1 (:ur+u, st+v _lur, nﬂu, v + ’“ﬂz, 0/‘1-—-1, uuu—l. v
+ s‘v,uo, 2/"1', 8—1 :“u, v—1 + n’/"l, l/ur—l, c/“u. v—-1
+ su”l, I.ur, 8—1 .uu—l, v u/l'r+1, sMu—1,0
Oy gp 1My o1 T By, e But 1,0~ S My, 5 1 My, v 1)’ (1024)
Where no ambiguity is involved we may write u, , as u,,.

&
Example 10.6
The coefficient of correlation in a sample is defined by r = m,,/(m,om,;)! and
in the population by p = pt11/(tia0tte2)}. From (10.17), we have
varr = p? {Ygl;g_t_l; 4 Var(maomoy)!_p cov {mus, (o moy)')
iy Hao Moz #11(Hzotoz)
and evaluating var (m4,0,)* and cov {m,, (mgmq,)t} from (10.12) and (10.13), we find

varr = pz{vargl11+1(var;"zo var;noz+2_eqx('_",gm9)
P 4\ Ui Moz Haotog

_ (cov (myymy,) 4+ (myy '”29))}
H11 Mo H11#20
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from which, on substituting for variances and covariances from (10.23) and (10.24),

we have
varr = Bf{i‘_f?.;_.l_(/%_?_i_&%_*_ 2tsg )_( Ha1 + M3 )}’
n\pf, 4\M3p Mez MHzoMoz Bi1ft20 M11fhoz

For the bivariate normal distribution the substitution of values of Example 3.17 gives

1
vary = —(1—p2)¢
arr (1-p%=.

The use of the standard error to test a hypothetical non-zero value of p is not,
however, to be recommended, since the sampling distribution of # tends to normality
very slowly. We return to this point in 16,23-33 below.

Standard errors of quantiles

10.10 Among the various quantities measuring location and dispersion which
we considered in Chapter 2 there was one group, namely the quantiles, which are
not algebraic functions of the observations and whose sampling variances cannot
accordingly be determined by the above methods. We proceed to consider them now.

Suppose the parent distribution is represented by dF(x) = f(x)dx. The prob-
ability that, of a sample of n, (/—1) fall below a value x,, one falls in the range x, + 3dx,
and the remaining (n—/) fall above x, is proportional to

{F(x)}'1f(x,)dx, {1=F(x,) )"} = Fim'(1-F,)*~'dF,, (10.25)
where F, = F(x,). This expression is accordingly the frequency function of the
value not exceeded by a proportion //n of the sample, i.c. the /th quantile.

Put l=mngq
so that n—l=n(l-g)
= np, say.

The distribution (10.25) has a modal value given by differentiating the frequency
function with respect to x,, i.c. (taking logarithms first) by

f1 f1 fl_
(=DF =Dl +f =0 (10.26)

this equation being satisfied by the modal value # Now for large n, the factor f,/f,
will in general be small compared with the other terms in (10.26), / and n—1/ being
large. We may thercfore neglect it, and (10.26) becomes, to order n-7,

q9__p

Fi-p =0
or F(%) = gq.
This is in accordance with our general assumptions. To order n-! the quantile of
the sample equals the quantile of the parent.

Now let us investigate the distribution (10.25) in the neighbourhood of the modal

value. Put

F1 = q+§-
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(10.25) becomes (neglecting constants)
g+ (=6

Taking logarithms and expanding we have, except for constants,

nq log (l + )+np log (1 —g)

§ 1¢& ) < § 18 )
Fos e ) bmp =252
q( q 2¢ P\Tp 25
né*
= —5—+0(&
~2pg T O
Now for large samples & will be small compared with ¢, and we neglect the terms of
higher order. Thus the distribution of & is

dF exp( pj)ds

or, evaluating the necessary constant by integration,

dF = e ( > dé, 10.27
v vioum ™ (25 1027

showing that £ is in the limit distributed normally with variance
varé = 1’79. (10.28)

This is the variance of £, which is a proportion. To find the variance of x;, we note
that dé = dF, = f,dx, and hence that

arx, = 21 10.29
varx, = 7 (10.29)
In practice this formula is often applied to grouped frequency-distributions, and

in such applications it is to be remembered that f,, the ordinate of the parent, is to be
taken as the frequency per unit interval at x,, this being the best estimate of the ordinate.

Example 10.7
If x, is the median, p = ¢ = } and we have var(median) = 1/(4nf?), where f, is
the median ordinate. For instance, if the parent population is normal with variance
o, the median ordinate is (from Appendix Table 1) 0-39894 /0. Hence the standard
error of the median is
o, L
vn 2 x0:39894
v
= 1-25337;
The standard error of the mean in samples of # from a normal population is 70;‘,

which is thus considerably smaller than the standard error of the median.
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10.11 To find the covariance of two quantiles we generalize equation (10.25).
If we have a random sample of # individuals the probability that (/—1) lie below x,,
one lies at x,+ 4dx,, (n—I—m) lie between x, and x, one at x,+3dx,, and the
remaining (m—1) above x, is
dF o FI7Y (Fy— F))"'=m(1 = F,)"'dF,dF,, (10.30)
where F, = F(x,), Iy = F(x,).

We put l=gqn
m=p,n

and find, for the cquations giving the modal values corresponding to (10.26),

¢ _0:=9) _
F, F,—F,

q ql ____2_2__ — 0
F,—-F, 1-F,
giving, for the limiting modal values,
F (%) =q
F(i,) = qe} (10.31)
The conditions as to the relative smallness of f' ()/f(x) are satisfied in any ordinary
case. Now put

Fy=q,+§
Fy = q,+§,.
The joint distribution of &; and &, then becomes

dF o (q1+81)"" (ga— g1+ E2— &) @™ (po—Eo)"" dEy dE,.
On proceeding as in the previous section, taking logarithms, expanding and neglecting
terms in & and higher, we find ultimately

n Q2 P_l. Q2
dFocexp{ P ql)(qu £1§2+p2§2>}d51d52. (10.32)

Thus the joint distribution of £, and &, tends to the bivariate normal form, and on
comparing (10.32) with the standard form of Example 3.17, we see that

1 . ng,
(I“PZ)Varfl (92— 91) 91
14___ ) ) ”Pl
(1“/’2)"“52 ( 91)P2
p? n

(T;;§f¢5v (1 52) (1 PZ) v {Var §yvarg, } ( QI)

whence it is easy to find

varé, = 2_1__‘]_1
varé, = P*n‘“ (10.33)
cov (£y, &) = f-’inﬁ
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The asymmetry of the result for the covariance is due to the fact that p, relates neces-
sarily to the upper quantile. For the corresponding expression in x, and x, we have

_ P20s, (10.34)
cov (xy, &x,) = 221 .
%) =,
With equations (10.33) and (10.34) we can find expressions for the variances of the
interquartile range and similar statistics.

Example 10.8
The variance of the difference 6 of two quantiles at x; and x, is given, from (10.16), by

d(S = dxl—dx2,
vard = varx, +varx,—2cov (x;, ¥,)

_1 M_;Jrz:ezg_%_zq;}.
n( L S N

When the quantiles are the two quartiles, p, = ¢, = }, p1 = ¢, = {, and for the variance

of the semi-interquartile range we have

var(siq) = ._!_(3__1_ §_,_..._2_>1
S e\ ft i e
where f,, f, are the frequencies per unit interval at the two quartiles, f, relating to
the upper quartile.
For instance, if the parent distribution is normal, f; = f, and we find
. 1
var (s.l.q.) = Tonf?
From the tables the deviate corresponding to the quartile is 0-6745 and the ordinate
at this point, f; = 0-3178 /0, so that the standard error of the semi-interquartile range is

g
v/n(4 x0-3178)
= 0-7867

c

vn

10.12 In amplification of the point mentioned in 10.8 (d), it is worth while stress-
ing again the fact that a standard error is related to the way in which a parameter
is estimated. For instance, the standard deviation of a normal distribution can be
estimated from a sample in several ways : from the second moment ; by taking +/(1x)
times the mean deviation; by taking 1/0-6745 times the semi-interquartile range ;
and so on. Each method will have its appropriate standard error, that for the first
(10.8) being o/+/(2n), and that for the third 1-6495¢/+/(2n), as is easily deduced from
Example 10.8. At a later stage considerations such as this will lead us to the inquiry,
what is the estimate, if any, with the minimum sampling variance ? For present pur-
poses it is enough to note the importance of not using a quoted formula without refer-
ence to the method of estimation of the parameter concerned.
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Standard error of the mean deviation

10.13 Suppose that we are sampling from a population with mean x and variance
0. Let d, be the sample mean deviation measured about the fixed point «, i.e.

i = 1% |x—al.
ni=1
Then
E(d,) = E|x;—a| = 6, (10.35)

where &, is the corresponding population mean deviation. Also, since the n sample
observations are independent,

vard, = ivar(lx al)
= LE(x-al) =B (jv-a))
- %{02+(oc— ) — a2}, (10.36)

If « = u, the parent mean, this becomes
vard, = -'11-(03—-6ﬁ . (10.37)

Consider now the sample mean deviation d, about a value g, itself subject to sampling
variation, which has the properties

E(a) = «
vara = O(n™).
By an argument of the kind used in 10.5, it follows that approximately
E(da) = 6“
vard, = vard,.

In particular, if a = & we have for the mean deviation from the sample mean

vard = (o= 02). (10.38)
For a normal parent we have seen at (5.75) that
8, = a+/(2/n)
and hence, in this case,
vard = o*(1-2/n)/n. (10.39)

In the normal case the sampling variance is known exactly, Helmert (1876) and
Fisher (1920) independently establishing the result

vard = - —~(1z~ l)[é + v/ {n(n—1)}—n—arcsin {1/(n—1)}]. (10.40)

For large n, this expression tends to (10.39). Godwin (1945) gives an exact expression
for the d.f. of d, which is tabulated for n = 2(1)10 by Hartley (1945).
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Standard error of the mean difference

10.14 Let us write g for the sample value of Gini’s mean difference without
repetition, for which the parental value is A (2.21). We may then write

1 n
£= rTn—T)i,‘?;l' %= %] (10.41)

We have at once

E(g) = E|x.;—xj| = A, (10.42)
Also
1
2y . . Ve 4] 2
E(g) - nz(n_l)gE{"‘l‘xt 'x][ }
1 1 14
= n2‘(7:'1")'2E{2(xi_xj)2+2 lxi"lelxi_xkl"—z EEANEEA b

i#£]#k #L
where there are 2n(n—1) terms in the summation X, 4n(n—1)(n—2) in X’ and
n(n—1)(n—2)(n—3) in ”’. We then find
B(e") = 55—y QB+ 4(n=2) Bl =51 | v

+(n=2)(n—=3)E(| x;—x;| | x,—x,]) }-
The first expected value is 26% and the third is A%, Writing ¥ for the second we have
1
2) — 2 - - —3)A?
E(g?) = A=) {402 +4(n—2)J+(n—2)(n—-3) A%}

and hence

—_ 1 2 —_ 2
varg = 2 i=T) {402 +4(n—2) ¥—2(2n—3)A%}. (10.43)
The quantity ¥ may be put in various forms. If f(x) is the population frequency
function we may write it as

y= "7 1a-slls—21f@r0)f @) dxdy de. (10.44)
If Z is the incomplete moment function defined by
Z(x) = j 1f (1) dt
(10.44) may be reduced—we leave the red;:tion to the reader as an exercise—to
¥= 4{1 ((F = Z)+ (ju— %) (xF — Z) } f () dix. (10.45)

This derivation is due to Lomnicki (1952), a more complicated proof having been
first given by Nair (1936), who worked out the variance in three cases :—

Normal population : any mean, variance o2,

E(g) = 20/+/n
varg = n—(%’_%) {3 (n+1)+2(n—2)/3 /12 (2n—3) /1 } ~ a*(0-8068)2/n. (10.46)

R
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Exponential population : dF = exp(—x/0)dx/o. (0<x< o)

E(g) =0
2(2n-1
varg = o? 375*(;[_~1‘; ~402/(3n). (10.47)
Rectangular population : dF = dx/k. (0<x<k)
E(g) = 3k
_ B3 |
varg = .o (n—-1) k*/(45n). (10.48)

y

Some commonly required standard errors g

10.15 It may be useful to list here for reference (see table opposite) some of the
standard errors commonly required. Certain of the results have been obtained already
in this chapter ; others are direct consequences of the methods we have developed ;
some relate to statistics which we shall meet at a later stage.

For convenience in writing, the variance is usually given, not the standard error ;
but sometimes the numerical coefficient of a variance is expressed as a square so that
the square root is obtainable at sight. /

EXERCISES

10.1 In the height distribution of Table 1.7 it has been found that
6616

my = —0-207

m, = 137-689.
Regarding the distribution as a random sample from a population which is approximately normal,
show that m, does not differ significantly from zero (which, of course, must be so if the assump-
tion of normality is to be maintained) and that m, has a standard error of about 4 per cent. of

its value.

my

o

10.2 A multinomial distribution has % classes with probabilities @;, @,, . ., We. In a
sample of size # the observed frequencies in these classes are fy, fy, . . , fr. Show that for
any function T of these frequencies

1 k oT\? aT\2
;lvarT— .-Elw'(3f7> —(3;)

asymptotically, the derivatives being taken at the values fi = nwi.
(Fisher, Statistical Methods for Research Workers)

10.3 With a random sample of 100 it is found that the odds are 99 to 1 against a certain
statistic differing from the parent value by more than two units. Find how big the sample
would have to be to increase these odds to 199 to 1; and find the odds that with the sample of
100 the statistic would differ from the parent value by one unit.

10.4 If k random samples of different sizes are drawn from a population in which the pro- .
portion of members bearing an attribute 4 is @, show that the standard error of the mean pro-
®(1—d)

7, where H is the harmonic mean of the numbers

portion of A in the samples is

in the samples.



Statistic

Mean, m; .
Sample variance, m, .
Sample s.d., s .

Third moment, m;,

Fourth moment, m,
b,

b,

Coefficient of variation, V .
Pearson mode

Mean deviation

Gint’s mean difference

Median

Quartile

Deciles

Semi-interquartile range

Correlation cocfficient 7
(product-moment)

STANDARD ERRORS

Variance multiplied by n

Hz (= 0%

7 l‘z
(ug— ﬂa)/ (4p5)

He— .us — 6ty g+ 9

My — s — 8t fry+ 1615005

By (484 —240,+36+ 9B, f,
— 12834+ 356,)*

B — 4y By+4pi— pi+ 160, fy

—88;+168,*

See Example 10.5

See Yasukawa (1926) for for-
mulae and tables

See 10.13
Sce 10.14

1/(4y%) when y, is ordinate at
median

3/(16y?) where y is the ordin-
ate at the quartile

See 10.10

|

|
}{3/1637 +3/16y} |
—1/8y; v2} 6%, where y,, 3, |
are the quartile ordinates w
See Example 10.6 :
!

i

!
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Notes

True for any population with
finite second moment ,.

For normal parent, = 204,
For normal parent, = ¢%/2.
For normal parent, = 60®.
For normal parent, = 9608.

For normal parent, variance is
0/n.

Note failure of usual formula for
symmetrical distributions with
py=0. Cf. 10.8 (f) and
12.18.

For normal parent, variance is
24 /n.

See also 12.18 and Exercise
12.12.

For normal
approx.

Distribution skew for moderate
n.

For normal parent,

= o¥(1 —2/7).

For normal parent,

= (0-8068)2 o2.

For normal parent and small
samples see Hojo (1931) and
K. Pearson (1931).

FFor large normal samples equals
(1-2533)%0%,

For normal parent,

= (1:3626)? o*.

See also Hojo (1931).

parent, = V2/2

* For normal parent,

(deciles 4, 6) =
(deciles 3, 7) = (1-3180)% ¢? ;
(deciles 2, 8) (1-4288)% 0% ;
(deciles 1, 9) = (1-7094)* %,

(1-:2680)? o”

! For normal parent,

= (0:7867)* a*.

! For bivariate normal parent,

= (1-p»2. Nottoberecom-
mended except for very large
samples. See Chapter 16.

* See equatlon (3.88) for the deﬁmtlon of the f- coeﬂicxents

10.5 If the varxate-range is divided into sub-ranges and the frequency of a large sample
falling into the pth range is f,, show that

var f

cov (fn, fo)

‘;fpfa

and hence find expressions for the sampling variance of the rth moment about an arbitrary point.
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10.6 Show that for large samples from a symmetrical distribution any sample moment of
odd order is uncorrelated (has zero covariance) with any other sample moment of even order.

10.7 In the notation of this chapter show that, to order n—,

cov (my, m«;) = (Hygtr— Mgty —THqt1 Hr—1)/N.

10.8 Show that, for a symmetrical distribution, the covariance in large samples of two
sample-moments of even order cannot be negative.

10.9 The variance of m, in large samples is (¢, —pu3)/n. If this is estimated as (my—m3)/n,
show that the variance of the estimated varm, in samples from a normal population is 5608 /n2.
Compare with the value of varm, in normal variation, 20%/n.

10.10 Verify the formula for varb, given in 10.15.

10.11  Verify equation (10.46).

10.12 Show that the sampling variances of the first four cumulants, as calculated from the
moments, are given to order n~! by

var Ky = iy
1 2
var Ko = '—I(K‘+2K3)
1 14 6.3
var Ky = ;(K°+9K4 ko1 9K; 4+ 6k3)

var K, = %(Ks + 16 kg kg +48k5 K3+ 34KE+ T2k, 163 + 14413 1y + 244c)).

(Note. 'T'he sample values of the «’s on the left have been written with Greek letters ; to
replace them in the customary way by k’s would involve confusion with the k-statistics intro-
duced in Chapter 12.)

10.13 Show that the mean value of the variance is given exactly by
n—1

E(m,) = .2

and that its variance is given exactly by
<n—1)2m—u§ 2(n—-1) ,
var my = + " 5.

n n n? -

Hence verify that the formulae of this chapter as applied to the variance of a sample are
accurate to order n~.

10.14 Verify that the standard error of the first decile in samples from a normal population
is 1:70940/+/n.

10.15 Show that in odd samples of % from a population with frequency-function uniform
over a unit range the sampling variance of the distribution of the median is given exactly by

1/{4(n+2)}.

10.16 In the notation of this chapter, if two variates are independent, if the distribution
of each is symmetric, and if +5 is an even number, show that

ncov (m,, 5 My, v = Mriu, 0 140, 84 v = Kr0 Bu0 H0s LOvs
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10.17 A statistic ¢ has a corresponding population value T and to order n~!,vart = f(7).

Show that if
t
u = j @Oyt

then for large samples varu = 1. Examine the case of the correlation coefficient, for which
varr = (1 —p%)?%/n in large samples.

10.18 In large normal samples, the fourth moment g, is estimated (a) as equal to m, ; (b) as
equal to 3mj. Show that the variance of estimate (a) is 4/3 times that of (b).

10.19  Show that in samples of size n from the rectangular population dFF = kdx, 0<x<1/k,
the variance of the mean deviation is approximately 1/(48k%n).

10.20 A sample of values x,, x5, . . , &, are drawn from one population and another sample
of ¥4, ¥3, . . , ¥m from a second population with the same variance #,. The mean of the m+n
values 1s 2. Show that the standard error of the difference of 2z and % is given by

mily
nim+n)

10.21 Two lists of M and N items have D items in common. Independent random samples
of sizes m and n respectively (m > n > 2) are taken without replacement and found to have d
items in common. Show that an unbiassed estimate of D is given by

and that

var D = MND 1+ m—1 f,.__l

T mn M-1"N-1

Show that as d approaches n, D exceeds N and thus that the estimate takes impossible *’ values.
(Cf. L. A. Goodman (1952), Ann. Math. Statist., 23, 632 ; also W. E.

Deming and G. J. Glasser (1959), ¥. Amer. Statist. Ass., 54, 403.)

(D—-l)}-—D“.

10.22 In Exercise 10.21, show that an unbiassed estimate of var D is given by
= ﬁ(]l_/l_—_l ]~V-—_1_1)+1A)2<1_ mn M—1 N-—1>

m—1"n—1 MN m—-1 n-1

[ »

A
and hence that I may be negative, and thus an * impossible »’ estimate of var 1, when m, n,

M and N are all small.

10.23 «~ and y arc jointly distributed with E(x) = u;, £ 0, E(3) = u;, % 0.
Show that
var (xy) = pi oo+ Mao foi + 2M30 H1a Moy 250 Baz+ 2ptay foy+ ez — 15,
exactly, and that when x is independent of y, this reduces to
var (xy) = W13 thoz+ Hao Hoi + 20 Koz (A)
Show that this agrees to order n7! with the large-sample result obtained from (10.12) (which
is simply (A) with the last term on the right omitted) if u,y and g4, are of order n~! as there
required.
If myy, my, are unbiassed estimates of pjq, U, Show that an unbiassed estimate of (A) is
x? Moa +y2 Moo — Mo My2.
(I.. A. Goodman (1960), 7. Amer. Statist. Ass., 55, 708)



CHAPTER 11

EXACT SAMPLING DISTRIBUTIONS

11.1 The role of the sampling distribution in statistical inference has been indi-
cated in Chapter 7. In the present chapter we propose to give an account of the
main methods of finding such distributions when the population from which the
sample was derived is specified. It will, as usual, be assumed that the sampling is
simple and random. Thus, if the parent distribution is dF (x) the simultancous dis-
tribution of #n values x,, .., x, is dF (x,)dF (x,)...dIF(x,); and if z is a statistic

2= 2%y, .., X,) (11.1)

the distribution function of 2z is given by
F(z,) = J’ L de(x,) . dF(x), (11.2)
the integration being taken over the domain of the x’s such that z(x,, . ., x,)<2,.

Formally, (11.2) is the solution of our problem, which thus reduces to the purely
mathematical one of evaluating certain multiple integrals or sums. 'I’he methods with
which we are here concerned are fundamentally devices of various kinds to facilitate
the integrative process. 'They may be classified into four groups :—

(a) straightforward evaluation of the integral (11.2) by ordinary analytical processes
such as a convenient change of variable;

(b) the use of geometrical terminology to effect the same object and to avoid cum-
brous analytical formulae ;

(c) the use of characteristic functions; and

(d) other analytical methods, including mathematical induction.

11.2 As an illustration of the straightforward analytical approach, let us find
the distribution of the sums of squares of n independent variables, cach of which is
distributed normally with unit variance and zero mean. 'The joint distribution of the

n variables is then the product of n quantities of type _\/_(12?)"—;;" that is to say
dF = -(Q;i)ﬁexp (—3OEra2t ... +42))dr,. . dx,. (11.3)
We require the sampling distribution of
N z = 2 badt ...k (11.4)

We have thus to evaluate the multiple integral

F= f...jiégwexp(-—éEx?)dxl...dx,,

over the domain of x’s conditioned by (11.4).
246
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Make the transformation to variables 2z, 0,, 0,,..,0,_,

x, = ztcos0,cosb,...cosb,_, )

x, = z'cosl; cosl,...cos0,_,sinl, ,

x; = 2tcos0;cos0,...cos0, ;sinf, ;,, L (11.5)

x, = z¥sin0, )

The Jacobian of this transformation is given by

9 (%1, - y%n)

b
0(2,04,. .,0n-1)
which is equal to $2z**~! times the determinant

cosf@,cosf,...cos0, _, cos0,cos0,...cos0,_,sinf, ,... sin0, |
—sin 0, cos0,...cos80, , —sin0,cos0,...cos0, ,sinf, ;... cosf,!
—cosf,;sinf,...cosf,_, —cosl;sin0,...cos0,_,sin0,_;... 0
—cos0,c080,...sin0, , +cosh,cosb,...cosf,_, 0 |

Taking out common factors in columns we find that this determinant is equal to
cos" 16,cos" % 0,...cos0,_,sinb; sin0,...sin0,_, times

, 1 1 1 1
. —tan6, —tan0, —tan0, cotf, .
! —tan@, —tanf, —tan0, 0
i —tan0, . —tan0,_, cotf, . 0
| —tan0,_, cotf,_, 0 0 |

and, on subtracting each column from the preceding one, the determinant is found
to reduce to cos" *0,cos" %0, . . . cosfl,_ ..
Thus our integral becomes
1
[ fabe
The advantage of the transformation is that the limits of the variables are now much

2 1in-1c0g""20,. . .cosb,_,dzd0,...d0,_,.

(11.6)

simpler. = itself can vary from 0 to z, 0,_, from 0 to 27 and the other 0’s from —in
to jm. 'Thus the integral (11.6) divides into a product of integrals, those in 6 being

constant, and we find for our distribution function of =

F(z) = kre—%zﬁ"ﬂd:. (11.7)
0

The constant & may be cvaluated by integration between 0 and co and hence the
distribution sought is

dF !

= 20T (L)
a Pearson Type III distribution.

etr1dz,  0<2< o, (11.8)

11.3  The essential feature of the change of variables is the simplification of the
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domain of integration as defined by the limits of the new variables. In gencral, we
take the statistic whose sampling distribution is being sought as one of the new
variables and choose 7 —1 others in any way which may be convenient to the particular
problem. Then, if J is the Jacobian of the transformation, namely

J=- a(qq},..,x") ,

T 9(2,04,. - ,0n=1)
the integral (11.2) becomes

F(2) = j . J S S, (Z(Zi : ;)_l) dzdo,. . .do, ., (11.9)
f(x;) being the frequency function of the parent and «x, being expressed in terms of
z and the 0’s. The integration now takes place with respect to the 0’s, which can
usually be chosen so as to vary between limits which are independent of 2 ; and thus
the integral (11.2) is replaced by more easily calculable definite integrals.

As always in such cases J is subject to an ambiguity of sign which must be deter-
mined so as to make the transformed integral positive. The validity of the variate-
transformation depends on the familiar conditions governing the change of variable
in a multiple integral. For example, it is a sufficient condition that the new variables
and their first derivatives shall be continuous in the x’s and that J does not change
sign in the domain of integration. Some further examples will make the general type

of investigation clear.

Example 11.1
To find the distribution of the mean of a sample of n values x;, . . , x, from the
distribution
dx

ar’ = a(l+x2)

—ogLxg 0,

The joint distribution is
1 _dx (11.10)

and the statistic & is given by

(11.11)

We have to integrate (11.10) over a domain of &’s subject to Zx<nz. Let us take

. 1z .

new variables u; = x;, #y = x4, . ., U, 1 = X,_;, and u, = Zij = 2. Here J is
1

evidently equal to the constant n. Our new variables u,, . . , u,_; may extend from
— o to + o and the new variable u, from — o0 to 2. We then have

F(z)—'r du r r At a112)
T )i M) e ) tem e (V1) {1+ (e, —uy— . — Uy 1)?} '

and the frequency function of z is given by the (n—1)-fold multiple integral in u,,
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.+, #,_y in (11.12). This integral may be evaluated by step-by-step integration
We have
1 1
(1+2%) {rP+(a—x)2}  {a*+(r+1)2} @+ (r—1)2}
[_gﬂ_ at+r:—1  2a?-2ax az—r2+l']

N R + T .
x2+1+ x2+1 r‘+(a-—x)2+r2+(a—x:)2J
whence, integrating with respect to x from — oo to + o, we find on the right

1
1)ty P4 Do 0
2 __ 2. _ @
+(a*+1r*—1) arctanx+a~w:r+ ! arc tan r—;—‘—’]
. +1 1 o
reducing to n(';r —>{d2>-+v-v(r;}-i)'2}’ (11.13)
Thus in (11.12), taking x =%, ,, r =1, a = nu,—u,— . .. —u,_,, we find that

the (n—1)-fold integral reduces to

J-co j-oo n n—2 du’ 2

co S i (T4 E) 22+ (muy— g — . — 1y 0)?)

Integrating with respect to u,_o, #,_,, . . . successively, we reduce this eventually to
n? 1

7t ()] w(T4ud) (11.14)
Thus the distribution of 2z is given by
dz
dF=n—_(l+zz)’ —~ <2< o, (11.15)

and is thus the same as that of a single observation.

This is an interesting example of the failure of the Central Limit theorem, the
mean of samples of n observations failing to tend to normality for large n. The
moments of the distribution do not exist.

Example 11.2 /

To find the distribution of a linear function of n independent variables x,, . . , x,
where x; is distributed normally with zero mean and variance ;.

Let the linear function be

T=ax+... ta,x,. (11.16)
Then by a transformation u; = x;/g; we have
z = Ya;0;u (11.17)

and #; is now distributed with zero mean and unit variance. Our problem is thus
equivalent to finding the distribution of a linear function of variables each of which
is normally distributed with zero mean and unit variance.

Consider a transformation of type
n

v, = X cyu (11.18)
=1
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and let us determine the ¢’s so that they are orthogonal, i.e. so that
n
Zogeu=0, j#kl (11.19)
=1, j=k

This can always be done, for (11.19) imposes 4z (n—1)+n conditions on n* constants.
We then find

Z v? = E(Z Cijuj)z == Z uf.
i=1 i=1
Also, for the Jacobian of the transformation
v
J = = l"ijl-

If we multiply |cy| by its transpose we find, in virtue of (11.19), a determinant whose
elements are all zero except for units in the diagonals, namely a determinant which
is equal to unity. Thus j? 21 and J = 1. The joint distribution of the #’s is, by

hypothesis,

1 n
- _ - —1 2
dF 2 exp( 2j§1uj) Ijldu (11.20)
and hence that of the 2's is of the same form :—
1 LI
dF = Wexp (—%‘j§1‘01> Hd‘v. (11.21)

The distribution of the other variables v is then, from (11.21), seen to be independent
of v; and we have, for the (marginal) distribution of v,

1
= — — 1,2
dF = — oy exp (= }oi) oy (11.22)

Thus v, is distributed normally with unit variance and zero mean, independently of
the other v, By symmetry, the same is true of any v, Now v, is an arbitrary
linear function of the x,. If we identify it with z of (11.16), we have the result that
z is normally distributed with zero mean and variance obtained from (11.17) as
varz = Xajoj. (11.23)

J

Example 11.3 Helmert's transformation

The kind of transformation we used in the previous example is especially useful
for samples from a normal population ; for the Jacobian is a constant and the density
function remains of the same form. ‘There is one special transformation which has

a particular interest. Let us put

u, = (x,—%)/v2 )

u, = (%+xy—2x5)/+/6

u, = (,+x,+x3—3%,)/v/12 { (11.24)
U, ;= {x1+.x.2.+...+xn;;;(n—1)xn}/\/{n(n—1)}

u, = (+x,+...+x,)/Vn )
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It is readily verified that the Jacobian of the transformation is unity, that the sum of
squares of coefficients in any of these equations is unity and that the sum of cross-
products of coefficients in any pair of equations is zero. Thus, if the x’s are all inde-
pendent and normally distributed about zero mean with unit variance, so also are
the u’s.

Now

Z(x—%)* = Zx2—nx?

n
= X ui—ul
i=1
n—1
= X ul
i=1
Thus we see that the sum of squares of n standardized variates measured from their
mean is distributed like the sum of squares of #—1 normal variates with zero mean.
It follows from (11.8) that the distribution of

w = Z(x—x)?
is given by
1
T 2T -1}

Moreover, this quantity = (a simple multiple of the sample variance) is independent
of &, Thus: in normal samples the mean is distributed independently of the variance.

This interesting and important result is characteristic of the normal distribution ;
that is to say, if the mean and variance of random samples from a population are
independent, that population must be normal. (Cf. Exercise 11.19.)

dF =% g0 (=3) gy, (11.25)

Order-statistics

11.4 It may not always be possible to find variate-transformations in which z,
the statistic of interest, is one new variate and there are (n—1) others whose domains
of integration are not dependent on 2. A case of particular interest is provided by
the so-called ‘‘ order-statistics,” the theory of which we shall consider in detail in
Chapter 14 and in the second volume. If we have a sample of n observations, y,
Y2 - - » Vu and rearrange them in ascending order of magnitude, renumbering them
so that the suffix 1 is attached to the smallest, y, is called the rth order-statistic. The
median and the quantiles are order-statistics in this sense (the median, for example,
being the % (n+1)th observation or midway between the inth and the (n-+2)th);
so also would be the lowest value of the sample (r = 1) or the highest value (r = n).

If we have a sample of n values &, x,, . . , ¥, from a distribution function F(x),
their distribution is given by

dG = dF (x,)dF(x,). . .dF (x,). (11.26)

A transformation to

y=| ar@=rw
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gives for the distribution of the y’s
dH = dy,dy,...dy,, (0<y;<1, all i). (11.27)
The y’s and the x’s are in the same order since y is a non-decreasing function of x.
If we now order the y’s so that y, is the smallest, y, the next smallest and so on,
the domain of variation is given by
0<y,<y.<...<y,<L. (11.28)
To integrate (11.27) over this domain we require

J : " [ J:{ JZ(JZ d.vx) dyz} dya] oo @Yy (11.29)

This reduces, on step-by-step integration, to 1/n!. For the ordered variates, then,
the joint distribution of the y’s is

dK = n! 1I dy,. (11.30)
=1
Suppose now that we are interested in the (marginal) distribution of y,. To
simplify the derivation sllghtly we make the further transformation

=DYo 1=1, 2,..
= I“J'iy i= r+1 7’+2 ,.’n} (11.31)
The Jacobian is unity and the distribution of the 2’s is accordingly

dL = n! TI dz, (11.32)

i=1
over the domain

0<~1\ <-..<2’1.<1—zr+1<,Hgl_—zngl
which may be re-written
0<z<%3,<...<53,; 0<2,<2,_:<...<3,<1-2,.

To find the distribution of 2, we integrate out the other variables in two separate
blocks, as follows :

2r 2y 2y 1=z 2, Zn
dM=dz,n!J j dzldzz...dz,_lxj J“...'[ ‘ds,dz,_,. . .d3, .,
0 0 0 0 0
-1 (1_.,.)11 rh
(7*1)' (n—r)!
(r—l)' (n 5 A=y ds,  0<g<L, (11.33)

Thus the distribution of z, is a Beta-distribution of the first kind. To obtain that
of the rth order-statistic x, we simply put I'(x,) = z,, obtaining

dN = (r.:_ﬁ;‘-(‘ﬁ-: 1 F )Y (1= F )~ (s) s, (11.34)

This expression could have been obtained more directly (cf. (10.25)), but we have
given a full derivation to illustrate the processes involved.
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Example 11.4
If n is an odd number, say 2m+1, the (m+1)th sample member is the median
and for the distribution of 2, ,, say z, we have
r o (@m+ 1)
dF = (m!)?
'The variance of this is easily found to be 1/{4(2m+3)} = 1/{4(n+2)}.
Since the median x,,,, is related to z,,,., by

Tin+1
zrn+l = j‘ dF(x))
Lol

2 (1—z)™+1dz.

we have
dz m+1
dxm+ 1

= f(*my1)
and, by (10.14), it follows that in large samples

Varxy, 4 = varz, ., {f(xm-lf-l)}_g
= 1/{4nf*(%ns1)}»
agreeing with (10.29).

The geometrical method

11.5 A considerable amount of cumbrous analysis may usually be avoided by
the use of geometrical representation of the domain of integration. We may imagine
the values x,, . . , x, of any given sample as the co-ordinates of a point in an #-dimen-
sional Euclidean hyperspace. 'The function dF(x,) . . . dF(x,) may then be regarded
as the density at the point and the total frequency between z; and 2z, will be the integral
of this density (the weight) in a region lying between the two loci 2(x,, . . , %) = 2,
and z(x,, . ., x,) = 2,, which in general will be hypersurfaces in the n-fold space,
i.e. will themselves be spaces of (n—1) dimensions. The distribution function of z
will be the total weight between the hypersurface corresponding to z = — oo and
that corresponding to z; and the frequency function will be the element of weight
between the hypersurfaces 2—1dz and s+ }dz.

Example 11.5
Consider again the problem of Example 11.2. In the i-fold u-space the density
1s given by
1
- 13
(zn)%"exp( L2 ud).
The statistic 2 (= Za;x;) determines a hyperplane
z = Za;o;u (11.35)
and we have to find the total weight between this hyperplane and the corresponding
hyperplane at — oo, i.e. the weight on one side—the ““lower” side—of the hyper-

plane (11.35).
Now Y u? is the square of the distance of the point u,, . . , u, from the origin
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and is therefore unchanged by any rotation of the co-ordinate axes. Choose such
a rotation which brings the axis of one variable perpendicular to the hyperplane (11.35),
meeting it in . Let P be the sample point %,, . . , %, and O the origin. Then

Zut = OP? = 00+ QP2
so that the density at P is
1
..... — -1 2 ~1 2
(s 5P (~ 100 exp (~ 10P).

For variation over the hyperplane, OQ? is constant and the integral of exp (—3QP?)
is thus a constant independent of OQ. Hence the frequency function of 2 is given by
f(z) = kexp(=300Q7),

k being some constant.
But OQ is the distance from O to the hyperplane and is given by
zZ
2 — % .
0Q X aj o}

Hence

1 2
1) = kesw{ =35}

i.e. z is distributed normally with variance X af o} about zero mean.
The reader will find it instructive to compare this example with Example 11.2,

They are, in effect, the same thing cxpressed in diffcrent language.

Example 11.6

Consider again the illustration of 11.2. The elegance of the geometrical approach
is well brought out by the analogous derivation of the result there obtained.

In fact, our density function, as before, is given by kexp(—3OP?). We require
the distribution of the statistic ¥ = OP?, and the density is obviously constant over
the surface x = constant, that is to say the surface of an n-dimensional hypersphere.
The frequency function of z is then the integral of this constant density between the
hyperspheres z and 2+dx, 1.e. is proportional to exp (—3OP?) times the element of
the volume of the hypersphere, which itsclf is proportional to the nth power of the
radius OP. Thus we have

dF = kexp(—}OP?) d% OP"dz

oc e~V gD gy,

giving, on evaluation of the constant,

1
dF = o . g~z ghn—2)
20T (4n) ¢
as at (11.8).
Now suppose that the quantities %, . . , x,, while still being normally distributed
with unit variance, are subject to p homogeneous linear restrictions of type

a,x,+ax,+...+a,x, = 0.
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In the n-space the variables x will then be constrained to lie on p hyperplanes. The
first will cut the hypersphere of constant density in a hypersphere of one lower dimen-
sion, also, of course, of constant density ; the second will cut this in a hypersphere
of one lower dimension still, and so on. The result of the linear restrictions will
be to constrain the variables to a hypersphere of p fewer dimensions, and thus the
distribution of z in these circumstances will be as before, but with n— p instead of =, i.e.

1 3z 54 n—p—2) Jo (11.36)

W we T G

Example 11.7 The sampling distribution of the mean and variance in normal samples
Writing £ for the mean of a sample, we have, for the variance s?

1, _
§2 = ;2.(x—x)2
= ;lz-Zx?—oZz.
In samples from a normal population with zero mean and unit variance the density
at the point x,, . . , x, is proportional to
exp(—3Zx?%) = exp {—}(ns®+nx?)}. (11.37)

Let us find the sampling distributions of s and & From (11.37) it is seen that the
density function can be expressed simply in terms of those quantities, and we then
have to find some transformation of the volume element dx, . . . dx,. We have
considered this from the analytical viewpoint in Example 11.3. Let us now consider
it geometrically.

In the n-space consider the unit vector whose direction cosines are o \—};’ K ’:/l—n’
say OQ where O is the origin. If P is the sample point, let PM be the per-
pendicular from P on to OQ. Then the length of OM is

X1 Xy Xn
L+

VARV n =x/n.
The length of OP is 4/Z% Thus the length of PM is (Zx%—n#?)} = sy/n.

The clement of volume at P may be regarded as the product of an elemental incre-
ment in OM, equal to dx1/n, and the elemental volume in the perpendicular hyperplane
through M. In the hyperplane the contours of equal density, as in the last example,
are hyperspheres of radius sy/n centred at M, and consequently the element of volume
is equal to kdxs"~*ds multiplied by other elements which need not concern us since
they are independent of & and s. We have then for the element of frequency

dF o exp {—}(ns?+n#?)}s"~*dzds, (11.38)

and this splits into two factors
dF, o exp (— in%?)d%, (11.39)
dF, oc exp (—3ns?)s"~*ds. (11.40)

Thus, as we have seen, in samples from a normal population the distributions of mean
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and variance are independent. We have from (11.40), for the distribution of s?,
dF o exp (— ins?)s"3ds?
and, on evaluation of the constant,

nin-1)

dF = pj-np (3 (n—1)} exp(~
which is (11.25) again.

It is interesting to compare this with the distribution of the previous example.
In the latter case we found the distribution of the sum of squares of the variables
measured from a fixed point. In this case we have found the distribution of 1/n times
the sum of the squares measured from the sample mean. A comparison of the form
(11.41) with that of (11.36) shows that the distribution of variances is, except for
constants, the same as that of sums of squares when subject to one linear constraint,
as we observed in Example 11.3.

Ins?) (2)in=34d(s?), 0<s?< o0, (11.41)

Example 11.8 ‘‘ Student’s” distribution
In the previous example we have
xv/n  OM
svn = PM - P
where ¢ is the angle POM.

If, then, we define a statistic 2 = &/s, 2 will be constant over the cone obtained
by rotating OP about the unit vector, keeping the angle ¢ constant. The distribu-
tion of 2 will then be given by determining the weight between the cones defined
by ¢ and ¢+dé.

Consider the intersection of these cones with the hypersphere of radius OP. They
will cut off an annulus on the sphere whose “ content > (the n-dimensional analogue
of volume) will be proportional to OPd¢.PM"—*

= OP" lsin" 2 d¢.
The density function is constant and proportional to exp (—3OP?) on the hypersphere,
and thus the total frequency between the cones will be proportional to

r ¢-10P OP"15in"~2 ¢ 4 d (OP)

0
o« sin"2¢dp, O0<o<m
The distribution of = (= cot¢) is then given by
kdz
dF o (1‘"_:;2_)?;’
or, on evaluation of the constant,
IF 1 dz (11.42)

Since z is the ratio of two functions of unit dimension in the variables, this dis-
tribution holds for samples from a normal population irrespective of the scale, that
is to say, irrespective of the variance of the parent population.
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The distribution is usually put in a slightly different form.

Put t= Xy ".v_.-z = Vin—1)z.
;l-_—l—Z(x—x)}
(11.42) then becomes
dF - 1 dt (11.43)
\/(n—l)B{g,.(n_l),,}}(nﬁiyn :
ne

I+1))  de

V)T 3v) (1 + 22 /w)to+D (11.44)
where v = n—1.
This celebrated expression is known as * Student’s ” distribution after the pen-

name of its discoverer (1908). It will be discussed in detail in Chapter 16.

Example 11.9  Distribution of the mean of samples from a rectangular population (Hall, P.,
1927, Biometrika, 19, 240)

Consider now a sample of n values from the rectangular distribution
dF = dx, 0<sx<1.
In the m-space the density function will be a constant everywhere inside a hypercube
O<sx;<1,j=1,..,n (11.45)

and zero elsewhere. 'The unit vector will be along the diagonal of this cube. If P is the
sample point (x,, . . , x,) and PM the perpendicular on to this diagonal, then, as shown
in Example 11.7, OM = x+/n. Thus, for the distribution of £ we require the element of
weight (which in this case is proportional to the element of volume) between the hyper-
planes ¥ and X+dx; and this is equivalent to finding the content of the hyperplane
(its ‘““ area ”’) cut off by the various faces of the hypercube. The complication of the
problem arises from the fact that as % increases this region changes its shape according
to the number of edges of the hypercube cut by the hyperplane.
Consider the ‘‘ quadrants ”’

Xj = .
v, = 0 or 1}] =12 ..,n, (11.46)

whose corners are the corners of the hypercube. Any one of the corners may have 0 or
1 or2...ormn of its co-ordinates equal to unity and the rest zero. We divide the
quadrants into (n- 1) sets according as the corner has 0, 1, . . , n of its co-ordinates
equal to unity, that is, according as

n
r = Z L£]
j=1
is equal to 0, 1, . . , n. A quadrant of the tth set may be called Q;. There will be

n\ . . . . .
(t) different Q,’s. Let S be any point of Q,, i.e. any point whose co-ordinates are all

20, and let just s of its co-ordinates be =1. Then S will belong to just <(;>’ =1, Qo;

(;) O,)’s; (;) Q.’s, and so on. Now if s>0,

5 (-1)*(‘) =(1-=1) = 0. (11.47)
1= t



258

THE ADVANCED THEORY OF STATISTICS

Hence, if whenever a point belongs to a Q, we give it a density (—1)f and then sum over
all Q, the resultant density will be 1 or 0 according as the point belongs to the hypercube
or not.

Let the segment of the hyperplane

2 = 2x (11.48)

lying in Q, have content /,,(2). Then the segment lying in any member of (11.46) will
have content V,(z—7) which is zero if r=2. Further, the segment of (11.48) lying in
any member of (11.46) will have the content

k n
z«n()m@w) (11.49)
r=0 r

where k = [2], = the greatest integer less than z.
To find V,(2), let P,_1(2) be the projection of ¥, (2) perpendicular to one of the
axes, so that
Va(2) = vVl a_1(2).
Now P, (2) is the content of the n-dimensional region bounded by (11.48) and the co-
ordinate hyperplanes—a region whose base is therefore of content V,(2). The per-

pendicular from O to this base is -*. Hence

Pu(z) = —( )Vn(z)

and Vn~-1(z)=;1—1<\/(z )> Vn-1(2)

or Va(z) = ;1-}1 J (;%)zV“‘l (). (11.50)

Since V,(2) = z+v/2 repeated applications of this formula give
vn zn—l
(n—1)!

Substituting in (11.49) we find for the content of the region common to the hypercube
and the hyperplane

Va(2) =

\/ r 17— |
1@ = D,z(1)(>@—a : (11.51)

for values of = between k and k+1.
Since

n dz
sof(z)”\/—n =1

the distribution of the mean m = - is given by

n n-1
(m) = (——1’%5—, 24( 1)'( )(m—;b ,

This is the required distribution. It is unusual in consisting of n arcs of degree (n—1)

k+1
< —

— (11.52)

<m

§l2r'

in m, having (n—1)-point contact at their joins, that is at the points - *k=12,..,n).

The distribution is symmetrical since the hyperplane 2z = constant is perpendicular to
the unit vector, which itself is an axis of symmetry of the hypercube.
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For particular values n = 2, 3, 4, (11.52) gives the following results for the frequency

function :—
n=2: 4m, O<m<1i,
4(1-m), t<m<1.
2
n=3: 27;n’ 0osm<},
%?{m”—3(m—%)"}, t<m<s,
Za-mp, jemst.
n=4: %§m", osm<},
%—g{m’—ﬂm—i)"}, t<m<y,
28 -mp—aq—mpr), remss,
2wy, pemsl.

For n = 2 the distribution is *‘ triangular.” For larger n it approaches normality
in virtue of the Central Limit theorcm.

The method of characteristic functions

11.6 It has already been noted (7.18) that the characteristic function of the sum
of n independent variables is the product of their characteristic functions. This
simple property enables us to find the sampling distribution of a wide class of statistics
which are expressible as sums, and particularly of the mean.

If we have a sample of n values from a population whose characteristic function
is ¢(t), the characteristic function of their sum is ¢". Thus the distribution function
of their sum 2 is given by F(z) where (cf. (4.4) and (4.33))

F(5)—F(0) = "z%j:l_

and the frequency function is

f(=) = %ij e~ gndr. (11.54)

-~ 00

e-—(zt
—¢at + (11.53)

1

The following examples will illustrate the power of these results.

Example 11.10  Distribution of the mean for the binomial distribution
The characteristic function of the binomial distribution arrayed by (¢+p)" is
(g+pe)".
The c.f. of the sampling distribution of the sum of n values is then

(q +Pe¢t)m
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and that of the distribution of the mean (1/n of that sum) is
(q +Peit/n)m.
But this is the c.f. of the binomial distribution arrayed by
(g+2)™, (11.55)
the interval being 1/ instead of unity ; and hence this distribution is that of the mean.

Example 11.11 Distribution of the mean for the Poisson distribution
The characteristic function of the Poisson distribution whose general term is

e A /r! is
exp {A(e"—1)}.
The c.f. of the mean is then
exp {nd (e*/"—1)}
and hence the distribution of the mean is the Poisson distribution whose general
term 1s

ni)
e (11.56)

the interval being 1/n instead of unity.

Example 11.12 Distribution of the mean for the normal population
The characteristic function of the normal distribution

1 x— p\2
" = am e ()
is seen from Example 3.4 to be
exp (— 32 o +itu).
The c.f. of the distribution of the mean of »n values is then

202 atp\) _ 2o?
exp{n(-— —nT-f-—n—)} = exp{——!_;—n—- +zt,u}. ‘ (11.57)

This is the c.f. of a normal distribution with mean u and variance ¢%/n, which is
therefore the distribution required.

Example 11.13 Distribution of the mean for the Type 111 population
The characteristic function of the distribution
R Sy LAy RPN ||
i =iy () %
. 1
1S (Example 3.6) ¢(t) = m

The c.f. of the distribution of the mean of n values is then
1

(-
n
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This is the c.f. of the distribution

1 nx\""~ndx
= —nz/a [ 7 —.
ar I‘(yn)e (a) a (11.58)

Example 11.14 Distribution of the mean for the rectangular population
The characteristic function of the distribution dF = dx (0<x<1) is

‘
Jle“”dx = ‘T L
0 it

1t/n

it/n
_ 1 © it e“/n__l n

f(x)_ﬂj_we ( o= )dt. (11.59)

This integral is everywhere analytic and the range of integration may be changed
to the contour I' consisting of the real axis from — oo to —c, the small semicircle of
radius ¢ and centre at the origin, and the real axis from ¢ to . Thus

_ 1 it eit/n___l n
CEFAR (‘7-:77) &
= (,:.ij —ite 2 (- l)i( > etiin (11.60)
273 r ji=0 (lt/n)"
eiu
Now J —dz =0 if g>0
r<

The c.f. of the mean of n values is then ( 1)", and the frequency function is thus

n—1
= —zninf [ if £<0.

This may be seen by integrating along a contour consisting of I' and the infinite
semicircle above the real axis if g>0 and below it if g<0.
Substituting in (11.60) we find

- G o ()

l__ n—1
= w20 (; )( (1>)
n

= oo £, () (=2

This, with a few changes of notation, is the same as (11.52).

11.7 General expressions may also be derived for the distributions of geometric
means and the moments about fixed points.
In fact, if y = logx, the characteristic function of y is
@ @© .
«(f) =f 1o = I = j x" dF.
— @

—



262 THE ADVANCED THEORY OF STATISTICS

The distribution of the sum of n independent values of y, say nz, is then given by
1 r® l_e——ilnz n
F(nz)-F(0) = Q?J_m ¢ o, (11.61)
and the distribution of the mean is that of 2. But z = logu, where u is the geometric
mean, and hence the distribution of # may be found.
The frequency function, when it exists, is
— 1 (= —iinz ,n
f(n2) = z—nj e~ g dt.

~— 00

Similarly the characteristic function of a power of the variate, say «7, is given b
y P yx,188 y

B(t) = jw exp (its") dF

and thus the distribution of the rth moment, say z, by
o —tinz

F(nz)—F(0) = j ¢ ~—~ﬂ”dt (11.62)

Example 11.15 Distribution of the geometric mean in samples from a rectangular
population
If the population is
dF = dx/a, 0<x<a,

the characteristic function of logx is

j x“dx a*
o @ 1+zt

The frequency function of u = Zlogx is then given by
@© e—“u a"“

16 = 5| iy

1 (® ett(nloga—u)

N Z?j_w (143t
This integral may be evaluated by contour integration and we find
(nloga u)n le—(nloga u)

dt

dt, nloga—uz0.

f (u) = r (n) ’
whence, putting z = ¢*/*, we find for the distribution of the geometric mean 2
nn a n—1
f(?) = "F(n)(lo ) . (11.63)

Example 11.16 Distribution of the second-order moment about the population mean in
samples from a normal population

If the distribution is

dF = (2 ) exp (—3x%/0%) dx

the characteristic function of x2 is
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E\/—tz?)j :0 exp (itx?) exp (— 1x%/0%) dx
1

T (1-20%it)t

The c.f. of the mean of n values, say m,, is then
1

(1—20%it/n)t"
and the frequency function of this is
1 J ®  exp(—itm,)
2r) _ o (1—20%it/n)i» "

This may be integrated by a contour integration, or the result written down directly
from the consideration that (11.64) is the characteristic function of the distribution
nin
(20 T (3n)
a result which may be compared with that of (11.8), to which it reduces on writing

2 = nmy/a?.

(11.64)

dF = exp (—nmy/20%) mi*~1 dm,, (11.65)

The method of induction

11.8 'The distribution of the sum of two independent variates may be obtained
directly as follows. Their joint distribution is

dF (x,,%5) = dF, (x,)dFy(x;) = f1(%1)fa(x5) dxy dxs.
The transformation z = x;+x, y = x, has Jacobian equal to 1, and gives

dG(2,y) = fi(s—y)f(y) dz dy. (11.66)
Integrating out y, we obtain, for the marginal distribution of =z,

at (@) = {[ file-f0)d} s
or, for the frequency function of =z,
SR IFACEAE? (11.67)
The distribution function of z is obtained by integrating % (#) from — oo to 2, giving,
HE) = [* R0, (11.68)

Note that if x; > 0, y is to be integrated from —oo to z; if x, also is > 0, y is inte-
grated from 0 to =z.

(11.67) can be used to obtain successively the distribution of the sum of any number
of variables whose individual distributions are known. If all the variables have the
same distribution the general form may be suggested when the results for two or
three variates have been worked out. Its correctness can then be verified by induction.
The following examples illustrate the method.
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Example 11.17
Consider again the distribution of Example 11.1,

dx
= atray
By (11.67) the distribution of the sum of two independent variables, each of which
has this distribution, has the frequency function

I 2 ) () = oy

This suggests the general form

— o<y 0.

n .
7 (22 +n?)
If this is correct, then the form for (n+1) variables is

I o) ()

- 2(2:—1>/{z2+(n+1)2}

. (m+1)
T oa {2+ (n+1)2}
The result holds for n = 1, 2, and is therefore true in general.

Example 11.18
In Example 11.6 we found that the distribution of the sum of squares of n
independent normal variates is given by

dF —Hgin-14z, (11.69)

1
= €
24T (3n)
Suppose we had surmised this form from an examination of a few cases for low .
Let x be another variate distributed normally about zero mean with unit variance,

and %2 = v. Then v has the distribution

1
dF = me
Then, from (11.67) the frequency function of the distribution of # = z+w is given,
since z and v are both non-negative, by

- o-tdy, 0<v<g 0.

u 1 1
e 1O N T b ) =Y (n—2)
[ T G Rl

e—gu u

= . S — ) iyin-2)

200+ 0 (1) T (3n) jo (u—y)"*y dy
= B ‘_B(%{%__n)_ R e—i“ ul‘(”-l)

21+DT (3) I (§m)
= 1 e —ugin—-1)
Bt 1) A
which is the same as (11.69) with n+1 for n. Hence the distribution holds generally.
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The distribution of a ratio of random variables

11.9 Cases sometimes arise in which we require the sampling distribution of
the ratio of two independent variates, &, and x,. Their joint distribution is, as before,

dF (x},x,) = dFy(x,)dF,(x,) = fy(%))fs(x;) dx, dx,. (11.70)
We now transform to new variables
u= xl/x29
D = Xy,

and the Jacobian of the transformation is found to be

J =m0 (11.71)
Care is necessary here to ensure that the change of variable obeys the validity condi-
tions outlined in 11.3. Essentially, we must ensure that J # 0 within the domain

of integration, although zero values on the boundary of the domain do not affect the
validity of the transformation. From (11.71) we see that this implies

X, =0 #0 (11.72)

except on the boundary. Thus we must in the first place restrict our discussion to
ratios of random variables such that the denominator can range either from 0 to oo,
or from — oo to 0, but not both. In this case we have, from (11.70) and (11.71),

dG (u,v) = f,(uv)f,(v)vdudo, (11.73)
and thus the marginal distribution of u is
dH () = { j ® fw)f (v)vdv}du, (11.74)

and its distribution function

Hu) = j :Fl (o) f, (0) do. (11.75)

Example 11.19

Consider again the distribution of the ratio £/s discussed in Example 11.8. Here
% is the mean of samples of n from a normal population and is thus distributed as

dF, o« exp(nx?/20%)dx%.
s is distributed as
dF, oc exp (—ns?/20%)s" % ds,

as we have seen at (11.39) and (11.40), where we had ¢% = 1.
Then the distribution of z (= %/s) is, from (11.74), a constant times

jwexp(—1:32s2/202)exp(-n32/202)s"‘2.s.ds
0
(1+22)in

which gives us (11.42) on evaluation of the constant.
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11.10 'The distribution of the ratio # of 11.9 can also be obtained in terms of
characteristic functions if , is non-negative with finite mean. From (11.75), we have
for non-negative v

H) = [ F(u0)dF o),
0
which on using (4.4) becomes, writing ¢, (t), <{>2(t) for the c.f.’s of »,, x, respectively,

H() = J {F1(0)+ ! j " $u(t)dt b dFy (v)
= F(0) 45 1 ¢1(’){ j (1 — =) dF, (v)}dt

_ () 4
= F1(0)+2nij-wT{1 ¢y (—tu) }dt. (11.76)
Differentiating with respect to #, we find that the f.f. of #, if it exists, is given by
1 [ .
h(w) = 27@.j'~o°<)!»1(t)<;r$3(—tu)aht, (11.77)

provided that the integral converges, a result originally due to Cramér (1937). Daniels
(1954) pointed out that the finiteness of the mean of &, is a sufficient condition for the
integral on the right of (11.77) to converge absolutely for all u.

Geary (1944, ¥. Roy. Statist. Soc., 107, 56) generalized (11.77) to the case of non-
independent x,, x, with joint c.f. ¢(¢,,7,), where x, is non-negative with finite means

as before. His result is
3¢(tntz)]
hiw) = 2m l: at, t,-——t,udtl. (11.78)

A proof of (11.78) is sketched in Exermse 11.24 below, which indicates the importance
of the condition that E(x,) be finite.

Example 11.20 Fisher's variance-ratio distribution

Suppose that we have two independent samples of n,, n, members from normal
populations with variances o? and o} respectively. We define the sample variances
as of type X (x—%)2/n and call them s} and s3. 'Their distributions are then, by (11.40),

2
dF, « exp( 2(:) =3 ds?,
1

dF, ocexp( 22) m=3 ds?,

The distribution of the ratio #2 = s/s is then, from (11.74), given by
f(2?) ocj exp( m sy )(s t)'“““exp( ”—‘2)sg:-3.s§.ds§
203 202

[+
Sgfn1t® Mo\ \ gitmy—it m—3
oc ex -+ syt =3 ol
."o P{ 2("? ‘72>}2
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tn,~ 3

oC —
n tz i(n,+n,-—2)’
( ot )
o o}

This is a Beta-distribution of the second kind (cf. (6.17)). It is usually put in
different form. Writing

o1 "1(','3-._1._)£§/“1_ 1op (2= 1) ( )
z = }log nz(nl-—])s"/ 2 210gn2(n1—-1) R (11.80)

we find for the frequency function of 2
e(n,—l)z

f(2) (11— 1) 5+ (ny—1) it ra=2y

or, writing »;, = n,—1 and », = n,—1 and evaluating the constant term,

0<#2< 0. (11.79)

— 0<IK ®©, (11.81)

(z) _ v:’; v%": e’
B (%”1) 3v2) (v, € +v )*(V'-IW')
This form was chosen by R. A. Fisher in preference to (11.79) because interpolation
in tables of % is easier than in tables of £. 'The distribution is the basis of many tests
of hypotheses, and at a later stage (Chapter 16) we shall study its properties at some
length.
Let us obtain the distribution by Cramér’s theorem on the c.f.’s of ratios. For
the respective c.f.’s of s? and s we have (cf. Examples 11.3 and 11.13)

_(, 20%it)\-imD
hio = (1-52)

_(y 20%it,\-km=D
B0 = (1-57)

s3/0}

s3/%
1 (= 2if\ ~Hm-1) 24t o\ —i(mat D
f(@) OCZ?"I—«(]—;'—;) (1+72—) dt

A contour integration over the imaginary axis and the infinite semicircle to the left

of it then gives us
d 2t \ ~HmtD)
o (150

where o = §(n,—3), giving

(11.82)

Formula (11.77) then gives us for the ratio v =

f@) i
0) OC -, oy o
Hn+na—2)
(1+5)
ne

This, on the substitution v = / 5, reduces to the form (11.79). It will be noticed
that this proof applies only for odd n;, since « must be integral.

11.11 1In 11.10 we referred to the problem of the distribution of a ratio when the

denominator has a range overlapping zero. One way of handling the difficulty is to
split the range into two parts at zero. We assume the denominator random variable
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to be continuous at zero, since otherwise there is a finite probability that the ratio
is infinite. We obtain from (11.70), separately for the two parts of the range,

= f, 2(v) | v| dudvo, <0,
dG (u, v){= ;1 g:;% ((v))LdL dv, v ;0, (11.83)

so that the analogue of (11.74) is
dH (u) = { j :fl(uv) fa(0)vdo— j O_wf1 (o) f, (0) v do b du, (11.84)

and the distribution function follows as before.

In practice, we are generally interested in a ratio whose denominator is non-
negative, so that the methods of 11.10 apply, as in Examples 11.19 and 11.20. But
even when the denominator can take values on either side of zero, the problem can
sometimes be simplified by considering the square of the ratio, thus getting back
to 11.10.

Example 11.21

Consider the ratio of two independent normal variables with zero mean and unit
variance. From (11.84), its frequency function is

_duf [y, e °
dH (u) = 'z?z{jo e-l vdv—J
Simplifying, and making use of the symmetry of the normal distribution, this becomes

dH (u) = %J:exp{—%v?(uz+1)}vdv.

e i g=it g dv}-

-

This integral is immediately seen to be (cf. the mean deviation of a normal distribution
at (5.26)) equal to 1/(1+u?). Thus

dH(w) = -

a(l+ uz),
which is a Cauchy distribution.

Here, as suggested in 11.11, consideration of the square of the ratio is fruitful,
leading to the distribution of the ratio of two squares of standardized normal variables,
since each of these is distributed in the Type III form of (11.8) with » = 1. Thus
the distribution of the squared ratio is equivalent to Fisher’s distribution of ¢ in
Example 11.20. It is easily confirmed that equation (11.79) reduces to our result
above if we put n;, = n, = 2, ¢, =0, =1

— o<us o, (11.85)

11.12 Up to this point we have been mainly concerned with the distribution
of a single statistic compiled from the members of a simple random sample. The
methods may, however, readily be generalized to obtain the simultaneous distribution
of several statistics. For example, if there are several statistics 2,, 2,, . . , %y, and
the joint distribution of the sample values x,, . . , ¥, is represented by dF'(xy, . . , %,),

(*) Not 1, because we are squaring about the population means here, not the sample means,
and thus have an extra degree of freedom. Cf. Example 11.7 on this point.
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the characteristic function of the 2’s is given by

¢(t1,..,t,)=j j exp(ityzy b ... +it,z)dF (xy, . .,x,)  (11.86)

— -— O

and the frequency function of the 2’s (if it exists) by

f(z»l,..,z],):(ZnL),,ro jw exp(—ity 21— . .—it, 2) $(tnr. ., 1) dby. . dt,. (11.87)

— 0 —

Examples of the use of these results will occur in the sequel.

Steepest descents

11.13 Although, in this chapter, we have been concerned with the derivation of
exact results for sampling distributions, it is convenient to refer here to an approximative
method developed by Daniels (1954), which differs radically from the mecthods to be
discussed in Chapter 12, The frequency function of a mean is expressed as an inversion
of the nth power of the characteristic function. The resultant integral is evaluated approxi-
mately by choosing a path of integration through a saddlepoint of the integrand in such
a way that the integrand is negligible outside the immediate neighbourhood of the saddle-
point. This, in point of fact, can be done, and the approximation which results is, in
simpler cases at least, remarkably good. The method results in expansions of the fre-
quency function of the Edgeworth type (6.18) but is more powerful than the Edgeworth
expansion itself.

EXERCISES

11.1 Find the distribution of means of samples of n independent observations from
dF = e ®dx, 0<sx< o,

(a) by induction ; (b) by the use of characteristic functions.

11.2 Derive by the method of characteristic functions the expression for the sampling
distribution of the mean of samples from the population

dx

dF = n(1 +x’)’

— 0OKXE 0,

11.3 Show that the distribution of the geometric mean g in samples of n from the Type I11
population

dF = 2 e 0<xs
= 55— ax, Lag ©,
I'e
. ng”l’—l © . qan—1 gnt
18 dF = > Y (—1)rtnitl
INCORINGIN ;mo( ) [dt“‘l{l‘(t+1)}" -

(Kullback, 1934)

11.4 =xy, .., x, are n independent normal variates with zero mean and unit variance. Show

n n
that «} /( X &7 ) is distributed independently of X &}. Show also that if & is the mean of the
j=1 j=1
x's (x;— %)%/ (x;—%)® is independent of X (x;— %),
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11.5 Use the result of the previous Exercise to show that if m,, m, and m, are the sample
mean moments of order 2, 3 and 4 respectively,

gl s\ _ Emé )
m3/? Em3t/2
E(™ f Emi‘ .
2] 7 Em2k
my Em2

11.6 If x;, . ., x, are independent variates distributed uniformly in the range 0 to 1, show
that for
7!
o=1( —x;)

j=1
the distribution function is given by

P{Q<e}} = sz"“l e2dz/{2"(n—1)!}.

t
11.7 Show that the joint distribution of two order-statistics x,, x5 (r <s) is given by
o n! r-—l g—~r—1 n—s
AF (o) = )1 gyt L Fa= P71 (U= Pt dFy dFy
where F, is the distribution function of x with x = x, and F, is the corresponding function with

x = Xs.

11.8 In the previous Exercise, integrate out x, to obtain the distribution of x,.

11,9 Show that the distribution of the geometric mean of n variables, one from each of
the populations with frequency functions
xp—le-x xP+1/n— le—:: xP+H(n—1)/n—1 -z
T'(p) T@p+1/n)  T{p+@m-1)/n}
is the same as the distribution of the arithmetic mean of n independent variables distributed
in the first of these forms.
(Kullback, 1934)

11,10 If a frequency function is given as thc sum of a number of terms of the Type A series

f) = a(x){l +2H, <§)+ . +§§Hk<§)}

show that the sum S of n independent variates has a frequency function

A, Ak S
R )

where 2 = o+/n and
n!

A = 2 ———— - a;‘. . .a;’:,

valvg ! vl (N—vy— ..-—vk)!
the summation being taken over all values of the s for which
Ivs+4vyt+ ...t Ry =3,
(Baker, 1930)

11.11 Show that the ratio of two independent normal variables has frequency function

mzo2+mlozv grrll_—-mzv)
/@) = v(zn) (@ +ovd) © { b }

o? +ofv?
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where m,, ¢, are the mean and standard deviation of the first variate, n,, o, those of the second
variate, and it is assumed that m, is so large compared with g, that the range of the second variate
is effectively positive.
m; — m2 v o, . . . . .
5 5 g is normally distributed about zero mean with unit variance.
(o} +af o)t

(Geary, 1930)

Hence show that

11.12 Show that the ratio of two independent variables distributed as
dFoc e=nE—m) (x —m,)P1—1dx, O0<m;<x< oo,
dF o e=7E—M) (x —mg)Pr~1dx, 0<my<x< o0,

has a frequency function
D1 k% -1 -1 -2 1
f) = ?Elf__l')”'? T (ml )(,,) Y .
pl . (1 yl ) 2 <1+ yl )
Ve Va
" 1= 2\ [V \P2 (e + D EP1—3
2 yz (1 y v)l’r"&

Y2
PG et 23 I _<m—1)< )(ml)s"n +.
(Pl—l)|73 <1+Z‘l—‘v>1’i+1 1 Y <1+ylv)p.+z
Ya Vs

where & = m;—m,v. (This includes Fisher’s variance-ratio distribution as a particular case.)

11.13 Show that the ratio of two independent variates v = x,/x,, where x, is distributed
normally with mean m, and variance ¢® and x, like a standard deviation in normal samples, i.e.
with distribution function given by

dF oc e=7#=m) (s —m)P=1ds, 0<my<s< o,

has a frequency function given by
+1
J£i AR
T (P > )
+ .

yPe 20 ® ° <p 2
oV@ITO) ™50 1) il L\l 570y 1O
7lo y+20 2 [ )’+2a

my X
where § = my—m,v.
(This includes * Student’s >’ distribution as a particular case.)

/8

f) =

11.14 Show that the distribution of the mean of samples of n from the Type II population
dFoc xP-1(1—x)Pldx, »>0,0<x<1,
is given by

F(&) = nain=1 (T (p) }nr’ (Fpos (3) 1 cos (niet) de /@1

— 0

where ¥, (2) is the Bessel coefficient of order r in 2.
(Irwin, 1927)

11.15 Show that the difference of two independent variates, 2, each of which is distributed
in the Type III form

e—%xP-1

F =T

dx, p>0,0<x< oo,



272 THE ADVANCED THEORY OF STATISTICS

has the frequency function
2Pt Kp——&(z) ’
f@ = p-irpre
where K,(x) is the Bessel function of second order and imaginary argument.
(K. Pearson et al., 1932)

11.16 Show that the difference of two values drawn at random from the Poisson population
whose general term is e~*4"/r! is distributed in the form whose general term is e—24 Ty (24),
where d can take all integral values from — «© to ® and T;(24) is Bessel’s modified function of
the first kind of order d and argument 24, (Cf. Example 4.5.)

(Irwin, 1937)

11.17 Use Exercise 11.15 to find the distribution of the mean of n independent variates,
each distributed in the form

dF = }e~1%ldxy, — oo<x< 0.

11.18 Derive the joint characteristic function of mean and variance in samples of n observa-
tions from a normal distribution, and show that it factorizes into their marginal c.f.’s, and that
therefore they are independently distributed.

11.19 If the c.f. of sample mean and variance in samples of n is ¢(¢,,2,) and that of the
frequency distribution f(x) is «(t), show that

[—a—gs(zl,:,)] ='ii“—1i[a"—l(t1/n)r° xze“w/"ﬂx)dx—aﬂ-zmm){j“
oty ty=0 n —o -

Hence, if mean and variance are independent, show that

_aiaaa_*_i%,—a?a
ae \a) - 7"

where o? is the population variance. Hence show that the distribution must be normal.
[Lukacs (1942). Geary (1936) established the result for
distributions possessing finite cumulants of all orders]

x ehd/n f (x) dx}z] .

11.20 Samples of size m and n are drawn from a rectangular distribution dF = dx/0,
0 <x <0 and their largest members are x,, and x, respectively. Show that the distribution of x, is

dF (xm) = {mxm"l/ﬂ’"}dxm,
and hence that the distribution of the ratio x,/x, is given by

mn

dG (u) = m+nu’"“1du, O<uxl,
mn du
= mm, 1<u< .

(Murty, 1955)

11.21 k independent random samples, each of size n, are drawn from the rectangular parent
dF = dx,0<x<1. The largest value in the rth sample is x,. Show, by induction or otherwise,
that the distribution of the product

V=X, Xp . .. Xk
is given by
dG (v)={n*/(k- 1)!} v"~1 {log(1/v)}¥~1 dv.
(Rider, 1955)
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11.22 Generalizing Example 11.21, show that if x and y are bivariate normally distributed

with correlation p, the statistic
x— —
2= U y— By
Oy Oy

(A—pdz _
8@ = (1 Zopat 2y OSES @

has the frequency function

(Fieller, 1932, Biometrika, 24, 428)

11.23 In Example 11.21, show that if instead of normal variates we consider two inde-
pendent variates distributed as in Exercise 2.12, their ratio is still distributed in the Cauchy
form (11.85).

(Steck (1958), Ann. Math. Statist., 29, 604)

11.24 If %, x5 (x220, E(xy) = ) have the joint f.f. f (xy, x;) and c.f. ¢ (24, t3), show
that the f.f. of u = x,/x, is h(u) = J f(uv, v)vdv, generalizing (11.74). Now consider the
0

joint f.f.

g (xy,x0) = ’fff(xl, xg).

Show that its c.f. is

1 04 (25, 15)

ty) = — —— 2%
(L, ta) TS
and that the c.f. of the variate w = x, —ux, is [9(¢1,25)]t, = — ut,- By showing that the f.f. of
w at w = 0 is equal to h(u)/u, use the Inversion Theorem to establish (11.78).

(Daniels, 1954)

. . . 1.
11.25 If x is a standardized normal variate, show that the c.f. of y = por is

$u(t) = exp {—(-2it)}}
and hence that the c.f. of the mean 7 of a random sample of n y's is
¢y (t) = ¢y (nt) = $ay (2),

so that the distribution of the mean of n observations is a multiple # of that of a single observation,
becoming more widely dispersed as z increases.



CHAPTER 12

APPROXIMATIONS TO SAMPLING DISTRIBUTIONS—(1)

12.1 In the previous chapter we have considered methods of deriving sampling
distributions in an exact form when the parent population is completely specified.
Those methods are not applicable when the population is not completely known, and
they may in any case lead to results which are difficult to apply in practice, e.g. by
yielding an integral which has not been tabulated. In such cases we can frequently
deal with the problem by finding an approximate form for the sampling distribution,
particularly by ascertaining its lower moments, and then fitting a tractable type of
curve such as one of the Pearson system.

A procedure of this kind has, in fact, already been considered in Chapter 10,
wherein it was seen that approximate expressions could be derived for the first and
second moments of sampling distributions in terms of the low moments of the parent.
When the sampling distribution tends to normality this, in effect, solves our problem,
for its first and second moments determine a normal distribution. The methods of
this chapter are recally developments of this idea. We shall discuss exact methods
of finding the moments of sampling distributions in terms of population moments.
Our results are important not only on their own account, but in giving an accurate
method of judging the degree of approximation of the expressions for large n discussed
in Chapter 10. In particular, we shall be able to take up some points which had to
be left on one side in that chapter—e.g. the rapidity with which some functions of
the moments such as 4/b, approach normality.

12.2 The statistics with whose distributions we are customarily concerned may
be usefully classified into three groups. The largest group comprises statistics which
are symmetric functions of the observations; that is to say, if the observations are
X3, X3 . . , %, the statistic depends explicitly on every x and its value is unchanged
if we interchange any two x’s. Moreover, our statistics are nearly always algebraic.
This class includes the arithmetic mean, moments, quantities such as b, and b, which
are derived from moments and, in the bivariate domain, product-moments. The
second group comprises statistics based on order-properties of the sample values—
the median, the quantiles, the range, extreme values and so forth. The third group
is best defined as including those statistics, such as the mode, which are not included
in the first two groups.

The methods we shall develop in this and the following chapters apply to the
first group only. We may recall that there are three different types of moment con-
cerned in the investigation : (a) the moments of the parent population, (b) the moments
of the sample and (c) the moments of the sampling distribution. They will be referred
to as parent moments, sample moments (moment-statistics) and sampling moments
respectively. Similarly we shall consider parent cumulants, sample cumulants and
sampling cumulants,

274
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12.3 In Chapter 10 we obtained the exact results

Em, = p,
(12.1)

i

varm, = E(m— )t = (uly— ?)

Q=

and noted that formulae for sampling moments about the mean were more difficult
to obtain. Although we shall later reject this approach in favour of another, it is
instructive to consider what happens if we try to generalize the procedure of that
chapter to our present problem. Suppose, for example, that we are interested in
the sampling distribution of the variance. The above equations give us the first
two sampling moments of the second moment about an arbitrary point. For the first
sampling moment of the variance we have

Emy = E {Zx*/n—(Zx/n)?}
-1 1 .
= E{n—n?—zxz—h—szix,}, 1#£]

_ n—lExz_n—l
n n

Exix,'. (12.2)

Since x; and x; are independent, Ex,x, is equal to u;%. Equation (12.2) then gives us
n—1
n

n-‘l 1
Emy = —— (o= pi) = ——pa (12.3)
This may be compared with the approximate expression given by the methods of
Chapter 10, namely

Emz = Hg. (12.4)

12.4 Tt will be clear that the same method can be used to derive the sampling
moment of any order of a statistic which can be expressed as a symmetric function
(rational and integral) of the observations. For instance, to find the fourth moment
of the sample variance we expand {Za?/n—(Zx/n)2}* in terms of sums of products
of type Xa¥af . . . a} and, on taking cxpectations, replace them by n(n—1) . . .
(n—t+1)pugpp « . . w, where t is the number of different suffixes 7, j . . . k in the
sum. 'This gives us the desired sampling moment in terms of parent moments.

12.5 The method is straightforward enough. Its execution, however, leads to
some tedious algebra and some cumbrous expressions, except in very simple cases.
We shall therefore find it convenient to systematize the working in terms of the notation
of symmetric functions.

Suppose that we have a set of ’s, x;, 5, . . , x,. When we write an expression
such as X} x;x} x, we shall suppose that all the suffixes are different and that, subject
to this, the summation takes place over all values of x. Thus, in the example just
given, there are n(n—1)(n—2)(n—3) terms in the summation. It is to be noted that
in an expression such as X x;x; every pair occurs twice, for example x,x, and x,x, ;
whereas in Xxfx;, x2x, and xix, occur, but each does not occur twice.
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The augmented symmetric functions are defined by
[prps ... p7] = ZaPrap .. xbralr ... b ale (12.5)
where there are 7, powers p;, 7, powers p,, and so on on the right of (12.5). For

example
Yatayain, = [1223]; Zafaiag = [29).

More usual functions are the monomial symmetric functions defined by

(ppps .. 7)) = [pTP2 - -P’:"]/{Wl!nzl <o 7‘:!}- (12.6)
Two particular cases are of special importance : the unitary functions
a, = (1" = Zwyx;...%/r! (12.7)
and the one-part functions or power-sums
s, = (r) = Zx] = [r]. (12.8)

Tables exist giving these functions in terms of one another. The most useful are
the tables giving the power-sums in terms of the augmented symmetrics and vice versa
(David and Kendall, 1949). From (12.5) we have the fundamental result

E[ppps™... 001 = n(n—=1)... (n—p+ 1) ()" (o)™ - .- (o)™ (12.9)
where p = 2'1 m;and p = = p;m, is the weight of the symmetric function. Appendix
=1 t=1
Table 10 gives the relationships up to weight 6.

Example 12.1
For the sample variance we have, in terms of the power sums,

(.

2
M = T e

From Appendix Table 10 or directly we have
(2) = [2]; (1)* = [2]+[1%].

Hence
ny = 21117
n n?
= ”;;1 [2]-’%5[12]. (12.10)

Taking expectations and using (12.9) we have

n—l ’ 1 '
Emy = —=npy—gn(n—1)p’

n—1
= . 12.11

n K2 ( )
Let us note here a very useful abbreviation of the working. The statistic m, is inde-
pendent of the origin of calculation and hence its sampling moments cannot depend
on u,. Without loss of generality, therefore, we can take this parent mean to be zero,
the other moments then becoming moments about the mean. This implies that we
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can ignore any augmented symmetric function containing a unit. Thus from (12.10)
we have at once

. -1
Em, = nn M.
In a similar way we find
2 2(2)(1)z, (1)t
(”2 (733( ) (nz (12.12)

From the tables,
(2" = [4]+[27
(2)(1)* = [4]+2[31] +[27] + [217]
(1)¢ = [4]+4[31]+3[27]+6[217] +[14].
We can ignore those augmented symmetrics containing a unit, and on substitution
in (12.12) we find
o _ (127, [41+[27  [4]+3(27]

n2 ns ni

_ (n ;41)2 [4]+ 2n +3 21,

whence, immediately,

—1)2 —1)(n2—
Emt = 1) 4+ (- 1)(';3 m43) 2 (12.13)
We then find, using (12.11),
varm, = Em}—(Em,)?
n—1)? n—1)(n-3
) R (12.14)
For large n this becomes approximately
2
n
confirming the result we reached in (10.9) with r = 2.
If, in (12.14), we put x, = p1,—3uj, x; = p, we find
varm, = ("_‘_1)2 Ky 205 } (12.15)
n n n-1

k-statistics

12.6 The algebraic complexity of the results obtained by this straightforward
approach and the amount of work required to reach them, especially before the tables
of symmetric functions were available, led to a search for simpler methods. In 1928
Sir Ronald Fisher revolutionized the subject in two ways : by proposing new symmetric
functions to characterize the distributions, the so-called k-statistics ; and by showing
how their sampling cumulants could be obtained by combinatorial methods.

We consider a family of statistics ky, ks, .., k,,.. Which are symmetric functions
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of the observations and are such that the mean value of %, is the pth cumulant «, :—
Ek, = «,. (12.16)
There is a possible source of confusion here due to notation. Whereas the moment-

statistic m, is the same function of the sample values as p, is of the parent values,
the same relation does not hold between %, and «,. Conversely, Em,, is not equal to u,.

12.7 Note first of all that &, is uniquely determined by this definition ; for if
there were two functions k, and k, obeying (12.16) their difference k,—k, would
have a zero mean value. But this difference is itself a symmetric function and can
therefore be expressed as the sum of terms X &%, Xx; %}~ etc., and hence its mean
value is a series of terms each of which is a product of moments. The vanishing
of this series would imply a relationship among the moments, which is impossible
except perhaps for particular parent populations. Hence k,— k, must vanish identically
and thus k, = k,.

Secondly, note that the k’s are, like the mean-moments, independent of the origin
of measurement, except for k;, which is equal to the mean itself. In fact, we have
by Taylor’s theorem

ky(xy+h,%y+h, .., x,+h)

h h?
= R, (1, %5 .+ 5 %)+ 1~—'ka (%5, %2y -+ s xn)+ D ky(xy, %2 .., %)+ ... (12.17)
where
0 0 0
D=etat Yo

Taking mean values, and remembering that «, itself is independent of the origin,
except for «,, we have

Ky = Kp+1"~! E(Dk)+... (12.18)

Thus E(Dk,) and other terms on the right vanish separately, for (12.18) is an identity
in A. In virtue of the remark above, this implies that Dk, = 0, D*k, = 0, and so
on; and hence, from (12.17),

ky(x1+h,xo+hy ..y x,+h) = Ry (%1, %5, . ., X,),
i.e. k, is independent of 4. 'The exception to this rule is 2, which has as its mean
value «; = y; and thus

ky = -Ex. (12.19)

n

12.8 We now proceed to find explicit expressions for the k-statistics in terms
of the observations x,, ...,x,. By definition &, is of degree p in these observations
(for «, is of order p in the moments, that is, the sum of the orders of the moments
comprising any term in «, is p). We may then write

ky=ZZ(xPal . . abah cooxh o oxl ) ART . PE) (12.20)
where the second summation extends over all the ways of assigning the 7w, + 7,4+ ... + 7,
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subscripts (including permutations) from the » available and the first summation

extends over all partitions of the number p, (p7p3* ... p¥). A(p™...p) is a number
depending on the partition.

We have D1y Pt . AP, = P (12.21)
and define p by W+t = p. (12.22)

We assume 7 > p. On taking mean values of (12.20) we have, since the x’s are
independent,

K = T {5232 p3) 4B}, (12.23)
where B is the number of ways of picking out the p subscripts from #, permutations

allowed, and is therefore equal to n(n—1)...(n—p+1) = n,
Now from equation (3.39), we have

Ky, = pIET (&)"' e (ﬂ&)m( =1t e -1), (12.24)

py! ps! !l ol
the summation extending over all partitions subject to (12.21) and (12.22). On

identifying corresponding terms in (12.23) and (12.24) we find the values of the A’s
and on substituting in (12.20) obtain finally

o= PIE(=1pTe=Dt apay
? nle) )™ .. (P!

the explicit expression of %, in terms of the x’s.
We may notice an important simplification of this expression which is crucial in

a discussion of the sampling properties of the k’s. Apart from factors in pand n
a typical term in (12.25) may be written

(R 2y
) PI!pI!.“Pl!”.Ps! nI!...n,!
where, it is to be remembered, permutations of the subscripts are allowed. There

will be a term of this type corresponding to every partition of p into a’s and of P
into p’s. Consequently we may write

(12.25)

k, = z(,‘l),’,’,“‘(p—l)!z(

n[l’]

Xy Xy oo X)), (12.26)

where there is a term in the second summation corresponding to every possible way
of assigning the subscripts. In this assignment, subscripts are regarded as distinct
entitics. For example, if from the # subscripts we choose p, to be 1, p, to be 2, . ..

P to be 7,41, and so on, there will be as many different terms as there are ways of
choosing p, from the 1’s, and so on, i.e.

p!
(L)l (P )™my! ... o)
In fact, (12.25) is a condensed form of (12.26) in which all the terms leading to the
same x-product are added together, their number being given by (12.27).

(12.27)
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Expression of Ek-statistics in terms of symmetric products and sums
12.9 We can write down the &’s in terms of the augmented symmetric functions
at once from the expressions for cumulants in terms of moments. For example,
we have
=3pgpy+ 20>
Hence, comparing (12.24) and (12.25), we have
B = [3] 3[21] + 2[19] i
*Tn nm—1) n(n—-1)(n-2)
Substituting for the augmented symmetrics in terms of power sums,

[3] = 3),[21] = -(3)+(2)(1), [1]] = 2(3)-3(2)(D+(1)*

we find

kg = )=3n(2)(1)+2(1)%}.

1
B 2
n(n—1)(n-2) @
Writing s, = (r) we may put this in the form

—_ ______M,l I 2 3
k3 - n(n—-l)(n_.Z) (n 33“3’1\9251'1'251).

12.10 The first eight k-statistics in terms of the power sums are as follows :—

1 1
kl = ;51

1
ky = —gi(ns3—53)
1
k3 = ;{a(nzs‘—3n5231+2s¥)
1
ky = ey (m2+n2)sq—4(m2+n)s3s,—3 (n®—n)si+12ns, 53— 6s} }

1
kg = o {(n*+5n%) 55— 5 (n+5n%) s, 5, — 10 (n® — n?) 55 5, + 20 (1% + 2n) 55 5%

+30 (n2—n)sis,—60n s, 53 + 2455 }
1o | (12.28)
ky = ey {(n®+16n* +11n%— 4n?) 54— 6 (n*+ 160 + 11n% — 4n) 55 5,
—15n(n—1)%(n+4)s,5,— 10(n* —2n°+ 5n* — 4n) s%
+ 30 (n®+ In?+2n) 5,57+ 120 (n® — n) 53555, + 30 (0 — 3+ 2n) 5}
—120(n®+ 3n) 5453 — 270 (n2 —n) 5352+ 360n 5,55 — 1208 }

k, -—l—, {(n®+42n° 4+ 11904 — 42n3) 5, — 7 (n® + 42n* + 119n% — 42n2) s, 5,

—21(n®+12n* — 3113 + 18n2) 555, — 35 (n® + 5n% — 6m2) 5, 54

+42 (n*+ 271 + 44n* — 12n) s5 57+ 210 (n* + 6n® — 1302+ 6n) 5455 5,
+ 140 (n* + 5n% — 6n) s2s, + 210 (n — 313 + 2n?) 5, 52

—210 (n3 41312 + 6n) s, 53— 1260 (7% + n? —2n) 545, 53

— 630 (n° —3n? +2n) 535, + 840 (n® + 4n) 55 5t + 2520( n® — n) 5353
—2520n s, 53 + 72057} )
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By = 1 (07499804 75708 4 1418 — 39815+ 1200)5,~8 (a2 + 99+ 757

+141n%—398n2 + 120n) s, 5, — 28 (n®+ 37n° — 390t — 157n>

+278n2 —120n) 545, — 56 (n® + 9n® — 23n* + 111n% — 218n% + 120n) 5554
— 35 (n®+n°+ 33n* — 12113 + 206n% — 120n) 5% + 56 (n® + 68nt + 35913
—8n2—60n) 5,524+ 336 (n®+23n* — 3112 —23n2+ 30m) s 5, 5,

+ 560 (n° + 5nt + 5n% + 5n% — 6n) 54 535, + 420 (n® + 2n* — 2513 » (12.28)
+46n%—24n) sy 55+ 560 (n® — 4nt + 1103 — 20n% + 12n) 53 s,

—336(n*+ 381+ 9912 — 18n)s;55 — 2520 (nt 4 10n% — 1712 + 6n) s, 5,52
— 1680 (n* + 2n® + 7n% — 10n) s3 57 — 5040 (n* — 213 — n® + 2n) 54525,

— 630 (n— 613+ 11n% — 6m) s3 + 1680 (n® + 17n2 + 12n) s, 5}

+ 13,440 (7% +2n2 — 3n) s5 5, 57 + 10,080 (n® — 3n% + 2n) 53 s

— 6720 (n? + 5n) 5453 — 25,200 (n% — n) s2 54 + 20,1607 5, s — 504053 }

In particular, we have

ky = m )

ky = ”'2’1"’2

k= P f (12.29)
3 = -1 Z3)Ms

k ’ )(n”’) )my—3(n—1yme

5 (= 1) (n=2) (n—3) (T Dm=3 = Dmi}

expressing the £’s in terms of the moment-statistics.
Values of k, and k,, are given explicitly by Zia Ud-Din (1954).

12.11 'There is a well-known theorem of symmetric functions which states that
any rational integral algebraic symmetric function of x4, . ., ¥, can be expressed uniquely,
rationally, integrally and algebraically in terms of the symmetric sums s,. It can thus
be so expressed in terms of the %’s, for from equations such as (12.28) the s’s can be
so expressed in terms of the k’s. Thus an investigation of the sampling constants
of any symmetric function expressible in terms of rational integral algebraic symmetric
functions can be translated into an investigation concerning the &’s.

The reader who is prepared to take the algebra for granted may prefer to pass
vver the rest of this chapter and the next rather lightly, noting the main results without
following the proofs. We are about to embark on a combinatorial method for deriving
systematically the sampling cumulants of k-statistics in terms of parent cumulants.
We shall find that the results are substantially simpler than equivalent results stated
in terms of moments.

Sampling cumulants of k-statistics

12.12 The problem of determining the sampling-moments or the sampling
cumulants of k-statistics is that of finding mean values of powers and products of
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those statistics. To any number a with partition (e*a3* . .. a*) there will correspond
a moment

W, .a*) =E(ky.. kK (12.30)
and a cumulant «(a®...a*) related to the moments by the identity (cf. (3.28))
i N - -4 ' 1B - B e
X{K(a‘l‘ ...a,)m ...%!} = log{Z,u @ ... bf;,)m. . E;'} (12.31)

For example, the fourth cumulant of k, will be expressible in terms of the fourth
moment of k, about the origin and moments of lower order. These quantities will
be written «(2%) and p’(2%), in accordance with (12.30). Again, the cumulant «(32)
corresponds to the moment x'(32), the mean value of 2, k,. Generally, in the simul-
taneous distribution of the %’s there will be a separate formula of degree a for every
partition of a.

Now the product k% ...k% is homogeneous and of total degree a in the x’s.
Hence, when mean values are taken u'(a® ... a*) will be homogeneous and of total
order a in the parent u’s. Since the «’s themselves are of homogeneous order in the
w's it follows that x(a® ... a%) is of homogeneous order in the «’s. Hence we get
the first rule for the sampling of k-statistics :—

Rule 1. «(a% ...a™) consists of the sum of terms each of which, except for con-
stants, is a product of parent «’s of order a.

For instance, «(2¢) is of total order 8 and is therefore the sum of terms in iy, xqx,,
Kkska K2, Kqil, K2k, and k4. Similarly «(32) will contain a term in «; and one in
kykqa and no others. As scen in the next rule, no terms in «, appear.

Rule 2. No term in «(a®...a%) contains «,, except «(1) itself.

This follows as in Example 12.1. ‘The k-statistics are independent of the origin
and hence their sampling distribution cannot depend on the variable quantity &«;.
The exception occurs when we are dealing with the only statistic which is dependent
on the origin, namely k;, and here «(1) = «,; as is evident from the definitions.

12.13 We now enunciate and illustrate the rules by which the terms in « (af* . . . a}*)
can be found. As the proof of the validity of the rules is difficult to grasp until their
nature has been comprehended we defer a proof until the next chapter.

To find the term in «f! ... kf" in «(af* ... al) consider the two-way array
by
by
. (12.32)
by

a a ... 4y .... a
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where there is a row corresponding to every « in the term «f ... «f" and a column
corresponding to every part in x(af*...a%). Consider the various ways in which
the body of the table can be completed by the insertion of numbers whose row and
column sums are the respective b and @ numbers ; e.g. if we are seeking the coefficient
of kg«} in «(422) we shall consider such arrays as

2226 231 6 33 .06
11 .] 2 11 ., 2 1.1 2
11 .2 1.1 2 L1102 (12.33)
4 4 2 10 4 4 2110 44 210

Then the rules by which these arrays give the coefficients of «f! ... xf» are as follows :

Rule 3. Every array in which the numbers in the body of the array fall into two
or more blocks, each confined to separate rows or columns, is to be ignored.
For instance, in the foregoing example

42 .16
2 .| 2
2 2

4 4 2[10

is to be ignored, since the 2 x 2 block in the top left-hand corner has no row or column
number in common with the entry in the bottom right-hand corner.

Rule 4. Subject to the ignoration of terms enjoined by Rule 3, to the coefficient
of kfi ... fn in k(ad ... a*) there will be a contribution corresponding to each way of
completing the array (12.32). Such of these as do not vanish are composed of a
numerical coefficient multiplied by a function of .

Rule 5. The numerical coefficient is the number of ways in which the column
totals, considered as composed of distinct individuals, can be allocated to form the
array concerned, divided by B,!8,!... 8,

Rule 6. The function of #, called the pattern function, depends only on the con-
figuration of zeros in the array, not on the actual numbers composing it or on the row
and column totals. The function is given by considering the separations of the rows
into distinct groups or separates.

(i) With a separation into one separate, there is associated the number #; with a
separation into two separates, #(n—1); . . . , with a separation into ¢ separ-
ates, n(n—1) . . . (m—q+1).

(1) In cach separation we count the number of separates in which a particular column
is represented by a non-zero entry. If in p separates, we assign the factor

D= to that column.
nn—1)...(n—p+1)

This is done for each column and the factors multiplied together.

(ii)) For cach scparation, the number in (i) is multiplied by the product in (ii).
(iv) The result, summed over all separations, gives the pattern function.
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Rule 7. Any array containing a row which consists of a single non-zero entry
has a vanishing pattern function and is to be ignored.

Rule 8. Any array containing a column which consists of a single non-zero entry
has a pattern function 1/z times that of the array obtained by omitting that column.

Rule 9. Any array the non-zero elements of which consist of two groups connected
only by a single column has a vanishing pattern function and is to be ignored.

Example 12.2

As an illustration of these rules (which are not as difficult as they look), suppose
we seek for the coefficient of xg«3 in «(422). If the reader will write down the thirty
or so possible arrays with column totals 4, 4, 2 and row totals 6, 2, 2, he will find
that the only ones which do not vanish are those of (12.33) and permutations of rows
and columns with the same sum, namely

222 6 231 6 321 6 231 6
11 .2 11 . 2 11 .02 1 12
11 .. 2 1.1 2 11 2 11 .2
44 210 442 10 4 4 2010 4 4 2110
(a) (b) (c) (d)
32106 33 .6 33 .6
11 2 1 . 1. 2 L1 1] 2
11 2 112 1 1E2 (12.34)
4 4 210 44 210 4 4210
(e) (f) (8)

With practice the reader will find it unnecessary to write down arrays such as (c),
(d) and (e), which are merely obtained from (b) by permuting rows and columns, but
for clarity at this stage they have been set out in full. There is one trap here to be
particularly noticed. In array (b) the two columns summing to 4 and the two rows
summing to 2 are different, and their permutations result in 4 different arrays. But
in array (f), though the rows and columns are different, there are only 2 different
arrays.

Each of these arrays contributes to the coefficient required. Consider first of all
that from (a). 'The numerical coefficient is (2':: 1 !) (2':-: i !> : —21—' = 72. 'The first
factor in brackets is the number of ways of allocating 4 individuals in the partition
2, 1, 1, similarly for the second, and we divide by 2! since there are 2 members of
the row totals the same, this being the only £ factor.

Under Rule 8, the pattern function is 1/n times that of

X X
X X
X X
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The separations, five in number, are as follows :—

X X X X x X X X X X
X X X X X X} X X X X
X X X X X X X X X X

The first is, of course, the original pattern array (one separate). The next three con-
sist each of two separates, obtained by taking alone the first, second and third row.
The last consists of three separates, one for each row.

The contributions respectively under Rule 6 will be found to be

:)0) -
n|=){=) ==
n)\n n
3n(n—-1) -3
(n l) n(n ]) " n(n—1)
] (=121 } C(=1p2t Y4
n(n=1)(n 2){71(11 D=2 \n(n=1)(n=2)f ~ n(n—1)(n—2)
The sum of these is (n—1) (n “2) and hence the contribution from array (a) in (12.34)
(n—1)(n-2)
Now for arrays (b) to (¢), which have all the same numerical factor and the same
pattern function and can therefore be considered together. For any one the numerical

factor is
41 41\/ 21\ 1
(211!1?)(311!)('1!1!) 7= 8

and that of the four together is thus 192.
Under Rule 6 the pattern function will depend on the configuration

X X X
X X
X . X

where x stands for a non-zero entry and a period for a zero entry. There are five
separations of this, one of one separate, three of two separates, and one of three separates.
The contribution from the first is

nnn nt

111 1
n-

for each column has a non-zero entry in the separate. The contribution from the
three separations given respectively by isolating the first, second and third row will
be found to be
n(n— 1)[ -1 4 1 1 }=_21':_3“
n3(n—1)3" nd(n— 1)2 nd(n—1)2 n?(n—1)>
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The contribution from the separation of three separates is

21 -1 -1 2
"("“1)(”‘2)[ n(n—1)(n—=2) n(n—1) n(n— 1)] T -1y

‘ o . . 1
'The pattern function is the sum of these three contributions and is thus B 1)2'

The contribution from arrays (f) and (g) in (12.34) will be found to be @"_:%E
Hence, adding all the contributions together, we find that the coefficient of «g
in «(4%22) is
2 4 192_+ 32 _ 8(37n—65)
n=-1)(n=2) (n—-1)* (n—=1)* (n—-1)*(n— 2)

as shown in equation (12.66) below.

12.14 Rule 10. The expression for any x(af...) which contains a unit part
may be obtained from that without the part by (1) dividing throughout by # and
(2) increasing the suffix of one of the «’s by unity in every possible way.

For example, it may be shown that

K(2) = Zf’l
Ks 4K3K2
Hence k(2*1) =

w2 n(n—1)
412 4icyncy

8 n2(n—1) n?(n— 1)

212
(2 1)_71
and so on.

12.15 The reader cannot be blamed for doubting whether this rather elaborate
combinatorial procedure represents much of an advance on the straightforward
algebraical approach considered earlier in the chapter. He should try a few of the
more complicated cases both ways. In point of fact, it is so easy to make algebraical
slips with either method that most formulae in current use have been checked by
being calculated by both methods. The combinatorial method, however, is something
more than an algebraical short cut. We shall find in the scquel that several results
of importance are derivable directly from it, whereas the straightforward evaluation
of expectations yields them only by non-straightforward manceuvres.

Example 12.3

For comparison with Example 12.1 let us find the variance of m, by the combina-

torial method.
From (12.29) we have
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2
Hence varm, = (T) vark,

_ (’L;.l)zk(zz).

x(2?%) consists of two terms, one in «, and one in «. 'The only array contributing
to the first is
2 214
2 2|4

with a numerical factor unity and a pattern function 1/n. The arrays giving the
second are of type

If any entry in this were a 2 the row in which it appeared would contain only a single
entry and hence the array would vanish. The only contributing array is therefore

1 12
1 1,2
2 24
. . f 20\ 1 . .
The numerical coefficient is W) 51 = 2. 'The pattern function will be found
to be 1/(n—1). Hence
2
K(2) = A4 2"21

as given in (12.35), and
varm, = (n l) x(2%)

() iz

—1)2 3— -1
= (_7173—)-/144”(' - nzzgn '“),“3,
agreeing with (12.14).

Example 12.4

To find the third moment of k, we require «(23). This will be the sum of factors
in kg kg ki and .

The coefficient of the first is 1/n2%.  For the second we have to consider the array

11 214
11 .]2

22 26
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all others vanishing except the two equivalent partitions obtained when the column
with the single entry appears in the first or second place. The numerical factor is then

21\2

The pattern function is 1/z times that of

X X
x X

ie. is 1/{n(n—1)}. The coefficient of x,«, is then 12/{n(n~-1)}.
For the term in «} the only contributory array is

1113
11 1]3
2 2 216
. 21\ 1 . n—2
with a factor (iﬁ) 5= 4 and pattern function Yo
For the last term we have to consider the array

11 .]2

.12
11 12
2 2 26

. . . . 1 .
with a numerical coefficient 8 and a pattern function e Collecting terms

together we get

5y = K 12k40,  4(n— 2) 8
«(2) = n? n(n 1) n(n-— ]) (n 1)2

This is also the value of the third moment x(2°) measured about the mean of the
sampling distribution k,. We see that if the parent is normal the third moment

reduces to ———, i.e. is of order »~2, indicating a rapid tendency towards symmetry.

(n —1)2

Example 12.5

Few things illustrate the usefulness of expressing the formulae in terms of cumulants
and the power of the combinatorial method better than the simplification imported
when the parent population is normal. In this case only terms in x, survive, all
higher cumulants vanishing.

As an illustration let us prove that «(pg) = 0 for normal samples unless p = q.

The only term which can appear in «(pq) is «iP*? and evidently, if p+¢ is odd,
this itself is impossible and «(pg) must vanish. If p+gq is even we have to consider
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the array

P q9iptgq
Now if any entry in this array is 2 the array vanishes since the row concerned will
contain only one entry. The reverse can only happen if all the entries are unity,
in which case the sums p and ¢ must be equal. This establishes the result.

Example 12.6

If k(a,™ . . . @) contains r parts, every term in it is of order n~"~1, For example,
every term in «(3%222) is of order n-3,

By Rule 7, every array with non-vanishing pattern function (p.f.) has at least two
non-zero entries (n.z.e.) in each row. By Rule 8, we may confine ourselves to arrays
with at least two n.z.e. in each column. We have to show that the p.f. of every such
r-column array is of order n~ 1. Every array has a single-separate separation ; by

. . 1\’ .
Rule 6, this contributes n(;) = n~""1, We now need only show that no separation

with more than one separate has a contribution of higher order. Consider any 2-

separate separation, S, ; if the p.f. is not to vanish by Rule 9, at least 2 columns must

have a n.z.e. in each separate, and by Rule 6 the contribution of S, is of order
1\2/1\"-2 . :

n’(—§> <~) or less, i.e. it is o(n~ V). Any 3-separate separation, S;, may be
n%/ \n

derived by a sub-separation of an S,, and using Rule 3 it follows that the contribution

3 r-3
of S; is of order n3(n—1—2) (%) , i.e. o(n~"~1). The same argument, step-by-step,

—(r—1)

shows that no separation can contribute a term of order as high as » This com-

pletes the proof.

Example 12.7

We may use the properties of sampling cumulants to prove a characteristic property
of the normal distribution which was discussed analytically in Example 11.3 and
geometrically in Example 11.7 : namely, that the mean and variance are independent
in normal samples.

Let us recall the definition of the joint characteristic function of two variates. If
and only if that function factorizes (as in 4.16) into two univariate c.f.’s, they are
independent. Regarding the three c.f.’s as moment-generating functions and taking
logarithms we have, from (3.74),

Q)AL 3 (@), (ity)
B - e =N
which implies «,, = 0 if rs # 0. Provided that cumulants of all orders exist this is

a necessary and sufficient condition for independence.
u
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Now consider the joint distribution of mean and variance, or, equivalently, of k&,
and k,. Since «, = 0, p > 2, we have from Rule 10
k(2:17) =0 (any 7,s # 0).
Hence %k, and k, are independent.

We may now establish a result due to Geary (1936), that the converse is true, i.e,
only in normal variation will mean and variance be independent. For, by Rule 10,
K@) = Srpn >0,

If k&, and k, are independent this is zero for all »>0. This implies normality on the
part of the parent.

It is rather remarkable that we have not had to use the relations «(2'17) = 0 for
s > 1 to establish the converse ; and that the converse requires independence for only
one value of n.

Several later writers, e.g. Lukacs (1942), have proved Geary’s theorem under less
restrictive conditions about the existence of cumulants.

12.16 The following formulae give results for statistics of degree not greater
than 10, with some of the 12th degree. They hold for n not less than the order of
the k-statistic considered.

Second k-statistic

x(22)“';: nz"‘l (12.35)
1246,  4(n— 2) 8
3y _ Ke 472 3
“@) = et aE—) Ao E (12.36)
N LR0-2) st
«(2 = n3+n2(n—l)K° ot n2(n—1) " et ni(n—1y '
144 96(n-2) , 48
+mK4K§ (Sl 1)2 3 2+( 1)" ‘ (1237)
o k1o Hkyry | 80(n—2) 40 (5n%—12049)
$(2%) = 2 +n3(n 1) m3(m—1) 7" m(n—1)p oM
16(n—2)(6n2—12n+7 , 480 . 1280(n—2)
* wu—1)t (1) gy Kk
320 (4n*—9n-+6) , _480(2n*—Tn-+6) 1920
n(n—1)t 4% n®(n—1)* <5 n(n—1)s" 4"
1920(n-2) , , 384
n(n—-l)‘i K“K2+(n—-_l-)ik2 (12.38)
1 60 160 (n—2 240 (2n*—5n+4
“(29 = Sert gy ket (( )) fr*(n 13 s
L 96(n=2)(7n*~14n+9) 4(113n4—520n5-+ 95002~ 800m+265) ,
né(n—1)s KK =1y e

1200 . 4800 (n—2)

1200 2 4800(n—2 2400 (51— 12n+9)
na(n__l)z 872 ns(n_l)a

+ K7K3K2+ n3(n ])4 -

KgKygKg
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960 (n— 2) (6n*—

160 (n—
o nd(n—1)4
1920(n 2)(9n*—

3 (n—1)

9600 s
n2(n—1)"¢" 2
28800 (2n2 —7n+ 6)

Ty MaKie
38400 (n—2) , 3840

-1y ° 2 (n

2)(1n=53), .,

23n+16)

+ Z(n 1)4

Third k-statistic

K(32) n-xe—{— 9 —?_—1K§+
n(n—1)"*" n(n
54(411—7) 0

108n (5n—12)

(n=1)*(m—2)*""

1 54

e 1z+ by Kipkgt

108 (752 — 20n + 16)
n?(n—1)>3 K7 ks

324 (1912 —67n+54)
n(n—1)*(n—2)

k(34 =

108 (82n°—481n*+958n—640)

n(n—1)%(n—2)

Ky Ky Kg

38400(n-2)

(n—
27 (3n—4)
~1)2
162 (5n—12)
+(n 17 (n—2) 5“2+(n 12 (n—2)

108 (21— 3)
27 (17n2—

KrKgky

291

120+7) ,
nd(n—1) <5 K9
480 (11n*—41n%+59n-31) ,
3 (n—1) “

9600 (4n2—9n+6) , ,

n(n—1) 4%

960 (n—2)(5n—12) , 28800

n?(n—1)> St i)

n(n—

Kg K3 Ky

6n 5
1)(n—2)"
27 (4n—7)
n(n—1)>2
36(7n2—30n+34) |
T-1Em-2p ¢

(12.40)

K6K3 Kg Ky

Ky K3 Ky

(12.41)

27 (17n%— 49n + 35)
n?(n—1)>3

27 (37n—70)
n*(n—1)3 ST n(n—1)2(n—2) ke s
162 (6502 — 245n +234)
n(n—1)(n—2)
108 (59n%—220n +224) ,

n(n-1@n-2)

KgKyg

47n+39) ,

K

KgKgKy

KBK:} 5 Ko

324(75n — 47372 + 10160 —756)

n(n—1pn-2)2

| 27(173n ~ 15037° + 496207 ~
108(71n2—263n+234)
(n-1p@n-2p "%
486 (63n2—290n+352) , ,
(12 4%

162 (87n3 — 594n? + 1420n—1176)

(n=17 (-2

643 (103n* ~ 5100+ 640) , o

(n=1)*(n—2)°

K5 KyqKg

7380n+4200)

nn—12nm-2)p

648 (79n2 —
- (n—1P(n-2)
972 (99n%— 688n*+ 16121 — 1280)

(n—1)*(n—2)

9721 (23n*~103n+118)
St ez ek
648n*(5n— 12)

(n= 1) (n—2)"

343n+378) .

Kg K3K2

Ky K3 Kg

(12.42)
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Fourth k-statistic
o 1 16 48 34 72n .
w( )“;"a"‘m"e"z‘*‘n 1 Hskaty 1‘+(n 1) (n— 2)"4"2
144n 24n(n+1) ot
Ya-)0-2)""F -1 (-2 (=)
x(43)=‘1‘ Kigt (481)"10"2 16n((l:n 1)127‘)'%"3 IZn(gn 1)625)"8"4
48 (16n—29) 12(37n-170) , . 72(11n—19)
1y T 1y St 1) e
288 (19n—41) 48 (203n— 523)
(n=1)2(n=2)"""* " (n—1)(n—2)
144 (S6m 2570 4302)  , 1440(4n—11) ,
(-2 9T (n-1)2(n-2)"
1152 (2202 — 1061 +133) 8 (709n% — 3430 + 4456)
(n—1)2(n—2) 4" (n—1)2(n—2)2
L 288(19m = 98m*+125n+2) 1728 (24n*~ 140 +200n+4)
(-12@-22(=3) T (a-1p(n-2(-3)
432.(61m3— 37102+ 5521+ 12) , , _ 864 (10353 — 629n% + 948n +24)
(1P —2p(—3) ST o ipme2p-3)
288 (41— 384n° + 12000~ 12820 =36) (| 288m(SIn*~179n—52)
T (=1 (=22 (n—3)* (n—1)2(n—2)*(n—3)
1728n (29n®— 196n2+317n+62) 3 172.8n(n+1)(n2 -5n+2) ,

o2 -3y ST olpmo2pmosy ¢ (12

(12.43)

KgKgKg

Kg Ky K2

Fifth k-statistic
52 1 25 100 200 125 ,

k(5%) = ;Klo-i-n—_ikslfz'i';‘:iK7K3+’—z:—iK6K4+mK5

+ 200n i lZOOn B 850n
(n—-1)(n—-2)"°"* —)(n=-2)"°"*"?% n—-1)(n—-2)

+ 15007 R 600n(n+1) ekl
(n=1)@n=2)"*" " (m-1)(n-2)(n-3)

N 1800n (n+1) 2 12072 (n +5)
(r=1)(n=2)(n=3)"*"*" (n-1)(n—2) (n-3) (n—4)

2
Ky Kg

& (12.45)

Sixth k-statistic

k(6% = ’1-;K12+ ;é——l— (36K 1015+ 180k K3+ 465k 14+ 780k, w5 +461%)

+ (n— l)n(n _ 2) (450x4 k24 3600k, kg ky+ 7200k kg o+ 6300k 2

+ 450042 K, + 21600k 14 13 +4950x})
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+ __n(m+l)
(n—=1)(n—2)(n-3
+ 54000k &2 k5 + 8100«5)

n*(n+5)

(” 1)(" 2)(71 3)( _4)(54’00K4K2+21600x 2 k)

n(n+1)(n*+152—4)

(= 1) (n—2) (1—3) (n— 4) (n5) 202

Product-cumulant formulae

1 6
K(32) = ;}K5+;[——-—i

K3 Ky

€)= Legt Dot

x(52) = }lx7+~~1—91 xsx,+%«4x3
K(62)=%K8+r—}_—zi.<6xz+§_(_)—1x5x3+;2_-_°—1x§

k(72) = 11—1K,+1—41—K7Kz+;4i-2—1—x°l<3+'—;:0—lksx4
K(82) = 2 eagt kgt 561K,x3+~13‘i korat ok
K(43)=%.<,+ 121K5K,+ 30 praest 13)6('; z)mg
.<(53)=}l,<8 L ke 45+ 30+ 1)(

€(63) = Ligt - 2 (181 kg + 63y + 105k k)

+(n Wl)-(' )(90K5K§+360K4K3K2+90Kg)
«(73) = :lxlo-i- L (2l yey By ey + 168, + 105)

*@inm—
k(54) = —Irixn-i—;—l—i(ZOK‘, o+ 70k g 3+ 120k4 K q)

+ (120k5 k2 + 600x ¢ 13 x5+ 180x3)

(n—1)(n—2)
n(n+1) o i3
T =) m—2)(=3) 20

) (2400x ¢ k3 + 21600k 5 kg k3 + 15300 3

2) (604 k3490 «5)

%) (126144 K3+ 630k 5 15 k5 + 42013 3+ 630k 4 17)
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(12.46)

(12.47)
(12.48)
(12.49)
(12.50)
(12.51)
(12.52)
(12.53)

(12.54)

(12.55)

(12.56)

(12.57)
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(64) = & kg (g 96k g+ 194y g+ 12018)

+ (e 1)”»(,1_ 2 (1803 1080k, .y + 7206y + 1260k, )

. n(n+1) o 3 2 2
(n_ 1)(n—2)(n— 3) (480xc4 k3 + 108042 «3)
16 12(2n—3 48
x(329) = MK7+ n(n—1)"® w2t n(( 1)2)"4“3 (n—1)2""
1 20 8(5n—7) 4(Tn— 10)
w et T m ) T 12" (1)
80 .. 120
1 24 20(3n 4, 20067
2y - . - .
“BZ) = ot o a1y O (a1
L 120, 480 120
R T N
1 28 12(7n-9) 4 (41n—56)
K(62§ = ;§x1¢+ﬁz;tjijxaxz+ ﬁ(n——lf K.,Ka-i—-n(n__l)2
20(5n—7) ,. 168 840 560
v | M) T
840
T
1 21 6(8n—11) 9(3n-5) ,
K(322) = ﬁks‘*‘mkskz'i' ;t(n 1)2 Kg Kg + (n 1)2 4
+ 18 (6n—11) 2 18 (97 —20) . 36n
(117 (1-2) T (=1 (1=2) " (-1 (n-2)
1 26 24 (3n—4) 10(11n—17)
k(432) = '-szK9+’—l—(;:~I»)K,K2+ (( 1y Kg K3+ (=1 Ky Ky
L 36(n=9) . 12(61n-128) 36 (5n—12)
(1-12(1-2) " (1= 1)2(n—2) " (u-1)p(n-2) "
+ 360n s
(n—1)2(n—2)"*"
1 31 1017 — 131 5(37n—55
x(532) = ;I—K10+—(—-—"‘1*5K8K3+ h(:~—1)2 KqKy+ 7(1(7:—1)”)

5@n-35) , 300n=16) . 0(5m-92)
na—1p T (a=1)2(r-2) " (-1 (r-2)"* "
L 0(15n=31) +30(45n 103) oy 720m
(n=12(=2)""" (1= 1y (1=2) T (1= 17 (5-2)
1620n 2 2
Tn-1p(-0""

x(42%) =
+

KsKyg

Kg Ky

4

Kg Ky

3

K4K2

(12.58)

(12.59)

(12.60)

(12.61)

(12.62)

(12.63)

(12.64)

(12.65)
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1 32 8(13n—37 4(49n-73
2 = et oyt fz(n 1)2)”’"“+’7(z'(n-‘1)2)
4(29n—46) ,  8(37n—65) 1536

n-1p ST = 1p(n-2) " o1

Kg Ky

K3 Ko

144 (Tn—15) ,  72(21n—50) 96(10n2 27n=1) .

K4K2 K4KJ

(n—1)2(n—2) (n—1)2(n—2) —1)2(n—-2)(n-3)
144 (17n2=53n-2) , 192n(n+l)

1y (n-2)(1-3)" ST = 1)2(n—2) (1—3) "
1 33 6 (19n—25) 3(65n—107)

w0t T T 1y T am—1)
6(19n—34) ,  18(19n—33) 72(23n-52)
+ 7’ w2 Kg K
n(n=1 7 (n—1)*(n-2) (n—1)*(n—2)" "™
54(19n—48) , . 54(33n2—148n+172)
(n—1)(n— 2)"4"2 (n—1p2@n-2p %
2n(17n—40) ., 108n(27n—70) , 216,
Ky K3+ K5+
(n—1)*(n—2)? (=12 (@=22""%" (n=1)2 (n—2) "

o0  2(1n-53) 12,(9n2 — 231+ 16)
WO (= 1) n?(n—1) 9" n2(n—1)>3
240 2_360(2n-—3) 24(5n—12) , 480
=12t g1y et oy ST oIy
1 36 4(23n-37) 4(47n*—120n+ 81)
;ﬁK'°+-7};‘"(;z—w”1")K8K2+ n2(n—1) “7" n?(n—1)3 Ko ke
(=20 +17) 5 360, 288(5n=7)
7 (n—1)p A=t a1
144 (7n—-10) , +24(49n 95) 960 2160

3
n(n—1yp T pm—1) Kk (n—l)3K4K2+(n 18"

r, 3 - 2
029 = Lt 1 et S0, 3<61",,2(,:66;:“’>
2(59n2 154n+113) ,  6(67n—131)
nt(n—1) & n(n—1)(n—-2)"°
24 (71n2— 246n +202) 36 (29n2— 103n+93)
Con(n=1pm=-2) T am-1p3n- 2) Ky
36(38n° 1551+ 160) 72(14n—-23)
n(n—1pm=2) T m-1p3m-2)"
144 (197 — 44) 288n

Fnm1p(n-2)" T (=13 (n—2) "

5

ke (432) =

Kg Ky

62+

k(328) =

KgKyg

3
K3K2

K(429) =
K K3 Ko

2 2

KgKy

[ X5
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(12.66)

(12.67)

(12.68)

(12.69)

(12.70)

12.17 Additional formulae for the case of a normal parent population are as
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follows. There are two general formulae :—

Rt VI
(%) = Gl (12.71)
«(p'2) = 2 UHEPa- 1)! x(p%) (12.72)

(Ipg—1)! (n—1y 2"

and the following specific formulae of degree 12 and upwards (those of lower degree,
of course, being derivable from equations (12.34) to (12.70) by putting all «’s higher
than the second equal to zero).

34,560
K (3229) = (ne 1)5“(717:1"72') K (12.73)
x(342) = 7776n* (5n—12) , (12.74)

(=1 (n=2)

k(3422 = (n—1)5(n 2)3 K3 (12.75)
1,741,824n*(5n—12)
4 _ 9
x(3423) = (n—1)8(n—2)’ Ky (12.76)

466,560n3 (2217 — 1117+ 142)

K(38) = 2 7(n7 1)5(11 2)5 AR (12.77)
k(3%2) = 7—‘-1——8——sz(3°) (12.78)
x(3822) = o 362)2 k2 (3°) (12.79)

19207 (n+1) 2

D) = e 2y ) (12.80)
(4223 — 23,040n(n+1) o

#2) = 2 (e 3) " (12.81)
ez = 322SO0m(ni1) :

#2) = W1y (—2) (1—-3) " (12.82)
c(@p2) = 20 (i —5ns2) (12.83)

(n—1)*(n—2)*(n—3)*
anm _ 290,304n(n+1) (n2~5n+2)
x (4922) S N (12.84)

4,644,864n (n+1) (n?—5n+2)

LU G A Y R (12.85)
(44) = (nf)gal(i"_(;;; (1,,);-3‘);0, (53— 428n + 10250 — 474n+ 180} a2 (12.86)
w@2) = 204y (12.87)
c(@2y) = 28 s a9 (12.88)

(n—1)2
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k(4%) = 484 12 ky’ approximately (12.89)

It should be noted that (12.73) to (12.89) are all expressions of even degree. Those
of odd degree are all zero, because «, = 0 for r>2 in normal variation. In fact,
(12.72) implies that «(p?2") = 0 if pq is odd or if ¢ = 1 and p>2. Methods of proof
of (12.71) and (12.72) are suggested in Exercises 12.9 and 12.10. Hsu and Lawley
(1939) gave exact results for «(4°) and «(49).

12.18 As an illustration of the way in which the sampling formulae can be used
to approximate to a sampling distribution, let us consider the distribution of 4/b, in
samples from a normal population. We have, in terms of the sample moments,

mg n—2 Ry
VO 5n T - )
For a normal distribution the variance of k;, «(32) is, by (12.40), equal to
6«3
(n—1)(n—2)
We therefore consider the statistic
J (=002 - (12.90)

= {6 (n 2)}\/1; (12.91)

which will, to order #-1, have unit variance. We have

(n— 1)(n 2) ky {1 } (12.92)

3/2

Since the population is symmetrlcal, the mean value of x 1s zero. We then have,

expanding (12.92),

- (= 1)(-’3-—2) l-{kz 2k (kg ) 4 kz(k — ko)’ -—~—k2(k2—;<2)3

+3 kz(kz-—xz)“—-glkz(k K2)5+%k§(k,,—,<2)°+...}. (12.93)
2

The variance may be obtamcd by takmg mean values of both sides, and since «, is
the mean value of k, we have

var e = @ DO=D @y - 2oy Suer ey -Hueez

15

2
We now express the product u’s in terms of product «’s by using equation (12.31)

and identifying coeflicients. For a normal distribution «(32") = 0 and we will take
our approximation to order n~4, so that «’s of five parts or more may be neglected.

(322‘)———/,&(3225)-{- ,u(322“)+ } (12.94)
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We then find

vars = @7 D=2), 1[ (3= 2 (3*2)+: 2{,<(3222)+,<(32) «(22))

- % {x(322%)+ 3k (322) < (2%) + x(3?) x(Z“)}+ p {6K (322%) «(22)
+4x(322) k (2%) + 1 (32) x (2%) + 3k (32) k* (22)}——— {15« (322) «*(22)

+ 10k (32) k (2°) (22)1+g§ 15k (3?) 3(22)] (12.95)

Substituting the values of equations (12.35) to (12.89) we find, after some purely
algebraic reduction,

6 + 28 120 N

n—1" (n—1 (n—1)

6 22 70

= 15— (12.96)

varx = 1—

In a similar way it may be shown that
1056 24,132

n3

(12.97)

Ha(X

ps(x) is zero, for the distribution is symmetrical.

In point of fact, the exact results for this case are known (cf. Exercise 12.9) and
hence can be used to check the algebra here.

It appears from (12.96) and (12.97) that as n — oo the second moment of x tends
to unity and the fourth moment to 3, which is in conformity with tendency to nor-
mality. But the tendency is by no means very rapid. When n = 100 the variance
is approximately 0-942 and in assuming x to be distributed with unit variance we
should commit an error of about 6 per cent.

There are two ways of improving on the first approximation that x is normally
distributed with unit variance. In the first place we may consider a transformation
to a new variate &, chosen so that & is normally distributed to order n~2. Sccondly,
we may fit a Pearson curve to the distribution of x, using the values of moments given
by (12.96) and (12.97). The appropriate curve is the Type VII

x2 ~m
dF o (1 +——2) dx. (12.98)
a
The first line was adopted by Fisher (1928), who obtained the following transformation :

_ 3.9 3 11y . 33 . R
¢ x(l +o > Zn( >( 3x)—§;l-§(x —-10x% 4+ 15x). (12.99)
The second was adopted by E. S. Pearson (1930), who tabulated the 1 per cent. and
5 per cent. significance points of (12.98), that is to say the values of the variable x
for various values of n such that 99 per cent. and 95 per cent. of the total frequency
of the sampling distribution falls within a range of +x on each side of the mean.
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12.19 By such methods approximations can be obtained to the sampling dis-
tributions of any statistics which are expressible as symmetric functions. The reader
may care to refer to investigations on these lines by F. N. David (19494, b) into the
sampling moments of the coefficient of variation, the logarithm of the variance-ratio
(Fisher’s 2) and the variance-ratio itself. Difficulties associated with the expansion
of denominators in ratio-statistics may sometimes be overcome by the use of the
following device.

Consider a statistic ¢ which is in the form of a ratio a/b, where b is always positive.
Then

F(to) = Plt<to} = Pfa/b<t,}
= P{a<bt,} = P{a—bt,<0)}. (12.100)

We then consider the statistic a—b¢,, which does not suffer from the disadvantage
of being a ratio. For example, suppose our statistic is * Student’s” ¢, given by

;= @@=y (n-1)

where p is the parent mean and s* = X(x—#)?/n. The distribution is symmetrical
and hence
P{|t]<|te]} = P fr<s)
= P{&—p)(n-1)-s1i<0}. (12.101)
We then consider a statistic
= (n—1)(%—u)—1tis (12.102)

and can obtain as many moments or cumulants as we like for given u and 2.

In this particular instance, for normal variation we know that % and s are inde-
pendent and can find the cumulants of u directly. For the characteristic function
of u, writing the imaginary quantity i¢ as 0, we have, from (11.39) and (11.40),

$0) o | [ exp [ln—1)(E- P =552} 0)exp {— bn(e— ) dexp {~ bnst}sr=2ds
- ~t 2y —i(n-1)
_ {1 _2_(1’._J_)9} {1+%_to_()} . (12.103)
n n
Hence we find, for u,

o=""1(-2 (12.104)

=200 1ey. (12.105)

As n tends to infinity ¢ tends to (1—26)-*exp(—0#2), which apart from the second
term is the c.f. of a Type III or 42 distribution with one degree of freedom.

Now we require only the probability that <0, which is therefore the probability
that a deviate with mean (12.104) and variance (12.105) is less than zero. For n = 20,
to = 2 we have x; = —2:85, k, = 3-42. This is equivalent to a standardized deviate

of —2:85/4/3-42 = —1:563. 'The probability that this is exceeded in a normal
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distribution is 0-941, which is accordingly our approximation to the probability that
t will not exceed ¢, = 2 in absolute value. The true value is 0-940.

Although we have considered a normal case, the method is particularly useful in
judging the effect of departures from normality on certain statistics. Reference may
be made to David and Johnson (1951) for some work on these lines concerning the
variance-ratio.

Sampling from finite populations

12.20 In sampling without replacement from finite populations the algebra of
expectations becomes much more complex in virtue of the fact that successive drawings
are no longer independent. Let us follow through the work of 12.3 in the finite
case to illustrate the point. Equation (12.2) still holds, i.e.

Emz — n;lExz_n-—lExixj’ (i :;é]‘). (12.106)

n

If capital M’s are written to denote the moments of the parent population of N members,
we now have, by definition,

Ex? = M,
¥

Ex;x; = jz x;2/{N(N—-1)} (z #7)
i,j=1

ST L
S x| — 2 a2
(1 x‘) L% N:M—NM;

~ N({V-1) — N@{-1)
Substituting in (12.106) we then find
”‘—1 N ’ '
Em, = -—;—{]—V-_—i (Mz—-MIZ)}
n—-1 N
= —n—'JV—_i M2' } (12.107)

Again, with sufficient pertinacity, we can find all the moments of symmetric-
function statistics by this kind of approach, but the algebra rapidly becomes unmanage-
able. A simpler method is as follows.

12.21 Let us first of all note that the expectation of any augmented symmetric
function for a sample bears a very simple relation to the corresponding function for
the parent. Denoting the two functions by the subscripts # and N respectively, we
have

E[p ... 000/n" = [p} ... p]"]n/N® (12.108)
where p = Z ;. It follows that if K, is the pth k-statistic for the parent, we have

Eyk, = K, (12.109)

where Ey means an expectation in the set of N values forming the parent. This
attractive property of k-statistics is one of their most useful features. We have, for
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example, k, = nm,/(n—1) and hence

g, _ g o VM
Yn-1~ """ N-1
from which (12.107) follows immediately.

Secondly, let us imagine the population of N as itself a sample from an infinite
population with cumulants «,. If E refers to expectation in this infinite population
we shall have

Ek, = EK, = «,.
If then we arrive at any stage with some symmetric function whose expectation E
may be expressed linearly in terms of «’s, say

E(f) = Za;x,;, (12.110)
we may write down the analogous relation
Ex(f) = Z4;K;. (12.111)

For if this were not true, Ey(f) could be expressed as some other function of K’s
whose expectation E would be the same as that of Z4;K], and this would imply a
relationship among the K’s. 'This is sometimes known as the Irwin-Kendall principle
from the authors who introduced it (1944).

Example 12.8. Moments of the mean in the finite case
The mean-statistic m, is equal to k;. Thus
Ey(k,) = K,. (12.112)
From the known result for the variance of the mean we have

E(k) = 22+ E(KY) = 24
Hence

11
E(k,—K,)! = EX~EK? = Kz(;—ﬁ)-

It then follows at once that
11
Ey (ky— K1) = K’(;—N)’ (12.113)

giving us the variance of the mean. If we prefer to express this in terms of parent
moments we have

Ey (ky—K))? = (%V—__‘l% M,. (12.114)
For the third moment wec have
E(ky—x,)® = E(hy— K+ K, —xy)?
= E(ky— KoY+ 3B (ky — K0)? (K — )+ 3E (by — K3) (Ky = P+ E (K — ). (12.115)
The third term on the right vanishes, since the expectation of k,— K, in the finite
population vanishes. Also we have
K3

E(ky—x,)* = n? E(K,—«x,)* = ]%:12
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Hence, from (12.115) we find

1 1 R
E(k,—-K,)® = Ka(;z—ﬁé)—3E(K1—K1)(k1'-K1)2-
.. 1 1
Writing e
we then find
E(k,— K,)? = ayr;—3E(K;—«) Ex(k, — Ky)?

0(2 K3—3E(K1—K1)0C1K2
oy K3—3alE(K1"'K1) (Kz—Kg)
o k3 — 30y k3/IN

o

1]
Ve
8
|
w
2|8
N
R

Hence, for the third moment,

Byhim K = (ma= ) Ko

Substituting for o, «, and
N2

K= w=nyv—2™

we find
(N —n)(N—2n)
9 — ]‘4 3 = . AY T ]'4
Ealmi=M) = v -1y (v—2) Mo
Likewise we find

N-1
Ey(k,—K))t = K4{o<3—4oc2/N+ 6a1/N2—]if((N_+~_1))(a2—2a1/N)}

N-1

which is equivalent to

Ey (my— M,)t = OV 2y (v 3 (V= 6N+ N+ 609 M,

hs(N_

+3K§m {0y — 20, /N)

(12.116)

(12.117)

(12.118)

(12.119)

+3N(n—1)(N—n—1)M2}. (12.120)

Example 12.9
We have

E(k,—x,) (ky— ;) = E(k,— K,) (k;— K)) + E(K,— ;) (K, — xy)

and hence

1 1
E(kr"Kr) (ki—K,) = ;Kr+l——N"r+l

. = K1 Kegs
from which

EN (kr—K,.) (kl_Kl) = 0y Kf+1‘

(12.121)



APPROXIMATIONS TO SAMPLING DISTRIBUTIONS—(1) 303

Thus, if the finite population is symmetrical, any k-statistic of even order is
uncorrelated with k,, for K,,, then vanishes.

12.22 In developing our next point, we encounter a difficulty of notation. We
have already used the symbols «, £ and K. In the next chapter, when we proceed to
multivariate extensions, we shall require corresponding quantities with several suffixes,
e.g. «, k. K,. We now require a notation for a quantity whose mean value is
the pro,duct of «’s, e.g. k. x,. Previous writers (Tukey (1950), Wishart (1952), Kendal
(1952)) notwithstanding, we shall write these quantities with the letter /and thus we
define them by

El, .=xK...x, (12.122)
It will, as before, follow that if L,, , is the corresponding statistic for a finite population
ENln...u = Ln...u' (12'123)

The use of these functions derives from the fact that we can express them in terms
of augmented symmetrics once and for all and hence derive non-linear functions of
them as linear functions to which the argument of 12.21 can be applied. The neces-
sary table is given by Abdel-Aty (1954) up to weight 12. Wishart (1952) gave expres-
sions up to order 8 for these multiple k-statistics in terms of products of simple
k-statistics. For example we have, from his table,

kyky = Ll = ly/n+ly = ky/ntly (12.124)
and it follows at once that

E(ky k) = k3/n+kyk, (12.125)
and also that
Ey(koky) = Ky/n+ K, K,. (12.126)
Similarly we have
kY = ky/md+ 4y /n2+3yp/n+ 615y, /n+ 11111 (12.127)
whence
E (k) = ry/n3+4ug ey /n?+ 3k2/n%+ 61y 1} /n+ i, (12.128)

again with a parallel expression for Ey (k7).

Example 12.10

One of the most useful practical applications of these results is that they enable
us to write down unbiassed estimators of products of cumulants. Wefoundin Examples

12.1 and 12.3 that

(n—1)2 [k, 2«3
varm, = 24 . 12.129
: nr \n n-1 ( )
In some practical applications of this result we may require to calculate the quantity
on the right, but if we have only a sample available we are ignorant of «, and «, and
have to estimate them. Thus we require a quantity whose mean value is the function

on the right in (12.129). In terms of the multiple k-statistics this is written down

at sight as
(n—1) {13 N 2122}, (12.130)

n? n n—1
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From Wishart’s table we then read off

-1 k
b= i ()

and, on substitution in (12.130), for the unbiassed estimator we find

(n—1) {(n—nl)h +2k§}. (12.131)

nt(n+1)

Example 12.11

To find an unbiassed estimator of ugu;2
This is equal to x, «? and the estimator is l3;;. From Appendix Table 11 we write
down the estimator directly in terms of augmented symmetric functions as

2 31
1311 = ;l-m[l“] [41 [219']'*'[ [3]]

From Appendix Table 10 we can then substitute for the augmented symmetrics in
terms of the power-sums (r). We find

I = ;%g, {24(5)—30(4) (1)~ 20(3)(2) + 20 (3) (1)*+ 15(2)* (1) - 10 2) (1)°*+ (1)°}
";%1 {=6(5)+6(#)(1)+5(3)(2)—-3(3)(1)*-3 (2 (1) +(2)(1)*}

5 26) =20 () -3 @)+ (1))
which reduces, on putting (r) = s,, to

7;}-5—] (2n(n+2)s5—2(n®+2n+6)s,5,— (n*+8n—8) 535, + (n>+2n+16) 555}
+(9n—16)s2s,—(3n+8)sy87+ 255}

The Il-statistics are called * polykays ” by some American authors, but we feel that
there are limits to linguistic miscegenation which should not be exceeded.

EXERCISES

12.1 By using (12.25) directly, write down kg and k, in terms of the augmented symmetric
functions and hence verify (12.29).

12.2 Assuming that
ky = ays; + aysys;+aysd
obtain the coefficients @ by taking expectations of both sides and hence derive k; of (12.28).

12.3 Use the approach of Example 12.1 to obtain x(2°%) in terms of the parent cumulants.
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12.4 Show that the pattern functions of the following patterns :—

X X X X X X X
X . X . . X x
X X . X X

! and 1 respectivel
are w1 YA pectively.

(Fisher, 1928)

12.5 Show that the pattern function of the pattern

x x X
X X X . . .
. , 1 (=11
with p columns is 1- )
P 7,p-—l{ (n— 1)1’"'1} (Fisher, 1928)

12.6 Verify the formulae of equations (12.37) and (12.43).

12.7 If a pattern contains a column with three entries ; if the patterns obtained by sup-
pressing this column and (1) amalgamating the three rows, (2) amalgamating the pairs of three
rows, and (3) leaving the rows unamalgamated are 4, B,, B,, B; and C respectively, show that
the pattern function for the original pattern is

n 1 2
D=2 w2 BT BBty 2@
Deduce that the function of the pattern
x x X
X x X
X x X
x X

- 7 —8nt417n+2
" (n—1)*(n—2)*(n—3)’
(Fisher and Wishart, 1931)

12.8 Use the combinatorial method to verify that, to order n~%,

var my = (g — pf +16u3 pa—8ps pus)/n.

12.9 Show that in normal samples &, is independent of k,,/k%” (cf. Exercise 11.4). Hence
show that

_ 6n(n—1)
var (ka/RY®) = ok 1)(n +3)
po(ks/BY?) = 108n* (n—1)* (n* + 27— 70)
4 \Rg/ Ry - 3(n+1)(n+3)(n+5)(n+"

=28 n+1)(n+3)(n+5) (n+7) (n+9
and verify equations (12.96) and (12.97).

12.10 Defining y by the relation

_ =) (n=2)(n—=3) ke
y‘J 2Un(n+1) £
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show by the method of 12.18 that the moments of the distribution of y in samples from a normal
population are
1y = 0
12 88 532

g = 1 ——F—— —-. ..
Ha n n*

6 1_g§ 4811 136,605
#a =6 2" 8t 16w

468 32 196+1 ,118, 388

J4 22O 7

n n? n

]

My
(E. S. Pearson, 1930)

12.11 Show that, in samples from a finite population,
(N=-n)(Nn—n—N-1) 2(N—-n) ,
- 2 . WYTH - INTH) g2
En (ks =K2) n(n—1)N(N+1) }r“"’L(n-1)(1\r+1)K2
which is equivalent to
n-1 N . -DNW®N-n)
E”("" " N—1M’> T (N- 1 (N -2) (N -3)
{(hN-N—-n—-1)(N -1)M,—(nN*—-3N*+6N —3n—-3)M3}
12.12 Show likewise that
NN-1)—-6 6(N—
Ex(hs—K) (b= Ky = & - DN=D=63 - 60N-n)

n(n 1)N(N+5) (n—1)(7v+5)K3K’

12.13 Show that in samples from a symmetrical finite population k,, is uncorrelated with
any k-statistic of odd order.

12.14 Show that if M (2) is the moment-generating function of x, the m.g.f., say M (&),
of a function y = f(x), may be written

M@ = [exp {4-7(3";)}1‘4(2)}
il z=:0

Hence show that the generating function of the moments of the k-statistics,.

st 25 )

[exp {t; K, +t. Ko+, K3+ ... ) exp {K1s1+55'~|33+ .. }:I

is given by

=0

. . d . .
where K, is the same function of the operators P as k, is of the observations x and s, = X (x").

Deduce that
Ky(sp) = p
Ky (sp,55,-..) = 0
where (p,p:...) is any partition of p.
(Fisher, 1928)
12.15 Show that

. 1
Ef{kp(xy+h,xg. . %)} = "p"';hp
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and hence that
Syk, = p!,
SG kﬂ) = 01 q # Pr

. . 0 . .
where S, is the same function of the operators — as s, is of the observations x.

ox
(Kendall, 19404)

12.16 Show that the generating function of the moments of the k-statistics is given by

S S
[exp{ ;:‘1+ ;"fz_'_ .. .}exp {Ryty+Ryta+ ... }]

and hence derive the result of the previous exercise.

z=0

(Kendall, 1942)

12.17 Use Exercise 12.16 to show that, in the expression of k, in terms of the symmetric
sums §, the sum of the cocflicients is 1/n.

12.18 Show that an unbiassed estimator of u'} is

1 2 2
m{s{ — 65557+ 352+ 8555, —65,}.

12.19 Show that the symmetric function [, . may be written as
3 (= D=V (- 1! rist... {IL @2 . )}
II {mytmpto o I (o)™ (paD™. . .} n(=e)
where (pJ1p1...) is a partition of r, X pn = 7, having p parts ; there are similar partitions of
s, . . .; the signs IT and X denote products and sums over all 7, s, . . . ; and X’ involves sum-

mation over all partitions.
Hence show that

(18] 3[2149 3[2*1% [2%)

B C R O i R}

1222 -

as given in Appendix Table 11.

12.20 By the method of Example 12.7 show that if k; and k, are uncorrelated, for all p>1,
the parent distribution is normal ; and that if %, is independent of any k,(p > 1) the parent is
likewise normal. (Use Exercise 4.5.)



CHAPTER 13

APPROXIMATIONS TO SAMPLING DISTRIBUTIONS—(2)

13.1 In this chapter we shall discuss two main topics. The first is the extension
to bivariate and multivariate statistics of the methods developed in the last chapter
for the univariate case. The second is the structure of k-statistics and cumulants,
with particular reference to the proof of the combinatorial rules for developing their
sampling properties.

Bivariate k-statistics

13.2 Given any bipartite number pp’ we shall have for any partition
{(P1P ) (P2p2)™ ...} and the bivariate cumulant «,,, a k-statistic k,,, whose mean
value is «,,.. Explicitly

qy (1P =1 (PP afyl’ . aftyp")
by = PIPIEN AT P AU (13.1)

In particular, corresponding to (12.28) we have
1
kyy, = ;i[_m(”su"swsm)
l 2 2 2
kyy = ;lm(” Sa1— 2MS10811— NS0 501+ 253, 501)

1
ks = ) {n2(n+1)s5,—n(n+1)s30501—3n(n—1)5,1 550

"'3"(”'"1)521510+6715115?0“"6"320310301"6301 "x‘o} ( (13.2)
2(n+1) 2(n+1)
kzz (n_l)(n 2)(11 3){(n+l)s22 $21501— n S12510
1 2 1
"(nn )320302 (nn )fx+ ~$11510501F = 30'4510“" 520301

_9_32 32
nz 10701 )

In generalization of the mean value functions of the &’s we may write, for example,
M2 1
E(kzok11) = p <0 1)

(2 1 0
E(kzokukoz)=ﬂ(0 1 2)

with corresponding «’s. The latter may be expressed in terms of the cumulants of
the bivariate distribution as in the univariate ; and the coefficients will now depend
on partitions of bipartite numbers. Our rules still apply (and in particular the pattern

functions appropriate to particular arrays are the same) ; but the numerical coefficients
308
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associated with completed arrays are modified, for we now have to consider the number
of ways of allocating two different sorts of individuals in a two-way partition of a

bipartite number. An example will make the modification clear.
22 1 The total
2 2 1) e total degree

is 10 and, the orders of the product being 6, 2, 2, we have to consider arrays of type

|
(
|
|

Suppose we wish to find the coefficient of «33«%, in «

[\ 2 (S e

4 4 210

i.e. those we discussed in Chapter 12. The pattern functions are those we have
alrcady found. For the numerical coefficients we have to regard the column totals
as consisting of the two types of object in number (2, 2), (2, 2), and (1, 1) and the
row totals (3, 3), (1, 1) and (1, 1). For instance, the array

2 22! 6
11 .02
11 l 2
44210
might be written either as
(1,1 (1,1) (1,1) | (3,3)
0,1) (1,0 .o
€0 O 1wy (153
@2 22 L1 69
or as
(2,0) (0,2) (1,1) (3,3)
o0 Lo (L (134

2,2) (2,2) (1,1) (55)
each of which will make a contribution to the numerical coefficient. It will be found
that no other arrays are possible except those obtained by permuting the first two

columns.
The numerical coefficient in (13.3) and the permuted array together is

2(5%) (i) 7o) (i) 2= 19

That in (13.4) and the permuted array is

) -+

The total contribution is thus 20. The pattern function is

1 .
(n—1)(n-2)
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In the same way it will be found that for the partitions

23 1,6 33 .16
11 .1 2 1 . 1] 2
1.1 1 2 L1012
442010 4 4 2110
the coefficients are 48 and 8. Thus the desired coefficient of iy« is

20 48 8 4(19n-33)

(n=1)(n=2) @=1% " @-DF ~ (n-13(n=2)

Example 13.1
To find an exact expression for the covariance of the estimates of variance of two

correlated variables, i.e.
2 0\
“\o 2/

This will clearly consist of three terms, in ks, Kookgo and «%,. For the first we

have the partition
2,0) (0 2) (2 2)

(2 0) (O 2) (2, 2)

. .1 . . . . .
with pattern function - and numerical coefficient unity. For the second no contribu-

tion exists, the only arrangement being

2,00 . (20
©.2) QO z)

2, 0) 0,2) (2 2)
which has a vanishing pattern function. For the third term we have -

(1,0) (0,1)  (1,1)
(1 0) (0 1) (1 1)

(2, 0) (0 2) (2,2)

. .1 . .
the pattern function for which is @D and numerical coefhicient 2. Hence

2 0 1 2
"(o 2) = et

We note the analogy between this expression and the variance of kg, which may
be written (cf. (12.35))
2 2\ k4o, 263,
K(O O) =7 Tact

In particular, if the population is normal all «’s except those of the second order
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vanish. We then find

2
: K
correlation (kyg, kyp) = ——1- = p?,
KaoKo2

where p is the correlation parameter of the bivariate normal form.

13.3 It is possible to derive the bivariate formulae from the univariate formulae
by a symbolic process given by Kendall (1940c). This was used by Cook (1951) to
derive the bivariate formulae up to those of order 4 in each variate. Reference should
be made to her paper for the details and the formulae and to a later paper for some
applications. We quote here some of the simpler results.

2 1 1 2
<(5 1) = ety g (13.5)
2 0 1 2
K(O 2) = ﬁl(‘gg'f‘h-:l-}{;l (13.6)
11\ 1 1 p
"(1 1) = i eeet oo Ko Kop t gk (13.7)
3 3\ _1 R qn‘A .
K(O 0) = 51K60+n_“—1K40K20+n—1K3°+(n—1)(n~2)K2° (138)
(this is, of course, a univariate result).
3 2 1 6 3 9 6n
K<0 1) = ;i K51+nTl‘ K31 K20+;*—1K40K11+n__'_1‘ K30K21+(n:“i”)"(;t‘;'2—)K§0 K11 (13.9)
31 1
K(O 2) = ;K42+’z—_“ii€22k20+n—:-1—l€31K11+mk3oku+n-—~—1x§1
6n .
T =1 (n—2) 2™ (13.10)
3 0\ 1 9 9 A om
K<0 3) T e Ty Iyt T ekt 0y Za)"n (13.11)
2 2\ 1 4 4 i 4
K(l 1) = 7—1K42+;z“_“'1- K22K20+n—~_1 K31 Ku+n_-1 Ko K°2+n—1 KioKyg
5 2 4n 2 | ;_Zﬁny e
+n_1K21+(n_1)(n—2')K20K11+(”_1)(n“_2)K20K02 (13.12)
21 1 5 2 2 1
K(l 2) = ;K33+’_z:“i"(22’(11+n' _1"‘K13K20+n_1 K31K02+;l—-—_—TK30K08
8 471 2n
+n—__‘]‘ Kz Kigt+ (n'_:i)(r'l‘_"z—) K11 K20 "02+(;‘_"1)*(h‘;2-) "21 (13.13)

There is obviously a strong family resemblance among these formulae and we shall
see later how they can be written in a concise form.

Example 13.2

The methods may similarly be extended to deal with bivariate finite populations.
Formulae in this field are not required often enough to make it worth while listing
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them, but it may be useful to illustrate the method of deriving them. Let us then
derive the variance of k,; in samples of n from a finite population of size N. We
have, after the manner of 12.21,

E (k- Kur)? = E (k) —E(K2). (13.14)
From (13.7) we have

E(k,) = (1 })_K(} i)+xu
1

1
= ;l"zz'*‘n_l'feo"or*"‘n':i K3+ K (13.15)
1 1 1
E(K}) = Neet T KzoKoz+‘N‘:—1K¥1+Kf1. (13.16)

Hence (13.14) becomes

po - (11 1 1 1 1\,
b VI V7 A P R s ) AL L P i vy A

which reduces to

vark,;, 1 1 +
N—n aN"~ —1)(N=1)*" 2", 1)(N gj%ar

We now require to eliminate the non-linear terms on the right. From (13.16) we have

(13.17)

1 N
E(K}) - N = N1 e Koﬁm K3y (13.18)
From (13.6) in terms of K’s, we likewise find
2
E(KzoKoz)—“Kzz = Kzokoet 57 1"11 (13.19)
Hence, from (13.17), (13.18) and (13.19),
vark,, 1 1 I
N=n nNK” (r—1)(N-1) (@#-1)(N-1)
. N =0 @320
E(K:)- N N-1 N-1 ( )
2
E(KzoKoz)"‘NKu 1 N-1

This reduces to the expression

N—n NZ

(=) (V+ 1) (N=2)\ N D= N-n—1)Ks

vark,, =

+(N—1)K,.,K0,+(N—3)Kfl}. (13.21)

In deriving this we have, in accordance with the Irwin-Kendall principle of 12.21,
replaced the expectations over the infinite population by those over the finite popula-
tion of N; terms such as E(K%) being then replaced by their constant value such
as Ki,. Equatxon (13.21) should be compared with the result of Exercise 12.11.
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Proof of the combinatorial rules

13.4 We now proceed to prove the validity of the rules enunciated and exemplified
above. Rules 1 and 2 have already been proved.
As a preliminary let us define an operator 3, such that

oty =r(r=1) ... (r=p+Vpy_p, r>p
Ot = p! (13.22)
ap.u:' = 0’ r<p,
and d,(AB) = (0,4) B+ A(0, B), (13.23)
so that @ acting on a product is distributive.
In virtue of (13.23) we have
Oy (ur)™ = m (u)"~1 2
0 ¢ hma
= m(ﬂr) %
It follows that if f is a polynomial function in the u’s
0 ‘
0f = 5 fa,{,,1 o ui ... (13.24)

ops
and this also holds if f can be expanded in a series of polynomials in the u’s.
Now consider the expression defining the cumulants in terms of the moments,
(3.30),
eXP(K PTILN >= 1+pu 2+ “’:t’+
R SYREEE Uy R YRLELE

On operating on both sides by d, there results

?
+ ..><3pxlt+ .+ 0,k )=t’+,u;t’“+...

CXP<K1t+~..+K » ])P'

t
pl
’ , 1P
= t’<1+/41t+...+y,,1—)—!+...),
and hence

Dprrlt ... 40,k —F ... = 12

This is an identity in ¢ and hence

% (13.25)

For example,

ko = prg— A= 3ugt+ 1201 — bt o ,
Oy req = 4pug— g — 1205 p1; — 120, oy + 240> + 2400 py — 2401°

Oyrcq = 1205 — 2402 — 120, + 24u,®
Oy rcqa = 24u;—24u,

= 0.
a‘ K‘ = 4!.
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13.5 Now in accordance with Rule 1, which we have already established, x(a* ...
a*) and hence s(a% ... a*) may be expressed in terms of parent «’s by an equation
of the form
ulamap..) = S{A(H:...)) (13.26)
where 4 is a factor which it is our object to find. To save printing we omit the primes
on the s for the rest of this proof. Operate on both sides of (13.26) by (35:9: . ..).
Every term on the right is annihilated except that in (s5:«f:...) and we have

A (b )bty BBy ... = (8000, Yu(aPas...). (13.27)
We now consider an operator 0, analogous to 9,, which, when acting on a power of x
(of any suffix), reduces the exponent by p and multiplies by r(r—1)...(r—p+1);
and we will suppose the operator to be distributive.® Regarding u(af*a3* ... ) as the
mean value of (k% k% ...) we see that the result of operating by the 9’s on the mean
value expressed in terms of u’s is the same as that given by taking the mean value
of the operation of the §’s. But this latter operation results in a constant, which is
equal to its mean value; and we thus have
— (ogl Og: Tt ) oy Loty b
A= Gy Bripat... ki) (13.28)
Our rules are concerned with the evaluation of this operation.

13.6 Consider now a completed array of type (12.32). A little reflection will
show that there is one such array for every term in (13.28) which does not vanish
by operation, and that every term in (13.28) will have its corresponding completed
array. The numbers in the body of the array are the powers of x occurring in the
k-product ; added horizontally they compose the orders of the operators; added
vertically they compose the orders of the corresponding k’s. A completed array is,
so to speak, a chart of part of the operation ; and the whole operation is the sum of
all possible completed arrays.

The operation (13.28) gives us the coefficients in u(a}'aj’ ... ), but we wish to
find those in the corresponding «(a®a% ...). The necessary allowance is made by
Rule 3, which we now prove; that is, the coefficient of («f:«f:...) in «(afray . ..)
is given by all completed arrays, ignoring those which are resolvable into separate blocks
each confined to separate rows and columns.

Referring to equation (12.31), expressing the relation between multivariate moments
and cumulants, we see that x(a?a$*...) is the sum of terms composed of products
of one, two, three . . . multivariate moments. The first term is u(a*aj* ... ) itself.
Consider a two-part term such as u(a*a%*...)u(a¥"a%"*...), where aj+a = a;,
etc. Its coefficient in the expansion on the right-hand side of (12.31) is

2! ooy

-3 7 [ 7 7y
111 oty Yoy ey !

. or o* 0¥
(%) 6, may be regarded as equivalent to [ Z—+4-——+ ...+ — ).
0x?  ox} ox},
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and hence the coefficient with which it appears in the formula for «(af*aj...) is

UL LAY L
ATACAT <a;) (ag)' . (13.29)

Now p(af*agr...) will itself have an array of type (12.32) with column totals
(@**a¥+...) and row totals, say (64185 . ..) ; and similarly for 1 (a®"2a3"...). Pro-
vided that f]+f, = B, these arrays will correspond to terms in the «’s which, when
multiplied, will give a term in («f:«f2...). Thus the product of these terms may
be considered as an array of type (12.32) with column totals (a}*a3* . .. ) and row totals
(6255 ...) and with the body of the table resolvable into two separate blocks. Since

there are a; columns of total a,, there will be (Zf) (Zf) products of this type in the
1 2,

expression which gives u(af*a ...). This factor is the same as (13.29) but of opposite

sign. Hence, if we ignore the separate two-part blocks in the array for x4 we shall

have allowed for the products of two moments which must be subtracted from u

to give «.

Now some of these separate blocks will themselves be separable into two blocks,
and in subtracting them all from x(a®* a3 ...) we subtract too much. For example,
if there are three separate blocks, L, M, N, we shall, by considering L and (M + N)
as two blocks, have subtracted L, M, N. We shall have done the same by consider-
ing M and (L+N), and N and (L+ M) as two blocks. That is, we have subtracted
2L, 2M, 2N too much. We must restore these blocks to the array for w. Such
additions, summed over all blocks of three, will be found to equal the terms in the
expansion of (12.31) which result from the product of threec moments.

In restoring these blocks we restore too many of the cases where there are four
separate blocks. 'These must be subtracted again, and correspond to the negative
term in (12.31) involving the product of four moments. Proceeding in this way we
establish Rule 3.(%

13.7 Now we proceed to Rules 4, 5 and 6, which are the fundamental rules of
the whole process. Consider again the array of type (12.32), to fix the ideas, say,

2 3 1] 6
11 .]2
1. 1] 2 (13.30)
4 4 2|10

This array will represent a number of terms in the operation, each of which consists
of the operation of f; on a term x%.x3.x (the first row), 0, on x.x (the second row),
and so on. Provided that the suffixes of the #’s in any row are alike, every suffix of
the &’s will provide a term, for &, contains terms with every distribution of powers
(adding to p) and suffixes. 'There will, for instance, be terms of the following kind :—

2 3 2 3 2
x oad oxy A oA ox At A x
X, Xy . X, X . X, X
Xy . Xy Xy . Xy Xy . Xy

(# Kaplan (1952) has adduced a statisfical aféument in support of Rule 3.
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In fact, for any completed array, we have terms in which

(i) all the #’s have the same suffix (# in number, one for each suffix),
(i) all the «’s but one row have the same suffix (n(z—1) in number),
(iii) all the #’s but two rows have the same suffix and the remaining two are the
same (n(n—1) in number),

and so on. These cases correspond to the various separations dealt with in Rule 5.
Now in case (i) the term in any column arises from the term in x? in k, and (apart
from numerical factors which are considered presently) is #~1, from equation (12.25).
Hence any column which contains an entry contributes a factor = and the total
function of # arising from case (i) is the product of z and of (n~') to the power of the
number of columns containing a non-zero entry.
Similarly in cases (ii) and (iii) the n-function for cach separation is the product

of n(n—1) and, for each column, a factor in n~? or according as the column

-1
n(n—1)
contains non-zero entries in one or in both parts of the separation; and so on.

This explains the origin of the pattern function as described in Rule 6. But in
order to establish that rule completely (and incidentally to establish Rules 4 and 5)
we have to show that the numerical coefficients arising from each separation are the
same. When this is done the validity of Rule 6 is demonstrated, for the separate
contributions in 7 may be added together to give the pattern function and the whole
multiplied by the numerical coefficient.

0, may be considered as the operation of picking out an x from the operand in

all possible ways and replacing it by unity. Similarly O may be regarded as picking

p!
out p x’s with the same suffix and replacing them by unity. It is thus evident that
operating on a k-product by a 6-product g,’:n' %”" "~ of the same degree will yicld a
1 PR

result which is the number of ways in which sets of &’s can be picked out of the
k-product so that each set contains b, of one suffix, b, of a second suffix (which may be
the same as the first), and so on.

Now consider the operation (13.28) in which the &’s are expressed in the simplified
form (12.26). The operations 0 being distributive, we shall emerge from the opera-
tion with a sum of terms comprising all the possible ways in which the individual
x’s can be picked out of the k-product such that the row and column totals of the
two-way array are satisfied. Consider the sets corresponding to a particular array,
such as (13.30). The contribution to the total will consist of the ways of picking out
individuals such that

(i) from the individuals in the first k, are chosen four in the partition (2, 1, 1),
(ii) from the second k, are chosen four in the partition (3, 1),
(iii) from the %, are chosen two in the partition (1, 1),
(iv) these are associated in all possible ways such that individuals in a row arise
from the same suffix.

On consideration it will be seen that the total number of ways of doing this is the
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number of ways of allocating the individuals from column totals as required by Rule 5 ;
and this is true whether sets of rows have the same suffix or mot.
Rules 5 and 6, and hence Rule 4, follow at once.

13.8 The remaining rules are ancillary.

Rule 7 follows from Rule 2. In fact, the pattern function is independent of the
numbers composing the array, and the pattern with a row containing one element
can therefore form the skeleton of an array in which that element is unity ; and this
would entail the appearance of «,, which by Rule 2 is impossible.

Rule 8 follows from Rule 6. The column containing the single element appears
in just one separate of all the separations, and the contributions to the pattern function
are thus all multiplied by n-! owing to its presence.

Rule 10 follows from Rule 8. The addition of a unit part is equivalent to the
addition of an extra column containing unity. This multiplies all pattern functions
by n-1, leaves numerical coeflicients unchanged and increases the suffix of every «
according to the row in which the unit appears.

13.9 There only remains to prove Rule 9. Note that any pattern function can
be evaluated linearly in terms of the functions of the pattern obtained by omitting
one of the columns. For example, consider the right-hand column of

. X X X

X . X X (13.31)
X X

X X

and the contributions to the pattern function from it. The 15 separations which
are possible with four rows can be divided into two classes, that in which the two
rows in the fourth column lie in the same separate and that in which they do not.
In separations of the first type the contributions from the first three columns will
be the contributions of all separations of

X X X
x X . (13.32)
X X

in which the first two rows are amalgamated. Considering the function of the first
three rows

. X X

x . X (13.33)
X X

X X

in which amalgamation has not taken place, we see that the contribution consists of
all contributions which do not occur in the first. Calling the first 4 and the second

B, we see that the contribution is
1 1 1 1

. —;(T:IS(B—A)=n_1A—n(n_1)B,
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i.e. a linear function of the derived patterns 4 and B. The proof of the general result
follows exactly the same lines.

Now if a pattern may be divided into two groups connected only by a single column
we can reduce it step by step by omitting the other columns. We end up with this
single column, and the pattern function of this column must vanish ; for the column
total a corresponds to k,, whose mean value the one-column array expresses, and
since by definition this mean value is x, no composite terms such as would be given
by two rows or more can appear.

13.10 'The adaptation of the argument to the bivariate case is fairly straight-
forward. The only rule requiring examination is the one giving the numerical coeffi-
cients attaching to the pattern function; and on examination it should be clear,
from the structure of the bivariate k-statistics, that the procedure sketched in 13.2
applies. 'The use of an annihilating operator

0

oty = 7y

(13.34)

P, 8--q

gives the required result.

We may also state without proof that similar methods apply to multivariate statistics
of higher order than the bivariate. For trivariate statistics, for example, we should
have to consider partitions into three-part members. Only the simpler results in
such cases are required in practice and they can usually be written down from the
univariate or bivariate cases from considerations of the type which we develop in the
following paragraphs.

Summary of results

13.11 Let us review the results of this and the previous chapter. We have seen
that, by the use of simple algebraic methods, we can obtain as many moments or
cumulants as we please of any statistic which is expressible as a symmetric function
of the observations. We have also noted that the working is greatly simplified by the
use of k-statistics and cumulants. ‘

It is reasonable to inquire how this simplification comes about. What are the
structural properties of k-statistics and cumulants which give them these advantages,
and do they represent the limit of achievement in sampling simplicity ? 'The answer
to the last question seems to be affirmative and it is instructive to consider why this
should be so.

13.12 'The definition of univariate cumulants in terms of moments by the identity

in t
exp T, t?/pl} = Zp, 7 /p! (13.35)

tends to obscure the essential structure of the cumulant-moment relationship. Let
us, instead, consider the relation between multivariate cumulants and moments, as
defined formally by (12.31). To fix the ideas, suppose we have four variates and
require their product-moment fej,,,. From (12.31) we find, on examining the coeffi-
cient in #,1,t,1,,
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i = ki (K1110 €001 F #1101 K0010F K1011 Ko100 + Ko111 X1000)
+ (%1100 ©0011+ K1010 K0101+ Ko110 K1001)
+ (%1100 ©0010 X0001 + X 1010 X0100 K0001 T K1001 K0100 K0010 + K0110 X1000 K0001
+ Ko101 K1000 Koo10+ Koo11 K1000 Koloo)
~+ K1000K0100 %0010 K0001- (13.36)

Eventually for any set of four variates x;, x;, x;, x, we could write
Higi = i+ (g e+ kg g+ . L etc).
Such formulae exhibit the essential simplicity of the relationship. In the expression

of #’s in terms of «’s every possibility on the right occurs cxactly once. When we
invert the relationship to give «’s in terms of u’s we have, analogously to (13.36),

Ki111 = /‘;111 - («“;uo :“‘,)001 + /‘;101 /‘1’)010 + l‘;ou :“t,noo + :u(’)lu l‘iooo)
- (:“1100 Moo11 +:“;ow /‘(’)101 +/‘<,)110 H1001)
!’ /7 ’ ! ! ’ ’
+2 (11200 o010 o001+ €t€-) — 6141000 o100 Hoo10 w001+ (13.37)

This type of formula differs from (13.36) only in the factor (p—1)!(—1)?~! attached
to sets which contain p parts.

13.13 In particular, these formulae remain valid if two or more of the four variates
are identical. If, for example, the first and second are identical, expressions such as
1117 Are written k., and become trivariate ; and if in addition the third and fourth
are identical the cumulant becomes «,, and is bivariate. In the extreme case when
all are identical it becomes x,, Thus we can obtain all the relations of order 4 for
any number of variates by condensing (13.36) or (13.37) by amalgamating suffixes.
Certain terms which are distinct in the originals then become the same and can be
added. For example, from (13.36) we find

P 2 2 2
Pop = Kogt 2Ky Koy + 2015 Kyg+ Kag Koo+ 265, + Kag kG, + Kop kg + 4Ky Kig Ky,

+ K2, K3, (13.38)
If we now add the suffixes we reach the known univariate form
py = kgt drgry+ 3kE+ Oy k24 k. (13.39)

The origin of the numerical coefficients in (13.39) is now clear. 'T'he symbolic methods
of deriving multivariate from univariate formulae (e.g. 3.28) are merely convenient
shorthand ways of working the process of amalgamation in reverse, a procedure which
is possible in virtue of the symmetry of the terms in (13.36) among the suffixes.

13.14 It thus appears that the formal definitions of type (12.31) and (13.35)
involving the exponential function derive their utility from the enumerative algebraic
property of the exponential as illustrated in (13.36); not, for instance, from the
analytical properties of the exponential such as its being equal to its own derivative
or its being the inverse of the logarithmic function. The numerical coefficients
appearing in our relations between cumulants and moments are convenicnt summaries
of relations which are structurally much simpler than they appear. Similar considera-
tions apply to k-statistics. Apart from factors in (—1y~1(p—1)!/a"" they are, as
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we have noted (12.8), sums of products of the contributory variates x taken in all
possible ways once and only once.

13.15 We can now summarize our formulae. For instance (13.36) can be written

s 3 8
g = Pigea+ 5 i+ T i g+ 06 05 g+ 13 5 e (13.40)
where the summations occur over all ways of grouping the subscripts, which are shown
in the numbers above the summation signs. (There is a slight change of notation here :
u; refers to the mean value of the ith variate, not the mean of the ith power of some
variate x.)
Likewise, if s; , refers to the products x;x;...x summed over the sample, we
have for the k-statistics
k; = s;/n
ki = (nsy—s;8;)/n% (13.41)

b
Rip = (2 Sy — n 25, S+ 25:5, ) /n'™
and so on.
For example, if the 7th and jth variates are identical we find, in the more familiar
notation,

ky = (nsy,—s))/{n(n—1)} (13.42)
whereas the bivariate k., is given by
kyy = (nsi3—510501)/{n(n—1)}. (13.43)

If we require the bivariate k,; we amalgamate 7 and j and obtain from the third formula
of (13.41)

kyy = {"2521“2”510511“"520501+zsfosm }/”m
as given in (13.2).

13.16 'This notation, which was suggested by Kaplan (1952) as a tensor notation,
enables us to summarize the multivariate formulae in little more space than is required
for the univariate results. For instance, for four variates we have for the covariance

of two pairs
x(ab, i) = E {(kap— wap) (kis— i3) }

1 1
=, Kabis + o (Kag K5+ Kag Kps)- (13.44)

This embodies seven types of formulae. If all variates are the same (g, b, ¢, j referring
to one variate) we have

o _ ) 2 .,
vark, = k(2% = SRt —g G (13.45)
If variate a is the same as 7 and variate b the same as j, we have
11 1 1 1
varky; = k (1 1) = ;"22"';1_—1 K2°K°2+7,TIK¥1' (13.46)

If a and b are the same, ¢ and j the same, we find

2 0\ _1 2
cov (kyo, ko2) = (o 2) = SKgt =1 (13.47)
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If a, b and 7 are the same and j is different,

2 1 1 2
cov (kg k11) = K(O 1) = Lt g Kukso (13.48)
If a and b are the same, 7, j are different,
2 0\ 4 2
cov (ka0 Ror1) = "(0 1) = Kt 7 K10 Ko (13.49)
0 1
If a and 7 are the same, b, j are different,
AN 1
cov (k110 R101) = "(1 0) = 7‘;"211"’,:“1'("200"011'*' K110 K101)- (13.50)
0 1
Finally, if all four are different,
10

0 1 1
cov (k1100 Roo11) = ¥ 1= ;"1111"‘ 1("1010"0101’*‘"1001 Ko110)- (13.51)
1

0
0
13.17 'The following formulae summarize further multivariate results.
i (ab, k) = Kapege/ 1+ 5 e o/ (n— 1). (13.52)
(@b, GRT) = Kapig/ 1+ (3 o opa -+ ot ) /(11— 1), (13.53)
Kk (ab, 1, Pq) = Kupijpg/M*+ gxab,-p Ko/ {n(n—1)}+ é Kaip Kujg (n—2)/ {n(n—1)*}
3 iy ey /(= 1)1, (13.54)
«(abe,1jk) = Kopeije /n+ (z‘" Kai Kocjk +§: Kavi Keje) /(= 1)
+§Kaikbj kan/{(n—1)(n—2)}. (13.55)
12 12 18
x(abe, fRl) = kapeiira/M+ 2 kg kygjur/ (1 — 1) + (B kapi kgjur+ Z Kaij k) /(11— 1)
3 ks g/ {(n—1) (1—2) ). (13.56)
(b, 5,58,10) = S/ 1+ i v (72 (1= 1)+ ity Ry (1 2)/ (1= 1)}
+ 283 Kaipu Kpjgp (M2 —3n+3)/ {n?(n—1)3} + 3224 Kavpu Kijqe/ {n2(n—1)}
&E Kai Kbp Kjquo+ g Kai Kpy Kijqn)/ {n(n—1)%}

- Trtos ko g0 (1 2)/ {1 (1= 1))+ by 3, e s/ (n— 1%, (13.57)
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e (abod, GL) = Kepoga/ 1+ 2 ot Konia/ (= 1)+ E b g/ (= 1)
+ g Kai Kpj Koara 1/ {(n—1)(n—2)}+ (12(; Kaijk Koedl
+ 153 Kabij Kearr)/(n—1) +1§4Kai Kpej Kara M/ {(n—-1)(n-2) }
+ g“ai rpj ke kg (n+1)/{(n—1) (n—2) (n—3)}. (13.58)

'I'hese formulae embrace 41 formulae given by Cook (1951) and a number of others
besides, but as Kaplan remarks, some care is required in deriving particular cases.

Example 13.3
For the variance of k,, from an infinite population we have, as in Example 13.5,
1 1 1,

vark;; = — g+ —— Koo Ko2 +—7 Ki;-
1 p 22T T KeoKea T T M

1

Let us specialize this to the case of a normal parent in which the variances are unity.
We then find

vark,, = ;%_—1 (1+p%). (13.29)
Let us find the third and fourth cumulants of &,;.

The third cumulant is given by (13.54) with &, 7, p the same and b, j, ¢ the same.
We find

1 11 1 1
K(l 1 l> = 1—1—2K33+n(n—1) {6xgg 11+ 3Kg0 K13+ 351 Koa }
n—2 1 .
+n(n 1y {3ra1 110+ K30 K03}+ 1y {2634+ 611y K30 Koz} (13.60)
For the normal case the only surviving terms y1eld
1
Ka(ky) = (n———1)2(2p3+6p)' , (13.61)

Likewise we find from (13.57), taking a, #, p, u the same and b, j, ¢, v the same, the
surviving terms, which can only arise from the concluding term,

ko) = G 1)3{36,) +6+60t). (13.62)

Thus, for instance, the kurtosis of the distribution of k,, is given by (13.59) and
(13.62) as

6 4p?
p-3 = 524 (1+ ey (13.63)
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EXERCISES

13.1 Show that the correlation between k3, and k,4 in samples of 7 from a bivariate normal
population is p®, where p is the correlation parameter of the population.

13.2 Show generally that, in the circumstances of Exercise 13.1, the correlation between
kro and kor is pr.

13.3 A four-variate normal population has variates x,, x,, x5, X, with unit variances and
the correlation of x; and x; is p;;. Show that the correlation betwcen the sample covariance
of x,, ¥, and that of x;, x( is given by

_P13PaatPraPes |

V(L +pf)(1+p8)
13.4 Derive the following formula
i "l—K +——-6 K +———3 Koo K +—-—-——3 Ky K +-——-—-—3("—2)
K 11 1 = s n(n—l)K" 1 nn—1) 20 K13 nn—1) 31 Koz n(n—l)"K“K"
n—2 2 s 6

n'——(n_ 1—)—2 K3o K03+(n_ 1)y Ky + =1y Ky1 Koo Koz
(Cook, 1951)

13.5 Use the methods of this chapter to derive the large-sample result for the variance
of the correlation coefficient in bivariate normal samples

var r = (1 —p??%/n.

13.6 If x is a random variable with finite cumulants of all orders satisfying «, = O(n~711)
show that the transformed variate y = f(x) has cumulants which also satisfy this condition.
(This does not preclude the cumulants from being of lower order, ie. o(n=7t1),))

(James, 1955, Biometrika, 42, 529)
13.7 Show that for a bivariate normal population k;, and k., have zero covariance unless
t+u = vtw.
(Wishart, 1929)

13.8 Show that for a bivariate normal population
t —1 (s 2wy a3
= 2”'710; (i':"Pz)# P {2(1 “'Pz) (;?— 0,0, +;§ drdes

t t tEe(F=1)1 AIQtHy
var (ki) = K(u u) = t!u!E1 F e oo F(—t,—u,1,p?,

where AJQ% is the jth difference of the kth power of zero and F refers to the hypergeometric
function.

(Wishart, 1929)
13.9 In the notation of 13.15, show that

4 3 6
ki = {(n*(n+ 1) sii—n(n+1) Dsispa—n(n—1) Zsig s+ 20 2 5355550 — 65585 5.5} /nl4),

and hence verify the formulae for ks; and kg, of (13.2).
(Kaplan, 1952)
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13.10 Referring to the result of 13.9, show that for a normal parent population the effect

of adding a new part 2 to «(a}* . . . a;') is to give pattern functions 1/(n—1) times those of the
original. Show also that the effect on the numerical coefficient in an array is to multiply by
twice the number of rows in the array. Deduce that the effect of adding a new part 2 is equivalent
to operating by

2k§ d |

n—1dx,

(Fisher and Wishart, 1931)

13.11 Use the previous exercise to establish equations (12.71) and (12.72).
13.12 1In generalization of Exercise 13.10 show that for a multivariate normal parent the

effect of adding a covariance ky, (p, g referring to the pth and gth variates) is equivalent to
operating by

s (n—1)

where kpq is the covariance of the variates p and g¢.

(Kpr Kas + Kps Kar) ——dx ’
rs

(Fisher and Wishart, 1931)

13.13 Show that in normal samples
var(m, /mid") ~r!/n.



CHAPTER 14

ORDER-STATISTICS

14.1 In Chapters 10 and 11 we have briefly discussed some of the sampling
properties of medians, quantiles and, more generally, the order-statistics of a sample
of observations. It will be remembered that the 7th order-statistic of a sample of 7
is simply the rth smallest variate-value in the sample. We shall denote it, where neces-
sary, by a suffix in parentheses: x,,. Unlike statistics which are based on symmetric
functions of the observations, the order-statistics do not lend themselves to investiga-
tion by the methods we have been using in Chapters 12 and 13. They have the dis-
tinctive property that if we take an ordinary random sample of values x;, %, .., %,
and rearrange them in order, as xgy X - - » X¥m)y the values so derived are no longer
independent even though the original x’s were so. We may therefore expect to en-
counter special features in their sampling distributions.

14.2 Notwithstanding lack of symmetry and independence, some remarkably
simple results can be obtained. We have seen in 10.10 that, in samples of size n
from any distribution function F(x) with a continuous frequency function f(x), the
sampling distribution of x,, is given by G,, say, where

~ {F (%)Y~ {1 -F (¢ )P dF (%)),
dG, = ! )5 B_( ;,n—:;’-(T-)lyé_ ) (14.1)

Likewise, the joint distribution of %, and x, r<s, is given by

dG, , = E@@BL‘EL’"(’i(->):£((z<;>l};)‘;(‘s’{l:f S(;ﬁ yrotdl (x) dF (%) (14 9y

The generalization to the joint distribution of several order-statistics is immediate.
For instance, for Xy, X4, ¥@, Xwy 7<S<Ii<u, we have, writing F, for F(x4), etc.,

de, st u
 FE - Fyr i (Fim By Fum B (A= Ry dF AR AR, gy g

‘B(r,s—1)B(s, t—s)B(t,u—t) B(u,n—u+1)

14.3 Distributions of the type (14.1) have been studied for various given forms
of the parental distribution F(x). When the parent is rectangularly distributed in
the range 0 to 1, F(x) = x and the distribution of x, is particularly simple, reducing
to the Beta-distribution itself. A second type of parent leading to relatively simple
results is the exponential dF = exp(—x/0)dx/o. For others, and in particular the
normal parent, the evaluation of exact results requires, in general, the quadrature of

certain integrals.
325
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Median and quartiles in the normal case

14.4 Suppose that the sample size is odd, say #» = 2r+1, so that the median
is the (r+1)th order-statistic. Let us write

1 z
4, = —— j e d1, 14.4
VED) .
Then the distribution of the median, from (14.1), is seen to be (writing 4 for 4,),
dG = nl AT(1-A)y dA/(r!)>. (14.5)

From symmetry, the expected value of the median is clearly zero, and hence its variance
is given by

varm, = szdG = (-—,? j Cedr(1-4y. -4 dx. (14.6)

1
V/(27)
We expand the term (1—A4)" binomially to obtain

varm, = (_r”._-!’)zrm;o(-1y< )A’“ \/(12 3o ds. (14.7)

Each term may be integrated by parts, taking xe~*" for onc part. We have

——_1—-_ ® t+5 it g —;&A"‘*I’efi‘f’ S
\/(Zn)j_mxA xemtdx [ v/(27) ]_w
+__-\/(12n)j_ -1 {Ar+1+(r +7) AT+ 1\/(~-5xe-5"} dx. (14.8)

The first term on the right vanishes. With a further integration by parts on the third
term we find, for the integral on the left of (14.8),

1 = (r+j)(r+j-1) _1
—_— e A dx +
). 4 V(@)
In (14.9), the first integral is simply 1/(r+j+ 1) and on substitution in (14.7) we find
1y —_—
e !)ZH( W5
n!

7 ] ] 1 © grii-e 342 .
-*-(rl)z,aﬂz j‘f‘o("l) <J> (r+j)(r+j-1) 7@;)'[_@.4 Ti-Zexp (-2 dx. (14.10)

The first sumrnation on the right of (14.10) yields unity, for

o)t [ 2o

|7 arirexp(-gyan. (149)

- j r(—tydt = B(r+1,r+1). (14.11)
0
Thus we have, from (14.10) and (14.11),
varm, = 1+ s S ()t 045~ D Ty (14.12)
where
T'+j_~ —»\7:2}!—) [w A'”"zexp(———i}x")dx. (14‘.13)
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14.5 In this kind of way we can ascertain as many moments as we wish of any
order-statistic. The results depend on integrals of type

j " AP exp (-~ bqr) d, (14.14)

of which (14.13) is a particular case. These are sometimes known as Hojo’s integrals,
from the name of the author who first (1931) studied them in detail and tabulated
them for a range of values of p and ¢. By an easy extension of the method, we may
ascertain product-moments of two order-statistics, and hence the moments of such
quantities as the interquartile range (the variate-distance between the upper and lower
quartile) and the mid-range (half the sum of the smallest and greatest values). The
quadratures involved are extensive and for ordinary purposes the methods of approxima-
tion given below are adequate. We may, however, quote a few of Hojo’s exact results
by way of illustration.

14.6 In normal samples the standard error of the mean is 0/+4/n. The standard
error of the median is always larger than this, say ¢,0/+/n where ¢,>1 (and is only
equal to unity for the trivial case n = 2). With a definition of the median for even
n = 2r as }(x,+%,,,) we have the following values for ¢, :—

n Cn n ‘n

2 1-000 10 1177
4 1-:092 12 1-189
6 1-135 20 1-214
8 1-160 w 1-253

Likewise, for the mid-range % (%, + %,) we have a standard error, say d,0/ v/n,
but d, tends to infinity with #, as we shall see below (Example 14.4). For increasing
sample size the mid-range is an increasingly inferior estimator of the mean of the normal
population. The following are some values for lower n:—

dn ”n dn

n

2 1-000 10 1-362
4 1-092 20 1-691
6 1:190 w0 %)

14.7 The interquartile distance, divided by twice 0-67449 (the distance between
the quartiles in a normal population with unit variance), is sometimes used as an
estimator of the parent standard deviation. It is interesting to compare the standard
error of this quantity with the standard error of the sample s.d., namely o/+/(2n).
If the standard error is e,0/+/(2n), the following are some values of e, :—

n en n én

2 1-000 10 1-497
4 1-047 12 1-419
6 1-421 o] 1-649
8 1-313

The values proceed somewhat irregularly owing to the arbitrary element in the definition
of quartiles for sample-numbers not of the form 4r+1.
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14.8 Hojo (1931, 1933) and K. Pearson (1931) give a number of further results
of this character. For some more recent numerical work reference may be made to
Hastings and others (1947) and to Godwin (1949). Reference is made later in this chapter
to work on extreme values. See also 14.10 below.

Pearson’s expansion

14.9 In Chapter 6 we have considered the expansion of a distribution function
F (x) or a frequency function f(x) as a power series in the variate x. We now consider
an inverse expansion of x in terms of F, due to Karl Pearson. Let X, be the parent
value such that

LA 14.15
F(X) = (14.15)
We expand x,, about X, in a Taylor series
Xy = Xt X XL 4 (14.16)
where h, = F(x,)~F(X,) = F,—r/(n+1),)
x4 _ds|
" dF dF|,_yx. . (14.17)
n _ dx .
Xr h —d—ﬁz——-xr )

and so on.

From (14.16) we can express powers of x in series of powers of  ; and the expecta-
tion of any power of 4 is easily derivable from (14.1). Provided, then, that our series
converge in a suitable manner (or, more generally, give good approximations of an
asymptotic kind) we may derive approximations to as many moments as we wish of
any order-statistic.

Example 14.1

Consider again the distribution of the median—the (r +1)th value—in odd samples
(n = 2r+1) from the normal distribution.
We find, since (r+1)/(n+1) = }, X,,, = 0,

dx ilf

X’ - —d—F-‘z=0 B 1 dx =0 = \/(277)
" d ar dx d dF
X = a‘ﬁ(l/ d—x)M = aF Ja‘c(l/ 2‘)
= 4/(27).0
= 0.

Similarly X} = (22)%/2. ‘Thus, from (14.16) and (14.4) with &,,, = A—}, we have
Koo = Zepny = 2o} (A= 1)+ (22 (4~ 1)+ ...
and
e = 20(A= R+ 3 @R (A— 1)t . ..
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Substituting the expansion to this order for xZ, in (14.6), we find

var m, = (”1?!!)_2.[~mAr(l =AY 2rn(A-})*+1(2n)2(4-13)}dA4,
which reduces to

7 n?
Tm+2) T 4(ni2)(nrd) (14.18)
This formula is accurate enough for ordinary purposes. For n = 11 it gives a variance
of 0-137 agreeing to 3 d.p. with the known true value of 0-137,227.

varm, =

Example 14.2
For the rectangular population
dF = dx, 0<x<],
we find, for the median in odd samples,
X =1 X0=0 r>1.
The variance of the median is then the expectation of (x—3$)? in

|
dG = 2 xr(1—-xydx, O<ax<l,

(r!)
and this is obviously an exact result. We find
1
varm, = m (14‘19)

14.10 David and Johnson (1954) have pursued this subject systematically and give
expansions for cumulants and product-cumulants of order-statistics up to and including
the fourth-order cumulants and degree three in 1/(n+2). They choose expansions in
terms of (n-+2)? rather than n~! because of the natural appearance of the former quantity
in elementary cases—cf. equations (14.18) and (14.19). It is not clear how far these
expansions have the required asymptotic properties, but they appear to work well in
practice.

The expected values of x(;) in samples of n from a normal population are often required
in ranking studies and have been tabulated fairly extensively. See Biometrika Tables
for Statisticians, Part 1, which gives the means of all normal order-statistics for
n = 2(1)26(2)50 to at least two decimal places. Harter (1961, Biom., 48, 151) gives
them to 5 d.p. for n = 2(1)100(25)250(50)400. Teichroew (1956) gives the means,
and Sarhan and Greenberg (1956) give the variances and covariances, of all normal order-
statistics to 10 decimal places for n = 2 (1) 20.

14.11 In considering the asymptotic distributions of the order-statistics we may
have two types of limiting process. In the first type we let r and # tend to infinity
with the ratio /n held constant : we are then considering the asymptotic distributions
of quantiles of the sample. In the second type, r remains fixed as 7 tends to infinity :
this leads to results of a radically different nature from those of the quantiles, and this
branch of the subject is often designated as the theory of extreme values, the name
deriving from the fact that the cases of particular interest are those in which r is close
to 1 or to n.

14.12 We have already (10.10 and 10.11) derived the limiting results for quan-
tiles. We saw there that the sample quantile corresponding to x, is asymptotically
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normal. Its mean is X, (given by F(X,) = r/n) and its variance is

2:9:/(nf7 ), (14.20)

where p, = r/n, q, = 1—p, and f, , is the ordinate of the frequency function at X,.
Similarly for two quantiles based on x,,%, we have bivariate normality, variances
given by (14.20) and covariance

Pr9s/(nfr 0 fo,n)- (14.21)

The result generalizes readily to more than two quantiles, the variances and covariances
being of type (14.20) and (14.21), and the limiting distribution multivariate normal.

Asymptotic distributions of extreme values

14.13 We now turn to the asymptotic theory of extreme values, which we have
not so far encountered.® In (14.1), we make the transformation y = nF(x), with
dF’ (x) = dy/n, obtaining as the distribution of y

r—1 n—r
dH,(y) = (;3:) (1 —i—j) d(%) /B(r, n—r+1), (14.22)
so that y/n is a Beta variate of the first kind. As 7 tends to infinity, for any fixed r,
lim dH,(y) = y""edy/T'(r), (14.23)

a Gamma variate with parameter . When r = 1, (14.23) becomes, for the transformed
smallest value in the sample, an exponential distribution.

If we transform (14.1) by y = n(1—-F(x)), we get a parallel result to (14.23),
with n—7 written for r—1, and this also reduces to an exponential distribution for
the case r = n.

These results apply to the transformed variable y. We now inquire directly into
the distribution of the original variable x,,. If F(x) is known explicitly, the trans-
formation leading to (14.23) can, of course, be reversed to give the limiting distribution
of ¥, itself.

14.14 In the case of the extreme values (r = 1 or n), direct progress can be made
by the use of an argument due to Fisher and Tippett (1928). Consider the largest
value, and suppose that # = km. The largest value x,, may then be regarded as the
largest of k& largest values of samples of size m. If x.,, has a limiting distribution, it
will be identical with that of the largest values in samples of size m, as m tends to
infinity with & fixed, except possibly for location and scale factors due to the factor k.
Thus, if G(x) is the limiting distribution function, it satisfies the functional equation

G*(x) = G(ayx+by). (14.24)

This therefore characterizes the possible forms of limiting distribution. To solve
(14.24), we use a method due to Jenkinson (1955). Put

g(x) = —log {—logG(x)}, (14.25)

(*) A very full account of the subject has now been given by E. J. Gumbel in his book Statistics
of Extremes, Columbia U.P., 1958.
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so that on taking logarithms twice, (14.24) becomes

logk = q(x)—q(a,x+b;). (14.26)
We now expand ¢(x) and g(a,x+5,) in a Taylor series about the point x,, for which
q(x,,) = 0. (14.27)

(14.26) becomes
logh = ~ (@5 +b)+ £ {4 (o)~ 4" @ +5) TN (14.28)

This is an identity in x. Equating coeﬂicnents, we have
logk = —q(a;%,n+b;) (14.29)
and

97 (%on) = ¢V (@ Xon+b), 721 (14.30)
(14.30) gives

4" (@ %o+ by) g (%on)
)i - =, E = ) 14.31
VLG AY T (430
where ¢, is independent of k. Since a; and b, are constants depending on the value
of k, which is arbitrary, we may rewrite (14.31) generally as
q" (=) = ¢, {g @)} (14.32)
Differentiating (14.32) with respect to x, we obtain

¢ (&) = re {g ()} .q" (%)

= 160 {g (DFH, (14.33)
on using (14.32) with r = 2. Identifying (14.32) and (14.33), we have
Crp1 =76, €y = 1!, r>1. (14.34)
Putting (14.34) back into (14.32) gives
@ (x) = (- g )Y, r=l (14.35)

If (14.35) is used in the Taylor expansion of g(x), we obtain, using (14.27),

g(x) = Z 7 {g' (¥} (x—%on) /7

= — Llog {1-c0q’ (x0) (= 50n) ). (14.36)
2
(14.25) and (14.36) give for the characteristic limiting form
G (%) = exp[— {1 —c2q (%on) (x —200) }'/]. (14.37)

14.15 From 14.13 it follows that the distribution function G (x) may alternatively
be written

G() = exp[—n {1-F()}], (14.38)
so that, from (14.25),

qg(x) = —log[n {1-F(x)}]. (14.39)
At x,, in virtue of (14.27) and (14.39), ¢(x,,) = —log[n {1—F(x,,)}] = 0, so that
n{l—F(x,,)} = 1. (14.40)
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The left side of (14.40) is the expected number of values exceeding %,, in a sample
of size n, so that x,, is that value of the variate which has expectation of being exceeded

just once in such a sample.(®

From (14.39) and (14.40)
¢() = F'(3)/{(1-F@), (14.41)
7 (5or) = 1 (5), (1442)
while, from (14.35),
¢ = ¢ (®)/{g (®)}?

d—‘i{—l/q’(x)}

i

a 1= F,
e } (14.43)
by (1441). If

lime, = 0, (14.44)

the limiting form (14.37) becomes, on inserting (14.42) and (14.44),
G (%) = exp[—exp {~nF" (%) (¥~ )], (14.45)

a limiting form put forward originally by Fisher and Tippett (1928), the explicit
condition (14.44) being due to Von Mises (1936). For the exponential distribution

dF (x) = e™*dx, 0<x< oo,

the expression in curly brackets in (14.43) is zero identically in x, and by analogy
distributions for which (14.44), and consequently (14.45), holds have been termed

exponential-type.

14.16 If F(x) is not exponential-type, (14.45) is replaced by a different limiting
form. I‘rom (14.43), we see that

¢, = 1+ F"(x) {1-F(x)}/{F (x)}> ~ (14.46)
If now
lim x ' (x)/{1-F(x)} = k>0, (14.47)
(14.46) and (14.47) give
lime, = 1+xF"(x)/{kF'(x)}. (14.48)
On using I’Hopital’s rule, (14.47) becomes
1+xF"(x)/F'(x) = —k, (14.49)
and (14.48) and (14.49) imply that
lim ¢, = —1/k. (14.50)

(#) Gumbel (e.g., 1954) calls x,, ‘‘ the expected largest value ’’ though, as he points out, this
is confusing since it is not the expected value of the largest order-statistic,
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The use of (14.42), (14.47) and (14.50) in (14.37) gives us the limiting form
G(x) = exp ['— {1 +ﬂ(1 —F(xon))(x—xon)/xon}-k])
which finally becomes, on using (14.40),

G(x) = exp [— (.x%)- ] (14.51)

the second type of limiting form, due to Fréchet (1927) and to Fisher and Tippett
(1928). 'The condition (14.47) is implied by
lim &% {1-F(x)} = A>0, (14.52)

as may be verified by applying 'Hépital’s rule to (14.52). Distributions satisfying
(14.52) (and therefore (14.47)) have no moments of order & or more, and hence are
termed Cauchy-type.

14.17 Finally, we consider an original distribution F(x) with a finite terminal
x, where

F(x,) = 1.

F®(x,) = r=1,2,...,k=1),
mex:; 7&?,, =12 )} (14.53)
we may expand the exponent of (14.38) in a Taylor series about x, whose first non-
vanishing term is that in F®(x,). If F**V(x) is bounded near x,, the remainder
term is negligible since x—x, is small, and we obtain

G(x) = exp[— {(—nF® (x,)/k)*(x—x,)}], (14.54)
the third limiting form for extreme-value distributions given by Fisher and Tippett
(1928).

If, in addition

14.18 1In 14.14-14.17 we have been discussing the possible limiting distributions
of x,. If we reverse the sign of the variable, —x;, becomes x, and G (x) becomes
1-G(x). Thus the distribution of the smallest value x, is simply

H(x) =1-G(—%) (14.55)
and the results for x,, apply with only this modification.

Example 14.3
For the normal distribution
dF (x) = 4" d/+/(2n),
we have, on using (5.68) in (14.43), for large x,
d , d(1\y 1
o= A -FRF @)= - 2(3) =5

so that
lim ¢, = 0.
Z—» 0
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(14.44) is satisfied in this case, giving (14.45) as the limiting form of the distribution.
To evaluate its exponent, we use the fact that at x,,, (14.40) holds, so that
n{l—F(x,,)} = nF'(x,,)/%, = 1.
Thus
nEF' (%on) = Xony
and the exponent of (14.45) is simply —x,, (x—x,,). It also follows immediately that
logn+log F' (x,,) — log x,, = 0,
ie.
log n— } log (27) — }2,~ log x,n = 0,
whence, taking leading terms only,
X~ (2logn)t.
Thus, (14.45) is, for the normal distribution,
exp[—exp {~(2logn)! (x—(2logm)})}].

Asymptotic distribution of mth values

14.19 Reverting to (14.1), we now turn from the extreme values to a more general
investigation of limiting distributions for other order-statistics. We confine ourselves
to the case of exponential-type distributions, which are the most important, and con-
sider the mth largest order-statistic, %y, 1)

If we put r = n—m+1 in (14.1) and differentiate its logarithm, as in 10.10, we
obtain

m—mF/F—(m-1)F'/1-F)+F"/F' =0 (14.56)
at the mode of x,_,.1. From (14.41) and (14.43) it follows that if (14.44) holds
' (x)=F'/A-F)+(F')?2/(1-F?—0

so that since (1—-F)— 0, F” must also do so. Applying I'Hopital’s rule to the last
term on the left of (14.56), we obtain

imF”/F" = limF'/{—-(1-F)}, ‘ (14.57)
so that (14.56) becomes
(n—-m)F'/F—mF'(1-F) =0, (14.58)
whence, at thc mode & of the distribution of x(,_,.1)
F&)=1-m/n. (14.59)

Comparison of (14.59) with (14.40) shows that, in the exponential case, when m = 1
we have
X, = X,
i.e. the mode of the distribution of x,, coincides with the value which is on the average
exceeded by one member.
We now expand F(x) in a Taylor series about £,

F(x) = F(&)+(x—%)F' () +(x—%)*F"(%)/2+ ... (14.60)

Since, by (14.57) and (14.59)
F'~—(F)2?/(1-F)= —n(F')?*/m, (14.61)
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we rewrite (14.60), using (14.59) and (14.61), as

F(x) = 1—m/n)+(x— %) F' (£)—n {F' (%) }*(x—%)2/(2m)+ . .. (14.62)
x—X) F' (% x—X)F'(£)2 1
11 COF @, (e-BF@ L
~ 1—(m/n)exp {— (x— &) F'(X)/(m/n)} (14.63)
approximately. Now (14.1) may be rewritten
1-F\m1
dG, _, .1 (x)cc (T) d(F". (14.64)

If we write —y,, for the exponent in (14.63) and substitute it into (14.64), we obtain

m - m-—-1
G- (8,
l_ﬁe—ym
n

m m—1
~ (5)" exp {~(m=1)3.),
MY — _m ~ym "”1.’2 —ym
and d(F )—n(l ne ) ne dy,.

Thus, from (14.64), we have for large #,
dGn—m+l (x) o exp [_ my,, —m e—!lm] dym

and, on evaluating the constants by integration, we get

m

n mH( ) ( ) exp[ mym_me_ym]dym (1465)

In particular, when m = 1, we have
dG,(x) = exp[—y—e"]dy, (14.66)

which is the frequency function corresponding to the distribution function (14.45).

14.20 The unusual limiting form (14.65), which is due to Gumbel (1934), is
very far from normal for moderate or low values of m. For its moments, we have
(omitting the suffix of y for convenience)

' m™

M= oD J_wexp[—my—me‘ﬂydy.

Put eV = t/m. We get
, 1

— m--1 -t
Uy = — e 1)'j (logt—logm)t dt

= logm—z’;l— {logI' (m)}

m—1
= logm+y— = 1 (14.67)
r=1
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where y is Euler’s constant. For the rth moment about the mean we have

(I‘(B; [dq exp {g (1 —logm)} I ('n+q)] . (14.68)

These formulae have been worked out further by Gumbel, from whose numerical
results the following are chosen :—

m Mean VB, Ba—3
1 0-577 1-139 2:400
3 0-176 0-621 0-763
5 0-103 0-468 0-437

10 0-051 0-324 0-212

These figures, which relate to the distribution from the top, show clearly that the
limiting distribution is far from normal. The distribution from the bottom is similar,
odd moments including the mean having the same magnitude but opposite sign, even
moments being the same.

J. J. Dronkers (1958, Biom., 45, 447) has studied the asymptotic distribution of
mth values in detail, deriving limiting forms for all three types of initial distribution.
Transitional approximations are also given. In the exponential case, it is found that
(14.65) is very slowly approached for the normal distribution, although the speed of
approach may be improved by adjusting the parameters of (14.65) as in 14.29 below
for a related problem.

Exact distributions of mth values in the normal case

14.21 Many authors have considered the exact distributions of the order-statistics
in samples from a normal population. The most comprehensive theoretical results
have been obtained by Ruben (1954) who gives general recurrence relations for the
moments of x,, for sample size # in terms of those for lower sample sizes. Ruben
tabulates the first ten moments for the largest order-statistic for » = 1(1)50, and
from these calculates the first four central moments, and the measures of skewness
and kurtosis to a minimum of 7 significant figures. For the largest order-statistic,
Tippett (1925) had previously evaluated the distribution for certain values of 7z up
to 1000. The following values are quoted from his results :—

n Mean Standard 8. Bs
Deviation

2 0-564 0-826 0-019 3-:062
5 1-163 0-669 0-092 3:202
10 1-539 0-587 0-168 3:331
100 2-508 0-429 0-429 3-765
500 3-:037 0-370 0-570 4-003
1000 3241 0-351 0-618 4-088

The values of 8, and f, illustrate the point that, as n increases, the distribution of the
extreme value diverges more and more from the normal form.

14.22 Hartley and David (1954) have established an upper bound for the mean
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value of the largest order-statistic, as follows. By the Cauchy-Schwarz inequality

Jor(esg)ars[{[eryar{[ (ceg) )]

where F is any distribution function whatever, and the constant @ = (n—1)/(2n—1)%.
If these integrals are all finite, this inequality becomes (on putting the mean of the
distribution equal to zero and its variance to 1 without loss of generality)

1 1 n? 1\7¢
n—1 - . —.
LnF xdF+a<[2n_1 <1+a2>] .

The integral on the left is simply the expected value of the largest order-statistic.
Thus, on substituting for a, we have

E(xo) < (n=1)/(2n—1)} = a. (14.69)
If the population is symmetrical, we may use the fact that F(x) = 1—F(—x) in the
original inequality to obtain the sharper bound

E(xp)<n [{1 -1 / (2:_‘12)} / 2(@n— 1)}]*. (14.70)

This result is due to Moriguti (1951), who gives similar but more complicated results
for upper and lower bounds of the variance and the coefficient of variation of x4, in
the symmetrical case. 'The obvious lower bound of zero for E(x;,) cannot in general
be improved. It may be verified that it attains its upper bound for the distribution
function

F(x) = ("x“)m"‘”, ~1/a<x<(n~1)/a. (14.71)

n

For the smallest order-statistic, analogously, the same results hold with E (x,,)) replaced
by | E(x.4,)|. Hartley and David (1954) give the general result for any order-statistic
B(2m—1,2n—2m+1) i
FE <= R St g it g
' (x(m))l [ {B(m,n—m+1)}2 I_J )
but this can only be attained by a distribution function if m = 1 or n, the special cases
considered above.

(14.72)

Joint distribution of two order-statistics
14.23 If in (14.2) we make the transformation

y = nF(xy)
z=n{l-F(x,)},
we obtain
r—1 s—r—1 n—s
02 ) e
dH, ,(y,2) = \" T " : (14.73)

B(r,s—r)B(s,n—s+1).n?
We keep 7 and n—s fixed and small and let n tend to infinity. Putting temporarily
t =mn-s+1 we find for the limit

_ Y levdy Fletdx 14.74
H=""1p"" 10 (1479
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Thus the rth member from one end and the zth from the other are asymptotically
independent, which is what we might expect; and each is distributed in the Gamma
form. In the particular case when ¢t = r we may also write this as
ylevdy anrtletda, (14.75)

e I@r-r+1)

Sarhan and Greenberg (1956) have tabulated the covariances of all normal order-
statistics for n = 2(1)20 to 10 d.p.

dH =

Ranges and mid-ranges
14.24 The range of a sample has been briefly mentioned in 2.17. We now
generalize the idea by defining the mth range as the difference R,, given by

Rm = Xn—m+1) ™ X(m) (14‘76)
namely the distance between the mth values from either end of the sample. The
range itself is the special case m = 1. We also define the mth mid-range analogously by

M, = % (Xp—mi1yt Xom)- (14.77),
The particular value M, is sometimes called the centre of the sample, but more usually
simply the mid-range.

From (14.75) it is clear that the asymptotic distributions of ranges and mid-ranges
are distributions of the differences and sums of transformed independent variates.
We may, however, derive the exact distributions directly from (14.2) by putting
r = m = n—s+1 and then transforming from (14.76) and (14.77). We obtain for
the joint distribution of R, and M,,
dH,, o {F(M—3R)}""! {F(M+3R)—- F(M—{R)}"*"

x {1-F(M+iR)Y" *f(M-34R)f(M+1iR)dRdM, (14.78)
where the suffix m has been omitted on the right for convenience.

The marginal distributions of R,, and of M,, are obtained by integrating out the
other variate from (14.78). A little care is necessary in determining the limits of
integration, since these depend in each case on the range of the original distribution F.
Equivalently, we may proceed direct from (14.2).

The exact distribution of the range
14.25 Putting m = 1 in (14.78), and integrating out M, we obtain for the fre-
quency function of the range
dG(R) = dR.n(n—l)j {F(x+R)—F(x)}* *f(x+R)dF(x). (14.79)

For some particular cases, the integral can be evaluated explicitly. In others, quadra-
ture is necessary. From (14.79), we have for the mean value of the range,

© ()
E(R) = n(n—1) j_wan j_w(Fn_Fl)”_2(x(n)—x(l))dF1

© Z(m) dZ u
= — J'— - dx(ﬂ)j' e dx(l) dx(")(Fn - Fl) . (x(”) - x(l)) dx(l). (14.80)
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On integration by parts under the second integral sign, this becomes
@ d T 4
E(R) = _j dx,,{[— X — —-—F:' +j Fo—F,)'dx, b (1481
( ) » (n) ( (n) (1))dx(n) n fy=— _wdx(n)( l) 1) ( )
Owing to the fact that (F,—F,)® = 0 at the upper limit of integration, the order of

integration and differentiation may be interchanged in the last term in (14.81), which
then becomes

© d
E(R) = j [(x(n)—x(l)) d_—x( )F:]
-0 n Z(l)——- - 0

) d n n
= J . {Z‘x"‘m [(x(n)_ x(l)) Fn] —_ Ivn}

dx(,,) - j (1 - p‘l)" dx(l)

dx(,‘)—' J_ (1 _FI)” dx(l)

Igy= —»
Tn) = © o ©
= [(x(n)‘x<1)) F:];::;:: - me F)) dxny— J_m(l —Fy)"dxg,
Z(])C—m
- [ T (1—Fr—(1-F))dx. (14.82)

Tippett, to whom (14.82) is due, also showed that
] Z(n)
varR =2 [" [ - Fi- (1 B (Fam T dity disi— (E@R)P

"The normal case has been fairly completely studied by Tippett (1925) and E. S. Pearson
((1926) and (1932)). Tippett found the first four moments of the distribution of
the range, tabulated the mean values for values of 7 up to 1000 and gave a diagram
for determining standard errors. His table of mean values to 5 d.p. is reproduced
in the Biometrika Tables for Statisticians, Vol 1. 'The following values illustrate the
general behaviour of the distribution :—

n Standard B Bs
deviation (approximate) (approximate)
2 0-853 0-99 3-87
10 0-797 0-16 3-20
100 0-605 0-21 3-39
500 0-524 0-29 3-50
1000 0-497 0-31 3-54

It appears that as n increases, the distribution of the range diverges more and more
from the normal form,

Pearson and Hartley (1942) have tabulated to 4 d.p. the distribution function of
R/o in samples of size 2 to 20 from a normal population. Their results, too, are repro-
duced in the Biometrika Tables for Statisticians, Vol. 1. H. L. Harter (1960, Ann.
Math. Statist., 31, 1122) gives to 6 d.p. for n = 2(1)20(2)40(10) 100 the values of
R/c for which the d.f. is equal to 0-0001, 0-0005, 0-001, 0-005, 0-01, 0-025, 0-05,
0-1(0-1)0-9, 0-95, 0-975, 099, 0995, 0-999, 0-9995, 0-9999. He also gives the first
four moments to at least 8 significant figures for # = 2(1)100.

Cox (1954) has considered the effect of departures from parent normality on the
distribution of the range in small samples, concluding that kurtosis, rather than skew-
ness, is an appropriate guide to the behaviour of the distribution.
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14.26 From (14.70) it follows that the range has its mean value bounded for
symmetrical populations (with zero mean and unit variance) by

0<E@®)<n|2 {1 1/(2" )}/(Zn D] ~ e+,

a result due originally to Plackett (1947), who showed that it also holds for non-
symmetrical populations. Hartley and David (1954) confirmed this and also derived
upper and lower bounds for E(R) in samples from populations with finite range.
'The following table (extracted from Plackett (1947)) gives values for the upper bound,
its asymptotic value and the exact values for the normal and rectangular populations.

n Upper bound (n+hHi Exact values

for E (R) Normal Rectangular
2 1-155 1-581 1-128 1-155
3 1.732 1-871 1-693 1-732
4 2084 2121 2059 2078
8 2921 2915 2-847 2:694
12 3-539 3-536 3-258 2-931

The asymptotic distribution of the range

14.27 We now turn to the limiting distribution of R as #» becomes large. Irom
(14.2) with r = n—s+1 = 1, we have, for the joint distribution of the smallest and

largest observations,
dG, ,(x),%,) = n(n—1)(F,—F,*"2dF,dF,,
We now transform by the relations
u=2n{F,(1-F,},
{o 2 Thos thud 2R (14.3)
the Jacobian of the transformation being u/{2n%f, f,}. 'The joint distribution of u
and v is then

— n—2
dF (u,v) = (’1-2;1> u(l Y °°:h ”) du dv.  (14.84)
As n—> o, (14.84) tends to
lim dF (u,v) = uexp(—ucoshv)dudv. (14.85)

The domain of variation is bounded by
uzo, coshv < n/u,
in (14.84), so that in (14.85) cosho, and therefore v, can range to infinity. Hence
we obtain from (14.85) the limiting marginal distribution of u:
dF (u) = uduj‘ exp (—ucoshv)dv

: (14.86)

= uduj exp (—ut) (2—1)-*dt.
1

Now u may be expressed as
u=2n{F(M-3}R)[1-F(M+IR)]}. (14.87)
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If now we assume that the mid-range M converges in probability to the known popula-
tion mid-range u, # will similarly behave like

w = 2n{F(u—3R)[1-F(u+iR)]}. (14.88)
If we may take x4 = 0 and if the population is symmetrical, (14.88) reduces to
uw =2n{F(—-1R)}, (14.89)

so that u will tend to be simply the probability integral transform of the range, apart
from constant multipliers.

14.28 The value of these results, which are due to Elfving (1947), is restricted
by the condition, imposed in order to reach (14.88), that the mid-range M converges
to the population mid-range g in probability. Even when the population is sym-
metrical and exponential-type, this condition is not necessarily fulfilled. To show
this, we put m = 1 and 7 = 2 in (14.68), and find that the variance of the exponential-
type extreme distribution (14.66) is #2/6. By (14.45), the variate here is

Y = nF' (%0) (¥ = Xon), (14.90)
where x is written for x,. Thus vary = a2/6 and hence, for large samples,
varx = n2/{6 [n F' (x,,)]?}. (14.91)

Since #, and x;, arc asymptotically independent, the mid-range, which is their mean,
has variance

var M = 22/ {12 [n F’ (,0)]*}. (14.92)

Example 14.4
In the normal case, we have seen (Example 14.3) that
nF (%,0) ~ (2logn)}
so that, from (14.92),
var M = n?/(24logn).

Thus, in the normal case, M converges to the population mid-range (which, by sym-
metry, is the mean).

Example 14.5
The double exponential distribution

dF(x) = {exp(—|x[)dx, — <X,
has finite moments of all orders. Its distribution function is
F(x) =1-%e7*  x20. (14.93)

It is easily verified that (14.44) is satisfied. By (14.40) and (14.93), x,, = log(3n)
and therefore
nF' (x,,) = 3nexp(—login) = 1.
Thus, for this case, from (14.92)
var M = n%/12
and M does not converge in probability to zero, the population mid-range (and mean).
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The reduced range and mid-range

14.29 In view of the result of the last section, we return to the problem of 14.27,
and seck a more general solution of the asymptotic distribution problem for the range
and mid-range, or some simple functions of them. We confine our attention to
symmetrical exponential-type distributions.

If we equate (14.38) and (14.45), we find

1 .
1- F(x(ﬂ)) = ; €xp {'— nk (xon) (x(n) - xon) }’
and similarly, using (14.55) also,

1 ,
F(xy) = 7 XP {n F (%on) (%) + Xon) J-
Thus (14.83) becomes

u = 2exp {—3inF'(x,,) (%(n) = X1y — 2%,3) },
0 = 11 F (Xun) (5ot Ty, (14.54)

We now define the reduced range R* and the reduced mid-range M* by

R* = nF' (x,,) (R—2x,,),
M* = nF () M. (14.95)
(14.94) then becomes
u = 2exp(—1R*), (14.96)
v = M* (14.97)

If we apply (14.96) as a transformation of the distribution of u at (14.86), we obtain,
for the distribution of R*,

dF(R¥) = 2exp (— R¥)dR*. j " exp {—2exp (= LR*) cosh v} do
0

= 2exp(—R*) K, {2exp (— 3R*)} dR*, (14.98)
where K, is a Bessel function of zero order and imaginary argument. Gumbel (1949),
who had earlier obtained (14.98) by a different method, has given tables of the fre-
quency function and of the distribution function of R*, and also tabulated its percentage
points. Cox (1948), who also obtained this result, used the mecthod of steepest
descents to obtain a second approximation, which he compared with (14.98) and
Elfving’s result at (14.86). The latter is the most accurate in the normal case, and
the steepest descents approximation, as might be expected, is also better than (14.98).
But as will be seen in the next paragraph, even (14.98) gives a good approximation
for small n.
The range proper, R, is a linear function of R*, by (14.95). As in 14.28, we know
that, asymptotically,

E(R*) = E(y(ﬂ)) _E(y(l)) = 27» (14 99)
var (R*) = var (y)+ var (yq)) = #2/3. )
Using (14.95), we have from (14.99), asymptotically,

E(R) = 27/{nF ()} + 250
war(® = B e} (14.100)
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By using this and the exact normal parent values of E(R) and var(R) (tabulated by
Tippett (1925) and E. S. Pearson (1926)) for small n, Gumbel (1947) estimated x,,
and F'(x,,) and investigated the closeness of the approximation to the distribution
of R obtained from (14.98) by comparing the results it gave with those obtained from
the exact tables given by Pearson and Hartley (1942). He found that the distribution
function of R was closely approximated by (14.98) for n as low as 6. Thus in the
normal case, at least, (14.98) solves the problem of the distribution of the range.

14.30 Turning now to the reduced mid-range M*, we see from (14.97) that its
asymptotic distribution, obtained by integrating » out of (14.85), is

dG (M*) = 1dM* Fuexp(—ucosh M¥) du. (14.101)
0

The substitution
x = ucosh M*

reduces this to

dG (M*) = dM* /(2 cosh? M*), (14.102)
(14.95) immediately gives the distribution of the mid-range proper, M, from (14.102).
[t is symmetrical, with zero mean, so that M is, for symmetrical exponential-type
populations, an unbiassed estimator of the population mid-range (mean), which is
zero. But Example 14.5 shows that the even moments of M are heavily dependent
on the form of the population.

Tables for extreme-value distributions

14.31  Probability Tables for the Analysis of Extreme-Value Data (National Bureau
of Standards, Applied Mathematics Series, 22, Washington, 1953) gives :—

(1) The distribution function and frequency function of the exponential-type
extreme-value distribution (14.45) and (14.66) to 7 decimal places over the
interval —3-0 to 17:0, including -2-40(0-05)0(0-1)4-0, with auxiliary
inverse tables giving the extreme value to 5 d.p. for values of its distribution
function 0(0-0001)0-005 (0-001)0-988 (0-0001)0-9994 (0-000,01) 1, and giving
the ordinate to 5 d.p. for distribution function values 0(0-:0001)0-010 (0-001)
0-999.

(2) Percentage points for the distributions of mth values (14.65) for m = 1 (1) 15 (5)50.
The 12 percentage points range between 0-005 and 0-995,

(3) The distribution and frequency functions of the reduced range for exponential-
type distributions (14.98), for values of the reduced range 1-0(0-05)11-0(0-5)
20-0, to 7 d.p., with inverse tables giving the reduced range to 3 or 4 d.p.
for selected values of its distribution function.

14.32  When we come in Chapters 19 and 32 (Volume 2) to consider problems of
estimation and testing hypotheses, we shall have to turn to some additional sampling
properties of the order-statistics.
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EXERCISES
14,1 Show that the median in samples of (odd) n from the Cauchy distribution
dx
=—) —oo<x<
F a1+ 0 RES @,

has a variance given approximately by
17t (n+2)" 1+ {at (n+2)~2
(David and Johnson, 1954)

14.2 For the “logistic ”’ d.f.
Fx) =1+,

show directly that the limiting d.f. of 2 = x(,—logn is
G(2) = exp(—e™?)
and verify that this is equivalent to (14.45) in this case.

14.3 In the notation of 14.9 show that for the median in (odd) samples, to order (n+2)-*,

1 1 i
1 1 e
varm, = o +2)(Xr+1) eI T2y (22X 11 X+ (X 1)),

3 X _ X 33Xt ).
yl(mc) = 2(”+2)} X'{+1’ ( e) n+2{ ,+1+ ( +1)3 6

(David and Johnson, 1954)

14.4 Use the c.f.’s of Exercises 4.21 and 14.21 to establish the result (14.102) for the limiting
distribution of the reduced mid-range.

14.5 Show that if G, , refers to the distribution (14.1) for the rth order-statistic in a sample
of n,
n+1)dG, o = rdGriy, ny1+(m—7r+ 1)dG;, n41

and hence that the c.f. and moments of x(;) obey a similar recurrence relation. Similarly, if G, . ,
refers to (14.2), show that

(n+1) dGr, 5N = rdGr+1, 8+1, n+1+(3"7) dGr, s+1, n+1t+ (n—s+1) dGr, s, i1

14.6 Rewriting (14.20) as 7, = p(1 —p)/(nff,), f» > 0, show that
dlogVp  1-2p 2f;

. o

»  p-p) fF

*log Vp 1 1 f; :  f,
and dp? <p2+(1 —p)">+2<f;‘j,) 2
Hence show that 7} has a turning-point at the sample median (p = 0-5) if and only if f has a
turning-point there ; that if f;; is a minimum, V5 is a maximum ; that if f,; is a maximum,
Vos is a minimum if |fJ5] > 4f%, and a maximum otherwise; and that if f,5 is a point of
inflexion, V,; is a maximum. Show also that if f, has a turning-point at p, # 0-5, ¥, has
no turning-point either at p, or at 0-5.

(Sen, 1961, ¥. Roy. Statist. Soc., B, 23, 453)
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14.7 For a continuous symmetrical distribution with frequency function f (x) which possesses
an absolute maximum at its median £, show that the variance of the sample median in samples
of odd n satisfies

var me=[4 {f(O) 2. (n+2)]7,

and verify that the equality holds for the rectangular distribution. Hence show that the asymp-

totic value for the variance effectively provides a lower bound for the small-sample variance.
(Chu, 1955)

14.8 Show that in samples of n from
dF = e %dx, 0<x< o,
the variance of the smallest sample value is 1/7%.

14.9 Verify that the three limiting forms of equations (14.45), (14.51) and (14.54) satisfy
the functional relation (14.24).

1410 A sample of 7 is drawn from a normal population with unit variance, and that sample
value is chosen which is closest to the true mean. Show that the variance of this value is

on=1-"0"D -1y (n—2) (3)%"}' " exp(-—-:ix’) {jm exp (— 3t?) dz}” dx.
Fi1 .4 0 2 x

(Kendall, 1954)

1411 In the example of the previous exercise show that

vy = 1-—--2—0-+ 240_ arctan .5___7_:_
7 V3 3 6

vy = 7/n?

exactly and that

approximately,
(Kendall, 1954)

14.12 Show that the joint distribution of the sample range and mid-range in samples from
a distribution rectangular on the interval (=%, 3) is
dF (R, M) = n(n—1)R"*-2dRdM, O<R<l -2|M|<1.
14.13 From the previous exercise show that the marginal distribution of M is
dG(M) = n(1-2| M |)"-1dM, |M|<4,

with moments
pog-1 =0

2E+n\) "1k =1,2,...
—- ok y %y
= {2 (1507)}

In particular show that p; = {2(n+1)(n+2) e

1414 Show that in a normal sample of size n>2, the order-statistics measured from the
sample mean are distributed independently of that mean. Hence show that
kr (xjy— %) = Kr (X)) 7> 2
= Ky(xg)—n7t, r=2.
(McKay, 1935)
1415 Show that the expectation of the range in samples of n is given by

ER) = r xd (Fr+ (1 =F)" =1}

- 0
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and hence that it exists if and only if the population mean is finite, when its value is

J'w {1=F"—(1—F)"} dx.
o (Cox, 1954)

14.16 Continuing Exercise 14.12, show that the marginal distribution of R is
dH(R) = n(n—-1)R"2(1-R)dR, 0<R<l],
with moments

t = n(n-1)/{n+k)(n+k-1)}

In particular
w = (n—=1)/(n+1)
py =2m=1)/{(n+1)*(n+2)}.

14.17 Continuing Exercise 14.12, show that the distribution of the ratio M/R is given

"” o) - eofss ) )

pek—1 = 0,

. -2 k=12,...
)

14.18 In Exercise 14.13, show that if ¢t = nM
lim dF(t) = exp(—2|t]|)dt,

n—»

with moments

(Carlton, 1946)

and hence that the difference between two such reduced mid-ranges, t, —t, = z, has the distribu-
tion
dG(2) = (3 +|z))exp(-2]|% | dz,

Hog-1 = 0, } k=1,2,...

with moments

o = (2R)! (k+1)/2%
(Carlton, 1946)

14.19 Show that the distribution function of the range is given exactly by

G(R) = nJ.m {F(x+R)—F(x)}"dF (x).

(Gumbel, 1947)

1420 Show that u in (14.86) has mean 47 and variance (4— }n?).
(Elfving, 1947)
14.21 Show that the distribution (14.66) has characteristic function I' (1 —it) and hence that

k, = y (Euler’s constant, = 0-577); x, = Zn~? = /6 = 1:645;
Ky =25n"% = 2404 ; k, = 6Zn~% = n8/15 = 6-494.

Hence derive B, = 1299, 8, = 54,



CHAPTER 15

THE MULTIVARIATE NORMAL DISTRIBUTION AND
QUADRATIC FORMS

15.1 The univariate normal distribution
— 2
dF = (Zn)-*exp{—-;x(i&ﬁ) }%_J—c, —0g x Ko,

has been discussed in many contexts in earlier chapters. Apart from location and
scale parameters, u and o, the exponent of the frequency function is simply —}x2.
We now seek to generalize the normal distribution to the joint distribution of two or
more variables, and it is natural to look for this generalization in a frequency function
which has as its exponent a quadratic form in the variables, p in number, i.e.

dF « exp{—-} Zp gl a,k(x’_’u’) (xk—‘u")} ﬁ 1{’, — 00 < x5 < 0. (15.1)

i=1 k=1 0y Ok j=1 0j

Here, as in the univariate case, the y; and o, are simply location and scale parameters
which may be removed by a standardizing transformation.

In this chapter, and generally when dealing with multivariate problems, we shall
find it convenient to use vector and matrix notation for economy and clarity in repre-
sentation. A bold-face capital letter will represent a matrix, a bold-face small letter
a column vector, and a prime will denote transposition, so that a row vector will be
represented by a bold-face primed small letter. With this notation, (15.1) becomes

dF oc exp {—§(x—p) A(x— )} I dx;, (15.2)
j
wherc A is a symmetric (p X p) matrix.

Characteristic function and moments

15.2  The condition that (15.2) be a properly defined frequency function is simply
that its exponent is non-negative definite. For in such a case (and only in such a
case) we can find a real linear transformation which transforms the exponent into a
negative sum of squares, and the integral of dF will converge. In particular there
is an orthogonal transformation

x = By (15.3)
which transforms the exponent of (15.2) into a sum of squares, the coefficients in this
sum being the latent roots of A. Confining ourselves to the non-singular case, where
the rank of A is p,™ and measuring from the vector u, we now apply this trans-
formation to obtain the characteristic function of the distribution, and incidentally to
evaluate the proportionality constant which ensures that its integral has the value unity.

(® If A has rank r < p, the distribution degenerates into r dimensions, i.e. one or more variates
are redundant.

347
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In our notation, the characteristic function is (cf. (4.27))

$(t) r jw exp (it x— 3x’ Ax) Il dx (15.4)
which, on applying (15.3), becomes ’
s |7 ewpBy-tycylay, (15.5)
the Jacobian being unity six:(:): B is~:rthogonal. We havej written
C = B'AB (15.6)

in (15.5). Since C is a diagonal matrix, the right side of (15.5) factorizes into p single
integrals of type

I = j . exp (iu; b;y;,— $¢;; %) 4;,

where , is linear in the dummy variables ¢, Then I; is obtained directly from the
characteristic function of the univariate normal distribution (Example 3.11) as

2 12
I = (%:—:yexp(—:’g%)' (15.7)
Applying (15.7) to cach term in (15.5) gives
$(t) oc (Zn)“’(le c,-,)"*‘exp(—%.E’i’;-'—é")' (15.8)
Since C is diagonal, its determinant is n
|C| = 1}‘:‘:‘
~and that of its reciprocal matrix C-1 is
[C1| = |C|7* = (H¢y)™ (15.9)
Using (15.9) in (15.8) and rewriting its exponerjlt in matrix form, we have
é(t) oc 2n)i?|C-'|iexp(—3t'BC-1B't). T (15.10)
Since, by (15.6),
BC-1B’' = B(B'AB)-1B’ = BB-1A-!(B)~!B’ = A}, (15.11)
we have, since B is orthogonal,
|4-1| = |BC1B'| = | B||C1||B| = |C-1]. (15.12)
We may substitute (15.11) and (15.12) into (15.10) to give
$(t) oc (2r)i*| A1 |texp(—$t'A-1t). (15.13)

If we put t = 0 in (15.13), we obtain immediately for the proportionality constant of
the multivariate normal distribution

(2n)#| 47| = 2m) | 4]
Thus (15.2) becomes
dF = (2n)-7| A|texp {—} (x— @) A(x— ) } 1 dx; (15.14)
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with characteristic function
$(t) = exp(—$t'A-1t)exp (it' ), (15.15)
the second factor on the right of (15.15) arising if the location vector w is non-null,

as may be seen from the effect on (15.5) of putting (x— @) for x in the second term
of the exponent in (15.14) and in (15.3).

15.3 From the characteristic function (15.15), the moments of the distribution,
or, more conveniently, its cumulants, are easily obtainable. The cumulant-generating
function is

p(t) = —3t'A-Tt+at p (15.16)
It is clear from the form of (15.16), which has no terms of degree above 2, that all
cumulants of order greater than 2 are equal to zero, thus generalizing the univariate
property of the normal distribution. ‘The mean of the jth variate is

so that the location vector w is the vector of means of the variables. The variance

of the jth variate is
a?‘w(t)] e
[a(itj)2 o= i (15.17)
the element in the jth row and jth column of A-1. The covariance of the jth and
kth variates is

[ o*y(t)

v = a3

0 (th) d (ltk):l t=0 ik
(15.17) and (15.18) show that A-! is the matrix of variances and covariances of the
variates, which we shall call their dispersion matrix. We may now make our notation
more suggestive by writing V for A1, and obtain, as our final expression for the
p-variate normal distribution in terms of its first- and second-order moments,

dF = 2n)-*?|V-1|texp {—3(x— ) V1 (x—p) } I dx (15.19)
with characteristic function
$(t) = exp(—1it’ Vt)exp(it'w). (15.20)

(15.18)

Example 15.1 The bivariate normal distribution

We have already encountered the bivariate specializations of (15.19) and (15.20)
in Example 3.17 and elsewhere. In this case the matrix of variances and covariances is

V - O% p0'10'2 R
0,03 0}
where p, the coeflicient of correlation, is defined by u,,/0,0,. Hence
1 P
V-1l = 0%(1_P2) 0'10'2(1“P2) ,
~p_ 1
a104(1-p?) oz (1-p%)
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and the frequency function with zero means is, from (15.19),
_ dx, dx, 1 xf 2px,x, X%
aF = Znalaz(l—}»ﬁ*e""{ 2A-p)\& 0105 | of
with characteristic function, from (15.20),
$(tnts) = exp {—$ (0} ti+2p0, 058, 2,403 17) }.

Linear functions of normal variates

15.4 We have seen (Example 11.2) that a linear function of independent uni-
variate normal variates is itself normally distributed. We may now obtain a much
more general result, to the effect that a set of variates, each of which is a linear function
of a set of multinormal variates (i.e. variates which have a multivariate normal dis-
tribution), has itself a multinormal distribution. (15.20) is the characteristic function
of a p-variate non-singular normal distribution. It may be written

E{exp(it'x)} = exp(—4t' V). (15.21)
Suppose that we write t' =s'A, (15.22)
where s’ is a vector of ¢ dummy variables, just as t’ is a vector of p such variables,
and A is any (¢xp) matrix. (15.22) substituted into (15.21) gives
E {exp(is’Ax)} = exp(—1s’AVA's). (15.23)
(15.23) shows that the set of ¢ linear functions of the p x-variates defined by y = Ax
has a multinormal characteristic function with dispersion matrix AVA’. If Ais a
non-singular matrix, the multivariate form of the Inversion Theorem (4.17) gives us
a multinormal frequency function (15.19) for y, with AV A’ replacing V.

If A is singular, the inversion cannot be explicitly carried out, since (A VA')-1
is not defined, but (15.23) is nevertheless the characteristic function of a degenerate
multinormal distribution. In particular, this is so if ¢>p. Looking at the matter
from this standpoint, it is evident that any degencrate multinormal distribution may
be regarded, through its characteristic function, as having arisen by a singular trans-
formation from a non-degenerate one. Such singularity causes no difficulty in practice,
since a distribution can be made non-singular by discarding redundant variates.

An important corollary of the result of this section, obtained by making A an
identity matrix with g<p—1, is that the (marginal) distribution of any subset of the
original variates is multinormal, with variances and covariances unchanged, although
the inverse of their dispersion matrix, and hence the coeflicients in the exponent of
their (marginal) frequency function, will of course be changed.

The multivariate normal integral

15.5 Apart from the location and scale parameters, the frequency function (15.19)
contains }p(p—1) parameters, namely the covariances between the p variates. It is
thus clear that tabulation of its distribution function is a formidable undertaking for
p > 2. Bivariate tables are given in Tables of the Bivariate Normal Distribution and
Related Functions (National Bureau of Standards, Applied Mathcmatics Series, 50,
Washington, 1959) for +p== 0(0-05)0-95(0-01)1 and variates in the range 0(0-1)4, to
6 or 7 d.p. Zelen and Severo (1960, Ann. Math. Statist., 31, 619) give charts for

reading the bivariate normal integral value with an error of 1 per cent. or less.
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Kendall (1941) gave an expression for the distribution function in terms of an
infinite series, but this, though convergent, converges too slowly to be of general use.
In the general case, Plackett (1954) has given a reduction formula which enables the
three- and four-variable cases to be tabulated as required by using tabulated integrals.

D. B. Owen (1957), The Bivariate Normal Probability Integral, Sandia Corporation, Washing-
ton, D.C., and (1956) Ann. Math. Statist., 27, 1075, gives tables for computing the bivariate
integral over regions bounded by straight lines and certain other regions.

G. P. Steck (1958, Ann. Math. Statist., 29, 780) gives tables for computing the trivariate
integral.

15.6 A special problem which frequently arises in statistical theory is the evalua-
tion of the multivariate normal integral over that part of the range of variation for
which all p variates are positive. Although this is a considerable simplification of
the general problem, it still presents analytical difficulties for p> 3, and a number of
special devices have been used to overcome them in particular cases.

We deal first with the two- and three-variate cases, the only ones for which analytical
solutions of the problem are known.

In the two-variate case, we write the frequency function as the Fourier transform
of its characteristic function and evaluate its integral over the positive quadrant as

© o 1 -] @ .., ,
P = L L {(2—7)5'[~m“-~mexp(—~zt x—t Vt)dtldtz}a'xldxz, (15.24)

where the vectors and matrix are now of order two. Reversing the order of integration
in (15.24), we integrate out x, and x, and obtain

42 PO = r r exp(—3t'Vt)

dt, dt,
ity it,
The coefficient of (—¢,¢,) in the exponent of the integrand is the covariance of the
two variates, which is (see Example 15.1) po,0,. Differentiating (15.25) with respect
to p, we obtain

(15.25)

0 © @©
‘&%ap _ f - J' T exp(~4tVe)dedr, (15.26)
The integrand on the right of (15.26) is a bivariate normal form in ¢, and ¢, apart
from the constant term. The integral in (15.26) therefore equals the reciprocal of
that constant, and (15.26) becomes
) 1 2= 1

“01 Uzab - WTVF - -Z_ﬁTV—I_*

from Example 15.1. On integration, (15.27) gives

4n?

= {2n0,0,(1-p%t}, (15.27)

P} = arc sinp/(2n)+a constant,
and the constant is seen to be } by putting p = 0. Thus
P} = }+arc sinp/(2n). (15.28)
(15.28) is usually called Sheppard’s (1898) theorem on median dichotomy. By sym-
metry, the same result holds for the negative quadrant, while the two ““ mixed ” quad-

rants have content (4 —PJ) each. PJ is tabulated by National Bureau of Standards
(1959)—cf. reference in 15.5—for p = 0(0-01)1.
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15.7 The corresponding three-variate result is derived from this fairly easily.
We have seen (Exercise 7.1) that the probability of occurrence of at least one of a set
of p events is

ZP,—ZPy+ZP;—...+(—1)"1P, (15.29)
the summations being of the probabilities of occurrence of the events singly, in pairs,
and so on to the last term, which contains the probability that all p events occur jointly.

If these p events are the positiveness of p multinormal variates, the probability
that at least one is positive is the complement of the probability that none is positive,
and, by symmetry, also the complement of the probability that none is negative, which
is what we seek. Using (15.29) and writing the zero superscript as before, we there-
fore have

1-P) = ZP{-ZP)+XP... +(~1)""1P}. (15.30)

If p is even, the last term on the right has a negative sign, and (15.30) is an identity ;
but if p is odd, it becomes

= }{1-ZP{+ZP}... +(—-1)P'ZPY_,}. (15.31)

(15.31) enables us to obtain P} for odd p from lower-order probabilities. With p = 3,

it gives
=3(1-ZP{+XZP)) = § {1-3.1+ 3 (}+arc sinp)/(27)}
= %+4—a(arc sinp,-+arc sinpg+arc sinp,s), (15.32)

a very simple generalization of Sheppard’s formula.

15.8 No such simple result is available for p>3. The best that has been achieved
up to the present in the general case is an expansion in a power series in the covariance
parameters by Kendall (1941). We may assume all variances to be unity, without
losing generality. The Fourier inversion of the characteristic function (cf. (15.24)) can
then be expanded as a power series in the correlations p;. Thus

P2=j y f {(Zi)pj ...j_mexp(—it’x—%t’Vt)dtl...dtp}dxl...dxp
°° . , ~ N pn,.Pn"“-
{(Zn)l’ exp(—-1t'x— It t).L[(—l)" 12 P13 ]

—oo nlngg!. ..
X g dty .. dtp}dx1 ...dx,, (15.33)

where the summation is over all possible sets of the p; taken over all non-negative
values of the n;; n; = Z(n;+n;) and n = Zn; .
i i

Interchanging summation and integration, we may re-write (15.33) as

- z[(_1)" PP ] ne,, (15.34)

"12'”13' j=1

1 (o[ .
where G, = 5 j o j " ieexp (— ity — 4t diyd, (15.35)
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Ifn =0,G, =}from(15.35). Ifn; is an integer, we integrate for x; as at (15.24)
to obtain
1
Cn. = 27

and by the formulae for the moments of the univariate normal distribution (5.60),

we have
=0 if n; is even
Gy  (2m)!

= - if n; is odd = 2m+1.
V(27)i2™ m! "

-] 2
j 1y~ Le-i9 dy,
—

Thus finally

c -0 ifn;, =2m (m=12...) (15.36)
ny.,
- (@2my! _ _
V@m) iz m! if n; =2m+1 (m=20,1,2...)

Thus partitions vanish from (15.34) which contain any ¢; an even number of times.
(15.34) and (15.36) formally solve the problem. But although the series (15.34)
for P) always converges, it does so only slowly if the p; are not small. Moreover,
the terms in (15.34) are not all positive. In the four-variate case, e.g. Moran (1948),
(15.34) becomes
P°——l—+-1~ p2 +L 2 piput
7 16 ' 8x i"-;Pij 472 ijklp'jp’d cee

but the coefficient of p,, p,3 py4 is negative, being —1/(4n?).

15.9 In the special case when all the correlations are equal, a remarkable sim-
plification is possible.

Let xo,%,, .., x, be a set of p+1 independent normal variates with zero means
and unit variances. Consider the derived set of variables

y.i"—'xi—bxo, i= 1,..-?, b>0.

These will be multinormally distributed with zero means, variances (1+5?) and co-
variances b2 The correlation between any pair of y’s is thus

p = b/(1+b?). (15.37)

This ranges from zero when b = 0 to 1 when b—>oco. The y; can thus be taken to
represent the general multinormal distribution with equal (positive) correlations. The
value of P} is immediately deducible from the construction of the distribution; it
is simply

PO — J'w (2m)~} e { j ® (2m)-tet dt}p dx, (15.38)
- bx

the probability that p independent normal variates exceed bx, integrated over a standard

normal distribution. This is an integral of the Hojo type (14.5) and can be simply

calculated with little crror by replacing the integration by a summation. Evidently,
AA
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the argument leading to the result is basically unaffected if some y, are defined by
Yi = %+ bx,

so that some of the y;, have negative correlations with the others, of magnitude —op.

In this case, of course, (15.38) must be suitably modified.

Ruben (1954) has tabulated P) in the equal-correlations case for p = 1/,
p=12,...,51—j, where j = 2,3,..,12,

Example 15.2

To illustrate the approximation of the outer integral in (15.38) by a sum, we con-
sider the case p = 2 when & = 1 in (15.37), i.e. p = 4. Replacing the integral by
the sum of the valuesat x = +3, +2, +1, 0, we find from Appendix Tables 1 and 2
the following results :—

>
x (1)=J~ @~ te ¥a  @={(1))? (3) =Sums of (2) (4)=(2n)" 3~ 3)x(4)

z

-3 099865 099730\ o

13 000132 0-00000 0-99730 0-00443 0-00442

-2 0-97725 0-95502 , , ,

15 0 07a7 000053 0-95554 0-05399 0-05159

-1 0-84134 0-70785 _ _ ,

1 015866 002517 0-73302 024197 017737
0 0-50000 0-25000 0-25000 0-39894 0-09973

033311
The value obtained is 0-3331 to 4 d.p. The exact value, given by (15.28), is . Greater
accuracy could have been obtained by using a sum of more than seven values. For
example, if we add in a further pair of terms for x = +4, they contribute 0-00013 to
the sum, giving a total of 0-33324. To 5 d.p., no further gain in accuracy results
from adding terms for x = 45, but accuracy as great as is desired could be obtained
by spacing the values at narrower intervals, say 0-5 instead of 1.

Moran (1956) gives a bound for the relative error in the sum compared to the
integral. It is, in our notation,

nz
Zexp{‘h‘fam‘f)}’

where h is the interval of summation. In our example, this is

nz
2exp ( - :—37;5)
With & = 1, this gives a bound considerably in excess of the error of about 1 in 10,000

obtained above with nine values. With smaller A, the bound decreases sharply and
also seems to be closer to the actual error.
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Quadratic forms in normal variates
15.10 Suppose that x is distributed with the multinormal density
4
dF o exp(—$x'Ax) II dx;,
j=1

where A is not necessarily non-singular. Consider the distribution of the quadratic
form x’Ax itself. Its characteristic function is, writing 0 = i,

qs(t)ocru r’ exp {~4x' Ax(1-26)}I1 ds;. (15.39)
- - j

The transformation (15.3) orthogonalizes the quadratic form as in 15.2 and (15.39)
becomes

$(f) o rjw...j':exp (-dyCy(1-20)) 1y, (15.40)

The number of non-zero components of y is precisely the number of non-zero latent
roots of A, say r. If we integrate out the (p—7) variables corresponding to the zero
latent roots, the exponent of (15.40) is unaffected. To the remaining r-fold integral,
we apply the transformation

% = yjcii(1—20)}

to obtain
¢(z)oc(1—ze)-*fr r exp (- 17 z) Tl dz;. (15.41)
— — j
The integral in (15.41) is independent of 6. Thus
¢ (1) = (1-20)¥, (15.42)

the elimination of constants being verified by the fact that ¢ (0) = 1. By the Inversion
Theorem and Example 3.6, (15.42) shows that the distribution of the quadratic form
in the exponent of a multinormal distribution is that of a distribution known as the
x* distribution with r degrees of freedom defined by (11.36) with n—p = r (see
also Chapter 16), where r is the rank (of the quadratic form) of the distribution.
This generalizes the result of (11.8), which deals effectively with the case where A
is diagonal and non-singular.

Example 15.3 The x® goodness-of-fit distribution
Given a samplc of n observations from a multinomial distribution (5.30) with

probabilities p, (i = 1,..,k), it follows from the multivariate form of the Central
Limit theorem that the observed numbers x, in the k groups will tend, with increasing
n, to have a multivariate normal distribution, with means np, and dispersion matrix
given (as at (5.80)) by

21(1=p1), —P1pa —P1Pas  --s —PiPk

y ZY 20 p2(1=p2), —PabPs -y —pabi

Ven . . . ... .

=bPxPo —PrP2 oo vy P (1 —Pk)
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k

Because of the linear restriction X x; = #, the multinormal distribution is singular,
j=1

of rank (k—1), so |V| = 0 and we cannot invert V. However, we may omit one of

the x; (say x4), as it is redundant, the remaining (k—1) x; being multinormally dis-
tributed with means np; and dispersion matrix V* which is simply V with its last
row and column eliminated. It is easily verified by a direct matrix multiplication that

1,141 .01
Pi Px Pe P Pr
11,01t
(V¥)-1 = 1 Px P2 P Pr P
n
LU T S N |
2 Pe Pk Pr-1 Pr
The exponent of the multinormal distribution thus has the quadratic form
-1 g (amnp)t 1 A ) (%~ np;
(=) (V)2 (xmp) = 250 ,,Pk 2 E (s-np) (5-np)
_ k—l(x‘__,npi)Z _
B i-‘El np; +" {Z(x nPt)}
k 2
= 3 (x,-—n_p,-)‘.
i=1  np;

By the result of 15.10, this variate is distributed like 2 with (k—1) degrees of freedom.
This result, due to Karl Pearson (1900), is the basis of the y? goodness-of-fit test
which we shall discuss in Volume 2.

15.11 We now suppose that x is a vector of p independent standardized normal
variates, and consider the distribution of the general quadratic form

0 =x"Ax.

By the orthogonal transformation (15.3), x is transformed to y, a vector of  (<p)
independent standardized normal variates, and

0 = X apj, (15.43)
i=1
where the @, are the non-zero latent roots of A. The cumulant-generating function
of a;y,% which is a multiple of a y2 variable with one degree of freedom, is (cf. 15.10
and Chapter 16), with 0 = ¢,
p;(t) = —1log(1—-24,0), (15.44)
and that of Q is, by the additive property of cumulant-generating functions, obtained
from (15.43) and (15.44) as

p() = —1 X log(1—2a,0). (15.45)
t=1
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From (15.45), it follows that the cumulants of Q are

k=21 (s=1)! £ al (15.46)

=1

Now Z a! is the sum of the elements of the leading diagonal of the sth power of A,
i=1

and we write this sum as trA’. Thus (15.46) is
K, = 2" (s—1)1tr A% (15.47)

(15.46) makes it clear that the distribution of Q depends only on the values of the
non-zero latent roots of A.

Comparing (15.46) with the cumulants of a 2 variate (obtainable from (15.42)
or from Chapter 16), we see that if and only if every a, = 1, Q is distributed like x?
with 7 degrees of freedom. (In this case, (15.47) shows that A is an idempotent matrix,
since A = A* for all 5.) This is a special case of the result of 15.10.

15.12 The characteristic function of Q, corresponding to the cumulant-generating
function (15.45), is
, 1
B0) = Elexp0xAR)} = o, |

’ ..jm exp {— bx' [I-20 A]x} dx, . . . dx,

—m (15.48)
'This is the integral of a multinormal distribution with V-1 = I-20 A, apart from a
factor |V |-%. It therefore equals [V |}, so that

— 0

$(t) = |I-20A |- (15.49)
If we now turn to the joint distribution of two quadratic forms,
0, =x"Ax,
0, = x'Bx,

we see similarly from evaluating the expectation of exp (0,Q, +0,Q,) that their joint
cf. is

bty ts) = |1-20,A—20,B|, (15.50)

and their joint cumulant-generating function is
p(tyty) = Z 27 tr(0,A+0,B)/s. (15.51)
=1

As we have seen at 4.16, the necessary and sufficient condition for the indepen-
dence of two variates is that their joint characteristic function factorize into their indi-
vidual characteristic functions. (15.49) and (15.50) therefore yield, as a necessary
and sufficient condition for the independence of Q, and Q,,

|1-20,A||1-20,B| = |1-20,A—20,B| (15.52)
or equivalently, since 6, and 0, are dummy variables,
|A1-26,A||AI-20,B| = A?|A1-20,A-20,B|, (15.53)

a result due to Cochran (1934).
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15.13 An alternative way of stating the condition for the independence of Q,
and Q, is that the product-cumulants of their joint distribution must all be equal
to zero (Example 12.7). In the joint cumulant-generating function (15.51), the
coefficient of 6%6, must be zero whenever k and />1. Thus we require

tr (A*B'A™B*.. ) =0  (all kL, mmn, ... >1). (15.54)
We now prove Craig’s (1943) theorem: Q, and Q, are independent if and only if
AB = 0. (15.55)

The sufficiency of (15.55) for (15.54) is evident, for since we may commute matrices
under the trace operation the matrix product in (15.54) may be written to include
at least one factor AB.

Its necessity follows on putting k=[l=2and m=n=... =0 in (15.54), for

0 = tr(A2B?) = tr(B.A?B) = tr {(AB) (AB)} (15.56)

since A and B are symmetric. Now the leading diagonal of (AB)’ (AB) contains only
the squares of all the elements of AB which are, of course, real. Thus (15.56)
implies that every element of AB is zero, i.e. that (15.55) holds. It is remarkable
that (15.56) alone implies (15.55), no use having been made of the other relations
in (15.54). This proof is duc to Lancaster (1954).

15.14 Further, since A and B are symmetric, we may write

A=TT
B =UU,
and
AB =TT'UU".
Hence

tr(AB) = tr(TT'U.U’) = tr(U'T.T'U)
= tr {(T'U)' (T'U) }.
‘The leading diagonal of (T'U)'(T'U) contains only the squares of all the elements
of (T'U), but these are not necessarily all real. But if A and B are non-negative
forms, the elements are all real, and hence

tr(AB) = tr {(T'U)(T'U)} = 0 (15.57)
implies
TU =0
and hence
AB=T. T'U.U = 0.

Thus for non-negative quadratic forms, (15.57) implics (15.55) and independence, a
result due to Matérn (1949).

In particular, A and B are non-negative if Q; and Q, are x? variates. In this
case, the equivalence of (15.57) and (15.55) may be seen directly since A, B are
idempotent and

AB = A2B?

so that (15.57) implies (15.56) and hence (15.55) and independence.
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Example 15.4 The independence of sample mean and variance in normal samples
We have seen (Examples 11.3, 11.7) that in samples of size n from a univariate

normal distribution, which without loss of generality we may take to have zero mean
and unit variance, the sample mean # is itself normally distributed with mean 0 and

variance 1/n, and the sample sum of squares X (x;—%)? is distributed like y2 with
i=1
(n—1) degrees of freedom. It follows that n %2 is also distributed like 2 with 1 degree

n
of freedom. The quadratic forms nx?* and X (x;—%)? have matrices
1==1

a-lu B-1-ly
n n

where U is the matrix with unit for each of its elements. Thus
tr(AB) = tr(A—A%) =0
by the idempotency of x? variates. Hence, from (15.57), n&? and Z (x —X)? are

independently distributed, as we have already seen in Example 11 3 where we
obtained the result in a slightly different form.

15.15 As a consequence of Craig’s condition (15.55), we may obtain a necessary
and sufficient condition for the independence of a quadratic form Q = x'Ax and
a linear form L = b’x. For Q and L are independent if and only if Q and L? are
independent, i.e. if X" Ax and (b’'x)’.b’x are. From (15.55), this will be so if and
only if

A.bb" = 0. (15.58)
From (15.58) it follows that
Abb'b =0, (15.59)
and as b’b is a non-zero scalar, we may drop it from (15.59) to give
Ab = 0. (15.60)

This only establishes the necessity of (15.60) for (15.58). Its sufficiency follows
immediately.

Example 15.5

We may apply (15.60) to obtain the result of Example 15.4. Here the quadratic
form is, using 1 to denote a vector of units,

% (5—7) = x/(I-1U)x,
i—=1 n

and the linear form is

The product of these matrices is
(I—%U) 1l = 1l—l 1=0,

so (15.60) is obeyed and ..Ssl(xi—.a?)2 and & are independent.
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The decomposition of a sum of squares of independent normal variates

15.16 We now prove a remarkable result due to Cochran (1934), whose funda-
mental theorem has been amplified by James (1952). With x a vector of p independent
standardized normal variates as before, suppose that the sum of squares x’x is decom-
posed into k quadratic forms Q; = x’' A;x with ranks r;, i.e. that

k
Zx'A;x =xIx. (15.61)

i=1
Then any one of the following three conditions implies the other two :—

(a) The ranks of the Q, add to p.
(b) Each of the Q, is distributed like y2.
(c) Each is Q, independent of every other.

We show that (b) is implied by (a) or (c), and implies them both, using a method of
proof due to Lancaster (1954).

15.17 Select an arbitrary Q,, say O,. If we make an orthogonal transformation
(15.3) which diagonalizes A,, we obtain

yB'A,By+y' B I-A,)By = y'ly, (15.62)

the identity matrix, of course, remaining invariant under orthogonal transformation.
Since the first and last terms in (15.62) are diagonal, so must the second be. More-
over, since (p—r,) of the leading diagonal elements of B’ A, B arezero, the corresponding
elements of B'(I-A,)B are unity, and since by condition (a) the rank of the latter
matrix is (p—r,), the other elements of its leading diagonal are zero, and the corre-
sponding elements of B’A;B are unity. Hence, from 15.11, Q, is a x? variable,
A, being idempotent. The same result holds for the other A,., Thus we have estab-
lished (b) from (a).

15.18 Further, from (15.61)
I=ZA, (15.63)

and since the A, are idempotent, (15.63) squared gives
I = 2A¢+ Z AiAj

i 1]
or E A,Aj = 0. (15.64)
i£]
Taking traces on both sides of (15.64),
Z tr(AA)) = 0. (15.65)
i#£]

But since the A; are idempotent, and latent roots and traces are unaffected by ortho-
gonal transformation, we have

tr(A;A)=0 (F#)) (15.66)
and (15.65) and (15.66) together imply
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tr(AA) =0 (all § % j) (15.67)

which by 15.14 implies A;A; = 0 (all 7 # j), and the independence of Q; from Q.
Thus (c) is established from (b).

15.19 If (b) holds, A, has 7, latent roots of unity and (p—r,) of zero, and from
(15.63) it follows, on taking traces of both sides, that

1

k
p = 2 T
=1
which establishes (a) from (b).
If (c) holds, taking powers of (15.63) gives

ZAI=1 (all s), (15.68)
and taking traces of both sides of (15.68) gives
trXAf=p  (all i) (15.69)

(15.69) can only hold if every latent root of each A, is unity, i.e. if each Q, is distributed
like 2. This establishes (b) from (c).

We have thus seen that (a) implies (b) and conversely, and also that (b) implies
(c) and conversely. This establishes the sufficiency of any one of the conditions for
the other two. See also Exercise 15.16.

It is not true generally that if two variates are distributed like 2% and their sum
is also distributed like »* with degrees of freedom equal to the sum of their indi-
vidual degrees of freedom, then the variates are independent. Example 7.6 is a

counterexample due to James (1952) : the restriction to quadratic forms in standard
normal variates is crucial here.

Example 15.6

Reverting to the distribution of mean and variance in normal samples, discussed
in Example 15.4, we see that the decomposition of the sum of squares

n n

X (w—X)P+nx = X x?

i=1 i=1
obeys the conditions for the application of Cochran’s theorem. Condition (b) of
15.16 was established in Examples 11.3 and 11.7, and immediately implies the indepen-
dence of the two sums on the left. It is easily verified that their ranks are (n—1)
and 1 respectively (agreeing with the degrees of freedom in their x? distributions),
and this satisfaction of condition (a) is enough to imply both their x? distributions and
their independence.

15.20 From 15.11 onwards, we have supposed x to be a vector of independent
standardized normal variates, but no essential difference is made to our results if we
take x to be multinormally and non-singularly distributed with mean 0 and dispersion
matrix V. For since V is positive definite, we may write

V=TT (15.70)
where T has real elements, and the transformation x = Ty transforms the exponent
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of the distribution of x from x'V-1x to
yTVATy =y T (T)*T Ty = y'y,
using (15.70), and we may treat the vector of independent variates y as before. Thus

the quadratic forms x’Ax, x'Bx become y'.T'AT.y and y’.T'BT.y respectively,
and Craig’s condition (15.55) becomes, using (15.70),

0=TAT.T'BT =T'.AVB.T

or AVB =0, (15.71)
a generalization due to Aitken (1950). Similarly, Lancaster’s condition (15.56) becomes
0 = tr {(T'AT)*(T'BT)?} = tr {(AV)2(BV)?}, (15.72)

and Matérn’s condition (15.57) for non-negative forms becomes
0=tr{(TTAT)(T'BT)} = tr (AVBYV). (15.73)

15.21 Cochran’s theorem of 15.16 also holds for the more general situation
where, in (15.61), the right-hand side is replaced by any quadratic form distributed
like 2. For we may transform this to a sum of squares as above and the ranks of the
singular matrices on the left of (15.61) are unaffected by the non-singular transformation.
Conditions (a), (b) and (c) of 15.16 on the untransformed matrices are then equivalent
to the same conditions on the transformed matrices, and we may therefore apply
Cochran’s theorem directly to the former.

If the x; are not independent, the theorem still holds with obvious modifications
(Exercise 15.17).

Characterizations of the normal distribution

15.22 We have seen in Example 12.7 that the independence of sample mean and
variance characterizes the univariate normal distribution—no other distribution with
finite cumulants of all orders possesses this property. This result may be generalized
to the multivariate case in the form : the independence of the sample mean vector and
the elements of the sample dispersion matrix characterizes the multinormal distribution
among all multivariate distributions with finite dispersion matrices. It will be noticed
that the existence of higher-order cumulants is not necessary to the result, which is
due to Lukacs (1942). We first give his proof for the univariate case, and sketch the
generalization.

15.23 We suppose a population to have finite mean u and variance ¢2, and char-
acteristic function (c.f.) ¢(¢). The joint c.f. of the sample mean % and variance s
in samples of size n is

braltyts) = j jexp(itlﬂiz,sz)dp,. (15.74)

A necessary and sufficient condition for the independence of £ and s is that (15.74)
factorizes, i.e. that

$13(21, 2a) = $1(t1) $a(ts)- (15.75)

Differentiating (15.75) with respect to ¢, we obtain

[%ﬂ“_o — $u(t)) [%%]hﬂ(; (15.76)
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Now in (15.76), we may use the relation connecting the c.f. of the sample mean with
that of the parent distribution

$1(t,) = {¢ (f;‘)}" (15.77)

Further [_3_@] =1E(s?) = 1. (n 1) (15.78)
atz ty=0
Finally, from (15.74),
aaqi” = iI e Is%xp (tt,£+1t,5%)dF,, (15.79)
2
and since
sz = %E x% -2 = {(n l)zx —sz,xj}’ (15.80)
i i #13

(15.79) and (15.80) give
[?a"i.lz] - ':_J H(n—nzx?- ST }exp(ttIZx,-/n>dF,,
2 Jt,=0 i i

_ i("_n_—l){szexp(itlx/n)dFl' [¢ (%) 't—l
_ Uxexp (Gt x/n) dFl]z [4’ <%)]”—2}
o S ] o

Writing ¢ for %1, we put (15.81), (15.77) and (15.78) into (15.76) and obtain
()¢ )+ {¢' ()} = {$()} 0" (15.82)

(15.82) may be rewritten

d(d o,
—d—t{alog\ﬁ(i)} R (15.83)
so that integration of (15.83) gives
¢ ()/$(t) = —c*t+c. (15.84)
From the initial conditions
¢(0) =
¢'(0) =
we find in (15.84)
c=1pu,
and (15.84) becomes
%loqu(t) = iyu—0o?t. (15.85)

Integrating (15.85), we have
log ¢ (t) = ipt—1Lo?t?,
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the constant of integration being zero since log$(0) = 0. Thus finally
é(t) = exp(fut—3o?t?), (15.86)
which is the c.f. unique to the normal distribution. (15.86) thus establishes the

independence of sample mean and variance as a characteristic of the normal distribu-
tion alone among distributions with finite variance.™®)

15.24 The generalization of the result of 15.23 to the multivariate case is straight-
forward. If the distribution of the sample mean vector is independent of s, ,,, the
sample covariance of x;, and x,, we obtain, by the argument leading to (15.82),

— b1, w/P+ b1 /P = Oy (15.87)
where ¢ is the c.f. of the parent distribution and suffixes denote the #-variable with
respect to which differentiation has been carried out. If (15.87) holds for I,m = 1,2,
...,p, we have a system of partial diffcrential equations which may be written in
matrix form, corresponding to (15.83),

(5% 5%;10;;:,6) _ _v, (15.88)
so that on applying the initial conditions, (15.88) yields after two integrations
4 = exp (it w3t Ve),
the c.f. of the multinormal distribution.

15.25 Other interesting and important characterizations of the normal distribu-
tion are known. For example, in our discussion of the geometrical method of deriving
sampling distributions in Chapter 11, we saw that the probability density of a sample
of independent observations from a standardized univariate normal distribution is
constant on the sphere X x* = constant, since the density is a function of X x? only.
The question arises whether this property of radial symmetry is possessed by any
other distribution. The following argument, due to Bartlett (1934), shows that it
is not.

If the density may be written

L = II f(x;) « g(Zx?), (15.89)
i=1
we must have oL = 9log, =0
o0x; ox;
for T} = constant.

Using Lagrange’s method with a multiplier 4, we therefore have
al"g () pae =0 (@l i) (15.90)
Integration yields ‘
logf(x;) = —3Ax}+k,

(*) Kawata and Sakamoto, 1949, Your. Math. Soc. Yapan, 1, 111, relax even the restriction
of requiring a finite variance.
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or
f(x;) oc exp(—4Axf). (15.91)
(15.89) thus characterizes the normal distribution.

15.26 The argument generalizes at once to the multivariate case. Instead of
radial symmetry with respect to a single vector of length (X x?)}, we now consider a
group of p vectors. If the distribution has a density which is a function only of the
squared lengths of these vectors (the sums of squares) and the angles between them
(the correlation coefficients—cf. 16.24), it must be multinormal. For if we define
x; as the (p x 1) vector containing the ith set of observations on the p variates,® and
X’ as the (p x n) matrix formed by these vectors, the sums of squares and products
are the elements of X'X, and we have

L = IIf(x;) « g(X'X). (15.92)

For X'X constant, we now introduce a (p x p) matrix A of Lagrange multipliers, and
differentiate logarithmically to obtain

dlogf(x;) _ ;
am +Ax, =0 (all 1),

whence
J(x:) oc exp(—xiAxy),
so that (15.92) characterizes the multinormal distribution.

15.27 Finally, we prove a characterization of the normal distribution which
illuminates the position of central importance which it holds in statistical theory. We
have seen (Examples 11.2 and 11.3) that an orthogonal transformation from a set of
independent standardized normal variates yields a set of linear functions of the original
variates which are also independent standardized normal variates. We now prove
that if x is a vector of (not necessarily identical) independent standardized variates
with finite cumulants, and the non-trivial transformation

x =Cy (15.93)

gives a vector y of independent standardized variates, then each of the x; is normal
(and hence so is each y;) and the transformation is orthogonal. The result is due to
Lancaster (1954).

The orthogonality of C follows at once, for since the variates are standardized

?cfJ =1, (15.94)
while since they are independent
Yceia;=0 (I # k). (15.95)
j
(15.94) and (15.95) are the conditions for orthogonality. Thus C' = C-! and
y =C'x. (15.96)

(*) These new vectors are, of course, distinct from the (n x 1) vectors of observations on single
variates just discussed.
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Since the y; are independent, (15.93) gives for the sth cumulant of x,, «,,

Ky = SCLAe  (all $), (15.97)
3
where A, is the sth cumulant of y,. Conversely, from (15.96),
2o = Z(cy) ' xy  (all s). (15.98)
i
Combination of (15.97) and (15.98) gives
Ky = Drgchcy  (alls). (15.99)
k

For s = 1, 2,(15.99) reduces to «; = 0, xy; = 1, as it must for standardized variates.
Now
Xl o | KTE| e | el (15.100)
i k j k

and using (15.94), (15.100) becomes, for s>3,
2| Y| <1 (15.101)
ik

Taking absolute values in (15.99), we havc
| rss| <2 "aj”%cf'kcgﬂ- (15.102)
j

(15.102) has on the right-hand side a weighted sum of the «,;, the weights adding to
less than 1 by (15.101). If for fixed s we take that value of ¢ for which «,, is largest,
(15.102) cannot hold unless that «,; = 0, i.e. all x,; = 0. This holds for all s. Thus

ke =0 (all $23) (15.103)

and each x; is normal. The normality of the y; follows at once.

Lukacs (1956, Proc. Third Berkeley Sympos., 2, 195) reviews characterization
methods and results generally.  Lancaster (1960, ¥. Austral. Math. Soc., 1, 368) reviews
the characterizations of normality by independence properties, and shows in particular
that the latter imply the existence of all moments, which therefore need not be assumed.

EXERCISES

15.1 From a multivariate normal distribution, a eonditional distribution is found by fixing
the values of certain of the variates. Show that this distribution is itself multivariate normal,
with a mean vector which is a function of the eliminated variates and with the same elements
in the inverse variance matrix as the variates possessed in the original distribution.

15.2 A trivariate distribution, not necessarily normal, has correlations py,, pys, pas. Show
that 14+2p15p13P23 > plat Pis+ s

15.3 In a p-variate distribution all the correlations p are equal. Show that this is possible
if, and only if, p= —-1/(p—1).

15.4 Show that the frequency function of the multivariate normal distribution satisfies
the system of equations
of _ 0f

opiy  Ox; 0xy

where py; is the correlation coefficient of x; and x;.
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15.5 By considering the bivariate normal distribution with independent variates, show that
z
I 2n)~texp (— §?) dt < {1 —exp (—2x%/m) }h.
-2

(The error in taking the equality to hold is always less than § per cent.)
(Williams, 1946)

15.6 By considering the area of a suitable spherical triangle, derive the probability (15.32)
that in a trivariate normal population with zero means and unit variances the variate values are
all positive.

15.7 Shots are fired at a vertical circular target of unit radius. The distribution of horizontal
and vertical deviations from the centre of the target is bivariate normal, with zero means, equal
variances v and correlation p. Show that the probability of hitting the target is

A-pperder, ol _w ] A
n L_p[ p{ 2v(1—p=)}]u{pﬂ—(1-u)z}¢

15.8 The variates x and y are non-singularly distributed in a bivariate normal form. Show
that 2 4 2axy + y2 cannot be independent of x2+ 2bxy +y? unless a and b are both unity in absolute
value and of opposite sign.

15.9 By considering a sequence of (p+ 1) identically distributed variates, show that for any
continuous distribution of p variates with identical marginal distributions and correlations all
equal to }, the probability that all the variates exceed their expectation is 1/(p+1).

(Foster and Stuart, 1954)

15.10 In the previous exercise, if, instead of the correlations being %, the dispersion matrix
is given by

1 -+ 0 0 0
-+ 1 -} o0 0

0 -3 1 -1} 0

V- 0 0 -} 1 0
S

o . . .. . . =y 1

show that the probability is 1/(p+1)!.

15.11 For a multivariate normal distribution with V- equal to V of the previous exercise,
show that the probability that the variates are all non-negative is 1/(p +1).
(Anis and Lloyd, 1953)

15.12 By considering the variates y; = x; —b;x,, where the x; are independent standardized
normal variates with frequency function f, show that for a multinormal distribution with correla-
tions py, = a;a; (i #j) the probability that all the variables are positive is

on {ijf(t)dt}f(x) dx.
—o (Y Jbaz

15.13 If x has a multinormal distribution with mean 0 and dispersion matrix V, show that
a necessary and sufficient condition for the independence of a quadratic form x” Ax and a linear
form b’ x is that AVb = 0,
(Aitken, 1950)
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15.14 If V in the previous exercise is non-singular, with rank p, show that a necessary
and sufficient condition that x’Ax be distributed like y? with s degrees of freedom is that
(V-1—A) has rank p—s.

15.15 If x" Ax, x’Bx are distributed like ¥ with m and n (=m) degrees of freedom, show
that a necessary and sufficient condition that one be a component of the other is that their

correlation coefficient takes the value (m/n)}.
(Lancaster, 1954)

15.16 Show by modifying the proof in 15.18 that if Q; is a x® variable and (%" Ix— ;) is non-
negative definite, the latter is distributed as »? independently of Q, with degrees of freedom

(p—ry).
(Hogg and Craig (1958), Ann. Math. Statist, 29, 608)

k
15.17 If x is multinormal with mean 0 and dispersion matrix V, and E x'Aix = x"Ax

i=1
where AV is idempotent, show that any of the conditions (a), (b), (c) of 15.16 implies the other
two if (b) is amended to require the idempotency of each A;V and (c) to require that A;VA; = 0,
all 7 £ j.

15.18 x and y are distributed in a bivariate normal form with zero means, unit variance
and correlation p. Show that the distribution of x and y, conditional upon ax+by = 0, may
be regarded as the univariate normal distribution of (bx — ay) with variance

(1 —p¥(a®+b*)?/ (a® + 2pab + b?).

15.19 «x,, x,, . ., x, are distributed in a multivariate normal form, the covariance of x; and x;
being c¢;;. Show that their covariance, conditional upon [, x;+Il3x,+ ... +1l,x, = constant, is

(% lecir) (E_: lecix)
S llmokm
km

Cij—

15.20 1In a bivariate normal distribution with zero means, all pairs of values which are not

both positive or both negative have the sign of x changed. Show that when this is done, the

two variates are marginally normally distributed but that their joint distribution is not bi-

variate normal. Generalize to show that, for a set of n variates, it is possible for any subset of
p <n variates to be jointly normally distributed without the n variates being so distributed.

15.21 Use the result of Exercise 15.19 to establish, as in Example 15.3, that the sum

(2, —npi)?
3 TP
i np;

k
Poisson variables conditional upon X x; = n.)
i=1

has a x? distribution with 2—1 degrees of freedom. (Consider & independent

15.22 If x,, ..., x; are independent variables having (not necessarily identical) Gamma-
distributions, show by using characteristic functions that any scale-free function of them,

k
h(xy, ..., %), is distributed independently of S = X x;. In particular this holds for
i1

n n

h(x,, .- .,x,,) = 2 agxg Z Xy = R.

i= i=1
(Pitman (1937), Proc. Camb. Phil. Soc., 33, 212. Laha (1954), Ann. Math. Statist.,
25, 784, gives a converse : if the x; are independently and identically distributed
with finite variance, the independence of R and S implies that each x; has a Gamma-
distribution.)



CHAPTER 16

DISTRIBUTIONS ASSOCIATED WITH THE NORMAL

16.1 In the course of our investigations in earlier chapters, we have encountered
several distributions, related to the normal distribution, which play important parts
in the theory of statistics precisely because they are the forms taken by the sampling
distributions of various statistics in samples from normal populations. The special
position which the normal distribution holds, mainly by virtue of the Central Limit
theorem in one or other of its forms, is reflected in the positions of central importance
occupied by these related distributions. Whenever some statistic (under regularity
conditions) has a sampling distribution which is asymptotically normal, other statistics
exist which have the corresponding related distributions. We have already encountered
an instance of this in discussing the 2 goodness-of-fit test in Example 15.3.

In this chapter, the three important distributions related to the univariate normal,
namely the x? distribution, *“ Student’s  ¢-distribution, and Fisher’s variance ratio (F)
distribution, will in turn be examined, and the salient properties of each described.
Later in the chapter, sampling distributions arising from the bivariate normal dis-
tribution will be discussed.

The x? distribution

16.2 We have already seen (Example 11.6) that the sum z of the squares of n
independent standardized normal variates is distributed with frequency function

dF exp (—12)zi""1dz, 0<s< oo, (16.1)

1
2T (dn)
and that if we impose p independent linear constraints upon these variates, i.e. con-
sider the distribution of 2 conditional upon p(<n) linear relations among the normal
variates being satisfied, the effect of the constraints is simply to replace » in (16.1) by
(n—p). Further, we have also seen (Example 11.7) that if the sum of squares is taken
about the sample mean instead of thc population mean, the effect on the distribution
of z is to impose one linear constraint, replacing » in (16.1) by (n—1).

The distribution (16.1) is called the x? distribution with n degrees of freedom. If
rewritten, with 2=42 and n = v, as

1 _
dF = F(%—v)exp(—%xz)(-éxz)*‘ d(dyr), v>0; 0<x’< o0,  (16.2)

it is at once evident that 4x2 is distributed in the Gamma-distribution with parameter
$v». (16.2) is a Pearson Type III distribution. Although we have so far considered
distributions of the type (16.2) with » a positive integer, we have taken the opportunity
here to widen the definition of the distribution to all cases for which » is positive. For
such cases, the distribution function always converges, so that the distribution is always

properly defined.
BB 369
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By differentiation of (16.2), we find that for »>2, the #? distribution has a mode
at v—2. For v = 2, the distribution is J-shaped, with maximum ordinate at zero,
while for 0 <»<2 the distribution is J-shaped and has infinite ordinate at the origin.

Properties of the x? distribution

16.3 The characteristic function of x* is obtained at once from (16.1) (see

Example 3.6) as
1

$(t) = (1= 2it)¥
whence, for the cumulants, we have

K, = v2"" (r—1)! (16.4)
and for moments about the mean

(16.3)

o = 2v
ps = 8v
Uy = 48v+ 1212 (16.5)

s = 32»(5v+12)
pe = 40v (32 +52v + 96).
Since «, is linear in », u,, which can contain only [§r] powers of u,, must be of degree
[37] in v, i.e. §r if 7 is even and £ (r—1) if 7 is odd.
As » tends to infinity the %2 distribution tends to normality, for in standard measure

we have
i 2it \~¥
—vit v =2t 1( 2t \? "
and log #(2) = \/(211)_2 \/(Zv)—§<\/(2v)> +olv )}
— %12

The tendency is, however, rather slow, and there are better approx1mat10ns as we shall
see in a moment.

16.4 The distribution function of (16.2) is an incomplete Gamma-function. We
have

FO) = [ gy~ 1900~ ds
= Ty (b)/T (),

or, in the notation of Pearson’s tables,

(i )

Many special tables of the 2 distribution have been computed. Of these, the most
useful and easily accessible are listed below :

(a) Pearson and Hartley (1950) give the distribution function of 2 for » = 1(1)
20(2)70 and y* = 0-001(0-001)0-01(0-01)0-1(0-1)2-0(0-2)10(0-5)20 (1) 40 (2) 70. This
table is fully reproduced in the Biometrika Tables.
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(b) Thompson (1941) gives an inverted table of the percentage points of the dis-
tribution, i.e. the values of x2 corresponding to the values (1—P) of the distribution
function, for P = 0-995, 0-990, 0-975, 0-950, 0-900, 0-750, 0-500, 0-250, 0-100, 0-050,
0-025, 0-010, 0-005 and » = 1(1)30(10)100. This table, too, is reproduced in the
Biometrika Tables, with the addition of entries for P = 0-001.

(c) Fisher and Yates (1953) give an inverted table for P = 0-99, 0-98, 0-95, 0-90 (0-10)
0-10, 0-05, 0-02, 0-01, 0-001 and » = 1(1)30. A selection from this table is given
as Appendix Table 3.

(d) A table by Yule, reproduced in Appendix Table 44, gives P forv = 1, > = 0
(0-01)1(0-1)10.

16.5 Two approximations to the distribution of 4% are in common use, each of
which selects an appropriate function of the variate which is normally distributed to
a closer approximation than is x? itself. 'They are:

(a) Fisher’s result that 4/(2x?) is approximately normally distributed with mean
4/(2v—1) and unit variance ;

(b) Wilson and Hilferty’s (1931) result that (y2/»)/® is approximately normally
distributed with mean 1—2/(9) and variance 2/(9).

The second of these is the more accurate approximation, but involves more com-
putation in applications.

16.6 The relative speed of approach to normality of x* and 1/(2%%) may be com-
pared as follows :—
For »? we have, from (16.5),

1= VB = (8/”)*

1 (16.6)
Yo = ﬂ2—3 = —1;—'
For the moments of y we have
, 1 ® 3 vtr—
= g ),
_ 2T {J(v+n)},
B¢ (16.7)
, r +1
Thus W= /2 —{%“%T)}

Using Stirling’s expansion
N 1 1 1
logT'(x+1) ~ &log(2n>+(x+&>logx—x+m-m—3+o(@).

we find after substitution and reduction

, 1 1 5
M = \/v(l—z;+§—2-;2+1—28‘—va+ ...),



372 THE ADVANCED THEORY OF STATISTICS

, 1 1 1
2 —_—— —
whence M= v(l Hteatigs™ )
Also Hy =7,
= (1)
ey = (v+2),

Ha = T 4y ° Y
(16.8)

A comparison of (16.8) with (16.6) shows that 4/(2x%) tends to normality with con-
siderably greater rapidity than x2 Moreover, the expression for u, of y is equal to
v/(v—1%) to order »~*2 and hence 4/(2x?) is distributed about mean 4/(2v—1) to that
order, with variance which is unity to order »-1.

16.7 For the Wilson-Hilferty approximation, consider the distribution of 42

2\ A
about its mean value ». Let us find the distribution of ({—) = y, say, h as yet being
undetermined. Write & = y2—». Then

_ (125
y=(1+3)

hE h(h—1) &2
I+—v—+“—2-r—"-v-§+ e (169)
Taking mean values and using the results of (16.5), we find, after some reduction,

wm» =1+ _____h(/;;l)u___fzxz)_l_

h(h=1) 1 h(h—1)(h—2)(3h-1)
T 57 G N

+ h? (h-tl_)igl:;Z) (h—3)

=1+

+0 (). (16.10)
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If in (16.9) we put rh for & and find the mean value of y", we obtain
w) =14 D 2 (16.11)

We now choose % so that the third term in (16.10) vanishes, i.e. we take A = 1. We
then find, from (16.10) and (16.11),

2 80
1) = 1=5-+ 5+ 0,

2 4 56
lu2(y) = 1 9 34v2+37 3+O( _‘)’
/‘:I;(y) =1,

' 4 4 80
1 (y) = 1+§;—3?172‘+§773+0(”'4)’

or, transferring to the mean,

2 (y) = 92v ;9 43+O( v=4),
1 (y) = »33;%54-0@—4), . (16.12)
1 (y) = “3%2‘ 3153**0( “‘)
We now find
V1= 3‘3 /3/2. +o (%)

\ (16.13)
ya= —g +o().

2 1/3
Comparison with (16.6) and (16.8) shows that ( > tends to symmetry, as measured

by y,, more rapidly than either y% or 4/(2x%). To order »—2 the variance is, from
(16.12), equal to 2 and the mean 1—5;. The result may also be expressed by saying

%
{(?)”ﬁ% - 1}(%’)”2 (16.14)

is distributed normally about zero mean with unit variance.

that

16.8 The following table, quoted from Garwood (1936), shows some comparisons
of the two approximations with the exact values. In each case there have been worked

out the values of }y2 corresponding to P = ro dF(3x*) = 0-01,0-05,0-95and 0-99. 'The
1xd
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exact values are denoted by m,, those given by Fisher’s approximation by mp, and
those by Wilson and Hilferty’s approximation by my.

Table 16.1-——-Comparison of approximations to the x? integral (Garwood (1936))

» | mr | mg i mp — Mg mw mr — Mmw
S — o R o

40 11.082 | 10764 |  0-318 11-070 0-012

P = 099 60 18-742 18-414 1 0-328 18-732 0-010
= 80 26770 26436 | 0334 26-761 0-009
100 35-032 34694  0-338 35-025 0-007

40 13255 13-116 l 0-139 13-254 0-001

P = 095 60 21-594 21455 0-139 21-594 0-000
80 30-196 30056 | 0-140 30196 0-000

100 38965 38-825 . 0140 38-965 0-000

- [ S B -

42 29-062 28-919 ’ 0-143 29-060 0-002

62 40-691 40548 | 0-143 40-689 0-002

P = 0-05 82 52-069 51926 | 0-143 52:068 0-001
102 63-287 63-144 f 0-143 63-286 0-001

42 | 33103 32700 | 0-403 33-113 —0:010

62 | 45-401 45003 |  0-398 45-409 —0-008

P =001 82 57-347 56953 |  0-394 57-355 -0-008
102 69-067 68676 ‘ 0-391 69-074 —0-007

The my approximation is evidently very good and the mp approximation is fair.

Slutsky (1950) tabulates the x® probabilities using the approximate normality of
{v(2x®)— v/(2v)} for 4/(2/¥) = 0 to 0-25, i.e. from v = o down to » = 32, to 5 decimal
places.

16.9 A third method of approximation may be obtained by the method of 6.25

and 6.26, and in fact our Example 6.4 was virtually based on the y? distribution. From
8 12 48+/2 430

equation (6.48) with [, = I, = 0, l; = x5 = > ly = ky = = I, = gl =,

we find from (6.54) or (6.56) a normal deviate whose distribution function approximates
to that of %

“Student’s*’ ¢-distribution
16.10 In Example 11.8, we have seen that, in samples from a normal population,
the ratio of the difference between the sample and population means to its estimated
standard error,
t = (F—p)v/{n(n—1)}/VE(@—2)? = (F—p)v/(n/s),

where §? = X (x—%)?/(n—1), has a sampling distribution given by

2\ 1+1)
dF = dt/{v*B({;, %v)(l-*—;) } »>0; —0<t< . (16.15)
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As before we write v for the degrees of freedom, here equal to n—1. The origin of
this term requires a few words of explanation.

It has been seen (Example 11.7) that the variance of a normal sample is distributed
like the sum of (n—1) squares of independent variates, and generally, that if there are
k linear relations connecting the original variates, the sum of squares of the originals
is distributed as the sum of n—k independent normal standardized variates. Each
linear relation reduces the dimension of the variation, as it were, by unity. It is thus
natural to speak of the number of degrees of freedom, », of a function such as x?, mean-
ing thereby that it is distributed as the sum of squares of » independent standardized
normal variates. The expression only has this natural meaning where normal variation
is concerned.

It so happens that the quantity ¢ depends on a quantity » which is convenient
for tabulating its distribution function and is also the number of degrees of freedom
of the statistic s? entering into the denominator of £&. » may thus, by an extension of
the term, be called the number of degrees of freedom of ¢.

(16.15) is a distribution of the Pearson Type VII. It is evidently symmetrical
about the origin and unimodal, and extends to infinity in both directions. It is now
universally known as * Student’s”’ t-distribution, the name “ Student > having been
the pseudonym of its discoverer, W. S. Gosset.

It is clear, from the fact that the estimated standard error of a sample mean con-
verges to the true standard error in large samples, that the distribution (16.15) must
tend with large » to the standardized normal distribution, for the mean of a normal
sample is exactly normally distributed (Example 11.12). Compare Example 4.8.

Properties of “Student’s > ¢-distribution

16.11 The characteristic function of the distribution has already been examined
in Example 3.13, where for our present notation we replace m by 3(v+1). The
moments u; of the distribution exist only for r <», and are then equal to zero by sym-
metry for odd-order moments, while for even moments (Example 3.3)

yL+3) L (Ev—1)

, =" G 2r <. 16.16

fr =TT ) (o1

The distribution function of # may be obtained from Tables of the Incomplete
Beta-function by making the transformation

&= (1+-tf)_1
14
"TEE+1)} dt

F(r) = J:wdF =4+ [ v n)I‘( >< t:)i(v+l)

in (16.15). Thus we have

whence
2 1 dt

2F -1 =B 21 V[_l.{.t_z ;(v+1)7;
2°2)Jo Y
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1 1 v 1
== e -1 — -d gk = —_ —y =]
iy Lo = 1on ()
2’2

1] 16.17
whence F=1-3I (2, 2) (16.17)
The values of the argument for which I has the values 0-50, 0-25, 0-10, 0-05, 0-025, 0-01,
0-005 and » = 1(1)30, 40, 60, 120, oo, have been tabled to five significant figures by
C. M. Thompson and others (1941) and can hence be used to derive the values of ¢
corresponding to those probability levels. These tables are reproduced in the Biometrika
Tables.

16.12 Except for special purposes, however, the use of the B-function is unneces-
sary, since the distribution function of ¢ itself and tables based thereon are available.

We have
_ e (—22y
——log<1+ ) S 1o coot 7 +
and hence
£ J(=2PT i+ (1) (=2
— - = — 112 - T STIN e o - e .
&(v+1)log(1+v) e 2 (i41)¥ + (16.18)

Further, from the expansion for logI‘(1+x) we find

I {o+1)} 111
log{ P(lv) 5 = 4—1}"'%5—2'*0—’}5-{-... (1619)

Now as » tends to infinity, ¢ tends to the standardized normal form, as we have already
seen. Writing
1
= ——-—ex — 112), 16.20

we use (16.18), (16.19) and (16.20) to ﬁnd for the logarithm of the ordinate of (16.15),

in dcscendmg powers of v,

log y+a;(t‘—2t2— 3t4)+ (3t8 418 +1)

300 (49— 5t°)+6~—0~1,—5(5t”—6t1°—3)— .. (16.21)

['aking the exponential of (16. 21) and integrating from t to oo, we find
1
_F = 2 _ B2 e (101148 6 4
1-F j'ydt—i-y{“_ t(t +1)+96 (10 =71 =512 3) tot s (10— 1185+ 1425+ 6t

1
= 15) 1+ G5i60m

+945)t+ .. } (16.22)
(16.22) is the expression, due to Fisher, which was used by ‘‘ Student ” himself in

calculating the distribution function of ¢. For values of »>20 the first four terms of
(16.22) give F with a maximum error of 0-000,005.

(15¢14 — 375412 4 2225110 — 214128 — 93928 — 2131 + 915¢2
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16.13 'The most easily available tables of the z-distribution are :

(a) The * Student "~Fisher table of the d.f. for £ = 0(0-1)6 and v = 1(1)20.

(b) The Biometrika table (reproduced in the Biometrika Tables) gives the d.f. for
t=0(01)8 and » = 1(1)24; 30; 40; 60; 120 and oo.

(c) Fisher and Yates’ (1953) inverse table of quantiles of the distribution, i.e. the
values of ¢ corresponding to the values of the distribution function F satis-
fying the relation 2(1—F) = 0-9(0-1)0-1, 0-05, 0-02, 0-01, 0-001 for » =
1(1)30; 40; 60; 120 and co. This table is given as Appendix Table 5.

(d) Thompson’s inverse table, already mentioned in 16.11 above.

(e) Baldwin’s (1946) inverse table for 2 (1 — F) = 0-05, 0-01 with » = 1(1)30 (2) 100.

(f) Federighi (1959, ¥. Amer. Statist. Ass., 54, 683) gives inverse tables for 20 values
of (1 - F) between 0-25 and 0-000,000,1 and » = 1(1)30(5)60(10) 100 ; 200;
500; 1000; 2000; 10,000 and oo.

(g) Smirnov (1961, Tables for the distribution and density functions of t-distribution,
Pergamon, Oxford) gives the d.f. and f.f. to 6 d.p. at £ = 0(0-01) 3-00 (0-02)
4-50(0-05) 6:50 for » = 1(1)12, and at ¢ = 0(0-01) 2-50(0-02) 3-50(0-05)
6:50 for v = 13(1)25 ; and also the d.f. at ¢ = 0(0-01) 2-50 (0-02) 3-50(0-05)
5-00 for » = 25(1)35. There are auxiliary tables for larger values of ¢
and ». Inverse tables of quantiles of the d.f. are given for 2(1-F) = 04,
0-25, 0-10, 0-05, 0-01, 0-005, 0-0025, 0-001, 0-0005 and » = 1(1)30 (10) 100,
120, 150 (50)500, etc.

16.14 Before leaving the ¢-distribution, we should mention that in many applica-
tions it is the distribution of #2, rather than that of ¢, which is of interest. There is,
of course, no trouble in passing from ¢ to #* in (16.15). It turns out, however, that the
distribution of #? is merely a special case of a more general distribution, Fisher’s F
or 2, and it is to this distribution, the last of the three basic sampling distributions
related to the normal, that we now turn.

Fisher’s F- and z-distributions

16.15 In discussing the distribution of a ratio, we saw, in effect (Example 11.20),
that in independent samples from two normal populations with equal variances the
sampling distribution of the sample variance ratio, which we shall now call

7y
Z (i = %)%/(n 1)
Ny
jEl(xg,- — %)%/ (ny = 1)
’V%v, ‘V%"‘ F}(vl—z) dE B

B (31, 3v5) (v F +vp)iontr’
where we have written v, = n,—1, v, = n,—1, for the “ degrees of freedom” as
before.

On comparing (16.24) with (16.15), it is evident that if we put »; = 1, vy = »,
(16.24) becomes identical with the distribution of #* obtainable immediately from

F= (16.23)

is given by dG = v,7,>0; 0SF< o, (16.24)
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(16.15). Further, it will be seen that in Example 11.20 the only facts made use of in
deriving the equivalent of (16.24) were that X (x;;—%,)%/Z (xy;—%,)* be a ratio of

two independently distributed y? variates with», and », degrees of freedom for numerator
and denominator respectively. It follows that (16.24) holds for the distribution of
any such ratio. For example, reverting to (16.23) above, suppose that the normal
populations we are sampling have different variances, say o} and oj. It then follows

2
that Z—:F , where F is as at (16.23), has the distribution (16.24). For, in each sample,
1

it is the quantity
Z(xpu—%,) 0y P =12,

which is distributed like %2, since the standard deviation is the scale factor.

16.16 The discussion of Example 11.20 was largely concerned with the simple
transformation of (16.23)
z = 4logF, (16.25)

whose distribution is immediately obtained from (16.24) as
Dpodr | exp(nz)dz
B(3v1,4vs) {v1€xp(23)+v, 00t

It was in this form that the distribution was first obtained by R. A. Fisher. Modern
practice is almost entirely in favour of using the simpler statistic F, although z was

tabulated earlier, and the original mathematical investigations of the distribution were
carried out in terms of z.

dH = vvs>0; — o<z 0. (16.26)

Properties of the F- and z-distributions

16.17 The general shape of the F-distribution is indicated by the fact that, while
it always ranges from zero to infinity, it is J-shaped if »,<2, while if »,>2 itis a
unimodal skew distribution with modal value at

_"—2 v
F= v it 2 (16.27)
It is easily verified directly from (16.24) that the mean and variance of F are
Uy = v/ (¥3=2),  v4>2, } 16.28
fe = 22 +92—2)/ [ (=22 (ra= )}, #e> 4, (16.28)

the conditions on v, being required for the existence of these moments.

Comparison of (16.27) and (16.28) shows that for »,,v;>2 the F-distribution always
has its modal value below F = 1 and its mean value above F = 1, confirming that the
distribution is always * positively ”’ skew, as is otherwise obvious.

16.18 The characteristic function of z is proportional to
J'ao e(0+v,)z dz

o (v € )i
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where 0 = it, and is thus
_ (v\PT (37— 0)}T {3(»,+0)}
¢(t) - (vl) P(%‘”})P(%‘V‘z) . (16.29)

Thus, taking logarithms and using the Stirling expansion

logI'(1+x) = $log2n+(x+ é)logx—x+%’—c—— cee

we find, from (16.29), for large v, and v,
6/1 1\ 0*/1 1
lOggf)(t) = —2(17-2—;*1')4‘?(;)—14'1,;)— (16.30)
For large v, and v, =z is distributed approximately normally with moments

r_q (11
My =3 ve
(16.31)

= 1 .1...*._1..
b2 = 3 Vi v,

16.19 The distribution function of F (or 2) may be obtained from the Tables of

the Incomplete Beta-function by making the transformation

§ = (14+v F/vy)™?
in (16.24). We may then proceed, exactly as in 16.11 above, to the relation (16.17)
(where it must be made clear that here “ F” on the left-hand side refers to the value
of the distribution function of F, and not to the value of F itself). However, special
tables of the distribution exist which make these procedures unnecessary in the usual
applications.

Because there are two ‘‘ degrees of freedom ” entries to any table of F, a full tabula-
tion of the distribution would require a table of triple entry, and it is therefore more
convenient to use inverse tables of the quantiles of the distribution. 'These have been
provided by :

(a) Fisher and Yates (1953) who give the values of F (and 2) corresponding to the
values (1 —P) of the distribution function for P = 0-20, 0-10, 0-05, 0-01 and
0-001; », =1(1)6; 8, 12, 24, oo and v, = 1(1)30; 40, 60, 120, oo.

(b) Merrington and Thompson (1943), whose tables also appear in the Biometrika
Tables, give the values of F corresponding to the values (1—P) of the
distribution function for P = 0-50, 0-25, 0-10, 0-05, 0-025, 0-01, 0-005 and
0-001; », = 1(1)10; 12, 15, 20, 24, 30, 40, 60, 120, oo and v, = 1(1)30;
40, 60, 120, co.

16.20 As is obvious from the definition of F as a ratio, we may interchange its
numerator and denominator and obtain a distribution of exactly the same form, but
with »; and », interchanged. This may be verified by making the transformation
F =1/y in (16.24). In terms of the distribution function of F, say G, , (F), this

implies

G, . (F)=1-G, (11—7) (16.32)
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. . 1 o
Since there is a one-one correspondence between F and z, and log 7= —log F, this is

equivalent to
H, ,(2)=1-H, , (-=) (16.33)

The relations (16.32) and (16.33) make it unnecessary to tabulate the distributions at
both extremes. In fact, if we are interested in the distribution function for fractional
values of F (i.e. negative values of z) we have only to invert the ratio (i.e. change the
sign of 2) and usc these relations to obtain the value of the distribution function which
we are seeking.

16.21 Various approximations have been given for the case when », and », are
not large enough to justify the use of the normal approximation of 16.18.

(2) (Cornish and Fisher, 1937.) The method is that of 6.25 and depends on the "
expansion of the distribution in a Gram-Charlier series. From the successive derivatives

of log I' (1 + x) we can find those of ¢ (¢), and hence ascertain the cumulants of z. Writing
1

*, =--and r, = --, we find
1 ”1 2 ,vz
Ky = —5(ry—ry)=3(r;—rd) )
kg = Y(ri+7) + (i +r)) + 3 (ri 7))
Ky = —3(ri—r)—(r}—13)
Ky = P13+ 3 (4 1d) [ (16.34)
kg = —3(ri—r})
ke = 12(r3+12). )

Hence, putting ¢ = 7,+7;, and 6 = r,—7r,, we find for the I's of 6.25 (m = 0,

variance = }o) :-—
2
- 5o+ 300,

2
Iy = -%<o+%)+%(02+362),

il

l

and so on. After some reduction we find, for the value of = corresponding to a prob-
ability « (which in turn corresponds to a normal deviate &),—

N_ng ,6(§2+2)+J2{24(53+35)+72~(53+115)}

120(§‘+9£2+8)+3240 (& +7£2-16) + J {1920(55+2053+155)

o4

G 15552

(b) (Fisher, extended by Cochran (1940).) Writing » indifferently for », and »,,
we have, from (16.35), to order n=%2:—

z=£J ’6(£2+2)+J2{ (4304 ~(53+11£)}

P 183) + oo (98728480 15135)}. (16.35)



DISTRIBUTIONS ASSOCIATED WITH THE NORMAL 381
Put A = 2/6. Then

_ & 15 18438 SB411E,
z = Th o (¢ +2)+\/ { or 14 hé} (16.36)
§ 3 A 2
Now V=7 ) h Zh\/h+0(n )-
Hence, if we put
5= \/(h ) —10(&2+2), (16.37)
the difference of (16.37) from (16.36) is
(53+11£)62\/h’
144
provided that we take A = 7'&2;3'
The difference is small in virtue of the large denominator and the factor 6% = (vl - 1]~>
1 2

which is small if »; and », are not too different. Thus we may take 2 as approximately
given by (16.37). The values of A4 for various values of the d.f. (1—P) are

100P 9  40%  30%  20% 10% 5% 1% 019

A 0-51 0-55 0:62 0-77 0-95 1-40 2:09
For the commoner values of P the form taken by (16.37) is
20 per cent.: \2(?13) 0-45146 (16.38)
5 per cent.: \}(2443) —0-78434 (16.39)
1 per cent.: %%—1-2356 (16.40)
0-1 per cent.: -3'((;122?)—19256. (16.41)

The accuracy of the approximation for v, = 24, v, = 60 may be judged from the
following comparison :—

100 P Y Valué of z frorr; - Exac} va;lt;e
(16 37)
20 0 1337 0-1338
1 0-3748 0-3746
0-1 0-4966 0-4955

(c) (Paulson, 1942.) 'The Wilson-Hilferty approximation to x* of 16.7 indicates
2\ 1/8
that <7—f}~> is distributed normally about mean 1—(% with variance 62; The ratio
1

5 itself is the ratio of two independent quantities distributed as x?/» with v, and »,
§
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degrees of freedom. Further, in virtue of Geary’s theorem (Exercise 11.11) the ratio
m,—m,p

(ot ot p)h is normally distributed in standard measure, p? being the ratio s}/s.
We may thus regard

=) () -0-5) w612

2 (), 2}
9, \8, 9,

as approximately normally distributed in standard measure. The approximation
seems remarkably good. For instance, the following shows the exact and approximate
values of p? for »;, = 6, v, = 12.

100 P % LA 2, from Exact value
Sa ’
(16.42)
20 172 1-72
5 3-00 3-00
1 4-85 4-82
0-1 8-58 8-38

16.22 We have now completed our study of the three fundamental sampling
distributions arising from the univariate normal. Before proceeding to the develop-
ment of the sampling theory of the bivariate normal distribution, it will be as well here
to gather together explicitly the various relations existing betwecn these three derived
distributions and the parent normal distribution. In brief, these are as follows :—

(1) The sum of squares of n standardized normal variates about population (or
samplc) mean has a y? distribution with »=n (or (#—1)) degrees of freedom.

(2) The x* distribution itself is approximately of the normal form for increasing
degrees of freedom.

(3) The ratio of the square of a normal variate with zero mean to an independent
estimate of its variance (distributed like y2/v) has ““ Student’s *’ #2-distribution, and its
square root a ‘‘ Student’s >’ ¢-distribution.

(4) The ““Student ” ¢-distribution tends to the standardized normal form as its
degrees of freedom increase.

(5) The ratio of two independent variates, each distributed like y%/», has a Fisher’s
F-distribution, and half its natural logarithm has the z-distribution. The #2-distribu-
tion is the special case of the F-distribution where the numerator variate has only one
degree of freedom-—see (3) and (1) above.

(6) As degrees of freedom increase for both numerator and denominator, the
F-distribution tends to normality.

(7) If denominator degrees of freedom, »,, alone tend to infinity, it is easily seen
that », F¥ tends to a x* distribution with », degrees of freedom, for then we effectively
return from (5) to (1) above.

Use of these relationships between the distributions often makes it possible to use
one set of tables for many purposes.
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The bivariate normal distribution

16.23 We have seen (Example 15.1) that the normal distribution in two variates
may be written

dxd 1 x2 2px 2
0P = o o (e ) 069
where o2, o2 are the variances of the variates, u,; their covariance and p = p,,/(0,0,)
is called the correlation coefficient between x and y in the distribution. In (16.43), we
have measured each variate from its mean, a simplification which affects none of the
results which we shall discuss.
By rewriting the exponent in (16.43) alternatively as

il o) e

and

1 y  x\? «x? .
s () +R0-) 1649
we see from (16.44) that the conditional distribution of x, given any fixed value of y,
is univariate normal with mean and variance

E(x|y) = pyai/os

Wttt (16:46)
From (16.45), analogous results follow for y, given &, which are (16.46) with x, y and
suffixes 1, 2 interchanged.

It follows from (16.46) that the conditional mean of either variate, given the value
of the other, is a linear function of that value, and that its conditional variance is constant,
independent of that value. We may express this by saying that the regression of x
on y (and of ¥ on x) is linear and homoscedastic.

In later chapters we shall be discussing the theory of correlation and regression
in detail. In the remaining sections of this chapter, we shall be concerned to derive
formally the sampling distributions of certain statistics in samples from a bivariate
normal population.

16.24 The joint probability of n sample values (xy,%,) . . . (¥,,¥,) from a bivariate
normal population with means px, and pu, is

_ 1 , b Sy s () (- as)
dr = 2n)* o™ o (1 — p* *;‘CXP[ 2(1—p2 = oy o2 0,0y
1V2

y—Ia\?
+3(—+= dx,dy, ...dx,dy, (16.47)

Og

The exponent in (16.47) may be expressed solely in terms of the five parameters
of the distribution (i, s, 0% 0%,p) and the corresponding sample statistics
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3

1 o1
X = ;Zx,y = ;Ey,

= lE(e-g = IS ) (16.48)
1 _ _
r= S5 (x=5)(y=9)/(s15)
For example, leaving aside the factor ~2—~(T1:;32~’ the first term in the exponent of
(16.47) is
— —x X — 2
z(x_”1)2 _ z{(xmx)+(” ”I)} = P2 (E-p)), (16.49)
0y oy o

the cross-product term vanishing since X (x—&) = 0. The other two terms in the
exponent of (16.47) can similarly be resolved into forms like (16.49), so we obtain
for the complete exponent

v — 2 v g J— 2 2 2
n{(uz) ~2p (vc__ﬂ) (u)+ (y__/‘_z) }+n<i;_?£;’~?1§?+3§>_ (16.50)
o, 0, g, Oy of; 010, (F

We proceed to find the joint sampling distribution of the five statistics defined
at (16.48). To do this, we must transform (16.47) suitably. With the aid of (16.50)
we can express the whole of the non-differential part of (16.47) in terms of the five
statistics and the five parameters. We now consider the differential element.

Generalizing the geometrical approach of Chapter 11, we consider a sample space
of n dimensions for x, and another such space for y, superimposed upon the first. The
sample point varies in each of the two spaces, but not independently so. In fact, if

P represents the point (xy,. ..,%,) in the x-space and Q the point (y,,...,y,) in the
y-space, and if O,, O, are the points (%, .. ., %), (3, - - .,7), then for any given r we have
y o 2E=H=y) _  E@E-Hy-F)

N1 E -2 (y-g) )

and thus 7 is the cosine of the angle, say 0, between O, P and 0,0, so that if P and r are
fixed, Q0 varies on the cone in the y-space obtained by rotating O,Q such that the
angle made with O, P is constant.

The element in the x-space is proportional to s}~2ds, dx, as was scen in Example 11.7.
For given 7, y and s,, the point Q varies on the (z— 2)-dimensional surface of the hyper-
sphere of radius s,4/n, centre § and (z— 1) dimensions, but another dimension is lost
by keeping 0 constant, so that () lies on a surface sphere of (#—3) dimensions. This
(n—3)-dimensional surface has radius s,4/7sinf = s,4/n(1—72)¢ and * width”
SN/ ndr

: 0= "~
s,/ndi (=)’

and thus its content is proportional to

vty B

that is, to s~ 2(1—r2)n-9),
Thus the volume element may be written
dv oc s 2ds  d7. i 2 (1 — )= ds, dy dr
o s 2sh2ds, ds, (1 —r2)¥=9 dr dx dy. (16.51)
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From (16.47), (16.50) and (16.51), the joint frequency element of the five variables
is proportional to

eXp( 2027 2)[{(’“‘/‘1)2 p(x ) (F—pa) (I /‘2)2}

0,0,
{ s_lie_+ }])dv. (16.52)

This fundamental result is duc to R. A. Fisher (1915).

16.25 One important property of (16.52) may be remarked. The distribution
may be factorized into two parts, one containing only £ and y and the other only s,,
s, and 7, namely

dF oc exp I:_z__(lipz) (33-;?1) —~2p (x ﬂ;)l(a}; /‘2) (y 112) }]d 5dy  (16.53)

and
2
dFocexp[ e p2){;i 2‘;:‘;:2+§§}] @22 (1 — )0 o, dsydr. (16.54)

Thus we see that in normal samples the distribution of means is entirely independent
of that of the variances and covariance. This is a characteristic property of multi-
variate normality—cf. 15.24.

Before leaving (16.53), we may also note that the means are themselves distributed

2 2

exactly in the bivariate normal form, with E (%) = u,, E(J) = p,, var& = %‘-, vary = %‘f
(all of which results are already familiar), and

cov (%,5) = 1728, (16.55)

n

so that the correlation between £ and y is p, the correlation in the parent population.
We indicated a more general result in Exercise 13.2.

16.26 We may now use (16.54) to obtain the distribution of the sample correlation
coefficient by integrating with respect to s, and s, from 0 to co. Let us first of all
evaluate the constant to be attached to it from the consideration that J'dF =

Make the variate-transformation

_S,_n )
02 2(1-p?
_ 1518y nm
010y 2(1- P2)> (16.56)
= 5. n
T o2 2(1—p?)

ccC
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We have for the reciprocal of the Jacobian of the transformation

25'1 n
& 21— ° 0
d(a, b, ) TS, n 518y, m rsy . n !
a(s,,r,s,) 0,03 2(1—p?) 0,0, 2(1-—-p) 0,0, 2(1—-p?)
Zs, n
0 0 F 2(0=5).
sisin’ 2acn

Aot —pp = 0104(1-Y)
and also the relation

The integral of (16.54) then becomes
i(n—2) 2 2)) Hn—2) Hn—4)
j‘exp[ a+2pb—c]. {Zaaf(l pz)} {200 2(1- p)}‘ ( __If>

ac

o192(1=p%) 4 b dc
2acn

zn 3 n 1 n—l(l pz)'n—
nﬂ—l

j exp[—a+2pb—c](ac—b?)¥"~Vdadbde  (16.57)

where the limits of @ and ¢ are 0 to oo and those of b are + +/ac. 'This integral may be

2
evaluated in terms of the I'-function. Putting & = a—éc— we find

2
J exp (—&)exp <+ 2pb—c— %—) £io=8) =9 Je db de,

OSES 0, _w<b< @, O<C< 0,
=T {}(n-2)} j exp [— % {(b—poP+(1—p¥)c? }] A0 ghde

=T {%(”"‘2)} \/nj exp {—(1 "P2)C}C“"_3)dc
_ yal GE=2)T =1}
(1 Pz)i(n—l)
al'(n—-2)
= 271—'3(17__;)2)*("_1).
Collecting up the terms from (16.57) and (16.58), we find for the joint distribution of
Sy Sa and r

) - - n st 2prsiSy | S :l
dF = 7;;:;_1&;,_1(l'j_"pz)g(n'—l)p(,,_z) exp [-2(1 pz){gf 0,0, +0§
% s.l.-z n=2(1 —p2) =9 Js ds,dr. (16.59)

(16.58)
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16.27 Now put

&.zslsz ﬁ—lgazsl y =7
0,05 015,

We find, for the reciprocal of the Jacobian of the transformation,

Sz Sl
0,0, 010 |
2681 |y R
(51, 55,7) e 5 010y
0 0o 1

The exponent in (16.59) becomes

expl: 2(1 ){Ce" 2prC+Ce""}]

and after a little reduction the distribution becomes

n—1
I = gt ppor o2y O (g Clcosh B0 | £ AL

On integration with respect to { over its range (0, o), we have
(1= =0 (1=~ 9T (1)
221 (n—-2) (coshf—pr)*!

(16.60) is an even function of §, so we integrate out f from 0 to oo, dropping the factor

2 from the denominator to compensate.
Putting —pr = cos0 we have, since

oo
o coshf+cosf)  sinf

aF = 2P0 ey 4 (0 >d

dF = df dr. (16.60)

al'(n—2) d(—cos0)" 2 \sin0
L=p)D | iy &F [arccos(=pr)|
=ty Ay e e o 166D

These results are due to Fisher (1915).

16.28 In the particular case p = 0, (16.61) reduces, as can also be seen directly
from (16.52), to

dF = — )= (16.62)

1
1 17
B {11(n-2)
a form surmised by “ Student ”” in 1908. Its distribution function may be obtained
from tables of the Incomplete Beta-function, or more directly by putting

= {(n-2)r*/(1-r)}}, (16.63)

which reduces (16.62) to a “ Student’s ” ¢-distribution (16.15) with » = n—2 degrees of
freedom.
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16.29 The general distribution (16.61) has been studied in some detail. We will
here indicate only the more important features of the results.

First, as to the shape of the frequency curves. When n = 2 the distribution of
(16.61) becomes nugatory because of the factor I'(n—2). This is understandable
because, for samples of two, r must be either +1 or —1. In such a case, then, we
have a discontinuous distribution which we may regard as an extreme case of a U-shaped
distribution.

When n = 3 we find for the ordinate of the f.f., say y,

_ 1 Ocosf T
Y = Yo\ sin26 " sin®0 (1—-r3)t

again a U-shaped distribution. For n = 4,

2
= 30(0 3 cot0+3 0 cot20).

If p = 0 this reduces to the rectangular form y = §. In other cases the curve is
J-shaped.

For n> 4 the frequency curves are unimodal and increasingly skew as | p | increases,
as follows from thc fact that r, being the cosine of an angle, satisfies 72 < 1. For any
p, as n—> oo, the distribution of 7 tends to normality, though slowly. Some inter-
esting photographs of models of these curves are given in the Co-operative Study (1917).

16.30 We may express the frequency function (16.61) as a hypergeometric series,
as Hotelling (1953) pointed out. Consider the integral

© dB
I, = J s (Goshf—aryi (16.64)
The substitution coshf = (1-prz)/(1—=2) transforms (16.64) to
= 1 lw—% n—2 1 V4 Jo
I, = \/z(l_pr)w/zjoﬂ (1—z)y~2 {1-}(1+pr) 5} ds,
and if we expand the factor in braces under the integral sign into a uniformly con-
vergent series, and integrate the series term-by-term, we obtain

B(},n—-1) B
L= i yranF (b bn=bi(1+en) (16.65)
in the usual hypergeometric notation, so that (16.60), (16.64) and (16.65) yield the
alternative expression for (16.61)

dF = e 1)(:/22)5;” " (1= p2)io= (1 — 240 (1 = p )22 F (}, 3, n— 4, 1 (1 +p7)).
(16.66)

(16.66) converges rapidly even for small n. For large n, the first term is often enough.
The error caused by stopping at any stage is considerably less than 2/(1—pr) times
the last term used.

16.31 Term-by-term integration of the uniformly convergent series (16.66) gives
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us an expression for the distribution function of . For the powers of (1+p7) can
be expressed as powers of {2—(1—p7)} and expanded binomially as a power series
in (1—-pr). For r>p, Hotelling (1953) obtained the result

1-F(y=, .72 {M0+2-M-°"M-l

(n=1)y2B(hn—1 4@2n-1)
93(;?247‘1’___:";‘8:+A14)2)+ : } (16.67)
where
M, - | (L= gD (1 a0 (1= pHEn gy, k= 0,1,2...,
and the asympt’otic formula, for r>p,
t-r)~ 0B LA o). (16.68)

(n“‘l)z'\/ZB(-%’n-—— ) (r P)(l pr)n- b/2

The ordinates and distribution function of the correlation coefficient are not expressible
in terms of simple mathematical functions. They have, however, been tabulated by David
(1938) for values of n = 3(1)25, 50, 100, 200 and 400; for p = 0:0(0-1)09; and for
r = —1:00(0-05)+1-00, with finer intervals in places.

16.32 'The moments of the distribution are also expressible in terms of hyper-
geometric functions. Returning to (16.59), let us write

2 = oi(1-p%) a2 = a3 (1-p?),
n n
After a little rearrangement (16.59) becomes

s (1 p2) j(n—1) __l__'f%__lf_‘g $15,
WF = (-2 P\ 2 ter

(")) e v

Putting u, = i‘, u, = &— ? and expanding the term in exp (pr ) in (16.69), we have
1 2 o

2\i(n—1)
dF = (};r?) ) ©XP (= b= bt (1 = )i

« % (Prisus) “duyduydr. (16.70)

=0 J!
Integrating u, from 0 to oo in (16.70) we find for the distribution of #, and r

(1 =pyin-0

=" o2

exp( luz)u" 2(1 ,z)i(n—q)

s (p;‘!u]) (1—21 +f). 20i=9) gy dy (16.71)
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Multiplying the right-hand side of (16.71) by 7 and integrating from —1to +1 we
find, for the mean of 7,
(1,192)”_1) 2 n-2 o 3 _(__/_’”I)ZHI n+2j ”—2, 2j+3\ Si2i-2)
np(h_é)-exp(—%ul)ul xjfo (2j+1)!711 2 B 2 2 -2 du]
and finally, integrating with respect to u,, we obtain
=G g () B ) ()
p,(r) = 2T (n—2) 53-'0 (2j+1)!P 5 B 5 5 I 5 2 . (16.72)

Substituting for the Beta-function in terms of Gamma-functions and remembering

H
that T'(x)T'(x+3) = 2;}3 I'(2x), we find

vy p(1=pR)i DT (n) indn p* dn(in+1).4n@En+1) p*
M0 = p gm-n)r {%(n+15'}{“%(n+1)ﬂ+ Lnt 1) A(n3) W}
p(1=p?*=DT(4n)

_ ) F(ly 14 1 2
D= 1) 1)y D)
and since F(«,8,7,%) = (1=x)""*PF(y—a,y—B,7,%)

/‘; (r) = P{%(n —Pll)—‘}z}%?%) (n+ 1)} F(3, 33 (n+ 1), %)
(1-¢% 1
= p{l R 0] (17")} (16.73)
Similarly (cf. Hotelling (1953) ) we find
— 522 1102 1
) = & n”)_<1+ ;Z >+0<;§>, (16.74)
and Y = #n?p+o(n“‘), Yy = 6(12’:_1) + o (n™).

Thus the skewness increases with |p| and declines only as n~%,

Fisher’s transformation of r
16.33 Fisher (1921b) found a remarkable transformation of r which tends to
normality very much faster than 7, with a variance almost independent of p. Putting
1+7 1+p

= 5 = 1 — = = -‘l —

r = tanhz, =z 2logl_r, p = tanh {, 2logl_‘P,

we may expand the frequency function of 7 in powers of z—{, = x say, and inverse
powers of n. Fisher gives the following expansion :

n—2 1) 24p 4—p* , n—1
- b= 1 2 4
f= v@am-1))° {“2”“ (3@:-1)* g ¥tz x)

— p2 2 — 2 4 — 2 4
+px< 4=pt A3 14>+<4+12p +9p0, 8—2p%+3p0 ,

(16.75)

6-1t"a8 *

8+4p2—5pt , 28— 152
To2s YT 1440

128(n—1  64(n—1)
2 (n— 1))+(——”2%ng8+ .. } (16.76)
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Taking moments about x = 0 we find, on transferring to the mean,™
;o 5+p? 1114-“72p2+$£4 } )
= Z(n 1) {1+4(n " T8@m-12 T

- A=p® | 22-6p"-3p* }
| 1{1 D" 6m-1: T

S (16.77)
,“3 = (n 1)3
_ 1 14 —3p% 184 —48p2—21p* ]
Hq = (n—l)“{3+ n_.1~+ 4(n_1)2 S S .}‘
whence
p?
=, S+
T -1y (16.78)
2 4+2p —3p

2ETAT (n—1y
Thus the variance of 5—{ is almost independent of p, while 7, declines as n~%,

and we may take ¥— to be approximately normally distributed with mean and
variance as given by (16.77). As a slightly rougher approximation we may take

w(z=t) = 2———(np_1), (16.79)
1 4—p?
V(s =0 = i1t gm
which is approximately equal for small p to
1 2
A1t m_1p
= 17_1_—3 approximately. (16.80)

When 7 is moderate we may take a still rougher approximation by assuming s — ¢ to be

normally distributed about zero mean with variance o Some comparisons of the

various approximations are given in the introduction to David’s tables, and it appears
that for n>50 the forms (16.79) and (16.80) are adequate. 'The approximation given
by (16.77) appears to hold satisfactorily for values of n as low as 11.

Hotelling (1953) has investigated the possibility of improving upon the z trans-
formation. He found that

* = 2—(3z+7)/(4n) (16.81)
has moments
’r_ _3C+P P 3 -
= (‘: i )+2(n Ot EmoTy 00

1 (16.82)
U = *“ + O(ﬂ"s)

and is more closely normally dlStl‘lbuth A further 1mprovement ekl is also discussed

(%) Equatlons (16 77), as glven in Fisher’s ongmal paper, contained some errors which were
corrected hv (Gavan (1Q8NY Tha main eacsle  ancasioa (ML ONN e .
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16.34 We have now completed our discussion of the sampling distribution of r
in normal samples. Before leaving the bivariate normal distribution, however, we
have to consider a closely related statistic.

Just as r is defined as the ratio of sample covariance to the product of sample stan-

dard deviations, and p as the corresponding population quantity, we now define (see
(16.48))

b,

IsE@-90-91/4
(16.83)

Ly e 10y
by = SE(s= ) (y-3)/5%

the population analogues being 8, = u,,/0% and f, = u,,/0? respectively. b, and b,
are called the sample regression coefficients, of x on y and of y on x respectively. g,
and B, are the corresponding population regression coeflicients.

Referring to (16.46), we see that

E(x|y) = B3, E(y|x) = Bx

We proceed to consider the sampling distribution of b,. That for b, is immediately
obtainable from this by permutation of suffixes.

Distribution of regression coefficients in normal samples
. . . . rs,
16.35 Turning again to equation (16.59) we have, substituting b, = -r‘, the
1

joint frequency function of s,, s, and b,,
2 2 2 h2\ i(n - 4)
dF o cxp[ " {‘1 2516y 5 }sy-lsg—f*( —flzi) dsydsydb,. (16.84)

2(1-p) et 6,0, o2 85
Integration of (16.84) with respect to s, gives, for the distribution of s, and b,,
dF « exp[ _ms { LR bz}] st 1ds, db,. (16.85)
2(1—p?) o,0, oif |71 172
A further integration of (16.85) with respect to s, gives for the distribution of b,
dar 2 dbe
<1 _ -P—q-lbz oy b2>
0y
or, on evaluation of the constant,
g = Ve Aoty dh, (16.86)

n— 1 2 2\ in
L N )

The form (16.86) is a Pearson Type VII distribution, symmetrical about the point
Be = Bof_z’ the population regression coefficient. It tends to normality fairly rapidly,
1 .
and the use of the standard error for regressions is therefore valid for lower values of »
than in the case of the correlation coefficient. For small samples, however, (16.86)
is not of much use since it depends on the unknown quantities ¢;, o, and p, i.e. the
population variances and covariance.
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16.36 It is possible to find statistics other than b, and b, which will provide a
test of the regressions. Write
(b 2—B2) 51,
(s3 —b2 sty
We now return to the distribution of the quantities a, b, ¢ of equation (16.56), namely,
from (16.57),

U=

(16.87)

dF o exp[—a+2pb—c](ac—b2)* Y dadbdc. (16.88)
We have from (16.87)
"y = b—pa
Viac— bz)

and on substituting for ¢ in (16.88) we have, after a little reduction,

2
expli-a(l+§§)] dadu u2+1 s
dF o L .exp 2pb— (b—pa)"—db.  (16.89)

aun— 1

Integration of the second part on the right of (16 89) will be found to give a factor pro-
portional to

ap?(u*+1) au® \} 1
exp{v e e (16.90)
and hence for the distribution of @ and # we find, from (16.89) and (16.90),
Hn—=1 2 du
dF o« a*' ”Cxp{a(P - ])} da.(] +u2)}(n_1). (16.91)
Hence the distributions of @ and u are independent, and for that of 4 we have
. du .
dF « (14 w21 (16.92)
This distribution does not contain any of the parent parameters. If we put
t = uy/(n—2) = L2 PIV(n=2) (16.93)

(s3— bisi)?
then ¢ is distributed in ““ Student’s ” form (16.15) with » = n—2 degrees of freedom.

16.37 In later chapters, we shall be dealing with the applications of the distribu-
tions of 7 and b which have been formally derived in the preceding sections, and also
with the generalization of our results to multivariate normal distributions with more
than two variates.

EXERCISES

16.1 Show that the moments of the variance-ratio distribution at (16.24) are

S = r r(%”lf’) T'(3vy—r)
o ;; L) T(dvy)

if 2r<v,;, and do not exist if 2r>v,.
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16.2 If u,, u,, . ., u, are independently distributed as x? show, by reference to Exercise 11.15,
n
that X a;u;, where a; is either +1 or —1, is distributed either as a x? variate, or in the form
i=1
of a Bessel function, or as a difference of a x® and a Bessel-function variate.

16.3 Show that, for the x? distribution with » degrees of freedom, the moments about the
mean obey the relation
Mi+1 = 2j (us+vpy—1), j=1,
and hence verify (16.5).

16.4 n variates x,, . . ., x, are independently distributed in the rectangular form dF = dx,
0<x<1. Show that —2log(x;x; . . . xp) is distributed as y® with 2n degrees of freedom.

16.5 X;({ =1,.., n) area given set of values with zero mean and ¢; ({ = 1, . ., n) a set
of values of a normal random variable with zero mean and variance o02. Show that if

yi = Pot b1 X1+ &,
and the constants B, f, are estimated as b,, b, where
bo =95, b= Z(yi—f)Xi/ZX‘f,

then if y: - yt"(bo'*'le‘),
. )12
we have T(yi—-y)E = E(y;)’-;- {EX%:(J)’;? »} .

Hence show that X (y;)? is distributed as 0% 2 with (n—2) degrees of freedom independently of
5?3 X} which is distributed as a?¢? with one degree of freedom.
If x and y are distributed normally and independently, deduce that
(n=2)r*/(1-1%
is distributed as ‘“ Student’s” 2 with (n—~2) degrees of freedom.

16.6 Two independent machines are turning out wire in a continuous length with 4,, 4,
mean number of faults per unit length. Show that if ¢; is the interval between the (i — 1)th fault
and the ith in some continuous period of inspection of both machines, t; is distributed in the

n
form (A,+2g)exp {—(A;+25) ¢}, and hence that if T = X ti, 2(A,+4y) T is distributed as x?
2 ,

1=

with 2n degrees of freedom.

16.7 Show that the distribution function of equation (16.2) is given, for odd integers », by

2 3 © i(»—1) 23-123—1 — 1!
1-FQ@® = (;) {j exp (—$y?) dy+exp (— 3% .§1 * “(QS_S'! ‘)}

x
and for even integers by

%("*:2)
1-F(x*) = exp(—1x?) ZO Gx»*/s!.

Hence show that in the latter case the distribution function of y? may be used to evaluate the
cumulative sums of terms in a Poisson distribution.

16.8 By the method of 16.7 show that

1342 —»\5/13 5 7 6vV2 1
[(Tp ) Tig\! s “]“”s* Bt

is approximately a normal variate with zero mean and unit variance.

(Haldane, 1937)
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16.9 Show directly from (16.15) that ‘ Student’s” ¢ tends to normality as » tends to infinity.

16.10 By the substitution ¢ = (1+13/v)~! show that the distribution function F(t) of

‘“Student’s” t is, for even v, given by

i(r—=2) 8

* q
H—-1=(1-¢¥1 T
2F@-1=(1-9 { * .=2.1 2%-1.5.B(s,s)
the expression in braces on the right-hand side being the cumulative sum of terms of the binomial
expansion (1—gq)~%

(Fisher, 1935)

16.11 Verify equations (16.27) and (16.28) for the F-distribution.

16.12 Derive (16.29) as the characteristic function of the z-distribution. By examining
the lower-order terms in (16.30), verify that the distribution tends to normality for large degrees
of freedom.

16.13 Using the methods of Chapter 10, show that in large samples from a bivariate normal
population the variance of a sample regression coefficient is

approximately.

16.14 By differentiation of (16.64) with respect to (pr) show that
{1 =2}, = 1+4prl,
and hence that
n{l = (pr)* Hp11—Cn—DprIy—(n—-1)I,-1 = 0.
Hence show that the frequency function, f, of r satisfies the recurrence formula
(n=1){ =) ifusr = Cn=1)pr(1 =p)i(1 =r)ifp+(n—1)2(1 = p) (1 —72) fu_1/(n—2).
(Co-operative Study, 1917 ; FHotelling, 1953)

16.15 Verify that the frequency function of r satisfies the relation

Un, (n=37fn _ U np’fn
or 1—1r2 "’ap 1-p%

(Hotelling, 1953)

16.16 From (16.60), show that the distribution of v = %/;j and r is given by
1 2

vn——.‘l (1 _ rz);(n—ﬂ
(1=2prv+22)n—1
Integrating for » from —1 to +1 by putting
u(+p)—(1-u)(A—p)
= u(A+p)+(1A —w)(A—p)
show that the distribution of v is

_ 2 (1 _p'z);(n——l) ot 2 4pzvz —in
dF = (n—l n— 1) 1+t 1 (1+0%)?2 dv.
Bl==%

dF oc r dv.

A=1+2% u = 2py,

(Bose, 1935; Finney, 1938)
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16.17 If x and y are independent continuous variates, show that in samples of size n from

their joint distribution the sample correlation coefficient r has zero mean and variance (n—1)~1.
(Pitman, 1937)

16.18 If ¢ is a statistic which in large samples tends to a parent parameter 8, and the variance
of t is some function of 6, say f(0)/n+0(n""), show that to order n~! the variate

z=rvwruo

has variance 1/n+o(n™).
Hence, from the large sample result

varr = (1—p%?/n,
obtain the transformation 2 = tanh~!» as one having variance 1/n+o0(n™").

16.19 Noting that, from (16.77), the variance of 2 is

1/ 4= B
n<l+ 2n->+0(" ),

show that z*, defined by

.
o dr - z_,3ﬁ+f+o(n“’),
4 — 2\ : n
a-m (1477
n
has variance
var ¥ = "'“1”"+ o(n?).

n—1
(Hotelling, 1953 ; Kendall, 1953)

16.20 x,, x4, . . , X, are a random sample from a normal population. The deviations from
the sample mean, typified by x; — %, are formed and one of thesc is chosen at random, say x) — %.
Find the distribution of (x;— %)/s, where s = X (x —£)2/(n— 1), and show that if xj, xx are chosen
at random, (x,—x;)/s is distributed as

t2(n—-1D}
{2+ n—-2)}}
where t is ‘“ Student’s " .
(H. A David et al., 1954)

16.21 When p = 0, show that the exact distribution of Fisher’s z defined at (16.75) is the
variance-ratio 3-distribution (16.26) with r, = r, = n—2. From its c.f. (16.29), use the rclation
for integral p

1 () meyznzv£1

r'(p) I'(p) 6 ,ar
to show that for even n > 4 the exact variance of z is
2/3 1 4'%:2 1
= T —— —_
Mo / 2 r:l 2

which for n = 6 equals 0-32 against the value 0-33 obtained from (16.80).

16.22 When p = 0, show from (16.59) that the distribution of rs;/0; is normal with mean

. 1 .
zero and variance - (1 = 1, 2).
n
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Appendix Table 1 -Frequency function of the normal distribution y = 7(12———165‘*”’ with
first and second differences

| ,
x { y Loat(=) | At x y LAN() ! At
| | - -
oo | 03984 | 199 | —392 2’5 | oo1753 | 395 | +79
o1 | 039695 591 ' —1374 26 owo01358 ' 316 +66
02 ! 039104 965 ' —347 27 ' 001042 | 250 I +53
03 ;038139 1312 —308 28 ' 000792 | 197 +45
o4 | 036827 1620 | —265 2’9 ' ©0'00595 1 152 1 + 36
o5  o35207 1883 —212 30 000443 = 116 +27
o6 | 0'33322 | 2097 =159 31 000327 . 89 Lo +23
o7 | 031225 2256 — 104 32 000238 66 +17
o8 ' 028969 | 2300 = — 52 3'3 000172 49 +13
0'9 026609 | 2412 o 34 000123 | 36 : + 10
10 | 024197 | 2412 ;. + 46 3°5 0'00087 26 + 7
1 oz21785 | 2366 4+ 84 36 0'00061 19 . + 6
1°2 : 019419 | 2282 +118 37 000042 ; 13 + 4
13 017137 2164 + 143 3-8 000029 - 9 | + 2
1'4 | 014973 | 2021 . +161 39 0'00020 7 + 3
1's - o12052 | 1860 | +173 40 000013 4 —
16 | or1o92 | 1687 4177 41 0:00009 3 —
17 009405 | 1510 +177 42 0-00006 2 —
'8 ' oo7895 | 1333 + 170 43 0'00004 2 —
19 006562 ' 1163 + 162 44 0°00002 —— —
20 ©0§399 . 100l +150 45 0°00002 — ‘ —
2'1 | 004398 ! 851 + 137 46 0-00001 — l —
2’2 | 003547 714 +120 47 000001 . — | —
23 002833 | 594 + 108 48 0:00000 —_ —_
24 . 002239 | 486 + 91 ‘
i : ' i
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Appendix Table 2 -~ Distribution function of the normal distribution

The table shows the area under the curve y = (27)~te~32" lying to the left of specified deviates
x; e.g. the area corresponding to a deviate 1-86 (= 1'5 + 0'36) is 0:9686.

| ; |
Deviate oo+ | o5+ l 10 + 15 + 20 + : 25 + ,| 30 + 35 +
[N Y P, e
o000 sooo | 6015 | 8413 9332 9772 92379 | 9865 9%77
oror 5040 6950 | 8438 9345 9778 | 09%306 = 0869 978
002 5080 6085 | 8461 . 9357 9783 92413 = 9%74 | 9%8
003 5120 7019 | 8485 . 9370 9788 ' 9%30 = ¢%878 979
004 5160 7054 | 8508 | 0382 9793 | 02446 & 92882 9%80
005 5199 7088 | 8531 9394 9798 92461 92886 9381
006 5239 7123 8554 9406 9803 ' 9%77 . 9%889 9%81
007 5279 7157 8577 9418 9808 | 9%492 | 92893 982
008 5319 7190 8500 ' 9429 9812 | 9%506 | 92897 9°83
009 5359 7224 | 8621 9441 9817 | 9%20 | 9%o0 9°83
o'10 5398 7257 | 8643 9452 | 9821 | 97?534 ' 9%3 9°84
o1r 5438 | 7291 | 8665 | 9463 | 9826 | 9%547 = 9’06 | ¢%s
012 5478 1 7324 | 8686 | 0474 9830  9%560 | 9’10 | 9%s
o'13 5517 | 7357 | 8708 | 9484 | 9834 | 9%573 | 9%13 0786
o'14 5557 | 7389 | 8729 9495 | 9838 . 9%85 | 96 | 9%86
o015 5596 | 7422 | 8749 9505 | o842 = o9%508 %18 . gy
016 5636 | 7454 8770 | o515 9846 | 9%609 9%21 987
o017 5675 7486 | 8790 | 9525 = 9850 | o9Z%62r1 9%24 ' %88
018 5714 7517 ' 8810 | 9535 . 9854 | 9%32 . 9%6 0388
o'19 5753 7549 | 8830 9545 9857 | 9%43 | 9%9 | 989
020 5793 7580 8849 . 9554 | 986r . 9%s3 | 9’31 989
o021 5832 7611 8860 | 9564 } 9864 | 9%64 = 9%34 . 930
022 5871 7642 | 8888 | 9573 | 9868 | 9%74 | 9°36 i 9%o
023 | 5910 7673 | 8907 | o582 . o871 | 983 | 9%38 oglog
024 | 5948 7704 8925 | 9591 ! 9875 - g%693 9°%0 | 9%8
o025 | 5987 7738 8944 | 9599 9878 1 9%*02 9%2 | 9'12
o026 6026 7764 8962 |, 9608 | 0881 | o211 |, 9%4 | 9%
027 | 6064 7794 8980 | 9616 9884 ' 92720 | 0%b6 9418
028 6103 7823 | 8997 | 9625 ' 9887 92728 | ¢%8 9422
029 6141 7852 | 9o15 | 9633 9890 92736 | 930 9%25
o030 6179 7881 | 9032 | 9641 9893  9%744 9%52 9428
031 6217 | 7910 9049 | 9649 ' 9896 | 92752 9%53 9431
032 6255 7939 9066 | 9656 9898 | 9%760 ‘ 9%5 | 933
033 6293 7967 9082 | 9664 | oggor | 9*767 9%7 1 9436
034 6331 7995 9099 | 9671 | 9904 | 9%774 | 9%8 | 9%39
0'3§ 6368 8023 9115 . 9678 | 9g9ob : 9%81 | 930 9441
036 6406 8os1 9131 | 9686 | 9909 | 93788  9%1 0443
037 | 6443 | 8078 | o147 | 9693 | 9or1 . 9%9s5 | 9%z 9446
038 6480 8106 9162 | 9699 ! 9913 | 9%Bor 9364 9448
0'39 6517 8133 9177 | 9706 9916 | 9%o7 | 9%s 9%s0
o040 6554 8159 9192 | 9713 | 9918 | 913 | 9%6 9'52
041 6591 8186 9207 9719 9920 | 02819 | %8 ‘ 9454
042 6628 8212 9222 l 9726 i 9922 .+ 9825 - 9%9  9's6
0'43 6664 8238 9236 9732 | 9925 | 92831 | 9%0 . 9'58
o44 | 6700 | 8264 | oz | 0738 | o002 936 | o%1 | o5
045 6736 8289 9265 | 9744 | 9929 ' 9%a1 | ¢%2 . og'6r
0°46 6772 8315 9279 | 9750 . 9931 | 9%846 | 9%3 . 963
0'47 6808 8340 9202 | 0756 | 9032 | 9%8s1 © 9%4 | 9%4
048 6844 8365 9306 | 9761 . 9934  9%s6 | o¥%s5 | 966
049 6879 8389 9319 | 9767 | 9936 i 9'861 976 | 9%7

Note—Decimal points in the body of the table are omitted. Repeated ¢'s are indicated
by powers, e.g. 9371 stands for o0'9g9971.
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Appendix Table 4a - Distribution function of x? for one degree of freedom for values

007

009
o'10
o111
o012
013
014
oI5
016
o017
o018
o'19
020
021
022
023
024
0°25
026
027
o028
029
0'30
031
032
©°33
034
035
o036
037
038
°°39
040
041
042
0°43
044
045
046
0°47
048
049
0'50

DD

P

1'00000
0°'92034
0-88754
0:86249
0-84148
0-82306
o0-80650
079134
077730
076418
075183
074014
072003
071843
070828
069854
068916
o-68or1
067137
066292
0:65472
0-64677
063904
063152
062421
061708
o-61012
060333
0'59670
0°'509022
0-58388
057768
057161
056566
0'55983
0'55411
0°'54851
054300
0'53760
0°53230
0'52709
0°52197
0'51694
0'51199
0'50712
0'50233
0'49762
0°'49299
0°48842
0'48393
0°47950

A

7966
3280
2505
2101
1842
1656
1516
1404
1312
1235
1169
1111
1060
1015
974
938
905
874
84s
820
795
773
752
731
713
696
679
663
648
634
620
607
595
583
572
560
551
540
530
521
512
503
495
487
479
471
463
457
449
443
436

x2 =0 to x? =1 by steps of 0-01

12

0°50
o051
0'52
0°53
054
055
056
057
o058
0°59
060
061
062
063
064
o653
066
067
068
o069
070
071
072
073
074
075
076
77
078
079
o080
o081
082
o083
0-84
083
o-86
0-87
o-88
o-89
090
09I
092
093
094
095
096
097
098
0°99
1:00

031731

P

0'47950
0°47514
047084
0:46661
0'46243
045832
045426
045026
044631
0°44242
0:43858
©0°43479
0°43105
042736
042371
042011
041656
0°'41305%
0'40959
040616
0°40278
039944
0:39614
0:39288
0-38966
0:38648
0-38333
o0-38022
037714
0'37410
037109
0:36812
036518
036227
0'35940
035655
035374
035096
0-34820
0'34548
0°34278
0°34011
033747
033486
0'33228
032972
032719
0:32468
0°32220
0°31974

436
430
423
418
411
406
400
395
389
384
379
374

365
360
3558
351
346
343
338
334
330
326
322
318
315
311
308
304
301
297
294
291
287
285
281
278
276
272
270
267
264
261
258
256
253
251
248
246
243
241
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Appendix Table 4b - Distribution function of x* for one degree of freedom for values
of x? from 1 to 10 by steps of 0-1

x2 P A x? P A
10 031731 2304 5°5 0'01902 106
Ix 0°29427 2095 56 0-01796 99
12 027332 1911 57 001697 94
13 025421 1749 58 0-01603 89
14 023672 1605 59 001514 83
15 022067 1477 60 0-01431 79
16 020590 1361 61 001352 74
17 0°19229 1258 62 o-01278 71
18 0°17971 1163 63 0°01207 66
19 016808 1078 6°4 001141 62
20 0°15730 1000 65 001079 59
21 0°14730 929 66 0°01020 56
22 o-13801 864 6-7 000964 52
23 0°'12937 803 6-8 0°00912 50
2°4 012134 749 69 000862 47
2°5 011385 699 70 0-00815 44
26 010686 651 71 0-00771 42
27 0°10035 609 72 0°00729 39
28 009426 568 7'3 0-00690 38
29 0-08858 532 7°4 0-00652 35
30 0-08326 497 7°5 000617 33
31 007829 465 76 o-00584 32
32 007364 436 77 000552 30
33 006928 408 78 0'00522 28
34 006520 383 79 000494 26
35 006137 359 80 000468 25
36 0'05778 337 81 0'00443 24
37 0°05441 316 82 000419 23
38 005125 296 83 000396 21
39 0°04829 279 84 0'00375 20
40 0°'04550 262 85 000355 19
41 004288 246 8:6 000336 ' 18
42 0°04042 231 87 000318 17
4'3 0-03811 217 8-8 0°00301 16
4°4 0035904 205 89 0-00285 15
4°5 003389 192 90 0-00270 14
46 0'03197 181 91 0-00256 14
47 003016 170 92 0°00242 13
48 002846 160 9'3 0°00229 12
49 0'02686 151 9'4 000217 12
50 002535 142 9'5 0-00205 10
5°1 0'02393 134 96 0'00195 I
52 0°02259 126 97 o-00184 10
5°3 002133 119 9-8 0°00174 9
54 002014 112 99 0-00165 8
55 0'01902 106 100 0°00157 8
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Appendix Table 6 -5 per cent. points of the distribution of z
(values at which the d.f. = 0-95)

(Reprinted from Table VI of Sir Ronald Fisher’s Statistical Methods for Research Workers,
Oliver and Boyd Ltd., Edinburgh, by kind permission of the author and the publishers)

Values of v,

! ' ‘ N ‘
1 2 3 . 4 s 6 8 12 | 24 | ©
, i _ _ | i

C | | | ‘ |

‘ 2:5421 | 2°6479 | 2°6870 | 2:7071 | 2°7194 | 27276 | 27380 , 2-7484 1 2-7588
14502 | 1°4722 | 1'4765 | 1°4787 | 1-4800 | 14808 | 14819 | 1°4830 | 1°4840
1-1577 | 1°1284 | 1°1137 | I'1051 | 1'0994 | 1'0953 | 1-0899 | 1-0842 10781 | 1°0716
1-0212 | 0:9690 | 0°9429 | 0:9272 | ©:9168 | ©0:9093 ' 0-8993 | 0-8885 | 0:8767 08639
0-0441 | 08777 | 0-8441 | 08236 | 0'8097 | 07997 | 0:7862 | 07714 . 0'7550 | 07368
08948 | 08188 | 07798 | 07558 | 07394 | 07274 | 07112 | 0°6931 | 06729 1 0°6499
08606 | 07777 | 077347 | 07080 | 0-6896 | 06761 | 0:6576 | 0°6369 06134 | 05862
0'8355 | 07475 A 07014  0:6725 | 0'6525 ' 0°6378 0:6175 | 0'5045 | 05682 | 05371
0-8163 | 07242 '+ 0°6757 , 06450 ' 06238 | 0-6080 | 0°5862 | 0°5613 | 05324 | 0°4979
o-8012 . 07058 , 06553 ; 06232 ' 06009 | 0°5843 ! 03611 | 0°5346 . 0'5035 ' 0'4057

27693
1:4851

0O O At h L N =~

-

t ‘ | ; ;
11 07889 | 0°6909 | 06387 | 0:6055 ' 05822 | 0'5648 | 0-5406 ' 0°5126 1 0°4795 . 0°4387
12 07788 | 06786 | 0-6250 | 05907 | 0-5666 ‘l 05487 ‘w 0'5234 | 0°4941  0°4592 . 0°4156
13 07703 | 06682 | 06134 | 0-5783 | 0'5535 | 0°5350 ' 0°5089 | 0'4785 | 0°4419 | ©:3957

14 07630 | 06504 | 06036 | 0°5677 | 0:5423 | 05233 0°4904 0°4649 | 0°4269  0-3782

:? . 15 077568 | 0-6518 | 0°5950 | 0°5585 ' 0'5326 | 0'5131 , 0°4855 1 0°'4532 io-4x38 | 0°3628
S ! 16 07514 06451 ' 05876 | 0'5505 | 0°5241 } 05042 | 0°4760 | 0°4428 | 0°4022 i 0°3490
8 17 0%7466 | 006303 | 0-5811 | 0°5434 | 0'5106 | 0'4964 | 0°4676 | 0°4337 | 0°3919 | 0:3366
= 18 ! 07424 | 06341 05753 | 0°5371 | 0'5099 0'4894 | 0'4602 | 0°4255 | 03827 . 03253
> 19 ' 07386 | 0:6295 | 0'5701 | 0°5315 ' 0'5040 04832 | 04535 ' 0°4182 | 0°3743 | 03151

20 | 07352 | 0°6254 1 0'5654 | 05265 ' 0'4986 | 0°4776 | 0°4474 | ©0'4116 0-3668 | 0-3057
‘ 04420 | 0'4055 ©°3599 | 0'2971

| 22 07294 ‘i 06182 | 0°5574 | 0°5178 ' 0'4894 | 0:4679 | 0°4370 | 0°4001 03536 [ 02892
' 23 04269 | 06151 ©0°5540 | 0°5140 . 0'4854 | 04636 | 0°4325 | 03950 , 0-3478 : 0-2818
24 ' 07246 . 06123  0°5508 05106 ; 0:4817 ' 04598 0-4283 ©0'3904 ' 0-3425 ‘ 02749
L0225 | 0°6097 | 0'5478 | 0°5074 ; ©°4783 | 04562 | 0°4244 0:3862 03376 io~2685

| 07205 | 0:6073 | 0°5451 | 0'5045 | 0°4752 | 0°4529 | 04209 ' 0°3823 | 0'3330 02625
27 07187 | 06051 E 0'3427 | 0°5017 | 0'4723 | 0°4499 | 04176 03786 | 0-3287 | 0'25609
28 | o-7171 | 0'6030 | 0°5403 | 0°4992 0°4696 | 0°4471 | 04146 ; 0°3752 i 0-3248 | 02516
07155 | 0-6011 ; 0:5382 | 0°4969 1 04671 | 0°4444 ' 0°4117 ' ©°3720 | 0'3211 | 0-2466
07141 ' 0°5004 i 0°'5362 | 0°4947 | 0°4648 ‘ 0'4420 | 0°4090 : 03691 03176 l 0°2419

\ H

21 07322 06216 ‘ 05612 | 0°5219 04938 | 0°4725

N N
S

N
el

6o 06933 . 05738 ©'5073 L 04632 , 04311 0-4064 | 03702 03255 | 02654 0°1644
' | : i { 1 ! '
| 03974 | 03706 | 03309

o0-2804 } 0-2085 { o

o 0'6729§°-5486104'787 0°4319
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Appendix Table 7 -5 per cent. points of the variance ratio F
(values at which the d.f. = 0-95)

(Reproduced from Sir Ronald Fisher and Dr. F. Yates: Statistical Tables for Biological,
Medical and Agricultural Research, Oliver and Boyd Ltd., Edinburgh, by kind permission
of the authors and publishers)

|

v N ’ 1 2 3 4 5 6 8 12 24 ©
J
‘, 1 | 16140 19950 21570 22460 23020 23400 23890 243'90 249-00 25430
L2 1851 19000 1916 1925 19'30 1933 19°37 19°41 1945  19'50
3 1013 955 928 912 gor 894 884 874 864 833
4 f 771 694 659 639 626 616 604 501 577 563
5 | 66r 579 541 519 505 495 482 468 453 436
|
6 1 599 514 476 453 439 428 415 400 384 367
7 0 559 474 435 412 397 387 373 357 341 323
8 532 446 407 384 369 358 344 328 312 293
.9 s12 4260 386 363 348 337 323 3oy 290 271
1o | 496 410 371 348 333 322 307 2091 274 254
|
l 11 ' 484 398 359 336 320 309 295 279 261 240
S ¢ 475 3-88 3'49 326 311 300 285 269 250 230
b1z 0 467 3-80 3°41 318 302 292 277 2+60 242 2:21
14, 460 374 334 31rr 296 285 270 253 235 2113
15 | 4'54 3:68 329 306 290 279 2-64 248 229 207
|
16 | 449 363 324 301 285 274 259 2°42 2°24 2'01
17 | 44§ 3'59 320 2:96 2-81 270 2°55 238 2'19 1:96

: 18 , 441 3°55 316 2'93 277 266 2°51 234 2'15 1'92
. 19 i‘ 438 352 313 290 274 263 248 231 211 188
| | 435 3°49 3'10 2'87 271 2-60 245 228 208 1-84 :

21 432 347 307 2:84 268 2°'57 2°42 2°2§ 2-0§ 1-81 -
22 430 3'44 3'05 2:82 2:66 2°55 2°40 2:23 2:03 178
23 428 3°42 303 2:80 264 2°53 2:38 2°20 2°00 176
24 426 340 301 278 262 2°51 2-36 218 1-98 173
25 424 338 2:99 276 2:60 2'49 2'34 2:16 1-96 171
26 422 337 298 274 259 247 232 215 195 169
27 1 421 335 2°96 2'73 2'57 246 2:30 213 1-93 167
. 28 420 334 2°95 271 2:56 2°44 2:29 212 1°91 1-65
|29 418 333 293 270 2°54 243 228 210 1-9o 1-64
: 417 332 292 2:69 2'53 242 2:27 2'09 1-89 1-62

w
o

| 408 323 2:84 2°61 2'45 2'34 2418 2'00 179 151
60 400 315 276 2'52 2:37 22§ 2'10 192 170 139
392 3707 268 2'45 2°29 2'17 2'02 1-83 1-61 125

—
N
o

o0 384 2'99 2-60 237 2°21 2°09 1'94 175 1'52 1°00
i

Lower 5 per cent. points are found by interchange of v, and »,, i.e. », must always correspond
to the greater-mean square.
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Appendix Table 8 -1 per cent. points of the distribution of =z

(values at which the d.f. =

0-99)

(Reprinted from Table VI of Sir Ronald Fisher’s Statistical Methods for Research Workers
Oliver and Boyd Ltd., Edinburgh, by kind permission of the author and the publishers)

4:3794
2:3001
16314
13000
1:0997
0:9643
0-8658
07904
07305
0-6816

- 0°6408

Values of »,
| ' ; | i ‘ i
1 . 2 3 4 5 6 8 , 12 | 24
- . B R i,, - - - I - -
\ i i : ;
I | 41535 |4 2585 | 42974 | 4°3175 | 4'3297 | 4'3379 | 43482 ‘ 4'3585 | 4:3689 !
2 | 2:2950 | 2:2976 | 22984 | 22088 | 2'2991 | 2'2992 | 22994 | 22997 | 22999
'3 | 17649 17140 16915 | 1°6786 | 16703 | 1-6645 | 1°6569 | 1-6489 | 1-6404
i 4 |1'5270 i 1°4452 | 1°4075 | 1°3856 | 1°3711 | 13609 | 1:3473 | 13327 | 1'3170
5 | 13043 | 1'2029 | 1'2449 | 1'2164 | 1'1974 | 1-1838 [ 1-1656 | 1-1457 | 1-1239
6 | 13103 | 1°1955 | I'1401 1 1'1068 | 1'0843 | 1-0680 | 1:0460 | 1:0218 | 0:9948
7 12526 | 1-1281 | 1°0672 | 1°0300 | | 1:0048 1 09864 | o 9614 | 0'9335 | ©0'9020
8 12106 l 10787 | 10135 | 0°9734 | ©°9459 | 0°9259 o 8983 1 0:8673 | 0'8319
9 | 11786  1°0411 | 0°9724  0°9299 ' 0°9006 | 0-8791 | 0-8494 . 0-8157 | 07769
10 | I'1535  I'O114 |0°9399 i 0-8954 0:8646 | 0-8419 , 0-8104 1 07744 ' 07324
11 | 11333 09874 | 09136 | 0-8674 | 08354 ' 08116 07785 | 07405 \ o 6958
12 | 1°1166 | 09677 | 0-8919 [ 0-8443 | 0°8111 | 07864 | 07520 | 07122 ) 06649 |
13 , 11027 1 09511 | 0-8737 08248 | 07907 ) 07652 ' 07295 ' 06882 ' 0-6386 |
« . 14 . 1'0909 | 0°9370 | 0-8581 } 0-8082 | 0:7732 | ©0-7471 | 07103 1 0-6675 | 0:6159
- 15 ' 1-0807 10°9249 | 0-8448 4 07939 | 07582 "07314 ; 06937 | 0-6496 e 5961
° 16 | 1'0719 | 0°9144 | 0'8331 1 07814 | 0°7450 | 07177 | 06791 | 06339 } 0'5786 |
3 17 | 1-0641 ' 0-9o51 | 0-8229 ! 07705 | ©7335 | 0°7057 ! 06663 | 0-6199 ! o-'5630 !
.-g 18 110572 | 0-8970 | 0:8138 | 0-7607 | 0-7232 ! 0°6950 | 06549 | 0:6075 | 05491 |
> 19 | 1'0SIT 0'8897 | 0-8057 | 0'7521 | 07140 i 06854 | 0:6447 | 0:5064 | 0:5366 |
20 | 1°0457 1 0-8831 | 07985 | 07443 | 07058 | 0:6768 | 06355 | 0-5864 | 0'5253 |
, ! | ! | ’ f i \ |
i 21 . 10408 | 0'8772 | 07920 | 07372 ‘ o 6984. 0'6690 | 0-6272 | 05773 | } 05150 |
22 , 10363 08719 | 07860 | O° 7309 06916 l 06620 | 06196 | 0°5691 | 0°5056 |
23 ' 10322 | 0:8670 | 07806 i 07251 | o 6855 | 0:6555 | 0-6127 ' 0'5615 ] 0°4969
24 | 10285 | 0:8626 | 0-7757 07197 1 06799 | | o 6496 | 0-6064 | 0'5545 | 0°4890
| 25 10251 | 0'8585 | 07712 | 07148 | o 6747 l 0°6442 | 0:60006 ' 0-5481 (04816
- 26 | 1'0220 ' 0°'8548 | 07670 | O* 7103 06699 | 0:6392 | 0°5952 | 0°5422 | 0°4748
. 27 ;10191 , 08513 | 07631 | 07062 | 0:6655 | 06346 | 0-5002 | 0°5367 | | 04685
| 28 | 10164 ; 08481 | 07595 | 07023 | | 06614 | o 6303 | 0°5856 | 05316 | 0°4626
| 29 - 1-0139 | 0-8451 ) 07562 | 0:6987 i 0:6576 | 0:6263 | 0-5813 | 0:5269 ‘ 0°4570
i 30 | 1°0116 | 0-8423 | ©0-7531 | O 6954 o- 6540 06226 | 0°5773 | 0°5224 I 04519
. | i
5 6o , 09784 | 0-8025 | 07086 | o* 6472 06028 | ;o 5687 o 5189 ; | 04574 E 0°3746
o } 0'9462 |

' 07636 ' 0-6651

05900 05522 i 05152 | 4 04604

06061
0-5761

| 0°'§500
l 0-5260

o-5064
04879
0'4712
0:4560
0°4421

0'4294
04176
0°4068
03967
0:3872
0'3784
0°3701
0-3624
0°3550
0-3481

02352

0-3908 102913 | o
L I
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Appendix Table 9 -1 per cent. points of the variance ratio F
(values at which the d.f. = 0-99)

(Reproduced from Sir Ronald Fisher and Dr. F. Yates: Statistical Tables for Biological,
Medical and Agricultural Research, Oliver and Boyd Ltd., Edinburgh, by kind permission

vy ¢! 1
I 4052
2 | 9849
3 | 3412
4 21°20
S 16-26
6 | 1374
L7 12°25
. 8 | 1126
I 9 10°56
i 10 10°04
|
F 1 965
12 9°33
13 9'07
14 8-86
. 15 | 868
| 16 853
17 840
18 828
19 818
20 810
Y . 8oz
L 22 | 704
| 23 788
24 | 782
2777
! 26 E 772
.27 | 768
i 28 7604
29 | 760
| 30 | 756
! E
140 | 731
i 60 7-08
120 . 6-85
' o | 664
|

of the authors and publishers)

407

720
693
670
651
6-36

623
611
601
503
585

578
572
5-66
561
557

5'53
5'49
545
542
539

518
498
479
460

5403
9917
29°46
1669
12:06

978
845
7'59
6:99
6'ss

6-22
5'95
574
5'56
5'42

529
518
509
5-01
494

487
482
476
472
468

464
460
4'57
4'54
451

431
413
395
378

5625
99°25
2871
1598
11°39

915
785
7-01
642
5'99

567
541
520
503
489

477
467
458
4'50
443

437
431
426
422
418

414
4711
407
404
402

383
3:65
348
332

5'32
5°06
486
469
456

4'44
4'34
425
417
4'10

404
3'99
394
3'90
3-86

382
378
375
373
370

351
334
317
302

539

507
482
4°62
446
432

420
410
401
3'94
387

381
376
371
3:67
363

3'59
356
3'53
3:50
3°47

329
312
296
2-80

474

329
326
323
320
317

2°99
2-82
266
251

12

6106

99'42
27°0§
14'37

989

772
647
567
511
471

440
416
396
3-80
367

3°55
345
337
330
323

317
312
307
303
2°99

2:96
2'93
2°9o
2-87
2-84

266
2'50
2'34
218

24

6234

9946
2660
1393

947

731
6-07
528
473
433

402
378
3'59
343
329

318
3'08
300
2:92
2-86

2-80
2°75
270
266
262

258
2°55
2°52
249
247

229
212
1-95
1'79

[o¢]

6366
9950
26°12
1346
9-02

6-88
565
486
431
391

360
336
316
300
2-87

275
265
257
249
2°42

236
2°31 |
226 i
221

217

213
2°10
2:06
203
201

1-80 |
1-60
1:38
1'00

Lower 1 per cent. points are found by interchange of ¥, and ,, i.e. », must always correspond
to the greater mean square.
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Appendix Table 10-Augmented symmetric functions in terms of power-sums and
vice versa

(Reproduced from David and Kendall (1949) by kind permission of Dr. David and the
editors of Biometrika)

weight 1 (1) = [1]
wetght 2 |
I Rt
(2) I \ -1 |
(GO 1 | I
weight 3 ) _
| R [21] [1%]
, (3) —1 i 2
- (2 (1) I . =3
o @2 3 | 1
weight 4
| W [31] 1 [ Y
| (4) ' x -1 -1 2 -6
(3) (1) 1 -2 8
(2)* 1 I —1 3
Lo (2) (1) I 2 1 I -6
| (1)* 1 4 1 3 6 1
weight 5 o o ,
| L R T 7 I ¢ R 15 B N 5 € I £
T N T S —1 ' 2 2 -6 24
4) (1) I b ¢ . -2 -1 ‘ 6 —30
(3) (2) 1 . 1 -1 =2 5 —20
(3) (1)* 1 2 1 1 . -3 20
(2)2 (1) 1 1 2 ¢ -3 15
() (1)® I 3 4 3 3 PO —10
(1)8 ) 1 5 10 10 15 10 1
weight 6 B : o
N R Th S IRt [_[gf}_)[szrll[slsl IR
: © | r -1 ;—1 o2 | -1 2! -6 2 | —6 | 24 =120 |
b)) | oot -2 -1 6 - 4 . —24 | 144 .
@@ r - T 3 -3 s -1 90
C(g) (2 2 ) G ¢ . . -3 . -1 12 —9o
! () I . . . -1 2 . 2 -8 ' 40
I(3) (2) (1)‘ 1 1 1 . 1 I -3 . -4 20 | —120
| 3) (@ 1 3 3 3,01 3 1 : - =4 40
) L S 3 A - 1 -1 3 . —15
@), 2 3 1 2 4. 0 x X =6 45
@O | 4 7 1 6. 4 16 4 3 | 6 I -ls
(1)‘ B I ; 6 . 15 '1 15 3 10 ;| 6o L 20 | 15 | 45 i 15 |

To express the [ ] functlons in terms of ), read downwards up to and mcludmg the main
diagonal, e.g. [41%] = 2 (6)—2 (5) (1)—(4) (2) +(4) (1)%. To express the () functions in terms
of [ ], read across up to and including the main diagonal. e.g. (4) (1)?* = [6]+ 2 [s1]+[42] +[412%].
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Appendix Table 11 -Table of multiple k-statistics in terms of augmented symmetric
functions and vice versa

(Reproduced from Wishart (1952) by kind permission of the late author and the editors
of Biometrika)

Ist order l, = [1]/n
2nd order ) ]
: ln lz
L [f)/a® 1 -1
; [2]/n 1 I
3rd order
L ls Ly
[13]/n™ I - z
[21]/n 1 1 -3
[31/n X 3 I
4th order 7
J lllll 1211 122 181 14
(1] /n“‘v b4 - :-——1 1 2 -6
| [21%]/nt® 1 1 -2 -3 12
| [22]/n% 1 2 I . -3
[31]/n™ 1 3 : I -4
| [4/= , 1 6 3, 4 I
5th order
; oo T ! o T ] o ‘7 T T
! ! hun lz;n { e | bn L lys la Iy ‘
N PV S A e S PV
| [21%)/a 1 > 1 -2 E -3 ‘ 5 12 —6o0
: [231]/,,[31 l 1 i 2 ! I . } -3 -3 30 i
i [313]/7;[3] ‘ 1 ( 3 . I -1 —4 20 |
1‘ Fz:llfn:a; 1 46. | 3 I b ¢ . —10 |
41]/n 1 i 3 4 . b ¢ -5
| [5]/n 1 . 10 I 15 10 1 10 5 1 1
6th order - o - ‘ _
; ‘511111111 lﬁllll } 12211 1 13111 l 1222 1321 ldll | 133 ; 142 E l-’il 1.
Cpym®  x -1 1 2 =1 -2 6 4 6 24 —r120"
o [zxf]/m® o x N R { 3 5 12 | —12 | —18 —60 360 ‘
30 S V2 S T . -3 -3 =3, 9 15 30 =270
IV S S A ¢ . -1 —4 . 4! 4! 20 =—120]
R 33 - R o T3 30
[321])/nt 1 4 L S b ¢ c 1 -6 -4 —1I0 120 |
% [41°]/n® 1 6 l 30 4 - ’ I -1 -5 30
[3¥/mM®» . 1 . 6 | 9 2 -+ 6 . 1 . —10 .
" [az)/m® N 4 1 3 4 1 X ~15
[51]/n 1 | 1o 15 1o | + | 10 5 X -6 !
[6)/n | 1 | 15 | 45 | 20 | 15 6o . 15+ 10 15 6 I

To express I's in terms of symmetrics read downwards as far as
—[16]/n9+ 3 [214] /0% — 3 [221%]/nl + [23] /0,

diagonal, e.g. Iy,

and including the main

To express symmetrics in terms of I’s read horizontally up to and including the diagonal,
e.g. [2*1%]/n = L+ 2lsun + lane
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274-324.

Arithmetic mean, see Mean, arithmetic.
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9.1-9.12 and 9.14) 226-7; (Exercise

10.4) 242.
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1.8) 8 ; moments of, (Example 3.1) 57-8 ;
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86.
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78-9; see also Corrections; Sheppard’s
corrections.
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Baldwin, E. M., table of percentage points of
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Bartlett, M. S., characterization of normal dis-
tribution, 364-5.

Barton, D. E., and Dennis, K. E. R., Type A
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Bayes’ theorem, 198-9; postulate, 199-203 ;
and maximum likelihood, 202-3 and
(Exercises 8.1-2) 204; in sampling of
attributes, (Exercise 9.3) 226.

Beans, distribution of, (Table 1.15) 20 ; histo-
gram of, (Fig. 1.6) 21 ; Pearson distribu-
tion fitted, (Example 6.1) 153-4; Gram-
Charlier series fitted, (Example 6.2) 160 ;
lognormal distribution fitted, (Example
6.5) 170.

Bernoulli numbers and polynomials, 80-1 and
(Exercise 4.20) 119,

Beta distribution, of first kind, arithmetic mean,
(Example 2.2) 35; geometric and har-
monic means, (Example 2.4) 36-7; vari-
ance, (Example 2.8) 45 ; of first kind and
second kind, 150-1; Jacobi polynomials
for expansion in series, 163 ; Johnson
transformations, (Exercises 6.14-15) 177~
8 ; see also T'ype 1, Type VI distributions.

Bias, in sampling, 208-11 ; in choosing plants,
(Example 9.1) 208; in scale reading,
(Example 9.2) 208-9 ; in reading random-
izing machine, (Example 9.3) 209-10; in
crop forecasting, (Example 9.4) 210; in
estimation, 225 and (Exercise 9.13) 227.

Bienaymé-Tchebycheff inequality, 88, 104,
192 ; in sampling of attributes, (Exercise
9.4) 226 ; used with standard error, 224.

Binomial distribution, frequency-generating
function, 24 ; moments, (Example 2.3)
35; (Example 2.9) 45-6; (Example 3.2)
58-9; m.g.f. (c.f.), (Example 3.5) 61 ;
factorial moments (Example 3.8) 67 and
(Exercise 3.7) 90; factorial cumulants,
(Example 3.14) 75 ; skewness and kurtosis,
(Example 3.19) 86 ; limiting normality,
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(Example 4.6) 106-7; generally, 120-5 ;
c.f., moments and cumulants, 121-2 and
(Exercise 5.1) 143 ; d.f.,123-5; tables of,
124-5; error in normal approximation,
125 ; mixed binomial population, 126-8
and (Exercise 5.6) 144 ; bivariate, 141-3 ;
incomplete moments, (Exercises 5.2-3)
143-4 ; mean deviation of, (Exercise 5.4)
144 ; in sampling of attributes, 219-20 ;
(Exercise 9.14) 227 ; with negative
index, see Negative binomial distribution ;
distribution of means of, (Example 11.10)
259-60.

Birth-rates, distribution of in Local Govern-
ment Areas, (Table 1.1) 3; frequency
polygon of, (Fig. 1.1) 4.

Bivariate binomial distribution, 141-3.

— distributions, 20-4, (Exercise 1.22) 31;
fitting of, 174-5.

-— k-statistics, 308-12.

— moments and cumulants, 81-4;
errors of, 235-6.

— normal distribution, (Example 1.1) 23;
(Example 3.17) 82-3; moments, (Ex-
ample 3.19) 91 ; uniquely determined by
moments, (Exercise 4.17) 119 ; joint c.f.
of squares of variates, (Exercise 4.19) 119 ;
as limit of bivariate binomial, 142-3 ;
bivariate Gram-Charlier series and a dif-
ferential equation, (Exercises 6.16-17)
178 ; c.f. of sum of variates, (Exercise
7.13) 196 ; distribution of ratio of variates,
(Exercise 11.22) 273 ; moments of sample
covariance, (Examplc 13.3) 322 ; variances
and covariances of k-statistics, (Exercises
13.1-2 and 13.7-8) 322-3 ; (Example 15.1),
349-50 ; Sheppard’s theorem on median
dichotomy, 351 ; (Exercises 15.7-8), 367 ;
covariance conditional on a linear con-
straint, (Exercise 15.18) 368 ; univariate
normal margins not sufficient for, (Exer-
cise 15.20) 368 ; sampling from, 383-93 ;
distribution of sample correlation coeffi-
cient, 383-92; distribution of sample
regression coefficients, 392-3.

— Poisson distribution, (Exercise 5.11) 145.

Booker, H. S., data from, (Table 1.21) 26.

Bortkiewicz, L. von, data on suicides, (Table
1.6) 7.

Bose, S. S., distribution of variance-ratio for
correlated variates, (Exercise 16.16) 395.

Box, G. E. P., transforming normal to rectan-
gular variates, (Exercise 1.21) 31.

Bridge, probabilities at, (Example 7.2) 183—4.

standard
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Brown, J. A. C., see Aitchison, J.
Burr, I. W, fitting of d.f.’s, 173-4 and (Exer-
cise 6.19) 178.

Carleman, T., uniqueness criterion for prob-
lem of moments, 111.

Carlton, G. A., sampling from rectangular dis-
tribution, (Exercises 14.17-18) 346,

Cauchy distribution, moments infinite, (Ex-
ample 3.3) 59-60; c.f.,, (Example 3.13)
73-4; inversion of c.f.,, (Example 4.2)
98 ; distribution of sample mean the
same, (Example 11.1) 248-9 and (Ex-
ample 11.17) 264 ; as ratio of squares of
normal variates, (Example 11.21) 268 ;
as ratio of non-normal variables, (Exer-
cise 11.23) 273.

Cauchy-Schwarz inequality, 38.

Cauchy-type distributions in extreme-value
theory, 333.

Central Limit theorem, 193-5, 223-4, 234 ;
failure of for Cauchy distribution, (Ex-
ample 11.1) 248-9; for rectangular vari-
ates, (Example 11.9) 259.

Centre of a distribution, 40 ;
range.

C.f., see Characteristic function.

C.g.f., cumulant-generating functions, 67-8.

Chakravarti, M. C., mean deviation and stan-
dard deviation, 45 footnote.

Chambers, E. G., data from, (Table 1.21) 26.

Change of variables, 234, 247-8.

Characteristic function (c.f.), as m.g.f., 61-2 ;
in general, 94-119; relation to d.f., 94-
101 and 116-17 ; conditions for a function
to be a c.f., 101-2 and (Exercises 4.5,
4.10-11) 117-18; limiting properties,
102-6 ; multivariate, 107-9 ; of a function
of a variate, 108-9 ; expansion of, 112-13 ;
derivatives and existence of moments, 61
and 112-14; of a non-negative function
inverted, (Exercise 4.14) 118; relations
between derivatives, (Exercise 4.15) 119 ;
of a sum, 188-9 and (Example 7.6) 190 ;
in obtaining exact sampling distributions,
259-63 ; in method of steepest descents,
269.

Characterizations, of normal distributions, 362—-
6 and (Exercise 15.16) 368 ; of Gamma
distribution, (Exercise 15.22) 368.

Charlier, C. V. L., Tchebycheff-Hermite poly-
nomials, 156; see also Gram-Charlier
series.

Chi-square, see 2 (indexed at x).

see also Mid-
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Chu, J. T., bound for variance of median,
(Exercise 14.7) 345.

Class-frequency, 2.

Class-interval, 2 ; ambiguities in, 5.

Cloudiness, data on intensities of, (Table 1.11)
10; Johnson distributions and Pearson
Type I distribution fitted, (Example 6.6)
171-2.

Clusters, distributions of numbers in, (Exer-
cises 5.7-8) 144-5 and (Exercises 5.21-2)
147,

Cochran, W. G., random permutations, 216—
17 footnote ; independence of quadratic
forms, 357 ; theorem on decomposition of
sum of squares, 360-2 and (Exercise
15.17) 368 ; approximation to z-distribu-
tion, 380-1.

Cochran’s theorem, 360-2.

Colonies, distributions of numbers in, see
Clusters

Compatible events, probabilities of realization,
(Exercises 7.1-5) 195.

Concentration, coefficient of, 48 ; curve, 48-9.

Conditional distributions, 21-2.

Contagious distribution, see Type A.

Continuous distributions, 7, 12 ; obtained by
inversion of c.f., 96-7; sampling from,
217-19.

Convolution of random variables, see Sum.

Cook, M. B., multivariate moments and cumu-
lants, 84 footnote; sampling cumulants
of multivariate k-statistics, 311, 322 and
(Exercise 13.4) 323.

Co-operative Study on distribution of correla-
tion coefficient, 388 and (Exercise 16.14)
395.

Corbet, A. S., logarithmic distribution, (Table
5.4) 132.

Cornish, E. A., normalization of distributions,
166 ; approximation to z-distribution, 380.

Corrections for grouping, 34, 46, 75-81, 84
and (Exercises 3.10, 3.13) 90-1; see also
Sheppard’s corrections.

Correlation coefficient, standard error, (Ex-
ample 10.6) 235-6, 243 ; variance-stabiliz-
ing transformation, (Exercise 10.17) 245,
383 ; sampling distribution for bivariate
normal parent, 383-90; tables of, 389 ;
Fisher’s z-transformation, 390-1, (Exer-
cise 16.21) 396 ; recurrence relation for
ff., (Exercise 16.14) 395; differential
equation for f.f., (Exercise 16.15) 395 ;
mean and variance if parent variates in-
dependent, (Exercise 16.17) 396.
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Covariance, 82 ; moments of, (Example 133)
322 ; matrix, see Dispersion matrix.
Cox, D. R., distribution of range, 339 and
(Exercise 14.15) 345-6; reduced range,

342,

Cox, G. M., random permutations, 216-17
footnote.

Craig, A. T., quadratic forms, 358, 362,
(Exercise 15.16) 368.

Craig, C. C., corrections to moments of dis-
crete distributions, 79 and (Exercise 3.13)
91,

Craig, R., data from, (Table 1.5) 6.

Cramér, H., conditions for a function to be a
c.f.,, 102 ; multivariate Carleman criterion
for moments, 111 ; convergence of Gram-
Charlier series, 161-2, 167 ; Central Limit
theorem, 194; distribution of a ratio,
266-7.

Crop-forecasting, bias in, (Example 9.4) 210.

Cumulants, definition, 67 ; generating function
for, 67-8; invariantive properties, 68 ;
relations with moments, 68-71 ; existence
of, 71-2; calculation of, 72-4 ; multivariate,
81-4; grouping corrections, 81, 84 and
(Exercise 3.13) 91; can only all vanish
after the first ( (Example 4.3) 99) or the
second, (Exercise 4.11) 118; standard
errors, (Example 10.4) 233 and (Exercise
10.12) 244 ; structural properties of, 318—
20 ; see also k-statistics.

Cumulant-generating function (c.g.f.) or cumu-
lative function, 68.

Dairy herds, distribution of milk-production
costs, (Table 1.9) 9.

Daniels, H. E., distribution of ratios, 266,
(Exercise 11.24) 273 ; method of steepest
descents, 269,

Das, S., Mills’ ratio, (Exercise 5.13) 145.

David, F. N.,, tables of symmetric functions, 69
footnote, 276 ; distribution of difference
of Type III variates, (Exercise 11.15) 271—
2 ; moments of symmetric functions, 299 ;
moments of variance-ratio, 300 ; moments
of order-statistics, 329 and (Exercises
14.1, 14.3) 344 ; tables of correlation
coefficient, 389, 391.

David, H. A., upper bounds for means of
order-statistics, 336-7 ; bounds for mean
of range, 340; distribution of ratio of

+ random deviation from sample mean to
the sample standard deviation, (Exercise

16.20) 396.
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Deciles, 40 ; interdecile range, 42 ; standard
errors of, 243 ; see also Order-statistics.

Decomposition of sum of squares, 360-2 and
(Exercises 15.16-17) 368.

Degrees of freedom, 268 footnote, 369, 375,
377.

Deming, W. E., matching of lists, (Exercise
10.21) 245.

Demoivre, A., discoverer of normal distribu-
tion, 135 footnote.

D.f., see Distribution function.

Dice-throws, Weldon’s data, (T'able 1.14) 19 ;
(Table 1.16) 25; (Table 5.1) 121;
(Example 9.10) 221.

Digits, distribution in telephone directory,
(Table 1.4) 6.

Discontinuous distributions, 6-7, 11, 14-15;
inversion of c.f., 97.

Discrete, see Discontinuous.

Dispersion, measures of, 42-51.

Dispersion matrix, 349 ; (Exercises 15.1-3,
15.9-11) 366-7.

Distribution function (d.f.), 11-15; graph of,
for determining quantiles, 41-2; deter-
mined by c.f., 94-7 ; limiting properties,
102-6 ; and moments, 109-12 ; dual role
with c.f., 116-17 ; and probability, 186-7.

Double exponential (Laplace) distribution, c.f.
inverted, (Exercise 4.3) 117 ; variance of
midrange, (Example 14.5) 341.

Dronkers, J. J., asymptotic distributions of
extreme values, 336.

Durbin, J., Jacobi polynomials in Beta distri-
bution expansion, 163.

Dyson, F. J., kurtosis, (Exercise 3.20) 92.

Edgeworth, F. Y., citing Weldon’s dice data,
(Table 1.14) 19 ; form of Gram-Charlier
series, 159.

Edgeworth series, 157-9, 163 ; relation between
mean, median and mode, (Exercise 6.20)
179 ; method of steepest descents more
powerful than, 269.

Elderton, Sir William P., grouping corrections
for moments, 79 and (Exercise 3.10) 90 ;
fitting of Pearson distributions, 152.

Elfving, G., asymptotic distribution of range,
341-2 and (Exercise 14.20) 346.

Envelopes and letters, matching problem,
(Example 7.3) 184-5 and (Exercise 7.4)
195.

Error, see Standard error.

Estimation, in sampling of attributes, 219-22 ;
in large samples generally, 223-4.
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Euler-Maclaurin sum formula, 75.

Expectations, Expected values, 51-2.

Expected largest value, 332 footnote.

Exponential distribution, mean, standard devia-
tion, mean difference and interquartile
range, (Exercise 2.6) 52; cumulants,
(Exercise 3.6) 89; moments of mean
difference, 242; distribution of order-
statistics, 325 ; variance of smallest value,
(Exercise 14.8) 345 ; of time-intervals,
(Exercise 16.6) 394 ; see also Gamma dis-
tribution, Double exponential distribution.

Exponential-type distributions in extreme-
value theory, 332, 342-3.

Extreme values, 329; asymptotic distribu-
tions of, 330-6 ; tables for, 343.

F-distribution, see Variance-ratio distribution.

Factorial cumulants, 75.

Factorial moments, 63-7 ; in terms of ordinary
moments, 64; calculation of, 64-6;
Sheppard’s corrections to, 80.

Farmer, E., data from, (Table 1.21) 26.

Fecundity, distribution of brood-mares by,
(Table 1.19) 26.

Federighi, E. T, tables of t-distribution, 377.

Feller, W., Introduction to Probability Theory,
194,

F.f., see Frequency-function.

Fieller, E. C., tables of random correlated nor-
mal deviates, 215 ; distribution of a ratio
of correlated normal variates, (Exercise
11.22) 273.

Finite populations, 207 ; k-statistics in sam-
pling from, 300-3 ; bivariate, 311-12.
Finney, D. J., distribution of variance ratio for
correlated normal variates, (Exercise 16.16)

395.

First Limit theorem, 104-5 ; converse, 105-6.

Fisher, Sir Ronald A., Sheppard’s corrections,
(Exercise 3.17) 92 ; logarithmic distribu-
tion, 132 ; normalization of distributions,
166 ; tables of Random Sampling Num-
bers, 214 ; variance of mean deviation,
240 ; variance of function of multi-
nomial frequencies, (Exercise 10.2) 242 ;
variance-ratio (F and 2) distributions, see
Variance-ratio ; k-statistics, 277; sam-
pling distribution of +/b,, 298 ; pattern
functions, (Exercises 12.4-5, 12.7) 305;
m.g.f. of moments of k-statistics, (Exercise
12.14) 306 ; combinatorial rules for k-
statistics in normal case, (Exercises 13.10-
12) 323-4; asymptotic distributions of
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extreme values, 330-3; table of x® per-
centage points, 371, 400 ; approximation
to x? distribution, 371-4; tables of t-
distribution, 377; tables of percentage
points of F- and z-distributions, 379 ;
approximations to z-distribution, 380-1 ;
distribution of correlation coefficient, 385 ;
z-transformation of correlation coefficient,
390-1; d.f. of t-distribution, (Exercise
16.10) 39s.

F.m.g.f., factorial moment-generating function,
66-7 ; inversion, (Exercise 3.24) 93.
Foster, F. G., dispersion matrix, (Exercise

15.9) 367.

Fourier transforms and c.f., 94, 117.

Franel, J., distribution of digits in mathe-
matical tables, 214 footnote.

Fréchet, M., conventions regarding mean
values, 59 footnote and (Exercise 7.19)
197 ; asymptotic distribution of extreme
values, 333.

Frequency (class-frequency), 2.

Frequency-distributions, 1-31 ; discontinuous,
6~7 ; continuous, 7-11; symmetrical,
7-8; asymmetrical, 7-9; J-shaped, 9-
10 ; U-shaped, 10 ; genesis of, 19 ; multi-
variate, 20—4; conditional, 21-2 ; mar-
ginal, 22,

Frequency functions (f.f.), 11-15 ; determined
by c.f., 94-7 ; normalization of, 163-7.

Frequency-generating functions, 24 ; deter-
mining mean ( (Example 2.3) 35) and
variance, (Example 2.9) 45-6.

Frequency-moments, of normal distribution,
(Exercise 5.10) 145 ; fitting distributions
by, 174.

Frequency polygon, 3-5 ; bivariate form, 21.

Frisch, R., factorial moments, 64 ; cumulants
and moments of binomial distribution,
(Exercises 5.1, 5.3) 1434,

Functions of random variables, c.f. of, 108-9 ;
standard errors of, 231-3 ; covariances of,
232.

Y1, V3, see Skewness, Kurtosis.

Galbrun, H., convergence of Gram-Charlier
series, 161.

Gamma distribution, cumulants and inversion
of c.f., (Example 4.4) 99-100; moments
determining d.f.,, (Exercise 4.6) 117;
square of a normal variate, (Exercise 4.18)
119; Type A Gram-Charlier expansion,
(Example 6.3) 162-3; Laguerre poly-
nomials for series expansion, 163;
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normalization of, (Example 6.4) 166-7 ;
logarithmic  (Johnson) transformation,
(Exercise 6.13) 177 ; characterization of,
(Exercise 15.22) 368 ; see also Type III
distribution.

Garwood, F., approximations to y2 distribution,
(Table 16.1) 373-4.

Gauss, C., and normal distribution, 135 foot-
note.

Gauss-Winckler inequality, (Exercise 3.18) 92.

Gayen, A. K., z-transformation of correlation
coefficient, 391 footnote.

Geary, R. C., distribution of a ratio, 266,
(Exercise 11.11) 270-1 ; independence of
mean and variance in normal samples,
(Exercise 11.19) 272 and (Example 12.7)
289-90.

Generating functions, see c.g.f., frequency-
generating functions, f.m.g.f.,, m.g.f.

Geometric mean, see Mean, geometric.

Geometric probabilities, (Example 7.4) 185-6
and (Exercises 7.9-11) 196.

Gini, C., coeflicicnt of mean difference, 46,
240-3 ; cocfficient of concentration, 48,

Glasser, G. J., matching of lists, (Exercise
10.21) 245.

Godwin, H. J., Tchebycheff-type inequalities,
89 ; distribution of mean deviation, 240 ;
moments of order-statistics, 328.

Goodman, L. A., matching of lists, (Exercise
10.21) 245 ; variance of product, (Exer-
cise 10.23) 245.

Goodness-of-fit x? distribution, (Example 15.3)
355-6; (Exercise 15.21) 368.

Gosset, W, S., see ‘“ Student.”

Gram-Charlier series, Type A, 156-63; d.f.
of, 159; fitted to bean data, (Example
6.2) 160; conditions for convergence,
161-2 and (Exercise 6.9) 176 ; bivariate,
175 and (Exercise 5.19) 178 ; (Exercises
6.10-11), 176 ; distribution of sums
from, (Exercise 11.10) 270; see also
Edgeworth series.

— — — Types B and C, 163 and (Exercise
6.8) 176.

Graphical representation of frequency-distri-
butions, see Frequency polygon, Histo-
gram.

Greenberg, B., table of variances of normal
order-statistics, 329.

Greenwood, M., data on industrial accidents,
(Table 5.3) 129.

Grouping corrections, see Corrections; Shep-
pard’s corrections.
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Guldberg, S., cumulants of multinomial dis-
tributions, (Exercise 5.19) 147.

Gumbel, E. J., bivariate d.f., (Exercise 1.22)
31; theory of extreme values, 330 foot-
note, 332 footnote, 335-6 ; reduced range
and mid-range, 342 ; tables for extreme-
value distributions, 343 ; distribution
function of range, (Exercise 14.19) 346.

Haldane, J. B. S., cumulants of binomial dis-
tribution, (Exercise 3.1) 143; relation
between mean, median and mode in
Edgeworth expansion, (Exercise 6.20) 179 ;
approximation to x? distribution, (Exer-
cise 16.8) 394.

Hall, A. D., data on grain-yields, (Table 1.20)
26.

Hall, P., distribution of mean in samples from
rectangular distribution, (Example 11.9)
257-9.

Hamburger, H., problem of moments, 109
footnote.

Hardy, G. H., Littlewood and Pélya, In-
equalities, 38.

Harmonic mean, see Mean, harmonic.

Harter, H. L., table of means of normal order-
statistics, 329 ; tables of range in normal
samples, 339.

Hartley, H. O., distribution of mean deviation,
240 ; upper bounds for means of order-
statistics, 336-7 ; tables of distribution of
range in normal samples, 339, 343 ;
bounds for expected value of range, 340 ;
table of %2, 370 ; distribution of ratio of
extreme deviation from sample mean to
the sample standard deviation, (Exercise
16.20) 396.

Hastings, C., moments of order-statistics,
328.

1latke, M. A, fitting of d.f.’s, 1734,

Height, distribution of men by, (Table 1.7) 8 ;
frequency polygon of, (Fig. 1.3) 7 ; mean,
(Example 2.1) 33-4; median, (Example
2.5) 38-9 ; quartiles, (Example 2.6) 40-1 ;
distribution curve, (Fig. 2.1) 41; mean
deviation and standard deviation, (Ex-
ample 2.7) 43-5; mean difference,
(Example 2.10) 50-1; factorial and ordi-
nary moments, (Example 3.7) 65-6 ; cumu-
lants, (Example 3.9) 72 ; normal distribu-
tion fitted, (Table 5.6) 140; standard
error of mean, (Example 10.1) 230-1;
sampling variation of higher moments,
(Exercise 10.1) 242.
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Helmert, W., variance of mean deviation, 240 ;
orthogonal transformation, (Example 11.3)
250-1.

Hermite polynomials, 155-6.

Hilferty, M. M., approximation to x? distribu-
tion, 371-4,

Histogram, 5 ; bivariate, 21.

Hogg, R. V., decomposition of quadratic
forms, (Exercise 15.16) 368.

Hojo, T., moments of order-statistics, 327-8.

Hélder’s inequality, 38 and (Exercise 3.15)
91.

Homoscedastic, 383.

Hotelling, H., measure of skewness, (Exercise
3.22) 93 ; distribution of correlation co-
efficient, 388-90 ; transformations of cor-
relation coefficient, 391 and (Exercise
16.19) 396 ; relations for f.f. of correla-
tion coefficient, (Exercises 16.14-15) 395.

Hsu, C. T., sampling cumulants of normal k-
statistics, 297,

Hypergeometric distribution, 133-5; c.f. and
moments, 134 ; limiting forms of, 140-1 ;
factorial moments, (Exercise 5.26) 147 ;
in sampling of attributes, (Example 9.12)
224,

Hypotheses, 201-3.

Hypothetical population, 19-20, 187 ; sam-
pling from, 207-8.

Income, distribution of persons by, 3, 4, 14.

Incomplete moments, 48 ; of binomial distri-
bution, (Exercises 5.2-3) 143—4.

Independence, 22 ; in bivariate binomial dis-
tribution, 142-3. '

Inequalities for moments, Liapounoff’s, 63 and
(Exercise 3.15) 91-2; Gauss-Winckler,
(Exercise 3.18) 92 ; (Exercise 3.19) 92.

Interdecile range, 42.

Interquartile range, 42 ; standard error of semi-
interquartile range, (Example 10.8) 239,
standard error in normal case, 327.

Interval, see Class-interval.

Inverse probability, see Bayes’ theorem.

Inverse sampling for attributes, (Example 9.13)
225-6.

Inversion theorem on c.f.’s, 94-101,
cise 4.22) 119,

Irwin, J. O., distribution of mean from Type II
distribution, (Exercise 11.14) 271; dif-
ference of two Poisson variates, (Exercise
11.16) 272 ; sampling from finite popula-
tions, 301.

(Exer-
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J-shaped distributions, 9-10.

Jackson, D., on median, 39.

Jacobi polynomials, for Beta distribution ex-
pansions, 163.

Jacobian (determinant) of transformation, 234,
247-8.

James, G. S., transformation of variate, (Exer-
cise 13.6) 323 ; decomposition of sum of
squares, 360-1.

Jeffreys, Sir Harold, and Bayes’ postulate, 199
footnote,

Jenkinson, A. F., asymptotic distribution of
extreme values, 330.

Johannsen, W., bean data cited by Pretorius,
(Table 1.15) 20.

Johnson, N. L., mcan deviation of binomial
distribution, (Exercise 5.4) 144 ; system
of variate-transformations, 167, 171, 172 ;
fitting bivariate distributions, 174-5;
moments of variance-ratio, 300 ; moments
of order-statistics, 329 and (Exerciscs
14.1 and 14.3) 344.

Johnson transformations, 167-73 ; fitted to
bean data, (Examples 6.5, 6.7) 170, 172-3 ;
fitted to cloudiness data, (Example 6.6)
171-2; applicd to Gamma distribution,
(Exercise 6.13) 177.

Jorgensen, N. R., tables of Tchebycheff-
Hermite polynomials, 156.

k-statistics, 277-324; definition, 277-8 ; as
seminvariants, 278 ; in terms of symmetric
products and sums, 280-1; rules for
obtaining sampling cumulants of, 281-9 ;
rules for sampling cumulants when parent
distribution normal, (Example 12.5) 288-
9 ; sampling cumulants formulae, 290-7 ;
sampling cumulants formulae for normal
parent, 295-7; in sampling from finite
population, 300--3; multiple k-statistics
for estimating non-lincar functions of
cumulants, 303-4 and (Exercises 12.18-19)
307; m.g.f. of moments of k-statistics,
(Exercises 12.14-16) 306-7; Dbivariate
case, 308-12 ; proof of rules for sampling
cumulants, 313~18 ; structural properties
of, 318-20; summary of formulae in
tensor form, 320-2.

« criterion of Type in Pearson distributions,
151 ; infinite for Type I1I, (Exercise 6.5)
175 ; unity for Type V, (Exercise 6.6) 175.

Kaplan, E. L., tensor formulae for k-statistics,
320-2 and (Exercise 13.9) 323,

Kaplansky, I., kurtosis, (Exercise 3.21) 93.

EE*
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Kawata, ‘I'., characterization of normal distri-
bution, 364.

Kendall, D. G., and Rao, K. S., sequences of
d.f’s., 103 ; Second Limit theorem, 112-
16 ; moments becoming infinite as d.f.
tends to normality, (Exercise 4.12) 118.

Kendall, M. G., digits from telephone direc-
tories, (Table 1.4) 6 ; tables of symmetric
functions, 69 footnote and 276; Shep-
pard’s corrections, 79 ; bivariate Gram-
Charlier series, (Exercises 6.16-17) 178 ;
theories of probability, 180; data on
randomness, (Table 9.3), 209-10; table
of Random Sampling Numbers, 214, 218 ;
random permutations, 216 footnote ; sam-
pling from finite populations, 301 ; multiple
k-statistics, 303 ; m.g.f. of moments of
k-statistics, (Exercises 12.15-16) 307 ;
symbolic derivation of multivariate k-
statistic formulae from the univariate, 311 ;
variance of observation nearest to true
mean in normal samples, (Exercises 14.10-
11) 345; multivariate normal integral,
351-2; transformations of correlation
coeflicient, (Exercise 16.19) 396.

Kullback, S., distributions of geometric means,
(Exercises 11.3, 11.9) 269-70.

Kurtosis, 85-6; (Exercises 3.20-1) 92-3;
standard error of b,, 243 ; moments of b,,
(Exercise 12.10) 306-7.

Laguerre polynomials and Gamma distribu-
tion expansions, 163.

Laha, R. G., characterization of Gamma dis-
tribution, (Exercise 15.22) 368.

Lancaster, H. O., independence of quadratic
forms in normal variates, 358, 362 ; de-
composition of sums of squares, 360 ;
characterizations of normal distribution,
365-6 ; condition for quadratic form to
be a component of another, (Exercise
15.15) 368.

Laplace, P. S. (Marquis de), and normal distri-
bution, 135 footnote ; continued fraction
for normal distribution, 137-8 and (Exer-
cise 5.12) 145 ; succession rule, (Example
8.3) 200-1 and (Exercise 8.4) 205.

Laplace distribution, see Double exponential
distribution.

Large Numbers, Laws of, Weak, 192-3 and
(Exercise 7.20) 197 ; Strong, 193,

Large samples, approximations in, see Standard
error,
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Lawley, D. N., sampling cumulants of normal
k-statistics, 297.

Lee, A., data from, (Table 1.19) 26.

Leptokurtosis, 86.

Letters and envelopes, matching, (Example
7.3) 184~5 and (Exercise 7.4) 195,

Lévy, P, cf., 94.

Liapounoff, A., inequality for moments, 63 and
(Exercise 3.15) 91-2.

Licberman, G. J., hypergeometric tables, 135.

Likelihood, 198-9 ; maximum likelihood prin-
ciple, 201-4; and Bayes’ theorem, 202-3
and (Exercises 8.1-2) 204 ; in sampling of
attributes, (Exercises 9.5, 9.10) 226-7.

Limit theorems, see First Limit theorem,
Sccond Limit thcorem, Central Limit
theorem, Large Numbers.

Lindcberg, J. W., Central Limit theorem,
194.

Linear functions, of variates, standard error of,
232 ; of independent normal variates, dis-
tribution of, (Example 11.2) 249-50,
(Example 11.5) 253-4; 350; independ-
ence of quadratic forms, 359.

Lloyd, E. H., multivariate normal dispersion
matrix, (EExercise 15.11) 367.

I.ocation, measures of, 32—42.

Logarithmic distribution, 131-3; c.f. and
moments, 133 ; combined in clustering
with Poisson to produce ncgative bi-
nomial, (Exercise 5.21) 147.

Logistic distribution, c.f., (Exercise 4.21) 119 ;
d.f. of extreme value, (Exercise 14.2) 344,

Lognormal distribution, 168-70.

Lomnicki, 7Z. A., standard error of Gini’s
mean difference, 241.

Lottery sampling, 212~13.

Lukacs, E., c.fs, 94 footnote, 102, 117;
characterization of normal distributions
by independence of sample mean and
variance, (Exercise 11.19) 272, (Example
12.7) 290 and 362-4; characterizations,
366.

mth values, see Extreme values, Order-statistics.

Mallows, C. L., T'chebychefi-type inequalities,
89.

Marcinkiewicz, J., conditions for a c.f.,, 102
and (Exercise 4.11) 118.

Marginal distribution, 22.

Markoff, A., inequality, 88, 192, (Exercise 7.16)
196.

Martin, E. S., grouping corrections, 79.

Matching, of envelopes and letters, (Example
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7.3) 184-5 and (Exercise 7.4) 195; of
lists, (Exercises 10.21-2) 245,

Matérn, B., independence of non-negative
quadratic forms, 358.

Mathematical tables, distribution of digits
from, 214.

Maximum likelihood, see Likelihood.

McKay, A. T., distribution of normal order-
statistics, (Exercise 14.14) 345,

Mean, see Mean, arithmetic.

Mean, arithmetic, definition, 33 ; calculation
of, 33-5 ; greater than geometric and har-
monic means, 35-7 ; relation with median
and mode, 39-40 and (Exercise 6.20) 179 ;
as first moment, 43 ; standard error of,
230, 243; distribution from Cauchy
parent, (Example 11.1) 248-9; distribu-
tion from normal parent, (Example 11.7)
255-6 ; independence of sample variance
in normal samples, (Example 11.12) 260 ;
distribution from rectangular parent, (Ex-
amples 11.9, 11.14) 257-9, 261 ; distribu-
tion from binomial parent, (Example
11.10) 259-60; from Poisson parent,
(Example 11.11) 260; from Type III
parent, (Example 11.13) 260-1 ; moments
of, in sampling from finite populations,
(Example 12.8) 301-2 ; uncorrelated with
any even R-statistic, (Example 12.9) 302~
3; see also Central Limit theorem,

Mean deviation, 42-3; calculation of, (Ex-
ample 2.7) 43-5, (Exercise 2.21) 54;
(about mean) no greater than standard
deviation, 45 footnote ; minimized about
median, (Exercise 2.1) 52 ; standard errors,
240, 243. ‘

Mecan difference, 46-7 and (Excrcises 2.4, 2.9,
2.19) 52-4; calculation of, 49-51 and
(Exercise 2.10) 53 ; standard crror, 241--3.

Mean, geometric, 35-7; in value betwecn
arithmetic and " harmonic means, 37-8;
distribution of, 261-2 ; from rectangular
parent, (Example 11.15) 262; from
Type III distributions, (Exercises 11.3,
11.9) 269-70.

Mean, harmonic, 36 ; less than arithmetic and
geometric means, 35-7.

Mean values, 51-2.

Median, 38 ; calculation, (Example 2.5) 38-9 ;
indeterminacy in, 38-9 ; of bivariate dis-
tribution, 39 ; relations with mean and
mode, 3940 and (Exercise 6.20) 179;
as minimizing origin for mean deviation,
(Exercise 2.1) 52; standard error, (Ex-
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ample 10.7) 237, 243, (Example 11.4) 253 ;
distribution in normal case, 326-8 ; distri-
bution in Cauchy case, (Exercise14.1) 344 ;
bound for variance, (Exercise 14.7) 345.

Median dichotomy, 351.

Mendelian law, sampling of attributes, 219-20.

Mercer, W., data from, (Table 1.20) 26.

Merrington, M., table of pcrcentage points of
variance-ratio distribution, 379.

Mesokurtosis, 86, 136.

M.g.f., moment-generating functions, 60-2.

Midrange, 40 ; distribution of in normal case,
327 ; convergence of, to population value,
340-1; variance of, in normal case,
(Example 14.4) 341; in double-expo-
nential case, (Example 14.5) 341 ; reduced
midrange, 342-3, (Exercise 14.4) 344.

Mills’ ratio, 137 ; (Exercises 5.13-16) 145-6.

Milne-Thomson, L. M., Calculus of Finite
Differences, 75 footnote.

Mises, R. von, asymptotic distributions of
extreme valucs, 332.

Mode, 39; relation with mean and median,
39-40 and (Excrcise 6.20) 179.

Moments, 43, 55 ; grouping corrections to, 46,
75-81, 84; about one point in terms of
those about another, 55-6 ; calculation of,
56-9 ; absolute moments, see Absolute ;
factorial moments, see Factorial; in-
cqualities for, see Inequalitics ; in terms
of factorial moments, 64; rclationship
with cumulants, 68-71; multivariate,
81-3 ; as characteristics of a distribution,
86-7 ; non-uniquencss of, see Problem
of moments; in fitting Pearson dis-
tributions, 152-4; standard errors of,
228-36 and (Exercise 10.5) 243 ; covari-
ances of, (Exercises 10.7, 10.16) 244 ; dis-
tribution of, 262.

Moment-gencrating functions (m.g.f.), 60-2.

Monomial symmetric functions, 276.

Moore, G., data from, (Table 1.19) 26.

Moran, P. A. P., multivariate normal integral,
3534,

Moriguti, S., bounds for frequency-moments,
174 ; bound for means of order-statistics,
337.

Muller, M., transforming normal to rectangu-
lar variates, (Exercise 1.21) 31.

Multimodal, 39.

Multinomial distribution, 141 ; multivariate,
cumulants of, 143 ; cumulants, (Exercise
5.19) 147 ; wvariance of function of fre-
quencies, (Exercise 10.2) 242.
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Multivariate, distributions, 20-4; moments
and cumulants, 81-4; c.f.’s, 107-9 ; sam-
pling distributions, 268-9; k-statistics,
308-12, 318-22.

Multivariate normal (multinormal) distribution,
rules for k-statistics, (Exercise 13.12) 324 ;
generally, 347-68; singular, 347 and
(Example 15.3) 355-6 ; c.f. and moments,
347-9; linear functions of normal vari-
ates, 350 ; marginal distributions normal,
350 ; integral, 3504 and (Exercises
15.6, 15.12) 367 ; quadratic forms, 355-
62 and (Exercisc 15.13) 367 ; characteriza-
tions, 364-5; conditional distributions
normal, (Exercise 15.1) 366 ; conditions
on dispersion matrix, (Exercises 15.2-3)
366 ; examples of, (Exercises 15.9-11)
367 ; covariance conditional on a linear
constraint, (Exercise 15.19) 368 ; mar-
ginal normal distributions not sufficient
for, (Exercise 15.20) 368.

Murty, V. N., distribution of ratio of largest
values in samples from rectangular dis-
tributions, (Exercise 11.20) 272.

Myller-Lebedeff, V., expansions in series of
derivatives, 87 footnote.

Nair, U. S., moments of mean difference, 241-
2.

Negative binomial distribution, 129-31; pro-
duced by Poisson with parameter a I'ype
IIT random wvariable, 129-30; c.f. and
cumulants, 131 ; produced by clustering
from Poisson and logarithmic distribu-
tions, (Excrcise 5.21) 147 ; in sequential
sampling for attributes, (Example 9.13)
225-6 ; (Exercise 9.12) 227.

Negative exponential distribution, see Expo-
nential distribution.

Newspapers read by students, (Table 1.23) 28.

Neyman, J., Type A contagious distribution
produced by clustering from two Poisson
variates, (Exercise 5.7) 144-5.

Normal distribution, moments and m.g.f.,
(Example 3.4) 60; cumulants, (Example
3.11) 73 ; mesokurtosis, 85-6, 136; c.f.
inverted, (Example 4.1) 97 ; as limit of
binomial, (Example 4.6) 106-7 ; deter-
mined uniquely by moments, (Example
4.7) 111 ; as limit of *“ Student’s ” distri-
bution, (Example 4.8) 114-15; as limit of
Poisson, (Example 4.9) 116 ; c.f. of square
of a normal variate, (Exercise 4.18) 119
d.f. of, 136-8 and (Excrcises 5.12-18)
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145-7 ; tables of, 138-9 ; mean deviation,
139 ; fitted to height data, (Table 5.6)
140 ; frequency-moments, (Exercise 5.10)
145 ; with parameters random variables
(Exercises 5.24-5) 147 ; as a Pearson dis-
tribution, (Exercise 6.1) 175 ; in Central
Limit theorem, 193-5; joint c.f. of vari-
ate and its square, (Exercise 7.15)
196 ; random normal deviates, 215; in
large-sample theory, 221-4; standard
error of median, (Example 10.7) 237;
standard error of semi-interquartile range,
(Example 10.8) 239 ; methods of esti-
mating parent standard deviation, 239;
moments of mean deviation, 240 ; moments
of mean difference, 241 ; variance of esti-
mated sampling variance of sample vari-
ance, (Exercise 10.9) 244 ; distribution of
sum of squares, 246-7, (Example 11.06)
254-5, (Example 11.16) 262-3 and (Ex-
ample 11.18) 264-5 ; distribution of linear
function of independent normal variates
normal, (Example 11.2) 249-50 and
(Example 11.5) 254-5; distribution of
sample mean, (Example 11.7) 255-6,
(Example 11.12) 260 ; characteristic in-
dependence of sample mean and variance,
(Example 11.7) 255-6, (Example 12.7)
289-90, (Examples 15.4-6) 359-61, and
362—4; distribution of ratio of normal
variates, (Example 11.21) 268, (Exercise
11.11) 270-1 and (Exercise 11.22) 273;
expectations of moment-ratios, (Exercise
11.5) 270 ; all k-statistics uncorrelated, (Ex-
ample 12.5) 288-9 ; sampling cumulants
of k-statistics, 295~7 ; characteristic in-
dependence of sample mean and any other
k-statistic, and zero correlation of mean
and all other k-statistics, (Exercise 12.20)
307 ; combinatorial rules for k-statistics,
(Exercises 13.10-11) 323 ; moments of
median and other order-statistics, 326-8,
(Example 14.1) 328-9, and (Exercise
14.14) 345; tables of moments of order-
statistics, 329 ; extreme-value distribu-
tion, (Example 14.3) 333—4; distribution
of range and tablcs of it, 339 ; variance of
midrange, (Example 14.4) 341 ; variance
of observation nearest to true mean,
(Exercises 14.10-11) 345 ; quadratic forms
in normal variates, 355-62 ; characteriza-
tions of normal distribution, 362-6 ; in-
equality for integral, (Exercise 15.5) 367 ;
associated distributions, 369-96 ; rela-

tions with these, 382 ; distribution of the
ratio of a random deviation from the
sample mean to the sample standard devia-
tion, (Exercise 16.20) 396 ; see also Bi-
variate normal distribution, Multivariate
normal distribution.

Normalization of frequency functions, 163-7 ;
of Gamma distribution, (Example 6.4)
166-7.

Order-statistics, 251, 325-46 ; distribution of,
251-3, 325; joint distribution of, (Exer-
cise 11.7) 270, 325, 337-8, 325-46;
moments of, in normal case, 326-8 ; tables
of, in normal case, 329; asymptotic dis-
tributions, 329-36 and (Exercise 14.21)
346 ; upper bounds for expected values,
336-7; ranges and midranges, 338-43;
tables of extreme-value distributions, 343 ;
recurrence relations among distributions,
336 and (Exercise 14.5) 344 ; variances,
(Exercise 14.6) 344.

Orthogonal polynomials, T'chebycheff-Hermite,
155-6 ; Laguerre and Jacobi, 163.

Orthogonal transformation, 249-50 ; Helmert’s,
(Example 11.3) 250-1 ; characteristic pro-
perty of normal distributions, 365-6.

Owen, D. B., hypergeometric tables, 135;
multivariate normal integral, 351.

Pairman, E., grouping corrections, 79.

Parameters, 32.

Pareto curve, and mean difference, (Exercise
2.19) 53-4.

Pattern functions, in determining sampling
cumulants of k-statistics, . 283-9 and
(Exercises 12.4-5, 12.7) 305.

Paulson, E., normalization of variance-ratio
distribution, 381-2.

Pearce, T. V., data from, (Table 1.22) 27.

Pearse, G. E., data from, (Table 1.11) 10.

Pearson, E. S., sampling distribution of +/b,,
297-8; sampling distribution of b,,
(Exercise 12.10) 305-6 ; distribution of
range, 337 and 343 ; tables of distribu-
tion of range, 339 and 343 ; tables of yx?,
370 ; distribution of ratio of a random
deviation from the mean to the sample
standard deviation, (Exercise 16.20) 396.

Pearson, K., data on trypanosomes, (Table
1.13) 11; data on fecundity of mares,
(Table 1.19) 26 ; coefficient of variation,
47 ; grouping corrections, 79 ; measure
of skewness, 85, 149 ; Tchebychefi-type
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inequality, 88 ; data on whist deals,
(Table 5.5) 135; moments of binomial
distribution, (Exercise 5.5) 144 ; tetra-
choric functions tabulation, 161 ; distri-
bution of difference of T'ype III variates,
(Exercise 11.15) 271-2 ; moments of nor-
mal order-statistics, 328 ; expansion of
a variate in terms of its d.f., 328-9; #*
goodness-of-fit distribution, 356.

Pearson distributions, as limit of hypergeo-
metric, 140-1 ; generally, 148-54 ; rccur-
rence relations for moments, 149
skewness of, 149 ; criterion for type, 151 ;
fitting of, 152-4 ; recurrence relations for
c.f. and cumulants, (Exercise 6.7) 176 ; see
also T'ypes I-VII.

Permutations, random, (Example 9.7) 216,

Pitman, E. J. G., derivatives of c.f. and
moments, 114 ; characteristic property of
Gamma distributions, (Exercise 15.22)
368 ; moments of correlation coefficient in
case of independence, (Exercise 6.17)
396.

Plackett, R. L., bound for expected valuc of
range, 340 ; multivariate normal integral,
351.

Platykurtosis, 86.

Poisson  distribution, frequency-generating
function, (Exercise 1.13) 30; c.f. and
cumulants, (Example 3.10) 72-3 and 125-
6 ; moments, (Exercise 3.1) 89; differ-
ence of two Poisson variates, (Exercise 3.8)
90, (Example 4.5) 100-1 and (Exercise
11.16) 272 ; normal limiting form, (Ex-
ample 4.9) 116; moments determining
uniquely, (Exercise 4.4) 117; when
parameter a random variable, (Exercisc
4.16) 119, 129-33 and (Exercise 5.23) 147 ;
generally, 125-9; d.f. and tables, 126 ;
mixed distributions, 126-8; cluster-
ing of two Poissons producing Neyman
T'ype A contagious distribution, (Exercise
5.7) 144-5; clustering producing Pélya-
Aeppli distribution, (Exercise 5.8) 144-5;
bivariate form, (Exercise 5.11) 145;
clustering with logarithmic distribution
to produce negative binomial distribution,
(Exercise 5.21) 147 ; c.f.’s of clustering
distributions, (Exercise 5.22) 147 ; fac-
torial moments, (Excrcise 5.26) 147 ; sum
of independent Poisson variates a Poisson,
(Exercise 7.14) 196 ; sampling of attributes
from, (Exercise 9.5) 226 ; distribution of
samplc mean, (Example 11.11) 260; con-
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ditional, in obtaining x? goodness-of-fit
distribution, (Exercise 15.21) 368 ; distri-
bution of time-intervals, (Exercise 16.6)
394,

Pdlya, G., Pdlya-Aeppli distribution, (Exercise
5.8) 144-5 ; inequality for normal integral,
(Exercise 5.17) 146 ; normal d.f., (Exer-
cise 5.18) 147,

Polygon, see Frequency polygon.

Polykays, multiple k-statistics, 303-4.

Populations, as basis of statistical theory, 1 ;
existent, 19 ; hypothetical, 19-20; types
in sampling, 206-8.

Posterior probability, 198-9.

Potatoes, bias in estimating yield, (Example
9.4) 210.

Power-sums, as symmetric functions, 276.

Pretorius, S. J., data on Australian marriages,
(Table 1.8) 8 ; data on beans, (Table 1.15)
20 and (Table 6.1) 160 ; bivariate distri-
butions, 174,

Principal value, in expected value, 59 footnotc
and (Exercise 7.19) 197.

Prior probability, 198-9,

Probability, 180-205; calculus of, 180-97;
basic rules, 181-2; importance of refer-
ence-set, (Examples 7.1-2) 182-4 and
(Exercises 7.6, 7.11) 195-6; in a con-
tinuum, 185-6; geometrical, (Example
7.4) 185-6 and (Exercises 7.9-11) 196 ;
and statistical distributions, 186~7 ; prior
and posterior, 198-9; see also Bayes'
theorem, Likelihood.

Problem of moments, (Exercise 3.12) 91;
generally, 109-12 and 115-16 ; (Exercises
4.13, 4.17) 118-19; and convergence of
Type A series, (Exercise 6.9) 176.

Product, variance of, (Exercise 10.23) 245.

Proportions, sampling for, see Attributes.

Pseudo-random numbers, 218.

Quadratic forms in normal variates, 355-62 and
(Exercises 15.14-15) 368 ; independence
of, 357-9 ; independence of linear forms,
359 and (Exercise 15.13) 367 ; decomposi-
tion of sums of squares, 360-2.

Quantiles, 40; graphical detcrmination of,
41-2 ; asymptotic normality and standard
errors of, 236-9, 243 ; covariances of,
238-9; see also Extreme values, Order-
statistics.

Quartiles, 40 ; interquartile range as measurc
of dispersion, 42 ; standard errors, 243.

Quenouille, M. H., combination of Poisson
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and logarithmic distributions to produce
negative binomial, (Exercise 5.21) 147;
random deviates, 215.

Raff, M. S., error in normal approximation to
binomial, 125.

Rand Corporation, table of 1,000,000 random
digits, 214-15.

Random normal deviates, 215.

Random permutations, (Example 9.7) 216.

Random sampling, 206-19; technique of,
211-19.

Random Sampling Numbers, 213-19 ; tables
of, 214-15.

Random variables, 186-90 ; sums of, 187-90,
192-5, 263-5 ; difference of, 188-90.
Randomizing machine, (Example 9.3) 209-10.

Randomness, 208-11.

Range, 42; exact distribution, 338-9 and
(Exercise 14.19) 346; bounds for ex-
pected value, 339—40; asymptotic dis-
tribution, 340-1 and (Exercise 14.20) 346 ;
reduced range, 342-3; existence of ex-
pected value, (Exercise 14.15) 345-6.

Rao, K. S., see Kendall, D. G.

Ratio, standard error of, 232 ; distribution of,
265-8 and (Exercises 11.11-13, 11.22) 270~
3 ; moments of, 299-300.

Rectangular distribution, transformations to,
18-19, (Exercise 1.21) 31 ; variance, mean
deviation and mean difference, (Exercise
2.5) 52; c.f. and cumulants, (Exercise
3.23) 93 ; moments of mean difference,
242 ; variance of median, (Exercise 10.15)
244 and (Example 14.2) 329 ; variance of
mean deviation, (Exercise 10.19) 245 ; ex-
act distribution of sample mean, (Example
11.9) 257-9 and (Example 11.14) 261 ; dis-
tribution of geometric mean, (Example
11.15) 262 ; distribution of product of
variates, (Exercise 11.6) 270 and (Exercise
16.4) 394; of ratio of largest values,
(Exercise 11.20) 272 ; of product of largest
values, (Exercise 11.21) 272 ; distributions
of order-statistics Beta distributions, 325 ;
joint distribution of range and midrange,
(Exercise 14.12) 345 ; distribution of mid-
range, (Exercise 14.13) 345 ; distribution
of range, (Exercise 14.16) 346 ; distribu-
tion of ratio of midrange to range, (Exer-
cise 14.17) 346 ; distribution of difference
of two midranges, (Exercise 14.18) 346.

Rectangular distribution, discrete: c.f. and
cumulants, (Exercise 3.23) 93.
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Reduced range and midrange, 342-3.

Regression, linear, in bivariate normal distri-
bution, 383 ; coefficients, 392 ; distri-
bution of coefficients in bivariate normal
samples, 392-3; in linear regression
model, (Exercise 16.5) 394; standard
errors of coefficients, (Exercise 16.13) 395.

Replacement, sampling with and without, 207 ;
(Example 9.12) 224; (Exercises 9.8-9)
227.

Rider, P. R., distribution of product of largest
values in samples from rectangular dis-
tributions, (Exercise 11.21) 272.

Romanovsky, V., moments of binomial, (Exer-
cise 5.2) 143.

Ruben, H., moments of largest of a normal
sample, 336 ; multivariate normal inte-
gral, 354.

Saddlepoint approximations, 269.

Sakamoto, ., characterization of normal dis-
tribution, 364.

Saltus, in d.f., 13, 97.

Sampford, M. R., Mills’ ratio, (Exercise 5.16)
146.

Sampling, with and without replacement, 207 ;
from hypothetical populations, 207-8;
lottery or ticket, 212-13 ; from continu-
ous populations, 217-19 ; see also Random
sampling.

Sampling distribution, 191-2 ; role in sampling
problems, 223 ; exact, 246-72; derived
analytically, 246-53 ; derived geometric-
ally, 253-9; derived by c.f., 259-63;
of a sum derived by induction, 263-5 ; of
a ratio, 265-8; multivariate, 268-9;
approximations to, 274-324; see under
names of parent distributions.

Sampling moments, see k-statistics.

Sandiford, P. J., hypergeometric approximated
by binomial, 135.

Sandon, F., grouping corrections, 79.

Sarhan, A. E., table of variances of normal
order-statistics, 329.

Scale-reading, bias in, (Example 9.2) 208-9.

Schwarz inequality, 38.

Second Limit theorem, 115-16.

Semi-interquartile range (s.i.q.), see Inter-
quartile range.

Seminvariants, see Cumulants, k-statistics.

Sen, P. K., variances of order-statistics, (Exer-
cise 14.6) 344.

Sentences, distribution of by length, (Table
1.17) 25.
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Sequential sampling for attributes, (Example
9.13) 225-6.

Severo, N. C., bivariate normal integral, 350.

Shenton, L. R., continued fractions for normal
distribution, 138 and (Exercises 5.14-15)
145-6.

Sheppard, W. F., tables of the normal distribu-
tion, 138; theorem on median dicho-
tomy of bivariate normal distributions,
351.

Sheppard’s corrections for grouping, 46; to
standard deviation, (Exercise 2.8) 53;
generally, 75-81, 84 ; (Exercise 3.17) 92 ;
to standard deviation compared with
sampling fluctuations, 234-5.

Sichel, H. S., frequency-moments, 174.

Signum function (sgn x), 95.

Simple random sampling, 206.

Skewness, 9; measures of, 85-6; (Exercise
3.22) 93 ; standard error of b,, 234-43;
sampling moments of +/b;, 297-8 and
(Excrcise 12.9) 305.

Slutsky, E. E., table of x? distribution, 374.

Solomons, L. M., measure of skewness, (Exer-
cise 3.22) 93.

Stabilization of variance by transformation,
(Exercise 10.17) 245, (Exercises 16.18-19)
396.

Standard deviation, 43 ; calculation of, (Exer-
cise 2.7) 43-5 ; relations with mean devia-
tion and mean difference, 45 footnote and
(Excrcise 2.4) 52; and Sheppard’s cor-
rection, (Exercisc 2.8) 53, 234-5; stan-
dard error of, 243 ; see also Variance.

Standard errors, 221-4 and 228-45 ; table of,
243 ; compared with Sheppard’s cor-
rections, 234-5.

Standard measure, 47-8 ; effect on cumulants
of transformation to, 68 ; effect on c.f.,
(Example 4.6) 106-7, (Example 4.9) 116.

Statistic, 2.

Statistical Abstract, data from, (Table 1.2) 3.

Statistical hypotheses, 202-3.

Statistical Review of England and Wales, data
from, (Table 1.1) 3; (Table 1.3) 6;
(Table 1.12) 11.

Statistical tables, distribution of digits from,
214.

Statistics, definition, 1-2.

Steck, G. P., Cauchy-distributed ratios, (Exer-
cise 11.23) 273 ; trivariate normal integral,
351.

Steepest descents, method of approximation,
269, 342.
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Stereogram, 21.

Stieltjes, J., problem of moments, (Exercise
3.12) 91; 109 footnote ; 111.

Stieltjes integrals, 15-17.

Stirling’s series, definition, 81.

Stouffer, S. A., on distribution of difference
of Type III wvariates, (Excrcise 11.15)
271-2,

Strong Law of Large Numbers, 193.

Stuart, A., dispersion matrix (Exercise 15.9)
367.

“ Student ”’ (W. S. Gosset), mixed binomials,
(Exercise 5.6) 144 ; 375; table of t-
distribution, 377 ; distribution of cor-
relation cocfficient, 387.

““ Student’s ”’ distribution, c.f., (Example 3.13)
73—4; normal limit, (Example 4.8) 114-
15; derived, (Example 11.8) 256-7 and
(Example 11.19) 265; generally, 374-7;
tendency to normality, c.f., moments,
375 ; d.f., 375-7 and (Exercise 16.10) 395 ;
tables, 376-7 ; relations with normal, yx*
and F-distributions, 382.

Subsample mean, standard error of difference
from overall sample mean, (Exercise 10.20)
245,

Succession rule of Laplace, (Example 8.3) 200-
1 and (Exercise 8.4) 205.

Suicides, data on, (['able 1.6) 7 ; and Poisson
distribution, 128-9.

Sum of variates, distribution of, 188-90, 192-5,
263-5.

Sums of squares, decomposition of, 360-2 and
(Exercise 15.9) 367.

Symmetric functions, tables of, 69 footnote,
276 ; generally, 274-81 ; (Exercise 12.19)
307.

Symmetrical distributions, 7-8; c.f. rcal,
(Exercise 4.1) 117; zcro correlation
between sample mean and even moments
about the mean in large samples, (Example
10.3) 231; zero correlation between any
odd-order and even-order moments in
large samples, (Exercise 10.6) 244 ; non-
negative correlation in large samples be-
tween even sample moments, (Exercise
10.8) 244 ; zero correlation between odd-
order and even-order k-statistics, (Example
12.9) 302-3 and (Exercise 12.13) 306 ;
upper bounds for means of order-statistics,
337 ; distribution of reduced range and
midrange for exponential-type parent,
342-3; bound for variance of median,
(Exercise 14.7) 345.
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Szdsz, O., conditions for c.f.’s, 102,
Szegs, G., Orthogonal polynomials, 163.

t-distribution, see ‘ Student’s ** distribution.

Tabulation of frequency-distributions, 2-5.

Target, probability of hitting, (Exercise 15.7)
367.

T'chebycheff, P. L., see Bicnaymé.

I'chebycheff-Hermite polynomials, 155-6.

T'chebychefl-type inequalities, 88-9, 192.

"T'eichroew, D., table of means of normal order-
statistics, 329.

"I'elephone directory, distribution of digits
from, (Table 1.4) 6, 213-14.

‘I'erm of abortion among women, data on,
(Table 1.22) 27.

T'etrachoric functions, 160-1.

‘Thiele, T. N., cumulants, 68, 201.

Thompson, C., table of x? percentage points,
371; table of percentage points of ¢-
distribution, 3767 ; table of percentage
points of F-distribution, 379.

T'icket sampling, 212-13.

Tippett, L. H. C., tables of Random Sampling
Numbers, 214; asymptotic distribution
of extreme values, 330-3 ; exact distribu-
tion of largest of a normal sample, 336 ;
distribution of range in normal samples,
339-343.

Tocher, J. F., data from, (Table 1.24) 28.

Transformations, 17-19, 23-24, 247-8; to
stabilize variance, (Exercise 10.17) 245 ;
orthogonal, 249-51, 3656 ; leaving orders
of magnitude of cumulants unaffected,
(Exercise 13.6) 323 ; of correlation co-
efficient, see Correlation coefficient.

Truncated distributions, 10, 174.

‘I'rypanosomes, data on, (Table 1.13) 11.

T'setse flies, data on, (Table 1.13) 11.

Tukey, J. W., multiple k-statistics, 303.

Type A contagious distribution, (Exercise 5.7)
144-5.

Types A, B, C series, see Gram-Charlier series,

‘I'ype 1 (Pearson) distribution, grouping cor-
rections, 77 ; generally, 150-1; fitted to
cloudiness data, (Example 6.6) 171-2 ; see
also Beta distribution of first kind.

Type II (Pearson) distribution, (Exercise 6.1)
175; distribution of mean, (Exercise
11.14) 271.

Type III (Pearson) distribution, c.f. and
moments, (Example 3.6) 62 ; cumulants,
(Example 3.12) 73 ; of Poisson parameter
producing negative binomial, 129-30 and

INDEX

(Exercise 5.23) 147; generally, 152;
x criterion infinite, (Exercise 6.5) 175;
distribution of mean, (Example 11.13)
260-1 ; distributions of geometric means,
(Exercises 11.3, 11.9) 269-70; distribu-
tion of difference of, (Exercise 11.15) 271~
2; see also Gamma distribution.

‘I'ype IV (Pearson) distribution, moments,
(Exercise 3.3) 89; generally, 151-2;
fitted to bean data, (Example 6.1) 1534 ;
tables of, 154,

"I'ype V (Pearson) distribution, moments and
cumulants, (Exercise 3.2) 89 ; « criterion
unity, (Exercise 6.6) 175.

'I'ype VI (Pearson) distribution, 151 and
(Exercise 6.4) 175 ; see also Beta distribu-
tion of second kind.

‘I'ype VII (Pearson) distribution, moments,
(Example 3.3) 59; c.f., (Example 3.13)

734 ; (Exercise 6.1), 175; see also
‘“ Student’s *’ distribution.

U-shaped distributions, 10.

Unbiassed estimates, 222, 225; (Exercises

9.13-14) 227.
Uniform distribution, see Rectangular dis-
tribution.
Unimodal distributions, 32.
Unit distribution, c.f., (Example 4.3) 99.
Unitary symmetric functions, 276.
Upholt, W. M., data from, (Table 1.5) 6.

Variable, and variate, 2 ; transformations, 17-
19, 23-24, 247-8; see also Random
variables. )

Variance, 43 ; as half mean-square of differ-
ences, 47 ; standard error, 230, 243 ; exact
mean and variance of its sampling distri-
bution, (Exercise 10.13) 244, 275, (Ex-
ample 12.1) 276 and (Example 12.3) 286~
7 ; exact distribution in normal samples,
(Example 11.7) 255-6 ; its sampling vari-
ance in samples from a finite population,
(Exercise 12.11) 306 ; see also Standard
deviation.

Variance-covariance matrix,
matrix,

Variance-ratio distribution, (Example 11.20)
266-7 ; generally, 377-82; relation be-
tween F- and z-distributions, 378 ; shape
of F-distribution, 378 ; c.f. of z-distri-
bution, 378-9; tendency of z to nor-
mality, 379 ; d.f. of F and 2, and tables

see Dispersion
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379 ; interchange of arguments of F or 2,
379-80 ; approximations to distribution
of 2, 380-2; relations with normal, x*
and ¢-distributions, 382; moments of F,
(Exercise 16.1) 393 ; distribution for cor-
related normal variates, (Exercise 16.6)
395.

Variance-stabilizing transformations, (Exercise
10.17) 245 and (Exercises 16.18-19) 396.

Variate, 2.

Variation, coefficient of, 47 ; standard error of,
(Example 10.5) 233, 234, 243.

Von Mises, R., asymptotic distributions of
extreme values, 332.

Wallace, D. L., asymptotic expansions, normal-
ization of f.f., 163 footnote.

Watson, G. S., Jacobi polynomials in Beta dis-
tribution expansions, 163.

Weak Law of Large Numbers, 192-3 and
(Exercise 7.20) 197.

Weight, distribution of men by, (Table 1.10) 9.

Weldon, W. F. R., dice-throwing data, (Table
1.14) 19; (Table 1.16) 25; (Table 5.1)
121 ; (Table 9.10) 221.

Wheat plants, distribution by height, (Table
9.1) 208.

Whist, distribution of cards at, (Table 5.5)
135.

Wicksell, S. D., lognormal distribution, 169.

Williams, C. B., logarithmic distribution,
(Table 5.4) 132.

Williams, J. L., inequality for normal integral,
(Exercise 15.5) 367.

Wilson E. B., approximation to x* distribution,
371-4.

Wise, M., hypergeometric d.f., 135.

Wishart, J., cumulants of multivariate multi-
nomial distributions, 143 ; tables of
multiple k-statistics, 303 ; pattern func-
tions, (Exercise 12.7) 305 ; variances and
covariances of bivariate k-statistics, (Exer-
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cises 13.7-8) 323 ; combinatorial rules for
k-statistics, (Exercises 13.10-12) 323-4.
Wold, H., Sheppard’s corrections, 76, £0, 84 ;
multivariate Carleman criterion for mo-
ments, 111; table of random normal
deviates, 215.
Woo, T. L., data on skulls, (Table 1.18) 25,

%? distribution, 369-74 ; shape, 370 ; c.f. and
moments, tendency to normality, d.f.,
370 and (Exercise 10.7) 394 ; tables of,
370-1, 374 ; approximations to, 371-4
and (Exercise 16.8) 394 ; relation with
normal, ¢- and F-distributions, 382;
recurrence rclation for mean-moments,
(Exercisc 16.3) 394 ; see also Gamma dis-
tribution, T'ype IlI distribution.

%2 goodness-of-fit distribution, (Example 15.3)
355-6 and (Exercise 15.21) 368.

¥? variables, 360-2 and (Exercises 15.14-15)
368.

Yates, F., data on height of plants, (Example
9.1) 208; tables of Random Sampling
Numbers, 214 ; table of x* percentage
points, 371 ; table of percentage points of
t-distribution, 377 ; tables of percentage
points of F- and z-distributions, 379.

Yields of grain, data, (Table 1.20) 26.

Yuan, P. 'I'., lognormal distribution, 169.

Yule, G. U., data on sentence-length, (l'able
1.17) 25; data on industrial accidents,
(Table 5.3) 129 ; negative binomial dis-
tributions, 129-30; frequency-moments
of normal distribution, (Exercise 5.10)
145 ; bias in scalc-reading, (Example 9.2)
208-9 ; table of %2 for 1 degree of free-
dom, 371.

z-distribution, see Variance-ratio distribution.
z-transformation, see Correlation coeflicient.
Zelen, M., bivariate normal integral, 350.
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